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ABSTRACT

Pointwise convergence problems are of fundamental importance in harmonic analysis and
studying the boundedness of associated maximal operators is the natural viewpoint from
which to consider them. The first part of this two-part thesis pertains to Lennart Carleson’s
landmark theorem of 1966 establishing almost everywhere convergence of Fourier series
for functions in L*(T). Here, partial progress is made towards adapting the time-frequency
analytic proof of Carleson’s result by Michael Lacey and Christoph Thiele to bound an almost
periodic analogue of Carleson’s maximal operator for functions in the Besicovitch space B.
A model operator of the type of Lacey and Thiele is formed and shown to relate to Carleson’s

operator in a natural way and be susceptible to a similar kind of analysis.

In the second part of this thesis, recent work of Per Sjolin and Fernando Soria is improved,
with precise boundedness properties determined for the Schrédinger maximal operator with
complex-valued time as a special case of more general estimates for a family of maximal
operators associated to dispersive partial differential equations. Boundedness properties
of other maximal operators naturally related to the Schrodinger maximal operator are also

established using similar techniques.



Lanalyse mathématique est aussi étendue que la nature elle-méme; elle définit tous les
rapports sensibles, mesure les temps, les espaces, les forces, les températures. |...] Elle rap-
proche les phénomeénes les plus divers, et découvre les analogies secretes qui les unissent.
Si la matiere nous échappe comme celle de l'air et de la lumiére par son extréme ténuité, si
les corps sont placés loin de nous, dans 'immensité de l'espace, si 'homme veut connaitre
le spectacle des cieux pour des époques successives que sépare un grand nombre de siecles,
si les actions de la gravité et de la chaleur s’exercent dans l'intérieur du globe solide a des
profondeurs qui seront toujours inaccessibles, 'analyse mathématique peut encore saisir
les lois de ces phénomenes.

Joseph Fourier, Théorie Analytique de la Chaleur (1822), pp. xiv—xv.
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REMARKS ON NOTATION

The notation f < g will be taken to mean that f < Cg for some fixed positive constant C.
Analogously, f ~ g will mean f = Cg for some fixed C > 0. In both cases, the constant C
is generally assumed to be independent of any functions, variables and parameters unless
otherwise indicated by subscripts. The notation f ~ g will mean that f < g and g < f both
hold.

The symbol . (R) is used to represent the Schwartz space of rapidly decaying functions,
namely the space of functions f € C*(R) satisfying the property that for any n, m € N,
the quantity sup|x" f")(x)| is finite. For a suitable measure space (X,%,u), the symbol
M (X, u) will l);eeRused to denote the set of all u-measurable functions mapping from X into
C, defined up to u-null sets. Here, C can generally be replaced with R without issue, but
it is important that functions contained in ./ (X, u) are not permitted to be infinite on sets
of positive measure. When X is a Euclidean space, the symbol ./ (X) will be used to mean
M (X, ) where u is Lebesgue measure. For s > 0, the symbol H*(R) will be used to denote
the inhomogeneous L*(R) Sobolev space of index s, namely the space of L*(R) functions
such that the norm || f]ps®) = [((1+ |- |2)%f)v||Lz(R) is finite. The homogeneous L*(R)
Sobolev norm will also sometimes be applied to functions in H*(R), that is to say the norm

If

be considered directly here. To pass between these two norms, the elementary fact that

) = ([ f )"|l2(r), although the homogeneous L?(R) Sobolev space, H* (R), will not

ey ~ [ F ey + [f 7y will be used.

The circle group is denoted by T with functions on T being identifiable with 1-periodic func-
tions on R. It will be implicitly equipped with the normalised Lebesgue measure throughout.
It should be noted that throughout the first part of this thesis, the symbol T will also often
be used to represent an arbitrary tree in the time-frequency plane. There should be no

ambiguity in any case over which purpose the symbol is serving.

The notation f will be used interchangeably for the Fourier transform of a function f, de-

fined as f(i) = J f(x)e_zmx'f dx (here, d will usually be 1); the function on Z defining
Rd



the Fourier coefficients of a function f on T, defined as f(n) = J f(x)e *"* dx; and, in
T
the first part of this thesis, the function on R corresponding to the Fourier coefficients of
T

~ 1 _
an almost periodic function f on R, defined as f(1) = Tlim 5T f(x)e #**dx. The
—00 _T

meaning in each instance should be clear from the context.

With respect to the first part of this thesis, it is remarked that the notation used in the lit-
erature in both the study of almost periodic functions and that of time-frequency analysis
has not been standardised. Herein, the choice of notation ascribes to personal preference
and instinct, in the former case conforming to the style introduced in the author’s previous
thesis!'!l where applicable. The nature of this part of the thesis is such that it requires a
significant amount of non-standard notation, some of which is new. All such notation is
defined on its first use, but for reference purposes, a table of notation is provided on page

137.



Introduction 1

Introduction

Since the birth of the subject, a fundamental question in harmonic analysis has always been
“when does the Fourier series associated with a given function converge pointwise?” This
question has turned out to be a deep one; satisfactory answers to questions of this form
have often taken decades to develop and even now, over two hundred years since the start
of Fourier’s pioneering work on the conduction of heat, there remain open problems at the

heart of harmonic analysis of this type.

The first part of this two-part thesis is based on one of the landmark results on pointwise

convergence of Fourier series, first proved in 1966 by Lennart Carleson:

Carleson’s Theorem (1966) The Fourier series of any function in L*(T) converges almost ev-

erywhere.[*4]

Carleson’s proof was refined by Charles Fefferman in 197351 and then again by Michael
Lacey and Christoph Thiele in 20000°?l. The proof of Lacey and Thiele makes use of time-
frequency analytic techniques developed from the ideas of Carleson and Fefferman and

proceeds by modelling the L?(IR) Carleson maximal operator,

f(&)er < ag|,

ESN

Grf = sup

NeR

by an operator that is composed of pieces that are simultaneously well-localised in time and
frequency space and subsequently proving its boundedness as an operator mapping from

L?(R) into L>*(R).

In the present thesis, Lacey and Thiele’s methods will be adapted to the almost periodic

Carleson maximal operator, defined for an almost periodic function f as

6 f = sup Z f(?tn)eZ“M"'

£eR

nez
An<&



Introduction 2

Here, this operator will be considered to be acting on functions from the Besicovitch space,
B? and partial progress will be made towards adapting the method of Lacey and Thiele
to establish its weak boundedness. A time-frequency model for this operator of the form
of Lacey and Thiele will be proposed and shown to both model this operator in a natural
way and be susceptible to a type of analysis analogous to that from [92]; this will involve
establishing almost periodic versions of the mass, energy and tree lemmata of Lacey and

Thiele.

PartI of this thesis is divided into four chapters. The first chapter will discuss the background
behind this work. In particular, Section 1.1 will examine some aspects of the historical de-
velopment of problems related to pointwise convergence of Fourier series. Sections 1.2 and
1.3 will provide the mathematical framework necessary for the remainder of the first part of
this thesis, the former presenting an outline of Lacey and Thiele’s proof of boundedness of
the L*(IR) Carleson operator and the latter providing a concise introduction to the theory of
almost periodic functions with references to further reading on the subject. Section 1.3 will
also discuss some more specialised results pertaining to almost periodic functions that will

be relevant to the subsequent chapters of Part I.

These remaining chapters will provide the details of the proposed scheme for proving weak
B? boundedness of the almost periodic Carleson operator. Chapter 2 introduces the problem
and describes the process of localisation of functions in the almost periodic time-frequency
plane. Some estimates on the almost periodic localising function are also established. In
Chapter 3, a time-frequency decomposed operator that models summation of almost peri-
odic Fourier series is formulated. Its boundedness and symmetry properties are explored
and, through a process of averaging, it is shown that bounding a maximal version of this
operator in a particular way is equivalent to bounding the Carleson operator. Analogues of
the mass, energy and tree lemmata from Lacey and Thiele’s work are stated and a bound-
edness property of the maximal model operator is shown to follow from these lemmata by
grouping the localised parts of the model operator into suitable collections. Given natural

slightly stronger versions of the energy and tree lemmata, this boundedness property could
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be improved to that required to conclude boundedness of the Carleson operator. Chapter 4

is devoted to the proofs of the mass, energy and tree lemmata.

Whilst it is not entirely clear what convergence property might follow from weak bound-
edness of the Carleson operator in the Besicovitch spaces of almost periodic functions, in
the regular L? spaces there is an intimate relationship between boundedness of maximal
operators and pointwise convergence that is not confined to the problem of convergence
of Fourier series. For a measurable space, (X,u), let T; be a sequence of operators acting
on functions in L?(X,u) such that jli_)nglo Tif(x) = f(x) for u-almost every x whenever f is
a member of some dense subspace of L”(X,u). It is a standard result that if the maximal

operator T* f(x) := sup | T; f (x)| satisfies the bound
J
1T Fllese e < 1 £l oon

for any particular g € [1,90], then ]lerolO T f(x) = f(x) for u-almost every x for all f € LP (X, )
(see, for example, [55, Thm. 2.2, p. 27]). In many convergence problems in harmonic analy-
sis, convergence in a dense subspace of L? is straightforward to establish (for example, the
Fourier series of any trigonometric polynomial clearly converges everywhere), so this princi-
ple shows that convergence problems can be solved by considering boundedness problems
for maximal operators. Furthermore, the correspondence between these two types of prob-
lems is deeper than this simple technical result suggests and in many situations, as will be

seen, pointwise convergence does not just follow from boundedness of a maximal operator,

but is actually equivalent to it.

The second part of this thesis considers questions of this form arising from the free Schrod-

inger equation,

idu(t,x)=A7Au(t,x).
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A classical question here is to consider the associated initial value problem and determine
the regularity required of the initial data, u(0,x) = f(x), for the solution, u(¢,x), to con-
verge pointwise almost everywhere to f(x) as t — 0. Here also Carleson was one of the
pioneers, establishing in 1980 by means of a bound on a maximal operator that in one spatial
dimension, it is sufficient that f be in the L? Sobolev space H i (R).[81 This condition was
also shown to be necessary by Bjorn Dahlberg and Carlos Kenig two years later’®!l and whilst
this conclusion resolved the one dimension problem completely, the higher-dimensional

question is still not fully answered.

The problems considered in Part II are inspired by work of Per Sj6lin and Fernando Soria
from [132] and [133] on boundedness of the Schrédinger maximal operator in one spatial
dimension with complex-valued time. For time variable ¢ + i ¢7 for some fixed positive y and

€ (0,1), this maximal operator is of a form that is somewhere between the regular Schrod-
inger maximal operator and the maximal operator corresponding to the solution operator
for the heat equation. The latter operator is controlled by the Hardy-Littlewood maximal
operator and is thus, for example, bounded as a map from L?(R) to L?([—1,1]) whilst the
Schrédinger maximal operator is bounded as a map from H*(R) to L?>([—1,1]) if and only
ifs > i It is thus natural to ask for what s(y) the Schrédinger maximal operator with time
t + it is bounded as a map from H*(")(R) to L?([—1,1]). Here, this question is answered by

solving the same problem for the operators

P¥ f(x)= sup ff el e~ E" it g

te(0,1)

with parameter a > 1. These operators are the complex time analogues of the operators

SZf( — sup ff 1t|§‘a zxrdg

te(0,1)
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which in turn are the maximal operators corresponding to the solution operators for the

dispersive partial differential equations,

id,u(t,x)+(—A)2u(t,x)=0.

In the case of a = 2, Pjy corresponds to the Schrodinger maximal operator with complex-
valued time considered by Sjolin and Soria; the boundedness properties established in this
thesis originate from a recent paper by the author!® and complete as a special case the partial

resolution by Sj6lin and Soria of their problem.

The techniques involved in the proofs of these results are also adapted to establish bounded-
ness properties of other natural generalisations of the Schrodinger maximal operator, namely

the operators

T f(x) = sup
t€(0,1)

JRI_;eiyllaf(x_J’)dy .

These operators also correspond to the Schrodinger maximal operator in the case of a = 2
(albeit with real-valued time) and were considered previously by Luis Vega in his thesis from
198811431, It turns out that these operators can be represented in a form quite similar to the

operators S’ and they are hence susceptible to similar methods of analysis.

Amongst these methods used to analyse the operators in Part II is a general scheme which is
developed to extend the scope of the aforementioned work of Dahlberg and Kenig, providing
counterexamples to boundedness of more general operators. This method uses techniques
in non-linear optimisation to reduce showing failure of boundedness of an operator to solv-

ing a system of polynomial equations.

Part II begins with Section 5.1 on the background behind the pointwise convergence prob-
lem for the Schrédinger equation. Section 5.2 discusses in some detail the aforementioned
equivalences between bounds for maximal operators and pointwise convergence results,

providing information on the maximal principles of Stein, Sawyer and Nikishin.
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Chapter 6 introduces and resolves the problem of boundedness of the Schrodinger-like max-
imal operators with complex-valued time, P . The proof of the main theorem of the chapter
is divided into two main sections: Section 6.2 deals with cases where boundedness can be

established whilst Section 6.3 provides counterexamples that show where boundedness fails.

Chapter 7 considers boundedness of the operators T'. Section 7.2 provides the calculations
necessary to reduce boundedness of the operators T to operators that appear more like the
operators S ; the subsequent proof of the boundedness results for these operators is divided
into two sections, as in Chapter 6, with the positive results proved in Section 7.3 and the
negative results proved in Section 7.4. Section 7.5 discusses the aforementioned scheme
used to generate counterexamples in both Chapter 6 and Chapter 7, providing a framework
suitable for further generalisation. Section 7.6 generalises the work of Chapter 7 to operators

with complex-valued time, drawing directly on the results and techniques of Chapter 6.



Part 1

Carleson’s Theorem for Almost Periodic

Fourier Series



CHAPTER 1

HISTORICAL AND MATHEMATICAL
BACKGROUND

1.1 Convergence of Fourier Series

Asking under what circumstances and in what manner the Fourier series of a function con-
verges is one of the most fundamental questions in Fourier analysis and despite the longevity
of the problem, there are still some pertinent open problems in the area. Whilst the question
is entirely natural in today’s mathematical culture, Joseph Fourier’s own lack of analytical
rigour in an early essay written for a competition set by the Institut de Francein 1811, Théorie
du Mouvement de la Chaleur dans les Corps Solides, led to the committee examining the pa-
per, consisting of Joseph-Louis Lagrange, Pierre-Simon Laplace, Etienne-Louis Malus, René
Just Haily and Adrien-Marie Legendre, making the following comment in their report after

deciding to award him the prize:

Cette piece renferme les véritables équations différentielles de la transmission de
la chaleur, soit a l'intérieur des corps, soit a leur surface; et la nouveauté de l'objet,
jointe a son importance, a déterminé la classe a couronner cet ouvrage, en obser-
vant cependant que la maniére dont l'auteur parvient a ses équations, n'est pas
exempte de difficultés, et que son analyse, pour les intégrer, laisse encore quelque
chose a désirer, soit relativement a la généralité, soit méme du coté de la rigueur.’> P-374

[This work contains the true differential equations of heat transmission, either
inside or from the surface of a body; and the novelty of the subject, coupled with its

9



1.1 Convergence of Fourier Series 10

importance, caused [the examining group] to award this work the prize, observing
however that the way in which the author arrives at his equations is not exempt
from difficulties and that his analysis for integrating them leaves something to be
desired, both relative to generality and in terms of rigour.]

Of course, Fourier’s lack of rigour was not surprising, given that the essay was written at a
time when the rigorous foundations of calculus were still being set, and whilst the Institute
decided not to publish the essay, it did ultimately lead to his magnum opus, Théorie Analy-
tique de la Chaleur®, published in 1822, the book now generally regarded as the birthplace
of the Fourier series. Fourier’s rigour, even here, would not stand up to modern scrutiny*,
but by this point it was clear that he had an understanding of convergence fairly close to the
modern accepted definition, stating,

Il est nécessaire que les valeurs auxquelles on parvient, en augmentant contin-

uellement le nombre de termes, s‘approchent de plus en plus d’'une limite fixe, et

ne s'en écartent que d'une quantité qui peut devenir moindre que toute grandeur
donnée: cette limite est la valeur de la série.[b1 P-247]

(1t is necessary that the values at which we arrive, by continually increasing the
number of terms, approach more and more a fixed limit, and only differ from it by
a quantity that can become less than any given magnitude: this limit is the value
of the series.]

The notion of convergence that Fourier is speaking of is that of pointwise convergence.
Stated in modern language, the question at hand is the following: given a complex-valued
function f defined on T (identified with a periodic function on R), for what values of x € T

is it true that

lim Y fm)erinr = flae
|n|<N

One of the very early attempts to consider this issue for a reasonably general class of func-
tions, rather than the very specific cases that Fourier attempts to deal with individually in
[61], was in a paper by Augustin-Louis Cauchy published in 1823/47], In it, he claims conver-
gence of Fourier series for functions satisfying certain strong technical assumptions. How-

ever, in his own paper published in 182913, Johann Peter Gustav Lejeune Dirichlet reflects

*For example, even in 1906, Henri Lebesgue objected to Fourier’s methods in [94, pp. 26-30].
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on the fact that, by Cauchy’s own admission, the results in [47] only apply to a limited class
of functions, and then further comments that “une examen attentif du Mémoire cité m’'a
porté a croire que la démonstration qui y est exposée n’est pas méme suffisante pour les cas
auxquels I'auteur la croit applicable.”[53 P-158] [A careful examination of the dissertation cited
has led me to believe that the proof given there is not even sufficient for the cases that the

author believes apply.] He proceeds to establish the following theorem:

Theorem (Dirichlet, 1829) The Fourier series of a piecewise continuous function with finitely

fa=)+fx4),
5 :

many minima and maxima converges at every x to

Another paper by Dirichlet was published in 1837/ in which this result was generalised
slightly; some further generalisation by Camille Jordan in 1881[7! led to the now well-known
Dirichlet-Jordan Theorem establishing pointwise convergence of Fourier series for functions
of bounded variation. Another pointwise convergence result was proved by Rudolf Lipschitz
in a paper published in 1864!'%, in which it was shown that Fourier series for Hélder con-
tinuous functions converge pointwise. This work was generalised by Ulisse Dini in 188052,

leading to the also now well-known Lipschitz-Dini convergence criterion that the Fourier

flx+1)—fx)
t

series of a function f converges at a point x if the function is integrable in
t near 0. However, in terms of understanding pointwise convergence of Fourier series for
continuous functions — a problem that was to remain elusive until well into the twentieth
century — perhaps more influential than these positive results was that in 1873, Paul du Bois-
Reymond established in [22] that the Fourier series of a continuous function could diverge

at a point. A simple example of a continuous function satisfying this property was also given

by Lip6t Fejér in 19111581,

With the birth of measure theory at the turn of the twentieth century (and with examples of
continuous functions with Fourier series that diverge at more than isolated points not being
forthcoming), it became natural to ask under what circumstances Fourier series converged

almost everywhere. In 1913, a note by Nikolai Luzin!'? established necessary and sufficient

*The aforementioned 1823 paper!*”) was not the only work of Cauchy that was shown to be erroneous by
Dirichlet in [53]. This theorem directly contradicts Cauchy’s claim in his pivotal Cours d’Analyse, that the sum
of a series of continuous functions is necessarily continuous!8 Thm. 1, p. 120],
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conditions for almost everywhere convergence of the Fourier series of a square-integrable

(that is to say L?) function, f, namely that if g is the conjugate function of f, then

1 (" — —
_J gx+a)—g(x—a) da = f(x) almost everywhere
0

v 2tan(%)

and

1 (7 —glx—
im L [(8xta)—gx—a)
n—o 1 o a

cos(na)da = 0 almost everywhere,

where the integrals are taken in the principal-value sense.

After stating these conditions, he goes on to observe that the first condition is in fact satisfied
for all f € L? and states that it is “infiniment probable”!'92 p-1657] [infinitely probable] that the
same is true for the second condition. The validity of this remarkably confident conjecture
would, as Luzin comments, imply the following:

Luzin’s Conjecture (1913) Forany f € L*(T),
tim ) fm)er o — f(x)

for almost every x € T. In particular, the Fourier series of a continuous function converges

almost everywhere.

Luzin went on to produce his PhD thesis, Hrmezpan u Tpuzornomempuueckuii Psio [Integral
and Trigonometric Series], in 1915 (reprinted in full in 1951 in [103]). In it he discusses
his earlier conjecture and, at first, maintains his optimism, stating that “Bce pe3ysbTarsl,
IIOJTyYeHHBIE 10 CUX [TI0P B TEOPUU TPUTOHOMETPUUECKUX PSIOB, IIOJTBEPIKIAIOT BEPOSIT-
HOCTB 3TOU TUIIOTETUYECKO Teopembl.” 103 P-2191 [A]] results established so far in the theory
of trigonometric series confirm probability of this hypothetical theorem.] However, he later
seems to retract some of his confidence. Indeed, at the end of the thesis, there is a list of fifty
two open questions, mostly pertaining to convergence of Fourier series. The first of these
questions is the following, asking about a strongly negative conjecture (here, S, is the nt

partial sum of the Fourier series of f):
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IIycmo f(x) makosa, umo

27
J fA(x)dx <+
0
ede {ag,an,b,} onpedenenvi no Pypoe.
Mooicem U CAyuUmuvcs, 4mo 015 BCSIKOTO X,

lim S,(x) =+

n—ao0

U
lim S, (x) = —oo 2103, p.366]
n—w
[Let f(x) be such that
27
J fA(x)dx <+
0

where {ay,an,,b,} are the Fourier coefficients of f.
Can it happen that for every x,

lim S,(x) =+
n—oo

and
lim S, (x) = —o0 7]

n—o0
Whatever Luzin’s instinct on his original conjecture ultimately was, an answer did not come
easily and two significant divergence results were proved in the years that followed, casting
some doubt on the veracity of Luzin’s original “infiniment probable” conjecture. In 1923, at
the age of only 20, Andrey Kolmogorov published an example of a function in L' that had
a Fourier series that diverged almost everywherel®3l and in 1926, he improved this result to

divergence everywhere!®?

In spite of this, there were some convergence results established prior to the final resolu-
tion of Luzin’s conjecture. In 1924, between the publication of his two divergence results,
Kolmogorov managed to establish almost everywhere convergence of Fourier series of L?
functions when the partial sums were taken in a lacunary sensel®! (that is to say that there

is a fixed constant A > 1 such that the infimum of the ratio of the number of terms in the n®
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partial sum to that in the (n — 1) exceeds A).* Additionally, in 1926, Kolmogorov and Gleb
Aleksandrovich Seliverstov jointly!®], as well as Abraham Plessner independently!''®!, estab-
lished that the Fourier series of a function in L?(T) with real Fourier expansion coefficients

(an), (by) converges almost everywhere if

o0
Z log(n)(a® +b%) < .
n=1

The Kolmogorov-Seliverstov—Plessner result remained unimproved for the next forty years
and by 1959, Antoni Zygmund, at least, seems to have been pessimistic about the possibility
of a positive resolution to Luzin’s original conjecture. He discusses it briefly in the second
volume of Trigonometric Series!'49 Pp- 1641661 referring to it as “the still unsolved problem of
the existence of an f € L* with S| f] divergent almost everywhere”[149 - 165 (where S| f] is used
by Zygmund to denote the limiting value of the partial sums of the Fourier series of f). He
concludes with a condition that would prove the existence of such a function. It also appears
that Elias Stein may have been of a similar viewpoint, referring to the problem in a similar

way in a paper published in 19611135 p- 1421,

Their shared pessimism about the veracity of Luzin’s conjecture aside, these works of Zyg-
mund and Stein did share an important role in contributing to a deeper understanding of
the problem. In the course of his discussion of the conjecture, Zygmund presented a result
of Alberto Calder6n!!4% Thm.XIIL1.22,p. 165] showing that a positive resolution would imply weak
L? boundedness of a maximal operator.’ Stein’s contribution was to generalise this result to
a wider setting. Combined with an early result of Stefan Banach!'?l, this generalisation can
be stated as the following theorem?, which is a form of what is now widely known as the Stein
Weak-Type Maximal Principle, establishing an equivalence of bounds on maximal operators

and pointwise convergence results:

*It is this result that the author’s previous thesis!'!! (and subsequent paper, [10]) is based on.

fCalderén does not seem to have published this result independently. Zygmund credits him for the result
in the notes provided at the end of [149].

Specifically, the theorem as stated combines Corollary 1 from [135] with Theorem III from [13] and the
straightforward observation that weak-type boundedness of the maximal operator trivially implies its finite-
ness.
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Theorem (Calder6n, Stein) Let p € [1,2] and suppose that (T,) is a sequence of bounded
linear operators on L”(T) that commute with translations and are such that 1ir13O T.f exists
n—

almost everywhere for all f in some dense subspace of LP (T).

Then linolO T.f exists almost everywhere for all f € L” (T) if and only if the maximal operator

sup | T, f| is of weak-type (p, p).

Results of this type will be of greater importance in Part II and will be discussed in more

detail in Section 5.2.

In 1965, Jean-Pierre Kahane and Yitzhak Katznelson submitted a pair of papers to Studia
Mathematicawhich provided substantial insight into the problem of pointwise convergence
of Fourier series for both continuous functions and L” functions (for p € (1,00); the p =
1 problem was resolved by Kolmogorov’s results). The first paper’], authored solely by
Katznelson, defines E T to be a set of divergence for a class of functions, B, if there exists a
function f € B whose Fourier series diverges at every point of E. The following proposition
is then established:

Proposition (Katznelson) Let B € {L”(T) : p € (1,00)} u {C(T)}. Then if there exists a set
of divergence for B of positive measure, there exists one of full measure. It follows that either
all Fourier series of functions in B converge almost everywhere, or there exists a function in B

whose Fourier series diverges almost everywhere.

Katznelson further establishes that, under the additional hypothesis on B that every set of
zero measure is a set of divergence for B, the result can be strengthened to divergence every-
where. After verifying this hypothesis for L?, p € (1,00), he establishes the paper’s headline

result:
Theorem (Katznelson, 1966) For each p € (1,00), either the Fourier series of every function
in L?(T) converges almost everywhere, or there exists a function in LP (T) whose Fourier series

diverges everywhere.

*Katznelson’s original proposition is more general than the statement given here: he proves the result for
any function space B satisfying certain hypotheses.
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The second paper!’®, attributed to Kahane and Katznelson jointly, verifies the hypothesis for
the space of continuous functions, C(T), giving its headline result as the following:

Theorem (Kahane and Katznelson, 1966) Either the Fourier series of every continuous func-
tion converges almost everywhere, or there exists a continuous function whose Fourier series

diverges everywhere.

As interesting — and potentially useful — as these dichotomies were, their discovery was poorly
timed. By the time they had reached print in 1966, a paper by Lennart Carleson*4 had

already been published, establishing the following:

Carleson’s Theorem (1966) The Fourier series of any function in L*(T) converges almost ev-

erywhere.

This left the headline result of Kahane and Katznelson, as well as that of Katznelson’s first pa-
per in the case of p = 2, completely redundant before they had even appeared in the public
domain. Carleson’s result is mentioned in a footnote to the first paper and it is commented
that Katznelson and Kahane’s work constitutes a “reciprocal” result: that given any set E of
measure zero, there exists a continuous function whose Fourier series diverges on E (that
is that the hypothesis holds). This establishes that Carleson’s result of convergence almost
everywhere is the best possible result on L*(T) and is generally what [76] is cited for today,

without any reference to the original statements.

Carleson’s paper was certainly a triumph of twentieth century mathematics, finally resolving
Luzin’s conjecture after over fifty years. In Mathematical Reviews!”, Kahane wrote that it
was a “découverte spectaculaire” [spectacular discovery] and that “les démonstrations sont
tres délicates, et forcent 'admiration” [the proofs are very delicate and command admira-
tion]. However, he also concedes that “I'article de 'auteur est tres difficile a lire. 1l est
souhaitable qu’on trouve, ou bien une démonstration plus rapide par une autre méthode, ou
bien quelques théoremes généraux, suggérés par la méthode de I'auteur, d’ot1 les théoremes
sur la convergence des séries de Fourier découleraient sans trop de peine.” [The author’s

article is very difficult to read. It is desirable that either a faster proof by a different method
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or some general theorems are found, as suggested by the author’s method, from where the

theorems on the convergence of Fourier series follow without too much difficulty.]

Only a year later, in 1967, Richard Hunt presented a paper at a conference in Illinois, pub-

lished in 1968!72], extending Carleson’s result as follows:

Carleson-Hunt Theorem (1967) The Fourier series of any function in L”(T) converges al-

most everywhere for p € (1,00).

By the Calder6n-Stein result, Carleson’s L*(T) result is completely equivalent to weak L*(T)

boundedness of the maximal operator now generally referred as the Carleson operator:

G f = sup‘ Z f(n)e™|.

NeN T\ =y
However, it was also well known that by a standard argument, as mentioned in the introduc-
tion to this thesis, for any p € (1, 0), almost everywhere convergence of the Fourier series of
L?(T) functions follows from weak L”(T) boundedness of the Carleson operator. As such,
Hunt’s proof focusses on establishing this boundedness, primarily by following Carleson’s
method with some adapted definitions. Hunt comments that “the proof of our basic result

is essentially the proof of Carleson.”[7? p-236]

Whilst Hunt’s paper did not provide it, over the years that followed, Kahane was to get his
wish for a more efficient proof of Carleson’s Theorem. The first significant development
was by Charles Fefferman who published a paper in 197357 containing a completely new
proof of the L*(T) result along with an explanation of the modifications to the argument
that are necessary to generalise it to establish Hunt’s extension. In the introduction to the
paper, Fefferman explains that, “unlike Carleson’s proof, which makes a careful analysis
of the structure of an L? function f, our arguments essentially ignore f, and concentrate

instead on building up a basic ‘partial sum’ operator from simpler pieces.”



1.1 Convergence of Fourier Series 18

Specifically, Fefferman argues that a bound on the Carleson operator is implied by bounding
the operator

n eiN(x)J’

Tf(x) ==J flx—y)dy

—n
where N(x) is some fixed function of x that the bound is independent of. The crucial con-
cept here is that N(x) replaces a supremum in N and thus linearises the operator under

consideration.

1
Fefferman then fixes an odd smooth function v, supported in [—27,27], such that — =
X

i Y;(x) for x € [—m, 7], where 1; = 2/3(2/-). The fundamental idea behind the “sim-
i)zlgr pieces” is that they are parameterised by pairs of dyadic intervals, p = [w, I], where
lw||I| =1, w € R, I <[0,27] and, loosely speaking, the pieces are localised to I whilst their
Fourier transforms are localised to w. This concept of simultaneous localisation is the basic

idea behind so-called time-frequency (or wave packet) analysis.

More precisely stated, the “piece” of T associated to a pair p = [w, I| where |I| = 27 is given

by

Tion f(x) = (€™ i) » £)(x) £ By (%)

where E(w,I) = {x € [ : N(x) € w}. The proof then proceeds by grouping the pairs p into

collections with suitably “nice” properties, allowing the desired bound to be established.

In 1980, a paper by Carlos Kenig and Peter Tomas®” on transference* of maximal opera-
tors was published. Circumstances under which functions that were Fourier multipliers on
L?(T) were also Fourier multipliers on L”(R) (and vice versa) were already known from a
1965 paper of Karel de Leeuw!®l. Kenig and Tomas extended the scope of de Leeuw’s result,

proving the following:

*They use the term “transplantation”.
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Theorem (Kenig and Tomas, 1980) Let m € L*(R") be such that every x € R" is a Lebesgue
point of m and for each R > 0, define mg == m <§> Fix any p € (1,0) and let Ty, and Tr,"
be the operators with Fourier multiplier myp acting on functions on R" and T" respectively.

Then
o sup|Ty," - | is bounded on LP (R") if and only ifsup | Ty," - | is bounded on LP (T");
R>0 R>0

o sup|Ty," - | is weakly bounded on L” (R") ifand only if sup | T{," - | is weakly bounded on

R>0 R>0
LP(T™).
This result has the consequence that weak boundedness of the Carleson operator on L”(T)

is equivalent to the corresponding result for the Carleson operator for Fourier integrals on

L?(R), namely that the operator

Grf = sup

NeR+

f fEeizas
[E|I<N

is weakly bounded on L”(RR). The validity of this boundedness also establishes convergence

of Fourier integrals on L”(R), that is to say that for any f € L”(R),

lim f(&)er v de = f(x)

N=®Jigl<n
for almost every x € R.

By the end of the twentieth century, being able to study boundedness of the Carleson opera-
tor on R rather than T became an advantage as research activity in harmonic analysis on R”
was becoming vastly more commonplace than that on T". By the time of the publication of
the paper of Kenig and Tomas, the techniques of analysis on R" had already become much

better developed than those on T".

It was by considering the Carleson operator on R that Michael Lacey and Christoph Thiele

provided the simplest known proof of Carleson’s Theorem to date in a paper published in
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200002, The proof has its origins in their earlier work on the boundedness of the bilin-
ear Hilbert transform, where the time-frequency analytic ideas of Fefferman and Carleson
served as inspiration. Their development of these techniques won them the Salem prize
in 1996[2% and their first paper of several on the topic of the bilinear Hilbert transform,

establishing boundedness on L” (R) for p € (2,0), was published in 19971

In [92], Lacey and Thiele show weak boundedness of the Carleson operator on L*(R) using
an approach strongly influenced by Fefferman’s paper. Their methods provide the under-
pinning for the first part of this thesis and thus the proof will be discussed in some detail in

Section 1.2.

In 2004, a paper by Loukas Grafakos, Terence Tao and Erin Terwilleger®®! was published,
providing a new proof of Hunt'’s extension of Carleson’s Theorem, establishing boundedness
of the Carleson operator on L”(R) for p € (1,00). Their method is based on a variation of
Lacey and Thiele’s techniques for L*(R) combined with an extension of a result of Terwilleger
together with Malabika Pramanik!!''9, also based on Lacey and Thiele’s methods. According
to Grafakos, Tao and Terwilleger, whilst they never published it, Lacey and Thiele also man-
aged to provide a generalised version of their original proof to establish the same result,
although it was “rather complicated compared with the relatively short and elegant proof

they gave for p = 2.”(68 p.322]

Aside from L”(R) and L?(T) boundedness of the Carleson operator, there have been a num-
ber of other extensions of Carleson’s original result. As stated earlier, due to Kolmogorov’s
example, it is known that there exist functions with everywhere divergent Fourier series in
L'(T), so in light of Hunt's result, asking whether almost everywhere convergence holds in
Orlicz spaces “near” to L' is a pertinent question. In 1971, Per Sjolin established that this
is the case for the space L(logL)(loglogL)[?! and in 1995, Nikolai Antonov managed to
improve this to the space L(logL)(logloglogL)“l. Whilst the question of convergence for

L(log L) remains open, in 1981, Thomas Korner established failure of Carleson’s result for
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L(loglog L)®®8 and in 2000, Sergei Konyagin improved this®é!, managing to establish that if
x+/logx

p(x)=0| ———

+/loglogx

Recently, Richard Oberlin, Andreas Seeger, Terence Tao, Christoph Thiele and James Wright

) as x — oo, then the result fails on the space ¢ (L).

have considered an alternative generalisation of Carleson’s Theorem!!'%], replacing the Car-
leson operator with a strictly larger operator and proving its L” boundedness for certain
values of p. Their method is based on that of Lacey and Thiele!®?! and its refinement by
Grafakos, Tao and Terwilleger®®. Specifically, they consider the g-variational norm, defined

for a family of complex numbers (a:) and g € [1,%0) as

(@)l =sup sup (D] laz, —az |7)’
: KeN (gk)llc(:()g(c k=1
So<-<ék

and show L” boundedness of the g-variational Carleson operator,

Gya f = H f@o F(R)eX™* da

v’
A

forq > 2, p e (q',0), where g’ is the conjugate exponent of g, satisfying §+$ = 1. Thisresult,
which includes the Carleson-Hunt theorem, has the advantage of providing quantitative

information on the rate of convergence of Fourier series and integrals.

1.2 Time-Frequency Analysis and Boundedness of the Car-
leson Operator on L*(R)

As previously mentioned, the time-frequency methods in this thesis are based on those used
by Lacey and Thiele in [92] in their proof of Carleson’s Theorem. This section will provide
an overview of these methods. The exposition is based on the author’s unpublished lecture

notes!'?l as well as [92], [90] and [67, Ch. 11]; see also [142].
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1.2.1 Localisation to Tiles and the Model Operator

As discussed in the previous section, in their proof of Carleson’s Theorem, Lacey and Thiele
consider the analogous and equivalent problem of convergence of Fourier integrals. They

define the one-sided maximal operator,

N
ormsup| [ Forea]
NeR ' J—oo

acting on functions f € L*(R) and set out to establish its boundedness as an operator from
L*(R) to L*>*(R). In a similar spirit to Fefferman’s proof of Carleson’s Theorem, their ap-
proach is based on the idea of splitting the Fourier partial summation operator into pieces
that, in some sense, localise both the operator (applied to a given function) and its Fourier
transform. Once this has been achieved, the pieces are separated into collections according
to the values of certain quantities expressing properties of each piece. These collections are

handled individually and the results are then combined to provide a global estimate.

The so-called “pieces” are parameterised by tiles in R?, which is thought of as being the
“time-frequency plane”.* The projection of a tile s onto the first coordinate axis is denoted by
I; and represents the “time localisation” that will be applied to the operator (that is where the
operator is concentrated), whilst the projection onto the second coordinate axis is denoted
by w; and represents the “frequency localisation” that will be applied (that is where the
Fourier transform of the operator is concentrated). All tiles are assumed to have area 1 and
to be dyadic in the sense that I; = [12*,(I +1)2%) and w; = [m27F,(m +1)27F) for some
k,1, m € Z. The collection of all dyadic tiles is denoted by D and the collection of all dyadic
tiles at a single scale, k € Z, is denoted by D := {s € D : |I| = 2*}. Further, the frequency
projection of any given tile will be split into its upper and lower halves, denoted by w and

w; respectively.

*These tiles are the same objects as Fefferman’s “pairs”.
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Throughout this thesis, for an interval J, the notation ¢ (/) will be used to denote its centre.
For a positive constant a, aJ will be used to denote the set {ax : x € J} whilst a = J will be

used to denote the interval with the same centre, but with |ax J| = a|J|.

The concept of “localisation” of the Fourier partial summation operator to a tile s is slightly
more technical than might be desired. The ideal localisation of an operator would be to
compactly support it and its Fourier transform in (subsets of) the appropriate intervals asso-
ciated to s. However, it is a consequence of the uncertainty principle that this is not possible.
Instead, the localisation will be such as to compactly support the Fourier transform of the

operator in some subset of w; and ensure rapid decay of the operator itself away from I;.

More specifically, fix ¢ € (R) such that " (§) e R for any & € R and so that supp(gi; )<

[—%, %] For each s € D, define

Ps(x) = ]Is]‘%gb (x_\I—CTIS)) p2mic(wy )x

It can be seen by straightforward calculation (using that | I;||w;| = 1) that

53\5(5) = \ws\*%q; (€_|C—(C|OS_)) p2rile(ws)=g)e(ls)
Ws

Each ¢; is supported in é * w; whilst ¢ is “roughly supported” in [; in the sense that it
decays rapidly away from I;, as ¢ is a Schwartz function. The restriction of the support of
¢ to only part of w_ is done for technical reasons. However, to aid intuition at this stage, ¢

will be thought of as simply “localised” to the whole of w .

