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ABSTRACT 

Over the past decade, energy and environmental sustainability in urban rail transport have 

become increasingly important. Hybrid transportation systems present a multifaceted 

challenge, encompassing aspects such as hydrogen production, refuelling station infrastructure, 

propulsion system topology, power source sizing, and control. The evaluation and optimisation 

of these aspects are critical for the adaptation and commercialisation of hybrid railway vehicles. 

While there has been significant progress in the development of hybrid railway vehicles, further 

improvements in propulsion system design are necessary. 

This thesis explores strategies to achieve this ambitious goal by substituting diesel trains with 

hybrid trains. However, limited research has assessed the operational performance of replacing 

diesel trains with hybrid trains on the same tracks. This thesis develops various optimisation 

techniques for evaluating and refining the hybrid traction system to address this gap. 

In this research's first phase, the author developed a novel Hybrid Train Simulator designed to 

analyse driving performance and energy flow among multiple power sources, such as internal 

combustion engines, electrification, fuel cells, and batteries. The simulator incorporates a novel 

Automatic Smart Switching Control technique, which scales power among multiple power 

sources based on the route gradient for hybrid trains. This smart switching approach enhances 

battery and fuel cell life and reduces maintenance costs by employing it as needed, thereby 

eliminating the forced charging and discharging of excessively high currents. Simulation 

results demonstrate a 6% reduction in energy consumption for hybrid trains equipped with 

smart switching compared to those without it. 

In the second phase of this research, the author presents a novel technique to solve the 

optimisation problem of hybrid railway vehicle traction systems by utilising evolutionary and 

numerical optimisation techniques. The optimisation method employs a nonlinear 
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programming solver, interpreting the problem via a non-convex function combined with an 

efficient "Mayfly algorithm." The developed hybrid optimisation algorithm minimises traction 

energy while using limited power to prevent unnecessary load on power sources, ensuring their 

prolonged life. The algorithm takes into account linear and non-linear variables, such as 

velocity, acceleration, traction forces, distance, time, power, and energy, to address the hybrid 

railway vehicle optimisation problem, focusing on the energy-time trade-off. The optimised 

trajectories exhibit an average reduction of 16.85% in total energy consumption, illustrating 

the algorithm's effectiveness across diverse routes and conditions, with an average increase in 

journey times of only 0.40% and a 15.18% reduction in traction power. The algorithm achieves 

a well-balanced energy-time trade-off, prioritising energy efficiency without significantly 

impacting journey duration, a critical aspect of sustainable transportation systems. 

In the third phase of this thesis, the author introduced artificial neural network models to solve 

the optimisation problem for hybrid railway vehicles. Based on time and power-based 

architecture, two ANN models are presented, capable of predicting optimal hybrid train 

trajectories. These models tackle the challenge of analysing large datasets of hybrid railway 

vehicles. Both models demonstrate the potential for efficiently predicting hybrid train target 

parameters. The results indicate that both ANN models effectively predict a hybrid train's 

critical parameters and trajectory, with mean errors ranging from 0.19% to 0.21%. However, 

the cascade-forward neural network topology in the time-based architecture outperforms the 

feed-forward neural network topology in terms of mean squared error and maximum error in 

the power-based architecture. Specifically, the cascade-forward neural network topology 

within the time-based structure exhibits a slightly lower MSE and maximum error than its 

power-based counterpart. Moreover, the study reveals the average percentage difference 

between the benchmark and FFNN/CNFN trajectories, highlighting that the time-based 

architecture exhibits lower differences (0.18% and 0.85%) compared to the power-based 

architecture (0.46% and 0.92%).  
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1 INTRODUCTION 

1.1 Background 

The idea of utilisation of better yet clean energy sources blended with reliability, efficiency, 

and availability is not new to this world. It is human nature to pursue better, which led us to 

the rise of hybrid transport vehicles utilising clean and environmentally friendly energy 

sources. Environmental concerns and rising prices of conventional fuels worked as a pinnacle 

of diversion towards developing new methods that can decrease the impact on fossil fuels and 

increase reliance on renewable energy sources. A hybrid vehicle is generally defined as one 

that operates on two or more power sources [1]. In a hybrid vehicle's typical design, the primary 

power source can be an internal combustion engine or fuel cell. At the same time, batteries and 

ultra-capacitors can be secondary power sources [2]. The advancement in the environmental 

sciences identified the damage which has been and can be caused by conventional energy 

sources and has panicked the modern world.  

The theory of damaging the environment by using fossil fuels due to carbon dioxide & nitrogen 

dioxide emissions has become a hot topic among energy researchers and enthusiasts in the last 

decade. Fossil fuels do not only have environmental effects; they are also in limited supply. A 

rapid increase in energy demand for domestic, industrial and transport vehicles are causing the 

exhaustion of fossil fuel. It suggests that key energy providers and users such as governments, 

industrialists and transport sectors seek alternative and reliable energy sources to cut the use of 

conventional energy sources entirely. Or, in the worst case, to reduce the reliability of fossil 

fuels and switch to renewable energy sources available in abundance [3-5]. Worldwide energy 

consumption for residential and industrial sectors has increased gradually in the last decade 

and accounts for an average of 40–50% of total energy consumption [6]. Around 20% of energy 

is consumed by the transport sector, produced by fossil fuels and leaving a significant carbon 
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dioxide footprint. These emissions are mainly released during conventional fuel production for 

transport vehicles [7]. A recent study shows that the transport sector only produces a 

considerable 16.2% of emissions in Europe. The most significant contributor is road transport, 

with 11.9% emissions, aviation with 1.9% emissions, shipping with 1.7% emissions & and 

railway transport, with only 0.4% emissions [8]. Railway has the advantage of enormously low 

rolling resistance against traction, allowing railway vehicles to operate at a higher speed while 

consuming less energy [9]. 

In the railway transport sector, electricity and diesel fuel are the two primary sources which 

provide traction to trains. Electricity is a clean and cheap power source used widely in railway 

vehicles; it does not generate carbon dioxide emissions at the point of use; however, the 

electrification infrastructure is expensive and is not fully compatible with urban areas. 

Alternatively, diesel fuel provides continuous power and extraordinary range to railway 

vehicles at the cost of carbon emissions at the point of use and generation plants [10]. 

Worldwide, railway vehicles are the most efficient form of the transport system; however, to 

further reduce the effect of emissions on the environment, members of the International Union 

of Railways and Community of European Railway Infrastructures decided to reduce energy 

consumption by 30% and carbon dioxide emissions by 50% in 2030 [11].  

These issues with conventional energy sources have been addressed, and hydrogen, as a 

renewable energy source, has been introduced into the transport industry. In the automotive 

industry, the combination of gasoline with hydrogen in vehicles has been developed to reduce 

energy consumption along with dependence on gasoline. These hybrid vehicles equipped with 

fuel cells produce nearly zero emissions at the point of use in some cases [12]. Researchers are 

conducting enormous research into using hybrid fuel cells that can generate a few to several 

kilowatts of power in transport vehicles such as cars, buses, rail vehicles, and ships [13, 14]. 
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The main challenge is using two different power sources to achieve maximum efficiency with 

minimum energy consumption and cost-effective vehicle production. To achieve this, 

researchers have used different approaches to seek an optimal speed profile based on the key 

points of vehicle acceleration, cruising, coasting and braking [15]. Various algorithms can be 

implemented based on the deterministic system, but an optimal solution cannot be found [16]. 

Therefore, researchers have shifted their interest toward techniques and strategies based on 

optimisation algorithms despite the complexity of implementing them in real-time optimisation 

[17, 18], proving that optimisation-based techniques can produce an optimal or suboptimal 

solution in real-time [19, 20]. 

A hybrid energy management solution can be achieved using a numerical algorithm by defining 

and joining two consecutive constant speed points with a vehicle's traction, coasting and 

braking. Most researchers have used this approach to a maximum level to find the optimal 

switching points of different operations followed by optimal vehicle trajectories [21, 22]. Once 

these key switching points are found, the entire speed profile can be modified optimally, and it 

has been specifically proven that the optimal strategy exists and is exclusive [23, 24]. To extend 

the economic life cycle of power sources, a Fuzzy Logic Control strategy is ideal to distribute 

the exact amount of power from energy sources to fulfil traction power demand [25].  

Despite the saturation in research for evolving energy-efficient driving techniques, most of this 

research work is based on computer simulations, providing only a few practical results [26]. In 

this modern era, where the transport system is fully automated with the aid of the Driver 

Advisory System (DAS), the majority of trains are still driven by humans [27] and so lack the 

performance of a fully optimal propulsion system. Recent implementations of DAS in 

intelligent railway operations prove the possibility of a successful linkage between theoretical 

optimisation techniques and real-time operation [11, 28].  

It is crucial to optimise the propulsion system and associated power electronic devices installed 
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onboard to achieve an optimal trajectory and maximise the efficiency of a hybrid traction 

system. This also includes optimising an energy management strategy that controls energy and 

power flow through a hybrid traction system [29]. Energy management strategies for railway 

vehicles have been an active area of research for past decades and have been expanded since 

the rise of modern hybrid railway technologies [10]. Previous research approaches, and energy 

management strategies developed are based on mathematical models or the information 

obtained from vehicle operations static data [30]. 

There are specific approaches to developing an optimal control strategy for energy and power 

distribution in hybrid railway vehicles, including linear and dynamic programming [31]. Such 

techniques do not offer an online solution due to assumptions by the system that the algorithm 

has known the entire future trajectory. Thus, these algorithms’ results can only be used for 

benchmarking performance for online energy and power control strategies [32]. Considering 

that the current state of a hybrid vehicle is known, by utilising numerical and metaheuristics 

optimisation techniques, optimising the operational parameters of individual components in the 

system can still be very beneficial with limited possibilities [33]. The rule-based strategies for 

hybrid energy management systems generally translate the driver input and determine the 

energy distribution between power sources [34]. 

On the contrary, energy management strategies based on optimisation algorithms utilise 

stochastic advance driving profiles to minimise energy consumption. They can also convert 

battery energy into comparable fuel consumption using an electronic collaborative 

manufacturing approach [35, 36]. This thesis will focus on various practical techniques for 

optimising hybrid railway traction systems and train trajectories. Train trajectory refers to the 

planned path or route of a train over a certain distance and time period. It includes information 

such as the train's speed, acceleration, deceleration, stopping points along the route, energy 

consumption and power demand. The trajectory is typically designed to optimise various 
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factors, such as energy consumption, travel time, safety, and passenger comfort. The optimal 

trajectory may vary based on factors such as the type of train, the track conditions, and the 

desired outcomes. Various case studies are also performed in this thesis to present the 

developed techniques as an application for hybrid railway vehicles. 

1.2 Objectives 

Based on the literature and the research gaps identified in Chapter 2 and Chapter 3, the 

objectives of the research work presented in this thesis are: 

• To design and validate a hybrid train simulator tailored for the study of various 

propulsion systems and their impact on train movement dynamics. 

• To investigate the optimal traction system and trajectory for hybrid trains. 

• To investigate the possibility of enhancing the life of power sources and minimising 

energy consumption. 

• To develop and evaluate artificial neural network algorithms for predicting the optimal 

trajectory of hybrid railway vehicles based on time and power considerations. 

1.3 Original Research Articles 

1) T. Din, Z. Tian, S. Bukhari, S. Hillmansen, and C. Roberts, " Prediction of the Optimal 

Hybrid Train Trajectory by Using Artificial Neural Network Models," IEEE 

Transactions on Intelligent Transportation Systems, Submitted. 

2) T. Din, Z. Tian, S. Bukhari, S. Hillmansen, and C. Roberts, " Hybrid railway vehicle 

trajectory optimisation using a non-convex function and evolutionary hybrid forecast 

Algorithm," IET, Intelligent Transport Systems, Submitted. 

3) T. Din, Z. Tian, K. Li, S. Hillmansen, and C. Roberts. (2021) "Operation and energy 

evaluation of diesel and hybrid trains with smart switching controls," Control 

Engineering Practice, vol. 116, p. 104935, Doi. 

https://doi.org/10.1016/j.conengprac.2021.104935
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4) T. Din, S. Hillmansen. (2018), "Energy consumption and carbon dioxide emissions 

analysis for a concept design of a hydrogen hybrid railway vehicle," IET Electrical 

Systems in Transportation, vol. 8, pp. 112-121, Doi. 

1.4 Thesis Structure 

The detailed structure of this thesis is set out as follows: 

5) Chapter 1 illustrates the detailed background of the research rationale, objectives, and 

thesis design. 

6) Chapter 2 reviews conventional and hybrid railway traction and power supply systems. 

This Chapter provides a comprehensive technical background behind the hybrid vehicle 

design demonstrated in Chapter 4. 

7) Chapter 3 provides a comprehensive review of the various optimisation techniques. In 

this Chapter, numerical optimisation, dynamic programming and metaheuristics are 

discussed. The optimisation techniques presented in this Chapter are used to develop a 

hybrid optimisation algorithm presented in Chapter 6. 

8) Chapter 4 presents the development of a hybrid train simulator. It describes the 

literature review behind the modelling and simulation of a hybrid traction power 

system. The simulator is developed by utilising a time-step-based approach to replicate 

train movement. The HTS developed in this research will carry out all case studies in 

Chapters 5, 6 and 7. 

9) Chapter 5 illustrates the study of hybrid train trajectories. In the case study, automatic 

switching of power sources is introduced and simulated over a specific route to 

demonstrate its appropriateness as a hybrid train application. Afterwards, a charging 

strategy and energy time trade-off for given case studies are presented. 

10) Chapter 6 presents the development of a hybrid optimisation algorithm to optimise the 

traction system of hybrid trains, thus, enhancing the lifetime of power sources and 

https://doi.org/10.1049/iet-est.2017.0049
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reducing maintenance costs and energy consumption. The developed optimisation 

algorithm reflects the techniques discussed in Chapter 3 and a case study demonstrating 

the application to the hybrid train optimisation problem. 

11)  Chapter 7 presents the development of two artificial neural networks based on the time 

and power architectures to predict the optimal trajectory for hybrid railway vehicles 

centred on the traction power of a hybrid train for any given route. 

12) Chapter 8 concludes the main contributions and future work of the research carried out 

in this thesis. 
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2 A REVIEW OF RAILWAY TRACTION SYSTEM 

2.1 Introduction 

Generally, a mechanism that provides propulsion to a vehicle such that the tractive and driving 

forces are achieved through various devices such as steam engines, internal combustion 

engines, electric motors etc., is known as a traction system. Like most other vehicles, a railway 

tractions system provides mechanical power, which is then translated into kinetic and potential 

energy to overcome the resistive forces against the train [37]. 

There are specific distinctive requirements for the design approval of a successful train traction 

system. They are given as follows [38-40]: 

• A traction system must be capable of initiating and hauling a designated load over any 

given route within the recommended timeframe. 

• A traction system must have a long service life with minimal maintenance cost. 

• A traction system must be fuel-efficient. 

• A traction system must be environmentally friendly with lower carbon footprints. 

This Chapter introduces three standard railway traction systems: electric, diesel-electric, and 

hybrid. The AC and DC electric traction system is widely used in the railway industry due to 

its highly efficient performance with modern power electronics. Both systems required 

different transmission systems scaled with multiple power control electronics to produce a 

smooth uninterruptable power supply for the network. Diesel-electric traction systems are still 

feasible and commonly used on routes that are not covered by electrification.  The hybrid 

traction system has seen rapid development in the past few years. Although most work has 

been done on hybridisation and using energy storage devices, energy consumption can be 

reduced along with minimising carbon emissions. Yet, it requires additional development [41, 

42]. 
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2.2 Railway Traction System 

2.2.1 Electric Traction System 

Von Siemens introduced Electric traction for railway vehicles for the first time in 1879 by 

demonstrating an electric locomotive powered by conventional third rail at an exposition in 

berlin [43, 44]. At the early stages of the development of the electric traction system, 

locomotives were equipped with DC motors and were powered by low voltage DC power 

through the third rail due to their minimal torque control attributes.   Subsequently, a high-

voltage AC transmission power network is also adopted by electric traction systems due to its 

integral tractive qualities of induction motors and the complexity of providing power via a DC 

power network [45]. With the passage of time and development in power electronics, electric 

traction systems achieved a milestone by implementing an industrial-grade 25kV single-phase 

transmission network with 50-60 Hz frequency to power railway vehicles in the 1950s [44].  

DC traction systems in modern railway systems are equipped with transformers and rectifiers 

to draw power from local distribution networks [46]. The benefits of using a DC power supply 

system are control equipment's reduced size and weight and the easy-to-control traction 

equipment installed onboard. Generally, a traction system for a DC railway is powered with a 

600V or 1.5kV DC power supply fed through conductors along the tracks. This system incurs 

high losses of electrical current due to the flow of higher currents through supply circuits. DC 

traction systems are ideal for regional railway lines, metros and light railway vehicles [47].  An 

AC power supply commonly powers high-speed or mainline trains via overhead transmission 

lines. These transmission lines are located at a certain height from the tracks. The benefit of 

using an AC power supply system is fewer electrical losses due to higher voltage and less 

current. The AC traction system also required fewer substations for distribution of power along 

tracks than the DC power network. Figure 1 presents the general illustration on electric traction 

system. 
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Figure 1: Typical electric traction system illustration 

2.2.2 Diesel and Diesel-Electric Traction System 

The diesel engine was introduced in 1892 by Rudolph diesel [48]. In the early days of diesel 

engine development, the diesel engine was considered an application to be used in automobiles 

complementing the idea of operating a single rail carriage without a locomotive [49]. Multiple 

gasoline-powered transmission systems were tried, including direct mechanical and electric 

transmission systems. However, including petrol engines that proved to be inconsistent and not 

powerful enough,  the diesel engine developed for railway vehicles was also a failure [50, 51]. 

Due to the direct connection between conventional diesel engines and railway vehicle wheels, 

it is found that diesel engines do not perform well at low speeds, which makes the whole 

transmission system undesirable [52].  

Modern railway vehicles equipped with diesel engines generally transfer power via an electric 

transmission system due to their high efficiency and accessibility[53]. Modern electric traction 

systems are equipped with a diesel engine which is used to drive an electric generator. The 

electric generator produces electric power, which is then transferred to the traction motors 

installed onboard to move the wheels. Diesel-electric traction systems are inefficient compared 

to their latest counterparts and less potent while bearing high maintenance and operating costs 

compared to electric traction systems. The diesel and diesel-electric traction systems are 
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significant sources of carbon emissions and noise pollution in the railway industry [54]. Figure 

2 presents the typical illustration of a diesel-electric traction system. 

Diesel

Diesel Engine AuxiliaryMain Attenuator

Power Control

Lights
Batteries

Air Conditioning

Traction Motor Wheels

 

Figure 2: Typical illustration of a Diesel-Electric traction system 

Despite its drawbacks, the diesel-electric traction system is more widely used in the British 

railway sector than the electric tractions system, where only  38% of the railway tracks are 

electrified [55]. Diesel-Electric traction systems also eliminate the dependency on electrical 

power, which tends to operate on non-electrified railway tracks. Thus, eliminating the chances 

of becoming non-operational during the failure modes or maintenance events associated with 

the electrical transmission network. Diesel-electric traction systems redundant the capital 

investment required to install and maintain the fixed power supply network considering short-

term gains. Railway vehicles equipped with diesel-electric traction systems can provide 

efficient energy consumption at various speeds when an appropriate power management 

strategy is applied [41, 56, 57]. 

2.2.3 Hybrid Tractions System 

Generally, a hybrid railway vehicle can be defined as a railway vehicle equipped with two or 

more power sources on board [58]. A hybrid propulsion traction system comes with various 

configurations, such as a fuel cell with batteries storage or supercapacitors onboard, a diesel 

engine with batteries storage onboard or a conventional bi-mode configuration with pantograph 

and diesel engine onboard [59]. Modern railway systems are widely adopting hybrid traction 

systems. There are certain advantages of hybrid traction systems over conventional traction 
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systems, and government legislation recommends railway manufacturers focus on hybrid 

traction systems for railways. Figure 3 presents the typical model of a hybrid train equipped 

with a hydrogen fuel cell and a battery pack.  

Hydrogen Fuel Cell Power Plant DC/AC Traction Motors Wheels

DC/DC ConverterBatteries

Uni-Directional

Bi-Directional

 

Figure 3: Typical illustration of a hybrid hydrogen train 

Hybrid railway vehicles equipped with hydrogen fuel and battery storage have immense 

advantages. These hybrid vehicles do not produce carbon emissions at the point of use which 

is incredibly environmentally friendly, thus fulfilling the government's global warming 

legislation in certain countries [60]. Such hybrid trains are equipped with a regenerative 

braking system that captures energy while braking during the journey and stores it in onboard 

energy storage systems that can later be used for traction [61].  Bi-mode trains equipped with 

electric and diesel traction systems are designed for the high-speed railway system without 

compromising speed at any track region with or without electrification. Hybrid railway vehicles 

offer a wide range of efficient energy consumption and power management [62]. Examples of 

such energy and power management strategies are further discussed in this thesis's Chapters 

5,6, and 7. 

2.2.4 Traction Drives 

Railway vehicles are often equipped with electric traction motors, which generally consist of 

two types. They are classified as AC and DC motors. Both motors have subclasses with various 

operating configurations applied according to their railway application [63]. Since successful 



13 

 

development in power electronics, the power supply to electric traction drives is suitably 

smoothed to achieve maximum efficiency.  

Modern DC traction motors are regulated via different voltage supplies. The internal resistance 

was shorted in series or excited separately to increase the terminal voltage of the DC motors 

used in railway applications in the early days. A camshaft controller device is used to achieve 

this, which is still actively used in some railway applications [64]. In modern railway 

applications, such a task can be completed by using a modern DC-DC chopper converter that 

regulates a fixed voltage into multiple desired voltages [47]. 

Alternatively, an AC traction motor with the fundamental capability of regeneration, 

precipitous speed and torque attributes is considered an appropriate final drive for railway 

traction applications [65]. This superiority of AC motors over DC motors is achieved mainly 

by removing the commutator and utilising modern power electronics, which benefit from 

increased power density and low maintenance [66]. However, AC motors functionality is still 

complex regarding variable voltages and frequency modulation. However, the advanced power 

electronic inverter IGBT (Insulated Gate Bipolar Transistor) resolves the issue due to its high-

frequency modulation, voltage and current transmission [67]. 

2.3 Power Supply and Energy Storage System 

2.3.1 Hydrogen Fuel Cell 

Fuel cells can be defined as a system to convert electrochemical energy into electricity and heat 

with high efficiency and low toxic emissions [68]. The general structure of a fuel cell is 

composed of two electrodes: an anode where the fuel oxidation takes place and a cathode where 

oxidation-reduction takes place. The electrodes are separated by an electrolyte capable of 

conducting ions, excluding electrons. During the reaction, the electrons released at the anode 

migrate towards the cathode through a segregated circuit where another semi-reaction occurs. 
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As a result of this reaction at the cathode, an electric current is generated [69]. Unlike the 

conventional internal combustion engines that run on gasoline fuels, a fuel cell uses hydrogen 

as a fuel. Hydrogen is an abundant renewable energy source on Earth [10]. The economic 

extraction and distribution of hydrogen is currently a substantial challenge. In modern times, 

various technologies are demonstrated for the extraction of hydrogen. Among these 

technologies, hydrogen extraction by steam reforming of natural gases is considered extremely 

cost-efficient, effective, and large-scale use [70]. A chemical reaction that occurs during steam 

reformation can be expressed by Equation (1.1).  

 

 𝐶𝐻4 + 2𝐻20 + (𝐸𝑁𝐸𝑅𝐺𝑌) →  4𝐻2 + 𝐶𝑂2 (1.1)  

Although the utilisation of hydrogen does not release any carbon emission at the point of its 

use, it does produce carbon dioxide gas during its production by stream reformation. 

Alternatively, hydrogen can be made by electrolysis of water, which will avoid the release of 

any carbon emissions. The positive effect of electrolysis is that the energy required for 

electrolysis can be achieved by any other renewable energy source, such as solar power, wind 

power or hydropower [14]. The electrolysis process can be expressed by Equation (1.2) 

  𝐻20 + (𝐸𝑁𝐸𝑅𝐺𝑌) →  𝐻2 + 
1

2
𝑂2   (1.2) 

Typically, water is oxidised at the anode during electrolysis, producing oxygen, electrons and 

protons. They circulate cathode, where they are split to form 𝐻2 gas and release negatively 

charged hydroxide ions which move towards the anode to form 𝑂2 [71, 72]. Figure 4 presents 

a graphical illustration of a reaction at the anode and cathode in the fuel cell. 
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Figure 4: A graphical representation of a reaction at the anode and cathode in a hydrogen fuel 

cell [73] 

Various research presented that fuel cell is a viable power source for railway vehicles [10, 14, 

16, 43, 74, 75]. The first development of hydrogen-powered railway vehicles is traced back to 

2002, a mining locomotive developed by vehicles projects inc. It was equipped with a 17 kW 

fuel cell [13]. The demonstration and evaluation successfully laid down a future for hydrogen-

powered railway vehicles. At present several demonstrations and hydrogen-powered trains are 

in service. However, in 2018 Alstom introduced a new hydrogen-powered train known as 

Coradia iLint, which is being used as a commercial passenger train in Germany and will soon 

be available in different variants in Poland and Sweden [76]. 

2.3.2 Traction Batteries 

Traction batteries are one of the most anticipated energy storage systems implemented in 

railway vehicles with advancements in battery technologies [77]. The battery serves many 

purposes in railway vehicles. Their primary goal in hybrid railway vehicles is to support 

another power source onboard the train to meet peak power demand. Apart from this, electric 

trains equipped with batteries provide accessibility to tracks where electrification is impossible. 
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Similarly, diesel trains equipped with batteries benefit from saving the energy produced by 

regenerative braking [78]. There are various types of conventional batteries that are used in 

railway vehicles. 

Lead-acid battery (LA): Lead-acid batteries were developed in 1859 by Gaston Plante, a 

French physicist [79]. It is considered one of the oldest and most successful variants of battery 

in history. Lead-acid batteries have been improved over time. Although the battery's chemistry 

has been the same since its invention, few modifications have been made to increase the 

efficiency and performance of the battery [80]. Lead-acid batteries provide reliable high power 

for both stationary and mobile applications and still hold the largest share in the market among 

all battery variants [81]. 

Nickel-cadmium battery (NiCad): Nickel-cadmium batteries were invented by Swedish 

engineer Waldemar Junger in 1899 [82]. Compared to lead-acid batteries, nickel-cadmium 

batteries are utilised in many portable electric devices such as cameras, wireless phones, 

shavers and other instruments of the same category [83]. They are low-cost and enormously 

robust. Other advantages of these batteries are their low charging time and regular operation in 

low temperatures where certain batteries do not operate normally [84]. However, Nickel-

cadmium batteries come with the disadvantage of having a very high memory effect and low 

energy density & specific energy [85].  

Nickel–metal hydrate battery (NiMH): Nickel–metal hydrate batteries were introduced in 

1990 by the Japanese company Sanyo [86]. Technically, they are similar to the nickel-cadmium 

battery in chemistry. However, the energy density is appreciably higher compared to NiMH 

batteries. They were initially used in the first generation of electric and hybrid cars, latter they 

were replaced with lithium-ion batteries [86].  
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Lithium-ion battery (Li-ion): A Japanese company known as Sony practically introduced 

lithium-ion batteries in 1991 [84]. Li-ion batteries are considered to be revolutionalised variant 

of batteries. The chemistry of Li-ion batteries is entirely different from other types of batteries. 

It is due to the battery's cathode being made of lithiated metal oxide, and the anode is made of 

graphite carbon with a layering structure [80]. Some advantages of Lithium-ion batteries are 

that they do not suffer from memory effects, hold higher energy density and can be used in 

railway applications. Li-ion batteries operate well within -20C to 60C compared to 

conventional batteries [87]. 

2.3.3 Ultra-Capacitors 

Ultra-capacitors have been commercially available and underdeveloped since 1990 for vehicle 

applications [88]. They work on the same principle as any regular capacitor, storing energy 

between two metal plates in an electric field, unlike batteries which store energy in a chemical 

reaction [89]. However, ultra-capacitors have a substantially higher energy density but are 

lower than batteries. Extensive research has been done on ultra-capacitors, which use pseudo 

capacitive in one electrode and microporous carbon in another [90-92]. This technique 

immensely increased the energy density of ultra-capacitors.  Ultracapacitors, unlike batteries, 

have a higher life cycle and can sustain deep charging and discharging process. They are more 

efficient than batteries due to their terminal voltage adjustment by the amount of energy stored 

and low internal resistance. A light rail vehicle is considered to go through three hundred 

thousand charging cycles, which is hard to handle by a battery. Therefore, ultracapacitor 

becomes handy with their extended charging and discharging cycles [93]. Ultracapacitors are 

an ideal energy source for railway vehicles because they absorb higher inrush currents during 

regenerative braking, reducing unnecessary stress on batteries [94]. 
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2.3.4 Flywheels 

Flywheels are an innovative energy storage technology that has recently gained attention for 

its potential application in railway systems. They are mechanical devices that store kinetic 

energy through a rotating mass, which can be quickly released when needed to provide 

instantaneous power. The fundamental principle behind flywheels relies on the conservation of 

angular momentum, enabling the conversion of electrical energy into mechanical energy and 

vice versa [95]. Railway systems can benefit from flywheels, as they can efficiently capture 

and store regenerative braking energy during deceleration and release it during acceleration or 

uphill travel, improving overall energy efficiency [96]. Integrating flywheels in railways can 

reduce energy consumption, minimise peak power demands, and decrease wear on mechanical 

components [97]. Moreover, flywheels have a fast response time and a long operational life, 

making them suitable for the demanding operational conditions of railway systems [98]. 

Several research projects and pilot installations have demonstrated the feasibility and 

advantages of flywheel technology in railway applications. For instance, the Gyrobus project 

in Switzerland successfully employed a flywheel energy storage system for an electric bus, 

showcasing its potential for public transportation [99]. In conclusion, flywheels have promising 

potential as an effective energy storage solution in the railway industry. Further research and 

development efforts are required to optimise their integration with existing railway systems 

and maximize the benefits they can offer in terms of energy efficiency, cost reduction, and 

environmental sustainability. 

2.3.5 Discussion 

Various power sources and energy storage devices used in railway vehicles, including 

hydrogen fuel cells, traction batteries, ultra-capacitors, and flywheels, are discussed in this 

Section. Each energy storage device has its advantages and disadvantages, influencing its 

suitability for specific railway applications. Following is a brief comparison of these devices: 
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Hydrogen Fuel Cells: They are efficient and produce zero emissions at the point of use, but 

hydrogen's economical extraction and distribution remain a significant challenge. Additionally, 

carbon emissions are produced during hydrogen production through steam reformation, 

although electrolysis of water can be a cleaner alternative. 

Traction Batteries: Different battery chemistries, such as lead-acid, nickel-cadmium, nickel-

metal hydride, and lithium-ion, offer varying levels of energy density, specific energy, life 

cycle, and operational temperature range. Lithium-ion batteries are currently the most preferred 

choice due to their higher energy density, no memory effect, and wider operating temperature 

range. 

Ultra-Capacitors: They possess a lower energy density than batteries but have a higher life 

cycle and can sustain deep charging and discharging processes. Ultra-capacitors are suitable 

for railway vehicles that require frequent charging and discharging cycles, such as capturing 

regenerative braking energy and reducing stress on batteries. 

Flywheels: These innovative energy storage devices store kinetic energy through a rotating 

mass and can quickly release it when needed. Flywheels can efficiently capture regenerative 

braking energy and have a fast response time and long operational life. However, further 

research and development efforts are required to optimise their integration with existing 

railway systems. 

In conclusion, the choice of energy storage device for railway vehicles depends on the specific 

application requirements, such as power demand, energy density, life cycle, and operational 

conditions. By understanding the characteristics and limitations of each device, railway 

engineers can make informed decisions in designing and implementing sustainable and 

efficient railway transportation systems. 
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2.4 Parameters Affecting the Life and Performance of Power Sources in 

Railway Vehicles 

The performance and lifespan of various power sources in hybrid railway vehicles, including 

diesel engines, batteries, fuel cells, traction drives, and power electronics, are crucial for overall 

system efficiency and operational costs. Several factors impact their longevity and reliability. 

This Section discusses the key parameters influencing these power sources' degradation and 

performance decline. 

Diesel Engines: The life of a diesel engine depends on factors such as fuel quality, lubrication, 

maintenance, and operating conditions. Regular maintenance, including oil and filter changes, 

is essential for engine longevity [100]. Additionally, using high-quality fuels and lubricants 

can reduce internal wear and extend the engine's life [101]. 

Batteries: Battery life is affected by factors such as operating temperature, depth of discharge 

(DoD), state of charge (SoC), charge/discharge rates, and cycling [102]. Implementing energy 

management strategies that balance these factors can prolong battery life and maintain system 

efficiency. 

Fuel Cells: The life of fuel cells is influenced by factors such as temperature, humidity, and 

contamination [103]. Proper water and thermal management are crucial for maintaining 

performance and extending the life of fuel cells. Furthermore, using high-quality hydrogen and 

ensuring proper air filtration can prevent contamination-related degradation [104]. 

Traction Drives: The life of traction drives is affected by factors such as loading, temperature, 

and vibration [105]. Proper maintenance, including lubrication and regular inspection of 

bearings and gearboxes, can extend the life of traction drives. Additionally, implementing 

strategies to minimize mechanical stress and thermal loads can improve reliability [106]. 
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Power Electronics: The life of power electronics is influenced by factors such as temperature, 

electrical stress, and mechanical stress [107]. Ensuring proper thermal management and 

protection against over-voltage and over-current conditions can prolong the life of power 

electronics components. Furthermore, designing power electronics with appropriate 

mechanical robustness can improve their resistance to vibrations and mechanical stresses [108]. 

