MATHEMATICAL MODELLING OF INVASIVE
SPREAD IN THE HETEROGENEOUS
LANDSCAPE

by

BRADLY F. DEELEY

A thesis submitted to
The University of Birmingham

for the degree of
DOCTOR OF PHILOSOPHY

School of Mathematics

College of Engineering and Physical Sciences
The University of Birmingham

September 27, 2023



UNIVERSITYOF
BIRMINGHAM

University of Birmingham Research Archive

e-theses repository

This unpublished thesis/dissertation is copyright of the author and/or third
parties. The intellectual property rights of the author or third parties in respect
of this work are as defined by The Copyright Designs and Patents Act 1988 or
as modified by any successor legislation.

Any use made of information contained in this thesis/dissertation must be in
accordance with that legislation and must be properly acknowledged. Further
distribution or reproduction in any format is prohibited without the permission
of the copyright holder.



Abstract

Invasive plant species pose a significant threat to biodiversity and the economy, and
their management is often resource-intensive and expensive. Evidence suggests that roads
can have an important effect on the spread of invasive plant species, although little is
known about the underlying mechanisms at play. Further research and the application of
mathematical models is required to make control measures more efficient.

In this thesis, we develop a novel mathematical model to analyse the impact of roads
on the propagation of invasive plants in both the one-dimensional and two-dimensional
spatial domains. An integro-difference equation model is formulated for stage-structured
population and incorporates a road sub-domain in the spatial domain. We show that,
depending on the definition of the growth function in the model, there are three distinct
types of behaviour in front of the road. Roads can act as: (1) a barrier to invasion;
(2) a temporary obstacle, leading to the formation of a beachhead; (3) as a corridor for
invasion. Small changes in conditions favouring the invasive species can change the case
for the road, allowing the invasive species to invade the domain in front of the road where it
previously could not. We investigate the propagation regime of the invasive plant species
studied at the short-time scale before a travelling wave is established and advances into
space at a constant speed. Using this approach, we demonstrate how nonlinear spatio-
temporal dynamics arise in a transient regime where the propagation speed depends on
the detection threshold population density.

In the two-dimensional spatial domain, a long-distance dispersal kernel is incorporated
along the road sub-domain. We show how long-distance dispersal along the road can lead
to increased invasion in the domain.

Finally, additional landscape heterogeneities around the edge of the road, the edge
effect, are investigated. Leading to an increase or decrease in the population density of

the species in the spatial domain around the road.



Acknowledgements

First and foremost, I would like to thank Dr Natalia Petrovskaya for her excellent help,
support, and guidance throughout my studies.

I thank Professor Rob MacKenzie, Dr Simon Dixon, and Deanne Brettle; through the
Forest Edge Doctoral Scholarship Programme, we had many interesting conversations. I
would also like to thank my friends and everyone I met in Birmingham who helped to
make the time so enjoyable.

Finally, I would like to thank my family for all of their continual help and support

throughout.



Contents

(1 _Introduction|

(1.1 ~ Background Mathematics| . . . . ... ... ... ... ... .. ......

2 Propagation of Invasive Waves in the Homogeneous Landscape|

[2.8  Stability of Equilibrium Solutions| . . . . . . .. ..o

[2.9 A Non-Spatial Model With The Allee Growth Function| . . . . . . . . . ..

[2.10 Spatio-Temporal Casel . . . . . . . . . . . . ... ... ...

[2.11 Propagation Speed| . . . . . . . . . .. ...

[2.12 Summary| . . . ..o

[3 Propagation of Invasive Waves in the Heterogeneous Landscape|

[3.2  Population Density Cases ot Behaviour| . . . . . ... ... ... ... ...

[3.2.1  Ricker growth tunction - the road modell . . . . . .. ... ... .




[3.2.2  Invading The Domain in Front of The Road| . . . . . ... ... ..

[3.2.3 Analytical Population Density| . . . . . . .. .. .. ... ... ...

[3.2.4  The road model with the Allee effect growth tunction| . . . . . . . .

[3.3 Invasion at the short-time scale in the heterogeneous landscapel. . . . . . .

[3.4 Summary| . ... ... L.

4_The 2-D Problem

[4.1 Isotropic Dispersall . . . . . ...

[4.1.1 Analytical results . . . . .

[4.1.2  Comparison to The 1D Case: Wheny =0} . . . . . ... ... ...

[4.2  Comparison of the Ricker and Allee growth functions| . . . . . . . . . . ..

[4.3  Directional dispersalf . . . . . ..

|4.3.2 Increased af along the road compared to the no road domain| S

[4.4  Long distance dispersalf . . . . . .

[4.4.1  Anisotropic Cauchy kernel

4.5 Summary| . ... ... ... ...

[> Additional Effects in the Heterogenious Landscape]

(.1 The Edge Problem |. . . . . . ..

[>.1.1  Negative kdge Eftects| . .

[>.1.2  Positive Edge Effects| . . .

[>.1.3  Analytical Results| . . . .

[>.1.4 Rate of Spread| . . . . ..

[.1.5 Rate of spread explanation|

6 Conclusions|

(Bibliography|

80
81
85
38
89
90
91
93
95
97
99

101
101
101
103
104
107
108

113

120



[A Calculation of the amount of the population density brought over the

(B The Analytical Two-Dimensional Model

|[C The Analytical Edge-Eftect Model

127
131
131

133

136



Chapter 1

Introduction

Biological invasion of animal and plant species pose a significant threat to the ecosystem
and economy in the order of billions of pounds each year [54], with the rate of damage set
to increase over the coming years [58]. Due to the importance of this issue, the United
Nations has declared 2021-2030 the decade on ecosystem restoration. Part of the United
Nations goals include the re-introduction of native species and increasing the biodiversity
of the land. However, as the world becomes ever more connected [49], invasive plant
species pose an increasing obstacle to this goal [I8] 62, [10]. Invasive species cause both
direct losses in biodiversity [55] 68, [7] and damage existing habitats in a multitude of
ways [39]. For example, through alterations to: soil composition [30} 44]; hydrological
properties [14]; and frequency of wild fires [19].

Due to the various ways invasive species can cause damage, it is highly desirable to
manage invasive species. To do so, we need to understand the underlying behaviours of
invasive plant species, the dynamics of the species and the ecosystems they are a part of.
The better the understanding, the more effectively we can allocate the limited resources
available for ecosystem management. Biological invasion can occur on scales as large as
countries or continents and on time scales of decades. Effectively monitoring the spread
of invasive species over these spatial-temporal scales is very costly, and anything that can

be done to reduce this cost will be of benefit.



Mathematics can play an essential role in improving one’s understanding of ecosystems
by providing models that aim to quantify their complex behaviour. No mathematical
model exists that can fully incorporate all of the interactions and complexities within an
ecosystem. However, even a simple mathematical model can provide useful insight into
its behaviour. Mathematics also offers a particular advantage, allowing one to create a
‘virtual sandbox’, wherein we can test hypotheses and make comparisons to real-world
observations and field data [31].

Much of the work carried out in the area of mathematical ecology has taken place
within around the last one hundred years, although some key initial results date back
further. One of the key aims of mathematical modelling is to provide as realistic as pos-
sible representation of the problem; this means attempting to incorporate all components
of the system into the model. Some of the components of the system include: how the
species grows and spreads; how the species interacts with the environment; and how the
species interacts with other species. One must start at a simple mathematical model
and carefully incorporate new components into the model. Some of the earliest works
considered a single species, discrete-time, non-spatial model that describes how the pop-
ulation density changes over this discrete time interval, with the most basic models only
calculating the difference of the birth and death rates of the species. In 1748, Leonhard
Euler created a discrete time single-species model [24] where the solution has geometric
(exponentially behaving) growth. Fifty years later in 1798, a continuous time
single-species differential equation model was created by Thomas Malthus [5], known as
the Malthusian model. The Malthusian model also results in exponential growth. Both
models have unrealistic, unbounded growth. To address this issue, Pierre Verhulst [1838,
[61]] added a density-dependent term to the model; this was intended to model intraspe-
cific competition. Later, Raymond Pearl investigated a specific class of the model, which
popularised the model now known as the Verhulst-Pearl logistic model [5]. This model
added an important biologically realistic element to the problem, where the population

no longer has unlimited resources.



In 1937, Fisher [26] extended these models to the spatial setting using reaction-
diffusion equations. The Fisher-KPP equation yielded travelling wave solutions where,
after establishment, the gene in Fisher’s case or population spread at a constant rate at
each generation. Early work by Skellam [64] and Kierstead and Slobodkin [33] inves-
tigated the minimum spatial area necessary for the population to survive, also known
as the critical patch size problem, through the reaction-diffusion framework. Since then,
reaction-diffusion continuous time and space equations have been used in answering many
problems in ecology, from single-species to multi-species problems [38, 12}, 40].

The dynamics of populations with discrete generations (e.g. insects) cannot be cap-
tured by a continuous time model. Instead, a discrete model is required in systems with
discrete generations, for example. Difference equations that describe the population den-
sity of a species in discrete time have long been used in problems such as host-parasitoid
systems [51]. However, in 1975, May created that simple difference equations could lead
to chaotic behaviour [46], at which point the use of such discrete time models increased in
popularity. Weinberger in 1982 [72], and Kot and Schaffer in 1986 [35] combined dispersal
in continuous space with discrete time growth. These models are now known as integro-
difference equations. Integro-difference equations have been applied to many problems in
ecology, and their popularity has been increasing in recent years [43]. Integro-difference

equations will be used as the basis of the mathematical model explored later in the text.

1.1 Background Mathematics

We will start with a single species model where the population density is given by N > 0.

The change in the population density depends only on the discrete time increment At,

ANt<At) - Nt+At - Nt (111)

= [B(Ni) = D(N;)]At, (1.1.2)



where B(IV;) represents the birth rate for a given population density /Ny, and D; represents
the death rate for a given population density. How the population density grows only
depends on the density dependent birth and death rate. These terms can be combined in
a single function describing the growth G(N;) = B(NV;) — D(N;). The population density

at the next time increment can then be found,

Nt+At - Nt + ANt (113)

= N, + G(N,)At. (1.1.4)

In the discrete case, one can take §t = 1 and simplify Eq. (1.1.3)) as follows

Nt+1 = Nt + G(Nt) = F(Nt), for ¢ Z O,

where F'(N;) is called the growth function. This defines a first order difference equation,

Nt+1 = F(Nt>, for t 2 0. (115)

Now that we have constructed a model for the growth of the species, one might want to
analyse its behaviour. For example, one may be interested in finding population density

values that remain constant with time, known as the equilibrium solutions. These are

precisely the solutions N to Eq. (1.1.5) when

N = F(W).

An equilibrium solution of a biological system is when a system is balanced. A population
density is at equilibrium when the forces acting against the species growth, be that a lack
of resources or predators, for example, is equal to the forces of growth of the species;
therefore, the population density remains constant. In the real world, however, rarely

something living remains constantly fixed. To address perturbations we introduce the



notion of the stability of the equilibrium state. If an equilibrium state is stable a small
perturbation will converge back to the equilibrium solution, and unstable if it diverges
from the equilibrium solution. For first-order difference equations, we have the following
definitions [50].

Definition 1.1. Equilibrium Solutions and Stability in One-Dimension: Let F’ be con-

tinuous on an open interval I containing the equilibrium point N of Eq. (1.1.5)).

1. Then N is a locally asymptotically stable equilibrium if

| F'(N) [< 1,

specifically we have,

(a) monotonic convergence when 0 < F'(N) < 1, and

(b) oscillatory convergence when —1 < F'(N) < 0.

2. We also have that N is unstable if

| F'(N) > 1,

specifically,

(a) monotonically unstable when F'(N) > 1.

(b) When F'(N) < —1 several cases of behaviour can occur, the steady state can

converge to a limit cycle or it can converge to a chaotic attractor [40), [45] [47].

One of the earliest population models is a discrete time single-species model created
by Leonhard Euler [24],

Nt+1 = (1 + p)Nt, (116)

where p € RT is the growth rate, and F(NV;) = (1 + p)N;. Solving (1.1.6]),

Nt — (1 + p)tN(]?

b}



where N is the initial population density. The solution grows geometrically (similar to

exponentially) with time.

Finding the equilibrium solutions for the model ([1.1.6)) we have,

N = (1+p)N,

which simplifies to,

where p > 0, therefore, the only equilibrium solution is at N = 0. For the stability of the

equilibrium solution,

F'(N)=(1+p)>1,

and is, therefore, a monotonically unstable equilibrium solution. This agrees with our
understanding of the behaviour of the model. In particular, if N, = 0 the population
is extinct and remain extinct for all time. Otherwise, if N; > 0, then due to geometric
growth as t — oo, Ny = oc.

Later Thomas Malthus created a continuous time single-species differential equation

model known as the Malthusian model [5],

where p € RT is the growth rate for the population. The growth rate G(N;) = pN;, where

the growth function F(N;) = Ny + G(N;) = (1 + p)N; is the same as in the discrete time
model (1.1.6]). Solving the difference Eq. (1.1.7)) gives

Ny = Nyexp (pt), (1.1.8)

where Ny is the initial population density, this also results in exponential growth. Both

the discrete time and Malthusian models have unrealistic, unbounded growth. Let f(V;)



denote the per capita growth rate then for both models , and the per capita
growth rate is density independent f(N;) = p. This means that both models produce
unbounded growth.
Then Pierre Verhulst [61] introduced a density-dependent mortality term into the
model to address this issue,
dN;

W: Nt—SNtQ,

where s is the density dependent term. This density-dependent mortality term is typically

interpreted as representing intra-specific competition. Later Raymond Pearl set s = £,
which popularised the model now known as the Verhulst-Pearl logistic model [5],
dNy N,
— =pN; (1 ——|. 1.1.9
o, ( K) (1.1.9)

In this form, the growth rate of the population density is given by G(V;) = pNy(1 — %)
This model is usually referred to as logistic growth or the logistic growth model. This

model (1.1.9)) can be solved to obtain [40],

B KN,
T No+ (K — Nojert’

N

if Ngp > 0, then as t — oo, N; — K. This model has an important biologically realistic
behaviour, the population no longer grows without an upper bound. Note that when the

population density is small N < 1, one can write as @t ~ pN [40]. Thus the
Malthusian model can approximate the logistic model when the population
density is small.

Despite these models, little attention was given to this area of research until 1917 when
D’Arcy Thompson wrote the highly influential book ‘On Growth and Form’ [66] which

has received much praise [40, 6]. Thompson outlined in numerous ways how mathematics

can be applied to biology and ecology, writing

“In general no organic forms exist save such as are in conformity with physical
and mathematical laws”.



This work demonstrated Thompson’s belief that mathematics provided the tools necessary
to solve these problem and inspired much future work in this area.

Up to this point, the models introduced have been non-spatial, describing only the
growth of the population. However, populations do not just grow at one point in space;
they also spread and move in space. When considering a spatial component of the model,
it is essential to consider what type of movement the species uses. Do plant and animal
species move and disperse deterministically or stochastically? When it comes to plant
species, they do not typically move; however, the seeds disperse. Many factors affect
how and where the seeds disperse, such as wind and animal movement. This means that
one can consider seed dispersal stochastically. For animal movement, how animals move
throughout the landscape is affected by many external factors, such as the weather, other
animals, food, and many other stimuli. Thus, animal movement can also be appropriately
modelled stochastically [40]. Because the dispersal component is stochastic one wants to
find the probability that an individual at the point y moves to the point x after some time
increment At. In the discrete time case we can consider At = 1. Due to the assumption
of stochastic movement, the exact position z the individual will move to is uncertain. A
probability density function

k(x,y), (1.1.10)

known as the dispersal kernel, can be used to model the movement of the individual in
space. Note the dispersal kernel is required to conserve the total population density in

the domain,

/k:(x,y) dx = /k(x,y) dy = 1. (1.1.11)

The diffusion equation [40],

8]\7,5(3:‘) _ DagNt(.fC)
ot oz?

(1.1.12)

where D is the diffusion coefficient, is often used as a continuous approximation to the

stochastic movement behaviours described above.



Now that we have defined models for the growth and dispersal for both discrete and
continuous cases, these components can be combined to create a model that considers
both growth and dispersal. We first will consider the continuous case where there exist

overlapping generations. This model will combine the diffusive term (|1.1.12)) and the

growth term,
(9Nt(ac) . Dath(I')
ot 0x?

+ G(Ny)

The resulting class of equations created by doing so are referred to as reaction-diffusion
equations.

Reaction-diffusion equations have been widely used in the study of mathematical ecol-
ogy [40]. However, this approach is not necessarily appropriate when modelling popu-
lations with distinct generations, where the demographic stage and dispersal happen on
separate time scales. A discrete time framework is more appropriate in such cases as one
requires a model which considers these processes separately, i.e. a stage-structured model.

If one chooses a growth function ((1.1.3) to represent the demographic stage,
N{'(x) = F(Ni(x)),

and combines this with a dispersal kernel ({1.1.10)) to represent the dispersal stage in the

following way,

Neo(a) = / N ()k(z,y) dy,

this forms what is known as an integro-difference equation model [43].

Now that spatio-temporal models have been introduced, one might be interested in
how fast the population density propagates in the dispersal domain. When considering
the propagation speed, one must first define what it means to reach/invade a given area.
Many dispersal kernels result in a non-zero population density everywhere. Not only is
this not very interesting, but it is also inaccurate to a real-world situation. Therefore,
a detection threshold N will be introduced, i.e. the population will be considered to

have reached a point x in the domain if N(z) > N. As the population propagates the

9



position where this threshold density is observed changes. The speed of propagation
can be calculated from the changes in the spatial extent of the detectable population as

follows. The edges of this extent are given by,

r/ = max z, and, z; = min z.

Ni(z)>N Ni(z)>N

The propagation speed to the right and left can then be defined by,

C+(t= N) = Iz_(N) - S(,’;tl(N), and, C_<t7N> = $1;1<N) - It_(N)a

respectively. Note that when using a symmetrical dispersal kernel, the left and right prop-
agation speeds are identical; however, for general dispersal kernels, they can be different.

In Fisher’s paper ‘The wave of advance of advantageous genes’ [26] the concept of
a traveling wave solution was proposed. A traveling wave solution to a spatio-temporal
model (e.g. a reaction-diffusion, or integro-difference equation) is one such that the prop-
agation speed c is constant and the shape of the leading edge of the population density is

preserved as it propagates.

10



Chapter 2

Propagation of Invasive Waves in the

Homogeneous Landscape

We are interested in modelling the behaviour of invasive plant species. Many plant species
reproduce at certain time intervals throughout the year, for example, on a yearly cycle
through seed dispersal or pollination [40]. Therefore, the model will be a discrete-time
model. There is a period where the demographic stage, which can include the growth of
juveniles, their maturation, mating and reproduction, occurs, followed by a period where
the demographic stage does not occur. Even though an individual’s death can happen
at any time through predators or a lack of resources, it is convenient to treat the whole
system in discrete time. Therefore, we deal with all deaths between cycles at the beginning
of the next cycle. The plants’ position and the invaded area do not change between the
demographic stage cycles. A first-order difference equation (|1.1.5) will be used to model
the demographic, growth only stage.

Throughout the model, we use set discrete time intervals, the time between gener-
ations, where an entire cycle of behaviour will occur over each time increment. Since
the model assumes discrete time, we can set this time increment to one. We denote the
current time by ¢, and note that the population density evolves from current generation

t to generation t + 1. We will denote the population density of the species by N. Let

11



N(t) = N; denote the population density at generation t.

Sections [2.112.10] are partially based on a published journal article [20].

2.1 The Growth Function

The choice of growth function that describes the demographic stage is an important one,
and much consideration has previously been given to the problem [43]. When choosing
a growth function for the model, we want it to be biologically realistic; this means we
cannot have a growth function that leads to a negative population density. We also cannot
have a growth function that leads to growth that tends to infinity within a region. This
is because, for a given species, due to its size and the available resources, a species has
a maximum population density within a region; the carrying capacity of the species. We
firstly want to investigate a growth function that has positive growth for any population
density N up to the carrying capacity. We therefore will consider the following growth
function [2]

F(N) = AN exp (—N), A >0, (2.1.1)

where A determines the carrying capacity. The exponential function acts as the limiting

factor,

lim F(N) = 0.

N—oo

From definition [1.1| the equilibrium solutions of the growth function (2.1.1)) are the points
where

N = ANexp (—N),

which has solutions Ny = 0 and N, = In(A). Investigating the stability of the equilibrium

solutions one has

F'(N) = —A(N = ) exp (—N),

12



where

F'(N,) = A.

Thus, the equilibrium solution N; = 0 is locally stable with oscillatory convergence when
0 < A < 1, and is locally monotonically unstable when A > 1. Further investigation is

required [23] if A = 1. We have for the second equilibrium solution
FI(N2> =1-1nA.

Then, if 1 < A < €2, the equilibrium solution N, is stable, and if A > e? the equilibrium
solution N, is unstable. If 1 < A < e the equilibrium solution N, converges monotonically,
if e < A < €2 then N, converges with oscillatory behaviour. Throughout we will assume
that A < €2, and thus N, can be treated as a stable equilibrium solution. Where N; = 0
is the trivial equilibrium solution, if the population density is zero it remains at zero for

all time increments. The equilibrium solution
Ny = In(A) (2.1.2)
is the carrying capacity. Setting F'(N) = 0, we find (2.1.1)) has a global maximum at

mar — A (2.1.3)

e

In Fig. 7 the population density after the growth function has been applied F'(N),
is given for a range of N € [0,8], for choices of A = 0.75, A = 2.5, and A = 7. In
Fig. 2.1p, an example of how the population density evolves over time is given by the
difference equation , for a starting density of Ny = 0.1, and choice of A = 0.75,
A =25 and A =7 is shown.

