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Abstract

In this thesis we investigate the physics of chiral Luttinger liquids found at the edge
of a 2D material in the quantum Hall regime. We focus specifically on the edge
modes found in the relativistic quantum Hall in graphene, where the number of
species is larger than in conventional 2D semi-conductors. This leads to interesting
dynamics of chiral modes along the interface of a graphene PN junction in a high
magnetic field. We address a series of conflicting experiments within this system, and
unify them into one model where the differences between the experiments originate
from disorder. The high mobility of electrons in graphene, paired with additional
degeneracies of the material, lead to it being an ideal material for the fabrication of
a high quality electronic Mach-Zehnder interferometer (MZI). We investigate how a
MZI in graphene may differ from those built in other 2D semi-conductors, with a
focus on the additional interactions we expect to be present in graphene. We make
use of the electronic MZI in a quantum information setting, specifically with regards
to detecting quantum discord. Due to the nature of discord as a entropic measure,
it has proved difficult to construct an experimental protocol to quantify (or even
detect) its presence in a system. Based on the MZI, we propose a robust protocol
for detecting quantum discord, from which we construct an experimentally accessible
measure of discord. We demonstrate that our measure bares a strong resemblance to
discord, whilst bypassing the difficulties associated with measurement of an entropic

quantity.
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Introduction

Motivation

Parts of this thesis may seem disconnected from each other, for example, what does
the quantum information topic of quantum discord have to do with chiral Luttinger
liquids in graphene? The thread which ties these topics together is the 1D emergent
physics found at the edge of a 2D material in the quantum Hall regime [T}, 2}, [3]. The
physics of the quantum Hall effect is one of the richest found in condensed matter,
the fractional quantum Hall effect [4, 5] gave birth to the hugely popular concept
of Topological Order in condensed matter [6], as well Composite Fermion theory [7]
and provided the first observation of a particle with fractional statistics [4, §]. Fur-
thermore the quantum Hall effect provided a physical experimental system which
demonstrated true one-dimensional physics, an area of research which had long been
considered the refuge of self-indulgent theorists. It it this one dimensional character

we are interested in in this thesis.

At the edge of a quantum Hall sample the electronic physics is analogous to the
Luttinger Model, a model which is exactly solvable even in the presence of many
interacting bodies. Furthermore the nature of the energy bands at a quantum Hall
boundary means these excitations are restricted to travel in one direction (that is,

they are chiral), making their dynamics very conceptually accessible. We are in-
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2 INTRODUCTION

terested in applying this physics to the relativistic quantum Hall effect found in
graphene, with a particular motivation to understand how to build coherent elec-
tronic devices using these chiral modes. Graphene has extremely high electron mo-
bilities [9] and an extra degree of freedom not seen in conventional semi-conductors
[10] which makes it well suited to the fabrication of such devices [1I]. One of the
greatest successes of building electronic devices in standard semi-conductor quan-
tum Hall research was the fabrication of the electronic Mach-Zehnder [12, [13]. We
wish explore the physics of such a device in graphene with a particular focus on a

recent experimental success in the area [11].

One of the ways an electronic Mach-Zehnder can be useful outside of standard
interferometry is by using it as a qubit, which might lead one to think about its
uses within the field of quantum information. We consider the quantum correlations
exemplified by quantum discord with the Mach-Zehnder as a physical realisation.
Quantum correlations were previously considered synonymous with entanglement
[14], but it turns out that this is only part of the story. Discord describes a much
more generic class of quantum correlations of which entanglement is only a small
aspect of. Quantum discord has seen a flurry of interest since its conception in 2001
[15, [16]. It has had suggested uses in a variety of quantum information contexts in-
cluding entanglement-free quantum computation [I7, [I8], which might be expected
to be more robust to decoherence then its entangled counterpart [19]. In spite of
this interest, even detection of the presence of discord has proved non-trivial [20].
This provides a huge incentive for fabrication of a solid state discord-based device,
in the hopes that it may boost the quest for detection of discord and provide an

experimentally accessible system for quantum information devices.



Outline

In the first chapter of this thesis we examine the rich and interesting physics of the
chiral modes found at a quantum Hall edge. We investigate how, by linearising the
dispersion relation, to generate a model which is exactly solvable even within the
presence of interactions. This is the Luttinger model [21) 22]. We investigate how
its excitations may be treated using a technique called bosonisation [23| 24]. These
chiral edge modes prove to be useful in a practical sense, allowing the fabrication
of a powerful tool of interferometry - the electronic Mach-Zehnder interferometer
(MZI) |12, 13]. After considering these chiral edge modes in conventional semi-
conductors we go on to consider similar physics in graphene in Chapter 2. The
physics is even richer in this material, with new species of chiral modes emerging
in graphene [10, 25] which allow for more control of these systems in a material
with higher electron mobilities. Graphene PN junctions within the quantum Hall
regime proves to be a particularly interesting experimental system. In Chapter 3,
we discuss experiments that have occurred in high magnetic field PN junctions since
its first fabrication a decade ago [26] 27, 28, 29, 1T]. Many of these works appear
to be in direct contradiction. This leads to the first major piece of original work
of this thesis in which we consider a model with a variable parameter describing
disorder along the PN junction interface. By adjusting this parameter we are able
to describe all (apart from one) of the seemingly contradictory experiments within
this model and predict further measurements to test its validity. The particular
experiment [I1] we fail to capture the specifics of, observed a Mach-Zehnder style
oscillatory dependence. This leads us to the second piece of original work in which
we consider the additional interactions that might be expected to factor into an
MZI in graphene that were irrelevant in the more standard semi-conductor case.

We build on the work of others [30), BI] to consider a MZI model which includes



4 INTRODUCTION

these additional features. In Chapter 4 we introduce the topic of quantum discord
[15, 16, [32], discussing its formulation and properties. We also bring to light the
difficulties that have been found in detecting whether discord is present in a system.
We then, in Chapter 5, return to the electronic Mach-Zehnder. The MZI presents
itself as an experimentally achievable two level system (a qubit), the basis of most
quantum information discussions. This leads to us utilising this system to propose
an original method to generate a solid-state system with a controllable amount of
quantum discord. Furthermore we design a protocol based on cross-correlation func-
tions between two coupled electron Mach-Zehnders which is able to detect discord.
We extract a new measure of discord from this protocol which appears to bare a
striking resemblance to discord in the examples we consider. Finally, we address the
robustness of our protocol by subjecting it to more realistic experimental conditions

such as many-electron flow and finite temperature.



Chapter 1

Physics at the Edge

As explained in the introduction, the chiral modes found at the edge of a semi-
conductor in a high magnetic field are at the heart of this thesis. With this being the
case we allocate this starting chapter to background on the quantum Hall effect and
the different types of physics that can be seen at the edge. Specifically, we focus on
the methods used to exactly solve 1D problems even when interactions are present.
We demonstrate the theory behind how edge states have allowed for the creation of
the electronic analogue to the quantum optical Mach-Zehnder interferometer [12].
This will lead us into the next chapter in which we apply similar considerations
to the relativistic quantum Hall effect in graphene, where we discuss the surprising
differences between edge physics in conventional semi-conductors and that found in

graphene.

1.1 The Quantum Hall Effect

Discovery of the quantum Hall effect won Klaus Von Klitzing [33] the Nobel prize
in 1985, his experiment confirmed that the Hall conductivity in a two dimensional

electron gas was quantised. He won the Nobel prize by demonstrating that this
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6 CHAPTER 1. PHYSICS AT THE EDGE

quantisation was precise to 1 part in 107. This incredibly precise quantisation stems
from the fact that under application of a strong magnetic the dispersion spectrum
is broken up into non-dispersive energy bands, known as Landau levels, with a huge
degeneracy. Any electrons added to the sample occupy these insulating bands and
therefore do not contribute to conductance. Such behaviour may be seen by writing
down the Hamiltonian for an electron confined to two dimensions (z-y plane) in a

perpendicular magnetic field (z-direction). Its Hamiltonian is given by

A~

H= p —eA)?, B=VxA. (1.1)

or
2m

The perpendicular magnetic field can be enforced by any appropriate choice of vector
potential. We choose the gauge most suited to rectangular samples of quantum Hall
materials which we will consider later, the Landau gauge A = —ByX. This choice
of gauge leaves the Hamiltonian translationally invariant in the z-direction
meaning that momentum should be conserved in this direction and the plane wave

ansatz for the wave function is appropriate [34],

1 ikx
Y(x,y) = NiA o(y), (1.2)

where L is the length of the sample in the z-direction. In which case Schrédinger’s

equation reduces to the following,
P, mw?

STl U )| d(y) = e (y), yo = ki, (1.3)

where the magnetic length is given by lp = y/h/eB and the classical cyclotron
frequency is defined as w. = eB/m. Ergo, the problem reduces to that of a series
of degenerate harmonic oscillators centred on y = ki% [35]. Eq. (1.3) can be solved

using well known methods (e.g [36]) to give the the energy spectrum and wave
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functions as below,

€, = (n n %) hiwe, dn(y) = exp ( - %) Hn(y Z_Byo) (1.4)

where H,,(§) are the Hermite polynomials with appropriate normalisation. Eq. ((1.4)

describe a series of flat energy band separated by Aw,. (Landau levels). Essentially
the electron states in the material are split into a series of harmonic wells with de-
generate energies. The degeneracy of the bands is manifest in the lack of dependence
on k in €,, this degeneracy can be approximated [37] from the number of harmonic
traps which ‘fit” into the sample by noting that the spacing between neighbouring
states in k-space is given by Ak = 27/L, which translates to neighbouring harmonic
traps being separated by Ay = Akl% = 2n1% /L. Considering our rectangular quan-
tum Hall material to have a width W in the y-direction, the number of available
states is N = W/Ay = A x By, where A in the area of the material i.e the degen-

eracy is equivalent to the number of flux quanta threading the sample.

The above gives a good description of what is seen in the bulk of a material in
the quantum Hall regime. To describe the edges of the sample we also need to
consider the effects a confinement potential has on an electron. We consider a rect-
angular 2D material in which the length in the z-direction is much larger than the
width in the y-direction (and both lengths are much larger than than the magnetic
length, 5 < W < L), in which case we can consider a confinement potential at
the edges which is only y-dependent, V (y). The model therefore maintains transla-
tional invariance in the z-direction and the Landau gauge chosen earlier, as well as

the ansatz Eq. (1.2)), are still good choices. The remaining Hamiltonian, including
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the confinement potential, is given by,

2

A p 1
H = ﬁ + émwf(y —40)* + V(). (1.5)

If we consider a potential which varies slowly (9,V (y) < hw./lg) we may approx-
imate the potential with its value at the centre of each of the harmonic states Eq.
(L-4). yo [3]. This results in k-dependent (and therefore dispersive) energy bands
described by,

1
eni = huw, (n + 5) +V(kIZ). (1.6)

Assuming V(y) monotonically increases as we approach an edge, €, must also
monotonically increase with k, meaning de/0k is non-zero and of the same sign for
all states close to a given edge. The electrons near the edge are therefore conductive
and chiral. These edges will be predominant part of the quantum Hall effect that is of
interest in this thesis, we therefore focus in on this part of the spectrum by linearising
the energy spectrum about this point. Consider a situation in which the system is
doped such that the Fermi energy, ep, sits between Landau levels but bisects some
of the energy bands where V' (I%k) is non-zero. Providing the temperature is far less
than the Landau level spacing (i.e, kgT < hw.) we may expand Eq. about

the Fermi momentum of the excitations belonging to each band, kg,

19V (ki3)

— B/ (k — ke )%+ ..., (1.7)
B 0k |, B

1

where the Fermi momentum for the nth band is determined by ep = huw.(n+1/2) +
V(I%kg,). Since V(yo) is always positive this equation also determines the number
of energy bands which are accessible at the Fermi energy. If we assume only the

states close to the Fermi level are relevant (those far above the Fermi energy are
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inaccessible, whilst those far below are Pauli blocked), we may keep only terms up to
those linear in k — kg, in Eq.(1.7)). Resetting the zero of the energy, €, — €, — €r

gives a spectrum of the form,
€Enk ~ hUFn(k - an); (18)

where vp, = 19V (I%k)/0k| jeip- Lhis linearisation process which takes us from Eq.

(1.6) to Eq. (1.8) is illustrated in Fig. 1.1, for just the n = 0 Landau level.

- kl Fy ‘."".:; ::.:':. kl F, k —k Fy

Figure 1.1: On the left is a sketch of the energy spectrum given by Eq. where
only the zeroth Landau level is shown, the spectrum is flat in the centre but bent
upwards by V (I%k), the grey proportion represents filled electronic states. The right
image shows a sketch of the linear spectrum Eq. (1.8), we assume the two spectra
have the same dynamics when the energy is close to ep, but are careful to note that
by performing this linearisation we have introduced an infinite amount of negative
energy states. This idea of linearisation of the energy spectrum to simplify the
problem is one that is borrowed from the Luttinger-Tomonaga model [21], 22] which
we will discuss in Section [I.3] L and R represent left and right movers.

We may then write down the fermionic Hamiltonian that satisfies the energy spec-

trum in Eq. (1.8)

H=> hvg,(k—kr,) c},Chn (1.9)

k.n
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where the fermionic exchange statistics are enforced by the anti-commutations of

the operators,
{ci,cl} =6y, {cl.cl} = {ci,c;} =0. (1.10)

There is one further subtlety that must be discussed, in Fig. (1.1) we see that when
we linearise the spectrum we also introduce an infinite number of electron states.
This means that acting the Hamiltonian (1.9) on the state which is filled to the
Fermi level will return an infinite solution. To correct for this we must normally
order our operators in order to correct for the infinities we introduced. We use the

notation : : to mean subtraction of the vacuum expectation value e.g,

ey = cler — (Qcler]Q) (1.11)

c,tck may be replaced by any combination of fermionic operators here. |€2) defines the

vacuum where each state up to the Fermi energy is filled, i.e ¢ [Q2) = 0 for k > kp

and c,t €2) =0 for k < kp. This allows us to define a well behaved Hamiltonian as,
Hy =Y hvp, (k= kp,) : ¢}, cun: (1.12)
k,n

Resetting the zero of k to kr and Fourier transforming to real space we produce the

representation,

Hy = —iZthn /dx sl (2) 0ty (1) - (1.13)

We are left with the Hamiltonian describing a one-dimensional n-species chiral Fermi
liquid. Note that up to this point we’ve only considered one side of the Hall bar. One

anticipates a full symmetry on the other side of the sample with the exception that
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the confining potential acts in the opposite direction and therefore vy, — —vp, on
the other edge. This gives us the partner left-mover to the right-mover described by
(1.9). Since we will always consider situations where these left and right movers are
separated by a large spatial difference, the two species may never communicate and
therefore they are best thought of as two separate 1D chiral Fermi liquids. Unlike in
standard 1D problems this interaction-less Fermi liquid description is usually consid-
ered a good one for low energy properties of quantum Hall edges [38, [39] 40, 6]. This
is a result of the fact that interactions can only lead to forward scattering in a chiral
1D electron fluid and therefore only results in a, usually irrelevant, phase. In some
systems this phase will be relevant however and we will see that interactions must
be taken into account else the results of the model will fail to explain experiments,
such a scenario is seen in the case of the electronic Mach-Zehnder Interferometer

[13] which we will discuss in the next section.

1.2 Mach-Zehnders in Condensed Matter

From the one-dimensional electronic states given by Eq. , we may construct
a Mach-Zehnder type system by inducing tunnelling between two points along the
one dimensional channels. At the first of these we anticipate an electron will be put
into a superposition; at the second the states recombine and we expect interference.
This can be achieved (and has been by several groups [12] 13, 41], 42]) by cutting
a Hall bar into the following geometry: one may use top gates to push two edges
states close enough together that an electron can tunnel between the two points.
The Hamiltonian describing the system depicted in Fig. (1.2) for non-interacting

electrons is given by two copies of freely propagating chiral electrons,

Hy = —ihvp ) | / dz = T (2)0pthm(z) - . (1.14)
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QPC

~N

-7

AT AT \

Figure 1.2: A block of 2D material in the quantum Hall regime with a section cut
out, edge states are formed at all edges. We apply electrodes at S1 and S2 to act
as sources and at D1 and D2 to act as drains. The grey triangles represent applied
voltages which push the edge states further into the material and allow for tunnelling
between edges - these are quantum point contacts (QPCs).

Then the tunnelling may be described by addition of a tunnelling Hamiltonian at

the two QPC’s which we assume to be point-like [43] 30],

Hyun = T2 (0)2(0) + Top] (112 (1) + hec, (1.15)

where x = 0 is the position of the first QPC on each arm, and x = [,,, is the position
of the second QPC on arm-m. The full description of a non-interacting Mach-
Zehnder is then given as H = Hy + Hyyy,. This Hamiltonian can be diagonalised by
incorporating the tunnelling terms into the eigenstates, we consider a wave function

which freely propagates in all 3 regions away from the QPCs,

Akm T < O,
1 1kx
Vm(z) = NG Ze § Dkm 0<z<ln, (1.16)
k

Chym Iy < .
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Then the tunnelling is included via a scattering matrix which relates the different

fermionic operators,

bk,m = Saak;m, Ck,m :Sbbk:,m, (1.17)
Ta la ry Ty

S, = , Sy = : (1.18)
_tz Ta —tz ’]"b

with r. and t. (¢ = a, b) describe the probability amplitude of an electron being re-
flected and transmitted respectively at QPC-c. The scattering matrices are assumed
to be lossless ]S, = 1 and k-independent. The first of these constraints mean that
we anticipate no leaking of electrons to the environment at these points. We can
choose the reflection coefficient to be real without loss of generality. Substituting
into the Hamiltonian we can determine the coefficients of the scattering matrix are

given by [44],

2hvp)? — |T|? )
TC — |:( UF) | | i| , tc — 4lthFC , (119>
[(2hvp)? + |Tef?] [(2hvp)? + L]

with ¢ = a,b. There may be effects of different phase gains between the arms
which may come from different accumulated orbital phases (i.e one arm of the in-
terferometer is longer than the other) or the Aharonov-Bohm effect coming from
the effect of flux penetrating the sliced out bit of our quantum Hall bar which sits
between the two trajectories. We may include these by the shift t, — t,e’® [45],
with ¢ = k(Al) + ®up, Pap = 27?% with Al = [ — I, and ® is magnetic flux
penetrating the material and &y (= h/e) is the flux quantum. Note, that this does
bring a k-dependence into the scatterer Sy, albeit only in terms of a phase. The
time dependence of the operators is then just that of the free fermion time evolution
apm(t) = e*"”F’“ak’m. This formalisation can then be used to calculate expectation

values, such as the current at the drains (D1, D2) given some voltage bias at the
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sources (S1,52). We will generally only consider one of the sources to be biased as
this is usually the choice experimentally and, in any case, it is only the difference in
voltages that will be relevant we will therefore take V; — V5, = V| where Vi, V5 are
the voltages at S1, 52 respectively. The current operator takes a particularly simple
form for a linear energy spectrum. Current measurement at a position x and time

t in arm-m is given by

In(z,t) = evp : U (2, )hm(z, 1) 1, (1.20)

where we are again careful to normally order the operator with respect to the ground
state to avoid unfortunate divergences. As an explicit example consider the current
at the drain D1, which sits at xy on arm-1 (with zy > [;). We represent the
current operator as in Eq. and the fermionic operators as in Eq. (1.16), and

measurement time is taken at ¢t = 0.

1 A
(I1(z0,0)) = evr Z (: chchkQ ) eilha=ka)eo, (1.21)

k1,k2

We use the scattering matrices formulated in Eq. ((1.18) to relate these fermionic

operators to the ones at the sources.

2
1 ,
<]1(ZL’O, O)> = GUFZ E E ALI‘AW <I alyklaf;,;@ Z> ez(kQ_kl)wo, (1.22)

k1,k2 o, =1

where A,p refers to the o, 8 elements of the transfer matrix A = 5,8, which take
us from the electron operators at the source to those at the drain. The aj-operators

are uncorrelated between different arm-spaces and momentum states; this reduces
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Eq. (1.22) to,

1 2
(L (x0,0)) = evp— DN AL A (G al jaag ) (1.23)

k a=1

We now make use of the assumption that the electrons at the sources are emitted
from thermal reservoirs at different voltage biases, V; = V and V5 = 0. This
assumption gives us that the expectation of the number operator (a,tak) are given by
Fermi-Dirac distributions <ajn’kam,k> = fu.(hwpk) = f(hvpk — ) where 1y = eV,
pio = 0. The Fermi distribution is given by f(z) = (e’ +1)~! with 8 = 1/kpT.
Since we only consider arm-1 to be biased, the a = 2 term in is immediately

killed by the vacuum contribution coming from normal ordering, and we only need

to consider the v = 1 part.

(I, (0, 0)) = evp% ST VAP [for (oek) — folTwork)], (1.24)

where, |A11|? = |rary, — tatie®a8TRO=2)|2 and describes the probability that an
electron with momentum £ at S1 propagates to D1. To perform the summation
over k we replace it with an energy integral 1/LY", — 1/(2rhvr) [dE. Then
perform the different integrals in Eq. using the identities in Appendix A.

eV Al
2h’UF

eV
(I(x0)) = e ral?|rel® + [tal ] — 2|rarstaty| K (V,T) cos (Pap + )|, (1.25)

2wkpT sin (eVAl/2h'uF)

with K(‘/a T) — TeVsinh(rkpTAl/hvg)

, and we use I(xg) = I(xo,0). The features of

the current are therefore dependent on ratio of three energy scales, the energy re-
lated to the potential bias eV, the thermal energy scale kg1 and the characteristic
energy scale of the MZI, E, = 2hvgr/Al. Most of the experiments we will consider
are in the regime where eV /kp ~ 100mK-10mK, T ~ 1K. The final scale proves

slightly more tricky to broadly estimate since the velocity here is very dependent
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on the confinement potential used (as well as the magnetic field) which can vary
by a large degree between different experiments, we assume the velocity falls within
the bounds given by several experimental measurements, v ~ 10*ms=1-10°ms~!
[41], 46, [47] and further assume that Al is on the same scale as the whole experi-

mental set-up which is of the order of um, giving the natural thermal scale of the

Mach-Zehnder of E./kp ~ 1K-100mK.

