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Abstract

In this thesis a clear synthesis technique to design a power splitter based on three
resonators is introduced. A new analytic synthesis method is developed to investigate a
coupled resonator structure with only three resonators and three ports. The general
formulae to calculate the coupling coefficients between resonators are analytically

derived. This method avoids the use of the polynomial synthesis technique.

The mathematical analysis is extended for the realisation of an asymmetric frequency
response of a trisection filter. A simple mathematical function with a minimum number of
parameters is developed which can be used as a cost function when using optimisation.
These parameters are coupling coefficients and external quality factors, and are called
control variables. A coupling matrix optimisation technique is used to obtain optimised
values of control variables to realise an asymmetric frequency response of a trisection
filter. The optimisation algorithms effectively reduce the cost function, and generate

appropriate values of control variables when the function is minimised.
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Chapter-1: Introduction

Chapter 1

Introduction

1.1. Background

This review considers methods of calculating coupling matrix and external quality factors
for a coupled resonator filter with multiple ports. Multiport microwave coupled resonator
synthesis has been presented in [11], in addition the two port formulation for n-coupled
resonator filter for both electrically and magnetically coupled resonators has also been
implemented in [1]. In the literature, different methods have been used to extract the
coupling matrix and external quality factors for multi port networks [8]. Coupling matrix
methods of synthesising microwave filters are discussed in chapter 4. For a two-port
network, an optimisation procedure utilizing a mathematical function for the extraction of

coupling coefficients and external quality factors has been proposed in [19].

In the literature, several approaches [1], [2], [11], [12], [17] have been proposed to realise
the frequency response of coupled resonators for different resonator structures. General
tri-resonator filters and their capability of providing both bandpass and band-reject
behaviour has been investigated in [10], however, to my knowledge, the tri-resonator

structure has not been investigated in detail.

The proposed equivalent circuit of a tri-resonator structure is shown in Figure 1.1. The
circuit demonstrate the coupling between adjacent and non-adjacent resonators. A general

coupling theory of resonator circuits and their applications are presented in Chapter 3.
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Even though a large number of articles dealing with coupling matrix synthesis have
recently been and being published [8], [11], [12], [17], [18], none of them go into details
about how to calculate the coupling parameters of a three port network with only three

resonators by analytic method.
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Figure 1.1 Equivalent circuit prototype of Tri-resonator filter structure.

In this thesis, for the realisation of a tri-resonator structure, the values of normalised
coupling coefficients and external quality factors that can realise a required response is to

be calculated analytically. This is attempted without recourse to polynomials.

1.2. Overview of Power Splitter

A power splitter is a three port network that splits incoming signals from an input port into
two paths or channels, dependent on frequency. It is used in multiport networks for the
transmission and reception of signals or channel separation. Power splitters are an RF
microwave accessory constructed with equivalent (often 50Q) resistance at each port.

These components divide power of a uniform transmission line equally between ports.
2
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They provide a good impedance match at both the output ports when the input is
terminated in the system characteristic impedance (usually 50Q). Once a good source
match has been achieved, a power splitter can be used to divide the output into equal

signals.

1.3. Thesis Overview

By investigating a three resonator structure, looking at the coupling coefficients between
the resonators, simple power splitters are to be investigated. The investigation is based on
the radio frequency (RF) circuit analysis and coupling matrix optimisation techniques to
make the response of coupled tri-resonator structure close to the idealised circuit responses
of the power splitters. The work in this thesis also covers the theory and design of

trisection filter for two-port tri-coupled resonators.

Determination of coupling matrix, [m] and external quality factors, [g,, ] for i =1, 2, 3 of

the three resonators by analytic and coupling matrix optimisation techniques are the main
challenging aspect of this thesis. The thesis will try and determine what specifications of

power splitters are possible with only three resonators.

14. Thesis Motivation

There has been an increasing demand in reducing design complexity of microwave
components. The thesis addresses the method to calculate the normalised coupling
coefficients and external quality factors for the design of power splitter without the need to
use optimisation or even polynomials. Thus, it will investigate and develop simple

mathematical formulations to calculate the coupling parameters.
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In this thesis, assumptions are made during a general 3x3 coupling matrix manipulation
in developing mathematical relations between normalised coupling coefficients and
external quality factors. The reflection zeros for the three port tri-coupled tri-resonator
structures have been specified and used in the analytical equations to reduce the
complexity of mathematical derivations. A 3 dB power splitter is designed using the
calculated normalised coupling coefficients and external quality factors. For the trisection
filter, a general equation with minimum number of parameters to be optimised is
developed from the transmission and reflection scattering parameters. The mathematical
relation developed has only 4 parameters rather than 12 for the full solution. Thus,

optimisation algorithms are only required for four variables.

1.5. Thesis Outline

The organisation of this thesis is as follows:

After the introduction in Chapter 1, chapter 2 looks in to the basics of the microwave
resonators. In this chapter, the basic operations of microwave resonators are briefly
discussed by using lumped resonant circuits. The loaded and unloaded quality factors of

microwave resonators are also discussed briefly.

Chapter 3 describes coupled resonator circuits in conjunction with the coupling theory of
coupled resonators. A detailed derivation of a general 3x3 coupling matrix of tri-coupled
resonators with a three-port network, which will be used in the rest of the thesis, is
presented. A combined relation for the transmission and reflection scattering parameters
are drawn from loop and node equation formulations for magnetically and electrically
coupled resonator circuits, respectively. Cross couplings and direct couplings are

discussed in this chapter to present them in coupling matrix synthesis which is also

4
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covered here. A circuit prototype model for the tri-resonator structure and the proposed
coupling structure for the design of power splitter and for the realisation of trisection filter

are demonstrated.

Passive microwave filters such as power splitter theories are presented in chapter 4. The
basics of polynomial synthesis for the two ports and three ports network are briefly
introduced. Coupling matrix method for designing filters is discussed in detail. Lastly in
this chapter, detailed mathematical analysis is carried out to derive mathematical formulae

to calculate transmission and reflection zero locations for the proposed structure.

Chapter 5 describes an analytical design method for tri-resonator power splitters. This
section mainly focuses on developing the analytical design by calculating normalised
coupling coefficients and the scaled external quality factors. A general analysis of the
power splitter is presented, which is to develop a general equation for calculating the
normalised coupling coefficients and the external quality factors of resonators. In deriving
the general formulae, some assumptions are made to simplify the design. To develop a
general formulae, the frequency locations of reflection zeros are specified and used
throughout mathematical analysis to reduce the complexity. Specifying the frequency
locations of reflection zeros, and using them in the general formulae will also reduce the
number of unknown parameters within the equations. A design of a trisection filter can be
achieved by extending this equation; however, in this case optimisation methods are used
as it is not possible to calculate all the required coupling parameters. It is worth
mentioning here that the analytic approach has simplified the equation and reduces the

time taken by the optimisation routine.

The final chapter of the thesis (chapter 6) presents the conclusions and suggested works.

The significance and contribution of this thesis work is summarised in this Chapter.
5
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Chapter 2

Microwave Resonators

2.1. Introduction

Resonators are lumped element networks or distributed circuits that allow the exchange of
electric and magnetic energies with low loss. Lumped elements such as inductors and
capacitors are usually employed for resonators at frequencies below 300 Megahertz
(MHz) [3]. At higher frequencies, the dimensions of the general lumped elements are
comparable to the wavelength in size. Smaller devices are possible with the advantage of
integrated circuit (IC) technology. However, small sizes result in poor power handling
capacity and low quality factors, and this is presented in the subsequent sections.
Therefore, resonators consisting of distributed components are usually constructed for
applications in the microwave frequency range. Distributed resonator circuits utilize the
resonant properties of standing waves and thus are generally of a size comparable to
wavelength. Although lumped circuits are not generally applicable at high frequencies,

they are good models to present the basic operation of all resonators.

In this chapter lumped resonant circuits and microstrip ring resonators are discussed. Ring
resonators can be easily cross coupled with the wide range of coupling coefficients
between resonators. This is presented in chapter 5 for the practical design of tri-resonator

power splitter and trisection filter.
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2.2. Lumped Resonant Circuits

A resonant circuit or tuned circuit consists of an inductor, L , a capacitor, C anda resistor,

R in series or parallel. When connected together, they can act as an electrical resonator

storing electrical energy oscillating at the circuits’ resonant frequency.

RLC circuits are used in the generation of signals at a particular frequency, or picking out
a signal at a particular frequency from more complex filters. They are key components in
many applications such as oscillators, filters, tuners and frequency mixers. An LC circuit
is an idealized model since it assumes there is no dissipation of energy due to resistance.
The purpose of an RLC circuit is to oscillate with minimal damping, and for this reason
their resistance is made as low as possible. Even though there is no practical circuit, which
is without losses, it is instructive to study this pure form to gain a good understanding. A
parallel and series RLC lumped element resonator circuits are shown in figure 2.1(a) and

(b) respectively.

L
£R1§ T % lz ng

(2) (b)

Figure 2.1 Resonant circuits (a) parallel and (b) series

Consider the simple parallel resonant circuit shown in figure 2.1 (a). In this case, lumped

elements R, C, and L, share a common voltage V;. If P, is the average power loss in

the resistor R;, W, the average magnetic energy in the inductor L; and W, the average

7
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electric energy stored in the capacitor C;, the average dissipated power can be expressed

as

L7
P =—— 2.1
loss 2 Rl ( )
Its input impedance is given by
Z=R +joL +— (2.2)
JjoC

At the resonance the input impedance is purely real and equal to R; Resonance occurs when the

stored average magnetic and electric energies are equal, such as W,,=W,. The frequency at which

resonance occurs is referred to as angular resonant frequency @, , which is defined as

0y = ——— 23)

An important parameter of a resonant circuit is its quality factor, Q and this is discussed in the

following section briefly.

2.2.1. The Quality Factor, Q

The quality factor, Q is a useful measure of sharpness of resonance [3], and also it is used

to measure the loss of resonator circuit. O can be defined as

time average energy stored in the system

average energy loss per second in the system
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As can be seen from this definition, low loss implies a higher quality factor, Q.

A high Q factor results in a steep roll-off and narrow bandwidth of the resonator [7] as
shown in figure 2.2. At resonance, O can be expressed in terms of the magnetic and

electric energies stored in lumped element resonators as well as microwave resonators as

[7]

s (2.4)

In terms of lumped resonant circuit elements R, C, and L,, the Q of the parallel resonant

circuit can be evaluated as

O=0,RC = — (2.5)
w, L

01

Thus it can be seen from equation (2.5) that a small value of resistance in an RLC circuit

implies low Q-factor.

Q -factor can also be defined in terms of resonance frequency @, and bandwidth A of

the response of the resonator circuit as

Ao o, —w, (2.6)
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where @, is the angular resonant frequency and Aw = @, — @, is the 3-dB bandwidth

A
Transmitted

power in
dB
-3dB

o W, ,

A Frequency

Figure 2.2 Graph of Q -factor

2.2.1.1. Loaded and Unloaded Quality Factor, Q

The quality factor defined in the previous section is in the absence of any loading effects
caused by external circuitry, and it is the characteristic of the resonant circuit itself and is

called unloaded O, . The unloaded quality factor, O, involves the power loss by resonant

circuit only. In practice, a resonant circuit is coupled to external circuitry, which dissipates

additional power denoted by P, . The external Q factor denoted by O, is defined in terms

of the power dissipated in the external circuitry, and magnetic energy, W,, and electric

energy, W, stored in inductor L, and capacitor C; respectively as

L, 2.7)

Similarly, the Q factor of the loaded resonator, O; associated with the total loss can be
expressed as

W, +W.

