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ABSTRACT 

 

Frameworks for the computational modelling of heart components are continuously evolving, 

either to create models in a faster manner, or to represent its components more accurately. The 

mitral valve on the left side of the heart, for example, has a very complex geometry, and shape 

alterations induced by surgical procedures affect the long-term restoration of function. While 

several frameworks that recreate mitral valve shape from patient-specific images have been 

developed, allowing for the development of computational simulations of pre- and post-

repaired cases, they are not flexible enough to yield a variety of models. On the other hand, 

accurate computational models of the right side of the heart are lacking, and since the right 

heart is used as a platform for clinical treatments such as haemodialysis, the development and 

validation of a computational model representing its function is necessary. 

The overall aim of this thesis was to develop computational modelling frameworks for two 

components of the heart: the mitral valve on the left side, and the right atrium on the right side.  

A mathematical evaluation of mitral valve morphometry through correlation analysis and 

evaluation of prediction equations for its shape was performed by using imaging datasets 

obtained in collaboration with clinicians and from the literature. This information led to the 

development of a computational toolbox enabling the quick generation of anatomically 

accurate and clinically useful parametric models of the mitral valve. This toolbox, 

implemented in MATLAB, generates the mitral valve geometry and respective mesh, and 

assigns boundary conditions and material properties, necessary for finite element analysis.  

 A sensitivity analysis of boundary conditions was performed to determine their influence on 

mitral valve biomechanics, with the chosen conditions being incorporated in the tool. A 
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healthy valve geometry was generated and analysed, and the respective computational 

predictions for valve physiology were validated against data in the literature. Moreover, two 

patient-specific mitral valve models including geometric alterations associated with disease 

were generated and analysed. Mitral valve function was compromised in both models, as given 

by the presence of regurgitating areas, elevated stress on the leaflets and unbalanced 

subvalvular apparatus forces. These results showcase the importance of a healthy mitral valve 

shape for adequate function; further, they demonstrate the potential of the computational 

toolbox, which allows for the automatic finite element analysis of the mitral valve in a variety 

of clinical cases, useful to study the biomechanics of patient-specific shapes. 

In addition, a physiological blood flow model of the right atrium was developed and validated 

against data in the literature. This model was used as a simulation platform to evaluate the 

performance of four catheter designs for haemodialysis: while the symmetric tip had the best 

haemodynamic results, associated with low recirculation of flow and shear stress values, the 

step tip designs yielded the worst haemodynamic outcomes. The presence of side holes at the 

tip led to a decrease in recirculating flow, associated with improved catheter performance. The 

present simulation platform therefore enables the assessment of the performance of several 

catheter designs before their release on the market.  

The work presented in this thesis bridges engineering and medicine through the development 

of two computational frameworks with primary clinical objectives: a computational tool for 

the evaluation of mitral valve biomechanics for a variety of geometries and assessment of 

current and novel mitral interventions; and a right atrium simulation platform which 

potentially highlights haemodialysis catheter design features requiring optimisation for 

optimal performance. 
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CHAPTER 1 

INTRODUCTION 

 

Cardiovascular diseases (CVD) are the leading cause of global mortality, accounting for 

approximately 32 % of all deaths worldwide (IHME, 2019; Roth et al., 2020). In addition to 

increased morbidity, the healthcare costs involved in treating patients with CVD are substantial: 

in the UK, these are estimated at £9 billion each year (Roth et al., 2020). CVD is an umbrella 

name for multiple conditions, including those that affect the heart and heart valves. One of these 

is the mitral valve (MV), located in the left heart and quite complex in shape and function 

(McCarthy et al., 2010). When the structural integrity of the MV is compromised, due to 

increasing age or other factors, valvular dysfunction occurs: anatomical changes can affect 

mitral performance, inducing backflow (or regurgitation) and resulting in suboptimal 

ventricular filling and ejection (Al-Atabi et al., 2012; Castillo et al., 2011). MV disease, 

especially calcification (increased accumulation of calcium on the mitral leaflets), is also 

strongly associated with the prevalence and incidence of chronic kidney disease, a condition in 

which the kidneys become faulty and do not filter blood correctly, affecting approximately 15 

% of adults in the UK (NHS, 2016). 

The only way to stop the progression of MV dysfunction is to have surgery that restores it to 

its native, healthy shape. Given the complexity of its structure, surgical approaches to improve 

the durability of repairs are permanently evolving. Indeed, MV repair is associated with 

excellent long-term survival rates and restoration of function (Lazam et al., 2017). However, in 

several cases, surgery itself alters the shape of the MV, inducing alterations in its biomechanics 

(Kong et al., 2020; Errthum et al., 2021). This can lead to residual valvular dysfunction, and 
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reoperation of the MV. There is limited knowledge linking long-term changes in mitral shape 

and function. Given the anatomical complexity of the MV, cardiologists and cardiac surgeons 

would benefit from greater understanding of each patient’s MV shape and performance during 

diagnostic and surgical planning.  

On the other hand, treatment for chronic kidney disease would also potentially reduce the risk 

of calcification for the MV and associated dysfunction. This condition is usually treated through 

haemodialysis with the use of central venous catheters, devices which filter blood externally 

and which are inserted in the right heart (specifically the right atrium) (Smith and Nolan, 2013). 

Various catheter designs are available in the market, with the goal to optimise their performance 

(Knuttinen et al., 2009). Nevertheless, haemodialysis catheters are associated with diverse 

issues, including the inability to aspirate blood and the presence of low flow rates. 

Echocardiography is the clinical tool of choice for MV assessment and surgical planning 

(Weiner et al., 2012), as well as insertion procedures of haemodialysis catheters in the right 

heart. While 2-dimensional (2D) and 3-dimensional (3D) modalities provide detailed 

morphologic and functional data of the MV (Lee et al., 2013; Jolley et al., 2017), Doppler 

echocardiography is used to evaluate hemodynamics (Grigioni et al., 2015). However, global 

measures currently used are unable to capture high/abnormal stresses induced on the valve 

leaflets post-surgery. These can lead to post-surgical failure or impairment of valvular function 

(Al-Atabi et al., 2012) by inducing leaflet remodelling and thickening (Kruithof et al., 2020). 

Moreover, such global measures are not sufficient to determine whether a haemodialysis 

catheter is performing adequately, and further metrics are necessary for this effect. 

Computational models provide a viable alternative for surgical planning of the MV and of the 

insertion of catheters for haemodialysis, as they are able to predict stress distributions and blood 

flow characteristics. This could potentially improve MV surgical planning by enabling a virtual 
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evaluation of pre- and post-operative scenarios in order to find a surgical procedure ideal for a 

patient, and which would preserve their native valve geometry and associated biomechanics 

(Al-Atabi et al., 2012; Kruithof et al., 2020).  

Previous computational models of the MV have indeed predicted mitral transvalvular flow and 

leaflet stresses in disease/post-repair cases, usually employing accurate geometries obtained 

from patient-specific medical imaging (Kong et al., 2020; Pham et al., 2017; Mansi et al., 

2012). The accuracy of these geometries is an important factor which determines the reliability 

of the computer model of predicting MV physiology. However, (1) these geometries correspond 

to the valve shape at the time of surgery, not accounting for a subject’s growth, for example, 

and (2) the time required to set-up/solve the associated models has been a major barrier for 

translation into clinical practice (Shinbane and Saxon, 2018). While several frameworks allow 

to obtain MV geometries from medical images and solve the associated models (Mansi et al., 

2012; Mansi et al., 2011; Zhang et al., 2017), they are only applicable to a unique set of medical 

images at the time. This means that they do not offer the flexibility to generate a number of 

models covering the anatomical variability inter- and -intra-patients, or representing the growth 

of a patient and that of their own valve. There is, therefore, the absence in existing studies of a 

framework which incorporates a realistic shape of the MV and allows to create a scalable, 

parametric model of this valve.  

On the other hand, computational studies have assessed catheter performance by providing an 

insight into how to optimise their designs (Clark et al., 2015; Clark et al., 2012). These studies 

have mostly used idealised geometries for catheter insertion, neglecting the realistic 

environment in which these devices are actually inserted inside the human body. Practically no 

literature is available on the computational modelling of the right heart and, therefore, there is 

a need for a proper assessment of modelling criteria for these. Using a validated model of the 
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right atrium as a simulation platform to evaluate haemodialysis catheter performance would 

allow for a more accurate assessment of important haemodynamic characteristics, including 

blood flow patterns, recirculation, among others.  

 

The aim of this thesis was to perform a combined morphometric and computational study of 

components from both the left and right sides of the heart: regarding the left side of the heart, 

the aim was to produce a framework allowing the quick creation of anatomically accurate 

parametric models of the MV, to subsequently be used in numerical simulations of MV 

function; regarding the right side of the heart, the aim was to develop a blood flow model of 

the right atrium, validated against the literature, to be used as a simulation platform for the 

evaluation of several designs of haemodialysis catheters.  

 

To fulfil this aim, three main objectives were pursued: 

❖ To evaluate MV morphometry and mathematical representations of its shape through 

regression analysis of key dimensions and assessment of the accuracy in predictions from 

mathematical equations obtained;  

❖  To generate a computational framework incorporating a realistic MV shape and able to 

quickly generate a scalable, parametric MV model, including all steps from geometry 

generation to the preparation for finite element simulations; 

❖ To develop a blood flow simulation platform for the right atrium, allowing for the 

evaluation of the performance of different haemodialysis catheter designs. 
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1.1. Thesis overview 

This thesis is divided into seven chapters: 

❖ The present introduction (Chapter 1) outlines the motivations for the work presented in 

this thesis, as well as respective aims and objectives; 

❖ In Chapter 2, the background required to understand the work presented in subsequent 

chapters is described. This includes a description of the anatomy and physiology of the MV and 

right atrium, as well as the biomechanical properties of the MV. The connection between MV 

geometry and function is outlined, including pathways to disease. Moreover, the use of the right 

atrium as a treatment platform for chronic kidney disease is explained. The concepts of 

computational modelling for the MV and the right atrium are elucidated, and previous studies 

on these topics are assessed; 

❖ Chapter 3 includes the evaluation of MV morphometry for healthy and diseased cases 

through the analysis of mathematical correlations and empirical equations found in the 

literature, as well as obtained from medical images. This chapter includes correlation analyses 

between key dimensions, and an assessment of their employability as prediction equations 

through application to other in vivo and ex vivo datasets; 

❖ Chapter 4 details the development of a parametric and scalable geometrical model of 

the MV, using a MATLAB-based toolbox able to quickly generate a variety of MV shapes. In 

this chapter, the workflow of the toolbox is described, including user options, key dimensions 

needed to parameterise the MV, and examples of generated shapes; 

❖ Chapter 5 describes the automatized pre-processing of the MV model for finite element 

simulations, implemented within the MATLAB framework detailed in Chapter 4. All boundary 

conditions, material properties and control options are explained, and the biomechanics 
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associated with a healthy MV geometry being validated against the literature. Moreover, the 

analysis of two patient-specific MV models is included; 

❖ In Chapter 6, the development of a physiological model of the right atrium employing 

computational fluid dynamics is described, as well as its validation against data in the literature. 

Moreover, the use of this novel simulation platform to evaluate the performance of four catheter 

designs is detailed, leading to insight on design features which need optimisation in future 

devices; 

❖ Lastly, Chapter 7 summarises the main findings of this thesis and provides an overall 

discussion, including scope for future work and conclusions.  
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CHAPTER 2 

BACKGROUND 

 

2.1. Introduction 

The development of accurate computational models which can be used to (1) represent the 

physiological of a cardiovascular component such as the MV or (2) evaluate the design of 

biomedical devices, such as haemodialysis catheters, requires the analysis of the current state-

of-the-art. This chapter first introduces the anatomy and physiology of the heart (section 2.2) 

and is then divided into two main sections, focusing on topics related to each side of the heart:  

❖ Regarding the left side of the heart (sections 2.3-2.7), focus is given to the MV, and a 

description of its anatomy and the mathematical analysis of its geometry is performed. The 

biomechanical properties of the MV, and their connection with its function, are described. 

Further, the pathophysiology of MV disease is outlined, including how changes in its geometry 

are associate with the onset of dysfunction and how surgical treatments aim to restore that 

geometry in order to improve performance. The finite element (FE) method is introduced as a 

powerful tool to study MV function in healthy, diseased and repaired cases, providing an 

overview of the models previously developed; 

❖ The use of the right side of the heart as a location for treatment of chronic kidney disease 

is explained (sections 2.8-2.9). An introduction to chronic kidney disease and its relationship 

with MV disease is performed. Further, the use of haemodialysis catheters inserted on the right 

side of the heart to treat chronic kidney disease is outlined, as well as associated malfunctions 

and pathways for upcoming research. 
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2.2. Heart anatomy and physiology 

The heart, located in the centre of the chest in the thoracic cavity, functions as a mechanical 

cycling pump, pumping blood throughout the circulatory system (Tortora and Derrickson, 

2014). The healthy heart beats around 60 to 90 times per minute (Mason et al., 2007), yielding 

a typical cardiac cycle period of 0.675 to 1 s. The right and left sides of the heart are associated 

with different functions: while the right (venous) side received deoxygenated blood from the 

circulatory system and sends it to the lungs, the left (arterial) side pumps oxygenated blood 

from the lungs throughout the body (Goodman, 2004). The anatomy of both right and left hearts 

is different, with the left side having four times more muscle than the right side. This causes a 

change in the pressure environment: the arterial side pumps blood at higher pressures (69 and 

114 mmHg for diastole and systole, respectively) and throughout the whole body (Reference 

Values for Arterial Stiffness, 2010), while the venous side, with a thinner muscle layer, pumps 

blood at lower pressures (8 to 10 mmHg) and through shorter distances (Goodman, 2004; 

Gelman, 2008). 

Both sides of the heart are separated into upper and lower chambers, represented in Figure 2.1a). 

The atria (upper chambers) fill with venous blood during diastole and direct it to the ventricles 

(lower chambers). At systole, the ventricles contract and pump blood away from the heart 

(Goodman, 2004; Tortora and Derrickson, 2014). The four heart valves open and close to 

control the passage of blood flow between the chambers and out of the heart, preventing 

backflow during systole (Goodman, 2004). This function creates pressure gradients across the 

valves which aid propelling blood flow in the correct direction and generating the correct 

pressure environments in each chamber (Figure 2.1b).  
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Figure 2.1: a) Heart anatomy diagram displaying the right (blue) and left (red) sides, with the four 

chambers and respective valves (reproduced from pixabay under CC BY-SA 3.0: 

https://creativecommons.org/licenses/by-sa/3.0/deed.en); b) Example of physiological ventricular and 

atrial pressures over one cardiac cycle, with timings for heart valve opening and closing indicated. 

Notes: AV, aortic valve; PV, pulmonary valve; MV, mitral valve; TV, tricuspid valve. 

https://creativecommons.org/licenses/by-sa/3.0/deed.en
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2.3. Mitral valve anatomy and physiology 

The MV lies between the left atrium and left ventricle (LV). It has a complex geometry 

comprising the mitral annulus, the anterior (AL) and posterior (PL) leaflets and the subvalvular 

apparatus (Figure 2.2). The latter is formed by the chordae tendineae and the papillary muscles 

(PM), which are inserted into the LV wall (McCarthy et al., 2010; Dal-Bianco and Levine, 

2013; Topilsky, 2020). These structures work in synchrony towards its effective mechanics to 

enable closing and opening through the cardiac cycle (McCarthy et al., 2010).  

 

 

Figure 2.2: Schematic of mitral valve anatomy, fitted within the left heart and including all anatomical 

components. Reproduced with permission from (Otto, 2001), Copyright Massachusetts Medical Society. 

2.3.1. Annulus 

The annulus is a ring of fibrous tissue circumscribing the perimeter of the MV orifice and its 

base, anchoring it within the left heart (Dal-Bianco and Levine, 2013) and sharing a fibrous 

continuity with the aortic valve (Veronesi et al., 2009; Ranganathan et al., 1970). This adjacent 

section defines the anterior portion of the mitral annulus, limited by the left and right fibrous 
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trigones; the posterior part of the annulus is distal to the trigones and includes the lower points 

of its saddle shape (Dal-Bianco and Levine, 2013; Pouch et al., 2014; Jassar et al., 2014). Its 

shape and associated diameters vary during the cardiac cycle (Jiang et al., 2014; Tang et al., 

2019; Topilsky et al., 2013), making it a dynamic structure: in diastole the annulus has a more 

circular shape, while in systole its non-planarity is more enhanced in synchrony with valve 

closure/leaflet coaptation, reducing mechanical stress during systole (Garbi and Monaghan, 

2015; Al-Atabi et al., 2012; Dal-Bianco and Levine, 2013). A schematic representation of the 

annulus is presented in Figure 2.3, including key dimensions. 

 

 
Figure 2.3: MV annulus a) viewed from within the left atrium and b) from above, with key anatomical 

landmarks and dimensions represented. Notes: LT, left trigone; RT, right trigone; dIT, distance between 

trigones; dAP, anteroposterior diameter; dCW, commissural width; hAH, annular height. 

2.3.2. Leaflets 

The leaflets of the MV are a continuous band of tissue extending from the annulus. According 

to their geometrical form and anatomical connection to the annulus, the leaflets are divided into 

anterior, posterior and commissural parts (Dal-Bianco and Levine, 2013; McCarthy et al., 

2010). The PL has a semilunar shape and a relatively short radial length in comparison with the 
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AL, being composed of three minor semi-oval scallops: a central one opposite to the anterior 

leaflet, and two other, to each side (Ranganathan et al., 1970; Dal-Bianco and Levine, 2013; 

Carpentier et al., 1995). The AL, on the other hand, is dome-shaped, longer and thicker 

(Ranganathan et al., 1970; Dal-Bianco and Levine, 2013).  

Tissue characteristics of both leaflets also change accordingly to region, as stated by previous 

human mitral valve studies and as displayed in Figure 2.4: while the central portion is thinner 

and smoother (clear zone), towards the free edges the tissue becomes thicker and rougher (rough 

zone) (Al-Atabi et al., 2012; Dal-Bianco and Levine, 2013; McCarthy et al., 2010): this is the 

main area of chordae tendineae attachment and usually extends 6 to 8 mm from the free edges 

of the leaflets (Lam et al., 1970; Dal-Bianco and Levine, 2013). In systole, the leaflets coapt 

along the rough zone (or zone of apposition), closing the valve (Ranganathan et al., 1970); in 

diastole, the leaflets separate and the valve opens (McCarthy et al., 2010). The PL also 

possesses a chordae attachment area near the annulus, named the basal zone (Lam et al., 1970). 

 
Figure 2.4: Human mitral valve leaflet shape and main areas of different tissue characterisation. Notes: 

C, clear zone; R, rough zone; B, basal zone. 

2.3.3. Chordae tendineae 

The chordae are chord-like structures that arise from the tip of either of the two PMs and insert 

into the leaflets (Lam et al., 1970; Al-Atabi et al., 2012), as displayed in Figure 2.5. They are 
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characterized according to their point of attachment and size: in a human MV, the marginal 

chordae are thinnest and attach to the free edge of the leaflets; basal chordae are thicker and 

more extensible, inserting between the free edges and the leaflet’s attachment to the annulus 

(rough zone). There are two thick basal chords (strut chordae) that arise from the tip of each 

PM and insert into the anterior leaflet: these are the largest and thickest of all chordae, carrying 

also the highest tension (Al-Atabi et al., 2012; Lam et al., 1970; Dal-Bianco and Levine, 2013; 

Lomholt et al., 2002; Wilcox et al., 2014). Their insertion region into the anterior leaflet 

experiences varying stretch during the cardiac cycle, which demonstrates a transfer of forces 

from the leaflets to the chordae and vice versa and aids in valve function (Padala et al., 2010). 

There are also tertiary chordae, which originate at the LV wall and connect to the basal region 

of the PL (Al-Atabi et al., 2012; McCarthy et al., 2010). According to porcine and ovine studies, 

different types of chordae are associated with different functions, as presented in Table 2.1.  

 

 
Figure 2.5: Ex vivo example of chordae tendineae arising from both PMs and branching before inserting 

into the AL and PL (adapted from pixabay under CC BY-SA 4.0: 

https://creativecommons.org/licenses/by-sa/4.0/). Notes: AL, anterior leaflet; PL, posterior leaflet; PM, 

papillary muscle. 

 

https://creativecommons.org/licenses/by-sa/4.0/
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Table 2.1: Classification of chordae tendineae and their role in MV function (Espino et al., 2005; Timek 

et al., 2001; Nielsen et al., 2003; Sedransk et al., 2002; Wilcox et al., 2014; Lam et al., 1970; Faletra 

and Narula, 2017). 

Type Leaflet attachment Function 
Marginal (primary: includes 

commissural and cleft chordae) Free edge Leaflet coaptation 
during systole 

Basal (secondary) Rough zone Support and transfer 
loads to leaflets 

Strut (secondary) Ventricular portion of AL 
Carry high loads to 

protect marginal 
chordae from failure 

Tertiary Ventricular portion of PL To limit PL motion 
 

2.3.4. Papillary muscles 

The two PMs are known as anterolateral and posteromedial, relative to the anterior and lateral 

body orientations and indicating the anatomical parts of the LV wall into which they insert. 

Similarly to the mitral annulus, they are dynamic structures that move through the cardiac cycle, 

to ensure appropriate MV coaptation. Moreover, PM and annular motion are intrisically 

connected: during early systole, the PMs displace closer to the annulus, contracting throughout 

middle and late systole, shortening their own length and increasing the distance between the 

PM tips and the annulus (Topilsky et al., 2013; Topilsky, 2020).   

The human PMs exhibit great morphological variability. Although two in number (Al-Atabi et 

al., 2012), there are usually groups of muscles adjoining, reaching a total number as high as 

five and attaching to the LV wall either at its middle, upper or lower sections (Saha and Roy, 

2018). Moreover, their shape is diversified, resembling either a cone (conical shape), having a 

truncated shape, or being bifurcated or trifurcated (Saha and Roy, 2018). Further, the number 

of chordae tendineae that attach to the PM, as well as their insertion distribution, is a source of 

variability. These features contribute to PM morphological heterogeneity, either in shape or 

attachment site. 
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2.3.5. Mathematical analysis of mitral valve geometry 

Medical imaging modalities have been used to obtain dimensions of the MV in healthy (Sonne 

et al., 2009; Mihaila et al., 2014; Jolley et al., 2017; Pouch et al., 2014) and diseased (Lee et 

al., 2013; Mihaila, 2013; Jassar et al., 2014; Calleja et al., 2015) geometries, including 

dimensions related to the subvalvular apparatus, such as PM distances to annulus and chordae 

tendineae lengths (Delgado et al., 2009; Obase et al., 2016; Obase et al., 2015). Given the 

dynamic variability of the MV, further studies have published quantitative measurements 

throughout the whole cardiac cycle (Topilsky et al., 2013; Jiang et al., 2014; Tang et al., 2019).  

While most of these studies just report key MV dimensions, some attempt to find mathematical 

correlations between measurements. For instance, Okamoto et al. performed an anatomical 

study with excised human hearts where they examined MV geometry by assuming the mitral 

annulus as a circle and the anterior (AAC) and posterior (PAC) annular circumferences as arc 

lengths, as displayed in Figure 2.6.  

 

 

Figure 2.6: Circle representing the annulus, according to Okamoto et al. (2007), with relevant 

dimensions highlighted. Notes: LT, left trigone; RT, right trigone; AL-PM diameter, anterolateral-

posteromedial diameter; CW, commissural width; IT distance, inter-trigonal distance; θTg, trigonal 

angle; θCom, commissural angle. 
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This work underlined positive linear relationships between these dimensions and a 

dimensionless Z-value representing the annular diameter (or AL-PM distance), as given by 

equations 2.1 (R2 = 0.66, p-value < 0.01) and 2.2 (R2 = 0.91, p-value < 0.01) (Okamoto et al., 

2007): 

 

 AAC = 25 + 0.42dAL-PM, (2.1) 

 

where dAL-PM represents the AL-PM distance, with both variables in mm, 

 

 PAC = 44 + 1.2dAL-PM, (2.2) 

 

where both variables are in mm. Further, the authors of this study have mathematically defined 

the AAC, PAC and the inter-trigonal distance, assuming the annulus divided into anterior and 

posterior portions by the left and right trigones or commissures, as displayed in Figure 2.6 and 

defined by equations 2.3-2.5:  

 

 dIT = 2 ∙ dAL−PM ∙ sin(
θTg

2
), (2.3) 

 

 AAC = π ∙ dAL−PM ∙ θTg ∙ θCom, (2.4) 

 

 PAC = π ∙ dAL−PM ∙ (360 − θTg ∙ θCom)/360, (2.5) 
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where dIT is the inter-trigonal distance, 𝜃𝑇𝑔 is the angle between left and right trigones and 

𝜃𝐶𝑜𝑚 is the angle between commissures at the annular plane (Okamoto et al., 2007).  

Another author has discussed that the coaptation triangle (2D triangle formed by the 

anteroposterior (AP) diameter, anterior and posterior leaflets when the leaflets coapt, 

represented in Figure 2.7, including tenting height, tenting area, and leaflet angles, also play an 

important role in the evaluation of human MV geometry and function (Deorsola and Bellone, 

2018; Delgado et al., 2009; Silbiger, 2011; Ciarka et al., 2010). Deorsola et al. hypothesized 

that the coaptation triangle of healthy valves could be based on the Golden Ratio, a ratio 

observed in Nature which derives from sectioning a certain segment in two different parts 

(Deorsola and Bellone, 2018). Such ratios yield an irrational number (rounded to 0.618 or 

1.618) known as the Golden Ratio. This study states that the value of 0.618 can be obtained 

through the ratio between the anterior cord and the AP diameter, between the posterior and the 

anterior cords and between the tenting height and the posterior cord. 

 

 
Figure 2.7: Coaptation triangle, where the hypothenuses can be considered as a simplified 

representation of the anterior and posterior leaflets. The tenting height divides the base of the triangle 

(AP diameter) into two segments – the anterior and the posterior cords. Notes: αA, anterior leaflet angle; 

αP, posterior leaflet angle. 
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Indeed, Deorsola et al. found strong correlations between the original coaptation triangle and 

the Golden (or mathematical) one at early systole (0.353 ≤ R2 ≤ 0.966). Moreover, good linear 

relationships were found between the AP diameter and the anterior cord (equation 2.6, R2 = 

0.97, p-value < 0.01) and between anterior and posterior cords (equation 2.7, R2 = 0.82, p-value 

< 0.01): 

 

 Acord = 1.391 + 0.580dAP, (2.6) 

 

where dAP (AP diameter) and Acord (anterior cord) are in mm, 

 

 Pcord = – 1.279 + 0.667·Acord, (2.7) 

 

where the Acord and Pcord (posterior cord) are in mm. Unfortunately, only the early systolic frame 

of the cardiac cycle was evaluated, and it is unclear whether the correlations found would be 

maintained throughout the cardiac cycle (Deorsola and Bellone, 2018). In a more recent study 

performed by the same authors at a diastolic frame, correlations were found between the AP 

diameter and AL (equation 2.8, R2 = 0.94, p-value = 0.01) and PL (equation 2.9, R2 = 0.94, p-

value = 0.01) lengths, as well as between the AL and PL lengths (equation 2.10, R2 = 0.98, p-

value = 0.01: 

 

 Ah = 3.2061 + 0.9764dAP, (2.8) 

 

 Pmh = -1.4546 + 0.6731Ah, (2.9) 
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 Pmh = 0.5344 + 0.6626dAP, (2.10) 

 

where Ah and Pmh are the middle anterior and posterior leaflet heights, respectively. 

The results obtained by Deorsola et al. and Okamoto et al. demonstrate how different 

components of MV geometry can be mathematically defined, and how several MV dimensions 

are mathematically correlated (Deorsola and Bellone, 2018; Deorsola and Bellone, 2019; 

Okamoto et al., 2007). These preliminary observations demonstrate that there is additional 

scope to determine more correlations between additional dimensions, in order to potentially 

define a unique mathematical model representing the overall shape of the MV.  

2.4. Biomechanical properties of the mitral valve 

2.4.1. Leaflets 

The mitral leaflets consist of four histological layers with different biomechanical properties 

which allow them to withstand high tensile forces, stretch and recoil (Sacks et al., 2009): the 

atrialis (facing the left atrium), the spongiosa (middle layer), the fibrosa and the ventricularis 

(on the ventricular surface). The atrialis is a thin layer composed mainly of a network of aligned 

elastin and collagen fibres, potentially associated with leaflet remodelling in the onset and 

progression of pathology (Dal-Bianco et al., 2009). Comprising the majority of the free edge, 

the spongiosa layer consists of a loose connective tissue matrix rich in proteoglycans and 

glycosaminglycans, along with elastic fibres and loosely organised collagen. Due to this 

composition, it has been hypothesized that this layer protects the leaflets during closure and 

opening of the valve (McCarthy et al., 2010), and especially as they experience shearing, but 
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further studies are required to fully understand its role (Sacks and Yoganathan, 2007). Beneath 

the spongiosa is the fibrosa, a major load-bearing layer during MV closure which forms the 

central structural collagenous core of each leaflet. This is the thickest layer of the MV 

(Gumpangseth et al., 2020), being composed of a dense network of crimped and predominantly 

circumferentially aligned collagen fibres which provide the tissue reinforced stiffening during 

loading (Kramer et al., 2019). Finally, the ventricularis is the thinnest layer, covered by a 

continuous sheet of endothelial cells folded with elastin and collagen fibres. It contributes to 

the formation of chordae tendineae, as these structures insert on the ventricular side of the leaflet 

(McCarthy et al., 2010). Since both the atrialis and ventricularis layers have a similar 

histological composition, both facilitate leaflet movement and restoration to the valve’s 

unloaded geometry after closure (Kramer et al., 2019). 

The biomechanical response of the mitral leaflets when subjected to loading is non-linear and 

anisotropic, as obtained by experimental tension tests performed on leaflet tissue samples (May-

Newman and Yin, 1998). This non-linear behaviour is a result of collagen fiber distribution and 

its mechanical response, associated with different stiffnesses in fiber/cross-fiber directions 

(Rausch et al., 2013). These mechanical responses greatly vary between the AL and PL, since 

the structural composition of their tissue layers differs. Given that the AL withstands higher 

loads than the PL, its predominant layer is the fibrosa, as represented in Figure 2.8; on the 

opposite, the PL is thinner and more flexible (Kunzelman et al., 1993b). Regardless, the tissue 

histology of both leaflets is altered with age (Gumpangseth et al., 2020) or due to pathological 

states (Dal-Bianco et al., 2009). Gumpangseth et al. observed increasing elastin and collagen 

fibers with advancing age, with the presence of elastic fiber fragmentation and irregular and 

denser fiber networks. In cases of MV structural degeneration, thickened leaflet tissue with 

irregular regions of collagen and microstructural alterations in the fibrosa layer has been found 
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(Hadian et al., 2007). On the other hand, it has been observed that the subjection of the leaflets 

to abnormal stress can induce interstitial cell activation and proliferation, potentially associated 

with an adaptation mechanism which can lead to leaflet enlargement during pathological 

conditions (Dal-Bianco et al., 2009). These indicate that changes in the leaflet tissue 

microstructure can alter the biomechanical properties of the MV, leading to dysfunction.  

 

 
Figure 2.8: Microstructure of the central region of the AL, showcasing the main four tissue layers. The 

relative thickness of each layer is showcased, with collagen and elastin fibers being coloured in red and 

green, respectively. The referential indicates the circumferential (C) and radial (R) directions of the 

fibers. Notes: V, ventricularis; F, fibrosa; S, spongiosa; A, atrialis (reproduced with permission from 

(Zhang et al., 2016)). 

2.4.2. Chordae tendineae 

The chordae tendineae are fibrous chords composed of collagen and elastin, similarly to the 

MV leaflets. The collagen fibers are densely organised in the innermost core of the chordae, 

aligned with the longitudinal direction of the chordae itself (Zuo et al., 2016; Millington-

Sanders et al., 1998). When relaxed, these collagen fibers are arranged in an undulating pattern, 
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and straighten when the PM contracts and chordae stretch, helping reduce the stress created 

with PM contraction (Millington-Sanders et al., 1998). This behaviour gives rise to a non-linear 

biomechanical response (Kunzelman and Cochran, 1990) which varies according to the type of 

chordae: while marginal chordae have the highest collagen density associated with limited 

extensibility which prevents leaflet edge inversion and flail, secondary chordae have more 

elastin, being less stiff (Obadia et al., 1997). 

Similarly to the leaflets, the histology and associated biomechanical response of the chordae 

alters with pathological loading conditions or with increasing age. For example, the cross-

sectional area of the collagen network in the chordae reduces with increasing age, potentially 

leading to stretching and rupture of the chordae (Millington-Sanders et al., 1998). 

2.5. Mitral valve disease 

The physiological-functioning of all components of the MV (and the LV), as well as their ability 

to adapt to altered stress state imposed by the passage of blood flow, rely on their biomechanical 

properties and structural integrity (Al-Atabi et al., 2012; Topilsky, 2020). The presence of 

abnormal function of any of the MV components can ultimately lead to mitral regurgitation 

(MR), a condition on which the leaflets do not coapt correctly, causing backflow from the LV 

into the left atrium (Al-Atabi et al., 2012). This affects MV performance, resulting in 

suboptimal ventricular filling or ejection. 

2.5.1. Pathophysiology of MR: Carpentier’s functional classification 

One of the most commonly used classifications of MR was designed by Alain Carpentier 

(Carpentier, 1983), sometimes referred to as the “pathophysiologic triad” (Carpentier et al., 

1980). It divides MV dysfunctions in three categories, all of which yield lesions that lead to 
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clinical mitral regurgitation (Figure 2.9). These categories are based on the position of leaflet 

margins with respect to the mitral annulus plane, with primary MR being a consequence of MV 

apparatus disease and secondary MR offsetting from LV pathologies such as myocardial 

infarction (Castillo et al., 2011; Carpentier, 1983; Stone et al., 2015; Al-Atabi et al., 2012; El 

Sabbagh et al., 2018). Type I refers to normal leaflet motion and is associated with annular 

dilation and leaflet perforation. Type II characterizes excessive leaflet motion which commonly 

leads to leaflet prolapse (leaflet bulging towards the left atrium) and is usually derived from 

elongation or rupture of the chordae tendineae and/or the PM. Type III relates to restricted 

leaflet motion, either diastolic and systolic (Type IIIa) or just systolic (Type IIIb). The first type 

(IIIa) is associated with leaflet and/or chordae thickening due to inflammatory or congenital 

diseases, including rheumatic MV disease. Additionally, calcium can deposit on the annulus or 

the leaflets (calcification), making these thicker and less flexible. In type IIIb, the PM is 

displaced away from the mitral annulus due to LV enlargement, causing systolic tethering of 

the mitral leaflets and preventing their motion. Further information on this classification and 

the associated lesions can be found elsewhere (Castillo et al., 2011; Carpentier, 1983; Stone et 

al., 2015; Al-Atabi et al., 2012).   
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Figure 2.9: Carpentier’s classification for the aetiology of MV dysfunction. Reproduced from (El 

Sabbagh et al., 2018), with permission.  

2.5.2. Changes in mitral valve geometry during disease 

Changes in MV shape are intrinsically connected with disease onset and progression. For 

example, changes in annular dimensions have been associated with different dysfunction 

scenarios. The increase in annular size associated with annular dilation compromises leaflet 

coaptation length (Silbiger, 2011). On the other hand, a previous in vitro study based on porcine 

MV showed that increasing annular area values were associated with a decrease in the pressures 

needed to cause MV failure (Espino et al., 2007). The link between the effective regurgitant 

orifice area (EROA) and MV geometry serves as a validation of the role played by 

abnormalities in shape in dysfunctional cases. Concerning the human MV, increases in EROA, 

linked to greater severity of regurgitation, have been associated with increasing annular 

circumference and area at end-systole, although such associations were poorly correlated (R2 = 

0.38, R2 = 0.48, respectively, with p-value < 0.01) (Cong et al., 2018). Lee et al. (2013) have 
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also seen an inverse correlation between EROA and the annular height to commissural width 

ratio (AHCWR), showing loss of MV saddle shape with increasing regurgitation (R2 = 0.44, p-

value < 0.01) (Lee et al., 2013).  Other clinical studies have also correlated an increase in EROA 

with greater non-coaptation distance between leaflets (maximal distance between both leaflet 

edges) at end-systole, as given by equation 2.11 (R2 = 0.68, p-value < 0.01) (Senechal et al., 

2012). 

 

 λ = 0.066·e(0.325·μ), (2.11) 

 

where μ represents the non-coaptation distance (in mm) and λ represents the EROA (in cm2). 