We encounter some problems when we compare this to experiments performed
on electronic MZIs however. These problems are easiest seen by considering the
visibility of the differential conductance. The differential conductance is given by
o(V)=dI(V)/dV and its visibility describes the degree to which interference can

be observed in it,

Omax — Omin
Vg[@AB] = ﬁ’ (126)

where the optimisation is taken over ® 45 i.e, the visibility describes the amplitude

of oscillation with ®45. One therefore obtains from Eq. (1.25) [30],

2’7Aa7“btat?;| ’/TkBT/EC

V,|® = - .
[© 5] 17a|2|7]2 + |ta]?|ts]? sinh (kg T/ E..)

(1.27)

We see in the visibility the damping of the oscillation at high temperatures (rkgT >
E.) as a result of thermal smearing, a feature which is notably absent, however, is
any dependence on the voltage bias. In fact in the single particle picture we expect
no dependence of this visibility on the voltage bias. Whilst this picture seems to
be an accurate one in the limit eV < E,, this is not what is seen experimentally
outside of this regime [41], T3] 48], 49]. Thehese experiments show that the visibility
oscillates with a dependence on V', with the interference disappearing entirely for

some particular choices. The energy scale given by where the first minimum emerges
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is roughly in the region of 10V which is of approximately the same energy scale as
E. |50, B1]. This result lead to an array of theoretical papers [30] 51, 52, 53] trying
to explain the results. The general consensus of these papers is the extra beating
of the visibility was a result of interactions between the electrons within the arms.
These papers aren’t in complete agreement on which exact aspect of interaction is

most important, and none seem to be able to wholly explain the effect.

The many-body effects that interactions bring in make the problem harder to solve,
as seen from Eq. (1.29) they bring terms into the Hamiltonian that are density-
density like. This means the full Hamiltonian is no longer quadratic in the electron

operators.

H. = / / dodr’ - $H @)U (@ — 26 (@) () - (1.98)
= //da:dx’ cp(2)U(x — 2")p(2’) - . (1.29)

Fortunately bringing interactions into our 1D Fermi liquid model gives the well
known Luttinger model, this model has the benefit that the natural interacting
fermionic excitations can be mapped onto a free boson model. This model is com-
pletely quadratic in the bosonic operators and therefore entirely solvable. This
process is called bosonisation and we will explore its construction in the next sec-

tion.

1.3 Luttinger Liquids - Many Body Physics

The concepts discussed in Section [I.1], in which we examined the low energy prop-
erties of a one dimensional system via linearising its spectrum, is not a new one.

A model in which the linearised Hamiltonian is taken as exact and interactions are
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included is known as the Luttinger model [2I]. The benefit of using the Luttinger
model is that it is exactly solvable even with interactions. This solubility is not
obvious when the Hamiltonian is written in the original fermionic operators where
the model is clearly non-quadratic, see Eq. [1.29] It can, however, be shown that
the problem can be mapped onto a free bosonic Hamiltonian, enabling us to find an
exactly solvable form. This technique is known as bosonisation and is the product
of successive works by a number of contributors [21], [(54], [55] 56, 57, [58]. The bosoni-
sation technique is one of the most useful tools that exist in handling 1D electronic

physics, as such it will be the subject of the rest of this chapter.

1.3.1 Bosonisation

To convert our fermionic Hamiltonian into a bosonic one we utilise the work of von
Delft and Schoeller [24] who wrote a particularly accessible review (Bosonisation
for Beginners) based on the methods created by Haldane [58] and subsequent ad-
vancements in the area. Bosonisation aims to map all excitations in our fermionic
system to ones which are bosonic in nature. To do so we start by spliting our Fock
space into a direct sum of Hilbert spaces with fixed particle number N. Within these
fixed number Hilbert spaces the only excitations that can occur are particle-hole
ones, these are density-type terms and therefore boson-like. This leads to a com-
plete representation of the excitations with a specific N which are purely bosonic.
Finally we make use of Klein operators which act as ladder operators to move us
between different fixed number Hilbert spaces, this allows us to create a complete

representation of all excitations in Fock space in bosonic form.
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1.3.2 Fixed Particle Number excitations

\ﬁ}o describes the ground state for an ﬁ-particle system where ﬁ = (N1, Na, ..., Nas)
where M is the total number of species and N, is the number of particles of species
1. ‘Species’ could, for example, describes our different Landau level indices or spin.
We describe a ﬁ—particle Hilbert space as a space in which the particle number
of each species is fixed. In such a Hilbert space |ﬁ>0 has no excitations, then to
create an excitation we act some combination of particle-hole operators on it. Le.
providing we restrict ourselves to keep Nz constant all excitations are density like,
we therefore attempt to build bosonic operators similar to density operators but

with a normalisation chosen (n, = ¢L/27) so that they form bosonic commutation

relations,
byn = _\/n_q kz_:oo Choy g Chom> byn = N kz_:oo ChqnChms (1.30)
[qu7 b;,n/] = 577777’56141’ [bq,m bq’,n’] = [bj;,m bj;/,n/] =0, (1-31)

Whilst it is not obvious all excitations on |ﬁ>0 can be represented using the above
operators Haldane [23] was able to prove that this is indeed the case for the linear
Hamiltonian: by computing the grand partition function of the Hamiltonians in
both the original fermionic and these new bosonic variables, he showed they are
indeed equal and the representation is therefore complete. At this point it is useful

to introduce bosonic field operators,

1 —iqx —eq/2 T 1 iqgrpt  —eq/2
() = — Z e by ne a/2, or(r) = — Z ——e') o7 U= (1.32)
q>0 Vv g q>0 V g

where € is an infinitesimal constant included to regularise ¢ — oo divergences. We
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also define their Hermitian combination,

(efiqqu,n + eiqxb;,nkieqm' (1.33)

Pn(T) = y() + (1011(%) - Z Vg

This field operator is particularly useful since we can define the normally ordered

electron density easily from it,

1 )
pole) = U g(e) = 73S el e
q k

1 . —iqx iqx 1
= Z Z Zw/nq (6 q bq’n — € q b;m) + Z Z . CLkam 5
q>0 k

1 1 .
= %@xgbn(x) + ENm (fOI' a — 0) (134)

Equipped with the knowledge that we may represent all our excitations in terms of
our bosonic variables we look to find this representation of Hamiltonian. We do so
by utilising the fact that the properties of operators are fixed by their commutation
relations [59]. If we can generate a Hamiltonian in terms of our bosonic variables
which has the same commutation relation as when we consider the commutation

with the fermionic Hamiltonian, the properties of the model must be the same.

[H07777 b = hUFq b;ndn,n’) (135)

i
qm’}

the above implies an alternative representations of the Hamiltonian as ) | >0 WWrq bfmb%77

as well as additional terms which commute with bf. These additional terms can be
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set by looking at the ground state energy,

Ny,
- > n, if N, > 0,
N mhop ) =
g = o (N| Hoy | V), = 7 ' (1.36)
- ) n, if N, <0,
n=Np+1
h
- W;FNn(Nn +1). (1.37)

These elements together gives us the bosonic Hamiltonian as,

mhv
Hoy =Y hwrg bl ybos + —Ny(Ny + 1), (1.38)
q>0
L/2 I B
_ / de (0,00 (2))” + I N (N + 1), (1.39)
—L/2 T

L/2 I
= wth/ dz pf?(g;) i T UFNm (1.40)

_L/2 L

where the second and third lines are found by substituting in Equations and
(1.34) respectively. Note that the cross terms of the form 0,¢,(z)N,, originating
from when we plug Eq. into Eq. , are killed upon integration due to the
periodicity of ¢, (x). We therefore end up with a representation of the Hamiltonian
which is quadratic in density, since this is also the case for the interaction terms we

arrive at a fully quadratic, and entirely solvable, Hamiltonian.

The above description is completely sufficient for any Hamiltonian which commutes
with the particle number operator for each species. As interaction terms are particle
number conserving, the above is (in general) sufficient even when these terms are
present. When terms which can change particle number are introduced (such as
those found in Hy,,, Eq. (1.15)) we require an additional feature to increase the

scope from the fixed particle Hilbert space, which the above description is valid for,
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to enable us to span the entirety of Fock space. To do so we construct Klein Opera-
tors, ladder operators which take us between different fixed particle Hilbert spaces.
These are often ignored as they are irrelevant for many purposes. They will prove to
very important to the interacting Mach-Zehnder model however, and will also allow

the conversion from fermionic to bosonic variables to be made entirely explicit.

1.3.3 Klein Operators

We wish to build ladder operators which have two properties, firstly these operators
add (remove) one fermion of species 1 to (from) the lowest available momentum
state, secondly we require they commute with the bosonic operators [24] 23]. This
translates to mean that no matter the excitations of a particular state on which we
act Klein operator on, it simply adds an electron to the lowest available state and
the bosonic excitations are recreated on top of this. The first of our requirements

can be satisfied for the ground state with the operator,

2T~
Ggrin = D Chadlk = - (Ny +1)) (1.41)
k
L/2
— l/ / dxeiQL”Nnx[Ze—isz’t n} (1.42)

This works as desired when we act it on the vacuum. It doesn’t, however, correctly

fulfil the desired commutation relations, i.e if we choose our Klein operator FJ =

T

Chy 41 it does not satisfy Eqs. (|1.43), meaning that the operator acts differently on

an excited state than it does on the ground state.

[bq,mFJ/] - [bT FJ/] - [quv Fn’] - [bT

q,n’ q,n’

Fy]=0. (1.43)
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To rectify this Haldane suggested additional terms in the Klein factors, which then
correctly produces the relations given by Eqs. (|1.43),

V2 L/2 . ‘ .
FJ — TE / d-r GZ%N'UCCB—Z¢'U($) |:Z e—lkxcl7n:| ’ (144)

L J rp -

where ¢, (z) is defined by Eq. (1.33). This allows us to allow produce the Klein

factor commutation relations as follows,

{FI,Fy} = 25,,, {FI.Fl} ={F, Fy} =0, (1.45)
[NmFJ'] = 577,77/ng [Nan’] = _577,77’Fn~

The final task to obtain the bosonic representation of the fermionic operator can

then be obtained by inverting Eq. (1.44) [23],

1 o )
V() = —27reF77 2N/ Lo =idn(@) (1.46)

This section has therefore provided us with a complete dictionary of mapping our
interacting fermionic Hamiltonian to a free particle bosonic problem. We will make
use of this in the later half of Chapter 3 when we consider interactions between 1D
chiral modes in graphene. In Chapter 3 we will also consider what happens when we
map an interacting electronic Mach-Zehnder model built of these modes in graphene
onto bosonic variables. We further include the effect of previously unconsidered
cross-channel interactions effects within the MZI model. Before this though we
require the necessary background to understand the emergence and subtleties of
these chiral modes in graphene. The next chapter therefore gives an overview of
graphene and the origins of its 1D modes, as well as detaining the difference between

these modes in graphene and those found in conventional semi-conductors.



24

CHAPTER 1.

PHYSICS AT THE EDGE



Chapter 2

Relativistic Quantum Hall in

Graphene

Graphene is the first truly 2D material to be observed in nature. Its discovery [60]
won Andre Geim and Konstantin Novoselov the 2010 Nobel Prize. The technological
implications of graphene are far reaching and have still yet to be fully exploited. It
has the highest tensile strength of any material ever tested [61], extremely high
electron mobilities [9] and the capacity to be used to construct electronic devices on
a much smaller scales than any material prior to its discovery [62]. Our interest in
graphene lies within its interesting dispersion relations at low-energies, where the
electronic behaviour is analogous to massless relativistic fermions described by a
2D Dirac equation [63], 64]. Of particular interest is the impact of a high magnetic
field on this dispersion as we enter the quantum Hall regime in graphene. Landau
quantisation in graphene is different to that seen in conventional 2D semi-conductors
[65, 66]. These differences, paired with the resemblance of graphene low-energy
Hamiltonian to the Dirac equation, means that the discretisation of the energy
spectrum in graphene is often referred to as the relativistic quantum Hall effect.

In this section we explore the differences between the 1D chiral modes seen in the

25
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quantum Hall regime in graphene and that seen in conventional 2D semi-conductors.
We will particularly focus on the interesting features of these modes along a PN
junction interface in a high magnetic field in graphene. This system has had an array
of interesting, and seemingly contradictory, experiments performed on it in the last
decade [20], 27, 29, 11]. We will, in this chapter, construct the formalism necessary
to understand these experiments. We then proceed, in the chapter following this
one, to present the first major piece of original research in this thesis in which we
reconcile the apparent differences of these experiments into one model. We will
also see that the high mobilities in graphene and additional degeneracies mean that
the PN junction lends itself to construction of a electronic Mach-Zehnder which is
far superior [II] to its analogues in conventional 2D semi-conductors discussed in
section[I.2] This will lead us on to the second piece of original research in this thesis,
in which we use the bosonisation technique (explained in section to describe
the additional interactions such a system brings in as compared to in conventional
electronic MZI. We then utilise the resulting model to calculate current measurement
with these previously unconsidered effects included. In this chapter, we begin with
a lattice model of electrons in graphene and then proceed to develop a continuum
description of their low energy properties. We then add a strong magnetic field, and
finally, electrostatic potentials which will be used to describe both a PN junction

and the edge of a sheet of graphene.

2.1 Deriving the Dirac Equation

Graphene is formed from carbon atoms which have solidified into a honeycomb
structure which can equivalently be thought of as two triangular Bravais lattices

occupied by two inequivalent atom sites which we label by A and B sub-lattices

[63], cf. Fig.(2.1)).
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Figure 2.1: The left image gives a sketch of the atomic structure of graphene.
Graphene’s lattice sites are composed of two inequivalent atoms separated by an
atomic distance a, these form two sub-lattices, A and B. The lattice vectors for
these sub-lattices are given by a; and as which are labelled on the sketch. On the
right we have the reciprocal lattice centred on I', the two inequivalent corners of the
Brillouin zone are labelled K and K’. The reciprocal lattice vectors by and by are
also labelled.

A-B atoms sit at a nearest neighbour distance of a = 0.142nm from each other [64],
we may describe the basis vectors which describe the underlying triangular structure

of the lattice as,
a a
ar = (3, V3), a = (3, —V3). (2.1)
The reciprocal-lattice vectors can then be calculated as,
27
by =2-(1, V3), by = —(1,-V3). (2.2)

Of particular interest will then be the points which describe the corners of the

Brilluoin zone. These are two inequivalent points which we call K and K’, their
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respective positions in momentum space are given as

2r 27 27 21
K=(=—/, ’ K= |(—,— . 2.3
(36L 3\/§a) (3a 3\/§a) (2:3)

With the basics of graphene structure determined, we can think about its dispersion

relation. We consider the tight-binding model which describes an electron able to

hop only from A atoms to B atoms and vice versa,

H=—tY (afb,;+Hc) (2.4)
<

i,7),0

T

o,

where a_ ; (a,;) creates (annihilates) an electron with spin o at site R; on sub-lattice
A (b,; operators describe the equivalent on sub-lattice B). Switching to the Fourier

space representation of the electronic operators, the Hamiltonian may be written as,

) 0 —tf(q) Qg0 (2.5)

—tf*(CI) 0 bq,a

with f(q) = e~"942¢"%/2 cos(v/3¢,a/2). Diagonalising this Hamiltonian produces

the dispersion relation [67],

ac = +t[f(q)| (2.6)

This dispersion is plotted in fig. (2.1). The negative and positive parts of the
spectrum touch at 6 points in the figure though only two are inequivalent (the
others are all accessible through an integer number of reciprocal lattice vectors from

these two), these lie at the K and K’ points given by Eq. (2.3).

The low energy physics is therefore governed by the states close to these points: this
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Figure 2.2: Dispersion spectrum of graphene, given by Eq. ({2.6)).

is the physics we are most interested in. We therefore break up our Fourier series

into only the excitations close to these points [63],

ap = % Z e aRng(q), (2.7)

I _ikr —ikR I _ixr —ikR /
~ e En N e Eng(K + k) + —=e "y e (K + k), (2.8)
VAR VAR )

_b . —' ,.
R aype K-Rn 4 ag ne KR (2.9)

By assuming there are restrictions on k so that k| < |K — K'| (equivalent to
assuming only low energy states are accessible), we see that a;, and as, describe
excitations close to K and K’ respectively, where k just describe small variations
in momentum about these points. We construct a representation for b, (operators

on the B sites) similarly. When we include the restriction that k is small, the
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Hamiltonian reduces to the following,

T
AK+k 0 kw — Zl{?y 0 0 AK+k
b ky + ik 0 0 0 b
H _ th Z K+k Y K+k ,
k AR’ +k 0 0 0 k’x — Zk'y aK’'+k
bicron 0 0 kotik, 0 bicr ik
with vp = —3ta/2h (=~ 10°ms™!). The block matrix structure shown above tells

us that eigenstates for excitations associated with different valley indices (K/K’)
are orthogonal. This leads us to draw parallel to that of spin indices and we will
sometimes refer to excitations close to different Dirac points as having different
pseudo-spin. Fourier transforming the Hamiltonian back to real space and taking

the continuum limit,

1= [ dr(vhte) v ) | (2.10)

0 Hg ) \¢x(r)
Hig =p-o,Hg = p-o* where p is the a 2D momentum operator p = (p,, p,) and
o = (0,,0,) are the standard Pauli matrices. i and ¢ are 2 component spinors,

whose elements represent the A and B sub-lattice. The full wave function is given

by,
U(r) =Yg (r)e BT 4 ipp(r)e KT (2.11)

We will only consider the low energy properties of the electrons in graphene and
therefore we assume that the Dirac equation-like Hamiltonian given by Eq. (12.10)
contains all the physics that is relevant for us. In the next section we will see what

happens when we add a strong magnetic field to our graphene sheet.
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2.1.1 Graphene in a Strong Magnetic Field

As in Section[l.I|we can again include a magnetic field via minimal substitution p —
p+cA [68]. The geometry we consider is an infinite graphene sheet in the zy-plane
with a magnetic field pointing out of the plane (z-direction). We use the Landau
gauge for the choice of vector potential, A = —Byx, which generates the desired
magnetic field. This choice also ensures the Hamiltonian remains translationally

invariant in the z-direction so the form of the solution in this direction is (similarly

to Section given by the plane wave ¢ (r) = e**®(y).

EX () = vel(p + cA) - oluuc(r), (2.12)
Efo(y) = h;)—F ’ 0t ulle =tk O(y),
B —l38y+y/l3—l3k: 0

where the magnetic length, I = (/h/eB. The eigenvectors and eigenvalues can
then be found as [63],

-1y — ¥
EY, = £hwy/n, o, = 1 0) , for n > 0,
¢ (y — vo)
0
EX =0, oy = , for n =0, (2.13)
¢n(Y — o)

where ¢,,(y—1o) are the solutions of the 1D harmonic-oscillator centred on yo = 1%k,
see Eq. 1} and w = v2vp/lp. The energy spectrum near K’ can be written in
the same way, the wave function on K’ are also similar with the only exception

being that the components of the spinor in &' are reversed compared to ® (where

Y (r) = e (y)).
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We see several immediate differences from the standard quantum Hall effect. Firstly
graphene Hall spectrum is proportional to the square root of the magnetic field as
opposed to linear in it as in the semi-conductor case. This leads to a vastly different
intrinsic energy scale to the problem, in a semiconductor at a magnetic field of 10T
the gap between different Landau levels is of the order of 10K, with the same field
in graphene this leads to a gap of the 1000 K [63]. With such a large gap one can
see the distinctive conductance curves characteristic of quantum Hall even at room
temperatures [69]. A further difference between the ‘relativistic’ (so termed because
of the similarity between graphene low energy Hamiltonian and that of that Dirac
equation) quantum Hall effect and the standard one is the appearance of negative
energy Landau levels which one can continuously dope the Fermi energy into from
the positive levels. Landau levels effectively split the energy spectrum into discrete
sections, these negative energy levels come from the part of the cone-like energy
spectrum below the Dirac point being discretised. It is these negative levels that
make the quantum Hall effect in graphene so interesting. We next consider the ef-
fect of putting a potential difference across a sheet of graphene in a high magnetic
field and see that it leads to gapless energy bands much like the bands of the stan-
dard edge states seen in Section [[.I} What is particularly interesting in this case is
when we put the potential on one side of the sheet above the Dirac point and the
other side below, producing a PN junction. We will see that negative energy and
positive energy edge modes which travel in opposite directions at the edge of the
graphene sheet will copropagate along the PN junction, supplying the junction with
excitations from different sources. This system is of interest to us as it is the basis
of several very interesting experiments over the past decade. We describe these in
depth in Chapter [3], but first we shall introduce the high magnetic field PN junction

in graphene properly in the next several sections.
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2.1.2 Addition of a spatially varying potential

We limit our potential so that it only varies in the y-direction, i.e V' (y)1. This choice
allows us to continue to use a Bloch wave as the z-dependent part of the solution to
the Hamiltonian. Here the 1 is the identity matrix in lattice space and valley space,
and is simply a statement that we have taken the potential to act indiscriminately
on A and B sub-lattices as well as the different valleys, as is expected for a spatially
varying potential. Combining this with Eq. we obtain the energy equation

given by

_hw LBy (y) 10y +y/lp — gk

EX®(y) = . z
B\ —-lgo, +y/lp — gk 2V (y)

D (y). (2.14)
We can make a further simplification providing that the length scale over which
the potential varies is much larger than the magnetic length (0,V(y) < hw/lp).
In which case we may try to approximate the potential its value at the center of

harmonic oscillator states, V(yo). The energy spectrum can then be extracted as,
Ef, x = thwoyv/n+V(y) forn >0, EF = V(o). (2.15)

The eigenvectors of Eq. ([2.14) are identical to those described by Eq. (2.13). If
we pick a V(y) as an experimentally [70] relevant function, we obtain an energy

spectrum as shown in Fig. (2.3).

