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Abstract

Axial algebras are nonassociative algebras controlled by fusion rules for idempotents.
We have three main results. Firstly, we give a classification of axial algebras with
fusion rules of Jordan type, with parameter «, in terms of 3-transposition groups.
When alpha is %, we also classify the related Jordan algebras. Secondly, we develop a
structure theory for Matsuo algebras, especially using large associative subalgebras,
and apply it to the special case of the Dynkin diagram of type A,,, which has relations
to vertex operator algebras. Thirdly, we generalize dihedral axial algebras of Ising
type, with parameters «, 3, coming from the Monster sporadic simple group. This
also helps determine the role that the parameters play in the larger theory, where

indeed the Griess algebra turns out to be a special point.
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Chapter 1. Introduction

This thesis is about a novel theory of nonassociative algebras.

Algebras combine the notions of linearity and multiplication. Their linearity
is controlled by the underlying ring or field; their multiplication is controlled by
relations. Cornerstone relations are commutativity (a«b = ba) and associativity
((ab)c = a(bc)), but for example in Lie algebras associativity is replaced by the Jacobi
identity, a more complicated relation on words. Algebras whose associativity is
replaced by a word relation were a central topic in mathematics in the 20th Century,
including the classical theory of Jordan algebras.

We replace the associativity by a fundamentally different control:

fusion rules describing the multiplication of eigenvectors of idempotents.
If structure constants describe the multiplication of elements, fusion rules describe
the multiplication of submodules.

Fusion rules are an instance of decomposing an algebra with respect to the
representation theory of a subalgebra. A familiar example comes from Lie theory:
the modules of sl; have highest weights in Z, so any sl,-subalgebra induces a Z-
grading on the entire algebra. We use idempotents, elements ¢ satisfying ce = e and
generating 1-dimensional subalgebras, to similarly gain structural information—
especially when the fusion rules induce automorphisms of the algebra.

We make three main investigations.



In Chapter 2, we describe algebras generated by idempotents satisfying the first
nontrivial Z/2-graded example, ®(«), of fusion rules. This gives an algebraic inter-
pretation to 3-transposition groups and their incidence geometries. We also classify
Jordan algebras related to 3-transposition groups. This chapter is partly based on
work undertaken jointly with S. Shpectorov and J. Hall, and with T. de Medts.

In Chapter 3, we show that special classes of idempotents, in ®(«)-axial algebras
coming from simply-laced root systems, have certain good properties analogous to
those in associative algebras. We find a connection between algebraic combinatorics
and vertex algebras and analyse two special cases in detalil.

Chapter 4 is concerned with a generalisation ®(«, 3) of ®(«), also generalising
the fusion rules coming from the Monster sporadic group. We investigate how
the choice of constants «, 5 affects the theory, especially the celebrated Sakuma’s
theorem, by generalising the so-called Norton-Sakuma algebras involving ®(1/4,1/32).

A more detailed background, summary of this thesis and discussion follow.
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1.2 Background

In the late 1960s, B. Fischer developed the theory [F71] of 3-transposition groups!
that greatly influenced finite group theory for the rest of the century. One of its
great successes was the conjectural existence of the Monster group, the largest of
the sporadic simple finite groups, which is a 6-transposition group.

The first realisation of the Monster was constructed by R. Griess in early 1981
[G82] as the automorphism group of a 196884-dimensional algebra. This Griess alge-
bra is commutative and nonassociative, but has a bilinear associating form and has
been described as ‘more than 99% associative’ [C85]. Coincidences among character
degrees of the Monster and certain coefficients arising in modular forms? led to a
conjectured connection to number theory, christened moonshine by J. H. Conway?.
I. Frenkel, J. Lepowsky and A. Meurman provided a partial explanation [FLM98]
by constructing an infinite-dimensional module V*® for the Monster with some
number-theoretic properties as an affinization of the Griess algebra. R. Borcherds’
subsequent introduction of vertex (operator) algebras [B86] realized V' as part of
a family of algebraic structures that includes representations of affine Kac-Moody
Lie algebras and gave a foundation to moonshine. The same structures were also
of interest to physicists under the name of WZW models. Investigations into the
connection between finite groups, number theory and string theory continue to be a
hot topic today;* see for example [DGO14] for a recent survey.

Vertex algebras are intimately related to the Virasoro algebra, whose remarkable

!Apparently he claimed that the only groups generated by involutions whose pairwise products
have order at most 3 are the symmetric groups, was corrected by R. Carter and in response classified
such groups.

2a key observation, due to J. McKay, is that 196884 = 196883 + 1

3relating to the bottle of Jack Daniels’ offered by A. Ogg, and the lunacy of the connection

4The most recent discovery is Mathieu moonshine, relating K3 surfaces to five sporadic groups
also contained in the Monster.



representation theory [W93] is parametrised by the central charge ¢ € R. The role of
identity in a vertex algebra is played by a Virasoro subalgebra, which (like sl, in a
Lie algebra) induces a Z-grading, called weight, on the vertex algebra. A particular
class of vertex algebras®, including V%, whose weight-2 subspaces are closed under
multiplication and possess an associating form (, ), attracted group theorists. We
restrict our discussion to these vertex algebras. M. Miyamoto made the profound
insight that every idempotent, not just the identity, in a weight-2 subspace affords

the action of a Virasoro algebra:

1.2.1 Theorem ( Miyamoto’s Theorem, [M96] Lemma 5.1, using [W93] ). If e is an
idempotent in the weight-2 subalgebra of a vertex algebra, it is Seress®. If the central

charge cc(e) = 3(e, e) is less than 1, then cc(e) = ¢, = 1 — 5irg; for some integer

(p+2)(p+3

p > 1, and moreover e has possible eigenvalues 1 and hg?’s,7 for

— 2 _
hrs = (e +82(Z+ 2(?(;3)38)) L 1s<r<s<prl (1.1)

In turn, the Virasoro algebra’s representation theory places significant restric-
tions on the modules (with respect to the adjoint action) of the idempotent in the
vertex algebra, in particular inducing an automorphism of order 2, see [W93] and
[M96] Theorem 4.2. Thus the local property of being an idempotent yields global in-
formation. In fact the automorphisms induced by idempotents of central charge % in
the Griess algebra, which is the weight-2 subalgebra of V%, form the (24)-conjugacy
class of involutions in the Monster [C85].

Miyamoto’s student S. Sakuma deepened the investigation [M03] into vertex

50Z-type vertex algebras: those having only nonnegative weight, and weight-0,1 subspaces which
are 1,0-dimensional respectively. Hence the acronym for One, Zero.

6 thatis, 0@ M = M for 0 the trivial module, M any module; or 0x¢ = {¢} for any ¢; c.f Section 2.1

7 We have slightly modified the definition usual in the literature. Normally e € A is taken to
satisfy ee = 2¢, and our R}, are half of the highest weights usually denoted A% . of L, where the
L; are the Fourier coefficients or modes of ¢ and generate the Virasoro algebra. For example, the
highest weights for L, of central charge 3 are 0, §, 7=, but the possible eigenvalues of ¢ with ee = ¢
and cc(e) = 3 are 1,0, 1, &. The fusion rules for 1 are the same as those for 0.

8



algebras generated by idempotents to prove a spectacular result [S07]: any two
central charge % idempotents must generate a vertex algebra of one of only 9
isomorphism types, all realised in V*. In the Griess algebra, subalgebras generated
by two such elements are controlled by the conjugacy class of the product of their two
involutions in the Monster—and these are exactly the conjugacy classes implicated
in J. McKay’s observation labelling the affine Eg-diagram in Figure 1.1. These
dihedral subalgebras had already gained S. Norton’s attention [C85] in the Griess

algebra; Sakuma showed they were a general feature of vertex algebras.

(3C) o

Figure 1.1: McKay’s affine E5 observation®

A further, radical, step was taken by A. A. Ivanov in axiomatising the properties of
weight-2 subalgebras of vertex algebras generated by central charge % idempotents,
which includes the Griess algebra, under the name Majorana [109]. The significance
of this was immediately clear after Sakuma’s theorem was reproven in the new
context [IPSS10], without the use of vertex algebra machinery, but again leading to
the same list of the 9 isomorphism types of the so-called Norton-Sakuma algebras.
Ivanov et al pursued a programme of finding further Majorana algebras as repre-
sentations of subgroups of the Monster, with results for many finite simple groups,
currently up to M;; [S12]. These suddenly put the Griess algebra into a tractable

family of nonassociative algebras.

81f T(mx) are 9 roots generating affine Eg, with the pairwise relationships indicated in the figure,
then }° v nr(ux) is in the radical of the Killing form.

9



The algorithms that were developed to compute such algebras, for example
[Ax13], eventually led® us to a new point of view: axial algebras, that is, algebras
generated by idempotents satisfying prescribed fusion rules. The first goal is to
understand the algebras with Ising fusion rules in Table 1.2. The specialisation
®(1/1,1/32) describes the multiplication of representations of the central charge 3
Virasoro algebra, which arises in the celebrated exact solution of the 2-dimensional
Ising lattice model of magnetic interaction in statistical mechanics [M92], and also

plays a crucial role in the Griess algebra.

0 {0y {a} {8}
o {1,0} {8}
o] {1,0,a}

Table 1.2: The Ising fusion rules ®(«, 3)

The theory of vertex algebras suggests many things to consider from the axial
point of view, and has been especially advanced by the work of C. Dong, Miyamoto
and their collaborators. We briefly mention some results which touch our work. The
paper [DLMN96] gives a remarkably simple description of certain lattice vertex

algebras'® in terms of the kind of nonassociative algebra we study in detail in

9y R. Parker’s maxim, "if a computer does something interesting with it, it must be interesting",
reversed: "if the computer doesn’t use it, it’s superfluous"

105 lattice vertex algebra V7, is defined for any even integral lattice L. The Kummer involution of L
that acts by sending x — —x for € L induces to an automorphism 6 of V7 ; if the shortest elements
of L have length 4, then the -fixed-point subspace V} is an OZ-type vertex algebra; this construction
goes back to [FLM98]. The most important examples of L are therefore v/2X,, where X, is the root
lattice of a simply-laced root system, and A the Leech lattice

10



Chapters 2, 3, namely

1.2.2 Theorem ( [DLMN96] Theorem 3.1 ). The Matsuo algebra M,/ (G*) on G*
with central charge % and eigenvalue i, modulo its radical, is realised as the weight-2
subalgebra of a vertex algebra when G is the Fischer space of a simply-laced root

system, that is, A,,,D,, n € N, or Eg, E;, Es.

The structure of the lattice vertex algebra of V24, is dissected in [LYO04al].
Framed vertex algebras, especially related to the Griess algebra, are treated in
[DGH98]. Analogues of the Norton-Sakuma vertex algebras, for Eg, E; replacing Ex,
are introduced in [HLY12]. There are many more significant results in this area,
part of a vast literature often between mathematics and physics. The texts [G03],
[DFMS97] (Chapters B.7, 8, 10 and C.13-18) and [FBZ01] may together form the
basis of an introduction.

The final piece of the picture is given by Jordan algebras. First proposed by
P. Jordan as a framework to capture the algebras of observables in quantum me-
chanics, the American school under N. Jacobson gave a thoroughly satisfactory
account of finite-dimensional Jordan algebras in the second half of the 20th Cen-
tury; the infinite case was famously dealt with by E. Zelmanov [McC04]. A Jordan
algebra is a commutative algebra which is not necessarily associative, but instead
satisfies a(a(ba)) = (aa)(ba). We are grateful to A. Elduque for pointing us to the
realisation that the fusion rules of any idempotent in a Jordan algebra are ®(1/2),
where ®(a) C ®(a, #) are the Jordan fusion rules of Table 2.2, contained in the Ising
fusion rules. Via capacity and the Peirce decomposition, idempotents lead directly
to a satisfactory and rich structure theory for Jordan algebras. The axial algebras
with fusion rules ®(1/2) are in general wilder, but for example Griess’s algebra for

the Monster contains a 300-dimensional Jordan subalgebra [G03].

11



1.3 In this text

Chapter 2 is foundational for the other two chapters, which are independent of
each other. It begins with an exposition, Section 2.1, of the well-known graphs
and algebras which will play a key réle in the sequel. In particular, this includes
linear 3-graphs and the subclass of Fischer spaces. Matsuo algebras are algebras on
linear 3-graphs. Fusion rules are a bookkeeping device controlling multiplication
of eigenvectors of idempotent elements called axes. An axial algebra is an algebra
generated by axes. We also discuss the particularly straightforward case of axes in
associative algebras, which are generalised by the Seress property of fusion rules.

Section 2.2 is taken up entirely with the proof that a linear 3-graph is a Fischer
space if and only if its points are ®(«)-axes, where ®(a) C ®(«, 5) are the Jordan
fusion rules. This problem, giving an algebraic characterisation of a geometric
condition, was suggested by C. Parker; an alternate proof is in [HRS14].

In Section 2.3, we classify algebras generated by two primitive ®(«)-axes, called

®(a)-dihedral algebras for short, in

Theorem ( 2.3.1). A ®(«)-dihedral algebra, over an everywhere faithful ring con-
taining 3, o, and (o —1)71, is (2B), a quotient of (3C,,), or, when o = 3, a quotient

of (3J,) for some k.

This follows the work, joint with Hall and Shpectorov, published in [HRS14]. Fur-
thermore we find all the idempotents in these ®(«)-dihedral algebras, which also
generalises some results from [CR13].

Section 2.4 begins the discussion of automorphisms for 7Z/2-graded fusion rules,
and ®(«) in particular. We also introduce the subclass of triangulating cases, a

condition which is always satisfied when o # %, and prove

12



Theorem ( 2.4.7 ). If A is generated by primitive triangulating ®(«)-axes, then Ais

a quotient of a Matsuo algebra.

Our treatment is a variation of that given in [HRS14].
The final Section 2.5 considers the case ®(1/2), which is related to Jordan algebras.

It is based on work undertaken with Tom de Medts. In particular, we prove

Theorem ( 2.5.5, 2.5.8, 2.5.9 ). The Matsuo algebra with eigenvalue o = % of an

1

irreducible 3-transposition group (G, D), over a field F containing 3, is a Jordan

algebra if and only if G = Sym(n) or, when also F > %, G=32:2

In Chapter 3, the invariants and structural results we develop for Matsuo algebras
come from algebraic-combinatorial data but have particular application to vertex
algebras. Section 3.1 introduces doubles and boundaries of graphs, very regular
embeddings and recalls standard topics including the Perron-Frobenius theorem.
Here Theorem 3.1.5 is the basis for a conjecture that suitable maximal embeddings
of 3-transposition groups have transitive action on their ‘boundary transpositions’,
by giving proofs in many cases.

In Section 3.2, we determine the restrictions on the eigenvalue « for the exis-
tence, positivity of eigenvalues and Seress property of identity elements for Matsuo
algebras. Section 3.3 introduces coset axes, which are idempotents coming from
inclusions of unital subalgebras. A key property is coincidence-freeness: to avoid, in
a suitable sense, coincidences between « and eigenvalues of the adjacency matrices

of the underlying graphs.

Theorem ( 3.3.6, 3.3.7 ). The coset axis of a very regular K C H in M,(G) is Seress
when K C H is coincidence-free for a. In particular, this is always the case when « is

transcendental over a field of characteristic 0.

13



Given a graph G, there are only finitely many eigenvalues to avoid, so we are ‘almost
always’ in the coincidence-free case.

Based on the simultaneous decomposition of eigenspaces, Section 3.3 also deter-
mines the relationships between decompositions of the identity (e.g., coming from
coset axes of parabolic chains of 3-transposition groups) and maximal, globally-
associative subalgebras, here called tori. This relates to classical work on the Griess
algebra [MN93], Peirce decompositions [P81] and framed vertex algebras [DGH98].
Using the results of the later Section 3.5, this allows us to establish the existence of
tori in many classes of examples including lattice vertex algebras.

Section 3.4 recalls the bilinear Frobenius form. As well as proving general
results on Frobenius forms, including the radical, we give some specific formulae

and identities. Altogether with Section 3.2 this proves

Theorem ( 3.2.5, 3.4.8, 3.4.9 ). If G is a regular linear 3-graph, then M,(G) is

semisimple and idg is Seress in any larger algebra if o # —% for any \ € Spec(G).

Finally, in Section 3.5 all of our previous results are applied to describe a torus in
M¢(AL). We first give several results on graphs and adjacency matrices, especially
for the graphs of A,, and D,,. In Propositions 3.5.6, 3.5.12 we give the eigenvalues of
coset axes in the Matsuo algebras M,(R*) for R = A,,, D,, when « is coincidence-free.
(The specialisation of o = i, in Proposition 3.5.7, classifies the highest weights of
conformal vectors from commutants occurring in the weight-2 subspace of the lattice
vertex algebras V 5, , recovering the results of [Y01].) Using Theorems 1.2.1, 1.2.2,
we find the fusion rules of coset axes in M, (A¥) in Lemma 3.5.11, by first passing to

a larger axial algebra; this method is further developed in the next chapter. Lastly,

Theorem ( 3.5.13, 3.5.14 ). The fusion rules of idp,, in M,(D,,) for 3 < m < n, over
F(«) with o transcendental, induce Miyamoto involutions which are not transposi-

tions in the automorphism group.

14



Chapter 4 principally investigates ®(«, 5)-dihedral algebras. The only previously
known examples of these are the Norton-Sakuma algebras, presented in Section 4.1.
We also generalise Theorem 2.3.1 to show that an algebra generated by a ®(«)-axis
and a ®(f)-axis must be one of the possibilities in the same theorem. Lastly, we
prove Proposition 4.1.3 showing that the order of products of Miyamoto automor-
phisms is determined in the respective dihedral subalgebra: this is key to proving
6-transposition statements later.

The following Section 4.2 generalises an argument from [HRS15], showing that

Theorem ( 4.2.4 ). There exists a ring R and an m-generated ®-axial algebra A,
such that, for any m-generated ®-axial algebra B over S a ring, S is an associative

algebra over R and B is a quotient of a ring extension of A.

In other words, for any given fusion rules ®, we can look for a universal object that
classifies the m-generated ®-axial algebras (with or without form).

Under certain additional conditions on the ring, in Section 4.3 we deduce that any
®(«v, f)-dihedral algebra is spanned by 8 elements, and we completely determine the
structure constants for this multiplication. The computational proof essentially goes
back to the method in [S07]. This is a major step in finding a classifying theorem
for ®(«, B)-dihedral algebras, but we do not fully determine the ring, instead giving
a finite set of generators.

In Section 4.4 we introduce (weak) covers, which are larger generalisations of
axial algebras via smaller ideals in the universal object previously constructed.
Also recall that the covers of (1A4),(2B), (24) and (3C) are effectively known by

Section 2.3. Using the fusion rules and the result of Section 4.3, we deduce

Theorem ( 4.4.2). The weak covers of the Norton-Sakuma algebras (3A), (4A), (4B),
(5A) and (6A), are given by Table 4.2. The algebras are Frobenius and satisfy a

global 6-transposition property.

15



We conjecture that these weak covers are actually the largest possible covers.

The theorem uses calculations from Section 4.5. The information gathered there
is summarised in Table 4.2 and, in less detail, in Figure 1.3: the key result is that
®(a, f)-analogues of the Norton-Sakuma algebras do not in general exist for all
pairs «, 5, but do exist along certain curves in «, 5. In particular, the point (1/,1/32)
is the only common point of intersection, and these are precisely the values for

which the Griess algebra is defined.

Figure 1.3: The Norton-Sakuma-like algebras for (o, 3) € R?

16



1.4 Discussion

Axial algebras are at the confluence of nonassociative algebras, vertex algebras and

transposition groups. Here we discuss an open question in each direction.

As a class of nonassociative algebras, to what extent does the theory of ®-axial alge-
bras depend on the specific features of the fusion rules ®? In particular, the theory
is very well-behaved when it coincides with vertex algebras or Jordan algebras.
Consider group algebras for groups as analogous to axial algebras for transposition
groups. Their theory of idempotents (especially those coming from group characters)
is also well-developed; c.f: [P79]. How wild is our general case?

Throughout Chapter 3, especially in Sections 3.2 and 3.3, we see the importance
of the Seress property, which forms the basis of our analogy to associative algebras.
Miyamoto’s Theorem 1.2.1 states that all idempotents in the weight-2 subalgebra of
a vertex algebra, called c-conformal vectors for ¢ their central charge, are Seress.
Theorem 2.5.4 shows that all idempotents in Jordan algebras are Seress.

Proposition 3.3.10 uses the Seress property to establish in particular cases that
the commutant C4(B) of a subalgebra B of A is again a subalgebra. This is well-
known if A, B are vertex algebras. For A, B Jordan algebras it holds when B is
separable and finite-dimensional by [J68], VIII.3 Theorem 8. In the Griess algebra
this was proven by Norton [C85].

Basic extension questions have also not yet been settled. To summarise:

1.1 Question. Suppose that A, B are algebras generated by sets A, B of Seress axes.

i. Are all idempotents in A Seress?
it. When B C A, is the commutant C4(B) a subalgebra?

iti. Ifef =0foranyec A, feB,is AB=(AUB)=A® B?

17



The inclusion of axial algebras in vertex algebras is an open problem:

1.2 Question. Is there a simple criterion of an axial algebra A which guarantees

the existence of a vertex algebra V whose weight-2 subalgebra is A?

The most interesting known example at this time comes from the group 3% : 2, whose
Fischer space is P;. Matsuo showed, by finding a contradiction to Miyamoto’s Theo-
rem 1.2.1, that the Matsuo algebra M11 //5(733) cannot be in the weight-2 subspace of a
vertex algebra [M03]. On the other hand, [CL14] furnishes an explicit construction
of a vertex algebra V' whose weight-2 subalgebra is M11 //52(733) over R. We observe
that both of these algebras are quotients of the same algebra M./*(P;) over R[a], by
the ring specialisations a — ; and a — 5.

The best-understood vertex algebras are those built from %-conformal vectors, cor-
responding to ®(1/4,1/32)-axes. (The two examples for 3? : 2 concern realisations with
eigenvalues i and 3% respectively.) This includes lattice vertex algebras. Extending
Theorem 1.2.2, and that %-conformal vectors are generalised by the c,-conformal

vectors for ¢, = 1 — in combination with our work on tori in Chapter 3

6
(p+2)(p+3)’
(such as Proposition 3.5.8), together with O. Gray we conjecture

For X, a root system, d the dimension of its Lie algebra, Xr, its affine untwisted
Kac-Moody Lie algebra at level ( and h” its dual Coxeter number, N, (A,) can be

realised as the weight-2 subalgebra of a vertex algebra for any n and

2d 1

X, = CC(CXn@Xm (XTQ)) = (hV I 1)(hV n 2), hXT = h\/——|—2 (1.2)

In the case X, = A;, we have (ca,, ha,) = (Y/2,1/4), and Nll//f(.An) is inside the
ordinary lattice vertex algebra of v/2A,,; together with I. Frenkel’s rank-level duality
and the commutant construction mentioned earlier, this forms the basis of the cele-

brated Goddard-Kent-Olive construction [GKO85]. For X, = Eg, the pair (cg,, hg,) is

(1/2,1/32). For all root systems other than A,, Eg, this would be a new realisation.

18



The final question is also perhaps the deepest. We recall three facts:

i. The McKay observation: the nine conjugacy classes (1A4),...,(6A) in the Mon-
ster involved in the Norton-Sakuma algebras label affine Eg;

ii. (Sakuma’s Theorem) The Norton-Sakuma algebras are precisely those vertex
algebras generated by any two %-conformal vectors;

iii. The construction (1.2) for Eg leads to cg, = %-conformal vectors.

So far, this seems to be a story about vertex algebras, but we saw in [IPSS10] and
[HRS15] that Sakuma’s theorem has an exactly analogous statement, Theorem 4.1.4,
in terms of axial algebras. Furthermore, the results of Chapter 4 and in particular
Theorem 4.4.2 show that the point (a, 5) = (1/1,1/32) is distinguished among ®(«, 5)-
dihedral algebras and crucially admits the Monster’s 6-transposition property, and
the axial analysis may be easier than that in vertex algebras.

The evidence collected in the inspiring paper [HLY12] by G. Hohn, C. H. Lam
and H. Yamauchi suggests a further link and, in fact, a wide-ranging conjecture
extending McKay’s observation. They identify the vertex algebras generated by
two cx,-conformal vectors in the natural vertex algebra representations of the
Baby Monster (a 4-transposition group) and the Fischer group Fi,, (a 3-transposition
group) when X, = E; and Eg respectively; these vertex algebras label the nodes of the
affine Dynkin diagrams E;, E; up to diagram automorphism. This is a remarkable
analogy of the moonshine triple of the Norton-Sakuma algebras, the Monster, and
Es. However a classification (like Sakuma’s theorem) of algebras generated by two

cx,-conformal vectors is not yet known for X, # A4, Es.

1.3 Question. What are the analogues of Sakuma’s theorem for root systems X,
other than Eg? Do the dihedral algebras label the nodes of X,, and is there a finite
transposition group whose conjugacy classes control the dihedral algebras in its

natural vertex algebra representation?
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1.5 Notation

In general, uppercase Latin letters are algebraic structures, and lowercase Latin
letters their elements; lowercase Greek letters are scalars, and uppercase Greeks

their collections; script letters are graphs.

The following is a glossary of commonly-used symbols.

F afield
R aring; always associative, commutative, unital
A an algebra, where multiplication is juxtaposition
a,b,e, idempotents or ®-axes, see Section 2.1
ad(z) the adjoint map A - A,y +— ayforz e A
Spec(z)  the set of eigenvalues of z, or of ad(z)
®  fusion rules: subset of F or R together with x: ® x & — 2%
a,B,0,7%  the eigenvalues lying in ®
k,A  constants controlling algebra structure
7(a)  Miyamoto involution of a, see Section 2.4
AG, x5 ¢-eigenspace of e in A, and projection of x onto Af
aob symmetric element, see Sections 2.3, 4.3
A(z)  defined by z{ = \*(x)a, w.r:t. projection of = onto AY = (a); see (4.8)
M,(G) the Matsuo algebra on G, see Section 2.1
(nX), (nX,) P(a)-or ®(«, 5)-dihedral algebras; Section 2.3, Theorems 4.1.4, 4.4.2
G,H,R agraph or Fischer space, esp. if G a 3-tr.-group or R a root system
G*  double of G, see Section 3.1
G/H  boundary graph, see Section 3.1
ad(G) adjacency matrix of the graph G
kg, k%  valency of G, boundary graph G/#, if regular

Table 1.4: Notation
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Chapter 2. Matsuo algebras

A Matsuo algebra is an algebraic structure which captures the combinatorial in-
formation of 3-transposition groups. We will show that Matsuo algebras are the
generic case of ¢(«)-axial algebras; we also discuss the pathological case a = %,
which allows Jordan algebras. In this chapter, we introduce and classify ®(«)-axial

algebras and Jordan algebras subject to containing 3-transposition groups.

2.1 Preliminaries

In this section, we recall or introduce many of the concepts important for the rest of
this thesis. In particular, these are graphs G including Fischer spaces; the Matsuo
algebra on G; general fusion rules ® and ®-axial algebras; the Jordan fusion rules
®(«v); and basic properties of idempotents, including their behaviour in associative

algebras, which is the starting point of our generalisation in the rest of this work.

A graph is a pair (G, £), where G is a set of points and £ C 29 a set of lines. Usually
G alone refers to (G, £). An n-graph is a graph G for which any line ¢ € £ has size n.
We consider 2-graphs and 3-graphs in this text.

A graph G is linear if two distinct lines of G intersect in at most one point.

In a graph G, for two distinct points =,y € G we write that x ~ y if x and y are

collinear, that is, if there exists a line containing x and y, and z ¢ y otherwise. The
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graph G partitions with respect to x as {z} U 2™~ U 27, where
“={yeGlez~ylanda” ={yc G|z Ly} (2.1)

Note that, in a linear 3-graph G, for any two collinear points z, y € G there exists
a unique line / connecting = and y, and a unique element denoted x Ay € G such that
¢ ={xz,y,x AN y}. Linear 3-graphs are also known as partial (Steiner) triple systems.

A subspace of G is a subset H C G such that any line containing two points of H
lies entirely inside #. The subspace (P) of G generated by a set of points P C G is
the intersection of all subspaces of G containing P.

The dual G¥ of a graph (G, £) is the graph with point set £ and line set {{¢ € L |
r €} | # € G}. The affine plane P, of order n is the graph with point set F2 and

lines {U +v |U <F2,dimU = 1,v € F2}. Two examples are given in Figure 2.1.

7= (i
= (B

Figure 2.1: The dual affine plane P, of order 2 and the afﬁne plane P; of order 3

We rephrase the definition of a Fischer space from [A97] as

Definition. A Fischer space is a linear 3-graph for which, if ¢;, ¢, are any two
distinct intersecting lines, the subspace (¢; U /;) is isomorphic to the dual affine

plane P, of order 2 or to the affine plane P; of order 3 from Figure 2.1.
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Some important Fischer spaces come from root systems. Suppose that V is a
vector space isomorphic to R” with (,) the Euclidean bilinear form. For v € V| set

vt ={w eV | (v,w) =0}
Definition. A (crystallographic) root system in V is a spanning set R satisfying

i. forr € R, k € R, kr € Rif and only if k = £1;

ii. for » € R, R is closed under reflection in r*: for all s € R,

(rs), ¢ r. (2.2)
(r,7)

o-(s) =s5—2

iii. for r,s € R, 2% ¢ 7,

(r,r)

The Weyl group W (R) of R is the group generated by o,,r € R.

If all » € R have the same length, that is, (r,r) is the same for all r, then R is
simply-laced. A root system R is indecomposable if there is no proper partition R =
R’ UR” into root systems such that (R’,R”) = 0. The simply-laced indecomposable
root systems are the root systems A, for n > 1, D, for n > 4, Eg, E; and Eg, where X,
spans R?. By convention, A, is the empty set in R°.

For R a root system, write R = R, U R_ for some partition of roots R such that
R_=-R,.

A Fischer space G is said to have symplectic type if its connected subspaces
generated by three points can always be embedded in P,. Hence P; cannot be
embedded in a Fischer space of symplectic type, and all Fischer spaces coming from

root systems are of symplectic type.

2.1.1 Lemma. Suppose R is a simply-laced root system and R is the graph with
point set R, and lines {r,s,t} C R, spanning a root system of type A,, for distinct

rootsr,sandt=r —sort=s—r. Then R is a Fischer space of symplectic type.
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Proof. Suppose that R is a simply-laced root system spanning V. As defined, R is a
3-graph. To show that R is linear, suppose /;, /, are lines intersecting in two linearly
independent points r, s. Then r, s span a root system A, in a subspace U C V of
dimension 2. Then U N R, has size 3, so the third point in both ¢; and ¢, is uniquely
determined, so that ¢/; = /5. Thus R is linear.

Now we show that any subspace spanned by two lines is contained in P,’. Suppose
that ¢, (, are two distinct intersecting lines, say ¢, = {r,s,t} and ¢, = {r,u,v}, so
that ¢;, ¢, each span a copy of A,. Therefore U = (¢; U /5) in V is 3-dimensional
and indecomposable, and as Aj is the only simply-laced root system spanning a
3-dimensional space, ¢; U ¢, must span a copy of A;. Observe that A; contains 6
positive roots and has 4 subspaces A,, so that it is straightforward to see that the

subspace (¢; U ¢3) in R is isomorphic to P, with 6 points and 4 lines. ]

Whenever R is a simply-laced root system, we will denote its Fischer space by R.