13
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Figure 2.1: (a) The growth function for the range of population density N € [0, 8], and
various values of A, where the equilibrium solutions are given by the intersection with the line
N = F(N) (solid black line). For A = 0.75 < 1 (blue solid line), one can see F(N) < N for
all N, and therefore the population density decreases after the growth function has been applied.
For A = 2.5 (orange solid line), and A = 7 (green solid line), the growth function parameter
A > 1. (b) The population density over time N; given by the model , for No = 0.1 and
various choices of A. For A = 0.75 (solid blue line), we are in an unconditional extinction
case where Ny — 0 as t — oo. For A = 2.5 (solid orange line), we are in an unconditional
survival case. The carrying capacity In2.5 ~ 0.916 (solid black line), is close to the maximum
population density 2.5exp (—1) ~ 0.920, and therefore we do not observe oscillatory behaviour as
the population density tends towards the carrying capacity. For A =T (solid green line), A > e
and therefore oscillatory convergence behaviour occurs as the population density tends towards
the carrying capacity (dashed black line).

2.2 Spatio-Temporal Dynamics

So far, we have only considered a time-dependent difference equation model for the growth
of the population. However, from a biological point of view, we are also interested in
investigating how a species spreads throughout space, for example, a forest. To do so,
we need to introduce a spatio-temporal model that considers both how the species grows
and spreads in space throughout time. The population density /N, now depends on time
and space. Let N(t,z) = Ny(x) be the population density at generation ¢ over continuous
space x. We will use integro-difference equations as the basis of the model; this allows

one to consider both the demographic stage and dispersal stage independently at every

14



time increment, i.e. a stage-structured model. The distribution of the population density
is considered at generation t, after generation ¢ has dispersed, but before the maturation
stage is applied at generation ¢t + 1. In a biological context: the species has reached
maturity; its seeds have dispersed; and then grow at the seeds’ new location. The species

first enters the demographic stage,
N{"(x) = F(Ny(x)). (2.2.1)

Once complete, the species now enters the dispersal stage which, when finished, produces

the species’ spatial distribution in the next generation,

Nea(a) = / N (y)k(z,y) dy, (2.22)

where € is a dispersal domain and k(x, y) is the dispersal kernel. Now that we are working
in space and time, we need to define a domain in which we will work. We will initially

work in a one-dimensional dispersal domain
Q=[-L, L] (2.2.3)

A position in €2 is then denoted by z. The dispersal kernel is denoted by k(z,y) where
y € €1, is the probability density function of the event that an individual moves from
position y to position x after dispersal. For example, the probability of a seed at position
y reaching position z. If we have a closed domain, none of the population density N can

escape. Thus, the dispersal kernel conserves the total population density and satisfies

/Qk(x,y) dx = /Qk(x,y) dy = 1.

15



If we substitute (2.2.1)) into (2.2.2)) we obtain the following integro-difference equation for

the population density in generation ¢ + 1 in the spatial domain €2:

Niaa) = [ POk, ) dy (2.2.4)

This integro-difference equation model calculates the population density at the next time
increment ¢ + 1, given the known population density at the current time ¢, therefore, one

also needs to introduce an initial population density for t = 0.

2.3 Numerical Method

Although analytical solutions of the integro-difference equation can be found in some
cases, and analytical solutions will be provided later in the text, numerical simulations
are important to provide further understanding and confirmation of the analytical results,
and to solve the integro-difference equation in cases that cannot currently be solved an-
alytically. In numerical solutions, we approximate the continuous spatial domain, we do
so by splitting the spatial domain into a discrete number of equally spaced sub-intervals.

For convenience, as will become apparent below, we split the domain into K = (2°+1)
sub-intervals, where b € Z*. This gives the distance between sub-intervals

2L

Al'zg,

which defines how fine the grid is; the finer the grid, the better the approximation to the
exact solution. In order to do so efficiently, a computer model needs to be developed.
Python will be used as the basis for the computational model. Python’s standard
numerical method package uses the composite trapezoidal rule. This method is very
computationally expensive, O(K?) in one dimension, O(K*) in two dimensions. However,
there are other algorithms for integration, including the fast Fourier transform (FFT).

The FFT uses convolutions and the convolution theorem to rearrange the integral into a

16



product of Fourier and inverse Fourier transforms.

Definition 2.1. Fast Fourier Transform: Given a function f(a) defined on a € (—o0, 00),

the Fourier transform is defined by [11]

Fw) = /00 f(a) exp (—2miaw)da,

and the inverse Fourier transform is defined by

fla) = /OO F(w) exp (2miaw)dw.

o)

Given two functions, m(a) and n(a) were a € (—o0, 00), their convolution is given by the

following,

m(a) *xn(a) = /_OO m(b)n(a — b)db.

o0

The convolution theorem states
mxn=F (F(m)-F(n)), (2.3.1)

where F(m) is the Fourier transform of m, and F~'(m) is the inverse Fourier transform
of m.
This can be generalised for the finite interval (2, as long as (2 is large enough that the

species N does not reach the boundary. Therefore, equation (2.2.4]) can be written in the

following way in terms of convolutions

N () % (x) = / N ()k(z — y)dy, (2.32)

which allows us to rewrite (2.3.2)) in terms of Fourier transforms given by equation (2.3.1)),

FYF(N{(x)) - Fk(z))) = /Q N (y)k(z — y)dy.
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For full details on the implementation of the FFT, see [57]. In the one-dimensional
case, this allows us to calculate the integral in O(K log,(K)) operations. In the more
realistic two-dimensional case, this allows us to calculate in O(K?log,(K)) operations,
compared to O(K*?) operations for simple numerical methods as described above. It is not
hard to see that, for large values of K, this will save a significant amount of computational

time.

2.3.1 Validation of The Numerical Method

The error e; = ‘Nt(aji) - Nt(mi)’ of the numerical method will be computed for every
point in the domain z;, 1 = 1,2, ..., K, where: K is the total number of sub-intervals in
the domain; Ny(z;) is calculated through numerical integration; and N;(x;) is the exact

solution. The overall numerical error is calculated using the error norm [57] is given by,

lell = _max _fes|.

=1,4,...,

Throughout the calculations, we employ a computational error cutoff threshold of 7.
This is due to the dispersal kernel producing non-zero values across the entire domain
for every time-increment. There are no rules currently governing the interaction with
the boundaries of the domain. The threshold 7 prevents small computational errors,
arising from interactions between this dispersal kernel and the boundary, from affecting
the overall accuracy of the numerical method. If the population density is below the error

cutoff at the end of a time-increment the population density is set to zero,

0, if Ni(x) <,
Nt<x) =

Ni(z), otherwise.

We now compute the error norm to compare the accuracy of the FFT method against
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the actual result, using the normal distribution as the dispersal kernel

2w o2 202

k(2 — 1) = ——— oxp (—M> (2.3.3)

where z,y € Q, with ¢ = 0.1, Q = [-10, 10], and an error cutoff of 7 = 10~7. The choice
of computational error cutoff does not noticeably impact the speed of the computation in
and of itself. However, if the error cutoff is too small, the population density will reach the
edge of the domain in a shorter period of time. This would, therefore, require a larger grid
size if this happens, which would then increase computational time. The dispersal kernel
decays towards zero away from the center of dispersal, thus, the smaller the detection
threshold, the further away the population density becomes non-zero from the centre of
dispersal. This also means that the smaller the detection threshold, the sooner non-zero
population density values spread to the boundaries of the dispersal domain. In order to
continue the simulation for further time increments, the domain size and, therefore, the
number of grid points has to be increased. However, for a higher detection threshold, the
compilation can be computed for a greater number of time increments before non-zero
population density values reach the edges of the domain. Here we have k(x — y) instead
of k(z,y); this is because the dispersal kernel is Symmetri(ﬂ We will also use the normal

distribution for the initial population density

No(z) = \/;W_(jgexp (-%) (2.3.4)

with 0p = 1 and mean p = 0. In order to have an exact result, we will consider a linear

growth function

F(N) = BN,(z). (2.3.5)

Note that, the general notation for the dispersal kernel k(x,y) has been used until now.
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Figure 2.2: Error norm computations against the exact solution of the integro-difference equa-

tion (2.3.6)), (a) over a grid step size of Ax = %, and (b) over a grid step size of Ax = %.

We, therefore, have the following exact solution for the population density

exp (—M) (2.3.6)

2
207

Ni(z) = (BN(x))" -

1
\/2mo?

where B =1.01, p =0 and oy = 1.

We can see the plots of the error norm against time for Az = 2 in figure [2.2n and
Ax = % in figure . From this we can see that both Az = %, and Ax = %, provide

sufficient accuracy for a long period of time. We conclude that the FFT method is a good
numerical method, both in terms of computational time and accuracy, for evaluating

integro-difference equation based models.

2.4 Results

We now want to solve the 1-D spatio-temporal problem. To do so the initial condition,
dispersal kernel, and growth function needs to be chosen. The initial condition at t = 0 is

chosen to be a Gaussian distribution with mean p = 0, standard deviation oy, and total
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population density ®,

No(z) = —— ( 932) (2.4.1)
x) = exp| —=— |. 4.
’ \/2mo? 20%

The height h = Ny(0) of the initial condition is defined by the parameters ® and o as

follows,
)

- 00\/27r'

The Gaussian dispersal kernel with standard deviation o

h (2.4.2)

k(z,y) = —— exp(—M), (2.4.3)

2mo? 202

will be used as the dispersal kernel throughout. Finally, for the demographic stage we
need to select a growth function. In this section we will investigate the growth function
. Now we have everything required to solve the model .

However, this initial value problem cannot be solved analytically, so we will use the nu-

merical method described in Section . The error cutoff of 7 = 1077, and computational

5

grid size of Ar = 132

will be used throughout any numerical computations.

One can now investigate the behaviour of the model where several values of the growth
function variable A are considered. The other variables in the problem are chosen to be
oc=0.1, ® =0.01 and h = 0.1, where o is determined from . These values are
fixed for this analysis. We first choose a spatio-temporal case with A < 1, specifically,
A = 0.75, see Fig. 2.3 It can be seen that the population density diffuses and decays,
going to extinction.

For the very high choice of A = 7 (see Fig. , strong oscillatory behaviour is observed
around x = 0, however, a traveling wave solution is still observed in this case. This strong

oscillatory response is unrealistic for invasive plant species, and therefore we will consider

the case A = 2.5 (see Fig. [2.4).
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Figure 2.3: The propagation of the invasive species for the growth function where A =
0.75. The other parameters used in computation are o = 0.1, & = 0.01, and h = 0.1. (a) The
initial population density at t = 0 s given by . (b) After some time t =5, the population
density has started to disperse into the domain. However, due to the choice of A = 0.75, the
population density decays every time the growth function is applied. (c) By the time t = 10,
the population density has been all but eliminated, and (d) for t = 15 the population density has
visually disappeared and is tending to extinction.
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Figure 2.4: The propagation of the invasive species for the growth function where A =
2.5, with the carrying capacity given by (black dashed line). The other parameters are
the same as in Fig[2.3 (a) The initial population density at t =0 is given by ([2.4.1). (b) After
some time t = 5 the population density grows and spreads further into the spatial domain. (c)
As time continues t = 10, the population density continues to grow and spread into the domain,
reaching the carrying capacity around x = 0. (d) This process continues t = 15, and will spread
at a constant speed as the time continues (see section .

2.5 Allee effect

So far, we have only considered the growth function (2.1.1). However, we may be interested
in a case where the population density either increases or decreases depending on the
population density. We, therefore, investigate the behaviour of a growth function with
Allee effects.

The phenomenon of the Allee effect was first observed in the 1930's by Warder Clyde

Allee [I]. A species with Allee effect has reduced fitness (reproductive success), and
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Figure 2.5: The propagation of the invasive species for the growth function (2.1.1) where A =
7.5, with the carrying capacity given by (2.1.2)) (black dashed line). The other parameters are

the same as in Fig . (a) The initial population density at t = 0 is given by . (b)
After some time t = 5 the population density has reached and exceeded the carrying capacity,
and has begun to display oscillatory behaviour. (c) As time continues t = 10 the population
density continues to spread into the domain. The population density around x = 0 although still
displaying oscillatory behaviour begins to dampen out to the carrying capacity (see the behaviour
of A =T in Fig. b). (d) The propagation wave continues invading the domain at a constant

rate of spread t = 15, (see section )

therefore, a reduction in the growth rate at low population densities. In [65], Stephens
et al. showed that the Allee effect could produce a threshold below which the population
could not survive[70, 3]; this case is known as the strong Allee effect. Allee effects that do
not give rise to a critical population size are referred to as the weak Allee effects [32, [59].
The Allee effect has not been widely documented in a real-world environment, however,
they have been shown to occur in plant species [13], and are believed to be abundant in

nature [37].

2.6 Growth Function With Allee effect

Here a growth function with Allee effect is introduced, we first start with an equation for
the per capita growth [g],
pN

14 g(N,) = gyl (2.6.1)

where g(N;) is the density-dependent per capita growth function and p, £ > 0, N > 0
and p,&, N € R. To convert Eq. (2.6.1) into the form of the growth function compatible
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with the model, we use the following difference equation for the population density
Nip1 — Ny = Nyg(Ny),

we then rearrange and substitute g(V;) from Eq. (2.6.1) to find

pN?
Nypr = —.
t+1 £+ th
Using the definition for the first-order difference equation [1.1.5] we can re-write this in

the more familiar notation for the growth function,

N2
F(N) = f’i - (2.6.2)

2.7 Survival or Extinction

We now have a suitable growth function exhibiting the strong Allee effect, where the
extinction-survival cases can depend on the population density as well as the growth
function parameters. Firstly the conditions that lead to extinction and those that lead
to survival will be investigated. One is in an unconditional-survival case if F'(N;) > Ny,
VN, > 0, an unconditional-extinction case if F(N;) < N;, VN, > 0 and an extinction-
survival case if 3N, > 0 where F'(N;) > N; and 3N, > 0 where F(N;) < N;. Depending
on the choice of p and &, the new growth function can lead to either unconditional-

extinction or extinction-survival behaviour. To show this, we need to find the equilibrium

solutions of ([2.6.2)), precisely for N, = F(N;),

pN?

N, = .
N
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Rearranging and solving for Ny, one finds Ny = 0 is always an equilibrium solution; along
with the equilibrium solutions

pE/p?— 4L

Nt: 2

(2.7.1)

Due to the application to the real world, we are only concerned with real and not complex

values. Therefore, we have the condition
2

which is precisely

p22\/g.

From this there are three cases to consider, if p < 24/&, (2.7.1]) has no real roots, if
p = 2v/€ ([2.7.1)) has one real root, and if p > 24/€ (2.7.1)) has two real roots. The following

condition also holds for any choice of p and &,

lim F(Ny) = p, (2.7.2)

NtHOO

therefore, for unconditional-extinction it is only necessary that F(N;) # Ny, VN; > 0,
which is precisely the case where p < 24/€; similarly, no such unconditional-survival case
exists for any choice of p and &.

For an extinction-survival case, there only need exist an N; such that F(N;) > Ny;
this is because from equation (2.7.2), it is known F(N,) < N, always exists. There are
two more cases of equation still to investigate, p = 2/€, and p > 24/€. Firstly for
p = 2¢/&, there is only one real root at N, = £, which corresponds to F'(5) = £, therefore,

this is an extinction-survival case. However, one also has

F(N,) > N,, V0 < N, < g,
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if one picks V; = £, where 0 < N; < £, one finds § = %, substituting this into F'(N;) = Ny,

This means the population density does not increase for any choice of Ny, and we have
survival only for the point N; = £. Now investigating p > 2/€, which has two real roots,
we are in an extinction-survival case, F'(N;) = N, at the two roots. Investigating further

for F'(N;) > N, there needs to exist an V; such that

24 2 _ 4
F(N,) > N, % <N< HQ#. (2.7.3)
Choosing N; = £, and substituting this into (2.6.2)
22
F (g) _ Lﬂw (2.7.4)
¢+ (5)

thus, there is a region of growth for the case when p > 2/€.
In summary, unconditional-extinction behaviour occurs for p < 24/€, with a single
equilibrium solution at N; = 0. Extinction-survival behaviour for p > 2/ with three

_ p—/ P4 4/ 02 —4E

equilibrium solutions at N, = 0, Ny = —Y——— and Ny =2 5

3 , and extinction-

survival behaviour for p = 24/€ with two equilibrium solutions at Ny = 0 and Ny 3 = g

2.8 Stability of Equilibrium Solutions

To gain further understanding of the behaviour of the growth function (2.6.2)), the stability

of the equilibrium solutions needs to be investigated. To do so, first the derivative of the
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growth function (2.6.2)) needs to be computed,

2pE Ny

PO = e

From definition |F'(N)| can be solved in order to analyse the behaviour of the equi-

librium solutions. For the equilibrium solution N, =0,
|F'(0)] =0 < 1,

and therefore, N; = 0 is a locally asymptotically stable equilibrium solution. For the

equilibrium solution Ny = ZEV2—% V;)L% when p > 24/€,

VP&

p

)

(5

we also know p, & > 0, and p > 2+/€, therefore,

o <p+ VP —4€>
2

< 1.

Specifically,
p? — A€
p

0<|1— < 1;

— 2__
thus, the equilibrium solution N3 = Can ”545 is locally asymptotically stable with mono-

_ _ 2_
tonic convergence. For the equilibrium solution N, = Y2 —= V54§ when p > 21/€,

o [P VP 4E s p? —4¢
2 p ’
we also know p, & > 0, and p > 2+/€, therefore,
/2 _4
(T
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Specifically
p? — A€
P

1+ > 1,

— p274§

thus, the equilibrium solution N = 2 5 is monotonically unstable.

For the equilibrium point NQ’g =L, p= 2/€, and

in order to deal with this case the following definitions [52] are required.

Definition 2.2. If F'(N) =1 then:

I If F”(N) # 0, N is asymptotically semi-stable from the left if F”(N) > 0, and is
asymptotically semi-stable from the right if F”(N) < 0

I1. If F"(N) =0 and F"(N) < 0, N is asymptotically stable

II. If F"(N) =0 and F"(N) > 0, N is unstable

Therefore, the second derivative is calculated

1" 2 — 3]\71‘/2
F (Nt) = 5(2(5_ th)g >>

for the case N = g,

Fi§) == 70

Since p > 0, we have F"(5) < 0, and therefore, Nyz = £ is asymptotically semi-stable

from the right.

2.9 A Non-Spatial Model With The Allee Growth Function

We will now investigate the speed with which the population density modelled by the
difference equation with Allee growth converges to its steady state. Using the Allee growth

function (2.6.2)) for the model, in the same way as the analysis of the non-spatial model
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Figure 2.6: The Allee growth function (2.6.2) with p = 1, and various values of &, where the
equilibrium solutions are given by the intersection with the line N = F(N) (solid black line).

For ¢ = 0.15 (solid blue line), & = 0.25 (solid orange line), and & = 0.35 (solid green line).

for the growth function (2.1.1)) conducted in section , the behaviour of how fast the
population density approaches a stable equilibrium solution is investigated. Firstly, one
notes that the shape of the model is unique up to linear scaling. To find the relationship

between p and £ under this scaling,

o piV? )- pa(ay
& + N? & + (aNy)?’

by expanding and equating powers of Ny, the following relationships hold

P2 = Qaps, (2.9.1)

and

& = a?y. (2.9.2)

In Fig. |2.6| and Fig. one can see a representative example of the behaviour of the

Allee growth function ([2.6.2)) for p = 1. For £ = 0.15 Fig. , p < 2/€ and, therefore,

the only equilibrium solution is the stable equilibrium solution N; = 0. In this case, the
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Figure 2.7: The population density over time Ny given by the model for various values of
&, and initial population density No. (a) The growth parameter & = 0.15, the stable equilibrium
solutions are given by the black solid line and Ny = 0. The unstable equilibrium solution is
given by the black dashed line. (b) The growth parameter & = 0.25, the semi-stable equilibrium
solution is given by the black solid line, and the stable equilibrium solution Ny = 0. (c¢) The
growth parameter & = 0.35 the stable equilibrium solution is given by Ny = 0. See the text for
full details.

population density decays to extinction for any choice of initial population density Nj.
When ¢ = 0.25 (Fig.[2.7b), p = 2/, in this case, there exist two equilibrium solutions the
stable equilibrium solution N; = 0, and the semi-stable equilibrium solution Ny = £=0.5.
If Ny > 0.5, the population density will tend towards Ns, and if Ny < 0.5, the population
density will tend towards N;. In the final choice of the growth parameter & = 0.35,
Fig. , p > 2+/€ there are three equilibrium solutions the stable equilibrium solutions,
N, =0 and Ny = HT\/@, and the unstable equilibrium solution Ny = ’FTM. If
Ny < N, the population density tends to Ny over time, if Ny = N, the population density
remains stable at N, = N, over time, and if Ny > N, the population density tends to N

over time.

2.10 Spatio-Temporal Case

The spatio-temporal case with the growth function with Allee effects (2.6.2) will now be
investigated. Due to the nature of the Allee growth function where negative growth can

occur, there are three cases of behaviour that can be observed. The case that occurs
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depends on the growth function parameters, the dispersal kernel parameters, and the
initial condition. The first case is the survival case where over time the population density
will tend towards the carrying capacity and will spread further into the spatial domain
over time (see Fig. 2.8).

