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Abstract

The Mizohata-Takeuchi conjecture states that one should be able to control the L? weighted
norm of the Fourier extension operator associated with a measure p supported on a smooth

hypersurface in R™, with the L® norm of the X-ray transform of the weight, i.e.

JR 902w < [ Xw] 0 f gl%dp,

where

gdu(x) = f e g(€)dpu(€)

and the X-ray transform is a function of lines defined as

Xw(l) = j w.

L

We will discuss some possible generalization of the Mizohata—Takeuchi conjecture. In particular,
we will see some results for measures not supported on smooth surfaces, we will discuss the
possibility of introducing a general Mizohata—Takeuchi conjecture for measures satisfying only
dimensionality hypotheses and we will face the Mizohata—Takeuchi problem in the setting of

locally compact abelian group.
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INTRODUCTION

A classical problem in Harmonic Analysis is the study of the Fourier extension operator. Given

a Radon measure u, one defines the extension operator as

Jin(z) = [ Sg(@)due), we R

A typical question concerns finding exponents 1 < p < o0 such that one has an LP estimate for

the operator of the form

o

o 190l 2 () -

In particular, the restriction conjecture proposes necessary and sufficient conditions on the
exponent p for the estimate to hold, when u is the surface measure for the sphere. But another
problem, formulated in the 80’s, has risen recently a new wave of interest. That is the study of
L? weighted estimates, instead of L? ones, and, in particular, the so called Mizohata—Takeuchi
conjecture. Like the restriction conjecture, this has been classically introduced for the Fourier
extension operator for the sphere and it states that one can control the L? weighted norm of the

operator with the L* norm of the X-ray transform of the weight, i.e.

fR lgdp* w < || Xw| flglzdu-

The X-ray transform of a function f is a function of lines in R" defined as

Xﬂ@=Lﬁ

where each line ¢ is equipped with induced Lebesgue measure. This is a classic object in To-
mography, the study of a function through its integral along certain affine subspaces.

The weight w appearing in weighted estimates is usually assumed to be positive and at least



locally integrable. Typically, we will need more regularity on w in order to have all our argument
to make sense, for example in order to have || Xw||;» < c0. We will not dwell much in this thesis
on the technical hypotheses on the weight. Instead, we will assume w to have the required
regularity for the results presented to be well posed. The reader can assume the w is positive,
continuous and compactly supported, which will be more than enough for all our applications.

It still makes sense to formulate the Mizohata—Takeuchi conjecture if we consider any other
compact smooth surface in place of the sphere. Our initial goal was to put ourselves in this
same setting. What motivated our research and the content of this thesis was the discovery of
a result, discussed in Chapter 4, that does not require the measure p of the extension operator
to be supported on a smooth surface, but just to respect some dimensional hypotheses, given in

terms of boundedness of some energy integrals. We will typically ask that u satisfies

1
sup Jdﬂ(y) < 90,
xespt(p) |x_y|n ke

which in particular implies that g must be supported on a set of Hausdorff dimension n — k.
This led us to explore the possibility of expanding the boundaries of the state of the art for
the Mizohata—Takeuchi conjecture and try to understand to what extent the conjecture can be
generalized.

In Chapter 1 and Chapter 2 we will introduce some useful preliminary notions, respectively,
some objects relevant in Tomography, like the X-ray transform, and some Geometric Measure
Theory, like the definition of dimension and rectifiability.

In Chapter 3 will introduce the Fourier extension operator and the Mizohata—Takeuchi con-
jecture.

In Chapter 4 and Chapter 5 we will prove some positive results under only some dimensional
hypotheses on the measure p. In particular, we will use an idea presented in [12] to prove some
variants of the Mizohata—Takeuchi estimate that involve some Sobolev norms and then we will
study the case of radial weights.

In Chapter 6 we will show that a naive generalization of the Mizohata—Takeuchi conjecture,
with only dimensionality hypotheses cannot hold, even if we consider some low regularity of the
measure like rectifiability.

In Chapter 7 we turn back our attention to smooth surfaces, to prove a result for a particular



class of weights, inspired by the ones that appear in the counterexamples constructed in Chapter
6.

In Chapter 8 we discuss the connection between two Mizohata—Takeuchi problems, the one
on the sphere and the one on the paraboloid, which suggest that each measure needs its own
tomographic transform in order to generalize the Mizohata—Takeuchi conjecture.

Finally, in Chapter 9 we introduce the Mizohata—Takeuchi problem in the setting of locally
compact abelian groups and prove a result in the style of the ones in Chapter 4 for measures on

the integer lattice Z2.

Notation

Given two non-negative quantities A and B, we will write A < B if there is a constant C' > 0
such that A < CB.

Similarly, we will write A 2 B if there is a constant C' > 0 such that A > CB.

We will write A =~ B if there is a constant C' > 0 such that A = CB.

Moreover, we will write A ~ B if both A < B and A 2 B hold at the same time (observe that
A >~ B is not the same as A ~ B, since the two constant for which A < B and A = B hold need
not to be the same).

We denote by x4 the characteristic function of a set A. In particular, ya(z) = 1 if x € A or

xa(z) = 0 otherwise.

For a function f, we denote f(z) = f(—z).



CHAPTER 1

TOMOGRAPHY AND THE k-PLANE TRANSFORM

Tomography, from the Greek T6pog, meaning slice, is the art of recovering information of an
object from its slices. Everyone is probably familiar with this term for its application in medical
imaging. In mathematical terms, our object is a density function f, which we want to recover
from its “slices”, i.e. its integral along certain affine subspaces of the ambient space. In particu-
lar, in this chapter we will introduce the k-plane transform, which will play a major role in this

thesis.

1.1 The k-plane transform on R"

For this section, we will mainly rely on Markoe’s book “Analytic Tomography” ([35]).

Definition. Let Gj , be the Grassmanian manifold of all k-dimensional subspaces in R", and
M., the manifold of all affine k-planes. Parametrize My, by (Q,v), where Q € G, and
v e QL For every Q € Gk n, consider the induced Lebesgue measure on €2, d\q. Define the

k-plane transform as

Tonf @) = | Fla+0)da(o)

When there is no ambiguity, we will just write dx in place of dAq(x).

For k = n — 1, the transform 7),_1 , is usually referred to as Radon transform, which is the
first object appearing in Tomography, introduced by by Johann Radon in 1917 ([45]). More
in general, one refers to any operator that integrates a function on certain submanifolds of the
ambient space as a Radon-like transform.

For k = 1, the transform T ,, is called the X-ray transform. For the X-ray transform we will



use the notation

Xf(w,v) = JR f(v + tw)dt,

where w € S*~! indicates the direction of the line we are integrating on and v € (w)*. So we are
essentially identifying Gi, with S"=1. Observe that this is not a 1-to-1 correspondence, since
for each w e S"~!, both w and —w will describe the same line.

Similarly, if we consider an orthonormal basis of R", (w1, ...,wy), so that (w1, ...,wx) spans
Q € Gy, we can identify Gy, , with the set of k-tuples of unit vectors (wy, ..., wy), where w; € sn1,
wy € S* 1 A {widHt = S*2 and so on. In particular we can think of Gk,n as the product of the
spheres

ST x §" T x L x STTRL

Again, this is not a 1-to-1 correspondence, since we are counting each € € Gy, ,, multiple times.
This identification will be particularly useful when we will have to do explicit computations
with the natural measure on the Grassmanian manifold.
On Gy, we consider the unique, up to multiplicative constant, measure invariant under the
action of SO(n). Therefore, we can think of the measure on Gy, as the product of measures on

the spheres

dop—1(w1)don—2(wz) - - - dop_g—1(wk).

The fact that this identification is not a 1-to-1 correspondence will only account for a multi-
plicative constant depending only on n and k.
Alternatively, and equivalently, one can identify Gy, , with the group O(n)/O(k) x O(n — k) and

define the measure as the Haar measure on the group.

Perhaps the most interesting properties of the k-plane transform are the behaviour of its

Fourier transform and the fact that it can be used to establish an isometry on L2.

Proposition 1.1.1. Fiz Q € Gy, and consider the Fourier transform of Ty, f(2,v) in the

variable v. We have that, for f integrable,

~

fv(Tk,nf)(Qag) = f(£)> 5 € QL' (11)



Proof. Since f is integrable, using Fubini’s theorem, a simple computation shows that

fv(Tk,nf)(Qv 5) - JQJ. eiy.ng,nf(Q7 y)d)‘QL (y) =
— J s J f(z +y)drg(z)drgi (y) =
QL Q

- [ e=<rez = fe)

where z = z + y and, since £ € Q- while z € Q, z- £ =y - €. O

Now that we know how the Fourier transform of T}, ,, f acts, we can define a class of pseudo-

differential operators that can be applied to T} .
Definition. Let a € R and fix Q € Gj, ,,. We define (—Av)%, the derivative operator of order «

acting on functions of variable v € QF, as the Fourier multiplier operator of symbol [£]* | i.e.

Fol(=A)2R)(€) = [€]°R(€), € et (1.2)

In particular, the composition of (—Av)% and the k-plane transform will be defined as

Fol(=A0) 3 Thon f)(2,€) = [€°F(6), €€t (1.3)

These operators play a major role in the tomography theory because of the following result.

Proposition 1.1.2. There is a constant cy,, such that ck,n(—Av)k/‘lTk,n is an isometry between

L?(R™) and LQ(gk,n,LQ(QL)) or, equivalently,

(D) P T f, Tingy = (f,9)- (1.4)

Proposition 1.1.2 follows directly from the following result, that we can refer to as generalized
polar coordinates, in the sense that, for k = 1, it corresponds to the usual polar coordinates for

integration on R".

Theorem 1.1.3 (Generalized polar coordinate). For f non-negative measurable or integrable,

we have

f f " * F) ()AL = (Ghrn| | Fla)de (15)
Gem IO R



and

j j W F @) 0)d2 = 1Gxrni] [ f(2)da, (1.6)
gk’" QL Rn

where |Gy | is the total mass of the Grassmanian.

Moreover,

J J f(w)da(w)d9:|gk_17n_1|J F(w)do(w). (1.7)
Gro.mn JOAST1 sn—1

Proof. We start with proving (1.7).

Consider the linear functional defined on C(S"~!) by

1
A(f) = 7|gk—1,n—1| fg,m me§7L—l f(w)do(w)d.

Letting A be an orthogonal matrix and fa(w) = f(Aw), if we consider the change of variable

T = Aw, we have

1 1
S — A Q= Q=
)\(fA) |gk—1,n—1‘ ngk’n ijSnl f( w)dU(W)d |gk—17n—1’ Lk,n jAQmS’Ll f(T)dJ(T)d

1
1G] L f f(r)do (T)dS2 = X(f),

where we used the invariance of the measure on Gj . It follows that the measure associated
with the functional A by the Riesz representation theorem is invariant under the group action
on S"!. Therefore, it must be the Haar measure on S"~! and so there is ¢ > 0 such that
A(f) = ¢§guor f(w)do(w). By choosing f =1, we find that ¢ = 1, proving (1.7).

Now, fix Q € G;, ,, and change to the k-dimensional polar coordinates on €2 in the following

integral, by keeping in mind that S¥~1 = Q ~ S*~L:

[ rsnan= [ "ottt = [Tt ([ o)) an

where we used Fubini’s theorem in the last identity. Integrating over Gy, ,,, using Fubini’s theorem

and (1.7), we have

Lk,n JQ Iy\”_kf(y)dde - LOO e (LM ngn_l f(TW)da(w)dQ> dr =

_ |g,€_17n_1|f0 L fr) dow)dr = G101 fRn f(z)dz.



So we have proven (1.5). To prove (1.6), one just has to apply (1.5) with n — k in place of k and
use the fact that Q — Q' is a measure preserving homeomeorphism between Grn and Gy_g oy

(see [35], Proposition 3.8). O

Proof of Proposition 1.1.2. Since f,g € L?, then j/”? € L'. Therefore, applying Plancherel’s

Theorem to (1.4), we obtain the proven identity (1.6), where the integrable function is f3. O

Remark. As Proposition (1.1.2) suggests, is is possible to deduce pointwise identities of the form

f = cknTin(=A0) Ty f, (1.8)

under suitable hypotheses on f. Identities like (1.8) are commonly referred to as inversion
formulae. The curious reader might look at [35] for some examples. In this thesis we will not

use any inversion formulae, but just Proposition 1.1.2.

1.2 An analogue of the k-plane transform on groups

In this thesis we will work mainly on the Euclidean space R™. Nonetheless, a more general
setting where Harmonic Analysis is developed is that of locally compact abelian (LCA) groups,
of which R"” is an example. Therefore we can try to define an analogue of the k-plane Transform

on a generic LCA group.

We recall some of the classical results of Fourier analysis on groups, which can be found in

Rudin’s book “Fourier Analysis on Groups” ([46]).

An LCA group is an abelian topological group whose topology is locally compact, i.e. every
point has a compact neighbourhood, and is Hausdorff, i.e. for every pair of different points there
are two disjoint neighbourhoods of each respective point. On every LCA group G one can define

a unique, up to multiplicative constant, Radon measure pg that is translation invariant, i.e.

pa(E) = pa(9E), Vge G,

for all Borel set F < G, where gE = {ge| e € E}. The measure pq is called the Haar measure



of GG.

A continuous homomorphism from G to the circle group U(1) is called a character and set
of characters is called the Pontryagin dual of G, referred to as G. If G is an LCA group, so is G
and the Pontryagin dual of G is G. This duality works well with the direct product structure in
the sense that, if G; and G5 are two LCA groups, then the dual of their direct product Gy x G,
which is still a LCA group when equipped with the product topology, is the product of the duals
(/}\1 X 6‘\2 In particular the characters in é\l X é\g are the given by the product in U(1) of the

characters in (G; and Gs.

Given f € L'(G), we can define the Fourier transform of f as

~

fle) = fs%g)f(g)dm(g), ¢ed. (1.9)

which is a complex valued function on G. Under suitable hypothesis on f, one can prove the

inversion formula

~

f(g) = fg(&)f@)du@(f). (1.10)

Plancherel’s Theorem says that the Fourier transform can be extended to an isometry

Fa: LA(G) — LA(G).
We can also define the convolution as

fi+ falg) = L 1) falghVdpa(h), ge G,

and we still have the property that the Fourier transform of the convolution is the product of
the Fourier transforms.

If H is a closed subgroup of G, then both H and G/H are LCA groups (with an abuse of
notation, we will write ¢ in place of gH to indicate elements of G/H). One can normalize the

Haar measures so that we have

f fdu = Hf(gh)duH<h>duG/H<g>. (1.11)



We can define the annihilator of H as
N =N(H):={¢eG| &h) =1Vhe H,

which is a closed subgroup of G.

Theorem 1.2.1. N and é’/N are (isomorphically homeomorphic to) the dual groups of G/H

and H, respectively.

Now, we can see a k-plane € € G, ,, as a closed subgroup of R" and taking the affine k-plane

Q + v, with v e QF, is like considering a coset of Q.

Definition. If G is an LCA group, we can define, for each closed subgroup H of G, the following

Radon-like transform of f:

Tf(H,g) = j f(gh)dun(h), geG/H, (1.12)

Remark. One could arrive to this definition by following the framework introduced by Helgason.
The broad idea is to work on space X, paired with a set =, which represents the set of manifolds
on which we want to integrate. On both X and = there is an action of a locally compact group
GG, which is transitive. Both X and = can be equipped with a measure that is invariant under
the action of G. Fixing z¢ € X, one can check that X =~ G/K, where K is the stabilizer of
xo, under the isomorphism gK +— g(xg). Similarly, = =~ G/H, where H is the stabilizer of a
fixed &g € =. We say that z € X is incident to £ € = if they intersect as cosets in GG. The
set E = {z incident to £} naturally carries an invariant measure. Then one defines the Radon

transform of a function f on X as

RY(€) = Lf(x)da:-

In the case of the case of T} ,, the group G is the group of affine isometries on R", X = R"
and Z = My . In our case of LCA groups, with a slight abuse of notation, X = G, 2 is the

collection of cosets of subgroups of G’ and the acting group is G x Aut,,, where Aut, is the

[ZeR)

group of automorphisms of G that preserve the Haar measure pg. The action on X and = are

10



given respectively by

(9,9)(x) = go(x) and (g,0)(xH) = g¢(zH).

This construction, however more flexible and valid in much more general settings, is, in our
opinion, more complex and less intuitive for the purpose of this thesis then the one we presented,

so we will not use it. We refer the reader to Helgason’s book [32] for further details.

With this definition, we can prove the analogue of Proposition 1.1.1.

Proposition 1.2.2.

~

Feu(Tf(H,-))(E) = f(§), &€ N(H). (1.13)

Proof. Since £ € N(H), we have £(gh) = £(g) for all h € H. Therefore,

Foym(TH)(H.€) = f £(9) ff@h)duH(h)duG/H(g) -
- ﬂ§<gh>f<gh>duH(h>duG/H<g> -

~

- j £(a) f(a)duc(a) = F(&).
]

It is not clear if one can prove an analogue of Proposition 1.1.2 on this generality. In Chapter
9 will will put ourselves in a more specific setting where we are able to get close to an analogue

of Proposition 1.1.2.