P

0, =0,
loss + Pe (28)

10
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Looking at equation (2.8), it is clear that the effect of the external load always lowers the

overall Q factor of a resonator.

Using equations (2.4), (2.7) and (2.7), the relationship between Q;, O, and Q. can be

shown as

o 0 0 (2.9)

The degree of coupling between the external circuit and resonant circuit is measured by

coupling coefficient k, and in general, £ can be defined in terms of the Q factor as [7]

(2.10)

The coupling coefficient & denotes the ratio of the power dissipated in the external circuit
to the power loss in the resonant circuit itself. For the condition k=1, the coupling is
referred to as critical coupling. If £ >1, the resonator is said to be over coupled and k<1 is

called under coupled [9].

11
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Chapter 3

Coupling of Resonator Circuits

3.1. Introduction

For the design of RF/microwave filters, coupling of resonator circuits is one of the most
significant factors affecting filter performance. A set of microwave resonators electrically
and/or magnetically coupled to each other and coupled to an external feed circuit are used
to realize a filter. The number and the type of the couplings between the resonators
determine the overall performance of the device [1]. Design techniques are extended in
this thesis to a three-port network having a single input and two output port circuits such
as a power splitter. The general coupling matrix of a two-port n-coupled resonator filter is
formulated in detail in [1]. Based on the principle in [1], the general coupling matrix of a
three-port tri-coupled resonator is derived, and its relation to the scattering parameters is
presented in the next sections. For the design of power splitter, this thesis is mainly based
on the general formulae of scattering parameters in terms of normalised coupling matrix

derived in this section.

3.2. Back Ground Theory of Coupling

A general technique for designing coupled resonator filters is based on coupling

coefficients of inter- coupled resonators and the external Q -factors of the input and output

resonators [1].

The coupling coefficient, &, of two coupled microwave resonators as shown in figure 3.1

12
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can be defined on the basis of the ratio of coupled energy to stored energy, and it can be

defined mathematically as [1]

[[[¢E, « E,av [[] 2, o Hydv

T e e ] o

3.1)

where E,and E,are the electric fields in resonator 1 and 2, respectively, and H, and H,

are the magnetic fields in resonator 1 and 2, respectively.

Resonator 1 Resonator 2

Figure 3.1 General coupled microwave resonators where resonators 1 and 2 can have

different structure and have different resonant frequencies [1].

Mathematically, the dot operation of the space vector describes the interaction of the
coupled resonator as shown in equation (3.1). This allows the coupling to have either
positive or negative sign. A positive sign would imply that the coupling enhances the
stored energy of uncoupled resonators, whereas a negative sign indicates that coupling
reduces the stored energy of uncoupled resonator. Therefore, the electric and magnetic
coupling could either have same effect if they have the same sign, or have the opposite

effect if their signs are opposite [1].

13
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The typical resonant response of a coupled resonator is shown in figure 3.2. The

magnitude of the coupling coefficient defines the separation d of the two resonance peaks

as in Figure 3.2.

Normally, the stronger the coupling, the wider separation d of the two resonance peaks,

and the deeper the trough is in the middle [1].

~~ » »
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Figure 3.2 Resonant response of coupled resonator structure [1]

For a pair of synchronously tuned resonators, the coupling coefficient in terms of @, and

®, 1s defined as in [31]

2 2
k=270 (3.2)
W, + o

where o, and w, are lower and upper cut-off angular frequencies, respectively.
As w=2rf,equation (3.2) can be more simplified as

foslr S (3.3)

14
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Equation (3.3) can be used for both magnetic and electric coupling calculations [1], but the

phase of S, must be taken into account to get the sign of k. Magnetic and electric

coupling of resonators will be discussed in the next section.

3.3. General 3x3 Coupling Matrix Derivation for Tri-resonator

Structure

The equivalent circuit description for a three-port network of tri-coupled resonator
structure is shown in figure 3.3. In the subsequent sections, the equivalent circuit of
magnetically and electrically coupled resonators with only three resonators is considered
in the derivation of a 3x3 coupling matrix. The reflection and transmission scattering
parameters in terms of this coupling matrix for the magnetically coupled and electrically

coupled resonators are also generalised and incorporated into one form.

3.3.1. Magnetic Coupling

Energy may be coupled between adjacent resonators by either an electric or a magnetic or
both. Figure 3.3 shows the equivalent circuit of three resonators coupled to each other with

mutual inductances linking each inductor.

The impedance matrix for magnetically n-coupled or the admittance matrix for electrically
n- coupled resonators for the two port network is formulated in [2]. The coupling matrix

of n - coupled resonators in an N-port network is obtained from the equivalent circuit of n-
coupled resonators in [2]. A general normalised coupling matrix [A] in terms of coupling

coefficients and external quality factors for any coupled resonator structure with multiple

outputs has been derived in [2]. Using loop equation formulation used in [1] for the

magnetically coupled resonator, a normalised coupling matrix [A] can be derived from a

15
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tri-coupled tri-resonator structure shown in figure 3.3. Figure 3.3 depicts a low-pass circuit
prototype of tri-coupled resonators, where L, R and C denote the inductance, resistance
and capacitance, respectively. e, represents the voltage source and i is the loop current
flowing in each resonator, and ,,, L, and L,, represent the mutual inductances between

resonators 1 and 2, resonators 1 and 3 and resonators 2 and 3, respectively.

Figure 3.3 Equivalent circuit prototype of magnetically tri-coupled tri-resonator structure

having three ports operating between source impedance R,, representing port 1 and load

impedances R, and R,, representing ports 2 and 3 respectively.

The circuit is driven by a source of open-circuit voltage e with resistance R, and
terminated by load impedances R, and R,. Each loop is coupled to every other loop

through mutual couplings and these couplings are assumed to be frequency-independent

due to the narrow-band approximation [20].

To write the loop equations of the equivalent circuit shown in figure 3.3, Kirchhoff’s

voltage law (or Kirchhoff’s loop rule) can be used. Kirchhoff’s law states that the total

16
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voltage around a closed loop must be zero. Therefore, the loop equations for figure 3.3 can

be written as

[Rl +joL +— jil — JoLi, — joL,i, — joL;i, =e,

1

)iz —joL,i, — joL,i, =0 3.4
joC,

—joL, i + [RZ + joL, +

1
—JoLyji, +| Ry + joL, +— I — joLyiy, — joLyi, =0
JoC;

where L, =L, represents the mutual inductance between resonators i and j where =1,

2,3 and j=1, 2, 3. A voltage-current relationship for each loop in equation (3.4) can be

combined into the matrix form as

o o . . ]
R+ joL +—- joL, —joL, —joL;
JjoC,
es ll
0 |= —joL, R, + joL, +— - joL,, —joLy, I (3.5)
0 : i
—-joL,, -joL,, R+ joL, + ——— joL,
L 3

Equation (3.5) can be expressed as

where [Z ] is a 3x3 impedance matrix.

17
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Since all series resonators have the same resonant frequency, the filter of the equivalent
circuit model in figure 3.3 is synchronously tuned. If all resonators are synchronously

tuned, they would resonate at the same resonant frequency, @, given by

where L=L =L,=L, and C=C, =C, =C,

The impedance matrix in equation (3.5) can be expressed by

[Z]= Lo, FBW | Z] (3.6)

where FBW is the fractional bandwidth of filter and given by FBW = Aw/®, , and [2} is

the normalised impedance matrix shown as

_ Z
Z]- L.a)E.F]BW .7)

Equation (3.7) may be written in more expanded form as

[Z]ll [2]12 [Z]13

La,FBW Lo, FBW L, FBW

[Z] _ [Z]zl [Z]zz [Z]za

Lw,FBW L, FBW L, FBW

2], 2], 2],
Lo, FBW Lo, FBW Loy, FBW

18
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R, 4 p —joL, —joL;,
Lo, FBW Lo, FBW L.w,. FBW
[Z:| _ —JjoLy, R, 4 p —joL,,
L.ow, FBW Lo, FBW Lo, FBW
_Jok, —JoLs /R,
Lo, FBW Lo, FBW Lo, FBW

(3.8)

Defining p as a complex lowpass frequency variable, and given by

[Z]. -R
p=——"——,fori=1,2,3
L.w,.FBW
ja)Ll + _ja)Ln . .
_ JjoC, _ joL +L.a)0.FBW oL,
L.w, FBW L.w,FBW JjoC, L.w, FBW

Defining the external quality factors, O, = @,L/R._, , of the three resonators shown in
Figure 3.3 for /=1, 2, 3 and the coupling coefficient, M, =L, /L and assuming

@, = 1for a narrow-band approximation, equation (3.8) can be simplified as

1 } .
—+p —jmy iy
el
= ) 1 )
[Z] = TJmy TP Ty (39)
e2
—jmy  —jmy  —+p

e3

19
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Where ¢q,,, q,, are g,; are normalised external quality factors given by g, =Q,,.FBW , for

i=1, 2,3 and m, is the normalised coupling coefficient and given by

M, (3.10)
m. = .
" FBW

For the case that the coupled resonators are asynchronously tuned, the circuit prototype in

figure 3.3 can be modified by including the self couplings m,,, m,, and m,, as shown in

figure 3.4.

C,

| 1

[l

c, L, (i, R
Nl o .
! ( i L Resonator?
es C; mo3
l
Resonator] JE :—»
L3 13 R 3
m 33
Resonator 3

Figure 3.4 A circuit prototype for asynchronously tuned tri-coupled tri-resonator filter

showing self couplings.

Thus, the normalised impedance matrix for the asynchronously tuned filters can be shown

as
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_1 |
—+p-Jjm,
el

=My,

—Jmy,

—jmy,
1 )
—tp—jmy
e2

—JMy

—jm;
= JMy;

1 .
—tp—Jjmy
e3

(3.11)

Asynchronously tuned coupled resonators indicate that there is a self coupling between

each resonator, represented by a non-zero coupling coefficient, m, for i in this case is 1, 2

and 3. The concept of coupling coefficient is further discussed in section 3.4 when we

discuss inter-resonator coupling and cross-coupling of resonators.

port 1

3-port tri-coupled
resonator network

port 3

Figure 3.5 Network representation of an equivalent 3-port tri-coupled resonator circuit

shown in figure 3.3, where a,,a,,a, and b,,b,,b,are wave variables representing incident

and reflected waves, respectively.
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Now consider the wave variables shown in figure (3.5). From the transmission line theory,

the incident and reflected waves are related by [9]

b=>.S,a, fori=1,2,3,.n (3.12)
J

g

where

S i = r i is the reflection coefficient of the ith port if i = j with all other ports matched

Sij =T i is the forward transmisson coefficient of the jth port if > j with all other ports

matched

S i = le, is the reverse transmission coefficient of the jth port if i < j with all all other

ports matched

In general, for n=3, equation (3.12) can be written as

b =8,a,+8,a, +S,a,
b, =8,,a,+8S,,a,+S,a, (3.13)
by = 8505+ 85,a, + 5,44

Equation (3.13) may be described in matrix form as

by =Sy S Syl|la (3.14)
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The relationship between a, b, V' and I are given by [9]

an:%[%+ RI.II.J, bn:é[ﬁ \/_]J fori=12,...n (3.15)

From the circuit of figures 3.3 and its network representation in figure 3.5, it can be
identified that V, =e, —i R, and I, =i, I, =-i,, I, = -i;, where in this case i, 7, and i, are

loop currents, and using them in equation (3.15) yields

e 4
form e o

V. iR
PR LAY -y R - B B
2| J& 2| JR&

bz:%(\%_ Rzinzé(L\%)z_\/E(_iz)Jz;{%}—QE (3.17)
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Substituting equations (3.16) and (3.17) into equation (3.14) yields

(e, —2iR, ] 1 oe

2R, S, S, s,1124R

LR |=| S, S, S, |0 (3.18)
g@ Sy Sy 85,5 ](0

From equation (3.18), the Scattering parameters S, S,, and S;, for a three port network

can be evaluated at a, = a, =0as

S, = ﬁ o = e, —2iR, _1- 2iR,
al es es
b 2i 4fRR
S, =+ ay=a;=0 == (3.19)
al es
b 2i,\|/RR
A = ay=a;=0 — Sy = EA e
al es

From equation (3.6) and (3.7), the loop current i is worked out as

. le] le] -
1= Lo, FBW.|Z | " Lo, FBIW [Zlf
i (3.20)

it 2] = 2] = 7]
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Making use of O, = @, L/R_, ,; , 4., =(Q,,.FBW )and equation (3.20) into (3.19) we get

S, =21 K 3.21)

3.3.2. Electric Coupling
This section describes the derivation of 3x3 coupling matrix of electrically coupled tri-
resonator structure with three ports, where in this case the electric coupling is represented

by capacitor. In a similar way to the normalised impedance matrix [Z] obtained in section

3.3.1 above, the normalised admittance matrix [?] will be derived in this section.