The second case is the extinction case where the maximum initial population density is
above the unstable equilibrium point N, but dispersal drives the population to extinction.
This occurs because the strength of the dispersal kernel is greater than the growth of
the population density, such that at some time after dispersal the maximum population
density is now below the unstable equilibrium point N, where negative growth now occurs
everywhere in the spatial domain. This leads to the population density eventually going
to extinction (see Fig.[2.9)). This case is interesting as, if the dispersal were weaker, then
we could be in first survival case.

The third case is the extinction case where the maximum initial population density
is below the unstable equilibrium point N,. In this case, no matter the strength of the
dispersal the population density experiences negative growth everywhere in the spatial
domain, meaning the population density is guaranteed to go to extinction over time (see
Fig. [2.10)).

To explore these cases of behaviour further, we will investigate a range of growth
function parameters p € (0,1], and £ € (0,0.05], using the Gaussian dispersal kernel
(2.4.3) where o = 0.1, and the initial condition (2.4.1)) where ® = 0.01, and h = 0.1. In
Fig. , the values of (£, p) that lead to extinction or survival are denoted by the grey
solid region and black solid region, respectively. The white solid region denotes where
complex solutions emerge for which we disregard the solution. In Fig.[2.11p, the values of
(&, p) that go extinct in the spatio-temporal case but survive in the non-spatial case with
an initial population density Ny = 0.1, equal to the maximum initial population density
in the spatio-temporal case h = 0.1 are shown. These values of (£, p) are precisely those
that have case two behaviour; the maximum population density initially starts above the

unstable equilibrium N,. However, in the spatio-temporal case, due to dispersal the total
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Figure 2.8: The propagation of the invasive species using the model (2.2.4]) with the initial

condition (2.4.1)), dispersal kernel (2.4.3), and the growth function (2.6.2), where h = 0.1,
o =01, p =1, and § = 0.025. The non-spatial model (1.1.5) has the stable equilibrium

solution N1 = 0, unstable equilibrium solution Ny = N2~ VPP odg (black dash-dotted line), and

2
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stable equilibrium solution N3 = pfpf.
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Figure 2.9: The propagation of the invasive species using the model ([2.2.4]) with the initial

condition (2.4.1)), dispersal kernel (2.4.3), and the growth function (2.6.2), where h = 0.1, 0 =
0.1, p=1, £ = 0.04. The non-spatial model (1.1.5)) has the stable equilibrium solution N1 = 0,

unstable equilibrium solution Ny = =YL= '52745 (black dash-dotted line), and stable equilibrium

—\/p2—4¢

solution N3 = 2 5 .

invaded area decreases, and the species goes to extinction. In the non-spatial case, the

population density tends towards the carrying capacity N3 and survival.

2.11 Propagation Speed

This section is predominantly based on the work [21].
So far, how the population density evolves in the domain and the extinction-survival
cases of behaviour have been investigated. The other essential property we want to

measure and understand is the propagation speed. In order to effectively control, manage,
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Figure 2.10: The propagation of the invasive species using the model ([2.2.4) with the initial

condition (2.4.1)), dispersal kernel (2.4.3)), and the growth function (2.6.2)), where h = 0.1,

0=0.1,p=1,&=0.1. The non-spatial model (1.1.5) has the stable equilibrium solution N1 = 0,

unstable equilibrium solution Ny = %M (black dash-dotted line), and stable equilibrium
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solution N3 = pf.
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Figure 2.11: The extinction-survival cases for the Allee growth function (2.6.2)) in the spatio-
temporal model (2.2.4]), with the initial condition (2.4.1) where ® = 0.01, h = 0.1, and Gaussian
dispersal kernel (2.4.3)) where 0 = 0.1. (a) The cases of (£, p) where extinction occurs (grey solid
region) and survival occurs (black solid region). The equation p = 21/€ is denoted by the red solid
line, and Ny = 0.1 is denoted by the red dashed line. (b) The cases of (&, p) where extinction
occurs in the spatio-temporal model where survival occurs in the temporal model (black solid
region,).

and predict the future distribution of invasive plant species, it is essential to understand
the propagation speed of the invasive species accurately. The problem of how organisms
spread in the spatial domain has long been a topic of interest [4]. The propagation speed
of traveling wave solutions, once the long time behaviour has become established, in the
homogeneous landscape has been investigated both analytically and numerically for a
range of dispersal kernels and growth functions [27] 34 [42], 63] [71]. See section for a
general introduction of the propagation speed.

In this section the propagation speed of the model (2.2.4)) will be investigated for the
Gaussian dispersal kernel (2.4.3), Ricker growth function (2.1.1)), and initial condition
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Figure 2.12: The propagation speed c(t), with the Ricker growth function where A =
0.75 < 1, for various choices of N. The parameters in the problem are ® = 0.01, h = 0.1,
o = 0.1. The choices of the detection threshold are, N = 0.01h (blue solid line), N = 0.1h
(orange solid line), and N = 0.5h (green solid line).

(2.4.1). The case of A < 1, where we are in an extinction case will be investigated first.
This means that as long as the detection threshold N is sufficiently low, i.e. below the
maximum initial population density h, the propagation speed will initially be non-zero
and then, after some time, go to zero due to extinction. An example of this can be
seen in Fig. [2.12] where A = 0.75. It can be seen for the choices of detection threshold
N = 0.01h, N = 0.1h, and N = 0.5h (blue, orange, and green, solid lines respectively)
that a non-zero propagation speed either positive or negative is observed. Then after
some time the propagation speed tends towards zero, as the maximum population density
decreases below the detection threshold. The higher the detection threshold the faster the
propagation speed goes to zero, as it is closer to the initial maximum population density.

The survival case of behaviour when the population becomes established, i.e. A > 1,
will now be investigated. For the Ricker growth function with the Gaussian dispersal
kernel one is unable to obtain exact solutions for the propagation speed. However, we
are interested in modeling the invasion of plant species and, therefore, in the propagation
at low densities. In order to obtain the propagation speed, linearization of the growth

function is required. The Ricker growth function (2.1.1) can be approximated by a linear
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growth function with the same growth factor A,

F(N) = AN. (2.11.1)

The model ([2.2.4) with the linear growth function (2.11.1)) and Gaussian dispersal kernel
(2.4.3)) then becomes,

AN, (y |z —y[®
Mo = [ 2T e -y,

along with the initial condition (2.4.1)) an exact solution for the propagation speed can
now be found everywhere in 2. Since a convolution of a Gaussian dispersal kernel with
the initial condition (2.4.1)) is itself a Gaussian function (e.g., see [43]), the exact solution

for t > 0 is given by

N,(z) = 4 (—2(”“"—2> (2.11.2)

2r (0} + to?) o + to?)

By rearranging ([2.11.2) for x,(N) one finds,

2 (N) = \/2(03 +tgz)1n(N 27:1;;4;“02))’ (2.11.3)

where the propagation speed is given by,

c(t,N) = x(N) — x¢—1(N). (2.11.4)

After an initial transition period, when a traveling wave front has been formed (see
Fig. [2.13)), the propagation speed tends towards a constant rate. The constant long

time propagation speed ¢* can be calculated in the following way [40] by taking ¢ — oo,

~ 22 t21~‘1’—At
xt(N)_, \/(UO+U)H(N\/W>

t—o00 t t—o00 t

= /202l (4).  (2.11.5)
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As one can see, the long time propagation speed ¢* does not depend on the values of the
initial condition ®, and o, or of the detection threshold N. Furthermore, the asymptotic
speed remains the same when the model with the linear growth function
is compared to the model with the growth function (2.1.1)).

The choice of a detection threshold in Eq. requires careful consideration:
when the linearly determined propagation speed is evaluated from Eq. in the
asymptotic regime the threshold value should be taken as low as possible to
provide an accurate linear approximation of the growth function Eq. . In
the direct computation of the propagation speed, the above requirement can be achieved
by setting N = o In(A), where o € R and a < 1. Meanwhile, the definition of a ‘low
threshold’ is not clear in a transient regime when a travelling wave has not approached
the carrying capacity yet. It can be convenient to relate the threshold density N to the
population size at time ¢ = 0. Namely, the threshold value is now chosen as N = ah,
where the h is the height of the initial population density .

If accurate information about the initial population distribution (2.4.1)) is available,
then the requirement of a low threshold holds for o < 1. However, it has been demon-
strated in [53] that highly aggregated spatial distributions appearing at early stages of
biological invasion may be detected with very low accuracy resulting in uncertainty when
the total population size is evaluated. Therefore, all possible values of the detection
threshold 0 < N < In () will be considered.

An example of the propagation speed is shown in Fig. 2.13h, where we compare ¢(t)

obtained from (2.11.3))—(2.11.4) with the propagation speed obtained by direct computa-

tion for the linear growth function . It can be seen from the figure that the result
of the direct computation is in very good agreement with the analytical result, hence the
accuracy of our computational method is confirmed. We then compute the propagation
speed for the growth function , as the analytical solution is not available in the
latter case. The propagation speed obtained for the Ricker function (2.1.1)) very slightly
differs from c(t) obtained for the linear growth (2.11.1)), demonstrating that the linear
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Figure 2.13: The propagation speed c(t). The function c(t) converges to the asymptotic propaga-
tion speed (2.11.5)) (black dashed line in the figure), yet its behaviour at the short-time scale de-

pends on the detection threshold. (a) Comparison between the analytical result (2.11.3[)—(2.11.4))

(blue solid line), the propagation speed obtained by direct computation for the linear growth

function (2.11.1) (orange dashed line), and the growth function (2.1.1) (green solid line). The
parameters are h = 0.1, ® = 0.01, N = 0.01h, A =2.5, and 0 = 0.1. (b) The propagation speed

(2.11.3)—(2.11.4) for wvarious choices of the detection threshold: N = 0.01h (blue solid line),
N = 0.5h (orange solid line), N = 0.9h (green solid line), N = 2.5h (red solid line), N = In (A)
(purple solid line). The parameters are the same as in Fig. a.

growth is a good approximation of the growth at small densities in a transient regime
before the establishment of a monotone travelling wave.

One result that can be seen from Fig. [2.13pa is that the invasive species decelerate before
the propagation speed converges to its asymptotic value given by . However, the
deceleration regime is not common and depends on the choice of the detection threshold
N. Several examples of the propagation speed are presented in Fig. [2.13b where we vary
the value of N. As the threshold density increases, the propagation speed ¢(t) becomes
first non-monotonic and then it decreases monotonically for the choice of the threshold
density N < h. It is important to note that in the extreme case, N > h detection of
the high density N only becomes possible at times ¢ > 3, and we cannot compute the
propagation speed at shorter times; see Fig. 2.13p.

The propagation speed either starts above or below the detection threshold once it
has been detected at the detection threshold, then after some time, it tends towards the

long-term analytical propagation speed ¢* (2.11.5)). In other words, the population density
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undergoes short-term, transient, behaviour and then, after some undetermined amount of
time, forms a monotone travelling wave and proceeds to invade the domain at a constant
rate. Once the species is in the long-term behaviour case, the rate at which it propagates
throughout the dispersal domain is predictable and changes monotonically. The long-term
behaviour only depends on the dispersal parameter o and the growth function parameter
A. Even if there is some uncertainty around these parameters, a good estimation of
the propagation speed at the long-term behaviour can be provided. Unlike the short-
term behaviour where a small uncertainty in the detection threshold N can lead to very
different behaviour of the propagation speed. It is, therefore, useful for management and
monitoring purposes to know how long this unpredictable region of transient behaviour
lasts.

In order to answer this question the concept of the transition time will be introduced.

The transition time t;.4, is the time taken to converge to the constant propagation speed

c* given by ([2.11.5|) with certain accuracy €. We have

| e(t, N) = ¢* |[< e, Yt tuan, (2.11.6)

where the accuracy e can be thought of in terms of the asymptotic speed, ¢ = kc* with
k < 1. The transition time is then defined in computation as the minimum time for which
the condition holds. It is immediately clear from that the transition time
depends on the detection threshold density N. One example of the transition time as
a function of the detection threshold is presented in Fig. 2.14h. It can be readily seen
from the figure that the transition time against the detection threshold is non-monotonic;
for very small N it is initially high and then proceeds to decrease with increasing N.
Then after N ~ 2h, the transition time increases again. Overall, the transition time
changes significantly in the graph as the detection threshold varies, and one, therefore,
cannot predict or compare the propagation of the invasive species at short times before

it transitions to the stable long-term behaviour. We also note that the transition time

38



—
wv
ttran

0 0

60

25

20 40

10 20 '\’/
5 L i —

0 0.2 04 06 0.8 In(A) 0 0.2 0.4

N N
(a) (b)

0.6 0.8 In(A)

ttr an

60

40

0.2

0.4 0.6 0.8 In(A)

(c

N
)

Figure 2.14: The transition time tyqp, given by [2.11.6) against the detection threshold N . (a)
The transition time computed for the choice of the parameters ® = 0.01, A = 2.5, ¢ = 0.01¢*

h = 0.1, and 0 = 0.1. The transition time shows non-monotone behaviour as the detection
threshold increases. (b) The transition time tyqn(N) for various choices of the height h of the
initial population density: h = 0.01 (blue solid line), h = 0.1 (orange solid line), h = 1 (green
solid line). (c) Various choices of the accuracy € in the definition (2.11.6): € = 0.005 (blue
solid line), € = 0.01 (orange solid line), e = 0.02 (green solid line). The other parameters in

Fig. @b—c are the same as in Fig. a.

depends on the height of the initial population h and the accuracy e as demonstrated in

Fig. 2.14p and Fig. 2.14k, respectively.

This means that not only is the transient propagation speed unpredictable, but so too

is the length of the transition time. With all of this uncertainty around the short-term

behaviour, it is important to try and work out how significant an impact it has on the

short-term behaviour has on the overall spatial distribution of the population density.

Therefore, one may ask: does the propagation regime at the short time scale have any

lasting impact on the distance d the invasive species propagates over a given time 71" from

the location where it was first detected?

Let the population density N be detected at z¢ at time ¢ = 0 and the same population

density be observed at the location z at time ¢ = T'. Finding the distance between those

points requires integration of the propagation
t=T
d= / c(t)dt =
t=0

speed,

t

In the model with discrete time, the integral is replaced by the sum d =
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c is the propagation speed given by (2.11.4) and t € N. Substituting ¢ from (2.11.4]),

rearranging terms and taking 6t = 1 gives

d= Zgzl(wt(N) —21(N)) = 27(N) — 2o(N) =

(2.11.7)

AT

) — 4| 202 ln(L).
2m(0f + To?) TNy 2mol

\/2(0(2) —I—TUQ)ln(N

The distance d the invasive species goes over a given time 7T from the point z( is shown in
Fig. m The comparison between the distance computed from the equation and
the direct numerical simulation with the growth function is presented in Fig.|[2.15p,
where the results are in very good agreement at the short times; cf. Fig. [2.13a. The dis-
tance covered by the invasive species travels over a given time 7" depends on the threshold
density as shown in Fig. |2.15b and the graphs d(N ) are shown in Fig. 2.15¢ for selected
times T'. We note from Fig. that the function d(N ) given by is a monotone
decreasing function of the threshold density N. In other words, the graph d(T') obtained
for N = 0.01h (i.e., the smallest value of the threshold density used) is the upper bound
for the other graphs in Fig. 2.15b, and this result confirms the importance of taking a

detection threshold density as small as possible when evaluation of the size of a spatial

domain invaded over a given period of time is made.
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Figure 2.15: The distance d covered by the invasive species over the time T from the point xq
where it has been detected at time t = 0. (a) The comparison between the distance d computed
from the equation (blue solid line) and by the direct numerical simulation with the growth
function (orange dashed line). The parameters are ® = 0.01, A = 2.5, ¢ = 0.01c",
h=01,0=0.1, and N = 0.01h. (b) The distance for various values of the detection
threshold: N = 0.01h (blue solid line), N = 0.1h. (orange solid line), N = 0.5h (green solid
line), and N = 0.9h (red solid line). (¢) The distance d(N) for N € (0,h] calculated for T =1
(blue solid line), T = 2 (orange solid line), T = 3 (green solid line), and T = 4 (red solid line).
The other parameters are the same as in Fig. a.

2.12 Summary

In this chapter, a spatio-temporal, discrete time, continuous space, integro-difference equa-
tion was introduced to model invasive plant species. Throughout this chapter, the aim was
to analyse the behaviour of the population density in a homogeneous landscape. For the
demographic stage, the Ricker growth function Eq. and an Allee growth function
Eq. were investigated. The Ricker growth function has positive growth for any
non-zero population density, and was chosen from an ecological perspective to represent
a species in a favourable habitat, where an abundance of resources are available for the
species to grow without being impeded up to the carrying capacity. The Allee growth
function was chosen to represent a different ecological situation where there is negative
population density growth for small population densities; representing negative environ-
mental conditions that can impede the initial stages of establishment, i.e. competition.
The Gaussian dispersal kernel was used for the dispersal stage. The model for the
population density was investigated both analytically and numerically. The fast Fourier
transform algorithm was used for the numerical method, and the error of the numeri-

cal method was investigated in section 2.3 In the case of the Ricker growth function,
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extinction-survival behaviour occurred. The survival of the species depends only on the
growth function parameter and not the size of the non-zero initial population density or
the dispersal parameter (see Fig. and Fig. . Where for the Allee growth function,
the cases of extinction or survival depend on both the initial condition and the dispersal
parameter (see Fig. . If a species has Allee growth, it is possible to eradicate the
species from the domain by reducing the local population density below the Allee thresh-
old, without having to remove all of the population density of the species, which is the
case for the Ricker growth function.

Along with the extinction-survival cases of the species’ behaviour, another important
property, the propagation speed, was investigated for the Ricker growth function in section
2.11L The constant long-time propagation speed is a well-known result; however,
here, the aim of this section was to investigate the short-time behaviour of the propaga-
tion speed as it transitioned from the initial condition to the long-time constant speed
and how it depends on the detection threshold. The early stage of the invasive spread has
not received a lot of attention in the literature and it is often neglected by practitioners
as it is assumed that the invasive species spreads out at the long-time scale regime from
the very beginning of the invasion [73]. Our results demonstrate, even here in the homo-
geneous environment, the propagation speed during the transition period can behave very
differently to the long-time behavior (see Fig. . We also observe that the propagation
speed (see Fig. and the transition time (see Fig. behave non-monotonically
with respect to the detection threshold. This makes the prediction of the propagation
speed at the short time scale and how long a period of time the transition time lasts very
difficult. In particular the transition time can last for several generations (see Fig. [2.14)).
Long transition times suggest that assumptions about immediate establishment of the
asymptotic regime of invasion need further investigation and the transition regime cannot
be neglected. For a given choice of the detection threshold, accelerating and decelerating
waves can be observed during the transition period, which could lead to false assumptions

/ predictions about the long-time behaviour of a given species in a habitat. Therefore,
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this could lead to an incorrect level of priority given to management and control meth-
ods of the given species. However, the distance the species spreads over time was also
investigated; the results are far more predictable with respect to the detection threshold,
and the choice of detection threshold did not make a significant difference to the overall
distance reached by the species (see Fig. . From an ecological perspective this means
that although the behaviour of the species during the transition time, and the length of
the transition time may be hard to predict and are non-monotone, which can lead to a
number of management and control issues, once the species has transitioned to the long-
term behaviour and continues to propagate in the domain, the choice of the detection
threshold does not have a significant effect on the overall behaviour.

In Chapter 3], we investigate how the spatio-temporal behaviour observed in this chap-

ter changes when a spatial heterogeneity is introduced into the model.
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Chapter 3

Propagation of Invasive Waves in the

Heterogeneous Landscape

In Chapter [2| a model of how invasive plant species growth and propagate in the ho-
mogeneous landscape was introduced. However, in the real world rarely is anything as
simplistic, and for any given area many and varied landscape heterogeneities exist. As dis-
cussed in Chapter [I] first a simple mathematical model is introduced and then additional
complexities are incorporated into the model to provide a more realistic representation
of the real world. In any one landscape a variety of different naturally occurring and
constructed landscape heterogeneities can exist. For example it has been shown that a
landscape with many different heterogeneities, such as rivers, roads, construction distri-
bution centers, and other buildings can lead to the formation of a patchy distribution of
invasive species [64].

The aim of the investigation is to understand whether roads can always be thought of
as corridors to facilitate propagation of the invasive species. The rate of spatial spread of
the alien species is a quantity of high theoretical and practical importance, and it has been
a focus of numerous studies [4, [15], 206], 28| 34 [4T]. In England, the total area of woodland
both publicly and privately owned as of 2020, is estimated to be 1,300,000 ha [I7], and

there are currently plans to increase this area over the coming years significantly. As part
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of the government’s 25-year environment plan, they plan to plant an additional 180,000
ha of woodland in England by 2042 [22]. Although this has significant environmental
benefits, this will connect previously unconnected forest areas and create corridors for
the transmission of invasive species. For example, within the plan, they commit to build
forests around and alongside roads to connect forests across the country, “We will support
the planting of a forest that crosses the country in a belt of trees, using the M62 corridor
as its spine”. It is therefore vital to understand the impact building new forests around
roads could have and how this could inform future planning. It is equally important
to understand the impact of already existing forest roads to inform management and
prevention of invasive species. As part of England’s woodland area, the National Forest
Estate England is estimated to span a total area of 252,000 ha, with an estimated 6,000
km of road through the forests giving a road density of 0.024 km ha™! (estimated using
data from Forest Research GIS Division [16]). From this we can see that forest roads are
prevalent in England and this is only going to increase, it is therefore vital to understand
the role roads play in this problem.
Section is predominately based on the published work [20].

3.1 The Road Model

A road is incorporated into the model as a vertical rectangular strip within the dispersal
domain ([2.2.3)),

QR = [.Z'l,x'z] c Q.

