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Abstract

In this thesis, we prove a result regarding almost-everywhere convergence of Bochner—
Riesz means on Heisenberg-type (H-type) groups, a class of 2-step nilpotent Lie groups
that includes the Heisenberg groups H,,. We broadly follow the method developed
by Gorges and Miiller [24] for the case of Heisenberg groups, which in turn extends
techniques used by Carbery, Rubio de Francia and Vega [8] to prove a result regard-
ing Bochner—Riesz means on Euclidean spaces. The implicit results in both papers,
which reduce estimates for the maximal Bochner—Riesz operator from L” to weighted
L? spaces and from the maximal operator to the non-maximal operator, have been stated
as stand-alone results, as well as simplified and extended to all stratified Lie groups.
We also develop formulae for integral operators for fractional integration on the dual of
H-type groups corresponding to pure first and second layer weights on the group, which
are used to develop ‘trace lemma’ type inequalities for H-type groups. Estimates for
Jacobi polynomials with one parameter fixed, which are relevant to the application of

the second layer fractional integration formula, are also given.
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CHAPTER 1

INTRODUCTION

The study of Bochner—Riesz means is a classical topic in harmonic analysis. Recall
that the Bochner-Riesz means of any function f € .%/(R"), where .¥(R") denotes the

Schwartz class on R”, are defined, for r, A € (0, o0), by

T} f = (L= rAYLf = [(1=d4rr| - PYLAT

where A 1= —37_, 7 is the Euclidean Laplacian defined on .#(R") and where g,
denotes the positive part of the function g (that is, g, (x) := max{g(x),0}). Since
< (R") is dense in L” (R"), we may then extend T4 to an operator defined for f € L (R").

The associated maximal Bochner—Riesz operator is then given by

Tif = sup|(1 — rA) 1.

r>0

A question of interest is the range of A for which 74 and T¢ are bounded on L”(R");
the Bochner—Riesz conjecture (respectively, maximal Bochner—Riesz conjecture) are
conjectures on what the best possible range of A is such that these operators are bounded.

It is conjectured that, for 0 < A4 < 3(n — 1), the operator T# is bounded on L”(R") if

1
2

—-1/1 A 1 1 /1 A
n - — <_<n+ =+ . (1.0.1)
n 2 n—1 P n 2 n-—1

and only if




We refer the reader to Chapter IX of [55], [16] and [57] for more information and
background on this problem. The case n = 2 of the Bochner—Riesz conjecture has been
proved by Carleson and Sjolin [9], while for n > 3 the problem remains open, albeit
with some progress made. The best result known to this author is by Bourgain and Guth

[4], where the conjecture is proved for max{p, p'} > p, where

12
ﬁ=2+m, WheredEk(mod3),ke{—1,0,1}.

For p > 2 it is expected that T is bounded in the same range as T and this has been
shown by Carbery to be true for n = 2 [7]. Boundedness of T2 for p > 2 and n > 3
has only been shown in reduced ranges. Christ proved boundedness with the additional
assumption A > (n — 1)/2(n + 1) in [14] with improvements made by Lee ([36], [37]).
In particular, in [37], boundedness of T¢ on LP(R") is shown for

n—21 1 1 n
< —<max{—,——
2n p P 2(n+2)

where now

12
p=24+ ——m—— h = 1,2},
p +4d—6—k’ where d = k(mod 3),k € {0, 1,2}

A weaker result than L” boundedness of T7 is that of almost-everywhere convergence
of TAf(x) to f(x) as r — 0 for all f € L. While the maximal Bochner—Riesz conjec-
ture remains open, almost-everywhere convergence has been demonstrated in the range

(1.0.1) for p > 2. We state this result by Carbery, Rubio de Francia and Vega [8] here.

Theorem (Carbery, Rubio de Francia and Vega). Let 1 > 0 and 2 < p < . Suppose

n—1/1 A <1<l
n 2 n-—1 p 2

Then for all f € LF(R") we have that T f(x) converges to f(x) almost-everywhere as

that

r— 0.



As the Laplacian on R” is a positive self-adjoint operator, it has a spectral resolu-
tion which may be used to define Bochner—Riesz operators. As such, we may extend
the notion of Bochner—Riesz operators to other positive self-adjoint operators on L?(X)
for some measure space X. In particular, we will be concerned with (homogeneous
left-invariant) sub-Laplacians on stratified Lie groups. Similar almost-everywhere con-
vergence results can then be shown for these new operators. For instance, Gorges and
Miiller [24] extend the result of Carbery, Rubio de Francia and Vega [8] to the setting
of Heisenberg groups H,, (which may be identified with C" x R). Similarly to the Eu-
clidean case, we define the Bochner—Riesz means on f € LP(H,,) as T}'f := (1—rL) f,

where L is the sub-Laplacian on H,,. Gorges and Miiller then show the following.

Theorem (Gorges and Miiller). Consider a Heisenberg group H,,. Set Q = 2m + 2 and

D=2m+ 1. Let A > 0 and 2 < p < 0. Suppose that

(1.0.2)

Then for all f € L?(H,,), we have that T f(z,u) converges almost-everywhere to f(z,u)

asr — Q.

We remark that the quantities represented by Q and D, namely the homogeneous
and topological dimension of H,, respectively, make sense for any stratified Lie group
and are both equal to n for R". Setting Q = D = n in (1.0.2) recovers the condition
of the Carbery, Rubio de Francia and Vega result. We also have the following result by
Mauceri and Meda [45], which is valid for any stratified group and concerns bounded-

ness of the maximal Bochner—Riesz operator on such groups.

Theorem (Mauceri and Meda). Let G be a stratified group of homogeneous dimension

Q and L a sub-Laplacian on G. Let A > 0 and 2 < p < 0. If

N
| =

(1.0.3)

| =
Q
|
p—
SRR



then the operator T? defined by

T.f »=sup |T}f]

r>0

extends to a bounded operator on LP. In particular, for all f € LP(G), we have that

T f(x) converges almost-everywhere to f(x) as r — 0.

Our intention is to extend the work of Gorges and Miiller to apply to a more general
class of groups called Heisenberg-type (henceforth H-type) groups. This is a class of
Lie groups that includes H,, and may be identified with C” x R". We will further extend
some of the techniques used by Gorges and Miiller to prove their result, simplifying
their proofs and generalising them to any stratified group. These generalisations are
stated as standalone results that may be of separate interest.

The main result is a theorem similar to that of Gorges and Miiller, which gives
almost-everywhere convergence in a slightly reduced range of p but is valid for all H-
type groups (where, using exponential coordinates, we may identify an H-type group G
with C" x R”, where the factors C" and R” correspond respectively to the ‘first layer’

and ‘second layer’ of the Lie algebra g).

Theorem 1.1. Let G be an H-type group. Let A > 0 and 2 < p < . Let Q = 2m + 2n

be the homogeneous dimension of G and D = 2m + n be the Euclidean dimension of G.

If
0-3/1 P! 1 1
JE <_<_
(0] 2 D-1 p 2

then for all f € L?(G)

Tf(z,u) — f(z,u) almost-everywhere as r — 0.

The proof is given in Chapter 8. Our techniques also yield a ‘mixed L?’ result. Given
that we may identify G with C" x R”, we then define L»9(G) := L?(C™, L(R")). By
considering integral operators corresponding to multiplication on the group side by a

pure first layer weight, we arrive at the following result.

4
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Figure 1.1: Almost-everywhere convergence on H-type groups occurs in the shaded
region (which extends upwards infinitely in the A direction). The diagram also depicts
the results of Gorges and Miiller (valid for H,, only) and Mauceri and Meda.

Theorem 1.2. Let G be an H-type group, let A > 0and2 < p < 0. If

1
2 D—-1 ¢

and

then for all f € L") (G) we have

Tf(z,u) — f(z,u) almost-everywhere as r — 0.

Observe that, while these results improve upon the almost-everywhere convergence
result of Mauceri and Meda by allowing us to replace the homogeneous dimension Q in
(1.0.3) with the topological dimension D (by setting p = ¢ in Theorem 1.2), Mauceri
and Meda’s result proves something stronger, namely L” boundedness of the maximal

Bochner-Riesz operator 7. This improvement in the range of p (replacing Q by D) can



also be obtained for L” boundedness of 7 and in more general groups than just H-type.
In general, it is known that an improvement can be found for all 2-step Lie groups. We
refer to Lemma 2.7 for more details of the constant n(L) described in this result, but
note here that for H-type groups it is known that n(L) = D, while for general 2-step
Lie groups Martini and Miiller [41] have proven that D < n(L) < Q. The constant
n(L) arises from considerations of the boundedness of operators m(L) on L?(G) for
1 < p < oo; for a stratified Lie group G, a sub-Laplacian L thereon and a Borel function
m, the operator m(L) will be bounded on L”(G) for 1 < p < oo provided the multiplier

n(L)

m satisfies a Mikhlin—-HOrmander type condition for some Sobolev exponent s > =5~

(compare [41]).

Theorem 1.3. Let G be a stratified group, L be a sub-Laplacian and let n(L) be the

constant described in Lemma 2.7. Let A > Q0 and p > 2. If

| =

1_—<_<
2 npL)—-1 p

then

ITH|Lp—pr < 00

and so for all f € L?(G),

Tf(x) — f(x) almost everywhere as r — 0.

We refer to Chapter 3 for the proof.
Methods other than the techniques we will use have also yielded results of this na-
ture. For instance, Theorem A of a paper by P. Chen, S. Lee, A. Sikora and L. Yan [12]

shows that the maximal Bochner—Riesz operator 7'* is bounded on L” for

2<p<q
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Figure 1.2: A diagram showing various L” boundedness regions for 7 for an H-type

group. The operator T is bounded in the region between the A-axis, the black line

i = % and above the solid coloured line depicting the estimate used.

0-1/(1 2 L
o \2 0-1)"¢°

(cf. the result of Carbery, Rubio de Francia and Vega and note that this is also an

provided that

| =

improvement on the result of Mauceri and Meda) and provided that a suitable LY —
LY restriction estimate can be proved. Such restriction estimates were proved by V.
Casarino and P. Ciatti [10] with the additional constraint that

1 n—1

7 <3 (1.0.4)

Firstly, note that if n = 1 (meaning that G is a Heisenberg group) then this condition
is never verified except when % = 0, thatisat ¢ = 1,¢’ = oo. This matches the result of
Miiller, [47], which states that the only restriction estimate of this type available is the
trivial L' — L* one.

Secondly, we note from [10] that the constraint (1.0.4) is sharp. Unfortunately, in

this region of validity of the restriction estimate, the result given by Chen, Lee, Sikora

7



and Yan is not as good as Theorem 1.3. By comparing the results, we can show that
the result of Chen, Lee, Sikora and Yan is never better than Theorem 1.3 at or before
the restriction constraint (1.0.4). One can in fact show that the Chen, Lee, Sikora and
Yan estimate becomes superior only for % > m Since (1.0.4) is sharp, then it would
seem that methods other than restriction are more suitable here.

In both the paper by Carbery et al. and the paper by Gorges and Miiller, the key result
is obtained by considering instead L” to L} ~boundedness of the maximal Bochner—

Riesz operator. Furthermore, we need only prove such a boundedness result for the

‘local” maximal Bochner—Riesz operator which we define as

Tif := sup |Tf|. (1.0.5)

0<r<l1

In particular, for a stratified group G, if we can show that |yx 72|, < oo for all
compact sets K = G, then this is sufficient to prove almost-everywhere convergence of
Tf(x) to f(x) as r — 0. The proof is a standard 3¢ argument which we reproduce in
Chapter 4 as Lemma 4.1 for the reader’s convenience.

Rather than considering the whole maximal operator T4, we consider a classical

decomposition of the multiplier. In particular, as found in, for example, [8], for > 0

and D = {27 : k € Ny} (where Ny = N U {0}), we may write

(1=} = D 8'ms(0), (1.0.6)

oeD

where for every j € Ny, 6 € D the functions myg satisfy
supp(ms) < [1 —6,1] and [m!|,, < 677 (1.0.7)

We remark that there is an abuse of notation here: the functions ms in (1.0.6) depend
on A, but satisfy (1.0.7) with implicit constants independent of A. For this reason, other
authors suppress the dependence on A of the functions my in their notation, and we

follow this convention.



We also define the (global) maximal operator

M f = sup |ms(rL) f| (1.0.8)

r>0

and the local maximal operator

M; f := sup |ms(rL)f] (1.0.9)

O<r<l1

corresponding to the above dyadic decomposition. By the triangle inequality, if we can
prove that the operators M} (respectively M7) are bounded such that the operator norm
doesn’t grow too rapidly, then we can prove boundedness of the operator T4 (respec-
tively T7).

Thus, we will be concerned with proving an estimate of the form

kM3 o pz < 6%, (1.0.10)

for some A € R which may depend on p, on the operators M3, where again, the im-
plicit constants depend only on those in (1.0.7) and on the choice of group G and sub-
Laplacian L. Such an estimate will imply boundedness of T2 provided A is not so
negative that the exponent A of § in (1.0.6) cannot compensate for it (i.e., so long as
A+ A > 0). Furthermore, in order to obtain Theorem 1.1 by interpolation, it suffices
to consider just the ‘vertices’ of the trapezoid depicted in Figure 1.1. Among these, the

vertex on the vertical axis, which corresponds to the estimate

kM3 f e re $ 67 P72

(where notation  denotes < C(€)d ¢ for some non-negative function C of € and ar-
bitrarily small e > 0) can be dealt with in a relatively standard way using available
estimates for functions of a sub-Laplacian (these estimates in fact yield an L*® — L%

estimate for the ‘global’ maximal operator M}, from which follow both this estimate on



M; and the stronger L” boundedness result of Theorem 1.3). The estimate correspond-

ing to the vertex on the horizontal axis,

kM fr2000-25 2 3 1,

follows from weighted L* estimates for M; and requires instead a much more delicate
analysis. Through this thesis, we will reduce the problem of proving such an estimate
down to the problem of proving a better ‘Sobolev trace’ inequality given by Theorem
7.1.

To explain the idea, in addition to the sub-Laplacian L, we also fix an orthonormal
basis Uy, ..., U, of the second layer g, of the Lie algebra of the H-type group G, which
has coordinates (z,u) € C" x R". As discussed in [48], the operators L, and U j/i all
commute, so they admit a joint spectral resolution which allows us to make sense of

expressions such as m(L, U, /i,. .., U,/i). We define the pseudo-differential operator

A= (U4 ...+ U (1.0.11)

and the spectral cut-off operator M; ; by

Msj = xp-s1)(L)x o) (2nL/A).

We wish to prove, for 6 < 1/4 and integers 1 < j < J, such that 2/7! < 106~ < 2/,
the estimate

M5, £13 < (2776)"7) £ (1.0.12)

(Y
where |(z,u)|x = (|z|* + 16]u|?)'/* (|z| denotes the usual norm on Euclidean/complex
spaces).
Theorem 7.1 is a minor modification of this inequality, made for technical reasons.
A version of this statement (with different exponents on the constant and weight) also

appears in Gorges and Miiller’s paper as Lemma 7, arising as a replacement on Heisen-

10



berg groups for the Euclidean estimate

n-sn(A)F15 % 6112 (1.0.13)

The method of Carbery, Rubio de Francia and Vega reduces the proof of the Eu-
clidean case to an estimate such as this. It is this method that was adapted by Gorges
and Miiller for use on Heisenberg groups (see Figure 1.3 for a graphical comparison
between applying this method to R” and an H-type group G).

Let us briefly recall how one may prove (1.0.13). If we take the Fourier transform
of the contents of the norms on both sides, then by Plancherel’s Theorem the left-hand
side of (1.0.13) becomes the square of the L?> norm of the restriction of f to the unit
sphere, thickened inwards by a width ~ ¢, which leads to the ¢ constant appearing. In

particular, the integral over this annulus can be bounded above by a Sobolev norm of

order % by Lemma 3 of [8] with constant ~ §| In(6)|, which gives (1.0.13).

The method used by Gorges and Miiller to prove their Lemma 7 involved consid-
ering negative and fractional powers of a difference-differential operator defined on the
Fourier-dual space to the Heisenberg group which corresponds on the group side to
the multiplication operator f(z,u) — (|z|> — 4iu)f(z,u), and in Chapter 7 we attempt
to follow a similar idea in order to prove Theorem 7.1 (with (|z|> — 4iu) replaced by
|(z,u)|% = |z|* + 16]u|?, since the former no longer makes sense for n > 1). In the case
of a Heisenberg group, the method employed by Gorges and Miiller to define these frac-
tional powers is to solve a first-order ordinary differential equation to obtain a Green’s
function for the difference-differential operator in question. The obtained Green’s func-
tion is then modified to give an integral kernel for arbitrary powers of the difference-
differential operator. The integral operator that arises from this has a polynomial kernel
which can be manipulated to obtain the desired estimates.

The ‘Green’s Function’ method appears to break down when attempting it on a more

general H-type group. Instead, we calculate integral kernels for such operators directly

from their definition in terms of weights and the group Fourier transform by exploiting,

11



Figure 1.3

Diagram demonstrating the similarity of the idea of using trace lemmas. On R”, the
function X[l—/a,l]\(A)f = X[l_(;,]](lflz)f(f) is a function of R” supported on a sphere of
thickness 6. On G, AZ;,J\f (Where Ms; = Rjx[1—s1)(L) With Rj = x[pji+1)(27L/A))
instead is a function of (u, k) € R” x Ny supported on the ‘Heisenberg fan’ (depicted by
the red lines) where ME, becomes a cutoff in k and |u|.

We also observe that, in the Euclidean case, we could use only trace lemmas that use
’partial weights’; e.g., on R?, by using only the weight |x;| in the east and west quadrants
and |x;| in the north and south quadrants, the trace lemma arising from using the full
weight |x| on the whole annulus may be obtained. Similarly, on G, we use a trace lemma
which uses only a first layer weight in the region defined by the cutoff Ms; and a trace
lemma which uses a second layer weight in the regions defined by M ; for j < J.

L
X2
X1
0

—6.1] (A) [’{
L L
nr7 7 / Mmrr;7 7
X[1-s.1](L) ) R R Xn—s1)(L)
0 A 0 A

Decompositions of Fourier transforms of a function
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amongst other things, identities for special functions (in particular, Laguerre and Jacobi
polynomials). Once explicit formulae for these integral kernels are known, then, if we
assume that the function on the group f is radial (that is, depends only on |z|, u), then
the proof of the ‘trace lemma’ (1.0.12) essentially reduces to an application of Schur’s
test. For general functions f, a more sophisticated technique is required. This technique
is based on complex interpolation and is analogous to the method used by Gorges and
Miiller.

While our method can be used to easily recover the formula obtained by Gorges and
Miiller in the case of Heisenberg groups, when the second layer has dimension n > 1,
the formulae for negative fractional powers of the full weight | - |x become significantly
more complicated and, in particular, are harder to estimate. For this reason, noting

that |(z,u)|x =~ |z| + |u|"/?, we instead consider the ‘fractional integration operators’

corresponding to multiplication on the group side by negative powers of |z| and |u/, i.e.,
pure first and second layer weights. While the resulting formulae remain substantially
more complicated than those used by Gorges and Miiller in the H,, case, we nevertheless
manage to estimate them and use them to deduce (1.0.12).

Discussed in Section 7.2 is work on deriving and obtaining estimates from such
kernels related to using a pure first layer weight. These kernels are significantly simpler
to calculate and allow us to obtain our mixed L? space result, but the resulting pure L?
estimate, found by setting p = ¢ in Theorem 4.5, does not exceed the ‘Mauceri and
Meda type’ result given by Theorem 1.3.

As can be seen from Figure 1.4, the cutoff M;; can be thought of as producing a
number of disjoint annuli on the ‘Euclidean dual’ of the second layer. As such, we
attempted to use purely Euclidean methods (specifically, a refinement of Lemma 3 of
Carbery, Rubio de Francia and Vega [8] where we consider multiple annuli at once in-
stead of a single annulus) to solve the problem. However, it turns out that these methods
are not sufficient to obtain an estimate of the type (1.0.12) for the full range 1 < j < J.

Instead, integral formulae are found that allow us to calculate explicitly the integral

kernel for fractional integration involving second layer weights in terms of Jacobi poly-

13



Figure 1.4

While M; j consists of cutoffs on the Fourier transform side in k and (2k + m)|u|, combin-
ing both together and disregarding k produces a cutoff in u which is supported in annuli (in
the u variable only, corresponding to a Euclidean Laplacian on the second layer) which,
for j < J, are disjoint.

X[1-s.1](L)

>

M(S,_]

Demonstration of how annuli emerge from Fourier cutofts
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nomials. While these provide a full result, it should be noted that these formulae are
trickier to estimate, in particular requiring a number of estimates on Jacobi polynomials
which had to be collected from the literature. Furthermore, some of these estimates were
not initially in the right form for us to use. The developments of purely Euclidean meth-
ods are included as they may be of independent interest, and they demonstrate clearly
the idea of using Schur’s test. Comparing these results also shows that using the full
‘joint spectral cut-off” M, ; is more eflicient than ‘neglecting’ a part of this to reduce to
a Euclidean problem.

In Chapter 2, we recall the definitions of stratified (and in particular H-type) groups
and discuss important features of analysis on them such as the standard measure and
distances, the definition of sub-Laplacians and the functional calculus of them and some
A, theory. We then define the group Fourier transform in the particular case of H-type
groups, demonstrate a number of key features of how it interacts with convolution and
simplify it in the case of radial functions. Finally, we introduce a number of weights
we will be working with and see how they interact with convolution (so-called Leibniz
rules) and the Fourier transform.

In Chapter 3, we prove Theorem 1.3, which uses some more recent developments
on 2-step stratified groups to improve upon the result of Mauceri and Meda in this case.

In Chapter 4 we motivate the study of weighted L? estimates of maximal operators
M; = 0sup |ms(sL)| coming from the decomposition of the Bochner-Riesz multiplier

<s<1
into pieces ms(L) by demonstrating that, if we can find particular weighted L? estimates,
then these yield the almost-everywhere convergence results. The analogous results for
mixed L” spaces are included here, and both of these results that reduce the problem to
weighted L? estimates are given in terms of an arbitrary stratified group and sublinear
operator.

In Chapter 5 we reduce this problem further, by showing that, for a certain class
of weights w which will include the ones we will use, the weighted L? estimates of

the maximal operators M} can be obtained from estimating the weighted norm of just

15



mgs(L), rather than the maximal version. Specifically, we show

145 2202y & (1 6 (L) 2200y 2200 (1 + 16 (L) |20 220)):

where ;5 1s defined using ms and also satisfies (1.0.7). As in the previous chapter, the
results in this chapter use only general theory of stratified groups, rather than structure
specific to H-type groups, and so this reduction is valid for analysing the Bochner—Riesz
multiplier defined on any stratified group. In particular, the work in this chapter simpli-
fies a similar discussion in the work of Gorges and Miiller [24]. While the idea of reduc-
ing from estimates on the maximal operator to those for the nonmaximal operators is
already present in both the works of Carbery, Rubio de Francia and Vega [8] and Gorges
and Miiller [24], an explicit estimate as above does not seem to appear in either work.
This estimate, which may be of independent interest, allows us to greatly streamline the
“reduction-to-trace-lemma” argument as presented in Gorges and Miiller’s work.

In Chapter 6, we show how the weighted estimates of the operator norm of ms(L)
follows from a ‘trace lemma’ as discussed above. These trace lemmas are finally dis-
cussed in Chapter 7. As noted previously, while the main result of this chapter is to
prove Theorem 7.1, this chapter includes certain ‘inferior’ results, as they may be of
independent interest (work using purely Euclidean methods) or they demonstrate the
main ideas used to prove Theorem 7.1 in a simpler context (work using pure first layer
weights and work assuming that functions are radial).

Chapter 8 then explains how the key results proven throughout link together to prove
Theorems 1.1 and 1.2.

We conclude with Chapter 9, which contains the results regarding estimates of Ja-
cobi polynomials that are used in the work on second layer weights in Chapter 7. The
first result of this chapter is a lemma showing how such polynomials arise from an in-
tegral involving two Laguerre polynomials against an exponential and power weight. A
number of useful, uniform results found in existing literature precede a more delicate

pointwise result, derived from an asymptotic expansion of Jacobi polynomials in terms
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of Bessel functions.
Appendix A includes a number of results generally found elsewhere in the literature
which do not apply specifically to stratified groups or the functional calculus of sub-

Laplacians thereon, which are reproduced for the reader’s convenience.

1.1 Notation and Conventions

We briefly summarise some notation and conventions that will be of standard use in this
thesis. The letter ‘G’ will be reserved for the group under consideration at the time of its
use. The symbol ‘L’ will be reserved for sub-Laplacians, while ‘D’ and ‘Q’ will respec-
tively be reserved for denoting the topological/Euclidean and homogeneous dimensions
of the group G under consideration, respectively (these will be defined explicitly in the
following chapter, cf. (2.1.4), (2.1.2) and (2.1.5)).

We adopt the convention that N = {1,2,3,...} is the set of strictly positive integers
and that Ny = {0, 1,2, 3, ...} is the set of non-negative integers. We also use the conven-
tion that R* = (0, o0) is the set of strictly positive real numbers and that Rj = [0, «)
is the set of non-negative real numbers. We will denote the complex conjugate of a
complex number z by z.

The symbol ‘6 will be reserved for an element of the set D = {27 : k € Ny}, while
‘ms’ will denote one of the functions defined by (1.0.6) and (1.0.7).

For positive quantities A, B we will write ‘A < B’ and say that ‘A is majorised by B’
or ‘B majorises A’ to mean that there exists a non-negative constant C such that A < CB
(analogously A > Btomean A > CB). We shall write ‘A ~ B’ to mean thatbothA < B
and A = B. We may write A <g Btomean A < C (B)B where C > 0 has dependence
on 8 (and similarly for ‘~’). By convention, such constants C will not depend on ¢ with
any such dependence being written explicitly instead. The exception to this is if we can
prove an estimate of the form A <. 6B for arbitrarily small € > 0, in which case we
shall instead write A < B. If there is additional dependence on ¢ in the bound which is

independent of e, it will be written explicitly, as before. Since the function In(x) grows
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slower than any positive power of x, then A < |In(6)| implies that A < B.

Given two vector spaces X, Y and an operator T : X — Y, we shall denote by ‘T’
the adjoint operator 77 : ¥ — X. Similarly, if we have a dual pair (X, Y,{-,-)) and an
operator T : X — X, we shall denote by ‘7"’ the adjoint operator 7T : ¥ — Y such that

(Tx,y) = {x,T'y) forall x,e X,y e Y.
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CHAPTER 2

ANALYSIS ON H-TYPE GROUPS

2.1 Stratified Lie Groups

We briefly recall a number of standard definitions and results. For details, we refer
the reader to [22]. We first recall the definition of a stratified Lie group, and do so by
starting with the Lie algebra. Given a Lie algebra g with Lie bracket [, -|, we say that g

is graded with step k € N if there exist subspaces g, . .., g; (called layers) such that

k
a=@Dg;
j=1

and where [g,,95] S 9445 and g, = {0} for all @ > k. Moreover, we say that g is
stratified if g4, 91] = 8441, SO that g; generates the Lie algebra.

We then endow g with a group structure. Recall, for a Lie group G with Lie algebra
g, given the exponential map exp : g — G, the Baker—-Campbell-Hausdorft formula is
given by

exp(x) exp(y) = exp(x +y + 1[x,y] +...).

We then define the group multiplication law on g as
xXy=x+y+ %[x,y] + ..., forall x,y € g,

where the right-hand side is given by the Baker—Campbell-Hausdorff formula. Note
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that since the Lie algebra g is stratified with step k, then all terms of at least k nested Lie
brackets will be zero, so this group law is a polynomial. We refer to g with this group
law as the Lie group G. It can be checked that the Lie algebra of G is in fact g. For x € G
we may write

x = (x1,...,x%) (2.1.1)

where x; € g; (1 < j < k). It is easily seen from the group multiplication law that we

have the group inverse law (written using the notation of (2.1.1))

x = (X, X,
We will equip G with its Haar measure, which is given by Lebesgue measure on the Lie

algebra g ~ R”, where D is the topological dimension of G given by

k
D := )" dim(g)). (2.1.2)

J=1

From now on, we exclusively use D to refer to the topological dimension of a stratified
Lie group G. Since the Lebesgue measure is left- and right-invariant, then stratified
Lie groups are unimodular, so we may consider L” spaces. Recall that, for a measure
space (S,Z,u), and 1 < p < oo, we define L?(S,u) as the space of functions f :
S — C for which { |f|Pdu < oo, with the usual extension to p = oo. When the
measure on the space is a weighted Lebesgue measure (which will be true for e.g. G
or RY) with weight w then we will write L”(S, w) instead (or omit the w if there is no
weight). Furthermore, we will omit writing the space when it is the group G (i.e. we
will abbreviate L? (G, w(x)dx) to L?(w)).

We define the convolution of functions f, g € L'(G) as

fxglx) = ff(xy‘l)g(y)dy-
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We also define the involution of a function f € L!(G) by

The following relation regarding convolutions is an immediate consequence of the fact

that G is unimodular.

Lemma 2.1. Let G be a stratified Lie group and let f,g,h € L'(G). Then,

Jf(x)g *h(x)dx = | f=h* (x)g(_x)dx. (2.1.3)

Proof. By the substitution w = xy and the fact that G is a unimodular group, we have

| g =”f (o DAG)dydx

Recall that the Lie algebra g of a group G may also be thought of as the space of
left-invariant vector fields on G. If we fix an inner product (-, -) on the first layer g,
and take an orthonormal basis Xj,..., X, of g;, then we define a sub-Laplacian on G

(compare e.g. [22], [59]) as
d
=-> X (2.1.4)

j=1
Note that there is not a unique sub-Laplacian on a stratified Lie group; this definition
depends on the choice of inner product.
We may also consider the sub-Laplacian L via its spectral decomposition. Note
that L is positive and essentially self-adjoint on . (G) (compare [22], page 56). Its

closure, which is again denoted by L, is self-adjoint on L*(G). Hence, L has a spectral
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decomposition

L= T/ldE(/l).

For m € C.(Ry ) we can then define a functional calculus for L by defining operators

m(L) J m(A)dE().

Since L is left-invariant, then so is the operator m(L). Thus, by the Schwartz Kernel
Theorem, m(L) is a convolution operator (compare [22], page 208). That is, there exists
K e .”'(G)suchthatm(L)f = f » K.

On any stratified Lie group G we have a family of dilations ¢, defined for x € G and
r > 0 by

6,x = 0,(X1,. .., x5) = (rxy, rxa, .., ).

This means that G is a homogeneous group of homogeneous dimension

k
Q:= ) jdim(g)). (2.1.5)

j=1

From now on, we reserve Q to be used for the homogeneous dimension of the group G
in question at the time.

A metric that occurs naturally on Lie groups is the Carnot—Carathéodory distance,
which we will denote by dcc(x,y). The construction of this distance is described in
Section III.4 of [59]. In particular, note that it is left-invariant and induces a homoge-
neous norm |y~ 'x|cc = dce(x,y) (that is, for every r > 0 and x € G we have that
6,x|cc = r|x|cc). In particular, |x|cc = dec(x,0). It should be noted that the construc-
tion of dc¢ depends on the choice of inner product on the first layer of the lie algebra
g; of the group G, so when speaking of dcc we will mean ‘the Carnot—Carathéodory
distance corresponding to the inner product on g;’, but we shall in general suppress this
dependence in our notation. When speaking of balls in a stratified group, we will use the

notation B(x, r) to refer to open balls with respect to the Carnot—Carathéodory distance.
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Recall that B,(x, r) denotes the closed ball {y € G : d(x,y) < r}. We omit the subscript
d when we are using the Carnot—Carathéodory distance.

A second homogeneous norm that may be defined on a stratified group is given by
k .
[xls o= > [,

j=1
where |x;| is the Euclidean norm of x; € g; ~ R%M®). This norm is equivalent to the
Carnot—Carathéodory norm, in the sense that there exist A, B > 0 such that

Alxls < [x|cc < Blx]s.

We now recall a number of geometric properties of spaces. A metric space (X,d) is
geometrically doubling if there exists a constant M > 0 such that for all x € X and for
all » > 0 the open ball

By(x,r) :=={ye X :d(x,y) <r}
may be covered by at most M disjoint balls of radius 5. A measure A on a metric space
(X, d) is doubling if there exists C > 0 such that for all x € X and for all » > 0 we have

A(By(x,2r)) < CA(By(x,71)).

Recall that a metric measure space (X, d, 1) with a doubling measure is automatically a
geometrically doubling metric space (compare e.g. Section 2 of [31], [15]). We prove
that the Lebesgue measure on stratified Lie groups is doubling, and so stratified Lie

groups are also geometrically doubling.
Lemma 2.2. The Lebesgue measure on a stratified Lie group G is doubling.

Proof. Let A(S) denote the Lebesgue measure of a set S < G. By left-invariance and
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homogeneity of the Carnot—Carathéodory norm,
A(B(x,r)) = A(B(0,r)) = J dy = r¢ J dy ~ 9.