A model operator for Fourier summation can be defined in terms of this localising function

as follows:

Asf = 20t (E)fr 9.

seD
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The inner product here is taken in the sense of L*(R). This operator can also be considered

at individual scales by defining

ALF = Hor () 0500

SEDk

for some k € Z.

\ 4

\

» »
»> »>

Figure 1.1 - The model operator Aiﬁ in the time-frequency plane at different scales, k.

Roughly speaking, A: takes all tiles with & in their upper half and sums the parts of f localised

to the lower half of these tiles. Figure 1.1 illustrates this procedure for tiles at individual fixed

scales (that is to say that it illustrates Ag for various choices of k), with the parts of f that are

summed being localised to the shaded regions. It is clear from examining the diagrams that

wider scales sum parts of f with f close to &, whils:t taller scales sum parts with f far away

from &. Thus, in a sense, A f acts as a model for Jg f (A)eZ”M' d 2, the Fourier partial sum
—

operator and hence sup|A; f| (the “maximal model operator”) acts as a model for € f.
£eR

The analogies between sup |A: f| and %6 f can be further examined by considering the var-
EeR

ious symmetry properties that each operator has. Define the following three operations of
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modulation, translation and dilation on functions f € L (R), p € [1,0] for a e R:

Mo f(x) = f(x)e*™, 14f(x):=f(x—a), Daf(x)=f(a"x).

The Carleson operator is modulation invariant in the sense that ¢ M,,f = 6 f for any n € R.
Indeed, it is precisely this modulation invariance that makes studying the Carleson operator
“difficult” as many of the standard techniques in harmonic analysis do not possess a similar
invariance and thus are largely inapplicable.* At individual scales, the maximal model oper-
ator also has a certain modulation invariance in the sense that sng |A'§M ma—k f| = sng AL f]
€ geR - °
for any m € Z. Modulation of a function corresponds to translafion of its Fourier transform
and so is equivalent to vertical movement in the time-frequency plane. This equation hence
expresses the fact that, at a single scale, “moving a function vertically” can be compensated

for by “moving” the &-line vertically by the same amount, so long as the movement corre-

sponds to a multiple of the height of the tiles.

The Carleson operator also commutes with translations in the sense that 7_,67,f = 6 f
for any y € R. Whilst this is a property that is better understood in classical harmonic
analysis than modulation invariance, a suitable model should express a similar symme-
try. Considering individual scales of the maximal model operator again, it can be said that
sgﬂg ’T_mzkAlngzk fl= sg}g \Aiﬁ f| for any m € Z. Translation equates to horizontal movement
i}l the time-frequency ;)lane and so this equation expresses the fact that, at a single scale,
“moving a function horizontally” can be compensated for by “moving” the tiles horizontally

by the same amount, so long as the movement corresponds to a multiple of the width of the

tiles.

Finally, the Carleson operator also commutes with dilations: D,~1 6D, f = €6 f forany a € R.
Dilation of a function effects a reciprocal dilation on its Fourier transform, so in the case

of the maximal model operator, dilation conjugation causes a change of scale in the sense

*Modulation invariance is a property that the Carleson operator and the bilinear Hilbert transform share
and it is because of this that Lacey and Thiele’s works on the two topics have a common heritage.
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that su}g |D2—1A§D21 fl= suﬂg ]A’g” f| for any [ € Z. Thinking in terms of the time-frequency
pictugree again, dilating a fglinction can be compensated for by applying the inverse dilation
to the £-line and shifting the scale of the tiles appropriately, resulting in what are effectively
dilated versions of the original tiles. Since the full model operator sums all scales, it can be

said that sup | D,-1 Az D, f| = sup|A: f| for any [ € Z.
cer geR

Whilst these quasi-symmetries demonstrate some analogies between the Carleson operator
and the maximal model operator, they are not sufficient on their own to establish an equiv-
alence of the desired form. The solution to the problem of improving these properties is
to consider a new operator that averages the model operator conjugated with modulations,
translations and dilations. Specifically, define the operator

‘ 1
Hgf = i

L K 1
dm 1KL J_L J_Kfo M _ T _yDo—Ap—x(z 4 DTy My, fdKk dy dn.

Note that the parameter 27"(£ + 1) on the model operator in the integrand is due to the
movements of the “£-line” described in the above discussion of the modulation and dilation

quasi-symmetries.

This new averaged operator, I, has some genuine symmetries that can be shown to imply

that ¢ f ~ suﬂ}g |TI: f|. It follows that to show weak L* boundedness of the Carleson operator,
ge

it suffices t(; show weak L? boundedness of this maximal averaged operator. Further, it can

be established that weak boundedness of the maximal averaged operator follows from that

of the maximal model operator, so in fact, it does suffice to show weak boundedness of

sup|A: f| over f € L*(R).

geR

This maximal operator can be linearised. Indeed, for any fixed f, a measurable function Ny :
R — R can be selected that chooses values of £ where the supremum is essentially attained,
in the sense that sup|A: f(x)| < 2|An,(x) f(x)|. With this in mind, it suffices to choose an

EeR
arbitrary measurable function N : R — R and bound Ay f with constant independent of the
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choice of N. Further, to simplify calculations, the sum over D in the definition of Ay can be

replaced with a sum over some arbitrary finite subcollection P < .

These reductions given, it is seen to suffice to bound the operator

Anpf(x) = ;@xw; (N(x)){f ¢s)9s(x)

from L*(R) to L**(R) with constant independent of N and P, that is to say show that
e R G

for all r e R*. This is implied by the estimate

f Awef(0) dx < [ Fl
E

for any measurable set E < R of finite measure by setting E = {x e R: [Axpf(x)| > t}.

Now, J |Aypf(x)|dx can be replaced with f Anpf(x)dx| by making a trivial decomposi-
E E
tion of E. Rearranging the resultant inequality, this reduces proving Carleson’s Theorem to

establishing the following main estimate:

Yo o N) s X 00| < ||l

seP

for any measurable set E < R, measurable function N : R — R and subcollection P € D, with

constant independent of E, N and PP.

1.2.2 The Selection Process for Grouping Tiles

To allow for tiles to be grouped, a partial ordering on tiles, <, is defined: for tiles s, s’ € D, it
is said that s < s’ if I, € Iy and wy < w;. A collection of tiles, T < D, is said to be a tree if it

has a maximal element under <, referred to as the “top” of T and written as top(T).
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Note that owing to the dyadic sizing and positioning of tiles, if two tiles, s and s’, intersect,
necessarily either s < s’ or s’ < s. It follows that in any given collection, distinct tiles that are

maximal under < are disjoint.*

Since the method of localisation of functions to tiles in the model operator gives particular
roles to the lower and upper halves of tiles in the time-frequency plane, in addition to the

concept of a tree, it is useful to have notions of tile grouping that reflect this division. A tree

+

T is said to be a +tree if W yop(T

= w? for any s € T. Analogously, it is said to be a -tree if
W op(r) E @ for any s € T. Any tree can be written uniquely as the union of a +tree and a

—tree which share the same top but are otherwise disjoint.

<

A

X

Figure 1.2 — A tree in the time-frequency plane. Its top is the red tile which together with the
blue tiles forms a +tree and together with the green tiles forms a —tree.

To establish the main estimate, two quantities are defined to measure properties of the
collections of tiles involved. The first of these is the mass of a set E with respect to a tile

s, defined as follows:

_ |Iu|—1
M (E; {s}) = |E| 1supf dx.
ueD JEAN=Y () (1 + W)lo
s<u u

*“It is noted that it is possible for s < s’ and s’ < s to hold simultaneously (when s = s’). Nonetheless, the
symbol < is used rather than < as this is standard in the literature.
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Considering the left-hand side of the main estimate,

2 {Utut ©N)o 25)f 9 it can e
seP
seen that ./ (E; {s}) is a generalisation of a natural expressmn of density of E with respect
[IsnENN-"Ywl)|
i
the fact that ¢, is only “well-localised” to I;, not supported there. The reasons for the intro-

to a tile s, namely . Replacing y; with a decay function is a reflection on
duction of the supremum and the replacement of N~'(w/) with N~'(w,,) are less evident,
but these changes are requisite to the proof of one of the lemmata involved in proving the

main estimate.

Generalising this definition of the mass of E with respect to an individual tile, the mass of E

with respect to an arbitrary collection of tiles S is given as follows:

M (E;S) :=sup M (E; {s}).

SES

Lacey and Thiele use the term “mass” rather than “density” as they assume that |E| = 1 in
their presentation of the proof. This will not be done here in order to make the true role of

this quantity more apparent. However, the name “mass” is retained to avoid confusion.

The other “measuring quantity” involved in Lacey and Thiele’s proof of Carleson’s Theorem

is the energy of a function f with respect to a collection of tiles S, defined as follows:

6(£i8) = —— sup (ump Z|<f¢s>|2>

||fHL2(]R T1§+t§e SET

If S consists of a single tile only, this expression looks like a very natural candidate for the
density of the “amount” of the function f that is concentrated to the lower half of s. For
more general S, the supremum over +trees is sensible as the lower halves of tiles (which are

where the Fourier transforms of the ¢ are localised) in +trees are necessarily disjoint.

Analogously to “mass”, Lacey and Thiele’s term, “energy”, will be used here rather than “en-

ergy density”, despite the fact that this presentation will not assume that 2ry = 1.
8y y”, desp p [2(R) =

The bulk of Lacey and Thiele’s paper®? consists of proving the following three lemmata:
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The Mass Lemma* Let E = R be a measurable set of finite measure, let N : R — R be an
arbitrary measurable function and let P be an arbitrary finite collection of dyadic tiles. Then

P can be written as P = P"" L P, where
) 1
ME;P™) < 2 M (E; P)
and P** is a union of trees T; with

Z | Lop(ry)| < A (E; P) 7.
J

The Energy Lemma Take f € L*(R) and let P be an arbitrary finite collection of dyadic tiles.

Then P can be written as P = P L P, where

e

E(fiP™") < S6(fiP)
andP"" is a union of trees T; with
D iopry)| < E(f;P) 2
J

The Tree Lemma Take f € L*(R), let E R be a measurable set of finite measure, let N : R —

R be an arbitrary measurable function and let T < D be a tree. Then

2 Ko o N) s, 28X F1 09| < [ Tuop(r) |6 (S5 Tl (E; T)| f 123 | EL-

seT

*In [92], the first inequality here is stated with the constant % instead of i. The choice of this constant is

unimportant, but i seems slightly more natural to the present author in the context of the application of this
lemma.
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Using an inductive argument, the mass and energy lemmata allow P to be written as the

no
disjoint union |_| P, for some ny € Z where for each n,
n=—o

AM(E; P,) <27, E(f;P,) <2”,

and each IP,, is a union of trees T, such that

D Mop(r, )| s 272,
j

The sum over P from the main estimate can then be broken up into the constituent trees.
The tree lemma allows each tree to be handled individually, whilst the bounds on the mass,
energy and sizes of the tops of the trees ensure that the resulting quantity is summable,

allowing the desired bound to be established, completing the proof of Carleson’s Theorem.

Lacey and Thiele’s proof of the mass lemma begins by forming the collection P***" by se-
lecting tiles that individually have large mass with respect to the set E. This allows P"",
the collection of all remaining tiles, to satisfy the desired bound on its mass automatically.
Since P**¥ can be grouped into trees, T;, by choosing its maximal elements (with respect
to the partial order <) as the tops, the main task in the proof is showing that Z | Top(ty)| <
M (E; P)~! holds. :

The proof of the energy lemma in [92] follows a similar, albeit slightly more sophisticated,
scheme to that of the mass lemma. The collection P"*" is formed by employing a specific
algorithm to select +trees, T+, from P that are of high energy, in each case extending these
+trees to the regular trees, T;, by selecting as many tiles as possible, s € [P, that satisfy
s < top(T;+). Since this ensures that the collection of remaining tiles in I, designated P**,
automatically satisfies the desired bound on its energy, the main task of the proofis showing

that ) |Lop(r))| < &(f; P) % holds.
J
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The proofs of the remaining estimates on the sizes of the tops of the trees in the mass and
energy lemmata proceed by using geometric and combinatorial arguments in the time-fre-
quency plane, also employing estimates for the localising function, ¢, in the case of the

energy lemma.

In their proof of the tree lemma, Lacey and Thiele rewrite the desired inequality in terms of
a sum of localised L' norms, allowing them to separately estimate terms where the domain
of integration is “away” from and “near” to the time projections of the tiles of the tree. Since
the bulk of the information carried by the left hand side of the inequality in the tree lemma is
localised to the time projections of the tiles that it is made up of, the “away” term is the easier
of the two terms to bound. Establishing the appropriate estimates on both terms requires
geometric and combinatorial arguments in the time-frequency plane, as in the proofs of
the mass and energy lemmata, but the arguments employed to bound the “near” term are

significantly more intricate.

1.3 Almost Periodic Functions

1.3.1 Standard Theory

The aim of this section is to provide a concise introduction to the standard theory of almost
periodic functions. It is based upon the first chapter of the author’s previous thesis!'!], al-
though, in the interests of avoiding too much repetition, it will be somewhat briefer. Proofs
will only be provided for results that were not stated previously. For further details, the reader
isreferred to the earlier thesis and the references which it draws on (principally [97], [17], [21]

and [3], but see also [49] and [98]).

The original definition of almost periodicity was given by Harald Bohr in the 1920s and is as

follows:
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Definition 1.3.1 (Bohr Almost Periodicity) Let f : R — R be a continuous function. Then f
is said to be almost periodic if for all € > 0 there exists K, > 0 such that for any x, € R, there

exists T € [xo, Xo + K¢ | satisfyingsup | f(x +7) — f(x)| <e.

xeR

Loosely speaking, this says that for any prescribed degree of accuracy ¢, there are translation
numbers 7, well-distributed across R, such that the function f repeats to within £ when
translated by 7. Grouping these functions together and equipping them with the supremum

norm results in a Banach space, referred to as the Bohr class, B.

Almost periodic trigonometric polynomials are a natural generalisation of periodic trigono-
metric polynomials:
Definition 1.3.2 (Trigonometric Polynomials) The set & of almost periodic trigonometric

polynomials is defined to be the collection of all functions f of the form

fo) = Y aet

n=—N

where (a,)Y__,<C, (A,)N__, cRandNeN.

n=—N 4 n

Significantly, the Bohr class satisfies the following “Fundamental Theorem”:
Theorem 1.3.3 (The Fundamental Theorem) The Bohr class, B, is identically equal to the
closure of the set of trigonometric polynomials, 2, in the space C(R) equipped with the supre-

mum norm.

There are a number of different generalisations of Bohr almost periodicity. The spaces of
relevance in this thesis are the Besicovitch spaces, B”, the most general of the classical
almost periodic functions spaces (Bohr, Stepanov, Weyl and Besicovitch). A definition of
these spaces of a similar form to Definition 1.3.1 can be formulated, but the condition for 7
being well-distributed is more complicated.* An equivalent, simpler definition, and one that

will be entirely adequate here, is the following:

*Note that in the author’s previous thesis/!!], the Besicovitch spaces were defined with the same well-
distributed condition as in Definition 1.3.1. This is a genuine almost periodic function space, strictly larger
than the one that will be considered here, but does not satisfy the Fundamental Theorem as is stated there. For
further details see the erratum notice.



1.3 Almost Periodic Functions 34

Definition 1.3.4 (Besicovitch Almost Periodicity) For any fixed p € [1,0), the Besicovitch

(semi-)norm, acting on functions f € L’ _(R) is defined as
g loc

1 T p
— 1i _ p
o= fim 57 | 1P ax)
The Besicovitch space of almost periodic functions, B?, is defined to be the closure of the set of

trigonometric polynomials, & , with respect to this norm.

The limit in the definition of the Besicovitch norm can be shown to exist for any Besicovitch

almost periodic function.

If functions that are equivalent under the Besicovitch norm are considered to be equal then
these spaces are Banach spaces and for py, p, € [1,0) with p; < p,, it can be shown that
B < BP2 < B”'. It follows that B' will be the largest class of functions under consideration.
It should be noted that functions that differ on sets of positive or even infinite measure can

still be equivalent.

In addition to the Besicovitch norm, there is also a natural (bona fide) inner product on B?

given by the following expression:

1

{f g)= Tli_{rgloﬁf_Tf(x)g(x)dx.

The unusual notation here is introduced to allow easy distinction from other inner products

later.

It is very important to clarify that B # {f e L} (R):| f]s» < c0}. The latter space is a strict

loc

superspace of the former.

The Fourier series of an almost periodic function f is given by*

> Fan)erri

nez

*The present definition represents a renormalisation of the definition given in [11]. This has been done to
streamline certain interactions between Fourier transforms and almost periodic Fourier series that will occur
later. It is easy to see that the two definitions are entirely equivalent.
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where

7 . —2miAyx
FPn): 71'1—I>10102TJ flx dx

and A, ranges over the necessarily countable set
o(f)={AeR: f(A) 0}

This set will be referred to as the spectrum of f.

As a matter of convention, the A, will be ordered to be strictly increasing and so that A_,, =
—An (permitting f (A_,) to be zero in this case where necessary). The Fourier series of B
functions are unique in the sense that two inequivalent functions cannot have the same

expansions.

The following is a natural condition to impose on almost periodic functions:
Definition 1.3.5 (Separation Condition) A function f € B' will be said to satisfy the sepa-

ration condition if there exists a positive separation constant oy such that for any distinct A,

yeo(f), itisthe case that|L—v| > a

Throughout this thesis, if an almost periodic function f satisfies the separation condition,

ay will be used to denote the supremum of all possible separation constants.

The Besicovitch averaging operation used to calculate the Fourier coefficients of an almost
periodic function has a certain translation invariance to it, as expressed by the following

result:

Theorem 1.3.6 Let f € B'. Then for any a € R,

lim if”a f(x )dx—hm—J f(x

T—w0 2T —T+a T—w0 2
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Proof For a real-valued function h, define h* =+ X{+n>oyh. It can be seen that Re(f )J—r,

Im(f)* e B, so

T T T

Tlg@% | fwdx - T@;@% TRe(f)*(x)deliBgo% | Re(f) (1)dx
i (Tliigo%f_Tlm(f) (x)dx — I%%J_Tlm(f)_(x)dx).

As such, it may be assumed without loss of generality that f is real-valued and non-negative.

This given, consider that

T+|al
= lim L' |al ! )f f(x)dx

(T+lal)
1 T
= }Lrgoﬁ Tf(x) dx
Similarly,
1 T T—a+a
Tlgroloﬁ 7Tf(x)dx = Tllilgoﬁ 7T7a+af(x)dx
1 (T+|al)+a
< lim — f(x)dx
1= 2T J—(1+|a))
T 1 (T+lal)+a
_ jim L4 f Fx)dx
1~ T  2(T+|al) )-(r4jap+a
1 T+a
= Mar),, S0
1 T+a
It follows that lgxgoﬁf_”af( x)dx = IEEO_TJ f(x O

It will also be useful to note that there is a form of Parseval’s identity that is valid on B:

Theorem 1.3.7 (Parseval’s Identity) Forany f € B?, ||f]|z = (Z |f(An)|2> E.

nez
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1.3.2 Specialised Definitions and Results

This section collects some of the more specialised theory pertaining to Besicovitch almost
periodic functions that will be necessary for the remainder of the first part of this thesis. The
proofs provided are largely adaptations by the author of proofs of equivalent standard results

on LP.

The following result shows that convolution on R of almost periodic trigonometric polyno-
mials with L'(R) functions behaves in an analogous way to convolution of functions in the
regular Lebesgue function spaces:

Theorem 1.3.8 If f € 2 and ¢ € L'(R), then the convolution of f and ¢ onR is also in &
and is equal to Z FA) @ (A)e2m P,

nez
Proof This is a consequence of the following simple calculation:

fe =j 3 7)) g (y) dy

nez
_ 27117Ln J ¢ Znil,,ydy
nEZ
- Zf 2) (A2
nez

It is noted that the interchange of the sum and integral is permitted as the sum possesses

only finitely many non-zero terms since f € 2. O

The following three operators acting on a function f € B?, p € [1,0) are defined for a € R:

Mo f(x) = f(x)e*™, 1.f(x):=f(x—a), Daf(x)=f(a"x).

The results of some elementary calculations are given now for future reference:

Proposition 1.3.9 Forany fe B and A, acR,

M.f(A)=f(A—a), Taf(A)=e27F(2), Duf(2)=f(an).
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The adjoints of these operators with respect to the B? inner product can also easily be calcu-

lated as the following (using Theorem 1.3.6 in the case of translation):

Mj;zM_n, T;‘zf_y, D} = Dgy-1.

The modulation, translation and dilation operators are all isometries on any Besicovitch
space. More generally, an operator T acting on functions in B” for some p € [1,90) can be
said to be a bounded operator if it satisfies the usual property, namely that | T f|z» < | f]|zr.
Here, the term “operator” may include non-linear operators in addition to linear operators,
so long as they are homogeneous of degree 1. Extending this concept, there is also a notion

of weak boundedness of operators that generalises the same concept on L”:

Definition 1.3.10 (Weak boundedness on B”) An operator Q2 acting on functions in B for

v

some p € [1,0) can be said to be weakly bounded on B if

TIE}O%HXE [T, T]:|Qf (x)| > t}| < <|fﬂ3p

foranyt >0 andany f € BP.

The weak Besicovitch quasi-norm is defined as

= =

[l = sup (¢ Jim ool {xe [ ,7]: £ ()| > )]

foranyp e [1,0).

It is noted that the B”® quasi-norm is bounded above by the B” norm by Chebyshev’s

inequality. A proof of the existence of the limits above is given in Sections 4 and 5 of [69].

It will be useful to establish that this quasi-norm is equivalent to a norm, acting on trigono-
metric polynomials. This requires two lemmata, the first of which provides an alternative

expression for the B” norm:
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Lemma 1.3.11 For any trigonometric polynomial f and any p € [1,0),
* 1
Ul =p | o tim ol [T, 7): () > o)

Proof By direct calculation, Fubini’s theorem and the dominated convergence theorem, it

can be seen that

£ 15

|f(x)]
= hm—f J ptPldtdx
T—w 2T

= PJ o im o Z{xeRv 0= (x)dxdt
0 T =T

T—w 2

0
1
_ p—11; _ .
= pJO t }I—IBOZTHXE[ T,T]:|f(x)| >t} dt

as required. O

The following set function, u, acting on certain measurable sets E < R, will be notationally
useful for the second lemma as well as the remainder of the first part of this thesis:

u(E) = lim iyEm[ 7],

T—w0 2T

It is remarked that this set function is not a (Borel) measure. Indeed, ,u( U [n,n+ 1)) =

nez
u(R)=1,butu([n,n+1))=0forall neZ.

This definition given, the following can be established:

Lemma 1.3.12 Let f be a trigonometric polynomial and choose any p € (1,0). Suppose that
E = R is a measurable set such that u(E) exists and is finite and choose any g € [1,p). Then
| . p a
lim —— ) dx < Z—p(E ) f e

=0 2T Jpnai-11]
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Proof Using Lemma 1.3.11 and making straightforward calculations, it can be seen that

1
lim — f(x)|7dx
T—w 2T Em[—T,T]’ )

i S (e B2 f(x)| > 1)) di
< qurq—lmm ().t 1) dit

0

1
P

1£1l gp.co u(E) %
- o] e | Rl Ty
0 |fllgp.ocu(E)"P
4
= [ fl%=n(E) "——IlfHBpoou( )
p 1-4
- 7 Fl% 0
p— H(E) 7| fl%
as required. O

This second lemma allows the desired equivalence to be shown:

Proposition 1.3.13 Let p € (1,0), and fix any q € (1, p). Then acting on trigonometric poly-

nomials, || - | pro is equivalent to the norm || - || pro defined as follows:

-

1

. 1 !

fllgre:==sup p(E)?r lim—f fx)|9dx | .
= sup (e 4 (Jim o | [7(0)

1

q
Proof Fix a trigonometric polynomial f. Since || f]] gre < (L) | f|| g follows imme-

—q
diately from Lemma 1.3.12, it suffices to show that || f||gr < || f|| pre=-

Forany ¢ > 0,

1_1 . 1 a
I fllgre = p({xeR:|f(x)|>1})r 7 Thmﬁf |f(x)["dx
% {xeR:|f(x)|>t}n[-T,T]

1

> p({xeR:[f(x)|>})r rtu({xeR: |f(x)] > t})s.

By uniformity in ¢, it follows that | f| gre < || f|| e O

The following result is a natural analogue of its counterparts on L”(R) and L”(T):
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Theorem 1.3.14 Suppose that T is a linear operator that commutes with translations and
is bounded on BP for some p € [1,0). Then T has a multiplier representation for some

multiplier m € L*(R) in the sense that T may be defined by the property that for any f € B?,

~

(T (A)=m(A)f(A) forany AeR.

Proof Fix any A € R. Then by translation commutation,

T(Ty eZniA~) _ ’L'y T(ezﬂik)_

Considering the Fourier coefficients of each side, choose any y € R and observe that by

linearity and the elementary calculations of Proposition 1.3.9,

T(,L_yezm/l-)/\(},) _ e*27[i7ty T(ezml-)/\(y)

and

(7, T(e7) () = e 7 T(e ) (1),

As such, e 2" T (¥4 ) (y) = e 2™V T(e*™*')(y) for all y,y € R.

This implies that T(e?**)"(y) = 0 for any y # A. Further, by the boundedness property and

Parseval’s identity,

T(e* ) (W) =T (&™) 5 <[ T 5o -

The result now follows by linearity. O
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1.3.3 The Bohr Compactification and Transference

The Bohr compactification of alocally compact abelian group provides means through which
Besicovitch almost periodic functions can be viewed as L” functions, at the cost of these
functions having to be defined on a more complicated group than R. Following the abstract
presentation given in [125, Def. 1.1] (see also [122] and [11]), it can be defined as follows:

Definition 1.3.15 The Bohr compactification of a locally compact abelian group G consists
of a compact group Gg and a continuous homomorphism ig : G — Gg such that for any
homomorphism ¢ mapping G into a compact group I" there exists a unique corresponding

homomorphism ¢ : Gg — I such that ¢ = ¢ppoisp.

The term “Bohr compactification” is often used to simply refer to the group Gg; it can be
seen from this definition that this group is determined uniquely up to isomorphism for each

G.

An explicit expression of the Bohr compactification of a given locally compact abelian group
G can be formulated in terms of its dual group, G’. Using (G’), to represent G’ equipped
with the discrete topology and recalling that the Pontryagin duality theorem states that the
natural map from G to (G') is a topological isomorphism (see, for example, [122, Thm.
1.7.2]), the following can be seen to hold:

Proposition 1.3.16 Given G, a locally compact abelian group, the Bohr compactification of
G consists of Gg = ((G')4)" and i, mapping G = (G') into ((G'),)’, the natural embedding

dual to the identity map, . : (G')q — G'. Further, i 3(G) is dense in Gg.
For a proof of these facts, see [125, Prop. 1.1].

The role of the Bohr compactification in the context of Besicovitch almost periodic functions
is seen in the following theorem:

Theorem 1.3.17 For any p € [1,0), the space of Besicovitch almost periodic functions, B?, is
isometrically isomorphic to the space L (R, ur,), where ug, is the Haar measure associated

IORB.
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This is proved in [59], for example, where it is used to additionally show that for any p €

(1,0), the dual space of B is B”', where i + # =1.

Noting that the dual spaces of R and Ry differ only in their topology, it can be seen that
multiplier operators on B” and L”(R) can be considered to be in direct correspondence.
Further, in his 1965 paper on transference of L” multipliers®®/, de Leeuw established the

following:

Theorem 1.3.18 A continuous function m € L (R) is a Fourier multiplier corresponding to a
bounded operator on LP (R) if and only if it is a Fourier multiplier corresponding to a bounded

operator on LP (Rg). In this case, the norms of the two operators corresponding to m coincide.

Given the isomorphism between L” (Rp) and B, this result allows boundedness of a range of
operators on B” to be deduced from boundedness of their counterparts on L”(R). Further,
in 1995, Nakhlé Asmar, Earl Berkson and T. Alastair Gillespie!”! showed that this transference
can be extended to the context of maximal multiplier operators, proving the following two

results*:

Theorem 1.3.19 Let (m;);en < L*(R) be a sequence of continuous functions that are Fourier

multipliers corresponding to bounded operators (T;) jen on LP (R) for somep € [1,0). Then if

the induced maximal operator on L” (R), defined as sup |T; f|, is a weakly bounded operator,
eN

je
so is the corresponding maximal operator on L” (Rp).

Theorem 1.3.20 Let (m;);en © L*(R) be a sequence of continuous functions. Then given any
p€|[1l,0), (m;);en is a sequence of Fourier multipliers corresponding to bounded operators on
LP(R) ifand only if it is a sequence of Fourier multipliers corresponding to bounded operators
on L (Rp); if this is the case, the norms of the induced maximal operators on L’ (R) and

L?(Rg), defined as sup | T; f|, coincide.
jeN

*The two results given here correspond to Theorems 5.1 and 6.5 in [7]. The results there are presented in
the context of a general locally compact abelian group rather than for R.
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In particular, if for some p € [1,%0), (m;);en is a sequence of continuous functions on R such

~ ~

that the operators (m;f)” are bounded on L?(R) and the maximal operator, sup|(m; f)”|
jeN
is also weakly or strongly bounded on LP(R), it follows from the above theorems that the

operator

sup| 3" m; () f (2) ¥
JjeN nez

is correspondingly weakly or strongly bounded as an operator on B?.

As far as this thesis is concerned, the multipliers of greatest interest will be the characteristic
functions m; = y|_; ;) which correspond to Fourier partial summation. Unfortunately, these
multipliers do not strictly satisfy the hypotheses of the above theorems since they are not
continuous. Nonetheless, all three of the above theorems can be generalised to remove
the hypothesis of continuity. As a pair of corollaries to his statement of Theorem 1.3.18 in
[96], de Leeuw extended his theorem to require only that m be bounded and measurable
(although the assertion of equality of norms was lost in the process). He did this by defin-
ing a non-negative, continuous and compactly supported function ¢ with integral 1; this
function gives rise to the approximate identity (¢; )., where ¢, == %qﬁ ( g) The functions
¢, » m are then bounded and continuous functions which approximate m and after some
manipulation, the original theorem can be used to conclude the following result:

Theorem 1.3.21 A bounded measurable function m on R is a Fourier multiplier correspond-

ing to a bounded operator on L? (R) if and only if it is a Fourier multiplier corresponding to a

bounded operator on LP (Rp).

The same technique can be applied to the theorems of Asmar, Berkson and Gillespie to
remove the hypothesis of continuity from Theorems 1.3.19 and 1.3.20. This process is de-
tailed by the authors in their earlier paper, [6], in which they generalise the key result that
underpins their proof of Theorem 1.3.20 in exactly this way.* As such, the following results

hold:

*Specifically, in [6], Theorem 4.1 (which is Theorem 2.1 from [7]) is generalised as Corollary 4.5 to replace
continuity of the sequence of multipliers with the hypothesis that they are bounded and measurable. As in
[7], the context of these theorems is the general setting of locally compact abelian groups rather than R and
so this generalisation requires the slightly awkward technical hypothesis that a suitable approximate identity
sequence exists; this is presumably why this generalisation of Theorems 1.3.19 and 1.3.20 is not explored in [7].



1.3 Almost Periodic Functions 45

Theorem 1.3.22 Let (m;);en be a sequence of bounded measurable functions on R that are
Fourier multipliers corresponding to bounded operators (T}) jen on L? (R) for some p € [1,0).
Then if the induced maximal operator on L” (R), defined as s'ul\}:]) |T; f|, is a weakly bounded
operator, so is the corresponding maximal operator on L (R B)?E

Theorem 1.3.23 Let (m;);en be a sequence of bounded measurable functions on R. Then
given any p € [1,0), (m;);en is a sequence of Fourier multipliers corresponding to bounded
operators on L”(R) if and only if it is a sequence of Fourier multipliers corresponding to

bounded operators on L’ (Rp).

It is thus the case that this transference theory is applicable even to the discontinuous mul-

tipliers that will be considered in the remainder of this part of the present thesis.



CHAPTER 2

THE CARLESON OPERATOR AND AN APPROACH
TO TIME-FREQUENCY ANALYSIS ON B2

2.1 Introduction to the Problem

The Carleson operator acting on trigonometric polynomials f € & is defined in the following
way:

~

Cf(x)=sup| 3 Flan)er.

CeER ' _pca, <

This operator is weakly bounded as an operator on B? functions. This can be stated as the

following theorem:

Theorem 2.1.1 The operator 6 continuously extends to the class of B* functions and for all

such functions,

t

Jim ~|{xe [ 1,7]: % f(x)| > 1| < (””BZ)

forallt > 0.

47
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This result follows abstractly from Carleson’s Theorem on L?(IR) and the transference results
mentioned in Section 1.3.3. Nonetheless, the motivation of this part of the present thesis is
establishing almost periodic analogues of the techniques used by Lacey and Thiele in [92] to
prove Carleson’s Theorem. Ultimately, such techniques may be useful for proving results on
B? in contexts where a transference framework is not as well developed, for example bound-
edness results for multilinear operators. As has already been discussed in Section 1.1, the
heritage of Lacey and Thiele’s techniques is in the problem of boundedness of the bilinear
Hilbert transform and in his book, [142], Thiele suggests that time-frequency techniques
of the type that Lacey and he used to prove Carleson’s theorem on L?(R) are applicable
to a class of problems that is “rather large with many interesting ramifications.” (142 P-11 Tt
thus seems reasonable to suggest that developing a good understanding of time-frequency
techniques on almost periodic functions would be valuable for a better understanding of the

field as a whole.

The remainder of this part of the present thesis is devoted to an exposition of partial progress
by the author towards adapting Lacey and Thiele’s techniques in a way sufficient to proof
Theorem 2.1.1. Whilst the proposed scheme does not yet provide a complete proof of weak
B? boundedness of the Carleson operator, it will be seen to replicate many aspects of Lacey
and Thiele’s argument. That a time-frequency approach to bounding the Carleson operator
on B? is appropriate is suggested by the fact that the almost periodic Carleson operator
essentially possesses the same modulation, translation and dilation symmetries as its coun-

terparts on T and R; these will be explored later.

It should be clarified that, at present, nothing about convergence of Fourier series for func-
tions in B? can be said to follow from weak B? boundedness of the Carleson operator. Since
equivalent functions in B* can differ on sets of positive measure, it seems likely that any
statement about convergence would need to be formulated in a more sophisticated sense

than “almost everywhere”.

To date, there has been little study of problems related to convergence of almost periodic

Fourier series. One of the early papers in the area was by Salomon Bochner, published in
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1927081 in which conditions under which some of the early Fourier series convergence re-
sults can be generalised are considered. Most notably, various papers by Evgeniya Bredihina
were published between 1960 and 1970, establishing convergence and divergence results,
mostly for the Bohr class or variations of it ([28], [29], [30], [32], [33], [36], [37], [38], [39]
and [40]), but also for the Stepanov classes of almost periodic functions ([31] and [34]). In
addition, in [35], Bredihina established a result on absolute convergence of Fourier series in

the Besicovitch space B

Of Bredihina’s papers, particular attention is drawn to [34] in which she establishes almost
everywhere convergence of dyadic partial sums of Fourier series for functions in the Stepanov
space S? satisfying the separation condition (Definition 1.3.5). The present author’s previous
thesis!'!l (and subsequent paper, [10]) provides an alternative proof and extension of this
result, showing boundedness of an appropriate maximal operator in the Stepanov spaces s

for k € N and proving that such boundedness does imply almost everywhere convergence.

2.2 Tile Localisation

Since the almost periodic Carleson operator will be considered from a time-frequency an-
alytic perspective, it will be necessary to split it into pieces that are localised to tiles in the
time-frequency plane. The aim, for a given function f € 22 and aftile s, is to find a localising
function v s such that {f,1's s }1) s r represents the part of f contained in s in some sense.
This function will be the almost periodic analogue of the localising function ¢; from Sec-
tion 1.2. Functions in B*\# will not be considered directly in the time-frequency analytic
framework - indeed, the model for the Carleson operator will be constructed in way that is
not well-defined for general functions in B* and so all estimates pertaining to this model will
apply only to the class of trigonometric polynomials. In Section 3.4, a density argument that

extends results on the Carleson operator itself from 2 to the whole of B* will be considered.

To allow certain estimates on Besicovitch norms to proceed, the function v, r should exhibit

some amount of almost periodicity akin to f, assuring that if it is well localised to a particular
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time interval, it will also be, in some rough sense, well localised in an appropriate almost
periodic manner to translates of that interval. To speak more concretely, if f is a periodic
trigonometric polynomial with period p € R", the localising function, 5, should also
be taken to be periodic with period p so that localisation will occur on p-translates of the
time interval associated with s. This notion, together with the fact that periodic functions of
all different periods co-exist in B?, explains why the localising function on B* should have
some dependence on the function that it is localising, unlike its counterpart on L*(R) (or
indeed any counterpart on L*(T)). However, the dependence on f in ¢/, ; should ideally
be sufficiently mild as to allow various estimates to be made independently of f. Defining
the localising function in this way also suggests that the time projection of tiles considered

should be restricted to some finite interval dependent on f (the “time window”).

Continuing to consider periodic trigonometric polynomials as a special case, it is noted that
. ) . N 1 . N

the period of any such f coincides with o This suggests that for general f € &2, a selection

of tiles with time projections distributed over an interval of width aif might be appropriate.*

In this spirit, the following collection of dyadic tiles is defined for any p, a € R:

Dpo={(a"'I;+p) xaws:s€D, [;=[0,1)}.

It can be seen that the p parameter determines the location of the restricted “time window”,
whilst ¢ determines the scale of the tiles and the size of the window and thus, given that
there is a widest scale in the collection D, ,, the “resolution” of the localisation that will be

carried out.

The collection of such tiles at a single scale, k € Z, will be denoted by

Dpar=1{s€D,yq:|I| = %}.

*For f € &, the constant a; is always well-defined when f consists of more than one term. Since bound-
edness of the Carleson operator acting on trigonometric polynomials with fewer than two terms is trivial, such
functions will not generally be considered here.
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It is noted that since I, = [p,p + 1) for any tile s € D, ,, necessarily k < 0 whenever this

collection is non-empty.

The basis of the almost periodic localising function will be the L*(R) localising function,
which was discussed in Section 1.2. As there, fix ¢ € & (R) such that qg (§)eRy forany e R

and so that supp(¢) = [— 35> 35)- For any tile s of area 1 in the time-frequency plane define

¢s(x) = |IS|—%¢ (x—|—c(ls)) e2mic(wy)x

L]

As before, it can be seen that

This is simply the L*(R) localising function, albeit taking a wider collection of tiles as a
parameter. As observed previously, ab\s is supported in % * w_ and ¢ is “roughly supported”

in I;.

The almost periodic localising function, i 7, for a function f € 22 is defined as follows:

Definition 2.2.1 (Almost Periodic Localising Function) For each function f € 27, define the
set Ay to be the set of all numbers in [0,ar) that are congruent modulo oy to an element of
the spectrum of f, o(f). Then for a tile s of area 1 in the time-frequency plane, the almost

periodic localising function, | r, is defined as

Yar = \A Z Z(l) An+aym)e e2mi(An+agm):

nezZ mez
XnGAf

where ¢ is the L*(R) localising function.