Electrically tri-coupled tri-resonator circuit is shown in figure 3.6, where v, for i =1, 2
and 3 denotes the node voltage, G, for i =1, 2 and 3 represents ports conductance, i, is
the source current and C,,, C,; and C,; represent the mutual capacitances across

resonators 1 and 2, resonators 1 and 3 and resonators 2 and 3, respectively. Energy may be
coupled between adjacent resonators by electric coupling. To compute the node equations,
Kirchhoff’s current law is applied to the equivalent circuit prototype of tri-resonator
circuit shown in Figure 3.6. This law states that the algebraic sum of currents leaving a

node in a network is zero. The node voltage equations are formulated as
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[Gl + joC, +— jvl — JjoC, v, — joC,v, — joC,v, =i

1

—jC,v, +(G2 + joC, +— Jvz —joC,,v, — joC,v, =0

2

—joCyv, +(G3 + joCs +— IL J"B - joCyv; — joC,v, =0

3

Equation (3.22) can be expressed in matrix form as

. 1 ) . .
G+ joC+——- joC, —joC, —joC;
l' ]a)Ll
X 1
0= —jaC,, G, + joC, + - - joC,, —joCy,
JoL,
0 1
-joC,, —-joC,, G, + joC; +—
| joL

(3.22)

Figure 3.6 Equivalent circuit prototype of electrically coupled tri-resonator having three

ports operating between source conductance G,and load conductance G, and G,
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If all resonators are synchronously tuned at the same resonant frequency of
-1
W, = (\/LC ) , where L=L, =L, =L, and C=C, =C, =C;, the admittance matrix [Y ] can

be expressed by

[Y]=Cuo, FBW| Y | (3.24)

where FBW is the fractional bandwidth, and [)_’J is the normalised admittance matrix.

From equation (3.24), the admittance matrix can be expressed as

[Y]n [Y]lz [Y]13
Caw,FBW Cuo,FBW C.wo,FBW
[?:I _ [Y] _ [Y]21 [Y]zz [Y]23

C.w,.FBW Cw,FBW Cuw,FBW C.w,FBW

[Y]31 [Y]32 [y]33
| Co,FBW CoFBW C., FBW |

3-port tri-coupled
resonator network

Figure 3.7 Network representation of 3-port tri-coupled resonator in figure 3.6 where

a,, a,, a; and b, b,, b, are wave variables representing incident and reflected waves,

respectively.
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G, +p —joC,, —joC,,
C.w,.FBW C.w, FBW C.w,.FBW
[ﬂ _| _—JjoC, G, _JjoCy (3.25)
C.w,.FBW C.w,.FBW C.w,.FBW
—joCs, —joC;, G, +p
C.w,.FBW C.w,.FBW C.w,FBW |

where p is the complex lowpass frequency variable as defined in the previous section.

Defining the external quality factors, O, = ®,C/G,_,,, of the three resonators shown in
figure 3.6 for i=1, 2, 3 and the coupling coefficient, M, =C; /C and assuming

o, ~ 1for a narrow-band approximation, equation (3.25) can be simplified as

& | | _
—+tp —jmy, —jmy,
el
- . 1 .
[Y] =| My ——+p oMy (3.26)
e2
—jmy =My, —+p
L e3 _

Where ¢,,, q,, are q,,are normalised external quality factors given by g, =Q,, .FBW , for

i=1,2, 3 and mjis the normalised coupling coefficient given in equation (3.10).

For asynchronously tuning, where all resonators may resonate at different frequency,

normalised admittance matrix, [I_/J contains an additional entries m,,, m,, and m,, on the

main diagonal, which accounts for self coupling of each resonator to itself, and is
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analogous to the normalised impedance of asynchronously tuned resonators shown in

equation (3.11), and given by

1 ) . .
—+p-jmy —Jm, —imy;
el
= 1 . .
[Y] = —Jmy, —tp—jmy ALK (3:27)
e2
) ) 1 .
=My, =]y —tp—jmy
L e3 _

To derive the three-port S-parameters of a tri-coupled resonator, the wave variables in the
three-port network representation in figure 3.7 are related to voltage and current variables,

V and I as in equation (3.28). The relationship between a, b, V" and / in figure 3.6 can

be derived from equation (3.14) by replacing 1/G, for R, , and expressed as

a, =—|V G, +
n 2[ n n G ]
e (3.28)

By inspecting the circuit of figure 3.6, and its network representation in figure 3.7, one can
identify that V, =v,, V, =v,, V; =v; and/, =i, —v,G;, where v, v, and v, are node
voltages at resonators 1, 2 and 3, respectively, and thus equation (3.28) can be simplified

to
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g

1 i
—>ag=—>",2>a,=0,>a,=0 (3.29
1 2 \/a 2 3 )
Similarly from
— 1
= l I/n Gn - = s
2 fGn
we obtain the reflected wave variables 5,, b, and b, as shown in equation (3.30)
b =2 L G,, >b,=v,\JG (3.30)
1 2\/_ 2 3 3 3 :
Substituting equations (3.29) and (3.30) into equation (3.18) yields
[ 20,G, - 1 Q]
2 Gl Sll S12 SI3 2 ﬁ
v,\G, =S8y Sy 8,0 (3.31)
0

vwa3 Sy Sp Sy

From equation (3.31) the S-parameters can be derived as
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b 2vG, —i 2vG

Sy =— t=a=0 — i .1 b ) Sy = V. ——1
al ls s
b 2v ,,fG G

Sy = — =a,=0 — # (3.32)
al ls

g b, 3 2\/3,/(;1G3

31 = 7 |ag=ay=0 — .

a, i

By combining equations (3.23) and (3.24), the node voltage v can be obtained as

_ [i.] _ ] e
= Coo, FBW[Y ]| C.coo.FBW[ )
. | (3.33)

one C.a)ol.SFBW[?]lll T T e, .;TBW[?M V= G FEW 7],

Substitution of equation (3.33) into (3.32), and making use of O, =®,C/G and

q.. =(Q, .FBW) for i =1, 2 and 3 into (3.32) yields

2 ——
Su=1- q_el[Yl:
S, =21 v (3.34)

From the derivations in previous and this section, for magnetic and electric coupling of a

general 3x3 coupling matrix of magnetically and electrically coupled tri-resonator
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structure for three-port network, the normalised impedance matrix for magnetically
coupled and admittance matrix of electrically coupled resonators are identical. Therefore,
the S-parameters of a three-port network of a tri-coupled tri-resonator structure in

equations (3.21) and (3.34) can be incorporated into one form as

S, =21 (4] (3.35)

with [A]=[¢]+ p[U]-j[m], where [U] isa 3x3 identity matrix, [¢] is a 3x3 matrix

. . 1 1 1 :
with all entries zero except for ¢,, =—,¢q,, =— and ¢,; =—, [m] is the general 3x3
el e2 e3

normalised coupling matrix [1].

The extension of the general S-parameters shown in equation (3.35) for the synthesis of a
three-port coupled resonator power splitter is discussed in the next subsequent chapters in

detail.

The thesis realises the proposed tri-coupled resonator structures by developing
mathematical relations to calculate the normalised coupling coefficients, m and external

quality factor, g, at the input and output ports. This is one of the principal aims of this

work. From S-parameters of a three-port network in equation (3.35), a mathematical
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analysis is extended to derive general equations to compute coupling parameters so that a

power splitter is analysed and designed.

3.4. Direct and Cross Coupling

To demonstrate the concept of direct coupling between adjacent resonators and the cross
coupling between nonadjacent resonators, the bandpass circuit prototype shown in figure

3.8 is used.

The normalised coupling matrix, [m] for a tri-resonator filter is a 3x3 symmetric matrix,

ie., m=m", or m; =m, where the normalised coupling coefficients, m, represent the

values of couplings between the resonators of the bandpass filter. The coupling
coefficients are the ratio of the coupled to the stored electromagnetic energies and may
take either a positive or negative sign. A negative sign indicates that the coupling
decreases the stored energy of the uncoupled resonators and a positive sign indicates that it
increases [1]. For a normalised coupling matrix m , which is a 3x3 symmetric coupling

matrix is given by

0 m, my
[m]: my 0 my

My my 0

In the case of synchronously tuned resonators (and symmetric frequency responses), the

values of the coupling coefficients on the main diagonal (m,) are always zero. The sub-
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diagonal entries (m, and m,,) are direct (or sequential) couplings between adjacent

resonators.

C,

|_
L
C, m;2 2 CZ §R2

N

R, (“ Resonator )
1 L
es c; n3

M/ |
Resonator ; 1,
Ci 2n

Resonator 3

Figure 3.8 A bandpass circuit prototype for a tri-coupled tri-resonator filter.

The couplings between all non-sequentially numbered resonators are said to be cross-
couplings. The purpose of cross-coupling in filter design is for the reduction of the
coupling matrix so as to minimise the number of resonators to be coupled. For a bandpass
filter of the kind in figure 3.7, the cross coupling would occur only between resonators 1

and 3, and represented by m,, .

As mentioned in previous section, asymmetric filter frequency response (or

asynchronously tuned filter) has non-zero entries on the main diagonal of the normalised

coupling matrix, [m], and are self coupling. The self coupling account for differences in

the resonant frequencies of the different resonators. A 3x3 asymmetric coupling matrix is

given as
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my My, My
[m]= My My My

My My My

where m,,, m,, and m,; are self-coupling coefficients.
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Chapter 4

Passive Microwave Circuits

4.1. Introduction

Microwave circuits are composed of distributed elements with dimensions such that the
voltage and phase over the length of the device can vary significantly [3]. They can also
be lumped elements. By modifying the lengths and dimensions of the device, the line
voltage, current amplitude and phase can be effectively controlled in such away to obtain a

specifically desired frequency response of the device [3].

A microwave filter is a two-port microwave circuit whose frequency response provides
transmission at desired frequencies and attenuation at other frequencies. An ideal filter
should perform this function without adding or generating new frequency components,

while at the same time having a linear phase response.

The microwave filter is a vital component in a huge variety of electronic systems;
including mobile radio, satellite communications and radar. They find their use in excess
of applications in areas of wireless communications, wireless networking, digital
communications, target detection and identification, imaging, deep space communications,

medical imaging and treatment, and radio spectrometry [28].