Clinical studies also show that the MV annular flattening present in disease is associated with 

loss of nonplanarity (Silbiger, 2011; Lee et al., 2013), quantified by increased non-planarity 

angles (NPAs) (Mihaila, 2013), and greater billowing. Indeed, a correlation between lower 

AHCWR and higher values of billow volume (R2 = 0.66, p-value < 0.01) has been obtained at 

end-systole: 

 

 BV = 10.000 - 0.792·ε + 0.016·ε2, (2.12) 

 

where BV represents the billow volume (ml) and ε represents the AHCWR (as a percentage) 

(Lee et al., 2013).  

Morphometric changes in the subvalvular apparatus also affect MV function. Clinical studies 

have shown that the PMs suffer displacement in an attempt to attenuate the regurgitation effects 

(Lee et al., 2013; Silbiger, 2011); this is translated into increased inter-PM distance (Obase et 

al., 2016; Kim et al., 2014), which has been well correlated with increased regurgitant volume 
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in patients with severe functional ischemic mitral regurgitation, as mathematically described by 

the equation below for end-systolic data (R2 = 0.84, p-value < 0.01): 

 

 RV = – 36.440 + 1.434·υ, (2.13) 

 

where RV represents the regurgitant volume (in ml) and υ represents the inter-PM distance (in 

mm) (Jensen et al., 2010). Moreover, an increase in left ventricular dimensions causes apical 

displacement of the PM, leading to increased annulo-papillary lengths and chordae tendineae 

elongation (Obase et al., 2016). Previous clinical studies have connected PM displacement with 

the severity of mitral regurgitation: increased apical displacement of the posteromedial PM 

(PMPM) was associated with greater regurgitant volume (Jensen et al., 2010) and augmented 

tethering distance, characteristic of PM displacement, was correlated with increasing mitral 

regurgitation fraction (equation 2.14, R2 stated as 0.64, p-value < 0.01) (Uemura et al., 2005): 

 

 MRF = – 60.990 + 3.583·TD, (2.14) 

 

where TD represents the PMPM tethering distance (in mm/m2) and MRF represents the mitral 

regurgitation fraction (as a percentage). Another clinical study found independent associations 

between apical displacement of the PMPM and posterior displacement of the ALPM with 

increasing tenting area, related to loss of systolic annular function and regurgitation (Yiu et al., 

2000). However, the obtained data was too dispersed to yield strong correlations amongst these 

parameters. 

As detailed above, MV geometry and function are interlinked, with geometrical alterations in 

any component of this valve leading to dysfunction. Further studies focusing on the influence 



27 
 

of MV shape in the onset of disease are, therefore, critical to understand the interplay between 

the two, and potentially determine which dimensional changes affect MV function the most. 

2.5.3. Treatments for MV disease 

Several surgical approaches are available for MV dysfunction, depending on its aetiology and 

pathophysiology (El Sabbagh et al., 2018; Al-Atabi et al., 2012). These can include the 

incorporation of biocompatible materials within the MV structure, the use of repair methods or 

even the replacement of the MV with a mechanical valve.  

Usual approaches and drawbacks 

MV repair procedures have been greatly improved over the last decades, leading to lower 

mortality rates, greater long-term survival and quality of life in comparison with MV 

replacement (Lazam et al., 2017). A conventional approach to treat a dilated annulus, for 

instance, is annuloplasty, in which a ring is inserted into the annulus to restore its shape 

(Carpentier, 1983). In the case of leaflet perforation, leaflet resection is performed in addition 

to annuloplasty, removing the perforated segment (Bashore et al., 2006). If the leaflets are 

thickened, surgery focuses on re-opening fused commissures and restoring normal chordal 

length, usually achieved with valve replacement (Feindel et al., 2003; Bonow et al., 2008). 

If the cause of MV dysfunction is in the subvalvular apparatus, adjunctive procedures to 

annuloplasty are usually necessary to mitigate MR (Al-Atabi et al., 2012; Silbiger, 2011). If the 

chordae are affected (e.g. chordal rupture), other procedures are usually considered. Chordal 

replacement consists of replacing the affected chordae using synthetic materials (e.g. expanded 

polytetrafluoroethylene sutures); however, given the increased stiffness in replacement 

materials in comparison with native chordae, this approach may reduce leaflet mobility, and the 
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artificial chordae can suffer elongation and calcification, leading to native chordae rupture 

(Tabata et al., 2014; Colli et al., 2015). In chordal transposition, a healthy chord from another 

region of the MV is used to replace a damaged chord, correcting leaflet prolapse. This approach 

also has drawbacks, with a recurrence rate of 13% of mild MR in the long-term (Sousa Uva et 

al., 1993). Edge-to-edge repair, or Alfieri stitch (Alfieri et al., 2001), consists of suturing the 

prolapsing leaflet against the non-prolapsing leaflet, creating a double-orifice MV. This 

technique reduces the orifice area allowing for the passage of blood flow, which causes an 

increase in diastolic pressure gradients and associated leaflet stresses (Nielsen et al., 2001).  

Patients with secondary MR and LV systolic dysfunction are subjected to different treatments, 

including a coronary artery bypass graft or percutaneous coronary intervention to aid relieve 

LV dysfunction. MV replacement is usually preferred to repair in these patients, since repair 

has high recurrence rates of MR (58.8 % vs 3.8 % in a trial reported by Harmel et al.) and is 

associated with worse quality of life and heart failure (Harmel et al., 2018). Further details on 

surgical planning for MR and different types of surgical approaches can be found elsewhere (El 

Sabbagh et al., 2018; Maganti et al., 2010). 

Necessity for tailored surgical approaches  

Given the drawbacks associated with usual treatment approaches, it is imperative to improve 

repair techniques and optimise biomaterial designs for MV surgery (Fedak et al., 2008; Al-

Atabi et al., 2012). In fact, alterations of the valvular geometry after surgery lead to changes in 

blood flow patterns and valve closure, ultimately disrupting normal flow through the left 

ventricle (Xu et al., 2021). High/abnormal stresses induced on the valve leaflets have been 

found post-repair, potentially indicating post-surgical failure or impairment of MV function 

(Kong et al., 2020). Therefore, the success of MV surgical approaches depends on the 
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restoration of normal fluid dynamics, usually involving correction of valve biomechanics (Al-

Atabi et al., 2012). As an example of design optimisation, novel annuloplasty ring designs for 

the MV which mimic the native annular saddle-shape (Doll et al., 2019) and optimise load 

bearing by the annulus (Ncho et al., 2020) have been recently developed (example on Figure 

2.10a). On the other hand, catheter-based (percutaneous) surgical approaches which minimise 

MV structural changes and are minimally invasive have been recently developed. One of these 

is the “edge-to-edge” MitraClip device (Abbott Vascular, Santa Clara, California), which 

mimics the Alfieri stitch and clips the free edges of the AL and PL (Figure 2.10b). Clinical 

trials have assessed the long-term benefits of MitraClip therapy (Obadia et al., 2018; Stone et 

al., 2018), with patients with heart failure and moderate-to-severe secondary MR benefiting the 

most from this approach (Stone et al., 2018). This technique is therefore currently employed in 

patients at high risk for conventional surgery, and it is still crucial to clearly identify criteria to 

be met for the use of this type of repair (Pibarot et al., 2019). Percutaneous approaches have 

also been used for MV and chordae replacement; however, these techniques must be further 

developed before a percutaneous MV is widely available for clinical use (El Sabbagh et al., 

2018). For this, additional methods to provide further insight into the long-term performance 

of these novel surgical techniques are necessary. 
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Figure 2.10: Examples of novel treatment devices for the MV, including (a) an asymmetrical 

annuloplasty ring mimicking annular saddle shape (Copyright 2018 Medtronic) and (b) the MitraClip 

(Abbott Vascular, Santa Clara, CA, USA), with its insertion into the mitral leaflets schematised 

(reproduced under CC BY-SA 3.0: https://creativecommons.org/licenses/by-sa/3.0/deed.en). 

2.6. Computational modelling methodologies for the mitral valve 

2.6.1. Overview 

The use of computational models to study the biomechanics of the human body, and especially 

the behaviour of the cardiovascular system, is becoming increasingly widespread (Niederer et 

al., 2019; Owen et al., 2018). Computational models based on a variety of numerical techniques 

can be used to simulate complex problems in biomechanics ranging from structural analysis to 

fluid mechanics (Viceconti et al., 2005), and even the interaction between structural 

deformation and fluid motion. Such models use a detailed set of mathematical descriptions that 

govern the behaviour of a system of interest. For example, the physiological function of the 

MV can be described by a structural-only model, able to virtually simulate MV closure and 

provide detailed deformation and stress patterns (Stevanella et al., 2009; Votta et al., 2008; Rim 

et al., 2013), relevant to understand MV performance in diseased states (Pham et al., 2017; 

https://creativecommons.org/licenses/by-sa/3.0/deed.en
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Choi et al., 2016). Fluid flow numerical approaches, on the other hand, can be used to study 

blood flow behaviour (Morris et al., 2016). Moreover, models representing the interaction 

between blood flow and structural deformation can provide detailed information on the 

behaviour of transvalvular blood flow in the case of the MV, in addition to deformation and 

stress patterns of the mitral leaflets (Gao et al., 2017a; Hassani et al., 2019; Adham Esfahani et 

al., 2019). These are, however, more computationally intensive than structural-only models. In 

this thesis, a structural-only model employing the FE method is developed and used to simulate 

MV function (Chapters 4 and 5).  

2.6.2. The Finite Element Method 

Mesh discretisation 

To obtain the numerical solution of a specific computational model, its geometry (or domain) 

must be discretised into smaller finite geometric/topological elements. These correspond to a 

computational mesh in which the governing mathematical equations are solved. Central to the 

implementation of the FE method is, therefore, the mesh generation, which can be based on 

several types of elements in 1D, 2D or 3D, as displayed in Figure 2.11. Regardless of type or 

shape, the numerical solutions are calculated at the nodes of the element. In first order elements, 

these are obtained at the vertex of the geometry, while in increasing order elements they are 

calculated at several points on the edges of an element. 2D and 3D elements are classified 

according to their geometrical surface: the most common are triangular and quadrilateral 

elements for a 2D representation or tetrahedral and hexahedral for a 3D one. 
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Element 
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Figure 2.11: Types of FE elements and respective order. 

 

Shell elements are associated with geometries in which one dimension (thickness) is 

significantly smaller than the other dimensions. Different shell types are associated with 

different thickness-to-span ratios: thick shells have a ratio between 1/8 and 1/20 and thin shells 

between 1/20 and 1/100,000, for example. Shell elements are, therefore, ideal to model MV 

leaflet tissue, since its thickness is much smaller (ratio < 1/20) than other leading dimensions 

(Kunzelman et al., 1997), with this is the type of element being employed throughout thesis to 

represent the MV surface. These elements define the geometry at a reference surface (usually 

the mid-surface of the geometry) and the thickness of the body is defined through a unique 

parameter. They are characterised by transverse shear and membrane and bending deformation, 

with the latter defining the bending stiffness of the elements. If the stiffness of an element must 

be calculated during the computational analysis, numerical integration is used to calculate the 

stresses and strains independently at section points through the shell thickness called integration 

points. In the case of a membrane implementation, one integration point is assumed, neglecting 

bending stiffness; to increase the bending stiffness, or to characterise different layers within 
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one shell element, the number of integration points through the shell thickness can be increased 

accordingly (Figure 2.12). 

 

 
Figure 2.12: Shell through the thickness integration points for different layer representations. 

 

Brief introduction to the FE method 

In the case of a structural-only numerical problem with specific loading and boundary 

conditions, the goal of the FE method is to determine a set of nodal displacements (unknown 

variables) which minimise the total potential energy of the model (i.e. state of equilibrium). For 

a node of a FE element, the fundamental equation is defined by: 

 

 [𝐊] ∙ [𝐔] = [𝐅] (2.15) 

 

where [𝐊] is the stiffness matrix, [𝐅] is the force vector acting at the node and [𝐔] is the 

unknown vector of nodal displacements. The stiffness matrix [𝐊] depends on the material 

properties applied to the model. In the case of a plane stress solid (e.g. shell element), external 
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forces are applied on the x-y plane, and stresses in the z-direction are null. This means that the 

stress (σ) and strain (ε) vectorial components can be written as in equations 2.16 and 2.17: 

 

 𝛔 = {

σxx

σyy

σxy

} (2.16) 

 

 𝛆 = {

εxx

εyy

εxy

} (2.17) 

 

Strain-displacement relationships are also given as: 

 

 εxx =
∂u

∂x
;   εyy =

∂v

∂y
;   γxy =

∂u

∂x
+

∂v

∂y
 (2.18) 

 

where the strains εxx and εyy are evaluated as the displacements u and v with respect to their 

initial positions x and y and the shear strain γ is the sum of the strains in both directions. The 

strain-displacement relation can also be written as: 

 

 𝛆 = [𝐋][𝐔] = [

𝜕/𝜕𝑥 0
0 𝜕/𝜕𝑦

𝜕/𝜕𝑦 𝜕/𝜕𝑥
] {

𝑢
𝑣

}, (2.19) 

 

where [𝐋] is the differential operator matrix. 

According to Hooke’s law, the stress-strain relationship is given by: 



35 
 

 

 𝛔 = [K]𝛆, (2.20) 

 

where the stiffness matrix [K] is composed of material constants to be determined. For plane 

stress, isotropic materials, [K] becomes: 

 

 [K] =
E

1−υ2
[
1 υ 0
υ 1 0
0 0 (1 − υ)/2

], (2.21) 

 

where [K] depends on the Young’s modulus (E) and Poisson’s ratio (υ). The shear modulus G 

is a function of E and υ, resulting in: 

 

 G =
E

2(1+υ)
. (2.22) 

 

The dynamic equilibrium equations which satisfy the displacement continuity between the 

nodes of an element, can be defined as a matrix: 

 

 [𝐋]𝑇σ +  𝒇𝒃 = ρ[𝐔]̈ , (2.23) 
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where 𝒇𝒃 is the external force vector (including x and y force components). More details on the 

FE method fundamentals and the different numerical approaches available to obtain the solution 

to this system (e.g. explicit vs implicit approach) can be found elsewhere (Liu and Quek, 2014).  

2.7. Previous computational models of the mitral valve 

Computational modelling of the MV has focused on two different fronts:  

❖ To develop frameworks able to more accurately represent the complex MV anatomy 

and function in timescales compatible with clinical translation; 

❖ To study MV physiology, including dysfunctional cases and surgical procedures. 

2.7.1. Numerical approaches 

The complexity of frameworks to simulate MV function has increased over the last decades. 

During the first years of MV modelling, structural-only FE approaches were used to simulate 

valve function (Kunzelman et al., 1993a; Salgo et al., 2002). These first models employed 

parametric shapes of the MV, based on literature data, and were used to study leaflet stress 

distributions associated with healthy geometries. Since then, FE models of the MV have greatly 

evolved: studies have focused on improving the geometries used, material properties chosen 

and boundary conditions imposed, given that computational predictions are highly sensitive to 

these factors. For instance, MV geometries including PM tips with diverse representations (Prot 

et al., 2010; Votta et al., 2008) and chordae distributions based on imaging data (Wang and 

Sun, 2013) have been developed. Indeed, patient-specific models based on MV geometries and 

functional information obtained from medical images have been developed and faster and 

improved algorithms have been created to capture the structure of the MV (Einstein et al., 2010; 

Ionasec et al., 2010; Mansi et al., 2012), as exemplified in Figure 2.13. 
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Figure 2.13: Framework proposed by Mansi et al. for the generation of MV models from medical 

imaging, and creation of the final MV model ready for FE simulations. Patient-specific images of the 

MV are used to capture its structure and its apparatus is estimated from anatomical landmarks, giving 

rise to a mapped parameterisation of the leaflet surfaces. Chordae tendineae are then defined based on 

PM tip location and assumptions for distribution, giving rise to the complete MV model.  

 

Medical images such as 3D transesophageal echocardiography (Ge et al., 2014; Mansi et al., 

2012; Rim et al., 2013; Zhang et al., 2017), multislice computed tomography (Wang and Sun, 

2013) or cardiac magnetic resonance (Stevanella et al., 2011) have been used for the creation 

of patient-specific MV models; In addition, and given the coupling of the MV with the LV, 

several FE models have also obtained the LV geometry from medical images and incorporated 

the entire structure for computational analysis (Ge et al., 2014; Wenk et al., 2010). 

Structural-only models of the MV do not incorporate fluid dynamics and its interaction with 

the valve. To account for this interaction, fluid-structure interaction (FSI) approaches, 

characterised by a coupling between the equations describing fluid mechanics and those 

describing solid mechanics (Formaggia et al., 2009). The first FSI approach to study MV 

behaviour appeared less than 15 years ago, employing an idealised 3D MV model (Kunzelman 

et al., 2007). Since then, more sophisticated FSI frameworks with increasing complexity have 

been developed, incorporating patient-specific structures: models with patient-specific MV and 

LV were developed (Gao et al., 2017a; Mao et al., 2017; Khodaei et al., 2017; Caballero et al., 
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2020; Caballero et al., 2018), and sub-valvular geometrical data acquired from an ovine model 

gave rise to comprehensive FSI analyses of PM and chordae performance (Toma et al., 2017; 

Toma et al., 2016). Regardless, FSI approaches are computationally more expensive than FE 

methods, given the increase in complexity in multiphysics modelling. For this reason, FE 

analysis is still a widely used numerical approach for the study of MV function (Aguilera et al., 

2021; Kong et al., 2018; Kong et al., 2020). 

The validity of computational models for the MV is usually performed through comparisons of 

computational predictions with in vitro or ex vivo experiments (Toma et al., 2016; Lee et al., 

2015), as well as clinical imaging. For example, computationally predicted MV geometries at 

peak closure can be compared against their ground truth from medical images (Wang and Sun, 

2013; Mansi et al., 2012; Zhang et al., 2017). The comparison of computational results against 

other computational studies arises as an alternative when no other data is available. Further 

experimental and computational benchmark data for MV models is required, since in several 

cases clinical data available is usually limited (and of poor resolution), material properties and 

boundary conditions are unknown and models are over-simplified (Gao et al., 2017b). 

In addition, in order to obtain generalised results, patient-specific models and frameworks 

cannot be employed. A framework able to automatically generate scalable models which can 

be quickly created to represent a variety of scenarios associated with clinical cases is still 

missing in the current literature. Nonetheless, current computational models of the MV are able 

to: (1) evaluate MV biomechanics; (2) assess the effect of novel surgical techniques on MV 

function; (3) inform personalised clinical planning by allowing the simulation of several 

treatments in a patient-specific geometry. 
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2.7.2. Computational analyses 

Computational analyses of the MV have either focused on normal physiological function (Gao 

et al., 2017a; Votta et al., 2008; Wang and Sun, 2013), dysfunctional cases (Choi et al., 2016; 

Rim et al., 2013; Wenk et al., 2010; Aguilera et al., 2021) and surgical procedures (Ge et al., 

2014; Rim et al., 2015; Caballero et al., 2020; Kong et al., 2020). Metrics such as leaflet stress 

distributions, chordae tendineae tensions, PM reaction forces and blood flow velocity 

magnitudes are usually obtained to assess MV function. Computational predictions for 

dysfunctional MVs (altered geometries) have been associated with larger peak systolic stress 

distributions across the mitral leaflets (Rim et al., 2014; Stevanella et al., 2011), a decrease in 

the coaptation area (Choi et al., 2016; Aguilera et al., 2021) and much higher PM and chordae 

forces (Stevanella et al., 2011) in comparison with healthy valves. On the other hand, the virtual 

simulation of leaflet resection and annuloplasty to treat MR in diseased geometries has shown 

a decrease in leaflet stress distributions and an increase in the contact area between leaflets 

(Rim et al., 2015; Kong et al., 2018). The virtual implantation of MitraClip has also provided 

relevant information on its performance: an improved geometrical configuration with increased 

leaflet coaptation was obtained, but increasing leaflet peak stress after MitraClip implantation 

(Figure 2.14) could be a factor in triggering leaflet remodelling (Kong et al., 2020; Errthum et 

al., 2021). Similarly, the implantation of neochordae in MV models led to a decrease in MR, 

but increased neochordae tension and PL peak stress in specific configurations, revealing that 

the location of neochordae implantation affects MV biomechanics (Caballero et al., 2020). 

Computational models of the MV are, therefore, powerful tools to understand the effect of 

altered geometries and the impact of surgical procedures in its biomechanics. 
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Figure 2.14: Leaflet stress distributions [MPa] obtained by Errthum et al. when simulating repair with 

MitraClip in different spatial configurations (Errthum et al., 2021). 

2.8. Connection between the right atrium and chronic kidney disease 

2.8.1. Right atrial haemodynamics 

While left heart function has been extensively explored through clinical, in vitro and in silico 

studies, the right side has been mostly neglected (Gulan et al., 2017). For instance, despite the 

availability of detailed information of the morphology and function of the right heart in the 

literature (Rudski et al., 2010), only a few in vivo and in vitro studies have provided insight on 

the nature of its complex haemodynamics (Gulan et al., 2017; Wehrum et al., 2018; Parikh et 

al., 2017; Hirtler et al., 2016). The right atrium (RA), for example, can be compared to a 

haemodynamic chamber with flow patterns depending on the position of the superior (SVC) 

and inferior (IVC) vena cavas, which bring blood back to this chamber. Right atrial flow has 

been described as heterogeneous (Parikh et al., 2017), characterised by the formation of vortex 

rings in clockwise or counter-clockwise directions and helical flow due to the mixing of flow 

patterns brought by the SVC and IVC (Parikh et al., 2017; Gulan et al., 2017). Moreover, 

different characteristics of flow including altered vorticity or low WSS have been associated 

with the potential impairment of function due to right ventricular dilation or even atrial 

thrombus formation (Hirtler et al., 2016; Gulan et al., 2017). Further evaluations of right atrial 

haemodynamics are therefore required, especially when medical devices are inserted into the 
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right heart long-term. Such an example is the insertion of central venous catheters, used as a 

support treatment for chronic kidney disease (CKD) (Smith and Nolan, 2013). 

2.8.2. Chronic kidney disease and association with cardiovascular disease 

The kidneys filter blood by removing waste and extra fluid. In the presence of chronic kidney 

disease (CKD), a long-term, systemic pathology, there is a gradual or complete loss of kidney 

function (Jha et al., 2013). The identification and staging of CKD relies on the measurement of 

glomerular filtration rate, with decreasing rates (< 90 mL/min) being consecutively associated 

with worsened kidney function (KDIGO CKD Work Group, 2013).  

CKD has been highly associated with the incidence of CVD (Stevens et al., 2007; Go et al., 

2004; Thompson et al., 2015), with cardiovascular mortality accounting for 40-50 % of all 

deaths in patients with advanced CKD and end-stage kidney disease (Thompson et al., 2015; 

Webster et al., 2017). CKD has been associated with enhanced calcifications of coronary 

arteries (Goodman et al., 2000) and heart valves (Abd Alamir et al., 2015), stenosis, and even 

myocardial infarction (KDIGO CKD Work Group, 2013), likely due to dysregulation of 

inflammatory processes, hormones and electrolytes in these patients. There is, therefore, a 

strong connection between the prevalence and incidence of CKD and MV disease (Baumgartner 

et al., 2017). While severe CKD affects the long-term outcome of MV repair as given by 

increased mortality rates (Shah et al., 2019), improvement of kidney function has been observed 

after MV replacement (Doshi et al., 2018). 

2.8.3. Treatment for chronic kidney disease 

Haemodialysis is used clinically during CKD to support blood filtering. During this process, 

haemodialysis catheters (HD) are used to retrieve blood from the body, filter it externally, and 
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transport it back to the heart. Central venous catheters, a specific type of HD catheters, are 

typically inserted into a large vein in the neck or the chest, extending through the SVC and into 

the RA (Smith and Nolan, 2013). This is schematised in Figure 2.15, which also shows how 

these catheters connect to an external dialysis machine. This process is extensively used among 

patients awaiting permanent access placement or maturation (Malas et al., 2015). A 

retrospective study indicated that, in 2011, more than 80 % of patients starting haemodialysis 

in the United States did so through a catheter, where 27 % of those undergoing frequent dialysis 

(long-term cases) had a catheter fitted (Malas et al., 2015; Collins et al., 2012). 

 

 
Figure 2.15: Schematic of the dialysis process, including the main stages for filtering blood with a 

dialysis machine. Here, the insertion of a HD catheter into the RA from a vein in the neck is also 

displayed, with the external limbs of the catheter connecting to the dialysis machine (reproduced from 

Wikimedia Commons under CC BY-SA 3.0 and 4.0). 

 

A catheter design is usually based on a circular tube (with a 5 mm diameter) made of silicone 

rubber or polyurethane (Schults et al., 2019) which has two separate lumens: the venous lumen 
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brings filtered blood towards the heart while the arterial lumen carries unfiltered blood away 

from the heart. Moreover, they can work in standard or reverse mode, where the latter refers to 

a switch in venous and arterial lumens. Several HD catheter tip designs are commercially 

available, with the goal to maximise catheter performance. These are differentiated in 

symmetric, split and step tips, with diverse features such as the presence or not of side holes 

(Figure 2.9) (Knuttinen et al., 2009). Regardless of the design or the working mode, these 

catheters must comply with specific requirements for optimal performance, including:  

❖ The catheter flow rate must be 300 ml/min or greater, and catheter dysfunction is 

associated with any flow rate below this value (Depner, 2001);  

❖ The amount of filtered blood returning to the catheter (re-filtration), or flow 

recirculation, has to be minimised (ideally < 1-2 %) (Hwang et al., 2012);  

❖ The formation of biofilm/thrombus at the tip needs to be prevented to avoid infection, 

with catheter surface coatings or anticoagulants being used to prevent this (Mathew et al., 

2019); 

❖ An adequate site of tip placement within the RA needs to be accounted for, as this affects 

the appropriate mixing of filtered blood within the RA, directly related to the efficiency of 

haemodialysis (Vascular Access Work Group, 2006).  
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Figure 2.16: Examples of commercially available central venous catheter tips, adapted from (Vesely 

and Ravenscroft, 2016). a) Step-tip catheter Titan™ (Medcomp. Harleysville, PA) and b) Split-tip 

catheter Ash Split® (Medcomp. Harleysville, PA). 

 

HD catheters have complications such as high rates of infection and dysfunction compared with 

other forms of dialysis, associated with increased rates of morbidity and mortality in these 

patients (Dhingra et al., 2001; Lok and Foley, 2013). Indeed, the presence of inappropriate 

blood flow rates during the HD process causes approximately one-third of catheter removals 

(Vacular Access Work Group, 2006). Other possible complications include catheter lumen 

occlusion, for which contribute high blood shear rates and the activation of platelets (Casa et 

al., 2015). To avoid such complications, several studies have been conducted to evaluate the 

performance of different catheter designs. Multiple randomised trials have shown that varying 

tip designs affect catheter performance (Knuttinen et al., 2009; Kakkos et al., 2008; Tal, 2005): 

the step tip (represented in Figure 2.16a) is known to have elevated recirculation percentages 

(filtration of blood already filtered) in reverse mode, associated with poor performance, while 
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a symmetric tip catheter is usually associated with lower recirculating flow. This symmetric 

design is often considered the best design available at present. However, since multiple 

requirements must be considered for adequate performance, an optimal catheter design is yet 

to be identified. Moreover, and given the complex haemodynamic environment in which these 

catheters are inserted (i.e. the RA), further studies accounting for RA haemodynamics need to 

be conducted. 

There is, therefore, scope to use blood flow computational models for a much more 

comprehensive evaluation of fluid behaviour through a catheter design which is inserted in the 

RA. For example, when such models are applied to study blood flow patterns present in 

different HD catheter designs, additional metrics of interest such as recirculation of flow and 

shear stress can be obtained to quantify performance (Clark et al., 2015; Owen et al., 2020a; 

Mareels et al., 2004). However, only a few computational studies have focused on assessing 

RA haemodynamics (Rigatelli et al., 2018; Mareels et al., 2004), with only one CFD study 

using a realistic RA geometry to study the performance of a single catheter design (Mareels et 

al., 2004). The development of a simulation platform employing a physiological model of the 

RA for the evaluation of HD catheter designs is, therefore, lacking in the current literature. 

2.9. Modelling haemodialysis catheter blood flow  

2.9.1. Characteristics of blood flow and governing equations 

Blood is a complex fluid, composed by the suspension of multiple particles, including red blood 

cells and platelets, in plasma. Red blood cells are the main determinant in the mechanical 

properties of blood, being able to adapt to variable flow shear rates; they tend to aggregate at 

low shear rates, and deform and align with the blood flow field at high ones. This means that 
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blood viscosity (or resistance to deformation by shear stress) is not constant, varying with shear 

rates and turning blood into a non-Newtonian fluid. Non-Newtonian behaviour is, nonetheless, 

stronger in smaller vessels due the comparability of sizes of blood cells against those of the 

vessel (Formaggia et al., 2009). If blood is assumed to have constant density, its mass is 

conserved, and the flow entering and exiting an infinitesimal volume remains constant. This 

continuity of mass can be described by equation 2.24: 

 

 ∇ ∙ 𝐮 = 0, (2.24) 

 

where 𝐮 is the velocity vector and ∇ is the differential operator. Equation 2.24 states that the 

divergence of the velocity vector field does not change in magnitude along the flow of the 

vector field. Moreover, the forces acting on the fluid must remain in equilibrium and therefore 

the linear momentum must be conserved for the flow entering and exiting an infinitesimal 

volume. When body forces and external forces are neglected, this conservation of momentum, 

or Navier-Stokes equation, can be described by equation 2.25: 

 

 ρ {
∂𝐮

∂t
+ (𝐮 ∙ ∇)𝐮} + ∇p − μ∇2𝐮 = 0, (2.25) 

 

where ρ is the density of the fluid, p is the static pressure and μ is the fluid viscosity (ANSYS, 

2013). In a non-Newtonian model, the viscosity μ becomes a function of the strain rate, 

associated varying viscosity models available in the literature as described elsewhere (Owen et 

al., 2020b). 
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2.9.2. Brief introduction to the Finite Volume method 

The Finite Volume Method is often used in computational fluid dynamics (CFD) for the 

analysis of fluid flows. Similarly to the FE method, the geometry is discretised into cells, with 

each cell having a centroid (P), as indicated in Figure 2.17, where unknown flow variables such 

as velocity and pressure are calculated and stored (cell-centred approach). The Navier-Stokes 

equations are discretised within each cell and integrated over this volume. These integrals are 

solved by balancing fluxes across the faces (or boundaries) of each volume, with the flux being 

calculated at its centroid. The cell centroids of a current and neighbouring cell are then 

interpolated to obtain the unknown centred velocity values. More details on the fundamentals 

of the Finite Volume method can be found in Appendix D and further information on the 

different interpolation approaches available to obtain the solution to this system can be found 

elsewhere (Rapp, 2017). 

 

Figure 2.17: Example of finite volume mesh discretisation.  
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2.10. Summary 

In this chapter, an introduction of the background required for the following chapters has been 

performed. The main topics include: an assessment of the anatomy of the heart and the MV, 

with the MV geometry being evaluated in terms of mathematical associations between 

dimensions; an analysis of MV pathophysiology, as well as its link to geometrical alterations; 

the use of computational modelling to study the cardiovascular system, including the 

frameworks currently available to generate computational models of the MV; the 

haemodynamics of the RA, and how this chamber is used as a platform to treat chronic kidney 

disease through the insertion of HD central venous catheters; and an introduction to the 

fundamental numerical tools and governing equations employed in computational methods for 

the MV and blood flow modelling for HD catheters. These topics are expanded in subsequent 

chapters, and the three main research questions explored in this work are:  

❖ Can the morphometric information currently available for the MV be used to create a 

unified mathematical model defining its shape?  

❖ Can the computational technology currently available be used to develop a framework 

which generates clinically useful parametric models of the MV?  

❖ Can a more realistic blood flow model of the RA be developed and employed to assess 

a variety of HD catheter designs? 

 

The next chapter targets the first research question by presenting a mathematical evaluation of 

MV morphometry. This evaluation is performed through correlation analysis between key 

dimensions and evaluation of prediction equations from the literature, with the accuracy in 

predictions from the obtained fits being assessed. 
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CHAPTER 3 

MATHEMATICAL CHARACTERISATION OF MITRAL 

VALVE MORPHOMETRY 

 

3.1. Introduction 

The complex shape of the MV is key to many aspects of its function and disease, as identified 

by clinical (Lee et al., 2013; Jassar et al., 2014), in silico (Kunzelman et al., 2007; Stevanella 

et al., 2011) and in vitro studies (Espino et al., 2007; Bloodworth et al., 2017). As mentioned 

in Chapter 2, computational modelling has been vastly used to gain further insight on MV 

dysfunction or surgical procedures, mostly employing geometries obtained from medical 

imaging (Mansi et al., 2012; Zhang et al., 2017). Parametric and scalable models have also 

been used to study its function (Choi et al., 2016; Alleau et al., 2019). These are built from 

average leading dimensions usually obtained in the literature or from direct ex vivo 

measurements. 

The development of parametric and scalable models therefore relies on quantitative studies of 

MV shape, and correlation analyses between key dimensions. A large number of MV 

anatomical datasets is required for the generation of reliable parametric models, both allowing 

for the inclusion of anatomical variability and including all necessary dimensions to represent 

the complete shape of the valve. This is challenging, because although many sources of MV 

anatomy quantification exist, such studies usually report mean dimensions, being often 

incomplete and focusing on different parts of the MV shape. This means that not all the 

dimensions which characterise MV morphometry are stated in a unique study; furthermore, 
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dimensions for each patient are typically not reported, which would be valuable to perform 

correlation analyses. 

In addition, very few studies have attempted to perform correlation analyses between MV 

dimensions. Warraich et al. and Duplessis et al. have published MV datasets (Warraich et al., 

2012; Duplessis and Marchand, 1964), which, despite the small number of subjects, allow for 

new correlation analyses to be performed, while Deorsola et al. have attempted to correlate 

different dimensions of the MV geometry (Deorsola and Bellone, 2019; Deorsola and Bellone, 

2018). There is then potential to develop novel correlation studies based on the datasets 

available, as well as evaluate previous correlations from the literature and their respective 

prediction equations. Moreover, the accuracy of such correlation analyses must be further 

validated against available data from the literature and dimensions obtained from the scans of 

new individuals. 

The aim of this chapter is to mathematically evaluate MV morphometry, which was performed 

through: (1) correlation analysis between key dimensions; (2) application of regression models 

to characterise chordae collagen arches; (3) evaluation of prediction equations available in the 

literature. Datasets present in the literature, as well as a new dataset obtained from clinical 

images at Aberdeen Royal Infirmary, were used for correlation analyses. The validity of all 

prediction equations was assessed by comparing dimension predictions against other datasets 

and average literature data. The effect of predicting dimensions using linear and nonlinear 

empirical data fits was also investigated, in vivo and ex vivo, for healthy and diseased cases. 

The workflow of this chapter is displayed in Figure 3.1. 
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Figure 3.1: Outline of this chapter. Imaging datasets from Warraich et al. and Duplessis et al. were selected for the mathematical analysis of the mitral 

valve. Moreover, new mitral valve images based on (1) clinical databases from Aberdeen Royal Infirmary and (2) mitral leaflet samples were included 

for analysis, as well as morphometric equations from the literature based on the Golden Proportion. Linear/nonlinear regression analysis was performed 

for the measurements from the selected datasets. Predicted dimensions from obtained fits and morphometric equations were assessed by comparing 

against mean data from previous studies, and fittings resulting from the correlation analysis were also compared against other datasets, when possible. 

Notes: AH and hAH, annular height; AP and dAP, anteroposterior diameter; dCW, commissural width; NPA, non-planarity angle. 
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3.2. Morphometric data collections and measurements 

In this section, the morphometric MV datasets collected by Warraich et al. (Warraich et al., 

2012) and Duplessis et al. (Duplessis and Marchand, 1964) have been analysed. To create a 

more complete MV more morphometric dataset, new measurements have been collected from 

medical images available at Aberdeen Royal Infirmary. These have then been used to verify the 

predictions for patient-specific use, as well as disclose possible correlations amongst 

dimensions. Moreover, to analyse dimensions characteristic of chordae tendineae insertion 

patterns into the leaflets, measurements regarding collagen fibre distributions stemming from 

the chordae were performed at Aberdeen Royal Infirmary. 