In conclusion, understanding and managing the parameters affecting the life of various power 

sources in hybrid railway vehicles is crucial for optimising system performance, efficiency, 

and cost-effectiveness. Developing and implementing smart energy management strategies that 

take these factors into account can significantly enhance the operational life and reliability of 

power sources, leading to more sustainable and efficient railway transportation systems. 

2.5 Summary 

The author presents an extensive review of railway traction systems, traction drives, power 

supplies, and energy storage alternatives in this Chapter. Both electric and hybrid traction 

systems are identified as captivating and offering substantial potential in railway applications 

compared to traditional railway traction systems. The discourse on traction drives indicates that 

contemporary AC motors are widely employed in railway applications due to their robust and 

uncomplicated design and energy regeneration capabilities. Efficient energy consumption, 

onboard energy regeneration in hybrid trains, and zero carbon emissions at the point of use 

render these systems a more viable and sustainable solution for modern railway systems. 

Currently, hydrogen is the most suitable renewable alternative to conventional gasoline fuels 

employed in fuel cells. Technological advancements have demonstrated that fuel cells are more 

efficient than diesel engines, particularly when integrated with onboard energy storage devices 

to compensate for energy density. In terms of onboard energy storage options and other power 

sources, modern lithium-ion batteries have proven to be more potent, reliable, and cost-

effective for railway applications. 
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Despite the extensive literature review on railway traction systems, traction drives, power 

supplies, and energy storage alternatives, several research gaps and opportunities for future 

work have been identified. The following gaps indicate the potential for further advancements 

in hybrid railway vehicle Optimisation, enhancing their performance, sustainability, and 

efficiency. 

Optimisation of Energy Management Strategies: While existing research on hybrid railway 

vehicles has focused on the design and implementation of various energy storage and power 

supply alternatives, there is a need for more comprehensive research on the Optimisation of 

energy management strategies to ensure the efficient utilization of multiple energy sources. 

Comprehensive Performance Evaluation of Hybrid Railway Vehicles: Limited studies 

have been conducted to evaluate the overall performance of hybrid railway vehicles across 

different operational conditions and scenarios. Future research should focus on the 

development of performance evaluation frameworks and methodologies that consider various 

factors, such as energy consumption, emissions, and reliability. 

Influence of Operational Parameters and Constraints: There is a need to study the impact 

of different operational parameters and constraints on the energy consumption, emissions, and 

overall performance of hybrid railway vehicles. Such research would help identify the most 

critical factors affecting the performance of these vehicles and guide the development of more 

effective Optimisation algorithms and energy management strategies. 

Addressing these research gaps and opportunities will contribute to the ongoing efforts to 

improve the performance, sustainability, and efficiency of hybrid railway vehicles. By focusing 

on these areas, future research can support the development of more advanced and 

environmentally friendly railway transportation systems. 
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3 REVIEW OF OPTIMISATION TECHNIQUES 

3.1 Introduction 

In recent decades, the railway transport system was traditionally designed to operate on 

conventional fuel sources such as diesel and electricity [109]. Modern legislation against 

carbon dioxide emissions makes it hard to operate railway vehicles on gasoline. In the past, 

railway operators and governments tried to resolve it with the electrification of railway tracks, 

but the major challenge it faced was the high cost of electrification and consequent grid stability 

issues in urban areas [110]. Nevertheless, owing to the swift expansion of renewable energy 

systems and the political shift towards clean energy, the railway industry has also directed its 

attention towards hybrid propulsion systems, enabling railway vehicles to utilise renewable 

energy sources. Contrary to light road vehicles, designing and operating hybrid trains present 

more complexity. Hybrid propulsion systems, which comprise hydrogen fuel cells combined 

with batteries, are increasingly popular in the pursuit of decarbonising railway operations. Such 

systems are particularly prevalent on lower-traffic density routes where electrification is not 

deemed viable [111]. 

Numerous researchers have proposed various configurations for hybrid propulsion systems, 

and each design varies according to train operating companies’ requirements. In one of the 

proposed configurations, batteries are the primary power source where the fuel cell is used to 

charge the batteries and provide backup power if required according to the power demand. 

Another proposed configuration is where the fuel cell is the main power source, and batteries 

store regenerative power onboard, thus extending the range [112, 113]. Previous studies 

involving hybrid trains equipped with hydrogen fuel cells and batteries are ideal for routes with 

frequent stops and minimal gradient of any significance [10, 41]. Due to their suitability for 

urban, suburban, and military transportation, hybrid propulsion systems are considered an 
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aspiration for future railway transportation [114]. It has been proven that hybrid vehicles do 

not put excessive load on the grid due to hydrogen production at times of surplus power which 

is saved to use later. This method can also help in the reduction of grid fluctuation and helps in 

controlling the intermittence of renewable systems [115, 116]. Hybrid transportation systems 

are a multidimensional issue that can be addressed by various aspects such as hydrogen 

production, refuelling station infrastructure, propulsion system topology, power source sizing, 

and control. Evaluating and optimizing these aspects is important for adapting and 

commercialising hybrid railway vehicles [117, 118].  

Optimisation in the energy systems field often refers to finding one optimal solution to 

minimise or maximise the objective function [119]. The optimisation is the process of finding 

the conditions, i.e., the values of variables, that give the minimum or maximum of the objective 

function [120]. Optimisation can also be referred to as an improvement. However, both words 

do not have the same meaning and should be used with care [121]. The general Optimisation 

problem exists to resolve the minima and maxima of an objective function under specified 

constraints. Mathematically the objective function can be stated as follows: 

 𝑓(𝑥) = 𝐸𝑥𝑡𝑟𝑒𝑎𝑚𝑢𝑚  

w.r.t 𝑥 = 𝑥1 + 𝑥2 + 𝑥3,⋅⋅⋅ , 𝑥𝑛  

Subject to ℎ𝑖(𝑥) = 0 𝑖 = 1,2,3,⋅⋅⋅ , 𝐼 

 𝑔𝑗(𝑥) ≤ 0 𝑗 = 1,2,3,⋅⋅⋅ , 𝐽 

In the above Equation 𝑓(𝑥) is an objective function to be optimised, 𝑔𝑗(. )𝑗 = 1,2,3, … , 𝐽 is an 

inequality constraint function, ℎ𝑖(. ) 𝑖 = 1,2,3, … , 𝐼 is an equality constraint function, and 𝑥 is 

the vector of the independent variables. During the minimization process, the objective 

function 𝑓(𝑥) is also referred to as the “cost function”, and during maximization, it is referred 

to as the “fitness function” [122]. 
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In Chapter 3, 𝑓(𝑥) is considered a cost function to be minimised. To simplify, as mentioned in 

Chapter 2 about the effect of power demand division among power sources on total fuel 

consumption. Therefore, in this case, the objective function to be minimised is the total fuel 

consumption, while other immediate constraints should be applied to act as constraints. This 

study focuses on the identification of utilisation of energy between multiple power sources, i.e. 

𝑥 in the Equation mentioned above, to minimize the total fuel consumption. 

Optimisation algorithms have developed rapidly in the past couple of decades, increasing their 

identification categories. However, they are mainly divided into two main classifications. The 

first category is numerical optimisation, presented in Section 3.2, and the second category is 

metaheuristics, shown in Section 3.3. Along with these main categories, the author also 

employs some modern optimisation techniques to develop a hybrid optimisation algorithm for 

hybrid railway vehicles, which are categorically discussed in Sections 6 and 7.  

3.2 Numerical Optimisation 

Numerical optimisation is widely used in power systems where complex problems and large 

data sets correlate [123]. The attributes of the objective function and comparative constraints 

intensely affect the numerical optimisation algorithms. Majority of numerical optimisation 

algorithms workaround on derivative information of the objective functions. It's been noted 

that numerical optimisation solutions are often predictable due to their deterministic nature of 

searching pattern and the strategies it implements to solve a problem [69]. Generally, one 

possible solution is chosen by numerical optimisation at the start of the iterative procedure of 

solving the problem, which provides only a sub-optimal solution for the non-convex objective 

function [124]. 

To solve an optimisation problem via a numerical optimisation algorithm, an initial vector 𝑥0 

is required. The algorithm's performance depends on the selection of starting point as it will be 
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considerably affected by 𝑥𝑜. The algorithm will produce a set of the solution presented 

as {𝑥𝑗}𝑗
∞

. Eventually, given that |𝑓(𝑥𝑗) − 𝑓(𝑥𝑗+1)|  ≤  𝑛 is reasonably smaller than the 

subjectively selected small value, or if there is no decrease attained by generated solution, the 

optimisation algorithm will be terminated. 

In the problem mentioned above, the optimisation algorithm will decide how to generate (𝑥𝑗+1) 

from the initial vector (𝑥𝑗) for 𝑗 = 0,1,2,⋅⋅⋅ . The results produced by the objective function (𝐼)  

at (𝑥𝑗)  or also the results generated by initial iterations  

𝑥0 + 𝑥1 + 𝑥2,⋅⋅⋅ , 𝑥𝑗−1 are used to generate the new optimal solution.  The optimal solution 

produced should be able to reduce the value of the objective function as a result of a limited 

number of iterations presented as 𝑓(𝑥𝑗) < 𝑓(𝑥𝑗−𝑛) where 𝑛 = 1,2,3,⋅⋅⋅ , 𝑗 − 1. Usually, line 

search and trust region are the two most common methods used to select the next candidate 

point in numerical optimisation algorithms [125]. 

3.2.1 Line Search Strategy 

 

Based on the simple divide and conquer strategy, line search algorithms try to find all possible 

solutions from predetermined sets by splitting the problem into more minor problems that are 

easier to solve. It should be noted that this strategy is very effective, however, given that not 

every problem is easy to be divided and later combine, thus making the use of the line search 

strategy limited [123, 125].  

In the line search strategy, each iteration generates a search direction 𝑥𝑗 and then decides how 

long to continue the search in the given direction. The exact step size could be very time-

consuming during the computation process; therefore, to minimise time consumption, a decent 

predefined step length will be sufficient [126]. The iteration is presented in Equation (3.1) 

 𝑥𝑗+1 = 𝑥𝑗 + 𝑠𝑗𝑙𝑗 (3.1) 
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where 𝑠𝑗 is the direction of search and 𝑙𝑗 is the step length. A suitable and decent selection of 

step length and direction should be performed to achieve an optimal line search strategy.  

The direction 𝑠𝑗
𝑇∇𝑓𝑗 < 0 of function 𝑓(𝑥) is considered to be the proper direction for most of 

the line search optimisation algorithms. Search direction can also be presented in the form of 

Equation (3.2). 

 𝑠𝑗 = −𝑁𝑗
𝑇−1∇𝑓𝑗 (3.2) 

where 𝑁𝑗 is a symmetric nonsingular and significant positive matrix. ∇ is the first-order partial 

result of 𝑓𝑗. The line search strategy is further divided into three subcategories based on a 

different selection of search direction 𝑠𝑗. 

Steepest Descent Method: Also known as the “gradient decent method” or “saddle point 

method”, it is the primary type of line search strategy [127]. In this method, 𝑁𝑗 is the positive 

identity matrix 𝐼 and can be presented as: 

 𝑠𝑗 = −∇𝑓𝑗 (3.3) 

 𝑥𝑗+1 = 𝑥𝑗 − ∇𝑓𝑗𝑙𝑗 (3.4) 

Newton’s Method: Newton's method is the simplest method for finding the minima and 

maxima of any univariate function 𝑓(𝑥) and is equivalent to finding the roots of its gradient. 

In newton’s method 𝑁𝑗 is exact Hessian ∇2𝑓𝑗(𝑥𝑗) and the result is zero at minimum or 

maximum. Newton's method can be presented in the form of  

 𝑠𝑗
𝑝 = −∇2𝑓𝑗

−1∇𝑓𝑗 (3.5) 

𝑠𝑗
𝑝
 may not always be an effective direction since the Hessian matrix ∇2𝑓𝑗 may not always be 

a significant positive matrix. Equation (3.6) denotes the quadratic function in terms of  ∆𝑥. 

 ∇𝑓(𝑥 + ∆𝑥) =  ∇𝑓(𝑥) + ∇2𝑓(𝑥)∇𝑥 (3.6) 
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where ∇𝑥 is a small change in design and ∇2𝑓 is the Hessian of the optimisation function (𝑥). 

According to second-order Taylor's expansion of  ∇𝑓(𝑥) in Equation (3.6). By setting Equation 

(3.6) to zero, the minima and maxima of the objective function can be obtained. There are two 

essential conditions to keep 𝑥∗ as a local minimizer of 𝑓 and ∇2𝑓(𝑥) being continuous and 

existing. They are presented as 𝑓(𝑥∗) = 0 by setting the derivative to zero and ∇2𝑓(𝑥∗) exact 

minimiser in semi-positive scalar quantity. Thus, providing us with the iterations: 

 
𝑠𝑗 = −

∇𝑓𝑗(𝑥𝑗)

∇2𝑓𝑗(𝑥𝑗)
 (3.7) 

 
𝑥𝑗+1 = 𝑥𝑗 −

∇𝑓𝑗(𝑥𝑗)

∇2𝑓𝑗(𝑥𝑗)
𝑙𝑗 (3.8) 

Quasi-Newton Method: Originally developed for positive definite quadratic functions, the 

quasi-newton method overcomes the issues the original newton method lacks. In quasi-newton 

method 𝑁𝑗 approximates the Hessian ∇2𝑓𝑗(𝑥𝑗) and the matrix is updated for every iteration 

during the optimisation process. For the Quasi-Newton method, the Taylor series can be 

approximated as: 

 
𝑓(𝑥𝑗 + ∆𝑥) ≈  𝑓(𝑥𝑗) + ∇𝑓(𝑥𝑗)

𝑇∆𝑥 +
1

2
∆𝑥𝑇𝑁𝑗∆𝑥 (3.9) 

The gradient for optimisation function 𝑓(𝑥) can be approximated as: 

 ∇𝑓(𝑥 + ∆𝑥) ≈  ∇𝑓(𝑥) + ∇2𝑓(𝑥)∆𝑥 (3.10) 

It should be noted that the Hessian matric ∇2𝑓(𝑥) may not be the positive matrix.  The 

following iterations will be achieved by setting the above approximation of the gradient to zero. 

 
𝑠𝑗 = −

∇𝑓𝑗

𝑁𝑗
 (3.11) 

 
𝑥𝑗+1 = 𝑥𝑗 −

∇𝑓𝑗

𝑁𝑗
𝑙𝑗 (3.12) 
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In the quasi-newton method, the derivation of updating procedures is also known as the 

“secant” Equation [128].  

The above-mentioned line search methods focus on the choice of direction 𝑠𝑗 at each iteration, 

as described in [125]. Thus, substituting  𝑠𝑗
𝑇∇𝑓𝑗 into Equation (3.13) gives: 

 𝑠𝑗
𝑇∇𝑓𝑗 = ∇𝑓𝑗𝑁𝑗

−1∇𝑓𝑗 < 0 (3.13) 

By finding the minimum of  𝑓(𝑥𝑗 + 𝑠𝑗𝑙𝑗) the step length 𝑙𝑗 can be determined. It should be 

noted that the step length is a symmetrical and positive scalar quantity, and to maintain the 

decent direction 𝑙𝑗 is considered to be a positive value. In Equation (3.13), at each iteration 𝑠𝑗 

is an adequate or decent direction. In the practical optimisation process, finding the absolute 

minimum of 𝑓(𝑥𝑗 + 𝑠𝑗𝑙𝑗) is computationally costly and needless; therefore, the step length is 

usually predetermined after certain conditions [129].  

3.2.2 Trust Region Strategy 

 

In trust region strategy, a model function 𝑓′(𝑥) is constructed by using the information gathered 

during the process to approximate the behaviour near the current iterative point 𝑥𝑗 of the 

original objective function 𝑓(𝑥). The model function 𝑓′(𝑥) often does not show an ideal 

approximation of original function 𝑓(𝑥) when there is a long step length between 𝑥 & 𝑥𝑗, the 

search is restricted to a newly defined small region around 𝑥𝑗. This newly defined small region 

is known as the “Trust Region”. 

The model function 𝑓′(𝑥) is usually presented in the form of a quadratic function given in 

Equation (3.14). 

 
𝑓𝑗
′(𝑥𝑗 + 𝑙) =  𝑓𝑗 + 𝑙

𝑇∇𝑓𝑗 +
1

2
𝑙𝑇𝑁𝑗𝑙 (3.14) 
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where 𝑓𝑗 is a scalar function and ∇𝑓𝑗 is a vector objective function. 𝑁𝑗 is the Hessian matrix for 

function 𝑓𝑗. To agree with the first order at the initial iteration 𝑥𝑗, the 𝑓𝑗  and ∇𝑓𝑗  are selected 

to be the function and gradient values at the point 𝑥𝑗. Equation (3.14) is the second-order Taylor 

Series question of the function 𝑓𝑗 while removing the elements comprehending higher 

derivatives order than 2. Once the trust region and model function are both defined, the desired 

step 𝑙𝑗 is obtained by using Equation (3.15). 

 min
𝑙𝑗
𝑓𝑗
′ (𝑥𝑗 + 𝑙𝑗) (3.15) 

As mentioned before, a trust region with a large range could result in an unnecessary decrease 

of objective function 𝑓(𝑥); therefore, the (𝑥𝑗 + 𝑙𝑗) in Equation (3.15) is declared with the 

predefined trust region.  The trust region can be defined as: 

 ‖𝑙𝑗‖2 ≤ ∆𝑟𝑗 (3.16) 

where ∆𝑟𝑗 ≥ 0 is a scalar quantity and is also referred to as the trust-region radius.  

3.2.3 Summary 

In conclusion, both strategies differ from each other concerning the direction and length of the 

step. In the Line Search strategy, the optimisation algorithm finds the direction  𝑠𝑗 initially and 

afterwards solve 𝑓(𝑥𝑗 + 𝑠𝑗𝑙𝑗) to find the step length 𝑙𝑗. However, finding direction initially is 

not essential in the Trust Region strategy and does not follow a fixed search pattern. Therefore, 

it is determined once the step length is found. By utilising Equation (3.16) during the 

minimisation process, the algorithm will try to identify the maximum step length initially, 

which is  ∆𝑟𝑗 and denotes the trust region. Afterwards, it will find the data sets of direction and 

step length with the most significant reduction of 𝑓(𝑥). The trust region will be further 

shortened if the solution is not optimal in the optimisation process. 
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3.3 Metaheuristics 

3.3.1 Introduction 

Numerical optimisation and dynamic programming offer guaranteed optimal solutions for a 

given problem with finite sizes occurrence. However, the applications with combinative 

optimisation where the set X is discrete or just as limited, heuristic information is generally 

used to find optimal solutions at a relatively low computational cost [130]. Such algorithms are 

usually addressed as metaheuristics.  Metaheuristic algorithms avoid the convulsion of local 

solutions as their flexible nature is very useful in covering a more comprehensive range of 

optimal solutions in the shortest possible time. Local and global solution strategies characterize 

metaheuristics. They can be defined as the solution method for a sub-optimal solution that 

creates a process that cannot be stuck in local optima and perform a robust search of the 

solution. i-e. a global solution at a moment that is better than or equal to any feasible solution 

[131, 132].  

Metaheuristics are used as general-purpose algorithms that can be applied to various 

optimisation problems with comparatively fewer variations. The standard methodology of 

metaheuristics algorithms defines the excellent move from one solution to another at each 

iteration step of the process, creating or destroying a new solution until the optimal solution is 

achieved[133, 134]. Over the past years, a variety of successful metaheuristic algorithms have 

been developed, such as the Genetic algorithm [133-135], Simulated Annealing [136, 137], 

Guided Local Search [138, 139], the Ant Colony Algorithm [140, 141], Scatter Search [141, 

142], Differential Evolution [143, 144] etc. 

Metaheuristics are identified into two categories, i-e. constructive and local search-based, in 

other words, population-based search and single-point search [145]. Single-point search 

methods tend to present a solution at each iteration of the optimisation algorithm, such as Tabu 

search and Simulated Annealing. On the other hand, the population-based search method 
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generates a cluster of feasible solutions known as the population at each process iteration. The 

Ant Colony Optimisation and Genetic Algorithms exemplify a population-based search. 

Metaheuristic algorithms work regardless of the gradient or Hessian matrix of the objective 

function. This property of metaheuristics gives objective function the ability not to be 

necessarily constant or differentiable and can have limitations. Metaheuristics are suitable to 

search for a local optimum for non-convex objective function due to their various abilities to 

overcome the local optima. 

In this Section, the author introduced three metaheuristic algorithms: Genetic Algorithm, Ant 

Colony Optimisation and Differential Evolution. 

3.3.2 Genetic Algorithm: 

Genetic Algorithms are inspired by Darwin's theory of evolution [146, 147]. Specifically based 

on the biological evolution process mentioned in [148]. The genetic algorithm is based on 

population and constructive metaheuristics.  This algorithm has a probable solution to a definite 

problem on a simple chromosome-like data structure, where every solution communicates with 

the chromosome, and each constraint characterises a gene. The genetic algorithm utilises an 

iterative and stochastic operation that works on a population of one or more than one 

individuals in the system. The genetic algorithm works in five basic steps [149]. Initially, an 

objective function is encoded with the chromosomes, laying a foundation for the evolution 

process [147, 150]. In the second step, a fitness function or selection criteria are established. In 

the third step, an individual population is created [151]. In the fourth step, the evolutionary 

process iteratively begins during production. The final step decodes the results to achieve the 

optimal solution.  This allows each iteration to present a feasible solution to a given problem, 

and each iteration is assigned comparatively to the optimal solution. Table 1 shows the pseudo-

code for the genetic algorithm. 
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Table 1: Pseudocode for the genetic algorithm 

Genetic Algorithm 

// Objective function as an input 

𝑃∗ //initialisatoin of papulation 

Evaluate (𝑃∗) // computes fitness function  

𝐴𝑓𝑜 //Find-Optimal value of (𝑃∗) 

While 𝒙 < maximum iteration or conditions not met do 

𝑃𝑥
∗ // Mutation of  (𝑃∗) during the fourth step  

Evaluate (𝑃𝑥
∗ ) // computes fitness function 

𝑃𝑥+1 // Replacement 

end while 

// Optimal solution as an output 

 

3.3.3 Ant Colony Optimisation: 

The ant colony optimisation (ACO) is based on a metaheuristic population-based search 

method primarily for combination optimisation inspired by the idea of ant foraging and 

pheromone interaction in building favourable paths [152]. The ACO was first introduced by 

MIT researcher Marco Dorigo [153]. The ACO algorithms utilise the idea of constructing 

solutions by probabilities, forming local decisions in sequential order and following the path 

of the graph. To achieve a low-level solution, it is essential to use the history of past searches 

in the ACO algorithm. Furthermore, to produce high-level solutions, the ACO adopts a 

population framework and Monte Carlo-style randomization based on the operation of the 

calculation performed in the past [154, 155]. 

Typically, the ACO algorithm can be applied to any combinatory problem. It is an artificial ant 

that forms a construction operation for defining a complete solution by adding individual 

elements into a limited solution. Theoretically, in ACO, a constructive graph G = (V, E) can 

be created from the pool of all feasible solutions where the set of edges E connects to each 

element in the set of vertices V. During this process, each artificial ant is capable of dealing 

with constraints and creates solutions while crossing from vertex to vertex along the edges of 

the graph. Each edge between two vertices is comprised of two sets of information; pheromone 

information and heuristic information. The pheromone information is a long-term memory 
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bank of artificial ants that stores the searching history of the process and updates iteratively. 

On the other hand, heuristic information is a perspective of artificial ants that is directly 

proportional to the cost of the edge. 

Equation (3.17) can be used to illustrate the selection of the subsequent positions during the 

transversion of ants from vertex to vertex along the edge. 

 

𝑝𝑖𝑗
𝑥 =

{
 

 𝜏𝑖,𝑗
𝛼 𝜂𝑖,𝑗

𝛽

∑ ∈ 𝑀(𝑠𝑝)
𝜏𝑖,𝑗
𝛼 𝜂𝑖,𝑗

𝛽

𝑥𝑖,𝑣

, 𝑖𝑓∑ ∈ 𝑀(𝑠𝑝)
𝑥𝑖,𝑣

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (3.17) 

where 𝑀(𝑠𝑝) is the following feasible location of the ant n at vertex 𝑖. 𝑣 is the vertex that hasn’t 

yet select by the ant 𝑛. 𝜏 is the amount of pheromone accumulated along the edge, 𝜂 is the 

suitability of the evolution via edge 𝑖, 𝑗. 𝛼 and 𝛽 are the constraints used to control the 

comparative importance of pheromone against appropriateness [150]. After initialisation, the 

ACO algorithm iterates over three main functions given below [156].  

1. Construction: Each artificial ant builds numerous solutions during this step by mobilizing 

each vertex in the current region sequentially until a complete solution is constructed. 

Different ACO algorithms support a variety of rules for the selection of vertex. However, 

all of them are stimulated by the foraging framework of ants stated in Equation (3.17). 

2. Local Search Function: The local search function is considered once the construction step 

is executed. Ideally, the function helps improve the solutions achieved in previous actions 

and makes the next step more decisive.  

3. Update Function: The algorithm will balance the pheromone levels associated with each 

edge accordingly during this step.  It will increase the pheromones values for the solution 

with the best quality and attracts more ants to follow. Furthermore, the pheromone values 

will be reduced for the wrong or optimal local solution, decreasing the popularity of 

corresponding edges due to the forgetful nature of some ants.  The update function's sole 
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purpose is to make the optimisation process further efficient by drawing more ants with 

favourable solutions. Table 2 presents the Pseudo-code for Ant Colony Optimisation. 

Table 2: Pseudo-code for Ant Colony Optimisation 

Ant Colony Optimisation 

// Optimisation Objective Function as an input 

Implementing Optimisation Parameter // Initialisation of pheromone tracks 

While set conditions are not met, do 

Construction 

Local Search Function 

Update Function 

end while 

// Optimal solution as an output 

 

3.3.4 Differential Evolution: 

Differential evolution (DE) is a promising algorithm based on evolutionary techniques 

known as population-based optimisation. DE was first developed in the 1990s by Price and 

Storn [157]. The idea behind its development was to produce a natural way of handling 

continuous variables in the setting of an evolutionary algorithm. DE uses continuous variables 

rather than discrete variables as compared to other evolutionary algorithms. One major 

characteristic of DE is that mutations in the algorithm are also established from the group and 

mating. The rise in mutations is associated with weighted differences in the population 

members, which forms a type of population-derives-noise [158]. 

DE algorithm is generally adopted to solve the minimum optimisation problem with the 

dimensional variables. In the process, at each iteration, the DE will construct a population with 

the size of 𝑆. The population at 𝑛𝑡ℎ iteration is shown as  𝑝𝑛 = {𝑌1,𝑛, 𝑌2,𝑛, 𝑌3,𝑛, … , 𝑌𝑆,𝑛}. 

Individual 𝑥(𝑥 ∈ {1,2,3, … , 𝑆} at 𝑛𝑡ℎ iterations represented by a 𝑑 dimensional vector𝑌𝑗,𝑛 =

  𝑦𝑗,1,𝑛, 𝑦𝑗,2,𝑛, … , 𝑦𝑗,𝑑,𝑛. Mutation, crossover, and selection operations are performed in sequence 

during this iterative process of DE [159]. 
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There are three significant operations performed during the differential evolutionary 

algorithm. 

1. Initialisation: During this stage of operation, the DE will generate the initial population 

using any generation method. The general utilization function can be written as follows:  

 
𝑥𝑖  =  (𝑥1, 𝑥2, … 𝑣(𝑁𝑗) ∈  𝑃,  𝑥𝑖 = 

𝑥𝑖1
𝑥𝑖2
𝑥𝑖𝑛

 (3.18) 

where: 

𝑥𝑖 is the initial value of the 𝑖𝑡ℎ component of the population 𝑃. 𝑁𝑗 represents a 

different number of vectors 𝑥 at each iteration. Each vector will go through numerous 

steps in each generation to produce a new, marginally distinct population. 

2. Mutation Operation: The mutation function produces a mutation vector at each iteration. 

This function impacts the performance of DE substantially. A new population trail is built 

in this stage by using the following Equation (3.19).  

 𝑣𝑖,𝑛  =  (𝑥𝑟1,𝑛, 𝐹𝑖  × (𝑋(𝑟2,𝑛) − 𝑋(𝑟3,𝑛) (3.19) 

where: 

𝑣𝑖,𝑛 are the mutation vector, and 𝑟1, 𝑟2, 𝑟3 are randomly selected from the population. 

𝐹 represents the weight of generations. 

3. Crossover Operation: When the mutation vectors are produced in this stage, the crossover 

operation is applied to the original and mutated vectors to form a new trail vector.  The 

crossover operation can be shown by Equation (3.20). 

 
𝑈𝑖,𝑛  =  {

𝑉𝑖,𝑛 
𝑋𝑖,𝑛 

 
 𝑖𝑓 𝑟𝑎𝑛𝑑𝑜𝑚 𝑛𝑢𝑚𝑏𝑒𝑟< 𝐶𝑅𝑗

𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 (3.20) 

where: 

𝑈𝑖,𝑛 is the 𝑛𝑡ℎ component of the trailing vector. 𝐶𝑅𝑗 is the cross-over speed.  

4. Selection Operation: In this stage, a better vector is chosen from the original vector once 

the trailing vector has been achieved, which will survive until the next generation by the 
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selection operation.  The selection of the best vector relies on the input vector, which yields 

the lowest output. It is then compared with the old population vector 𝑋𝑖 and the newly 

generated trail vector 𝑈𝑖 and the better vector is carefully chosen for the new generation 

of the population. The crossover operation can be shown by Equation (3.21).  

 
𝑋𝑖,𝑛+1  =  {

𝑈𝑖,𝑛 
𝑋𝑖,𝑛 

 
 𝑖𝑓 𝑓𝑈𝑖,𝑛 < 𝑓𝑋𝑖,𝑛 
𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (3.21) 

where: 

𝑓𝑈𝑖,𝑛  and 𝑓𝑋𝑖,𝑛 presents the value of the objective function for the trail vector and 

parent vector, respectively. Table 3 shows the Pseudo-code for Differential Evolution 

Optimisation. 

Table 3: Pseudo-code for Differential Evolution 

Differential Evolution 

// Optimisation Objective Function as an input 

Initialisation Operation 

While set conditions are not met, do 

Mutation Operation 

Crossover Operation 

Selection Operation 

end while 

// Optimal solution as an output 

 

3.3.5 Discussion: 

In this Section, metaheuristics were introduced, and their characteristics were evaluated. It is 

concluded that metaheuristics can be characterized into different categories. Following are the 

rudimentary properties of metaheuristics optimisation algorithms.  

• Metaheuristics algorithms tend to have a higher level of strategies for conducting the 

search process.  

• Metaheuristics algorithms are mainly used to overcome shortages created by non-

metaheuristic algorithms, such as to explore the search region at a significantly higher 

rate to find the closest optimal solution available. 
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• Metaheuristic algorithms are not dependent on specific problem statements as they 

can solve various problems. 

• A primary function of evolution that is relevant to the objective function is required. 

• Metaheuristic algorithms are equipped to access the criteria for selection and accept 

the solution. 

• For such algorithms, usually, termination criteria must be set. 

3.4 Mayfly Algorithm 

The Mayfly algorithm is an evolutionary form of particle swarm optimisation introduced by  

Konstantinos Zervoudakis and  Stelios Tsafarakis in late 2019 [160]. The mayfly algorithm 

incorporates the critical advantages of the genetic algorithm (GE), firefly (FA) and particle 

swarm algorithms (PSO) collectively [161].  The particle swarm optimisation algorithm is 

vulnerable to being stuck in a local optimum while solving high-dimensional complex 

problems [162]. These vulnerabilities are addressed in mayfly algorithms that efficiently 

optimise operation across small and large-scale data sets. The term mayfly is derived from the 

palaeoptera class of insects that mainly appears in the United Kingdom during May every year. 

During the life cycle of these insects, the juvenile mayflies take several years to grow as aquatic 

leprechauns until they are seemingly able to the surface as an adult mayflies. The male adult 

mayflies attract female mayflies by flying a few meters above the water's surface and 

performing a marital dance. The movement of dances replicates up and down movements 

creating a specific pattern which is an inspiration for the movement of variables and constraints 

in mayfly algorithm [163].  

The mayfly algorithm models the matting process of mayflies. During the process, it assumes 

that after hatching, the mayfly becomes an adult, and the healthiest one will survive, ignoring 

the life expectancy. Mathematically, the location of each mayfly represents the possibility of 

achieving a suitable solution space. A certain amount of male and female mayflies is generated 
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randomly, implying that the initial position of search parameters is selected randomly in the 

search space. And is shown by the positioning vector 𝐿 = (𝑙1, 𝑙2, 𝑙3, … , 𝑙𝑛)
𝑝. The objective 

function tests the operational performance of this vector. To update the position of mayflies, 

the speed vector 𝑆 = (𝑠1, 𝑠2, 𝑠3, … , 𝑠𝑛)
𝑝 is utilised, which describes the movement pattern of 

mayflies on social and individual movement practices. The search parameters update their 

position based on their own individually tested position.  The mayfly algorithm consists of 

three main components, which are described below. 