In the example shown in Fig. we've chosen V(y) as a hyperbolic tangent func-
tion. We see that the material remains an insulator at both y — oo and y - —o0
due to the Fermi level lying between Landau levels (Er = 0). It does however have
conducting bands near y = 0, here the energy bands are bent upwards and intersect

the Fermi energy, at which point gapless energy modes exist and therefore we have
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E(fiw)
3 - n=-1

2 — n=0

Yo(um)

Figure 2.3: Example of the energy bands across V' (y) = eV, tanh(%) with Vy = 0.2V,
and L = lpm (parameters chosen to be similar in scale to experiments on PN
junctions in graphene [70]. Note that the label n = —1 is for ease of notation, strictly
speaking it refers to Ef 1k, [rom equation , i.e it is the negative solution with
n=1.

conducting channels which are localised in the y direction but plane waves in .
The width of these states is given by the width of the harmonic oscillator states and
proportional to [g: we may essentially treat these modes as 1D conducting chan-
nels (we will prove this in the next section). We see that we can control exactly
how many of these modes exist at the interface by altering of V. Using the form
V(y) = eVy tanh(%) and then choosing eV = fuwy/n will give 2n + 1 gapless modes
at the interface per spin per Dirac point (i.e in total we’d have 4 x (2n + 1) modes

if we include all degeneracies).

An interesting feature of a type of potential like V(y)1 is that it utterly fails to
confine electrons to low potential regions. No matter how large we make V (y) or
what form it takes, there are always Landau levels that can be bent up and cut the

Fermi level. This implies that there are always available states, many of which far
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from the low potential region, for the electron to tunnel into. Consider the exponen-
tially spatially varying potential shown in Fig. , since all bands are bent in the
same direction one can envision how if we included the A = —  n > 1 levels we would
see bands that are still available at £ = 0 far into the high potential region. This
is a signature of Klein tunnelling |71, [72, [73] in a high magnetic field. The type of
potential used above which is the same across lattice and valley spaces can therefore
not be used to confine an the electron to the graphene sheet and we must consider
an alternative description. In the next section we consider such an alternative in
order to get a working description of what is happening to the electron at the edge

of a sheet of graphene in a high magnetic field.

E(hw)
3f
2t
n:l :
T
n=0
1 A i T n L 1 L L L L 1 L L 1 L 1 L yo(ﬂm)
-1.0 -05 L 0.5 1.0 1.5
n=-1 I

Figure 2.4: Potential of the form V(y) = eVpe?/L, with Vi = 0.01V and L = 0.4um
using a simple spatially varying V' (y)1 potential. We see that this potential fails to
confine the electron due to the existence of available energy bands no matter how
far from the origin we travel. We only show down to n = —1 here for clarity, but
the effect of all negative Landau levels as we take n — —oo means there are infinite
bands for the electrons to occupy even in the extremely high potential regions. Once
again we are using the notation n = —1 to mean A = —,n = 1.
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2.1.3 Confinement Potential

Instead of the potential previously considered, which acts indiscriminately on all
of the vector subspaces of the problem we could generate an effective confinement
potential by utilising a potential of the form V(y)o, [74], where the Pauli matrix is
in the A-B space. This potential acts with a different sign on the difference lattice
subspaces, this type of confinement is sometimes referred to as mass confinement, as
it is equivalent to adding a mass term into a relativistic energy spectrum. Under such
a potential, and using the the same approximation as in the case of the symmetric
potential (i.e, that the potential varies slowly on the scale of the magnetic length,
0,V (y) < hw/lp), one can use similar techniques to in the previous section and the

energy levels can be extracted as,

/ v
BN = Lhoy/n+ ( éio))z, n >0, (2.16)
Eyy = —Vi(w) E(ﬁ = V(vo)- (2.17)

Again with the exact same eigenvectors as in the previous two sections, Eq. .
This generates qualitatively the same spectrum produced by numerical calculations
directly using the tight binding model with a finite lattice (see [63][75]), although the
numerical calculations show that the specifics of the dispersion depend on the edge
geometry. Since the potential generates the correct dispersion relation we assume
that it includes the correct physics, although all we really need is that it provides
the correct number of energy bands crossing the Fermi energy (which it does). We

therefore see that this peculiar splitting leads to a number of edge modes given by,

v=42(2n+1), (2.18)

where the 2n comes from the valley degeneracy of each level. This symmetry is
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broken at n = 0 where one energy band is bent upwards and one downwards. This

is the origin of the 4+1 in v. The extra factor of 2 is a result of spin degeneracy.
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Figure 2.5: Potential of the form V (y) = eVpe?/ X, with Vi = 0.01V and L = 0.4um,
identical to that shown in Fig. but this time using mass confinement potential,
V(y)o.. This potential (in contrast to Fig. [2.4)) bends negative energy Landau levels
down and positive energy Landau levels up. This means that, for any finite chemical
potential, states only exist where the centre of the cyclotron motion y is close to
the origin.

A particularly interesting feature of the Ey energy levels is that the Landau levels
corresponding to one of Dirac points bend upwards (0F /0k > 0) in the presence of
the confinement potential, whilst near the other Dirac point they bend downwards
(OE/Ok < 0) (again this is confirmed by numerical solutions [63], [75]). This results
in excitations with opposite velocities. If we once again envision ourselves to be
in the situation described at the end of the previous section where the sheet of
graphene is doped so that on one side v > 0 and on the other v < 0 (i.e a PN
junction) then the excitations at the edge of the graphene sheet on opposite sides
of the junction travel in the opposite direction to each other. We may, therefore,

set this up so the excitations on either side of the junction travel towards each
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other, cf. Fig.(2.6). At the interface, the two channels meet and are directed into
the artificial edge states created by the PN potential. The two channels then co-
propagate according to Equation ([2.29]). We assume this process to be an adiabatic
one, and so K-excitations are directed into the states with momenta close to K of
the junction, and similarly for K’. We can therefore utilise the different origins of
these two excitations to supply them from different reservoirs (labelled as S1 and
S2 in the Figure (2.6)). At the other edge of the sheet the excitations again split

up and now propagate away from each other towards the drains D1 and D2.

Figure 2.6: Figure showing a sheet of graphene with a potential creating a PN
junction across it, the red side has a negative top gate potential acting on it whilst
the grey has a positive one, this results in excitations from S1 and S2 having opposite
velocity at the true edge (bordering the white), these excitations then co-propagate
along the junction interface, which then separate again when they hit the other edge
and head towards the drains D1 and D2.

The main take away point from the above section is that if we apply a spatially
varying potential along a sheet of graphene in a strong magnetic field we obtain 1D
chiral modes which can then be supplied from the 1D modes from the physical edge.
The argument for the fact they are 1D is relatively clear: the states are localised
in one direction and plane waves in the other, implying 1D nature. In the next
section we treat these excitations more carefully in order to generate a Hamiltonian
describing the excitations which form the chiral currents along the edge and junction
interface. We then use ideas similar to in Chapter 1 to see that a linearised version

of 1D excitation spectrum of these excitations is a valid description in the low energy



2.2. 1D MODES ALONG THE PN INTERFACE 39

limit.

2.2 1D modes along the PN interface

The goal of this section is to use the previously extracted wave functions which de-
scribe excitations of graphene under a slowly varying potential to obtain the Hamil-
tonian which describes the emergent 1D physics at the edge of the graphene sheet

and along the PN junction interface.

We start by explicitly noting the eigenvectors of the Dirac Hamiltonians with the

addition of slowly varying potentials V(y)1 and V(y)o, which correspond to the

energy eigenvalues Eq. (2.17} [2.15) respectively.

Vi r(2,y) = DL (y — yo), V(@ y) = 0L (y —yo), (2.19)
O 1 ¢n—1(€)
q)o(é) = ) (I)n,i(f) = = , (220)
60(€) V2 14,(6)
b0 () 1 [ £0a(8)
(¢) = : (&) =— (2.21)
0 \/§ ¢n—1(£)

én (&) describe the usual 1D harmonic oscillator solutions given by Eq. (1.4]), and
upper and lower elements of ® refer to AB sub-lattices respectively and it important
to remember that K and K’ wave function refer to different vector spaces. The full

solution close to a particular Dirac point is then given as,

1 ikx / ikx !
Yo (r) = 7 {Z el (y — IBk)e o, + > el (y - IBR)C ) oy [+(2:22)
k A=+,
n,k
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where L is the length of the junction interface. ¢ operators describe the

KO 4 kna
annihilation of an excitation with momenta k near the K() Dirac point in the nth
Landau level (with n > 0). The A index tells us if we are above (A = +) or below
(A = —) the Dirac point. For the n = 0 Landau level we have dropped both the n

and A\ indices as there is only one level in this case. These operators also ensure the

field operator obey fermionic exchange statistics:
{cz-,c;} =0, {ci,cj} = {cj,c}} =0. (2.23)

The full low energy wave function can then be obtained by putting these back into

Eq. (2.11)), so that
U(r) = o (r)e T 4 g (r)e KT (2.24)

From which we may construct the Hamiltonian which described our low energy

excitations,

H = / dedy U (r)HU (),

= Hy + Hp (2.25)

Orthogonality between the different valleys spaces kills any matrix elements between
excitations close to different Dirac points, integration over x is trivial to perform
and then integration over y can be done by utilising the orthogonality of Hermite
polynomials, [dy ¢,(y — Y0)¢m(y — Yo) = Onm. This leaves us with two separate

Hamiltonians describing excitations with momentum close to the K and K’ points.



2.2. 1D MODES ALONG THE PN INTERFACE 41

For K excitations this is given by

_ Kt Kt
Hy = E EgkCre, 1kCRotk T E E B n ACK ki ACK ks (2.26)
k A== kn

and similarly for Hxs with K — K’ in Eq. (2.26]).

Eq. and therefore describe the fermionic excitations in graphene in
a high magnetic field coupled with any slowly varying potential (including a mass
confinement style potential), where the specifics of the potential are built into the
dispersion spectrum FEj, . We are most interested in the one dimensional physics
close to the the real edge of graphene and along the PN interface. We anticipate
finding chiral 1D modes at these points. When the Fermi energy is doped so that
it bisects the energy bands which describe electron in these modes, we expect these
modes to be the only position at which excitations can exist at low temperatures.
We zoom in on the dynamics in this region by expanding the energy spectrum close
to the Fermi level. Considering the PN potential, we first imagine the simplest sit-
uation, where the potential is chosen such that it pushes the n = 1, A = — Landau
level below the Fermi energy for any y and below the equivalent positive energy
state n = 1,\ = 4+, i.e E_;; < €p < E, ;1. Finally we choose V(y) so that one
side of the junction Fj is below the Fermi level, but on the other it is above, this

situation is shown in Fig. (2.7)).
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Figure 2.7: Example of the energy bands of electron in a high magnetic field in
graphene under a potential V' (y)1 with V(y) = eV} tanh(%) with Vj = 0.05V, and

Ly = 0.2pum. The Fermi level sits at £ = 0 therefore only the n = 0 Landau level
is bisected and this gives rise 1 chiral modes per Dirac point and spin travelling in
the same direction along the junction. We may linearise the spectrum about this
point for small temperatures, to obtain Eq. Note the difference between this
dispersion relation and the one found in Fig. ; in that figure, had the Fermi
level again been at E = 0, we would see 3 chiral modes (per Dirac point and spin)
travelling along the junction interface.

These conditions mean that the only excitations which can exist close to the
Fermi energy come from the Ej energy band, of which there is one per Dirac point
(two if we include spin). The Fjy band corresponds to to the lowest (non-negative)
Landau level, E(f ,fK' = V(I4k). Assuming temperature to be low we may then

expand this close to e = V(I%kp),

oV (I%k
Eor = V(5kr)+ %) (k—kr) + O((k — kp)?) + ... (2:27)
k=Fkp
Writing the velocity as vp = %%—Z}k:kF, which, since V' monotonically increases with

k is always either positive or zero (positive along the interface, zero deep in the
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bulk). The Hamiltonian which describes the low lying excitations in the system we

have presented is (with ground state energy (ep) subtracted off),

Hy = Z hop(k — kp) : c}(ﬁkc;(ﬁk P4 C}(chKHk : ] (2.29)
k

— e Y [t @) ) == 3 e,
m=1,2 L ki)
where we have been careful to normally order to take care of the infinities introduced
upon linearisation. The above is very similar to the Hamiltonian Eq. (1.9) describing
the emergent 1D behaviour in semi-conductors, but here we see that two states
are available at the Fermi level, one for each Dirac point, separated by a distance
K, — K in momentum space. This difference in one component of the position of
Dirac points can be taken to zero by choosing certain orientations of the sheet of
graphene (see next section). This might lead one to the surprising conclusion that it
is easier to mediate tunnelling between the two states along the junction if such an
orientation is chosen for the PN junction. We will show this is not the case in the
next section. We can perform this procedure of linearisation on the other Landau
bands about their respective Fermi momentum, these values may be determined
from ep = thwy/n+V (I4kp, . ). Linearising about kg, » and carefully resetting the
zero of each band (Ej,, + — Ej, + — €r), we obtain the full linearised Hamiltonian

describing the chiral modes which propagate along the PN junction as,

Hpy =) Twp(k — k) [cle,ycrori + ey cryn]

k
+ Z hUFn,)\ (k - an,A) [C}(z—s—k:,n,)\ch—i-k,n,)\ + C;(C/L‘+]€,TL,)\CK9/0+I€1”’)‘:| ? (230>
kA

where, in order to use this Hamiltonian we make sure to keep only the bands where

the Fermi level bisects the bands i.e when ep = +hw\/n + V({}kp, ) can be sat-
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isfied. We stress once more here that our sum over k is only for small momentum,

k|, [kp| < [ Kz — K.

Similarly, we can utilise a virtually identical procedure with a confinement potential
of the form described in Section 2.1.3] In which case the predominant difference
between the two types of potential is seen in the velocity, in the confinement case
the n = 0 Landau levels acquires opposite velocities and, for all other levels, a factor
of A = & is added, the velocity (being determined by the form of the potential) is
of course different at the edge than along the interface so we label the velocity as

up in this case.

HE = Z huF(k: — k‘F) [C}{IJrkCKx_,_k - CJ}(;C+]€CK;+k] (231)
k
+ Z Mg, (k= kg, ) [C}(erk,n,)\cKz-&-k,n,)\ + C}(;Jrk,n,ACK;Jrk,n,/\}’ (2.32)
k,n,A

Since our description is as an approximate one and we will not usually be able to
determine the velocity in either case we will usually assume that urp = vp when an

excitation travels from the edge to the PN junction interface.

In the next section we consider rotating our sample so that the x-axis always trav-
els along the junction interface or sample edge. We see that this rotation has an
impact on the distance |K, — K|, since this describes the proximity of the different

excitations described by Equations (2.29) and (2.32). We consider whether it can

also control the degree to which the modes hybridise.



2.3. PN JUNCTION AT ANY ORIENTATION. 45

2.3 PN Junction at any Orientation.

We can change our description of the PN-potential and confinement potential to
fit any orientation by simply resetting our x-axis to run parallel to the junction
interface or edge respectively. Doing so rotates the orientation of our Brillouin zone

and therefore the location of K and K’ as follows. We rotate our real space variables

Figure 2.8: A sketch of a sheet of graphene. We rotate the sheet to position the PN
junction’s interface parallel to the z-axis. The rotated frame is then at an angle 6
to how we originally defined it.

so that,

T =wxcosf —ysinb, (2.33)

y=uwxsinf + ycosh. (2.34)

We can then apply the same rotation to our reciprocal space,

K = (K, cos0 — Kysinb, K, sinf + K, cosf), (2.35)

2T \/5 2T \/§
= (3_a (cosf — 3 sin @), ™ —(sinf + 3 cos 0)), (2.36)
K' = (K,cosf— K, sinf, K, sinf + K, cos ), (2.37)

2 \/3 V3
= (3—@ (cos @ + ?SI né), 3a< sinf — 3 cos 0)), (2.38)

- ~ 4

K-K = (- §in 0, —— cos ), (2.39)

a 7 3\/3(1
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where the components K() are defined by Eq. (2.3). We can now follow through

the same procedures detailed in Sections [2.1.2] and [2.1.3] in our rotated variables to

find the solution for the edges/PN-junction at any orientation. Therefore substi-
tuting the z-components of these tilded variables in for the non-tilde ones in
Equations and provides us with the linearised Hamiltonian describing
junctions and edges in any direction. Furthermore we may also assume it provides
a reasonable description for a non-straight junction/edge providing the orientation

is changed adiabatically.

We then see that the dispersion spectrum for the two types of excitations, K and
K’ are identical providing § = 0, and separated by a very large (~ 1/a) distance
in momentum space in the situation where the junction is such that § = 7/2. The
reason for this apparent difference is that momentum in the z-direction (parallel to
the junction/edge) is a conserved quantity while in perpendicular (y) direction, it is

not.

e, HXE 1+ V (y)] = 0, [py, HX/X + V(y)] # 0, (2.40)

where V(y) = V(y)1 for the junction potential and V (y) = V (y)o-.

So, having shown that we can change the distance in momentum space the exci-
tations described by Eq. and are from each other, we return to the
question posed at the start of this section: can the orientation of the the PN junction
make a difference to how the excitations hybridise? The answer is ‘probably not’,
while when we integrate out the y-components all dependence on the y-momentum
seems to disappear (eventually leaving us with Equations and ) We

must consider any matrix elements which determine the hybridisation before this
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point. Any term of this form is weighted by a extremely fast oscillating ¢(K—K)r

term which quickly drops to zero when integrated, unless the matrix element is
also paired with an additional external potential which varies on the scale of lattice
length. We investigate this further in the next chapter. The reason we do not answer
the above question definitively is that the orientation does tell us which direction
we require this external potential to be compact within in order to accommodate
tunnelling. In the absence of any such potential, the two excitations corresponding
to K and K’ in Eq. are therefore still distinct even when it is the case
that K, = K L.

2.4 Broken Symmetries

In all previous discussion we have neglected symmetry breaking terms within our
description meaning the degeneracy of the Landau levels is such that the number of
edge states jumps by 4 (corresponding to a two fold degeneracy for both spin and
valley indices) every time our Fermi energy crosses a Landau level. For low magnetic
fields this appears to be a reasonable description, however for higher magnetic fields
experiments [10, [76] show Hall plateaus which corresponds to observing an increase
by 1 edge state as the Fermi-energy is moved through the dispersion spectrum. This
is attributed to a full breaking of the four-fold spin-valley symmetry. Breaking of
the spin degree of degeneracy is a result of a well known Zeeman effect, where the
magnetic moments of the electrons couple to the field, giving an energy bonus to
those electrons whose spin align with the field. Such an effect is easy to put into the

framework we have constructed, the Zeeman Hamiltonian is simply given [64] by,

Hy = Az(Lvatiey ® Lap ® ojpin), (2.41)
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i.e it reverses sign for opposite spins but has no changes on the other vectors spaces
(the subscripts valley and AB refer to the valley and sub-lattices spaces respec-
tively). It simply leads to an energy spectrum of the form E,f/fi/a = E,ﬁ{i/ +, Ay,
where the postive or negative sign is determined by which of o =71, | aligns with the

field. Similarly, we can envision a "Valley-Zeeman" (VZ) Hamiltonian which breaks

the valley symmetry by coupling to only this degree of freedom,
Hyz = Ayy (Uianey ® 1ap ® Lypin), (2.42)

The addition of such a term in the full Hamiltonian results in the desired breaking of
the K /K’ symmetry, Eféff — E,i/ff +/—Ayz. The problem with this description
is that there is no obvious physical field which couples directly to the pseudo-spin.
It has been suggested that such an effect may be achievable using strain-induced
fields [77, [78], and we may also induce similar effects in n = 0 Landau levels by cou-
pling to the sub-lattice using the mass-confinement style potential discussed earlier
(Hy = V(]lvalley R4 ® Ilspin)), this is specific to the n = 0 Landau level where the
K/K’ states are restricted to occupy the A /B sub-lattices respectively. However, the
symmetry breaking effect with the highest energy scale [64], and therefore most likely
origin of that which is experimentally observed, is electron-electron interactions ef-
fects. The many-body effects mean that this description is much more involved then
our simple, single particle Hy z, this complexicity is mirrored by the number of works
written on the area [79, 80) 81, [82] B3] 84, 85, R6, 87, [88]. These investigations are
beyond the scope of this thesis and we instead make the assumption that even in the
event of valley symmetry breaking our chiral 1D Fermi liquid description, given by
Eq. and (2.32)), is a reasonable one (albeit with a renormalised velocity). The
energy difference between the two valleys is taken into account when we linearise

the energy spectrum, from this we can determine the effective position in y-space an
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electron sitting at the Fermi level is localised about (yy = I%kr). We see that due to
the energy difference of the two pseudospins (meaning k% # k?l), an insulating gap
emerges between the different chiral modes, just as is the case between edge states
corresponding to different Landau levels, cf. Fig. (2.3). The difference in energy of

the different valleys is therefore reflected in their positions in real space.

In this chapter we have demonstrated that much like in a standard 2D semi-conductor
we see the emergence of Landau levels in graphene in a strong magnetic field. Sim-
ilarly to semiconductors, at low temperatures and under a slowly varying potential
these insulating bands transform into conductive 1D chiral modes. In graphene,
these modes do have some interesting distinctions from the standard case, principal
to these is the feature that different chiral modes can be made to travel in opposite
directions at the same sample edge using a PN junction. At the junction interface
the modes co-propagate before being forced to separate again as they collide with
the other sample edge. In the next section we describe a series of apparently con-
flicting experiments within such a system. We find that utilising the descriptions
generated in this sections and inputting secondary effects, we can describe all these
experiments within one model using only one parameter to describe the differences.
This model therefore reconciles the apparent contradictions seen in the experiments.
We then go on to catalogue and discuss the effects of interactions between different
chiral modes at the PN interface, with a particular focus on these effects within a
recent experiment [11] which saw an MZI-type visibility effect within the system
under discussion. The nature of the modes along the PN interface naturally leads
us to approach a previously unconsidered (to the best of our knowledge) model of an
electronic Mach-Zehnder in which interaction also occur between different channels

of the interferometer.
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Chapter 3

Chiral Modes on a PN Junction

In the previous chapter we demonstrated the interesting excitations that emerge
within a graphene PN junctions in the quantum Hall regime. In this chapter we
describe the seemingly contradictory experiments that have taken place in these
systems and propose a simple model where a variable disorder potential is able to
reconcile the apparent experimental differences. We give some discussion about
the possible interactions that can exist along the PN interface and consider what

differences this could bring into using a PN junction to fabricate a graphene MZI.