Hence, the Lebesgue measure is a doubling measure. O

Furthermore, recall that a weight on G is a non-negative locally integrable function
w : G — Ry. The set of weights A,(G) is the set of weights for which the Hardy-
Littlewood maximal function on G is bounded on L?(w). An equivalent characterisation

is that w € A,(G) if and only if

su([;)r_zQ J w(y)dy f w(y) ldy < . (2.1.6)
fio B(x,r) B(x,r)

Then we have the following results (comparable to Euclidean results found in Chapter

V of [55]).

Lemma 2.3. Let G be a stratified Lie group of homogeneous dimension Q and let | - |

be a homogeneous norm on G. Then the weights | - |* and (1 + | - |)* are A, weights for

la| < Q.

Proof. Clearly the constant function f(x) = 1 € A, and A, is closed under addition and
taking the reciprocal. Since (1 + |- [)* ~ 1+ |- | for a = 0, then it suffices to prove
that |- [“€ Ay for0 <a < Q.

Let
I(xr) o= 120 j ldy f | “dy.
B(x,r) B(x,r)

We must argue in two cases. First, suppose that r < %]x| Note that this implies that

0 ¢ B(x, r). Therefore,

sup |y|* = (|x[ +r)% inf [y[* = (|x] = r)".
YEB(x,r) yeB(x.r)
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Thus

a 3 a
+ S|x
L06) < #7000 (i -y = (D) <_2' ') e

x=r) =\

Now suppose that r > 1|x|. In this case, observe that B(0,5r) = B(x,r). Therefore,
since r2¢ < (5r) 722, where the constant is independent of r, and since both integrands

are non-negative, it suffices to consider the case x = 0. Indeed,

I r) = r2 f yl“dy f [ ~dy

B(x,r) B(x,r)
< (5r)7%° J [y[*dy f y[~*dy = 1(0,5r).
B(0,57) B(0,57)
Hence, we need only show that /(0, r) is bounded uniformly in . We now use Propo-
sition 1.15 in [22]. In particular, let S = {x € G : |x| = 1}. Then there exists a unique

Radon measure o on S such that for all f € L!(G),
0¢]
| s = | [ ronre dots)ar.
G 0s

Taking f = x| - |* gives

r r

J y|*dy = f f |6xY|“R?™"dor(y)dR = J JRQ—““da(y)dR ~ J RO™HgR ~ pP+a
S oS

B(0,r) 0 0

Note that the condition a > —Q is required for finiteness of the last integral. Hence, for

la] < O we have

1(0,7) ~ r22p2%e 07 — 1
as required. O

Lemma 2.4. Let G be a stratified Lie group. The ’first layer’ weights w(x) = |x;|* and

w(x) = (1 + |x1])* are in A, for |a|] < dim(g;).
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Proof. As before, recall that f(x) = 1 € A, and A, is closed under addition and taking
reciprocals and that (1 + |x;|) ~ 1 4 |x;|* for a > 0, so we need only prove that
|X1|a € A2 for0 <a< dlm(gl)

Let

I(x,r) :=r2° f |yi|“dy
)

B(x,r

J yi|“dy.
)

B(x,

We must argue in two cases. First, suppose that r < min{%, 3}|x||, where A > O is a
constant such that for all x € G we have A Y |x;|'/" < |x|cc. Note that this implies that

{y€ G :|yi| =0} nB(x,r) = . Indeed, observe

dec(x, (0,2 36) = (0,320 " tlee = | (v, 22, - 2 ec

where z; are the expected terms from the group multiplication law (for instance, z, =

—Va + Xo + %[O, X2] = x2 — y2). Then,
|(x1,Z2,...,Zk)|CC = |(X1,0,...,0)|CC = A]xl\ > 7.

Therefore,

sup |vi| < x| + 1, inf |y = |x| —r.
YEB(x,r) yEB(x,r)

Thus
I(x,7) S 2 (|x;| + r)re(|x;| — r) 42
_ (|x1|+r)“< (1~|—min{%,% )| x1 -
[xi| —r (1 —min{%, $})]x| ) ~

41
2°2

Now suppose that 7 > min }x1|. We first consider a change of coordinates given
by the left-translation y — (xx’)y, where X' := (—x;,0,...,0). Note that (xx); =

x; — x; = 0.. Then, since (xx'y); = y; and since dy is invariant under translations, we
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have

I(nr) = 120 f yldy f R

(xx')~1B(x,r) (xx’)~1B(x,r)

Now, let z € B(x,7), so that (xx') "'z € (xx’)"'B(x, r). Then
dec((xx') ™2, (¥)7) = 270 (¥) M |ee = |27 x|ee = dec(zx) <7

since z € B(x, r). This shows that (xx')"'B(x,r) < B((x')~!,r). Since both integrands
are non-negative, then this implies that I(x, r) < I((x')~', r).

Now, since there exists B > 0 such that |x|cc < BY. |x;|'/", then |¥|cc < B|¥| =
Blx| < Bmax{%, 2}r, by assumption, so then there exists E > 0 depending only on
A, B such that B(0,Er) 2 B((x')~!,r). Therefore, since r2¢ < (Er)~?2, where the

constant is independent of r, and since both integrands are non-negative, we have

(@ = [ ray [

B((x)="r) B((x)="r)
< (Er) =22 J Iy |“dy J Iyi|“dy = 1(0, Er).

B(0.Er) B(0.Er)

Hence, we now need only show that /(0, r) is bounded uniformly in r. We see that

J yi]“dy < f yi|“dyy ... dye ~ e,
B(0,r)

lyil<(r/A)’

where the condition ¢ > — dim(g;) is required for finiteness of the last integral. Hence,

for |a| < dim(g;) we have
1(0,r) ~ r 22,2t 0 = |

as required. O
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2.1.1 H-Type Groups

We now recall the definition of H-type groups. We start with a 2-step graded Lie algebra
g = §; @ 9. We assume further that we have an inner product (-, -) on g such that g;
and g, are orthogonal. For each 1 € g7 ~ RIm(%2) (the dual space of g,) we define the

skew-symmetric endomorphism J, of g; by
Ju(2).7) = p([z.7]) V2.2 € a1
We then say that g is an H-type Lie algebra if for each u € g we have
Jy = —|u’1d.
As above, we endow g with the structure of a Lie group by defining the group law

@) = @+ v+ vt l))

which implies the inverse law
(zou)™" = (—z,—u).

Note that the dimension of g; is always even in an H-type Lie algebra. If we set 2m =
dim(g;) and n = dim(g;) then G may be identified with C" x R" in such a way that
the inner product on G is identified with the standard inner product on C" x R". As the

Lie bracket is antisymmetric and non-trivial, then in particular this cannot be an abelian

group.
Next, we let X1, ..., X5, denote the left-invariant vector fields generated by the unit
Vectors ey, .. ., ey, € R?"* ~ T,G, the tangent space of G at the group identity, where

e; denotes the vector with standard coordinates 1 in the i place and all others 0. The
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sub-Laplacian on G is then defined as

2m
L=— Z X2
j=1

In addition to the Carnot—Carathéodory distance and norm, we will equip an H-type

group G with the ‘Koranyi norm’ given by
(zw)x = (|2 + 16u?) ", (zu) € G.

As the Koranyi norm is sub-multiplicative, it induces a left-invariant metric on G given
by

di(x,y) = [y " x|«. (2.1.7)
We will use the notation Bg(x, r) to refer to balls with respect to this metric. Under the
group dilations ¢,, the Koranyi norm is a homogeneous norm.

Note that the two metrics dx and dcc are equivalent. That is, there exists some

constant A > 0 depending only on G such that, for all x,y € G,

A7y (x,y) < dce(x,y) < Adk(x,y). (2.1.8)

2.1.2 The Functional Calculus of Sub-Laplacians

Here we briefly state a number of results concerning the functional calculus of sub-
Laplacians L on stratified groups. The majority of proofs will be omitted, with refer-

ences given to where they may be found.

Lemma 2.5. Let G be a stratified Lie group and L be a sub-Laplacian. Suppose a

function m : Rar — R satisfies

Imljie := sup (14 ) m(2)] < o0
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for k, k' sufficiently large. Then the convolution kernel K of the operator m(L) satisfies

the estimate
Imll§

[K(x)| 5

The constant in ‘<’ does not depend on m. In particular, this holds for m € .7 (Rar ), the

space of Schwartz functions on Rg .

Proof. The proof is by combining Lemmas 1.2 and 2.4 of [30]. For a multi-index I =

‘17'~~7‘m = .l... .m.
(i i) define X' := X|' ... X}". Define

Klapr = f X'K()|(1 + [x|ec)dx,

I<b g,

[K 00 = sup [K (x)[(1 + ).
X€E

By Lemma 1.2 of [30], there exist a,b and ¢ > 0 that depends only on &' such that
|K]|sr0.00 < ¢|K|ap1- By Lemma 2.4 of [30], given a, b, there exist k, kK’ sufficiently
large such that if

e < o0

then

[Kllapn < Cllml,

where C does not depend on m. Combining these facts, by choosing @’ = Q + 1, we
have

Sup [K(OI(1 + [xlee)®*" < eCllml 5,
Xe

and so for all x € G we have

cClml

K <Y
‘ (x)| <1+|X|CC)Q+1

as required. Note that if m € . then |m|} , is bounded for arbitrarily large k, k. O

A property of the sub-Laplacian L which we will use is that it has the ‘finite propa-
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gation speed’ property for the solution of the wave equation. This property is stated in

a form that will be useful to us in Lemma 2.6.

Lemma 2.6. Let G be a stratified group and L be a sub-Laplacian. Let t € R, let K

denote the convolution kernel of the operator cos(t\/L). Then
supp(K) < B(0, |1]),
where we recall that B(x, r) is the closed ball centred at x of radius r with respect to the

Carnot—Carathéodory distance.

Proof. The original notion was proved in [46]. For the case of Lie groups, the result is

also shown in Section 8.2 of [54]. O

The following result is a collection of results of a well-studied problem concerning

bounding the kernel of an operator of the form m(L).

Lemma 2.7. Let G be a stratified group and L be a sub-Laplacian. There exists a finite
constant N such that for every b > X, for every compact set U < R, for all functions

m € CX(R) with supp(m) < U, we have
| kGl < e,
G

where K is the convolution kernel of m(L), where the implicit constant in ‘<’ may

depend on b and U and where | - | 2z denotes the norm
g2
Il ey 5= [ 100+ (o)
R

on the L? Sobolev space of order b. We denote by n(L) the minimum of all such constants
N. Then n(L) is known to equal D for H-type groups, is in the range D < n(L) < Q
for a general 2-step stratified group, while for a general stratified group it is known that

D <n(L) < Q.
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The case of H-type groups may be inferred from [28] (see also [49] for Heisenberg
groups) and may be found explicitly as Proposition 3 of [39]. The result that (L) = D
has been proven for a number of 2-step stratified Lie groups such as those with D < 7
or dimg, < 2 ([29], [38], [39], [40], [42]). The general 2-step result comes from [41].
The upper bound for an arbitrary stratified group can be found in [13], [45] while the
lower bound is found in [43].

Another result regarding the convolution kernel K in the above is the following.

Lemma 2.8. Let G be a stratified Lie group and L be a sub-Laplacian thereon. Suppose
that ¢ € C*(R") and

sup [V (2)] < C <
A>0

forO0< j<3+ %Q Let K denote the convolution kernel of ¢(L). Then K and X, K are

continuous on G\{0} for 1 < k < 2m and K satisfies the estimates

1
KX)| < —5  [X%K©@)| < —F7-
xéc x| e
Furthermore, the constants in < depend only on C.
Proof. See the proof of Theorem 6.25 of [22]. O

Remark 2.9. In view of the results of Lemma 2.7, it is likely that the required number
of derivatives 3 + 37Q in Lemma 2.8 is not optimal. In our case, we do not require a

sharper result.

Note that if we define, for any measurable function f : G — C,
fi(x) = r22f(6,-10(x), r>0 (2.1.10)

then we have the following results.

Lemma 2.10. Let G be a stratified Lie group and L be a sub-Laplacian. Let m € C.(R™)
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and let K denote the convolution kernel of m(L). Then, for r > 0 we have

m(rL)f = f + K, = (m(L) fi1),. (2.1.11)

Proof. This is Lemma 6.29 in [22] and its proof. O

The next lemma shows that, for operators defined on a stratified group G as in
(2.1.10) satisfying a certain estimate (which the previous results show, in particular, is
satisfied by operators m(L) for suitably well-behaved functions m and a sub-Laplacian
L on G), then the corresponding maximal operator is bounded by an analogue of the
Hardy-Littlewood maximal operator defined on stratified groups. This version is anal-
ogous to the Euclidean Hardy-Littlewood maximal operator and satisfies the same L”

estimates for p > 1.

Lemma 2.11. Let G be a stratified Lie group. Let T* f be an operator defined on L?(G)
by

T*f:: sup ‘f*Kr‘

r>0

where the convolution kernel K satisfies the estimate

C
Kx)| < —————
‘ ( )’ (1 + |X|CC)Q+€

for some € > 0. Then

T*f(x) s CMf(x)

where the constant in < depends only on G and € and where M f denotes the Hardy—

Littlewood maximal operator on G given by

Mf(x) := Sugr_Q f |f(xy™h)|dy.
r>
|x|cc<r
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For p > 1 Mf satisfies the same L estimates as in the Euclidean case, so we have

17 (0l < ClLf

where the constant in < depends only on p and G.
Proof. This is Corollary 2.5 of [22]. O

The next lemma is a result regarding a square function associated to a Littlewood-
Paley decomposition for a sub-Laplacian. Here, we prove boundedness on weighted L?
spaces with respect to A, weights. The result is analogous to Euclidean results found in,

for example, [55]; the proof is included for the reader’s convenience.

Lemma 2.12. Let G be a stratified Lie group and L be a sub-Laplacian thereon. Let
¢ € CP(R") such that

Zgo l/l =1, fora>0

IeZ

and let w € A,. Then

2@ L) iy = I£13 (2.1.12)

[eZ

Proof. Lete := (g)z be asequence with ¢ € {—1, 1}. Let K, be the convolution kernel

of the operator

Tf(x) =) ap(27'L)f(x).

[EN

We will prove that, for all x,y € G we have

1

Kc(x)] < (2.1.13)

‘x|cc

y
‘KE(X) — Ke(xy)| S | | if |x|CC |y‘cc, (2114)
X

|Ke(x) — Ke(yx)| < r |Q+1, if [x|cc 2 |y|ces (2.1.15)

and furthermore that the implicit constants involved do not depend on €.

Observe that it suffices to show only (2.1.13) and (2.1.14). Indeed, suppose we had
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shown that (2.1.13) and (2.1.14) hold for the kernel K. of the operator 7. Since ¢ is

real-valued then 7. is self-adjoint and K, = K. But since K} (x) = K.(x~!) then we

must have K. (x) = K.(x~!) and so from (2.1.14) we have

_ 1 yee ¥lee

|Ke('x) - Ks<yx>| - |Ke(x 1) - Ke<x ly 1)| g — 1= 1
gl &

cc cc

as required.
We see that (2.1.13) and (2.1.14) are a consequence of Lemma 2.8. From the defini-

tion of z, = . g(27!-) we have that 7, € C*(R") and

sup [re(2)] = 1.
>0

Now, note that

AL(2) = > 27qag/ (270).

[eZ

Let

b:= sup x.
¢(x)#0

Since ¢ is compactly supported we have that 27/ < b and so A£.(1) is bounded uni-
formly in A. By repeating this argument, we can show that 7, satisfies the hypotheses of
Lemma 2.8 uniformly in € and so (2.1.13) follows.

Then by the Stratified Mean Value Theorem (Theorem 1.41 of [22]) we have

|Kc(x) — Ke(xy)| < |Ylee  sup | X;K(xz)|. (2.1.16)

lzlccSylec
1<j<2m

From Lemma 2.8 we then have sup |X;K.(xz)| < |xz|-2~". From the reverse triangle
1<j<2m

inequality we then have

sup |)’|cc - |y|cc

< .
[zlcc<ylee ‘XZ|(Q;2:1 lzlcc < Iylee ||x|CC - ‘Z‘CC|Q+1

Now, let C be a constant such that |z|cc < Cly|cc. We will explicitly assume that
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¥lce < 5e|x[cc. In this case, for |z|cc < [y|cc we have |z]cc < 3|x|cc. Notice that

1 1
sup = — .
lec<hlce 1Xlce = |zZlec inf  |x[cc — |z]ec
lzlceSIylee

This bound on |z|cc implies that the infimum is attained when |z|cc is maximised. With

our restrictions, this occurs when |z|cc = 1|x|cc. Thus,

Ylec 2|y|cc N lec
| ’Q+1 - ’ |Q+1

lzlceSIylee ||x|CC - |Z|CC|Q+1

as required.

By Lemma 2.2, G satisfies the hypotheses of Theorem 6.1 of [50], which implies that
the operator T is bounded on L?(w). Furthermore, as conditions (2.1.13), (2.1.14) and
(2.1.15) are satisfied uniformly in (& );cz, then the operators T are bounded uniformly in
(€). Using Rademacher functions (see 5.2 of Section IV of [56]) with the boundedness

of T, we can conclude therefore that

Z le(2 IL fHLZ(w < sup ||Tef|‘22(w) S ||fH22(w)- (2.1.17)

I€Z

To show the opposite inequality, define 7) := /(27'L), where ¢ € C*(R) is such that
¥(x) = 1 for x € supp(p) and supp(y) < (3.3). Using Lemma 5.5 of [38] we know

that if there exists A > 0 such that for any choice of (¢)cz < {—1, 1} we have

<A (2.1.18)
L2 (w)—L*(w)

2 122
< (th//(2‘lL)s0(2‘lL)f|2>

L*(w) leZ 12(w)

Z ew(27'L)

leZ

then

S w2 L)p(27'L)f

leZ

Note that we may repeat the argument used earlier to prove the boundedness of the

operators T, with ¢ replaced by ¢ to prove (2.1.18).
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From the functional calculus of L we have that

Dw(2'L)p27'L) = sz 27 (27 A)dE(1) = J 1dE(2) = Id.

leZ leZ

Hence,

1212
1£170) S <Z|¢ 27'L) f!2> = M@ 'L)fIy, (2.1.19)

IeZ [eZ
L2(w)

as required. O

2.2 Representation Theory and the Fourier Transform

In this section, we will recall some facts regarding analysis on H-type groups. In par-
ticular, we will define a number of coordinate systems on such groups, recall some
properties of such groups as topological spaces and develop the representation theory
and Fourier transform on these groups.

We let G be an arbitrary H-type group. We fix a basis of the first layer as in,

for example, [1]. For each u € ¢5\{0} ~ R"\{0} there exists an orthonormal basis

Ei(u),....En(u),E\(1),...,E,(u) € g such that
JuEi(1) = |u|Ei(p) and J,Ei(u) = —|p|Ei().
For brevity, from now on we shall write
Epiim(p) := Ex(u) fork=1,...,m. (2.2.1)

For convenience, for x,y € RY, for any d, we write xy = x-y = > i %yj- We can now

write an element z € g; as

7= Zm: 2 () Er(p)
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This decomposition naturally applies to G and gives us global coordinates for G for each

u € g5\{0}. We define

() = (). 2 (W) == (@i (). znlp), (22.2)
2 () = (" (), 2" (W) = Gt (), 2am (), (2.2.3)
29w = (W), z2m(w) (2.2.4)

) = @7 )z () = @) + i ()2 () + iz ().
(2.2.5)

Sometimes we will wish to write this basis or the coordinates it defines in terms of a

different u. Let M(u, i) be the change of coordinates matrix with entries

(M (1)) g o= mjp(u, ) (2.2.6)

such that

2B ()" = M, p0)2™ ()" 2.2.7)

Lemma 2.13. Let N(u, u;) be the change-of-basis matrix such that

2m
Ej(ur) = ) nju(ps ) Ex(p). (2.2.8)
k=1
Then N(u, p1) = M(u, p1).
Proof. Let z e C". Then
2m 2m 2m
2= 2wl Ee(u) = YDzl ) ) Ex (). (2.2.9)
k=1 k=1 j=1

Observe from (2.2.9) that

N )" = My, ) = M, py) ™"
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Hence, since M (u, u;) is an orthogonal matrix, we have

N, ) = (M) ™)' = M, ).

O

It will often be convenient to consider functions that depend only on |z| and u. We
shall call such functions radial. That is, f(z, «) is radial if there exists a function F such
that f(z,u) = F(|z[,u).

The group Fourier transform of f € L'(G) is the operator-valued function given by

) le(x) = j F(&)m,(g)e(x)dg

G

where 7, is the irreducible unitary representation G — .Z(L*(R™)), given by the

bounded linear operators on L*(R™) defined as
[7,(z, )] (x) = 62ﬂi(ﬂu+lu\(Z("’")(#)H%Z(’”(u)z("’")(ﬂ)))w(z(re) (1) + x). (2.2.10)

The following basic properties of the Fourier transform hold (see, for instance, [20]).

Note that f*(x) := f(x~!) and T denotes the adjoint operator.

Lemma 2.14. We have the identities

Fegu) = Fweu 2.2.11)

) = [fw) (2.2.12)

(Foge = f £z )8z w)dadu = f R e = (F.3)  22.13)

Rn

172 = f\ﬂmrzs e (2.2.14)

R”

From this, we can obtain an estimate on the L?> norm of convolution of functions.
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Lemma 2.15. We have
1f = glz <[ f13sup [8() 72, - (2.2.15)
”eRﬂ
Proof. From (2.2.14) we have

If=gl5 = ff x (1) | 7y [ "dp < flf(#)%s(suﬂg 18(k) 72, p2) |
He n
R R

= |£13 sup [8() 13-, 1o-
HER"

As in [24], we consider re-normalised Hermite functions. We start by defining Her-

mite functions on the real line by

dk
Hi(x) := (—l)kexz/zﬁe_"z, x e R,k eN,.
x

These are then normalised by
he(x) == (2%k! v/7)"V2H(x), xeR.
We can then define normalised Hermite functions on R? by

ho(x) i= [ [ hay(x). xR ke,

Jj=1

These normalised Hermite functions form an orthonormal basis of L?(RY). We then

renormalise these Hermite functions by defining
R (x) := 2alu|) Y he ((2n|u|)?x), xe R (2.2.16)

For each 4 € R? the family (/;),eq¢ forms an orthonormal basis of L*(R).
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For a weight w we define the operator ¢, by

Ouf (1) == wf (). (2.2.17)

We will specifically be interested in these operators for the following weights. We define

Gui(zou) = 257 (1) (2.2.18)

Zui(zu) =27 ()

p(zu) = [z|
Wiz, u) = w
Y(z,u) = |ul.

In order to calculate operators, such as (3( . and 8 - we must first understand how
these Hermite functions interact with differentiation with respect to and multiplication

by components of their inputs. This is realised via the identities

202 (u]) Pty (x) = 2,21, (%) + (2a; +2)" 2, (%) (2.2.19)
and
2(2x|ul) 2o My (x) = 20" H,, (x) — (2, +2)* 1y, (x). (2.2.20)

Having such a basis of L?(R™) will allow us to consider the ‘matrix components’ of the
group-Fourier transform of a function. For f € L'(G), u € R" and o, € N} these are

defined by
f(/l, Q,ﬁ) = <f< )hg’hy>R’" = Jf <7TM hﬁ’hﬂ>Rmdg (2221)

With these matrix components, similarly to (2.2.12), there is a relation between the

matrix components of a function and its involution.
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Lemma 2.16. For f € L'(G) we have the relation

(@, B) = flu.B, ). (2.2.22)

Proof. By definition (2.2.21) and (2.2.12) we have

F* (@) = (F* () Wy = (F() R, Heysn = i, B ).

We also have an identity on the components of a convolution.

Lemma 2.17. For f,g € L'(G) we have

— ~

frgwaB) = > 8 a.y)f(wy.B).
YENG
Proof. Since the Hermite functions 4, form an orthonormal basis of R™, we use (2.2.11)

to see that

— ~

[ gl a.B) = (f(r)g (), hgpn
= (F () Y R, Wy, Ty

YENG
— > R By F ()

YENG

= 3 &l @) fy.B).

YENG

It may sometimes be necessary to consider the above expression subject to operators
that may map « or B to multi-indices contained in Z™ rather than N'. We therefore

extend the function f (1, @, B) from R" x Ni' x N to R" x Z™" x Z™ by setting

~

f(u,a,B) :=0 forall (a,B) ¢ NJ x Ni.
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One can show that these Hermite functions are eigenfunctions of f,(,u) the group-

Fourier transform of the sub-Laplacian, with eigenvalue
c(laf)|ul := 27 (2la| + m)|ul. (2.2.23)

That is,

L(w) = c(|al)|uln.

The Fourier transform is also compatible with the spectral decomposition and functional

calculus of L, and so we have

—_— ~

m(L)f (@, B) = m(c(|a))|ul) f(u, @.B)- (2.2.24)

As noted in, for example, [52], the matrix components with respect to the Hermite
basis have a connection to special Hermite functions. Although written in the case of
Heisenberg groups, Chapter IV of [52] may be extended to H-type groups, which we
do here. For a,b € Ny and p,q € R the 1-dimensional special Hermite functions are

defined by

Wy(pa) = [ ST L) dp)a
R

That is, they are the Fourier-Wigner transform of Hermite functions. We then expand

this definition to higher dimensions. For @, 8 € NJ and x,y € R? we define

(Df:,ﬂ(x,Y) = [ 95X )

(l/j,ﬂj

—.

j=1

Now, we can write our matrix components in terms of special Hermite functions. In-

deed, we have the following lemma.

Lemma 2.18. For f € L'(G) we have

A~

flu . p) = f & f (2, u) @ 5217 (), 2 () dzdu.
G
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Proof. We have

~

Sl @ B) = | f(zu){mu(z, u)hty, g pmndzdu
G

— ( J f(z, u)e2ﬂi(uu+lu\(z(i’”) ()t 320 ()2 ) g (x4 79) (1)) (x)dxdzdu
J
G Em

= (ez’”'”“ f(zu) f e2rilulz™ 0xpit (x + 120) (1)) Fg(x — 1209 () dxdzdu
G R

= [, ) 527 (1), 2" (1) ) dzdu.
G

In the particular case that f is radial, certain simplifications occur. We find that in
such a case, off-diagonal matrix components are zero, and furthermore that they are

dependent only on the magnitude of @. In order words, we have

~ ~

flu, . B) = Sapf (1,

aler). (2.2.25)

aley,

In this case, we adopt the notation

~ ~

Sl k) = f(u, ke, key)
and (2.2.23) becomes
ule(k) = |u|2m(2k + m).

That is, f (i, @, B) reduces to a function defined on R” x N,. We recall that Laguerre

polynomials of type a > —1 and degree k are defined by

a 1 X, —a dk —Xx k+a
Li(x) := e x ﬁ(e K9, xeR.

Similarly to Hermite functions, Laguerre polynomials satisfy a number of recurrence

relations, linking polynomials of different types and degrees, as well as their derivatives
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and polynomials multiplied by their inputs. Given the number of identities available,

for clarity of reading these will be stated where they are first needed.

Now, special Hermite functions can be expressed in terms of Laguerre functions. In

the case that f is radial, we can then rewrite the matrix components as the inner product

of the Euclidean inverse Fourier transform of the function f(z, u) taken in the u variable

only with a Laguerre function. The remainder of this section will be devoted to proving

this fact.

To begin with, we will demonstrate some vector fields that may be used to shift the

indices of special Hermite functions.

Lemma 2.19. Forw = p + iqg € C? let w; = p; + iq;. Define the following vector fields

on C4:

Then we have

fo(2)" L ()
lul ) ow; 2 !
Zj:( 5 >1/2 o (”|'u|>l/2w
i ow; 2 !
Z:( 2 )1/2 2 . (n!ﬂl)lﬂwb
|| ow; 2 !
_ » \'2 g ]\ 2
Z-(m) = () »

qu)z,ﬂ(p’ q) = \/ﬂqu[é—e_;,ﬁ(p’ Q)
20 (0.0) = B 720 ., ()

i@ s(P.q) = — /28, , (P.q)

Zi®, 5(p.q) = —/2a; + 20, ,(p.q)

(2.2.26)
(2.2.27)
(2.2.28)

(2.2.29)

Proof. Since special Hermite functions in dimensions d > 1 are defined as products of

I-dimensional special Hermite functions, it suffices to consider the case d = 1. Noting
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that 2x = (x + 3p) + (x — 3p) we have that

i l/zi _ —1/2 | 2nixglu) ( puy/ pee 1
<ﬂ|ﬂ‘) oy ZanP @) = (2l I!e (H4) (x + 3p)Hy(x — $p)—

PR (x + 5p) () (x — 5p)di

and

2 1/2 (r} .
(=) Lo, (p.g) = — (2nlu)” f S (1 Lp) (x4 Lp)i (x — Lp
(ﬂ!ﬂl) oq " | J 2 2 )+

IR (x 4+ 5 p)(x — Sp)hy(x — Sp)dx
Note that from (2.2.19) and (2.2.20) we have

d,
(2l et (x) + (2lpa]) 2=

—Ha(x) = V2ah | (x) (2.2.30)

and

() Vb (0) — (2l (x) = V2 DR (). (2231)

Thus, we deduce that

2 " 0 V2a Vab 12
(W) PP @) = =@, (P g) - —— P, (pg) (2232)
and
2\ @ V2412 N7
<m) PP ) = = V(P = W (). (2:233)

Furthermore, noting that p = (x + 1p) — (x — 3p), we have

(2n|u]) ' p@ , (p. q) = (2n|u|)"? fez’”"q"‘ (x + ip)i(x + Lp)Hi(x — Lp)
R

— MR (x + 3p)(x — 5p)Hy (x — 3p)dx.
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Using integration by parts we have that

(o) g () = ~(2alul) " [0 e+ e~ )
R

+ ez”ix"|"‘h’;l‘(x + %p) (h) (x — %p)dx.
We can combine these as before to obtain

(2nlu])Pwd, (p,q) = V2a+20, | (p.q) — V2bO,, (p.q) (2.2.34)

and

(27|u) W%, (p.q) = V2a®,_, ,(p.q) — V2b + 20, (p.q). (2.2.35)

a

The desired formulae follow from combining these expressions so that the left-hand side

becomes one of the operators in question. O

The next tool we will develop will be the connection between special Hermite func-
tions and Laguerre functions. First, we show that special Hermite functions with match-
ing indices are Laguerre functions. The calculations may be found in [58], however, we
are required to renormalise them for use with our Hermite functions. It suffices to con-

sider only the 1-dimensional case.

Lemma 2.20. Let k € Ny and p,q € R. Then

Al (PP +4?)

D (p.q) = Li(zlul(p> +¢*))e” = . (2.2.36)

Proof. We start with Mehler’s formula [58] given, for |[w| < 1, by

1 14+w?

Z h’:(X)hl]:(y)Wk _ (27(|M‘)1/2ﬂ.71/2<1 o W2)71/26_27T|l‘|§m(x2+y2)+2”|ﬂ|137v;2x)’. (2237)
kENo
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If wesetx =z + %p andy =z — %p this becomes

(e + S p) (e — Sp)wt = ()2 (1 — )R b
kENO

We then take the inverse Fourier transform of this equation. The left-hand side becomes

Z f 2mzq\u|hll Z‘|‘ 2p)hlvl< p)wde = Z @’Z,k(p, ‘I)Wk.

kENo R kENo

The right-hand side becomes

J 2mzq|;1\(27T|’u‘)1/2ﬂ,—1/2(1 . W2>—1/26—2n|y|}+3 ’1 +27|u| }#t 2

R

_ (27T|,Ll|)1/271'_1/2(1 - W2)—1/26—27r|/1\ :f&é Je2ni2q|#62nﬂ|:+xzzdz. (2.2.38)

R
We recall that
erHiX}fe—axzdx _ \/Eenzyz/a
a
R
and so (2.2.38) becomes
_ _ 71'(1 + W) —2x] ‘H—wp Pluf? e
(27T|/J|)1/27T 1/2(1 —Wz) e A T M=% 7 K™ T 2
27l (1~ w)
= (1= w) e P (] ) o ) P

From equation (1.1.45) in [58] This may be expressed in terms of Laguerre functions as

xlu (P2 +4%)
3 Lialul (P + #)wre T
kENO
Comparing coeflicients, we see that
_alul (P +?)
@, (p.q) = Li(zlu|(p* + ¢*))e™ =
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We can now combine these two Lemmas to obtain a general formula expressing spe-
cial Hermite functions as a product of Laguerre functions. We will explicitly deal with
the 1-dimensional case. As usual, we can take the product of these to obtain expressions

for higher dimensional cases.

Lemma 2.21. Let z = x + iy € C and let a,h € Ny. The following formulae hold:

_ lfle® al 2 h
O pulen) = () (b)) L) 2239

and

al
(a+h)!