3.2.1. Datasets from literature 

Warraich et al. (2012) have based their study on intraoperative 3D transesophageal 

echocardiography scans of patients undergoing surgery for mitral regurgitation. Mitral annular 

geometry was the focus of the study and the authors sought to demonstrate that the AHCWR 

could be used as a proxy for annular nonplanarity by finding a mathematical correlation 

between this ratio and the NPA. Measurements were obtained from 23 patients, with 

dimensions (Figure 3.2) being provided as raw data and in terms of mean values and standard 

deviations, as reported in Table 3.1. 
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Figure 3.2: Mitral annular dimensions (in bold) measured by Warraich et al. (Warraich et al., 2012). Notes: LT, left trigone; RT, right trigone; dAP, 

anteroposterior diameter; dAL-PM, anterolateral-posteromedial diameter (diameter at the middle of the annular circumference); hAH, annular height; dCW, 

commissural width (distance from commissure to commissure); NPA, non-planarity angle; Aann, annular area.
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Table 3.1: Mitral annular dimensions collected by Warraich et al. (Warraich et al., 2012). 

Patient dAP 
(mm) 

dAL-PM 
(mm) 

hAH 
(mm) hAH/dAP hAH/dAL-PM NPA (º) Aann 

(mm2) 
1 40.2 41.5 8.316 0.2068657 0.2003855 151 1220 
2 36.6 43.5 9.08 0.2480874 0.2087356 143.3 1460 
3 32.9 44.1 10.948 0.332766 0.248254 139.2 1060 
4 39.19 41.23 10.405 0.2655014 0.2523648 145.8 1360 
5 41.04 42.95 9.074 0.2211014 0.2112689 140.2 1480 
6 41.9 40.75 12.54 0.299284 0.3077301 125.2 1460 
7 48.71 44.18 11.18 0.2295217 0.2530557 145.1 1520 
8 44.05 52.29 8.916 0.2024064 0.1705106 152.1 1740 
9 29.78 37.38 7.5142 0.2523237 0.2010219 144.5 870 

10 40.06 46.37 10.415 0.259985 0.2246064 143.1 1520 
11 37.82 42.17 9.704 0.2565838 0.2301162 135.1 1310 
12 43.09 49.55 7.495 0.1739383 0.1512614 149.6 1540 
13 35.32 37.59 9.076 0.2569649 0.2414472 138 1050 
14 52.72 55.85 14.23 0.2699165 0.2547896 139.3 1425 
15 53.72 51.11 11.07 0.2060685 0.2165917 153.7 2200 
17 33.16 38.69 11.67 0.35193 0.3016283 128.3 1080 
18 42.63 48.69 6.299 0.1477598 0.1293695 165.4 1620 
19 33.71 39.29 10.945 0.3246811 0.2785696 140 1050 
20 41.05 44.68 15.24 0.3712546 0.3410922 120 1430 
21 43.49 47.1 9.084 0.2088756 0.1928662 135.7 1810 
22 38.34 34.3 9.564 0.2494523 0.2788338 137.8 1060 
23 39.47 39.72 9.979 0.2528249 0.2512336 135.9 1360 

Mean ± STD 40.4 ± 6 43.8 ± 5 10.1 ± 2 0.25 ± 0.1 0.23 ± 0.1 141.3 ± 10 1390 ± 300 
 

Duplessis et al. performed an anatomical study of MV morphometry, focusing on the difference 

in measurements between anterior and posterior leaflets (including annular circumferences, 

middle leaflet height and leaflet surface area). Ten fresh human hearts were dissected and the 

complete MV structure (leaflets with annulus, chordae and PMs) was removed, with the valve 

being flattened and preserved with diglycerol stearate for evaluation. Measurements (Figure 

3.3) were performed with point dividers and a metric ruler, being provided as raw data and in 

terms of mean values, as reported in Table 3.2. 
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Figure 3.3: Mitral leaflet dimensions (in bold) measured by Duplessis et al. (Duplessis and Marchand, 

1964). Notes: AC, annular circumference; AAC, anterior annular circumference; PAC, posterior annular 

circumference; LFE, leaflet free edge length; Ah, anterior leaflet height; Pmh, posterior leaflet middle 

scallop height; Ala, anterior leaflet area; Pla, posterior leaflet area. 
 

Table 3.2: Mitral annular and leaflet dimensions collected by Duplessis et al. (Duplessis and Marchand, 

1964). 

Specimen AAC 
(mm) 

PAC 
(mm) 

AC 
(mm) 

LFE 
(mm) 

Ah 
(mm) 

Pmh 
(mm) 

Ala 
(mm2) 

Pla 
(mm2) 

1 39 72 111 105 28 18 520 530 
2 30 64 94 85 22 10 400 450 
3 39 67 106 95 26 14 550 480 
4 32 64 96 85 32 12 450 480 
5 29 69 98 84 25 13 430 460 
6 31 54 85 80 24 12 440 450 
7 34 51 85 79 25 13 450 420 
8 41 87 128 117 29 14 590 650 
9 45 79 124 93 30 15 560 580 
10 32 60 92 83 26 13 500 500 

Mean 35.2 66.7 101.9 90.6 26.7 13.4 489 500 
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3.2.2. Patient-specific dataset (PSD) 

Transthoracic 2D echocardiogram images available at Aberdeen Royal Infirmary were 

analysed. All images were obtained as part of a previous ethically approved research study 

entitled “Exercise Capacity in Adults” with REC reference 13/NS/0034 and IRAS ID 127501. 

The control imaging database corresponded to healthy adult volunteers, with normal cardiac 

anatomy and function. From this database, 15 patients with an anatomically and functionally 

normal MV were selected (mixed population, between 40 and 60 years of age) of which one 

was excluded due to low quality of the images. Therefore, in total, 14 imaging scans were 

evaluated. Parasternal long and short axes standard views were employed, and a frame allowing 

for the identification and measurement of the different MV dimensions was identified – the 

mid-systolic frame. To minimise measuring errors, the analysis of each echocardiographic 

imaging data was performed together with an experienced sonographer. All measurements were 

evaluated using EchoPAC (v 113, General Electric Healthcare), a software for offline analysis 

and post-processing of ultrasound images available at Aberdeen Royal Infirmary. Since mitral 

leaflet surface areas can only be obtained from 3D imaging data, these measurements were not 

obtained in this analysis. Moreover, the imaging views available for evaluation of the MV shape 

did not allow for accurate measurements of leaflet lengths, which were therefore excluded. 

Focus was then given to the morphometric quantification of the mitral annulus, with additional 

measurements on leaflet tenting and PM distances being obtained. A schematic of the 

dimensions evaluated is given in Figure 3.4 and all measurements obtained from the patient-

specific dataset (PSD) are reported in Table 3.3.  
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Figure 3.4: Mitral dimensions (in bold) evaluated using the PSD available at Aberdeen Royal Infirmary. Notes: AC, annular circumference; AAC, anterior 

annular circumference; PAC, posterior annular circumference; LT, left trigone; RT, right trigone; dAP, anteroposterior diameter; dAL-PM, anterolateral-

posteromedial diameter; Aann, annular area; Th, tenting height; Ta, tenting area; dPM, inter-papillary muscle distance; dPM-apex, distance between left 

ventricular apex and the central point of the inter-papillary muscle distance. 
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Table 3.3: Dimensions at end-systole from new imaging data obtained at Aberdeen Royal Infirmary. Notes: Missing measurements at the subvalvular 

apparatus for patients 4 and 13 are due to poor image quality. 

 
 Annulus Leaflet related Subvalvular apparatus 

Patient dAP 

(mm) 
dAL-PM 

(mm) 

AC 

(mm) 
AAC 

(mm) 
PAC 

(mm) 
Aann 

(mm2) 
dIT 

(mm) 
Th (mm) Ta (mm2) dPM (mm) 

dPM-apex 

(mm) 

1 28 29 97 40 45 490 31 10 140 5 40 
2 36 38 93 48 51 510 43 12 290 10 37 
3 27 37 94 47 48 530 35 9 170 5 37 
4 31 46 105 51 56 500 43 10 210 - 30 
5 29 35 86 43 44 460 37 9 210 6 30 
6 29 44 104 48 48 600 39 13 300 6 33 
7 30 41 85 38 40 400 36 9 250 8 34 
8 34 46 104 45 52 550 44 8 160 6 35 
9 26 51 105 51 56 680 48 9 220 3 30 

10 34 37 89 43 46 520 38 13 280 6 32 
11 35 42 101 46 47 610 36 9 250 7 40 
12 30 37 86 46 46 460 39 9 200 5 39 
13 34 48 111 48 61 790 42 10 310 - 42 
14 38 36 90 42 48 530 31 10 350 7 45 

Mean  
± STD 

31.5  
± 3.52 

4.5 
± 5.78 

96.43  
± 8.27 

45.43  
± 3.72 

49.14  
± 5.36 

545  
± 95.75 

39  
± 4.7 

10  
± 1.54 

238.57  
± 59.74 

6.17  
± 1.75 

36  
± 4.61 
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3.2.3. Chordae orientation dataset 

Both the MV leaflet and chordae tendineae are mostly composed of collagen fibers (Ross et al., 

2021). Despite having several tissue layers with different microstructures, chordae have an 

inner, central collagen core with a high level of collagen content (Ritchie et al., 2005), with 

straight collagen fibers (Ross et al., 2021). Moreover, these highly aligned collagen fibres 

transition into more complex collagen fibre architectures at the area of chordae insertion into 

the leaflets. Previous studies have found that the direction of collagen fibres in the leaflets from 

healthy MVs are relatively continuous with the fibres in chordae tendineae (Hadian et al., 2007; 

Ross et al., 2021).  

Based on this previous research, chordae orientation has been used as a proxy to approximate 

collagen alignment in this study. Two AL and PL samples (displayed in Figure 3.5) were 

processed as a part of separate studies (Zajec, 2020; Collas, 2021). They were dissected from 

porcine hearts (Wetlab Ltd., United Kingdom) and fixed using a 10% formalin solution and 

stained with Van Gieson stain (Sigma-Aldrich, Merck KGaA, Germany). The 2D photographs 

from both samples were analysed using Fiji software, an ImageJ image processing package 

(Schindelin et al., 2012), to approximate representative collagen fibre alignments from chordae 

orientation. Six and four arches in the AL and PL, respectively, were identified by a 

cardiothoracic surgeon from Aberdeen Royal Infirmary and selected for image post-processing. 

PM tip location was assumed as the origin of Y-coordinate and the respective inter-PM 

distances were used to calibrate the data to be obtained. X-Y coordinate data representing the 

arches was then obtained and recorded, and regression analysis was performed on this data.  
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Figure 3.5: Photographs of a) anterior and b) posterior MV leaflet samples, including annulus, leaflets, 

chordae tendineae and part of the PMs (courtesy of Mr. Keith Buchan, Consultant Cardiac Surgeon, 

Aberdeen Royal Infirmary). 

 

3.3. Mitral valve morphometry and the Golden Ratio 

Recently, the Golden Ratio has been used to mathematically describe average MV 

morphometry (annulus and leaflets, specifically) (Deorsola and Bellone, 2018; Deorsola and 

Bellone, 2019). This ratio has been observed in nature (Iosa et al., 2013; Ferring and Pancherz, 

2008; Henein et al., 2011) and mathematical equations based on it have been derived in function 

of one predictor variable, the AP diameter. The mitral annulus is described by the AP diameter, 

CW and AH, and the leaflets are described by the anterior leaflet height, the posterior leaflet 

middle and commissural scallop heights, and the anterior and posterior leaflet surface areas. 

MV annulus and leaflets can be described by a unique set of mathematical equations (hereby 

named prediction equations). The annulus can be defined by: 

 

 dCW = 1.236dAP, (3.1) 
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 hAH = 0.236dAP, (3.2) 

 

where dCW is the commissural width (CW),  hAH is the annular height (AH, which is assumed 

equal to the tenting height, in agreement with the findings from Deorsola and Bellone) and dAP 

is the anteroposterior diameter. Assuming the annular boundary as a circumference, the annular 

radius is equal to half of the CW. As for leaflet heights (or lengths), the anterior leaflet height 

is defined equal to the AP diameter and the posterior leaflet heights are defined as: 

 

 Pmh = r = 0.618dAP, (3.3) 

 

 Pch = 0.6182dAP, (3.4) 

 

where r is the annular radius, Pmh and Pch are the posterior leaflet middle and commissural 

scallop heights, respectively. The leaflets are mathematically defined as half-ellipses: 

 

 Aa = π
[4.236r2]

4
= 0.4045πdAP

2, (3.5) 

 

 Pa = π
[2.854r2]

4
= 0.2725πdAP

2, (3.6) 

 

where Aa and Pa are the anterior and posterior leaflet surface areas, respectively. 
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3.4. Correlation analyses and validation of prediction equations 

3.4.1. Correlation analyses methodology 

Concerning the datasets described in sections 3.2.1 and 3.2.2, and to find associations between 

measurements, regression analysis was performed using Minitab 19 (Minitab, State College, 

Pennsylvania, USA) and MATLAB (MATLAB®, R2019b, 9.7.0.1247435, The MathWorks 

Inc., Natick, MA, USA). A similar approach to that of Kunkel et al. (Kunkel et al., 2010), who 

performed correlation analyses for dimensions characterising the human vertebrae, was 

employed. The main assumption behind this analysis was that all valve dimensions assessed 

were considered as: (1) a variable that can be predicted; (2) a possible predictor variable. This 

process involved three steps described below. 

Firstly, least-squares estimation was used to find equations describing the relationship between 

two valve parameters at a time, with each data point representing the value associated with one 

patient. This involved fitting different linear and non-linear regression models to the data, using 

the order presented in Table 3.4 (C1, C2 and C3 are generic equation coefficients), and evaluating 

the correlation coefficient R2. An example of this fitting process is represented in Figure 3.6a. 

This fitting process continued until the next fitting model did not significantly increase R2 and 

was not associated with an ill-conditioned Jacobian (related to overfitting or fitting a model that 

is too complex for the data). R2 < 0.5, 0.5 < R2 < 0.8 and R2 > 0.8 were interpreted as poor, 

moderate and good correlations, respectively. 

In the second step, an analysis of variance at a 95% confidence interval was performed to select 

an equation from the generated set, based on quality of fit and on the physical meaning of the 

prediction equations. This meant that the values generated by each equation were compared to 

the clinical range and the SD from literature data for validity. For instance, Figure 3.6b 
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exemplifies the obtained fits for a wide range of values of x (hAH/dAP) and y (NPA), with the 

additional grey “window” representing extreme values present in clinical data from the 

literature. It can be observed that the obtained regression fits behave differently as x and y 

approach extreme values. Given this, high values of R2 associated with a p-value < 0.01 

(significant regression), together with sensible 95% prediction intervals and consistent with the 

clinical ranges, indicated the equation with best-fitting that could provide the best 

approximation to the data. When R2 proved similar amongst predictions (relative difference < 

3%), the simplest fit was chosen. Lastly, the selected best fitting was further evaluated by 

superimposing on experimental data (as represented in Figure 3.6c) and examining regression 

residual plots and residual standard deviations (as displayed in Figure 3.6d), which were 

assumed appropriate if the prediction led to a random arrangement of residuals. 

 

Table 3.4: Regression models employed for correlation analysis. 

Regression model Equation form 

Linear y = C1 + C2x 
Logarithmic y = C1 + C2 ln x 
Exponential y = C1eC2x 
Polynomial y = C1 + C2x + C3x2 + … 

 

To assess the accuracy of the best-fitting equations found using the methods described in the 

previous section, these were employed as prediction equations using (1) experimental data from 

the other datasets described in sections 3.2.1 and 3.2.2, when available, and (2) mean clinical 

data from a range of literature sources. Moreover, the prediction equations obtained based on 

the Golden Ratio were also assessed for accuracy in a similar fashion, being compared against 

the data available.   
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Figure 3.6: Correlation analysis process exemplified for two MV parameters. a) Correlation of clinical data (in this case, hAH/dAP vs NPA) and set of 

prediction equations generated from linear and nonlinear regression models (y = value of NPA; x = value of hAH/dAP); b) Prediction equation curves are 

displayed for a range of physical dimensions within a grey “window”, allowing to assess the physical meaning of each equation within the expected 

ranges; c) Values of NPA predicted using linear and polynomial equations are superimposed on clinical data to allow the selection of the best equation. 

Residual plots are evaluated for linear and polynomial fits, showing that there is not great difference between predictions arising from these fits. 
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3.4.2. Mathematical representation of collagen arches 

Linear and non-linear regression analyses were performed to the X-Y data characterising 

collagen arches, using the order presented in Table 3.4, and evaluating the correlation 

coefficient R2. Similar criteria for the R2 value and fitting processes as in section 3.4.1 were 

employed, including an analysis of variance at a 95% confidence interval to select an equation 

from the generated set, based on quality of fit. An analysis of the equations obtained, and their 

physical meaning was then performed by attempting to establish a relationship dictating arch 

heights. 

3.5. Results 

3.5.1. Analysis of datasets from Warraich, Duplessis and PSD 

MV dimensions which generated prediction equations with a R2 ≥ 0.6 and p-value < 0.01, as 

well as estimated coefficients, are reported in Tables 3.5, 3.6 and 3.7. All datasets evaluated 

yielded specific correlations amongst MV dimensions, with moderate to high R2 (ranging 

between 0.607 and 0.931). In general, there were no large differences for the correlations 

obtained when comparing linear, exponential and logarithmic regressions with each other. This 

explains the elevated presence of linear fittings in the resulting correlation analysis.  
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Table 3.5: Correlation analysis results from the Warraich et al. (Warraich et al., 2012) dataset. Equation coefficients and statistical measures for goodness 

of fit (R2, p-value and residual SD) are displayed for linear and best fitting nonlinear model. 

Equation 
Number 

Dimensions Regression 
model C1 C2 C3 C4 C5 C6 R2 p-value Residual 

SD x y 
W1 

hAH/dAP hAH/dAL-PM 
Linear 0.02955 0.8045     0.781 < 0.01 0.0239 

W2 3rd Polyn. -0.43141 6.1149 -19.573 23.148   0.807 < 0.01 0.0224 
W3 

hAH/dAP NPA 
Linear 177.6 -142.9     0.644 < 0.01 5.9391 

W4 5th Polyn. 2422.2 -47259 388730 -1576300 3140600 -2458800 0.742 < 0.01 5.0545 
W5 dAP Aann Linear -2.5885 0.4086     0.652 < 0.01 1.7929 

 

Table 3.6: Correlation analysis results from the Duplessis et al. (Duplessis and Marchand, 1964) dataset. Equation coefficients and statistical measures 

for goodness of fit (R2, p-value and residual SD) are displayed for linear and best fitting nonlinear model. 

Equation 
number 

Dimensions Regression model C1 C2 C3 R2 p-value Residual SD x y 
D1 AC AAC Linear 4.1366 0.3048  0.723 < 0.01 2.8483 
D2 AC PAC Linear -4.1366 0.6952  0.931 < 0.01 2.85 
D3 AC Ala Linear 127.3 3.549  0.700 < 0.01 35.0485 
D4 AC Pla Linear 65.749 4.2615  0.854 < 0.01 26.5709 
D5 

AAC Ala 
Linear 114.83 10.63  0.807 < 0.01 28.098 

D6 2nd Polyn. -474.66 43.558 -0.4501 0.832 < 0.01 26.2087 
D7 

PAC Pla 
Linear 113.3 5.798  0.821 < 0.01 29.4851 

D8 Exp. 227.02 0.0117  0.852 < 0.01 26.8196 
D9 

Ala Pla 
Linear 53.285 0.9135  0.706 < 0.01 37.7332 

D10 Exp. 199.47 0.0019  0.729 < 0.01 36.2103 
D11 AC LFE Linear 18.824 0.7044  0.759 < 0.01 5.9895 
D12 PAC LFE Linear 26.301 0.9640  0.738 < 0.01 6.2496 
D13 

Ala LFE 
Linear 17.084 0.1503  0.622 < 0.01 7.5027 

D14 Exp. 39.285 0.0017  0.643 < 0.01 7.2895 
D15 Pla LFE Linear 14.797 0.1516  0.748 < 0.01 6.1309 
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Table 3.7: Correlation analysis results from the PSD. Equation coefficients and statistical measures for 

goodness of fit (R2, p-value and residual SD) are displayed for linear and best fitting nonlinear model. 

Equation 
number 

Dimensions Regression 
model C1 C2 R2 p-value Residual 

SD x y 
PSD1 PAC AAC Linear 18.865 0.54054 0.607 < 0.01 2.4187 
PSD2 dAL-PM dIT Linear 12.119 0.65668 0.644 < 0.01 2.925 
PSD3 AC PAC Linear -2.1361 0.53178 0.674 < 0.01 3.174 

 

When evaluating the physical meaning of the different prediction equations, it was observed 

that, even though polynomials of increasing degree (3rd onwards) had higher R2 values, they 

were characterised by high changes in their curvatures, which affected prediction of dimensions 

within a reasonable range. An example of this is the correlation analysis performed between the 

dimensions AC and PAC from Duplessis et al. (Duplessis and Marchand, 1964), displayed in 

Figure 3.7. Two models of best fit were taken into account: the linear regression (R2 = 0.931, 

p-value < 0.01) and a 3rd degree polynomial (R2 = 0.976, p-value < 0.01). Both equations were 

tested with randomly generated values for the AC based on the standard-deviation from 

literature data and compared against the values obtained from a proportion found in the 

literature (PAC = 3/5AC). Despite having a higher R2 than the linear equation, a 3rd degree 

polynomial equation greatly overestimates the PAC for AC values above 130 mm (when the 

annulus dilates), yielding non-physiological dimensions (Figure 3.7b). This factor can strongly 

affect the estimation of MV dimensions. A similar case can be made for hAH/dAP vs NPA 

(present in Figure 3.6), where polynomials above 3rd degree yield wrong predictions as the 

fitting goes into a range potentially associated with diseased configurations. 
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Figure 3.7: Prediction variability for polynomial fittings above the 3rd degree for the AC and PAC 

variables from the dataset from Duplessis et al. (Duplessis and Marchand, 1964): high curvature 

changes are present in these polynomials (a), as well as unrealistic prediction of dimensions (b). 

 

In the following sections, an analysis of the accuracy of prediction equations found through 

correlations (3.5.2) and based on the Golden Ratio (3.5.3) is presented.  

3.5.2. Correlation analyses accuracy 

For comparison of dimensions obtained with the correlations against both available data from 

a different dataset and mean clinical/anatomical literature data, relative error values (E) were 

evaluated using equation 3.7: 

 

 E = 100 ×
dT−dC

dT
, (3.7) 

 

where dT are the true measurements available (either from another dataset or from mean 

literature data) and dC are the dimensions obtained with the correlation analyses.  

Comparison with other datasets 

From the correlation analyses, only three dimensions are common amongst datasets and are 

associated with fitting equations which can be tested employing data from other datasets: AC, 
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AAC and PAC. Equations D1 and D2 were therefore tested with data from the PSD (Figure 3.8), 

while equations PSD1 and PSD3 were tested with data from the Duplessis dataset (Figure 3.9), 

respectively. For all cases, predicted values were associated with high errors. Percentage 

differences evaluated confirm this, being within the ranges 15.7 – 34% (D1), 18.7 – 42% (D2), 

36.6 - 93.7% (PSD1) and 15.6 - 27.6% (PSD3). The equations obtained with the Duplessis 

dataset, despite having elevated R2 (D1: R2 = 0.72; D2 = R2 = 0.93), are unable to accurately 

predict dimensions from the PSD, either underestimating (D1) or overestimating (D2) these 

dimensions. Similarly, the equations obtained with the PSD are unable to accurately predict 

dimensions from the Duplessis dataset, overestimating (PSD1) and underestimating (PSD3) 

these. This can, however, be explained by lower R2 (PSD1: R2 = 0.61; PSD3 = R2 = 0.67), 

which indicates a lesser ability to predict dimensions from different datasets. Alternatively, the 

use of fittings obtained with ex vivo to predict in vivo data (and vice-versa) can potentially affect 

the prediction of dimensions. The potential of prediction by these equations should be further 

assessed using datasets with equivalent data, which would allow to derive more conclusions 

regarding their employability as prediction equations.  
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Figure 3.8: Fitting equations D1 and D2 obtained from the Duplessis dataset and with coefficients 

included in Table 3.6 are tested using data from the PSD: a) PSD original vs predicted data is displayed; 

b) Box plots representing the relative difference (%) between data from the PSD dataset and that 

obtained employing fitting equations. 
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Figure 3.9: Fitting equations PSD1 and PSD3 obtained from the PSD and with coefficients included in 

Table 3.7 are tested using data from the Duplessis dataset: a) Duplessis original vs predicted data is 

displayed; b) Box plots representing the relative difference (%) between data from the Duplessis dataset 

and that obtained employing fitting equations. 
 

Comparison with literature 

This analysis was performed to assess differences between: 1) predictions from linear and 

nonlinear fitting equations; predictions concerning in vivo and ex vivo data; predictions 

concerning healthy and diseased data. Box plots were created to represent the relative error 

values obtained using equation 3.7, and are depicted in Figures 3.10, 3.11 and 3.12 for 

prediction equations from the Warraich dataset, PSD and Duplessis dataset, respectively. 
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Moreover, the predictions from equation W5 (from the Warraich dataset) were evaluated 

accounting for healthy and diseased data, separately (Figure 3.13). Equations D12 – D15 were 

excluded from this analysis due to the lack of literature sample data including both variables. 

The accuracy in predictions from linear and nonlinear fittings varies according to the equation 

and dimensions considered. Despite having a lower R2, linear predictions by equation W1 are 

associated with a smaller median relative error and a less disperse average difference (75th 

percentile < 5%) than the polynomial predictions by equation W2 (75th percentile < 10%). On 

the other hand, the polynomial fitting predictions do not greatly differ from linear predictions 

as demonstrated for equations W4/W5 (75th percentile < 5%) and equations D5/D6 (75th 

percentile < 15%). Concerning the Duplessis dataset equations, exponential fittings are either 

better (Figure 3.12 f)) or worse (Figure 3.12 g)) predictors than the linear fitting for the same 

dimensions; regardless, relative average differences do not greatly change between both 

regression models, especially for equations D7/D8 (75th percentile < 10 and 8%, respectively) 

and D9/10 when tested with in vivo data only (75th percentile < 45%).  

Some fitting models, despite representing moderate to good correlations with R2 > 0.6, yielded 

disperse relative errors with a high median when applied to literature data. This is the case for 

two of the prediction equations from the PSD (PSD1: 75th percentile < 40%; PSD2: 75th 

percentile < 60%) and all of the prediction equations from the Duplessis dataset when applied 

to ex vivo data (D3: 75th percentile < 70%; D4: 75th percentile < 330%; D9: 75th percentile < 

200%; D10: 75th percentile < 250%). In fact, prediction equations consistently fitted in vivo 

data better than ex vivo data (as observed in Figures 3.12 c), d) and g)). This may indicate that 

the fittings based on the Duplessis dataset, despite being originated from fitting ex vivo data, 

yield in vivo dimensional predictions associated with smaller and less disperse relative errors 

than if applied to ex vivo data. 
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Figure 3.10: Box plots representing the relative difference (%) between original dimensional MV data and that obtained employing fitting equations from 

the correlation analysis results for the Warraich dataset: a) W1 and W2, b) W3 and W4 and c) W5. 
 

 
Figure 3.11: Box plots representing the relative difference (%) between original dimensional MV data and that obtained employing fitting equations from 

the correlation analysis results for the PSD dataset: a) PSD1, b) PSD2 and c) PDS3. Concerning the box plot from b), only two data points were available 

in the literature for analysis. 
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Figure 3.12: Box plots representing the relative difference (%) between original dimensional MV data and that obtained employing fitting equations from 

the correlation analysis results for the Duplessis dataset: a) D1, b) D2, c) D3, d) D4, e) D5 and D6, f) D7 and D8 and g) D9 and D10. 
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To assess differences between predictions for healthy and diseased data, equation W5 from the 

Warraich dataset was employed, since it was the only one where enough literature data was 

available for the two correlated dimensions (healthy: 10 data points; diseased: 11 data points). 

Interestingly, the predicted dimensions had a smaller relative error for diseased cases (75th 

percentile < 15%) than for healthy (75th percentile < 40%), as observed in Figure 3.13. 

However, it should be noted that the largest relative errors are associated with average 

measurements for smaller predictor dimensions (AP ≤ 25 mm, with average relative errors ≥ 

38%), which affects the statistical analysis performed. This may be indicative, nonetheless, that 

the prediction equations derived from this dataset (and perhaps the remaining datasets) do not 

accurately fit dimensional data obtained from a paediatric population. 

 
 

 
Figure 3.13: Comparison between predictions for mean healthy and diseased clinical data using 

equation W5 (from the Warraich dataset): a) The linear fit is plotted against raw clinical data and b) 

Box plots representing the relative difference (%) between clinical data and that obtained employing 

equation W5. 

3.5.3. Accuracy of prediction equations based on the Golden Ratio 

Since the Golden Ratio is associated with an average MV model, only literature data associated 

with healthy MVs was employed to assess the Golden Ratio prediction equations.  
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Annulus 

Mid-diastolic data was employed for validation of the Golden Ratio predictions. For this, mid-

systolic data was retrieved from adult and paediatric in vivo studies and converted to mid-

diastolic values: variations of -9% and +3% were employed for AH and CW data, respectively, 

based on clinical findings (Tang et al., 2019; Levack et al., 2012; Maffessanti et al., 2013). For 

end-systolic data, the same values were used. Predictions for CW and AH, as provided by 

clinical data and derived from the Golden Ratio, are present in Figures 3.14 a) and b), while 

goodness-of-fit is explored in Figure 3.14 c) and d). The Golden Ratio equations appear able 

to predict CW and AH values from the AP diameter, as given by R-squared values of 0.83 and 

0.91, respectively. The average relative errors between predicted average values and clinical 

ones are 10.01 ± 11.18% and 5.68 ± 19.82% for the CW and AH, respectively. While the 

average relative error values are in an acceptable range, the standard deviation is greater than 

the respective average. This is due to the high variability in clinical data, which can have 

standard deviations as high as 13%, 16% and 37% from the average value for the AP diameter, 

CW and AH, respectively (Mihaila et al., 2014). Despite this, the trend provided by the Golden 

Ratio agrees with the clinical data. 

Leaflet lengths 

As presented in Chapter 2, section 2.3.5, Deorsola et al. showed good correlations (R2 = 0.94, 

p-value = 0.01) between the AP diameter and leaflet lengths (or heights) (Deorsola and Bellone, 

2019). Further adult in vivo data was retrieved from the literature and compared with the 

predictions provided by the Golden Ratio, as observed in Figure 3.15. The Golden Ratio 

equations appear able to predict leaflet lengths from the AP diameter, with in vivo data falling 

within the predicted range and R-squared values being 0.89 and 0.69 for AL and PL leaflet 

lengths, respectively. Adult patient data from Deorsola et al. (2019) (Deorsola and Bellone, 
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2019) were used to estimate the mean relative errors between predicted values and clinical 

measures; these are 7.74% and 9.01% for AL and PL lengths, respectively. 

Leaflet areas 

The equations for leaflet areas, based on the Golden Proportion, yield total anterior and 

posterior leaflet areas; therefore, to assess their accuracy in obtaining leaflet surface areas, a 

comparison against mean total leaflet area values reported in the literature was performed. 

When total leaflet area values were available, corresponding to diastole, these were directly 

employed; however, most clinical studies report mean leaflet area values at mid-systole, a time 

frame where the leaflets are in full coaptation, with the coapting area not being included in the 

data. Therefore, to enable a comparison to be compatible between our predictions and 

literature, mean diastolic leaflet areas have been estimated from mean mid-systolic values.  

For this estimation, the ratio between the diastolic total leaflet area and the closed mid-systolic 

leaflet area (minimal area that needs to be covered by the leaflets to occlude the mitral orifice) 

was employed as a scaling factor. This ratio ranges from 1.4 ± 0.1 (Beaudoin et al., 2013a; 

Beaudoin et al., 2013b) to 1.63 ± 0.17 (Kim et al., 2019). Here, two ratios of 1.48 and 1.64 

were employed to (1) obtain an estimation of the total leaflet areas from adult and paediatric 

mid-systolic data reported by clinical papers and (2) assess the effect of varying this ratio in 

the estimation of total leaflet area. An assessment of the average relative errors is presented in 

Table 3.8, and predictions for AL and PL surface areas, as provided in the literature and derived 

from the Golden Proportion, can be observed in Figures 3.16 and 3.17. 
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Table 3.8: Mean relative difference between Golden Proportion predictions and original mid-systolic 

data from the literature, as well as estimated diastolic literature data for AL and PL areas, assuming 

total to closed leaflet surface area ratios of 1.48 and 1.64. 

 In vivo relative error [%] 

 Original 
literature data 

Estimated diastolic data: 
Ratio = 1.48 

Estimated diastolic data: 
Ratio = 1.64 

AL area 84.06 35.61 ± 31.60 23.83 ± 28.65 
PL area 73.21 24.39 ± 36.70 13.58 ± 33.25 

 

Table 3.8 shows that the relative difference between Golden Proportion predictions and original 

mid-systolic data for leaflet areas is much greater than when comparing Golden Proportion 

predictions and estimated diastolic data. This further corroborates the fact that estimating 

diastolic leaflet surface areas is required to assess the validity of the Golden Proportion 

predictions. Moreover, the relative error estimated is sensitive to the ratio used, with the 

average in vivo relative error decreasing by more than 10% for both leaflets when the ratio is 

increased. This ratio greatly varies amongst the AL and PL, since the literature shows ratios of 

1.32 ± 0.39 and 1.47 ± 0.50 for AL and PL areas, respectively, for an AP diameter of 14.3 ± 

1.8 mm (Debonnaire et al., 2015). In addition, the standard deviation for leaflet surface areas 

can be as high as 28% for the AL or 25% for the PL in a clinical sample (Mihaila, 2013), which 

can help justify the elevated variability in literature data and in the resulting error standard 

deviations present in Table 3.8.  

Figures 3.16 and 3.17 show that the in vivo data follows the general trend presented by the 

Golden Proportion predictions for leaflet surface areas, given the assumed percentage of 

deviation. R-squared values improve with an increasing ratio (AL: 0.34 vs 0.70; PL: 0.15 vs 

0.63), suggesting that the Golden Proportion better predicts leaflet surface areas with higher 

values. Given these factors, we deemed that a 15 % range for the Golden Proportion prediction 

of the leaflet areas is acceptable, and, in the toolbox, a value within that range will be employed 

for leaflet areas.
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Figure 3.14: Predictions for commissural width (a) and annular height (b) as a function of the anteroposterior diameter, as given by the Golden Ratio (colored 

shades representing up to 20% deviation from the average value) and by adult and paediatric clinical data (represented by black – adult - and dark green – 

paediatric - standard deviation bars) (Pouch et al., 2014; Jassar et al., 2014; Lee et al., 2013; Mihaila et al., 2014; Jolley et al., 2017; Munin et al., 2014). A 

direct regression analysis is shown for commissural width (c) and annular height (d), with the orange fitting line representing the one-to-one fit between 

predicted and patient data and the blue line representing the patient data best linear fit. 
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Figure 3.15: Predictions for anterior (a) and posterior (b) leaflet lengths as a function of the anteroposterior diameter, as given by the Golden Ratio (colored 

shades representing up to 20% deviation from the average value) and by adult in vivo data (Deorsola and Bellone, 2019; Munin et al., 2014). Black and green 

points represent unique patient data for the studies from Deorsola et al. (2019) (Deorsola and Bellone, 2019) and Nomura et al. (Nomura et al., 2019), 

respectively. A direct regression analysis is shown for anterior (c) and posterior (d) leaflet lengths, with the orange fitting line representing the one-to-one fit 

between predicted and patient data and the blue line representing the patient data best linear fit. 
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Figure 3.16: Predictions for the anterior leaflet surface area as a function of the anteroposterior diameter for ratios of 1.48 (a) and 1.64 (b), as given by the 

Golden Ratio (colored shades representing up to 20% deviation from the average value), by adult and paediatric clinical data (represented by black – adult - 

and dark green – paediatric - standard deviation bars) (Lee et al., 2013; Mihaila, 2013; Mihaila et al., 2014; Jolley et al., 2017; Munin et al., 2014; Kim et al., 

2019). A direct regression analysis is shown for ratios of 1.48 (c) and 1.64 (d), with the orange fitting line representing the one-to-one fit between predicted 

and patient data and the blue line representing the patient data best linear fit.  
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Figure 3.17: Predictions for the posterior leaflet surface area as a function of the anteroposterior diameter for ratios of 1.48 (a) and 1.64 (b), as given by the 

Golden Ratio (colored shades representing up to 20% deviation from the average value), by adult and paediatric clinical data (represented by black – adult - 

and dark green – paediatric - standard deviation bars) (Lee et al., 2013; Mihaila, 2013; Mihaila et al., 2014; Jolley et al., 2017; Munin et al., 2014; Kim et al., 

2019). A direct regression analysis is shown for ratios of 1.48 (c) and 1.64 (d), with the orange fitting line representing the one-to-one fit between predicted 

and patient data and the blue line representing the patient data best linear fit. 
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3.5.4. Analysis of chordae insertions as a guide for collagen orientation 

The collagen arches, determined from insertion patterns of chordae into the leaflets, are 

presented in Figure 3.18. The respective fitting models are reported in Tables 3.9 and 3.10.  