The no road domain consists of the remainder of the dispersal domain and is given by,

Qnvp = Q\Qp = [-L,21) U (22, L.
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We set the width of the road to be §. Throughout, we denote the left hand point of the

road by b € Q and will apply the restriction b > 0, thus, the road subdomain becomes,

Qr = [b,b+9].

Here the road is not considered as a ‘dispersal corridor’ but is modelled as a ‘hostile
environment’ that results in an additional amount of the population density coming from
the road to a spatial domain in front of the road at each time step, while the dispersal
mode remains the same. To account for this behaviour of additional dispersal coming
from the road, we split the the time-increment into two. From a ecological perspective,
our model will deal with plant species that have distinct periods of growth and dispersal,
as many plant species do. In many real-world applications, one time-increment would
occur on the order of weeks to a year, where a time-increment represents one generation.
Once a species has dispersed from its initial position (see Fig. 3.1 - Fig. [3.1p), most of
the dispersed population i.e. seeds have reached the final location for that generation.
However, the population density that has landed on the road has additional opportunities
to spread off of the road. For example, seeds could get stuck in the soil, grass, or other
plants, and due to the grass, plant, or tree cover, there are fewer opportunities for wind
dispersal. Comparatively, on the road domain there are additional dispersal opportunities,
for example by animal, human, or vehicle, and due to the lack of cover over many roads,
this also allows for additional wind dispersal off of the road (see Fig. [3.1¢ - Fig. |3.1d).
The population density that has spread off the road domain into the no road domain is
then added to the rest of the population density in the no road domain (see Fig. [3.1d -
Fig. |3.1e). However, at the end of this process, some population density still remains on
the road domain. We then make the assumption that any population density that has
remained on the road becomes unviable to propagate into a plant, i.e. the seed was eaten
by an animal, crushed by a car, or frozen over winter. Therefore at the end of a generation

the population density on the road domain is set to zero (see Fig.|3.1e - Fig. [3.1f). Note,
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if we just set the population density over the road to zero before allowing an additional
dispersal set over the road, which would avoid having to split the time-increment into
two, we would not be able to take into account the additional chances of dispersal for the
population density that lands on the road domain.

Mathematically, given the population density at time ¢, N;, we compute the model
including a region of road. Firstly we apply the integro-difference equation in the same

way as in the non-road case ([2.2.4)) but treat this as only half a time-increment

Noy@) = [ K y)NE W)y (3.11)

2 L

next we define the population density for the region of the road,

N, 1((z), ifz€Qp

Ntfj’;%(x) = : (3.1.2)

0, otherwise.

We now apply an additional dispersal component to the road; since the population density

does not grow on the road, we have the growth function G(N) =1-N =N

Nfy () = /_ k(2 y) N (y) dy. (3.1.3)

L

Note that this is computed across the whole domain y € €2, by combining (3.1.1) and
(3.1.3) the population density at time ¢ + 1 becomes

Nea(2) = Ny (2) + N (2). (3.1.4)

There is one final step at the end of the time-increment; the population density on the
road dies out. We, therefore, introduce a new growth function H(N) = 0- N = 0, and

apply this to the road. The population density across the non-road region remains the
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same, and therefore we apply the growth function G(N) to this region

(
H(Nyq(z)), ifzeQpg
Niyi(z) =
G(Ny41(z)), otherwise,

(3.1.5)

(

0, if © € Qg

N1 (z), otherwise,
\

obtaining the final population density for this time. See figure for a graphical repre-

sentation of the road model.

3.2 Population Density Cases of Behaviour

3.2.1 Ricker growth function - the road model

Firstly, the Ricker growth function (2.1.1)) will be considered. An example of the road
model with the Ricker growth function where A = 2, and the Gaussian dispersal kernel
, where ¢ = 0.1. There are two other variables to consider, the width of the
road 0 and where to place the road in the domain. The choice of these needs careful
consideration. In numerical simulations if we do not consider these factors carefully, the
cases of extinction or survival and the overall shape of the population density can differ
significantly from the solution, compared to when the road is carefully considered. The
main issue arises from the shape of the population density at the edge in front of the
road when becoming established. The grid accuracy Az, has to be chosen such that it
accurately represents the road width. The edges of the road fall exactly on grid points
such that the computational width of the road §“™ = aAz, a € Z* > 2. If a = 1, there
do not exist two grid nodes to represent the edges of the road, and, therefore, this would be
identical to the no road case. Throughout this chapter in computations Az < 2% ~ 0.005.

Thus the difference between the computational and ‘true’ road width is [§ — §°™7| < ;.
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Figure 3.1: Graphical representation of the road model, where the solid blue line corresponds to
the population density and the solid red line corresponds to the road region. (a) We start with
the population density at time t, Ny(x), then (b) compute the population density at t—l—% through
the application of the integro-difference equation . (c¢) Obtaining the population density
across the road , (d) we compute an additional dispersal step calculating the road
population density at t + 1. (e) Combining the population density at t + %, NH%(x), and the

road population density at t+1, Nﬁl(x}, we calculate the population density fort +1, Nt+1(x)

(3.1.4). (f) Finally, we remove the population density across the road (3.1.5) from the total
population density across the domain obtaining the final population density at t + 1, Nyy1(z).

For this example the road width is chosen to be § = 0.12, and the initial population

density for the road case is a modified version of the initial population density ([2.4.1]),

0, if x > b,
No(z) = (3.2.1)
P z2 :
ez exp <_Q)’ otherwise.

The results of this example can be seen in Fig. B.3] One can see that in this case the

population density starts from the initial condition (Fig. |3.3a). Then as time progresses
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Figure 3.2: A flow chart representation of the road model, see Fig. for an accompanying
graphical representation. In the first step I, we start with the initial population density for the
time increment t. In the second step 11, the growth and dispersal components are applied to
the population density, see equation . In the third step 111, we isolate the population
density on the road sub-domain, see equation . In the forth step IV, additional dispersal
1s applied to the road population density, see equation . In the fifth step V' the population
density from the second and forth step are combined, see equation . In the sizth VI and
final step any population density on the road sub domain is set to zero, see equation . We
have now achieved the final population density for this generation, the population density in VI
18 now used as the initial population density for the next generation.

(Fig. 3.3p) the population density around the origin (z = 0) has reached the carrying
capacity In (A) where A = 2, and has reached and crossed over the road. As time pro-
gresses further (Fig. ) the population density then goes on to invade the left-hand and
right-hand side of the domain at a constant propagation speed (2.11.5).
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Figure 3.3:  Spatio-temporal dynamics of the population density N(x,t) in the problem
- , with the Ricker growth function , where A = 2. The road region is given by the
solid red line along the x-axis, for the road width 6 = 0.12. (a) The initial population density
at time t = 0, (b) The population density distribution Ny(x) at time t = 25, as the
invasive species propagates in front of the road, (c¢) The invasive species spreads further into the
space in front of the road as time progresses, t = 50.

3.2.2 Invading The Domain in Front of The Road

In the example of the road model above (see Fig. the population density reaches
and then crosses over the road, however, is this the only possible case of behaviour when
the population density is in the survival case? We say that the population density has
invaded the domain in front of the road when some population density from one side of
the road ends up in the region on the other side of the road. In figure , we can see
that some of the population density given by the solid green line has invaded the domain
in front of the road. We can see that the population density given by the solid orange
line after one time-increment does not invade the domain in front of the road. However,
a sufficient amount of population density has built up at the edge of the road, therefore,
after two time-increments the population density given by the solid green line has invaded
the domain in front of the road. The road given by the solid red line, is too wide to allow
the dynamics of the population density to ever invade the domain in front of the road, no
matter how much time we take. In figure [3.5(b), we see a situation where the population
density is unable to invade the domain in front of the road.

In order to understand how the road can prevent the population density from invading
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T N T N
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Figure 3.4: In (a) a zoomed in example of the Ricker growth function (solid blue line)
with the cutoff T is shown, and the line F(N) = N 1is given by the solid black line. The Ricker
growth function without the cutoff has positive growth everywhere, with the introduction of the
cutoff T, the population density is instantly set to zero if the population density is below the
threshold, N = 0 for N < 7. It is important to note that this cutoff does not introduce a region
of negative non-zero growth and, therefore, still behaves fundamentally different from the Allee
growth function. Comparatively in (b) an example of the Allee growth function (solid blue
line) is shown with the cutoff T, along with the line N = F(N) (solid black line). Here, we have
positive growth above the Allee threshold, and then below the Allee threshold a region of negative
but non-zero growth, and then zero population density below the cutoff 7. The introduction of
the cutoff T does not change the behaviour of the Ricker growth function to be equal to the
Allee growth function. Howewver, can be thought of as shifting the origin to the right, now any
population density N € [0,7) is equal to the point N = 0.

the domain in front of the road, we need to revisit the cutoff 7 introduced in Section
2.3.1] From an ecological point of view, this threshold 7 can be thought of as a minimum
threshold for establishment, below which establishment for any growth function is not
possible. In Fig. we explore how the cutoff differs from the Allee effect observed
for the Allee growth function. Note as a point of context ecologically, throughout the

majority of the document 7 = 10~" unless specified, and the carrying capacity is around

1.
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((a)) The population density can invade ((b)) The population density cannot in-
the domain in front of the road vade the domain in front of the road

X

Figure 3.5: (a) The population density at time t = 0 is given by the solid blue line, at time
t =1 is given by the solid orange line, and at time t = 2 is given by the solid green line. Here
the population density given by the solid orange line has not invaded the domain in front of the
road, but the population density given by the solid green line has invaded the domain in front
of the road. In (b), the population density for time t = 0 is given by the solid blue line, the
population density for some time t > 0 is given by the solid orange line; here, for any given
time, the population density does not invade the domain in front of the road.

3.2.3 Analytical Population Density

In the Ricker growth function example, the population density invaded the domain in
front of the road, however does the population density always invade the domain in front
of the road if it is in the survival case?

If the population density cannot invade the domain in front of the road for all road
widths, then what is the maximum road width that the population density invades the
domain in front of the road? In order to answer these questions and understand the
underlying behaviour it is not useful or realistic to arbitrarily compute numerical examples
of the population density. Thus, this problem will be explored analytically.

Firstly, it is important to identify the situations which do not allow the population
density to invade the domain in front of the road for a given time. The first situation is
that the population density has not built up enough density immediately behind the road
(but given enough time, the population density can be sufficiently dense) to invade the
domain in front of the road, see figure The second situation is that the width of

the road is too great for the dynamics of the population density to spread to the domain
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Figure 3.6:  Spatio-temporal dynamics of the population density N(x,t) in the problem
- , with the Ricker growth function , where A = 2. The road region is given by
the solid red line along the x-axis, for the road width § = 0.12. (a) The initial population
density at time t = 0, (b) The population density distribution N¢(z) at time t = 25, the
population density has reached the edge of the road, however, the width of the road is sufficiently
large to prevent the prevent the population density in front of the road. (¢) The invasive species
spreads further into the left-hand side of the road, and remains unable to cross in front of the
road as time progresses, t = 50.

in front of the road, see figure [3.5(b)|

To explore if the population density can invade the domain in front of the road,
we first want to calculate the maximum distance the population density can spread.
If the maximum distance the population density can spread in the road model is less
than the width of the road once it has become fully established behind the road then it
cannot invade the domain in front of the road. Once the population density has become
established in an area after some time the population density tends towards the carrying
capacity. Thus, in order to answer this problem analytically, we will assume the population
density is fully established in a region behind the road, and approximate the population
density behind the road by a uniform distribution. Therefore, the population density

after some time t is approximated by a uniform distribution,

h, if z € [a,b],
Ni(z) = (3.2.2)

0, otherwise.
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We positioned the starting population density at the edge of the road of width 9, Qr =

i

h

\J/ < o=
a b b+

Figure 3.7: Demonstration of the set up for the analytical results given a simple starting popu-
lation density. The uniform starting distribution is given by height h and width b — a, b is the
starting position of the road, b+ § is the end position of the road and § is the width of the road.

[b, b+ 0], this set up is demonstrated in figure If the population density at the leading
edge of the road N(b+ 0) is non-zero once the spreading speed cutoff is applied, then

the population density has spread to the domain in front of the road. We will use the

Gaussian dispersal kernel (2.4.3)) and growth function (2.1.1), therefore, we have

Ny

1
2

() = / K — y) F(N:())dy

) [ e (222
_ F(h)% (erf ((l:/;)) +erf (i—_ﬂa)) .

We now want to calculate the additional dispersal step of the population density across

the road; however, the exact integral of the error function does not exist. Therefore, we

use the simple approximation introduced in [67], which is valid for z > 0,

erfx~1—exp(cz+ C2$2)7

where ¢; = —1.09599814703333, and ¢y, = —0.75651138383854. Making this approxima-
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tion we can solve the integro-difference equation across the road,

st [ (o (52 v (257)
(\/%GXP (%}y)z))) dy, (3.2.3)

which can be simplified to

~ 1 1
Ntlil(x) - F(h)ﬁm

b+9
/ (exp (—dvy? + doy + ds)
b

—exp (—dyy? + dyy + d5)) dy, (3.24)

62_1
dl:_< 202 )’

(295 +20¢; — 202b>
d2 - 5

where,

202

202

(—ﬁaclb + cyb? — x2>
d3 = )

202

(Qx + \/5001 — 2a02>
d4 = )

202

p <—\/§0ac1 + a’cy — x2>
5 = .

Therefore, computing the integral in equation (3.2.4) one finds

+erf <d?2_—¢z_cflb>) ~exp <% . d5> <erf <2d1(52+¢%— d4>
+ erf (%))) . (3.2.5)
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Thus, one has the solution Ny () = N,,1(z) + N2, (z) = F(h)é(x, ), where,

=i o (8 ) o (2072 s (4529
o) o (078 (55280

() m(2))) o

Given uniform population density at time ¢ and the approximation of the error func-

[

tion, we can calculate the population density analytically for time ¢ + 1.

If the population density at time t + 1 is Nyyq(z) > 7 for « € [b+ 9, L], the population
will grow in the spatial domain in front of the road, which is precisely the corridor regime
as shown in Fig. [3.3] Thus, to find the boundary between the corridor and barrier case
one has to solve the equation

F(h)o(5) =T, (3.2.7)

where the function ¢ defined by the equation (Eq. [3.2.6) is considered at the point
x = b+ d. This requires that F'(h) = h, therefore, one now substitutes h = In(A) into

(3.2.7) and rearranging terms to arrive at

A= exp (ﬁ) (3.2.8)

The expression defines the boundary curve separating the ‘barrier’ subdomain
from the ‘corridor’ subdomain in the (A, §)-plane. For any given value of the demographic
parameter A in the growth function , a critical road width 9, required to prevent
propagation of the invasive species in front of the road can be calculated from Eq. .
One notes that in the case of the Ricker growth function (2 , one also has the boundary
separating the extinction and survival regions. Hence, this leads to two boundary curves
in the parametric plane (A,0). The first boundary curve is the straight line By : A =1,

the boundary separating the extinction and survival regions. The second boundary curve
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Figure 3.8: Various propagation regimes in the road model - with the growth
function Eq. (2.1.1)). The road width & is measured as a percentage of the domain size L.

Region I in the parametric plane (A, J) represents the extinction regime in the spatial domain,
region 111 is the corridor regime, where the invasive population crosses the road and a travelling
wave spreads in front of the road, and region 11 is the barrier region, where the road prevents
propagation of the invasive species. The boundary Bs between regions 11 and I11 determines
the critical width of the road required to stop propagation of the invasive species for a given value
of the growth parameter A.

is By : &, = p(A) which comes from solving Eq. an separates the corridor and
the barrier regions. The boundary curves and the regions they separate can be seen in
Fig.[3.8

It is important to note that, for the Ricker growth function, if the population density
at a given point in space x is non-zero then the population density will increase (before
dispersal), and due to the nature of the Gaussian dispersal kernel the population density
is non-zero everywhere. Therefore, one might logically reason that for the Ricker growth
function the existence of the barrier case should not be possible. The population spread
results in non-zero density everywhere, so once in the survival case we should always be
in the survival case, and this should not depend on the road width 6. However, one must
remember the existence of the threshold density 7. Thus, the barrier regime only exists in

the case of the Ricker growth function because of 7. Now that it is clear that the existence
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Figure 3.9: The function ¢(z,9) defined by and considered at the right edge x, of the
road, T, = b+ 0, is a decreasing function of the argument §.

of the barrier regime depends on 7, one might consider what will happen if the threshold
T increases. An increasing threshold could represent harsher growth conditions in front
of the road for example. To consider this let the original threshold density be 7 = 7%,
and the new higher threshold density be 7** > 7*. Consider a point P = (A4,¢;) at the
boundary B, obtained for the threshold 7*. Given the same value of A, the position of
this point P will change when the new value of 7** is implemented in the problem. It

follows from Equation (3.2.8]) that

where §;* is the road width for which P = (A,§}*) € By when 7 = 7. Rearranging

terms we obtain

o)

™ 9(6)’

and, since 7% /7* > 1, we have ¢(0;*) > ¢(¢;).

In order to understand how the boundary curves behave from the above equations one
must understand the behaviour of the function ¢(J). The graph of the function ¢(J) is

shown in Fig. [3.10l It can be seen from the graph that ¢(¢d) is a decreasing function of
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its argument and therefore 6;* < ¢;, i.e., the point P moves down along the vertical axis
in Fig. 3.8 Hence, if the threshold density 7 increases, the boundary By will go down in
the parametric plane (A,d) to increase the area of the barrier region. In other words, if
environmental conditions become harsher in front of the road, a more narrow road can
still prevent propagation of the invasive species. Conversely, for smaller values of 7, the
boundary B, will go up to make the corridor regime region larger in the parametric plane.

Having investigated how our solution depends on the threshold density, it is also im-
portant to investigate how the solution depends on the other, until now fixed, parameters
in the problem. So far the dispersal parameter of the dispersal kernel o, has been
fixed at the value ¢ = 0.1. It will now be discussed how the critical value 9, of the
road width responsible for the transition from the corridor regime to the barrier regime
depends on the dispersal parameter o in the dispersal kernel. Let us fix the parameters
A and 7 and vary ¢ in Eq. . The function ¢ defined by Eq. at the point
x = b+ 0 becomes a function of variables o and ¢ only, and Eq. can be solved to
obtain the curve B, : § = d(0) defining the boundary between the corridor and barrier
regime. The boundary curve B, is shown in Fig. [3.10] We note that the semi-analytical
approach used to obtain the curve B,, as explained above, does not require any upper
bound for variables § and ¢ in the definition of the function ¢ Eq. . However, the
choice of a large dispersal parameter ¢ > 1 results in a degenerate dispersal kernel, i.e.,
the dispersal is so weak that any road width can be considered as a barrier; see Fig. |3.10k.
Hence, we also show a fragment of the boundary curve B, obtained for small ¢ in Fig.
It can be seen from the figure that an increase in o within the interval o € [0, 1]
results in a linear growth of the corridor domain, i.e., we have = ko, where the slope k
of a straight line in the figure can be approximated as k ~ 7.38 for 7 = 10~" and A = 3

used in computation.
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(o) o
(a) (b)
Figure 3.10: The propagation regimes in the road model (3.1.1)) - (3.1.5)) with the growth func-
tion (2.1.1) shown in the (o,6)-plane. The region R, represents the corridor regime in the spatial
domain, the region Ry represents the barrier regime. (a) The boundary B, between regions Ry
and R, determines the critical width of the road &, required to stop propagation of the invasive
species for any given value of the parameter o in the dispersal kernel (2.4.3); see further ex-
planation in the text. (b) The boundary B, shown for o € [0,1]. The boundary curve can be

approximated by a linear function B, : § = ko, where the slope of the straight line has been
computed as k ~ 7.38 for r = 107" and A = 3.

3.2.4 The road model with the Allee effect growth function

So far the behaviour of the Ricker growth function has been analysed with the results
showing, if we are in the survival case then we fall into either the barrier or the corridor
regime. However, as we have already seen from Chapter [2| the behaviour is more complex
for the Allee growth function , with negative growth for at small densities. Thus
one might have the question, do we get the same set of possible barrier or corridor regime
behaviours when we are in the survival case for the Allee growth function? When this
question was investigated we did still observe the barrier and corridor regimes for the
Allee growth function . The overall shape of the wave pattern that the population
density produces is very similar to those of the Ricker growth function (see Fig. (3.3
and Fig. |3.6). However, upon further investigation a new regime of the spatio-temporal
dynamics was observed. This new regime is labelled as the ‘beachhead’ regime, an example
of the beachhead regime can be seen in Fig. [3.11] The beachhead regime differs from the

corridor regime. In the beachhead regime once the population density crosses over the
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Figure 3.11: The beachhead regime in the problem - with the Allee growth function
. The parameters are £ = 0.15, p = 1.0. The road width is 6 = 0.12 and the road region
is shown in red on the x-azis. (a) A travelling wave approaches the road at time t = 50, (b)
The population density distribution Ny(x) at time t = 100. The beachhead region in front of the
road has been invaded, yet the invasive species does not propagate further into the space, (¢) The
population density distribution Ni(x) in front of the road remains the same at time t = 200 as

in earlier times (cf. Fig. b).
road and spreads into the domain in front of the road, it does not continue to invade
further into the domain with time.

