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Abstract

The Mizohata–Takeuchi conjecture states that one should be able to control the L2 weighted

norm of the Fourier extension operator associated with a measure µ supported on a smooth

hypersurface in Rn, with the L8 norm of the X-ray transform of the weight, i.e.

ż

Rn

|ygdµ|2w À ∥Xw∥L8

ż

|g|2dµ,

where

ygdµpxq “

ż

eix¨ξgpξqdµpξq

and the X-ray transform is a function of lines defined as

Xwpℓq “

ż

ℓ
w.

We will discuss some possible generalization of the Mizohata–Takeuchi conjecture. In particular,

we will see some results for measures not supported on smooth surfaces, we will discuss the

possibility of introducing a general Mizohata–Takeuchi conjecture for measures satisfying only

dimensionality hypotheses and we will face the Mizohata–Takeuchi problem in the setting of

locally compact abelian group.
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INTRODUCTION

A classical problem in Harmonic Analysis is the study of the Fourier extension operator. Given

a Radon measure µ, one defines the extension operator as

ygdµpxq “

ż

eix¨ξgpξqdµpξq, x P Rn.

A typical question concerns finding exponents 1 ď p ď 8 such that one has an Lp estimate for

the operator of the form ∥∥∥ygdµ∥∥∥
LppRnq

À ∥g∥L2pdµq .

In particular, the restriction conjecture proposes necessary and sufficient conditions on the

exponent p for the estimate to hold, when µ is the surface measure for the sphere. But another

problem, formulated in the 80’s, has risen recently a new wave of interest. That is the study of

L2 weighted estimates, instead of Lp ones, and, in particular, the so called Mizohata–Takeuchi

conjecture. Like the restriction conjecture, this has been classically introduced for the Fourier

extension operator for the sphere and it states that one can control the L2 weighted norm of the

operator with the L8 norm of the X-ray transform of the weight, i.e.

ż

Rn

|ygdµ|2w À ∥Xw∥L8

ż

|g|2dµ.

The X-ray transform of a function f is a function of lines in Rn defined as

Xfpℓq “

ż

ℓ
f,

where each line ℓ is equipped with induced Lebesgue measure. This is a classic object in To-

mography, the study of a function through its integral along certain affine subspaces.

The weight w appearing in weighted estimates is usually assumed to be positive and at least
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locally integrable. Typically, we will need more regularity on w in order to have all our argument

to make sense, for example in order to have ∥Xw∥L8 ă 8. We will not dwell much in this thesis

on the technical hypotheses on the weight. Instead, we will assume w to have the required

regularity for the results presented to be well posed. The reader can assume the w is positive,

continuous and compactly supported, which will be more than enough for all our applications.

It still makes sense to formulate the Mizohata–Takeuchi conjecture if we consider any other

compact smooth surface in place of the sphere. Our initial goal was to put ourselves in this

same setting. What motivated our research and the content of this thesis was the discovery of

a result, discussed in Chapter 4, that does not require the measure µ of the extension operator

to be supported on a smooth surface, but just to respect some dimensional hypotheses, given in

terms of boundedness of some energy integrals. We will typically ask that µ satisfies

sup
xPsptpµq

ż

1

|x´ y|n´k´ϵ
dµpyq ă 8,

which in particular implies that µ must be supported on a set of Hausdorff dimension n ´ k.

This led us to explore the possibility of expanding the boundaries of the state of the art for

the Mizohata–Takeuchi conjecture and try to understand to what extent the conjecture can be

generalized.

In Chapter 1 and Chapter 2 we will introduce some useful preliminary notions, respectively,

some objects relevant in Tomography, like the X-ray transform, and some Geometric Measure

Theory, like the definition of dimension and rectifiability.

In Chapter 3 will introduce the Fourier extension operator and the Mizohata–Takeuchi con-

jecture.

In Chapter 4 and Chapter 5 we will prove some positive results under only some dimensional

hypotheses on the measure µ. In particular, we will use an idea presented in [12] to prove some

variants of the Mizohata–Takeuchi estimate that involve some Sobolev norms and then we will

study the case of radial weights.

In Chapter 6 we will show that a naive generalization of the Mizohata–Takeuchi conjecture,

with only dimensionality hypotheses cannot hold, even if we consider some low regularity of the

measure like rectifiability.

In Chapter 7 we turn back our attention to smooth surfaces, to prove a result for a particular
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class of weights, inspired by the ones that appear in the counterexamples constructed in Chapter

6.

In Chapter 8 we discuss the connection between two Mizohata–Takeuchi problems, the one

on the sphere and the one on the paraboloid, which suggest that each measure needs its own

tomographic transform in order to generalize the Mizohata–Takeuchi conjecture.

Finally, in Chapter 9 we introduce the Mizohata–Takeuchi problem in the setting of locally

compact abelian groups and prove a result in the style of the ones in Chapter 4 for measures on

the integer lattice Z2.

Notation

Given two non-negative quantities A and B, we will write A À B if there is a constant C ą 0

such that A ď CB.

Similarly, we will write A Á B if there is a constant C ą 0 such that A ě CB.

We will write A – B if there is a constant C ą 0 such that A “ CB.

Moreover, we will write A „ B if both A À B and A Á B hold at the same time (observe that

A – B is not the same as A „ B, since the two constant for which A À B and A Á B hold need

not to be the same).

We denote by χA the characteristic function of a set A. In particular, χApxq “ 1 if x P A or

χApxq “ 0 otherwise.

For a function f , we denote f̃pxq “ fp´xq.
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CHAPTER 1

TOMOGRAPHY AND THE k-PLANE TRANSFORM

Tomography, from the Greek τ óµoς, meaning slice, is the art of recovering information of an

object from its slices. Everyone is probably familiar with this term for its application in medical

imaging. In mathematical terms, our object is a density function f , which we want to recover

from its “slices”, i.e. its integral along certain affine subspaces of the ambient space. In particu-

lar, in this chapter we will introduce the k-plane transform, which will play a major role in this

thesis.

1.1 The k-plane transform on Rn

For this section, we will mainly rely on Markoe’s book “Analytic Tomography” ([35]).

Definition. Let Gk,n be the Grassmanian manifold of all k-dimensional subspaces in Rn, and

Mk,n the manifold of all affine k-planes. Parametrize Mk,n by pΩ, vq, where Ω P Gk,n and

v P ΩK. For every Ω P Gk,n, consider the induced Lebesgue measure on Ω, dλΩ. Define the

k-plane transform as

Tk,nfpΩ, vq “

ż

Ω
fpx` vqdλΩpxq.

When there is no ambiguity, we will just write dx in place of dλΩpxq.

For k “ n ´ 1, the transform Tn´1,n is usually referred to as Radon transform, which is the

first object appearing in Tomography, introduced by by Johann Radon in 1917 ([45]). More

in general, one refers to any operator that integrates a function on certain submanifolds of the

ambient space as a Radon-like transform.

For k “ 1, the transform T1,n is called the X-ray transform. For the X-ray transform we will
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use the notation

Xfpω, vq “

ż

R
fpv ` tωqdt,

where ω P Sn´1 indicates the direction of the line we are integrating on and v P xωyK. So we are

essentially identifying G1,n with Sn´1. Observe that this is not a 1-to-1 correspondence, since

for each ω P Sn´1, both ω and ´ω will describe the same line.

Similarly, if we consider an orthonormal basis of Rn, pω1, ..., ωnq, so that pω1, ..., ωkq spans

Ω P Gk,n, we can identify Gk,n with the set of k-tuples of unit vectors pω1, ..., ωkq, where ω1 P Sn´1,

ω2 P Sn´1 X xω1yK – Sn´2 and so on. In particular we can think of Gk,n as the product of the

spheres

Sn´1 ˆ Sn´2 ˆ ...ˆ Sn´k´1.

Again, this is not a 1-to-1 correspondence, since we are counting each Ω P Gk,n multiple times.

This identification will be particularly useful when we will have to do explicit computations

with the natural measure on the Grassmanian manifold.

On Gk,n we consider the unique, up to multiplicative constant, measure invariant under the

action of SOpnq. Therefore, we can think of the measure on Gk,n as the product of measures on

the spheres

dσn´1pω1qdσn´2pω2q ¨ ¨ ¨ dσn´k´1pωkq.

The fact that this identification is not a 1-to-1 correspondence will only account for a multi-

plicative constant depending only on n and k.

Alternatively, and equivalently, one can identify Gk,n with the group Opnq{Opkq ˆOpn´ kq and

define the measure as the Haar measure on the group.

Perhaps the most interesting properties of the k-plane transform are the behaviour of its

Fourier transform and the fact that it can be used to establish an isometry on L2.

Proposition 1.1.1. Fix Ω P Gk,n and consider the Fourier transform of Tk,nfpΩ, vq in the

variable v. We have that, for f integrable,

FvpTk,nfqpΩ, ξq “ pfpξq, ξ P ΩK. (1.1)
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Proof. Since f is integrable, using Fubini’s theorem, a simple computation shows that

FvpTk,nfqpΩ, ξq “

ż

ΩK

eiy¨ξTk,nfpΩ, yqdλΩKpyq “

“

ż

ΩK

eiy¨ξ

ż

Ω
fpx` yqdλΩpxqdλΩKpyq “

“

ż

Rn

eiz¨ξfpzqdz “ pfpξq,

where z “ x` y and, since ξ P ΩK while x P Ω, z ¨ ξ “ y ¨ ξ.

Now that we know how the Fourier transform of Tk,nf acts, we can define a class of pseudo-

differential operators that can be applied to Tk,n.

Definition. Let α P R and fix Ω P Gk,n. We define p´∆vq
α
2 , the derivative operator of order α

acting on functions of variable v P ΩK, as the Fourier multiplier operator of symbol |ξ|α , i.e.

Fvpp´∆vq
α
2 hqpξq “ |ξ|αphpξq, ξ P ΩK. (1.2)

In particular, the composition of p´∆vq
α
2 and the k-plane transform will be defined as

Fvpp´∆vq
α
2 Tk,nfqpΩ, ξq “ |ξ|α pfpξq, ξ P ΩK. (1.3)

These operators play a major role in the tomography theory because of the following result.

Proposition 1.1.2. There is a constant ck,n such that ck,np´∆vqk{4Tk,n is an isometry between

L2pRnq and L2pGk,n, L
2pΩKqq or, equivalently,

c2k,nxp´∆vqk{2Tk,nf, Tk,ngy “ xf, gy. (1.4)

Proposition 1.1.2 follows directly from the following result, that we can refer to as generalized

polar coordinates, in the sense that, for k “ 1, it corresponds to the usual polar coordinates for

integration on Rn.

Theorem 1.1.3 (Generalized polar coordinate). For f non-negative measurable or integrable,

we have
ż

Gk,n

ż

Ω
|y|n´kfpyqdλΩpyqdΩ “ |Gk´1,n´1|

ż

Rn

fpxqdx (1.5)
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and
ż

Gk,n

ż

ΩK

|y|kfpyqdλΩKpyqdΩ “ |Gk´1,n´1|

ż

Rn

fpxqdx, (1.6)

where |Gk,n| is the total mass of the Grassmanian.

Moreover,
ż

Gk,n

ż

ΩXSn´1

fpωqdσpωqdΩ “ |Gk´1,n´1|

ż

Sn´1

fpωqdσpωq. (1.7)

Proof. We start with proving (1.7).

Consider the linear functional defined on CpSn´1q by

λpfq “
1

|Gk´1,n´1|

ż

Gk,n

ż

ΩXSn´1

fpωqdσpωqdΩ.

Letting A be an orthogonal matrix and fApωq “ fpAωq, if we consider the change of variable

τ “ Aω, we have

λpfAq “
1

|Gk´1,n´1|

ż

Gk,n

ż

ΩXSn´1

fpAωqdσpωqdΩ “
1

|Gk´1,n´1|

ż

Gk,n

ż

AΩXSn´1

fpτqdσpτqdΩ “

“
1

|Gk´1,n´1|

ż

Gk,n

ż

ΩXSn´1

fpτqdσpτqdΩ “ λpfq,

where we used the invariance of the measure on Gk,n. It follows that the measure associated

with the functional λ by the Riesz representation theorem is invariant under the group action

on Sn´1. Therefore, it must be the Haar measure on Sn´1 and so there is c ą 0 such that

λpfq “ c
ş

Sn´1 fpωqdσpωq. By choosing f ” 1, we find that c “ 1, proving (1.7).

Now, fix Ω P Gk,n, and change to the k-dimensional polar coordinates on Ω in the following

integral, by keeping in mind that Sk´1 “ Ω X Sn´1:

ż

Ω
|y|n´kfpyqdy “

ż

Sk´1

ż 8

0
rn´kfprωqrk´1drdσpωq “

ż 8

0
rn´1

ˆ
ż

ΩXSn´1

fprωqdσpωq

˙

dr,

where we used Fubini’s theorem in the last identity. Integrating over Gk,n, using Fubini’s theorem

and (1.7), we have

ż

Gk,n

ż

Ω
|y|n´kfpyqdydΩ “

ż 8

0
rn´1

˜

ż

Gk,n

ż

ΩXSn´1

fprωqdσpωqdΩ

¸

dr “

“ |Gk´1,n´1|

ż 8

0

ż

Sn´1

fprωqrn´1dσpωqdr “ |Gk´1,n´1|

ż

Rn

fpxqdx.
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So we have proven (1.5). To prove (1.6), one just has to apply (1.5) with n´k in place of k and

use the fact that Ω ÞÑ ΩK is a measure preserving homeomeorphism between Gk,n and Gn´k,n

(see [35], Proposition 3.8).

Proof of Proposition 1.1.2. Since f, g P L2, then pfpg P L1. Therefore, applying Plancherel’s

Theorem to (1.4), we obtain the proven identity (1.6), where the integrable function is pfpg.

Remark. As Proposition (1.1.2) suggests, is is possible to deduce pointwise identities of the form

f “ ck,nT
˚
k,np´∆vqk{2Tk,nf, (1.8)

under suitable hypotheses on f . Identities like (1.8) are commonly referred to as inversion

formulae. The curious reader might look at [35] for some examples. In this thesis we will not

use any inversion formulae, but just Proposition 1.1.2.

1.2 An analogue of the k-plane transform on groups

In this thesis we will work mainly on the Euclidean space Rn. Nonetheless, a more general

setting where Harmonic Analysis is developed is that of locally compact abelian (LCA) groups,

of which Rn is an example. Therefore we can try to define an analogue of the k-plane Transform

on a generic LCA group.

We recall some of the classical results of Fourier analysis on groups, which can be found in

Rudin’s book “Fourier Analysis on Groups” ([46]).

An LCA group is an abelian topological group whose topology is locally compact, i.e. every

point has a compact neighbourhood, and is Hausdorff, i.e. for every pair of different points there

are two disjoint neighbourhoods of each respective point. On every LCA group G one can define

a unique, up to multiplicative constant, Radon measure µG that is translation invariant, i.e.

µGpEq “ µGpgEq, @g P G,

for all Borel set E Ă G, where gE “ tge| e P Eu. The measure µG is called the Haar measure
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of G.

A continuous homomorphism from G to the circle group Up1q is called a character and set

of characters is called the Pontryagin dual of G, referred to as pG. If G is an LCA group, so is pG

and the Pontryagin dual of pG is G. This duality works well with the direct product structure in

the sense that, if G1 and G2 are two LCA groups, then the dual of their direct product G1 ˆG2,

which is still a LCA group when equipped with the product topology, is the product of the duals

xG1 ˆ xG2. In particular the characters in xG1 ˆ xG2 are the given by the product in Up1q of the

characters in xG1 and xG2.

Given f P L1pGq, we can define the Fourier transform of f as

pfpξq “

ż

ξ´1pgqfpgqdµGpgq, ξ P pG, (1.9)

which is a complex valued function on pG. Under suitable hypothesis on f , one can prove the

inversion formula

fpgq “

ż

gpξq pfpξqdµ
pG
pξq. (1.10)

Plancherel’s Theorem says that the Fourier transform can be extended to an isometry

FG : L2pGq Ñ L2p pGq.

We can also define the convolution as

f1 ˚ f2pgq “

ż

G
f1phqf2pgh´1qdµGphq, g P G,

and we still have the property that the Fourier transform of the convolution is the product of

the Fourier transforms.

If H is a closed subgroup of G, then both H and G{H are LCA groups (with an abuse of

notation, we will write g in place of gH to indicate elements of G{H). One can normalize the

Haar measures so that we have

ż

fdµG “

ĳ

fpghqdµHphqdµG{Hpgq. (1.11)
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We can define the annihilator of H as

N “ NpHq :“ tξ P pG| ξphq “ 1 @h P Hu,

which is a closed subgroup of pG.

Theorem 1.2.1. N and pG{N are (isomorphically homeomorphic to) the dual groups of G{H

and H, respectively.

Now, we can see a k-plane Ω P Gk,n as a closed subgroup of Rn and taking the affine k-plane

Ω ` v, with v P ΩK, is like considering a coset of Ω.

Definition. If G is an LCA group, we can define, for each closed subgroup H of G, the following

Radon-like transform of f :

TfpH, gq “

ż

fpghqdµHphq, g P G{H, (1.12)

Remark. One could arrive to this definition by following the framework introduced by Helgason.

The broad idea is to work on space X, paired with a set Ξ, which represents the set of manifolds

on which we want to integrate. On both X and Ξ there is an action of a locally compact group

G, which is transitive. Both X and Ξ can be equipped with a measure that is invariant under

the action of G. Fixing x0 P X, one can check that X – G{K, where K is the stabilizer of

x0, under the isomorphism gK ÞÑ gpx0q. Similarly, Ξ – G{H, where H is the stabilizer of a

fixed ξ0 P Ξ. We say that x P X is incident to ξ P Ξ if they intersect as cosets in G. The

set pξ “ tx incident to ξu naturally carries an invariant measure. Then one defines the Radon

transform of a function f on X as

Rfpξq “

ż

pξ
fpxqdx.

In the case of the case of Tk,n, the group G is the group of affine isometries on Rn, X “ Rn

and Ξ “ Mk,n. In our case of LCA groups, with a slight abuse of notation, X “ G, Ξ is the

collection of cosets of subgroups of G and the acting group is G ¸ AutµG , where AutµG is the

group of automorphisms of G that preserve the Haar measure µG. The action on X and Ξ are
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given respectively by

pg, ϕqpxq “ gϕpxq and pg, ϕqpxHq “ gϕpxHq.

This construction, however more flexible and valid in much more general settings, is, in our

opinion, more complex and less intuitive for the purpose of this thesis then the one we presented,

so we will not use it. We refer the reader to Helgason’s book [32] for further details.

With this definition, we can prove the analogue of Proposition 1.1.1.

Proposition 1.2.2.

FG{HpTfpH, ¨qqpξq “ pfpξq, ξ P NpHq. (1.13)

Proof. Since ξ P NpHq, we have ξpghq “ ξpgq for all h P H. Therefore,

FG{HpTfqpH, ξq “

ż

ξpgq

ż

fpghqdµHphqdµG{Hpgq “

“

ĳ

ξpghqfpghqdµHphqdµG{Hpgq “

“

ż

ξpaqfpaqdµGpaq “ pfpξq.

It is not clear if one can prove an analogue of Proposition 1.1.2 on this generality. In Chapter

9 will will put ourselves in a more specific setting where we are able to get close to an analogue

of Proposition 1.1.2.

Remark. In the context of the Helgason–Radon transform, there is a wide literature on finding

isometry properties and inversion formulae. The interested reader can look for example at [4],

[5]. A suggestion we can recover from the Helgason construction is that, if we look for an

isometry property, we might want to limit ourselves to look at cosets of subgroups that are all

images of a base subgroup H0 via automorphisms. Therefore they will all have similar structure.

For example on Rn we only look at subgroups of a fixed dimension k.
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CHAPTER 2

SOME NOTIONS OF GEOMETRIC MEASURE THEORY

In this chapter we will recall some notions of measure theory and geometric measure theory that

will be helpful in this thesis. We will mainly refer to the books of Pertti Mattila ([39], [40], [41]).

2.1 Measures and dimensions

In this thesis we will always be working with Radon measures.

Definition. A Borel measure µ on Rn is a non-negative measure defined on the σ-algebra of

Borel sets which is Borel regular, in the sense that, for any subset A Ă Rn, there exist a Borel

set B Ă Rn such that A Ă B and µpAq “ µpBq. A Radon measure is a Borel measure that is

locally finite , i.e. every compact set has finite measure.

A Borel measure is uniquely determined by its values on Borel sets, which in particular

implies that it is uniquely determined by the integrals of continuous functions with compact

support.

Remark. The same definitions for Borel and Radon measures can be extended to any locally

compact Hausdorff topological space. For example, the Haar measure of a LCA group G is a

Radon measure.

Definition. The support of a measure µ is the smallest closed set F such that µpRnzF q “ 0

and it is denoted by sptµ.

We will often be working with compactly supported measures. We refer to the set of mea-

sures with compact support contained in A as MpAq.
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We will now recall the notions of Hausdorff measure and dimension.

Definition. For a subset A P Rn, we define the diameter of A as

dpAq “ supt|x´ y| | x, y P Au.

Definition. For s ě 0, we define the Hausdorff measure Hs of a set A as

HspAq “ lim
δÑ0

Hs
δpAq,

where, for 0 ă δ ď 8,

Hs
δpAq “ inf

#

ÿ

j

αpsq2´sdpEjq
s| A Ă

ď

j

Ej , dpEjq ă δ

+

.

