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Abstract

This thesis will describe a cold atom ring laser that uses a cloud of magneto-

optically trapped potassium atoms as a gain medium and a ring cavity for

feedback. Some upgrades to the experiment were necessary, which include

a new imaging axis in the vacuum system, a new atom source, alignment of

some new optics and detectors to measure the powers and transverse inten-

sity profiles of both counterpropagating cavity modes, and a new tapered

amplifier for the magneto-optical trapping beams. The lasing threshold, gain

mechanism, intensity correlations, and lasing into the two counterpropagat-

ing cavity modes were investigated. The results showed several transverse

patterns at the lasing outputs, a threshold as a function of atom number,

Mollow gain, a flat second-order coherence above threshold, clearly distin-

guishable from that of fluorescence, nonreciprocity of the TEM00 transverse

mode as a function of cavity length, and anticorrelated counterpropagating

modes.
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Chapter 1

Introduction

1.1 Ring Laser Gyroscope, Active Clock, and Group

Index

Unlike standing-wave linear cavities, ring cavities can have two counter-

propagating travelling-wave modes. If a gain medium is introduced, the

configuration is called a ring laser. It can be unidirectional (missing one of

the two travelling waves) or bidirectional.

One of the main applications of bidirectional ring lasers is rotation mea-

surement. In general, laser sensors write physical observables onto the out-

put of a laser. In the application of bidirectional ring lasers, the frequencies

of the two outputs give the key information. Bidirectional ring lasers ex-

ploit the Sagnac effect, which is the splitting of the counterpropagating

resonance frequencies, due to different phase shifts caused by rotation [1–4].

The frequency detuning between the two counterpropagating cavity modes

is inversely proportional to the group index, which is related to the slope

of the refractive index of the gain medium. This slope is taken around the
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Chapter 1 Introduction

non-rotating cavity resonance frequency. It can make the system sensitive

(negative slope) or insensitive (large and positive slope) to rotation of the

cavity mirrors. A single gain peak that is necessary in lasers gives normal

dispersion and a positive slope (group index), but there are ways to turn

that positive slope into a negative one, for example, by introducing two

nearby gain peaks (there is more detail on this in Section 6.3).

In conventional lasers the cavity resonances are narrower than the gain

resonances and the cavity selects the output frequency. In order to build a

frequency standard, the output frequency should depend on a stable atomic

reference and not on the environment (cavity length and movement of the

cavity mirrors), which is called an active clock and is also achievable with

dispersion.

1.2 Lasers

A ring laser gyroscope also has to satisfy the requirements of a laser, which

usually include a pumping mechanism (a source of energy) and a feedback

mechanism. The pumping mechanism creates population inversion (typi-

cally involving multiple energy levels) that is necessary in order for stimu-

lated emission to outcompete absorption. The feedback mechanism ensures

that stimulated emission suppresses spontaneous emission.

1.3 Mollow Gain

In this work, Mollow gain was used. Unlike most lasing schemes, it does not

require 3 or 4 levels, separate pump mechanisms, and population inversion in

the traditional sense, that is, in the eigenstates of the non-interacting atom.

It does however need a strong pump field that splits the 2 eigenstates into

2



1.4 Lasing with Cold Atoms

4 levels in the coupled atom-light system. Absorption of two pump photons

is followed by emission of two photons at the Mollow sideband frequencies

(see Section 2.2).

1.4 Lasing with Cold Atoms

The first cold atom laser was demonstrated using cesium and its hyperfine

structure that is accessible at low temperatures also provides a rich variety

of dispersive features [5–9]. Laser cooled atoms have been popular frequency

standards. More recent work on active clocks suggests the accuracy of fre-

quency standards can further be improved by dispersion and lasing [10–15].

Narrow-linewidth transitions that depend on magnetic field can be used as

magnetometers [16].

Since the cesium cold atom laser, some other laser cooled atomic species

have also successfully been used as a gain medium, for example, rubidium

[17–19], and ytterbium [20]. Mirrorless lasing (or random lasing) with cold

atoms has been demonstrated [21–23], where the atomic density, atomic

motion, and scattering from atoms work as a feedback mechanism.

1.5 Lasing with Cold Atoms in a Ring Cavity

As explained at the beginning of this chapter, a gyroscope needs two travelling-

wave modes. In order to achieve this, the easiest choice is to use three mirrors

in a triangular ring cavity. Other works on cold atom lasers that have been

published so far only dealt with linear cavities.

Due to lack of Doppler broadening at low temperature, narrow dispersive

features are feasible with cold atoms. As the Sagnac effect scales with the

area of the interferometer, the size of the device will limit its sensitivity

3



Chapter 1 Introduction

and that does not give much freedom as sensors should be as compact as

possible. However, dispersion control could also enhance the sensitivity and

the first step is to create a cold atom ring laser that will offer dispersion

control in the future.

1.6 Thesis Outline

Chapter 2 will summarise how a cold atom ring laser works and the possible

applications. Chapter 3 and 4 will briefly explain the recent upgrades to

the magneto-optical trapping design and the ring cavity. Chapter 5 will

focus on the main results, that is, the lasing threshold, gain mechanism,

intensity correlations, and lasing into the two counterpropagating cavity

modes. Chapter 6 will come back to the applications and lay out the next

steps in the experiment. This thesis will aim at recent achievements and

whenever something is not explained in detail, earlier theses [24–27] should

be referred to.

1.7 Publications Arising from This Work

• B. Megyeri, G. Harvie, A. Lampis, and J. Goldwin. Directional Bista-

bility and Nonreciprocal Lasing with Cold Atoms in a Ring Cavity.

Physical Review Letters 121 (16), 163603 (2018).

Main contributions: refurbishment of the experiment, new measure-

ment setups and alignment, data acquisition and analysis for the thresh-

old curve, second-order coherence, and cross-correlation.

• B. Megyeri, A. Lampis, G. Harvie, R. Culver, and J. Goldwin. Why

material slow light does not improve cavity-enhanced atom detection.

Journal of Modern Optics, 65 (5-6), 723-729 (2017).
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1.7 Publications Arising from This Work

Main contributions: numerical simulations and data analysis.

• R. Culver, A. Lampis, B. Megyeri, K. Pahwa, L. Mudarikwa, M.

Holynski, Ph. W. Courteille, and J. Goldwin. Collective strong cou-

pling of cold potassium atoms in a ring cavity. New Journal of Physics,

18 (11), 113043 (2016).

Main contributions: assembling and baking the vacuum system, the

new 2D MOT chamber, new 3D MOT coils, and servo-loop electronics.

• A. Lampis, R. Culver, B. Megyeri, and J. Goldwin. Coherent control

of group index and magneto-optical anisotropy in a multilevel atomic

vapor. Optics Express 24 (14), 15494-15505 (2016).

Main contributions: theoretical models, simulations, and data analy-

sis.
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Chapter 2

Theoretical Background

2.1 Absorption and Dispersion

This section will explain the relation between gain, absorption, normal and

anomalous dispersion.

2.1.1 Electric Susceptibility

When propagation of the electric field through a medium is described, the

slowly varying amplitude approximation is commonly used. It roughly

means that the electric field does not change much over a wavelength. The

medium with susceptibility χ(ω) (taken at frequency ω) causes the electric

field ~E(z, ω) with a wave vector k (taken along one dimension) to change

between spatial points 0 and z0 accordingly to

~E(z0, ω) = ~E(0, ω)eikz0
1
2

Re(χ(ω))e−kz0
1
2

Im(χ(ω), (2.1)

describing an exponential decay of the amplitude when 0 < Im(χ(ω)), which,

for this reason, can be thought of as the absorption coefficient. This is

7



Chapter 2 Theoretical Background

derived in [28] and the same convention on factors of 2 will be used in this

thesis. There is absorption when Im(χ(ω)) > 0, and there is gain when

Im(χ(ω)) < 0. Note that Equation (2.1) also quantifies the extra phase

shift kz0
1
2 Re(χ(ω)) caused by the medium.

The above approximation is also called the slowly varying envelope ap-

proximation or (although usually in a slightly different context) paraxial

approximation. There is not a unique convention on the exact form and

some derivations also involve extra factors of 2, −1, or i in the definition of

χ (and therefore also in Equation (2.1)), depending on what is more con-

venient in applications. Another treatment (aiming at conventional lasers)

with similar results, called plane-wave approximation, can be found in [29].

It is also important to note that, as a consequence of causality, the real

and imaginary parts of the susceptibility are not independent, thus either

one determines the other through the Kramers-Kronig relations [30].

2.1.2 Phase and Group Velocities

In the case of a plane wave that has a certain frequency ω and a wave vector

~k (|~k| = k), the velocity of propagation (i.e. the phase velocity) is

v =
ω

k
=

c

n(ω)
, (2.2)

where c is the speed of light in vacuum and n(ω) :=
√

1 + χ(ω) is the

refractive index. When n ' 1,

Re(n) '
√

1 + Re(χ) ' 1 +
1

2
Re(χ). (2.3)

In laser sensors the light beam consists of many modes and it is much more

important what happens to the shape of the beam or pulse, which is char-

8



2.1 Absorption and Dispersion

acterised by the group velocity

vg =
dω

dk
. (2.4)

It can also be thought of as the slope of the first-order term in ω(k). Anal-

ogously to the refractive index (or phase index)

n(ω) =
c

v
,

the group index is defined by

ng =
c

vg
.

Using (2.2) and (2.4), it can be written in the form

ng = n(ω) + ω
dn(ω)

dω
. (2.5)

When vg < v (ng > n), it is called slow light and requires a large group index,

whereas vg > v (ng < n) means fast light and requires a small group index

[29–32]. An example of how ng can be measured is shown in Appendix A. ng

is a parameter that could enhance the Sagnac effect in ring laser gyroscopes

as explained in Chapter 1.

2.1.3 Absorption and Gain Resonances

The purpose of this section is to show that a Lorentzian absorption peak

generally results in fast light, whereas a gain peak gives slow light. Even

though potassium has more than two energy levels, many measurements

can be well approximated by only two levels. Therefore, these examples will

9



Chapter 2 Theoretical Background

focus on only two levels. Using a Lorentzian susceptibility

χ(∆) ∝ −Ω

2

1

∆− iΓ/2
, (2.6)

where ∆ is the probe beam detuning from the centre of the peak and

Ω = −
〈
Êµ̂
〉

~ is the Rabi frequency [29, 33] of the probe beam (µ̂ = −er̂

is the dipole operator and Ê is the quantised electric field, which is not used

explicitly in this thesis). Most absorption and gain peaks can be approx-

imated by a Lorentzian. To make the calculation simpler, we can assume

that only the sign of the peak is different when we change the formula in

order to turn absorption into gain.

Absorption

Resonance

Gain

Resonance

Re χ
Im χ

-1 -0.5 0 0.5 1

0

Δ/Γ

χ

Re χ

Im χ

-1 -0.5 0 0.5 1

0

Δ/Γ

χ

-1 -0.5 0 0.5 1

1

Δ/Γ

n
g

-1 -0.5 0 0.5 1

1

Δ/Γ

n
g

Figure 2.1 Slow light and fast light during absorption and gain. The susceptibility
and the group index are shown against the detuning. Similar curves can be found
in [34].
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2.2 Mollow gain in Two-Level Atoms

It is well-known that a single absorption peak can be given by a two-level

atom and a probe beam swept across resonance. While this configuration

might look oversimplified and too theoretical, with a feedback mechanism

it can also be a laser [35–38] and is actually used in the experiment. The

main difference is that there has to be a strong pump beam in order for a

probe beam at a different frequency (or the lasing mode when it works as

a laser above threshold) to be amplified. This mechanism is called Mollow

gain and is a consequence of the interaction between the pump beam and

the two-level atom, which splits the free energy levels into the dressed states

that allow for population inversion (see Section 2.2).

2.2 Mollow gain in Two-Level Atoms

When a two-level system is driven by a strong pump field, the eigenstates

of the coupled atom-light system will be different to those of the non-

interacting atom, and some transitions can also provide gain [35–37, 39–42].

