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Abstract

Coupling Majorana fermions to metallic conduction electrons will lead to the so-called
topological Kondo effect, which is an embodiment of the exotic non-local properties that
Majorana fermions possess. Using its minimal setup, this thesis studies the influence of
this effect on the scattering properties of conduction electrons by analysing the component
of the electron tunnelling density of states (tDOS) which oscillates at twice the Fermi
wavenumber kp. We find that at zero bias this 2kp-tDOS displays a non-monotonic
behaviour as the temperature is lowered. Starting from the exponential suppression at
temperatures much larger than the characteristic Kondo temperature, the 2kp-tDOS may
show a Kondo logarithmic peak before it crosses over to a T/% decay, depending on the
ratio of the junction-to-tunnelling distance at which the tDOS is being measured and
the characteristic Kondo length. This then provides a way to estimate the extent of
the Kondo screening cloud. At energies much below the Kondo temperature, the 2kp-
tDOS is described by a universal scaling function indicative of strong correlations. The
non-Fermi-liquid scattering occurs in this energy regime, which can be identified by the
vanishing of single-particle-to-single-particle scattering at topological Kondo fixed point
that in turn manifests in the complete suppression of the 2kp-tDOS at zero temperature
and bias. Furthermore, we also have provided a practical method to use the 2kz-tDOS to
extract information about the single-particle scattering matrix for more general quantum

impurity systems.
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CHAPTER 1

OVERVIEW

Majorana fermions have become one of the most exciting topics in condensed matter
physics recently. Originally formulated as the real solutions of Dirac equation by Ettore
Majorana in 1937 [1], they continue to become the centre of discussions due to their theo-
retical novelty and their potential for technological applications in quantum computation
[2, 3, 4, 5, 6]. Perhaps the Nobel prize in 2016 being awarded to Thouless, Haldane, and
Kosterlitz for their work on topological phases, the new states of matter which, among
their many fascinating features, make possible the entrance of Majorana fermions into
condensed matter physics [7], is the indication of this.

In contrast to the original formulation in the context of particle physics in which
Majorana fermions are portrayed as elementary spin—% particles that are their own an-
tiparticles, in condensed matter systems they emerge as quasiparticles in certain super-
conducting systems [8, 9, 10]. Several models have been developed, ranging from certain
elusive two-dimensional “chiral” superconductors which are predicted to host Majorana
modes at the vortices to one-dimensional ones which should host the exotic quasiparti-
cles at the boundaries [9]. In this thesis we will focus on one-dimensional systems, in
which the pioneering model in this direction was introduced by Alexei Kitaev in 2001
[11]. His idea is that when electrons in one-dimensional lattice are coupled to their near-
est neighbours through tight-binding interaction and p-wave-pairing superconductivity,

there exists a region in the parameter space in which Majorana fermions will appear as



zero-energy end states [11, 9, 12]. However, from the experimental point of view, real-
ising this superconducting pairing is a great challenge [9]. The key insight that brought
Majorana fermions closer to realisation was the discovery that systems involving strong
spin-orbit coupling (e.g., topological insulators [13], or even semiconductor nanowires
[14, 6]) combined with s-wave superconductivity and magnetic field may lead to similar
effects. Concretely, with the nanowires put on top of s-wave superconductors, the super-
conductivity can be induced through proximity effect [15, 16, 17] so that, in a suitable
magnetic field, the effective Hamiltonian now has similar structure to that of the Kitaev
model, hence Majorana fermions are predicted to appear at the wires’” ends [6, 9, 12].

Several schemes to detect these Majorana fermions have also been developed, includ-
ing the prediction of zero-bias conductance peak as electrons tunnel into Majoranas in a
superconducting reservoir [18, 19, 20, 21, 22]. Although signatures consistent with this
have been observed in experiments [23, 24, 25, 26, 27, 28], alternative explanations also
exist [29, 30, 31, 32, 33]. Another method to detect Majorana fermions uses an un-
grounded superconducting island with finite charging energy [34]. This device has been
studied experimentally [35] and the results are in agreement with the prediction of elec-
tron teleportation signifying the non-local nature of Majorana fermions [34], although this
signature is also not definitive in the sense that alternative explanations here also exist
[35].

A different direction to obtain a compelling signature is to use topological Kondo effect
(36, 37, 38, 39, 40, 41, 22, 42, 43, 44, 45, 46, 47, 48]. Instead of involving the degeneracy
of impurity spins like the ordinary Kondo effect [49], it uses the degeneracy that arises
from Majorana fermions. The effective spin that is formed by Majorana fermions, which
plays the role of impurity spin, and the one that is formed by conduction electrons, which
are coupled to the Majoranas through tunnelling, are non-local in character, hence the
Kondo effect that occurs due to this effective spin-spin interaction provides a framework
to demonstrate the non-locality of Majorana fermions [36].

This exotic effect adds new flavours to the already rich literature of Kondo physics:



at low energies, it displays a non-Fermi-liquid behaviour, where the Majorana impu-
rity spin is overscreened by the effective spin of single-channel conduction electrons [36].
Therefore, unlike the multi-channel case [50, 51, 52, 53, 54], here there is no competition
between several electron channels to screen the impurity spin, which makes the resulting
overscreened Kondo effect stable at low energies [36]. These electrons form the so-called
Kondo screening cloud [55, 56, 57, 58, 59, 60, 61, 62] to screen the impurity spin perfectly,
as in the case of perfectly-screened, single-channel, Kondo effect [50], or with net spin, as
in the case of overscreened Kondo effect [63]. This Kondo cloud has not been detected
yet in experiments [59, 60, 62]. Our discussion in this thesis centres around a possible
mechanism to estimate the size of the Kondo cloud by focussing on the local electron
tunnelling density of states that can be measured using scanning tunnelling microscopy.
This quantity also gives us insights about single-particle-to-single-particle scattering in
the topological Kondo effect that can be checked in experiments.

The organisation of this thesis is as follows: In Chapter 2, we will present a review
of Majorana fermions in condensed matter systems. The Kitaev model will be discussed,
which is followed by a discussion on an alternative model that can be realised in the
laboratory. This chapter is finally concluded by a brief review of an exotic property of
Majorana fermions, namely non-Abelian exchange statistics [64, 3, 4]. In Chapter 3, an
introduction to Kondo effect is presented. This, combined with Majorana fermions, is the
main ingredient to understand the topological Kondo effect, which will be reviewed in
Chapter 4. Finally, the study of the tunnelling density of states in the topological Kondo
device is presented in Chapter 5, which contains original calculations. The conclusions of

the thesis are presented in Chapter 6.



CHAPTER 2

MAJORANA FERMIONS

2.1 Introduction

The Majorana fermion concept was originally introduced as a real solution of the Dirac
equation [1],

(170, — m)i(x) = 0. (2.1)

This is a relativistic equation for a spin—% particle with mass m described by the wave-
function ¢ (z), with @ = (¢, ) a four-vector [65]. The matrices {7*}, which are at least

4 x 4 in size and with index p running from 0 to 3, have to satisfy

"y = 29", (2.2)

Py = ()l (2:3)

Here, g" = diag(1,—1,—1,—1) and [ is an identity matrix of the same size as y* [65].
There are infinitely many possibilities for matrices that satisfy both of the conditions

above [66]. The common choice, which is called the Dirac-Pauli representation, is given



I, 0

where I, is a 2 x 2 matrix and ¢’ are Pauli matrices.
However, there is also another representation known as the Majorana representation

[66]. In this representation, the v matrices have the form

0 0 o2
Y= ) , (2.6)
o 0
. ict 0
vo= E (2.7)
0 10
) 0 o2
Y= , , (2.8)
-0 0
5 iod 0
v o= NE (2.9)
0 10

These matrices satisfy Egs. (2.2) and (2.3), hence Dirac equation written using them
also describes a spin—% particle. However, because all the v matrices here have purely
imaginary components, the solution of the Dirac equation in this representation, which is
called the Majorana fermion, is real: 1)* = 1. Since the transformation between a particle
and its antiparticle involves complex conjugation of the field, the Majorana fermion can
be seen as a special solution of the Dirac equation in which it is its own antiparticle [66].

After quantising the Dirac equation, the Majorana fermion annihilation operator can



be written as

3
o= | <§W]§3¢2LTP > fapanp)e* + b)) (210)
with p a four-vector momentum p = (Ep, p), Ep = \/zm, and us(p) a 4 x 1 spinor
whose components are functions of four-momentum p [65]. One can immediately see
that the second term is the Hermitian conjugate of the first one, which guarantees that
@/A)(a:) is Hermitian. A general solution of the Dirac equation would have the second term
that reads 8;505 (p)e* instead, with an operator by, , and a spinor v,(p) that are totally
distinct from ap s and wus(p), respectively [65].
In condensed matter systems one often encounters much simpler variants of the Ma-
jorana operator (2.10). Taking ¢ to be a fermionic annihilation operator, we can define

two Majorana operators 4; and 9, as

A = (el + ), (2.11)

Ay = i(eh —&). (2.12)

A1 = 4, (2.13)

for i = 1,2. This relation implies that they are Hermitian operators. Furthermore, since
¢ has to satisfy fermionic anticommutation relations {¢,é'} = 1 and {é,¢} = {¢f, ¢} = 0,

the Majorana operators have to satisfy
{595+ = 2645, (2.14)

fore,7 =1,2.

Therefore, a Majorana operator should be thought as a ‘half fermion’ [12]. Any



fermionic operator ¢ can be written in terms of two Majorana operators as its Hermi-

tian and anti-Hermitian components,
N S
b= 50+ ) (215

This operator satisfies the usual anticommutation relations for fermions. It also has a

well-defined occupation number, where its number operator is given by
a1 A
Nne=2¢'é = 5(1 + i%192). (2.16)

One can use the eigenvalue n, of the number operator n. to label the basis states |n. = 0, 1)
in the Hilbert space. If there are 2N Majorana operators, {71,...,%an}, one then can
use |ne,,...,Ney) as the basis states [9, 12]. Adding two Majorana fermions doubles the
dimension of the Hilbert space. Each Majorana fermion thus contributes a factor v/2 to
the Hilbert space dimension, the square root of that of an ordinary fermion. In this sense

they are like “square roots” of fermions.

2.2 Majorana fermions in condensed matter systems

In the previous section we have discussed about the notion of Majorana fermions as
the solutions of the Dirac equation and as quasiparticles in condensed matter systems.
From now on we will focus on the latter. Although Majoranas in these systems are
emergent excitations, we will refer to them as Majorana fermions and Majorana modes
interchangeably. In Subsection 2.2.1 a model proposed by Alexei Kitaev in 2001 [11] is
reviewed. It is a one-dimensional wire with p-wave superconductivity, in which Majorana
modes appear as zero-energy states at each end of the wire. However, as this model
is difficult to realise in laboratory, alternative systems that have Hamiltonian of similar
structure have to be used. In Subsection 2.2.2; a semiconducting nanowire with strong

spin-orbit coupling that is in contact with s-wave superconductor [23, 35, 28] is reviewed.



2.2.1 The Kitaev model

Suppose we have a one-dimensional lattice that has N sites to host fermions ¢;, for 1 <

i < N. The Hamiltonian of this system is given by

N N-1

) |
R OILEEDS (téIéHl + A& + h.c.) . (2.17)

=1 i=1

Here, p is the chemical potential, ¢ > 0 is the hopping between nearest neighbours, and
A > 0 is the superconductor p-wave pairing. By expressing the Hamiltonian in momentum
space we would find that, for small momenta, the pairing term depends linearly on the
momentum, hence its name (see Eq. (2.27) below). This chain model [11] is considered
as a toy model because it is the simplest model that can already capture the Majorana
physics, but it is far from realistic [9].

For ;1 # 0 and A =t = 0, the Hamiltonian becomes

N
H=—p) de, (2.18)
=1

which represents a system of ordinary non-interacting fermions localised at N sites (see
Fig. 2.1a). However, if we set p = 0 and A =t # 0 and write the Hamiltonian above in

terms of Majorana operators using the prescription ¢; = $(%;,1 + #%;,2), we will get

N-1

N VA " “

H=- E Vi1 Vit1,2- (2.19)
=1

N S

This Hamiltonian can be rewritten using a new fermionic operator [11, 9, 12],

~

1, .
d; = 5(%‘+1,2 +i%1), (2.20)
such that we obtain
N—1
H=t) did, (2.21)
i=1
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Figure 2.1: (a) One dimensional lattice with N sites hosting the fermions ¢;. (b) Each
fermionic operator ¢; is a superposition of two Majorana operators, 4;; and 4, 2. Here
p#0and A =t =0, so the system is in the trivial phase. (¢) When y = 0and A =t # 0,
two Majorana modes from different sites combine together to form a non-local fermionic
degree of freedom. This system is in the topological phase. Since the two Majorana
modes in the ends of the wire do not appear in Hamiltonian, they can combine to form a
highly non-local fermionic operator f = %(%,2 + vn.1) which has zero energy. Therefore,
the ground state of the Kitaev model has two-fold degeneracy, in contrast to ordinary
superconductors.

where the constant term has been omitted. This Hamiltonian has a similar form to the
one in Eq. (2.18). Both of them have open gap with magnitude |u| and 2¢, respectively
[9]. However, they differ in two aspects. Firstly, the fermionic operator d; is non-local. Tt
is generated by two Majorana fermions that are localised at different, neighbouring, sites.
Secondly, there are two Majorana modes at each end of the wire, 41 2 and 4 1, which do
not appear in the Hamiltonian above. We then can define a highly non-local fermionic
operator as the following [11, 9, 12],

fE (Y12 +19N,1)- (2.22)

DO | —

Adding and removing an electron using this fermionic operator will not change the energy



of the system, which means that the ground state is now degenerate. Therefore, the
Kitaev chain model supports a twofold degenerate ground state, in contrast to ordinary
superconductor whose ground state is non-degenerate [11, 9, 12]. The degeneracy that
is generated by Majorana modes is a key element which will give rise to some exotic
phenomena that will be discussed in this thesis.

To have a deeper understanding about the two Hamiltonians in Egs. (2.18) and (2.21),

let us go to momentum space by performing Fourier transformation,

1 .
¢y = —— [ dk ée®, 2.23
\/271'/ g ( )

where z is now the coordinate of the lattice sites after we let N — oco. The Hamiltonian

in Eq. (2.17) becomes
y i, A A
H=—(u+tcosk) [ dkéjcép — 5 dk (¢_p¢sink + h.c.). (2.24)

It is useful to define the Nambu spinor as the following [9],

N C

Go=1 . (2.25)
éT
—k

Rewriting the Hamiltonian in Eq. (2.24) in terms of this Nambu spinor, one gets

~ 1 At A

H = 3 dk CLHLCr, (2.26)
where we have omitted the constant term. The matrix H; is given by

—pu —tcosk iAsink
Hy,

(2.27)
—iAsink  p+tcosk

10
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Figure 2.2: (a) Parameter space of the Kitaev model for A = 0. The bulk gap always closes
for the whole area, except at the p-axis without the origin, in which the system is in trivial
phase. (b) Parameter space of the Kitaev model for A # 0. The bulk gap only closes at
i = *£t. There are two topologically distinct regions here: trivial and topological phases.
The latter is represented by the point with parameter values {g = 0,¢ = A # 0}. The
system that is prepared to have parameters in this region is said to be in the topological
phase. Note that one cannot move from topological phase to trivial one and vice versa
without closing the bulk gap. The figure is adapted from Ref. [67].

The eigenvalues of this matrix are { Fy, —Ey}, where Ej takes the form

Epy=+/(u+tcosk)?+ (Asink)2. (2.28)

If we switch off the p-wave superconductivity by setting A = 0, from Eq. (2.28) above
we find that the bulk gap always closes except when ¢ = 0. However, if we always turn on
the p-wave superconductivity by setting A # 0, the bulk gap closes only when u = +t.
Therefore, the parameter space of the Kitaev model for A # 0 can be divided into two
regions, as shown in Fig. 2.2 [67]. There is a region that is represented by the parameter
values {t = 0,t = A # 0}. We have shown that at this particular point in the parameter
space, the Hamiltonian is given by Eq. (2.21) and there exist Majorana modes at the

ends of the wire. When the Kitaev model is put in the region covering this point in the

11



parameter space (i.e., the yellow area in Fig.2.2b), then the model is said to be in the
topological phase [9, 67].

The Hamiltonian of a system that is prepared in the trivial phase cannot be con-
tinuously deformed into the one in the topological phase without closing the bulk gap
(68, 69]. One can assign an integer-valued quantity called topological invariant to the
gapped Hamiltonian such that trivial and topological phases have different values of the
invariant, hence they are considered topologically distinct [11, 9]. In our case, for A # 0,
the two regions (yellow and white) in Fig. 2.2b are topologically distinct. Their Hamil-
tonians cannot be continuously deformed into each other without closing the gap, which
happen when p = +t. However, the white area in Fig. 2.2b is topologically equivalent to
the p-axis in Fig. 2.2a but with the origin excluded. It is because in that figure the bulk
gap always closes except when t = 0 (i.e., the p-axis) as long as u # 0 (i.e., the origin is
excluded).