Here, αpsq is a normalization constant that, for example, for s “ n, n P N, is usually

chosen to be the volume of the n´dimensional sphere. For simplicity, we will choose it so that

αpsq2´s “ 1, whenever s is not an integer.

Remark. One can prove that the Hausdorff measure is indeed a Borel measure (see [39], Chapter

4).

Definition. The Hausdorff dimension of A Ă Rn is

dimA “ infts| HspAq “ 0u “ supts| HspAq “ 8u.

One can prove that HspAq “ 0 if and only if Hs
8pAq “ 0 and, therefore,

dimA “ inf

#

s| @ϵ ą 0 DtEjuj , Ej Ă Rn, s.t.
ÿ

j

dpEjq
s ă ϵ, A Ă

ď

j

Ej

+

.

The following definition is connected to the one of Hausdorff measure.

Definition. The upper s-density of a set A Ă Rn at a point x is

Θ˚spA, xq “ lim sup
rÑ0

αpsqr´sHspAXBrpxqq.
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The lower s-density of a set A Ă Rn at a point x is

Θs
˚pA, xq “ lim inf

rÑ0
αpsqr´sHspAXBrpxqq.

If the values of upper and lower density coincide, we call their common value the s-density

ΘspA, xq. Similarly, the upper s-density of a measure µ on Rn at a point x is

Θ˚spµ, xq “ lim sup
rÑ0

αpsqr´sµpBrpxqq.

The lower s-density of a measure µ on Rn at a point x is

Θs
˚pµ, xq “ lim inf

rÑ0
αpsqr´sµpBrpxqq.

If the values of upper and lower density coincide, we call their common value the s-density

Θspµ, xq.

Theorem 2.1.1. Let µ be a Radon measure on Rn, A Ă Rn and 0 ă λ ă 8.

1) If Θ˚spµ, xq ď λ for x P A, µpAq ď 2sλHspAq.

2) If Θ˚spµ, xq ě λ for x P A, µpAq ě λHspAq.

A proof can be found in [39] (Chapter 6).

We now introduce another notion of dimension.

Definition. For δ ą 0, the δ´neighbourhood of A is the set

Apδq “ tx P Rn| dpx,Aq ă δu.

Definition. The lower Minkowski dimension of a bounded set A Ă Rn is

dimMA “ infts ą 0| lim inf
δÑ0

δs´nLnApδq “ 0u
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and the upper Minkowski dimension of a bounded set A Ă Rn is

dimMA “ infts ą 0| lim sup
δÑ0

δs´nLnApδq “ 0u,

where Ln is the Lebesgue measure on Rn.

In general we have that

dimA ď dimMA ď dimMA. (2.1)

If dimMA “ dimMA we say that A has Minkowski dimension dimMA “ dimMA.

In general, for the product of two sets, one can only show that

dimpAˆBq ě dimA` dimB. (2.2)

However, we have the following result (see [39], Chapter 8):

Theorem 2.1.2. If A and B are Borel sets in Rn and dimA “ dimMA, then

dimpAˆBq “ dimA` dimB. (2.3)

2.2 Energy-integrals

A key item in our thesis will be the energy integral of a measure.

Definition. Given a Radon measure µ and α ą 0, we define the α-energy integral of µ as

Iαpµq “

ĳ

1

|x´ y|α
dµpxqdµpyq. (2.4)

We also introduce the following variant of the energy integral.

Definition. For a measure µ and α P R, we define the quantity

Sαpµq “ sup
xPsptpµq

ż

1

|x´ y|α
dµpyq
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The term energy integral comes from the world of Physics, where these types of objects arise

naturally when discussing the potential and the energy of certain distributions like µ.

Remark. Observe that if µpRnq ă 8, for example if µ is compactly supported,

Iαpµq ď µpRnq ¨ Sαpµq.

Requiring that for a measure µ P MpRnq we have Sαpµq ă 8 is related to the following

condition:

µpBrpxqq À rα, 0 ă r ă 8, (2.5)

uniformly in x P Rn.

In fact, if (2.5) holds for some α1 ą α, we have

ż

1

|x´ y|α
dµpyq “

ż 8

0
µpty| |x´ y|´α ě λuqdλ “

ż 8

0
µpBpx, λ´1{αqqdλ “

“ α

ż 8

0
µpBpx, rqqr´α´1dr À

ż R

0
r´1´ϵ ă 8,

where ϵ “ α1 ´ α. in particular Sαpµq, and therefore Iαpµq, are finite.

Vice versa, if Sαpµq ă 8,

r´αµpBrpxqq “

ż

Brpxq

1

|x´ y|α
dµpyq ď Sαpµq ă 8.

We can use the energy integrals to introduce another notion of dimension.

Definition. The capacitary dimension of a set A Ă Rn is

dimcA “ supts| Dµ P MpAq s.t. µpBrpxqq À rs, @x P Rn, r ą 0u “

“ suptt| Dµ P MpAq s.t. Itpµq ă 8u.

The following result is useful to relate Hausdorff and capacitary dimensions.

Theorem 2.2.1 (Frostman’s Lemma). Let B be a Borel set. Then HspBq ą 0 if and only if

there exists µ P MpBq such that µpBrpxqq À rs, @x P Rn, r ą 0.

In general, one only has that

dimcA ď dimA, (2.6)
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but, using Frostman’s Lemma, one can prove that for Borel sets

dimcA “ dimA. (2.7)

We end this section with the following definition.

Definition. We say that a measure µ is α-Ahlfors-David regular, or α-AD regular, if

µpBrpxqq „ rα, @x P Rn, r ą 0.

2.3 The Fourier transforms of measures

We now want to introduce another notion of dimension connected to the Fourier transform.

First, for a finite Borel measure µ, one can define its Fourier transform as

pµpξq “

ż

eix¨ξdµpxq.

One can prove the following characterization for energy integral (see [40], Section 3.5).

Proposition 2.3.1. For µ P MpRnq and 0 ă s ă n,

Ispµq –

ż

|x|s´n|pµpxq|2dx. (2.8)

It follows that, if Ispµq ă 8 we must have that

|pµpxq| ď |x|´s{2

for “most” x P Rn, in the sense that

lim
RÑ8

Lnptx P BRp0q| |pµpxq| ą |x|´s{2uq “ 0.

Vice versa, if

|pµpxq| ď |x|´s{2, @x P Rn,

we have that Itpµq ă 8, for all t ă s.
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This motivates the following definition.

Definition. The Fourier dimension of a set A Ă Rn is

dimfA “ supts ď n| Dµ P MpAq s.t. |pµpxq| À |x|´s{2, @x P Rnu.

For a general Borel set we have

dimfA ď dimA. (2.9)

If, for a Borel set A, we have

dimfA “ dimA, (2.10)

we call A a Salem set.

We end this section by illustrating how the Gaussian curvature of a hypersurface determines

its Fourier dimension. In particular, we will present a proof from Stein ([50]) that shows that a

compact hypersurface with non-zero Gaussian curvature is a Salem set.

We will be using the following characterization (see Lee [33] for a proof).

Proposition 2.3.2. Let M Ă Rn`1 be an embedded hypersurface, p P M and κ1, ..., κn the

principal curvatures at p. Then there is an isometry φ : Rn`1 Ñ Rn`1 and a neighbourhood

U Ă Rn`1 of p such that φpU XMq is a graph of the form xn`1 “ fpx1, ..., xnq, where

fpx1q “
1

2

n
ÿ

j“1

κjpxjq
2 `Op|x1|3q.

Recall the two following classical results for an oscillatory integral

Ipλq “

ż

Rn

eiλϕpxqψpxqdx. (2.11)

We refer to Stein ([50]) for the proofs.

Proposition 2.3.3. Let ψ : Rn Ñ C be a smooth function with compact support and ϕ : Rn Ñ R

a smooth function such that ∇ϕ ‰ 0 in the support of ψ. Then

Ipλq “ Opλ´N q as λ Ñ 8
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for all N P N.

Proposition 2.3.4. Let x0 P Rn such that ϕpx0q “ 0 and ϕ has a nondegenerate critical point

in x0. If ψ is supported in a small enough neighbourhood of x0, then

Ipλq “ Opλ´n{2q.

Now we can prove the following:

Theorem 2.3.5. Let S be a compact embedded hypersurface in Rn`1 of nonzero Gaussian

curvature and dµ a smooth measure on S. Then

|xdµpξq| À |ξ|´n{2.

Proof. Since dµ has compact support, we just need to prove the result locally, around a point

p P S. By Proposition 2.3.2, we can assume S is the graph of a function f . Note that the

transformation under which this assumption holds, is an isometry, so it does not change the

integrals, since the module of the determinant of the Jacobian matrix for isometries is 1. In this

coordinates, dσ “
a

1 ` |∇f |2dx1...dxn. Thus, we reduced ourselves to prove that

ˇ

ˇ

ˇ

ˇ

ż

Rn

eiλΦpx,ηqψ̃pxqdx

ˇ

ˇ

ˇ

ˇ

À λ´n{2

where λ “ |ξ| ą 0, ξ “ λη, with η P Sn, and

Φpx, ηq “

n
ÿ

j“1

xjηj ` fpx1, ..., xnqηn`1.

We split the proof in three different cases:

1) η is in a small neighbourhood of ηN “ p0, ..., 0, 1q;

2) η is in a small neighbourhood of ηS “ p0, ..., 0,´1q;

3) η is far from both ηN and ηS .

In the case 1) we have ∇xΦpx, ηN q
ˇ

ˇ

x“0
“ 0. By the Implicit Function Theorem, we have that,
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for each η in a neighbourhood of ηN , there is a unique x “ xpηq, such that

∇xΦpx, ηq
ˇ

ˇ

x“xpηq
“ 0.

In fact, by the hypothesis of nonzero Gaussian curvature,

det

„

B2Φ

BxjBxk

ȷ

p0, ηN q ‰ 0.

Moreover, if the neighbourhood of ηN is small enough, we can assume, by continuity, that

det

„

B2Φ

BxjBxk

ȷ

pxpηq, ηq ‰ 0.

Now we can invoke, for each fixed η, Proposition 2.3.4, with x0 “ xpηq.

The proof for the second case is the same.

Now we study case 3). By definition,

∇xΦpx, ηq “ pη1, ..., ηnq ` ηn`1∇fpxq.

But now,
a

η21 ` ...` η2n ě c ą 0. Together with the fact that ∇fpxq “ Op|x|q, as x Ñ 0,

because B2
j f ‰ 0, we can say that |∇xΦpx, ηq| ě c̃ ą 0. Hence we can use Proposition 2.3.3.

Thus the result is proved.

2.4 Rectifiability

We will now provide some background on another topic of Geometric Measure Theory, that is

the notion of rectifiability.

Definition. A set E Ă Rn is called m-rectifiable if there are Lipschitz maps fi : Rm Ñ Rn, i P N,

such that

Hm

˜

Ez

˜

8
ď

i“1

fipRmq

¸¸

“ 0

A measure µ on Rn is called m-rectifiable if there are Lipschitz maps fi : Rm Ñ Rn, i P N, such
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that

µ

˜

Rnz

˜

8
ď

i“1

fipRmq

¸¸

“ 0

Remark. Observe that a rectifiable measure is essentially supported on a rectifiable set. More-

over, working with an m-rectifiable set E, 0 ă HmpEq ă 8, is essentially equivalent to working

with a rectifiable measure µ with almost everywhere positive and finite upper m-density, since,

by Theorem 2.1.1, the measures µ and Hm
ˇ

ˇ

E
are mutually absolutely continuous.

For rectifiable sets we can give a notion of tangent space.

Definition. Define the cone

Xpv,Ω, sq “ tx P Rn| dpx,Ω ` vq ă s|x´ v|u, a P Rn, Ω P Gm,n, s ą 0.

We say that Ω P Gm,n is an approximate tangent plane for a set E Ă Rn at a point x if

Θ˚mpE, xq ą 0 and

lim
rÑ0

r´mHmppE XBrpxqqzXpx,Ω, sqq “ 0, @s ą 0.

The notion of approximate tangent characterizes rectifiable sets. The following result is due

to Mattila ([37]), who generalized an argument by Marstand ([36]) for two dimensional sets in

R3 .

Theorem 2.4.1. If E Ă Rn is Hm measurable and HmpEq ă 8, then E is m-rectifiable if and

only if it has approximate tangent at Hm almost all of its points.

Remark. There is an analogous notion of tangent measure to a measure that characterize recti-

fiable measures, but we will not present it, since we will not be using it.

To better understand the difference between approximate tangent and the classical notion

of tangent, consider the following example, proposed by Mattila in [41].

Take an enumeration tqjujPN of the rational points in R2 and take

Sj “ tx P R2| |x´ qj | “ 2´ju.
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Then the set E “
Ť

j Sj is 1-rectifiable, since its the union of smooth curves, and

H1pEq À
ÿ

j

2´j ă 8.

Now, each circle Sj has a tangent in the classical sense that is also an approximate tangent to

E. But E does not have a tangent in the classical sense since it is dense in R2.
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CHAPTER 3

THE EXTENSION OPERATOR AND THE

MIZOHATA–TAKEUCHI CONJECTURE

3.1 The Fourier restriction and extension operators

If we consider a function f P L1pRnq, we know its Fourier transform pf is a continuous function

over Rn. So it makes sense to restrict pf to a a set of measure zero, like a submanifold of Rn. In

particular one has the estimate

∥∥∥ pf∥∥∥
L8pRnq

ď ∥f∥L1pRnq .

On the other hand, if f is just in L2pRnq, then pf is again a generic L2 function, so, in general, it

does not make sense to restrict it. Therefore, one could ask if there exists a range of exponents

p, 1 ă p ă 2, in which the restriction of the Fourier transform of a function in Lp to a set M

of Lebesgue measure 0, is legitimate. In particular, given a measure µ supported in M , one can

look for estimates of the form

∥∥∥ pf ˇˇˇ
M

∥∥∥
Lqpdµq

ď C ∥f∥LppRnq .

This way, one can define a restriction in a canonical way on a dense subset of L1 XLp, and then

extend it to a continuous operator on the whole of Lp.

If we callRµ the restriction operator and consider its adjoint operator Eµ, called the extension

operator, asking whether or not Rµ is bounded from LppRnq to Lqpdµq is equivalent to asking if
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Eµ is bounded from Lq1

pdµq to Lp1

pRnq.

We can write the extension operator of a measure µ as

Eµgpxq “ ygdµpxq “

ż

eix¨ξgpξqdµpξq. (3.1)

In fact,
ż

Rn

pfpξqgpξqdµpξq “

ż

Rn

fpxqygdµpxqdx.

Let us focus for a moment on the case where µ is the surface measure of a hypersuface on

Rn, which is the most classical setting for this problem.

We want to look for necessary conditions for

∥∥∥ygdµ∥∥∥
LqpRnq

À ∥g∥Lppdµq (3.2)

to hold.

The first observation is that we cannot have an extension estimate for an entirely flat surface,

beyond the trivial L1 Ñ L8 bound. In fact, if we for example consider a function g P C8
c pRnq

and consider the extension operator for the plane txn`1 “ 0u in Rn`1, given by

Egpx, xn`1q “

ż

eipx¨ξ`xn`1¨0qgpξqdξ “

ż

eix¨ξgpξqdξ,

we obtain a function constant in the variable xn`1, and therefore with no hope of being in any

Lp, for p ă `8.

So, now consider a hypersurface M with non-zero gaussian curvature. Using Proposition

2.3.2, we can assume that, near a point of M , say the origin, M is approximately the graph of

a quadratic function f and the normal vector to M at the origin is N “ p0, .., 0, 1q. Consider

a bump function φ supported in the ball B1p0q. For a small δ ą 0, take gpξq “ φpξ{δq and

consider the small region D “ M X Bδp0q. Then, using the notation x “ pxn, x
1q P R ˆ Rn´1
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and ξ “ pξn, ξ
1q P R ˆ Rn´1,

ygdµpxq “

ż

D
eirxnfpξ1q`x1¨ξ1sφpξ{δqdµpξq.

Now, consider, for a suitable small constant c ą 0,

Tc,δ “ tx P Rn| |xn| ď

´ c

δ

¯2
, |x1| ď

c

δ
u,

which is a cylindrical tube which lies along the direction of the normal N , with base of radius

c{δ and height pc{δq2. If we take x P Tc,δ, then the phase eix¨ξ has real part „ 1. Hence, since

µpDq „ δn´1,
ˇ

ˇ

ˇ

ygdµpxq

ˇ

ˇ

ˇ
Á δn´1.

This is commonly referred to as Knapp’s example and says that the extension operator applied

to a small cap of a hypersurface with non-zero Gaussian curvature is essentially supported in a

tube with central line parallel to the direction of the normal to the surface at the center of the

cap.

Now, Tc,δ has measure „ δ´pn`1q, so

∥∥∥ygdµ∥∥∥
LqpRnq

Á δn´1´pn`1q{q,

while

∥g∥Lppdµq „ δpn´1q{p.

In order to have, for δ Ñ 0,

δn´1´pn`1q{q À δpn´1q{p,

we need

q ď
n` 1

n´ 1
p1. (3.3)

Recall that |pµpxq| “ Op|x|´pn´1q{2q. This is a sharp bound since, for example, for the sphere

one can show

pσpxq – |x|´pn´1q{2 cosp|x| ´ π{4q `Op|x|´pn`1q{2q.
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Therefore we must have

q ą
2n

n´ 1
, (3.4)

for pµ to be in Lq.

The restriction conjecture says that the conditions (3.3) and (3.4) are not only necessary, but

also sufficient. This has been solved for curves in the plane, but it is still an open problem for

higher dimensions. We refer the reader to [23] for more information on the restriction problem.

Nonetheless, we have the following result:

Theorem 3.1.1 (Tomas-Stein Theorem). Let M be a compact hypersurface in Rn, whose Gaus-

sian curvature is nowhere zero equipped with the standard surface measure µ. Then for all

q ě 2pn` 1q{pn´ 1q ∥∥∥yfdµ∥∥∥
LqpRnq

À ∥f∥L2pdµq . (3.5)

This result was published initially by Tomas for the sphere ([53]), excluding the endpoint

case which was later proved by Stein, using a complex interpolation method (see [50]).

3.2 A generalization of the Tomas-Stein theorem

Mockenhaupt in [43] generalized the original Tomas argument and proved an analoguous result

for a wider class of measures. The main idea is that the hypothesis on curvature, which is used

to compute the Fourier dimension of the measure, is substituted by an a priori assumption on

the Fourier dimension.

Theorem 3.2.1 (Mockenhaupt). Let µ be a compactly supported positive measure on Rn such

that for some α, β P p0, nq we have

µpBpx, rqq ď C1r
α @x P Rn and r ą 0, (3.6)

|pµpξq| ď C2p1 ` |ξ|q´β{2 @ξ P Rn. (3.7)

Then for all p ą pn,α,β :“ 2p2n´ 2α ` βq{β, there is a C “ Cppq ą 0 such that

∥∥∥ygdµ∥∥∥
LppRnq

ď C ∥g∥L2pdµq (3.8)
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for all g P L2pdµq.

Remark. The estimate at the endpoint p “ pn,α,β is also known to be true, thanks to a work of

Bak and Seeger ([1]).

We present Mockenhaupt’s proof of Theorem 3.2.1 (without covering the endpoint case) to

show how the dimensional hypotheses on the measure are used.

Proof of Theorem 3.2.1. First, we restate the problem in term of the restriction operator. So,

we want to prove that ∥∥∥ pf∥∥∥
L2pdµq

À ∥f∥Lp1
pRnq

. (3.9)

Using Hölder’s inequality, we have

∥∥∥ pf∥∥∥2
L2pdµq

ď

∥∥∥f ˚ xdµ
∥∥∥
LppRnq

∥f∥Lp1
pRnq

.

Therefore the result follows if we prove that

∥∥∥f ˚ xdµ
∥∥∥
LppRnq

À ∥f∥Lp1
pRnq

. (3.10)

This is commonly referred to as the T ˚T approach. In fact, if we want to prove that an operator

T is bounded from Lp to L2, it is enogh to prove that T ˚T : Lp1

Ñ Lp. In our case, T is the

restriction operator and T ˚Tf “ f ˚ xdµ.

Let φ P C8 be such that

φpxq

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

“ 1 if |x| ě 2

P p0, 1q if |x| P p1, 2q

“ 0 if |x| ď 1

,

and take ϕpxq “ φp2xq´φpxq. Let ϕkpxq “ ϕp2´kxq, so that each ϕk is supported in the annulus

t2´pk´1q ď |x| ď 2´ku for k P N. Let ϕ0 “ 1 ´
ř8

k“1 ϕk, so we have

8
ÿ

k“0

ϕk “ 1,

with ϕ0 supported in B1p0q.
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Now we decompose our operator according to this decomposition. So, let

f ˚ xdµ “

8
ÿ

k“0

Tkf,

where Tkf “ f ˚ pϕkxdµq.

Using hypothesis (3.7) we have that

∥Tk∥L1ÑL8 ď

∥∥∥ϕkxdµ∥∥∥
8

ď C2´k β
2 .

At the same time, by Plancherel’s Theorem and using hypothesis (3.6) we have

∥Tk∥L2ÑL2 ď C
∥∥∥xϕk ˚ dµ

∥∥∥
8

ď C sup
x

ˇ

ˇ

ˇ

ˇ

ż

xϕkpx´ yqdµpyq

ˇ

ˇ

ˇ

ˇ

ď

ď C2kn sup
x

ż

1

p1 ` 2k|x´ y|qN
dµpyq “

“ C 12kn sup
x

ż 8

0
µpB2´krpxqqp1 ` rq´N´1dr ď

ď C22kn sup
x

ż 8

0
rαp1 ` rq´N´1dr ď C̃2kpn´αq.