The full calculation is lengthy, but this section will illustrate the underlying

physics in order to understand the results presented in Chapter 4.

 Ω

Δ
 Ω = Δ2+ Ω2

 |𝑔

 |𝑒  |+, 𝑛 + 1

 |−, 𝑛 + 1

 |−, 𝑛

 |+, 𝑛

ω,Ω

Figure 2.2 Dressed states of the coupled atom-light system. |g〉 and |e〉: ground
and excited states of the non-interacting two-level atom, ω: the pump laser fre-
quency, Ω: pump laser Rabi frequency, |+, n〉 and |−, n〉: eigenstates of the atom-
light system with n photons, and Ω̃: generalised Rabi frequency.
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Chapter 2 Theoretical Background

Ω is the Rabi frequency describing the strength of the pump field. When

Ω = 0, the free eigenstates |g〉 and |e〉 apply. As Ω is increased, the atomic

levels split symmetrically into |+, n〉 and |−, n〉. The splitting between |+, n〉

and |−, n〉 is the generalised Rabi frequency Ω̃.

 |+, 𝑛 + 1

 |−, 𝑛 + 1

 |−, 𝑛

 |+, 𝑛

𝜔 +  Ω 𝜔𝜔 −  Ω

Figure 2.3 The transitions between the dressed states. The thicker dashed lines
indicate that the population is larger in the |−, ·〉 states.

There are three resonance frequencies in this system: ω−Ω̃, ω, and ω+Ω̃

(Figure 2.3). It is important to emphasise that the centre feature always

occurs at the pump laser frequency, which can be different to the two-level

resonance frequency. When ∆ = 0, which means that ω is on resonance

with the |g〉 → |e〉 transition, the energy levels split symmetrically around

the bare states |g〉 and |e〉. This is called the Mollow triplet. It is usually

only explained when ∆ = 0, but in this thesis the pump laser will be red

detuned from the relevant transition, since it also serves as a cooling beam.

In the four-level system that consists of the dressed states illustrated

above, population inversion is possible and gain is observed when the system

is probed at the frequency

ωprobe = ω −
√

∆2 + Ω2 (2.7)

in the presence of the pump beam. The full absorption coefficient that also

12



2.3 Optical Cavity

describes the peak heights (and therefore the amount of gain) is

α =
Γ

2

|z|2

|z|2 + Ω2/2
Re

[
(Γ + iδ)(z + iδ)− iΩ2δ/(2z)

(Γ + iδ)(z + iδ)(z∗ + iδ) + Ω2(Γ/2 + iδ)

]
(2.8)

as it appears in [17, 43]. z = Γ/2 − i∆, Γ is the natural linewidth of the

|g〉 → |e〉 transition and δ = ωprobe−ω is the probe detuning from the pump

laser.

2.3 Optical Cavity

The main purpose of a cavity is to confine the optical field, enhancing the

optical intensity and the interaction between the atom and the optical field.

In lasers, cavities are most commonly used to provide feedback. Cavities also

serve as interferometers in several applications [1–4, 44, 45]. This section

will introduce the most important quantities that are used in this thesis.

More detail can be found in [26, 29, 46].

The finite length and volume of cavities imply discrete frequencies of

the confined field. These are called resonance frequencies. The resonance

frequencies accumulate in resonance peaks with a certain width ∆fFWHM

(full width at half maximum). The peaks are evenly spaced by the free

spectral range

FSR =
c

L
, (2.9)

where c is the speed of light in vacuum and L is the round-trip length

of the cavity. This assumes vacuum in the cavity. In general, the resonance

frequencies are such that the round-trip phase shift, caused by dispersive

media and propagation of light, has to be an integer multiple of 2π and the

13



Chapter 2 Theoretical Background

difference between the nearest resonances is FSR. The cavity finesse is given

by

F =
FSR

∆fFWHM
. (2.10)

Analogously to the excited states of atoms, the finite frequency linewidth

of cavity resonances corresponds to an exponential decay in the time domain,

with the time constant of κ (energy decay time), where κ = 2π∆fFWHM (i.e.

FWHM linewidth in angular frequency). Therefore, in order to maintain the

excitations of the cavity field, there has to be a driving (input) field either

directly coupled to the cavity mode or scattered from the in-cavity medium

into the cavity mode.

To model the interaction between the cavity field and the medium, it is

important to know the cavity waist (1/e2 radius of the transverse intensity

profile) given by the cavity geometry. The experiment is aimed at TEM00

(i.e. a single Gaussian peak in the transverse intensity profile), but the waist

is larger for higher-order transverse modes (see 5.2). A small waist in the

medium is desirable so as to increase the intensity and interaction with the

medium.

2.3.1 Empty Ring Cavity

Even without any dispersive media, transmission through a cavity already

adds an extra phase shift to the free propagation, which implies changes to

all quantities that depend on it. The effect of medium will then be included

in the next section by a simple transformation. Let us consider the ring

cavity geometry (Figure 2.4) that is also used in the experiment. There is

more detail in [24, 26].

14



2.3 Optical Cavity

r1, t1 r2, t2

r3, t3

d=4 cm

2 2 cm2 2 cm

Figure 2.4 Ring cavity geometry and a probe beam (red). The distances between
the mirrors are the same as in the experiment (d = 4 cm, 2

√
2 cm, and 2

√
2 cm

along the probe beam). r·, t· denotes the amplitude reflection and transmission
coefficients.

Some of the incident field is transmitted through the first two mirrors

without hitting the third one, while the rest of it can perform an arbitrary

number of round-trips and still contribute to transmission [24, 26, 29, 46].

Because of losses at the mirrors, each round-trip decreases the amplitude

and intensity. The transmitted amplitude is the sum of the infinite series

of slowly varying envelopes of the positive-frequency fields,
√
T = t1t2, ρ =

r1r2r3 (t· and r· are the field transmission and reflection coefficients), L is

the round-trip cavity length, d is the distance between the first two mirrors.

Let us use the convention that the transmitted amplitude picks up an extra

factor of complex i. In this convention the formulas do not depend on the

direction of propagation through boundaries (with respect to high and low

refractive indices) [29]. Therefore, transmission through two mirrors results

in a factor of (−1). The transfer function (i.e. the transmitted amplitude

15



Chapter 2 Theoretical Background

normalised to the incident amplitude) reads:

F (k) =
(
−
√
T
)
eikd (2.11)

+
(
−
√
T
)
eikdρeikL

+
(
−
√
T
)
eikdρ2ei2kL

...

+
(
−
√
T
)
eikdρneinkL

...

This series can be summed up (there is more detail on the same cavity in

[26]).

F (k) = −
√
T

eikd

1− ρeikL
(2.12)

= −
√
T

eikd
(

1− ρe−ikL
)

(1− ρ)2 + 4ρ sin2(kL/2)
(2.13)

= −
√
T
eikd (1− ρ cos kL+ iρ sin kL)

(1− ρ)2 + 4ρ sin2(kL/2)
(2.14)

The complex argument gives the phase shift, which can be Taylor expanded

around resonance (kL ' 2πq, where q is integer).

argF (k) = kd+ arctan
ρ sin kL

1− ρ cos kL
(2.15)

= kd+
ρkL

1− ρ
+O

(
(kL)3

)
(2.16)

' k(

'0︷ ︸︸ ︷
(1− ρ) d +

'1︷︸︸︷
ρ L)

1− ρ
(2.17)

' kL

1− ρ
(2.18)

The extra term π = arg(−1) in the complex angle was omitted and kL ' 2πq

16



2.3 Optical Cavity

was assumed (close to resonance). We are only interested in dependence

on small changes around ω0 = kL
τ (τ is the round-trip time). Therefore,

any frequency-independent phase terms can be neglected. From this point,

everything will be formally the same as for a linear cavity. It can also be

shown that

F (k) = ei(kd−
kL
2 )

(
−
√
T

ei
kL
2

1− ρeikL

)
︸ ︷︷ ︸
F (k) for linear cavity

(2.19)

and then kd− kL
2 becomes negligible again because of the 1− ρ factor. As a

consequence, in this calculation only the circulating field has contribution,

although the initial idea that we probe the cavity like a medium and measure

the group delay between the input and output certainly sounds more intu-

itive. In conclusion, as long as we only want to estimate the overall phase

shift of the transmitted field without worrying about interference effects

where some small phase terms could matter, the unusual cavity geometry

will not make this calculation harder. Finally, the group delay of the empty

cavity is

τg = ∂ω

(
ωτ

1− ρ

)
(2.20)

=
τ

1− ρ
. (2.21)

The effective group index is given below.

ng =
τgc

L
(2.22)

=
τg
τ

(2.23)

=
1

1− ρ
(2.24)
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Chapter 2 Theoretical Background

2.3.2 Effect of Medium

Suppose a uniform medium in the cavity, which will make the analyti-

cal formulas look simpler. Applying Equation (2.1), the exponential fac-

tor describing absorption or gain can be linearly approximated as long as

kL Im(χ(ω))� 1, which considers the round-trip losses or gain. The previ-

ous method with the transformation

kL → kL

(
1 +

1

2
Re(χ(ω))

)
(2.25)

ρ → ρ

(
1− 1

2
kL Im(χ(ω))

)
(2.26)

takes into account the medium in the cavity. These relations are valid when

kL Im(χ)� 1.

ng = ∂ω

(
ω
(
1 + Re(χ(ω))

)
1− ρ

(
1− ωτ Im(χ(ω))

))
∣∣∣∣∣∣
ω=ω0

(2.27)

The transformation in Equations (2.25) and (2.26) make a connection

between the Lorentzian susceptibility in Equation (2.6) and the empty cavity

transmission function in Equation (2.14) so we can plot the power transfer

function
∣∣F (k)

∣∣2, phase, and group index of the cavity with a gain medium.

Assume a Lorentzian gain peak with a width equal to the cavity linewidth,

0 detuning between the centre of the transmission peak of the empty cavity

and that of the gain peak, and a peak gain that would lead to a decay of the

electric field amplitude, with a time constant −κ/4 (increasing amplitude) if

there was no cavity around it (described by only Equation (2.1)). −κ/4 is an

arbitrary choice, because these equations are unable to describe the effect of

the increasing circulating field on the gain medium, and therefore we cannot
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2.3 Optical Cavity

eliminate all the round-trip losses as that would mathematically lead to an

unstable system (physically it would require an infinitely strong pumping

mechanism). In other words, now we only introduce some gain in order to

reduce the round-trip losses without reaching the lasing threshold. As the

round-trip losses are small in the experiment (for example, for the reflection

coefficients used in the experiment ρ = 0.99817 in Equation (2.14)), it is

also numerically challenging to reduce them even more if we do not rely

on approximations that are only valid when very close to resonance. An

amplitude decay rate of −κ/2 (κ is now FWHM) in the gain medium would

compensate for all the round-trip losses and the denominator in Equation

(2.14) would become 1 − 1 = 0. Note that the amplitudes of different

numbers of round trips can only be summed up when they decrease as

the number of round trips increases. Using Equations (2.1) and (2.6), and

the condition that the introduced susceptibility in the cavity adds an extra

amplitude decay at the rate −κ/4,

Ω = − κ2

2ω0
(2.28)

where the minus sign describes gain. The exact value of ω0 does not matter

as long as it is an integer multiple of c
L×2π as the round-trip time is L

c . The

parameters used in the experiment are T = 0.00116, ρ = 0.99817, d = 4

cm, L = 10 cm, and the FWHM linewidth of the cavity (and now also the

gain peak) is

κ = 2
1− ρ
√
ρ

c

L
= 2π × 1.75 MHz (2.29)

as explained in [26], which can be derived by solving
∣∣F (k)

∣∣2 = 1
2 . The

plotted power transfer function, phase, and group index for the empty cavity

and a weak (not lasing) gain medium are in Figure 2.5.
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Figure 2.5 Comparison between the empty cavity (blue curve) and a cavity with
a weak gain medium (yellow curve).