This idea of assigning topological invariant to the gapped Hamiltonian stems from the
field of topology in mathematics, which explores the properties of geometrical objects that
do not change under continuous deformations [70]. In our context, one of the fascinating
features that distinguish a topological phase from trivial one is the existence of Majorana
fermions at the ends of the wire. These modes are stable under variations of parameters

as long as the system is in the topological phase [9, 10]. This topological protection is
0

due to particle-hole symmetry P = K, where K is the operator for complex con-
10

jugation and momentum inversion [12|. Under this transformation, the resulting matrix
Hi becomes PHiP~t = —H,,. For every excitation 7(F) with energy FE, there exists an
excitation 4(—FE) with energy —FE such that 47(E) = 4(—E), which then leads to sym-
metry of the energy spectrum around zero energy. If there is a non-degenerate excitation
at F = 0, then it would be a Majorana, 47 = 4. However, compared to Egs. (2.11) and
(2.12), 4 here now is an operator for an eigenstate and not just an arbitrary Hermitian

combination of fermion operators. This zero-energy mode, if non-degenerate, is robust

12



because of spectral symmetry [71, 10]. When the gap is decreased, the decay length of
Majorana wavefunctions towards the bulk of the system increases and the two Majoranas
at the two ends of the wire start to overlap with each other. This results in a gradual
splitting of the ground state’s degeneracy away from zero energy [9]. Hence, particle-hole
symmetry and bulk gap opening play key roles in protecting the Majorana fermions at

Zero energy.

2.2.2 1D heterostructure with Zeeman and spin-orbit couplings

The model discussed previously is far from realistic. Here we review a system that can
be engineered in the laboratory and is topologically equivalent to the Kitaev wire al-
though it has different microscopic Hamiltonian [12]. The idea uses three main ingredi-
ents: the proximity effect from s-wave superconductors, time-reversal symmetry breaking,
and semiconductors with spin-orbit coupling [72, 5, 14, 6, 73].

The first ingredient is to use the proximity effect from ordinary superconductors to
avoid using p-wave superconductivity that is difficult to realise in nature [9]. Instead, s-
wave superconductors are used, which have pairing between electrons with different spin
in the same site. This alone is not enough to achieve p-wave superconductivity that plays a
central role in the Kitaev model, hence we need the second and third ingredients mentioned
above. Namely, we need to apply magnetic field to break the time-reversal symmetry and
to use semiconducting wire with spin-orbit coupling. Time-reversal symmetry has to be
broken to prevent Kramers degeneracy, in which Majorana modes at the ends of the wire
will be doubled so that each end of the wire will have two Majoranas [12]. This has to
be prevented because otherwise the Majorana modes at the same end of the wire will
combine together into a fermionic degree of freedom and we cannot generate the one that
is non-local. Spin-orbit coupling is also necessary because the s-wave superconductivity
is a pairing between electrons with two spin flavours. When the magnetic field is applied
and we focus on the lower energy band which has one spin flavour, spin-orbit coupling

will rotate this spin depending on the momentum. Therefore, there is a chance for the

13



Wi

Figure 2.3: A semiconducting wire with strong spin-orbit coupling is put on top of an s-
wave superconductor such that the superconductivity in the wire can be induced through
the proximity effect. A magnetic field is applied to the direction orthogonal to the wire.
This system can be prepared such that it is topologically equivalent to the Kitaev model
(74, 12].
s-wave pairing to work.

Hence, the Hamiltonian for our system is given by H = Hy + H,, where H, is the

Hamiltonian of 1D wire with Zeeman and spin-orbit couplings and H, is the contribution

from proximity-induced s-wave pairing. The term H, can be written as
o = / dr Ut (1) Ho (r) B (), (2.29)

where W(r) is a 2x 1 matrix containing the annihilation operator ¢,—s | (r) for the electron

with spin ¢ in the wire,

b= | ) (2.30)
¥y (r)

The 2 x 2 matrix H(r) contains the kinetic energy for the conduction electrons in the

wire, the spin-orbit interaction, and the Zeeman coupling with the magnetic field [12],

Ho(r) = —2V—m —p—ialE(r)x V].-o+ %g,uBB('r) 0. (2.31)

Here, m is the (effective) electron mass, p is the chemical potential, « is the spin-orbit

14



coupling, g is the g-factor, up is the Bohr magneton, and o = 0,& + 0,9 + 0.2 is the
vector of Pauli matrices. The electric and magnetic fields are denoted as E(r) and B(r),
respectively. On the other hand, the term H, in the Hamiltonian, which represents the

proximity-induced s-wave pairing, can be written as [12]

H, = / / drdr' ), (r)A(r, vy (7') 4 hec., (2.32)

where the pairing potential takes the form A(r — ') = Ad(r — 1').
It is clear that due to the existence of the term f[s, we cannot write the total Hamil-
tonian H in a compact notation using the spinor \TJ(T) Therefore, let us now introduce

the Nambu spinor as the following,

Ur(r)

Uy(r) = 1%¢(’r) =1 \IJ(AT> . (2.33)
dl(r) (i) | 1(r)]
—Ji(r)

Using this spinor, we can write the Hamiltonian H = Hy+H, compactly up to a constant

as

2 1 I3 N\ /
H = 5//drdr Un(r)H(r, v )Wy (r), (2.34)

Ho(r)o(r — 7’ A*(r,r") - I
Hr,v) = olr)olr =) (ror) Do) (2.35)
A(r,r') - Ingg  —o,Hi(r)o,o(r —r')
where I5yo is a 2 X 2 identity matrix.
Now we are going to study the energy spectrum of the Hamiltonian in Eq. (2.34)
above. We put the wire along the z-axis, so that V = &d,. Since the spin-orbit coupling

involves a cross product between the electric field and the momentum along the wire,

we can focus only on the component of the electric field that is orthogonal to the wire.
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Therefore, the resulting spin-orbit field is also orthogonal to the wire; we choose it to be
along the y-direction. It means that we have to set E = FZ. In what follows, we focus
on the case where the magnetic field is orthogonal to the spin-orbit field, B = B2.

The matrix Ho(z) now becomes
2

0. 1
— % 4 loupB —aEd,
Ho(ax) = | 2 200 . (2.36)

2

aBo, % — - 3gupB

2m

In this setup, Ho(x) is real. We will also set A(z,2’) to be real and homogeneous,
A(z,2") = Ad(x —2'). This pairing potential only couples the electrons in the same site,
hence an s-wave superconductivity.

After Fourier transforming the operators QZJU(:B), we obtain the following Hamiltonian,

i - % / d B (VL) (), (2.37)
Ko (k) —iaok A 0
i(lé()k K_<k?) 0 A
Hk) = , (2.39)
A 0 —K_(—k) ik
0 A —iagk K. (k)

where K. (k) = % — p =+ By, By =2gupB, ag = aF, and @N(k) is the Nambu spinor in

momentum space, which now takes the form

Wi (k)

wi=| |- e (2:39)
o=k | \lioy) [#1(=k)
—}(—k)

Note that the momentum inversion in the second half of the Nambu spinor, which is

expected since the second half is the time reversal of the first half, is all important. The
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Figure 2.4: The energy spectrum of the heterostructure of semiconducting nanowire with
Zeeman and spin-orbit couplings for A = 0. The blue curves are the spectrum for By = 0,
while the red ones are for By # 0. Note that the spin-orbit coupling splits the energy
band into left and right valleys, while the magnetic field creates an energy gap between
upper band and lower band. When the superconducting pairing A is switched on, the
lower band has a Hamiltonian that is topologically equivalent to the one for Kitaev model.
This figure is adapted from Ref. [74].

eigenvalues of this Hamiltonian are given by

E(k) = %\/ B2(k) + (aok)? + B3 + A2 £ 2, /12(k) (aok)? + h2(K) B + B3A2,  (2.40)

with A(k) = £ —

The energy spectrum of this system, without the superconductor present, is plotted
in Fig. 2.4. The blue curves are the spectrum when By = 0. The spin-orbit interaction
splits the energy curve into two, according to the spin orientation of the electrons in the

y-direction. Notice that we cannot put the chemical potential x such that the system is

effectively spinless. However, when the magnetic field By is switched on, the spectrum,
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shown in this case by the red curves, has a gap. If we put the chemical potential p inside
this gap, the lower band only has one spin flavour, so it is effectively spinless. Therefore,
if we turn on the s-wave pairing A, the lower band will be topologically equivalent to the

one for the Kitaev model [12].

2.3 Non-Abelian exchange statistics and topological
quantum computation

To demonstrate the non-Abelian exchange statistics of Majorana fermions [64, 3, 4], we
are going to consider a network of one-dimensional wires that form a series of T-junctions
as in Fig. 2.5 [74]. Parts of these wires are set in the topological phase, so that Majorana
modes are localised at their ends. Two Majoranas can be exchanged by moving one of
them into the T-junction first then moving the other. The order in which this process
is carried out will affect whether the exchange is clockwise or counterclockwise. The

clockwise exchange of two Majorana fermions 4; and 4, will have the effect [12]

~

o= =Y, (2-41)

Yo = N (2.42)
This transformation can be represented by a unitary operator that is called the braid
operator [64, 74],

U

G-

(1 +%1%2)- (243)

If there are only two Majorana fermions 4; and “» in the system, we can form a
fermionic degree of freedom ¢ = %(% + i92). Therefore, the fermionic state now can be
expanded in terms of the basis |n), where n = 0, 1 is the eigenvalue of the number operator
f = ¢Té. The braid operator U now can be rewritten using the number operator as

U=—[1—-i2an-1)]. (2.44)

1
V2
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Figure 2.5: A network of one-dimensional wires hosting Majorana fermions. The T-
junctions in this network enable us to perform the braiding operations on the Majorana
fermions by moving one of the Majorana fermions, 4,41 to the junction (step 1), then
moving the Majorana 4; to the right (step 2), followed by moving the Majorana 9;,1 back
to the initial wire (step 3). Since this operation forms a clockwise exchange of Majorana
fermions, the counterclockwise one can be performed by reversing the steps.

The effect of this braid operator on the basis states {|0),[1)} is to multiply the states

with a complex phase of the form e?,

1
00 = —=(1+0)0) (2.45)
Oy = ——(1 -, (2.46)

V2

In contrast to the ordinary cases of braiding the bosons and fermions where the basis states
are simply multiplied by +1, this braiding of two Majorana fermions (if they are the only
Majoranas in the system) provides an example of so-called Abelian anyonic statistics [12].

However, Majorana systems are actually much more interesting than that. Suppose
that our system now has four Majorana fermions {41, 42,43, 94}. We can choose to expand
the fermionic states in terms of the basis |ning), where n; and ny are eigenvalues of the

number operators n, = é{él and g = égég, with ¢; and ¢y are defined as

. 1 . .
& = 5(71 + 192), (2.47)
. 1, .
Gy = 5(73 + 194). (2.48)

Let us define (A]mqu as the braid operator when we exchange 4; and 4,41 in the clockwise
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direction. As in the previous case, we can write these operators as

A~ L
Uw:fEU—Mm—m, (2.49)
m4z-iu—mm—m. (2.50)

V2

The remaining braid operator is Uss. (Other braid operators, such as 014, can be writ-
ten using the multiplication of the previous three braid operators [12].) This operator
cannot be written in a simple expression in terms of the number operator because it rep-
resents the braiding between 45 and 43, which form different fermionic degrees of freedom.

Nevertheless, we can write it as [64]

. 1
Uss = — [1+i(el — e)(& + é) (2.51)

V2

because, from Eqs. (2.47) and (2.48), we have 4, = i(¢] — ¢;) and 45 = & + é.

The effect of the braiding operators Ulg, Ugg, and Ug4 on the fermionic states can be
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represented in terms of matrices as

Uy = 7 (2.52)

1 0 0 1

Ups = L v O, (2.53)
V210 i 10
1 00 1

Usy = , (2.54)

where the basis is taken to be {|00), [10), |01),|11)} [64]. Note especially that the braiding
operator Usg is represented by a non-diagonal matrix. The effect of braiding now is not
simply to multiply the states with a complex phase, but it mixes the states into the
superposition of basis states. Performing two braiding processes in different order will

end up in different superposition of basis states, which is exemplified by the following,

PSS 1 . 1 .

U12U23|00> = 5(1 + Z)‘00> — 5(1 — ’l)‘11>, (255)
A 1 1

UnsU2]00) = (1 +1)]00) + 5 (1 +9)[11). (2.56)

This illustrates the non-Abelian exchange statistics of Majorana fermions.

One can harness this exotic property for quantum computation technologies [2, 3, 4, 5,
6]. Using the example with four Majorana fermions above, one can prepare an information
using the superposition of the basis states (where we assume that there is at least one

additional fermion in the distance with occupancy such that all terms have the same
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overall fermion parity),

o) = ago|00) + ay0|10) + agi|01) 4 a11]11), (2.57)

with complex-valued coefficients a;;, and process this information using braiding oper-
ators (2.52)-(2.54), which correspond to 7 rotations [3]. Although universal quantum
computation cannot be achieved using these operations [3, 9], topological quantum com-

putation with Majorana fermions is still of much interest because of its protection from

decoherence [75, 3, 9].
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CHAPTER 3

KONDO EFFECT

3.1 Introduction

The Kondo effect occurs when the spin of conduction electrons interacts with localised
magnetic moments of impurity atoms in metals [49]. In 1964, Jun Kondo discovered this
effect and showed that it provides an explanation for the resistivity minimum observed
in some metals as temperature is decreased [76]. He described this phenomenon by using

the Hamiltonian

H = Hy + Hy, (3.1)

where Hj is the kinetic energy of non-interacting conduction electrons in metals and Hy

is the Kondo interaction term. The kinetic term ﬁo takes the form
Hy = " epoChylpo, (3.2)
p?a

where ¢, is the annihilation operator of conduction electrons with momentum p, spin o,

and dispersion relation €p,. The Kondo interaction term Hy is given by

~ A

Hy=2J5-8, (3.3)
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where J > 0 is the antiferromagnetic Kondo coupling, S is the spin operator of a localised
magnetic impurity atom, and § is the spin operator of the conduction electrons given by
§= %pr,’w, ALUO'M/ Cpor, Where o is the vector of Pauli matrices.

Calculating the resistivity using perturbation theory up to second order, he proved
that the Hamiltonian above contributes a term that has logarithmic behaviour. Together
with the contributions from other scattering mechanisms, the total resistivity has the
form [76],

p=aT’+ cpy — cpylog (T/Tk). (3.4)

The first term is due to scattering from phonons, where a is a proportionality constant.
The constant resistivity in the second term is due to scattering from static impurities.
Here, c is the concentration of magnetic impurity atoms, while pg and p; are characteris-
tic resistances. The last term is due to Kondo scattering, where T is the characteristic
temperature known as Kondo temperature. As temperature is lowered, the Kondo con-
tribution increases logarithmically, while the phonon scattering term decreases. This
competition between the two terms implies the existence of resistivity minimum, hence
successfully describing the phenomenon that had been observed three decades before.

However, the success of Kondo’s calculation to explain the resistance minimum posed
another challenging problem: the resistivity diverges when the temperature approaches
Tk . In this energy regime, perturbation theory fails to work. Therefore, the Kondo model
cannot be used to describe what happens to the physics of the system for temperatures
below T [49]. This problem inspired many of the theoretical developments afterwards.
Around one decade after Kondo’s original calculation, in 1975 Kenneth Wilson published
his work in which he used non-perturbative theory based on renormalisation group and
scaling [77]. The exact solutions to the Kondo Hamiltonian in Eq. (3.1) then were obtained
by Wiegmann using the Bethe ansatz [78]. In the 1990s, Affleck and Ludwig described
the problem using the framework of conformal field theory (CFT) [53, 61, 79].

In this chapter we shall briefly discuss the Kondo Hamiltonian (3.1) and how it gives

rise to a logarithmic term in resistivity. We then describe a perturbative renormalisation
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group method that is also known as poor man’s scaling [80] to give us better understand-
ing about the Kondo effect as temperature approaches zero. The low-energy scattering
behaviour is then described before we review the multi-channel Kondo effect, in which

the impurity interacts with more than one channel of conduction electrons.

3.2 The Anderson Hamiltonian

We may wonder how the local magnetic moment arises in the Kondo Hamiltonian (3.3).
What is the microscopic model that underlies the Kondo Hamiltonian? Anderson sug-
gested in 1961 [81] that the magnetic impurity atom can be modelled, in its simplest form,
as a degenerate one-electron state, which then can interact with the sea of conduction
electrons at the Fermi level through tunnelling processes. In this section we shall discuss
this Anderson Hamiltonian and how it can generate the Kondo interaction as in Eq. (3.3).