Remark. In the context of the Helgason—-Radon transform, there is a wide literature on finding
isometry properties and inversion formulae. The interested reader can look for example at [4],
[5]. A suggestion we can recover from the Helgason construction is that, if we look for an
isometry property, we might want to limit ourselves to look at cosets of subgroups that are all
images of a base subgroup Hy via automorphisms. Therefore they will all have similar structure.

For example on R™ we only look at subgroups of a fixed dimension k.

11



CHAPTER 2

SOME NOTIONS OF GEOMETRIC MEASURE THEORY

In this chapter we will recall some notions of measure theory and geometric measure theory that

will be helpful in this thesis. We will mainly refer to the books of Pertti Mattila ([39], [40], [41]).

2.1 Measures and dimensions

In this thesis we will always be working with Radon measures.

Definition. A Borel measure ;1 on R™ is a non-negative measure defined on the g-algebra of
Borel sets which is Borel regular, in the sense that, for any subset A ¢ R", there exist a Borel
set B < R"™ such that A < B and u(A) = u(B). A Radon measure is a Borel measure that is

locally finite , i.e. every compact set has finite measure.

A Borel measure is uniquely determined by its values on Borel sets, which in particular
implies that it is uniquely determined by the integrals of continuous functions with compact

support.

Remark. The same definitions for Borel and Radon measures can be extended to any locally
compact Hausdorff topological space. For example, the Haar measure of a LCA group G is a

Radon measure.

Definition. The support of a measure p is the smallest closed set F' such that u(R™"\F) = 0

and it is denoted by sptpu.

We will often be working with compactly supported measures. We refer to the set of mea-

sures with compact support contained in A as M(A).

12



We will now recall the notions of Hausdorfl measure and dimension.

Definition. For a subset A € R", we define the diameter of A as
d(A) = supflz —y| | z,y € A}.
Definition. For s > 0, we define the Hausdorff measure H® of a set A as

M (4) = lim H3(4),

where, for 0 < § < o0,
H3(A) = inf {Za(s)wd(@)ﬂ Ac| B, d(E)) < 5} .
J J
Here, «(s) is a normalization constant that, for example, for s = n, n € N, is usually

chosen to be the volume of the n—dimensional sphere. For simplicity, we will choose it so that

a(s)27% = 1, whenever s is not an integer.

Remark. One can prove that the Hausdorff measure is indeed a Borel measure (see [39], Chapter

4).
Definition. The Hausdorff dimension of A < R" is
dimA = inf{s| H*(A) = 0} = sup{s| H*(A) = w}.
One can prove that H*(A) = 0 if and only if H (A) = 0 and, therefore,
dimA = inf {s| Ve >0 3{E;};, Bj cR", s.t. Zd(Ej)s <e Ac UE]} :

J J

The following definition is connected to the one of Hausdorff measure.

Definition. The upper s-density of a set A < R™ at a point «x is

©* (A, z) = limsup a(s)r *H*(A n B, (x)).

r—0

13



The lower s-density of a set A < R™ at a point x is

05 (A, z) = liminf a(s)r *H*(A n B.(z)).

T—>

If the values of upper and lower density coincide, we call their common value the s-density

©°%(A, x). Similarly, the upper s-density of a measure p on R™ at a point x is

O™ (u, z) = limsup a(s)r~°u(B,(x)).

r—0

The lower s-density of a measure u on R™ at a point x is
O; (1, x) = lim iglfa(s)rfsu(Br(ac)).
r—

If the values of upper and lower density coincide, we call their common value the s-density

O°%(u, ).

Theorem 2.1.1. Let y be a Radon measure on R", A c R"™ and 0 < A < 0.
1) If % (u,x) < A forxe A, pn(A) < 2°AH(A).
2) If ©*(u,z) = X forx € A, u(A) = XH5(A).

A proof can be found in [39] (Chapter 6).

We now introduce another notion of dimension.

Definition. For § > 0, the §—neighbourhood of A is the set
A(0) = {xz e R"| d(z, A) < d}.
Definition. The lower Minkowski dimension of a bounded set A < R" is

dim,,;A = inf{s > 0| 1ilgn i(1)rlf 0TMLMA(S) = 0}

14



and the upper Minkowski dimension of a bounded set A — R" is

dimys A = inf{s > 0| limsup§*"L"A(5) = 0},
6—0

where L™ is the Lebesgue measure on R™.

In general we have that

dimA < dimj; A < dimp/A. (2.1)
If dim,,; A = dimy; A we say that A has Minkowski dimension dimy;A = dim;A.
In general, for the product of two sets, one can only show that
dim(A x B) > dimA + dimB. (2.2)

However, we have the following result (see [39], Chapter 8):

Theorem 2.1.2. If A and B are Borel sets in R" and dimA = dimy; A, then

dim(A x B) = dimA + dimB. (2.3)

2.2 Energy-integrals

A key item in our thesis will be the energy integral of a measure.

Definition. Given a Radon measure p and a > 0, we define the a-energy integral of u as

1
In() = f f @) duly). (2.4)

We also introduce the following variant of the energy integral.

Definition. For a measure s and o € R, we define the quantity

Sl = sup [t duty)

xespt(p) ‘l’ - y‘a

15



The term energy integral comes from the world of Physics, where these types of objects arise

naturally when discussing the potential and the energy of certain distributions like pu.

Remark. Observe that if p(R™) < oo, for example if p is compactly supported,

Io (1) < p(R") - Sa(p).

Requiring that for a measure p € M(R") we have S,(p) < oo is related to the following
condition:

u(Br(z)) <7, 0<r <o, (2.5)

uniformly in x € R™.

In fact, if (2.5) holds for some o > «, we have

[l
)
8
=
%
\.H
o
=
=2
=
>~

[ mtnto = [ uttol 1o = ol = 2

0¢]
= af w(B(z,r))r—*tdr < J r17¢ < oo,
0 0

where € = o/ — a. in particular S, (u), and therefore I, (u), are finite.

Vice versa, if S, (p) < 0,

1

e di(y) < Salp) < .
(o) [T —yl® (

(B a) = |

We can use the energy integrals to introduce another notion of dimension.
Definition. The capacitary dimension of a set A < R" is
dim.A = sup{s| Ju € M(A) s.t. w(B,(z)) <r’, Ve eR", r >0} =
= sup{t| 3u e M(A) s.t. () < oo}.
The following result is useful to relate Hausdorff and capacitary dimensions.

Theorem 2.2.1 (Frostman’s Lemma). Let B be a Borel set. Then H*(B) > 0 if and only if

there exists p € M(B) such that p(By(x)) < r®, Yx e R", r> 0.

In general, one only has that

dim.A < dimA, (2.6)
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but, using Frostman’s Lemma, one can prove that for Borel sets
dim.A = dimA. (2.7)

We end this section with the following definition.

Definition. We say that a measure p is a-Ahlfors-David regular, or a-AD regular, if

w(By(x)) ~r*, Ve eR" r>0.

2.3 The Fourier transforms of measures

We now want to introduce another notion of dimension connected to the Fourier transform.

First, for a finite Borel measure u, one can define its Fourier transform as

ae) = fe”fdm:c).

One can prove the following characterization for energy integral (see [40], Section 3.5).

Proposition 2.3.1. For pe M(R") and 0 < s <mn,

L(p) = j 2" i(er) 2. (2.8)

It follows that, if Is(p) < o0 we must have that

for “most” x € R™, in the sense that
A L*({a € Br(0)| |A(2)] > 2| 7*}) = 0.
—00
Vice versa, if

we have that I;(pu) < oo, for all ¢t < s.
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This motivates the following definition.

Definition. The Fourier dimension of a set A — R" is
dimyA = sup{s < n| Jpe M(A) s.t. |u(x)] < |z| 72, Va e R"}.
For a general Borel set we have
dimsA < dimA. (2.9)

If, for a Borel set A, we have

dimsA = dimA, (2.10)

we call A a Salem set.

We end this section by illustrating how the Gaussian curvature of a hypersurface determines
its Fourier dimension. In particular, we will present a proof from Stein ([50]) that shows that a
compact hypersurface with non-zero Gaussian curvature is a Salem set.

We will be using the following characterization (see Lee [33] for a proof).

Proposition 2.3.2. Let M < R"*! be an embedded hypersurface, p € M and K1, ...,ky, the
principal curvatures at p. Then there is an isometry ¢ : R"™' — R and a neighbourhood

U < R" 1 of p such that o(U n M) is a graph of the form x,41 = f(x1,...,2,), where

f@') =

| =

2 #ila)” + 0(la' ).
j=1
Recall the two following classical results for an oscillatory integral
I(\) = f @) (z)d. (2.11)

We refer to Stein ([50]) for the proofs.

Proposition 2.3.3. Let ¢ : R™ — C be a smooth function with compact support and ¢ : R™ — R

a smooth function such that V¢ # 0 in the support of ». Then

IN) =0AY) as A —

18



for all N € N.

Proposition 2.3.4. Let 9 € R"™ such that ¢(xo) = 0 and ¢ has a nondegenerate critical point

i xg. If Y is supported in a small enough neighbourhood of xg, then
I(A) = O(A™2),

Now we can prove the following;:

Theorem 2.3.5. Let S be a compact embedded hypersurface in R™! of nonzero Gaussian

curvature and dp a smooth measure on S. Then

()] < |¢2.

Proof. Since du has compact support, we just need to prove the result locally, around a point
p € S. By Proposition 2.3.2, we can assume S is the graph of a function f. Note that the
transformation under which this assumption holds, is an isometry, so it does not change the
integrals, since the module of the determinant of the Jacobian matrix for isometries is 1. In this

coordinates, do = /1 + |V f|?2dx1...dx,. Thus, we reduced ourselves to prove that

f ei)‘(b(m’”)iﬁ(:r)dar

where A = [£] > 0, £ = A\n, with n € S”, and

n
O(x,n) = Y wmj + F@15 000 Tn) 1.
j=1

We split the proof in three different cases:
1) n is in a small neighbourhood of ny = (0, ...,0, 1);
2) 7 is in a small neighbourhood of ng = (0, ...,0, —1);
3) n is far from both ny and 7g.

In the case 1) we have V,®(z,ny)| o = 0. By the Implicit Function Theorem, we have that,

r=
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for each 7 in a neighbourhood of 7y, there is a unique x = z(n), such that

qu)(ac,n)’ = 0.

z=x(n)

In fact, by the hypothesis of nonzero Gaussian curvature,

0’®
det | 55| @) 20,

Moreover, if the neighbourhood of 7y is small enough, we can assume, by continuity, that

2P
det | 52 |Gt 0.

Now we can invoke, for each fixed 7, Proposition 2.3.4, with z¢y = z(n).
The proof for the second case is the same.

Now we study case 3). By definition,

vmq)(xa 77) = (7717 ey nn) + nn—i-lvf(x)

But now, \/n? 4+ ...+ 12 > ¢ > 0. Together with the fact that Vf(z) = O(|z]), as = — 0,
because G?f # 0, we can say that |V,®(z,n)| = ¢ > 0. Hence we can use Proposition 2.3.3.

Thus the result is proved. O

2.4 Rectifiability

We will now provide some background on another topic of Geometric Measure Theory, that is

the notion of rectifiability.

Definition. A set ¥ c R™ is called m-rectifiable if there are Lipschitz maps f; : R™ — R™, i e N,

(o o)
i=1

A measure p on R™ is called m-rectifiable if there are Lipschitz maps f; : R™ — R”, i € N, such

such that
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that

R

Remark. Observe that a rectifiable measure is essentially supported on a rectifiable set. More-
over, working with an m-rectifiable set E, 0 < H"(F) < o0, is essentially equivalent to working
with a rectifiable measure p with almost everywhere positive and finite upper m-density, since,

by Theorem 2.1.1, the measures 4 and Hm‘  are mutually absolutely continuous.

For rectifiable sets we can give a notion of tangent space.

Definition. Define the cone
X(v,Q,s) ={xeR" d(z,Q4+v) <slz—v|}, aeR", QeGyn, s>0.

We say that Q € G, , is an approrimate tangent plane for a set E < R™ at a point x if

©*™(E,x) > 0 and

lm r "H™((E n Br(z))\X (2,,5)) =0, Vs>0.

g

The notion of approximate tangent characterizes rectifiable sets. The following result is due
to Mattila ([37]), who generalized an argument by Marstand ([36]) for two dimensional sets in

R3 .

Theorem 2.4.1. If E < R" is H™ measurable and H™(E) < oo, then E is m-rectifiable if and
only if it has approzimate tangent at H™ almost all of its points.
Remark. There is an analogous notion of tangent measure to a measure that characterize recti-

fiable measures, but we will not present it, since we will not be using it.

To better understand the difference between approximate tangent and the classical notion
of tangent, consider the following example, proposed by Mattila in [41].

Take an enumeration {q;} ey of the rational points in R? and take

S = {o < B¥ o — g = 277},
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Then the set £ = ; S; is 1-rectifiable, since its the union of smooth curves, and

M (E)s ) 27 <.
J
Now, each circle S; has a tangent in the classical sense that is also an approximate tangent to

E. But E does not have a tangent in the classical sense since it is dense in R?.
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CHAPTER 3

THE EXTENSION OPERATOR AND THE
MIZOHATA-TAKEUCHI CONJECTURE

3.1 The Fourier restriction and extension operators

If we consider a function f € L'(R"), we know its Fourier transform f is a continuous function
over R™. So it makes sense to restrict f to a a set of measure zero, like a submanifold of R™. In
particular one has the estimate

I

o) S 11 L1 ey -

On the other hand, if f is just in L?(R™), then f is again a generic L? function, so, in general, it
does not make sense to restrict it. Therefore, one could ask if there exists a range of exponents
p, 1 < p < 2, in which the restriction of the Fourier transform of a function in LP to a set M
of Lebesgue measure 0, is legitimate. In particular, given a measure y supported in M, one can

look for estimates of the form

HﬂMHLq(d#) <C ||f||Lp(Rn) .

This way, one can define a restriction in a canonical way on a dense subset of L' n L?, and then

extend it to a continuous operator on the whole of LP.

If we call R, the restriction operator and consider its adjoint operator E),, called the extension

operator, asking whether or not R, is bounded from LP(R™) to L(dpu) is equivalent to asking if
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E,, is bounded from L7 (dp) to LP (R™).

We can write the extension operator of a measure u as

@w@):&ﬁ@»=j€”%@mma. (3.1)

In fact,

~

F(©g©)du(e) = | fla)gdu(z)dz.
R™ Rn

Let us focus for a moment on the case where p is the surface measure of a hypersuface on
R™, which is the most classical setting for this problem.

We want to look for necessary conditions for

o

oy S 1950 (3.2)

to hold.

The first observation is that we cannot have an extension estimate for an entirely flat surface,
beyond the trivial L' — L® bound. In fact, if we for example consider a function g € C*(R")

and consider the extension operator for the plane {z,.1 = 0} in R**!, given by

Emaﬁwﬂ=fa@ﬁ%ﬂmaa%=J?”%@w¢

we obtain a function constant in the variable x, 1, and therefore with no hope of being in any

LP, for p < +o0.

So, now consider a hypersurface M with non-zero gaussian curvature. Using Proposition
2.3.2, we can assume that, near a point of M, say the origin, M is approximately the graph of
a quadratic function f and the normal vector to M at the origin is N = (0,..,0,1). Consider
a bump function ¢ supported in the ball By(0). For a small § > 0, take g(§) = ¢(£/d) and

consider the small region D = M n Bs(0). Then, using the notation z = (z,,2') € R x R*!
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and € = (&,,¢) e R x R 1,

gd(zx) = fD e d €142 €] o /5)dp(€).

Now, consider, for a suitable small constant ¢ > 0,

c\ 2
Tos = {2 e R foa] < () 10| <

: 3

Selle

which is a cylindrical tube which lies along the direction of the normal N, with base of radius
¢/§ and height (c/0)%. If we take x € T. s, then the phase ¢ has real part ~ 1. Hence, since
p(D) ~ 6"t

lgdiu(z)| 2 5.

This is commonly referred to as Knapp’s example and says that the extension operator applied
to a small cap of a hypersurface with non-zero Gaussian curvature is essentially supported in a

tube with central line parallel to the direction of the normal to the surface at the center of the

cap.
Now, 7.5 has measure ~ §~("*1) 5o
/d\’ > gn-l=(n+1)/g
(2 -
while
9oy ~ 8.

In order to have, for § — 0,

gn—1=(ntl)/g < s(n=1)/p

)

we need
n+1,
< .
n—1

(3.3)

Recall that |fi(z)| = O(|z|~("~1/2). This is a sharp bound since, for example, for the sphere

one can show

6(x) = 2|~ V2 cos(|z| — 7/4) + O(|z|~("D/2).
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Therefore we must have

(3.4)

for i to be in LY.
The restriction conjecture says that the conditions (3.3) and (3.4) are not only necessary, but
also sufficient. This has been solved for curves in the plane, but it is still an open problem for

higher dimensions. We refer the reader to [23] for more information on the restriction problem.

Nonetheless, we have the following result:

Theorem 3.1.1 (Tomas-Stein Theorem). Let M be a compact hypersurface in R"™, whose Gaus-
stan curvature is nowhere zero equipped with the standard surface measure p. Then for all
g=2(n+1)/(n—1)

|73

oy S Il (35)

This result was published initially by Tomas for the sphere ([53]), excluding the endpoint

case which was later proved by Stein, using a complex interpolation method (see [50]).