In conclusion, the empty cavity already behaves similarly to a slow-light

medium with a large group index and a gain medium with a single gain peak

can further enhance this effect. These formulas do not take into account

anything that is not reflection or transmission, that is, any extra absorption

and scattering caused by the cavity mirrors.

In homogeneously broadened media Im(χ) has a Lorentzian feature and

there is a cavity resonance close to the centre frequency. In this case, Im(χ)

is constant and Re(χ) is linear. The above treatment of susceptibility is

only valid if the medium is probed with a weak beam that has no effect on

the medium itself. However, in lasers, due to depletion of the finite amount

of input power the system can receive, the shape of Im(χ) will be different

once the threshold has been exceeded. This will be discussed in the next

session.

Saturation and Frequency Pulling

This section will summarise how the susceptibility changes above threshold

[29, 47, 48]. The cavity can be described as a medium with losses and

Maxwell’s equations combined with some approximations (e.g. neglection

of higher order derivatives, products of derivatives) give the slowly varying
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2.3 Optical Cavity

part of the electric field (as derived in [47, 48]):

Ė = −1

2

ω

Q
E − 1

2
ω Im(χ(E,ω)), (2.30)

where Q =
ωq

κ is the quality factor of the cavity, ωq is the cavity resonance

frequency, and ω is the lasing frequency. Because of saturation of the gain

medium, the susceptibility depends on the electric field as well. Let us start

by writing the unsaturated susceptibility that has a single gain peak [48]

(which is suitable for describing most applications)

Im(χ(ω)) = −G Γ2

2Ω2 + Γ2 + 4 (ω − ω0)2 , (2.31)

Re(χ(ω)) = G
2 (ω − ω0)

Γ

Γ2

2Ω2 + Γ2 + 4 (ω − ω0)2 , (2.32)

where G is the gain parameter, Ω = −
〈
Êµ̂
〉

~ is the Rabi frequency [29, 33],

µ̂ = −er̂ is the dipole operator, Ê is the quantised electric field (not used

explicitly in this thesis), Γ is the FWHM of the gain peak, and ω0 is the

centre frequency of the gain peak. The gain medium can only provide a

finite amount of power and suppose that the system reaches equilibrium

(constant lasing power) above threshold. Ė = 0 in Equation (2.30) leads to

the following [48].

Im(χ(E,ω)) = − 1

Q
(2.33)

Re(χ(E,ω)) =
2 (ω − ω0)

QΓ
(2.34)

2Ω2

Γ2
= QG− 1−

(
ω − ω0

Γ/2

)2

(2.35)

ω is such that the gain allows the system to lase at that frequency (we will

calculate the exact frequency shortly). χ(E,ω) can be solved outside the
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Chapter 2 Theoretical Background

possible lasing frequencies as well and the Kramers-Kronig relations can be

redefined [48]. From Equations (2.3), (2.5), and (2.34), the group index can

also be calculated:

ng = 1 +
κ

Γ
(2.36)

We are now going to calculate the lasing frequency ω. Following [29] and

recalling Equation (2.1), both the free-space propagation of the electric field

and propagation through the dispersive medium contribute to the round-trip

phase shift in a cavity:

ω

c
L+

ω

c

1

2
Re(χ(ω))Lm = q2π, (2.37)

where ω is the frequency of the cavity mode, L is the round-trip length of

the cavity, Lm denotes the length of the gain medium, and q is an integer.

Additional phase shifts (e.g. reflection from the mirrors and the Gouy phase

for a realistic Gaussian mode) are now neglected. This equation describes

the round-trip phase condition when there is a dispersive medium in the

cavity. We can write q2π =
ωqL
c on the right-hand side of Equation (2.37),

and use Equation (2.34) and ω0 ' ωq as in practice the frequencies are large

enough that only the linewidths differ in the quality factors of the cavity

and the gain medium. L = Lm is assumed (the gain parameter G can be

rescaled accordingly). The lasing frequency is

ω =
κωq + Γω0

κ+ Γ
, (2.38)

which is sometimes written in terms of quality factors of the cavity and

the gain medium. κ is usually meant to be angular frequency and Γ is
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2.3 Optical Cavity

the FWHM of the gain peak. However, when Equation (2.38) is applied,

all the frequencies must have the same unit. Equation (2.38) gives the

lasing frequency and (2.35) gives the lasing intensity as a function of lasing

frequency.

Homogeneous and Inhomogeneous Broadening

How the gain behaves at different frequencies depends on the nature of the

gain medium [4, 29]. In a homogeneously broadened medium, all parts of

the gain medium provide the same gain peak. The gain peak of the whole

medium decreases at all frequencies by the same factor. In moving atoms

(gases) or vibrating lattices (solids) a given frequency can never deplete all

the gain as the centre of the gain peak changes along the medium. The

unsaturated part can sometimes reach the threshold of a lasing mode at

another frequency unless there are extra losses at that frequency (e.g. a

second cavity). This kind of medium is inhomogeneously broadened. Cold

atoms at sufficiently low enough temperature are homogeneously broadened.
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Chapter 3

Magneto-Optically Trapped

39K Atoms

The magneto-optical trapping (MOT) design was explained in earlier theses

[25–27]. The atom source and some parts of the laser system were replaced,

which resulted in a higher atom number and a more stable setup. This chap-

ter will give a short overview emphasising the improvements and changes.

3.1 Vacuum System

MOT experiments only work effectively in ultra-high vacuum, which usually

means less than 10−8 mbar. This is because collisions with hot atoms and

molecules of the background gas make the trapped atoms hotter and destroy

the trap. The purpose of the vacuum system is to keep the pressure low,

provide an atom source the experiment requires, and let the necessary optical

fields traverse some parts of the system. After the system is assembled and

sealed, it has to be baked, that is, pumped and kept at a high temperature

to evaporate any contamination (usually water) stuck to the inner surface.
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Chapter 3 Magneto-Optically Trapped 39K Atoms

These were described extensively in [25–27], but some changes had to be

made to the old system which means, a similar (although not so long and

rigorous) procedure for pumping and baking was necessary in order to make

sure the new components and joints were sealed completely.

The experiment works as follows. Potassium atoms are loaded from an

ampoule and trapped in a 2D MOT chamber (2D MOT means 2 pairs of

cooling and trapping beams without a third one) and a push beam (Figure

3.1) that goes along the long axis of the vacuum system. The push beam

hits the atoms of the 2D MOT so that they can go through a graphite tube

and get trapped in the 3D MOT chamber. The alignment is such that the

3D MOT overlaps with the smallest waist of the ring cavity, maximising

the in-cavity atom number. More atoms means more gain in the resulting

ring laser. The old system could produce an atom number of about 5× 107,

but that required great luck with the alignment and vapour pressure and

was not achievable most of the time. As a comparison, the lasing threshold

in atom number was measured to be about 6 × 107 (Chapter 4) with good

atom-cavity overlap and no sign of lasing has been reported by previous

PhD students who used potassium dispensers in the original setup. The

dispensers were also ageing as they did not supply enough atoms any more

and it seemed inevitable to replace them.

The upgrades and data of a short baking period will be shown in the

next few sections.
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3.1 Vacuum System

2D MOT 
chamber

39K 
ampoule

3D MOT chamber
and ring cavity

Ion pumpPush beam

Figure 3.1 Simplified schematic of the experiment.

3.1.1 Upgrades to the Old System

The necessary modifications are listed in Table 3.1.

Proposed change Main reason

A piece of Viton O-ring Cavity vibrations
New imaging axis Easier alignment of the 3D MOT

New atom source (ampoule) No fluorescence in the new system

Table 3.1 Upgrades to the old vacuum system.

To allow for the new parts, some joints had to be replaced. In the end,

only the MOT chambers and the nipple between them stayed in their old

places, all the other components had to be removed, replaced, or reconnected

(Figure 3.2).
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Elbow Cross
3D MOT chamber

and ring cavity
2D MOT chamber Ampoule

Ion pump MOT coils
and shimming coils

2D MOT coils

Figure 3.2 New experimental design.

3.1.2 New Atom Source

Atom Sources in General

As vacuum systems cannot be opened once at low pressure, the atomic

species the experiment needs already have to be in the closed system. Whereas,

it normally does not take long (a few hours to a few days) to find out whether

the pressure is low enough, and everything is clean and sealed properly, atom

sources work on a much longer timescale (a few weeks to a few months).

The two popular sources are dispensers and ampoules. Dispensers (Fig-

ure 3.3) contain much less material (a few mg), use a chemical reaction that

gives byproducts, and do not release any atoms on their own (which could

also be an advantage). Ampoules can only be controlled by their tempera-

ture once their glass seal is broken, but contain about 1 g of material, and

can be considered pure when compared to dispensers.
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3.1 Vacuum System

Figure 3.3 Three 39K dispensers connected to a feedthrough. Only a small part
of these thin rods is actually potassium.

Upgrades to the Old Atom Source

By design, the dispensers had to be heated (fired) by electric current to

release atoms. The atom flux dropped after a few minutes and the current

could only be turned back on after another few minutes. However, after

baking the whole vacuum system, the dispensers had to be turned on many

times to achieve a high enough vapour pressure as potassium tends to stick∗

to uncoated surface of vacuum components. They can become dirty when

exposed to air after firing, which probably happened to ours in the new

vacuum system, since there was no sign of fluorescence even after several

weeks of firing dispensers. The new system was also bigger in volume and

surface.

These issues went away when we started using an ampoule (Figure 3.4)

as it could be left at a high temperature for a long time without super-

∗This is not specific to potassium but a rather general phenomenon in this kind of
experiments.
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vision. With the ampoule kept around 90◦C, it took about two weeks to

coat the inner surface of the system with potassium and build up enough

vapour pressure to see fluorescence. However, when the number of atoms

in the MOT reached the target value (around 108 atoms) and did not seem

to improve any more, the vapour pressure became more sensitive to the

temperature of the ampoule. Unfortunately, sometimes the pressure could

increase by 1-2 orders of magnitude even when there was no overall increase

in temperature. The system cooled down a bit for a few days and returned

to the same temperature, but after that the pressure was higher as if it

had an effect opposite to that of baking. This happened sometimes over

weekends or holidays due to temporarily reduced heating in the building.

Even though it never actually interrupted the experiment, this problem was

mostly resolved by switching off all the heaters of the vacuum system about

4 months after breaking the glass seal of the ampoule.

In overall, the ampoule was easier to work with than the dispensers,

provided a cleaner source of 39K, and finally the low vapour pressure of 39K

even became an advantage as the ion pump current slowly reached 0, which

was never possible with the dispensers, when the ampoule was not heated.

The overall low pressure (i.e. clean vacuum) could also be seen by how

slowly the MOT built up and decayed∗ compared to the old system that

used dispensers.

∗This was only observed by eye and never measured due to lack of time and impor-
tance as the full characterisation and optimisation of the MOT were done by former PhD
students [26, 27].
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3.1 Vacuum System

Figure 3.4 39K ampoule and its bellows. Bending the bellows broke the glass seal.

3.1.3 Baking the New Vacuum System

The new vacuum system was wrapped up and baked, but only for a few

days, instead of a few weeks. The time-pressure diagram is shown in Figure

3.5. Because the 2D MOT chamber was normally heated (which means that

the pressure was not uniform either) even when it was not baked, it started

at a much higher temperature. The reason for the time gaps was that no

measurements were made at night. The initial pressure was 2.5×10−8 mbar

and it went down to 5.3 × 10−9 mbar after baking, which indicated that

there were probably no leaks and the new system became clean enough.
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Figure 3.5 Pressure (red squares) measured by the gauge connected to the turbo
pump and temperature (upward-pointing green triangles, downward-pointing blue
triangles, and purple diamonds) of three different parts of the new vacuum system
plotted as a function of time.

3.1.4 Ion Pump

The ion pump, which uses strong magnets and a high voltage (a few kV),

can reach lower pressure than turbo pumps. As it only traps and does not

actually pump, this kind of pump also has to be cleaned (baked) sometimes.