An algebra is a module over a ring R with a linear distributive multiplication. We
will exclusively consider commutative algebras.

Rings in this thesis are always commutative and associative with 1. For the
most part we will take R to be a field F, a polynomial ring over I, or a quotient of a
polynomial ring of Z. For this reason, for example working over a field or working
in a free module, we almost always work in the following special situation. (We are

not aware of similar definitions in the literature.)

Definition. A ring R is everywhere faithful for its module M if, for any nonzero

m € M, the annihilator ideal {r € R | rm = 0} of its action is always trivial.
We make two useful observations about such a ring:

2.1.2 Lemma. If R is everywhere faithful on a nonzero module, then R is a domain.
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Proof. Suppose that a,b € R satisfy ab = 0. Take an arbitrary nonzerom € M, M a
nonzero module. Then a(bm) = (ab)m by associativity of R, hence a(bm) = 0. As m
is nonzero, its R-annihilator ideal is trivial, so b = 0 or bm # 0. In the latter case,
a lies in the trivial R-annihilator of bm. In conclusion, either « = 0 or b = 0, so R

contains no nontrivial zero divisors. This means that R is a domain. O
2.1.3 Lemma. A (unital) domain R contains exactly two idempotents: 0 and 1.

Proof. Let e € R be an arbitrary idempotent, so that ee = e. Then e(1—¢) = el —ee =

e —e = 0. As R contains no zero divisors, eithere =0or 1 — e = 0. O

We study the following algebra in detail in Chapters 2 and 3. Recall the notation

that collinear x,y span a line {z,y,z A y}.

Definition ([MO03]). Let R > % be a ring, o« € R and G a linear 3-graph. The Matsuo
algebra M, (G) is the free R-module with basis G with multiplication defined by,

8

ifr=y

forrz,ye G, xy= ifz Ly (2.3)

e}

Set+y—xzny) ifz~y.
We will view G as embedded in M, (G). Hence any x € G is an idempotent, that
is, vz = x. What can be said about the eigenvectors of x?

To avoid degeneracy, from now on for the rest of the text we assume « # 1, 0.

2.1.4 Lemma. The eigenspaces of v € G in M,(G) over R =F a field are

(x), its 1-eigenspace, (2.4)
(y+xANy—ax|y~x)@(y|ytx), its 0-eigenspace, and (2.5)
(y—xANy|y~x), its a-eigenspace. (2.6)

The algebra M, (G) decomposes as a direct sum of these eigenspaces for any = € G.
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Proof. We show that ad(z) acts diagonalisably on A = M, (G) by decomposing any
vector into a sum of eigenvectors. Let y € A be arbitrary; the points of G form a
basis for A, so by linearity we may assume y € G. If x = y then y is a 1-eigenvector.

If z 7 y then 2y = 0, so y is a 0-eigenvector. Otherwise ry = §(v +y — 2z Ay), and
« 1 1
Y=yt tle ni=58 w=gGteAy-ar), ye=gy-aoiy),  (27)
where zy, = ¢y for ¢ € {1,0, a}: the latter two cases are

I@—xAy%Z%@+y—xAy—x—xAy+y%=My—wa, (2.8)

x(y+x/\y—ax):%(x—i—y—x/\y—l—x—i—m/\y—y)—ax:aa:—owc:(). (2.9)

Thus A has a basis of eigenvectors for ad(x), for any x € G, and the eigenvectors are

those given. O

The key question that will occupy us is how eigenvectors multiply.

Definition. Fusion rules are a pair (®, ), consisting of a set & C R, called eigenval-

ues, in a ring R and a mapping +: ® x & — 2%, We also use ® to refer to (P, x).

For example, ®(«) are the Jordan fusion rules with eigenvalues {1,0,a} C R for

a # 1,0 and x symmetric as given by Table 2.2.

* 1 0 «

{1 0 {a}
0 {0} {o}
a {1,0}

Table 2.2: The Jordan fusion rules ®(«)

26



An element z in an algebra A induces an endomorphism ad(z) € End(A) given
by left-multiplication a — za. The a-eigenspace of ad(x) in A is denoted A? = {a €
A | za = aa}. By extension, if ¥ C R is a set, we write A}, = @, ., AL and A = 0.

If A is a vector space over a field F, the eigenvalues of any endomorphism are
always uniquely defined, but this is not the case in general if A is an R-module. In
general, the endomorphism ad(z) € End(A) is said to be ®-diagonalisable if A is
the sum of ¢-eigenspaces A of ad(z) and these have pairwise trivial intersection,
so that A7 N Aj = 0if ¢ # . When A is a vector space, this is equivalent to the
statement that the matrix representation of ad(x) with respect to some basis be a
diagonalisable matrix. We say that x is diagonalisable, or ®-diagonalisable, if ad(x)
is diagonalisable, or ®-diagonalisable. We always call the eigenvalues, -vectors,
-spaces of ad(x) the eigenvalues, -vectors, -spaces of z.

If x € A is ®-diagonalisable and a € A, we write af for the projection of a to the

¢-eigenspace of x.

Definition. A ®-diagonalisable idempotent ¢ in an algebra A is a ®-axis, or axis, if
the multiplication of eigenvectors satisfies the fusion rules &:
forallz € A5,y € A5, aye A5, = P AL (2.10)

XEPxY
The last equation, if e is a ®-axis, can thus be rewritten as A3 A7, C A7, .

Definition. An algebra A is a ®-axial algebra if it is generated by ®-axes.

An idempotent e € A lies in its own 1-eigenspace A§; e is primitive if e spans A§.

The direct sum A & B of two algebras A, B over a ring R is the direct sum
{(a,b) | a € A,b € B} of their modules together with their pointwise products
(a1,b1)(ag, by) = (ajas, bibg) for aj,as € A, by, by € B.

2.1.5 Lemma. Suppose that A, B are everywhere-faithful R-algebras. If f ¢ A® B

is a primitive idempotent then f € Aor f € B.
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Proof. By assumption, f =z +yforxz € A,y € Band zy = 0. From f = ff we
deduce x+y = zx+0+yy, so that r = xz and y = yy. Now zf = z(z+y) = zx+0 = x,
so that © € (A @ B)!. Primitivity of f implies that (A ® B)/ = (f) = R. This Ris a
domain by Lemma 2.1.2, and its only idempotents are 0 and 1 by Lemma 2.1.3, so
the only idempotents in (f) are 0 and f. Therefore either x =0 and f =yorz = f
and y = 0. O]

The following property is a generalisation of associativity, as we shall see, and is

important throughout the sequel.

Definition. A fusion rule @ is Seress if for all ¢ € ® we have that 1 x ¢,0x ¢ C {¢},
and in particular 1 x1 = {1},0x0={0},1x0 =01 = (.

2.1.6 Lemma. A 9-diagonalisable idempotent e € A associates with its 1, 0-eigenspace
Afgin A le.,

e(zz) = (ex)z forall x € A,z € Aj, (2.11)
if and only if e satisfies Seress fusion rules on .

Proof. Suppose that ¢ € A is a ®-axis. Let =,z € A be arbitrary. By linearity, we
may take z € Aj for some ¢ € ®. Then ez = ¢z and in particular (ez)z = ¢zz.
Suppose that x are the smallest fusion rules on ¢ satisfied by e, that is, for any
¢,9,x € ®, x € px if and only if A N (AZAY) = (AGA7)S # 0. Observe that zz € Aj
for any € Aj,2 € A7, and ¢ € @, if and only if (®, x) is Seress. Furthermore

vz € Aj if and only if e(vz) = ¢uz, that is, e(v2) = (ex)z. O

A further example of fusion rules is given by ¢, = {1,0} with

1x1={1}, 0x0={0}, 1x0=0x1=0. (2.12)
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2.1.7 Lemma. A idempotent e in an associative algebra A over a field is a ¢, -axis.

Proof. Let v € A be arbitrary; then © = ex + (z — ex), and e"z = e(e(---e(ex) - -))
can also be written as (e---e)x = ex, so that ex is a 1-eigenvector of e and x — ex is a
0-eigenvector. Therefore A is spanned by 1, 0-eigenvectors.

Suppose that =, 2’ € A and z, 2’ € A5. We see that e(z2’) = (ex)r’ = za’ so AJAS C
AS, that is, 1 1 C {1}, and e(22') = (ez)z’ =080 0% 0 C {0}. For the mixed case,
observe that e(zz) = (ex)z = zz and e(zz) = (ez)x = 0,80 0x 1 = 1x0 C {1} N {0} = 0.

Therefore e is a ®,-axis. l
2.1.8 Lemma. An algebra A generated by ®,..-axes A is associative.

Proof. Since @, is Seress, it follows that any a € A associates with Af, = A by

Lemma 2.1.6. Therefore the associator
Ass(A) ={z € A| (zy)z = z(yz) for all y, z € A} (2.13)

of A contains A. Observe that the associator is a subalgebra: for A\ € R the underly-

ing ring, x € Ass(A) implies Az € Ass(A), and, for w,z € Ass(A) and y,z € A,

(wz)y)z = (w(zy))z = w((zy)z) = w(z(yz)) = (wr)(y2), (2.14)

so that wz € Ass(A). Since Ass(A) is a subalgebra of A containing the generators of

A, we have A = Ass(A) and so A is associative. N
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2.2 Characterising Fischer spaces

We prove that the eigenspaces of Lemma 2.1.4 of a Matsuo algebra M, (G) on a
graph G multiply according to the Z/2-graded Jordan fusion rules ®(«) if and only if
G is a Fischer space. Recall that o € F \ {1,0} and i € F throughout.

2.2.1 Theorem. Suppose that G is a Fischer space. Then every x € G is a ®(«)-axis

in the Matsuo algebra M, (G) over F.

Proof. We have to prove that the eigenvectors of = € G satisfy the fusion rules ¢(«).
That = is diagonalisable with eigenvalues {1,0, o} follows by Lemma 2.1.4.

Since it also follows by Lemma 2.1.4 that the 1-eigenspace of x is spanned by
z, the fusion rules 1 1 = {1},1x0 = () and 1 x « = {a} are immediately seen to be
satisfied. It remains to prove that 0 x 0 = {0},0 x a = {a} and a x a = {1, 0}.

We first show that 0 x 0 = {0}; it breaks up into three cases, since there are two
kinds of 0-eigenvectors for z. The first caseis y, z € 7. Then if y = 2, yz = y € 27; if
y 7% z,yz=0;andif y ~ z, then yz = §(y+ 2z —y A z). If the last possibility is realised
and x £ y A z then z(yz) = 0 and we are done. We can also rule out + ~ y A z by a
general observation: a point x cannot be collinear to only one point in a line ¢ not
containing z, for {x} U ¢ generate P, or Ps, and x is collinear to either two or three
points in / in these cases.

Suppose the second case: y € v~ and z € 27. If 2 £ y, x Ay then z(y+xAy—ax) = 0.
As before, it is not possible that z ~ y and z % = A y, or vice-versa. If z ~ y,z Ay,

then as all points are collinear in Ps, x,y, z must lie in a subspace P,. Thus

z(y+x/\y—aa:):az—i—%((y—l—:ﬁ/\y)—(z/\y—l—z/\(a:/\y))) (2.15)

and this, when multiplied by z, yields 04§ (ax—ax) = 0. Hence z((y+yAz—ax)z) = 0.
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Suppose finally that y, z € ™. Observe

(y+zAhy—azx)(z+azAz—axr)=yz+ylxAz)+z2(xAy) + (zA2)(x Ay) — o’

(2.16)
if y = z or y = = A z, this reduces to the obvious 0-eigenvector
=(1+a)ly+zAy—ax). (2.17)
Otherwise, z,y, 2 lie in P, or P3;. Equation (2.16) can be grouped as
=yz+ (xAy)(zAz)+ [(:zc/\y)z—l—(x/\z)y}p3 — o’z (2.18)
where the square-bracketed terms are zero in Py;
o 2
= E(y+xAy+z+x/\z) — o’z
—%(y/\z—l—(w/\y)/\(m/\z)) (2.19)
—i—%[y—l—a:/\y+z+x/\z— ((x/\y)/\zx(a:/\z)/\y)]PS.

The first line always is a 0-eigenvector; the second line is also a 0-eigenvector in Py,
and the second plus third lines are 0-eigenvectors in P3;. Therefore z((y + z Ay —
ax)(z+x Az —az)) =0 and we have that 0«0 = {0}.

We next show that 0 x « = {a}. There are two cases. Suppose firstly that

y € 7,z € 27. Then either z £ y,z Ay, so (y —x Ay)z = 0, or we are in Py. Then
o a a
(y—xAy)z = §(z+y—y/\z—z—x/\y+(x/\y)/\z) = §(y—x/\y)+§(y/\z—x/\(y/\z)) (2.20)

is clearly an a-eigenvector, where we used that, in Py, 2 A (x Ay) = z A (y A 2).
Suppose secondly that y, 2 € 2~. We again bracket off terms only occurring in Ps.

Wesee (y —zAy)(z+ 2Nz —ax)

=yz—(zAy)xAz)—P(y—zAy)+ [ylz Az) - Z(:I;/\y)}?)3 (2.21)
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:aQ(x/\y—y)+%(y—x/\y—l—z—x/\z)+[y/\z—(w/\y)/\(x/\z)
(2.22)
+y—m/\y—(,z—gn/\z)—kx/\z—(m/\z)/\y—i—x/\y—(I/\y)/\z}P3
and we again recognise these to be a-eigenvectors on each line. Here, as y A z =
(x ANy) A (x A z)in Py, we wrote y A z — (x Ay) A (x A z) into the Ps-bracket. This

shows 0 x o = {a}.

The final case is a« x @ = {1,0}. Suppose y, z € ™. Then

(y—zAy)ly—zANy)=y+zxAy—aly+zAy)+ az. (2.23)

(y—zAy)z—azAz)=yz+ (@Ay)(xA2)+ [z Ay)z+ (z A2)y]

Ps
a
:§(y+ﬂ3/\y+z+x/\z—(y/\z—l—(:z:/\y)/\(a:/\z)))
a
+§[y+x/\y+z+x/\z—((x/\y)/\z+(x/\z)/\y)}733.

(2.24)

Observe that y+z Ay is a sum of 1- and 0-eigenvectors for z. Also yAz = (xAy)A(xAz2)
is a 0-eigenvector in Py. In Ps, {z,y Az, (x Ay)A(zAz)} and {z, (x Ay) Az, (xANz) Ay}

are lines. This allows us to conclude the final case. O

2.2.2 Theorem. Suppose that G is a linear 3-graph for which every x € G is a
®(a)-axis in M, (G). Then G is a Fischer space.

Proof. The fusion rules 1 x ¢ = {¢} for ¢ = 1, and 1 x 0 = () are trivially seen to be
satisfied. It turns out that any of the remaining fusion rules 0 x 0 = {0},0 x a = {a}
and o x a = {1,0} are enough to imply that G is a Fischer space. The case with the
most straightforward combinatorial argument is 0 x & = {a}, so this is the one we
will exhibit.

Suppose that y ~ z and z ¢ z. If z £ y,x Ay then z(y — x A y) = 0, trivially
satisfying the fusion rule. If z is collinear with exactly one of y, z A y, say with y but

not with z Ay, then z(y —x Ay) = §(2+y—yAz)is a product of 0- and a-eigenvectors.
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This is not an a-eigenvector of z, as (2 +y —yAz) =alz +y—2xANy) —z(y A 2)
has no term in z on the right unless = A (y A z) = 2z, which contradicts that = ¢ z.
Therefore we can rule this case out.

We are left with the situation where >z ~ y, x A 4.

o
z(y—x/\y):§(Z+y—z/\y—z—x/\y+(x/\y)/\z)
(2.25)

:%(y—xAy—(y/\Z—(l’/\y)Az))

Evidently y — = A y is an a-eigenvector, so necessarily y A z — (z A y) A z is too. That is,

alyNz—(zAy)Nz)=x(yNz)—z((zAy)Az) (2.26)
and now there are several cases. If both terms on the righthand side are 0, then
y Az = (x Ay) A z, but this is not possible: it implies that there are distinct lines
{y,z,ynz} and {x Ay, z, (xr Ay) Az} intersecting in more than one point, contradicting
the linearity of G. If just one term on the right is nonzero, there remains a nonzero
contribution of x, whereas = has no part on the left. Therefore neither terms are 0

and x is collinear to y A z and (z A y) A z. So, continuing equation (2.26),
= %(x+y/\z—x/\(y/\z)—x—(xAy)Az+a7A((a7Ay)/\z).
(2.27)

Collecting terms and rescaling, using that « is invertible, we find
yNz—(xAyY)ANz=xAN((xAy)ANz)—xA(yAz). (2.28)

It remains impossible for y A z to equal (x Ay) A z or x A (y A z). Therefore y A z =
zA((xAy)Az)and (xAy)Az =z A(yAz). These identifications completely determine
the subspace generated by the lines {z,y,x Ay} and {y, z, y A z} as isomorphic to P, .

The other possibility is for y,z € z~. If z, 2 Az L y,x Ay then (y —z Ay)(z + A

2z —ax) = o*(y — x Ay) is an a-eigenvector. If 2 ~ y and 2z % x Ay, then z is in the role
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of z in the previous paragraph and therefore {z,y,z A y} and {z, z,z A 2} generate

P, . We suppose otherwise, and can therefore assume that y,x Ay ~ 2,2 A 2. So

(y—axAy)ztazAz—ax)=(y—cAy)(z+2A2)—*(y—xAY)
=yz+yleNz) = (@ Ay)z— (@ Ay)(zA2) —a’(y —a Ay)

= S@u—zAY — Az (@AY A(eA2)

+ (@AY Az—yA(zAz))—a’(ly—zAyY).
(2.29)

Getting rid of the a-eigenvectors y — x A y, we deduce that

a((zAyYAN@Az)—yANz+(xAyY)Az—yA(xAz))
(2.30)
=z((zAyYN@EA2)—yAz+(@AyY)Az—yA(zA2)).

We may assume that all the products on the righthand side are nonzero, since
otherwise we return to the case z « =,y ~ z already dealt with whose conclusion
was Py. Thus yAz, (zAy) Az, yAN(xAz), (xAy)A(zAz) € 2. Now z A ((zAy)A(xAz)),
for example, does not appear on the right and therefore, to cancel on the left, it must
be equal to one of x,y A z,z A ((z Ay) A z) or y A (z A z). Of course it is not equal to
x. The situation and the argument so far is symmetric under interchange of y and
zoasisz A ((zAy)AN(zAz));xA((xAy)Az)and y A (z A z) are not, so this leaves
zA((xAy)A(zAz)) = yAz as the only possibility. Likewise 2A((zAy)Az) = zA(yA(xAz))

and we can identify the subspace generated by {z,y,z Ay} and {z, z,x A z} as Ps.
This means that for an arbitrary pair of lines intersecting in precisely one point,

the subspace they generate is isomorphic either to P or P;. O
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2.3 A Sakuma theorem

We saw that, among the Matsuo algebras on linear 3-graphs, the ®(«)-axial property
characterises Fischer spaces. More generally, what can be said about an arbitrary al-
gebra which has a set of ®(«)-axial generators? The first answer, for two generators,

is given by Theorem 2.3.1. We also classify the idempotents in all possibilities.

We use the notation (nX) to indicate the isomorphism type of certain algebras, and
conflate the name (nX) with an instance of such an algebra. We introduce some
isomorphism types now, namely those of Theorem 2.3.1, over a ring R > %

The algebra (1A) is the 1-dimensional algebra generated by an idempotent e.
The algebra (2B) is the direct sum (¢) @ (f) over R of two (1A)-algebras.

The algebra (3C,), for a # 1,0, is spanned by {e, f, g} with multiplication given

by, for {z,y, 2z} = {e, f,g9}, vz = r and 2y = §(z +y — 2), as in Table 2.3.

(3Ca) | e f 9
e | e Sle+tf-g) Sl+tg—1f)
f f s(f+g—e)
9 g

Table 2.3: The algebra (3C,,)

The algebras (3C*,) and (3.J;) are spanned by {e, f} with products ee = e,
ef =ale+ f), ff = f when o = —1 and «a = 5 respectively.

The algebra (3J,), for « = § and € R, is spanned by {e, f,eo f} (c.f Lemma 2.3.2
for e o f) and multiplication from Table 2.4.

An algebra generated by two primitive ®-axes is called a ®-dihedral algebra.
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(3J.) | e f eof

eof k(eo f)

Table 2.4: The algebra (3J,,)

2.3.1 Theorem. Suppose that R is a ring containing 1,o,a™', (a — 1)  and Aisa
®(a)-dihedral everywhere faithful R-algebra. Then A is isomorphic to one of (1A),
(2B), (3Ca), or (3C*,), or to (3J,), (3J5)if a« = 5 and x € R.

We prove Theorem 2.3.1 after the general and useful result

2.3.2 Lemma. Suppose that e, f are ®-axes with o € ®. Set eo f = ef — ae — af.
Then (co f);, = 0= (o f)f.

Proof. Recall thate=73}_,_, eé. As, with respect to f,ef =3, 4 ¢ef;,
eof= Zgbef; - Zaef; —af=(1—a)l —af —ael + Z(¢ - a)ef;. (2.31)
Ped ped PED~{1,0}
Of course [ € A{ and 65) € Aj;. The coefficient of 65) in the above expression is ¢ — «,

so the coefficient of e/ is 0 and (e o f)/ = 0. Likewise (e o f)¢ = 0. O

Proof of Theorem 2.3.1. If f is in the span of e then (e, f) = (e), and, as R acts
everywhere faithfully, (¢) = (14) = R (likewise if ¢ is in the span of f). From now on
we suppose that neither axis e, f is in the span of the other axis.

Our strategy is to use relations in the algebra, and that R acts everywhere
faithfully, to derive relations in the ring. We first show a symmetry of coefficients
in the decompositions of ¢ and f with respect to each other. Namely, set \;, A, such

that e/ = A\, f and f¢ = Me. These coefficients are unique because e spans A¢ so
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ff = re for some r € R;if s € R satisfies f{ = se, then (r —s)e =re—se = ff — ff = 0.
As e is nonzero, by assumption its R-annihilator is 0, so r — s = 0 and » = s, showing
uniqueness of \,. The same argument applies of course for \;.

By Lemma 2.3.2,¢c0 f € Al N A{Lo} and furthermore
e(eof) = (eof)i = (1—a) fi—ae = (1—a)a—a)e, f(eof) = (1—a)Ai—a)f. (2.32)
Applying Lemma 2.1.6,

(ef)(ec f) =e(f(ecf)) = ((1—a)h —a)ef (2.33)
= fle(eo f))

(1 —a)ds —a)ef. (2.34)

By rearranging and using the invertibility of 1 — « we have (A} — \)ef = 0. Ifef =0
then (¢, f) = (¢) © (f) = (2B).

Suppose from now on that ef # 0. As the ring acts everywhere faithfully, we
have ef # 0 and \; = )2, and we will now denote \; by A\. This also shows that
{e, f,eo f} is closed under multiplication and spans A.

Suppose now that ef is in the span of ¢ and f. Then, as ef # 0, we have
A= A;® A, = Al ® Al. By Lemma 2.32 co f € A5, N A{, = A{n A{. This
intersection is 0, so eo f = 0 and ef = ae + af. By our assumption that o — 1 is
invertible, e(f + -%7¢) = a(f + -%;¢) exhibits an a-eigenvector for e. The fusion rule

a*a = {1,0} reduces to a xa« = {1} and, as f¢ # 0, we deduce that the coefficient of
fin

« a? 202
_16):f+(a_1>2€+a_1(6+f) (2.35)

«

(f +

T (f +

0% (0%

is 0. Therefore « is a root of 1 + 5%21, equivalently, of 2% +a — 1 = (2a — 1)(a + 1).
As 3 € R we know 2 # 0 and so o = 5 or @ = —1. These are the cases (3.J3), (3C%).
Finally, we consider the remaining case: that ¢, f, ef (and likewise ¢, f,e o f) are

linearly independent. Observe that © = (&« — A)e + af + e o f is an a-eigenvector for
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e,and z = ((1 — a)A — a)e — e o f is a 0-eigenvector. As A is 3-dimensional and by
assumption decomposes into a direct sum of eigenspaces, we have A = A & A5 & AC.
We compute
zr=((a—N?+2a(a—A) +2(a—=N)((1—a)A—a))e
+ (20 (=N +* +2a((l—a)A—a)) f (2.36)
+ (1 —a)A —a) +2ala—N))eo f.
Since ¢,e o f € Af, ,, we have that zz € A{ , if and only if (zz); = 0 if and
only if the coefficient of f in the above expression is 0. The coefficient factors as
a(2a — 1)(a—2)). As a # 0 and furthermore o' € R means « is not a 0-divisor, this
gives two possibilities.
If 2a — 1 =0, then o = 1. This is the case (3.J,), with k = (1 — &)X —a = 1 (A — 1).
If a = 2), this is the case (3C,): namely, set g = f7 + f§ — f<. Then it is easy to
check ef = $(e + f — g) and the rest of the structure constants in Table 2.3. Also,
A=—5(a+1),s0z(eo f) = —F(a+ 1)z forall v € A. O

Observe that both cases at the end of the proof may be satisfied simultaneously:

this gives o = 3, A = 1 and x = —2, so that (3C1/2) = (3J_3/s).

We now classify the idempotents of the previously-named algebras, over a field F.

In (e) = (1A) = T, there are 2 idempotents: 0 and e = id( 4).

2.3.3 Proposition. i. In (2B) there are 4 idempotents: 0, ¢, f,id = e + f.
it. In (3C)) there are 4 idempotents: 0,¢, f, —e — f.

iti. The idempotents in (3J; ) are 0 and e, = pe + (1 — p) f for p € F.

Proof. Let o = —1,0 or %, and let A be spanned by e, f with multiplication e¢f =
a(e + f), corresponding to the cases (3C*,), (2B) and (3J;). Then write x = pe + v f
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and solve for zz = z:
pe +vf = p(p+2av)e + v(v + 2ap) f, (2.37)

and since uv = 0 would leave only the possibilities 0, ¢, f, we assume that v # 0.

Therefore 1 = p+2av = v+2au, and by substituting we find v(1—2a)(1+2a) = 1—2a.

Therefore either o = § or v = 1-1-;20& In the former case, we find x = 1 — v, and in the

latter, u = = v. Substituting « gives the advertised possibilities. O

_1
14+2a

Moreover, in (3.J;), e,6, = €(ut1)2 and e, — e, € (e — f) for all u, v € R.

2.3.4 Theorem. i In (3C,) for o # —1, % there are 8 idempotents:

0, e fig=fi+f—rfs id—eid—fid—g, id= (e+ f+g). (2.38)

1+«

it. In (3C_,) there are 4 idempotents: 0,e, f,g = —e — f + 2s.

iti. The idempotents in (3.J,) are, for k # 0, 7 € F and p.(7), i:(7) solutions of
1

1 — (1 = 2km) — sm(km — 1) = 0 with respect to p,

0, er=ps(me+ iu(m)f+m(eof), %e of—en, %e of=id. (2.39)

iv. The idempotents in (3.Jy) are, for m € F and po(r), fio() solutions of p> — p+im =

0 with respect to 11, 0 and e, = po(m)e + fig(m) f + m(e o f).

Proof. Suppose that A = (e, f) for e, f P(«)-axes such that A is spanned by {e, f,eof}.

Then for © = pe + vf + we o f, xx = x implies that

Qu = p(p + 25w+ 200 — 1) (2.40)
Q, =v(v+2km +20p — 1) (2.41)
Qr =m(km — 1) + 2uv (2.42)

all vanish.
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When puvr = 0, there are no additional idempotents: if 7 = 0, the only solutions
to (ue + vf)* = pe + vf have uv = 0, as ef is linearly independent of ¢, f and has

coefficient 2uv, and 2 # 0. If uv = 0, say, without loss of generality, that p # 0, then
(pe +meo f)* = p(p + 2km)e + ke o f = pe + meo f, (2.43)

fork =(1—a)d—a,sor=0orifx #0, 7= +. If 7 = %, then p = p(p + 2); if 4 # 0,
then . = —1. This corresponds to the idempotent ¢/ = id4 —e, when « # 0.

Under the assumption that uv # 0,
Q, = p+2kT+2ar —1, Q,=v+2km+20pu — 1 (2.44)

also vanish. Observe @), = ), if and only if o = 3, so we find two cases.

First assume that o = % Then substituting from @}, = @, into @, we obtain

p? — (1 — 2km) — %7‘(‘(/17‘(’ —1)=0=1*—v(l —2kT) — %ﬂ'(,‘iﬂ' —1). (2.45)

So 11, v are roots of the same quadratic equation. Since also uv = —%71'(/4371’ — 1), p,v
are distinct roots of the equation (noting that =(k7m — 1) and 2k7 — 1 cannot both
vanish), we write y = u,.(7) and v = fi.(7) for the two roots. The case x = 0 follows.

Suppose now that a # % If « = —1, we observe that 4y = v = —1,7 = 2 is the
only possibility for uv # 0, which corresponds to g. Otherwise, observe that if « is
specialised to any value other than % then Q,, @, Q- are independent irreducible
polynomials by inspection, and therefore Fu, v, 7]/(Q),, Q,, Q) is 0-dimensional.
Also, Q,,Q,, Q. are of degree 2. Then by Bezout’s lemma [CLO96], Section 8.7,
there are at most 23 solutions satisfying Q,, @, Q. But we have already given 8

idempotents when « # —1, whence these are all solutions. O

In fact, we can say more about these idempotents. We continue to work over a

field, although it is possible that the assumptions could be weakened.
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2.3.5 Lemma. The idempotents in (3C,), for o # %, —1, are 0, id, and the primitive

O (a)-axes ey, e9,e3 and (1 — a)-axes €], = id —e,.

Proof. By Theorem 2.3.4 we have 0 and id in A = (3C,,) for a # —1,1, and e, f,g € A
are ®(«)-axes. It only remains to show that ¢/ = id —e is a ®(1 — «)-axis in A. This
follows from the fact that, if + € A is a ¢-eigenvector of e, then ¢’z = (id —e)z =
x—¢r = (1 —¢)r,soxis al— ¢-eigenvector of ¢/. Hence Spec(e’) = 1 — Spec(e) =
{1,0,1 — a}. As a consequence, if + € A decomposes into a sum of ¥V C &(a)-
eigenvectors of e then it decomposes into a sum of 1 — V-eigenvectors of /. Primitivity
of ¢’ follows from the fact that dimp Af = 1.

For ¢,1) € ®(«), we write (1 — ¢) ' (1 — ) = {1 — v | v € ¢ x¢)} where x gives the
fusion rules of ®(«); the eigenvalues {1,0,1 — a} together with «’ give the fusion

rules ®(1 — a). For example, (1 —a) ¥ (1—a)=1—axa=1-{1,0} ={1,0}. O
2.3.6 Lemma. For a # —1,2, we have (3C,) = (3C1_,). Also, (3C™,) C (3C3).

Proof. If a = %, the statement is vacuously satisfied. It follows by Lemma 2.3.5 that
if o« # —1, 1 there are exactly three (1 — o)-axes ¢, f’, ¢’ in A = (3C,). We calculate

«

2

¢f = (id=e)(id —f) = id —e—f—cf = (et f+g)—e—f = (e+f~g) = S(+1~9).