The Anderson Hamiltonian can be written as

s = 3" eplhotps + caliin + ) + Uiy + > (tehody + i) (3.5)
PO P,

The first term is the kinetic energy of conduction electrons ¢,, with wavevector p, spin
o, and dispersion relation €,. The second term is the energy of the impurity level when
it is occupied by a single electron, with either spin-up or spin-down. Here, n, = ch,cZg is
the number operator for electrons with spin ¢ in the impurity level and ¢4 is the energy
of this level. The third term with Coulomb coupling U represents the Coulomb repulsion
term when there are two electrons with opposite spins in the impurity level. The fourth
term is to describe the tunnelling between the impurity and the conduction electrons,

characterised by the tunnelling parameter ¢.
The Kondo effect occurs when the total spin of the impurity level does not add up to

zero [82]. Hence, we are only interested in the energy regime where classically there is

one and only one electron in the impurity level. This happens when the energy restriction
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g K ep € €4+ U is met. The first inequality ensures that the impurity level is not
empty, while the second one ensures that the impurity level is not fully occupied.
Classically, because of this energy restriction, there will be no transfer of electrons
between the impurity level and the Fermi sea. However, quantum mechanically, the
tunnelling can occur in the form of virtual excitations in a short period of time determined
by Heisenberg uncertainty. Because we are interested only in the low-energy excitations
of the system, we will apply the Schrieffer-Wolff transformation [49] to obtain the effective

Hamiltonian. Therefore, let us consider the following second order processes:

1. An impurity electron with spin ¢’ hops off the impurity level onto the Fermi sea
with energy e,/, then a conduction electron with spin ¢ and energy €, hops from

the Fermi sea onto the impurity level.

2. A conduction electron with spin o and energy €, hops onto the impurity level from
the Fermi sea to join the impurity electron, then one of these two electrons in the
impurity level, with spin ¢’, hops off the impurity level onto the Fermi sea with

energy €p.

Because of the energy restriction ¢4 < ep K g4+ U, we can set e, = cp and ey = €p.
The effective Hamiltonian between the initial state |i) and the final state |f), both with

energy Fjy, is given by

2 I:Itun - .Htun -
<f|Heﬁ|1> == Z <f‘ E’]z<go ‘Z>7 (36)

J

where |j) is the intermediate state. The initial and final energy is Fy = ¢4 + ep. For
the first process, the energy of the intermediate state is Fy = 2¢p, while for the second

process, Fy = 2¢4 + U. Therefore, the effective Hamiltonian takes the form,

N 1 N n
Hg = — § t*d,ep00) (teh d,
ff / ,€F_€d( +'Cp )( Cpa )
p’p7a7a
1 ) R
K * 3t A
- —t 12 /do—/ td g |- 3-7
ppgwl €d+U_€F( Cpror o) (L} Cpir) (3.7)
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Using the anticommutation relations satisfied by the operators ¢p, and a?/g, one gets

- 1 1 N
Hyg = t2dt,dyet épor
ff Z,<€F—€d+€d+U—€F>H 7 PP
p,p,0,0
1 1 .-
- —|t]Pé e, — t2dld,. 3.8
pgp,ﬁﬁU—é‘FH poCp pEU 5F_5d|| o (3.8)

The spin operator 8 for conduction electrons and S for impurity electrons can be defined

using the operators é,, and d, as
P

N 4 Ogol 4
3§ = Z CLUTCP/J/, (3.9)
p,p’ 0,0’
s = Y di%7%,. (3.10)
! 7 2

Since we are working in the subspace containing only one impurity electron in the ini-
tial and final states, we effectively have CZMT + CZIJ¢ = 1. Neglecting the potential

scattering term and the constant term in the Hamiltonian above and defining J =

( L+ ) |t|?, we obtain

EF—Ed eq+U—ep

Heg = 2J38- S, (3.11)

which is exactly the Kondo interaction term. Together with the kinetic energy term for

the conduction electrons, this is then identical to the Kondo Hamiltonian (3.3).

3.3 The resistivity minimum and poor man’s scaling

Let us calculate the effect of the Kondo interaction (3.3) on the transport properties of
metals. We shall calculate how the resistivity of metallic conduction electrons changes
when they interact with the local moment of magnetic impurities. The resistivity is given

by the Drude model expression,
m

~ ne?r(pr)’

(3.12)
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where m is the effective mass of electrons and e is the electron charge. 7(pp) is the
relaxation time evaluated at Fermi momentum pg, which for a general momentum p
takes the form [49]
1 a3k

— = 27rc/ ——— Ty |*(1 — cos 8')(gp — £pr). (3.13)

7(p) (2m)3 PP v
Here T}, is the element of the 7T-matrix, which, up to second order in perturbation theory,
is given by

1 ~

7L:HK+I:IK —Hy. (314)
€—H0

The first (second) term is viewed as the first (second) order approximation to the 7-matrix

A

T.
Since similar calculations will be performed in Chapter 5, here we will jump to the

results directly. The Kondo contribution to the resistivity takes the form

3rmJ2S(S + 1)c
2¢2ep

1 — 4Jpo(er) log (%)} : (3.15)

p:

where pg(er) is the density of states of conduction electrons at Fermi energy and D >
T,er is the energy cutoff [49]. The first order contribution is temperature independent,
while the second order is logarithmic.

This result can also be understood using Anderson’s poor man’s scaling [80]. The
strategy behind this method is to lower the energy cutoff D by integrating out the de-
grees of freedom that have energy € in the range D — 6D < |¢| < D. As the cutoff is
lowered, the Hamiltonian evolves into the one that has lower energy scale; the precise
form of the evolution is dictated by requiring that the 7-matrix near the Fermi energy
remains unchanged as the Hamiltonian and the cutoff evolve. This process continues until
the Hamiltonian flows, while maintaining its structure, into a fixed point. This flow is
represented by the flow of the coupling constants that the Hamiltonian possesses. The

motivation behind this method is that if we focus only on the low energy limit of the

28



system, it should not care whether we use the Hamiltonian that is formulated including
high energy scales or the one that only captures the low energy degrees of freedom [63].

So, let us start with the Hamiltonian (3.3) with energy cutoff D,

(D) = 37 [T (D)8 el Gy + J (D) elyry + J(D)S* (e = ey )|

p.p’

(3.16)

Here we have rotated the spin operators using the transformation
St = 5% 48V, (3.17)
ST = ST —isv. (3.18)

As the cutoff D is lowered by magnitude §D, the couplings J,(D) and J.(D) also change

according to the following flow equations,

iJ. T
D - T p (3.19)
dr. A

D - o (3.20)

where pg = po(er) [80]. This ensures that the 7-matrix near the Fermi energy remains
unchanged as we are reducing the bandwidth D. If we define dimensionless coupling
constants g, = poJ, and g+ = pog. and rewrite the differentiation with respect to D as

differentiation with respect to log D, we arrive at

dg.

Y9 944 321
dgi

_ 99+ 2005 3.22

d(log D) 929 (3.22)

For isotropic couplings g, = g+ = g, the equations above read

dg 2
-2 = _924° 2
d(log D) g (3:23)
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Since the RHS is always negative, it means that g is always increasing as the cutoff D
is lowered. For the ferromagnetic case g < 0, we have g — 0 as D — 0. It implies that
at low temperatures the impurity is decoupled from conduction electrons, hence we will
ignore this trivial case in the subsequent discussions. However, for the antiferromagnetic
case g > 0, we have g — oo as D — 0, which shows that the spins of the impurity and
the conduction electrons couple strongly at low energies [49]. For conventional Kondo
systems where both the impurity and the conduction electron have Spin—%7 this leads to a
complete screening of the impurity spin by the conduction electrons. Hence, the ground

state of the Kondo systems forms a spin singlet [83].

3.4 The multi-channel Kondo effect

The Kondo effect also occurs when there are several channels of conduction electrons inter-
acting with the impurity. This multi-channel Kondo effect is described by the Hamiltonian
[50]

H=> cpolh,lpe+ > 2J,8," 5, (3.24)
p, pn=1

where now the conduction electrons are given a channel index . The Kondo coupling
constants J, between the impurity and the channel p of conduction electrons may be
different in general. The behaviour of this multi-channel Kondo model depends strongly
on the values of the total number of channels n and the magnitude of the impurity spin
S.

Below the Kondo temperature, these n channels of conduction electrons will screen the
impurity spin S such that the resulting spin has magnitude S —n/2 [50]. Therefore, there
are three cases that need to be considered. First is n = 2S. Here the conduction electrons
can screen the impurity spin completely. The single-channel Kondo model that has been
discussed so far in this Chapter, whose n = 1 and S = 1/2, belongs to this category. The
ground state of this fully-screened Kondo model is described by local Fermi liquid theory

[83]. The second case is n < 2.5, in which the conduction electrons cannot perfectly screen
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the impurity spin, such that the effective spin now becomes S’ = S —n /2. This system is
called the underscreened Kondo model [63].

An interesting case happens when n > 25, which is called the overscreened Kondo
model. Here, the system displays the non-Fermi-liquid behaviour [63]. In a Fermi liquid,
the single-particle-to-single-particle scattering is unitary at the Fermi energy [83]. How-
ever, in a non-Fermi liquid, a single particle can scatter into a superposition of many
collective modes and not only a single particle anymore [61].

An example of the overscreened Kondo model is when the spin—% magnetic impurity
interacts with multiple channels of conduction electrons. These channels of conduction
electrons compete with each other, where the channel with strongest coupling tends to
screen the impurity completely at low energies. The multi-channel Kondo effect, where
all channels couple to the impurity simultaneously, is therefore unstable at low energies

to channel asymmetries [50].
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CHAPTER 4

TOPOLOGICAL KONDO EFFECT

4.1 The minimal setup

As shown in the previous chapter, Kondo effect occurs when conduction electrons interact
with an impurity spin with degenerate levels. In Chapter 2, it also has been shown that
Majorana modes in solid state systems can generate degeneracy. In this chapter we
will present the idea of coupling conduction electrons with the degeneracy induced by
Majorana modes. The Kondo effect that arises from this topological degeneracy is called
the topological Kondo effect [36, 38].

In this chapter, closely following our preprint [84], we will focus on the minimal setup
of the topological Kondo model (TKM) [36, 39]. This model consists of four Majorana
fermions, three of which are coupled to three leads of conduction electrons. These four
Majoranas can be hosted in two semiconducting nanowires that are put on top of a
superconducting island, where three out of its four ends are connected to half-infinite
leads through tunnelling junctions. These leads are metallic, while the nanowires are set
in the topological phase. The Majorana modes then are generated as the zero-energy
states at the ends of the wires.

We assume that the tunnelling processes only occur between conduction electrons in

the ith lead and the Majorana mode *;, for 1 < ¢ < 3. The Hamiltonian of this system is
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Figure 4.1: The minimal setup of the topological Kondo effect with two semiconducting
wires with strong spin-orbit coupling that are put on top of a superconducting island. The
wires then are coupled to the metallic leads through tunnelling. When the semiconducting
wires are put in the topological phase, the Majorana fermions appear at the ends of the
wires.

given by
]:I - ﬁleads + ]:Ic + f{tun- (41)

The first term is the Hamiltonian of the non-interacting, effectively spinless, conduction

electrons in the metallic leads,

3
Hicogs = Y / dk vpk &), ;.. (4.2)
=1

where vy is Fermi velocity. Here we have linearised the conduction electron spectrum such
that the momentum is linear with momentum window A around the Fermi wavenumber
kp. The electron operator in momentum space a,,(t) is related to the one in position

space 1;(x, t) through the relation

i) = / A s (), (4.3)

where z < 0 is spatial coordinate in each lead. The eigenfunction ¢, ;(z) of the ith lead

in the absence of Majorana-lead coupling takes the form,

1

Qr,i(r) = [eika(pllj,i(x) + e_ikFxSOii(x)} ; (4.4)

9
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kx —ikx

where @f;(z) = e** and of (z) = re are the right and left movers, respectively.
r; = €% is the reflection amplitude of electrons at the lead endpoint.
Working at energies much below the induced superconducting gap, the superconduct-

ing island is characterised by the charging energy E,. through the term

H. = E(N —q/e)’, (4.5)

where N is the number operator of the electrons in the island, ¢ is the background charge,
and —e is the electron charge [85]. The distance between any two Majorana modes is
assumed to be large enough to ensure that the overlap of their localised wavefunctions
can be ignored. In this case, the only tunnelling mechanism we consider is when the
electron of lead 7 tunnels into the island through the Majorana 4; with amplitude t;,

which is taken to be positive without loss of generality. The Hamiltonian for this is

]f[tun = 616/2 Z tl’A}/ﬂ/AJZ(O) + h.C., (46)
where e¥%/2 is an operator that changes the number of electrons in the island, N — N +1
(36, 34].

4.2 The effective low-energy Hamiltonian

Now we are going to focus on the energy scales that are much smaller than the charging
energy F.. Therefore, the physics of the system is dominated by virtual transitions
connecting the lowest energy charge state | V) to the neighbouring ones | Ny & 1). In this
Section we will perform the Schrieffer-Wolff transformation [49] to derive the effective
Hamiltonian that describes the low-energy excitations of the system.

Therefore, let us consider the following second order virtual tunnelling processes:

1. An electron hops onto the island through the Majorana 4;, then another hops off
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(a)

(b)

Figure 4.2: Working with energy scales much smaller than E., we focus on these two vir-
tual second-order transitions when performing the Schrieffer-Wolff transformation. Note
that here the purple-coded tunnelling always occurs first before the green one. (a) An
electron hops onto the island through junction ¢ (purple), then another hops off the island
through junction j (green). In this process, the virtual state is [Ny + 1). (b) An electron
hops off the island through junction i (purple), then another hops onto the island through
junction j (green). In this process, the virtual state is [Ny — 1).

through the Majorana 4;.

2. An electron hops off the island through the Majorana 4;, then another hops on

through the Majorana 7;.

Both of these processes are illustrated in Fig. 4.2. Here the purple-coded tunnelling
always occurs first before the green one. In process 1, an electron hops onto the island
through the junction 7, such that the superconducting island changes the state from |Ny)
to |[No + 1). Afterwards, an electron hops off the island through junction j, such that the

island returns to the state |Ng). However, in process 3, the reverse process takes place.
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Now the virtual tunnelling process makes the island to go from the state |Ny) to the
virtual state | Ny — 1) before it returns back to | Ny). Note that in these two processes, the
index ¢ may be the same as j or not. When an electron hops onto (off) the island through
the junction 7, it may hop back onto the lead (the island) through the same junction or
through another junction j # 7.

As before, the effective Hamiltonian between the initial state |Ny) and back to the
final state |Np), both with energy Ey, is given by

<N0’ﬁtun’n> <n’ﬁtun’N0>
En - EO 7

(No| Hea| No) = = (4.7)

n

where |n) is the intermediate state. The initial and final energy is Fy = H.(Np). For
the first (second) process, the intermediate state is |Ny & 1) with energy H.(Ny & 1).

Therefore, the effective Hamiltonian is given by

HTK - T 77 Z t; t]wT 1 U Z ti tjPY]w] ( )727 (48)

2j1 i,7=1

where Uy = H.(Nyg+1) — H.(Ny) > 0. Performing the anticommutation relations on the

electron operator and reordering the terms, we get

3

Hrg = Z )\:;f%% p1(0)eh;(0) — Z AT (0)4;(0) + constant, (4.9)
7,7=1 =1
i#]

where we have defined A} = (i + U%) tit;.

Tuning H, to the middle of the Coulomb blockade valley by setting g to be an integer
multiple of e, we will get A\;; = 0 for any ¢ = 1,2, 3, so that the second term in the H.g

above vanishes. To simplify the first term, we can define

(5 % 4)i, (4.10)

so that 31 = —%%&3, 32 = —%ﬁg’yl, and 33 = —%ﬁl’yg. These spin operators satisfy the
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commutation relations [S’“ 5']] = z'eiij'k. We can also define

Li=i) el (4.11)
7.k

+
YR

so that [; = i <¢§1/;2 - @1/;3>7 L= (7/31153 - 1&;%1), and [ = i (@121 - @11;2) Sim-
ilarly, these also satisfy [[AZ,]A]] = ieijkfk. By the symmetry of indices on A, we can

write

Hrg = 205151 4 20, 1,5, + 2051555, (4.12)
Let us also define
9i = Z l€ijkl Ak (4.13)
.k

so that g1 = 2)\f;, go = 2A\d}, and g3 = 2\},. Therefore, we get

3

=1

Together with the kinetic energy term of the lead electrons, we finally obtain the following

effective Hamiltonian,

3 3
H=Y" / dkvpk af sin; + Y golaSa. (4.15)
=1 a=1

This has a similar structure to the Kondo Hamiltonian (3.1), but now the Kondo inter-
action takes place between effectively spin-1 conduction electrons and spin—% topological
qubit. Note that I, is spin-1 density because ie,;; are generators of SU(2) in the spin-1
representation. Therefore, this minimal setup of topological Kondo device is an example
of overscreened, single-channel, Kondo effect [86, 36]. It displays non-Fermi-liquid low
energy behaviour, but with the overscreening that is stable even at low energies, unlike

the usual overscreened multi-channel case [50, 51, 52, 53].
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CHAPTER 5

TUNNELLING DENSITY OF STATES IN THE
TKM

In this chapter, closely along the lines of our preprint [84], and providing additional back-
ground information (e.g., details of calculations), we aim to study the oscillating (as a
function of position) part of the local electron tunnelling density of states (tDOS), specif-
ically its thermally smeared form motivated by scanning tunnelling microscopy (STM).
(For works focussing on complementary non-oscillating part, see Ref. [43] and [87].) We
will see that, unlike for free fermions, the amplitude of the oscillating tDOS component
does not increase monotonically as temperature is lowered, but follows a form that depends
on the position of the tunnelling point relative to the Kondo cloud (see Fig. 5.1). While
the non-monotonic temperature dependence is already indicative of strongly correlated
scattering, strikingly, we also find that at the topological Kondo fixed point, in contrast
even to correlated Fermi liquids [50, 83], single-particle scattering becomes completely
suppressed, and that this translates into the complete suppression of the oscillating part
of the tDOS as the temperature (and bias voltage) tends to zero. Furthermore, for the
minimal three-lead setup that we will focus on, the features that we predict can be turned
off by decoupling any of the leads other than the one in which the tDOS is measured,
which provides a direct signature of the Majorana fermion non-locality.