This new regime can be seen in numerical examples (Fig. , however, this needs
to be investigated further to confirm that it is, in fact a new regime. To investigate the
existence of the beachhead, the propagation speed ¢ and the width W of the domain
occupied by the species in front of the road are calculated as functions of the road width
§. The results can be see in Fig. [3.12] One can see by comparison of the graphs in
Fig. and Fig. that the beachhead spatio-temporal dynamics appears in the
problem when the road width is § € [0, d2]. The left boundary d; is shown in the graph
¢(d) in Fig. . It can be defined as the minimum road width that prevents further
propagation of the population wave, i.e., ¢(d;) = 0 and ¢(§) > 0 for any 0 < 6 < d;.
The right boundary 4, is shown in the graph ¢(6) in Fig. [3.12b. It can be defined as the
minimum road width that results in the population extinction in front of the road, i.e.,
W(§) = 0 for any § > d5. When the road width is § € [d1, 2], the propagation speed
in the right-hand direction is zero, meaning the population density in front of the road

is either stable or zero. Furthermore, the width of the population density in front of the
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Figure 3.12: The problem - with the growth function . The rate of spread

c and width W of the domain occupied by the population in front of the road are shown as
functions of the road width 6 measured as percentage of the domain size L. The parameters are
£ =0.15, p=1.0. (a) For any road width § > &1, the population does not spread in front of the
beachhead region. (b) For any road width § > 02, the road acts as a barrier that the invasive
population cannot cross.

road is non-zero. This means that there is a stable non-zero population density in front
of the road; which is precisely the beachhead regime.

It is noted that, for a given road width 0, the size W of the beachhead spatial region
in front of the road depends also on the parameters £ and p of the growth function; see
Fig. Hence, our next step is to identify the beachhead regime in the parametric
plane. This is in line of the analysis conducted for the Ricker growth function (see
Fig. Let us fix € in the definition of the growth function and vary another
demographic parameter p in and the road width . The graph should look similar
to that observed with the Ricker growth function (see Fig, where several regions were
observed in the (p, d)-plane, however, there should also exist a new region representing
the beachhead regime.

The curve that separates the extinction region in the (p,d)-plane from the other
regimes is defined directly from the analysis of the growth function (2.6.2)), i.e., we re-
quire that the population density behind the road is given by the stable steady state N
in section which only exists when p > 24/£. Thus, we define a boundary B; of the

extinction region in the parametric plane as L; : p = 24/€ for all values of §. The straight

63



N¢(x)

1.0 1.0 1.0

0.8 0.8 0.8
0.6 0.6 0.6
x x

0.4 =04 =04

0.2 0.2 0.2 N

0.0 1.0 2.0 3.0 0.05 1.0 2.0 3.0 005 1.0 2.0 3.0

X X X
(a) (b) (c)

Figure 3.13: The population density distributions N¢(x) at time t = 100 after the beachhead
region has been invaded in front of the road. For the given road width § = 0.12, the size of the
beachhead region depends on the parameters of the growth function . (a) The parameters
are £ = 0.15, p = 0.855, (b) £ = 0.18, p = 1.0, (¢) £ = 0.18, p = 1.12. Only the spatial
subdomain x € [0, 3] is shown in the figure for the sake of better visualisation of the beachhead
region.
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Figure 3.14: The spatial width of the beachhead region W as a function of the parameters p and
& in the growth function . (a) The road width is 6 = 0.12, (b) the road width is 6 = 0.19.

line B; is shown in Fig. where it separates the extinction region I from the other
regimes.

Consider now p > 24/€ and let the population density brought to the front of the road
from behind the road be below the threshold density 7. It follows from our discussion of
the Ricker growth function in the previous section, that the invasive species will
not spread in front of the road, i.e., we have the barrier regime. The boundary B, of the
barrier region is given by the same condition as for the Ricker growth function.
For the growth function , the condition written at the stable steady state

N5 becomes

p+/p*— 4L

@) =,
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Figure 3.15: Various spatio-temporal dynamics regimes in the road model (3.1.1) - (3.1.5)
with the growth function (2.6.4). (a) The parametric plane (p,d). Region I represents the
extinction regime in the spatial domain. Region 11 is the barrier regime, where the road prevents
propagation of the invasive species. Region II1 is the beachhead regime, where the population

invades a spatial beachhead region in front of the road without further propagation. Region IV is
the corridor regime, where the invasive population crosses the road and a travelling wave spreads
in front of the road to invade the entire domain as time progresses.(b) The parametric plane
(£,9). The notation used to mark different regions is the same as in Fig. a.

which we can rearrange for p to give the equation of the boundary curve By in the

parametric plane,
_§?(0) + 7
o(0)r

The curve By shown in Fig. bounds the region I which corresponds to the barrier

By: p (3.2.9)

regime in the spatial domain.

Let us now investigate the beachhead regime where the population density brought
to the region in front of the road is fully compensated by the negative growth at the
demographic stage. In our further analysis, we approximate the beachhead case by the

following condition

Nig1(b+6) = Ny(b+6), form < N < Ny, (3.2.10)

i.e., we require that the population density remains constant at the edge of the road in
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the beachhead regime.

The population density at time ¢ + 1 can be presented as

N1 = Ny + AN,

where the increment AN is brought to the edge of the road over the dispersal stage.
Since the travelling wave given by Eq. has constant height h behind the road,
the increment AN in the population density remains constant at any time ¢ for a given
road width d > 0, yet its value depends on ¢. This increment is then compensated by the
negative growth occurring between 7 < N < N, at the growth stage to meet the condition
. It follows from the above consideration that the beachhead regime is entirely
related to the Allee effect, i.e., the negative growth at the interval N € [r, Ny]. This
conclusion is further illustrated in Fig. where the growth function F(N) given by
(2.6.2)) is shown as a black solid line and a dashed line is the equilibrium line F(N) = N.
Let us draw a new growth function F(N)+ AN, where AN = const, i.e., we move the
graph of the function F'(N) along the y-axis by the distance AN. For relatively small AN,
this transformation results in a new stable steady state, i.e., formation of the beachhead
regime; see curve ¢ in the figure, where AN; < AN, and the new stable steady state
is shown as a blue dot on the line F/(N) = N. As JN increases, the new steady state
defining the beachhead regime moves closer to the steady state N, along the equilibrium
line F(N) = N, and the two steady states coincide when N = JN.. (curve B in the
figure). For any ANy > §N,,., we have the corridor regime only, as F(N) 4+ AN > N and
the population grows in front of the road (curve C').

The increment AN, defines the transformation of the beach-head regime to the cor-
ridor regime. Since AN depends on the road width, AN = AN(J), the boundary Bj
between the beachhead region and the corridor region in the parametric plane (p,d) can

be found from the condition,

F(N*) + AN,,.(8) = N*, (3.2.11)
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Figure 3.16: The beachhead regime is produced by the Allee effect. The original Allee growth
function (black solid line) has the only point of intersection N = No with the line F(N) = N
(dashed line) in the interval N € [, No]. Another point of intersection appears when F(N) is
raised by the value AN < AN, (curve &, blue solid line). The new stable steady state shown as
a blue dot in the figure corresponds to the beachhead distribution of the population density in the
spatial domain. As AN increases, the new steady state goes up along the line F(N) = N, while
the unstable steady state Ny goes down along the curve. At AN = AN,,, the beachhead steady
state coincides with the unstable steady state; see curve B (orange solid line) in the figure. For
any AN > AN,,, the condition F(N)+ AN > N holds and provides the corridor regime (curve
C, green solid line).

where N* is defined from the requirement that the line F'(N) = N is the tangent line for
the function F(N)+ AN at point N*, i.e., we have F'(N) = 1 at N = N*. Differentiating

F(N) and rearranging terms we arrive at

N* 4+ 26N? — 26pN + €2 = 0, (3.2.12)

where we require p > 2v/€ and 7 < N < N,. Let us fix the parameter ¢ in the growth
function (2.6.2). The Eqgs. and are then solved for any given value of p to
find the curve § = 6(p). The boundary Bs : § = §(p) is shown in Fig. [3.15] The position of
the boundary curves in the parametric plane is defined by parameters in equation (|3.2.9)

and equation ([3.2.4). Consider, for example, the boundary By shown in Fig. 3.15, where
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the curve B is defined from Eq. for some baseline value of the threshold density
7 = 7*. The boundary By will move down to make the barrier region larger and the
beachhead region narrower when 7 increases to 7** > 7*; see a dash-dotted line in Fig.
Furthermore, it follows from the analysis in Fig. that the beachhead region
between the boundaries By and Bs will completely disappear in the extreme case 7 > N*,
where N* is defined by equation . Conversely, the boundary By will move up to
decrease the size of the barrier region when 7 decreases to some 7°** > 7* (see the dashed
line in Fig. . It also follows from equation and that the boundaries B,
and B3 do not move when we vary the threshold density 7. Consider now the boundary
B3 that corresponds to the baseline value of the demographic parameter £ = £* as shown
in Fig. Let us decrease & to some new value £** < £*. The boundary By will move to
the left when ¢ decreases, while the boundary Bs will move up to increase the size of the
corridor domain in the parametric plane (see dash-dotted lines in the figure). Conversely,
let the new parameter value be £&* > £*. It can be seen from Fig. that the corridor
domain will shrink as the boundary B; moves to the right and the boundary B3 moves
down (see dashed lines in the figure). These conclusions are similar to the case of the
Ricker growth: if environmental conditions become harsher in front of the road, a more

narrow road will be able to prevent propagation of the invasive species.

3.3 Invasion at the short-time scale in the heterogeneous landscape

This section is predominantly based on the work [21].

In the previous section, a model that allows one to take into account different disper-
sal and growth behaviours of invasive plant species when a road is introduced into the
dispersal domainwas developed and the possible behaviour were classified. In this section
the transient propagation speed in front of the road for the corridor regime and Ricker
growth is investigated. This analysis is designed to be comparable to that undertaken for

invasion in the no road case ([2.11)).
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Figure 3.17: The Allee growth function : domains in the parametric plane (p,d) corre-
sponding to different spatio-temporal dynamics regimes when problem parameters are varied. (a)
The size of the barrier domain defined by the position of the boundary Bo increases when the
value of the threshold density T increases from 7 (the solid line By in the figure) to 7 > 7%;
a new position of the boundary Bs is shown as a dash-dotted line in the figure. Conversely,the
size of the barrier domain decreases when the threshold density T decreases from m* to T < 1*
(a dashed line in the figure). (b) The size of the corridor domain defined by the position of the
boundaries B1 and Bs increases when the value of the demographic parameter £ decreases from
&* (the solid lines By and Bs in the figure) to & < £*; new boundaries By and Bs are shown
as dash-dotted lines in the figure. Conversely, the size of the corridor domain decreases when
the value of & increases from £* to & > &* (dashed lines in the figure).

As we are interested in investigating the propagation at short time scales in front of

the road, we first assume that the population density has become established and has

formed a traveling wave behind the road (see Fig. [3.18]), thus,
Ni(z) =In(A), for x <b. (3.3.1)

A small amount of the population density is then brought in front of the road, which
evolves over time into the same travelling wave as behind the road. To make a comparison
between the no road and road cases, we have to introduce a definition of the ‘initial
condition’ in the road model. In particular, we need to mathematically describe the
population density in front of the road when a propagating front crosses the road, ensuring
compatibility with the initial condition ([2.4.1)).

We assume that the population density behind the road is given by Eq. for all
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Figure 3.18: The propagation of the invasive species in the heterogeneous environment given
by the model f. The left edge of the road is positioned at b = 0. The parameters
used in computation are ® = 0.01, h = 0.1, 0 = 0.1, ¥ ~ 0.016, and A = 2.5. (a) The initial
population density in front of the road is given by . A travelling wave has already been
established behind the road. (b) After some time t; > 0 the population density in front of the
road grows and spreads further into the spatial domain, (c) At a later time ta > t1 the population
density in front of the road continues to grow and spread into the domain. The same propagating
wave as behind the road will be formed in front of the road as time progresses.

times ¢ > 0. The initial population density Ny(z) in front of the road is approximated at

t=0 as

_ 2
No(z) =@ V2 exp (—W) for x > b+ 6. (3.3.2)
0

Voir
The initial condition in front of the road requires definition of the unknown dis-
persal parameter oy. Hence, the initial total population density in front of the road ®
and the height h of the population density at the edge of the road x = b+ 0 needs to be
the same as in the initial condition in order to make (3.3.2)) compatible with the

no road short-time propagation investigation. The dispersal parameter oy is computed as

o
e

00

for a given ® and h.

The model then proceeds as follows. The initial condition (3.3.2)) is transformed into
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a normal distribution

- 2
Ngzormal(x) — P 1 exp (_ |I (b + 5>| )

\/27mod 207

The linear growth function (2.3.5)) is now applied and the population density is dis-
persed, using the Gaussian dispersal kernel (2.4.3]) with dispersal variable o, to obtain

1 —(b+9)]?
Nzormal(l,) — DA exp <_ ‘.T § + 2)’ )
2 27 (08 + 02) 2(05 +0?)
After the dispersal, the population density is transformed back into the form of a

half-normal distribution,

_ V2 z—(b+9)
N%(x) = (PA) - P exp (—W> for x > b+ 4.

Finally, the population density ¥ = W(4, o) brought over from behind the road at time

t =1 is added to the population density in front of the road

Ni(z) = (DA + Q)L exp (

(02 + 0?)

=0+ 9P

f > b+ 4. 3.3.3
202 1 0?) > or x> b+ ( )

The computation of the quantity ¥ is provided in Appendix A. It is important to
emphasise here that the amount of the population density brought over from behind the
road depends on the road width ¢ and the dispersal strength o, yet it does not depend
on time as the population density behind the road is given by the fixed condition (3.3.1]).
Once the population density ¥ has been computed for ¢ = 1, it can then be used for any
further ¢t > 1.

The expression (3.3.3) gives the population density at the time ¢ = 1. To calculate
the population density at any time ¢ > 0, the above procedure is implemented to the

population density at time ¢ — 1. Hence, an exact form for the population density in front
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of the road for any t > 0 is given by

— V2 o <_|x—(b+5)]2

Ny(z) = (DA  + U Al )forxzb—{—d 3.3.4
o) = ; ) m(od + to?) 2(0g +to?) ( )

This now gives one an analytical expression (3.3.4)) for the population density at any time
increment. Therefore, we can now define a spatial location 2,(N) > b+ 6 in front of the
road where the population density N is detected at time ¢. For ¢ = 0, we solve No(zg) = N

to find x(, where the population density distribution Ny is given by the initial condition

(3-3.2)). In the road case we have

02

Kot

a:O(N):b+5+\/20(2)ln(

Similarly, we solve N;(x;) = N to find a spatial location z; for any ¢ > 0, where N, is

given by Eq. (3:34),

t t—1 4;
(N, ) =b+5+\/2(08—|—t02)1n(((1)A VY AV '

N/7(02 + to?)

(3.3.5)

x
The propagation speed ¢ = 5 is then calculated in the same way as in the homogeneous

environment Eq. (2.11.4). We have
c(t, N,W) = x;(N,¥) — a1 (N, V), (3.3.6)

where z,(N, ¥) is defined from (3.3.7).

The propagation speed computed by using Eq. (3.3.6) is shown in Fig.[3.19a where it is

compared with the propagation speed obtained when the population density is computed

by solving the model (3.1.1)-(3.1.5) with the growth function (2.1.1)) numerically. It can
be seen from the figure that, although approximation (3.3.2)) of the population density in

front of the road results in a slight difference between analytical and numerical results,

the qualitative behaviour of the propagation speed is the same in both cases.
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Figure 3.19: The propagation speed c¢(t) when the invasive plant begins spreading in front of the
road. (a) The comparison of the propagation speed c(t) obtained from Eq. (blue solid line)
with ¥ = 0.005 and by numerical computation with the growth function (orange solid
line). (b) The comparison of the propagation speed in the road model for U =W, ... (blue

solid line) and the no road model (2.11.4]) (orange solid line). (c) The propagation speed (3.3.6))
for W — 0 corresponding to the road width 6 — oo (blue solid line), and ¥ = V4, ~ 0.037

correspongiing to the road width 6 — 0 (orange solid line). The other parameters are ® = 0.01,
h=0.1, N=0.01, =01, and A = 2.5.

We then consider the extreme case of the road width 6 — 0 in order to imitate the
homogeneous environment. The investigation of this case is provided in the Appendix A,
where the amount of the population density W,,,; = W,u4.(0) brought from behind an
infinitely narrow road is defined by the formula (A.2.1). The comparison between the no
road model and the road model for ¥ = U, is presented in Fig. . It can
be concluded from the graphs in the figure that the extreme case of an infinitely narrow
road in the model, Eq. f is not equivalent to the homogeneous environment:
adding a constant amount of the population density to the population in front of the road
results in a different propagation speed at the short-time scale. The difference, however,
diminishes as time progresses and the initial population density evolves into a travelling
wave propagating at the constant asymptotic speed .

Another extreme case is given by a very wide road, i.e., the road width 6 — oo,
where the additional population density brought from behind the road is negligible. The
population density obtained in the road model can then be used by setting ¥ = 0 in the
formula ; see Appendix A for further explanation. The comparison between the
road model for ¥ — 0 and ¥ = ¥,,,,, is presented in Fig. . It is readily seen

from the graphs that the invasive population spreads faster in the case of a very narrow
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Figure 3.20: The propagation speed c(t) for various values of N, where the population density
brought over the road is (a) ¥ — 0 corresponding to § — oo and (b) ¥ = W, ~ 0.037
corresponding to § — 0. The threshold density values are N = 0.01h (blue solid line), N = 0.02h
(orange solid line), N =0.1h (green solid line), N = 0.5h (red solid line), and N = 0.9h (purple
solid line). The other parameters are ® = 0.01, h =0.1, 0 = 0.1, and A = 2.5.

road 6 — 0.

The examples of the propagation speed ¢(t) for various values of the detection threshold
N are shown in Fig. . We first vary N when ¥ — 0 (a wide road) where the
results are provided in Fig. [3.20h. Although not identical, the underlying behaviour of
the propagation speed against the detection threshold remains the same. The propagation
speed is then computed for the same choice of N but with population density ¥ = W,
(a narrow road); see Fig. [3.20p. It is seen from the figure that decreasing the road width
makes the behaviour of the propagation speed more predictable as we now have ¢(t) > ¢*
at small times, no matter what the value of N is.

Let us now calculate the propagation speed C(N ) as a function of the detection thresh-
old at various times. Again, we consider the extreme cases of ¥ — 0 (infinitely wide
road) and U = W,,,. (infinitely narrow road) where the results are shown in Fig. |3.21p
and Fig. respectively. The results in the figure suggest that a rapid transition to
the asymptotic regime occurs in the case of a narrow road in a spatial domain, while the
propagation speed depends heavily on the detection threshold density as time progresses

in the wide road environment.

Next, we compare the transition time (2.11.6)) in the no road case and when the road
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Figure 3.21: The propagation speed C(N) for various values of t, and asymptotic propagation
speed (black dashed line), where the population density brought over the road is (a)
U — 0 corresponding to 6 — oo and (b) ¥ = W4, =~ 0.037 corresponding to 6 — 0. The time
increments are t = 1 (blue solid line), t = 2 (orange solid line), t = 3 (green solid line), and
t =4 (red solid line). The other parameters are ® = 0.01, h=0.1, 0 = 0.1, and A = 2.5.

width 6 — 0 in Fig.[3.22h. It is readily seen from the figure that the transition time is not
the same in both cases as we have a different propagation speed at the short-time scale,
as discussed earlier. The transition time depends now on the quantity ¥ as well as the
detection threshold N, and the transition time as a function of the threshold density N is
shown in Fig. for various values of W. It can be seen from the figure that changing
¥ results in the minimum and maximum transition times, as does the transition time
for a given threshold. However, it is worth noting here that the overall behaviour of the
transition time with increasing N remains the same as in the no road case (cf. Fig.[2.14).
We also demonstrate how the transition time changes when we decrease the road width
(i.e., the amount of the population density ¥ is increased) in Fig. [3.22c where a very
different behaviour of the transition time is observed for different threshold values.
Finally, we investigate the distance d the invasive species travels from the road edge
over a given time 7' from the road edge z = b+ §. The graphs d(T') are presented in
Fig. |3.23a where we compare the case of a narrow road (§ — 0, ¥ = V,,,,) and a wide
road (§ — oo, ¥ — 0). The detection threshold density is selected as N = 0.01% in line
with the discussion of d(T") in chapter . It is seen from the graphs that at any time T,

the size of an invaded domain is for a very wide road than for a very narrow road.
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Figure 3.22: The transition time tiqqn given by Eq. in the heterogeneous environment.
The parameters used in computation are ® = 0.01, A = 2.5, ¢ = 0.01c*, h =0.1, and o0 = 0.1 (cf.
Fig. [2.1])). (a) The no road case (blue solid line) vs the road case as the road width § — 0, i.e.,
U = U,,4, = 0.037 (orange solid line). (b) The transition time against the detection threshold
density N for various values of U: the infinitely narrow road ¥ = W,,q, = 0.037 (red solid line),
U = 2V, 02/3 (green solid line), ¥ = V,,4,/3 (orange solid line), and the infinitely wide road
U — 0 (blue solid line). (c) The transition time against the amount of the population density
W for various values of the detection threshold density N: N = 10h (blue solid line), N = 5h
(orange solid line), and N = h (green solid line).

Let us introduce the invasion ratio 7(7") as
r(T) = D220 (3.3.7)

for two roads of width §; — oo and 2 — 0, respectively. The function r(7") is shown in
Fig. [3.23b, where the relative size of the invaded region remains r(7") < 1 for any 7" > 0.
This result agrees with our previous conclusions: while the asymptotic propagation speed
does not depend on the road width, propagation in a transient regime is slower in the
presence of a wide road when a smaller the population density is brought from behind
the road at each time step. Hence, the construction of a wide road slows down invasion

in the spatial domain in front of the road.