Such components are used to select or reject signals at different frequencies. Although the
physical realisation of microwave filters may vary, the circuit network theory is common

to all.

36



Chapter-4: Passive Microwave Circuits

In the next section passive microwave circuits such as power splitters will be presented,
and a practical filter design using coupling matrix synthesis is demonstrated. It is also
shown that coupling matrix synthesis may be used to have a better understanding and

examine the various calculated filter responses.

4.2. Passive Filters

Passive filters, often consisting of only two or three components are used to reduce
(attenuate) the amplitude of signals. They are frequency selective, so they can reduce the
signal amplitude at some frequencies without affecting others. To indicate the effect a
filter has on wave amplitude at different frequencies, a frequency response graph is shown
in Figure 4.1. This graph plots the loss (on the vertical axis) against the frequency of a

passive filter, and shows the relative output levels over a band of different frequencies.

m / \
: / \

-35

Loss in dB

40

45

50
-10 8 -6

Normalised frequency (rad/sec)

Figure 4.1 Passive filter responses
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Passive filters only contain components such as capacitors and inductors. This means that,
the signal amplitude at a filter output cannot be larger than the input. Passive filters do not

require any external power supply and are adequately used in many applications.

4.2.1. Power Splitters

Power splitters are passive circuits with a paramount importance in signal splitting and
combining. As mentioned in previous section, they are widely used in base stations,
antenna arrays, and generally in building wireless communication systems and signal

processing applications.

Besides splitting power, they also can act as power combiners because they are bi-
directional/reciprocal devices. That is, they can be used to combine power from output
ports into an input port. To investigate if an ideal power divider would be matched at all
ports, lossless and reciprocal, three port microwave network representation in figure 4.1 is

used.

e
3 - port network
Port 1
Power divider
por;3

Figure 4.2 A three-port network representation used as a power divider.
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The scattering (S) matrix for a 3-port microwave network is given by

Sll S12 S13
[S]=|S S» S, @.1)
S31 S32 S33

Assuming all the three- ports are matched so thatS, =0, this implies §;, =S,, =§,;, =0,
and that the network is reciprocal so that S, =S, that is for a 3x3 S-matrix, S, =S,,,

S;; =8;,and S,; =S;,. With these properties, the general S-matrix for a device is

O Slz S13
[S]=[S, 0 S, (4.2)
S31 S32 O

For a lossless junction the scattering matrix is a unitary matrix [3]. This means that the
sum of the product of the elements in any row with the complex conjugate of the elements
in any other row is zero. Condition of unitary and principle of conservation of energy

leads to equation (4.3)

|Slz|2 +|S13|2 =1 S13S;3 =0

|S12|2 +|Szz|2 =1 S12S1*3 =0 (4.3)
S| 18, =1 §1,8,; =0

1S +18 '

Equation (4.3) can be satisfied in the following way
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S, =8,=5;,,=0 |S12|:|S32|=|S13|=1
or (4.4)
S5 =83, =8,;=0 |S|2|:|‘SY23|:|‘SY3‘|:1

Equation (4.4) implies that S, # S, fori # j. Under this condition, the device must be

non reciprocal. The second column of equation (4.3) shows that at least two of the three
unique S-parameters must be zero. But if two of them were zero, then one of the equations
in the first column would be violated. From this we can conclude that it is impossible to

have a lossless, matched and reciprocal three port device.

4.2.1.1. Insertion and Reflection Losses

For a 3-port power splitter with tri-coupled resonators, the insertion loss parameters

between ports may be given by [8]

L,,=-20log|S,,|dB
4.5)
L,,=-20log|S, |dB

Where L,, corresponds to the insertion loss between ports 1 and 2, and L,,, corresponds

to the insertion loss between ports 1 and 3 of figure 4.1. Similarly, the reflection loss at

port 1 may be defined as in [1] and [8]
L, =—20log|S,,|dB =—10log|S, " dB (4.6)

The reflection loss is a measure of how well matched the network 1s. This is because it is a

measure of reflected signal attenuation.
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Applying conservation of energy formula to figure 4.3, we have

1Sul” +|Su|” +]Ss[ =1

Port2
Siz
Sll
Port 1
Sis
Port 3
o Represents resonator

Represents coupling
between resonators

@) Represents ports

Figure 4.3: Tri-resonator power splitter prototype

(4.7)

Assume that the power at the input port is divided between the two output ports 2 and 3

such that

|S21|2 :ﬁ|S31 2’ p<l

where £ is a constant.

Now substituting equation (4.8) into (4.7), we have

|Sn|2 :1—|S31|2 (B+1)

Now making use of equation (4.9) into equation (4.6) yields

L, =—1010g(1—|S31|2 (ﬂ+1))

(4.8)

(4.9)

(4.10)
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Making |S,,| a subject gives

M \/(ﬁ(l—lo%/m )J (4.11)

Szl| can be computed by substituting equation

and similarly, the transmission coefficient,

(4.11) into equation (4.8), and this yields

_10-Le/10
|S21|: [ﬂ(l 1—0 )J (4.12)

To obtain the insertion loss between input and output ports, equations (4.11) and (4.12)

can be used in (4.5) to yield

1
1-1075/1) )
Ly, = —2010g[%] dB =—1010g(%j dB—-10log(1-10""") dB
+ +

(4.13)

1
(110 ) | o
LA13 :—2010g T de—l()lOg m dB—lOlOg(l—lO " ) dB

And it follows that the insertion loss and return loss are related as in equation (4.13),

where the terms 10log i dB and 10log b dB correspond to the maximum
p+1 p+1

values of _|S21|dB and —|S31| respectively [8].

dB’
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|
TS
! I/
| —
+
| Q‘ Q
Mm ' ~—
o I Q0
— i =
2 =
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(dB)
-1 0 I Frequency (Hz) g
(a)
‘%\ -15
=, / \
m(\l
-30 /
-33/ \

-20

-15

-10

5 0 5 10 15
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(b)

Figure 4.4: (a) Insertion Loss, S;; (dB) [8] and (b) 3-dB power splitter
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4.2.1.2. Power Splitter Polynomial

In the case of a two-port lossless filter network composed of series of N-inter-coupled
resonator filters, its reflection and transmission functions may be defined as a ratio of two

N™ degree polynomials [30]

S, (s) = Z 8 S, (5) = SIEN(ES)) (4.14)

where F, P and E are characteristic polynomials, and s = jw is the complex frequency

variable, and for Chebyshev filtering function, & is a normalising constant for the

transmission coefficient to the equiripple level at @ = +1 given by [30]

where L, is the return loss level in dB as defined in equation (4.10). It is assumed that

polynomials F(s), P(s) and E(s) are normalised such that their highest degree

coefficients are unity.

For a 3-port power splitter consisting of tri-coupled resonators as described in figure 4.3,
equation (4.14) may be extended to describe the reflection and transmission functions as

follows [8]

44



Chapter-4: Passive Microwave Circuits

Sn(S):Z— Sy (S): P(S) S (S): (4.15)

F(s) and E(s) are the 3" order polynomials, and E(s) has its complex roots
corresponding to the filter pole positions. & and ¢, are constants used to normalise
S,,(s) and Sy (s), respectively. E(s) can be constructed if F(s), E(s), & and &, are

known as in [8]. The expression for & and ¢, is shown in [30] as

[1+p|P(s) g |P(s)
= ) = ) 4.16
& 1010 _q F(s) " & ﬂ(lofLR/lo _1) F(s) - (4.16)
where £ is as in equation (4.8) in previous section.

2 Port 2

1
Port 1
3 Port 3

Figure 4.5 Topology of tri-resonator structure.

P(S) corresponds to the frequency locations of the transmission zeros. It is the

polynomial of order two because there are only two transmission zeros for the proposed

tri-resonator structure with 3-ports as shown in figure 4.5. This is mathematically proven
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and is presented in section 4.3.1.1. The solutions of F (s) describes the locations of

reflection zeros. In case of polynomial synthesis method, the reflection zeros can be
computed by using Cameron’s recursive technique as in [4], which will not be presented
in this thesis. A new approach is used to develop a clear synthesis procedure to design a
tri-coupled resonator power splitter consisting of only three resonators. To begin with, a
set of simple formulae to compute the coupling coefficients and external quality factors

are derived from reflection coefficient, S, and transmission coefficients S,, and §;,. This

technique is discussed further in the next section.

4.3. Coupling matrix Method for Designing Filters

Coupling coefficients of inter-coupled resonator filters and external quality factors of the
input and output resonators are the basis for designing coupled resonator filters. Different
techniques of designing microwave filters such as network synthesis, polynomial and

coupling matrix synthesis method are presented in [2], [8], [11-13] and [17-18].

In this section practical filter design using normalised coupling matrix method will be
explored. The design procedure starts with developing mathematical expressions to
calculate the normalised coupling coefficients and the external quality factors using the

general equations of S-parameters in equation (3.35).
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4.3.1. Derivation of Reflection and Transmission zero locations for a

3x3 Normalised Coupling Matrix

The calculation of coupling parameters such as the normalised coupling coefficients and
the external quality factors is an important step in this new design procedure. To realise

the proposed tri-resonator structure shown in figure 4.6 analytically, a mathematical
expression will be developed using the general 3x3 normalised coupling matrix, [4]
analogous to the normalised impedance matrix for the asynchronously tuned resonators

shown in Chapter 3, equation 3.11. Thus, the normalised coupling matrix, [A] is given by

1 . . . |
—tp—gmy, —Jm, —Jm;
qel
. 1 . )
[A] = =]y, ——+tp-Jjmy —JMy; (4.17)
e2
. . 1 )
=]y, —Jy ——tp— My
L e3 _

The general equation of S-parameters of a tri-coupled tri-resonator structure in terms of a

3x3 coupling matrix, [4] is given in Chapter 3 in equation (3.35) and is presented here

again as

1

NUBUE

2 -
S” :l—q—el[/l] 1

S5, =2

(4] (4.18)

47



Chapter-4: Passive Microwave Circuits

The variables ¢,,, q,, and ¢,, are the external quality factors, p = jo is the complex

frequency variable, [U ] is the nxn identity matrix and [m] is the normalised coupling

matrix.

The inverse of a normalised coupling matrix in equation (4.18) can be described in terms

of the adjugate and determinant of matrix [A] as follows [12]

(4] = det([4]) %0 (4.19)

where adj ([A]) is the adjugate of a square matrix [4], and det([A]) is its determinant.

Noting that the adjugate of a matrix is the transpose of a matrix of cofactors created from a
matrix, [A] Thus, using this definition, equation (4.19) can be re-defined more precisely

as

(4] =——"=, det([4])#0 (4.20)

Where [A];l1 is the (n,1)element value of the inverse matrix, [4], and cof,, ([A]) is the

(l,n) element of the cofactor matrix, [A] for n=1, 2and 3.

Making use of equation (4.20) and substituting into equation (4.18) yields

2 €Oy, ([A]) g - 2 COJy5 ([A])

(Qelqu). det([A]) e (Qelqe3)' det([A])

S21 =

(4.21)
2 cofll([A])
ou =l qu det([A])
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4.3.1.1. Frequency Locations of Transmission zero

At a frequency location of transmission zero, equation (4.21) degenerates to zero, and

shown as

Sy(@,)=0 = cof,, (I:A(p):l) =0
(4.22)

Syi(@5) =0=>cof; ([ 4(p)])=0

pena)

i w4

S(@,0,,0,)=0=1~-

where p= jo: w,w, and o, are the frequency of reflection zero locations, @, and @

are normalised frequency of transmission zero for S,, and S,,, respectively.

Port 1

Port 3

Figure 4.6: The proposed coupling structure for a tri-resonator showing couplings between

each resonator.