By Lemma 2.3.5, ¢/, f are primitive ®(1 — a)-axes, and ¢'f’ # 0. By Theorem 2.3.1,
¢/, [’ generate a subalgebra B = (3C_,,) in A, or possibly B = (3C}* ) if 1 —a = —1,
that is, « = 2. This B contains three ®(1 — «a)-axes by Lemma 2.3.5, so ¢’ € B. If
a # 2 then necessarily B = (3C,_,) and ¢/, ', ¢’ are linearly independent, whence
B = A. If a = 2 then by Theorem 2.3.4 A is unital and B is not unital, so B # A.
This means that B is not 3-dimensional, so B # (3C_;) and instead B = (3C*,). [
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2.4 Automorphisms

Here we discuss the Miyamoto automorphisms of ¢(«a)-axes, and use them to classify
®(«v)-axial algebras as Matsuo algebras in the special triangulating case. This forms

our algebraic characterisation of 3-transposition groups.

Suppose that A is generated by primitive ®-axes A and let A° = {a € A | A =
Af + AG}. Then A = A° @ A’, where A° = @, 4. (a) is an associative algebra and A’
is the subalgebra generated by A’ = A ~ A°. (This follows by Lemma 2.1.5, showing
that, for a € A’, a.A° = 0 so the sum is direct, and Lemma 2.1.8 states that A° is
associative.) As A° is understood, we now focus on the axes in A’ with a nontrivial

a-eigenspace: the so-called nondegenerate ®(«)-axes.

Definition. Suppose that the fusion rules ¢ are Z/2-graded, so that ¢ partitions
as®, UP_and, fore e € {+, -}, € D, ¢ € D, dx¢' C P.... Then the Miyamoto
involution associated to a ®-axis a € A is the linear automorphism 7(a) € Aut(A)

defined by

x ifr e A} |
2@ = T (2.46)
—x  ifze Af .

The fusion rules ®(«) are Z/2-graded by {1,0}U{«a}, with ®(«)_ = {«a}. Therefore,

by application of Lemma 2.1.4, for =,y € G considered as points of M, (G),

x ANy ifx~y,
y @ = (2.47)

Y otherwise.
This observation generalises:
2.4.1 Lemma. Suppose that t € Aut(A), ® are fusion rules and a € A is a P-axis.
Then o' is again a ®-axis. Furthermore, if ® is 7./2-graded then 7(a)' = 7(a").
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Proof. Observe that o' = (aa)’ = a'a’ is a nonzero idempotent. Viewing ¢ € Aut(A)

as an endomorphism ¢ € End(A), for any = € A we have
ad(a)'z = tad(a)t 'z = (ad(a)z’ ') = (az’ ) = a'z (2.48)

so ad(a)’ = ad(a'). Since ad(a) affords a diagonalisable decomposition of A and ¢ is
linear, ad(a') = ad(a)" again affords a diagonalisable decomposition. In particular,
if r € A%, then a'z' = (az)' = ¢z, so 2! € Agt and therefore (A})" C Agf. Similarly,
if z € Agf then a'z = ¢z so ¢z = (a'z)" = az' ', whence (Aﬁ:;)f1 C Ay, ie,
A2 C (A%)!, showing that A3 = (A%)" and furthermore the eigenvalues of ' are
precisely the eigenvalues of ¢ and lie in ®. Moreover, the fusion rules are also
transported: suppose that » € Aj and y € Aj. Then z'y" = (vy)’ isin (AY},,)" = Ag’;w,
S0 Agf Af; - Ajf*w. Therefore o' is a ®-axis.

Suppose that ® is Z/2-graded and thus « has a Miyamoto involution 7(a). If 7(a)

acts as ¢ = +1 on A4, then 7(a’) acts by € on A = (A%)". As also 7(a)" acts by ¢ on

(A3)', it follows that 7(a)" = 7(a'). O

The fact recorded in Theorem 2.3.4 that (3C,,), « # 3, (3C,) contain finitely many
idempotents, and (3.J,),x € F, (3J;°) do not necessarily, is a qualitative dichotomy

also seen in the automorphism groups; compare the following to Lemma 2.5.3.
2.4.2 Proposition. Aut(3C,) = Aut(3C*,) = Sym(3) for o # 5 over a field F.

Proof. Let A = (3C,) or (3C™,), and G be the graph whose points are ®(«)-axes in A
with two vertices joined by an edge if they generate A. The axes are classified by
Proposition 2.3.3, Theorem 2.3.4 and Lemma 2.3.5. When « # %, this means G is
the complete graph on three vertices. By Lemma 2.4.1, any automorphism ¢ of A
also has an action on G. Since the ®(«)-axes span A, t is determined by its action on
G. The automorphism group of G is Sym(3), so Aut(A) can be embedded in Sym(3).
On the other hand, Sym(3) is clearly realised acting on A, so Aut(4) = Sym(3). O
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Any two distinct idempotents e, f € A = (3C1/2) generate A if ef # 0, but it
will turn out that in general |7(e)7(f)| is unbounded. However e, f satisfy the
presentation in Table 2.3 if and only if |7(e)7(f)| = 3. Equivalently, there exists an
idempotent g € A such that

ferfe—fo=fO=g=c=el yef -l (2.49)

In the sequel, we will pay special attention to this case.

We will therefore say that two idempotents e, f are triangulating if e, f generate
(14),(2B), (3C*)), or generate (3C,,) satisfying the presentation in Table 2.3. If a # 1,
this condition is vacuously satisfied, unless the characteristic of the underlying
field is 3; then —1 =2 = % so that for e, f generating (3C™,) we also require them to
satisfy the presentation of Section 2.3. We also say that a collection A of ®(«)-axes
is triangulating if any pair e, f € A is triangulating. The points in G of a Matsuo

algebra M, (G) are of course triangulating.?

2.4.3 Lemma. Let A be a generating, triangulating set of ®(«)-axes for A. If a,b € A

are nondegenerate and t = 7(a) = 7(b), then a = b.

Proof. Since t # 1 by the assumption of nondegeneracy, and A is generating, there
exists ¢ € A such that ¢’ # c. Set B, = (a,c) and B, = (b, ¢), both isomorphic to (3C).

By assumption, (¢, 7(c)) acts as Sym(3) on both B,, B,, giving
a™ = 7@ = 7O = p7(©) (2.50)
and therefore a = b. O

2.4.4 Lemma. For a nondegenerate ®(a)-axis a € A, 7(a) has order 2. If a,b are

1 In [HRS14], an algebra is called a 3-transposition algebra if generated by a triangulating set of
idempotents.
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nondegenerate ®(«)-axes, then

(

1 if a,b generate (1A),

<2 ifa,bgenerate (2B),
|7(a)7(b)| = (2.51)
3 if a,b generate (3C,,) for a # 3, (3C*,),

or (3C\2) satisfying the presentation of Table 2.3.

\

Proof. If (a,b) = (1A), then a = b, so that 7(a) = 7(b) and 7(a)7(b) = 7(a)* = 1.

If (a,b) = (2B), then b € A2 so b"@ = b. But therefore 7(b)"@ = 7(b) by
Lemma 2.4.1, so 7(a), 7(b) commute, and thus |7(a)7(b)| < 2. If a,b are part of
a triangulating set of axes, then by Lemma 2.4.3 we have that 7(a) # 7(b). Thus the
product 7(a)7(b) is an involution in this case.

Suppose that we are in the final case. Then there exists ¢ € (a,b) such that

a™® = ¢ = b7 whence 7(a)"® = 7(c) = 7(b)"@ and therefore
(7(a)7(0))® = 7(b)" D7 (a)™™ = 7(c)7(c) = 1. (2.52)
On the other hand, """ = ¢, so 7(a)7(b) # 1 and has order 3. O

In other words, Lemma 2.4.4 states that if ¢ and f are triangulating then
|7(e)7(f)| < 3. The Miyamoto involutions generate a subgroup of the automorphism
group, and their property of bounded pairwise product size has a well-known

description, first introduced by Fischer:
Definition ([A97]). A 3-transposition group is a pair (G, D) where G is a group, and

i. D C @ is a generating set of involutions closed under conjugation, and

ii. |ed] < 3forall ¢,d € D.

The classification of 3-transposition groups was accomplished in special cases
by Fischer [F71] and in generality by H. Cuypers and Hall [CH95]. A celebrated

interpretation of 3-transposition groups in a combinatorial setting is
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2.4.5 Theorem (Buekenhout’s Geometric Characterisation, [B]). Fischer spaces
without totally disconnected points are in bijection with the 3-transposition groups

up to centre. [

Here we give a sketch of the bijection. If (G, D) is a 3-transposition group, let G
be the graph with point set D and lines {c, d, e} if (¢, d, e) = Sym(3). If G is a Fischer
space, then let 7(z) € Aut(G) for z € G be the unique automorphism fixing = and 27,
and exchanging any two elements y,z Ay for y € ™. Then D = {r(x) |z € G},G =
(D) gives a 3-transposition group (G, D).

If ® is Z/2-graded, a set of ®-axes A is closed if A™® = A for any a € A.

We can now prove results about general algebras generated by certain classes of

®(a)-axes. We have an intermediary lemma before the general case.

2.4.6 Lemma. If Ais a closed triangulating set of primitive nondegenerate ®(«)-axes

then the Miyamoto involutions of A generate a 3-transposition group.

Proof. Let D = {7(a) | a € A} C Aut(A) and set G to be the subgroup of Aut(A)
generated by D. Then D¢ = D as D™ = D for any a € A. Then (G, D) is a 3-
transposition group: every o', for a € Aand ¢t € D, is conjugate by the automorphism
t to a nondegenerate ®(«)-axis a, therefore is itself a nondegenerate ®(«)-axis by
Lemma 2.4.1. Thus 7(a') is an involution. By definition, D generates G and is closed
under D-conjugation, hence under G-conjugation. Finally, Lemma 2.4.4 provides

the bound |cd| < 3 for ¢,d € D. O

2.4.7 Theorem. An algebra A generated by a closed triangulating set A of primitive

®(a)-axes is a quotient of a Matsuo algebra M, (G) for G a Fischer space.

Proof. Write A = A° U A, where A° = {e¢ € A | A = 0} are the degenerate

axes in A and A’ are the nondegenerate axes. We saw that A = A° @ A’, for
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A® = @,c4-(a) an associative algebra. Observe that A° = M, () where H is the
totally disconnected Fischer space with |.4°| points. It only remains to show that
A" = (A’) is a quotient of a Matsuo algebra on a Fischer space G, so that A is a
quotient of M, (H) & M,(G) = Mo (HUG).

We therefore assume that all axes in A are nondegenerate. By Lemma 2.4.6,
the Miyamoto involutions D of the axes .4 generate a 3-transposition group (G, D).
By Lemma 2.4.3, the map 7: a — 7(a) is injective on A, so |D| = |A|. Since the
axes in a € A are nondegenerate, for any a € A there exists a b € A such that
a # b,ab # 0 and |7(a)7(b)] = 3. Thus 7(a) € Z(G) and in particular D N Z(G) = (.
Let D be the Fischer space of (G, D) afforded by Theorem 2.4.5 on the points D.
As any a,b are triangulating, there exists (according to the presentation of (a,b)
given in Section 2.3) an axis ¢ € A such that ab = 2(a + b — ¢) and 7(c) = 7(a)™®.
As 7 is injective, this c¢ is uniquely defined and in particular, for 7(a),7(b) € D,
7(c) = 7(a) A 7(b) in the Fischer space. Therefore A spans A and the multiplication

among axes in 4 satisfies (2.3), so A is a quotient of M, (D). O
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2.5 dJordan algebras

We notice in Theorem 2.5.4 that the fusion rules of ®(!/2)-axes occur also as fusion
rules of idempotents in Jordan algebras. Here we will establish that the Matsuo
algebra M, (G) is a Jordan algebra if and only if G is .A,, or P;. We assume throughout

that o = % € IF, and later that % € IF, where F is the field over which we work.

Definition ([A47]). A Jordan algebra J is a unital nonassociative commutative

algebra over a field F in which, for all a,b € J, (ab)(aa) = a(b(aa)).

If A is an associative F-algebra then A" with the same underlying vector space

and Jordan product x e y = $(xy + yz) is a Jordan algebra [A47].
2.5.1 Proposition. The algebra (3.J,) is a Jordan algebra for all k € F.

Proof. We give an explicit isomorphism to a known Jordan algebra when « # 0. Let
V.. be a vector space spanned by {v;, v2} with symmetric bilinear form (,) defined
by (vi,v1) = 1 = (va,v2) and (vy,v2) = k — 1. Then J, = F1 @ V, is a Jordan algebra
when we extend (1,V,) =0,(1,1) = 1 and (v1 4+ v)(pl +w) = (vu+ (v, w))1 + pv + vw;
this is given as Spin Factor Example 3.3.3 in [McCO04].

For k # 0, the isomorphism ¢: (3.J,) — J, is given by

1 1
e’ =gl [=gldu, (eof)® =l (2.53)

For A = (3.Jy), we verify manually that ad(aa) ad(a) = ad(a) ad(aa) for all a € A.
An arbitrary a € A can be written as a = Ae + uf + v(eo f), with A, yu,v € F. As
ad(e o f) = 0, by linearity of ad we can assume v = 0. Then aa = Me + p*f +
A(e + f + 2eo f). Again ad(e o f) commutes with everything, so to check ad(aa)

commutes with ad(a) it suffices to consider the terms e, f: for b = A(A+p)e+pu(A+p)f,
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ad(aa) ad(a) = ad(a)ad(aa) if and only if ad(b) ad(a) = ad(a) ad(b). By the linearity
of ad, and expressions for ad(e), ad(f) which may be derived from Table 2.4, we see

that this is indeed the case. Thus A satisfies (aa)(ba) = ((aa)b)a for all a,b € A. O
We solve the isomorphism problem for (3.J,,) over the reals R:

2.5.2 Lemma. There are 4 isomorphism types of (3.J,) over R, k € R, corresponding

tok=0,0<k<3 k=3 andr &[0,1].

Proof. The classification of isomorphism types among (3.J,), for x # 0, is equivalent
to the classification of symmetric bilinear 2-dimensional forms over F using the

isomorphism into F1& V' of the proof of Proposition 2.5.1. The form has Gram matrix

1
1 K

1
1. (2.54)

-t
Over the reals, that is, when F = R, there are three symmetric bilinear forms which
are possible. These correspond to the different possibilities for eigenvalues of the
Gram matrix: its determinant is p? — 11 — k(k — 1), with roots  + (x — 1), that is, x
and % — k. At least one root is strictly positive. Write

Ro= {0}, Ri— (0%) Ry {%} Ry = (—00,0) U (%oo) . @255)

Then Ry, ..., R3 is a partition of R, and it is well-known that for any «,x’ € R;,
i = 1,2,3, the forms parametrised by x and ' are equivalent, hence (3.J,,) = (3.J./),
and moreover if v € R;, j = 1,2,3,j # i then (3J,) # (3J,). Here x € Ry, Ry, R3
corresponds to the so-called pure, zero and mixed signature form respectively.

The algebra A = (3J,) for any x € R;URyU R3, that is, k # 0, has zero annihilator
Amn(A) ={z e A|zy=0forally € A}. (2.56)
For suppose that z = Ae+pf+veof € Ann(A). Then 0 = ze = e+pu(5e+5f+eof)+vre
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implies that ¢ = 0 by the linear independence of ¢, f and eo f; likewise 0 = z f implies
that A = 0. Now = = vs and therefore = € Ann(A) if and only if v = 0, that is, z = 0,
or x = 0. On the other hand e o f € Ann(3Jy) # 0, so (3.Jp) is not isomorphic to any
(3J,) for k # 0. O

It is also well-known that there are similarly, up to equivalence, three symmetric
bilinear forms in 2 dimensions over a finite field, referred to as +, 0 or —-type.

What can we say about the automorphism groups?

2.5.3 Lemma. For x € F ~ {0}, Aut(3J,) contains an algebraic group, has size at

least charIF, and is infinite in characteristic 0.

Proof. By the proof of Proposition 2.5.1, (3.J,) 2 F1®V when x # 0, where dim V' = 2
and V has a bilinear form (,): V — F such that (v,v) = 1 = (w, w) with (v,w) = k+1.
Any equivalence of (,) induces an automorphism of A, so Aut(V,(,)) contains an

(orthogonal) algebraic group.
Let A = (3J;) generated by ®('/2)-axes e, f, and set ¢, = ve + (1 — v)f. Then

eve, =vie+ (1—v)’f+ Q%V(l —v)(e+ f)=ve+(1—v)f =e,, (2.57)

and in fact (by direct verification, or by Proposition 2.5.1 and Theorem 2.5.41.) ¢,
is a ®(!/2)-axis for all v. Furthermore ¢,¢, = €1 (vt p) and the order of 7(e,)7(e,) can
be arbitrarily large if v # u; in particular, if p = 7(e)7(f), then f? = 2¢ — f and
fP" =2ne+ (1 —2n)f = ea,, and ey, # ¢y = f for any n less than char F. Therefore
Aut(3.J;) has size at least char I, or, if char F = 0, is infinite.

Write A = (3.J;) and let ¢, f be two generating ®(1/2)-axes in A such that under
the quotient A — A by the ideal I = (éo f ) C A the image of ¢, f is e, f respectively.
Then 7(é), 7(f) € Aut(A) fix I and therefore have an action on A/I 2 A matching

the action of 7(e), 7(f) € Aut(A) respectively. Thus 7(é)7(f) has strictly larger order
than 7(e)7(f), and so Aut(3.Jy) has size at least that of Aut(3.J;). O
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Therefore some of our examples of ®(1/2)-axial algebras are Jordan algebras. The
following results give a largely satisfactory answer to the question of which Jordan
algebras are axial, that is, generated by ®(1/2)-axes. Recall that « € A is nilpotent if

there exists some integer n such that 2" = 0.
2.5.4 Theorem. Suppose that J is a Jordan algebra over a field F.

i. ([A47] Theorem 6) Idempotents in J are ®(1/2)-axes.
it. ([A47] Lemma 4) If a € J is not nilpotent, then the subalgebra F[a|, and hence
J, contains a nonzero idempotent.
iti. ([A47] Theorems 4, 5) The subset Rad(J) of all nilpotent elements of J is an
ideal, and J/ Rad(J) is semisimple.
iv. ([J68] Chap. VIII, Sect. 3, Lemma 2) If J is finite-dimensional, semisimple and

F is algebraically closed, then J is spanned by idempotents. ]

On the other hand, in light of Section 2.4, we ask: which Matsuo algebras are
Jordan? By Lemmas 2.4.3, 2.4.4, this implies that the automorphism group of the
Jordan algebra J contains a 3-transposition subgroup.

Recall that matrix transposition is the map which takes a matrix M = (2;;)1<i j<n

to M' = (x;)1<ij<n- A matrix is symmetric if it is fixed by transposition.

2.5.5 Theorem. The Matsuo algebra M /5(A,,) over F > % is isomorphic to the Jordan

algebra over F of symmetric (n+ 1) x (n + 1) matrices whose rows have sum 0.

For the proof of this theorem, we first present a construction of Jordan algebras.
Suppose that R is a root system; recall that this means R spans V' = R" with
Euclidean form (,). We will give alternative constructions of the simply-laced
root system over F"*! for any F, based on the integral lattices of the root system,
following [C05]. By assumption { € F, the field F is not of characteristic 2 and
therefore —1 # 1.
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For a nonsingular vector v € V, write m, = #vtv for the projection matrix of the
1-dimensional subspace (v) C V. The collection {m, | a € R} generates, with the
Jordan product m, e m; = %(mamb + mym,), a Jordan algebra AT (R). As m, = m_,,
it suffices to take the projection matrices for a set R, of positive roots in R.

Let V = F**! with standard ordered basis vy, . ..,v,. Then
(An)+ = {aij =V; — Vj | 0< j <1 < n}, (258)

and the projection matrices are, for ¢;; the (n+1) x (n+ 1) matrix with 0 everywhere

except a 1 in position i, j,
1
Ma;; = 5(% — €ij — €5i T €55). (2.59)

2.5.6 Lemma. Suppose that a,b € R are two roots of equal length and m,, m; are the

associated projection matrices. Then

my if a = b, i.e., (a,b) = Ay
Mg @My = 4 0 lf ((I, b) = O, i.e., <CL, b> = A1 X A1 (260)
T(ma +my —m.)  otherwise: (a,b) = Ay, ¢ = +(a —b).

Proof. Projections are idempotents, so that m, e m, = m? = m, for all a € R.

Suppose that (a,b) = 0. Then there exists a basis {vy,...,v,} of V extending
{a,b} with v; = a,vy =b. fv eV, v = Zlgz‘gn A\ivi, then mov = Aoy, myv = Avo and
therefore (m,m;)v = 0 for all v € V. Thus m,m;, = 0 and m, e m; = 0.

Suppose now that a,b,¢c € Ay C R with m,, m;, m. distinct. Without loss of

generality we may assume that R = A, in F? as in the above construction, and

R+ = {(17_17())7(1707_1)7<0717_1>}7 (261)
1 -1 0 1 0 —1 0 O 0
1 1 1
{ma7 mb7mc} == {5 —1 1 O ) 5 O O 0 ) 5 O 1 —1 } (2'62)
0 0 O -1 0 1 0 -1 1
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Indeed m, e m;, = %(ma + mp — m,) in this representation, and hence in general. [

All roots in R have equal length if and only if R is simply-laced. Therefore the
multiplication rule in A* is the multiplication rule of a Matsuo algebra when the
underlying root system R is simply-laced. In particular, A" is then spanned by

A ={m, | a € R,}. It remains to determine whether A is linearly independent.
2.5.7 Lemma. The algebra A*(A,) has dimension $n(n + 1).

Proof. There are %n(n + 1) positive roots in A,,. Clearly the projection matrices of
the positive roots are all linearly independent, since a projection m has m; ; # 0 if
and only if it corresponds to the positive root v; — v;, so distinct projections have

nonzero entries in distinct positions. ]

Proof of Theorem 2.5.5. Let A, be embedded in V = F"*! as described in (2.58). By
the previous Lemmas 2.5.6, 2.5.7, AT(A,) is a Jordan algebra of dimension 1n(n + 1)
which, since it satisfies the same multiplication, is a quotient of the Matsuo algebra
Mi5(Ay,). On the other hand, M 5(A,) has dimension |(A,).| = jn(n+ 1) = d,
and therefore A*(A,) = M;)3(A,). From the description in (2.59), the matrices
are symmetric, and their column (equivalently, row) sums are 0. We see that any

symmetric matrix with 0 row sum is in the span of these projection matrices. [J

For the case of the Matsuo algebra of P; from Figure 2.1, we will need the
following definition. Let E be the quadratic étale extension £ = Flx]/(2? + 3) of F
a field of characteristic not 2 or 3, and let o € Gal(F/F) be its non-trivial Galois
automorphism. Notice that £ might or might not be a field, depending on whether
—3is a square in F. Write F = F[¢] with (? = —3, so in particular (° = —(.

The Jordan algebra H;(F, *) consists of 3 x 3 matrices over E fixed by *, where x

is the involution on Mat;(E) given by conjugate transposition, i.e., (z;)* = (7).
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2.5.8 Theorem. The Matsuo algebra M, 5(P;) over F > ¢ is isomorphic to the Jordan
algebra H3(E, x).

Proof. Let A = M, 5(P3). For each i € {1,...,9}, we let p; be the generator of the
Matsuo algebra corresponding to the point i in Figure 2.1. Our proof has five steps:
we establish an identity element in A; find idempotents for lines in Ps; calculate
their eigenspaces and intersections; recall the multiplication of H(FE, x); and verify
an explicit isomorphism of the two Peirce decompositions.

The algebra A is unital, with id = 3 2?21 p;: Let z = Z?:l p;- By symmetry and
linearity, it suffices to verify that zp; = 3p;. Namely,

9 9
pr=p1+ g <p1+pj_p1/\pj):3p1+i2(pj_pl/\pj):3pl
=2

7 1=2

since each of the 8 elements p», ..., py occurs once with each sign in the sum.

We need the idempotents associated to lines of P;. Let L be any of the 12 lines of Ps.
Then define

BLZ—%ZPH-%ZI%’ and fLZid—engzpi- (2.63)

1€l €L €L
For each line L of P3, the element ¢; is an idempotent of A. We can equivalently
show that f; is idempotent. Without loss of generality, L = {1,2,3}. Then
Ji=5mi+p2+ps)’ =501 +p2+ps) +2-5 % Z (pi +pj — pi A pj)
1<i<j<3

= 51 +p2+p3) + 501+ p2+p3) = 3(p1 +p2+ p3) = [

Observe that in fact f; is the identity of the subalgebra spanned by points in L.
If L and M are two parallel lines in P3, then ¢, and e,; are orthogonal idempo-

tents, i.e., ere)r = 0. Notice that e ey, = 0 if and only if f; foy = fr + fir —id. Without
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loss of generality, we may assume that L = {1,2,3} and M = {4,5,6}. Then indeed

3 6
Jrfm = %ZZW% = %

i=1

Mw
Mo

(pi +p; — pi A D))

=1

6 6 9

=1 = i=

<.
I
W~

—
<.
Il
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We will now describe the eigenspaces corresponding to each ¢;. Let L be a line of Ps.

The element ¢; has is primitive, with eigenvalues 1,0 and %:

AiL = {)\GL | AE F},

Ayt = {Z Aipi =+ A(sz sz) | \i, A € IF}

€M 1EN

Aty = {(ZAMZ%) A= 0,5 =0},

€M
To prove this, we may assume that L = {1,2,3}, M = {4,5,6} and N = {7,8,9}.

Let 2 = 3.7, \ip; be an arbitrary element of A. Then

ver, = —g(Aa+ -+ Xo)(p1 + pa +p3) + 5(Aapa + -+ + Aopg)

%()\4 + A5 + X6) (p7 + ps + pg) + %()\7 + Ag + Ag) (P4 + p5 + ps)-

It is straightforward to verify these eigenvectors for ¢ ; since the dimensions of these
three subspaces are 4, 4 and 1 respectively, they together span all of A, and hence
we have found all eigenvectors. Since dim Aj* = 1, the idempotent ¢;, is primitive.

As a consequence, we get a decomposition for A, which will ex post facto be a
Peirce decomposition. Namely, let {L;, L,, L3} be a parallel set of lines in P;, and
denote the idempotent e, by e; respectively. Let A;; = A7 = (e;) for each i, and let
Ay = AN Al/f2 for each i # j. Then for any {7, j,k} = {1,2,3}, we have

Ay = {Z Aepe | S, A = o} (2.64)

leLy,
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so dim A4;; = 2, and hence

A= A11 S5 AQQ ©® A33 © A12 © A13 ©® A23. (265)

We now recall some facts for H;(E, ) from [J68], p. 125-126. Let ¢;; be the usual

matrix units in Mats(E). Define, for x € F,
xlij] = ze;; + 2%¢;; € Mats(E) (2.66)

for all 7, j; in particular, z[ii] = (x + 27)e;; for all i, and z[ji| = 27[ij] for all i, j. Recall

that the multiplication in J is given by

21lij] - yljk] = wylik] for all i, j, k distinct, (2.67)
2alid] - ylij] = (x + 27)ylij] for all i # j, (2.68)
22[ij] - y[ijf] = xy i) + zy°[j7] for all i + j, (2.69)
2ulii] - ylid] = (x + 27)(y +y)[id] for all 4, (2.70)
wlij] - ylkt] = 0 if {i,j} N {k, 0} = 0. (2.71)

Finally, let J;; = {z[ij] | = € £} for all ¢, j, so in particular

J = J11 © :]22 ©® J33 ©® J12 © J13 S5, Jgg. (272)

The final step in our proof is to establish directly the isomorphism.
Consider the decomposition of A in (2.65). Let n be the F-vector space isomor-

phism from A to J given on each of the six subspaces by

€; > €5 = %[ll] for all 1,
A1+ pp2 — (A + p)ps = (3N + 1) + (A — p)¢) (23],
Apa + s — (A4 w)ps = (FO 4 1) + (= M) [13],
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Apr 4 pps — (A + p)py = (TN + ) + 3(A — p)¢) [12],

for all A\, u € F. We verify that » is an isomorphism of algebras by examining the
cases (2.67) through (2.71) one by one.

For case (2.67), assume that i = 1, j = 2 and k£ = 3; the other possibilities
for i, j,k are completely similar. So let x15 = Ap; + ups — (A + p)ps € Ajp and

Yoz = N'p1 + p'pa — (N + p)ps € Agz be arbitrary. Then

2012y23 = 5 (—ANpa — Mi'ps + AN + 1)ps — uNps — pp'ps + (N + 1/)pa
+ (A + ) Nps + A+ ) p'pa — (A + ) (N + 1)pe)
= (=N 2 4 M A+ N ) pa + L (2AN — i+ M+ N ) ps

+ 5 (AN = = 22" = 2uX) p,

SO

N(2719923) = (AN + put + 201" + 2uN) + F(ON = pp')¢) [13). (2.73)
On the other hand,
GO+ )+ 30 =w¢) - GV + )+ 3N = p')0)

= (A + )N + ) = ZA = )N =) + 5 (A + )N = 1) + A=) (XN +1))¢

= (BOW 4t + 200"+ 2pN) + 2N — )05

we conclude that 7(2z12y23) = 2n(x12)n(y23)-

The multiplication rule (2.68) is that, for y € E, y[ij] is a %-eigenvector for e;;.
Since 4;; is contained in the ;-eigenspace of ¢;, it follows that 7(e;y;;) = n(e;)n(yi;)
for all i # j and all y;; € A;;.

We now check (2.69), and again we assume that i = 1 and j = 2 since the

other cases are completely similar. So let x5 = Ap; + ups — (A + p)py € Aj2 and
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Y12 = Np7 + 1'ps — (N + p)pg € Ass be arbitrary. Then 2z15y15 =

(O 4 ) + 5O+ X)) (p7 + ps + po) = (SON + ') + FOA + X)) (er + ).
On the other hand,

GO+ + A=) - GOV + ) + (N = 1))’

GA+m)+iA=w0) - BN + ) — 3N = i)Q)

= (FON + ) + 50w + X)) + GO = pX)C,

N

and hence, allowing us to conclude that n(2x15112) = 2n(x12)n(y12),

GO+ + 1A= GV +p) + 5N =1)0) [id] = (SON + ) + 5 (' + X)) ess.

Case (2.70) is an immediate consequence of the definition of z[ii] = (z + x7)e;;
combined with the fact that ¢; and ¢;; are idempotents.

Finally, to deal with case (2.71), we have to verify that A4;;4;, = 0 as soon as
{i,j} N {k,t} = 0. If i = j and k = ¢, then this is an immediate consequence of
the fact that e; and e; are orthogonal idempotents. If i = j and k # ¢, then A, is
contained in the %-eigenspace of both ¢, and ¢,, and hence in the 0-eigenspace of

1-— € — €p = €4, it follows that AMAM = 0. O

If we knew in advance that M, ,(P3;) was a Jordan algebra, the calculations in
the proof of Theorem 2.5.8 could be replaced by an application of Jacobson’s Strong
Coordinatization Theorem, [J68], Theorem 5, p. 133. The idempotents e, ¢; and e
are strongly connected, and the coordinatizing algebra, an algebra structure on A,;

for i # j, is isomorphic to the F-algebra F; c.f. [J68], Lemma 3, p. 135.