Second order polynomials (quadratic equations) yielded the best fits, as demonstrated by 

elevated R2 values and p-values which were significant (< 0.01): R2 ranged between 0.942 

and 0.977 for AL arches and between 0.855 and 0.947 for PL arches, respectively. These 

fits represent parabolas, where the vertex corresponds to the highest point of each arch and 

the coordinates of the two points at the base represent each PM tip.  

 

 
Figure 3.18: Photographs of a) AL and b) PL samples, with selected collagen arches highlighted 

with solid coloured lines (courtesy of Mr. Keith Buchan, Aberdeen Royal Infirmary). Arches were 

numbered as demonstrated for the posterior leaflet (from lowest to greatest height). 

 

Since the arches are best described by quadratic equations, the height of each parabolic 

fitting has been found and compared against the arch height based on original raw data. 

Linear and non-linear regression analysis was performed on this data to determine if arch 

height progression can be mathematically characterised (Table 3.11). It was observed that 

arch height seems to follow a linear trend for the AL, while growing exponentially for the 
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PL (Figure 3.19). These results do need, however, to be further validated using data from a 

larger sample of MV specimens which preserve the valve’s native shape (as the data 

evaluated here arises from the analysis of flattened specimens).  

 

Table 3.9: Correlation analysis results for 2D anterior leaflet collagen arch data. Equation 

coefficients and statistical measures for goodness of fit (R2 and p-value) are displayed for best fitting 

nonlinear model. Since the best fitting model is a 2nd order polynomial, the height of the quadratic 

curve (i.e. the collagen arch), as well as its counterpart from raw data, are also included. 

AL arch 
number 

Regression 
model C1 C2 C3 R2 p-value Height 

parabolic fit 
Height 

(original) 
1 Polyn. 2 -0.6143 2.8087 -0.0819 0.977 < 0.01 23.4542 25.3667 
2 Polyn. 2 -1.2224 3.0002 -0.0867 0.962 < 0.01 24.7284 28.08 
3 Polyn. 2 -1.096 3.1416 -0.0914 0.96 < 0.01 25.8983 29.5187 
4 Polyn. 2 -1.6251 3.3354 -0.0964 0.955 < 0.01 27.2389 30.333 
5 Polyn. 2 -3.0229 3.5956 -0.1033 0.942 < 0.01 28.2715 31.7293 
6 Polyn. 2 1.2164 3.6134 -0.1087 0.951 < 0.01 31.2538 33.2723 

 

 

Table 3.10: Correlation analysis results for 2D posterior leaflet collagen arch data. Equation 

coefficients and statistical measures for goodness of fit (R2 and p-value) are displayed for best fitting 

nonlinear model. Since the best fitting model is a 2nd order polynomial, the height of the quadratic 

curve (i.e. the collagen arch), as well as its counterpart from raw data, are also included. 

PL arch 
number 

Regression 
model C1 C2 C3 R2 p-value Height 

parabolic fit 
Height 

(original) 
1 Polyn. 2 -1.5231 2.0941 -0.0699 0.943 < 0.01 14.1609 13.9553 
2 Polyn. 2 -1.9541 2.2357 -0.0743 0.947 < 0.01 14.8736 15.6277 
3 Polyn. 2 -1.6119 2.6039 -0.0849 0.935 < 0.01 18.3628 18.1783 
4 Polyn. 2 -4.1456 3.3553 -0.1044 0.855 < 0.01 22.8107 24.3423 
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Table 3.11: Correlation analysis results for the height of collagen arches (obtained from fitting and 

from original data). Equation coefficients and statistical measures for goodness of fit (R2 and p-

value) are displayed for best fitting model. 

Arch data Regression model C1 C2 R2 p-value 

AL (fit) Linear 21.711 1.4562 0.964 < 0.01 
AL (raw) Linear 24.588 1.4654 0.971 < 0.01 
PL (fit) Exp. 11.126 0.17454 0.957 < 0.01 

PL (raw) Exp. 10.765 0.19627 0.954 < 0.01 
 

 

 
Figure 3.19: Regression analysis on a) AL and b) PL arch height from arch fittings and original raw 

data.  

 

3.6. Discussion 

3.6.1. Main study findings 

Morphometric relationships characterising the MV structure have been evaluated through: 

1) linear and nonlinear regression analysis of dimensions from datasets available in the 

literature and obtained for this study, and comparison of predicted dimensions against 

existing measurements; 2) determination of prediction equations based on the Golden Ratio 

and comparison of predicted dimensions against existing measurements; 3) an evaluation of 

mathematical descriptions for collagen arches arising from chordae tendineae. These 
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morphometric relationships are relevant for the development of accurate scalable MV 

models based on average dimensions (Chapter 4). This study suggests the following 

findings: 

❖ Several MV morphometric correlations are present in the literature for the healthy 

and diseased geometry, with changes in MV shape being mathematically correlated with 

poorer functional outcomes;  

❖ Moderate (0.6 < R2 < 0.8) and good correlations (R2 > 0.8) between MV dimensions 

have been found, based on datasets from the literature and one patient-specific dataset 

obtained at Aberdeen Royal Infirmary; 

❖ Polynomials of increasing order (above 3rd) were poor predictors of MV dimensions, 

being characterised by high changes in their curvatures, which affected prediction of 

dimensions within a reasonable range, and yielding wrong predictions for data outside the 

range of values in which the fit was performed;  

❖ The accuracy in predictions from linear and nonlinear fittings varied according to 

the equation and dimensions considered, with prediction equations being associated with a 

large range of relative errors (< 5% to > 250%) when predicting literature data; 

❖ Predictions of average in vivo data were associated with lower relative errors than 

those of ex vivo data, despite employing equations derived from an ex vivo dataset; 

❖ Prediction equations found through correlation analysis must be used with caution, 

as it remains unclear whether these can fit data from both healthy and diseased valves and 

can predict paediatric dimensions;  
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❖ Predicted literature dimensions employing equations based on the Golden Ratio 

show good agreement with the original data, with average relative errors < 10% for annular 

and leaflet length dimensions, and < 36 % for leaflet areas;  

❖ Collagen arches approximated from chordae insertions into the leaflets are 

mathematically characterised by 2nd order polynomial fits and arch height follows linear and 

exponential growths for the AL and PL, respectively. 

3.6.2. Accuracy of prediction equations 

The correlation analysis performed yielded several prediction equations with moderate-good 

R2 based on three different datasets. Interestingly, nonlinear fits of higher order (e.g. 3rd 

order polynomial and above) were associated with high changes in curvature, leading to  

either overestimation or underestimation of dimensions within the prediction range or  

yielding incorrect predictions for dimensions beyond the range in which the fit was found 

(associated with disease configurations). This means that the fit would only be valid either: 

(1) for a narrow range of values in which it was performed and not being applicable to a 

wider range or population; (2) within an average range representative of a healthy MV, 

without the presence of geometrical alterations associated with disease. In general 1st order 

polynomials (linear regression model) yielded more accurate predictions and were 

associated with a similar range of mean relative errors as nonlinear regression models when 

employed to predict mean literature data, despite having a lower R2. 

All datasets evaluated included different MV dimensions, and comparable dimensions 

yielded correlations in one dataset, but not on the other (e.g. annular dimensions correlated 

on Duplessis dataset, but not on PSD). This may be due to the datasets originating from ex 

vivo measurements (Duplessis) and in vivo (PSD) data, which yield different estimates for 
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MV dimensions (as further explained in section 3.6.3). At the same time, the prediction 

equations obtained from the Duplessis dataset and employed to predict dimensions from the 

PSD (and vice-versa) were associated with elevated average relative errors (> 25% and > 

20% for Duplessis and PSD equations, respectively); however, such fittings were 

successfully employed in the prediction of mean literature clinical data, with average relative 

errors usually below 20%. Nonetheless, it remains unclear whether fittings based on ex vivo 

data can be accurately used to predict in vivo data. 

Based on both healthy and diseased clinical data from Warraich et al., generated fittings 

accurately predicted mean literature data, with average relative errors mostly below 20%. 

Since these equations were used to predict both healthy and diseased data, this is indicative 

that such equations may be employed to generate healthy and diseased dimensions; 

nonetheless, it is not possible to extrapolate whether they are able to predict dimensions in 

all cases of disease, especially when MV geometry is altered to an extreme, which occurs 

during significant mitral regurgitation, for example (Lee et al., 2013; Calleja et al., 2015) . 

Similarly, the equations found using the dataset from Duplessis et al. and the PSD are based 

on valves from healthy subjects, and it remains unclear whether they can be used to predict 

dimensions in MV dysfunctional geometries.  

Prediction equations based on the Golden Ratio were able to accurately predict annular and 

leaflet dimensions. The use of such equations to calculate all MV morphometry from the AP 

diameter may seem dubious, especially given the high average relative errors of these 

predictions in comparison with average in vivo data as observed for the leaflet areas (Section 

3.2.3). However, it is important to recall that very good correlations (R2 = 0.94, p-value = 

0.01) have been found between MV leaflet lengths and the AP diameter which agreed with 

the Golden Ratio (Deorsola and Bellone, 2018; Deorsola and Bellone, 2019) and that annular 
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dimensions from the literature have also shown agreement with Golden Ratio predictions 

(Section 3.6.3).  

3.6.3. Challenges of obtaining morphometric data for the mitral valve  

MV quantitative measurements can be obtained from clinical imaging (such as 

echocardiography) or through analysis of anatomical specimens, with both methods having 

their own limitations. While clinical imaging modalities provide morphometric information 

based on living MVs, the accuracy of measurements obtained from scans depends on the 

type of modality used, their spatial and temporal resolutions, and the operator expertise, 

which can introduce a bias on the obtained data. MV leaflet areas, for example, need to be 

inferred from 3D imaging parameterizations, which can be associated with inaccuracies. 

These challenges may have an impact on the obtained MV dimensions, contributing towards 

model uncertainty (Wu and Takeuchi, 2017). While MV anatomical specimens can be 

directly touched and measured, they are associated with changes in dimension due to elastic 

recoil of valve tissue. This is caused by the removal of blood pressure, blood flow and 

myocardial tension, which alters the physiological balance of forces in the valve, potentially 

leading to reduced leaflet dimensions which may not be directly comparable to those 

obtained in vivo.   

Lastly, the data available in the literature is heterogeneous, as observed in multiple standard 

deviations from clinical measurements. For example, standard deviations can be as high as 

13%, 16% and 37% from the average value for the AP diameter, CW and AH, respectively 

(Mihaila et al., 2014), or as high as 28% and 25% for AL and PL areas, respectively 

(Mihaila, 2013). Therefore, both the variability in data and the range of accuracy of the 
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measurements present in both clinical and anatomical studies can help explain the elevated 

average relative errors associated with several of the results obtained in this study. 

3.7. Conclusions 

Currently, the MV dimensions available in the literature are mostly reported in terms of 

mean and standard deviations, with studies focusing on either the mitral annulus, mitral 

leaflets, or subvalvular apparatus. Focus is given to reporting average measurements in 

healthy and diseased cases, and even provide an overview of the dynamic variability of 

mitral anatomy during the cardiac cycle. This means that not all the dimensions which 

characterise MV morphometry are stated in a single study; moreover, dimensions for each 

patient are difficult to obtain in the literature, with just a few datasets available. However, 

the datasets evaluated in this study correspond to either ex vivo data (Duplessis and 

Marchand, 1964), or data available from both healthy and diseased cases (Warraich et al., 

2012). This means that, despite yielding prediction equations associated with elevated R2 

with statistical significance, such data and corresponding fittings need to be extended to the 

general population with caution. Further studies providing more complete datasets (at a 

patient-specific level) are required, to take into account the anatomical variability between 

patients. Critically, collecting measurements for both healthy and diseased MV 

morphometry including the annulus, leaflets and subvalvular apparatus, would be beneficial 

to underline and strengthen correlations between dimensions. 

In the next chapter there is a focus on the development of a MV parametric and scalable 

model. For this, the prediction equations obtained from the Golden Prediction have been 

used, since they provide the most complete set of dimensions to describe average MV 

morphometry to date. 
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CHAPTER 4 

THE MITRAL VALVE TOOLBOX 

 

4.1. Introduction 

The improvement of repair techniques and the development of improved designs for medical 

devices for the MV is a clinical need (Fedak et al., 2008; Al-Atabi et al., 2012), as described in 

Chapter 2. To target this, the evaluation of pre- and post-operative scenarios accounting for a 

subject’s MV shape can be performed using computational models, having the potential to 

improve surgical planning, specifically patient-specific repair procedures (Kohli et al., 2021; 

Walczak et al., 2021). MV models available in the literature are based either on patient-specific 

geometries obtained from medical images or based on averaged dimensions. The accuracy of 

MV computational models is sensitive to valve geometry; while patient-specific models 

represent the MV geometry of an individual, the associated generation process can be time 

consuming and computationally expensive, especially when employing numerical mesh-based 

approaches (Zhang et al., 2019). Moreover, deductions made from a patient-specific case 

cannot be generalized, since multiple patient-specific models are required for statistical power 

(Biau et al., 2008).  

To overcome these limitations, parametric models, whose geometrical features are described 

by dimensional constraints, can be used. Some parametric MV models lack the anatomical 

detail that is necessary to be of clinical value, with their geometries being too simplistic (Salgo 

et al., 2002; Shen et al., 2017; Domenichini and Pedrizzetti, 2015). Other studies have included 

more complete parametric geometries including chordae tendineae and PM tips (Choi et al., 
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2016; Alleau et al., 2019), while more advanced parameterization frameworks have been 

recently developed to generate patient-specific MV surface models from measurements 

obtained via medical imaging (Lichtenberg et al., 2020; Pasta et al., 2020). These advanced 

frameworks can generate high quality MV models within a reasonable time frame, however, 

they can only be applied to each specific patient individually, not offering the flexibility 

required to allow for the evaluation of how specific dimensions of MV geometry affects its 

function, for example.  

Given the importance of MV shape on the long-term outcome of valvular surgical procedures, 

there is a need to develop a computational framework which allows to generate scalable and 

customisable MV geometries, either based on average morphometric relationships or from 

patient-specific dimensions. Accordingly, such a framework could capture the range of 

morphological features required to address the high variability seen in clinical cases, something 

not currently available in the literature. 

The aim of this study was to develop a tool (entitled the MV toolbox) that enables the quick 

generation of anatomically accurate and clinically useful parametric models of the MV. The 

toolbox, implemented using MATLAB, can create a variety of geometric models for the MV 

which are based on user-inputted choices and are directly compatible with the LS-DYNA 

software, allowing for finite-element simulations. The parameters defining the shape of the MV 

are either determined directly from patient-specific dimensions or can be estimated from 

mathematical equations based on the Golden Ratio which recreate a healthy, average model 

(validated against clinical data, as described in Chapter 3). In this chapter, the capabilities of 

the MV toolbox are described, including: 1) the development of the full geometrical model, 2) 

the framework that generates a model ready to be used in computational modelling software, 

3) the user-options available, and 4) examples of generated geometries. 
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4.2. Mitral valve toolbox 

4.2.1. Generic features  

A software toolbox that can generate the geometry of the MV as a computational model was 

developed and implemented in MATLAB (MATLAB®, R2019b, 9.7.0.1247435, The 

MathWorks Inc., Natick, MA, USA). The toolbox yields a diastolic (stress-free) MV geometry 

including the annulus, anterior and posterior leaflets, and a spatial representation for both PM. 

The model is built from a baseline mitral annular 3D profile adapted from literature (Pouch et 

al., 2014) and a set of key MV dimensions, used as constraints to generate the annulus and 

leaflet shapes. Then, PM spatial position is generated based on distances to key annular 

landmarks and chordae tendineae are created assuming equal spacing along the MV free edge 

and generated based on PM and selected free edge node coordinates.  

The workflow of the toolbox is shown in Figure 4.1. The main geometric features of the MV 

annular and leaflet shape employed to generate the model follow the mathematical proportions 

based on the Golden Ratio which have been described and validated in Chapter 3 (Deorsola and 

Bellone, 2018; Deorsola and Bellone, 2019), and PM positions and chordae tendineae 

distributions are based on in vivo and ex vivo findings (Yamaura, 2008; Obase et al., 2016; Lam 

et al., 1970). The model can be parameterized using two alternative procedures: (1) based on 

patient-specific dimensions obtained from patient data (e.g. medical image modalities) and 

directly inputted by the user or (2) using average dimensions derived from mathematical 

proportions relating MV anatomical segments based only on the anteroposterior (AP) diameter.  

Multiple graphic user interface (GUI) options are provided to better characterize the subvalvular 

apparatus: the user can choose a one tip point representation for the PM, where all chordae 

originate from, or a 3D origin scheme; moreover, PM displacement can be prescribed. Greater 
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detail on all GUI options is provided in Sections 4.2.2 and 4.4. The toolbox generates two 

different outputs: a MV geometrical model or a MV model for computational simulations 

(further detail on these options is presented below). Once the parameterization is completed, 

the MV leaflet surface mesh can be exported as a stereolithography (.stl) file, compatible with 

a range of modelling software (including computer-aided design and FE analysis software), and 

the 3D coordinates of the PM can be exported as a text file. On the other hand, if one chooses 

to create an input file for computational simulations, the chordae tendineae distributions are 

also added, completing the MV model. The input file for FE simulations is compatible with LS-

DYNA 4.5.12 (LSTC, Livermore CA, USA) and employs the generated geometry. For this, the 

meshed model is pre-processed by defining material properties, boundary conditions and 

contact properties through MATLAB, with the LS-DYNA input file being exported as a key 

(.k) file. 
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Figure 4.1: Workflow of the MV toolbox, from the generation of the morphometric model to the FE simulation result: (a) The inputs are a baseline mitral 

annular 3D profile and MV dimensions, either obtained from mathematical formulations or from patient-specific medical images; (b) The model is 

parameterized, with the annulus, leaflets and PM (papillary muscles) being independently scaled; (c) A surface model mesh is created for the leaflets and points 

identifying each PM are stored. The user can choose to output these as an .stl file for the mesh and a text file for PM coordinates; (d) The meshed model is pre-

processed: chordae tendineae are added, material properties, boundary and contact conditions are defined; (e) The .k input file is created and run in LS-DYNA. 
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4.2.2. Geometrical model  

Pre-processing and assumptions 

MATLAB was used to define the annular saddle (Figure 4.2) based on a mean AHCWR 

rotational profile (proxy for annular nonplanarity) for a healthy adult obtained from Pouch et 

al. (2014) which was adapted to define annular height (over the z-coordinate, displayed in 

Figure 4.2) (Pouch et al., 2014). Moreover, data from Jassar et al. (2014) was employed to 

change the annulus in the x-y plane (Figure 4.2) (Jassar et al., 2014). The annular y and z-

coordinates were further reshaped through an iterative process to match a diastolic profile, 

obtaining an approximately 7.6 mm saddle-horn height (represented in Figure 4.3), consistently 

with previous experimental findings (Dagum et al., 2001). This annular boundary was used as 

a starting template from which to recreate the MV geometry (Figure 4.4a). The model 

incorporates the following assumptions, according to the GUI options chosen by the user: 

1. The annular and leaflet shapes are assumed symmetric along the long axis meridian of 

the anterior MV leaflet, consistent with ex vivo findings (Ranganathan et al., 1970; 

Krawczyk-Ozog et al., 2017) and previous geometrical models (Choi et al., 2016; 

Stevanella et al., 2009). The PM tips are assumed symmetric; however, this symmetry 

can be removed if asymmetric PM displacement is prescribed; 

2. If an average model is selected, a healthy MV leaflet shape is reproduced, since, in 

disease, the proportions characterizing annular and leaflet segments change (Deorsola 

and Bellone, 2019). However, if patient-specific data is inputted, the model shape is not 

constrained when generated, and it is possible to create either a healthy or diseased MV 

model according to the input. 
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Figure 4.2: Input parameters requested in the toolbox to parameterize the annular boundary, where the 

MV annulus is a) viewed from within the left atrium and b) from above. The 3D axis denote the 

orientation for each image. Notes: LT, left trigone; RT, right trigone; dAP, anteroposterior distance; 

dCW, commissural distance; hAH, annular height. 

 

 

 
Figure 4.3: Saddle-horn height (H) representation in a lateral view of the mitral annulus. 

 

The generation of a morphometric MV model focuses on 3 regions: first the annulus is 

parameterized, followed by the anterior and posterior leaflets, and lastly the PM tips. Table 4.1 

includes the fundamental dimensions implemented in the toolbox which are required to 

generate the baseline MV model, further explained in the following sub-sections of Section 

4.2.2. 
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Table 4.1: Dimensions used to parameterise the MV geometry. 

MV part Acronym Dimension/measurement 

Annulus 

dAP Anteroposterior diameter 
dCW Commissural width 
hAH Annular height 

- Ring concavity 

Leaflets 

Ah Anterior leaflet height 
Pmh Posterior leaflet middle scallop height 
Pch Posterior leaflet commissural scallop height 
Aa Anterior leaflet surface area 
Pa Posterior leaflet surface area 

PM 

ALPM0 Distance from ALPM tip to anterior annular midpoint 
ALPM10 Distance from ALPM tip to left trigone 

ALPM8 
Distance from ALPM tip to annular division between 
middle and anterolateral commissural scallops 

PMPM0 Distance from PMPM tip to anterior annular midpoint 
PMPM2 Distance from PMPM tip to right trigone 

PMPM4 
Distance from PMPM tip to annular division between 
middle and posteromedial commissural scallops 

Annular parameterization 

All dimensions required to parameterize the mitral annulus are included in Figure 4.2. The valve 

ring has a kidney bean shape, more evident in systole, and the anterior leaflet is centred on a 

slight depression in this ring (Degandt et al., 2007; Misfeld and Sievers, 2007). Accounting for 

a previous mathematical study of the MV (Kaiser et al., 2019), the valve ring concavity can be 

controlled given an input parameter that varies between 0 and 0.5; 0 corresponds to a D-shaped 

annulus, while 0.5 represents the maximum allowed concavity.  

After defining the ring concavity, the annulus can be parameterized using three dimensions: the 

AP diameter, the CW and the AH. The best fitting polynomial curves were selected to 

manipulate the annular shape: first, they were used to scale the AP diameter and CW in the x-y 

plane; then, the AH was parameterized using polynomial curves to scale z coordinates. AH was 

defined as the vertical distance between the maximum and minimum annular heights (Jassar et 

al., 2014; Pouch et al., 2014), and, by default, characterised as the anterior saddle horn height. 
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By scaling this height, the posterior saddle horn height was appropriately scaled, maintaining 

the proportion between anterior and posterior saddle horn heights.  

Leaflet parameterization 

Given the assumed symmetry of the MV, the heights of the anterolateral and posteromedial 

commissural scallops were considered equal. The required MV dimensions to parameterize the 

leaflets are shown in Figure 4.4. The initial 3D free edge template was generated according to 

the inputted leaflet heights and baseline commissural heights (to be adapted during the 

implementation) reported by (Ranganathan et al., 1970), which were interpolated. 

 

 
Figure 4.4: Input parameters requested in the toolbox to parameterize the leaflets. 

 

To parameterize the leaflet surface areas, both annular and free edge boundaries were split into 

different portions representing the anterior leaflet and the posterior middle and commissural 

scallops. For this process, the annular boundary was first split considering anterior and posterior 

annular proportions (2/5 and 3/5 of the total annular circumference, respectively (Pouch et al., 

2014; Jassar et al., 2014)). The annular split point has been set as the commissural point. In 

addition, the posterior leaflet middle scallop is usually broader than the other two scallops 



 

100 
 

(Ranganathan et al., 1970; Krawczyk-Ozog et al., 2017); therefore, to divide the posterior 

leaflet annular boundary between middle and commissural scallops and in agreement with a 

previous morphometry study (Deorsola and Bellone, 2019), the middle scallop was assumed 

equal to 9/20 of the total posterior leaflet circumference. In the implementation, the length of 

the commissural and cleft boundaries was then altered to obtain the desired leaflet areas. A 

representation of all leaflet boundaries employed is presented in Figure 4.5.  

 

 
Figure 4.5: The lateral half of the MV is represented, with boundaries defined during the 

parameterization process of the leaflets. Notes: AAC, anterior annular circumference; PAC, posterior 

annular circumference. 
 

Papillary muscle parameterization 

The 3D spatial position of PM tips is parameterized according to distances between the tips and 

annular landmarks (o’clock points) (Yamaura, 2008; Sakai et al., 1999). Figure 4.6a represents 

these annular points and the implemented distances. The user can decide whether to represent 

the PM as a single tip (where all chordae originate from), or as a 3D point cloud of chordae 
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origins in a C-shape (as given in an axial view), discretized in Figure 4.6b and 4.6c and based 

on in vivo and ex vivo findings (Obase et al., 2016; Lam et al., 1970) and previous 

computational studies (Stevanella et al., 2011; Choi et al., 2016). This point cloud consists of 

13 origin points per PM, giving rise to 12 anterior leaflet free edge insertions, 12 posterior 

leaflet free edge insertions and 2 strut chordae insertions. In total, it equals 26 chordae, 

consistent with in vivo (Obase et al., 2016) and ex vivo (Lam et al., 1970) findings. 

 

 
Figure 4.6: a) Distances between PM tips and corresponding points of mitral annulus, as characterized 

by the literature (Sakai et al., 1999; Yamaura, 2008). 0, 2, 10, 4 and 8 o’clock represent: anterior 

annular midpoint; right trigone; left trigone; division between middle and posteromedial commissural 

scallops; division between middle and anterolateral commissural scallops, respectively (Yamaura, 

2008); b) 3D shape representing chordae origins in the PMs (axial view); c) Different origin points 

correspond to different points of insertion into the leaflets. Notes: ALPM, anterolateral PM; PMPM, 

posteromedial PM; PL, posterior leaflet; AL, anterior leaflet. 

 

The spatial position of PM tips can be further manipulated to represent dysfunction (Figure 

4.7). The PMs can undergo medial/lateral (position change in x-y plane) and apical (change in 
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the z-coordinate) shifts, corresponding to malposition or change in position (Kim et al., 2012). 

These relate to symmetric (same motion restriction for both leaflets) or asymmetric (prevalent 

restriction of one of the leaflets) tethering, represented by displacement of both PMs or either 

one of them (Kim et al., 2012). Since these changes are associated with altered inter-PM 

distances (Kim et al., 2014; Obase et al., 2016), the user needs to provide the desired inter-PM 

distance as an input. 

As the LV dilates, the PM also get displaced (Obase et al., 2016). In the toolbox, the user can 

prescribe whether the LV dilates posteriorly, anteriorly, or on both sides. A .stl file of a 18 year 

old (female, weight 68 kg, body surface area 1.66 m2) adolescent LV model was reconstructed 

from a magnetic resonance imaging scan sequence obtained at the Murdoch Children’s 

Research Institute (study approved by the Human Research Ethics Committee of the Royal 

Children’s Hospital – HREC 33227). The left ventricle was scanned with a cine TrueFISP short 

axis stack sequence, using multiple breath-hold blocks, on a Siemens Aera magnetic resonance 

imaging machine at 1.5T (repetition time = 39.6 ms; echo time = 1.43; flip angle = 80 degrees; 

pixel spacing 1.33 × 1.33 mm; slice thickness = 7 mm; 25 frames over the cardiac cycle).  

The reconstructed model was used as a template to approximate the inner geometry of the LV 

on which papillary muscles are placed. The template employed half of the model which was 

made symmetric along its height axis, and has been scaled to match adult dimensions from the 

literature (Di Donato et al., 2006). Moreover, it was arranged in the 3D space to align its base 

with the MV annular plane, similar to previous computational studies (Park et al., 2019; 

Domenichini and Pedrizzetti, 2015; Domenichini et al., 2005). The geometry can then be 

parameterized based on the input width and length (Park et al., 2019; Di Donato et al., 2006; 

Domenichini and Pedrizzetti, 2015). The distance between the tip of each PM and its respective 

site of origin at the LV wall was assumed 26 mm, yielding a PM base within the middle third 
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of the wall (Saha and Roy, 2018). By parameterizing the LV geometry, the position of the PM 

base is also rearranged, and, if the respective distance between tip and base is greater than 8.8 

mm (standard deviation for this distance (Saha and Roy, 2018)), the tip is displaced (as 

displayed in the schematic from Figure 4.8). 

 

 
Figure 4.7: GUI options for the definition of PM displacement in a dysfunctional case. Notes: PM, 

papillary muscle; ALPM, anterolateral papillary muscle; PMPM, posteromedial papillary muscle; LV, 

left ventricle. 
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Figure 4.8: MATLAB process of PM displacement due to LV dilation: a) A LV 3D model reconstructed from MRI imaging is employed as a template, 

which can be scaled according to input dimensions for width and length (b)); c) A 2D cross-section representation of PM displacement due to LV dilation 

is displayed, including positions for PMPM and ALPM before and after LV scaling. In a scenario where LV anterior dilation occurs, the position of the 

anterior PM base is altered accordingly, leading to ALPM displacement. Notes: PM, papillary muscle; ALPM, anterolateral papillary muscle; PMPM, 

posteromedial papillary muscle; LV, left ventricle. 
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Chordae generation 

All but the strut chordae are assumed to attach at the free edge (primary chordae) and secondary 

chordae are not included in the toolbox. The configuration of the chordae network was defined 

in order to allow proper coaptation of the leaflets under physiological conditions and to 

minimise numerical instabilities caused by mesh distortion. Primary chordae are equally spaced 

along the free margin and, based on the generated leaflet geometry, insertion points in the free 

edge are created according to the number of chordae branches to include: a split into three 

branches in the case of a single PM point and if the PM is represented with a 3D shape. Chordae 

are branched at a node midway between the PM origin node and the free margin. Finding this 

node involves:  

1) Obtaining the midway point between the first and the third free margin nodes; 

2) Obtaining the midway point between the midway point calculated in 1) and the PM 

origin node.  

Examples of virtually created chordae tendineae with a single PM tip and a 3D PM shape are 

shown in Figure 4.9. 

 

 
Figure 4.9: a) Single PM tip (left) and b) 3D PM shape (right) chordae tendineae distributions, with the 

number of chordae generated being in agreement with data from the literature. 
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4.2.3 Model generation: average vs patient-specific geometries 

In the case of an average MV model, the MV toolbox includes a function enabling the 

automated generation of the full MV shape based on the AP diameter and mathematical 

equations obtained from the Golden Ratio (equations 3.1-3.6 from Chapter 3). Although the 

Golden Ratio yields a unifying mathematical model for an average, healthy MV geometry, 

equations describing average PM position are not available in the literature. A previous study 

suggests, however, that PM tip distance to annulus increases with increasing AL height (Rabbah 

et al., 2013). Therefore, for the generation of an average MV model, the distances from PM tips 

to annular o’clock positions have been assumed proportional to the AP diameter, as given by 

equations 4.1-4.3: 

 

 ALPM0 = PMPM0 = 1.26dAP, (4.1) 

 

 ALPM10 = PMPM2 = 1.08dAP, (4.2) 

 

 ALPM8 = PMPM4 = 0.96dAP, (4.3) 

 

Coefficients of proportionality in equations 4.1-4.3 have been chosen to respect PM tip 

distances to annulus described in clinical studies (Yamaura, 2008; Topilsky et al., 2013; 

Nomura et al., 2019).  A depiction of the distances generated with this approach is presented in 

Figure 4.10 for AP diameters associated with healthy MV shapes. 
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Figure 4.10: Example of distances from the PMPM tip to annular landmarks obtained with AP 

diameters associated with a healthy adult shape, as well as inter-PM distances. Given the symmetry 

assumed along the long axis meridian of the AL for the average model, distances from the ALPM tip to 

annular landmarks are equal. Notes: inter-PM, inter-PM distance. 

 

If a patient-specific MV geometry is desired, all the dimensions present in Table 4.1 are 

required from the user to generate all MV components. The overall GUI workflow, including a 

summary of the choices available within the toolbox and information required from the user, is 

described in Section 4.4. 

4.3. FE model pre-processing and computational performance of toolbox 

4.3.1 Generation of final model 

The final geometrical model created by the MV toolbox corresponds to point cloud boundaries 

representing the annulus and the free edge. Using functions from the GIBBON toolbox 

(Moerman, 2018), a surface mesh is created between these boundaries: if the user wishes to 

export the leaflet mesh as an .stl file, triangular shell elements are chosen; alternatively, if a 
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simulation input file is required, quadrilateral shell elements are selected (further information 

on the type of shell elements employed is included in Chapter 5 – section 5.2.1). 

The pre-processing of the geometry to be used in a simulation input file is performed by adding 

transition elements on the leaflet free edge and creating the chordae tendineae. In LS-DYNA, 

chordae are discretized into 3D beam elements (two nodes per element), with a cable element 

formulation combined with cable material properties, in effect transforming these elements into 

elastic rods which have resistance under tension, but not under compression. To better represent 

the movement of the chordae tendineae, each chorda branch is discretized with 6 beam 

elements. Moreover, two transition quadrangular shell elements are defined at each leaflet 

insertion point, in continuity with the leaflet free edge shell elements. These transition elements, 

assumed to consist of a much stiffer material than the leaflet tissue, are where chordae insert, 

serving to avoid local mesh warping due to the transfer of concentrated loads from chordae 

tendineae to leaflets (Stevanella et al., 2009). An example of the transition elements added to 

the model is displayed in Figure 4.11. 

 

 
Figure 4.11: Transition elements on the free margin (brown quadrilateral shell elements). 
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4.3.2 Mesh evaluation 

The leaflet computational mesh generated with MATLAB was assessed through a sensitivity 

analysis by (1) varying mesh size and (2) generating 3 models with different AP dimensions 

(20, 25 and 30 mm). For the first case, mesh refinement was achieved by progressively 

decreasing element size in MATLAB through increasing the sampling rate of annular and free 

edge boundaries from which the mesh is generated. Quality criteria included mesh element 

warping, aspect ratio and face angles, with the analysis being performed for the leaflet mesh 

elements, discarding transition elements. Consistent with previous studies (Shewchuk, 2002) 

and with the LS-DYNA meshing guide (Hallquist, 2006a), mesh quality was considered 

satisfactory when at least 95% of the elements had an aspect ratio less than 4, face angle less 

than 135°, and maximum warp angles of 5°. All generated meshes complied with these criteria. 

Figure 4.12 presents the mesh quality metrics for average MV geometries obtained with 

differing AP diameters. Variations on the geometrical dimensions have no greater effect on 

mesh quality: the aspect ratio and warp angle keep well below their maximum criteria (4 and 

5°). For the model with an AP diameter of 30 mm, only 0.8% of the elements reach a maximum 

quad face angle of 140°, which meets the criteria of having at least 95% of the elements with a 

quad face angle below 140°.  

An additional mesh convergence test was performed with LS-DYNA by simulating a structural-

only closure of the full valve geometry (Figure 4.13). Physiological ventricular pressure was 

applied on the ventricular surface of the leaflets (Levick, 2010) and annular displacement was 

prescribed in order to achieve a 11% decrease in the AP diameter until full closure (Jiang et al., 

2014; Tang et al., 2019). The PM tips were fully constrained in the 3D space. A penalty-based 

contact approach was set up for the leaflets, employing a single-surface contact formulation. 

The maximum value of the maximum principal stress on the anterior leaflet was obtained at the 
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peak pressure time instant. Mesh resolution was deemed acceptable when the predicted stress 

did not greatly change. The difference in stress between the model with the finest mesh and the 

others was computed and an error below 3% was deemed acceptable. A relative error below 

3% appeared after 9000 shell elements (original boundary sampling of 250 points), as show in 

Figure 4.13. Despite being below 3%, the relative error associated with the most refined mesh 

displayed in this figure (23,200 elements) is increased with respect to coarser meshes. This may 

be a result of a localised increase in the maximum value of the maximum principal stress, which 

does not reflect the overall quality of the mesh.  

Given this, and according to the quality assessment performed, a mesh with boundary sampling 

of 400 and 23,200 elements was considered satisfactory for subsequent numerical simulations.  
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Figure 4.12: Mesh quality metrics for MV models generated with different AP diameters (20, 25 and 30 mm).
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Figure 4.13: Mesh convergence test performed in LS-DYNA. 
 