P 1/2
() = e T ( ) (= () 22)" Ll 2. (2.2.40)

Proof. Note that it suffices to prove only (2.2.39) as

DY) =D (X ).

a,a+h a+h,a

We proceed by induction on 4. The case & = 0 is proven in Lemma 2.20. Assume

(2.2.39) holds for arbitrary a and some 4 — 1 and define

() ()

=|l==) =+t|—5)] =
wlul) oz 2

In this case, by (2.2.28) we have

—1

D a6 y) = \/Tﬁzq)g+h,a+l(x’y)'

Then, using (2.2.39) with indices a,h — 1, £L¢(x) = —L{*|(x), ¢:|z> = z and noting
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that dzz = 0, we calculate

o= () "5 ()" (650)”

() 22)"™" 1 el o) 4

- () o™ () e
() g () st e
(o) g (2) e

T (EZTL;BI)W ((elua))V22)" V2L (|2 ) e 45

Combining this and (2.2.28) we have
@ 1 F
wrnaXY) = W athar1 (%)

o2 al /2 12 \" rn 2
e () () L)

as required. O

Before we prove the next theorem, we will make an observation regarding the choice
of coordinates in Lemma 2.18. While it is necessary to use our u-dependent coordi-
nate system in general, if f is a radial function (so there exists a function F such that
f(z,u) = F(|z|,u) then we may in fact use standard coordinates. Define M(u) as the

R-linear operator on C™ such that
M(u)z = z(u), forzeC™.

Recall that M (u) is multiplication of the canonical coordinates z by an orthogonal ma-
trix. In particular, this matrix (which we again denote by M(u)) is invertible and has
determinant either 1 or —1. Furthermore, the Jacobian matrix of M(u) is the matrix

M(u). Also, for standard coordinates z = x + iy set (f)’;ﬁ(z) = @, 4(x,y). Then, by the
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standard change of coordinates formula we have

J €27 £ (2, ) (29 (1), 2 (1) )l2") (1) 2 (1)
G

eZm’qu( |Z| , u)(i)iﬁ(M(lu)Z)dZ("e) (Iu)dz(lm) (Iu)du
E (M ()2l u) P, (2) | det(M ()| dzdu

M f(z,u) D, ,(z)dzdu.

[
Qe Qe Qe

Hence, for any calculations with the assumption that f is a radial function, we can
assume we are working in the standard coordinates of z, which from now on we will

always denote by z = x + iy. This gives us the following result.

Lemma 2.22. For radial functions f we have

f & f (2, )@ (20 (), 2 () ) dzdu

G

_ j &2 f (2, u) W (v, y)dzdu = j 7 f (2, u) B (2)dzdn,

G G

where z = x + iy are the standard coordinates of z.

With this, we can now show that radial functions have diagonal matrix components.

Theorem 2.23. Let f be radial. Then

Flua.p) = bupf (.. ).

Proof. For z € C" let zjp = (z1,...,€%2j,...,2,). Since f is radial, then f(z,u) =
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f(z;p, u) for any 6 € R. Then from Lemma 2.18 and Lemma 2.22 we have

~

flu,a,B) = {’ e f (2, u)d)’;ﬂ (z)dzdu
G
= (‘ &M (756, u)&)’;ﬂ(z)dzdu
G
= ( e f (2, u)®, (2 o) dzdu

J
G

By (2.2.39) and (2.2.40) we have that

(I)Zﬁ(zj,—e) — e—i"(w/—ﬁi)(f)iﬁ(z)

and hence

Flua,) = e ) f(u, a, B).

~

Clearly if a; # B; it follows that f(u, @,8) = 0. As j was chosen arbitrarily, it follows

that £ (1, @, B) is zero for a # B. O

The next step is to prove that the matrix components of radial functions depend only

on the magnitude of the index.

Lemma 2.24. Recall the vector fields Z_j, Z defined in Lemma 2.19 by

7 (2)" 2 ()", 7o (2)" 2 ()",
! dm 0z, 2 r v Z; 2 a

Given indices j and k, then, if f is a radial function, we find that

Zif = ZZ;f.
Proof. First, write f(z,u) = F(|z|,u). Then, for any j we have that

0 Zj
—F(|z,u) = =LF

z|,u). (2.2.41)
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Clearly the purely-differential operators commute with each other, as do the pure mul-
tiplier operators. Furthermore, multipliers and differential operators commute if they

have different indices. Since there is nothing to prove otherwise, let j # k. Then,

e 2 1/2 a ﬂ'|/l| 1/2 2 1/2 8 7T|/l| 1/2
% "f‘<(m> =+ (%) = (m> (%) a)s

(222, m ;
_<ﬂ\u\) 52]6’z_kf 2Z]Zkf+z] f zka_f

Using (2.2.41) we note that
ir—) = =57 =%k ——J-
i " e

The same result applies with j and k interchanged. Thus,

Z; 200 7| P
Zh = <|.U|> 0z 0% 2 Z/Zkfﬂja_f Zka_f

2 d 0 0
= (—) —=/- Mzkz,f + Z 3_f - Zj_—f
aZk

wtlu| ) 0z 07 2 0z;

= Z.7;f.

We now have the tools we need to show the first of the main results of this section.
Theorem 2.25. If f is radial, then f(,u,a,ﬁ) = 5aﬁfA(,u, la|ey, |a|er).

Proof. Since f is radial, its matrix components are diagonal by Theorem 2.23. Using

integration by parts twice and Lemma 2.19 we have that

[Zijf]A([.l, a—eja + ek) = JeZMﬂquZ f(Z, ) a—e;j (y+ek( )dZdI/t
G

= J‘eZHiﬂuf(Z, )ZkZ (Doz e a-‘rek( )dZdI/t
G

=24/l + 1) f (i)
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and similarly

ZZef) (1B — e B+ €;) = 24 /BB, + 1) (. B.B).

Now, fix j # k and take «, 8 such that & + e, = 8 + e;. By Lemma 2.24 and the choice
of a, 8 the left-hand sides are equal. By our choice of «, the coefficients of the right-
hand sides are equal. Hence, we must have that f (u, @, @) = f (u,3,B)- Since j, k were

arbitrary, we can use this to pass between any two multi-indices with the same size and,

upon doing so, the matrix components do not change value. O

Now, our use of the notation f (u, k) makes sense for radial functions. Our final
goal for this section will be to show that, in such a case we may write these matrix

components in terms of Laguerre functions.

Theorem 2.26. For f € . (G) radial we have

N k+m—1\""[ .. o2
flu, k) = < IZ ) Jez’”““f(z, u) L' (x|ul|2)*)e” “FE dzdu. (2.2.42)
G

Proof. Fix k € Ny and let @ = (k,0,...,0) € Ni'. We start with Lemma 2.18,

A~

fu,k) = J & f (z,u) D, (z)dzdu
G

Now, from page 30 of [58] we have

22

D B (2) = Ly (e (2.2.43)
This may be proved by induction on m using Lemma 2.20 and the well-known formula

k
L (x+y) = > LA(x)LE_ ().
=0

~

Since f is radial, then any matrix components f(u,[,8) with || = k are equal to
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f (i, @, @) by Theorem 2.25. Thus we obtain

fiut = (7 S Fup

|Bl=k

k+m—1\""
=( i ) JZ’”W (o) Y & (<) dzdu
G

1B1=k

which, using (2.2.43), becomes

k+m—1 B i m— —
() etz e
G

This now gives us an alternative Plancherel theorem and inversion formula for radial

functions, which may also be found in [48]. Specifically, if f € L*(G) is radial, then

i =conm [ X ("*’”‘l)\f( WPlde 24

k
rei(0) 10

and if f € .(G) is radial then

(2.2.45)

f(eu) = Clm,n) f Sl KoL (el )

R”\{O} keNy

2.3 Leibniz Rules and Difference-Differential Operators

In this section, we will develop some of the analysis that occurs on the (Fourier-) dual
spaces of H-type groups. We will calculate formulae for the difference-differential oper-
ators that arise on the dual spaces that correspond to multiplying by some of the weights
in (2.2.18) on the group side. Similarly to the Leibniz rule that arises from ordinary dif-
ferentiation on a product of functions on R, these difference-differential operators will
have formulae explaining how they act upon a product of functions on the dual space,

which corresponds to a convolution of functions on the group G multiplied by a weight.
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It is on the group side that these ’Leibniz’ rules will be understood.

The work in the section will extend Leibniz rule formulae given in [24] from Heisen-
berg groups H,, to H-type groups (compare also [17], [23], [44], [49]). The notion of
such formulae on stratified groups has been widely studied, for instance in Proposition
5.2.10 of [19], although we need more specific formulae for our application to H-type
groups than are found in this much more general treatment of Leibniz rules.

We begin this section by calculating the effects of the operators J;, ; and d— (recall

(2.2.17) and (2.2.18)) upon matrix components of the Fourier transform of a function.

Theorem 2.27. For f € .7 (G) we have

(27T|:u|)1/za§#,_,'f(:u’ Q,ﬁ) = (ZCZJ‘ + 2)1/2f<ﬂ,a’ + ej’ﬁ) - Zﬂjl/zf(ﬂ’a”ﬂ - ej) (231)

and

(2nlul) 20z—f (. @ B) = 20" flu,a — €. B) — (28, +2) 2 f( . B+ ¢)). (2.32)
Proof. Fix u € R"\{0} and f € .(G). Then by adding and subtracting x; we have

(2rlul) (2 () + 2 (u) )20 I G306 G it (70) (1) - ) (x)
(27r|lu|)1/2 2t ] (20 () x+ 20 ()2 (i"’)(ﬂ)))(zj<#) + xj)h;é(z(re) (ﬂ) 4 X)hZ(x)

— (2| ) /2Pl Gt = GO G0 et (200) (1) + )l ()

+ (27,|'u|)1/2l-zj(#)eZﬂi(ourlul(z“’") (u)x+%z(”>(u)z("’")(/J)))hg(z(re) (1) + x)H5(x).
Now, by the chain rule,

(2]a]) 237 ()P bl G320 GO GO0 it (200 (1) - )l ()
— (2nluf) 120, (A O 6D (20 ) 4 x)i ()
— (2nefu]) P A G 320 G 00 it (20) (1) 4 ) ()

() G R N () () 1 )6, )
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Hence, we have

(27T|'u|)1/2( () + l-zj(ﬂ))e2ni(uu+lul(z<””)(u)x+%z<’e>(ﬂ)z“’")(ﬂ)))hg(z(re) (1) + x)hg,(x) (2.3.3)

— it | (21 () x4 3207 ()™ ()

(@) 22500 + ) — () ™20,,) (2 () + 20 )

i [l ) () b2 (1)) ()

Ry (@7 () + x) ((27lul) Pz (m) + (2rlul)=20,) Hy(x)

+ (2nlu))” 1/25 ( 2ri(pu+ || (2 “””(u)x+%z(’f)(u)z“’")(u)))hg(z(re) (u) + x)h;(x)) )
Now, we note that

Jax, <ezm(yu+\u|(z(""’>(u)x+%z<"’)(u)z("’")(u)))h/;(z(m) (u) + x)hg(x)) dx

it 3l ()2 ) J iez’”‘“'Zf'( )x/h” (2j(1) + xj)Hg (x))dx;
dxj Bij
R
Hf 2mi || 2 (1 th/l (Zk( )+xk)h (xk)dxk 0.

k#j R

Hence, taking the integral of (2.3.3) and using (2.2.30) and (2.2.31), we can conclude

that

(2rlul)' 20y, f (1 . B) = (2a;+2) P f(u,a + e, ) — 2B, F (1, @. B — e;).
The proof for (2.3.2) follows analogously by considering

(27la]) V2 (2 () — ()2 CE 0x 3E G0t (20) (1) 4 )l ().

By combining these operators and summing over j we thus obtain a formula for the

57



difference-differential operator 0, (recall (2.2.18)) for radial functions, specifically

O f k) = == [(2k + m)f(u. k) — kf(u.k — 1) = (k+ m) f(.k + 1)) (2.3.4)

mlul

We can also combine the J;, ; operators so that the u in 0, ; does not have to match the

pin f(u,a.p).

Lemma 2.28. Let u;, u € R"\{0}. Then there exist constants C; jx(u, 1) (i = 1,2) such

that

a{pl,_/f(#’ Cl,ﬁ) = Z Cl,j,k(/lnul)a{},,kf(ﬂ’a’ﬁ) + CZ,j,kamf(#’ Q,ﬁ) (235)

k=1

where |C; (i, t11)| is bounded uniformly in i, j, k, pt, ;. An analogous formula holds for
Og—f (. @.B).

[N

Proof. Recall the definition of m,(u, 1) given by (2.2.6). By linearity of the Fourier

transform we have

a{wf(:u’a’ 18) f(,u,oz B)
2

O f (s, B) = O f (1, . B)
2i
O f (. B) + O f (11, . B)
2

af,u,kf(/'l’ a/’ﬁ) - %f(ﬂ’ (1’,,8)
2i '

O i flu, @, B) = ijk,uﬂl

= Z Mg (Hs 111
k=1

+ izmj+m,k(ll,ﬂ1)
k=1

+1i Z mj+m,k+m(,ua ﬂl)
k=1

Now, recall from Lemma 2.13 that M (u, u11) is an orthogonal matrix. In particular, since
M (g, gy )M (u, p1)" = Id then each entry mj;(u, 1) must have absolute value at most

1. O

We can also derive a formula for the operator ¢, (recall (2.2.18)) acting on radial

functions.
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Theorem 2.29. For f € .¥(G) radial we have

~ Jd = i

Anidy, f (u, k) = zaf(/l’k)ﬂLw[mf(ﬂ’k)+kf(/1’k—l)—(ker)f(#’kJrl)]- (2.3.6)

Proof. We differentiate (2.2.42) with respect to ;. Now, from the product rule and the

identity £ L¢(x) = —L{"|(x) we find that

Rl

1 "
> Jez”i"”f(z,u)Lf_l(ﬂ|,u||z|2)e_ "= dzdu

0

Hj

k+m-—1
k

|[212

(k+m—1\"" iy m—1 2y — K
= 2nmi uie”™ " f(z,u) L' (r|p||z|")e” 2 dzdu
G

k

Hi k+m—1 - iy m _ 7lulfef?
_ﬂﬁ< k ) f’zyzezﬂf(z’”)Lk—l(ﬂﬂHZ\z)e > dzdu
G
7y (ktm =1\ i rlul 22
S () ez e
G

Note we may freely pass the derivative through the integral as neither z nor u depends

on u. We multiply the middle line by |u|/|u| to obtain

][z

—1
) [ e et e ded
G

k+m—1
k

k+m—1\"" . s
= 27ri( o ) Jujez’”“”f(z, u) L (|| |2)*)e™ Y dadu
G

Hi k+m—1 - o m _ alullz?
ﬁ( k ) Jez W f (2 w) (el |2 LR (el |2 P)e ™= dzdu
G
mu; (k+m—1\" " . o
B Eﬁ( k > J'ZW “f(zou) Ly (xlul2*)e ™= dadu.
G

Now, for Laguerre functions we have the identity

XLy (x) = (k+m— L7 (x) = kL (x).
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Using matrix component notation and noting that

k+m—1\" k+m—2\"
k —1 =k
wem=n () ()
we have that

~

Ol ) = 203, o) ki 5 ) = ki k= 1) = 30000 7w B

Using (2.3.4) this expands to

2m%#ha)+ﬁ—pﬂ k) — krpfmkf—U—

mu;o 1 y
Emﬂ|ﬂ|[(2k+m)f( k) = kf (k= 1) = (k+m) fu b+ 1)]
— 2nidy, f(u. )+ka( o) - ka( pok—1)—

Hj

e M ek =k Gtk = 1) = (k4 m)F (ke + 1))

After multiplying by 2, this simplifies to

4y, f (. )+2k| 2f( k) — 2k| |2f( ok —1)—

Hj
pl?

= Aridy, F ) — 5 ImR) + KTk = 1) = (6 m) k4 1)

[(2k + m) f(u k) — kf ok — 1) — (k+m) fu,k + 1)]

Hence,

Aidy, f ) = 203, Fpok) + (I f k) + ko k= 1) = (k- m) sk 1)

as required. O

We remark that we could have also calculated (2.3.4) using this method of using

(2.2.42). Indeed, doing so leads to the same formula.

60



We can also compound these formulae. Indeed, calculating the squares of these

operators, 0,+ and 6¢z_ will be useful.

Lemma 2.30. For radial functions f € ./ (G) we have

0 Flu k) = m [((Zk m) 4 (k4 m)(2k + 1) — ) Fl k) 2.3.7)

—2k(2k +m— 1) f(uk— 1) = 2(k + m)(2k + m + 1) f(u, k + 1)

+k(k— 1D f(k—2) + (k+m)(k+ 1 —i—m)f(,u,k—i—Z)].
and

16702 = 402 (. k) + 4|Z—|f2[mawf (1. k) + k6 Fk — 1)

— (k- m)3, Flun K+ 1)]

+2 1% [mf (k) + kf (e — 1) = (ke + m) ke + 1)]
|l ’ ’ ’

2

+ %[(mz (ke m) 2k 4 1)+ ) F k) + 2k — 1)

—2m(k+m)f(u,k+1)+k(k—1)f(u, k—2)

+ (ke +m)(k+m+ 1)f(y,k+2)]. (2.3.8)
which combine to give
Oa f (. k) (2.3.9)
- wi,)z {(418 +m(4k —n +3))f (k)
— k(2k +2m +n—3) f(u k — 1) — (k + m)(2k — n + 3) f(u. k + 1)}
= S F) = s 9, (k) 7k = 1) = )k + 1)

Proof. Since |(z,u)|% = |z[* + 16 |u;|%, then by linearity, we may calculate the op-

erators dp¢ and 0,2 and sum them to prove (2.3.9). Note also that these are simply the
J
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operators (9;2 and (93,],. So, from (2.3.4), by applying d, to 0,2 fA (1, k) we have

N 1 N N N
Ot f (1, k) = m[(% +m)0pf(u,k) — kopfu.k — 1) — (k + m)0p f(u k + 1)].

From (2.3.4) this expands to

(7r|;11|)2 l@k + m)[(2k + m) f(u, k) — kf (uk — 1) — (k +m) f(u, k + 1)]

— K[(2k+m = 2) f(uk— 1) = (k= 1) f(u.k —2) = (k +m — 1) f(1, k)]

A~ A~

—(k+m)[(2k+m+2)f(u,k+ 1) — (k+ 1)f(u, k)

A~

—(k+m+1)f(u.k+2)]].

Collecting terms together gives (2.3.7).

Similarly, for 160,, by (2.3.6) we have

~ n P M a2
—167°0,2 (. k) = 20, (4midy, f (1, k) + ﬁ [manidy, f(u, k)

+ ki, f (i, k — 1) — (k + m)4nidy, f (i, k + 1)].

We now calculate each of these terms separately. By (2.3.6) the first term expands to

2[282 F(u. k) + ‘Z—fz[ma,,j Flt k) + ko, Fluk — 1) = (k + m)o, .k + 1)]
1 25\, . ~ R
T PTG [mf (k) + kf (e bk — 1) — (k +m)f(u k + 1)]].

The second term expands to

2
25 F k) + mﬂﬁ[m Floes ) + Kotk = 1) = (e m) s K+ 1]
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The third term expands to

| |2 y,f(,U, )

+ k= [mf (k= 1) + (k= 1) f(uk =2) = (k=1 +m)f(u,k)].

2
]
|a[*

Finally, the last term expands to

—2(k + m)’fj—fzaﬂj]?(ﬂ,k +1)
~ (k+m) V’“j, e 1) + (k1) fla k) — (k= 1+ m) flg, ke +2)].

Summing these together yields (2.3.8).
Summing (2.3.8) over j (noting that we must divide all the terms corresponding to

0y, by 7* and that 3} u% = |u|?) and subtracting this from (2.3.7) gives (2.3.9). m

We now proceed to calculate Leibniz rules for our weights. A simple calculation

demonstrates the following result.

Lemma 2.31. For functions f,g € L'(G) we have

P (F+8) = (0°f) x g+ f+(0°8) + D (Guif) * Guj@) + X (Guif) * (4ujg). (2.3.10)
Jj=1 j=1

The rule for ¢, requires more work and we shall spend the remainder of this section

developing it. We use the notation (X); to denote the /™ component of the vector X.

Lemma 2.32. Let f, g € L'(G) and define cl(f)kj = ([Ex(n), Ej(1)])1/4i, where {E(u)}
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is the basis described in (2.2.1). Then

wi(f+g) = Wuif)xg + f=(Wg) (2.3.11)
R . (1 [
I+ s ie i (Gur) * (48
k=1 j=1
[ . (1
+ (_C/(ljc,j+m + C/(1 )k+m] + lc;(;}{ ZC;(1 k+m ]+m)(§# kf) (é/}l,jg)

[ [ . (1 l
(= ich = icl V@) * (Guig)

[ . (1 . (1 - ~
+ (_c;(zjc,j—i—m o C/(1 )k+m] + lel}c,j + lc£,3<+;n,j+m)<§ﬂ,kf) * (gu,,ig)‘

Proof. Recall that

@) = (@4 vt v+ 310))

and hence

e = 0l (500) ™) + i) + 53 @312

The first two terms on the right hand side are in a suitable form that we can apply this to
a convolution of functions, however, the term coming from the Lie bracket associated to
the group G is not. By bilinearity of the Lie bracket we may expand this term as (recall

(2.2.2) and (2.2.3))

3 2 G G E )] + o2 G0 G LB ), )

b 2 (3 () B (1), E(1)] — iz,(f’") Y™ () [Excom (1), Ejom(p)].

Since G is an H-type group, each of these Lie brackets will be equal to either a multiple

of some basis vector U; of the second layer or to zero if the E;s commute, but a priori

we have no way of knowing exactly what each Lie bracket evaluates to. Hence, our
U]

terms will contain the ‘structure constants’ ¢ ik This is also still not in a suitable

form to apply to convolutions. Indeed, we must rewrite this in terms of products of

P2 (2 0) (3 9) ™) G (2 10) (v, v) ™) and & (v, v), thatis, [2(pe) =y () % 257 (1) =7 ()
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and yi.c) (u) and their conjugates. The first term may be expanded out as

27 1y (1) = (&7 () + 27 W) 617 () + ¥ ()
(

= (7 () =77 ) + & () = 3 )y ()

+ (&7 (1) =y W)y () + 27 () — 37 () ()

C C C C C C
Wy (1) + 17 )y () + 37 )y () + 37 (w)y'

(w)y;” ().

The other terms may be expanded similarly. Combining these terms and rearranging,

we obtain the following rule for i

Uif = g) = Wuif)=g + f = (¥g) (2.3.13)
- Z Z ukj+m /lk+mj + lC() + lc/(l 36+m j+m)(§ll’kf) * (gﬂjg)
k=1 j=1
l I N
+ <_Cfl,)k,j+m + C/(l 3€+mj + lc() lcfl 3{+m J+m) (g,u,kf> * (gld,]g)

[ l (1 . (1 -
+ <C;(4,)k,j+m - c}(l,3€+m,j + lc;(z,)k,j - lc;(l,)l<+m,j+m)(§ll,kf) * (gp,jg)

1 1 l l -
+ (_C;(t,)k,j+m o C;(l 3c+mj + lC( 3{} + lc;(t 3<+m j+m) (Z:/v‘ka) * (é{ﬂng)

0 (0 : (D) 0
+ <C,u,k,j+m + c/,t k+m,j +ic /ka + lCﬂ k+m, j+m)f * (é’p,ké{u,jg)
l 1 l -
+ (_C;(z,)k,j+m + c/(l;HmJ + zc() lCl(lier iem)f * (Gurdij8)

0 0 0 (D) -
+ (C,u,k,j+m o C/.l k+m,j + lcy kj lcu,ker,jer)f * (éuﬂ’kév/‘ajg)

0 0 (1 )
- C}l k+m,j

+ (—c

1k, j+m

+ic,, ;+ lcfl 3{+m J+m)f s ({ukdin, 8)-

We remark that there are some symmetries in the last four lines. By using the antisym-
metry of the structure constants in j and k and the commutativity of £, and ¢, ; when
they are both on the same side of the convolution operator (that is, f * (k. ;8) =

f# ({u¢uxg)), we may eliminate these lines as follows.
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First, suppose that k # j. Then

O] O] - (D) - (1)
<C/t,k,j+m + Cy,k-i—m,j + lc,u,k,j + lcﬂ,k-i—m,j-i—m)f * <{ﬂak§#’jg)

! i O
+ (Ci',l)c-&-m + C‘E'-i)-m,k + lC,s-,Z + ’C‘Ea)um,ker)f * ({ukdu.i8)

_ (D 0 U] 0 - ()
- (Cy,k,j-‘rm + Cj-&-m,k + Cy,k-i—m,j + Cj,k-i—m + lcﬂ,k,j—’_

. . .
lcil)f + lcl(t,)k-i-m,j-i-m + lcﬁ'-&)-m,k-&-m)f * (gu,k{y,jg) = 0.
On the other hand, if k = j, then we have

) 0 W0
(Cotsrm T Conrma T €000 100 iem) S * (Gurduig) = 0.

Hence, the sum over k and j of the fifth line in (2.3.13) is zero. A similar analysis shows
that the last line in (2.3.13) also sums to zero. We can also similarly eliminate lines six

and seven, however we must consider them together. In particular, first let kK # j. Then

0 (0 ORI —
(_C,u,k,jer + Cy,ker,j + lc,u,k,j - lc,u,ker,jer)f * (é{ﬂ’kgﬂng)

[ ) . (1 . (1 -
+ (Cg',lzﬂn - Ci’im,k + ’Cg',/z - lci’lm,k+m)f * (gu,jgu,kg)
O] O] O] O]
= (_Cy,k,j+m - Cj+m,k + Cy,ker,j + Cj,k+m+
. (1 . (1 . (1 . (1 -
’Ci,)ic, it ’CE;JE - lC;(t,)ker,jer - lcﬁlm,k+m)f * ({ukdui8) = 0.

Furthermore, if k = j then we have

1 [ - [ [ -
(=i + i) * (G0l + (o = i) * (Guilurg) = 0.

These cancellations give the desired formula. O

We should remark that the left-hand sides of (2.3.10) and (2.3.11) are independent
of u. It therefore follows that these formulae hold regardless of the choice of u.
In general, no further cancellation in (2.3.11) (beyond the k = j terms again being

zero) is possible, as the non-commutative nature of convolution on H-type groups means
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that terms corresponding to swapping j and k around do not cancel out. We can, how-
ever, essentially ignore the structure constants, provided we are dealing with positive

things. For brevity, we employ some new notation. Define

évu,p,O = gu,p and évy,p,l = E (2.3.14)

Corollary 2.33. Let f,g € L'(G). Then

Wi f = 8)—Wnf) =g — [+ (gl < Z 2 Z [(Gupaf) * (Gugpg)l  (2.3.15)

p=1q=1aBc{0,1}
where the implicit constant here does not depend on p.

Proof. First, recall the change-of-coordinates matrix M (u;, 1) defined by (2.2.6) for any
i, 1 € R"\{0}. Then, by Lemma 2.13, the matrix representing the change of basis from

X;(u1) to X;(u) is given again by M(uy, ). So, for each j = 1,...,2m we have

2m

Ej(u) = D muj(rs o) Exp)- (2.3.16)

k=1

Then, by bilinearity of the Lie bracket we have that

[Ej(u), Ex(p)] = 2 my (1, 1) Ep (1), Z my g (ps 1) Eq (k1)

2m 2m

- Z Z my, (s ) mg i (s ) [Ep (1), Eq ()]

p=1g=1

Recall further that the matrix entries m,,(u;,u) are bounded in absolute value by 1,
uniformly in a, b, u;, u. We now choose (arbitrarily) to set 4y = (1,...,1). Then, for

any p € R"\{0} and for any 1 < j,k < 2m we have
2m 2m
l !
DI el (23.17)

p=1g=1

Observe that this bound is uniform in y, j, k, indeed depending only on yu; which we
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have fixed to depend only on G. Consequently, by the triangle inequality, we obtain the

‘Leibniz inequality’ (2.3.13) as required. O

Corollary 2.34. Let f,g € L'(G). Then

Wi (F = O <l(Wif) = gl + [Waf) = Wag)| + | = (i) (23.18)
NP ( Gusathif) * Gueg)| + Gusaf) * Gusptng)|

Be{0.1
* Z Z Z | (Guprusal) = (fu,q,efp,z,ﬁg)|>.

p=1q=1vy,e{0,1}

Proof. The result follows by applying (2.3.11) twice, recalling that multiplication oper-

ators here commute, and using (2.3.17) to uniformly bound the constants. O
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CHAPTER 3

PROOF OF THEOREM 1.3

In this chapter, we prove Theorem 1.3. This theorem is valid in a smaller range of
p than Theorem 1.1, but where it is valid, it proves something stronger than almost-
everywhere convergence, instead proving full L” boundedness of the maximal Bochner—
Riesz operator.

Recall (1.0.6) and (1.0.8). Let K be the convolution kernel of ms(L). Note that, by

Lemma 2.10,

ms(rL) f = f # (Ks),. (3.0.1)

Note that for each ¢ € D, the operator M; is bounded on L” by Lemma 2.5 and Lemma

2.11, so it suffices to consider only the terms with § <

FNT

Lemma 3.1. Let G be a stratified Lie group with sub-Laplacian L and let (L) be the
constant described in Lemma 2.7. Let Ks be the convolution kernel of ms(L). For every

b>@,6< and r > 0 we have

L
2

b+1/2

[kt < b ey < 67 (.02
G

and

lms(rL) £l < 672 fo- (3.0.3)

where the implicit constant in ‘<’ may depend on b but does not depend on r or 6.
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Proof. It suffices to assume r = 1. Indeed,

| st Jax = 22 [ 1Kl

_ on,0n f Ky ()| dx

J ]K5(x)|;x.

The first inequality in (3.0.2) then follows from Lemma 2.7. The second inequality

comes from estimating this Sobolev norm. In particular, let j := b + % € Ny. Then from

the Euclidean Fourier transform we have

J

J
HdeiZH/z(R) = J‘(l + !x|)fﬁ,\6(x)‘2dx < fz ]x ms(x ] dx ~ JZ ‘m(;(k)(x)‘z dx.
R R k=0

k=0

From the support and boundedness conditions on derivatives of ms we have

f dx<j(ga )dx_ (B < it

Since 6 < % then 6! — 1 > 1 and so the above estimate is bounded by §~2°. Taking

square roots gives the required estimate for b + l e Ny and interpolation gives the

u n(L)—1 )

estimate for any b > That is, for non-integer b > L write b + l=a+1 5+0

fora—i—%eN,O<0< 1. Then

”m(SHLZ S 6761(179)67(614*1)9 — 67((14’9) — 6ib.

1-6 0
b2 (R) S < Jms| Liip® Hm&HLZH/Z (R)
We then obtain (3.0.3) from Young’s inequality for convolutions and (3.0.2). O

An immediate consequence of Lemma 3.1 is the result

Mo poe < 677 (3.0.4)
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for b > %

We now proceed to consider boundedness on L2. First, we will need the following
pointwise almost-everywhere equality for the global and local maximal operators of a

function, M} f(x) and M; f(x), resulting from the Fundamental Theorem of Calculus.

Lemma 3.2. We have, almost-everywhere in G,

M2 F () < 267 j motL) () 1) ()| (3.0.5)
0
and
\ dt
M2 F(x) < 267! f|m5(tL)f(X)l|ﬁia(tL)f( . (3.0.6)
0
where
ms(¢) := 6{my({), &> 0. (3.0.7)

Proof. Consider (mgs(rL)f(x))? as a function of r > 0. Then, from the functional cal-
culus of L, we have

D my(rr) 7 = 4

dr

0
0

ms(rd) f

0¢]

Jm(; (rA) f(x)dE()

I
[\
%I&

I
(S}

S——8 °——3

ms(rd) f(x)dE(A) | Amy(rd) f(x)dE(Q)

=26 "'ms(rL) f(x)ins(rL) f(x).

Hence, by the Fundamental Theorem of Calculus we have, almost-everywhere in G and
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for r > 0,

ms(rL) f(x)* = ms(rL) f(x)* — ms(OL) f (x)*

=257 [m(eLys0m (L) (0T

Note that ms(OL)f = O from the functional calculus of L, since m;(0) = 0. Hence,
taking absolute values, taking these inside the integral and taking the supremum, we

obtain the required results. O

We now use the preceding lemma to bound the L? — L? operator norms of the local

and global maximal operators M; and M;.

Lemma 3.3. We have

IM; | 2w S IM5 e S 1

Proof. The first inequality is obvious. Let X, L be, respectively, the space and operator

in Proposition A.2. Then from Proposition A.2, we have

f|m5(tL i di ff|m5 (tiL)f |2dxd7t
0 Ll 0
r d
H|m5 (L)) )
0
< 6|11, (3.0.8)

where the last inequality follows from the conditions on my. In particular, from the

support condition, recalling that Lisa multiplier operator and then the L* bound on m;,

we have
© 4 1/L(&) J 1 p J
4 t N N
[mezors < [ mE@Ps = [ PS5
0 (1-0)/(2) 1-5 1-5
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Since § < 5 then in the above integral <L <250
S

1
2

Note that this also holds with m; replaced by #is.

Now, integrating (3.0.5) from Lemma 3.2 over G yields

air <67 | [ sty 7|

G 0

Now, by applying the Cauchy-Schwarz inequality to the double integral followed by
(3.0.8), we see that

571 | [ imter) ) ms(e2) (0]

- 12 o 1/2
- dt y dt
<ot [P || mensps) <102
0 L 1o L

Hence,

IM5f13 < II£15.

Finally, we present the proof of Theorem 1.3.

