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Abstract

Let g = gg @ g1 be a finite-dimensional simple basic classical Lie superalgebra
over C. Let G be the reductive algebraic group over C such that Lie(G) = gg.
Suppose e € gg is nilpotent. In this thesis, we calculate the centralizer g° of
e in g and its centre 3(g¢) especially. We begin by recalling basic notions of
Lie algebras and Lie superalgebras, such as root system and Dynkin diagrams.
Once this is achieved, we look into further detail about the structure of basic
classical Lie superalgebras of type A(m,n), B(m,n), C(n), D(m,n), D(2,1;«),
G(3) and F'(4) to calculate bases for g¢ and 3(g®). Note that for Lie superalgebras
of type A(n,n), we consider sl(n|n) instead of psl(n|n). For the above types of Lie
superalgebras, we also determine the labelled Dynkin diagram with respect to e.
After considering the structure of 3(g°) under the adjoint action of G, we prove

theorems relating the dimension of (5(96))(;5 and the labelled Dynkin diagram.
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1 Introduction

Let g = g5 & g1 be a finite-dimensional Lie superalgebra over C and let G be the
reductive algebraic group over C given as in Table 1.1. We have that Lie(G) = gg and
there is a representation p : G — GL(g1) such that d, : Lie(G) — gl(g7) determines the

adjoint action of gg on g7.

Table 1.1: Groups G

Lie superalgebras g Groups G
sl(mn) {(A,B) : A € GL(C), B € GL,(C) and det(A) = det(B)}
osp(m|2n) O (C) x Sp,, (C)
D(2,1;a) SL,(C) x SLy(C) x SLy(C)
G(3) SLo(C) x Gy
F(4) SL(C) x Spin(C)

More generally, if g is a direct sum of the above Lie superalgebras, we define ¢

similarly as in Table 1.1.

Let e € g5 be nilpotent. Recall that the centralizer g° of e in g is given by g =
{z € g : [r,e] = 0} and the centre 3(g°) of centralizer of e in g is defined to be
3(g°) ={x €g°: [r,y] =0 for all y € g°}. In this thesis, we investigate the centralizer
g° of e in g, especially its centre 3(g°). In particular, we determine bases of g¢ and 3(g°).
Write G¢ = {g € G : geg~! = e} for the centralizer of ¢ in G, we also find a basis for
(3(89)" ={w €3(g°) : grg™" = = for all g € G°}.

The study of G* for G a simple algebraic group and u € G a unipotent element is
closely related problem to g¢. Work on G* dates back to 1966, when Springer considered

the centralizer G* in [26]. Many mathematicians studied G* for different types of G



after that, the reader is referred to the introduction of [18] for an overview of the other
research of G". Seitz [24] pointed out the dimension of Z(G") is of considerable interest.
In [18|, Lawther—Testerman studied the centralizer G*, especially its centre Z(G") and
determined the dimension of the Lie algebra of Z(G") over a field of characteristic 0
or a good prime. Using a G-equivariant homeomorphism, Lawther—Testerman worked
with a nilpotent element e € Lie(G) rather than uw. In [15]|, Jantzen gave an explicit
account on the structure of g¢ for classical Lie algebras g. The study of the centre 3(g°)
for classical Lie algebras g over a field of characteristic 0 was undertaken by Yakimova
in |29] and Lawther-Testerman |18] made use of work of Yakimova in [29] to deal with
classical cases.

To our best knowledge, there is a lot less study in this direction in the case of Lie
superalgebras. Finite-dimensional simple Lie superalgebras over an algebraically closed
field of characteristic zero were classified by V. G. Kac in [16]. After this classification,
a wide range of relevant problems have drawn the attention of mathematicians. Cen-
tralizers of nilpotent elements e in Lie superalgebras g for the case where g = gl(m|n)
was done in [28] over a field of prime characteristic. In [11], Hoyt claimed that the con-
struction is identical in characteristic zero and further describe the construction of g°
for g = osp(m|2n). However, the dimension of 3(g¢) for basic classical Lie superalgebras
has not previously been studied and we attempt to shed some light upon this mystery
here.

Our results about g® and 3(g¢) can be viewed as Lie superalgebra versions of those
obtained by Lawther and Testerman in [18]. They obtain four theorems about Z(G") as
a consequence of their work. In this thesis, we aim to obtain analogues of Theorems 2—4
in [18] for Lie superalgebras in Table 1.1. We view (3(g))“" as the correct replacement
for Z(G*) since Lie(Z(G¢)) = (3(g¢))“" for a field of characteristic zero. Note that for
g = sl(m[n) or D(2,1;), we have (3(g°))”" = 3(g°).



In addition to computing bases for g¢ and 3(g®), we also determine the labelled
Dynkin diagram with respect to e in this thesis. A full definition of the labelled Dynkin
diagram with respect to e is given in Section 4.3. Note that e lies in an s[(2)-triple
{e,h, f} C gg by Jacobson—Morozov Theorem. We use h to determine the labelled
Dynkin diagram with respect to e. In contrary to Lie algebra case, in general e deter-
mines more than one labelled Dynkin diagram.

Write g = @jezg(j) as its adh-eigenspace decomposition, we can decompose g°
into the direct sum of adh-eigenspaces, i.e. g° = €D, 9°(j). For g = D(2, ;a), G(3)
or F'(4), we also calculate the g¢(0)-module structure on each g¢(j) for j > 0.

In the rest of this introduction, we give a more detailed survey of our results.

Fix A to be a labelled Dynkin diagram with respect to e. Let n;(A) be the number
of nodes which have labels equal to i in A. As a consequence of our calculations, we
observe that the choice of A does not affect the following theorems and labels in A can
only be 0,1 or 2.

We first consider the case where A only has even labels.

Theorem 1.1. Let g = g5 @ g1 be a Lie superalgebra sl(m|n), osp(m|2n), D(2,1; ),
G(3) or F(4) and e € gy be nilpotent. Let G be the reductive algebraic group over C

defined as in Table 1.1. Assume A has no label equal to 1, then

e

dim (3(g°))"" = na(A) = dim3(g")

e

except for g = sl(m|n) and m = n, in which case we have dim (3(g))%" — 1 = ny(A) =

dim 3(g").

Our next result gives a more general result relating dim (3(g¢))®" and A. In this state-
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ment we use notation for nilpotent elements as introduced later in Subsections 6.2.1,

6.3.1 and 6.4.1 respectively.

Theorem 1.2. Let g = g5 @ g1 be a Lie superalgebra sl(m|n), osp(m|2n), D(2,1; ),
G(3) or F(4) and e € gy be nilpotent. Let G be the reductive algebraic group over C
defined as in Table 1.1. Let aq,...,a; be the labels in A. Then

+e€

dim (3(g%))"" = E Za

where the value of € is equal to 0 with the following exceptions: € = 1 when g = sl(n|n);

e=—1lwheng=D2,1;a),e=FE +E,+FE5org=F(4), e= E +e).

Theorem 1.1 is subsumed by a more general result as stated in Theorem 1.3 and
the proof of which involves more techniques. In order to state Theorem 1.3, we require
some notations first which will be introduced later in Subsections 5.1.6 and 5.2.10. We
define the sub-labelled Dynkin diagram A, to be the 2-free core of A where A, obtained
by removing all nodes with labels equal to 2 from A. For g = sl(m|n), m # n (resp.
g = osp(m|2n)), let A be a partition of (m|n) (resp. (m|2n)) and let P be the Dynkin
pyramid (resp. ortho-symplectic Dynkin pyramid) of shape A which will be defined in
Subsection 5.1.2 (resp. Subsection 5.2.2). Let r; (resp. s;) be the number of boxes on
the ith column with parity 0 (resp. 1) in P and k& > 0 be minimal such that the kth

column in P contains no boxes. Then we define 7 to be:

(1) the number of i such that r; = s; # 0 for all i > k or i < —k when g = sl(m|n);

(2) the number of i such that r; = s; # 0 for all i > k when g = osp(m|2n).



We also define

0 if g = sl(m|n), Z\i|<k i # Z\z‘|<k si or g = osp(m|2n);

Vg =
L if g =sl(mn), > cpmi = 2oji<k Sic

Theorem 1.3. Let g = g5 @ 91 be a Lie superalgebra sl(m|n), osp(m|2n), D(2,1; ),
G(3) or F(4) and e € g5 be nilpotent. Let G be the reductive algebraic group over C
defined as in Table 1.1. Let Agy be the 2-free core of A. Denote by gy the subalgebra
of g generated by the root vectors corresponding to the simple roots in Ag. Let Gy
be the reductive algebraic group with respect to (go)s. Then go is a direct sum of Lie
superalgebras and there ezists a nilpotent orbit in (go)g having labelled Dynkin diagram
Ag. Suppose ey € (90)g is a representative of this orbit, then

(1). dimg® — dim g5° = ne(AQ) for all g;

(2). When g = D(2,1;), G(3) or F(4), we have that dim (3(g°))¢" — dim (3(g<°))%*" =
TLQ(A),'
e €0

(3). When g = sl(m|n),m # n or osp(m|2n), then dim (3(g°))%" — dim (3(g))% =
na(A) — 7 — vp;
(4). When g = sl(n|n), then dim (5(96))Ge — dim (3(980))%0 =ny(A)+1—7— 1.

The thesis is organized as follows. In Chapter 2, we recall some fundamental con-
cepts of Lie algebras that we require, e.g. homomorphisms, modules and solvable and
nilpotent Lie algebras. We also introduce some basic background about linear algebraic
groups in Chapter 2. We further recall some basic vocabulary of Lie superalgebras and
the classification of simple Lie superalgebras based on the work of V. G. Kac in Chap-
ter 3. Concepts of root space decomposition, labelled Dynkin diagrams and so on are

introduced in Chapter 4. In Chapter 5, we describe the structure of Lie superalgebras

g = A(m,n), B(m,n), C(n), D(m,n) and explain explicitly the centralizers g° and cen-



tres 3(g°) of centralizers of nilpotent even elements e in g. Note that for g = A(m,n)
and m = n, we consider sl(n|n) instead of psl(n|n). In Chapter 6, we recall the struc-
ture of exceptional Lie superalgebras and determine g¢ and 3(g¢). For the above types

of Lie superalgebras, we also determine the labelled Dynkin diagrams with respect to

€.



2 Lie algebras

We begin by introducing the fundamental definitions of Lie algebras and provide typical
examples related to what we shall refer. The concepts of homomorphisms, represen-
tations and modules will be introduced after that. We also give the classification of
finite-dimensional simple Lie algebras and define nilpotent elements for classical Lie
algebras. All vocabulary and detailed proofs mentioned in this chapter could be found

in [7] and [25]. Throughout this chapter we work over the field of complex numbers C.

2.1 Basic definitions
2.1.1 Definition of Lie algebras

Definition 2.1. A Lie algebra over C is a C-vector space L, together with a bilinear
Lie bracket L x L— L satisfying the following properties:
(L1) Alternativity: [z,2z] =0, for all x € L;

(L2) The Jacobi identity: [, [y, z]] + [, [z, x]] + [z, [z, y]] = 0, for all z,y, z € L.

Applying bilinearity to expand [x 4 y,x + y|, together with alternativity we get
[z,y] + [y, ] = 0, which implies [z,y| = —[y,z] for all z,y € L. Below we give some

typical examples of Lie algebras.

Example 2.2. 1. Any vector space L with the Lie bracket [x,y] = 0 for all z,y € L is
a Lie algebra and is an abelian Lie algebra.

2. The general Lie algebra gl(n, C) is the vector space of all n x n matrices over C along



with the Lie bracket defined by

[z, y] = 2y — yx, (2.1)

where xy is the product of the matrices x and y.

Clearly alternativity holds as [x,x] = zx — xx = 0 for all n X n matrices. Bilinearity
holds because matrices form a ring. The Jacobi identity can be shown through simple
calculation.

3. Let V be a finite-dimensional vector space over C. Define End(V') to be the vector
space of linear maps from V to V. Note that for x,y € End(V'), the product zy is
defined by (zy)(v) = z(y(v)) for v € V. Then End(V) is a Lie algebra with bracket
[z,y] = zy — yx according to Example 2.2.2. It is denoted by gl(V'). Moreover, when
dim V' = n, we write gl(n, C) for gl(V).

4. The subspace sl(n,C) of gl(n,C) which consisting of all matrices of trace 0 is called
the special linear algebra. Since xy —yx has trace 0 for any square matrices x and y, the
Lie bracket defined in (2.1) also gives a Lie algebra structure on sl(n, C). In particular,

we know that sl(2,C) has a basis {e, h, f} where

2.1.2 Subalgebras and ideals

For a given Lie algebra L, a Lie subalgebra of L is defined to be a vector subspace
S C L satistying [z,y] € S for any z,y € S. We also define an ideal I of L to be a

vector subspace I C L such that [x,y] € I for any x € I,y € L.



Anideal is a subalgebra, but the converse is not always true. For example, the vector
space b(n, C) consisting of all upper triangular matrices is a subalgebra of gl(n, C) but
not an ideal when n > 2. To see this, let e;; be the n x n matrix with a 1 in the ¢j-th
position and all other entries are 0. Then we have e;; € b(n,C) and ey € gl(n,C) but
lea1, e11] = ea1 € b(n,C).

A Lie algebra L is an ideal of itself and {0} is an ideal of L. They are called the
trivial ideals of L. An important example of ideals is the centre of L which is defined

by
3(Ly:={zeL:[zr,yl=0forally e L}.

We can see that L = 3(L) if and only if L is abelian.

Lemma 2.3. Let [ and J be ideals of a Lie algebra L. Define [/, J] := Span{|z,y] :
x € I,y € J}. Then [I,J] is an ideal of L.

Proof. Let a € [I,J]. We know that a = > a;[z;, y;] where the a; are scalars and x; € [

and y; € J. For any b € L, we have

la,b] = [Z a;lxi, yil, bl = Zai[[xiyyi]vb]
- Z ai([mi’ [yi> bH + H:Ew b]a yl])

Since [z;, [y, b]],[[z, b], yi] € [1, J], we deduce [[z;,y;],b] € [, ] and hence [a,b] € [I, J].
Therefore, [1,J] is an ideal of L. O

In particular, when I = J = L, we denote [L, L] by L' and call it the derived algebra
of L.



2.1.3 Quotient Lie algebras

Let a € L and let I be an ideal of L, recall that the coset of I with respect to a is
a+1:={a+xz:x € I} and the quotient vector space is L/I :={a+1:a € L}. A Lie
algebra structure on L/I is defined by [u+ I,v + I] = [u,v] + I for any u,v € L. To
make sure that the Lie bracket on L/I is well defined, we suppose that u; + 1 = uy + 1

and v1 +1 =vy+ I. Hence us —uy € I,v9 — vy € I. Then

[ug, Vo] = [u1 + (ug — u1),v1 + (v2 — 1))

= [ug, v1] + [ug — uy, v1] + [ug, v — v1] + [ug — Uy, vo — v1].

As [ug —uq, v1], [ur, va —v1] and [ug —uy, vo —vq] all lie in 7, we deduce that [uq, vo| +1 =
[u1,v1]+ 1. The above proof implies that [u, v]+ I depends only on the cosets containing

u and v, as required.

2.2 Homomorphisms

Definition 2.4. Let L; and Ly be Lie algebras over C. A homomorphism is a linear

map ¢ : Ly — Lo such that ¢([z,y]) = [¢p(x), ¢(y)] for all z,y € L;.

We say that ¢ is an isomorphism if ¢ is a bijection. A significant homomorphism is
the adjoint homomorphism ad : L — gl(L), which is defined by (adz)(y) := [z, y] for

all z,y € L. Note that the kernel of ad is 3(L).
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2.3 Modules and representations

2.3.1 Modules

Let L be a Lie algebra and V' be a finite-dimensional vector space over C.

Definition 2.5. An L-module is a finite-dimensional vector space V over C equipped
with an operation -

LxV —=V:(x,v)—z0v

satisfying the following axioms:

(M1) (Az + py)-v = AMa-v) + p(y-v),
(M2) z- (Av + pw) = Az v) + p(z-w),
(M3) [z,y]-v =2 (y-v) —y- (2 v)

forall z,y € L, v,w € V and \,u € C.

We say W is a submodule of V if W is a subspace of V and for all x € L,w € W, we
have z-w € W. An L-module V is said to be irreducible (or simple) if V' % {0} and its
only submodules are {0} and V. On the other hand, V' is said to be completely reducible
if it can be expressed as a direct sum of irreducible L-modules, i.e. V =V, ®Vod...8 YV,

where V; for 1 <17 < n are irreducible L-modules.

2.3.2 Representations

Definition 2.6. A representation of L over C is a Lie algebra homomorphism p : L —
gl(V).

11



Remark 2.7. A representation of a Lie algebra L over C is equivalent to the module

structure on L. Given a representation we can define a module and vice versa.

The representation p is said to be fasthful if it is injective.

Example 2.8. We already seen the adjoint homomorphism

ad : L — gl(L), (adz) (y) :== [z,y].

So ad gives the adjoint representation of L on L. Moreover, a Lie algebra L is called

reductive if the adjoint representation of L is a direct sum of irreducible representations.

2.3.3 Representation theory of s((2)

In order to introduce the main theorem of this subsection, we start by constructing
irreducible representations of s[(2) following |7, Chapter 8]. Given the vector space
C[X, Y] of polynomials in two variables X and Y with complex coefficients. For each
non-negative d € Z, let V(d) be the subspace of homogeneous polynomials in X and
Y of degree d. Note that V(d) is the (d + 1)-dimensional vector space with basis
{X% Xy, ..., XY? 1 Y4, From Example 2.2.4, we know that sl(2) has basis {e, h, f}

where

12



The vector space V(d) is an sl(2)-module by defining a Lie algebra homomorphism
¢ :sl(2) — gl(V(d)) where
0 0 0 0

o(e) == Xa—Y,(b(f) = Y8_X7 and ¢(h) = Xa—X - Ya—Y.

Clearly ¢ is linear by construction. The detailed process of checking ¢ also preserves
Lie brackets is covered in |7, page 68]. Hence ¢ is a representation of s[(2) and V' (d) is

an sl(2)-module.

With the above concept, we are now able to give the classification of finite-dimensional

irreducible sl(2)-modules in Theorem 2.9.

Theorem 2.9. Any finite-dimensional irreducible s[(2)-module is isomorphic to V(d)

for some d € Z and d > 0.

A fundamental result in the representation theory of Lie algebras is that any finite-
dimensional L-module for L a complex semisimple Lie algebra is completely reducible
(a semisimple Lie algebra is defined in Section 2.4). This is known as Weyl’s Theorem
and is covered in |7, Appendix B|. More specifically, any finite-dimensional s[(2)-module

is completely reducible. Then we obtain the following corollary.

Corollary 2.10. Let V' be a finite-dimensional representation of s[(2) and v € V' is an
h-eigenvector of eigenvalue d such that e-v = 0. Then the submodule of V' generated

by v is isomorphic to V(d).

Such a vector v € V described in above corollary is called a highest weight vector

13



and the eigenvalue d is known as a highest weight.

2.4 Classification of finite-dimensional simple Lie algebras

Recall that a simple Lie algebra is a non-abelian Lie algebra which has no ideals other
than 0 and itself. A Lie algebra is semisimple if it is a direct sum of simple Lie
algebras. The finite-dimensional simple Lie algebras have been classified by Cartan and
detailed explanation is covered in [12, Section 11.4]. There are four types of classical
Lie algebras and five exceptional Lie algebras. The main result of Cartan can be stated

as the following theorem.

Theorem 2.11. Except five exceptional Lie algebras, any finite-dimensional simple Lie
algebra over C is isomorphic to one of the following classical Lie algebras:

A =sl(l+1,C) forl>1,
By =s0(2l+1,C) forl >1,
Cr =sp(2(,C) forl>1,

D; =s0(21,C) forl > 2.

We have seen A; in Example 2.2.4. In order to define Lie algebras of type B;, C;
and Dy, we let gl;(I,C) = {z € gl(I,C) : 2'J = —Ja} where J is an [ X [ matrix with

entries in C. Then we define

s50(2l+1,C) = gl;(20 + 1,C) when J = ;

14



sp(20,C) = gl,(2(,C) when J = ,

and so0(2l,C) = gl;(2[,C) when J =

The five exceptional Lie algebras are Eg, E7, Eg, Fy, G5 which have dimensions 78, 133,

248, 52 and 14 respectively.

2.5 Nilpotent elements in classical Lie algebras

Let V be a vector space over C and dimV = n. Let L be a Lie algebra of a classical
group (. Recall that an element z € L is called nilpotent if x belongs to the derived
subalgebra [L, L] and there exists some positive integer n such that (adz)” = 0. An

element x € L is called semisimple if x is diagonalisable.

According to |15, Theorems 1.1 and 1.4], two elements in L belong to the same G-
orbit if and only if they have the same partition. This implies that the nilpotent G-orbits
in L are parameterized by the partitions of n. We explain how we get representatives
of each orbits below and [15, Theorems 1.1 and 1.4| suggest this gives a one-to-one
classification of nilpotent orbits.