It is assumed in figure 4.6 that port 1 is the input port coupled to resonator 1, and ports 2

and 3 are output ports coupled to resonators 2 and 3 respectively.
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From equation (4.22), the cof,, ([A(p)]) and cof, ([A(p)]) can be computed and

shown as

1
4 =—|-J —J — 313 - =0
co 12([ (p)]) [ ]mlz[ ]m33+p+q63]+m1m ]p=]a)4
1 (4.24)
(] 4 =1y, —(— jy(— jiy, — =0
cof([ A(p) ] prmamas—(jmis(~jm PN

The detailed calculations are given in Appendix B. Rearranging equation (4.24) for the

transmission zero locations for §,, and S;, yields

_mmy s L

@, = My,
m]2 qu
(4.25)
1
o, =m,, — My, My, .
13 9.,

For synchronously tuned filter, where m,, =m,, =m,; =0, equation (4.25) will further

reduce to
o, m;;m23 ql
12 e3
(4.26)
m,.m 1
o, = 127723 j—
m; 9.

From equation (4.26) it may readily be seen that there are two transmissions zero locations
for the proposed structure shown in figure 4.6 with all resonators are coupled to one

another.
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4.3.1.2. Frequency Locations of Reflection zeros

Similarly, we will continue to find cof;, ([A( p)]) and det([A( p)]) as a function of

normalised coupling coefficients and external quality factors. Thus, from equation (4.23),

the cof,, ([A(p)]) is

ol ([A(p):l) =p’ +(L+L_jmzz — jmy)p+

e3 qu

1 m,, .m (4.27)
LYULT +(m23)2 —j—2—-j =

qu e3 qe3 qu

while the det ([ 4(p)]) is

) m, m ) jm,p
det[A(p)] = iy Moy iy =1y iy, p = =2~y ;my p — jmy, p° _q—“
e3 e3
_mymyy  jmyp o jmy, . ( )2 _ MyMyy jmy,p
qu qu quqe3 qel qel

JMy, _jm33p+p_2+ P Jjmy R 1 n
qelqe3 qel qel qelqe3 qelqEZ qelqEZ q€1q62q€3
(m.) . . (4.28)
. JMpp . P Jmyup
B = My p = iy, p =2 — iy p? 4 p T = T
qel qu qu qu

2 2
m
(my)”

2 .
P_+L+ p(m23) _](m12)2m33 + (mlz)zp +
qu q62q€3 qe3
(m13)2

e2

J2my,mm,; — j(m13)2m22 + (m13)2p +

The detailed derivation of cof,, ([A( p)]) and det([A( p)]) are shown in Appendix B.

Substituting equations (4.27) and (4.28) into equation (4.23), yields

51



Chapter-4: Passive Microwave Circuits

. . . 1 1 1 )
S”(]a)l,ja)z,]a)3):p3 +£_+____J(m11 +my, +m33)JP2 +
qu qe2 qel

2 2 2
(_mllmzz = Iy Ty = Moy Mg+ My™ +(1y,) ™+ 1y )P"’

( 1 1 1 J
qelqu qelqe3 quqe3

oM, —m m,+m m,, +m
( 22 33 4 i 33 4 22jp+

J
qel qu qe3
2 2 2 1
My Myy — My n myy —m s n my, —mm, _
qel qu qe3 qelququ
m m m
. 11 2 33 2 2
][ - - Ty My, My j"’
q62q63 qelqu qelqe2

(4.29)

. 2 _
J (m33m12 = 2myymy, iy — m11m22m33) =0

Equation (4.29) is the general expression to compute reflection zero locations for
asynchronously tuned tri-coupled tri-resonator filter structure shown in figure (4.6). It is
also applicable for synchronously tuned tri-resonator filters with the assumption that no
self couplings are considered, that is for m,, =m,, =m,; =0. It is worth mentioning that
there are 12 unknown parameters in equation (4.29). These are 6 normalised coupling

coefficients  (m,,, m,, m;, my,, m,;, my;), 3 scaled external quality factors

(g.1-9., and g,;) and 3 reflection zero locations ( p,, p, and p,).

52



Chapter-4: Passive Microwave Circuits

A complete solution will be sought to fully realise the proposed tri-coupled tri-resonator
structure. To find these analytically, mathematical manipulations of equation (4.29) along

with some assumptions are further explored and presented in chapter 5 in detail.

By defining
1 1 1 .
a=|—+——— —](m1]+m22+m33) (4.30)
qe3 qu qel
b =—my my, —my my; —m,,ms; + mz32 +
1 1 1

(my,)* +my* = - + - (4.31)

qelqu q€1q€3 ququ

j(_mzz — My " my, + My, n m, +m,, J

qel qu qu
and

2 2 2
m,,m,, —m m." —m, ,m m,," —m,m 1

c = Ml 23, s 13 Mo 1My

qel qu qe3 q€1q€2q63

m m m
. 11 2 33 2 2
_][ - - Ty MYy My, j_ (4.32)
ququ qelqe3 qelqu

: 2
J (m33m12 = 2y, _m11m22m33)

equation (4.29) can be rewritten
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Su(p)=Sf(p)=p +ap’ +bp+c=0 (4.33)

The solution to this equation is what we require. This is given in Appendix A. It is clear
that this is a very complex to solve for the zeros of this function which is shown in
Appendix A. To simplify the problem, the cubic equation can be written in terms of the

three solutions as

Si(p)=p'+ap’ +bp +c=0
Sy (py)=p," +ap," +bp, +¢c=0 (4.34)
511(173):]733 +ap32 +bp3 +c=0

Where p,, p,and p, are the zeros of (4.33) and the frequency locations of the reflection

Z€ros.

Now we can guess the frequency locations of the reflection zeros in order to avoid the
complexity. p, = jo, p, = jw, and p, = jo,, where @, =1,®, =0andw, =1 are puta
first step in the process of trying to simplify the problem. There are of course no reasons

why these should be solutions of (4.33), but we will continue to investigate. Thus,

mathematical analysis in chapter 5 is based on these values of reflection zeros.
It should be pointed out that for the examples presented in this thesis, the responses of the

tri-resonator structures are not conventionally normalised, i.e., the cut off frequency is not

+1 rad/sec. However, these responses can be easily transformed (or normalised) simply by
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multiplying a constant with all the coupling coefficients of the coupling matrices to
renormalize the bandpass edge to £1 rad/sec. This will of course make o, <1 and @, >-1.

Using these values in (4.33) will give us

ZSII (p1,2,3) =0

S, (=/,0,j)=-2a+3c

(4.35)
Substituting for a and ¢ in (4.34) gives the following expression
o 1 1 1 .
S (-],0,]): -2 *+*‘*‘J(mu +1iy, +m33) +
qe3 qu qel
3(’"22’”33‘”’232 L ’”132 — Iy, L m122_mllm22 B 1 ]_
qel qu qu qelqdqe3
A m m m (4.36)
J{q lql - ] ;2 - . ;3 + m11m232 t mzzmm2 + m33m122 = 2myymy = mllm22m33j =0
e21e3 elde3 elde2
From equation (4.25)
m,
23 _[mw —a, +]_j
s 3 (4.37)
or
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1
m, = @[mzz — o, + j—j (4.38)

m, 9.,

Note that equations (4.37) and (4.38) are equal. The back substitution of these equations

into equation (4.33) will further simplify the expression. We have now setup the solution
and manipulations of this will be seen in the next chapter. In the process of designing 3-dB
tri-resonator power splitter, the analysis and application of equation (4.33) or (4.30) are

also presented in the next chapter.
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Chapter 5

Microwave Tri-resonator Filter Structure

5.1. 3-dB Tri-resonator Power Splitter Coupling Matrix

Synthesis

The lowpass prototype design of a 3-dB power splitter is presented in this section. The
power splitter frequency response is assumed to be symmetrical. For a symmetrical
frequency response an equal power division between output ports 2 and 3 is considered.
This is illustrated analytically, and the design parameters for a 3-dB tri-resonator power
splitter are calculated. For the practical design, the following assumptions are made and
used throughout a mathematical analysis to calculate the normalised coupling coefficients

and external quality factors for splitter design.

5.1.1. Design procedure for Power Splitter with no Coupling between
Resonators 2 and 3
Consider the following assumptions and the topology shown in figure 5.1.

my =nmy, =my; =0, my =my;, my; =0, q,=q, :q; (5.1)

Port 3

Figure 5.1: 3-dB power divider topology with output ports 2 and 3 are uncoupled
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These assumptions will transform the topology proposed for tri-coupled tri-resonator
structure shown in chapter 4, figure 4.6 into tri-resonator power splitter structure as shown

in figure 5.1.

Based on the assumptions, there are only two possible reflection zeros for the topology

shown in figure 5.1. The same values of frequency locations of reflection zeros used in
equation (4.34) can also be assumed here but using p, = jw,, where @, =0 into equation

(4.34) gives non-zero value. This value is said to be the peak value of the return loss, » of

the response.

Thus recalling equation (4.32), and using p, =—j, p, =0 and p, = j, into it yields

Sy(p=—j)=j—a—jb+c=0 (5.2)
Sy(p,=0)=c=r (5.3)
S“(p3:j):—j—a+jb+c=O 5.4)

_LR
where =102 in linear form, and L, in dB-scale and should be in the range of

0<L,<o0.

Taking the summation of equation (5.2) and (5.4) gives
—a+c=0 (5.5)

By using the assumptions in equation (5.1) into equation (4.30-4.32) in chapter 4, the
parameters a and ¢ can be shown as
2 2
1 2 oo mv12 1

a=——+",

4. 4, q,  q.4.

(5.6)

58



Chapter-5: Microwave Tri-resonator Filter Structures

Substitution of equation (5.6) into equation (5.5), and making some mathematical manipulations give

1 1 :
m, =m;, :i\/2q [q—,—qu-l-l (57)
el e

By assuming values for ¢, and ¢, and using them into equation (5.7), range of values for m,, and mj,can be calculated. Assumed values of

q., and ¢,, and calculated values of m,, and m,, are summarised in table 5.1. By using the values in this table, the corresponding symmetric

frequency responses of 3-dB tri-resonator power splitters at different return losses are realised and shown in figure 5.2.

Table 5.1 Normalised coupling coefficients and external quality factors: calculated

4. 0.10 0.25 0.35 | 0475 | 0.50 0.55 0.60 0.65 0.70 0.75 0.85 0.90 095 | 1.0 1.25

q, 0.10 0.25 0.35 | 0475 | 0.50 0.55 0.60 0.65 0.70 0.75 0.85 0.90 0.95 1.0 1.25

7.1064 | 2.9155 | 2.1405 | 1.6480 | 1.5811 | 1.4673 | 1.3744 | 1.2975 | 1.2330 | 1.1785 | 1.091 | 1.0570 | 1.0267 | 1.0 | 0.9055

m, =m;
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Figure 5.2 Frequency responses of a 3-dB tri-resonator power splitter for the topology

shown in figure 5.1.

Figure 5.2 demonstrates various splitter responses at reflection zeros of *; with different
reflection losses. The reflection zero locations have been forced to be +; as it has been

explained in the mathematical derivation to calculate the normalised coupling coefficients

and external quality factors in chapter 4, section 4.3.1.2.

By referring to table 5.1, one can design a 3-dB tri-resonator power splitter with a goal of
specific return loss (RL). For instance, if we want to realise a symmetric frequency

response of 3-dB tri-resonator power splitter at 20 dB return loss, the normalised coupling

coefficients, m,, and m,,, and external quality factors, ¢, and ¢, can be read from table
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5.1 as ¢,=q,=0.475 and m,,=m,;=1.6480.The frequency response for this particular

values is given in figure 5.3.