If, for a given function f € 2, members of o ( f) are considered to be “equivalent” if they are
congruent modulo ay, the set As is formed of all representatives of each equivalence class

under this relation that are contained in [0, f); it is essentially a base set of frequencies
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representing the structure of f. It should be clarified that these representatives do not have

to be elements of o (f) themselves. For example, for the function
f =14+ e2m‘- + eZTczi-

the set Ay is equal to {0, r — 3} (here, ay = 1 and o (f) = {0,1,7}). In the case of a periodic
function, Ay is always the singleton set {0}. Note that as f € 2, the quantity |Af| is always

finite.

The spectrum of the localising function associated to a function f € & is made up of the
spectrum of f together with its a¢-translates. Recalling that ¢, is supported in a sub-interval

of w_, calculating directly and using orthonormality,

et =YL S Fa)ge(2n).
|A| nez
A€o (f)nws

As such, in spite of the additional translated frequencies present in the definition of the
localising function, this inner product provides the desired frequency localisation of f to

atile s.

Time localisation can be seen as follows:

Ysr(x) = ’A| 2 Z(f) An+arm)e 2mi(An+aym)x
f nezZ mez
AnEAf
_ Z 2MiAp X thc (05— afm)ezmafmx
’Af| nez mez
)LnEAf
1 Zml
= TA | — n ¢1v><(60v An x+
Arly/ar ,é n;Z ay
AnEAf

by Poisson summation. This shows that v r is well-localised to I; and its aif -translates, given

the localisation properties of ¢;. This expression can be regarded as a weighted average
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of periodic localising functions with the weights determined by the equivalence classes in

o (f), representing the global structure of the function f.

Both the earlier “frequency expression” definition of 1, s given in Definition 2.2.1 and this
“time expression” will be used as definitions of v, ; where appropriate throughout the re-

mainder of this thesis. This second definition can be stated as follows:

Definition 2.2.2 (Almost Periodic Localising Function) For each function f € & and tile s
of area 1 in the time-frequency plane, the almost periodic localising function, v s r, of Defini-

tion 2.2.1 can alternatively be defined as follows:

1 27idp- m
=) it -+ =).
l/)s:f ’Af| /7af Z Z ¢IS><(&)5 An) < af>

nez mez
lnEAf

It is noted that i)' ; is sensitive to “structural changes” to the function f, regardless of the
magnitude of the numerical value of such changes. For example, for a function f e 2, if ¢ is
chosen to be small, 7 is an arbitrary complex number, A € R is such that f (A)#0and ge 2
is defined as f + ye?"!(*+¢%) the nature of the localising functions ¢ will be significantly
different to that of the v f, regardless of the magnitude of y. This is a reflection on the strong
structural change that is effected by transforming f to g; for instance, if f were periodic with
period p, g would be very far from a p-periodic function in a “structural sense” as a result
of the extra frequency, even though it would remain very close to the periodic function f in

terms of its values if y were very small. Nonetheless, the inner product {g,v';,, } does afford

the appropriate relative importance to the additional term with respect to its magnitude.

2.3 Estimates on the Localising Function

In this section, some estimates on v, that will be useful throughout the rest of this part of
this thesis will be provided. As a precursor to this, an estimate on the localising function on

L*(R) will be established and this in turn requires a simple technical lemma:
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Lemma 2.3.1 Foranya,u,v,a,beR andN > 1,

a2k a2¥ q2min(w,v)
J dx $N -
r (L+a2¢|x —a|)N (1+a2¥|x —b|)N (1+ @2minv)|q — p|)N

Proof Assume without loss of generality that v < u. The above inequality will be shown by

considering high and low values of a2"|a — b| separately.

Casel: a2"|a —b| <1

Note first that
a2y e < a2v2N
A x
(14 a2”|x —b|)N (14 a2”|a — b|)N
It thus follows that
J a2t a2
dx
g (1 +a2¢|x —a|)N (1+a2V|x —Db|)N
a2v2N J a2 P
X
(1+a2”|a—Db|)N Jg 1+ a2t|x —a|)N

a2y
(1+a2V|a—b|)N

<N

as required.

Case2: a2"|a—b|>1

a +
Assume that b > a. For x <

a+b
2 2V

dx
o (1+a2ﬂ\x a|)N 1+a2‘\x b|)N
J az2* p
x
(1+a2” 1]a b))V Jr (1+a2¢|x —a|)N
<
~N (1+azv|a—b|)
.. . 1
Similarly, for x > , it follows that|x—a]>§]a—b|,hence
JOO a2 a2”
dx
ato (14 a2#|x —a|)V (1+ a2”|x — b)Y

1
, it can be seen that |x — b| > §|a—b|, )
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a2t
(a2¢=1a — b|)N
a2v2—N(u-1)
(ala —b|)N
2N2(v=u)(N=1) g 2v
(a2V|a— b))V

Now, a2"|a —b| =1, s0 ((a2"|a —b|)~' +1)Y <2V, hence

2N

2'la—b|)"N < )
(@2la=b)™" < o a v

It follows that
JOO a2t a2’
dx
ato (14 a2!|x —a|)V (1+a2”|x — b)Y
AN (v—p)(N-1) o2V
(1+a2¥|a—b|)N
N a2y

(1+a2"|a—b|)N’

which completes the proof of the lemma when b > a. The above steps adapt, essentially by

symmetry, to the case of a > b. O

With this lemma established, the aforementioned estimate on the L?(IR) localising function
can be stated and proved:

Proposition 2.3.2 Fora,peR,s,s'eD,,and MeN,

1
o (1L el 2

min

(IIS/I’IIs\

le()—cU)\p
(It oy ™

|<¢s’¢S’>L2(R)‘ M

Further, if |I¢] < |1,

||

|1, | 2 |I|~'dx
, < —_—
’<¢s,¢s >LZ(R)’ ~M (|Is’| Iy (1 |x—c(15)|)M'

Both of these estimates generalise to the class of arbitrary translations of tiles inID, .
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Proof Using the fact that ¢ € & (R) and Lemma 2.3.1, for any M € N,

‘<¢S»¢S’>‘

_ ’J ‘13‘7%925 (x — C(Is)> ezﬂic(ws_)xus/’f%(p (x_c(IS')) ezmc(w;)x dx
R |IS| \st|

1 —c(Ig)N\ ™ 1 —c(IHN\ Y
<u J ‘Is|_5 (1_’_‘)6 C( )’> |IS/|_§ (1_’_‘)6 C( )‘) dx
R

’Is’ ’IS'|
min(|I,|~, [Iy]~")
(14 min(| L[~ [Io|7Y)[e(Is) — c(Iy) )™

1
min(w |IS'|>2
10" T
()< var
I+ ety )™

<M |IS|%|IS"%

Now, under the supposition that |I/| < ||, this reduces to

1 1
|IS|_E‘-’S’|E

Is)—c(Iy '
<1+ le( )\ISC|( )\)M

|<¢s’¢3’>| <M

Observe that
( |C(IS’)_C(IS)|>_M
1+
|1
_ (1+rc<fsf>—c<rs>| wsf|>M
So\2 | I 2 |I|
1 |x—c(Is)|>_M
< - forany x € I
(2 ] Y
!x—C(Is)\)M
<v 1+
. ( | I
As such,

N——
ol

| I/| [Iyr|
|<¢s’¢3’>| <M ( —— —dx
I (1 + Ix—C(Is)I)M

5]

1
L]\ ||
B (‘Is’| I (1 + bells)] )M a

: |1
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as required.

The generalisation to arbitrarily translated tiles does not require any change to the above

proof. O

The following properties of ¢,y can now be proved:

Proposition 2.3.3 Foranyp eR, fe ? andseD, ,,

()] < _l4zr;§]OﬁJ +7_””>5_M
e 2 I

for any choice of M e N. If s’ € D, o, with |Is| > |Iy|, then

) ZJ |I| ldx
= 1,+ 1+|x <( )I)lo'

1]

errestls o (17

Further, if o nw,, =0, then

{¢s,f’ 11/)8’,fj> =0.

Proof To see the first property, observe that

_ 1 2MiAnX m
|lp5»f(x)| - |Af|\/a7f Z e Z ¢I:><(605*Kn) X+ af

nez mez
AnGAf
. x+ 2 —c(I) N N
_ 1 Z p2midnx Z 1]~ ar em(c(ws) An) (24 G7)
|Af‘ vV &f nez meZ |IS’
)LnEAf
L x+ 2 —c(Iy)
< ol )|
meZ $
L X+ 2 ()] M
<u —IL7E Y (1+ -
\% mezZ ‘ s‘

forany M e N.
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For the other two properties, first observe that since

Yar= a1 VNS G2+ agm) ity

nezZ mez
XnGAf

it can be seen that

{ws,f’ wS’,f}

Z Z ¢ A +afm)¢)s (ﬂ_ _|_afm ){ 27[1'(%,1+afm)-’eZ7‘ct‘(An/+ozfm’)-j>

n,mezZn’,m'eZ
AnEAf A EAf

Z ¢s(An +afm)¢5 (An+arm)

n,mez
ZnGAf

!A !2

!A |2

by orthonormality and the support property of ab\s and q/b?/. This immediately gives the third

property. For the second property, continuing the previous line of reasoning, it follows that

|{¢S.f)¢s’,f}|
ary —~ —
W 2 ¢s(7“n+afm)¢sf(/ln+afm)’
! n,mez
AnEAf
(Zf ~ —
= |A |2 Z Z ¢Ix><(a)x*7tn)<afm>¢lslX(wslfkn)(afm)
! nezZ mez
AnEAf
a4y Z fﬂf 1 < ) 7
- ay prg (ws—2n) | X +— Z(pl,xw/ oy (x+ =) ax
|Af|2 nez meZ lEZ af
7L,,€Af
I ZJ%qu; o (5 ) S (5 L)
= I X (ws— - Igx(wg—2An —_—
‘Af‘z nez meZ IeZ ar
AnEAf

by Poisson summation and Parseval’s Theorem.

Considering just the integral,

lZf m l
) (x + —) D1 (0 —2m) (x - —) dx
f mzl;Z af af
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ot I m
= X(w /><Lz)/ - d
> f Prox(w05—20) (X)P 1y x (@0~ 20) (x+af af> x

m,leZ af
m 4 1
a9 e
= Z J ¢Ix><(a)sfxn)(x)¢(18/—%)x(ws/—kn)(x)dx
mlezY !
= Z<¢I X(wa An) ¢ 1,_7 ><(a)/ An >L2 R)
leZ

I, 2 I tdx
Sm (U) ZJ | Jcc(1>|
|IS/‘ 1€7, I/-‘r* (1+—S)M

L]

for any M € N by Proposition 2.3.2.

Asa consequence,

1
1 1]\ 2 1]~ dx
vt o () 5] s
el 5w mEW 1) ), o

Jx—c(Is)]
)

- ) Bl o
NI G0 (o Bl

||

This completes the proof of the estimate on [{s ¢, 15 £ }|. O



CHAPTER 3

DISCRETISATION AND TILE SELECTION

3.1 The Model Operator and its Boundedness

With the localising function for time-frequency analysis on B? defined in Section 2.2, a nat-

ural model operator is given by the following expression (for p, £ € R):

Apef= X Yot sty

se]D)p,af

The extent to which this operator accurately models almost periodic Fourier summation
will be considered by exploring some of its properties over the course of this chapter. The
remainder of the present section will be devoted to showing a strong form of boundedness
on B? of this operator when acting on trigonometric polynomials. To establish this bound-
edness, the following generalisation of a well-known inequality of David Hilbert and Issai
Schur will be used. Its proof is given in the author’s previous thesis, [11, pp. 44-47], based on
the proof from [106, pp. 138-140].

Theorem 3.1.1 Let (A )rez S R be an increasing sequence such that there exists a > 0 so that
Aks1 — Ax > a for all k € N. Then the operator T acting on (* sequences and given by the

expression

aj

(T(aj))k= ),

ety Me T A
T
is bounded from (? to {* with constant at most —.
a

61
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With this given, the following can be proved:

Theorem 3.1.2 For functions f € 2,

1
|Arl2

[ £1l52

|Apefls2 <

with constant uniforminp e R and & e R.

The presence of the factor

adds some “strength” to this bound compared to the same

3

IviE
bound without this factor since |Af| € N. Nonetheless, this “strength” should not be misin-

1
terpreted: the definition of A, : already implicitly contains a factor of —, so the bound

[As
attained here actually represents a loss of a factor of IVE rather than a gain of a factor of
. Ar]2
Al

Subsequent bounds in this chapter for averaged and maximal operators derived from this
model operator will also contain factors of positive powers of ﬁ and this will be seen to be
desirable in light of the link between these operators and almost periodic Fourier summation
which will be explained in Section 3.3. As above, given the domain of definition of the time-

frequency model of the Carleson operator, all of these bounds will apply only within the class

1
of trigonometric polynomials. It is ultimately the fact that the achieved powers of m are
f

not sufficiently large and thus that there is a net loss of a positive power of m that will
f

mean that the present techniques are not yet adequate to provide a full proof of Theorem

2.1.1. Subject to an improvement of these powers, Theorem 2.1.1 would be proved for the

class of trigonometric polynomials and a density argument applied to the Carleson operator,

as detailed in Section 3.4, would establish Theorem 2.1.1 on the whole of B>.

Proof (Theorem 3.1.2) To begin with, boundedness of the model operator defined at a single

scale will be shown. To this end, for any fixed k € Z, define

Apcif = D) Xor N orhthss

SEDp,(lf,k
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Recall that it can be assumed that k < 0 by the time window constraint on the tiles.

By expanding, appealing to some symmetry and using the estimate on |{y; r,4's ¢ }| from

Proposition 2.3.3,

|Ap e 5
= 2 e M Yoo nos (6)
s,s/e]D)p,af_k s
! L]~ dx
s [Ag] Z {frbsrhf ZJ Ts)\m Kot mot (E)-
f se]]])p,,lf,k se]D)pa * \lez I/+ || ) s

Since all the tiles in second sum are at a fixed scale, the I» are pairwise disjoint across the
collection of all s" € D, o, such that & € w],. As such, the above expression can be bounded

by

S Whwat (D] e @

| |36Dp,afk 1ez Yot an)+ o 1—|—|x \Z(I )|)10
ST D HAwsilPra: (©).
f se]Dpraf_k

Now, observe that by direct calculation,

(/) ¢Sf}|2 ]A |2 Z Fn)f () s (An) s (An).
n,n'e’
AnApgr€o(f)news
Further,
¢S(An)¢8()tn’)
~ )Ln C(C() ) ~ An/—C(a) )
= |(1)S‘71¢ ( S (p S eZTEl(C(a)S )7 )0(13)8727”( ( ) An) ( )
|w8| |ws|
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As such, choosing w, to be the unique interval of size a2~ such that & € w?,

1Ap ek f %

2k ~ = ~fAn—c(W7)\ ~ [ Ay —c(w?)

< 2 Fa) ww( ” )¢( " )

I ] ol
A€o (f)nwy,

Z leci(Anf)Ln/)c(Is)

SE]D)pyaf,k
wWs=wy
(X 1A %
< f(2n) )
|Af|3 nez !
In€o(f)nwy,
1
~ ~ A/_C 2
, 21i(An—2,r)c(Is)
(3| Fwe(led) 5 o)
nez n’e’Z seDp, apk
An€o(f)nw, Ayeo(f)nwy wWs=wy

by the Cauchy-Schwarz inequality.

Considering the positions of the tiles involved, it can be seen that

27F—1

lk k—1
Z eZTH(ky, n! Z 827” A" n’) zxzf zaf )’
SEDpafk =0
Ws=wy
so by summing a geometric series,
|Ap . f 5
1
ok ~ 2 = ~f A — (7))
< 2% far) [( S| Y Fowe(t e
f nez nez. n'eZ\{n} u
An€o(f)nwy An€o (f)nwy, Aypea(f)nwy
; Y T P N | 1
—2midy (p+Et) 1 — e¥riln—2w)a; 2 ~ 5\ 2
X e ! it R +2 Z If(A0)| .
—e nez

In€o(f)nw,
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Now, for each scale k, define the set

Q= {jeZ:$<M> #0}.*

|yl
Also, define the operator T; acting on sequences (a;) such that supp(a;) < Q as
1— ezm(a,—x,«)a;l
2 a; . — |, 1€,
(Te(a;))i =14 sempy ~ \1—e ™2
0) l ¢Qk.

Suppose that this operator continuously extends to ¢* with

[(Ti(aj)n)le <275 1(a;)]ee-

Then it follows that

1 ~ 2
lpeifles—( D 1faa)F)
‘Af|2 nez

In€o(f)nwy,

Combining the different scales,

|Ap.2 f 15

0
- H Z Aperf
k=—0
0

- > > ) (£ s Mo WM s 1 s o ro (£)-

k,k'=—00 sE]Dp,af,k s’eD

2
B2

p,af,k’

For fixed &, it can be seen that any two tiles, s and s’ of different sizes with & € w! N w], satisfy
w, Nnw, =0, and hence are also such that {1 s,1)s s} = 0 (by Proposition 2.3.3). Conse-

quently, as the choices of w,, are disjoint for different scales, it follows that the estimates on

*The reader is reminded the the choice of w,, is implicitly dependent on k.
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the individual scales may be combined:

[4p.ef 1
= 2 2 Zet O O HE o Hbss o s)

k=—00 s,s’e]D)p,af,k

0
= Z HApyiyka%Z

k=—00
Y If(a

nez

N

\A |

= |A E ——| |3 by Parseval’s Theorem.

It thus remains only to prove that for sequences (a;) that are compactly supported in €,

I(Te(a;)1)]e: <27%|(a;)|e as claimed. To prove this, note first that

1
2)2 < aNj
(2] X /N
leQr  jeu\{1} 1— eznl(ll_%)Z a;

aj
| (Tic( “J Dllez < (Z’ Z zm(xl—a,-)zka;l

e jeap\{i} 1 —

y

where @; = aje” "% .

As [(aj)]e = |l(a;)|e, it suffices to consider just the first term. Further, in a similar way, the

first term may be replaced by

(21,2,
in(m(A; — Aj-)Zka;I)

1
2 2
s )
e je\{1}

‘ 1 1 )
a. . e - —
(l;k je%\:{z} ](sm(ﬂ()tl—)tj)zkafl) n(A —Aj)2ka;!

(3] S )

1€y je\{1}
By Theorem 3.1.1, the second term of this expression is bounded by a constant multiple of

D=

)

lz
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27%||(a;) |, so it only remains to consider the first term. The desired bound is
(Y @k <271l
jeu\{1}
for the kernel

1
7'[(}.1 — },j)zka;l

Ki(j, 1) = cosec(m(A, —Aj)zkajjl) _

For such an operator,

H Z a;Ki(j,1)

jeu\{1}

S| Y ek

1€Q  je\{1}

H(%)Helsup > 1K)

TE% 16\ ()

Q%)

N

and

H 2 aij]l)‘zw( %)

jeu\{1}

= sup) Z a]Kk]l)‘

1% " jeqp\ (1)

< |(@)e=sup D [Ki(j, D)]-

1% jeq\ (1}

As |Ky(j,1)| =|Kk(l,j)|, by interpolation, it suffices to show that sup Z |Ki(j, 1) <27k
lEQk .
JeQu\{1}

By Taylor expansion, for |x| < 7,

1 © (_1)m+12(22m—1 _ 1)32mx2m_1
cosec(x) — P Z 2m)

m=1

Where (B,) is the sequence of Bernoulli numbers determined by the generating function
n

0
Z — for |¢] <2 2 pe75. 004

n=0
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As the sequence (1) is af separated and entirely contained in é * w_~ for some w, of size

ar2~F, it is certainly the case that [A; — A;| € [ar,27*2a;]. Noting also that the Bernoulli

numbers satisfy the property (—1)"*!B,,, > 0 for any m e N2 p-805],

sup > [Ki(j, 1)

1% jeqp\(1}

=N 1
< ‘cosec(n(naf)zka_l) _——
,12_:1 P70 n(nay)2ka;!
2=k
4 r 1
= cosec(mn2*) — -
—_ nn2
B ii m+12 22m— 1_1)32 (ﬂ-nzlc)Zm—l
B — e (2m)!
- — i m+12<22m l—l)Bzm(ﬂ'—Zk)zm 1
4 ~ (2m)!
2—k
< —cosec( )
4 4
= @2*’6
4

This gives the desired estimate on the kernel and completes the proof of the boundedness of

the model operator.

It is remarked that for the purpose of establishing that sup Z |Kie(j,1)] < 275, aless
lEQk
jeu\ {1}
precise bound would suffice in place of the exact Taylor expansion that is used above. O

3.2 Model Operator Symmetries

As discussed in Section 1.2, the L?(R) maximal model operator, when restricted to a single
scale, commutes with translations and modulations at the same scale and, across all scales,
it commutes with dyadic dilations. These properties are a consequence of the symmetries of

the L*(R) model operator. The present section will consider the symmetry properties of the
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B? model operator, A, s f = Z Lo+ ENfrths s ), p, in order to explore its relation with
s€Dp o ’
the almost periodic Fourier summation operator.

Firstly, recall that the symbols M, 7 and D are used throughout this thesis to represent the

modulation, translation and dilation operations,
Mo f(x) = f(x)e*™, T.f(x)=f(x—a), Da.f(x):=f(a"'x),
and that the model operator at a single scale, k, is defined as

Apeif =D, ot EVbsshsr.

Ser,af,k

With respect to modulation, this operator behaves completely analogously to the equivalent

operator on L? (R) in the sense that for any [, k € Z, the following identity is true:

M _1gp0-cAp s viapet kMoo f = Ap i f.

To prove this, note firstly that AMmfz— . = Ar. Using that

4/(,Zf o~ . '
Var = 1a]] D, 2 b+ agm)erriCatem,
f nezZ mez

XnEAf

it follows that

<Kjwlozfz—’“f» l/JS,MmfZ—kf}

— lim LJT eZnilafZ—kxf<x) Vs
T—w 2T -T |AMlaf2—kf‘
> Z Z a)\s(ln + afm)efmri(AnJrafm)x dx
nez mez
)LnEAM

lafszf
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- |Af\ Z pr (An+arm)

nezZ mexz
kneAf

x lim _J f _zﬂl(kn—lafz k—i—afm)x dx
= 2T

_f = _ =
- ( Z f(ln—lafz k)(ps(kn)
| f‘ nez
An€(0f+laf2—k)mw;

a ~ —~ .
B A Z f(An)¢s<An+laf2_ )
‘ f‘ nez
Aneafm(ws—_lafg—k)

~

a

= |Af‘ Z f(}('n)¢ls><(w5—laf2*k)(kn)
nez
A€o pn(ws —lap2=F)

= {f’ l/)lsx(ws—lafz—k),f}-

~5

Also,

M—lafZ*kl/Js Mm ok f

- Z Z ¢ A' +a m) Zﬂl(ln—lafZ k+afm)~

|Af| nezZ mez
AnGAf

- ’Af’ Z Z¢Iv (ws—lag2™ k (A +a m) 2ni(Ap+apm)-

nezZ mez
An EAf

- l/jISX(ws—lafZ_k)yf-

Using these two facts,

M—lafZ_kAp,§+laf2_k,kMlafz—kf

= D Ko (E 12N Mgk s, WM e s, ot

SE]D)p,af,k

= Z Xw}"—lafZ*k (g){f’ wls X(wS_lafz_k),f}lpIs X(ws—lafz—k),f

se]D)pafk

= D) 2ur et

se]]])pafk
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= Ap,cf,kf-

This shows that the claimed modulation symmetry holds.

An appropriate symmetry for translation, analogous to that that holds for the L?(R) model

operator, would be that for [ € Z,

T—Zaf—lzkAp+1a;12k,§,k71a;12kf:Ap,i,kf-

However, this can be seen to be false. Observe that, using the expression

1 2m nX
i)~y 5 i (<)

nez meZ
KnGAf

it can be seen that A, : i f is equal to

1 1 ! —2TiAnt
> xw;(i)(}g{.loﬁf |Af|\ﬁze D Brox(onn (12 )dt)

se]D)p_af,k nez mez
XnGAf
% 1 Zm/lnx ¢ x+
‘A ’ a Igx (Us n
FINVEf nez meZ
AnEAf

However, making similar (but simpler) calculations to before, the quantity

TflajflzkAp+laf_'2k,§,leaf_12kf

is found to equal

2midnt o —2midpla; t2k
D xwr(©) <T113302TJ Ohw ﬁZe /
k

seD sl lok nez
P af “r AnGAf
% f+ ) dt —2nic(w;)la;12k 1
D (1— 10724 x (05— ) P e N —
i r |Af|\/a
meZz f f
2midnx y2midnla; 2K m 2mic(wy )la; 2k
X Z e~"""e ! ¢(Is—la;12k)x(w5—ln) Xt )e U
nez meZ

/l,,eAf
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This can be simplified to the following expression:

. 1 ! —2mid,t Zﬂiknl()lek

Ser,(zf,k nez
lnEAf

Z D1, x (w52 ( ) > Z eznmnxezmanza;lzk
s X 0)5 n
mezZ |Af|r )

lnEAf
X Z (pjsx(ws_kn) <x + amf) .

meZz

It can thus be seen that the additional exponential terms in the two sums in n prevent the

desired symmetry from holding here.

Finally, the B> model operator can be seen to possess a dilation symmetry that is better than

the analogous symmetry for the L*(R) model operator. Note first that for y, z € R,

-1 yZ_C<IS) nic(w;s )yz
e
1, _1 <—Yy lc<13) niyc(w;s )z

= yz( I‘ID (— ezJ’(x)

y I
= y_§¢y*113><yws(z)'

Observe also that ap,r = y 'a; and Ap, s = y ~'As. These three facts given, it can be seen

thatfor x,y e R,

Yo, r (yx>
— 627rl7tnyx ¢Is (ws— m )
|AD f|1 /aDy ré n;Z X(w aDyf
ZHGADyf
1 .
% x Z e2mi(yAn)x Z ¢st(ws_kn)(y(x + aﬂf))
| f‘ nez meZ
y?L,,EAf
_ % Z 2midpx Z yfégb . (x_|_ ﬂ)
Yy Usxyws—2Ay
|Af‘ Vv nez meZ “
A,,EAf

= 1/)},7113 was,f(x)-
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Using this, forany p,£ e R,

Dy-14ypy-16Dy f

= Z Zw?'( (hrgoﬁj f l'bSDyf( >dt> Dy_ll’bs'DJ’f

se]D)yp_aDyf

- SGDZI Zyot (€) (Thfoloﬁj f(e l//'SDyf(yt) t) Y0, r(y)
ylag

- Z Zyws*(g) (Thfoloﬁj FO)y1xyonr (t)dt) Yy-1xyosf
of

€D, 5 -1

- Z ij(g) (Tlgroloﬁf F(E)s (e )dt>¢Sf

$€Dpap

= Ap,if-

This shows that this model operator commutes perfectly with dilations.

3.3 The Averaged Operator

3.3.1 Definition

To allow for modelling of the almost periodic Carleson operator, it is necessary to generate an
operator with symmetries that are more exact than the symmetries that the model operator
possesses. As is the case in Lacey and Thiele’s proof of boundedness of the Carleson operator
on L*(R), this is achieved by a process of averaging. Averaging conjugations of the model
operator by translation and modulation will serve to provide perfect symmetries with respect
to these operations, ensuring that the model for the Carleson operator shares its symmetries.
Averaging conjugations by dilation is not necessary to enforce a dilation symmetry here;
indeed, as was seen in the previous section, the model operator already commutes with

dilations perfectly, as the associated tiles rescale in tandem with the input function, unlike
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the tiles associated to the model operator on L?(IR). However, conjugation by dilation in the
L?(R) setting does serve to “blur” the different scales of the tiles associated to the model
operator and a similar effect will be necessary here. Consequently, the model operator will
also be averaged over certain rescalings; the discreteness of the scales in the model operator

otherwise lead to an insufficiently precise approximation of the Carleson operator.

For z € [1,2] and p, £ € R, the model operator with adjusted scale is defined as follows:

A[Z),gf = Z ij(g){frlps,f}ws,f'

se]DJp,wf
Proceeding exactly as in Theorem 3.1.2, the following can be proved:
Theorem 3.3.1 For functions f € 2,

1
|Ag|

42 f e < — 1

with constant uniforminp e R, £ eR andz € [0,1].

The averaged operator, acting on functions f € &, is defined as follows:

) 1 J K 1 )
Mpef = ],11%111004]_]<J_] J_KL M_yt A, . TyMyfdzdydn.

It is necessary to show that the limiting averages in y and n exist to ensure that I, ; is well-
defined. It will suffice to consider each average applied to A, : f separately for any fixed p,
& eRand f € 2; the existence of the averages applied to Aif, -f foreach z € [0,1], and further
their existence in the definition of I1,, -, will follow analogously. It will first be shown that the
existence of these averages will follow from the existence of averages applied to the model
operator at each individual scale, A, : i, for each k. To prove this, it suffices to show that for
any f € 22, there are only finitely many choices for k such that A, : « f is not identically zero

(where the number of choices may depend on f).
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Fix y, n € R and note that for k € Z,

M_pT_yApeinikTyMyf = Z ij(5+Tl){TyMnf’ws.ryMnf}anTfyws.ryMnf-

SEDp_af_k

Assume that k is chosen such that a;27% > 40|£| (recall that because of the time window

restriction, necessarily k < 0) and consider the inner product from this expression:

‘{TyMnf’l/Js,TqufN

= |f, M—nT—y‘/’s'fyMan

4/af ~ oni =
= m Z f(An)e 2 M”*”)Ws(lﬁn)
nez

A,IEO'(f)ﬁ(&);—T])

Var Y 1 w)llgs (A + ).

nez
An€o(f)n(ws —n)

N

Now, as & +n € w] and ar27 k> 40[],

n € [e(ws)—& clws)+3ap27"—¢]

N

[c(ws) — 52, c(ws) + Za27"]

= [e(w;)+ g2 c(w]) + Has27"].

—~~

Observe that as supp(¢;) = ¢ * @, = [c(w]) — 52", c(w] ) + 3sa,27"], it is necessarily

the case that ¢,(A, +1) = 0 for A, > c(w) + a2  —nor A, < c(w;)— a2 —n.

Further,
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It follows that ¢ (A, + 1) = 0 for A, ¢ [—2a,27%, —La;27"] and hence

Ty Moo s.e,nn | < Vs > 1F ()]
nez
An€ [ 3af2 k, ’ af2 k]

40 40

Now, as f is a trigonometric polynomial, there exists Ana € R such that f () =0 for all A

with |A| > Aax. It follows that for any k such that 27 > max(%a;lkmax, 40(1]?1 &),

Z Yot E Ty My fo)seny fhM Ty sz m,r =0

SEDp,afyk

It is noted that the requirement that a(2~* > 40|&| combined with the dyadic positioning of
the tiles means that either & < 0 or there are no terms in the sum in s (this explains why the
inequality on the inner product only considers negative values of A,,). Either way, the above
identity holds and it follows that for any fixed trigonometric polynomial, the full averaged
operator consists of a sum of finitely many averaged operators at single scales. As such, it

suffices to show existence of the averages at each individual scale.

Showing that the modulation average exists is straightforward. From the modulation sym-
metry described in Section 3.2, M_, A, - 1, M, f is periodic —and hence also almost periodic

—in 7 for any fixed k € Z. It follows that the average in 1) exists.*

To show that the translation average exists, calculate as in Section 3.2 to observe that

Ty Ap Ty f(x)

_ —2MiAnt 727’[11,,)/
> m;(&)(}glgoﬂj fle |Af| Yo

SGDp,af,k nez
7L,,€Af
2miA, X 2m?t Wy
X Z (p(ls*}’)x(wsfln)(t + o, | ‘ Z e
meZ f n’eZ
/ln/eAf

XY D1y (s (X 2 )

m'eZ

*It can be regarded as the calculation of an almost periodic Fourier coefficient.
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= D 2,49 (

SE]D)p,af,k
A,,EAf

1 —Znilnt
o7 J fle |Afy

XY Pyl

meZ

X D Py

m'eZ

- 2 X [%ws

seDp, apk TN 'eZ
ln A /EAf

| f| e’
)tnIEAf

7)“!)( )dt) e—2m?tny Z Zﬂilnfx

o=, (x_i_a_))ezmk Wy

1 onMnt
<T51302Tf fle |Af|

XY Py (o

mezZ

m'eZ

Now, noting that ¢, (x) == |I,| 2 ¢ (

> buy)

meZ

= D, |Is|—i¢<

mez

x—c(Iy)
||

1 )
)+ 5) dt) meZﬂM"’x

Z P (1—y) x (@5 —

(x+ )] Zﬂi()\n/fln)y.

) e?mic(@s ) ghserve that for z € R,

(et D)

I’l

z+ 2 —c(Iy)+y

ay $ eZnic(wS_)(eraﬂf)
| 1|

D A (“m—_c(ls)> p2mic(w7) (z+m—y)

-1
mea, Z+y

Since the exponential term here is periodic in y with period (min|c(w;)|)™"

that max |I| = a;l and all the possible choices for ¢(w

se]D)p,af

min |¢(w
meZ

||

—1 .
= 4a; (given
. ) are nonzero integer multiples of

- )D, it follows that Z D (1—y)x (ws—10) (2 + aﬂf) is periodic in y with period 4a]j1, The

same is thus true of the entire expression in square brackets.

Clearly e?™(*»=*)¥ is periodic in y, so each term in the triple outer sum from the above
expression for 7_,A, - r 7, f(x) is almost periodic. Given that all three sums have finitely

many terms, it follows that 7, A, - -7, is almost periodic in y and so the average in y exists.
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In fact, more than this can be seen to be true. As the square-bracketed term is multiplied

by only an exponential, @27 (2 —2n)

7, the averaging operation is equivalent to calculating
Fourier coefficients of a periodic function. This ensures that the average will be zero except
where there is a rational dependence between the period of the exponential term and that of
the square-bracketed term. As such, without loss of generality, each term in the triple sum
may be assumed to be periodic. Since the periods of the various terms will also be rationally

dependent, the whole expression may be assumed to be periodic. This observation helps

simplify calculations in what follows.

Whilst the existence of the modulation and translation averages has been established for all
choices of p € R, the symmetry properties of the averaged operator are enhanced by setting
p to 0 from this point onwards. The nature of these symmetry properties will be considered
below. Since this choice removes a parameter from the averaged operator, the following

definition is given:
1 ] rK 1
sl = i [ 2%
H;f ]}(l.lllso 4JK J;] J—KL M—T]T—on,g+nTyMnde dy dn

3.3.2 Properties

In this section, various properties of the operator I1: will be considered in turn. The purpose
of this, aside from gaining a better understanding of this operator, is to parallel Lacey and
Thiele’s deduction from analogous properties in the L?(IR) setting that the boundedness of
the maximal averaged model operator is equivalent to the boundedness of the Carleson
operator. Technicalities of the almost periodic form will require a small amount of sim-
plification and omission here, the occurrence of which will be made clear with footnotes.
The deductions of the present section will be made rigorous with a more direct series of

calculations in Section 3.3.3.
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To begin with, the modulation, translation and dilation symmetries that I1:- possesses will be

considered. Throughout what follows, Theorem 1.3.6 will be used freely.

Modulation symmetry: Take any 8 € R. Then

M _pTlz oMy f
rJ K 1

f J M (140)T—y Ay e g4y TyMiro) fdzdy dn
—7J-xJo

rJ+0

lim ——
JK=0 4K J—He

r] rK rl
f f M_,t_yAQ, TyMyfdzdydn
—-JJ—-K JO

lim ——
JK—-04]K J

K 1
f f M_nf_yAgngmTyMnfdz dydn
—K JO

lim ——
],KHOO4]K_J
= II:f.

Translation symmetry: Take any 6 € R. Then

T_gl_[ngf

J K 1
. (\ 22
],llér_r)loo K B J_KL T_QM_UT_yAO,g_i_nTyMnTgde dydn

J K 1
R yre F f LezmwM—nT—(y+6>A3,zs+ne_zmnef(yw)MnfdzdJ’dn
’ J

—JJ-k
(] K+0 1

lim — M_,t_AY. t,M,fdzdyd
],KH@4]KJ]JK+0JO nt—yos4nty nf yan

= If.

Dilation symmetry: To allow a dilation symmetry without parameter dependence to hold,

rather than considering II: here, the following operator will instead be the object of study:

Se == M_:II:M:.

This operator inherits translation symmetry from II..
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Take any 6 € R. The perfect dilation symmetry of the model operator from Section 3.2
(Dg-1A¢6-1:Do f = Ao f) is independent of scale, so it is equally true that Dg-1 A7, _,. Dy f =

AG-f for each z € [0,1]. Consequently,

Dg-1S:Dg
1 r] K rl .
- ],llgglooélf_KJ,]J,KJo Do 1M _(z4)T - Aof+r; yMeEpyDgfdzdydn
1 r] K rl
= lim — M_g Dy1t_,A¥. 7,DgM dzdyd
],KHOO4]K‘J71J7KJO o Don Ty Ay Ty DoMoceen f yen
1 r] K rl
= ],lI%r—I}ooll]_KJ_]J_KJO M _g(z19)T—9-1,Do- 1A09 1(9(;+n))D9T9 Mo ypfdzdydn
= M_:M_p-1elleo-1): M-z M: f
= S:f

by the modulation symmetry on Il;.

In addition to these three symmetry properties, it can further be shown that the averaged
operator, acting on functions in #, is B> bounded uniformly in & as a consequence of the

boundedness of the model operator (Theorem 3.1.2). To do this, observe that for any f € 22,

|TLs f1| 52
. 1 (T 1 (! . 2\
-t (r [ |z [, ], e tar o azayan] az)
1 (7 2\
= lim [ — dx
T—»OO(ZTJ_T )

for some fixed /' and K’, by the aforementioned periodicity in the appropriate variables.*

1

4]’K’f JK/ ) M_yT_y Ay, TyMyf(x)dzdy dn

Using Minkowski’s integral inequality, followed by the dominated convergence theorem (us-

ing the fact that f is a trigonometric polynomial), the previous expression is bounded by

1 o\
4]'K’J f L}I—I}(}O (—f ‘M_T]T_J’Aof—i-r) M, f(x)| dx> dzdy dn.

*It is clear from the reasoning in Sections 3.2 and 3.3.1 that the periodicity does hold in this compound
expression with the same period.
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Finally, using the uniform boundedness of the rescaled model operator (Theorem 3.3.1,
which is an immediate consequence of Theorem 3.1.2), that the modulation and translation
operators are isometries on Besicovitch spaces as well as the fact that [A;,y, r| = |Ay|, it can

be concluded that

1
I g—fj cdzdydn=-—1
v Il azdy dn TRHLL

uniformly in £ € R. It is noted that this uniform boundedness trivially extends to S:.

Another property of S; that can be deduced is that it vanishes when applied to trigonometric
polynomials with frequency supportin [0, c0) (that is to say functions f € 2 such thato (f) <
[0,0)). To prove this, let f be such a function and noting that a,x,r = o for any y,n € R,

z €0,1], recall that

Ag g+nTyM§+nf: Z ij(€+n){TyM;’Jrnf’l/)s,ryMg+y,f}¢s,ryMg+,,f-

SEDO,ZZaf
Observe also that
af ~ _omi —
(O Meinf ommens) = o D, T £ m)e g, (A),
| TyM;’+nf‘ ne7

In€0 (TyMeynf)nws

By the frequency support property of f, for each term in the sum in n that makes a non-zero
contribution to the above expression, A, — & —n € [0,00), which implies that A,, € [£ + 1, 20).
However, for any non-zero term in the sum in s, £ + 1 € w, which means that qbs()Ln) =0.

This proves the claimed property.