We first consider the case where L = gl(V'). Let Ji be the (k x k)-matrix with an

15



integer k£ > 0 such that the (j,j + 1) entries are equal to 1 for 1 < j < k and all other

entries are 0. For example, we have that

010
J3=10 0 1

According to [15, Chapter 1|, given a nilpotent element e € L, there exists a basis for

V such that the matrix of e with respect to this basis is of the form

I
I,
Iy,
where Zgzl A; = n and we can assume that Ay > --- > \,.. In fact, there exists
v1,...,0, € V such that the vectors e/v; with 1 <i <7, 0 < j < \; — 1 form a basis for
V. Therefore, we can associate a partition A = (Aq,..., A.) of n to a nilpotent element

e € L which gives the sizes of its Jordan block. We call the partition A to be the Jordan
type of e. We define an element x € L to be regular if its Jordan normal form contains
a single Jordan block for each eigenvalue.

For L = so(V') or sp(V'), a complete classification of the nilpotent orbits in L can be
found in [15, Section 1.6]. More precisely, write A = (1™,2"2,3" ...) to be a partition
of n, then for L = so(V') (resp. L = sp(V')), there exists a nilpotent element in L with
partition A if and only if for all even (resp. odd) i, we have that r; is even. For example,

if m = 5, then the partitions occurring in the orthogonal case are

{(5),(3,1%), (2%, 1), (1) };

16



if 2n = 6 then the partitions occurring in the symplectic case are

{(6),(4,2),(4,17), (3%),(2°), (2%,1%),(2,19), (1) }.

2.6 The Jacobson—Morozov theorem

Let L be a semisimple Lie algebra and e € L be a nilpotent element. Let us take
G = AdL to be the adjoint group of L. We also define an s[(2)-triple to be a triple of

elements {e, h, f} of a Lie algebra that satisfies

(he] = 2e, [, f] = —2f and [e, f] = h.

Theorem 2.12. [5, Section 3.3|(Jacobson-Morozov) Let L be a semisimple Lie algebra.
For any nonzero nilpotent element e in L, there exists h, f € L such that {e, h, f} is an

s[(2)-triple.

Note that this standard s[(2)-triple is unique up to conjugacy by the centralizer G*

of e in G, which is covered in [17, Section 3.5].

2.7 Linear algebraic groups

In order to consider adjoint action of linear algebraic groups on Lie superalgebras in

Chapters 5 and 6, we recall some elementary concepts of linear algebraic groups. In
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this section, detailed definitions and proofs can be found in the book of Springer |27,

Chapters 1-2] and Macdonald [3].

2.7.1 The Zariski topology and irreducibility of topological spaces

Let C™ be the n-dimensional affine space over C and let A = A, = C[Xy,...,X,],
where X1, ..., X, are independent indeterminates over C. Then the polynomial algebra
A consists of all polynomials in the X; with coefficients in C and can be viewed as C-

valued functions on C".

Definition 2.13. An affine algebraic variety is a subset 2U(.S) of C™ defined by U(S) =

{r € C": f(x) =0 for all f € S} where S is a set of polynomials in A.

The operation U has the following properties in which I; are arbitrary subsets of A.
(1) U(A) = 0 and B(0) = C™;
(2) V(L) UDB(L3) = V(11 I5) where [1I, = {f1fo: f1 € I1, fo € Ir};
(3) NiesB(L;) = V(> 1i) is closed for any index set J.
This system determines a topology in C", which is called the Zariski topology. The

induced topology on a subset Y C C" is called the Zariski topology of Y.

A topological space Y is said to be irreducible if it is non-empty and it cannot be
written as the union of two proper closed subsets. Otherwise, we say Y is reducible if
it is not irreducible. In addition, Y is disconnected if there exist proper closed subsets
Uand V of Y such that Y = UUV and UNV = ). Otherwise, Y is said to be
connected. Note that irreducible implies connected, but the converse is not always true.

For example,

18



Example 2.14. Let C X}, X5] be polynomials on C?. Denote

V(X1X2) = {(z1,22) : x1 =0 or z5 = 0}.

Then we have that 2U(X;X5) is connected as it cannot be written as the union of two
disjoint closed subsets. However, 0(X;X5) is reducible because B(X;X,) = V(X;) U
B(Xs).

Definition 2.15. A topological space Y is said to be Noetherian if it satisfies the
descending chain condition for closed subsets, that is to say, for any decreasing sequence
Y1 DY, DO ... of closed subsets of Y, there exists an integer m such that Y; =Y, for

all ¢ > m.

The following proposition as in [27, Section 2.2| shows that a Noetherian topological

space is the union of finitely many irreducible closed subsets.

Proposition 2.16. Let Y be a Noetherian topological space, then there exists a unique

decomposition of Y such that

Y=Y1U---UY,

where Y; (i = 1,...,m) are maximal irreducible closed subsets of Y and Y; ¢ Y; for all

i j.

The sets Y; in Proposition 2.16 are called irreducible components of Y. The maximal

connected subsets of Y are called the connected components of Y.
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2.7.2 Linear algebraic groups and some basic results

Let V be a finite-dimensional vector space over C. Let GL(V') be the set of invertible
linear transformations from V' to V. In particular, we write GL,,(C) for the set of n x n
invertible matrices with coefficients in C and call it the general linear group of rank
n. Denote the space of n x n matrices over C by M, (C). Recall that a function f on

M,,(C) is called a polynomial function if

fW) =pEu),r2(y), .., Tu(y)) for ally € M,(C)

where p € C[z11, %12, . .., Tpy,] is a polynomial and x;; are the matrix entry functions on

M,(C).

Definition 2.17. A subgroup G of GL,(C) is a linear algebraic group if there exists a

set S of polynomial functions on M, (C) such that

G ={g9€GL,(C): f(g9) =0 for all fec S}.

A basic example of a linear algebraic group is GL,,(C) where we take the defining
set S of relations to consist of the zero polynomial. Below we give more examples of

linear algebraic groups.

Example 2.18. 1. The special linear group SL,,(C) is algebraic and defined as SL,,(C) =
{z € M,,(C) : det(x) = 1}.
2. The orthogonal group O,(C) is algebraic and defined as O,(C) = {z C M,(C) :
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z'J,x = J,} where 2! represents the transpose of x and

3. The special orthogonal group is algebraic and defined as SO, (C) = O, (C) N SL,(C).
4. The symplectic group Sp,, (C) is algebraic and defined as Sp,,,(C) = {x C M,,(C) :
' Koz = Ko, } where

5. The group D, of diagonal matrices where any matrix in D,, has non-zero determinant
is an algebraic group.
6. The group of invertible upper triangular matrices B, = {z € GL,(C) : z;; =

0 for @ > j} is an algebraic group.

Note that the groups GL,(C), SL,(C), SO, (C) and Sp,,(C) are connected. The
group O, (C) is not connected and is the disjoint union of two components, the or-
thogonal matrices with determinant 1 (i.e. SO, (C)) and the orthogonal matrices with
determinant —1.

The following proposition implies that the notions of irreducibility and connected-

ness coincide for linear algebraic groups.

Proposition 2.19. Let GG be a linear algebraic group. Then
(a) There exist a unique irreducible component G° of G containing the identity element

1¢ and G° is a closed normal subgroup;
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(b) G° has finite index and the irreducible components of G are cosets with respect to
G°;

(c) G° is also the connected component of G that contains the identity element w.

Proof. (a) Let X and Y be irreducible components of G that contain the identity
element 1. Let p : G X G — G be multiplication map on . Then we have that
XY = pu(X xY) is irreducible by |27, Lemma 1.2.3]. we know that X is a maximal
irreducible subset of G as it is an irreducible components of G. We also know that
X C XY since u € Y. Hence, we have that X = XY. Similarly we can deduce that
Y = XY. Therefore, X is the unique irreducible component of G that contains 1.

In particular, taking Y = X we get XY = XX = X. Thus for any element z1, 2, € X,
we have x1x9 € X. Hence, X is closed under multiplication.

Let i : G — G be inversion map. We have that X! = {(X) = {a7! : z € X}
is irreducible by Lemma [27, Lemma 1.2.3]. Furthermore, we claim that X! is a
maximal irreducible subset of G. If there exist an irreducible subset Z of GG such that
X'G Z, then X G Z7" and Z~" is irreducible. This contradicts to X is an irreducible
component of G. Since 15 € X, we know that 1o € X!, Thus we have that X! = X.
Hence, X is closed under inverse. Therefore, we have that X is a subgroup of G.

Now take any g € G. Define the map A\, : G — G which sends z to gz and p, : G — G
which sends x to xg for any x € X. We have that A\, and p, are morphisms of affine

varieties. Thus p,-1 o Ay is a morphism and (p,-1 o Ay) (X) is irreducible. Note that

(Pg=1 0 Ag) (X) = pg—1 (Ag(X)) = pg—1(9X) = 9Xg .

In fact, we have that gX¢g~! is a maximal irreducible subset of G because if there

exist an irreducible subset Z of G such that gXg=' G Z, then X & g~'Zg which is a
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contradiction. Furthermore, we have that u = gug™! € ¢Xg~!. Hence, we deduce that

' = X. Therefore, X is a closed normal subgroup of G.

9Xg~
(b) Next let g € G, using the similar argument as above can show that ¢gX is also an

irreducible component of G. Thus we can write a decomposition of GG such that

G:UgX

geG

where each ¢X is an irreducible component. Since G has finitely many irreducible
components, there exist g1, g, ..., gm € G such that G = |J;-, ¢; X. It follows that X
has finite index in GG and the cosets of X in G are the irreducible components of G.

(c) Since ¢; X Ng;X = 0 for i # j, we have that {¢;X : 7 = 1,...,m} are also the

connected components of G.

23



3 Lie superalgebras

In this chapter we recall the concept of a Zs-graded vector superspace and the essential
definitions of Lie superalgebras following [19, Chapter 1| and |4, Section 1.1]. We also
recall the definition of a basic classical Lie superalgebra as defined in [14, Section 2.1]
and give the classification of finite-dimensional simple Lie superalgebras based on [16,

Section 4.2]. Let our field be the field of complex numbers C.

3.1 Basic concepts

To start with, let Zo = {0,1}. We introduce a Zs-graded vector superspace V which is
a direct sum of vector spaces V5 and Vi, i.e. V = V;® Vi. An element in Vj is called
even and an element in V7 is called odd. Any non-zero element of V5 U V7 is said to be
homogeneous and for v € V5, we define the parity of v by v = i. A subspace of V is a

vector superspace U = Uy @ Uz such that U; C V; for 1 € Z,.

Definition 3.1. A superalgebra A over C is a Zs-graded algebra with a direct sum
decomposition A = Ag @ Aj, together with a bilinear multiplication satisfying A;A; C
Az for i, j € Zy. A supermodule M over a superalgebra A is an A-module M =

Mg @ M7 such that AgM; C M;; for 1,7 € Zs.

Now we are able to provide the definition of a Lie superalgebra.

Definition 3.2. A Lie superalgebra is a superalgebra g = g5 & g7 with multiplication

given by a Lie superbracket [-,-]: g X g — g which satisfies the following axioms:
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(1) Graded skew-symmetry: [x,y] = —(—1) [y, z] for all homogeneous z,y € g;
(2) Graded Jacobi identity: (—1)** [z, [y, z]] + (=1)™ [y, [z, ]| + (—1)¥* [z, [z, y]] = O for

all homogeneous x,y, z € g.

Let g = g5 ® g1 be a Lie superalgebra. For subspaces U and W of g, we denote
[U, W] = Span{[u,w] : u € Uyw € W}. Then an ideal I of g is a Zs-graded subspace
such that [I,g] C I. Note that representations and modules are also defined in the

Zo-graded sense.

Example 3.3. 1. Given any associative superalgebra A, we can make A into a Lie
superalgebra by letting
[a,b] = ab — (—1)™ba

for homogeneous a, b € A and extending the bracket by bilinearity to all elements.
2. Given any associative superalgebra A, an endomorphism D € End(A); where i € Z,
satisfying

D(zy) = D(x)y + (-1)"2D(y), v,y € A

is called a derivation of degree i. We denote by Der(A); the space of derivation on A of
degree i. Then Der(A) = Der(A)y@Der(A)s is a Lie superalgebra. To see this, it suffices
to show that Der(A) is a subalgebra of End(A). For Dy € Der(A);, Dy € Der(A); where

1,] € Zy and homogeneous x,y € A, we have
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(D1, Dil(ay) = Di(Daay)) = (~1)7 Do(Di(ay))
= Dy (Do(a@)y + (~1Y72Da(y) ) = (~1)7 Dy (Di(a)y + (~1) "z Di(y) )
= DiDa(a)y + (~1)'9*7 Da(w) D (y) + (~1/" Di(x) Da(y)
+ (=) 072D Day) — (~1)7 DD (w)y — (=177 Dy (2) Daly)
— (~)I D) Di(y) — (~1)7 DD, D (y)
= (DiDa(2)y = (~1)7 DDy (2)y)
+ (=) (DiDay) — (~1)7 DaDr(y)

= [Dy, Dl(x)y + (—1)72 [Dy, Dy (y) € Der(A)z, ;.
3. Let g be a Lie superalgebra and define the adjoint map ad: g — End(g) by

ad(z)(y) .= [v,y], v,y € 9.

Then ad is a homomorphism of Lie superalgebras because End(g) is an associative
superalgebra. Furthermore, the resulting action of g on itself is called the adjoint

action.

For a Lie superalgebra g = g5 @ g1, we recall the following properties as given in [4,

Remark 1.5].

e The even part gj is an ordinary Lie algebra, so if g; = 0, then g is simply a Lie

algebra.

e g7 is a gg-module under the adjoint action since ad|y, : g5 — End(g7) is a homo-

morphism of Lie algebras.
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e The Lie superbracket [-,]: g1 X g1 — gg is a symmetric gg-module.

Note that the above three properties are sufficient for g to be a Lie superalgebra.

3.2 Solvable, simple and semisimple Lie superalgebras

Let g be a Lie superalgebra, the concepts of derived series and lower central series are
defined in a similar way to Lie algebra case. We define the derived series g of g to be

the sequence of ideals

9 =g;

And the lower central series g' of g is given by

g’ =g

g = [g,gi_l} for ¢ > 1.

Given a Lie superalgebra g, we say that g is solvable if g™ = 0 for large n and g is

nilpotent if g" = 0 for large n.

We also recall the definitions of simple and semisimple Lie superalgebras for further

application.
Definition 3.4. A Lie superalgebra g is simple if it is not abelian and the only Zo-

graded ideals of g are {0} and g. A Lie superalgebra g is said to be semisimple if it has

no non-zero solvable ideals.
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3.3 Basic classical Lie superalgebras

In this thesis, we mainly consider basic classical Lie superalgebras. To recall the explicit

definition, we need the following concept as given in [14, Definition 2.1].
Definition 3.5. Let g be a Lie superalgebra. For a bilinear form (-,-): gx g — C, we

(+,-) is even if (g;,95) = 0 for 4,5 € {0,1} and @ # j;

(+,-) is supersymmetric if (x,y) = (—1)"(y,x) for all z,y € g;
(+,-) is invariant if ([z,y], z) = (x, [y, 2]) for all z,y,z € g;
()

is non-degenerate if (x,y) = 0 for all y € g implies that x = 0.
We now define a basic classical Lie superalgebra as given in |14, Definition 2.2|.

Definition 3.6. A finite-dimensional simple Lie superalgebra g = gy ® g7 is called
a basic classical Lie superalgebra if gz is a reductive Lie algebra and there exists a

non-degenerate even invariant supersymmetric bilinear form (-,-) on g.

3.4 Classification of simple Lie superalgebras

Kac proved the following theorem about the classification of finite-dimensional complex

simple Lie superalgebras in [16, Theorem 5].

Theorem 3.7. A finite-dimensional simple Lie superalgebra g is either a simple Lie

algebra or isomorphic to one of the following types:
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1. A(m,n) =sl(m+ 1in+ 1) for m,n > 0,m # n;

2. A(n,n) =psl(n+ 1|n+1) forn > 1;

3. B(m,n) = osp(2m + 1|2n) for m > 0,n > 1;

4. C(n) = osp(2]2n) for n > 1;

5. D(m,n) = osp(2m|2n) for m > 2, n > 1,

6. D(2,1;a),G(3), and F(4);

7. Two infinite families denoted by p(n) and q(n) for n > 2;

8. The Lie superalgebras of Cartan type W(n), S(n), H(n), S(n).

The Lie superalgebras of types A(m,n), A(n,n), B(m,n), C(n) and D(m,n) will
be described in Subsections 5.1.1 and 5.2.1. The Lie superalgebras of types D(2, 1; «),
G(3) and F'(4) are called the exceptional Lie superalgebras and the structure of which
are given in Subsections 6.2.1, 6.3.1 and 6.4.5 respectively. In particular, the above Lie
superalgebras of type A(m,n), B(m,n), C(n), D(m,n), D(2,1;a), G(3) and F(4) are

basic classical Lie superalgebras.
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4 The root space decomposition and labelled Dynkin

diagrams

In this chapter we recall the definitions and relevant properties of root space decompo-
sition and root systems of Lie superalgebras as described in [16, Section 2.5.3] and [19,
Section 3.2|. Then we illustrate how to construct Dynkin diagrams and labelled Dynkin
diagrams of a Lie superalgebra, the formulas and explicit explanation in Sections 4.2-4.3

are mainly based on |9, Section 15] and |8, Chapter 2|.

4.1 The root space decomposition and root systems

We first recall that a Cartan subalgebra H of a reductive Lie algebra L is a maximal
abelian subalgebra of L such that every element h € H is semisimple. To construct
a decomposition of L, let us fix a Cartan subalgebra H of a reductive Lie algebra
L. Given o € H* where H* is the dual space, let the corresponding weight space be
Ly:={x € L:[hz]=calh)x foral he H}.

Denote by ® the set of non-zero a« € H* for which L, # 0, the elements of ¢ are

called the roots of L. Then we can decompose L into weight spaces for H such that
L=LoL,

where Ly = {x € L : [h,z] = 0 for all h € H} is the zero weight space which is equal
to L*. According to |7, Theorem 10.4], we know that H = L this gives a root space

decomposition L = H ® @,y La-

The definition of a Cartan subalgebra can be extended to the super case according to
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[19, Section 3.2|. Let g = gg® g1 be a finite-dimensional basic classical Lie superalgebra,
a Cartan subalgebra b is a self-centralizing nilpotent subalgebra of g. According to |9,
Section 3|, a Cartan subalgebra b of g reduces to the Cartan subalgebra of the even
part gg. Then for a € h*, we know that g has a weight decomposition such that the

corresponding weight spaces are:
0o :={x €g:[h,z] =a(h)x for all h € h}.

Then there is a root space decomposition

g=be P g

aeh*

where h = gy ={z €g:[hx]=0forall h € b} = g". Theset ® = {a € h* : a #
0,g8q # 0} is called the root system of g. We say that g, is the root space corresponding

to root a € ®. Define the even and odd roots to be
by ={a€®:9,C g}, P1={a€P:g, C g1}
Let g be a basic classical Lie superalgebra, then the following conditions hold ac-

cording to [16, Proposition 2.5.5].

1) [, 85) # 0 if and only if o, B, + 8 € P;

)
2) (ga,0p) =0 for a+ 5 #0;
)
)

(
(
(3) If « € &, we have —« € ¥;
(

4) For a € @, we have 2a € ® if and only if o € &7 and (a, ) # 0.

Definition 4.1. A subset ®* C ® is a system of positive roots if
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(1) for each root o € ® there is exactly one of a,—a contained in ®7;

(2) For any two distinct roots a, f € ®F, o + € ® implies that a + 5 € 7.

For the root system of g, a system of positive roots ®* always exists and elements
of —®* forms a system of negative roots. Note that &+ = (IDg U®T. A subset [T =
{ag, ..., q;} C @7 is called a system of simple roots if any root «; € IT cannot be written
as the sum of two elements of ®*. Note that [ does not depend on choice of IT and we
call it the rank of g.

In general, a Lie superalgebra g is not associated with only one system of positive
roots. According to |8, Section 2|, there are many inequivalent conjugacy classes of
systems of positive roots and every system of positive roots determines a system of
simple roots IT = {aq,...,cq} for some integer [ > 1. For each conjugacy class of
systems of positive roots, a simple root system can be transformed into an equivalent
one under the transformation of the Weyl group W of g where W is a subgroup generated

by the orthogonal reflection w relative to the even roots such that

(.9),,

a = —2
where @ € ®5 and § € ®. According to [8, Section 2.3], we know that W can be

extended to a larger group by adding transformations associated to odd root a € @5

where for (o, ) # 0,

wa(8) = 2207
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for (o, ) = 0, wy(a) = —a and

4.2 Dynkin diagrams

We next recall the concept of the Dynkin diagram as defined for example in [8, Section
2.2]. Let g = gy @ g1 be a finite-dimensional basic classical Lie superalgebra and b be a
Cartan subalgebra of g. Decompose g = b © .4 ga as the root space decomposition
where ® C h*. Fix a set of simple roots IT = {aq,...,a;} and let {hq,...,;} be the
generators of h. Recall that there exists a non-degenerate even invariant supersymmetric
bilinear form (-, - ) on g. Using the invariance of (-, - ) we can check that g, is orthogonal
to gg when a # —f3 and g, is orthogonal to h for o, 5 € ®. Let z, € g, 23 € gp
and h € h. Then ([x4,h],25) = (T4, [h,z5]). Note that ([z4,h],25) = —a(h)(xa,25)
and (xq, [h,25]) = B(h)(za, ). Thus we get (z4,23) = 0 unless « = —f3. Hence
g. is orthogonal to gs and similarly g, is orthogonal to h. This means that (-,-)
restricts to a non-degenerate symmetric bilinear form on . This gives an isomorphism

¥ from b to h* which provides a symmetric bilinear form on b* that is defined by

(o, By = (v~ Ha),7(B)) for o, B € b*.