The ion pump is usually turned on after baking, when everything is cooled

down. It can be turned on at a relatively high pressure, but the high pressure

increases the current, reduces the voltage, and slows down the trapping.

Ideally, most of the material should be removed from the system and not

trapped inside, and a low pressure achieved with the turbo pump means

that leaks are much less likely.

Although the new vacuum system was much bigger and the ion pump

was moved farther from the MOT chambers, the ion pump current stayed

much lower, which was attributed to the cleaner atom source mentioned in
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3.2 Laser System

Section 3.1.2.

3.2 Laser System

3.2.1 D2 Hyperfine Structure of 39K

Magneto-optical traps (MOT) are used in order to cool and trap atoms. It

is based on Doppler cooling. The atom moving towards an incoming red-

detuned laser beam slows down when it absorbs a photon. This results in

a friction force when applied in all directions (confinement in momentum

space due to 3 pairs of retroreflected red-detuned cooling beams). The

magnetic field makes this friction force spatially dependent (confinement in

space). More detail on operation of a MOT can be found in other works

[33, 38, 49, 50]. The same MOT configuration is described and characterised

in [26, 27]. This section will briefly illustrate the energy levels of 39K that

are used in the experiment. Apart from the fact that there are separate

2D MOT and 3D MOT chambers, they run accordingly to the standard

technique.

Each atomic species needs different MOT beam frequencies and intensi-

ties, because the energy level structure is different. Our 2D and 3D MOT

configurations have mostly been built and studied by earlier PhD students

[25–27]. In 39K, the optimised laser frequencies relative to the hyperfine en-

ergy levels are shown in Figure 3.6. The hyperfine selection rule ∆F = 0,±1

implies that a single frequency would pump all the atoms from F ′ = 0, 1, 2

into F = 1, which could only be accessed by another beam at a different

frequency, which is called the repump beam.
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repump
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cooling
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Figure 3.6 The D2 line of 39K and the hyperfine structure [51]. The transitions
and detuning frequencies used for laser cooling are shown by red lines. The push
beam is weak (about 0.7 mW and 1 mm of diameter) and misses the MOT so it
has no role in cooling. It is only used for bringing atoms from the 2D MOT to the
3D MOT.

3.2.2 Overview of Laser System

The main upgrade was replacement of the old tapered amplifiers (TA). The

rough schematic of the MOT laser system is shown in Figure 3.7. A 39K

vapour cell was set up for magnetically-induced dichroism spectroscopy [52]

in order to lock [53] the master laser to a reference. The push laser was

offset locked to the master laser and the cooling laser was offset locked to the

push laser. An acousto-optical modulator (AOM) [54] generated the repump

frequency, using some of the cooling power. The cooling laser provided

around 50 mW, which, after the AOM and an isolator, was attenuated down

to 12−16 mW when it reached the TA. This was enough to seed the TA and

obtain sufficient power for the MOT beams. Depending on the alignment,

each 2D MOT beam had 100−150 mW, and there was 20−30 mW for each
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Figure 3.7 Simplified schematic of the MOT laser system. The green arrows denote
beat note offset locks (only the frequencies are shown). PDH: photodiode for Pound-
Drever-Hall frequency stabilisation [55, 56], PMF: polarisation maintaining optical
fibre patch cord and couplers, (DP)AOM: (double-pass) acousto-optical modulator
[54], PBS: polarising beam splitter, and TA: tapered amplifier.

The beat-note frequencies of the push and cooling lasers, and the AOM

RF frequencies and powers were controlled by an experiment computer. This

provided the opportunity to separately change the laser lock points, cooling

and repump frequencies and powers, and switch or attenuate the 3D MOT

beams.

3.2.3 New Tapered Amplifier Design

In order to keep the experiment working, it was necessary to replace the old

amplifier system. The advantage of the new tapered amplifier (TA) was that

there were no movable or adjustable optics or connectors, and everything

(including cables and electronics) was glued or soldered (Figure 3.8). During
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one year of operation, it never had to be opened. Sometimes there seemed

to be a slight drift in collimation, but that could be fixed by aligning the

surrounding lenses outside the TA. On both sides of the amplifier chip,

there were an aspheric lens, cylindrical and spherical telescopes. After the

aspheric lens at the output, the beam was nearly collimated vertically, but

was astigmatic because of the wide numerical aperture of the output facet

of the chip. In order to correct for this, there was an additional cylindrical

lens. This was not a big issue in the earlier design, which produced about

half as much power, had a smaller output aperture, and therefore it was also

less multi-mode.

In total, an aspheric lens, three cylindrical lenses and a spherical tele-

scope were needed after the output of the chip in order to couple enough

light into the MOT fibres. The coupling efficiency was about 28% (560

mW in the fibres out of about 2000 mW measured at the chip), which also

includes losses to lenses, waveplates and an isolator. Another commonly

used technique is to put an iris in the focused beam, which filters the light

in Fourier space, although the combination of lenses and irises that were

available did not lead to nearly as much power in the fibres.
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Figure 3.8 New TA design in the experiment. The amplifier chip was in the
centre. There was a Peltier module for temperature control between the small
copper and large aluminium blocks. A small piece of black paper on the output
side was blocking a small amount of light back-reflected by lenses.

The alignment of the input was much easier because of the small aper-

ture. With the cylindrical and spherical telescopes, the input beam was

mode-matched and aligned to the back-reflected amplified spontaneous emis-

sion of the TA. This was necessary to exceed the minimum specified seed

power of 10 mW and achieve enough output power (Figure 3.9). The rec-

ommended maximum power (2000 mW) was reached below the maximum

driving current (4000 mA). There were only very small jumps (mode hops)

in power, although the temperature control did not always have enough time

to stabilise during the measurement.
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Figure 3.9 TA output power as a function of driving current for 15 mW of seed
power.

The ideal cooling:repump ratio could only be achieved by optimising the

alignment of the TA input and the RF power sent to the repump AOM,

even though the target range of values (between 3 : 2 and 2 : 1) that gave

a high enough atom number in the MOT (around 5 × 107) was found by

previous PhD students. Therefore, this had to be measured again (Figure

3.10). A fraction of the TA output was sent through the science cavity and

the transmission was measured. Changing the RF power revealed which

peaks were at the cooling and repump frequencies. The other peaks were

assumed to be different transverse modes and/or spontaneous emission from

the TA.
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Figure 3.10 Ratio of cooling to repump power after the TA. The bigger green
peak is the cooling and the smaller one is the repump. The frequency scale was
given by the RF frequency of the repump AOM. The FSR of the cavity was about
3 GHz.

3.3 Coils and Magnetic Field

The original set of coils was built to provide an elongated 3D MOT over-

lapping the cavity mode [25, 26]. However, the atom number was never

really as high as expected and the alignment of the MOT (angle and posi-

tion with respect to the cavity mode) also proved to be difficult. Therefore,

in the new version of the experiment a simple anti-Helmholtz geometry was

utilised (Figure 3.11). Figures 3.12 and 3.13 show the theoretical predic-

tion and the measured gradient along the strong axis. The target value was

around 10 G
cm . The measurement of the gradient was performed at 0.64 A

and gave (0.698± 0.0075) G
cm , which would be 10.91 G

cm at 10 A. The inner
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Chapter 3 Magneto-Optically Trapped 39K Atoms

diameter of each coil was 11 cm and the separation of the two coils was 12

cm. The 2D MOT coils had 222 turns of round wire [26] and the 3D MOT

coils had 68 turns of Kapton-insulated ribbon wire with a flat cross section

of 1.2 mm × 0.2 mm. The final separation and current of 3D MOT coils

were about 15 cm and 12 A in order to allow for extra shimming coils (not

shown in the pictures) as well. Figure 3.12 tells us that the same gradient

can be obtained for a larger separation and a slightly higher current.

-50
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0
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-50
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Figure 3.11 2D MOT (left) and 3D MOT coils (right).
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Figure 3.12 Simulated gradient of the 3D MOT coils as a function of coil diameter
and separation. The aim is 10 G

cm , which is indicated by the light green surface.
The parameter combinations that result in a gradient above the light green surface
are suitable for our MOT.
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Figure 3.13 Measured magnetic field of the 3D MOT coils along the strong axis.
The red dots are data and the green line is a fit. The slope is (69.8± 0.0075) µT

cm .
The offset on the x axis was only an arbitrary point on the translation stage where
measurements were possible and the displacement of the translation stage was mea-
sured. The geometric centre could not be determined accurately in that setup. The
biggest source of error was stray magnetic field from the optical table and the en-
vironment, which was not characterised as this measurement was performed on a
different optical table and not in the real experiment.

3.4 Measurements

The measured quantities usually include atom number, temperature, and

cloud size/aspect ratio. The MOT beam intensities and frequencies, coil

currents, push beam alignment and intensity were then optimised for the

desired values. These were explained in [25–27]. In this project, the key

parameter was the optical depth, which was, in practice, maximised by

optimising the in-cavity atom number. A higher total atom number gave a

higher in-cavity number (there was usually a factor of a few hundred between

the two numbers and this ratio seemed to increase for higher total atom
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3.4 Measurements

number). A higher in-cavity atom number means a larger gain medium and

the whole MOT has more contribution to optical gain of the cavity mode.

The total atom number was measured by taking pictures of the MOT

with a calibrated camera, and using a 6-level model [26, 57] and the experi-

mental parameters (laser beam detunings and optical powers). The typical

atom number was around 108 and it was reliably achievable in the new

setup. It could be lowered by the push beam and MOT beam intensities

for measurements. The cloud size was usually slightly below 1 mm with

an aspect ratio close to 1:2 (based on the pictures). The temperature was

on the order of mK in a running MOT. It was never measured during my

final year, but earlier students used release and recapture method (turning

off the MOT beams for a controlled period of time and taking pictures of

the MOT initially and after recapturing some atoms). The in-cavity atom

number could only be determined accurately by performing measurements

on the atom-cavity system, but generally it was a few hundred times less

than the total atom number. The atom-cavity overlap was controlled by

shimming coils (2 pairs for each of the 3 dimensions) and beam alignment.

Figure 3.14 shows the 2D MOT and around 4×108 atoms were calculated

from Figure 3.15, using the same method as in earlier theses [25–27].
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Figure 3.14 2D MOT recorded as the camera was facing the nearest viewport.
The push beam was blocked.

Figure 3.15 3D MOT. 4× 108 atoms.
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Chapter 4

Magneto-Optically Trapped

39K Atoms in a Ring Cavity

The gain medium was described in Chapter 3. This chapter will lay out

what had to be done in order to construct a feedback mechanism, that is,

how the cavity and the gain medium were combined. This will be followed

by some measurement data of the operating laser.

4.1 Ring Cavity

Standing-wave cavities with two mirrors are not suitable for ring lasers, but

three mirrors suffice. This type of ring cavity was used for feedback in the

final measurements. The next few sections will not deal with the atoms and

only introduce the details of the ring cavity design and the relevant optical

systems. There has been some advancement of the surrounding optics, al-

though the cavity mirrors themselves have not been touched since the last

two theses [26, 27].
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4.1.1 Dimensions and Parameters

r1, t1 r2, t2

r3, t3

4 cm

2 2 cm2 2 cm

piezo

CW

CCW

CCW

CW

Figure 4.1 The ring cavity with the piezo and two counterpropagating clockwise
(CW) and counterclockwise (CCW) modes.

The scale and simplified design of the ring cavity is shown in Figure 4.1.

The most important quantities are listed in Table 4.1. With the piezo volt-

age the cavity length could be scanned just over a full free spectral range.

The linewidth could be measured by probing the cavity around a resonance

peak. The PDH sidebands give the scale that can be used to estimate the

linewidth. A more acceptable method is cavity ring-down measurement

(although this was not done during my time), which measures the expo-

nentially decaying output power after the input beam is switched off by 2

AOMs that are aligned to opposite orders (no overall frequency shift) and

provide a switching time of a few 10 ns. The power decay rate is twice the

HWHM linewidth in angular frequency units. The biggest source of error

was the initial delay caused by the switching. The cavity length and FSR

were measured by scanning the piezo across different higher-order transverse

modes [26, 58]. The PDH sidebands provided local frequency calibration.