Interpolating the two estimates we obtain that ∥Tk∥Lp1
ÑLp ď C2

k
´

2n´2α`β
p

´
β
2

¯

.

Therefore ∥T∥Lp1
ÑLp ď C if p ą 2p2n´ 2α ` βq{β.

The sufficient condition p ě pn,α,β (p ă pn,α,β shown in Theorem 3.2.1 and p “ pn,α,β for the

endpoint of Bak and Seeger) is also necessary in dimension n “ 1.

Theorem 3.2.2. Given 0 ă β ď α ă 1, there exist a Borel probability measure ν on R supported

on a compact set E and a sequence of characteristic functions (of finite union of intervals)

tfℓuℓě1 with ∥fℓ∥L2pdνq ą 0 such that:

|pνpξq| À p1 ` |ξ|q´β{2 @ξ P Rn;

sup
ℓě1

∥∥∥zfℓdν∥∥∥
LqpRnq

∥fℓ∥L2pdνq

“ `8,

for all 2 ď q ă p1,α,β;
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Moreover,

|I|α`δ À νpIq À |I|α

for all δ ą 0 and all intervals I centred in E with |I| ă 1{2.

In particular, E is of Hausdorff and Minkowski dimension α.

This result was proved by Chen in [22], improving on a result of Hambrook and  Laba ([30]).

The proof is rather complex, but the main idea is to construct the Salem set E via a randomized

Cantor iteration in such a way that, despite the randomness, it contains smaller sets that come

close to being arithmetically structured. In particular, E will contain subsets EXFℓ, where Fℓ is

a finite iteration of a smaller Cantor set with endpoints in a generalized arithmetic progression.

The functions fℓ will be characteristic functions of Fℓ.

3.3 The Mizohata–Takeuchi conjecture

We now put aside Lp estimates for the extension operation and we look at weighted estimates

instead.

Consider the extension operator for the surface measure of the sphere σ, which is the classical

setting for this problem. We will look for some L2-weighted estimates of the form

ż

Rn

|ygdσ|2w À Qpwq

ż

Sn´1

|g|2dσ, (3.11)

where Qpwq will be a certain quantity depending on the weight w.

To understand what Qpwq should be, consider again the Knapp example: take g to be the

characteristic function of a small δ-cap on Sn´1. We then know that
ˇ

ˇ

ˇ

ygdσpxq

ˇ

ˇ

ˇ
Á δn´1 on a tube

T with axis along the normal to Sn´1 at the cap’s centre. Therefore,

δ2pn´1q

ż

T
w À

ż

|ygdσ|2w.

Since
ş

|g|2dµ „ δn´1, the inequality (3.11) would imply that

δn´1

ż

T
w À Qpwq,
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which constitutes our clue on how we should choose Qpwq.

Now, if that the axis of T is the line of direction ω, since T has a section of measure δn´1,

then we can say that
ż

T
w ď δ´pn´1q sup

vKω
Xwpω, vq

and therefore, to ensure the inequality to hold, we can choose Qpwq such that

sup
vKω

Xwpω, vq À Qpwq.

Since we could argue with any tube along a normal direction to Sn´1, a good candidate is to

take

Qpwq “ sup
ω

∥Xwpω, ¨q∥L8 .

Moreover, call σR the measure on the sphere of radius R, we have

|zgdσR|2pxq “

ż

eix¨ξgpξqdσRpξq “ Rn´1

ż

eiRx¨ξgpRξqdσpξq “ Rn´1|zgRdσ|2pRxq,

where gRpξq “ gpRξq. So,

ż

Rn

|zgdσR|2pxqwpxqdx “ R2pn´1q

ż

Rn

|zgRdσ|2pRxqwpxqdx “

“ Rn´2

ż

Rn

|zgRdσ|2pyqw1{Rpyqdy À

À Rn´2Qpw1{Rq

ż

Sn´1

|gR|2dσ “ R´1Qpw1{Rq

ż

|g|2dσR.

Therefore, if we want our estimate to be scale invariant we want R´1Qpw1{Rq “ Qpwq, which is

satisfied by the choice Qpwq “ ∥Xw∥8. In [2], the authors observe how ∥Xw∥8 is the smallest

functional of w that satisfies this right scaling.

This bring us to the formulation of the Mizohata–Takeuchi conjecture for the sphere.

Conjecture. For any weight w,

ż

Rn

|ygdσ|2w À sup
ω

∥Xwpω, ¨q∥L8

ż

|g|2dσ, (3.12)

where the supremum is taken over all normal directions to the support of g.
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With analagous considerations, one can imagine to extend the conjecture to any a smooth

compact hypersurface M , equipped with the surface measure µ, as

ż

Rn

|ygdµ|2w À sup
ω

∥Xwpω, ¨q∥L8

ż

|g|2dµ, (3.13)

where the supremum is taken over all normal directions to M .

Remark. It is worth saying that is not clear what a general statement should be once we stray

from the case of the sphere. For example we will see in Chapter 8 how, in the case of the

paraboloid, one should consider a slightly different object from the X-ray transform. One of the

goals of our thesis is try to understand if there might be a common statement for a wide class

of extension operators and what this should be.

The conjecture can be further generalized to surfaces of codimension k in Rn, by taking Tk,n

in place of X, by considering the inequality

ż

Rn

|ygdµ|2w À sup
Ω

∥Tk,nwpΩ, ¨q∥L8

ż

|g|2dµ, (3.14)

where the supremum is taken over all k-planes Ω normal to the surface.

Remark. Unlike in the Lp setting, we do not have the necessary condition of non-vanishing

curvature. In fact, we are in the quite opposite situation, since the Mizohata–Takeuchi conjecture

is true for k-planes. Consider, without loss of generality, the n´ k-plane

M “ tx P Rn| x1 “ ¨ ¨ ¨ “ xk “ 0u.

The only normal k-plane to M is Ω “ txk`1 “ ¨ ¨ ¨ “ xn “ 0u.

As similarly observed before,

Egpxq “

ż

eipxk`1ξ1`¨¨¨`xnξn´kqgpξqdξ “ pgpxk`1, ..., xnq,

and therefore

ż

Rn

|Eg|2w “

ż

Ω

ż

M
|pgpxk`1, ..., xnq|2wpxqdx1...dxkdxk`1...dxn ď

ď sup
vPM

Tk,nwpΩ, vq ∥g∥22 .
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The origins of this conjecture can be traced back to the Japanese mathematician Yu Takeuchi,

who in the late 70’s was studying the well-posedness of the following Cauchy problem:

$

’

’

&

’

’

%

´iBtupx, tq ` ∆xupx, tq ` V pxq ¨ ∇upx, tq “ F px, tq px, tq P Rn ˆ R

upx, 0q “ u0pxq

.

He claimed that the problem was L2 well-posed if

sup
ω,t,x

ˇ

ˇ

ˇ

ˇ

Re

ż t

0
V px` ωsqds

ˇ

ˇ

ˇ

ˇ

ă `8, (3.15)

where ω P Sn´1, x P Rn, t P R. Observe that the object taken into consideration is a kind of

X-ray transform.

In his 1985 book “On the Cauchy Problem” ([42]), the Japanese mathematician Sigeru

Mizohata contests Takeuchi’s claim:

“Takeuchi claimed that this condition is a sufficient condition condition for the L2-
wellposedness. However, it seems to the author his proof is not clear. [...] Even now,
we do not know whether his claim is correct or not.”

These types of problems are connected to estimates of the form of (3.13). For example in [3],

Barceló, Ruiz and Vega prove the well-posedness of the problem

$

’

’

&

’

’

%

´iBtupx, tq ` ∆xupx, tq ` V px, tq ¨ ∇upx, tq “ F px, tq px, tq P Rn ˆ R

upx, 0q “ u0pxq

.

under some (3.15)-type condition and some additional hypothesis on the field V by using some

(3.13)-type estimates (the difference with the problem discussed by Mizohata and Takeuchi is

that the field V now depends on t). Incidentally, in the same paper, the authors prove the

Mizohata–Takeuchi conjecture for the sphere with radial weights (the same has been proven

independently in [19]).

Another perspective on why we are interested in a weighted inequality like (3.14) is that

it gives us more information about the structure of the extension operator, compared to Lp

estimates, which only describes the general size. For example, if f is a non-negative measur-
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able function whose level sets have finite measure, one can define the symmetric decreasing

rearrangement of f as

f˚pxq “

ż `8

0
χty| fpyqątupxqdt.

The function f˚ is symmetric and decreasing, and has level sets with the same size as those of

f . The Lp norm cannot distinguish f from its rearrangement, in the sense that ∥f˚∥p “ ∥f∥p.

On the contrary, knowing how to control the weighted L2 norm can give us more information

about the level sets. In particular, if we take the weight w in the Mizohata–Takeuchi estimate

to be the characteristic function of a level set of the operator, say Lλ “ tx| |Eg| „ λu, then

λ2 ¨ |Lλ| „

ż

Lλ

|Eg|2 À ∥Tk,npχLλ
q∥

8
∥g∥22 .

This is somewhat telling us that the level sets roughly cluster on some k-planes.

A more ambitious conjecture, usually referred to as the Stein–Mizohata–Takeuchi conjecture,

is to consider an inequality of the form

ż

Rn

|ygdµpxq|2wpxqdx À

ż

sup
v
Tk,nwpΩξ, vq|gpξq|2dµpξq, (3.16)

where Ωξ is the k-plane normal to M at the point ξ.

Clearly this conjecture is stronger than the classical Mizohata–Takeuchi conjecture.

3.4 Known results on the Mizohata–Takeuchi conjecture

Although some partial results have been proven and some progress has been made, the Mizo-

hata–Takeuchi conjecture still remains open today, even on R2, where the extension operators

are better understood and the Restriction conjecture on Lp estimates has been proven (see for

example [23]). We conclude this chapter by mentioning some of the know result on the Mizo-

hata–Takeuchi problem that are present in the literature.

We already mentioned how in [3] and in [19], the authors prove the Mizohata–Takeuchi

conjecture for the sphere with radial weights. What makes this case special is that, since we are
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dealing with the space L2pSn´1q, one can use spherical harmonic to decompose the operator.

The coefficients appearing in this decomposition are given in terms of Bessel functions Js and,

since the weight is radial, the problem reduce to the study of estimates of the form

ż `8

0
|Jsprq|2wprqdr À ∥Xw∥8 .

This is a simpler one dimensional problem that one can solve using known bounds for Bessel

functions. Moreover, the X-ray of a radial function itself assume a simpler form, as we will see

in Chapter 5.

In [17], the authors use a wave packet decomposition of the function g at scale R and a

decoupling estimate ([29]) for a certain Lp norm of the extension operator of the packets to

prove that, for a compact convex C2 hypersuface, one has, for every ϵ ą 0

ż

BR

|ygdµ|2w ď CϵR
ϵ sup

T

ˆ
ż

T
w

n`1
2

˙
2

n`1
ż

|g|2dµ,

where T ranges over the family of all tubes of dimensions R1{2ˆ¨ ¨ ¨ˆR1{2ˆR. This in particular

implies
ż

BR

|ygdµ|2w ď CϵR
n´1
n`1

`ϵ ∥Xw∥L8

ż

|g|2dµ.

They also observe that the power n´1
n`1 is the best possible loss one can obtain with standard

decoupling techniques.

In [48], the author studies some Mizohata–Takeuchi type estimates in the plane for Borel

measures µ, under some hypothesis on the decay of pµ. For example, it is shown how, if the

measure has a certain decay along a certain direction v, i.e.

|pµpxq| ď
C

|x ¨ v|
,

one has
ż

R2

|ygdµ|2w À

ˆ

sup
T

ż

T
w

˙
ż

|g|2dµ,

where the supremum is taken over tubes with axis perpendicular to v. To do so, the author
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introduces a notion of “fractal dimension α” for a weight H and a related maximal function

that are suited to exploit the decay hypothesis and allow to prove estimates of the form

ż

|ygdµ|2H À AαpHq

ż

|g|2dµ,

from which the Mizohata–Takeuchi estimate follows by choosing H appropriately, depending on

w.

In [12] and [13], the authors introduce a tomographic approach to the problem that will be

central in this thesis and we will discuss in the next chapters.
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CHAPTER 4

SOBOLEV VARIANTS OF THE MIZOHATA–TAKEUCHI

CONJECTURE

In this chapter we discuss some application of the inversion formula of the k-plane transform to

the Mizohata–Takeuchi conjecture, starting from a result of Bennett and Nakamura ([12]) and

then passing to some original results that were inspired by this.

4.1 L2 Sobolev variant

In this section we introduce one of the main results of [12].

Bennett and Nakamura turned to study the following variant of the classical Mizohata–Takeuchi

inequality for the sphere:

ż

Rn

|ygdσ|2w À

∥∥∥p´∆vq
n´1
2q Xw

∥∥∥
L8
ω Lq

v

ż

Sn´1

|g|2dσ, (4.1)

where 1 ď q ď 8 and the supremum of the L8 norm is taken over the direction normal to the

support of g.

The key idea is here to substitute the L8 norm in the v variable with an alternative norm,

which scales in the same way. To do so, the authors were inspired by the numerology of the

standard Sobolev embeddings into L8.

Since we are working with the sphere, that has codimension 1, we will be using the X-ray

transform X “ T1,n.

We can see the weighted norm as x|ygdσ|2, wy, we can use property (1.4), and the self-
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adjonitness of ´∆v to write

ż

Rn

|ygdσ|2w “ cn

A

p´∆vq
1
2Xp|ygdσ|2q, Xw

E

“

“ cn

A

p´∆vq
´n´1

2q p´∆vq
1
2Xp|ygdσ|2q, p´∆vq

n´1
2q Xw

E

“

“ cn

A

p´∆vq
1
2

p1´n´1
q

q
Xp|ygdσ|2q, p´∆vq

n´1
2q Xw

E

.

Now an application of Hölder’s inequality gives

ż

Rn

|ygdσ|2w À

∥∥∥p´∆vq
n´1
2q Xw

∥∥∥
L8
ω Lq

v

∥∥∥p´∆vq
1
2

p1´n´1
q

q
Xp|ygdσ|2q

∥∥∥
L1
ωL

q1

v

.

So (4.1) would follow from the estimate

∥∥∥p´∆vq
1
2

p1´n´1
q

q
Xp|ygdσ|2q

∥∥∥
L1
ωL

q1

v

À ∥g∥L2pSn´1q . (4.2)

In order to ensure finiteness in (4.1) and (4.2), we can consider the local variant

ż

BR

|ygdσ|2w À Rε
∥∥∥p´∆vq

n´1
2q Xw

∥∥∥
L8
ω Lq

v

ż

Sn´1

|g|2dσ. (4.3)

Arguing as above, (4.3) would follow from the estimate

∥∥∥p´∆vq
1
2

p1´n´1
q

q
XpγR|ygdσ|2q

∥∥∥
L1
ωL

q1

v

À Rε ∥g∥L2pSn´1q , (4.4)

where γR is a suitable smooth bump function adapted to BR. It turns out this result is true in

dimension 2 for 1 ď q ď 2.

Theorem 4.1.1 (Bennett–Nakamura). Let n “ 2. Then,

∥∥∥p´∆vq
1
4XpγR|ygdσ|2q

∥∥∥
L1
ωL

2
v

À logpRq ∥g∥2L2pS1q , (4.5)

and hence
ż

BR

|ygdσ|2w À logpRq

∥∥∥p´∆vq
1
4Xw

∥∥∥
L8
ω L2

v

ż

S1
|g|2dσ. (4.6)

Remark. In a more recent work ([9]), the authors prove that, for n ą 2, even if the analogue of

(4.2) does not hold, an analogue inequality (4.1) still holds. The techniques used in this paper
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are different and the estimate obtained does not have the logarithmic loss logpRq present in

Theorem 4.1.1, but there is an ϵ-loss in the number of derivatives present in the Sobolev norm,

in a sense analogue to the one that we will explore in the next sections.

Remark. The advantage of this tomographic approach is that we are able to introduce at the

same time the X-ray transform and the derivatives, which help us at the same time to introduce

these alternative Sobolev norms and to get better estimates on the objects like Xp|ygdσ|2q.

Moreover, the authors underline the importance of tomographic estimates for the extension

operator by introducing a new conjecture that would slot in between the already mentioned

restriction conjecture and the famous Kakeya maximal conjecture:

Conjecture 1. For every ϵ ą 0 there is a constant Cϵ ă 8such that

∥∥∥XpγR|ygdσ|
2

n´1 q

∥∥∥
Ln
ωL

8
v

ď CϵR
ϵ ∥g∥

2
n´1

L
2

n´1 pSn´1q

, (4.7)

for all R ą 0.

In particular, one would have that

restriction conjecture ùñ Conjecture 1 ùñ Kakeya maximal conjecture.

4.2 Global L1 Sobolev variant

We now want to argue similarly to Bennett and Nakamura, but using an L1 Sobolev norm

instead of the L2 one. Observe that one can use the fundamental theorem of calculus to show

the embedding W d,1pRdq ãÑ L8pRdq. In fact, for f P C8
c pR2q, one can write

fpxq “

ż

¨ ¨ ¨

ż

Bd

Bx1 ¨ ¨ ¨ Bxd
fpx1, ..., xdqdx1 ¨ ¨ ¨ dxd,

and, therefore,

∥f∥L8pRdq ď ∥f∥W d,1pRdq .

Remark. It is worth to underline once more that we are not interested in the Sobolev embedding

itself, but merely in knowing the right number of derivatives needed in order to introduce a new

quantity with the same scaling as the L8 norm.
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As we have already done earlier, we can use property (1.4), this time in the more general

case of the k-plane transform Tk,n, and the self-adjonitness of ´∆v to manipulate x|ygdσ|2, wy as

follows:

ż

|ygdµ|2w – xp´∆vq
k´n
2 Tk,n|ygdµ|2, Tk,nwy –

– xp´∆vq
2k´n

2 Tk,n|ygdµ|2, p´∆vq
n´k
2 Tk,nwy À

À

∥∥∥p´∆vq
2k´n

2 Tk,np|ygdµ|2q

∥∥∥
L1
ΩL

8
v

∥∥∥p´∆vq
n´k
2 Tk,npwq

∥∥∥
L8
ΩL1

v

,

where we used the Hölder’s inequality to get the inequality.

By proving ∥∥∥p´∆vq
2k´n

2 Tk,np|ygdµ|2q

∥∥∥
L1
ΩL

8
v

À ∥g∥2L2pdµq ,

we can therefore obtain the estimate

ż

|ygdµ|2pxqwpxqdx À

∥∥∥p´∆vq
n´k
2 Tk,npwq

∥∥∥
L8
ΩL1

v

∥g∥2L2pdµq . (4.8)

Remark. Observe that, for the previous argument to be rigorous, we need for |ygdµ|2 to be in

L2 in order to use the isometry property of Tk,n. This is not always granted in general. For

example, if we take µ to be the surface measure of the sphere Sn´1, by looking at the numerology

of Theorem 3.2.1, we can see that |ygdµ|2 is in L2 whenever n ě 3, but not for n “ 2. This also

explains why the authors of [12] localized the problem discussed in the previous section. In this

section, we will not worry about this technical hypothesis. In the next section we will address

the problem by proving an analogous result in a localized version.

We start with some preliminary results.

Definition. Let Ω P Gk,n and consider an orthonormal basis of Rn, pω1, ..., ωnq, so that pω1, ..., ωkq

span Ω. Define

δΩpxq “

n
ź

j“k`1

δpωj ¨ xq, (4.9)

where δ is the usual 1-dimensional Dirac delta.

Proposition 4.2.1. Let α P R and fix Ω P Gk,n. Let µ be a Radon measure. Then, for any

39



ϕ P C8
c pΩKq, we have

xp´∆vq
α
2 Tk,np|ygdµ|2q, ϕyΩK “ xSpgqpΩ, ¨q, ϕyΩK , (4.10)

where

SpgqpΩ, vq “

ĳ

gpxqgpyq|x´ y|αδΩKpx´ yqeipx´yq¨vdµpxqdµpyq. (4.11)

Proof. We begin by applying Plancherel’s theorem to get

xp´∆vq
α
2 Tk,np|ygdµ|2q, ϕyΩK “

ż

ΩK

gdµ ˚ Ągdµpξq|ξ|αpϕpξqdξ.

Recall that one may write the convolution using the Dirac delta as

f ˚ hpξq “

ĳ

fpxqhpyqδ0pξ ´ x´ yqdxdy.

So we have

ż

ΩK

gdµ ˚ Ągdµpξq|ξ|αpϕpξqdξ “

ż

ΩK

ĳ

gpxqgpyq|ξ|αpϕpξqδ0pξ ´ x` yqdµpxqµpyqdξ.

Now observe that one can write

δ0 “ δΩK ¨ δΩ

and that, since ξ P ΩK, δΩKpξ ´ x` yq “ δΩKpx´ yq. Therefore, we can write

ż

ΩK

ĳ

gpxqgpyq|ξ|αpϕpξqδ0pξ ´ x` yqdµpxqµpyqdξ “

“

ż

ΩK

ĳ

gpxqgpyq|ξ|αpϕpξqδΩpξ ´ x` yqδΩKpx´ yqdµpxqµpyqdξ “

“

ĳ

gpxqgpyqδΩKpx´ yq

ˆ
ż

ΩK

|ξ|αpϕpξqδΩpξ ´ x` yqdξ

˙

dµpxqµpyq “

“

ĳ

gpxqgpyqδΩKpx´ yq|x´ y|αpϕpπΩKpx´ yqqdµpxqµpyq,

where πΩK is the orthogonal projection onto ΩK and we used Fubini’s theorem to integrate in

the ξ variable first.