In the next proof, we will require two well-known definitions and facts. The non-

commuting graph on a subset D C G is the graph D with points D and lines {c¢, d}
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for ¢,d € D with [c,d] # 1. If D is a generating set of involutions closed under
conjugation, then D has the same point set as the Fischer space of (G, D), and two
points are connected in the noncommuting graph if and only if connected in the
Fischer space, but lines are sets of size 2 in D.

The Coxeter group Cox(G) of a simply-laced graph G is the transposition group
(G, D), where D’ is a set of generators in bijection with the points of G, G is the
group generated by D’ modulo the relations d*> = 1 for d € D/, |cd| = 2 for ¢,d € D’
not connected in G and |cd| = 3 for ¢,d € D' connected in G, and we set D = D’ ¢,

We will also need some 3-transposition groups; as reference, we use [H93].

The group Wk(An), for k = 2,3, n € N, and A,, the affine extension of the root
system A,,_1, is defined as follows. Let GG be the F;-linear permutation representation
of Sym(n + 1), that is, the semidirect product of Sym(n + 1) with the module F},
where the action is permutation of the standard ordered basis {vy,...,v,.1} of F}.
Let D be the image of the conjugacy class (1,2)%™"*+1 of Sym(n + 1) embedded in G.
Then W, (A,) is the quotient (G, D) of (G, D) by the diagonal (v, + - - - + v,,11).

Let C be the complete graph on {a,b, ¢, d}, and C’' the graph obtained from C by
deleting the edge {b,c}. Then set

Gy = Cox(C")/((a’d)® = (a°d)® = (a"°d)* = 1), (2.74)
G5 = Cox(C)/((0°d)® = (a’c)® = (a’d)® = (a°d)® = (a"'c)® = (a*'b)* = (a™b)® = 1).
(2.75)

Let D; be the image of the Coxeter involutions closed under conjugation in the above
quotient for : = 4,5. Then D, generates G, and (G;, D;) is a 3-transposition group.

We note that G4 = 276 : SU3(2)" and G5 is M. Hall’s 3'° : 2 [H93].

2.5.9 Theorem. Let J be a finite-dimensional Jordan algebra over F which is also a

Matsuo algebra M, 5(G) for G connected. Then G = Psor G = A,.
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Proof. A connected Fischer space of rank 1 is a single point, and its Matsuo algebra
(1A) is Jordan. A connected Fischer space of rank 2 is a line, with Matsuo algebra
M;i2(As). In rank 3, by definition the only connected Fischer spaces are P, and
Ps. As Py = Ay, My/»(Py) is a Jordan algebra by Theorem 2.5.5. By Theorem 2.5.8,
A = M, /5(Ps) is the Jordan algebra of 3 x 3 matrices with Jordan product.

The rank 4 Fischer spaces are classified by [H93], Proposition 2.9. They are the
Fischer space A, and the quotients of the Fischer spaces of the 3-transposition groups
Wk(Ag), k=23 and (G;, D;),i = 4,5, defined above. It follows by Theorem 2.5.5 that
the Matsuo algebra of A, is Jordan. This is the only one out of the five groups which
gives a Jordan algebra. For the others, if a, b, ¢, d are any 4 generating transpositions
of G, G a quotient of Wy (A3), W5(A3), Gy or Gs and D = a® UbS U ¢ U dC = a%, then
for x = a + b + c in the algebra M, »(G), (xz)(dx) # ((xz)d)x, whence A is not Jordan.
We show that A is not Jordan for G = W;(A;) and k = 2,3 by the explicit example:

seta', b, c,d =
01 00O 100 00 100 00 000 1 O
1 00 00 00100 01 00O 010 0 O
0010O0], 01 0¢0O0], 0001O0], 001 0 O0f,
00010 00010 00100 100 0 O
00001 00001 00001 100 —1 1

(2.76)

. ) I |0

which are generators of G’ = k% : Sym(4), and if n = < . ),thenG = G'/(n)

and a = ¢’/(n) and likewise define b, ¢,d. For (G, D) = W(As), the coefficient of a
in ((zz)d)z is £ and the coefficient of a in (zz)(dz) is &. For (G,D) = W5(As), the

313

: : 13 7
respective coefficients are 35 and ;. We see that ¢, 3

# = in any characteristic (not
2 by assumption), and similar inequalities hold in the quotient cases. In each case
this shows that the Jordan identity does not hold.

Abusively, let now «, b, c,d stand for the images of a, b, ¢, d under the quotient
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Cox(C') — G4 or Cox(C) — G5. Then = = a + b + ¢ in the algebra again gives

cdb

((zz)d)x # (zz)(dr). In both cases, the idempotent corresponding to «“” has a

nonzero contribution, namely with coefficient —%, on only the lefthand side. There-
fore the Matsuo algebras for (G4, D,) and (G5, D;) are not Jordan.

Suppose that (G, D) is a transposition group whose Fischer space G has rank r
at least 5, such that the Matsuo algebra A = M »(G, D) is Jordan. If 7' C D is a
generating set for G and 7 is the noncommuting graph on 7', then G is a quotient
of the Coxeter group on 7. Suppose that the subspace spanned by 77 = {d;, ..., d,}
has rank 4 in G. By the above, (7”) = Sym(5) and 7" is a line with 4 nodes, since
the subalgebra of A generated by d,,...,d,; must itself be Jordan. Therefore if
T = {dy,...,d.} € D are a (connected, since the noncommuting graph on D is
connected) set of generators for G, then no vertex has valency 3 in 7. Therefore 7 is
either a line or a loop, corresponding to A, or A, . By Theorem 2.5.5, M 5(A,) is
Jordan. Suppose 7T is A, ;. Then G is a quotient of Wk(Ar,l) [H93]. But Wk(Ar,l)
admits an embedding of W},(A3) for all » > 5: for

0100 10 00 10 00
1000 oo o 0100
a = @Ir—ﬁh b= @]r—47 ¢ = @Ir—ﬁh
0010 01 00 00 01
00 01 0 0 01 0010
0 1 0
1 0 0 1,110
d = ., n= ! ,
0 0 |I,.31]0 1 |1
1 -1} 0 |1

~

we have that W, (A,_,) is the quotient of £” : Sym(r) by (n'), and a, b, ¢, d the images
of d', v/, ,d in Wk(Ar_l) generate a subgroup Wk(Ag). Therefore the Matsuo algebra
of W;,(A3) is a subalgebra of A, but it is not Jordan, so A is not Jordan. Hence the
only possibility is that 7 is A,. ]
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Chapter 3. Lattice algebras

In this section we try to recover good behaviour, and good subalgebras, for Matsuo
algebras by using properties of their underlying graphs and their field of definition.
We prove a variety of general statements and eventually specialise to the cases of

A, and D,,, with a view towards vertex algebras and towards automorphisms.

3.1 Preliminaries

This section introduces the some graph-theoretic constructions and also relates
them to the 3-transposition groups which are their source. We present a conjecture
on the action of maximal parabolic subgroups on transpositions and prove it in
many cases, which we will need in the sequel for our results on Matsuo algebras.

We now introduce a particular combinatorial property of embeddings of Fischer
spaces which will be important to us later.

We say that a graph G is k-regular for k € N if
forallz € G, |27|={yeG|x~y} =k 3.1)

If G is k-regular for some k£ € N, we say that G is regular, and set kg € N such that G

is kg-regular.

3.1.1 Proposition. Suppose that G is a connected Fischer space. Then G is regular.
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Proof. Let 7(G) = {7(z) | = € G} C Aut(G), and G = (7(G)). If G is a single point,
then G is O-regular. Otherwise, since G is connected, every point lies on at least one
line, so that 7(z) is nontrivial for all = € G, and therefore |7(z)| = 2. Now G acts
transitively on G, because G connected means that for any x, 2’ € G there exist xy =
T, T1y. .., Tpo1, Ty = & such that x; ~ x;,1 for 0 <i < n and thus z; A (v; Axi1) = x4,

T(:EZ' /\x¢+1)

SO = x4, and for t = 7(zg A xy)7(xy A xo) - T(T0oy A z,) We have 2t = 2.

This action moves edges to edges, and so in particular (z™~)" = (2)~ = 2/”. Therefore

|2'~| = |2~ for all z,2" € G, and G is |2~|-regular for any = € G. O

In the cases where we have an embedding of linear 3-graphs H C G we also have

a notion of a boundary graph G/H: the graph with point set
H™={zr € G~H|z~yfor somey € H} (3.2)

and lines {z,2'} if x A 2’ € H.

We will be interested in cases where

Definition. If G, H are connected regular 3-graphs, # is maximal in G and G/H is

also a connected regular graph, then the embedding H C G is very regular.

Define kf, such that G/# is kj-regular. Observe that kf, = |2~ N H| for z € H™~ in
this case.

We will look for examples of very regular embeddings coming from 3-transposition
groups. A subgroup H of a 3-transposition group (G, D) is parabolic if H is generated
by H N D. This H is maximal parabolic if it is a proper subgroup maximal among
parabolic subgroups of (G, D).

We also say that a maximal parabolic subgroup H is very regular in a 3-transposition

group (G, D) if the induced embedding of graphs H C G is very regular.
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By extension from (3.2),
H* ={x € G H |z yforanyy c H}. (3.3)

If H C G then H”* = ), thatis, G = HUH"™. Forif x € H”, then H C (z,H) C G either
is a strict inclusion of subspaces, contradicting that # is maximal, or G = (z, H) =

(x) @ H, contradicting that G is connected.

3.1.2 Lemma. Any maximal parabolic subgroup H of (G, D) is the subgroup gener-

ated by M N D for M a maximal subgroup of G containing H.

Proof. Suppose that H is generated by H N D, and let M be a maximal subgroup
of G containing H. Then H C M implies HND C M ND,and H = (HN D) C
(M NnD)CM#G. If H is maximal among parabolic subgroups, then necessarily

H = {(MnD). O

3.1.3 Lemma. Maximal parabolic subgroups H of (G, D) are in bijection with maxi-

mal subspaces H of the Fischer space G of (G, D).

Proof. Suppose that H is a parabolic subgroup and let H be the Fischer space of
(H,H N D), viewed as a subspace of G. There exists a point z € G \. H such that
(x,H) # G (strictly) contains H if and only if there exists an transposition d € D
such that (d, H) # G (strictly) contains H. O]

For brevity, when (G, D) is a 3-transposition group and D is a single conjugacy
class in G, H C (G is parabolic and H N D is a single conjugacy class in H, we say

that H is a connected subgroup of (G, D).

3.1.4 Conjecture. Whenever G is the Fischer space of a 3-transposition group (G, D)
and H is the Fischer space of a connected maximal parabolic subgroup H of (G, D),

we conjecture that H C G is very regular.
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Our evidence is collected in Theorem 3.1.5.

In the cases where G is a Weyl group, we form the associated 3-transposition
group (G, D) by taking D to be the conjugacy class of reflections of roots. When
G = Wk(An), G is a quotient of a Weyl group (as defined in Section 2.5) and D
is the image of the conjugacy class of reflections in the quotient. By 3" : 2 we
understand the elementary abelian group 3" extended by an inverting involution,

unless otherwise indicated. In all groups of shape 3™ : 2, the transpositions are the

unique class of involutions.

3.1.5 Theorem. The connected maximal parabolic subgroups H of (G, D) induce
very regular Fischer spaces H C G when (G, D) is, for any n € N, the Weyl group of
A,, Dy, Eg, Er, Eg, or Wi,(A,) for k = 2,3, or 3" : 2, or M. Hall’s 3'° : 2.

Proof. Recall that (G, D) for A, is G = Sym(n + 1),D = (1,2)%. Let E C D and
S CA{1,...,n+ 1} be the support of F, that is, the smallest subset S of {1,...,n+ 1}
such that any transposition e € F is of the form (s, s2) for some s;, s, € S. Then
partition S into orbits 51, ..., S, of (E). Observe that (F) = Sym(|.S;|) x - - - x Sym(|S,|)
and therefore F does not satisfy the hypothesis of connectedness unless S = 5; is a
single orbit. Furthermore if |S| is less than n then H is not maximal. Therefore a
connected maximal parabolic subgroup H of G has support {1,...,j—1,5j+1,...,n+1}
for some j and H = Sym(n). In these cases let d = (1,7), or d = (1,2) if j = 1, so that
de D~ (DN H). We see that D = (HnN D) Ud".

As W(D,,) = Wy(A,_,) by [H93], we cover it below as part of W;(A,_).

The cases for W(E,),n = 6,7,8, were checked in [MAGMA] with the computa-
tional assistance of Raul Moragues Moncho.

Suppose that (G, D) comes from Wk(An) when k£ = 2,3 and n > 3. There are two

possibilities for a parabolic subgroup H such that H N D is a single conjugacy class:

either H is isomorphic to Sym(n) or to Wj(A,_1). Along the same lines as in the
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proof of Theorem 2.5.9, we use a representation of G as a matrix group. Let

0 1 0 1 0 1
g1 = % [nfh ga2 = <1> S > [n727 cevy Gn-1 = Inf2 S D (1) )
10 10 1 0

0 1 0 |0
1 0 0 |0
In+1 = s h =
0 0 |30
1 —-1] 0 |1 (3.4)

Then G = (g1, ..., 9n+1)/(h) and D is the set of conjugates of {g;(n)}1<i<nt1. We also
set G = (g1,...,gns1) and D the set of conjugates of {g;}1<icni1. Now H = Wy (A,_1)
if and only if, up to conjugation, H = ﬁ/<h> for H = (g1, 9n-1,9nsr1). Then it is
clear that in G, D = (ﬁ N 15) U g,f’ . The same property descends to the quotient, so
that D = (H N D) U (g,(n)). This shows that G/H is connected, so H C G is very
regular. The other possibility is that /7 = (g1,...,9,)/(n). In this case, when £k = 2
we see that W,(A,_1) = W(D,), and as we will see, D,, = A* by Lemma 3.5.2 and G
is very regular in G* by Lemma 3.1.6, so that this possibility is covered. However we
can observe that in general in G, the orbit of g,.,; under the action of H = (g1, n)
has size in(n + 1) if K = 2 and n(n + 1) if &k = 3, so that H is transitive on the
transpositions in G outside [. This again holds in the quotient H.

When G = 3" : 2, there is only one conjugacy class D of involutions. Observe that
any subset of involutions of G generates a subgroup H = 3™ : 2 for some m. Then H
is maximal if m = n — 1. In this case, if ¢, s are two transpositions in D ~\. H, then
(t,s)y N H = {t°} as t* ¢ H would contradict maximality, so G/# is connected. This
shows that it is also regular by transitivity.

That the statement holds for M. Hall’s 3'° : 2 was checked in [GAP] using the

presentation in (2.75). O
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An important family of very regular embeddings can be constructed as follows. If G
is a 2-graph, its double, denoted G+, is the 2-graph with point set {z7,2~ | z € G}
and lines {z°,y"} for z ~ yin G and e, € {+, —}. If G is a linear 3-graph, its double
G* is the 3-graph with point set {z*, 2~ | x € G} and lines {z°, 3", (z A y)*"} for z ~ y
in G and €, € {+, —}. We always identify G with G* = {27 | 2 € G} embedded in G*.
Note that G* is not necessarily a linear 3-graph, as it is possible in general that two

lines intersect in exactly two points.

3.1.6 Lemma. If # is a connected regular 3-graph, then H* C H= is very regular,

and kX" = ky,.

Proof. Observe that H = H* C H* is maximal. The point set underlying H*/H is
H~ C H*, and forany two 2,y € H~,if x ~ y then we have s~ Ay~ = 2T Ayt € HT.
As H is connected, if z # y there exists a path x = 2y ~ 2y ~ -+ ~ z, = y, and
(x; Az;,,) € H*, so that therefore 2y ~ 27 ~ -+ ~ z in H~, and HE/H' is
connected. It follows from the definition that H*™ N (z7)~ = H* Na~, so HE/HT is

|HT N a™| = ky-regular. O

Finally, we introduce some useful concepts from algebraic combinatorics. Suppose
that G is a (finite) graph and order its vertices as 1, ..., x,. The adjacency matrix of

G is the n x n-matrix ad(G) = (m;;)1<i <, Whose entries are

0 otherwise .

The adjacency matrix allows us to derive eigenvalues from a graph. In particular,
we write Spec(G) for the multiset of eigenvalues of ad(G).
3.1.7 Lemma. The eigenvalues of G* for G a graph are 2Spec(G) U {091}, and the

multiplicities of 2¢, ¢ € Spec(G), are preserved.
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Proof. Fix an ordering {z,,...,z,} of Gand {z,..., 2", 27,...,2,} of G%. Let z =
> 1<i<n ®ii be an a-eigenvector of ad(G). Then & = 7, _,_, éi(z] + 2;7) and & =
> i<icn @iz — x77). Take # is a 2a-eigenvector, and 7 is a 0-eigenvector, of ad(G*).

This affords 2n linearly independent eigenvectors for ad(G*), which has size 2n x 2n,

so these must be all eigenvectors. O

We write I, for the n x n identity matrix, and 0,, for the n x n all-zero matrix.

Al O
Recall the direct sum of matricesis A @ B =

0B

3.1.8 Theorem (Perron-Frobenius, [GR01] Theorem 8.8.1). For the adjacency ma-
trix A of a connected graph, there exists a real positive eigenvalue p of A such that
lo| < |p| for all eigenvalues ¢ of A, and the p-eigenspace of A is 1-dimensional. If

furthermore the graph is k-regular, then p = k. O
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3.2 Identity elements

This section is concerned with establishing that parabolic subalgebras are almost
always unital, and establishing the eigenvalues and the Seress property of their
identity elements. The exceptions derive from coincidences between the parameter
« and the spectrum of the underlying graphs.

Throughout this chapter, H C G are Fischer spaces, and our algebras are over a
field F, both unless otherwise stated. A particularly useful case, for which some of
our later assumptions on « hold automatically, is when F = F'(«), where I’ is a field

over which « is transcendental.

3.2.1 Proposition. Suppose that G is a connected Fischer space. Then M,(G) (over

F) is unital if o # —%, with identity

idg = o > (3.6)

Proof. We show that, for = € G,

1
ny =(1+ §Oék’g)l‘. 3.7

yeg
Recall the notation 2~ = {y € G | z ~ y} and 2 = {y € G | = # y}. Note that
G={z}Uz~Uz” and |2~| = kg. Then
o 1
ny:xx+x Z Y+ Z y:$+§ Z(m+y—a:/\y)+0= (1+§ak3g)x, (3.8)
yeg yex™ yex” yex”

where the last equality follows since, as y ranges over z™~, so does = A y: that is,

{enylyeat=a~and (V-2 AY) =D o ¥ — D yerr TAY =0. O

This result generalises to a nonconnected Fischer space G. If G =G, U--- UG, is

a partition into pairwise disconnected Fischer spaces, then idg = ) . idg,, provided
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each M, (G;) is unital.

3.2.2 Lemma. Suppose that H C G is very regular and o # —%. Then idy in

A = M,(G) acts diagonalisably on the subspaces spanned by

H with eigenvalue 1, and

«

H U H™ with further eigenvalues
2+ akH

(k% — Spec(G/H)).

Proof. By Proposition 3.2.1, (H)r is a subspace of the 1-eigenspace of idy.
Take y € H™~, where H"~ is defined in (3.2). Then y ¢ H and

1

(6%
_ — —xAYy). 3.9

zEY™~NH

idyy =

IfreHandy € 2~ H theny,x Ay € H™, so that idy fixes the subspace spanned

by H U H~. Furthermore, as k% = |y~ N H|,

akt «Q
idy y = g E — ) 3.10
1y 2+ozkzyy+ 2 + aky xeymﬂ(x 7A) ( :

Observe that x € H and z Ay € H™ (for, if x Ay € H, then as H is a subspace we
would have z A (x A y) =y € H). Now suppose that e € (H U H™)r is an eigenvector

for idy. Write e.. for the projection of e to (H~)r and ¢y = ¢ — e... Then
idy e = ey +idy e = e (3.11)

for some ¢, and, using (3.10), the projection of idy e to (H™)p is

(67

m(k?j[r;ﬂ + ad(g/'H))GN = ¢€,\,, (3.12)

where ad(G/H)y = > ,c,~ny Ty is extended F-linearly to (%~)r. Therefore ife. # 0,

ey
then ¢ is an eigenvalue of

o

3 iy ke T — ad(G/H)). (3.13)

Therefore ¢ is in ﬁ(ké — Spec(G/H)). By comparing dimensions, the eigenspaces

71



of idy span (H U H™)r, so idy is diagonalisable. ]

3.2.3 Lemma. Suppose that H C G and H is very regular in any subspace G' C G in

which H is maximal. If o # —%, then idy, is diagonalisable in M,(G).

Proof. By Proposition 3.2.1, the subalgebra of M,(G) spanned by H has an identity
idy,.

Let © € G ~ H be arbitrary and set ¢’ = (x,H). If x ¢ H~, then idyz =
0; otherwise, idy, acts on G’ diagonalisably by Lemma 3.2.2. Now G \. H can be
partitioned in G}, G, ..., G’ and H”* where each G/ is a subgraph of G in which # is
maximal. That GiNG} = H if i # j follows from the fact that, if y € (Gin QJ’) . H then
G; = (H,y) = G; by maximality, so the G/ have pairwise trivial intersection. Thus

idy acts diagonalisably on a basis of M, (G). O

3.2.4 Lemma. If H C G is very regular and o # —% for ¢ € Spec(ad(H)), then the

1-eigenspace of idy, in M, (G) is H and its O-eigenspace is 1-dimensional.

Proof. The eigenvalues of idy on G* are classified by Lemma 3.2.2. Evidently
H C A%, The Perron-Frobenius eigenspace of ad(G/#) is 1-dimensional with
eigenvalue £y, so it gives a 1-dimensional eigenspace (z) of eigenvalue 0 for idy. By
Theorem 3.1.8, this is the only kj-eigenvector of ad(G/H), and therefore the only
0-eigenvector of idy. It only remains to consider other 1-eigenvectors. The only

solution, when ¢ # ky, to
a
2 —|— Oék’;l.[

(ky — ¢) = 1 (3.14)

1S = — O]

©-

We say that an element x € A is Seress if it acts diagonalisably and the (smallest)
fusion rules satisfied by its eigenspaces are Seress.
Recall from Section 3.1 the definition of a very regular embedding of Fischer

spaces.
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3.2.5 Theorem. If H C G are very regular Fischer spaces and o # —% for any
¢ € Spec(ad(H)), then idy exists and is Seress in M, (G). Furthermore idy is Seress in

M, (G) if H C G’ is very regular for every G' such that H C G' is maximal and G' C G.

Proof. By Proposition 3.2.1, idy, exists. Lemma 3.2.2 showed that idy, acts diagonal-
isably. We use the classification of 1- and 0-eigenvectors of Lemma 3.2.4 to prove
that 1 x ¢ C {¢} D 0x ¢ and 1 x0 = () for eigenvectors of idy in A = M, (G), first for
the case when H C G is very regular.

Suppose that H C G is very regular. Since under our hypotheses the 1-eigenspace
of idy is ‘H, which is closed under multiplication, it is obvious that 1 x 1 = {1}.

We will use three facts. Firstly, for any h € H,x € A, by application of (2.47),
hx = %(Hhh + 2z — 2™™) for some k), € F. (3.15)

Secondly, if t € Aut(A) C End(A) fixes x € A, then t centralises ad(z) € End(A) and
the eigenspaces Af of . Thirdly, if 2 € H then, as H is closed under A, 7(h) permutes
the points of  and therefore fixes idy.

To show that 1 x ¢ = {¢} for ¢ # 1, suppose that h € H and y is a ¢-eigenvector of
idy in G. Set y = yy + v/, for y3, € (H) the projection of y onto H and ¢’ in the span of
H~. Now as y is a ¢-eigenvector for idy, idy y = ¢y is again a ¢-eigenvector. On the

other hand, using Proposition 3.2.1 and (3.15),

1 «
idyy=——7+-— hy = knh + 1y — ™). (3.16)

Noting that y™® ¢ Aif”, we have that ), , x,h may be expressed as a sum of
¢-eigenvectors. On the other hand, any i € H is a 1-eigenvector and Aild” N A;?“ =0,
so that ), , kxh = 0. As the points h € H are linearly independent, this means
ki = 0 for all h € H. Therefore hy = 2(y —y™™) € AL™.

To show that 1 x0 = (), observe that the 0-eigenspace of idy is 1-dimensional by
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Lemma 3.2.4, and therefore fixed by any automorphism ¢ fixing idy. In particular,
7(h) fixes y € Agd“, so by the previous paragraph, hy = 5(y —y) = 0.

Therefore a 0-eigenvector z of idy, in M, (G) is also a 0-eigenvector of any h € H.
By Lemma 2.1.6, for any = € A we have h(zz) = (hx)z. Asidy is a linear combination
of h € H, we conclude idy(zz) = (idy z)z. Thus idy and z associate, and using the
other direction of Lemma 2.1.6 this implies that 0 x ¢ = {¢} for all ¢ # 1.

We now tackle the general case of connected H in some G such that H C G’ is
very regular in every G’ C G for which H C G’ is maximal. The 1-eigenspace of idy
in M,(G) is still spanned by id;, and, by the same argument as that in the proof of
Lemma 3.2.3, a ¢-eigenvector can be decomposed into a sum of ¢-eigenvectors lying
in M, (G') for H C G’ very regular—unless ¢ = 0, in which case the 0-eigenspace also
includes H”. Therefore the fusion rules 1« ¢ = {¢}, at least for ¢ # 0, are satisfied.

Suppose that = € H*. Then for all + € H, © #* z so 2z = 0. Lemma 3.2.4 states
that, for o # —%, A% — (#), so this completes the proof that also 1+ 0 = () in M, (G).

To show that 0 x ¢ = {¢} in M,(G), we repeat our observation that the 0-
eigenvectors of id;, are 0-eigenvectors of h € H, which are Seress, so that by linearity
idy, associates with its 0-eigenspace and, using Lemma 2.1.6, therefore 0 x ¢ = {¢}

for all ¢ # 1. O

Finally, as a simple consequence we will need in a later section, we prove a

well-kown fact which also has (simpler) geometric and group-theoretic proofs.

3.2.6 Lemma. Suppose that H C G satisfies the hypotheses of Theorem 3.2.5, and

that z,y € G are collinear. If x,y € H”, then x Ny € H*.

Proof. Suppose that z,y € H”. Then z,y are 0-eigenvectors for idy. Since idy is
Seress, ry is again a 0-eigenvector of idy. As vy = §(z +y — v Ay), v Ay must also

be a 0-eigenvector. The 0-eigenvectors of idy are classified in G’ for any G’ C G such
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that # C G’ is very regular, by Lemma 3.2.4, so that either s Ay € H* orx Ay € H™
and there exists H C G’ 3 = A y. In this latter case, the only 0-eigenvector of idy in
the span of G’ has full support in G’ by the Perron-Frobenius Theorem 3.1.8, so that

G' = H U {x Ay}, contradicting that G’ is connected. Therefore z A y € H”. ]
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3.3 Coset axes and tori

We discuss the special idempotents which are the difference of two identity elements,
coming from an embedding of subgroups. We aim to establish facts (such as the
Seress property) about large associative subalgebras, called tori, of which a tractable
class comes from chains of subgroups. Tori generalise Peirce decompositions of
Jordan algebras. On the way, we also introduce commutants and decompositions of

the identity. Again, coincidences in the field need to be avoided.

A subalgebra B of the Matsuo algebra A = M, (G) is parabolic if B is spanned by

some subset H C G. Throughout, G is a Fischer space.

Definition. Suppose that C' C B C A are unital parabolic subalgebras. The coset

axis eg/c 1s idg —idc.
In the next few lemmas, we study when ep/¢ is primitive or Seress in A.
3.3.1 Lemma. The coset axis ep/c is an idempotent.
Proof. Since C C B, id¢ € AildB so idgide = ide and therefore
(idg —ide)(idg —ide) = idp —2idg ide +ide = idg —ide. O (3.17)

3.3.2 Lemma. Suppose that C C B are unital subalgebras of A, and that idg is

Seress in A. Then epc is diagonalisable.

Proof. We can rewrite the property of having a simultaneous decomposition with

respect to the operators ad(idg), ad(id¢) in several ways:
lad(idc), ad(idg)] = 0,
ad(id¢) ad(idg) = ad(idp) ad(id¢), (3.18)
ide(idp ) = idp(ide ) for all z € A.
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But this follows if C' € B C A are parabolic subalgebras, since idc € A7 and idp is
Seress. In this case, ad(ep/¢) is the sum of two commuting diagonalisable operators,

namely ad(idg) and — ad(id¢), so ad(ep/c) is also diagonalisable. O

Let £ C H C G be Fischer spaces and set ey x = ey /) in Mo (G). When is ey /¢

primitive?
3.3.3 Lemma. The coset axis eg/y is primitive in M, (G) only if H is maximal in G.

Proof. We show that the 0-eigenspace of id¢ inside B has dimension greater than 1
if C C B is not a maximal parabolic subalgebra. This implies that the 1-eigenspace
of ep/c has dimension greater than 1.

Suppose that H C G. If H is not maximal inside G, we have some =,y € G
such that H C (H,z) C (H,z,y) and H C (H,y) C (H,z,y). As (H,z) # (H,y), the
0-eigenvector z; of idy; in (#H, x) is linearly independent of the 0-eigenvector z, of idy
in (H,y), since z; and z,, coming from Perron-Frobenius, have full support. Now

21, 29 € G show that the 0-eigenspace of idy is at least 2-dimensional in G*. O

3.3.4 Proposition. The coset axis cgy, is primitive in M,(G) if H C G is very regular

and, for any eigenvalues ¢, of idg,idy, ¢ — ¢ = 1 implies that ¢ = 1,1 = 0.

Proof. By Lemma 3.3.2, eigenvectors of ep/c are simultaneous eigenvectors of idg
and id¢, and thus the eigenvalues of e/ are a subset of Spec(idg) — Spec(id¢). That
ep/c 1s primitive means its 1-eigenspace is 1-dimensional. Now if z is a 1-eigenvector
for ep/c, it is a ¢, Y-eigenvector for idp,idc with ¢ — ¢ = 1. Our assumption is that
this implies ¢ = 1,9 = 0. Therefore, if the 0-eigenspace of ids is n-dimensional
in B, then the 1-eigenspace of ep /¢ is also n-dimensional. Hence ep/¢ is primitive
if and only if n = 1. When C = M,(H) C M,(G) = B and H C G is very regular,
Lemma 3.2.4 shows that this is the case. O
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The next, very general, lemma will help us determine when ep/¢ is Seress.

3.3.5 Lemma. Suppose that e, f € A are Seress idempotents. If Ai_of C AfgN A{O,

then e — f is Seress.

Proof. Suppose that z € Ai*of and = € A. Then (e — f)(zz) = e(zx) — f(2z) and, using
that z € A{, N A{, and Lemma 2.1.6, = (ex)z — (fz)z = ((e — f)z)z, so that ¢ — f and
z associate for all z € Ai‘of . Using the other direction of Lemma 2.1.6, this implies

that ¢ — f is Seress. ]

3.3.6 Lemma. The coset axis ep/c is Seress in A when, for any simultaneous ¢, -

eigenvector of idg,id¢c in A, ¢ — 1 € {1,0} implies that ¢ = 0.