The tDOS, specifically its thermally smeared form, is proportional to the STM differ-

38



20k - - oot e .

= ~(1- n?/2
STM . Tog? (2T /T5)

15F | —————2

__,C\Z;
%
= 1.0}
w2/2
05k ~ (1 ~ Tog? (2T/TK)>
x]‘J—TIl csch(Q-;r‘L—ﬂ)
~ T1/3
0.0

107 10° 10° 104 10° 108

T/Tyx

108 10 104

Figure 5.1: The amplitude poy, of the oscillating component of the tDOS for zero bias,
for the minimal topological Kondo setup (inset) of three Majorana modes (red dots)
coupled to conduction-electron leads. The tDOS may be measured using STM. In the
expression shown, vg is Fermi velocity, Tk is Kondo temperature, and Lx = vp/Ly is
(Ly = vp/T) is the Kondo length (thermal length). The solid, dashed, and dashed-dotted
lines represent calculations; the dotted line extrapolates between the regions where our
asymptotic approach is expected to hold. For po,.(|z| < Lg) (solid and blue dots), a
Kondo logarithmic peak is visible between the 7' > Ty free-fermion (dash-dotted) tail
and the T' < Tk power law. For po,.(|x| > Lk) (solid red), the logarithmic regime is
suppressed. The dashed line is po, (x = 0). The figure is taken from Ref. [84].

ential conductance [88] (see App. A),

0 — eV, T
pi(x,V,T)oc/ dw ne(w =V, )Aii(a:,w,T), (5.1)
oo ow
where np(w,T) = (1 + e“/T)71 is the Fermi function and Aj;(x,w,T) is the electron

spectral function. V' is the applied voltage between the STM tip and the lead. Note that
at zero temperature, p;(z,V,0) o< — Ay (z, eV, 0).

The spectral function A;;(z,w, T') is related to the retarded Green’s function Gf;(:v, y;w, T)
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through the relation
Aij(z,w,T) = —2Im [Gg(x,x;w,T)]. (5.2)

To calculate the retarded Green’s function, we need to use the Matsubara Green’s func-

tion, which is given by

g R .
Gyavyin, ) = = [ dre= (T [di(e. 13}, 0)]). (53)
where we have used the definition [8§]
A 1 s G g
<A(7’1)B(Tg)> =T [e A(TI)B(TQ)} (5.4)

for any operator A(r;) and B(r), with Z = Tr [e*[m} and § = 1/T. w, is called the
Matsubara frequency, w, = (2n + 1)7/3, with integer n. 7, is a time-ordering operator,
while 7 is an imaginary time. To obtain the retarded Green’s function from the Matsubara
one, we need to perform analytic continuation from the upper half plane to the real axis,
Wy, — W+ 11).

The retarded Green’s function Gg(x, y;w,T) can be written in terms of the T-matrix

Tij(w,T), which is a key object encoding Kondo correlations,

0,25

Gﬁ(x,x;w,T) = GF (z, 20, T) + Z G(Ifik(:ﬁ, 0;w, T) T (w, T)G(Iflj((),x;w, T). (5.5)
kl

Here G{f;;(x,y;w,T) is the retarded Green’s function in the absence of interaction be-
tween electrons and Majoranas. This free Green’s function is obtained by performing the
analytic continuation of Eq. (5.3), except that the averaging is performed by using the

eigenstates of the non-interacting Hamiltonian j':lleads instead (see Appendix C). It has
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the form

R . _ l i 2K (w,x
G07ij($7 Tiw) = _E(Sij — Eéije (we) (5.6)
21 .
GORij(a:, O,w) = _= cos (Qi/Z)éijeZKi(“’@), (5.7)
3 UF
where

2w
2K;(w, x) = 2kp|z| + —|z| + 0. (5.8)

VU

Due to the relation ¢}, (z) = riey,(—z) we have Gf;;(0,7;w) = GF;(2,0;w) (see Ap-
pendix C).

Using Eq. (5.5), we can expect that the tDOS p;(x,V,T) of lead electrons can be
decomposed into two parts: the free cloud pg;(x, V,T), which denotes the tDOS when
uncoupled from the Majoranas, and the Kondo cloud pg ;(x,V,T), which contains the
message about Kondo interaction in our system.

A convenient parametrisation of the 7-matrix is
Wwr

Tsw.T) =~ 106,79

5ij£i(w,T), 92 §£ T, (59)

where the 0;; is because only the diagonal terms survive the average over the impurity
spin inherent in the definition of the Green’s function. The angle 6, = 7 is excluded
because in this case the electron operator @ZZ(O) at the Majorana-lead junction vanishes,
and therefore so does the Kondo coupling.

Note that since 7 enters multiplicatively in Eq. (5.5), the spatial features for 7' = 0 are
entirely due to Gy and G3. To look for spatial features informing on Kondo correlations
we will therefore mostly focus on 7' > 0 and for simplicity mostly take V' — 0. In this

zero-bias regime, the free cloud has a simple expression,

2 4
po,i(x,0,T) o —— — am Jo] cosech (27T‘L$—’) cos (2kp|x| + 0;), (5.10)

UVFp Up LT T
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where Ly = vp/T is the thermal length.

As exemplified by G(Ifij and po; above, all quantities of our interest have two contri-
butions: a non-oscillating and a 2kg-oscillating component. For the rest of this work, we
focus mostly on the latter because this is the piece that involves both ingoing and out-
going waves and thus encodes information about the scattering properties. [In contrast,
at least for non-interacting lead electrons, the non-oscillating part is insensitive to the
Kondo coupling as seen from Egs. (5.5)-(5.7).] Denoting the oscillating components by
the subscript 2kr, we have

GE (21w, T) = —Uiaij[l — &(w, T)]ei2iwa) (5.11)
F

2kp,ij

A key step in calculating the tDOS p;(x, V, T') is thus the calculation of &;(w, T"). In the
following, we will focus on two complementary regimes: high energies [max(eV,T) > Tk]|
and low energies [max(eV,T) < Tk|, considering mostly the zero bias case. These two
regimes correspond to the vicinity of two renormalisation group (RG) fixed points around
which a perturbation theory can be developed: the free electron fixed point (g, = 0)
for high energies and the topological Kondo fixed point for low energies. In the high-
energy regime, the function & (w,T’) will be obtained using perturbation theory in the
Kondo couplings g;, considering terms up to third order. For low energies, we will adapt

conformal field theory (CFT) results from Ref. [61] to our model.

5.1 2kp-tDOS at high energies

5.1.1 Calculation of the retarded Green’s function

In this regime, we will use perturbation theory to calculate the retarded Green’s function

in Eq. (5.5) up to third order in Kondo couplings g,. The strategy is to start from the
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Matsubara Green’s function in momentum space that is given by

Gk, K37, T) = <7; [ak J(r )a;,j(())} > . (5.12)

To calculate this Green’s function, we need to use the method of perturbation expansion

65, 88]. Define the operator U(t,7,) as the following,
U(r,m) = eHo(r=m0) o =H(r=m0) (5.13)

where the Hamiltonian H = [:IO + [:ITK is as given in Eq. (4.15), where ]:IO now denotes
the kinetic energy term of the lead electrons. Note that U (70, 70) = 1. Differentiating the

operator U (1,70), one gets
0 ~ . . . .,
—a U(T, ’7'0) = GHO(TiTO) (HO — H)eiH(T?TO)

-

Hy (t—70) 7121(7'77'0)

= —¢ HTKe

_ [eﬁo(fffo)ﬁTKefﬁo(TfTo)] eﬁO(T*TO)e*H(T*TO)

= —]:[TK(T)U(T, T0), (5.14)

where Hyg (1) = efo(r=70) [T ..e=Ho(T="0) i time evolution of the operator Hyj in the

interaction picture. The solution for this differential equation is given by [65, 8§]

A~

U(T,To) = 1—/ dlef[TK(Tl)—F/ dT1/ dTQ[:[TK(Tl)ﬁTK(TQ)_'_"'

70
= 1—/ dTlHTK T1 + /dTl/ dT [HTK(Tl)HTK(TQ) + -
70

70

l\.’)lr—t

= T, exp { dTl Hrw () } (5.15)
Using the definition (5.4) and the relation

R o X B .
e—ﬁH _ B_BHOU(B,O) — 6_5H07;_6Xp |:_/ dn HTK(Tl):|- (516)
0
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one can write Eq. (5.12) using the average over non-interacting eigenstates [88],

<7; [U(ﬁ, O)dk,i(T)dZ,J(O)] >

(v6.0),

The Green’s function may be evaluated using known diagrammatic methods developed

0 (5.17)

Gij(k, k/, T, T) = —

for the Kondo problem; these differ somewhat from standard fermion Feynman diagram
techniques due to the commutation properties of spin operators [89, 90]. Instead of
using this modified diagram method, as we are interested only in low order perturbation
theory, we will proceed by using Wick’s theorem directly, which we found to be more
straightforward.

Wick’s theorem [88] states that the average of any string of equal number of annihila-
tion and creations operators is

(T [ap, - ap,al - al ]>0 = all possible full contractions, (5.18)

q1 qn

where a contraction is defined between an annihilation operator and a creation operator

as

&p(ﬁ)dT( 2) = (T [ay(r1)a T(Tz)]>0 = —Go(p,q; 11 — 72). (5.19)

What is meant by “full contractions” here is that all operators are contracted, so that for

n = 2 there is no term like a,,a,,a} al,. Note that the contracted operators have to be
Rl

brought to be adjacent with each other as in Eq. (5.18). Therefore, since we are dealing

with fermions, there will be minus signs as the fermion operators are swapped.

Zeroth and first order

In the zeroth order, U©(5,0) = 1, so éij<k,k,;T, T) = Go(k,k';7). Therefore, we
obtain

GR (0)(ZE Y w, T) GO%]('T Y, w )7 (520)
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which is simply the non-interacting retarded Green’s function. In light of Eq. (5.5), this
result is expected.

To first order in g;, we have UM (3,0) = — foﬁ dry Hrk (), where Hyg takes the form

. 3 00 9]
~ (X0 ~ ~ Q
=" 30 [ [ ot daani (i a5, (5.21)

a,a,b=1" "

and the dimensionless couplings \; are defined as

4gi H§:1 cos (0;/2)

A= mup  cos (6;/2)

(5.22)

Since the spin operator S, and the creation and the annihilation operators of the elec-
tron are in different Hilbert subspaces, the average over non-interacting eigenstates in
Eq. (5.17) above must be performed in the corresponding subspaces. Specifically, the av-
erage of the creation and the annihilation operators must be performed over momentum
eigenstates (...) while the average of the spin operator must be performed over spin

eigenstates (...)7. The vanishing of (S,)g then implies Gﬁ’(l)(k, k';7,T) = 0. Therefore,

Gl (1)(1,’ y;w, T) = 0. (5.23)

tl
ij

Second order

In this order, we have

R 1 [8 1P N .
U?(B,0) = 5/ / dridry T- [HTK(7_1>HTK<T2):|
0 0

2 B B oo o0 OO OO ’
— _%’ / / drdTs / / / / dpdp’dqdq Z AaAa/€abaCalde
0 0 —00 J —00 J—o0 J—0 /

ab,c,d=1

Tr [} o (7)) o(11)ad (72)ag a(r2)] SaSw. (5.24)

Denote the numerator of Eq. (5.17) as éij(k‘, Kir,T)=— <’TT [U(ﬁ,O)dkvi(T)dL,j(O)} >0.

Although the spin operator S., does not contain time dependence, it appears alongside
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T1 T2

(b) 0 L » T
(c) 0 Ql . T
(d) 0 . @ T
(e) 0 Ql @ T

Figure 5.2: The diagrams representing the contractions of the numerator of the Matsubara
Green’s function in second order. Only the diagram (a) and (b) that are connected. All
the disconnected diagrams will be cancelled by the denominator.
the creation and the annihilation operators that are time dependent. Therefore, we need
to be careful when we perform the time ordering because the spin operator S., also has to
follow this ordering [53]. However, since (SaSa)§ = (SaSu)g = +0aar, we can focus only
on the ordering of the creation and the annihilation operators.

Applying Wick’s theorem to the quantity éij(k’, k', T) will give us a series of con-
nected and disconnected terms (Fig. 5.2). The disconnected diagrams (Fig. 5.2c-f) will

be cancelled by the denominator of Eq. (5.17) [88]. Therefore, we only need to calculate
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the connected terms (Fig. 5.2a and b). Using <§a§a/>a = %dm/, one finds
0

2 3 oo oo oo ) B B
v
Gz(]2)(k7 k/;T7 T) = Tg; /_OO /_OO /_oo /_OO dpdp/dqdq//o /0 dTldT2 )\iﬁaba‘sadc

c,d=1

af a(ﬁ)ﬁlp',b(ﬁ)?;c(ﬁ)C}q',d(Tz)flLk,i(T)Cllk/,j<0)
| |
| |

+ gf;r?,a(ﬁ)&p’,b(Tl)&g,c(TQ)Ellq’,d(ﬁ)qk,i(T)Ellch’,j(O)] : (5.25)

|

Employing the identity

Z )\ atabaade ad(Sb] ci — Z )\ a€ajaCaai = _Xfazp (526)
a,a,b,c,d=1 a,a=1
where we have defined
3
N=3 N0 (5.27)
j=1
one gets
(2) ' UF 25 g
GO kim,T) = Xz, dpdp dgdg’ / | dn
0
Go(q,p; 72 — 7 Go(p k' ﬁ)Go(k' GT — ).
(5.28)

Here we have applied the transformation 74 «— 7o, p <— q, p > ¢’ to the second

term of Eq. (5.25).
Now the strategy is to transform the Matsubara Green’s functions in the RHS of

equation above from frequency domain to time domain using Eq. (B.10). We obtain

GEJ?)(k,k’;T,T) = ;};3)\22 ij Z / / / / dpdpdqdq/ / drdry

e”””el(”l “")T"’e’(“" “IMGo(k, g3 iwn) Go(d, ps iwn)Go (P, K i, ).
(5.29)
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The imaginary time integral can be performed using

B
/ dr e'@a=e)™ — 35, (5.30)
0

We then obtain

Ggyz)(k?kI;T’ T) = UF)‘2§’J Z / / / / dpdp dqdq e

Go(k>fJ;sz)Go(q ,piiwy)Go(p', K5 i), (5.31)

Transforming the Matsubara Green’s function in the LHS to position space and frequency
domain using Egs. (B.9) and (B.11), followed by performing the analytic continuation

wyp — w1, we get

2 __
GO (g0, T) = LN, dq'dp G (¢, p; w)

G (2, 0;0) G (0, y; w). (5.32)

ZEI

o0

The integrals in the square bracket can be evaluated using the principal value method to

get
i7T2UF

GI'%.v(Q) . T -
(¥ (x7y’w7 ) 16 COSQ (92/2)

N8, GE (2, 0;w)Go (0, g w). (5.33)

Finally, using Eq. (5.5) and (5.9), we conclude that the second order in g; contribution to

the function &;(w,T) is frequency and temperature independent,

¢ (w,T) = —QXE. (5.34)
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Third order

To third order in g;, we have

1 B8 prB B . R .
U(g)(ﬁao) = _6/ / / dTldTZdTSITT[HTK(TI)HTK(T2)HTK(TS)}
o Jo Jo

. 3
_ vk 3 ST waydedddrar e ﬁddd
B 48 —o0 J—00J—00J—00J—00J—0 pp q q e 0 0 0 T

a7187'}/7a’
b,c,d,e,f=1
AaAs A €aba€pacty e Tr (@) o (1) 5(11)a) (72) g a(r2)al o (73)ar 1 (75)] SaS5S,.