Now, writing explicitly the Fourier transform of ϕ and using once more Fubini’s theorem, we
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get

ĳ

gpxqgpyqδΩKpx´ yq|x´ y|αpϕpπΩKpx´ yqqdµpxqµpyq “

“

ż

ΩK

ˆ
ĳ

gpxqgpyqδΩKpx´ yq|x´ y|αeiv¨px´yqdµpxqµpyq

˙

ϕpvqdv,

which completes the proof.

Corollary 4.2.2. Assume that µ is compactly supported. Then

p´∆vq
α
2 Tk,np|ygdµ|2qpΩ, vq “ SpgqpΩ, vq (4.12)

holds pointwise almost everywhere.

Proof. Since µ is compactly supported, so is gdµ ˚ Ągdµ. Consider a smooth function ϕ such that

pϕ ” 1 on the support of the convolution, so that we have

gdµ ˚ Ągdµ “ pϕ ¨ gdµ ˚ Ągdµ

and therefore

|ygdµ|2 “ ϕ ˚ |ygdµ|2.

Now we can write

p´∆vq
α
2 Tk,npϕ ˚ |ygdµ|2qpΩ, vq “

ż

ΩK

eiv¨ξgdµ ˚ Ągdµpξq|ξ|αpϕpξqdξ.

Following the same steps as in the proof of Proposition 4.2.1, we get to the expression

ĳ

gpxqgpyqδΩKpx´ yq|x´ y|αeiv¨px´yq
pϕpx´ yqdµpxqµpyq.

But pϕpx´ yq “ 1 when x, y P sptpµq, so we have the thesis.

Remark. In Proposition 4.2.1 and in Corollary 4.2.2 we have not worried about checking the

finiteness of the quantity Spgq, which will in principle be depending on g, α and µ. However,

when we will apply this results, we will give condition for which we obtain finiteness on the

L1
ΩL

8
v norm of Spgq which, in particular, implies Spgq is finite almost everywhere (see Theorem
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4.2.4).

Remark. An alternative method of proof for the corollary could be to use the Fundamental

Lemma of Calculus of Variations. In this case we would need to prove that both the right-hand

side and left-hand side are continuous. In this case, one could also think about proving the

continuity, without requiring for µ to be compactly supported.

We recall a classical result in analysis, the so called Schur’s test.

Proposition 4.2.3 (Schur’s test). Let X, Y be two measurable spaces and T be an integral

operator with kernel Kpx, yq defined as

Tfpxq “

ż

Y
Kpx, yqfpyqdy.

If there is a constant C such that

sup
xPX

ż

Y
|Kpx, yq|dy ď C and sup

yPY

ż

X
|Kpx, yq|dx ď C,

then

∥T∥L2ÑL2 ď C

Proof. Using the Cauchy–Schwarz inequality we can write

|Tfpxq|2 “

ˇ

ˇ

ˇ

ˇ

ż

Y
Kpx, yqfpyqdy

ˇ

ˇ

ˇ

ˇ

2

ď

ď

ˇ

ˇ

ˇ

ˇ

ż

Y
Kpx, yq|fpyq|2dy

ˇ

ˇ

ˇ

ˇ

¨

ˇ

ˇ

ˇ

ˇ

ż

Y
Kpx, yqdy

ˇ

ˇ

ˇ

ˇ

ď

ď C

ż

Y
|Kpx, yq||fpyq|2dy.

So we have

∥Tf∥2L2 ď C

ż

X

ż

Y
|Kpx, yq||fpyq|2dydx ď C2 ∥f∥2L2 ,

where we used Fubini’s Theorem.

We are now ready to prove the main result of this section. Although we are not able to prove

exactly the inequality (4.8) with our methods, we can prove an alternative statement, in which

we allow an ϵ-loss in terms of the number of derivatives in the Sobolev norm of the k-plane

transform.
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Recalling the we defined

Sαpµq “ sup
xPsptpµq

ż

1

|x´ y|α
dµpyq,

we have the following:

Theorem 4.2.4. Let ϵ P R. Assume that the measure µ is such that

Sn´k´ϵpµq À 1. (4.13)

Then ∥∥∥p´∆vq
2k´n`ϵ

2 Tk,np|ygdµ|2q

∥∥∥
L1
ΩL

8
v

À ∥g∥2L2pdµq . (4.14)

In particular, we have

ż

|ygdµ|2pxqwpxqdx À

∥∥∥p´∆vq
n´k´ϵ

2 Tk,npwq

∥∥∥
L8
ΩL1

v

∥g∥2L2pdµq . (4.15)

Proof. Estimate (4.15) follows from (4.14) after using (1.4) and Hölder’s inequality.

We want to estimate supvp´∆vq
2k´n`ϵ

2 Tk,np|ygdµ|2q. To do so, we invoke Proposition 4.2.1.

sup
vPΩK

p´∆vq
2k´n`ϵ

2 Tk,np|ygdµ|2qpΩ, vq ď

ď

ĳ

|gpxq||gpyq||x´ y|2k´n`ϵδΩKpx´ yqdµpxqdµpyq.

Now we need to integrate in the variable Ω. Using the fact that δΩK is homogeneous of degree

´k, we just need to compute
ż

Gk,n

δΩK

ˆ

x´ y

|x´ y|

˙

dΩ.

A purely geometrical argument shows that this is independent of x and y and it is in fact a finite

constant as we will show in Lemma 4.2.5. Therefore we have

∥∥∥p´∆vq
2k´n`ϵ

2 Tk,np|ygdµ|2q

∥∥∥
L1
ΩL

8
v

À

ĳ

|gpxq||gpyq||x´ y|k´n`ϵdµpxqdµpyq.
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The right hand side can now be estimated using the Cauchy-Schwarz inequality,

ĳ

|gpxq||gpyq||x´ y|k´n`ϵdµpxqdµpyq ď ∥Fg∥2 ∥g∥2 ,

where

Fgpxq “

ż

gpyq

|x´ y|n´k´ϵ
dµpyq.

Finally, observe that condition (4.13) corresponds with the hypothesis of Schur’s test for the

operator F . Therefore, ∥Fg∥2 À ∥g∥2, which concludes the proof of (4.14).

Remark. Condition (4.13) is easily satisfied, with ϵ ą 0, when µ is the n´k-dimensional Hausdorff

measure of a compact n´ k-dimensional manifold. In particular, is necessary to have ϵ strictly

positive, since one can easily check that Sn´kpµq “ `8. More in general, by Frostman’s Lemma,

one can always find such a measure on a Borel set of dimension n´ k.

Remark. When stating Theorem 4.2.4, we took the liberty of letting the parameter ϵ to be any

real number, since the proof would still hold in all cases, as long as (4.13) is satisfied. However,

when considering the Mizohata–Takeuchi conjecture, one is usually interested in measure sup-

ported on sets of dimension n´k. In this sense, ϵ should be considered a small positive quantity,

as usual.

Lemma 4.2.5. For any x P Sn´1,

ż

Gk,n

δΩKpxqdΩ “ C,

for some positive constant C “ Cpk, nq.

Proof. In this proof we use some delta calculus as described in [26]. If M is a smooth submanifold

of Rn, one can define a canonical measure σM , which is naturally induced by the Euclidean metric

structure of Rn. For a d-dimensional sphere Sd, this correspond to the usual measure σd. Assume

M “ tx P Rn| F pxq “ 0u, where F : Rn Ñ Rn´d is a smooth function whose Jacobian matrix

has max rank at any point. Then we can write the measure as

ż

M
fpxqdσM pxq “

ż

Rn

fpxqδpF pxqqJF pxqdx,
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where JF pxq is the the Jacobian determinant of the function F at x. In particular, dσn´1pxq “

δp|x| ´ 1qdx.

Call

I “

ż

Gk,n

δΩKpxqdΩ.

For the computation, we use the fact that Ω ÞÑ ΩK is a measure preserving homeomeorphism

between Gk,n and Gn´k,n, and, therefore, we identify Gk,n with the product the spheres

Sn´1 ˆ Sn´2 ˆ ...ˆ Sk.

So, we consider an orthonormal base of Rn, pω1, ..., ωnq, such that pω1, ..., ωkq spans Ω and where

ωk`1 P Sn´1, ωk`2 P Sn´1
Ş

xωk`1yK – Sn´2 and so on.

For each j “ k ` 1, ..., n, we can write

dσn`k´jpωjq “ δp|ωj | ´ 1q

˜

j´1
ź

i“k`1

δpωj ¨ ωiq

¸

dωj

Putting everything together, we have

I –

ż

Sn´1

...

ż

Sk

¨

˝

n
ź

j“k`1

δpωj ¨ xq

˛

‚dσkpωnq...dσn´1pωk`1q “

“

ż

...

ż n
ź

j“k`1

«

δp|ωj | ´ 1qδpωj ¨ xq

˜

j´1
ź

i“k`1

δpωj ¨ ωiq

¸

dωj

ff

“

“

n
ź

j“k`1

„
ż

Sn`k´j´1

dσn`k´j´1

ȷ

ă `8.
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4.3 Sharpness of the L1 Sobolev variant

Let us try now to argue in a more naive way, under the same hypothesis that Sn´k´ϵpµq À 1.

Consider the classical Laplacian on Rn. We can write

ż

Rn

|ygdµ|2w “

ż

Rn

p´∆q´n´k´ϵ
2 |ygdµ|2p´∆q

n´k´ϵ
2 w ď

ď

∥∥∥p´∆q
n´k´ϵ

2 w
∥∥∥
1

∥∥∥p´∆q´n´k´ϵ
2 |ygdµ|2

∥∥∥
8

À

À

∥∥∥p´∆q
n´k´ϵ

2 w
∥∥∥
1
∥g∥2L2pdµq .

Here the inequality ∥∥∥p´∆q´n´k´ϵ
2 |ygdµ|2

∥∥∥
8

À ∥g∥2L2pdµq

follows by observing that we can write

p´∆q´n´k´ϵ
2 |ygdµ|2pzq “

ĳ

eiz¨px´yq

|x´ y|n´k´ϵ
gpxqgpyqdµpxqdµpyq,

and applying the Schur’s Test. Therefore we can wonder if the estimate we obtained in Theorem

4.2.4 via the use of the k-plane transform is really an improvement compared to this simpler

estimate. The answer is yes since

∥∥∥p´∆vq
n´k´ϵ

2 Tk,npwq

∥∥∥
L8
ΩL1

v

ď

∥∥∥p´∆q
n´k´ϵ

2 w
∥∥∥
1
.

To show this, first observe that

p´∆vq
n´k´ϵ

2 Tk,npwq “ Tk,npp´∆q
n´k´ϵ

2 wq,

as one can for example by using the Fourier transform in the variable v.

Now

∥∥∥Tk,npp´∆q
n´k´ϵ

2 wq

∥∥∥
L8
ΩL1

v

“ sup
Ω

ż

ΩK

ˇ

ˇ

ˇ

ˇ

ż

Ω
p´∆q

n´k´ϵ
2 wpu` vqdu

ˇ

ˇ

ˇ

ˇ

dv ď

ď sup
Ω

ż

ΩK

ż

Ω

ˇ

ˇ

ˇ
p´∆q

n´k´ϵ
2 wpu` vq

ˇ

ˇ

ˇ
dudv “

∥∥∥p´∆q
n´k´ϵ

2 w
∥∥∥
1
.

So there is clearly an improvement, compared to a more naive estimate like the one obtained
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above, since the triangle inequality
ˇ

ˇ

ş

F
ˇ

ˇ ď
ş

|F | is strict for a general integrand F .

Another interesting question is whether or not inequality (4.14) is sharp, in the sense that we

want to investigate if it is possible that inequality (4.14) becomes an equality for some measures.

The proof of (4.14) essentially boils down to proving

Iαpgdµq ď Sαpµq ∥g∥22 ,

where α “ n ´ k ´ ϵ. It would then seems natural to claim that, if the inequality is sharp, the

constants are maximizers. In particular, if g is a constant, we have an identity if and only if

Iαpµq “ Sαpµq.

This is for example the case if µ is the usual surface measure on the sphere Sn´k (normalized

to 1). In fact, in this case, thanks to the symmetry of the sphere, the integral

Aαpxq “

ż

1

|x´ y|α
dµpyq

is a constant independent of x. It is curious to us how the constant are maximizers of this

inequality for the sphere, just like constant are maximizers for the classical Lp estimates for the

extension operator associated to the sphere, in many cases studied starting with [25], and many

other works that follows the same ideas (for example [44], [20]).

We can say that constants are quasi-maximizers if Iα „ Sα, or, equivalently, if Aαpxq „ 1.

A sufficient condition for this to happen is that µ is pn´ kq-AD regular and supported on a

compact set. In fact, under this hypothesis, we have

ż

1

|x´ y|α
dµpyq “

ż 8

0
µpty| |x´ y|´α ě λuqdλ “

ż 8

0
µpBpx, λ´1{αqqdλ “

“ α

ż 8

0
µpBpx, rqqr´α´1dr „

ż R

0
r´1´ϵ „ 1.

More in general, it is enough that there exists a subset E of the support of µ such that µpEq ą 0

and µ
ˇ

ˇ

E
is pn´ kq-AD regular.
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4.4 Local L1 Sobolev variant

As in [12], we can adapt our argument to a local variant of (4.8). We will proceed following the

same steps we had for the global estimate.

Let ψ be a smooth cut-off function on Rn and define, for R ą 0, ψRpxq :“ ψpx{Rq.

Proposition 4.4.1. Let α P R and fix Ω P Gk,n. Let µ be a measure. Then, for any ϕ P C8
c pΩKq,

we have

xp´∆vq
α
2 Tk,npψR|ygdµ|2q, ϕyΩK “ xSRpgqpΩ, ¨q, ϕyΩK , (4.16)

where

SRpgqpΩ, vq “

ĳ

gpxqgpyqKΩ,vpx, yqdµpxqdµpyq (4.17)

and

KΩ,vpx, yq “

ż

Rn

xψRpzq|x´ y ` z|αδΩKpx´ y ` zqeipx´y`zq¨vdz. (4.18)

Remark. Observe how SRpgq Ñ Spgq, as R Ñ `8, since xψR Ñ δ0. Therefore we recover

Proposition 4.2.1.

Proof. We proceed as in the proof of Proposition 4.2.1. Applying Plancherel’s theorem, we get

xp´∆vq
α
2 Tk,np|ygdµ|2q, ϕyΩK “

ż

ΩK

xψR ˚ gdµ ˚ Ągdµpξq|ξ|αpϕpξqdξ “

“

ż

ΩK

¡

gpxqgpyq|ξ|αpϕpξqxψRpzqδ0pξ ´ z ´ x` yqdµpxqµpyqdzdξ “

“

ż

ΩK

¡

gpxqgpyqxψRpzq|ξ|αpϕpξqδΩpξ ´ z ´ x` yqδΩKpx´ y ` zqdµpxqµpyqdzdξ “

“

ĳ

gpxqgpyqδΩKpx´ y ` zq

ˆ
ż

ΩK

|ξ|αpϕpξqδΩpξ ´ z ´ x` yqdξ

˙

dµpxqµpyqdz “

“

¡

gpxqgpyqδΩKpx´ y ` zq|x´ y ` z|αpϕpπΩKpx´ y ` zqqxψRpzqdµpxqµpyqdz,

where πΩK is the orthogonal projection onto ΩK and we used Fubini’s theorem.

Writing explicitly the Fourier transform of ϕ and using Fubini’s theorem, we obtain the

thesis.

The analogue of Corollary 4.2.2 is the following:
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Corollary 4.4.2. Assume that µ is compactly supported. Then

p´∆vq
α
2 Tk,npψR|ygdµ|2qpΩ, vq “ SRpgqpΩ, vq (4.19)

holds pointwise almost everywhere.

Proof. Take ϕ as in the proof of Corollary 4.2.2 and write

p´∆vq
α
2 Tk,npψR ¨ ϕ ˚ |ygdµ|2qpΩ, vq “

ż

ΩK

eiv¨ξ
xψR ˚

´

pϕgdµ ˚ Ągdµ
¯

pξq|ξ|αpξqdξ “

“

ż

ΩK

¡

eiv¨ξ|ξ|αpξqxψRpzqgpxqgpyqpϕpξ ´ zqδ0pξ ´ z ´ x` yqdµpxqµpyqdzdξ.

Following similar steps to the ones in the proof of Proposition , we arrive at the quantity

“

¡

gpxqgpyqδΩKpx´ y ` zq|x´ y ` z|αxψRpzqpϕpx´ yqdµpxqµpyqdz.

But pϕpx´ yq “ 1 when x, y P sptpµq, so we have the thesis.

Theorem 4.4.3. Let ϵ ą 0. Assume that the measure µ is such that

Sn´k
1`ϵ

pµq À 1. (4.20)

Then ∥∥∥∥p´∆vq
p2`ϵqk´n
2p1`ϵq Tk,npψR|ygdµ|2q

∥∥∥∥
L1
ΩL

8
v

À ∥g∥2L2pdµq . (4.21)

In particular, we have

ż

BR

|ygdµ|2pxqwpxqdx À ROpϵq
∥∥∥p´∆vq

n´k
2p1`ϵqTk,npwq

∥∥∥
L8
ΩL1`ϵ

v

∥g∥2L2pdµq . (4.22)

Proof. We first show how to obtain (4.22) from (4.21).

Observe that, by dominated convergence, it is enough to prove (4.22) with a smooth cut-

off function ψR in place of χBR
, such that ψR ě χBR

. We start by using (1.4) and Hölder’s
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inequality.

ż

ψRpxq|ygdµ|2pxqwpxqdx À

À

∥∥∥p´∆vq
n´k

2p1`ϵqTk,npwq

∥∥∥
L8
ΩL1`ϵ

v

∥∥∥∥p´∆vq
p2`ϵqk´n
2p1`ϵq Tk,npψR|ygdµ|2q

∥∥∥∥
L1
ωL

1`ϵ
ϵ

v

.

Observe that if f is supported on a ball or radius R, so is Tk,npfq with respect to the variable v.

Therefore we can dominate the L
1`ϵ
ϵ norm with the L8 norm times a contribution of the size

of the support. In particular we can say that

∥∥∥∥p´∆vq
p2`ϵqk´n
2p1`ϵq Tk,npψR|ygdµ|2q

∥∥∥∥
L1
ωL

1`ϵ
ϵ

v

ď

ďR
pn´kqϵ
1`ϵ

∥∥∥∥p´∆vq
p2`ϵqk´n
2p1`ϵq Tk,npψR|ygdµ|2q

∥∥∥∥
L1
ΩL

8
v

.

Applying (4.21) we get (4.22).

To prove (4.21), we use (4.19).

sup
v

ˇ

ˇ

ˇ

ˇ

p´∆vq
p2`ϵqk´n
2p1`ϵq Tk,npψR|ygdµ|2q

ˇ

ˇ

ˇ

ˇ

À

À

¡

|gpxq||gpyq||xψRpzq||x´ y ` z|
´pn´kq

p1`ϵq δΩK

ˆ

x´ y ` z

|x´ y ` z|

˙

dzdµpyqdµpxq,

where we used the homogeneity of δΩK .

As in the proof of Theorem 4.2.4, after integrating in Ω, we are left to prove

¡

|gpxq||gpyq||xψRpzq||x´ y ` z|
´pn´kq

p1`ϵq δΩK

ˆ

x´ y ` z

|x´ y ` z|

˙

dzdµpyq À ∥g∥2L2pdµq .

To do so we just need to show that the kernel

Kpx, yq “

ż

|xψRpzq||x´ y ` z|
´pn´kq

p1`ϵq dz

satisfies the Schur test. This follows from (4.20), since

sup
x

ż

Kpx, yqdµpyq À Sn´k
1`ϵ

pµq

ż

|xψRpzq|dz À 1.

50



Remark. The quantities Sn´k
1`ϵ

pµq and Sn´k´ϵpµq are essentially the same. Therefore we can say

that Theorem 4.2.4 and Theorem 4.4.3 share the same hypothesis.

Remark. In both Theorem 4.2.4 and Theorem 4.4.3 there is an ϵ-loss. In the global case it

appears in the number of derivatives of the Sobolev norm. So we do not precisely have d

derivatives like Sobolev embedding W d,1pRdq ãÑ L8pRdq would require. In the local case, the

number of derivatives for the Sobolev embedding is precise for the chosen norm and the loss is

instead given by the factor Rϵ. This phenomenon can be contextualized within Tao’s “epsilon

removal lemmas”. These are techniques introduced by Tao in [51] which allows one to go from

local Lp estimates with Rϵ loss to global estimates at the price of a loss in the exponent p.
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CHAPTER 5

A MIZOHATA–TAKEUCHI ESTIMATE FOR RADIAL

WEIGHTS

In this chapter we discuss the Mizohata–Takeuchi estimate, in its more classical form, and not

in the Sobolev variants, for measures under similar hypotheses to the ones used in the previous

chapter, in the particular case of radial weights. As already mentioned, this is a well studied case

in classical setting of the Mizohata–Takeuchi conjecture for the spherical extension operator, for

which it has been proven to hold ([3],[19]).

5.1 k-plane transform of radial weights

We consider in this chapter radial weights. To be precise, we assume that our weight w is such

that there exist w0 : r0,`8q Ñ r0,`8q such that wpxq “ w0p|x|2q. The choice of the modulus

squared as our radial variable, instead of simply the modulus, is justified by the simplicity of

some computations, as it will be clear later.