3.2 A generalization of the Tomas-Stein theorem

Mockenhaupt in [43] generalized the original Tomas argument and proved an analoguous result
for a wider class of measures. The main idea is that the hypothesis on curvature, which is used
to compute the Fourier dimension of the measure, is substituted by an a priori assumption on

the Fourier dimension.

Theorem 3.2.1 (Mockenhaupt). Let u be a compactly supported positive measure on R™ such

that for some a, B € (0,n) we have

u(B(xz,r)) < Cir® VYaxeR" and r > 0, (3.6)
()] < Co(1+ [€)™P? veeR™ (3.7)

Then for all p > pp o5 = 2(2n — 2a + B)/B, there is a C = C(p) > 0 such that

o

Lo (R™) < Cllgll 2y (3.8)
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for all g e L?(dy).
Remark. The estimate at the endpoint p = p,, g is also known to be true, thanks to a work of
Bak and Seeger ([1]).

We present Mockenhaupt’s proof of Theorem 3.2.1 (without covering the endpoint case) to

show how the dimensional hypotheses on the measure are used.

Proof of Theorem 3.2.1. First, we restate the problem in term of the restriction operator. So,

we want to prove that

|72 gy = 14120 39)
Using Holder’s inequality, we have
17y = 17 % 0] 1y
Therefore the result follows if we prove that
400 = W70 (310

This is commonly referred to as the T*T approach. In fact, if we want to prove that an operator
T is bounded from LP to L2, it is enogh to prove that T*T : LP — LP. In our case, T is the
restriction operator and T*T'f = f = c/l/:

Let ¢ € C* be such that

-

=1 if || =2
e(@) {e(0,1) if 2] € (1,2) -

=0 if 2] <1

and take ¢(x) = ©(2x) —¢(x). Let ¢p(x) = ¢(27%2), so that each ¢y, is supported in the annulus

{271 < |2] < 27F) for ke N. Let ¢g = 1 — Y72, ¢, s0 we have
0
with ¢ supported in B;(0).
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Now we decompose our operator according to this decomposition. So, let
P 0
frdp =Y Tif,
k=0

where Ty.f = f * (¢dp).

Using hypothesis (3.7) we have that
—~ 8
1Tl oo < |[ondi| < C2745.
At the same time, by Plancherel’s Theorem and using hypothesis (3.6) we have

1Tl 2pe < C HqﬁAk * duHOO < Csup U@(x - y)du(y)‘ <

1
s | Gy
Q0
— C'okn supj p(Boi, ()1 4+ )N dr <
z Jo

0
< C"okn Supf r(1 + r)fN*ldr < C2kn—a),
z Jo

2n—2a+8 B8
Interpolating the two estimates we obtain that ||T%|,,_,,;, < C’Zk( P z).

Therefore |||,/ _,;, < Cif p>2(2n —2a + 3)/B.

The sufficient condition p > py, o8 (P < Pn,a,p shown in Theorem 3.2.1 and p = p,, o g for the

endpoint of Bak and Seeger) is also necessary in dimension n = 1.

Theorem 3.2.2. Given 0 < 8 < a < 1, there exist a Borel probability measure v on R supported

on a compact set E and a sequence of characteristic functions (of finite union of intervals)

{feYe=1 with || fell 24,y > O such that:

D)< A+ [E)? veeR™

[

ex1 | fell 2wy

+00,

for all 2 < q < p1ap;

28



Moreover,

[ < w(D) < 17

for all 6 > 0 and all intervals I centred in E with |I| < 1/2.

In particular, E is of Hausdorff and Minkowski dimension «.

This result was proved by Chen in [22], improving on a result of Hambrook and Laba ([30]).
The proof is rather complex, but the main idea is to construct the Salem set E via a randomized
Cantor iteration in such a way that, despite the randomness, it contains smaller sets that come
close to being arithmetically structured. In particular, E will contain subsets F n Fy, where Fy is
a finite iteration of a smaller Cantor set with endpoints in a generalized arithmetic progression.

The functions f, will be characteristic functions of Fj.

3.3 The Mizohata—Takeuchi conjecture

We now put aside LP estimates for the extension operation and we look at weighted estimates
instead.
Consider the extension operator for the surface measure of the sphere o, which is the classical

setting for this problem. We will look for some L2-weighted estimates of the form

Iz

N

lg|*do, (3.11)
-1

where Q(w) will be a certain quantity depending on the weight w.
To understand what Q(w) should be, consider again the Knapp example: take g to be the
characteristic function of a small §-cap on S"~1. We then know that ‘g/cﬁ(az)’ > 0" ! on a tube

T with axis along the normal to S*~! at the cap’s centre. Therefore,

62("_1)J w < J|g/d77\2w.
T

Since {|g|?du ~ 6", the inequality (3.11) would imply that

ont fTw < Q(w),
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which constitutes our clue on how we should choose Q(w).
Now, if that the axis of T is the line of direction w, since T has a section of measure 6”1,
then we can say that

J w < 6" Y sup Xw(w, v)
T

vlw

and therefore, to ensure the inequality to hold, we can choose Q(w) such that

sup Xw(w, v) < Q(w).

vlw

Since we could argue with any tube along a normal direction to S"!, a good candidate is to

take

Q(w) = sup [ Xw(w, )| 1 -
Moreover, call op the measure on the sphere of radius R, we have
(@) = [ (€ donle) = B | M Sq(ROdo(€) = R gudol?(Ro),
where gr(€) = g(RE). So,

| lodonP @ywta)de = R0 | oo (Reyw(e)ds -
= R | |grdo*(y)wi/r(y)dy <
R?’L

<R 2QUoym) [ lonldo = R QUuye) [loPdon

Therefore, if we want our estimate to be scale invariant we want R™1Q(wy/g) = Q(w), which is
satisfied by the choice Q(w) = || Xw||,,. In [2], the authors observe how || Xw||, is the smallest
functional of w that satisfies this right scaling.

This bring us to the formulation of the Mizohata—Takeuchi conjecture for the sphere.

Conjecture. For any weight w,

|t w s sup | Xt ) e [ ol (3.12)

where the supremum is taken over all normal directions to the support of g.
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With analagous considerations, one can imagine to extend the conjecture to any a smooth

compact hypersurface M, equipped with the surface measure u, as

| 16 w s sup X ) e [ o (3.13)

where the supremum is taken over all normal directions to M.

Remark. Tt is worth saying that is not clear what a general statement should be once we stray
from the case of the sphere. For example we will see in Chapter 8 how, in the case of the
paraboloid, one should consider a slightly different object from the X-ray transform. One of the
goals of our thesis is try to understand if there might be a common statement for a wide class

of extension operators and what this should be.

The conjecture can be further generalized to surfaces of codimension k in R", by taking T} ,,

in place of X, by considering the inequality

fR i 5 sup [T )] f l9l2du, (3.14)

where the supremum is taken over all k-planes 2 normal to the surface.

Remark. Unlike in the LP setting, we do not have the necessary condition of non-vanishing
curvature. In fact, we are in the quite opposite situation, since the Mizohata—Takeuchi conjecture

is true for k-planes. Consider, without loss of generality, the n — k-plane
M={zeR" 21 =" =ux =0}.

The only normal k-plane to M is Q = {xp11 = -+ = x, = 0}

As similarly observed before,

Eg($) = jei(zk+1£1+"'+33n§n—k)g(£)d£ = .’g\(l‘k-i-l) "'7$n)a
and therefore

f |Eg|*w =J J G(Zhg1s oo ) Pw(2)dy ... dapdzy gy .. day <
R" QJm

< sup Tk7nw(Qa v) ||9||§ :
veM
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The origins of this conjecture can be traced back to the Japanese mathematician Yu Takeuchi,

who in the late 70’s was studying the well-posedness of the following Cauchy problem:

—idwu(x,t) + Agu(z,t) + V(z) - Vu(z,t) = F(z,t) (x,t) e R" xR

u(z,0) = up(x)

He claimed that the problem was L? well-posed if

sup
w,t,x

t
Ref V(z +ws)ds| <+, (3.15)
0

where w € S*~!, z € R", t € R. Observe that the object taken into consideration is a kind of
X-ray transform.
In his 1985 book “On the Cauchy Problem” ([42]), the Japanese mathematician Sigeru

Mizohata contests Takeuchi’s claim:

“Takeuchi claimed that this condition is a sufficient condition condition for the L?-

wellposedness. However, it seems to the author his proof is not clear. [...| Even now,

we do not know whether his claim is correct or not.”
These types of problems are connected to estimates of the form of (3.13). For example in [3],

Barceld, Ruiz and Vega prove the well-posedness of the problem

—iopu(z,t) + Agu(z,t) + V(x,t) - Vu(z,t) = F(z,t) (r,t) e R" xR

u(z,0) = up(z)

under some (3.15)-type condition and some additional hypothesis on the field V' by using some
(3.13)-type estimates (the difference with the problem discussed by Mizohata and Takeuchi is
that the field V' now depends on t). Incidentally, in the same paper, the authors prove the
Mizohata—Takeuchi conjecture for the sphere with radial weights (the same has been proven

independently in [19]).

Another perspective on why we are interested in a weighted inequality like (3.14) is that
it gives us more information about the structure of the extension operator, compared to LP

estimates, which only describes the general size. For example, if f is a non-negative measur-
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able function whose level sets have finite measure, one can define the symmetric decreasing

rearrangement of f as

+o0
fH(z) = Jo X{y| f(y)>t}(T)dL.

The function f* is symmetric and decreasing, and has level sets with the same size as those of
f. The LP norm cannot distinguish f from its rearrangement, in the sense that [|f*[|, = || f],.
On the contrary, knowing how to control the weighted L? norm can give us more information
about the level sets. In particular, if we take the weight w in the Mizohata—Takeuchi estimate

to be the characteristic function of a level set of the operator, say Ly = {z| |Eg| ~ A}, then

2
N2 LAl ~ L [Egl? < 1Tk (xz)l lgllz -
A

This is somewhat telling us that the level sets roughly cluster on some k-planes.

A more ambitious conjecture, usually referred to as the Stein—-Mizohata—Takeuchi conjecture,

is to consider an inequality of the form

| todnta) s < [supTw@eolo(©) ), (3.16)

where ()¢ is the k-plane normal to M at the point §.

Clearly this conjecture is stronger than the classical Mizohata—Takeuchi conjecture.

3.4 Known results on the Mizohata—Takeuchi conjecture

Although some partial results have been proven and some progress has been made, the Mizo-
hata-Takeuchi conjecture still remains open today, even on R?, where the extension operators
are better understood and the Restriction conjecture on LP estimates has been proven (see for
example [23]). We conclude this chapter by mentioning some of the know result on the Mizo-

hata—Takeuchi problem that are present in the literature.

We already mentioned how in [3] and in [19], the authors prove the MizohataTakeuchi

conjecture for the sphere with radial weights. What makes this case special is that, since we are
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dealing with the space L?(S"™!), one can use spherical harmonic to decompose the operator.
The coefficients appearing in this decomposition are given in terms of Bessel functions Js and,

since the weight is radial, the problem reduce to the study of estimates of the form
+00
| e < xu,.

This is a simpler one dimensional problem that one can solve using known bounds for Bessel
functions. Moreover, the X-ray of a radial function itself assume a simpler form, as we will see

in Chapter 5.

In [17], the authors use a wave packet decomposition of the function g at scale R and a
decoupling estimate ([29]) for a certain LP norm of the extension operator of the packets to

prove that, for a compact convex C? hypersuface, one has, for every ¢ > 0

2
— n n+1
| g < e ( fwa) [ 19t
R

where T ranges over the family of all tubes of dimensions RY2 x - - - x RY2 x R. This in particular

implies
— n—1
| P < criE Xl [ Lo
Br
They also observe that the power Z—ﬂ is the best possible loss one can obtain with standard

decoupling techniques.

In [48], the author studies some Mizohata—Takeuchi type estimates in the plane for Borel
measures p, under some hypothesis on the decay of fi. For example, it is shown how, if the

measure has a certain decay along a certain direction v, i.e.

A@) < =

= )
|z - ]

J lgdp*w < (supf w) f|g|2du,
R2 T T

where the supremum is taken over tubes with axis perpendicular to v. To do so, the author

one has
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introduces a notion of “fractal dimension «” for a weight H and a related maximal function

that are suited to exploit the decay hypothesis and allow to prove estimates of the form

f GARPH < Aa(H) f 9l%dp,

from which the Mizohata—Takeuchi estimate follows by choosing H appropriately, depending on

w.

In [12] and [13], the authors introduce a tomographic approach to the problem that will be

central in this thesis and we will discuss in the next chapters.
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CHAPTER 4

SOBOLEV VARIANTS OF THE MIZOHATA-TAKEUCHI
CONJECTURE

In this chapter we discuss some application of the inversion formula of the k-plane transform to
the Mizohata—Takeuchi conjecture, starting from a result of Bennett and Nakamura ([12]) and

then passing to some original results that were inspired by this.

4.1 L? Sobolev variant

In this section we introduce one of the main results of [12].

Bennett and Nakamura turned to study the following variant of the classical Mizohata—Takeuchi

inequality for the sphere:

f gdo?w < || (-8, Xu)
R’ﬂ

I (41)

where 1 < ¢ < o0 and the supremum of the L® norm is taken over the direction normal to the
support of g.

The key idea is here to substitute the L* norm in the v variable with an alternative norm,
which scales in the same way. To do so, the authors were inspired by the numerology of the
standard Sobolev embeddings into L.

Since we are working with the sphere, that has codimension 1, we will be using the X-ray
transform X = T ,,.

We can see the weighted norm as <|g/(;7|2,w>, we can use property (1.4), and the self-
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adjonitness of —A, to write

| oo = e (- 802X (gdo ). X ) -
= e ((—A0) T (—A)EX(lgdo?), (—A0) T Xw) =
= e (22T X (|gdo ), (~,)F Xw).
Now an application of Holder’s inequality gives

1

| todoPo < a0 xul [ -8030 " X (gdof)|

Le@LY Ly’
So (4.1) would follow from the estimate
(-2 X (gdo ), < ol (42
v I gy = W2 '

In order to ensure finiteness in (4.1) and (4.2), we can consider the local variant

j gdol?w < Rf
Br

(~A) ' Xul

2
do. 4.3
o | e (43)

Arguing as above, (4.3) would follow from the estimate

AN ) X (v lado |2 <FR* 44
(—Ay) (Yrlgda|®) < B |9l p2(sn-1y 5 (4.4)

Ly

where g is a suitable smooth bump function adapted to Bg. It turns out this result is true in

dimension 2 for 1 < ¢ < 2.

Theorem 4.1.1 (Bennett—Nakamura). Let n = 2. Then,

|(—a0iX(algdal?)|| < 108(R) lglFze (4.5)

LLL?

wv

and hence

f jgdo*w < log(R) || (~A)F X u] f 19%do. (4.6)
Br LPLE Jst

Remark. In a more recent work ([9]), the authors prove that, for n > 2, even if the analogue of

(4.2) does not hold, an analogue inequality (4.1) still holds. The techniques used in this paper

37



are different and the estimate obtained does not have the logarithmic loss log(R) present in
Theorem 4.1.1, but there is an e-loss in the number of derivatives present in the Sobolev norm,

in a sense analogue to the one that we will explore in the next sections.

Remark. The advantage of this tomographic approach is that we are able to introduce at the
same time the X-ray transform and the derivatives, which help us at the same time to introduce
these alternative Sobolev norms and to get better estimates on the objects like X (]@]2)
Moreover, the authors underline the importance of tomographic estimates for the extension
operator by introducing a new conjecture that would slot in between the already mentioned

restriction conjecture and the famous Kakeya maximal conjecture:

Conjecture 1. For every € > 0 there is a constant C. < cosuch that

— 2
| X (valgdal 7T

2
< CRgll™5 :
Ln=T(Sn-1)

LR LP
for all R > 0.

In particular, one would have that

restriction conjecture = Conjecture 1 = Kakeya maximal conjecture.

4.2 Global L! Sobolev variant

We now want to argue similarly to Bennett and Nakamura, but using an L' Sobolev norm
instead of the L2 one. Observe that one can use the fundamental theorem of calculus to show

the embedding W% (R?) < L*®(R). In fact, for f € CX(R?), one can write

d
flx) = f"'JMf(fﬂla---afﬂd)dﬂ?l"'dfd»

and, therefore,

11l oo may < [ fllwra ey -

Remark. It is worth to underline once more that we are not interested in the Sobolev embedding
itself, but merely in knowing the right number of derivatives needed in order to introduce a new

quantity with the same scaling as the L™ norm.
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As we have already done earlier, we can use property (1.4), this time in the more general
case of the k-plane transform T}, ,,, and the self-adjonitness of —A, to manipulate (| m/d\alz, w) as

follows:

— k—n —
J!gd/ﬂ?w > ((=Ay) 2 Tiplgdpl?, Trpw) =

12

2k—n — n—k
(=Dy) 72 Thplgdul?, (=Ay) 2 Tppw) <

2k—n -
< |20 Tin(lgdul?)|

|(=20)" T (w)

9

LLLE LELL

where we used the Hoélder’s inequality to get the inequality.