The Dynkin diagram of a Lie superalgebra g with a simple root system I is a graph

where the vertices are labelled by II and there are y;; lines between the vertices labelled
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by simple roots «; and «a; such that:

;

(0, ;)| if (o, ;) = (aj,05) =0,
R 2|(a,a4 .
Hij = mm{\(alfand()c‘x]-,aj)\} if (c, i) (e, @) # 0, (41)

2| (as,05)|
QLRI P [(CTHETY)

if (o, 05) #0, (0, ;) =0 and oy, € .

We say a root a € @ is isotropic if (o,) = 0 and is non-isotropic if (o, ) # 0.
We associate a white node O to each even root, a grey node ® to each odd isotropic
root and a black node @ to each odd non-isotropic root. Moreover, when p;; > 1,
we put an arrow pointing from the vertex labelled by «a; to the vertex labelled by
aj if (ay, ) (aj,05) # 0 and (ag, ) > (aj, ;) or if (g, ;) = 0, (e, ;) # 0 and
|(aj, ;)| < 2, or pointing from the vertex labelled by a; to the vertex labelled by «; if
(i, ;) =0, (v, ;) # 0 and |(ey, j)| > 2. If the value of y;; is not a natural number,
then we label the edge between vertices corresponding to roots a and 3 with f;; instead
of drawing multiple lines between them. Since there exist many inequivalent conjugacy
classes of systems of simple roots up to a transformation of the Weyl group W, there

is more than one Dynkin diagram for g.

4.3 Labelled Dynkin diagrams

In order to define a labelled Dynkin diagram, we also recall that for a nilpotent element
e € gg, there exists an sl(2)-triple {e, h, f} C gy by the Jacobson-Morozov Theorem,
see for example [5, Theorem 3.3.1]. An s[(2)-triple determines a grading on g according

to the eigenvalues of adh, thus we can decompose g into its adh-eigenspaces

g = P a(j) where g(j) = {z € g: [h, 2] = ju}. (4.2)

JEZ
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Let us fix a Cartan subalgebra b of g and choose a system of positive roots &+ such
that b © Do+ o © D;508(j). Then the corresponding system of simple roots II =
{aq,...,q;} determines a Dynkin diagram of g. Furthermore, for each i = 1,...,[, note
that g,, is the root space corresponding to «; and g,, C g(j;) for some j; > 0. Hence,

we have a;(h) > 0fori=1,..,1[

Definition 4.2. A labelled Dynkin diagram A of e is given by taking the Dynkin

diagram of g with respect to the above choices and labelling each node with «(h).

Remark. There can be different Dynkin diagrams corresponding to non-conjugate sys-
tems of simple roots, therefore we can get different labelled Dynkin diagrams for a given

nilpotent e € gg.

4.4 Chevalley basis of Lie algebras

Let L be a semisimple Lie algebra over C and H be a Cartan subalgebra for L. Suppose
® is the root system of L with respect to H and IT = {«, ..., q;} is a base for ®. Recall
that the weight space corresponding to o € ®is L, = {z € L : [h,z] = a(h)z for all h €
H}. Let a, 6 € ® be linearly independent, then the chain —pa+ 5,...,5,...,qa +
is called the a-string through 5. According to |12, Section 25|, it is possible to choose
root vectors e, € L,, for a € ® such that:

(i) [ea,€—a) = ha where e_, € L_,;

(ii) If B € ® and a + § € ®, then we have [e,, 5] = Nageatp and Ny g = —N_, _p;
(i) N25 = g(p+ 1) 4552

A Chevalley basis of L is a basis of the form B = {e, : a € P} U{h; =h,, : 1 <i <}
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where H = (h,, : 1 < i <) and e, satisfy above conditions (i) and (ii). Note that
N, p are called the resulting structure constants of L with respect to B and N, g € Z.

More precisely, we have the following theorem.

Theorem 4.3. Let B = {e, : @ € P} U {h,, : 1 <i <[} be a Chevalley basis of L,
then

(i) [Pa;, ha,) =0 for 1 <id,5 <I;

(ii) [hay, €a;] = (@), ai)eq, for 1 <4, 5 <

(iii) Suppose a # =+, consider the a-string through S which is given by —pa +

B,y... B, ..,qu+p. If g =0, then [ey, 5] = 0; if a+5 € @, then [e,, 5] = £(p+1)eats-

We know that {h,, : 1 < i < [} are completely determined by II. However, note
that e, are only defined up to scalar multiples thus there are multiple choices of e, by

choosing signs of structure constants.
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5 Centres of centralizers of nilpotent elements in Lie
superalgebras sl(m|n) or osp(m|2n)

Let g = gg®gi be a finite-dimensional Lie superalgebra sl(m|n) or osp(m|2n) and let e €
g5 be nilpotent. We start by describing an explicit structure of g and recall the concept
of Dynkin pyramids in order to determine e and construct the corresponding labelled
Dynkin diagram. Then we give a basis for g° and further for 3(g¢). In Subsections 5.1.6
and 5.2.10, we prove Theorems 1.1-1.3 for g. Throughout this chapter, we let our field
be C.

5.1 Lie superalgebras of type A(m,n)

In this section, we first recall the definition of the Lie superalgebras of type A(m,n)
and the root system for A(m,n) following [19, Section 2.2] and [4, Subsection 1.1.2 |.
Given a nilpotent even element e € A(m,n), we recall the Dynkin pyramid as given
in [11, Chapter 7] and construct the labelled Dynkin diagram for e € A(m,n). Note
that when m = n, we consider the case sl(n|n),n > 1 instead of A(n,n) = psl(n|n). In
order to give a basis for sl(m|n)¢, we first recall a basis of gl(m|n)¢ and a formula for
dim gl(m|n)® based on the structure given in [29, Section 1| in Subsection 5.1.3. We
also obtain an alternative formula for dim gl(m|n)¢ which is different from the formula
in [11, Section 3.2|. Once this is achieved, we use the above results to obtain a basis for
sl(m|n)¢. A basis for 3(sl(m|n)) is given in Subsection 5.1.4. In Subsection 5.1.5, we
present a formula for calculating dim psl(n|n)¢, it is interesting to further investigate
dim 3(psl(n|n)¢) in order to complete results for Lie superalgebras of type A(m,n), but

we haven’t covered this in the thesis.
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5.1.1 Construction of A(m,n)

We start by recalling the definition of the general linear Lie superalgebras. The general
linear Lie superalgebra is a Zo-graded associative superalgebra gl(m|n) which contains

all block matrices of the form

xr = (5.1)

where A, B,C and D are m X m,m X n,n x m and n X n matrices respectively. Let
g = gl(m|n) = gs @ g1, then gg is the set of all matrices of the above form with
B = C =0 and g7 is the set of all matrices of the above form with A = D = 0. The

Lie bracket is defined by:

[z,y] = vy — (—1)*yx for all homogeneous z,y € gl(m|n). (5.2)

Moreover, let V = V5 & Vi be a finite-dimensional Zs-graded vector space over C, then
End(V) forms a Lie superalgebra and is denoted by gl(V). When dimVj = m and

dim V; = n, we can identify gl(m|n) for gl(V') by choosing a homogeneous basis for V.

For each element x € gl(m|n) of the form in (5.1), we define the supertrace of x to
be str(x) := Trace(A) — Trace(D). For homogeneous elements x,y € gl(m|n), we can

check that str ([z,y]) = 0. Assume

Al Bl AQ BQ
I - 7y - )
Cl D1 CQ D2
Then
str ([z, y]) = str (zy — (—=1)"yz). (5.3)
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We have that

4
AyAy — AsAy 0 _
iftx=1y=0;
0 DDy — Dy Dy
0 A1By — By Dy _ _
[z, y] = < ifz=0,9=1;
D.Cy — Cy A4 0
BCy + C1 B, 0 _
ifr=y=1
0 CQBl + BQCl

\

Hence, if 2 = y = 0, we have str([z,y]) = tr([A;1, A2]) — tr([D1, D3]) = 0 as the
trace of the commutators of A; and A, and D; and Dy vanish. If 2 = 0,7 = 1, we
have str ([z,y]) = tr(0) — tr(0) = 0. If z = y = 1, we have str ([z,y]) = tr(B1C2) +
tr(CyBs) — tr(CyBy) — tr(ByCh) = 0 as tr(B1Cy) = tr(CyBy) and tr(Cy By) = tr(BaCh).
Therefore, we deduce that str ([z,y]) = 0 for all z,y € gl(m|n) as required. Thus
the subspace sl(m|n) = {z € gl(m|n) : str(x) = 0} is a subalgebra of gl(m|n) and is
called the special linear Lie superalgebra. Note that when g = sl(m|n) = g5 @ g1, then
g5 = sl,,, ®sl, & C3J,,,, where J,,,, is defined to be the matrix of the form in (5.1) such
that B =C =0, A =nl,, and D = ml,. Note that sl(m|n) = sl(n|m).

According to [19, Section 2.2|, we have that sl(m|n) is simple when m # n and
m,n > 0. When m = n, the identity matrix I, generates a non-trivial centre of

sl(n|n). Furthermore, we have sl(1|1)/Cl;; is abelian thus is not simple. For n > 2,

sl(n|n)/CL,, is simple. We define the Lie superalgebra of type A(m,n) by

sl(m+1jn+1) ifm#n, mn>0
A(m,n) = : (5.4)

slin+1n+1)/Clyjqjpyr fm=n>0
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We denote sl(n|n)/Cl,, by psl(n|n).

5.1.2 Dynkin pyramids and labelled Dynkin diagrams for A(m,n)

Let V = V5 @ Vi be a finite-dimensional vector superspace such that dim V5 = m and
dim V] = n. Let g = g5 @ g1 = sl(m|n) = sl(V). Note that the nilpotent orbits in g

are parameterized by the partitions of (m|n). Let A be a partition of (m|n) such that

A= (plg) = (p1,-- -, 0rlq1, -1 qs) (5.5)

where p (resp. ¢) is a partition of m (resp. n) and p; > -+ > p,, g1 > -+ > ¢s. By

rearranging the order of numbers in (p|q), we write
A= (A1, M) (5.6)

such that A\; > --- > A\ Fori=1,... r+s, we define |i| € Zy such that for ¢ € Z, we
have that [{i: Ny =¢,|i| =0} =|{j:pj=c}, {i: Ni=c,|i| =1} =|{j : ¢ = ¢}| for

some j and if \; = Aj, [i| =0, [j] = 1, then i < j. ie. 37, g\ =mand X7, 1\ =n.

For the purpose of determining the dimension of g and the labelled Dynkin diagram
for each nilpotent orbit e € gg, we recall the concept of a Dynkin pyramid of shape A
which is given in [6, Section 4| and [11, Section 7].

A Dynkin pyramid of shape \ is a diagram consisting of a finite collection of boxes of
size 2 X 2 in the xy-plane which are centred at integer coordinates. By the coordinates
of a box, we mean the coordinates of its midpoint. Write A = (A1,..., A1) as defined
in (5.6), we number rows of the Dynkin pyramid P from 1,...,r + s from bottom to

top, then the jth row of P has length )\; and we mark boxes in the row j with parity
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0 or 1 according to |j|. We associate a numbering 1,2, ...,m + n for the boxes of the
Dynkin pyramid from top to bottom and from left to right. The row number of the ith
box is denoted by row (i) and the parity of row(i) is defined to be |row(i)|. We say that
the column number col(i) of ¢ is the z-coordinate of the centre of the ith box.

Define a basis

{v1, ..., Umin} (5.7)

of V.= V5@ Vi where v; € Viyow()|- According to [11, Section 7], the Dynkin pyramid P
determines a nilpotent element e € g5 and a semisimple element h € gg. The nilpotent
element e is defined to be an endomorphism such that e sends v; to v; if the box labelled
by j is the left neighbour of ¢ and sends v; to zero if the box labelled by v; has no left

neighbour. Moreover, write e;; for the ij-matrix unit, then

e = E eij

row (i)=row(j)
col(j)=col()—2

for all 1 <,5 < m+mn. The semisimple element h is defined to be the (m+n)-diagonal

matrix where the ith diagonal entry is —col(7), i.e.

m+n

h = Z —col(i)e;;.

i=1

Note that {e, h} can be extended to an sl(2)-triple in gy according to |11, Section 7|.
Next we recall a construction of the root system for g based on [19, Section 2.2].

Let b be the Cartan subalgebra of g consisting of all diagonal matrices in g and let

a = diag(ay, ..., amin) € h. We define {e1,...,emn}t C b* such that ¢;(a) = a; for

i =1,...,m+n and the parity of ¢; is equal to |[row(i)|. Then the root system of g
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with respect to f is & = &5 U 7 where

q’(‘):{&'—fj3i7éj,|i|:\j‘}>®i:{€i—€j3757&]}’@"#’j”’

and (g;,¢;) = (=1)116,;. For i # j,|i| # |4, by computing (¢; — &5, & — €;) = (ei, ;) +
(gj,¢5) = (=Dl 4+ (=1)l = 0, we have that all odd roots are isotropic.

We use the Dynkin pyramid to determine the labelled Dynkin diagram with respect
to e. The labelled Dynkin diagram for a nilpotent orbit e € gg is constructed as follows.
First, draw the Dynkin pyramid of shape A\. Then we start from the box labelled by 1.
For i = 1,...,m + n — 1, we associate a white node O (resp. a grey node ®) for root
a; = €; — € if [row(i + 1)| = |row(q)| (resp. |row(i + 1)| # |row(i)]). We label the ith
node with the value col(i + 1) — col(). Note that labelled Dynkin diagrams are equally

well defined for gl(m|n) and sl(n|n).

Example 5.1. For a partition A = (5, 1|3), the Dynkin pyramid of shape A is

P Parity
4 0
| 2 5 7 i
1 | 3 6 ] 9 5

Figure 1: Dynkin Pyramid of (5,1|3)

We calculate that h = diag(4,2,2,0,0,0, —2, —2, —4). Then the corresponding labelled

Dynkin diagram is:
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Figure 2: Labelled Dynkin diagram for A\ = (5, 1|3)

Remark 5.2. Different numberings within columns and different choices of parities of
rows are possible and would lead to different labelled Dynkin diagrams. In this way
one can get all possible labelled Dynkin diagrams. In this thesis, the way we define the

partition A in (5.6) leads to a unique labelled Dynkin diagram.

The following example shows that for different choices of numbering boxes of a given

pyramid, we can get different Dynkin diagrams.

Example 5.3. For a partition A = (3,22, 1), the corresponding Dynkin pyramid and

labelled Dynkin diagram are shown below:

. i
2 | 6 1
3|7 0

1|58 0

1 0 1 0 1 0 1
Figure 3: Dynkin pyramid and labelled Dynkin diagram of A = (3,2|2,1)

However, if we allow different numberings of boxes within columns, then there exists

another Dynkin pyramid and therefore a different labelled Dynkin diagram:
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3|7 1
2| 6 0
1] 5] 8 0

O ® 1 0 1 0 1

Figure 4: Labelled Dynkin diagram for A = (3,2/2,1)

5.1.3 Centralizer of nilpotent elements e € sl(m|n)

Let e € gg be a nilpotent element with Jordan type A = (Ay,..., A\.1s) which is defined
as in (5.6). Let g = g5 ® g1 = sl(V) and g = g5 @ g7 = gl(V). In order to calculate the
dimension of g, we first recall a basis for g° based on [29, Section 1] and [11, Section

3.2).

We know that g = End(V5® Vi) where gg = End(V5)®End(V;) and g7 = Hom(Vg, V1)@
Hom(Vi, Vg). Let uy, ..., u.1s € V such that u; = v, for row(k) =i and col(k) = \; — 1
where {vq,...,Vnsn} is a basis for V defined in (5.7). Then the vectors e/u; with
0 < j < X\—1, |i| = 0 form a basis for V5 and the vectors e/u; with 0 < j < \;—1, |i| =1
form a basis for V7. Note that the basis {e/u; : 0 < j < \; — 1} is the same basis as in
(5.7) and we have that eiu; =0 for 1 <i <r+s.

With the above notation, we recall a basis for g¢ as described in [11, Section 3.2.1].
For £ € g% we have (e/u;) = €’€(u;). Hence, each £ is determined by &(u;) for
i =1,...,7r + s and we know that £(u;) is of the form &(u;) = Z;j S ek,

where CZk € C are coefficients. Since e*u; = 0 for i = 1,...,7 + s, we have that
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E(eMiy) = Z;:; 22’:61 cIFelithy,; = 0. Hence, we can write

Swy=, Y dfeu (5.8)

J=1 k=max{\;—X;,0}
Therefore, in accordance with arguments in [11, Section 3.2] and [29, Section 1|, we
know that g¢ has a basis

{e7F1<i,j<r+sand max{\; — A;,0} <k <\ —1} (5.9)

such that §fk(ut) = dpefuy.

Hence, we have

dimg§ = (m + 22(2 - 1)pi) + <n + 22(]’ — 1)qj) , (5.10)

r,s

and dim g§ = 2 Z min(p;, g;) (5.11)

ij=1

where p; and g; are defined in (5.5).

We also want to get a better idea about the structure of g° by providing a description
of g°(0), where g°({) represents the [th adh-eigenspace and h lies in an s[(2)-triple in gg.
Define a grading of the vector space V' such that V = &,., V(I) and V() = {v € V :
hv = lv}. Note that e*u; € V(1) when | = 2k +1— );. From Section 4.3 we know that
g has a grading where g = @, 8(j) and g(j) is the jth adh-eigenspace. According to

[15, Sections 3.3-3.5], there is another way to define the above grading on g:

g(j) ={reg:x(V(1) CV(+ ) foralleZ}. (5.12)
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We claim that the above two gradings are equivalent. Let x € g and v € V/(I). Suppose
z(V(1)) C V(I +j), then zv € V(I + j) and thus h(zv) = (I + j)zv. Hence, we have
that

h(zv) = z(hv) + [h, z]v = (I + j)zv,

which implies that [h,z]v = jaov for all v € V. Therefore, we have that [h,z| = jz.

Conversely, suppose [h, z] = jz. Then
hzv = zhv + |h, z]v = lzv + jzv = (I + j)zv.

Hence, we know that zv € V(I + j) as required.

We also can obtain an adh-eigenvalue decomposition of g° such that

=P (5.13)

lEZ

where g°(I) = g° N g(l). Clearly e € g(2). We know that w; € V(=X + 1) and

E7F(u;) = ebu; € V(=\; + 2k 4 1). Hence, we have that
0 e gh — N+ 2k). (5.14)
Since k£ > max{0, A\; — \;}, then

)‘z_)\] if A > )\],
Ai—= A2k = 9N =N if A\ <\

Therefore, we have that &% € §°(0) if and only if \; = A;j and £ = 0. Thus for an
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element £ € §°(0), we obtain
£(u;) = AOuy. (5.15)

Rewrite \ as

A= (¢metne 1t (5.16)

where m; = [{j : \; =1, |j| = 0} and n; = |{j : \; =i, |j| = 1}|. Let us define M) =
(u; : \j = j) for 1 < j < c. Then we can check that £(M ) C M), Since each element

¢ € g° is determined by £(u;) for 1 <i <r + s, we have that the map
§°(0) = gU(M W) x gl(MP) x - x g(M)

is an injective homomorphism. By [11, Theorem 3.4], we have that g¢(0) = gl(MY) @
gI(M®)@- - -@gl(M©). In addition, we have M) = MY & MY where dim MY = m;,
dim Mi(j) = n; and thus gl(M ")) = gl(m;|n;) for each j. Therefore, we obtain that

§°(0) = @, glmy[ny)-

Example 5.4. Suppose g = gl(11|12) and the nilpotent element e € gz has Jordan

type (32,21, 134,23, 12), then

g°(0) = gl(0[1) x gl(2]0) x gl(1[3) x gl(3]2).

Instead of using the formula for dim g° in equations (5.10) and (5.11), we obtain
an alternative formula for dim g° below. Note that formulas in [11, Section 3.2.1] and

Proposition 5.5 are equivalent, but the formula in Proposition 5.5 is more convenient
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to use in Subsection 5.1.6.

Proposition 5.5. Let A be a partition of (m|n) denoted as in (5.6). Denote by P the

Dynkin pyramid of X and e € g5 be a nilpotent element determined by P. Let c; be the

2

number of boxes whose column number is i in P. Then dimg® =Y., ¢; + .. CiCiy1-

Proof. Let g = D,;c;8(j). According to [11, Definition 4.1 and Theorem 7.2], the pair

of elements h, e € gg determined by a Dynkin pyramid P satisfying

ad e: g(j) — g(j + 2) is injective for j < —1, (5.17)

ad e : g(j) — g(j + 2) is surjective for j > —1. (5.18)

Then we have that the map ad e: g(j > —1) — g(j > 1) is surjective. Note that

ker(ad e) = g° C g(5 > —1).

Thus by the rank-nullity theorem,

dimker(ad e) + dimim(ad e) = dimg(j > —1).