The linearity of the piezo scans was worse for large scans. The waists were

calculated based on the mirror parameters.
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4.1 Ring Cavity

Linewidth (HWHM) 920(30) kHz
Round-Trip Length 9.51(5) cm

Radius of Curvature of Central Mirror 10 cm
Sagittal Waist 128.0(3) µm

Tangential Waist 90.2(5) µm
Free Spectral Range 3151(16) MHz

Finesse 1710(60)
Round-Trip Losses . 0.4%

Table 4.1 Ring cavity parameters.

When the magnetic field of the MOT coils was attempted to be switched

off suddenly, the round-trip cavity length suffered from small oscillations at

around 1.8 kHz, which were greatly reduced by a piece of Viton (Figure 4.2),

but never completely disappeared. The whole vacuum system was designed

to be a rigid block in order to sustain the tight alignment constraints of the

high-finesse cavity, which, together with the 1-mm-thin metal plate between

the piezo and the curved cavity mirror, were assumed to be responsible for

lack of mechanical damping. In practice, a cavity scan took at least a few

ms over a few FWHMs and sometimes 10s of ms over a larger range. These

did not cause any significant issues to the measurements as it was possible

to avoid having to switch off the magnetic field. There is a balance between

good vibrational isolation, and the freedom or stability of optical alignment.
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Figure 4.2 The upgraded ring cavity with some damping. The piece of Viton is
inside the red circle.

4.1.2 Laser System

The next two sections will outline what was necessary to make measurements

with the ring cavity. More detail can be found in [24, 26]. The main focus

will be on recent improvements.
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4.1 Ring Cavity

Overview of the Ring Cavity Laser System

39K cell

transfer cavity lock

probe beam

852 lock

probe laser
lock

transfer cavity

science cavity lock

DPAOM

DPAOM

DPAOM

852 laser

probe
laser

PMF

PMF

Figure 4.3 Simplified schematic of the probe laser system. The 852-nm laser
(dashed brown lines) gives a far-off-resonant beam, which, in this setup, is only
used to lock the science cavity (not shown). DPAOM: double-pass acousto-optical
modulator and PMF: polarisation maintaining optical fibre patch cord and couplers.
The 39K cell is set up for frequency-modulation spectroscopy [59].

The MOT laser system was described in Section 3.2. Additional optical

fields are needed to stabilise and probe the cavity-MOT system. This laser

system is illustrated in Figure 4.3. The probe laser can be tuned to both

D1 and D2 lines of 39K and the frequency-modulation spectroscopy (FMS)

[59] gives useful lock points in both cases. The chains of feedback loops, in

which the last element provides the reference, were the following:

probe laser→ transfer cavity→ FMS

science cavity→ 852 laser→ transfer cavity

The transfer cavity resonance at 852 nm and the RF frequency of the

corresponding AOM were chosen so that the science cavity could be resonant

with the atoms.
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Upgrades to the Old Ring Cavity Laser System

The locking system (Section 4.1.2) only went through some minor modifica-

tions and optimisation, but the old cavity optics had to be extended in order

to detect both clockwise (CW) and counterclockwise (CCW) travelling-wave

modes, and their transverse patterns (Figure 4.4).

A flip mount with a big mirror could switch between detection of only the

optical power or the transverse patterns. A beam splitter could have been

an alternative solution, but, in that case, some optical power would have

been wasted and the beam splitter would have disturbed the coupling into

the optical fibres. Avalanche photodiodes∗ were used in order to detect the

transmitted power for alignment purposes, but only single photon counters†

had enough sensitivity and time resolution for most of the measurements (see

Chapter 5). The beam profiler‡ could detect both optical power and trans-

verse intensity distribution, but had a much lower bandwidth (the shortest

exposure time that was used was 1 ms).

The CW fibre could be aligned to the transmitted probe beam. However,

the CCW cavity mode was not probed. Instead, some light was injected into

the CCW fibre and a photodiode was temporarily put on the other side of

the cavity, where 852 nm was normally detected. The output of the CCW

fibre was aligned to maximum transmission through the cavity and, because

the high-finesse cavity already constrained the alignment, only required some

small adjustments to optimise the coupling of the CCW cavity mode into its

fibre, which was done when the cavity-MOT system started to lase (Chapter

5) and no probe beam was used.

∗Laser Components LCSA500-03 APD
†Perkin Elmer SPCM-AQRH-13-FC
‡Thorlabs BC106-VIS
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4.2 Alignment and Strong Coupling

MOT

ring cavity SMF
CW

probe + 852-nm light
852-nm light

for PDH

PD

beam
profiler

Figure 4.4 Upgrades to the cavity optics. PD: power detection (photodiodes or
photon counters), and SMF: single-mode optical fibre patch cord. Long-pass and
short-pass filters (not shown) were still used to block either of the two wavelengths.

4.2 Alignment and Strong Coupling

The work and measurements presented in this section did not directly lead

to new results, but are meant to provide a smooth transition between the

technical details of the upgrades showed in the previous sections, and the

main results of the project (Chapter 5). Strong coupling in the old system

was demonstrated in [26, 27, 58] so only an overview will be given in order

to put the reproduced results in a new context, that is, the last prerequisite

to lasing.

4.2.1 Optimisation of the MOT Position

The magnetic field affects the shape of the MOT and the atom number when

nothing else is changed. In addition, to observe any interaction between the

cavity mode and the atoms, they have to be in the same place. The shimming

coils (Section 3.3) were able to smoothly move the position of B = 0, where

the MOT lived, and based on the currents and directions, the position of the
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Chapter 4 Magneto-Optically Trapped 39K Atoms in a Ring Cavity

MOT coils was corrected. The aim was to iteratively minimise the current

in the shimming coils and only use the MOT coils, but a small current was

still acceptable as all the coils could be left on during the measurements

presented in this thesis. The alignment of the optics was such that the best

MOT could only be achieved when it was in the smallest cavity waist (in

practice, this also required some iterations). The shimming coils and the

new imaging axis made this procedure much quicker than the old version of

the experiment.

The MOT was moved as close to the cavity mode as possible, and with

the right position of the MOT and frequency of the probe beam, the shape

of the MOT (Figure 4.5) was changed by the cavity mode and the MOT

also changed the cavity transmission spectrum (Section 4.2.2).

Figure 4.5 Left: 3D MOT in the ring cavity. Right: the first step to move the
MOT to the right place. The pictures were taken on different days with different
camera settings, but can still illustrate what it is like to work with atoms and
cavities at the same time. The MOT was roughly 10 times larger than the smallest
cavity waist.
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4.2 Alignment and Strong Coupling

4.2.2 Rabi Splitting

 |+, 𝑛 + 1

 |−, 𝑛 + 1

 |−, 𝑛
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 |𝑒

 |𝑔
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Figure 4.6 Bare atom energy levels and the atom-cavity system. The energy
levels are split by twice the coupling constant g describing the interaction strength
between the atom and the cavity mode.

Many atoms can also lead to strong coupling even when the single-atom

coupling g is weak, which is called collective strong coupling (when N is

large enough). It scales as G = g
√
ξN (ξ is the relative transition strength

when multiple hyperfine levels are involved). When enough atoms are in

the cavity mode, the interaction between the atoms and the cavity mode

causes the free energy levels (2 atomic states and 1 photonic state for each

photon number) to split [26, 27, 38, 58], which is called the Rabi splitting

(Figure 4.6). If we use the two-level atom susceptibility as we did in earlier

chapters, with a Lorentzian shape

χ(∆) ∝ −Ω

2

1

∆− iΓ/2
, (4.1)

where ∆ is the probe-atom detuning, and Ω is the Rabi frequency of the

probe beam, and probe the atom-cavity system, the cavity resonances split

as Ω is increased (Figure 4.7). This can be seen by substituting Equation

(4.1) into Equation (2.12), and using (2.25) and (2.26). |F (k)|2 gives the

transmission spectrum normalised to the incident power and the splitting
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between the two side peaks is
√
ωΩ [60] when the linewidths of the cavity and

medium (Im(χ)) are the same (not true in the experiment, but it is easier

to understand). The cavity-atom detuning is now 0. Ω = Γ2

ω0
describes an

extra power decay at a rate Γ according to Equation (2.1), which helps us

set the scale.

Experimental data is shown in Figure 4.8. The cavity was aligned to the

D1 F = 1 → F ′ = 2 transition (not used anywhere else in this thesis) and

the atom-cavity system was probed. The weak probe beam (on the order of

1 nW) was scanned across the peaks. The MOT was displaced by shimming

coils in order to vary the in-cavity atom number. Rabi splitting was the best

option to measure the in-cavity atom number as the MOT shape was also

changing. Data in panels (b)-(d) give 7.47(6)×103, 2.04(2)×104, 4.9(15)×

104 atoms, respectively. The single-atom coupling was g = 2π×91.5(5) kHz

and the transition strength was ξ = 5/18. The cooperativity for (d) was C =

G2/
(

1
2κγ

)
= 58 (1

2κ is the cavity HWHM linewidth and γ = 2π × 2.978(6)

MHz is the natural atomic HWHM linewidth). There is more explanation

in [26, 27, 58].
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Figure 4.7 Rabi splitting (yellow curve) for Ω = 6Γ2

ω0
(arbitrary choice). The blue

curve shows the empty cavity. The cavity-atom detuning is 0.

Figure 4.8 Rabi splitting for increasing atom number. Red: fits to the data. Blue:
measurements. This picture was taken from [58].
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The MOT could further be optimised by maximising the Rabi splitting.

The D1 line of potassium was used for Rabi splitting in earlier works and

optimising the MOT before the main measurements, but it was not used

afterwards. Although, in general, observation of strong coupling on one

transition is not necessary in order to achieve lasing on another transition,

due to how the experiment was set up, this∗ was a straightforward way to

maximise the number of atoms interacting with the cavity mode.

∗Increasing the in-cavity atom number was anticipated to increase the gain as well and
since we did not see lasing at that time, reproducing some earlier results seemed essential
in order to make sure everything in the new experiment was working well.
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Chapter 5

Bidirectional Ring Laser

This chapter will summarise the main results of the experiment. Bidirec-

tional lasing with magneto-optically trapped 39K atoms in a ring cavity was

characterised in four steps. The continuously running MOT showed a gain

peak red detuned from the MOT cooling frequency. The cavity emitted

output light in both directions in various transverse modes. Second-order

coherence of lasing light was confirmed when operating above threshold,

but fluorescence light below lasing threshold exhibited bunching and super-

Poissonian statistics as expected. Finally, coming back to both directions,

the counterpropagating cavity modes were uncorrelated but nonreciprocal

in cavity length, that is, there was a splitting in optimum cavity length,

between the output spectra of the two travelling waves.

5.1 Mollow Gain in 39K Atoms

While lasing can involve a wide range of phenomena and it would be difficult

to strictly define a list of requirements†, there is no lasing without a gain

†For example, a cavity and population inversion are usually mentioned but not vital
in general [35–37, 39, 40].
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medium and a pump mechanism. This section will describe a gain mecha-

nism (see Section 2.2 for a theory overview) that occurs in a continuously

running 39K MOT, which plays the role of a gain medium, and uses the

MOT cooling beam as a pump beam.

5.1.1 Gain Measurement

Gain Measurement Procedure and Data

To obtain some information on the gain medium itself, feedback was avoided

during the gain measurement in order to rule out any influence the lasing

mode could have on the gain medium. For this purpose, the MOT was

moved outside the cavity. A probe beam on the D2 line, close to the MOT

cooling frequency, was aligned∗ to hit the MOT and leave the 3D MOT

chamber, but as opposed to what Section 4.2.1 described, both the MOT

and the new probe beam had to miss the cavity mode and mirrors. Around

60 µW of incident power was used for alignment (Figure 5.1), but reduced

to a few µW for the actual gain measurement (Figure 5.4). The single-pass

gain had to exceed the round-trip cavity losses (≈ 0.4%) in order for the

system to lase.