We want to compute the k-plane transform of w. Observe that, if x P Ω and v P ΩK, then

|x` v|2 “ |x|2 ` |v|2. Using polar coordinates on Ω and a change of variable, we can write

Tk,npwqpΩ, vq “

ż

Ω
wpx` vqdλΩpxq “ ck

ż `8

0
w0pr2 ` |v|2qrk´1dr “

–

ż `8

|v|

w0pr2qpr2 ´ |v|2q
k´2
2 rdr,

where ck is the surface area of Sk´1.

Therefore we can see that, for a fixed radial weight w, Tk,npwqpΩ, vq only depends on |v|. In
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particular we can write, if we call d “ |v|2,

Tk,npwqpΩ, vq – F pw0qpdq “

ż `8

0
w0prqrr ´ ds

k´2
2

` dr,

where r.s` is defined as

ras` “

$

’

’

&

’

’

%

a if a ą 0

0 if a ď 0

.

The key observation is that, if k ě 2, then we trivially have that F pw0qpdq ď F pw0qp0q,

for any d ą 0. In particular ∥Tk,npwq∥
8

“ Tk,npwqpΩ, 0q, for any Ω P Gk,n. So we have a

linear behavior of the L8 norm in this case, which greatly simplifies the problem of proving a

Mizohata–Takeuchi type estimate.

5.2 Mizohata–Takeuchi conjecture and spherical averages

We will now take advantage of the observation in the previous section to link the Mizohata–Takeuchi

problem to another well known problem in harmonic analysis: that of spherical averages.

Let µ be a positive Radon measure with compact support in Rn. Let Sprq be the n ´ 1-

dimensional sphere of radius r. Then we define the spherical averages of µ to be the quantities

spµqprq “

ż

Sp1q

|pµ|2prωqdσpωq, (5.1)

for r ą 0. One is interested in studying estimates of the form

spµqprq À r´α,

for some α ą 0. This has different implications, but is mainly known for its connection with the

Falconer’s distance set problem (see for example Mattila [38], [40]).

Proposition 5.2.1. Let k ě 2 and Sprq be the n´ 1-dimensional sphere of radius r. Then the

following are equivalent:
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‚

ż

Sp1q

|ygdµ|2prωqdσpωq À r´pn´kq ∥g∥2L2pdµq ; (5.2)

‚

ż

Rn

|ygdµ|2pxqwpxqdx À ∥Tk,npwq∥
8
∥g∥2L2pdµq (5.3)

for any radial weight w.

If k “ 1, (5.2) implies (5.3), but the converse is false.

Proof. First we prove (5.2) implies (5.3).

Using polar coordinates, we can write

ż

Rn

|ygdµ|2pxqwpxqdx “

ż 8

0
w0pr2qrn´1

˜

ż

Sp1q

|ygdµ|2prωqdσpωq

¸

dr À

À

ˆ
ż 8

0
w0pr2qrk´1dr

˙

∥g∥2L2pdµq –

– Tk,npwqpΩ, 0q ∥g∥2L2pdµq À ∥Tk,npwq∥
8
∥g∥2L2pdµq .

Now we prove (5.3) implies (5.2), for k ě 2.

Therefore, assume (5.3) is true for any radial weight. In particular it holds for the charac-

teristic function of the annulus A “ tx P Rn| R ă |x| ă R ` ϵu. For k ě 2 we have

∥Tk,npχAq∥
8

“ Tk,npχAqpΩ, 0q “

ż R`ϵ

R
rk´1dr – pR ` ϵqk ´Rk – ϵRk´1 ` opϵq.

On the other hand, using the Mean Value Theorem, there exist R̃ P pR,R ` ϵq such that

ż

A
|ygdµ|2pxqdx “

ż R`ϵ

R
rn´1

˜

ż

Sp1q

|ygdµ|2prωqdσpωq

¸

dr “

“ ϵ

ż

Sp1q

|ygdµ|2pR̃ωqdσpωq.

So we have

ϵ

ż

Sp1q

|ygdµ|2pR̃ωqdσpωq À

´

ϵRk´1 ` opϵq
¯

∥g∥2L2pdµq .

Dividing both sides by ϵ and letting ϵ Ñ 0 we obtain (5.2).

Remark. The proof we presented of (5.3) ùñ (5.2) fails in the case k “ 1 because we do not
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have the linear behavior of ∥Tk,npwq∥
8

that we observed in the last section. In fact, we can

never have (5.3) ùñ (5.2) for k “ 1, since we already mentioned how, for the sphere, (5.3) is

true, while one can easily check, using Knapp’s example, that (5.2) fails.

An argument like the one in the proof of Proposition 5.2.1 enables us to use known results

for spherical averages to obtain some Mizohata–Takeuchi type estimates, as we will do in the

next section.

5.3 An estimate for general measures

A well studied problem concerning spherical averages, is to find the best possible decay β for

the estimate spµqprq À r´β. If a measure µ is α-dimensional, we generally have that β ă α

or at most β “ α (see Lucà–Rogers [34]). Moreover, when trying to upgrade an estimate like

spµqprq À r´α to an estimate of the form

ż

Sp1q

|ygdµ|2prωqdσpωq À r´α1 ∥g∥2L2pdµq

one usually has to pay an ϵ-loss, i.e. α1 “ α´ ϵ, if one can even prove that. Therefore it appears

hard to use Proposition 5.2.1 to prove that Mizohata–Takeuchi conjecture is true for a general

measure.

In this section we show that, if we localize the problem and allow the ϵ-loss, we are still able

to use the idea of Proposition 5.2.1 to obtain a result, under a familiar hypothesis.

Theorem 5.3.1. Let ϵ ą 0, k ` ϵ ě pn` 1q{2 and assume

Sn´k´ϵpµq À 1. (5.4)

Then
ż

Sp1q

|ygdµ|2prωqdσpωq À r´pn´k´ϵq ∥g∥2L2pdµq . (5.5)

In particular, for any radial weight w, we have

ż

BR

|ygdµ|2pxqwpxqdx À Rϵ ∥Tk,npwq∥
8
∥g∥2L2pdµq (5.6)
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First we need a result for spherical averages. We use here the following theorem, due to P.

Mattila ([38]).

Theorem 5.3.2 (Mattila). For 0 ă α ď pn´ 1q{2 and r ą 0 we have spµqprq À Iαpµqr´α.

Proof of Theorem 5.3.1. Letting α “ n´ k ´ ϵ, with k in the given range,

ż

Sp1q

|pµ|2prωqdσpωq À Iαpµqr´α.

So, as we already argued before, we have

ż

Sp1q

|ygdµ|2prωqdσpωq À r´αIαpgdµq À r´αSαpµq ∥g∥2L2pdµq .

If we now argue as in the proof of Proposition 5.2.1, we have

ż

BR

|ygdµ|2pxqwpxqdx –

ż R

0
w0pr2qrn´1

˜

ż

Sp1q

|ygdµ|2prωqdσpωq

¸

dr À

À

ˆ
ż R

0
w0pr2qrk´1`ϵdr

˙

∥g∥2L2pdµq À

À Rϵ

ˆ
ż 8

0
w0pr2qrk´1dr

˙

∥g∥2L2pdµq À

À RϵTk,npwqpΩ, 0q ∥g∥2L2pdµq À Rϵ ∥Tk,npwq∥
8
∥g∥2L2pdµq .

Remark. Theorem 5.3.1 does not recover the known result for the sphere with radial weights,

not even up to the ϵ-loss. In fact, we cannot consider k “ 1 while maintaining an arbitrary small

value of ϵ. Indeed, to have arbitrary small ϵ, we need a large enough codimension k.
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CHAPTER 6

THE MIZOHATA–TAKEUCHI CONJECTURE FOR

GENERAL MEASURES

In the previous chapters we proved some results for a wide class of measures, only satisfying some

dimensional hypotheses and not requiring smoothness. In this chapter we discuss the possibility

of formulating a Mizohata–Takeuchi conjecture for such class of measures. In particular we will

only require the support of the measure to have a certain Hausdorff dimension, without requiring

any smoothness and, later, we will see what happens if we lower the smoothness hypothesis, by

working with rectifiable sets. We will only consider integer dimensions, for which Tk,n makes

sense the way we defined it. In particular we will have k P N, 1 ď k ă n, throughout, even if we

will consider fractal measures at some point.

6.1 A tentative conjecture based on Hausdorff dimension

We observed a sufficient condition for (4.13) to hold with ϵ ą 0 is that µ is the surface measure

of a smooth compact n´ k-dimensional manifold. More in general, if we have a compact set M

of Hausdorff dimension n´ k, by Frostman’s Lemma, there exist a measure µ supported inside

M such that µpBpx, rqq ď rn´k. In particular, it follows that (4.13) is satisfied for any ϵ ą 0.

Conversely, if we assume that (4.13) holds for a measure µ compactly supported, for all

ϵ ą 0, it follows from the characterization of Hausdorff dimension via the α-energy that µ must

be supported on a set of dimension at least n ´ k. Of course the more interesting case is when

the dimension is exactly n´ k.

Moreover, using Proposition 2.3.1, which characterizes α-energies for µ, we can argue in the
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following way:

ż

|ygdµ|2pxqwpxqdx ď

ż

|ygdµ|2pxq
1

|x|k`ϵ
wpxqp1 ` |x|qk`ϵdx À

À In´k´ϵpgdµq

∥∥∥wp¨qp1 ` | ¨ |qk`ϵ
∥∥∥
L8

À

À

∥∥∥wp¨qp1 ` | ¨ |qk`ϵ
∥∥∥
L8

Sn´k´ϵpµq ∥g∥2L2pµq ,

where we used Hölder’s inequality and the Schur test for the estimate

In´k´ϵpgdµq À Sn´k´ϵpµq ∥g∥2L2pµq .

The finiteness of the quantity
∥∥wp¨qp1 ` | ¨ |qk`ϵ

∥∥
L8 is telling us something about the integrability

of the weight on sets of dimension k. In particular, it is easy to see that

∥Tk,nw∥L8 À

∥∥∥wp¨qp1 ` | ¨ |qk`ϵ
∥∥∥
L8

.

In fact

Tk,nwpΩ, vq “

ż

Ω
wpx` vqdλΩpxq ď

∥∥∥wp¨qp1 ` | ¨ |qk`ϵ
∥∥∥
L8

ż

Rk

p1 ` |x|q´pk`ϵqdx

and,
ş

p1 ` |x|q´pk`ϵqdx ă `8, for any ϵ ą 0.

Therefore it seems natural to ask ourselves if a generalization of the Mizohata–Takeuchi

conjecture could be formulated for measures, perhaps compactly supported, under only dimen-

sionality assumptions. In other words, let µ be a measure supported on a set of Hausdorff

dimension n´ k: could the following estimate be true for a constant C only depending on µ?

ż

Rn

|ygdµ|2pxqwpxqdx ď C ∥Tk,nw∥L8 ∥g∥2L2pµq . (6.1)

6.2 A counter-example to the general conjecture

Unfortunately, we are immediately able to disprove (6.1).

We start by constructing a counter-example for n “ 2, k “ 1. Consider a measure ν, that is

to be chosen later, supported on a set of Hausdorff and Minkowski dimension 1{2 on R, so that
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the measure µ defined on R2 as µ :“ ν b ν has support of Hausdorff dimension 1. Similarly,

consider g “ f b f and w “ ub u. Then, (6.1) becomes

ż

R
|yfdν|2pxqupxqdx À

b

∥Xw∥L8 ∥f∥2L2pνq . (6.2)

If ω P S1,

Xwpω, vq “

ż

R
upω1t` v1qupω2t` v2qdt.

Consider the case where u is the characteristic function of a set E. Since at least one between

|ω1| and |ω2| is greater than
?

2{2, say |ω1| ě
?

2{2, we have

|Xwpω, vq| ď

ż

R
χEpω1t` v1qdt ď

?
2|E|.

Therefore we can bound
b

∥Xw∥L8 À ∥u∥L2,1 .

By duality then, (6.2) implies the weak estimate

∥∥∥yfdν∥∥∥
L4,8

À ∥f∥L2pνq .

We can choose the measure ν to be one as described by Theorem 3.2.2. In particular, ν satisfies

the hypotheses of Theorem 3.2.1, and, therefore, we have that

∥∥∥yfdν∥∥∥
Lp

À ∥f∥L2pνq ,

for p ě 6. Now, we would have by interpolation that the bound

∥∥∥yfdν∥∥∥
Lp

À ∥f∥L2pνq ,

would hold for all p, 4 ă p ă 6. But this is a contradiction since Theorem 3.2.2 establish the

bound cannot hold for any p ă 6.

We can generalize this counterexample to any n and k. First, we need an higher dimensional

analogue of the fact that if ω P S1, then either ω1 or ω2 is greater then
?

2{2. Recall the following

classical result of linear algebra:
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Lemma 6.2.1 (Cauchy-Binet). Let A P MatnˆkpRq and B P MatkˆnpRq. Let

S “ tS Ă t1, ..., nu | |S| “ ku.

For S P S, define AS P MatkˆkpRq by taking the k rows of A indexed by S; similarly, define BS

by taking the k columns of B indexed by S.

Then

detpABq “
ÿ

SPS

detpASqdetpBSq.

Then we are able to prove the following corollary:

Lemma 6.2.2. Let ω1, ..., ωk P Rn, with xωi, ωjy “ δij . If A P MatnˆkpRq is given by Aij “ ωi
j,

then there exists S P S such that

|detpASq| ě

ˆ

n

k

˙´1{2

.

Proof. Applying the Cauchy-Binet Lemma with A and At, since AAt “ I, we have

1 “
ÿ

SPS

detpASq2.

So the result follows by observing that |S| “
`

n
k

˘

.

To generalize the counterexample, consider a measure ν, to be chosen later, supported on

a set of Hausdorff and Minkowski dimension pn´ kq{n on R, so that the measure µ defined on

Rn as µ :“
Ân

m“1 ν has support of Hausdorff dimension n´ k. Similarly, consider g “
Ân

m“1 f

and w “
Ân

m“1 u. Then, (6.1) becomes

ż

R
|yfdν|2pxqupxqdx À

`

∥Tk,nw∥L8

˘1{n ∥f∥2L2pνq . (6.3)

If pω1, ..., ωkq is an orthonormal basis of Ω,

Tk,nwpΩ, vq “

ż

Rk

n
ź

j“1

u

˜

k
ÿ

h“1

ωh
j th ` vj

¸

dt.

Consider the case where u is the characteristic function of a set E. By Lemma 6.2.2, without
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loss of generality, we can assume that the k ˆ k matrix A, given by Ajh “ ωh
j has detpAq ě c.

By using the change variables At “ x, we can therefore estimate in the following way:

|Tk,nwpΩ, vq| ď

ż

Rk

k
ź

j“1

χE

˜

k
ÿ

h“1

ωh
j th ` vj

¸

dt À

À

k
ź

j“1

ż

R
χE pxj ` vjq dxj À |E|k.

Therefore we can bound

∥Tk,nw∥L8
1{n

À ∥u∥Ln{k,1 .

By duality then, (6.3) implies the weak estimate

∥∥∥yfdν∥∥∥
L

2n
n´k

,8 À ∥f∥L2pνq .

Again, invoking Theorem 3.2.2, we can choose a measure ν which satisfies

∥∥∥yfdν∥∥∥
Lp

À ∥f∥L2pνq ,

for p ě 2n`2k
n´k . By interpolating with the weak estimate found, we would have the L2 Ñ Lp

bound for all p ą 2n
n´k , which cannot happen. In fact, Theorem 3.2.2 ensures the bound cannot

hold for p ă 2n`2k
n´k , leading us to a contradiction.

6.3 Lp-type Mizohata–Takeuchi estimates

Since we showed that the estimate (6.1) fails for general measures, we can try and consider some

weaker inequalities. We can consider the following family of estimates, that we call MTp:

ż

|ygdµ|2pxqwpxqdx À ∥Tk,npwq∥L8
ΩLp

v
∥g∥2L2pdµq , (6.4)

for 1 ď p ď 8. The counterexample we constructed tells us that MT8 is definitely false for

general measures.

On the contrary, MT1 is always true for compactly supported measures µ. In fact, it is
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straightforward to observe that ∥Tk,npwq∥L8
ΩL1

v
“ ∥w∥L1 . Therefore,

ż

|ygdµ|2pxqwpxqdx ď ∥w∥L1

∥∥∥ygdµ∥∥∥2
L8

À ∥Tk,npwq∥L8
ΩL1

v
∥g∥2L2pdµq .

So, we can expect there exists a certain p0 P p1,`8q such that MTp always fails for p ą p0 for

general measures. Slightly modifying our previous counterexample, we can say something about

this range.

Again, consider a measure ν supported on a set of Hausdorff and Minkowski dimension

pn´ kq{n on R, take µ defined on Rn as µ :“
Ân

m“1 ν, g “
Ân

m“1 f and w “
Ân

m“1 u. Writing

p “ 1 ` pp´ 1q and using Hölder’s inequality, we have

∥Tk,nwpΩ, .q∥p
Lp
v

“

ż

ΩK

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Rk

n
ź

j“1

u

˜

k
ÿ

h“1

ωh
j th ` vj

¸

dt

ˇ

ˇ

ˇ

ˇ

ˇ

p

dλΩKpvq ď I ¨ II,

where

I “

ż

ΩK

ż

Rk

n
ź

j“1

u

˜

k
ÿ

h“1

ωh
j th ` vj

¸

dtdλΩKpvq

and

II “ sup
vPΩK

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Rk

n
ź

j“1

u

˜

k
ÿ

h“1

ωh
j th ` vj

¸

dt

ˇ

ˇ

ˇ

ˇ

ˇ

p´1

.

A change of variable shows that I “ ∥u∥nL1 , while, using Hölder’s inequality and Lemma 6.2.2,

II À p∥u∥kL1 ∥u∥n´k
L8 qp´1.

By taking u “ χE , we have p∥Tk,npwq∥L8
ΩLp

v
q1{n À |E|

n´k`kp
np . So we get the weak estimate

∥∥∥yfdν∥∥∥
L

2np
pn´kqpp´1q

,8
À ∥f∥L2pνq .

Again, we can invoke Theorem 3.2.2 and construct a measure satisfying our hypothesis and such

that ∥∥∥yfdν∥∥∥
Lp

À ∥f∥L2pνq ,

cannot hold for p ă 2n`2k
n´k , but is true for p ě 2n`2k

n´k . In order to not fall into a contradiction

by interpolation, we must necessarily have p ď n`k
k .
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It is interesting to observe that 2 ă n`k
k , therefore the estimate MT2 seems like a good

candidate if we are looking for positive results.

Estimates of this nature have some interest and have already appeared in literarure. For

example, in a recent work of Dendrinos, Mustata and Vitturi ([24]), a MT2-type estimate is

proved for a certain class of quadratic surfaces, like the paraboloid. The method used by the

authors involve some application of the Cauchy-Schwarz inequality and the use of the Wigner

distibution, on which we will come back later in Chapter 8.

If we put ourselves in a more general setting, we can try to exploit ourselves the Cauchy-

Schwarz inequality and the isometry property of Tk,n to argue as follows:

x|ygdµ|2, wy – xp´∆vqk{2Tk,np|ygdµ|2q, Tk,nwy À

∥∥∥p´∆vqk{2Tk,np|ygdµ|2q

∥∥∥
L2

∥Tk,nw∥L2 .

Now, since the operator p´∆qk{4 commutes with Tk,n, we can write, using Plancherel’s Theorem,

∥∥∥p´∆vqk{2Tk,np|ygdµ|2q

∥∥∥
L2

“

∥∥∥p´∆vqk{4Tk,npp´∆qk{4|ygdµ|2q

∥∥∥
L2

–

–

∥∥∥p´∆qk{4|ygdµ|2
∥∥∥
L2

“

∥∥∥| ¨ |k{2gdµ ˚ Ągdµ
∥∥∥
L2
,

where rfpxq :“ f̄p´xq. Another application of Cauchy-Schwarz inequality shows that

|gdµ ˚ Ągdµ|2 ď |µ ˚ rµ| ¨ |g|2dµ ˚ |g|2drµ.

Therefore, using Hölder’s inequality,

∥∥∥| ¨ |k{2gdµ ˚ Ągdµ
∥∥∥2
L2

ď

∥∥∥| ¨ |kµ ˚ rµ
∥∥∥
L8

∥∥|g|2dµ ˚ |g|2drµ
∥∥
L1 “

∥∥∥| ¨ |kµ ˚ rµ
∥∥∥
L8

∥g∥4L2pµq .

Combining everything together, we have that if

∥∥∥| ¨ |kµ ˚ rµ
∥∥∥
L8

ă 8, (6.5)

then
ż

|ygdµ|2pxqwpxqdx À ∥Tk,npwq∥L2 ∥g∥2L2pdµq . (6.6)

Remark. Since Gk,n is compact, ∥Tk,npwq∥L2 À ∥Tk,npwq∥L8
ΩL2

v
. In particular, (6.6) implies MT2.

63



Objects like µ ˚ rµ are studied in Fourier restriction theory. For example, in a famous paper

([26]), Foschi takes advantage of the idea of accessing the Lp norm of the extension operator via

convolutions of the measure when p is an even integer, to prove constants are extremizers for

Lp estimates of the extension operator for S2.

An example of a measure that satisfies (6.5) is the surface measure σn´1 of the sphere Sn´1,

for n ě 3, since

σn´1 ˚ σn´1pξq “
Vn´2

|ξ|

„

1 ´
|ξ|

4

ȷ
n´3
2

`

,

where Vn´2 denotes the surface measure of Sn´2.