Since im(ad e) = g(j > 1), we have that

dim §° = dimg(j > —1) — dim §(j > 1)

= dim g(0) + dim g(—1).

We also calculate that [h,ey] = [, —col(i)e;, ex] = (col(l) — col(k)) ex;, which means
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er € 8(7) if 7 = col(l) — col(k). This implies that

§(0) = (ew : col(l) = col(k)) = @D End(C*),

1€EZ

and

g§(—1) = (e : col(l) — col(k) = —1) = @) Hom(C*,C+).

Therefore, we obtain that

dim ge = Z C? + Z CiCit1-

1EL 1€EZL

Let I,, € gl(m) be a m x m identity matrix and 0,x, € gl(n) be a n X n matrix

with all entries equal to 0. Let I(m|0) be the (m + n) x (m + n) matrix

Im OmX'ﬂ

I(m|0) = . (5.19)

0n><m Oan

Next we calculate the dimension of g° in the Corollary below.

Corollary 5.6. Let e € g5 be nilpotent, we have that dim g® = dim g° — 1.

Proof. We first consider a Lie superalgebra homomorphism
str: g — C.

Note that ker(str) = g and dimim(str) = 1. By restricting we get str® : g¢ — C and
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ker(str®) = g°. Then by the rank-nullity theorem we get

dim ker(str®) + dim im(str®) = dim g°.

Let I(m|0) be the (m + n) x (m + n) matrix as defined in (5.19). Let

where e4 and ep are m X m and n X n matrices respectively. Then we calculate

I,eqa—eal,, O
[I(m|0),¢] = I(m|0)e —el(mlo)y= | ™+ — 0.

0 0

Hence, we have I(m|0) € g°. We deduce that

str®(1(ml0)) = trace(l,,) = m,

thus str® is non-zero and dimim(str®) = 1. Therefore, we have dim g° = dimg®—1. O

5.1.4 Centre of centralizer of nilpotent elements e € sl(m|n)

In order to give a basis for 3(g¢), we determine a basis for 3(g°) first.

Proposition 5.7. For a nilpotent element e € gy, we have that 3(g°) C gg.

Proof. Note that I(m|0) € g° by the proof of Corollary 5.6. Suppose = € 3(g°), then

x € g° and [x,y] =0 for all y € g°. Thus [z, I(m|0)] = 0 since I(m|0) € g°.
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Therefore, we have that 3(g°) C (g¢)/("I% C g/tmI0),
B

Next we turn to look at what is g/(™?. Let 2 = € g, notice that
C D

0 B
[1(m|0), 2] =
~C 0

This is equal to zero if and only if B = C' = 0 if and only if

where A € gl(m) and D € gl(n). Hence, we have = € gy and it is easy to deduce that

gl (m[0)

g = go-

Therefore, we conclude that 3(g¢) C gg. O
Yakimova shows that 3(gl(m +n)¢) = (I,e, ...,e') where [ = A\; — 1 in [29, Theorem

2|]. Now we want to use the above result to work out a basis for 3(g°).

Theorem 5.8. 3(g°) has a basis {I,e,...,e : 1 =\ — 1}.

Proof. Firstly, we denote the Lie algebra gl(m + n) by ¢. Note that gl(m + n) is
isomorphic to g as a vector space. For e € gl(m) @ gl(n) = g5, on the one hand we can
view e € g and consider g°. On the other hand, we also can view e € g’ and consider

(g')°. We deduce that g° = (g')¢ as a vector space because |e,z| = [e, 2] for z € g and
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x' € g’. Denote by

!/ A, O !/ / /
gy = €g:A e€glim)and D' € gl(n)
0 D
and
0 B
g) = € g : B is am x n matrix and C’ is a n X m matrix
c' 0

Then we let 3((g')¢)o = 3((g')¢)Ngp, and 3((¢')°)1 = 3((¢')¢)Ng}. We further observe that
3(8%5 = 3((g')°)o by definition. Since we already found that 3(g°) C gg, thus 3(g°)1 = 0.
Using the same argument as in Proposition 5.7, we have that 3((g')¢); = 0.

Hence, we obtain that 5(5°) = 5(5°)0 = 5((8'))o = 3(()°)-

Therefore, 3(g°) = (I, e,...,e! : | = A\; — 1) and this gives that dim 3(g¢) = \,. O

Now we give a basis for 3(g°). We divide our analysis into two cases: m # n and

m=mn>1.

Theorem 5.9. Let g = gy @ g1 = sl(m|n) and let \ be a partition of (m|n) denoted as
(5.6). Let e € gy be a nilpotent element determined by the Dynkin pyramid of A\, then
3(g%) = (e, ...,et : 1= Ay — 1) except for m = n,n > 1, in which case 3(g°) = (I, e, ..., e :

Proof. When m # n, we know that g¢ = g° @ CI and thus 3(g°) C 3(g°) @ CI. Let
xr € 3(g°), then [z,y] = 0 for all y € g°. We also know that z € g° since g° C g°.

Moreover, we have that [z,I] = 0 and thus [z,y] = 0 for all y € g° ® CI. Hence, we
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have that 3(g°) C 3(g°). Therefore, a basis for 3(g¢) consists of all basis vectors of 3(g°)

except identity matrix /. Hence, we have that
dim3(g°) = dim3(g°) — 1= XA — 1.

When m = n,n > 1, for the partition A\ = (Aq,..., \4s), we have elements )\jff’o —
(—1)5)\i£§’0 with ¢ # j lie in the Cartan subalgebra b C g.
Let S = (I,e,....,e¢" : 1 =X\ —1). Clearly S C 3(g¢). We know that ¢* = >7** ¢"* and

ek e gforall 0 <k <\ — 1. Suppose z € 3(g°) is of the form

. tk otk
T = e &y

1<t,h<r+s
max{ ¢ —Ap }<k<A—1

where ¢/* € C are coefficients. If 7 4+ s > 3, then z commutes with \;€° — (—1)2)\@;’0

for all i,7. By computing [\;&° — (—1)5)\1'5?’0, x] for i # j we have

VT = (1N 2] = V& — (—D)NE0D  hgh)

tk,h

ik i,k t.k otk
=N aGrgr £ttt
h.k t.k

—(CDNQoatat F Yo SN,
hok t,k

This is equal to 0 implies that c';;k =0 for all h # t and thus z € (£°F).

If r+ s = 2, we have Ay = Ay = n > 1. In this case we only deal with {Z’k for

h,t € {1,2}. Clearly &° + &° = I, € 3(g°) thus we cannot compute commutators

between A& ? + A\ €5° and another element to deduce conditions on coefficients. Note
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that a basis of g° is
e+ el el et et j=1... n-1k=01,....,n—1}.
Hence, an element y € g° is of the form

Lk otk 1,0 |, +2,0

Yy = E e &yt & +6)
1<t,h<2
0<k<n—1

Now suppose y € 3(g°), by computing

n—1 n—1
Lk o1,k+1 2.k 02,k+1
[51 Yy = R izcl o
k=0 k=0
we obtain that cf’k =0 and cé’k =0forall k=0,...,n—2. Then we calculate

&0yl =" G T g,

2,n—1 n—

this implies that ¢}’ = 0. Similarly we have that c1 ' = (0. Therefore, we obtain

that = € (€] +&°, €M% k> 0).
From above we have that x = tkcﬁ’k fk Adding an element of S we may assume

that c%’k = 0 for all k. Suppose z ¢ S, then there exist some c;k # 0. Next consider

0
77 € g°, we have

[x,Si’O] :Z [;Sk:’ 10} Z ik

tk

thus « ¢ 3(g°). Hence 3(g°) C S. Therefore, we deduce that 3(g°) = S as required.
This implies that dim 3(g¢) = ;. O
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5.1.5 Centralizer of nilpotent elements e € psl(n|n); for n > 1

For g = psl(n|n) = ggPgi and e € gy be nilpotent, the dimension of g¢ can be calculated
using the argument below. Let ¢ : sl(n|n) — g be the quotient map. Suppose ¢(x) € g°,
then [x,e] = 0 or aly,,. Assume [z,e] = al,, € sl(n|n); for some a € C, we can
write * = x5 + 1 such that x5 € sl(n|n); and z1 € sl(n|n);. Then we have that
[z, e] = [x5,€] + |21, €], thus we know that [z5,e] = al,,,. However, this is impossible
because e € sl, Dsl, so that [zg, €] € s, Dsl,. Hence, we deduce that ¢° : sl(n|n)¢ — g°

is surjective and ker ¢¢ = (I,,,). Therefore, we have that

dim g° = dimsl(n|n) — 1 = dim gl(n|n)® — 2.

Remark 5.10. It is an interesting problem to determine a basis for g¢ and 3(g¢) but we

haven’t covered for this thesis.

5.1.6 Analysis of results

Recall that g = gl(m|n) = gg®gi and g = sl(m|n) = ggdgi. Let G = GL,,(C)xGL,(C)
and G = {(A,B) : A € GL,,(C), B € GL,(C) and det(A) = det(B)}. We know that
G=GZ(G)={g99 :9€G,g € Z(G)} and thus G¢ = G¢Z(G). Since Z(G) centralizes
gy and we have already shown that 3(g¢) C g5, we deduce that (3(g¢))° = (3(96))G€.
We know that (5(96))(;5 ={z€3(g°) :g-x=xforall g € G} and thus x € (3(96))66 if
and only if (G¢)" = G°. By [13, Theorem 13.2] we deduce that Lie ((G¢)") = (g¢)" for
any = € 3(g°), we also know that Lie ((Ge)m) = g if and only if (C_T’e)‘r = G*°. Moreover,
we have that (3(g%))% = {z € 3(g°) : [z,y] = 0 for all y € gs} and thus x € (3(g°))% if

and only if (g&)" = g§. Hence, we obtain that z € (g«,(ge))ée if and only if = € (3(g°))%
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and thus (3(g°)" = (3(g°))%. Moreover, we know that (3(g°)% = (3(g°)% = 3(g°)

because g = g5 + 3(95) and 3(gp) centralizes all of g§. Therefore, we deduce that

Now we start to prove Theorems 1.1-1.3. Let A be a partition of (m|n) as defined
in (5.6). Let P be the Dynkin pyramid of shape A and e € gj be a nilpotent element
determined by P. Let r; (resp. s;) be the number of boxes with parity 0 (resp. 1) in
the ith column of P and denote ¢; = r; + s;.

In order to prove Theorem 1.1 for sl(m|n), we first look at the case that the cor-
responding A only has even labels. We know that the labels in the labelled Dynkin
diagram A are the horizontal difference between consecutive boxes in the pyramid.
Observe that there is no label equal to 1 in A if and only if A\; — A\;;; are even for all
t=1,...,7r4 s, i.e. \; are all even or all odd. Based on the way that labelled Dynkin

diagram is constructed, we have that ny(A) = A\; — 1. Therefore, we have that

. na(A m #n,
dim (3(g%))" = dim3(g°) = @ (5.20)

na(A)+1 m=n>1.
Next we turn to look for 3(g"). Note that an element in g” is of the form

Topr o O

0 e T

where z; € gl(r;|s;) are block matrices for t = —A; + 1, =\ +3..., A\ —3,A; — 1 such
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that >, str(z;) = 0. Thus we have that an element in 3(g") is of the form

d_)\1+1](T_)\1+1|S_)\1+1) o 0

0 ceoodyy 1L (ray—1]Sa—1)

for some d; € Z such that > d;(r; — s;) = 0. Hence, we deduce that
dim3(g") = A\ — 1 = ny(AQ). (5.21)

This completes the proof of Theorem 1.1 for sl(m|n).

Next we prove Theorem 1.2 for Lie superalgebras g. Based on the way that the
labelled Dynkin diagram is constructed, any labelled Dynkin diagram for e € gg is the
same as the labelled Dynkin diagram for e € gl(m + n) except some of the vertices are
®, i.e. given a nilpotent element e € gg, all the labels a; in the labelled Dynkin diagram
with respect to g are the same as that in the labelled Dynkin diagram with respect to

gl(m + n) so that > a; is also the same. We also have a; = col(i + 1) — col(7), thus

m+n—1

Zai = Z (col(i + 1) — col(7))
= col(m +n) — col(1)

— 2\ — 2 = 2dim 3(g%). (5.22)

Therefore, we have that

din 3(0") = dim3(g°) = | 5 | +2

where e =0 form #nand e =1form=n > 1.
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To prove Theorem 1.3 for g, we define gy to be the subalgebra generated by the root
spaces g_, and g, for o a simple root with label 0 or 1 in A. We consider two general
cases: the labelled Dynkin diagram A has no label equal to 1 and A has some labels

equal to 1.

1. When A has no label equal to 1. We have dimg® = >, , ¢ — 1 by Corollary 5.6
and dim 3(g°) = na(A) for m # n and dim3(g°) = ne(A) + 1 for m =n > 1 by
equation (5.20). Note that ey = 0 since Ay has all labels equal to 0. We also have
80’ = 9o = D,y 5l(rilsi). Then

dim g5’ = dim gg = Z dimsl(r;|s;) = Z (2 —1).
icZ i€7:¢;>0

Therefore,

dimg® —dimgy = ( Y d-1)— Y (F-1)

i€Z:¢c; >0 1€Z:¢; >0
=—14+ Y 1=X)\-1
1€Z:¢; >0
= ny(4)

because there are in total A; columns in P with non-zero boxes. Moreover, 3(g;’) =
3(go) = 0 when r; # s; for all i. However, if there exist some column number i

such that r; = s;, then dim 3(sl(r;|s;)) = 1 for r; = s; and hence dim3(gy’) = 7

28



where 7 is the number of ¢ such that r; = s;. Therefore, we have that

e

dim3(g°) — dim3(g5*) = dim (3(g%))°" — dim (3(g5*))“" (5.23)
na(4A) — 7 m#n,

ny(A)+1—7 m=n.

2. When A has some labels equal to 1. There are in total 2)\; + 1 columns with
labels from —\; to A; in the Dynkin pyramid P. Let £ > 0 be minimal such that

¢t = 0 and thus we know that ny(A) = A\ — k. Then we have that

k—1 k—1
9o = 5[(7”,/\1+1’57,\1+1) ®--- @5[(7”,]6,1’87]{71) @ sl ( Z Til Z Si)

i=—k+1  i=—k+1

S% 5[(T’k+1|8k+1) RN 5[(7’)\1_1|S)\1_1).

Note that the projection of ej in each sl(r;|s;) is equal to 0 for ¢ > k and i < —k

and so eg € sl (Zf:_ikﬂ 74l Zf:_ikﬂ si). We know that

k—1 k—1 o k-1 k—1
dims[( Z 7| Z si) = Z c? + Z CiCiy1 — 1

i=—k+1 i=—k+1 i=—k+1 i=—k+1

and dimsl(r;|s;) = ¢ — 1 by Corollary 5.6. We also know that P is symmetric,

thus
k-1 k-1
dimgl = ( ) 4+ > e — 1) +2(chy — 1)
i=—k+1 i=—k+1

o2 - 1),
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Therefore, we have
dim g° — dim gy’ = A\ — k = na(AQ). (5.24)

Observe that when r; # s; for all |i| > k and S5 w1 i F St ji1 Si, then
dim3(gy’) = k—1 as 3(sl(r;]s;)) = 0. However, when there exist some i for |i| > k

such that r; = s;, then dim 3(sl(r;|r;)) = 1. Moreover,

k—1 k—1 €0 Lk if Zl_ P = Zf_—i Si,
dim 3 <5[< Z ri | Z si> ) = wH o

i=—k+1 i=—k+1 k—1 if Zk 1k+1 T 7& Z 7—k+1 Si-

Let
0 if Zl_*k+1 i # Zz—fk%*l Sis

. k—1 k—1
L oif Zi:—k-H Ty = Zi:—k—H Si-

Vg =

Then we have that dim3(g;’) = £ — 1 + 7 + 1 where 7 is the number of ¢ such

that |i| > k and r; = s;. Therefore, we have

dim3(g) — dim3(gg*) = dim (3(g%))°" — dim (3(g5*))“""
na(A) — 7 — 1y m # n;

no(A)+1—7—19 m=n.

5.2 The ortho-symplectic Lie superalgebras

In this section, we first recall the definition of the ortho-symplectic Lie superalgebras

g = g5 ® g1 = osp(m|2n) following [19, Section 2.3| and [4, Subsection 1.1.3 |. We also
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develop an approach to express any ortho-symplectic Lie superalgebra by matrices. For
a partition A of (m|2n), we recall the ortho-symplectic Dynkin pyramid of shape A as
given in [11, Chapter 8|. Then we construct the labelled Dynkin diagram based on a

given ortho-symplectic Dynkin pyramid P.

Let e € g5 be nilpotent. In Subsection 5.2.5, a basis of g° is given following the
structure in [11, Section 3.2.2] and [15, Section 3.2]. Then we deduce an alternative
formula to calculate the dimension of g¢ which is different from the formula in [11,
Section 3.2.2|. In order to find out a basis of the centre 3(g¢) of centralizer of e in g,
we split our analysis into two cases: (a) the Jordan type of e has all parts with even
multiplicity; and (b) the Jordan type of e has all parts with multiplicity one. After
that, we use results in the above two cases to generate a basis for the general case.

Let G = O,,(C) X Sp,,,(C). In order to prove our main theorems for osp(m|2n), we
describe the structure of 3(g°) under the adjoint action of G¢ in Subsection 5.2.9. We
start by looking at how the adjoint action of O,,(C) (resp. Sp,,(C)) acts on the centre of
centralizer of e in Lie algebras o(n) (resp. sp(2n)). We describe some basic background
about the centralizers in O, (C) and Sp,,(C) and details of proofs are covered in [15,

Section 3] and then describe the construction of (g°)%“. Then a basis of (3(g¢))“" is

given by possibly removing an element from the basis of 3(g°).

5.2.1 The structure of ortho-symplectic Lie superalgebras

Suppose V = V5 @ Vj is a Zo-graded vector space over C. Let

B:VxV -V

be a non-degenerate even supersymmetric bilinear form on V, i.e. B(V;,V;) = 0 unless

i+ j = 0, the restriction of B to V5 is symmetric and the restriction of B to Vj is
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skew-symmetric. For 7 € {0, 1}, we define

osp(V); :={x € gl(V); : B(x(v),w) = —(=1)"B(v, z(w)) for homogeneous v, w € V}.

(5.25)
where v is the parity of v. Then osp(V) = osp(V')s @ osp(V)1 is a subalgebra of gl(V)
and is called the ortho-symplectic Lie superalgebra. By choosing a homogeneous basis
of V' as shown later in (5.26), we identify osp(V') with a subalgebra of gl(m|2n) denoted
by osp(m|2n), i.e. we write osp(m|2n) for osp(V) when dim V5 = m and dim Vi = 2n.
Note that the even part gg = o(m) @ sp(2n) where o(m) and sp(2n) are classical Lie

algebras.

In order to distinguish the ortho-symplectic Lie superalgebras into several cases, we

define
B(m,n) = osp(2m + 1|2n) for m > 0,n > 1,
D(m,n) = osp(2m|2n) for m > 2,n > 1,

C(n) = osp(2|2n) for n > 1.

We next explain how to represent the ortho-symplectic Lie superalgebra osp(m/|2n)

using matrices with respect to certain choices of basis of V. Let | = \_%J Take a
sequence 11, ..., M, € {0,1} such that [{i:m; =0} =1 and |[{i : ; = 1}| = n. When
m is odd, we define the standard basis 8 of V' with respect to 1 to be

_ m Mtn .0 , Mtn 71
B = {v] e Vg V0, Uy - VI (5.26)

where n; = 0 if v}, 0™, € Vg and n; = 1 if v]*, 0™, € Vi for each i. Note that when m is

even, B = {vf", ..., v/, vi”(ﬁn), ...,v™} is the standard basis of V. With the above
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basis, the non-degenerate even supersymmetric bilinear form B on V is given by

0 ifi#—j;
B, v)’) =141 ifi=—j, m=0o0ornp=1andi>0 (5.27)

1 ifi=—j, m=1,i<O0.

\

Thus the matrix of B with respect to basis B is

(_1)771+n

Next we explain a basis of g corresponding to the above basis B of V. Define ¢;
to be the linear transformation sending v;* to v;”. Note that osp(V); is spanned by
elements of the form e; ; for n; = 1 and e;, + v_k,_je_r_; for n; = n, and j # —k
and osp(V)1 is spanned by elements of the form e;j + v_j _je_i —; for n; # n; where
Y—k—j = %1 as specified below. We use equation (5.25) to determine y_;_; . For
i€{0,1},7,k # 0,7 # —k, we have

B((ej + v-k—je—r—j)0i* v2}) = =(=1)" B, (ej + v-p,—je—r—)v").  (5.28)
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according to (5.25). Then by (5.27) we have that

. 1 ifn;=0o0rn =1 j>0;
LHS of (5.28) = B(v}’,v",) = ’ ’

Jo =g -
~1 ifn =1, <0.

and

RHS of (5.28) = —(—1)"~_, _; B(v/*,v™,)

—(=1)"My_y; ifmy=0o0rmn =1, k> 0;

(_1>i77k7_k7_j if N = L k < 0.

Hence, for e + v_i _je_k—; € 0sp(V)g, we have that

1 ifn;=n =1and jk <0,
V—k—j =

—1 ifn;=n=0o0rn =n =1and jk > 0.