Proof. By Lemma 3.3.2, it suffices to consider simultaneous eigenvectors. By our
assumptions on the eigenvalues of idp,ids, the conditions of Lemma 3.3.5 are
satisfied, since v is a 1-eigenvector for eg/c if and only if idg x = 1,id¢ x = 0, and «

is a 0-eigenvector for ep/c if and only if idg x = 0 = id¢ . O

Because of the useful statements of Proposition 3.3.4 and Lemma 3.3.6, we say
that «, or M, (G), is (eigenvalue) coincidence-free for an embedding of subspaces

K C H in G, whenever the condition holds that
if ¢ € Spec(idy), 1 € Spec(idx) such that ¢ — 1 € {1,0} then ¢) = 0. (3.19)
This somewhat technical condition on « is often realised; indeed, an ‘ideal’ case is

3.3.7 Lemma. Suppose that F has characteristic 0 and « is transcendental over F.

Then any very regular embedding K C H in G is coincidence-free in M, (G) over F(«).

Proof. Suppose that ¢ € Spec(idy), ¥ € Spec(idx) and ¢— € {1,0}. By Lemma 3.2.2,
the eigenvalues of idy,idx are known. The only eigenvalues in F are 1,0, so a

‘coincidence of eigenvalues’ occurs only when ¢, are both not equal to 1 or 0.
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Therefore ¢ = fol;H and ¢ = 2f;”,;’c for some nonzero ¢’, ¢’ € Q. Then ¢ — ) # 1 as its
denominator has a constant term, whereas its numerator has degree 1 in «, so the
two cannot cancel. As K is a strict subgraph of H and both are regular, iy is strictly

smaller than k3, and in particular ki # ky since the characteristic is 0. Therefore

o and ; +;kﬂ are linearly independent over F, and so ¢ — 1) # 0. O

The commutant® C,(B) of a subset B of A is the subspace of all elements = € A such

that B = {zb | b € B} = {0}.

3.3.8 Lemma. If C' C B are unital subalgebras of A, then eg,c € Cp(C) C AP,

and if Cp(C) is a subalgebra then idc, ) = ep/c-

Proof. For x € C C B, egjcv = (idp —id¢)r =2 —x = 0, s0 eg/c € Cp(C).
Suppose that z € C4(B). Then x € A soidyz = = and, as idg € B, zidg = 0.
Therefore (id, —idp)z = 2 — 0 = x, so that C4(B) C A;”/°. Asid, —idg € C4(B) and

the identity is unique if C(C) is an algebra, it is equal to idc (5. O

When H C K is very regular, Proposition 3.3.4 states that ey« is primitive, so
that the commutant C,,, ) ((KC)) = (es/x) is 1-dimensional.

We digress to consider when the commutant is closed under multiplication.

3.3.9 Proposition. If ¢ € A is Seress, then the commutant Cs({e}) = Af is a
subalgebra of A. The commutant C4(B) of a subalgebra B C Ais a subalgebra of A

if B is spanned by Seress elements.

Proof. That C4({e}) = A¢ is immediate by definition. If ¢ is Seress, then the fusion

rules in A of its eigenvectors satisfy 0« 0 = {0}, so A5A5 C A§ is a subalgebra of A.

L or annihilator; the terminology commutant comes from the vertex algebra literature
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Let {e1,...,e,} be a spanning set of Seress elements for B. Then it is clear that

Ca(B) €[ Cal{e}), (3.20)

and moreover since the ¢; span B, by linearity of the condition B = 0, the above
is an equality. Therefore C4(B) is an intersection of subalgebras of A, so C,(B) is

itself a subalgebra. ]

3.3.10 Proposition. Suppose that H C G and that the induced parabolic subalgebra
B = (H) C A = M,(G) is unital. Then C,(B) = A'®, and in particular it is closed

under multiplication if idg is Seress.

Proof. Suppose that x € C4(B); by definition, as idg € B, we have zidg = 0, so
z € A" and hence C4(B) C A5. Conversely, in the proof of Theorem 3.2.5,
we showed that zidg = 0 only if A = 0 for all points h € H C B. Therefore
Als C Cu(B). O

A decomposition of the identity id4 in a unital algebra A is a collection {ey,...,e,}
of idempotents in A such that e;e; = d;je; and idy = e; + - - - + ¢,. It is maximal if
none of the e; can be replaced by two idempotents e;, e;, such that e;; + ¢, = ¢; and
{e1,...,€j_1,€j1,€2,€j41, ..., €,} 1s again a decomposition of the identity.

For convenience, we generalise the terminology we recently introduced. If
Ay C A; C--- C A, = Ais achain of unital subalgebras, and for any eigenvalues ¢;

of id4, in A we have

1 ifandonlyif ¢, 1 =1,¢; =0,
Giv1 — Qi = ! (3.21)
0 ifand onlyif ¢, ; =0 = ¢,

for any 0 < i < n, then we say that the chain is (eigenvalue) coincidence-free in A.

Lemma 3.3.7 asserts that this is the case in M, (G), if any graphs £ C H lying in G
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are very regular whenever they are maximal, whenever « is transcendental over a
subfield of the field of definition. Notice also that, in any M, (G), there can be only
finitely many values of o for which some embedding XX C H C G has coincidences.
When all the idempotents ¢; in a decomposition {¢;},<;<, of the identity are
primitive, or Seress, we simply refer to the decomposition itself as primitive or
Seress respectively. Observe that if e = e; + e; and e;e; = 6;; for ¢, 7 = 1,2, then
e1, 62 € Af. Conversely, if A{ is 1-dimensional, then e cannot admit a decomposition
into idempotents as e is the only (nonzero) idempotent in A = (e) over the field F.

Therefore if a decomposition of the identity is primitive, it must also be maximal.

3.3.11 Lemma. If0 = Ay, C A, C--- C A, = Ais a coincidence-free chain of unital

subalgebras then {e; = e, /4, , }1<i<n 1S @ Seress decomposition of id 4.

Proof. The e; are idempotents by Lemma 3.3.1, diagonalisable as id 4, is Seress by
the coincidence-free assumption together with Lemma 3.3.2, and, by Lemma 3.3.8,

A1 C Aj so eje; =0 for i # j. Lemma 3.3.6 shows that all the ¢; are Seress. O

To extend the previous lemma to Fischer spaces, we say that 0 =G, C G; C ... C
G, = G is a maximal parabolic chain of Fischer spaces if each G; is maximal inside
Gi11. We say that the chain is coincidence-free for « if the chain of subalgebras
Ay C --- C A, with A; spanned by G, in M,(G), is coincidence-free. We see from
Proposition 3.3.4 that in this case, for ¢; = idg, —idg, ,, the e; are primitive and

Seress.

Previously we have mostly considered decompositions of A with respect to a single
axis e. Observe that (e) is an associative subalgebra—in fact, a copy of the under-
lying field. The role of (e) is generalised by (e, ..., e,) for pairwise annihilating

Seress idempotents ey, ..., e,.

81



An associative subalgebra of A is a subalgebra B C A which is an associative
algebra, that is, for all a,b,c € B, we have (ab)c = a(bc). A globally associative
subalgebra of A is a subalgebra B C A which is associative with all of A, that is, for

alla € A, b,V € B, we have b(al') = (ba)b'.

3.3.12 Lemma. An associative subalgebra B of A spanned by Seress idempotents is

globally associative.

Proof. Let e, f € B be Seress idempotents. Since B is associative, f € Af,, and in
particular, since e is Seress, e(af) = (ea)f for all a € A. As B is spanned by such

elements and associativity is linear, B itself is globally associative. O
Definition. A torus T in A is a maximal globally associative subalgebra of A.2

3.3.13 Proposition. If {¢;},<;<, is a decomposition of the identity in A, then T =
> {e;) is an associative subalgebra of A. If {e;}1<i<n is primitive, then T is a
maximal associative subalgebra. If {e;}1<i<, is furthermore Seress, its span T is a

torus.

Proof. If {e;}1<i<, is a decomposition of the identity, it is clear that 7" = (e;)1<;<, i
an associative subalgebra of A. Suppose that x € A is associative with 7', that is,
ei(zzx) = (e;x)x and e;(ejz) = (e;ej)x for all 1 < 4,5 < n. Since the only eigenvalues
of idempotents in an associative algebra over a field are 1 and 0 (Lemma 2.1.7),
r decomposes in the associative subalgebra (e;, z) as z! + z{, for each ¢; such that

e;xt = 2t and e;xf) = 0, whence also e;x = 2. Asids = Y, e; € T, we have

x:idAx:Zeix:inl. (3.22)

2 A torus is also called a frame in the context of vertex algebras, especially when spanned
by conformal vectors of central charge % Our terminology comes from the analogy with Cartan
subalgebras in Lie algebras, which has a formal realisation for Jordan algebras via algebraic groups

by [S97], for example in M, /5(A,), c.f Theorem 2.5.5.
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When the ¢; are primitive, 2} € (e;) for all i and therefore = € > .(¢;) = T. Thus T is
a maximal associative subalgebra. That 7 is globally associative when {¢; }1<;<, 18

Seress is Lemma 3.3.12. O]

3.3.14 Lemma. If T is a maximal associative subalgebra in a unital R-algebra A
and A is positive-definite with respect to an associating form (,), then T contains a

decomposition of the identity, primitive in T.

Proof. Semisimplicity follows from the fact that 7" contains no nilpotent elements:

if z € T is nilpotent with z**! = 0, then
(2%, 2%) = (2%2% idy) = (2% ,idx) = (0,id4) = 0. (3.23)

By positive-definiteness, 2* = 0, so by induction 2 = 0. Thus the Jacobson radical is
0 and 7 is semisimple. By Wedderburn’s theorem, as 7" is semisimple, commutative
and associative, 7" is isomorphic to a direct sum of finite field extensions 7} of R.
Since every element ¢ € T is diagonalisable over R but has an action on T}, T}
must be 1-dimensional, so 7; = R and 7" = R". Each of the summands 7} of 7" has an
identity f;, which is an idempotent, and f; fx = d;f;. Observe thatidr =3 _ j<r I
As id 4 is associative with any subalgebra of A, id4 is contained in any maximal
associative subalgebra of A. Therefore idy = idr = >_,,, fj, f; as before. The f;

are primitive in 7 since their 1-eigenspace is precisely 7; = R. ]

Suppose that {¢;}1<;<, is a basis for a torus 7" C A such that each ad(t;) is
diagonalisable on A. Since 7T is globally associative, the ad(¢;) pairwise commute, so
that they can be simultaneously diagonalised. With respect to a basis {a;}1<j<m of

simultaneous T-eigenvectors of A, we write

wi = (wila ¢i2, ce 7wzn) such that tjai = ¢ijai. (324)

Let ¥ be the multiset {1i}1<i<r of simultaneous eigenvalue tuples 1;; note that it is

83



possible for ¢; = 1 for some i,i’. We write ¥ for the set underlying U. Also write
Agi for the subspace of A spanned by a; with ¢; = 1);.
If the ¢, are idempotents with fusion rules ®;, then v;; € ®, for all 7, and the
multiplication of the basis {a;}1<;<,, is partially controlled by ®,. Namely,
aa; € Y AY,. (3.25)
Ve €EVij* Y
Therefore V is a subset of ® = &; x &3 x --- x &,,. This & has a product over Z
given by x; X --- X x,,, that is, the pointwise or direct product of the fusion rules. It
is possible that ¥ is not closed under this product. However ¥ is by construction

closed under a (sub)product x, defined by
ik = {P | ar, € AL AL Y. (3.26)

The fusion rules of a torus are analogous to, and indeed generalise, the Peirce
decomposition of a Jordan algebra; c.f [McC04], Section 6.1 and Chapter 8. To give

an idea of the structure of these fusion rules we give the following two results.

3.3.15 Lemma. If {e;}1<i<, is a decomposition of identity in A and x € A a simulta-

neous eigenvector with eigenvalues ¢ = (¢;)1<i<, then Y . | ¢; = 1.

Proof. Since idy =Y., ¢; it follows that

x:idAx:Zeix:Zgbix: (Zgbl)x (3.27)

=1 =1 =1
and therefore the sum of eigenvalues is 1. O
3.3.16 Lemma. Suppose that T is a torus spanned by t1,...,t,, Seress idempotents

in A. For any u,v € A which are simultaneous ¢ = ({1,...,¢,),v = (v1,...,Vp)-

eigenvectors for t, ..., t, respectively, if p;1»; =0 for all 1 <i < n then uv = 0.

Proof. Suppose that u,v and v, v satisfy the hypotheses. Then for any ¢; we have
uv € A’;AZ}, as ¢;1; = 0, one of ¢; or 1); is 0. By the Seress property of the fusion
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rules of t;, ¢; x ; = {¢;} or {¢;}, depending on whether v); = 0 or ¢, = 0 respectively.

This means ¢; x ¢; = {¢; + 1;} in all cases. Therefore uv € Afgi > and
wo = idg(uv) = Z ti(uv) = Z(gbz + 1 Juv. (3.28)

As ) . ¢, =1=>.1; by Lemma 3.3.15, we have ) _.(¢; + 1;) = 2. Therefore uv = 2uv

so uv = 0 (since our underlying field is assumed to have characteristic not 2). O
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3.4 Central charge

The existence of a Frobenius form, which is a common feature of all well-known
examples of axial algebras, allows us to prove some general statements about the
algebra, related to the trace form, a Casimir element, and the radical. The form
plays an important réle in vertex algebras, so we also establish some formulae for

later use.

The Matsuo algebra A = M, (G) admits a bilinear form (, ). with parameter c € F,

whose definition is also due to [MO03]: for x,y € G,

2¢c ifa=y
(T,9)e =S ca ifx~y (3.29)

0 otherwise .

3.4.1 Lemma. The bilinear form (,). is symmetric and associating, that is, it satisfies

(x,yz)e = (xy, 2)c for all z,y,z € A, on A = M,(G) for G a Fischer space.

Proof. By linearity, it suffices to consider points in the spanning set G. From the
definition it is clear that (x,y). = (y,z). for all z,y € G. Let x,y, z € G be arbitrary.
Then (z,vy, z) generates a subspace # of rank at most 3, so # lies inside P, or P;
from Figure 2.1. Verifying that (z,yz). = (xy, 2). for any z,y,z € Py or x,y,z € Ps is

a straightforward case of calculating. We exhibit two of the base cases. If x A y = z,
(e.y2)e=Fley+z—a)e=ala—De=Sle+y—22).= (ey2).  (3.30)

as required. If = £ y, z then x o y A z and

(0%

) (x,y+z—yNz)e=0=/(0,2), = (zy,2).. O (3.31)

<.I', yz>c =
The bilinear form (, ). on M, (G) exhibits an important general property:
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Definition. An algebra A over a ring R is Frobenius if there exists a nonzero

symmetric bilinear form (, ) on A which is associating:
forall z,y,z € A, (xy,2) = (z,yz2). (3.32)

We write M¢(G) for the algebra M, (G) together with the bilinear form ¢, )..
For x an idempotent, the central charge cc(z) of e is 3 (x, z). Therefore for z € G C

ME(G), ce(z) = c. We also set, if A is a unital algebra with identity id, cc(A) = cc(id).

3.4.2 Lemma. Let R be a ring. Suppose that A is a Frobenius R-algebra with form
(,). Then the eigenspaces of an element a € A are (, )-perpendicular if the pairwise

difference of their eigenvalues is invertible in R.

Proof. Suppose that a € A has ¢, y-eigenvectors x, y respectively. Then ax = ¢x,ay =

Yy and ¢(z,y) = (az,y) = (x,ay) = ¥(x,y), so (¢ — ¥)(z,y) = 0. If ¢ — ¢ is invertible,
then (z,y) = 0. O

3.4.3 Lemma. A Frobenius form (,) on A is symmetric if A is generated by idempo-

tents.

Proof. Any a € A can be written as a linear combination of products in the idempo-
tent generators. Let a,b € A be arbitrary, e € A an idempotent and ¢’ € A such that
a = d'e. Using the Frobenius property, (a,b) = (d’e,b) = (ed’,b) = (e,a’b). Similarly
(b,a) = (b,d’e) = (ba’,e) = (a’'b,e). Then

(e,a'b) = (ee,a'b) = (e,e(a'd)) = (e, (a'b)e) = (e(a’d),e) = (a'b,ee) = (a'b,e), (3.33)
so that (a,b) = (b,a) for all a,b € A. O

In the literature, all known examples of axial algebras A over a field F generated
by a set A of -idempotents admit for any ¢ € F exactly one Frobenius form (, ) such

that (a,a) = 2c for all « € A. In the Matsuo case, we have
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3.4.4 Proposition. The form in (3.29) is the unique Frobenius form (,) on M,(G)

satisfying (x,z) = 2c for all x € G, G a Fischer space.

Proof. To check (3.29), let a,b € G be arbitrary. There are three cases: a = b, a £ b
and a ~ b. When a = b we know that (a,a) = 2c as required.

Observe that if az = 0 for a € A an idempotent, x € A, and (, ) is Frobenius on A,
then x is a 0-eigenvector and therefore (a,r) = 0 by Lemma 3.4.2.

Finally suppose a ~ b. Then (a,b) = (aa,b) = (a,ab) = $((a,a) + (a,b — a AD)).
Then b — a A b is an a-eigenvector for a, so by Lemma 3.4.2, (a,a — a A b) = 0 and
(a,b) = $2c = ac as required.

Together with Lemma 3.4.1, this shows that (,) = (, ). is the unique Frobenius

form for c. O

Note that the form of (3.29) is not in general the same as the trace form
{a,b)y, = tr(ad(a)ad(b)). (3.34)

For example, in M¢(A,), the Gram matrix of the form of (3.29) and the trace form

are
2 a « o +1 a o
cla 2 al, o a?+1 Q ) (3.35)
a o 2 a a o2 +1

The respective eigenvalues are (2 — a)c,2(a + 1)cand o® — a + 1, (a + 1)?, so these
matrices are not equivalent in general.

The relation between an arbitrary Frobenius form (, ) on an algebra A, especially
when A is the Griess algebra or occurs as the weight-2 subspace of a vertex algebra,

and the trace form on A has been well-studied [MO1]. In particular, Norton’s trace

88



formula is said to hold in a unital algebra A if there exist constants 1, x; such that
(a,b)ty = k1(a,ida)(b,ida) + k2(a,b) for all a,b € A. (3.36)

We show a specialisation. Following [MO01], let {xy,...,x,} be a basis of A and
{z{,..., 2y} € A chosen such that (z;,z}) = J;;, so that the z/ form a dual basis

with respect to (,). The following element is an analogue of a Casimir operator:
Ky =) ma). (3.37)
=1
The algebra A is said to be of class S§? if K, is a multiple of id 4.

3.4.5 Proposition. If A is a unital algebra of dimension d and class S?, with
Frobenius form (,) and central charge c, then K, = id4 and trad(a) = £(a,id,) for

any a € A. If G is a connected Fischer space and o # —%, then M,(G) is of class S>.

Proof. Recall that for any dual basis, trad(a) = >, (az), z;) = >, (a, 2)x;) = (a, K>).
Observe that trad(ids) = d and (id4,id4) = 2¢, so that (id4, K3) = d and K3 € (id4)
implies that K, = 2% id4, and the first statement follows.

For the second statement, let {z1,...,z,} be the points of G, which form a basis
of A = M,(G). Therefore G = Aut(G) has an embedding in Aut(A). Since G is
connected, GG acts transitively on the points of G. Thus fixed-point subspace F' of
G acting on A is 1-dimensional, namely it is spanned by >, ». If a # —% then
Proposition 3.2.1 asserts that id4 exists and is a multiple of } | .z, so F' = (id,).
Finally, we observe that K, defined using the basis {z,...,z,} of points in G, is
fixed by G, as for any g € G we have

Kj = Z(wzl’y)g = Z zd(z))? = Z zd(z?)Y = Z rix) = Z rir, = Ko (3.38)

z;€G z,€G z,€G Ig_leg z;€G

i

Thus K5 € F, so it is a multiple of id 4. O
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The radical of a bilinear form (, ) on A is
Rad(A) ={x € A| (z,y) =0forally € A}. (3.39)
3.4.6 Lemma. The radical Rad(A) of a Frobenius algebra is an ideal.

Proof. Evidently Rad(A) is closed under linear combinations. Suppose that = €

Rad(A) and y € A. Then, for all =z € A, (zy, 2) = (z,yz) =0, so that zy € Rad(A). O

3.4.7 Lemma. Let A be a Frobenius F-algebra generated by a set A of primitive
idempotents such that any a € A has finitely many eigenvalues on A and (a,a) # 0.

If I C Ais an ideal not containing any a € A, then I lies in the radical of A.

Proof. Take r in an ideal I/ C A and a € A a primitive idempotent with n distinct

eigenvalues ® C A. Write \*(z) = E‘;g For all i > 1, a’x = a(a(--- (ax)---)) lies in

I. We can find an expression for 2§ = A\*(x)a € I by solving the n linear equations

given by a'v = X\ (2)a + 3 4eq g1y 92, 1 < i < n. Therefore if A\*(z) # 0 for some
x € I,thena € I. Thus a ¢ I implies (a,z) =0forall z € I, so0 (a,I) =0.

Suppose that A is generated by primitive idempotents A and takey € A,z € [
arbitrary; without loss of generality, y is a monomial in A, so either y = a € A or
y = 192 for y;, yo monomials in A. If y = y,y,, then (y, ) = (y1y2, ) = (y1,y27), and
yox € 1. By induction on the length of the monomial y, there exists a € A such that
(y,x) = (a,2’) for some 2’ € I. By assumption a ¢ I and the previous paragraph,

(y,x) = 0. Therefore (A,I) = 0. -

Recall that an algebra A is simple if it has no proper nontrivial ideals. The

algebra A is semisimple if A is a direct sum of simple algebras.

3.4.8 Proposition. If G is a connected linear 3-graph and A = M¢(G)r over a field

F has zero radical, then A is simple.
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Proof. Suppose that I is an ideal in A. We show that if / contains a ®(«)-axis a
from a generating set A C G, then [ contains the connected component of a in G:
for suppose that b € G with ab # 0. Then ab,a(ab) € I and {a, ab,a(ab)} span the
subalgebra (a,b), which contains a third idempotent ¢ € G such that {a,b,c} is a
line in G. Therefore, if I contains any point of G it contains all the lines incident to
that point, and in particular / contains connected components of G with which it
intersects. If G is connected, then the existence of any « € G N [ implies that G C I
and as A is the span of G this means I = A, so no proper ideal of A can contain
any point from G. Together with Lemma 3.4.7 this means that every proper ideal
of A lies in the radical of A, which is zero by assumption, so that A has no proper

nontrivial ideals, hence is simple. O

The key property we used is that the subalgebra (a, ) is spanned by «, ab, a(ab)
when a,b are ®(«a)-axes. The above result holds similarly whenever A is any gen-
erating set of ®-axes such that A cannot be partitioned into A = A U A” with
ab = 0 for all a € A and b € A” and, for any a,b € A with ab # 0 we have that
b € {a,ab,a(ab),a’D,...,a"b} for n = |®|.

3.4.9 Lemma. The radical of MS(G), for ¢ # 0, is the —%-eigenspace of ad(G). If c =0
then Rad(MS(G)) = A

Proof. The Gram matrix of (,)., for a given ordering {zy,...,z,} of G, is (¢ij)1<i j<n
with g;; = 2c and ¢;; = 0 if x; % z; and = ac if x; ~ z;. Its determinant is ¢"p(«), for
p(a) a polynomial in Z[a]. If ¢ = 0, then (, ), is the 0 form. Otherwise, the zeroes of
(,)c are the same as those of (,);, whose Gram matrix is 2/, + cad(G). Now z is in
the radical if and only if (21, + aad(G))x = 0 if and only if x is an ad(G)-eigenvector,

with eigenvalue ¢ say, and 2 + a¢ = 0, that is, ¢ = —¥%. O
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Finally we give some useful formulae.

3.4.10 Lemma. If B C Ais a subalgebra, then cc(C4(B)) = cc(A) — cc(B).

Proof. By Lemma 3.3.8, id¢ ,(p) = id4 —idp, and so we compute

(ids —idp,id4 —idg) = (id4,ida) + (idg,idg) — 2(id4, idg). (3.40)

By the Frobenius property,

(idy,idp) = (id4,idpidg) = (idaidp,idg) = (ids, idp) (3.41)

and therefore

(idy —idp,ids —idg) = (ida,ida) — (idp,idp),
that is, cc(Ca(B)) = cc(A) — ce(B).

3.4.11 Corollary (Proposition 3.2.1). We have

2c|H|

_ 2¢|H|
d .
2 cetian)

ce(idys) =

3.4.12 Corollary (Lemmas 3.4.10, Corollary 3.4.11). We have

2¢(19] — [H] + a(knlG| — kg|H]))

(3.42)

(3.43)

2¢|g|

cc(egu) = , cclegeyg) = (

(1 + aky)(1 4+ akg)

92

1 + Oék’g)(Q + Oék’g) '

(3.44)



3.5 The cases A,,,D,,

In this section, after some combinatorial results, we capitalise on all our previous
work. In particular, we use the previous formulae and for example the Seress
property to describe coset axes, and therefore a torus, in the Matsuo algebras for A,
and D,,. For A, this leads to an observation in vertex algebras; for D,,, we also find

some new automorphisms.

The four following results are combinatorial preliminaries.
3.5.1 Lemma. The boundary graph A, /A, 1 is K,, the complete graph on n points.

Proof. Recall that the Miyamoto involutions of points = € A, generate the sym-
metric group Sym(n + 1) on n + 1 letters. Taking the embedding H = Sym(n) C
Sym(n 4+ 1) = G that corresponds to 4, ; C A, gives that H has support {1,...,n}
and G has support {1,...,n+ 1} in the standard permutation realisation of G. Then
if s,¢ € G . H are transpositions, they each move two letters in {1,...,n+ 1}. If s
moves two letters in {1,...,n} then s € H, so s moves n + 1; the same goes for t. We
can therefore write s = (i,n+1) and t = (j,n+1) for 1 <i,5 < n. Then s’ = (i, j) lies
in H. This shows that the points z,y € A, corresponding to s,t satisfy z Ay € A,,_;.

As s,t were arbitrary, any two points in A, /A, are connected. ]
3.5.2 Lemma. The double graph of A, is D, 1.

Proof. Suppose that {z4, ..., T 1n(n +1)} are the points in A,, inducing transpositions
ti,...,t1 in G(A,). Then there are transpositions si,...,s, among them
sn(n+1)

satisfying the Coxeter presentation for G(A,) in Figure 3.1.

Let f,...,x}, z7,...,z;, be the points of AF , and ¢ the transposition (%) of
z¢ in the permutation representation. Then it follows that S = {¢],t],¢3,¢t5,...,t}},
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Figure 3.1: Coxeter presentation for A,

transpositions induced from the points of AF, satisfies the Coxeter presentation for

G(D,+1) in Figure 3.2.

t; o

\o O— ------ —o0
t o/t?+ ty tn
1

Figure 3.2: Coxeter presentation for D,

Moreover, S generates G = G(AX), so G is a quotient of G(D,,1,). In fact a count-
ing argument shows that G = G(D,,;1), since G(D,,.1) has n(n + 1) transpositions
and G(A,) has the same number, namely 2 - In(n + 1). The corresponding points

ry, 2l x5, ...,z generate A%, therefore D, = AL, O
3.5.3 Lemma. The double graph (G/H)* of G/H, for G, H linear 3-graphs, is G*/H*.

Proof. The naive bijection works out: take 2° € (G/H)*. Then » € G/H and is
uniquely identified with a point 2’ in G \ H, for which there exists 4 € G \ H with
7' Ay € H. Now 2%, y¢ € GENH* and 25 Ay € H= C H*E, s02”° € GF/H*. Therefore
(G/H)* has the same cardinality as G*/H*. Indeed identifying v/ € G \ H in the
above argument with y € G/H shows that this bijection also preserves lines = ~ vy,

so that we have an isomorphism of graphs. ]

3.5.4 Lemma. If G is a nontrivial linear 3-graph containing no isolated points, then

G*/G™ is the same as the 2-graph underlying G.

Proof. Let x~,y~ € G* ~ G* be arbitrary. Then 2~ ~ y~ if and only if z ~ y by

definition, and if so, then z= Ay~ = (x Ay)"~ = (z Ay)" € G*. Furthermore since G
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contains no isolated points, every x~ € G~ is connected to at least one other point
y~ € G~. Therefore the point set of X = G*/G* is G~, and X has lines {z~,y~}

exactly when {z,y,z Ay} is a line in G. O

We now specialise to specific graphs. Recall the notation kg, k% from Section 3.1.

3.5.5 Lemma. We record
Spec(ad(K,)) = {(n — 1)', —1"1}, k3" =n— 1,

Ant1

Spec(ad(A;)) = {0'}, Spec(ad(Ay)) = {2', —1%},
(3.45)
Spec(ad(Ausa)) = {(2n — 2)1, (n — 3)7, —2HD-2/2},
Spec(ad(Dps4)) = {(4n — 8)1, (2n — )1, —4n(n=3)/2 ((n=bin/21

Proof. These facts are folklore; we refer to [HS15] for details. For D,,, we can also

deduce the values using Lemma 3.5.2 from those of A,,. O

Let G, be a family of Fischer spaces. Set k, = kg, and k] = kg;”. Also write

id, = idg, , id, = idge, ¢; = id; —id;_, and ¢; = id; — id;.
3.5.6 Proposition. In A = M¢(AF) over F(a), o transcendental, for 4 <i < n,

Spec<€i> = {L Oana(i)vl - na(i - 1)777a(i) - na(i - 1)7

(3.46)

o) = Na(i — 1),Ma(i) — Na(i — 1)},
Spec(éi) = {1,0,1 — na(i — 1), 1 — fu(i — 1)}. (3.47)
for nali) = % i) = % (3.48)
ci(e) = Sy aéfz_ﬁfﬁiﬁ?ﬁzz )’ (3.49)
cCalli) = 5(1 +2a(i j(f;(i a(i+1) (8.50)
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Proof. It follows from Lemma 3.2.2, and substitutions from Lemma 3.5.5, that the

eigenvalues of id4, in A are

Spec<id.»4()) = {0}7 Spec(idA¢:1,2> = {17 Ovna(i)}7

Spec(idAi23) = {1,0,74(i), Na (i)}

(3.51)

By observations on the inclusions of eigenspaces and the fact that, for commuting
matrices z,y, Spec(x — y) = Spec(z) — Spec(y), we deduce the spectrum of ¢; and
é¢;. Namely, denote A;i:tg) by A%; then A" C Ai is clear, A} C A} ' implies that an
eigenvalue 0 — ¢ is only realised for ¢ = 0, and A% C Af;ﬁl. We deduce the central

charges from Corollary 3.4.12 with specialisations from Lemma 3.5.5. O

In view of Theorem 1.2.1, where we define ¢;, h;s, and Theorem 1.2.2, we can now
determine the highest weights of the Virasoro algebra at central charge ¢; inside

the weight-2 subalgebra of the vertex algebra V\"f and therefore, by Corollary 3.3

2A, ’

of [YO1], inside V 5, :

1

3.5.7 Proposition. The specialisation for a = , c = % of Proposition 3.5.6 is

ceiale) =1 - m = coi(é) = zils (8.52)
0=hi,, (3.53)
mpald) = g = (354)
L—myu(i—1) = %2 j:;l = hi, (3.55)
Mya(i) —mya(i = 1) = m = hi,, (3.56)
fya(i) —mya(i —1) = %% = hi s, (3.57)

3

771/4@) - 771/4@ - 1) = m = hg,5' (358)
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Proof. We calculate these directly; in particular,

Litl
=3i7y Mmel=73 O (3.59)

M /a(7)

By allowing values of o other than %, we generalise the results of [YO1]. In

particular, in light of Theorem 1.2.2 and the fact that the highest weights of Vir(1/2)

L

1
are ;, and ;,

the following proposition is analogous to Proposition 3.5.7:

3.5.8 Proposition. ¢, in M3 (AF) has central charge % = ¢y and eigenvalues

31 5

1
771/32(2) = ﬁ = h%l, 1-— 7]1/32<1> = 3—2 = hf’l,l’ 7]1/32<2) — 7]1/32(1) — E — hZA'
(3.60)
Proof. These are specialisations of
2061+ . 1i+1 . _ i
cep(es) = e mype(i) = 5oay Mym() =57 0 (861

(31+14)(30 +14)’

To compute the fusion rules of the idempotents e;, we need new tools:

3.5.9 Lemma. Suppose that A is an algebra over a ring Rand f: R — S is a ring
surjection with kernel K inducing a surjection of algebras f: A — A/(KA). Ifec A

is a $-axis then f(e) € im f has fusion rules f(®).