3.4.1 Movement of male mayflies 

Since it has been established that male mayflies update their position according to social or 

individual experiences, it can be expressed mathematically as:  

 𝑙𝑖
𝑡+1 = 𝑙𝑖

𝑡 + 𝑠𝑖
𝑡+1 (3.22) 

where 𝑙𝑖
𝑡 is the position of the 𝑖𝑡ℎ  mayfly within the range of 𝑟𝑚𝑖𝑛 and 𝑟𝑚𝑎𝑥. 𝑙𝑖

𝑡+1 and 𝑠𝑖
𝑡+1 is 

the position and speed of mayflies, respectively, in the next time step. Due to the nuptial dance 

of male mayflies a few meters above the water surface, mayflies do not achieve high speeds 

and move at a constant pace. Their speed can be expressed as: 

 𝑠𝑖𝑗
𝑡+1 = 𝑠𝑖𝑗

𝑡 + 𝑘1𝑒𝑥𝑝
𝛼𝑑𝑙

2
 × (𝑙𝑏𝑒𝑠𝑡𝑖𝑗 − 𝑙𝑖𝑗

𝑡 )) + 𝑘2𝑒𝑥𝑝
𝛼𝑑2

2
× (𝑔𝑏𝑒𝑠𝑡𝑗 − 𝑙𝑖

𝑡)) (3.23) 

where 𝑘 is constant for favourable attraction used to scale the shares of both cognitive and 

social elements. 𝛼 is the limiting factor of the distance between two mayflies. 𝑑 presents the 

cartesian distances between the mayfly position with 𝑙𝑏𝑒𝑠𝑡 the best current position and 𝑔𝑏𝑒𝑠𝑡 

is the 𝑗𝑡ℎ position component of the fittest male mayfly.  To solve the minimisation problem, 

the current best position 𝑙𝑏𝑒𝑠𝑡𝑖𝑗 at next time step can be calculated as: 

 
𝑙𝑏𝑒𝑠𝑡𝑖𝑗  =     {

𝑙𝑖
𝑡,                  𝑓(𝑙𝑖

𝑡+1) < 𝑓(𝑙𝑏𝑒𝑠𝑡𝑖)

𝑙𝑏𝑒𝑠𝑡𝑖, 𝑓(𝑙𝑖
𝑡+1) ≥ 𝑓(𝑙𝑏𝑒𝑠𝑡𝑖)

 (3.24) 
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To define the quality of the optimal solution, 𝑙𝑏𝑒𝑠𝑡𝑖𝑗 can be used as an objective function. As 

mentioned in Equation (3.23), the cartesian distances (𝑑1 and 𝑑2) between the present and 

previous best position of mayflies can be expressed as: 

 

‖𝑙𝑖 − 𝐿𝑗‖ =     √∑(𝑙𝑖𝑗 − 𝐿𝑖𝑗)2
𝑛

𝑗=1

 (3.25) 

where 𝑙𝑖𝑗 presents the location of 𝑗𝑡ℎ element of 𝑖𝑡ℎ mayfly and 𝐿𝑖 is either 𝑙𝑏𝑒𝑠𝑡𝑖 or 𝑔𝑏𝑒𝑠𝑡𝑖. 

To continue achieving optimal results, the fittest mayflies must continue the nuptial dance in 

up and down movements, and in doing so, the healthiest mayfly must produce a variance within 

their speed that provides an additional random feature to the algorithm, which can 

mathematically be written as: 

 𝑙𝑖𝑗  =    𝑠𝑖𝑗
𝑡 + δ ∗ R   (3.26) 

where δ is the nuptial dance coefficient, and R is the additional random value within the range 

of (−1,1). 

3.4.2 Movement of female mayflies 

Comparatively, female mayflies have a different pattern of movement. Biologically adult 

mayflies only survive for one to seven days only. Therefore, the female mayflies are slightly 

faster in finding the fittest male mayflies to mate and reproduce. The velocity of the female 

mayfly is directly proportional to the speed of the male mayfly they want to breed.  Given that 

𝑞𝑖
𝑡 is the current location of the 𝑖𝑡ℎ female mayfly in the search region at a time step 𝑡, the 

position of the female mayfly will change by the addition of 𝑞𝑖
𝑡+1 to the current location and 

can be expressed mathematically as:  

 𝑞𝑖
𝑡+1 = 𝑞𝑖

𝑡 + 𝑠𝑖
𝑡+1  (3.27) 
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It is possible to randomise the attraction process of male and female mayflies. However, in this 

case, it is implemented as a predetermined process based on fitness function; thus best female 

attracts the best male mayfly, and the second-best female attracts the second-best male mayfly. 

The facilities during the attraction process can be calculated by Equation (3.28): 

 
𝑠𝑖
𝑡+1  =     {

 𝑠𝑖𝑗
𝑡 + 𝑘2𝑒𝑥𝑝

𝛼𝑑𝑚𝑓
2

 × (𝑙𝑖𝑗
𝑡 − 𝑞𝑖𝑗

𝑡 ),                  𝑓(𝑞𝑖) > 𝑓(𝑙𝑖)

𝑠𝑖𝑗
𝑡 + 𝜗 × 𝑟,                                                     𝑓(𝑞𝑖) ≤ 𝑓(𝑙𝑖)

 (3.28) 

where 𝑞𝑖𝑗
𝑡  presents the position and 𝑠𝑖𝑗

𝑡  presents the speed of 𝑖𝑡ℎ female mayflies in the 𝑗𝑡ℎ 

dimension at the time step 𝑡. The distance between male and female mayflies is shown by 𝑑𝑚𝑓
2 . 

𝜗 is the walk coefficient chosen randomly and is used by the female mayfly when she is not 

attracted by any male mayfly. Therefore, it flies erratically across the search regions within the 

range of (−1,1) and is represented by 𝑟 in Equation (3.28). 

3.4.3 Matting of mayflies 

The crossover operator covers the matting process between male and female mayflies. From 

the mayfly’s population, one male and one female parent mayfly are selected in the same 

behaviour as they were attracted to each other. The selection process is generally based on cost 

function or randomised. Afterwards, the selected mayflies breed with each other in a pattern of 

the first best female breeds, the first best male mayfly, and so on. As a result, offspring are 

produced, which are expressed in Equations (3.29) and (3.30): 

 δ1  =     𝜕 × 𝑚𝑎𝑙𝑒 + (1 − 𝜕 ) × 𝑓𝑒𝑚𝑎𝑙𝑒 (3.29) 

 δ2  =     𝜕  × 𝑚𝑎𝑙𝑒 + (1 − 𝐿𝜕 ) × 𝑓𝑒𝑚𝑎𝑙𝑒 (3.30) 

where 𝜕 presents the random value in a given range, δ1 and δ2 represents the offspring 1 and 

2, respectively. Male and female present parents mayflies and the initial speed of offsprings 

are set to zero. 
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3.4.4 Discussion 

This Section presents a contemporary optimisation algorithm called the Mayfly Algorithm. The 

Mayfly Algorithm employs a population-based approach, integrating features from other 

notable metaheuristic algorithms. It mimics the behaviour of adult mayflies, encompassing 

processes such as crossover, mutation, swarming, nuptial dance, and random walk. A key 

aspect of the Mayfly Algorithm is the use of distinct Equations for each male and female 

population, enhancing exploration capabilities. The foundation of the Mayfly Algorithm will 

be utilised in Section 6 to develop a hybrid optimisation algorithm tailored explicitly for hybrid 

railway vehicles, as proposed by the author in this thesis. The overall flowchart of the Mayfly 

algorithm process is presented in Appendix A, Figure 34. 

3.5 Dynamic Programming 

Dynamic programming is an exhaustive search and appropriate method for solving a wide 

range of search and discrete multi-stage decision optimisation problems. It was initially 

developed in 1950 and later refined by American mathematician Richard Bellman [164, 165]. 

Dynamic programming works on an old strategic technique known as divide and conquer. The 

original problem must be divided into isolated sub-problems and solved by each subproblem 

recursively. The optimal solutions to subproblems can produce an optimal solution to the actual 

problem [166]. 

3.5.1 Mathematical Presentation 

The objective function for the dynamic programming method can be presented for the “n” 

decision process as:  

 𝑘(𝑓1, 𝑓2, . . . , 𝑓𝑛) =  𝑀1(𝑓1)  •  𝑀2(𝑓2)  • … •  𝑀𝑛(𝑓𝑛) (3.31) 

And the sub cost function can be presented as:  

 𝑀𝑖 = 𝑗𝑚(𝑥𝑖)  •  𝑗𝑝(𝑥𝑖, 𝑓𝑖)  (3.32) 
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where: 

𝑓𝑖 is the decision made by the algorithm at time 𝑖; 

𝑥𝑖 presents the system state at the time 𝑖 and is allocated by the decision set (𝑓1, 𝑓2, . . . , 𝑓𝑖−1); 

𝑗𝑚 is the cost function of the system and is generated due to the system's state 𝑥𝑖; 

𝑗𝑝 presents the system shift function due to the system state 𝑥𝑖 and 𝑓𝑖; 

(•) presents the associatory binary operation of the algorithm, such as the addition or 

multiplication operation. 

Dynamic programming aims to minimize the objective function 𝑘 by utilising the set of 

decisions {𝑓1, 𝑓2, . . . , 𝑓𝑛}. If ∆𝑖 presents the processed decision calculations at the nth stage, 𝐹∗ 

signifies the optimal decision set {𝑓1
∗, 𝑓2

∗, … , 𝑓𝑛
∗}  solved by the objective function presented in 

Equation (3.31) at its maximum output and 𝑂∗denotes the minimum output of the objective 

function. 

 𝑂∗ = 𝑘(𝐹∗) = 𝑘(𝑓1
∗, 𝑓2

∗, … , 𝑓𝑛
∗) (3.33) 

To find 𝐹∗ multiple methods can be applied. However, the most natural way would be using 

the “Brute Force” method. The brute force algorithm can find all possible combinations of 

possible solutions at every stage and choose the most optimal solution produced by each 

combination. Implementing this method to substantial problems can cause excessive 

computational complications. However, for minor problems, it's very cost-effective and 

possible.  

The ideal way would be to divide the problem into small problems. Then solve each problem 

by initially optimizing the sub-objective function and then achieving the optimal solution for 

the entire problem. The problem has various stages of decision-making. It is instinctive to 

divide the problem into steps to ease decision-making.  
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 𝑂∗ = 𝑚𝑖𝑛(𝑓1,𝑓2,...,𝑓𝑛)∈∆{𝑘(𝑓1, 𝑓2, . . . , 𝑓𝑛)}  = 

𝑚𝑖𝑛𝑓1∈∆1{𝑚𝑖𝑛𝑓2∈∆2{… {𝑚𝑖𝑛𝑓𝑛∈∆𝑛
{𝑘(𝑓1, 𝑓2, . . . , 𝑓𝑛)}}… }}  

(3.34) 

where:  

∆ =  ∆1 × ∆2  × … ∆𝑛 and 𝑓𝑖  ∈  ∆𝑖 are presented as sequential decision processes[166].  

In dynamic programming, the decision-making process is entirely based on previous decisions 

made by the algorithm, i-e. 

 ∆𝑖 =  𝑓∆(∆1, ∆2, … ∆(𝑖−1) (3.35) 

Equation (3.35) above states that the stages in the decision process are defined by the decision 

made by the algorithm in the past. Equation (3.34) presents that each minimum function can 

be established to find an optimal solution to the sub-problem.  

 𝑚𝑖𝑛(𝑓𝑖∈∆𝑖{𝑘(𝑓1, 𝑓2, . . . , 𝑓𝑖−1, 𝑓𝑖, 𝑓𝑖+1, … , 𝑓𝑛)}  = 

𝑚𝑖𝑛𝑓𝑖∈∆𝑖
{𝑘(𝑓1, 𝑓2, . . . , 𝑓𝑖−1, 𝑓𝑖 , 𝑓𝑖+1

∗ (𝑓𝑖), … , 𝑓𝑛
∗(𝑓𝑖))} 

(3.36) 

In Equation (3.36) above, minimisation processes at the “ith” stage are shown, which are used 

to find the optimal solution strategy to minimize the cost incurred due to the decision set 

(𝑓𝑖, 𝑓𝑖+1, … , 𝑓𝑛) and 𝑓𝑖 is shown as the cost-to-go function [167]. Assuming that the function 

𝑓(𝑥𝑖) represents the solution for the cost-to-go function where  (𝑓𝑖, 𝑓𝑖+1, … , 𝑓𝑛) are yet to be 

produced subsequently, and 𝑓(𝑥𝑖)
∗  implies the optimal solution to the objective function. We 

have: 

 𝑓(𝑥𝑖)
∗  = 𝑚𝑖𝑛∆𝑖  {𝑚𝑖𝑛∆𝑖+1{… {𝑚𝑖𝑛𝑛{ 𝑀𝑖(𝑥𝑖 , 𝑓𝑖) • 𝑀𝑖+1(𝑥𝑖+1, 𝑓𝑖+1) • … •

 𝑀𝑛(𝑥𝑛, 𝑓𝑛)}}… }} 

(3.37) 

Substituting Equation (3.31) into (3.34) will give:  

 𝑂∗ = 𝑚𝑖𝑛𝑓1∈∆1{𝑚𝑖𝑛𝑓2∈∆2 {… {𝑚𝑖𝑛𝑓𝑛∈∆𝑛{𝑘(𝑓1, 𝑓2, . . . , 𝑓𝑛)}}… }} (3.38) 
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= 𝑚𝑖𝑛𝑓1∈∆1  {𝑀1(𝑥1, 𝑓1) • 𝑚𝑖𝑛𝑓2∈∆2  𝑀2(𝑥2, 𝑓2) • … • 

𝑚𝑖𝑛𝑓𝑛∈∆𝑛{𝑀𝑛(𝑥𝑛, 𝑓𝑛)} •}} = 𝑚𝑖𝑛𝑓1∈∆1  {𝑀1(𝑥1, 𝑓1) •  𝑓
∗(𝑥1)} 

Since  𝑂∗ =𝑓∗(𝑥1) in the above Equation (3.38) can be solved iteratively. 

3.5.2 Elements of Dynamic programming 

Typically dynamic programming can be applied to any optimisation problem, which must 

present two essential elements, i.e. overlapping subproblems and optimal substructure [168]. 

3.5.3 Overlapping Sub-problems 

Overlapping sub-problems can be defined as the process in which the algorithm solves the 

same sub-problem repeatedly to solve a given problem is said that the given problem has 

overlapping sub-problems.  

Dynamic programming adopts the general methodology of solving the problem by creating 

sub-problems, solving each sub-problem only once and storing the results into the lookup table 

where the solution to the problem can be obtained. This method eliminates the possibility of 

solving the same problem repeatedly. Hence, reducing the computation time. The storing 

process in dynamic programming is called memoisation [169].  

3.5.4 Optimal Sub-Structure 

The optimal substructure is when a problem exhibits an optimal solution to the problem, which 

contains the optimum solution to the sub-problems, regardless of initial conditions and choices 

made over the periods of solving the problem.  

In a problem where the optimal solution of sub-problems is the optimal solution to the original 

problem, it satisfies the principle of the optimal substructure. This dynamic programming 

property is based on the bellman principle of optimality [164]. Dynamic programming 

methodology is based on the sequence problem solving linked with the previous optimal 

solution to the sub-sequence. This bottom-up approach precedes dynamic programming to 
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move forward from small sub-problems to bigger sub-problems to achieve a solution to the 

given problem.  

3.5.5 Discussion 

It is concluded that dynamic programming solves the problems in a bottom-up fashion, where 

the simple problems will be initially solved before they move to complex problems. Solving 

complex problems usually takes exponential time to find the optimal solution. To rectify this 

issue, dynamic programming provides an excellent solution. Dynamic programming offers a 

guaranteed solution to combinatory optimisation problems with limited sizes occurrences.  

3.6 Hypothesis Development 

The existing literature offers a wealth of information on energy-saving strategies for railway 

systems, with a focus on optimising train driving profiles to reduce traction power and energy 

consumption or maximize the energy recovered through regenerative braking systems. 

However, there is a noticeable gap in the literature regarding the optimisation of hybrid train 

trajectories, particularly when considering the complex interplay between linear and non-linear 

constraints of hybrid railway vehicles and the proper distinction between different power 

sources. 

Based on the in-depth analysis of the literature in Chapters 3, 6 and 7, it is evident that previous 

research has explored optimisation, railway traction, and power supply simulation to a 

significant extent. However, the techniques employed in these studies are often conventional 

or rules-based, which may not be suitable for modern hybrid railway systems. This suggests a 

need for dedicated optimisation techniques that can effectively handle the linear and non-linear 

data sets associated with hybrid train operations. 

In light of these research gaps, this thesis proposes the following hypothesis: 
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A system-level Optimisation approach can be developed and applied to enhance the energy 

efficiency of hybrid railway vehicles, leading to improved operational performance and 

environmental sustainability. 

To address this hypothesis, the following research objectives are proposed: 

➢ Develop a simulation tool to evaluate the energy consumption and power demand of hybrid 

railway vehicles, taking into account the unique characteristics and constraints of these 

systems. 

➢ Model the hybrid railway vehicle traction system, focusing on the interactions between 

different power sources and energy storage devices, as well as the effects of various 

operational parameters on system performance. 

➢ Investigate modern optimisation algorithms and artificial neural networks for their 

applicability to hybrid train energy optimisation while also considering the potential 

adaptation of previous Optimisation techniques used for conventional railways. 

➢ Conduct case studies to demonstrate the feasibility and effectiveness of the proposed 

system-level Optimisation approach for hybrid railway vehicles, highlighting the energy 

efficiency improvements that can be achieved through this methodology. 

By addressing these research objectives, this thesis aims to make a significant contribution to 

the field of hybrid railway vehicle Optimisation, offering novel insights and practical solutions 

for enhancing the energy efficiency, operational performance, and environmental sustainability 

of these systems. 

3.7 Summary 

This Chapter reviewed the optimisation techniques such as numerical optimisation, 

metaheuristic algorithms, mayfly algorithm, and dynamic programming techniques. A detailed 

introduction to numerical optimisation is introduced in Section 3.2. The research highlights 
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that the numerical optimisation technique is ideal for solving non-linear optimisation problems 

by utilising true region and line search strategies. Section 3.3. illustrates the metaheuristics 

focusing on genetic algorithms, ant colony optimisation and modern differential evolution 

optimisation.  It is concluded that dynamic programming can solve huge optimisation problems 

due to its characteristic of breaking down problems into subproblems and solving them 

subsequently. This technique is prevalent in modern optimisation algorithms. 

The comprehensive review of optimisation techniques presented in this Chapter, including 

numerical optimisation, metaheuristic algorithms, the mayfly algorithm, and dynamic 

programming techniques, reveals several research gaps and opportunities that can be further 

explored to enhance the optimisation of hybrid railway vehicles and are mentioned as follows: 

Hybrid Optimisation Techniques: Although various optimisation techniques have been 

individually explored, there is potential for research on developing and implementing hybrid 

optimisation techniques that combine the strengths of multiple approaches. This could lead to 

more effective and efficient optimisation algorithms for hybrid railway vehicle energy 

management and operational performance. 

Adaptation of Optimisation Techniques for Hybrid Railway Vehicles: Many optimisation 

techniques have been widely used in other fields, but their direct application to hybrid railway 

vehicle optimisation may require further refinement and adaptation to address the unique 

characteristics and constraints of railway systems. Future research should focus on tailoring 

these techniques to better suit the specific requirements of hybrid railway vehicles. 

Comparison and Benchmarking of Optimisation Techniques: Limited studies have been 

conducted to compare and benchmark the performance of different optimisation techniques in 

the context of hybrid railway vehicle optimisation. This could provide valuable insights into 
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the most suitable Optimisation methods for various scenarios and problem formulations, 

guiding researchers and practitioners in selecting the best approach for their specific needs. 

Scalability of Optimisation Techniques: As hybrid railway vehicles become more complex 

and incorporate a greater number of energy sources, storage devices, and subsystems, the 

scalability of existing optimisation techniques should be investigated. Future research should 

aim to develop optimisation algorithms capable of handling large-scale and high-dimensional 

optimisation problems while maintaining computational efficiency. 

Real-Time and Adaptive Optimisation: In real-world railway operations, various factors, 

such as traffic conditions, passenger demand, and energy availability, can change dynamically. 

Developing optimisation techniques that can adapt to these changes in real-time would 

significantly enhance the performance and reliability of hybrid railway vehicles. This requires 

research on real-time optimisation algorithms and adaptive energy management strategies that 

can respond effectively to dynamic operating conditions. 

By addressing these research gaps and opportunities, future work can contribute to the 

development of more advanced optimisation techniques specifically tailored to the needs of 

hybrid railway vehicle optimisation. This will ultimately lead to improved energy efficiency, 

operational performance, and environmental sustainability of railway transportation systems.  
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4 DEVELOPMENT OF A HYBRID TRAIN SIMULATOR 

4.1  Introduction 

Simulation is generally defined as a method of replicating the behaviour of an event or 

operation via a suitably comparable situation or mechanism, typically for research or training 

purposes [170]. Technology has significantly evolved in recent decades, and modern computer 

technology allows access to any outcome of research or training operation with different 

scenarios. Simulations also provide a sustainable and cost-effective technique and information 

beforehand to engage in the physical development of any project. Various researchers have 

investigated railway systems via train movement simulators. Such as a general purpose model 

based on the algebraic structure to describe train movement was developed by Taylor and 

Petersons in 1982 [171]. Later, in 1995, Leachman and Dessouky introduced a simulator to 

analyse the traffic congestion on the railway track from downtown Los Angelos to San Pedro 

Bays [172]. A most recent multiple train simulator developed by Ning is capable of analysing 

various train movements on different railway lines with different singling systems, traction 

performance and speed limits [173]. 

Previous railway trajectory simulation studies [174-178] are usually based on conventional 

railway vehicle models and movements. Most of the designed simulations only consider the 

linear components of modelling the vehicle. Thus, making them incompetent to simulate a 

hybrid railway vehicle. This Chapter presents the development of a hybrid train simulator.  It 

is an expanded version of the studies that resulted in the paper "Operation and energy 

evaluation of diesel and hybrid trains with smart switching controls," published in  Control 

Engineering Practice, for which the author was the primary contributor and the lead author. 

A Hybrid Train Simulator (HTS) based on the time domain has been developed in MATLAB. 

The simulator can analyze hybrid train movements on various railway routes with traction 
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performance, customized speed limits and multiple power sources. The HTS scales multiple 

power sources according to journey requirements and real-time energy demand 

The hybrid train simulator (HTS) is developed using Lomonoff’s Equation [41]. The detailed 

schematic of HTS is shown in Figure 5.  

 

Figure 5: Block diagram of hybrid train simulator (HTS) 

 

The hybrid train simulator process is broken down into four Sections.  

1. Journey Profile: The journey profile includes track information, the geographical 

position of the train, speed limits and the station’s location. The journey information is stored 

in the lookup tables and retrieved before the simulation is initiated. Journey profile components 

are considered as the fixed input parameters. 

2. Operating Control Input: The HTS obtains the acceleration and power demand of the 

train from the information saved in the journey profile, then injected with control input “driving 

style” during the train journey at each step of the simulation process. These parameters are 

considered dynamic due to their adaptive nature. 

3. Core Algorithm: The core algorithm performs the main calculations and obtains the 

state change based on the present state, and so on, until the final condition is met. 

4. Outputs: The results achieved from the core algorithm are stored in the output block. 

These results are saved at each time step incorporating every state of the train during the 

journey. The output block produces results such as energy consumption, power demand, 
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traction forces, journey time and train trajectory, state of charge of the battery and hydrogen 

levels at various stages of electric components onboard the train. 

4.2 Vehicle Modelling 

Applying the fundamental physics law of vehicle motion is crucial for any train movement 

simulation. Lomonosoff’s Equation is widely used in the simulation of railway vehicle motion, 

based on Newton’s second law [47]. The complete differential Equation describing the train 

moment can be written as [179]: 

 
𝑀𝑡(1 + 𝜆)

𝑑2𝑠

𝑑𝑡2
= 𝑇𝑒𝑓𝑓𝑜𝑟𝑡 − [𝐶 (

𝑑𝑠

𝑑𝑡
)
2

+ 𝐵 (
𝑑𝑠

𝑑𝑡
) + 𝐴] − 𝑀𝑡 𝑔 sin(𝛼) (4.1) 

4.2.1 Adhesion 

Adhesion can be defined as a constraint of tractive effort generated by the powered axles. The 

adhesion of resistive forces also plays a vital role in vehicle dynamics and shall be deemed 

before calculating the tractive force. On a flat track, the adhesion limit assuming the maximum 

accessible tractive effort is shown in Equation (4.2) 

 𝑇𝑟𝑎𝑐𝑡𝑖𝑣𝑒 𝑒𝑓𝑓𝑜𝑟𝑡𝑚𝑎𝑥 = 𝜇𝑀𝑡𝑔 (4.2) 

where  𝜇 is the friction coefficient, 𝑀𝑡 is the total mass of the train, and 𝑔 is the gravitational 

acceleration. If the coefficient of friction value drops excessively low, an adverse wheel slip 

may occur, which will cause a wastage of energy and prevent increasing the train speed [53]. 

Previous studies [180-182] performed using full-scaled and scaled roller rig shows that the 

coefficient of friction 𝜇 does not differ for a clean and dry wheel surface. The 𝜇 will drop 

excessively to a low level and will be maintained with the increase in speed of the train if the 

surface of the track or wheel is covered with oil. However, the 𝜇 will decrease with the train's 

speed if the surface of the track or wheel is covered by water. 
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Increasing the number of motor-powered axles is common among train manufacturers To 

achieve maximum tractive force [183]. Equation (4.3) shows the maximum acceleration on a 

flat track.  

 𝑠

𝑡2
=  𝜇𝑔𝑘𝑑 (4.3) 

where 𝜇 is the coefficient of friction, 𝑔 is gravitational acceleration, 𝑠 is distance, 𝑡 is time and 

𝑘𝑑 is the ratio between motor-powered axles and the total number of axles. 

It is important to understand that the friction coefficient is generally considered independent of 

the vehicle's speed. However, realistically a slight decrease occurs at high speeds of vehicles 

[184].  

4.2.2 Resistance 

Multiple resistive forces counter the train's movement at a levelled track [185, 186]. The overall 

resistance of a train on a flat track is presented in Equation (4.4) 

 
𝑅 =  𝐶𝑣2 + 𝑀𝑡(𝐴 + 𝐵𝑣) +

𝐷

𝑟
 (4.4) 

where 𝐴, 𝐵, 𝐶 & 𝐷 are empirical constants associated with rolling resistance. 𝑀𝑡 is the mass of 

the train, 𝑣 is the velocity of the train, and 𝑟 represents the radius of track curvature. The 

constants mentioned in Equation (4.4) can be calculated by using empirical methods. It is 

observed that the term 
𝐷

𝑟
 used to calculate the curvature of the track has lesser-known effects 

when the train speed is less than 200 km per hour [187]. Therefore, the effect of mass and the 

rise in resistance anticipated to track curvature is negligible and can be presented as: 

 𝑅 =  𝐶𝑣2 +  𝐵𝑣 + 𝐴 (4.5) 

where 𝑣 is the speed of the train and the constants 𝐶, 𝐵, 𝐴 are also referred to as the Davis 

coefficients [187]. 
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4.2.3 Vehicle Traction Design 

The force required to carry the load is known as tractive effort. Tractive effort is a complicated 

non-linear function of the coordinates that characterise the vehicle's speed, which is 

apprehended in the contact of the wheel and track surface. Tractive effort depends on the 

driving torque of the traction motor via a mechanical reducer which creates driving torque on 

the tooth gear and is located at the axle of the wheelset. Tractive effort for a traction motor can 

be written as: 

 𝑇𝑘 = 𝑇𝑒𝑓𝑓𝑜𝑟𝑡 ∗  𝜇 ∗  𝜂𝑘 (4.6) 

where 𝑇𝑒𝑓𝑓𝑜𝑟𝑡 is a tractive effort, 𝑇𝑘 is a torque on the tooth gear, 𝜂 is the transmission ratio 

and 𝜂𝑘  is the efficiency of the tooth gear. 

4.2.4 Force Due to Gradient 

Force due to gradient is an essential component in vehicle design. It shows the effect of the 

gradient profile of a route and the acceleration due to gravity. If the vehicle moves uphill, it 

obtains a negative gravity acceleration element against the direction of vehicle movement. 

However, when a vehicle moves downhill, it obtains a positive acceleration element [173]. 

Force due to gravity can be written as: 

 𝐹𝑔 = 𝑀𝑡𝑔𝑠𝑖𝑛(𝛼) (4.7) 

where 𝑀𝑡  is the total mass, and α is slope angle. 

4.2.5 Effective Mass 

The moment of inertia, also known as the rotational allowance, is one of the crucial properties 

used in developing a vehicle. It measures vehicle resistance to angular acceleration, which 

increases with accelerated train mass and is shifted by the gear ratio and wheel diameter. The 

calculation of inertial properties is based on the actual weight and dimensions of various parts 

of the vehicle [188]. To improve the accuracy of vehicle simulation, the moment of inertia is 
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considered in the calculation of effective mass by using rotary allowance. Effective mass can 

be calculated by: 

 𝑀′ = 𝑀𝑡(1 + 𝜆 ) + 𝑀𝑙𝑜𝑎𝑑 (4.8) 

where 𝑀𝑙𝑜𝑎𝑑 is passenger load, and 𝜆 is a rotary allowance. 

4.2.6 Modes of movements 

Four typical movement modes are considered in the development of HTS [189] [190]. They 

are presented below: 

• Acceleration Mode: High power is used to move the train from low speed to high speed, 

overcome the effects of resistance and gravity, and accelerate it to the required rate.  

• Cruising Mode: Moderate power keeps the train at a constant speed. In this mode, train 

acceleration is zero. 

• Coasting Mode: Power is shut down in this mode; speed from the first two modes moves 

the train while the route's resistance and gradient help the train's movement. In the case 

of an uphill route, the train will slow down to the point where the braking event will take 

place, while in the case of a steep downhill route, the train will still accelerate unless 

intervened. 

• Braking Mode: In this mode, a braking event occurs, where service brakes are applied 

to reduce the train speed from higher velocity to stand still. 

 

Figure 6: Four modes of movement of the vehicle 
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4.3 Simulator I/O Description  

Various factors are considered in selecting driving control modes, such as the maximum train 

speed, target speed, track speed limit, headway distance, and train journey timetable. HTS is 

based on various input parameters, some are fixed, and some are dynamic. Route data is a fixed 

parameter consisting of information such as the gradient of the route, track speed limits and 

position of stations. Train characteristics are also a fixed parameter, consisting of general 

information about the train, such as weight, maximum speed, power sources, etc. Acceleration 

and distance are dynamic parameters, although the distance is already given in route 

information and can be used in the simulation. However, to satisfy the condition of working in 

the time domain, the distance from the route file is only used for reference points and calculated 

again in real-time during the simulation. Acceleration changes correspond to the train velocity 

and gradient and the selection of train movement mode. Train speed is a standalone input 

parameter that affects the Optimisation of a train journey. The speed values will change 

according to the track speed limit and approach to the nearest station. The dynamic parameters 

change from time to time and calculate further required information, such as the amount of 

energy used by the train to complete the journey, journey time and many more. 

4.3.1 Simulation Design 

HTS uses numerical integration to compute outputs. Initially, the simulator reads route and 

vehicle information and calculates the dynamic parameters for each step that form the vehicle 

course. Considering the time scale of the simulation, a small time-step ∆𝑡 in milliseconds for 

each iteration of calculation can produce a more precise result but will take an immense amount 

of computation time [173, 191]. Considering this, in HTS, the time step ∆𝑡 is set to 1 second. 

By using any personal computer, generating 6000 iterations based on 1-second time-step is 

easy and quick compared to 6000000 iterations for 100 minutes journeys based on a one-

millisecond time-step. The results generated, such as time taken to complete the journey, 
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energy consumption, train velocity, acceleration, distance, traction forces, braking and traction 

power, are stored in an array at each step and used in the next time step. 

If the train moves one time-step ∆𝑡 from 𝑆𝑡𝑒𝑝1 to 𝑆𝑡𝑒𝑝2 with an acceleration rate 𝑎, the train 

velocity 𝑣2 can be calculated by the following Equation (4.9). 

 𝑣2 = 𝑣1  + (𝑎 × ∆𝑡) (4.9) 

The basic concept of a vehicle accelerating between initial and final velocities is used to 

calculate the train's acceleration. Acceleration is calculated using Equation (10) by solving the 

Equation of train motion concerning the velocity with an initial and final speed as the 

assimilation limits.  

 𝑎 =   𝐹𝑜𝑟𝑐𝑒𝑇/ 𝑀
′ (4.10) 

where 𝐹𝑜𝑟𝑐𝑒𝑇 is traction force and 𝑀′ is the effective mass of the train.  

In HTS simulation, the train is set to accelerate at given speed limits using maximum accessible 

acceleration. To determine the maximum achievable acceleration, a threshold 𝑣𝑚𝑎𝑥 is set for 

the current speed limit 𝑣𝑙𝑖𝑚𝑖𝑡. Equation (4.11) is used to apply the threshold limit on speed.  

 𝑣𝑚𝑎𝑥 = 𝑣𝑙𝑖𝑚𝑖𝑡 − 𝐶 (4.11) 

where C is an arbitrary constant value in m/s. 

Two simple rules are introduced in the simulation to achieve a steady approach to speed limits. 

• If acceleration is above the maximum limit, it will be truncated. 

• If the acceleration is below a threshold speed, it will be equal to maximum 

acceleration. 

To achieve truncation of acceleration, velocity difference is calculated by using Equation 

(4.12). 

 ∆𝑣 =  𝑣𝑙𝑖𝑚𝑖𝑡 − 𝑣 (4.12) 

where ∆𝑣 is the difference between the current speed and speed limit, maximum acceleration 

is calculated by using Equation (4.13). 
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𝑎𝑚𝑎𝑥 = 𝑎𝑚𝑎𝑥

′ −
∆𝑣

𝑣𝑙𝑖𝑚𝑖𝑡 − 𝑣𝑚𝑎𝑥
 (4.13) 

where 𝑎𝑚𝑎𝑥
′  is the initial maximum acceleration. The train will operate in cruising mode if ∆𝑣 

and maximum acceleration is zero. 