Proof of Theorem 1.3. By complex interpolation of the results (3.0.4) and Lemma 3.3,
we get

||M§HLP—>L1> < 6(2/17—1)})

for p, b satisfying

n(L) —1
b L7
-T2

and p > 2.
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In particular, note from [6] that the Riesz—Thorin interpolation theorem extends to sub-

linear operators such as M. Set 0 = %. Then 0 < 6 < 1 and for

we get

| M| s —spre < 6700,

But from the definition of 8 we have

[\SNESHINY
<=

so that p, = p. Hence,
IME | orr S 50 — 5-b(1=2/p) _ 52/p=1)b

Now, for each 6 € D the operator M; is bounded on L? by Lemmas 2.5 and 2.11, so in

the following sum it suffices to consider only the terms with 6 < 7, as there are only

1
4 9
finitely many terms with 6 > JT-

By the triangle inequality, we have

IT5f1, = |sup

r>0

Z 5'ms(rL) f

oeD

p

< 2,8 IM; £,

oeD
SOICK Vi

oeD

Thus, we see that T is bounded on L? provided

2
/l—l—<——1>b>0.
p
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Since b > (n(L) — 1)/2 then

/1+(%—1)b>ﬂ—(%—%)(n@)—l)>0

where the second inequality is satisfied by assumption, concluding the proof. O

There are other ways in which this result may be proved. For instance, in [45], by
replacing Lemma 1.2 with Lemma 3.1 and suitably modifying Lemma 2.2, Theorem
2.6(i1) and Corollary 2.8(ii) one may prove L” boundedness of the maximal Bochner—
Riesz operator in the same range we have done.

We should note that in the range A > ((L) — 1)(3 — %) we have proved L? bound-
edness of the maximal Bochner—Riesz operator 72. In the larger range in which we
will prove almost-everywhere convergence, we will only be able to prove a weaker, but
still sufficient, statement, namely boundedness from L to LIZOC of the local maximal

Bochner—Riesz operator T7.
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CHAPTER 4

ALMOST-EVERYWHERE CONVERGENCE
VIA WEIGHTED ESTIMATES

In this chapter, we motivate the study of weighted L? estimates of the maximal operators
M;. We begin with the proof of the ‘standard” 3-epsilon argument used to reduce the

problem of almost-everywhere convergence to proving finiteness of ||y 72

LP—I2.

Lemma 4.1. Let G be a stratified group, let A > 0 and let p > 1. If
HXKT:lHLPHLZ < @
for all compact sets K < G, then for all f € L? we have
T f(x) — f(x) almost-everywhere as r — 0.

Proof. Let f € L?(G) be arbitrary. We may find a sequence (f;,),eny © C°(G) such that

|fu — fll, = 0. Also, by Proposition A.2, we have

72— 53 = [ 10~ EAFAQ) ~ RO Pdu(2)

Since (1 — rL(¢ Nt /;(g“ ) — fAn({ ) — 0as r — 0, then by Dominated convergence, for
each fixed n we have,

HTfﬁ,—f,,Hz—»O asr — 0.
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Now, we have that

T3f = AI<TYf = Tl + T = ful + 1 = £1.

The last term is trivial. By assumption, f, — f in L”, so there is a subsequence of (f;)
for which we have convergence point-wise almost-everywhere. We now assume we are
working on this subsequence.

To deal with the first term, first we fix K < G compact. We note that, by linearity of

T4, the definition of the maximal operator and assumption, we have

Wk (Tof =T )l = ek T = folla < e T8CF = Sl < U = fallo-

Hence, by again extracting a subsequence we have that y¢|T4(f — f,)| — 0 pointwise
almost-everywhere as n — oo inside the compact set K. Define S g as the subset of K of
full measure in which we have pointwise convergence.

Now, fix n € N and let k > % Note that the operators T and (1 + L)* commute and

that if f, € C* then (1 + L)*f, € C*. By Theorem 5.15 in [21] we have that

1T fo = fullo < N1+ DT = Sl = ITH( + L) fa) = (1+ L) ]

Since (1 + L)*f, € C* then we know from above that the L* norm tends to 0 as » — 0,
so for each fixed n we have T!f, — f, uniformly as r — 0.

Now, fix x € S and € > 0. We may choose n sufficiently large so that for all » > 0

Xl T (x) = T fu()], | fu(x) = f(x)] < €

and hence

X[ T f(x) = f()] < IT7fu(x) = fulx)] + 26
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Now, for this n we may choose R such that, for »r < R we have

IT7 fu(x) — fulx)] <€

by uniform convergence. Hence for r < R we have

Xx|THf(x) — f(x)] < 3e.

As x € Sk and € were arbitrary, we have pointwise almost-everywhere convergence as
r — 0 inside the compact set K. Now, we note that G is o-compact. If we consider the
expression of G as a countable union of compact sets, then we have T f — f pointwise
almost-everywhere as r — 0 inside each of these compact sets. The union of the null-
subset of each compact set in which convergence fails is still a null-set, so we have

convergence pointwise almost-everywhere in G. O

The next result demonstrates how we may use Holder’s inequality to reduce the
problem from locally bounding an operator from some L” to L? to instead proving a

weighted and unweighted L? bound.

Lemma 4.2. Let G be a stratified group. Suppose T is a sublinear operator that is

bounded on L*((1 + | - |)™) for A = 0, a for some a > 0. Then we can show that

kT

o2 S max, 1T [ 2t )=4)—22((141-)-4)

where K is an arbitrary compact set and py satisfies

1 1 O—a

> .
2 po 20

The implicit constant may depend on K but does not depend on T.

Proof. Let

B:={xeG:|x| <1}
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Using Holder’s inequality we see that for % > i > Q;Q”

oSl + xsflz < [ fllp-

Also, for @ € R and any compact set K, we have

WxT fl2 =~ xxT £l

Writing
J(x) = x8(x)f(x) + xcs(x)f(x)

and using sublinearity of 7 we have

xTf5 < IxxTxsfls + xxTxosfl>

Combining these facts and our initial estimate, we can deduce

kT f5 < IxxTxsf15 + IxxTxesfl3
= H/\/KTXBf”% + H/\/KT)(G\BinZ(@H.Dw)
< ITlzme s f 3 + 1T |- -2 ez o

< Arg{%lx} IT |2t -2)— 221414 1 |-

This leads to the following convergence result.

Theorem 4.3. Let G be a stratified group and L be a sub-Laplacian on G. Suppose that

N

IMS | 2ae -2 —r2ap -2 < 1
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for A =0,a. Let A > 0, let n(L) be as in Lemma 2.7. If

Q-afl 4 \_1_1
0 \2 nL)y-1) p 2

then for all f € LP(G) we have

T f(x) — f(x) almost-everywhere as r — 0.

Proof. In view of Lemma 4.1, it suffices to prove that

kT fl2 < 111

for p, A as stated and K an arbitrary compact set.

Recall (1.0.6), (1.0.7) and (3.0.1). Recall from (3.0.4) that |M?| =z < 6 for
b > % Since yxM; f has compact support, then we can further deduce that

kM3 fll2 < M5 flloo < 671 f oo

From Lemma 4.2 we know that |[yxM;|.n_2 <e 6 € for arbitrary € > 0 and for

plo QZ_Q“ Then by complex interpolation, we get

HXKM(; LP—I2 § 5(p0/p_1)b—6po/p

for py, p, b satisfying

1 0 1—-6
: +
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we get

kM5 iz §b(1-0) 5—eb.

But from the definition of 8 we have

1
Po Po P

so that p, = p. The corresponding operator bound is then

i S 5 b(1=0) 5—€0 _ 5=b(1=po/p) 5—€po/p — §(Po/p—1)b—€po/p_

xxM;

Now, for each 6 € D the operator M} is bounded on L” by Lemmas 2.5 and 2.11, so it

suffices to consider only the terms with § < 31.

By the triangle inequality, we have

xTifl> = D8 my(rL)

oeD

< Z 5'|M; fl2

oeD

Xk Sup

O<r<l

2

< 2 515(po/p—1)b—epo/p||f||p_

oeD

Thus, we have the desired estimate provided

/l+(@—l)b—e@>0.
P P

This fact follows from the bounds on p, p, as follows. First, if

0O—a
20

<

~

SR
| =

then we may take p,, € such that po = p and 4 > € > 0. Then

/l+(@—1)b—e@=/l—e>0
P P
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as required.

Otherwise, by rearranging the lower bound on 1—17 we have

Q—a [l A 1 Q—a 2 1 Q—a
0 (E_n(w—l)ﬁ(:’ﬂzQ -1 p 20 "
n(L)—1/ 20 1
— A1+ > (Q_a;—1>>0.

Note that the set of points (@,f3, €) € R3 that satisfies
/l+,8<g—1> +e2 -0
p p

20 n(L)—1
O—a 2

is open and contains the point (

Po < % and € > 0 such that

/l+(@—l)b—e@>0.
P P

as required. In particular, such a choice of p, is valid since p >

P > Po.

In order to apply this result, we require the estimate

1M |2 1v )2 — 22y < 1

,O) . Hence we may choose b >

n(L)—1
2 b

20

s implies that

O

for A = 0 and for some a > 0. While A = 0 is relatively trivial, the problem of

obtaining this for A = a is more involved.

Rather than considering | - |, we can obtain a result of a similar flavour by replacing

| - | by a pure first-layer weight |x;| (which, as with H-type groups, we will denote by

p. In order to state the relevant analogues of Lemma 4.2 and Theorem 4.3, we must

introduce some new terminology.
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For a stratified Lie group G, we define

pla p

1]l (pg) 1= f J |f(Cxrs ey x0)|9dxs . . . dxy ..dx 4.0.1)

a1 2®D...Dak

for 1 < p,q < o0 and the usual extension to p or ¢ being o (a ‘mixed Lebesgue norm’
where we distinguish between the first layer and the others). The space of functions for
which | f](5.q) < o0 is denoted by L9 (G). In the particular case that G is an H-type
group, we will write L»9(G) := LP(C", L1(R")). Clearly L»")(G) = L”(G). Where

the group in question is unambiguous, we will omit the ‘(G)’ from the notation.

Lemma 4.4. Let G be a stratified group with dim(g,) = d and let p(x) = |x,| for x € G.
Suppose T is a sublinear operator that is bounded on L*((1 + p)™*) for A = 0,a for

some a > 0. Then we can show that

x| Lo 2 S A?{%,)é} HTHL2((1+p)‘A)HL2((1+P)‘A)

where K is an arbitrary compact set and py satisfies

The implicit constant may depend on K but does not depend on T.

Proof. Let

B:={xeG:p <1}
Using Holder’s inequality we see that

2/po Va

J £ ()| dx; < f|f(x)|p°dx1 f |y | "9dx, (4.0.2)
g1

a1\B

where > + © = 1 and we must necessarily have ga > d for finiteness of the right-hand
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side. Hence,

12
o\afl2p— = J J £ ()| x| “dxydx, . .. dxi
0®.. Dk g1\B
1/24 2/po
< J |y | d X, J J|f(x)|p°dx1 dx; ..
g1\B 0@..D%  \a1
=~ | fllpo2)-

where L+ > <=4 Thus,
Po 2d

aw Sl + xaflz < [flwp2)-

Furthermore, for a € R and any compact set K, we have

WexTfllz =~ kT fllzap)-)-

Writing
J(x) = xs(x)f(x) + xc\8(x)f(x)

and using sublinearity of 7 we have

xTf5 < IxxTxsfls + xxTxosfl>

Combining these facts and our initial estimate, we can deduce

kT fl5 < xTxsfl5 + IxxTxesfl3

~ |k Txsfl3 + exTxcsf 7211

. dxk

< Tz sf 13 + 1T |2 40)-a-22(040)-0) Xor8F 172

2
< X (T z2((14)-0)-22( 00 1 G 2
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Theorem 4.5. Let G be a stratified group with sub-Laplacian L. Suppose

1Ml 2012401 31

for A =0,a. Let A > 0 and recall the definition of (L) from Lemma 2.7. If

1 A 1 1
ro 2

<

and

then for all f € L'""9(G) we have

T f(x) — f(x) almost-everywhere as r — 0.

Proof. In view of Lemma 4.1 (with the L” condition replaced by L), it suffices to

prove that

T fll2 < 1 fpas

for p, g, A as stated and K an arbitrary compact set.

Recall (1.0.6), (1.0.7) and (3.0.1). From Young’s inequality for convolutions and

Lemma 3.1, we have, for b > %, that

Ims(rL) floo < 1(Ks)ilillf oo < 6771 F |00
Since yxM; f has compact support, then we can further deduce that

kM3 fllz < M5 flloe) < 6771 oce)-

From Lemma 4.4, since M; is sublinear, we know that |yx M| o> _,2 <e 6 € for
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arbitrary € > 0 and for% > plo = % > ‘12;;. Since L* = L(*%)
interpolation, we get

e xM3 | oznmgp S 8PP0

for py, p, b satisfying

n(L) —1 1 1 d—a
b , > d ->—
~ T2 P=po and 3=~ 54
Specifically, set 8 = % Then 0 < 6 < 1 and for
1 6 1-—46 1 6 1-6
= —+ —— and = -+ —
pe(1)  po > pe(2) %

we get

HXKMgHL(PH(])pr(z))‘)LZ g 5*b(179)67€9.

But from the definition of @ we have

, then by complex

so that pg(1) = p and py(2) = r. The corresponding operator bound is then

HXKMg||L(1’9(1)’P9(2))~>L2 < §b(1=0)5—€b _ 5=b(1=po/p) 5—€po/p _ g(po/p—1)b—€po/p_

Now, observe that the Hardy-Littlewood Maximal function is bounded from L) to

L} by Lemmas 2.4 and 4.4 and then following the same interpolati

on argument we

have just used. Hence, 2.11 is easily modified to give the required boundedness (the

hypotheses of Lemma 2.11 are satisfied due to Lemma 2.5).

Hence, for each 6 € D the operator M; is bounded on L) 50 it suffices to consider
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only the terms with 6 < ;. By the triangle inequality, we have

Kk Sup
O<r<l1

< 2,8 M; 1l

oeD

< Z sheto/p=Db=eplp| gl
oeD

1
e

Z &'ms(rL) f

oeD

HXKT:lfHQ =

2

Hence, we have the desired estimate provided

A+(@—1)b—e@>o,
D P

that is,

2 2
/l+<——1)b—e—>0,
r q

First, clearly if ¢ = 2, we can choose 4 > € > 0. So suppose now that g > 2. We

rearrange the lower bound on é to see that

by — o (Yo
— A+(5—1> ”(L)z_l 0

Now, the set of points (b, €) € R? such that

A+(Z-1)b—ex>0

is open and contains the point (% 0). Hence, we can find b > 'KL% and € > 0 such
that

A+ (Z-1)b—ex>0
as required. O
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CHAPTER 5

THE SQUARE FUNCTION ARGUMENT

In this chapter, we consider any stratified Lie group G with sub-Laplacian L. We will
show that, in some cases, in order to obtain weighted L?* estimate for the local maxi-
mal operator M, it suffices to prove an analogous estimate on just ms(L). The idea is
implicit in [8] and [24]. Here, we explicitly prove this as a stand-alone result in this

general setting.

Definition 5.1. The set of admissible weights Adm(G) is the set of non-negative locally
integrable functions w € A,(G) such that there exists some non-negative function w
and some a = 0 such that w ~ (1 + wy) ™% wy is 1-homogeneous with respect to group

dilations and wy is Holder continuous with respect to the distance dcc.

These properties will be necessary in order to prove the following result, which is

the main result of this chapter (cf. Lemma 3.2 for the definition of 7).

Theorem 5.2. For w € Adm(G) we have

IME 120 im S (O Ima(D) iz 200) (1 + s iz o) (5.0.1)

This chapter will be devoted to the proof of results leading up to the proof of The-
orem 5.2. The homogeneity property of weights w € Adm(G) will be used in Lemma
5.4, the fact that w € A,(G) will be required for Lemma 5.7, while Holder continuity is

used in Lemma 5.8.
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If we define the operator .7 : f +— (ms(tL)f)e(0,1) (i.e. J5 maps a function f to a
family of functions (ms(tL) f).c(0.1)), then, in order to prove Theorem 5.9 (from which

the proof of Theorem 5.2 follows by a scaling argument) it suffices to prove

| Ts 2wy 1200y z o) S V(1 + S(UP) lms(tL) | 12 ()—12(w) )- (5.0.2)
te(0,1

Observe that the adjoint operator ,7; is defined, for families of functions (¢y)e(0,1) by

1
d
T (p0), = Jma(smsosf. (5.0.3)

0

Hence, (5.0.2) is equivalent to

| T 2oy dsszm—zam S V(1 + S(up) |ms(sL) |21 pwy—r21wy)-— (5.0.4)
te(0,1

We start by proving (5.0.2) in the unweighted case. This is a simple consequence of the

spectral theorem, as the next statement shows.

Theorem 5.3. Let L be a self-adjoint operator on a Hilbert space H and (¢)se; be a
family of elements of H defined on I — R*. Let m € C.(R") be a function with support

of %—measure ~ ¢. If we define

then

ds
|7l 8 [ Im(sie 3
1

<0 SU}) Im(sL) ”12L1—>H|| (‘Ps)s||i2(1,ds/s);11
se
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Proof. By Proposition A.2,

2 2

17l = | [ msre S| = [|[m@)a @] auo). 609

1 H 1
Let A := supp(m). Then by the Cauchy-Schwarz inequality and Fubini’s Theorem,
(5.0.5) is bounded above by

| [mest@1a @S [xatsenSan

S
1

=6 [ LN @ auto)

1

ds
= [ Imlstiel3
1

yielding the first required inequality. The second follows trivially. O

In particular, taking L to be the sub-Laplacian on G, I = (0,1) and m to be ms,
Theorem 5.3 gives
d
s

S
< 6 sup |ms(sL)

2 2
HLZ(G)—>L2(G) H (905)5 HLZ((O,I),dS/S)LZ(G) >
s€(0,1)

1
17 (00l < 6 [ (st
0

(5.0.6)

which implies (5.0.2) for a = 0.
Recall that f; is defined in terms of an integral over the interval [0, 1]. We now use
a Littlewood—Paley decomposition and a dilation argument to bound the operator norm
of 9; by operator norms of analogously defined operators involving an integral over

the interval g, 1].

Lemma 5.4. For w € Adm(G) we have

T2 T2
Hg& HL2((0,1),ds/s)L2(1/w)—>L2(1/w) S HZs,o||L2((0,1),ds/s)L2(1/w)—>L2(1/w)

t 12
+ | F50l 20,1y ds/ )2 6) > 12(6)
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where

ds
%Tk(gpv%: J mé(SL%Ds?-

Proof. We first choose ¢ € C*(R) with supp(y) < (1,4) and

1=>w(2™s), s>0.

kez

Now, by considering support conditions we observe that

ms(tL)y(27FL) = 0 for ¢t ¢ [2737%,274].

Specifically, w(27%¢) = 0if £ ¢ (2%,2F2). As we are assuming that § <

ms(tl) = 0 for t£ ¢ [271,2°]. Combining these gives (5.0.8).

Using Lemma 2.12, the fact that w € A, and (5.0.8) (note that for k <

intervals [27%7%,27%] and [0, 1] are disjoint) we deduce

1 2
ds
17 el = | [ molstie S
0 12(1)w)
1 2
(o ds
=X [vepmtsneS
kez ||+ s
0 L2(1/w)
2
0
d
- Z J W(27FL) m(;(sL)go i
k=-3

L2(1/w)
- gt —k
= Z |7 k‘ﬁ L()DsHL2(1/W)~

k=-3

(5.0.7)

(5.0.8)

1
3 then

—4 the

We now use a dilation argument. Define F, as in (2.1.10). Then using Lemma 2.10 we

see that

ms(27*sL) f = (fox * Ky)ax = (ms(SL) for )
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Then, by making various substitutions we deduce that

|7 = |
G

s | w(x)

=20 [ | [ msn)(g)a 000 S| 2

~ 2Qkf Jm(;(sL) (gs)zk(X)? (14 2742w (x)) 2~ %2 dx

—ka ds
~ 2Qk/22 ka/2 fmé(SL)(gs)sz

/8 12(w6)

2

ds
+ 20K2 f m(g(sL)(gx)sz

1/8

1

L*(G)

< 2Qk/22_ka/2”%})((gS)Zk)‘VHiz(l/w) + 2Qk/2||%ﬁ)((gQZk)SHiZ(G)-
Now, observe that, for k > 0Oand a > 0,

I(gs)at oy = f 2792 (65, s (x)) (1 + wo(x))dx (5.0.9)
G

_o f 12 (6 2(1 + 272w (1))722 2dx
G

< 2*Qk/22ka/2HgsHiz(l/W)’

Then we have

2Qk/22*’<“/2HZS,TO((gs)zk)sHizm/w)
k/2~—ka/2| ot |2 .
< 29K/ —ka ”’76,0HLZ((O,I),ds/s)L2(1/w)—>L2(l/w)H((gs)zk)sHLZ((O,I),dS/S)LZ(l/W)

2 2
< H %,OHL2((0,1),dS/S)LZ(l/W)—)LZ(]/W) H (gs)sHLZ((O,I),LIS/S)LZ(I/W).

92



For k € {—1,—2, -3} we simply have

gy = [ 27226, Gora a1 + w0
G
=2 Qkf lgs ()] (1 + 22w0( )“)2Qk/2dx

S 27Qk/2HgsH%2(1/W)

and

2Qk/22’ka/2H %L((gs)zk)s”im/w)

K2\ ot 2 2
< 2% H‘ZS,OHLZ( 0.1).ds/s)L2(1/w)—L2(1/w) H((gS)Zk)S”LZ (0,1).ds/s)L2(1/w)

<|[Z HLZ (0.1).ds/s)L2(1/w)—L2(1/w) [ (gs)s HLZ ((0.1).ds/s)L2(1/w)?

since 27%4/2 < /8%, Hence,

2922742 T (852N oy + 29 T (85) 2 Bx o
S 17502 0 asimizcam—-r20m (€ iaonyasysyzzm
+ 17502 0.y s 0 220) | (€9)s i onyaymyzco)
S (H%To”iz (0.1),ds/5)L2(1/w)—L2(1 /w)

+ Hg&o”m (0.1).ds/5)L2(G)—L2( G)H)H(gs) HL2( 0.1).ds/s)L2(1/w)

where we use that % > 1.

Finally, by applying Lemma 2.12 again and choosing (g,), = ¢¥(27*L)(¢;),, we
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have

S 1T L) )

k=-3

T t
(H%OHLZ((OI ds/s)L2(1/w)—L*(1/w) + HL7(.50HL2 ((0,1),ds/s)L*(G)—L*(G ))

—k
Z | (27°L) (g5) HL2(01 ds/s)L2(1)w)
k=—3

(H HL2 (0,1),ds/s)L2(1/w)—L2(1/w)

2 2
+ H‘ZS,OHLZ((O,l),ds/s)Lz(G)HLZ(G)) H("05)5HLZ((O,I),ds/s)LZ(l/w)‘

This completes the proof. O

In what follows, we will wish to bound the operator norm of an operator m(sL) on
the unweighted space L?(G) by its norm as an operator on a weighted space L*(w). For
weights w where w and i are both weights (such as A,(G) weights, and hence weights
w € Adm(G)), this is an easy consequence of the fact that operators of the form m(sL)

are self-adjoint on L*(G).

Lemma 5.5. For 0 < s < 1, any m € C.(R") and any weight w such that * is also a

weight, we have

Hm(sL) HLZ(W)—>L2(W) = Hm(SL) “LZ(l/W)_)LZ(I/W) (5010)

and so

Hm(SL)”LZ(G)HLz(G) < Hm(SL)HLZ(W)HLZ(W). (5011)

Proof. Let X; = L*(w) and X, = L?*(1/w). Since m(sL) is self-adjoint on L*(G), then

(m(sL)f,8)x,.x, = <m(sL)f, g) = {f,m(sL)g) = {f,m(sL)g)x, x,-

Thus, if we consider the operator m(sL) : X; — X|, then the adjoint operator [m(sL)]" :

X, — X, is again m(sL), and so

Hm(SL)HLZ(W)—»LZ(W) = ||m(SL)||L2(1/w)—>L2(1/W),
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which is (5.0.10).
The second result follows from the first result by interpolation between the spaces

X, and X, at § = 3. Specifically, (L*(w), L*(1/w)),» = L*(G), which yields

1/2 1/2
[m(sL)|26)-120) < Hm(SL)Héwpmw)Hmé(SL)Hé(l/w)av(l/w)‘

Applying (5.0.10) to this gives (5.0.11). O
The following is an immediate application of Lemma 5.5.

Corollary 5.6. For any weight w such that % is also a weight, we have

AN < 6 sup |ms(sL)

2
L2((0,1).ds/s)L*(G)—L*(G) ~ HLZ(I/W)—>L2(1/W) ’
s€(0,1)

Proof. From (5.0.6), we have

AN < 6 sup |ms(sL)

2
01L2((0,1).ds/s)L*(G)—L?(G) ”LZ(G)—>L2(G) )
s€(0,1)

Applying (5.0.11) with m = ms completes the proof. O
Let y € C*(R) satisfy
supp(x) € (—2,2), x(d) =x(=A)foraeR, x(1)=1forae(—1,1).
Define, for A € R, n5(1) = ms(A%) and
M) = (EDA), () = (1= x(5)s().
Then, via the spectral decomposition of m;s(zL) we have

ms(1L) = ng(ViL) + ng (VIL).

The following lemma then tells us that the ‘contribution’ to m;(tL) of nl/ (+/tL) is small.
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Lemma 5.7. Define
1

\P{SI(QDS)S = J nzISI( \/siL)()Dsé-

S
1/8

Then we have the estimates

||l}’§1(90s)s||22(1/w) Sk 5k“(‘Ps)sHiZ((o,n,ds/s)LZ(l/w)

and

sup [ng' (v SL)f”iZ(l/W) Sk 5k‘|f||iz(1/w)

s€(0,1)

forall k € N and for all w € A,.

Proof. Letns = ny +n; where supp(n; ) < (0,0) and supp(n; ) = (—o0,0). Then each

Schwartz semi-norm of Ns(1) := n) (61 + 1) is bounded independently of §. Indeed,
first note that supp(n) < [+/1 — 8, 1] so

supp(Ns) € [-671(1 — /1 —6),0]. (5.0.12)
Now,

d’ d’ b b

5 No(1) = Wn;(é/l—i- 1) = 6" (n))P(6a+ 1), (5.0.13)
Then

b
)l = | ()

> @) < (@) 5014)

<

~
0
0 0<a,c<b

by (1.0.7). Thus, by combining (5.0.13), (5.0.14) and (1.0.7) we have

IN?|, < 6b670 = 1.
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So, by using (5.0.12) to majorise || by 1, we have

db
Nolos = sup aa—mw]

Ae[—6—1(1—+/1=5),0] da

<IN 5 1.

As the Fourier transform maps Schwartz functions to Schwartz functions, the same

estimate applies to 1/\7\5. Now, each Schwartz semi-norm of the function

(1 — (@)t (671) = (1 - x(52)) f et (1) dg

R

= (1 — x(61)) fe_zm('”‘sl)n; (61 + 1)ddn
R

= (1 — x(62))6e 7' N5(1), A€R,

is majorised by &* for every k € N with a constant depending on the corresponding
Schwartz semi-norm and N. Since differentiation does not increase supports and since
1 — x(6°) is supported outside the ball Bz(0,5!), then in what follows we have 6! <

|1]. We have that

[(1 = x(6:)8e ™ Ny () = (1 = x(5))0e > 6Ny () s

m —27i(-)6! (n) Al
<6 D 10— x(6) ™8 (0 ) TR (o

m,n,[=0
m+n+I=b

< 5 2 (SmH(l _X)(m)(é') 61‘”"‘1/\1\5
m,n,[=0
m~+n+I=b

<6 D1 81— )™ ()N (Vlarkrnri < 6

U]

()0

Note that the ¢ factors are arranged so as to keep the power of ¢ inside the semi-norm

negative, so that we may estimate them by multiplication by the function argument. The
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above arguments also apply to n; . By writing

[on5' (6 ) lap = I (67" as

— (1= x @) (57) + 15 (67 )] s

o~ o~

< (1 =x())n; (67" ) aw + (1 = x(8))n5 (67" ) las

we see that every Schwartz semi-norm of 6nf(6-) is bounded by any given power of 6.
Note that nf is even. By Lemma A.1 we see that n' ( /-) is Schwartz, and furthermore
that each of its Schwartz semi-norms can be bounded by any given power of 6. Hence
ngl (/) satisfies the hypotheses of Lemma 2.5, where the quantity [} ,, may majorised
by any positive power of 6. Hence we may apply Lemma 2.11. Hence we have, for all

t > 0 and for all N € N, the estimate
Iny (VsL)f(x)| <k M f(x) ae.

where M denotes the Littlewood-Hardy maximal operator on G and the implicit constant
in < does not depend on ¢ or ¢ but may depend on N. Since % € A, and M is bounded

on L*(1/w), the Cauchy-Schwarz inequality yields

i ds| dx
o = ||| (VoD% (5.0.15)

J s w(x)
G 1/
1
ds dx
§ (sk M s —
| [ v P
G 1/

k 2
<0 H (‘PS)S HLZ((OJ),JS/S)LZ(l/w)’

yielding the first desired result.
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Similarly,

dx
I (VS 1y = f (VDA
dx
<k 0 | IMf(x)
k J My ()P
G
< -
Hence,
Hn(lgl( \/E) Hiz(l/W)HLz(l/w) gk 6k
and the second result follows by taking this supremum over s € (0, 1). O

We shall now combine the results established in this chapter to prove (5.0.4), which

we recall is equivalent to (5.0.2).

Lemma 5.8. We have (5.0.4) for w € Adm(G), that is,

H%T”LZ((O,I)7ds/s)L2(l/w)—>L2(l/w) < V(1 + sgpl) |ms(SL) || 221 fw)—12(1)w)) -
5€(0,

Proof. By Fourier inversion, the convolution kernel K;, of n(+/7L) satisfies

Ks,(x) = f x(825)nL(s) cos(s V1L)6o (x)ds, (5.0.16)

where cos(s+/tL)8(x) is the convolution kernel of the operator cos(s v/tL). By finite
propagation speed (Lemma 2.6) for ¢ < 1 the support of cos(s+/¢L)dy(x) is contained

within the ball B(0, s) and hence, due to the bump function y, we have
supp(Ks,) < B(0,2672). (5.0.17)

Define

@s1 i= ok (1 +wo(+)), for I e N.
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Note that

Py = Z D1

leN

and

A= supp(py) = {xe G : 271 < 1+ wy(x) <2} (5.0.18)

for/ > 1.

We wish to prove that, for k, j sufficiently large and far apart, we have

1 1

d d
supp fl’l(];(\/SL>(Ps,k?s N supp fnf;(\/sL)gox,st = . (5.0.19)

1/8 1/8
Fix 1 < k < j. By definition, we have that

Ii(x) := fﬂé(\/i)%,k(x)d—ss = jﬁps,k(xyl)lfa,s(y)dyd—;,

1/8 18 G

and analogously for j. Since xy~' € A; and since y € B(0,2672) by (5.0.17), then
we have that I, is supported in a 26~ 2-neighbourhood of the set A;. Hence, for any
z € supp(1}), there exists x € A; such that d(x,z) < 2672

Recall that wy is Holder continuous, so there exist C,a@ > 0 such that |wy(x) —

wo(z)| < Cdce(x, 7). Hence,

[T+ wo(x)] _ [T+ wo(2)| + |[wo(x) — wo(z)]
11+ wo(z)] |1+ wo(z)]

< 1+ Cdee(x,2)". (5.0.20)

In particular, this shows that if dcc(x,z) < R, then

1 4+ wo(x) < RY(1 + wp(z)).

Choose R = 26~2. Then, for every z € supp(ly), there exists x € Ax such that

(267571 + wo(x)) < 1T +wp(z) < (2672)%(1 + wo(x)).
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Thus,
supp(I;) € {x e G : (2673721 < 1 + wp(x) < (2672)724).