Proof. If e € A is a ®-axis then A is spanned (over R) by e-eigenvectors z1,...,x,
with eigenvalues a4, ..., a,. Also B = im f is spanned over S by f(z1),..., f(z,). Now
fle)f(x;) = flex;) = flauz;) = flau)f(x;) for o; € @, so f(x;) is a f(a;)-eigenvector of
f(e). Thus f(e) only has eigenvalues in f(®).

Likewise, for any 1 < i,j < n there exist ¢, with 1 < k < n such that z;z; =
> ok Okri. As eis a $-axis, ¢, is nonzero only if oy, € o; * ;. Therefore (f(z;)f(z;)) =
>« f(ér)f(x) and, as f is a ring homomorphism, f(¢x) is nonzero only if ¢ is

nonzero, so in particular f(¢;) is nonzero only if oy, € a; * a;. The fusion rules on
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f(®) are just pointwise evaluations of the fusion rules on ¢, and f(«y) is nonzero

only if f(cu) € f(a;) * f(e;), so eigenvectors of f(e) satisfy the fusion rules f(®). O

3.5.10 Corollary. In the situation of Lemma 3.5.9, if f is injective when restricted

to @, then the fusion rules on f(®) determine the fusion rules on . O

Because of Proposition 3.5.7, Corollary 3.5.10 and the statement of the next

lemma, we name the functions for the eigenvalues of Proposition 3.5.6 as
Bia(a) =0, Byy(a) =na(i), Hiy(a)=1—na(i—1), (3.62)
By (@) = nai) = mali = 1), By(@) = Aali) = mali = 1), B 5(@) = ald) — itali — 1).
3.5.11 Lemma. The fusion rules on ®; = {1,0,h%,, %4, hi 5, hi } for e; in Proposi-

tion 3.5.6, in M,(AY) over R(a) with o transcendental, are in Table 3.3.

x| 1 0 h 1 5 B 4 hE 4 h

L1 0 {niy} {his) {Rs 5} {5} {5}

0 {0} {n,}  {hig} {ns5} {55} {ns5}
Py {1,0, 05,1 {his} {his Rss hsst  {Rss hss) {ns s}
Mg {1,0,h3 3} {h5y, by} {55,155} {5, 15 5}
Ry 3 ®; (R0, Mg b g, B 5} {hy g, 55 h5 5}
P55 ®; {5 M5, M5 5, P55}
hE P;

Table 3.3: Fusion rules for ¢; in M, (AY)

Proof. By Theorem 1.2.2 we know that M, /4(A§)R is realised as the weight-2 subal-
gebra of a vertex algebra, so by Theorem 1.2.1 any idempotent e is a conformal vector,
the fusion rules ¢’ of which are recorded in [W93], Theorem 4.3, when cc(e) < 1.

By Proposition 3.5.7, cc(e;) = cciﬁ(ei) = ¢;, which is indeed less than 1 for all i. Let

98



R =R[a, (ia +1)7' |1 <i < n] C R(a) and M,(AF)x be the Matsuo algebra M, (A)
over R. Then M, 4(A})g is the image of M, (A¥)x under the map f/4: R — R, a0 1
which is a injection on Spec(e;) for each i; this follows by comparing the polynomi-
als in Proposition 3.5.7. By Proposition 3.2.1, as k4, = 2n — 2 and (ak4, — 2) is
invertible in R, M,(AY)g is unital. Thus ¢; € M, (AF)p are well-defined. Using
Corollary 3.5.10, we can deduce the fusion rules on Spec(e;) over R from the fusion

rules given by [W93], Theorem 4.3, for ¢; using the inverse map of f; 4 restricted to

f1/4(SpeC(eZ-)). L]

We now present similar results about eigenvalues for a parabolic chain of subal-

gebras of A = M, (D¥) coming from D, C D, C --- C D, C DE.
3.5.12 Proposition. In M¢(D¥) over F(a) with o transcendental, for i > 3,

Spec(e;) = {1,0,0,(i),1 — 0,(i — 1),0,(2) — 0,(i — 1),

00(i),1 = 05,(i = 1),04,(i) — 0,(i — 1),

(3.63)
0n(i) — Oa(i —1),0,(i) — 0,(i — 1),
01, (1) = 00,6 — 1),6,,()) — 0, — 1), },
Spec(é;) = {1,0,1 = 04(i), 1 — 0o (i), 1 — 0,,(), 1 — 0.,(i)} (3.64)
N ai s oali—1)
%) = 2=y 0= Taa-2 (5.65)
6y 20(i—1) oy 20(i—2) '
(i) = m, (1) = m‘
B (i — 1) (200 — 8ar + 1)
cCalei) =4 00 T )i —Sa + 1) (3.66)
cca(éi) = c( ii—1) (3.67)

dai — 8+ 1)(20i — 4o+ 1)
Proof. It follows from from Lemma 3.2.2, and substitutions from Lemma 3.5.5, that

the eigenvalues of idp, in A are

~

Spec(idp,) = {1,0,04(i),0.,(i), 0a(i), 0. (i)} (3.68)
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By inclusions of eigenspaces as in the proof of Proposition 3.5.6 together with
Lemma 3.5.2, and the fact that, for commuting matrices x, y, Spec(x —y) = Spec(x) —
Spec(y), we deduce the spectrum of ¢; and é;. We deduce the central charges from

Corollary 3.4.12 with substitutions from Lemma 3.5.5. O

In the final results of this section, we consider idempotents and involutions of
M, (D,). Recall that D,,; = AF by Lemma 3.5.2, so this continues the study of

M, (AZ). In fact, we previously looked at coset axes of the chain

A CAFC---CAlin A (3.69)
now we focus on id A In the same algebra M, (AF).
3.5.13 Proposition. The fusion rules of idp, in M, (D,,), 3 < i < m, are 7/2-graded.

Proof. The eigenvalues of = = idp, are {1,0,0,(i),¢ (i)}. We will show that ¢, U
Oo— = {1,0,0,(:)} U {0, (i)} is a Z/2-graded partition of the fusion rules. We first
observe that the ¢/ (i)-eigenvectors are of the form =™ — 2~ for z € A C A,, using
the identification D,, = A% from Lemma 3.5.2. We can verify by direct computation
that idp,(z* — 27) = 0/ (i)(zT — 27). Furthermore note that the quotient graph
of D,, by {zt — 2~ | z € A,_1} is exactly AT | /A,_1 = A,_, (see Lemma 3.5.4),
and the image of idp, under this map is a scalar multiple of id4, ,. Every vector
which is annihilated in the quotient is a ¢/ (i)-eigenvector, so in particular no 6, ()-
eigenvector is mapped to 0. As idy, , has only 3 distinct eigenvalues in M, (A,,_1)
by Lemma 3.2.2, and the image of 1, 0-eigenvectors are again 1, 0-eigenvectors, it
follows that the 6,,(i)-eigenspace of idp, is mapped to the 7, (i —1)-eigenspace of id 4, ,
and the ¢ (i)-eigenspace is completely annihilated, so that all ¢/ (i)-eigenvectors lie

in the span of {z" — 2~ |z € A]}.
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Let t = 7(idp,) be the map

© ifze A UAT,
. (3.70)

¢  ifxe Ay
Observe that ¢ inverts the ¢/ (i)-eigenspace of idp, and fixes the other eigenspaces.
By showing that ¢ is an automorphism of A = M, (G), together with Theorem 3.2.5
which states that the fusion rules are Seress, we show that the fusion rules of idyp,

are a subset of Table 3.4, which is Z/2-graded.

« |1 0 00 (i) 0! (i)
1o{1y 0 {6.(0)} {6.(0)}
0 {0} {0.(5)} {0.(0)}
0a(4) {1,0,04();  {6a()}
0! (i) {1,0,04(i)}

Table 3.4: Fusion rules of idp,

Again identify D,, as A% _|. Lete,n € {+,~}and 2,y € A,,_; C A% _,. We will
consider the product A on collinear points z°, y” from the subspaces D;, D;” and DZ6 .

If x5, y" € D; then x* A y" € D;, since D; is a closed subspace. If ¢, y"7 € Df then
= AY" € Dg‘ by Lemma 3.2.6. If 2 € D, y" € D, then a2 ANy" € D, as y ~ (z A\ y)
rules out z° A y" € DZL and z° A y" € D; would force 2 € D;, a contradiction. If
1€ € DF,y" € DI then 2° Ay" € D, as y ~ (z Ay) rules out 2 A 37 € D; and
2 A y" € D; would force 2° € DY, a contradiction.

Finally, suppose that z°, y" € D;". We show that 2 A y7 € D, U Dgé . It is sufficient
to show that for 2,y € A", in A,, we have xt Ay € A, U Af_l. Suppose that

the points of A; ; are labelled by transpositions in Sym(i) with support {1,...,}
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inside Sym(m + 1) with support {1,...,m + 1}. Then =,y are labelled (i, j,), (iy, jy)
respectively with i,,i, € {1,...,i} and j,,j, € {i+1,...,m + 1}. That x ~ y implies
that either i, = i, or j, = j,. Thus z A y is labelled (j,, j,) or (i,,1%,) respectively, and
hence z Ay € Ay UAT,.

To show that ¢ is an automorphism of M, (G), by linearity it suffices to show that
for any 2°,y" € G we have

() (y")" = (z%y")". (3.71)

When z £ y, both sides are seen to be 0. By a case-by-case analysis for x°, y” coming
from the subspaces D;, D;” and Df , using our information on A calculated previously,
we see that (3.71) is satisfied in all cases, for example, when 2, y" € D},

(2 ") =~y = Sy =2 Ay,

) 2 . (3.72)
(299" = @ +y" —a" Ay") = Sy = et A YY),
and as x7° Ay~ "7 = 2° A y", we have the desired equality.

Therefore t is an automorphism, and is the Miyamoto involution of idp,. O

3.5.14 Lemma. The Miyamoto involution of idp, € M,(D,,), for 3 < i < m, inverts

the 0. (i)-eigenspace, has an action on D,,, and is not a transposition.

Proof. 1t follows from the proof of Proposition 3.5.13 that 7(idp,) acts by swapping
points in D,, which are not collinear. On the other hand, for any = € D,, we know
by (2.47) that 7(x) acts on D,, by permuting collinear points. Therefore 7(idp,) is
not in the conjugacy class of any 7(z) for « € D,),.

However the action of 7(idp,) on D,, induces an action on W (D,,) since by
Lemma 2.4.1 we have 7(27042)) = 7()7(42,), Therefore 7(idp,) is an automorphism
of W(D,,,). That it is involutory follows by the observation that its permutations are

composed of disjoint 2-cycles in points of D;. O
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Chapter 4. Ising algebras

Recall the Ising fusion rules ®(«, 5) from Table 1.2. Analogously to Section 2.3, we
are interested in ®(a, #)-dihedral algebras, that is, those generated by two primitive
® (v, f)-axes. The situation turns out to be much more complicated; short of a full

classification, we find the generalisations of the Norton-Sakuma algebras.

4.1 Preliminaries

In this section, we revisit some base cases of the classification. Theorem 4.1.1
deals with a degenerate ®(«), ®(/) case; Theorem 4.1.4 and Table 4.1 recall the
Norton-Sakuma algebras. We also prove the Proposition 4.1.3, useful for statements

about the involutions of our idempotents.

We assume throughout this chapter that o, 5 # 1, 0. The hypothesis of Theorem 2.3.1
is that a,b are ®(«)-axes. One possibility when «,b are ®(«, 3)-axes is that a is a

®(«v)-axis and b is a P(5)-axis, which we consider separately to the general case:

4.1.1 Theorem. Let A be a everywhere faithful R-algebra, over a ring R containing
Lo B0t (1—a)™, 871 (1—B)7Y, containing e € A a primitive ®(«)-axis and f € A

a primitive ®()-axis, with o # fand ef # 0. Then (e, f) = (3C,) and =1 — a.
Proof. If e, f are primitive, ef # 0, and e # f then the respective «, 5-eigenspaces
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AS) Ag of e, f are nonzero. Set s = ef — fe — af. As in Lemma 2.3.2 with s taking

the role of e o f, s € Af, N A{LO}, since
s=((1 =AM (e) = a)f = feg = (1= a)X*(f) = Ble — afg (4.1)

for e/ = M(e)f and f¢ = X¢(f)e.

If ef is in the span of {e, f}, then the subalgebra B = (e, f) decomposes as
B{® B =B = B{@Bg. Hence s € AN A/ =0, so s = 0. Therefore ef = e + of.
In this case, + = fe + (o — 1)f is an a-eigenvector for e, that is, * € A¢, and
y=(F—-De+afe Aé. From o x o = {1} we deduce that the coefficient of f in zz is
0, and from

rr =af’e+ (a—1)2af+a—1)f 4.2)

we deduce that (o — 1)(2a5 4+« —1) = 0. Since o — 1 is invertible, 2a5+a—1 = 0. On
the other hand, we deduce that 2a5 + 8 —1 =0 from 5+ § = {1} and the coefficient
of e in yy. Put together, o = 3, which goes against our assumption. Therefore ¢, f,ef
are linearly independent, and s # 0.

Now observe es = ((1 — a)X(f) — B)e and fs = ((1 — )N (e) — a)f. Since
s € Afy oyNAT, oy, by Lemma 2.1.6, (ef)s = e(fs) = f(es), so that (1—a)A*(f)—fB)ef =
(1 = B)M(e) — a)ef, and therefore we give the name « to

k=(1—-a)X(f)—B=(1—-BN(e)—a. (4.3)

We also deduce that {e, f, s} is closed under multiplication.
Observe that z = (8 — A\°(f))e+ af + s € AS, that is, = is an a-eigenvector for e,
andy = (a — M(e))f+ PBe+s € Aé. Since e, s € A{, ), f & Af, ) and axa = {1,0}

implies that zz € A?LO}, when zx is expressed as a sum of e, f, s the coefficient of f
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must be 0. As

zr = (B=A(f)(B=A()+2+2aB)eta(at2r+2a(6=A(f) [+ (x+20(8-2(f)))s,
(4.4)
we deduce a(a + 2k + 2a(5 — X°(f))) = 0. Similarly the coefficient 5(3 + 2k + 25(a —

M (e))) of e in yy must be 0. As «, § are invertible, we obtain the two formulae
a4 26+ 2a(B — X(f)) =0 = B+ 2k + 28(a — M (e)). (4.5)

Taking differences, a(1 — 2)°(f)) = 3(1 — 2)\/(e)) and in particular

a— B+ 28N (e)

20 ’

B —a+2aX(f)
23 '

From substituting each into (4.3), we respectively obtain M (e) = 1(a + 1) and

M(f) = Me) = (4.6)

A°(f) = 2(B+1). Therefore xk = 3(1 — o — 8 — af3). Now substituting this into either
side of (4.5), we obtain 0 = 1 — o — (5.

Therefore § = 1 —«a. Making this substitution into (4.6) and then substituting the
expression for A/ (e) into (4.3), we deduce that A\°(f) = 1 — ¢ after some cancellations.
Therefore k = —(1 — a) and M (e) = 1(1 + «).

Assume without loss of generality, by swapping « and (5 if necessary, that o # —1
f

and set g = ¢"). Then g = ¢/ + ¢} — e/ _ where

1 1 1
6{:§<1+Oé>f, 6{7a26_5f+m57 eg:__f_

S. 4.7
a

Set f'=e+g— %eg. We observe that f’, g are again idempotents and ®(«)-axes.
Therefore the algebra generated by e, f is the algebra generated by e, f’ is (3C,), as
a # —1,1 using Theorem 2.3.1. O

)90

The above result shows that two axes with Jordan fusion rules always occur as

the axes in (3C,) classified in Theorem 2.3.4 and Lemma 2.3.5.
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The choice of notation A\°(f) in the preceding proof is deliberate (and c.f \* in the
proof of Lemma 3.4.7 as well as ) in the proof of Theorem 2.3.1): for any primitive
idempotent e € A in an algebra A over an everywhere faithful ring R, we define a
function

A A— R satisfying, forallz € A, 27 = X°(x)e. (4.8)

This is well-defined since e spans its 1-eigenspace A$ 5 z§ and the R-annihilator of e

is 0, so the coefficient r € R satisfying x§ = re is unique: r = X\°(x).

4.1.2 Lemma. Suppose that t € Aut(A) and that a € Ais a -axis. If v € A then
A () = A (xh).

Proof. We see that (A%)! = A% by Lemma 2.4.1. Therefore \*' (z*)a’ = (z!)% = (29)t =
(A(z)a)t = No(z)at. 0

Observe that the fusion rules ®(«, 5) admit a Z/2-grading into {1,0,a} U {5}. In
particular, ®(«, §), is exactly the Jordan fusion rules ®(«) of Chapter 2. We will
need this latter observation, together with Theorem 2.3.1, later on.

For Z/2-graded fusion rules ® and two ®-axes ag, a;, we write T' = (7(ayp), 7(a1))

and p = 7(ag)7(a;). Then T is a dihedral group and we set

7

7
agi = ap” , Gy = a1” . (4.9)

The following result majorly generalises Lemma 4.1 in [S07], which was re-

stricted to ®(1/4,1/32)-axes in vertex algebras:

4.1.3 Proposition. Suppose that ¢ are 7 /2-graded fusion rules, and ay,a; are ®-
axes in A with a]“ # a; for {i,j} = {0,1}. Then |al| = |aT| and pl | = 1 as an
automorphism of A.

Proof. The conjugacy classes of two generating involutions in a dihedral group
have equal size, so |7(ag)’| = |7(a1)?|. Furthermore |p| = |7(ag)" U 7(ay)?|. As
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7(a;))T = {7(a) | a € al'} we also have |7(a;)"| < |al]. Let A= {a; | i € Z} = ol UaT
and n the smallest positive integer such that aqg = a,,. If no such n exists then A is
infinite and both « and a! are infinite (as p has infinite order, one of 7(ay)” and
7(a;)” must be infinite, and the sizes of these orbits coincides, so both are infinite).
Suppose instead that there is such a finite n.

If nis odd then n = 2m + 1 and ag = agmy1 = a” . Therefore a; € al, so al = aT
has size n and

T(a1) = 7(ag)” " = p"r(ag)p” ™ = 1(ag)p ", (4.10)

where the last step used that p7(*) = p~'. Multiplying by 7(ao) on the left, we have
p = T1(ag)7T(a;) = p~2™, that is, p' 2™ = p" = 1 as required.

If n is even, we consider the cases for both oy and a;. So, say ay = a,,, a1 = a,,; by
the above paragraph, both n, and n; must be even, so n; = 2m, for m;—o; an integer.

. mQ M1
That is: a9 = af ,a; = a] . Therefore

m1

T(ag) = p "7 (ag)p™ = T(ao)p2m° and 7(a;) = p ™ 7(ay)p™ = T(Gl)mel, 4.11)

which means that p has order dividing 2m, and 2m;. As p also has orbits of size
mop, my, this means that p has order lying in {mg, 2mo} N {my,2m,}. If |p| = my = my
or |p| = 2my = 2m4, then my = m, and the statement of the proposition is satisfied.

Out of the two remaining cases, consider without loss of generality the case 2m, =
m,. By assumption, mo > 2 as a; = ag(‘“) # ag. That is, there are twice as many
distinct axes a; for i odd as there are distinct axes a; for i even. However, the action
of {7(as;)}icz on {asji1} ez 1s transitive, so that ps = 7(ag)7(az2) if my > 2 has an orbit

of size 2m,, which is impossible as p, has order at most m = |7(ag)'*2 UT(ay)*?|. O

Since al,al C B = (ag, a1), to bound the order of p € Aut(A) it therefore suffices

to determine the order of the action of p on the subalgebra B of A.
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The following was proven in [HRS15], following the groundbreaking work in [S07,
IPSS10].

4.1.4 Theorem (Sakuma’s theorem, Theorems 5.10, 8.7 [HRS15]). Any ®(1/4,1/32)-
dihedral Frobenius Q-algebra is a quotient of the direct sum of the Norton-Sakuma

algebras over Q. H

The nontrivial Norton-Sakuma algebras (nX) over Z[!/2, /3] are given by Ta-

ble 4.1, together with the formulas

a;a; = G,  Q; = Qimodn, (Q;,0;) =1 (4.12)

1 1 sy if 7 1s even,
A;Qip1 = a(ai +ai1)+ s, e = a(ai + aiy2) + (4.13)
sy ifi is odd.

[

Under the isomorphism type (nX), we give a spanning set and notes; the other
column contains all the products necessary to calculate in the algebra.
The trivial Norton-Sakuma algebra generated by two axes ag,a; is (14), the

1-dimensional algebra in which ay = a;.
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Description Products
(QB) apga; =0
Go, d1 (ag,a1) =0
(24) a;a; = %(ai +a; — a)
o, a1, Qs (a;,a;) = &
(3C) a;a; = 6—14(ai +a; — ay)
o, 1, G2 (a;,a;) = &
(34) ais = 51 (405 + ai1 + Giya) + 555
@0, 41,42, § 58 = g1¢ (a0 + a1 + ag) — s
(@i aj) = 35
(44) ais = grr(7(am + ai1) — 2a;) + 555

a_1, a9, a1,02,S

(ai, ai2) = (2B)

_ 21 11
S§S = 2T5(Cl71 +Cl0 “+ ay +CLQ) — 2—98

(@i, ait1) = 3%

(4B)
a_1,0Q0,01,02,S

<@i> ai+2> = (214)

;A0 = —%(aiﬂ + ai_l) — 8s
;S = 2%(7(%“ + ai—l) — 26&2) + 3—728
S8 = 225 (a,l +ag+a; + az) — 2%8

(@i, aip1) = é

(54)

a_2,0_1,0p9,0a1,02,S

_ T 7
a;s = QT(aiJrl +a;_1— 2az~) + @S

58 = 23T57(a_2 +a_1+ap+a + as)

S9 =5 (a;,a;) = 1378
(64) aitiys = 57(3(a; + Qige) + Qisg — Qip1 — Qi3 — Qips) + 55

a-2,0-1, 4o, a1, a2,
as, S, So

5y = 5(s2 + s3)

(ai, ai3) = (24)

(ai, air2) = (3A)

1

aiivs = 15(2(a; + Aiy3) — Qi1 — Qigr — Aiga —

1
_ 1 7
a;S = QT(7<ai+1 + ai_l) — 20(11) -+ @8
- _ 5
;52 = 31034 —

3 7 -
—355 1T 1552

st (@1 + ai1) + 553 (Cine + @i — 50i13)

_ 49 17 =
55 = 5175(A—2 + a1 + ag + ay + az + az) — 5155 — iz 52
= 21 21 15 5
889 = —2T7(CL_2 -+ a_q + Qo + aq + a9 + CL3) -+ 2T05 + 2T82

= = 107
5959 = g (g +a—1 +ag+ay + az + ag) —

(@i, aipr) = %

77 S
5108 — 31152

Table 4.1: The nontrivial Norton-Sakuma algebras
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4.2 The universal algebra

In this section, we make the formal construction of a certain universal algebra:
an algebra of which all ®-axial algebras, or in our case of interest all ®(«, 5)-
dihedral algebras, are quotients. We proceed by constructing a chain of increasingly

specialised universal objects, starting from a free magma.

Recall that all our algebras are commutative and not necessarily associative.
Let {as,...,a,} be a collection of symbols, a; = 1,a5 = 0, and set ® = {1,0} U
{as,...,a,}. For R aring, recall that R[z,»!] means R[z,y]/(zy — 1). Let

R' = R//((I)) = Z[Ozi, (Oéi — Oéj)il ’ Q;, O S (I),Z 7£ j] (414)

Suppose that R is a ring and S is an associative R-algebra. For an R-algebra A,
the scalar extension by S of A is the S-algebra A ®p S with product (z ® s)(y ® ') =
(zy) @ (ss').

Let A = {ai,...,a,} be an ordered collection and M’ the nonassociative magma
on A, that is, the collection of all bracketings of nonempty words on A together
with a multiplication given by juxtaposition. In the category of R-algebras with m
marked generators, where morphisms are algebra homomorphisms mapping the
marked generators to marked generators and preserving the ordering, RM’ is an
initial object: there exists exactly one morphism from RM’ to any other object A in
the category. This mapping RM’ — A is given by evaluating the word w € M’ as a
word in A.

Furthermore set M to be the commutative nonassociative magma on idempotents
A, that is, M is M’ modulo the relations a;a; = a; for all 7 and uv = vu for all words

u,v. Then RM is an initial object in the category of commutative (nonassociative)

110



R-algebras generated by m marked idempotents.

Let A\(w) be a symbol for all a € A and w € M, and set
R =R'N(w)|aec Awe M]=R'N(M). (4.15)
This formal function \*: M — R, w — \*(w) takes the réle of \° in (4.8).

4.2.1 Lemma. Suppose that A is an everywhere faithful R-algebra, generated by a
set A of primitive idempotents with eigenvalues ®. If R is an associative R’ = R"(®)-
algebra, then R is an associative R'-algebra in a unique way such that w¢ = \*(w)a

forall a € A,;w e M.

Proof. We use the multiplication in A to identify the mapping of \*(w) € R’ into R.
Let R be the polynomial ring R[A\*(M)] of R extended by indeterminates \*(w) for
all a € A,w € M (c.f (4.15)). Then there exists a unique mapping of R’ into R: as
R is an associative R’-algebra, there exists ¢: R” — R; this extends canonically
to ¢: R'AA(M)] — R[N\ (M)], that is, ¢: R’ — R, by setting ) (\*(w)) = \*(w). Let
J be the ideal of R generated by A\*(w) — A%(w) for all « € A and w € M, where
w € A is the evaluation of the word w € M and the second \* is the mapping
A — R C R of (4.8). Then set ¢: R — R to be the map r — @@(T)/J. As 1,9 are ring

homomorphisms, so is ¥/, and ) makes R an associative R’-algebra. O
Let A’ be the quotient of R’ M modulo the ideal generated by

(H(ad(a) ~a id)> (w— \(w)a) forallae Awe A", (4.16)

aieq’\{l}

Then A’ is generated by primitive diagonalisable idempotents.

4.2.2 Lemma. There exists a unique morphism from A’ to any R'-algebra A generated

by m primitive diagonalisable idempotents with eigenvalues ®.
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Proof. Since A is commutative and m-generated by idempotents, there is a unique
mapping from A” to A, given by the 7, be the evaluation ideal in A” induced by A:
as in the proof of Lemma 4.2.1, for w € A”, write w for the evaluation of the word w
in A, and w for the evaluation of the word w in A”. Then I, is generated by w — w
for w € A”. That the m generators in A are primitive diagonalisable idempotents
with eigenvalues ¢ implies that the ideal in (4.16) is contained in /4 and therefore

the unique mapping from A” to A factors through a morphism from A’ to A. O

Let C' = C},, be the category whose objects are pairs (R, A) such that R is a ring
and an associative R’-algebra, A in A are primitive diagonalisable idempotents
with (ordered) eigenvalues ® = {1,0,as,...,a,}, and A is an everywhere faithful
R-algebra generated by A. (For convenience, we always write A for the generating
set.) Morphisms in the category from (R, A;) to (R, A2) are pairs (¢,v) such
that ¢: Ry — R, is a R"-algebra homomorphism and ¢: A, — A, is an algebra
homomorphism mapping generators to generators and compatible with ¢, in the

sense that (rz)¥ = r®z¥ for allr € Ry, x € A;.
4.2.3 Lemma. (R, A') is an initial object in C'.

Proof. That is, for any (R, A) in C’ there exists a single morphism (¢,v¢): (R, A’) —
(R, A). This follows since R is an R'-algebra, by Lemma 4.2.1, by a unique nontrivial
map ¢: R — R which maps R' — (R ®z R)/Ir, where Iy is the ideal (o; — a; | 3 <
i < n) encoding the identification of &; with «;. Furthermore A’ is initial among
R'-algebras generated by m marked primitive idempotents acting diagonalisably

with eigenvalues ® by Lemma 4.2.2. O

Suppose that (J, I) is a pair with J an ideal of R and I an ideal of A. The pair
(J,I) match if JA C I and \*(z) € J for all x € I,a € A. If (J,I) match and [

contains none of the generators in A, then (R/.J, A/I) is again an element of C’, since
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A is preserved, R/J is again an associative algebra over R” (and hence R’) acting
everywhere faithfully on A/, and A/I is generated by m primitive diagonalisable
idempotents with eigenvalues .

Take an arbitrary object (R, A) and let (¢, ) be the morphism from (R, A’) to
(R, A). Then 1 is a surjection in the sense that RA"Y = A. We can write ¢ as the
composition ¢, o ¢; of an injection R’ — R’ ®7; R with a surjection (R’ ®7 R)/J4, for
Ja = ker ¢, an ideal. Let 14 = kerv. The ideals (Jg, I4) match by the condition that
Y, ¢ have to be compatible. Write C’(J, I) for the subcategory of C’ whose objects are
algebras (R, A) such that Jz C J, 14 C I. InC'(J, 1), the object (R'/J, A’/I) is again
initial.

So far, ¢ has only been a collection of eigenvalues. Now suppose that & comes
with fusion rules x. We write down two special ideals .J', I’: let I’ be generated by

[(ad(a) - aid) (H(ad(ai) —aid)z - [J(ad(a;) - a id)y) (4.17)

acajxay acd{a;} acd~{ay}

for all z,y € A and a;,a € ® and a; € A, and set J' = (\*(z) | a € A,z € I').
Then (J',I') match. The ideals J’, I’ are minimal with respect to the axioms of
d-axial algebras, that is, if (R, A) are ®-axial R’-algebras then they are in C” and the
unique morphism (¢, ¢): (R, A’) — (R, A) necessarily has J' C ker ¢ and I’ C ker .
Therefore C = C'(J’,I') is the category of m-generated ®-axial algebras and has
initial object (Ry,U) = (R'/J', A'/I"). We have

4.2.4 Theorem. For fusion rules ® = {1,0,a3,...,a,}, m € N, and R" from (4.14),
there exists an algebra U over a ring Ry such that if S is an associative R"-algebra
and B is an m-generated ®-axial S-algebra, there exist matching ideals Jg C Ry Q7

S, Ip C U ®z S such that U ®7 S/Ig = B as an algebra over Ry ®z S/Jg = S. O

We say that the Ry-algebra U is the universal m-generated ®-axial algebra.