3.1 Experiments on Graphene PN Junctions

As previously discussed we can create a PN junction in a high magnetic field as
shown in Fig (2.6), red and grey sides are held at different potentials by top gates.
In the regime where v; < 0 (refers to left side of Fig. (2.6)) and v, > 0 (right
side of Fig. (2.6)) excitations at the real edge travel in opposite direction due to
the dispersion spectrum having opposite gradients on either side (see Section .
Along the junction interface, the energy spectrum of every Landau level is bent in

the same direction (see Section [2.1.2)), those excitations that travelled in opposite

51
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directions along the true edge now co-propagate along the interface. As such these
PN junctions lend themselves as a nice tool to analyse the edge-like physics which
occur in graphene. Initial current experiments [26] in a high magnetic field PN
junction in graphene saw that if a bias is put on S1 whilst S2 is left grounded,
the current is split equally across the edge modes at the PN interface. So if, for
example, we have one edge mode on either side of the junction the current input at
S1, €*V/h (where V is the bias attached to S1) is split equally between these modes
along the interface. The current detected at D1 and D2 is equal to half of that
input, €*V/2h. This experiment was explained [89] in a frame work which assumes
full equilibration of channels travelling parallel to each other along the junction.
Defining conductance as g between S1 and D2. This leads to a quantised value of

conductance (in units of e?/h)) given by:

‘V1HV2| 3 5
S L TR P T 3.1
I =0 [l 2773 (3:-1)
Gnn = Gpp = min(|v4|, |12|) = 2,6, 10..., (3.2)

where the values of v increase according to Eq. , i.e spin and valley symmetry
breaking weren’t observed in this experiment. g¢,, is the S1 — D2 conductivity
when the top gate potentials are set so the Fermi energy is above the Dirac point on
one side of the junction and below on the other (a PN junction), whereas g¢,,, ¢nn
describes the situations where the graphene sheet is doped to have a Fermi energy
where both sides are above or both sides are below the Dirac point respectively. This
description coincides strikingly well with the plateaus for the conductance observed
in the first experiment performed in these systems [26]. Whilst this model gives
the correct results of this experiment (as well as several subsequent experiments
[28, 90, 27]), we find the microscopic details behind the model lacking, what, for

example, are the origins of the mode mixing? Some discussion of this is given in
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Ref. [89] but not in great depth. Furthermore the model fails to explain more recent
experiments [29], where the conductance in the bipolar regime was found to not be
quantised, and in fact quickly tends towards zero as the magnetic field is increased.
Even more interestingly, experiments performed in 2017 were able to observe an
interferometric style current pattern indicating that tunnelling only occurs at two
points along the junction [IT]. We attempt to give a possible resolution to the
apparent differences between these experiments via disorder mediated hybridisation

between the modes on different sides of the junction.

3.2 Disorder Mediated Tunnelling

Considering just the case where we have |v;| = |v5| = 1 (where v4(3) are the number
of edge states on the two sides of the PN junction). We model Figure (2.6) as two
quantum wires, the Hamiltonian of which is given by Eq. . An electron near
K is not free to hybridise with an excitation on the other side of the boundary
due to a large momentum difference (~ |K — K'|) leaving the two states on the
different side of the interface orthogonal. If we wish to reproduce Eq. we
must include a mechanism to couple our quantum wires, which will transfer this
momentum away from the electron. We consider a disorder potential I'(r) which
will play this role. In the following we will see when this disorder is relevant and
then consider an approximate model which we can solve to provide current and
noise calculations for the system. We find that these calculation, for the most part,
reproduce the different experiments, with the variability between them coming from

different regimes of I'(r).
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3.2.1 Obtaining the Hamiltonian

In order for K/ K’ modes to couple we consider a disorder potential given by I'(r). If
we assume the amplitude of this potential is small on the scale of the Fermi energy,
we may include it within our energy considerations in terms of the eigenstates of

Eq. (2.24)) as a first order correction,

l
He = [ do [y @O 0D )b r) + e (33)
0

where [ is the length of the PN interface. We see to couple the two Dirac points,
['(r) must have a large enough Fourier component to hop an electron from close to
K to close K’'. Such disorder needs vary over a length scale similar to that of the
lattice parameter, else integration over r paired with the fast oscillating e/®-¥)r

term would leave the term irrelevant. Therefore only disorder effects which are of

the form,

I(r) = Z L7 6(y — i)o(x — ), (3.4)

i

can couple different Landau levels (n,n’ refer to nth and n'th Landau levels). The
integration over y then simply renormalises the amplitude based on the degree to
which the wave functions overlap at y;, and adds a phase. For disorder which couples

the zeroth Landau levels (I'; = T'%), the amplitude of disorder is altered as below,

i — i Fo8vigs (y, — yo)do(yi — vp), (3.5)

One can see that for the harmonic oscillator states that are separated by many
magnetic lengths, F?”’ drops to zero very quickly (~ e~ (wo—v0)?/ 2123). We therefore
require that yy ~ y; or equivalently k& ~ £’. In other words, proximity of the states

in the y-direction, enforces that an electron close to K with momentum K + k can
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only tunnel to a state with momenta close to K’ + k. Under this shift of I'; the

Hamiltonian (3.3) reduces to,

l
Hrp = / oy r(g;)eZ(Ka’c—Kﬁq)%}kiqcm + h.c, (3.6)
0 k,q~0
= Z f\q+Kszg’C Clk_qCQ,k -+ h.c. (37)
k,q~0

One can then see that the Hamiltonian is equivalent to that of our excitations

on the either side of the junction coupled by an z-dependent disorder potential

Z T, e =3 Ty6(x — ;).

q~K—K;,

I'(x)

Hp = /O dz T(x) ¥l (z)y(x) + h.c (3.8)

We can combine this with the Hamiltonian describing excitations along the junction,
Eq. , to obtain a full description of the edge mode excitation combined with the
disorder mediated hoping, H = Hy+ Hr. We will, however, solve a simpler problem
which assumes the tunnelling is ‘spread’ equally over the length of the hybridisation
region and instead use I' = % fol dx T'(x). An illustration of this approximation is
given by Fig. (3.1). The Hamiltonian (which corresponds to Eq. in real space

plus a hybridisation region) of such a configuration is described by Eq. (3.9).

H o= —ihoe 3 / dz :wm(x>amm<x):+{r /0 do ¥l (2)in () + hee.| . (3.9)

m=1,2

Neither the above Hamiltonian nor Hy + Hr can lead to any localisation effects.
The modes along the junction are chiral and co-propagate, back scattering is there-
fore forbidden. We anticipate the most important feature of the system to be the
number of times the electron tunnels. Since our simplified model is in agreement

with the original model on this, we expect that the dynamics to be broadly the
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Figure 3.1: A sketch of how we approximate the disorder potential along a PN inter-
face, the black lines represent paths of our chiral modes. The left image shows how
we expect the physical PN interface to look, it is described by a disorder potential
as in Hr, Eq. (3.8). Disorder is given by a series of delta function-like impurities
I'(z) = >, T0(z — x;), we represent the impurities as red crosses along the junc-
tion interface. An electron from one chiral mode can tunnel into the other at these
points. We approximate the problem as in the right image, the tunnelling is taken
to be spread over a hybridisation region, as described by Eq. (3.9), we shade the
hybridisation region in red. In both cases the gap separating the v = —1 and v =1
modes is threaded by a magnetic flux, ¢.

same as, some details (such as specifics of interference) may be lost. We therefore
anticipate that Eq. will describe the situation where coherences become less
important, such as when the electron is likely to tunnel many times (I'/hvg > 1/1)
along the interface of the junction, relatively well. We also note that our simplified
model is identical to the original in the limit I' — 0. In the intermediate regime,
where the electron tunnels just a handful of times I'/hvr ~ 1/1 we would expect
some differences due to the specifics of the interference which are lost in our model.
We will see that, in the limit where a tunnelling rate is similar to the length of
the junction, we may find a solution to the Hy + Hr model in the limit where the

impurities are separated by a distance much greater than the Fermi length.

There exists far more rigorous methods of handling the addition of Hr which we
will briefly touch on now. Typically one could, in a more controlled way than in our

description, side step the issue of not knowing the exact form of I'(x) by taking it to
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be random and described by some probability distribution which is usually assumed
to be Gaussian [91]. In which case we may write the expectation of some operator
O averaged over disorder as,

ﬁ _ fDFeffd:rd:E’ I'(z)D~ Y (xz—2')T(x) <O>F
f Dle— [dede’ D(x)D~ (z—a/)l () '

(3.10)

where (O)p. describes the expectation of O for some specific realisation of I'(z), and
D(z —2') = T(z)T'(2') is the average correlation between the disorder potential at
and z’. In our case we demonstrated that only very compact disorder contributes to
the coupling of different chiral modes, which implies D(z —2’) = C'é(x — 2’) (where
(' is a constant) is likely a good approximation. We then try to integrate out the
I'(z)-dependence in the Hamiltonian Hy+ Hr which determines (O)y (or usually the
corresponding action, as this is easiest done in the path integral formulation). This
can be achieved using techniques such as the replica method [91]. Whilst this leaves
the remaining Hamiltonian quartic in electronic operators we have eliminated the
unknown I'(x)-parameters, and we can then approach the problem using techniques
from Section [I.3.1] Given more time it would have been interesting to explore this
more rigorous description, and this lends itself as a good direction for further work.
However, since we anticipate that the most important aspect of the system is that

the electron will, on average, tunnel the correct amount of times and our model Eq.

(3.9) captures this, we believe Eq. (3.9) to be a sufficient description of the problem.

3.2.2 Solving the Hybridisation Hamiltonian

We find the eigenstates of Eq. (3.9) by splitting it into 3 parts, region 1 (z < 0)
and 3 (z > [) represent where excitations on either side of the junction are spatially

separate and therefore propagate with no tunnelling or interaction. Region 2 (0 <
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x < [, with [ > 1/kp) is the interface of the junction where the edge states on either
side overlap and allow excitations to hybridise with a I'-dependence. Region 1 and
3 are already diagonal in channel indices, the eigenvectors are therefore given by the

plane waves:

1 ik .
7z Dok € ag y if £ <0,

Um(z) = (3.11)

% S e if x>,

in the second region (0 < x < [, i.e along the interface) the Hamiltonian is not

diagonal in channel index, we can, however, rotate to a diagonal basis given by

r o) = () = % S ethu(n),  if0<z<l (3.12)
k

bi(x) can be described in terms of superposition of annihilation operators in the
channels m = 1 and m = 2 on either side of the interface these operators can be

written as

1 —i|l|z +i|D|x

b_hk(it) = E [6 hop bl,kz + e Mr b27k}, (313)
1 | —i|T | +i|T|

b_i(z) = E‘?'[e p by —e ™F b27k}. (3.14)

The additional phase on these operators acts to shift £ and ensures that £ = hvgk.
Furthermore we can include the effects of the flux penetrating the gap between the
two modes by taking by — €i¢x/lb2,k, where ¢ = eBlw/h is the total flux enclosed
between the two modes along the junction interface and w is the separation of the
two modes. We then join the two solutions at x = 0 by determining the by j(z)

operators in terms of a; /9 -operators by ensuring the wave function is continuous
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at r =0,
by aik
bk(l‘) = S(ac)ak, bk = 7 y ap = 7 y (315)
b_ i a2k
B N B r(z) t(z)
S(z) = Sr(x)Ss(x),  Sy(x) = , , Se(r) = , (3.16)
0 e/l —t*(z) r(x)

with r(z) = cos(%), t(z) = % sin (%) As expected S(z)S(z) = 1 as should be
the case for any lossless scattering. Finally we ensure the wave function is continuous
at x = [ and extract

C
Cr = S(l)ak, Cir = b . (317)

Cok
This demonstrates an oscillatory interference pattern from the effect of hopping
between the wires which is dependent on the length of the interface. We may then

calculate the expected current using these eigenstates:

(Ii(z,t)) = evp(: 1/1g(x,t)¢i(x,t) ) (3.18)

To calculate the current at the drains (e.g D1) we input the eigenstates determined
in Eq. (3.11)) at the position of the detector, x = xp; with zp; > [. We then relate
the eigenstates back to the source using Eq. (3.17). At the source, the electrons are

in contact with a thermal reservoir held at a chemical potential p; = eV at S1 and
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po =0 at S2,

o) = evrp 3 ShiSia b o alfan,s(0) )

k1,k2

2V
= Sonll

21h
— — cos? (—l) (3.19)

Note that S,p refers to the «, 8 element of the matrix S(I) given by Eq. ie
r = r(l). Three regimes appear here, the first corresponds to very weak tunnelling,
I'/hwp < 1/1, where we expect very few excitations to cross the junction. The
current at D2 therefore remains close to that which we put in €2V//h, from current
conservation we determine the current at D2 to be zero. This is in agreement with

the results of the experiments of [29].

In the regime where |I'|/hvg is comparable to 1/1, this gives the interference regime.
Single particle interference becomes the predominant determining factor for where
each excitation emerges, the amount of current is very sensitive to the length of the
junction. Experiments which are able to directly observe single particle interference
via visibility fringes dependent on the magnetic flux between different channels [11],
indicate they are likely in the interference regime. Though, as suspected for this
particular regime, our simplified model is unable to fully reproduce the results of
this experimental dependence on the magnetic flux. We can better replicate this
regime by using a model in which impurities are treated independently which is
appropriate providing they are separated by a length much greater than that of the

Fermi length. We will look at this model in greater depth later.

When |I'|/hvr > 1/1 the excitations oscillate from side to side many times across
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the junction. Very slight changes in the gate voltages or magnetic field which will
change the length of the interface/ the impurity landscape by small amounts re-
sulting in large fluctuations to the probability of emerging at D1. Experimentally,
the oscillatory cos? averages out to 1/2 and we obtain the current corresponding
to a 50/50 beamsplitter, eV /2h at both D1 and D2. We term this limit as the
full hybridisation regime. Our model therefore implies that the experiments which
found a quantised conductance [26, 28|, are in this regime. The disorder potential

in these experiment therefore meets the following condition,

1

7 /Ol dx T'(x) > hop/l. (3.20)

Similarly this averaging with a greater number of input channels leads directly to
the equilibration indicated by Eq. (3.1)). Within this scattering formulation we can
also consider the noise across the junction using Eq. (3.16)). We proceed to do so in

the next section.

3.2.3 Noise Across a PN Junction

More can be learnt about the system from noise measurements, and therefore a
better image of whether the model we put forward is correct can be learnt from this.

The zero frequency cross-current noise can be expressed as,

T/2

Sap = lim dt (Io(Ta,t)I(xp,0)) — (In(xa,t)) (Is(xs,0)) . (3.21)

T—r 00 _7_/2

The current operators can then be expressed as,

Io(z,t) = evp ! (2, e (2, 1) - . (3.22)
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We evaluate the current noise at D1, given by Si; below,

Sy = <evF)2/dt[<: Wl (o, )1 (o, ) = W1 (@0, 0)1y (2, 0) 2
o, O (20, 1) 2 (: ] (20, 0)1in (0, 0) :>]
= (ewr)? [ a [ (0] (0, ) (0, 0)) {4y (0, )05 (0, 0) } (3

We use the form of ¢(z,t) given in the previous section and relate the operators
at D1 back to the input states via elements of the scattering matrix. We then
relate the expectations of the operators at the S1 and S2 to their given occupation
value corresponding to a voltage of V' coming from the reservoir attached to S1 and
a grounded reservoir at S2, the entire system is assumed to be under a constant

temperature.

Su = (conf [t Y ShSiSuSh (0l (0000,(0) (0,01}, 0)

k1,k2,k3,ka

o2

= —h[eV|7"| |t|2COth(2k T) + (Ir|* + [t/ kBT, (3.24)
¢’ 1AL I eV L I

= 57 [eV cos?( UF)sn (%) coth (m) + (cos (%) + sin (hUF))k BT,

Note that ag(t) is simply an annihilation operator with a free fermion time depen-
dence, a,x(t) = e F kaavk. The second, linear in temperature, term in Eq.
comes from equilibrium thermal fluctuations and is known as Nyguist-Johnson noise
[92]. The first terms (referred to as shot noise) is the non-equilibrium contribution
resulting from the discreteness of the electrons charge. We used that the a-operator
are diagonal in momentum space and uncorrelated as to the source they originate
from, i.e <akal (t)ap,(t)) = (a;k1 (t)aak, (t)) 00 80k, ky- At constant temperature we

may subtract off the Nyguist noise and discuss just the shot noise (excess noise). In
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this case, it is useful to consider the Fano factor [92] given by,

S

F= 3.25
For our intermediate regime where, % is comparable to 1/l we obtain a Fano factor
given by the heavily length dependent term,
I
F — sinz(IL! 3.26
sin®(-") (3.26)

For the full hybridisation regime we assume that the shot noise tends toward its
average value. Oscillatory terms in the shot noise and current average out and the

Fano factor is given by the ratio of these averages,

(3.27)

R

We now are able to see a difference between our hybridisation region and a simple
50/50 beamsplitter (which would give F' = 1/2). A distinction between the two

would be impossible to make from a simple current measurement at the drains.

In the zero current transfer regime the shot noise term is reduced to zero and the
Fano factor ceases to become a useful quantity. The linear temperature term be-
comes more important, our noise just reduces to the Nyguist-Johnson term describ-

ing equilibrium thermal fluctuations,

62k’BT
li = ) 3.28
\ru/)l‘zg;ao 1 21h ( )

We compare these results to experiment in the next section.
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3.2.4 Comparison with Experiment

Probably the most in-depth experiment on shot noise for a PN junction in graphene
in a high magnetic field was carried out by the Roulleau group [28]. They per-
form experiments for several lengths of junction interface ranging from [ = 5um to
100pum, with the primary focus being how much the length of the interface affects
the noise and to see if the noise replicates that of a beamsplitter. As in the original
experiments [26] they find that current in the bipolar regime is split equally over
the number of edge modes i.e their experiments follow Eq. . In our analysis,
this would suggest they were within the full hybridisation regime. Two graphs taken

from their paper showing their results are given in Fig. (3.2)).
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Figure 3.2: Graphs taken from [28] detailing the results of shot noise measurements
on a PN junction with || = |1»| = 2, graph (a) gives the excess noise (05 = S1; —
S11(V = 0)) plotted against different biases (Vi4) applied to S1 for various length
junctions, the Fano factors for each are plotted next to the best fit curves. The curves
are assumed to fit a model [93] which assumes the distribution function is made up
of a ratio of Fermi-Dirac functions where the ratio is determined by the number
of edge modes originating from each source. Our model in the full hybridisation
regime would similarly give this sort of distribution function, and therefore both
models give the coth curves of the form §51; = 2eFgV coth(eV/2kgT). F, the Fano
factor, is used as the fitting parameter. These Fano factors are then plotted in (b)
against the length of the interface with a curve of best fit.

We first see that the best fit curves Figure (3.2p) are a good fit to coth curves, as

our model would predict in the full hybridisation regime. We see that if they are



3.2. DISORDER MEDIATED TUNNELLING 65

indeed within this regime then the Fano factor corresponding to 5um (F = 0.23)
is a good fit to what we predict (F' = 0.25). Going to longer lengths the fit is
less good, this probably an indicator that the assumptions that are in built into
our scattering theory begin to fail. The authors [28] suggest the lowering of the
Fano factor is due to the energy distribution coming from the two different sources
relaxing into a equilibrium distribution in the centre of the junction. From just this
‘cold’” Fermi-Dirac distribution only thermal noise can emerge and the Fano factor
goes to zero. This points us to where our assumptions break down, in Eq.
we assumed that an electron remains at the same energy when lower energy states
are available. Realistically the electron is likely to relax into lower energy states
by losing energy to environment and this is more likely to happen the longer the
electron remains in the junction. The relaxation length must be larger than [ = 5um

however, and our single particle theory seems to fit well for lengths shorter than this.

It is worth pointing out that our calculations are at |v4]| = |5] = 1, i.e only the
spin polarised n = 0 edge state is considered, where the other spin state is assumed
to be pushed above the Fermi energy by Zeeman splitting. In the aforementioned
experimental paper [28| the authors do not go to high enough resolution to observe
Zeeman splitting and therefore use || = || = 2. Fortunately, in the absence
of any magnetic impurities we can assume that spin is conserved in our edges so
that an electron with spin-down can not be transmitted into the spin-up edge state.
Under this assumption, this additional edge is trivial to include and simply gives

double the noise and current, but leaves the Fano factor unchanged.

Unfortunately, to the best of our knowledge, experiments for noise within the in-
terference and zero-current transfer regimes do not exist. From our analysis we can

anticipate that one would expect to see large differences from the experiments of
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Ref. [28]. In the zero current transfer regime we expect only Nyquist-Johnson noise,
whilst in the interference regime we anticipate a large range of heavily [-dependent
Fano factors i.e Eq. . In the most recent experiments on PN junctions in
graphene published towards the end of 2017 [11] (measurements of current indicate
they are in the interference regime) they provide compelling argument that the ex-
change between the two edge states only takes place at the entrance and exit of the
junction in their set-up, i.e the tunnelling happens at the real edges. We may use this
to improve our model by taking only two non-zero I';’s for I'(x) = >, I';d(x — z;)in
Hy , at x12 = [,0, this identically returns the Mach-Zehnder model that was
discussed in Section [I.2] As such it replicates the current calculations performed in
this section, the results of which are given by Eq. with Al — 0 as we assume
the lengths of the different are equal in this case, due to them being equivalent to
the length of the interface. These results are in line with the flux dependence in
the current that ref. [II] see in their results. Had they performed noise experi-
ments we would anticipate the measurement to coincide with results we expect from
this model, to be complete we produce this, as well as the Fano factor, below. We
again use the expression for Si; given by Eq. but this time employing the

eigenfunctions given by Eq. (1.16) to obtain,

2

e eV
S = ﬁ [|./411|4 + |A12|4)k’BT + |A11|2(1 - |A11|2) coth (QkBT)]' (3-29>

The calculation to produce this is given in depth in appendix [B] As explained in the
appendix, the matrix A describes the transfer matrix which maps excitations at the
drains back to those at the sources. Here A = SpS4 with S4 p given by Eq. .
We can therefore determine the elements which appear in Eq. as,

A11 =TATB — tZtBeiq)AB, ./412 =1iATp + TAtBei(I)AB. (330)



3.2. DISORDER MEDIATED TUNNELLING 67

Considering just the ‘excess noise’ (i.e subtracting off the linear temperature contri-

bution) we can obtain a Fano factor given by Eq. (3.31))

eV

F = (1 — |A11|2) coth (2]{3 T
B

), (3.31)

eV

= [|7“A|2|25A|2 + |7“A|2|tB|2 + 2|rarptatp]| cos(CIDAB)] coth ( ),
2kpT

The same concepts shown here in the MZI model can be used for any number of
impurities providing that the distance between each impurity is much greater than
the Fermi length. Representing each impurity as a scatterer is therefore a good tool
for analysis in the intermediate limit (|T'| ~ Avg/l) where we expect our hybridis-
ation model fails to be a good description. Of course, this approach also requires

knowledge of the specifics of the impurities. If this is not the case, we must refer to

the methods given by Eq. (3.10).