4.4. GUI workflow and examples of generated models 

Figure 4.14 summarises the workflow of all GUI options available in the MV toolbox. First, 

the user chooses the type of geometry to generate (average or based on patient-specific 

dimensions). Based on this choice, either all measurements stated in Table 4.1 must be 

inputted for a patient-specific case, or just the AP diameter for an average model. The 

resulting mitral annular shape can be further reshaped by adding a ring concavity. After 

scaling the annular and leaflet geometries, the user can choose to incorporate PM 

displacement in the model, according to the options displayed in Figure 4.7. The full MV 

geometry can then be exported as an .stl file or employed in the definition of an input file 

for finite element simulations with LS-DYNA. If the input file is chosen, the PM can then 

be defined as either one tip point or a 3D shape of insertion points to be employed in the 

pre-processing of the FE model.  
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Figure 4.14: MV toolbox workflow of GUI options. 

 

A range of average and patient-specific geometries generated by the toolbox are displayed 

in Figures 4.15-4.20. Figure 4.15 shows two average MV shapes obtained from different 

AP diameters, where a greater value (30 mm) leads to greater leading dimensions governing 

the annulus and the leaflets when compared with a smaller value (20 mm). 

 

 

Figure 4.15: Average MV models generated with different AP diameters (20 and 30 mm). 



 

114 
 

Figures 4.16-4.20 show a range of geometries obtained with varying geometrical parameters 

individually while keeping others constant. An increasing CW is associated with MV 

diseased configurations, and potentially the presence of mitral regurgitation (Figure 4.16). 

While mean CW associated with disease vary with different clinical studies, values above 

35 mm can be assumed as beyond the healthy anatomical range (Lee et al., 2013; Jassar et 

al., 2014). Therefore, the annular shapes in Figure 4.16 associated with CW = 25 and 30 

mm are in the anatomical range, while the shape associated with CW = 35 mm may be 

borderline between the healthy anatomical range and a diseased configuration.   

Different annular ring concavities are displayed in Figure 4.17. A healthy MV annulus has 

an anterior annular ring concavity, due to the aorto-mitral continuity (Timek et al., 2003). A 

D-shape such as the one represented in Figure 4.17 (left), although not accurately 

representing a true annular shape, has been the base for creating annuloplasty rings; 

however, the native presence of an annular concavity (such as those represented by the 

middle and right shapes in Figure 4.17) has started to translate into novel annuloplasty ring 

shapes as well, associated with improved MV biomechanical performance (Choi et al., 2017; 

Doll et al., 2019; Ncho et al., 2020). 

 

 

Figure 4.16: Mitral valve geometry obtained with CW varying between 25 and 35 mm. 
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Figure 4.17: Mitral valve geometry obtained with the ring concavity varying from 0 (D-shaped 

annulus) to 0.2 (pronounced concavity). 

 

Greater AL and PL heights lead to changes in the free edge profile, as displayed in Figure 

4.18. Both PL heights of 15 and 20 mm are in the normal anatomical range for adult patients. 

By changing the PL height to a higher value, and keeping other dimensions unaltered, the 

height of the clefts is reduced. This can be observed when applying a PL height of 20 mm 

in comparison with one of 15 mm, as shown Figure 4.18. 

 

 
Figure 4.18: Mitral valve AL and PL geometries obtained for with different middle leaflet heights. 
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Examples of AL and PL shapes obtained with varying surface areas are provided in Figure 

4.19. While all prescribed areas and obtained shapes are within the anatomical range, 

different inputted areas are associated with different final leaflet surface models. As the 

surface area increases while keeping other dimensions constant, and according to the 

framework described in the manuscript, the commissural length increases accordingly, 

leading to broader AL and PL shapes. 

Apart from annular and leaflet dimensions, PM positions can also be prescribed. Figure 4.20 

displays an example of PMPM displacement, a geometric alteration usually associated with 

impaired performance of the MV. Indeed, the toolbox offers flexibility to generate any 

desired shape.  

 

 
Figure 4.19: Mitral valve AL and PL geometries obtained for varying leaflet areas. 
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Figure 4.20: Patient-specific input of PM position, with PMPM displacement represented.  

 

4.5. Initial assessment of prediction equations for paediatric patients 

Currently, the MV toolbox can be employed in the generation of adult MV scalable 

geometries. In the case of paediatric patients, there are further morphometric equations 

which can be implemented to determine MV dimensions. Therefore, an initial assessment 

of the available morphometric relationships has been performed for these patients, 

including: 1) the determination of body surface area (BSA) from the height and mass of a 

patient, parameters easily obtained; 2) the prediction of the AP diameter from the BSA, to 

be used in the scaling of the MV geometry (Lopez et al., 2017; Jolley et al., 2017).  

Different formulae yield the BSA from the height and mass of a paediatric patient.  However, 

it remains unclear which provides the most accurate results, with previous studies 

mentioning that such formulae are not reliable (Redlarski et al., 2016) or showcasing mean-

BSA prediction equations depending on race (Orimadegun and Omisanjo, 2014). On the 

other hand, it has been reported that the Haycock formula (Haycock et al., 1978) is the best 
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predictor of cardiovascular sizes (Lopez et al., 2017; Sluysmans and Colan, 2005; Cantinotti 

et al., 2014), as determined by previous correlation studies with Pearson coefficients > 0.99 

(Lopez et al., 2017). The BSA can therefore be determined from the height and mass of a 

patient using the Haycock formula (equation 4.4): 

 

 B = 0.024265 ∙ W0.5378 ∙ H0.3964, (4.4) 

 

where B is the BSA (in m2) and W and H are the mass (in kg) and height (in cm) of an 

individual (Haycock et al., 1978).  

Multiple studies have also described how MV dimensions can be predicted from the BSA 

of an individual, most specifically the AP and AL-PM diameters (Daubeney et al., 1999; 

Lopez et al., 2017; Pettersen et al., 2008; Jolley et al., 2017). The type of regressi\on model 

employed in these prediction equations varies. For example, Daubeney et al. (1999) defined 

a prediction equation for the AP diameter from the BSA based on a logarithmic model (124 

patients, R2 = 0.92, no p-value reported). Instead, Lopez et al. (2017) and Pettersen et al. 

(2008) employed polynomial models of different degrees, based on a larger number of 

patients (> 3000 and > 700, respectively) (Lopez et al., 2017; Pettersen et al., 2008). Lopez 

et al. (2017), for example, obtained data from a population from different racial/ethnical 

backgrounds, sex and with age varying between 0 and 18 years old. In their anatomical 

evaluations, all obtained measurements were free from bias related to age, sex, race or 

ethnicity (Lopez et al., 2017). However, no R2 or p-value is reported in these studies, making 

the resulting predictions questionable from a statistical point of view. Jolley et al. (2017) 

also studied MV morphology and its prediction from BSA values, based on data from 100 
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patients and obtaining a linear regression equation correlating BSA and AP diameter (R2 = 

0.90 and p-value < 0.0001). 

AP diameter predictions for BSA values varying between 0.08 and 2 m2 are displayed in 

Figure 4.21, having considered the prediction equations obtained from different studies 

(Daubeney et al., 1999; Lopez et al., 2017; Pettersen et al., 2008; Jolley et al., 2017). AP 

values obtained with the equations from Jolley et al. (100 patients) and Daubeney et al. (125 

patients) are very similar for BSA > 0.7 m2; However, the linear prediction from Jolley et 

al. is unable to capture nonlinear variations of the AP diameter associated with low BSA 

values, shown by the predictions from Daubeney et al. and Lopez et al. On the other hand, 

prediction equations from Daubeney et al. and Jolley et al. overestimate the AP diameter in 

comparison with the equations from Lopez et al. (3215 patients) and Pettersen et al. (782 

patients) in the case of higher BSA values. This may be due to the analysis of a smaller 

population in Daubeney et al. and Jolley et al. in comparison with that of Lopez et al. and 

Pettersen et al., which seem to obtain more accurate predictions due to the analysis of a 

larger number of individuals. These variations amongst prediction equations can have 

implications when determining the AP diameter and the remaining MV dimensions, 

potentially leading to wrong estimations of the MV geometry for a paediatric patient with 

specific BSA when employing different models.  
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Figure 4.21: AP diameter [mm] as a function of the BSA [mm2], using prediction equations from 

different sources (Daubeney et al., 1999; Lopez et al., 2017; Jolley et al., 2017; Pettersen et al., 

2008). An AP diameter > 30 mm may be associated with the onset of MV annular dilation. 

4.6. Discussion 

4.6.1. Overview 

The MV toolbox allows for the automated and user-controlled generation of tailored MV 

geometries from patient dimensions, and the creation of finite element input files for 

computational biomechanical evaluation using minutes of computational time. The main 

novelty behind this toolbox is that it allows to: (1) obtain a geometrical model, based on 

dimensions from patient-specific imaging or on predicted values from Golden ratio 

equations; (2) create a meshed model which can be pre-processed directly in MATLAB and 

(3) generate an input file for computational simulations using LS-DYNA. 

4.6.2. Computational approach for the average MV model and current challenges 

The average healthy MV shape obtained with the toolbox is based on clinical and ex vivo 

data, and the models generated appear anatomically realistic, being comparable to average 
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(Choi et al., 2016; Alleau et al., 2019) and patient-specific (Stevanella et al., 2011; Pham et 

al., 2017) models employed in other computational studies. Despite the high average relative 

errors of the Golden Proportion predictions for leaflet areas against average in vivo data 

(Section 3.2.3), very good correlations (R2 = 0.94, p-value = 0.01) have been found between 

MV leaflet lengths and the AP diameter which agreed with the Golden Proportion (Deorsola 

and Bellone, 2018; Deorsola and Bellone, 2019). Moreover, all annular dimensions from the 

literature have also shown agreement with Golden Proportion predictions (Section 3.2.1).  

In reality, MV quantitative data is associated with high variability amongst a population 

sample, as observed in the standard deviations from clinical data. The current limitations 

present in clinical imaging modalities may directly impact the derived MV morphometric 

data, contributing towards model uncertainty (Wu and Takeuchi, 2017). In fact, the accuracy 

of the measurements obtained from scans (especially leaflet areas, which need to be inferred 

from 3D imaging parameterizations) depend on the type of modality used, their spatial and 

temporal resolutions, and the operator expertise, which can introduce a bias on the obtained 

data. Therefore, both the variability in data and the range of accuracy of the measurements 

present in literature studies can help explain the elevated average relative errors obtained in 

this study and the standard deviation of those errors. Nonetheless, further studies are 

required to obtain more complete datasets of morphological measurements of the MV 

(combining different imaging modalities, for example), which lack in the current literature. 

These can then be used to further validate the Golden Proportion predictions and evaluate 

new correlation analyses. 

The main current challenge of the MV toolbox is the representation of the subvalvular 

apparatus: even though it is based on the literature (Yamaura, 2008; Sakai et al., 1999), 

studies describing the PM positioning in the 3D space with greater accuracy are required. 
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Besides, current in vivo imaging modalities are unable to properly capture the chordae and 

the PM (Gao et al., 2017b), and therefore our mathematical representation and distribution 

of the same is based on such assumptions. This, however, does not differ from computational 

studies employing average mitral leaflet geometries (Choi et al., 2016; Alleau et al., 2019) 

and even patient-specific (Gao et al., 2017a; Biffi et al., 2019) ones, since patient-specific 

chordal distributions are very difficult to obtain. 

4.6.3. Comparison with other state-of-the-art methodologies 

Recent studies have either 1) focused on the use of patient-specific models with valvular 

geometries, material properties and boundary conditions obtained from clinical data, or 2) 

the development of computational methodologies for the parameterization of the MV 

structure. While the first approach is time consuming, requiring extensive pre-processing to 

reconstruct the MV shape of a subject and define patient-specific modelling properties, the 

second approach is faster, arising as one step forward towards the clinical translation of MV 

models. Recent parameterization frameworks include the 2D mapping of leaflet surfaces 

from imaging modalities for a more intuitive detection of pathology during decision making 

(Lichtenberg et al., 2020), the creation of 3D MV shapes from specific measurements 

performed in imaging modalities and their use to study the effect of transcatheter MV 

replacement in left ventricular outflow tract haemodynamics (Pasta et al., 2020), and a 

heuristic generation of chordae tendineae and PM tips (Walczak et al., 2021). While these 

frameworks are able to quickly generate clinically relevant MV shapes, they can only be 

applied to individual cases. The MV toolbox, on the other hand, is flexible, enabling the 

creation of morphological MV models, scalable to average human dimensions or patient-

specific ones, within a timescale compatible with clinical use (generation of geometrical 
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models within minutes of computational time). In addition, the models can be directly 

meshed and an input file including material properties, boundary conditions and contact 

conditions, ready for computational simulations, can be outputted (as further explained in 

Chapter 5). The toolbox generates meshed models which meet criteria for numerical 

modelling. This means that the model pre-processing can be accelerated further, since it can 

be directly set up for computational simulations without other tiresome processes. As far as 

is known, this study is the first MV parametric model which allows the variation of its 

anatomy and has the flexibility to input the dimensions of a specific subject; subsequently 

generating an input file ready for numerical analysis (Figure 4.22). The first version of the 

toolbox is freely available on GitHub and Zenodo (DOI: 10.5281/zenodo.5018364). 

 

 
Figure 4.22: Sample 3D MV model with all components included, ready for computational 

simulations. 
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4.7. Conclusions 

The MV toolbox has been developed with the aim of studying the influence of 

morphological MV parameters on its function, including diseased configurations, and to 

virtually evaluate diverse mitral interventions at a customised level. The toolbox enables an 

automated and user independent workflow which is compatible with a range of modelling 

software. Together with biomedical engineering professionals, clinicians could use this tool 

to simulate and understand how different MV patient-specific morphometries can impact 

valve biomechanics. Moreover, clinicians can choose whether to use average dimensions or 

provide dimensions from imaging data as an input. It can then be employed to aid clinicians 

when assessing MV biomechanics of their patients and improve the decision-making process 

behind choosing the best patient-specific clinical intervention. The setup of finite-element 

models within the toolbox, as well as relevant results obtained using a variety of MV cases, 

are described in the next chapter. 
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CHAPTER 5 

PRE-PROCESSING OF A MITRAL VALVE MODEL FOR 

FINITE-ELEMENT ANALYSIS 

 

5.1. Introduction 

The MV toolbox generates accurate and scalable MV models, with the geometry being obtained 

from patient-specific dimensions or average dimensions based on morphometric equations 

(Chapter 4). This workflow is mostly automatized using MATLAB (MATLAB®, R2019b, 

9.7.0.1247435, The MathWorks Inc., Natick, MA, USA), from the geometry to mesh 

generation, with a GUI which guides the user through the set-up of specific options and 

insertion of required parameters. The final model is then ready for pre-processing for FE 

simulations using LS-DYNA (version 4.5.12, LSTC, Livermore CA, USA).  

Current MV models from the literature are mostly based on patient-specific geometries 

reconstructed from medical imaging (Rim et al., 2015; Kong et al., 2020; Pham et al., 2017). 

Each model pre-processing is usually done individually, including: the assignment of material 

properties; the definition of the number of mesh elements after a mesh sensitivity analysis; and 

the characterisation of relevant model surfaces and nodes for assignment of boundary 

conditions. The time required to set-up/solve these models has, therefore, been a major barrier 

for translation into clinical practice (Shinbane and Saxon, 2018). 

To target this issue, frameworks which allow to automatically obtain the dynamic MV structure 

from medical images (Ionasec et al., 2010; Voigt et al., 2011; Schneider et al., 2011) and 
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develop biomechanical models of the valvular apparatus to simulate MV function (Mansi et al., 

2011; Mansi et al., 2012; Zhang et al., 2017) have been developed. For example, in the 

framework specified by (Mansi et al., 2012), the whole process, from obtaining the full MV 

geometry and adjusting chordae length, to the optimisation of parameters for material properties 

and simulation of leaflet coaptation, takes less than one hour, compatible with clinical 

timescales. Automation of the pre-processing stage is therefore crucial for a real-time 

biomechanical analysis of the MV and the effect of diverse surgical procedures, as previously 

performed for MitralClip virtual implantation in patient-specific geometries (Mansi et al., 

2012). This can help in the clinical decision making process, to choose the best procedure for a 

specific MV shape. In the present computational framework, able to generate scalable MV 

geometries, pre-processing of the model for FE simulations has been implemented. This can be 

used to virtually evaluate and optimise novel surgical devices or repair techniques through 

biomechanical assessment, and to evaluate the biomechanics of different MV geometries. 

In addition to being sensitive to the geometry used, FE models rely on the prescription of 

appropriate boundary conditions (BC) and material properties, as these play a role in the 

predicted biomechanics. Previous computational studies of the MV have performed sensitivity 

analyses for BC and material parameters, unravelling dissimilar MV coaptation behaviours (e.g. 

non-closure with a fixed annulus) (Mansi et al., 2012), different stress distributions and chordal 

tensions (Stevanella et al., 2009; Prot et al., 2009) under the application of varying conditions. 

In literature, there are many MV models in terms of material property assumptions and BC 

(Chapter 2). It is, therefore, important to assess the variability in biomechanical predictions 

caused by the use of different BC or material properties, especially in the case of the present 

framework which generates scalable MV models for FE simulations. 



127 
 

The aim of this chapter was to create the automatic pre-processing for the MV model, including 

the definition of appropriate material properties, BC and other control parameters. To 

demonstrate the functionalities of the toolbox, several models of the MV have been solved, 

with the respective biomechanical results being compared with those obtained by computational 

studies available in the literature. In this chapter, the steps taken to obtain a complete pre-

processing of the MV model within the toolbox and assess the potential of this tool are 

described, including: 1) the set-up of the FE model for LS-DYNA; 2) the generation and 

validation of an average, healthy MV model; 3) a sensitivity analysis of annular and PM BC, 

PM shape, and two material constitutive models; 4) the generation and analysis of two patient-

specific MV models. Figure 5.1 displays the workflow of this chapter.  

 

 
Figure 5.1: After the MV geometry generation and meshing (Chapter 4), the model is pre-processed for 

FE simulations, including the definition of boundary conditions, material properties and necessary 

control settings. Using these definitions, an average (healthy) model of the MV was generated and its 

computational predictions validated against the literature. Moreover, the sensitivity of computational 

results to different boundary conditions, material properties and PM shapes was analysed. Finally, two 

patient-specific cases were generated and solved. 
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5.2. LS-DYNA simulations and automatic FE pre-processing from MATLAB 

As described in Chapter 4, the MV toolbox can pre-process all geometrical components of the 

MV to obtain a FE model ready for FE simulations using LS-DYNA software. If a FE model 

is desired, and after the generation of the baseline geometry, the toolbox user can further define: 

❖ The type of PM representation (one tip point or a 3D insertion shape, Section 4.4, 

Chapter 4; 

❖ The specific thickness of AL and PL shells (subsection 5.2.1); 

❖ Individual material properties for AL and PL tissue (subsection 5.2.2). 

Boundary and loading conditions applied to the MV model and definition of contact surfaces 

and conditions (subsection 5.2.3), are directly implemented in MATLAB. A simulation input 

file is written in MATLAB and then exported as a .k file. It can (1) be directly opened in LS-

DYNA for assessment of the model and (2) be run using an appropriate LS-DYNA solver. In 

this section, the information required to define the model, as well as different modelling choices 

attempted for the definition of FE MV simulations, are described.  

5.2.1. Mesh and shell element definitions  

The MV toolbox can automatically generate a shell mesh representing the geometry of the 

leaflets and beam elements representing the chordae tendineae, ready for FE simulations with 

LS-DYNA (Chapter 4). Moreover, mesh sensitivity analyses were performed to ensure 

independency of the results from the mesh size, employing original meshes generated by 

MATLAB and peak systolic deformed meshes from time-dependent simulations (subsection 

4.3.2). Obvious differences in mesh element quality (i.e. element aspect ratio) were observed 
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between models exported from MATLAB and at peak systole, as observed in Figure 5.2 for the 

aspect ratio. 

 

Figure 5.2: Aspect ratio of mesh elements for (a) the original MV model in a full-diastolic open state 

and (b) for a deformed MV model at peak systole.  

 

Element quality decreased with MV closure, as displayed in Figure 5.2b). Increased mesh 

element distortion was observed near chordae insertion locations (free edge and region near 

strut chordae attachment) and at the coaptation area, although never beyond the predefined 

quality criteria threshold (aspect ratio < 4). To prevent mesh distortion and spurious element 

deformation, additional LS-DYNA control options were assessed and chosen for the FE 

simulations, as further explained in subsection 5.2.4. 

The shell mesh was defined with Belytschko-Lin-Tsay (BT) finite elements, a computationally 

efficient option within LS-DYNA (Hallquist, 2006b). According to leaflet tissue material 

property implementations (subsection 5.2.2), the two shell definition approaches presented in 

Table 5.1 were employed. 
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Table 5.1: Shell definitions. Notes: NIP, number of integration points. 

Type of 
material model Shell layers Shell thickness [mm] NIP 

Shear 
correction 

factor 
 AL PL AL PL AL PL AL PL 

Linear elastic 
orthotropic 1 1 1 1 3 3 5/6 5/6 

Hyperelastic  2 2 layer 1: 0.7 
layer 2: 0.3 

layer 1: 0.55 
layer 2: 0.45 

1 per 
layer 

1 per 
layer - 

 

Shell definitions for an orthotropic material 

One single shell layer, in continuity between the AL and PL, was assumed for leaflet tissue. 

Although the thickness of the MV leaflets is non-uniform (1 – 1.7 mm) (Kunzelman et al., 

2007), both AL and PL thicknesses were assumed constant and of 1 mm (Prot et al., 2009) in 

all FE simulations presented in this chapter. A shear correction factor of 5/6 was employed to 

scale the transverse shear stress on the shell, since the chosen element BT formulation yields 

constant transverse shear strains, which violates the condition of zero traction on the top and 

bottom surfaces of the shell (Hallquist, 2006b; Hallquist, 2006a). 

As detailed in Chapter 2, the number of integration points (NIP) in an element is key for its 

formulation and resultant bending stiffness (Hallquist, 2006a; Hallquist, 2006b). Although the 

BT element is defined with one through thickness shell integration point, a preliminary study 

using BT elements with varying NIP was performed to assess differences in mesh deformation 

and MV closure. Annular and PM motion was neglected and a physiological pressure was 

applied on the ventricular surface of the leaflets (Levick, 2010). BT elements with NIP of 1 and 

3 were used and peak systolic maximum principal stresses and mesh element warping angles 

were analysed, as represented in Figures 5.3 and 5.4. 
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Figure 5.3: Maximum principal stress [MPa] displayed on the atrial side of the MV leaflets for 1 

integration point through the thickness and 3 integration points through the thickness, respectively, at 

peak systole. 

 

 
Figure 5.4: Warping angle displayed for both the AL and PL with NIP of 1 and 3, respectively, at peak 

systole. 

 

While areas of elevated stress are located at the central portion of the AL and near the anterior 

annulus for both NIP of 1 and 3, the use of one single integration point for shell representation 

seems to underestimate this stress, especially near the anterior annulus (Figure 5.3). Moreover, 

incomplete coaptation and inexistent bending stiffness is observed with NIP of 1, representing 

incorrect MV closure. One shell integration point also leads to increased element warpage 

throughout the whole AL and PL mesh (Figure 5.4). The model with NIP of 3, on the other 
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hand, shows increased element warpage at the attachment of strut chordae and near the free 

edge, but still demonstrates better peak systolic mesh quality when compared with a one 

integration point shell model. Based on this assessment, BT shell elements with three 

integration points in the thickness direction were employed with the use of orthotropic material 

properties. 

Shell definitions for a hyperelastic material 

In the numerical simulations using a hyperelastic material for the leaflet tissue, the leaflets were 

assumed as a layered structure. Similar to the strategy adopted by (Wenk et al., 2012), a two-

layered composite sheet was defined assuming different thickness definitions and material 

properties, in order to mimic the distinct biological constituents present in leaflet tissue layers 

in vivo (further detailed in subsection 5.2.2). Shell layers were assumed to act as a flexible 

membrane, neglecting the existence of bending stiffness and implemented using a single 

integration point through the thickness of the leaflet (Wenk et al., 2012). A schematic of the 

AL and PL composites is exemplified in Figure 5.5 in comparison against the shell 

representation used for a linear elastic orthotropic material. Similarly to the shell definition used 

for an orthotropic material, the total thickness (T) was assumed uniform and as 1 mm for the 

hyperelastic material (Wenk et al., 2012; Weinberg and Kaazempur Mofrad, 2007), with each 

layer representing a fraction of T (Table 5.1 and Figure 5.5b).  
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Figure 5.5: Shell representations for orthotropic and hyperelastic materials in LS-DYNA. a) The shell 

is characterised by a total thickness T for the orthotropic material, while b) for an hyperelastic material 

a composite approach is used, employing two shell layers (layer 1: fibrosa; layer 2: atrialis and 

ventricularis) of different thicknesses and defined with hyperelastic material properties is used, with t1 

and t2 being the layer thicknesses. 

 

The layers were merged together, having coincident nodes; this ensured equal in-plane strain 

in overlapping elements, as assumed in composite theory (Wenk et al., 2012). Moreover, to 

obtain the correct membrane and bending stiffness for the whole composite structure, each shell 

layer was defined with a separate integration rule including appropriate weight factors (W) for 

thickness and through thickness coordinates (s). For both leaflets, and since T = 1 mm, the 

weight factors W1 and W2 (layers 1 and 2, respectively) were defined as: 

 

 W1 =
t1

T
 (5.1) 

 

 W2 =
t2

T
 (5.2) 
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where t1 and t2 are the thicknesses for layers 1 and 2, respectively. Based on these weight 

factors, the total membrane stresses in circumferential (σc) and radial (σr) directions of the 

layered composite can be written as 

 

 σc = W1σc
1 + W2σc

2, (5.3) 

 

 σr = W1σr
1 + W2σr

2, (5.4) 

 

where σc
1 and σc

2 are the membrane Cauchy stresses in the circumferential direction (aligned 

with the local x-axis) for the first and second layers, respectively, and σr
1 and σr

2 are the 

membrane Cauchy stresses in the radial direction (aligned with the local y-axis) for the first and 

second layers, respectively. 

5.2.2. Material properties  

Here, the material properties for leaflets and chordae tendineae which are implemented in the 

MV toolbox are described. All tissues were assumed elastic and their density was set as 1 g/cm3 

(Choi et al., 2017; Votta et al., 2007; Rim et al., 2013). Moreover, for leaflet tissue material 

property definitions, the circumferential orientation is aligned with the local x-axis of each shell 

element and corresponds to the direction across the leaflet, from commissure to commissure, 

and the radial orientation is aligned with the local y-axis of each shell element, corresponding 

to the direction from the annulus to the free edge.  
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Leaflets: orthotropic material properties 

Leaflet tissue is implemented as a linear and orthotropic material within the MV toolbox, thus 

neglecting its nonlinear response (Barber et al., 2001; Kunzelman and Cochran, 1992), but 

accounting for the preferential direction (circumferential) of the collagen fibers (more details 

are given in Appendix A - A.1). This choice is justified by the fact that, during the physiological 

pressure range corresponding to the systolic period, circumferential and radial stress-strain 

curves are linear (Krishnamurthy et al., 2008; Krishnamurthy et al., 2009). Individual material 

properties for the AL and PL can be chosen by the user, specifically Young’s moduli in the 

circumferential (c) and radial (r) directions, respectively; nonetheless, for the numerical 

simulations performed, in-plane (x-y plane) coefficient values for each leaflet have been set 

according to the literature (Kunzelman et al., 1993a; Votta et al., 2007) and are reported in 

Table 5.2. Even though the out-of-plane material response (aligned with the local z-axis of each 

element) is uncoupled from the in-plane (x-y plane) response, the corresponding Young’s and 

shear moduli are needed to set up the full material model, being employed in the calculation of 

the contact force for contact definitions between leaflets (Hallquist, 2006a). These values have 

been defined based on a previous study to allow for full coaptation of the MV (Lau, 2012). 
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Table 5.2: Material parameters employed in simulations with the linear orthotropic model, where x- 

and y- refer to circumferential and radial directions, respectively. Notes: Ec, circumferential Young’s 

modulus; Er, radial Young’s modulus; Eo, out-of-plane Young’s modulus; Gcr, circumferential/radial 

shear modulus; Gro, out-of-plane shear modulus; Goc, out-of-plane shear modulus; νcr, in-plane 

Poisson’s ratio. 

 Leaflet 
Coefficients AL PL 

Ec [MPa] 6.23 2.35 
Er [MPa] 2.09 1.887 
Eo [MPa] 10 10 
Gcr [MPa] 1.37 0.69 
Gro [MPa] 1.37 0.69 
Gor [MPa] 1.37 0.69 
ρ [g/cm3] 1 1 

νcr 0.45 0.45 
 

Leaflets: hyperelastic material properties 

To assess differences between the orthotropic material implemented in the toolbox and the 

implementation of another material accounting for anisotropic leaflet response, an additional 

hyperelastic material has been tested. In reality, the mitral leaflets consist of three principal 

layers with different biomechanical properties: while the fibrosa (primary layer) is characterised 

by a dense collagen network preferentially oriented parallel to the annulus (circumferential 

orientation), the atrialis and ventricularis layers provide secondary support in the radial 

direction due to loosely organised collagen (Chapter 2, section 2.4.1). Leaflet tissue can then 

be described as a composite material. Since the atrialis and ventricularis have a similar 

composition, they are assumed to have the same material response (Kunzelman et al., 1993b), 

and therefore a two-layer composite is employed: layer 1 concerns the fibrosa and layer 2 

represents the atrialis and ventricularis. Each layer is modelled with a nearly incompressible, 

transversely isotropic, hyperelastic material model and different fiber orientations are assigned 
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to each layer. A soft tissue material model based on the constitutive law developed by Quapp 

and Weiss (Quapp and Weiss, 1998) and implemented in LS-DYNA (Hallquist, 2006a) is used 

to model leaflet response (further details in Appendix A – A.2). Further details on the 

circumferential and radial stress formulations for a 2-layer composite can be found elsewhere 

(Wenk et al., 2012) Local shell element axis of coordinates have been defined to assign fiber 

angles, assumed to coincide with the collagen orientation in each layer: angles of 0º and 35º are 

assigned to the fibrosa and atrialis/ventricularis layers, respectively, relative to the 

circumferential (x-axis) direction of the element (May-Newman and Yin, 1998). 

The material coefficients determined by Wenk et al. for this material model (Wenk et al., 2012) 

and its implementation in LS-DYNA were further validated by simulating a biaxial tensile test 

of a leaflet specimen. A square sample of mitral leaflet tissue with side 10 mm and thickness 1 

mm was modelled using a single element for each layer, based on previous approaches 

(Weinberg and Kaazempur Mofrad, 2007; Wenk et al., 2012; Prot et al., 2007). The model was 

loaded using biaxial displacement BC (Table 5.3) calculated from stress-strain data available 

in the literature to generate stretches comparable to experimental testing (May-Newman and 

Yin, 1998). The stretch ratio was set to 1000 to account for an exponential material response 

during fiber straightening (Sturla et al., 2016). Fiber angles were assumed as previously stated 

and individual layer thicknesses were set to those in Table 5.3 (Kunzelman et al., 1993b). 

Moreover, the overall strain energy defining the implemented material includes a bulk term 

dependent on the effective bulk modulus of the material. To ensure near-incompressible 

behaviour and produce the best fit between numerical and experimental results, this parameter 

was also adjusted in LS-DYNA (Hallquist, 2006a). 
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Table 5.3: Displacement conditions and shell layer thickness ratios applied in simulated biaxial tensile 

test. Notes: D, displacement. 

Leaflet Time [s] D [mm] Thickness ratio 
 Fibrosa layer Atrialis/ventricularis layer 

AL 
0 0 

0.7 0.3 
0.20856 2.6428 

  

PL 
0 0 

0.55 0.45 
0.2805 2.5 

 

The total stress in each loading direction was obtained by multiplying the Cauchy stress in 

overlapping elements by the thickness ratio and summed together, using the approach detailed 

by Wenk et al. A bulk modulus of 10 MPa yielded the most accurate numerical results when 

compared to averaged experimental data obtained from healthy tissue specimens (Figure 5.6). 

The stress-stretch curves obtained in LS-DYNA are in good agreement with the experimental 

data for both leaflets, at low and high stretches. A display of the final model with fiber directions 

included is presented in Figure 5.7. 

 

 
Figure 5.6: Comparison of the numerical (FE) results against experimental data (average calculated 

from individual specimens) for the a) anterior leaflet and the b) posterior leaflet under equibiaxial 

loading, with K = 10 MPa. 



139 
 

 
Figure 5.7: Part of the AL model with fibers embedded. The primary layer represents collagen fibers 

oriented preferentially in a circumferential orientation (fiber angle: 0º), while the secondary layer 

provides support in the radial direction (fiber angle: 35º).  

 

The use of the material coefficients determined by (Wenk et al., 2012) in the complete model 

led to mesh instabilities during the onset of MV closure, an issue also faced by a previous study 

(Wenk et al., 2010). The final material values used were then manually determined and, 

unfortunately, it was not possible to exactly reproduce the stress-strain curves displayed in 

Figure 5.6. Table 5.4 represents the material properties originally determined by (Wenk et al., 

2012) and the ones used for all simulations employing the hyperelastic model. 
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Table 5.4: Material properties determined by (Wenk et al., 2012) by fitting the stress equations for a 2-

layer composite to experimental data from (May-Newman and Yin, 1998) and final hyperelastic material 

properties employed in FE simulations reported in this chapter. Notes: C3,1, for example, represents the 

C3 material constant in the first layer. 

Leaflet 
Material coefficients  

C1 [MPa] C2 [MPa] C3,1 [MPa] C4,1 C3,2 [MPa] C4,2 

AL 
(Wenk et 
al., 2012) 1.26e-4 0 1.1e-5 52.97 2.8e-5 48.65 

Final 0.5 0 1.1e-5 52 2.8e-5 48 

PL 
(Wenk et 
al., 2012) 2.33e-4 0 7.0e-5 28.53 7.5e-6 44.97 

Final 0.2 0 7.0e-5 28 7.5e-6 45 
 

Subvalvular apparatus 

No material properties were applied to the PM. As previously mentioned in Chapter 4, chordae 

are discretized into discrete beam elements (two nodes per element) and modelled as elastic 

cables which do not develop resistive force under compression. For primary chordae, and at 

each chordae bifurcation, the cross-sectional area is conserved over the number of branches, 

such that 

 

 Apost−branch =
Apre−branch

N
 (5.5) 

 

where N is the number of divisions (3 in the present implementation). Accounting for the 

estimated chordal sizes from literature (Lam et al., 1970; Prot et al., 2010; Chen et al., 2020; 

Liao and Vesely, 2003), constant cross-sectional areas of 0.4 mm2 and 1.05 mm2 were chosen 

for marginal (pre-branching) and strut chordae, respectively. As mentioned in Chapter 2, the 

mechanical properties of the chordae tendineae are non-linearly elastic in nature. A discrete 

cable element and its non-linear material version have, therefore, been implemented in LS-
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DYNA, where the behaviour of marginal chordae is defined from uniaxial test experimental 

measurements obtained by Kunzelman and Cochran (Kunzelman and Cochran, 1990). Strut 

chordae tissue is modelled as a less stiff material, implemented through a tangent elastic 

modulus scaled by 0.76 in comparison with the one of marginal chordae (Liao and Vesely, 

2003; Stevanella et al., 2009). The material responses are incorporated in the model by 

interpolating the stress-strain curves represented in Figure 5.8. 

 

 
Figure 5.8: Non-linear stress-strain behaviour of marginal and strut chordae tendineae for a strain 

range of 0-10 %, obtained from Kunzelman and Cochran (Kunzelman and Cochran, 1990) and adapted 

based on information from Liao and Veseley (Liao and Vesely, 2003).  

Transition elements 

The transition shell elements (described in Chapter 4) are modelled as a linear elastic and 

isotropic material (Chen et al., 2004; Stevanella et al., 2009). A Young’s modulus of 60 MPa 

and a Poisson’s ratio of 0.488 are applied to represent the elevated stiffness of these mesh 

elements in comparison with the leaflets. 
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5.2.3. Boundary and loading conditions  

The parts of the MV mesh to which boundary and loading conditions are applied are 

automatically saved as part of the toolbox script. Nodes corresponding to the mitral annular 

boundary and PM are saved as 3D coordinate matrices, while the leaflet mesh elements are 

identified through a connectivity matrix representing all element identifications and their nodes. 

In the toolbox, this information is used as follows: 

❖ The nodes associated with the mitral annulus and PM are used to apply prescribed 

displacements; 

❖ The leaflet surfaces are used to define boundary conditions and to assign contact 

properties. 

Annular displacement 

Three boundary conditions were tested for mitral annular modelling: 

Case 1: Fixed annulus, with supressed annular motion prescribed through 3D nodal translation 

constraints; 

Case 2: Moving annulus, with simplified annular contraction prescribed through equal nodal 

displacements towards the annular centroid; 

Case 3: Moving annulus, with annular contraction prescribed through individual nodal 

displacements towards the annular centroid, based on literature data, which yielded more 

physiological annular changes during the cardiac cycle. 