It can also be shown that I1; is positive semi-definite with respect to B inner products:

(£, f)

= {]K%M]Kf J J Z ot (E+MITy My f sz, r)

N E]DO 22 g

Xan'L—fyl/)s,TyMnde dy dn’ f}
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- ]Kaoo4]KJ J f D1 ot (EHTy My fots )

SEDO 22

XAM _yT _yYso,mypr }dy dn

- ]K—»oo4]Kf J f 2 Kot (E+M Ty My fothscom, > dy dn

SGDO 224

WV

0.

As before, the interchange of limits can be justified by periodicity arguments. It also follows

from the above that

Z Xw;’ (g + T’){T.}’Mnf’ I/jsyTyMnf}M_nT_yl/jsvaMr}f’f} 2 0

SGDO,Zzaf
foreachn, yeRand z€(0,1].

It can easily be shown that the model operator is a non-zero operator. Indeed, let g(x) =
2% 4 o2M5¥ gnd fix & = 2. Here, @y = 1 and Ay = {;}. For the sake of clarity, it is empha-
sised that the second term in the definition of g is included purely to make the constant a,

well-defined. It will have essentially no other role in the following argument.

Consider that

Ao,gg(x) = Z Xot Z{g»lps,g}ws,g(x)

SEDO 1

= {g, 1,/)[0,1] X [0,1],g}¢[0,1] X [0,1],g(x)r

as [0,1] x [0, 1] is the only tile in Dy, with } € ] and ; € w_ (there are clearly no tiles in Dy,

with ?I € w/ and Z € w]). It follows that

Ao,%g(x) = ¢[01] [01]( ) ¢[0,1] [01]( +m)82m( +m)
meZ
A~ 2 -
- ‘¢[0'1]X[O’1]( ) ezﬂlx’
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by the support properties of ¢; . This shows that the unaveraged model operator, Ag3, isnon-
zero (for any sensible choice of ¢). It is also clear that for values of z sufficiently close to

0,

~ 1.
STIX

2
A528(x) = |Pa1xpa2)(7)| €2

The above argument adapts easily to & # % and larger values of z and so it can be concluded
that Aéi, is a non-zero operator. That the averaged operator is also a non-zero operator can
be shown in a similar way, but the formulation is somewhat more intricate. Since more
general and direct calculations on II: will be carried out in Section 3.3.3, the details are

omitted here.

To summarise the above, S: has the following properties for all £ € R:

It is a non-zero operator.

It is bounded uniformly on B2

It commutes with translations and dilations.

It vanishes when applied to functions with frequency support in [0, 0).

It is also the case that for each f € B?, the operator II: f (and hence also S: f) is of the form
1

W T: f where T: is a linear operator for each & € R.* This property seems to be difficult to
f

show directly, but will be seen to be true as a consequence of the forthcoming calculations

in Section 3.3.3.

The above properties can essentially be used to show that II: is, up to a constant multiple,

equivalent to almost periodic Fourier summation and hence that sup|Il;: - | is essentially
EeR

2a;

5
An < —% forall A, € o(f) N (—o0,0]. These restrictions will be disregarded for the remainder of this section
to allow for a clearer exposition of the fundamental ideas. Further details will be provided in Section 3.3.3.

*Technically, this is only true for Il if £ — 4, > for all A, € o(f) N (—0,&] and only true for S: if
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the same operator as the Carleson operator. Firstly, by B> boundedness and translation

commutation, Theorem 1.3.14 provides that for any f e 22,

ATy |22m€ An)etT

nez

for some mg € L*(R).*

By applying S: to appropriate functions, the vanishing property gives that m:(A) = 0 for any

A > 0. Dilation commutation gives that for any z € R,

Sz(f(z))(z7'x) = Sc f(x).

However, calculating directly,

Si(f(z ))(Z x Zm; —1A) 2mi(z=A)

|/\f\2 -

Zm* ZA ) Zﬂil,,x.

|Af|2

As such, it follows that there exists a constant c: € R such that m:(1) = c: for all A < 0.

Further, this constant must be non-zero since S; is a non-zero operator. This shows that

Ziln-
G |A |22f " .

An<0
Recalling that S: := M_:I1:M: and applying S: to M_: f it follows that

e !A |2 > f)er.

An<&

*There is another technicality to be avoided here, namely that the model operator, and hence also S, is
not defined on single exponentials, g = e’*" (since a, is then undefined). The proof of Theorem 1.3.14 relies
on building up the operator from its constituent parts acting on single exponentials, so it is not immediately
applicable here. This issue can be circumvented by making a canonical choice, ¢z = |1|, for example (for
A # 0; Sz f is not defined on trigonometric polynomials with a constant term owing to the requirement that
An < —% forall A, € o(f) n (—,0]). A constant choice for a, is not sufficient as it does not respect the
dilation symmetry of S¢.
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Using this, for any fixed 8 € R,

_ £+60 i
M _pll: gMof = e 27r19x|A+|2 Z fﬂ — )it
. <cve

Ceto 2 7
TVE 2 FOm)e .

An<&

The modulation symmetry property of I1: implies that M_yIl: oMy f = Il: f, so it follows

that cz19 = c: for any 0 € R, that is to say that c; does not depend on &. It may thus be
concluded that

1
sup |II: f| ~ e |2(€f

EeR

and so sup |I1; -
EeR

in the sense that its (weak)

1
B? boundedness is equivalent to that of —— Ve 6 .*
f

3.3.3 The Question of Linearity and Direct Calculation

In this section, the fact that

’Af|2 2, Fuyen

An<&

forall £ in

Bp={feR: £~ 1, > LY A e0(f) N (~2,&]}

will be shown by direct calculation. It was claimed above that for each f € B?, Il f (and

1
hence also S:f) is of the form —— ‘ T T: f where T: is a linear operator for each £ € R. This

*Given the restriction that £ — A,, > zaf forall A, € o(f) N (—o0,&], strictly speaking, it is necessary to take

1
the supremum over this restricted choice of £ here, although it is certainly true that W % f <sup|ll:f]
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follows from this calculation, although it will, of course, no longer be necessary to apply this

fact to the reasoning above.

To begin with fix any f € 2 and recall that for each £ € R, I1; f is equal to

]KHOO4]KJ J J Z A o7 (E+n){t,M,f, l/JSTquf}M nT—yWsempdzdydn

SEID)O 22 g af

which, splitting the sum in s into its constituent scales, is equal to

0
k_Z /KHOO4]KJ f J seﬂ% Zw €+T]){fM anylpSTyMnf}

2kz

=2

XM_nT_yYsz,mpdzdydn.

Now,

ws TyMr]f

= Z 2¢ An —|—(me> 2m(ln+afm)

f nez meZ
)LnEAfyMnf

— Z Z(p A. +n+a m) 2m(7tn+n+afm)

’Af| nezZ mez
7Ly,€Af

Consequently,

My Ty e m,p(x) = \A | Z Z(,b A+ 1+ apm) e Gatntagm)y g2ni(ntagm).

neZ mez
AneAf

It follows that

V af ry —27i -
(F Moyttt = 2, T)e™ 0 (20 ),
nez
eo(f)
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SO
I f
ar f J J 72m (An+n)y
Kot (E+1) f "
‘Af|2 — ]KHOO 4JK se]];y “ r;Z
k—z A€o (f)
|1|=2
af
% &:(An +T’) Z Z :/)\s(/\n' +n+ afm)ezﬂi(?tn/-i-n—&-afm)yezm(/lnr+afm)~dz dydn
n’eZ. meZz
A /EAf
X my [ [ 3
= Zor(E4m) D D0 f(Aa)@s(Aa+1)
‘Afyz _ ]_)OO 2] s€Do2zq, neZ n'eZ meZ
Zk 2 lnEO'(f)X /EAf

=2

—~ I .
% ¢s(kn’ +T]+afm) (I;I_I}(}Og(f eZm(/ln/-‘rafm—An)y dy) eZm()\n/+afm)-dZdn.
—-K

Using orthonormality of exponentials with respect to Besicovitch inner products, this can be

seen to be equal to

0
ar
!Aflz,cz_: fﬁooszf 2

Zor (E410) Y F)@s(An+n)2e*™ ™ dzdn.
af

SEDg 9z 4 nez
2k—z A"eg-(f)
|1s|= af

In other words,
ry 27i Ay
I:f = |A E Y FQn)Cpa, e,
nez
An€o(f)
where

0
Crane=as ), }E}OZJ f 2 Koot E+0) @21, x200, (An + )P dz d.
=—

N EDO

\|Zk
af
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By periodicity in ) at each scale, Cy,, - is equal to

Z JZ" ‘ Lot (275 (E+0))|ds (27 (2 + 1)) dzdn

k=—o0 Fkf s€Doa,

2k

_ fzk j (&) |fe (2 (A + 1)) dzdn,

k_—OO SEDOaf

Js|= 2

where . ; ; is any interval of length a;2°~*. This in turn is equal to

1
2k f Ko (R7FE+N)|@s(27 A0 +1)Pdzdn
Ikof

‘¢1><(w5—2—z/1,,)<77)’2 dndz,

where ,ﬂwkyzy 7 is any interval of length a;2~* (which may be chosen differently for each z €
[0,1]) and I is any interval (the choice of which is unimportant since |$ Ixw| does not depend

on ).

For each z, choose Ji,z, 7 such that there exists a unique w;, corresponding to tiles from the
sum in s such that (co;: —272) N fk,z, 7 # 0. By the positioning of dyadic tiles and the fact

that |.% . s| = a2, it is necessarily the case that (wf —2728) < Ty orfe

Since there are 2=% choices of s with w; = wj,, it follows that

Cf’l"g_J f |¢1x (W —27% y(n )*dndz.
0 koo (wh —2728)n(Erw5, —2771,)

The inner integral here is exactly | ¢ H2 ) whenever (3rw; —27%A,) € (] —272). This

[3|a>5k| 7|w3k|
> 10

happens precisely when 2=%(& — 4,,) € |. On the other hand, the inner integral is

zero whenever (; » wy —27%A) N (w} —27*&) =0, and up to the end-point, this happens
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precisely when 272(&£ — 4,) ¢ (Iw%l 4“;%‘) It follows in particular that the sum in k has at

most two non-zero terms for any given z.

Now, fixany &, 1, e Rwith & — A, > % Then for any z € [0, 1], there exists a unique choice

s | 2lws s

of k* € (—0,0] nZ such that 27 (& — A,) € (—F~, — |].It can be seen that the quantity

0

| Brston,2-sn ()
(a):; —2—Z§)m(%*w;k —27%p)

k=—00

27%(& —An)

depends only on the value of P
Sk

. Since the integral in z averages over all possible
choices of this quantity, it can be concluded that Cy,;, - does not depend on f, A,, or £ and

thus it is indeed the case that

Z f 2nikn-

nez
An<&

!A i

for £ € 2 and thus

G f ~sup Il
|A 24! Sgg! efl<

3.4 Reduction to the Main Estimate

It has been established that to deduce weak B* boundedness of the Carleson operator acting

on trigonometric polynomials, it will suffice to show that

| sup Te f| g2 < —— [ fle2
E£eR

- |A 2
for all f € 2. In this section, a number of reductions will be made that will show that
it suffices to obtain a simpler inequality. This inequality will be referred to as the “main

estimate”.
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The desired weak B® bound for the Carleson operator is that given in Theorem 2.1.1, namely

that for any f € B?,

i e[ 7): 650> 1) < (L)

for all ¢ > 0, where % has been extended to B%. The reduction of this inequality to the “main
estimate” will be considered for f € & only, since the time-frequency model construction is,
in general, only meaningful for such functions. This will later be seen to be sufficient given a

density argument for the Carleson operator.

To begin the aforementioned reductions, note that for any f € 22, using the periodicity in the

appropriate variables discussed in Section 3.3, it can be seen that

1
su
b 1K

J' K el

| sup [Tz f || g2eo = J J anTfyAg,ngrnTyMnfdz dy d”l‘ -
£eR —rrJd—x'Jo B2

for some appropriate J/, K’ > 0. From Proposition 1.3.13, the weak B* quasinorm may be

replaced with a norm, so Minkowski’s integral inequality may be applied to conclude that it

is sufficient to show that

1

1 . p 1
supt(lim —\{xe[—T,T]:sup]Ag,f(x)\>t}|> <—
geR 7

b\ S e e

uniformlyin z € [0, 1]. In fact, the subsequent analysis will be applied to the original maximal
model operator, sup |Ao,z - |. It will be apparent this analysis is equally valid for the rescaled
maximal operatoiefbove and that the desired uniform control is attainable.

Following Fefferman’s approach (also used by Lacey and Thiele), as described in Section 1.1,
the maximal operator may be linearised by choosing a measurable function Ny : R — R for
each f € & that selects the values of £ where the supremum is essentially attained in the
sense that for all x e R,

Sguﬂg |Aoe f(x)] <2]Aon;(x) f(X)].
S
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Removing the dependence on f in this linearising function, it suffices to show that for any

measurable function N:R — R,

supt (Jim L e (-1 7] A ) > 1) < gl

t>0 —©

- |A °
across all f e &2, with the estimate independent of the choice of V.

Now, recall that the function u, acting on appropriate measurable sets E < R, is defined as

u(E) = lim —|E [T, 7]

T—o0

where this limit exists. Fix the function N : R — R and some arbitrary finite collection of

tiles, Py < D q,.* Suppose that

2 oo Nyws e el < 15 |2u( )21

SEIP’f

holds for all f € 2 and for any measurable E < R such that u(E) exists and is non-zero, with
the estimate independent of Py, E and N. It will be shown that this supposition implies the

weak B? boundedness of A y.

To aid notation, the following operator is defined for Py and N as described above:

f Z%ws {f wsf}wsf

SEPf

For any fixed r € R*, define E, = {x e R : \Aff}v (x)| > t} and suppose for the sake of

simplicity that u(E;) > 0. Then, defining (zﬁli)l’if;\,f)i ={xeR: iA](}:fN (x) > 0}, it can be

*It should be clarified that the subscript on Py only refers to a dependence on ay, which determines the
location and scale of the tiles.
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seen by Chebyshev’s inequality and elementary manipulations that

tu(E;) < mnéjlmm()MM)d

T—o0 T
< |lim — ' AT d
= TLH;)ﬁ o o,N (x)xE[ﬁ(Az{\,f)+(x) x‘
+| lim ! TAPf (x) (x)dx]|
- ]P’
155 27 | N\ g k-
< Z {(Xw+ o N)Ys p, )(EHA f)+}{f Vs,
SG]P’f
b D W o ONWar 2, yor  HE s
SEPf N
1 1 P 1
<o o (B0 (A ) )2 + (B, o (A ) 7)) f 52
Ayl
by the supposition
< E 3 2.
By independence from the choice of Py, it follows that
supt ( Jim L {fxe (<1, 7]: o f ()] > 1)) < gl
>0 T |A |

This is precisely the estimate needed to show weak B* boundedness of the Carleson operator

acting on trigonometric polynomials.

Taking this estimate as established, to extend the Carleson operator from the class of trigono-

metric polynomials to the whole of B?, first define the space B>® to be the completion of

2 under the B** quasi-norm. Taking functions that are equivalent under this norm to be

equal and recalling that the B** quasi-norm is equivalent to a norm (Proposition 1.3.13),

this space can be considered to be a Banach space.

For any f € B?, let (f,)qen be a sequence of trigonometric polynomials approximating f in

the sense that lim || f — f,,| 32 = 0. Using the triangle inequality, it can be seen that for any n,
n—oo

meN,

16 fo—Cfullpze < [€(fa—fm)|see
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< an _meBZ»

by the assumption of weak B* boundedness of the Carleson operator. It thus follows that
(6 fu)nez is a Cauchy sequence in B>* and so by completeness, 6 can be continuously
extended to the whole of B*. It follows analogously that the weak B® boundedness of the

Carleson operator acting on trigonometric polynomials extends to the whole of B2

3.5 Establishing the Main Estimate

From the deductions in the previous section, to prove Theorem 2.1.1, it will suffice to show

the following:

Conjecture 3.5.1 Let E € R be a measurable set such that u(E) exists and is non-zero, let
N : R — R be an arbitrary measurable function, let f be a trigonometric polynomial and let

Py be an arbitrary finite collection of tiles from Dy ... Then

S (s o N 2eMF s )] < > |2u< V(£ e

SE[Pf

Here, the following weaker result will be established:

Theorem 3.5.2 Let E < R be a measurable set such that u(E) exists and is non-zero, let N :
R — R be an arbitrary measurable function, let f be a trigonometric polynomial and letIP; be

an arbitrary finite collection of tiles from Dy 4,. Then

S Zwr o NWspo xeW s} € —(E)? | f 5.

SE]P)f ’Af|

Throughout what follows, the set E < R, functions f € B?>, N : R — R and collection P;

Dy, will be taken to be fixed.
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As the form of the main estimate (with either power of factor T |) is analogous to the one that
Lacey and Thiele establish to prove Carleson’s Theorem on L*(R) (given at the end of Section
1.2.1), the approach used to prove Theorem 3.5.2 and that suggested for proving Conjecture
3.5.1 will follow a similar scheme. This requires concepts of “mass” and “energy” adapted
to this context. The former can be defined as follows for a tile s € Dy, and an arbitrary

collection S € Dy 4, :

M(E; {s})=u(E)~" sup lim 1 L]~

f 15 4%,
ueby, fTHOOZT [~T.TInEnN~Y(wu) mer. (1 N |x+:}c(1u)|)

s<u [Zu|

M(E;S) :=sup .M (E; {s}).

sES

As with the L*(R) concept of mass, the first expression is a generalisation of a natural expres-
sion of density of E with respect to a tile s. Here, an integrand that reflects the decay of ¢, ¢

is chosen, based on the estimate from Proposition 2.3.3.

The concept of energy in this context is a straightforward generalisation of the L?(IR) expres-

sion. For a collection of tiles, S € Dy , » define

1

E(f;S) = Hfll sup <|Impm ‘Zl{f ¢sf}|>

2
B ']I a +tree seT

Throughout the remainder of this part of this thesis, for a tree T; from an indexed collection,
it will be written that top(T;) = I; X w;. Whilst this is an abuse of the notation scheme

already introduced, it will serve to simplify the presentation in what follows.

The proof of Theorem 3.5.2 will proceed by using the following three lemmata:
The Mass Lemma Let f be a trigonometric polynomial and let N : R — R be an arbitrary
measurable function. Choose E — R to be a measurable set such that u(E) exists and is non-

zero and let Py be an arbitrary finite collection of tiles from Dy ,. Then Py can be written as

IP’}g’“ U IP’}]‘f“y where

) 1
M (E;PP) <~ (E; Py)

o~
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and IP’}]‘Z’avy is a union of trees T; with
2L < (B )
J

The Energy Lemma Let | be a trigonometric polynomial and let Py be an arbitrary finite
collection of tiles from Dy . Then Py can be written as IP";W L Pl;gh where

&(f; Pr)

1
éa ;]P)low g_
(i) <3

and P} is a union of treesT; such that

1
YL < —6&(f; P
~ Ayl
J

The Tree Lemma Let | be a trigonometric polynomial, let E = R be a measurable set such
that u(E) exists and is non-zero and let N : R — R be an arbitrary measurable function. Then

forany tree, T = Dy,

DM tr o NV el bl < \/7|Imp |6 (f5 T)A (E; T)| £ 5214(E).

seT

Proofs of the mass, energy and tree lemmata will be provided in Sections 4.1, 4.2 and 4.3

respectively.

For the purpose of simplifying the notation used, for the remainder of this thesis, the

objects a; and P will simply be written as « and P.

The proof of Theorem 3.5.2 can now be completed, assuming the three lemmata. The scheme
of the proof is to decompose the collection PP into certain well-chosen subcollections of trees

using the mass and energy lemmata, allowing the desired estimate to be proved using the
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tree lemma. More specifically, P will be written as| |"° P, for some n, € Z where for each

n,

M(E;P,) <2, &(f;Py) < 2"

and IP,, is a union of trees T, such that

Dl <272
j

To begin this process, choose n, € Z to be sufficiently large that ./ (E; P) < 2*™ and & (f; P) <

2™, Note that both ./ (E; P) and &( f; P) will decrease as tiles are removed from P. The

[Asl2
mass and energy lemmata will be used repeatedly to select which tiles are removed into the

sets [P, so that the desired mass and energy estimates hold.
Consider the following steps:
o LetP, =0.

o If ./ (E;P) > 220m=1 apply the mass lemma to [P to obtain the collections P*** and

P, Augment P,,, by P and observe that P**” is a union of trees "JI‘;. such that

D M iop(ry| < (A (E;P))~F < 27207 D) x 272,

J

Replace P with P,

1
o If &(f;P) > ——2""", apply the energy lemma to IP to obtain the collections P** and

7l

P, Augment IP,,, by P"#" and observe that P"*" is a union of trees ’]I‘;.’ such that

1
1
|Asl2

1 -2
2 M oprn| S ( E(f; p)) < 2-2m-1) o gm0,
] 7 Ay

Replace P with P,
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e Observe that the newly obtained PP, is a union of trees ']I‘noj such that

2 | Liop(T )| S 2720 2720 & 2T,
- j
j

The above steps provide the set ;. To obtain the full sequence (IP,)" , iterate the above

procedure on what remains in the collection PP (to obtain P,,,_,, then IP,,,_, and so forth).
With the desired sequence of subcollections of P obtained, now observe that for any s € D 4,

1 |I,|~tdx
M(E;{s}) = u(E)'sup lim ﬁf — —
uebyq T ® [-T.T]InEAN~Ywu) pmer (1 + ‘x+;*0(1u)|>

s<u [1u|

1 (" I, tdx
< u(E)'sup lim _Tf Z | u|m _
uebo, "0 21 )1 1oy <1+w>
s<u [1.]
J |I,|'dx
= 'sup a
ueDns meZ \x+f—c<zu>|)
s<u 7]
I,|"tdx
g L
uebyq |x]
s€<2 (1 + |Iu\>
= u(E) 1af(1+|x|)_1°dx
R
a
< .
u(E)

As such, the mass estimates on the collection (P, ) may be improved to

2n
M(E;Pp) < ozmin(2 \/a)

Va' u(E)

The proof of the main estimate (from Theorem 3.5.2) may now be completed as follows:

DU o NWs o M Frbss

seP
no

< Z Z Z |{ }{w+ ON wsf’ZE}{f lpSfN

n=—o0 j se'ﬂ‘nl
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S E)|fls Z Z|-’n,\5’ f;Ty,)A(E; T,,) by the tree lemma
\/> n=—o j
1 22n \F)
< f s 2" m1n< |I,,,| by the mass/energy estimates
|Af|2 H HB n_Z_oo \/a ‘LL( ; i
E)\ E)\ ?
B, 3 anm<< u( )) zzn,(u< >> )W
|Af|2 n=—w a a
1 E 2 E -3
< |f||322mm<< i )> o, (u( )) 2n>
’Af| nez @ a
1 1
S i (E)? || f] 52
Al

This completes the proof of Theorem 3.5.2, given the three lemmata.



CHAPTER 4

THE THREE LEMMATA

This chapter will provide the proofs of the three lemmata stated in Section 3.5. The broad
schemes of the proofs are based upon the analogous proofs by Lacey and Thiele in the
context of the Carleson operator on L*(R), and as such, the reader may find it instructive
to compare the steps presented herein with those followed in [92]. More detailed accounts

of Lacey and Thiele’s proofs are also provided in [90] and [67, Ch. 11].

4,1 The Mass Lemma

In this section, a proof of the mass lemma is provided. Recall that for a tile s € Dy, and a

collection S € Dy 4, mass is defined in the following way:

! L™
M (E; {s}) = p(E)" sup lim — m
ui)fia T=0 2T JI_1,1)nE~AN=1(wy) meZ (1 + W) 10

dx,

M (E;S) :=sup .M (E;{s}).
seS
This definition given, the mass lemma, as stated in Section 3.5, is as follows:

The Mass Lemma Let f be a trigonometric polynomial and let N : R — R be an arbitrary

measurable function. Choose E < R to be a measurable set such that u( E) exists and is positive

99
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and letP be an arbitrary finite collection of tiles from Dy ,. Then P can be written as P"*" L™

where

A 1
AM(E; P™) < ZJ/Z(E; P)
and P** is a union of trees T; with
PULARSIAe: Sl
i

Proof The decomposition of P into the disjoint union of P*" and P"*" is straightforward. To

select P, simply choose “heavy tiles” in the following way:
P = {seP: /4 (E; {s}) > ;.4 (E; P)}.

It is then clear that P"*", defined to be the collection of remaining tiles, satisfies . ( E; P'") <

i//l (E; P), so to prove the lemma, it suffices to show that P"*" is a union of trees T; such that

2 (B P)
j

Observe that for each s € P**, there exists u, € Dy, with s < u; such that

1 I, |t
u(E)™! lim — L

1
dx >~/ (E;P).
T—-0 2T [~T.TINEAN"Y(wu) mey, (1 + M) 10 4

Tus |

The symbol U will be used to denote the collection of such tiles, that is to say

U= {u;:seP}.

The collection P***¥ can be grouped into trees T; by selecting the maximal elements (with
respect to the partial order <) from P"* as the tops of these trees, recalling that distinct
maximal tiles from a given collection are necessarily disjoint. Let Up,.x be the collection of

maximal tiles from U. Note that for any u € Upay, if there exist j and j’ such that top(T;) < u
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and top(T;/) < u, it must be the case that I; n I;; = . Indeed, if this were not the case, the
disjointness of the tops of the trees would require that w; N w; = @ which would contradict
the fact that top(T;) < u and top(T;/) < u. It follows from this observation that for any
distinct j and j’, either the time projections of the tops of T; and T} are disjoint or they are

contained within the time projections of distinct tiles from Uy, (or both), hence

DILI< ) |6
J

U €Umax

As such, to prove the desired inequality, Z |I j| < M (E; IP’)_I, it may be assumed without

j
loss of generality that the tops of the trees, T}, are precisely the elements of Uy, Given this
assumption, for each j,

J 1!
120 2T JI-1,1)nEAN-"(0)) e, <1 + —‘”%—C(lj)\)

|7;]

1
0 dx > Z«//Z(E, P)

Introducing a mild abuse of notation by temporarily defining 2" « I; := 0, each side of the

above inequality may be decomposed as follows:

() ED 1 3o

) m —10
. x+2—c(I;
< Zlim— Z 1+| y = ax.
o T—w 2T [T, T]NnEnN~Yw)) mezZ |I]|
x+ B ek« \2k—1x;

Note that the interchange of the sum in k and the integral can be justified by the monotone
convergence theorem. To justify the interchange of the sum in k and the limit in T, by the

dominated convergence theorem (formulated for infinite sums), it suffices to show that

1 2 —c(r)\
x+=—c(;
2 1+ a ! dx
|1

2T Ji- 11~ EAN— (o)) -
x+ B2k« \2k—1x];
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is bounded uniformly in T by a quantity that is summable in k. To prove this, observe that

~10
. x+ 2 —c(l
o v i e,
rer+ 2T [-T.TINnEAN~Y(w)) meZ |Ij|

X+ G e2bal\2k 1wl

~10
x+ 2 —c(I;
< sup Z 1+ | “ &)l
xeR mezZ |I]|
x+ 22k« \2k—1x];
k=2]7.1\ 10
¢ 2o (12040
|15
as the sum in m consists of at most 2¢~! terms and inf lz —c(I;)] = 25215

ZEZk*I]'\Zk*l*Ij

As a consequence of this decomposition, for each j, there exists k € N, such that

M (E; P) _
H(E)T|Ij|2 ¢
~10
. x4+ 2 —c(l;
T—w 2T [-T.T]nEAN—1(w)) meZ |I]‘

x+ B ek« \2k—1x;

Denote by Uy the set of the tops of all trees from the collection (T;) that satisfy the above
estimate for each particular k € Ny. Observe that since there exists at least one such k € Nj

0
for each j, it follows that2|lj| < 2 Z |1, ].
J

k=0 uely
For fixed k € Ny, successively select u € U such that |I,,| is as large as possible but so that
(25« I,)) x w, is disjoint from (2% « I ;) x w, for previously selected u’ € U;. Once this
process is exhausted, for any u € Uy, there exists a selected u’ € Uy such that |I,| < |I,/|
with the corresponding enlarged tiles intersecting. It follows that all tiles from U associated
with the same selected tile u’ have their time projections covered by 272 x I,,,. Further, by
maximality, since their frequency projections must overlap, their time projections must be
disjoint. As such,

ML <252 Y |1,

uelUy u’eUy
u/’selected
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so it follows that

S u(B) LEE) o

uGUk 8
m —10
< 2k+2 Z ].lm if Z 1+ ‘X‘i‘g_C(Iu/)‘ dx.
wen, T * 2T J-1.1)nE~AN-Y (1) ) | T]
u/’selected x+%€2k*1u/\2k_l*lu/

For any x € R, the sum in m has finitely many terms. In particular,

{meZ:x+% 2« [, \2" x I}
< |[{meZ:m 2«0, 1]}
= [{meZ:me2*«[0,1]}|
< 2l{{meZ:me|0,25]}|

< 2k+2.

With this estimate on the number of terms in the sum in m established, making a straight-

forward ¢* estimate, it can be seen that

p(e) iy 5y,

uEUk

m I —10
< 2k+2 Z lim if 2K 2max | | 1+ Xt el
T—0 2T [~T.T]nEAN=Y(w,/) meZ | 1/|

u’el k
U/ selected

X %Zk*lul\zk—l*lu, (x + %) ] dx.

m
Observe that for x + — €25« I,\2" "1« I/,
a

X+ 2 —c(lw)|
|Iu’|

4
1+ >gu+2“5.
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It hence follows that

p(e) Ay 5 1,

8 uEUk
< 2k lim —J 27 max yor,g pok1ag, (X +2)dx
u;Uk =0 2T JI_17]nE~AN-1(0,/) mez 2 ¢

u/selected

= 278k Z u(EmN’l(wu/)mU ((Zk*Iu/\Zkfl*Iu/)—I—%)).

u’eUy meZ
U/ selected

Now, as the sets 2X « I, x w,, are disjoint for selected tiles u’ from Uy, it can be seen that for
any collection of such tiles, V, such that the N~'(w,) overlap, the 2¥ x I, must be pairwise

disjoint. Observing that

St smax( Y (nel Y ),

u'eV u'eV u'eV
1 1 1
IUIQ[O,E] Iu’g[za C(]

the collection V can be restricted to those u’ such that all the I,/ are contained in either
[0,5-] or [5-,2] It is claimed that under this assumption, if there is more than one tile

remaining in V then the 2* I, are not only disjoint but must also all be contained within

an interval of width é Indeed, this follows from the following elementary result:

Proposition A collection of non-overlapping intervals with centres all contained in an inter-

val of width | must be entirely contained within an interval of width 21."

From this observation, it can be assumed without loss of generality that the sets

N~ ww) o [ (@8> LA x 1) + 2)

mez

*Since the hypothesis that V contains tiles u’ with N~!(w,) overlapping necessarily means that V con-
tains more than one tile and since the I,/ are disjoint, having a tile u” in V with I,,, = [0, é) is not possible.
To prove this proposition, it suffices to consider the case where the collection consists of only two intervals.
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are pairwise disjoint across the collection of selected tiles from U; and hence

() E By 5

ueUk

< 2% Y u(BaN(o0) n | (@12 w10+ 2))

u’elUy meZ

U/ selected

< 27%u(E).

Recalling thatZ|I | < Z Z |I,,|, it follows that

k=0ueUy

Sl < Yok
J

k=0

< M(E;P)!

which completes the proof of the mass lemma. O

4.2 The Energy Lemma

This section will provide a proof of the energy lemma from Section 3.5. Recall that the energy
of the function f with respect to a collection of tiles, S < 1y ,, is given by the following

expression:

se']I‘

. !
S s
8(f8) = meﬁ(ump wam)

The energy lemma is as follows:

The Energy Lemma Let f be a trigonometric polynomial and let P be an arbitrary finite

collection of tiles from D . Then P can be written as P L P"®" where

E(f;P) < -&(f;P)

N =
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andP"" is a union of trees T; such that

1 _
2|Ij|§A—£(f;IP’) ’
- [As]

1 2
Proof Firstly, for any +tree, T, define the quantity A(T) := TP (|It Z (s r )] )
op(T

se’]I‘

The process of partitioning IP into P** and P"*" is essentially as straightforward as the anal-
ogous step from the proof of the mass lemma. However, a particular selection algorithm
will be used to select entire trees from P to form the collection P"®". Specifically, the “high
energy” tiles should be selected by repeating the following procedure for increasing j € N

until it terminates:
e Choose the +tree T+ < IP with minimal ¢(wiop(t;+)) such that A(T;+) > %é”(f; P).

e Let T; < IP be the largest tree possible (in terms of its cardinality) with the same top as

T;+ and remove it from PP.

Define P to be the remaining tiles in . Since it is clear that &(f; P) < ;&(f; P), the proof

will now be complete once it has been shown that 2 | <&(fF;P)?
J

Using the fact that A(T;+) > 3&(f; P) for each j,

)ZZ|I]'| < Hf”2 Z Z |{f wsf}|

Jj oseTj+

= IR AT

anz 2

Hsz {fz Z {f, U)Sf}wa}

j seTj+

Z Z {f’ws,f}'/’s'f B2
Jj seT;j+

N

W

It thus suffices to show that

HZ Z {f ‘/JSfj”ube

J seT;j+

< @rfuzzcﬂf; P2y 1)
J
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Define U := U T;+ and note that
j

2
B2

H 2 {r, l/’s'f}lps.f
seU

1 T -
= lim —JT Z {f’l/"s,f}ws,f{f’lps/,f}w%f

T—w0 2T
s,s’elU

< D WA Mtbor o HE o s}

s,s’eU

Now, by orthogonality on the frequency side (Proposition 2.3.3), it can be seen, given the

dyadic sizing of the tiles, that unless w~ < w, or vice versa, it must be the case that
{beptherh=0.

Using this observation and a symmetry argument,

HZ Z {f’wsyf}ws,f ;
J seT;j+
< X KA Mbsp o HE Yot +2 Y Whbs Wabsp o HE ol
s,s'eU s,s'eU

wxga);,

The two terms in the above expression will simply be referred to as the “first term” and the

“second term” and they will be considered separately.

For the first term, recall that by Proposition 2.3.3, for tiles s, s € Dy, with | I;| > |Iy/],

1
AR |I;|~'dx
(et s o ) | |
ATV RN é Lo+l (1+ |x—c<zs>>1°

5]

Note that for any distinct tiles, s, s’ € Dy 4, with w; = wy it is necessarily the case that Iy N

Iy = 0. As such, majorising |{f,vs s} and |{f,¢ s r}| by the larger of the two, appealing to
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symmetry and using the above estimate, it can be seen that

Z |{fr ws,f}{l/)s,f’ws’,f}{f’ 7705’,f}|

s,s'elU
Ws=wWgy/
< DAYl D) Wbsp s
seU s’el
ws=wy
2 || \1\ dx
< ZW Yarll® 2 (m) ZJ (14 ey
seIU s’el s ezt |1 | )
Ws=wgy
Jj seTj+

< |2u S PRI

This gives the required estimate on the “first term”.

To prove the desired estimate for the “second term”, it will first be shown that there are
“strong disjointness” properties that hold for the time projections of the tiles under consider-
ation. The first such claimed property is that for s € T;+ and s’ € T+ such that w; < w_,, itis
the case that Iy N I; = 0. It can thus be said not only that the time projection of s’ is disjoint
from that of s, but also that it is disjoint from the time projection of the entire tree that s
belongs to. Note that by the hypothesis that w; = w,, the +trees here are necessarily distinct.
The second strong disjointness property states that, given an additional tile, s” € T;+ with

s"” #s"and w; < w,, it is necessarily the case that Iy N Iy = 0.

To prove the first of these properties, observe that c(w;) € ws S w_,. As Ti+ is a +tree,
¢(wy) € w}, and hence ¢(w;) < ¢(wy). Given the algorithm used to select the +trees, it must
thus be the case that T;+ was selected before T, +. Given that |Iy/| < |I;], it follows that if
Iy N I; were not empty, the tile s’ would have qualified to be a member of T;, which would

prohibit it from being in T, +. The first property hence follows.

The second strong disjointness property is a corollary of the first. Note that w_, and w_,

have non-empty intersection (as they both contain wy). If w_, = w_, then Iy and I;» must be
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disjoint by the assumption that s” # s’. Assuming that this is not the case, either wy < w_,
or ws» S Wy,

that either I;» N I = 0 or Iy n I; = . The truth of either of these statements requires that

. The first strong disjointness property can be applied to both cases, providing

Iy N I;» =0 and so the second property is proved.