11 I
—S,,=S31|

-10

-20

30 ] I

|S11]| dB,|S21| dB,|S31| dB

-50

-60
-15 -10 -5 0 5 10 15

Normalised frequency (rad/sec

Figure 5.3 A 3-dB power splitter response at -20 dB return loss

To investigate the return loss, » equations (5.2-5.4) are further simultaneously computed

as follows:

Subtracting equation (5.2) with equation (5.3) yields

Jj—a—jb=-r (5.8)

and subtracting equation (5.3) from equation (5.4) gives

Jjta—jb=r (5.9)
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Solving equation (5.8) and (5.9) simultaneously gives b =1, and using this into (5.8)

yields a =r. Also it is clear from equation (5.3) that ¢ = 7. Thus a, » and ¢ are related as
a=r=c (5.10)

Recalling the definitions of @, b and ¢ in equations (4.28-4.30), and making use of

equation (5.1) into them may give the following expressions for a, b and ¢ as

22
1,2 _2m} 1

a=—-——+—, 5 (5.11)
qel qe qe qelqe
b=2m," — 2, +i,2 (5.12)
qelqe qe
Substitution of equation (5.11) into (5.10) gives
_&+2:2m122 —L,:r
QI qlqe
, 1
=>r=2m, ——- (5.13)
q] qe
Using b =1 in equation (5.12), and making m,,’ a subject yields
1 2 1
m,’ =—( : ——,2+1j (5.14)
2 qelqe qe

Substitution of equation (5.14) into equation (5.13) gives the return loss as a function of

normalised external quality factors. This is shown as
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V:L,z(_i,;]g (5.15)
qe qel qe

It should be noted that the return loss lies in the range of 0 < <1 for passive circuit or in

the range of negative infinity to zero in the dB-scale; i.e., —0 < RL <0 dB.

The graph of return loss versus the external quality factor, ¢,, and ¢, at the output ports
2 and 3 respectively is presented in figure 5.4. For the sake of clarity, the relationship
between ¢, and ¢, is given by ¢, = g, where 0.15<a <1 is considered and shown as

a non-parabolic part of figure 5.4 for the range of 0 <r <1. However, for 1.25<a <6.25,

the return loss responses are parabolic as elaborated in figure 5.4.

10

External quality t‘actor,e&]:qe3

0.5 0.6 0.7 0.8 0.9 1

Return loss ()

Figure 5.4 External quality factors versus, r, for ¢, = aq, where 0.15< a < 6.25
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From figure 5.4, it can be seen that an infinite number of external quality factors at the

output ports can be collected at a desired ripple value. For a specific return loss value, two
different values of ¢, can be read. This is because of the parabolic nature of the graphs in
figure 5.4 for the case whenl.25<«a <6.25is considered. For instance, for the case
q,, =1.25¢, in figure 5.4, at a particular value of r, say »=0.25, ¢, has two values,
and may be read as 0.49 and 4.0. At these two values of ¢ ,, there are two corresponding
values of normalised coupling coefficients, m,, where m,, =m,; in figure 5.5, and this is

consistent with equation (5.7); i.e., m,, = m,, can be negative or positive values.

Using the appropriate values of ¢, from figure 5.4 at a particular return loss, 7, and the
corresponding values of coupling coefficients from figure 5.5, a 3-dB power splitter
parameters can be determined. Figure 5.5 shows the external quality factors versus the
positive coupling coefficients. For the negative coupling coefficients, m,, =m,; versus
external quality factor can be drawn simply by taking the mirror image of figure 5.5, and
hence, the negative values of m,, =m,; can be extracted. These illustrate that m,, and m,,

hold negative or positive values as discussed and has also been analytically proven and

shown in equation (5.7).

It should be noted that the mirror image of figure 5.5 which gives rise to the negative
values of coupling coefficients does not mean that the negative values of coupling
coefficients give rise to an image frequency response of the splitter. Instead, the positive

and negative values of m, and m,, give same symmetric frequency response of 3-dB tri-

resonator power splitters and this is presented in the next section as examples.
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4

=

External quality factor, q

!.- -i‘ T ‘IS I 125 I:."E EP?q Z‘Jﬁ !J.EE J#‘i IJ'.‘SJ_]'E
Normalised coupling coefficients, m,=m. .

Figure 5.5 The relationship between normalised coupling coefficients and external quality

factors for m,, = m, >0 in log scale.

The response in figure 5.5 describes the degree of freedom in reading multiple values of
m,, and m,, for a corresponding values of ¢, directly from it. Besides this, we can have

3-dB tri-resonator power splitter of identical responses with diferent values of coupling

coefficients and external qaulity factors. These responses are shown in the design

examples 1 and 2 in the next section. It can be noted from figure 5.5 that; at a point (1, l) ,

the responses of the coupling coefficients, m intersect.
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The design procedure can be summarised in 4 steps as follows:

1. Determine the return loss , » from figure 5.4

2. Read the values of external quality factors from figure 5.4 at input port 1 and

output ports 2 and 3

3. For the corresponding values of ¢, in figure 5.4, read the corresponding values of

coupling coefficients from figure 5.5

4. Determine the response of the power splitter topology shown in figure 5.1

5.1.2 Coupling Matrix Power Divider Examples

Using the design procedure outlined the following 3-dB tri-resonator power splitters are
designed and presented. The normalised coupling matrix and external quality factors
illustrated in examples 1 and 2 are extracted from figure 5.5. These are some of the values
we are interested in for the design purpose to get better responses. It is also interesting to
note that the coupling matrices and external quality factors demonstrated in design

examples 1 and 2 can also be calculated using equation 5.7, and found to be consistent

with the values from the graph of coupling coefficients versus ¢ ,-factor as expected.

The intention in the design examples 1 and 2 is to show how two different coupling
matrices and external quality factors can be used to design same tri-resonator power

splitter responses.

Design Example 1:
In this example, two different normalised coupling matrices and external quality factors

are used to give exactly the same response with a return loss of 20.33 dB as shown in
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figures 5.6 and 5.6. This is possible as the graph in figure 5.4 is parabolic and two values

of normalised external quality factors for a single value of return loss can be obtained.

0 +1.6875 =+1.6875

m =| £1.6875 0 0
+1.6875 0 0
g, = 0.4615=¢,

(a)

11

5,754

N

1)
|
—

-20 /

\

-30

A
S

Insertion and Reflection Losses (dB)
\

-50

-60
-5 -14 -13 -12 11 -10 9 8 -7 -6 5 4 -3 -2 4 5 6 7 8 9 10 11 12 13 14 15

Normalised'frequency (rad/sec)

(b)
Figure 5.6 (a) Normalised coupling matrix and external quality factors and (b) A 3-dB tri-

resonator power splitter with the bandpass edge of +1.45 rad/s.
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0 +1.6799 +1.6799

m =| £1.6799 0 0 |, g9, =g, =0.4640
+1.6799 0 0
(a)
[ L] —Sll
— 5,754 |
10 \ /
\ /
\ f
S
N
P \ | N
g UM N
- imy N
301 ’ \ e

-40

Insertion and Reflection Losses (dB)
\

-50

-60
-5 -14 13 12 11 10 9 8 7 6 5 4 3 2 1 0 1 2 3 4 5 6 7 8 9 10 1 12 13 14 15

Normalised frequency (rad/sec)

(b)
Figure 5.7 (a) Normalised coupling matrix and external quality factors and (b) A 3-dB tri-

resonator power splitter with the bandpass edge of £1.45 rad/s.

The tri-resonator power splitter responses shown in figure 5.6 and 5.7 are the same as
expected except that the normalised coupling matrices and external quality factors
obtained are different. The two graphs are therefore, evident that exactly the same
responses of a tri-resonator power splitter can be designed using two different normalised
coupling matrices and external quality factors as discussed above in this section. The

power splitter responses in figure 5.6 and 5.7 have the same bandwidths. This is the case
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as their bandpass edges are equal and is +1.45 rad/sec. Thus, both splitters have bandwidth

of 2.9 rad/sec.

Design Example 2:

In a similar way to design example 1, there are two distinct coupling matrices and external
quality factors that yield same 3-dB tri-resonator power splitter with a return loss goal of
21.75 dB as shown in figures 5.8 and 5.9. These responses are obtained by using the two

different coupling coefficients and external quality factors, and compared with each other.

0 +1.8191 =+1.8191

m=| +1.8191 0 0 s qo =0.4219=q;
+1.8191 0 0
(a)
ST T
A \ / n Su E
\ / — 5,753 |
L \ / < B
2 el N
A \ ] N
P IWARNI o
7 ] ~~
(P
I[] |

-40

-50

Insertion and Reflection Losses (dB)

-60

-70
-5 -14 -13 -12 -11 -0 9 -8 -7 6 5 -4 3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Normalised frequency (rad/sec)

(b)
Figure 5.8 (a) Normalised coupling matrix and external quality factors and (b) Response

of a 3-dB tri-resonator power splitter with the bandpass edge of +1.5rad/s.
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Figure 5.9 (a) Normalised coupling matrix and external quality factors and (b)
Response of a 3-dB tri-resonator power splitter with the bandpass edge of £1.5

rad/sec.
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It can be seen from example 1 and 2 that the same 3-dB tri-resonator power splitter of
identical response has been designed with different normalised coupling coefficients and

external quality factors as explained earlier in this section.

The bandwidth of the power splitter responses shown in figure 5.8 and 5.9 are the same as

they have the same bandpass edge, i.e., 1.5 rad/sec.

From the design examples, it can be concluded that the range of values of coupling matrix
and external quality factors can be calculated to design power splitters of identical

responses.

In both design examples, the 3-dB tri-resonator power splitters having only one pair of

transmission zeros have been designed.

5.2. Trisection Filter

A trisection filters comprise three couplings between three sequentially-numbered
resonator filters. The first and third of which may be source or load terminals or it might
be embedded within the coupling matrix of a higher-degree network [1]. As shown in
figure 4.14, trisections are able to realize one transmission zero, and this is analytically
proved in the next section. Figure 5.14 shows topology of trisection filter with the cross
coupling between resonators 1 and 3, where it is assumed that the input and output ports
are coupled to resonators 1 and 3 respectively. The cross coupling between resonators
along with other couplings gives controllable transmission zero. We will see this shortly in

this section when we work on the mathematical analysis of designing a trisection filter.
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The placement of transmission zero is determined by the polarity of the cross coupling

between resonator 1 and 3. The topology of the coupling arrangement is shown in figure

5.10.

mis
m m
Port 1 o L - . 2 L O Port 2
1 2 3

O Source/load @® Resonator

Figure 5.10 A tri-section filter showing the coupling between each resonator.

The direct and cross coupling phenomenon shown in figure 5.10 may be illustrated as

follows:

m,, represents the direct coupling between resonators 1 and 2, m,, describes the cross

coupling between resonators 1 and 3 and m,, stands for the main coupling between

resonators 2 and 3.

The ability to realise just one transmission zero at finite frequency, makes the trisection
filter very useful in synthesising filters with asymmetric characteristics. Trisection filters
can exist either as a stand-alone within the network or multiply as a cascade. We will
investigate a trisection filter with the type of topology shown in figure 5.10. We will not

go further for multiple trisection filters which exist as cascaded within a network.
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5.2.1. Analysis

Putting ¢,, to infinity at port two of a three port tri-section filters topology described in

figure 4.6 gives tri-coupled trisection filter structure shown in figure 5.10. This will

transform the 3-port tri-resonator structure into two ports (input and output ports).