 

Concerning Case 2, an average annular diameter change of 3.5 mm was assumed (Dagum et 

al., 2000) and a nodal displacement of 1.75 mm was applied (Figure 5.9a), acting inwards to 
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the annular centroid by means of prescribed direction vectors. Case 3, which is the option 

implemented in the toolbox, accounts for a non-homogeneous change in the annulus by 

incorporating the following spatial morphological alterations from mid-diastole to systole: 

❖ A 10% increase in saddle-horn height, caused by anterior and posterior annular tilting 

(Itoh et al., 2009); 

❖ A 5% decrease in the CW (Topilsky et al., 2013; Tang et al., 2019; Maffessanti et al., 

2013). 

Nodal changes associated with these alterations are prescribed as individual nodal 

displacements to obtain the desired annular shape at maximum displacement (Figure 5.9c). 

Moreover, these displacements are further adapted to reflect the non-homogenous temporal 

changes observed in clinical studies (Topilsky et al., 2013; Tang et al., 2019; Levack et al., 

2012). Average adaptations including the application of maximum displacements at early 

systole and annular relaxation through mid- and late-systole are implemented (Topilsky et al., 

2013), as represented in Figure 5.9b.  

Cases 2 and 3 yielded the annular dimensional changes presented in Table 5.5. The main 

difference between the two implementations concerns the change in annular height from mid-

diastole to mid-systole, which is present in Case 3. Moreover, Case 3 generates an overall shape 

and dimensions which are more in agreement with in vivo ranges for a healthy MV geometry, 

as observed in Table 5.5.  
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Figure 5.9: Annular displacements for cases 2 (a) and 3 (b and c). a) The magnitude of the annular 

displacement towards its centroid and through a cardiac cycle is displayed for case 2, with the annulus 

reaching a maximum displacement of 1.5 mm at peak systole; b) In case 3, all annular portions contract 

at the same time, but the magnitude of the annular displacement through a cardiac cycle is adapted to 

represent different stages of contraction, with the maximum displacement occuring at early systole; c) 

The three-dimensional annulus and its spatial displacement from mid-diastole to peak systole is 

showcased for case 3, with different annular coordinates being associated with varying displacements. 
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Table 5.5: Percentage changes in annular dimensions from mid-diastole to systole caused by different 

prescribed displacement cases. The values presented for Case 2 reflect changes from mid-diastole to 

peak systole, while those for Case 3 demonstrate the maximum changes obtained from mid-diastole to 

early-systole, compared against healthy ranges from the literature (Topilsky et al., 2013; Tang et al., 

2019; Levack et al., 2012). 

 [%] Change in 
 Orifice area Annular perimeter AP diameter CW AH 

Case 2 -15.40 -8.08 -11.12 -8.13 0 
Case 3 -11.98 -5.88 -10.68 -5 +13.43 

Literature -8 to -15 -4 to -6 -3 to -12 -2 to -5 +7.9 to +13.5 

PM displacement 

PM motion is implemented through the definition of equations relating the distances from each 

tip to annular landmarks (trigone, AL annular midpoint and PL annular midpoint). These 

distances are adapted to represent a mid-systolic approximation between inter-PM tips and PM 

tip to anterior annulus approximation (Topilsky et al., 2013). The maximum shortening of the 

PM is characterized by: 

❖ A 7% decrease in the distance between each tip and the mid-anterior annulus; 

❖ A 8% decrease in the distance between each tip and the respective fibrous trigone; 

❖ A 5% decrease in the distance between each tip and the mid-posterior annulus; 

These conditions yield a 14% decrease in the inter-PM distance, consistent with clinical studies 

(Topilsky et al., 2013). Similarly to annular motion, PM distances to the annulus vary during 

the cardiac cycle (Topilsky et al., 2013); therefore, displacements are adapted to reflect these 

temporal changes (Figure 5.10). 
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Figure 5.10: Temporal changes in PM displacement for the whole cardiac cycle. 

Pressure loading 

Time-dependent physiologic transvalvular pressure loadings were applied on the ventricular 

and atrial surfaces of valve leaflets. The pressure curves, adapted from (Herring and Paterson, 

2018), represent a full cardiac cycle simulating MV closing and opening (Figure 5.11). 

 

 
Figure 5.11: Transvalvular pressure load curves adapted from (Herring and Paterson, 2018) and 

applied as boundary conditions to the atrial and ventricular surfaces of the MV leaflets.  
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Contact properties  

Contact definitions are applied to a part list defined within the toolbox containing the boundary 

surfaces corresponding to the leaflets and transition elements. Since self-contact can occur 

during MV closing, leaflet surfaces are assumed as a single surface for contact management. 

The 2-way automatic single surface contact formulation available in LS-DYNA is then applied 

to the part list defined. According to this formulation, only a slave part is defined (the entire 

single surface) and a master surface is not specified. When in contact, surfaces can move 

together and, since no frictional coefficients are defined, relative sliding between surfaces is 

allowed. A segment-based penalty formulation, focused on the detection of segment to segment 

penetration, is employed to prevent surface penetration during contact, using the approach 

introduced in Appendix B (Hallquist, 2006b). Additional contact parameters are specified in 

Table 5.6. 

As the use of a single surface contact does not allow for the output of contact pressure or forces, 

an additional contact formulation based on a contact transducer is applied to the defined part 

list. This is used to record contact forces produced by the automatic single surface contact 

formulation, and is defined in a similar manner; however, both slave and master surfaces are 

defined to gather force interactions between surfaces (Table 5.6).  

 

Table 5.6: Contact formulation options for the MV, prescribed in the toolbox.  

Parameter Contact formulation 
 Segment-based approach Contact transducer 

Slave surface 1 1 
Master surface - 1 

SBOPT 2 (assumes planar segments) - 

Depth 3 (surface penetration checked at segment edges, 
such as the free edge) - 

Viscous damping 
coefficient 

20% (contact damping perpendicular to contacting 
surfaces to prevent undesirable oscillation) 20% 
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5.2.4. Control properties and database outputs  

The transient FE model is solved through dynamic analysis using the LS-DYNA explicit solver. 

Structural dynamics are solved by approximating the solution to the conservation of mass and 

momentum equations using the finite element method. Instead of using an iterative approach, 

nodal accelerations are solved directly for each time step. Once accelerations are known at a 

specific time step, velocities and displacements are calculated, and strain and stress quantities 

are obtained from displacement (Hallquist, 2006b). The transient dynamic equilibrium equation 

is solved through the central difference method. This method staggers the velocity with respect 

to the displacement in time and ensures second order accuracy in time. The numerical 

approaches used are described in detail in the LS-DYNA theory manual (Hallquist, 2006b). 

Additional control properties are applied to the model; one of these is related to preventing 

hourglassing, associated with nonphysical modes of deformation associated with zero net 

displacements and zero-energy modes which can distort the mesh and create numerical 

instabilities (Hallquist, 2006b). To avoid hourglassing, hourglass control is applied to the entire 

leaflet mesh. This control is added at the element level in the form of numerical forces (or 

hourglass forces). A transient simulation of the MV representing half of a cardiac cycle was run 

to test the hourglass control options available in LS-DYNA: two viscosity-based formulations 

and one stiffness-based formulation were applied to Belytschko-Lin-Tsay shells and one 

formulation was applied to fully integrated shells. Internal and hourglass energies were then 

outputted and plotted over time, as represented in Figure 5.12.  
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Figure 5.12: Internal and hourglass energies [N mm] over time [s] for four main hourglass control 

formulations. HG1 and HG3 are viscosity-based controls, HG4 is a stiffness-based control and HG8 is 

applied to fully integrated shell elements. 

 

In all formulations, except HG4, the internal energy greatly oscillates for all hourglass 

formulations. Moreover, for HG1 and HG8, the simulation crashes at early systole (onset of 

closing) and, for HG3, the hourglass energy surpasses the internal energy at peak systole. Given 

that hour-glass energies should be much smaller (< 10%) than peak internal energy and since 

formulation HG4 was the only one achieving this, this was the chosen formulation for hour-

glass control.  Details on the main options selected, values used and respective description are 

presented in Table 5.7.  
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Table 5.7: Control options included for FE simulations. 

Type Choice Description 

Time step 
size Scale factor: 0.2 Control size of time step: Smaller size chosen 

to prevent surface penetrations during contact 

Bulk 
viscosity 

Q1 = 1.5; Q2 = 0.06 (default 
values) 

Improvement of simulation stability through 
control of shock wave propagation by 
smearing shocks (Q1) and dampening of 
oscillations (Q2) 

Energy 

Hourglass energy: yes 
Rigidwall energy dissipation: 
no 
Sliding interface energy 
dissipation: yes 
Rayleigh energy dissipation: 
no  

Control energy dissipation computing and 
inclusion in the energy balance output 

Dynamic 
relaxation 

Scaling factor: 0.9965  
(Burriesci et al., 1999) 

Nodal velocity dampening to mimic immersion 
of MV in fluid  

Accuracy 
of results 

Second order objective stress 
updates: yes 
Invariant node numbering: yes 

Invariant node numbering causes a shift in the 
local element system, leading to:  
1) Element forces nearly independent of node 

sequencing; 
2) Material directions not greatly affected by 

hourglass modes; 
3) Stable calculations over a long time period. 

Contact 

Initial penetration check: no 
checking 
Shell thickness considered: yes 
Penalty stiffness: minimum of 
master segment and slave node 
(default) 

Initial contact is ignored, but penetration 
warnings are printed;  
Shell thickness is considered in single-surface 
contact;  
Penalty stiffness is calculated based on 
equation B.1 from Appendix B 

Shell 

Element warpage angle 
threshold: 20º (default) 
Shell normal update: nodal 
fibers updated based on nodal 
rotation 
Warping stiffness: Belytschko-
Wong-Chiang formulation  
Projection for warping 
stiffness: full projection 

If a warpage angle greater than 20º is found, 
warning message is printed;  
Warping stiffness prevents element warping 
and its change into an unreasonable element 
shape 
 

Hourglass 
Stiffness based (type 2) 
Hourglass coefficient: 0.03  

For shell elements using reduced integration, 
hourglass controls element deformation 
associated with zero energy deformation 
modes. 
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5.3. Cases simulated and analysis 

5.3.1. Solver settings and parameters evaluated 

All simulations were run for 1 s, corresponding to a full cardiac cycle, and using a desktop 

computer (4 cores per simulation). The solution time for each simulation ranged between 3 to 

4 hours. Time-instant results were evaluated at peak systole (t = 0.37 s) and time-dependent 

results were obtained for several quantities. Leaflet stress distributions were evaluated for all 

cases, and stress values obtained at three different cross-sections (Figure 5.13a) were 

determined. Chordal elongations and tensions were determined for all chordae. PM reaction 

forces (FPM) were calculated by performing the sum of the tension of all chordae attached to 

that PM. Moreover, the percentages of the force carried by the different groups of chordae 

relative to each total PM force were calculated using equation 5.6: 

 

 Load proportion = 100 ∙
‖FPM‖ − ‖FPM − FC‖

‖FPM‖
 (5.6) 

 

where FC is the force vector carried by a chordal group and the load proportion is the percentage 

of FPM carried by that group (Prot et al., 2009). Functional characteristics of the MV were 

evaluated through quantities captured at the central cross-section of the MV (Figure 5.13a), 

including coaptation profiles, coaptation length, posterior billowing height and displacement 

distributions. The coaptation length is defined as the distance of the coapted leaflet region from 

the middle cross-section and posterior billowing height is calculated through the height from 

the anteroposterior line connecting the anterior and posterior mid-annular points to the 

maximum protruding point of the posterior leaflet into the left atrium (Figure 5.13b). Additional 



152 
 

parameters obtained only for specific cases are mentioned on the following subsections, 

together with geometry characteristics. 

 

 
Figure 5.13: Cross-sections used for the evaluation of several results. a) Three cross-sectional planes 

are used for the calculation of results ( C1, middle section; C2, PMPM section; C3, ALPM section); b) 

C1 (middle section) is used to evaluate results related to MV coaptation (CL, coaptation length; Bh, 

posterior billowing height). Notes: PL, posterior leaflet; AL, anterior leaflet. 

5.3.2. Mitral valve average model validation 

Geometry description and generation 

A healthy MV geometry, based on average dimensions (Table 5.8) and a user-inputted AP 

diameter of 25 mm, was created. The PM tip was assumed as a single point and leaflet surfaces 

were meshed with 28,054 shell elements, with the generation of the final model for FE 

simulations taking less than one minute. The computational simulation for a complete cardiac 

cycle was solved in less than five hours. 
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Table 5.8: MV average model dimensions. 

MV part  Dimension 

Annulus 

dAP 25 mm 
dCW 5.9 mm 
hAH 30.9 mm 

- D-shape (no ring concavity) 

Leaflets 

Ah 25 mm 
Pmh 15.45 mm 
Pch 9.55 mm 
Aa 397.08 mm2  
Pa 267.53 mm2  

PM 

ALPM0 31.5 mm 
ALPM10 24 mm 
ALPM8 27 mm 
PMPM0 31.5 mm 
PMPM2 27 mm 
PMPM4 24 mm 

Valve closure dynamics 

The FE model predicted physiological movement of the MV throughout the cardiac cycle. 

Figure 5.14 displays the MV shape at four time instants. Leaflet coaptation occurs before the 

maximum pressure load (120 mmHg) with the valve closing at a pressure drop of 80 mmHg, 

before peak systole (t = 0.37 s). The valve then opens through late systole and early diastole (t 

= 0.8 s). Through these time instants, it is also possible to see a change in the annular profile, 

caused by the simulation of annular contraction. Leaflet coaptation length was 4.924 mm, 

within the range of clinical measurements (3.2 ± 0.7 mm) (Gogoladze et al., 2010) and 

computational predictions (Choi et al., 2016; Kong et al., 2018) for healthy (≈ 7 mm) and 

repaired (3.9 – 4.9 mm) MV geometries. Leaflet billowing (displacement of leaflet surfaces 

into left atrium) was not present, also consistent with clinical observations for control subjects 

(Lee et al., 2013). 
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Figure 5.14: Time evolution of the average MV shape (atrial view) as predicted by the FE model at four different time instances of the cardiac cycle  

(t = 0.22 s, 0.25 s, 0.37 s, 0.8 s). 
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Figure 5.15 displays leaflet contact and non-contact regions in red and blue, respectively. The 

healthy MV geometry shows sufficient leaflet coaptation, with contact distributions similar to 

healthy (Rim et al., 2014) and post-surgical (Choi et al., 2014) models. However, and in 

opposition to other studies, the present model includes several contact gaps across the leaflet 

surfaces.  

These may be caused by the use of a shell element formulation with three integration points 

across the leaflet thickness, which are recommended to avoid excessive softness and capture 

appropriate bending response (Hallquist, 2006b), but may be associated with increased bending 

stiffness during coaptation (Wenk et al., 2010). The model has a contact area of 142.7 mm2, 

corresponding to a coapting to total leaflet surface area ratio of 0.215, at the extreme but still 

within the ranges of 0.21 to 0.36 reported for healthy and post-surgical geometries (Saito et al., 

2012; Guo et al., 2018). Even though surface contact gaps lead to an underestimated contact 

area, the overall region of contact seems appropriate for a healthy model with the dimensions 

specified in Table 5.8.   

 

 
Figure 5.15: MV leaflet contact distributions. 
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Leaflet stresses 

The maximum principal stress distributions across the mitral leaflets at peak systole are 

displayed in Figure 5.16. The gap present between the leaflets is a post-processing artefact, 

given that only the shell mid-surface is displayed. The most stressed regions correspond to 

marginal and strut chordae insertions (Votta et al., 2008; Stevanella et al., 2009). High stress 

values were observed near the anterior saddle horn, following the circumferential direction and 

connecting the trigones, as observed for patient-specific (Rim et al., 2014) and idealised (Prot 

et al., 2009) MV models. The AL undergoes larger stresses in comparison with the PL scallops, 

whose greatest stress distributions are mostly located near the annulus, ranging between 0.279 

and 0.363 MPa (values reported in Figure 5.16). This is in agreement with previous patient-

specific MV models, with reported maximum principal stresses in the AL mostly ranging from 

0.2 to 0.4 MPa at peak systole (Wang and Sun, 2013; Rim et al., 2014; Prot et al., 2009). The 

PL experiences lower stresses, ranging from 0.159 to 0.247 MPa, within reported ranges of 0.05 

to 0.25 MPa (Wang and Sun, 2013; Prot et al., 2009; Rim et al., 2014; Stevanella et al., 2009). 

 
Figure 5.16: Leaflet stress distributions at peak systole and maximum and minimum stress values 

obtained at relevant cross-sections. 
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Papillary muscles and chordae forces 

Time-dependent PM reaction force magnitudes follow the transvalvular pressure drop profile, 

as observed in Figure 5.17 for the ALPM (Stevanella et al., 2009; Kunzelman et al., 2007). A 

maximum reaction force value of 3.4 N was obtained at peak systole, comparable to values 

predicted by computational studies (Stevanella et al., 2009; Prot et al., 2009) and in vitro 

measurements (Jensen et al., 2001; Jimenez et al., 2003). The notch present in the PM temporal 

curve (t = 0.2 s) indicates the onset of leaflet coaptation (Kunzelman et al., 2007). 

 

 
Figure 5.17: Time-dependent PMPM reaction forces.  

 

The regional distribution of chordae tensions and elongations, as well as percentages of 

resultant force bore by each group, are presented in Table 5.9. Both predicted chordal 

elongations and tension forces are within the range of those obtained by previous computational 

studies (Stevanella et al., 2009; Wang and Sun, 2013) and in vitro experiments (Jimenez et al., 

2003; Jimenez et al., 2005; Paulsen et al., 2020). Strut chordae experienced the greatest 



158 
 

elongation and highest load amongst all groups, bearing alone 25% of the PM total force. This 

demonstrates the importance of strut chordae in aiding MV proper function (Prot et al., 2009; 

Taylor et al., 2021), given that they exhibit much higher failure load than other chordal types 

(Sedransk et al., 2002). AL and PL marginal chordae were less stressed; regardless, the load 

proportion bore by PL marginal chordae was the highest (47.9%), consistent with previous 

results (Prot et al., 2009). Figure 5.18 compares the chordal tensions obtained with those from 

previous studies (further details on chordal tensions retrieved from the literature available in 

Appendix C). Despite the variability in chordal tensions amongst different studies, the tensions 

predicted are comparable to the range of values associated with healthy MV models. However, 

the average tension obtained for PL marginal chordae is higher than those obtained by 

experimental studies. This may derive from the fact that PL secondary chordae are not included 

in the model, with such chordae carrying higher tensions in comparison with marginal chordae 

(Paulsen et al., 2019; Paulsen et al., 2020). It can then be hypothesized that the PL marginal 

chordae carry higher tensions to compensate for the lack of secondary chordae and in an attempt 

to replace their function. 

 

Table 5.9: Chordae tendineae elongation, tension and load proportion (mean ± standard deviation) at 

peak systole. 

Chordae No. Length  
[mm] 

Elongation 
[mm] 

Load  
[N] 

Load proportion 
[%] 

AL strut 1 19.33 1.33 0.817 25 
AL marginal 6 14.78 ± 1.89 0.42 ± 0.30 0.152 ± 0.095 27.1 
PL marginal 7 14.52 ± 1.74 0.70 ± 0.26 0.245 ± 0.079 47.9 
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Figure 5.18: Forces carried by different groups of chordae at peak systole. Black coloured data 

represents the predictions of the present model, while blue and red correspond to estimations from 

experimental (Jimenez et al., 2005; Nielsen et al., 2003; Paulsen et al., 2020; Paulsen et al., 2019) and 

computational (Prot et al., 2009; Stevanella et al., 2009; Wang and Sun, 2013) studies, respectively. 

5.3.3. Sensitivity study of material properties  

Two MV models, one employing orthotropic material properties and the other hyperelastic 

material properties, were generated to evaluate differences in circumferential and radial strain 

predictions. The geometry employed was the same as in section 5.3.2 and meshes of 28,174 

and 56,348 shell elements were generated for orthotropic and hyperelastic models, respectively.  

Circumferential and radial strain distributions are represented in Figure 5.19 for both material 

models. In the AL, and similarly to (Stevanella et al., 2009) circumferential tensile stretches 

reach peak values in the region surrounding the trigones (23 %) and gradually decrease towards 

the centre of the AL belly.  The use of a hyperelastic material model reinforces this strain 

distribution, with further tensile stretches appearing in the centre of the AL belly. The 

orthotropic model leads to heterogeneous tensile and compressive strains on the PL. Tensile 

strains are observed in the belly region of the central cusp (7 %) while compressive ones (6 %) 
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appear near the annular region due to annular contraction. With a hyperelastic model, these 

compressive strains increase in percentage (10%) and distribution in the central cusp of the PL, 

as predicted by several studies (Rego et al., 2018; Stevanella et al., 2009; Stevanella et al., 

2011). Radial strains are greater than circumferential ones and their distribution showcases a 

different trend. These are mostly tensile in both leaflets: the orthotropic model leads to peak 

stretches of 50% in the AL belly, away from the annular boundary. They decrease towards the 

annulus, with lower tensile strains near the trigones (8 %) and compressive strains near the 

anterior saddle horn (2%) (Kunzelman et al., 2007; Stevanella et al., 2011). In the PL, and 

except for a few regions in the lateral scallops near the annulus, strains are mainly tensile, 

reaching peak values of 49%. With a hyperelastic model, a wider distribution of tensile strains 

appears in the AL belly and central cusp of the PL (both with maximum stretches of 49%). The 

compressive strains observed in the lateral scallops of the PL also become more evident (10%). 

 
Figure 5.19: Distribution of circumferential and radial strains on mitral leaflets at peak systole for 

orthotropic and hyperelastic material models.  
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5.3.4. Sensitivity study of boundary conditions and PM shape  

To evaluate the effects of boundary conditions and PM shape on MV dynamics, four models 

have been generated to represent: (A) fixed annulus and PM; (B) moving annulus and fixed 

PM, (C) moving annulus and PM; and (D) moving annulus and PM with a 3D shape. To 

generate these models, the three different annular displacement cases explained in section 5.2.3 

have been implemented.  

The influence of annular motion (and specifically the prescription of the three different 

displacement cases from section 5.2.3) on MV coaptation and leaflet displacement was assessed 

(Figure 5.20). While valve closure is achieved for all cases, the coaptation profile and length 

drastically changes with and without a moving annulus. A fixed annulus generated poor 

coaptation (length: 1.703 mm), a value usually associated with the presence of regurgitation 

(Gogoladze et al., 2010), and excessive displacement of the PL towards the left atrium (without 

a billowing height). Moving annulus conditions gave rise to adequate leaflet coaptation, with 

coaptation lengths (4.484 and 4.924 mm) within the normal range (Choi et al., 2016; Kong et 

al., 2018; Gogoladze et al., 2010), similar PL z-displacements and no billowing height. 

Different stress distributions were observed for models with varying BC and PM shapes (Figure 

5.21). While all models show the presence of larger stresses near the trigones and at the region 

of strut chordae insertions, not prescribing annular and PM motion led to elevated stresses near 

the anterior saddle-horn in comparison with other models. AL stress distributions in the 

presence of annular displacement was similar amongst models with and without PM motion. 

However, an increase in stress induced on the PL were observed for models with PM motion, 

and especially when using a 3D PM shape instead of a single tip point.  
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Figure 5.20: Effects of three annular boundary conditions on the leaflet coaptation profile (middle 

cross-section) and resultant displacement at peak systole. PL z-displacements are also displayed for 

each case. Coaptation lengths are 1.703 mm, 4.484 mm and 4.924 mm for cases 1, 2 and 3, respectively. 

 

 
Figure 5.21: Leaflets’ maximum principal stresses distribution at peak systole for four different model 

conditions. 
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Varying BC and PM shapes also induced differences on peak systolic chordal tensions and load 

proportions (Table 5.10). Regarding annular and PM displacements, while a fixed model 

induced the highest load for strut chordae, the highest load bore by AL and PL marginal chordae 

was associated with the presence of annular and PM motion. Regardless, no significant 

differences in chordal tension magnitudes were observed for conditions different BC. However, 

the addition of simple annular displacement (condition B from Table 5.10) increased the 

proportion of load carried by strut chordae and decreased the one carried by PL marginal 

chordae. These proportions then became similar to those of the fixed model when a more 

accurate annular displacement was implemented with PM motion (condition C from Table 

5.10). 

The greatest differences in chordal tension and proportion of load were observed with the use 

of a 3D PM shape (condition D from Table 5.10) instead of a single tip point. Strut chordae 

bore less load in comparison with the single tip model (-15.5%) and the associated proportion 

of load carried decreased. However, the loads bore by AL and PL marginal chordae increased 

by 54.6 and 53.5 %, respectively, together with the proportion of load carried.  
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Table 5.10: Chordae tendineae tension and load proportion at peak systole under varying boundary conditions and PM shapes. Conditions simulated 

correspond to (A) fixed annulus and PM (single PM tip), (B) moving annulus and fixed PM (single PM tip), (C) moving annulus and PM (single PM tip) 

and (D) moving annulus and PM (3D PM shape).    

 A B C D 

Chordae Load 
[N] 

Load prop. 
[%] 

Load 
[N] 

Load prop. 
[%] 

Load 
[N] 

Load prop. 
[%] 

Load 
[N] 

Load prop. 
[%] 

AL strut 0.872 26 0.754 33.9 0.817 25 0.69 16.5 
AL 

marginal 
0.122 ± 
0.074 25.7 0.115 ± 

0.080 26.7 0.152 ± 
0.095 27.1 0.235 ± 

0.122 31.2 

PL 
marginal 

0.204 ± 
0.107 48.3 0.125 ± 

0.042 39.4 0.245 ± 
0.079 47.9 0.376 ± 

0.147 52.3 

 
𝐅𝐏𝐌  3.32  2.36  3.4  4.17  
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5.3.5. Different patient scenarios  

Geometry description and generation 

Two MV geometries based on inputted patient-specific dimensions (Table 5.11) and with the 

PM tips represented as a single points, were generated. Both models have geometrical features 

potentially associated with the onset of regurgitation: the first geometry (PS1) represents a 

diseased shape associated with annular dilation and leaflet enlargement, based on dimensions 

reported in the literature for diseased valves (Lee et al., 2013; Mihaila, 2013). The second 

geometry (PS2) includes PMPM displacement caused by the implementation of LV dilation. 

PS1 and PS2 geometries were meshed with 27,154 and 23,314 shell elements, respectively, and 

the generation of the final models for FE simulations took less than five minutes. Both 

computational simulations were solved in less than five hours. 

 

Table 5.11: MV patient-specific model dimensions. 

MV part  Dimension 
  PS1 PS2 

Annulus 

dAP 38 mm 22 mm 
dCW 40 mm 28.5 mm 
hAH 5 mm 6.1 mm 

- D-shape (no ring concavity) Slight ring concavity 

Leaflets 

Ah 30 mm 22 mm 
Pmh 21 mm 12 mm 
Pch 12 mm 8 mm 
Aa 1200 mm2 540 mm2 
Pa 1200 mm2 465 mm2 

PM 

ALPM0 34.5 mm 27 mm 
ALPM10 27 mm 23.5 mm 
ALPM8 30 mm 20 mm 
PMPM0 34.5 mm 33.6 mm 
PMPM2 30 mm 29 mm 
PMPM4 27 mm 25 mm 
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Valve closure dynamics 

Both patient-specific models were associated with incomplete coaptation as displayed in Figure 

5.22a. The PS1 valve had a middle peak systolic coaptation length of 3.414 mm, within normal 

ranges (Gogoladze et al., 2010), but was associated with two regurgitant areas near the 

paracommissures (circled on Figure 5.22). PMPM displacement led to poor coaptation in the 

PS2 valve represented by a much smaller peak systolic coaptation length (1.463 mm) and one 

regurgitant area near the closest paracommissure (circled on the figure). While the PS2 valve 

did not present leaflet prolapse, the PS1 valve had excessive displacement of the AL and PL 

(Figure 5.22b), with both leaflets bulging towards the left atrium, leading to a PL billowing 

height of 1.325 mm. These results reveal the importance of a healthy MV geometry for its 

physiological performance, demonstrating an intrinsic connection between alterations of the 

MV shape and the resulting coaptation length obtained during valve closure. Indeed, a previous 

computational study of the MV determined that annular dilation was associated with incomplete 

coaptation (Kunzelman et al., 1997) and an in vitro representation of PM displacement led to 

uneven coaptation and the generation of coaptation gaps (He et al., 2003). 

 



167 
 

 
Figure 5.22: MV peak systolic closure for patient-specific shapes PS1 and PS2, (a) showcasing 

regurgitant areas and (b) displaying the middle coaptation cross-sectional profile and resultant 

displacement.  

Leaflet stresses 

While the maximum stress values in the healthy geometry were located near the anterior saddle 

horn and followed the circumferential direction (Figure 5.16), the diseased configurations 

presented in Figure 5.23 were associated with larger peak systolic stress distributions across the 

AL, spreading along the radial direction (Rim et al., 2014; Stevanella et al., 2011). The highest 

stresses were located in the AL, near the trigones and all over the belly. The PS1 valve generated 

a wide range of elevated stresses over the AL and middle PL scallop, associated with maximum 

cross-sectional stress values of 0.34 and 0.25 MPa, respectively. These represent relative 

increases of 23 and 54 % from the healthy model. The PS2 valve, on the other hand, had its 

highest stress concentration radiating from the right trigone, opposite to the displaced PM. The 

maximum cross-sectional stress from C3 (ALPM side) reached 0.62 MPa, equivalent to an 84 
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% increase from the healthy model. The PL did not present with a wide range of large stress 

distribution; regardless, the maximum cross-sectional value at the middle PL scallop had a 28 

% increase from the one obtained for the healthy model. 

 

 
Figure 5.23: Leaflet stress distributions at peak systole for the simulated patient-specific geometries 

incorporating annular flattening and leaflet enlargement (PS1) and PMPM displacement due to LV 

dilation PS2). 

Papillary muscles and chordae forces 

Forces acting on the PMs differed between patient-specific scenarios (Figure 5.24). The PS1 

valve yielded much higher PM reaction forces in comparison with the healthy model, with 

systolic peak values of 7.09 and 6.76 N on the PMPM and ALPM, respectively (+108 % and 

+98 % in comparison with the equivalent healthy values). These values are consistent with in 

vitro measurements obtained for pathological cases, associated with flow leakage and decreased 

chordae compliance (Jensen et al., 2001). This is reflected on all tethering chordal forces 

predicted, which greatly increased in comparison with the healthy model (Table 5.12 vs Table 

5.9). Moreover, and as observed in Figure 5.24, the PM reaction forces were associated with 

enhanced oscillations over time in comparison with the healthy model. Such a feature has been 

identified in a previous computational study concerning a regurgitant MV (Stevanella et al., 



169 
 

2011) and can be due to the imbalance between tethering and closing forces in the presence of 

a diseased shape. In the PS2 valve, the chordal and PM force balance was disrupted. The 

displaced PMPM had a reaction force of 4.76 N (+ 40 % from the healthy model), a value 

associated with apical PM displacement in pathological MVs (Jensen et al., 2001), while the 

force acting on the ALPM (2.44 N) decreased 28 % in relation to the healthy model. ALPM 

chordal tensions reflect this low PM reaction force, with all tensions decreasing relative to the 

healthy model. Such a low PM force can be associate with MV incapability to sustain 

physiological pressure, since PM forces below 2.5 N have been correlated with transmitral 

pressure near 80 mmHg (Jensen et al., 2001), 2/3 of the normal peak systolic pressure.   

 

 

 
Figure 5.24: Time-dependent PM reaction forces for PS1 and PS2 valves in comparison with the 

prediction for the average healthy model. While the PM reaction forces for the PS1 valve are increased 

in comparison with the healthy model, the PS2 valve demonstrates an imbalance of PM forces, caused 

by PMPM displacement.   
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Table 5.12: Chordae tendineae tension and load proportion at peak systole for patient-specific cases. 

PM 
 PS1 PS2 

Chordae Load [N] Load 
proportion [%] Load [N] Load 

proportion [%] 

PMPM 
AL strut 1.12 21.1 0.69 13.8 

AL marginal 0.336 ± 0.174 31.7 0.392 ± 0.156 47.3 
PL marginal 0.314 ± 0.148 47.3 0.242 ± 0.124 28.9 

ALPM 
AL strut 0.971 17.5 0.47 19.3 

AL marginal 0.417 ± 0.243 37.7 0.108 ± 0.062 22.1 
PL marginal 0.354 ± 0.203 44.8 0.179 ± 0.104 58.6 

5.4. Discussion 

5.4.1. Overview and main findings 

This chapter presents the automatic pre-processing of the MV available within the MV toolbox 

(Chapter 4), including the steps to obtain the final FE model set-up, to be run using LS-DYNA. 

The pre-processing of the model is completed using minutes of computational time, and the 

tool has the potential to assess MV function associated with a variety of geometries and can be 

further developed to include surgical techniques, crucial for virtual surgical planning. This 

study yielded the following findings: 

❖ The average, healthy MV model has been validated against the literature, with 

computational predictions for valve dynamics, stress distributions, and PM and chordae 

tendineae forces being consistent with previous computational and experimental studies; 

❖ The implementation of orthotropic material properties for the leaflet leads to appropriate 

trends in terms of circumferential and radial strain distributions. However, a leaflet anisotropic 

material response with fiber orientation representation (hyperelastic model) leads to more 

accurate circumferential and radial stretch values and distribution on mitral leaflets;  
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❖ Different annular BC lead to varying MV physiological behaviour, with a fixed annulus 

generating poor leaflet coaptation, excessive displacement of the PL towards the left atrium and 

increased stress distributions on the AL in comparison with a model with appropriate annular 

displacement; 

❖ The use of  3D PM shape led to changes in chordal tension and proportions of load bore 

by each chordal group, with strut chordae bearing less load and marginal chordae bearing more 

load in comparison with a single PM tip model; 

❖ The toolbox can successfully generate patient-specific MV geometries and pre-process 

those for FE simulations, as shown by the creation and analysis of two models associated with 

different diseased scenarios. Patient-specific diseased models were associated with incomplete 

leaflet coaptation (appearance of regurgitant areas), abnormally increased leaflet stresses, and 

unbalanced PM and chordae tendineae forces. 

5.4.2. MV predicted biomechanics is sensitive to boundary conditions and material 

responses 

The sensitivity analysis described in section 5.3.4 showed that leaflet coaptation and MV 

systolic shape was greatly affected by the choice of annular BC. Specifically, a fixed annulus 

led to poor leaflet coaptation associated with a small coaptation length and excessive 

displacement of the PL towards the left atrium, conditions associated with the onset of disease 

(Gogoladze et al., 2010; Lee et al., 2013). This further confirms the importance of using 

appropriate BC to represent physiological annular contraction and PM displacement during the 

cardiac cycle (Mansi et al., 2012; Stevanella et al., 2009). However, the absence of annular and 

PM motion did not greatly affect chordae tensions and PM reaction forces when compared to a 

model including all boundary conditions. This was expected, since the forces acting on the PM 
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and chordae are mainly determined by transmitral pressure and are expected to act as balancing 

quantities (Jimenez et al., 2003; Stevanella et al., 2009). 

Employing a 3D PM representation instead of a single point greatly changed chordal tensions, 

decreasing the load carried by strut chordae and increasing the one bore by AL and PL marginal 

chordae, still within the ranges obtained in vitro for normal valves (Jimenez et al., 2003). The 

reduction in strut chordae tension may be explained by a redistribution of the force vectors 

caused by the 3D distribution of insertion points into the PM, dividing the total load more 

evenly amongst all chordae. To balance the new force components generated, The AL and PL 

marginal chordae then balance the newly generated force components, possibly explaining the 

increase in load in these chords (Jimenez et al., 2003; Jimenez et al., 2005). 

Both orthotropic and hyperelastic material models led to an appropriate leaflet response in terms 

of circumferential and radial strain distributions and values. However,  the hyperelastic material 

implementation (also see section 5.3.4) led to more accurate stretches in the AL and PL, with 

peak values generally lower than ex vivo measurements (He et al., 2005; Sacks et al., 2002) 

and computational studies (Stevanella et al., 2009; Stevanella et al., 2011; Kunzelman et al., 

2007; Rego et al., 2018), but comparable to those obtained in vivo (Rausch et al., 2011).  

A number of issues were associated with the hyperelastic material model implemented. In 

addition to an increase in the simulation computing time in comparison with the orthotropic 

material, abnormal shell deformations were present near the free edge of the leaflets, usually 

localised near chordal insertions and occurring at the onset of closure. This prevented the 

successful completion of computational simulations, perhaps due to the hyperelastic material 

being implemented at the local element level and depending on the quality of its shape. 