By proving

2k

| (=205 Tn(lgdnl?)

2
L%ZL%O < ”g”Lz(dp) )

we can therefore obtain the estimate

| o @y < (-2 Tntw) ol (48)

LELL

Remark. Observe that, for the previous argument to be rigorous, we need for |g/al7z|2 to be in
L? in order to use the isometry property of Tkn. This is not always granted in general. For
example, if we take i to be the surface measure of the sphere S*~!, by looking at the numerology
of Theorem 3.2.1, we can see that |g/d7¢|2 is in L? whenever n > 3, but not for n = 2. This also
explains why the authors of [12] localized the problem discussed in the previous section. In this
section, we will not worry about this technical hypothesis. In the next section we will address

the problem by proving an analogous result in a localized version.

We start with some preliminary results.

Definition. Let 2 € G, ,, and consider an orthonormal basis of R", (w1, ..., wy,), so that (wr, ..., wg)

span €2. Define

where ¢ is the usual 1-dimensional Dirac delta.

Proposition 4.2.1. Let « € R and fix Q € G . Let pu be a Radon measure. Then, for any
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¢ e CL(QY), we have

((=D0) 2 Ty (lgdul?), d)ar = (S(9)(2, ), et (4.10)
where
(©.0) = [ s@g@)le — 9160 (2 = ) du@)du(y). (4.11)

Proof. We begin by applying Plancherel’s theorem to get

(=80 B Tngdi ). Do = | o gdulI€BlE)de

Recall that one may write the convolution using the Dirac delta as

~ [[ r@ntante - - vydsdy

So we have

L gdpu + g €)|E[°B(€)dg — f |[ st@rawlerd©sn(e - o + yautomts.

Now observe that one can write

8o = dopr - 00y

and that, since £ € QY §q1 (€ —  +5y) = dgu (v — y). Therefore, we can write

| [ s@aiera©sn(e -2 + duwyutuas -
-] f DI (€ — = + y)o: (x — y)du(x)uly)ds —
~ [[st@tasta =) ([ 1d€antc — o+ s)ie ) dutornte) -
~ [ [ s@t)30: @~ )iz = 1m0 (2 = p)()uts),
where T is the orthogonal projection onto Q1 and we used Fubini’s theorem to integrate in

the £ variable first.

Now, writing explicitly the Fourier transform of ¢ and using once more Fubini’s theorem, we
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get

f f Y)oa(z — )|z — y|®b(rau (z — y))dp(z) u(y) =

Jm <H ¥)dou (@ —y)lw — | dﬂ(ﬂf)ﬂ(y)) b(v)dv,

which completes the proof. O

Corollary 4.2.2. Assume that p is compactly supported. Then

(—A0) 2 Tho (19 ?) (2, 0) = S(g) (2, v) (4.12)

holds pointwise almost everywhere.

Proof. Since u is compactly supported, so is gdu = gﬁﬁ Consider a smooth function ¢ such that

gg = 1 on the support of the convolution, so that we have

gdp * gdp = & - gdp  gdp

and therefore

lgdul* = ¢ * |gdul?.

Now we can write

() T+ g )(@0) = | e gy gl l7016)

Following the same steps as in the proof of Proposition 4.2.1, we get to the expression

H Yoo (z — y)lw — e TV (x — y)dp(x) u(y).

But gg(x —1y) =1 when z,y € spt(u), so we have the thesis. O

Remark. In Proposition 4.2.1 and in Corollary 4.2.2 we have not worried about checking the
finiteness of the quantity S(g), which will in principle be depending on g, a and p. However,
when we will apply this results, we will give condition for which we obtain finiteness on the

L& LP norm of S(g) which, in particular, implies S(g) is finite almost everywhere (see Theorem
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4.2.4).

Remark. An alternative method of proof for the corollary could be to use the Fundamental
Lemma of Calculus of Variations. In this case we would need to prove that both the right-hand
side and left-hand side are continuous. In this case, one could also think about proving the

continuity, without requiring for u to be compactly supported.

We recall a classical result in analysis, the so called Schur’s test.

Proposition 4.2.3 (Schur’s test). Let X, Y be two measurable spaces and T be an integral

operator with kernel K(x,y) defined as

Tf(z) = L K (2, 9) f(y)dy.

If there is a constant C' such that

supf |K(x,y)|dy < C and Supf |K(z,y)|dx < C,
zeX JY yeY JX

then

1Tl 22 <C

Proof. Using the Cauchy—Schwarz inequality we can write

2
<

T@)? = UY K (e,9)F(y)dy

<|[ KGalsoPa-|[ K@<
<C | K@ wlswPa

So we have

ITAIE < C L L K (2, 9) |11 () Pdyde < C2 [1f]2

where we used Fubini’s Theorem. O

We are now ready to prove the main result of this section. Although we are not able to prove
exactly the inequality (4.8) with our methods, we can prove an alternative statement, in which
we allow an e-loss in terms of the number of derivatives in the Sobolev norm of the k-plane

transform.
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Recalling the we defined

Sa(p) = sup f|x—y\0‘ (y),

zespt(p)

we have the following:

Theorem 4.2.4. Let e € R. Assume that the measure p is such that

Spop_e(p) < 1. (4.13)
Then
2k— n+e
|20 Tnllgdn®) | |, | < l9laa (4.14)
Q ’U
In particular, we have
n—k—e

| @@ < a0 T w)] ol (415)

Proof. Estimate (4.15) follows from (4.14) after using (1.4) and Holder’s inequality.

2k— n+e

We want to estimate sup, (—A,) Tk n(|gdu| ). To do so, we invoke Proposition 4.2.1.

2k— n+£

sup (—Ay)

veQt

< ﬂ l9(2)llg)l|x — y[* " bgu (x — y)du(x)du(y).

Thon(|l9dpl?) (2, 0) <

Now we need to integrate in the variable 2. Using the fact that dg. is homogeneous of degree

r—vy
h( )dg
LMQ |

A purely geometrical argument shows that this is independent of x and y and it is in fact a finite

—k, we just need to compute

constant as we will show in Lemma 4.2.5. Therefore we have

2k— n+e

| (=205 T (19|

f|g M@l — y*~m<du(z)du(y).

LLLY
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The right hand side can now be estimated using the Cauchy-Schwarz inequality,

[[1s@lg@lle s +<autordnts) < 1791 gl

where

Fg(z) = J m_g;ri),”du(y)-

Finally, observe that condition (4.13) corresponds with the hypothesis of Schur’s test for the

operator F'. Therefore, |Fg|ly < ||g|l5, which concludes the proof of (4.14). O

Remark. Condition (4.13) is easily satisfied, with € > 0, when p is the n—k-dimensional Hausdorff
measure of a compact n — k-dimensional manifold. In particular, is necessary to have e strictly
positive, since one can easily check that S,,_ () = +00. More in general, by Frostman’s Lemma,

one can always find such a measure on a Borel set of dimension n — k.

Remark. When stating Theorem 4.2.4, we took the liberty of letting the parameter € to be any
real number, since the proof would still hold in all cases, as long as (4.13) is satisfied. However,
when considering the Mizohata—Takeuchi conjecture, one is usually interested in measure sup-
ported on sets of dimension n — k. In this sense, € should be considered a small positive quantity,

as usual.

Lemma 4.2.5. For any x € S* 1,

f Sy (2)d2 = C
gk,n

for some positive constant C = C(k,n).

Proof. In this proof we use some delta calculus as described in [26]. If M is a smooth submanifold
of R™, one can define a canonical measure o, which is naturally induced by the Euclidean metric
structure of R”. For a d-dimensional sphere S¢, this correspond to the usual measure o4. Assume
M = {zx e R"| F(z) = 0}, where F : R* — R"% is a smooth function whose Jacobian matrix

has max rank at any point. Then we can write the measure as

fM f(x)doy(x) = f(z)8(F(z))Jp(z)d,

R
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where Jp(x) is the the Jacobian determinant of the function F' at z. In particular, do,_1(z) =
d(|z| — 1)dz.
Call

- J Seps (2)dS2.
gk n

For the computation, we use the fact that Q — Q7 is a measure preserving homeomeorphism

between Gy, , and G, _}. ,,, and, therefore, we identify Gy, ,, with the product the spheres
SPl x S"2 % ... x Sk

So, we consider an orthonormal base of R", (w1, ...,wy), such that (w, ..., wy) spans © and where
gn—1 gn—1 1~ §n—2 d
Wg+1 € ) Wk+2 € (Wwrs1)™ = and so on.

For each j = k 4+ 1,...,n, we can write

dopip—j(wj) = 0(Jw;j| — 1) ( H d(wj - w; ) dw;
i=k+1
Putting everything together, we have

= Ln_l Jsk H d(wj - ) |dog(wy)...dop—1(Wk+1) =

j=k+1

J fjl;ﬂ[ (Jwj| = 1)d( (ﬂf‘"ﬂ %)dwj]:

H |:f do-n+kj1:| < +00.
Snt+k—j—1

j=k+1
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4.3 Sharpness of the L! Sobolev variant

Let us try now to argue in a more naive way, under the same hypothesis that S, __.(u) < 1.

Consider the classical Laplacian on R™. We can write

n

j a2 = f (—A) " |gda2 (- A) T w <
Rn Rn

n—k—e

<o+

n—k—e

H(—A 2" |gdpl® H

1
n—k—e
2

< |2 ]| ol

Here the inequality

n—k—e

|27 1gdn?|| < llgheqa

follows by observing that we can write

n—k—e

A ) = [[ L ),

and applying the Schur’s Test. Therefore we can wonder if the estimate we obtained in Theorem
4.2.4 via the use of the k-plane transform is really an improvement compared to this simpler

estimate. The answer is yes since

(=Ay) 2 Tin(w) = Trn((-A) 2 w),

as one can for example by using the Fourier transform in the variable v.

QL 1

So there is clearly an improvement, compared to a more naive estimate like the one obtained

Now

n—k—e

| T (=2)" 5 w)

dv

f ~A) 2 w(u + v)du
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above, since the triangle inequality |SF | < (|F| is strict for a general integrand F'.

Another interesting question is whether or not inequality (4.14) is sharp, in the sense that we
want to investigate if it is possible that inequality (4.14) becomes an equality for some measures.

The proof of (4.14) essentially boils down to proving

Io(gdp) < Sa(w) |l9ll5

where a = n — k — e. It would then seems natural to claim that, if the inequality is sharp, the

constants are maximizers. In particular, if g is a constant, we have an identity if and only if

This is for example the case if p is the usual surface measure on the sphere S"~% (normalized

to 1). In fact, in this case, thanks to the symmetry of the sphere, the integral

1
An(x) = deu(y)

is a constant independent of x. It is curious to us how the constant are maximizers of this
inequality for the sphere, just like constant are maximizers for the classical LP estimates for the
extension operator associated to the sphere, in many cases studied starting with [25], and many
other works that follows the same ideas (for example [44], [20]).
We can say that constants are quasi-maximizers if I, ~ Sy, or, equivalently, if A,(x) ~ 1.
A sufficient condition for this to happen is that p is (n — k)-AD regular and supported on a

compact set. In fact, under this hypothesis, we have

[t mant) = [ nttol o=y = ax = [ "o venan -
R

0 0]
aj w(B(z,r))r  ldr ~ f rriTe~ 1.

0 0

More in general, it is enough that there exists a subset F of the support of u such that p(FE) > 0

and p|, is (n — k)-AD regular.
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4.4 Local L! Sobolev variant

As in [12], we can adapt our argument to a local variant of (4.8). We will proceed following the
same steps we had for the global estimate.

Let 1 be a smooth cut-off function on R™ and define, for R > 0, ¥r(z) := ¢¥(z/R).

Proposition 4.4.1. Let o € R and fiz Q € Gy ,,. Let i be a measure. Then, for any ¢ € CL(QY),

we have
{(=D0) 3 T (Wrlgdp|?), 9ot = (Sr(9)(-), Pdar, (4.16)
where
)(2,0) f f y) Ko (@, y)dp(z) dp(y) (4.17)
and
Koo(z,y) = | ¢r(2)|z—y+ 2% (z — y + 2)e'@ ¥+ vz, (4.18)
Rn

Remark. Observe how Sgr(g) — S(g), as R — +oo, since ¥r — 8. Therefore we recover

Proposition 4.2.1.

Proof. We proceed as in the proof of Proposition 4.2.1. Applying Plancherel’s theorem, we get

(80 BT Do = | g g€ D) E =

- | []] swmieaerineriote -2 = o + wdutantoazde -

-1 ) f IEHE(E — = — 2+ 9)q: (v — v + 2)du(x)n(y)d=dE =

~ [[st@ats0s o~y + (]| 1130l ~ 2~ 2+ y)de ) dutorntia: -

~ || s@9ws0s @~y + 2 = -+ 2B ms o~y + 2D IrlE)du@hn)dz,
where 71 is the orthogonal projection onto Q2+ and we used Fubini’s theorem.

Writing explicitly the Fourier transform of ¢ and using Fubini’s theorem, we obtain the

thesis. 0

The analogue of Corollary 4.2.2 is the following:
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Corollary 4.4.2. Assume that p is compactly supported. Then

(—A0) 3 Tin (Vrlgdul?) (2, 0) = Sr(g)(2,0) (4.19)

holds pointwise almost everywhere.

Proof. Take ¢ as in the proof of Corollary 4.2.2 and write

()T o Y0 0) = [ G (B ) QI =
_ Ll J J J V€| (€)Dr(2)g(2)T()D(E — 2)00(E — 2 — @ + y)dpu(x) uly)dzde.

Following similar steps to the ones in the proof of Proposition , we arrive at the quantity
~ [|[ s@0)601 2 -+ o~y + 21 TR ~ (eIt

But gg(a: —1y) =1 when z,y € spt(u), so we have the thesis. O

Theorem 4.4.3. Let € > 0. Assume that the measure p is such that

Sk (p) S 1. (4.20)

Then

(2+e)k—n

H<—Av> ST T (el dnl)

2
S H9HL2(d,u)' (4.21)
LLL®

In particular, we have

(=207 T ()|

19172 dp - (4.22)

2 O(e
|, ot < R

Proof. We first show how to obtain (4.22) from (4.21).
Observe that, by dominated convergence, it is enough to prove (4.22) with a smooth cut-

off function ¢ i in place of xp,, such that ¥p > xp,. We start by using (1.4) and Hélder’s
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inequality.

J1/’1““‘(%)IQ/dPIQ(ﬂf)w(ﬂ:)d:C <

(2+€e)k—n

(—A,) 2050 Ty, (Vrlgdul?)

1+e¢ °
LLL,¢

n—k
< || (a0 = T w)|

1+
LELLTe

Observe that if f is supported on a ball or radius R, so is T}, ,(f) with respect to the variable v.
Therefore we can dominate the L% norm with the L® norm times a contribution of the size

of the support. In particular we can say that

(24e)k—n — 9
(_Av) 2+ Tk,n(¢R|gd:U’| ) e S
LLL,*
(n—k)e (24+€e)k—n — 2
SRR 1(=Ay) 2059 Ty ($rlgdpl”)
LoLy
Applying (4.21) we get (4.22).
To prove (4.21), we use (4.19).
(24+€e)k—n — 5
sup |(=Av) 2059 T n(Yrlgdpl”)| <
v
—~ —(n—k) rT—y+z
< H lg@)lgW)|[Yr(2)|lz —y + 2| @59 dg1 <|x_y+z,> dzdp(y)du(z),

where we used the homogeneity of dq..

As in the proof of Theorem 4.2.4, after integrating in (), we are left to prove

r—y+z

o~ —(n—k)
[ 1sttatiizaee -y + 2T 00 (L) dedut) < Lol

To do so we just need to show that the kernel
o~ —(n—k)
K(ay) = [ [Br@lle -y + o/ 5 ds
satisfies the Schur test. This follows from (4.20), since

sup f Kz, 5)dn(y) < Sae (1) f Fr()ldz < 1.
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Remark. The quantities Sn_x (1) and S, _;_.(u) are essentially the same. Therefore we can say
1+e€

that Theorem 4.2.4 and Theorem 4.4.3 share the same hypothesis.

Remark. In both Theorem 4.2.4 and Theorem 4.4.3 there is an e-loss. In the global case it
appears in the number of derivatives of the Sobolev norm. So we do not precisely have d
derivatives like Sobolev embedding W% (R%) < L®(R%) would require. In the local case, the
number of derivatives for the Sobolev embedding is precise for the chosen norm and the loss is
instead given by the factor R¢. This phenomenon can be contextualized within Tao’s “epsilon
removal lemmas”. These are techniques introduced by Tao in [51] which allows one to go from

local LP estimates with R€ loss to global estimates at the price of a loss in the exponent p.

o1



CHAPTER 5

A MIZOHATA-TAKEUCHI ESTIMATE FOR RADIAL
WEIGHTS

In this chapter we discuss the Mizohata—Takeuchi estimate, in its more classical form, and not
in the Sobolev variants, for measures under similar hypotheses to the ones used in the previous
chapter, in the particular case of radial weights. As already mentioned, this is a well studied case
in classical setting of the Mizohata—Takeuchi conjecture for the spherical extension operator, for

which it has been proven to hold ([3],[19]).