Note that, if we replaced the underlying ring R” in (4.14) with a larger ring R”,
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Theorem 4.2.4 continues to hold with minor modification. In particular, set
RO = Z[l/Q? «, 67 a_l> 6_1a (Oé - 6)_17 (CY - 26)_17 (CY - 45)_17 )‘17 )‘{7 )‘27 )‘g} (418)

The upcoming Theorem 4.3.7 gives the multiplication table for an algebra Ag, over
Ry. The universal ®(«, 5)-dihedral algebra U that exists by Theorem 4.2.4 is a

quotient of Ay, although we will not completely determine U in this text.
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4.3 The multiplication table

Here we determine the structure constants of the universal ®(«, 5)-dihedral algebra,
by repeatedly exploiting the fusion rules ®(«a, 8). In particular, we show that, under

mild assumptions on the ring, a certain set of 8 elements spans the algebra.

For fusion rules @, let R’ be the polynomial ring
R/ = R,((I)) = Z[OZZ', (Oéz' — Oéj)_l | Qq, O S (I),Z 7é ]], (419)

From now on, we only consider the Ising fusion rules ® = ®(a, ). Suppose for
the rest of the section that R is an associative R’-algebra, for so that «, 3 € R and
a,B,a—1,8—1,a — [ are invertible in R, and suppose that furthermore % € R.

Suppose that A is a everywhere faithful R-algebra generated by ®-axes ag, a;. In
this section, culminating in Theorem 4.3.7, we give a spanning set and multiplication
table for the algebra A, under some further conditions on R.

A second product on A, 0: A x A — A,
roy=uxy—PBx+y)forz,ye A (4.20)

will play a critical role for us because of the Z/2-grading on ®. Recall this already
played a role in Lemma 2.3.2.

Recall that, for a ®-axis a € A, 7(a) € Aut(A) is the automorphism acting as —1
on the -eigenspace of ¢ and fixing all other eigenspaces.

Let B be the subset of A with elements

B = {a—Qaa—17a07a1aa2aSa82755}7 (421)

for s=agoa;, Sy =agoas, s.=a_i0a. (4.22)
) ) 2
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In this section we compute the products between elements of B, recorded in lemmas;
other computations will be part of the rolling text.

Four elements of the ring will also have a special réle to play. Namely, we write
A =2%ay), M =A"(ag), Ao=A%ay), M =X(a_y). (4.23)

Note that, since o, 5, A\, )\{ , Ao, )\g lie in the ring R, the automorphisms of A and in
particular 7(ag), 7(a;) fix them.

The superscript f notation refers to the map f, called the flip, interchanging
ag,ar. In general f is not known to be an automorphism, but it turns out to be in

some special cases. Observe that it has an action on the ring and on the algebra.

Recall that, by the definition of a ®-axis a, any element © € A may be written as
T =]+ 15+ T + TF =1+ To + To + T, (4.24)

where the second time we have omitted the superscript a because this is clear from
context. In this section, all eigenvector decompositions will be with respect to a or

ap unless indicated otherwise. We deduce that

(ax — \(z)a — Bxg), (4.25)

To =

.I‘ﬁ—

(x — 7). (4.26)

The latter follows since 7(a) inverts the -eigenspace, so we have that 25 = 3(z —
27(@), The former is found by using the previous equations in ax = \*(z)a+az,+ S5

and rearranging. Furthermore
a*r = a(ar) = \*(2)(1 — a)a + aar + B(B — a)zg, (4.27)

using the substitution (4.25) in the expression o’z = \*(2)a + o’z, + [22;5.

Recall (from Lemma 2.3.2) that a o z lies in Af, ; ,,, and thus is fixed by 7(a), for
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any x € A:

aox = AN (x)a+ ar, + frg — Bz +a),
= (\"(z) = B)a — Bro + (o — B)a.
4.3.1 Lemma. We have

aos = (& — B)s + (M (1 — ) + Bl — B — 1))ao + ~(a — B)B(ar + a]),

2
ars = (o — B)s + (M (1 —a) + Bla — 5 —1))as + %(a — B)B(ao + ag'™),
95 = (= )32 + Qa(l = a) + o~ § ~ D)ay + 5 (0~ B)5 (az +a5™)

from

afaox)=(a—pBlaocz+ (A (z)(1 —a)+ fla—B—1))a+ (o — B)Pxy.

Proof. The equation (4.31) can be deduced starting from the definition of o:

a(aox) = alax) — Blaa + ax)
= (= Plax + (N(z)(1 — @) = Ba+ B(B — a)zy

by (4.27), and then rewriting ax using o as

(4.28)

(4.29)

(4.30)

(4.31)

= (@ =placr+(a=f)fla+z)+ A\(2)(1 - ) = Fa - (a = §)fs.

This gives the result after collecting terms and writing z, = = — 25. From (4.31)

we deduce ags, apse by substituting a;, a, for x respectively. Then a;s follows by

swapping ag, a;.

We define a further commutative product

%0 AXA— A, zx,y=(roa)y+ (yoa)x
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for our computations. With respect to the ®-axis a, for =,y € A,

(7 *a y)r0 = =26(x 1y )10 + 202aya + (A'(2) = H)A(y) + (A" (y) = B)A"(2))a, (4.33)

(% %0 y)a = (@ = 20)(T4y1)a + (X (2) = B)Ya + a(A\*(y) = B)2a- (4.34)

To deduce this, we use the previous calculations for (x o a); o and (z o a),. From the

fusion rules, since (z o a)3 = 0, we have that

(@ *ay)10 = ((xoa)y)o+ ((yoa)r)io
=(xoa)oy1o+ (yoa)orio+ (£ 0a)aYa + (Y0 a)aZa

= —2Bz10510 + 2( = B)zaya + (A (z) = H)A"(y) + (A*(y) — B)A*(2))a,

which gives (4.33) when we use that (z.y.)10 = 10Y1,0 + TalYa- For (4.34),

(%4 Y)a = (0 a)y)a + ((y 0 a)2)a
= (v 0a)10Ya + (T 0a)ayro+ (Yo a)iora + (yoa)ario

= (a = 28)(71,0Ya + Tay10) + (A" (2) = B)ya + (A" (y) — B)Ta,

and after using x1 oys + Za¥1.0 = (2+y+)o We have the answer.
We also find that, for 2,y € A, when o — 28 is invertible,

1
a—20

ot = 5o (0 Do + 28040 0 + (BN(2) + BX(5) — 2 (@)X (1)a). (4.36)

(m—&-y—i—)a = ((:L‘ *aq y>a + a6<xa + ya) - O‘()‘a(x)yoc + /\a<y)xa))> (4.35)

The expression (4.35) is just a rearrangement of (4.34). For (4.36), in turn rearrang-

ing from (4.33),

20xaYa + (2A"(2)A(y) = BN (@) + A*(y)))a = (2 *a y)10 + 26(21y4)10

=@ y)y — (T aY)a +28((r1y1)1 — (T1Y1)a)-

As (z,1yy)+ = 1y, rearranging gives the final claim.
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4.3.2 Lemma. We have that, if o — 203 is invertible, then ss =
Lo-g
2a—20

+(2(=a + 6+ a — 48)A; — B10S — 46” + a — 68)) (a1) 4 + Bla — 48)(a — B)(az)

[(4(1 —20)A2 +2(a + af — 48) A + aBy — B(a? + 908 — 482 — 48)) ao

+ - f 5 (@B =28 — 1)\ — B(6a” — 1008 + 458% — a)) s — afsy + Bla — 25)35},
(4.37)
derived from the equation, for any x,y € A,
2
(aoz)(aoy) = (% - 5) (%0 y)s — m& *a Y)a + Bla — Blriys
vt (14 L) O - B+ ) - ) (439

+ (N @N() (1= @) + (@) + 2 () (5= 1) B+ B

Proof. Note that
aox+fry = ar—pPa—Pr+pry = ar—Lrg—pPa = ary—Pa = (A (v)—p)at+ax,. (4.39)
Now we can compute in two ways:

(aox+Bus)aoy+Bys) = (aoz)aoy) + Allac )y, +(aoy)r,) + By,
= (aox)(aoy) + Bz *ay)s + 2w yy
since aoz = (aox);, s0 (aox)y,; = ((aox)y)s, on the one hand; on the other,
= ((M(z) = Bla + aza) (X (y) = Bla + aya)
= ’Taya + o (X"(2) = B)ya + (\"(y) — B)za) + (A (2) = B)(A\*(y) — Ba

and using (4.36),

= (00 50 0+ Blespadia) + 2N = Bz + O°(2) - Bl

+ (X @A) = a) + 5 (5 = 1) (@) + \(0) + 52) o

119



So we may rearrange for our desired term:

(@oa)aoy) = (5 = B) (@ra)s = 5 (@ 5ap)a+ Bla - Bzsy: — aBlzsy:)a

5
+ (AN (y) — B)za + (A (2) — B)ya)

+ (U @N() (1= @)+ (@) + 2 () (5= 1) B+ B)a

and finally, using (4.35),

_ (%—ﬁ) (az*ay)+—a(%+a_ﬁ2ﬁ) (7 %0 Y)a + Bla — B4 y+
Oz2/32

a—20

rar (14 ) 0 + X ) - (

Y +a25) (T + Ya)

+ (V@A) (1= a) + V(@) + X () (5 = 1) B+ Ba.

so we arrive at our conclusion (4.38) after collecting terms.

Now also note that, with respect to the ®-axis «a, for any idempotent e € A,
1w (1
€+e+ = §€ o e —+ § —+ /8 €+. (440)

By definition, e, = 1(e + ¢"®). Hence, multiplying out, e e, = 1(e + e™@) + Leem@),
and we rewrite the expression using the definition of o. For the product ss, we

specialise: for any = € A,

- B) (x *q $)+ + 5(05 — ﬁ)x+x+

+ (A (2)*(1 — a) + X (z)(a — 2)B + %)a (4.41)

+ 20 (1 + 5 _B%) (A*(z) = B)za — m&“ *a T)a-

(ao)(ao) =

|9

We need a number of auxiliary expressions. Observe that (4.25) can be rewritten as,

Ty = é(a oz + Bla+z)— A\ (x)a — Bag) = é(a ox+ (B —A"(x))a+ Bry). (4.42)
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By application of (4.31) with a, in place of a, substituting 1(ao + a2) for ao?',
a1 %qp a1 = 2501 = 2(ar — B)s + 20\ (1 — a) + Bla — B —1))ay + (a — B)B(ag + a).
(4.43)
We immediately deduce, using s, = s and a, = a, then using (4.28) and (4.42),
(a1 %ap a1)1 = 2(a = B)s + 2\ (1 = a) + Bla = B — 1))(ar)4 + (o = B)Blao + (a2).,),
(4.44)
(a1 4o a1)a = 2( = B)sa + 2\ (1 = a) + Bla = B = 1))(ar)a + (@ — £)B((a0)a + (a2),,)
= 2((a— 97 + M1~ ) + la— B~ D)5 + (5~ M)ao+ Blar).)
+(a- 5)%(82 (8= A)ao + Blaz).,). (4.45)
Finally, we substitute a; in place of z in (4.41), and substitute the expressions

we collected for (a; *,, a1) in (4.44), for (a;)(ay), in (4.40), for (a;), in (4.42), and
for (ay %4, a1), in (4.45), to find ss =

(5 —8) [2(a=B)s +20M(1 =) + Bla— 8= D)(@r)+ + (@ = B)Bla+a"",)]

+ fla— B) (%sg + (% + 5) (a1)+) + (M (1 —a) + (o —2)8 + Bag (4.46)
r207 (10 LY M0k o A+ o) - g e - 87 40— a)

+Bla—B—1))(s+ (8= A)ao + B(ar)4) + (o — 5)%(32 + (8 — A2)ag + 5(a2)+)}
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_ [(%_5) (= B)B+A(1—a)+ M(a—2)8+ 5 +2a (1+a_526> (A= B)(B = A1)

«

e —25) (ﬁ(a —B)(B—A(a")) +2((a— B>+ M1 —a)+Bla—B—1))(8 - Al)ﬂ ag

+ |- 290 - )+ 8- 8- 1)+ pla- ) (5+6) +20 (14 L) -0y

«

—Q_Qﬁ((a—ﬂ)ukf(l—a>+ﬁ<a—ﬂ—1))} (a1)+ (4.47)

! {5(05 CRURE re - iC ﬁ)%z] (0a)s = 2(aa—525) (@ 85+ O

alla— B2+ M (1 -« a—fB—
(a—ﬁ)(a—2ﬂ)+2a<1+af26>()\1_6>_ (( 6)+A1(a1_2g+5( 8 1))]8

2

+

which is the equation given in the statement, once its terms have been collected. [

From now on, for the rest of this section, we will assume that o — 2/ is invertible.

4.3.3 Lemma. If o — 40 is invertible, then a; =

a_9 +

Bla_ B)l(oz myy <<4aﬁA1 —2(a® — (48 + Do +48)A — a?B — aB(58 — 1) + 652) a_i

! 3 (4(3a2 — (48 — Da+28)A2 + (da(a — DA —6a® — 2(38 — 1)a? 4+ 2a8(86 + 1) — 8%\,

o —

—4aB(B — DX —2a8(c — B + 280 + B(68 — 1)a? — (128 — 1) + 28%(28 — 1)>a0

_|_

41 3 (4a(a — DA —4aB(8 — DA +4(30% — 4a(48 — 1) + 28)M7 — 2(30® + a2(38 — 1)

o —
—aBBB+ 1)+ 48N +2a8(a — B)ra 4+ 20°3 + ?8(68 — 1) — af*(128 + 1) + 26°(28 + 1))0L1

n (2(a2 —a(48+1) +48)M — dafN] + 2B+ aB(58 + 1) — 652>a2

—1 4
+ gy <4a(a =204+ 1)\ +da(—a+ 26 — 1)>\{> S) + Y (sg - 52> , (4.48)

and therefore the R-span of B is stable under T. Thus we deduce expressions for

ass, a_18, a_98, ang, (1_185, a9S9, a_2S59.
Proof. Lemma 4.3.2 calculates ss using eigenspace decompositions and fusion rules
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with respect to ag, and by repeating the computation with the roéles of oy and a,
swapped, we obtain an expression for (ss)/ from (4.37). On the other hand, s is
symmetric in ag and a; so that ss is invariant under interchange of a¢q and a,. The
equation (4.48) follows from the equality (ss)/ = ss. Since a3 = (a_5)/, we see the

desired term in the expression for (ss)/:

+ ((—a2 +6a8+a— 48\ — %6(10045 — 45 4+ a - 65)) (a0 + as) (4.49)
1
2

= i 5 (a(3a — 28— DX — B(602 — 10a8 + 457 — 04)> s —afsh +8(a—28)s,] .
Rearranging yields the claim for as.
Now observe that

Bl = {ag,aQ,al,ao,a_l,3,35,32}. (4.50)

Out of these, the only term not already in B is a3. Our above expression for this
term shows that RB and RB’ coincide. As a;, = af ,, that is, a5'* with the roles
of ay, a; reversed, we have that B"(“) C RB/ = RB also, and since B7(®) = B this
proves RBT = RB.

Now all of the terms in (4.3.3) are in the T, f-orbit of ays or agss:

98 = (aos)T(‘“), a18£ = (aps2),
a_18 = (aOS)T((“)f, CL_1S§ = (G082)fT(a0)a
a_98 = (aos)T(al)T(“O), 289 = (a082)7(a1)>
A_989 = (aOSQ)T(al)T(“(’). ]

From now on we also assume that o — 44 is invertible.
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4.3.4 Lemma. We have that ays} =

a —12ﬁ (a i s (2(?)@ — (48 = Da+20)X] + 2a(a - DM +2(-20° +o® + aB(28 - 1))h

+4B(—a? + a(B+1) — B)A] — aBla — B)As + 40°8 — 28(28 + 1)a? + 2a8%(B + 1) — 254)%

— (200 + 2(ac — DN — 2% + (B + %)a —268%+ 8)(B(ar + a1) + s) + (. — B)B%(az + a_s)

+25(a = B2 (@51)
and from this follow expressions, using the T-invariance in Lemma 4.3.3, for

f f
as85, 259, ai1S2, a_159 and a_s01, a_o09, a_1as.

Proof. Recall from (4.42) and (4.26) that
1 1
(a1)o = E((l — )\ — B)ag + (a — ﬁ)g(al +a_y)—s). (4.52)

First we write down, using Lemma 4.3.3,

1
2a(a —2P)

—2B(a — A — B(a — B)Xa2 + 38a% — 35° — 28%)ag (4.53)

+ (= B) (4B + 2( = DA — (28 = Do = 46%) (a1) 1 + Bla = B)(az) 4

((11)0((11)0 = (—(20&(0{ — 25 + 1))\% + 2(04 — 1)/\1>\{ —+ 2(—042 _ 2@5 —+ 2B2 + ﬁ))\l

@m—ﬁnrua—DM—mﬁ+zw+ﬁx—Ma—m@+m—ﬁmwamé)

From the fusion rule 0 x 0 = 0 we deduce that ay((a1)o(a1)o) = 0. The only product
we do not already know is aosg , so substituting and rearranging gives the result.
The second set of equations follows from the fact that 7" is transitive on a_,, a_1, ag, a1, as,
and we have expressions for agz for all x € B, so we can take any product a;r and
find a representative agz’ in the T-orbit of a;x with an expression for this product in

RB. As RB is T-closed, this allows us to calculate any a;x. O

4.3.5 Lemma. We can find an expression for ss, in RB, and hence for ssg too. We

also have expressions for s,s, and sg sg in RB.
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Proof. We will derive the first equality starting from the equation

ao((a1)o(az)a + (a1)o(az)o) = alar)o(az)a, (4.54)

which follows from the fusion rules. The key is that the contributions of ss, from
each of the terms (a;)o(a2), and (a1)o(az)o cancel on the lefthand side, but not on the
righthand side.

We know (a;)o from (4.52). In the same way we calculate
1 1
(az)o = a((l — )y — Bag + (o — 5)5(% +a_s) — s2), (4.55)
and also get, from (4.42),
1 1
(a2)a = —((B = A)ao + 5B(a2 + a2) + 52). (4.56)

The previous lemmas are enough to calculate the products, so arriving at the answer
is a matter of rearranging the copious terms.

Then ss} = (ss2)/. The third and forth products promised follow from

ao((az)o(az)a + (a2)o(az)o) = a(az)o(az)a (4.57)
using the same method. O
f

4.3.6 Lemma. We can express s;s; as a sum of terms in RB.

Proof. Recall that idempotents are preserved by automorphisms, so that azaz = as.
The expression afforded in Lemma 4.3.3, and knowing all other products, allows us

to express 3255 . ]
Altogether the previous sequence of lemmas proves
4.3.7 Theorem. Suppose that R is an associative R'[(a —28)7 ', (o — 43)!|-algebra,

for R’ from (4.19). If A is an everywhere faithful ®(«, 5)-dihedral R-algebra then A
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is spanned by
B = {a727 a_i,Qp,0a1,0a2, S, S2, Sg}
with the multiplication table described by the previous Lemmas 4.3.2 to 4.3.6. [

In particular, when U is the universal ®-dihedral algebra over ring R;; from
Theorem 4.2.4 with the extra condition that o — 23, « — 4/ be invertible, then Ry is

a quotient of the polynomial ring

Z[1/27 a, 67 05717 6717 (Oé - 6)717 (Oé - 2ﬁ)717 (Oé - 4ﬁ)71] (458)

and U satisfies the multiplication of Theorem 4.3.7 over R;;.

We define a form (,) on the algebra of Theorem 4.3.7 by setting (a;,a;) = 1 and
extending the definition using relations that would be satisfied if (, ) is Frobenius.

Firstly, A% (a;) = \*>%) — (a;, ;). Secondly,

(ai,ai)

(ai, s) = (ai, ajaip1 — Bla; + air1)) = (@, aiv1) — Blai, a;) — Blai, aipr) = (1= B) — B.
(4.59)

We likewise compute the remaining values of the form up to action by 7" and f.

(ai,52> = )\2(1 - 6) - 6, for i = —2,0, 2 (460)
(ai, 52) = (ﬁ)\g - (25 - 1))\1 - ﬁ), for i = —1,1 (461)
(5,5) = =(B(a— B)A2 — 2(a — AT + 2(a + 267 — 4B)\; — Ba + 53%), (4.62)

1
2
% o 2Ne —h) (B(=6aX; +4a” — (28 + 3)a + 487 + 65) A

(a —48)(a = 2B)(a — B)
+8(2a — 1)A? — 4(a +2)(20 — 1)A? +2(4a* + (2% — 1)a — 88° + 1232 — 48)\,

— 4B0® + B(68 + 1)a — 208° + 267), (4.63)
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1

1 2 o 2
(52.99) = 3 57— Tra ) (28— 49— B)(0* — (38 + D+ 49);

+ (4(a* — (98 + 2)a® + (2287 + 198 + 1)a? + 28(84% — 218 — 4)a — 88 + 165%)\F
+26(2(28 — 1)a® — B(748 + 11)a? + 28(26% + 478 + 4)a — 326%) A1 +28(28 + 1)a*
+26%(68 — 11)a® + B%(1282 + 886 — 1)a® + 4%(143% — 615 + 1)a — 483° + 273°

+ 128NNy + 16(2a — 1)(a? — (68 + 1)+ 48)A] — 8(2a — 1)(a® — (68 — 1)a?

— 28+ 1)(58+2)a +48° + 657 + 88)A] — 4(—3a* + (208* + 178 + 4)a®

— (88% — 4032 + 68 + 1)a* +2B8(26% — 408 — 1)a + 283*)\% 4+ 28(6(68 + 1)a?

+ (5887 — 338 — 2)a* — 2B(28% + 438 — 2)a + 328*)\; — 45%a* — 23%(28 + 1)a?

— B*(84% — 228 — 1)a® + 48%(3458° + 78 — 1)ar — 808° — 128%), (4.64)
1 1
)= 30— 45Pa B\

—2((268 + 3)a® — (708% 4+ 278 + 1)a® + 28(465° + 278 + 3)a — 48° — 88%)\

—2Ba(a — 48)(a — B)A2 + (8(a® — 3Ba* + B(8B + 1)a — 45%)\?

+16B8a* — 2B(228 + 3)a® + B(726% — 28 4+ 1)a? — 45%(228 — T)a + 805° — 325*

— 483 \32a(2a0 — 1)AT 4 8(2c0 — 1) (60 — (108 — 3)ar + 128% + 26)\3

—4(8a* —20(B — 1)a® + (2447 — 328 — 15)a® + 2(268% 4 143 + 1)a — 328% — 4B8)\2
+2(16a* 4 2(28% — 98 — 4)a® — (363> — 143 + 88 — 1)a? + 23(48° — 23*

+ 278 + 1)a — 648° + 648" — 645° — 8%)\; — 165a* + 48(113 + 2)a®

— B(728% + 88 + 1)a® + 43°(228 — 5)a — 8053° + 328 + 45°). (4.65)

By this definition, (, ) does not make the algebra Frobenius; for example, (a_1,as) #

(a_1,a_1a5). However, some quotients of (,) will turn out to be Frobenius in the
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4.4 A further fusion rule

Not all fusion rules have been enforced yet. We describe, given a ®(«, 5)-dihedral
algebra, how to find its generalisation, called an axial cover, by finding smaller
ideals, coming from the fusion rules, in the universal algebra previously described.
We also introduce the extra assumption that the coefficient functions \°, \/ are

symmetric.

Suppose that R is a ring satisfying the assumption in Theorem 4.3.7, so that R is

an associative algebra over
Ry =Z[a, B0, 87 (a—B) 7Y (a—28) 71, (o — 48) 7). (4.18)

Let Ag be the free R-module on B = {a_5,a_1, ag, ai, as, s, sa, 35} together with the
multiplication from Theorem 4.3.7. Then ay, a; € Ag are not necessarily ®(«, 3)-axes,
since their eigenvectors do not satisfy the fusion rules in general, as we will see in
Lemma 4.4.4. Therefore Ag is not necessarily a ®(a, 3)-dihedral algebra.

However, Theorem 4.3.7 shows that any ®(«, 3)-dihedral algebra over a ring R
satisfies the multiplication rules given in Section 4.3, and therefore is a quotient
of Ar. In particular, Theorem 4.2.4 asserts that there exists a ring R;;, which is a

quotient of R, by some ideal J% _  and an algebra U over R;; which is the universal

®(a,B)?
®(a, 5)-dihedral algebra. Hence U is a quotient of Ag, by some ideal / (I;(Oa’ g (We
use the subscript ®(a, #) in our notation for these ideals to indicate that they come
solely from the fusion rules.) While actually finding U over Ry is beyond our reach,
we work with Ag, over R, as an approximation to the universal object.

Short of classifying all the ®(«, 5)-dihedral algebras, we can use our results to

significantly generalise the known ®(«, §)-dihedral algebras by pulling back certain
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ideals, as we will now explain.
Namely, suppose that (nX)g is a (a, §)-dihedral everywhere-faithful R-algebra,
where R is an associative algebra over Ry;. Then, by Theorem 4.2.4, there exist

matching ideals
JEx) SRy @z R, Ifx) CUr = (Ry @z R)U (4.66)

such that
R~ (Ry @z R)/J(x), (0X)=Ug/Ifiy. (4.67)

Recall that, for the two ideals J[ ), I{i ) to match, we must have J{\\Ur C I[ ),
and \%(z) € J{iy) fori=0,1 and any = € I{},,. Note that, if R is a domain, then
J{tx is a prime ideal.

Suppose we have matching ideals

Ty C Il CRy @z R, I'lhx) €Iy CUr = (Ry ®z R)U (4.68)

such that (nX") = U, o, ), . /I (nx) 18 @ ®(a, B)-dihedral everywhere faithful
(Ry ®z R)/J’(HX)-algebra. We say that (nX") is a weak (axial) cover of (nX), as (nX)

is a quotient of (nX").

Definition. Let j(fle) =N J’ (nX)» f(nX) N ]’ﬁx) over all matching ideals J’ng), I’ﬁx)

as above. The (Ry ®, R)/J(Ile)-algebra UR/f{le) is the (axial) cover of (nX).

Note that it is possible that there are infinite descending chains of such ideals
J ’gl X0 1 ’ﬁ x)» 80 it is not a priori clear that their intersection, or the axial cover, is
well-defined.

If the ideals J{, It are strictly smaller than J{ I, this means that (nX)
is subject to additional constraints other than those coming from the fusion rules.

Then (nX) is a proper quotient of its axial cover, which is its largest generalisation
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as an axial algebra. Our specific application will be to the Norton-Sakuma algebras
(nX), listed in Table 4.1.

Since R;; and therefore Ur are not available to work with, we will use our
approximation Ag, as follows. We still consider a fixed ®(«, 3)-dihedral algebra (n.X)

over an everywhere faithful ring R which is an associative Ry-algebra. Then

I3 a,) IGix)
ARO@ZR > Ug (IlX), (4.69)
I8 (a.8) R TGx)
Ro®z R =% (Ry @2 R) /05— R (4.70)

shows, in the top line, the relation among the algebras, and in the bottom line the

relation among their rings. Instead of finding

Ifty) CUrand Jlix) C (Ry @z R), (4.71)
we will try to find ideals
Ix) C Agpand J[y) C (Ry ®z R) (4.72)
such that
I /1 = Iy and JE /1 TE 5 = Ty, (4.73)

Notice that A /I (1;{1 vy as an (Ro ®z R)/ j(lfl x)-algebra is exactly the axial cover of (n.X).

As it turns out, a subset of the fusion rules will be sufficient to generate /[,
and J(If; X which will considerably shorten our work. In practice, we can calculate
j{fl x) as follows. As the cover is everywhere faithful over its ring (R ®z R)/ j{fl x>

the ring is a domain and J ) must be a prime ideal. Thus we have

4.4.1 Lemma. For any p € Jg(m By let px) be the smallest factor of p contained in
Note that if (n.X) is a ®(a, 3)-axial algebra then a — &, 8 — 3 € j(fflx). Therefore
if p(a) is an irreducible polynomial in Jf ) C j(lfl x) and coprime to a — & then the
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ideal (p(«)) 4+ (o — @) is equal to (1), the entire ring, which implies j(fle) = (1) and
(nX) is the trivial algebra. The same argument applies with respect to 5. This is a
useful restriction on relations inside j(ffl x)-

In the following Section 4.5, we find weak covers of the Norton-Sakuma algebras
(nX), recorded in Table 4.1, for (n.X) one of (34), (4A), (4B), (5A), (6A). The relation,
arising from the fusion rules, in the coming Lemma 4.4.4 is conjectured to be 0;
this would be clear if the relevant terms are linear independent in the cover. If
an argument to this effect can be supplied, as we expect, it would show that the
weak covers we find are in fact ‘full’ covers, except for (3A) which requires an extra

assumption. In summary, we prove

4.4.2 Theorem. Suppose that the underlying everywhere faithful ring is an associa-
tive algebra over Ry from (4.18). The weak covers of the Norton-Sakuma algebras

(nX), for n > 4, and (3A) are given by Table 4.2. The algebras are Frobenius and

satisfy a global 6-transposition property. O

Alg. | |p| dim. Parameters Quotients page
(34L,5) | 3 4 a#3 M=h= W Lemma 4.5.18 149
(445) | 4 5 a=3, B#gim M=0 X=0 p=1 147
(4B.) | 4 5 ag4102), f=% M=%, lh=% a=-1 146
(34a) | 5 6 B=iGa—1), A=A =250 a=1 136

1 21 _ a?
(6Aa) 6 g « 7’é —43: 2\/57 375920 B : 4(1—20) o= %’ %7 1i2ﬁ 139

)\1 _ o (3a—2) Ny — a(21a®—18a+4)
16(2a—1)2 * 2 16(2a—1)2

Table 4.2: The covers of the Norton-Sakuma algebras
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We now provide the eigenvectors and fusion rules used to find the ideals 7, Exyr Iy

4.4.3 Lemma. In the algebra Ar (coming from Theorem 4.3.7),

AP = (ao).

Ag° contains z = ((1 — a)\y — Bag + %(a —B) (a1 +a-q) — s,
11 )

~Ja—gfala = (s + )

+ala—B)2N —a —48M + 487 — 200 +2a8)(a_1 + ay)

ZZ =

+ 20(=2M A + 280 + 280 — 262 + B2hg + 487\, — 367 + 200 A + 200
— afdg — 2080 — dafr — 202\ + 3025 — 4aBA? + 202 2\2)ag
+4a(M — B+ 28X\ — oM —2a); — 208 + 2a°)s
+ 2Ba(a — B)sy — 2a(a — B)(a — 26)55), and
20 =((1—a)ry — Ba+ %(a — B)(as + a_s) — so.

A% contains x = (8 — A\)ag + %ﬁ(al +aq1)+s, x=(8—A)ag+ %ﬂ(ag + a_s) + So.
A contains y = ay —a_y, Yo = az — a_s. (4.74)
Proof. Since we have the multiplication table, it is a routine calculation to check
that the vectors listed are eigenvectors of the appropriate eigenvalues. That q

spans A} comes from the assumption of primitivity. O

Similarly, eigenvectors of a; can be easily calculated by interchanging the réles

of ag and a, in the above.