(5.29)

For e; i +v_—je—k—; € 0sp(V)1, we have that n; # n;,. Hence the value of y_; _; is as

follows.

Case 1: m; =0, gy =1 | Case 2: n; =1, n =0

Vb | J>0] 7<0 | vop—j | 7>0] 7<0
k>0 1

—_

k>0 -1

—_

k<0] —1 -1 E<0| —1 1

Let us denote sign(j) = 1 for j > 0 and sign(j) = —1 for 7 < 0. We deduce that

Vek,—j = —1;5ign(y) + mesign(k) for all n; # .
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We further calculate signs in basis elements e + v_ro0€—ko for £ > 0 and exo +

Yo.—k€o—k for k> 0 if they exist. Applying a similar argument we get that for k£ > 0,

—1 if N = (_),
Veko = and vy = —1. (5.31)

Therefore, for the matrix expression of osp(m|2n), we fix all entries above the skew
diagonal to have positive sign and then use the above rules to determine signs of entries

below the skew diagonal. More precisely, a basis of osp(m|2n) is

{ei—isejn+V—k—jer—j:mi=1,0<jk<Il+n, orj=0k>0, (5.32)

orj>0,k=0orjk<0,j+k<0}

where y_j _; is determined using equations 5.29-5.31.

Example 5.11. For g = osp(3]2), take the basis to be B = {09, v, v, v1,,v°,}, then

we have

g= k 0 —g —C :a,b,c,d,e,f,g,h,k,l,r,sE(C
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5.2.2 The ortho-symplectic Dynkin pyramid

In this subsection, let g = osp(m|2n) = gg ® gi. Note that the nilpotent G-orbits in gg

are parameterized by the partitions of (m|2n). Let A be a partition of (m|2n) such that

)\:(p|q):(p17'-'ap7‘|q17"'7QS) (533)

where p (resp. ¢) is a partition of m (resp. 2n) and py > -+ > p,,q1 > -+ > q5. Write

A= (¢Metre oo 1™t such that m; = [{j :p; =i} and n; = [{j : ¢; = i}

Recall that there exists a nilpotent element e € gg with partition A if and only if m;
is even for all even i, and n; is even for all odd .

Similar to gl(m|n) case, we recall the ortho-symplectic Dynkin pyramid P for \. It
consists of (m + 2n) boxes with size 2 x 2 in the xy-plane and is centrally symmetric
about (0,0). Define the row number (resp. column number) of a box to be the y-
coordinate (resp. z-coordinate) of the centre of the box. Below we describe the rule to
place boxes in the upper half plane following [11, Section 8] and the rest of the boxes
are added to the lower half plane in a centrally symmetric way.

Firstly, we set the zeroth row to be empty if m is even. If m is odd, there exist
some odd parts appearing with odd multiplicity and we let a; be the largest such
part in A among all p;. Then we put a; boxes into the zeroth row in the columns
1—a1,3—ay,...,a; — 1. Next we remove one part of a; from A.

Then A becomes a partition that contains an even number of odd parts with odd
multiplicity. Denote these representatives by ¢; > by > --- > ¢y > by. In the upper
half plane, the rest of the boxes are added inductively to the next row following the
rules below.

Suppose ay is the largest part remaining in A. When m,, is odd, then as = ¢, for
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some k € {1,..., N}. We add an even skew row of length @ and put boxes in this
row in the columns 1 — by, 3 — by, . .., ¢, — 1 with even parity 0. After that we remove ¢y,
and b from the partition. Then add L%J rows of length as and boxes in these rows

are placed in the columns 1 — ay,3 — as,...,as — 1 with parity 0. When m,, is even,

May
2

we only add L J rows in columns 1 — ag,3 — ay, ..., as — 1 with parity 0. When n,,

is odd, then an odd skew row of length % is added in the columns 1,...,a; — 1 with
boxes labelled by parity 1. We draw a box with a cross through it to represent each
Nag

missing box in skew rows. Then we add [TJ rows of length as and put boxes in the

columns 1 — ay,3 — ay,...,a; — 1 with parity 1. When n,, is even, we only add L";QJ
rows in the columns 1 —as, 3 —as, ..., as — 1 with parity 1. Then remove a;na2+na2 from
A

Let [ = L%J In this paper, we label the Dynkin pyramid down columns from left to
right with numbers 1,...,l+n,—(l+n),...,—1 so that boxes labelled by i and —i are

central symmetrically. For the case where m is odd we have an additional even central

box which is labelled by 0.

Example 5.12. The ortho-symplectic Dynkin pyramid for a partition A = (5, 3, 1|3, 3)

18:
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2 [ 1

7| 4 0

1| 3o 3|a 0
4 7 6

% | 2 -

1

Figure 5: the Dynkin pyramid for A = (5, 3,1|3,3)

The ortho-symplectic Dynkin pyramid for a partition A = (3, 3|4) is:

2| 5 3 0
4] -1 1

1] 4 1
3] -5 -2 0

Figure 6: the Dynkin pyramid for A = (3,3 | 4)

Let row(i) (resp. col(i)) be the row number (resp. column number) of the ith
box. Let |row(i)] € {0,1} be the parity of row(i) for « = +1,... ,+(l + n) (resp.
i==1,...,£(+n),0) if m is even (resp. m is odd). Note that the above numbering
of the Dynkin pyramid determines a basis 8 of V' which is given in Subsection 5.2.1
with 7; = |row(7)].

According to [11, Section 8|, the ortho-symplectic pyramid P determines a nilpotent
element e € g5 and e = ) 7, je;; where 7, ; is the coefficient of e; ; in the basis of g

that involves e; ; and the sum is over all 7 and j such that
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1. row(i) = row(j) and col(j) = col(i) — 2;

2. row(i) = —row(j) and box labelled by i is in an even skew-row in the upper half

plane, col(i) = 2 and col(j) = 0 or col(i) = 0 and col(j) = —2;

3. row(i) = —row(j) and box labelled by 7 is in an odd skew-row in the upper half

plane, col(i) = 1 and col(j) = —1.

The pyramid P also defines a semisimple element h € g such that h is the (m + 2n)-
diagonal matrix where the ith entry is —col(z), i.e. h =), —col(i)e; ;. Note that {e, h}

can be extended to an sl(2)-triple {e, h, f} in gg according to |11, Section 8|.

5.2.3 Root system and labelled Dynkin diagrams for osp(m/|2n)

Let g = osp(m|2n) = gg® g1 and b be the set consisting of all diagonal matrices in g. A

M+n

I+n } Where n; are the parities as defined in Subsection

basis of h* is given by {&]*, ..., ¢
5.2.1 and (), e”) = (—=1)"4;;.

i 1<g

According to [19, Section 2.3], for odd m > 1, n > 1, the root system for g is given

by ® = &5 U &7 such that
o = {*el £ i # jym =} U {Fel} U {25},

;= {£e U {xe? + 5;“ cm £ ik

and a choice of positive roots is @ = {e}*,2¢}, e £ i < j}.

For m =2, n > 1, the root system for g is given by ® = &5 U ®1 such that

Oy = {j:eii + 5} i jHU {j:ZEZi}, Q7 = {£e]' + egj CTh F 15 )
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and a choice of positive roots is & = {2! & + 52” ti < J}

For even m > 2, n > 1, the root system for g is given by ® = &5 U ®7 such that

Op = {keli e i jom =m}U{£2e]}, @1 = {Fel £ty £y
and a choice of positive roots is & = {2e! & + el i< j}.
We can check that all odd roots in the Dynkin diagram of Lie superalgebras osp(m/|2n)
are isotropic except roots {£e}’ : n; = 1} because for n; = 0 and n; = 1,

(el + 5?, +el + 5;-”) = (eff, el") + (E?j,sgj) =0,

and (£}, 4e’) = 1.

We describe the corresponding simple roots and draw the corresponding labelled
Dynkin diagrams for each case in Table 5.2. Before listing all possible labelled Dynkin
diagrams for g, we explain the general method on determining labelled Dynkin diagrams
for each case below.

The labelled Dynkin diagram with respect to e € gg is constructed as follows.
Firstly, draw the ortho-symplectic Dynkin pyramid P of A following Subsection 5.2.2.
For boxes labelled by i = 1,...,l+n —1in P, we know |[row(i)| = |[row(i + 1)| (resp.
lrow(z)| # |row(i + 1)]) implies that the simple root oy = &]" — &' is even (resp. odd
isotropic) since |row(7)| is defined to be equal to 7;. Hence, we associate a white node
O (resp. a grey node ®) to the root «; if [row(i)| = |[row(i 4+ 1)| (resp. [|row(i)| #
lrow (i 4+ 1)|) and connect the (i — 1)th and ith node with a single line. We label the
ith node with a; = col(i + 1) — col(¢). For i = [+ n, we need to consider different cases.

When m is odd, then |[row(l 4+ n)| = |[row(0)| = 0 (resp. |[row(l +n)| # [row(0)])
implies that the (I 4 n)th root oy, = /1" is even (resp. odd non-isotropic). Hence,

we associate a white node O (resp. a black node @) to root oy, if [row(l +n)| =
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[row(0)| = 0 (resp. |[row(l + n)| # |[row(0)|). We connect the (I+n —1)th and (I +n)th
node with 2 lines and put an arrow pointing from the ({+mn — 1)th node to the (I4n)th
node. The (I 4+ n)th node is labelled by a;,, = col(0) — col(l + n).

When m = 2, there are two possibilities for the (n + 1)th root a,1.

o If [row(n+1)| = I, we have that o, 4, = 2¢1 ., is an even root. Hence, we associate
a white node O to root a,;;. We connect the nth and (n + 1)th node with 2
lines and put an arrow pointing from the (n + 1)th node to the nth node. The

(n + 1)th node is labelled by a1 = —2col(n + 1).

o If [row(n + 1)| = 0, we have that a,; = ¢} + <%, is odd isotropic. Hence, we
associate a grey node ® to root a,.;. We connect the nth and (n + 1)th node
with 2 lines and connect the (n — 1)th and (n + 1)th node with a single line. The

(n + 1)th node is labelled by a1 = —col(n + 1) — col(n).

When m > 2 is even, there are three possibilities for the (I 4+ n)th root a;i,.

o If row(l + n)| = 1, we have that oy, = 2¢],,, is even. Hence, we associate a
white node O to root ayy, and put a single line between the (I + n)th and the

(I +n — 2)th node. The (I + n)th node is labelled by a;1, = —2col(l + n).

o If [row(l +n)| = 0 and |row(l +n — 1)| = 1, we have that ayy, = e, | + .,
is an odd isotropic root. Hence, we associate a grey node ® to root a;,. We
connect the (I + n)th and the (I + n — 1)th node with 2 lines and connect the
(I4+mn—2)th and (I + n)th node with a single line. The (I + n)th node is labelled

by —col(l +n) —col(l +n —1).
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o If [row(l + n)| = |row(l +n — 1)] = 0, then a4, = &), | + &7, is even. Hence,
we associate a white node O to root i, and connect the (I + n)th and the
(I +n — 1)th node with 2 lines. An arrow is pointing from (I 4+ n)th node to the
(l4+n — 1)th node. The (I + n)th node is labelled by —col(l +n) — col(l +n —1).

Note that the symbol ¥ in Table 5.2 represents either a white or grey node can appear.
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osp(m|2n)

sets of simple roots

labelled Dynkin diagram

az Ql+n-2 Ql+n-1 Ql+n
m Z 1 ].S az QAj+n-2 Ql+n-1 dj+n
Min—1 @ S T
odd {el' —e3 ey —
€nl+n MN+n
I4+n > ~l4n
m __ -n2 Nn Qz Qn-1 Qn+1
{el* —€2,..., €
_ 1 1
m=2 Ept1r26m i1}
1 n2 1
{el' =3, . eh —
0 1 0
EnJrl? gn + €n+1}
m e 77l+ . az Qi+n-2 Ql+n-1 Qi+n
> 21 ! 2
m 18 €l+n7 €l+n
even
{eM —52 ... 5z+n 1=

8l-‘,—n’ gl—i—n 1 + é‘H—n}

{eI —52 . 51+n 1=
5l+n7 6lJrn 1 + 6l+n}

d:z

Table 5.2: Labelled Dynkin diagrams for osp(m|2n)




Example 5.13. For a partition (5,3,1|3,3), the corresponding Dynkin pyramid is

shown in Figure 5. Then the corresponding labelled Dynkin diagram is:

Figure 7: Labelled Dynkin diagram with respect to (5,3, 1|3, 3)

For a partition (3,3|4), the corresponding Dynkin pyramid is shown in Figure 6. Then

the corresponding labelled Dynkin diagram is:

1 0
® I
-
Figure 8: Labelled Dynkin diagram with respect to (3, 3|4)

Remark 5.14. Similar to Dynkin pyramid, different numberings within columns for
a ortho-symplectic Dynkin pyramid are possible and would lead to different labelled
Dynkin diagrams. In this way one can get all labelled Dynkin diagrams. The following
example shows we get different labelled Dynkin diagram if we allow different numberings

within columns.

Example 5.15. For the partition (5,3, 1|3, 3), if we follow the principle of numbering
within columns given in this subsection, the corresponding labelled Dynkin diagram is

given in Example 5.13. However, if we choose a different numbering as shown below,

74



.
]

|

wn
Ll |

(=1
e
(=]

o
-
=
=]
I

<

[
&
=

wn
B
|
i
=1

Figure 9: Different Dynkin pyramid of (5, 3, 1|3, 3)
The corresponding labelled Dynkin diagram shown below is different from that is in

Example 5.13.

2

O—O—@—O—R—T®

Figure 10: A different labelled Dynkin diagram for (5,3, 1|3, 3)

5.2.4 Alternative Dynkin pyramid for \

In this subsection, we use an alternative notation for A and rewrite

A= <>\17 SR )‘(17 /\a+17 A—(a-i-l)7 ceey )‘b7 A—b) (534)

where Aq,..., A\, are the parts with odd multiplicity, \y > Ao > -+ > A\, and ;41 =
A(at1) = o+ = Xy = Ay We define |i| € {0,1} such that for ¢ € Z, we have
{6 A=, il =0} = [{j: b5 = e}l and [{i: A= ¢, il = T}] = [{j - g5 = e} for some
j. Fori,7>0,if \; = A; and |i| =0, |j| =1, then we assume ¢ < j. Next we establish

a Dynkin pyramid P which is different from that we used in Subsection 5.2.2. We use
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P to determine a basis for g¢ in Subsection 5.2.5.

The new version of Dynkin pyramid P consists of (m 4 2n) boxes with size 2 x 2
in the zy-plane and is centred on (0,0). Firstly, for each A\; with i > 0, we put \;
boxes both into the ¢th row and —ith row in the columns 1 — \;;3 — \;; ... )\, — 1.
We start with the parts Aj,...,A,. For 1 < i < a, we cross out L%J boxes in the
ith row from left to right and cross out [4] boxes in the —ith row from right to
left. If \; is odd (resp. even), we label boxes without cross in the ith row from
left to right with g, 42,...,4x,-1 (resp. i1,4s,...,75-1) and boxes without cross in
the —ith row from left to right with i_(\,_1),...,i_2 (resp. i_(x,_1),...,9-1). Then
we deal with the parts Aqy1, A_(a41),---, Ap, Ap. For a +1 <4 < b, we label boxes
in the ith row with 7;_),,%3_»,,...,%x,—1 and boxes in the —ith row are labelled by
—01-x;y —03-x;s - -5 —lr,—1. Let [row(i)| be the parity of the ith row such that [row(7)| =
li| and |é| is defined in (5.34).

Note that from the above Dynkin pyramid P we get a basis
{v, :4; is a box in P} (5.35)

of V. More precisely, basis elements {vij 1<i<a,0<j< )\, —1forodd A\; and 1 <
j < Ajforeven \i} U{vy;, :a+1 <7 < b} (resp. {v; : 1 <i<al-X\<j<
0 for odd A\; and — \; < j < —1for even A} U {v_y, : a+ 1 < i < b}) correspond to

the boxes in the upper (lower) half of P. The bilinear form B(.,.) on V is given by
B(vy,,v; ;)= (=1 fori=1,...,q,

B(vi,,v_;_,) = 1fori==%(a+1),...,%£D,

ij
and all other forms on basis elements are zero. We know that P also gives a nilpotent
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element e € gg such that e sends v;; to v;;_, if there exists a box labelled by v;;_, and

sends v;; to zero if there no such box.

Example 5.16. The alternative Dynkin pyramid for the partition A\ = (5, 3|2?) is:

31| 2 1

2o] 22 0

Ie| 1 14 0

12| 12 0
22 0

S -3 1

Figure 11: the alternative Dynkin pyramid for the partition A = (5,3 | 2%)

Define u; = v;,,_, € V and thus e/u; = v;, _, ,. Then the vectors e/u; with

lil =0, 0 <j < X\ — 1 form a basis for V5 and eu; with |1 =1, 0 < j < X\ — 1

form a basis for V;. Moreover, we have e*iu; = 0 for all i and they satisfy the following
conditions:
(1) Fori=1,...,a, we have

(=1)* ifi=jandk+h=X\—1,
B(euy, e'uy) = (5.36)

0, otherwise,

(2) For i = £(a+1),...,=£b, then there exists 0; € {—1, 1} such that

(—1)%0;, if —i=jandk+h=\—1,
k h
B(e U;, € Uj) = (537)

0, otherwise,
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5.2.5 Centralizer of nilpotent element ¢ € gj

In this subsection, we give a basis for g° based on [29, Chapter 1| and then state
an alternative formula to the formula given in [11, Subsection 3.2.2] for dimg¢. In
order to describe a basis for g° we define ¢* = ¢ for + = 1,...,a and * = — for

i=%(a+1),...,+b.

Recall that a basis for gl(m|n)¢ is known in terms of & such that & sends u; to
e*u; and all other u; to 0. We know that g¢ = g N gl(m|2n)¢. Therefore, in accordance
with arguments in [15, Section 3.2] and [29, Chapter 1], the elements in a basis of g¢

are of the form:
€PN for 0 <k <\ —1, kisodd if |i| =0 and k is even if |i| = I;

gy eg’A]‘_l_kéﬁ’)‘i*l*k for all 0 < k < min{\;, \;} — 1, ]| = |J|

1

where 6Z’Aj_ % € {+£1} can be determined according to [15, Section 3.2]. More precisely,

we have that

eNTIE — (L1 R0,6; for all 0 < k < min{\;, A} — 1, )i = |j]. (5.38)

(2

According to [11, Section 3.2.2|, elements in a basis of g$ are of the form

gATITR L g TIR for 0 < k< min{ A, A} — 1, Ji] # |5 (5.39)

]*

with appropriate choices of signs. Note that signs in (5.39) can also be determined
explicitly.

Let e = e, + e, where e, € 0(m) and ey, € sp(2n). Based on [11, Section 3.2.2] and
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[15, page 25|, we have that

dim g§ = dim o(m)* + dim sp(2n)**
— %dimg[(m)e“ — % [{i : \; is odd, |i| = 0}
45 dimgl(2n) + £ |{i A is odd,[i] = T}
= J dimgl(ml2n)g — 5 |{i - A, is odd, |i| =0}

1 _
+ 5 [{i: A\ is odd, |i] = 1}
In addition, in [11, Subsection 3.2.2] Hoyt argues that

1
dim g = 5dimg[(m|2n)§ = Z min(A;, A;).

|i|=0,]5]=1:1,j

Therefore, we have that

1 1 _
dimg® = 3 dim gl(m|2n)® — 3 [{i: \; is odd, |i| = 0}

1 _

We obtain an alternative formula for dim g® below.

Proposition 5.17. Let g = g5 @ g1 = o0sp(m|2n) and X be a partition of (m|2n).
Denote by P the ortho-symplectic Dynkin pyramid of X\. Then P determines an sl(2)-
triple {e, h, f} in gy. Let ¢; be the number of boxes in the ith column of P and r; (resp.

s;) be the number of boxes with parity 0 (resp. 1) in the ith column of P. We have that

dimg® = $(3 7 + Y cicip) — 2 + 2.
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Proof. Let g = @,., 9(1). Using the same argument as in the proof of Proposition 5.5,
the map ad e : g(> —1) — g(> 1) is surjective according to [11, Definition 4.1|. Note
that

ker(ad e) = g° C g(Il > —1) and im(ad e) = g(l > 1).

Thus by the rank-nullity theorem, we have dim ker(ad e) + dimim(ad e) = dim g(l >

—1). Hence,

dimg® = dimg(l > —1) —dimg(l > 1)

= dim g(0) + dim g(—1).

We also calculate that [h, e; x + 77—k —je—r ;] = (col(k) —col(j))(e;x + Y-k —je—k—;), this

implies that e, +v_k —je_x—; € g({) if { = col(k) — col(j). Hence, we have that
9(0) = (ejk + V—k,—j€—k,—j : col(k) = col(j)) = (@ g[(n-|sz-)> @ 0sp(rolso),
i<0

Moreover, we know that

2 2 _
dim 05]3(?“0|80) = (TO * SO) 5 (TO + 80) + S = %~ "T0T 5 20+ SO.

Thus we have that
dimg(O):Zcz—l—c—%—@—k@:l 2Ty %
1 7 2 *
Observe that

9(—1) = (ejk + Y-k, —j€—; : col(k) — col(j) = —1) = @5 Hom (C*,C+).