Further Problem. Condition (6.5) is essentially a geometrical hypothesis on the measure µ. Even

if we have not been able to produce an example at the time of the writing of this thesis, it is

not unthinkable that one could be able to construct a measure satisfying (6.5) while not being

supported on a regular manifold.

6.4 Mizohata–Takeuchi conjecture for rectifiable measures

We saw how the sole condition on the Hausdorff dimension in not enough to obtain a Mi-

zohata–Takeuchi estimate. Since the idea behind the formulation of the Mizohata–Takeuchi

conjecture is based on the existence of normal and tangent spaces of the support of the measure,

which of course are not defined for fractal measures, we can try to see what happens if we con-

sider rectifiable measures. This represent a wider class compared to the one canonical measures

of smooth manifolds, but we still have a notion of tangent space in this setting.

So, let µ be the n´ k-Hausdorff measure restricted to a, perhaps compact, n´ k-rectifiable

set E. Then, is the estimate

ż

Rn

|ygdµ|2pxqwpxqdx À ∥Tk,nw∥L8 ∥g∥2L2pµq (6.7)

true?

Let us first introduce a slightly different problem. Consider the following bilinear extension

estimate on the plane:

∥∥∥{g1dσ1{g2dσ2∥∥∥
L2pR2q

À ∥g1∥L2pdσ1q ∥g2∥L2pdσ2q . (6.8)
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We say that two curves S1 and S2 on the plane are transverse if any pair of unitary vectors n1,

n2, respectively normal to S1 and S2, are linearly independent and α-transverse if |n1 ^n2| ą α,

for some α ą 0.

Proposition 6.4.1. Let, for i “ 1, 2, Si “ tx P Ai Ă Rd | Fipxq “ 0u be two smooth α-transverse

compact hypersurfaces. Then (6.8) holds.

The content of Proposition 6.4.1 is well know and goes back to some arguments of Fefferman

and Sjölin (we refer the reader to [8] for a more complete overview on the topic of multilinear

restriction). Here, we will give a simple proof using the following result ([13]), which will also

be usefull to us in the Chapter 7.

Theorem 6.4.2 (Bennett-Nakamura-Shiraki). Suppose that M is a k-dimensional C1 subman-

ifold of Rn and Ω is a k-dimensional subspace of Rn for which

TξM X ΩK “ t0u for all ξ P M, (T)

and

xξ ´ ηy X ΩK “ t0u for all ξ, η P M. (GT)

Then

Tk,np|ygdσ|2qpΩ, vq “

ż

M

|gpξq|2

|pTξMqK ^ Ω|
dσpξq (6.9)

Proof of Proposition 6.4.1. Using Plancherel’s Theorem and the Cauchy-Schwarz inequality, we

write

∥∥∥{g1dσ1{g2dσ2∥∥∥
L2

“ ∥g1dσ1 ˚ g2dσ2∥L2 ď ∥dσ1 ˚ dσ2∥L8 ∥g1∥L2pdσ1q ∥g2∥L2pdσ2q .

To study the convolution, first observe that the transversality hypothesis ensures that Si ´txuX

S2 is a well defined d ´ 2-dimensional manifold, for any x P S1 ` S2 and compactness ensures

that, calling µx its natural surface measure, µxpRdq ď K ă `8, uniformly in x. We use again
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delta calculus as in r26s.

g1dσ1 ˚ g2dσ2pxq “

ż

δ

¨

˚

˝

F1px´ yq

F2pyq

˛

‹

‚

g1px´ yqg2pyq|∇F1px´ yq||∇F2pyq|dy “

“

ż

g1px´ yqg2pyq
|∇F2pyq||∇F1px´ yq|

|∇yF1px´ yq ^ ∇F2pyq|
dµxpyq.

Now, using |∇yF1px ´ yq ^ ∇F2pyq| ą α, |∇F1px ´ yq| and |∇F2pyq| ď C and µxpRdq ď K, we

get the estimate

∥g1dσ1 ˚ g2dσ2∥L8 À ∥g1∥L8 ∥g2∥L8 ,

which in particular implies ∥dσ1 ˚ dσ2∥L8 À 1.

Now consider two curves S1 and S2 on the plane that are α-transverse, and assume that for

each of them the Mizohata–Takeuchi conjecture holds. Then

∥∥∥{g1dσ1{g2dσ2∥∥∥2
L2pR2q

À

∥∥∥Xp|{g2dσ2|2q

∥∥∥
L8

∥g1∥L2pdσ1q ,

where the L8 norm of the X-ray transform is taken over directions normal to S1. Therefore,

thanks to the transversality hypothesis, we can use the Theorem 6.4.2 to conclude that

∥∥∥Xp|{g2dσ2|2q

∥∥∥
8

À ∥g2∥2L2pdσ2q .

In particular we have that the Mizohata–Takeuchi conjecture implies the bilinear estimate (6.8).

In [16], the authors (Carbery, Hänninen and Valdimarsson) prove in more general settings

how inequalities like the Mizohata–Takeuchi one imply multilinear estimates like (6.8).

We include a proof of Theorem 6.4.2 for completeness and to show how the transversality

hypothesis comes into play.

Proof of Theorem 6.4.2. The condition (GT) guarantees that M intersects any translate of ΩK

in at most one point. Therefore M can be viewed as a graph of a function φ over Ω.

The condition (T) tells us that all tangent spaces to M meet ΩK transversely, and ensures

that the function φ is of class C1.
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In particular, calling U Ă Ω the orthogonal projection of M onto Ω, and u P U , then φpuq is

the unique element of M X ptuu ` ΩKq ´ tuu. By construction, we can represent M as

M “ tu` φpuq| u P Uu,

where φ : U Ñ ΩK.

Now, we can write the extension operator in the following way:

ygdσpxq “

ż

U
eix¨ΣpuqgpΣpuqqJpuqdλΩpuq,

where Σpuq “ u` φpuq and

Jpuq “

ˇ

ˇ

ˇ

ˇ

BΣ

Bu1
^ ...^

BΣ

Buk

ˇ

ˇ

ˇ

ˇ

.

Then, using Plancherel’s theorem on Ω, we have

Tk,np|ygdσ|2qpΩ, vq “

ż

Ω
|ygdσ|2px` vqdλΩpxq “

“

ż

Ω

ˇ

ˇ

ˇ

ˇ

ż

U
eirx¨u`v¨φpuqsgpu` φpuqqJpuqdλΩpuq

ˇ

ˇ

ˇ

ˇ

2

dλΩpxq “

“

ż

Ω

ˇ

ˇ

ˇ
eiv¨φpuqgpu` φpuqqJpuq

ˇ

ˇ

ˇ

2
dλΩpuq “

“

ż

Ω

ˇ

ˇ

ˇ
gpu` φpuqqJpuq

1
2

ˇ

ˇ

ˇ

2
JpuqdλΩpuq “

ż

M
|gpξq|2Jpupξqqdσpξq,

where upξq is the orthogonal projection of ξ P M onto Ω.

Therefore we only have to show that

Jpuq “
1

|TΣpuqM ^ ΩK|
,

since |pTξMqK ^ Ω| “ |TΣpuqM ^ ΩK|.

Calling e1, ..., en the standard basis of Rn, we can assume, without loss of generality, that

Ω “spanpe1, ..., ekq. First, observe that, since φ has image in ΩK,

ˇ

ˇ

ˇ

ˇ

BΣ

Bu1
^ ...^

BΣ

Buk
^ ek`1 ^ ...^ en

ˇ

ˇ

ˇ

ˇ

“ |e1 ^ ...^ en| “ 1.

Next, we construct an orthogonal basis v1, ..., vk of TΣpuqM via the Gram–Schmidt algorithm,
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using as starting vectors BΣ
Bu1

, ..., BΣ
Buk

. So we have that

BΣ

Bu1
^ ...^

BΣ

Buk
“ v1 ^ ...^ vk

and, in particular,

Jpuq “

ˇ

ˇ

ˇ

ˇ

BΣ

Bu1
^ ...^

BΣ

Buk

ˇ

ˇ

ˇ

ˇ

“ |v1 ^ ...^ vk| “ |v1| ¨ ... ¨ |vk|,

since the vectors v1, ..., vk form an orthogonal basis. Therefore we have

|TΣpuqM ^ ΩK| “

ˇ

ˇ

ˇ

ˇ

v1
|v1|

^ ...^
vk

|vk|
^ ek`1 ^ ...^ en

ˇ

ˇ

ˇ

ˇ

“

“
|v1 ^ ...^ vk ^ ek`1 ^ ...^ en|

|v1| ¨ ... ¨ |vk|
“

1

Jpuq
,

(6.10)

which concludes the proof.

It is then tempting to believe that if the Mizohata–Takeuchi conjecture is true for rectifiable

sets, then so is (6.8), under a suitable transversality hypothesis. Again the answer is negative.

Theorem 6.4.3. Estimate (6.8) fails for a general pair of transverse rectifiable sets. Moreover,

the Mizohata–Takeuchi conjecture is false for a general rectifiable set.

Proof. Consider

M “
ď

kPN
t2´ku ˆ r0, 2´ks Ă R2

and

N “ r´2, 2s ˆ t0u Ă R2,

and equip them with Hausdorff measure, called respectively µ and ν.

If (6.8) holds, then we must have, by using Plancherel, for any sequence of functions tgNu,

∥∥∥{gNdµxdν∥∥∥
L2pR2q

“ ∥gNdµ ˚ dν∥L2pR2q À ∥gN∥L2pdµq .

First, we want to compute gNdµ ˚ dν. The geometry of the problem suggest that this only
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depends on the vertical coordinate. In particular, if h „ 2´k,

gNdµ ˚ dνp0, hq “

k
ÿ

j“0

gN p2´j , hq

and, therefore,

∥gNdµ ˚ dν∥2L2pR2q –

8
ÿ

k“0

ż 2´k

2´k´1

ˇ

ˇ

ˇ

ˇ

ˇ

k
ÿ

j“0

gN p2´j , hq

ˇ

ˇ

ˇ

ˇ

ˇ

2

dh.

On the other side,

∥gN∥2L2pdµq “

8
ÿ

k“0

ż 2´k

0

ˇ

ˇ

ˇ
gN p2´k, hq

ˇ

ˇ

ˇ

2
dh.

If we choose

gN “

N
ÿ

j“0

aj ¨ χt2´juˆr0,2´N s,

where taju is a sequence of positive numbers, then the estimate would imply

ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“0

aj

ˇ

ˇ

ˇ

ˇ

ˇ

2

À

N
ÿ

j“0

|aj |
2,

which cannot hold uniformly in N , as the optimal constant for the inequality between ℓ1 and ℓ2

norms in RN is
?
N .

In particular this constitutes a counterexample to the “rectifiable” Mizohata–Takeuchi in-

equality itself, if we take the weight to be wpx, yq “ |xdν|2pxq. Observe that, with this choice,

wpx, yq „ sin2pxq{x2, which is a positive weight with finite X-ray transform in the normal

direction to the set M .
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CHAPTER 7

A MIZOHATA–TAKEUCHI ESTIMATE FOR TENSOR

WEIGHTS

In this chapter we prove the Mizohata–Takeuchi estimate for smooth manifolds with weights

of the tensor form we already started to study in the previous chapter when constructing the

counterexamples presented.

7.1 The k-plane transform for tensor weights

In this chapter we will refer as tensor weights to weights on Rn of the form

wpx1, ..., xnq “ w1px1q ¨ ¨ ¨wnpxnq.

These behave particularly well when taking the L8 norm of the k-plane transform, as the

following proposition shows. Recall the notation S “ tS Ă t1, ..., nu | |S| “ ku.

Proposition 7.1.1. Consider a tensor weight on Rn of the form

wpx1, ..., xnq “ w1px1q ¨ ¨ ¨wnpxnq.

Then

∥Tk,nw∥L8 „ max
SPS

#

ź

iPS

∥wi∥1 ¨
ź

jPSc

∥wj∥8

+

.

Proof. Call

Q “ max
SPS

#

ź

iPS

∥wi∥1 ¨
ź

jPSc

∥wj∥8

+

.
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For S in S, consider the associated k-plane ΩS “spantei | i P Su. Then

Tk,nwpΩS , 0q “
ź

iPS

∥wi∥1 ¨
ź

jPSc

∥wj∥8
.

Therefore Q À ∥Tk,nw∥8
.

To prove the reverse inequality, consider Ω P Gk,n and let pω1, ..., ωkq be an orthonormal

basis of Ω. Applying Lemma 6.2.2 to ω1, ..., ωk, we can assume, without loss of generality, that

detpASq Á 1 for S “ t1, ..., ku (recall that AS is the k ˆ k minor of the matrix A “ pω1 ¨ ¨ ¨ωkq

defined in Lemma 6.2.2). Then,

Tk,nwpΩ, vq “

ż

Rk

n
ź

j“1

wj

˜

k
ÿ

h“1

ωh
j th ` vj

¸

dt.

By using the change variables ASt “ x, we have

|Tk,nwpΩ, vq| ď

n
ź

j“k`1

∥wj∥8

ż

Rk

k
ź

j“1

wj

˜

k
ÿ

h“1

ωh
j th ` vj

¸

dt À

À

n
ź

j“k`1

∥wj∥8
¨

k
ź

j“1

ż

R
wj pxj ` vjq dxj À

À

n
ź

j“k`1

∥wj∥8
¨

k
ź

i“1

∥wi∥1 .

Therefore Q Á ∥Tk,nw∥8
and the constant is given by Lemma 6.2.2.

Remark. Observe that taking the maximum of the quantities
ś

iPS ∥wi∥1 ¨
ś

jPSc ∥wj∥8
is neces-

sary if we want to consider the L8 norm over all possible orientation of k-planes. When dealing

with a Mizohata–Takeuchi estimate however, depending on the normal bundle, we can get away

with just considering less planes, or even just one.

We first look at the case when all normal k-planes to a manifold M are close to a main

k-plane Ω.

Theorem 7.1.2. Let M be a k-dimensional C1 manifold and w be a weight of the form of

Proposition 7.1.1. Let Ω is a k-plane of the form ΩS “ spantej |j P Su, for some S P S. Assume

that M and Ω satisfy the hypothesis of Theorem 6.4.2 and, moreover, that |TξM ^ ΩS | ě c ą 0,

for all ξ P M . Then the Mizohata–Takeuchi conjecture is true for M .
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Proof. Without loss of generality, assume that Ω “spante1, ..., eku.

First observe that w ď w̃ pointwise a.e., where

w̃px1, ..., xnq “ w1px1q...wkpxkq

n
ź

j“k`1

∥wj∥8
.

Then

ż

Rn

|ygdσpxq|2wpxqdx ď

ż

Rn

|ygdσpxq|2w̃pxqdx ď

ď

n
ź

j“k`1

∥wj∥8
¨

k
ź

i“1

∥wi∥1 Tk,np|ygdσ|2qpΩ, 0q.

Then by Theorem 6.4.2 and Proposition 7.1.1 we have the result.

7.2 Decomposition of a manifold

We now want to prove that, given a manifold, we can decompose it into pieces on which we can

apply Theorem 7.1.2.

Theorem 7.2.1. Let M be a compact C1-manifold of codimension k and w be a weight of the

form of Proposition 7.1.1. Then the Mizohata-Takeuchi conjecture holds for M equipped with

the canonical surface measure σ and weight w.

Proof. For S P S, call ΩS “ spantei| i P Su. First observe that for all ξ P M there is S P S

such that

|TξM ^ ΩS | ą 0

and, in particular, TξM X ΩS “ t0u. In fact, if ω1, ..., ωn´k is an orthonormal base of TξM ,

then there must exist a minor n ´ k ˆ n ´ k of the matrix given by the vectors ω1, ..., ωn´k

as columns with non-zero determinant. In particular, there is an S P S such that the matrix

given by the vectors ω1, ..., ωn´k and tei| i P Su as columns has non-zero determinant equal to

|TξM ^ ΩS | “ c. Observe that we can choose S optimally if we select the one that gives the

greatest determinant.

Since M is C1- regular we can find a whole neighbourhood U “ Upξq of ξ such that |TηM ^

ΩS | ě c{10 ą 0, @η P U .

72



We now show that if Upξq is chosen small enough, then xx ´ yy X ΩS “ t0u for all x, y P U .

If this was false, then we would be able to find two sequences txmu and tymu converging to ξ

such that xxm ´ ymy Ă ΩS .

Up to passing to a subsequence, we have that

lim
mÑ8

xm ´ ym
|xm ´ ym|

“ v P ΩS ,

since pxm ´ ymq{|xm ´ ym| P ΩS and ΩS is closed. If we prove that v belongs to TξM , we get a

contradiction because we would have |TξM ^ ΩS | “ 0.

If Upξq is chosen small enough, we can assume there is a C1- homeomorphism φ : B Ñ U ,

where B is a ball in Rn´k and φp0q “ ξ. We can then write xm “ φpsmq and ym “ φptmq,

where the sequences tsmu and ttmu converge to 0. TξM can be characterized as the image of

the jacobian matrix Jφp0q of φ at 0. Since B is convex, we can use the mean value theorem to

write

xm ´ ym “ φpsmq ´ φptmq “ Jφpzmqpsm ´ tmq,

for a sequence tzmu Ă B, where each zm lies in the line segment between sm and tm. Dividing

both sides by |xm ´ ym|, and and since |xm ´ ym| “ |φpsmq ´ φptmq|, we obtain

xm ´ ym
|xm ´ ym|

“ Jφpzmq
sm ´ tm

|φpsmq ´ φptmq|
, (7.1)

Clearly, zm Ñ 0. In fact,

|zm| ď |sm| ` |zm ´ sm| ď |sm| ` |tm ´ sm| Ñ 0 as m Ñ 8.

Passing to the limit in (7.1), the left-hand side converges to v and Jφpzmq converges to Jφp0q.

So, we only need to show that wm “ psm ´ tmq{|φpsmq ´ φptmq| converges to some vector w.

Now,

φpsmq ´ φptmq

|sm ´ tm|
“ Jφpzmq

sm ´ tm
|sm ´ tm|

is bounded and therefore, up to passing to a subsequence, it converges to a non-zero vector,

because φ is a non-degenerate map. In particular, it follows that |wm| is definitely bounded,

and so, up to passing to a subsequence, convergent.
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Using compactness, we can now choose a finite number of such sets U that cover the whole

manifold. We can modify the sets so that, if they intersect, we consider the intersection only

once. On each U we can apply Theorem 7.1.2 with Ω “ ΩK
S and, summing all the pieces we get

the wanted inequality for the whole M .

Remark. It is worth mentioning that one might consider an optimal decomposition in the fol-

lowing way: given the manifold M , consider, for each S P S,

MS “
␣

ξ P M | |TξM ^ ΩS | ě |TξM ^ ΩS1 | @S1 P S
(

.

In fact, this decomposition both minimizes the number of components and the constant appear-

ing in the estimate which is supξ |TξM ^ ΩS |´1. However, there are some problems. First, each

MS is not necessarily connected. For example, if M is the sphere Sn´1, each MS has 2 connected

components, at opposite poles. This is easily fixable by considering each connected component

separately. The main issue is that, in the proof of Theorem 7.2.1 we deduce condition (GT)

from condition (T) using the fact that we consider small enough pieces of M . We do not have

a way to prove (GT) just from (T) with this decomposition for a general M .

This is still an optimal decomposition for any specific manifold for which we can verify (GT)

directly, like one can do, for example, in the case of Sn´1.

Remark. Observe that Proposition 7.1.1 still holds for weight of the form

wpxq “

n
ź

j“1

wjpvj ¨ xq,

where tvju
n
j“1 are linearly independent vectors in Rn. In fact the two cases only differ by a

linear change of coordinates and we will only get a constant that depends on the geometry of

the vectors tvju. Similarly, we can apply a linear change of coordinates to extend the results of

Theorem 7.1.2 and Theorem 7.2.1 to this type of weights by recovering to the proven case.

Further Problem. A result like Proposition 7.1.1, can be seen as type of Brascamp-Lieb inequality

in the sense that we are proving an estimate of the form

ż

Ω`v

ź

wj À

n
ź

j“k`1

∥wj∥8
¨

k
ź

i“1

∥wi∥1 .
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One can therefore wonder if it is possible to argue similarly to what done in this chapter, to

prove a Mizohata–Takeuchi estimate for more general “Bracamp-Lieb” weights of the form

wpxq “

m
ź

j`1

wjpLjxq,

for some linear maps Lj : Rn Ñ Rnj , via comparing

∥Tk,nw∥8
„

m
ź

j`1

∥wj∥pj .
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CHAPTER 8

A MIZOHATA–TAKEUCHI CONJECTURE FOR THE

PARABOLOID

In this chapter we will introduce a variant of the Mizohata–Takeuchi conjecture for the paraboloid

in Rn and give a proof of the fact that the Mizohata–Takeuchi inequality for the sphere implies

the one for the paraboloid, by using an approximation argument via ellipsoids.

8.1 Wigner distribution and Schrödinger equation

The following observation is due to a work of Bennett, Gutiérrez, Nakamura and Oliveira ([9]).

Let u : Rd ˆ R Ñ C be a solution to the Schrödinger equation

i
Bu

Bt
“ ∆u, (8.1)

with initial data u0 P L2pRdq.

One can see the solution u as the Fourier extension operator associated with the paraboloid

in Rd`1

P “ tpξ, ξd`1q P Rd ˆ R| ξd`1 “ |ξ|2u,

defined as

EPgpx, tq “

ż

Rd

eipx¨ξ`t|ξ|2qgpξqdξ.