With these strong disjointness properties established, now consider that

Now, as the singleton {s'} is a +tree, |{f, s/} <

Z Z |{f’¢s,f}| Z |{f’¢s’yf}{lps,f’¢s’,f}|

Jj oseTj+ seU
O )2( 5 (8 Wbt asia)’)
j o oseTj+ seTj+  s'eU

wsgw;

1

Zu\ 28(f; P ||f|Bz( (D {f,ws/,fws,f,wsaf}!Y) :

seT;+ s’eU
wsgw;

is bounded by

Considering the inner two sums only and using the estimate on the inner product from

1

£<f;P>2|fuzzZuj|%( > (X |fsf|%|<ws,f,ws/,f>>|)2)2-

j seTj+  s'eU

wsSw,

Proposition 2.3.3 again,

N

N

¥ (3 el

seTj+  s'eU

2
1 1] dx
> LY f —>
At seTj+ < s'eU Iez 1+ \Z(IIS)‘)
wsgws,
2
I|~tdx
<EJ | |,|C ()] 10) by strong disjointness
se’]T + IeZ N +L (14 ===4 T )

Iy |28 (f; P)||f] 52, so the above expression
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\I] l 1+ ‘x C( )|)10

seT + IeZ a | I |

To complete the proof of the energy lemma, it suffices to show that this quantity is bounded

by a constant multiple of ———|I;|. Noting that the time projections of different tiles from

\A i
T;+ at any particular scale are disjoint and decomposing the above quantity, it can be seen

that

|I|"'dx
E 2 ] i

se’JI‘+ leZ Ihp+L (14 T Edio
= 2”‘]1~|Z [ @) " dx
B J
= seTj+ ez (0. )+L (14 ‘xz §|(I“‘)‘)10
|Is|=27F|I;]
0 —k s
< mpl I 2wy f (21 dxdy
| f| =0  seT;+ 1ez I J([0, 0\ +% (1+2 k|”)10
|15\72*k|1,'\
R e
‘A ‘2 = \I 1+2|xk|}1/“)10
<

_|[."
Af2T

This completes the bound on the “second term” and thus completes the proof of the energy

lemma. O

4.3 The Tree Lemma

This section will provide a proof of the tree lemma as stated in Section 3.5:
The Tree Lemma Let [ be a trigonometric polynomial, let E € R be a measurable set such
that u(E) exists and is non-zero and let N : R — R be an arbitrary measurable function. Then

forany tree, T < Dy 4,

S U ros o N)s o 2 s 1] < ﬁumpmg(f; ).t (E; T) | | 12 E).

seT
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Proof To begin with, by letting £; be an appropriate phase factor for each s € T, the left hand

side of the desired inequality in the statement of the lemma can be bounded as follows:

Dot o N e Frp sl

seT
= Y ed(Xor ONWs g, M Frtbss)
seT
- Th—I}c}oz_f Zb‘s{f YsrhXpan- Hf) ()Y f(x)dx
—TseT

N

H Zss{f’ ws,f}ZEmN*I(wj)ws'f 5
seT

Throughout the remainder of this section, the term “é-dyadic intervals” will be used to
refer to the intervals of the form [£2¥, 212K) for [, k € Z. The time window, [0, 1), will be
partitioned into maximal é—dyadic intervals J such that Iy &£ 3* J for all s € T. The collection
of these intervals will be denoted by ¢. For each J € ¢, J will be used to denote its é

periodisation, that is J :— U(] +1)
lez

This definition given, the left hand side of the desired inequality is seen to be bounded by

the following decomposed expression:

S o N e bt < D0 D0 At tpan1r Werkile

seT Je g seT
|Is|<2]J|
+ZH( > Es{f»lps,f}xEnN*l(wj)vaf)Xf N
Je s seT

[Is[>2|/]

For each J € ¢, this decomposition breaks up the tree into tiles with time projections that J
stays away from and tiles with time projections that J is near to, loosely speaking. As such,
these terms will be referred to as the “away” term and the “near” term and it will suffice
to bound them by the right hand side of the desired inequality independently. Since the
functions 5 ; are “well localised” to the time projections, I;, the “away” term is essentially
a “Schwartz tails” term, whilst the “near” term is the more important and more difficult part

of the estimate.
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To deal with the “away” term, recall the estimate

W&Aﬂksiﬁmréij(Lﬁx+ﬁ;f000_

mez

from Proposition 2.3.3 and the trivial energy estimate |{f,v's b < | f|5&(f; T)| L |2, which

follows as the singleton {s} is a +tree. These given, it can be seen that

DI W CRT

Je ¢ seT
|Is]<2]J]|
S L 2 Mleenminl J L (@) dx
jo ot \/*T—K)OZT 1= <1+M>20 JNEAN"Ywy")
1Is[<2|J]| A
|I| XJAEAN~Y (o +)(JC)
< zg I lim J w; dx
,62, 2 | £lls26(f5 )| | Ll ==
|Is|<2|J| A
—10
|x + % —c(l)
xsup | 1+
x€J ’Is‘
meZ
: x— ey ™
< E(FT)AED flen(B)Y, Y msuP( ey
\/a Je g seT xeJ
[Is]<2]J]

To obtain the required bound, it thus suffices to prove that

x—c(1)[\ "
Z Z |I|Sup<1+ | | S’Itop(’]l‘)‘-

Je g seT xe]
I1l<21/]

The supremum here may essentially be taken over just J, though the full details are slightly
technical and will be postponed until the end of this section (see page 121). Making this

assumption and breaking the sum in s up into separate scales,

S w5 8 (o)

Je g seT xe] Je g seT
[Is|<2]J| [Is]<2]J]|

log, 2a|J| 2k dlSt I 1 ) -
Ny 2y (=)
Jef k=—oo seT

m-i

N
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Now, a2 ¥ dist(J, I5) = |Lop(r)| " dist(J, Lop(r)). Noting that tiles at a fixed scale are pairwise

dist(J,1,)\
S (1) <

seT
k
|IS‘:L

disjoint,

hence the above can be bounded by a constant multiple of

log, 2a|J|

2 2k - 2 7| Z 7
diSt(],Itop(T)) 5 ~ dist(J, Itop('f) %‘Imp(T)‘+2d15t(]v1top(11'))
Jef k=—0 (1(1—1——) Jjeg <1+ ) f 1+

o

Forany J € ¢, if x € J then |x — ¢(Lop(r))| < |J| + dist(J, Liop(r)) + 3| Tiop(r)|- Further, given

[Ttop(m) | Teop(m) | [Tiop() |

that I;,p(1) and J are l—dyadic intervals as well as the fact that I;,p(m) £ 3 * J, either J S Tigp(T)
or J N Iiopry = 0. In the first case, | J| < |Lop(r)|- In the second case, if | J| > | Liop(ry| then | ]| <
dist(J, Liop(t)). In either case, it follows that | J| < dist(J, Iiop(t)) + | Lrop(T) |- Consequently, |x —

¢(Tiop(my)| < %|It0p(11‘) | + 2dist(J, Iiop(T)), SO the previous expression is bounded by a constant

I -5
f < tOp(T)) | > dx < |I[0p(11‘) ’
]e] ‘ItOp )’

This completes the desired bound on the “away” term.

multiple of

To consider the “near” term, note first that for any J € _¢ such that there exists s € T with
2|J| < ||, it is necessarily the case that J < 3 x Iiop(r) since 2|J| < |Iiop(r)| and J was chosen

maximally. As such, the “near” term may be rewritten as

Z H( Z Es{f»ws.f}ZEmN—l(wj)ws,f>Xf Bl

Je g seT
]g3*1top(']l‘) |IS|>2U|

Define G(J) = J n U (EnN~"'(w])). To allow the desired bound for the “near” term to

seT
|Is|>2]]]

be proved, the following density estimate for G(J) will be established:

u(G(J)) s A (E; T)u(E)|J|.
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To prove this, define J' to be the unique é—dyadic parent of J and observe that by the max-
imal choice of J, there exists s’ € T such that Iy = 3% J'. Asitisa i-dyadic interval, I is
either exactly two thirds of 3 x J' or it is contained in either the left or right third of 3 J'. In
the first case, define s” := s'. In the second case, let s” € Dy, be chosen such that |I/| = |J|

and s’ < s” < top(T). Note that this choice of s” is not necessarily in T.

Figure 4.1 — An example of the process of selecting s’ and s”: The fixed interval J and its
dyadic parent J' are indicated as black lines. The dotted lines extending J’ indicate 3 » J'. The
tree T consists of the blue tiles together with the red tile as its top, although the faded blue tiles
do not satisfy | I;| > 2| J| and hence do not contribute to the part of the “near” term under
consideration. The grey selected tile, s”, is not a part of T.

In both cases, it is claimed that for any tiles s € T “near” J (that is |I;| > 2| J|), it follows that

w; € wyr. Indeed, to prove this, consider the alternatives:

e Suppose wy N w; = 0. Then as s” < top(T), ws N Wwp(r) = 0, so s ¢ T, which is a

contradiction.

e Suppose wy» & w;. Then |I;| < || < 4]J|, which is also a contradiction, as it implies

that |I| < 2|]|.
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It follows that a tile s” € Dy, has been found that has a frequency projection covering all the
frequency projections of tiles from the definition of G(J) in the sense that G(J) < J n E n
N~ (wyr).

Using the definition of mass and making some straightforward estimates, it can be seen that

AM(E; T)u(E)|J|

R AM(E s u(E)| L]
r
1
> lim — Z S dx
T=%0 2T JI_1,7]nEAN-1 () meZ (1 n \H%‘;CI(I.«/)I)
r ’ 1
> lim — > ~dx
T—w 2T J[=TT]nJnEAN~Yww) mez, (1 + ‘x+%|*‘c(ls”)|)
J
—10
1 [ x+2—¢ Ign
> lim — sup 1+‘ « o) dx.
T—0 2T ) [~T.T]nJAEAN=(w) meZ |7

For x € J, given that Iy €3+ J', |x — c(Iy)| < 4|J|. Additionally, s’ < s” and |I;#| < 4|J|, so it
follows that |x — ¢(Is+)| < 8|J|. Clearly, for any x € J, there exists m € Z such that x + e,

SO

—10
J sup 1+ |x+%—C(Isl/)’ dx>‘U,(f]\,mEﬁN71(Cl) ))
T—0 2T [T, T)AJAEAN= (w) meZ |]’ N o

Given that it was established that G(J) < J n E~ N~ (wr), the desired estimate, (G (J)) <
A (E; T)u(E)|J| holds.

With this size estimate established, splitting the “near” term further, it can be seen that

> H( >, €s{f,lPs,f})(EmN—l(w;)lPs,f)xf

Jey seT
]g?’*ltop('ﬂ’) |IS‘>2|]|

< Z (H( Z gs{f»¢s,f}ZEmN*1(w;“)¢s,f>%f

Jey seT—
]g?’*ltop('ll‘) ‘Is|>2‘]|

+ ( Z gs{f’lps»f}XEmel(a)?')wS,f>Z]~ Bl)’
seT+

[I5]>21/]

B!

Bl
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where T =T— u T+ and T— is a—tree and T+ is a +tree.

These two terms will be considered separately. Looking at the —tree term first, observe that

Z H( Z es{f st X pnn- 1(ws)¢5f)){]

Je g seT—
JS8slopry  |1,]>2]]]

1
= Z lim —f
=0 2T Ji_11)n]

Z ES‘tf’wsvf}ZEmel(wj)(x)wsyf(x) dx

jey seT—
]g3*1mp('£‘) |15 |>2[J]
SO W CCI0))] B WX VAT AT SIToN I
Jeyg seT— ]
]g3*ltop(T) ‘IS|>2U|

By the —tree structure, for s and s’ € T— at different scales, a);r N coj, = (), so a certain
disjointness is enforced in the sum in s. Using the estimate on u(G(J)) and observing, as
previously, that as the singleton {s} is a +tree, the estimate |{f, 15 s}| < L) 2| f| 26 (f; T)

holds, it can thus be seen that the above expression is bounded by

>, w6y suwp | I

]ef k>log22a|]\
JS3xIop(T) |1S|:i
a

L=(J)

< aEmE Y 1 s L | X el

jes k>log,2a|J|
JS3%Liop(T) Ilsl—i
< E(fi )M (B T)|f|men(E) >, [J] sup RN Z Z b el
Jer k>log, 2a|]| xe] seT— meZ A )10
JE3xIop(T) [1s|= 2: S

by the estimate on |} ¢| from Proposition 2.3.3.

Now, in the sum in s, the I, are disjoint and contained in [0, =), so

2 47 |x+,_c N

seT— mez ( T neZ
=2
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It hence follows that the —tree term is bounded by a constant multiple of

\/Laff(f: T).A (E;T)| f|| 5214(E) ]EZJ = \/La\ftop(w)g(f: T). (E; T)| f|| 524(E).

]gg*ltop('ﬂ‘)

This gives the desired estimate on the —tree term. It remains to consider the +tree term:

Z H( Z gs{f’ws,f}ZEmel(wj)lps,f)Xf

Je g seT+
]g?’*lmp('l[‘) |IS|>2U|

Bl.

Observe that in a +tree, all the upper frequency projections are nested. For each x, this fact
allows the tiles s for which N(x) is in w to be more easily identified. Indeed, for each fixed
J € ¢ with J € 3 % Iiop(t), choose uy, vx € T+ N {s €Dy, : || >2|J|} foreach x e 7 such that

for any s € T+ with |I;| > 2|/,

N(x)ew! & w,, S w; S Wy, < |w,,| <|w| <|wy,].

Let y € #(R) be such that (&) = 0 for || > & and 7(&) = 1 for || < 1. For x, A € R, define

100

function 0 € . (R) to be such that

It follows from this definition that if s is a tile in T+ with |I;| > 2| J| such that |w,, | < |w,| <
|w,, | and A € R is such that tfs\f(k) # 0 then HAX()L) = 1, whilst if s is any other tile in T+ and

A € Ris such that @(A) £0, then 0, (1) = 0.

It follows, using Theorem 1.3.8, that the integrand from the +tree term can be written in

terms of an operator defined by convolution with a Schwartz function. This in turn allows it
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to be bounded by a maximal function of Hardy-Littlewood type:

‘ Z Es{f,I/Js,f})(EmN—l(wi)<x)lps’f(x)’

seT+
1s[>2]7]
= (X edfvpughres) 6.) 0)26(x)
seT+
< 2x(x) S JR ‘ S; Es{fyws,f}i/)s,f(y)‘%‘r(%) ‘ dy
< sup L[]S et )y

5>4)7120 Jy—5 | S

By these deductions, the +tree term may be bounded as follows:

Z H( Z ES{f’lps,f}ZEmN—l(wj)l/’s,f)Xf

Je g seT+
JS3xlopry  |Is|>2|J|

1
= Z lim —J
=0 2T Ji_11)n]

Bl

Z Ss{fﬂffs,f}ZEmN*l(wf)(x)ws'f<x>‘ dx

Je g seT+
]gg*ltop(ﬁl‘) ‘Is|>2|]|
1 xX+0
< Y uGUYswp sup = | | Y ed ey (y)|dy
Jes xe] 0>4]J] x—=0 ' seT+
JE3*Lop(r)
1 X+0
< MEDE) Y, lswpsup = | | Y el fpu ()| dy.
Jeyg xe] 6>4|J| x—0 ' eT4+
JE3*Iiop(T)

By the recentring properties of the Hardy-Littlewood maximal operator,

1 X+0
sup sup — || 3 el fops o (v)|dy
xe 41120 Jx—s s§+
x+§+5
< infsup sup — || D el £ s (v)|dy.

X€J kel 5>4|J| 20 x+E-5 oL

Replacing the infimum above by an integral over J and then observing that this integral may

be rewritten as an averaged integral over fby periodicity of the integrand, the +tree term is
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seen to be bounded by a constant multiple of

M (E; T)u(E) —HM( ss{f»ws,f}@bs,f))ﬁ B

Jes seT+
]C?’*Itop(']l')

where M is a variant of the standard Hardy-Littlewood maximal operator, defined, for a
suitable function g, as

x+£+6

Mg(x) = supsup — g(y)|dy*
keZ, 5>0 20 x+é—5

By Hoélder’s inequality, the +-tree term is seen to be further bounded by a constant multiple

of

~< Z 3s{f»‘/)svf}¢svf> B

seT+

M (B TY(E) (g

Additionally, recalling the definition of s y and using that M is a sub-linear operator, it can

be seen that

51( 3 e rprtns )|

seT+

HM( es{f, l/’sf}‘A | Z Z¢ An +am) Zﬂt(xﬁam))

seT+ nezZ mez B2
AnEAf
< Z HM< 55{fr¢s,f}\/&2 a)\s(ln%—am)ez“i(lﬁam)-) y
|Af| & 2 )

AneAf

Since it is now operating on a function of period %, the operator M may be replaced with
a
the regular Hardy-Littlewood maximal operator, M, so using the boundedness of M as an

operator on L([0, 1)), the above quantity is seen to be bounded by a constant multiple of

max H Z &{f, I/Jsf}\fz Ps(Ay + am)e2  Pntam):

B2'
mezZ

*This operator will be discussed further in the appendix to this part.
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Defining g, (x) = e?"** 4+ ¥ i(4+@)% for example, this quantity may be rewritten as

)\neA H 2 e{f, wsf}lps Zon

so the +tree term is seen to be bounded by a constant multiple of

1
T//l(E;T) ( )|ItopT)|2maXH Z Es{f ¢Sf}¢5gxn

a

Following the same steps as in the proof of the energy lemma, it can be seen that for any

An € Af,

H 2 e{f, l/JSf}l/Js &in

seT+
< Z ’{f’ws,f}{wagx,,’@DS’,gan}{f"/JS’,fN
s,s’eT+
Ws=wgy/
< 2 WAl D) Kbsgn ¥sg
seT+ s’eT+
wWs=wgs
2 || ’I’ tdx
< YAk Y (W) >
seT+ s’eT+ § lezd1o+y A )
Ws=wWg/
SRS
seT+
< |lop [ E(f3 T)?| £ 15

Overall, it may thus be concluded that

3 (X el erbtann o) 1] S e S T (B ) Flaen(B),
Je g seT+

]g?)*lmp('ﬂ‘) |IS‘>2|]|

which completes the proof of the tree lemma. O
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Some Technical Details

On page 112, in establishing the inequality

(1)
S5 adsup (1 E L) g,

Je g seT xe]
|I]<2]J|

it was assumed that the supremum over J could be replaced with a supremum over J. Whilst
this is essentially true, there are circumstances under which the supremum can be attained
forxe J+ é This introduces some small technical issues, the resolution of which is provided

now.

Firstly, assume that | J| # .- for all J € ¢. The case where there are J € ¢ with |J| = - will

be dealt with separately.

Proceeding in a similar manner to before,

[x —c(Iy)| o
Z Z |Is|su13<1+—|ls| )

Jeg seT xejJ
|Is|<2]J|
log, 2a|J —10
82 sz ]x—c(Is)|
- 3% 55 s (a B
o ke @ aed | 1]
=2

log, 2a|J| . -5 . —5
2 2k dist(x, Liop(T)) dist(/, I)
< X 3 T (e Ay (1 S

Jet k= & xej | Ziop(m)| T

2k
|Is‘:7

dist(J + 2, 1)\ ° dist(J —2,1,)\ °
W) P\ M e ) )
It is still the case that

dist(7,I,)\ dist(J +2,1,)\ ° dist(/ — 1, 1,)\ ~°
> bt — ) ) <1
seT

|L|=2
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so it remains to show that

log, 2a|J| .. .
2 dist(x, I
2 Z (1+ ( top(T))

— sup
jes ke—w & xef |It0P(T)|

-5
) S lencol
If the supremum here can indeed be replaced by a supremum over /, then working as before,
this result will follow. As such, it suffices to show that for any J € _¢ with |J| # i, it is

necessarily the case that

dist(J + , Tiop(r)) = dist(J, Liop(t))-

To prove this claim, first note that it cannot be the case that |J| = - or |J| = 5 as this would
necessitate that T be empty, owing to the way that the intervals in _¢ were selected. It can
thus be assumed that |J| < i. Also, if J and Iiop(t) overlap, then dist(/, Imp(qr)) = 0 and the

claim follows, so it will suffice to consider when they are disjoint.

Divide the time window, [0, i), into two halves, each of which is formed of an innermost and
outermost quarter. If J and Iop(T) are both contained in a single half, the claim follows. If
they are in separate halves, by the maximal choice of J as well as its é—dyadic size, ] must be
contained in the inner quarter of its half and I,,(T) must either be the whole of the half it is

contained in or be contained in the inner quarter of its half. In either case, the claim follows.

For J with |J| = i, this inequality can fail*, so this situation needs to be dealt with separately.

Since there are at most four J € ¢ satisfying |J| = ﬁ, it suffices to show that for any such J,

~10
Z |I,|su 1+w <I
s|Sup || S [iop(r)|

seT xeJ
|I]<2]T]

*For example, it is possible to let J = [0, ;- ) and have I;,,(1) contained in [%, é)

1
’ da



4.3 The Tree Lemma 123

and any remaining intervals in ¢ can be dealt with as previously. However, noting that the

left hand side of the above is bounded by

1 [ Tiop(T) | ; — . _ . _
OgZ‘XEP(T) ﬁ 2 - dlst(], Is) 10+ . dlSt(] + é’ IS) 10+ - dlSt(] . éyls) 10
a & a—12k a—12k 12k ’

k=—0
_2k
|Is|==

the result follows as before.



CONCLUDING REMARKS FOR PART I

Completion of the Proposed Proof

The work presented in this part of this thesis is a record of partial progress towards a proof
of Conjecture 3.5.1 (or some closely analogous conjecture), leading to the establishment of
time-frequency techniques adequate to prove the almost periodic form of Carleson’s Theo-
rem (stated as Theorem 2.1.1) directly. The established main estimate in Theorem 3.5.2 falls
short of Conjecture 3.5.1 with respect to the power of ﬁ from the estimate therein, which

from the definition

is not yet sufficiently large to counterbalance the implicit factor of Ve
of the model operator. In spite of the fact that Conjecture 3.5.1 remains open, it has been
shown that a reasonable analogue of the scheme of Lacey and Thiele can be constructed in
the almost periodic setting and also that many aspects of the analysis of Lacey and Thiele can
be made to work for this analogue. Indeed, a model operator has been proposed which, after
an averaging process similar to that of Lacey and Thiele, has been shown to be equivalent

to the almost periodic Fourier summation operator in a natural way, in that the averaged

operator, I1;, satisfies the equivalence

1
W%ﬂf% sup [T f|

fEEf
for f € 22, where

Bp={feR:E— A, > L VYA, e0(f) n(—x,&]}.
At the very least, this equivalence can be used to conclude that all known bounds for the
almost periodic Carleson operator (which can be deduced from the bounds on the Carleson

operator on LP(R) functions using the transference results of Section 1.3.3) must also hold

for the operator |A¢|*sup |II; -

§€Ef

125
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In addition, the fact that the proposed model operator is susceptible to combinatorial time-
frequency analysis similar to that used by Lacey and Thiele to bound their model operator
can be seen from the fact that natural analogues of mass and energy in this context have
been formulated and shown to satisfy lemmata analogous to those of Lacey and Thiele as

well as relate to the model operator in an appropriate way.

1
The difficulty in establishing the higher power of m in the main estimate required to con-
f

clude Conjecture 3.5.1 is that powers of |A_1f| are lost when the estimates of Proposition
2.3.3 are used (in the proof of these estimates, this occurs when sums over Ay are bounded
by the cardinality of Ay multiplied by the largest element from the sum). Improvements
of the estimates of Proposition 2.3.3 as stated seem unlikely. Indeed, it seems reasonable
to expect [/ ¢| to be potentially badly behaved in at least small regions, due to the way
that linearly independent oscillations in its definition can interfere constructively. As such,
uniform pointwise bounds in this setting are unlikely to be “good”. Further, by applying
Parseval’s identity*, it also seems reasonable to expect the expression |Af[>{y; ;s f) to

grow in a roughly linear manner as |Ay| is increased. This fact is made particularly clear

by considering that, as was shown in the proof of Proposition 2.3.3,

1
s s ph] = W‘ Z Z<¢15x(w5—xn),¢(15,7#)x(w5,4,,)>L2(R) )

nezZ leZ
XnGAf

and it can be seen that the terms inside the sum in 7 here do not depend on n, since for an

arbitrary tile s, the function ¢ was defined as

Ps(x) = |IS|—%¢ (x—|1—c(|ls)> p2mic(ws )x

1
*Here, “Parseval’s identity” can be interpreted as meaning either the identit B2 = An)l? * for
ty p g y nez

~

f € B?, as stated in Theorem 1.3.7, or the more general identity, { f, g} = >.,; f(An) §(A»), which can easily be
deduced for functions f, g € & using orthonormality arguments, as used in various proofs in this part of this
thesis.
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In contrast with attempting to improve the estimates of Proposition 2.3.3, a more likely route
to improving the power of ﬁ in the main estimate seems to be increasing the sophistica-
tion of the parts of the proof of Theorem 3.5.2 that use Proposition 2.3.3, exploiting averaged
properties of the localising function in situ rather than relying on pointwise bounds and
inner product estimates. Specifically, the proof of the main estimate makes use of these
estimates in the proofs of both the energy lemma and the tree lemma and it is here where it
is proposed that an improvement should be sought. Regardless of how they are arrived at, it

seems likely that the only route to establishing Conjecture 3.5.1 within the current scheme is

by proving the following improved versions:

The Energy Conjecture Let f be a trigonometric polynomial and letPs be an arbitrary finite

collection of tiles from Dy ,,. Then Py can be written as ]P’ljﬂw L ]P’}}igh where

E(f; Py)

N =

E(f;PF) <
and P} is a union of trees T; such that

1
Ii| < ——&(f; Py) 2
Z’]’NAHQ (f f)

J

The Tree Conjecture Let f be a trigonometric polynomial, let E € R be a measurable set such
that u(E) exists and is non-zero and let N : R — R be an arbitrary measurable function. Then

forany tree, T < Dy,

S Gros o NV ps 26l ts )] < mwmw T). 4 (E; T) || se1a(E).
seT

If both of these conjectures were shown to be true, Conjecture 3.5.1 would follow and the
proof of Theorem 2.1.1 would be complete. Of course, it is also possible that these results
cannot be proved as they are currently stated and that some alteration to the current scheme

for time-frequency localisation and formation of the model operator is required. It would
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seem prudent to initially consider this possibility within the simpler scope of non-maximal
operators, reconsidering Theorem 3.1.2 which established that for functions f € &2, the

model operator satisfies the bound

1
3
|Asl2

|Ap e fll52 = | s

with constant uniform in p € R and & € R. Given that the averaged model operator is essen-
1
tially equivalent to the almost periodic Fourier summation operator multiplied by W, it
f
seems reasonable to expect the improved bound

1
1Apefllee < — | f 5
g [Agf?

The “loss” of

T here is again due to a use of Proposition 2.3.3.

AviE
An alternative desirable goal, which is potentially less demanding than improving the power
1
of — in Theorem 3.1.2, is attempting to establish the bound

Ayl

Il < 5l
by using the bound from Theorem 3.1.2. Indeed, this bound is immediate via the established
equivalence with almost periodic Fourier summation (for “most” choices of &), but if the
proposed scheme for bounding the Carleson operator, which involves transitioning from
the maximal averaged model operator to the maximal model operator, is viable, the same
scheme should certainly be viable in the less complicated, “non-maximal” setting. With
respect to this goal, it is noted that the averaging process, as detailed in Section 3.3, effects
much cancellation on the model operator owing to orthogonality properties of almost peri-
odic exponentials; that this is the case is seen most clearly from the calculations in Section
3.3.3. With careful thought, the choices of Fourier exponents contained within the localising

function may be subject to some modification without affecting the averaged operator. This
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might, for example, lead to an alternative model operator, gp,g, which corresponds to the

same averaged operator as the regular model operator, but satisfies

~ 1
|Apeflls s —Apfl5
LViE
for each p, £ € R and f € &. Taking this idea further, it might be possible to carry out a
similar argument where the averaged operator corresponding to the altered model operator
is not identical to the original, but is sufficiently close as to allow the desired bound to be

established in this way.

Possible Extensions and Further Work

Given a complete version of the proposed proof of Carleson’s Theorem on B2, there are a
number of natural additional questions that present themselves. Perhaps most apparent is
that the extension of Lacey and Thiele’s methods to L” (R) for p € (1, 20) by Grafakos, Tao and
Terwilleger(%® suggests the natural problem of extending the present work to the B” spaces
for p € (1,00). That paper, together with its predecessor by Pramanik and Terwilleger!''¥], also
considers higher-dimensional time-frequency techniques on L”(R") and it is possible that
a generalisation to higher dimensional techniques may be possible in the almost periodic

setting also.

Additionally, as remarked in Section 2.1, at present, nothing has been said about what kind
of convergence of almost periodic Fourier series might follow from weak B* boundedness
of the Carleson operator. Given that functions differing on sets of infinite measure may be
equivalent in B? norm (and that it is clear that equivalent functions have identical Fourier
series), the question of pointwise convergence requires careful consideration in this setting.
If it can be proved that Fourier series for functions in B* converge almost everywhere to
some function, it may be that this function defines a canonical way for selecting a preferred

representation of equivalent B? functions.
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Adapting the standard L” methods for showing almost everywhere convergence results from
boundedness of maximal operators to the setting of Besicovitch spaces seems to be difficult.
One possible route to showing pointwise convergence results for Fourier series for func-
tions in B? from Carleson’s theorem is to attempt to develop an analogue of the theorem
of Katznelson mentioned in Section 1.1 which established that for p € (1,%0), either the
Fourier series of every L7 (T) function converges almost everywhere or there exists a function
in L7 (T) whose Fourier series diverges everywhere. If a result of this type could be shown for
BP, it would significantly reduce the scope of the required convergence theorem; a direct
analogue would require only that convergence of Fourier series could be shown at any single

point to conclude a full almost everywhere convergence theorem.

With respect to pointwise convergence of almost periodic Fourier series, it is noted that the
author’s previous thesis!'!! proved almost everywhere convergence of dyadic partial sums of
Fourier series of almost periodic functions in the Stepanov spaces $% (k e N) that satisfy the

separation condition.* The proof given there proceeds by bounding the maximal operator?

sup| > f(An)e¥ |

keN A <2k

from S?* to $2*. This is done by bounding this maximal operator by a smoother maximal op-
erator and a square function. Estimating each of these involves generalising boundedness of
the Hardy-Littlewood maximal operator and the Hilbert transform to the Stepanov spaces, as
well as establishing a result of Littlewood-Paley type in this setting. Pointwise almost every-
where convergence is deduced from boundedness of maximal operators without too much
difficulty in this setting so it is natural to ask whether the proposed techniques for prov-
ing Carleson’s Theorem in the Besicovitch spaces could be adapted to the Stepanov spaces.
This question is particularly reasonable given that the Stepanov spaces are subspaces of the

Besicovitch spaces. A resolution of this problem would allow a genuine full pointwise almost

*This work is also detailed in the author’s paper, [10].
TTo adhere to the conventions followed in the present thesis, the operator given here has been renormalised
compared to the definition given in [11].
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everywhere convergence result to be established for almost periodic Fourier series, although
a direct adaptation of the techniques used for B? is complicated by the fact that the norm on

the Stepanov space S? does not admit a natural inner product as the B> norm does.

The reverse question that presents itself in light of the work contained in this thesis is the
extent to which the methods used to establish boundedness of the maximal dyadic Fourier
summation operator in [11] can be generalised from the Stepanov spaces to the Besicovitch
spaces. Whilst boundedness of the Hardy-Littlewood maximal operator appears to have
been established on B? for p € (1,90) in [69], and boundedness of the Hilbert transform
on B? for p € (1,0) can be deduced from the transference results of Section 1.3.3, the
validity of a theory of Littlewood-Paley type would seem to be an open problem. Although
boundedness of the Carleson operator on all B” for p € (1,00) would include boundedness
of the maximal dyadic Fourier summation operator as a special case, a proof of the form
followed in [11] would almost certainly be significantly more concise. Additionally, results
of Littlewood—-Paley type, as well as a direct proof of boundedness of the Hilbert transform,

would be of interest for their own sake and for the sake of further applications.

With respect to this latter question, it is noted that the techniques used to bound the Hilbert
transform in [11] adapt without modification to the Besicovitch spaces, B2", k € N.* Given
that the BP spaces are isometrically isomorphic to the spaces L’ (Rp, uz) where Ry is the
Bohr compactification of R and uj is its associated Haar measure, standard interpolation
theory is valid in the Besicovitch spaces and so boundedness of the Hilbert transform can be
deduced on B for all p € (1,0). However, no interpolation mechanism seems to be avail-
able in the Stepanov spaces and so boundedness of the Hilbert transform on S? for general
p € (1,00) remains open.” As was commented in the conclusion of [11], this is the only part
of the proof of boundedness of the maximal dyadic Fourier summation operator that is only

valid for %, k € N, rather than S?, p € (1,%0), and thus generalising the established bounds

*It should be clarified that these techniques are not time-frequency theoretic.

TAs was mentioned in [11], a claimed proof of a stronger result than this did appear in [81]. However, the
theorem claimed is provably false; the proposed proof contains an elementary error that does not seem to be
circumventable, even to establish the weaker bound desired here.
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on the Hilbert transform would also generalise the bounds on the maximal dyadic Fourier

summation operator.

It is remarked that the case of B for the problem of boundedness of the Hilbert transform
on the Besicovitch spaces is particularly straightforward as it follows as an immediate conse-
quence of Parseval’s identity (this is actually more straightforward than in the Stepanov space
setting since an exact Parseval-type identity does not exist for S?). Nonetheless, given that
the Fourier partial sum operators can be expressed as a combination of modulated Hilbert
transforms and the identity operator, a closer study of the Hilbert transform on B?, perhaps
from a maximal perspective, could potentially offer some insight into time-frequency anal-
ysis of the Carleson operator on B?; such insight may assist in further development of the

work contained in this part of this thesis.



APPENDIX — A MAXIMAL OPERATOR OF
HARDY-LITTLEWOOD TYPE

The proof of the tree lemma considered very particular B? bounds for a generalisation of the

Hardy-Littlewood maximal operator, defined as

x+ai+5

1 f
Mf(x) = supsup o If()ldy.
keZ 6>0 x+£_5
The purpose of this appendix is to show that this operator is not well-behaved on B? in
general. Indeed, whilst it has been shown in [69] that the regular Hardy-Littlewood maximal

operator is bounded on B” for p € (1,), the following also holds:

Theorem Actingon 2, the 0perat0r]\71 fails to be B*> bounded.
N

Proof Forany N € N\{1,2}, define fy(x) = Z e®™1* Ttis claimed that
n=1

) k

infsup|fn | x + — ‘>N—2

x€R ez Ay
for any such N. Given this claim, note that

~ . k
HMfNHBz>1nfsup’fN X+ — ‘>N—2.
xeR keZ afN

N 1
Observing that | fi| gz = (Z 12> * = V/N, by Parseval’s Theorem, the result follows. It thus
n=1
suffices to prove the claim. To do this, first consider that for each k € Z,

277 (x4 £
e ( “fn

M=

’\

1

3
Il

o oan—1
e27r”ix627nk"7::1

|
M=

1

3
Il

N
amix p2mik s | Z 27" ix G2k (T TR AT Tt 14 )

Il
Q

n=2
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N
_ e?_nikﬁ(eZﬂix n Z e27z”ixezmk(ﬂ"_2+~~+n+1))‘
n=2
N
= |g2mix + eZTL'Zix + Z eZn”ierEik(n”_z-‘r"--‘rn)
n=3
N com—21
= |g?mix + eZﬂ:Zix + Z eZn”ixezﬂlek?‘.

3

3
Il

To motivate the proof, the base case of N = 3 will first be considered, that is to say that it will

be shown that

2m'x_|_ 27r2ix_|_ 27r3ix+27r2ik‘ >1

sup|e
keZ

e e

for all x e R.

It is claimed that k € Z can be chosen so that 27°x + 27?k is arbitrarily close to arg(e*™* +

eanix)

modulo 27.* Indeed, this is equivalent to choosing k arbitrarily close to

arg(ezmx 4 eanix) —2m3x
27?

modulo % and an expression of the form k + % for k, ! € Z can approximate any real number
arbitrarily well (see, for example, Dirichlet’s Approximation Theorem on p. 143 of [5]), so the

result follows for N = 3.

To establish the claim for general N, the following refinement of Dirichlet’s Approximation

Theorem will be used:
Kronecker’s Theorem Let a;,...,a, be arbitrary real numbers and let {6,...,0,,1} < R be
linearly independent over 7. Then for any € > 0, there exist k, my, ..., m, € Z such that

m;

k
K+

a;|<e

forallie|1,n]nN.

*The value assigned to arg(0) is unimportant here.
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For a proof of this result, see [5, Ch. 7], for example.*

The desired inequality is that

N—2
. 2 3 2 27N 2727k = —1
Sup‘emux eZn ix eZn ix+2méik 4., e TVIiX+2m71 P | > N —2
k€eZ

forall x e R.

In the spirit of the N = 3 proof, this inequality will follow from showing that the expressions

( N 2mN72—1

2nVx + 21 ?k
N—3_

2nN-1lx + 27'[27[7[—_11](:

2mix 4+ 2m2 2l
n—1

| 2m3x +2m2k

approximate arg(e?*** 4+ ¢%*"i*) uniformly and arbitrarily well modulo 27 for suitable choices

of k. However, this statement is equivalent to the conclusion of Kronecker’s Theorem with

. 2.
arg(62n1x+e2n zx)_2ﬂ3x

al = 27.[2 ) 91 = ﬂ:)

o — (arg(e?™i¥ +e27%ix) —274x) (n—1) g, — =1
2= 2m?(n?—1) ’ 27 "1

a _ (arg(e?7ix 427 ix) 27N x) (n—1) 0 _ w(nN—2-1)
N—-2 — 27.[2(“1\/72,1) ) N—-2 — —1

Observing that these 6; do satisfy the hypotheses of Kronecker’s Theorem, the result follows.

a

*The theorem as stated is a modified form of Theorem 7.10 from [5] (Second form of Kronecker’s Theorem),
stated on p. 154.
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CHAPTER 5

INTRODUCTION TO PART II

5.1 The Pointwise Convergence Problem for the Schrodinger
Equation

In 1980, a paper by Lennart Carleson entitled “Some Analytic Problems Related to Statistical
Mechanics”!*¢! was published as part of the proceedings of a seminar on harmonic analysis
that took place at the University of Maryland in 1979. This was not Carleson’s first paper
on the topic of statistical mechanics, with a five page note on the subject by him appearing
two years earlier in the proceedings of a colloquium that took place in Budapest in 197615,
It appears that this earlier paper may not have been well received by the statistical physics
community with Robert Minlos, a Russian mathematical physicist who works in the area,
writing in Mathematical Reviews in 1981 very little other than that “the examples discussed
in the note are of too simplified a character and, from the point of view of problems of
statistical physics, of little interest.”l!%l The opening of Carleson’s 1980 paper suggests that
criticisms of this type may have come to his attention before the article went to print, stating
the following:

Apology. In the following lectures, I shall give some analytic results which derive

from my interest in statistical mechanics. I do not claim any new results for ap-

plications, and any serious student of statistical mechanics should consult other

sources. It is my hope that analysts will find, as I have, that interesting and diffi-

cult analytic problems are suggested by this material; and that they will eventually
make contributions of real significance in applications.!* p-5l

141
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Whilst it is unclear to what extent Carleson’s paper has, thus far, inspired “contributions of
real significance in applications”, it is certainly true that “interesting and difficult analytic
problems” came to arise from the work. Indeed, in the middle of the second section of
the paper, in which he discusses coupled harmonic oscillators, he is led to consider the

sequences of functions

fulx) = f f©)eienas

associated to functions f : R — C of compact support in the Holder class ##* for a € (0,1),

that is to say functions of compact support such that
[fx+y)=fx) syl

uniformly for all x and y in R. Asking about pointwise convergence of this sequence, he

establishes the following:

Theorem (Carleson, 1980) Fix anye >0 and let f € 7€ it be compactly supported. Then

lim f,(x) = f(x)

n—o0

for almost every x e R. On the other hand, there exists f € A5 such that

limsup|f,(x)| =

n—0o0
for almost every x e R.

In a paper that appeared in 1982, two years later, Bjorn Dahlberg and Carlos Kenig observed
that Carleson’s theorem could be recast as a statement about convergence of solutions to the

free Schrédinger equation in one spatial dimension,

ideu(t,x)=7%u(t,x).
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Indeed, for temporal parameter ¢ > 0 and spatial variable x € R, define the following opera-

tor acting on functions f € & (R):
.7(x) = | Flg)eeeaz,
R

Then by applying elementary Fourier transform methods, it is clear that S, f(x) is the solu-
tion, u(t,x), to the free Schrédinger equation with initial data u(0,x) = f(;-).* Clearly, the
pointwise behaviour of S; f as t — 0 is essentially equivalent to the pointwise behaviour of

Carleson’s sequence, f;,, as n — 0.

Dahlberg and Kenig observed that the only property of compactly supported functions in the
Holder space it used by Carleson in the proof of the positive part of his theorem was that
any such function is also contained in the L? Sobolev space H i (R); as such, Carleson’s proof
extends to Hi (R) without modification. In addition, their paper provided a counterexample
for the almost everywhere convergence problem in H*(R) when s < i. This, combined with
the deductions of Carleson, allowed them to conclude the following:

Theorem (Carleson, Dahlberg-Kenig, 1982) The solution to the Schridinger equation with
initial data f € H*(R), given by S, f (x), converges pointwise to f(x) for almost every x € R as

t —0ifandonlyifs >

1

Z.