(5.35)

The situation now is different from the second order in which the time ordering does not
affect anything due to (S,53)§ = (S35,)5. However, in the third order, we note that
the permutation of indices in the quantity (S’a5’35’7>8 will affect the result. For example,
(845,55)8 = —(5,555,)3. Since the order of spin operators is due to the time ordering,

we have to keep track the ordering of the imaginary time 7; using the Heaviside step
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functions,

-2 3 o] o] [e%¢) [ee) 00 00
~(3) /. _ W / / /
G (kK7 T) = IR BE /_Oo/_oo/_oo/_oo/_oo/_oodpdpdqdqdrdr
a,B,y,a

bede, f=1

B rB rB A oA A \O
/ / / dT1dTodTs Ao ANy €aba€BdcEn fe <Sa5'557>
o Jo Jo 0

{ <7; [d;,a(ﬁ)&p',b(ﬁ)dZ,C(Tz)&q',d(ﬁ)dj«,e(ﬁ%)dr',f(TS)

k

ara(7)il,, (0)] > O(r, — )07 — 73)
0

_<7:. |:CAL;CL(T1)(AIPI7(,(7'1)dl’e(T3)(Alr/7f(T3)(Alj17c(7'2>dq/’d(7'2)
k

k()i 0) > O — )03 — 72)
0

- <7; [d;c<T2)dq',d(Tz)@;,a(ﬁ)&pab(Tl)di,e(Ts)&w,f(Ts)
k

&k,i<7—>d};/,j (0)] > 9(72 - 7'1)9(7'1 - 7'3)
0

+<7;— [d;’C(TQ)dq/7d(Tg>di’e(Tg)CALT/’f(T?))CAL;a(Tl)&plvb(’rl)
k

i s(r)a,,0) > O(rs — )01 — 1)
0

+<7;— [di’e(7'3)&7,/’]6(7'3)&;&(7'1)dp/,b(Tl)CAL;C@'Q)(Alq/d(TQ)
k

&k,z‘(T)dL,j(O)] > 0(r3 — 71)0(11 — 72)
0

- <7; [&I,e<7_3)d7“'7f(7-3)&2;4:(7—2)dq’,d(TQ)d;,a(Tl)dp/ab(Tl)
k

ak,i(f)a;,J(O)] > O(rs — 75)0(7s — ﬁ)}. (5.36)

0

Each of these six terms are equivalent to each other. To see this point, let us perform

the transformation {7 +— 73,9 r,q «<— 1’ c<— e d<+— f [ <— 7} to the
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second term. It will be identical to the first term except for the overall minus sign and
the quantity (S’QSVWS’B)g = —(§a§55’7>8. These two minus signs cancel each other. We

can proceed similarly for the rest of the terms, so that we obtain

é%’;)(h K:r,T) = WF Z / / / / / / dpdp' dqdq' drdr’

a,B,y,a,
b,c,d,e,f=1

/ / / dTldTQdTg)\ )\5/\ €aba€Bdct fe <S’ S S' > 0(7’1 —7’2)9(7'2—7'3)

<7? |:d;;,a(7—1>&P'7b<7—1)d:g,c(Tz)&lI',d(TQ)&;[,e(7—3)6”"“/7f(T3>dk7i(7—)d2/,j(0>i| >

Applying Wick’s theorem to the equation above, it will give us 24 possible terms.
Out of these terms, there are only 6 connected terms (Fig. 5.3). This is because there
are 3! = 6 possibilities to start from time 0 and end at time 7 while going through the

permutation of {7y, 7, 73}. Using <3a5’,3§7)8 = %60657, these six terms are

2
(3) ‘. _ UF
Gi; (k, K7, T) = 16 E / / / / / / dpdyp'dqdq’ drdr’

76777
b,c,d,e,f=1

B8 rB B
/ / / AT1dTodTs Ao XA €aba€BdcEy fe€apy0(T1 — T2)0(T2 — T3)
o Jo Jo

?L,a(Tl)C}p’,b(ﬁ)ﬁlj;,c(ﬁ)C}q',d(72)5?1,6(73)5fr',f(73)5fk,z'(T)d;tf ;(0)
' | |

b o (1) (1)l (72 a(72)a] ()i (7) g (T)ils ,(0)

1 g,
i g>
pafl

! o(73)

Qpr
|
)
it} o (1) (1)} (72) g ,a(12)a] (75)a
I |
|
a

{

T

+5ﬂg,a(ﬁ) ’b(Tl)aqc(T2>dq’,d(T2)T

__g>

+?L,a(ﬁ)@p',b(ﬁ)@Z,C(Tz)C}q',d(Tz)@I,e(TS)Qr',f(TS)ffk,i(T)dztf,j(o)
1 1T |

+Cfp a(ﬁ)ap’ b(T1)a j; C(Tz)dq’,d(ﬁ)ffl,e(73)(?r/,f(73)¢?k,i(T)&L,j(o) :
' |
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Using the identity

3
Z )\a)\ﬁ)\'yEaﬁ'yeabaeﬁdce'yfedad(sbeéci(sfj = 2)\1)\2)\351']‘ (539)

a7/8”\/7a7
b,c,d,e,f=1

and writing the contractions in terms non-interacting Green’s functions, we find

2 [e%e] (e%e] o) ] [e’] [e%e]
GOk, K7, T) = %)\1)\2/\352-]- / / / / / / dpdp'dgdq'drdr’
B B rB ) ) ) ) ) )
/ / / dTldTQdT;g 9(7’1 — 7'2)6(7'2 — 7'3)
0 0 0

(Gold',pi 2 = 7)Go(p/ 7371 = 73)Golk, 7 = 72) Gl K5 73)
+Go(d',p; 72 — 1) Go (P, K's 1) Go(r', q3 73 — 72)Go (k. 13 7 — 73)
— Go(r',p;13 — 1) Go(p', ¢; 71 — 12)Go(q, K 72)Go(k, 1 7 — 73)
— Go(r',p;13 — 1) Go(p', k'3 11)Go(k, ;7 — 72)Go(¢' s 7572 — 73)
— Go(k,p; 7 — 1)Go (P, ;71 — 72)Gold', 7572 — 73)Go(r', K 73)
+Go(k,p; 7 —11)Go(p', ;71 — 13)Go(1', 4573 — 72)Go(d, k'3 72) |-

(5.40)

We will define each of these six terms as J,;;(k, k'; 7,T), where 1 < a < 6.

The first term Jy ;;(k, k'; 7,T) is given by

2 e} o0 [e%e] o0 e} [ele}
Jii(k K7, T) = U—F>\1)\2)\35¢j/ / / / / / dpdp’dgdq drdr’
/ / / drdrodrs (T — 12)0(T0 — T3)

Go(¢,p; 72 — 1) Go(p', ;11 — 73)Go(k, ;7 — 12)Go(r', ks 73).

(5.41)

Transforming the non-interacting Matsubara Green’s functions in the RHS from time

domain to the frequency domain using Eq. (B.9), and remembering that Go(p,q;7)
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(f) 0 T1 » T3 T

Figure 5.3: The connected diagrams representing the contractions of the numerator of
the Matsubara Green’s function in third order. All the disconnected diagrams (not shown
here) will be cancelled by the denominator.

d(p — q), we find

Jii (kK7 T) = 8_ﬁ4)\ 1 A2 A0 Z / / dpdyp’ / / / drydrydrs

l,m,n,s=—00

e zwlTe'L(wl wm)Tgez(wm wn)ﬁez W —Ws 738<7_1 . 7_2>9(7_2 - 7_3)

Go(k; iw) Go(p; iwm ) Go(p'; iwn) Go (K5 iws). (5.42)

Now we have to be careful with the exponentials. Every exponential of the form e!(“e=«e)7

has two possibilities, a = b or a # b, which will give different results after the imaginary
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time integration. Therefore, we can write

Ji(k KT, T) = 8ﬁ4)\ 1 A2 A3 Z / / dpdp’ / / / drdrydrs

l,m,n,s=—00

,zwlT [(5 -+ €l(wl wm)ﬁnlm} [5mn + el(Wm wn)TlT] } [5ns + ez(wn ws)TSnns]

0(m1 — 72)0(72 — 73)Go(k; iwr) Go(p; iwnm ) Go(ps iwn ) Go (K5 iws).  (5.43)
Using the list of integrals in App. D, we finally arrive at

Jiij(k, K7, T) = —/\1)\2)\35,0 Z / / dpdp e~"

3
86 l,m,n,s=—o0

2
{B 6mn5lm5ns + ; |:é - ;} 77771'r15lm($ns

(wm —wn) |2 i(wm — wp)

1 1 1
|: ( 5mn + gélnnmn + ‘—)nlnnmn:| nlm(sns

i(wp — wm) L1(w — wim) i(w; — wy
1 1
- _6mn 5n mn méns
i(w; — W) 1w — W) | + OunThmn] 7
1 1
+ - 3 _5mn + 5m57]mn 6lmnns
i(wn — ws) 1wy, — ws) [ ]
1 3 1
- _5mn A mn 5m ns
i(wy — ws) {2 * (W — wn)n } tm}
1 32 1
N _5mn5 —m+n—s - N\ mn(S —m+n—s mlins
+ i(wn ws) 9 0,(l—m+n—s) T z(wm — w”)n 0,(l—m+ )} Nim 7]
. 1 [ 5
i(wn — ws) 1w — Wiy + Wy, — ws) o, (i—mtn—s)

=+ 5ls77mn770,(l—m+n—s):| NimTns
1 1

B i(wp — ws) t(w; — Wi

Go(k;iwy)Go(p; iwnm)Go(p'; iwn) Go (k' iws) (5.44)

) [_6mn + 5ln7]mn] nlmnns}

The calculations for J, ;;(k, k';7,T), for 2 < a <6, are similar.

Combining all of these terms by exploiting the symmetry between their indices and
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momenta under the transformation {l +— s, m «— n, k <— k', p «<— p'}, we find

R,(3) . _ —iwyT 1
G (kKT T) = 4ﬁ2)\ 1A2A304; Z / / dpdp' e lmmm

Im=—o0

2G(p; o )G (P i) — G (s i )G 0 o) | G s ) G (' ).

(5.45)

Transforming the Matsubara Green’s function in the LHS to the frequency domain using

Eq. (B.9), we then have

GO (b, i, T) = —)\ oA Z / / dpdp - o

m=—00

2G(p; iwn) G iwy) — G(p; iw,)G(D'; iwm)] G (ki) G (K dwy).

— ) 7 im

(5.46)

The same result, apart from the second term in the square bracket which will be shown
to vanish, could have been obtained also with Feynman diagrams [90].

Let us now define

. 1 o .
Sipyiwn) = 3 Z (= )nlmGO(p;Zwm)a (5.47)
. 1 & . ;o
So(p,psiw) = 5 Z ooy M Go (s ) Go (s o). (5.48)

The sums of the Matsubara frequencies can be evaluated to give

. 1tanh (Bvpp/2) 1 1
Sipiia) =g ~ 3 5.49
Solppiin) = — | Ltanh(Borp/2) | Ltanh (Burp'/2)
Y ve(p —p') 2w —vsp 2 dw — g
1 1 1 1
T Bl — oo T B i — 12 5.50
B (iw, —vpp)? B (iw — vpp')? ( )
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By introducing a momentum cutoff A in the momentum integration, we will obtain

oo [oo ) . 2 (A 1tanh (Bvpp/2) 1 1 A+
/ / dpdp’ Sa(p,p'yiw)) = — dp{—— (Burp/2) 1 }log(—g

vp J A 2w — vpp B (iw; — vpp)?

— 0, as A — oo.

An exciting, non-trivial, result will come from the integration

/OO /OO Apdp’ $1(ps i) Go (' i) (5.52)
:/oo dp [_ltanh(ﬁw/?) 21 ! } /oo L

- 2 iw; — Upp S (iw; — vpp)? w  iw; —vpp

Note that the integration of the second term in the square bracket above vanishes. After

performing analytic continuation iw; — w + 7, one finds

Y

(5.53)

0o 00 . vpA tanh q
/ / dpdp’ S1(p; iw)Go(p'; iwy) = 7 [][ dgq an—(QT) + o7 tanh (i)

_ﬂ —opA q—w 2T

where { denotes principal value integration. For vpA > w, T, the integral above can be

approximated by [91]

Y / - /., ~ T vp 2 w
/_oo /_OO dpdp" Sy (p; iw)Go(p'; iwy) = —Elog (W) + 207 tanh (ﬁ) (5.54)

Since the magnitude of the second term in the RHS is much smaller than the logarithmic
term, it can be neglected.

Therefore, the third order in g; contribution to the retarded Green’s function can be

written as
GB»’(3)(3: W) = —ﬂ/\ Aa A3 1o _ ot Gz, 0;w)GE(0, y; w)
ij » Y 4 cos2 (02/2> 17243045 108 \/m 0\ Yy o\ Y, )
(5.55)
such that
€9 (w, T) = 7\ dos log (L) (5.56)
N
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Summation of the orders

Combining all of the calculations above, the function &;(w,T) is given by

. 7T_ UFA

In the isotropic case \; = g, it becomes

2

A
£, T) = % [Ag + 223 log (\/ﬁﬂ . (5.58)

Up to an overall factor, this result is the same as for ordinary single-channel Kondo

systems [62].

5.1.2 Poor man’s scaling

In this section we shall apply poor man’s scaling to our system [80, 36]. We aim to

calculate the following,
§Hyx = 6HS + 6HM + SHS: 4+ 6H!S | (5.59)

where

5[?%2( =(1- p)I:ITKpa - prTK(l — 15) (5.60)

€ — Iip
The projection operator Pis given by P=P+ ]f’h, where pe(h) projects onto states which
have at least one electron (hole) with energy D — 0D < e < D (=D <e < —D +6D),
with D = vrA the energy cutoff.

The term 5}}_%{ has the form

i 3
. . 1
OHg = 7F > / dp' / dq’Aaeabaa;@aq%S@] —
a,a,b=1 - 40
P 3
o /dq/ dp Ag€pacty, Lip.aSs | - (5.61)
L 2 Bied=1"1 m
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The integral fm dq stands for integration over the quantum states with energies in the
range |e4| = vp|g| < D — 0D, while the integral [, dg stands for those with energies in the
range D — dD < vplk| < D.

We would like to bring all the operators from the right side of the operator 1/(e — Hy)
to its left side. First of all, the spin operator 5’5 can be immediately moved since it
commutes with Hy. When the operator 1 /(e — lﬁlo) is applied to a state |k) with energy
£k, it will not change the state except by multiplying it with the eigenvalue 1/(e — &y).
Therefore, as the operator &;Cdp,d when applied to a state |«) will increase its energy by
magnitude e, — &,, we need to transform the operator 1/( — Hy) to 1/(e — Hy — 4 + €,)

if we move @} ,a,.q to its left side. Since ¢, ~ D, one finds

3

~ 2
0Htx = —ZF Z /mdp/tdq,/tdQ/mdp/\aAﬂeabae,Bdc

a,b,c,d=1
A 1
ST AR I A App— . (5.62)
aﬁp,a q, q,cl%g_HO_D_i_gp

Since the state with energy e, in the range D — dD < ¢, < D is empty, we need to set
Gq p0b . = 0c0(q — ¢'). Substituting this into the expression of dHS above, the integral
over ¢ disappears and so does any function of ¢ and ¢’. Therefore, the integral ft dg now
simply counts the number of states that have energies vr|q| in the range between D — §D
and D. Since the wavevector ¢ runs from —oo to oo, the positive and negative sectors of
q equally contribute to this energy range. Therefore, we have ft dq = 20\ = %5D. This

also tells us that the density of states of the lead electrons is p = 2/vr. Hence, we have

1
5—]:IO—D—|—EP'

3
SHE, = _%Fw > / dp / dp Mo s€aba€ 5550 S50, o Gp.a (5.63)

)

@
a,b,d=1

Now, let us use the identity Zzzl €ijk€imn = OjmOkn — OjnOkm and the relation satisfied
by the multiplication of two spin operators Sagg = }15a5 + %Zizl eamgy. Since we are

working with the states near the ground state, with energies much less than the energy
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cutoff D, we can set Hy ~ 0. So, we get

'Tee R 1
(5HTK = ——(SD Z / / dpdp A AﬁGag,YS & 5&;07 T—l—{;‘p
aﬁ'y 1
1
I 6DZ / / dpdp’ \3a!, s, DT (5.64)
The term 6 HMZ is given by
Frhh _“’F 1
0H = |— dp dg Ao, eabaa ap,bS ~
L 2 a,a,b 1 b €— HO
w—F /dq,/ dp Aﬁeﬁdca CALq/7dS’/3 . (565)
2 B,c,d=1 b m

The integral fb dg stands for integration over the quantum states with energies in the
range —D < vp|q] < —D 4 0D. The calculation is similar, except that now we have
to remember that &;a&qzyd = 0pc0(q — ¢') because the state with energy ¢, in the range

—D <e, < =D+ D is filled. We also have to set e, =~ —D. Hence, we will obtain

3
. w S ot g L
it = =0 3 [ s ez
a,By=1"""m ’
1
§DZ//dpdp Aﬁa 5ap5 - —5D/dPZ)\2€_8 _
a1

(5.66)

where the last term is merely a constant, which then can be neglected.

The other terms of § Hr, namely dH¢" and §HJS. . are vanishing. To see this point,
let us note that the operator (1— ]5) projects onto states which do not contain an electron
in the energy interval [D — dD, D] or a hole in the energy interval [—D, —D + § D], while
PP, = B,P, projects onto states which have at least both of them. The latter appears in
term like (1 — P)HTKP PhHTK(l — P) because P, and P, commute with 1/(s — Hy).