Clearly, if we choose k, j so that 2¢,2/ > (2672)¢, then supp(I;) will intersect at most
finitely many supp(/;). We have k ~ @In(26~2?) many summands below this. Note
that since In(6~!) grows slower than 6~ then in particular, A < In(6~')B implies that

A < B. Hence, the following sum is locally a sum of finitely many objects and so

M)l = Zf% D™
IENO

1/8 12(1)w)

< Z f Qosl@

IENO 1/8

L2(1/w)

= Z ZlaH\Pl ‘Pvl) HLZ(G)

IENO

Now, taking L to be the sub-Laplacian on G, I = (§, 1) and m to be n{(/-) in Theorem
5.3 gives
ds
[¥5(050)s o) < 6J In5(VsL)eslfa e - (5.0.21)
1/8
Thus,

EACHR PR IP L ACHN A
leNy

" ds
<Zfdﬁé Vil s
IENO 1/8

ds
<w2fm Dl s
IENO 1/8
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Now by Lemma 5.4 and Corollary 5.6, we have

T
15 12 0 yassmyzcmysizamy < 1750 izqonassspzmsizam
+ H HLZ( 0,1).ds/s)L*(G)—L*(G)
S H HLZ( 0,1).ds/s)L2(1/w)—L2(1/w)
+ 6 sup IIma(SL)Hiz(l/w)_)uu/w)'
s€(0,1)
Furthermore, by (5.0.21) and Lemma 5.7,
175 (@s)s iz < ¥ty s>sHiz w15 @il
5 L .
v )| Inb(VsL SLY@s 21 ) 1(@)sl 22 0uty.as/y21m)
lENol/g
Since nf(v/sL) is bounded, then
ds
0 Z H”5 ‘PYIHLZ(l/w
lENol/S
ds
<0 Z J Hfl5 iZ(l/w)_)LZ 1/W)H((10Yl) HLZ(I/W)
lENol/S

<8 5up (VD) a1 sy

Observe that

H(()DS) HLz((l/Sl ds/s)Lz 1/W) < H((IDS> HLZ( Ol)ds/s)Lz(l/W)
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By Lemma 5.7 we have

Sz(l)Fi) H”fs( \ SL)||22(1/W)_>L2(1/W) = S:(l)Fi) lms(sL) — ”5( V'S )||L2 (1/w)—L2(1/w)
se(0, se(0,

< sup |lms(sL)

H2 w)— w
o) L2(1/w)=L2(1 /)

' Sg)pn I \/E)Hizﬂ/wﬂv(l/w)
se(0,

<y sup Hma(SL)Hizu/w)—»Lz(l/W) 6"
s€(0,1)

Combining, we therefore have, for all N € N,

|70 201y sy20 w120 S0 6 o) Ims(SL) |21 py 21y + 6" + ")

and so

T
|7 HL2 (0,1).ds/s)L2(1/w)—L2(1/w) S :3)};) [ms(sL)[7, (1 w)—L2(1/w) T 1),

which is equivalent to (5.0.4) as required. O

Now that (5.0.2) is proved, we may combine it with Lemma 3.2 to obtain the

penultimate result of this section, which will allow us to bound |M}|? using

L2 (w)—L2(w)

sup |mgs(rL)|2(w)—r2(v) and the corresponding operator norm for 7is(rL).
O<r<l1

Theorem 5.9. For w € Adm(G) we have

IM312: 02y < (14 sUp. s (rL) |20y 1200)) (1 + sup s (rL) | 2y 220)-
O<r<1 O<r<1
(5.0.22)

Proof. Recall from Lemma 3.2, we have

MR < 267" [ (oL (o)) £ (0| -

0
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Taking the weighted L? norm and applying the Cauchy-Schwarz inequality gives

HMgf(x)”iz(W) < 26 M |ms(tL) £ || 2 ((0,1).anyey 1200 1726 (EL) £ | 12 (0,1) ey 20 -
Applying (5.0.2) completes the proof (note that since 77 satisfies the same support con-
ditions and norm estimates as m;, then (5.0.2) holds when m; is replaced by 7). O

Finally, we use a dilation argument to deduce Theorem 5.2 from Theorem 5.9.

Proof of Theorem 5.2. If we can show that

sup [ms(SL) | 20)—r2w) < M6 (L) | 22 00)—12(w)
O<s<l1

and similarly for /s, then applying this to Theorem 5.9 completes the proof. Recall

from (5.0.10) that

|ms(sL) | 2wy—r2 o) = |15 (SL) |21 pwy— 221 pw)

so it suffices to prove that |ms(SL)| 21 w)—r2(1/w) S [115(L) | 1201 pw)—12(1/w) With the con-
stant in < independent of s.

By Lemma 2.10, we have

ms(sL) f = (ms(L)(f)s1)s-
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Now,

a5y > [ 10D+ ol

G

_ g0 f ma(L) for (8,2 ()21 + wo(x))dx

G

=:sQ‘[rnw< Vi (L + 57w )52 %

G
~ 5O g (L) fi [y + 5O ma(L) i 2

< 57925 ms(L) f- Hiz(l/w) + 579 ms(L) fi1 |17

< S_Q/zsa/2||m(5<L) Hiz(l/w)_)LZ(l/W) Hf:f71 Hiz(l/W)

50 mo(L) 26y Lo [

Now, since a > 0,

|M1@wmszwf&M@WU+wmex

—S\ﬁf 21+ 57 Pw(x))5~9Rdx < s9257 |2,

(1/w)?

where, in the penultimate step, we have used that 0 < s < 1. Hence, since L>1,

=

SfQ/ZSa/Z

Ima(L) 21z Lt By + 5~ 220m6(L) Py 1ot oy

< |lms(L )”Lz (1/w)—L2(1/w) HfHL2(1/W) + Hmé(L)”iZ(c)_>L2(0)HfH2

< (Ims(@) Pyt + 16D i) 1 o

By (5.0.11), this is bounded by

2]ms(L)|72

((1/w)—L2(1/w) HfHLZ(l/w)’

as required. The calculation for /5(sL) is essentially identical
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CHAPTER 6

REDUCTION TO TRACE LEMMAS

From now on, we will be working with an H-type group G and sub-Laplacian L thereon.
In this chapter, we will show how proving suitable ’trace lemma’ results allows us to
deduce boundedness of the operators ms(L) on weighted L? spaces, which, as shown in
the previous chapter, is sufficient to deduce boundedness of the corresponding maximal
operators M.

We begin by further decomposing our multiplier. We choose J € N such that
27 <1067 <2/ (6.0.1)

and define operators R; on L*(G) by

— ~

R;f(u, a,B) := xpiiy(c(le])) f(u, a.B), forfe L*(G),j=1,...,0—1, (6.0.2)

and
Rif(i, @, B) == xpry(c(|@)) flu. @, B),  for f e L*(G). (6.0.3)

The following result motivates the subsequent developments.

Proposition 6.1. Suppose that for a weight w(z,u) and N > 1 we have, forall 1 < j < J

and forall 0 < 6 < %, the estimates

[Rms(L)f13 £ ClLA Iz (6.0.4)
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and

Hij6<L)fH%2(WN) § Cl_N”inZ(W) + Hinz(wN) (6-0-5)

where C = C(j,6) > 0. Then this implies that

Hm(?(L)HiZ(W)_,Lz(W) § L. (6.0.6)

Proof. WeletS := {(z,u) € G : Cw(z,u) < 1}. Now, note that, for (z,u) € S we have

w(z,u) < C~'and so w(z,u)"~! < C'V. Hence,
s £y < €' s FlPag
which turns (6.0.5) into
[Rjms(L)xs f 72 < € s f 1T (6.0.7)
We can now interpolate this with (6.0.4) at 6 = % to give
[Rjms(L)xs f72 S s 7200 (6.0.8)
For (z,u) ¢ S we have C~' < w(z,u) and so C'"Mw(z,u) < w(z,u)". Hence,
C e fliaam < Ias Flim
which turns (6.0.5) into
|Rjms(L)xays fliam < e £l (6.0.9)
We can now interpolate this with the trivial L? estimate at § = # to give

||ij6(L>XG\Sf||iz(W) S ‘L\/G\SinZ(w)- (6.0.10)
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We can sum (6.0.8) and (6.0.10) to obtain

[Rms(L) f 720 = 117200 (6.0.11)

Finally, since the number of R;is J ~ |In(d)],

by just mg, giving the required result. O

The aim of this chapter will then be to reduce proving the estimates we need, that is

(6.0.4) and (6.0.5), to proving the following two ‘trace lemmas’. We set
b(k) :=c(k +y) forye {—1,0,1},
and define operators M; , fory =0,1,—1,j=1,...,J — 1 and f € .(G), by

M F (11, ) = xi1-an (Bl aren (b)) Flas @, )

and for j = J, with vy, f as before, by

M2 £ (i, B) = xii—sny(b(e]) | par o (b(]) i, B).

Then the ‘trace lemmas’ we need will be the estimates

and
1M 115 = 70214y (6.0.13)
forl<j<Jandy=0,1,—1.

Lemma 6.2. Suppose (6.0.12) for 1 < j < J, y € {—1,0,1} and for some a € (0,2].
Then we can deduce the estimates (6.0.4) and (6.0.5) withw = 1 + p* and C = (27/)¢
for N = =
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Lemma 6.3. Suppose (6.0.13) for 1 < j < J, y € {—1,0,1} and for some a € (0,2].
Then we can deduce the estimates (6.0.4) and (6.0.5) withw = 1+|-|“ and C = (2776)/>

for N = 3.

The proofs of these lemmas are long and technical, so we pause to explain the idea
of the proof before going into details.

First, for Lemma 6.2, it is obvious that the estimate (6.0.12) with vy = 0 yields
(6.0.4). Meanwhile, the left-hand side of (6.0.5) will be bounded by the unweighted L?
norm, and the L?(p*) norm (observe that p®~ = p*). This is the same as the unweighted
L? norm of p’R;ms(L)f, and since R;ms(L) is a convolution operator, then we can use
the previously-developed Leibniz rules to expand this out and estimate the pieces so-
obtained separately.

The proof of Lemma 6.3 is essentially analogous to Lemma 6.2. In particular, note

that

Rima(L)f 2oy = IR pmo(L)f ey + 16 3 [Rymo(L) sy
=1

where N was chosen such that aN = 4. We then see that the first term is bounded by
the same working done for Lemma 6.2. The other term will then follow from analogous
working, modified as necessary by replacing the Leibniz rule for p*> and formula for Op
developed in Section 2.3 with the analogous rule for ¢; and formula for J,.

As we have noted, R;m;(L) is a convolution operator and we will be using the pre-
viously developed Leibniz rules. We therefore set K ; to be the convolution kernel of

R;ms(L) and furthermore recall that by (2.2.24) we have

. X2y (c(k))ms(|ulc(k)) for j=1,...,J — 1,
Ks j(u, k) = (6.0.14)

X(2/.e0) (€(K))ms (|ule(k)) for j = J.

First, some technical lemmas that will be required. We will need a lemma regarding
matrix operators. This is a specific case of Schur’s Test for matrices, which may be

found in [26]. Note that if we let # denote the counting measure, then for an index set /

109



we write IP(I) := LP(I,#). We also call a matrix M ‘finitely off-diagonal’ if all entries

are 0 except for those on a finite number of diagonals.

Lemma 6.4. Denote by £ (H) the space of bounded linear operators on a Hilbert space
H. LetT € Z(H) and let M := (myg).p be the matrix obtained from isometrically
isomorphically identifying £ (H) with £ (I*(I)) by fixing a choice of basis {e,}ac; and

identifying T with (mag)ap 1= ((Teq, ep)n)ap- If M is finitely off-diagonal, then

IT e < ) N (mag)alie < oo
B

where the constant in < depends on the number of non-zero diagonals in M.

Proof. Note that
\Ta—n = [M]e@y—ram)-

Fix a sequence x = (x,)qe;- Then, since all sums over S are finite,

HMlezz(I) = 2

a

2
S 2 lmapxsl” < D N0megalemo [ g,
a B B

2 Mg pXp
B

This next lemma demonstrates how the operators 0,2 and 0y, interact with the Fourier
transform of Ky ;, in particular demonstrating how the support shifts and L* norm of
E;j increases. The different constants appearing after application of the two different

operators 0,» and 0y, highlights their differing behaviours.

Lemma 6.5. Let

H; j(p, k) = xp2i01) (c(k) xp—sn (c(k)|ul)

for j < J and

Hs (u, k) := X[2/,0) (C(k))/\/[l—é,l] (c(k)|ul).
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For1 < j < J, we have

10,2Ks,(u, k)| < 2% (Hyj(usk — 1) + Hyj(u, k) + Hyj(u,k + 1)) (6.0.15)
and
100, K (1. %) < 672 (Hs ; (. k — 1) + Hy (11, k) + Hyj(u, k + 1)). (6.0.16)

For j = J we have that

(Hos (ks k = 1) + Ho (1, k) + Ho g (p k + 1)) S xpr1.00) (€(k) X D1-aa140) ((K) ]

4r
forA =1+ 3.

Proof. We will first demonstrate the calculations for the |(?pzi;j(,u, k)| case. We must

argue the cases 1 < j < J — 1 and j = J separately.

Let j < J. By applying (2.3.4) and estimating each summand individually, not-
ing from support and boundedness conditions of y|i,+1) and ms (see (1.0.7)) and the

definition of J (see (6.0.1)) that k ~ c(k) ~ |u|~" ~ 2/ we see that

— 1
0 Rasp )] <12k oo (el ms( ) (6.0.17)

+ kx i (clk = 1))ms(|ulc(k — 1))
+ [(k + m)xpizin(c(k + 1))ms(|ulc(k + 1))|]
< 2[27Hy (i, k) + 27 Hi (b — 1) + 27Hy (. k + 1))

< 2%(Hsj(u.k — 1) + Hy (1, k) + Hs j(u, k + 1)).
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For j = J, recall that by (2.3.4) and by (6.0.14) we have

R ) = (2K + )y (o) ns () (6.0.18)
— o (el — 1)) ma((ule(k — 1)

= (k + m)xps ) (c(k + 1))ms(|ule(k + 1))].

We argue three further sub-cases. First, suppose c(k + 1) € [27,0) but c(k) ¢ [27, 00).

Then k ~ c(k) ~ |u|~" ~ 2/7" and (1.0.7) implies that

— 1
102 Ko (1K) =~k + m)xgaro(c(k + D)lms(ulelk + 1) € 22 H .k + 1),

mlul

Similarly, suppose c(k) € [27,00) but c(k — 1) ¢ [2/,00). Then k ~ c(k) ~ |u|~' ~ 2/

and so from (1.0.7) we have

102K (1K) <ﬁ[<zk T (2o (K)ol (K))

+ (k + m)x s o) (c(k + 1)) ms(|ulc(k + 1))][]
< 2/[27Hs (. k) + 2" Hs (. k + 1)]

= 2% (Hs (. k) + Hyj(u, k + 1)),

For the final case, where c(k — 1) € [2/, 00) we expand 8pzfgj(,u, k) as a Taylor series.

For some 0 < 6,6, < 4r we have, by Taylor’s Theorem,

my(|ule(k — 1)) = ms(|ule(k)) + |ulmi(lule(k)(—4m) + [ul*m(|ul(c(k) + 61))(—47)*

and

my(|ule(k + 1)) = ms(|ule(k)) + |ulmy (|l (k) (4m) + |ul*mi (|ul (c(k) + 62)) (4m)*.

Substituting these into (6.0.18), and noting that under our assumptions all the character-
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istic functions evaluate to 1, gives

0 Ratpek) = =l (2K -+ sl c(8) = Kl (0 (60.19)

+ |l (|l (k) (=4m) + [u*mi(|ul(c(k) + 61))(—4m)?)
= (k =+ m) (ms(|ulc(k)) + |ulmy(|plc(k)) (4x)
+ |u*mg (|l (c(k) + 6)) (4m)*)]
= —(4m)mii(|ulc(k))

— 16k|pa|ms (|ul (c(k) + 61)) — 167 (k + m)|u|mi(|u|(c(k) + 62)).

Under our assumptions and with the support condition of m; given in (1.0.7), we have
k ~ c(k) ~ |u/7" and 2/ ~ 67!, Using also the boundedness conditions in (1.0.7)
and the facts that c(k) < c(k) +6; < c¢(k+ 1) for i = 1,2 and that for k this large,

Hy (1, k) + Hs (. k + 1) = Ky (1, k + 6;), this implies that

10,2 Ko (k)] <671+ 1672+ 1672

~ 2% (Hs (. k) + Hsj(u, k + 1))

as required.

Now, for the ¢,,, for j < J case, note that <] Considering (2.3.6), it therefore

WP~ Tl
suffices to show that |&#,E;j(y, k)| < 2/6 'Hs (1, k). The bound on the remaining terms
then follows as in the d,» case.

By (6.0.14) and (1.0.7) we have,

10K s K)| = L ooy (e (k) e () i ml ([l ()|

< |Hsj(u, k)e(k)s™"| < 2767 Hs j(u, k).

For j = J, if ¢(k) is close to 27 then similar working to the 0, case gives us the desired

bound. We assume now that c(k — 1) € [2/,00). In this case, by (2.3.6) and (6.0.14),
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noting that we have assumed all the characteristic functions are identically 1, we have

00K (1, K) =26 (k) (e (k) + |ﬂ|12[(m)ma(|ﬂ|6(k))

"
+ kms(|ulc(k = 1)) = (k + m)ms(|ulc(k + 1))].

We now substitute the Taylor series expansions to obtain

b (lele(K)) — (LigT(2k + m) e k) (4]

+ lkm(i (|l (c(k) + 61)) (4m)* — (k + m)mii(|u|(c(k) + 6,)) (4m)°)]

Now, note that ||k < |u|c(k) ~ 1, so by (1.0.7) the second-order terms are majorised

in absolute value by 672 ~ 276! as required. For the first-order terms we have

T22c(k)yml(|ule M o) il (Ll N
2 mle() = T2k + )l el (8) (4]

— EL[2e(kym(lule(k)) — 2¢(kym(lule(k))] = 0.

As before, note that everything remains supported on Hs,(u,k — 1) + Hs (u, k) +
Hsy(uk + 1).
Finally, note that in the case j = J, for y € {—1, 0,1}, we have c(k +y) = 2/ >
106", Since c(k + y)|u| < 1 then we have |u| < 2. Hence, if 1 — 6 < c(k + y)|u| =
c(k)|p| + 4nylu] < 1, then 1 — & — dmy|u| < c(k )|,u| 1 — 4ny|u|. Clearly we can
therefore choose A = 1 + 2 such that 1 — A6 < c¢(k)|u| < 1 + AS. This completes the

proof. O
We now state the proofs of Lemmas 6.2 and 6.3.

Proof of Lemma 6.2. Clearly, (6.0.12) with y = 0 implies (6.0.4).

For (6.0.5), we have, recalling that N = =

[Rms(L) f 1721 oy = [Rms(L)FI3 + [Rjms(L) 172,
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Since 1 < 1 + |z|* then clearly it suffices to prove the appropriate bound for the second

term. Now,

IRms(L)F sy = [0°(f * K ) B

If we apply (2.3.10) to p?(f * K ;), then using the triangle inequality, we will get

[Rms(L)f 12y < 1f = (0°Ksi) I3 + (07 f) * Kaj2

+ [0°(f * Ks) — (0°f) = Ksj — [+ (0°Ks,)|5-

Note that we trivially have

[0 F) = Kajlla < 1F 1220

since R;ms(L) is bounded on L?.

Next, recall from (2.3.10) that, for some fixed y; € R”,

10> (f * Ksj) — (0°F) * Ko — £+ (0°Ks) |3

2

2

Z {m kf 411 JK(SJ) (mf) * (gul,ijij)
k=1

2 1k f) * G i Ks )5+ 1(Gurif) * (G iKs ) 2-

For brevity, we will only display calculations involving 0, , as the analogous results for
%7 are essentially identical. Now, by (2.3.1) we have

2a, +2 ~

R

2By =~

2l |K51(,u,a,8 e,). (6.0.20)

a(y,pK&j (l’l’ Cl',ﬁ) =

Since Kj; is radial, then by Theorem 2.25, £, Ky j(, @, 8) = 0if B # @ + ¢,. Fur-

thermore, for 1 < j < J, by (6.0.14), on the support of 0, Ks ](,U, a,f3) we have that
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la| ~ |B| ~ |u|7" ~ 2/. If instead j = J then we have

2, +2 —~

Or, Koj (1@, + e,) =2 (Ksj(t, @ + epoa + €,) — Koj(u, @, @)

27w

Expanding K;j(,u,a + ep,a +ep) = xprooy(c(|al + 1))ms(Julc(|a] + 1)) as a Taylor

series, we get, for some 0 < 6 < 4,

X oy (e(lal + 1))ms(|ple(lal + 1)) = xpr o) (c(lal]))ms(|ule(|al))
= x' o) (c(la] + 1))ms(|ulc(lal) + ulm;(|ulc(jal)) (47)

+ |u*mg (ul(c(la]) + 6))(47)%) — x(2r.0) (e () ms (ule(la)).-

This gives us

}QVEK\@](#’ apB) <2 forl <j<J

By (2.3.5) we have

G Ko (@ B)| < 2 for 1 < j<J

for any u,u; € R". Furthermore, if @ — B8] > 2 then {m,j(,u,a,ﬁ) = 0 (because
{;;,E, i1, @,B) is a sum of terms which will all be zero if @ and g differ in more than

one digit or by more than 1 in one digit). Lemma 6.4 then gives us that
1K (1) 2y o2y < 27 for 1 < j < J (6.0.21)

for any u, u; € R".

Fix some y;. Then by Plancherel’s theorem we have

|G f) * (G K )5 = me,p[{dj(ﬂ)fm,kf () s a| e
R~
S J Hévmypde(/l)HiZ(R»n)aLz(Rm) Hfm,kf(/l)H%{S | dps
R~

< 29
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This gives us the estimate

l0°(f = Ksj) = (0°f) = Koy — [ (0°Ks)l3 < 2] f 12,0 (6.0.22)

Next, for j < J, by applying Plancherel’s theorem, using (6.0.15) and then Plancherel’s

theorem again, we get

If = (PKs)) B = f S 1 [ePRa ot ) e 0 B) Pl

R? B

< f SN M f (s B) Pl d

mn @B ye{—10.1}

< 29(| M5, f 13 + M5, f15 + M5 £13)
Applying (6.0.12) gives us

If * (0°Ks )3 S 24| £ (6.0.23)

L2(14p%)

as required. For j = J, using Plancherel’s Theorem and considering support conditions,

(6.0.15) gives us, for some A > 0

If + (oK) = f S 11ePKo et L) s 0 B) Pl (6.0.24)
Rt @
< f S 21 aa (il () ey (e(l) | Flee 0 B) Pl
Rll a’ﬁ

< 24]“/\/[17&5,1] (L)R,f3

Again, applying (6.0.12) to (6.0.24) gives

I * 0K S 24 £ o) gy
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Combining everything gives

|Rjms(L >fHL2(p g2t ]Hf”y (14p) T Hf”iZ(pét) + 22j||f”22(p2)-

Now, if a = 2 then the proof is complete. Otherwise, let

S :={(z,u) € G : p*(z,u) < 2%}

and write f = ysf + (1 — xs)f. Then

29| 2 = 225 F ey + 2700 = xs) Iy

where (since for a € (0,2), p*(z,u) < 2% implies that p?(z, u)'~%? < 22-9)J)

295 f ey < 241 Py

and

22j||(1 _XS)inz(pz) < ||f”1242(p4)-
This concludes the proof. O

Proof of Lemma 6.3. The proof is analogous to Lemma 6.2. In particular, note that

Rs(L) v = [Rims(D)f gy + 163 [Rys(L)f

=1

Then the proof of Lemma 6.2 bounds the first term (note that 2/ < V2is—1t , and the
proof may be modified by replacing various uses of the Leibniz rule (2.3.10) for p*> with
the analogous rule (2.3.15) for ¢, uses of (6.0.15) with (6.0.16) and uses of (6.0.12)
with (6.0.13). Note that these will produce instances of constants V/2i6-" instead of 2/
at various stages of the modified proof, but these will combine in the same way as the

constants 2/ do in the proof of Lemma 6.2. O
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CHAPTER 7

THE TRACE LEMMAS

First, recall that ¢(k) is defined in (2.2.23). Recall that we define
b(k) :=c(k +vy) forye {—1,0,1}, (7.0.1)

andMg,j,foryzO,l,—l,jz lI,...,J—1and f € ¥(G), by

—_
~

M3 (s @, B) = xp-s (b(lal) [l x iz (b(l]) f (1, @, B) (7.0.2)

and for j = J, with vy, f as before, by

~

M (e B) = x-an (b)) xpr o (b)) fli @, B).  (7.0.3)

The main result of this section is the following:

Theorem 7.1. We have, for all 1 < j < J, forall y € {~1,0,1} and for a € [0, 3],

1M, 13 S 2700 F g (7.04)

The proof of this ‘trace lemma’ is technical, and so in this chapter we present a
number of other results whose development lead up to this, before concluding with the
proof as Section 7.3.3.

The first section of this chapter, Section 7.1, deals with some of the general theory
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that is used; in particular, we obtain formulae for the integral kernels that correspond to
fractional integration on the dual of H-type groups corresponding to fractional powers
of pure first or second layer weights on the group side.

The j = J case of Theorem 7.1 requires only pure first layer weights and does not
invoke any fractional integration formulae, and is a consequence of Theorem 7.2 below.
The ideas used to prove the 1 < j < J cases of Theorem 7.1 were first developed
in the context of pure first layer weights, due to the relative simplicity of the formula
for the integral kernel of fractional integration corresponding to such weights. These
first layer results are presented as they demonstrate the ideas behind the proof of the
1 < j < J cases of Theorem 7.1 in a simpler context. First, the radial case is shown, as
this leads to many further simplifications, before the method that allows us to remove
this assumption is demonstrated. This culminates in the following result, which may
be used to prove an almost-everywhere convergence result for functions in mixed L?

spaces.

Theorem 7.2. We have, forall 1 < j < J, forally € {0,1,—1} and for a € [0, 1],
121 5 U s

Finally, the work to prove Theorem 7.1 for j < J is given in Section 7.3. Although
the ideas behind the proof of Theorem 7.1 are the same as in the pure first-layer case,
the integral kernels are very different and are more complicated to study. When using
a pure first layer weight, the quantity we ultimately are required to estimate is a sum
of ratios of gamma functions. When moving to second layer weights, we are instead
required to estimate Jacobi polynomials. As in the first layer case, we first prove the
result for radial functions only. Unlike in the first layer case, the radial case of Theorem
7.1, for j < J only, is slightly stronger than the full result, in that the final trace lemma

contains only a pure second layer weight ¢ rather than the full weight | - [.

Proposition 7.3. Let f be a radial function. We have, for all 1 < j < J, for all
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y€{-1,0,1} and a € |0, %],

IM5, 015 £ @701 f 2oy (7.0.5)

The reason for this is the need to apply a Leibniz rule for the second layer weight y
in the general case that does not occur in the radial case. Recall that applying a second
layer Leibniz rule ((2.3.11) or (2.3.18)) generates both first and second layer terms, and
bounding both of these may only be done by using the full weight.

We remarked earlier that the j = J case of Theorem 7.1 is a consequence of Theorem
7.2. Recall that we defined J such that 2=/ ~ §, so in particular (277/6)%? ~ (27/)“.
That is, for j = J the constants appearing in Theorems 7.1 and 7.2 are essentially the
same. Away from j = J, the two constants will instead differ non-trivially, reflecting
the differing nature of using first and second layer weights. Recall (2.3.4) and (2.3.6).
Observe that (2.3.4) acts only on the discrete ‘Fourier’ variable k& while (2.3.6) acts on
both ‘Fourier’ variables ¢ and k. Recall also that the cutoff Mg’j is the product of one
cutoff of length 2/ in the discrete variable only and a second cutoff of length § on b(k) |u|.
It should perhaps therefore not be surprising to see the type of constants that we do see
in Theorems 7.1 and 7.2.

There are some indications that a stronger trace lemma than Theorem 7.1 holds. For
I <j<Jandy =0,1,—1, the estimate

|M} £ 15 < V2798 £13 (7.0.6)

I+[ k)

(which, if proven, would give Theorem 7.1 for a € [0, 1] and a consequent improvement
in Theorem 1.1) is fully proven in the specific case of Heisenberg groups in [24]. Thus,
given (7.0.6), one could use our previous reduction results to obtain a simplification of
the proof of almost-everywhere convergence result in [24]. On general H-type groups,
with the methods we employ, we could only manage to verify (7.0.6) for the restricted

range of j givenby 1 < j < %’ and for j = J (see Remark 7.31). Given the estimates
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available for Jacobi polynomials, it seems likely that this result is impossible to prove
using pure second layer weights (see Remark 7.25) and would instead require analysis of
integral kernels arising from a weight involving both first and second layer components.
This would be different to the Euclidean case, where we recall from Figure 1.3 that
partial weights are sufficient to recover the full result.

Before discussing the proofs of the ‘trace lemmas’, Theorems 7.1 and 7.2, we shall

prove a small lemma that will be of use in both the first and second layer cases.

Lemma 7.4. Let k € Z and x € Ny. If c(k) > 0, then % € [1,1 + 2x]. If additionally

c(k—x
c(k —x) >0, then (C(k)) €[5 1]

Proof. For the first inclusion, since ¢(k) > 0 then c(k) > 27, so we have

c(k + x) 4rx 4rx
1< =1l+——=14+—<1+2x 7.0.7
(0 (k) e > (7.0.7)

If c(k — x) > 0, then let [ := k — x. Then ¢(l) > 0, so applying the first result of this
Lemma gives

[+ x
= e[1,1+2x], (7.0.8)

which gives the second result. O

7.1 Fractional Integration of Radial Functions on the
Dual

In this section, we will define fractional powers of difference-differential operators on
the dual space arising from multiplying by weights on the group side via their heat
kernels.

Let f(|z|, u) by a radial function on G and let w(|z|, u) be a radial weight. Then by
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definition we have (cf. (2.2.42))

7 k+m—1 - iUy m— —
ofet) = (7)ol ey e
G

(7.1.1)

which, by (2.2.45) and our identification of G as C" x R" is then equal to

k+m— 7 —2mivu p m—1 2y ,—
D f e Ly (w2 )e
R? Cm R”\{O} IEN()
L el 2]
If we define

w(|z],v) = Jw( z|, u)e 7" du, (7.1.2)

Rn

(note that this is the partial Euclidean Fourier transform of w(|z

,u) in the u variable

only) and set ¢ = |z|%, so that dz = £"~'dt, this becomes

C(m,n) — i i EEEST m
P J Z J (Vv =) fO DL (mv|[) L (rlult)e™ 2 " dt|v|™dv.
Hence, we have that 0, f | (1, k) is an integral operator

Ouf (1, k JZf v DKo (v, L, )(Hm_ 1)|v\mdv. (7.1.3)

IENO l

with integral kernel

0
K,(v, k) := (k+ml l+m1 Ja) L,y — 1
! L)y
m—1 m—1 — )ty
L (av|) L (mlult)e” 2 " dt. (7.1.4)
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Now, if we wish to prove an estimate of the form

lwT fl2 < Cul8)|f12

for radial functions f € L?*(G), some radial weight w(|z

,u) and operator T where

—~ A~

Tf(u,k) = t(u,k)f(u,k) and ¢ is real valued, then by taking the Fourier transform,

this is equivalent to

l0u ()2 < Culd)lgl2

for functions g(u. k) € L*(R™{0} x No, (“""~")#(k)|u|"du). Now, by the Cauchy-

Schwarz inequality and then Lemma A.3, we have

10,(18) 15 = (0u(18). 0u(1g))
= (t0,2(tg), &)

< |10, (28) 212

1/2
l+m—1Y\ .,
< gl [ sup | 3 rm,k)\m(v,z;ﬂ,kw(v,z)( l )v| "
kot S leny
1/2
k+m—1
slupf Z 1, k)| Ko (v, L s k) [ (v, l)( L >|u\’"d,u . (7.1.5)
Y gn keNg

Note that since w? > 0, then the operator f — w’f is self-adjoint on L*(G). Conse-

quently, the operator 0, is self-adjoint on L?(R"™\{0} x N, (“*""~")#(k)|u|"du), whence
KoL k) = K (u, kv, 1).

It follows that both integrals in (7.1.5) are equal, and so this reduces to

J S 1, )| Kop (v s 1, )] (0 1) <l e 1) V"dy  (7.1.6)

|0utg]3 < |83 sup
k’ﬂ R7 ZENO

If we assume that w(|z/, u) is a function of only |z| or u then simplifications occur in the
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formula for K, (v, [; u, k).

Lemma 7.5. If w(|z

Ju) = w(

K,(v,l;u, k) =

Proof. Observe that in this case,

w(|z],v) = fW(IZI)e_Z”””du = w(|z[)do(v).

R

The result is then immediate from (7.1.4). O

Lemma 7.6. If w(|z|,u) = w(u), then, for k = [ we have

w(v —p) v k=1 plk—Lm—1) v 2
K,(v, k) ~ — (2 . - 1) P, (1—-2(1-2 V) )
(1+ 1)(|v| + ‘/1|) [kl +]v] |kl + v

(7.1.8)

and for k < [ we have

w(v — ) vl \i—k p(l—km—1) vl N2
Ko, b, k) > —— (1 -2 y=kpl (1—2(1—2-kly?),
(k+ 1)(|v| + |,UD [ke]+]v] |kl +[v]

(7.1.9)
where P,(f’b) are Jacobi polynomials.
Proof. Since w(|z|,v — ) = w(v — u), then (7.1.4) becomes
C o0
Ko p k) = —m 1 l+m D) JL a1 (xlult)e AR gy

% ;

If we set u = nit(|v| + |u]), then

Lm—l ( |y||.l|1-|\ﬂ| u)e*“/zum’ldu.

Kw(V, l,/.l,k) ~ C<m n)V/l)(V—/J) )m fLm—l( [v|

(k+rZ71) (l+m l)(‘V| + |'u|

The result is then immediate using Lemma 9.1, specifically (9.0.3). O
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7.2 First Layer Trace Lemmas

7.2.1 Proof of Theorem 7.2 for j = J

Lemma 7.7. For A = 1 + % let

[I]

o0 OO
Jle as1+40](r)drds. (7.2.1)

Furthermore let

Q(p, k) == E(c(k)|ul)- (7.2.2)

Then there exists A" > 0 such that
0,Q(u, k) + A5 = 0
and if 27 < c(k), then
X(i—asi+a5) (c(K) ) < 2776710,,Q(u, k) + A'277. (7.2.3)
Proof. If k > 1 then, recalling that ¢(k + 1) = c(k) + 4x, by (2.3.4) we have

O, k) = % [2E(c (k) ul) = E(c(k)|u| — 4rlu]) = E(c(k)|u| + 4rlu])]

[E(c(k)lu]) = E(c(k)|p| + drlul)].