Distance 𝑑2 is calculated by using Equation (4.14). Since the time step for each calculation in 

simulation is set to 1 second, the time was calculated using Equation (4.15). 

 𝑑2 = (∆𝑡 × 𝑣1)  + 𝑑1 (4.14) 

 𝑡2 =  𝑡1 + ∆𝑡 (4.15) 

The total energy consumed by the train traction system can be calculated by using Equations 

(4.16) and Equation (4.17) 

 
𝐸𝑇𝑜𝑡𝑎𝑙 =

1

2
+𝑀𝑡 ∗ ∆𝑣

2 +∫ 𝑅
𝑣2

𝑣1

− ∆ℎ𝑀𝑡𝑔  (4.16) 

 𝐸2 = (𝑃𝑡  ×  ∆𝑡) + 𝐸1 (4.17) 

where 𝑀𝑡 is the total mass of the train, ∆𝑣2 = (𝑣2
2 − 𝑣1

2), 𝑣1 is train speed at the current 

position of distance and 𝑣2 is train speed at the next position of distance. ∆ℎ is the difference 

between the track gradient at the current step and the next step. R represents train resistance 

calculated by Equation (4.5), and 𝑔 is the gravitational acceleration. 

Total Power can be calculated by (4.18). 

 𝑃𝑡 =  𝐹𝑡𝑣 (4.18) 

where 𝑃𝑡 is total power. 𝐹𝑡 is traction forces applied during the motion of the train, and 𝑣 is the 

speed of the train. 

4.3.2 Automatic Smart Switching Control  

The idea of implementing the smart switching technique is to evaluate the effect of power 

demand on power sources. The goal of smart switching is to avoid excessive use of power 

sources and to use the relevant power source only when required according to the power 

demand and track terrain. It is also considered to charge the battery with only regenerative 
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braking. This will restrict the fuel cell to provide only traction power and power required for 

onboard auxiliaries. This strategy will rid the fuel cell of being a utility for charging the battery 

during the journey. The HTS use the route’s gradient as a reference to switch power sources. 

When the track is levelled, the train will only use power from the battery. During elevation, 

both the battery and the fuel cell will start providing the power, while moving downhill, the 

train will use power from only the fuel cell. Total power is calculated by Equation (4.19) when 

the route's gradient is equal to zero.  

 𝑃𝑡,𝑖 = 𝑃𝑏 − 𝑃𝑎𝑢𝑥 (4.19) 

where 𝑃𝑏  is battery power and 𝑃𝑎𝑢𝑥 is auxiliary power used to power onboard auxiliaries such 

as air conditioning, door operation, lighting and providing power for users to charge their 

gadgets. When the gradient is greater than 0, the total power is calculated by Equation (4.20). 

 𝑃𝑡,𝑖 = 𝑃𝑏 + 𝑃𝑓 - 𝑃𝑎𝑢𝑥 (4.20) 

where 𝑃𝑏 𝑎𝑛𝑑 𝑃𝑓 are battery power and fuel cell power, respectively. When the gradient is less 

than 0, the total power is: 

 𝑃𝑡,𝑖 = 𝑃𝑓 − 𝑃𝑎𝑢𝑥 (4.21) 

Figure 7 shows the flowchart for the core algorithm of the HTS. The simulator reads the data 

from input files such as train position, speed limit, gradient, station location and dwelling time 

at each station. At time = 1 second, HTS finds the speed limit and gradient at the current step. 

The simulator will choose the appropriate power according to the gradient and start calculating 

velocity, traction, resistance and acceleration. Matching the speed limit from the input file, at 

each time step simulator will choose the required mode for speeding from lower train 

movement to higher or vice versa. Acceleration mode is used to speed up the train. Once the 

speed limit is achieved, HTS will choose cruising mode. When HTS detects the braking point, 

it will use coasting mode until the train arrives at the braking point, where HTS will apply 

braking mode, which will stop the train at the station. At the end of each time step, it calculates 
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power and energy consumption, separated according to different power sources with respect to 

route gradient. This process ends once the train arrives at the final station. All results are saved 

in appropriate arrays, and various graphical results are generated. 

Input Data

ti=1; di = 0;

vi = 0; Pt,i = 0;

Read Track Speed, 
Gradients and 

Station Information

di < sti
Final 

Station

Find the position of 
next speed limit 

change

Pt,i  = Pb Pt,i  = Pf + Pb Pt,i  = Pf

Choose Mode

aacc =  

vi +1 =  

acru =  

vi +1 =  

acoas =  

vi +1 =  

abrake =  

vi +1 =  

si+1 =   

Pt,i+1 =    

ti+1 = ti+1

Pt,i +1 = Pb when grad = 0

Pt,i +1 = pf  when grad < 0

Pt,i+1 = pf + pb when grad > 0

Save results in an 
array

Dwell time

Sti+1 =  

Output Figures

Save results to database

False

True True

False

Power 
Distributi

on

Check Gradient

Gradient = 0 Gradient > 0 Gradient < 0
False False

True True True

False

Acceleration Cruising Coasting Braking

Nomenclature:
ti   = Initial Time                             
di  = Initial Distance
Vi  = Initial Velocity
sti  = Station Position
acc = Cruising Mode
aco = Coasting Mode
Ac = Acceleration mode
abr = Braking Mode
Pf  = Fuel Cell Power
Pb = Battery Power
Pt,I = Initial Total Power

 

Figure 7: Flow chart of Hybrid Train Simulator 
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4.4 Validation of Hybrid Train Simulator 

The hybrid train simulator was validated based on the validation techniques proposed by [179]. 

An experiment was designed to generate test scenarios to achieve energy consumption, journey 

time, and distance travelled by train to validate HTS. The test was performed on all four modes 

of movement (acceleration, cruising, coasting and braking). Tests were also conducted with 

both zero and constant gradients to isolate any programming errors and further investigate 

them. The HTS is validated against the Matlab-based single train simulator (STS) developed 

by Dr Stuart Hillmansen [77] at the University of Birmingham. The main characteristics of 

HTS and STS are illustrated in Table 4. 

Table 4: Characteristics of HTS and STS 

Parameters HTS STS 

Number of Trains Single Single 

Calculation Step Time Distance 

Calculation from Acceleration Velocity, Distance Velocity, Time 

Integration Method Euler, Midpoint Euler 

Power Sources Multiple Single 

Power Scaling Automatic - 

Power Sources Switching Smart - 

 

A British class 150 diesel multiple-unit train model was used during the experiment for both 

analytical and simulation tests. The main characteristics of the British class 150 train are 

presented in Table 10. Although a hybrid train simulator can analyse multiple power sources 

at once, due to the lack of this ability in STS, HTS was kept to a single power source mode 

during the validation process. The length of the test route was set to 4 km. Since STS work in 

the distance domain and HTS works in the time domain, the STS was configured with a 

distance step of 1 meter, while HTS was configured with a time step of 1 second.  

Accelerating: During the acceleration phase of the simulation, constant power was provided 

by both simulators, and the train accelerated from 0 to 29.5 m/s. The test results presented in 

Table 5 indicate that both simulators have exceeded the analytical solution. Considering this, 
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the STS is in error by 2 meters which impacts the final time calculation by 0.52 seconds 

compared to the 1.24 seconds error of HTS. Alternatively, the HTS simulation significantly 

impacts distance calculation by the error of 10 meters. Since both simulators are microscopic 

and have comprehensive route geometry, such minute errors do not affect the final solution at 

full-scale trajectory calculations. They can be neglected or otherwise compensated based on 

the application of the simulator.  

Table 5: Results of acceleration at zero and 1% gradient test 

0 Gradient 

 Distance 

(m) 

Difference 

(m) 

Time 

(s) 

Difference 

(s) 

Energy 

(kWh) 

Difference 

(kWh) 

Analytical 896 - 62.24 - 9.19 - 

STS 894 -2 62.76 0.52 9.31 0.12 

HTS 886 -10 64 1.76 9.45 0.26 

1% Gradient 

Analytical 911 - 63.98 - 9.46 - 

STS 914 3 64.07 0.09 9.51 0.05 

HTS 917 6 66 2.02 9.84 0.38 

 

Cruising: During the cruising phase train cruised for 1,261 analytical meters. The results show 

that STS is in error by 0.1 seconds and HTS by 0.28 seconds, respectively, as shown in Table 

6. In cruising mode, both simulators can calculate approximately within the same range of 

parameters (distance), given that the cruising distance or the time is multiple of the simulation 

step size.  

Table 6: Results of cruising at zero and 1% gradient test 

0 Gradient 

 Distance 

(m) 

Difference 

(m) 

Time 

(s) 

Difference 

(s) 

Energy 

(kWh) 

Difference 

(kWh) 

Analytical 1261 - 45.19 - 2.51 - 

STS 1262 1 45.29 0.1 2.59 0.08 

HTS 1263 2 45.47 0.28 2.78 0.27 

1% Gradient 

Analytical 1509 - 54.19 - 3.47 - 

STS 1506 -3 54.25 0.06 3.50 0.03 

HTS 1507 -2 53 -1.19 3.44 -0.03 
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Coasting: Coasting mode is often used to optimise railway trajectories by applying various 

ranges of optimal coasting velocities or coasting points along the route. They are generally 

greater than zero; otherwise will result in errors. During the validation process, in both 

simulations, the train costs from the speed of 29.5 m/s to 0 m/s. The results indicate a similar 

pattern of errors in the distance, as shown in previous test results. However, HTS results are 

improved by showing negligible error in time consumed during the coasting mode. The STS 

carries an error of 3 meters, and HTS is in error by 0.07 seconds, as shown in Table 7. 

Table 7: Results of coasting at zero and 1%  gradient test 

0 Gradient 

 Distance 

(m) 

Difference 

(m) 

Time (s) Difference 

(s) 

Energy 

(kWh) 

Difference 

(kWh) 

Analytic 1328 - 51.67 - - - 

STS 1325 -3 51.95 0.28 - - 

HTS 1335 7 51.60 -0.07 - - 

1% Gradient 

Analytic 1077 - 41.95 - - - 

STS 1079 2 42.07 0.12 - - 

HTS 1072 -5 42 0.05 - - 

 

Braking: In this validation experiment, during the braking phase of a simulation, the train 

brakes from 29.5 m/s to 0 m/s with a variable braking power restricted to the maximum 

available braking power. The results indicate that the electric brakes significantly impacted the 

train's stop-off time and distance. It is also possible to apply manual constant braking power 

subject to maximum available braking power to stop the train. However, the results presented 

in Table 8 show improved results compared to the previous phases of the experiment. 

Therefore, the application of constant power braking was ignored in the validation process. 
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Table 8: Results of braking at zero and 1% gradient test 

0 Gradient 

 Distance 

(m) 

Difference 

(m) 

Time 

(s) 

Difference 

(s) 

Energy 

(kWh) 

Difference 

(kWh) 

Analytic 515 - 44.13 - 4.71 - 

STS 519 4 44.48 0.35 4.9 0.19 

HTS 516 1 44.91 0.78 5.19 0.48 

1% Gradient 

Analytic 503 - 42.91 - 4.69 - 

STS 501 -2 43.04 0.13 4.79 0.10 

HTS 504 1 43.15 0.24 4.96 0.27 

 

The results of validation experiments indicate that both simulators performed calculations 

within the range of ±5% error. At some phases of the investigation, the errors that appeared 

were negligible while performing full-scale train trajectory simulations due to their minute size. 

It is also observed that a respective calculation step in both simulators can significantly impact 

the precision of results. Given the nature of research work and validation against a proven 

Single train simulator and based on experiment results Hybrid train simulator is considered 

authentic and accurate for this research. 

4.5 Summary 

This Chapter delves into the development of the hybrid train simulator (HTS), which is integral 

to the research presented in this thesis. The comprehensive review of the mathematical 

modelling of hybrid railway vehicles is based on the Equations of motion, taking into account 

the constraints imposed by the route and driver on the train. By developing the HTS, the author 

has successfully achieved one of the primary objectives: creating a hybrid train movement 

simulator. 

Section 4.2 provides a detailed analysis of the general physical dynamics of the hybrid train, 

which is crucial for advancing railway vehicle development. Section 4.3 depicts the simulator's 

input and output design structure, which relies on a time-step approach for train modelling and 

power and energy management systems. 
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Section 4.3.2 introduces a novel feature: the Automatic Smart Switching of power sources 

installed onboard hybrid railway vehicles. This innovative mechanism ensures an efficient and 

seamless transition between energy sources. Section 4.4 presents the validation process for the 

HTS by comparing its performance to a Matlab-based single-train simulator developed at the 

University of Birmingham. Both simulators yield experimental results within an acceptable 

error margin of ±5%. 

The Hybrid Train Simulator (HTS) serves as a pivotal component in the forthcoming chapters 

of this thesis, contributing significantly to the exploration and development of various aspects 

of hybrid train systems. 

In Chapter 5, the HTS is employed to examine the practical application of automatic smart 

switching of power sources. This investigation delves into the intricacies of efficiently 

managing multiple power sources, such as internal combustion engines, electrification, fuel 

cells, and batteries, to optimise energy consumption and performance in hybrid train systems. 

Chapter 6 details the integration of the HTS with a sophisticated hybrid optimisation algorithm, 

which is designed to determine an optimised hybrid train trajectory. This process involves the 

careful consideration of numerous factors, including velocity, acceleration, traction forces, 

distance, time, power, and energy, to achieve a well-balanced energy-time trade-off without 

significantly compromising journey duration. This balance is crucial in creating sustainable 

transportation systems that can successfully navigate the complexities of modern urban rail 

transport. 

In Chapter 7, the HTS will generate a comprehensive dataset of hybrid train trajectories, which 

will serve as the foundation for predicting optimal trajectories using artificial neural networks 

(ANNs). The application of ANNs in this context allows for the efficient analysis of large 

datasets, enabling the identification of key patterns and trends that contribute to the 
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optimisation of hybrid railway vehicles. By leveraging the capabilities of the HTS, this chapter 

aims to demonstrate the potential for ANNs to predict hybrid train target parameters 

proficiently, thereby contributing to the overall goal of enhancing energy and environmental 

sustainability in urban rail transport.  
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5 ENERGY EVALUATION OF HYBRID TRAINS WITH SMART 

SWITCHING CONTROLS 

5.1 Introduction 

Previous studies presented the impact of the route and its gradient on vehicles [192-194]. 

However, there has not been yet done to scale the power source according to the route's gradient 

and required journey time. To address this issue, a technique of smart switching control is 

implemented in this Chapter which will help in scaling and using the power sources based on 

the gradient of the route. The smart switching controls are discussed elaborately in Section 4.3. 

It is an expanded version of the studies that resulted in the paper "Operation and energy 

evaluation of diesel and hybrid trains with smart switching controls," published in  Control 

Engineering Practice, for which the author was the primary contributor and the lead author. 

A generic route representing a typical British cross-country route and a typical vehicle that 

operates on such routes is used in the simulation in this Chapter. The simulation will present 

the benchmark results based on the rated values of the power sources simulated in a realistic 

environment and the optimised simulation where the power source values will automatically 

switch according to the route's gradient to achieve the most energy-efficient trajectory. 

5.2 Route Configuration 

Camp Hill Line in Birmingham was one of the final main lines introduced to the town during 

the ‘Railway Mania’ of 1830–1850. Motivations for restoring services to the line are to reduce 

congestion in the area, provide clean air and offer a greater transport infrastructure for the 2022 

Commonwealth Games. Three stops are made between the origin and destination; the route 

length is 11.2 km, and the return journey is 22.4 km, as in Table 9. Additionally, a 60 mph 

speed limit [147] is imposed on this line. Electrification infrastructure is close to Birmingham 
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city centre, with 1.36 km of overhead electrification. The point of electrification has been 

confirmed using Google Earth and railway track diagrams [195]. 

Table 9: Camphill Line Route Specifications 

Parameter Value 

Route Name Camp Hill Line 

Route Length 11.2 km 

Track Speed Limit 60 mph 

Service Operation Under Renovation 

Stations 8 

 

5.3 Vehicle Configuration 

The British Rail Class 150, also known as “Sprinter”, built by British Railway Engineering 

Limited York during 1984–1987 [10], was used in this simulation. The Sprinter has a very 

generic body frame with a rigid design. It has had a successful tenure of 33 years in service 

without any major setbacks or design flaws. The body frame and chassis design make it ideal 

for modification and retrofitting. Considering the conversion of the Sprinter after the removal 

of engines, transmission system, fuel tank and exhaust systems, it will provide enough space 

to accommodate fuel cells, batteries and hydrogen tanks without exceeding the original weight 

of the Sprinter [10]. Table 10 shows the specifications of a British Rail class 150 DMU [10]. 

Table 10: British Class 150 Train Specifications 

Parameter Value 

Tare mass 76.5 t 

Starting tractive effort 37.52 kN 

Maximum acceleration 0.5 m/s2 

Maximum speed 121 km/h 

Davis Equation R = 1.5 + 0.006v + 0.0067v2 

Diesel engine power 426 kW 

Auxiliary power 28 kW 

Diesel tank capacity 1500 L 

Energy available in diesel tank 14910 kWh 
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5.4 Benchmark Diesel Train Simulation 

The train was simulated with the original equipment manufacturer’s configuration in this 

benchmark simulation. This configuration comes with 425 kW diesel engine power and 14,910 

kWh energy in diesel fuel. The efficiencies applied in the benchmark simulation are 92.6% for 

the traction package, 95.6% for the diesel engine drive shaft to traction package and 29% for 

the diesel engine, as in Table 11 [7]. 

Table 11: Efficiencies applied during benchmark diesel train simulation 

Parameter Efficiency 

Traction Package 92.6% 

Drive Shaft 95.6% 

Diesel Engine 29% 

 

The dwelling time at each station is 60 seconds, while the turnaround time at the starting station 

(Kings Norton Station) and the terminus station (New Street Station) is 3 minutes. The 

benchmark diesel train required 36 minutes to complete the 22.40 km journey, including the 

turnaround time. During the journey, the train attained a maximum velocity of 96.56 km/h with 

an acceleration rate of 0.49 m/s2. 

Detailed simulation results for the diesel class 150 train are presented in Table 12. The results 

indicate that the train consumed 273 kWh of energy, with an average power of 91 kW at the 

wheels. 28 kW of power was dedicated to the train's onboard auxiliaries. Being a diesel multiple 

unit, the British Class 150 lacks modern power electronic equipment on board, and power is 

transmitted mechanically to the wheels via the driveshaft. The driveshaft produces 347 kW of 

power to the wheels from the diesel engine power plant. To generate 79 kWh of energy at the 

power plant, the diesel engines consumed 24 litres of diesel fuel. Onboard auxiliaries consumed 

an additional 19 kWh of energy, with the remaining energy being transmitted to the wheels via 

the driveshaft. 
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Table 12: Simulation Results for Diesel Class 150 Train 

Parameter Value 

Power  

Engine rated power 426 kW 

Total power at wheels 347 kW 

Average traction power at wheels 91 kW 

Auxiliary power 28 kW 

Energy  

Energy at wheels 54 kWh 

Energy at the driveshaft 59 kWh 

Auxiliary energy 19 kWh 

Power plant output energy 76 kWh 

Diesel engine output energy 79 kWh 

Energy contained in diesel 273 kWh 

Journey time 36 min 

Max velocity reached 96.56 km/h 

Max acceleration reached 0.49 m/s2 

 

 

Figure 8: British Class 150 train traction and braking power demand 

With 14910 kWh of energy from diesel fuel, the train can complete approximately 63 journeys 

without requiring refuelling. Each trip consumes roughly 24 litres of diesel, calculated using a 

lower heating value of 42.78 MJ to convert kWh energy to litres of diesel. Figure 8 illustrates 
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the traction and braking power demand throughout the journey and the route gradient. Future 

simulations of hybrid trains will examine the power demand changes based on the route's 

gradient in greater detail. 

 

Figure 9: British Class 150 train energy consumption during the journey 

Figure 9 displays the diesel train's energy consumption during a single return journey, noting 

that the benchmark diesel train is not equipped with regenerative or rheostatic brakes. Instead, 

braking energy is dissipated through mechanical brakes, such as disc or drum brakes. These 

brakes utilise friction to decelerate or stop the train, with the kinetic energy of the moving train 

converted to heat energy and dissipated into the environment. Nevertheless, the HTS has 

calculated the amount of regenerative energy that could be captured if the train were outfitted 

with regenerative braking. 

5.5 Benchmark Hybrid Train Simulation 

The hybrid benchmark train simulation simulated the train with a customized configuration. 

The diesel engine was replaced with a 200 kW fuel cell and 60.12 kWh battery. This 

replacement directly affected the train's weight by removing the engine, diesel fuel tank and 
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transmission system, including the driveshaft and alternator. Approximately 7 tonnes were 

removed and exchanged with the components necessary to operate hybrid trains. The 

replacement parts were a fuel cell, coolant and air subsystem, traction batteries, traction motor, 

power electronics and radiators. The extra weight added to the hybrid train was 4.5 tonnes. 

This made the final weight of the hybrid train 72.4 tonnes. The efficiencies applied in optimised 

simulations are presented in Table 13. 

Table 13: Efficiencies Applied During Benchmark Hybrid Train Simulation 

Parameter Efficiency 

Drive train 90.3% 

Traction motor 95% 

DC-BUS/IGBT 97.5% 

Fuel cell 50% 

Battery 87% 

 

The energy flow system adopted in both hybrid trains is presented in Figure 10. The form of 

electricity used to move the train and overcome friction and gravitational forces is known as 

traction energy [11, 47]. Traction energy is collected from both hydrogen and battery. 

 

Figure 10: Generic traction energy flow diagram 

The benchmark hybrid train was fitted with two power sources. However, the automatic 

switching between them was not enabled. Table 14 presents detailed results from the 
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benchmark hybrid train simulation. The train completed the journey in 38.37 min, consuming 

99 kWh of energy. This is 64% less than the energy consumed by the diesel version, at the cost 

of a 6% increase in journey time. Since in the benchmark hybrid train simulation, the auto-

switching between power sources was off, the traction power at the wheel was constant and 

supplied according to the traction power demand of the train. Figure 11 shows the hybrid 

benchmark train's traction and braking power demand. 

 

Figure 11: Hybrid benchmark train traction and braking power demand 

The hybrid train is equipped with ten carbon fibre tanks to store hydrogen. Each tank holds 7.4 

kg of hydrogen, which provides 2266 kWh of total energy. The battery levels are kept between 

20% and 80% to maximize battery life and reduce maintenance costs. Figure 12 presents the 

energy utilised by the benchmark hybrid train during one return journey. 
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Figure 12: Benchmark hybrid train total energy consumption 

 

Further calculations show that, during each journey, 23 kWh of energy is discharged from the 

battery, and 19 kWh of energy is recharged to the battery by regenerative braking since the 

battery is only charged once via the fuel cell when its charge level drops to 20%. Each return 

journey reduces battery charge by 8%, providing battery operation for nine return journeys 

only. After nine trips, the battery must be recharged up to 80% again. The state of charge of 

the battery used in the hybrid benchmark train is shown in Figure 13.  

To charge the battery to 80% requires 1.44 kg of hydrogen. There are several charging 

strategies that can be adopted to maintain the battery's state of charge. One option is to recharge 

the battery fully via the fuel cell after each journey, consuming 0.12 kg of hydrogen and 

eliminating the nine-return journey range for battery operation. This strategy will provide a 

range of approximately 23 return journeys.  
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Figure 13: Benchmark hybrid train battery state of the charge against time 

Alternatively, the battery can be charged up to 80% using 1.44 kg of hydrogen, which provides 

a range of around 26 return journeys. The railway operating companies can tailor the charging 

strategy choice based on their timetable and traffic management needs. The charging time 

required to charge the battery from 20% to 80% capacity is estimated to be 55 minutes, based 

on the battery's specifications and assuming 10% losses during the charging process. 

 

Table 14: Simulation Results of Benchmark Hybrid Train 

Parameter Value 

Power  

Fuel cell power 200 kW 

Battery power @1-C rating 60 kW 

Auxiliary power 28 kW 

Fuel cell power at wheels 151 kW 

Battery power at wheels 53 kW 

Average traction power at wheels 155 kW 

Energy  

Fuel cell energy at wheels 31 kWh 

Battery energy at wheels 14 kWh 

Total energy at wheels 46 kWh 

Fuel cell energy at traction motor 33 kWh 

Battery energy at traction motor 15 kWh 

Total energy at traction motor 48 kWh 

Fuel cell energy at DC-BUS 34 kWh 

Battery energy at DC-BUS 15 kWh 
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Total energy at DC-BUS 49 kWh 

Aux energy at DC-BUS from fuel cell 14 kWh 

Auxiliary energy at DC-BUS from battery 5 kWh 

Total auxiliary energy at DC-BUS 18 kWh 

Fuel cell output energy for traction & aux 47 kWh 

Battery output energy for traction & aux 20 kWh 

Total output energy for traction & aux 68 kWh 

Energy contained in hydrogen 95 kWh 

Energy contained in battery 23 kWh 

Regenerated energy saved in battery 19 kWh 

Total energy required for a return journey 99 kWh 

Hydrogen required for one return journey 2.85 kg 

Hydrogen required to charge battery up to 80% 1.44 kg 

Journey time 38.37 min 

Max velocity reached 89.34 km/h 

Max acceleration reached 0.49 m/s2 

 

5.6 Optimised Hybrid Train Simulation 

In the optimised simulation, the hybrid train was simulated with a similar configuration as the 

hybrid benchmark train simulation, with the same efficiencies applied. However, the essential 

element in this simulation was the automatic switching between power sources according to 

the track's gradient. Table 15 presents detailed results from the optimised hybrid train 

simulation. The results indicate that the Optimised Hybrid train required 99 kWh energy to 

complete the journey with 155 kW average power at the wheels. According to Table 15, 2.85 

kg of hydrogen was used to produce 95 kWh of energy for the traction and onboard auxiliaries. 

28 kW power from the fuel cell was dedicated for auxiliaries only and the rest for the train 

traction. The battery provided 23 kWh of energy for train traction during one return journey. 

Power and energy from the fuel cell and battery pack were transmitted via DC-BUS to the 

traction motor and wheels. Since the hybrid train was equipped with a regenerative braking 

system, it produced 19 kWh of energy via regeneration and was sent to the battery pack to 

recharge batteries.  

In the Optimised simulation, the train took 44 min to complete one return journey. A significant 

increase of 14.5% in journey time compared to the benchmark hybrid train and a 22% increase 
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compared to the diesel benchmark train was observed. The increase in journey time is due to 

the reduction in traction power. 

In the benchmark simulation, the traction power was constant according to the power demand 

of the train throughout the journey. However, in the Optimised simulation where auto-

switching between power sources was enabled, the traction power decreased on flat terrain 

where only the battery provided traction power. On downhill terrain, just the fuel cell was 

providing traction power. This decrease in traction power slows down the train for a short 

period to cope with the power demand of the track terrain. When the train was moving uphill, 

both the fuel cell and battery provided traction power; therefore, it did not cause any increase 

in journey time. 

 

Figure 14: Optimised hybrid train simulation power demand 

Figure 14 shows the traction power and braking power demand of the optimised simulation 

plotted over the track gradient to visualize the auto-power switching. Since both power sources 

were used according to the gradient of the track, excessive and constant use of power sources 

was discarded. This strategy could enhance the operating life of power sources while ensuring 

their reliability by improving the consistency of power sources; the time and costs used on 
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maintenance can be reduced [196].  Hybrid trains are more suitable for cross-country routes 

where traffic is less congested and less time-sensitive. They are also beneficial in keeping the 

area green as a hybrid train with fuel cell and battery combination has zero emission of carbon 

dioxide gas at the point of use compared to diesel trains [197]. It should be noted that the route 

used in this study was a test route. There is a possibility that there might be a more suitable 

route available for the technique of automatic switching of power sources. 

The train consumed 93 kWh of energy in the optimised simulation to complete one return 

journey. This is 6% less than the energy consumed by the hybrid benchmark train and 66% less 

than the diesel benchmark train. The hydrogen and battery control strategy was kept similar to 

the control strategy used in the hybrid benchmark simulation. The detailed results of the 

simulation show that the train utilised 92 kWh of energy from hydrogen and 16 kWh of energy 

from the battery; this is 30% less than the 23 kWh used from the battery in the hybrid 

benchmark simulation to the train spending a short period on flat terrain. It was also observed 

that the energy regeneration rate fell to 15 kWh compared to 19 kWh in the hybrid benchmark 

simulation; the logical reason for this decrease is the reduction in braking power demand 

according to the track's gradient. Figure 15 illustrates the utilization of energy during the 

Optimised hybrid train simulation. 

In the optimised hybrid train simulation, battery charge reduces by 2% during each return 

journey, providing an astonishing operation of 31 return journeys on one charge. After 31 

journeys, the battery must be recharged up to 80% again to make the train ready for a further 

31 journeys, subject to the availability of hydrogen. Hydrogen consumption is also slightly 

reduced to 2.77 kg per return journey in the Optimised simulation. Charging the battery to an 

80% charge level will require 1.44 kg of hydrogen, making the hydrogen consumption for the 

first Optimised journey 4.21 kg. The above results project that the Optimised hybrid train can 

achieve 26 return journeys on one hydrogen gas refill, similar to the benchmark hybrid train. 
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Figure 15: Optimised hybrid train simulation energy consumption 

The Optimised hybrid train can also adopt the strategy of charging the battery after each return 

journey. It will require 0.03 kg hydrogen to top the battery up to 80% after one return journey. 

This strategy will provide an unlimited range for train operation but will be restricted by 

hydrogen gas storage onboard, limiting its range to 26 return journeys. Figure 16 presents the 

state of charge of the Optimised hybrid train. 

 

Figure 16: Optimised hybrid train simulation state of charge 
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Table 15: Simulation Results of Optimised Hybrid Train 

Parameter Value 

Power  

Fuel cell power 200 kW 

Battery power @1-C rating 60 kW 

Auxiliary power 28 kW 

Fuel cell power at wheels 144 kW 

Battery power at wheels 53 kW 

Average traction power at wheels 126 kW 

Energy  

Fuel cell energy at wheels 29 kWh 

Battery energy at wheels 7 kWh 

Total energy at wheels 36 kWh 

Fuel cell energy at traction motor 31 kWh 

Battery energy at traction motor 7 kWh 

Total energy at traction motor 38 kWh 

Fuel cell energy at DC-BUS 32 kWh 

Battery energy at DC-BUS 8 kWh 

Total energy at DC-BUS 39 kWh 

Aux energy at DC-BUS from fuel cell 15 kWh 

Auxiliary energy at DC-BUS from battery 7 kWh 

Total auxiliary energy at DC-BUS 21 kWh 

Fuel cell output energy for traction & aux 46 kWh 

Battery output energy for traction & aux 14 kWh 

Total output energy for traction & aux 60 kWh 

Energy contained in hydrogen 92 kWh 

Energy contained in battery 16 kWh 

Regenerated energy saved in battery 15 kWh 

Total energy required for a return journey 93 kWh 

Hydrogen required for one return journey 2.77 kg 

Hydrogen required to charge battery up to 80% 1.44 kg 

Journey time 44 min 

Max velocity reached 88.87 km/h 

Max acceleration reached 0.49 m/s2 

 

5.7 Battery Charging Strategies 

The above simulations illustrate that the battery will only be charged via regenerative braking 

during the journey, disregarding the integration of a system that could charge the batteries 

during the journey or while the train is stationary at stations. This strategy is adopted to dedicate 

fuel cell usage only for traction during the journey. This will relieve the fuel cell's excessive 
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use and compromise traction power. Although, the simulation presents the hydrogen amount 

required to recharge the batteries at a certain level. Charging the batteries during the journey 

will directly affect traction power by redirecting a certain amount of power towards the 

batteries. This will reduce the wheels' traction power, slowing down train acceleration while 

increasing journey time. Alternatively, batteries can be charged at stations while the train is 

stationary. This will also increase the journey time, affecting the train timetable.  In conclusion, 

the selection of battery charging strategies solely depends on train operators according to their 

train operating schedules. 

5.8 Energy-Time Trade-off 

Energy consumption is crucial for the modern railway industry [173]. In general, if the train's 

speed is increased, it will cut the journey time short. However, increasing speed will also 

increase energy consumption and fuel costs. In such sophisticated cases, the trade-off between 

energy consumption and the journey time is accordingly taken into consideration [198, 199] 

The following mathematical Equations can articulate energy usage:  

 𝐸𝑡𝑜𝑡𝑎𝑙 = 𝑓(𝑎, 𝑉𝑡) 𝑖𝑓 𝑇𝑚𝑖𝑛  ≤ 𝑇𝑡𝑜𝑡𝑎𝑙  ≤  𝑇𝑚𝑎𝑥 (5.1) 

 𝑇𝑡𝑜𝑡𝑎𝑙 = 𝑔(𝑎, 𝑉𝑡) (5.2) 

where 𝑇𝑚𝑖𝑛 and 𝑇𝑚𝑎𝑥 are the minimum and maximum allowed scheduled journey times.  

The above simulation results show that the energy consumption can be traded off against 

journey time for a less dense route where speed is not essential. Energy trade-off can be further 

optimised by an Optimisation algorithm, which will be further discussed in Chapter  

5.9 Operational Performance Evaluation 

In terms of the battery charging strategies, the above simulations illustrate that the battery was 

only charged via regenerative braking during the journey, which disregards the integration of 

a system that could charge the batteries during the journey or while the train is stationary at 
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stations. This strategy is adopted to dedicate fuel cells only for traction during the journey. This 

will relieve the fuel cell's excessive use and compromise traction power. Although, the 

simulation suggests the hydrogen amount required to recharge the batteries at a certain level. 