Increased leaflet mesh distortion near chordal insertions were minimised with the implement 

simulation controls mentioned in section 5.2.4, but not completely eliminated. Different 
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layered-shell approaches were implemented (e.g. using a unified composite definition in LS-

DYNA instead of overlapping shell elements) and lower transvalvular pressures were also 

applied in an attempt to overcome this issue. In reality, numerical instabilities were only 

avoided when hyperelastic material coefficients were modified, leading to a stiffer leaflet 

response. This yielded higher circumferential and radial Cauchy stresses than those obtained 

with a square sample of tissue and represented in Figure 5.6.  

The application of leaflet pre-strain and chordae pre-tension could possibly reduce the 

numerical instabilities observed in this case. Given that the mitral leaflets are exposed to pre-

strain throughout the cardiac cycle, their constitutive response in silico greatly depends on the 

application of pre-strain (Rausch et al., 2013; Rausch and Kuhl, 2013), which contributes 

towards peak systolic MV physiological behaviour and positioning (Prot and Skallerud, 2017). 

This means that higher strains than those actually computed during diastole would be expected, 

influencing the associated Cauchy stress predicted and the overall behaviour of the MV on the 

onset of leaflet closure. However, pre-tension forces in the chordae may also play a role in 

improving models representing MV deformation (Aguilera et al., 2021). Previous studies show 

that chordae pre-tension is required to reproduce appropriate MV closure (Pham et al., 2017; 

Drach et al., 2018). The use of chordae pre-tension could then help minimize the abnormal shell 

deformations observed near chordal insertions, leading to successful replication of MV closure. 

Regardless, leaflet pre-strains and chordae pre-tensions are difficult to estimate in vivo for 

human MVs (Aguilera et al., 2021), due to either the current limitations in medical imaging 

resolution (Pham et al., 2017) or the use of procedures which are not applicable to clinical 

settings (Drach et al., 2018). 

Other leaflet material models have been employed in previous computational studies (Votta et 

al., 2013). Orthotropic material properties (Mansi et al., 2012; Zhang et al., 2017) and isotropic 
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mass-spring models (Hammer et al., 2008; Tenenholtz et al., 2013) have been used in integrated 

frameworks for patient-specific MV modelling and surgical planning. In fact, previous in vivo 

animal studies focusing on inverse-problem methods found that circumferential and radial 

stress-strain curves are linear within the physiological pressure range (Krishnamurthy et al., 

2008; Krishnamurthy et al., 2009). Given this, the orthotropic material response has been 

implemented in the toolbox and pre-processing described in this chapter. This implementation 

allows the FE simulations to be completed faster than with the use of a hyperelastic material 

(one hour vs six hours of computing time to reach peak closure of the model). This is crucial 

for the clinical timescales associated with the predictive end-goal of the tool, which is to 

simulate and compare MV biomechanics for a variety of geometries, as well as potential repair 

strategies. 

5.4.3. Potential applications  

To showcase the potential applications of the toolbox, two patient-specific MV models 

including different geometries associated with disease have been solved and their biomechanics 

analysed. Both models had incomplete coaptation associated with areas of regurgitation, 

elevated stress on the leaflets and unbalanced PM and chordae forces. These features are in 

agreement with previous in vitro (Taylor et al., 2021) and in vivo (Grinberg et al., 2019) studies, 

which mention that MV competence is compromised by geometrical alterations such as annular 

dilation and increased tension on the chordae.  

The MV toolbox has several end-user applications. From a clinical perspective, and given its 

flexibility, it can be used to study the influence of morphological MV parameters on its 

function. The average MV shape generated assumes a healthy valve, and degenerative valve 

disease, for instance, leads to significant alteration in mitral valve proportions (Deorsola and 
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Bellone, 2019). However, inputted patient-specific parameters can be used to create a range of 

diseased scenarios, such as: varying annular diameters to represent different cases of annular 

dilation (Kim et al., 2019; Lee et al., 2013), which can compromise leaflet coaptation (Ito et 

al., 2017); incorporating PM displacement, which is well correlated with increased regurgitant 

volume in patients with functional ischemic mitral regurgitation (Obase et al., 2016; Ito et al., 

2017); or increasing leaflet surface area to represent myxomatous degeneration of the MV 

(Clavel et al., 2015). Moreover, clinicians can use the toolbox to virtually evaluate current and 

novel mitral interventions, such as the use of extension biological patches to restore leaflet 

dimensions in the case of posterior leaflet congenital hypoplasia (Parato and Masia, 2018), or 

papillary muscle approximation as an adjunctive technique for MV regurgitation (Mihos et al., 

2017). The toolbox can be further edited to allow for the inclusion of medical devices (such as 

annuloplasty rings (Kong et al., 2018)) and virtually assess their performance and influence on 

the biomechanics of the MV using a range of MV models through computational simulations. 

Ultimately, this could aid with the design optimisation and customisation of new devices. 

5.5. Summary 

In this chapter, the automatic pre-processing for the MV model has been described, with the 

implemented options validated against the literature by generating and solving a healthy MV 

model. Moreover, the influence of BC and PM shape, as well as choice of material constitutive 

models, has been assessed through a sensitivity analysis. Finally, two patient-specific MV 

geometries have been generated and the associated FE model solved to showcase the 

capabilities of the toolbox. The whole tool offers, for the first time, a flexibility in MV shape 

creation and automatic biomechanical evaluation, compatible with clinical timescales. In 

particular, this framework can be used to assess geometrical features impacting MV closure, 
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including leaflet coaptation profiles and coaptation lengths, and investigate how they affect 

leaflet stress distributions and subvalvular forces. These computational predictions can also 

assist clinicians determining whether a patient-specific MV geometry needs intervention, as 

well as improve clinical decision making by estimating the biomechanics associated with 

varying surgical procedures. 
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CHAPTER 6 

COMPUTATIONAL FLUID DYNAMICS OF THE RIGHT 

ATRIUM: ASSESSMENT OF MODELLING CRITERIA FOR 

THE EVALUATION OF DIALYSIS CATHETERS 

 

6.1. Introduction 

Central venous catheters are biomedical devices widely employed in haemodialysis therapy 

(Chapter 2, section 2.8.3), with the catheter design chosen depending on the indication for 

insertion and the predicted duration of use (Smith and Nolan, 2013). These catheters can be 

used for short-term therapy (typically less than 21 days) or for permanent access. Temporary 

catheters are smaller in size in comparison with permanent catheters and can have up to three 

separate lumens (useful for the administration of fluids or antibiotics, for example), while 

permanent designs are only available with two lumens. Their placement within the human body 

also varies: while temporary catheters are placed directly into the vein of interest, permanent 

catheters possess a cuff which is tunnelled under the skin and away from the vein puncture site 

(Bream, 2016). Different catheter tip designs with a variety of features are currently available 

on the market and determining the best design is an ongoing challenge. 

To assess catheter performance and give insight into how to optimise their design, both in vitro 

(Foust, 2004; Vesely and Ravenscroft, 2016) and in silico (Clark et al., 2012; Clark et al., 2015; 

Mareels et al., 2007) studies have been performed. In vitro studies have used RA models to 

evaluate catheter performance. An idealized RA model was developed in one study with an in 
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vitro set up built for this purpose (Foust, 2004) and an in vitro simulator of the RA was 

employed to study the movement and recirculation associated with different catheter designs 

(Vesely and Ravenscroft, 2016). In silico studies have used CFD to study blood flow patterns 

associated with different catheter designs, as well as evaluating recirculation and thrombosis. 

Such studies have included a comparison of symmetric catheters (Clark et al., 2015; Owen et 

al., 2020a), the preclinical assessment of novel designs (Clark et al., 2012) and the evaluation 

of different tip hole shapes (Mareels et al., 2007); however, none included the use of a geometry 

representing the RA. The use of a realistic RA computational model for evaluation of catheter 

performance is, therefore, a current need, since it allows for: (1) A more accurate representation 

of the in vivo behaviour experienced by dialysis catheters due to the surrounding physiological 

flow patterns; (2) A less costly and faster prediction of the subsequent haemodynamics without 

the need for an in vitro test setup. 

The aim of this chapter was to develop a physiological CFD model of the RA which enables 

the assessment of the performance of dialysis catheter designs. This model was used to evaluate 

the performance of four different catheter designs: one split tip, one symmetric tip and two step 

tips (with and without the presence of side-holes).  

In this chapter, the development of a RA CFD model, along with validation against data in the 

literature, is presented (Figure 6.1). Transient physiological boundary conditions were chosen 

and CFD simulations were performed using ANSYS Fluent v.18.2 (Ansys Inc., Canonsburg, 

PA, USA). Mesh and time-convergence analyses were performed to validate the numerical 

approach and metrics such as blood velocity, flow rates, vorticity and pressure were compared 

against the literature. Four catheter geometries were then placed within the RA following 

medical guidelines and appropriate boundary conditions were employed. Different catheter tip 

placements were also used to study the impact of changing tip position on catheter performance. 
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Qualitative and quantitative comparisons were made between catheter designs and metrics such 

as flow recirculation and tip shear stress were used to evaluate their performance within the RA 

haemodynamic environment. These results were compared to previous clinical, in vitro and 

computational studies. 

 

 
Figure 6.1: Outline of this chapter. CFD modelling was performed, first with the RA model, then with 

catheter models virtually placed in the RA. The RA model was validated (1) through a numerical 

approach, and (2) by comparing its haemodynamic predictions with the literature. After validation, the 

catheter models were developed, considering four different tip designs and diverse placements within 

the RA. Appropriate conditions were chosen for the model and relevant metrics were defined to evaluate 

tip performance. Lastly, the obtained results were compared amongst catheters and against literature. 

6.2. Right atrium and dialysis catheter models 

The 3D RA geometry (in Computer Aided Design - CAD - format) was obtained from a healthy 

human heart model available online and built from data in the literature 

(https://grabcad.com/library/the-human-heart-1). Pre-processing of the geometry was 

performed using ANSYS SpaceClaim v.18.2 (Ansys Inc., Canonsburg, PA, USA). The model 

https://grabcad.com/library/the-human-heart-1
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was firstly truncated at the SVC, IVC (inlets) and tricuspid valve (TV) (outlet). Then, the model 

had multiple geometrical flaws which needed fixing before it could be used during the 

remaining modelling set-up. To repair the model’s surfaces, face and edge repair tools from 

ANSYS SpaceClaim were employed. Finally, the geometry was re-scaled to match IVC and 

SVC physiological mean literature diameters. Final diameters for the IVC and SVC were 16.89 

mm (in vivo range: 16.9 ± 3.7 mm (Patil et al., 2016)) and 17.06 mm (in vivo range: 21 ± 7 mm 

(Mahlon and Yoon, 2007)), respectively, and the area of the TV was 9.95 cm2 (in vivo range: 

9.72 ± 2.08 cm2 (Ton-Nu et al., 2006)). The final RA geometry is presented in Figure 6.2. 

 

 

Figure 6.2: RA computational domain. Notes: IVC, inferior vena cava; SVC, superior vena cava; TV, 

tricuspid valve. 

.CAD files representing the geometries of the four catheter designs were supplied by KIMAL 

Plc (Bromsgrove, Worcestershire, UK). The four designs were named A, B, C and D: catheters 

A and B possess a step tip with and without side-holes, respectively; catheter C has a split tip 

and catheter D has a symmetric tip, both without side holes. The main dimensions 

https://www.google.com/search?safe=strict&sxsrf=ALeKk02tgkvJz04iv0fbLiyu8td2lYBu3A:1600690937568&q=Worcestershire&stick=H4sIAAAAAAAAAONgVuLQz9U3sDCJT3vEaMwt8PLHPWEprUlrTl5jVOHiCs7IL3fNK8ksqRQS42KDsnikuLjgmngWsfKF5xclpxaXpBYVZ2QWpQIAtSt2pFMAAAA
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characterising all designs are presented in Table 6.1 and the respective geometries are shown 

in Figure 6.3. 

 

Table 6.1: Catheter dimensions. Notes: Fr, French gauge (1 Fr = 0.33 mm). 

Catheter name Tip length [mm] Outer diameter [Fr] Lumen area [mm2] 
A 290 15.5 7.8 
B 290 15.5 7.8 
C 152 15 3.5 
D 240 16 7.8 

 

 

 
Figure 6.3: Catheter tip designs A, B, C and D, with arterial and venous lumens indicated. Note: 

Catheters A and B were set in reverse mode (for C and D designs, forward and reverse mode lead to 

the same model configuration). 

 

All catheter designs were virtually placed within the RA geometry using ANSYS SpaceClaim: 

they were inserted through the SVC, with their entire functional part inside the RA and their 

venous tip placed well past the SVC in the central region of the RA, according to clinical 

guidelines (Tawk et al., 2018). For each created model, the catheter structure was removed and 

a unified volume including the fluid within the RA and the fluid within the catheter was used 

for subsequent CFD simulations. An example of a unified model can be seen in Figure 6.4, 

including boundary conditions applied (further described in section 6.3.1). 
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Figure 6.4: RA computational domain with example catheter inserted and set of boundary conditions 

defined.  
 

6.3. CFD models 

Diverse catheter placement options were considered to assess their impact on performance. 

More specifically, catheters A and D were virtually inserted in three and two different positions 

within the RA, respectively. According to this, a total of 8 computational models (including the 

RA model) were created, as outlined in Figure 6.5. 

 

 
Figure 6.5: Diagrammatic overview of all computational models developed (with names written in 

bold). Acute refers to temporary catheter placement and chronic to permanent catheter placement, this 

is of relevance to the clinical use of the catheters. 
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6.3.1. Boundary conditions  

Right atrium model 

Multiple boundary conditions were tested on the RA CFD model to obtain the most 

physiological behaviour possible. Velocities, pressure, and flow behaviour were continuously 

compared against in vivo and in vitro data from the literature. Finally, and to accurately 

represent the pulsatile behaviour of blood flow, a time-dependent physiological pressure two-

dimensional waveform was applied at the SVC and IVC inlets (Figure 6.6) (Cohen et al., 1986), 

modelled as a spatially uniform profile. This waveform corresponds to a cardiac cycle period 

of 0.8 s, with diastole and systole lasting for 0.5 s and 0.3 s, respectively. 

As for modelling TV function, several boundary conditions were, again, tested. Similarly to a 

previous study by Mareels et al. (2004) (Mareels et al., 2004), an outflow condition (all flow 

reaching the boundary exits it) was attempted, but the resulting RA flow velocities were greater 

than the expected range. A target mass flow rate was also imposed with a constant pressure, but 

this yielded elevated flow velocities, as well as the loss of vortex within the chamber. Flow rate 

waveforms for the TV are scarce in the literature, and a study bringing together all needed 

conditions for the RA model (SVC, IVC and TV) is currently not available. The TV outlet was, 

therefore, set to a constant gauge pressure of 0 Pa, meaning that the action of the valve was not 

modelled and blood flow was still allowed to exit the RA during systole (when the TV is 

closed). Nonetheless, with this condition, physiological flow velocity results and flow patterns 

were predicted by the model, comparable to the literature (section 6.5.1). 

The right atrial wall boundaries were assumed rigid and a no-slip condition was employed at 

the wall-blood interface.  
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Figure 6.6: Time-dependent pressure, with diastolic and systolic periods represented, imposed at the 

inlets (adapted from Cohen et al. 1986). 

Catheter models 

All boundary conditions applied on the RA model were kept for the models with catheters 

inserted. The venous and arterial lumens of each catheter (represented in Figure 6.3) correspond 

to the placement of inlet and outlet boundary conditions, respectively. For catheters A and B, 

instead of employing the standard flow mode, a reverse mode (switch in venous and arterial 

lumens) was selected, usually associated with worse performance than the standard mode. An 

average volume flow rate of 400 ml/min, together with a constant gauge pressure of 248 mmHg, 

were applied at each catheter inlet (Depner, 2001). To yield a flow rate within the clinical range 

(Depner, 2001), different gauge pressures were applied at each catheter outlet (Table 6.2). 

 

Table 6.2: Gauge pressure values applied at catheter outlets and respective flow rates achieved. 

 A B C D 
Pressure [mmHg] -250 -250 -250 -188 
Flow rate [ml/min] 350 380 360 370 
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6.3.2. Flow governing equations and material properties 

Blood haemodynamics have been shown to be affected by the use of non-Newtonian models 

(Owen et al., 2020b; Carty et al., 2016). To determine the fluid model to be employed, a 

comparison between the Newtonian and non-Newtonian Bird-Carreau models was performed 

using the RA model. While the Newtonian model assumes a constant viscosity, the Bird-

Carreau model uses a polynomial shear thinning definition (Table 6.3). A blood density of 1060 

kg/m3 was used for both rheological models.  

 

Table 6.3: Rheological model definitions and parameters (adapted from Cho et al. 1991 and Johnston 

et al. 2004). 

Blood model Viscosity definition [Pa s] Coefficient definitions Parameters 
Newtonian μ = 0.004 where μ is the blood viscosity, μ∞ 

is the high shear viscosity, μ0 is 
the low shear viscosity, λ is the 
time constant, γ̇ is the shear rate 

and n is the Power law index 

- 

Bird-Carreau μ = μ∞ + (μ0 − μ∞)[1

+ (λγ̇)2](n−1) 2⁄  

μ∞ = 0.00345,  
μ0 = 0.056  
λ = 3.313,  
n = 0.3568 

 

Vorticity and wall shear stress (WSS) magnitudes were assessed over the simulation of one 

cardiac cycle and volume-averaged vorticity and area-averaged WSS time-dependent profiles 

were obtained (Figure 6.7). While the differences between the predictions yielded by both 

models are subtle for area-averaged WSS, these accentuate for volume-averaged vorticity. In 

fact, the maximum relative errors are 5.28 and 8.97 % for WSS and vorticity quantities, 

respectively. Therefore, to account for non-Newtonian flow effects, the Bird-Carreau model 

was used for the CFD simulations. 
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Figure 6.7: Time-dependent vorticity and WSS profiles, predicted with Newtonian and Non-Newtonian 

blood models. 

 

The Reynolds number (Re) was evaluated for each boundary of the RA model (SVC, IVC and 

TV). This was obtained from the equation for a haemodynamic chamber (Valen-Sendstad et 

al., 2011) and defined as: 

 

 Re =
ρ𝐔D

𝜇
, (6.1) 

 

where ρ is the blood density, 𝐔 and 𝜇 are the velocity magnitude and viscosity at each boundary, 

and D is the diameter of the corresponding boundary. Averaged Reynolds numbers have been 

determined based on time and space-averaged values of 𝐔 and 𝜇 over each boundary, while the 

minimum and maximum Reynolds values were computed for a time-varying Reynolds number 

obtained using the averaged 𝐔 and 𝜇 over each boundary (Table 6.4). Since Re << 2300, flow 

was assumed to be laminar (Valen-Sendstad et al., 2011).  

 

Table 6.4: Reynolds number study performed for the RA model. 

Boundary Minimum Reynolds Average Reynolds Maximum Reynolds 
SVC 837 1120 1270 
IVC 684 1170 1400 
TV 760 1140 1390 
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6.3.3. Computational settings 

Implementation and solving of CFD simulations were performed with the commercial finite-

volume ANSYS Fluent 18.2 (Ansys Inc., Canonsburg, PA, USA) under transient conditions. 

The RA model was solved using a fluid single-phase approach, governed by the continuity and 

incompressible Navier-Stokes equations without the effect of external body forces (Parker and 

Thiriet, 2009). A Eulerian-Eulerian multiphase model was implemented for all catheter models 

to monitor and quantify the blood entering the RA through each catheter from the remaining 

volume of fluid. More details on the multiphase flow equations can be found in Appendix E 

and the respective options chosen are summarized in Table 6.5. 

 

Table 6.5: CFD set-up. 

Type Choice Description 
Solver for 

continuity equation SIMPLE (ANSYS, 2017) Coupled pressure-velocity with segregated approach 
Second order upwind momentum 

Solver for pressure 
discretization PRESTO!  

Transient solving First order implicit Iterative time step solving 

Multiphase settings 
Two Eulerian phases 
with equal material 

properties 

Primary phase – fluid entering/exiting all boundaries 
except catheter inlet (unfiltered blood) 

Recirculation phase – fluid entering catheter inlet 
(filtered blood) 

Multiphase volume 
fraction (ANSYS, 

2017) 

Explicit formulation 
Sharp/dispersed interface 

Implicit body force 
 

Time stepping Single phase: 0.005 s 
Multiphase: 0.001 s  

Convergence 
criteria Residual error < 10-4 Residual errors for continuity and x-, y-, z- velocities 

Meshing 

Tetrahedral elements were used to mesh all geometries and mesh refinement was employed 

within the catheter volumes. Five boundary layers using a structured hexahedral mesh were 

created in the fluid near the right atrial wall. Mesh size was evaluated through (1) quality 

assessment and (2) convergence tests. The mesh convergence analysis was performed by 
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running one cardiac cycle with the set ups previously described, and using the RA model and a 

unified model of the RA and catheter D. For the RA model, mesh refinement was achieved by 

progressively decreasing general tetrahedral element size. After completing the convergence 

study for the RA model, local refinement within the catheter lumen was performed for the 

catheter model while keeping a constant average element size for the RA. 

The velocity magnitude at a probe located at the centre of the RA and the surface averaged 

WSS were obtained for the RA model. Similarly, a probe was placed inside the catheter lumen 

in the catheter model, to capture the local velocity magnitude. The relative error between values 

obtained under increasing mesh density and the solution obtained when using the finest mesh 

was then evaluated (Figure 6.8). The relative error between the solution from each cycle and 

the one from the last cycle was computed using equation 6.2: 

 

 E = |
𝑣𝐵−𝑣𝐿

𝑣𝐿
| ∙ 100 %, (6.2) 

 

where 𝑣𝐵 and 𝑣𝐿 are the calculated variables for each mesh and for the finest mesh, respectively. 

Given the complex flow patterns developing inside the RA, we assumed a relative error below 

0.5 % as acceptable for the average WSS and below 3 % for the local probe velocity. These 

criteria were achieved with a mesh of 1 million elements for the RA model. Moreover, and to 

reduce computational time, a relative error below 5 % was deemed acceptable for the catheter 

model, which was associated with a mesh of more than 3 million elements. Models with a mesh 

density respecting these constraints were chosen for each simulation. 
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Figure 6.8: Mesh convergence results for (a) RA model and (b) catheter model.  

 

According to quality criteria, the meshes had excellent average skewness features (between 0 

and 0.25) and very good average orthogonal quality (near 0.8) (Shewchuk, 2002; Workbench, 

2015). The average quality distribution of mesh elements for all catheter models is displayed in 

Figure 6.9, showing that most elements have a quality above 0.72. An example of a meshed 

model is shown in Figure 6.10 and the mesh characteristics are listed in Table 6.6. Using these 

settings, an average spatial resolution of 0.1 mm was achieved for the solid mesh inside each 

catheter while 1 mm was achieved for the remaining solid mesh, respectively. 
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Figure 6.9: Mesh element quality, varying from 0 to 1, assessed across all catheter models. The average 

number of elements for each quality range is displayed, with error bars showing the standard deviation 

from average values. 

 

 

 
Figure 6.10: Meshed model, with a closer look at the SVC boundary. Boundary layers can be observed 

near the right atrial wall. A greater number of mesh elements was used to represent the catheter, in 

comparison with the RA.  
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Table 6.6: Mesh settings and quality assessment. 

Model No. mesh elements Average orthogonal quality Average skewness 
RA 1,144,719 0.797 0.200 
A1 3,325,107 0.773 0.226 
A2 3,316,264 0.773 0.226 
A3 3,342,044 0.773 0.226 
B 3,294,202 0.773 0.226 
C 3,460,285 0.787 0.212 

D1 3,236,187 0.770 0.228 
D2 3,237,906 0.772 0.227 

 

Domain independence analysis 

The TV outlet was not extended, similarly to previous heart modelling studies (Rigatelli et al., 

2018; Vedula et al., 2015). In fact, doing so would give rise to incorrect computational 

predictions as a valve is found in that position (e.g. alteration of pressure gradients near the 

valve). Moreover, the SVC and IVC inlets are placed 4 and 2 diameters away from the main 

chamber, respectively. To assess the independence of computational predictions from the 

domain size, one additional transient computational simulation was solved for an altered RA 

model, using the same material properties and boundary conditions as the original model. In 

this geometry, the IVC was further extended, and the respective inlet placed at 4 diameters 

away from the main chamber. Volume-averaged velocity and vorticity quantities, as well as 

area-averaged WSS magnitudes, were evaluated and average relative errors between 

predictions with and without IVC extension were 4.77 %, 4.52 % and 2.09 % for velocity, 

vorticity and WSS, respectively. These relative errors are deemed acceptable and justify the 

choice of our RA domain for computational simulations. 

Time convergence analysis 

The RA model was run for 8 cycles to assess the temporal evolution of computational 

predictions. Volume-averaged velocity and pressure quantities, as well as local values obtained 
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at a probe placed at the centre of the RA, were obtained for all cardiac cycles and time-averaged. 

The relative error between the solution from each cycle and the one from the last cycle was 

computed using equation 6.3: 

 

 E = |
𝑣𝐵−𝑣𝐿

𝑣𝐿
| ∙ 100 %, (6.3) 

 

where 𝑣𝐵 and 𝑣𝐿 are the calculated variables for each time period before the last and for the last 

time period, respectively. Figure 6.11 shows that increasing the number of cardiac cycles 

decreased the relative errors for both volume-averaged and probe results, although localised 

quantities were less prone to stabilise. The 4th cardiac cycle (E = 1.28 % and E = 4.12 % for 

volume-averaged velocity and pressure) was chosen for result retrieval and quantifications. 

 

 
Figure 6.11: Relative percentage error for (a) velocity and (b) pressure measurements.      

Solving settings 

All simulations were run for a total of 3200 time steps, corresponding to 3.2 s (4 cardiac cycles), 

using super-computing facilities (BlueBear High Performance Computing, University of 

Birmingham), with 100 cores for each simulation and 5 GB RAM per core. The solution time 

for the simulation of the RA model was ~10 hours, and ~25 hours for the catheter models. 
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6.4. Haemodynamics  

Right atrial haemodynamics were evaluated in terms of velocity magnitude, flow streamlines, 

vorticity, pressure and WSS. The obtained results were validated against the literature before 

using it as a model for the assessment of catheter performance (section 6.5.2). Catheter 

performance was evaluated using measures of vorticity, WSS, recirculation and blood shear 

stress. Recirculation of blood filtered through catheters was quantified through the calculation 

of the venous flow volume (previously labelled as the recirculation phase) returning through 

the arterial lumen. Key results were obtained at five time instances of the cardiac cycle, 

specifically late-diastole (t = 0.1 s), beginning of systole (t = 0.25 s), mid-systole (t = 0.4 s), 

late systole (t = 0.55 s) and mid-diastole (t = 0.7 s).  

Regarding blood shear stress evaluation, previous studies have noted higher levels of platelet 

activation at the venous lumen tip in comparison with the arterial one (Clark et al., 2015). To 

better observe any marked differences between models, the venous tip was chosen for analysis 

and quantification of shear stress. Rectangular volumes composed by prism elements were 

created at each venous tip for this purpose, including side-holes for catheter A (Mareels et al., 

2007) (example in Figure 6.12 and dimensions in Table 6.7). These were defined using 

appropriate coordinates which would yield the desired volume dimensions in order to cover the 

tip and side-holes. The tip volume where τ ≥ 10 Pa was also evaluated to identify the potential 

for platelet activation (Mareels et al., 2007; Wang et al., 2005).  

All parameter definitions are listed in Table 6.8. 
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Figure 6.12: Example of volume definition to be placed at the tip. 

 

Table 6.7: Tip volume dimensions. 

 A B C D 
Length [mm] 4.5 8 7 13 
Width [mm] 25 10 7 9 
Height [mm] 6 6 7 5.5 
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Table 6.8: Parameter definitions for evaluation of haemodynamics. 

Parameter Definition Variables 

Volume averaged 
vorticity 𝛚 =

1

V
∫ ∇ × 𝐮

𝑑𝑜𝑚𝑎𝑖𝑛

 dV where 𝐮 is the velocity vector and V is 
the fluid domain volume 

Time and volume-
averaged vorticity 𝛚̅ =

1

T
∫ 𝛚 dt

T

0

 
where 𝛚̅ is the time-averaged vorticity 
and T is the length of the cardiac cycle 
(0.8 s) 

WSS 𝛕𝐰 = μ
∂𝐮𝐭

∂𝐧
|

wall
 

where τw is the wall shear stress (WSS), 
μ is the blood viscosity, 𝐮𝐭 is the 
tangential wall velocity and n is the unit 
vector perpendicular to the wall 

TAWSS 𝛕̅𝐰 =
1

T
∫ |𝛕𝐰| dt

T

0

 
where τ̅w is the time-averaged wall 
shear stress (TAWSS) and T is the 
length of the cardiac cycle (0.8 s) 

Mass-weighted 
recirculation fraction Rf =

100

mṪ
∑ ∅k

̅̅ ̅

n

k=1

mk̇  

where Rf is the recirculation fraction 
(%), mṪ  and mk̇  are the total mass flow 
rate over the catheter outlet boundary 
and the mass flow rate for a kth facet of 
the catheter outlet boundary, 
respectively, and ∅k

̅̅ ̅ is the time-
averaged volume fraction of the 
recirculation phase for a kth facet of the 
catheter outlet boundary1 

Time averaged 
recirculation fraction 

Rf
̅̅̅ =

1

T
∫ Rf

T

0

dt 
where Rf

̅̅̅ is the time-averaged 
recirculation fraction (%) and T is the 
length of the cardiac cycle (0.8 s) 

Strain rate magnitude |𝛜𝐢𝐣| = √
1

2
(

∂uj

∂xi

+
∂ui

∂xj

) (
∂uj

∂xi

+
∂ui

∂xj

) 

where ui and uj are the velocity vectors 
in the i and j directions and xi and xj are 
the spatial coordinates in the i and j 
directions 

Volume averaged 
Shear stress 

τ =
1

V
∫ (μ ∙ |𝛜𝐢𝐣|)

𝑡𝑖𝑝

dV 
where τ is the shear stress, V is the tip 
volume and |𝛜𝐢𝐣| is the magnitude of the 
strain rate 

Time and volume-
averaged shear stress τ̅ =

1

T
∫ τ

T

0

dt 
where τ̅ is the time-averaged shear 
stress and T is the length of the cardiac 
cycle (0.8 s) 

6.5. CFD results 

Time-averaged results for vorticity, TAWSS magnitude (evaluation of RA haemodynamics), 

recirculation and shear stress (evaluation of catheter performance) are presented in Table 6.9 

 

1 The full mathematical derivation of this expression is described in Appendix E. 



196 
 

for all models. 

 

Table 6.9: Haemodynamic predictions for all models. 

 Quantity RA A1 A2 A3 B C D1 D2 
RA 

haemodynamics 
𝛚̅ [s-1] 44.1 54 55.2 55 57.2 56.1 55.8 54.9 

TAWSS [Pa] 1.89 2.01 2.04 2.05 1.93 1.97 2.15 2.14 

Catheter 
performance 

Rf
̅̅̅ [%] - 9.32 6.45 8.84 43.7 9.71 0.26 0.21 
τ̅ [Pa] - 12.9 15.5 13.7 13.8 11.2 11.6 10.2 

Volume of 
τ̅ > 10 Pa [%] - 28.3 33.4 28.6 28.1 15.7 28.7 28.5 

 

6.5.1. Right atrium model validation 

Right atrial CFD predictions were compared against available in vivo and in vitro data for a 

healthy RA model without the presence of a catheter.  

The predicted time- and volume-averaged pressure was 1.18 mmHg, with minimum and 

maximum values oscillating between 0.55 and 1.88 mmHg, respectively. Maximum pressure 

values reached 4.55 mmHg. These values are in agreement with clinical guidelines, which 

estimate a normal time- and volume-average RA pressure of 3 mmHg (with minimum and 

maximum values varying between 0 and 5 mmHg) for an IVC diameter < 21 mm (Rudski et 

al., 2010), as it is the case of this model. 

Blood velocity magnitudes were within the in vivo range: the mean time- and volume-averaged 

value was 0.192 m/s, with minimum and maximum velocities ranging between 0.160 m/s and 

0.233 m/s, respectively. Reported clinical values are 0.174 ± 0.027 m/s (Parikh et al., 2017) 

and in vitro studies also present with a similar range (Gulan et al., 2017). Volume-averaged 

velocities kept relatively constant through most of the cardiac cycle, as shown in Figure 6.13 – 

left, apart from the beginning of the systolic period (t = 0.25 s), where a velocity increase within 

the RA was observed (18.2 % increase from late-diastole, t = 0.1 s). A similar observation can 
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be made for volume-averaged vorticity and area-averaged WSS, both quantities being at their 

highest at the beginning of systole (Figure 6.13 – middle and right). Additionally, area-averaged 

WSS decreases through the systolic period and up to late-diastole, where it begins increasing 

again (30.6 % increase from mid- to late-diastole). Interestingly, the time evolution of volume-

averaged vorticity and WSS in the RA model showed similar trends (Figure 6.14), presenting 

a correlation with a Pearson correlation coefficient of 0.87. 

The model also predicted physiological flow patterns within the RA: vortical flow patterns were 

present throughout the cardiac cycle, as observed in Figure 6.15. Specifically, a vortex 

originated from IVC flow, and SVC flow swirled around it in a helical fashion. In vivo studies 

speculate that this swirling motion optimises blood flow movement within the heart (Parikh et 

al., 2017; Hirtler et al., 2016; Gulan et al., 2017; Elbaz et al., 2017).  
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Figure 6.13: Quantitative results for volume-averaged velocity (left), volume-averaged vorticity (middle) and area-averaged WSS (right) at five time 

instances of the cardiac cycle. 

 

 

 
Figure 6.14: Time evolution of spatially averaged WSS and volume-averaged vorticity.
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Figure 6.15: Time evolution of right atrial flow patterns: streamline fields representing velocity 

magnitudes are displayed at five different time instances (t = 0.1 s, 0.25 s, 0.4 s, 0.55 s, 0.7 s). 

 

The predicted volume-averaged vorticity was 44.1 s-1, within the range of in vivo predictions 

(37 – 54 s-1) (Hirtler et al., 2016). Both vortical and helical features were observed, with 

clockwise (positive helicity) and anti-clockwise (negative helicity) rotating flow filling the RA 

throughout the cardiac cycle (Figure 6.16). Although the location of positive and negative 

helical structures changes in the RA model over one cardiac cycle, each occupies approximately 
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half of the RA volume. This means that none of the rotating directions is predominant. 

According to the literature, multiple right atrial flow patterns exist in the structurally normal 

heart, including vortical, helical and multiple vortical flow (Parikh et al., 2017). 

Figure 6.17 shows the time-evolution of blood flow rates through the SVC, IVC and TV over 

a cardiac cycle. Both SVC and IVC present similar flow rate waveforms, with a two-peaked 

shape (a peak at ventricular systole and a smaller one at ventricular diastole), in agreement 

with the literature (Wehrum et al., 2018; Parikh et al., 2017). A previous study shows that the 

range of these flow rate waveforms varies amongst a population sample and with age (Wehrum 

et al., 2018). With the present model, maximum systolic flow rate values of 106 ml/s and 120 

ml/s are predicted for the IVC and SVC. While the obtained waveform and maximum for the 

IVC are consistent with clinical estimates (maximum value of 151.1 ± 55.3 ml/s at systole for 

a group of healthy adults aged 20-39 years), the SVC waveform and maximum value are 

overestimated (maximum value increased by 22 % in comparison with the maximum standard 

deviation observed in the literature (Wehrum et al., 2018)).  

Since TV function was not modelled (section 6.3.1), the associated flow rate waveform follows 

a similar pattern to those of the IVC and SVC, with a peak flow rate of 225 ml/s. As previously 

mentioned, the current literature does not present many examples of the expected flow rate 

through the TV, making any comparison difficult. One study shows that there is a phase shift 

in the location of the TV flow rate peaks, which should appear during the ventricular diastolic 

period (Kroft et al., 2000). This did not occur in our flow rate predictions, likely because TV 

function was not modelled.  
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Figure 6.16: Time evolution of right atrial flow patterns: isosurfaces representing helicity (h) are 

displayed at five different time instances (t = 0.1 s, 0.25 s, 0.4 s, 0.55 s, 0.7 s), as well as the percentage 

of RA volume occupied by h < 0 and h > 0. 
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Figure 6.17: Blood flow rate profiles over one cardiac cycle at SVC, IVC and TV boundaries. 