3.4 Summary

In this chapter, we have developed a novel model that allows one to take into account
different dispersal and growth behaviour of invasive plant species when a road is presented

in a spatial domain. A stage-structured population has been considered in the model
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Figure 3.23: (a) The distance d covered by the invasive species over the time T from the point
x where it has been detected at time t = 0. The amount of population density brought over from
behind the road is given by ¥ — 0 (blue solid line) and ¥ = V.. (orange solid line). The other
variables are N = 0.01h, ® = 0.01, A = 2.5, h = 0.1, and o = 0.1. (b) The relative size of
the invaded domain r(T') given by when the road width 1 — oo and d2 — 0. The other
parameters are the same as in Fig. a.

where the condition of no growth in the road sub-domain has been implemented at the
growth stage, and the dispersal stage has included clearing the population from the road.

The results obtained demonstrate that, in the case of the short-distance dispersal,
the growth function is the dominant factor determining how the species propagates. In
particular, the choice of growth function determines which behaviour regimes can occur.
As for Ricker growth, the barrier and corridor regimes were observed for the Allee growth
function. However, in the Allee growth case, a third regime emerges in the problem,
the beachhead regime. This occurs due to negative growth at low population densities.
Furthermore, when the growth and dispersal parameters in the problem are fixed, the
propagation regime depends solely on the road width . We have shown that that there
exists a threshold value of the road width §, that separates the barrier and corridor
regimes. If one is in the barrier regime, where the population density is unable to cross
over the road and invade the domain in front of the road, and decrease the road width
below this threshold value, one moves to the corridor regime where the population density
goes on to invade the domain in front of the road. Conversely if one is in the corridor

regime and increased the road width d, one moves from the corridor regime to the barrier
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regime.

When the Allee growth function was investigated, more complex behaviour emerged
in the problem. For the Allee growth function both the barrier and corridor regime
as in the case of the Ricker growth function was observed. However, due to negative
growth for small population densities, in the case of the Allee growth function a third
new regime emerges in the problem, the beachhead regime. In the beachhead regime
some small population density has spread to the domain in front of the road, however,
once the growth function has been applied, the population density in front of the road
decreases. This back and forth between population density being brought from behind
the road to in front of the road, and then the population density decreasing, leads to
non-zero population density being present in front of the road which does not go on to
invade further into the domain as time progresses. The beachhead regime can be thought
of as the transition between the corridor and barrier regimes. Unlike the barrier regime,
some population density can spread from behind to in front of the road,but not enough
to invade the rest of the domain, as in the corridor case.

We have shown that a small change in conditions of the environment favouring the
invasive species, for example, due to climate change, can change the propagation regime,
allowing the invasive species to invade the domain in front of the road where it previously
could not spread.

Having investigated the spatial temporal distribution of the population density in the
heterogeneous domain, we then moved our attention towards the problem of the propaga-
tion speed at the short time scale for the Ricker growth function. We have demonstrated
that even in this relatively simple case, where the propagation speed is asymptotically con-
stant, non-linear spatio-temporal dynamics appear at short times where conclusions about
the propagation regime depend on the detection threshold density in the heterogeneous
landscape. Depending on the detection threshold, we have shown that the propagation
speed at short time scales can be greater than or less than its long-time constant be-

haviour. It is, therefore, not possible to predict, from measuring the propagation speed at
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the beginning of invasive spread, whether the rate of invasion will increase or decrease or
the time it will take the invasive species to become established in the dispersal domain.
Another factor to take into account is the population density brought over the road,
and that quantity also contributes to the non-linear behaviour of the propagation speed
and the transition time at the short-time scale. This adds another layer of uncertainty
to the problem, where, apart from the changes in the detection threshold density, small
changes in this population density can also lead to different values of the transition time.
Meanwhile, the population density brought across the road depends on the road width,
and that parameter alone can be used to control the propagation of the invasive species in
the spatial domain. The distance the invasive species propagates over a given time from
the location where it has been first detected in front of the road depends on the road

width, and invasion slows down in the presence of a wide road.
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Chapter 4

The 2-D Problem

In Chapters [2] and [3] we introduced and investigated the one-dimensional model. In this
chapter the two-dimensional problem will be investigated. The one-dimensional model
is interesting in its own right and allowed us to gain significant insight into the problem
within a simplified setting. However, the two-dimensional problem is more realistic to
the real world problem. Although this is the case, one will see that many of the re-
sults and insights gained in the one-dimensional problem can be directly applied to the
two-dimensional problem when the strength of dispersal is the same in all directions.
Therefore, the results in the one-dimensional case will help to inform the results and
directions of investigation in the two-dimensional case. However, certain dynamics and
interactions of the problem are only possible if we consider the two-dimensional model.
This understanding of the two-dimensional problem is needed to apply the insights gained
to a real-world problem; however, it is important to understand the potential scale of the
problem. The case where the dispersal is the same in all directions will be considered

first.
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4.1 Isotropic Dispersal

We are now working in two-dimensional space, where x, and y are chosen to be the two
spatial dimensions. A position in two-dimensional space is denoted by r = (z,y). The

dispersal domain will be a square domain defined as follows,
Q={(z,y): - L<z<L,—-L<y<L} (4.1.1)

The demographic stage is defined by the growth function, this was also the case in the
one-dimensional model (2.2.1). However, here the spatial location is given by r, thus the

two-dimensional demographic stage is defined by,
N{"(r) = F(Ny(r)).

Next, the dispersal stage is required and is defined by the dispersal kernel, the dispersal
kernel was first defined in the one-dimensional case . The two-dimensional version
gives the probability of moving from position r* = (z*,y*) € Q to position r = (z,y) € €,
given by k(r,r*). The dispersal domain is closed and, therefore, none of the

population density can escape,

/k(r,r*)dr* = / k(r,r*)dr = 1.
Q Q

In the one-dimensional case we explored both the Ricker growth function and
the Allee growth function (2.6.2)), we will also explore both of these functions in two-
dimensions. The growth functions’ behaviour is the same in the two-dimensional case be-
cause they only depend on the population density at a point in space. The only difference
is that they will depend on a point in two-dimensional space, where the two-dimensional

Ricker growth function is given by,

F(N(r)) = ANy(r) exp(—Ny(r)), (4.1.2)
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and the two-dimensional Allee growth function is given by,

F(Ny(r)) = pN{(r)

= Er (4.1.3)

Then after the dispersal stage the population density for the next generation is given

by,

Nowa (r) = /Q B(r*, T) N (r*)dr* (4.1.4)

Initially, the dispersal kernel considered will be the two-dimensional normal distribution,

k(e — ™)) =

1 lr — r*|?
- . 4.1.
om? P ( 202 ) (4.1.5)

We will also consider a road-model with a rectangular road domain. The total dispersal

domain is defined by
Q={(z,y): —-L<z<L,—-L<y<L}
where the road domain in two dimensions is given by
Qr={(z,y) 121 <w <@y, ~L<y< L},

and, therefore, the no road domain is defined to be Qyg = Q\Qg. The population density

over the road can now be defined,

n N(r), ifz e Qg
N%(r) = (4.1.6)

0, otherwise.

To define the two-dimensional model with the road, firstly the integro-difference equation

is applied in the same way as in the no road model (4.1.4]), however this is treated as half
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Figure 4.1: Initial population density No(r).

a time increment,
Ny i(r) = / E(r,r*)N{"(r*) dr”, (4.1.7)
? Q
then the additional dispersal kernel for the road is applied using the growth function
G(N)=N

NE L (r) = /Qk(r,r*)NH%(r) dr*. (4.1.8)

Next, combining (4.1.7)) and (4.1.8) the population density at time ¢+ 1 is obtained before

the road clearing is applied,
Niga(r) = Nt+%(r> + N (r).

Finally, the remaining population density across the road is removed by applying the

growth functions H(N) = 0 and G(N)

(
H(Nyq(r), ifre Qg
Nia(r) =
G(Ny1(r)), otherwise,

(4.1.9)

(

O, ifI'GQR

N,i1(r), otherwise,
\

the final population density for the two-dimensional road model has been obtained.

Throughout, the initial population density will consist of a square of constant popu-
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Figure 4.2: The no road model: a traveling wave solution N(r,t) for the problem (4.1.4)),

(4.1.10) with the growth function (4.1.3)). The parameters are & = 0.15, p =1, and 0 = 0.1. (a)
The population density distribution N¢(r) at t = 25. (b) The invasive species spreads further

into the space as time progresses, t = 50, (¢, d) This spread continues with time, t = 75, and
t = 100.

lation density

a, ifz € a,b] and y € [¢,d],

No((z —y)) = (4.1.10)

0, otherwise,

unless specified a = ¢ = —1, b=d =1, giving « € [-1,1], and y € [—1, 1] (see Fig. 4.1)).

The computational cutoff will be fixed at 7 = 107 throughout.

From one-dimension to two-dimensions

Many of the results in the 1-D case can be transferred to the 2-D case in both the no
road case and the road case, with a road of uniform width spanning the y-axis and using
the Gaussian dispersal kernel. In the 1-D no road model, for the survival case a traveling
wave solution was observed, the same is true here for the 2-D case. Using the parameters
p=1,&=0.15 for the growth function , how the population density evolves with
time in the no road case can be seen in figure 4.2

As long as the population density becomes established and does not go to extinction, a
similar picture with varying rates of spread will be obtained for any choice of parameters
in the no road case.

Next, we will investigate the impact of including a rectangular road in the domain.

As in the 1D case, three distinct cases of behaviour were observed for the Allee growth
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Figure 4.3: Corridor Regime: spatio-temporal dynamics of the population density N(r,t) in the

problem (4.1.7)-(4.1.9) with the growth function (4.1.3), where £ = 0.15, p = 1. The road region

is shown in red, where the road width § = 0.12 in the x-axis results in the corridor case. (a) The
population density distribution N¢(x) at time t = 25, the invasive species reaches the road, (b)
The invasive species propagates in front of the road, t = 50, (¢, d) The invasive species spreads
further into the space, t=75, t=100.

function, the barrier, beachhead, and corridor cases. All three cases of behaviour are also
obtained in the two-dimensional case. For a demonstration of the behaviour of each of

these cases in the 2-D domain see Fig. [4.3] .4} and [4.5]

4.1.1 Analytical results

So far similar behaviour has been observed in the 1 and 2 dimensional cases. The possible
cases for the population density have now been explored for the Allee growth function in
the 2-D domain with a simple rectangular road domain spanning the y-axis. The same
set of possible regimes for the invasive species in front of the road have been obtained as
in the 1-D case. The question remains can we apply the results and understanding gained
in the 1-D case to the 2-D case? In order to truly compare the 1-D and 2-D results and

demonstrate that the results obtained in 1-D can be directly applied to the 2-D case, it
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Figure 4.4: The beachhead regime in the problem (4.1.7))-(4.1.9) with the growth function (4.1.3)).
The road with is 6 = 0.16, the other parameters are the same as in Fig. . (a) The population

density distribution Ni(z) at time t = 25, the invasive species reaches the road, (b) The invasive
species propagates in front of the road, t = 50, (c) As time progresses the population density
remains in front of the road, however, the invasive species does not continue to invade in the
x-azis, t = 75, (d) The maximum distance reached in the x-axis in front of the road remains
stable as time progresses, t = 100.

is necessary to show that the cases of behaviour in front of the road are comparable for a
large range of variables. This can be done by obtaining analytical results in-line with the
analytical results obtained in the 1-D case.

In the 2-D case an additional parameter needs to be considered in the Gaussian dis-
persal kernel. The dispersal parameter ¢ in both the x and y directions can now be
altered. Firstly, for the analytical results the 2-D Gaussian dispersal kernel the x and y

components are independent and therefore it can be split into its z, and y components,

() — (5,3) = ( T (%)) (ﬁexp (‘(?;T‘y’))

(4.1.11)

Analytical results can, thus, be obtained in-line with the 1-D results by treating the

dispersal kernel as the product of two 1-D Gaussian dispersal kernels.
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Figure 4.5: The barrier regime in the problem (4.1.7))-(4.1.9) with the growth function (4.1.3)).
The road with is § = 0.78, the other parameters are the same as in Fig. . (a) The population

density distribution Ny(x) at time t = 25, the invasive species reaches the road, (b) Att = 50 the
invasive species has not spread in front of the road, (¢, d) As time progresses t = 75, t = 100,
the invasive species remains blocked by the road as it acts as a barrier, preventing the species

spreading in front of the road. This remains the case for all future time.

The analytical result is found to be

Nf (2, 5) = Fla)o(z,5), (411
where the function ¢(x,d) is given by given in the Appendix
Then
N 1 b—x) r—a (n—y)) (y—m))
Ni(z,y) = F(a)- | erf + erf erf + erf ,
e =rory (o (05 et () (o (5 + o (5
where
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4.1.2 Comparison to The 1D Case: When y =0

Now the analytical result has been obtained in 2-D, the overall behaviour can be explored
in more detail. Firstly, how the 2-D results compare to those obtained in 1-D will be
explored. In order for this to happen the cases of behaviour in front of the road will be
compared. It is known that the x and y components are independent in the 2-D Gaussian
dispersal kernel. Because we are only interested in the behaviour in front of the road,
and, therefore, only interested in the z-direction, we can fix y = 0. This means that all of

the y components are constant and the following relationship to the 1-D case is obtained

Ni(z,y) = a(Ny(x) + BN (2)), (4.1.13)

1
2

where a, 5 > 0.

If a =1, and f = 1, we would have the exact same values for the population density
at the edge of the road as in the 1-D case. The values of o and 3 depend on the size of
the initial population density. It is thus important to understand how « and g change
when the size of the initial population density is adjusted in the y-direction and for what
size of population density do v and 3 approach 1.

Due to analysing the behaviour at y = 0, the population density width is set to be
the same in either direction ¢ = —d. Then one can ask the question how does o and [
depend on the width 2c. Note that the width will also depend on o, which will be fixed
at o, = 0.1. The results can be seen in Fig. [4.6]

As the width of the initial population density is increased, so do a and (3, approaching
a = [ = 1 even before an initial population density width of 1 in the y-direction is
reached. The initial width in the y-direction used throughout is 2. Thus, the 2-D results
will be in agreement on the population density values at the edge of the road from the
analytical results with the 1-D results.

This is important because the analysis in the 1-D case of the various spatio-temporal

dynamics regimes and the conclusions made in the 1-D case can be directly transferred
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Figure 4.6: How the 2-D analytical case tends to the 1-D analytical case for increasing starting
population density width. As o and B approach 1, the regimes in the 2-D case approximate the
regimes in the 1-D case.

to the 2-D case for a road of uniform width spanning the y-axis.

4.2 Comparison of the Ricker and Allee growth functions

The beachhead case is due to the region of decay in the Allee growth function when
N — F(N) < 0. This is between Ny = 0, and Ny = (p — /p? — 4€)/2. The left boundary
at N = 0 does not change and depends on the growth function parameters. Thus, N;
is the only equation that needs to be considered. For any given p > 0 fixed, if £ — 0,
then N; — 0. As ¢ decreases N; also decreases and, therefore, the decay region decreases.
The population density values that lead to a decrease subsequently reduce with this, so
does the maximum decay. Thus, the cases that lead to a beachhead and subsequently the
beachhead region also declines. If N; < 7 then no beachhead region exists. If this occurs
then the Ricker growth function approximates a special case of the Allee growth function.

In order to make comparisons between the Ricker and the Allee growth function,
the stable positive steady state is equated and the overall behaviour (the cases that the
population density leads to) should be the same. To demonstrate how the Ricker growth

function can be viewed as a particular case of the Allee growth function, the Ricker growth
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Figure 4.7: Ricker growth function: (a) Growth function where A = e, Ny = 1, (b) (A,d) —
plane.
function with A = e along with the (A, d)-plane can be seen in figure In figure
both the Allee growth function where p = 1 for decreasing £, and the corresponding (p, J)-
plane for the given ¢ are plotted. It can be seen as & decreases the Allee growth function

approximates the Ricker growth function where the beachhead case does not exist.

4.3 Directional dispersal

It has been shown that the 1-D results can be applied to the 2-D case as set up above
when the starting population density is of a sufficient but small width in the y-direction.
However, there are new things to consider in the 2-D case that cannot be solved by
directly applying the results and understanding in the 1-D case. Namely we can have
directional dispersal, this is where the rate of dispersal in z-direction differs from the rate
of dispersal in the y-direction. In the 1-D case it was only possible to consider dispersal
in one direction, and in order to apply the 1-D results to the 2-D case we set o, = 0y,
Here it is investigated how the population density changes when o, # o0,. The no
road case will first be analysed to act as a comparison for the road case. Given a simple

starting population density, as long as the species does not go to extinction, given a
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Figure 4.8: Allee growth function for decreasing values of £: (a, b, ¢) The Allee growth function
where p = 1, for € = 1.5 x 107, € = 1.5 x 1073, and & = 1.5 x 1075 respectively. As &
decreases the unstable steady state tends to 0, and the stable steady state tends to 1. When this
occurs the behaviour of the Allee growth function approximates the Ricker growth function where
there is mo region of population density decline, (d, e, f) The (p,6)-plane for & = 1.5 x 1071,
€ =15x1073, and &€ = 1.5 x 1076 respectively. Region I represents the extinction regime, IT
the barrier regime, 111 the beachhead regime, and IV the corridor regime. As & declines to 0,
the beachhead region reduces, approaching the Ricker growth function where for survival cases
we have either the barrier or the corridor case.

sufficient amount of time it will take the shape of the directional Gaussian dispersal

kernel (see Fig. [4.9).

4.3.1 The road case

The behaviour in the no road case remains simple and can be described by a traveling
wave with different rates of dispersal in the x-, y-directions. The road case will now
be investigated, here the cases of the population density in front of the road will be
considered. Firstly, the behaviour will be investigated when o, is changed but o, is kept

fixed. From the analytical results it has been shown that the x and y components can
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Figure 4.9: The no road model, o, # oy: for the problem , with the growth
function . The parameters are { = 0.15, p =1, t = 50, o, = 0.1, and oy = 0.2,0.3,0.4,
and 0.5 for (a), (b), (c), and (d) respectively. Given a sufficient amount of time, the population
density takes on the shape of the directional Gaussian dispersal kernel.
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Figure 4.10: Propagation regimes in the road model — with the growth function
, where 0, = 0.1 and o, is varied. As o, is varied we move from the barrier regime, to
the beachhead regime, and finally to the corridor regime. The value o, for a particular regime
and the increase required to move from one regime to another increases with 6.

be treated separately. Therefore, again when y = 0, for a sufficiently large initial starting
population density the same results as in the 1-D case will be obtained.

Now the behaviour can be investigated when o, = 0.1 is fixed, and o, is changed (see
Fig. . It can be seen for a given road width as o, is increased, the invasive species
moves from the barrier regime, to the beachhead regime, and then to the corridor regime.
The amount o, is required to increase for this to happen, increases as the road width o

mcreases.
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Figure 4.11: Increased rate of dispersal along the road for varying af: population density

distributions N¢(7) at time t = 50 with the Allee growth function (4.1.3|). The parameters are
£§=0.02,p=1,0=0.2,0=0.1, and 05” = 0,2.50,50,7.50, and 100, for (a), (b), (¢), (d), and
(e) respectively.

4.3.2 Increased 05 along the road compared to the no road domain

So far in 2-D we have explored the no road case both when o, = 0,, and when o, # o,
we have also explored the road case for when o, = o,, and 0, # o, across the whole
dispersal domain. However, in the road case one can vary the behaviour on the road
compared to off the road. To account for the behaviour of the invasive species on the
road an additional dispersal step is employed, and then the road is cleared at the end of
each generation. Up until now we have treated this additional dispersal step as identical
to the one chosen in the no road section of the dispersal domain. In this section the
impact of choosing a different dispersal kernel for the road domain will be investigated,
be that the same dispersal kernel with different parameter choices, or a different dispersal
kernel entirely.

In order not to introduce too many variables and to allow one to compare results, the
Gaussian dispersal kernel were 0, = 0, = 0.1 will be used for the no road dispersal
domain throughout. For conciseness we set o = 0.1, to represent this dispersal parameter
in both the x, and y directions.

Firstly, we will keep the Gaussian dispersal kernel for the additional road
dispersal step, and also keep off = o, only varying 05. A comparison of results can be
seen in Fig. .11}

As crf is increased the distance the invasive species spreads into the domain in the
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Figure 4.12: Differing invasion distances in the direction of the road for varying road widths:
population density distributions Ny(r) at time t = 50 with the Allee growth function . The
parameters are £ = 0.02, p =1, 0 = 0.1, a{f =1, and 6 = 2v, 3v, 4v, bv, 6v, Tv, 8v, and v,
where T = 5/27, for (a), (b), (c), (d), (e), (f), (9), (h), and (f) respectively. The distance the
1mvasive species spreads into the domain in the y-direction initially increases with increasing road
width. However, as the width of the road continues to increase the species reaches a mazximum
distance of spread. This then continues to decline, suggesting that there is an ideal road width
for the species.

y-direction increases.

In Fig. the effects of altering the road width on an anisotropic dispersal kernel are
investigated. It can be seen that as the road width is increased, we increase the invasion
in the y-direction. However, as the road width continues to increase, there is a point the
invasion in the y-direction decreases. This suggests that there is an ‘ideal’ road width for
the invasive species given every other parameter is fixed in the problem.