5.1 k-plane transform of radial weights

We consider in this chapter radial weights. To be precise, we assume that our weight w is such
that there exist wp : [0, +00) — [0, +00) such that w(x) = wo(|z|?). The choice of the modulus
squared as our radial variable, instead of simply the modulus, is justified by the simplicity of

some computations, as it will be clear later.

We want to compute the k-plane transform of w. Observe that, if z € Q and v € QF, then

|z + v|? = |z|? + |v|?. Using polar coordinates on 2 and a change of variable, we can write

+oo
w(z +v)diq(x) = ckf wo(r? + |v|?)r*tdr =
0

Tonlw)(2.0) = |

Q

+o0 fo
>~ J wo(r2)(r2 — |v\2)77“dr,
[v]

where ¢, is the surface area of SF~1.

Therefore we can see that, for a fixed radial weight w, T}, (w)(€2,v) only depends on |v|. In
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particular we can write, if we call d = |v|?,

+00 b2
Ty (1) (2, 0) = F(uo)(d) = f wo(r)[r — d1, dr,

where [.]+ is defined as
a if a>0

la]+ =
0 ifa<O

The key observation is that, if & > 2, then we trivially have that F'(wg)(d) < F(wp)(0),
for any d > 0. In particular ||Tyn(w)|l,, = Trn(w)(2,0), for any Q@ € Gy ,. So we have a
linear behavior of the L® norm in this case, which greatly simplifies the problem of proving a

Mizohata—Takeuchi type estimate.

5.2 Mizohata—Takeuchi conjecture and spherical averages

We will now take advantage of the observation in the previous section to link the Mizohata—Takeuchi

problem to another well known problem in harmonic analysis: that of spherical averages.

Let p be a positive Radon measure with compact support in R™. Let S(r) be the n — 1-

dimensional sphere of radius r. Then we define the spherical averages of u to be the quantities

) = |

1] (rw)do (w), (5.1)
S(1)

for 7 > 0. One is interested in studying estimates of the form

for some o > 0. This has different implications, but is mainly known for its connection with the

Falconer’s distance set problem (see for example Mattila [38], [40]).

Proposition 5.2.1. Let k > 2 and S(r) be the n — 1-dimensional sphere of radius r. Then the

following are equivalent:
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. fg o)) 70 gl (5.2)

. JRn lgdul*(z)w(@)dz < (| T (W)l 1917240 (5.3)
for any radial weight w.
If k =1, (5.2) implies (5.3), but the converse is false.

Proof. First we prove (5.2) implies (5.3).

Using polar coordinates, we can write

0

o0
< (j wo<r2>r’f—1dr> 191220 =

0
= Tjon(w) (€2, 0) 19l Z2(ap) < 1 Tsn (@) 190 72ay -

| ok @yta)de = | oty ( L |gdu|2<m>do<w>) ar s

Now we prove (5.3) implies (5.2), for k > 2.
Therefore, assume (5.3) is true for any radial weight. In particular it holds for the charac-

teristic function of the annulus A = {x € R"| R < |z| < R + €}. For k > 2 we have

R+e

1 Thon(xA) |l = Thon (x4)(2,0) = f r"ldr = (R+¢)F — R* = eR* ' + o(e).
R

On the other hand, using the Mean Value Theorem, there exist R € (R, R + €) such that

2 o R n—1 2 o
fA 9 (2)dz = fR - ( L o <m>da<w>> dr =

¢ j (A2 (Rw)do ().
S(1)

So we have
], o Repdote) < (R 4000) gl
Dividing both sides by € and letting ¢ — 0 we obtain (5.2). O

Remark. The proof we presented of (5.3) == (5.2) fails in the case k = 1 because we do not
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have the linear behavior of |7}, (w)||, that we observed in the last section. In fact, we can

oo
never have (5.3) = (5.2) for k = 1, since we already mentioned how, for the sphere, (5.3) is

true, while one can easily check, using Knapp’s example, that (5.2) fails.

An argument like the one in the proof of Proposition 5.2.1 enables us to use known results
for spherical averages to obtain some Mizohata—Takeuchi type estimates, as we will do in the

next section.

5.3 An estimate for general measures

A well studied problem concerning spherical averages, is to find the best possible decay [ for
the estimate s(u)(r) < =P, If a measure u is a-dimensional, we generally have that 8 < «
or at most = « (see Luca—Rogers [34]). Moreover, when trying to upgrade an estimate like

s(p)(r) < r~“ to an estimate of the form

lgdp[?(rw)do(w) £ 77 |lgl 72
s(1) #

one usually has to pay an e-loss, i.e. o/ = a —e, if one can even prove that. Therefore it appears
hard to use Proposition 5.2.1 to prove that Mizohata—Takeuchi conjecture is true for a general
measure.

In this section we show that, if we localize the problem and allow the e-loss, we are still able

to use the idea of Proposition 5.2.1 to obtain a result, under a familiar hypothesis.

Theorem 5.3.1. Let e >0, k+ € > (n+1)/2 and assume
Sp—k—e(p) < 1. (5.4)

Then

i 9o @) <707 gl (5.5)

In particular, for any radial weight w, we have

JB lgdul(@)w(@)de < R || Tin(w)lly, 19072 (5.6)
R
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First we need a result for spherical averages. We use here the following theorem, due to P.

Mattila ([38]).
Theorem 5.3.2 (Mattila). For 0 < a < (n—1)/2 and r > 0 we have s(pu)(r) < Lo(p)r—.

Proof of Theorem 5.3.1. Letting a = n — k — ¢, with k in the given range,

f AP (rw)do (@) < Lu(u)r—.
s(1)

So, as we already argued before, we have

lgdp[?(rw)do(w) < r™Io(gdu) < 17Sa(1) 911724 -
s(1) g

If we now argue as in the proof of Proposition 5.2.1, we have

— R —
j g (2w () dir = fo wo(r2)r ! ( L ) Igdu|2(rw)d0(w)> dr <

Br
g(

o0
<R (jo wo<r2>r“dr) 1912200 <

R
[ wnteyet= ) o <

< R T (w)(2,0) llgl1Z2(ay) < BTk (w)ll, 190 Z2 ()
O

Remark. Theorem 5.3.1 does not recover the known result for the sphere with radial weights,
not even up to the e-loss. In fact, we cannot consider k = 1 while maintaining an arbitrary small

value of €. Indeed, to have arbitrary small ¢, we need a large enough codimension k.
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CHAPTER 6

THE MIZOHATA-TAKEUCHI CONJECTURE FOR
GENERAL MEASURES

In the previous chapters we proved some results for a wide class of measures, only satisfying some
dimensional hypotheses and not requiring smoothness. In this chapter we discuss the possibility
of formulating a Mizohata—Takeuchi conjecture for such class of measures. In particular we will
only require the support of the measure to have a certain Hausdorff dimension, without requiring
any smoothness and, later, we will see what happens if we lower the smoothness hypothesis, by
working with rectifiable sets. We will only consider integer dimensions, for which 7}, makes
sense the way we defined it. In particular we will have k € N, 1 < k < n, throughout, even if we

will consider fractal measures at some point.

6.1 A tentative conjecture based on Hausdorff dimension

We observed a sufficient condition for (4.13) to hold with € > 0 is that p is the surface measure
of a smooth compact n — k-dimensional manifold. More in general, if we have a compact set M
of Hausdorff dimension n — k, by Frostman’s Lemma, there exist a measure u supported inside
M such that p(B(z,7)) < r"*. In particular, it follows that (4.13) is satisfied for any € > 0.

Conversely, if we assume that (4.13) holds for a measure p compactly supported, for all
€ > 0, it follows from the characterization of Hausdorff dimension via the a-energy that p must
be supported on a set of dimension at least n — k. Of course the more interesting case is when
the dimension is exactly n — k.

Moreover, using Proposition 2.3.1, which characterizes a-energies for 1, we can argue in the
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following way:

| 6P @yt < [l @) ) + e de <
< Lii—c(gdp) Hw<~><1 | s

< w1y

2
 Snkee) 9l
where we used Holder’s inequality and the Schur test for the estimate

In,k,e(gdu) < Snfkfe(u) HQH%Q(M) :

The finiteness of the quantity Hw() (T+]-| k+€” » 1s telling us something about the integrability

of the weight on sets of dimension k. In particular, it is easy to see that

k
1Tl < )1+ 5+

Lo’

In fact

T nw(Q,v) = f w(z + v)dAq(z Hw )1+ - |)k+€
Q

f (1+|x|) (k+6) g
L Rk

and, (1 + |z|)~**+9dz < +oo, for any € > 0.

Therefore it seems natural to ask ourselves if a generalization of the Mizohata—Takeuchi
conjecture could be formulated for measures, perhaps compactly supported, under only dimen-
sionality assumptions. In other words, let p be a measure supported on a set of Hausdorff

dimension n — k: could the following estimate be true for a constant C' only depending on u?

|l @ywta)de < € 1Tl o ol (61)

6.2 A counter-example to the general conjecture

Unfortunately, we are immediately able to disprove (6.1).
We start by constructing a counter-example for n = 2, £k = 1. Consider a measure v, that is

to be chosen later, supported on a set of Hausdorff and Minkowski dimension 1/2 on R, so that
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the measure u defined on R? as p := v ® v has support of Hausdorff dimension 1. Similarly,

consider g = f® f and w = u® u. Then, (6.1) becomes

fR Fav2(@)u()ds < A/ Xwl e 120, - (6.2)

If we St

Xw(w,v) = J u(wit + vi)u(wat + ve)dt.
R

Consider the case where u is the characteristic function of a set E. Since at least one between

w1 | and |ws| is greater than v/2/2, say |wi| = v/2/2, we have

| Xw(w,v)| < f xe(wit +v1)dt < V2|E|.
R

Therefore we can bound
AV I Xwl e < (Jullp2 -

By duality then, (6.2) implies the weak estimate

|7/

< 2wy -

4,0

We can choose the measure v to be one as described by Theorem 3.2.2. In particular, v satisfies

the hypotheses of Theorem 3.2.1, and, therefore, we have that

|7av| < 112

for p = 6. Now, we would have by interpolation that the bound

|7d|| | <115 lz2)

would hold for all p, 4 < p < 6. But this is a contradiction since Theorem 3.2.2 establish the
bound cannot hold for any p < 6.

We can generalize this counterexample to any n and k. First, we need an higher dimensional
analogue of the fact that if w € S!, then either w; or ws is greater then v/2 /2. Recall the following

classical result of linear algebra:

99



Lemma 6.2.1 (Cauchy-Binet). Let A € Mat, «xx(R) and B € Maty,(R). Let
S ={Sc{1,..,n}||S| =k}

For S € &, define Ag € Maty«(R) by taking the k rows of A indexed by S; similarly, define Bg
by taking the k columns of B indexed by S.
Then

det(AB) = ) det(Ag)det(Bg).
Se6&

Then we are able to prove the following corollary:

Lemma 6.2.2. Let w!,...,w* € R, with (w',w’) = &;. If A € Mat,,x,(R) is given by A;; = w},

then there exists S € & such that

—~1/2
det(Ag)| = (Z) .

Proof. Applying the Cauchy-Binet Lemma with A and A?, since AA? = I, we have

1= ) det(Ag)>.

Se6&

So the result follows by observing that [&| = (7). O

To generalize the counterexample, consider a measure v, to be chosen later, supported on
a set of Hausdorff and Minkowski dimension (n — k)/n on R, so that the measure p defined on
R™ as p := ), _, v has support of Hausdorff dimension n — k. Similarly, consider g = Q),,_; f

and w = )" _; u. Then, (6.1) becomes

fR Fav2(@yu()ds < (ITknwll )™ 11220, - (6.3)

If (w',...,w") is an orthonormal basis of €,

n k
T nw(,v) = f H U (2 w;‘th + vj> dt.
R h=1

j=1

Consider the case where u is the characteristic function of a set . By Lemma 6.2.2, without
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loss of generality, we can assume that the & x &k matrix A, given by Aj;, = w? has det(A) = c.

By using the change variables At = x, we can therefore estimate in the following way:

k k
< [ [T ( $ ul + ) it <
R -
j=1 h=1

k
< HJ XE (xj +v;) dz; < |EJF.
j=1"R

Therefore we can bound

| T nwl] oo™ < el g -

By duality then, (6.3) implies the weak estimate

(T P T e

Again, invoking Theorem 3.2.2, we can choose a measure v which satisfies

|7av]| | < 11120

for p > % By interpolating with the weak estimate found, we would have the L? — L?

bound for all p > %, which cannot happen. In fact, Theorem 3.2.2 ensures the bound cannot

hold for p < %, leading us to a contradiction.

6.3 [P-type Mizohata—Takeuchi estimates

Since we showed that the estimate (6.1) fails for general measures, we can try and consider some

weaker inequalities. We can consider the following family of estimates, that we call MT'p:

| 192 o < T )5 V1 (6.4)

for 1 < p < 0. The counterexample we constructed tells us that MToo is definitely false for
general measures.

On the contrary, MT1 is always true for compactly supported measures . In fact, it is
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straightforward to observe that ||Tk7n(w)||Lng = ||w|| ;1. Therefore,

— |12
2
9|, < I Ten(w)l 11 191720 -

f a2 (@)w(@)de < [l

So, we can expect there exists a certain pg € (1, +00) such that MTp always fails for p > pg for
general measures. Slightly modifying our previous counterexample, we can say something about

this range.

Again, consider a measure v supported on a set of Hausdorff and Minkowski dimension

n—k)/n on R, take pu defined on R" as p:= X" _,v,g=&XR" _, fand w = &) _, u. Writing
m=1 m=1

m=1

p =1+ (p—1) and using Holder’s inequality, we have

p
||Tk,nw(Q7 )Hig = J d)\QL (’U) <I- II,

QL

n k
ka Hu <Z w?th + vj> dt
j=1 h=1

where
:f f - ( " ot —i—v-) dtdAg,. (v)
! QL Jrk ]lj[l ¢ hz_jl o ' ’
and . . p—1
II = vse%pL JRk ]ljlu (hz_ll w?th + vj> dt
A change of variable shows that I = |Jul|71, while, using Holder’s inequality and Lemma 6.2.2,

k —k\p—

IT < (lull g flull7")P~
n—k+
np

k
By taking u = xg, we have (HTkm(w)HLSLg)l/n < |E| * . So we get the weak estimate

HdeHL%’OC < ||f”L2(u)'

Again, we can invoke Theorem 3.2.2 and construct a measure satisfying our hypothesis and such

that

|7av|,, < 1flzg)

cannot hold for p < QZfik, but is true for p > % In order to not fall into a contradiction

; ; sari +k
by interpolation, we must necessarily have p < *=.
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It is interesting to observe that 2 < "TH“, therefore the estimate MT2 seems like a good

candidate if we are looking for positive results.

Estimates of this nature have some interest and have already appeared in literarure. For
example, in a recent work of Dendrinos, Mustata and Vitturi ([24]), a MT2-type estimate is
proved for a certain class of quadratic surfaces, like the paraboloid. The method used by the
authors involve some application of the Cauchy-Schwarz inequality and the use of the Wigner
distibution, on which we will come back later in Chapter 8.

If we put ourselves in a more general setting, we can try to exploit ourselves the Cauchy-

Schwarz inequality and the isometry property of 7}, ,, to argue as follows:

gdpf?, ) = ((=B0) T (9d), Tenw) < || (=80 Thnllgdnl?)|| , 1 Timoll o

Now, since the operator (—A)*/4 commutes with Tk n, we can write, using Plancherel’s Theorem,

||2

|20 2T gdu®)|

= =20 T~ >k/4|gdu|>\

s, -

where f (x) := f(—x). Another application of Cauchy-Schwarz inequality shows that
\gdp * gdp|* < | fil - |g[Pdp = |g]*dfi.
Therefore, using Holder’s inequality,

~ ~ ~ 4
i 12 S 7R o 17 T P P R P

Combining everything together, we have that if

- |k“*’7HLw <o, (6.5)

then

fgdm (2)dz < |Tin (@)l 1902 - (6.6)

Remark. Since Gy, ;, is compact, ||Tkn(w)|l ;2 S | Thn(w) HL?‘;L?' In particular, (6.6) implies MT2.
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Objects like p * i are studied in Fourier restriction theory. For example, in a famous paper
([26]), Foschi takes advantage of the idea of accessing the LP norm of the extension operator via
convolutions of the measure when p is an even integer, to prove constants are extremizers for
LP estimates of the extension operator for S2.

An example of a measure that satisfies (6.5) is the surface measure o,,_; of the sphere S*~1
for n = 3, since

n—3
2

o 4]
|

where Vj,_5 denotes the surface measure of S*~2.

Further Problem. Condition (6.5) is essentially a geometrical hypothesis on the measure p. Even
if we have not been able to produce an example at the time of the writing of this thesis, it is
not unthinkable that one could be able to construct a measure satisfying (6.5) while not being

supported on a regular manifold.

6.4 Mizohata—Takeuchi conjecture for rectifiable measures

We saw how the sole condition on the Hausdorff dimension in not enough to obtain a Mi-
zohata—Takeuchi estimate. Since the idea behind the formulation of the Mizohata—Takeuchi
conjecture is based on the existence of normal and tangent spaces of the support of the measure,
which of course are not defined for fractal measures, we can try to see what happens if we con-
sider rectifiable measures. This represent a wider class compared to the one canonical measures
of smooth manifolds, but we still have a notion of tangent space in this setting.