∗This is to clarify that the probing technique applied here was different to what was
used in Section 4.2.1 and earlier works [26, 27, 58]. It was not meant to seed or inject the
actual laser either.
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5.1 Mollow Gain in 39K Atoms

Figure 5.1 Left: 3D MOT under normal conditions. Right: 3D MOT distorted
by the probe beam coming from the right side. This proves that we were probing
the MOT.

low-bandwidth
beat note detection

single-pass
gain detection

MOT

probe
laser

MOT
cooling laser

cavity
mirrors

piezo ramp

varying

lock point

Figure 5.2 Simplified schematic of the gain measurement.

The probe beam was scanned across the D2 hyperfine states and part

of the same beam was beaten against a fraction of the MOT beam (Figure

5.2). The bandwidth of the beat-note photodetector was 300 kHz to mark

the cooling frequency in the spectrum. No gain features were observed near

the repump transition. The probe laser piezo was scanned across the static

cavity and PDH modulation sidebands were used for calibration as a fraction

of the same probe beam with added modulation was transmitted through
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Chapter 5 Bidirectional Ring Laser

the empty ring cavity∗ (Figure 5.3). The MOT was not characterised during

this measurement due to noise in atom number and the unknown overlap

between the displaced MOT and probe laser. The MOT was not in the

cavity and the probe beam waist (about 0.4 mm of diameter in the MOT)

was different to that of the cavity mode. However, the position of the gain

peak relative to other spectroscopy features does not depend on the atom

number and that was the purpose of this measurement. Figure 5.4 shows

the gain spectrum.
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Figure 5.3 Cavity transmission for calibration of the gain measurement. The
green lines show individually fitted Lorentzians. The side peaks show the frequency
modulation at 17.288 MHz.

∗Note that for the gain measurement the MOT was moved outside the ring cavity.
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Figure 5.4 Gain peak near the 2 → 2′ (cooling) transition. The frequencies are
relative to the Stark shifted 2→ 3′ transition (see Figure 3.6 for D2 energy levels)
and the third nearby transition 2 → 1′ is not strong enough to be seen in this
measurement. The vertical black line shows the cooling frequency given by the
beat note between the cooling and probe beams. The data should follow the blue
line outside the gain/absorption features, but there was too much noise during the
ramp.

Conclusion on Gain Measurement

This section showed experimental data on optical gain in the running 39K

MOT. The centre frequency of the gain peak, relative to the MOT cooling

frequency, was further investigated in additional measurements.

An ideal probe beam would have the same size as the lasing mode (cavity

mode). In this case, it was not possible as, owing to the big vacuum chamber,

shimming coils, and the MOT beam optics, the nearest lens that could be in

the path of the probe beam was already about half a meter away from the

MOT. As a result, the probe beam diameter was estimated to be 0.4 mm in

the MOT (around 4 times the cavity waist and half the FWHM size of the

MOT).
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In principle, the probe beam should be weak enough so it cannot disturb

the gain medium, although the power had to be increased to distinguish the

gain peak from the noise and make a decent measurement, thereby enhancing

the height of the gain peak, but reducing the fractional gain.

Because of the different position of the MOT with respect to the MOT

beams, the high probe power, its size compared to that of the MOT, and

misalignment with respect to the cavity axis and the shape of the MOT, the

measurement was only optimised to prove that there was gain and not nec-

essarily to accurately quantify the amount of gain. The baseline (fractional

gain) was too noisy (not a flat line) to determine the exact width and height

of the gain peak. We can however conclude that the width was on the order

of the cavity linewidth and the height was on the order of the round-trip

cavity losses. Still, the data could be used to estimate the centre frequency

(predicted by Equation (2.7)) and width (predicted by Equation (2.8)) of

the gain peak in order to compare it to theories of different gain mechanisms

(the centre frequency is the main information, but a Raman gain feature is

much narrower than Mollow gain) [8] as seen in the next section.

5.1.2 Determining the Gain Mechanism

The gain mechanisms observed in a MOT depend on the pump frequency [8,

17, 18]. Our simple setup provided both the MOT beams and pump beams

at once, which means that their frequency could not be changed separately.

It was however still possible to move the gain peak by changing the cooling

frequency without reducing the height of the gain peak too much due to

decreasing the atom number. The gain peak could be moved far enough to

track it with a theoretical prediction (Equation (2.8) and dotted curve in

Figure 5.5) for the Mollow gain induced by the cooling beam scattering from
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the 2 → 2′ transition. Since I had left the laboratory, there were slightly

more accurate predictions involving more energy levels [43].
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Figure 5.5 Gain peak as a function of MOT cooling detuning. The dashed black
line shows the theory curve (see Equation (2.7) and [43]). The pump (cooling)
detuning is relative to the 2 → 3′ (strongest) transition. −27 MHz is the normal
detuning optimised for the highest atom number, but the centre frequency of the
gain peak does not depend on atom number and the gain peak is resolvable as long
as the atom number is not too low.

Conclusion on Gain Mechanisms

These measurements compared the theory for Mollow gain, to the detected

gain peak varied as a function of pump frequency. The overlap suggested

the dominant gain mechanism was indeed Mollow gain.
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Chapter 5 Bidirectional Ring Laser

5.2 Transverse Patterns of Laser Outputs

5.2.1 Theory of Hermite-Gaussian Modes

In Section 2.3 the cavity field was only treated in one dimension, that is,

the propagation axis z. In order to describe the transverse intensity distri-

bution of TEMlm modes, it is necessary to deal with the transverse coordi-

nates (x and y) as well [24, 26, 46, 61, 62]. The solutions to the paraxial

Helmholtz wave equation for a linearly polarised classical electric field am-

plitude treated as
∣∣∣ ~E∣∣∣ (. . . ) = E(. . . ) are of the form

Elm(x, y, z) = (5.1)

NHl

( √
2x

wx(z)

)
Hm

( √
2y

wy(z)

)
e

x2

w2
x(z)
− y2

w2
y(z) e

−ik
(
z+ x2

Rx(z)
+ −y2

Ry(z)

)
+iΦGlm

(z)
,

where H... (. . . ) denotes the Hermite polynomials, N is the normalisation,

wx,y ∝

√
1 +

(
z

zRx,y

)2

are the waists along x or y, Rx,y(z) = z

(
1 +

(
zRx,y

z

)2
)

are the wavefront radii along x or y, zRx,y are the Rayleigh lengths in the

x− z or y − z planes, and ΦGlm
(z) is the Gouy phase shift.

Unlike Gaussian beams, the above Hermite-Gaussian beams match the

curvature of spherical mirrors, which are also used in resonators. Substitut-

ing this solution into the paraxial Helmholtz equation and using the sepa-

ration of variables, we end up with an eigenvalue problem that is solved by

the Hermite polynomials [62].

TEM00 has one Gaussian intensity peak in the transverse plane, but

higher-order modes have several ones as also measured in the experiment

(Section 5.2.2). As the cavity waist of TEM00 is 5 − 7 times smaller than

the size of the MOT, higher-order transverse modes overlap with enough

atoms to exceed their lasing threshold, according to what was observed.

64



5.2 Transverse Patterns of Laser Outputs

5.2.2 Tranverse Patterns of Lasing Modes

Beam Profile Measurement

The first evidence of lasing is of course the fact that there is output light. In

this setup, nothing restricted lasing to TEM00 as the cavity mirrors, pump

beams (MOT beams), and the atom cloud were all big enough to sustain

higher-order modes.

The fact that the laser output was continuous allowed for slower mea-

surements as well. Both cavity modes (directions) could be observed on the

same beam profiler CCD (Section 4.1). It was also used for power detection,

but it had to be calibrated first. Figures 5.6 and 5.7 show lower- and higher-

order modes, and Figure 5.8 is the calibration curve of the beam profiler.

Unfortunately, the software rescaled the pictures, but this could be corrected

for by comparing the numbers of pixels and ranges of interest of the cali-

bration and other pictures. The system was too noisy (flickering MOT and

strongly competing unstable transverse modes) to make slow measurements.

The beam profiler software (Thorlabs) calculated the optical power so it was

already calibrated, which was used for calibration of the saved pictures, but

the the region of interest had to be reduced (to eliminate background noise

and scattered MOT light) and the triggered pictures (milliseconds of expo-

sure time for each picture) were rescaled and had no information on optical

power any more. This was more of a software engineering issue than any-

thing physical. With the calibration curve and the region of interest that

was set for series of fast measurements, the optical power could be extracted

afterwards as there was a relation between pixel counts, region of interest,

and total optical power. However, these measurements show the rich variety

of transverse modes. The TEM00 was sometimes only seen when the cooling
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power was reduced a bit. The TEM11 was very close (this was true of the

empty cavity spectrum as well [26]) and could not be excluded completely

even for low atom numbers. Competing transverse modes were also reported

in a ytterbium MOT with an extra pump field [20].

Figure 5.6 Rescaled false-colour pictures of counterpropagating TEM00 and
TEM11 lasing modes. Top peak: CCW. Bottom peak: CW.
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Figure 5.8 Beam profiler calibration based on Figure 5.7, knowing the total optical
power for each picture.

Conclusion on Transverse Patterns

Some experiments apply a diaphragm or an aperture to increase the losses of

higher-order modes, analogously to commercial lasers. Otherwise, it is not

straightforward which modes will survive. Of course, the TEM00 is desired

in applications. Higher-order modes have a larger overall waist, although

the overlapping optical intensity and MOT density are generally lower when

parts of the beam are farther from the geometric centre if we assume that

the transverse modes have the same total power. The system was not stable

enough to characterise this, but it was the balance between the larger waist,

smaller intensity, and lower atomic density. The only conclusion which we

can be confident about is that higher-order modes seemed to dominate for

high atom number and pump (cooling) power. This was also observed in
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5.3 Onset of Lasing and Second-Order Coherence g(2)

other experiments (see [20], for example). In the measurements, the atom

number and pump power (both affect gain) were chosen to mostly exclude

higher-order modes as mentioned in the next sections.

5.3 Onset of Lasing and Second-Order Coherence

g(2)

Section 5.1.1 demonstrated the presence of optical gain in the atomic cloud

and Section 5.2.2 showed the output intensity profile of the laser. This

section will describe lasing in a more general way. Lasers are expected to

have a threshold as the gain increases and a second-order coherence g(2)(τ) '

1. The former is well-known and usually evident to measure, whereas the

latter is more laborious and rarely done. The high-bandwidth detection that

is necessary for g(2)(τ) also helps gain some insight into short timescales and

gives further information when it is done to both lasing outputs at the same

time (see Section 5.4.2).

5.3.1 Threshold Measurement

The cavity was locked to TEM00 CW and CCW modes, the push beam that

creates the atomic beam loading the MOT was turned off, turned back on

again when there was no 3D MOT, and pictures of the MOT and the cavity

outputs were taken while the 3D MOT was being loaded (Figure 5.9).
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Figure 5.9 Laser threshold curve as a function of the total atom number in the
MOT. Red curves: CW. blue triangles: CCW. The solid black line is a fit with the
slope of 2.8 fW/atom and the threshold atom number of 6.2× 107.