Charging the batteries during the journey will directly affect traction power by redirecting a 

certain amount of power towards the batteries. This will reduce the wheels' traction power, 

slowing down train acceleration while increasing journey time. Alternatively, batteries can be 

charged at stations while the train is stationary. This will also increase the journey time, which 

may affect the train timetable.  In conclusion, the selection of battery charging strategies solely 

depends on train operators according to their train operating schedules. 

Based on comparative analysis, as shown in Table 16, diesel trains consume more energy with 

29% engine efficiency than hybrid trains with 50% efficiency of fuel cell and 87% of battery 

charging and recharging cycle. The hybrid trains, installed with carbon fibre tanks to store more 

hydrogen gas, can travel a longer distance with no correlation to their mass. 

Moreover, the Optimised traction system configuration with automatic switching is based on 

the best terrain selection for railway routes, followed by designing a customised switching 

protocol and marking the best switching points according to the route's gradient. It is also 

concluded that energy consumption can be traded off against journey time for a less dense route 

where speed is not essential. This trade-off will ultimately impact the lifetime of power sources, 

subsequently increasing their operational life and reducing maintenance costs. 

The case study concludes that an efficient traction system with auto-switching mode for urban 

and cross-country mid-range rail routes is feasible, cost-efficient and environmentally friendly 

where speed and time restrictions are not obligatory. 
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Table 16: Overall Comparison between Diesel Benchmark and Hybrid Trains 

Parameter Benchmark 

diesel 

Benchmark 

hybrid 

Optimised 

hybrid 

Power    

Diesel engine power 426 kW - - 

Fuel cell power - 200 kW 200 kW 

Battery power @1-C rating - 60 kW 60 kW 

Auxiliary power 28 kW 28 kW 28 kW 

Engine power at wheels 347 kW   

Fuel cell power at wheels - 151 kW 144 kW 

Battery power at wheels - 53 kW 53 kW 

Average traction power at wheels 91 kW 155 kW 126 kW 

Energy    

Total energy at wheels 54 kWh 46 kWh 36 kWh 

Total energy at driveshaft 59 kWh - - 

Total energy at traction motor - 48 kWh 38 kWh 

Total energy at DC-BUS - 49 kWh 39 kWh 

Total auxiliary energy 19 kWh 18 kWh 21 kWh 

Total output energy for traction & aux 79 kWh 68 kWh 60 kWh 

Regenerated energy saved in battery - 19 kWh 15 kWh 

Total energy required for a return journey 273 kWh 99 kWh 93 kWh 

    

Diesel required for one return journey 23 L - - 

Hydrogen required for one return journey - 2.85 kg 2.77 kg 

Range of train (return journeys) 63 26 26 

    

Journey time 36 min 38.37 min 44 min 

Max velocity reached 96.56 km/h 89.34 km/h 88.87 km/h 

Max acceleration reached 0.49 m/s2 0.49 m/s2 0.49 m/s2 
 

5.10 Summary 

This Chapter presents a comprehensive hybrid train modelling approach and the development 

of a time-domain train simulator for simulating hybrid train trajectories. A case study highlights 

automatic smart switching between multiple power sources based on the route's gradient, 

enabling an efficient propulsion system that provides economical use of multiple power 

sources. This consequently eliminates unnecessary strain on power sources, extending their 

lifetime and reducing maintenance costs [7, 200-204]. 

The case studies showcase a control strategy where the traction system can be configured 

according to the terrain of the area where the train operates. This approach significantly 
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improves battery and fuel cell life and reduces maintenance costs by using power sources on a 

need basis and eliminating forced charge and discharge of excessive-high currents [205, 206]. 

By utilising fewer power sources, the wear and tear on these power sources are minimised, 

ultimately prolonging their lifetime. However, the study reveals that this system configuration 

might not support long-haul journeys. 

The simulation results indicate a 6% reduction in energy consumption for a hybrid train 

equipped with auto-switching features compared to a benchmark hybrid and a 65% reduction 

compared to a diesel train. Results also show a significant increase in journey time for both 

hybrid trains compared to the diesel benchmark train due to the reduction in traction power. 

The optimised hybrid train takes 44 minutes to complete the journey, the benchmark hybrid 

train takes 38.37 minutes, and the diesel train takes 36 minutes. Although journey time is 

crucial for train operating companies, the novel traction system control strategy provided here 

is route-specific and may be acceptable for less dense routes. Alternatively, journey time could 

be improved by installing more powerful traction power sources, balancing the energy-time 

trade-off. Simulation results have also indicated a significant increase in journey time for both 

hybrid trains compared to the diesel benchmark train. This is logically correct due to the clear 

reduction in traction power in hybrid trains. In some cases, journey time matters for the train 

operating companies, but in this case, since the author is providing a novel traction system 

control strategy specific to one route, the journey time can be approved for less dense routes as 

provided by simulation. Alternatively, it can be improved by installing more powerful traction 

power sources.  
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6 SINGLE TRAIN TRAJECTORY OPTIMISATION BASED ON 

EVOLUTIONARY ALGORITHM 

6.1 Introduction 

Over the past several decades, railway transport systems have predominantly relied on 

conventional fuel sources, such as diesel and electricity, to power their operations [109]. 

However, recent legislation targeting carbon dioxide emissions has increasingly challenged the 

use of gasoline as a fuel source for railway vehicles. To address this issue, railway operators 

and governments have attempted to electrify railway tracks, only to face significant obstacles 

like exorbitant costs and grid stability concerns, particularly in urban areas [110]. As renewable 

energy systems rapidly expand and political focus shifts towards clean energy, the railway 

industry has turned to hybrid propulsion systems that harness renewable energy sources for 

powering railway vehicles [74]. In the context of sustainable travel models, Transit-Oriented 

Development (TOD) has emerged as a key strategy for encouraging environmentally friendly 

and efficient transportation systems. The existing literature highlights the importance of TOD 

in sustainable urban planning and its role in promoting the use of energy-efficient public 

transportation solutions [207, 208]. Unlike conventional railway vehicles, hybrid trains are 

inherently complex in terms of design and operation. The combination of hydrogen fuel cells 

and batteries in hybrid propulsion systems is gaining popularity as a means of decarbonising 

railway operations, particularly on less densely trafficked routes where electrification is not 

economically viable [111]. 

The challenges of hybrid transportation systems are multifaceted and include aspects such as 

hydrogen production, refuelling station infrastructure, propulsion system topology, power 

source sizing, and control mechanisms. A thorough evaluation and optimisation of these 

aspects are crucial for facilitating the adoption and commercialisation of hybrid railway 
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vehicles [117, 118]. Optimisation in energy systems typically involves identifying a single 

optimal solution to minimise or maximise an objective function [6], which is the process of 

determining the conditions or variable values that result in the minimum or maximum of the 

function [120]. It is important to note that 'optimisation' and 'improvement' are not synonymous 

and should be used judiciously [209]. The general optimisation problem seeks to find the 

minima and maxima of an objective function subject to specified constraints. 

Advancements in hybrid railway system technology have spurred significant research on 

optimising hybrid trains, such as developing energy management strategies for balancing 

battery charge and discharge rates, minimising hydrogen consumption and reducing fuel ageing 

costs.  These strategies are scalable and adaptive for conventional and bi-mode trains [210-

212]. However, despite the extensive research on trajectory optimisation for conventional 

trains, there is a gap in the literature concerning hybrid railway vehicles. Existing methods and 

algorithms may not be directly applicable to hybrid trains due to the complexity and unique 

characteristics of their propulsion systems. Hybrid railway vehicles involve the integration of 

multiple power sources, such as batteries and hydrogen fuel cells, which present additional 

challenges in optimising energy management and train dynamics. 

In addressing the research gap, this Chapter proposes a hybrid optimisation algorithm that 

utilises a non-convex objective function and considers both linear and non-linear constraints, 

ultimately offering a more tailored and efficient solution for the hybrid railway vehicles co-

optimisation problem. The algorithm focuses on identifying the best dataset, considering 

variables such as time, distance, energy consumption, power distribution, traction forces, 

acceleration, and velocity. By employing non-convex optimisation techniques, the need to 

convert non-linear datasets into linear datasets is circumvented, avoiding unnecessary noise 

and computational stress that often arise from such conversions. Consequently, the proposed 

method aims to maximise algorithm efficiency and deliver more accurate results for hybrid 
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railway vehicle optimisation. This innovative approach holds the potential to contribute 

significantly to the development of sustainable and efficient hybrid railway systems, paving 

the way for further advancements in the field of green transportation technologies. 

The proposed optimisation algorithm offers several notable contributions to hybrid railway 

vehicle optimisation and energy management. These contributions can be summarised as 

follows: 

• The development of a hybrid optimisation algorithm tailored specifically for hybrid 

railway vehicles, employing a non-convex objective function. This algorithm is capable of 

improving the efficiency of energy management systems in hybrid trains while simultaneously 

optimising their trajectories. 

• The proposed hybrid optimisation algorithm has implications for the advancement of 

driving profile and guidance systems, paving the way for more efficient and sustainable hybrid 

railway traction systems. 

• The study also contributes to the broader field of evolutionary optimisation processes 

for hybrid railway traction systems, providing a solid foundation for future research and 

development in this area. 

This Chapter is an expanded version of the studies that resulted in the paper " Hybrid railway 

vehicle trajectory optimisation using a non-convex function and evolutionary hybrid forecast 

Algorithm," submitted to be published in  IET, Intelligent Transport Systems, for which the 

author was the primary contributor and the lead author.  

The structure of this Chapter is as follows. Section 6.2 presents the literature review and briefly 

introduces the hybrid railway systems. Section 6.3 proposes the mathematical model of a 

hybrid railway vehicle in detail, including the proposed optimisation algorithm model. Section 

6.4 presents a case study employing the proposed hybrid optimisation algorithm for hybrid 
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railway vehicles, where the existing hybrid train configuration is optimised. Finally, Section 

6.5 concludes this Chapter and discusses future research directions. 

6.2 Hybrid Train Trajectory Optimisation Problem Formulation 

6.2.1 Hybrid Railway System 

A hybrid railway vehicle can generally be described as a railway vehicle equipped with two or 

more onboard power sources [58]. Hybrid propulsion traction systems come in various 

configurations, including a fuel cell combined with battery storage or supercapacitors, a diesel 

engine with battery storage, or a conventional bi-mode design featuring a pantograph and diesel 

engine onboard [59]. Modern railway systems have increasingly embraced hybrid traction 

systems due to their advantages over conventional traction systems and governmental 

legislation driving railway manufacturers to prioritise hybrid traction systems. Figure 17 

provides a graphical illustration of the hybrid railway vehicle used in this study.study.
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Figure 17: Hybrid railway vehicle equipped with hydrogen fuel cell and battery propulsion 

system 

6.2.2 Optimisation Problem Identification 

A hybrid train's journey, encompassing either a return or one-way trip, is referred to as a hybrid 

train trajectory. Like conventional railway vehicles, modern hybrid trains also face certain 

deficiencies. The hybrid railway system is presently grappling with the challenge of efficiently 

integrating multiple power sources on board while concurrently optimising the energy 
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management system, taking into account the ergonomic utilisation of these power sources. By 

effectively addressing these concerns, a hybrid train can attain optimal energy consumption, 

efficient power distribution, and economical use of power sources. 

Trajectory optimisation for railway vehicles has garnered significant attention in the literature, 

particularly concerning conventional trains. In a study conducted by [213], the authors 

formulated an optimal control problem aimed at minimising the energy consumption of a train 

travelling between two stations. They employed a continuous-time optimal control approach 

and resolved the problem using a direct transcription method in conjunction with non-linear 

programming. Similarly, in a study by [214], the authors proposed an optimisation approach 

based on dynamic programming for train trajectory optimisation in the context of energy 

conservation. They examined the influence of various factors, including train mass, traction 

resistance, and track gradient, on the optimised trajectory. 

In recent years, numerous optimisation techniques have been deployed to tackle the train 

trajectory optimisation problem. For instance, [215] utilised a model predictive control (MPC) 

strategy to optimise train trajectories while taking into account energy efficiency and travel 

time. The authors demonstrated that the MPC-based approach could optimise both the energy 

consumption and travel time of high-speed trains. Another study by [216] implemented a 

genetic algorithm to optimise the train speed profile and minimise energy consumption for 

regional trains subject to a fixed travel time constraint. A variety of energy management 

optimisation methods have been proposed and explored, including state machine strategies, 

fuzzy logic control, equivalent consumption minimization strategies, and more [217, 218]. 

Contemporary research predominantly focuses on fixed power demand [219]. One study [211] 

leverages the convexity of the specific consumption curve to enhance fuel economy and 

designs a scalable energy management strategy based on a suggested power-demand curve. 
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Another study [220] employs an online extremum-seeking method to estimate the maximum 

efficiency and power points of a fuel cell. 

In the context of fixed-speed trajectories for fuel cell hybrid trains (FCHTs) [221], researchers 

have divided the trajectory into four states: traction, braking, coasting, and station parking. 

They then distribute power between the fuel cell and supercapacitor (SC) using a multi-mode 

equivalent energy consumption method. Building on this work [222], researchers have 

extended the approach to multiple fuel cells, splitting power among them through an equivalent 

fitting circle method and optimizing SC power output via an equivalent energy consumption 

method. 

Yan et al. [223] optimised the speed trajectory to minimise energy consumption and determined 

a hybrid system control strategy based on minimum hydrogen consumption. Another study 

[224] proposed a rule-based energy management strategy to maximise regenerative braking 

energy recovery. A different method [225] used the motor characteristic curve, supercapacitor 

capacity, maximum acceleration, and other information to obtain the braking process speed 

trajectory, ensuring that the supercapacitor captures more regenerative braking energy. 

However, this method does not account for fuel cell efficiency. Sequential optimisation was 

applied in [226] to enhance fuel efficiency potential, developing a speed-smoothing strategy 

first, followed by battery charge optimisation based on the smoothed speed profile. Yet, train 

control strategies that directly impact traction energy demand are not included in the energy 

management process during the sequential optimisation process. This exclusion may 

compromise the effectiveness of the optimisation  methods. 

Genetic algorithms have demonstrated success in optimising single-train trajectories for DC 

traction systems in the context of solving linear optimisation problems [227-233]. In 

comparison, dynamic programming has exhibited superior performance over genetic and ant 

colony optimisation algorithms, particularly when the solution space converges during the 
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process of finding a solution [178]. On the other hand, brute force [234, 235] and direct search 

optimisation methods [236, 237] have proven to be inefficient, slow, and non-constructive in 

contrast to metaheuristic techniques. Predominantly, optimisation techniques employ a convex 

linear cost function. Although convex optimisation is time-efficient and relatively 

straightforward to implement, it provides a single optimal global solution with the potential 

uncertainty of a feasible solution to the problem [238-242]. In contrast to convex optimisation, 

non-convex optimisation functions examine multiple locally optimal solutions in order to 

explore a viable global solution to the problem. While non-convex optimisation is 

comparatively slower, it is highly efficient and offers a guaranteed optimal solution [243-247]. 

In the field of hydrogen & energy reduction for hybrid trains, recent research has explored 

various methods for co-optimizing train control strategies and onboard energy management 

simultaneously. In studies [248, 249], Pontryagin's Maximum Principle (PMP) and Dynamic 

Programming (DP) were integrated to address this issue by using the Hamiltonian as the 

objective function for DP. However, this approach was inherently limited by the "curse of 

dimensionality" and boundary-value problems. Peng et al. [250]  proposed dynamic 

programming for co-optimising train driving cycles and energy management in fuel cell trains. 

They suggested parallelising DP to reduce computation time. Nonetheless, as the dimension of 

state variables in the dynamic programming model increases, the algorithm's calculation time 

also rises significantly due to its inherent characteristics. Jibrin et al. [251] tackled the co-

optimisation of energy management and speed trajectory by formulating a convex optimisation 

model, employing convexity relaxation techniques to significantly improve calculation 

efficiency. However, convex optimisation necessitates that every constraint in the model is 

convex, which can limit the model's flexibility. In summary, current state-of-the-art studies 

have utilized Dynamic Programming and convex programming to address co-optimisation , 
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highlighting the benefits of applying co-optimisation  to hybrid trains. However, these methods 

still face limitations and challenges that need to be addressed. 

In the above-mentioned research, co-optimisation primarily employs dynamic programming 

[248-250] and convex optimisation [251]. However, this Chapter proposes a new method to 

address the co-optimisation problem, investigating the energy-saving mechanism of hybrid 

trains using the co-optimisation model based on Mixed Integer Non-Linear Programming 

(MINLP). Furthermore, there is a need for further exploration into the energy-saving potential 

of the regenerative braking process and the enhancement of fuel cell efficiency during 

application by leveraging the hybridisation of both fuel cells and onboard energy storage 

devices. Although optimisation algorithms have been successfully applied in the railway 

industry for conventional railway vehicles, a gap remains in the literature regarding hybrid 

railway vehicles, whose propulsion systems' complexity and unique characteristics present 

additional challenges in optimising energy management and train dynamics. Consequently, 

there is a growing demand for innovative optimisation algorithms tailored to hybrid railway 

systems. 

Existing research predominantly concentrates on optimisation techniques for conventional 

railway vehicles, leaving a noticeable gap in the application of these methods to hybrid railway 

systems. Hybrid railway vehicles possess unique propulsion system topologies compared to 

conventional trains, necessitating the development of advanced optimisation algorithms to 

effectively address their distinct challenges. These challenges include linear and non-linear 

constraints associated with hybrid railway vehicles, such as power source sizing, energy 

management, and train dynamics. To address this research gap, this study proposes a novel 

approach that utilises non-convex optimisation techniques, allowing for the optimisation of 

non-linear variables without conditioning while remodelling them as a linear dataset. This 
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method aims to reduce the noise in the dataset for optimisation caused by conditioning the 

benchmark dataset, thereby enhancing the results and efficiency of the optimisation process. 

The proposed optimisation technique is based on numerical and metaheuristic algorithms to 

address the optimisation problem in hybrid railway vehicle traction systems by developing a 

time-based MINLP co-optimisation model. The optimisation method employs a non-linear 

programming solver to solve the problem, interpreting it through a non-convex, improved 

Rosenbrock function combined with a highly efficient, improvised "Mayfly Algorithm." The 

Mayfly Optimisation  Algorithm (MOA) has emerged as a promising technique inspired by 

mayflies' unique behaviour and short lifespan [252]. MOA mimics the swarming and mating 

behaviours of mayflies, where the algorithm represents each mayfly as a candidate solution 

searching for the global optimum in the problem's search space. The short lifespan of mayflies 

encourages rapid exploration and exploitation of the search space, leading to faster 

convergence and improved results [253, 254]. The Rosenbrock function is a non-linear, non-

convex, and continuous function that poses a significant challenge for optimisation algorithms 

due to its narrow and curved valley containing the global minimum [255]. By employing the 

MOA to optimise the Rosenbrock function, researchers can assess the algorithm's accuracy, 

precision, and efficiency in handling complex optimisation problems with intricate landscapes. 

Several studies have reported the successful application of the MOA to various optimisation 

problems, including those involving the Rosenbrock function [256-259]. These studies have 

demonstrated that MOA can provide accurate and precise solutions for complex optimisation 

problems. Moreover, the algorithm has proven to be efficient in terms of convergence speed 

and computational complexity when compared to other metaheuristic algorithms [260, 261]. 

This study focuses on determining an optimal hybrid train trajectory for a mid-range light 

hybrid rail vehicle on typical British cross-country and intercity railway routes. The hybrid 
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train simulator [41] is used for benchmark simulation, and the proposed algorithm can 

simultaneously optimise multiple hybrid train trajectories. 

6.3 Methodology 

The hybrid algorithm proposed by the author efficiently solves multi-objective optimisation 

problems. It considers both global and local search, proving convergence speed and accuracy 

of optimisation based on improved Rosenbrock performance function and the Mayfly 

optimisation algorithm. Multiple techniques are implemented to cover the weaknesses of one 

method with others and achieve an optimal solution. The numerical approach is employed to 

perform the complex mathematical operation. The evolutionary algorithm mayfly is used along 

with Rosenbrock non-convex optimisation function to perform non-linear optimisation. The 

dataset of hybrid railway vehicles used in this study consists of train and route specifications, 

distance, energy consumption, power demand, traction forces, velocity, acceleration and 

journey time. The proposed optimisation algorithm was tested and calibrated with various test 

function variations to achieve the highest level of optimisation capability. 

6.3.1 Hybrid Railway Vehicle Modelling 

Distance-based mixed-integer linear programming (MILP) models are generally employed to 

identify the optimal speed trajectory for railway vehicles, where distance represents known 

parameters and time serves as variable parameters. However, the substantial computational 

effort is necessary when determining the power from onboard power sources, typically 

calculated using the formula 𝑃𝑖 =
𝐸𝑖
𝑡𝑡
⁄ . It is essential to recognise that both energy and time 

are variables, and the linearisation of the ratio in the MILP model leads to computational 

complexity due to the significant magnitude difference and non-linear relationship between 

energy consumption and the corresponding time in the 𝑖𝑡ℎ distance step. 
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As an alternative, this study proposes a time-based mixed-integer non-linear programming 

(MINLP) model to circumvent this non-linear relationship, where time is a known parameter, 

and distance is a variable parameter. The hybrid train's speed at each time step is determined 

by the MINLP model, assuming that the train accelerates and decelerates uniformly in each 

time step. The speed trajectory is divided into 𝑛 time steps, and the train travels through each 

step within a fixed time period, the length of which is set to 1 second per step in this case study. 

The distance travelled in the 𝑖𝑡ℎ step is denoted by ∆𝑑𝑖. 

The vehicle dynamics of the hybrid train were developed by using the Lomonosff Equation 

based on Newton's second law of motion, as shown in Equation (6.1). 

 
𝑀𝑡(1 + 𝜆)

𝑑2𝑠

𝑑𝑡2
= 𝑇𝐸 − [𝐶 (

𝑑𝑠

𝑑𝑡
)
2

+ 𝐵 (
𝑑𝑠

𝑑𝑡
) + 𝐴] − 𝑀𝑡𝑔 sin(𝛼) (6.1) 

It is assumed that the train maintains a steady rate of acceleration or deceleration in each time 

interval. As a result, the change in distance ∆𝑑𝑖 can be computed by using Equation (6.2). 

 ∆𝑑𝑖 = (∆𝑡 × 𝑣𝑣) (6.2) 

where 𝑣𝑖 is the hybrid train velocity in the 𝑖𝑡ℎ time step calculated by Equation (6.3). 

 
𝑣𝑖 =

1

2
× (𝑣𝑖 + 𝑣𝑖+1) (6.3) 

In order to determine the number of steps needed for the simulation, the total running time 𝑇 

and travel distance 𝐷 are considered. Which allows us to calculate the number of steps by 𝑛 =

 𝑇 ∆𝑡⁄ . As a result, the overall distance covered by the train must adhere to the imposed 

constraint as given by Equation (6.4). 

 

𝐷 =∑∆𝑑𝑖

𝑛

𝑖=1

 (6.4) 
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The traction forces exerted on the hybrid train are described by Davis's Equation presented in 

Equation (6.5). 

 𝑅𝑖 =  𝐶𝑣𝑖
2 +  𝐵𝑣𝑖 + 𝐴 (6.5) 

where 𝐴, 𝐵 & 𝐶 are empirical constants representing the rolling resistance of a hybrid train, and 

𝑅𝑖 represents the drag resistance in the 𝑖𝑡ℎ step. 

The acceleration and deceleration values, which are calculated using Equation (6.6), are set to 

ensure the safe operation of the hybrid train without exceeding their maximum values. 

 𝐴𝑎𝑐𝑐,𝑚𝑎𝑥  ≥  
(𝑣𝑖+1 − 𝑣𝑖)

∆𝑡⁄ =  𝑎𝑖  ≥ 𝐴𝑑𝑒𝑐,𝑚𝑎𝑥 (6.6) 

where 𝐴𝑎𝑐𝑐,𝑚𝑎𝑥 is maximum acceleration and 𝐴𝑑𝑒𝑐,𝑚𝑎𝑥 is the maximum deceleration rate of 

the hybrid train. The speed limit on the train is imposed by using Equation (6.7). 

 𝑣𝑖 ≤ 𝑣𝑖,𝑙𝑖𝑚 (6.7) 

The traction energy of the hybrid train is calculated by using Equation (6.8). 

 
𝐸𝑇𝑜𝑡𝑎𝑙 =

1

2
×𝑀 ∗ (𝑣𝑖+1

2 − 𝑣𝑖
2 ) + ∆ℎ𝑖𝑀𝑔 + 𝑅𝑖∆𝑑𝑖 (6.8) 

where 𝑀 is the total weight of the hybrid train, 𝑔 is the acceleration due to gravity, ∆ℎ𝑖 is the 

difference between the route's gradient. The traction power of the hybrid train is calculated by 

using Equation (6.9). 

 𝑃𝑇𝑜𝑡𝑎𝑙 = 𝐹𝑡𝑣𝑖 + 𝑃𝑎𝑢𝑥 + 𝑃𝑙𝑜𝑠𝑠  (6.9) 

where 𝐹𝑡 are traction forces, 𝑣𝑖 is the velocity of the hybrid train, 𝑃𝑎𝑢𝑥 is the auxiliary power 

used onboard and 𝑃𝑙𝑜𝑠𝑠 presents the power losses along the drive train. The state of charge of 

the hybrid train is calculated by using Equation (6.10). 
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𝑆𝑂𝐶𝐵𝑎𝑡𝑡 =

𝐸𝑖𝑛𝑖𝑡𝑖𝑎𝑙  +  ∑ 𝐸𝑗,𝑐ℎ𝑎𝑟𝑔 − ∑ 𝐸𝑗,𝑑𝑖𝑠𝑐ℎ
𝑖
𝑗=1

𝑖
𝑗=1

𝐸𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦
 (6.10) 

where 𝐸𝑖𝑛𝑖𝑡𝑖𝑎𝑙 is the initial available charge in the battery. 𝐸𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦 is the total capacity of 

battery. 𝐸𝑗,𝑐ℎ𝑎𝑟𝑔 is the charging energy at 𝑖𝑡ℎ step. 𝐸𝑗,𝑑𝑖𝑠𝑐ℎ is the discharging energy at 𝑖𝑡ℎ step. 

The output power of the fuel cell should not exceed the rated power, and the charging and 

discharging power of the battery should be within the rated charging and discharging power 

limits. These constraints are established based on the following conditions. 

 𝐸𝑖,𝐹𝐶 ≤ 𝑃𝐹𝐶,𝑚𝑎𝑥 ∆𝑡 

𝐸𝑗,𝑐ℎ𝑎𝑟𝑔 ≤ 𝑃𝑑,𝑚𝑎𝑥 ∆𝑡 

𝐸𝑗,𝑑𝑖𝑠𝑐ℎ ≤ 𝑃𝑐,𝑚𝑎𝑥 ∆𝑡 

(6.11) 

where 𝑃𝐹𝐶,𝑚𝑎𝑥 is the fuel cell's maximum output power. 𝑃𝑑,𝑚𝑎𝑥 is discharging power of the 

battery and 𝑃𝑐,𝑚𝑎𝑥 is charging power of the battery. 

6.3.2 Proposed Hybrid Optimisation Model 

The author proposes a novel hybrid optimisation algorithm, grounded in sequential hybrid 

optimisation techniques, to achieve optimised energy consumption for hybrid railway vehicles 

by focusing on train trajectory and energy efficiency. This hybrid optimisation algorithm is 

developed in MATLAB, which employs a numerical programming solver, 'fmincon', to tackle 

the non-convex optimisation problem and optimise the test function subject to non-convex 

constraints. The proposed hybrid algorithm follows a sequential optimisation method, 

considering both global and local search to ensure convergence speed and optimisation 

accuracy based on Speed Trajectory Optimisation and Energy Management Optimisation. 

Several techniques are incorporated to compensate for the limitations of one method with 

others, ultimately achieving an optimal solution. A numerical approach using MINLP & 
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Piecewise Non-Linearisation (PWNL) is employed to execute complex mathematical 

operations. 

The Speed Trajectory and Energy Management Optimisation functions are subject to non-

linear “convex and non-convex” constraints, with the forecast function performing non-convex 

optimisation. This study's hybrid railway vehicle dataset encompasses train and route 

specifications, gradient, distance, energy consumption, power demand, traction forces, 

velocity, and acceleration. The entire optimisation objective is to optimise the energy 

management of the hybrid train, which depends on speed trajectory and energy efficiency. 

Consequently, the process is divided into two steps: Speed Trajectory and Energy Management 

Optimisation. The Speed Trajectory Optimisation utilises the hybrid train's position data from 

the benchmark dataset, including distance, speed, and acceleration components, generating 

trajectory points for Energy Management Optimisation. The latter uses the remaining 

benchmark dataset elements, which include power, energy, and traction forces. The 

mathematical model of the proposed optimisation algorithm is discussed in the following 

Section. Figure 18 shows the framework schematic of the hybrid railway vehicle trajectory 

optimisation using the proposed algorithm. 

 

Figure 18: Framework schematic of hybrid railway vehicle trajectory optimisation algorithm 

6.3.3 Speed Profile Related Variables 

In the Mixed-Integer Non-Linear Programming (MINLP) model, a range of variables 

associated with speed is incorporated, exhibiting a non-linear relationship between them. To 
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manage these non-linear relationships, Piecewise Non-Linearisation (PWNL) is employed. 

PWNL enables the representation of a non-linear function through a series of non-negative 

variables. Initially, variables such as distance, velocity, and acceleration of the train at the 𝑖𝑡ℎ 

step is utilised to indicate the train's position and is expressed by Equations (6.12), (6.13) & 

(6.14). 

 

𝑑𝑖 =∑(𝑑(𝑥𝑖))

𝑡

𝑖=1

 (6.12) 

 

𝑣𝑖 =∑(𝑣(𝑥𝑖))

𝑡

𝑖=1

 (6.13) 

 

𝑎𝑖 =∑(𝑎(𝑥𝑖))

𝑡

𝑖=1

 (6.14) 

where 𝑡 represents the constraints on speed and acceleration, which are based on the distance, 

while 𝑥𝑖 denotes the variables of a special order set. The hybrid train's inequality constraints 

for the Speed Trajectory subset, derived from the benchmark dataset, are modelled using 

Equation (6.15): 

In Equation (6.15), minimum limits for the distance, velocity, and acceleration vectors are 

represented by 𝑑𝑚𝑖𝑛, 𝑣𝑚𝑖𝑛 and 𝑎𝑚𝑖𝑛, respectively. Conversely, 𝑑𝑚𝑎𝑥, 𝑣𝑚𝑎𝑥 and 𝑎𝑚𝑎𝑥 signify 

the maximum limits for distance, velocity, and acceleration. The instantaneous rates of the 

distance, velocity, and acceleration vectors are denoted by 𝑑𝐼𝑛𝑠𝑡, 𝑣𝐼𝑛𝑠𝑡 and 𝑎𝐼𝑛𝑠𝑡 respectively. 

The scalar value of the iterative time counter for the distance data from the benchmark 

 𝑑𝑚𝑖𝑛 < 𝑑𝑥 < 𝑑𝐼𝑛𝑠𝑡           𝑖𝑓 (𝑑𝑐𝑢𝑟𝑟𝑒𝑛𝑡 > 0), 

𝑣𝑚𝑖𝑛 < 𝑣𝑥 < 𝑣𝐼𝑛𝑠𝑡           𝑖𝑓 (𝑑𝑐𝑢𝑟𝑟𝑒𝑛𝑡 > 0) 

𝑎𝑚𝑖𝑛 < 𝑎𝑥 < 𝑎𝐼𝑛𝑠𝑡           𝑖𝑓 (𝑎𝑐𝑢𝑟𝑟𝑒𝑛𝑡 > 0) 

𝑎𝐼𝑛𝑠𝑡 < 𝑎𝑥 < 𝑎𝑚𝑎𝑥          𝑖𝑓 (𝑎𝑐𝑢𝑟𝑟𝑒𝑛𝑡 ≤ 0) 

(6.15) 
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trajectory is equal to 𝑑𝑐𝑢𝑟𝑟𝑒𝑛𝑡. Furthermore, 𝑑(𝑥𝑖), 𝑣(𝑥𝑖) and 𝑎(𝑥𝑖) represent the instantaneous 

points at a specific iterative time counter 𝑖. 

6.3.4 Energy Management Related Variables 

In this model, the final energy consumption of the hybrid train is calculated using traction 

power and tractive forces. The energy consumption rate for a hybrid train is closely associated 

with its output power and is typically represented in relation to normalised power. 

Consequently, within this proposed method, the energy consumption rate can be modelled by 

using Equations (6.16), (6.17) and (6.18). 

 

𝑃(𝑥𝑖
′) =∑∑ ∑ 𝑃

𝑡′

𝑥𝑖,𝑗
′ =1

(𝑥𝑖,𝑗
′ )

𝑆

𝑖=1

𝑁

𝑗=1

 (6.16) 

 

𝐹(𝑥𝑖
′) =∑∑ ∑ 𝐹

𝑡′

𝑥𝑖𝑗
′ =1

(𝑥𝑖,𝑗
′ )

𝑆

𝑖=1

𝑁

𝑗=1

 (6.17) 

 

𝐸(𝑥𝑖
′) =∑∑ ∑ 𝐸

𝑡′

𝑥𝑖,𝑗
′ =1

(𝑥𝑖,𝑗
′ )

𝑆

𝑖=1

𝑁

𝑗=1

 (6.18) 

In this model, 𝑁 denotes the constraints on Power, Energy, and Tractive Forces, while 𝑆 

represents the limits on the number of stations encountered during each route journey. 

Additionally, 𝑡′ signifies the constraints on the time required for the route journey in order to 

consume the total Power and Energy. This approach ensures a comprehensive and structured 

representation of the various factors influencing the hybrid train's energy consumption. The 

hybrid train inequality constraints of the energy consumption model are represented by 

Equation (6.19). 