In conclusion, we are able to unify several apparently conflicting experiments within
one model where the apparent differences are the result of a variability in the value
of I'(yo, yh), Eq. (3.5), which is based upon the distance two modes are from each
other as well as amount of (lattice-length scale) disorder. Whilst we find broader
disorder is not directly relevant to the coupling of edge modes of different pseudo-
spins, it does play a role, along with temperature, magnetic field and top/bottom
gate potentials, in broadening of individual modes. This results in a greater overlap
between modes of different pseudo-spin and therefore a larger I'. We predict what
further experiments on noise would expect to see within different regimes. So the

final question to ask is why is I so different for the different subsets of experiments?
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3.2.5 Variability of Disorder Induced Tunnelling

The simplest answer one is drawn to is to say that the experiments performed in
the quantised regime are simply more disordered and therefore have a larger I' than
those in the interference/zero current transfer regimes, we believe this to be only
part of the truth. Actually an important difference between those in the quantised
regime and those that are not is the amount of individual edge states they are able
to resolve. Quantised current experiments [26, 28, 00|, all show results where the
lowest number of edge states they give data for is |v| = 2, that is they do not observe
the Zeeman splitting of the Landau levels. Experiments not in the quantised regime
[29, [IT] do not only observe Zeeman splitting, i.e they can resolve |v| = 1, they
also observe the full effect of K/K’ symmetry breaking meaning they observe a Hall
plateau which corresponds to v = 0. The ‘width’ of each Landau level (and there-
fore the ease to which we can distinguish them) is based on three factors, the most
obvious of these is the magnetic field. g oc 1/ V/B directly appears in the electronic
wave function and determines how ‘spread’ each state is, a lower magnetic results
results in a greater overlap of neighbouring states and therefore a higher I'(yo, y;)-
The other two factors result in broadening of the edge modes by making a broader
range of neighbouring states within the same energy band branch more accessible,
these are: the temperature (we estimate this broadening to be o« T' X Ig) and the
amount of long-length scale disorder (resulting from impurities and scattering from
the lattice). Additionally if we discuss specifically the artificial edge modes along
the PN junction (rather than the states at the physical edge) there is another fac-
tor based upon the length scale at which the voltage between top and bottom gate
changes, a more abrupt change will allow temperature and disorder broadened state

to have a greater overlap between different 1D modes.

Let us consider which of these factors could be the largest contributor in the case
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of these experiments. All experiments were performed at roughly the same field
strength (7-14 T), [p is therefore unlikely to play a role. Using mobility as a mea-
sure of disorder, we can compare the amount the disorder in graphene samples used
in the original quantised experiments [26] (mobility given by u = 7 x 10*cm?/Vs
in this case) and p = 1.2 x 10°cm?/Vs in the zero quantised regime results found
by [29]). This improvement in quality (due to the 7 year gap between the papers)
may have an effect on the original papers results but for more recent quantised work
[28, @0] it seems unlikely to explain the differences. Temperature may play a role
here, the experiments of Ref.[28], 90] were performed at 4K, at least an order of
magnitude greater than the un-quantised conductance seen by [29, 11| (with Wei et
al. going as low as 20mK for some of their results). Other differences particularly
those between the MZI-style current [11] and that with no current transfer [29] may
result from the voltage profile of the top gates, as was pointed out by [I1] they use
a sharper changing electrical potential which may result in the tunnelling seen in
this case. In the next section of this thesis we proceed to discuss Wei et al. [I1]
results in greater depth. We particularly focus on what differences we might expect
from an electronic Mach-Zehnder in graphene and those already built in other 2D

semi-conductors [12, 411, [94].

3.3 Mach-Zehnder Interferometer in Graphene

The rest of this chapter is dedicated to the Mach-Zehnder in graphene. We first
consider the results of Ref. [II] (thus far the first and only experiment which has
been able to produce such a device) and comment on some key differences from what
is seen in MZI’s in semi-conductors. We then we go on to consider a previously
unconsidered (to the best of our knowledge) extension to the model for an electronic

MZI. Models for MZI where interactions could take place within the same channel
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drew quite a lot of interest [30, B0, 3], 95 (1) B3], we extend this to also include
interactions within different arms. We believe this, unlike in semi-conductor MZI
where different arms are well separated, may play a role in the MZI in graphene.
One of the most interesting features of paper [II] is the staggering visibility, Eq.
, they are able to reach. After 15 years of improvements of Mach-Zehnders
in conventional 2D semi-conductors the visibility of the devices (probably the best
quantifier of their quality) has improved from 65% in the original experiments [42]
to 95% in experiments performed more recently [49]. We can contrast this to the
first (and only) experiments in graphene where they observe a visibility of 98% [11].
This seem likely to be result of the fact the different channels/arms in the graphene
Mach-Zehnder take very similar routes unlike those in conventional semi-conductors.
In graphene the two channels co-propagate and any longer length-scale phonons and
impurities will interact with both channels. Since these interact with the electrons
in both channels in a similar way it means any defects carry less information about
the position of the electron then would be the case in semi-conductors and therefore
cause less dephasing. Interacting electrons in graphene in a high magnetic field have
been discussed [64], [68], 96, 07, [78] mostly as an explanation for the K/K’ Landau
level splitting which has been observed in experiments [10, 1], 29] [76]. There has
been some discussion of Luttinger liquid at the graphene edge [98] 25], but since
it can only result in forward scattering it is not usually very relevant. Interactions
within the one dimensional channel along the graphene PN junctions have not been
discussed however so we will begin this section with consideration of the relevant

Interactions.

3.3.1 Including Interaction

This section provides formalism which allows for the inclusion of interactions both

across (inter-channel interaction) channels and within the same same channel (intra-
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channel interaction) of the modes which flow down the PN junction interface in
graphene. This provides a framework where all different interactions may be con-
sidered, we then go on in the section following this one to consider in depth the
simplest case in which we only have a single channel on each side of the junction,

V= —]_,VQ =1.

Having extracted that at low temperature and low energies our excitations along
the PN junction are indeed those of one dimensional fermionic channels, we may
wonder what effect interactions can have on this. Forgetting, for a moment, the K/K’
symmetry breaking discussed in Section [2.4] if we consider the vy, = 1,15 = —1 case
the K/K' sit on top of each other; we might therefore expect that the cross channel
interactions to have an effect on the dynamics. In reality, of course, we see that
this symmetry is invariably broken and N and P channels will be separated, the
degree to which they are separated will then determine the strength of the interac-
tion via the overlap in the y-direction that will originate in these matrix elements
(e.g for coupling the zeroth Landau levels the matrix elements are weighted by a
term ~ [ dy &§(y — yo)do(y — yh)). This leads to another interesting feature of the
system; we can, to some degree, control the strength of interaction between differ-
ent valleys, by manipulation of the magnetic field and applied potential as this will
determine the overlap of the wave functions. From Section we are equipped
with the knowledge of how one can deal with interacting 1D Hamiltonians. The
bosonisation technique should allow us to bring an interacting Hamiltonian into
quadratic form. This is detailed in the section following this one. First we will
catalogue the different interactions in a formalism sometimes referred to as g-ology
[99]. We consider only chiral interactions, the opposite direction movers are largely
spatially separated so what are usually considered the standard ¢, g2, g3-processes

(which just refer to interactions between electrons moving in different directions)
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drop to zero. Since interaction between different L /R movers are irrelevant in our
case we will re-purpose this notation to refer to interaction matrix elements between
different chiral states. In this notation we have a set of possible interactions de-
scribed by {g} = {g1,82.83,84} which are depicted in Fig. (3.3). Each type of
interaction can then be broken up into those between states belonging to different
Landau levels (described by i and j), pseudo-spins (n or m) and spins (o and o”) e.g
gs = g Mmoo’ Ty the next section we will again focus our attention on the simplest
situation of the lowest two levels, this is given by the zeroth Landau level ¢ = 57 = 0,
opposite pseudo-spin n = K, m = K’ and same spin modes o = o', we will refer
to this set of interaction variables without any mode indices, g = {g1, 92, 93,94}
Of this set the g3 describes an umklapp style process [91] where a pair of electrons
close to one Dirac point are scattered outside of the Brillouin zone into states close
to a different Dirac point. Such an interaction (for any excitations with different
pseudospin) cannot be reconciled with momentum conservation and therefore we

may always take g3 = = 0. In fact of the components of g3 the only terms

83 ‘n;ém
that are in general allowed by momentum conservation are those that are completely
diagonal in energy band indices, since these terms are identical to g4 type terms we

may simply absorb those g3 processes into g4, we will therefore exclude g3 processes

from now on.

Whilst we have thus far not made any assumptions about the range of these
interactions, from now on we will consider only contact interactions (J-function like
in space). For cross-valley interactions this is easy to justify, the cross-valley interac-
tion matrix elements (similar to our disorder mediated tunnelling terms) are always
accompanied by a fast oscillating term, e ~K)Ar where Ar describes the distance

between the interacting excitations. Any long range potential is therefore killed

upon interaction with this term and only contact interactions can survive. Where
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Figure 3.3: Three different types of interactions are depicted above g4, g, and g;.
The bottom set of images depicts two energy bands which may correspond to dif-
ferent Landau levels, different pseudo-spin or different spin. g4 is diagonal in these
indices meaning that it describes interactions where the excitations belong to the
same energy band, g, describes interactions between excitations on different energy
bands but where the excitations remain close to their original momentum after inter-
action. g processes also describe excitations belonging to different branches, but in
this case the excitations swap branches upon interaction. For g; processes involving
different K/ K’ branches, this is a large momentum transfer process. The upper row
of images depicts the momentum transfer for these styles of interaction, where the
solid /dashed black lines denotes that the electron states belong to different energy
bands. Not depicted here are the gs-interactions, which scatter electrons outside of
the Brillouin zone.

interacting excitations aren’t separated by a large distance in reciprocal space (e.g g4
processes) it is not so obvious that such an argument still holds. However, providing
we consider only the low energy properties, small momentum transfer interactions
(contact interactions in real space) are still likely to be the dominant type of inter-
action and therefore this assumption is still reasonable. In the next section we use
the formulation built above to consider how interaction is included in the Hamilto-
nian describing the simplest example along the PN junction, vy = —1,15 = 1. We
calculate the interacting correlation function along the PN junction in this case, we

then proceed to use this in the following section to calculate the current in model
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of an electronic Mach-Zehnder with previously unconsidered interactions included.

3.3.2 The Interacting Correlation Function

We first consider the Hamiltonian describing the electrons as they propagate down
the centre of our PN junction. For now we leave out the effects of tunnelling. The
Hamiltonian can essentially be split into three parts. H; and Hs describe the par-
ticles on either side of the junction which we write via Eq. in bosonised
form in terms of the density. This is given by Eq. , where g4 describes the
strength of interactions of electrons of the same pseudo-spin (inter-channel interac-
tion strength). Hj,, then describes the interaction across the junction, with go and
g1 describing the only relevant cross-channel interactions (g3 = 0 due to momentum

conservation).

H, = va/dxpfn(x) + % /dxp?ﬂ(x) + W}ZFNm (3.32)
o = [ dso: = g)pu(o)ma(o) (3.33)
HO - H1 + H2 + Hint (334)

It is easy to see in this form that the effect of intra edge interactions simply renor-
malises the velocity v = vp 4 2%, immediately giving a route to solving the inter-
channel only MZI model. In ourcase, we still have a problem with the non-diagonal

g1, g2 terms however. To continue, we wish to switch to a basis in which the Hamil-

tonian is diagonal, in this spirit we introduce the variables:

pe() = %mx) + pala)), p-(2) = 5 (m(a) = pala). (335)

p+(x) describes the total density in both edges at a position x, where as p_(x)

describes the difference between densities on either side of the junction (this can
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also be thought of as ‘total pseudospin’ or the density disparity between electrons
near K and those near K’, it also relates to the current at a particular drain since
K and K’ electrons supply different drains). The Hamiltonian is diagonal in this

basis, but these fields acquire different velocities, uy = u + 24 = yp + £ + 22-91
) ’ 21 27 21

h
Hy = 7ru+/dxpi(x) + Tu_ /d:cp )+ Z TR, Ny, (3.36)

One can then convert this Hamiltonian into the language of bosonic operators by

recalling the standard bosonisation dictionary produced in section 1, specifically

here we refer to Eq. (1.34]).

27 A

pn(x) = Ouy(2) + an (3.37)

Here one makes use of the commuting fields which can be defined as follows,

L 61@) £ 60, [60(0). 00 (v)] = —2mibumd(z —y).  (3.38)

¢i=\/§

This allows the construction of the Hamiltonian in terms of the bosonic operators

as below,

h 2 . N,£N
-y I uiNi Ni+£5+ 4+ 305 husqblbe,  Ne= S22 (3.39)

2
+ >0 =+

We can simplify this slightly if we take it to be the case that the fluctuations of

NLQ are small, in which case we may linearise the Ny about their expectation value

< L . . . . .
(Ni) = QW%%F. In this case, and omitting unnecessary constants, the Hamiltonian is

given by,

H[) = Z —,uiNi + Z Z huiq bibi, (340)

+ >0 =+
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Whilst Klein factors do not appear here, it will prove useful to also define a new set

of these operators describing the new ‘+ /-’ excitations as follows,
F_=FJF, F, = FF. (3.41)
In this case these operators satisfy the same commutations relations as before,
[No, El] = 6 F, [Nos Fpn] = —8um F, (3.42)

where n,m = +, —. We therefore have all the necessary framework to construct a
fermionic field operator in the diagonal basis which is related to the above Klein

Factors and bosonic field in the usual way,

Y (1) = —2 2 Nma/Lgidm (@) m =+, —. (3.43)
2me

Using techniques from [30] we may then use the form of the field operator above to

calculate the Greens function for these +-excitations,

Gi(z,t) = @l(x,t)s(z, 1)), (3.44)
1 , ' '
= Q_Me—zuix/(ﬁvp) <Fl<t)Fi(0)> <€Z¢i(x,t)el¢i(0,0)> ) (3.45)

We can then evaluate the two expectation values separately. We will use the in-
teraction representation so that the time dependence of an operator is given by
O(t) = eHot/hQe=iHot/h - The expectation value of the Klein operators can be per-
formed by permuting the N dependent part of the time evolution operator past the
Klein factors using the relations in Eq. to give,

(F} (£)Fp(0)) = eium/vrlmt/h, (3.46)
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The bosonic part of the correlator (3.45)), is slightly more involved but nonetheless

can be evaluated using standard techniques.

1 , , 1
Jm (x’ t) _ <62¢m(737t)6_7/¢m(070)> = _esm(l‘7t) . (347)
2me 2T

S, can then be written in the form below by using that the Hamiltonian is quadratic

in the bosonic variables [91]. S,, may then be explicitly evaluated.

Sn(at) = —e— L ([bnl 1) = 6(0,0)]) + 3 [on(.1), 6(0,0)], (349
= —Ine— ) niefq [1 — eialwmumb)], T — 0, (3.49)
= —In[i(z — unt) + €, (3.50)

Here we have substituted the mode expansion of ¢,,, given by Eq. and eval-
uated the bosonic expectation values as a Bose-Einstein distribution at 7' — 0 in
order to obtain the second line (more details of this calculation can be found Ap-
pendix . We then made use of Eq. to perform the summation to obtain the
third line. From the above we can finally deduce the interacting, zero temperature,

Greens function for the 4+ excitations as,

1 eium (z—umt)/hvp

Gm(,t) = -— (3.51)

2ME T — Uyt — 1€

i.e it is the same as what we expect for non-interacting electrons but with the
velocity altered by interactions. In the next section we will add tunneling between
channels perturbatively and see if the cross channel interactions have any effect on

the interference patten.
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3.3.3 Current in Mach-Zehnder with Cross Channel Interac-

tions

As was previously the case, to build our Mach-Zehnder model we add a tunnelling

term to couple the two interacting quantum wires,

Hywn = Tath(0)¢42(0) + Tytb{ (D)2 (1) + hc. (3.52)

Here we fix the location of the tunnelling points to be the same place, as the junc-
tion is the same length for both excitations. From this we can construct our full
Hamiltonian by H = Hy + Hyu,, where Hy is given by Eq. (3.34). We then wish to
see the impact the cross-channel interaction may have on the interference pattern,
as such we are interested in the current at the drains, D1 and D2. For the rest
of this section we heavily rely on the work of ref. [30] who considered a similar
model to ours but with only intra-channel interactions. Following their method, we
may deduce the current at the drains by obtaining the tunnelling current describing

electron current going from channel 1 to channel 2,

. d - i A : X
I = —e2Ni=———[H.N)] = = [H.N] (3.53)
= STl 0)02(0) + Tyl ()6 (0) + hc) (3.54)

Using the form of the charge operator and the commutation relations given below

N, = [ dopta).
[nl2), 1 (1)} = bz — o) [ @), (@)} = 0,
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The expectation value for current at time t is then given by,
I(t) = (U(—o0, )T (UL, —0)) . (3.55)

Where U (t3, t1) describes the time evolution, which in the representation we are using
is given as U(tq, t1) = Ty exp [% fttf Htun(t)dt} , we treat tunnelling perturbatively and
expand to lowest order in I'. Taking our measurement time of the current to be t = 0

gives

H(t=0)= L / dt ([(0), Huun(1)]) . (3.56)

This boils down to the combination of two point correlation functions of the form

below, which we then calculate by switching to the diagonal bosonic representation,

(@DI (:E7 t)dj? ($, t)@b%(:Bl, t/)@bl (Ilv t/)>

1 it (! . p .
— (2 )26 th( )(<Fj(t)F_(t/)> <62\/§z¢7(1‘,t)6 z\/iqﬁ,(q; it )> :

TE
i Gl PR (3.57)

We may then deduce the current at D2 by expressing the correlation functions which

will ultimately appear in the expression given by Eq. (3.56) as,

2 > ,
Iy = =2 [ dt [T+ Do) e () lm g (0,)].
—I—{FaFZei“*l/”Fhe_i“*“*t/”Fﬁ] (2)Im[g_(I, t)Q} + c.c}
VIzn i i
= [ta]” + |to]” + 2|tats| cos(P)|. (3.58)

where t. = I'./hvg is the tunnelling probability to first order in I'., see Eq. (1.19)),
and we've taken pu_ = p; — ppy = €V, finally we also used |T',I'y| = T Ie®. The

time integrals can be performed by evaluating the residue at the second order poles
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coming from g2 (z,t). Comparison to Eq. reveals that there aren’t any dif-
ferences made by including the interactions to first order in tunnelling. We simply
replicate the MZI current in the limit that Al,7" — 0 and tunnelling is small. Since,
as detailed in our discussion earlier, we only expect contact interactions to be rel-
evant for any cross-valley interactions, we conclude that cross channel interactions

cannot influence the current at the drains in the small tunnelling limit.

This problem lends itself to several interesting extensions which we unfortunately do
not have time to explore, one example being similar to the work of Ref. [50], in which
the authors solved ezactly (i.e with tunnelling not treated perturbatively) a model
of interacting MZI for which interactions (intra channel only) existed only between
the two scatterers for certain choices of interaction. They did so by refermionising
[24] their bosonic Hamiltonian into a new set of fermionic variables for which the
Hamiltonian was quadratic and diagonal. It would have been interesting to see if
such an exact solution could have also been found for our problem, and whether
cross-channel interactions would have had more of an effect in the non-perturbative
limit. A further interesting addition would have been to see the effects longer range
inter-channel interactions had on these results. This was considered in the intra-
channel only MZI model in Ref. [30], and produced results which were much more
experimentally relevant than a simple contact interaction only model. However the
similarities of Eq. to that calculated in Ref. ([30]) would imply that inclusion
of long-range cross channel interaction to their results would make very little differ-
ence and furthermore, as previously stated, we expect any long range cross channel

interactions to be totally irrelevant along the PN interface.
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3.4 Conclusion

In this section we have made use of the 1D modes that were shown to exist in chap-
ter 2 to describe a PN junction in a strong magnetic field in graphene from source
to drain. We found that this model was insufficient to explain experiments observed
in these systems and inferred the presence of a disorder potential, I'(r) which could
couple the modes at the junction interface. In Section [3.2.1], we considered a simpli-
fied version of a model with disorder in which we averaged I'(r) along the junction
interface. We found that this model well replicates experiments in the limit the
disorder along interface is very strong or very weak and its variability succeeds in
explaining the differences appearing in several conflicting experiments. The model
does fail to capture some of the intricacies of the system in the immediate limit
(specifically it doesn’t replicate interference effects well). In this case we proposed
to use a description similar to the standard model of an electronic MZI (the detail
of which were discussed in Section and proposed the noise measurements which

experiments in this limit should see if this model is an accurate description.

We proceeded to discuss which interaction effects are most relevant along a PN
junction in graphene and from this produced the correlation function for the natu-
ral (diagonal) excitations which propagate along the PN interface in the case where
we have v; = —1,1 = 1. We found that additional interactions might be rele-
vant to a graphene MZI model, which are not relevant to an MZI in a conventional
semi-conductor. We considered whether these effects would have any impact on the
current. In the small tunnelling limit we found they did not, and that such cross-
channel interactions do not appear to have much more of an impact on the system

than intra-channel only interactions do.
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In the next chapter we encroach on the world of quantum information and introduce
the recently popularised topic of quantum discord. Having introduced the topic we
will, in Chapter b}, make use of the extensively discussed electronic MZI to propose a
completely original way of generating and detecting quantum discord in a solid-state

systems.