 

6.5.2. Catheter models 

Alterations in RA haemodynamics 

The insertion of catheters in the RA altered right atrial flow patterns, as can be observed in 

Figure 6.18 for the symmetric design. The swirling motion of flow already present in the healthy 

RA model intensified with the presence of a catheter, especially during the systolic period (as 

presented in Figure 6.18 for t = 0.25 s, 0.4 s and 0.55 s), where vortices are predominant within 

the entire chamber. Indeed, volume-averaged vorticity increased in all catheter models in 

comparison with the RA model (Table 6.9 and Figure 6.19a), with catheter designs yielding 

similar vorticity values (54 – 57.20 s-1). Catheter B gave rise to the maximum time-averaged 

vorticity, characterized by increased vorticity during late systole and late diastole in comparison 

with other designs (Figure 6.19a). Different catheter tip placements did not greatly impact the 

average RA vorticity for designs A and D (Figure 6.19b), giving rise to absolute differences of 

2.22 % and 1.85 %, respectively. 
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Figure 6.18: Time evolution of right atrial flow patterns after catheter insertion (symmetric design – 

D2): streamline fields representing velocity magnitudes are displayed at five time instances. 

 

 
Figure 6.19: Volume-averaged vorticity profile through the cardiac cycle for all models. (a) All designs 

are compared with the RA; (b) A and D tip placement changes do not greatly influence overall vorticity 

quantifications. 
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TAWSS on the RA wall was not markedly affected for catheters B or C. Catheters A1, A2 and 

A3 suffered TAWSS percentage increases ranging between 6 and 9 %, while catheters D1 and 

D2 had the greatest percentage increases (13-14 %), in comparison with the value obtained for 

the RA model (Table 6.9). Figure 6.20 shows that, for all models, elevated WSS was located 

around the SVC and IVC inlets, possibly due to local diameter reductions. Concerning the RA 

model, sites of low and high WSS magnitudes can be observed, with the latter possibly 

corresponding to regions of elevated vorticity and helicity. The virtual insertion of catheter 

geometries in the RA led to sites of increased WSS in its central region, with surface distribution 

varying according to the blood flow jet pattern from each catheter tip. In addition, catheters A 

and D originated different sites of increased WSS, as observed below the SVC junction (circled 

in Figure 6.20). 
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Figure 6.20: Time-averaged WSS [Pa] for the whole RA domain is displayed for all models. 
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Catheter performance 

Flow recirculation was present in all catheter models: while B was associated with the highest 

recirculation percentage (43.7 %), A and C yielded recirculation > 5 %. Design D gave rise to 

the lowest percentages of recirculating fluid (< 0.50 %, respectively), meeting the design 

requirements of less than 1 % recirculation (Table 6.9).  

Figure 6.21 provides a better visualisation on catheter performance. The side holes present in 

design A let venous lumen flow enter the RA with different trajectories, which seems to lead to 

better mixing of this flow with the chamber flow, preventing it from entering the arterial lumen. 

The lack of side holes in design B, however, seems to enhance the amount of flow returning 

through the catheter arterial lumen. Moreover, Figure 6.21 shows that designs C and D (Position 

2) are associated with the greatest mixing of venous flow within the RA, in comparison with 

the other designs. 

Different tip placements also impacted on recirculation outcomes: for catheter A, percentage 

decreases of 30.79 % and 5.15 % were observed for positions 2 and 3 in comparison with the 

first position. Moreover, positions 2 and 3 gave rise to a greater concentration of venous flow 

at the base of the RA and near the IVC junction, respectively. Concerning design D, varying 

tip placement did not greatly impact on recirculation percentages.  
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Figure 6.21: Time-averaged volume fraction of filtered blood (recirculation phase) within the RA for all catheter models. Higher volume fractions indicate 

larger quantities of filtered blood at one location over one cardiac cycle, while lower volume fractions indicate lower quantities of filtered blood at one 

location over one cardiac cycle. 
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Designs C and D were characterized by the lowest time-averaged shear stress at the tip, while 

designs A and B led to the highest ones (Table 6.9). In addition, design C had a small percentage 

of volume of τ̅ > 10 Pa (15.70%), while the other designs yielded values in the same range 

(above 28%). Moreover, and as observed in Table 6.9 and Figure 6.22b, changing tip placement 

affected the predicted shear stress for catheters A and D: placing the tip closer to the atrium 

wall (position 2) increased the volume-averaged shear stress and percentage of volume of τ̅ > 

10 Pa for design A (20.15% and 18.02%, respectively), but decreased these quantities for design 

D (12.07% and 0.70%, respectively). Rotating catheter A (position 3) slightly improved these 

outcomes, but there was still an increase of 6.20% in the volume-averaged shear stress and of 

1.06% on the percentage of volume of τ̅ > 10 Pa in comparison with the first placement.  

The shear stress profile from Figure 6.22b captures similar temporal trends, and interestingly, 

for design D, the first position is associated with unsteady shear stress through time (also 

observed on Figure 6.22a), while the second one yields smoother shear stress changes. Figure 

6.22a also shows that, while designs A and B yield relatively constant temporal shear stress, 

for design C this stress increased near end-systole and decreased through diastole. Shear stress 

equal to 10 Pa were localized to both inlet and outlet boundaries, as well as side-holes (Figure 

6.23). The venous lumen exit, however, had a greater proportion of shear stress equal to 10 Pa 

for all catheters. 
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Figure 6.22: Volume-averaged shear stress profile through the cardiac cycle for all catheter venous 

lumen tips. (a) All designs are present; (b) A and D tip placement changes impact on tip shear stress. 

 

 

 
Figure 6.23: Isosurface regions near the catheter tip where blood shear stress is 10 Pa for all models 

at the beginning of systole (t = 0.25 s). 
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6.6. Discussion 

6.6.1. Main study findings 

This is the first study to develop and validate the data obtained against literature for a CFD 

model of the RA to assess catheter performance. Key haemodynamics have been quantified for 

four distinct catheter designs. The obtained results suggest the following findings: 

❖ The CFD RA model has been validated against the literature, with haemodynamic 

predictions being consistent with in vivo data (Parikh et al., 2017; Hirtler et al., 2016; Francois 

et al., 2012) and with clinical guidelines for right heart assessment (Rudski et al., 2010); 

❖ Catheter placement within the RA induces changes in its haemodynamics, including 

increased vorticity and alterations in TAWSS; 

❖ Recirculation is present in all catheter designs, with only the symmetric design D 

complying with required specifications (< 1 %);  

❖ The presence of side holes decreases the amount of recirculating flow in step designs, 

as given by lower recirculation percentages (6.45 – 9.32 %) in design A when compared to 

design B (43.7 %); 

❖ Catheters working in reverse mode (step designs) are associated with reduced 

performance, having greater recirculation percentages and shear stress values; 

❖ Elevated tip shear stress (10.2 – 15.5 Pa) is present in all catheter designs, which can 

induce platelet activation and aggregation and subsequently thrombosis (Kroll et al., 1996);  

❖ Different catheter tip placements impact on performance, as given by altered 

recirculation percentages, tip shear stress values and percentage of tip volume with τ > 10 Pa; 
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❖ The symmetric catheter design has the best performance, associated with low 

recirculation and shear stress values. 

6.6.2. Catheter insertion affects vorticity and WSS predictions in the RA 

In this study, temporal WSS magnitudes were statistically correlated with vorticity in the RA 

model, which shows that tracking the temporal behaviour of vortex structures may provide 

complimentary information on the WSS (Gulan et al., 2017). Similar to previous studies, it can 

be hypothesized that the influence of rinsing motion of increasing vortex during the systolic 

phase is associated with increasing WSS, thereby avoiding thrombus formation within the RA 

(Gulan et al., 2017). Predicted TAWSS values, however, were higher than those previously 

obtained by a 4D cardiac magnetic resonance study (Francois et al., 2012). Nonetheless, the 

accuracy of magnetic resonance imaging measurements is narrowed by low temporal and 

spatial resolutions of the order of 40 ms and 2 mm3, respectively (Rinaudo and Pasta, 2014). 

This causes an averaging of the in vivo measured velocity field, yielding spurious errors in the 

calculated velocity gradients at the wall-blood interface (Rinaudo and Pasta, 2014; 

Papathanasopoulou et al., 2003). Therefore, WSS magnitudes derived from medical imaging 

are usually underestimated (Rinaudo and Pasta, 2014), which makes computational modelling 

advantageous in this matter (Papathanasopoulou et al., 2003). 

Increased vorticity was present in all catheter models with respect to the RA model. Prior 

studies have focused on understanding the connection between vorticity and cardiac function 

and efficiency (Hirtler et al., 2016). As previously stated, the presence of vortices in the healthy 

RA seems to optimise blood flow and cardiac efficiency within the right heart (Hirtler et al., 

2016; Parikh et al., 2017). However, increased right atrial vorticity has been observed in 

patients after repair of Tetralogy of Fallot, including the presence of additional diastolic vortex 

which impacted on ventricular flow (Hirtler et al., 2016). Moreover, altered right atrial vorticity 
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has been detected in patients with right ventricular diastolic dysfunction (Fenster et al., 2015). 

Fenster et al. (2015) suggested that, although premature, quantifying vorticity could be useful 

to: 1) correlate to right heart pathologies, and 2) serve as a non-invasive biomarker for the 

assessment of both haemodynamic and bioenergetics response to therapy (Fenster et al., 2015). 

As per the results of this study and the outcomes of previous studies, it can be speculated that 

catheter placement within the RA may alter normal blood flow within this chamber (Francois 

et al., 2012). This, however, requires further validation from future clinical studies. 

Catheter placement within the RA also led to an increase in TAWSS magnitudes and changes 

in WSS distributions in the atrial wall surface: the symmetric tip (design D) was associated with 

the highest increase, while step tips (design A) gave rise to the creation of different high WSS 

sites. In fact, previous clinical (Mahadevia et al., 2014) and computational (Oliveira et al., 

2019; Cao and Sucosky, 2017) studies have linked abnormal flow with high WSS, as well as 

different WSS distributions, in the ascending aorta. Abnormally high WSS has been assumed 

as a trigger for aortic dilation in congenital diseases by changing the wall tissue mechanical 

properties (Tadros et al., 2009; Bissell et al., 2013; Barker et al., 2012). Given this, we can 

hypothesize that the WSS alterations predicted in this study could possibly be associated with 

right atrial enlargement onset and progression at specific sites, especially given the duration of 

use (weeks to months) of central venous catheters.  

6.6.3. Different catheter designs and placements yield different performance 

This study predicted time-averaged recirculation values within the same range as those obtained 

by previous studies (Clark et al., 2015; Vesely and Ravenscroft, 2016; Clark et al., 2012). 

Moreover, the symmetric design (catheter D) yielded negligible (< 0.5%) recirculation, and the 

lowest of all models, which is associated with a better separation of filtered and unfiltered 



213 
 

blood. Step tip designs (working in reverse mode) gave rise to higher recirculation percentages, 

in comparison with symmetric and split designs. In fact, the literature shows the presence of up 

to 86% of recirculation for catheters working in reverse configuration (Vesely and Ravenscroft, 

2016; Pannu et al., 2006), which can explain our highest recirculation value (43.7%) for step 

design B. In addition, the presence of side holes in step tip design helped diminish time-average 

recirculating flow (catheter A vs B). This has been shown in previous studies (Clark et al., 

2015; Vesely and Ravenscroft, 2016) and it can be hypothesized that the presence of side holes 

in a step tip may improve catheter performance by allowing flow deflection from the distal tip, 

as suggested elsewhere (Clark et al., 2015).  

Shear stress characteristics were also evaluated to assess the tendency of each catheter design 

to cause shear-induced platelet activation and aggregation. Platelet activation has been shown 

to induce device thrombogenicity and they experience shear-induced activation at a larger rate 

than required for haemolysis of red blood cells (Klaus et al., 2002). The predicted shear stresses 

were in the same order of magnitude as presented elsewhere, although percentages of tip 

volume above 10 Pa were much lower (Mareels et al., 2007). This could, however, be due to 

the variability in tip volume definition. Nonetheless, platelet activation has been observed with 

0.1 ≤ τ ≤ 20 Pa (Kroll et al., 1996) and therefore, in this study, a middle value was used as a 

threshold (10 Pa). All catheter models yielded shear stress > 10 Pa, mostly distributed at the 

venous tip and side holes (step design). These high shear stress sites have been observed in a 

previous in vivo study, which showed the formation of a fibrin plaque on the catheter surface 

around a venous side hole (Lucas et al., 2014). This suggests that all designs have a potential 

for shear-induced platelet activation and subsequently thrombosis (which can occur within 2 

weeks after catheter insertion).  
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Different tip placements within the RA also yielded different performances, with a tip 

placement closer to the RA wall giving rise to greater recirculating flow. This is the first 

computational study that considers how different tip positions impact on both catheter 

performance and RA haemodynamics. However, the optimal positioning of an haemodialysis 

catheter is a continuous subject of debate and controversy, with elevated clinical variability 

(Vesely, 2003) and changing medical guidelines (Tawk et al., 2018). It has been noted that 

correct tip positioning is vital to prevent/diminish recirculation (Santoro et al., 2014), impacting 

on the efficiency of the haemodialysis treatment (Twardowski and Seger, 2002). According to 

the results of this study, a tip placement at the mid-level of the RA with its arterial lumen facing 

the mediastinum yields lower (but still significant) recirculation percentages, which is in 

agreement with the latest medical guidelines (Gilmore, 2006). Given this, care should be taken 

with catheter tip placement and orientation within the RA. 

Considering all results, catheters working in reverse mode (step tip designs) yielded the highest 

recirculation and time-averaged shear stress values, being associated with the highest potential 

for shear-induced platelet activation. This implies that, in a clinical scenario, the use of standard 

mode should be targeted. The symmetric tip, on the other hand, was shown to have the best 

performance, as given by the lowest recirculation and shear stress values. 

6.7. Conclusions 

In this study, a model which provides realistic predictions of haemodynamics in the right atrium 

has been developed, subsequently aiding the assessment of haemodialysis catheter 

performance. This model shows that the symmetric tip design is associated with the best 

haemodynamic results, given by its low recirculation and shear stress values, while the step tip 

designs working in reverse mode gave rise to the worst haemodynamic outcomes. Moreover, 
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the presence of side holes at the tip helped diminish recirculating flow, suggesting that, in the 

design process of a step tip, this feature should be investigated to improve its performance. In 

addition, the use of our RA model to study catheter tip placement aids in understanding how 

catheter performance is affected by different tip designs perform under pulsatile conditions. 

Given that clinical guidelines provide generic guidance for catheter tip placement within the 

RA, our model and its haemodynamic predictions could potentially aid the clinical decision 

process. 
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CHAPTER 7 

SYNTHESIS 

 

7.1. Overall discussion 

The aim of this thesis was to develop computational frameworks for components from both 

sides of the heart, including: a toolbox for the creation of parametric and scalable models of the 

MV (left heart), to be used in numerical simulations; and a blood flow model of the right atrium 

(right heart), to be used as a simulation platform for the evaluation of catheter designs for 

haemodialysis. 

 

This thesis tackled the research gaps identified in Chapter 1 through: 

❖ A mathematical evaluation of MV morphometry, performed through correlation 

analysis between key dimensions and evaluation of prediction equations available in the 

literature; 

❖ The development of a computational toolbox enabling the quick generation of 

anatomically accurate and clinically useful parametric models of the MV, from the generation 

of the geometry to the development of the FE model; 

❖ The creation of a CFD platform for the assessment of the performance of dialysis 

catheter designs, employing a physiological model of the RA which has been used to evaluate 

the performance of several catheter designs. 
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Chapter 3 focused on the assessment of mathematical definitions of MV morphometry. 

Correlation analyses reported in the literature have been evaluated and compared with 

correlation analyses performed in this thesis, using dimensions obtained from patient-specific 

medical images. This was performed to find a unique set of mathematical equations describing 

the overall shape of the MV. Moderate (0.6 < R2 < 0.8) and good correlations (R2 > 0.8) between 

MV dimensions have been found; however, the lack of consistency in MV measurements 

reported by clinical studies did not allow obtaining one set of equations which included all the 

dimensions required to represent MV geometry. Furthermore, the prediction equations 

available in the literature and found through correlation analysis were associated with a large 

range of relative errors (< 5 % to > 250 %) when used to predict morphometric data. In addition, 

abnormal changes in MV dimensions, such as the increase of annular diameters, are correlated 

with poor valvular function. It then remains unclear whether the prediction equations described 

in this thesis can fit data from diseased cases or even paediatric patients. Empirical 

morphometric equations based on the Golden Ratio (Deorsola and Bellone, 2019; Deorsola and 

Bellone, 2018), on the other hand, can successfully predict MV dimensions, as given by average 

relative errors < 10 % for annular and leaflet length dimensions, and < 36 % for leaflet areas. 

Currently, these equations represent the best unifying method to describe MV annular and 

leaflet shapes and have, therefore, been implemented within the MV toolbox (Chapter 4). 

 

The MV toolbox allows for the automated and user-controlled generation of parametric MV 

geometries, scaled according to pre-established parameters and user-inputted options, with the 

final geometry being recreated in less than 5 minutes. The current script (1) generates a scaled 

mitral valve geometry, compatible with a range of modelling software for virtual assessment of 

function, and (2) performs the pre-processing of FE model for LS-DYNA software, which can 
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be directly used to compute for biomechanical assessment. In reality, computational models 

(Ge et al., 2014; Rim et al., 2015; Wang and Sun, 2013) and integrated frameworks for 

biomechanical analyses of the MV (Mansi et al., 2012; Zhang et al., 2017) usually employ 

patient-specific geometries obtained from medical imaging; however, (1) such frameworks can 

only generate the patient-specific MV shape arising from the specific set of medical images, 

and (2) the time needed to set-up/solve the models is not compatible with translation into 

clinical practice (Shinbane and Saxon, 2018).  

The MV toolbox addresses both issues mentioned above. Indeed, the tool offers flexibility in 

the creation of a MV geometry: a variety of user-options is available, including the 

customisation of PM positions based on displacement options ranging from an increase in the 

inter-PM distance of the application of LV dilation. Thus, this tool can capture a full range of 

morphological features as seen in clinical cases. Moreover, the toolbox includes the full pre-

processing of a generated MV geometry for FE simulations. As discussed in Chapter 5, this 

includes the meshing of leaflet surfaces, definition of material properties, application of BC and 

contact properties and set-up of control options for numerical stability and output of results. 

Several aspects of model definition can be set up by the user, including the thickness of each 

mitral leaflet and corresponding material properties, allowing the study of pathological cases 

associated with altered tissue characterisations or increased leaflet thickness. 

All this information is then stored as an input file for LS-DYNA. To obtain the final set-up 

definitions of the FE model, an average, healthy MV model was generated and validated against 

the literature, and different BC were assessed. The functionalities and potential of the toolbox 

are described in this thesis, including two applications: two patient-specific MV geometries 

were created and their models solved. These were associated with different diseased states 

which led to abnormally predicted MV function, characterised by poor coaptation, elevated 
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leaflet stresses and unbalanced PM and chordae forces. The toolbox has thus the potential to 

assess the biomechanics of varying MV geometries, associated with healthy or diseased 

scenarios, potentially highlighting the geometrical features which impact MV biomechanics the 

most.  

 

In addition to the development of a computational framework for the generation of clinically 

useful parametric models of the MV and assessment of the respective biomechanics (left heart), 

a modelling framework for the RA (right heart) was also generated. As detailed in Chapter 6, a 

CFD model of the RA was developed and validated, to be used as a simulation platform to 

virtually assess haemodialysis catheter performance. The haemodynamics predicted for the RA 

model was validated against in vivo data (Parikh et al., 2017; Hirtler et al., 2016; Francois et 

al., 2012) and clinical guidelines (Rudski et al., 2010) and the model was then assumed fit for 

the haemodynamic evaluation of (1) four different catheter designs and (2) different catheter 

tip placements. It was observed, for the first time, that the insertion of a catheter within the RA 

alters its haemodynamics, marked by increases in flow vorticity and alterations in TAWSS. The 

symmetric design was associated with the best performance, complying with design 

requirements for recirculation (< 1 %), while the presence of side holes decreased the amount 

of recirculating flow in step designs. However, all catheters presented elevated tip shear stress 

(10.20 – 15.50 Pa), potentially associated with platelet activation and aggregation and 

subsequently thrombosis (Kroll et al., 1996). In addition, different tip placements affected 

recirculation percentages and shear stress values and distribution, showing that correct catheter 

tip placement within the RA is crucial for improved performance. These results further 

demonstrate the potential of the developed CFD simulation platform to assess a variety of 

catheter designs, allowing their optimisation prior to use in a clinical environment. 
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7.2. Opportunities for future research 

The development of improved medical imaging modalities and a larger number of 

morphometric studies for the MV are required to tackle some challenges associated with the 

assessment of its morphometry. In the present assessment of MV shape (Chapter 3), no 

correlation analysis could be performed for PM position or chordae insertion patterns into both 

the PM and the leaflets. Although human PMs spatial position has been defined accounting for 

their distance to the mitral annulus or to mitral coaptation (Yamaura, 2008; Sakai et al., 1999), 

and other measures including inter-PM distance of inter-PM angle are reported in the literature, 

such information is not sufficient to evaluate an association between multiple dimensions. In 

addition, current in vivo imaging modalities are unable to properly capture the chordae and the 

PM (Gao et al., 2017b), which makes the task of obtaining this type of measurements arduous. 

The capture of accurate in vivo chordal distribution patterns relies, therefore, on the future 

development of improved medical imaging modalities with higher spatial and temporal 

resolutions. 

Most quantitative studies report mean MV morphometric data, with just a few stating 

measurements for each patient (Warraich et al., 2012; Duplessis and Marchand, 1964). It is 

crucial to provide measurements at a patient-specific level, and not averaged at a population 

level, which would allow to obtain correlation analyses taking into consideration a wider 

anatomical description of the MV. Given that the shape of the MV changes with disease 

(Silbiger, 2011; Lee et al., 2013) and that anatomical measurements differ from those obtained 

in living patients, future studies would require the collection (or reporting) of a high number of 

patient-specific measurements, focusing on subjects either with a healthy MV (i.e. lack of 

disease which would be associated with changes in shape), with a diseased MV, or both (to 

assess if a prediction equation could yield predictions for both healthy and diseased states). 
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These could then be used to 1) further validate the prediction equations found in this study, as 

well as evaluate new correlation analyses; 2) further assess the employability of the prediction 

equations based on the Golden Ratio, which have been implemented within the MV toolbox 

(Chapter 4).  

In addition, the MV toolbox described in Chapter 4 can be further developed, especially 

concerning the incorporation of morphometric prediction equations for paediatric populations 

based on the height and mass of a patient, as well as the BSA. The tool could then account for 

a patient’s growth (and that of their own MV), potentially improving paediatric surgical 

planning by enabling a virtual evaluation of pre- and post-operative scenarios over a longer 

time-span (Al-Atabi et al., 2012; Votta et al., 2013). The MV model itself can also be improved 

with respect to the representation of the subvalvular apparatus. This consists of adding more 

control on the addition process of the chordae tendineae, including the possibility of choosing 

different branching numbers and insertion into different portions of the leaflets. Moreover, the 

possibilities of output for computational simulations can be extended: in addition to the already 

implemented ready-to-use LS-DYNA mesh, the code can be expanded to allow for output of 

the MV model in formats compatible with other software such as gmsh or VTK. 

Further pre-processing features should also be targeted, in addition to those presented in 

Chapter 5. Material properties can be improved by implementing a leaflet material model 

accounting for the anisotropic nature of this tissue and the presence of collagen fiber orientation. 

To obtain more accurate biomechanical predictions of MV dynamics in patient-specific cases, 

the option to incorporate kinematic BC based on patient-specific imaging data should be 

included in the toolbox (Mansi et al., 2012). Focus should also be given to the development of 

a fluid-structure interaction model within the toolbox, to account for the passage of blood 



222 
 

through the valve and its interaction with the leaflet tissue (Gao et al., 2017a; Huang et al., 

2021).  

In addition to the aspects afore mentioned, and for clinical planning applications, the 

incorporation of different surgical procedures in the toolbox is required. Combined with a more 

intuitive and user-friendly GUI, the automatic application of surgical procedures, simulation of 

a variety of cases and generation of relevant results can help clinicians decide the best treatment 

for a patient through the virtual evaluation of MV biomechanics pre- and post-surgery. 

The CFD platform developed to assess the performance of multiple catheter designs and 

described in Chapter 6 can also be further improved in future research. A FSI framework can 

be implemented to represent the movement of the RA walls, TV opening/closing and catheter 

tip movement within the RA. RA wall movement has a significant effect on the blood flow 

patterns within the chamber, affecting catheter implementation; however, not only do very few 

studies provide insight on RA wall movement (Vitarelli et al., 2018; Takata et al., 1997), but 

also data on the mechanical properties of the RA wall is currently limited (Rausch and Kuhl, 

2013). Future studies targeting a better understanding of the mechanical properties of the RA 

wall and its movement will be crucial to incorporate a non-rigid wall on the model. A compliant 

RA model may yield a more accurate description of pulse waves, including pressure patterns 

within the RA (Formaggia et al., 2009), once accurate data for their elasticity is available. 

Incorporating the afore mentioned features in the RA model will lead to improved 

computational predictions of catheter design performance which can inform medical device 

companies regarding the design optimisation of these devices before their release on the market. 

Regardless, the application of FSI to such a model therefore remains a current open problem, 

especially given the associated increase in model complexity and computational cost.  
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7.3. Overall conclusions 

The overall conclusions of this thesis are as follows: 

❖ The accuracy in predictions from linear and nonlinear fittings varies with the MV 

dimension of interest and the type of source data (in vivo vs ex vivo or healthy vs diseased), 

with further studies including more complete datasets being required to perform more 

correlation analyses between dimensions; 

❖ A parametric and scalable model of the MV employing prediction equations based on 

the Golden Ratio has been generated, with the accuracy of predicted dimensions showing good 

agreement with literature data; 

❖ The MATLAB framework developed for the generation of tailored MV geometries can 

recreate MV anatomy based on a number of user-inputted options, allowing the flexibility to 

obtain a geometry from either patient-specific or predicted average dimensions and processing 

the model for FE simulations, within a timescale compatible with clinical use (i.e. minutes 

instead of weeks); 

❖ An average, healthy MV model has been analysed and validated against previous 

experimental and computational studies; 

❖ Sensitivity analyses were conducted for varying MV BC and material properties, 

assessing how these affect MV physiology and biomechanical predictions and highlighting the 

importance of appropriate BC to obtain realistic MV physiological behaviour;  

❖ A physiological CFD model of the RA has been developed and validated against in vivo 

data from the literature, ready to be used as a simulation platform for the evaluation of HD 

catheter designs and the investigation of design features requiring optimisation, providing 
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insight on (1) the type of design associated with best and worst haemodynamic outcomes and 

(2) how different catheter placements within the RA impact their performance. 
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APPENDIX A 

DESCRIPTION OF MATERIAL PROPERTIES 

 

A.1. Orthotropic material 

The orthotropic material is defined by 9 elastic constants: 3 Young’s modulii (Ex, Ey, Ez), 3 

Poisson’s ratios (νxy, νyz, νzx) and 3 shear modulii (Gxy, Gyz, Gzx). Stresses and strains are related 

through the following equation: 

 

 𝛆 = C ∙ 𝛔, (A.1) 

 

where 𝛆 is the strain, 𝛔 is the Cauchy stress and C is a compliance matrix in terms of the material 

constants of the material in the x, y and z directions, defined as 
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A.2. Hyperelastic material 

The stress tensor of the hyperelastic material implemented in this thesis can be obtained by 

writing its strain energy (W) in terms of the two invariants of the right Cauchy deformation 

tensor (I1, I2), defined as: 

  

 I1 = λxx
2 + λyy

2 + λzz
2 (A.3) 

 

 I2 = λxx
2λyy

2 + λyy
2λzz

2 + λzz
2λxx

2 − λxy
4 − λyz

4 − λzx
4 (A.4) 

 

where λ is the deviatoric part of the stretch along the respective fiber direction. The 

representation of this transversely isotropic hyperelastic model yields the following strain 

energy (W): 

 

 W = F1(I1) + F2(λ) = C1(I1 − 3) + F2(λ) (A.5) 

 

where F1 and F2(λ) represent the behaviour of the matrix component (Neo-Hookean) and the 

contribution form the fibers (Fung-type exponential), respectively. The Cauchy stress can be 

obtained by differentiating the components of W. In the case of F1(I1), this becomes: 

 

 𝜕F1(I1)

𝜕I1
=

C1

2
, (A.6) 

 

where C1 is a material constant, representing a dependence of the ground matrix on the three 

principal stretches of deformation. 
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The fiber term F2 is meant to capture the behavior of crimped collagen fibers, which are 

implemented as unable to resist compression (isotropy for λ < 1). Fiber straightening is assumed 

exponential, and a linear function describes the behaviour of the fibers after straightening past 

a critical stretch (λ ≥ λ*). In the present implementation, this last stage of fiber behaviour is 

neglected by assuming a critical stretch much larger than the observed one. The function 

describing the derivatives of F2(λ) is, therefore, written as: 

 

 ∂F

∂λ
= {

0                                     λ < 1
C3

λ
[eC4(λ−1) − 1]          λ < λ∗}, (A.7) 

 

where coefficients 𝐶3 and 𝐶4 are material constants which scale the exponential stresses (𝐶3) 

and control the collagen fiber straightening rate (𝐶4), respectively (Quapp and Weiss, 1998). 

The derivation of stress components in x- and y- directions for a 2-layer composite is detailed 

elsewhere (Wenk et al., 2012). 
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APPENDIX B 

SURFACE CONTACT FORMULATION 

 

The segment-based penalty formulation uses segment masses (equal to element masses in the 

case of shell-to-shell contact) instead of nodal ones to calculate the contact stiffness (cs). The 

contact stiffness is calculated through Equation B.1, 

 

 cs(t) = 0.5 ∙ α ∙ {
β
or
γ

} (
mAmB

mA+mB
) (

1

∆tc(t)
)
2

, (B.1) 

 

where α, β and γ are scale factors (LS-DYNA parameters SLSFAC, SFS and SFM, respectively), 

mA and mB are the segment masses from the shells in contact and ∆tc is the time step factor. 

This time step factor is set to the initial solution time step, being updated to prevent instabilities 

if the time step becomes too large (i.e. > 5 % increase) (Hallquist, 2006a). 
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APPENDIX C 

CHORDAE TENDINEAE TENSIONS RETRIEVED FROM 

THE LITERATURE 

 

Table C.1: Chordae tendineae tensions obtained from the literature. Notes: ALPM, anterolateral 

papillary muscle; PMPM, posteromedial papillary muscle. 

Author No. 
specimens/models Type of study Load [N] 

   AL strut AL marginal PL marginal 
(Jimenez et 

al., 2005) 6 (human) Experimental 0.95 ± 0.35 0.35 ± 0.16 0.06 ± 0.05 

(Nielsen et 

al., 2003) 8 (ovine) Experimental 

(ALPM)  
0.52 ± 0.08 

 
(PMPM)  
0.81 ± 0.1 

- - 

(Paulsen et 

al., 2019) 8 (porcine) Experimental 0.93 ± 0.38 0.23 ± 0.08 0.14 ± 0.06 

(Paulsen et 

al., 2020) 5 (porcine) Experimental 0.74 ± 0.22 0.17 ± 0.08 0.12 ± 0.06 

(Prot et al., 
2009) 1 Computational 1.3 0.27 ± 0.13 0.4 ± 0.069 

(Stevanella 

et al., 2009) 1 Computational 0.9 0.148 ± 0.079 0.158 ± 0.1 

(Wang and 
Sun, 2013) 1 Computational 1.07 0.275 0.192 

 

 

 

 

 

 

 

 



262 
 

APPENDIX D 

FINITE VOLUME METHOD FUNDAMENTALS 

 

To discretise the system of equations, it is necessary to first integrate independently each term 

of the Navier-Stokes momentum equation across a cell volume. Since the unsteady term does 

not change across the volume, its integral can be easily computed: 

 

 ∫
∂𝐮

∂tV
dV =

∂𝐮

∂t
V. (D.1) 

 

The divergence theorem (Equation C.2) needs to be applied to the convection, diffusion and 

pressure terms in order to find a solution: 

 

 ∫ ∇ ∙ 𝐅
V

dV = ∫ 𝐅 ∙ n̂
S

dS, (D.2) 

 

where 𝐅 is a vector, S is the area of each face of the volume and n̂ is the normal vector between 

the cell centroid and the respective face. By applying Equation C.2 to the convective term, we 

obtain a surface integral which can be further simplified (Equation C.3): 

 

 ∫ (𝐮 ∙ ∇)𝐮
V

dV = ∫ 𝐮(𝐮 ∙ n)̂
S

dS = ∑ ∫ 𝐮𝐢(𝐮𝐢 ∙ ni)̂dSiS
N
i=1 ,  (D.3) 
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where (𝐮 ∙ n)̂ represents the volume flow rate through a face and, since one cell has a finite 

number of faces (N), the expression can be further simplified as presented on the right side of 

Equation C.3. 

Since it is assumed that the flow variables are calculated at the centroid of the face, Equation 

C.3 can be rewritten to include the assumption that only the velocity at the centroid of the face 

is calculated (i.e. linear variation of velocity across the face): 

 

 ∑ ∫ 𝐮𝐢(𝐮𝐢 ∙ ni)̂dSi ≈ ∑ 𝐮𝐟𝐢(𝐮𝐟𝐢 ∙ nfi)̂Sfi
N
i=1S

N
i=1 ,  (D.4) 

 

where 𝐮𝐟𝐢 is the unknown centred velocity vector on each face of the cell. By using the 

divergence theorem, a simplified expression for the advection term can also be found: 

 

 ∫ χ∇2𝐮dV
V

≈ ∑ χ(∇𝐮𝐟𝐢 ∙ nfi)̂Sfi
N
i=1 .  (D.5) 
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APPENDIX E 

MULTIPHASE FLOW FORMULATIONS 

 

The selected multiphase model consists of two phases with equal material properties, where the 

primary (q) phase corresponds to the fluid entering/exiting all boundaries except the catheter 

inlet (unfiltered blood) and the recirculation (p) phase corresponds to the fluid entering the 

catheter inlet (filtered blood). It employs a volume of fluid (VOF) model, where the volume 

fraction of each phase in a computational cell is tracked throughout the domain (ANSYS, 2013). 

The fundamental laws governing phase volume fraction, continuity of mass and continuity of 

momentum for primary and recirculation phases are given, respectively, in equations (D.1 – 

D.3). 

The primary-phase volume fraction is computed based on the following constraint: 

 

 ∑ αn

2

n=1

= 1, (E.1) 

 

where αn denotes the volume fraction of fluid phase n. The conservation of mass and 

momentum equations are given by: 

 

 
∂

∂t
(αqρq) + ∇ ∙ (αqρq𝐮q) = 0, (E.2) 



265 
 

 

 

∂

∂t
(αqρq𝐮q) + ∇ ∙ (αqρq𝐮q𝐮q)

= −αq∇P + ∇ ∙ 𝜏𝑞̿ + ∑ Kpq(𝐮p − 𝐮q)

2

p,q=1

+ 𝐅, 

(E.3) 

 

where 𝐮 is the velocity vector, ρ is the density of the fluid phase, 𝜏̿ is the stress-strain tensor, 

Kpq is the interphase momentum exchange coefficient and 𝐅 are the external forces. Since the 

purpose of using a multiphase model was to quantify the volume fraction of the recirculation 

phase, Kpq was assumed equal to zero and the only interaction between fluid phases was 

provided as their complementary volume fractions within each computational cell. 

Based on the chosen multiphase flow model, and to calculate recirculation of blood through 

catheters, the volume fraction (0 – 1) of the recirculation phase (∅r) is considered; for 

multiphase catheter models, any measure in a mesh element is weighted between the primary 

and the recirculation phases. The time-averaged volume fraction of the recirculation phase at 

the catheter outlet is then defined as: 

 

 ∅r
̅̅ ̅ =

1

T
∫ ∅r

T

0

dt, (E.4) 

 

 

where T is the length of the cardiac cycle. For a kth facet of the catheter outlet boundary, the 

magnitude of the recirculation fraction can then be defined as a mass-weighted average of ∅k
̅̅ ̅ 

through the catheter outlet, 
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 Rf =
1

mṪ
∑ ∅k

̅̅ ̅
n

k=1

mk̇ , (E.5) 

 

where mṪ  and mk̇  are the total mass flow rate over the catheter outlet boundary and the mass 

flow rate for a kth facet, respectively. The latter is defined by:  

 

 mk̇ = ρ(𝐮k ∙ 𝐀k), (E.6) 

 

where 𝐮k and 𝐀k are the kth facet velocity and area vectors, respectively (ANSYS, 2013). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 