In fact we have upx, tq “ EPxu0px, tq.
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Now, let us introduce the Wigner transform, defined as

W pg1, g2qpx, vq “

ż

Rd

g1px´ yqg2px` yqeiv¨ydy, (8.2)

for g1, g2 P L2pRdq.

We refer the reader to [21] for more information about the Wigner transform and its role in

Quantum Mechanics. In particular, we will use some of its properties.

One can show that

fpx, v, tq :“ W pup¨, tq, up¨, tqqpx, vq

satisfies the kinetic transport equation

Bf

Bt
` v ¨ ∇xf “ 0.

Therefore we have

fpx, v, tq “ f0px´ tv, vq,

where f0 “ W pu0, u0q is the Wigner distribution of the initial data u0.

The Wigner distribution has the following property:

ż

Rd

W pg, gqpx, vqdv “ |gpxq|2.

Therefore we can write

|upx, tq|2 “

ż

Rd

fpx, v, tqdv “

ż

Rd

f0px´ tv, vqdv “: ρpf0qpx, tq. (8.3)

The operator ρ, which is referred to as a velocity averaging operator in kinetic theory, re-

sembles an adjoint space-time X-ray transform. In fact, we have that its adjoint is

ρ˚pgqpx, vq “

ż

R
gpx´ tv, tqdt,

which is of course an integral of the space-time function g along the line through the point px, 0q

with direction p´v, 1q.

If we now look at the weighted L2 norm of u, we can use (8.3) to write
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ż

RdˆR
|upx, tq|2wpx, tqdxdt “

ż

RdˆRd

W pu0, u0qpx, vqρ˚wpx, vqdxdv. (8.4)

Now, if we choose the initial data u0 to be a real gaussian, then W pu0, u0q is also a real

gaussian. We can then use the non-negativity of the terms, together with Hölder’s inequality,

to get

ż

RdˆR
|upx, tq|2wpx, tqdxdt ď

ż

Rd

ˆ
ż

Rd

W pu0, u0qpx, vqdx

˙

sup
x
ρ˚wpx, vqdv

“

ż

Rd

|pu0pvq|2 sup
x
ρ˚wpx, vqdv,

which in particular implies that

ż

RdˆR
|upx, tq|2wpx, tqdxdt ď ∥ρ˚w∥8 ∥u0∥22 ,

It is seems therefore natural to ask if we can have

ż

RdˆR
|EPgpx, tq|2wpx, tqdxdt À

ż

Rd

|gpvq|2 sup
x
ρ˚wpx, vqdv, (8.5)

or the weaker

ż

RdˆR
|EPgpx, tq|2wpx, tqdxdt À sup

xPRd

vPsptpgq

ρ˚wpx, vq ∥g∥22 (8.6)

for general g P L2. The inequalities (8.6) and (8.5) represent respectively and equivalent for

the paraboloid of the Mizohata–Takeuchi conjecture and the Stein–Mizohata–Takeuchi conjec-

ture.

Observe that it is enough to prove the conjecture for a compact piece of the paraboloid, for

it to hold for the full paraboloid.

Proposition 8.1.1. Let

PR “ tpξ, ξd`1q P Rd ˆ R| ξd`1 “ |ξ|2, ξ P BRp0qu
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be the truncated paraboloid and let EPR
be the associated Fourier extension operator.

Then, if (8.5), or (8.6), holds for EPR
with constant C, so it does for EP, with the same

constant.

Proof. We prove the statement for (8.5). The other is analogous.

Let g P C8
c pRnq. Then, there exist λ ą 0 such that gλpξq :“ gpλξq is supported in BRp0q.

We can write

EPpgqpx, tq “

ż

Rn

eipx¨ξ`t|ξ|2qgpξqdξ “ λn
ż

Rn

eipλx¨η`λ2t|η|2qgpληqdη “ λnEPR
gλpλx, λ2tq.

In particular we have

ż

|EPgpx, tq|2wpx, tqdxdt “ λ2n
ż

|EPR
gλpλx, λ2tq|2wpx, tqdxdt “

“ λn´2

ż

|EPR
gλpx, tq|2wpx{λ, t{λ2qdxdt ď

ď Cλn´2

ż

|gλpξq|2 sup
x
ρ˚wλpx, ξqdξ,

where wλpx, tq :“ wpx{λ, t{λ2q.

Now,

ρ˚wλpx, ξq “

ż

wppx` tξq{λ, t{λ2qdt “

ż

wppx` tξq{λ, t{λ2qdt “

“ λ2
ż

wpλx` tλξ, tq “ λ2ρ˚wpλx, λξqdt.

Since taking a supremum over x or λx are equivalent, we obtain, by changing variable once

again,

ż

|EPgpx, tq|2wpx, tqdxdt ď Cλn
ż

|gλpξq|2 sup
x
ρ˚wpx, λξqdξ “ C

ż

|gpξq|2 sup
x
ρ˚wpx, ξqdξ.

The thesis now follows via a standard approximation argument, using that C8
c is dense in L2.

8.2 Approximating the parabola with ellipses

We want to embed the parabola into a family of quadratic surfaces which contains both the

paraboloid and the sphere, in order to study the connection between the respective Mizo-
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hata–Takeuchi inequalities.

We start by studying the planar case, so consider the family of conic sections Ee on the plane,

with focus on the origin and parametrized by their eccentricity e P r0, 1s, given by the polar

equation

r “ rpθq “
1

1 ` e cospθq
. (8.7)

In particular Ee can be parametrized by the function

φepθq “

ˆ

cospθq

1 ` e cospθq
,

sinpθq

1 ` e cospθq

˙

, θ P p´π, πq. (8.8)

Of course here E0 corresponds to the circle S1, E1 to the parabola and Ee, for 0 ă e ă 1, are

ellipses.

It is worth observing that, when defining the extension operator, we are not equipping the

paraboloid with the usual surface measure, but the so called affine surface measure. In the 2-

dimensional setting we talk about the affine arc-length measure, which is defined for a C2-curve

as

dµ “ k1{3dσ, (8.9)

where k is the curvature of the curve and dσ is the usual arc-length measure of a rectifiable

curve. Alternatively, and equivalently, given a parametrization ϕptq of the curve, we can use the

formula

dµptq “

ˆ

det

ˆ

ϕ1ptq ϕ2ptq

˙˙1{3

dt, (8.10)

since dσptq “ ∥ϕ1ptq∥ dt and

kptq “ det

ˆ

ϕ1ptq ϕ2ptq

˙

¨
∥∥ϕ1ptq

∥∥´3
. (8.11)

We refer the reader to Guggenheimer ([28]) to understand the idea behind the definition of

affine arc-length for curves in Rn and to the survey paper [47] for its generalization, that we will

discuss in the next section.
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We equip each Ee with its affine arc-length measure µe which we compute using our polar

coordinate parametrization. We have

φ1
epθq “

¨

˚

˝

´ sinpθq

p1`e cospθqq2

e`cospθq

p1`e cospθqq2

˛

‹

‚

, φ2
epθq “

¨

˚

˝

´ cospθqp1`e cospθqq´2e sin2pθq

p1`e cospθqq3

´ sinpθqp1`e cospθqq`2epe`cospθqq sinpθq

p1`e cospθqq3

˛

‹

‚

,

and so we obtain

dµepθq “
dθ

1 ` e cospθq
. (8.12)

In particular, we have that the curvature of the curve Ee is

keptq “
1

p
a

1 ` 2 cospθq ` e2q3
.

Now we need to define a suitable “X-ray transform” for each Ee, which has to coincide with

the known cases for the circle and the parabola. From the computation of the tangent vector

φ1
e, we observe that a normal vector to each Ee at the point of parameter θ is

nepθq “

ˆ

e` cospθq

1 ` e cospθq
,

sinpθq

1 ` e cospθq

˙

. (8.13)

This corresponds to the unit normal vectors to the circle for e “ 0 and to vectors of the form

p1, yq for a parabola of coordinates px, yq, like the ones we saw in the previous section in the

definition of ρ˚.

Therefore, define the following variant of the X-ray transform, adapted to each conic:

Xefpne, vq “

ż

R
fpnet` vqdt, v P R2. (8.14)

This can be seen as an extension of the domain of the classical X-ray transform, since we are

not only considering unitary vectors for the direction of the lines we integrate on.

Remark. X1 correspond to ρ˚ up to some constants, depending on the fact that the paraboloid

E1 is not the paraboloid of equation xn “
ř

x2j , which is the one considered on previous section.

The two are of course equivalent up to an affine transformation.

We can now conjecture the two following inequalities for the whole family of conics:
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ż

R2

|zgdµe|2pxqwpxqdx À

ż π

´π
|gpθq|2 sup

v
Xewpnepθq, vqdµepθq, (8.15)

ż

R2

|zgdµe|2pxqwpxqdx À ∥Xew∥8

ż π

´π
|gpθq|2dµepθq. (8.16)

Proposition 8.2.1. If (8.15) is true for a value of e P r0, 1q, then its true for every 0 ď e ă 1

with the same constant. Similarly, for (8.16).

Proof. From (8.7), we can deduce that the equation of Ee in Cartesian coordinates, for 0 ď e ă 1,

is

p1 ´ e2q2
ˆ

x1 `
e

1 ´ e2

˙2

` p1 ´ e2qx22 “ 1. (8.17)

So we can define the affine map Te : S1 Ñ Ee as

Tepωq “ A´1
e ω ´ be,

where

Ae “

¨

˚

˝

p1 ´ e2q 0

0
?

1 ´ e2

˛

‹

‚

, be “

¨

˚

˝

e
1´e2

0

˛

‹

‚

,

that brings the circle to the ellipse bijectively. Observe that T1 is not well defined. In fact, there

is no affine function, nor continuous function, that maps the sphere to the parabola, since the

sphere is compact. We prove that if (8.15) is true for S1, then its true for Ee. The converse

implication follows from the same argument, but using the map T´1
e . The proposition then

follows by transitivity.

From the definition (8.10), we can easily check that affine arc-length measure is preserved by

affine change of coordinates, up to the cubic root of the determinant of the matrix of the affine

map. So we can write

zgdµepxq “

ż

eix¨ξgpξqdµepξq “ p1 ´ e2q´1{2

ż

eix¨TepηqgpTepηqqdσpηq “

“ p1 ´ e2q´1{2e´ix¨be

ż

eix¨A´1
e pηqgepηqdσpηq “ p1 ´ e2q´1{2e´ix¨be

zgedσpA´1
e xq,

where gepηq “ gpTepηqq.
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Therefore we have

ż

|zgdµe|2pxqwpxqdx “ p1 ´ e2q´1

ż

|zgedσ|2pA´1
e xqwpxqdx “

“ p1 ´ e2q1{2

ż

|zgedσ|2pyqwpAeyqdy “ p1 ´ e2q1{2

ż

|zgedσ|2pyqwepyqdy,

where wepyq “ wpAeyq.

By hypothesis, we then have

ż

|zgdµe|2pxqwpxqdx À p1 ´ e2q1{2

ż

|gepωq|2 sup
v
Xwepω, vqdσpωq.

Now, we change variable on the right-hand side, by writing ω “ T´1
e pξq “ Aepξ ` beq, ξ P Ee. so

we get
ż

|zgdµe|2pxqwpxqdx À p1 ´ e2q

ż

|gpξq|2 sup
v
XwepT´1

e pξq, vqdµepξq.

So we only need to prove that

p1 ´ e2qXwepT´1
e pξq, vq “ Xewpneξ, ṽq,

for some translation variable v, ṽ.

We have

XwepT´1
e pξq, vq “

ż

wpA2
epξ ` beqt`Aevqdt

and

A2
epξ ` beq “ A2

eTepωq `A2
ebe “ Aeω.

First we want to show that Aeω is normal to Ee at the point Tepωq.

Call

R “

¨

˚

˝

0 ´1

1 0

˛

‹

‚

,

which is the matrix that correspond to a rotation of angle π{2.

If φptq is a parametrization of S1, then Te ˝ φptq is a parametrization of Ee. Let ω “ φptq.

The tangent vector to S1 at ω can be written as φ1ptq “ Rω. The normal of Ee at the point

Tepωq is given by a rotation of angle π{2 of the tangent vector, which can be written, using the
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parametrization, as

neTepωq “ R
dTe ˝ φ

dt
ptq “ RA´1

e φ1ptq “ RA´1
e Rω.

So we want that RA´1
e Rω “ λAeω, for some λ P R. But this is true since

RA´1
e RA´1

e “ detpAeq´1Id

as one can check by simply observing that multiplying a diagonal matrix left and right by the

matrix R exchanges the values of the diagonal terms. Therefore we know that,

XwepT´1
e pξq, vq “ Xwpcneξ, ṽq “ c´1Xewpneξ, ṽq,

where

c “
∥Aeω∥

∥neTepωq∥
.

Using the polar coordinate representation of Ee,

∥nepθq∥2 “
pe` cospθqq2 ` sin2pθq

p1 ` e cospθqq2

and

∥Aeω∥2 “
p1 ` 2e cospθq ` e2qp1 ´ e2q2

p1 ` e cospθqq2
,

where Tepωq and θ represent the same point on Ee. In particular, c “ 1 ´ e2 and therefore the

thesis is proved.

The proof of the statement about (8.16) is analogous.

Proposition 8.2.2. If (8.16) is true for e “ 0 (circle), then it is true for e “ 1 (parabola) for

positive weights.

Proof. We prove the statement for a compact piece of the parabola, since we saw that this

implies the result for the full parabola.

In this proof, instead of working with the conics themselves, we will use the polar repre-

sentation to just work on the interval r´π{2, π{2s, equipped with the different measures µe. In

particular, we start with a smooth function g defined on r´π{2, π{2s.
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For 0 ď e ď 1, consider the family of maps from p´π, πq to the normal bundle NEe of Ee

Fe : p´π, πq Ñ NEe

θ ÞÑ nepθq.

Observe that on r´π{2, π{2s the maps Fe are bijective.

Define gepθq “ gpF´1
1 ˝ Fepθqq. We have to think of ge as the function g, initially defined

on the parabola, glued on the ellipse Ee in a way so that the set of normal directions to the

parabola on the support of g is preserved.

By hypothesis, (8.16) is true for the circle and therefore for every ellipse. So we can consider

the family of inequalities

ż

|{gedµe|2pxqwpxqdx À ∥Xew∥8

ż π{2

´π{2
|gepθq|2dµepθq,

for 0 ă e ă 1. We want to obtain the thesis by taking the limit for e Ñ 1. For the left-hand

side, observe that {gedµe Ñ zgdµ1 converge pointwise by dominated convergence. Therefore we

can use Fatou’s Lemma to get

ż

|zgdµ1|2pxqwpxqdx À lim
eÑ1

ż

|{gedµe|2pxqwpxqdx.

On the right-hand side, we have to deal with two terms. The L2 norm simply converges by

dominated convergence, since the measures are uniformly bounded on r´π{2, π{2s. To take the

limit on the X-ray transform we have to be more careful. First observe that, since ∥ne∥ ě 1,

with a change of variable we have

Xefpne, vq ď Xf

ˆ

ne

∥ne∥
, v

˙

.

Now, thanks to the way we defined the ge, the family of vectors ne{ ∥ne∥ does not depend on e.

So we have
ż

|zgdµ1|2pxqwpxqdx À ∥Xw∥8 ∥g∥2L2pµ1q .

But now, since we are working on a compact subset of the parabola, the normal vectors have a

maximum norm and therefore we can find a constant such that ∥Xw∥8 À ∥X1w∥8.
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Proposition 8.2.3. If (8.15) is true for e “ 0 (circle), then it is true for e “ 1 (parabola) for

weights of class Cc (continuous and compactly supported).

Proof. The proof is the same as the one for the previous Proposition and it only differs when

taking the limit on the right-hand side of our inequality

ż π{2

´π{2
|gepθq|2 sup

v
Xewpnepθq, vqdµepθq.

Observe that, since w P Cc, ∥Xw∥8 ă 8, so we know that the integrands are uniformly bounded

and we can use dominated convergence. We only need to show that

sup
v
Xewpnepθq, vq ÝÑ sup

v
X1wpn1pθq, vq

pointwise, as e Ñ 1. Now,

Xewpnepθq, vq “

ż

R
wpnepθqt` vqdt.

Clearly ne Ñ n1 and so, by continuity of w, Xewpnepθq, vq Ñ X1wpn1pθq, vq.

Since w is compactly supported and continuous, the same holds for W pe, vq :“ Xewpnepθq, vq,

which is then, in particular, uniformly continuous. Therefore the convergence is uniform over

the parameter v, and so we have our thesis.

8.3 Approximating the paraboloid with ellipsoids

We now want to extend the results of previous section to higher dimensions.

We define our family of quadratic surfaces as rotational hypersurfaces, starting from the

2-dimensional setting we already studied. In other words, consider the spherical coordinates

pr, θ1, ..., θn´1q in Rn and define the family Ee of quadratic hypersurfaces parametrized by their

eccentricity e P r0, 1s, via the equation

r “ rpθ1q “
1

1 ` e cospθ1q
. (8.18)
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In particular Ee can be parametrized by the function

φepθ1, ..., θn´1q “

ˆ

cospθ1q

1 ` e cospθ1q
,

sinpθ1q cospθ2q

1 ` e cospθ1q
, ...

...,
1

1 ` e cospθ1q

˜

j´1
ź

ℓ“1

sinpθℓq

¸

cospθjq, ...

...,
sinpθ1q... sinpθn´2q cospθn´1q

1 ` e cospθ1q
,

sinpθ1q... sinpθn´1q

1 ` e cospθ1q

˙

,

(8.19)

θ1 P p´π, πq, θ2, ..., θn´1 P p´π{2, π{2q.

E0 corresponds to the sphere S1, E1 to the paraboloid and Ee, for 0 ă e ă 1, are ellipsoids.

The affine surface measure of an hypersurface is defined as

dµ “ k1{pn`1qdσ, (8.20)

where k is the Gaussian curvature, which is given by the product of the principal curvatures,

and dσ is the standard surface measure.

Given a parametrization ϕpt1, ..., tn´1q, the affine surface measure can be written as

dµptq “

ˇ

ˇ

ˇ

ˇ

ˇ

det

ˆ

det

ˆ

Bϕ

Bt1
, ...,

Bϕ

Btn´1
,

B2ϕ

BtiBj

˙˙n´1

i,j“1

ˇ

ˇ

ˇ

ˇ

ˇ

1
n`1

dt1...dtn´1. (8.21)

In our case, this measure is easy to compute since we are working with a rotational hyper-

surface. The surface area is given by the the arc-length measure of the profile curve and the

surface area of the n ´ 2-dimensional sphere of rotation of radius given by the distance of the

curve from the rotation axis. In spherical coordinates this is

rsinpθ1qrpθ1qsn´2rrpθ1q
a

1 ` 2 cospθ1q ` e2s2 sinn´2pθ2q... sinpθn´2qdθ1...dθn´1.

The principal curvatures are given by the curvature of the profile curve p
a

1 ` 2 cospθ1q ` e2q´3

and and the curvature along the directions of rotation. To compute these we can use Meusnier’s

formula:

Proposition 8.3.1 (Meusnier’s formula). Let C be a curve on a manifold M passing through

p P M and with unit tangent vector V . Then the curvature of M in direction V at p is k cospαq,
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where k is the curvature of C at p and α is the angle between the normal of α and the normal

of M at p.

See r49s for a proof.

Given the symmetry of the the problem, the other n´2 principal curvatures are all equal. We

compute the curvature along the circle of coordinates pθ1, θ2, 0, ..., 0q. This circle has curvature

rsinpθ1qrpθ1qs´1 and normal N “ p0, 1, 0, ..., 0q, while

cospαq “
xN, Bθ1φey

∥Bθ1φe∥
“

sinpθ1qrpθ1q3

rpθ1q2p
a

1 ` 2 cospθ1q ` e2q
.

Therefore, the principal curvatures are r
a

1 ` 2 cospθ1q ` e2s´1 and the affine surface measure

is

dµepθq “ rpθ1qn sinn´1pθ1q sinn´2pθ2q... sinpθn´2qdθ1...dθn´1.

Remark. Observe that dµepθq has the same form of the Lebesgue measure in Rn in polar coor-

dinates, with the difference that the radius variable depends on the angular one.

We define the variant of the X-ray transform as in the planar case:

Xefpne, vq “

ż

R
fpnet` vqdt, v P Rn, (8.22)

where the normal vectors ne are just the vectors of the planar case rotated around the rotational

axis.

We can now conjecture the two following inequalities for the whole family of quadratic

hypersurfaces:

ż

Rn

|zgdµe|2pxqwpxqdx À

ż

|gpθq|2 sup
v
Xewpnepθq, vqdµepθq, (8.23)

ż

Rn

|zgdµe|2pxqwpxqdx À ∥Xew∥8

ż

|gpθq|2dµepθq. (8.24)

Proposition 8.3.2. If (8.23) is true for a value of e P r0, 1q, then its true for every 0 ď e ă 1

with the same constant. Similarly, for (8.24).

Proof. From (8.18), we can deduce that the equation of Ee in Cartesian coordinates, for 0 ď e ă
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1, is

p1 ´ e2q2
ˆ

x1 `
e

1 ´ e2

˙2

` p1 ´ e2q

n
ÿ

j“2

x2j “ 1. (8.25)

So we can define the affine map Te : Sn´1 Ñ Ee as

Tepωq “ A´1
e ω ´ be,

where

Ae “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

p1 ´ e2q 0 0 . . . 0

0
?

1 ´ e2 0 . . . 0

0 0
?

1 ´ e2 . . . 0

...
...

0 0 . . . 0
?