Chapter 4

Quantum Discord

Our previous in depth discussion of building an electronic Mach-Zehnder in con-
densed matter may leave an especially cynical reader with one increasing overwhelm-
ing question: "What’s the point?" The author would feel a little deflated by such a
question, we would hope that the rich physics which has been demonstrated to go
into creating such a device is reason enough for an interest in it. But nonetheless,
we are quick to illustrate where such a device would come in handy. Just as the
birth of the field of Quantum Optics led to an array of interesting quantum phe-
nomena being displayed, Quantum Electro-Optics can do the same. Electrons have
one very important advantage over photons: they are charged. This means our elec-
tronic Mach-Zehnders can be used as very sensitive measuring devices for anything
involving charged particles [44], [100], 94 T0T], T02]. As a further demonstration as
to where our Mach-Zehnder might be useful we encroach on the realm of quantum
information, specifically a recently popularised topic which has received a great deal
of attention, quantum discord [103]. Despite the recent flurry of activity in the field,
construction of a measure to detect its presence in a system has proven difficult
[20]. The propositions that do exist are limited in scope [20} 104] or very complex

[105] which has led to limited experimental progress [106], [107]. Within the frame

83
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work of the electronic Mach-Zehnder we are able to propose a way in which one can
build states which have a controllable degree of discord, and then, by observation of
cross-correlation functions, we devise a protocol which will determine if the state is
discorded or not. From this protocol we build a measure which bears a surprisingly
strong resemblance to discord. In this initial chapter we introduce what is meant by
the terms ‘quantum correlated’ and ‘quantum discord’, and give some background
to discord witnesses. The following chapter will then return to using our beloved

electronic Mach-Zehnder as a tool to detect discorded states in a solid state set-up.

4.1 Correlations in Classical Probability Theory

Quantum discord has its origin routed in classical probability theory. In classical
information theory we quantify how much uncertainty there is around a random
variable before we measure it in terms of its Shannon Entropy [108]|. Consider the
random variable A which may take the values a;, our ignorance about what value

the variable will take prior to measuring it can be quantified by

H(A) =- ZpA:ai 108; PA=q; (41)

(2

The correlation between two random variables A and B, described by a joint prob-
ability distribution p4 g, may by quantified by the degree to which the uncertainty
about one of these variables is reduced when we have knowledge of the other. The
reduction in our ignorance of A, given knowledge of B’s probability distribution, is

given by the mutual entropy,

J(A: B) = H(A) — H(A|B), (4.2)
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where H(A|B) = ). pp=p,H(A|B = b;) is the conditional entropy of A given B.
The single variable probability distribution can be derived from the joint one by

tracing out the unused variable,

PAZ ) PaB=h PB =Y Paars (4.3)
g i

The conditional probability is then obtained via Bayes’ theorem,

PA|B=b; = DA,B=b,/DB=b;- (4.4)

It is this distribution we may substitue into Eq. (4.1)) to obtain H(A|B = b;).
Furthermore we can use Bayes’ theorem to obtain an alternative (but completely

equivalent) expression for the mutual entropy,
I(A:B)=H(A)+ H(B)— H(A,B) (4.5)

where H(A,B) = =), Zj PA=a;,B=b; 108 Pa=a; B=b;- S0 equivalently we can de-
scribe the degree of correlation between A and B random variables by considering
the amount of uncertainty we have about them separately minus the amount of
uncertainty their joint probability distribution gives. For an uncorrelated pair of
random variables H(A, B) = H(A) + H(B), and the mutual entropy just returns

Zero.

4.2 Correlations in Quantum Theory

The idea of Olivier and Zurek [109, [15] and, independently Henderson and Vedral
[16], was to generalise the above concepts to quantum systems in order to be able

to characterise the correlations between two parts of a composite system. Shannon
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entropy is used to describe the uncertainty associated with a probability distribution
for a classically random variable. The uncertainty about a given quantum state p

can be described by the Von Neumann Entropy [110]:

S(p) = —Tr(plog p) (4.6)

Using this, we may then construct the ‘quantum version’ of mutual entropy. We
first make use of the analogue to our reduced probabilities, Eq. (4.3), which give us

the reduced density matrices,

pt = Trp{p""}, pP = Tra{p""}. (4.7)

Physically it is not obvious that these operators necessarily correspond to anything
meaningful in terms of a description of the individual subsystem, the justification is
that they give the correct results for measurements which impact one of the subsys-
tems only [T08]. For example, an operator which only impacts the B-subsystem can
be represented as 08 =08 14, taking the full trace with this operator is equiv-
alent to taking the trace over B on the reduced density operator with OB, ie. the
reduced density matrix gives the correct dynamics for operators that only impact

the B-subsystem.

The analogue of the expression for I(A : B), Eq. (4.5)), is then easily obtained,

Z(p*") = S(p") +S(p") - S(p*?). (4.8)

In the quantum context we will continue to refer to this quantity as mutual entropy.
The quantity gives a description of the total correlation between the A and B sub-

systems. The quantum analogue of the conditional probabilities present a slight
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difficulty, the result of a ‘measurement’ will depend on the basis we pick for our
measurement projectors. Nonetheless we can define a density matrix conditional on
some measurement on B as follows [109] [15],

HB,OABHB

pA|H TI'AB{HB AB} (49)

Where the denominator normalises the conditional density matrix. The operator
12 = |b;) (b;| is a projector which enforces the detection state onto the density
matrix. The denominator is therefore the probability of finding the state of B as

|b;), it is therefore the QM representation of the classical probability pp—,,
Py, = P = (bl p° |bi) = Tra p{1I7 p"7} (4.10)

Using this conditional state, Eq. (4.9), we may extract the entropy S(p4ys) which
gives us the uncertainty about the sub-system A that remains having projected B
onto the state |b;). We may then obtain the conditional entropy given a complete

set of measurements on B, {17},
S(A{IPY) = sz (Pamz) (4.11)
From this the generalisation of J(A : B), Eq. (4.2), can be constructed,
Tz (p"'F) = S(p") — S(AHIIT}) (4.12)

This quantity has one undesirable trait however, it is dependent on the basis we pick
for the measurement projectors. In order to get rid of this dependence we pick the

best measurement basis (that is the one where we are able to reduce our ignorance
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about subsystem A the most).

Te(p™?) = S(p") - max S(AKIIFY). (4.13)

This quantity was termed the classical correlation [10], as it represents the amount
our ignorance on A is reduced having made a full set of the most informative mea-
surements on B. It represents the amount we can learn about A from B by projecting
B onto some detection basis. Unlike in the classical case, this need not be equiva-

AB)which represents the total correlation

lent to the quantum mutual entropy Z(p
between the two subsystems. The discrepancy between the two describes the corre-
lation between the two subsystems that is inaccessible to our measurements, what

can be thought of as the quantum part of the correlations. It is this quantity that

was termed the quantum discord [109).

Dp(p"?) = Z(p"?) = Ts(p"?). (4.14)

4.2.1 Properties of Discord

Discord admits the following properties [32],

1. It is not, in general, symmetric i.e, Dp(p*?) # D4(p*B). This is a product of
the fact that performing the measurement on A and B is an entirely different

operation.

2. Discord is positive valued D4, Dy > 0, a consequence of S(A|{I1%}) > S(pAB)—
S(p?) [111]. Physically this describes how optimal measurements may remove,

at best, only the uncertainty about B from the total system.

3. Discord is bounded from above by the inequality Dg(pA8), Da(p*P) < Z(pAB).

Which describes that two subsystems may not be more quantum correlated
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than they are correlated.

4. Tt is invariant under local unitary transformation i.e. discord of the pAZ is
the same as for (Uy ® Up)pP(Us ® Up)!. The only difference being that the
optimal set of measurement is also rotated {II®} — {UgIIPUL}, but of course
since we carefully ensured that discord was measurement independent this has

no effect on Dpg.

Prior to the seminal papers on discord [109, 15, [16], the term quantum correlations
was considered synonymous with entanglement [I4]. Whilst entangled states are
necessarily discorded, the converse is a not true. Separable states which are, by
definition [14], unentangled may also exhibit discord. A generic non-entangled state

can be defined by the following density matrix
PP = "piplt @ pP. (4.15)

For a state to have zero B-discord it must [15] be possible to write the state in the
form of Eq. (4.15), but with the additional constraint that {p?} is made up of a set
of orthogonal projectors i.e p? = |i) (i|”, where {|i)”} are a set of orthogonal states
(similar condition hold in order for the state to have zero A-discord). Another way
to state this condition is to say that a state has zero B-discord only if each of {p?}
are diagonalisable in the same basis (similarly for A). This makes the condition to
have zero discord much tighter than the condition for zero entanglement. States

with entirely zero discord (D4, Dp = 0) may always be written in the form,
PN = i) Gl e i) )7 (4.16)

where both {|i)*} and {|i)?} describe sets of orthogonal vectors on their respective

sub-space. A density matrix of the form of Eq. (4.16) is sometimes referred to
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as classical-classical density matrices [32] as they admit no quantum correlations
what-so-ever. Since the specific case defined by Eq. occupies a very small
volume of the possible Hilbert space spanned by Eq. , we can conclude that
almost all non-entangled states are discorded [112], [113], and therefore admit some

quantum correlations.

4.3 Density Matrix with Quantum Correlations

To understand the meaning of discord we briefly consider an example density matrix
to give us a better understanding of the distinction of mutual entropy, Eq. (4.8)),
and classical correlation, Eq. (4.13]).

Consider a density matrix of the form,
1
pAB = 5 100) (00] + [16) (16] 0<6<m. (4.17)

We use the notation such that the first element of, e.g, |ab) refer to a state on
the A-subspace and the second refer to a state on the B-subspace. i.e |ab) (ab| =
|a) (a]* @ |b) (b]®. |0),]1) refer to two orthogonal states and |6) = cos 8 |0)+sin @ [1).
The state described by is therefore of the form of Eq. i.e unentangled.
Since the states on the A-system are orthogonal D4 = 0, the B-discord, Dy, however
will depend on the value of . For # = 0, 7/2, 7 the density matrix described by Eq.
(4.17)) is of the form of Eq. and therefore Dp = 0, but otherwise the state

cannot be written in this form and Dg > 0.

In figure (4.1) we plot, Z(pB), Tp(p?P) and Dp(p?P) for the density matrix de-
scribed by Eq. (4.17)). The figure confirms what was stated earlier, discord drops to

zero for § = 0, 7/2, m, but we can also now see that these zeros have different origins.
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0.7

0.35

Entropy

Figure 4.1: Mutual Entropy (blue), classical correlations (red), and quantum discord
(black dashed) as a function of € for the state described by Eq. (4.17)). We perform
the maximisation in the definition of Jp Eq. (4.2)) numerically.

The zeros at 6 = 0, 7 come from the fact the two sub-systems are completely uncor-
related (Z = 0) and therefore no quantum correlations can exist. Discord is again
zero at @ = w/2, but here the states are maximally correlated, the correlations are
all classical however (Z = Jg) and therefore Dy = 0. For all other points Jp < Z,
meaning there exists correlations between the two subsystems which we are unable

to measure. It is these correlations that are quantified by quantum discord.

4.4 Discord Witnesses

The quantum correlations manifest in discord have attracted a great deal of interest
with it being suggested that it is discord (and not just entanglement) that is a
necessary resource for a variety quantum information processes, including the speed
up associated with quantum computation [I8, [114] and the distribution of quantum

information to many parties [115, [I16]. This combined with the fact discord is rather
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robust to decoherence in comparison to entanglement [19], has raised the stakes in
experimentally fabricating a controllable discorded system. In spite of this, even
a suggestion of a witness of discord has proved an illusive concept. As shown in
Eq. [.14] discord is defined in terms of conditional entropies. Direct evaluation
therefore requires full tomographic characterisation of the density matrix, which is
generally hard to implement and noisy [I17]. The idea of a discord witness is to
avoid directly evaluating the discord and just acts to identify its presence. They
are inspired by entanglement witnesses such as Bell’s inequality [118, 119], which
are able, by measurement of specific correlation functions, to distinguish between
a state which is entangled and one that is not. For example, we may propose a
Hermitian operator W that satisfies Tr{Wpsep} > 0 where p,p is a separable state
but gives Tr{Wpent} < 0, where pg,; is an entangled state. Measurement of such
an operator would act as an entanglement witness. Discord witnesses prove less
simple to define in this way. We may envision our discord witness, again given by a
Hermitian observable Wp,. For a pure, separable state (and therefore non-discorded)

pi, we expect to create the operator so it has the property,
Te{Wpp;} >0, (4.18)

However we may sum two separable pure states together weighted by some valid
probabilities and create a discorded state in which case we hope that our witness
gives > . p; Te{Wpp;} < 0, which is obviously impossible from the statement given by
Eq. and that p; are all positive [20]. This feature has meant that many discord
witnesses suggested are only sufficient conditions for discord and fail as necessary
conditions [20], 104, 120]. Those that succeed as necessary witnesses are complex
and require the protocol to be performed on numerous replicas of the density matrix

simultaneously [I05]. In the next chapter, we propose a simple method to generate a
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pair of qubits with a controllable degree of discord within a condensed matter setting.
We then suggest a protocol that can be used to check for the existence of discord
within these systems, we find that we can construct an experimentally accessible
measure from these results. This measure appears to behave rather similarly to

discord.
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Chapter 5

Observing Discord

The work in this chapter is all original its purpose is twofold, firstly we demonstrate
how a controllable discorded quantum state can be created in a solid state system.
Specifically we generate a bipartite system out of a pair of two-level systems (qubits),
which are realised by electronic Mach-Zehnders. Next we develop a protocol which
is designed to test whether an unknown state in this system is discorded or not. We
aim to highlight that our protocol is experimentally accessible within today’s tech-
nology and that the measure we can extract from it is remarkably similar to discord.
We illustrate the protocol with several examples. Once we have demonstrated the
protocol for a single particle, zero temperature scenario, we introduce more realistic
experimental conditions by considering the difference finite temperature makes, as

well as many-body aspects.

5.1 State preparation

A pair of quantum point contacts (QPCs) correlated by a classical computer are
well predisposed to create separable states such as those described by (4.15)) with

each p#, pP describing a qubit.

95
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Figure 5.1: Initial Quantum
Point Contacts (QPCs) on A

and B are connected by a Figure 5.2: QPC{ and QPCF shown in

classical computer, this al- Fig. (5.1) form the entrance to MZI* and
lows us to generate ,pAB of the MZI? with Aharanov-Bohm fluxes ¢4 and ¢p

form of (T.15). threading the loops respectively. Acting on the
B-system there is an additional QPC (QPC?)

and Aharonov-Bohm Flux (¢4) which form a
detecting Mach-Zehnder, MZI%.

We may create this generic bipartite separable state using two complimentary QPC’s
which we refer to as QPC{# and QPCJ (corresponding to A and B subsystems re-
spectively) in Fig. (5.1), these act as beam-splitters. A state input into these QPC’s
may go into one of either the upper (|1)) or lower (||)) arms. After the QPC’s, the
probability amplitudes in each arm are governed by the reflection and transmission
probabilities at the QPC’s and will in general be some superposition of |1) and
|[4). The QPCs are controlled by the attached classical computer. This computer
simultaneously changes the reflection/transmission amplitudes at both point con-
tacts with some pre-programmed probability. It therefore determines the density
matrix which emerges from the initial QPC’s (QPC3' and QPCP) and assigns the
probability of being in each state, this corresponds to the p;’s of equation (4.15]).

It is only through this entirely classical computer, and the probabilities it assigns,
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that the subsystems of A and B may be correlated, this ensures that the state is
indeed separable and may be represented as in equation (4.15)). One can therefore,
by changing the scattering matrices of the QPCs, produce states with a controllable

amount of discord.

The other QPC’s shown in the full set-up (Fig. (5.2)) will be used to determine
whether the constructed state is B-discorded or not. Notice that we have chosen
the set-up as asymmetric to just focus on observing B-discord; we could extend the
A-subspace to include a detecting MZI if we also wished to observe A-discord, but for
simplicity we only focus on one subspace. We determine if the state is B-discorded
by using QPCZE to try to diagonalise all p?’s with the same scattering matrix; this is
only possible if the state is not B-discorded (see discussion after Eq. (4.15)). Using
this property we will see that the dependence on ¢4 in a cross-correlator describ-
ing joint detection drains on A and B (e.g D{! and DP respectively) can tell us
whether the state is discorded or not. Such a dependence is amenable to measure-
ment and our protocol therefore provides a witness for discord which is accessible

within existing technologies.

5.2 State Propagation

A density matrix which describes our state after the initial QPCZ' and QPCE is de-
scribed by pAB. Propagation towards the drains is then represented via the transfer
matrix S, this describes the cumulative effects of phase gains from the Aharonov-
Bohm effect as well as the scattering matrices at the QPCs. Its full description is

given by,

S = St®Ssish. (5.1)
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These S-matrices are the products of the scattering at the QPCs and the phase

difference accumulated along the different MZI arms, e.g. S = SBSdl)9 , Where

B tB €i¢B 0
_t*B B 0 1

Similar expression hold for S* and S¢. We will find it useful to further parametrise
the coefficients of the QPC{*? scattering matrices as follows, r4 = cos(a),t4 =

e?Asin(a) and rg = cos(f),tp = €'#& sin(B3).

5.3 Visibility

Information on how A and B is correlated is easiest analysed via a cross correlator.
We look at the cross correlator describing joint detection at a detector on the A-
subspace (D! or D4') and one on the B-subspace (DP or DP). We arbitrarily choose
D# and DE and represent the measurement projectors at this point via the operators

N4 and NB respectively,
(NANPY = Te{ NANBSpABStY, (5.3)

The probability of an A-electron (electron in MZI#) in state p2 emerging at D is

given by,
NA = Ty { NS4 pA (s 1), (5.4)

Defining the density matrix conditioned on detection at A as pP4 = 3" p, NApE

or, equivalently pPl4 = Tr { N4S4pAB(S4)M allows us to represent Eq. (5.3) as
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follows,

(NANPY = Trg{ NBSISE pPIA(SB)T(54)T. (5.5)

Due to interference between |1) and ||) states in MZI, the value of (NANZ) will, in
general, depend on ¢4. If the electron is not in a superposition of the arms in MZI¢,

this dependence disappears. There is therefore no ¢4-dependence for the choice of

SB, SB = S5, which diagonalises the Hermitian matrix p®/4 in the up/down basis
ie. gyt = SBpBIA(SE) is a diagonal matrix and therefore, Sgﬁf'A(Sg)T = ﬁOB‘A

must be ¢4-independent. It is obvious from the definition of p?14 that if all pZs are
simultaneously diagonalisable (i.e pZ is not B-discorded) then S¥ is independent of
the values { N/} and therefore independent of v and ¢ 4. We will prove later (Section
that it is also the case that if S does depend on one of these parameters of the
A-subspace, the state is B-discorded. To check whether the state is B-discorded we
may therefore extract the parameters describing S¥ and see if they are dependent

on the parameters from the A-subspace.

One can identify S§ by finding where the visibility defined by,

maxy, [(VAN)] — ming, [(NAN)
max,, [(NANB)] 4+ ming,[(NANB)]’

Viga] = (5.6)

vanishes. We may obtain an expression for where V[¢4] = 0 by explicitly defining
the terms in Eq. (4.15)). We define pZ = |B,) (B,|, p’t = |A,) (A,| and then use the

general expressions

|A,)) = cosfa, [1) 4+ e P sinba, 1), (5.7)

|B,) = cosfp, [1) 5+ e sinfp,)|]) g (5.8)
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The conditional density matrix after QPCP is given by pPl4 = SBpAB(SB)! or

equivalently in terms of the parameters which describe the S-matrices,

ﬁBlA — X(a7ﬁa¢A7¢B) Y(Oé,/B, ¢A7¢B) : (59)

Y*(a7ﬁ7¢A7¢B> Z(Oéaﬁu(bA?qu)

SN 2(8.08)  wB.m) | 510

y;(ﬂa(bB) 1 _xu(ﬁ7¢B>

where we have noted the explicit dependencies of the elements of this matrix on the

parameters of SB(3, ¢5) and S (a, ¢4). These functions in terms of the states given

in Eq. are then given by,

NA = cos(a,) cos(a)e®4+®a) 4 sin(h,)) sin(a)|?,
z, = | cos(0p,) cos(B)e’@EH®E) t sin(fp, ) sin(3)]%,

[cos 25 sin20p, cos(Pp, + ¢p) — sin 2[5 cos 205,

N | —

Y =

+ isin20p, sin(Pp, + ¢p)], (5.11)

then the parameters described in Eq. (5.9) are given by X = > p, Nz, Y =
> 0Ny, and Z =5 p,N,(1 —x,). Where we've made shifts such that ¢4 5 —

®a.B + pap. From this one can deduce,
(NANPY = 12X + [ta]*Z + 2|tgrq Re{Y e}, (5.12)

where we’ve also made a final simple shift, ¢, — ¢4 + @4. In agreement with that
which was stated earlier (NANB) is independent of ¢4 only if Y =0, i.e if pP1 is

diagonal. To obtain the visibility, we find the stationary points with respect to ¢g,
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as ¢q = 31n (55 ), 3[In (3=) + 27]. This gives the visibility as shown below:

4|7’dtd||Y|
% 5.13
[#d] 2ra|2X +2|ty2Z° (5.13)
2lY .
= X|+ |Z if [rq? = |tq]* = 1/2, (5.14)

where X + 2 =) p, N2, i.e the visibility is proportional to the magnitude of the
off-diagonal elements of the matrix . QPC? is required only to allow interference
to occur in MZI¢, we therefore fix it as a 50 : 50 beamsplitter in Eq. and from
now on. SP can be chosen so that |Y| = 0 for any pZ (i.e any Hermitian matrix
can be diagonalised) but we find that this can only be done independent of N/ if
Dp(p*P) = 0. In the following section we will first prove this statement. Then in
Section we will make use of this feature to propose a protocol which acts as a
signature of discord and allows extraction of a quantifier which appears to match

discord remarkably well.

5.4 Lines of Zero Visibility as a Witness of Discord

In this section we show the zero visibility condition of V[¢4] (which equate to Y = 0,
see Eq. ) is independent of choice of measurement on A if, and only if, the
initial density matrix p# is non B-discorded. Dependence on A enters the equation
Y] = 1Y, p.N2y,| = 0 via the coefficients NZ'. The dependence vanishes in two
cases, the first describes where all N4 = N4 i.e they are all equivalent. In this case
a solution to N4| 3" p,y,| = 0 can be found which is independent of N4. This de-
scribes the trivial case where all p?' are equivalent, in which case p? is uncorrelated

between different subsystems and the state has zero discord.