For a two port network the reflection and transmission S-parameters are given by

) P v 2 Cofu([A])
S —1__[A:|11 _l—q—d-m
(5.16)

5, 2], -2 )

The transmission zero location may be found from equation (4.26). This may be shown as

m.,m
_ _ My,
w =m,,

forg,, - o (5.17)

m;

where @ 1is the transmission zero.

A trisection filter requires the resonators to be asynchronously tuned to give an
asymmetric filter frequency response [1]. Thus the resonating frequency for each resonator

may be different. It will have an attenuation pole at one side of the passband.
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To keep the physical configuration of the filter symmetrical even though the frequency

response is asymmetric, the following assumptions are made [1]

My, =My, g, =43 = q;a Wy = Wy3 (5.18)

where @, and @y, are the angular frequencies of resonator 1 and 3, respectively.

Using these assumptions and g,, — oo in equation (4.32) yields

Ca . 3
Sy (—],0,]) = _2(_](’"11 My, + My, ))+ ?(mzzmn _mnmzz)_

e

(5.19)
. My 2 2
J3 (_T +m, (mll +my; —2my; ) +mym; — m11m22m33J =0
Equation (5.17) may be re-arranged for m,, and shown by
my’ = my, (mzz - a)) (5.20)

Substitution of equation (5.20) into (5.19) gives the general expression as the function of

transmission zero location, @ at reflection zeros, —/,0 and j , and presented as

S s . 3
Sy (_]aoa]) :—2(—](7’}’111 + My, +m33))+_«(m22m33 _mnmzz)_

e

. m
]3(’/’1227/”132 = My 1y, My _%]4' (5.21)

e

+ j3my, (m22 —a))(m11 + My, —2ml3) =0
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This calculation can be taken one stage forward if m,, =m,; is assumed, and substituted

into equation (5.21). Thus, shown as

_2(_j(2m11 +m,, )) - j3(2m13 (mzz - a))(mn —my; )) -
(5.22)

To have same return loss level (or equal ripple) design, the following mathematical

manipulations are carried out:

The first derivative of equation (4.33) is set to zero, and the peak frequency values of S|,

in the passband may be computed as

%(S“(p))zozé(p3+apz +bp+c):0

3p2+2ap+b:0:p2+2?ap:—§

where a, b and ¢ are coefficients of the cubic function as defined in equations (4.30-

4.32).

The roots of p can be found by completing the square method, and given as

(5.23)

Two peak frequency values can be picked up from equation (5.21), and these are given as
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—a+ (a2—3b) —a-— (a2—3b)

Srl = _.] 3 Sr2 = _.] 3

The locations of these two peak frequency at which the return loss response will have

equiripple values are demonstrated in figure 5.11.

For g, = o©,m, = m,; and m;, = m,,, the parameters a, b and c are given as

a=—j(2m” +m22)

2
b= (_2m11m22 - m112 + 2m122 + (m13)2 - ?\J

. 1
c=—J (2’"13 (mzz - a))(mn —m; ) +m,y, (mmz - mnz - _2j}

q

—RL
Now evaluating S, at s, and s, gives return loss value 7, where =102 for

0 < RL < oo dB. This is shown as
S(Sr1)=7", S(srz):r :>S(Srl)—7”=0, S(Srz)—7’=0

—RL —-RL

= 8(s,)-102 =0, S(s,,)-102 =0 (5.24)

Or equation (5.23) can be generalised as

—RL

S| ~102 =0 (5.25)

2
i=l1
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S, dB

~ 7

-10 0 10

Normalised frequency (rad/sec)

Figure 5.11 Return loss response with 3-reflection zeros and 2-frequency peaks showing

equiripple level.

Adding equation (5.25) to equation (5.22) gives equation (5.26). Thus, the general
formulation for the design of equiripple trisection filter of the topology shown in Figure

5.10 can be given as

. : 1
_2(_/(2’"11 1y, ))_]3(27”13 (mzz _a))(mll —m13)+m22 [mwz —m,’ _FjJ

e

(5.26)

‘—1OW -0

S,

i=1
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It is evident from the mathematical function in equation (5.26) that there are only 3

unknown normalised coupling coefficients, m,,, m,, and m,, and an external quality
factor, q; that need to be evaluated. That means, only 4 unknown variables,

my,, m,, m,,, and g, appeared in equation (5.26). The frequency location of transmission

zero, @ in equation (5.26) can be controlled and set to a value. We have successfully
reduced the 12 full solutions in equation (4.29) to 4 solutions through the mathematical
analysis described. This has a benefit of reducing the computation time during the
optimisation process. By optimisation, we meant minimising the function expression in
equation (5.26). To do this, optimisation process has to be implemented to generate
optimal values of the normalised coupling coefficients and external quality factors so that
the given function in equation (5.26) is minimised. This is explained in the next section.
An optimisation algorithm used and the iteration process carried out to design trisection

filter is also presented in the next section.

5.2.2. Optimisation

Different techniques of optimisation have been utilized to synthesise coupled resonator
filters. One of these techniques is based on optimisation of the normalised coupling
coefficients in a normalised coupling matrix. The main advantage of coupling matrix
optimisation technique is that it requires considerably less computational time than full
scale EM simulations to complete the synthesis [8]. In this work, to realise a trisection
filter, coupling matrix optimisation technique is used to obtain the coupling coefficients
and the external quality factors in equation (5.26). Thus, equation (5.26) can be used as a

cost function when using optimisation. The cost function in equation (5.26) is provided as
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a function of 4 control variables (normalised coupling coefficients and external quality

factors).

We have used an optimisation algorithm that uses unconstrained control variables to un-
bound the search space so as to make a direct search starting from the initial guess. This is
known as local optimisation algorithms. Local optimisation algorithms strongly depend on
the initial values of the control parameters. The initial guess should be given as an input to
the algorithm that seeks a local minimum within the local neighbourhood of the initial

guess.

Initial values of control variables are guessed and provided. During optimisation process, a
number of iterations will be performed to modify the variables so as to minimise the
overall value of the function expression in equation (5.26). The iteration process will

continue till an optimal solution that minimises the cost function is found.

5.2.2.1 Design Examples

A useful optimization method (solving a set of non-linear equation in (5.26) in Matlab®
R2010B) is applied to the cost function in equation 5.26. The control variables in the

optimisation algorithm are:

{m,, my, my,, q,}

Because the initial values in the optimization method depend on its convergence, the
appropriate values have to be chosen. First of all, the initial control variables are guessed
and systematically re-arranged putting the negative couplings into consideration. That is,

before operating the optimization, the values are adjusted by comparing between the sign
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of the control variables. The optimised normalised coupling parameters (or control
variables) and the number of iterations performed by an optimiser along with the final
errors are tabulated in table 5.2. The corresponding goal of return loss, RL in dB, at each

stage of optimisation performed is included in the table 5.2.

Table 5.2: Optimised normalised coupling coefficients and external quality factors

Goal
m, m, m,, q; Iterations Error RL (dB)
0.0486 | 0.2287 | -0.2467 | 1.0544 159 2.6621x10™ | -14.28
0.0623 | 0.1394 | -0.1246 | 1.2091 155 2.6595%x10° | -13.7
-0.1470 | -0.5491 | 0.4787 | 0.6699 49 4.8282x10™° | -20.0
-0.0974 | -0.3919 | 0.3794 | 0.8556 43 1.3583x10™ | -25.0
-0.0974 | -0.3919 | 0.3794 | 0.8556 39 1.3583x10™ | 300

For each optimised normalised coupling coefficients and external quality factors, an

asymmetric frequency response of trisection filter are examined and shown in figures 5.12

to 5.17 along with their normalised coupling matrices, [m] It is evident from table 5.2

that a systematic selection and arrangement of initial control variables improves the
number of iterations performed by an optimizer. That is, with a minimised function

expression in equation (5.26), the optimised normalised control variables converge to
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optimal values as shown in table 5.2. There are also improvements in the frequency

responses as shown in figures 5.12 to 5.16.

0.0486 0.9266 0.2287
m=|0.9266 -0.2467 0.9266
0.2287 0.9266 0.0486

q., =0.9484 =¢_,

(2)

S, (dB), IS,,| (dB)

0 [ [ [ [ [ [ [ [
10 8 2 0 2 4 6 8 10

Normalised frequency (rad/sec)
(b)

&

Figure 5. 12 (a) normalised coupling matrix and external quality factors and (b) response

of trisection filter with a return loss of 14.28 dB.
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0.0572  0.9374 0.2348
m=0.9374 -0.2578 0.9374 |,
0.2348 0.9374 0.0572

q., =0.9441=¢q_,

(a)

S,,| (dB), [S,| (dB)

80 [ [ [ [ [ [ [ [

_ _ — Normalised frequency (rad/sec)

(b)

Figure 5. 13 (a) normalised coupling matrix and external quality factors and (b) response

of trisection filter with a return loss of 13.7dB.

0.0974 -0.9740 0.3919
m=1-0.9740 -0.3794 -0.9740
0.3919 -0.9740 0.0974

q, =4, = 0.8555

(2)
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Figure 5. 14 (a) normalised coupling matrix and (b) response of trisection filter with a

return loss of 20 dB.

-0.1470 1.1290 -0.5491
m=| 1.1290 0.4787 1.1290
-0.5491 1.1290 -0.1470

q., =4,, =0.6699
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Figure 5. 15 (a) Normalised coupling matrix and external quality factors

(b) Response of trisection filter with a return loss of 25 dB.

0.1713 13667 0.5995
m=| 13667 -0.4843 1.3667
0.5995 1.3667 0.1713

q.,, =q,, =0.5354

(2)
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Figure 5. 16 (a) Normalised coupling matrix and external quality factors

(b) Response of trisection filter with a return loss of 30 dB.

It has been mentioned in previous section that the placement of transmission zero of a
trisection filter is decided by the polarity of cross coupling between resonators 1 and 3.

This has been realised throughout the trisection filter responses shown in figures 5.12 to

5.16. That s, if the cross coupling is positive, that is m,>0, the attenuation pole of finite

frequency is on the high frequency side of the passband, whereas if the cross coupling is

negative, that i1s m,;<0, the attenuation pole of finite frequency is on the low side of

passband. That means, an image frequency response is obtained by reversing the sign of
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the normalised coupling coefficients as illustrated in the asymmetric frequency response
graphs. This is of dual benefit given the possibility of designing the filter with the image

frequency response directly from the original coupling matrix simply by reversing their

signs.
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Chapter 6

Conclusion and Future Work

6.1. Conclusion

An equivalent three-port circuit model for the tri-resonator filter including the coupling
between the input and the output ports has been proposed. Based on this circuit, the
general 3x3 coupling matrix of a 3-port network with only 3 resonators has been derived.
Electric and magnetic couplings have been considered in the derivation, and a combined
formula has been generalised for both types of coupling. Based on this unified solution,

the transmission zero locations for S, and §,, has been analytically proved and

demonstrated.

Mathematical expressions have been derived to calculate the normalised coupling
coefficients and external quality factors. The derivations of equations have been carried
out without the use of conventional polynomial equations shown in equations 4.14 and
4.15. To avoid complexity of mathematical analysis, the three locations of reflection zeros
for the proposed structure have been specified. The mathematical manipulations to derive
the analytical formula for the computation of normalised coupling matrix and external

quality factors have been based on the specified reflection zero locations.