1 ´ e2

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

, be “

¨

˚

˚

˚

˚

˚

˚

˚

˝

e
1´e2

0

...

0

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

Te brings the sphere to the ellipsoids bijectively. Again, observe that T1 is not well defined. We

proceed as in the planar case and prove that if (8.23) is true for Sn, then its true for Ee. The

converse implication follows from the same argument, but using the map T´1
e . The proposition

then follows by transitivity.

From the definition (8.21), we can easily check that affine surface measure is preserved by

affine change of coordinates, up to the n´1
n`1 power of the determinant of the matrix of the affine

map. So we can write

zgdµepxq “

ż

eix¨ξgpξqdµepξq “ |p1 ´ e2q
n`1
2 |

´n´1
n`1

ż

eix¨TepηqgpTepηqqdσpηq “

“ p1 ´ e2q´n´1
2 e´ix¨be

ż

eix¨A´1
e pηqgepηqdσpηq “ p1 ´ e2q´n´1

2 e´ix¨be
zgedσpA´1

e xq,

where gepηq “ gpTepηqq.

Therefore, we have

ż

|zgdµe|2pxqwpxqdx “ p1 ´ e2q1´n

ż

|zgedσ|2pA´1
e xqwpxqdx “

“ p1 ´ e2q
3´n
2

ż

|zgedσ|2pyqwpAeyqdy “ p1 ´ e2q
3´n
2

ż

|zgedσ|2pyqwepyqdy,

where wepyq “ wpAeyq.
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By hypothesis, we then have

ż

|zgdµe|2pxqwpxqdx À p1 ´ e2q
3´n
2

ż

|gepωq|2 sup
v
Xwepω, vqdσpωq.

Now, we change variable on the right-hand side, by writing ω “ T´1
e pξq “ Aepξ` beq, ξ P Ee. So

we get
ż

|zgdµe|2pxqwpxqdx À p1 ´ e2q

ż

|gpξq|2 sup
v
XwepT´1

e pξq, vqdµepξq.

So we only need to prove that

p1 ´ e2qXwepT´1
e pξq, vq “ Xewpneξ, ṽq,

for some translation variable v, ṽ.

We have

XwepT´1
e pξq, vq “

ż

wpA2
epξ ` beqt`Aevqdt

and

A2
epξ ` beq “ A2

eTepωq `A2
ebe “ Aeω.

First we want to show that Aeω is normal to Ee at the point Tepωq. But this follows from the 2-

dimensional case, since both vectors are rotations of the vectors appearing in the 2-dimensional

case. Therefore we know that,

XwepT´1
e pξq, vq “ Xwpcneξ, ṽq “ c´1Xewpneξ, ṽq,

where

c “
∥Aeω∥

∥neTepωq∥
.

Again, the norms are the same of the 2-dimensional vectors, so c “ 1 ´ e2 and therefore the

thesis is proved.

The proof of the statement about (8.24) is analogous.

Proposition 8.3.3. If (8.24) is true for e “ 0 (sphere), then it is true for e “ 1 (paraboloid)

for positive weights.
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Proof. The proof is analogous to the planar case. We only need to be carefulwe defining the

functions ge. In fact we only need to modulate the function g on the variable θ1. So, given the

maps Fe as in the previous section,

gepθ1, θ2, ..., θn´1q “ gpF´1
1 ˝ Fepθ1q, θ2, ..., θn´1q.

Proposition 8.3.4. If (8.23) is true for e “ 0 (sphere), then it is true for e “ 1 (paraboloid)

for weights of class Cc.

Proof. Again, the proof follows the planar case. In particular, we use that w P Cc to prove that

∥Xw∥8 ă 8 and

sup
v
Xewpnepθq, vq ÝÑ sup

v
X1wpn1pθq, vq

pointwise in θ, so that the thesis follows from dominated convergence.

Further Problem. In this chapter we saw how it was necessary to introduce for each ellipsoid,

its own X-ray transform. This might suggest us that, in order to formulate a very general

Mizohata–Takeuchi conjecture for a measure µ, it might be necessary to introduce a particular

X-ray tranform depending on the measure µ. This approach is somewhat investigated in [9],

where the authors introduce a certain Wigner transform on each surface, which in turn induces

a certain X-ray type transform, like in the case of the paraboloid.
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CHAPTER 9

THE MIZOHATA–TAKEUCHI PROBLEM ON GROUPS

We have already introduced an analogue of the k-plane transform in the setting of LCA groups.

We now want to use it to try formulate an analogue of the Mizohata–Takeuchi conjecture in this

more abstract setting.

9.1 Setting up the problem

This work was partially inspired by a work of Bennett and Jeong ([11]) on Brascamp-Lieb

inequalities.

Let H1, ...,Hm be euclidean spaces and consider a subspace H of H1 ˆ ¨ ¨ ¨ ˆ Hm. Given

an m-tuple of exponents p “ pp1, ..., pmq P r1,`8sm, the Brascamp-Lieb problem consists in

establishing the best constant BLpH,pq for the Brascamp-Lieb inequality

ˇ

ˇ

ˇ

ˇ

ż

H
f1 b ¨ ¨ ¨ b fm

ˇ

ˇ

ˇ

ˇ

ď BLpH,pq

m
ź

j“1

∥fj∥Lpj pHjq
(9.1)

to hold. In [7] it was established that

BLpH,pq – BLpHK,p1q, (9.2)

where p1 is the Hölder conjugate of p and HK is the orthogonal complement of H.

In [11] this result is generalized to the setting of LCA groups. In particular the concept of

“orthogonal complement” gets replaced by a notion of Fourier duality: if H is a subgroup of G,

then the role of HK is played by the annihilator of H in pG, NpHq.
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Our aim is to study an analogue of the Mizohata–Takeuchi conjecture in the setting of LCA

groups, in which we try to replace the notion of normal to the support of a measure using the

Fourier duality. In particular, given an LCA group G and a measure σ supported on a proper

subset of G, we can consider the associated extension operator

Eσgpξq “ ygdσpξq “

ż

G
ξpxqgpxqdσpxq, ξ P pG, (9.3)

which will be a function defined on pG, assuming that g P L1pdσq.

We would then be looking at estimates of the form

ż

pG
|ygdσpξq|2wpξqdµ

pG
pξq À ∥Tw∥8

ż

|g|2dσ, (9.4)

where the supremum for the transform T is taken over a suitable set of subgroups of pG,

possibly chosen by having some duality relation with the support of σ, living in G.

For a very general measure σ on G it is not clear which subgroups we should consider, so

we will be happy with just taking the supremum over all possible subgroups, like we did when

discussing general measures in the euclidean case.

9.2 Some simple results

We list here some simple results we already proved in the euclidean case, that are still true for

LCA groups.

One simple case where it is easy to define what is the “normal” to the support of a measure is

when we consider a subgroup H of G equipped with its Haar measure µH . In fact we would only

be dealing with the annihilator NpHq. This correspond to the euclidean case of the extension

operator for a k-plane in Rn, for which we saw that the Mizohata–Takeuchi inequality holds.

This is still true for a generic LCA group.

Proposition 9.2.1. Let G be an LCA group and H a closed subgroup of G. Then

ż

pG
|{gdµHpξq|2wpξqdµ

pG
pξq ď ∥TwpNpHq, ¨qq∥8

ż

H
|g|2dµH . (9.5)
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Proof. The proof is analogue to the one in the euclidean case.

If η P NpHq, then {gdµHpηξq “ {gdµHpξq, for any ξ P pG. So we have

ż

pG
|{gdµH |2wdµ

pG
“

ż

pG{N

ż

N
|{gdµHpηξq|2wpηξqdµN pηqdµ

pG{N
pξq “

“

ż

pG{N
|{gdµHpξq|2

ż

N
wpηξqdµN pηqdµ

pG{N
pξq ď

ď ∥TwpNpHq, ¨qq∥8

ż

pG{N
|{gdµHpξq|2dµ

pG{N
pξq.

Now the result follows by using Plancherel’s theorem after observing that pG{N is isomorphic to

pH and that {gdµH is just the fourier transform of g in H. So,

ż

pG{N
|{gdµH |2dµ

pG{N
“

ż

pH
|pg|2dµ

pH
“

ż

H
|g|2dµH .

When discussing what we called MTp estimates in the euclidean case, we observed how the

MT1 estimate is always true for any compactly supported measure. This is true for LCA groups

as well. In fact we still have that ∥Tw∥L8
HL1

v
“ ∥w∥L1 and therefore

ż

|ygdσ|2w ď ∥w∥L1

∥∥∥ygdσ∥∥∥2
L8

ď ∥Tw∥L8
HL1

v
∥g∥2L1pdσq

and ∥g∥L1pdσq À ∥g∥L2pdσq, if σ is a finite measure.

In order to mimic some other results that we explored in this thesis, we will specialize the

problem to a particular group.

9.3 The 2-dimensional torus and Z2

Our goal for the next two sections is to study the Mizohata–Takeuchi problem for measures on

the group Z2. To do so, we need to focus on the study of our Radon-like transform on its dual.

If we look at the circle group S1 as the quotient group R{Z, we can easily identify its
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characters acting on θ P S1 as the exponentials

e2πinθ, n P Z.

So we can identify the dual of S1 with Z, and, therefore, we have the duality pairing of Z2 and

T2 – S1 ˆ S1.

The Haar measure on Z2 is the counting measure. Since T2 – R{ZˆR{Z, the Haar measure

on the torus can be seen as the Lebesgue measure on the square r0, 1s2 Ă R2.

On Z2, we are interested in the class of maximal 1-generated subgroups, and we call pH their

collection.

If H is such a subgroup, then there is a pair pp, qq P Z2 such that H “ pp, qq ¨ Z, which is

unique up to fixing for example the q ą 0. Since H is maximal, it follows that MCDpp, qq “ 1.

In fact, if MCDpp, qq “ d ą 1, we would have H Ă pp{d, q{dq ¨ Z. This means that every pair

pp, qq correspond to the element p{q P Q, with the exception of the pair p1, 0q, which we can

make correspond to the point 8. So, if we call Q “ Q Y t8u, we have a bijection between pH

and Q. Using this correspondence, for q P Q, we will refer to the corresponding subgroup in

pH as Nq. The subgroups in pH are essentially discrete lines in the plane with rational angular

coefficient passing through the origin, with N8 being the vertical line.

On T2, we consider the collection of subsets

H “ tH Ă T2| Dq P Q s.t. NpHq “ Nqu.

To understand what these subgroups are, consider the quotient map

P : R2 ÝÑ R2{Z2 – T2.

If H P H, since pH – Z, we must have H – S1 and P´1pHq will be a collection of parallel lines

in the plane, of which only one will be passing through the origin. Call this line ℓ. Say that
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NpHq “ Nq, where q “ pp, qq. The relation between H and NpHq tells us that

1 “ e2πinppθ1`qθ2q, @n P Z, θ P T2,

which implies that

ℓ “ tx P R2| px1 ` qx2 “ 0u “ p´q, pq ¨ R,

which is again a line with rational angular coefficient.

In particular, if we identify H with the line ℓ, NpHq corresponds to the orthogonal com-

plement of H in a classical sense, since they are related to a pair of perpendicular lines in the

plane.

If we consider the map

Q ÝÑ Q

q “ pp, qq ÞÝÑ ´
1

q
“ p´q, pq,

and call ℓq the line with direction q and Hq “ Ppℓqq, we have the relation quite elegant relation

NpHqq “ N´1{q. (9.6)

We are now ready to work with our transform on T2.

It is useful, as we we will see, to normalize the Haar measure on each H P H to 1. In this

way we can write, for a function f on T2,

TfpHq, vq “

ż 1

0
fpqt` vqdt, v P ℓ´1{q. (9.7)

We will refer to this operator as the X-ray transform on T2, by the clear analogy with the

classical X-ray transform, since we are essentially integrating on lines.

Remark. It would be more correct to talk about Radon transform in this setting. In fact

we started our argumentation by defining the orthogonal complement of our subgroups as 1-

generated. Therefore it would be more correct to say that we are integrating on sets of codi-

mension 1, as in the case of the Radon transform. Since we are working on total dimension 2,

all these theoretical differences do not exist.
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Remark. We could run a similar construction in higher dimensions, namely on Td. In this case

we could be starting considering on Zd k-generated subgroups, with k ě 1, just like on Rn we

have Tk,n, with k ě 1. Most of what we discussed and will be discussing still works in higher

dimension if considering 1-generated subgroups on Zd, but we have not dealt with the case of

k ą 1.

We are able to prove a result which is almost an analogue to the isometry property of the

k-plane transform.

Proposition 9.3.1. Let f, g P L2pT2q and assume pfp0q “ 0. Then

ÿ

qPQ

xTfpHq, ¨q, T gpHq, ¨qy “ xf, gy. (9.8)

Proof. We begin by observing that any pn,mq P Z2zt0u belongs to one and only one subgroup

Nq. In particular

Z2zt0u “
ď

qPQ

pNqzt0uq.

Using Plancherel’s theorem on each subgroup we have

ÿ

qPQ

xTfpHq, ¨q, T gpHq, ¨qy “
ÿ

nPZ

pfpqnqpgpqnq “
ÿ

ξPZ2

pfpξqpgpξq “ xf, gy.

Remark. Proposition 9.3.1 has two main differences with the euclidean case. First of all, we

need the technical hypothesis pfp0q “ 0. This is due to the fact that all subgroups contain the

origin, which is therefore counted infinitely many times if we were to simply base the proof on

the fact that

Z2 “
ď

qPQ

Nq.

This also happens on Rn, but in that case the origin has measure zero and, moreover, the

pseudo-differential operator appearing helps removing singularities at the origin. The second

difference is in fact that we do not have an analogue of the pseudo-differential operator appearing

in the euclidean case. We do not exclude that such an operator might exist and that it might

be needed to get rid of the problem at the origin, but we were not able to identify one. It would
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seem strange to us that this operator, that appears so naturally in the euclidean case, would be

something very obscure in this setting.

9.4 L1-Sobolev´Mizohata–Takeuchi for Z2

We now will discuss the Mizohata–Takeuchi problem for measures on Z2.

A measure on Z2 for us will typically be the characteristic function of a subset Λ Ă Z2, that

we will keep calling µ. The corresponding extension operator will be defined as

Egpθq “ xgµpθq “
ÿ

xPΛ

e2πix¨θgpxq, θ P T2. (9.9)

As we did in Chapter 4, we want to use a Sobolev norm in place of the ∥TwpHq, ¨q∥8
. Our

“translation variable” lives on the space T2{Hq, that, as we discussed, can be associated to the

line ℓ´1{q. So, since we want to take the L1 norm on a line in place of the L8 norm, we need

one derivative.

Define the differential operator of direction q, p´∆qq
α
2 , acting on functions on T2{H´1{q via

the Fourier transform as

F
´

p´∆qq
α
2 F

¯

pxq “ |x|α pF pxq, x P Nq. (9.10)

In particular,

F
´

p´∆qq
α
2 TfpH´1{q, ¨q

¯

pxq “ |x|α pfpxq, x P Nq. (9.11)

Remark. Recall that, if x P Nq, x “ qn for some n P Z.

Our goal is then to prove an estimate of the form

ż

T2

|xgµ|2w À sup
qPQ

∥∥∥p´∆qq
1
2TwpH´1{q, ¨q

∥∥∥
L1

ÿ

Λ

|g|2. (9.12)

Since we do not have a true isometry property for our X-ray transform, we either have to

assume that pwp0q “
ş

T2 w “ 0, which is an uninteresting case, because we want positive weights,

or, like we are going to do, we have to discuss the origin term separately.

Unsurprisingly, we will still incur some ϵ-losses.
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Theorem 9.4.1. Assume that, for ϵ ą 0,

sup
xPΛ

ÿ

yPΛztxu

1

|x´ y|1`ϵ
ă 8. (9.13)

Then
ż

T2

|xgµ|2w À

˜

∥Tw∥L8 ` sup
qPQ

∥∥∥p´∆qq
1`ϵ
2 TwpH´1{q, ¨q

∥∥∥
L1

¸

ÿ

Λ

|g|2. (9.14)

Proof. Applying Plancherel’s theorem, we have

ż

T2

|xgµ|2w “ pwp0qFp|xgµ|2qp0q `
ÿ

Z2zt0u

pwFp|xgµ|2q.

First, we discuss the term at the origin. For the weight, we have

pwp0q “

ż

T2

w ď

ż

T2{Hq

˜

ż

Hq

w

¸

ď ∥Tw∥L8 .

On the other side, by Plancherel’s theorem

Fp|xgµ|2qp0q “

ż

T2

|xgµ|2 “
ÿ

Λ

|g|2.

To deal with the rest of the terms, the proof will be analogous to what we have done in the

euclidean case. After multiplying and dividing by | ¨ |1`ϵ, we can use Proposition 9.3.1 and

Hölder’s inequality to get.

ÿ

zPZ2zt0u

|z|1`ϵ
pwpzqFp|xgµ|2qpzq

1

|z|1`ϵ
“

ÿ

qPQ

ÿ

nPZzt0u

|qn|1`ϵ
pwpqnqFp|xgµ|2qpqnq

1

|qn|1`ϵ
ď

ď sup
qPQ

∥∥∥p´∆qq
1`ϵ
2 TwpH´1{q, ¨q

∥∥∥
L1

¨
ÿ

qPQ

∥∥∥Kp´∆qq
´ 1`ϵ

2 T p|xgµ|2qpH´1{q, ¨q
∥∥∥
L8

,

where Kf “ F´1p pf ´ pfp0qq.

So we are left with proving that

ÿ

qPQ

∥∥∥Kp´∆qq
´ 1`ϵ

2 T p|xgµ|2qpH´1{q, ¨q
∥∥∥
L8

À ∥g∥22
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We have that

Kp´∆qq
´ 1`ϵ

2 T p|xgµ|2qpH´1{q, vq “
ÿ

nPZzt0u

e2πiv¨qn 1

|qn|1`ϵ
gµ ˚ Ăgµpqnq “

“
ÿ

nPZzt0u

e2πiv¨qn 1

|qn|1`ϵ

ÿ

xPΛ

ÿ

yPΛ

gpxqgpyqδpqn´ x` yq,

where

δpxq “

$

’

’

&

’

’

%

1 if x “ 0

0 otherwise

.

Therefore

ÿ

qPQ

∥∥∥Kp´∆qq
´ 1`ϵ

2 T p|xgµ|2qpH´1{q, ¨q
∥∥∥
L8

ď
ÿ

qPQ

ÿ

nPZzt0u

1

|qn|1`ϵ

ÿ

xPΛ

ÿ

yPΛ

|gpxq||gpyq|δpqn´ x` yq “

“
ÿ

zPZ2zt0u

1

|z|1`ϵ

ÿ

xPΛ

ÿ

yPΛ

|gpxq||gpyq|δpz ´ x` yq “

“
ÿ

xPΛ

ÿ

yPΛztxu

1

|x´ y|1`ϵ
|gpxq||gpyq|.

So the result follows by using hypothesis (9.13) and the Schur’s test.

Remark. If µ is not the characteristic function of Λ, but a more general function supported on Λ,

we lose the property that
ş

T2 |xgµ|2 “ ∥g∥22. However we can still use Cauchy-Schwarz inequality

to show that

|gµ ˚ Ăgµ|2 ď |µ ˚ rµ| ¨ |g|2µ ˚ |g|2rµ.

So, using Plancherel’s theorem and Hölder’s inequality, we have

ż

T2

|xgµ|2 ď ∥µ ˚ rµ∥8

ÿ

Z2

|g|2µ ˚ |g|2rµ ď ∥µ ˚ rµ∥8 ∥g∥2L2pµq .

In particular, our result would still hold under the additional hypothesis that ∥µ ˚ rµ∥8 ă 8 and

substituting (9.13) with the more general energy hypothesis

sup
xPΛ

ÿ

yPΛztxu

µpyq

|x´ y|1`ϵ
ă 8. (9.15)

Remark. Hypothesis (9.13) is analogue to hypothesis (4.13) and is essentially an energy condition
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on the distribution of points Λ. Object like these are studied in potential theory. In particular,

people are interested in discrete N -points configurations on certain sets that minimize some

energy functionals of the form, for example,

ÿ

i‰j

kpxi, xjq

|xi ´ xj |α
,

and its asymptotic for N Ñ 8 (see for example [14], [15], [31]). In these settings, the points

are usually taken on some regular surfaces and, for N Ñ 8, the discrete energy will tend to the

energy integral for the Hausdorff measure of the surface. We are more interested in the related

problem of configuration with finite energy. We can ourselves consider points on a manifold. For

example, for a function ϕ : R Ñ R such that ϕpZq Ă Z, we can consider Λϕ “ tpn, ϕpnqq| n P Zu,

which satisfies (9.13), since

sup
xPΛϕ

ÿ

yPΛϕztxu

1

|x´ y|1`ϵ
ď

ÿ

nPZzt0u

1

p1 ` |n|q1`ϵ
.

In fact, as in the euclidean case, we can think of (9.13) as a condition on the “dimension” of the

set Λ. So, in our case, we are happy to work with analogue of 1-dimensional objects.

Remark. In a work of Bennett, Gutiérrez, Nakamura and Oliveira, still unpublished, the authors

prove the equivalence between the Mizohata–Takeuchi conjecture for the paraboloid and an

Mizohata–Takeuchi conjecture for discrete points of the paraboloid, in the same sense that we

discussed in this chapter. Moreover, they prove an L2-Sobolev–Mizohata–Takeuchi estimate for

the discrete paraboloid, which is connected to the periodic Schrödinger equation.
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