Both Carleson’s proof of the positive part of this theorem and Dahlberg and Kenig’s proof
of the negative part rely on studying the boundedness properties of the maximal operator
associated to S, f,

§*f = sup [S.fl.

te(0,1)

*This scaling of the function f is to ensure consistency with the established convention within this thesis
that the Fourier transform of a function g is defined as §(&) := { g(x)e~27*¢ dx. This rescaling of initial data
will be applied throughout this part of the thesis and has been chosen so that the definitions of operators like
S: can remain consistent to certain cited sources in spite of a different scaling in the definition of the Fourier
transform applied there. Since reference to the initial value problems associated to the operators considered
in this part of the thesis will generally be restricted to introductory material, it is felt by the author that this
approach affords the greatest possible clarity to the exposition.
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Carleson’s argument essentially established that [S* f 2(-11)) < [ f] ;2 ®)’ which, by stan-

)
dard arguments like those mentioned in the introduction to this thesis (the details of which
are found, for example, in [55, Thm. 2.2, p. 27]), implies the desired convergence result.
Dahlberg and Kenig fix an even function, g € C*(R), supported in [—1,1], and for each
v € (0,1), they define the sequence of functions ﬁ,(i )=v A(ug + 2). This sequence of
functions is such that || f,[ s®) — 0 as v — 0 for any s < ;. By bounding [S*f(x)| below

by |S,2. f(x)| for each x € R, they show that |S* f|;2(;) is bounded below, uniformly in v,

for any interval I, and thus a bound of the form ||S* f| ;2(;) < | f|

m#(r) that is uniform in v
is impossible for any s < i. Invoking the Nikishin maximal principle, about which more will
be said in Section 5.2, they conclude that this failure of weak boundedness of the maximal
operator shows that the pointwise almost everywhere convergence result fails in H*(R) for

1
anys <.

The counterexample of Dahlberg and Kenig will be significant in the remainder of this part

of the thesis, forming the basis for counterexamples in proofs of more general results.

The results of Carleson and Dahlberg and Kenig together give a “complete” picture for the
convergence problem in one spatial dimension. A natural generalisation is to consider what
other bounds the maximal operator might satisfy. Perhaps the most apparent alternative
problem of this type is the question of boundedness of S* as an operator mapping from
H*(R) to L?*(R), that is to say the problem considered by Carleson but with a global L?
norm instead of a local one. It follows as a consequence of some other work related to the

Schrédinger maximal operator by Luis Vega in his doctoral thesis from 1988[1%%! that

1S5.F 2y < 1 ey

for any s > % and that this estimate fails for s < %* The problem of boundedness for s = % is

still an open problem today.

*Specifically, the positive part of this result is a consequence of Teorema 1.15 on p. 35 (by observing that for
t€(0,1)and 8 > %, the operator S} applied to the function (f|-|#)” is bounded above by 7, f), whilst the
negative part is a consequence of part (ii) of Section 2D from the first chapter of the thesis on pp. 44-45.
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It is also pertinent to consider the problem in more than one spatial dimension. For fixed
d € N, spatial variable x € R4 and temporal variable ¢ € R+, the solution to the Schrédinger

equation,

iou(t,x)=2Au(t,x),

with initial data u (0,x) = f(5-), is given by the operator
S:f(x) ::J f(g)eEFeie g,
R

By the multiplicative structure of the multiplier associated to this operator, Carleson’s ar-
gument extends to higher dimensions, establishing that the maximal operator, S*, satisfies

the bound | S* f| ;2e) < | f]| , where B is the unit ball in R¢. The counterexample

R

of Dahlberg and Kenig can also be used to show that an estimate of the form ||S* f{| ;2(g¢) <

| f]

15 (e) cannot hold for any s < ;.

By means of an abstract result on the boundedness of certain maximal operators on Hilbert
spaces, Michael Cowling proved in 19830% that yg%s f(x) = f(x) for almost every x € R?
whenever f € HS(R4) if s > 1. This result was also obtained by Anthony Carbery in 19853 as
a consequence of work on maximal operators with radial multipliers, establishing the global

bound S* f| ;2re) < | f]

ms(re) for § > 1.

Per Sjolin and Luis Vega, in 19871291 and 1988!'*4l respectively, proved independently that
the Schrédinger maximal operator satisfies the bound [ S* f]| 24y < | | :(ra) for any s > 3.
Sjolin established this as a consequence of the same result for maximal operators corre-
sponding to solution operators for a class of dispersive partial differential equations that
includes the Schrédinger equation (about which more will be said in Chapter 6), whilst Vega

proved this as a consequence of a weighted estimate on the Schrodinger maximal operator.’

*Carbery also cites a personal communication in which Elias Stein obtained the same result. He further
comments that his result extends to the Sobolev spaces L (R¢) for the same choices of s.

"The interested reader may also wish to consult [148] by Kenji Yajima. This paper, published in 1990, shortly
after the papers of Sjolin and Vega, establishes this result for maximal operators derived from more general
time-dependent Schrédinger equations.



5.1 The Pointwise Convergence Problem for the Schrédinger Equation 146

Following Sj6lin and Vega’s work, there was significant progress on the problem in the case of
d = 2.1n 1992?41, Jean Bourgain proved a slight improvement in this case, showing that there

exists s < 3 such that [$*f| 2z2) < | f]

1 (r2), although he was not specific about what the

value of s might be, stating that he “[does not] try to optimize the result of the method.”?4 - 1]

Whilst Bourgain’s main proof is based on estimating oscillatory integral operators, in an
appendix (as well as in [25]), he presents a second approach for establishing the Schrédinger
maximal estimate, making use of some of his work on the Fourier restriction problem in R3.
This viewpoint, linking restriction problems and the Schrédinger maximal operator, was to
prove fruitful and led to an improvement of Bourgain’s result by Adela Moyua, Ana Vargas
and Luis Vega in 199617, Whilst Moyua, Vargas and Vega make it clear that their methods

provide a better result than simply optimising Bourgain’s work would, they too do not explic-

20 a1y

itly specify the best s attainable from their work, simply stating that there exists x € ({7, o

such that ||S* | ;2(2) < || f]

ms(re) for all s > k. In fact, the optimal value of x resulting from
their proof is %ﬁ = 0.4879475.. .*. This result is generalised by the same authors in [108],

published three years later, to the aforementioned class of maximal operators considered by

Sjolin.

The next improvement to the two-dimensional result was by Terence Tao and Ana Vargas in
a two part paper(13% 149 published in 2000. They comment in the second part that work from
the first part, as well as work from [141] by Tao, Vargas and Vega, could be used to directly
refine the method of Moyua, Vargas and Vega. However, they produce a better result using an
approach based on bilinear restriction estimates, proving that %iilést f(x) = f(x) for almost
every x € R? whenever f € H*(R?) if s > ;—g = 0.46875. This is shown as a consequence of

bounds of the form | S* f| 124 (r2y < | £

#(r2) Which are shown to hold when s > 1 — é and q is

an index that satisfies a certain restriction problem. As it is shown that g may be taken to be

32

any real number larger than 3=,

the lower bound of ;—g for s follows. Tao and Vargas comment

1_1
*This can be seen substituting p = %, q= % andr = ﬁ[ into the bound k¥ < 5 — q)(4_4,) 1
_— + =
2—r 2

1 .
> > ( T_ given
2

< =

onp. 813.
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that the lowest feasible value for ¢ is g and thus that the smallest possible boundary value
for s that can be obtained from this method is % This value was obtained in this way by
Tao alone in 2003[!38], three years later. Further, in this later paper, Tao provided restriction
results in dimensions higher than 2, allowing the argument from [140] to be applied to the
convergence problem for all d > 2, showing that ltlilg S:f(x) = f(x) for almost every x € R4
whenever f € H*(R4) if s > diﬁ, although this is a higher boundary value for s than that

obtained by Sj6lin and Vega in the case of d > 4 and is equal to it for d = 3.

The current best result in two dimensions was established by Sanghyuk Lee in 20061, Whilst
Lee’s proof was also based on bilinear restriction estimates, instead of using restriction re-
sults directly as had been done previously, he adapted the arguments used in their proofs to
the context of the Schrédinger maximal bound, proving that the s > % condition of Tao could

be improved to s > g

For d > 3, the result of Sjolin and Vega establishing boundedness for s > % remains the best
published convergence result to date. Nonetheless, a pre-print by Bourgain??! appeared on
arXiv.org in January 2012 in which it is claimed that for any d € N, }ii%stf(x) = f(x) for
almost every x € R? whenever f € H*(R?) if s > 3 — 25~ This recovers the result of Carleson
for d = 1 and the result of Lee for d = 2. Bourgain’s proof is based on his previous work
with Larry Guth in [27] which is a development of the multilinear restriction theory devel-
oped by Jonathan Bennett, Anthony Carbery and Terence Tao in [16]. Further, in the same
paper, Bourgain claims the first improvement of the counterexample of Dahlberg and Kenig,

1

establishing that for d > 4, the convergence result can only hold on H*(R?) if s > 3= %.

Of course, in addition to the results mentioned here, there are many other natural problems
of this form. In a paper published in 2011, Juan Antonio Barcel6, Jonathan Bennett, Anthony
Carbery and Keith Rogers!' considered the problem of quantifying further the size of the
sets on which solutions to the Schrodinger equation can fail to converge to the initial data

by determining their Hausdorff dimension, following on from previous work of Peter Sjo-

gren and Per Sj6lin!'?” from 1989 carried out in terms of Sobolev capacities. This question


http://www.arxiv.org
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requires formulating delicately since equivalent L? functions can differ on a Lebesgue null
set of full Hausdorff dimension. Also, in addition to the aforementioned result of Tao, Vargas
and Vega, boundedness of Schrodinger maximal operators from H* to L for p # 2 has been
considered by a number of authors, including boundedness of the Schrédinger maximal
operator with a global supremum in time. The latest results of this type and references to

earlier works can be found in [120].

5.2 The Maximal Principles of Stein, Sawyer and Nikishin

As has already been discussed briefly in the introduction to this thesis and Section 1.1, whilst
pointwise convergence results for sequences of operators, (T}, ) ey, acting on L? follow from
boundedness of the maximal operator T* := sup|7, - | as a map from L? to L%* for some
q € [1,0], it is also the case in the approplriat(;1 esl\letting that the problems of pointwise con-
vergence and boundedness of maximal operators are equivalent to one another. Results of
this form will be useful for proving divergence results in the remainder of this thesis, as was
the case in the aforementioned paper of Dahlberg and Kenigl®!l. In the literature on maximal
principles, theorems are usually either not applicable to the operator bounds considered
here or stated very generally with the application to the present setting unclear. As such,
the purpose of this section is to provide an overview of the landmark maximal principles of

the twentieth century, ultimately leading to Nikishin’s maximal principle and discussing its

applicability to results like that proved by Dahlberg and Kenig.

For further information on this topic, the reader is referred to [71] as well as the references
given throughout this section. There are also discussions of the results of Banach, Stein
and Sawyer in [63, Ch. 1] and of the “factorisation” framework behind Nikishin’s maximal
principle (illustrated with a number of examples in pointwise convergence problems) in [62,

Sec. 6.2].

Early results on pointwise convergence and maximal operators were given by Banach in

192613, Their statement will require the following definition, as stated by Banach:
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Definition (Continuity in Measure) A linear operator T, mapping from a Banach space X to
A ([0,1]), is said to be continuous in measure if forany A > 0, |[{x € [0,1] : Tf(x) > A}| = 0

as| flx—o.

Recall that the symbol ./ ([0,1]) is used in this thesis to represent the space of all Lebesgue
measurable functions mapping from [0, 1] to C. More generally, for a suitable measure space
(2,3, u), the symbol . (Q, u) is used to represent the space of all yu-measurable functions

mapping from Q to C.

One of the results of Banach can now be stated as follows:!13 Thm. 1]

Theorem (Banach, 1926) Let (T,,),en be a sequence of linear operators that are continuous
in measure and map from a Banach space X to # ([0,1]). If for each f € X, limsup T,, f (x) is

n—0o0

finite for almost every x € [0, 1], then the maximal operator T* := sup|T, - | is continuous in
neN

measure.

This theorem immediately establishes a qualitative property (that is, continuity in measure)
of the maximal operator, T*, as a consequence of convergence almost everywhere of T, f
for each f. Nonetheless, later in Banach’s paper, it has a more profound consequence in the
way of establishing a result of reciprocal form, that is using a qualitative property of T* to
deduce the convergence almost everywhere of T, f for each f. Indeed, Banach deduces the

following from the above theorem:[!3 Thm. 3]

Theorem (Banach, 1926) Let (T,,),cn be a sequence of linear operators that are continuous
in measure and map from a Banach space X to #([0,1]). Suppose that for each f € X,
limsup T,, f(x) < oo for almost every x € [0,1] and that for each f in some dense subspace

n—o

of X, lirrolo T, f exists almost everywhere. Then for all f € X, linolO T, f exists almost everywhere.
n— n—

Since the finiteness almost everywhere of limsup T, f(x) is equivalent to the finiteness al-
n—0o0

most everywhere of T* f(x) in this context (given that the 7,, map onto a space of functions

that are finite almost everywhere), it follows that a pointwise convergence result can be

deduced from the finiteness almost everywhere of the maximal operator. It is an a priori
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stronger assumption to require some form of weak boundedness for T*, as mentioned at
the beginning of this section (although this assumption allows for a more straightforward
proof of the convergence result; the reader is once again referred to [55, Thm. 2.2, p. 27]).
Nonetheless, results subsequent to Banach’s work strongly suggest that weak boundedness
is the “correct” perspective on maximal operators in relation to pointwise convergence prob-
lems. As was already mentioned in Section 1.1, Antoni Zygmund communicated a result of
Alberto Calderén in 1959 showing that pointwise almost everywhere convergence of partial
sums of Fourier series for all functions in L?(T) implies that the maximal Fourier partial
sum operator is bounded as a map from L?(T) to L>%(T).[149 Thm.XIIL1.22,p.165] Tt was also
mentioned in Section 1.1 that this result was generalised by Stein to a wider setting in [135],
published in 1961. The original scope of Stein’s theorem is as follows:

Theorem (Stein, 1961) Let G be a compact group and let X be a space upon which G acts
transitively equipped with a G -invariant measure.* Let (T,)en be a sequence of bounded
linear operators that map LP(X) into itself for some p € [1,2] and commute with the group

action from G.

Suppose that for all f € LP(X), lingc T, f(x) < o for almost every x € X. Then T* is bounded

as a map from L?(X) to LP*(X).

In a standard Euclidean context (for example, X = T), the group G here should be thought of
as the group of translations and thus the T, are operators that are assumed to commute with
translations. It is a well known fact that bounded linear operator on Euclidean L” spaces that
commute with translations are necessarily of convolution form (see, for example, [66, Thm.

2.5.2]), so the scope of this theorem in this setting is convolution operators.

Stein comments that the assumption that lim T, f(x) < co may be replaced with the weaker
n—o0
assumption that limsup| 7, f(x)| < oo for x in some set of positive measure (it may hence also
n—o

be replaced with the assumption that | T* f(x)| < co for x in some set of positive measure).

He also notes that whilst his result is formulated for a countable family of operators, (T, ) nen,

*In Stein’s languagel!35 Sec- 1171/ X i said to be a homogeneous space of G.
*It follows that in this setting, finiteness and weak boundedness of the maximal operator are equivalent.
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it can equally be applied to families depending on a continuous parameter, (T; ), for some

uncountable set E < R, by observing that

sup|T; -| = sup |T;-|.
teE

teENQ

In spite of the abstract setting, there are some significant restrictions in the applicability
of this theorem. Firstly, the restriction that G be compact prohibits working with operators
mapping L (R) into itself, for example. This is perhaps not surprising, given the discrepancy
between the regularity required for local and global bounds on the Schréodinger maximal
operator, as discussed in Section 5.1. Of course, this example raises the additional question
of validity of results of this form in the setting of operators mapping from global spaces into
local spaces, since the bounds on the Schrodinger maximal operator from Section 5.1 were
in the context of maps from H*(R) into L?>(|—1,1]). Finally, the restriction that p € [1,2] is

obviously a significant one.

As Stein comments, and demonstrates by means of a counterexample!!3> Se¢- 121 this latter
condition is necessary for the result as it is formulated. Nonetheless, in an appendix, he
does remark that the proof of the theorem has sufficient scope to generalise the result to the
setting where the operators 7,, are bounded as maps from a space B into itself, where B is
chosen from a wide class of Banach spaces of functions on X (including the spaces L”(X)
for all choices of p € [1,0]), concluding boundedness of T* as a map from B to L"*(X) as
a consequence of pointwise convergence. He also provides the additional details required
to generalise this conclusion further to boundedness of 7* into L>*(X) when B = L?(X) for

some p € [2,0).

An alternative generalisation of Stein’s theorem that removes the condition “p € [1,2]” was
given by Stanley Sawyer in a paper based on work from his doctoral thesis!'?*/ and published
in The Annals of Mathematics in 1966[!%3], obtaining boundedness of the maximal operator
from L? to LP*° at the expense of requiring non-negativity of the operators (that is to say
that non-negativity of functions is preserved by the operators under consideration). The

statement of this result requires the following definition:
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Definition (Ergodic Family of Operators) Let (X, u) be a probability space. A collection F
of measure-preserving transformations of X is said to be an “ergodic family” if for any A € X
for which F~1(A) = A forall F € F up to u-null sets, it is necessarily the case that A has either

full or zero measure.

It is remarked that this condition is significantly weaker than requiring that all members of

Z are ergodic.

Sawyer’s theorem!!23 Thm- 2l may now be stated as follows:

Theorem (Sawyer, 1966) Fix p € [1,0) and let (X,%, u) be a probability space. Suppose that
(T,,) nen is a sequence of non-negative linear operators mapping L? (X) into # (X, u) and that
there is some ergodic family of measure-preserving transformations, %, mapping X to X such
that for all S € F and for each f € LP(X), T*f(Sx) < T* f(x) for almost every x € X. Then if
for every f € LP(X), T* f < o0 almost everywhere, T* is bounded as a map from L?(X) into

1LP(X).

Ifforall fe LP(X), lingO T, f (x) < oo for almost every x € X, then the hypothesis that T* f < c©0
n—
almost everywhere follows automatically here, as mentioned before. Note that Sawyer refers

to the property that T* f(Sx) < T* f(x) as the sequence (T},) ey “commuting with S”.

Sawyer comments that his setting is more general than that of Stein in that the requirement
of commutativity with measure-preserving transformations from an ergodic family is weaker
than Stein’s requirement of commutativity with a transitive group action, and prior to the
above theorem he also states in [123] a theorem that is simply this generalisation of Stein’s
result, retaining the requirement that p € [1,2] and not requiring non-negativity of the oper-
ators T,,. Like Stein, he also proves a resultin a more abstract setting than L? spaces, although

his generalisation is slightly different.[123 Thm-3]

The most important generalisations of Stein’s result in the context of this thesis are results
due to Nikishin, dating from the 1970s. Unlike the results considered so far in this section,
the scope of these theorems goes beyond the realm of maximal operators. Their statement

will require the following definition, as given as Definition 4 in [109]:
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Definition (Superlinear Operators) An operator T mapping from some Banach space B to
M ([0,1]) is said to be superlinear in the sense of Nikishin* if for any f € B, there exists a
linear operator Ty mapping from B into /4 ([0,1]) such that Tyf = Tf and for any g € B,
|Trg(x)| <|Tg(x)| for almost every x € [0, 1].

It is remarked that maximal operators of the form T* f(x) := sup |T,.f(x)| for some N € N
satisfy this definition. This can be seen by observing that for ;’;::h input function, f, there
exists a function ny mapping from the domain of f into [1,N] n N such that T*f(x) =
|Tu;(x)f(x)]. In the case where the limit lim 7,,- is known to exist, N may be infinite, n;

n—0oo

then being allowed to take the value oo with T, defined to correspond to this limit.

In [109], Nikishin proves a number of results on superlinear operators, the most relevant here
being the following!!0% Thm. 2]

Theorem (Nikishin, 1970) Let (X, u) be a o -finite measure space, fix p € [1,20) and let T be
a superlinear operator mapping from L? (X, u) into 4 ([0, 1]) that is continuous in measure'.

Then for any ¢ > 0 and q € (0, min(p, 2)), there exists a set E < |0, 1| with |E| > 1 — & such that
[T leace) Seaq [ £l on

forall fe LP(X,u).

In the context of the problem at hand, in this theorem, “T” should be thought of as a maximal
operator T* corresponding to a sequence of operators, (T,),cn, where nlgl;lo T,f(x) exists
almost everywhere for all f € LP (X, u). As mentioned above, the first theorem of Banach can
be used to conclude that T* is continuous in measure and thus an L? — L9 boundedness

result for T* can be deduced from the above theorem.

*This term should not be confused with “superlinear” in the sense that T(f + g) > Tf + Tg for any f,
g € B. An alternative appropriate term, as used in [71], is “linearisable”.

TThe hypothesis given by Nikishin is that T is “bounded” in accordance with his Definition 6. It is easily
seen that this is equivalent to the definition of continuity in measure given by Banach.
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Nikishin proves this theorem as an intermediate step for establishing results based on Ed-
mund Landau’s “resonance” theorem originating from [93].* With respect to Stein’s theo-
rem, he simply writes, “CpaBuenue c peaysbratamu llITeitHa OyeT cies1aHo B CAETYIOIINX
nyosmmkanusx.”[10% p- 1331 [A comparison with the results of Stein will be made in later publi-

cations.]

In the fifth section of the second chapter of [109], Nikishin considers the possibility of im-
proving the resonance theorems derived from the above theorem. He proves that, at least for
these derived results, it is not possible to choose g = min(p,2) for p € [1,2). By examining
the proof of his theorems, it is clear that the same may consequently be said for the above
theorem. He goes on to explain that it is unknown whether g can be increased for p € |2, 0),
commenting further, “oco0bIi uHTEpEC MpecTaBsier ciaydait p = 2”[199p-176] [the case of

p = 2 is particularly interesting], in light of its consequences in his applications.

Nikishin managed to address this “interesting” case in [114]. This paper also seems to be the
first “later publication” in which he directly compared his results with those of Stein. In it he
establishes the following theorem!''* Thm-2] 'which had also appeared previously as Theorem
2 in [112], an abridged publication of his higher (that is, second) doctoral thesis('!!:

Theorem (Nikishin, 1971) Let (X, u) be a o -finite measure space, fix p € [1,0) and let T be
a superlinear operator mapping from L? (X, u) into #(|0,1]) that is continuous in measure.

Then for any € > 0, there exists a set E < |0, 1] with|E| > 1 — € such that

||Tf||Lmin<v'2>v°c(E) <e HfHL”(X,u)

forall fe LP(X,u).

*Landau’s theorem states that if for a sequence (b, ),en S R and some fixed p > 1, Z a,b, converges for
neN
every (a,)nen € (7, then necessarily (b, ) en € €7 where % + # = 1. Landau does not use the term “resonance”

himself.
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As in the aforementioned appendix of Stein, in both [114] and [112], as Theorem 3 and The-
orem 1 respectively, Nikishin also states a result for superlinear operators T acting on func-

tions from a Banach space B concluding boundedness of T as a map from B into L"*(E).

In the context of the Schrédinger maximal operator and the other maximal operators con-
sidered in this part of the present thesis, the usefulness of these two theorems of Nikishin
is clouded by the presence of the set E in the statements, which may not be equal to [0, 1].
If the operator T were assumed to be translation-invariant and E could be assumed to be
open, the fact that finitely many translates of E cover [0, 1] (by compactness) could be used
to formulate a version of these theorems with E replaced with [0,1]. However, whilst the
assumption that T is translation-invariant is a reasonable hypothesis, E cannot be assumed
to be open, and it is not possible in general to cover [0, 1] with finitely many translates of
an arbitrary set of less than full measure, even up to a null set.* Nonetheless, given that
the measure of E may be chosen to be as close to 1 as is desired, the fact that E cannot be
forced to be equal to [0, 1] is ultimately not a significant obstacle when one wishes to show
that pointwise convergence fails as a result of failure of boundedness of a maximal opera-
tor. Indeed, when Dahlberg and Kenig apply the second of the two theorems by Nikishin
above in [51] to conclude failure of the pointwise convergence result from failure of weak
boundedness of the Schrodinger maximal operator, they do so by assuming convergence
holds and then exhibiting a counterexample for weak boundedness on the set E deduced
from Nikishin’s theorem. In general, this is not generally significantly more difficult than

exhibiting a counterexample on a set of full measure.

Whilst the problems considered in this thesis and the setting of Dahlberg and Kenig are not
included in it, there is a class of problems for which Nikishin’s results may be stated with
E = [0,1]. Indeed, on p. 169 of [109] (translated on pp. 164-165 of [110]), Nikishin con-
siders boundedness of the Hardy-Littlewood maximal operator and manages to establish

that within the context of the bounds he is considering, the conclusions of his theorems are

*This can be demonstrated using the so-called Smith-Volterra—Cantor set (see for example [41, Ch. 4])
which is a set of positive measure that is defined in the same way as a regular Cantor set, but with a smaller
proportion of the set removed at each stage of the construction.
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valid with E = [0, 1]. This argument generalises without much difficulty to other operators;
the details of this generalisation will be presented here in the form of corollaries of the two
theorems above with more restrictive hypotheses but in which the set E is replaced with
[0,1]. To begin with, the following simple lemma, found, for example, on p. 17 of [79] (and
there attributed to Fejér), is needed:

Lemma Suppose that f € L*([0,1]) and g € L'([0,1]), with g identified with a periodic

function onR. Then
im [ rwgtnnax= ([ war) ([ gtoax)

This can be proved by identifying both f and g with periodic functions on R and approxi-

mating them by trigonometric polynomials.

The first theorem of Nikishin stated above has the following corollary:

Corollary5.2.1 Fixp € [1,%), let X be a complex vectorspace and let (X, i) be a o -finite mea-
sure space. Suppose that for any n € N and any f € LP(X, ), | f(n-)|rx ) < | fl ) uni-
formly in n. Further, let T be a superlinear operator mapping from L (X, u) into /4 ([0,1])*
that is continuous in measure and is such that foranyn e Nandany f € LP (X, u), |(Tf)(n-)| <

|T(f(n-))| for almost every x € |0, 1], uniformly in n. Then for any q € (0, min(p,2))
ITf o)y g 1 er cem)

forall fe LP(X,u).
Proof Fix € > 0 and choose any f € L”(X,u). Then by the first theorem of Nikishin, there
exists aset E < [0,1] with |E| > 1 — e such that | Tg| 1a(g) <sq || 8] 1r(x,u) for any g € LP (X, ).

Consequently, for any n e N,

IT(f(n)llzae) Seq 1) 0oy S 1 F e -

*Here and throughout the rest of this section, functions on [0, 1] will continue to be identified with periodic
functions on R.
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Using that |(Tf)(n-)| <|T(f(n-))| for almost every x € [0,1], as well as that | f(n-)]|1r(x,u) <

£ |27 (x,u), it follows that

ICTF) () o) Seq [ Fller -

However, using the lemma of Fejér from above,

tim (7)) ey = Jim | ze()l(TF)(nx)

n—aoo

1
B[ rp) el ax.
0
It thus follows that

1T £ ooy Seq 120 x)»

as required. O

Note that this method can immediately be adapted to the setting of the second theorem of

Nikishin by observing that

1
HxeE:|(Tf)(nx)|>A} = JOZE(x)){{xe[o,l]:|(Tf)(nx)|>7t}(x)dx

1
- J XE(X) Y xefon) T ()= 23 (nX) dx,
0

where the second characteristic function in the second integral is treated as 1-periodic. It

can thus be seen that the following result also holds:

Corollary 5.2.2 Fix p € [1,0), let X be a complex vectorspace and let (X,u) be a o -finite
measure space. Suppose that for any n € N and any f € LP(X,u), | f(n-) | rxp) < I |0 xm
uniformly in n. Further, let T be a superlinear operator mapping from LP (X, ) into the space

of Lebesgue measurable functions on [0, 1] that is continuous in measure and is such that for
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anyneNandany fe LP(X,u), |(Tf)(n)| <|T(f(n-))| for almost every x € 0,1], uniformly

inn. Then

HTfHL’“i“(PQ)m([O,l]) S ”fHU’(X,u)
forall fe LP(X,u).

The reason that Corollaries 5.2.1 and 5.2.2 cannot be applied to the Schrodinger maximal

operator, for example, is that the condition that |(Tf)(n-)| < |T(f(n-))| for almost every

x € [0,1] uniformly across n € N cannot be verified, given the required periodisation of the

operator T.



CHAPTER 6

MAXIMAL OPERATORS ASSOCIATED TO
DISPERSIVE EQUATIONS WITH COMPLEX TIME

Note: the work presented in this chapter has previously appeared in the author’s paper, [9].

6.1 Introduction

In this chapter, the boundedness of maximal operators associated to a natural class of disper-
sive partial differential equations that includes the Schrodinger equation will be considered.
For a > 1, temporal parameter ¢ > 0 and spatial variable x € R, define the following operator

acting on functions f € & (R):
() = | Flepe et eiaz,
R

This operator gives the solution to the dispersive equation

1Y

ioiu(t,x)+ (—A)2u(t,x)=0

in one spatial dimension with initial data u(0,x) = f(3-). Here, the operator (—A)z is

defined in terms of its multiplier representation,
(—2)29)7 (&) = (2m|E])*D (&)

159
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for ¢ € < (R). This definition is motivated by the fact that the Laplacian on R4 with d €
N satisfies —TA\gb(f) = 47'52|§|2¢;(§) for any ¢ € /(R?). For a = 2, S/ corresponds to the

solution operator for the Schrédinger equation.

It is a simple observation that if the definition of the solution operator for the Schrédinger
equation is extended to allow complex-valued time with positive imaginary part, then for

t >0, the operator S;t is the solution operator for the heat equation,
deu(t,x)=u(t,x).

Here, the solution operator, S;‘, is a convolution operator with a Gaussian multiplier and
hence also a Gaussian kernel. It is thus standard (see, for example, [66, Thm. 2.1.10, p. 82])
that sup |S' f(x)| can be pointwise dominated by M f(x) where M is the Hardy-Littlewood

t€(0,1)
maximal operator. As such, by boundedness of M,

sup) S5 f]

< 2R
sup v < Mz
Given this result and the result of Vegal'*®! on global boundedness of the Schrédinger maxi-

mal operator which established that

| sup [Syf[l2r) < [ £y
te(0,1)
if s > % and only if s > % (as mentioned in Section 5.1), it is natural to consider intermediate
results, asking for which s > 0 and which maps g : [0,1] — [0, 1] with %in%g(t) = 0 it can be

said that

H (R)-

sup S50 f]

t€(0,1

)$||f

I2(R

Of course, given the work of Carleson, Dahlberg and Kenig discussed in Section 5.1, it is also

natural to consider an analogous local boundedness question (that is with the L?(R) norm
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replaced with a norm on L?([—1,1])). Remarkably, in this setting, it turns out that an answer
to this question can be determined as a rather straightforward consequence of the methods
employed herein to consider the global question. As such, its resolution will be delayed until

Section 6.4.

The global complex time question was posed and partially answered by Per Sj6lin in [132].

For t, y > 0, he considered the operator
PZthf(x) f— S£+it7f(x) _ f f(é—)eit?e_ﬁgzeixgdg
R

with corresponding maximal operator P’ f := sup |P, f|. Denoting by s,(y) the infimum
' re(0,1)

of the values of s > 0 such that the estimate ||P;jy flew < |f

ms(r) holds, the following is

established by Sjolin in [132] and by Sj6lin together with Fernando Soria in [133]:
Theorem 6.1.1

(i) Forye(0,1], s2(y) =0;
(ii) Forye(1,2),s:(y)€e [O,% - ZL],
(iii) $(2) =1

I
(iv) Forye(2,4], sa(r) €33 — i],
(v) Forye(4,0), (1) €[5 — %, 1 é]

Sjolin’s original work in [132] established cases (i) and (iii), as well as (v) with an upper bound

of ; instead of 5 — % Cases (ii) and (iv) and the improvement of case (v) were established in

[133] with Soria.

In a paper from 199413 Sj6lin also established that for any a > 1, the infimum of the values

of s > 0 for which

IS5 fll 2y < [ f e m)
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holds is §. As such, in addition to the problem of fully determining s, () in cases (i), (iv) and
(v), itis natural to consider whether the scope of Theorem 6.1.1 can be extended to a # 2. To

thisend, for t, y > 0 and a > 1, define
t o Qi+it” _ ry it|gla —tr|E|e ixE
P 7() =7 ) = [ F@)etele vt et a

with corresponding maximal operator P; f:= sup |P,_f|andlets,(y) denote the infimum
' re(0,1)
of the values of s > 0 such that the estimate |P}_f/2) < | f|ns(r) holds. Letting x* denote

the maximum of 0 and x for each x € R, the following result is established in this chapter:

+
Theorem 6.1.2 Fory e (0,0) anda > 1, s,(y) = ;a <1 — %)

Note that in the case of a = 2, this “completes” Theorem 6.1.1 of Sjolin and Soria.

In Section 5.2, the link between estimates on maximal operators and pointwise convergence
results was discussed in some detail. Here, pointwise almost everywhere convergence of
Pat'y f to f as t — 0 can be deduced as a corollary of Theorem 6.1.2 for functions f € H*(R)
when a and 7 are as in the hypotheses of the theorem and s > s,(y). In fact, the following

stronger result will also be established:
Theorem 6.1.3 For eachy € (0,0) and a > 1, the infimum of the values of s > 0 for which

limP' f(x)= f(x)

t—0 @7

1

for almost every x € R whenever f € H*(R) is min ( 1 —= Z) Moreover, this conver-

gence also occurs for all f € L*(R) wheny € (0,1] and for allf € Hi(R) whenye [, 00).

Theorem 6.1.3 will be proved in Section 6.4 as a consequence of the aforementioned local

bounds for P;'r'

To prove Theorem 6.1.2, it will suffice to consider the case of y > 1, owing to the following

generalisation of Sjolin’s Lemma 1 from [132]:
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Lemma6.1.4 Let g and h be continuous functions mapping [0,1] to [0,1] such that g(t) <
h(t) forallt €(0,1). Then for anya > 1,

| Sup)IS;“”‘”fILZ(R) <| sup [, f] 2z

te(0,1 te(0,1)

forany f e & (R).

In addition to reducing the proof of Theorem 6.1.2 to the case of y > 1, this lemma also
suggests that in terms of understanding the convergence at the origin, the P} , are natural
operators to consider as they encapsulate the convergence properties of any operator of the

form S,""") when h(t) is of polynomial type near ¢ = 0.

The proof of Lemma 6.1.4 is essentially the same as the proof of the analogous result from

[132] and will be postponed until Section 6.5 at the end of this chapter.

The proof of Theorem 6.1.2 will be divided into two sections. In Section 6.2, it will be shown

that | PF £z < |f]

whilst in Section 6.3, it will be shown that this boundedness fails for all s below this index.

#+(r) holds for all s above the critical index, }la (1 — %) when y > 1,

Section 6.4 will contain some further remarks on the implications of Theorem 6.1.2 and its

proof, as well as the proofs of Theorem 6.1.3 and a local boundedness theorem.

6.2 Boundedness for Regularity Above the Critical Index

It is claimed that to show that ||P;7f\|Lz(R) < | flisw foralls > 1a (1 - %) where y > 1, it will
be sufficient to prove the following lemma:

Lemma 6.2.1 Supposethata,y > 1 anda > %a (1 — %) fy < %5, suppose further that a <
1 .. . .

5. Let y e & (R) be compactly supported, positive, even, real-valued and radially decreasing.

Then there exists K € L'(R) such that forany t,, t, € (0,1) and N € N,

f ei((tl—tz)lil”—xi)(l + gZ)—%e—(tf+f§)\€l“u <%> dg‘ < K(x)
R

forallx e R.
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The assumption here that a < % for y < —% is purely for technical reasons and since only
minimal choices of ¢ are of interest in proving Theorem 6.1.2, it will have no impact on the

usefulness of this lemma.

The sufficiency of this lemma in establishing the desired boundedness follows from an appli-
cation of the Kolmogorov-Seliverstov—Plessner method, similarly to Carleson’s original work
in [46]. Indeed, assuming this lemma to be true, fix a positive, even n € . (R) supported
in [~1,1] and equal to 1 in [—3, ;] and radially decreasing. Also, fix a measurable function

t :R—(0,1) and define for each N e N,
PO ey mn (2 [ Fieyeiniel gl pixz ) (£ g
a,y,Nf(x) =1 N ]Rf(g)e e e n N g

To establish that ”P:,nyLZ(]R) < | flisw forall s > 2a (1 - %) , it suffices to prove that

1Pashef iz < |l
for any N € N with constant independent of N and ¢. This method of linearising the maximal
operator, Py - by introducing the function t(x) is exactly the same as the method used
in Part I to linearise the Carleson maximal operator. The freedom of choice in ¢ and the
independence of the bound from this choice, implies boundedness of the maximal operator
since t may be chosen (depending on f) to choose values of t+ where the supremum in the

maximal operator is “essentially attained” (that is, attained up to a fixed constant multiple).

By duality, this bound is equivalent to showing that for any g € L?(R) with | g||;2®) = 1,

[ B @EET ax] < e
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However, by Fubini’s theorem and the Cauchy-Schwarz inequality,

| et a
_ Uf E)(14 )14 &%) (5)Jen(x>5|aeﬂ(x>|aaeixsmn<%> dxdé‘
< Iflwm (f (&) ()| [ et gy ax );
_ Iy Hs(R)”R(HiZ)S 2 ff DIl g~ (TGO o) g (Y g (y)
xn(i)n(y> dxdydf‘
S Iflwe ( || tg@llg] | etteio-romiee-omn (1 4 gzyse-tmnimer

xn( >d§’dxdy) .

By Lemma 6.2.1 (where a = 2s, u =n?, t; = t(x) and t, = £(y)) and a further application of
the Cauchy-Schwarz inequality, there exists a function K € L'(R), independent of t and N,

such that this quantity can be bounded by

If

1 1
@ 1K 181y 181 o

1
which is bounded by || f1|zs (m)|| K| Li(z) DY Young’s convolution inequality (see, for example,
[66, Thm. 1.2.12, p. 21]) and the fact that ||g | ;2(z) = 1. This establishes the desired bounded-

%
ness of PM.

Lemma 6.2.1 is based on Lemmata 2.1, 2.2, 2.3 and 2.4 from [133] and its proof given here
follows a similar strategy to the proofs of those lemmata. Note that of these four lemmata,
Lemma 2.1 was proved in [131] (where it is cited as having been originally proved implicitly

n [70] using a method from [129]) and Lemma 2.2 was proved in [132].

With the sufficiency of Lemma 6.2.1 in proving the positive part of Theorem 6.1.2 established,

the remainder of this section will be devoted to its proof.
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To begin with, for each & > 0, define the function h, (&) = e—¢l¢l*, It is claimed that for & # 0,

1 1
h &)<z and [R(O)] < =3
€] E[°
with constant independent of ¢. Indeed, note that 1/ (&) = —sgn(&)ea|E|* el so
h < —maxye ¥ < —.
Similarly,
|hI(E)| < 2maxye 4+ —-maxy’e ys%.
&1 yer €2 yer €]

In addition to these facts, to prove Lemma 6.2.1, the following version of Van der Corput’s
Lemma will be required:

Lemma (Van der Corput) Let F, Y € C*([a,b]) for some fixed a, b € R with a < b and F
real-valued. Assume that for some k € N and A > 0, |[F%)(x)| = A forall x € [a,b]. Ifk =1

then assume further that F' is monotonic. Then

$/1‘11«(8up¢ |+JWJ \dx)
x€[a,b]

with constant independent of F, ), a and b.