Now,

—— [28(c(k)|u|) = E(c(k)|u| — 4rlu]) = Z(c(k)|u| + 4rlul)]

1
= 1671|y|kfs J)([I_A(;,HA(;] (c(k)|u| — dnsr|u|)drds = 0,
|
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and

c(k)|u| + dnlu| = c(k)|u| = c(k) — 4x|u| = 0.
The k = 0 estimate is trivial. Furthermore, by the Fundamental Theorem of Calculus,
ee}

< |Z)0 < sup f Xissisas(F)dr| ~ 5

N

m
7|l

[E(c()|ul) — E(e(k)[p| + 4nlp)]

N

for all k € Ny (recall that ¢ ~ 1). This implies that 0,,Q(u, k) + A’6 > 0.

Now, suppose 1 — 46 < c(k)|u| < 1+ Ad and 2/ < c(k). Then

o
167T|,U|kfs X[1—as1+45)(c(k)|u| — drsriu|)drds
0 S
1o
N JX[l—Aa,HAa](C(k) \u| — dasr|u|)drds
121
1 2/6/8n ‘
276
= drds = —.
J J "= Ton
12 0

Similarly, if 1 — A6 < c(k)|u| < 1 — 46, then

12 —2i5/8x

This implies that 0,,Q(u, k) = 2/6 for 1 — A§ < c(k)ju| < 1 + AS and so proves
(7.2.3). O
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In what follows, we consider ¢, ¢y € C°(R) be such that supp(¢) < (1,3) and

1= ) @i(t) for t > 0, where (1) := @(27*1) for k > 1. (7.2.4)

kENo
Furthermore, define Ay f(z, u) := ¢i(|z]) f(z, u).

Theorem 7.8. Let K denote the kernel of =(L) (where E is defined as in (7.2.1)). Then,

forall f € #(G) we have

eazf‘z\l‘flf(z, )|z “[(Awf)* = (Af)](z, u)dzdu|  AS|2°7 £]3
G

forall a € C such that 0 < Re(a) < 2.
Proof. By interpolation, it suffices to prove this for a = i6,2 + i6 for all 6 € R. Set
©(t) = Z(¢*). Then we have, by Euclidean Fourier Inversion the formula

0

K = J@(g)e%f VLS,dé = 2f@)(§)P§d§. (7.2.5)

R 0

where P; := cos(27& \/L)J, is the convolution kernel of cos(27¢ v/L). Recall that we

have the finite propagation speed property (Lemma 2.6), so that
supp(P;) < B(0, 27&). (7.2.6)

Choose ¢ € C*(R) supported in (27, 4x) such that

4r

Jgo(t)tg_2dt =1

2r

and define @y := %¢(t) for t € R. Then

4

f‘pg (%) F9€dt = fgo (%) tdt = J(p(u)uf_zdu = 1. (7.2.7)
0 0

2r
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Now, define

Izl

3
wg(z) = J(,Og < ; > s'¢ds, for z € C™. (7.2.8)
0

Then by setting ¢t = ‘7S| we have from (7.2.7) the formula

&/l

1\ . . )
Wg:(Z) _ f 0o (;) 1‘1976’2’1975|Z|dt _ |Z|1*€+19 (729)

0

provided |z| < 27 (as gq(1) is supported in (35, 5-)).
Recall that a Herz-Schur multiplier is a function K such that for all F € .%”(G) the

operator T on L? defined by Tr f := f = F satisfies
\Tr| o2 = |Tkr|2-0e- (7.2.10)

Note that the characters x, : (z,u) — €™ are Herz-Schur multipliers for all n € R?",

since

f*CYnF):Xn[(X—nf)*F]

and since |y,| = 1.

Now, note that by Holder’s inequality we have

ool - Dllziamy < IU+1- )" (] - Dlizzgam = [(1 = 8)" (] - ) 2z2m),

where A is the usual Euclidean Laplacian and | - | here is the usual Euclidean distance

on R?>", Since ¢ is supported in (27, 47) then

)] = 132 () < Y ()R]
a+517€2§)+2

2m+2

< D (L 16)>xd”l0g (e (|xD)))

b=1

< (L4 10)*" X (2 (| x])
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and thus

11— A)"g(] - Dlr2eny < (1 + |6])>" 2.

Hence, we conclude that

f ool D(mldn < (1 + 6]+, @.2.11)

R2m

By Euclidean Fourier inversion, we have

®o (Ks’) = f sﬁm) (M)xys(z u)dn, for (z,u) € G,s e R"

R2m

and so, using (7.2.11) with Fubini’s theorem we have

Ty @ = [ ol D) | A 008) )P )dyava

R2m

< (L+ 0D Ty, r f (2 u)
which implies that
I Teuasorlliz—re < (1+ 1612 T e
We also know by a similar argument using (7.2.8) that
¢
(W7 ENERS JS_e||T¢g(|z|/s)F|L2—»L2dS < LE 100" 2 Te | 22 (7.2.12)
0

Set Ky(z,u) := |z|' K (z, u). Then using (7.2.5), (7.2.6) and (7.2.9), we obtain

Ky = 2f@<f>!z\““9P§d¢" - 2J@(§)W§Pfd§
0 0
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Hence, using (7.2.12) we see that

o0
| Tkoll 222 < ZJ T, 2 r2dé (7.2.13)
0

< (146 | 10()]lé]ae

S—3

Now, by considering support conditions, we have that

o0 00
J fxl por s (F)drds <A6fx< en1()ds < Ady1(1)

2

and

0

©"(1)] < [E'()] + [PE" ()] := f XTi-as1+40] (N)Ar] + [Ex71-a6140] ()]

2

< ASx 1.0 (t) + X[1-as1 46 (£)-

This implies that

R
and
réﬂa|=~[®%0e”“m:SAafmluuwr+fXUAMHﬂwmhsa
= R R
and so

(1+1€P)|O@F)] <6+ 0"(&)] <6 (7.2.14)

After dividing through by (1 + |£|?), by substitution into (7.2.13) this yields

0

||TK9HLZ_,L2 < 5 4 |9‘ 2m+2

0

é‘;ls
1+§

< 6(1 4+ |9])*m 2, (7.2.15)

131



Now, let a = i6. Then, using Lemma 2.1, the Cauchy-Schwarz inequality, the fact that

the involution f — f* is an isometry on L? and (7.2.15) we have

f 'K ()| TS ) » (M) ) dzdi

G

set J (Ko = (Aef)*1(z w)[ [ (A )" (2, )| dzdu

< e Ky« (Aef)* |2 (AkS) ]2

)
< S(1+10)> 2" [ Awf 3 < o]l £

If a = 2 + i6 then using a similar argument with (2.3.10) we have

e J 2" K (2, u) 2] [ (A f)* % (Aef)](z, u)dzdu

G

=t JKH(Z, w) |2 [(Af)* = (Af)] (2 u)dzdu

< 8(1+ 16D e (vAuf 2 Acfl2 + [v2Acf13) < 812°F 3.

Since [2/%/2| = 1 and [22*®%/?2| = 2% then interpolation concludes the proof. O

Although we will only require the j = J case of the following lemma, is simple to

extend the proof to cover j < J and so we do so here.

Lemma 7.9. For 1 < j < J we have

n-asias (LR 15 < zfj”f”iz(lﬁo)-

Proof. By the Plancherel theorem, for 1 < j < J (recalling the definition of R; in
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(6.0.3) and the estimate (6.0.1)) and then Lemma 7.7 we see that

Wi-asras (DRAS = )] JX[l_Aa,HAa](C(|a|)!/1|)|1\kf(#,&,,3)2|,U|md#
2i<c(lal) <2/t g
(1,ﬁEN6"

< 2796713 [ 200 ) R Bl + 27915
a’ﬁRﬂ

(7.2.16)

This also applies to the case j = J, but with the summation now over 2’ < ¢(|a|). Now,
observe that, by (2.2.13), Lemma 2.17 and Lemma 2.16 (since I?(u,k) = Q(u, k) by

(7.2.2)), we have

J <K (z, ) [(Af)* = (Arf)](z. u)dzdu

_ J”u(apzz?(u)[ [(Af)* « (A (0)] ) el

Rn

= [0 R e [(A)* » (Aef)] (ot v, ) "l

r\ —_—
= {300 Ri o) R ) Pl
R” B

Hence, (7.2.16) is majorised by

217 + 2790 | [ PR TR + (R T ]

Combining this with Theorem 7.8 (where we set a = 1 + €) gives

Ix1-as1+a0) (L)RALF]3 < 2772092 £, (7.2.17)
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Then, we have

2
Ixpi—as1+a6) (LR, f3 < [Z X 11-46,1+40] (L)RJAI%f|2]
keNy

2

<27 [Z |25+ 92 A ]

keNy

Due to the support condition of ¢y we have the estimate
2URNAST < (14 |2 Af P (7.2.18)

and so by the Cauchy-Schwarz inequality we have

2
2/ [Z ‘2k(1+e)/2/\kf”2] <27/ (Z yzk(1+2e)/2Akf‘§) (Z 22k6> (7.2.19)

kENO kEN() kEN()

< rfjwf(z, W)(1 + |2]) > dzd
G

Interpolation with the trivial L? estimate then completes the proof. O

Proof of Theorem 7.2, j = J. By interpolation, it suffices to prove Theorem 7.2 for a =

1. Recall from Lemma 6.5 that
M(;Jl + Mg,/ + Mé,] < Ryxpi—asi+as) (L)

forA =1+ ‘1‘—3. Then applying Lemma 7.9 for j = J completes the proof. O

Remark 7.10. Observe that Lemma 7.9 is essentially a proof of Theorem 7.2 for j <
J but only in the case y = 0 (since HM?Jsz < |ri—as1446) (L)R, f]l2). For j < J,
the annuli defined by Mg’j are disjoint for fixed j and different choices of y and far
enough apart that they cannot be covered by a thickened annulus x[i—4s1+46](L)R; for ¢

independent of 6.
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7.2.2 Proof of Theorem 7.2 for j < J and Radial Functions

We first present a proof of Theorem 7.2 valid specifically in the case that f is a radial

function. The methods employed for this case follow from an approach using Schur’s

Lemma, similar to the method employed in [8]. The general case is presented in the

section after this.
First, the following estimate will be useful.
Lemma 7.11. Let x € Ny, let m € N and let a € (1,2m). Then
Z(x —p+ l)a—Z(p + l)m—a/Z—l < (1 + x)m—&-a/2—2,
p=0
If instead a = 1 then we have
Dix—p+ 1) (p+ )" < In(2 + x)(1+ x)" T

p=0

The implicit constants here may depend on m, a but do not depend on x.

(7.2.20)

(7.2.21)

Proof. The case of x = 0 is trivial, so in what follows we assume that x > 0. Since

this and our assumption means that x € N, then in what follows, x + 1 ~ x. We must

consider several cases. First, we assume that m > 2.

Assume further that 1 < a < 2. Thena —2 < 0andm —a/2 — 1 > 0. That is, the

summands in (7.2.20) are monotone increasing, so that

X

2= p+ 1) (p e

p=0
x

< (x + 1)(1—2 + J(x o p)a—zpm—a/Z—ldp + xm_a/z_l

0
1

< xa—2 + xa/2—2+m f(l . S)a—lsm—a/Z—lds + xm—a/2—1
0

~ xa—Z + xa/2—2+m + xm—u/Z—l.
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Note that the integral is finite since m —a/2 — 1 > 0 and a < 2 implies thata —2 > —1.
Observe that

a2—2+m>m—a/2—-1 < a>1

and

a/2—2+m>a—2 < a<2m.

Thus, in this case we have x?~2 4 x¥/2-2tmym—a/2=1 ~ ym+a/2=2
If 2m — 2 < a < 2m then both terms in the summands are now monotone decreasing.
The calculation is then identical to the previous case.

Now suppose 2 < a < 2m —2.Thena —2 > 0andm — a/2 — 1 > 0, so that

Z(x —p+ D+ 1) (o 1) R (x4 1)L A a2,
p=0

If a = 1 we have instead

Dx—p+ D) p 1)

p=0
X

<S(x+ D)7+ f(x —p+ 1) pn 3 dp 4 xm 32
0

1
< X732 J(l — s+ L7 lds + 232
0

~ In(2 + x)x" 3% 4 "2 < In(2 + x)a" 32,

We now assume m = 1, which necessarily means 1 < a < 2. Thena — 2 < 0 and

m—a/2 —1 = —a < 0. Define

f(p) == (x—p+ )" 2(p+ 1)1,
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Then

fp)i=2-a)x—p+ 1) (p+1)"
—4x—p+ 1) (p+ 1)
— (x—p+ 1) (p+ 1)~
[@=a)p+1) = 4x—p+1)]
= (x—p+ 1) 3(p+1) 92!

“[p(2—a) +2—3a/2 —ax/2].

Now, sgn(f'(p)) = sgn(p(2 — a/2) + 2 — 3a/2 — ax/2). In particular,

(x+3)a/2 -2
2—a/2

fl(p)=0 = p=

Furthermore, clearly f’(p) is negative for values of p below this and positive for values
above this. Hence, either f is monotone in the range p € [0, x] or else it has a minimum.

Hence,

(X . p>a—2pm—a/2—ldp + xm—a/l—l’

N
=
+
=
S
+
O%x

and so the calculations in (7.2.22) apply here and give the desired result.
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For a = 1 we instead have

X

dDa—p+ 1) (p+1)71?

p=0
x

< f(x —p+ 1)_1p_1/2dp + x7 12
0
1

<x 12 J(l — s+ LT 2gs 4 x712
0
_ 2coth (V1 + x*l)x_l/z Y

Since (1 +x~1)7"2 < 1, since

VIt x 41
2coth ' (/1 +x')=1n (—) <In(2+x
( A=) R

and since —1 = 1 — 1 — 1 = m + ¢ — 2, then we are done. O

In order to prove Theorem 7.2, it suffices to prove the case a = 1. We will not be
able to prove this case directly, but in the following lemma we show that we have the
result for @ > 1 but arbitrarily close to 1. Interpolation may then be used to obtain the

a = 1 case of Theorem 7.2.

Lemma 7.12. Recall (7.0.1) and (7.0.2). For radial functions f(z,u) € L*(G), 1 < j <

J,ye{—1,0,1} and 1 < a < 2m we have
1M5,£12 < 271172 - (7.2.23)
Proof. First, by duality and then taking the Fourier transform, (7.2.23) is equivalent to

[0p-0nM5 1813 < 27812 (7.2.24)
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for g(u, k) € L*(R"\{0} x N, (““"~")#(k)|u|"du). Thus, by (7.1.6), we have

— l+m—1 .
oMl < e sup f 30 R ) (v

IENO

Now, let w( /1, u) = w(+/t) = t~%/2. Then, from Lemma 7.1.7, we have

a0
Ky-a(v,liu, k) = <k+m : JL )L (w|v|n)e —aplegm—1-a/2 3y
0
which rescales to
ST
v Vafm
Ko (v s, k) ~ e JL;"l(r)L;“(z)e—’zm—l—“/zdr. (7.2.25)
) )
We may then use the identity
Sfa+n—j—1 a
) =) ( n_j, )L‘j (x) (7.2.26)

on both of the Laguerre polynomials, followed by the orthogonality property of La-

guerre polynomials, to obtain

L (oL (et dr

_ Z Z <a/2 +hk—p— 1) <a/2 +lz_—qq - 1) T(p+ ;;— a/2>5p,q

p=04¢=0
min{k,l}

Z’ I'(a/2+k—p)(a/2+1—p)T(p+m—a/2)
[k =p+ DI = p+ 1)([(a/2))*p!

p=0

Hence, we have

572 " T (a)2 4k p)T(a/2+ 1= p)T(p + m —a)2)

(=t (=t & T(k—p+ D= p + 1)(T(a/2))2p!

Ky-a(v, L, k) ~
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In particular, we are required to estimate

Wy a/2—m
mpJE}xlm (K)o (B ) o

e ()

min{k,/}

Z [(a/2+k—p)T(a/2+1—p)T(p+m—a/2)
= I'k—p+1I(l—p+1)T(a/2))*p!

Xmmwmwwmmwmmc+m‘ﬁwww

l

Notice that, since k,1 € [2/,2/"") and j < J, then xp1—s1)(b(k)|u))xpi—s1)(B()|1]) =
0 for k # [ (since b(k + 1)|u| is more than §—far away from b(k)|u|). Hence, this

expression is equivalent to

sup — (7.2.27)
s lueli—al, (47

b(k)e[27,27+1)

[(F(a/2+k—p))2F(p—l—m—a/Z)]
I'k—p+1) I'(p+1) '

By Stirling’s formula, we have

‘ I'k—p+a/2)\"T'(p+m—a/2)

ZK Tk — p+1)) T(p+1) ]
k (k — p + a/2)k—P+a/2=1/2gk=p+] 2 (p + m — a/2)r+m=e/2=12p+1
-2 ) |

k — p + 1)kpt1=1/2gk=p+a/2 (p + 1)pH1-1/2eptm=a/2

(7.2.28)

Notice that any instances of ¢” and e* cancel out, so we may take out the remaining

powers of e as an implicit constant. Furthermore,

(p +“m— a/z)ermfa/Zfl/Z

T (7.2.29)
e (2 a2
- p+1
m—a/2—1\""" m—aj2 —1\"" >3
—(p4 1yt (g AT R et
(P 1) p+1 p+1

< <p + l)mfa/Zflemfa/Zfl(m o a/z)mfa/ZfS/Z ~ <p + l)mfa/Zfl'
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Hence, (7.2.28) is majorised by

k
D= p+ 1272 (p 4 1y (7.2.30)
p=0

By Lemma 7.11, for all 1 < a < 2m, we have that this is majorised by k" +%?2 ~

(27)ym+a/2=2 50 (7.2.27) is majorised by
(2—j)a/2+m—1(2—j)2—a/2—m S (7.2.31)

as required. O

Corollary 7.13. For radial functions f € L*(G) and 1 < j < J, we have

|M5 115 = 277011 (7.2.32)

L2(p)*

Proof. By Lemma 7.12, with a = 1 + € we have

IM5,£13 < @Iy (7.2.33)

We interpolate this with the trivial estimate at 6 = 1+r6 and use 1%5 =1 — 7= to get
M7 5 (7)) T | £y (7.2.34)
Since € := 7= may be made arbitrarily small, this completes the proof. O

7.2.3 Proof of Theorem 7.2 for j < J

Let Kg,j denote the convolution kernel of Mg, i Let ¢,, where r € Ny, be the functions
defined in (7.2.4) and let A, f(z,u) := ¢,(|z|)f(z,u). We also fix some ¥ € CX(R™)

with W(x) = 1 for x € [,3]. We recall from (2.2.13), Lemma 2.17 and Lemma 2.16
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that

<ﬂ@G=<ﬁ§»=fndb0@mnwwwmz (7.235)

= Z )& ()] R 1y |

Rr aeNY

— | Y FlwpB a)sup.a)ul"dp.

S @ BENY

Observe that, if one of f, g is a radial function, then the only non-zero terms would be

the diagonal ones, where @ = . Thus, if one of f, g is radial, then

<f g = JZ f,u,a @)g(u, a, 01)|/1| du. (7.2.36)

= Nm

Furthermore, from Lemma 2.17 and the Cauchy-Schwarz inequality, we have

j 3 18l "dys < f > &l B )" < 1l

aeNy n @PENG
(7.2.37)
Lemma 7.14. Recall (7.0.1) and (7.0.2). Suppose we have
€ (0 K) s [ (L)[(Af) * (Af) T S 277|202 )3 (7.2.38)

for —1 < Re(a) < 1 and for all r € Ny, where the implicit constant does not depend on

ror @ :=1m(a). Then for f(z,u) € L*(G), 1 < j < Jandy € {—1,0,1} we have

1513 5 2771 01y (7.2.39)

That is, proving (7.2.38) would prove Theorem 7.2 for j < J, a = 1.

Proof. Choose a = 0 in (7.2.38). Then, by assumptions and the Cauchy-Schwarz in-
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equality,

M 2 < Z |M} A 1
Z 00K [B(L)[(AZF)* « (A2

277 Z 12727, 112

r=0
- 12 /o 1/2
<22 <Z yr(1+e) ||Arf’%> (2 2—re>
r=0 r=0

Se 272 flliz(rapy+e)-

Interpolation with the trivial L? estimate completes the proof. Note that we may in-
troduce W(L) in this way, since Ky k) = xp—sn (b)) x i 21 (b(K)), P(u, k) =
¥(c(k)|u|), we have that [1 —6,1] = [1,1] and

l < @ < 3’
3 k)
by Lemma 7.4. O
Hence, by interpolation, it remains only to prove (7.2.38) for a = —1 + i6 and

a = 1+ i, with 6 € R. We begin by uniformly bounding e &p_aEZj.

Lemma 7.15. Let j < J and I < (0,0) be a compact interval. For a € C with

1 < Re(a) < 2m and 0 := Im(a) we have

sup le %0, aKV k) <27 (7.2.40)
ko
c(k)luler

Fora e Cwitha = 1 + i0 we have

sup le %0, aKV k) 27 (7.2.41)
k,
cWiuler

Furthermore, the implicit constants are independent of 6 but will depend on the choice
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of interval I.

Proof. Recall that the integral kernel K, of 0,-« is given by (7.2.25) and note that the
identity (7.2.26) holds for @, 8 € C with Re(a),Re(B8) > —1 by analytic continuation.

Hence, we have

5,y &I T a/2 + k— p)l(a/2 + 1= p)T(p + m —a)2)

Ty (e T(k—p+ DI —p + D(C@2)7p!

Ky-a(v, L, k) ~
k ! ) p=0

In particular, we are required to estimate

g Su(v) V>
A= sup e [ Y oty (D)X (b(1) (7.2.42)
c(k])(iZ\eI O ( k )( I )
mi“z{’i’” T(a/2 +k— p)T(a/2+1—p)T(p+m—aj2) (1 +m—1 v
14 4
= T(k—p+ DI —p+1)(T(a/2))2p! !
a/2
_ X11-611(b(D)|u]) |l
- Slllp ¢ Z (k+m71)
C(k)r;le[ b()e[2/,2i+1) k
min{k,/}

Z I'(a/2+k—p)(a/2+1—p)T(p+m—a/2)
[k —p+ DI = p+1)((a/2))*p!

p=0

Recall that, for b(I) € [2/,2/"!) with j < J, the annuli

{eR": 3 < |ul < 35}

are disjoint. Therefore, for fixed |u|, there exists at most one /, with b(l,) € [2/,2/F1)
such that xp1—517(b(L,)|p|) # 0. Furthermore, since c(k)|u| € I, then 1 + k ~ [u|™" ~

1 + [ ~ 2/, allowing us to estimate

—1
|ﬂ|Re(a/2) (k +m — 1) ~ |,U|Re(a/2)(1 + k)l—m ~ (2—j)Re(a/2)+m—1_
k
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Hence,

min{k,l, }
A~ sup ¢~ (27 Rel@/2)tn=1 Z I(a/2+k—p)(a/2+1,—p)T(p+ mz— a/2)
K = L(k—p+ 1), —p+1)((a/2)p
(7.2.43)
From (1.4.16) in [35] we have the estimate
IT(z)| ! < &™M@V2 for Re(z) = 0,
so that
6_02 2 ‘9|
———|<e ¥ < 7.2.44
T2y =€ ¢ (7240
Furthermore, for Re(z) > 0, we have
IF(z)| < I'(Re(2)),
which is easily seen from the definition of the Gamma function. Hence,
I'k—p+a/2 I'k—p+ R 2
‘ ( p Cl/ )’ < ’ ( D e(“/ ))‘ g (k—P+ 1)Re(a/2)71. (7245)

I'k—p+1) I'k—p+1)

The calculation with the term where k is replaced by I, is identical. Similarly, (cf

(7.2.29))

‘Hpﬂw4w<F@+m—%@m)<@+UWMWH- (7.2.46)

I(p+1) I(p+1)

Hence, combining (7.2.44), (7.2.45) and (7.2.46) we have

min{k,l,

2 } I'(a/2+k—p)T(a/2+1,—p)T(p+m—a/2)
Pk —p+ DI = p + 1)(T(a/2))*p!

2
e&

p=0
min{k,l, }
S 2 (k —p + 1)Re(a/2)fl(lﬂ —p + I)Re(a/Z)fl(p + 1)m7Re(a/2)71’ (7247)

p=0

Now, first suppose that I < Re(a) < 2. Define x = x(k,[,) := min{k, [,} and observe
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that 1 + x ~ 2/, since both 1 + kand 1 + I, are of this order. Then (7.2.47) is bounded
above by

E(X —p+ 1)2Re(a/2)—2(p + l)m—Re(a/Z)—l (7248)
p=0

since 1 < Re(a) < 2 implies that Re(a) — 2 < 0.
If 2 < Re(a) < 2m then we define y = y(k,1,) := max{k,1,}. Since Re(a) —2 > 0
then

Z(k —p+ 1)Re(a)/2—](ly —p+ I)Re(a)/Z—l(p + 1)m—Re(a)/2—]

p=0

Z (y—p+ RO (p 4 1yme,

By Lemma 7.11, we therefore have that (7.2.47) is majorised by

J(1 4 x)mRe@2=2 for Re(a) = 1
(1 + x)"*Re(@/2=2 for Re(a) € (1,2)

(1 + y)"*Re@/2=2 for Re(a) € [2,2m).

Since 1 + x >~ 1 +y ~ 2/, then for all 1 < Re(a) < 2m, we have that (7.2.43) is
majorised by

(z—j)Re(a)/Hm—l(2—1‘)2—Re(a)/2—m —02J (7.2.49)

and for Re(a) = 1 we have that (7.2.43) is majorised by
j(z—j>Re(a)/2+m—l (2—j)2—Re(a)/2—m < 2—j (7250)

as required. O

The Re(a) = —1 case of (7.2.38) is then an easy corollary.

Corollary 7.16. We have

€% C0KL L [PL[(AS) = (AL S 272602 )3 (7.2.51)
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fora = —1 + i6, where the implicit constant does not depend on 6.

Proof. First, note that |[¢*’| ~ |e~%| and that |2(“*1)7/2| = 1. Thus,

=16 (0 K, [P(L)LAS) = (Af)IT)

f > Qe K o1 [ ¥ (@D [(AF) * (M) (s @ )"l

R @eNY

Since W is compactly supported, then c(|a|)|u| is in some compact interval, so applying

Lemma 7.15 with a = 1 — i and (7.2.37) gives the estimate

_’J O P ule(@l) AL * (AF)T (s @ )] dp

Rr @eNY

<27 3 )« (AT ()l e

Rr @ENY

< lAnflz < 1713

Since we used Lemma 7.15 then the implicit constants do not depend on 6; they will

depend on ‘P, however, we fixed ¥ at the start of this section, so we are done. O

The Re(a) = 1 case of (7.2.38) now follows by applying the Leibniz rule (2.3.10)

and estimating the terms it produces.

Lemma 7.17. We have

60K [PL[(AS) « (AL € 27262 )3 (7.2.52)

fora =1+ i6, where the implicit constant does not depend on 6.

Proof. Note that |¢%| = |e!=#+20| ~ ¢ and [2(=tD)72| — 27 Let K denote the
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convolution kernel of ¥(L). Now, (recall (2.3.10))

0 Qak) L [H(L)LS » 1)
~ o0,k L [ £7] + K))|
< [e @k [P = 71) « K]
tle P,k (L = 1+ (PR
+ 2 6Py K] Gl £71) * g KO
e PR (Gl = £71) = G KO,

p=1
for some fixed u; € R”". We first estimate the terms involving (£,.,[f * f*]) * ({u,K).
Note that the case with (£,,[f * f*])  (£.,K) instead will be essentially identical, with
uses of (2.3.2) replaced by (2.3.1).

Using (2.3.2) and the fact that K is radial, we see that EK (u, @, B) = 0 except for

when = a — e,. For a # 0 we have

- a ~ a A~
14,K<u,a,a—e>|=\ % Rl —epa—ey) — 1|2 R ava)
o P i P ! L
a N a ~
=\ 2 Rilal - 1) — /2Rl (7.253)
| dm
For @ = 0 we have
ZK( ) = o /=2 |R (o))
K a,a—e,)| = [ —|K(u, |@
o ’ 714l

which is clearly O for @ = 0. This shows that the support of EK (u, @, B) does not

change in any significant way from K (ua,B) (in particular, if this is non-zero, then

c(|a])|u| ~ 1). By (2.3.5) we have that this is also true of Z,, ,K (i, @, 8) for any u, u; €

R”. Furthermore £, ,K(u,@,8) = 0if |@ — 8| = 2 (since &, ,K(u,@,B) is a sum of

terms which will all be zero if @ and g differ in more than one component or by more
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than 1 in one component). A simple calculation shows that

gu,j(f * g) = (‘:,ujf) xg+ f = ((/J,jg) (7.2.54)

—_—

with an analogous formula for a Now, using the above support conditions of J,, ,K

with Lemma 7.15 and Young’s inequality,

ey 10K [( Gl # £71) * Gup KO

e [ X ok lal) Y, GulF - 710000y K )

a€eNY BeENY

(G f) = (" = G]G0 "

Rﬂ

<[ 3
R @eNY

27 [ 3 |17 (o) « G () b

m
@EN(

Rn

<2 (11211 « Gl + W1l ) + G2
<2 (1P g Kl + 15120 1K)

Since we chose ¥ to be smooth and compactly supported, then K is Schwartz, and so
the weighted L' norms are uniformly bounded. (c.f. the proof of Lemma 2.5, where
the weighted L' norm of K is bounded by ||K|o; which in turn is bounded by the
supremum of its Schwartz semi-norms). If we replace f by A, f in these calculations,
then we have that g, , < 2", so this is majorised by the right-hand side of (7.2.52) as
required.

Next, we have

I = e 0K, [0 £*]) « KT

< | 33 170y ook laD (@Dl 6?1+ 1)) "

m
Rn @EN(

Since c(|a|)|u| € supp(¥), which is a compact interval, then we can apply Lemma 7.15
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to majorise this by

27 f SR * 1) (o, )| [,

Rr Ny

By (2.3.10) and (7.2.37), we have

727 [ S ST )l

R a€eNY

27 [ 3117+ (021 s

m
R €N

#2930 [ 210G ) G ) e

J=lgn aeN{

#2935 [ S 1@ « Gt ol

j=1 R aeNY

< 27 ([0 flall £12 + e f13) -

As in the previous case, replacing f with A, f yields the desired result.

For the final case, using (2.3.4) we first see that

10 K (. %) (2k + m)¥(c(k)|u]) — k¥ (c(k = 1)ul) = (k +m)¥(c(k + 1)[u])]

7ul
From this, we see that the support of 0, K (1, k) is essentially the same as that of K (1, k).

In particular, we have that ¢(k)|u/| is contained in some compact interval depending only

on Y. Hence, as in previous cases,

H = e @y vk L [[f * 4]+ (0K))

< | 3 170 R laDIILF + 7]+ (RO )

rn @ENY
—6? v - ~ m
= f D, 16701k (s D02 K (s l@IILf = £*1 (s @, @) |l "dp.
R aeNY

Since we have shown that |(9sz2' (i, |@|)| is supported in a compact interval and uniformly
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bounded in y and ||, then applying Lemma 7.15 shows that

A2 [ SN RO ) "

Rn aeNY

Applying (7.2.37) bounds the integral by | 2] f* * (0*K)||». By Young’s inequality, this
is bounded by || f|30*K 1, and as in previous cases, since K is Schwartz, this completes

the proof. O

Corollary 7.18. We have, for all 1 < j < J and for all y € {—1,0, 1},

|5, £15 = 27011 (7.2.55)

L*(1+p)°
Proof. Interpolation of Lemmas 7.16 and 7.17 yields the assumptions of Lemma 7.26,
the application of which completes the proof. O

Proof of Theorem 7.2. By interpolation, it suffices to prove Theorem 7.2 fora = 1. The
1 < j < J case follows from Corollary 7.18, while the j = J case was proved in Section

7.2.1. O

7.3 The Second Layer Trace Lemma

7.3.1 Estimates from Euclidean Methods

In this section, we will refine Lemma 3 in [8] in order to obtain better estimates in our
situation, where multiple annuli are considered at once, rather than just one as in [8].

First, we develop some technical estimates.

Lemma 7.19. Let x,y € R". Then |x — y| is equivalent to the distance

dy(x,y) := [[y| = [x|| + min{|y|, |x[}6,

where 0 € [0, 1) is the angle between the points x and y.
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Proof. First, write x = rpand y = tt, where r,t > Oand p, 7€ S =1 Then
r
lx —y| = |rp — t7] :t’;p—‘r‘.

The value of this quantity is invariant under rotations around the origin, so we rotate so
that p — (1,0,...,0). This sends 7 to some o where the angle between (1,0,...,0)

and o is again 6. If we set s := r/t and P; := (s,0,...,0) then we have shown that
[x =yl =1[Pr =],

Hence, if we can prove that |P; — o is equivalent to dy(P;, o), then this would imply
that

e =y = 2([1 = £ + min{1, $}6) = du(x, y).