The Hamiltonian Hrk only contains two operators: one to apply on the state that has
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passed the projection operator (1 — 15) and another one to send the resulting state into
either a state which has at least one electron in the energy interval [D — §D, D] or a state
which has at least one hole in the energy interval [—D, —D + §D], but not both. This
explains the vanishing of dH and § HJS .
Since we are working with states which have energy much smaller than the energy
cutoff D, we can set ¢, ¢,, e,y < D. Therefore, we can write
. 3 5D
Hryg + 6Hyyx = WTF > / / dpdp’ €apatl, 4ty 4 Sa [)\a + )\a)\bﬁ} . (5.67)

a,a,b=1

This tells us that lowering the cutoff by 6D will keep the structure of the Hamiltonian
unchanged, but the couplings now change as a function of the cutoff D. The change of
the coupling 0\, is given by

oD

|€aab|5)\a == )\a/\bi. (568)

Since the cutoff D is decreased by 0D, we have dD = —dD. Therefore, we can write

dX,

aab] ———=— = — A\ 5.69
In other words, we have [36]
d\ dAs dAs3

— = =X\ — = =3\ — = =\ 5.70
d(log D) 2% d(log D) 1 d(log D) e (5:70)

In the isotropic case \; = A\, we have

d\

= -\ 5.71
d(log D) (5.71)

This RG flow equation is identical to the one for the conventional, single-channel, Kondo

model [62]. If the bare coupling is denoted by g, then the solution of this equation is [62]

Ao

ME) = 1— Xolog (vpA/E)’

(5.72)
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The coupling A diverges when the energy E approaches Kondo temperature Tk, which,

to the accuracy of our RG equations, is given by [36, 39]
Tk = vpAe /70, (5.73)

Hence, from Egs. (5.72) and (5.73), the coupling A(E) can be written in terms of Tk as

[36]
1

M) = o (BT

(5.74)

5.1.3 Kondo screening cloud

At high energies and focussing on the isotropic case for simplicity, we can write [60, 62]

A
N(E) ~ A2+ 2)3log (%) (5.75)

which has the same structure as the function ¢{(w,T) in Eq. (5.58). Therefore, following

Ref. [60] and [62], we can express {(w,T) in Eq. (5.58) in terms of A\? as the following,

2

£(w,T) = %)\2(\/w2 +4T?). (5.76)
Finally, using Eq. (5.74), this equation can be written in terms of Tk as

w2 /2
fwT) = — L2
log <—TK )

(5.77)

Using the function &(w, T') above and introducing the notation y = w/T', we can obtain

the expression for the Kondo screening cloud for isotropic couplings at zero bias,

1 [ —72 1
P 2k (7,0, T) o ——/ dy sech? <Q> (=) coS (2/@\1‘] + 2ym + 9).
4 — 0 2 Vrp 1 2 2T y2 LT
og” ( 74/ +1
(5.78)
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Figure 5.4: The numerical evaluation of the Kondo cloud in Eq. (5.78) is compared with
its approximation in Eq. (5.81) by plotting the tDOS amplitude pox, = po2ky + PK 2k
for |x|/Lx = 107°, which is the same value that is used to plot the |r| < L graph in
Fig. 5.1.

The logarithmic function in the integrand above can be written as

! _ ! | (5.79)

2
o (FE/5 1) [ () s (01

For temperature T'/Tx = 10%, the second logarithm in the denominator of the RHS is

smaller than the first one by the ratio ~ 0.14 at |y| = 8, the width of the logistic dis-
tribution isech2 (y/2), and this ratio continues to decrease as the temperature increases.
Hence, we can expand the equation above in the form of a series,

log <\/%+ 1)
1 1 5

o (3 41) e (F) o (7))

T (5.80)
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Figure 5.5: The Kondo cloud pg ok, (solid) and its amplitude pg ok, (dashed) in the high
energy regime, with § = 7/20, V =0, and kp Ly = 500, where Lx = vp/Tk is the Kondo
length. pk ok, decays exponentially along = on the scale of Ly. This high energy Kondo
cloud profile, up to an overall factor, is the same as for ordinary single channel Kondo
systems represented by the lead-dot model (Fig. 5.7a). The figure is taken from Ref. [84].

Therefore, for temperatures higher than the aforementioned lower bound, we can approxi-
mate the LHS with the first term in the RHS. Multiplication with the logistic distribution
}L sech? (y/2) makes this approximation still accurate even for a smaller temperature lower
bound, T/Tx 2 10? (see Fig. 5.4), since as |y| increases from 0 to ~ 8, the increasing

difference between the LHS and the first term of the RHS is suppressed by the collapse

in the logistic distribution. We then obtain

(2,0,T) 2 1 2] h (21 (2kp|z| + ) (5.81)
z,0,T) ~ — cosec T— | cos x . .
PK 2kr v log? (2T/Tx) Lz Lr d

The Kondo cloud evaluated numerically using Eq. (5.78) is depicted in Fig. 5.5 for

various temperatures as a function of |z|/Lg, where Lx = vp/Tk is the Kondo length.
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Also shown is the amplitude of pg ok, denoted as pg ok,.. (The temperatures used in
Fig. 5.5 may strictly be slightly outside the domain where perturbation theory is ac-
curate [39], but we believe that apart from a slight overestimation of the amplitude,
the graph captures well the behaviour.) The exponential suppression of the function
(|z|/Lz) cosech (27|z|/Lr) in the limit Ly < |z| is manifested in two complementary
aspects: for fixed 7', it shows that pg ok, decays exponentially with increasing |z| on the
scale of Ly, and, for fixed z, given that pg ok, in Eq. (5.10) contains the same function,
one sees that it governs the exponential decay of the high temperature tail of the tDOS
amplitude po,, shown in Fig. 5.1.

The temperature dependence of px o, and pay,, is particularly interesting when there
is a good scale separation so that 0 < |z| < Lg. In this case, the high-energy regime Ly <
Lk displays a crossover upon lowering the temperature, from the exponential behaviour
discussed above for Ly < |z] to a |z| < L < L regime where pg o, ~ 1/log? (2T /Tx)
is governed by the Kondo logarithm. Extrapolating our results to 7" < Ty beyond the per-
turbative regime we expect this logarithm-like increase of the Kondo cloud to develop into
a contribution comparable to the free cloud and thus to govern the behaviour of poy,. it-
self. Conversely, for || > Lk, the Kondo cloud and pog,. remain exponentially suppressed
even for T' < Ty, thus the high-temperature regime crosses over to the low-temperature
one without an intermediate logarithmic behaviour. The temperature dependence of pag,.
in these two complementary regimes is shown in Fig. 5.1. The presence versus the sup-
pression of the logarithmic contribution may be used to estimate Ly, that is, the extent

of the Kondo screening cloud.

5.2 2kp-tDOS at low energies

Now we turn to energies much below Tk. In this regime, weak g, perturbation theory is
inapplicable. Instead, we will work in the vicinity of the topological Kondo fixed point [36]

and adapt the CFT results of Ref. [61] to obtain ;. Let us start with the non-interacting
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retarded Green’s function in the position space and frequency domain,

GE (2, / / dkdk G (b ks ) pra(@)i (0).

(5.82)

Since the function ¢y ;(x) is a superposition of left and right movers (see Eq. (4.4)), one

can write
GR
ikp(x+ R .
+ettrt y)Gij,RL(:E7ya

where

G(])?:ij,RR<x>y§W) = //dk‘dk" Gé%w (k, k'

1 ikp(T—
Olj(x’y;w) = %[ el y)GgRR("L‘7Iy;w)+

—ikp(x—y GR

17, LL(:Ev Y; (,U)

w) + e~ tkrlz+y) GﬁLR(x,y;w) ,

w)er (@) ent (y)

Goijon(® yiw) = / / dkdk' G (k, K w)ek ()0 (y)
= =0 TG (fa] — ),

Goijrs (T yiw) = / / dkdk' GE (kK3 w) ol () 0k (y)

Goijor(T yiw) = / / dkdk' G (k, K w)k () oi(y)
_ _i_?ri(;ije'wwwyu

Here 0(x) is the Heaviside step function.

(5.83)

(5.84)

(5.85)

(5.86)

(5.87)

On the other hand, the interacting retarded Green’s function GJi(z,y;w,T) can be

written as in Eq. (5.83). At the Kondo fixed point 7' = 0, the conformally invariant
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boundary condition between left and right movers yields [61, 92]

GE,RR(%%W,O) = G&iLRR(x,y;w), (5.88)
Gg,LL(x’ y;w,0) = Ggij,LL(xa yiw), (5.89)
Gg,RL(‘x’ yiw,0) = S(I)Ggij,RL(xa Yiw), (5.90)
Gf}LR(a:,y;w,O) = S(l)G(I)%,ij,LR(xuy§w>a (5.91)

where S(y) is the single-particle-to-single-particle scattering amplitude at the Fermi energy.
It is given by
_ 51/

"0 Sy

(5.92)

with S = /527 sin [%}, where k is the level of the SU(2); current algebra,

j is the spin of conduction electrons, and s is the impurity spin [61]. Therefore, using

R

Eq. (5.83) and similar equation for G}, one obtains

1 ikpT
Gij(z,230,0) = Gy (v, z30) = o= [ —1] {62 Gy (T, 73 w)

—2ikpx YR .
+e Goiinr(T, T; W)}

= 1= Spy) e Crr ) (5.03)

(%
By comparing this equation with Eq. (5.5), one obtains the 7-matrix as

’M)F

Tij(w,0) = 4 cos? (6;/2)

8i; [Say — 1] - (5.94)

The function &; at the Kondo fixed point, i.e., at zero energy where the RG-irrelevant
perturbations near this fixed point completely decayed, can be obtained using Eq. (5.9),
which yields

&i(w—0,T = 0)=1-S5n), (5.95)

For our model, s = 1/2, j =1, and k = 4, and therefore S(;y = 0 [36, 39]. This remarkable
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result signifies that, in stark contrast to Fermi liquid behaviour, there is no single-particle
scattering in topological Kondo systems at the Kondo fixed point. In terms of pgy,., which
measures the single electron interference of incoming and outgoing waves, the vanishing
of S(1y at the Kondo fixed point translates into poy, — 0 as T,V — 0. The 2kp-tDOS
thus may be used to directly demonstrate the absence of single-particle scattering in the
topological Kondo effect.

By comparing the 7T-matrix in Eq. (5.94) above and the corresponding expression in
Ref. [61] [see its Eq. (3.14)], we can identify the density of states v in Ref. [61] in terms
of the quantities in our setup, v = % cos® (0;/2). With this identification, we can obtain
the function &;(w,T) at low energies, but away from the Kondo fixed point, by using

Eq. (3.50) in Ref. [61]. It yields

&(w, T) =1— NoX3 <2WT£> . I(w,T), (5.96)

K

with 0\ is the dimensionless coupling of the leading irrelevant perturbation to the Kondo

fixed point, N is real satisfying |N|? ~ 0.6, and

I(w,T) = /0 du [u"w/%Tu_l/Q(l —u)Y3F(u) — %U_Q/S(l —u)3 (5.97)

where I' is the gamma function and F(u) = 2F1(4/3,4/3;1;u) is the hypergeometric
function. The power law T2s~! = T3 in Eq. (5.96) directly informs on the scaling
dimension Ay = 4/3 of the leading irrelevant perturbation to the Kondo fixed point [36].
Note that in contrast to the description in the high-energy regime, the CFT does not
determine Tk, but it rather enters as a microscopic parameter: it is the high-energy
cutoff of the low-energy theory.

For low energies, it is useful to consider two complementary regimes: when 7" = 0
but V # 0, and when V' = 0 with T" > 0. Though as mentioned earlier, the T = 0

spatial correlations are due to the free Green’s functions, there is useful information to

67



be obtained from ¢ and the overall amplitude of poy,.. For £ we find

1/3

mall I (5.98)

£(w,0) = 1+ N'6X [\/3 - ie(w)] T

where N’ =~ 3.98N and €(w) is the step function. This expression, firstly, may be used to
specify NoX: while d\ and the sign of N are free parameters for the CF'T, the fact that
the T-matrix is a universal function [39] of w/Tk implies that NJA also has a universal
value. We can approximately obtain this by using Eq. (5.98) to fit to the numerically
exact results of Ref. [39]; this gives NoA ~ —0.093. It also follows that for T — 0, pag,. is

a simple expression set by the second term in Eq. (5.98):

1/3

pois (2, V,0) o —-N'6) {\/§ cos 2K (eV, z)] + e(eV) sin 2K (eV, x)]} (5.99)

(%3

eV

Tk

In the V = 0, T' > 0 case, we plot the oscillating component of the tDOS of lead
electrons for various temperatures (top panel of Fig. 5.6). As the function of temperature,
pakp 1s gradually suppressed for all x as T" decreases. This is in contrast to the free cloud
which gradually saturates upon lowering the temperature [see Eq. (5.10) and Fig. 5.1].
Note that at low energies, since Ly became the short-distance cutoff (as follows from T
being the high-energy cutoff), the only length scale that can set long distance features is
the thermal length L. This can be made manifest by noting that the tDOS amplitude
ok, as shown in Appendix E, admits the scaling from poy,. o (T/T)Y?h(|z|/Ly) with
the universal scaling function h(|z|/L1) = poky/poky(z — 0). The corresponding scaling
collapse, illustrated in the bottom panel of Fig. 5.6, may serve as a useful characteristic of
the spatial organisation of conduction electrons near the topological Kondo fixed point,
and as means to demonstrate the 7'/3 law (and thus the scaling dimension A,) governing
the suppression of the oscillations as the temperature is lowered (Fig. 5.1). [Extracting
por, and thus the scaling function h(|z|/Lz) from po, in practice may be facilitated
by oscillation extrema much denser than L, including kpLg > 1. The latter is not

inconsistent with Ly being the short distance cutoff of the CF'T, since that only limits
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Figure 5.6: Top panel: The oscillating part of the tDOS po,. (solid) and its amplitude
porp (dashed) in the low energy regime, with NoA = —0.093, § = 7/(20), V = 0 and
krpLig = 0.2. Bottom panel: Rescaling ps;, and the corresponding scaling collapse of
Dok, as follows from pog,. oc (T/Tx)'/*h(|x|/Lr). The universal scaling function (dashed)
is also contrasted to that of free fermions (dash-dotted). The figure is taken from Ref. [84].
the spatial resolution for po,., and not the wavelength of the 2kp oscillations.] We note
that a similar form, pog, = f(T/Tk)hnign(|z|/L7), holds also in the high energy regime.
The scaling function in that case, hnign(2 = |2|/Lr) = 27z cosech (27z), is however the

same as for free fermions and thus unlike A(|x|/L7) for low energies, does not inform on

Kondo features. The two curves are contrasted in the bottom panel of Fig. 5.6.

5.3 Discussion of the features and comparison to other
systems

A common feature shared by our high- and low-temperature results is the thermal-length

controlled large |z| decay of the amplitude po, [see Egs. (5.10) and (5.81) and Fig. 5.6].
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In terms of the temperature dependence of po,. (T, |z|) (illustrated in Fig. 5.1), the role
of |z| can thus be seen to be in controlling a competition between the thermal and Kondo
lengths Ly and Ly, by setting the low temperature cutoff above which Ly dominates.

Considering that our high- and low-energy asymptotics are expected to hold [39] for
T 2 103Tx and T < 107 2T, respectively, one needs slightly exaggerated |z|/Ly values
to achieve good scale separation while staying within the domain of validity of our theory.
(Fig. 5.1 uses |z| = 107° Ly for |z| < Lg and |x| = 200Lg for |x| > Lg.) It would
be interesting to go beyond our method, e.g., using numerical renormalisation group
calculations of the 7-matrix, to investigate the signatures of Kondo screening between
these asymptotic regimes.

While in Subsection 5.1.3 we found that the high energy behaviour of pai, and pa,
is similar to that in more conventional Kondo systems, there are important differences in
the low energy regime. It is thus useful to contrast our results to such more conventional,
single- and multi-channel Kondo systems. The simplest, single-channel Kondo effect arises
in the lead-dot model shown Fig. 5.7a. Here S(;y = —1 (see Appendix F.1), corresponding
to a 7/2 phase shift in single-particle scattering [83, 61]. This system is a local Fermi liquid
at low energies. The low temperature py, thus is similar to the free cloud, increasing
upon lowering temperature as the reduction of thermal smearing allows more and more
single-particle interference.

Our findings are also in contrast to two-channel Kondo (2CK) systems proposed and
later experimentally studied by Oreg and Goldhaber-Gordon [93, 94]. This is a two-lead
2CK model where there is a linear combination of modes without single-particle scattering
at the Fermi energy [i.e., S1y = 0 for this linear combination], but there is another linear
combination which still has single-particle scattering, translating into por, # 0 at the
2CK fixed point [95] (see Appendix F.3). It is interesting to note, however, that one may
modify this model by removing one of the leads while maintaining the coupling symmetry
between the remaining lead and the large dot (leading to the setup in Fig. 5.7b). Now

there is only the S(;) = 0 mode, which leads to py;, = 0 at the 2CK fixed point. However,
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Figure 5.7: (a) The lead-dot model, with a small quantum dot forming a spin—% “impurity”

1

coupled to a lead of spin-; conduction electrons. (b) The modified Oreg-Goldhaber-

Gordon model [93], where now the small quantum dot is also coupled to a large quantum
dot which acts as a reservoir of spin—% electrons. This model is a modified version of the
one confirmed experimentally to host the two-channel Kondo (2CK) effect [94]. (c) The
generalised Oreg-Goldhaber-Gordon model, with a small dot and three large dots. In
order for this model to host the four-channel Kondo (4CK) effect, the couplings to the
large dots and the lead have to be symmetric. The figure is taken from Ref. [84].

as temperature is lowered, the power-law suppression is different: pog, (x,0,7) ~ T 172 as
can be shown by adapting our considerations to this case (see Appendix F.3).