<0
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Hence, we have that dim g(—1) = >, _ ¢icit1.
Moreover, for each row which corresponds to an odd \;, there must exist a box in the Oth
column. Thus we have that o = |{i : \; is odd, |i| = 0}| and so = |{i : \; is odd, |i| = 1}|.

Therefore, we deduce that

.. 1 ro S
dim g° = 5(263 + ) cicin) — 50 + 30

5.2.6 Centre of centralizer of nilpotent element ¢ € gz with Jordan type A\

such that all parts of A have even multiplicity

Let g = g5 @ g1 = osp(m|2n) with a Cartan subalgebra b, we have the root space

decomposition:

gs=bhoP .

acd
and b is self-centralizing. Construct an alternative Dynkin pyramid P following the rules
described in Subsection 5.2.4. We know that P determines a nilpotent element e € 95
and we can embed e into an sl(2)-triple s = (e, h, f) C gy by the Jacobson-Morozov
theorem. Then we have that the centralizer ¢ of e in b is a maximal toral subalgebra of
g¢ according to [1, Section 3|. Moreover, |1, Lemma 13| shows that the set of weights of
h¢ on g° is equivalent to the set of weights of h on g. Then we can obtain the following

decomposition for g¢:

o= (0" & P o

acde
where ¢ C (h°)* is defined as the set of non-zero weights of h° on g° and g¢ = {x € g°:

[h, 2] = a(h)z for all h € h}. Hence, we have 3(g°) C (g°)". Note that 3(g°) C (g°)""
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is a general result for all basic classical Lie superalgebras g, but in this section we only

need this result for the case in which g = osp(m|2n).

We first consider the case where all parts of the Jordan type A = (A, A_1, ..., Ay, Ap)
with respect to e have even multiplicity. Then we know that there are 2b rows in the
Dynkin pyramid P and we label rows in the upper half plane from bottom to top by
1,2,...,band rows in the lower half plane in a symmetric way. Let S be the set spanned

by the odd powers of ¢, i.e. S = (e,e,...,e' 1t = QL%J —1).

Theorem 5.18. Let g = osp(m|2n) = ggd g1 and the Jordan type with respect to e € gg
is A= (A, A1, A, Ap) such that \y > -+ > Ny and \; = A_;. Then 3(g¢) = S
except when \; is odd and Ny > X\; for i # +1 and |1| = 0. In which case, we have that

3(09) = S (M — e h.

Proof. This proof will proceed in steps. It is clear that S C 3(g°). We know that
et =" (&M £€73") and ¢ € g for all odd [ with 0 < < A

Step 1: Deduce that 3(g¢) C (fj’Aj_l_k—|—€§’Aj_1_k5:7’Aﬂ'_1_k

; 1< j<b0<k<\—1).

We first determine (g¢)"°. Define h; = €° — ¢77° for all 0 < i < b. Then we have

b = (hi : 0 <i < b). We define j3; € (h°)* by

1 ifi=g;
Bi(hy) =
0 ifi# ],
and S_; = —f; for all i. As in the proof of [29, Theorem 2|, we can calculate that

[6270,5;’5] = 5it§;’8 — (51-]-5;’5. Thus for h € h°, by computing the commutator between h

and the basis element of g¢ that is of the form flj’Arl*k +€f’k7’717k§:§-’h_l_k forl,7 >0,
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[ # j, we get
iAi—1—k A —1—k o —1 A —1— A1k ki1
[, &N TR T = (8 = ) (@Y T T T T T,

By computing the commutator between h and the basis element of g° that is of the

form

gl_j,,\j—1—k 4 gl—j,Aj—l—kgjfl,/\zflfk for 1,7 >0, 1 # j, we get

—j,Ai—1—k —jAi—1—k I —1— Cini—1—k in1k 1o
[, &7 e TR = (= — B (BT YT g

and by computing the commutator between h and the basis element of g¢ that is of the

form ff;\j_l_k + gj_’?j_l_ké“l_’;‘.l_l_k for 1,7 >0,1# j, we get

[ €7 TR T = (B B (€LY TR,

j,,\j—1—k£71,>\lf1fk
—J

Hence, the coefficient of 5{’A'7_1_k + g in an element of (g¢)" can be

nonzero if and only if (8; — 8;)(h) = 0 for all h € h°, the coefficient of glfj,)\jflfk) n

5;]"&_1_165?”\1714“ in an element of (g°)" can be nonzero if and only if (—8;—/3;)(h) =0
for all h € h® and the coefficient of fi?j_1_k+€j_’?j_1_k£l;’]\»l_1_k in an element of (g¢)"" can

be nonzero if and only if (3; 4+ 5;)(h) = 0. Take h = h;, we obtain that (8; — 5;)(h) =1
and (—B; — f1)(h) = —1 for | # j. Therefore, we deduce that

e iN—1—k . jX\j—l—k . —j\—1—k
(@) = (V7 4 TRV

and thus 3(ge) C <€;})\j—1—k¢ 4 5;:,)\j_1_kf:§7)\j_1_k>-
We now have that an element z in 3(g°) is of the form ., c}’k(ﬁjj”\j_l_k +5§’15:;’/\j_1_k)

from Step 1.
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Fix jand kand let [ = \; — 1 — k.
Step 2: Show that c?l = 0 whenever [ is even except in one special case.

According to Equation (5.38), we have that

1 if [ is odd;

—1 if ] is even.

Assume [ is even, we consider an element 51-_"’0. Note that §Z-_i’0 € g°if \; is even and
li| = 0, or \; is odd and |i| = 1. Hence, when & "* € g°, the commutator between &, *°

and z is:

&0 NG - =23 e
il gl

Hence, we deduce that c;l = 0 whenever [ is even. When fi_i’o ¢ g i.e. \; is odd and

il =0, or \; is even and |i| = 1. We take the commutator between & ' € g¢ and z:
i1 ilgeid =il il o—Gl+1
670 AN = =2 g
j7l j7l

Hence, we deduce that c;l = 0 for all [ is even except when [ = \; — 1, in which case
we have that ); is odd and [j| = 0.
Next we consider the case when [ = \; — 1, \; is odd and |j| = 0, suppose that there

LA =

exist some ¢ # j, 1 > 0 and A\; > A, then 53’,0 + 5{’05:] ’ € g° by computing

j,0 ,0 - — 8, Xi—A; iAj—1, .52 —1 —jAi—1 iA=L, 5,00~ —1 A —1
G0+ 0TS G T T =T = =Y G TN T T,
J

J

we obtain that c?”\j_l = 0 except there does not exist such i # j, i > 0 and \; > )\,
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which implies that j = 1. Hence, we obtain that
3(g°) C <£j."l + f:j’l lis 0dd>

except for A; is odd and |1]| = 0 such that A\; > ); for ¢ # £1, in which case we cannot
show that ¢} M1 — 0 and 3(g°) C <§§"l + §:§’l s odd> D < ll’h_l — :}’A1_1>.
Step 3: Show that c“ = ' for all 7,¢ whenever [ is odd.

1A — At

Now consider 5 + 5 5 € g° with 2 < t and 4,¢t > 0. Then we compute that

[gto_i_ £,0 m At ]

£t0+ tO 'L)\ —At ZCJ £]l+€ ]l)]

B il £ (Y0 miA N
_E (Ci 6 +§ - € G-t

l

This equals to zero if and only if cﬁ’l = ci’l for all 7 and t. Hence, 3(g¢) C S and therefore
3(g%) = S except for \; > \; for i # +1 and |1| = 0.

Step 4: Show that &' — 07" € 3(g°) when )y is odd with [1| = 0 such that
A1 > \; for i # £1.

Suppose A; is odd with |1] = 0 and [ = A\; — 1. Suppose A\; > \; for i # +1. Clearly

TA =1 o—1M—1
1 —&1

and &N £ AT for g £ 41,

commutes with all basis elements in g¢ of the form fi_i”\"_l_k fori # +1

LA—1  o—1M -1

1,0 —1—k 1, 0—-1-k
J 571 fOI‘

It remains to check whether &; commutes with &

—1—k

0< k<M -1 kisodd, &V e M h T IT L b f 0 < p <\ - 1

and MR g gm AR e b ok AR f) 0 < k< A\ — 1. Note that

11 —1 -1 1A —1—k 1,20 —2—k
[ T =TT T = 28 T
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and
LA—1 =1 A—1 o~ M\ —1—k 1,20 —2—k
[11 =& G ]:25_11 :
We know that 51_1’2)‘1_2_k = 0 and 5—%’2/\1_2_1"’ = 0 because 2\; — 2 — k > A\;. Sim-

[ 1,A1—1 o —1,A1—1 j,)\j :]:5_1)\1 1— k] — O [ 1L,LA1—1 o

ilarly we can compute that 1 &

5_1 )\1 l’fj)\'—l k :i:gl )\1 1— k] _ O [ 1/\1 1 5:%,A171’€i].,/\1717k if:lyAi*]-*k} — 0 and

[ 1)\1 1 f 1)\1 1 5—1 )\1 1— kjj:g—l)\—l k}] 0 Hence We ha\/e that gl Al 1 :%,)\1—1

Pt _em T e 5(g0)

in this case and 3(g°) =S @ < 1A -1 5:%7/\1—1>. -

commutes with all basis elements in g°. Therefore, we have that &;

5.2.7 Centre of centralizer of nilpotent element ¢ € gz with Jordan type \
such that all parts of A\ have multiplicity one

Next we consider the case where all parts of the Jordan type A = (A\y,...,\,) of e have
multiplicity one, which implies \; is odd for |i| = 0 and ); is even for |i| = 1. Note that
when m = 0 or n = 0, then g is either an orthogonal or symplectic Lie algebra, a basis
of 3(g°) has been given in [29, Theorem 4|. Recall that S = (e, e®,... e’ : t =2[3L]—1).

Below we give a general result for 3(g¢).

Theorem 5.19. Let g = gg®@gi = osp(m|2n) and let e € gy be nilpotent with a partition
A= (A1,..., Ay) which is defined in (5.34) and Ay > --- > A,.

(1) If m =0 or n =0, we have 3(g°) = S except when n =0, Ao > A3 and both A\
and Ny are odd, in which case we have 3(g°) = S & (&1 — M,

(2) If m,n # 0, we have 3(g°) = S except when a > 3, |1| =12| =0, or a =2 and

<2/\2 I 1, — 1>

|1| # |2|, in which cases we have 3(g°) = S & 5
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Proof. For m =0 or n = 0, then g = sp(2n) or so(m), the detailed proof can be found
in [29, Theorem 4].
For m,n # 0. Tt is clear that S C 3(g¢). We know that ¢! = 3% ¢ and ¢! € g for all

odd [ and 0 <[ < Ay — 1. Note that a basis of g contains elements of the form:

¢ forall 1 <i<aandodd kwith 0 <k <)\ — 1,

g L VTR R for all 1 <4y j < o, 0 < k< min{\, Ay} - 1
where 55”\"_1% € {£1} can be determined explicitly. Thus an element x € 3(g°) is of
the form

ke j k(I A 1=k i —1—k i \—1—
Tr = Zcz»k£Z’k —|—Zcz7k<é—f7 J 1 +€iv ] €;7A'L 1 k)

i,k 1,5,k

- '
where ¢ € C are coefficients.

i,k
7

Assume a > 3. For 1 <t < a, we have that ff’l commutes with )., cﬁk . By taking

the commutator between £' and = we obtain that

Ae—1
t1 thct i—k  _tAi—l—k i \i—k
[t?x]zzzci & —&™ & )
i<t k=0
Ai—1
PSS e g
t<i k=0

This is equal to 0 for all ¢ if and only if ¢/* = 0 for all 0 < k < Aj — 1. Now we have
i i 1 4,/\]'—1 4,/\]'—1 LA —
that v =3, , et + D (g +e §; M,

0l Ai—Ap
h

For 1 <[ < h < a, by taking the commutator between f;“o + €lh’ and xr we
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obtain that

10+ O 0] = S - R — )+ T
k i

igh,0€j7>\j—1 LA — A+ 71 + c7 j>\-—1 h)\l 1
I <i h E

h,0 J,x\z Ap+Aj— hO hO l)\l 1 hAp—1 3,0 —1
+e) )+ E ’ +¢, )

hO Aj—1 0 —1 i\ —1
+Z e TN T T,

ha—1 _ cha—1 MN-Anddi—1 _ pN—AntA—1 .
Note that & = " = gt ,Jll P =0 since A\ > \,. Hence, we

have that
hO | _h0slLA—A _ Lk hkygehk 0 A=Atk
&+ h,x]—Z(cl — )T =g
B0 hO0elA—1 | _hAp—1pi -1
+Zci (& £&™ ; )
i

hO =1l — iAj—1
+Z A eple e gV T, (5.41)

This is equal to 0 if and only if ¢* = ¢} forall 1 <1 < h < a and ¢/* = 0 for

all 1 <4 < j < a except when (4,7) = (1,2) and (]1],]2]) = (0,0). When |1] =

A 2 A5—1 La-1 .
|2| = 0, the commutator between §lh’0 + 5?’0 LA and €727 — €M7 gives terms
2001 | fI -1 10 N—1_ (2%—1 L
et T 0N 2 and we check this is equal to zero for I < h. Hence,

when a > 3, we have that 3(g¢) C S and thus 3(g¢) = S except when |1| = |2| =0, in

which case we have 3(g°) C S & <§2 At 21/\l 1>

Next suppose ¢ > 3 and [1| = |2| = 0, we know that &' — &' commutes

with all basis elements in g by [29, Theorem 4|. Hence, it remains to check that

200-1 1A -1 . : iN—1—k | cihi—l—k L=
07T = &M commutes with basis elements &7 + &7 for |i| =0,]j| =1
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and 0 < k < min{\;, \;} — 1. Computing

21 _ gl i Aj—l=k 5;,&—1—’@] — igjg,x2—1+A1—1—k (5.42)

JA1— 1+>\-—1 k

_ —1— Ao—14+N;—1—k
:l:g;.,)\l 14+X2—1 k_f{ 2 +Aj +£

We have that all terms in (5.42) are equal to 0 for 0 < k < min{\;, \;} — 1 as &" =0
for all h,l and 7 > A\, — 1. Hence, we have that &2 — &1 € 3(g°) and 3(g°) =
S @ (271 — M1y in this case.

When a = 2 and [1| # |2|, i.e. the Jordan type of e is (m,2n) such that m is odd.

Assume that m > 2n, in this case a basis of g° only contains elements of the form:
¥ for kisodd,1 <k <m—1; &% for kisodd, 1 <k < 2n—1;

andfn" =k | ?271 1— kgém R for 0 < k< 2n—1, g22” - ’“e{—l,l}.

By applying the similar argument to that used in the case r + s > 3, we get that

¢y ok — = cy * and c?’k =0forall 1 <k <2n—1. The only remaining element to check is
2=l _e2m=1 Note that £72"1 —£2™! commutes with &% and £ for all k is odd.
The element £ —£2™ 7! also commutes with €777 F 422 1R b=k for all | =

0,1,...,2n—2. Thus we only need to show that [£] 2,2n—1 51 m=l +5?’0 %’m_%] =0.
We calculate

[ 22n—1 glm 1, + 1m Qn} _83’0 ;,m 1 glm 1 £2m 1 %0 11,mfl (543)

- @0 - ng

since &2 ' =0 as £2F =0 for k > 2n — 1.

,0

Next we want to know the value of e7°. Let osp(m|2n) = osp(V) and V = V5 &
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m—1

Vi. Then we know that there exist uy,us € V such that wuy,euy,...,e™ 'uy (resp.

Ug, €Uy, . . ., 2" Luy) is a basis for Vj (resp. V;) according to Subsection 5.2.5. Moreover,
we know that B(ui,e™ 'u;) = 1 and B(ug, e 'uy) = 1 by equations (5.36) and (5.37).

By using equation (5.25), we have that
B((&7° + 16 un, € Mug) = (ug, € Mup) = 1
and

B(( %,0 _|_€?,0 ;,m—2n)ul’62n—1u2) — B(Ul,( %70 +€?,0 ;,m—Zn)eQn—lUQ)

= B(uy, e’e™ ) = 2.

Therefore, we obtain that £7° = 1. Therefore, we have that [&°"1 — &™ ' 20 4

5%’0 21’7”_2"] =0 and thus 5?’2”_1 — 5;””‘1 € 3(g°%).
Therefore, we deduce that &7*" " — &™ " € 3(g°) and 3(g°) = S @ <§%”\271 — 521”\171>
as required.

When m < 2n, we obtain same result by applying a similar argument. O]

5.2.8 Centre of centralizer of general nilpotent element ¢ € g;

For Lie superalgebras g = osp(m|2n), we already know the structure of 3(g°) if (1)
the Jordan type of e has all parts with even multiplicity, see Theorem 5.18; or (2) the
Jordan type of e has all parts with multiplicity 1, see Theorem 5.19. Now we want to
use results from Theorems 5.18-5.19 to deduce a basis of 3(g°) for a general nilpotent

element e.

In the remaining part of this section, we fix notation as follows: Let V = C™»
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and g = osp(V) = osp(m|2n). Let e € gy be a nilpotent element with Jordan type
A= (A1, Aas Aak 1, Ao(at1)s - - - » A, Ap) as defined in (5.34). Given a Dynkin pyramid
P following Subsection 5.2.4 and {v;,} in (5.35) form a basis for V with respect to
P. Now we write V = V| & V, where {vi; + 1 <i < a} form a basis for Vi and
{vi,,v_i, s a+1 <1 < b} form a basis for V5. Define g’ = g, ® gy where g; = osp(11)
and go = 0sp(V4). Then the nilpotent element e € gy can also be written as e = e; + e
and e; € osp(V;) such that the Jordan type of e; has all parts with multiplicity 1 and
the Jordan type of es has all parts with even multiplicity. That is to say, (A1, ..., Aq) is
the Jordan type of e; in descending order and (Ag41, A—(a41); - - - Ab, A—p) is the Jordan
type of es.

We know that a basis for h¢ is {h; = &0 —¢° :i =a+1,...,b}. Define U; =
Span{v;; : i; isaboxin P} for 1 < i < a and U; = UreU fora+1<i<%b
where U;" = Span{uv;, : i; is a box in P} and U;” = Span{v_;, : —i; is a box in P}. We
also define U = {v € V : (v,u) = 0 for any u € U;}. Note that h; is of the form

diag(1,...,1,0,...,0,—1,...,—1), then an element in g" is of the form

A

C

where A, B, C' are block matrices and A and C' are symmetric across the skew diagonal.

Moreover, all matrices of the form
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form a subalgebra that is isomorphic to gl (U;“) and all matrices of the form

[

form a subalgebra that is isomorphic to osp (U7). Therefore, we have that g" =
gl (U;")@osp (U). Note that elements of gI(U;") can be viewed as elements of osp(U;"®

U7). Let H= Z?:a+1 hi, then with the above basis of V' we have that H is of the form

Using a similar argument we have that

g =gl( P U) ®osp(EP V). (5.44)

1=a+1 i=

Since g[(G}i’:aJrl U;") C osp(Va) and osp(D;_, Ui) = osp(V1), we have that g# C ¢
Therefore, we obtain that 3(g°) C g C ¢. Let = € 3(g°), then z € (¢')° and [z,y] =0

for all y € g°. Since (g')¢ C g, we have that [z,y] = 0 for all y € (¢’)°. Therefore, we
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deduce that 3(g°) C 3((¢)°) = 3(97") © 3(95°)-

Theorem 5.20. Suppose that g = g5 @ g1 = 0sp(m|2n) and e = e; + ey is given by
a partition X = (A1,. .., Aay Aat1, A(at1), - - > Apy Ap). Let S = (eF = Kk is odd and 1 <
k< max{A;,\as1} — 1). Then 3(g°) = S except for two special cases:

Case 1: If a > 2, \g > May1, 1] = 2| = 0 or a = 2,|1| # |2|, then we have that
3e) =S e (g —&™M ),

Case 2: If A1 < Aasr1, Aas1 > Aare, la+ 1] =0 and Noyy is odd, we have that 3(g¢) =

+1,ptagp1—1 (a+1),p1q41—1
S@<£Z+1MH _g_ZH)uﬂ >

Proof. Tt is clear that S C 3(g°). We first consider the case that 3(g{*) = Span{e} :
kis odd and 1 < k < \; — 1} and 3(g5?) = Span{e} : kisodd and 1 < k < \gy1 — 1}.
According to Theorem 5.18 and 5.19, we have that elements in a basis of 3((g’)¢) can

be written as:

> ¢t for kisodd and 1 <k < M\ — 1

t=1

b
ST+ for kis odd and 1 < k < Agjy — 1.

t=a+1

Thus an element = € 3(g°) is of the form

A1—1 a Aatr1—1 b
N (zgzvk% 5 bk<z<§::k+£:’k>> 549
t=1

k is odd;k=1 k is odd;k=1 t=a+1

for coefficient ay, by € C. We assume that \; > A\,,1, then take the commutator with
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a+1 0

a+1,0 41, 1 —Aay1
ter T
Aat1—1
a+1,0 a+1,0 r1,A1—Ag41 o z a+1,k
[1 +e 1 é(a—i-l) ,Z‘]— (ak—b)
k is odd;k=1
Aa+1—1
a+1,0 r1,A1—Agt1+k
+ E (bk — Clk)El —(a+1) .
k is odd;k=1

This is equal to 0 if and only if ap = by for all k is odd and 1 < k < A\jyqy — 1. If

a+1,Aa+1—A1 a+1,Ag+1—A1

A1 < a1, then take the commutator between & +& ¢ (1) and z,

we obtain that aj = by, for all kis odd and 1 < k& < A\;—1. Hence, we have that 3(g°) C S

for this case and thus 3(g¢) = S. Therefore, we have that dim 3(g°¢) = (ww

for this case.