Clearly d(s,0) < dy(s,0), so it suffices to find some C > 0 independent of s, o~ such
that dy(s,0) < Cd(s, o).

First, assume that s > 1. Additionally assume that the angle between o~ and P; is at
most 7. If we project the point o~ onto the line OP, (where O is the origin) to the point
P,, then P, P,o forms a right-angled triangle whose hypotenuse is d(s, o). Furthermore,
the side P, P, clearly has length greater than |1 — s|, and in turn the hypotenuse is longer
than this side length, so that |1 — s| < d(s,o). Also, the side P,o has length sin 6
while the distance on the surface of S"~! between the points o and (1,0...,0), which
is the point where the side PP, intersects S"~!, has length 6, using basic geometry.
Since we assumed that 6 < 7 then 6 ~ sin6 < d(s,o). Hence, in this case, we have
dy(s,o) < d(s,o0)

If instead the angle between o~ and P, is larger than 7, we consider the triangle
P,0c. Since the side P,o is opposite an angle larger than 7, then this is the largest
side, and by definition it has length d(s, o). Similar to before, the side OP; has length

s > |1 — s|, while the side Oc has length 1. Since the arc on the surface of $"~! from

(1,0,...,0) to o has length & < z. Since we have individually shown that |1 — s| <
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d(s,o) and 0 < nd(s, o), then dy(s,0) < (m + 1)d(s, o).
For the case 0 < s < 1 the process is essentially the same as above, except that
we instead project the point o down onto the sphere of radius s. Together, these results

show that dy(s, o) ~ d(s,0). O

Lemma 7.20. We define

1
F(s) := do. 7.3.1
(s) f (50,0 —op 2% (7.3.1)
Snfl
Then for all s > 0, we have
.

(1+s)'1 — s|#! forp <1
F(s) = (1+In, 75) 1+ 9% forp =1 (7.3.2)

(1+ )% forp > 1.

\
Proof. Using Lemma 7.19 we have

w
sin" 2@

1
F(s) := f —do ~ —do,
(5,0,...,0) —o|n=28 ; |1 — 5| + min{1, s}6| 7

Sn—1

where we have used that the surface area of S"2 is ¢, sin" > 6 (this may be seen by
splitting the sphere S”~! into cylinders of small lengths df; each cylinder will have a
radius sin 6 by basic geometry, so will have surface area c, sin"~ > 8d0).

Now, notice that the numerator is symmetric on (0,7), while the denominator is

larger on (3, 7) than on (0, 7). Since 6 ~ sin§ on (0, ), then F(s) is majorised by

n/2

911—2
[t
0 — 5| + min{1, s}6|

We again consider a number of different cases in order to estimate this. First, suppose
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0<s< % ors = % In this case, since 6 is bounded, then
1 .
1—s| = 5 2 min{1, s}6,
giving
/2
F(s) < J 0" 2do|1 — s < |1 — s|F (7.3.3)
0
Now, we assume 1 < s < 3. In this case, |1 — s| < 1 and min{1, s} ~ 1. We have
7/2 Gn—Z
F(s) ~ J _do (73.4)
n—24
11— s+
[1—s] -2 N
| mr |
21— s|[" 26]"

where

11— s|#1 forp<

0| —

Ksg=1|In|1 —s|| forp= (7.3.5)

=

1 for 5 >

0=

\

Note now that in all three cases, Kz > |1 — 5|71, s0 F(s) < Kp.

We now prove our claim. If 8 < 3, then, for s < 5 we have (1 + s) ~ 1 and so

3 %
this is approximately ~ |1 — s[#~! ~ |1 — 5|*~", which we know majorises F(s) from
(7.33). If § < s < 3 then (1 + 5) ~ 1, so this is approximately |1 — s[*~!, which
we know majorises F(s) by (7.3.4). Finally, if s > 1 then (1 + s) ~ |1 — s/, so this is
approximately |1 — s|'™"*%#~! = |1 — 5|¥~", which majorises F(s) by (7.3.3). Similar

workings prove the other cases. O

Lemma 7.21. Define A(r,6) = {x eR": >

Motl<o) Pro<p<yo0<s<}
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p(k) = Nk + 3 for k e N and 8,3 € R where N > max{0, -3} and 2/ < 6! we have

| vwrasce,
U A(1/p(k).6)

p(k)e[2] 27+ 1)

where )

max{2(-2A)gs, (275)*#}  forp <1

Cp(6) = 4 6] In4| forg=1

20-28)is for% <B<3.

\

The constant in < may depend on N but not on =.

Proof. By taking Euclidean Fourier transforms, (7.3.6) is equivalent to

F)Pdx < C5(6) f () |x PP,
U A(1/p(k).6) R"

p(k)e[2i 27+ 1)
which, by duality, is equivalent to

frg Zsao [ kwra

U A(1/p(k).0)

pR)e[2] 27+ 1)

for g supportedin |  A(1/p(k),d). Now, by Lemma A.3,
p(0E[22741)

— dx . 1
J| \xPﬁ J(g*g*)(x)wﬁfg*g <X>de

R Rn

- J s

U A(/pk).0) U A/pk).0)

pkye[2/ 27+ 1) p(k)e[2/ 271
2 —
< ||gH2 Slip J |x_y|n_zﬁdy'
U A(1/p(k).0)

pk)e2] 27+ 1)
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We rotate so that x = (r,0,...,0). Then

1 1
———dy < d
P f TR IO f (70,..,0) =y
U AG/p#)0) PIEREZ) 41 /p(1).0)
p(R)e[2] 2/t
,Qﬁ
= sup Z J 0) =y 2'Ba’y
=0 JEI2) 4 (1.6) d
We now seek to estimate, for # > 0, the integral
1
dy.
(0,0,..0) 7
A(1,6)
By switching to spherical coordinates, this integral is equal to
145
1
dor""'d 7.3.9
J J 00...0) _rap B W (7.3:9)
1=5 §n—1
146
f f 1 d nfld
= or" dr
r"=#|(t/r,0,...,0) — o|"28
1—5 §n—1
146
dor®dr.
JJ|t/rO 0)— o
1— o §n—1
By definition, this is (cf. Lemma 7.20)
146
J F(H)rlar (7.3.10)
1-5
Using Lemma 7.20, for 8 < 1, (7.3.10) is majorised by
145 145 .
1+ D)l — L2812 ldr—fr %~ 1—dr.
Jasym-y P
1=6 1=5

First, suppose t > 2. Then ¢ is much larger than r, so we can approximate this integral

by 61"
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Now, suppose ¢ < 2 and |1 — #| > 26. Then either z € (0,1 — 26) or t € (1 + 26,2).

In the first case, we have (recall that 26 — 1 < 0)

r—t* = -0*'< (1 -6-1)*"

Sincet < 1 —26then1—6 —t ~ 1 —t. The second case is analogous. Hence, we may

majorise the integral by 5|1 — ¢|#~1.
Conversely, if |1 — #| < 26, then

1+6 1—t+6

36
’,.nfl
f r =t ———=dr < f r[*dr < J P[P dr < 6%,
156

(r+1)
1=1—5 36

Hence, for 8 < 1, and 1 < 2, (7.3.10) is majorised by §(5 + |1 — #])%~".
Fort > 2note thatt ~ 1+~ 6+ |1 —t| and so 5t~ ~ §(1 +1)' 7" (5 + |1 —1])*7,

while for 0 < 7 < 2, we have (1 + 7) ~ 1. Hence, for 8 < 3, we have

1+6
f F(4)r ¥ dr < 6(1+ 1) 7"(6 + 1 — )%, (7.3.11)

1-¢6

Hence, we need to estimate

sup L plk)FS(E 41— p(oyr)F (14 p(k)r)

=0 pwef2ioit)

<supo2 M (54 |1 — p(k)r)¥*!

=0 pk)el2],2+1)

Notice that the summand is increasing on p(k) < 1 and decreasing on p(k) > 1. We

will wish to estimate this sum by an integral; in order to do this, we must estimate

separately the terms ]; —1<pk) < } + 1 and all other terms.

First, note that

—1<pk)<i+1l <= l-r<pkir<l+r < |pk)r—1]<r

N =
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Since 28 — 1 < 0, then in this range,
(6 +[1=plyr))?~" < 6%,

Note that since the length of the interval [+ — 1,1 + 1] is 2 and p(k + 1) = b(k) + N,
then there are at most 1 + 2|1/X| summands in this interval (in particular, if 8§ > 1 then
there is only one summand in this interval).

Outside of this range, we have that (6 + |1 — p(k)r|)*#~! is monotone increasing for

p(k) < 1 — 1 and monotone decreasing for p(k) > 1 + 1. Hence

Y, @+ 1= p)r)*!

p(k)e[2].271)

[p(k)r—1|>r
= @+ [1—pR)r)* "+ > (5+[1— plk)r|)*!
p(k)e[27,27F1) p(k)e[2/,27+1)
p(k)<%—l p(k)>%+1
< (6+ 1 — p(k)r))*~dk + j (6.+ 1 — p(k)r]) %~ dk
p(k)e[Zf,%] p(k)e[%,zﬂl)

- j 6+ 1 — p(k)r])*dk

pR)e[2).27+1)

Since |1 — p(k)r| > r =27/ > § here, we have

| e pwnraes [ pr

p(k)e[2).27+1) p(k)e[2).27+1)

If r > 27/ then p(k)r > 1, and we have

11— p(k)r|* 'dk = J‘ (p(k)r — 1)* 'dk
p(k)e[2/.2/+1) p(k)E[2] 27+1)
(p(k)r — 1)% pty=27+!
- Nr plk)=2i

~ 27— D)% — (277 — 1)#]
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—1

since p(k) is linear in k. We have analogous workings in the cases r < 27/~! and

277! < r < 27/. All of the obtained quantities can be majorised uniformly by 2/,

hence,
sup Y. (G+ 1= plh)r|)P T <2+ 6 (7.3.12)
=0 pwef2iait)
Thus,
1 S A ,
sup J mdy < 27527 4 671 < max{2U-Ps, (2775)%).
X X—=Yy "
U A0/pH)6)
pk)e[2/ 271y

For 8 = 3, (7.3.10) is majorised by

1+6

1
J (1 + 1n+ ﬁ)(l -+ f)lfndr.

1—-6
Notice that In . m = 0 fort > 2 + 20, since in this case we have

1 1

<
=3

which is less-than or equal to 1 if and only if # > 2 + 26. In this case, our integral is
majorised by 5(1 + #)' ™. For 0 < t < 2 we can take (1 + 7)™ ~ 1, so we need only

deal now with the logarithmic term.

1
t

First, we estimate when In 1 < 1. This is the case provided

1
<e.
[T
First, assume 1 + 6 <t < 2 + 26. Then
1 1 —1 1 —1
= - e <= ¢ <-—-1<=r(e +1)<t
‘l—f =1 r

Hence, In r1£| < 1for (1+6)(e”! 4+ 1) <1< 2+ 26. Analogously, we have this for

0 <t<(1-6)(1—e"). Inboth of these ranges, we have ¢ < 1 so that our integral is
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majorised by 9.

Finally, suppose (1 —6)(1 —e ') <t < (1 +6)(1 +e¢"). Then (1 4+ %) ~ 1 and

I +In, |111 ~ In 1£.Notethat

b
1
Jln - ldr: rinr+ (t —r)In(t — r)|’ fort > b

and

1_ ¢

b
1
Jln dr=rinr+ (t —r)In(r — )2 fort < a.

Hence, for (1 —6)(1 —e™') <7< 1— 6 we have

146 |
flnl_Ldrzrlnr—i—(t—r)ln(r—t) it
1-6 4
1+6 l—t+6
=1 sln(1 —6%) + (r—1)1 —6In(6* — (1 —1)?
N5 n( )+ ( )nl_t_é ( (1-17)
1—¢t+6
:5+0—1ﬂnT—7i5—5m«1—ﬂ2—§)

<6—6In((1—1)* — 6%

as the remaining term is negative. Analogously, for 1 + ¢ <t < (1 +6)(1 +e7') we

have

1+6

1
flnt 1dr=rlnr+(t—r)ln(t—r)}f§
1-s
t—1—-906
~5+(t—1)In——— —SIn((r — 1)*> — &
+ ( )nt—l—l—(5 n((t—1) )

<6 —6In((r—1)* — 6%).
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Finally, for 1 — ¢ <t <1+ 6 we have

Jln 7 dr— J
= (rlnr+ (t—r)In(t —7r))|, s+ (rlnr + (t —r) In(r —1))|}*°

t
o0+1—1t
6—(1—1)

1+6

1
dr+ flnl 1a,’r

r

t

~5+(t—1)In —6In(6> — (1 —1)%)

<6 —6In(6* — (1 —1)?).

We note that —¢In |(1 — #)? — ¢6?| is maximised at = 1, with value ~ 6| In |, decaying
to § as 7 approaches (1 —6)(1 — e~ ') and (1 + 6)(1 + e !). Therefore, we can majorise
(7.3.10) for B = % and for all 7 > 0 by 8(1 + 1) + x[(1-6)(1—e=1),(1+6)(14e-1)) (£) 8] In 6]

Hence, we need to estimate

sup Z p(k) (61 + )" + xj1-5)(1—e-1).(1+8)1+e-1y] (P(K)r) 8| In b))
r>0 P h il
p(k)e[2/,27+1)

< sup62 Z (14 p(kyr)'=" + X[(1=8)(1—e~1).(1+6) (14~ 1] (P(K) ) In 6]
r=0 pk)e[2/27+1)

Since 1—n < 0 this is clearly maximised when the largest number of p(k)r are contained
n[(1—-06)(1—e),(1+6)(1+e )] If we choose r = 27/(1 — ¢™!) then this is true
for all 2/ < p(k) < 2/*1, so this sum is majorised by §|In 6.
For 8 > 1,(7.3.10) is majorised by
146 146
f (14 Ly gy ~ f (1+0)*7"dr ~5(1 + )%™

1-¢6 1-¢6

Hence, we need to estimate

sup Y plk)F(1+ p(k)r)* T < sups2 N (14 plk)r)F

=0 pwef2ioit) =0 pk)e[2].2+1)

Since 28 — n < 1, then the summands would be maximised by taking r = 0. As there
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are ~ 2/ summands, this yields

52(1-28)j

Lemma 7.22. Recall the definition of Mg’j f(cf. (7.0.1) and (7.0.2)) and let 0 < a < 2.
Forye {—1,0,1} and 1 < j < J(1 —§) + C we have

1M 115 < 770 2| 122 oy
ForJ(1 —§)+C < j<J—1we have

|M] 115 < 28] £ ey
(ye/?)

Note that the implicit constant depends on C.

Proof. We wish to apply Lemma 7.21 to M} if with g = ¢ and p(k) = b(k). Define

H, = 2nL/A + 4nyld, where 1d is the identity operator. Then

IM 15 = xp—on (HyA/27)x 2y (Hy) f13
= > sy @A/ 2m)x wy (Hy) f13

b(De[2/27+1)

) f»m DT ol

b(k)e[2/,2/+1)

f Z J £ (2, u) P dudz

Cm bOE[.27FD) 4 )1 6

— f f \f- (2, ) Pdudsz

Cr U AG)e)
b(k)e[2/ 27+ 1)

N

where ﬁ denotes the Euclidean Fourier transform of the function f(z, u) in the u-variable
only. The last line here makes sense since the annuli A(b(k)~',§) are disjoint. Indeed,
consider annuli A(b(k)~!,6) and A(b(k + 1)~',6). If the upper boundary of the smaller

annulus is strictly smaller than the lower bound of the larger annulus, then they are
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disjoint. This condition is given by ﬁ < ;(;k‘;, or equivalently

(1+6)b(k) < (1 —06)b(k+1).
Since b(k + 1) = b(k) + 4r, then rearranging gives the condition
5(4m + 2b(k)) < 4n,

which is true since b(k) < 27.

Hence, Lemma 7.21 with 8 = ¢ shows that this is majorised by

max{2(!=42Js, (2775)4% fUACz‘iz dz
a/4
C’n

— max {2425, (2776)%/?} f | £ (z, u)|?|u|*dzdu.
G

That is,
1M, f13 < max{20-275, (2778) 2} 12,
Now,
(2—j6)a/2 2 2(1—a/2)j6 — 2] g 6a/2—1‘
Recall that 277 ~ ¢, so the result follows. O

Remark 7.23. While this result does prove Theorem 7.1 (in fact something slightly
stronger, as the result proved would only use a pure second layer weight) for a partial
range of j (1 < j < %’), and can be used to prove the stronger result (7.0.6) in the range

I1<j< %, observe that it cannot be used to prove a trace lemma

1M, 13 5 (2798) £ s g

for the full range 1 < j < J for any exponent @ > 0. This necessitates the following
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developments that make use of the H-type group structure.

7.3.2 An Improved Estimate for Radial Functions

In the previous section, we essentially ignored the H-type group structure, which gave
simpler formulae to deal with, in order to obtain the result. Here, we instead use the
more ‘involved’ formulae developed in Lemma 7.6, with some of the tools developed
in the previous section and estimates for Jacobi polynomials developed in Chapter 9 to

obtain an improvement of Lemma 7.22, but only for radial functions.

Lemma 7.24. For radial functions f and a € (0,min{2,n})\{3}, if j < w and
Jj < J then

1M1 < (2798) 2 f12s g 73.13)

while for @) < j < J then

|M}f15 < 272256 fl 2 oy (7.3.14)

This result holds for a = % provided ‘<’ is replaced by ‘S’.

Proof. First, by duality and then taking the Fourier transform, (7.3.13) and (7.3.14) are

equivalent to

|0y-os M} 85 < Csj(a)lgl3 (7.3.15)

for g(u, k) € L*(R"\{0} x Ny, (Hm ")#(k)|u|"du) and where C;;(a) denotes the con-

stants stated above. By (7.1.6) we need to estimate

I:= supj Z)(l 511 (b(K) | )x i 201y (B(K) ) | K y=arz (v, I 1, k)| (7.3.16)

lGNO

l+m—1 "
X[l_a,l]w(mv>X[2f,2f+l><b<z>>( A [

Now, for w(|z|,u) = w(u) = |u|=%?, where 0 < a < n, recall that w(v—pu) ~ |v—u|*>~".
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Hence we have (c.f. (7.1.8) and (7.1.9)), for k > [, the formula

‘V lu| B [v| k—I plk—ILm—1) v 2
Ky -ap(v, I, k) ~ (2 — )p (1—-2(1-2 )7,
v m— m v l v
<l+l 1)<|V‘ 1)) lul+ vl |l + V1
(7.3.17)

and for [ > k,

v — >

D]+ )

(1 — 202kl o1 — 2112,

Kyop (v, i, k) ~ K+ ul+ ]

(7.3.18)
We substitute (7.3.17) and (7.3.18) into (7.3.16) and change to spherical coordinates,

setting v = rp, where r € (0,00) and p € S"~!, and similarly let u = so-. Then (7.3.16)

becomes
1/b(1)
1
I~ sup > f o s (7.3.19)
b(k)se[1—6,1 -y rp — so "
b((k))e([ez[f,zﬁl]) PO (1-5) (1) 571
k—1 m+n— I+m—1
r—s k=] ‘Pﬂk_l"m_l)(l —2(&)2)’ pmtn—1 ( I )
r4s min{k,l} r+s (l’ 4 s)m (max{k,l}+m—l) ’
max{k,l}

We rotate so that o — (1,0, ...,0) and rescale to get

1/b(1)
1
I~ sup dp
se[1— Py —(3,0,...,0 n—a/2
M PO 1y oy sitn G )
k1] a/2— I+m—1
r—s ‘P(lk—ll,m—l)(l _ 2(ﬂ)2)’ prten ( l ) dr
r4s min{k,l} r+s (l’ 4 s)m (max{k,l}+m—l) ’
max{k,l}
(7.3.20)
By Lemma 7.20, the integral over S”~! is majorised by
(
(14 )1 — a2t fora <2
\ (l + 1n+ m)(l + f)a/Z—n fora =2 (7321)
(1 + £)a/zn fora > 2.

\
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Notice that s,r are both of a similar size. Specifically, we have s € [1(;]:)5 ﬁ] and

re [%, ﬁ] where b(k), b(I) € [2/,2/71). Hence (recall we assume 6 < 1),

3 (1-0Y _(1-0p(®) _r_ b 2t s
8§ 2m ST b0 SsS(-epn) ~U-op =3 PP

Rearranging this shows that > has the same bounds, so we may take  ~  ~ 1, and so

r

1 + 2 ~ 1. Hence, (7.3.21) is equivalent to

|1 _ Sla/2—1

7|

fora <2

<1+ln+m fora =2

1 fora > 2.

Recall that r € [1=2, =] and s € [;=2, 71=]. Since 2 < 2 < 3, then

5(0) ° b(l) %) b(k) 3>
3 r 1 8
— < — < — 7.3.23
I r+s 1+2 11 ( )
In addition to this, note that k ~ [, so that
I+m—1 m—
)
<k+m—1) - km—l -
k
Hence, since a < 2, we have
1/b(1)
Is s S| s - 26
b(k)SE[?—.(il] 1<k
bR)E[Z2Y) T p(r)e[2i pi+1) (1-0)/b()

1/b(1)

+ ) f [P PTETI(1 — 2(55) )Idr)

(l)e[2>/ 2i+1y(1=6)/b(1)
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Fix k € Ny. First, note that if / = k then by Theorem 9.2,

1/6(D) 1/b(D)
f [ — s P (1 = 252 dr < f [ — s|**~"dr.

r+s m
(1=6)/b(1) (1-6)/b(1)

where the factor (£2)#/? in Theorem 9.2 is (1 — (5£)*)("=1/2 ~ 1, since

r—s
r+.s

0< <C<l1,

where C is a constant depending on the choice of interval /. Note that C must be strictly
less than 1 because both r, s > 0 and are in compact intervals away from O.
Since a > 0 then
1/b(1) s 1/b(D)

f Ir— s|* dr = J (s — r)* dr + J (r—s)7* dr (7.3.24)

(1-5)/b(0) (1-0)/b(0)
1/b(1)
(r— s)”/ 2

(%) 3G

Now, assume / # k. Note that,

|r—s| ~

By Theorem 9.7, for r, s in the given ranges, we have

r—s ||k—1| p(lk—1],m—1) s—r\2 —-1/3
| = |lk=ll p (1—2(55)))] < k-1 s, (7.3.25)

r+s min{k,/}
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Thus,

1/b(1)
a/2—1|r—s||k— k—I|,m—1 s—r
= sl P (1 20557 ldr
(1=6)/b(1)
1/b(D)
< (2—j)2(a/2—1) J ’k o l|a/2—4/3dr
(1-06)/b(1)
1/b(D)
~ (2fj)a72‘k o l|a/274/3 f dr ~ ‘k o l|a/274/3(27j>a716.
(1=6)/b(I)
Thus, provided a < 2
1< (278 + 276 sup D ke

b(k)se[1—6.1] -
pepizrt) DT

< (2776) 7 + (27 s
~ (2776)92,

2

Fora = 5 we instead have

1< Q276)" +27)7Bs  sup oo k=1

bOse[1=61] ) o7
b(k)e[2/,27+1) b(l)eg’f”l)

< (2796)'3 4 2185 ~ (2776)1/3.
Finally, if % < a < min{2, n} then,

1< (2776)7 + (277)'s  sup D ke

b(k)se[1-6.1] -
bt PO

< (2—./'5)11/2 + (2—j>a—15(2j)a/2—1/3

= (2796)% + (277) s,

168



Note that in this case,

(279)22B5 < (2716)* = 215 < 57 (7.3.26)
e 2B < §921 & pl(1=a2)

3J(2 —a)
—

= j< +C,
where C is some numerical constant independent of a, j, 6, which completes the proof.

O

Remark 7.25. We remark that if we had a better estimate for these Jacobi polynomials
than the one given by Corollary 9.7, then this would improve this result. In fact, if we
were able to use the better bound u~'/?|x— x,,|~'/* in Theorem 9.6 for points far from the
‘transition point’ (cf (9.0.15)), then this would be enough. We can see from (9.0.25) that
for points far enough from the transition point, this estimate is enough for us to replace
a~ '3 by a~'/2. Redoing the proof of the previous Theorem with this modification would
in fact give (7.0.6) for radial functions. Unfortunately, in the above calculations, it turns
out that we are in fact very close to the transition point. Note that the restriction of the
1—05

ranges of r and s mean that r = r(9) := % and s = s(o) := T for 0,0 € [0, 1].

One may show that the function

is maximised at

and minimised at
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Then, recalling the definition of x;, from (9.0.15),

2
N:=ux, — (1—25up<r;s> >
r+s

20k — 1? (dnlk — 1| — 1 — 6b(1))?
ST s <1 "l I m T 2y) —6b(l))2>
20k — I 2(4nlk — 1| + 6b(1))?
(k+1+m)>  (4n(k+14+m+2y)—6b(l))?
~ 2(4nlk — 1| + 6b(1))*(k + 1 + m)* — 2|k — I|*(4n(k + [ + m + 2y) — 6b(1))
B (4n(k +1+m+2y) — 6b(1))*(k + 1 + m)?
(327 |k — 1]> + 16x|k — 1|6b(1) + 6°b(1)*)(k + I + m)?
(4n(k + 14+ m + 2y) — 6b(1))*(k + 1 + m)?
\k — 112327 (k + L+ m + 2y)* — 16n(k + [ + m + 2y)6b(l) + 26°b(1)?)
a (4 (k + 1+ m + 2y) — 6b(1))2(k + [ + m)?
(16x|k — 1|6b(1) + 6*b(1)?*)(k + [ + m)?* + 16|k — I|*(k + [ + m + 2)ob(l)
(Arn(k+1+m+2y)—6b(l)*(k + [ + m)?
\k — 1)2(64x(k + [+ m)(2y) + 327%(2y)? + 26%b(1)?)
a (4n(k + 1+ m + 2y) — 6b(1))2(k + [ + m)>

Then in particular,

N<]k—l\(k+l+m)2+\k—l]z(k+l+m)_ k— 1] N k— 1
~ (k+ 14+ m)* C(k+lEm)? o (kL m)¥

That is, recalling the definition of u from (9.0.12) and noting that 2u = k + [ + m,
WN| ~ [k — 1| +u k=1 ~ k1], (7.3.27)

since k,l € Ny and we use these estimates for |k — /| > 1. An analogous calculation
may be done with sup (%) replaced by inf (E) Since |k — I| > 1, then this shows
that, in this case, the bound given by Theorem 9.6 is really only the bound |k — |~/ in

Corollary 9.7; we cannot get anything better out of this result.
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7.3.3 Proof of Theorem 7.1

Note that, in this section, we must assume that G # H,, the Heisenberg group with first
layer dimension 2m = 2. This is due to a technical constraint on one of the estimates for
Jacobi polynomials we will use (Corollary 9.5) which requires that m > 1. However, as
this is a Heisenberg group, this case is already covered by [24].

Let ng denote the convolution kernel of M(;j. Let ¢,, where r € Ny, be the functions
defined in (7.2.4) and let A,.f(z,u) := ¢,(|(z,u)|x) f(z, u) (recall that |(z,u)|x = (|z|* +

16[ul?)'/4. We also fix some ¥ € C*(R*) with ¥(x) = 1 for x € [, 3]. Furthermore,

6’

recall (7.2.35), (7.2.36) and (7.2.37).

Lemma 7.26. Suppose, for some c,d € R and for all r € Ny, we have

WKL PLAS) « (AT S (2778) 1272 f13 (7.3.28)

where the implicit constant does not depend on r. Then for f(z,u) € L*(G), 1 < j < J

andy € {—1,0, 1} we have

IM5,f12 5 Q770)1f 172001 (7.3.29)

Proof. Using the assumption,

Q0
M; i fl> < Z M A S 2

Z oK [P(LI[(AZF) = (AZF)T1[

0

< ()2 Y 2P £l

r=0

o 12 7 1/2
< (278 (Z 2(C+E)’/2|!Arf§> (Z 2)
r=0 r=0

S QT Flpqapee

The verification that (L) can be introduced in this way follows from Lemma 7.4. In-
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terpolation with the trivial estimate completes the proof. O

Thus, all that remains is to prove (7.3.28). We will not prove it directly, but rather

by interpolation. Indeed suppose, for some a € (0, 1] we can prove
[0 K] s [R(L)(AL) = (M) = (2778) 22002 1] (7.3.30)

for all complex numbers b with Re(b) € {—a,4 — a} and for all r € Ny, where the
implicit constant does not depend on r or § := Im(b). Then, interpolation gives (7.3.28)

with d = §, ¢ = a. The following Lemma will be necessary to do this.

Lemma 7.27. Assume that G # H,. Let j < J and I = [A, B] < (0,0) be a compact

interval. For a € CwithRe(a) € (0,3), j < J, or for a € C with Re(a) € (3, min{2,n}),
37(2—a)

j<Jand j < ==+ C, we have
sup [0y oK) (. k)| < (2798)RO2, (7.3.31)
ok '
(W) uler

For a € C with Re(a) € (3, min{2,n}), w + C < j < J we have

—

sup |0y K} (1, k)| < (277)RWD272s, (7.3.32)
ok |
c(k)uler
The result (7.3.31) also holds for Re(a) = % if we replace < with . The implicit

constants in all cases will depend on the choice of interval I but are independent of

6 = Im(a).

Proof. Recall that the integral kernel K,,—.2 of 0y« is given by (7.3.17) and (7.3.18)
(note that, while these formulae are stated for 0 < a < n, they are in fact valid for
complex a with 0 < Re(a) < n). However, these formulae also show that the absolute

value of K, is independent of Im(a). Thus, we may assume that a is real in what
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follows (and in general, replace a with Re(a)). Thus, we are required to estimate

a/2—n

| b ‘|k—l|
)m [kl +]v]

, v — 4l
= Sup JZ min{k,/}+m—1

( |€1Rn ZENO min{k,l} )(M + |y

,m— v l +m— 1 m
Pl (0 =200 = 2 s (O b)) i
This rearranges to

& = sup Z J v /J|a/2 n|2|y||1||y| 1|\k—1|

k -
c®luler PO 27D 11 -6y 7b(1)1/60)

[+m—1 m
(|k—1],m—1) v N2 ( i ) vl
) R G 1§ QL 3 dv.
in{k.l} || +]v] min{k,/}+m—1 m
(et ety (vl )

As in Lemma 7.24, we change to spherical coordinates, rotate and rescale (cf (7.3.19)

and (7.3.20), with the same notation) and then apply Lemma 7.20 (cf (7.3.21)) to get

1/b(1)
I < sup Z (1+ &) — 5|2
@ ser POEZ 2 (50
r=s|" ety ) e
r+ s | min{k,/} (1 - 2(m) )| (min{]f,liljlr;lfl) (r + S)mdr.
minqyK,
For brevity, we define
1/b(1)
H = H (k1 s) = J (1+ &) — 5|2 (7.3.33)
(1-6)/b(1)
|k—1| [+m—1
r—s (Jk—1|.m—1) 2 ( ! ) r
r+ s |Pmin{k,l} (1- 2(r+s) )l (min{k,l}erfl) (r + S)mdr.
min{k,/}

Fix k € Ny. First, note that if [ = k then s ~ r, so that

(145~ 1, I+m—1 mln{k,.l}+m L / L
” ! min{k, [} (rts)"
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Then by Theorem 9.2,

1/b(1) b
K~ f |r — |a/2 1|r+q| |P(0m 1) (1— 2(r+s) )dr < J |r—S|a/2_ldr,

(1=6)/b(1) (1=6)/b()
(7.3.34)

where the factor (H£)72 is (1 — (5=2)2)m D/ = ((ri;j)z)(’"*l)/z ~ 1, since r ~ s. If

s € [L(;;, %] then, since @ > 0 then (7.3.34) is integrable and majorised by (277/6)

a2

as in (7.3.24). For s < since a € (0,2) then a/2 — 1 < 0 so that |r — s/*>7! is an

(l)’
increasing function of s. Analogously, for s > ﬁ, |r — 5|92~ ! is a decreasing function

00 5] case.

of s. Hence, both of these cases are majorised by the s € | 50 B

Now, assume [ # k (that is, |k — [| > 1). We consider multiple cases. First, suppose

that [k — [| < ¢;(min{k,[} + %), where ¢; > 1 is a constant to be speciﬁed later. Then,

s\1—n m— min{k,/} +m—1
Ltk T Isothatr ~ s, (14 2) 7~ 1, (S (melblbon=t) ™ g ang 20 1,
Thus,
1/b(1) s e .
K~ f I — |/ — Poingery (L= 2(52)%)dr. (7.3.35)
(1=06)/b(1)
Suppose further that || > 4| £=|, so that |r — s| 2 27%/|k — [| (note that this extra

condition does impose a further constraint on r, which we may disregard in the integral

as the integrand is positive). Note that

2

. 8

12 (220) - 22 o g (7.3.36)
r+s (r+s)?

for some € € (0,2) which is independent of r, s since r ~ s.