A system for which we do find the same power law (and SU(2), current algebra [86])
as for the topological Kondo effect is the 4CK model, corresponding to the generalised
Oreg-Goldhaber-Gordon setup with three large dots [93, 96] (Fig. 5.7c). However, now
the conduction electrons have j = 1/2, which results in S;;) = 1/v/3 and thus pay, # 0

at the 4CK fixed point (see Appendix F.4).
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5.4 Measuring S5(;) in general situations

Generalising our considerations, it is also interesting to note that one may use poy,. at zero
temperature and bias to measure |S(y)| in a range of Kondo and other quantum impurity
systems, provided there is only one value of kr to consider, as is the case for single-
channel leads. (For N-channel leads, there will be N values of kr because each channel
has shifted energy spectrum due to the quantisation of transverse modes in the leads.)
To this end, one takes the ratio between poy, o< 2|S1)|/vr and the non-oscillating tDOS
component |pg—o| = 2/vp. This is useful since the proportionality factor [originating from
Eq. (5.1)] is the same in both cases and only depends on the density of states and physical

characteristics of the STM tip [88, 97]. Therefore, pog,./|pr=0| = |Sa)|.
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CHAPTER 6

CONCLUSIONS

This thesis discusses the influence of Majorana fermions on the scattering properties of
metallic conduction electrons coupled to them in the context of the topological Kondo
effect. Throughout this work, we have used the minimal setup of the topological Kondo
model (TKM), which leads to the effective Kondo interaction between the spin—% topo-
logical qubit generated by Majorana fermions and the effectively spin-1 conduction elec-
trons. The effect of this Kondo coupling on the scattering properties of lead electrons
is then studied using the oscillating component po,.(z) of the electron tunnelling den-
sity of states (tDOS), which can be measured in experiments using scanning tunnelling
microscopy (STM).

Being governed by the finite-temperature retarded Green’s function of lead electrons,
the quantity poy, can be calculated using perturbation theory in the Kondo coupling at
energies much higher than the characteristic energy scale, the Kondo temperature Tk.
We have performed the calculations up to third order using the method of perturbation
expansion. At low energies, we have adapted results from conformal field theory calcu-
lations [61] to our model. We have discovered that the amplitude po,. of the oscillating
component of the tDOS displays a non-monotonic behaviour as a function of tempera-
ture. Starting from the exponential suppression at temperatures much larger than Tk,
the behaviour of pa, as the temperature is lowered strongly depends on the ratio of the

position of the STM tip |z| and the Kondo length Ly = vp/Tx. When |z| > L, the
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exponential suppression continues from high temperatures up to below the Kondo tem-
perature before it crosses over to a power-law decay before the temperature reaches the
topological Kondo fixed point. However, when || < L, there is an intermediate region
in which the behaviour of pgy, is dominated by the Kondo logarithm. The existence or
the suppression of this Kondo logarithmic peak therefore provides a way to estimate the
extent of the Kondo screening cloud.

At energies much below the Kondo temperature, the 2kp-tDOS is described by a uni-
versal scaling function indicative of strong correlations. In this regime, non-Fermi liquid
scattering occurs, which can be identified by the vanishing of single-particle scattering
at topological Kondo fixed point that in turn manifests in the complete suppression
of the 2kp-tDOS at zero temperature and bias. In this thesis, we have compared the
low-energy behaviour of po, to three conventional Kondo systems: the conventional,
single-channel, Kondo model which is represented by the lead-dot model, the modified
Oreg-Goldhaber-Gordon 2CK model, and the generalised Oreg-Goldhaber-Gordon 4CK
model. Although the TKM and all of these three systems share the same behaviour for
pakp at high energies, the first model has much different behaviour at low energies because
it is governed by Fermi-liquid scattering. Like the topological Kondo model, the modified
Oreg-Goldhaber-Gordon 2CK model also displays vanishing of single-particle scattering
at zero temperature, although py,. in this system decays according to a different power
law. The situation is reversed for the last model; it decays according to the same power
law but its pag, is not completely suppressed at zero temperature and bias. Inspired
by this comparison, in this thesis we also have provided a practical method to use pag,.
to extract the information about the single-particle scattering matrix for more general
quantum impurity systems.

There are several potential directions that need further investigation. Our current
method cannot describe the behaviour of py,. in the intermediate regime, when the ener-
gies are comparable to the Kondo temperature. As the exponential suppression may still

dominate this regime when |z| > Lk, it is interesting to find out how pax, evolves after
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it displays the Kondo logarithm as the temperature is lowered and entering this regime
when |z| < Lg. It is even more exciting to discover the behaviour when |z| ~ Lg.
The numerical renormalisation group method is expected to be a suitable tool for this
purpose. Also, since this thesis only focuses on the minimal setup of the TKM, working
in a more general setup (e.g., with more leads, and/or including electron interactions in
the leads) to discover how it affects the scattering properties of lead electrons is another

open direction.
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APPENDIX A

TUNNELLING SPECTROSCOPY

The purpose of this Appendix is to provide the derivation for the tunnelling density of
states formula in Eq. (5.1). Here we will follow closely the derivation in Ref. [88]. Suppose
an STM tip is located close to one of the metallic leads of the topological Kondo device
(Fig. 5.1, inset), where a voltage bias V is applied between the lead and the tip. The
electron wavefunctions from both of the lead and the tip may overlap with each other,
such that electrons can now tunnel from the lead to the tip and vice versa [98, 99, 100].

The tunnelling Hamiltonian between the lead and the tip is given by

f{tun = ttun’lj);f($)7ﬁT(yo) + h.C., (Al)

where 4y (z) is the annihilation operator for the electron at coordinate z of the lead
under the STM, ¢7(yo) is the annihilation operator for the electron at a coordinate yqo of
the tip endpoint in a tip coordinate system, and ty,, is the tunnelling amplitude. Note
that the electronic leads are single channel and effectively spinless, consistent with the
effectively spinless nature of the nanowires for Majorana fermion realisations. We are
also working with one species of tip electrons, e.g., as in spin-polarised STM [101, 99],
hence it is also considered spinless. Since the tunnelling takes place between the tip end
and the point in the lead that is closest to the tip [98, 99], = therefore is the position
of the tip measured in the lead coordinate. The Hamiltonian above is regarded as a

perturbation to the composite system of the topological Kondo device and the STM tip,
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each in thermodynamic equilibrium, corresponding to Htmn:o = ﬁT + ﬁTKHeads, where
]:IT is the Hamiltonian of the tip and }AITKHeadS is the Hamiltonian of the full topological
Kondo system.

The particle current operator Z between the lead and the tip is Z = ]{TT, where Ny is
the tip electron number operator. Therefore, the electric current from the tip to the lead
can be written as I = e(Z), where —e is the electron charge and (Z) is the expectation
value of Z with respect to the state that arises from the initial separate equilibrium states
after turning on the tunnelling perturbation in the distant past.

~

For weak tunnelling, we can use the Kubo formula to calculate the quantity (Z) [88],

(I)(t) = /_ h dt' CT (¢, 1), (A.2)

e}

CR(t, 1) = —w@—t')<[i(t),ﬁtun(t')}> , (A.3)

0

where the subscript 0 indicates that the expectation value is taken with respect to the
eigenstates of f[ttunzo. Given that the tunnelling was turned on in the distant past,
we may set ¢ = 0 without loss of generality. Since the number operator is given by
Ny = [ dy zﬂ}(y)z@T(y), the particle current operator 7 = ]ifT = i[ﬁtun,NT] takes the

form

Z = i [tont{ ()b () = B ()1 () (A1)

Using this result, we can show that C*(0,t) contains four terms. Two of these have

the form ( [$](@)dr (). 1 @)dr(yo)| ) and | () (2), ¥ (g0} ()] ) . These two

terms give vanishing contribution because they do not conserve the subsystem particle
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numbers, while the unperturbed Hamiltonian does. Therefore, we obtain

0

cR(0,t) = e<—t'>\tmn12{ (|91, 0000, 0), ¥ 9o, )in (.8 )
= (950, 091 (. 0), 9] (. 0o, ¥ ). }
= 0(—t)|toun|? QRQ{ <$I($7t/)¢T(y0>t/)r&;(y070)72}1(*7;7O)>O

= (00,0091 (2, 0] &, )y, ) } (45)

Since the expectation values above are taken with respect to the eigenstates of ﬁtmnzo,

we can factorise them into the topological Kondo and the tip parts,

CR(0.t) = e(—t'>!tmn|22Re{ (Bl t)a(2,00) (drlvo, )03 (w0,0))

— (1l 08l t)) (o, 0)dr(0.t)) } (A6)

In our setup, a voltage bias is applied, so the operator ﬂ (x,t") above has an additional

i=eV)¥'  Extracting this factor explicitly from o] (z,#) and writing the

time dependence e
correlation function C*(0,#') above in terms of the lesser and greater Green’s functions

defined respectively by [88]

~

it —t) = i (U @ )d(ay) (A7)

~ ~

Trlit—t) = =i (el t)) | (A.8)
we obtain

C(0,t) = 0(~t')[teun]* 2 Re{Gf (@5 —t")G7 (yo; ') — GT (w3 —t) G (o3 t’)}e_iew, (A.9)
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After performing the Fourier transformations,

dw i
Girtait) = [ G Gataiwe ™, (A.10)

the quantity (Z)(0) takes the form

- dw
DO = [ 5 {6 )G i — V) = G @) oo — V) . (A1)
Now we would like to express the lesser and greater Green’s functions above in terms
of the spectral function Ay r(z;w) = —2Im[G 7 (2;w)] using the Lehmann representation

[88]. Starting from the definition of G7 (x;¢t — ') in Eq. (A.8) and the definition of the

expectation value in Eq. (5.4), we can write
Gzt —t) = —Zil 3 (e Hrscsenssip (2, £ (2, ) o), (A.12)
ni

where |n;) is the eigenstate of IEITKHeadS and Z; = Tr[e‘ﬁHTK +leads| - Ingerting the identity

1= 30, Inf) (], we get

GT (it —t) = —— Z BB (g [y () ) (| () [ e P PO (A13)

n1 nl

which, after Fourier transformation, leads to

21
GT (r;w) = —71

/
ni,ng

e (4 () ok |5 () [ )0 + By — Br). (ALL4)

Similar calculations for G7(z;w) give

Gr(zw) = ? e (ny | () ) ([ b1 () [n) 8 (w0 — By + Eny). (A.15)

1 /
ni,nj

Swapping the indices ny +— n/, and writing the resulting exponential as e #(Fn1+) which
1
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is guaranteed by the delta function, we arrive at
Gi(zw) = —G7 (2;w)e ™™, (A.16)

The retarded Green’s function G¥(z;t — t') can be expressed in terms of the lesser and

greater Green’s functions as [88]
GR(ayt — ) = 0(t — t') [Gf (w3t — ') — Gzt —t)]. (A.17)

Using the previous results for G (z;t — t') and performing the Fourier transformation

Gi(z;w) = [70 dt Gf(z; 1)@t with n — 0F, we get

v L, [l @ @) | B @) ] () )
G1(3?aw)—lee [ w+ Ep — Ey 11 * w—FEn, + By +in 7

(A.18)

U
ni,nj

which, upon swapping again the indices n; <— n{ on the second term in the square
bracket above and taking the imaginary component of GI(x;w) by using the relation

(w+in)™ =PL —ird(w), yields

2Im[GE(z;w)] = —iGT (z;w)(1 + 7). (A.19)

From Egs. (A.16) and (A.19), and using A;(z;w) = 2Im[G¥(z;w)] and np(w) = (1 +

e?)~1 we obtain

iG] (r;w) = Aj(x;w)[1 —np(w)], (A.20)

—iGT(r;w) = Aj(z;w)ng(w). (A.21)

Similar expressions for G%(yo; w) are straightforward.

A

Using these results, the electric current I = e(Z) can be calculated from Eq. (A.11) to
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obtain

I = e/_oo dw toun A7 (yo; w — eV) A1 (z;0) [nr(w) — np(w —eV)]. (A.22)

oo 2T

We will assume that the tip is made of material with nearly constant density of states,
Ar(yo;w — €V) & constant, in which case the differential conductance df/dV can be
expressed as

dl / * = Onp(w—eV)

a7 & N dw TAl(x; w). (A.23)

Our tDOS in Eq. (5.1), in which the temperature dependence has been made explicit in

its notation, is proportional to this differential conductance.
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APPENDIX B

THE MATSUBARA GREEN'S FUNCTION

The Matsubara Green’s function is defined as the Green’s function with imaginary time

argument [88],
G(r— 7)== (T, [e(r)e'(7)]) . (B.1)

Let us now introduce two Matsubara Green’s functions: the one in position space,
Gij(w,557) = = (T [dnla, 1) (,0)] ). (B.2)
and the one in momentum space,
Gl 37) = = (T: [ana(r)a, ,(0)] ). (B.3)

Note that the relation between the operators ¢;(z,7) and a,(7) is given in Eq. (4.3).

Therefore, the relation between G;;(x,y; 7) and G;;(k, k'; 7) is given by

Gyl yi7) = / / dkddk! Gk, Ky 7)oia(2) 0 5 (), (B.4)

%@ﬁw:://mw@m%ﬂ%mwww' (B.5)

We can also Fourier transform the Matsubara Green’s function (B.2) from time domain
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(B.6) Wy — w+1m

Gij(z,y;7) =< > Gij(z,y;iwn) > Gz, y;w)
A (B.7) A A
(B.4)]](B.5) (B.11)| |(B.12) (B.13)]|(B.14)
\/ (B.9) \/ ' . \/
Gij(k, K1) < : > Gij(k, k5 iwy) Ln Z@H Gg(k,k’;w)
(B.10)

Figure B.1: Fourier transformations of Matsubara and retarded Green’s functions between
position and momentum spaces and between time and frequency domains.

to frequency domain [88],

P .
Gij(z,y;iw,) = / dr e Gz, y; 1), (B.6)
0
]' - —iWwn T .

where w, is the Matsubara frequency. For fermions, it has the form

(2n+ 1)m

T n=0,%1,42,.... (B.8)

Wp =

Similarly, the Matsubara Green’s function (B.3) can also be transformed to the fre-

quency domain,

p )
Gi]-(k,k:’;iwn) = / dTelwnTGij(l{?,k’,;T), (Bg)
0
1 & _.
Gii(k, K1) = = e TGk, K iw,). B.10
i( ) 3 n:z_oo i( ) (B.10)

Now, in frequency domain, the relations between G;;(z, y; iw,) and G;;(k, k'; iw,,) are given
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Gyl yiion) = / / Akl Giy(k, s ion) () (1), (B.11)

Gui(k ki) = [ [ dady Gyt ysivn) et (2w s(0) (B.12)

Finally, the Matsubara Green’s functions G;;(z, y; iw, ) and G;;(k, k'; iw,) can be trans-
formed into the retarded Green’s functions Gf}(x,y;w) and Gf}(k,k’ ;w) using analytic
continuation iw, — w + in [88]. The last two objects then can be transformed into each

other in a way similar to Eqgs. (B.4) and (B.5),

Cl(z,y;0) = / / dkdk' G (k, k' w)ori(x)r (), (B.13)

Gk K w) = / / dedy G (z, y;w)oha(@) 0w (). (B.14)

All of these transformations are summarised in Fig. B.1.
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APPENDIX C

THE NON-INTERACTING RETARDED GREEN’S
FUNCTION

The non-interacting Matsubara Green’s function can be calculated from [88]

Goi(k, K 7) = — <7; [ak,i(T)aL,vj(O)D . (C.1)

0

Since 7 is a time ordering operator, one can write

Goas (k, k5 7) = =0(r) (ana()al, ;(0)) +0(=7) (b, (Oarn(r) . (C:2)

0

where the sign of the second term is flipped due to the interchange of the operators. Since
ay;(7) is a Heisenberg operator which evolves according to ax,(7) = eﬁofdk,i(())e*gof, one

gets
Goij(k, k';7) = = [0(7) (1 — np(er)) — 0(—7)np(eg)] 050 (k — K )e *+7, (C.3)

where ¢ is the kinetic energy of non-interacting lead electrons. Here we also have used

the relation

(aljane) = nr(e)diolk = k), (C.4)

where np(e,) = (1 + %)~ is the Fermi function. We can transform the Matsubara

Green’s function above into the frequency domain by using Eq. (B.9). Using the fact that
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e = —1 for all values of n, we arrive at

Goﬂ'j(k, k/, Z(J.Jn) = —(SU(S(k — k,) (C5)

Wy, — €k
We then can perform analytic continuation iw, — w + in such that we get

1
R /' = -—— .. J— ,
Gy K510) = o 0ud e = K. (C.6)

Since our aim in the main text is to obtain the expression for the non-interacting

R
0,25

tDOS or the free cloud, we now have to calculate G{;.(x, y; w) from G&j(k‘, k';w) using
Eq. (B.13). Assuming the linearised dispersion relation ¢, = vpk and remembering that

the eigenfunction ¢y ;(x) has right and left movers,

eikﬂ@ﬁi(m) + eiikm%pﬁ,i(xﬂ ) (C.7)

1
ori(r) = E [

one can calculate the Green’s function for each combination of these two movers. We then

obtain
Gl pn(yiw) = ——dye el WDy ) 1)), (C.8)
iJ, up
7 ik (|l — i (|| —
G(])%,z‘j,LL(Ly;W) = _E(;ije kr(lzl=lyl) o o (2] |y\)9(|x| . |y|>7 (09)
Goijre(v,y;0) = 0, (C.10)
Gl r(rysw) = L e Gl G (C11)
b 9 UF
If we define
gij(z;w) = —i%@ik”ei&xﬁ(x), (C.12)
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then we can write

Gliirr(@ y;w) = gi;(Jyl — |zl w), (C.13)
Goyrn(@ y;w) = gz — |ylsw), (C.14)
Gojre (T ysw) = rigy(=lz] = lyl;w), (C.15)
Goyrr(@ y;w) = rigi(|z] + |yl w). (C.16)

Since the coordinates z and y are always non-positive, one gets G&ij’ ro(T,y;w) = 0 as

before.
In the main text we will need the non-interacting retarded Green’s functions Gt (, z; w),
G (2, 0;w), and G§;(0, z;w). Therefore, we can write
i i 12K (w,x
G(I)Dtij(xax;w) = —E(Sij - E&j@ 2K(w, ), (C.17)
2i 0; K
GoRij(x,O;w) = 2o (—)cﬁjez&(‘d’x), (C.18)
’ VF 2
where we have defined
2K (w, 7) = 2ep|z| + 2 |z| + 6. (C.19)
(%
Note that by using Egs. (C.13)-(C.16) above, we have
G(Ifij(o,x;w) = Gé?jij(x, 0; w). (C.20)

This is due to the relation satisfied by the left and right movers, ¢, (z) = rjey,;(—x).
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APPENDIX D

SOME USEFUL INTEGRALS

Let us define n,, = 1 — 04, where 4, is the Kronecker delta and the indices a and b are

integers between —oo to co. We also define

1
f(Wa — W; T)Nap = -

=T o(wamwe)T
i(wa — wp) S 7= (B-1)

so that f(w, — wp; B)na = 0. Here is a list of integrals that are useful to calculate the

third order retarded Green’s function.