5.3.2 Theory of Second-Order Coherence

Definition of Second-Order Coherence

The second-order coherence was first used for determining the size of an

object [63] through the spatial coherence, but it can also give information

on the type of light source [28]. Only the time delay was varied in the ex-

periment and it was applied so as to gain evidence of lasing, since lasing and

fluorescence show different intensity correlations, which will be explained in

this theory section. The second-order coherence is defined as

g(2)(τ) =

〈
Ê(−)(t)Ê(−)(t+ τ)Ê(+)(t+ τ)Ê(+)(t)

〉
〈
Ê(−)(t)Ê(+)(t)

〉〈
Ê(−)(t+ τ)Ê(+)(t+ τ)

〉 , (5.2)

where Ê(±)(. . . ) is the electric field operator and the ± denotes the posi-

tive/negative frequency parts of the field. The spatial coordinates are omit-
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5.3 Onset of Lasing and Second-Order Coherence g(2)

ted, because the fields come from the same source and only the time delay

is varied. g(2)(τ) can be rewritten in terms of intensity I(t):

g(2)(τ) =

〈
I(t)I(t+ τ)

〉
〈I〉2

, (5.3)

which assumes that mean intensity is constant.

g(2) of Laser

It is well known that a monochromatic coherent field (e.g. the output of a

laser) has Poissonian statistics as [38]

g(2)(τ) = g(2)(0) = 1. (5.4)

g(2) of Fluorescence from Single Two-Level Atom

It can also be shown that light scattered from a single two-level atom shows

antibunching and sub-Poissonian statistics [38, 64], that is,

g(2)(τ) ≥ g(2)(0) < 1. (5.5)

This can be proved by substituting the atomic raising (σ† = |e〉 〈g| - meaning

excited and ground states) and lowering (σ = |g〉 〈e|) operators multiplied

by the appropriate constant into the dipole operator in the radiation electric

field of an oscillating dipole. In Equation (5.2) we can now write

g(2)(0) =
1

〈. . . 〉 〈. . . 〉

〈
σ†(t) σ†(t+ 0)︸ ︷︷ ︸

(σ†)
2
=0

σ(t+ 0) σ(t)︸ ︷︷ ︸
σ2=0

〉
= 0, (5.6)

since the atomic operators cannot be applied twice.
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g(2) of Fluorescence from Many Two-Level Atoms

Even though it is experimentally easier to measure fluorescence from many

atoms, the theory is rather complicated and less obvious. In the literature

there are some analytical formulas for atoms without a cavity [65–67], which

give some intuition. Transition between one-atom and many-atom fluores-

cence has also been demonstrated experimentally [64]. For many atoms, the

result is bunching and super-Poissonian statistics:

1 ≤ g(2)(τ) < g(2)(0), (5.7)

and the short explanation is that atoms emit photons independently and

when they interfere constructively, more photons are likely to be registered

after detection of one photon, which represents super-Poissonian statistics.

Analysis of g(2) Data

If the field is detected by two detectors in different locations, Equation (5.3)

can be rewritten in terms of photon counts (proportional to intensity) n1

and n2 detected on the two detectors:

g(2)(τ) =

〈
n1(t)n2(t+ τ)

〉〈
n1(t)

〉 〈
n2(t+ τ)

〉 . (5.8)

The numerator is the average of coincidences. In practice, it takes some

time to detect and register photon counts, and therefore it is more precise

to say n1,2(t) are the numbers of counts on channels 1 or 2, detected within

times t and t + ∆τ . Since photon counters emit square pulse signals that

are then timestamped, n1,2 are the histogrammed timestamps. Ideally, t

runs through a sample that has a constant mean count rate. g(2)(τ) is the
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5.3 Onset of Lasing and Second-Order Coherence g(2)

appropriately normalised cross-correlation function of vectors n1,2 that have

the length of the sample duration divided by ∆τ . If the bin size ∆τ is not

much larger than the timescale given by the maximum count rate of the

detectors, most time bins contain zero counts. In this case, g(2)(τ) functions

calculated from many samples have to be averaged.

An equivalent way is to calculate the histogram of the time differences

of the timestamps on the two channels and normalise it correctly.

The same result can also be achieved with only one detector, except that

g(2)(0) = 1, that is, for the very first ∆τ -sized bin when n1(t) = n2(t) for

all t, but it is correct for τ > 0.

5.3.3 g(2) Measurement

This measurement used the Hanbury Brown-Twiss setup shown in Figure

5.10 [63].

SPCM

SPCM

50:50 BS

correlator

MOT

computer

shield against
background light

bidirectional
ring laser

SMF

SMF

SMF

pulses

time-
stamps

NDF

CW

Figure 5.10 Simplified schematic of the g(2) measurement. NDF: neutral density
filter, BS: beam splitter, SMF: single-mode optical fibre patch cord and couplers,
SPCM: single photon counting module. Black paper and tapes were used to elimi-
nate the background light.

Anything that measures intensity could be used, but the bandwidth of
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the detector limits the time resolution of g(2)(τ). For this purpose, single

photon counting modules (SPCM) are commonly used.

The MOT was running continuously, the cavity was locked to the TEM00

CW mode, which was attenuated by neutral density filters and coupled into

a single-mode fibre connected to a Hanbury Brown–Twiss setup (Figure

5.10) with two identical SPCMs.

For fluorescence, the atom number was decreased (around 4× 107) just

below the threshold of lasing by attenuating the MOT beams. The cavity

was locked to the biggest fluorescence peak observed in one direction with

an SPCM. The correlator sent timestamps in units of 81 ps. About 106−107

counts were analysed with 5 ns resolution. In the fluorescence measurement,

there were no attenuators between the cavity and the fibre (the count rate

was 103 − 104). When the lasing output (with an atom number of about

8× 107) was measured, an attenuation of about 104 was used to protect the

photon counters. The atom number was hard to control for the minimum

averaging time, but it was above lasing threshold most of the time. Fluo-

rescence had a different frequency (Figure 5.4) and cavity length so the two

measurements also had to be made at different cavity lengths (when it was

lasing, only the TEM00 was sufficiently coupled into the fibre, even though

it was lasing at all cavity lengths).

The data are plotted in Figure 5.11. Lasing shows a flat curve ' 1

as expected. It is slightly above 1, which is attributed to the presence of

small amounts of higher-order transverse modes in the single-mode fibre.

Fluorescence has a time constant of about 170 ns. This timescale is higher

than both the atomic and cavity decay rates. There is not a straightforward

analytical way to explain it, but for our parameters cavity-decay simulations

(see supplements in [43]) done after my departure were in agreement with
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the measurement.
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Figure 5.11 g(2)(τ) data. Blue: g(2)(τ) of fluorescence and red: g(2)(τ) of lasing.

Conclusion on Threshold and g(2)

As a function of total MOT atom number, a lasing threshold was observed

in both counterpropagating cavity directions. Further evidence of lasing

was gained by distinguishing fluorescence (occurring below the threshold

atom number) from lasing, the latter showing an output power orders of

magnitude higher than fluorescence. Fluorescence was super-Poissonian and

lasing had a flat g(2)(τ) ' 1 as confirmed by the measurement.

It is important to emphasise that fluorescence below threshold had a

different frequency and was measured at a different cavity length. This

means that during the data acquisition there was not a continuous transition

between fluorescence and lasing, and separate measurements had to be made.

Fluorescence light only came from the MOT beams. The biggest peak as a

function of cavity length was assumed to be the TEM00 mode at the cooling
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frequency as the repump was significantly weaker, and both beams were in

the same place and had the same alignment.

In addition to the previous data, one could measure an intensity thresh-

old as a function of pump power, and a transition in g(2) as a function of

atom number or pump power. In principle, the Rabi splitting could tell the

in-cavity atom number. After some attempts, these ideas did not prove to be

feasible due to noise in the MOT beam intensity and atom number. Averag-

ing did not help obtain clean data of these measurements either. However,

the existing data still proved that the system behaved as a laser.

5.4 Counterpropagating Lasing Modes and Non-

reciprocity

5.4.1 CW and CCW Spectra

The cavity length was moved close to the two TEM00 outputs while looking

at the beam profiler. Both outputs were coupled into a single-mode fibre con-

nected to two identical avalanche photodiodes (APD). The same APD was

used when the cavity was probed as described in earlier works [26, 27, 58],

but in this case there was no probe beam, the cavity was scanned, and

both counterpropagating directions were measured (Figure 5.12). Equa-

tions (2.35) and (2.38) explain the parabola shape, since Equation (2.38)

describes a linear dependence of the lasing frequency on the empty cavity

resonance frequency and Equation (2.35) shows a quadratic dependence on

the lasing frequency. The cavity was scanned across the TEM00 peaks and

parabolas were fitted to 66 spectra (Figure 5.13). Each spectrum was an

average of 4 traces on the oscilloscope. The inferred average frequency non-

reciprocity (splitting between the two counterpropagating modes) is about
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2 MHz, although it is only a rough approximation as it does not take into

account the phase shift caused by the gain medium. It was calculated in two

steps. The cavity piezo voltage was converted to frequency, using the PDH

sidebands in the empty cavity. Then the theory for the empty cavity (round-

trip condition for different cavity lengths) was used for converting frequency

to length. The reason for the conversion is that the change in cavity length

would not easily be understandable without knowing the parameters of the

cavity and putting them in the formulas.

The theory and causes of CW/CCW splitting in cavity length are cur-

rently under investigation.

Figure 5.12 Cavity output spectrum around the TEM00 peaks in both directions.
Red and dashed blue curves show CW and CCW directions, respectively.
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Figure 5.13 Histogram of the difference between the position of the counterprop-
agating TEM00 peaks, in cavity length.

The cavity ramp time had to be at least a few ms to keep it linear and

the APDs had a bandwidth of 3 MHz. However, in the next section we will

see that lasing stopped being simultaneous on short timescales.
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5.4.2 Cross-correlation

MOT

bidirectional
ring laser SMF

SPCM

SPCM
correlator

shield against
background light

pulses

computer

time-
stamps

NDF

CW

Figure 5.14 Simplified schematic of the cross-correlation measurement. NDF:
neutral density filter, SMF: single-mode optical fibre patch cord and couplers, and
SPCM: single photon counting module.

With SPCMs, both directions could be observed with good time resolution

(Figure 5.14). Both cavity outputs were attenuated, coupled into a fibre,

and connected to a SPCM. The competition for gain is clear in Figure 5.15.

The counts were histogrammed into 60 µs bins. The cross-correlation is

defined by

g
(2)
12 (τ) =

〈
nCW(t) nCCW(t+ τ)

〉〈
nCW(t)

〉 〈
nCCW(t+ τ)

〉 , (5.9)

where n(C)CW denotes the detected counts for each cavity mode and, as

opposed to the g(2)(τ) measurement, the two outputs of the cavity were

used instead of the outputs of the 50:50 BS, which was left out this time.

1 means no correlation and 0 means anticorrelation. In agreement with

Figure 5.15 (very little overlap between the CW/CCW modes), the cross-

correlation (Figure 5.16) went down to 0.042 for small τ . The resolution of

τ was 10 µs.
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Figure 5.15 Competition between the two directions. Red: CCW and blue: CW.
The counts were integrated over 60 µs intervals.
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Figure 5.16 Cross-correlation of the counterpropagating laser modes.
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5.5 Conclusion on Bidirectional Lasing

This chapter started with a 39K MOT and a triangular ring cavity. When

these two aligned and optimised properly, they work as a bidirectional ring

laser. Experimental data on Mollow gain, output transverse modes, thresh-

old, second-order coherence, and cross-correlation between the two counter-

propagating lasing directions were shown.

Unfortunately, it was not possible to directly compare the frequency of

the lasing modes to a reference, due to lack of time, suitable detectors,

and/or alignment. Such a measurement could compare the CW and CCW

modes. Gyroscopes also rely on this information (see Section 6.3). No con-

clusion has been reached so far on the exact causes of nonreciprocity between

the two counterpropagating lasing modes, but at the time of writing, is be-

ing investigated. New measurements seem to agree very well with empirical

models that describe bistability and the combined effects of magnetic field

and beam alignment. Inhomogeneous magnetic field from the MOT coils,

Zeeman shifts, or symmetry breaking owing to intensity-dependent lensing

(Kerr effect) could contribute to nonreciprocal phenomena. Homogeneous

gain media forbid simultaneous (CW and CCW) lasing [4], but different

gain mechanisms that have directional dependence could make it possible to

measure the frequencies of both modes at the same time without any added

delays or reference beams.