So, let u be the n — k-Hausdorff measure restricted to a, perhaps compact, n — k-rectifiable

set £/. Then, is the estimate

| oA @ta)de < 1Bl e ol (67)

true?
Let us first introduce a slightly different problem. Consider the following bilinear extension

estimate on the plane:

Hg1d01g2d02‘ Laz2) < 91ll L2 doy) 11921 2 (dery) - (6.8)
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We say that two curves S; and S on the plane are transverse if any pair of unitary vectors nq,
ng, respectively normal to S; and Sg, are linearly independent and a-transverse if [n; A na| >

for some o > 0.

Proposition 6.4.1. Let, fori =1,2, S; = {x € A; c R?| F;(x) = 0} be two smooth a-transverse

compact hypersurfaces. Then (6.8) holds.

The content of Proposition 6.4.1 is well know and goes back to some arguments of Fefferman
and Sjolin (we refer the reader to [8] for a more complete overview on the topic of multilinear
restriction). Here, we will give a simple proof using the following result ([13]), which will also

be usefull to us in the Chapter 7.

Theorem 6.4.2 (Bennett-Nakamura-Shiraki). Suppose that M is a k-dimensional C' subman-

ifold of R™ and € is a k-dimensional subspace of R™ for which

TeM A QF = {0} for all €€ M, (T)
and
E—n)nQt = {0} forall £,ne M. (GT)
Then
Tnlgdo) 0,0 = [ IOE o) (6.9)
Fn 19 T I (Tt A9 '

Proof of Proposition 6.4.1. Using Plancherel’s Theorem and the Cauchy-Schwarz inequality, we

write

H91d0192d02HL2 = |lgrdor = gados| 2 < [|doy = doa| poo 911 12 (400 ) 19211 £2(d0rs) -

To study the convolution, first observe that the transversality hypothesis ensures that S; —{z} n
So is a well defined d — 2-dimensional manifold, for any x € S; + S2 and compactness ensures

that, calling s, its natural surface measure, u,(R?) < K < +oo, uniformly in z. We use again
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delta calculus as in [26].

Fi(x —
grdoy * gadoa(x) = ffF 1; ( )y) g1(x —y)g2(y) V1 (x — y)||[VEa(y)|dy =
2(Y

— [ (o= ity (LU )

IVyFi(z —y) A VE(y)]

dpig (y).

Now, using |V, Fi(z —y) A VE(y)| > a, |[VFi(z — y)| and |[VF2(y)| < C and p,(RY) < K, we
get the estimate

lgrdo * gados| e < llg1ll e llg2ll e
which in particular implies ||doy * doa||; e < 1. O

Now consider two curves S; and S on the plane that are a-transverse, and assume that for

each of them the Mizohata—Takeuchi conjecture holds. Then

e S
2
Hgldalg2d02HL2(R2) s HX(|92d02| )HLoc gl 22 o)

where the L® norm of the X-ray transform is taken over directions normal to S;. Therefore,

thanks to the transversality hypothesis, we can use the Theorem 6.4.2 to conclude that

| X(lg2da®)|| < g2l qany -

In particular we have that the Mizohata—Takeuchi conjecture implies the bilinear estimate (6.8).
In [16], the authors (Carbery, Hanninen and Valdimarsson) prove in more general settings

how inequalities like the Mizohata—Takeuchi one imply multilinear estimates like (6.8).

We include a proof of Theorem 6.4.2 for completeness and to show how the transversality

hypothesis comes into play.

Proof of Theorem 6.4.2. The condition (GT) guarantees that M intersects any translate of Q-+
in at most one point. Therefore M can be viewed as a graph of a function ¢ over 2.
The condition (T) tells us that all tangent spaces to M meet Q- transversely, and ensures

that the function ¢ is of class C'.
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In particular, calling U < Q the orthogonal projection of M onto €2, and u € U, then ¢(u) is

the unique element of M ~ ({u} + Q*) — {u}. By construction, we can represent M as
M = {u+p(u)| ue U},

where ¢ : U — QL.

Now, we can write the extension operator in the following way:

9o () = L £ S0 (53 (u))] () dAey (1),

where X(u) = u + ¢(u) and

Then, using Plancherel’s theorem on 2, we have

Ty (9o ) (2, 0) = L 9do 2 (z + v)dAa(x) =

2

:f f eilrutv el gy 1 o)) I (u)dra(u)| dra(e) =
Q\IJU

‘ 2
- | Jer gt + ot g axa) -

- f ou + () (u)’
Q

* J(u)dra(u) = j 9T (u(©)do (),

M

where u(§) is the orthogonal projection of £ € M onto Q.

Therefore we only have to show that

1
Ju) = —— —
(u) ’TE(u)M A Qilj
since |[(Te M) A Q| = [Ty M A Q.
Calling ey, ..., e, the standard basis of R", we can assume, without loss of generality, that

Q =span(ey, ..., e;). First, observe that, since ¢ has image in Q'

0% ox
Ave A =— A€kl A e Alp| =e1 A Aey| = 1.

Juy oug

Next, we construct an orthogonal basis vy, ..., v of Ty, )M via the Gram-Schmidt algorithm,
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0%

using as starting vectors e %. So we have that

ouy’
ox 0x
— A AT— =ULA .. AU
8u1 auk ! F
and, in particular,
oY ox
JWw)=|=— A . A =—| =01 A .. AVg| = 1| el |0
(u) ’8u1 2ur vy k| = lvi] - o
since the vectors v1, ..., v form an orthogonal basis. Therefore we have
Ty M A QL| | A A A Ekal A - A Ep| =
oA A A A e, ] '
o] - oo U] J(u)’
which concludes the proof. O

It is then tempting to believe that if the Mizohata—Takeuchi conjecture is true for rectifiable

sets, then so is (6.8), under a suitable transversality hypothesis. Again the answer is negative.

Theorem 6.4.3. Estimate (6.8) fails for a general pair of transverse rectifiable sets. Moreover,

the Mizohata—Takeuchi conjecture is false for a gemeral rectifiable set.

Proof. Consider

M= J{27*} x 0,27 = R
keN

and

N =[-2,2] x {0} c R?,

and equip them with Hausdorff measure, called respectively p and v.

If (6.8) holds, then we must have, by using Plancherel, for any sequence of functions {gn},

i

L2(R2) = [lgndp = dVHL2(R2) S HgNHL?(d,u)'

First, we want to compute gnydu * dv. The geometry of the problem suggest that this only
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depends on the vertical coordinate. In particular, if A ~ 27%,

B

gndp # dv(0, h) = Z (277, h)

and, therefore,
2

dh.

k .
N(27j7 h)

o= dvlZagn = 3 f
k=0727""1 ;50

On the other side,

o0 92—k 9
ol = 3, [ Jow@ o] an.
k=0

If we choose
N

gN = Z aj " X{2-3}x[0,2=N]s
j=0

where {a;} is a sequence of positive numbers, then the estimate would imply

2

N
Z aj
j=0

N
S Z ‘aj‘27
7=0

which cannot hold uniformly in N, as the optimal constant for the inequality between ¢! and ¢?
norms in RY is v/N.

In particular this constitutes a counterexample to the “rectifiable” Mizohata—Takeuchi in-
equality itself, if we take the weight to be w(z,y) = |d/;]2(:v) Observe that, with this choice,
w(z,y) ~ sin?(x)/2%, which is a positive weight with finite X-ray transform in the normal

direction to the set M. O
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CHAPTER 7

A MIZOHATA-TAKEUCHI ESTIMATE FOR TENSOR
WEIGHTS

In this chapter we prove the Mizohata—Takeuchi estimate for smooth manifolds with weights
of the tensor form we already started to study in the previous chapter when constructing the

counterexamples presented.

7.1 The k-plane transform for tensor weights

In this chapter we will refer as tensor weights to weights on R™ of the form

W(T1, ey Tp) = w1 (1) - - - Wy (Ty).

These behave particularly well when taking the L® norm of the k-plane transform, as the

following proposition shows. Recall the notation & = {S < {1,...,n} | |S| = k}.

Proposition 7.1.1. Consider a tensor weight on R™ of the form

W(T1y eeey ) = wi(x1) - - - Wy (Ty).

Then

Tk nwll oo ~ Ig‘leaGX {H [Jwilly - H ||w]Hoo} .

€S jese

Proof. Call

Q = max {H lwilly - ] ”wJ'Hoo} :

€S jese
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For S in &, consider the associated k-plane Qg =span{e; | i € S}. Then

Tknw(Qs,0) H [Jwilly - H l[w;l o

€S jese

Therefore Q < || Ty nw]|,

To prove the reverse inequality, consider Q € Gy, and let (w?,...,w*) be an orthonormal
basis of Q. Applying Lemma 6.2.2 to w!,...,w", we can assume, without loss of generality, that
det(Ag) = 1 for S = {1,...,k} (recall that Ag is the k x k minor of the matrix A = (w!---wk)

defined in Lemma 6.2.2). Then,

Ty nw(2,v) = f Hw] (Zwth—i-vj) dt.

By using the change variables Agt = x, we have

k
|Tk7nw(Qav)‘ = ||wJ|| J ij (Z hth +UJ) dt <

j=k+1
< TT Il HJ w, 2 + ) de; <
j=k+1
n
< T lwslly H il -
j=k+1
Therefore Q 2 || Ty nw||,, and the constant is given by Lemma 6.2.2. O

Remark. Observe that taking the maximum of the quantities [ [;cq [[will; - [ [jese [lwjll, is neces-
sary if we want to consider the L* norm over all possible orientation of k-planes. When dealing
with a Mizohata—Takeuchi estimate however, depending on the normal bundle, we can get away

with just considering less planes, or even just one.

We first look at the case when all normal k-planes to a manifold M are close to a main

k-plane €.

Theorem 7.1.2. Let M be a k-dimensional C* manifold and w be a weight of the form of
Proposition 7.1.1. Let S is a k-plane of the form Qg = span{e;|j € S}, for some S € &. Assume
that M and § satisfy the hypothesis of Theorem 6.4.2 and, moreover, that |TeM A Qg| = ¢ > 0,

for all £ € M. Then the Mizohata—Takeuchi conjecture is true for M.
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Proof. Without loss of generality, assume that Q2 =span{ey, ..., ex}.

First observe that w < w pointwise a.e., where

n

W(T1,y oy ) = wi(x1)...w (k) H llw;ll -

j=k+1
Then
| sdr@Puis < | jdre)o)ds <
n Rn
n k —_—
< T lwillye - T Tllwilly Tion(lgdal?)(€2,0).
j=k+1 i=1
Then by Theorem 6.4.2 and Proposition 7.1.1 we have the result. O

7.2 Decomposition of a manifold

We now want to prove that, given a manifold, we can decompose it into pieces on which we can

apply Theorem 7.1.2.

Theorem 7.2.1. Let M be a compact C'-manifold of codimension k and w be a weight of the
form of Proposition 7.1.1. Then the Mizohata-Takeuchi conjecture holds for M equipped with

the canonical surface measure o and weight w.

Proof. For S € &, call Qg = span{e;| ¢ € S}. First observe that for all £ € M there is S € &
such that

ITeM A Qg| >0

and, in particular, TeM n Qg = {0}. In fact, if wy,...,w,— is an orthonormal base of T¢M,
then there must exist a minor n — k x n — k of the matrix given by the vectors wi, ..., w,_g
as columns with non-zero determinant. In particular, there is an S € & such that the matrix
given by the vectors wy, ...,w,_ and {e;| i € S} as columns has non-zero determinant equal to
|TeM A Q25| = c. Observe that we can choose S optimally if we select the one that gives the
greatest determinant.

Since M is C'- regular we can find a whole neighbourhood U = U (¢) of £ such that |T;,M A
Qg| = ¢/10 >0, VneU.

72



We now show that if U() is chosen small enough, then (x —y) n Qg = {0} for all z,y € U.
If this was false, then we would be able to find two sequences {x,,} and {y,,} converging to &
such that {z,, — ym) < Qg.

Up to passing to a subsequence, we have that

i Tm — Ym
m ———

=VE QS,
m—n |xm - ym|

since (T — Ym)/|Tm — ym| € Qs and Qg is closed. If we prove that v belongs to T¢ M, we get a
contradiction because we would have |T¢M A Qg| = 0.

If U(£) is chosen small enough, we can assume there is a C''- homeomorphism ¢ : B — U,
where B is a ball in R*™* and ¢(0) = & We can then write z,, = ¢(s,) and ¥, = @(tm),
where the sequences {s,,} and {t,,} converge to 0. T¢M can be characterized as the image of
the jacobian matrix Jp(0) of ¢ at 0. Since B is convex, we can use the mean value theorem to

write

T — Ym = P(8m) — ©(tm) = Jo(2m)(Sm — tm),

for a sequence {z,,} = B, where each z,, lies in the line segment between s,, and t,,. Dividing

both sides by |zp, — ym|, and and since |z — ym| = [@(sm) — @(tm)], we obtain
ITm — Ym Sm —tm
— = J(zm) , (7.1)
|[Zm — Y| "e(sm) — @(tm)]

Clearly, z,, — 0. In fact,
|Zm| < |8m| + |2m — Sm| < [Sm| + |tm — sm| = 0 as m — 0.

Passing to the limit in (7.1), the left-hand side converges to v and Jy(z,,) converges to Jp(0).
So, we only need to show that wy, = (sm — tm)/|¢(sm) — @(tm)| converges to some vector w.

Now,
Sm) — @(t Sm — 1
e e
is bounded and therefore, up to passing to a subsequence, it converges to a non-zero vector,
because ¢ is a non-degenerate map. In particular, it follows that |wy,| is definitely bounded,

and so, up to passing to a subsequence, convergent.
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Using compactness, we can now choose a finite number of such sets U that cover the whole
manifold. We can modify the sets so that, if they intersect, we consider the intersection only
once. On each U we can apply Theorem 7.1.2 with Q2 = Q§ and, summing all the pieces we get

the wanted inequality for the whole M. O

Remark. Tt is worth mentioning that one might consider an optimal decomposition in the fol-

lowing way: given the manifold M, consider, for each S € &,
Mg ={¢e M| |TeM A Qg| = |TeM A Qg| VS € &}

In fact, this decomposition both minimizes the number of components and the constant appear-
ing in the estimate which is sup, |TeM A Qg|~!'. However, there are some problems. First, each
Mg is not necessarily connected. For example, if M is the sphere S*~!, each Mg has 2 connected
components, at opposite poles. This is easily fixable by considering each connected component
separately. The main issue is that, in the proof of Theorem 7.2.1 we deduce condition (GT)
from condition (T) using the fact that we consider small enough pieces of M. We do not have
a way to prove (GT) just from (T) with this decomposition for a general M.

This is still an optimal decomposition for any specific manifold for which we can verify (GT)

directly, like one can do, for example, in the case of S*~1.

Remark. Observe that Proposition 7.1.1 still holds for weight of the form
n
w(z) = | Jw;(v;- ),
j=1

where {vj}?zl are linearly independent vectors in R™. In fact the two cases only differ by a
linear change of coordinates and we will only get a constant that depends on the geometry of
the vectors {v;}. Similarly, we can apply a linear change of coordinates to extend the results of

Theorem 7.1.2 and Theorem 7.2.1 to this type of weights by recovering to the proven case.

Further Problem. A result like Proposition 7.1.1, can be seen as type of Brascamp-Lieb inequality

in the sense that we are proving an estimate of the form
n

k
| Tlws= TT sl Tl
Q+v i=1

j=k+1
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One can therefore wonder if it is possible to argue similarly to what done in this chapter, to

prove a Mizohata—Takeuchi estimate for more general “Bracamp-Lieb” weights of the form

w(z) = | [w;(L;x),

J+1

for some linear maps L; : R" — R/, via comparing

m
I Tenollg ~ [ ] llwsl,,
j+1
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CHAPTER 8

A MIZOHATA-TAKEUCHI CONJECTURE FOR THE
PARABOLOID

In this chapter we will introduce a variant of the Mizohata—Takeuchi conjecture for the paraboloid
in R™ and give a proof of the fact that the Mizohata—Takeuchi inequality for the sphere implies

the one for the paraboloid, by using an approximation argument via ellipsoids.

8.1 Wigner distribution and Schrodinger equation

The following observation is due to a work of Bennett, Gutiérrez, Nakamura and Oliveira ([9]).

Let u: RY x R — C be a solution to the Schrédinger equation

O0u
i = Au, (8.1)

with initial data ug € L?(R%).
One can see the solution w as the Fourier extension operator associated with the paraboloid
in Rd+1

P = {(& Eav1) € RY x R| £qp1 = [€%},

defined as

Begla,t) = | ey e

In fact we have u(z,t) = Epug(z,t).
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Now, let us introduce the Wigner transform, defined as

W(g1, g2)(2,v) = fRd g1(x = y)ga(x + y)eVdy, (8.2)

for g1, go € L*(RY).
We refer the reader to [21] for more information about the Wigner transform and its role in
Quantum Mechanics. In particular, we will use some of its properties.