/

/ dr [6ay + ei(““_“b)Tnab} = 70w+ f(wa — Wo; T') N, (D.2)
0
p _
| b+ ] = G, (D3)
0
T’ ( ) 7_/2
d 5a i(We—wp )T . _ _5a
/0 T |: p 1+ € n b} T 9 b
1 i(we—wp)T o
+—i(wa — Wb) [T (& f(wa Wy, T ) Tab
(D.4)
B ( ) 62
dT |Ogp + €7, = —0ap + BN, D.5
/0 T [0ap + € Tab) T 5 b+z(wa—wb)6nb (D.5)
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/

T . . 1 . ,
/ dr [8ap + €@ | T Ty = [T’ez(“’c‘“’d” — flwe — wa; T')] dabTed
0 i(we — wa)

7_/2

+ 7 50,(a7b+cfd) NabTcd

+ - 1 [T/ei(wafwb+wcfwd)r’
i(wy — wWp + we — wy)

— f(wa — wp + we — wa; T’)] 10,(a—b-+c—d) NabTed
(D.6)
1 32

B , :
/ dr [5ab + 6Z(wa_wb)‘r77ab} 7—el(wc_Wd)‘r?/]cd = .—Béabncd + _50,(a7b+cfd)77abncd
0 i(We — wa) 2
1

i(wg — wp + We — Wy)

+ BN0,(a—b-+c—d)NabTed;

(D.7)

T , 2 3 1 R /
/ dr [5(117 + el(wa—m))’rnab] T — %&zb S { T_ez(wa—wb)q-
0

9 i(we —wp) | 2
1 ) /
_ ! i(wa—wp)T _ L
Z(O.)a _ Wb) [T € f(wa Wy, T )} }naby
(D.S)
B ‘ 2 B3 1 62 1
dr |4, i(wa—wp)7 B A -+ ——— | —— u D.9
/0 ™ [Ow +e nb]2 6 b+z’(wa—wb){2 i(wa—w)ﬁ}nb’ (D-9)

/

T X 1
/ dr [Oap + €] Flwe — Wi T)ea = ] [f(we = wa; ') = 7' OavMea
0

i(We — Wq
1

Y2 7JdO,(a—b—l—c—d)
i(we — wq)

+ f(Wa — W + We — Wa; T)No,(a—b+-c—d)

- f(wa — Wh; Tl)] NabNed, (DlO)

A , 1
/ A7 [Oap + €] flwe — Wi T)ea = ) B [=8ab + 60,(a—b+e—a)Nab) Ned-
0

i(we — wy

(D.11)
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APPENDIX E

THE SCALING FORM OF THE AMPLITUDE OF
THE OSCILLATING PART OF THE TDOS AT
LOW ENERGIES

Following closely the Appendix of our preprint [84], here we will demonstrate the scaling
form of the amplitude py, of the oscillating component of the tDOS at low energies in
the zero bias regime. If we define y = w/T, the envelope of the oscillating part of the

spectral function is given by

Aoy (|:v| T) - %N&Né <27r7£)1/3 Re [I(y)e<i2yLle>} . (E.1)

L_Tay7 "

Therefore, the amplitude of the 2kz-tDOS is

i (207 = — 2 Noav3 (2n L 1/3h Iz} (E.2)
P2k p LT7 ) — v TK LT ) .

for some scaling function h. To extract the 7" — 0 asymptotic power law, we may take

Lz > |z|, and thus substitute h(|z|/Lz) ~ h(0). This gives the T'/3 decay.
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APPENDIX F

DISCUSSIONS ON SEVERAL CONVENTIONAL
KONDO MODELS

F.1 The lead-dot model

In this section we aim to discuss the conventional, single-channel, Kondo model exempli-
fied by the lead-dot model (Fig. 5.7a). It consists of a spin—% quantum dot that is coupled

with 1D lead of spin—% electrons. This model is described by the Hamiltonian

2 3
H=>Y" / dkvpk i+ golaSa, (F.1)
=1 a=1

where the first term is the kinetic energy for the conduction electrons and the second
term is the Kondo interaction between the spin of the quantum dot S and the spin of the
conduction electrons I.

It is important to note that the conduction electrons in the lead are now spinful, unlike
our discussions in Chapter 4 and 5 where the lead electrons are spinless. Therefore, here
the index 4 in the electron operator a;; denotes the spin of the conduction electrons. The
operator I, is given by )

a
L= 01724, (F2)
2%

where the operator 1[12 is the annihilation operator of the electron with spin component
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i = 1,2 in the position space and {c®} are the Pauli matrices. ; has the same form as
Eq. (4.3), but r; = € is now the reflection amplitude for the electron with spin 4.

Since our aim is to study the tDOS of the lead electrons in this system, we will
perform similar calculations to those for the topological Kondo model. Our aim is to
find the retarded Green’s function (5.5) for our model, which in turn is described by the
function {(w,T) in Eq. (5.9). We also note that the non-interacting retarded Green’s
function GZ(-jx, y;w) has the same expression as the one for the topological Kondo model
(Appendix C), but again the index i and j now refer to the spin of the lead electrons.

For simplicity, we will consider the isotropic case where g, = g. The function &(w,T')

for the lead-dot model at high energies is given by

371'2 2 3 UFA

where we have defined

4 6
Ao = —gcos? (5) (F.4)

Up to an overall constant, this result is the same as for the topological Kondo model,
Eq. (5.58).
For the lead-dot model, we have s = 1/2, j = 1/2, and k = 1, such that Sy = —1.

Therefore, par,. does not vanish at 7" = 0.

F.2 The original Oreg-Goldhaber-Gordon 2CK model

Before we discuss the modified Oreg-Goldhaber-Gordon (Fig. 5.7b), let us first discuss
the original Oreg-Goldhaber-Gordon model [93].
This system consists of a small quantum dot that is connected to two leads of con-

duction electrons and a large quantum dot (Fig. F.1). The system is described by the
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Hamiltonian

2
ZZemksmksmks+Zedsd d +E”m
k

s=1 s=1

2 00
+ Z/ dk €L,k,siz7sik,s + Z/ dk €R,k,sR]T€,st,s
s=1 70 s=1"0
2 . 2 A 2 .
+ (vm SO ik do + VY €L (0)ds+ VR Y €k (0)ds + h.c.> , (F.5)
s=1 k s=1 s=1

where d, (M) is the electron operator in the small (large) dot, I:;w (Rks) is the electron
operator in the left (right) lead in the momentum space, and éL,s (éR,s) is the electron
operator in the left (right) lead in the position space. E}™ denotes the charging energy
when the small dot has ny electrons and the large dot has n,, electrons. Note that we

have

éLz(ZU) = / dkzk,i(PL,k(fL'), (F.6)
0

ri(r) = / dk Ry, ori(z), (F.7)
0

where ¢r ,(z) and pgi(x) are eigenfunctions of the conduction electrons in the left and

right leads, respectively,

1 . .
vrp(z) = > (e 4+ rre=*), (F.8)

1
V2T

3

(eikx + rRe’”“”) , (F.9)

SOR,k(CU)

and 7 g = eZr are the reflection amplitudes.

Let us rotate the electron operators in the left and right leads as the following,

Vs cosa  sino eOr/2L,.
- , (F.10)

D5 —sina  cosa eWrRIZ Ry
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1/2

* L

Figure F.1: The small quantum dot d is connected through tunnelling to the large quan-
tum dot m and two metallic leads called the left and right leads. Different from the setup
of topological Kondo model discussed in the main text, here the conduction electrons are
spinful. This system displays 2CK effect if the couplings between the small dot and the
leads are symmetric [93].

where the rotation angle « is given by

COSs (QR/Q) VR 2 0L 2 QR
t =—<=— =4/—cos? | = |V2+ Zcos? [ — | V2. F.11
ana = — 0,2V, Vi —cos? | 5 VE+ —cos | 5 Vi (F.11)

Using this rotation, we can rewrite the Hamiltonian above as

2

Zzgmksmksmks +Z€dsd dy + B

s=1 k s=1

+ Z/ dk 5w,k,5¢;275¢k,5 + Z/ dk €¢7k78¢275¢k,s

s=1 70 —1 J0

2 2 s

+ (vm SO ik o+ VY / dk 0} ds + h.c.> . (F.12)
s=1 k s=1 Y0

Now the left- and right-lead electron operators are effectively replaced by @k,s and (ﬁk’s.
However, the only tunnelling term that survives the rotation is @/AJ,LSC?S, so there is no
tunnelling between the small dot and the effective lead ¢.

Since we are working at energies much smaller than the charging energy of the large
dot m, we will perform the Schrieffer-Wolff transformation to obtain the effective low-
energy Hamiltonian. Note that due to the Coulomb blockade, the charge fluctuation in
the large dot m is suppressed. Therefore, we focus only on the following virtual second-

order tunnelling processes,
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1. An electron hops off the small dot d onto the large dot m, then an electron hops off

the large dot m onto the small dot d.

2. An electron hops off the small dot d onto the effective lead v, then an electron hops

off the effective lead v onto the small dot d.

The resulting low-energy Hamiltonian takes the form

2 2
_ T Ay A
H = E § Em,k,smk’smk,s + Ed,sdlds
s=1 k s=1

2 s 2 0o
+ Z/o dk 5¢7k,5¢z,s¢k,s + Z /0 dk 5¢,k73¢2,s¢k,s
s=1 s=1

+2J,84- S+ 27,84 - Sy, (F.13)

where the first two lines are the kinetic energies of electrons in the large dot m, small dot
d, and effective leads ¢ and ¢. The last line contains Kondo interaction between small
dot d and large dot m with coupling J,,, and between small dot d and effective lead v

with coupling Jy. The spin operators are defined as

R L1 .
Su = ) dizouds, (F.14)
N 2 R 1 .

Sm = Z gin,s(o)ﬁass’gm,s’(o), (F15)
s,8'=1
2 A 1 A

Sy = D £.(0)50uEu,(0), (F.16)
s,8'=1

while the Kondo couplings are defined as

1 1
J, = V2, F.17
At Ea o

1 1
Jy = V2.
v {ES—ENES—E?] ;

(F.18)

For the 2CK effect to occur, we need to set J,,, = Jy, = J.

Using the lead rotation (F.10), the Matsubara Green’s function for the conduction
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electrons in the left lead is a linear combination of the ones for the effective leads ¢ and

¢,
G (kK 7, T) = cos® ()G (k, K3 7, T) + sin? () Gyjeo (k, K3 7, T). (F.19)

This then immediately translates to

Gﬁ’(L)(x, y;w, T) = cos” () Gyr (2, y;w, T) + sin® (a) G a0 (2, y;w, T). (F.20)

)

The retarded Green’s function for the effective lead ¢, G (x,y;w,T), is simply the
non-interacting one,

Gij(d’) ('Iayaw?T) = GU,ij(xay;waT)v (F21)

since the operator é is effectively non-interacting in the Hamiltonian (F.13) above. The

function £¥)(w, T) for the effective lead v at high energies is given by

37T2 9 3 'UFA

where the dimensionless coupling A is defined as

4
i

Finally, the retarded Green’s function Gg-’(L)(x, x;w,T) for the left lead is given by

?

e — 05 [1 = cos? ()€™ (w, T)] €2, (F.24)
F

1
ij (ilf,l’;w,T) = _E(SU -

For an overscreened Kondo model with general Sy [see Eq. (5.92)] and A = A, —1 =
2/(2 + k), where Ay is the scaling dimension of the leading irrelevant perturbation to the

Kondo fixed point, the function {(w,T') for finite temperature T" takes the form [61]

A
(w,T) = 1= Sy — NoA (%Ti) 2sin (TA)[(w, T, A), (F.25)
K
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where

I'1+2A) o4

1
I(w’ T7 A) = / du |:uzw/27rTul/2(1 — U)AF<U> — mu N (1 — u)f(l‘FA)

: (F.26)

For T'= 0 the function &(w,0) takes the form [61]

£<W70> = 1_5(1)

o ST ) [ (23) ()]s

where €(w) is the step potential. Hence, the amplitude of the oscillating part of the tDOS

Paky at zero temperature and bias is given by

~ 2
Paky (2,0,0) o< =——S(1). (F.28)
(%

Since s = 1/2, j = 1/2, and k = 2 for the effective lead 9 in the Oreg-Goldhaber-
Gordon 2CK model, we have S(;) = 0. This is the same as the topological Kondo model.
However, the amplitude of the oscillating part of the tDOS pa,. at zero temperature and
bias will not vanish, since there is still a contribution from the effective lead ¢ that we

need to count too. This contributes a free cloud pg ok, to the total po,., hence par, # 0

at the 2CK fixed point.
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F.3 The modified Oreg-Goldhaber-Gordon 2CK model

Let us modify the original Oreg-Goldhaber-Gordon 2CK model discussed in the previous

section by removing the right lead (Fig. 5.7b). Hence, the Hamiltonian becomes

2 2 2 o
H = Y empai) gins + > casdids + Ejm + ) /0 dkeppsLl s
1 k s=1 s=1

s=

2 2
(B S Sk S0 ). P
s=1 k s=1

This is essentially the same as the Hamiltonian (F.12), but the effective lead 1) is now
replaced by the left lead and the kinetic energy term for the effective lead ¢ is now elim-
inated. Therefore, after performing Schrieffer-Wolff transformation [49], the Hamiltonian

should take the form

2 2 2 o
~ A A A st oa
H = E E 5m,k,smk7smk,s + E gd,sdids + E / dk 5L,k,st,st,s
s=1 k s=1 s=1 70

+2J8;- 8 +2J84- S, (F.30)

The function £(w,T’) at high energies for this model is the same as the function

£W)(w, T) for the original 2CK model,

3 [, 3 vpA
§(w, T) = E )\0 =+ 2)\0 lOg \/ﬁ s (F31)

where again the dimensionless coupling A is defined as

N = (F.32)

Uf

Up to an overall constant, this result is the same as for the topological Kondo model,
Eq. (5.58).
As the effective lead ¢ now has been amputated, the values s = 1/2, j = 1/2, and

k = 2 will give us Sy = 0 for the left (i.e., the only) lead. This is now the same as the
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topological Kondo model, so that the amplitude of the oscillating part of the tDOS pag,.
at zero temperature and bias will also vanish (see Eq. (F.28)). However, as can be seen by
adapting the derivation in Appendix E, the decay of pox, as the temperature is lowered

now takes the form 7/2.

F.4 The generalised Oreg-Goldhaber-Gordon 4CK model

The Hamiltonian of this system (Fig. 5.7¢) is given by

2

2
a _ /\'I' A 3 Mmy ,Mmog,img
H = Z Z Z Emi ks g sMMVi ks + Ed,sdlds + End
‘ 1

i=1 s=1 &k s=
2 3 2 2
+) / dkep gL} Lys + (Z DD Vil o+ Ve €L (0)d, + h.c.> :
s=170 i=1 s=1 &k s=1
(F.33)

where 1, 1, 5 is the annihilation operator for the electron in the large dot m;, with 1 <17 < 3.
The retarded Green’s function for this model at high energies is identical to that of

the modified Oreg-Goldhaber-Gordon 2CK model discussed in the previous section.
Since we have s = 1/2, j = 1/2, and k = 4, we have Sy = 1/v/3 and A = 1/3.

Therefore, poy, at zero temperature and bias does not vanish. However, it has the same

power-law decay as the topological Kondo model.
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