JbeiF(x)z/J(x)dx

a

This is one of a number of possible formulations of Van der Corput’s Lemma, a proof of
which may be found in [136, Ch. VIII], for example. It has the following corollary, which will
be useful here:

Corollary 6.2.2 Let F, Y € C*([a,b]) for some fixed a, b € R with a < b and F real-valued.
Assume that )’ changes sign at most N times on [a,b] for some N € N and that for some k € N
and 2 > 0, |FO)(x)| = A forall x € [a,b]. Ifk = 1 then assume further that F' is monotonic.
Then

SNATE sup [y (x)]

x€[a,b]

Jbe”:(")z/)(x)dx

a

with constant independent of F, ), a and b.
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Proof By Van der Corput’s Lemma, it will suffice to show here that

fww ) dx < sup [(x)].

x€la,b]

N
By hypothesis, [a, b] can be written as U I,, where the I, are sub-intervals of [a, b | on which

n=1

Y’ is either non-negative or non-positive. Consequently,

f|¢'<x>|dx=i

but by the Fundamental Theorem of Calculus, this quantity is bounded by

Zsup\w )| <N sup [4(x)|

n=1 x€l, xe[a,b]

and so the result follows. O

To proceed with the proof of Lemma 6.2.1, assume without loss of generality that ¢, < £;
and set t == 1, — 1, and ¢ = t] +t]. Also, define F(&) = r|&]|* — x& and G(&) = (1 +

£2)~2 e—f‘ﬂ“,u(i];), so that the integral in Lemma 6.2.1 can be rewritten as

f eFOG(E)dE.
R

The letter p will be used to denote ( x| ) a1 , a (possibly) stationary point of F.

Fixing a large constant C, € R™, the cases of |x| < Cp and |x| > C, will be considered sepa-

rately.
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6.2.1 The Case of Small x

Split the integral from Lemma 6.2.1 as A + B where

A = f ei(tli“—xi)(l+§2)—§‘e—e§|“‘u<
|€]<lx~!

£
N

B = f ei(tlé“XE)(1_|_§2)Zesil“‘bt(é) d&.
£~ N

The first integral, A, can be bounded trivially by simply observing that
|A|§f (1+&)72dE< T+ |x[* L
E]<lx~!

As min(0, ¢ — 1) > —1, this establishes a suitable estimate on A, showing that it is bounded

by a function that is integrable for small x.

To estimate B, begin by considering the case where |x|* < %. This ensures that p < |x|~!

L
5
and thus that the phase of the integrand (the function F) is never stationary in the region of

integration for B.

By symmetry, it will suffice to bound B with the range of integration restricted to positive
values of £. By direct calculation, for such &, F/(&) = at£4~! — x, so it can be seen that F’ is

monotonic. Further, given that |&| > |x|~! and IxI% > 2|x|, it can be seen that

[F'(&)] = |x|(2a —1) > [x].

Now, G is radially decreasing, so for £ > |x|~!, G’ is non-positive. As such, by the corollary to

Van der Corput’s Lemma, it follows that

f eFOG(2)de| < = sup [G(E).
&>|x| !

| x| £>x|~!
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Trivially, |G(£)| < (14 £2)72 < |x|® for & > |x|~! and hence B < |x|*"!. Again, given that

a — 1> —1, asuitable estimate for B holds in the case of |x|* < ?.

To complete the proof of the lemma in the case of |x| < C,, it remains to bound B in the
case that |x|* > % As before, it suffices to consider only positive £. To proceed, fix a small
constant, 0, and a large constant, K. The range of integration will be split into the following

regions:

L = {{=|x|':&<dp},
L = {&=|x[":&e[op, Kp]},

Iy = {&=x|"':&=Kp},

recalling that p = (M)ﬁ For each j € {1,2,3}, the integral in B restricted to the region I;

ta

will be denoted by J;.

This splitting isolates a neighbourhood around the point of (possible) stationary phase of
the integrand (I,) from the remaining range of integration either side (/; and I3). The latter
regions will be bounded using a lower bound on F’ and an application of Van der Corput’s
Lemma, as before. Indeed, for & € I;, it can be seen that at&*~! < §471|x| < |’2‘—‘, hence
|[F'(&)]=lat&s 1 —x| = ‘;—‘ Similarly, for £ € I, it can be seen that ar£4~! > K¢~ |x| = 2|x]|,

so |[F'(&)| = % From before,

sup |G(&)] < [x[%

&> x|~

so by the corollary to Van der Corput’s Lemma,

|l [Js] < x| x| = [x]*7

which completes the estimates on J; and J; as before.
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Unsurprisingly, the estimate on J, is more delicate, although it is still attained using Van
der Corput’s Lemma, this time with the second derivative of F bounded below. To begin
with, assume that y > —%;. For any ¢ in I, it is the case that £ ~ p. Given that F'(&) =
a(a —1)t&+2, it follows that |F”(&)| = tﬁ|x\%. As before, but now using that £ > p
instead of simply that & > |x|~1, it is also the case that sup |G(&)| < p~*. Consequently, by

gelp
the corollary to Van der Corput’s Lemma with k = 2,

o] < £ x| 2D o e pati (@D g7 (030,

Since y > —%, it is necessarily the case that @ — % > 0. Using further the assumption that

|x|* > £, it follows that

pi (e D) < |g[atited

)

SO

ol ] 2 e (0720700 = [yt

which completes the desired estimate.

It remains only to consider the case of y < —“. For small x, this is the most difficult part
of the argument, requiring the full strength of the hypothesis that a > %a(l — %) for the first
time. The lower bound, |F"(§)| = = ]x|% will be used again in another application of
Van der Corput’s Lemma, but instead of using the fact that |x|* > 7, improved estimates on
G will be required, depending on the exponential decay factor in G (which corresponds to
the decay introduced to the multiplier for the maximal operator by the imaginary part of the

time variable). Indeed, note that

sup|G(&)| < p~“e ",

gelr
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As such, by the corollary to Van der Corput’s Lemma with k = 2,

| s o p e

~

~ gt ) ||t (e a2) g5 (]| a T

Further, observing that ¢ + ] > 277(t; + t,)7  t7 (this is a manifestation of the equivalence
of finite-dimensional norms), it can be seen that there exists a small constant ¢, > 0 such

that

| Jo] <t 2) gl am (Coma(am2) gmotan T Tl o7

Noting that for any y, B > 0, the inequality

L] < pasi(e )|x|“1’1(_a_%(a_z))L‘_ﬁ(Y_#)|x|_aﬂf1

1
2
gead !

tﬂ(?’—ﬁ) |x|ﬁ(a+%(a—2)+ﬁa) ’

_1
Choose f8 such that —(a —3) = B(y — %), thatis § = (aiﬁ’ noting that f is genuinely

eps . 1 1
positive since y < —*~ and a < ;. It follows that | J| < = Where

k= 1 <a+l<a_2)+a(a—_%)>’

2 (a—l)y—a

so it remains only to show that k < 1 to establish integrability of this bound for small x.

However,
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(a(fz)lr)fa <0, hence the fact that @ > ja (1 — %) implies that

1 (1 1 (a—1)y 1 sa
e (?‘(W) (m>+a<“‘2>‘m> o

The estimate for |x| < C, is thus established.

a
buty < -, so

6.2.2 The Case of Large x

Here again the integral will be split into four regions, this time smoothly partitioned. To this
end, define ¢, € #(R) to be supported in [—1,1] and equal to 1 in [—3,3] and ¢, € ¥ (R)
to be supported in [6p,Kp] and equal to 1 in [26p,;Kp], where, as before, 6 is a small
constant, K is a large constant and p = (%)ﬁ For the sake of simplicity, it is assumed that
Co and 6 have been chosen so that §( ‘z—‘)ﬁ > 1 (and hence 6 p > 1 and so the supports of
$o and ¢, do not overlap). Define ¢ := (1 — @2 — o) x[1 2501 a0d @3 := (1= @2) X [1kp ). LS

then the case that the ¢; form a partition of unity on the positive real line, that is to say that

(Po+ @1+ P2+ @3) X[0.00) = X[0,0)-

Define G; := G¢; and let I; represent the support of G, for each j € {0, 1,2, 3}, so that

Iy = [-1,1],

L = [3528p],
L = [6p,Kp],
Iy = [3;Kp,o).

As before, this splitting isolates a region, I,, around a point of possible stationary phase of
the integrand from regions either side, I; and I5. Localising the integrand to the region I

produces a term that has a similar role to integral A from the previous section.



6.2 Boundedness for Regularity Above the Critical Index 173

By symmetry it suffices to estimate

Jj= J e'"G;
I.

J

for each j € {0,1,2,3} to conclude the full estimate on f eTOG (&) de.
R

In the case of Jy, writing e‘FG as (e~*¢)(e!*l1°Gy(&)) and integrating by parts twice yields

that

Yodr oo
hl< | [ gmleaen]de.

By direct calculation and the triangle inequality,

d_éz(e”'g'“Go(i)) < [E1*Go(E)] + [E1***Go(E) | + €] MGy (&) + Gy (€)]-

Now, Go(&) = (1+&2)"2e~¢IE1" u(£) o (£), so for & € [—1,1], it is clear that |G,(&)| < 1. Fur-
ther, the first derivatives of all terms in the product defining G, are bounded for & € [—1,1],
so |G)(&)| < 1 also. The second derivatives of all terms in the product defining G, are also
bounded for £ € [—1, 1] with the possible exception of dd—;e—€|5 . However, by the triangle

inequality,

2
d_e_E‘E:'a

dzae | <eala - DIE e (aslgp e S g .

Given that a > 1, this expression is integrable on [—1, 1], and it hence follows that
1
J.

so | Jo| < x~2, which establishes that J, is bounded by an integrable function for large x, as

2
d_§2<e”'€‘“co<£>> de <1,

desired.
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For j € {1,3}, integrating by parts twice yields that

U e (G 3GEFE)  GEFE) 3G EFE)

il ” < ©F T FER T (FE)P () )dg‘
L (e O ) ()

< f e (\G] @I+ e @+ e @+ T <5>r) a

Given that £ > 0, by direct calculation,

(&)= 18" —x&, F(&)=arg —x,
F”(é) _ a<a _ 1)L‘§a_2, F///(g) _ a(a _ 1)(a —2)t€a_3.

For & € I, since £ < 20 p, it follows that at&4—1 < at2¢-14-1pa-1 = 24-154-1|x|. Conse-
quently, |F’(&)| 2 |x| and hence it is also true that |F/(£)| 2 at&4~!. Similarly, for & € I3,
since £ > K, itfollows that ar&~! > ar2!-@ K~ pe~l = 21=aKa~1|x|, hence |F'()| 2 |x|

and |F'(&)| 2 at&*! as well. In either case,

[F"()]

)
F )] s

se and ) S

It follows that for j € {1,3},

1
1% 5 | (611617167 (@)1 + 2121216, (2)) d

Recalling that h,(&) = e¢I¥I" satisfies the estimates |h’ (&) and |k’ (&) with

B Ii\ B Ii\z’

constants independent of ¢, and that
— 2 —elgle €
Gi(&)=(1+&) ze Iy 9;(8),

it is easily seen that for any j € {1,2,3},

1 / 1 " 1
|Gj(5)|§W’ |Gj(5)’§|€|—a+1» G; (5)|§|§|T+z'
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Consequently, for j € {1,3},

1 1
dc <
x2Jy |§|“‘+2 | x[?

which provides a suitable bound on J; and Js.

To bound J,, following the same steps as in the bound for J, when |x|

thatforany & e I,

|F"(&)| =t x|

and that

sup|G,(&)| < p~ e,

Eel,

< Cy, it can be seen

so given a suitable choice of ¢,, by the corollary to Van der Corput’s Lemma,

|]2| <[ﬂ 1 |x|a 1 —a— %(a_z))e_wcofyiﬁlﬂﬁ

for some small constant ¢, > 0. If y = —“=, then noting that ¢ > ; and that &+ 3 (a —2) > 0, it

follows that | J,| < e—9“cl*|“~" and the estimate is complete. Otherwise, proceeding as before,

using the fact that for any y, g > 0,

eV <pyF,
it follows that for any > 0,
ta-1 ( %) 1
< .
’]2| ﬁ( — 1(a+ (a—2)+Ba)
If y < —=, rewrite this estimate as
l—ﬁ(ﬁ‘?’) 1
| J2| <

fa L (3-a) |x|“il(a+%(a—2)+/3’a)
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and note that 8 can be set as large as is desired to conclude a suitable estimate.

a—1

(a—1)r—a
1

this choice of § is positive, as @ > ; and y > —“-. As before, it can thus be concluded that

Ify > —=, choose f§ = as in the case of |x| < Cy, noting that it is still the case that

| < ﬁ where k = — (a <(a(f;)ly)fa> +3(a—2)— #) and it remains to show that
(a=l)y

(a=1)y—a

k > 1in this case. However, since y > —%, it is necessarily the case that > 0, hence

the fact that @ > Ja (1 — 1) implies that
v

(1002 (o) e i)

which completes the estimate on J, and the proof of Lemma 6.2.1.

6.3 Failure of Boundedness for Regularity Below the Critical
Index

To complete the proof of Theorem 6.1.2, it remains to show that for y > 1, the estimate

12 flew <|f

generalising the counterexample of Dahlberg and Kenig from [51]. The proof given here is a

m#(r) cannot hold for s < 7 a( ) In [132], Sjolin proved this fora =y = 2,

further generalisation of this counterexample. Construction of counterexamples of this form

will be discussed in Section 7.5 within the context of some related work.

Fixy>1lands < ;a(l— %) and for each v € (0, vy) for some small v, > 0, choose g, € ¥ (R)
to be a positive, even, real-valued function, supported in [—v(“*l)*%, (a=1)- ] and such

that g,(£) = 1for & € [—%v(“’l)’%, v@~U=7]. Define the function f, such that f, () =

1
2

vg,(vE + 1) and note that

by = 0] Joo(ve e ) [lerae

U2
v1+23 R

go(g+ ) lepaz.
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For the integrand above to be non-zero, given the support of g,, it is necessarily the case that

(a—1)—2

r,v(“_l)_%], hence [£| < plab-

E+2el[-v 34—%.Sinceve(O,l)and(a—l)—%>—1,

given that y > 1, it follows that |£| < %, SO

HfUHZS(]R) S Ulizsv(a_l)_gvfzs — Ua—4s_%.

Since s < ja(1— 2), it can be concluded that | fy | :(z) — 0 as v — 0. Now, since || (&) ~
I fllzz) + | £ 7<) and given that the above argument also provides that | f,|2®) — 0 as
v — 0, it follows that || f, | zs(r) — 0 as v — 0. It thus now suffices to show that there exists
a choice of ¢, depending on x and v, such that the L?>(R) norm in x of P;,r fu»(x) is bounded

below, uniformly in v, since P;_f, (x) is trivially pointwise bounded below by P;yy fu(x) for

any particular choices of ¢.

Note first that

i(x& a a 1

R

Substituting n = v& + % and removing a unimodular term that does not depend on ) from

the integrand,

1

i(x2 Nn_1liay _4r|1_1ja
|P;,yfl/(x)| - ‘fRe( vl vz‘ )e ol ”Zl 8:»(77)0”)-

Define
n n 1 @ t
Feio(n) = Xo DT g T
n 1)
Gl‘yy(”) = trz—? .
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Y . .. i(x 1 n_1ja
Observing that e~ "> is unimodular and does not depend on 7, it is clear that ety =zl

in the above integral can be replaced with eix«("), Now, bounding |P, . fv(x)| below by

(a—1)—2%

|Re(P, f»(x))| and recalling that g, is supported in [—v 7,077, it follows that

v(u_l)_%
(B2 | cos(Bernm)e g, (n)dn)|.
—U T
By the binomial expansion, for |n| < y(“’l)’$,

n 1

v v?

« _ (1_nY
B v: v

since (a —1) — % > —1. It follows that

n n tn?
Fx,t,l/(n) = x; —ta p2a—1 +0 (VZ(a1)> :

Za —Z(a—l)]

Fixx € [0,v 7 and choose ¢, depending on x, so as to eliminate the first two terms

xp2la—1

in the above expression for F, that is to say choose t = - ) (which is contained in (0, 1),

given the restriction on x, and is thus a valid choice for t). Then

Eer0(n) = O(xn?)

and hence

F., U(n) < U%“—Z(a—l)+2((a—l)—$) —1

For sufficiently small vy, the implicit constant here may be set to 1.

Similarly, observing that | — - |¢ = O(—;) by using only the leading term of the binomial

expansion here, it follows that

1
Giw(n) = xyv2y(a—l)a—70(vza)

— O(x)’ vZay—Zr—Za),
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hence given that x was fixed to be in [0, y%’z(“*l)],

Gyp(n) < v2e-2rla-N2ar—2r-2a _q

Given these estimates, it is clear that cos(F, (1)) and e~¢ () can be bounded below by

constants for || < v“~"~7 and hence P, fu(x)[2 v D77 for x € [0, UZTH_Z(“_I)]. As such,

1P follte e 2 p¥ e (a2

This establishes that HP;,Y fvl 2y, and hence also HP;,r ful 2y, is bounded below uniformly

in v which completes the proof of the negative part of Theorem 6.1.2.

6.4 Further Remarks and the Proof of Theorem 6.1.3

Whilst Theorem 6.1.2 determines precisely the infimum of the values of s > 0 for which the

estimate P, fl2®) < | f

ms(r) holds, it is remarked that for a > 1 and y > 0, the question
of whether boundedness holds at the critical exponent, s = ia(l — %)’“, remains unad-
dressed. The analogous problem of boundedness at the endpoint is still open in the case of
the maximal operators with real-valued time, S?, that is to say that the veracity of the bound

IS fll ey S 1 f1 e () I8 still unknown, even in the case of a = 2 where S’ is the Schrodinger

maximal operator. Nonetheless, the following partial resolution can be established here:
Theorem 6.4.1 (Endpoint Estimates)

(i) Fora>1andy € (0,1], the estimate Py fllizw) < | £l holds forall f L*(R).

(ii) Fora>1, the estimate [P} o fli2) < £l g, holds for all f € Hi(R).
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Proof To prove case (i), observe first that by Lemma 6.1.4, it suffices to prove only the case of
y = 1. To do this, define K : R — R such that K (&) = ’FI"e =¥ and for each ¢ € (0,1), define
K==t 'K(t"), sothat K, = K(¢-). Then
sipte) = [ Fo( [ Kyeseay)enas
R R
= | (| FeremEzac)k, ) ay
R \JR

SO

sup [, f(x)| < sup [f+K,1(50)].

1€(0,1) te(0,1) '
Now,

s . B
K(x) _J eVl g2mixe g Ef e~V cos(2nx&) d&.
R 0

Since

Q0 Q0
J e(1=1)¢ cos(2mx &) di‘ < f e "dE=I(5;+1) <o,
0 0
itis clear that K € L*(R). Further, integrating by parts twice and using that for any ¢ > —1 it
Q0
is also true that f gfe " dE = 1I'(£H) < o, it follows for any x # 0 that |K(x)| < |x[ 2. It
0
is thus the case that
sup [S;"" f(x)| £ Mf(37),
te(0,1)
where M is the Hardy-Littlewood maximal operator (see, for example, [66, Thm. 2.1.10, p.

82]). By boundedness of M on L*(R), the result follows.

Case (ii) follows immediately since the proof given in Section 6.2 adapts without difficulty in

the case of y = = to include the endpoint s = ;a(1— 1) = 3.1 O

1
14 4’

*For a € N\{1} and for any N € N, by integrating by parts N times, this estimate can be improved to | K (x)| <
x|~

The significance of y = —% is that it represents a point of transition in the proof between the values of y
where the constraint on « is required in Section 6.2.1 (proof for small values of x) and those where it is required
in Section 6.2.2 (proof for large values of x).
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As mentioned in Section 6.1, a natural extension of Theorem 6.1.2 is to consider the values

of s for which a local norm bound on the maximal operator holds, that is to say
|Py, flzq-1ay < [ fllas@)-

The answer to this question turns out to be a remarkably straightforward consequence of
the proof of Theorem 6.1.2 and some other previous work of Sj6lin. Denoting by s'°c(y)
the infimum of the values of s > 0 for which this estimate holds, the following analogue

of Theorem 6.1.2 can be established:

+
Theorem 6.4.2 Fory e (0,50) and a > 1, s'°¢(y) = min (ia (1 — %) , i)

Proof To begin with, observe that it is trivially true that | Py f|2(-1,1)) < | P}, f]12(®), so the
global bounds from Theorem 6.1.2 automatically imply some local bounds and it is thus
necessarily the case that s°°(y) < s,(y) = ;a(l— %)Jf Additionally, note that the coun-
terexample given in Section 6.3 is also a counterexample for the local estimate whenever
the choices of x over which P;,r fv is pointwise bounded below can be contained within

2(a—1)]

[—1,1]. Since x is chosen to be in [0, v27a_ for some small parameter v, this happens

precisely when 2% —2(a —1) > 0, that is when y < . It follows that si?°(y) = ja(1— )" for

re (0,51

In the proof of Lemma 6.2.1, if y > ﬁ and x is small, the only requirement on « is that it
is greater than or equal to % (which is used in the estimate on J,).* Consequently, for such

: I ! 1 a
7, it must be the case that s'°°(y) < ;. Further, the fact that 5!(y) > ; forall y > —“ can

1
4" -1

be deduced from the counterexample of Section 6.3 in the case of y = —*-. Indeed, the

a—1
counterexample function f, defined in the case of y = —% can also be used as input to

the operator P, for higher values of y since the function G, (n) from Section 6.3 is non-

increasing in 7 (given the requirement that ¢ is local). The theorem is thus established. O

*The proof uses that a > % at this point (from the hypothesis of Lemma 6.2.1), but only o > % is required.
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It is remarked that the upper bound of ; for s!°°(y) here is perhaps unsurprising in light of

the fact that in 1987, Sjolin proved in [129] that forall a > 1,
1S5 £l z2(—10) < [ flles )

ifand onlyif s > i.

In the case of this local problem, the question of boundedness at the endpoint can be re-
solved in more cases. Indeed, the following holds:
Theorem 6.4.3 (Local Endpoint Estimates)

(i) Fora>1andy€(0,1], theestimate |P;_f|12(-11)) <[ f|12w) holds forall f € L*(R).

(ii) Fora>1andy > —%, the estimate ||P;nyL2([_1,1]) < £, ®) holds for all f € Hi (R).

These results follow immediately from the global endpoint estimates (Theorem 6.4.1) and

Lemma 6.1.4.

Given Theorem 6.4.2 together with these endpoint results, the positive pointwise conver-
gence statements of Theorem 6.1.3 follow from the boundedness of the maximal operators
that has been established. The negative statements are a consequence of the Nikishin maxi-
mal principle, as discussed in Section 5.2, using the fact that the counterexample in Section
6.3 can equally well be used to show failure of weak boundedness of P:,r (thatis boundedness

from H*(R) into L>*([—1,1])).*

6.5 ProofofLemma6.1.4

Recall that Lemma 6.1.4 was stated as follows:

*Strictly speaking, failure of boundedness from H*(R) into L>*(E) for all sets E of sufficiently large
measure strictly less than 2 is required here. To prove this requires only a straightforward adaptation of the
counterexamples considered.
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Lemma6.1.4 Let g and h be continuous functions mapping [0,1] to [0,1] such that g(t) <

h(t) forallt € (0,1). Then for anya > 1,

H Sup)IS;”"‘“’f|!L2(R> < | sup |87 £ )

te(0,1 te(0,1)

forany f e & (R).
Proof As mentioned in Section 6.1, this proof is a mild generalisation of the proof of the

analogous Lemma 1 from [132]. Observe that

STHI f(x) = ff(g)emaaeh<t>|s|ﬂeix§d§
R

= f]/C\(g)emglae_g(t)€|ue_(h(t)_g(t))|§|“eix5dg.
R

Define K : R — R such that K(&) = e~%I* and for each ¢ € (0,1), define K, == r—'K(t~),

so that f(\t = I?(t) Then

S;Hh(t)f(x) = Lgf(g)emg“e—g(t)lél” (JR K(h(t)_g(t))é (y)e—zmyi dJ’> e dg
_ ( F(E)eitlel gmg(0lzl gite—)e dg)K (y)dy
2 g (h(1)—g(r))a

_ t+ig(t) .
(S0 Knay-gps ()

SO
sup [, ()] = sup (S, )+ Ky (5)] < sup [(sup [8,1150f1) < K]l
Now,

1 . 1 (*
K(x)=— [ e e g = —f e " cos(x&)dE.
*) =52 | -] (x8) de
This kernel can be treated the same as the kernel in the proof of Theorem 6.4.1. Indeed, since

a0
f e *"d& =1TI(++1) < w,itis clear that K € L*(R). Further, integrating by parts twice
0
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Q0
and using that for any ¢ > —1 it is also true that f Ee =" dE = i]"(cail) < o0, it follows for
0

any x # 0 that |K(x)| < |x|~2. It is thus the case that

sup |(sup [S;E0 f])« K, (x)] < M( sup |87 f])(x),
ue(0,1) te(0,1) t€(0,1)

where M is the Hardy-Littlewood maximal operator. By boundedness of M on L?(R), the

lemma follows. O



CHAPTER 7

MAXIMAL OPERATORS RELATED TO
OSCILLATORY KERNELS OF SCHRODINGER TYPE

7.1 Introduction

In Chapter 6, results for maximal operators associated to multipliers of the form e!*!'l* for
a > 1 were established. The multiplier corresponding to the case of a = 2 is associated
with the solution operator for the Schrédinger equation, yet by considering that in this case
the multiplier is a Gaussian-type function, by calculating its inverse Fourier transform it
is clear that the kernel associated to the solution operator for the Schrédinger equation is
of the same form, namely t’%eg. As such, an alternative natural generalisation of the

Schrodinger maximal operator is the sequence of maximal operators

T, f(x):= sup

te(0,1)

JRt;eiy’a flx=y)dy

for a > 1. Letting ¢ denote a positive, even C*(R) function that is supported in R\[—1, ;]
and equal to 1 in R\[— %, %], these convolution operators will be seen to be closely related to

the sequence of maximal multiplier operators,

f* = sup

a
te(0,1)

ff ) g A eI i g

185
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for a > 1, and it is these operators that will be the focus of this chapter. It is noted that by

rescaling the temporal variable, it is clear that it is equivalent to write Ta* f(x)as

ff B (18)[1g| 2 el T ixd g g

sup
te(0,1)

and both of these two forms will be used in what follows, as appropriate.

These operators were considered by Luis Vega in his doctoral thesis from 1988[!43], where the
following was shown:

Theorem 7.1.1 (Vega, 1988) (i) Ifa < (1,2] then

H*(R)

| T fllezqeny < | F

_1 1.
2(a—1) 4’

ifand only if s >
(i) Ifa < (2,4] then

1T f ez S 1 e ey

ifs>1—Yandonlyifs>%—-1;
(iii) Ifa € (4,0) then

| T flli2r) < | 2wy

Here, the following is proved, extending Vega’s results in the case of a € (1,4] to the global
setting:

Theorem 7.1.2 Foranya € (1,4] and s > 0, the estimate

173 Flz@ < 1l
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1. Further for a > 4,

holds for all f € H*(R) i 4(a?:1) —1

3 1 .
@D i and only ifs >

1T fle@ < 1flee

The relation between the operators T and YN‘“* will be discussed in Section 7.2, after which
the proof of the positive part of this theorem, which is essentially a combination of results of
Sjolin and Vega, is presented in Section 7.3. As in Chapter 6, the proof of the negative part
depends on a generalisation of the counterexample of Dahlberg and Kenig and is presented
in Section 7.4. The method of construction of this generalisation involves solving a non-
linear optimisation problem and is described in Section 7.5. This discussion is also relevant
to the counterexample of Chapter 6, which was constructed by the same method, and it is
also shown that the same approach can reproduce the negative parts of Vega’s Theorem 7.1.1.
This chapter is concluded with a generalisation of Theorems 7.1.1 and 7.1.2 to the context of

complex time, similar to that considered in Chapter 6.

7.2 TheRelationship Between the Kernel and Multiplier Max-
imal Operators

To consider the relationship between Ta* and Ta*, observe that for any f € & (R),

T*f=sup [t 'T,f(t™")] and Ta*fz sup |t‘1Taf(t_1-)|

te(0,1) te(0,1)

where
T.f(x)= f W f(x—y)dy and T,f(x Jf £)lel = 1)ez|€\a g g
R

To establish the extent to which the convolution operator 7, and the multiplier* opera-

tor T, are related, it will suffice to compare the inverse Fourier transform of the multiplier

*Up to arescaling in x.
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a

_a=2_ [ a— . . [ a .
¢ (&)|E| 21 e 17" with the convolution kernel e’*!, or, conversely, to compare this mul-

tiplier with the Fourier transform of the convolution kernel.

The close relationship between these functions is a manifestation of what Elias Stein calls the
principle of “duality of phases” in [136]. Indeed on p. 358 he writes that “the Fourier trans-
form of e’¥™)a(x) is essentially of the form e‘“ﬁ(g)a*(i), where the pair (1) of phases
are ‘dual’ to each other.”* He further claims a particular asymptotic formula of relevance
to the current setting, although the discussion is non-rigorous and whilst he states that this
principle is a consequence of stationary phase estimates for oscillatory integrals, he is not

explicit about the details.

A more rigorous treatment of this matter can be found in a paper by Akihiko Miyachi from
1980, [105]. As a special case of case (ii) of his Lemma 4, the leading order term of an asymp-
totic expansion for the Fourier transform of the multiplier ¢ (£)|& rﬁei'g‘# is given to
be essentially the above convolution kernel. However, the following more precise statement

is an immediate consequence of case (ii) of his more specialised Lemma 6:

Proposition 7.2.1 Let ¢ € C*(R) be positive, even, supported in R\[—3, ;] and equal to 1 in
R\[—3,3]. Then for a > 1, there exist non-zero constants C, € C and c, € R such that for

x> 1,

Le“'g'“”“@qb(&)rérz&w dZ = (Cy + eq(x))e™* " 1 E,(x),

where |E,(x)| < |x|~F forall k > 0 and lim eq,(x)=0.

In other words, less an error term of the form e, (x)e’®*" + E,(x), the inverse Fourier trans-
form of the multiplier of the operator T, is, up to a constant multiple and a re-scaling, equal
to the convolution kernel of the operator T,. These two operators, and hence also their

corresponding maximal operators, Ta* and T, are thus intimately related.

*The choice of symbols has been changed from Stein’s original text here to avoid notational conflict.



7.3 Boundedness for Regularity Above the Critical Index 189

Unfortunately, the error term in the above proposition is not shown to have quite enough
decay to allow equivalence of the boundedness of these two maximal operators to be es-
tablished. Indeed, if it could be shown for all x € R that the inverse Fourier transform of

L _a_ __a-2 .
ellEl" T ¢ (&)|&]” %1 is equal to a constant multiple of
eicall 1 K

where K € L'(R) is bounded by an integrable, radially decreasing function, then it would
follow that for f € & (R) and for each x € R,

1

T.f(x) ~ Tu(f(ca ®))(cix) + K s f(x).

Defining K, = t 'K (¢~!-) for each t € (0,1), given the properties of K, it could then be es-
tablished that sup |K, = f(x)| <M f(x), where M is the Hardy-Littlewood maximal operator
(see, for examf)elg),'l[)GG, Thm. 2.1.10, p. 82]). This would lead to the conclusion that, between
spaces on which M is bounded, boundedness of T" and boundedness of Ta* are equivalent.
Whilst the above pointwise equivalence can be established for small x using an integration
by parts argument, the fact that the term e, in Proposition 7.2.1 may not be in L' (R) prevents

it from being established for all x € R.

It should be remarked that in [143], Vega claims to establish this equivalence and whilst his
proof of Theorem 7.1.1 is for the operators Tu*, he states the result for the operators T via this
claimed equivalence. Unfortunately, his argument appears to be erroneous and the author

has been unable to repair it.

7.3 Boundedness for Regularity Above the Critical Index

The method used to establish the positive part of Theorem 7.1.2 here is exactly the same as
that used by Vega to establish the local results, although in this case a result of Sjolin will
also be drawn upon. A theorem originating in a 1956 paper of Stein('3* (see also [15, Sec. 4.3]
and [137, Sec. V.4]) on interpolation for families of operators will be required. This in turn

requires a definition:
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Definition (Admissible Family of Operators) Let (X,u) and (Y,v) be measure spaces and
defineS = {z € C: Re(z) € [0,1]}. Let T, be a family of linear operators depending on z € S
and mapping from the space of simple functions on X into # (Y,v). Then the family T, is said

to be admissible if for all simple functions f on X and simple functions g on 'Y, the mapping

o [mpgas

is analytic on the interior of S, continuous on S and there exists a constant a < 7 such that
e—a|1m(Z)‘ log’ f (Tzf)g dv‘
Y

is uniformly bounded in S.

Stein’s interpolation theorem can now be stated as follows:

Theorem (Stein, 1956) Let (X,u) and (Y,v) be measure spaces, define S .= {z € C : Re(z) €
[0,1]} and let T, be an admissible family of linear operators depending on z € S and mapping
from the space of simple functions on X into ./ (Y,v). Suppose that for both j =0 and j =1,

there exist p; and q; € [1,0] and a function M; : R — R* that satisfies the bound

supe “WogM;(y) <o
yeR

for some b < 1t such that for each y € R,
1 Tiiy flleos ory < M)l (x)
for all simple functions f on X. Then for any 0 € [0,1],
[ To f1l190 vy < [ flvo x)

for all simple functions f on X (and hence by density, for all functions f € LP¢(X)) where
1 1-60 6 1 1-6 0

— = +—and — = +—.
Po Po p1 qo qo q
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To begin the proof of the positive part of Theorem 7.1.2, define for each A, BeE R, t € (0,1)
and for functions f € & (R),

Z’ A|§| B z[|§\A+lx,,d€

where ¢ € C*(R) is positive, even, supported in R\[—3,] and equal to 1 in R\[—3,3]. Let

T denote the maximal operator, sup | TAt |- These operators coincide with the operators
re(0,1)

~ a a—2
T*in the case of A = ,B= .
a a—1 2(a—1)

Consider first that for such choices of A and B, when a € (1,2], it is the case that B <0, so for

eachxeRand € (0,1),

Tl =l [ Fopiole et eas
< |Thofa(x)l,

whereﬁ=|-|—3f.

As was already mentioned in Section 6.1, Sjolin established in 1994 in [130] that for a > 1,

the operators

S*f(x)= sup

te(0,1)

ff lt|g\“ tx”’dg

are bounded from H*(R) into L?(R) if s > £ and only if s > . Now, Sjélin’s proof is equally

applicable to the operator sup | TXO -|; indeed, the insertion of the additional term, ¢ (tii ),
re(0,1)

into the definition of S7 serves only to simplify the oscillatory integral estimates that Sjélin

carries out in [130].* Assuming that | f||zsr) < | | -5 (w), it follows that

I T3 f ey < U lles )

*For example, the introduction of a cut-off function around the origin in the definition of py ;. on p. 108
is no longer required. Some of the terms of the decomposition of the oscillatory integral being bounded may
disappear entirely; the finite number of terms that are affected by the new term that do not disappear are made
no more difficult to bound by the presence of an additional smooth cut-off function.
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a—2

ifs>2—Bandonlyifs >4 — B. Since A= -“- and B = a1

it can be seen that % —B=

3

e i and so the positive part of Theorem 7.1.2 is proved for a € (1,2].

To prove that | fz|ps®) < [|f]ms—5®), first note that | fp| 5wy for each r > 0.

ir®) = [f]
Now, since for functions g € H*(R) it is the case that | g|u®) ~ |8 2®) + | &) using

that B < 0, it follows that

Ifellas® < [fllzw + [ Falamm

= | flag-sw + [ fla-sw)

N

HfHLZ(R) + HfHH*B(]R) + HfHfoﬂ(]R)

3] f]

N

H =B (R)

and so the inequality is established.

The positive part of Theorem 7.1.2 for a € (4,00) was already established by Vega and stated
in Theorem 7.1.1. To prove the remaining case of a € (2,4] it will also be necessary to know
that Vega established the a > 4 result as a consequence of the following more general result

on the operators TAt B:[143, Thm. 1.15, pp. 35-36]

Theorem 7.3.1 (Vega) ForA>1, B> fz‘ and f € # (R),

| sup ’%At,Bf‘HLZ(R) <as | fllze)-
teR+

The positive result for a € (2,4] now follows as a consequence of interpolation between
this result and Sjolin’s result, using Stein’s theorem. Indeed, observe that, by adapting the
operators considered, Stein’s theorem may easily be modified to interpolate between an
estimate from L?(R) to L?(R) and an estimate from H*(R) to L?(R). As such, fixing A > 1

and interpolating between Sjolin’s result (considered as a result on boundedness of YN:;“O)
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and Vega’s result with B considered as the interpolation parameter, it follows that for each

0e(0,1),

175 g F iz < [ f ey

for s > 24(1—0).* Choosing A = -~ and B = 2(‘;21), it follows that B =1— 2, so for 64 = B,

3 150 the desired result is

. 4 A
it must be the case that @ =2 — ~. Assuch, £(1-0) = D 1

established.

Given that the thesis of Vega is not a widely available resource, for completeness, a proof
of Theorem 7.3.1 based on that from [143] will now be provided. As in the proof of Theo-
rem 6.1.2 in Section 6.2, it depends on the Kolmogorov-Seliverstov—Plessner method and an

oscillatory integral estimate. The latter can be stated as the following lemma:

Lemma7.3.2 LetA>1,1¢€[-2,2] andx e R. Let1) € #(R) be supported in (—2,—3) L (5,2)

8’
and for each k e N U {0}, define y);. == y(2%-). Then there exists K € L'(R) such that for all
keNu{0} andallxeR,

2_’C2AJei(t|§|A+x§)¢k(€)d€ < K(x).
R

Proof The proof of this lemma will be similar in nature to the proof of Lemma 6.2.1 in Section
6.2. Again, the key will be isolating a neighbourhood around a point of possible station-
ary phase, p = (lf—/l)ﬁ, and applying Van der Corput’s Lemma. It will be assumed here
without loss of generality that £ > 0 and x < 0 and for simplicity, it will be assumed that

p € (2k=3,2%+1) (the interval in which v is supported); the proof is otherwise more straight-

forward.

*That the operator i;“ p satisfies the hypotheses of Stein’s theorem in parameter B can be seen by noting

that for any suitable function f and y € R, T/;“BJrl.yf = T:Bgy where g, = fefiy log|-|
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Define F(&) = t|{|* + x& and choose ¢, € ¥ (R) to be supported in {§ € (2k—3,2k+1) :
|[F'(&)] < %} and equal to 1in {& € (2k=3,2k+1): | F/(&)] < %} Define ¢ = (1 — @) (2t~ )
and ¢3 == (1 — @2) y(p2++1), and for each j € {1,2,3}, define

Jj= JR eIy, (£)g; de.

As previously, J, constitutes the integral near the point of stationary phase, p, with J; and J3

constituting the remaining parts of the integral on either side of this neighbourhood.

For j € {1,3}, note first that it is clear from the size of the support of ¢, that |J;| can be

bounded by a constant multiple of 2%. In particular, it certainly follows that

_ka
2

A

_ka
1272 Jillp k0 S 2 1.

Also, for x < —27%, using that F'(£) = |x| and integrating by parts twice, exactly as in the
bounds on /; and J; in Section 6.2.2 (the proof of Lemma 6.2.1 for large x), it can be seen

that | J;| <27[x|7% so

kA
2

kA
1272 Jil w2ty S22 S 1

The bound on J; for j € {1,3} is thus complete.
For J,, note that since & ~ p and & ~ 2F in the range of integration, it is the case that p ~ 2.
Using that t € [—2,2], it follows that |x| < 2¥(A=1 and |¢| = |x[2¥0-4). Since F"(£) = A(A —
1)t|&42, it follows that

|F”(§)‘ > |x’2k(17A)2k(A72) _ ‘x|27k.
As such, applying Van der Corput’s Lemma with the second derivative,

27k | < 27k22z x| .