To investigate this further, for a range of road width and rate of dispersal along the
road is computed. The difference for the total distance traveled in the direction of the
road for ¢ = 50, can be seen in Fig. However, more importantly in Fig. we
compare the rate of spread for the different cases computed. Finally, to observe the overall

effect of this increased rate of spread on the total population density in the domain, the
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Figure 4.13: Comparison of the distance traveled in the direction of the road compared to the
1sotropic case 05 = 0, calculated at time t = 50 with the Allee growth function . The
parameters are & = 0.02, p = 1, with varying §, and 05. As 05 increases the distance traveled
increases. However, as the road width increases, the distance traveled initially increases, reaches

a mazximum, and then decreases.
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Figure 4.14: Rate of spread in the dispersal domain in the upward y-direction (equal to the rate
of spread in the downward y-direction), calculated at time t = 50 with the Allee growth function
(4.1.3)). The parameters are & = 0.02, p = 1, with varying §, and 0'5.

difference as a fraction of the population density of the initial case is plotted in Fig. |[4.15]

4.4 Long distance dispersal

Above we investigated the effects of varying the parameters of the Gaussian dispersal

kernel along the road. Although some interesting effects were observed in this case, the
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Figure 4.15: The overall population density compared to the isotropic case Uf = o, calculated
at time t = 50 with the Allee growth function . The parameters are & = 0.02, p =1, with
varying 9, and af.
Gaussian dispersal kernel is considered to be a short range dispersal kernel. However,
there is some evidence that suggests that the geometry and structure of the road leads to
long distance dispersal [69] 48] B6]. Therefore, in this section a different long distance dis-
persal kernel for the additional dispersal step over the road is implemented, the Gaussian
dispersal kernel for the no road domain remains.

It has been shown that long distance dispersal events can have a significant impact on
the overall population density, both its size and shape. In order to consider this in the
model a power-law based dispersal kernel is introduced. The dispersal kernel of choice

will be the Cauchy based dispersal kernel. In the 1-D case the Cauchy based dispersal

kernel is given by,

;
m(l@—2P+7)

k(x,z*) =

Unlike the Gaussian based dispersal kernel, the extension from the 1-D case to the 2-D
case is not trivial and there exist multiple definitions. The 2-D Cauchy based dispersal

kernel proposed in [29] will be implemented

k(!(m,y) - (fvg)’) - o . (4.4.1)
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Figure 4.16: Long distance dispersal along the road: population density distributions Ny(r) with
the Allee growth function , Gaussian dispersal kernel in the no road domain , and
the Cauchy dispersal kernel in the road domain . The parameters are § = 0.2, £ = 0.02,
p=1,0, =0, =0.1, and v = 0.049. Calculated for time t = 10, 20, 30, 40, and 50, for (a),
(b), (¢), (d), and (e) respectively. One can see that employing a long-distance dispersal kernel
over the road alone does not lead to an increased dispersal for the invasive species.

In [57], in order to compare any results gained using the Cauchy kernel to the results
using the Gaussian kernel, they set the radius to encompass half the probability of the

species dispersing to be,

v=0(2-v2)VIn2 ~ 0.48770.

Due to the nature of long range dispersal, a comparatively larger domain than that used
for the Gaussian kernel is required (e.g. L = 80, compared to L = 10).

This symmetric long-distance dispersal Cauchy does not result in an increased rate of
invasion along the road. This holds for a range of parameters Fig. Thus, the use of
a long-distance dispersal kernel is not, by itself, enough to produce an increased rate of

invasion.

4.4.1 Anisotropic Cauchy kernel

When the Gaussian kernel is considered, it can be separated into the x and y components,
then when the anisotropic dispersal is considered one can simply adjust the dispersal
variable ¢ in the independent x or y direction. However, with the Cauchy kernel, and many

other dispersal kernels, the kernel cannot be split into the x and y components. In these
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Figure 4.17: Anisotropic Cauchy dispersal kernel along the road: population density distribution
Ny(7) with the Allee growth function (4.1.3), Gaussian dispersal kernel in the no road domain
(4.1.5), and the Cauchy dispersal kernel in the road domain (4.4.2)). The parameters are 6 = 0.2,
§=0.02, p=1, 0p, =0y = 0.1, and v = 0.049. With varying 8 =1, 2.5, 5, 7.5, and 10, for
(a), (b), (¢), (d), and (e) respectively.

cases it is not trivial to go from the isotropic dispersal kernel to the anisotropic dispersal
kernel. Nevertheless, there do exist methods of transforming the isotropic Cauchy kernel
into an anisotropic one, from doing so mechanistically [60], to applying a von Mises
distribution [25]. Here the framework outlined in [56] will be followed. Putten et al.
provide a method where an anisotropic dispersal kernel can be derived by modifying the
probability density function. Following this framework, to begin with the dispersal kernel

needs to remain centered around the origin, and remain symmetric around the lines = = 0,

and y = 0, the isotropic Cauchy dispersal kernel (4.4.1]), therefore, becomes

Kl 9) = (5,9)]) = - (44.2)

where 3 is the shape parameter.

In Fig. the Gaussian dispersal kernel is applied to the no road domain, and the
anisotropic Cauchy dispersal kernel is applied to the road domain. It can be seen that in
this case, an increased rate of invasion is achieved. In Fig. [4.18] we also see a maximum
rate of spread is achieved for a particular road width. If the road width is increased or

decreased from this ‘optimum’ road width, the maximum rate of dispersal is decreased.
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Figure 4.18: Rate of spread in the dispersal domain in the upward y-direction (equal to the rate
of spread in the downward y-direction), calculated at time t = 50 with the Allee growth function

(4.1.3), Gaussian dispersal kernel in the no road domain, and Cauchy dispersal kernel in the
road domain. The parameters are £ = 0.02, p = 1, with varying §, and .

45 Summary

In this chapter we have extended the one-dimensional problem in both the homogeneous
and heterogeneous dispersal domains, introduced in Chapter [2, and Chapter [3|respectively
to the two-dimensional dispersal domain. When the dispersal kernel parameters are the
same in all directions of the dispersal domain, the results and understanding from these
previous chapters can be carried over and applied to the 2-D problem. Thus, in the case of
isotropic dispersal for the no road case the population density propagates into the domain
equally in all directions. When the Ricker growth function is applied we are in
the survival case as long as A > 1, and when the Allee (4.1.3) growth function is applied
extinction survival case is observed. For the road model with isotropic dispersal the same
propagation regimes are observed in the problem as in the 1-D model. For the Ricker
growth function, the corridor and barrier regimes, and for the Allee growth function the
corridor, beachhead, and barrier regimes are observed. Moreover, as is the case in the
1-D problem, the introduction of a road in the domain in this case, does not lead to an
increased rate of dispersal of the population density in the domain.

However, due to now working in two dimensions, the dispersal parameters in the x-

axis, and y-axis directions can be chosen to be different, that is to obtain anisotropic
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dispersal. In the no road case the behaviour remains the same and the population density
forms an ellipse instead of a circle in the dispersal domain after sufficient time is given
to transition from the initial condition. However, in the road case, depending on the
strength of the dispersal in the y-axis compared to the x-axis, and the road width, an
increase in the rate of invasion in the direction along the road can occur. This increase
in the rate of invasion is not just confined to the immediate vicinity around the road, but
also spreads out to a larger region around the road, leading to an increase in the overall
population density in the domain. Interestingly we find that for a given set of growth and
dispersal parameters, there exists an optimal road width which leads to the maximum
rate of dispersal along the road and to the maximum amount of population density in the

dispersal domain for a given time increment.
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Chapter 5

Additional Effects in the Heterogenious

Landscape

5.1 The Edge Problem

In Chapter [3|we introduced a landscape heterogeneity in the form of a road in the dispersal
domain. Where the rest, the non-road portion, of the domain is treated as homogeneous.
However, there is evidence to suggest that the make up and conditions in the region of the
dispersal domain around the edge of the road is different from the dispersal domain further
away from the edge of the road. Depending on the plant species, these ‘edge effects’ of
the road could have either a negative or positive effect on the population density. Here,
we therefore investigate the problem of both negative and positive edge effects in the

dispersal domain.

5.1.1 Negative Edge Effects

Firstly, the case where the edge effects negatively impact the invasive species will be
investigated. The road is of width J, the edge effects of the road will be applied a distance
of n =7 from either edge of the road.

Here it is investigated how the propagation of plants in the presence of a road is altered
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Figure 5.1: Negative edge effects growth function parameter.

by incorporating edge effects of the road into the model. It will be investigated both how
edge effects that positively and negatively affects the plant species change the overall
behaviour of the species. The edge region will not affect the dispersal kernel or dispersal
parameters, instead it will affect the carrying capacity in the growth function. The region
of the domain which is not in the road or edge regions is called the landscape region. The
Ricker growth function Eq. is considered. The effect of the edge will decrease the
carrying capacity over the edge region, compared to the homogeneous landscape region

where the carrying capacity is constant,

O, ifx € QR,

A(z), otherwise.

In the case with negative edge effects we assume that the carrying capacity declines
linearly until it reaches half its value at the edge of the road compared to the rest of the

domain (Fig. [5.1)),

;

A, ifxe[-L,b—n)U((b+0+mn,Ll,

Alx) = exp (In (4) (5" + 3)), if z €[b—n,b, (511)

exp (In (A)(%I;M) +3), ifze[b+8,b+d+n),

0, otherwise,
\

i.e. the non-road portion, was treated as homogeneous.

In Fig. [5.2] an example of the spatio-temporal dynamics of the population density
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Figure 5.2: Negative edge effects: spatio-temporal dynamics of the population density N(z,t),
with the growth function Eq. where the growth function parameter is given by Eq. ,
and road width 6 = 0.55. (a) Initial population density t = 0, (b) as the population builds up
behind the road t = 25 the population density declines in the edge region towards the road, (c) as
time progresses t = 50 the population density starts to establish in front of the road. However,
this process is delayed due to the negative edge effects, (d) t = 75 the population density then
continues to invade the domain in front of the road and does so at the same rate as the landscape

TEGLON.

b+5b+6+n

Figure 5.3: Positive edge effects growth function parameter.

with negative edge effects is provided.

5.1.2 Positive Edge Effects

In the case with positive edge effects the carrying capacity increases linearly until it

reaches 2In(A) at the edge of the road (Fig. |5.3)),

A, ifexe[-L,b—n)U((b+0d+mn,L],

exp (In (A) (52 +2)),  ifweb—n,

Az) = ! (5.1.2)
exp(ln(A)(W—i—%) ifxe[b+0,b+ 0+ n,

0, otherwise.

\

In Fig. an example of the spatio-temporal dynamics of the population density with
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Figure 5.4: Positive edge effects: spatio-temporal dynamics of the population density N(z,t),
with the growth function Eq. where the growth function parameter is given by Eq. ,
and road width 6 = 0.55. (a) Initial population density t = 0, (b) as the population builds up
behind the road t = 25 the population density increases in the edge region towards the road
compared to the landscape region. Due to the increased carrying capacity the species establishes
itself in front of the road at an accelerated pace. (¢, d) as time progresses t = 50, t = 75 the
population density then continues to invade the domain in front of the road and does so at the
same rate as the landscape region.

negative edge effects is provided.

5.1.3 Analytical Results

We will explore how the change of the growth function parameter near the edge of the
road changes which barrier, corridor, or beachhead regime we obtain for a given set of
parameters. Given a sufficient amount of the time (in the survival case) the population
density behind and sufficiently far away from the road will tend towards the carrying
capacity. However, near the road the population density will be near to but not equal to
the carrying capacity, due to loss from dispersal and the road itself (the road is cleared
at the end of a generation). Note this is true even in the no edge effect case, though
the analytical solution was approximated by a step function of uniform density equal
to the carrying capacity of the invasive species. In the edge effect case, we also have
population density spill over from the domain not affected by the road which may result
in the population density in the edge domain being above the carrying capacity for this
area.

As with the no edge effect case for the analytical solution a simplification of the

population density behind the road was required, the same will be true for the edge effect
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case. We will first look at the case where the edge negatively impacts the species. The

population density will be set to the carrying capacity for the growth function,

h, if x € [a,b—0),
Ne(x) =\ (52 +4), ifweb—nb]
0, otherwise.

We will assume that this population density will stay constant for any time ¢. One
key detail that this neglects is what happens when the population density in front of the
road is brought to the domain behind the road, increasing the population density at the
edge of the road which we assume to be constant. However, with the analytical results we
are solely interested in the cases of behaviour in front of the road. The aforementioned
behaviour will only occur when the population density is of sufficient density in front of
the road and thus in the corridor case. Therefore, for the purpose of this investigation,
this behaviour can be ignored.

Because no growth occurs on the road we can consider the model for both components

separately. It is now possible to find the analytical result,

Nia(2) = F(h)bedge (2, 0), (5.1.3)

where @cqge is given by Eq. (C.0.4), for the Ricker growth function we have survival for
A > 1 (for full details see Appendix |C)).
A similar analysis for the positive edge effects can be conducted using the equivalent

stable population density,

h, if x € [a,b—9),
Ni(z) = h(=b +2), ifxelb—n,bl,

0, otherwise.
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Figure 5.5: Various spatio-temporal dynamics regimes for various landscape dynamics (a)n =9,
and (b) n = 50: region I represents the extinction regime, II the barrier regime, and 111 the
corridor regime. The lines By represent the boundary between the corridor and barrier region,
the no edge effect model is given by the solid blue line, the negative edge effect model by the
solid green line, and the positive edge effect model is given by the solid orange line. The negative
edge effects reduces the size of the corridor regime and increase the size of the barrier regime
compared to the no edge effect regime, where the positive edge effect regime increase the size of
the corridor regime and reduces the size of the barrier regime.

We can now plot the (A,d)-plane for the no edge effect, negative edge effect, and
positive edge effect cases for two different values of 7 (see Fig. . It can be observed
that the cases do not differ significantly between the three situations, and for the different
values of 17. More precisely the value of the B, line at p = 2.5 for the no edge effect
case is «, in comparison the value for the negative edge effect case is 0.97« and for the
positive edge effect case 1.03c, a difference of only 3% compared to the no edge effect
case. This means that the effect of the edge being positive or negative for the species and
the size that the edge effects occurs over does not have a significant impact on altering the
final case of the population density, even though the population density within the edge
region is significantly different. This stability of the population density can be viewed as
a positive. For example, if a native species was negatively effected by the edge domain
region it is unlikely to go into the barrier case if it was in the corridor case without the

edge effects being present.

106



5.1.4 Rate of Spread

From the spatio-temporal dynamics of the population density it can be visually observed
that there is significant difference between the edge effect cases. However, it has been
shown that the corridor, barrier cases are largely stable under change of the edge effects.
A natural question then might be, is the rate of propagation changed by the effects of the

edge. The rate of spread to the right for a given ¢ is given by

c(t) =z, (t) — x.(t = 1),

where z,.(t) = max(z) s.t. Ny(x) > 0.1h, and h is the carrying capacity (see Fig. [5.6)).
The population density initially starts in the landscape domain and the rate of spread in
the landscape region is constant and the same for all three cases. Then as the population
density approaches the edge domain the rate of spread differs in all three cases. In the no
edge effect case the rate of spread remains constant until the population density reaches
the edge of the road where it is reduced due to the cleaning that occurs over the road.
In the negative edge effect case the rate of spread declines and continues to do so as it
approaches the road. Comparatively in the positive edge effect case the rate of spread
increases and continues to do so until it reaches near the edge of the road and then
declines as in the no edge effect case. The time taken for the population density to be
above the spreading speed cut off also changes based on the domain layout and the size
of the edge region. In the negative edge effect case, it takes longer for the population
density to overcome the road and become established in front of the road compared to
the no edge effect case, the time this takes increases when 7 increases. The converse is
true in the positive edge effect case, the time taken to become established in front of the
road is reduced and decreases with increasing n. After the population density has become
established in front of the road in all three cases a temporary increase in ¢ is observed,
this is both due to the additional population density behind the road and the properties

of the growth function.
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Figure 5.6: Rate of spread with time in the direction of the road, for A = 2.5, 6 = 0.55 and
various values of n (a) n =9, and (b) n = 5J: the no edge effect model is given by the solid blue
line, the negative edge effect model by the solid green line, and the positive edge effect model is
given by the solid orange line. See text for further explanation.
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Figure 5.7: Rate of spread with time in the direction of the road, no edge effect case: for § = 0.55
and various values of A where Ay = 2.5, A = Ag given by the solid blue line, A = 2Aq given by
the solid orange line, and A = 0.5Aq given by the solid green line.

5.1.5 Rate of spread explanation

When n > o, then the simple rate of spread approximation for integro-difference equations
provides a good estimate for the rate/shape of spread leading up to the road. However,
the behavior for small 7, or the behaviour in the edge region in front of the road is more

complex, and cannot be explained /approximated in this way.
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The rate of spread for long term behaviourﬂ can be approximated by linearising the
growth function when the Ricker growth function is being used. We then arrive at the

following approximation for the rate of spread when using the Ricker growth function,

¢ = /20210 (A), (5.1.4)

see [40] for full details.

Here we want to analytically show the trend of increased rate of spread that occurs
initially when the population density spreads to the domain in front of the road as observed
in numerical simulations (see Fig. . To do so we treat the population density behind
the road by the uniform population density equal to the carrying capacity for the species
as previously calculated ¢(z,d) is given by (3.2.6).

This gives us a constant population density that is added from behind the road to
in front of the road at every time increment. In order to semi-analytically calculate the
rate of spread a number of approximations and changes need to be made to the model.
The well-known analytical result for the rate of spread when using a Gaussian dispersal
kernel [40)], relies on carefully choosing initial conditions and then calculating the t-fold
convolution of the Gaussian PDF which itself is Gaussian. The same cannot be applied
when the front of the traveling wave is near the road.

For the initial condition we approximate ¢(z,d) by the half normal distribution,

V2 x?
- exp(—ﬁ), for x > 0,

f($70-) =

with two conditions the height of the population density at the edge of the road and the
total population density in front of the road are preserved. The height of the population

density at the edge of the road is given by ¢(b+ d,0). For the total population density

'We can think of being in the long term behaviour stage when the size and shape of the population
density within a small region behind where you are trying to approximate is not sufficiently different from
the size of the population density where you are trying to approximate.
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being preserved we need to first find the total population density,

F(h) h o(z,0) =~ ®(z,d,h) dz,
b+-d

where @ is given in Appendix [C]
From this we have the area of the constant population density brought over in front
from behind the road. The population density can now be estimated by the half normal

distribution,
V2 [z — (b+0)]?
= Y exp (-
o\ 202

Then the population density over the road is given by the initial condition,

f(z,0) ),

V2 Cz = (49

Xp ( 20.*2

) for x > b+, (5.1.5)

where

. 2V2
=57

The method is then as follows, the half normal is transformed into a normal distribution

g

conserving total population density

1 e —(b+ )P

Nngmal(fL’) = (I)W exp ( 572

),

a linear growth factor R is then applied and the population density disperses using the

Gaussian dispersal kernel with dispersal variable o,

1 |z — (b+9)?
Nnormal ) =®R ex -~ @/
! () 27(0*2 + 02) b 2(0*2 + 0?)

).

The population density is then transformed back into a half normal distribution conserving

population density and then the amount of population density brought over from behind
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the road @ is added to obtain the final population density

) for & > b+ 6. (5.1.6)
The equation (5.1.6) can now be generalised for any time increment ¢,

V2 eXp(_\x —(b+0))?
V(o +to?) 2(0*2 + to?)

Ny(z) = (I)(zt: R") ) for & > b+ 6. (5.1.7)

For the rate of spread the maximum distance z(t, N') at which the population density has

reached a given threshold density N can be found by rearranging (5.1.7),

o1, ) = (b+8) + \/ 302 4 10 (VT E 1)

O(32io R)V2

). (5.1.8)

Then the rate of spread at time ¢ for ¢t > 0 is given by ¢ = z(t, N) —z(t—1,N).
For large time when the leading edge of the population density is sufficiently far away
from the road, the rate of spread is equal to the rate of spread in the no road case. For a

linear growth function and Gaussian dispersal this is given by the following [43]

¢ =+/20%In(R), (5.1.9)

this is the same as the large time rate of spread using the Ricker growth function (2.1.1)
where R = A.

One can now compute an example using the semi analytical formulation . From
Fig. the analytical based result is shown agreeing with the trend of an initial increased
rate of dispersal as the population density spreads into the domain in front of the road,
and then concavely decreases to the constant rate of spread in the domain when not
interacting with the road. This agrees with the numerical results that display the same

behaviour when invading the domain in front of the road.
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Figure 5.8: Rate of Spread for the population density in front of the road: given by (5.1.5))-
(5.1.8) (blue solid line) where R = A = 2.5, a = =5, b =0, 6 = 0.2, and N = 0.01¢. The
asymptotic rate of spread Eq. (5.1.9)) is indicated by the dashed orange line.
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Chapter 6

Conclusions

The aim of this work was to develop a new mathematical model of invasive plant species
where a road is incorporated into the dispersal domain. The application of mathematics
to ecological problems has long been studied with some seminal early results in [31], 26, [35].
However, the use of mathematics in ecological problems has significantly increased and
continues to rise in popularity [40]. Results pertaining to how a population of inva-
sive plants formed of a single continuous region grow and spread in the homogeneous
landscape, an open field, for example, have long been known [43]. For example, travelling
wave solutions with a continuous propagation speed. However, even in this seemingly well-
studied integro-difference equation-based model with a single species, complex patterns of
behaviour can emerge that warrant further investigation. In Chapter [2, an investigation
of the transient propagation speed before the population transitions to its asymptotic be-
haviour with a constant asymptotic propagation speed was conducted. We found that the
propagation speed and the time it takes to transition to the asymptotic solution behave
non-monotonically with respect to the choice of the detection threshold. Furthermore, we
have shown transition to the asymptotic regime when a travelling wave invades a spatial
domain at a constant rate has been observed over a time span of several generations.
Long transition times suggest that assumptions about immediate establishment of the

asymptotic regime of invasion need further investigation and the transition regime cannot
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be neglected. The non-linear spatio-temporal dynamics manifests itself in various ways
before the initial population density evolves into a travelling wave propagating at a con-
stant speed. The propagation speed at the transient scale is sensitive to the choice of
the detection threshold density when the other parameters are fixed in the problem. The
transition time to the asymptotic regime is also sensitive to the threshold density since
the definition of the transition time is based on the propagation speed. One essential
consequence of a non-linear behaviour of the propagation speed at the transient scale is
that a small change in the detection threshold can lead to an abrupt change (a jump) in
the transition time and therefore the question of how to choose the detection threshold
density at early stages of invasion requires further careful investigation. The definition of
the detection threshold density remains an open question in practical applications where
very little information may be available about the initial density distribution. Here for the
detection threshold if we observe an accelerating wave at the beginning of invasion this
may indicate that the detection threshold density used is too high. Using an insufficiently
small detection threshold density may result in a wrong conclusion about invasion, as the
invasive species has already been spread in a larger spatial domain.