Then, by (7.3.35) and the first part of Theorem 9.6 (that is, (9.0.16)),

1/b(1)
A< J = [Pk + 1+ m) (E55)? — (527 + [k — 1|Y3) " 4dr

k+1+m
(1-6)/b(1)
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Now, since |=2| > 4 , then
r+s

k—1
k+I1+m
(L) — (527 ~ (52)?

and

(ko 1 m (20 o [k = 1P) 7 (ko e m)(2?) 7~ 27— o]

Hence,
1/b(1)
H < f = 5|12 — |7 Pdr < 277 Dk — 1|47,
(1=6)/b(I)
Next, assume that || < {|; f:ljrlm\ Note that this exactly implies the conditions of

(9.0.17), and hence applying that to (7.3.35) gives

1/b(1)
<2l f Ir — 5| tdr < 27 l(27ig)2,

(1=06)/b(1)
Finally, assume that §|£-| < || < 4|27, so that |r — s| ~ 27%/|k — I|. Thus, we

again have (7.3.36), so applying Corollary 9.7 to (7.3.35) gives

1/b(1)
H < J r— sk — 1|7 dr

(1=06)/b(1)
1/b(1)

~ 2—j(a—2) ‘k . l|a/2—4/3 J dr
(1=6)/b(I)
~ 27j(a71) ‘k o l|a/274/36.
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Thus, for k # I and |k — I| < c;(min{k, I} 4 %) we have that

% s 2—j(a—1)|k o l|a/2—3/26 + 2—j(a—l)|k o l|a/2—4/36 + 2—|k—l| (z—jé)a/Z

S 2_j(a_1)6‘k o l|a/2—4/3 + 2—‘k—l| (2_j6)a/2.

If this were summed over b([) € [2/,2/71)\{b(k)}, then this is majorised by

-

27/ 4 (2778)42, ac(0,3)

\ 27/ Ds 4 (2795)2, a = % (7.3.37)

2-ila=Ngila2=173) 4 (2=ig)? g e (%,min{z, n}),

which is majorised by

-

(2776)%/2, ae(0,2)

N j(2778)42, a % (7.3.38)

\2_‘/(0/2_2/3)6 +(2776)9%, ae (3, min{2,n}),

Now, we assume that [ # k with |k — I| > ¢;(min{k, [} + 5). We consider two cases.

First, let [ < k so that k > ¢, (I + %) + [. Then,
m m
k+5>(C1+1)<l+5>,

so by Lemma 7.4, since b(l) > 0,

1
c(k) > (c1 + 1)c(l) = 5(6‘] + 1)b(I).
Hence, s < 25 < (201ilf)h(l) < oo +311)3(1—5)’” < —L _r. For ¢ sufficiently large, this

(k) (2c1+1)

means that,
1

r—s|~r~—~27

(D)
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()
("atcn )

== 1’

and

Hence, recalling (7.3.33),

1/b(1)
W~ J ru/2—1
(1=0)/b(1)

k
r—=S

—I
k—lm—1 r—s
— | P20

r+s

We apply Corollary 9.5 and the fact that |[r — s| ~ |r + s| ~ r to get

1/b(1)
r—s| "2
H < a/2—1 1 — (=s 2\—m/2+1/4
|- gymean =2
(1=6)/b(])
[+ 1\ "2
k+ 1)1+ 1) — d
e+ 174 )7V (e .
< (k + 1)71/4 (llc—:_ 11> 27j(a/271+1/12) f (1 o (E)2)7m/2+1/4dr.
(1=6)/b(1)
Now,
| r—s\° _ Ars s
r+s)  (r+s)?
SO
1/b(1)
(m—1)/2 m/2—
< p-ila2-141/12) J <1i:—11) <f> e (k + 1)~ Yar.
s

(1=6)/b(1)

177



Recall that (k + 1)s ~ (I + 1)r ~ 1 and (I + 1) ~ 2/ so that

1/b(1)
I+ 1>m/2—1/2rm/2—1/4

H < 2fj(a/271+1/12) f
N (
(1=6)/b(1)

k 4 1)m/2—1/2+1/4sm/2—1/4

1/b(1)
~ Q@211 (4 1)=1/4 J dr

(1-6)/b(])
~ 2—j(a/2—1+1/12+1/4+1)6 _ 2—j(a/2+1/3)6.

Now, let [ > k, so that [ > ¢|(k + &) + k and thus
m m
[+ — (k+ —=).
+2>(c1+ )( +2)

Then, using Lemma 7.4,

36(1) = c(l) > (c1 + 1)e(k).

Now, r < —— 3 3 s Thus, for ¢, sufficiently large,

) S Tarne® S Gatl

r—sl~s~|r+s/~0+k7",

ror
and
S I (e ) Lt
min{k,/}+m—1 m m—1leam — o
( e ) (r+s) (k+ 1)m1g s
So,
1/b(1) "
r\" r—s km—
N "\" a1 (I=km=1) 11 ~5rr—s\2
H ~ f (s) s I (1 —2(2=2))|dr.

(1=06)/b(1)
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As before, we apply Corollary 9.5 to get

(m—1)/2 1/6(0)
A< () A e (KL s j ) ()" ar
~ [+1 s r ’
(1-6)/b(1)
where this time,
| r—s\? B drs r
r+s)  (r+s)? s
Thus, since % — % —n <0,
1/b(1)
K < sa/2—2/3—n J dr
(1=6)/b(1)
~ (1 + k)n+2/3—a/22—j(n+1)5
< 2—j(—n—2/3+a/2+n+1)5
< 27/@2H13)s, (7.3.40)

When summed over b(l) € [2/,2/71)\{b(k)}, up to constants, these last two results
(7.3.39) and (7.3.40) give 277(@/272/3)§; note that for a € (0, min{2, n}), this is always
dominated by (7.3.38).

Finally, note that

3J(2 —a)

e e e

+C,

completing the proof. O

Lemma 7.28. Let R € (0, 1]. Suppose that, for all a = —R + i € C, for all integers

1 < j<J, forallye{-1,0,1} and for all compact intervals I < (0, 0) we have

—

sup 10y-an K3 (1 )| < (2776)%72, (7.3.41)

i,
c()lulet
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where the implicit constant does not depend on 6. Then,

’<(9w/2E§,\j’ [WL)[(AS) = (AN S (27762 £13 (7.3.42)

where the implicit constant does not depend on 6.

Proof. First,

[0y KL, [E(L)[(AS) = (A ST

J D, Ou-erK ,u,!a|) (lule(a))(AF) = (Arf)* ] (1 s @) |u|"dp| == I

aeNY

Applying our assumption and (7.2.37) gives the estimate

75 @MJZHWMW|<> ()T (s ) el

R Ny

%WJZr (AF)T (s ) el

R @eNY

< (276)2|Af2 < (2776) P £

Lemma 7.29. Let R € (0, 1]. Suppose that, for all a = —R + i0 € C, for all integers

1 < j<J forally € {—1,0,1} and for all compact intervals I < (0, 0) we have

sup 10, a/zK k)| £ (2776)%7, (7.3.43)

(k) I#\EI

where the implicit constant does not depend on 6. Then,

gm0 K [H(L)[(AF) = (AT (27762 2% £13 (7.3.44)

where the implicit constant does not depend on 6.
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Proof. Let K denote the convolution kernel of W(L). Now, (recall (2.3.15))

(Dps-0n KL [BDIf = £
= [0y oKL s [P (LS * f*] « KO

The exact expansion of this follows from (2.3.18); we estimate each of the terms sepa-
rately.

First, we have

oy KL [W2LS 5 £7]) = KT

< J 3 10K (s ) ¥ () D[ LF * 171 (s 00 ) "

Rr @eNY

We then apply our assumptions to majorise this by

(2-75)" j SR+ 1) (o )"

R a€eNY'

In order to bound this, we apply (2.3.18). Taking the inverse Fourier transform, our

integral is majorised by

2762 (le7 FlaIf e + e f 5 + lovaf Lalofllz + 107 f13) -

As in the previous case, replacing f with A, f yields the desired result.

The next term to bound is

oy KL [l 1) Wi

First, we calculate @w,le (1, k). From (2.3.6) we have

A7ioy, K (1, k) = 20, K (1, k) + ’;‘—fz [mK (k) + kK (w,k — 1) — (k + m)K (. k + 1)]
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Then, by (2.3.11) and Young’s inequality,

0y KL [l = 1) = (i)

- J >, kK ﬂ,|a|) wils = 21 B @)K (. v, B) |l "dpe

m m
€N BENG

< @0 f 1) « (7 + @) )]

Rr @eENY

2-ig)R2 J UL = () = K))] (s )] ]

fn €N

£ 25 @ |3 M) (o) » K] ()]l

p.g=17y,e=0,1 R a€eNY

A

(277s)"2 <|t/fzf|z|f* * (WiK) |2 + [ f 2l (g f™) = (iK) 2

2 2 |§m,p,yf|z|(§m,q,ef*)*(sz)2)

p.q=1v,e=0,1

< (2775)F? <|l/’zf|2|f*|2|l/’1K\1 + | fl2wf* |2 wiK ||

+ > |{m,p,yf|2|§m,q,ef*!zl/'zKll)~

p,q=11vy,e=0,1

Since we chose ¥ to be smooth and compactly supported, then K is Schwartz, and so
the weighted L' norms are uniformly bounded. (c.f. the proof of Lemma 2.4, where
the weighted L' norm of K is bounded by ||K|o; which in turn is bounded by the
supremum of its Schwartz semi-norms).

Next,

@y LF = 7] W)
f 5 oy T aF 7]+ OO o) e

Rr Ny

D 10K, u,|a\)||5’¢2K(u,\a|)||[f T (o, @) [[u|"dp =: .7

R @ENY

From Lemma 2.30, we can see that if (7%2[2 (i, k) is non-zero, then k,u must satisfy
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c(k + x)|u| € supp(¥) = [A, B] for some x € {—2,—1,0,1,2}, which means that

c(k)|u| € [%, 5B|, by Lemma 7.4. Applying our assumption shows that

2775)"" f I FRITARIU7S) ] e
N
Applying (7.2.37) bounds the integral by | ] f* * (47 K) |.. By Young’s inequality, this
is bounded by | f]3|¥7 K|, and as in previous cases, since K is Schwartz, If we replace
f by A,f in these calculations, this is majorised by the right-hand side of (7.2.52) as
required.

The remaining cases are entirely analogous. Using similar workings to those already
done, with (2.3.1), (2.3.2) and (2.3.6) as necessary (and using Lemma 2.28 with the
latter two formulae), shows that any combination of these that will fall on K due to
(2.3.18) as difference-partial-differential operators will shift the support no more than
0,2, thatis, we will always have that we may assume that c(|a|+ x)|u| € supp(¥) for x €
{-2,-1,0, 1,2} (note that while @Mwl? (u, @, B) is no longer radial, it is still supported
where |@ — | < 1 and is a linear combination of radial terms K(u,k + x)). Using
calculations analogous to those above with the fact that K is Schwartz, we will always

be able to show that the various remaining summands §; occurring due to (2.3.18) satisfy

5,5 (298)" j SUX( « £7) 5 (VK)] (s, ) 1"

Rr @eENY

where X, Y are each some combination of at most either two of some ¢, , , or one with a
;. We may use analogous calculations to those already done and existing Leibniz rules

to expand out X(f » f*) and then use (7.2.37) to bound this by

TSIV ) = (YK) 2

where U, V are again some combination of some ¢, ,, and i, consisting of either one

each of some ¢, ,, and y; total, or up to three of some ¢, ,, with one of U and V
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consisting of one ¢, , , and the other of either one or two ¢, , ,. Using Young’s inequality

for convolutions and the fact that K is Schwartz, we majorise by

U2Vl

which, upon replacing f by A, f gives the desired result. O
These results lead to the following ’trace lemma’ result.

Corollary 7.30. We have, for all 1 < j < J and for all y € {—1,0, 1},

|M3,£13 = (2776) 117 (7.3.45)

2/3\°
221+

Proof. As noted earlier, we must defer to Lemma 7 of [24] if G = H,. Otherwise, using

Lemma 7.27 with Re(a) = % to satisfy the assumptions of Lemmas 7.28 and 7.29 yields

I@rl/d/fzj’ [W(L)[(AF) = (A1 £ 27967713 (7.3.46)
and
!<0¢z_1/3@, [W(D[(AS) = (AS)II] £ (2796) 2% f5. (7.3.47)

As remarked after the proof of Lemma 7.26, interpolation of these leads to the assump-

tions of Lemma 7.26, the application of which completes the proof. O
Remark 7.31. If, we instead consider the result of Lemma 7.27 with a = 1, then the
results of this section instead combine to prove a ‘stronger’ estimate

|M3,115 = (2776) £

L2(1+| k)

but on a reduced range of j, specifically 1 < j < %J . The ‘endpoint’ case j = J then
follows from Theorem 7.2. This leaves a ‘middle region’ %J < j < J where pure first
or second layer weights do not appear to be sufficient to prove this estimate. This is

notably different to the Euclidean case (see Figure 1.3) where no such region exists.
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) L 2
Proof of Theorem 7.1. By interpolation, it suffices to prove Theorem 7.1 for a = 3.
First, we see that the j = J case of Theorem 7.1 follows by interpolating the estimate

of Theorem 7.2 with the trivial L? estimate

IM3 113 < 1113

atf = % Combining this with Corollary 7.30 completes the proof. O
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CHAPTER 8

PROOF OF MAIN THEOREMS

We conclude by explaining exactly how the various results we have proven throughout

link together to form the proof of Theorems 1.1 and 1.2.

Proof of Theorem 1.1. First, we see that Theorem 7.1 verifies the conditions of Lemma
6.3 fora = % This in turn verifies the conditions of Proposition 6.1 for C = (2775)'/3,
N=6andw=1+]: 1/3 and so proves that

) <
Hm(s(L)||Lz(1+|.|§</3)HL2(1+|-\i/}) <1

Then, by Theorem 5.2, we have the same result for M;. That is,

o2 <
13 a1y 20y ) =

We then apply this result and Lemmas 2.7 and 3.3 to Theorem 4.3, which completes the

proof. O

Proof of Theorem 1.2. First, we see that Theorem 7.2 verifies the conditions of Lemma
6.2 for a = 1. This in turn verifies the conditions of Proposition 6.1 for C =27/, N = 4
and w = 1 + p and so proves that

< L

2
‘|Lz(1+p)—>L2(1+p) ~

ms(L)
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Then, by Theorem 5.2, we have the same result for M;. That is,

<1

2
HMc;HLZ(Hp)—»LZ(Hp) A

We then apply this result and Lemmas 2.7 and 3.3 to Theorem 4.5, which completes the

proof. O
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CHAPTER 9

JACOBI POLYNOMIALS

As observed in Chapter 7, when calculating integral kernels for second layer or ‘full’
weights on H-type groups, we consistently encounter an integral over the positive half-
line of a pair of Laguerre polynomials against an exponential and polynomial weight.
With a pure first layer weight, a delta appeared which ensured that, after rescaling, the
integrand was of the form L] (u)L] (u)e "u”. Laguerre polynomials with this weight are
orthogonal; this integral is well-known and easy to calculate.

In the second layer case, this delta does not appear. As such, we are driven to

investigate more general integrals of the form

L) (at)L}(bt)e” 't dt (9.0.1)

S——s

Lemma 9.1. Leta,b,c > 0. Lety > —1 and let | < k € Ny. Then, ifa+ b = c,

0
., C(k+1+y+ 1)bld*
f L) (at)L}(bt)e“'?'dt = Rl T (9.0.2)
0
Else,
a0
f L) (at)L] (bt)e “'t'dr = (9.0.3)
0

Lk+y+1)(c—b)fNa+b—c) 41y (c—a)(c—D)
Kl ck+r+1 P <1 B Zm) '
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Proof. By entry (35) on page 175 of [2], (9.0.1) is precisely equal to

Ck+1+y+1)(c—a)(c—b) clc—a—D>)
Fo|-l,—ki—l—k—y, ————= 9.04
Nk Ik 2 VY e—ae—p| ©0Y
where we recall that the hypergeometric functions ,F[m, n; p; z] are defined by
m),(n),z4
2Fi[mons piz] = ) ()t (9.0.5)

qeNy (p)qq '

for |z| < 1 and by analytic continuation elsewhere, and where (x), := x(x + 1)...(x +
n—1).

First, note thatif a + b = ¢ then c —a —b = 0. Since ,F[a,b;c;0] = 1 then (9.0.2)
follows by recalling that c —a = band ¢ — b = a.

Otherwise, first, we assume / < k. Note that while (9.0.4) is undefined if ¢ = a
or ¢ = b, both sides of (9.0.3) are, and in this case the result follows by a limiting

argument. By identity 15.8.6 of [61] we have

(—k)

Filol—k—l—k—yg = —
oF | ¥ 2] Tt ),

]
(—2)! o F, —l,k+y+1;1+k—z;E .

Note that
(—k), B KT(k+vy+1)
(=l—k—y) (k=DTk+1+y+1)

Hence, we have that (9.0.1) is equal to

(c=Db)'T(k+y+1) ‘ (c—a)(c—b)
Ik (k—l)' <a+b—0)12F1 |:—l,k+’)/+1,1+k—l,m:|
(9.0.6)

Now, by [25] we have that Jacobi polynomials are defined by

 Int+a+l)
I(n+ DIN(a+

1_
Ed [—n,n+a+ﬁ+ La+ 1Tx] (9.0.7)
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for a, 8 > —1. Notice that if we take n = [, « = k — [ and = y then we have

2F1 —l,k—i—y—i—l,l—i—k—

oo

" clc—a—Db)

Fl+ D0k =1+1) gy (,  ,(c—a)(c—D)
C(k+1) P (1 2c(c—a—b)>'

Hence, (9.0.1) is equal to

Lk+y+1)(c=b)}Na+b—c) 41y _ (e—a)(c—b)
Kl ck+y+1 F (1 2 c(c—a—0>) ) '

It will therefore be required of us to know estimates for these polynomials. Such es-
timates have been studied in many contexts as, for instance, they are solutions to certain
differential equations and they appear in the formula for Zonal harmonics. Here, we
intend to prove some estimates for the Jacobi polynomials that appear in our formulae.

We first note some uniform, weighted bounds that are available in the literature. The

first is Theorem 5.1 of [33].

Theorem 9.2. Forall x € [—1,1], forall = 0 and @ = 8 — |B| and for all n € N,

52
<1%C> 1P ()| < (” - “). 9.0.8)

n
In particular, this estimate holds whenever a, 8 € N.
The next may be found as equation (2) in [25]

Theorem 9.3. For all x € [—1, 1], for all a,B > 0 and for all n € Ny,

a/2+1/4 B/2+1/4
1— 1+ .
(—2 x) (—2 x) 1P ()] (9.0.9)

T(n+a+ 1)(n+B+ 1)>1/2

—1/4
S@ntatptl) (F(n+1)F(n+a+,3+l)

The last of our results from existing literature is Theorem 2 of [32].
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Theorem 9.4. Forall x € [—1,1], foralla = B > HT‘E and for all n € Ny with n = 6,

a/24+1/4 B/2+1/4
1—x 1+x (@)
—_— —_— P, .0.10
(%) (5F) ) ©0.0.10
ST (1 . g>1/1z F(n+a+ )(n+B+1) "
n Cn+a+pB+1)In+1)I(n+a+B+1)

Here, we intend to prove some more specialised estimates; better than the above es-
timates but only on a restricted range of indices «, 8, n. First, a corollary to the previous

two Theorems.

Corollary 9.5. Let a,n € Ny, $ € Nand ¢ > Owitha = c¢(1 +n). Then, for x € [—1,1],

we have
a/2+1/4 B/241/4 B/2
1 —x I +x (@B) 14 1 n+1
L+x PO () <po (@ + 1) Vi(n + 1)~ (ELYT
(55)  (55) s e e e (2
(9.0.11)

where the implicit constant depends on 3, ¢ but not on a, n.

Proof. First,if @ = 8 > 1 and n > 6, then this is an obvious corollary of Theorem 9.4.
Fora > >1and0 <n <5,thenn+ 1 ~ 1and (9.0.11) is a corollary of Theorem

9.3. If @ < B then, for all n € N,
B
l+n<—>~.1
n - B,

and we again obtain our result from Theorem 9.3. O

The above estimates are essentially weighted L® estimates for Jacobi polynomials
in certain regions. We will also prove a more point-wise estimate that takes advantage of
the nature of Jacobi polynomials; in particular, they have a ‘transition point’, away from
which much better estimates may be obtained. We proceed similarly to Proposition 3.5

of [11] in order to prove such an estimate.
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First, we fix some notation. In this chapter only, the letter u will be reserved for

wi=u(a,Bn) = n + %M 9.0.12)

We also define

@:=—, pB:= (9.0.13)

a
u

B
2

According to [18], the transition point for the weighted Jacobi polynomial (x—1)%/?(x+
1%/ ZPS,""& ) (x) in the case where « is fixed and, for some small positive number € we have

€ < B < 2,is given by

If instead we are interested in large a and fixed 8, which we are, then using the well-
known relation of Jacobi polynomials

Pl (x) = (=1)"PP" (—x). (9.0.14)
gives that the transition point would be found at

~2
X, =1 — % (9.0.15)

We now state our more refined estimate for Jacobi polynomials.

Theorem 9.6. Let a,3,n € Ny and € € (0,2),¢ = 1 with 1 < a < ¢(1 + n). Then, for

x e [—1+¢€, 1] we have

/2
I - @

where the constant depends on 3, c, € but not on a, n.

Spee (WP)x — x| + )14 (9.0.16)

l_xrr

For1 — x < === we have

16
@/2
I - a
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where the constant depends on 3, c, € but not on a, n.

Proof. By (9.0.14), we have that
Py (x)] = [P (—x)].

By assumption, the conditions of Section 3 of [18] are satisfied. Notice that when
deriving (3.16) of [18], the tool used is Theorem 3 of [5]. This theorem is a modification
of Theorem 1 of [5]; while Theorem 1 is designed for use with real variables, Theorem
3 is set up to allow for complex variables. As we are only interested in real variables, it
will simplify matters to instead consider the results of [18] where Theorem 1 is applied
instead of Theorem 3. It can be seen that the results are essentially identical, with only
the error terms differing. Hence, the suitably modified version of equation (3.49) of

[18], with N = 0, states that

(0) ~ ~o 1/4
D (u, @) [ — a?
(B.@) _ 1 > 1/2 1/2 ~
P} - 20T, (u + €1(u, @,
| (y)‘ 51/2(1 _y)B/2+1/4(1 +y)a/2 (y_ylr> ( { ( g ) 1,1( 4))
where we are now interested iny = —x, y,, = —X;, = "72 —1,—-1 <y <1-—g¢ where

DEO) (u, @) satisfies

In+a+1I(n+B+1)
IFn+a+p+1)'(n+1)

DEO)(u, &) _ olatp)/2-1 (

)1/2 (1+0@™")),

where J, is the Bessel function of the first kind

- * (71)"1 X\ 2m+a
Jalx) = mZ—O mT(m+a+1) (5) ’ (9.0.18)

where € is an error term which we will bound soon and where ¢ is the implicitly
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defined change of variables given by

¢ y
_ (T_@Z)l/z B (t—yzr)l/z B
’ v 9.0.19)

Yir

« a2 — )12 ANV
Gi(¢) = fgd‘r = J ( O — 1) dt =: Fi(y), (=1<y<y,).
¢

27 1—0)V2(1 +1)
y

(9.0.20)

From our choice of @, n we have

Tn+ta+In+B+1) n? 1
Tnt+a+B+1n+1) 7 (nta)f 77
O, ~

so it is clear that D} (u, &) ~4. 2%/>. Hence, since for —1 < y < 1 — € we have that

1_)’251,

/2
1+y "
|<—2 ) PP ()

=Bc.e

c—a\" el
(y—ytr> Salus) + 2012

As stated in the equation below equation (3.11) of [5], the error term satisfies
a1 (u, @) = {MPE; ud )My (ul )0 (u™") (9.0.21)

where E,, M, are functions defined below equation (3.4) in [5] (see also [51], section

12.1.3). Furthermore, this is uniform provided { remains in a bounded interval. Now,

max{4.,} '
(T _ 4)1/2 f (T o &2)1/2
-~  dr< | —2
f > dr o dr
4 a?
( (t—w )1/2
O =r0) - |
Yir
1 s
_1\1)2
< f(l—llz)l/zdt:ﬂ:f%dT
— T
—1 4

for some {; € (4,0) independent of all parameters, so that £ € [0,;]. It is then clear
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from [51] that we have the pointwise estimate
.| <E,'M, < M, (9.0.22)
and furthermore, by Lemma 2 in Appendix B of [5], the quantity
u1/2|§ _ &2|1/4Ma(u§1/2)
is uniformly bounded. Thus, we have

1+ 3\"? o)
<T) PP )| Spee Py — yu| VA (9.0.23)

Now, define 7 to be the interval of the y satisfying

(1 + yir).- (9.0.24)

| W

2
§(1+y,,)<1+y<

We first observe that, for y ¢ I we have

w Py =y | =u P (1 +y) — (L + y) |
l+y o

—1
I+ y,

_ M—1/2|1 +ytr‘_l/4

< u_1/2|1 + y,r|_1/4 since we are outside of /

B a,z —1/4
S\ 2

~a 2 <o, (9.0.25)

Hence, in this region, we are done, as the u2| y — yi| term already dominates.

Otherwise, in order to complete the proof, we first show that

o0\ 1/4
({ i ) ~ 1 (9.0.26)
y - ytr
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for y close to y;,. Note that the assumptions on @ mean that y,, is bounded away from 1.
First, assume

(14+yr) <1+y<=(1+y,)

| W

s0 (9.0.19) is applicable. Now, recalling that y,, = % —landthate <1 -y<1—-1t<

l_yl‘r<29

)

Y y
1 t— ) 2 4 (y—yu)¥?
< J< Jir) dr < — J(t—y,r)l/zdt: b ~y’)
L+y,J (1—1)2 @*+\/e 3 e @2
Ytr

F(y)

Yir

and

y

}7
2 1 t—y,)"2 4 1 8 — oy, )32
314y, (1—0)12 342 @% 92 a2

Yir Yir

Together, these two inequalities and the fact that under our current assumptions,

y=Yr=04y) =1 +y,) Sl+y, S & (9.0.27)
prove that
. 3/2
Y = Vi
F(y) = (T) < =)' (9.0.28)
Furthermore,
I PR Y/ o
G({)éﬁ (r—a")/"dr ER—
&2
Now, assume
a* < <24’ (9.0.29)

This allows us to deduce
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Together, this shows that

(N

d,z

(i

&2

~ G({) = Fly) ~. , (9.0.30)

which proves (9.0.26) under this assumption on . If instead

then

¢

Ie
ao>§ﬁrww%hg—fr—w

Combining this with (9.0.28) proves the upper bound of (9.0.26) (that is, that the left-

hand side is majorised by 1), since

“ox 174
() L,
Y= Yur F(y)

This, combined with (9.0.27) gives that

and so

[ < Ca? (9.0.31)

for some C > 1. Repeating the above argument, with (9.0.29) replaced with (9.0.31)
leads again to (9.0.26). Analogous calculations may be performed, this time with the
assumption

2
5(1 +yr) < L4+y < (14 y),

which makes (9.0.20) applicable instead of (9.0.19).

Combined, both of these cases prove (9.0.26), so, in this region close to the transition
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point, we have

6171(14, &, é/)

th(ugl/z) + 24/1/2

1+y /2 "
‘(T) PED )| Spee

Now, from (9.0.21) we have that

61,1(1/!, d’, {)

241/2 S E;l(ué’l/2>Ma(ué’l/2>.

Note that E,(x)"'M,(x) ~ J,(x) for all 0 < x < X,, where X, is defined above (3.4)
in [5] and Section 12.1.3 of [51] and, by Ex 1.1 (section 12.1.3) of the latter reference,
satisfies

X, = a+ Ca'? + 0(a™'?)

where C > 0 is a fixed constant which may be inferred from [51]. Thus, there exists

some « such that, for @ > @y we have

C
X,=a+Ca?+0(@?) =a+ 5“1/3'
Now, if ul'? < a + %01/3 then
L+ 9\ sa
| (T) PP )| Spee [a(ud?)]. 9.0.32)

For a,y > 0 Bessel functions satisfy the uniform estimate (cf [34])

()] < a ', (9.0.33)

so we are done. If not, then us'/? > o + %al/ 3 and recall that we are in the region where

=& ~ |y — yul

198



and

N
2
=]}

[\S)

Hence,
¢ —&| =" +allg"? —al ~ @l - a
and
1 1/2 ”2|y - ytr|
B < |ul'? — o ~ ——22
a
so that

a,fl/3 > u71/2|y . ytr’71/4'

Finally, for | < @ < a( we have that M, is a continuous function on (0, c0) and from
equations (1.23) and (1.24) on page 437 of [51] we have, for @ > 1, that M,(x) is

bounded as x — 0 and x — oo0. Hence, M,, is a bounded function. Since

61,1 (I/t, d, {)

< 1/2

Jo(ul'?) +

and since we have only finitely many @ < «, then we are done with (9.0.15).
In order to prove (9.0.17), first note that this is equivalent under our change of vari-

ables (x — y) to proving

@/2
1 (04 —
(%) PPO0)| Spee 27 (9.0.34)
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forl +y < %. Now, from (9.0.20),

Yir
(a® — T)l/sz _ J (v — )12
(1 — 0721 + 1)

2T
y
1+ytr
_ (1+ytr—t)1/2dt
B (2 — 1)1/
I+y
)2
B (&2/2_t>1/2d
a (2 — 1)1/ !
I+y
a? a?
~2_t1/2 ~2_t1/2
(@ -1 [ @-n"
2t

= —_—_— t =
J (4 —1)V/%
2(1+y) 2(1+y)

Since the integrand is non-negative, then this is only possible if

£ <2(L+y).
Now, by assumption for (9.0.17),
I+ s < Cf’_z’

and hence
12 ¢ &
ul 1

2/2]" G (=4 |z/2|"
2 m! < [(a+1)
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Thus, by (9.0.32) and Stirling’s formula,

/2
I +y "
|(—2 ) P S )

1/2 /n|a
_
a!
Q®2 -4~
= '
~ l2qe—
_ 71/227(1 (E)a < p-a
a 4 ~ s

which proves (9.0.17). O

Corollary 9.7. Let a,,n € Ny and € > 0,c = 1 with 1 < a < ¢(1 + n). Then, for

x € [—1+e€ 1], we have

Spee a3, (9.0.35)

where the constant depends on 3, c, € but not on a, n.

Proof. An obvious consequence of Theorem 9.6. O
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APPENDIX A

RESULTS FROM FUNCTIONAL ANALYSIS

This section contains a number of estimates related to general Functional Analysis.
These results have been proven in various literature and are stated here for the reader’s
convenience, and as such the proofs will generally be omitted in favour of references to
the relevant sources.

Define . (R*) as the space of functions m : Rt — R such that
Imllf == sup (1 +2)mP(2)] < o

for all k, k' € N. Note that this is a Fréchet space. Let .7,,,.,(R) denote the set of even

Schwartz functions on R defined as a subspace of .%(R) with its usual Fréchet structure.

Lemma A.1. Define the operator T : .7,,00(R) — Z(RT) by

Then T is a well-defined continuous operator.

Proof. Let f € Z,,ea(R). By [60], Tf € C*(R"). Clearly if 0 < x < 1 then for all

a,b € Ny we have

sup [¥(T 1) (x)] < sup |(T)® ()] < .

0<x<1 0<x<l

Also, note that differentiating f( 1/x) gives a sum of terms x” " (y/x) where m < 0.
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Hence, we have

b
sup [x“(Tf) ()] < Y sup | Vo f9 (V)| < e
1

x>1 k=1 *>

Hence T is well-defined. Continuity follows from an application of the Closed-Graph
Theorem (note that all the spaces we are considering here are Fréchet spaces). In partic-
ular, observe that a sequence of even functions (f;), will converge to an even function
and that convergence in .%,,.,(R) includes uniform and thus pointwise convergence,
which will give pointwise convergence of the corresponding sequence (7 f;,),, implying

that the graph of T is closed. O

A common tool used in harmonic analysis is to use the Fourier transform to convert
a differential operator, or an operator defined via the functional calculus of such an
operator, into a multiplier. The Spectral Theorem states this idea in a much more general

context as follows.

Proposition A.2. Let H be a separable Hilbert space and L be a self-adjoint operator
on H. We may find a measure space (X,u) and a unitary isometric isomorphism V :
H — L?(u) that intertwines L with a multiplication operator L ie a real-valued
multiplier operator with VLV~ f = iffor all f € L*(u) (equivalently VLg = ZVg
for g € L*(H)). Additionally, the functional calculus is preserved, so that Vm(L)V~! =

~

m(i) where m(L) is again a multiplication operator.

Proof. The existence of V is by Theorem 1.47 of [20] and Theorem 13.30 in [53].

Preservation of the functional calculus is by Theorem 1.51 of [20]. O

Finally, we state here Schur’s Test, since this is the underlying idea behind much of

the work in Chapter 7.

Lemma A.3. (Schur’s Test) Let X, Y be measure spaces and let T be an integral opera-
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tor with Schwartz kernel K (x,y), with x € X and y € Y. Then

ITI,s < | sup f K(x.y)dy | [ sup j K (x.y)|dx
xeXY yEYX

Proof. May be found e.g. as Theorem 5.2 in [27].
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