 𝑃𝑚𝑖𝑛𝑖,𝑗 <  𝑃(𝑥𝑖𝑗) < 𝑃𝑖𝑛𝑠𝑡𝑖,𝑗            𝑖𝑓 (𝑃𝑖𝑛𝑠𝑡𝑖,𝑗   > 0) 

𝑃𝑖𝑛𝑠𝑡𝑖,𝑗 <  𝑃(𝑥𝑖𝑗) < 𝑃𝑚𝑎𝑥𝑖,𝑗          𝑖𝑓 (𝑃𝑖𝑛𝑠𝑡𝑖,𝑗  ≤ 0) 
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where 𝑃𝑚𝑖𝑛𝑖,𝑗 , 𝑃𝑖𝑛𝑠𝑡𝑖,𝑗 and 𝑃𝑚𝑎𝑥𝑖,𝑗  is the minimum instantaneous and maximum power values of 

the traction power subset. 𝐸𝑚𝑖𝑛𝑖,𝑗 , 𝐸𝑖𝑛𝑠𝑡𝑖,𝑗 and 𝐸𝑚𝑎𝑥𝑖,𝑗   is the minimum, instantaneous and 

maximum values of the energy subset. 𝐹𝑚𝑖𝑛𝑖,𝑗 , 𝐹𝑖𝑛𝑠𝑡𝑖,𝑗  and 𝐹𝑚𝑎𝑥𝑖,𝑗  is the traction forces subset's 

minimum, instantaneous, and maximum power values. 𝑃(𝑥𝑖,𝑗), 𝐸(𝑥𝑖,𝑗)  and 𝐹(𝑥𝑖,𝑗) represents 

the instantaneous points of power, energy and traction forces at the instantaneous time 𝑖, which 

is an iterative counter. 

6.3.5 Forecast Function (Non-Convex Constraints) 

The forecast function, incorporated from the Mayfly algorithm, serves as an equality constraint 

representing the hybrid train's journey time by analysing the route's total distance and energy 

consumption. Equation (6.20) presents the forecast Equation, which analyses the speed profile 

variables, including velocity, acceleration, and distance, to determine the journey's duration 

successfully. This method allows for a thorough evaluation of the hybrid train's performance, 

ensuring that the optimisation process takes into account all relevant factors. 

where, 𝑡̅ denotes the forecasted journey time while 𝐺𝑏𝑒𝑠𝑡(𝑥𝑖) and 2𝐺𝑏𝑒𝑠𝑡(𝑥𝑖)represent the 

instantaneous route gradient rates at the 𝑖𝑡ℎ iterative time counter from the forecast trajectory. 

(𝐺(𝑥𝑖 − 1)corresponds to the distinct set of gradient values from the starting point of the route 

𝐸𝑚𝑖𝑛𝑖,𝑗 <  𝐸(𝑥𝑖𝑗) < 𝐸𝑖𝑛𝑠𝑡𝑖,𝑗            𝑖𝑓 (𝐸𝑖𝑛𝑠𝑡𝑖,𝑗   > 0) 

𝐸𝑖𝑛𝑠𝑡𝑖,𝑗 <  𝐸(𝑥𝑖𝑗) < 𝐸𝑚𝑎𝑥𝑖,𝑗          𝑖𝑓 (𝐸𝑖𝑛𝑠𝑡𝑖,𝑗  ≤ 0) 

𝐹𝑚𝑖𝑛𝑖,𝑗 <  𝐹(𝑥𝑖𝑗) < 𝐹𝑖𝑛𝑠𝑡𝑖,𝑗            𝑖𝑓 (𝐹𝑖𝑛𝑠𝑡𝑖,𝑗   > 0) 

𝐹𝑖𝑛𝑠𝑡𝑖,𝑗 <  𝐹(𝑥𝑖𝑗) < 𝐹𝑚𝑎𝑥𝑖,𝑗          𝑖𝑓 (𝐹𝑖𝑛𝑠𝑡𝑖,𝑗  ≤ 0) 

 

 

(6.19) 

 

𝐺𝑏𝑒𝑠𝑡(𝑥𝑖 + 1)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ =    ∑𝐺𝑏𝑒𝑠𝑡(𝑥𝑖) + 

𝑡

𝑥=1

∑(2𝐺𝑏𝑒𝑠𝑡(𝑥𝑖) −

𝑡̅

𝑥=𝑡

  𝑑(𝑥𝑖 − 1), 

𝑖𝑓(𝐺(𝑥𝑖 − 1) > 𝐺𝑏𝑒𝑠𝑡(𝑥𝑖 − 1)) 

(6.20) 
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journey. Additionally, 𝐺𝑏𝑒𝑠𝑡(𝑥𝑖 − 1) is associated with the forecast value of the starting time 

for the route journey. Meanwhile, 𝐺𝑏𝑒𝑠𝑡(𝑥𝑖 + 1)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  signifies the forecast value of the journey 

time at the next point along the route. This comprehensive approach ensures that all relevant 

factors are taken into consideration when predicting the hybrid train's performance and journey 

time. 

The forecasted journey consumption of power, traction forces, and energy subsets from the 

energy management optimisation set are derived from the forecasting executed in Equation 

(6.21). The forecast Equation serves to estimate the total energy needed to complete the journey 

time by predicting the energy and power sets of the forecast trajectory. This method enables a 

comprehensive understanding of fuel requirements, allowing for more accurate and efficient 

energy management throughout the journey. 

 

𝐺′𝑏𝑒𝑠𝑡(𝑥𝑖,𝑗
′ + 1)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ =  ∑∑( ∑ 𝐺′𝑏𝑒𝑠𝑡(𝑥𝑖,𝑗

′ ) +

𝑡′

𝑥′=1

∑ 2𝐺′𝑏𝑒𝑠𝑡(𝑥𝑖,𝑗
′ ) −

𝑡 ′̅

𝑥′=𝑡′

  𝐺′(𝑥𝑖,𝑗
′ − 1))

𝑆

𝑖=1

𝑁

𝑗=1

 

𝑖𝑓(𝐺′(𝑥𝑖,𝑗
′ − 1) > 𝐺′𝑏𝑒𝑠𝑡(𝑥𝑖,𝑗

′ − 1)) 

(6.21) 

where 𝑡 ′̅ denotes the forecasted journey time. 𝐺′𝑏𝑒𝑠𝑡(𝑥𝑖,𝑗
′ ) and 2𝐺′𝑏𝑒𝑠𝑡(𝑥𝑖,𝑗

′ )represent the 

unique instantaneous points of the energy management-related vector at the respective time, 

station, and vector counters from the forecast trajectory, as evaluated using Equation (6.21). 

𝐺′(𝑥𝑖,𝑗
′, − 1) corresponds to the unique point at the first time-step backward journey time 

counter, originating from the instantaneous time iterative counter of the Energy Management 

vector within the benchmark trajectory. 

Meanwhile, 𝐺′𝑏𝑒𝑠𝑡(𝑥𝑖𝑗
′ − 1) signifies the unique point at the first time-step backward journey 

time iterative counter from the instantaneous journey time iterative counter of the Energy 

Consumption vector within the optimised trajectory. Lastly, 𝐺′𝑏𝑒𝑠𝑡(𝑥𝑖𝑗′ + 1)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ corresponds to the 
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unique point at the initial time-step forward journey time iterative counter from the 

instantaneous time iterative counter of the core vector in the optimised trajectory. The forecast 

Equation (6.22) evaluates the optimisation process's first iteration to the benchmark trajectory's 

final time. 

where 𝐺′(𝑥𝑖𝑗
′ − 2) corresponds to the unique point of the 2 (seconds) time-step backward 

journey time counter from the instantaneous time iterative counter of the energy consumption 

vector of the benchmark trajectory. 

6.3.6 Test Function 

The evaluation of the speed profile-related variables of the hybrid train from the benchmark 

trajectory is conducted by using a single non-convex test function. The proposed objective 

function employed for the benchmark dataset is as follows: 

 

𝑓(𝑥𝑖) =     [10
5−𝑚∑(𝐺(𝑥𝑖 + 1) − 𝐺(𝑥𝑖)

2)2 + (
1 − 𝐺(𝑥𝑖)

2

1015
)

𝑡

𝑥=1

] (6.23) 

In the proposed objective function, 𝐺(𝑥𝑖 + 1) represents the scalar distance value of the 

distance variable for a one-second time step forward from the instantaneous journey time 

iterative counter within the benchmark trajectory. The function 𝑓(𝑥𝑖)  has a mean of zero and 

a variance of one. Additionally, 𝑚 is a design constant with a set value of 3 for the distance 

vector in the benchmark journey. 

Conversely, the performance evaluation of the energy management-related variables subset, 

which represents the traction power, energy, and traction forces subset model, is assessed 

 

𝐺′𝑏𝑒𝑠𝑡(𝑥𝑖𝑗′ + 1)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ =   ∑∑( ∑ 𝐺′𝑏𝑒𝑠𝑡(𝑥𝑖

′) +

𝑡′

𝑥′=1

∑ 𝐺′𝑏𝑒𝑠𝑡(𝑥𝑖𝑗
′ − 1) −

𝑡 ′̅

𝑥′=𝑡′

  2𝐺′𝑏𝑒𝑠𝑡(𝑥𝑖𝑗
′ ))

𝑆

𝑖=1

 

𝑁

𝑗=1

 

𝑖𝑓(𝐺′(𝑥𝑖𝑗
′ − 1) < 𝐺′𝑏𝑒𝑠𝑡(𝑥𝑖𝑗

′ − 2)) 

(6.22) 
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through an alternative approach and presented in Equation (6.24). This method takes into 

account the unique characteristics and requirements of the energy management subset within 

the hybrid train trajectory optimisation process. 

 

𝑓′(𝑥𝑖,𝑗
′ ) = 105−𝑚

′
∑∑∑(𝐺′(𝑥𝑖,𝑗

′ + 1)

𝑡′

𝑥′=1

− 𝐺′(𝑥𝑖,𝑗
′ )2)2 + (1 − 𝐺′(𝑥𝑖,𝑗

′ )2)

𝑆

𝑖=1

𝑁

𝑗=1

 (6.24) 

In the above Equation, 𝑓′(𝑥𝑖,𝑗
′ ) evaluates the data from the initial to the final time of the 

iterative station and subset counter while also considering the sum of the differences from the 

scalar value of the instant journey time, station, and subset iterative counters, respectively. The 

term 𝑥𝑖,𝑗
′ + 1 denotes a one-second time step forward in the journey from the instant iterative 

time counter of the iterative station and subset counter of the benchmark subset. 𝐺(𝑥𝑖 + 1) 

signifies the unique value of a single subset of the forward journey time iterative counter of the 

iterative station and subset counter within the benchmark subset. 

The test function has a mean of zero and a variance of one, with 𝑚′  representing the design 

constant with values ranging from 0 to 24 for the core journey dataset. The design parameters 

for the cost function were established as follows: 

 
𝑚′ =    {

0 𝑡𝑜 13,                        𝑖𝑓 (𝑡′ > 2000)

14 𝑡𝑜 24                       𝑖𝑓 (𝑡′ < 2000)
 (6.25) 

6.3.7 Optimisation Function (Non-Convex Constraints) 

The optimisation function aims to minimise the isolated performance value of the test function 

and returns the optimised performance point from the core set of the journey's current time 

counter. Equation (6.26) calculates the optimised speed trajectory for speed profile and 

position-related variables at the optimised journey time. At each iteration from the initial time 

to the benchmark journey time, 𝑓(𝑥𝑖) evaluates and returns a scalar performance value, which 

is then passed to the optimisation function as depicted in Equation (6.26). This optimisation 
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function minimises the test function's scalar performance value. As a result, it yields the 

optimised unique performance point and the isolated distance value for the current journey time 

counter from the optimal trajectory's distance vector, as demonstrated in Equation (6.26). 

 

[ 𝐺𝑏𝑒𝑠𝑡(𝑥𝑖), 𝑓𝑏𝑒𝑠𝑡(𝑥𝑖)] = 𝑚𝑖𝑛𝑑  ∑𝑓(𝑥𝑖)

𝑡

𝑥=1

 (6.26) 

The instantaneous optimised performance function, denoted as 𝑓𝑏𝑒𝑠𝑡(𝑥𝑖) corresponds to the 

instant time ranging from 1 second to the benchmark journey time and is subject to the non-

linear inequality constraints of the hybrid train, as mentioned in Equation 15. 

𝐺𝑏𝑒𝑠𝑡(𝑥𝑖) represents the instantaneous optimised value of the distance and time non-linear 

dataset for the optimised performance function. The time of the optimised reference journey, 

 𝐺𝑏𝑒𝑠𝑡(𝑥𝑖)  coincides with the benchmark reference journey time, 𝐺(𝑥𝑖) 𝑡. The journey time of 

the optimised trajectory, 𝐺𝑏𝑒𝑠𝑡(𝑥𝑖), is replaced with the best journey time. By minimising the 

instantaneous value of the performance function at each iteration from the starting time to the 

benchmark journey time, the optimised distance vector is determined. 

The 𝑓′(𝑥𝑖,𝑗
′ ) from Equation (6.24) returns the optimised energy management-related variables 

and passes them to the optimisation function in Equation (6.27). This optimisation function is 

denoted as [ 𝐺′𝑏𝑒𝑠𝑡(𝑥𝑖𝑗
′ ), 𝑓′

𝑏𝑒𝑠𝑡
(𝑥𝑖𝑗

′ )]  minimises the instantaneous performance value at each 

time and station counter iteration. As a result, the function returns the optimised performance 

value and the optimised energy consumption dataset for the hybrid train trajectory. 

 

[ 𝐺′𝑏𝑒𝑠𝑡(𝑥𝑖𝑗
′ ), 𝑓′

𝑏𝑒𝑠𝑡
(𝑥𝑖𝑗

′ )] =  𝑚𝑖𝑛𝑑′∑∑ ∑ 𝑓′(𝑥𝑖𝑗
′ )

𝑡′

𝑥′=1

𝑆

𝑖=1

𝑁

𝑗=1

 (6.27) 

where  𝑓′
𝑏𝑒𝑠𝑡

(𝑥𝑖𝑗
′ ) represents the instantaneous optimised performance function with respect 

to the instantaneous time counter iterating from the initial time of the benchmark trajectory and 

the instantaneous station counter iterating from the initial station to the final station of the 
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benchmark trajectory. These iterations are subject to the inequality constraints of the hybrid 

railway vehicle stated in Equation (6.19).  𝐺′𝑏𝑒𝑠𝑡(𝑥𝑖𝑗
′ ) is the instantaneous value of the energy 

management-related variables of the optimised performance function. The optimised distance 

variable is evaluated by minimising the immediate value of the performance function at each 

iteration of the time, station and vector counter. 

6.3.8 Hybrid Optimisation Algorithm Calibration 

The hybrid optimisation algorithm underwent a calibration process using various test functions 

to ensure a robust and efficient cost function. These test functions comprised benchmark data, 

which was then evaluated by the optimisation and forecast functions. The calibration process 

employed a combination of typical non-convex and convex objective functions to fine-tune the 

algorithm's performance. The specific test functions utilised for calibrating the hybrid 

optimisation algorithm are detailed below: 

Table 17: List of test functions used to calibrate the proposed hybrid optimisation algorithm 

Function Equation Source 

Sphere 𝑓1(𝑥) =  ∑ 𝐺𝑥𝑖+1
2

𝑡

𝑖=1
 [262] 

Griewank 𝑓2(𝑥) =   
1

4000
∑𝐺𝑥𝑖

2

𝑡

𝑖=1

−∏cos (
𝑥𝑖

√𝑖
)

𝑡

𝑖=1

+ 1) [263] 

Rastrigin 𝑓3(𝑥) =     [(10
𝑡) +∑(𝐺(𝑥)2 − 𝐴𝑐𝑜𝑠(2𝜋𝑥)

𝑡

𝑥=1

] [264] 

Schaffer 𝑓4(𝑥) =   0.5 + 
𝑠𝑖𝑛2(∑ 𝐺𝑥𝑖

2𝑡
𝑖=1 ) − 0.5

(1 + 0.001 (∑ 𝐺𝑥𝑖
2𝑡

𝑖=1 ))
2 [265] 

Rosenbrock 𝑓5(𝑥) =  ∑ 100
𝑡−1

𝑖=1
 (𝐺𝑥𝑖+1

2 − 𝐺𝑥𝑖)
2 + (𝐺𝑥𝑖 − 1)

2       {
−50 ≤ 𝑥𝑖 ≤ 50

𝑖 = 1,2
 [266] 
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Ackley 

𝑓6(𝑥) =    −20 𝑒𝑥𝑝 [−0.2√
1

𝑑
∑𝐺𝑥𝑖

2

𝑡

𝑖=1

] − 𝑒𝑥𝑝 [√
1

𝑑
∑cos(𝐺2𝜋𝑥𝑖)

𝑡

𝑖=1

] + 𝑎

+ exp (1) 

[267] 

In above Equations 𝐺(𝑥)2 represents the unique data subset of speed profile and energy 

management-related variables. The function is evaluated on the hypercube 𝑥𝑖. 𝑡 represents the 

dimension of the solution space of each function. 

6.3.9 Hybrid Algorithm Performance Validation 

6.3.9.1.Parameter settings: 

A series of experiments were conducted on the hybrid optimisation algorithm to assess its 

performance. The non-negative constant, 𝑘, was utilised in this study to evaluate the convex 

and non-convex sets and was initially introduced in the forecast Equation (6.22). The hybrid 

optimisation algorithm was tested with various values of 𝑘, including 𝑘 = {1,2,3, … ,8}. The 

dimensions tested within the vector space of the hybrid algorithm were chosen based on the 

route journey time, 𝑡, which was approximately 35 minutes. This selection ensured a 

comprehensive assessment of the algorithm's effectiveness across different scenarios, 

ultimately contributing to the development of an optimised trajectory for hybrid railway 

vehicles. 

6.3.9.2.Experimental Results: 

The validation results for the Rastrigin, Ackley, Griewank, Schaffer, Rosenbrock, and Sphere 

functions, as discussed in Section 6.3.9, are presented in Table 18 and Table 19. The parameter 

𝑘 in the hybrid algorithm sets the optimisation parameters by manipulating key aspects of the 

optimisation function, which subsequently results in the exploration and exploitation of the 

optimised dataset. As the 𝑘 value in optimisation iterates from zero to a random value, there is 

an observed increase in the exploitation and a decrease in the exploration of the hybrid 

algorithm. The experimental results suggest that the best mean value of the optimised function 
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initially decreases for each test function optimisation, thereby improving the solution. 

However, as the value of 𝑘 increases, the solution deteriorates at specific points in certain cases, 

two of which are illustrated in Figure 18. 

Table 18: Optimisation of Rastrigin, Ackley & Griewank test function by the hybrid 

algorithm with 𝑘 = {1,2,3, … ,8} 

Test Functions  Rastrigin (𝒇𝟏) Ackley (𝒇𝟐) Griewank (𝒇𝟑) 

 No. of iterations Mean Mean Mean 

k = 1 15 1.86E-06 2.86E-03 1.06E-05 

k = 2 10 3.08E-08 1.58E-05 2.98E-07 

k = 3 19 2.99E-09 1.49E-06 3.47E-08 

k = 4 21 6.59E-10 6.96E-07 7.96E-09 

k = 5 17 2.15E-09 1.14E-06 2.84E-08 

k = 6 10 7.99E-09 7.58E-06 8.68E-08 

k = 7 12 9.59E-08 8.69E-05 7.69E-07 

k = 8 14 4.81E-06 2.11E-03 3.19E-05 

 

Table 19: Optimisation of Schaffer, Rosenbrock & Sphere test function by the hybrid 

algorithm with 𝑘 = {1,2,3, … ,8} 

Test Functions  Schaffer (𝒇𝟒) Rosenbrock (𝒇𝟓) Sphere (𝒇𝟔) 

 No. of iterations Mean Mean Mean 

k = 1 15 2.96E-04 1.88E-08 2.85E-07 

k = 2 10 1.99E-06 1.60E-10 2.31E-06 

k = 3 19 2.48E-07 1.50E-11 2.99E-09 

k = 4 21 5.96E-08 7.03E-12 8.97E-05 

k = 5 17 2.19E-07 1.15E-11 3.54E-07 

k = 6 10 6.88E-07 7.66E-11 8.51E-08 

k = 7 12 7.67E-06 8.78E-10 8.69E-07 

k = 8 14 3.41E-04 2.13E-08 2.58E-07 

 

It was observed that the performance of the hybrid algorithm employing the Rosenbrock test 

function with 𝑘 = {4, 5 & 6} outperformed all other test functions. The Rastrigin function 

demonstrated performance levels nearest to the Rosenbrock function; however, for the final 

implementation, only the Rosenbrock test function was used to perform the case study 

presented in Section 4. This decision was made based on the superior performance of the 
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Rosenbrock function in the validation results, which indicated its suitability for effectively 

optimising hybrid railway vehicle trajectories. 

 

Figure 19: The variations of the best mean value of the Rosenbrock and Rastrigin function 

concerning k values of the hybrid algorithm 

6.4 Case Study 

In this research, the case study is conducted by employing a comprehensive simulation of 

benchmark trajectories for the hybrid railway vehicle, utilising the hybrid train simulator 

developed by the author in a previous study [41]. The simulation results derived from these 

benchmark trajectories are subsequently fed into the novel hybrid optimisation algorithm, 

specifically designed to optimise the single train trajectory of the hybrid railway vehicle. 

The case study aims to demonstrate the significant improvements achieved through the 

application of the proposed hybrid optimisation algorithm, such as a substantial reduction in 

energy consumption and more efficient utilisation of power sources throughout the journey. 

Moreover, the study will examine the delicate balance between energy and time trade-offs, 

which is critical in real-world applications of hybrid railway systems. A detailed block diagram 

illustrating the various stages and components of the optimisation operation is presented in 

Figure 20. This graphical representation offers further insights into the intricacies of the 
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proposed algorithm, thus facilitating a deeper understanding of the underlying optimisation 

process and its implications for hybrid railway vehicle trajectory optimisation. 

Hybrid Train Simulator
Benchmark Train 

Trajectory
Test

Function
Optimisation

Algorithm
Optimal Train 

Trajectory

  Journey Time
  State of Charge
  Traction Forces

  Power Calculations
  Energy Calculations

Distance
Acceleration

Traction Power
Train Information

Train Speed Profile
Route Information

  Journey Time
  State of Charge
  Traction Forces

  Power Calculations
  Energy Calculations

 

Figure 20: Block diagram of the optimisation process 

6.4.1 Route Selection 

In this case study, the author has undertaken a detailed analysis of four distinct routes, each 

chosen for its representation of British cross-country and intercity travel. Spanning a range of 

distances from 22km to 200km, these routes were carefully selected to provide a 

comprehensive and representative overview of rail travel within the UK. Each route is subject 

to a unique speed limit, as mandated by the regulations of Network Rail. While the speed limits 

of each route were not included in Table 20 due to the complexity of multiple speed limits 

across longer routes, they were taken into consideration in the analysis. 

Table 4 provides an overview of the name and distance of each route, which is instrumental in 

understanding the scope and scale of this case study. The diverse selection of routes ensures 

that the findings of this analysis can be applied to a broad range of travel scenarios, thus 

contributing to the development of more effective and efficient rail travel in the UK. 
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Table 20: List of the routes utilised in the case study, along with their corresponding 

distances. 

Route No. Name Distance 

1 Camphill – Birmingham New street 22.40 km 

2 Birmingham Moor Street – Strafford-upon-Avon 78.58 km 

3 Paddington – Marlow 100 km 

4 Gloucester – Westbury 199.37 km 

 

6.4.2 Vehicle Selection 

In this case study, a heavily modified British Class 150 rail vehicle equipped with a hybrid 

propulsion system has been chosen as the subject of analysis. Originally, the British Class 150 

diesel train was fitted with a pair of 213 kW Cummins engines, delivering a combined output 

power of 426 kW. For this investigation, the diesel engine was replaced with a 300 kW 

hydrogen fuel cell system and a 120.24 kWh battery pack, capable of providing 120 kW of 

power at a 1C discharge rate. It should be noted that the author's previous research has utilised 

a different variant of the same vehicle and route [4]. The specifications of the hybrid British 

Class 150 train under investigation are presented in Table 21. 

Table 21: Hybrid train specifications and efficiencies 

Parameter Value Efficiency 

Tare mass 74.2 t  Drive train 87% 

Starting tractive effort 37.52 kN Traction motor 95% 

Maximum acceleration 0.5 m/s2 DC-BUS/IGBT 97.5% 

Maximum speed 121 km/h Fuel cell 50% 

Davis Equation R=1.5+0.006v + 

0.0067v2 

Battery 94.5% [268] 

Fuel Cell 300 kW   

Battery 120.24 kWh   

Auxiliary power 28 kW   

Available Hydrogen 74 kg   

Energy available in Hydrogen 

Tanks 

2464 kWh   
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6.4.3 Trajectories Simulation 

Table 22 presents benchmark and optimised trajectories of a hybrid train for four different 

routes, comparing various power, energy, performance, and range parameters. A detailed 

technical analysis of the table enables us to derive key insights and assess the consistency of 

optimised values percentage for essential parameters, such as total energy at wheels, total 

energy at traction motor, the total energy required for a return journey, journey time, average 

traction power at wheels, and range. 

Total energy at wheels: The optimised trajectories consistently demonstrate a reduction in 

energy consumption at wheels for all routes. The reduction percentages are 10.91% (Route 1), 

12.04% (Route 2), 10.26% (Route 3), and 10.61% (Route 4). This consistency highlights the 

algorithm's ability to optimise energy consumption for diverse route profiles effectively. 

Total energy at traction motor: The optimised trajectories display reduced energy 

consumption at the traction motor for all routes: 12.07% (Route 1), 12.78% (Route 2), 11.46% 

(Route 3), and 11.99% (Route 4). These results indicate that the optimisation algorithm 

consistently improves energy efficiency at the traction motor. 

Total energy required for a return journey: A comparison between the benchmark and 

optimised trajectories reveals a decline in energy consumption for all routes. The reduction 

percentages are 17.78% (Route 1), 16.29% (Route 2), 16.75% (Route 3), and 16.54% (Route 

4). These findings suggest the optimisation algorithm's effectiveness in improving energy 

efficiency. 

Journey time: The optimised trajectories across all routes feature a slight increase in journey 

time compared to the benchmark values. The differences range from 0.12 minutes (Route 1) to 

0.48 minutes (Route 4). This trend suggests that the optimisation algorithm prioritises energy 
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efficiency over minimising journey duration, which may be an essential consideration for real-

world applications. 

This increase in journey time can be seen as an energy-time trade-off, where the algorithm 

accepts slightly longer journey times in exchange for significant reductions in energy 

consumption. This trade-off is particularly relevant in the context of hybrid railway systems as 

it balances operational efficiency with environmental and economic concerns. By reducing 

energy consumption, the hybrid train lowers its operational costs. It contributes to reducing 

greenhouse gas emissions and overall environmental impact. Therefore, the energy-time trade-

off achieved by the optimisation algorithm demonstrates its value in addressing critical aspects 

of sustainable transportation, making it a viable solution for enhancing the performance and 

efficiency of hybrid railway vehicles. 

Average traction power at wheels: Average traction power at wheels: The optimised 

trajectories show a reduction in average traction power at wheels across all routes. The 

reduction percentages are 18.06% (Route 1), 14.36% (Route 2), 14.14% (Route 3), and 14.10% 

(Route 4). This consistency indicates the algorithm's effectiveness in optimising traction power 

for improved efficiency. 

By reducing stress on traction power, the optimised trajectories not only contribute to energy 

efficiency but also have the potential to decrease maintenance requirements and increase the 

life of power sources. Lower average traction power at wheels means reduced wear and tear on 

mechanical components, such as motors and gearboxes, as well as decreased thermal stress on 

the electrical systems. As a result, maintenance costs can be lowered, and the service life of 

critical components can be extended, which ultimately leads to higher overall system reliability 

and cost-effectiveness. 
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Range: The range of the train shows improvements in the optimised trajectories for all routes. 

The increases are 16.00% (Route 1), 16.67% (Route 2), 20.00% (Route 3), and 33.33% (Route 

4). This improvement signifies enhanced operational efficiency. 

Energy and power distribution: The optimised trajectories showcase the hybrid optimisation 

algorithm's effectiveness in reducing the fuel cell power at wheels for all routes. This results in 

a more efficient energy distribution between the fuel cell and battery systems. This translates 

to decreased hydrogen consumption for one return journey across all routes, with savings 

varying from 0.42 kg (Route 1) to 2.89 kg (Route 4). The optimisation algorithm thus 

demonstrates its capability to optimise energy sources for hybrid railway vehicles. 

Performance metrics and journey characteristics: The optimised trajectories indicate 

improvements in several performance metrics. The maximum acceleration reached remains 

constant between the benchmark and optimised trajectories across all routes, indicating that the 

optimisation process does not compromise acceleration performance. The total distance 

travelled remains the same for both benchmark and optimised trajectories, highlighting the 

algorithm's ability to achieve energy efficiency without altering the route's overall distance. 

For brevity, the author focuses solely on Route 1, "Camphill - Birmingham New Street," for a 

visual presentation in this study. The benchmark trajectory results indicate an energy 

consumption of 90 kWh, utilising a maximum traction power at wheels of 342 kW. The 

benchmark trajectory was completed in 34.80 minutes, with an average traction power at 

wheels of 155 kW. 

In this configuration, 28 kW of fuel cell power was allocated exclusively for auxiliary systems, 

reducing the load stress on the battery. Table 6 reveals that, during the benchmark trajectory 

simulation, the fuel cell provided 33 kWh of traction energy at the wheels, while the battery 

pack contributed an additional 22 kWh. The braking system regenerated 35 kWh of energy 
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stored in the battery pack. The hybrid train consumed 2.85 kg of hydrogen for a return journey, 

enabling a range of 25 journeys limited by battery charge depletion. Figure 21 shows the 

benchmark trajectory simulation's traction power and energy consumption profiles. 

 

Figure 21: Traction power and energies of benchmark trajectory 

In contrast, the optimised trajectory results showcase an energy consumption of 74 kWh, 

utilising 285 kW of power. The optimised trajectory was completed in 34.92 minutes, with an 

average traction power at wheels of 127 kW. Similar to the benchmark trajectory simulation, 

28 kW of fuel cell power was dedicated exclusively to auxiliary systems in the optimised 

trajectory, thus reducing the load stress on the battery. As shown in Table 22, the fuel cell 

supplied 27 kWh of traction energy at the wheels during the optimised trajectory simulation, 

while the battery pack contributed an additional 22 kWh. The braking system regenerated 38 

kWh of energy stored in the battery pack. 

The hybrid train consumed 2.43 kg of hydrogen for a return journey, enabling a range of 29 

journeys limited by battery charge depletion. Figure 22 illustrates the optimised trajectory 

simulation's traction power and energy consumption profiles. 
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Table 22: Benchmark and optimised trajectories of hybrid train simulation results 

 Route 1 Route 2 Route 3 Route 4 

Parameter Benchmark Optimised Benchmark Optimised Benchmark Optimised Benchmark Optimised 

Power         

Fuel cell power 300 kW 300 kW 300 kW 300 kW 300 kW 300 kW 300 kW 300 kW 

Battery power @1-C rating 120 kW 120 kW 120 kW 120 kW 120 kW 120 kW 120 kW 120 kW 

Auxiliary power 28 kW 28 kW 28 kW 28 kW 28 kW 28 kW 28 kW 28 kW 

Fuel cell power at wheels 237 kW 180 kW 237 kW 180 kW 237 kW 180 kW 237 kW 180 kW 

Battery power at wheels 105 kW 105 kW 105 kW 105 kW 105 kW 105 kW 105 kW 105 kW 

Average traction power at 

wheels 

155 kW 127 kW 202 kW 173 kW 198 kW 170 kW 234 kW 201 kW 

Energy         

Fuel cell energy at wheels 33 kWh 27 kWh 133 kWh 110 kWh 177 kWh 147 kWh 245 kWh 202 kWh 

Battery energy at wheels 22 kWh 22 kWh 83 kWh 84 kWh 96 kWh 98 kWh 151 kWh 152 kWh 

Total energy at wheels 55 kWh 49 kWh 216 kWh 190 kWh 273 kWh 245 kWh 396 kWh 354 kWh 

Total energy at traction motor 58 kWh 51 kWh 227 kWh 198 kWh 288 kWh 255 kWh 417 kWh 367 kWh 

Total energy at DC-BUS 59 kWh 52 kWh 233 kWh 204 kWh 295 kWh 265 kWh 428 kWh 373 kWh 

Total auxiliary energy 17 kWh 17 kWh 51 kWh 52 kWh 57 kWh 58 kWh 77 kWh 77 kWh 

Total output energy for traction 

& aux 

76 kWh 69 kWh 284 kWh 256 kWh 352 kWh 321 kWh 507 kWh 450 kWh 

Regenerated energy saved in 

battery 

35 kWh 38 kWh 124 kWh 136 kWh 178 kWh 191 kWh 197 kWh 215 kWh 

Total energy required for a 

return journey 

90 kWh 74 kWh 356 kWh 298 kWh 394 kWh 328 kWh 641 kWh 535 kWh 

         

Hydrogen required for one 

return journey 

2.85 kg 2.43 kg 11.50 kg 9.71 kg 12.61 kg 10.92 kg 19 kg 16.11kg 

Range of train (return journeys) 25 29 6 7 5 6 3 4 

         

Journey time 34.80 min 34.92 min 106.02 min 106.57 min 119.15 min 119.68 min 164.70 min 165.18 min 

Max velocity reached 96.56 km/h 93.00 km/h 96.54 km/h 92.98 km/h 124.83 km/h 121.27 km/h 160.93 km/h 157.37 km/h 

Max acceleration reached 0.52 m/s2 0.52 m/s2 0.53 m/s2 0.53 m/s2 0.48 m/s2 0.48 m/s2 0.55 m/s2 0.55 m/s2 

Total Distance Traveled 22.40 km 22.40 km 78.58 km 78.58 km 100 km 100 km 199.52 km 199.52 km 
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Figure 22: Traction power and energies of optimised trajectory 

6.4.4 Analysis of benchmark and optimised results 

The hybrid optimisation algorithm developed by the author focuses on the optimal control 

strategy for hybrid railway vehicles, aiming to improve operational design parameters such as 

energy consumption, journey time restrictions, and meeting power demand during operation. 