4.4.4 Lemma. The coefficient of a_1 in ag(z222) is
-2

Sa—app (= DM+ 828 —2a+1))

- (2(ala — 1) = 608 +48)A; + (108 + 1)a — 25%(2 + 33)) (4.75)

(420 — 1)A2 = 2(a? + 6Ba — 48) M\ — affdg + 2026 4+ 4(a — 1)5%).
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The other nonzero coefficients are those of a_», ag, ay, as.

Proof. We establish the formula by direct computation using the results of Sec-
tion 4.3. That the coefficient is unique follows by our assumption that we are

working over an everywhere faithful ring. O

Finally, to simplify our calculations, we introduce an assumption on the coefficients.
We will from now on, for simplicity of calculation, assume that \, = )\{ and

X2 = A}. This assumption is realised in at least three different situations:

4.4.5 Lemma. Suppose that ay = as,+1 for some n. Then \*(a;) = A% (a;) for all i, j,

so that \; = )\Zf, and s, = 35.

Proof. The group T' = (7(ao), 7(a1)) acts transitively on pairs {a;,a;} withi —j =, 0
and on pairs {a;,a;} with i — j =5 1. If ay = agy+1, then 7(a,4+1) € T swaps ap = a
and a; = b, and {ag, as} is swapped with {a;,a_;}. Therefore using Lemma 4.1.2,
A%(a;) = A% (a;). Also 7(an.1) interchanges s,, s}, but T is generated by 7(ao), 7(a;)

which both fix s,, so 7(a,+1) must fix s, and therefore s, = sg . O

Secondly, if the algebra is Frobenius, then \*(b) = %a for any primitive nonsin-
gular ¢; in particular, if (a9, ag) = (a1, a1) then \; = A/ and furthermore, by the same
argument as Lemma 7.4 in [HRS15], \, = AJ. (In fact, it can be shown that \* (a;)
depends only on |i — j|.)

Finally, Theorem 4.1.1 which classifies the ®(«, 5)-dihedral algebras in a degen-
erate case, shows that if \%(b) # A\’(a) then &/ = id —bis a ®(«)-axis, a and V' generate
the algebra and \*(b') = \(a). In other words, the property \*(b) = \*(a) follows
from the axioms in ¢(«)-dihedral algebras if one allows the swap &’ for b.

We are not sure if similarly \*(b) = \°(a) is a consequence of the axioms for

Ising-axial algebras, but no counterexamples are known.
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4.5 The covers of (n.X)

This final section provides the computations to determine by via ideals the axial
covers, that is, in our sense the largest generalisations, of the Norton-Sakuma

algebras, which, for (a, §) = (1/1,1/32), occur in the Griess algebra.

Recall that we assume that each of the Norton-Sakuma algebras (n.X') from Table 4.1

is defined over a ring R, which is an associative R,-algebra for

RO = Z[l/Qaaaﬁvaiaﬁila (Oé - 6)717 (Oé - 26)717 (CY - 45)717 )\17 )\2} (476)

We first consider (5A). Only the first factor in (4.75) is 0 in (5A) and therefore this

factor is in J(54). Thus in (R, ®z R)/ J{; 4)> s a — 1 is invertible,

(20 =28 - 1)8

A\ =
! a—1

(4.77)

After substituting (4.77), the only terms with nonzero coefficients in a((2222) are

a_s, ag, as, and the coefficient of ag in ay(2222) is

(o —2p)?
(@ —1)3a—48)*(a — B)
(20 —1)(4a® = 5(28 + 1)a + 68 + 1)((ar — 1)y — 208 + B(28 + 1)) (4.78)

(14 Ay +48 — 4a — 86% — 2a); + 3a* — 163° + 24a % + a? )y — 8a?3).
We deduce several possibilities. We cannot have a nontrivial relation among the
elements a_», ag, a; in the cover of (5A), because they are linearly independent in

(5A), unless the coefficients in the relation all lie in the ideal. Among the coefficients,

the possibilities are as follows. Firstly, 3 = 4‘;(25;5115 L. Secondly, \, = 2222208 — ).

. 25 2 3_q.2 2 o
Thirdly, \, = 3e-5=2408 +16/52a7316)v2+86 +iea=f-1 1p

(5A), only the second possibility is

134



satisfied, so in the cover of (5A), we have \, = W = A\;. Then the coefficient

of as in ag(z222) becomes

1-6(28 = 1)(3a =48 = 1)(=1 = 88 + 50) (28 — a — 3aB + o®)
: (@ 1o — 5P

(4.79)
(=284 a —8B% + 11aB — 4a® + 16a* — 13025 + 3a®).

We again have new possibilities.

If 6 = 1(3a — 1), then o # 1,0, 3,253,456 and § # 0,1 means o # —1,—3,0, 3,1, 2.
This leads to (3Cj), as it turns out: after substitution, A\; = (3o — 1) = 3/, and by
the fusion rules A% is killed. But we do not pursue this, since it is not satisfied by
(0, B) = (s, 1/s2).

The possibilities = 4=% and (16a—8)4%+ (130 +11a—2)5+30® —4a>+a = 0

are not realised in (5A).

If 3 = §(5ae — 1), then o # 1,0, 4,253,46 and § # 0,1 means « # —3,0,1,%,1, 2.
This is satisfied by («a,3) = (1/1,1/32). We now compute the action of a; on the
subspace () spanned by

2 1
g=s3—5y, h=p(a_s+a_i+ag+a+as)+ G5+ gt sh). (4.80)

This @ is fixed by ad(as), as € @, and

N = ad(ay)| L fa® —1 fa® —1 (4.81)
g a CLQ Q = — .
—1 —27a o?—17a3
8(a )\ 327 J{Efga 17 —a?—8a+1

Therefore () must decompose into a direct sum of 0, « or S-eigenvectors for a,. Now
suppose that ;. is an eigenvalue of N, so that det(N — ul;) = 0. That is,

1 1

ﬁmu — 4o+ 32u°% — 320 — 11a” — 32a® + 3202 + 300°) = 0. (4.82)

We can substitute y = 0,a,8 = §(5a — 1) respectively and solve the resulting

equation. If 4 = 0, then the numerator factors as (o« — 1)(2a — 1)(3ar + 1) (5 — 1); the
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3

-5» which will be a special case for us.

only legitimate possibility is a = § with § =
If 4 = «, the numerator becomes —60a* + 740> —5a2 — 10a+ 2, which is irreducible.
If 4 = $(5a—1) = 3, the numerator becomes —2; (5a—1)(768a* —832a% — 69a+129).

1

Note that o = : was already ruled out. So we are left with the additional

assumptions that
(—60a* + 74a® — 5% — 10a + 2)(768a° — 832a* — 69a + 129) # 0. (4.83)

When additionally («,5) # (/2,3/i6), we have to quotient by @, which gives the

multiplication in Table 4.3:

Description Products
a—2,a-1,0Qg, Ay, az, S AiGi+2 = %(504 — 1)(@; + Giva — Qi1 — Qiyz — Qia) — 8
A; = 0 mod 5 a;s = 4;(1 = 5a)(1 + 3a)a; — 57 (1 + 3a)(1 — 5a)(ai—1 + ;1)

+2(1+ 3a)s
ss = 11 (Ta = 3)(1 + 3a)(1 — 5a)(a—s + a—1 + ag + a; + as)
+2(1 = 5a)(1 + 3a)s

(ai,a7) = 33(5a — 1)

Table 4.3: The algebra (54,)

4.5.1 Theorem. The algebra (5A,) over R = Z[')2, o] with basis a_s,a_1,ag, a1, as, s
and multiplication from Table 4.3 is ®(«, (5o — 1))-dihedral, and is the cover of (5A)

when additionally (4.83) is invertible.

Proof. A is generated by ag, a;, so we only need to check the fusion rules for ag, a;.

We do this in [GAP], using Lemma 4.4.3 and the obvious symmetry between the q;.
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We check manually, that is, in [GAP], that in the case (a, 3) = (1/2,3/16), the vector

space () is also killed and the resulting algebra has the same presentation. O

4.5.2 Lemma. The algebra (5A,) is Frobenius; the Frobenius form is degenerate for

o = %, and positive-definite if realised over R =R for : < o < L.

Proof. We check by direct computation in [GAP] that the form on (54,) induced as
a quotient of the form in Section 4.3 is Frobenius. We also use [GAP] to calculate

the Gram matrix, the determinant of which is

6

W(SO‘ —7)°Ba + 1)*(5a — 1). (4.84)

This is positive in R exactly when (3o — 7)(5ac — 1) < 0; the root (5a — 1) is not
admissible since 8 = 0 when o = %, and 5 = o for a = —% ruling out 3a + 1 = 0. The

remaining root is («, §) = (7/3,4/3). O
4.5.3 Lemma. We have |7(ag)7(a1)| = 5.

Proof. 7(ag) and 7(a;) act as the permutation matrices corresponding to (1,5)(2,4)(3)(6)
and (1,2)(3,5)(4)(6) on (5A,), respectively. Since ay and a, are in the same orbit

under 7', we have that |7(ap)7(a;1)| = 5 everywhere by Proposition 4.1.3. O

We now consider (6A4). Only the second factor in (4.75) is 0 in (6A):
2(afa — 1) — 6aB +4B)\ + (108 + 1)af — 28%(2 +38) = 0. (4.85)

Since dimg(6A4)g = 8, the key relations for the cover come from the ring, that is,
f{éA) = j(ng)AR. Suppose that the coefficient of )\; in (4.85) is 0, that is, a® — 6a83 —
a+46=2(2—-3a)8+ a(l —a) =0. As o = 2 is not a solution to this equation, we

can rearrange to find
ala—1)

Q(T?)a) (4.86)

8=
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(which is not in j{é 4)) and substituting this into (4.85),
7a* —12a+4=0. (4.87)

This irreducible polynomial is coprime to o — 1, so that (o — 1/4)(7a* — 12a0 + 4) = (1)
and therefore if 7o — 12a +4 € J§, then J§, = J&, + (a —1/1) + (8 —1/52) = (1) is
not maximal. So « is not a root of 7a? — 12 + 4, that is, a # (4 £ v/2).

Therefore o — 603 — o + 43 # 0 and

1082 + B)a — (48 + 6) 32
2(a? —6af —a+438)

M=t (4.88)

After making the substitution, we again calculate ag(z227), and find that the coeffi-

cient of a, is

Bla—p)(1 = 2p)
4(a —4B)(a? — (68 + 1)a + 48)?)

(_2a(a2 — (68 + 1)+ 48)2s +30° — (38 +4)a® — (6082 + 66 — 1)a’ + B(26 + 1)(985 + 9)a®

—2B(883% + 2?3 - 1187 + 308 + 1)a” + 88%(88° + 203* + 128 + 1)a — 328° — 328* — 863>.
(4.89)

We deduce an expression for ), (its coefficient being not 0 when a # 1(4 £ v/2)).

Substituting, we find that the coefficient of ay in ag(zz5) is

~5(28 ~ 1)afa — 26)(o” + 850 — 45)

A(a —48)(a® — (68 + Da + 45) (4.90)

Here 5 = 4(%22@ is the only zero factor in J(’g A)- After specialising, we find no more

relations. We get

4.5.4 Theorem. The algebra (6A,) over R = Z['/2,a,a™ !, (1 —2a)™!, (2 —5a)7], with

2

basis a_s,a_1,ag, a1, as, s, So, sg and multiplication from Table 4.4 is a («, 4(1‘1—2@)

dihedral algebra and the cover of (6A) when additionally Ta* — 12« + 4 is invertible.

Proof. We only need to check the fusion rules for ag, a;. We do this in [GAP], using
Lemma 4.4.3. O
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Description

Products

a_2,a_1, 09,01, 02,03, S, S2
5y = 5(s2 + s3)

Aj = Gimod 6

(ai, aivs) = (3Ca)

(ai, ai+2> = (3Aa,ﬁ)

a(3a—1 a(3a—1
((Qa,l)) Qitq — %ﬁ(aiﬂ + iy3 + Gigs)

ool

A;Ajyo =

+3 ((3;)1‘;(% + aiy2) + 52

a(3a—1 a(2a—1
i3 = 5 ((g,a_Q)) (@i + aiys) — %((5@—_2))(ai+1 + Qi + Qira + Aiys)

4l 2ol

2
e 1 03(9a—4)/ ) 1 0%(3a—2) 1 a(9a—4)
@4i$ = T35 2a-_1)2 (@i1 + aiy1) — 15 2a-1) % T 1 a1 S
= _ 1 a*0%a—4) ) 1 0?(3a—1)(43a%2—37a+8) / ]
@iS2 = 35 (a2 (Giya + aiy2) 32 a-1)2(ba—2) (@i—1 + aig1)
_ia(87a3—335a2+60a—8)w . La2(3a—1)(9a—4)a‘
32 (2a—1)(5a—2) 7T 32 (2a—1)(ha—2) it3
1 (Ba—1)(5a—2) 1a(9a—4) -
+3 (2a—1) +1 (5a—2) 92
_ 1 a*(3a—1)(9a—4)2
88 = _Fm(ai + iy1 + Qo + Qip3 + ipa + Qigs)
+i a?(390%—22042) = 1 o*(9a—4) s
16 (2a—1)2 32 (2a—1)2(5a—2) °2
— 1 a?Ba—1)(ba—2)(9a—4)
582 = —33 2a-1)3 (@i + @i + Qoo + Qiys + Qiya + aiys)
3 o?(3a—1)(9a—4) 1 o?(3a—2)(5a—2) -
T @z ST 3 @z 92
- = 3:173a4—261303+42-3-5:17a2-2432a+16) -
595y = 1 of o s+ (e} a+ )82

32 (2a—1)2(ba—2)

1 a?(3a—1)

—F @y (3 T 290" — 2°131a” + 2217302 — 2130 + 24)-

o(ox— 2 o—
(ai + Qiy1 + Aiy2 + a;y3 + Ajyq + ai+5) + %%S

a2
(ai,aip1) = %m@ - 3a)

Table 4.4: The algebra (6A,)
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4.5.5 Lemma. The algebra (6A,) is Frobenius; the form is degenerate for a =
3 4, L(1£+/97), and positive-definite over R for o € (3,2)U(2,1)U(L(1—V97), 5 (1+
V7).

Proof. We check by direct computation in [GAP] that the form on (54,) induced as
a quotient of the form in Section 4.3 is Frobenius. We also use [GAP] to calculate

the Gram matrix, the determinant of which is

—ad

- _1)\3 . _1\2 _9\2 _ 1\d 2 _9\4 2

P20 — 1) (a—1)°(Ba—2)(3a—1)*(ba—2)*(Ta—4)’(a*+4a—2)* (120" —a—2). (4.91)
This is positive exactly when (2a — 1)(a — 1)(3a — 2)(7a — 4)(12a® — a — 2) < 0. The
roots of the equation which are not already ruled out in Theorem 4.5.4 correspond

to (o, B) being (3/2, ~9/32), (4/7, ~4/7) and o = (1 £ V/97). O

4.5.6 Lemma. On (6A,), |T(ap)7(a1)| = 3, the flip is an automorphism and |1(ag)T(a1)| <

6 in any larger algebra.

Proof. On (6A,), 7(ap) is the permutation matrix of (1,5)(2,4)(3)(6)(7)(8) using our
normal basis, and 7(a,) fixes a; and a_s, s, s, sg, but a_; is mapped to

(1 -2a)

a3 = G_9+ag+as —a_, —ay + 4m(sg — 35), (4.92)
and q is swapped with a,. Therefore, for x = 4@@ 2_0‘1) ,
0O 0 1 0 O0O0O0 O
0O 0 0 1 O0O0O0 O
0O 0 0 0 100 O
lagyray = |- PO e (4.93)
1 0 0 0 00 0 O
0O 0 0 0 O0O1O0 O
O 0 0 0 OO0 1 O
0O 0 0 0 OO0 OO0 1

140



and (7(ag)7(a;))? is the identity matrix. By Proposition 4.1.3, 7(a¢)7(a;) has order at

most |al Ual| = 6. O

We now consider the two cases (4A4), (4B). Only the third factor in (4.75) is 0 in (4A)
and in (4B) and therefore, in these cases, as o — 1 is invertible,

1
~af

4.5.7 Lemma. If (o, 5, \1) is not a root of (4.97), then ay = ay.

A (4200 — 1)X? — 2(a® + 6B — 4B) A\ + 2026 + 4(a — 1)3%). (4.94)

Proof. Our aim is first to show that a; = a_5, by showing that
k=as—a_o€ Al , © (kk), (4.95)
that is, we find constants s, k1, k., k.., K.,, Kz, Kz, Such that
Kk = K1ag + K.2 + K..22 + Kuy20 + Ko + Ky To + Kk, (4.96)

which implies that xk = 0, because k € Ay so kk € A{S , along with the other
summands, and the diagonalisability of a; implies that Az’ N A}, , = 0.

We multiply £k using the multiplication table. That suitable x, k1, k., k.., k., , Kz, Kay
exist follows from the fact that the coefficients of «_; and «; in asa_, are equal, so
that there are only 7 parameters; now the chosen set is linearly independent in
those seven variables. Even though the actual equations are lengthy, the working is

straightforward:
kk| s
2

- )
zz\sg

Rzz =
(kk) = kk + k,,z22,

Rzg = Rzy = (kk)/|527

1 1 1 , ,
E(Of - B)Rm + §ﬁl{x2 = _5((kk) ‘afz + (kk) |a2)7
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1

s = (g () |+ (681 = 5p

(kk)]s),

Kzy = Kzy + (kk)/’sw
(kk)" = kk + K.,z + K, T2,
K, — ke = (kk)"|s,

]_ ]- ]- " "
S (0= B+ 50 = = (K)o + (6E)a,),

2, 1 1

Ky = a(—i((kk’ma_l + (kk)"ay) — m(kk)%%

K, = kg + (kK)|s,
(k)" = (kk)" + K.z + kg,

R1 = (k’k’)m|a0 .

Note that the only division is by zz|, ;= —2a(a — B)(a — 2/), which is invertible by
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assumption. Then x =

—2(=2(a?® — 6 — a+4B)\; + 10ap? — 433 + af — 65%)
af?(a — B)*(a —28)(a —48)

(—(8(a ~1)(a - 28)%(302 — 8af — a + 48)A% — 2(4a8 — a®f — 960’ % + 227303

— 280281 —60° + Ta'B + 23190382 — 273083 + 223081 + 2a* — 2035 — 400232

+27aB% — 27\ + 8a8B — 220°B% — 200133 + 223 - 11a°B* — 233 - 5a?3° — 32a5°

— 80’3 4 batf? 4 223105 — 2423a28* + 2°11a3° + 2028 + 40 3% — 560233 + 27 a5

— 278\ + 16(ac — 1) (a* — 8B + 12a%3* — o + 14a*B — 16a5% — 4aB + 45%)\3

— 4(30°8 — 600’3 + 273 - 11a°B* — 4802 B* 4 3a° — 17a* B + 2 - 103a* 5% — 2°3 - 1303
+ 64a Bt — 5a* + 28a%3 — 225302 ? + 225 - 11af® — 166* 4 20° — 12025 + 64a5% — 485°)\?

—2B(140° B — 8a*B* — 56038 + 3202 p* — 11a° + 330’3 — 2 - 321703 5% 4 2359023 —
27a Bt + 14 — 8002 B + 2070?32 — 267aB® 4 644 — 60> + 40025 — 2°19a8% + 965%) A
+2a°5? — 280133 — 60038 + 23170235 — 32085 + 5t B? — 4803 6% + 2%7 - 1125

— 25508% + 6485 — 40P B% + 32a28° — 247a Bt + 64B5> (4.97)
is an irreducible polynomial. So assuming that (a, 8, A1) is not a root of (4.97), we

have that ay = a_s.

By applying 7(a;) to both sides, it follows that a3 = "), thatis, ap = as. O

Now ag(“‘”

= a_y = ay, so that ay, € A}},, and likewise ay € A7}, and a_; €
Al o a1 € ATy,- Therefore we may apply Theorem 2.3.1 to the subalgebras (ag, as)
and (a1, a_;). In particular, either A\, = § or A, = 0, corresponding to \; — § € Jyp,
and \; € Ja) respectively. In other words, we identify a (25)-subalgebra in the
cover of (4A) and a (3C,)-subalgebra in the cover of (4B). We take the two cases

separately.

4.5.8 Lemma. 3 — % and A\ — § arein Jfip,.
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Proof. After making the substitution a_, = as, we calculate 0 = ag(z2;) =

_1(a=p)

" 1o —4p) ((8(38 = 1)(2a = AT = 2(3(48 — 1)a® + (28 = 1)(108 = L)a — 125? +46)\

+2B8a* + B(118 — 3)a® + B(88% — 128 + 1)a — 48° + 252)> (a_y —ay),
(4.98)

and in particular there is no linear dependence between a_; and a; in (4B), so the
coefficient must be 0. Therefore we have a quadratic formula for \;. We also have a
different quadratic formula for A, from combining (4.94) and )\, = §. The resultant

of the numerators of the two quadratics with respect to A is
8(2a—1)B(28—1)(28—a?) (26 +a? —1)(4a® — (188 +1)a? +43(48+1)a—43?), (4.99)

and the only factor which is 0 when (o, 8) = (1/4,1/32) is 28 — o?, that is, 8 = %2 Now
substituting S = %2 back into both of the quadratic formulae for \; yields that the
only common factor is 4\; — 2o, which is also the only factor of either which is 0 in

(4B). This gives \; = %2. O
4.5.9 Lemma. If § = %2 and \; = %2 then the subspace K spanned by

Yo =as —a—y € AY
= a’(ap + az) + a*(a_y + ap) + 4s + 2asy € A® (4.100)
z! = a*(ag + az) + o (a_y + a1) + 4s + 2as)

is killed by the fusion rules in f(fiB).
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Proof. K is closed under the action of ad(a»):
(o —1)(2a — 1)%agys = %(a —3)(2a — 1)y, — 22+ 2(a — 2)(ar — 1)a!
(a—1)2a — 1)%asx = iof’(a +1)(2a — Do + aa* — a® + 3a® — 3a+ 1)z
—ala—1)2(? —a+1)zf
(a0 —1)(20 — 1)%aga’ = —ia3(2a —1)(a® — 60 4 6a — 2)y;

1
- 504(2@4 — 100 + 90 — a — D + ala — 1)*(a + 1)z’

(4.101)
The determinant of ad(as)|x — pl3 is must be 0 for y = 0, a, 0‘72, since a, is a ®(«, @*/2)-
axis and a; ¢ K. These cases respectively correspond to
a(20” — 4a* — 60 +13a* — Ta+1) =0
66a° — 1240° + 260 + 71a® — 570’ + 17Ta —2 =0 (4.102)

a(16a” — 24a% — 220° 4 78a* — 91a® + 570 — 18a +2) = 0

with common additional factor —”4—3(oz —1)7'(2a — 1)7*. The equations have three,
two and two real roots respectively. Note that o = !/1 is not a solution to any of them.

Therefore if « is not a solution to (4.102) then K is killed by the fusion rules. ]

4.5.10 Theorem. The algebra (4B,) over R = Z['/2, a, ™|, with basis a_y, ag, ay,as, s
and multiplication from Table 4.5 is a ®(«a, **/2)-dihedral algebra is the cover of (4B)

when additionally (4.102) is invertible.

Proof. The algebra is generated by a, a1, so we only need to check the fusion rules

for ag,a;. We do this in [GAP]. This is easily done using Lemma 4.4.3. O

4.5.11 Lemma. The algebra (4B,) is Frobenius; the form is positive-definite over R

for all o, and degenerate for o = —1.

Proof. We check by direct computation in [GAP] that the form on (45,) induced as

a quotient of the form in Section 4.3 is Frobenius. We also use [GAP] to calculate
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Description Products

a_1,ag,ay,as, S a;s = =102 (1 —a+a?)a1 + 5(2 — a)a(ag + az) + (2 — a)as
A = Qi mod 4 ss = 2(—2+4a)(3 — 1+ 2a)a*(a_1 + ag + a1 + az)
(a;,a;42) = (3C,) +30%(31 — 6a + 2a?)s

2
(ai,a;) = G

Table 4.5: The algebra (4B,)

the Gram matrix, the determinant of which is

4

%(a — 2+ 1) (4.103)
This is always positive in R. Its roots are o = —1. O

We now return our attention to the other case: (44).
4.5.12 Lemma. s, + 3(ag + as), s + B(ay +a_1) € fﬁA) and \; — B € j(IZA).
Proof. From (4.94), when A\, = 0 we get
(A — B)(2(2a — 1), — o — 2a8 +23) = 0. (4.104)

But A\, — 3 =01in (4A) and the other factor is not 0 in (4A4).
From 0 = \y = A\{°(a2) = A{*(a_;) we deduce that apas = 0 = aya_;. By substitu-

tion the statement follows. O]
4.5.13 Lemma. o — ; € J} ).

Proof. From Lemma 4.5.12 we substitute \; = 5, Ay = £, o = 1/1, 5 = 1/32 into (4.97)

2

and see that this is not a solution. Therefore a_, —a, € If},,. After substituting
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similarly, we have that = = —afag + 3(o — 8)(a_1 + a;) — s is a O-eigenvector for ay.

Then from the fusion rule 0 x 0 = {0},

1

ap(zz) = —ala — Z)(a —B)(Bla—1+a1) +2s) =0 (4.105)

and as there can be no further relations in /. (IZ 4 since (4A4) is 5-dimensional, we must

have o — ; € J} . O

4.5.14 Theorem. The algebra (4Az) over R = Z[%, B] with basis a_1, ag, a1, as, s and
multiplication from Table 4.6 is a ®(1/s, B)-dihedral algebra, and is the cover of (4A).

Description Products

a_i,ag, a1, a2, S a;s = —f%a; + £(1 — 48)B(aip1 + airs) + 1 (1 —46)s

a; = 0 mod 4 ss = 35846 —1)(88 — 1)(a—1 + ap + a1 + az) + 1 5(3 — 8)s
(ai, aiy2) = (2B) (ai,a;) =8

Table 4.6: The algebra (4A43)

Proof. A is generated by ag, a;, so we only need to check the fusion rules for ag, a;.

We do this in [GAP]. This is easily done using Lemma 4.4.3. O

4.5.15 Lemma. The algebra (4Az) is Frobenius; the form is positive-definite over R

for 0 < 8 < i, and degenerate for 5 = 3.

Proof. We check by direct computation in [GAP] that the form on (444) induced as
a quotient of the form in Section 4.3 is Frobenius. We also use [GAP] to calculate

the Gram matrix, the determinant of which is

§<1 _28) (4.106)

This is positive in R when §(1 — 2/3) is positive. Its only acceptable root is § = % O

147



4.5.16 Lemma. On (443) and (4B,), |T(ao)7(a1)| = 2, and |7(ap)7(a1)| < 4 in any

larger algebra.

Proof. 7(ap) and 7(a;) are the permutation matrices corresponding to (1,3)(2)(4)(5)
and (1)(2,4)(3)(5), respectively, on both (445) and (4B,). By Proposition 4.1.3, the

order of |7(ag)7(a;)| is bounded by 2 + 2 = 4, the size of ! Ua?. O

We finally consider (3A4). We see that (4.75) is not zero in (3A4), so that we have a
relation in the algebra. Instead, for the case of the cover of (34) only, we have to
start by making an extra assumption. Namely, suppose also that a3 = a.
Then a_y = a1, a_1 = as, so that s, = s = sg and \, = \;. By Lemma 4.4.5, also
)\{ = )1 (so this assumption implies the earlier one), and we now write \ for \;.
From Theorem 4.3.7 we therefore deduce a multiplication table on {ay, ai, as, s}.

The eigenvectors of a( of eigenvalue not 1 are, from Lemma 4.4.3:

2= (1 - )\ — Bao + gl — F)lar +a2) — 5

= (B —A)ag+ %5(611 +az) + s, (4.107)

Yy =a; — a.
Now 0x 0 = {0} means zz € A;° and ay(zz) = 0. We calculate that

ao(22) = — (= B)(—4(20 = DA +3a* + (38 — 1)a — 26)

4(a —28)(a — 40)
(2<—(a2 — 2B+ D — 48> + 48)A + fa? — B3P + 1)a — 28° + 26%)ag

+ B(—4(a — 28)\ + o® — 2Ba — 48 a; + Bal(a — 4B)ay + 2(—2(a — 2B8)\ + o — 3Ba — 252)3>.
(4.108)

The coefficients in the ring must be 0 since there cannot be a nontrivial relation
among the spanning set, since (3A) is 4-dimensional. Apart from « — /3, the only

factor of the coefficient of a, in the above is —4(2a — 1)\ + 3a? + (38 — 1)a — 283, s0

148



this must be 0, and indeed this is a common factor for all the coefficients. We obtain
a relation satisfied by (3A4):

42 — DA =3 + a(38 — 1) — 28. (4.109)

If « = 1/2, then the lefthand side is 0 and we find 0 = 3/4+3/25—1/2—28 = 1/4—1/28,
that is, 5 = 1/2, which contradicts that a # 5. Therefore a # 1/2 and we have an

expression for \ in «, 5. After substitution we find Table 4.7.

Description Products

(3A7 5) a;s = 4(1;&) (3a® — 5a?B + 8af? — 4o’ + TafB — 48 + a — 28)a;
ap, a1, G2, S +%5(C¥ — B)(@iy1 + aive) + (= B)s

A = Ui mod 3 55 = 8((2‘:25(1) (3a® — 13028 + 16a% — 40 + 11af — 8% + a — 23)

(a4 ay + az)
+4(2;__1) (9a® — 270283 + 12a% — 602 + 13a8 — 66% + a)s

(ai, CL]') = i(2a1—1) (3062 -+ (?)ﬁ — 1)Oé — 25)

Table 4.7: The algebra (34, ;)

4.5.17 Theorem. The algebra (3A ;) over R = Z['/2,a, 3, (1 — 2a)~"] with basis
ap, ay, as, s and multiplication table 4.7 is a ®(«, §)-dihedral algebra. It is a weak

cover of (3A).

Proof. A is generated by a, a1, so we only need to check the fusion rules for ag, a;.
We do this in [GAP]. For q, this is easily done using (4.107). For a,, this follows from

the evident Sym(3)-symmetry of the multiplication table with respect to ag, a1, as. [
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4.5.18 Lemma. The algebra (34, ;) is Frobenius; the form is positive-definite over R
for

(20 —1)(Ba— B —1)B3a* +3af - B—1)B3a* + (38— 9)a —28+4) <0, (4.110)
and degenerate when (3a — 3 —1)(3a* +3a8 — —1)(3a® + (38 — 9)a — 28+ 4) = 0.

Proof. We check by direct computation in [GAP] that the form on (34], ;) induced as
a quotient of the form in Section 4.3 is Frobenius. We also use [GAP] to calculate

the Gram matrix, the determinant of which is

—a?

e T 0~ ~ DB’ +3af — § - 1)(3a* + (36 ~9)a—26+4)". (411D

0
4.5.19 Lemma. We have |7(ag)7(a1)| = 3.

Proof. 7(ap),7(a;) are the permutation matrices of (1)(2,3)(4) and (1, 3)(2)(4) respec-
tively on (3A], ;). Proposition 4.1.3 implies that the order of 7(ag)7(a:) is bounded by

3 everywhere. ]
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