Now we look at the special cases:

200-1 _ (1A-1 L Aas1—1 1) Aap1—1
For the special case when & M€ 5(g8t) and 0T T — ¢ ZL) s

2, 2— 1( 2,A2—1 _ 1,)\1—1)
1 2

3(g5?), then an element y € 3(g°) is of the form y = z + ¢] where

¢ is defined in (5.45) and ™! € C is the coefficient. By calculating [y, £5° +

g0 A — 0 for A\ > Agyy and [y, &N gt Aen el = 0 for

—(a+1)
A1 < Agy1, we obtain that a; = by for all k£ is odd and c?”\rl =0 when A\; < A\giq. If

(zz—i—l)]
Ao < Aayr1 < Aq, then computing

_ — Aat1—A
o+ PN -

2,22—1

implies that c] = 0. However, if Ay > A\, 1, we calculate the commutator between

2, Ao—1 1,A1—1 . jAj—1—k i\i—1—k .
7% — &7 and basis elements of the form & + ¢ for 1 <1 < a,
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€22l gl gzq}/\j—l—k + ési;?z-—l—’f] — ig%??‘l“l‘l‘k - ﬁ?“lﬂrl_k (5.46)

i—1—k+A2—1

:i:g.:{?AJ igj)x'—l k+X1— 1

We have that all terms in (5.46) are equal to 0 for 0 < k < min{\;, A;}. This implies
that 52 A2l 51”\1_1 commutes with all other basis elements in g°. Therefore, we deduce
that 3(g°) = S @ <§2 Al 1”\171> in this case and dim 3(g¢) = [—maX{Al’A““}*l} + 1.

For the special case when 5%7A2_1 — 55”\1_1 ¢ 3(g5') and ﬁsﬁ”\““ V¢ 2111) a1l o
3(95%), then an element z € 3(g°) is of the form z = = + CZE at1= 1(521%’)‘““_1 —
& (2111 A1) where z is defined in (5.45) and cgﬁ”\““_l € C is the coefficient. If
@10 | gatl0gl M-k
S

all kis odd and 1 < k < Aoy — 1 and 211707 = 0. However, if Ay < Agy1, by

A1 > Agt1, then computing [z, & = 0 gives that a; = by for

+1,A -\ +1,A -
T gaf a+1—Al + €a a+1— 16

computing | = 0 gives that a; = by for all k£ is odd

a+1)]

and 1 < k < A — 1. It remains to check that £2F M~ — 5_(2111 At e 5 (go).

It is obvious that ggj}*““ i ZLI) Aat17l commutes with all elements of the form

ff”\j_l_k :l:fi;’]\-i_l_k for1 <i,j<aora+1<i,j5<b Wenow calculate commutators

between &1 — gt and VT g T F for 1 <i<a,a+1 <5< b,

Fl A1 —1 (a+D)Aap1—1 pidj—1—k | cixi—1—k 1,220 41 —2—Fk
[ _5(24_1 g + &) =& o (5.47)

Aa+1—14+X—1-k
:tg— (a+1) :

We have that all terms in (5.47) are equal to 0. This implies that fsﬁ”\““_l —

' (aH Aet1=L commutes with all other basis elements in g°. Therefore, we deduce that

a+1

ggﬁv*a“ - 5_(2111) Aot o 3(g°) in this case and dim 3(g¢) = [w] +1.
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Moreover, when &2t — ¢2M™1 ¢ 3(g1) and fsill’/\a“_l - 5:((23))’&“_1 € 3(97),
applying the similar argument to above we also have that 3(g¢) = S@ (7271 =&
for Ay > A1 and 3(g°) = S @ (677 — €T for Ay < Mg O

5.2.9 Adjoint action of O,,(C) x Sp,,,(C) on osp(m|2n)

In this subsection, we aim to look at the adjoint action of the algebraic group G =
O, (C) x Sp,,,(C) on the centre of centralizer of nilpotent element e in g = osp(m|2n).
We start by recalling some basic properties of the adjoint action of O,,(C) (resp.
Sps,(C)) acting on the centre of centralizer of e in Lie algebras o(m) (resp. sp(2n))
which is helpful to deal with super case. Then we look for a basis for (3(g¢))°" based

on results in Subsection 5.2.8.

Centralizer of nilpotent element in O(V') or Sp(V)

Let V be a finite-dimensional vector space on C. Let G = O(V) or Sp(V') and e in
Lie(G) be nilpotent. Let h be the semisimple element in G such that A lies in an sl(2)-
triple that contains e. Recall that we can define a grading V' = @,_, V(I) of V where
V() ={v € V: h = lv}. In order to further describe G¢, we recall the group C*°

which corresponds to g¢(0) and is defined to be

C*={g€G: g(V(m))=V(m) for all m} = (G*)".

Note that C° is a closed subgroup of G°. Now write the Jordan type A of e in the form

A= (c",...,2" 1™). Then the following proposition, which is in [15, Section 3.8],
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describes the structure of C¢.

Proposition 5.21. For G = O(V), there is an isomorphism of algebraic groups

ceg< 11 oni(C))x< 11 Spm(C)>.

i>1;7 is odd i>1;i is even

For G = Sp(V), there is an isomorphism of algebraic groups

C€%< 11 Spni(C)>><< 11 Om(C)).

i>1;i is odd 1>1;1 is even

We know that each Sp, (C) in Proposition 5.21 is connected. Each O,,(C) is dis-
connected and it has SO, (C) as its identity component. Moreover, according to [15,

Section 3.12], we have the following theorem.

Theorem 5.22. The group G*° is the semidirect product of the subgroup C° and the

[

connected normal subgroup R¢, i.e. G° = (C° x R°.

Moreover, let V™ = @@, V(I) for all m € Z and set U = {g € G : (9 —1)V™ C
VD) for all m € Z}, then we have that R® = G* N U.

Denote the connected component of G¢ (resp. C*) containing identity by (G¢)° (resp.
(C*)°). Since R in Theorem 5.22 is connected, we have that G¢/(G¢)° = C°¢/(C*)°.
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Adjoint action of G¢ on 3(g°)

Let g = gg ® g1 = osp(m|2n) and G = O,,(C) x Sp,,(C). Let e € gz be nilpotent.
Recall that the adjoint action of G on g is given by g-z = gzg~! for all g € G, z € g.
Then the centralizer G¢ of e in GG acts on g° by the adjoint action. We claim that g° is

stable under the adjoint action of G¢. Take any = € g° and any g € G°. Then

lg-z,e]=gzg e — egrg™
= (9zg") (9eg™") — (9eg™") gzg™"

=greg ' —gexg ' =g(ze—ex)g ' =0 (5.48)

as required. Hence, there is a representation Ad : G° — GL(g°). According to |13,
Section 10.4], taking the differential of Ad at the identity element of G gives the adjoint

representation ad : g° — gl(g®). Consider (g°)¢" which is defined to be
(0 = {reg®:grg ™t =xforall geG).

Note that the restriction of the adjoint action of G¢ on (g°)%" is the trivial action. Thus

Adjgeyee : G¢ — GL((g°)“") is the trivial map. Then the differential of Adje)ce:

ad|(geyee 1 g° — gl((8°)")

is the trivial map. Hence, the adjoint action of g¢ on (g¢)" is trivial. Therefore, we

have that (g°)¢" C 3(g°). We claim that 3(g°) is stable under the adjoint action of G¢.

Take any x € 3(g¢), g € G and y € ¢, then [g-z,y| = [g- 2, 9- (g7 - y)] = g- [z, 97" y].

Since g1y € g° by (5.48), we have that [g- z,y] = 0 as required. Therefore, we deduce

that (g°)* = (3(s°)“".

98



e

A basis for (3(g%))¢

Let g = g @ g1 = osp(m|2n) where g5 = o(m) @ sp(2n). Given a nilpotent element e
in g5, we consider the reductive algebraic group G = O,,(C) x Sp,,,(C) and centralizer
G° of e in G. Suppose the Jordan type A = (A1,..., Aas Aas1, A(at1),-- -, Ao, Ap) of €
is defined as in (5.34) and the alternative Dynkin pyramid Pis given the same way as

in Subsection 5.2.4.

Theorem 5.23. Let g = g5 @ g1 = osp(m|2n) and G = O,,(C) x Sp,,(C). Let
e = e + ey € gy be nilpotent with Jordan type \ denoted as in (5.34) such that the
Jordan type of ey has all parts with multiplicity one and the Jordan type of es has all
parts with even multiplicity. Let S = (e : [ is odd and 0 < | < max{\;, \gs1} — 1),
then (3(g°)"" = 5.

Proof. Recall that {v;, } is a basis of V' according to (5.35) and the bilinear form B(.,.)
on V is given in Subsection 5.2.4. We define an involution p on the labels of the basis
of V' by

' Ty ifi=1,...,a;
plie) =
—iy ifi==+(a+1),...,%b.

Let e;, 4, be the (i, d;)-matrix unit. Then {e;, 4, £ €y, pi,)} 1S @ basis for g with
appropriate signs and conditions on 1, d;.

Let | = [%]. By reordering boxes on the right hand half of Pfrom1,...,14+n and boxes
on the left hand half of P from —(I 4 n),...,—1 (note that there exists a box labelled
by 0 if m is odd), we get a basis {e; ) + v_k —je—k —;} for g as defined in (5.32). There

exists an isomorphism between basis element e, + v_x _je_r —; and e;, 4, & €p(d,),p(ic)-
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Tt is clear that S C (3(g%))° . When 3(g¢) = S, then (3(g°))%" C 3(g°) = S and thus we

obtain (3(g°))
Theorem 5.20 where 3(g¢) # S.

¢ = 8. The following part of this proof deals with two special cases in

Case 1: When a > 2, Ay > Ay, |1 =2 =0o0ra=2, 1] # |2|.

In this case, the extra basis element z can be written as We

€1y 4+1:2x0-1 G2 5,41.15, 1"
consider a matrix ) which sends each vy, to —vy, and all other v;, for ¢ # 1 to itself.

Then we have that

(

(_1)t(5it,p(dl) if 1 S i7 d S a;
B(Qui,, Qua,) = < 6, par) if +(a+1)<i,d<=+b;

0 otherwise.

\

Thus @ preserves the form B on V. Hence, we have that () € G. For any i, d;, observe

that

. —e,q fi#dandi=1ord=1,
Qeit,de_ -

€i,q,  otherwise.

Denote by ¢;, 4, € {1} the coefficient of e;, 4,, [row(i)| = |[row(d)| in the basis of gg that

involves e;, 4, Thus we can write e; to be >0\, | €., ,€i,4, ,- We have that

a a
—1
Q' €1 = Q (Z gityit—Qeit7it—2) = Z €it7it—2Qeit7it—2Q

t;i=1 t;i=1

a
= E €14,14-2C14,1; o T E Eityit—2Cityir_o — E Eityit—2Cityir_o
t

t;i#£1 t;i=1

= €1.

Furthermore, based on the way we defined @), it fixes e,. This implies that () € G° and

thus we know that Q- e = e¢ for all ¢ is odd. Hence, we have that S C (3(g%))% C

100



(5(96))Q. Next by calculating

-1
Q‘ T = Qm@ = _617A1+172A271 + 627)\2+171A171 = _m’

we deduce that = ¢ (3(g°))% and (3(g?))° C S. Therefore, we have that (3(g¢)) =
(3(g°))% = S and dim (3(g°))" = [2572].
Case 2: When \; < Agi1, Aat1 > Aaso, Ja+ 1] =0 and A\, is odd.

In this case, the extra basis element = can be written as

T = Clat1)ag g +1:(at)r, -1 — E=(atD)ng g +1—(a+ D, 1

We consider a matrix @ which sends v(,11), t0 v_(441), and all other v;, for i # £(a+1)

to itself. Then we have that

.
B(vi,, v4,) = (—1)"04, p(ay) if1<i,d<a;
B(U—z’” U—dl) = (5—it,P(—dl) = 5it,p(dl) ifi,d = :I:(a + 1);

B(Qui,, Quq,) =

B(vi,, va,) = iy p(ay) if +(a+2)<i,d< =+b;

0 otherwise.

\
Thus @) preserves the form on V and @) € G. For any 1, d;, observe that

.

€ir.dy ifi,d# +(a+1);

e_yaq fi==x(a+1),d#*(a+1);
Qe;q, Q" = 4 (5.49)
€iy,—d; if ¢ 7& :l:(a—l—l)vd:j:(a_’_l)a

e sy ifi,d==+(a+1).
\
Recall that ¢;, 4, € {£1} is the coefficient of e;, 4, [row(i)| = |[row(d)| in the basis of gg
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: : b
that involves €;, 4. Thus we can write ey to be >/, L 1) €, »€iris,- Then we have

that
b b
-1
Q-er = Q- ( Z 6it7it72€it7it—2> = Z Eiryie—s@Cipir_o @
tii=4(a+1) tii=+(a+1)

= Z g(a+1)t,(a+1)t_267(a+1)t,7(a+1)t_2 + Z €f(a+1)t,f(a+1)t_2e(a+1)t,(a+1)f,_2
t

t
+ E Eiyir—2Ciris_o
t;iA+(a+1)
b

= E €iyig—2Cirig_o = €2-

ti=+(a+1)

Furthermore, based on the way we defined @), it fixes e;. This implies that ) € G¢ and
thus we know that Q-¢¢ = ¢ for all ¢ is odd. Hence, we have that S C (3(g9))¢" C

(5(96))Q. Next by calculating

_ -1 _ _
Qz=QzQ " = C—(at1)-rg g +1—(a+ D) -1 — Clatl)oa, +1.(a+ ) 1 —

we know that 2 ¢ (3(g°))® and (3(g°))? C S. Therefore, we have that (3(g¢)) =

e

(3(g°))? = S and dim (3(g°))"" = [2=£=1]. O

Remark 5.24. If we choose G’ = SO,,(C) x Sp,,,(C), applying a similar argument we
obtain that (5(96))@@ =3(g°) if Ao > As1 and A; is even for 3 < i < b, or \; < Agy1,

Aat1 7 Aag2 and Aiqqq) are the only odd parts for 1 <4 < b. For other cases, we have

(3(g*) " = 8.
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5.2.10 Analysis of results

We first consider Theorem 1.1 for g = osp(m|2n). Let A\; be the largest part in the
Jordan type of e. Based on Subsection 5.2.9, we have that dim (3(g*))" = [2-1]. Next
we calculate the number of labels in the labelled Dynkin diagram A which are equal to
2. Given a ortho-symplectic Dynkin pyramid P and a partition A as defined in (5.33),
note that all boxes are places in columns 1 — 4,3 —,...,7 — 1 where 7 is in A\. Hence,
we observe that A has no label equal to 1 if and only if all parts of A are odd or all
parts of A are even. Now assume that all labels in A equal to 0 or 2. Then based on
the way that labelled Dynkin diagram is constructed, we observe that no(A) = [2L].
Note that when A; is even, we have that [221] = & and ny(A) = [2L] = 2, when

A1 is odd, we have that [2-1] = 2=L and ny(A) = 2L Therefore, we deduce that

dim (3(g°))“" = na(A).

In order to see what is 3(g"), we first consider the following example.

Example 5.25. For a nilpotent element e € gz with Jordan type (5,3,1]3,3), the
corresponding Dynkin pyramid is shown in Figure 5. Hence, we have ny(A) = [2] = 2.
We can calculate that g" = gl(1]0) @ gl(2|2) @ osp(3|2). Note that 3(gl(1]0)) = Iy,
3(91(2]2)) = L2 and 3(osp(3|2)) = 0. Therefore, we have that dim 3(g") = 2.

Assume that there is no label equal to 1 in A. When m is odd, we observe that

g" = EP al(rils:) @ osp(rolso)

1>0

where r; (resp. s;) denotes the number of boxes with parity 0 (resp. 1) on the ith

column. When m is even, then g is just the direct sum of gl(r;|s;) for i > 0. Note

103



that 3(gl(ri|s;)) = I,.js, and 3(osp(ro|sy)) = 0. Hence, we have that 3(g") is the direct
sum of I, for ¢ > 0. Since there are in total A; columns in P with non-zero boxes, we
deduce that dimj(g") = |4] = na(A). The above argument completes the proof for
Theorem 1.1 for the case g = osp(m|2n).

Next we want to find the relation between dim (3(g¢))°" and the sum of labels 3" g

in A. Note that a; = col(i + 1) — col(i) for i = 1,...,l+n — 1. When m is even, we

have
—2col(l + n) if |I+n|=1;
Alyn =
col(—=l —n) —col(l +n—1) if |l +n|=0.
Then
Hnl —2col(l +n) if [l+n|=1;
Zai = Z (col(i + 1) — col(i)) +
=1 (col(=l —n) —col(l+n—1)) if [I4+n|=0
col(—1 —n) — col(1) if |l +n|=1;

—col(l+n—1) —col(1) if |l +n|=0.

M —1 if l+n|=1col(l+n)=0o0r |l +n]=0,col(l+n—1)=0;

A1 if l+n]=1,col(l+n)=—-1or |l+n|=0,col(l+n—1)=—1.
\

When m is odd, then there exists a box that is labelled by 0, we have a;y, = col(0) —
col(l +n). Then

l+n—1

Z a; = Z (col(i + 1) — col(i)) + (col(0) — col(l + n))

i=1

= col(0) — col(1) = A\ — 1.
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Therefore, we deduce that

A\ . . . .
1 5] if m is even and )\ is even;
(5 E a;| =

[A=1] otherwise.

e

Hence, when m is even and A; is even, [2 3" q;] = [2] = [2}] = dim (3(g°)“" and

for all other cases [1 3" a;] = [#21] = dim (3(g°))°". Therefore, we deduce that

aim (3(6)% =[5 3]

In order to prove Theorem 1.3 for Lie superalgebras osp(m|2n), we need to consider
two general cases.

Case 1: When A has no label equal to 1, i.e. all labels are equal to 0 or 2. In this
case, we know that either all parts of A are odd or all parts of A are even. Note that

eg = 0 since Ay has all labels equal to 0. Thus we have that

g = go = (@ 5[(Ti|8i)> @ o0sp(ro|so)

>0

where r; (resp. s;) denotes the number of boxes with parity 0 (resp. 1) on the ith

column of P. We denote ¢; = r; + s;. Then

dim g3’ = dim gy = Z dim sl(r;|s;) + dim osp(ro|so).

1>0

Now if all parts of A are even, then we have dim osp(rg|sg) = 0. This implies that

dim g§® = >, ,(c? —1). We also have that [{i : \; is odd, |i| = 0} |= [{i : \; is odd, |i| =
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1} |=0. Thus

1 1
dim g° = 5 dim gl(m|2n)® = 5(2 c?)

1€EZ

by Proposition 5.17. Hence, we have that

dim g° — dim g’ = %(Z c?) — Z(cf —-1)= Z 1 =mny(A).

€L >0 i>0:¢;>0

Next we consider when all parts of A are odd, we have that

2 2 _
dim 05]3(?“0|80) = (ro + s0) 5 (ro + 50) + S0 = %~ T0T 5 20+ SO.

Note that in this case dimg® = § dim gl(m|2n)® — £ + £ by Proposition 5.17 where r
(resp. s) is the total number of \;, |i| = 0 (resp. \;, |i]| = 1). Since all parts of A are odd,
then each row which corresponds to a certain part of A has a box in the Oth column.
Hence, the number of \; with |i| = 0 (resp. |i| = 1) is equal to the number of even

(resp. odd) boxes in the Oth column, i.e. r =1 and s = so. Thus we can calculate

To S0

1
dim g° = 5(20?+cg)—5+5.
i€l

Therefore, we have that

e e 1 9 9 o So 9 cg—ro—l—so
dim g° — dim gg° = <§(ZCZ +CO)—E+E> — (Z(cl _1)+T
= Y 1=my(4).

i>0:¢;>0

When r; # s; for all ¢ > 0, we have that dim (3(98"))G80 = dimj(go) = 0 because
3(sl(r;|s;)) = 0 for all 7 and 3(osp(ro|so)) = 0. However, if there exists r; = s; for some

i, we have that I,,,, € 3(sl(r;|r;)) and thus dim 3(go) = 7 where 7 is the number of i > 0
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€

for which r; = s;. Hence, we have that dim (3(g%))®" — dim (3(980))G00 =ny(A) — 7.