With the aid of the general formulae, the normalised coupling coefficients and external
quality factors have been calculated. Using these values, the 3-dB tri-resonator power

splitter has been designed. The splitter response has reflection zeros at —j andj, and this

is consistent with the specified values of reflection zero locations as expected.
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The thesis has presented a generalized synthesis method for tri-resonator filter structures.
The mathematical relationship between the normalised coupling matrix and external
quality factors has been given for the straight forward application of this new method. The
normalised external quality factors and the return loss are mathematically related and
graphically presented to have a better understanding of their relations. The graph of
external quality factor versus return loss were found to be very important in getting
particular values of normalised external quality factors at a particular return loss without

doing any calculations.

A clear synthesis procedure for the design of 3-dB tri-resonator power splitter has been
outlined, so that element values of coupling coefficients and external quality factors would
be calculated to design 3-dB tri-resonator power splitter. This synthesis method has been
applied to the symmetric 3-port network with two reflection zeros and infinite
transmission zero. It is interesting to note that various ranges of coupling coefficients and
external quality factors give rise to the same 3-dB power splitter as demonstrated in the

practical design of a 3-dB tri-resonator power splitter.

The general formulae, which have been developed in this new synthesis method, are
applied to the tri-coupled trisection filter having three reflection zeros and single
transmission zero. From the general formulae, a simple mathematical function with a
minimum number of control variables has been derived. The analytical function developed
is optimised to fully realise the trisection filter. In doing so, the minimum iteration is
achieved as the original control variables are reduced from 12 full solutions to 4. This
obviously reduces the time taken during optimisation process. In this case, an achievement

is attained in reducing the total control variables to a minimum.

88



Chapter-6:Conclusion and Future Work

Using the normalised optimised values of the control variables, an asymmetric frequency
response of a trisection filter at different transmission zero locations has been realised. The
transmission zero location for the trisection filter has not been included in the control
variables as it is possible to control by varying its frequency locations, and finding its

suitable place near the passband.

Similar to the 3-dB power splitter, various ranges of normalised coupling coefficients and
external quality factors have been obtained for the trisection filter during optimisation. In
the optimisation algorithm the initial values of control variables have been provided before
the start of optimisation. Systematic selections and re-arrangements of initial control
variables were found to be vital to get optimal values of control variables as shown in

table 5.2

An 1mage frequency response is examined by simply changing the sign of the cross

coupling, m,,, between resonator 1 and 3, giving rise to design flexibility of the trisection

filter.

The limitation of the new method described in this thesis is that it may not be applicable
for higher order filters as the calculation will be clearly very complicated. As the order of
the filter increases, mathematical analysis may become extremely intricate, time

consuming, difficult to realise, and in some cases even impossible to perform.

6.2. Future Work

The work on power splitter design can be further implemented for coupled resonators
using four or more resonators. In a three-port network structure, increasing the number of

coupled resonators give rise to more reflection zeros. Thus, for a power-splitter with four
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or more resonators coupled to one another, there may be more reflection zeros, and this
may be further investigated. Further work can also be conducted on asymmetrical power

splitter by using only three resonators.

The new analytic synthesis method introduced in this thesis may be used to realise a
coupled resonator diplexer using only three resonators. Hence, further work on coupled

resonators for a diplexer design may be conducted.

The design procedure outlined in this thesis for a tri-coupled tri-resonator power splitter
can be employed as a basis for a three-port power splitter using four or more coupled
resonators. Polynomial synthesis method for the two port network may also be adopted to
three port networks to realise a power splitter when the number of coupled resonators

within the structure increase.

The level of complexity of mathematical analysis to calculate coupling coefficients and
external quality factors increase as the number of coupled resonator within a given
structure increase. Thus, efficient optimisation techniques and algorithms are required to

get entries of the coupling matrices.
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Appendix A

Appendix A

Solution to Polynomial Equation

The cubic equation given, f(p)=p’ +ap” +bp+c =0 is significantly more difficult to

solve than the quadratic equation, and cannot reasonably be written without a change of
variables. However, we do not go for hand calculations to find the solutions of the cubic
equation shown. We have introduced a simple math lab syntax called “sym” to calculate
the zeros of the polynomial function. Sym is the Short-cut for constructing symbolic

objects.

Each input argument must begin with a letter and must contain only alphanumeric
characters to solve the polynomials using mat lab program. The solution for the cubic

equation is provided as
Syms abcp;
solve('p"3+a*p”2+b*p+c');

pi=

((@*b)/6 - ¢/2 + ((b/3 - a*2/9)"3 + (a3/27 - (b*a)/6 + ¢/2)2)(1/2) - a3/27)(1/3) - (b/3 -
a72/9)/((a*b)/6 - ¢/2 + ((b/3 - a*2/9)"3 + (a3/27 - (b*a)/6 + c/2)"2)(1/2) - a”3/27)(1/3)

-a/3
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P2=

(b/3 - a*2/9)/(2*((a*b)/6 - ¢/2 + ((b/3 - a2/9)"3 + (a"3/27 - (b*a)/6 + c/2)"2)N(1/2) -
a*3/27YN(1/3)) - a/3 - ((@*b)/6 - c/2 + ((b/3 - 2*2/9)"3 + (a*3/27 - (b*a)/6 + c/2)"2)(1/2) -
a*3/27YN(1/3)/2 - (BN(L/2)*i*((b/3 - a”2/9)/((a*b)/6 - c/2 + ((b/3 - a”2/9)"3 + (a"3/27 -
(b*a)/6 + c/2)"2)N(1/2) - a”327)N(1/3) + ((a*b)/6 - ¢/2 + ((b/3 - a*2/9)"3 + (a"3/27 -

(b*a)/6 + ¢/2)2)7(112) - a*3/27)(1/3)))/2

P3:

(b/3 - a”2/9)/(2*((a*b)/6 - c/2 + ((b/3 - a"2/9)"3 + (a*3/27 - (b*a)/6 + c/2)°2)(1/2) -
a"327)N(1/3)) - a/3 - ((@*b)/6 - ¢/2 + ((b/3 - a*2/9)"3 + (a"3/27 - (b*a)/6 + ¢/2)"2)"(1/2) -
327N 1/3)/2 + (BA(1/2)*i*((b/3 - a*2/9)/((a*b)/6 - ¢/2 + ((b/3 - a”2/9)"3 + (a*3/27 -
(b*a)/6 + c/2)"2)N(1/2) - a”327)N(1/3) + ((a*b)/6 - ¢/2 + ((b/3 - a*2/9)"3 + (a"3/27 -

(b*a)/6 + c/2)"2)N(1/2) - a*3/27)7(1/3)))/2
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Appendix B

Calculations of Cofactors and Determinant of the

Normalised Coupling Matrix, [4]

The normalised coupling matrix, [A] , 1s given by

. 1 ) .

—Jm, +p+— —Jnm, —Jn;

el

. . 1 .

[A]= ALY —Jmy,, + p+— ALLS

qu
. } ) 1
PALE —J My —JMy;; t p+ _q
L e3 |

1. cof,, ([A(p)])

The cofactor, cof|, (I:A ( p)]) can be obtained by cancelling the first row and second

column of matrix, [ 4], and this is shown as

—Jm, VALE

cof,,([A]) = (=D | ) 1
2 —JMy;  — iy + p+——

Qe3

where 7 is a row number and ; is a column number.
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For this particular case i =1 and j=2. Thus

cof, ([4(p)]) = —(— jm, [— jmy +p+ LJ + mwmn]

e3

L ) ) 1
=—(jmyy jmy; = jm,p = jmy, q_ +myym,;)
e3

. . 1
= MyyMyy + Jiy, P+ Jily —— = 370,
e3

2. cof, ([A(p)])

Similarly Cof;, ([ A( p):l) may be calculated by cancelling the first row

and the third column of matrix, [A] , and this yields

LY LLE

cof s (I:A(p):') _ (_1)(i+j)

. 1 .
—]m22+p+— —]m23
qu

where i =1 is the first row, and j = 3 is the third column of matrix, [A]. Thus

Coy5 (I:A(p):l) = —my,myy — (—jmy (—jmy, + p+ L))

qu

) ) 1
= —my,m,;, —(—jmy, (—jmy + p+ (]_))
e2

. ) 1
= —my,m,; — (= jmy,; (—jmy, + p+ q_))
e2
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3. cof|, ([A])

The cofactor, cof,, ([A ( p)]) may be also computed by cancelling the first row and the

first column of matrix, [A] This is shown as

. 1 .
—Jjmy, + p+— —Jmy,

coﬁl (I:A(p):l) = (_1)(1'4—]') 9. |
— My —Jmy; + p+ q_
e3

where i = j =1 is the first row and column of matrix, [4].

Thus
. my, p .m
Coly, ([A(p):l) =~y My — jmy, p — j—2= = jmyp+ p’ +——— =2+
qe3 qu qu
L +(m,,)’
qu q€2q63
5 1 1 . . 1
=p +(—+——jmy — jmy)p+ — My, Myy +
qe3 qu q62q5‘3
.m .m
(my)' = j—2—j—=
qe3 qu

4. det[A(p)]

The determinant, det[A( p)] of the matrix, [ A] is calculated as
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—Jjimy, + p+ L —JMy,
det[A(p)]:(—ij +L+p). Ger | +
. =My —JMyy + pt—
e3
. _].mlz . R 1= jm,. —jmy, —jmy, + p+ é
-y Mgt pt— . .
q.3 LLE —JMy

detl:A(p):I = (—]m“ +L+p)[(_]m22 +p +qij(_]m33 +p+qu_(_-]m23(_]m23)):|+

el

) ) ) 1 ) )
JMy, | —jmy, | —jMyy + p+—— —(—]m13(—]m23)) -

qe3

) ) ) . ) 1
JMy; (_]m12(_Jm23))+_Jm13 —JMy +p+—

qu

JMy,

1 —MyyMyy — jiMy, P — —jm33p+p2 +
=(=jm, +—+p) m

9 p My + P
qe3 qe2 qu q€2q€3

e3

+ (my, )’

+ 1 — — 7 — ﬂn_lz + —
JMyy | =My, My — Jiy, P m;3m,;
e3

. . Jm;
JMys | =My Moy + mysm,, + jm; p +
e2
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' Tl : Jjmy, p
det[A(p)} = Jmy My, My — My My, P _%_mnmyp - ]m“p2 _q_”_
e3 o3

)2 My JMy P

m;m jm,p jm )
11733 11 11
- - _]mll(m23
qel qel

qez qe2 qe2 qe3

1

Jmy  jmyp +p_2+ p My P "
qelqu qel qel qelqu qelqu qelqu qelq62q93
(m23 )2 . 2 JMmpp o 2 3 p2
Ty My P — JMy P — —JMmyup +p +q__
e3

qel qe3

. 2

Jjmyp 2_

SMsP PP +p(m23) —](m12)2m33+(m12)2p+
qez qez qe2qe3

(m,)" . . (m;)’
2o+ J2my,m my; — J(mn)2 my, + (my; )2 pt —qB
e2

qe3

Thus, rearranging the equation above yields

. 1 . . 1 1
det[A(p)] = p3 +[_]m11 T My, — Mg +_+_jp2 +
qel qe3 qez
. . . . 1
[_mumzz —m, my, — JMy Jmy My, i " ]p+
e3 qu QEI qel qelqES
1 jm jm 1 2
[ My, My — 224 + (m23) +(my, )2 + (m13)2jp +
qel qe2 e3 qe2 qe2 qe3
m,.m ] m,,m
Jjm, mymy, — m, my, sy Jmy, jm,, (m23 )2 22153
qe3 qe2 qezqu qel
2
. . 1 m 2
My _ M | +( 23) — j(m,) m, +(m12) n
qelqu qelqu qelqezqe3 qel e3
_ . (m;)’
J2my,m my; — J(m13)2 m,, + ——

e2
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