The second case is where all y, are the same up to a sign, |y,| = y, in which
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case the condition |Y| = 0 factorises into,
(£pIN{' £ paNg' £ £ PN )y = 0, (5.15)

which is satisfied for any choice of measurement on A only if y = 0. Therefore both
real and imaginary parts of y, or equivalently v,, Eq. (5.11]), must vanish for each
pB. This gives the following equations that must be satisfied simultaneously for all

v,

sin(20p,) sin(®p, + ¢p) = 0, (5.16)

cos(25) sin(20p,) cos(Pp, + ¢p) — sin(23) cos(20p,) = 0. (5.17)

One solution to the first of these equations is sin(®p, + ¢p) = 0, which determines
the ¢p-tuning required for finding a zero-visibility line of a given in-state, given by
¢p = nm — ®p, where n is an integer. With this solution to the first equation we
then require, in order to satisfy the second, that tan(20p,) = £ tan(23). Recalling
that y, = y for all v if the solution is independent of measurement on A we obtain

the condition,
tan(20p,) = +tan(26p,), for all v, (5.18)

Therefore (for all v, ;1) 0p, & 0p, = nm/2, where n is an integer. In the case when
any of the set of {0p,} = 0, all 05, = n7/2 and Eq. is automatically satisfied.
If this is the case all pZ and ,05 correspond to orthogonal states (g, = 7/2) or
equivalent states (6, = 0,7) in both cases the p*# is non B-discorded indepen-
dent of the set of {p}. If this is not the case then we obtain conditions such that
®p, — Pp, = mmn for all u, v this paired with g, +0p, = nm/2 once again gives the

conditions that p, and p, correspond to orthogonal states (if m/n are even/odd or
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odd/even) or equivalent (if m/n are even/even or odd/odd).

The above tells us that the zeros of the visibility can only be made A-subspace inde-

pendent if the states described by pB’s are either orthogonal or equivalent (Z(p*?)
Js(pP)) OR the states described by p/'’s are equivalent (Z(p*P), Jp(p*B) = 0); in
both cases Dp(p??) = 0. If the zeros of visibility are dependent on the A-subspace,
the state is therefore discorded. In the following we will devise a experimentally vi-
able protocol which makes use of this necessary and sufficient condition in order to

detect when discord is present, and furthermore devise a experimentally accessible

measure which is quantitatively similar to discord.

5.5 Protocol to Witness Discord

Eq. (5.14) together with Eq. (5.11)) provides an explicit expression for the visibility
with respect to ¢4. From this we may identify where the visibility (Eq. |5.14) goes

to zero and therefore obtain the values of (3, ¢?) = (B, ¢5) which diagonalise p?14

in terms of the input states denoted by Egs. ,

5, N sin(20,) cos(P s, + )
2 = = < p ) 0
tan(20) >, puNA cos(205,) 7
_ Zu puNf Sin(2er) Sin(q)B”)

> o NAsin(20p,) cos(Pp, )

tan(¢p,) = (5.19)

To obtain zero visibility both the equations 8 = [y and ¢p = ¢p, must be met
i.e Eq. must both be satisfied simultaneously. If dependence on « (which
is hidden in N4 = N“(qa)) disappears than the original density matrix was not
B-discorded. Note that here we have taken to assuming ¢4, the Aharonov Bohm
flux in MZI is fixed, as we only need to vary one parameter on A, without loss of

generality we take ¢4 = 0 from now on. Our mission is therefore to check whether
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the equations ([5.19) are independent of o for an unknown state. We accomplish this

as follows,

1. We first ensure we satisfy either ¢ = ¢p,(a) or 5 = Fo(a) for some arbitrary

(but fixed) a.

2. Once one of {f,¢p} is fixed to {fy, 5, }, we plot the other as a function of a
now unconstrained «, from this plot it will be obvious whether {5y, ¢5,} is «
dependent, and therefore trivial to identify whether the state is B-discorded

or not.

We now proceed to illustrate how one could perform the above steps experimentally

with some representative examples.

5.6 Examples of the Protocol

As an initial example we will, for simplicity, pick real in-states (®4,, Pp, = 0 in Eq.

for all v) and utilise the notation |04,0p5,) = |A,) ® |B,) and
®4,,Dp,=0

then perform our protocol on the state,
pB = 1/2|++) (++] +1/21600) (69] (5.20)

for two different choices of 6 . Here the notation |+) = \%(\ﬁ +14)). |[+),|—) may
also be expressed in f-representation as |0 = 7w/4) , |0 = 37/4) respectively. The state
given by Eq. (5.20)) is not discorded for § = 7/4,37w/4 (as for this case (By|Bs) = 1
and (B;|By) = 0 respectively i.e they are equivalent or orthogonal) and discorded

for all other values of 6.

According to our scheme we must now extract the value of either 3, or ¢p, for

a fixed a. We do so by arbitrarily choosing the value of & = 7/3 and then plotting
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the visibility as a function of § and ¢p, this is shown in Fig. (5.3) using Eq. (5.19)
for § = 37 /4 and 6 = 0.

(a) (b)
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Figure 5.3: The visibility landscape for two in-states as a function of parameters (5
and ¢p controlling, respectively, the transparency of QPC¥ and the phase difference
in MZI®. Here we keep fixed the values of corresponding parameters in MZI4
(¢ = w/3 and ¢4 = 0). In this example we choose symmetric in-states with the
transparencies of QPC{' and QPCF simultaneously switching between the same
values in order to give density matrices of the form Eq. , defined by the
density matrices (a) p*% = |4++) (++|+3|——) (——], § = 37/4 in Eq.
and (b) p*% = 2 |M) (11| +5 [++) (++], ¢ = 0 in Eq. Since the states |+)
and |—) are orthogonal whereas |+) and [1) are not, these density matrices describe
a non-discorded state (a) and a discorded state (b).

The value of (S, ¢5,) are given by the coordinates where the visibility drops to zero,
we only need one of the components, we pick ¢, and observe this to be ¢p, = 0,7
for both choices of §. Actually this would be the correct choice for any state within
family of real states we have chosen as our examples (given by Eq. ) Since

with the condition {®p,} = 0, Egs. (5.19) reduce to the simpler conditions given
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> p, N2 sin(20p,)
>, v N cos(20p,)’

tan(26,) = + dp, =0, (5.21)

where 4+, — solutions correspond to when ¢p, = 0,7 respectively. With this be-
ing the case, if we limit ourselves to states which fall within the family of states
where {®p, } = 0, then step one of our scheme can be skipped and we can pro-
ceed with step two by choosing ¢p = 0,7. Similarly if we choose {®p,} = Pp
then ¢p, = ®p,Pp + m. The protocol of course still works if we do not take the
set of ®p, to be the same for all v and we give example of this in Section [5.7.2]

{®4, } prove to be almost entirely irrelevant as we are concerned only with B-discord.

As of yet we can, from Fig. (5.3), still make no statements about discord. We
therefore proceed with step 2 of the protocol; we fix ¢ = 0 (7 would have been an
equally appropriate choice for our chosen states) and plot the visibility as a function

of a, 8, cf. Fig. (5.4). This will allow us to extract the equation for J.

Figures (5.4a) and (5.4b) clearly display what we expect them to. In the case
of zero discord state, Fig (5.4a), there are straight horizontal lines of zero visibility
corresponding to Sy = constant (note there are also vertical lines which we shall
discuss in the Section whilst in the discorded case, Fig (5.4b), the lines of zero
visibility are clearly a-dependent. In the next section we attempt to quantify this

dependence.
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(b)

)

Vidyl
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Figure 5.4:  The visibility landscape for two in-states as a function of param-
eters  and o which control the transparencies of QPC# and QPCP respec-
tively. The Aharonov-Bohm flux through MZI? is left fixed at ¢p = ¢p, =
0. We see a striking difference between (a) B-non-discorded density matrix,
p*P = f|4+4) (++]| +i|——)(——], and (b) the B-discorded state, p*? =
S (11 +5 |[++) (++]. The zero visibility (dark) lines are independent of the
state of subsystem A in (a) and show a strong characteristic dependence in (b). The
pattern is periodic in 8, with period /2, and in «, with period 7.

5.6.1 Quantifying Discord

The most obvious measure for quantifying the ‘waviness’ of the zero visibility lines
we can see in Fig. (5.4b) is to pick one of the these curves and take the standard
deviation from the mean, which will clearly be zero for a straight line and non-zero
otherwise. However the 7/2 periodicity of  causes issues here, as a demonstration

of why this is the case, consider the visibility graphs given in Fig. (5.5).

The states for which we plot the visibility of in Fig. (5.5) have similar discord, cf.
Fig. (5.6)), yet appear completely different. One can see that if we were to take the
standard deviation of one of the curves this measure would be much larger for Fig.

(5.5b) then for Fig. (5.5a), we have not taken into account that Fig. (5.5b) is close
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Figure 5.5: The visibility plots for pA2 = 1/2|11) [11) + 1/2]06) (80| (with ¢5 = 0)
where in (a) § = 7/10 and in (b) # = 57/12. These two density matrices have
similar discord, as can be seen from Fig. yet their visibility landscapes look
completely different.

to turning into the grid-like graph similar to Fig. (5.4b). Thus we wish to construct
a measure which takes into account this periodicity. Since the period is given by

7/2, we try the measure f3(a) = cos?(20),

~1/2
S o 6in(26,) cos(®, + dro) )
2 =+
cos(2f) 1+ ( ZZZngA) cos(20,) )
= (f(a)" (522)

The function fz(a) = cos®(26y(r)) therefore contains all solutions for 3y which differ
by 7/2, fs(a) is again only o dependent if the state is discorded. We may therefore
now consider the deviation of this quantity,

) 2m d . N 2w d
8= [ 5 )= 1% o [ G he: 6)

o
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Such a measure is by no means unique, but it appears to work well when we contrast

it to discord for the state, pZ = 1/2 1) (11| + 1/2]00) (60| in Fig. (5.6).

0.1

0.05

Dg

0 T z £ 7r
0

Figure 5.6: The standard definition of discord, Dp, (blue) vs the alternative measure,
A%, (red) for the in-state with the density matrix p*? = £ [|11) (11] 4 |06) (66| ].

We may also check the measure for less symmetric states of the form,

o™ = 1/2[[11) (1] + 1846) (0.0] ] (5.24)

where now we chose, in general, that 04 # 6. We compare this state for different 6,4

(=7/2,7/4,7/8) below in Fig. (5.7).

From Fig. (5.7) we see that, for discord, the peaks of the curves shift and the
amplitude is diminished as 64 — 0. The peaks of A% also decrease as 64 is re-
duced, though the position of the f-dependent peaks of each function match Dp less
well as 04 decreases. This measure always matches the zeros of discord providing

{®p, }= ®p however, and thus never produces a false witness in this case.



110 CHAPTER 5. OBSERVING DISCORD
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Figure 5.7: Discord (a) and our measure A% (b) for state Eq. (5.24) with, 4 = 7 /2
(blue), 64 = 7/4 (red), 04 = 7/8 (orange).

For {®]'} # ®p the measure A% > 0 can fail as a necessary condition for discord
for some select choices. Therefore if we do not fix {®} to a non-zero A} becomes
only a sufficient condition for discord. This is a result of some select choices of
discorded pf having a 8y which is not o dependent, but a diagonalising phase, ¢p,,
which is a dependent. In such a situation we need to consider a similar function to

f(«) but based on ¢, as opposed to ;. We consider,

" sin(20p,) sin(®p, )\ 2] "
= cos”(¢p,) = 4 1 Sin(26, . 2
fola) = cos(9,) { i (; sin(20p,) cos(Pp,) (5.25)
We may then consider the standard deviation of this quantity Ai (defined similarly
to Eq. (5.23)) which, when it is > 0, also individually provides a sufficient condi-

tion for discord. Together with A%, however, a necessary condition for discord is

guaranteed by:
AL+A%>0 (5.26)

We give an example where A% on it own fails as a witness later in Section m

We hasten to add that whilst Ag may fail as a necessary condition for discord, the
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protocol itself never fails, it is only this quantifier that may. In the next section, we
clarify some interesting aspects of the visibility plots shown so far and give additional

examples of the protocol enacted on more complicated states.

5.7 Additional Examples

5.7.1 Zero Discord: Grid or Barcode

We demonstrated that a lack of dependence on « of the lines of zero visibility (i.e
the lines are straight as a function of /) means zero discord, but often in cases of
zero discord we also see the emergence of vertical straight lines (zero’s of visibility
which are f independent). We find that the two scenarios of just horizontal lines
(barcode), Fig (5.8b), or a grid-like scenario, Fig (5.8h) whilst both referring to
zero discord states refer to two different routes of getting there. Horizontal lines
mean the two subsystems are entirely uncorrelated, whilst grid-like (horizontal and

vertical lines) means the two subsystems are correlated but only classically.

Grid-like

A gridded graph such as Fig. (5.8a) are produced when the state is classically cor-
related, that is when no information about the correlations between subsystems A

and B is lost when one makes the correct measurement on subsystem-B.

A classically correlated (with respect to subsystem-B) state, means that the state
described by p? is orthogonal to the one described pZ. States of this form may al-
ways be reduced to a mixed state of the form 212,:1 pupr®@pB, where p2 are pure but
p2 are, in general, mixed and not equal (pf! # p3). If pi* = p2' the two subsystems

are completed uncorrelated and we obtain the barcode images like Fig. (5.8pb).
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2
g

Figure 5.8: The visibility plots for (a) p? = 1 |—=) (=—| + 2 |[++) (++] and (b)
p*B = 1100) (00 + £ ]0+) (0+|, with ¢ = 0. (a) displays the ’grid-like’ visibility
characteristic of a density matrix which is correlated between A and B subsystems,
but undiscorded i.e the correlations are classical only. The barcode graph of (b)
is a result of a density matrix which is completely uncorrelated between A and B
subsystems.

In the case where the initial B states are orthogonal, and it is clear from the defini-

tion of y, (8, ¢) in Eq. (5.11)) that y2(8, ¢g) = —y1(5, ¢p). Visibility is proportional
to |Y] (see Eq. (5.14)), and in this case, it is therefore zero when,

Y] = |y1(5,¢3)(p1N1A(04) —pQNQA(a)| =0, (5.27)

One therefore has two possible routes to obtain zero visibility,

1 (B, ¢8) =0, p1N1A(04) :p2N2A(CY)- (5.28)

The first of these solutions is dependent only on the parameters of subsystem-B
which give the horizontal lines of Fig (5.8a). The second solution is dependent
only on parameters of subsystem-A which gives the vertical ones, producing the

distinctive grid-like visibility plot.
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Barcode-like

Lines like those shown in Fig. (5.8b) again fall into the zero B-discord category, but
without the vertical lines that are necessary for classically correlated states. The
‘barcode’ style visibility graphs describe uncorrelated A and B subsystems.

For the states to be uncorrelated either p = p or p;' = py for all v, ji, or equiva-

lently we can write the density matrix as,

ptP =pt @ p” (5.29)

where p? and p? are in general mixed states, p? = > pipt, pP =37 pBpB. States

of the form show above lead to a visibility given by,

, (32, 20y (B, 08)) (2, pu N )]
Vel = S pANA(a) ’

= D plu(8,¢8)].

Therefore zeros of visibility only emerge when | Y pPy, (83, ¢5)| = 0, which is only
dependent on parameters of subsystem-B and therefore gives the characteristic bar-
code zero-visibility curves. Note that the sum over p and ¢ in top and bottom cancel

completely since both p! and N must be real and positive.

5.7.2 States with different off-diagonal phase

Up until this point we only considered examples of our protocol for when density
matrices pZ have the same off-diagonal phase, but our protocol also works for states
where the phase is different. Below we will give an example of what we would
expect using our protocol for a state with off-diagonal phase on B, we will continue

to assume there is no off-diagonal phase on A for the sake of simplicity. We consider
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Figure 5.9: The visibility plots for the density matrix given by Eq. (5.30) with
®; = 0 and ®; = 7/2, (a) Shows visibility as function of g, ¢p with a = 7/3,

(b) gives visibility plot as function of 5, @ now fixing ¢p = arctan (%3) (see Eq.
(.31).
the state,
ap 1 1
=3 |45+, 1) (+5+, @] + 5 |=; =, ©2) (=5 —, Do, (5.30)

where 04,;05,,Pp5,) = |04,) ® |05, P5,) = |A,) |CI>AV:0 ® |B,) and the states |A,)
and |B,) are given by Eq. and respectively. The above state has zero
discord providing that ®; = ®, 4+ nw where n is an integer. We will arbitrarily pick
®; = 0 and ®5 = 7/2 so that the resulting state is discorded and then proceed to
check this using our protocol. First we plot the visibility graph with fixed o (we
choose a = /3) as function of 8 and ¢p, this is shown in Fig. (5.9p). These graphs
appear similar to the ones shown earlier, but the values of ¢p where visibility drops

to zero are now slightly shifted from zero and 7. Their positions are given by,

2-V3

2 _3\/5) + . (5.31)

¢p, = arctan ( ), arctan (
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Fixing ¢p to the first of these values we then plot the visibility as a function of g
and «, this is given in (5.9b).

The difference between the state shown here and those given earlier is now ap-
parent. It is even more stark here that the parameters fy, ¢po depend on «. This
is due to the fact the value of ¢pq is now also a dependent (in previous examples
where {®,} = ® it was only [y which depended on «). This means that as « is
changed we no longer have the correct value of ¢ which diagonalises the state, and
since to diagonalise the state both § = [y and ¢p = ¢pg must be true there are
large regions of Fig. (5.9b) where the state can not be diagonalised and therefore

visibility can not go to zero, a very clear demonstration that the state is discorded.

(a) (b)
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Figure 5.10: (a) Visibility plot for the density matrix given by Eq. (5.30[with ®; =0
and &y = /2, plots are given as a function of ¢ and «a with g = gy = w/4. (b)
den;lo(rll)strat;s discord and Ai for the state described by Eq. (5.30]for a range of ®,
wit 1 = VU.

This is an example of where if we take A% alone we would not be able to tell the
state were discorded (despite how obvious it is from Fig. (5.31)), i.e our protocol
succeeds as a necessary witness but since A% = 0, it fails as a quantifier). Ai,

however, may be extracted from a «, ¢ visibility plot (Fig. |5.10h) taking /5 to be
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fixed at the diagonalising choice of fy = m/4 (where §y may be extracted from Fig.
1= )). Plotting Aé we see it once again behaves similarly to discord as seen in Fig.
(5.10p).

5.7.3 Example with three states

We have previously limited ourselves to examples with n = 2 in a separable density

matrix described by Eq. (4.15)), we briefly consider an example with n = 3,

P = 1/3[1) (1] + 1/3144) (LU + 1/3166) (98] . (5.32)

Since the state is real we know that the correct choice of the diagonalising rotation
is ¢, = 0. Fixing ¢p to this value we can then plot the visibility as a function a
and §. Fig ) gives a snapshot of one of these visibility graphs for § = 7 /4.
We see the characteristic waviness which correctly tells us the state is discorded, A%
for this value of # can be extracted from this graph. We plot A% for different # and
contrast it to B-discord in Fig. ) We see that once again the most important

features of discord are mirrored in A%.

This concludes the examples of our protocol that we shall give. While it is en-
tirely provable that our protocol demonstrates whether a state is discorded or not
via the curviness (or in some cases discontinuity, see Fig. (5.9p)) of the zero visi-
bility lines, we hope the additional examples have served to show that producing a

measure which quantifies this curviness is well representative of the discord.

In the next (and final) section of this thesis we go on to show that the protocol
is still valid under more realistic experimental conditions such as finite temperature

and many (albeit non-interacting) bodies.
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Figure 5.11: (a) Shows a visibility plot of density matrix given by Eq. (5.32)) with
0 = m/4, the tell-tale signs of discord are present in the curviness of the zero-
visibility lines. (b) plots the discord of Eq. (5.32]) for different 6 and contrasts it to

the measure of curviness which can be extracted from graphs like that shown in (a).
5.8 Finite Temperature and Many Body Discord

In our previous discussion of discord we considered a single particle description. This
is a valid description of an electronic MZI with a very dilute stream of electrons
with spread of energies which is small compared to the intrinsic energy scales of
the Mach-Zehnder (see Section [I.2)), i.e both the voltage biases on the sources and
the temperature of the system are small. We might expect that as these restriction
are relaxed our assumptions and therefore our description will start to fail. To
investigate this we first focus on a situation where a single particle is injected into
the system from a thermal bath and then see it is trivial to upgrade this to a finite
temperature, many-body (non-interacting) case. We do not include dephasing to

the environment here.

5.8.1 Single Particle, Finite Temperature Discord

The single electron entering at S and S¥ is replaced by a voltage bias of eV and

eVp. This means that the initial state (before QPCE)4 ’B), and as of yet uncorrelated,
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state of pyB = pil @ pl = |S1) (S| @|SE) (SE| where 15®)y were pure are replaced
by a statistical distribution of the states within the energy interval er to ep + eVg
(C = A,B). We use the notation OLTC’H€ to describe creating an electron before
QPCS§. We may then represent the density matrix which describes the electron
being emitted from a thermal bath on top of the vacuum contribution as p§ =
1/(eVeLe) Yoy [f(hvpk — eVy) — f(hopk)] aTc,T,kaC,T,ka where the normalisation before
the sum ensures there is only one particle. The vectors aTka |0) form an orthogonal
basis in k-space and this (purely classical) statistical mixture of states does not
impact whether the state is discorded or not. f,(x) = f(z — p;) is the finite
temperature Fermi-Dirac distribution with a chemical potential p;. The A and B
subsystems are then correlated by the initial pair QPCS‘ % which are controlled by a
classical computer (C.C.), the C.C. changes the scattering matrix which parametrises

QPCE;‘(B) to S{fj (B) simultaneously with probability p,.