The case study presented in Section 4 serves as an application for the hybrid optimisation 

algorithm and focuses on typical UK routes used for cross-country and intercity traffic with 

varying lengths. This approach ensures the integrity and consistency of the algorithm across 

diverse scenarios. 

Comparative analysis of the benchmark and optimised trajectories demonstrates the algorithm's 

effectiveness in optimising energy consumption, power source utilisation, and regenerative 

braking power. The consistency observed in the reduction of average traction power at wheels, 

the total energy required for a return journey, and hydrogen consumption across all routes 

indicates the algorithm's efficiency. The optimised trajectories exhibit a minor increase in 

journey times, indicating that the algorithm prioritises energy efficiency over journey duration 

minimisation. This optimal energy-time trade-off results in a slight extension of journey times 

while significantly reducing energy consumption. This trade-off showcases the algorithm's 

capacity to focus on energy efficiency, a critical aspect of sustainable transportation systems. 

Despite the initial perception of increased journey times as a drawback, the considerable 
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reduction in energy consumption compensates for the minimal time increase. This balance 

promotes both economic and environmental sustainability for hybrid railway vehicles while 

achieving the most effective energy-time trade-off possible through the algorithm. 

The case study results reveal that the hybrid train is equipped with a sufficiently sized battery 

pack and fuel cell. Due to multiple stops on each route, the hybrid train generates ample 

regenerative energy, which is utilised to recharge the batteries during the journey. The battery 

pack is depleted consistently in benchmark and optimised trajectory simulations for all routes, 

contributing to a more extensive range of journeys in the optimised trajectories. The optimal 

use of power sources directly impacts the economic life of fuel cells and batteries, as they 

experience less stress during the journey. This reduction in stress on traction power sources 

results in decreased maintenance requirements and increased life expectancy for the power 

sources. 

Additionally, a graphical comparison of benchmark and optimised trajectories is presented in 

Figure 23 and Figure 24. It is evident from Figure 23 that the benchmark trajectory utilised a 

maximum traction power of 342 kW, whereas the optimised trajectory utilised a maximum 

power of 285 kW for the hybrid train. Additionally, the benchmark trajectory consumed 90 

kWh of energy, whereas the optimised trajectory consumed only 74 kWh of energy. Figure 24 

depicts the disparity between the speed profile and state of charge of the battery for the hybrid 

trains in both benchmark and optimised trajectories of route 1. 

 Prior research on railway vehicle optimisation [41, 178, 234] has indicated that there is often 

a significant trade-off between energy consumption and journey time during the optimisation 

process. Nevertheless, the author's proposed hybrid optimisation algorithm for hybrid railway 

vehicles effectively minimises the utilisation of power sources without compromising journey 

time constraints. The optimised trajectories reveal an average decrease of 15.18% in traction 

power at wheels, signifying the algorithm's proficiency in enhancing traction power efficiency 
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across all routes. Furthermore, the optimised trajectories display an average reduction of 

16.85% in total energy consumption, emphasising the algorithm's ability to decrease energy 

consumption under diverse route lengths and conditions. With an average increase in journey 

times of only 0.40%, the optimised trajectories showcase the algorithm's capacity to achieve a 

well-balanced energy-time trade-off, prioritising energy efficiency without significantly 

compromising journey duration. This seamless integration of priorities underscores the 

effectiveness of the algorithm and its potential to contribute substantially to the development 

of more sustainable and efficient railway transportation systems. 

 

Figure 23: Traction power and energies of benchmark & optimised trajectories 

 

Figure 24: Comparison of velocity and state of charge of benchmark and optimised 

trajectories 
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6.4.5 Main Findings & Contributions 

The research has led to several key findings, which have contributed to the development of a 

more comprehensive and robust framework for optimising the energy consumption and 

operational performance of hybrid railway vehicles. 

6.4.5.1.Theoretical Contributions: 

Development of a novel optimisation algorithm: This Chapter introduces a new hybrid 

optimisation algorithm that combines a non-linear programming solver with the highly 

efficient "Mayfly Algorithm" to address the complex optimisation problem associated with 

hybrid railway vehicles. 

Adaptability to hybrid railway vehicles: The proposed algorithm is specifically designed to 

adapt to the unique characteristics of hybrid railway vehicles, leveraging their hybrid 

powertrain capabilities for efficient energy management. 

Optimal energy-time trade-off: The algorithm effectively balances energy efficiency and 

journey time across various routes and conditions, demonstrating its ability to optimise the 

energy consumption profile throughout the journey. 

6.4.5.2.Practical Contributions 

Improved energy efficiency: The optimised trajectories display an average reduction of 

16.85% in total energy consumption and a 15.18% reduction in traction power, emphasising 

the algorithm's potential for lowering energy % power consumption in real-world scenarios. 

Minimised journey time impact: With an average increase in journey times of only 0.40%, 

the algorithm achieves a well-balanced energy-time trade-off, prioritising energy efficiency 

without significantly compromising journey duration. 

Enhanced sustainability and operational performance: The proposed hybrid optimisation 

algorithm has the potential to contribute substantially to the development of more sustainable 
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and efficient railway transportation systems by optimising the energy consumption and 

operational performance of hybrid railway vehicles. 

6.4.5.3.Developed Framework 

Following the research and analysis of the data, a developed framework has been created, 

which combines the theoretical and practical contributions. This framework emphasises the 

importance of optimising energy consumption and operational performance in hybrid railway 

vehicles while maintaining a balance between energy efficiency and journey time. The 

framework also highlights the need for adaptive algorithms to address hybrid railway vehicles' 

unique characteristics, ensuring effective energy management and sustainable transportation 

systems. 

6.5 Summary 

This Chapter presents the development of a novel optimisation algorithm for hybrid railway 

vehicles by utilisation of MILNP & PWNL models. The objective is to generate efficient 

trajectories that enable effective power distribution, optimal energy consumption, and 

economical use of multiple onboard power sources, leading to reduced maintenance costs, time, 

and extended operational life of these sources. 

The algorithm's superior performance is attributed to its adaptability to the unique 

characteristics of hybrid railway vehicles, leveraging their hybrid powertrain capabilities for 

efficient energy management. It considers various operational parameters, such as traction 

power. speed profile, route’s gradient, journey time, traction forces, regenerative braking, and 

auxiliary power requirements, to optimise the energy consumption profile throughout the 

journey. 

The optimised trajectories exhibit an average reduction of 16.85% in total energy consumption, 

with an average increase in journey times of only 0.40% and a 15.18% reduction in traction 
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power. The algorithm achieves a well-balanced energy-time trade-off, prioritising energy 

efficiency without significantly compromising journey duration. This balance is crucial in 

sustainable transportation systems, where reducing energy consumption and emissions is vital 

without severely impacting service quality and travel times. 

In conclusion, the proposed hybrid optimisation algorithm demonstrates an exceptional ability 

to optimise energy consumption and operational performance of hybrid railway vehicles, 

contributing significantly to the ongoing efforts towards more sustainable and efficient railway 

transportation systems. This study's contributions advance the hybrid railway vehicle 

optimisation field and provide valuable insights for future research and practical applications 

in developing sustainable and efficient railway transportation systems. 

The current study provides a solid foundation for further research in the hybrid railway vehicle 

optimisation field. Future works could explore the following directions: 

Integration of machine learning techniques: Developing advanced algorithms incorporating 

machine learning techniques, such as deep learning or reinforcement learning, to enhance the 

adaptability and performance of the optimisation algorithm. 

Real-time optimisation: Investigating the feasibility of implementing the proposed 

optimisation algorithm in real-time, enabling dynamic trajectory adjustments based on real-

time data, such as traffic conditions, weather, or system malfunctions. 

Multi-objective optimisation: Expanding the optimisation framework to consider multiple 

objectives simultaneously, such as energy efficiency, journey time, passenger comfort, and 

system reliability, to achieve a more comprehensive optimisation solution. 

Large-scale applications: Evaluating the proposed algorithm's performance on large-scale 

railway networks, assessing its scalability and efficiency in more complex and interconnected 

transportation systems. 
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By addressing these potential future works, researchers can continue to refine and expand upon 

the current study, contributing to the advancement of sustainable and efficient railway 

transportation systems.  
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7 OPTIMAL HYBRID TRAIN TRAJECTORY PREDICTION 

BASED ON ANN 

7.1 Introduction 

There are several approaches to developing an optimal control strategy for energy and power 

distribution in hybrid railway vehicles, including linear and dynamic programming [31]. 

However, these techniques do not provide an online solution as they assume the algorithm 

knows the entire future trajectory [10]. As a result, these algorithms can only be used for 

benchmarking performance for online energy and power control strategies [32]. Despite the 

limitations, using numerical and metaheuristic optimisation techniques to optimise the 

operational parameters of individual components in the system can still be beneficial when the 

current state of the hybrid vehicle is known [33]. Rule-based strategies for hybrid energy 

management systems translate the driver input and determine the energy distribution between 

power sources [34]. On the other hand, energy management strategies based on optimisation 

algorithms use stochastic driving profiles to minimise energy consumption and can convert 

battery energy into fuel consumption equivalent using an electronic collaborative 

manufacturing approach [35, 36]. The use of Machine Learning can offer a promising solution 

to the energy management strategies of hybrid railway vehicles. Machine Learning is defined 

as a set of attributes learned from large amounts of input data, with each data set having linked 

sub-attributes [269]. It effectively solves complex and non-linear dynamic systems when 

precise and accurate system modelling is difficult or impossible [270]. By integrating fuzzy 

logic controllers with Machine Learning, a robust approach can be developed to tackle hybrid 

railway vehicles' power and energy management strategy challenges [271]. This approach 

operates by observing the environment state and then taking action based on the observed state. 
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The system then receives a reward for the action taken and uses it to derive a strategy by 

learning from previous actions [270, 272].  

The railway industry has seen widespread adoption of machine learning techniques in recent 

times. These techniques have been applied in various areas, such as predicting attributes of 

railway passengers affected by accidents detecting defects in railway vehicle wheels, 

monitoring fatigue of steel bridges caused by railway vehicles, identifying joints on the railway 

tracks and assessing the condition of the railway track for carriage body vibrations. A decision 

tree classifier was used to predict the attributes of passengers affected by accidents [18], a 

convolutional neural network algorithm was used to detect defects in railway vehicle wheels 

[273], proper orthogonal decomposition in conjunction with an artificial neural network was 

used to detect fatigue in steel bridges [274], and a deep learning algorithm based on end-to-end 

time series classification was employed to detect joints on the railway track [21] and monitor 

its condition for carriage body vibrations [275]. 

The research [276] suggests that adopting machine learning into conventional scheduling 

algorithms increases the probability of finding achievable solutions while reducing non-useful 

calculations. Artificial neural networks (ANNs) are a common type of Machine Learning that 

is frequently used for classification, clustering, pattern recognition and prediction in various 

data analysis fields [277]. ANNs classification methods for an application are holistic and can 

be evaluated based on data analysis characteristics such as precision, execution, convergence, 

fault lenience and scalability [278, 279]. Compared to conventional machine learning 

classifiers, ANNs classification modelling benefits from the high-speed analysis given in a 

large-scale implementation, making ANNs a suitable candidate for processing a large data set 

from the railway industry [280]. Although the adaptation of machine learning is becoming a 

norm in the railway industry, there is a lack of studies that present the optimised predicted 

traction powers for hybrid railway vehicles. 
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The growth of the hybrid railway sector has resulted in the availability of a large volume of 

data for analysis. The conventional multi-classification models often struggle to process such 

large data sets and tend to be less efficient and accurate. Machine learning classifiers can be 

used to analyse data and make predictions, such as classifying a data set into high, medium or 

low classes. The use of data classification technology in the railway industry is widespread, 

covering various areas such as maintenance, operation, and safety [281]. The author also uses 

large datasets from previous research [41] and is aimed to develop a new and improved custom 

algorithm for hybrid railway vehicles, as the conventional models may not be suitable for 

processing the large data sets from these vehicles. The author chose to utilise Artificial Neural 

Networks (ANNs) for this purpose due to their efficiency in handling large data sets, ability to 

self-learn, adaptivity, nonlinearity, and advanced input/output mapping  [282].  

The use of machine learning, particularly artificial neural networks (ANNs), for energy 

management strategies and estimation of hybrid railway vehicle trajectories is a promising 

solution that is still in the early stages of research. While previous research has focused on 

mathematical models or static data to develop energy management strategies, machine learning 

can offer a more effective solution for non-linear dynamic systems. However, there is a lack of 

studies that present the optimised predicted traction powers for hybrid railway vehicles using 

ANNs. The trajectory of a hybrid railway vehicle refers to the path or route that the train 

follows. It is the representation of the driver's input into the train or the input provided by the 

automatic driver operation of the train. The hybrid train trajectory includes parameters 

including hydrogen consumption, carbon dioxide emissions, traction energy, traction power, 

train velocity, acceleration and journey time.  

This Chapter focuses on addressing the gaps in existing methodologies for estimating the states 

of hybrid trains by employing a neural network. Neural networks allow for learning non-linear 

relationships between input and output parameters, which is a significant advantage over 
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physical models that rely on linear relationships and struggle to capture real-world 

complexities. The proposed approach also automates the decision-making process, reduces 

computation time, and minimises human errors in large datasets. By utilising neural networks 

to identify hidden patterns and make intelligent decisions, this Chapter aims to present an 

innovative and efficient solution for estimating the states of electrified trains. 

This Chapter aims to develop two artificial neural networks (ANN) models to comprehend and 

predict the essential features of hybrid railway vehicles and their optimal trajectories. Based on 

the literature and the research gaps identified in Chapter 2, 3, 6 and 7,  this study objectives are 

as follows: 

• To design a system capable of effectively processing and comprehending the large dataset of 

hybrid railway vehicles. 

• To create two fundamental architectures based on time and power to serve as the basis for the 

ANN predictive models. 

• To implement a grading point system that filters out irrelevant and inadequate data from the 

hybrid railway dataset. 

• To develop two ANN models that can accurately predict the hybrid railway vehicle's 

parameters and optimal trajectories 

This Chapter is an expanded version of the studies that resulted in the paper " Prediction of the 

Optimal Hybrid Train Trajectory by Using Artificial Neural Network Models," submitted to be 

published in IEEE Transactions on Intelligent Transportation Systems, for which the author 

was the primary contributor and the lead author. 

Both techniques are tested and validated in the case study presented in this Chapter. The 

developed methods will help predict an optimal hybrid train trajectory and eliminate 
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computational speed, excessive processing time, resources and inaccuracy of conventional 

optimisation techniques. 

7.2 Artificial Neural Network 

This study aimed to develop two artificial neural network (ANN) models to predict the critical 

output parameters of the hybrid railway vehicle trajectory. The ANN models were designed 

using the feed-forward and cascade-forward neural network topologies. The hybrid train was 

configured by adjusting its operational characteristics by altering various parameters such as 

Davis parameters, inertial and total mass, rotatory allowance, tractive effort, maximum 

acceleration & speed limit, traction forces, and traction & braking power, as shown in Table 2. 

The ANN model was designed to predict the optimal trajectory for a specific route by 

considering five different hybrid trains and their respective featured parameters. For each 

hybrid train, 2000 simulated trajectories were generated on the same route with different rated 

power configurations to train both ANN models. 

The ANN models were developed using a two-layer neural network structure with multiple 

hidden layers consisting of small nodal neurons and a hyperbolic tangent sigmoid transfer 

function. The output layer was designed with a linear transfer function. The decision to use a 

two-layer structured neural network was based on extensive research and analysis [283-285], 

which showed that it is an effective design for solving non-linear function fitting regression 

problems and has been shown to outperform other models in terms of performance consistently. 

Both neural network models are composed of an input layer, hidden layer, and output layer that 

work together to predict each parameter individually. This is achieved through the optimisation 

of the neurons in the hidden layer using the tan sigmoid transfer function, followed by the 
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inputs. The hybrid train simulator was used as the primary data source for training the ANN 

models.  

The proposed artificial neural network (ANN) models operate in three main stages. Firstly, the 

models undergo a training phase where they are fed with simulated trajectories of multiple 

hybrid trains. These trajectories train both the feed-forward neural network (FFNN) and the 

cascade-forward neural network (CFNN) models aligned with their power or time-based 

architectures. Secondly, the trained models are fed with new route information and desired 

power or time-based architectures in the predictivity phase. The models then predict the hybrid 

train profile and relevant optimal trajectory. Finally, the predicted hybrid train profile is fed 

into a hybrid train simulator to produce a benchmark trajectory in the validation phase. This is 

then compared with the predicted trajectories from both models. 

These stages demonstrate the effectiveness and accuracy of the proposed ANN models in 

predicting the critical parameters of a hybrid train profile, enabling efficient and optimised train 
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operations. Figure 25 provides an overview of both proposed ANN models for predicting a 

hybrid train trajectory. 
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Figure 25: An overview of the proposed artificial neural network structure for hybrid railway 

vehicle 

The following Sections will provide an overview of the methodology used to develop both 

models, including introductions to feed-forward and cascade-forward neural network 

topologies, the generation of data for training the ANN models, the development of a grading 

point system to condition the training data, the training stage, the selection of the 

backpropagation algorithm, and testing and validation of the ANN models to predict the best 

trajectory for a hybrid railway vehicle on a specific route. 

7.2.1 Generation of Training Data 

To carry out the study outlined in this Chapter, the author generated simulated trajectories from 

five different hybrid trains that were simulated on the same route using a hybrid train simulator 

[41]. Each hybrid train generated 200 trajectories, with different rated power values causing 

variation in the trajectory data. These datasets were then fed into both ANN models to train the 
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network. The output parameters of HTS served as input variables for both artificial neural 

network models, which were categorised into static, dynamic, and target parameters. The static 

variables remained constant throughout the simulation, dynamic parameters varied according 

to the hybrid train's power demand, and the target variable was set as the output of the ANN. 

Table 23 illustrates the static, dynamic, and target variables used in the ANN algorithms. 

Table 23: Input parameters classification for artificial neural network 

Dynamic Parameters Static Parameters Target Parameters 

Power Supply Track Distance Hydrogen Consumption 

Energy Demand Track Gradient Carbon Dioxide Emissions 

Regenerative Energy Station Position Traction Energy 

Traction Forces Track Speed Limits Traction Power 

Train Velocity Davis Parameters Journey Time 

Train Acceleration Rotary Allowance  

Journey Time Tractive Effort  

 Inertial Mass  

 Total Mass of Train  

 

The route information for all the hybrid trains remained constant in the training data generation 

process. The "Power Supply" parameter of the hybrid trains was specifically designed for each 

trajectory to determine the most efficient power configuration by applying the ANN algorithms 

proposed in this study. For example, the initial trajectory was set with the minimum feasible 

power supply of 150 kW (combining both battery and fuel cell power). Subsequently, the 

power supply was incrementally increased by 1% for each subsequent trajectory, resulting in 

the final 200th trajectory having a traction power at the wheels of 1086 kW. 

7.2.1.1. Input Training Data 

The training data for the proposed Artificial Neural Network (ANN) model is divided into two 

sets. One set contains information about the hybrid train's physical characteristics, while the 

other set includes trajectory data corresponding to the train's movement. 

The hybrid train training data consists of several parameters, such as the inertial mass (𝐼1), the 

total mass of the train (𝐼2), Davis parameters (𝐼3), rotary allowance (𝐼4), tractive effort of the 
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train (𝐼5), maximum acceleration (𝐼6), the maximum speed of the train (𝐼7), and rated power 

supply (𝐼8). On the other hand, the trajectory data set comprises the hybrid train speed profile 

(𝐼9), acceleration (𝐼10), traction forces (𝐼11), traction power (𝐼12), traction energy (𝐼13), 

hydrogen consumption (𝐼14), and journey completion time (𝐼15). These parameters serve as 

input values for the proposed ANN models, which predict the desired outputs. 

To ensure that the proposed ANN models are accurately trained, the input and output 

parameters have been analyzed systematically from the Hybrid Train Simulator by determining 

the ranges of nominal values of hybrid trains. The input parameters of the hybrid train are 

carefully analysed to ensure that the proposed ANN models produce results that are within the 

practical range and are realistically achievable. Table 24 presents the key input parameters of 

hybrid trains used in training both artificial neural network models. It is important to note that 

some of the hybrid train inputs, namely (𝐼1) to (𝐼5), cannot be precisely controlled, as these 

parameters can only be roughly transformed by changing the type of hybrid train used on the 

route. 

Table 24: Journey time and energy consumption key input parameter of hybrid trains used for 

the training both artificial neural network models 

Input Parameters Train 1 Train 2 Train 3 Train 4 Train 5 

𝐼1: Inertial mass (tonnes) 70 90.20 110.20 130.20 150.20 

𝐼2: Total Mass (tonnes) 74.37 97.64 119.29 140.94 162.59 

𝐼3: Davis Parameters 1.743 

0.0212 

0.0047 

1.8430 

0.1512 

0.0074 

1.943 

0.1821 

0.0074 

1.9943 

0.1921 

0.0094 

1.843 

0.221 

0.009 

𝐼4: Rotary Allowance 0.0625 0.0825 0.0825 0.0825 0.0825 

𝐼5: Traction Effort (kN) 34.335 44.2431 54.0531 63.8631 73.6731 

𝐼6: Max Acceleration (m/s2) 0.4905 0.4905 0.4905 0.4905 0.4905 

𝐼7: Max Velocity (m/s) 10.23369 9.677525 9.546606 9.381794 9.347271 

𝐼8: Rated Power Supply 

(kWh) 
150...,n 150...,n 150...,n 150...,n 150...,n 
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In conclusion, the training data for the proposed ANN model includes the hybrid train's 

physical characteristics and trajectory data. The systematic analysis of the input and output 

parameters ensures that the proposed ANN models produce realistic and practical results. The 

ANN models' ability to predict the power and journey time of the hybrid train makes them 

crucial in determining the train's trajectory. 

7.2.1.2. Target Data / Decision Parameters 

The decision parameters for the proposed Artificial Neural Network (ANN) model were based 

on critical factors such as hydrogen consumption (𝑂2), carbon dioxide emissions (𝑂2), energy 

consumption(𝑂2), power demand (𝑂2), and journey time (𝑂2). These parameters are a basis 

for the ANN models to predict the optimal hybrid train trajectory and its respective hybrid train 

configuration on the desired route. 

Various types of trains exist, each with its unique set of parameters and energy consumption 

patterns, depending on their quality, track conditions, and environment. However, our region 

of interest lies in predicting the parameters mentioned above covered by each train individually, 

which serve as the essential key output parameters of hybrid railway vehicle trajectory and 

assist in determining the desired outputs for hybrid trains.  

Our primary objective is to design the ANN models so that, by tuning its decision parameters, 

it can predict an optimal trajectory and hybrid train profile after being trained by a multitude 

of trajectories. This predicted trajectory estimation would help us determine the best and most 

efficient route track system with its corresponding predicted output parameters (𝑂) for power, 

energy, time, CO2, and H2 over other trains 

7.2.2 Data Processing 

Data processing is a crucial aspect of modern technological systems, and its importance cannot 

be overstated. In this study, we will explore two sub-Sections that shed light on different 

approaches to data processing: time and power-based architectures and grading point systems. 
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The time- and power-based architectures are designed to address the challenges associated with 

hybrid train systems' time and power constraints. These architectures offer a holistic method 

of predicting hybrid railway vehicle performance on specific routes by providing insights into 

the various input parameters that influence these systems' trajectories. On the other hand, the 

grading point system serves as a filter during the training stage of the proposed artificial neural 

network (ANN) models, which helps to identify and eliminate irrelevant trajectories. This 

system enhances the efficiency of the ANN models and provides an optimal power 

configuration for training the models. Together, these data processing approaches demonstrate 

the flexibility and adaptability of modern data processing systems and their potential to 

improve the performance of complex systems. 

7.2.2.1 Time & Power based Architecture 

The proposed Artificial Neural Network (ANN) models can perform calculations in both the 

time and power domains. The models are designed as time and power-based architectures, 

considering hybrid trains' power and time constraints, regardless of their configurations. The 

time constraint directly affects the train's fuel and energy consumption and limits the duration 

of the train journey. In order to manage energy consumption and consider economic factors, 

the time-based architecture features a set of input parameters with the train's journey time as 

the primary source of interest in the output. On the other hand, power-based modelling features 

a set of input parameters with the traction power as the primary source of interest at the output. 

It is important to note that the variation in these input parameters can significantly affect the 

trajectory of the hybrid train. By creating both time and power-based models that consider the 

constraints of both time and power, this study offers a holistic method to predict the trajectory 

of a hybrid railway vehicle on a specific route. 

The time-based architecture is designed to output a set of parameters that focus on time, 

including CO2 emissions, H2 consumption, traction energy consumption, and traction power. 
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The time-based architecture model uses the training trajectories with time as the output data 

set. The train's journey time is optimised using a sigmoid transfer function. Assuming Input 

dataset: 𝑋 = 𝑥1, 𝑥2… , 𝑥𝑛 where 𝑥1 represents a set of input parameters such as speed, distance, 

and track characteristics and the output dataset: 𝑌 = 𝑦1, 𝑦2… , 𝑦𝑛 where 𝑦1 represents the 

journey time of the train. The sigmoid transfer function can be represented as follows: 

 
𝑓(𝑥) =

1

1 + 𝑒−𝑥
 (7.1) 

The optimisation can be performed by utilising the min (𝑓(𝑌)) 

On the other hand, the power-based architecture is designed to output a set of parameters that 

focus on power, including CO2 emissions, H2 consumption, traction energy consumption, and 

journey. The power-based architecture model also uses the training trajectories, with power as 

the output data set, and optimizes the traction power of the hybrid train using the neural network 

cost function. Assuming the Input dataset: 𝑋 = 𝑥1, 𝑥2… , 𝑥𝑛 where 𝑥1 represents a set of input 

parameters such as speed, distance, and track characteristics and the output dataset: 𝑌 =

𝑦1, 𝑦2… , 𝑦𝑛 where 𝑦1 represents the traction power of the hybrid train. The neural network cost 

function is represented as follows: 

 
𝐶(𝑊) =

1

2𝑛
∗∑1𝑛‖𝑦𝑖 − 𝑓(𝑥𝑖;𝑊)‖

2

𝑖

 
(7.2) 

where 𝑊 represents the weights and biases of the neural network, and 𝑓(𝑥𝑖;𝑊) represents the 

predicted output. The optimisation can be performed by utilising the min (𝐶(𝑊)). 

By utilising these two different architectures, the models can provide insights into how the 

different parameters affect each other and allow for more accurate predictions of the system's 

performance being analysed. It is important to note that these models can be further customized 

based on the system's specific requirements and can be adjusted to incorporate additional 

parameters as needed. Overall, the flexibility and adaptability of these models make them 
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valuable tools for understanding and improving the performance of complex systems. During 

the training stage, both artificial neural network (ANN) models are specifically configured to 

ensure that the prediction process can be completed through either architecture in separate or 

parallel sequences without compromising the performance of either model. 

7.2.2.2 Grading Point System 

During the training process of the proposed ANN, which is based on controlled simulated data 

and involves approximately 10,000 trajectories with varying traction power configurations, the 

efficiency of the network may decline. To overcome this challenge, a supervised grading point 

system has been developed to monitor and select the most suitable trajectory with an optimal 

power configuration, which is then fed into the training stage. Figure 26 provides a visual 

representation of the grading point system structure. By implementing this system, the 

efficiency of the proposed ANN models can be improved. 

 

Figure 26: Grading point system structure for ANN training data 

The grading point system is used during the training stage to accurately recognize relevant 

hybrid train trajectories and eliminate any abnormal fluctuations in the data. This system 

efficiently arranges the data sets for training the ANN models by assigning points to each input 

and output parameter based on predicted performance values. Based on the architecture of the 

ANN model, the author has selected the desired target parameter, either the traction power or 

journey time value. The user's choice of the desired output parameter will establish boundary 

limits with a maximum deviation of ±8% to prevent unnecessary computation time due to 

irrelevant trajectories. 
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The grading points system acts as a filter between the training stage and the proposed ANN 

models, using a trial and error technique to select a relevant data set from any given amount of 

hybrid train trajectories. A lookup table is generated to scale down the data set to a user-

specified limit, and irrelevant trajectories are filtered out until the boundary limitations 

established by the user's desired output value are met. The filtration process is achieved by 

finding trajectories with lower carbon dioxide emissions, hydrogen and energy consumption, 

and minimum traction power or time. The data is then sampled and fed into both ANN models 

for training. 

7.2.3 Feedforward artificial neural network 

The Feed-forward Neural Network (FFNN) is a widely used topology of artificial neural 

networks due to its ability to predict non-linear structures between input and output [286]. The 

FFNN comprises several hidden layers, each with a number of computing nodes, also known 

as neurons, which are responsible for identifying the relationship between input and output. As 

the computation moves from one hidden layer to another, the neurons in each layer calculate 

the output and pass it on to the next layer. The hidden layers are designed to interpret the 

relationship between input and output, while the output layer maps the final computation to the 

desired output values using a linear transfer function. The number of neurons in each hidden 

layer can be adjusted during the training phase, which helps the FFNN better fit the target 

values. The neurons in each layer are connected by distinguished assembly lines and are 

assigned weights based on the tan-sigmoid and linear transfer functions. Figure 27 illustrates 

the FFNN structure and its mapping of weights to desired target values. 
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Figure 27: General overview of the typical feed-forward neural network model 

In order to maintain the proper operation of the ANN model, accurate regulation of the weights 

and biases associated with the neurons in each layer is crucial. This ensures that the network is 

able to accurately predict the target outputs based on a set of predetermined input parameters. 

The regulation of weights and biases is usually achieved through supervised training, where 

the network is fed a sequence of input parameters and their corresponding target values. This 

study uses Equations (7.3) and (7.4) in weight balancing of FFNN topology. 

 
𝐻𝑛𝑒𝑢𝑟𝑜𝑛(𝑥) = 𝑓 [∑(𝐼(𝑥) ×𝑊(𝑥, 𝑗)) + 𝑏(𝑥)

𝑠

𝑥=0

] (7.3) 

where 𝐻𝑛𝑒𝑢𝑟𝑜𝑛(𝑥) presents the hidden neurons and 𝐼(𝑥) presents the input parameters.  𝑊(𝑥, 𝑗) 

illustrates the vector of weights associated with the neuron, and 𝑏(𝑥) is the bias weight 

associated with the neuron. 𝑓 presents the activation function of the artificial neural 

network.  

 

𝑂𝐹𝐹𝑁𝑁(𝑦) = 𝑓 [∑(𝐻𝑛𝑒𝑢𝑟𝑜𝑛(𝑗) ×𝑊(𝑗, 𝑦)) + 𝑏(𝑦)

𝑑

𝑦=0

] (7.4) 
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where 𝑂𝐹𝐹𝑁(𝑦) presents the output of neurons. 

7.2.4 Cascade forward artificial neural network 

The CFNN is designed with additional connections from the input to each hidden layer and 

from the hidden layer to the output layer, making it ideal for understanding both linear and 

non-linear relationships between input and output [287]. This topology is particularly suitable 

for time series predictions due to its direct connection between input and output. The use of a 

single hidden layer in the CFNN can closely estimate continuous functions that map real 

number intervals to output intervals of real numbers. This is why the CFNN topology is used 

in this study, as the research focuses on time and power-based architecture. Figure 28 shows a 

general illustration of the cascade forward neural network topology.  
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Figure 28: General overview of typical cascade forward neural network model 

 

It is necessary to adjust the weights and biases of the neurons within the network. This is similar 

to the process in a feed-forward neural network. The vector of weights and biases associated 

with a neuron is adjusted using Equation (7.5) for CFNN topology. 
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𝑂𝐶𝐹𝑁𝑁(𝑧) = 𝑓 [∑(𝐻𝑛𝑒𝑢𝑟𝑜𝑛(𝑗) ×𝑊𝑗(𝑗, 𝑧) + 𝐼(𝑥) × 𝑊𝑥(𝑥, 𝑧)) + 𝑏(𝑧)

𝑑

𝑧=0

] (7.5) 

where 𝑂𝐶𝐹𝑁𝑁(𝑧) presents the output neuron, 𝑊𝑥(𝑥, 𝑧) is the vector of weight, and 𝑏(𝑧) is the 

biases weight associated with neurons in the proposed ANNs. This Equation calculates the 

updated weight and bias values based on the previous values, the learning rate, and the gradient 

of the error function with respect to the weight and bias values. Adjusting the weights and 

biases is repeated multiple times during the training phase to minimize the error function and 

improve the accuracy of the neural network's predictions. 

7.2.5 Selection of Backpropagation Algorithm 

During the learning phase of ANN, the main challenge is overfitting, which limits the learning 

abilities of the network by simply memorizing the data and not being able to identify the 

relationships between input and output. To reduce errors between the network and training 

layers and adjust its weights and biases, the backpropagation algorithm, also known as the BP 

method, plays a critical role in developing the ANN models. Therefore, selecting a suitable 

backpropagation algorithm is crucial in addressing the overfitting issue. In the case of hybrid 

train parameters, the author aims to predict the best possible train trajectory with the optimal 

configurations of both ANN models by utilising the best backpropagation algorithm. This will 

keep the ANN model efficient and capable of handling the hybrid railway vehicle system. 