One can show that

f(xv v, t) = W(u(v t)a U(-, t))($> U)
satisfies the kinetic transport equation

of
g‘i"l}'vmf—o.

Therefore we have

f(x,v,t) = fO(CL‘ - tvav)a

where fo = W (ugp,up) is the Wigner distribution of the initial data wug.

The Wigner distribution has the following property:

W (g, 9)(z,v)dv = [g(z)|*.
Rd

Therefore we can write

lu(z, t)|> = y f(z,v,t)dv = J]Rd folx —tv,v)dv =: p(fo)(z,1). (8.3)

The operator p, which is referred to as a welocity averaging operator in kinetic theory, re-

sembles an adjoint space-time X-ray transform. In fact, we have that its adjoint is

0*(9)(z,v) = ng@: — to, dt,

which is of course an integral of the space-time function g along the line through the point (z,0)
with direction (—v,1).

If we now look at the weighted L? norm of u, we can use (8.3) to write
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f lu(z, t)Pw(z, t)dedt = J W (ug, up)(x,v)p*w(z, v)drdv. (8.4)
R4 xR Ré x R4

Now, if we choose the initial data ug to be a real gaussian, then W(ug,u) is also a real
gaussian. We can then use the non-negativity of the terms, together with Holder’s inequality,

to get

f (i, ) 2w (z, £)dadt < J
R4xR

( W (ug, uo)(z, U)dm) sup p*w(z,v)dv
Re \JRd x

- f 0 (0) 2 sup p*w(a, v)do,
R4 T

which in particular implies that

f u(z, t)Pw(z, t)dadt < ||p*wl|,, [[uoll3,
RIxR

It is seems therefore natural to ask if we can have

|, 1Brge 0Pzt < [ lgto)sup p* (e, v)do, (8.5)
R4 xR Rd T
or the weaker
f \Beg(e, 02wz, dedt < sup p*w(z,v) g2 (8.6)
RIxR zeRY
vespt(g)

for general g € L2, The inequalities (8.6) and (8.5) represent respectively and equivalent for
the paraboloid of the Mizohata—Takeuchi conjecture and the Stein-Mizohata—Takeuchi conjec-

ture.

Observe that it is enough to prove the conjecture for a compact piece of the paraboloid, for

it to hold for the full paraboloid.

Proposition 8.1.1. Let

Pr = {(&,€ar1) € R x R| €qi1 = [€]?, € € BR(0)}
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be the truncated paraboloid and let Ep,, be the associated Fourier extension operator.
Then, if (8.5), or (8.6), holds for Ep, with constant C, so it does for Ep, with the same

constant.

Proof. We prove the statement for (8.5). The other is analogous.
Let g € CP(R™). Then, there exist A > 0 such that gx(§) := g(A\) is supported in Br(0).

We can write

Ep(g)(z,t) = f /@ EHUER) g (¢)de = A"f Qe NI g Oy = A" Bp g (Ax, A%1).

n n

In particular we have
f\EPg(x,t)\2w(x,t>dxdt _xen f | By g (A, A20) 2w (, £)dardt —
_ 2 f |Eo,, g1 (2, 1) 2w (/A t/A2)dadt <

< a2 f 97O sup pwn ) e,

where wy (z,t) := w(z/\, t/\2).

Now,

p*wy(z,€) = fw((ar + ) /NN dt = fw((a? + ) /N /N2 dt =

= \2 Jw()\a: +tAE, 1) = N2p*w( Az, AE)dt.

Since taking a supremum over x or Ax are equivalent, we obtain, by changing variable once

again,

f |Epg(z, 1) Pw(e, t)dzdt < CA® J I (© sup p* (e, A = € f (€)1 sup (. ).

The thesis now follows via a standard approximation argument, using that C% is dense in L?. [

8.2 Approximating the parabola with ellipses

We want to embed the parabola into a family of quadratic surfaces which contains both the

paraboloid and the sphere, in order to study the connection between the respective Mizo-
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hata—Takeuchi inequalities.

We start by studying the planar case, so consider the family of conic sections &, on the plane,
with focus on the origin and parametrized by their eccentricity e € [0, 1], given by the polar

equation
1

r=r(0) = 1T coos(@)’

In particular & can be parametrized by the function

%(9):( cos(0) sin(6) > 0 (—m ). (8.8)

1+ ecos(f)’ 1+ ecos(d)

Of course here & corresponds to the circle S!, & to the parabola and &, for 0 < e < 1, are

ellipses.

It is worth observing that, when defining the extension operator, we are not equipping the
paraboloid with the usual surface measure, but the so called affine surface measure. In the 2-
dimensional setting we talk about the affine arc-length measure, which is defined for a C2-curve

as

du = k'Y3do, (8.9)

where k is the curvature of the curve and do is the usual arc-length measure of a rectifiable
curve. Alternatively, and equivalently, given a parametrization ¢(t) of the curve, we can use the

formula
1/3
du(t) = (det <¢/(t) ¢”(t))> dt, (8.10)
since do(t) = ||¢'(t)|| dt and

K(E) = det <¢'<t> ¢"<t>> o] (8.11)

We refer the reader to Guggenheimer ([28]) to understand the idea behind the definition of
affine arc-length for curves in R™ and to the survey paper [47] for its generalization, that we will

discuss in the next section.
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We equip each & with its affine arc-length measure p. which we compute using our polar

coordinate parametrization. We have

7 — sin((He)))2 — cos(@)(};re cos(?é));fe sin?(6)
/ _ +e cos " _ +ecos
(706(9) N e+cos(6) » Pe (9) —sin(0)(14e cos(#))+2e(e+cos(h)) sin(h) ’
(1+ecos(0))? (1+ecos(9))3
and so we obtain
de
o = 12
dpie(9) 1+ ecos(6) (8.12)

In particular, we have that the curvature of the curve &, is

1

ke(t) = (\/1+ 2cos(0) + €2)3

Now we need to define a suitable “X-ray transform” for each &., which has to coincide with
the known cases for the circle and the parabola. From the computation of the tangent vector

¢.., we observe that a normal vector to each & at the point of parameter 6 is

0.(6) = ( e+cos(f)  sin(6) ) (613)

1+ ecos(f)’ 1+ ecos(f)

This corresponds to the unit normal vectors to the circle for e = 0 and to vectors of the form
(1,y) for a parabola of coordinates (z,y), like the ones we saw in the previous section in the
definition of p*.

Therefore, define the following variant of the X-ray transform, adapted to each conic:
Xef(ne,v) = J f(net +v)dt, veR? (8.14)
R

This can be seen as an extension of the domain of the classical X-ray transform, since we are

not only considering unitary vectors for the direction of the lines we integrate on.

Remark. X1 correspond to p* up to some constants, depending on the fact that the paraboloid
&1 is not the paraboloid of equation z, = ), x?, which is the one considered on previous section.

The two are of course equivalent up to an affine transformation.

We can now conjecture the two following inequalities for the whole family of conics:
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™

| i aut@ao < [ 1o@)F sup Xewae o), v)due(0), (815)

| i @ut@e < 1Xewl, | 1o(0)Pduc(o) (5.16)

Proposition 8.2.1. If (8.15) is true for a value of e € [0,1), then its true for every 0 <e <1

with the same constant. Similarly, for (8.16).

Proof. From (8.7), we can deduce that the equation of & in Cartesian coordinates, for 0 < e < 1,

is

2
(1—e?)? <x1 + 1 _662> +(1—eHas =1. (8.17)

So we can define the affine map 7, : S' — &, as

T.(w) = A w — b,

e

where

(1—e?) 0 £
0 V1—e? 0
that brings the circle to the ellipse bijectively. Observe that T3 is not well defined. In fact, there
is no affine function, nor continuous function, that maps the sphere to the parabola, since the
sphere is compact. We prove that if (8.15) is true for S!, then its true for £&. The converse
implication follows from the same argument, but using the map 7. '. The proposition then

follows by transitivity.

From the definition (8.10), we can easily check that affine arc-length measure is preserved by
affine change of coordinates, up to the cubic root of the determinant of the matrix of the affine

map. So we can write

gdpie(x) = fei”'ﬁg<s>due<s> = (1—é)71? f e T (T, (n))do () =

e

=(1- e2)71/267ia:-be Jeix-Aﬁl(n)ge(n)dg(n) —(1— 62)71/267ix.beg/8%_(1471$),

where g.(n) = g(Te(n))-
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Therefore we have

| g @puyis = (- ) [ ol (47 x)uo)ds -
= (1= ) [ g Ply)u(Aa)dy = (1= ) [ 5:do P ) (v)dy,

where we(y) = w(Aey).

By hypothesis, we then have

j (92 (@)w(x)da < (1 — )12 j 9060) 50 Xt i, 0)do ().

Now, we change variable on the right-hand side, by writing w = T, 1(€) = A (€ + be), € € &e. s0

we get

| 9P @yuends < (1= ) [ 9O sup Xue (T ©), o))

So we only need to prove that
(1= ) Xwe(T(€),v) = Xew(neg, v),

for some translation variable v, .
We have
Xwe (T, HE),v) = Jw(Ag(ﬁ + be)t + Acv)dt

and

A2(€ + b)) = A2T,(w) + A2, = Acw.

First we want to show that A.w is normal to & at the point T¢(w).

Call

which is the matrix that correspond to a rotation of angle /2.
If o(t) is a parametrization of S!, then T, o (t) is a parametrization of &. Let w = ¢(t).
The tangent vector to S! at w can be written as ¢'(t) = Rw. The normal of & at the point

T.(w) is given by a rotation of angle 7/2 of the tangent vector, which can be written, using the
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parametrization, as

dTe o

eTe =R
n. T, (w) o

(t) = RAZ1Y/(t) = RA'Rw.

So we want that RAZ'Rw = AA.w, for some A € R. But this is true since

RAJ'RAC! = det(A.)'1d

as one can check by simply observing that multiplying a diagonal matrix left and right by the

matrix R exchanges the values of the diagonal terms. Therefore we know that,

Xwe(T;1(§>vv) = Xw(cnegaf)) = CilXew(negarD)a

where
4wl
[neTe(w)ll

Using the polar coordinate representation of &,

e + cos(0))? + sin?(0)
(1 + ecos(6))?

e (@) =

and
(14 2ecos(f) 4 €?)(1 — €2)?
(1 + ecos())? ’

lAcw]® =

where T, (w) and 6 represent the same point on &. In particular, ¢ = 1 — e? and therefore the
thesis is proved.

The proof of the statement about (8.16) is analogous. O

Proposition 8.2.2. If (8.16) is true for e = 0 (circle), then it is true for e = 1 (parabola) for

positive weights.

Proof. We prove the statement for a compact piece of the parabola, since we saw that this
implies the result for the full parabola.

In this proof, instead of working with the conics themselves, we will use the polar repre-
sentation to just work on the interval [—m/2, 7/2], equipped with the different measures p.. In

particular, we start with a smooth function g defined on [—7 /2, 7/2].
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For 0 < e < 1, consider the family of maps from (—,7) to the normal bundle N&, of &

F.: (—m,m) > NE&.

0 — n.(0).

Observe that on [—7/2,7/2] the maps F, are bijective.

Define g.(6) = g(F; ' o F.(6)). We have to think of g, as the function g, initially defined
on the parabola, glued on the ellipse & in a way so that the set of normal directions to the
parabola on the support of g is preserved.

By hypothesis, (8.16) is true for the circle and therefore for every ellipse. So we can consider

the family of inequalities

/2

| i@ < x| 1.0 due(6),

/

for 0 < e < 1. We want to obtain the thesis by taking the limit for e — 1. For the left-hand

side, observe that m — gdyu converge pointwise by dominated convergence. Therefore we

can use Fatou’s Lemma to get

f’gdﬂl x)w )dx<hmJ]ged,ue (x)w(z)dz.

On the right-hand side, we have to deal with two terms. The L? norm simply converges by
dominated convergence, since the measures are uniformly bounded on [—7/2,7/2]. To take the
limit on the X-ray transform we have to be more careful. First observe that, since ||n.| > 1

with a change of variable we have

Xcf(ne,v) < Xf <||2€|| ) .

Now, thanks to the way we defined the g, the family of vectors n./||n.|| does not depend on e.

So we have

f l9din 2 (@)u(@)dz < || Xwll, 9] 22,

But now, since we are working on a compact subset of the parabola, the normal vectors have a

maximum norm and therefore we can find a constant such that || Xw|, < || Xiw||,. O
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Proposition 8.2.3. If (8.15) is true for e =0 (circle), then it is true for e = 1 (parabola) for

weights of class C. (continuous and compactly supported).

Proof. The proof is the same as the one for the previous Proposition and it only differs when

taking the limit on the right-hand side of our inequality

/2
[ (@) sup Xewtne0), o) )

Observe that, since w € C,, || Xw||,, < o, so we know that the integrands are uniformly bounded

and we can use dominated convergence. We only need to show that
sgp Xew(ne(0),v) — s%p Xiw(ny(6),v)
pointwise, as e — 1. Now,
X.w(ng(6),v) = fR wng(0)t + v)dt.

Clearly n, — n; and so, by continuity of w, X.w(ne(0),v) - Xjw(ny(6),v).
Since w is compactly supported and continuous, the same holds for W (e, v) := X w(n.(8),v),
which is then, in particular, uniformly continuous. Therefore the convergence is uniform over

the parameter v, and so we have our thesis. ]

8.3 Approximating the paraboloid with ellipsoids

We now want to extend the results of previous section to higher dimensions.

We define our family of quadratic surfaces as rotational hypersurfaces, starting from the
2-dimensional setting we already studied. In other words, consider the spherical coordinates
(r,01,...,0,—1) in R™ and define the family &, of quadratic hypersurfaces parametrized by their

eccentricity e € [0, 1], via the equation

1

r=r) = 1+ ecos(f1)’

(8.18)
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In particular £ can be parametrized by the function

cos(f1)  sin(61) cos(62)
1+ ecos(&l)’ 1+ ecos(bq) ’

1
1+ecos T7 ccos(@r) (Hsm (Be) ) cos(;), .. (8.19)

sin(f1)... sin(6p,—2) cos(0,—1y sin(6y)...sin(f,—1)
1+ ecos(6q) " 1+ ecos(by) 7

@6(917 ) en—l) = (

aeey

91 € (—7T,7T), 92, ...,en_l € (—7r/2,7r/2).

&y corresponds to the sphere S!, £ to the paraboloid and &,, for 0 < e < 1, are ellipsoids.

The affine surface measure of an hypersurface is defined as
dp = kY g, (8.20)

where k is the Gaussian curvature, which is given by the product of the principal curvatures,
and do is the standard surface measure.

Given a parametrization ¢(t1,...,t,—1), the affine surface measure can be written as

0 o6 2 \\" !
det <det <&t1 Sl T o0, i

In our case, this measure is easy to compute since we are working with a rotational hyper-

_1
n+1

du(t) = dtl...dtnfl. (821)

surface. The surface area is given by the the arc-length measure of the profile curve and the
surface area of the n — 2-dimensional sphere of rotation of radius given by the distance of the

curve from the rotation axis. In spherical coordinates this is

[sin(61)r(01)]"2[r(01)A/1 + 2 cos(61) + e2]? sin" (). sin (0, —2)db1...d0y, 1.

The principal curvatures are given by the curvature of the profile curve (/1 + 2cos(6) + €2) =3
and and the curvature along the directions of rotation. To compute these we can use Meusnier’s

formula:

Proposition 8.3.1 (Meusnier’s formula). Let C' be a curve on a manifold M passing through

p € M and with unit tangent vector V.. Then the curvature of M in direction V at p is k cos(a),
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where k is the curvature of C' at p and « is the angle between the normal of o and the normal

of M at p.

See [49] for a proof.

Given the symmetry of the the problem, the other n—2 principal curvatures are all equal. We
compute the curvature along the circle of coordinates (61, 62,0, ...,0). This circle has curvature
[sin(61)7(61)]~! and normal N = (0, 1,0, ...,0), while

(N, 0p,0e) sin(61)r(01)3

) = el 1O (1% 2eos(@) 7 )

Therefore, the principal curvatures are [/1 + 2cos(61) + €2]~! and the affine surface measure
is

dpe(9) = 7(01)"sin™ 1 (61) sin"2(6s)... sin(0p,_2)db; ...dO 1.
Remark. Observe that du.(0) has the same form of the Lebesgue measure in R"™ in polar coor-
dinates, with the difference that the radius variable depends on the angular one.

We define the variant of the X-ray transform as in the planar case:
Xef(ne,v) = J f(net +v)dt, veR", (8.22)
R

where the normal vectors n. are just the vectors of the planar case rotated around the rotational
axis.
We can now conjecture the two following inequalities for the whole family of quadratic

hypersurfaces:

|l @ywt)de < [ @) sup Xewae(6).0)de(0) (5.23)
|t @yt < 1 Xeul, [16)due o). (324)

Proposition 8.3.2. If (8.23) is true for a value of e € [0,1), then its true for every 0 <e <1

with the same constant. Similarly, for (8.24).

Proof. From (8.18), we can deduce that the equation of & in Cartesian coordinates, for 0 < e <
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n
e
u—e%2@q+l_¥> (1—e”) > 2% =1. (8.25)
j=2

So we can define the affine map 7, : S"~! — &, as

T.(w) = A w — b,

e

where
(1—e?) 0 0 0
0 Vi—-e& 0 0 1=e?
0
A, = 0 0 Vi—e2 .. 0 , be =
0

0 0 0 +1—e?