Since |x| < 2k(4-1), by integrating the above expression, it follows that the L' norm of 27k3 I

can be bounded by a constant and so the proof of the lemma is complete. O
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Given this lemma, Theorem 7.3.1 can be proved as follows:

Proof (Theorem 7.3.1) Fix A > 1 and B > %. Choose a function ¢ € . (R) supported on

[—2,—3] U[3,2] and a function ¢, € & (R) supported on [—2,2] such that

Diyi(E) =

for all £ € R, where vy := y(27F.) for k € N. For each k € NuU {0}, and each t € R*, define
Ty pif(x f FE)@ (&)1 P|g| Pl Dy (1E) de.
To prove Theorem 7.3.1, it will certainly suffice to show that

~ _k(p_A
|sup | T ,, flle@ <272 V| flew
teR+

It is further claimed that this will follow from the locally maximal bound

_k(p_A
| sup |T!, fllze) <2729 fll 2w

te(1,2)

To see this, assuming that this bound is true, write that

| sup T prEax <3 | sup (T, 0P,

teR jez IR te[2]2i11]

Given that supp(yx) € [—2k+1, —2k=1] U [2k—1,2k+1] for each k € N, for t € [2/,2/+1], 4 (£ &)
is non-zero only if & € [—2k—J+1, —2k=j=2] ) [2k—i=2, 2k=j+1], Since supp(Pyo) < [-2, _:11] U
[}1,2], it can be assumed for all k € N U {0} that & € [—2k—/+1, —2k=j=3] y [2k=J=3,2k=j+1] in

the integrand deﬁmng W 5.~ Consequently, letting f; , be the function such that

—~ ~

fj,k = Zi[zk—j—syzkfjJrl]f,
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the above quantity can be seen to be equal to

Z f sup \T;’B,kfj,k(x)\zdx.
R re| ]

jez 2/ 2+

Now, by a change of variables,
Ty g f (x) = Lz_jf@_’f)qﬁ((f"t)i)((Z‘jt)lil)‘Bei((z”)A'““Zjx’g)wk((Z"'t)é) dg,
SO

fR sup [T, f)fdx < ¥ j sup |74, (f4(2)(@ 7 x) P dx

teR* jez IR 1e(1,2)

D jR|fj,k<x>|2dx

JEZ

ERE

A

N

by “almost orthogonality” of the f; ; (that is that for any j € Z, supp( fj\k) N supp(fj;c) has

positive measure for at most seven choices of j’ € Z).

It remains to show that
~ _k(p_ A
| sup [T} fllzw 27259 fll @
te(1,2)

for all k € N U {0}. Dualising and linearising the supremum in the desired bound, it can be
seen that it suffices to show that for any g € L*(R) with | g[;2x) = 1 and any measurable

function, ¢ : R — (1,2),

[ B rwgtax <1l

with constant independent of the function ¢.
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By Fubini’s theorem

| Bt a
- [ Fener ( [ ot @i e g ax ) az.

Since supp(¢ ) S [—2k+1, —2k=2] U [2k-2,2k+1] and #(x) € (1,2) for all x € R, it can be
assumed that |&| = 2F in this integral, so by the Cauchy-Schwarz inequality, the above is

bounded by a constant multiple of

).

2l [ || #0000 @5 50050 002 g x|

Define

=27 [ | [ pleme)e I b )y ()8 d| e

Then

T N — _4
fR Ty (X)g () dix <27 D] £ e I

so to complete the proof of Theorem 7.3.1, it suffices to show that I is uniformly bounded.

However, writing that 1:0\; = @Y, by another application of Fubini’s theorem,
Jo Lol (2 [ et e
R JR R
. %(r(y)f)d@) dy dx.

The integral in £ here falls into the scope of Lemma 7.3.2, so using that = 8(x), r=8(y) < 1,
it follows that there exists a function K € L'(R), independent of k, such that

zk<L|g<x>|<|g|*|K|><x>dx

By the Cauchy-Schwarz inequality and Young’s convolution inequality, it follows that I is

uniformly bounded and thus the proof of Theorem 7.3.1 is complete. O
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7.4 Failure of Boundedness for Regularity Below the Critical
Index

As in Section 6.3, a generalisation of the counterexample of Dahlberg and Kenig will be

presented here to show that for a € (1,4), the bound

1T fllew < If

HS (R)

4(a3:1) — ;- Following the same reasoning as there, it will suffice to show that

there exist functions f, for v € (0, vy) for some small vy, the H*(R) norms of which tend to

fails for any s <

zeroas v — 0 for s < — i, and corresponding functions ¢, : R — (0,1), such that the

3
4(a—1)

L?(R) norms of the functions

Rt” ’f f )‘tv( )g‘_ﬁei‘tv(x)a“gl+ix€dg

are uniformly bounded below in v, where ¢ € C*(RR) is positive, even, supported in R\[—i, i]

and equal to 1in R\[—3, 7].

Let g, € #(R) be supported on [—v3~%,v3~¢] and equal to 1 on [—3v3~%,2v3~¢]. Define

1
2

fo(8) = vg,(vE + ) and observe that

1 2
i]x(R) - VZJ gU<V€+ 26{—3)’ |§|2$d€
R v
— UI—ZSJ
R

For g,(£ + =) # 0, it must be the case that £ + —— € [~ —, —15], so necessarily, |£| <

pa— 3’1/“ 3

| fo

g5+ s )| e ac

== It thus follows that

HfUH?{s < pl-2s v2$(3—2u) p3—a

_ U4—a—4s(a—l).



7.4 Failure of Boundedness for Regularity Below the Critical Index 199

As in Section 6.3, given that ||f, |

w®) ~ || folz® + | folg @) and the fact that the above

argument also shows that | f,|;2r) — 0 as v — 0, it follows that | f,|m®) — 0as v — 0

1

3
whenever s < ) 1

Consider that

Rfu(x) = | v (8 s o eole] e et ag

R

and substitute n = v + # to obtain (after removal and addition of unimodular factors in

the integrand that do not depend on the variable of integration) that |R! f, (x)| is equal to

[ smo(e(2 )2 )

a—2 _a_
— 57— , —1
D il (== T Qi) gy,

ei|t

Fix x = cv~2 for some small positive constant ¢ and set t = x'~a v2 (1 — 1)1-2. Noting

that £ ~ 1 as v — 0, for n € [—v3~4,v3~¢], the quantity #(? — —=) is large and negative.

Consequently, it may be assumed that

Now,

a 1 n T a 1 (ﬁ)n 7]2
t”_l<vza72_;> :ta_l<l}2a_ 3 +O(U672a) '

so given the above choice of t,

) ) tenan EEEN (ta‘ilrﬁ)
g o - —- 0
’ <V p2a=? " v v v V3 * y6—2a
xUZnZ
- O<v6—2a)
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Bounding the integral below by its real part replaces the exponential terms by a cosine term,

and from the above deductions, this term can be controlled to be essentially constant, so

long as v, is chosen to be sufficiently small.

Additionally,

__a—2
2(a—1)

a—2
a—1) 2(a—1)

~ e 2

n 1
‘t<; B v2ﬂ_2>

—2 2 —2
o O DGES) -2 a2
_ x_u272 U_a;2+a_2
= x%_%y“+%_3.

It follows that |R! f, (x)| 2 xa 2ptta—3pda gg
HTu*f,,Hig(R) 2 (J xﬁ—l dx) U2a+§—6ve—2u -1
x~v—2

and so | Ta* fvl 2 is bounded below uniformly in v, as required. The negative part of Theo-

rem 7.1.2 is thus proved.

7.5 Generation of Counterexamples

In this section, details on the construction of the counterexample given in Section 7.4 will
be provided. Whilst it is not discussed directly, the counterexample from Section 6.3 was

constructed in the same way and so this discussion is equally relevant to Chapter 6.

The idea behind the construction of these counterexamples is to introduce a number of

parameters to the argument of Dahlberg and Kenig used to establish failure of boundedness
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of the Schrédinger maximal operator (as discussed briefly in Section 5.1). As in their work
and as has already been seen in Sections 6.3 and 7.4, a counterexample is generated by
determining a sequence of functions f,, depending on a parameter v € (0, ), for some small
Vo, such that the corresponding images under the maximal operator are bounded below in 1.2
norm uniformly in v, but for which it is also the case that || f, | zs(r) — 0 as v — 0 whenever s
is smaller than some s, > 0. In the process of attempting to follow a scheme similar to theirs,
constraints for the various parameters are generated; the problem then becomes to find an
optimal set of parameters that satisfy these constraints and maximise s,, thus maximising

the applicability of the counterexample.

To begin with, fix parameters @, 3, 6, € € R with @ > 0. Let g, € ¥ (R) be supported in

[—v?,v%] and equal to 1 in [—3v?, Sv%], and set Fol&) = veg,(veE + -5)-* Then

ol = v | oo+ 5)[ e a

= 00 [ [ (g4 o) e a

For the integrand here to be non-zero, & + — € [—v?,v%], 50 |&| < —5 - It follows that

< Ua(1—25)+5+23min(—ﬁ,6)

| £l

2
17 ()

i) —0asv—0forall s <sgif

and so | f|

a(l—2sp)+ 06 +2somin(—f,6) =0 (1)

As before, given that | f,|

ws(®) ~ || folliz) + || fol s () and the fact that the above argument
also shows that | f, | ;2r) — 0 as v — 0, it follows that | f, | zsr) — 0 as v — 0 under the same

condition.

*By reparameterisation, this is equivalent to translating, dilating and rescaling a bump function g on [—1,1]
by writing f, (£) = vov?g (v + -).



7.5 Generation of Counterexamples 202

For notational convenience, define A == -, B = 2&121) and consider that it suffices to

consider the sequence of functions,

Rafulx) = fR veg (vg 5 g2 el et et ag,

where ¢ € C*(R) is positive, even, supported in R\[—1,;] and equal to 1 in R\[—3,].

By substituting n = v*& + Viﬁ and removing and adding unimodular terms, it follows that

IR f,(x)|is equal to

5
Y 1 1 -B . n _ 1 A LoxXn A

'J gy(n)gb(t(%— va+ﬁ>>‘t<% _va—+ﬂ>‘ etlt(ﬂx arp )| el(yni UA(a+/3)’)dn .
b

It is desirable that ¢ is large so that ¢ may be assumed to be equal to 1 here. As ¢t must be
local, £ itself must be large, so given the domain of integration here, assume that a — 6 <

a+ f3, thatis

p>—-0 (2)

Now, by the binomial expansion (using constraint (2)),

4 1 n U
_ A _
=t (VA((H—/J’) pAa+(A-1)p +O(vAa+(A—2)/J’>)'

As such,

A xn o xn t4n —|—O< t4n? )

pe pAlatp) T pa pAat(A-1)B JAC(A—2)p

n 1
’t<ﬁ_ v“+/3)

Fix x ~ v¢ and choose t so as to eliminate the first two terms, that is
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1

In order to ensure that this choice of ¢ is local, it is necessary that % + (¢ + f)(1— ;) = 0,

which, given that A > 1, is equivalent to

e+(A-1)(a+p)=0 3)

Given the earlier desire that £ must be large, it is also imposed that % + (a+f)(1—3) — (a +

pB) <0, thatis

e<a+pf (4)

Given the choice of ¢, it follows that

n 1 \4 xn tA xv(eth)(a-1)p2 xn?
‘t<ﬁ - va+ﬁ>‘ pe pA(a+p) - O( pAa+(A—2)p > = O( )

Bounding the integral below by its real part replaces the exponential terms in the integrand

by the cosine term,

A xn t4
- ve o pAla+p)

n 1
cos (]t(F— v‘”ﬁ)

which can, from the above, be controlled to be essentially constant (when v, is chosen to be

sufficiently small), so long as

e+26—(a—p)=0 (5)

Now, given constraint (2),

—B

n 1
‘t<ﬁ_ v“+ﬁ>
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= x ap@thi,

From these observations it follows that |R! f, (x)| may be bounded below by a constant mul-
tiple of the above quantity multiplied by the size of the domain of the integral and so in

particular,

SO

HTa*vaiZ(R) e <J x’% dx) vz(a+ﬁ)§+25 X UE(F%HZ(‘H[})%JFZE.

x~v¢

Consequently, | T f, |32z, 2 1 uniformly in v solong as £ (1 - %) +2(a+B)%+26 <0, that

is

e(A—2B)+2B(a+B)+2A6 <0 (6)

So long as all of the above boxed constraints are satisfied, it can be seen that the sequence of

functions, f,, provides a counterexample for the bound | T: fllzwy < || f]aew) forall s < sq.

As such, substituting A = % and B = ; —2_ the goal is to maximise s, > 0 subject to the

Ha’

following constraints:*

a(l—2sy)+ 6 —2s0 =0; (1) p+06>0; 2)
(a—l)e+a+p=0; 3) e—a—p<0; 4)
e+26—(a—p)=0; (5) 2¢e +(a—-2)(a+pB)+2a6<0. (6)

*Strictly speaking, it is already known that constraint (2) is redundant. Indeed, given locality of ¢, the
assumption that ¢¢& is large which led to constraint (4) is at least as strong as the assumption that & is large,
which led to constraint (2). Nonetheless, the aim of this section is to demonstrate a general method that might
be applicable to a wider range of problems, so for the sake of clarity, this constraint is not removed.
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Recalling that ¢ > 0, by dividing each of these equations by @ and making the change of vari-

é é £ oy s . . . .
ables (a,f3,0,¢,50) — (1,,2,%,5), it is equivalent to set @ = 1 and consider the following

constraints:
1—2s0+06—2s03>0; (1) B+6>0; (2
(a—1)e+1+p=0; 3) e—1-6<0;, @
e+20—(1—-p)=0; (5) 2e+(a—2)(1+p)+2ad6<0. (6

The determination of the maximal s, subject to these constraints is a non-linear, non-convex
optimisation problem falling within the scope of the Karush-Kuhn-Tucker theorem (origi-
nating from [77] from 1939 and [89] from 1951, but see also [145, Ch. 4] and [117, Ch. 11-12])

which is a generalisation of the method of Lagrange multipliers and can be stated as follows:

Theorem (Karush-Kuhn-Tucker) For some fixed n, m € N, let f, g; € C'(R") for each i €

[1,m] "N. Forx e R* and A € R™, define the Karush-Kuhn-Tucker-Lagrange function as:
L(x,2) = f(x) + ), igi(x).
i=1

Suppose that x, € R" is such that the maximal value of f(x) subject to the constraints g;(x) >

0,i€[1,m]| NN isattained at x = x,. Then necessarily there exists A € R™ such that

V.L(x,A)|,_. =0

X=Xo

and foreachic|[1,m]nN,

Aigi(x0)=0 and 2X;=0.
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Applying this theorem to the non-linear optimisation problem here yields the following sys-

tem of equations to solve for A; (i € [1,6] N N, all non-negative) and the feasibly optimal

choices of 3, 9, € and s,:

)Ll(—ZSO) +Az +A3+A4+)L5+ (z—d))kg =0;

A+ Ay +2A5 —2aAs =0;
(a—1)A3 —Ag+ As — 226 = 0;
1-2(1+p)A =0;
M(1=2s0+06 —250P) =
Ao(B+0)=

AM((a—1)e+1+ )=

As(e+26—(1—p))

(

(
M(B+1—¢)=0;

( 0;

(

As((2—a)(1+pB)—2ad —2¢)=0.

(M
(ii)
(iii)
@iv)
Y]
(vi)
(vii)
(viii)
(ix)

x)

The only solution to this system of equations with A; > 0 for each i and satisfying the original

constraints is given by

1

1 1 3 1 1
= (4(a— " @ 1a <8(a— 0 ~3)0 8(a—1) 4a(a—1)

3
p=2a-3, 0=3—a, e=-2, s =

4a—1)

1

Z.

)

Placing these values of 3, 0, € and s, into the above framework gives exactly the counterex-

ample of Section 7.4.

It is remarked that counterexamples for the local problem (Theorem 7.1.1) can also be gen-

erated in this way, simply by adding the additional constraint

e=0

()
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This modifies the Karush-Kuhn-Tucker conditions from the global problem by introducing

an additional non-negative variable, A;, and an additional equation,
A’7£ = 0) (Xl)
as well as replacing equation (iii) with the following:

(a — 1)A3_l4+15_2)k6+l7 =0. (lll/)

Again, there is only one solution set to this system of equations where all the A; are non-
negative and the original constraints are satisfied:
1 1 1 1 1
A = <_)070)0y_)_)_ - _);
2a 4a 2a? a* 4da

a
B=a-1, 6=1—5, e=0, so=——-.

For a € [2,4), this constructs a counterexample similar to that of Vega from [143], obtaining
the optimal value of s, of Vega’s Theorem 7.1.1. The optimal regularity index is not recovered
for a € (1,2), but the above scheme can also be adapted to form a counterexample similar

A~

to the one used by Vega in this case. Indeed, the function f can now be defined as f(&) =

e—ilzEl e gy <v“§ + U%) . This does not change the circumstances under which || f, || zs®) — 0

as v — 0. Assuming that ¢ > 3, | R f,(x)| can be written as

v? 1)4
1 1 =B i _1ym_ joxn (=50
‘J g:()9 <t<1?a a va+/3>> )t<1j’a B ya+ﬁ>) el Gl 1 ,,A(a+ﬁ>)dn .
—_yd

Setting t — 1 = x1v(@*/)(1=%), the oscillatory terms can be controlled to be essentially con-
stant as before. In particular, it is remarked that the translation in the choice of ¢ effected
by the introduction of the exponential term to the definition of f allows control over the

oscillatory terms in spite of an enforced constancy of ¢. Given that ¢ must be local, this
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constancy is desirable for improving the control over the |z, (x)&|~® term when a < 2, since

B is negative in this case.

Being specific, since ¢ ~ 1,

L

ve Va-i—ﬁ

s0 | T* f,(x)| = v@*P)B+% and hence HTa*f,,HiZ(R) > v @PB28 g force | T f, | 2wy = 1

uniformly in v, constraint (6) becomes
e+2(a+f)B+26 <0,

that is

(a—1e+(1+B)a—2)+2(a—1)6<0 (6"

The resultant modified optimisation problem gives rise to the same Karush-Kuhn-Tucker
equations as the previous local counterexample with the exception of equations (ii), (iii’)

and (x) which are replaced with the following:

2,1 + Ag + 2)&5 + 2(1 — a)l(; = 0; (11/)
(d-l)Ag—A4+A5+(1-@)164—}(,7:0; (lll”)
As((l—a)e+(1+B)(2—a)+2(1—a)d)=0. x)

There is again only one solution which satisfies the necessary hypotheses, which is as fol-

lows:

A—(;ooo ! ! ! )
\4(a—1)7"""8(a—1) 4(a—1)2"8(a—1)/
1
4

p=2a-3, 60=2—a, =0, so=—7—

It can thus be seen that the optimal result from Theorem 7.1.1 for a € (1,2) is now recovered.
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7.6 Further Results —- The Complex Time Problem

Given the work of Chapter 6, it is natural to ask to what extent the work of the present chapter

can be extended to the context of complex time.

1
ForA>1, Be(—00,3),y >0and t € (0,1), define the operator

Qs f(x Jf (|t +it?|7E) (|t + it7|7]g]) Bl +x8) o=t lE g £,

where ¢ is, as before, for example, a positive, even C*(R) function supported in R\[—i, ;11]

and equal to 1in R\[—3, ;]. Define the corresponding maximal operator,
Qhp, S = sup |Q) 5 fl.
te(0,1)

AlSO, fora > 1, define Io= t a—2 and Q* = *“ a—2 s These operators correspond
a,y =7 ay 14
a— 1 2(a—1)’ ! a—1’2(a—1)’

to the earlier operators T; and Ta* with time ¢ +i¢7.

The remainder of this section will consist of proving and discussing boundedness results for

Q:,r’ the first of which is the following theorem:

Theorem 7.6.1 For each a > 1 andy > 0, denote by s,(y) the infimum of the non-negative s

such that

Q% Pl <If

HS (R)

forall f € H*(R). The following results hold:

(i) Forae(1,2],3a(r)e[;5(1- )" 19,500+ 555))
(ii) Forac[2,4),5,(y) = Ll(l _ %)+(1 yay

(iii) Fora >4,5,(y) =0.
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Proof The positive parts of this theorem can be proved using the same method as in the
proof of Theorem 7.1.2, drawing on Theorem 6.1.2 on the boundedness of the Schrédinger-
type maximal operators with complex-valued time instead of the 1994 result of Sjolin used
there. To begin with, note that Theorem 7.3.1 of Vega can be adapted without difficulty
to apply to the operators here and the result for a > 4 follows as a consequence. Indeed,

Theorem 7.3.1 proved that for A > 1, B > % and f € (R),

| sup | Ty flll ) Sam | flie)-
teR+
Regardless of the choice of y > 0, Lemma 7.3.2 may be adapted (following the procedures
of the proof of Lemma 6.2.1 in Section 6.2) to establish the same result for the oscillatory
integrals generated by these operators with complex-valued time. It can be concluded that

forA>1,B>%,y>0andf6§”(R),

H sup Q5 [z Sas ]z

a—2

2(a—1)
and that these values of A and B satisfy the inequality B > % precisely when a > 4, the result

Considering that for a > 1, the operator Q’, , corresponds to Q') , , forA=-“and B =

follows in this case.

For a € (1,2], note as before that when A = -~ and B = ~2-2__ B is non-positive, so for each
a—1 2(a—1)
xeR,
Q* f(x)< sup J Fo(E)p (|t +itT|xE)e HE+x8) o=tTE1 g o
v re(0,1)
where ﬁ =|-|°B f . As before, the proof of Theorem 6.1.2 is equally applicable to the above

operator with its added smooth cut-off function, ¢, so

1Q%, Flz® < | felm®
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1a4(1— 1)+, Sincei i
. B
foranys > ;A(1 . )*. Since it can again be shown that || f|

R S | f]

HS=B(R)) it follows that
1Qz, f 2wy < |f e )

for any s > JA(1 — %)* — B =--(1-%(1+—1=)). The upper bound for 3, () is thus

max(L7)

established for a € (1,2].

An upper bound for a € [2,4) again follows using Stein’s interpolation theorem. Indeed,
fixing A > 1 and considering B to be an interpolation parameter between 0 and %, interpo-
lating between the adaptation of Theorem 7.3.1 used to prove the a > 4 result and the bound

from Theorem 6.1.2 used to prove the positive part of the a € (1,2] result, it follows that for

0<(0,1),

1Q% 92, Fllzwy < 1 f 1wy

1 1 . . . 4
fors > JA(1— ;)*(1 — 0). To conclude the desired result for Q} ,setA=_*sand 0 =2—-

so that 9% = 2(‘;_21). The corresponding lower bound for s is

as required.

It remains to prove the negative parts of the theorem for a € (1,4). To do this, it suffices to
consider only y > 1, since the stated lower bounds on 5,(y) become 0 for y € (0,1]. The first
scheme from Section 7.5 for generating counterexamples can be applied to these operators*,
simply adding the constraint that the term e """ is bounded below. Within the context of

that scheme, this term corresponds to

*A transformation, ¢4 +— ¢, is required, which has no impact on the validity of the methods.
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and so a suitable additional constraint is

ey +(a+p)(r(A-1)-4)=0 (7)

As before, o can be set to 1, so the generation of counterexamples corresponds to maximising

So = 0 subject to the following constraints:

1—2s0+6 —25>0; (1) B+6>0; (2
(a—1)e+1+=>0; (3) e—-1-6<0; (4
e+20—(1—-8)=0; (5 2¢e+(a—2)(1+p)+2a6 <0, (6)

ey(a—1)+(1+p)(r—a)=0. (7

The equations generated for this optimisation problem from the Karush-Kuhn-Tucker The-

orem are as follows:

M(=2s0) + A+ A3+ A+ As+(2—a)de+ (y —a)A; =0; @)
M+ A +2A5—2ars =0; (ii)
(a—1)Az3— A+ A5 =24 +7(a—1)A; =0; (iii)
1-2(14p)A =0; (iv)
Ai(1—2s0+ 06 —2s03) =0; )
A2(B +6)=0; (vi)
As((a—1)e+1+pB)=0; (vii)
A(f+1—¢)=0; (viii)
As(e+26—(1—8))=0; (ix)
As((2—a)(1+B)—2ad —2¢) =0; x)

Az(ey(a—1)+(1+B)(r —a)) =0. (xi)
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This system of equations has the following unique solution such that the A; are all non-

negative and the constraints are satisfied:

ly+a—-2 ly+a—2 1ly+a—2 14y+6a—8—ya—a?
= (~——=,0,0,0,- - -
4v(a—1) 8ry(a—1) 4ya(a—1)'8 (a?—2a+1)r%a
2ra — 3y — 2 3y —2— 2a—2 1 1
polasiroar2 g Srodoya ey L 1y,_gy
y+a—2 y+a—2 y+a—2 a—1 Y 4

It follows that counterexamples for boundedness exist for all s smaller than this value of s

and so the proof of the theorem is complete. O

As in Chapter 6, local bounds for Qz,y can be deduced in a straightforward manner using the

global bounds and their proof. The following holds:

Theorem 7.6.2 For each a > 1 andy > 0, denote by s'°(y) the infimum of the non-negative

s such that

1Q;, flezq-11) < |l

forall f € H*(R). The following results hold:

(i) Forac(1,2],

~1 . 1 1 4— . 1 1 3— .
soc(r) e [ min (750057 (1-9), 42 ) min (750 - 40+ k) 75 ) |

(ii) Forae|2,4),5(y) = min (ﬁ(l -1 =9) %”)i

(iii) Fora>4,5s%¢(y)=0.
Proof Since | - | ;2(-11]) <| - | 2(m), it is certainly the case that s'°¢(y) < 5,(y) foralla > 1 and
y > 0. It thus remains to prove the lower bounds on s'°¢(y) for a € (1,4) and y > 1 and the

upper bounds for a € (1,4) and y > a. Now, the counterexamples for the global problem are

2a—2y
r+a—2

also valid here when ¢ = is non-negative and for a, y > 1, this happens precisely when

y < a, so the results of Theorem 7.6.1 transfer directly for all @ > 1 and y € (0, a].*

*Note that the point y = a corresponds to y = ﬁ for A = —“; that there is a change in behaviour of 51°°(y)
at this point is natural in light of the change in behaviour of s!°°(y) at y = —%; in Theorem 6.4.2.
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As in the proof of Theorem 6.4.2, counterexamples generated for any particular value of y
remain valid for higher values of 7, so it is certainly the case that 5°¢(y) > slo¢(a) for all

y = a. It thus only remains to prove positive boundedness results for a € (1,4), y > a.

For a € (1,2], proceeding exactly as in the proof of Theorem 7.6.1, but using the local complex
time results of Theorem 6.4.2 instead of the global results of Theorem 6.1.2, it can be seen

that for any y > a, boundedness occurs for s > i — B, where B = 2“—:21), in other words,

(a

>=¢_ The result for a € (2,4) also follows by repeating the arguments from the

4(a—1)"
proof of Theorem 7.6.1 but using Theorem 6.4.2; in this case boundedness is established for

for s >

s> 1(1—0) for =2 — 2, that s to say that boundedness occurs for s > =%, as required. I

It is clear that there is further work to do to complete the statements of Theorems 7.6.1 and
7.6.2 inthe case of a € (1,2). In both cases, there seem to be two main difficulties in providing

a precise value for the threshold Sobolev index.

~loc

The first of these difficulties is that the upper bounds on §,(y) and 5,°(y) are increased for

« ”

y < 1 by the presence of the term “max(1,y)” in place of simply “y”. The latter term seems
like a very reasonable conjecture in light of the behaviour of 5,(y) and $X°°(y) for a € [2,0)
as well as the fact that the “max(1,7)” term was only required because the complex time
results of Chapter 6 drawn upon to prove Theorems 7.6.1 and 7.6.2 have not considered the

possibility of results for Sobolev spaces of negative index and thus bounds from L? to L? are

the best available for y < 1.

The second difficulty is that for all @ € (1,4), the proposed scheme for generating counterex-
amples only disproves boundedness below the Sobolev index above which boundedness
has been shown to occur for a € [2,4). This index is smaller than the proved bounded-
ness threshold for a € (1,2). Identical behaviour was seen in Section 7.5 when generating
counterexamples that confirmed Vega’s local result, Theorem 7.1.1. There, the solution was
to multiply the functions f,, by a fixed modulating function, e~12¢1"; this allows ¢ to remain
bounded below by a fixed positive constant as v tends to 0 whilst still allowing the oscillatory

term of the integrand to be controlled to be essentially constant in the same way as before.
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Unfortunately, the same argument does not appear to work here, since when ¢ is essentially
constant, the need to bound (|¢+i¢7|#|£|)~® below and the need to bound e ~""¥/" below are
conflicted. Nonetheless, it is curious to note that the equations produced from the Karush-
Kuhn-Tucker theorem for an argument of this form do produce s = —=(1— (1 + %)) as
a solution. Indeed, for y > 1, following the construction of a counterexample for Vega’s

theorem at the end of Section 7.5 as a guide, bounding e~*"lél" below in this case amounts to

controlling

exp(—(O(v‘A(“+ﬁ)) + O(,,er+(a+ﬁ)(r(A—1)—A)))).

This generates two constraints,

and

ey +(a+p)(r(A-1)-4)=0

Choosing a = 1 as usual, a suitable final optimisation problem is to maximise s, subject to

the following constraints:

1—2s0+6—256=0 (1) B+6>0 (2
(a—le+1+6=0 (3 e-1-<0;, @
e+20—(1-8)=0, (5 (a—1e+(a—2)(1+p)+2(a—1)6<0; (6)

p+1<0;, () (a—ley+(1+B)(r—a)=0. (8

The corresponding equations generated from the Karush-Kuhn-Tucker theorem have the

following solution:

= <4(a— DT T I TPy E g 1)2)’
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1 2a 1 a 1
B =2a-3, 5:3—a<1+;), e=——-2, S = (1——(1+;)>.

Nonetheless, this solution can be seen to fail to satisfy constraint (7), which is a direct mani-

festation of the conflict described.

It is natural to attempt to adapt this scheme further by introducing an additional parameter,
0, and replacing the fixed modulation function that the functions ﬁ, were multiplied by with
e— vl by doing this, the derived choice of ¢ still tends to 0, removing the conflict that
was present with the fixed modulation, yet some greater control over the order to which
it vanishes is offered. One might also attempt to weaken some of the constraints that were
taken directly from Section 7.5 by considering more carefully where the term “|¢+i¢7|” might
provide better bounds than simply “#”. However, despite carefully adapting the scheme of
Section 7.5 to incorporate these ideas, the author has not yet been able to produce coun-

terexamples that improve either Theorem 7.6.1 or Theorem 7.6.2.



CONCLUDING REMARKS FOR PART I1I

Naturally, the most apparent open problem arising from Part II of this thesis is “completing”
Theorems 7.6.1 and 7.6.2. In light of the discussion at the end of Section 7.6, the most natural

conjecture would seem to be the following:

Conjecture Foreacha > 1 andy >0, denote by s,(y) the infimum of the non-negative s such

that

1Q%, fllz@y < I [asry
forall f € H*(R) and by 51°°(y), the infimum of the non-negative s such that
1Q;  Flzq—rp) < | Fllmem)

forall f € H*(R). The following results hold:

(i) Forace (1,2],

 Sulr) =750 -5+ 1)

e 5°(r) =min <ﬁ(1_%<1+%))+’4&__ﬂ1)>;
(ii) Forace|2,4),

« S =50-1)r -9,

e slo¢(y) = min (ﬁ(l_%y(l_%)’t_aa)

(iii) Fora >4,3,(y) =5"(y) =0.

To prove this conjecture, it would suffice to address the two difficulties discussed in Section
7.6, improving for a € (1,2) the proofs of boundedness for y € (0,1) and the counterexamples
for y € (0,00); the remainder of the conjecture is already contained in Theorems 7.6.1 and

7.6.2. The extent to which the methods of Section 7.6 need improving is at present unclear.

Another point worthy of further study is the question of whether the results and methods
on the “maximal multiplier operators”, YN‘;, of Chapter 7 can be used to prove the corre-

sponding results for the “maximal kernel operators”, Ta*. As was discussed in Section 7.2,

217
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these operators are intimately related via the asymptotic expansion of Miyachil'%l, but the
established error bound is not sufficient to show an equivalence of boundedness in a direct
way. Whilst an improved error bound, if possible, would naturally provide the most direct
route here, it is possible that properties of the operators T* could be exploited to allow the
results of Chapter 7 to be transferred to this context in a less routine way. Alternatively, if
additional information about the first part of the error term of Proposition 7.2.1, e, (x) e calx|®
could be established, it is possible that the maximal operator corresponding to this term
could be bounded directly; as remarked in Section 7.2, the maximal operator corresponding
to the remaining error term of Proposition 7.2.1 can be pointwise bounded by the Hardy-
Littlewood maximal operator, so bounds for the operators T would follow from Theorems

7.1.1and 7.1.2.

A natural generalisation of the work of Chapter 6 is to consider the problem for a = 1. For
real-valued time, ¢, the operator S} essentially corresponds to the solution operator for the
wave equation. Boundedness properties of the corresponding maximal operators were in-
cluded in the abstract work of Cowling mentioned in Section 5.1 and have more recently
been considered directly in a 2008 paper of Rogers and Villarroyal'?!l. Whilst the methods
used in this thesis to bound the complex time operators P;y are highly dependent upon
the requirement that a > 1, it is clear that these operators are of quite a similar nature for
a =1 and a > 1, with a rapidly decaying factor introduced to the real-valued time operator
multiplier by the imaginary part of the temporal variable in both cases. It is thus reasonable
to expect that methods used to study the boundedness of the operators S} from [121], for
example, might be adapted and combined with ideas from Chapter 6 to prove and disprove

boundedness results for P: »

In his previously cited paper from 19940139 Sj6lin showed for a > 1 that the globally maximal

operator sup|S’ - | is not bounded from H*(R) to L*(R) for any s > 0. Nonetheless, it is

clear that ERe globally maximal operator corresponding to the solution operator for the heat

equation, suﬂg |Si*-|, is bounded from L*(R) to L*(R) (given that it is controlled by the Hardy-
re

Littlewood maximal operator). In light of this fact, it is reasonable to ask for y > 0 what
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H*(R) — L*(R) bounds the globally maximal complex time operator sup [S' """ - | satisfies.
teR

It is natural to conjecture that such bounds can be established and that the infimum of the

values of s > 0 for which a bound from H*(R) to L*(R) holds will tend to 0 as y tends to 0

and to infinity as y tends to infinity.*

It is remarked in Section 6.1 that Lemma 6.1.4 suggests that the operators P;,r are natural

operators to consider with relation to the problem of pointwise convergence at the origin of

Schrodinger operators with complex time as they encapsulate the convergence properties of

any operator of the form S’ ™"(*) when h(t) is of polynomial type near ¢ = 0. Nonetheless, it

would also be reasonable to study boundedness of operators of the form 31(1p) |S§"(‘)+ih9(‘) |
te(0,1

for more general functions gy : [0,1] — [0,1] and kg : [0,1] — [0, 1] such that g4 (0) = hy(0) =

0. The corresponding maximal operator is the following:

sup
te(0,1)

f Fle) et g—ho(0lele gixt g 2],
R
Much of the existing analysis of Chapter 6 carries through to this more general situation. The

integral of interest in Lemma 6.2.1 becomes the following:
‘f el ((80(t)=go(L))IEl"=xC) (1 4 £2)=5 o= (ha(t)Fho())IEI" (%) di’.
R

The goal then remains to find values of « for each 8 such that the above can be bounded
uniformly by a function in L'(R). By adapting the definitions of “¢” and “¢” from the proof
of Lemma 6.2.1 to suit this integral (either in a general setting or for some specific choices of
go and hy), the majority of the proof remains applicable. Perhaps unsurprisingly, the bulk
of the required additional work is in establishing bounds for the “/,” terms in Sections 6.2.1
and 6.2.2, although it is also necessary to consider the possibility of sign changes in the newly

defined “t”.

*The author would like to thank Dr. David Rule for suggesting this problem.
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One particularly natural candidate for a reformulation of the work of Chapter 6 of the above
form is where go(t) :== t cos(8) and hy(t) == tsin(@) for 6 € [0, 7].* Here, the paths ¢ +it7 of
Chapter 6 have been replaced with rays in the complex plane of various slopes, #(cos(0) +
isin(0)); this situation has the advantage that the above maximal operator transforms ex-
actly into the Schrodinger maximal operator for & = 0 and into the maximal operator for
the heat equation for § = 7. Nonetheless, given that these slopes are of positive constant
gradient for each 6 € (0,7) and given the earlier comment about the results for the paths
t + it encapsulating the situation of convergence of polynomial type at the origin, one
might expect the boundedness results for these rays in the complex plane to correspond
in all cases to the case of y = 1 of Theorem 6.1.2, that is L*(R) — L*(R) boundedness. In
other words, it seems reasonable to hypothesise that the established bounds resemble those
for the maximal operator for the heat equation throughout 6 € (0, 7) and do not exhibit any

kind of transition to the situation for the Schrédinger maximal operator as 8 approaches 0.

This conjecture seems to be supported by the above reasoning for general gy and hy. Indeed,

in this context, the terms “¢” and “¢” in the proof of Lemma 6.2.1 are defined as

r = (f—1t)cos(0);

(t1 + t2)sin(0).

™
Il

Since cos(8) does not change sign in [0, 7], the proof of Lemma 6.2.1 in the case of y = 1
can be repeated almost identically here. In the bound on J, in Section 6.2.1, the inequality
€ 2, t (which follows from the inequality tlr + t; %, t7, whichis simply #, + #, > 1, — t, in the
case of y = 1) is replaced with the inequality ¢ > tan(6)t. Whilst this bound degenerates for
8 € {0, 7}, the bound on J, in Section 6.2.1 in the case of y = 1 seems to follow through with

this adaptation for all 8 € (0, %) The same remark applies to the argument in Section 6.2.2."

*The author would like to thank Professor James Wright for suggesting this problem.

As an alternative to following this line of reasoning, Lemma 6.1.4 could feasibly be applied directly to this
situation. Indeed, by rescaling in ¢, the paths ¢ cos(8) + it sin(6) could be rewritten as ¢ + it tan(6). With
some care to resolve the corresponding adjustment to the domain of ¢, the same result would follow.
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Whilst all the results in this part of this thesis have been about boundedness of operators
from H* to L?, there has been extensive study of H* to L” bounds for the Schrodinger max-
imal operator for general p € [1,o0]; the reader is referred to [120] for a summary of such
results. Another natural generalisation of the boundedness results for the operators herein

would thus be to consider what H® to LP bounds can be proved.

Finally, it is remarked that the ideas of Section 7.5 can be considered in a much wider context
than that of the theorems proved here. There is a general philosophy arising from Section
7.5, which applies to generation of counterexamples for any parameter-dependent operator
bounds, namely that known counterexamples might be found to be susceptible to gener-
alisation by introducing arbitrary parameters in appropriate places and generating a cor-
responding optimisation problem. Counterexamples for bounds that do not depend on a
parameter can also be generated in this way; in this case the problem reduces to simply

finding a solution for a system of inequalities without any need for optimisation.
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