T'Cov tC v
PP = S p (St S @ (SEARSEY),  sg =] .
) _t*C’ou TCov

= Snt el (53)

This is therefore a separable state of the exact form described by Eq. , but
where each individual density matrix, p?*? is described by a mixed thermal state.
Similar to in the last section, we can relate the creation/annihilation operators in
each section of the MZI’s to those in the previous ones by the scattering matrices.
The annihilation operators in the final section (after QPC?) of MZI¢ can be related

to the incoming states before QPCE as follows,

Btk
dk = SﬁSkBSfVaB,k, apr = s (534)

aB|.k
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and similarly for MZI# we may describe the states after QPC3!,

A Atk
A QA )
Car = S;Sy,aAk, asy = : (5.35)

Al k

An important point arises here, as described in section whilst we assume the
scattering matrices are k-independent the phase acquired as result of difference be-
tween arm-lengths is not. Which means those matrices which include these phase
gains, i.e 5% SB, S4 acquire a k-dependence. Whilst we could previously shift away
any gain in phase due to arm-length differences, now they must be explicitly incor-
porated, ¢par = ¢4+ kAla, ¢ppr = ¢+ kAlg and ¢gr = ¢q+ kAly. Where Aly 4
describes the differences in arms lengths of up and down arms for MZI42<. The
number operators are then upgraded so they don’t care what value of k the electron

has emerged with,

NA = el weat, N =S dly di (5.36)
k k

For the most part the solution will be the same as in the zero temperature case,
performing the sum over k for the difference between the Fermi-Dirac distributions
results in a factor of eV which is then killed by the normalisation. The only dif-
ference arises from the k-dependent phase accumulation factors as these are what
describe the intrinsic energy scale of the MZIs. If the difference in path lengths in
each sector of the Mach-Zehnders is zero, the intrinsic energy scales goes to infinity,
and the answer is exactly equivalent to zero temperature, pure input state examples
we have previously discussed. Experimentally, equivalent path-difference in each
arm are obviously difficult to achieve; particularly since the easiest way to alter the
Aharonov-Bohm phase is to alter the area enclosed within the paths which will likely

affect the arm lengths. We will see that the process remains largely unaffected by
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the results of the unequal path-lengths, apart from a coefficient which will reduce
the resolution of the visibility from a thermal smearing of the interference pattern,
this smearing can however cause our protocol to fail as a necessary condition for

discord in some limits.

We pluck out the correct elements of the scattering matrix to produce the cross-

correlation function,

<NANB> _ TT{NANBpAB}

1

AT %: [feva (hvopk) — fo(hvpk)] [ fev, (hvrg) — fo(hvrq)]

> (|rd|2xy< )+ Ital? (1 = 2, (k) + [tard] Re{mmewd}),

= Zpu (Va,T (’Td’ 2,(Vp, T) + [tal*(1 — 2, (V, T))

—|—2|td7“d| Re{y, (Vi, T)e'?}. (5.37)

In going from the second line to the third we replaced the summations over k,q
with energy integrals e.g 1/L )", — [ dFE and then performed the integration using
the identities given in Appendix . The le‘ and T,y variables in Eq. repre-
sent elements of the full scattering matrix describing the different path the electron
can take from the Si* to D{! and the paths from SP and to the entrance of MZI?

respectively. They are given as,

NMq) = [ragrae@atodi o iy,
Zy(k) = |rpprpe’ PP Lt gl
yjy(k‘) _ tBOVTBOV(|tB|2€_i¢B+ik(Ald_NB) _ |TB|2€i¢B+ik‘(Ald+AlB)> (5.38)

+(|tsow|® = |rpew|*)rstpe™>.
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Upon integration the k/g-independent terms gain a factor of eV, /eVp which is then
killed by the normalisation. Those with a k/g-dependent oscillatory term keep a
voltage and temperature dependence after the variables are integrated. Subsequent

to performing the integration the variables are given by,

2, (Vo, ) = |raowl’lrs* + |tsow|*[ts]”
AlgeV
+2’rBout*BOVTBtB‘K(AlB7 VB, T) COS (¢B + B B),
QhUF
NV, T) = [ragl?lral® + 1tag*|tal®
AlyeV,
+2’TAOytT40VTAtA‘K<AlA,VA,T) COS(¢A+ 22@ A>’
F

iAlgeV

yu(%7T) = e |:(‘tBoV‘2_ |TBOV|2)TBtBK(Ald7VB>T)

AlpeVp )

—tBourBou< — 5P K((Aly — Alg), Vig, T)e P+ i

. AlpgeV,
HraPK (Aly + Alg), Vig, T)e @5+ e )} (5.39)

with,

2mkgT sin (evm)

2hvp

eV sinh (—”kBTAl> .

hvp

K(ALV,T) =

(5.40)

which describes the suppression of interference as a result of the broadening of the

energy and non-pure initial state. We can then extract the visibility as a function

of ¢4 using Eq. (5.6) as follows,

| >, oo Nty (Ve 7)) .
V[d)d] = Zl,pny ) 1f|td|2 = |rd|2 = 1/2 (541>

As was the case in Section 5.4} to make V[¢4] independent of {N/'} we require that
2,(Vg,T) = £x,(Vp,T) for all v, (or that N;' = N'). We now see there are

additional voltage and temperature dependent features in Eqs. (5.39)) which were
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not present in Egs. (5.11)). In the following we consider in what limits these features

can cause our protocol to fail as a necessary and sufficient condition for discord.

5.8.2 Conditions for False Witnesses

We first consider the case in which Alg = 0, but the length differences in MZI“ and
MZI¢ are non-zero. In which case the trivial solution for zero visibility, given by
Na; = Naj for all ¢, 7, can be satisfied for non-identical pf if K(Ala,Va,T)=0.
Similarly V[¢4] (and even more worryingly) goes to zero for any {pZ} if K(Alg, Vg, T) =
0, this is a result of the fact that in this case the interference pattern at QPCY is
smeared so much that the dependence on ¢, becomes hidden. Our protocol therefore
fails to be a necessary condition for discord in the case where K(Als,Va,T) =0
and the protocol fails entirely if K(Aly, Vg, T) = 0. To find when this is the case,
we start from the pure initial state, zero temperature limiting case and proceed to
loosen the limits on the temperature 7" and the voltages V4, Vp to see when false wit-
nesses for zero discord in our protocol can occur. The pure state, zero temperature

limit is given by the conditions,
Ejy> wkpT,eVy and Ey> wkpT,eVp (5.42)

where Ey = hvp/Aly and Ey = hvp/Aly and describe the intrinsic energy scales of
MZI# and MZI? respectively. In the limits given by Eq. both K (Ala, Va,T),
K(Alg, Vg, T) — 1 and therefore the protocol can’t produce a false witness for
zero discord in this limiting case, in agreement with our previous single particle

discussions. Firstly we will loosen the thermal constraints (but keep the constraints
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on V4 and Vp),

. 7T]€BT

lim  K(Aly,Va, T) — , 5.43
eVa<E4 (Ala, Va, T) FE 4 sinh (”%iT) ( )

. 7Tk’BT

lim  K(Aly, Vg, T) — . 5.44
eVBlg<1Ed ( @B ) Ed sinh (W%—iT) ( )

We therefore see that our protocol fails as a necessary condition in the case kT >

E4, and fails totally for the case kg1 > FEj.

In the converse scenario, where the restrictions on the voltages V4, Vz in Eq. (5.42))

are loosened but temperature constraints remain in place we obtain,

lim K(Aly, Vi T) — 2Easin(554) (5.45)
T<1<HElA Ay, VA, eVa ) :
lim K(Aly, Ve, T) — 2asin(5) (5.46)
Ti<HE1d @ Eh eVp . ‘

In which case we see our protocol fails as a necessary condition in the case eV, > E4
or eV, = 2nmEy, and fails totally for the case eVg > E,; or eVg = 2nwE,, where
n > 1 and integer. Neglected here is also the effect of the decoherence to the en-
vironment, if Vg or V, is large this is expected to play a large role as it is very
energetically favourable for the electron to relax into lower energy states via inter-
action with the environment. This will therefore likely provide tighter restrictions

on the voltages.

Finally, relaxing both the temperature and voltage constraints simultaneously and

taking the full broadening function Eq. (5.40|) gives us one further possibility for
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K — 0 (and therefore our protocol to fail) this is given by,

GVA > 27TkBT, 7T]<IBT ~ EA, (547)

GVB > QW]CBT, 7T]€BT ~ Ed. (548)

We again see that our witness is no longer a necessary condition if Eq. is
met and fails entirely in the case that Eq. is satisfied. We therefore note that
in current experimental set-ups in condensed matter MZI experiments, where the
conditions are such that (at worse) mkgT ~ Ejrzr > €V our protocol is still abso-
lutely valid. We do stress however that optimal conditions are Ey;z; > wkgT, eV as
this has the least broadening of the interference pattern and therefore the greatest

resolution of the V[¢,4] = 0 lines.

The above failing of the protocol are all a result of the fact the broadening func-
tion hides the interference oscillations at the detectors DP4. When we take the
length difference Al to be non-zero it affects the rotation we need to make at
QPC?P to diagonalise the initial state so the situation becomes a little more com-
plicated, nonetheless we may include the case where all three length Al, Al; and
Alp are taken to be non-zero. Adding a non-zero Alg can only affect the pro-
tocol if both K(Aly — Alg), K(Al; + Alg) — 0, in this case the protocol once
again ceases to become a necessary condition for discord. Using similar logic to
the previous cases we may deduce two further conditions where our protocol fails,

hvp hvp hwr hvp
ThpT > xR T8, Ay OF €VB > [m, 1Al A, ALl

In conclusion, we find our protocol is perfectly valid within the current experimen-
tal condition for Mach-Zehnders of temperature and voltage (albeit with reduced

experimental resolution when these parameters are non-zero). We have however
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also ignored dephasing of the electron to environment which would provide further
(though not necessarily tighter) restrictions on the total length of the Mach-Zehnders
as well as the temperature and voltages, however providing the electron remains co-
herent at the sort of length scales we are discussing (and we see from experiment
that they do [41], 13| TT]) we don’t anticipate this to effect the results at experimental

length scales. We proceed to consider the non-interacting many body effects.

5.8.3 Many-Body

Since our joint operator is a combination of single operators acting on the separate
systems, the finite-temperature single particle case contains most of the necessary
physics for a many-body, non-interacting description. Instead of the number projec-
tor N4 and NB given in Eq. we consider the current operators at the drains.
As discussed in section [[.2] the current operator for a linear dispersion is given by
Iom(z,t) = evp - ch,m(l’, t)Vom(z,t) :, where C = A, B (describing current in sub-
systems A and B) and m =7, | (describes whether measurement is taken in 1 or |
arm of the Mach Zehnder). We are interested only in current measurements after
QPC? (located at z = Tqpcd) and QPC{' at which points the systems v-operators

are given in the Heisenberg representation as,

1 )
1/)147m<x, t) = _L § CZk(x_th)CA,m,k7 fOI" T > wQPC‘{" (549)
k

1 .
Vpm(T,1) = Vi g Sl N for z > rqpea. (5.50)
i

Where the operators ¢4 and dj are given by Eq. (5.35) and ([5.34) respectively.

Note, similarly to in Eq. (1.16) we could construct the ¢-operators in all regions of
the MZIs using the scattering matrices for each QPC, but it is unnecessary for our

purposes so we choose not to. Using this formalism, the joint-current correlation
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expectation value at a measurement time ¢ = 0 in upper arm of each MZI is given

as,

(Tat(a,0)Ip1(p5,0)) = (evp)? (: ¢y peamn ) ( dlydrn o) s (5.51)

where x 4, xp are the position of the detectors on subspace A and B respectively. We
have used here that the electron operators on A and B subsystems are uncorrelated
and therefore can be separated into separate expectation values. We may then relate
the ca 4, and dy ;, operators to the corresponding subspace operators at the sources
(see Eq. and ) and relate the expectation values of these operators to
the voltage bias by employing <af4(3)’m’kaA(B),m,k) = f(vrk — pacBy,m). Where, since
S{* and SP are grounded, (), = 0 and as we bias S and S with voltages V4 and

Vi respectively, pap)+ = eVap). Undergoing this process we see we are returned

close to the same expression given as Eq. (9.37)), we define (NANB> = (NANB)

single

in this expression. We obtain the joint-current expectation value as,

A A e?V, e?V, P
(asteatinatont) = (G2) (S2) A8 652

Since the many-particle case is equivalent up to a factor, the investigation in the
previous section is still valid (although note that we are now returned the correct
zero particle limit when V4 p = 0). We therefore conclude that even in the presence
of many (non-interacting) particles at finite temperature in conditions in which cur-

rent experiments are conducted, our protocol is able to identify discorded states.



Conclusion

In this thesis we have investigated the physics of edge states in the quantum Hall
regime. We demonstrated that the nature of graphene’s two-valley, gapless spectrum
means that the PN junction in the quantum Hall regime prove to be an interesting
and useful device. Experiments in this system have generated conflicting results;
we provide evidence that it is the strength of disorder mediated tunnelling between
chiral modes that is the likely cause of these differences. Typically in quantum me-
chanics quantisation is associated with purity, but, perhaps counter-intuitively, one
of our key results describes how a high degree of disorder leads to the quantised
conductance observed in a number of experiments [20], 28, 90]. In more ordered
samples the high electron mobilities and similarity of the paths which excitations
on the different sides of a PN interface are forced to take, mean coherences of an
electron in a superposition of both sides of junction interface are robust [I1]. The
system therefore lends itself as the basis of a high-quality electronic Mach-Zehnder.
We considered whether such a device in graphene may experience additional inter-
actions as a result of how close chiral modes are to each other. We explore and
catalogue interactions which are likely to be relevant along the PN interface. Then,
expanding on the work of others [30, 31|, we build a MZI model which incorporates
these additional cross-channel terms. We calculate the Green’s function of the diag-
onal excitations of this Hamiltonian, and make use of this propagator to calculate

the oscillatory behaviour of the MZI current with the cross-channel interactions in-
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cluded. We find that (within the limits we consider) there is little differences to the

current found in the case of the intra-channel interactions only model.

We proceed to introduce the recently popularised concept of quantum discord [15]
16]. Discord characterises quantum correlations which go beyond entanglement. Its
robustness to decoherence, as compared to entanglement [19], means that it is an
attractive resource in quantum information and has had an array of suggested uses
[18, 116l T15]. In spite of the interest in the topic, actual witnesses of discord have
proved quite elusive. The difficulty in measuring discord stems from the fact it is
an entropic measure, which means it is a complex non-linear function of the den-
sity matrix, and therefore difficult (if not impossible) to measure directly without
full density matrix tomography. We propose a simple method of generating and
detecting discord within a solid-state system by using an electronic MZI as the ba-
sis. This protocol enables us to construct an experimentally accessible measure for
discord. The graphical form of our measure is similar to that of discord in its origi-
nal definition, but forgoes the need for direct evaluation of the information entropy.
Furthermore we consider more physical experimental conditions such as finite tem-
perature and the effects of many (non-interacting) electrons. We demonstrate that

our protocol remains rather robust to these conditions.
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Appendix A

Fermi-Dirac Integrals

In this appendix we give the results to all the integrals involving Fermi-Dirac func-
tions performed in this thesis. First the integral of a Fermi function combined with

a phase,

> 1xrxe > eim6
/_OO de fu(e)e™ = /_OO de pIC=mEE

with 8 = kgT. We can compute this using a contour integral approach, the poles
of the argument of the integral are given by, ¢(¢) = e’"®) 41 = 0, which then give

us f(e, — p) = im(2n + 1), via the residue theorem we then obtain,

—z(nkpT (2n+1)+iu)
/ de f,(€)e™ = 2mi g ,
—00

oo
_ . —nmkpTx Jipx —2nkpTxn
= —2mikgTe e g e ,

n=0
—nwkgTx

- e
_ . ZILL.CE
= —2mikgTe T o—aekaTa’

ethT

= 2mikpl ———F————.
OB Sinh (rkpTx)
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Typically x in this equation is of the form producmg integrals such as,
% omikpTe Mo
AL mikgTe ™r
de f,(e)e r = — . A2
/oo Tule) sinh (WkBTAl/FwF) (4.2)

Consider next integrals which calculate the amount of states between distributions

with different chemical potentials, these return,

e 10 = 5] = (A.3)

—0o0

Integrals involving combinations of Fermi-Dirac functions typically emerge from
cross-correlation functions e.g. noise. An example of such a combination that we

utilise in this thesis is,

/ de fa(€)(1 — 4(e)). (A1)

If @ = 8 we may use 429 = —3f (¢)(1 — f,) in which case,
[ de ) = fule) = = [ a0 = haT (A5)
For oo # j3,
[ de - gaten = s (A6)

with Ay = po — pg, (A.6) correctly reproduces (A.5) when the limit Ay — 0 is

taken.



Appendix B

Calculation of Noise

In this appendix we consider in depth how one goes about calculating noise using
the scattering formulation used throughout this theis. We use the expression for the

reduced noise igven by,

T/2

Sap = lim dt (Io(Ta,t)I5(xp,0)) — (In(xa,t)) (Is(xs,0)), (B.1)

T—00 _7_/2

where current operators can then be expressed as,
Io(z,t) = evp : ! (2, ) (2, 1) . (B.2)

Evaluating the reduced current noise at D1, given by Si;.

Sus = (eve)? | dt[« U 20, D0, 1) 2 60, O (0, 0)
(0 )alo,£) 2 {0 (0, 0)h5(0,0) >}
= e [ dt[wumo,t)wa(xo,o» <wﬂ<w0,t>wg<xo,o»]. (B.3)
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In going from the first line to the second we use Wick’s theorem to expand the
two-body correlator, the first term in the expansion is then killed by the (/) (Is)
term. We then describe the field operators in terms of electron operators with a free

fermion time dependence,

1 s
¢a($0, t) == ﬁ Z ezk(:co Ft)Ck (B4)
k

In the scattering theories used throughout this thesis the implicit assumption is that
although we don’t immediately know the distribution function of the ¢; operators,
we are able to deduce how these operators relate back to electrons states which are
in thermal equilibrium and are therefore described by known distribution functions.
The process of solving the Hamiltonian for its eigenstates is then finding the matrices
which relate these operators together. Two examples of these mappings are given
by Eq. and Eq. . We can define a general tranfer matrix, A, which
describes a; propagation towards cg, ¢, = Aa, In the case of Eq. , with
xo > ly 2, the transfer matrix is given by A = (S BS A) where the scattering matrices
Sa,p are defined by Eq. . In the case of Eq. for zy > L the transfer
matrix is given by A = S, where S is defined by Eq. . We may therefore

rewrite Eq. (B.3) in terms of the elements of A

Sur = (eor)® [[dt 15 30 30 AL A Al (a5 ()

k1,ka 1,7,
kaka Lm
/2
= o [ Y AP ol ) (s
ki,ks 4,j
1 2sin((k3 — k1)vpT/2) ih
e G T iy 2 Ml Ml
k1,ks

(al @i (a0l ) -
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In going from the first to the second line we used that a-operators are uncorre-
lated for different arm indices and different momenta, we proceeded to perform the
time integral to obtain the third line. In the limit that 7 > L/vp the 7-dependent
part tends to 0y, k,, which we may use to perform one of the momentum summa-
tions. Additionally we finally make use of our assumption that a-operators originate
from thermal reservoirs meaning that we may represent their expectation value as

<a1,kai,k> = f.,(vpk) to obtain,

1
Sap = vrg D> il As* fu (k) [1 = £y, (vrk)]
k

1,J

e2
- <Y / dE | Ao} Asi 2 f (E)[1 = £, (E)].

This formula is a general formula of noise for any number of (equal number) inputs
and outputs with different voltage biases. We generally restrict ourselves to 2 inputs
and 2 ouputs where only one input is biased (1 = eV, pus = 0) in this case,

expanding the sum out gives.

Sap = %/dE <|A1a|2|A61|2feV(E) [1 = fev(B)] + | Aol Age|* fov (B) [1 — fo(E)]

oo Pt P Fo(B) L = v (E)] + Maal2lAsal2fo(E) [1 — fo<E>}).

The integrals can then be performed with the help of the identities in Appendix [A]

to obtain,
02 ) ) ) ) 9 , €V
Sos = T | Aval*[Ap1|” + [Aza|* [ A2 |* | kBT + [ A1al*|Aga| 1_ o=V
eV
+|A2a|2|v451|2m>' (B.5)

The above formula can be used to calculate the cross-correlation of noise between

any two outputs where the system determines how we define A. With the correct
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parameters put in, this formula gives Eq. (3.24]) describing the noise along a PN
junction with a hybridisation region and Eq. (3.29)) which describes the noise in an

electronic Mach-Zehnder interferometer.



Appendix C

Bosonic Correlation Functions

Determination of S,,(z,t) as defined Eq. comes down to evaluation of a
combination of bosonic expectation values of the form (¢,,(x, t)d,, (2, ")), these may
be evaluated by writing the field operators ¢,, explicitly in terms of bosonic creation
and annhilation operators using Eq. using standard bosonic commutation

relations this then gives,

<¢m($, t)qu(l’,, t/)> _ Z i [eiQ(x—z’—um(t—t’)) + 2cos [q(x 2 — Um(t . t/)] <bg,mbq,m>

n
q>0 q

As the statistics is bosonic the expectation value is given by the standard Bose-
Einstein distribution, (b} ,,bg.m) = (e?"m7—1)"1. Eq. (3.48) can then be determined

using this expression to be,

hupg

Sz, t) = —lne—zi(co‘ch(

) [1 + cos(qx — umqt)] — isin(gx — umqt)),
q>0 nq

(C.1)
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We proceed to take the zero temperature limit,

1 .
- e —eq[{ _ —ig(w—umt)
%13% Sm(z,t) Ine E e l—e ], (C.2)

n
q>0 q

and then directly evaluate this sum by changing variables to n, = Lq¢/27 and making

use of the identity — > 20, &~ = In(1 — ).

n=1"n

— Z ie—eq [1 _ e—iq(r—umt)] - _ Z i(e—z%e)nq + Z ni(62]17(_z'(x_umt)_g))nq7

n n
>0 1 ng=1 49 q

= ln(l - e*%e) — 1n<1 — e%”H(wfumt)fe))’

lim = In (%ﬂ) - 1n<2%[e +i(x — umt)]),

ng=1

L—oo

=1In(e) —In [e + i(z — unt)]. (C.3)
This finally gives us S,,(x,t) in the zero temperature, L — oo limit as,

Sm(x,t) = —In [i(z — upt) + €. (C4)
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