In this study, the proposed ANN models were trained using four different backpropagation 

algorithms to select the most suitable method while addressing the overfitting issue and 

minimizing the errors. For the sake of brevity, this Chapter does not include a detailed 

discussion of each backpropagation algorithm considered in this study. However, further 

information on these algorithms can be found in the literature cited in the references [288-291]. 

Table 25 and Table 26 present the results of training the neural network with each 

backpropagation algorithm. All the algorithms were configured with a single hidden layer 
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layout containing ten neurons to predict the best hybrid train output parameters as a function 

of input variables. 

Table 25 and Table 26 compare the performance of four different backpropagation algorithms, 

including Gradient Descent with Momentum, BFGS Quasi-Newton, One-step Secant, and 

Bayesian Regularization, in training the ANN models. While the first three algorithms required 

fewer training iterations and less time to complete the training, their error magnitudes and 

correlation coefficient values were not as good as the Bayesian Regularization algorithm. The 

Gradient Descent with Momentum algorithm had the lowest number of training iterations, 

resulting in a high error magnitude and poor performance. On the other hand, the Bayesian 

Regularization algorithm took more time to train. However, it resulted in higher accuracy, 

lower error magnitude, and better R values compared to the other algorithms. The results 

demonstrate that the Bayesian algorithm outperforms the others and is the most suitable 

backpropagation algorithm for the proposed ANN models. 

Table 25: Comparison of backpropagation algorithms for both time and power-based 

architectures for artificial neural networks based on FFNN topology 

Time-Based Architecture                 FFNN Topology 

Output Parameter  R values Mean Squared 

Error 

Iteration 

Number 

Gradient descent with momentum 0.979 4.7312 144 

One-step secant BP 0.998 0.2599 156 

BFGS Quasi-Newton 0.995 0.1988 169 

Bayesian regularisation 0.999 0.1212 1000 

Power-Based Architecture 

Gradient descent with momentum 0.981 0.9574 112 

One-step secant BP 0.996 0.2184 436 

BFGS Quasi-Newton 0.992 0.1927 204 

Bayesian regularisation 0.999 0.1891 1000 
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Table 26: Comparison of backpropagation algorithms for both time and power-based 

architecture for artificial neural network based on CFNN topology 

Time-Based Architecture                 CFNN Topology 

Output Parameter R values Mean Squared 

Error 

Iteration 

Number 

Gradient descent with momentum 0.983 0.6531 101 

One-step secant BP 0.995 0.1921 152 

BFGS Quasi-Newton 0.993 0.2976 115 

Bayesian regularisation 0.999 0.172 862 

Power-Based Architecture 

Gradient descent with momentum 0.985 30.9025 69 

One-step secant BP 0.997 2.701 140 

BFGS Quasi-Newton 0.996 1.0613 276 

Bayesian regularisation 0.999 0.1911 968 

 

Figure 29 presents the progression of mean square training and validation errors for both ANN 

models in each epoch while employing the Bayesian regularisation algorithm as the primary 

BP algorithm and linear regression analysis between the output values predicted by both ANN 

models and the corresponding data for the output targets. Despite the non-linear relationship 

between the input and output parameters, the analysis suggests that both ANN models can 

accurately predict the target output values for hybrid train trajectories. This finding indicates 

that the proposed ANN models can be relied upon for predicting the best possible train 

trajectory with the best configurations of hybrid train input variables. 
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Figure 29: Mean square error produced during the training and validation of both ANN 

models by using the BP algorithm 

Additionally, Table 5 shows that both ANN models have similar network training errors during 

the training and validation stage. The training and validation outcomes shown in Figure 29 

indicate a high degree of association between the predicted and observed hybrid train output 

values for both ANN models. The magnitude of the error in both proposed ANN models is 

computed using Equation (7.6). 

 

𝑀𝑒𝑎𝑛_𝑆𝑞𝑢𝑎𝑟𝑒𝑑𝑒𝑟𝑟𝑜𝑟 = √
1

𝑛
∑(𝑥𝑖−𝑥𝑖

⋄)2
𝑛

𝑖=1

 

(7.6) 

 

where 𝑥𝑖 and 𝑥𝑖
⋄  are observed and predicted hybrid train output parameters based on the 

proposed ANN models, and n presents the number of samples. 

Figue 30 shows the regression plots for the simulated training and testing datasets of both feed-

forward and cascade-forward neural networks. These plots indicate that the correlation 

coefficient values for both ANN models are quite similar. It was observed that the feed-forward 

neural network had an R-value range of 0.9751 to 0.9994, while the cascade-forward neural 

network had an R-value range of 0.9832 to 0.9992. 
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Figue 30: Regression of actual output values against target output values for FNN and CFNN 

topology 

7.2.6 Neural Network Structure 

This Section aims to optimise both ANN models to predict the best possible trajectories by 

configuring the number of neurons in the hidden layer. The proposed artificial neural network 

design consists of a single hidden layer with ten neurons. The Bayesian regularisation 

algorithm was chosen as the backpropagation algorithm for both ANN models to minimise the 

mean squared error and R values (correlation coefficient) to obtain an optimal hybrid train 

trajectory with reduced error magnitude. Feed-forward and cascade-forward neural network 

topologies were used to optimise the mean square validation error in predicting the trajectory. 

The optimal number of neurons in the hidden layer was determined by incrementing the 

number of neurons and monitoring the error magnitude and R values. The process was repeated 

until both FFNN and CFNN topologies could predict the trajectory with a minimum network 

validation error and a significant testing error. The maximum mean square errors between the 

training and test sets should be close to avoid overfitting, as indicated in Table 27. The training 

dataset was divided into three subsets (70% for training, 15% for validation, and 15% for 

testing), which were randomly chosen to avoid overfitting. 
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Table 27: Number of neurons in the hidden layer, testing & validation errors produced by 

time and power-based architecture ffnn topology 

  MSE MAE 

Output Parameters Neuron 

No. 

Training Validation Training Validation 

Time-Based FFNN Topology 10 0.2313 0.2403 0.2842 0.2615 

Time-Based CFNN Topology 10 0.0457 0.0498 0.0840 0.0811 

Power-Based FFNN Topology 10 1.6860 1.5781 0.0067 0.0059 

Power-Based CFNN Topology 10 0.0257 0.0262 0.0616 0.0598 

Time-Based FFNN Topology 8 0.3251 0.6043 0.0012 0.2323 

Time-Based CFNN Topology 8 0.0598 0.0756 0.1102 0.0958 

Power-Based FFNN Topology 8 1.8964 1.601 0.0121 0.0687 

Power-Based CFNN Topology 8 0.0435 0.0566 0.0854 0.0935 

Time-Based FFNN Topology 6 0.2313 0.5477 0.0027 0.2143 

Time-Based CFNN Topology 6 0.0965 0.0784 0.0489 0.0714 

Power-Based FFNN Topology 6 1.9831 1.4069 0.0101 0.3242 

Power-Based CFNN Topology 6 0.0393 0.0244 0.0518 0.0583 

 

Figure 31 presents the FFNN topology used in proposed ANN models signifying the ANN 

optimal sub-networks with a hidden layer consisting of neurons carrying the tan sigmoid 

transfer function weights associated with neurons and the output layer having linear transfer 

function weights associated with neurons. In feedforward neural network topology, there is no 

direct relationship between the input and output layers for hybrid train parameters, as shown in 

Figure 31. However, in cascade forward topology, there is a direct relationship between input 

and output layers for hybrid train parameters. 
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Figure 31: The optimised Artificial Neural Network model for the hybrid train based on 

FFNN Topology 

7.3 Case Studies  

7.3.1 Model Validation 

The proposed artificial neural network models were rigorously tested and validated through a 

detailed case study. The performance of both models was evaluated by computing the mean 

square normalization error and mean absolute performance error. Furthermore, the authenticity 

of the output produced by predictive ANN models was verified using a hybrid train simulator. 

The predictive model was fed with new route information, along with desired power and 

expected journey time, to perform the validation, corresponding to the power-based and time-
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based architectures. The predictive model considered the static parameters of the route and, 

based on its intelligence, predicted a hybrid train profile that consisted of several critical 

parameters, such as the inertial mass (𝐼1), the total mass of the train (𝐼2), Davis parameters 

(𝐼3), rotary allowance (𝐼4), tractive effort of the train (𝐼5), maximum acceleration (𝐼6), the 

maximum speed of the train (𝐼7), and rated power supply (𝐼8). In addition, an optimal predicted 

trajectory was also predicted consisting of parameters such as the hybrid train speed profile 

(𝐼9), acceleration (𝐼10), traction forces (𝐼11), traction power (𝐼12), traction energy (𝐼13), 

hydrogen consumption (𝐼14), and journey completion time (𝐼15). 

The hybrid train profile was then fed into the hybrid train simulator (HTS) to simulate the 

predicted train on the same route and produce the trajectory. This trajectory is referred to as 

the benchmark trajectory and was compared with the predicted trajectories produced by ANN 

models to perform a comparative analysis. The results of this study demonstrate the 

effectiveness and accuracy of the proposed ANN models in predicting the critical parameters 

of a hybrid train profile, thereby enabling efficient and optimised train operations. 

Table 28: Hybrid train profile predicted by FFNN topology in power-based architecture 

Input Parameters Time-Based Train MSE Mean Error Max Error 

I1: Inertial mass (tonnes) 70 0.11917 0.2084% 1.9988% 

I2: Total Mass (tonnes) 74.37 0.12485 0.2157% 2.0108% 

I3: Davis Parameters 1.743 

0.0212 

0.0047 

0.11603 0.2004% 1.9904% 

I4: Rotary Allowance 0.0625 0.11602 0.1996% 1.9855% 

I5: Traction Effort (kN) 34.335 0.11742 0.2002% 1.9817% 

I6: Max Acceleration (m/s2) 0.4905 0.12005 0.2082% 1.9989% 

I7: Max Velocity (m/s) 10.233 0.12388 0.2153% 2.0100% 

I8: Rated Power Supply 

(kWh) 

150...,n 0.11588 0.1998% 1.9825% 

 

Table 30 and Table 29 present the hybrid train profile inputs predicted by both ANN models, 

which were subsequently fed into the hybrid train simulator (HTS) for generating the 

benchmark trajectory. It is worth noting that the Davis parameters of each hybrid train used in 
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author simulations were obtained from the original train manufacturers (OEM) and were 

initially determined based on the aerodynamics of the train. These parameters were typically 

calculated analytically and verified through wind tunnel tests by OEM. 

Table 29: Hybrid Train Profile Predicted By CFNN Topology In Time-Based Architecture 

Input Parameters Time-Based Train MSE Mean Error Max Error  

𝐼1: Inertial mass (tonnes) 72 0.11937 0.2065% 1.9856% 

𝐼2: Total Mass (tonnes) 76.45 0.12554 0.2163% 1.9968% 

𝐼3: Davis Parameters 1.753 

0.0235 

0.0087 

0.11608 0.2004% 1.9809% 

𝐼4: Rotary Allowance 0.0629 0.11595 0.1998% 1.9827% 

𝐼5: Traction Effort (kN) 35.414 0.1175 0.2022% 1.9796% 

𝐼6: Max Acceleration 

(m/s2) 

0.4913 0.12007 0.2076% 1.9883% 

𝐼7: Max Velocity (m/s) 11.0452 0.12479 0.2165% 1.9972% 

𝐼8: Rated Power Supply 

(kWh) 

150...,n 0.11656 0.2009% 1.9821% 

 

However, the ANN models proposed in this study utilised a combination of the hybrid train 

weight, velocity, and air resistance to predict the correct parameters for achieving an optimal 

trajectory. This approach enabled the models to accurately determine the optimal hybrid train 

profile inputs required for the efficient and effective operation of the train. The results of the 

study demonstrate the ability of the proposed ANN models to predict the complex parameters 

of a hybrid train profile, thus providing significant benefits for the transportation industry. 

Comparing the predicted hybrid train profiles, we can see that both topologies and architectures 

have similar performance in terms of mean squared error (MSE) and maximum error. However, 

the CFNN topology in the time-based architecture shows a slightly lower MSE and maximum 

error than the FFNN topology in the power-based architecture. Specifically, the MSE for the 

CFNN topology in the time-based architecture ranges from 0.11595 to 0.12554, while the MSE 

for the FFNN topology in the power-based architecture ranges from 0.11588 to 0.12485.  

The maximum error for the CFNN topology in the time-based architecture ranges from 

1.9796% to 1.9972%, while the maximum error for the FFNN topology in the power-based 
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architecture ranges from 1.9855% to 2.0108%. In terms of mean error, both topologies and 

architectures have similar performance, with mean errors ranging from 0.1996% to 0.2157% 

for the FFNN topology in the power-based architecture and from 0.2009% to 0.2163% for the 

CFNN topology in the time-based architecture. 

Overall, the CFNN topology-based predictive model in the time-based architecture shows 

slightly better performance than the FFNN topology in the power-based architecture, as it has 

a lower MSE and maximum error. However, the differences in performance between the two 

topologies and architectures are relatively small, so both may be viable options depending on 

the specific requirements of the application. 

Table 30 and Table 31 represent the results for identifying the optimal structure of both ANN 

models. The time-based architecture results suggest that the Power Consumption (𝑂4) has a 

lower mean squared error in FFN topology and Carbon Dioxide Emission (𝑂2) has a lower 

mean squared error in the CFNN topology. On the contrary, the power-based architecture 

results indicate that Carbon Dioxide Emissions (𝑂2) has a lower mean squared error in FFN 

topology, while Power Consumption (𝑂4) has a lower mean squared error in CFN topology 

compared to others. Overall the FFNN topology has the lowest average mean square error in 

time-based architecture, while the CFNN topology has the lowest average mean square in 

power-based architecture. 

The differences in the ratios of output parameters are attributed to the complex calibration of 

the values' scale during configuration and alteration. Furthermore, the upper limit of variation 

in percentage error between the trained ANN models' actual output and the desired output 

obtained by the hybrid train simulator for testing and validation during the training operation 

is significantly lower. 
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Table 30: Mean squared, mean & maximum errors attained for all five outputs parameters 

over 50 input configurations by CFNN model based on time and power-based architecture 

Time-Based Architecture CFNN Topology 

Output Parameter MSE Mean Error Max Error 

𝑂1: H2 Consumption (kg) 0.11989 0.2072% 1.9876% 

𝑂2: CO2 Emissions (kg) 0.124995 0.2171% 1.9975% 

𝑂3: Energy Consumption (kWh) 0.116092 0.1999% 1.9803% 

𝑂4: Power Consumption kW) 0.115864 0.1998% 1.9832% 

𝑂5: Journey Time (Minutes) 0.117782 0.2028% 1.9802% 

Power-Based Architecture CFNN Topology 

Output Parameter MSE Mean Error Max Error 

𝑂1: H2 Consumption (kg) 0.20214 0.2137% 1.9941% 

𝑂2: CO2 Emissions (kg) 0.170389 0.1768% 1.9572% 

𝑂3: Energy Consumption (kWh) 0.190575 0.2001% 1.9805% 

𝑂4: Power Consumption kW) 0.190328 0.1998% 1.9801% 

𝑂5: Journey Time (Minutes) 0.191782 0.2015% 1.9818% 

 

 

Table 31: Mean squared, mean & maximum errors obtained for all five outputs parameters 

over 50 input configurations by FFNN model based on time and power-based architecture 

Time-Based Architecture FFNN Topology 

Output Parameter MSE Mean Error Max Error 

𝑂1: H2 Consumption (kg) 0.24391 0.1323% 1.9127% 

𝑂2: CO2 Emissions (kg) 0.151429 0.0799% 1.8606% 

𝑂3: Energy Consumption (kWh) 0.515879 0.3051% 2.0855% 

𝑂4: Power Consumption kW) 1.416153 1.1948% 2.9751% 

𝑂5: Journey Time (Minutes) 0.262495 0.1432% 1.9237% 

Power-Based Architecture FFFN Topology 

Output Parameter MSE Mean Error Max Error 

𝑂1: H2 Consumption (kg) 0.018663 0.2995% 2.9527% 

𝑂2: CO2 Emissions (kg) 0.018500 0.1976% 1.9652% 

𝑂3: Energy Consumption (kWh) 0.013055 0.2237% 3.1527% 

𝑂4: Power Consumption kW) 0.012636 0.2449% 3.5658% 

𝑂5: Journey Time (Minutes) 0.017493 0.1862% 1.9584% 

 

The results suggest that the optimal structure of ANN models is influenced by the architecture 

type, whether time-based or power-based. Additionally, the choice of topology also plays a 
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significant role in determining the lowest average MSE. Finally, the case study confirms that 

the upper limit of variation in percentage error between actual and desired output obtained by 

predictive models is comparatively low, highlighting the effectiveness of this approach for 

model training and validation. 

7.3.2 Optimal Trajectory Analysis and Comparison 

Figure 32 presents a comparison of the benchmark trajectory and the predicted trajectories by 

both topologies in each architecture. The benchmark trajectory was produced by a hybrid train 

simulator by using the predicted. hybrid train information, and the predicted trajectories were 

obtained during the validation process.  

 

Figure 32: Comparison of time-based and power-based architecture ANN models for a 

specific route 
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In the time-based architecture, the FFNN model predicted a 3.6% increase in traction power, 

0.11% increase in energy consumption, and 0.03% increase in journey time compared to the 

benchmark trajectory. On the other hand, the CFNN model predicted a 2.10% increase in 

traction power, a 0.18% increase in energy consumption, and a 4.78% decrease in journey time 

compared to the benchmark trajectory.  

In the power-based architecture, the FFNN model predicted a 16% increase in traction power, 

a 0.9% increase in energy consumption, and a 1.75% decrease in journey time compared to the 

benchmark trajectory. In comparison, the CFNN model predicted a 6.4% increase in traction 

power, a 0.44% increase in energy consumption, and a 0.03% increase in journey time 

compared to the benchmark trajectory.  

The average percentage difference between benchmark and FFNN for time-based architecture 

is 0.85%, and for power-based architecture is 0.92%, and the average percentage difference 

between benchmark and CNFN for time-based architecture is 0.18%, and for power-based 

architecture is 0.46%. 

Overall, the CFNN topology performed better than the FFNN topology in both architectures, 

as evidenced by the lower mean squared error (MSE) and percentage difference in predicted 

parameters compared to the benchmark trajectory. The results of this study suggest that the 

proposed CFNN topology can be used to predict hybrid train performance in both time and 

power-based architectures with good accuracy and low computation time and expense. Table 

32 presents the detailed output values obtained from the benchmark and the values predicted 

by both ANN models. 
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Table 32: Benchmark and predicted output values for both ANN models 

 Time-Based Architecture Power-based Architecture 

Outputs Benchmark FNN CFN  Benchmark FNN CFN 

𝑂1: H2 Consumption (kg) 2.5327 2.5325 2.5326 2.54 2.53 2.54 

𝑂2: CO2 Emissions (kg) 20.515 20.513 20.514 20.63 20.5 20.63 

𝑂3: Energy Consumption 

(kWh) 

108.15 108.27 108.35 107.28 108.22 107.76 

𝑂4: Power Consumption kW) 299 310 305 258 303 275 

𝑂5: Journey Time (Minutes) 35.83 35.84 34.12 35.66 35.04 35.67 

 

Figure 33 illustrates the patterns of hydrogen consumption and carbon dioxide emissions 

predicted by artificial neural network models and the actual carbon dioxide emissions. The 

results show that the predictive model based on CFNN topology accurately predicted the 

hydrogen consumption pattern, which closely resembled the benchmark consumption in both 

architectures. Moreover, the time-based architecture model predicted lower levels of carbon 

dioxide emissions. 

 

Figure 33: Comparison of time-based and power-based architecture ANN models hydrogen 

and carbon dioxide emissions for a specific route 

The results demonstrate that the cascade forward topology is more accurate and efficient in 

predicting hydrogen consumption and carbon dioxide emissions. These findings have 



154 

 

important implications for improving the efficiency and sustainability of hydrogen production 

processes, which are crucial for achieving a more environmentally-friendly energy system. 

7.4 Summary 

This Section proposes two artificial neural networks (ANN) models, based on time and power-

based architectures, for predicting the critical parameters of a hybrid train profile and its 

relevant optimal trajectory. The performance of both models was evaluated by computing the 

mean square normalization error and mean absolute performance error. The authenticity of the 

output was verified using a hybrid train simulator. The results of this study demonstrate the 

effectiveness and accuracy of the proposed ANN models in predicting the critical parameters 

of a hybrid train profile, thereby enabling efficient and optimised train operations. 

The proposed ANN models were able to accurately determine the optimal hybrid train profile 

inputs required for the efficient and effective operation of the train. Specifically, the study's 

results demonstrate the models' ability to predict the complex parameters of a hybrid train 

profile, thus providing significant benefits for the transportation industry. The predictive 

models have the potential to be used in real-life scenarios to optimise train operations and 

reduce energy consumption. 

Comparing the performance of the two models, we can see that both topologies and 

architectures have similar performance in terms of mean squared error (MSE) and maximum 

error. However, the CFNN topology in the time-based architecture shows a slightly lower MSE 

and maximum error than the FFNN topology in the power-based architecture. Both 

architectures and topologies performed similarly, with mean errors ranging from 0.19% to 

0.21%. The average percentage difference between the benchmark and FFNN/CNFN  

trajectories was also reported, with the time-based architecture having lower differences 

(0.18% and 0.85%) than the power-based architecture (0.46% and 0.92%). 
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In conclusion, utilising neural networks offers significant benefits in estimating the states of 

hybrid trains. By accurately capturing complex, non-linear relationships between input and 

output parameters, neural networks outperform traditional models, which may be limited in 

their ability to represent real-world scenarios. Furthermore, neural networks provide a more 

efficient and scalable approach for predicting trajectories, making them well-suited for large 

datasets and real-time applications. Implementing neural networks leads to improved accuracy, 

efficiency, and adaptability, which are essential for the evolving challenges in the railway 

industry. Future improvements may include incorporating more complex parameters to 

improve accuracy and expanding the study to include more diverse routes and trains. Overall, 

this study provides valuable insights into using ANN models to predict critical parameters of a 

hybrid train profile and optimise train operations.  
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8 CONCLUSION AND FUTURE WORK 

8.1 General Summary 

This thesis is divided into two parts, covering the literature review, and the application of 

proposed optimisation techniques for hybrid railway vehicles. 

The first part comprises three chapters, where Chapter 1 delves into hybrid railway vehicle 

traction energy and energy management systems. Chapter 2 reviews conventional and modern 

railway traction systems, including drives, power sources, and energy storage systems. Chapter 

3 discusses conventional and contemporary optimisation techniques, with a focus on 

numerical, metaheuristics, and the modern evolutionary algorithm, Mayfly. The importance of 

dynamic programming in optimisation techniques is also highlighted. 

The second part of this thesis demonstrates the application of optimisation techniques in hybrid 

railway vehicles. Chapter 4 presents the development of a hybrid train simulator, which is 

integrated with energy evaluation, optimisation algorithms, and neural network models in 

Chapters 5, 6 and 7, respectively. Chapter 4 also introduces an automatic smart switching 

technique, which yields a 6% reduction in energy consumption compared to conventional 

hybrid trains and a 65% reduction compared to diesel trains. 

Chapter 6 develops a customised non-convex optimisation algorithm for hybrid railway 

vehicles, achieving an average reduction of 16.85% in total energy consumption, a 0.40% 

increase in journey times, and a 15.18% reduction in traction power. Chapter 7 presents two 

artificial neural network models for predicting optimal train trajectories. Both architectures and 

topologies perform similarly, with mean errors ranging from 0.19% to 0.21%. 

 



157 

 

The case studies in Chapters 5, 6 and 7 validate the hypothesis that hybrid railway vehicles' 

traction power and energy can be optimised through a system-level execution of optimisation 

operations. 

8.2 Main Contributions 

8.2.1 Hybrid Train Simulator Development 

A bespoke hybrid train simulator has been developed in MATLAB to fulfil the research 

objectives outlined in this thesis. This simulator is capable of analysing train movements on 

diverse railway routes, incorporating traction performance, customised speed limits, and 

multiple power sources. It adjusts various power sources based on journey requirements and 

real-time energy demands. The hybrid train simulator was validated against a well-established 

single train simulator from the University of Birmingham, with an accuracy range of ±5. 

Throughout this thesis, the hybrid train simulator is employed in implementing automatic smart 

switching, applying a hybrid optimisation algorithm, and deploying artificial neural network 

models. 

8.2.2 Automatic Smart Switching Control  

The objective of minimising excessive power source usage and utilising the appropriate power 

source according to the power demand and track terrain is accomplished through an energy 

evaluation study of hybrid trains incorporating smart switching. The implementation of the 

smart switching technique aims to assess the impact of power demand on power sources. The 

hybrid train simulator employs the route's gradient as a reference for switching between power 

sources. Depending on whether the track is level, uphill, or downhill, the train utilises power 

from the pre-designated power sources, as programmed by the driver for that specific route. 
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8.2.3 Hybrid Optimisation Algorithm 

A hybrid optimisation algorithm has been developed specifically for hybrid railway vehicle 

trajectory optimisation. The proposed hybrid algorithm employs an integrated optimisation 

approach to attain an efficient hybrid train trajectory while minimising energy consumption. 

Most previous research in this area tends to overlook linear and non-linear datasets for hybrid 

railway vehicles, which are crucial for establishing an accurate baseline for optimisation 

techniques. The hybrid optimisation method utilises a non-linear programming solver to 

address the optimisation problem, interpreted through a non-convex enhanced Rosenbrock 

function, combined with a highly efficient, improvised "Mayfly algorithm". Ultimately, the 

hybrid optimisation algorithm integrates various numerical and metaheuristic algorithms, 

encompassing every aspect of optimising hybrid trains within a reasonable computation time. 

The energy-saving performance showcased in this thesis is based on simulations of an actual 

route.  

8.2.4 Artificial Neural Network Models 

The challenges associated with handling large datasets from the railway industry and the 

underutilisation of artificial neural networks (ANNs) for such issues are addressed. ANNs are 

introduced as an alternative method for determining the optimal train trajectory for hybrid 

railway vehicles. The developed ANN models exhibit efficient self-learning, adaptivity, 

nonlinearity, and advanced input-output mapping capabilities for large hybrid train datasets. 

Both models effectively predicted optimal trajectories for an actual route within a reasonable 

computation time. This demonstrates that the optimal trajectory for a hybrid train can also be 

achieved using machine learning techniques, as opposed to conventional optimisation methods 

alone. 
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8.3 Future Work 

8.3.1 Validation and Verification 

All the studies presented in this thesis rely on theoretical computer simulations, offering 

valuable insights into the development of energy efficiency in hybrid railway traction 

engineering. However, the validation and verification of the proposed study context remain 

areas for future work. The research in this thesis proposes novel energy-saving techniques for 

hybrid railway vehicles, which can inspire further advancements in the energy efficiency of 

hybrid railway traction systems. 

8.3.2 Validation of Optimisation Algorithm & ANN models 

railway simulation. The results of the study present the theoretical performance of traction 

energy reduction. Field tests should be conducted to validate the study's findings. Similarly, 

ANN models predict optimal trajectories using simulated datasets. Actual datasets of various 

hybrid trains can be used to validate the real-time application of artificial neural networks for 

hybrid trains.  

8.3.3 Further Research work Extensions 

For future work as an extension to the research presented in this thesis following topics are 

suggested: 

• The hybrid train simulator is designed for single-train movement simulation. In future 

work, it can be improved and extended for use in multiple train movement simulations 

equipped with signalling and system features for hybrid trains. 

• The automatic smart switching technique is based on three decision factors: level, 

uphill, and downhill. More elaborate decision factors can be designed in future work, 

such as decision parameters classification based on gradient percentage. 
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• The simulation performed in this thesis focuses on a hydrogen hybrid train. These 

techniques can be applied to different hybrid configurations as well. Future work can 

explore these configurations in parallel. 

• Although the data generated for this research is as realistic as possible, some 

unrealistic trajectories may appear due to the simplicity of the train operating pattern. 

Therefore, it may be worthwhile to search for an efficient train trajectory using quick 

numerical searching methods for cross-validation. 

• The optimisation of multiple hybrid train trajectories within a network can also be a 

valuable future work extension. This would be beneficial for designing an optimal 

signalling system for hybrid trains. 

• In future work, further development in artificial neural network models based on 

compression approaches can bring potential improvements in predicting the optimal 

trajectories of hybrid trains. 



161 

 

APPENDIX A FLOWCHART OF MAYFLY OPTIMISATION 

ALGORITHM 

 

Figure 34: Flowchart of the proposed mayfly optimisation algorithm 
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APPENDIX B TEST FUNCTIONS USED TO CALIBRATE HYBRID 

OPTIMISATION ALGORITHM 

The hybrid optimisation algorithm was calibrated via various test functions to achieve a robust 

and efficient non-convex cost function. Each test function was fed with benchmark data to be 

evaluated by optimisation and forecast function. The test functions were derived from typical 

non-convex and convex objective functions to perform a calibration process. Each test function 

used to calibrate the hybrid optimisation algorithm is given as follows: 

B.1. Rastrigin Function 

Rastrigin function is a non-linear test function that is generally used to test genetic algorithms. 

It has various local minima and is highly multimodal; however, the minimum location is 

frequently distributed [264]. The Rastrigin function is mathematically expressed as: 

 

𝑓1(𝑥) =     [(10
𝑡) +∑(𝐺(𝑥)2 − 𝐴𝑐𝑜𝑠(2𝜋𝑥)

𝑡

𝑥=1

] (B.1) 

where is 𝐺(𝑥)2 represents the unique data subset of the distance, velocity and acceleration. The 

function is evaluated on the hypercube 𝑥𝑖 ranges between [−5.12, 5.12]. 𝐴 is equal to 10, and 

𝑡 represent the dimension of the solution space of the Rastrigin function. 

B.2. Ackley Function 

Ackley is a well-known non-convex optimisation function used to test the performance of 

optimisation algorithms. The Ackley test function generally performs in two dimension mode 

and is characterised by a nearly flat outer region and a large hole at the centre [267]. The Ackley 

function is mathematically expressed as: 

 

𝑓2(𝑥) =    −20 𝑒𝑥𝑝 [−0.2√
1

𝑑
∑𝐺𝑥𝑖

2

𝑡

𝑖=1

] − 𝑒𝑥𝑝 [√
1

𝑑
∑cos(𝐺2𝜋𝑥𝑖)

𝑡

𝑖=1

] + 𝑎 + exp (1) (B.2) 
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where 𝐺(𝑥) represents the unique data subset of the distance, velocity and acceleration. The 

hypercube 𝑥𝑖 ranges between [−32.768, 32.768]. 𝑡 represents the dimension of the solution 

space of Ackley’s function. 

B.3. Griewank Function 

The hybrid optimisation algorithm was also tested with the griewank function with many 

widespread local minima distributed regularly by using Equation (B.3) [263]: 

where 𝐺(𝑥𝑖) represents the unique data subset of the distance, velocity and acceleration. The 

hypercube 𝑥𝑖 ranges between [−600, 600]. 𝑡 represents the input domain of the Griewank 

function. 

B.4. Schaffer Function 

The sphere function is a continuous and two-dimensional test function with a smaller input 

domain and is mathematically expressed as [265]: 

where 𝐺(𝑥𝑖) represents the unique data subset of the distance, velocity and acceleration. The 

hypercube 𝑥𝑖 ranges between [−100, 000]. 𝑡 represents the dimension of the solution space. 

The minimum value of the Schaffer function of 𝑓4(𝑥) is equal to zero. 

B.6. Rosenbrock Function 

The Rosenbrock function is a classic test function widely used for numerical non-linear 

optimisation problems [266]. It is a two-dimensional unimodal parabolic function with a global 

 

𝑓3(𝑥) =   
1

4000
∑𝐺𝑥𝑖

2

𝑡

𝑖=1

−∏cos (
𝑥𝑖

√𝑖
)

𝑡

𝑖=1

+ 1) (B.3) 

 
𝑓4(𝑥) =   0.5 + 

𝑠𝑖𝑛2(∑ 𝐺𝑥𝑖
2𝑡

𝑖=1 ) − 0.5

(1 + 0.001 (∑ 𝐺𝑥𝑖
2𝑡

𝑖=1 ))
2 (B.4) 
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minimum in a curved shaped valley. The Rosenbrock function implemented in the hybrid 

optimisation algorithm is presented in Equation (B.5): 

where 𝐺(𝑥𝑖) represents the unique data subset of the distance, velocity and acceleration. The 

hypercube 𝑥𝑖 ranges between [−50, 50]. The global minima of the Rosenbrock function can be 

located at (𝑥, 𝑦) = (1,1) with the value of the function 𝑓5(𝑥, 𝑦) = 0. 

B.6. Sphere Function 

The sphere function is a unimodal continuous and convex test function with a 𝑡 local minima 

except for the global one [262]. The sphere function used in the hybrid algorithm is presented 

as: 

where 𝐺(𝑥𝑖) represents the unique data subset of the distance, velocity and acceleration. The 

hypercube 𝑥𝑖 ranges between [−100, 100]. 𝑡 represents the dimension of the solution space. 

The minimum value of the Schaffer function of 𝑓6(𝑥) is equal to zero.  

 
𝑓5(𝑥) =  ∑ 100

𝑡−1

𝑖=1
 (𝐺𝑥𝑖+1

2 − 𝐺𝑥𝑖)
2 + (𝐺𝑥𝑖 − 1)

2       {
−50 ≤ 𝑥𝑖 ≤ 50

𝑖 = 1,2
 (B.5) 

 
𝑓6(𝑥) =  ∑ 𝐺𝑥𝑖+1

2
𝑡

𝑖=1
 (B.6) 
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