T. brings the sphere to the ellipsoids bijectively. Again, observe that 77 is not well defined. We
proceed as in the planar case and prove that if (8.23) is true for S", then its true for &. The
converse implication follows from the same argument, but using the map 7,!. The proposition

then follows by transitivity.

From the definition (8.21), we can easily check that affine surface measure is preserved by
affine change of coordinates, up to the ~— power of the determinant of the matrix of the affine

map. So we can write

n+1 n—1

§@Lm>=j£“ﬁx@m@@>=ul—e% rMIJJWR@gaumxwm>=

=u¥r@?%“fW““%dem=a8r?%“%%wm z),

where ge(n) = g(Te(n)).

Therefore, we have

ﬁm% (2)dz = (1 &2)! jmwr Yuo(z)de =

(1-¢?) fmw| mw—uﬂf?fﬁmwmmmh

where we(y) = w(Aey).
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By hypothesis, we then have

j gdne P (@)w(w)dz < (1— )" f 9:(0) 2 sup X0, 0)dor ().

Now, we change variable on the right-hand side, by writing w = T, 1(€) = A (€ +be), £ € E. So
we get

| o Payuyds < (- ) [ 9O sup X (1,1, w)dnee).

So we only need to prove that
(1= ) Xwe (T (€),0) = Xew(net, 0),

for some translation variable v, 0.
We have
X (T (€),v) = f W(AZ(E + bo)t + Acv)dt

and

A2(€ + b)) = AT, (w) + A%b, = Aw.

First we want to show that A.w is normal to & at the point 7. (w). But this follows from the 2-
dimensional case, since both vectors are rotations of the vectors appearing in the 2-dimensional

case. Therefore we know that,
Xwe(T7H(),v) = Xw(eneg, 0) = ¢ Xew(neg, 0),

where
__lAwl
[neTe(w)]|

Again, the norms are the same of the 2-dimensional vectors, so ¢ = 1 — e? and therefore the

thesis is proved.

The proof of the statement about (8.24) is analogous. O

Proposition 8.3.3. If (8.24) is true for e = 0 (sphere), then it is true for e = 1 (paraboloid)

for positive weights.
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Proof. The proof is analogous to the planar case. We only need to be carefulwe defining the
functions g.. In fact we only need to modulate the function g on the variable 6;. So, given the

maps F. as in the previous section,
9e(01,02, ... 0n_1) = g(F; " 0 Fo(61),02, ..., 00 1).

O]

Proposition 8.3.4. If (8.23) is true for e = 0 (sphere), then it is true for e = 1 (paraboloid)

for weights of class C..

Proof. Again, the proof follows the planar case. In particular, we use that w € C. to prove that
| Xw|,, < oo and

sup Xow(n, (0),v) — sup Xiw(n (6), v)
v v
pointwise in 6, so that the thesis follows from dominated convergence. O

Further Problem. In this chapter we saw how it was necessary to introduce for each ellipsoid,
its own X-ray transform. This might suggest us that, in order to formulate a very general
Mizohata—Takeuchi conjecture for a measure g, it might be necessary to introduce a particular
X-ray tranform depending on the measure p. This approach is somewhat investigated in [9],
where the authors introduce a certain Wigner transform on each surface, which in turn induces

a certain X-ray type transform, like in the case of the paraboloid.

91



CHAPTER 9

THE MIZOHATA-TAKEUCHI PROBLEM ON GROUPS

We have already introduced an analogue of the k-plane transform in the setting of LCA groups.
We now want to use it to try formulate an analogue of the Mizohata—Takeuchi conjecture in this

more abstract setting.

9.1 Setting up the problem

This work was partially inspired by a work of Bennett and Jeong ([11]) on Brascamp-Lieb
inequalities.

Let Hq, ..., H,, be euclidean spaces and consider a subspace H of Hy x --- x H,,. Given
an m-tuple of exponents p = (p1,...,pm) € [1, +0]™, the Brascamp-Lieb problem consists in

establishing the best constant BL(H, p) for the Brascamp-Lieb inequality
m
[ o] < BLED [T151m0, (9.1)
j=1
to hold. In [7] it was established that
BL(H,p) =~ BL(H*,p'), (9.2)

where p’ is the Holder conjugate of p and H is the orthogonal complement of H.
In [11] this result is generalized to the setting of LCA groups. In particular the concept of
“orthogonal complement” gets replaced by a notion of Fourier duality: if H is a subgroup of G,

then the role of H' is played by the annihilator of H in G, N(H).
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Our aim is to study an analogue of the Mizohata—Takeuchi conjecture in the setting of LCA
groups, in which we try to replace the notion of normal to the support of a measure using the
Fourier duality. In particular, given an LCA group G and a measure ¢ supported on a proper

subset of G, we can consider the associated extension operator

E,g(€) = gdo(€) = Lf(w)g(x)da(x), e (9.3)

which will be a function defined on G, assuming that g € L(do).

We would then be looking at estimates of the form

[ i@ ©Pu@aue© < ITwll, [IsPdo, (9.4)
G

where the supremum for the transform 7' is taken over a suitable set of subgroups of CAJ,
possibly chosen by having some duality relation with the support of o, living in G.

For a very general measure ¢ on G it is not clear which subgroups we should consider, so
we will be happy with just taking the supremum over all possible subgroups, like we did when

discussing general measures in the euclidean case.

9.2 Some simple results

We list here some simple results we already proved in the euclidean case, that are still true for

LCA groups.

One simple case where it is easy to define what is the “normal” to the support of a measure is
when we consider a subgroup H of G equipped with its Haar measure pp. In fact we would only
be dealing with the annihilator N(H). This correspond to the euclidean case of the extension
operator for a k-plane in R™, for which we saw that the Mizohata—Takeuchi inequality holds.

This is still true for a generic LCA group.

Proposition 9.2.1. Let G be an LCA group and H a closed subgroup of G. Then
f@ lgdpr (&) Pw(€)dug (&) < HTw(N(H>7'))HooJH 9| dpusi (9.5)
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Proof. The proof is analogue to the one in the euclidean case.

If ne N(H), then M(n{) = M(f), for any £ € G. So we have

[ i = [ [ ) o ey ) -
= [ i@ | wne)dus (g (€) <
G/N N

< ITwND I, J, - lodhn(€) P €

Now the result follows by using Plancherel’s theorem after observing that G /N is isomorphic to

H and that gdpgr is just the fourier transform of g in H. So,

|, o Py = | 1Pdig = | loPdun
G/N i H

O]

When discussing what we called MTp estimates in the euclidean case, we observed how the
MT1 estimate is always true for any compactly supported measure. This is true for LCA groups

as well. In fact we still have that ||TwHLﬁL1 = ||lw||;1 and therefore

— —— 2
2
| 9o < il [ada ], < 1wl ol

and |9l 140y < 1911 12(40), if 0 is a finite measure.

In order to mimic some other results that we explored in this thesis, we will specialize the

problem to a particular group.

9.3 The 2-dimensional torus and Z2

Our goal for the next two sections is to study the Mizohata—Takeuchi problem for measures on
the group Z2. To do so, we need to focus on the study of our Radon-like transform on its dual.

If we look at the circle group S' as the quotient group R/Z, we can easily identify its
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characters acting on § € S! as the exponentials

So we can identify the dual of S' with Z, and, therefore, we have the duality pairing of Z? and
T? ~ S x S!.

The Haar measure on Z? is the counting measure. Since T? =~ R/Z x R/Z, the Haar measure

on the torus can be seen as the Lebesgue measure on the square [0,1]? < R2.

On Z2, we are interested in the class of maximal 1-generated subgroups, and we call H their
collection.

If H is such a subgroup, then there is a pair (p,q) € Z? such that H = (p,q) - Z, which is
unique up to fixing for example the ¢ > 0. Since H is maximal, it follows that MCD(p, q) = 1.
In fact, if MCD(p,q) = d > 1, we would have H < (p/d, q/d) - Z. This means that every pair
(p,q) correspond to the element p/q € Q, with the exception of the pair (1,0), which we can
make correspond to the point c0. So, if we call Q = Q U {00}, we have a bijection between H
and Q. Using this correspondence, for q € Q, we will refer to the corresponding subgroup in
H as Ng. The subgroups in H are essentially discrete lines in the plane with rational angular

coefficient passing through the origin, with Ny, being the vertical line.

On T?, we consider the collection of subsets
H={HcT?3qeQs.t. N(H) = Ng}.
To understand what these subgroups are, consider the quotient map
P:R? — R?/7? ~ T2,
If H e H, since H =~ Z, we must have H =~ S! and P~!(H) will be a collection of parallel lines

in the plane, of which only one will be passing through the origin. Call this line ¢. Say that
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N(H) = Ny, where q = (p,q). The relation between H and N(H) tells us that
1 = 2minlphi+ats) vy ez 9eT?,

which implies that

(= {z eR? pxy + qza =0} = (—¢,p) - R,

which is again a line with rational angular coefficient.

In particular, if we identify H with the line ¢, N(H) corresponds to the orthogonal com-
plement of H in a classical sense, since they are related to a pair of perpendicular lines in the
plane.

If we consider the map

Q—Q

1
q= (p7Q) — _a = (_Qap)v
and call ¢4 the line with direction q and Hyq = P(¢;), we have the relation quite elegant relation
N(Hq) = N_y . (9.6)

We are now ready to work with our transform on T2.
It is useful, as we we will see, to normalize the Haar measure on each H € H to 1. In this

way we can write, for a function f on T2,

1
Tf(Hg,v) = J;) flat +v)dt, vel_y,. (9.7)

We will refer to this operator as the X-ray transform on T?, by the clear analogy with the

classical X-ray transform, since we are essentially integrating on lines.

Remark. Tt would be more correct to talk about Radon transform in this setting. In fact
we started our argumentation by defining the orthogonal complement of our subgroups as 1-
generated. Therefore it would be more correct to say that we are integrating on sets of codi-
mension 1, as in the case of the Radon transform. Since we are working on total dimension 2,

all these theoretical differences do not exist.
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Remark. We could run a similar construction in higher dimensions, namely on T¢. In this case
we could be starting considering on Z? k-generated subgroups, with k& > 1, just like on R™ we
have T}, ,,, with k > 1. Most of what we discussed and will be discussing still works in higher
dimension if considering 1-generated subgroups on Z%, but we have not dealt with the case of

k> 1.

We are able to prove a result which is almost an analogue to the isometry property of the

k-plane transform.

Proposition 9.3.1. Let f,g € L*(T?) and assume f(O) = 0. Then

q€Q
Proof. We begin by observing that any (n,m) € Z?\{0} belongs to one and only one subgroup

Ny. In particular

Z2\{0} = | J(Ng\{0}).
qeQ

Using Plancherel’s theorem on each subgroup we have

SUTf(Hy, ), Tg(Hqg, )y = > flan)g(an) = D F(€)3(€) = (f.9)-

qeQ nez £ez?
]

Remark. Proposition 9.3.1 has two main differences with the euclidean case. First of all, we
need the technical hypothesis f(()) = 0. This is due to the fact that all subgroups contain the
origin, which is therefore counted infinitely many times if we were to simply base the proof on

the fact that

z? =N

9€Q
This also happens on R”, but in that case the origin has measure zero and, moreover, the
pseudo-differential operator appearing helps removing singularities at the origin. The second
difference is in fact that we do not have an analogue of the pseudo-differential operator appearing
in the euclidean case. We do not exclude that such an operator might exist and that it might

be needed to get rid of the problem at the origin, but we were not able to identify one. It would
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seem strange to us that this operator, that appears so naturally in the euclidean case, would be

something very obscure in this setting.

9.4 [L!'-Sobolev—Mizohata—Takeuchi for Z2

We now will discuss the Mizohata—Takeuchi problem for measures on Z?2.
A measure on Z? for us will typically be the characteristic function of a subset A — Z?2, that

we will keep calling p. The corresponding extension operator will be defined as

Eg(0) = gii(0) = ) ™™ %g(x), 0T (9.9)
TeEA

As we did in Chapter 4, we want to use a Sobolev norm in place of the ||Tw(Hyg,-),,. Our
“translation variable” lives on the space T?/ Hyg, that, as we discussed, can be associated to the
line £_;/q. So, since we want to take the L' norm on a line in place of the L® norm, we need
one derivative.

Define the differential operator of direction g, (—Aq)%, acting on functions on T?/H_, /; via

the Fourier transform as
F ((—Aq)%F) (z) = |2]°F(z), zeN,. (9.10)

In particular,

F (-0 TH(H 15, )) (@) = |2l fl2), @€ Ny, (9.11)

Remark. Recall that, if x € Ny, x = qn for some n € Z.

Our goal is then to prove an estimate of the form

J |9i] w<supH )2 Tw(H_y ), - ‘
9eQ

Xl (9.12)

Since we do not have a true isometry property for our X-ray transform, we either have to
assume that w(0) = ST2 w = 0, which is an uninteresting case, because we want positive weights,
or, like we are going to do, we have to discuss the origin term separately.

Unsurprisingly, we will still incur some e-losses.
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Theorem 9.4.1. Assume that, for e > 0,

1
e yeA\{z) Y

Then

2 Tw(H—l/qa )

1+e ‘

L1> Dllgl (9.14)
A

IRZRE (HTwHLm +sup | (=2y)
T2 q€Q

Proof. Applying Plancherel’s theorem, we have

j G = BO)F(FAR0) + S aF(FA).
i Z2\{0}

First, we discuss the term at the origin. For the weight, we have

@(0)=J w<f (J w><||TwHLoo.
T2 T2/H, \JH,

On the other side, by Plancherel’s theorem

i) = [ 1k = 3 lal*
A

To deal with the rest of the terms, the proof will be analogous to what we have done in the

|1+e

euclidean case. After multiplying and dividing by | - , we can use Proposition 9.3.1 and

Holder’s inequality to get.

" _ 1 . _ 1
D1 MR F(gEP) () e = Y, Y lanl e d(an) F(|gal*) (an) i <
2 ‘z| — |Cm|
2€72\{0} qeQ neZ\{0}
1+e _ 1+ o~
< sup||(=2g) FTw(H 1) | - 3 || K (=20 F TUGAD H 1,0)]|
qeQ 40

where K f = F~X(f — f(0)).

So we are left with proving that

1+e

Y ||K (20 TGP (H g, )|, < ol
qeQ
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We have that

K(~Ag) " 5 T(GAl?) (H_1/q,v) = XTI ——— g+ gli(qn) =
|qn|
neZ\ {0} q
- Z 627m.qn| n|1+e Z Z o(an —z +y),
neZ\{0} q reA yeA
where
1 ifx=0
é(z) =
0 otherwise
Therefore
Y KAy F UG Hoe ] < X o ‘He 313 lg(@)llg(w)lo(an —z + y) =
9eQ 4eQ neZ\{O} zeA yeA
= ‘1+e D g@)lgW)o(z — x +y) =
2€Z2\{0} xzeA yeA
=3 Y ol
zeA ye/\\{l‘}
So the result follows by using hypothesis (9.13) and the Schur’s test. O

Remark. If 14 is not the characteristic function of A, but a more general function supported on A,
we lose the property that {, | anl? = || g||§ However we can still use Cauchy-Schwarz inequality

to show that

lgp* GR® < | fil - g = |g|* R

So, using Plancherel’s theorem and Hoélder’s inequality, we have

—~ ~ ~ ~ 2
| G0 < o il 3 o+ 27 < i L ol -
7.2

In particular, our result would still hold under the additional hypothesis that || * fif| ,, < 00 and

substituting (9.13) with the more general energy hypothesis

sup Z %<oo. (9.15)

_ ay|1+e

Remark. Hypothesis (9.13) is analogue to hypothesis (4.13) and is essentially an energy condition
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on the distribution of points A. Object like these are studied in potential theory. In particular,
people are interested in discrete N-points configurations on certain sets that minimize some

energy functionals of the form, for example,

3 k(i xj)

= b = sl

and its asymptotic for N — oo (see for example [14], [15], [31]). In these settings, the points
are usually taken on some regular surfaces and, for N — oo, the discrete energy will tend to the
energy integral for the Hausdorff measure of the surface. We are more interested in the related
problem of configuration with finite energy. We can ourselves consider points on a manifold. For

example, for a function ¢ : R — R such that ¢(Z) c Z, we can consider Ay = {(n, ¢(n))| n € Z},

which satisfies (9.13), since

1 1
Sub 2 l — y[i+e < ) 1+ [n)i*e
PERY yedy\{x} neZ\{0}

In fact, as in the euclidean case, we can think of (9.13) as a condition on the “dimension” of the

set A. So, in our case, we are happy to work with analogue of 1-dimensional objects.

Remark. In a work of Bennett, Gutiérrez, Nakamura and Oliveira, still unpublished, the authors
prove the equivalence between the Mizohata—Takeuchi conjecture for the paraboloid and an
Mizohata—Takeuchi conjecture for discrete points of the paraboloid, in the same sense that we
discussed in this chapter. Moreover, they prove an L?-Sobolev-Mizohata-Takeuchi estimate for

the discrete paraboloid, which is connected to the periodic Schrédinger equation.
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