Recently, there has been an increased understanding that different landscape features
can significantly alter invasive species’ spatial distribution and propagation speed (see
Chapter . One landscape feature that has been observed to alter the characteristics of
plants with varying degrees of impact is forest roads. It has also been identified that the
number of forest roads will significantly increase in the coming years. Although little was
known about the mechanisms of how invasive plants interact with forest roads.

In Chapter [3, a new model incorporating a road into the dispersal domain was intro-
duced in one-dimensional space. The road model is incorporated into the dispersal domain
by splitting the time increment into two and implementing an additional dispersal step
for any population density that lands on the road subdomain, finally applying a cleaning
step on the road.

A number of previous studies have found that forest roads increase the rate of invasion.
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However, our study shows that the behaviour is more complex, and a forest road does
not always increase the rate of invasion. For the Ricker growth function, two regimes of
behaviour were found. The first regime is the corridor regime; this is where the population
density reaches the road, interacts with the road, and subsequently spreads to the domain
in front of the road. The corridor regime, in most cases, temporarily impedes invasion
rather than increasing the rate of invasion. The second regime observed is the barrier
regime; this is where the species reaches the road and interacts with the road. Due to the
width of the road, the strength of dispersal and the carrying capacity of the species, it is
unable to become established in the domain in front of the road. Again, this regime does
not lead to an increase in the invasiveness of the species. We also investigated the Allee
growth function.

The Allee growth function displays more complex behaviour, where the growth is
negative for small population densities. We found that due to this region of negative
growth, three regimes of behaviour are observed. The first two cases of behaviour are the
same as in the Ricker growth function, the barrier and corridor regime. However, the third
is a new regime, which we call the beachhead regime. The beachhead regime is where the
population density invades a region in front of the road; however, due to the relationship
between the population density reaching the region in front from behind the road and
the region of negative growth, it remains stable in front of the road. As is the case with
the Ricker growth function, none of the regimes in the Allee growth function lead to an
increase in the invasiveness of the species. The propagation speed for the Ricker growth
function has also been investigated for the road case at the transient scale (see Chapter
3) in line with the no road case (see Chapter [2). Spatial heterogeneity makes a further
impact on the propagation speed of the invasive species during the transition from the
initial distribution to the constant asymptotic behaviour. It has been demonstrated here
that the constant amount of the population density brought over the road contributes
to the non-linear behaviour of the propagation speed and the transition time at the

transient scale. This adds another layer of complexity to the problem, where, apart from
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the changes in the detection threshold density, small changes in the population brought
to the spatial domain in front of the road can also lead to different values of the transition
time. Meanwhile, the amount of the population density brought over the road is defined
by the road width, and that parameter alone can be used to control the propagation of the
invasive species in the spatial domain. The distance the invasive species propagates over a
given time from the location where it has been first detected in front of the road depends
on the road width, and invasion slows down in the presence of a wide road. It is also
worth noting here that formation of an accelerating wave at the beginning of invasion
observed by practitioners may occasionally result in confusing short-distance dispersal
with an accelerating wave appearing when long-distance dispersal kernels are considered.
For instance, it has been mentioned in [9] that the spatial spread observed in their field
studies had initial properties related to long-distance dispersal predominating and then
properties related to short-distance dispersal predominating. Based on their observations,
it has been concluded in [9] that the complex spatial spread can be attributed to a possible
mix of long distance and short-distance dispersal events. Meanwhile, the results presented
demonstrate that a complex behaviour of the spatial spread may occur in the short-
distance dispersal mode alone and is not related to long-distance dispersal. Hence, the
issue of identifying long-distance dispersal events at the early stage of biological invasion
requires further careful attention.

All of the work conducted in Chapter [2] and Chapter [3] was conducted within a 1-D
dispersal domain. In Chapter[d] the no road and road model is extended to a 2-D dispersal
domain. Initially, in the 2-D model, the dispersal kernel is restricted to a 2-D Gaussian
kernel. For the 2-D Gaussian dispersal kernel, the x-direction and y-direction components
can be considered independently. Therefore, the knowledge and understanding gained in
the 1-D problem can be transferred to the 2-D problem, where the dispersal is the same
in the z and y directions on and off the road.

There are, however, mechanisms that can only be considered in the 2-D problem. The

first additional trait that can be considered in the 2-D problem is that the dispersal can
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differ in the = and y directions, anisotropic dispersal. This was considered in both the
no road and the road cases. Due to the choice of the Gaussian kernel, the results from
the 1-D case can again be applied here; however, instead of treating the dispersal in the
x and y directions differently across the whole domain. In the road case, the dispersal
can be the same across the whole of the no road region and in the x direction in the road
region of the dispersal domain but different in the y direction along the road region of the
dispersal domain. In this case, one observes if the dispersal is increased in the direction
along the road compared to the rest of the domain, the rate of propagation, and, thus, the
invasiveness of the population density increased in the domain along the direction of the
road. This increase along the direction of the road is also dependent on the road width.
We found that for a given fixed set of parameters in the problem where the dispersal
parameter is increased along the direction of the road, there is a notion of an ‘optimal’
road width where the rate of invasion is at a maximum. If the road width is decreased
or increased below this value, the propagation speed in the direction along the road is
decreased.

In Chapter [5, an additional landscape heterogeneity was introduced in the problem
in the form of edge effects in the vicinity around the road domain. The edge effects
are implemented by either increasing or decreasing the carrying capacity of the growth
function when approaching the edge of the road, representing either more or less favourable
conditions of the plant species. For the Ricker growth function, the edge effects can either
increase or decrease the set of parameters that lead to a barrier or corridor regime. The
addition of the edge effects also slows down or increases the propagation speed when
approaching and invading the domain in front of the road, depending on whether the
edge effects are negative or positive. These edge effect results show that along with the
road domain itself, the conditions surrounding the road can also have a significant impact

on the propagation of plant species, requiring careful consideration.
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Future Work

Possible directions of future work include extending the investigation of the propagation
speed at the transient scale in the one-dimensional domain to the Allee growth function.
However, analytical investigation of the Allee growth function would include additional
complexities due to the negative growth for small population densities, and the method
used for the Ricker growth function cannot easily be applied to the Allee case. Extension
of the investigation of the propagation speed at the transient scale to the two-dimensional
problem could also provide valuable insights into the problem. It remains unclear, how-
ever, whether the results obtained in the 1-D case can be immediately extended to the
more realistic 2-D landscape as in the latter case possible directional dispersal has to
be taken into account. Directional dispersal may change the propagation regime at the
short-time scale, and this issue is left for future work. Furthermore, incorporation of the
directional dispersal into the propagation speed problem may require employing long-
distance dispersal in the direction along the road. The investigation of the propagation
speed here was based on the existence of the constant asymptotic speed. Meanwhile,
there is no constant asymptotic speed in problems with long-distance dispersal where the
dispersal kernel is not exponentially bounded and therefore the definitions used in the
present work would require revision for this problem. Another interesting topic of con-
sideration could be to investigate if it is possible to choose an initial condition or set of
initial conditions where the transient wave speed variation is not observed.

Further investigation of the effects of long-distance dispersal involving both the Ricker
and Allee growth functions, as well as how time-varying conditions such as wind affect
dispersal, would also be of interest to consider.

We have shown that edge effects can impact the spatio-temporal distribution of the
population density. The completion of the investigation of the edge effect problem
through a more sophisticated definition of the growth function and extension to the two-
dimensional spatial domain, as well as combining an anisotropic dispersal kernel to the

edge effect problem, would be a valuable area of future research.
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Although informed by field work and real-world case studies, the work throughout this
thesis is approached from a purely theoretical perspective. Another possible avenue of

future work would be to validate the results and conclusions of this work with field data.
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Appendix A

Calculation of the amount of the population

density brought over the road

Here we explain how to calculate the amount of the population density ¥ = (o, d)
brought over from behind the road of width § at each time increment. In [20], the popu-
lation density was calculated in the heterogeneous landscape for the next time increment,

given the initial condition,

n(A), forxe€la
N*(z) = n{4) €lad) (A.0.1)

0, otherwise,

where b is the left edge of the road, and a < b. Here we want to calculate the amount of
population density that spread from behind the road x € (—o0, ] to in front of the road
z € [b+d,00). Hence, in line with the initial condition behind the road (3.3.1]), we choose
|b — a| to be sufficiently large to approximate the whole domain behind the road.

To calculate the total population density spread in front of the road from behind the
road ¥(4, o), with the condition (A.0.1]), we need to solve

U(6,0) =1In(A) b: o(z,9) dx,
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where ¢(x, ) is given by

= o () (o (2 (152
“o (i) (o () e (557))
+1(erf(bat/_)+erf( ) } (A.0.2)

and,

(—ﬁaclb + cob? — x2>

g - cy— 1 g — 20 + 20, — 209 g —
! 202 )7 ? 202 rm 202

5 (23:4—\/5001—2@02) g <—\/§aacl+a2cg—x2>
4 — ) 5 — .

202 202
One can write ¢ as follows,

¢($76) - )\I(V1<)\27 )‘37 )‘47 )‘57 )‘6) - V1(>\27 >‘37 )‘47 )‘77 )‘6)
1
— v1(As, Agy Mgy A1, Ag) + 1 (Asy Ag,y Agy A1, Ag)) + 5(7/2),

where,
N 1 1 N, — Ao? — 2v/2bcyo + 2¢5b? N — V210 — 2bey
Ty \/_\/_ T 4(1 = ¢3)0? ’ T 21— )o?
Ca 20+ 26(1 — ¢3) — V2¢10 —1
M=, A= ; Ao = ———F=,
2(1 — cy)02’ A/dyo? 202./d;
N — 20 — \/2¢i0 B V210 — 2acs e — 3o? — 2v/2aci0 + 2d’c,
VPN T 21— cy)o? ° 102(1 = ¢3) ’
N — 2(1 —c)(b+6) — V20c1 + 2acs N 2b(1 — ¢o) — V2¢10 + 2acs
10 — 40’2\/d_1 11 — 40‘2\/d_1 )
and

(v, g, iz, iy, av5) = exp (g + o + 043352) erf (a4 + asx)

)-

a—x

)_ef<0_\/—

b— 1
vy = erf
9 (0\/5
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In order to calculate ¥ one is required to integrate terms of the form,
erf (o + o) exp (as + auw + asr?). (A.0.3)

The substitution used in [20], erf (z) &~ 1 — exp (c;x + c2x?), will be applied here again,
where the coefficients ¢; and ¢, have been evaluated in [67] as ¢; = —1.09599814703333,
and ¢y = —0.75651138383854. Using Eq. , one can now calculate the integral of
vy when = € [m,n]. The two cases required to consider are as follows.

Case I: For aq + asx > 0 we have

/ vi(pn, o, — 3, fa, fs) do = wy(p, fe, —M3,M4,M5;m;n)a

m

where w; is given by

VT exp (% t) s — 2usm fo — 2130
(erf ( ) —erf (——))

2/l 2/ 2V
VT (5 + ) (g (B2 B 2n

2/7s 2/Ps 2/Bs

wi (fu1, po, —fi3, fla, fs; M, 1) =

))-

Case II: For oy + asx < 0 we have

/ Vl(:ulnu% — K3, Ha, /,65) dx ~ wQ(/’Lla M2, —H3, ta, 55 170, n)7

m

where wy is given by

: VT exp (% +54) Bs — 2B3m Bs — 2030
wQ(:ulnu% —,ug,,u4,u5,m,n) = 2\/@ (61" ( 2\/@ ) —erf (2—\/@))
_ Vmexp (% + ) (et (2= 2u3m) et (M2 2u3n))

2\/13 213 2\/13
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The coefficients f;, i € {1,2,3,4,5}, are

Bi = pico + pact + pa,  Bo = 2aiscor + pscy + pro, By = —pice + s,

By = phca — pacy + i1, Bs = 2ptafisCy — fisC1 + fo.

Calculation of the integral vy, when z € [b+ §,00), proceeds as follows

> o a—b—19¢
dr=ws=b—a+derf(——) —(a—b—6)erf (——=—
/b+6y2 T = ws a+der (\/50) (a ) erf ( N~ )

2 o () - (5=

Finally, we define M (w) = max (w,b + ¢), and the integral becomes

*° 1
U(d,0) =1In(A) o(x,90) de = In (A)[A (w1 (A2, Az, —Ad, A5, Ag; b4+0, M (b+d—c20———=
bto V2
1
+ wa (Ao, Az, — A4, A5, Ag; M(D+ 6 — o0 — —=c10), 00
2( 2, A3 45, N5y A6 ( 2 \/5 10) )
1 1
- w1()\27 A3, =g, A7, A3 b+ 0, M(b - Ecla)) - w2(/\2, A3, =g, A7, Ag; M(b - Ecla)a OO)
1
— U)1<)\g, )\g, —>\4, )\10, )\67 b + (5, M((b -+ 5)(1 — 62) “+ acy — Ecla))
1
— IUQ()\g, )\9, —/\4, /\10, )\6; M((b + 5)(1 — Cz) + acy — —610), OO)
V2
1
+ wl()\g, )\9, —>\4, )\11, /\6; b + 5, M(b(]_ — CQ) + aco — —010'))
V2
1 1
+ wz()\g, /\g, —)\4, )\11, )\6; M(b(l — CQ) + acy — Ecla), OO)) + 511)3] (A04)

Below we calculate the amount of the population density ¥ in the extreme cases of an

infinitely wide and infinitely narrow road.
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A.1 Wide road

The first case we investigate is when the width of the road is 6 — co. We note that the

total amount of population density is

/ ¢(z,0) de = |b—a|ln(A) :=C,

where C'is a constant for any given a. Thus the amount of the population density ¥(z, d)

(A.0.4)) in front of the road is

\If(x,5>:/:¢<x,5) dx—/_iqs(x,a)dx:c—/_i(p(x,a) dz

where X = b+ 9. For an infinitely wide road 6 — oo, the spatial coordinate is X — oo,

and we have

U(z,d) = —hm/¢x(5

X—o00

=C-C=0.

Hence, the road acts as a ‘barrier’ preventing the invasive spread in the domain x > b, cf.

[20].

A.2 Narrow road

The second case we investigate is what happens when the width of the road is taken
to be § — 0. It has been shown in [20] that ¢(J) is a decreasing function of the road
width . Hence, the amount of the population density brought over the road W(d, o) has

a maximum value ¥,,,, at 6 = 0,
ez (0,0) = ¥U(0,0) = 1In (A)/ o(z,0) dx
b
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Substituting ¢(z,0) and calculating the integral we arrive at

Ual8.9) = (A0 = a)rt (=2 +1)+ L2 1 - o (42
We now take a — —oo to obtain
Vs (8,0) = In (4) 7 (A.2.1)
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Appendix B

The Analytical Two-Dimensional Model

Here we explain how to calculate the amount of the population density ¥ = (o, d)
brought over from behind the road of width  at each time increment in the two-dimensional
case. The problem is set up in the same way as in the one-dimensional case Appendix [A]

for the two-dimensional analog. Here, the initial condition is given by

N'(z,y) = In(A), foraz € a,bl,y € (—o0,00), (B.0.1)

0, otherwise.

The analytical result can then be found to be

NlR(x,y) = F(h)o(z,0), (B.0.2)
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where the function ¢(x,d) is given by

1L (L Bee N (o (2600~ Ak
gb(x’é)_‘l[?\/ﬁx/—fl(x)( p(4f1(x) 50 ))< f( 2/ A )
fa(b,x) =2fi(x)b ) o f3(a,x) - or 2f1(b+7) — fala, )
“rf( VA )) p<4f1(x) t fle ))( f( 2 /) )
fala,z) — 2f1(x)b o (n—y) ot (=M
o (B ) [(o () ren (55))
L

L1 [ (e Y [ (2500 = A
"2 /202 /) (G + ’”)(f( N )“)

+exp ff<f(’?Jy>) + fs(n y)) (1 +orf (fQ(" Qyj/%(y)"))
fex (f4;nzyl)/) i (m’y)> (erf <2f1<y>2%m,y> . 1)
—exp (fiféyi’) + fa(m y)) (1 +orf (fQ(m 2y) ;1?;)1(”)’"))” (B.0.3)
where,
Ao == (%), (B.0.4)
fola,z) = <2x - ﬂ;;? — 202&) : (B.0.5)
fala, ) = <_\/§U‘”’”CIO;;; 0’ 1’2) , (B.0.6)
fala, z) = <2x — \/5;;;; — 262a> , (B.0.7)
fola,z) = (ﬁaxcla;;aQ - $2) . (B.0.8)
Then,
oo o (5] e (250) (o (252) e (52)
(B.0.9)
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where

(z,y) + N{¥(z,y). (B.0.10)
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Appendix C

The Analytical Edge-Effect Model

As with the no edge effect case for the analytical solution a simplification of the population
density behind the road was required, the same will be true for the edge effect case. We
will first look at the case where the edge negatively impacts the species. The population

density will be set to the carrying capacity for the growth function,

h, if x € [a,b—9),
Ne(z) = h(%z +3), ifzeb—ntb,
0, otherwise.

We will assume that this population density will stay constant for any time ¢. One
key detail that this neglects is what happens when the population density in front of the
road is brought to the domain behind the road, increasing the population density at the
edge of the road which we assume to be constant. However, with the analytical results we
are solely interested in the cases of behaviour in front of the road. The aforementioned
behaviour will only occur when the population density is of sufficient density in front of
the road and thus in the corridor case. Therefore, for the purpose of this investigation,
this behaviour can be ignored.

Because no growth occurs on the road we can consider the model for both components
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separately. It is now possible to find the analytical result,

Ny = P lent (=) —ant (F= 22y 4 (Tt () —aat (5
_(%)(erf(_x - (ZU— ny_ erf(‘g:)) _ 277;%(6@ (@ —2;73 ~ ) exp (—(’;T—zx)z))),

Now we need to compute the additional dispersal step. In order to calculate this we

first need to make the substitution
erf(z) = 1 — exp(c17 + cp2?),

where ¢; = —1.09599814703333, and ¢y = —0.75651138383854. Next we can make the

following substitution and rearrange to obtain,

1 b+ 1
Nt}il(m) = \/ﬁ /b F(h)(§<_ exp(d1y2 + doy + ds) + exp(d1y2 + dyy + ds))

b+
+Wn(_ exp<dly2 + d4y + d5) + eXp(d1y2 + dg + d7))

—(%)(— exp(diy® + dyy + ds) + exp(dyy® + dg + d7))

(— exp(d8y2 + dgy + le) + exp(dgy2 + d11 + d12)))

o
202w

Where,
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cy— 1 V210 — 2acy + 2x
dl - - P d2 = ’
202 202
J (—\/Eacla—ka%g —x2> p <ﬂ010—2(b—n)02+2x>
3 = > 4 = s

202 202
—V2ne10 + (b—1n)?cy — 22 V2¢i0 — 2bey + 21
ds = 202 ’ dg = 202 ’
—V/2bcyo + bPey — a2 2
dy = 557 ; dg = 22 )
2(b—mn) +2x —(b—n)? -2
dy = pamrycam— dip = 5,7 ;

2 + 2 B — a2
d”:( 207 ) d12:< 207 )

For simplicity we have the solution to the following integrals

b+
G for fo) = /b exp(fiy? + foy 1 fa) dy

g (1) (o () - ()

b+o
U(f1, fa, f3) = /b yexp(fﬂf + foy + f3) dy
a2 0 O~ b1 — e (04 0)(fa— -+ 6)11)

40\/_f
B f5 2bfy — f2)) (b+5)f1—f2))>
i () (o (37 (2201
(C.0.2)
Thus, the solution for the road dispersal step is as follows,
N ) = F(0) (s s o)+ (s, o))+ () (e, o) + 0, o )
_(ﬁ)(_\p(dladéde) +\Ij(dl7d67d7)) ( 77\/—)( (d87d97d10> +w<d87d117d12)))
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Therefore, the population density at ¢ + 1 is given by

Nitr(2) = F(h)beage(, 6), (C.0.3)
where,

butnl.8) = (y(ert (=) = ant (“= 2y 4 (M Tyt () —aat (S0

(et () et (S0 - e (L) — e ()

(G0 da) 0l ds)) + () (0 doy ) + (s, o )

_(%)(—\P(dl, d, ds) + U(dy, dg, d7)) — (ﬁ)(—wds, dy, d1o) + ¥(ds, duy, dra))).

(C.0.4)
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