To sum up, the experiment was set up to prove that cold atoms could

serve as the gain medium of a bidirectional ring laser. The MOT beams and

magnetic field were not changed or switched off while lasing, which, except

for pulsing and switching on very short timescales, provided continuous las-

ing outputs. This made it relatively easy to set up, align, and optimise all

81



Chapter 5 Bidirectional Ring Laser

the measurements, since lasing was already observed without any experi-

mental shots, cycles, delays, or loading times. Based on the data and the

experience that was gained, the same (and more) measurements could be

made with different gain mechanisms as well (see Chapter 6).
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Outlook

The main chapters of this thesis summarised the inevitable changes to the

vacuum system, laser system, and the optimisation and measurement pro-

cedures for the higher atom number, better atom-cavity alignment, and

bidirectional lasing. The next big steps in the experiment will be likely to

follow a similar pattern: optimisation of the MOT, improvements in the

alignment, and new measurements. The main goal is to separately pump

the two counterpropagating directions. Mollow gain does not have any di-

rectional dependence, whereas four-wave mixing does [31].

The MOT coils have never been switched off during measurements, even

though part of the problem should now be solved (see vibration isolation in

Sections 3.1.1 and 4.1.1). However, switching off the coils would not switch

off the background field (the Earth’s field and contribution of other things,

for example, the optical table). Six shimming coils were set up to provide a

uniform magnetic field along three Cartesian axes. They were only applied

to adjust the position of the MOT. Once optimised, these coils can then be

called compensation coils, and allow for zero magnetic field, and therefore

no Zeeman shifts. This is essential to optical molasses, efficient sub-Doppler
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cooling (for narrower transitions [27]), narrow dispersive features, and fre-

quently used in precision measurements with trapped atoms.

There are other gain mechanisms (Section 6.1) that are more beneficial,

also because they can be optimised separately to the MOT beams. In addi-

tion, far-off resonant pump beams result in larger coherence times, and the

two counterpropagating cavity modes can be pumped independently with

four-wave mixing, which means simultaneous lasing, so that the beat note

can be detected directly without any artificial delays or reference beams.

The bidirectional spectrum was measured as a function of cavity length,

but (as explained in Section 2.3.2) that is not equivalent to frequency. In

active sensing applications (Sections 6.2 and 6.3) the main information is the

frequency of the lasing modes. Unfortunately, this was not yet achievable,

but a better detector or more lasing power from different gain mechanisms

should make it easier to overcome this technical issue. The source of non-

reciprocity is also yet to be investigated.

6.1 Raman Gain and Four-Wave Mixing

Raman gain and four-wave mixing have also been used for cold atom lasers

[17, 18]. Raman scattering is a two-photon transition between dipole forbid-

den transitions (e.g. hyperfine ground states) [31]. The same pump beam

can provide both Mollow gain and Raman gain at different frequencies and

the cavity length can switch between the two mechanisms (see [8] for theory

formulas), although the pump beam is usually far detuned (by hundreds of

MHz). In our 39K experiment, the level structure is different (absorption

peaks can destroy the gain features), but after I had left the lab, informal

discussions revealed that it was indeed possible to see Raman gain in this

species as well with the right pump detuning and power.
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Four-wave mixing [17, 31, 68, 69] is a third-order nonlinear process in-

volving two pump fields with the same or different frequencies and could

separately pump the CW and CCW cavity modes because of its directional

dependence [31], eliminating the issue with simultaneous lasing as homoge-

neously broadened media in ring lasers generally provide bistable outputs

[4], but the two directions could also be pumped separately. Four-wave mix-

ing offers both slow light and fast light [68], has already been demonstrated

in a 87Rb vapour cell (similar level structure), and the pulling effect was

characterised [69]. An overview of the level schematic is shown in Figure

6.2. In our experiment, it would require an additional pump beam on the

D1 line, which was never been tried during my time, although the laser that

was used for probing the MOT and measuring gain could be tuned to D1

as it is only a few nm away in 39K. [17] describes a system that can provide

all the three gain mechanisms in a linear cavity by changing detunings and

switching off either of the pump beams.

 |1

 |3

 |2

Raman Pump

LasingRepump

Figure 6.1 Raman gain uses the same type of configuration as Mollow gain. [18]
describes this Raman gain scheme in an operating 87Rb MOT (similar level struc-
ture to 39K).
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D2 Pump D1 Pump

F=1

F=2

Lasing

Figure 6.2 This configuration provides lasing when a cavity is tuned to either of
the two lasing fields. The pump fields are tuned close to the D1 and D2 hyperfine
levels. This scheme was used in [69].

6.2 Active Clock

An active clock [10] is a laser whose frequency depends on the gain medium

instead of the cavity used for feedback (as opposed to conventional lasers,

which are tuneable by their cavity) as it is meant to be a stable reference.

The cavity can be made broader than the gain medium, which is called a

bad cavity or white-light cavity [70]. The second approach is to make the

gain medium very narrow by using dispersion, which also affects the lasing

frequency (Equation (2.38)). Mollow gain would be suitable for this as slow

light (a single gain peak provides slow light) gives a high group index, which

eliminates the Sagnac effect. However, it would not be the best choice for

this as it has a gain width similar to our cavity linewidth. Raman gain

would be better (see, for example, [71] for demonstration in a vapour cell)

as it has a narrower gain width [8] and was also seen in our experiment after

my departure.

Active clocks can also be done in a linear cavity. A very high and narrow

gain peak is desirable so as to increase the group index. If the corresponding

atomic transition depends on the magnetic field, then it is a magnetometer.
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Because gain is equivalent to slow light (assuming the gain bandwidth is less

than the cavity bandwidth) if there are no additional dispersive features, it

only requires a linear cavity, and can be tested without rotating it, an active

clock is an easier task than a gyroscope and is already under development

in other experiments [11–15].

6.3 Gyroscope

Although the current vacuum system cannot be rotated as it is rigidly at-

tached and aligned to the optical table, cavity and MOT optics, the limits

to how steep anomalous dispersion, which means small or negative group

index, can still be investigated.

In terms of the experimental setup there is not much difference between

slow light or fast light lasers. Gain media inherently give slow light, but the

pump beam can be split into two nearby frequencies (Figure 6.3). This was

demonstrated in [72]. Since most gain mechanisms depend on the detuning

of pump beams, the two pump beams give two nearby gain peaks, which

creates a dip. A dip in the gain peak is analogous to an absorption peak

without actual absorption and corresponds to anomalous dispersion, that is,

fast light, which is ideal for a gyroscope.

A proper frequency measurement of the lasing output could already an-

swer the question whether the lasing frequency depends on the gain medium

or the length of the cavity, which is also a way to characterise dispersion

and, to some extent, sensitivity of the proposed gyroscope.
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Im   Χ (∆  )   

Re   Χ (∆  )

∆

Figure 6.3 The sign of dispersion can be flipped. As explained in Section 2.1.1,
Im(χ) < 0 means positive gain.
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Appendix A

Stimulated Brillouin

Scattering

While the main experiment was being upgraded, another kind of ring laser

that supports both slow light and fast light was studied.

A.1 Theory of Stimulated Brillouin Scattering

Brillouin scattering is scattering from moving density fluctuations [31]. Stim-

ulated Brillouin scattering (SBS) refers to scattering of a pump light from

density fluctuations that move towards the pump in such a way that the

interference of the pump and scattered light results in more fluctuations

that further amplify the process. Density and intensity fluctuations can

interact through electrostriction or heating caused by absorption. The lat-

ter is not desirable as the pump beam is meant to feed the lasing mode.

Electrostriction is compression of materials caused by the electric field. It

is a third-order nonlinear process. Both phonons and photons have a wave

equation. The electrostrictive constant gives another relation between the
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force phonons experience and the electric field. Without assumptions (e.g.

constant pump intensity), these equations cannot be solved analytically in

the time domain.

Only a very intense pump beam can induce sufficient fluctuations. There-

fore, it is usually done in optical fibres, which have a small cross-section, in-

creasing the intensity. Although fibres have a finite numerical aperture, to a

good approximation, the whole process can be understood in one dimension.

A.2 Experimental Setup

FRC

39K cell

50:50
BS

pump
or

2nd 
Stokes

pump for PDH

1st Stokes

pump

function generatorsynthesiser

RF amplifier

DPAOM

AM

39K cell

767-nm
laser

50:50
BS

Figure A.1 Simplified schematic of the SBS experiment. DPAOM: double-pass
acousto-optical modulator, BS: beam splitter, FRC: fibre ring cavity, PDH: Pound-
Drever-Hall frequency stabilisation, and AM: amplitude modulation.

The experiment is illustrated in Figure A.1. As explained in Section A.1, the

threshold in input optical power is very high in a few-metre-long silica fibre.

The power build-up in the cavity lowers the minimum incident power, but,

unfortunately, the optical elements absorb a significant amount of power.

This necessitates a high-power laser∗. The laser output was modulated by

∗A Quantel EYLSA 767 was used.
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an electro-optical modulator (not shown) for the laser to be locked to the

cavity. The fibre-ring cavity comprised a tuneable evanescent directional

coupler∗ and a polarisation-maintaining single-mode bare fibre, which was

in a glass box that was in a metal box. The metal box was placed on

sorbothane legs and covered with foam. These significantly reduced the

noise in the resonance spectrum of the fibre cavity. Although no frequency

reference was used in this setup, the laser was tuned close to a Doppler-

broadened potassium† absorption resonance dip and locked to the nearest

cavity resonance, which did not drift too far from the absorption dip during

the measurements. At this point, the heated vapour cells absorbed the

resonant light but were transparent at the red-shifted Stokes frequencies

(see Section A.1). Otherwise the resonant light would have suppressed the

much weaker Stokes beams. However, below the second threshold some

pump light could still be measured after the cavity and vapour cell but

became negligible compared to the second Stokes light when its threshold

was reached.

Given how important the ring cavity is in the main experiment, it is

important to note that this fibre-ring cavity behaves differently to the ring

cavity described in Section 4.1, in that there is no reflection and transmission

in the traditional sense. A small fraction of the input power enters the fibre

cavity but most of it exits straight through the output A.2. The power in

the cavity mode and the output power can still be given as a function of

input power and the parameters of the coupler [73]. Unlike the usual cavity

spectrum, near the maximum of the circulating in-cavity power there are

only transmission dips (in our case, about 30− 50% deep) and no peaks.

∗Evanescent Optics Inc.
†The atomic species had no role in this experiment and could have been done with

different laser and vapour cell combinations (e.g. a rubidium laser and a rubidium vapour
cell), although 1500 nm is usually the preferred wavelength in SBS experiments.
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coupler

Figure A.2 Simplified schematic of the evanescent coupler.

A.3 Threshold

The backscattered power was characterised as a function of input pump

power (Figure A.3). The threshold was around 5 mW. When the backscat-

tered SBS became strong enough, it also started to act as a pump beam,

and this process could repeat.
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Figure A.3 A cascade of thresholds was measured as a function of input power to
the fibre ring cavity.

A.4 Pulse Advancement

As the pump power was increased, it experienced more attenuation, which

corresponds to anomalous dispersion. The backscattered SBS light saw a

gain peak (slow light) and the pump beam saw losses (fast light). It is not

equivalent to a simple absorptive medium as the pump is only absorbed when

there is SBS light and there is no SBS light without the pump, and therefore

there always has to be some pump light. Gaussian amplitude modulation

(pulses) was sent to the AOM (Figure A.1). The pulses were detected before

and after the fibre cavity (Figure A.4). Although, in general, the cavity

acts as a slow light medium (meaning positive group index, positive delay,
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and negative advancement), the pumping mechanism can be strong enough

and still cross ng = 0 (using the notation from Chapter 2). The most

anomalous data were the following: τg = −3 µs, ng = −180, and vg =

−1.7 × 106 m
s . Some of the oscillation and distortion around the output

pulse were attributed to the noise overlapping the frequency spectrum of

the Gaussian pulse.

Figure A.4 Advancement of the pump beam. The pulse was detected before
(input) and after (output) the cavity. The peak of the pulse had already left the
cavity before it even entered the cavity.
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