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ABSTRACT

In this thesis we study rare fluctuations in one dimensional free fermion systems which take
the form of space-time disturbances known as limit shapes. Limit shapes have a long, rich
history, but substantially less has been said on what happens when limit shapes meet. The
expectation is that they should combine to create some new shape. This work deals with
finding a rigorous way to find and characterise these limit shape transitions. We are able
to make considerable progress by mapping the free fermions to a class of models known
as Coulomb gas models which can be readily solved. These Coulomb gas models exhibit
phase transitions that we show correspond to transitions in the underlying limit shapes.
As an extension, we are able to classify the limit shapes we find in an industrial way and
better understand their fluctuations. Further, we present simple physical arguments that
suggest that our results will be valid even in the strongly interacting regime, i.e. when

the fermions are no longer free.
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CHAPTER 1

INTRODUCTION

Humans tend to overestimate the likelihood of rare events, especially if their outcome is
undesirable. However, we should not feel too bad, because this is also sometimes the case
in mathematics. Conventional wisdom, based on some law of large numbers or central
limit theorem (CLT), overestimates the likelihood of a rare event which is troublesome if
the rare event is, for example, an earthquake [1]. Large deviation theory is an attempt

to rectify this. Heuristically, it can be seen as a generalisation of the CLT to situations
where a variable uctuates drastically away from its mean value. This is the context in
which most mathematicians encounter it [2, 3]. On the other hand, physicists, whether
they know it or not, also regularly deal with it because of its deep ties to the saddle-point

approximations used in statistical physics [4].

In this thesis we are interested in the rare events that occur in many-body free fermion
systems. The rare event takes the form of a space-time disturbance caused by the fermions
departing from their equilibrium con guration. Sometimes this departure can be so drastic
that a homogeneously lled interval excavates entirely, something known as the empti-
ness formation probability (EFP) [5, 6]. The boundary traced out by the space-time

disturbance often takes a characteristic shape, known as a limit shape.

Limit shapes are fascinating objects in their own right, which frequently crop up in sta-

tistical physics. In this context, the 'limit shape' represents the most probable macroscopic
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CHAPTER 1. INTRODUCTION

con guration of a system, one that arises in the thermodynamic limit. This con gura-
tion usually has a well-de ned boundary demarcating ‘'liquid’ and ‘frozen’ regions, that

Is regions where the thermodynamic quantity of interest (which in our case will be the
number of fermions) is and is not uctuating respectively. It has long been known [7] that
some quantum mechanical problems can be mapped onto statistical mechanics ones by
identifying the direction of time evolution as another spatial dimension, explaining why
one expects to see limit shapes in the free fermion setting. Of particular note is the ability
to map non-crossing, directed polymers (which are readily accessible experimentally) to
free fermions [8, 9]. In this instance the length of these long polymers is identi ed with
the direction of time evolution and the fact that they are non-crossing translates to the

Pauli exclusion principle in the free fermion picture.

To help illustrate the limit shape phenomenon, we can look at a quintessential example:
the dimer tilings of the Aztec diamond. Dimers, which are like tiles one can place in a
domain, are objects that frequently crop up in statistical physics and we refer the reader
to some good lectures on dimers in [10]. Fig.1.1 depicts the mapping between dimers
and the imaginary time evolution of free fermions, relating the statistical and quantum

mechanical in the manner discussed above.

We begin by taking a bipartite lattice, shown in Fig.1.2, which has the shape of an
Aztec Diamond. Tiles (dimers) are now placed randomly on the diamond, Fig.1.3. To
get a grasp on the underlying structure, we colour the tiles according to how they are
orientated; vertical tiles whose upper edge encloses a black (white) dot are coloured green
(red) whilst horizontal tiles whose left edge encloses a black (white) dot are coloured
blue (yellow). The newly coloured con guration is shown in Fig.1.4. Let us now take
the continuum limit; sending L, the order of the diamond (or the number of fermions),
to in nity, Fig.1.5. Miraculously, we nd the appearance of two regions, separated by a
distinct circular boundary. Outside this boundary we have the so-called 'frozen' region
where the tiles have all ended up facing in the same directions. Inside the boundary

we have the 'liquid' or 'uctuating' region where tile orientation is random. That this
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Figure 1.1: Dimers to free-fermions

How to go from dimers to the worldlines of free fermions.

Figure 1.2: Aztec diamond

Blank Aztec Diamond lattice of order (the number of sites along the width) Taken from
MCA [11].
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