Case 2: When there exist some labels equal to 1 in A. Note that there are in total
2A1 + 1 columns in P and let ny(A) = t. Observe that A has some labels equal to 2
if there exist some ¢, = 0 for j = 1,...,¢ and t = ny(A). Let k > 0 be the minimal
column number such that ¢, = 0 and k£ + 2t = A\;. Note that once a label equal to 1
occurs, say ag, then there is no label equal to 2 for all a; with h > k. Then we have

that

t k—1 k—1
go = (@5[(rk+2i—l | 3k+2i—1)> © osp < Z ri | Z Si) :
i=1 i=1—k i=1—k

Let gy = osp <Zl e | S s ) We observe that the projection of ey in each

S[(Tka0i—1|Ska2i-1) 18 0 and so ey € go. Hence,

A1

dim gy’ = Z (c7 — 1) + dim gg°.
i=k+1

Denote the Jordan type of ey to be A\° which is defined the similar way to (5.6). We also

observe that [{i : \; is odd, |i| = 0}| = |{i : \? is odd, |i| = 0}| and |{i : \; is odd, |i| = 1}| =
[{i : \? is odd, |i| = 1}|. Note that

k—1
1
dim gg° = 5( (¢ + cicisr))
i=1—k
1
—§|{ A} is odd, |i| = 0}
1
—|—§’{2 A} is odd, [i| =1} .

Therefore, we have that dim g¢ — dim gi° = S°1_, 1 =t = ny(A).
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Moreover, we have that

t
dim 3(gg°) = Z dim 3(sH(rg+2i—1]Sk+2i-1)) + dim3(gg°).-

i=1

Similar to Case 1, 3(sl(rgr2i-1|Skr2i-1)) = 0 when rg 9, 1 # Skyo;1 for all 4. If there
exist some ¢ > 0 such that 7449;—1 = Sgy2i—1, then I, ey € 3(51(rhg2im1|Th42i-1))-
We know that dim (5(98‘)))G80 = [B-1] + 7 where 7 is the number of i > 0 such that
r; = s;. Hence, we deduce that dim (3(g¢))“" — dim (3(g8°))G80 = ny(A) — 7 in this case.

The above argument completes the proof for Theorem 1.3 for the case g = osp(m|2n).

Remark 5.26. Note that although there exist distinguished nilpotent elements in g,

however, there is no analogue of [18, Theorem 1] for ortho-symplectic Lie superalgebras.
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6 Centres of centralizers of nilpotent elements in ex-

ceptional Lie superalgebras

In this chapter, we describe the explicit constructions for the Lie superalgebras D(2, 1; a),
G(3) and F(4) following the definition of the exceptional Lie superalgebras given by
Scheunert, Nahm, and Rittenberg in [23]. We also give representatives e of nilpotent
orbits in the even part of each type of Lie superalgebra and calculate the centralizer
g¢ of e. For each nilpotent even element e, we describe the g¢(0)-module structure on
each g°(j) for j > 0. The centre 3(g°) of the centralizer of e is also calculated and the

labelled Dynkin diagram A with respect to e is drawn afterwards.

6.1 Generalities on g° and 3(g°)

We first give an overview of some general methods on calculating g¢ and 3(g°).

Let g = g5 ® g1 = D(2,1;a),G(3) or FI(4). Note that any element z € g can be
written as © = x5 + 7 such that x; € g;. For a nilpotent element e € gg, if [z,e] = 0
then [z,e] = [xg, €] + [x1,e] = 0. This implies that [z, e] = [z1, €] = 0 since [zg, €] € g5
and [v71,e] € g7. Hence g° = g5 @ gf.

For a nilpotent element e € g, recall that there exists an sl(2)-triple {e, h, f} C g5
according to the Jacobson-Morozov Theorem and any two sl[(2)-triples containing e
are conjugate under the action of the group G¢, the centralizer of e in the adjoint
Lie group G corresponding to the semisimple Lie algebra gz. Hence s = (e, h, f) is a
subalgebra of g isomorphic to sl(2). Then g is a module for s via the adjoint action.
Let V*'(d) be the (d + 1)-dimensional simple sl(2)-module with highest weight d. By

the representation theory of sl(2), we can decompose g into a direct sum of finite-
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dimensional s-submodules g’ and each of them is isomorphic to V*!(d;) for some d; € Z
and d; > 0. The element h of the sl(2)-triple is semisimple and the eigenvalues of h
on g' are d;,d; — 2,...,—(d; — 2), —d;. The elements e and f move between different
eigenspaces of h. More explicitly, the element e increases the eigenvalue by 2 and f
decreases the eigenvalue by 2. Thus the only vectors in g' annihilated by e are the
multiples of the highest weight vector, i.e. if g’ has basis {z}, , 2%, ,, ..., 2", , 2", } for
t = 1,2,...,r then the vectors annihilated by e are <x§> The vectors in g eliminated
by e are <xclh, xle, ...,:cg?) and they have adh-eigenvalues di, ds, ..., d,.. Hence, from the
adh-eigenspace decomposition of g we determine the adh eigenvalues of elements of g°.

From now on let us denote 3 = 3(g¢). Given x = z5+x7 € 3, for any y = y5+y7 € g%,
we have [2,y] = [0, 0] + [21, 0] = 0. Since [z5,40] € g5 and [21,y5] € g7, we have
(x5, y5] = [x1,y5] = 0. Similarly we have [z5, y7| = [x1, y7] = 0. Therefore, we know that
x5, 7 € 3 and thus 3 = 35 ® 37. Moreover, we can decompose 3 into the direct sum of
adh-eigenspaces in each case, i.e. 3 = D,3(j) for all adh-eigenvalue j.

We consider sl((2) frequently in this chapter, so we fix the notation s((2) = (E, H, F')

where

The commutator relations between basis elements for sl(2) are:

[H,E] =2E, [H,F] = —2F and [E, F] = H.

When describing the g¢(0)-module structure on each g¢(j) for j > 0, we need the

following lemma.

Lemma 6.1. Let A = Ay @ Aj be a Lie superalgebra where {u_o, ug, us} is a basis
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of Ay and {u_1,u,} is a basis of A7 such that: (1) [ug, w;] = a;u; for i = £1,£2; (2)
[u1,u1] = aug and [u_y,u_y] = bu_g; (3) [ug,u_s| = cug for a;,a,b,c # 0. Then A is

simple and A = osp(1]2) .

Proof. Let I be a non-zero ideal of A. Then [ is a direct sum of adug eigenspaces, thus
u; € I for some 7. If i = 0, then condition (1) implies that I = A. If i = £2, then
condition (3) implies that ug € I and thus I = A. If i = £1, then condition (2) implies
that u_s or us lies in I. Thus ug € I and I = A. Therefore, we have that A is simple.
According to the classification Theorem of simple Lie superalgebras in [16, Theorem 5],

we deduce that A = osp(1]2). O

We consider the representations of 0sp(1|2) frequently in Sections 6.2-6.4. As shown
in |21, Section 2|, all finite-dimensional representations of osp(1|2) are completely re-
ducible. Also in |21, Section 2| the irreducible representations of osp(1]2) are con-
structed. We recall that the irreducible representations of osp(1]|2) are parameterized
by I € {§ : a € Zso} and we write V***() for the representation corresponding to
[. Then dim V°*(l) = 41 + 1. We know that osp(1]|2) is 5-dimensional with basis

{u_9,u_1,u9,us,us}. The eigenvalues of uy on V(1) are [, — %, o=l

6.2 The exceptional Lie superalgebras D(2,1;«)

6.2.1 Structure of the Lie superalgebras D(2,1;«)

According to [19, Section 4.2], the Lie superalgebras D(2,1;) with o € C\{0,1}
form a one-parameter family of superalgebras of dimension 17. Scheunert denotes these

algebra by I'(0y, 09, 03) where 01, 09, 03 are complex numbers such that o 4+09+03 = 0.
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According to [19, Section 4.2|, the Lie superalgebra I'(oy, 09, 03) is simple if and only if
o; # 0 for i = 1,2,3. If there exists another triple (0, 0y, 03) such that (o1, 0, 03) =
['(0},04,03), then there must exist a permutation p of {1,2,3} and a nonzero complex
number ¢ such that o; can be obtained by o; = copy- This implies that I'(oy, 02, 03)
form a one parameter family and we have that I'(oy, 09,03) = D(2,1;«) for a specific
choice of 01,09, 03. For any a € C\ {0, -1}, we have D(2,1;a) 2 ['(1 + a, -1, —«a) =

P58 -1, -3) =T(=a, 1,1 +a).

a )

Let V' be a two-dimensional vector space with basis v; = (1,0)" and v_; = (0,1)".
For i =1,2,3, take V; for i = 1,2,3 to be a copy of V. Let 1); be the non-degenerate
skew-symmetric bilinear form on V; defined by v;(v1,v_1) = 1. We also define a bilinear

map p; : V; x V; — sl(2) by

pi(z,y)(2) = iy, 2)v — Yi(2, 7)Yy

for z,y,z € V;. We can easily calculate that p;(vi,v1) = 2F, p;j(vi,v_1) = —H and
pi(v_1,v_1) = =2F.

By definition, g = D(2,1;a) = gy @ gi, where

g5 = sl(2) & sl(2) B sl(2)

and
g =V1®Vhe Vs
Note that gg is a Lie algebra thus has Lie bracket [,:] : g5 X g5 — g5. Let x =
(21,72, 23) € gg and v = v; ®v; @y, € g1, then the bracket [-, -] : gg X g7 — g7 is defined
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[,0] == 2 v = 210; ® V; ® U + v; ® Tav; @ Vg, + V; @ V; @ T3V

According to equation (4.2.1) in [19], the bracket [-, -] : g1 X g1 — gp is given by

(71 ® 23 ® 23, Y1 @ Y2 ® y3] = 012 (x2, Y2)Vs3(x3, ys)p1 (21, Y1)
+ ooty (21, y1)V3(23, y3)p2 (2, y2)

+ 031 (1, Y1) (w2, Y2 )p3 (73, Y3),

where x;,y; € V;.

Next we give a basis for g. We first fix the following notation: let

01 0 0 0 0
EIZ(E7070>: ’ ) )
0 0 0 0 0 0
00 01 00
E2:(OaE70>: 3 ) )
0 0 0 0 0 0

and E3 = (070, E) = ) )

Similarly, we denote F} = (F,0,0), F;, = (0, F,0), F3 = (0,0, F), H; = (H,0,0), Hy =
(0, H, 0) and H3 = (070,]‘.[) Clearly, do has a basis {El,Hl,Fl7EQ,HQ,FQ,E?,,H?,,F?,}

and g7 has a basis {v; ® v; @ vg 1 4,7,k = £1}.
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6.2.2 Root system and Dynkin diagrams for D(2,1; «)

According to [14, Appendix A], a Lie superalgebra of type D(2, 1; ) has root system
@(] = {j:2/61a i2ﬁ27i263} and q)i = {Zﬁl +]62 + kﬁi’) : i)j) k= Il:l},
where {51, B2, B3} is an orthogonal basis such that we have the following relations:

(5o, B) = —ga— 3, and (s, B) = 5o

DN | —

(B1, 1) =

The corresponding root vectors are listed below:

Table 6.1: Root vectors and roots for D(2,1; «)

Roots Root vectors
203; fori=1,2,3 E;
—20; fori=1,2,3 F;
i1+ jBa + kBs for i, j, k € {£1} || v; ® v; @ vy

We can determine whether an odd root i3, + jfB2 + kfs is isotropic by checking

whether (151 + j52 + kB3, 161 + jB2 + kf3) = 0. For instance,

(Br+ Ba — Bs, fr + B2 — B3) = (B1, B1) + (B2, B2) + (B3, 3)
11 11
=g tga-gltae
0.

Therefore, the odd root 5, + B2 — (3 is isotropic. We further deduce that all the odd
roots in D(2,1; a) are isotropic using a similar argument and we associate a grey node

® for each odd simple root in labelled Dynkin diagrams of D(2, 1;«). In the remaining
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part of this subsection, we give all possible Dynkin diagrams with respect to different
systems of simple roots based on [9, Section 2.20]. Note that the label of lines between
a pair of vertices that corresponds to simple roots are calculated using formula (4.1) in
Section 4.2.

1. For the simple system IT = {a; = 2061, a9 = =1 + P2 — P53, a3 = 23}, we have

the following Dynkin diagram:

O —O

o2

Figure 12: Dynkin diagrams for D(2, 1; «)

2. For the simple system IT = {a; = 261, a0 = —f1 — B2 + P3, a3 = 202}, we have

the following Dynkin diagram:

O ]. + CIO
[#4] o3

oL

¥

Figure 13: Dynkin diagrams for D(2, 1; «)

3. For the simple system IT = {ay = 2033, 0 = 1 — B2 — B3, a3 = 202}, we have the

following Dynkin diagram:

o, 1+ a
@ @

a2

Figure 14: Dynkin diagrams for D(2, 1; «)

4. For the simple system [T = {a; = —f1 + o+ B3,00 = b1 — B2 + P53, a3 =

B1+ B2 — B3}, we have the following Dynkin diagram:
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Figure 15: Dynkin diagrams for D(2, 1; «)

6.2.3 Centres of centralizers of nilpotent elements e in D(2, 1; «) and labelled
Dynkin diagrams with respect to ¢

Let g = D(2,1;) = gg® g1- A nilpotent element e € gg is of the form (eq, e, e3) where
e; € sl(2) for i € {1,2,3}. We know that representatives of nilpotent elements in s[(2)
upto conjugation by SL(2) are 0 and E. We summarize basis elements for g¢ and 3(g°)
and labelled Dynkin diagram with respect to e = 0, £y, Ey + E5, E1 + E5 + E3 in Table
6.2. Note that the cases e = E5, e = Ej3 are similar to e = E; and cases e = Fy + FEjs,
e = E1+ E5 are similar to e = Fy + E5. Hence, any other case is similar to one of above.
After Table 6.3, we give explicit explanation on calculating g° and 3(g°) and obtaining
the corresponding labelled Dynkin diagram for cases e = 0, Fy, | + Es, Ey + FEs + Ej.
Note that numbers in the rows labelled “A” represent labels a; corresponding to «; for

1 =1,2,3 in labelled Dynkin diagram with respect to e.
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Figures 12, 13,
0 g {0} 14, 15: All labels

are zZeros.

<E17E2a HQa F27 E37 H37 F37vi ® (] & Vg

Eq ik — 1) () Figure 14: 0,1,0
(E1, By, B3, Hs, F3,v1 @ v1 @ v, 01 @01 @ Figure 12: 2,0,0

Ei+E || v_1,11 QU1 QU1 —v_1 Qv U1, QU_1 ® (€e) Figure 14: 0,0, 2
Vo1 — U1 QU ®U_q) Figure 15: 0,0,2

Ey+E; || v.1 @01 Qui,v1 Quog @01 — -1 ® U1 @ vq)

Table 6.2: g¢, 3(g°) and A for g = D(2,1; )

Let V*'(j) be an sl(2)-module with highest weight j and V°*(j) be an osp(1|2)-
module with highest weight j. We also describe the g¢(0)-module structure on each

g°(7) for j > 0 in the following tables.

| e | g (0) | g°(j) for j >0 |
g° 0
B sl(2) dsl(2) | go(1) = V(1) @ V*(1),g°(2) = V*1(0) @ V*Y(0)
Ei + Es osp(12) g°(2) = Voor(0) @ Vor(1)
Ey+ Ey + Es {0} dim g¢(1) = 2,dim g*(2) = 3,dim g¢(3) = 1

Table 6.3: The g¢(0)-module structure on g¢(j) for j > 0

In the remaining part of this subsection, we explain explicit calculations for finding
g° and 3(g°) and obtain the corresponding labelled Dynkin diagram for e = 0, £y, Ey +
Es, By + Es + Es.

(1)e=0

We have that g¢ = g and 3(g°) = 0. The corresponding labelled Dynkin diagrams are
all Dynkin diagrams in Figures 12-15 with labels for all nodes equal to zero.

(2) e=E;

For z5 € gy, write x5 as (r1,z2,x3) such that x; € s[(2). Note that [zg, Fi] =
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([x1, £],0,0). An easy calculation shows that if (x5, F1] = 0 then z is of the form

0 b
, beC,

0 0

while z, and w3 are arbitrary matrices in s[(2). Therefore, we obtain that gf =

<E13 E27H27F27 E37H37F3> .

To calculate g, choose a basis element v; ® v; ® vy, € g1 where 7,7,k € {—1,1}, we
have [Ey,v; ® v; ® v] = Ev; ® v; @ vg. We know that Ev; = 0if i = 1 and Ev; = vy if
i=—1. Let x =)

€
ik Qi.j kUi ®v; @ vy € g5 where a; 5, € C, we compute

le,x] = [En, Z a; kU @ v; @ vg] = [E, Z a_1,jk0-1 ® v @ V]
ijk jik
= Z a-1,5kV1 Q@ Vj & Vg
gk
This is equal to 0 if and only if a_; ;i = 0 for all j and k. Therefore, g5 = (v; ®@v; @ vy, :
J,k = £1). In conclusion, g° = (E1, By, Hy, Fy, E5, H3, F3) @ (01 @ v; @ v, @ j, k = £1)
and dimg® =7+4 = 11.

It is clear that g¢(0) = (Es, Ha, Fy, E3, Hs, F3) = s[(2) @ sl(2). By calculating ad H-
eigenvalues and ad Hz-eigenvalues on g°(j) for j > 0, we have that g¢(1) = V*'(1)@V*(1)
and g¢(2) = V*(0) @ V*4(0).

Note that there is no centre in s[(2). Thus 3(g¢) = (£1) and 35 C 3(g5). This implies
that 35 = (F4). To determine 37, Let x = ijk ai jrv1 @ v; ® vy € 31. We know that

31 C 3(97), then

[Ba,z] =Y ay 140 @01 ®@ v = 0 for k = +1;
k

118



[Fox] = Z a1 1501 @ oy @ v =0 for k = +£1.
k

Thus a1, = 0 for j,k = £1 and we obtain that x = 0. Therefore, we have that
3= (E;) and dimj = 1.

Next we look for the labelled Dynkin diagram with respect to e. Note that we can
find an element h = H, = (H,0,0) such that i belongs to an sl(2)-triple {e, h, f} in gg.

Then we calculate the adh-eigenvalue on each root vector in the table below.

TOOt VECLOTS || €28, || €28, || €285 || €—281 || €—28, || €285 || €if1+iBa+hps

eigenvalue 2 0 0 -2 0 0 1

Notice that roots in g(> 0) are {231, 81+ B2 + 35, B1 + B2 — B3, 1 — B2 + B3, b1 — P2 — P3}

and roots in g(0) are ®(0) = {202, +£253}. Hence, in order to get a system of simple
roots I, we pick a system of simple roots I1(0) = {252,205} in ®(0) and extend it to
II. Therefore, there is only one system of positive roots ®* such that h ® @, p+ 9o C
@jzog(j)- Hence, we obtain the system of simple roots IT = {a; = 2033, a9 = 1 — B2 —

B3, a3 = 25} up to conjugacy. We also calculate that

2
M12: ‘(O{l)a2)‘ :O[and ILLQSZ

min|(ak,04k)|750 |(O‘kza ak:)|

2|(ap, az)|

. =1l+a
N (0, 05,) 20 | (ks O )|

for a, € ®. Therefore, the labelled Dynkin diagram for e = FE; is the Dynkin diagram
in Figure 14 with labels 0, 1, 0.

(3) e=E; + Es

We easily deduce that g5 = (E\, Ey, Es, Hs, F3). To determine g$, we again need to

look for all z =), ., a;jxv; ® v; ® v with a; ;, € C such that [Ey + Es, ] = 0. By

i’j’k
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calculating

[El + EQ, 1‘] = a1 0+ a11,—-1° 0+ Z a1,—-1,k01 X V1 X Vg
k

+ Z a_11,501 ® U1 ® Vg + Z a1 1511 @ V-1 @V + V-1 @ V1 ® V),
k k

we obtain that a, 1 ; are arbitrary, a; _1, = —a_1 1, fork==+landa_; 1, = 0. Hence
a basis of gf is {11 Q@ v @1, 11 QU ®V_1,v1 ®V_1 QU] —V_1 QU ®V1, v QU_1 QV_1 —
v_1 ®@v; ® v_1}. Therefore, g¢ = (E, Es, Es, Hs, Fs) @ g§ where g$ has basis elements

as above and dimg®=5+4=9.

By computing commutator relations between basis elements for g¢(0), we deduce
that g°(0) = osp(1]2) according to Lemma 6.1 where F3, vy @ v_1 ® v_1 —v_1 ® 11 ®
v_1, H3,v1 ®v_1 ®v1 —v_1 ®v; ®vq, B3 correspond to u_s, u_1, ug, Uy, Us in Lemma 6.1.
By calculating ad Hs-eigenvalues, we obtain that g¢(2) = V% (0) @ V°(1). Hence, we
have that 3 = 3(0) @ 3(2) C (g°(0)* © & (g2(2))"Y = (B, + E,). We also know that
e = Ey + E5 € 3. Therefore, 3 = (e) and dimj = 1.

Next we look for the labelled Dynkin diagram with respect to e. Note that we can
find an element h = H, + Hy = (H, H,0) such that h belongs to an sl(2)-triple {e, h, f}

in gg. Then we calculate the adh-eigenvalue on each root vector in the table below.

OOt VECtors || €2s, || €2p, || €285 || €-261 || €-28, || €-265 || Cif1+iBathps

eigenvalue 2 2 0 -2 -2 0 1+

Notice that roots in g(> 0) are {201,208, 81 + B2 + B3, 51 + P2 — Ps} and roots in
g(0) are ®(0) = {£203,i8; — ifs + kB3 : i,k = +1}. Hence, there are three systems
of simple roots of g(0): II,(0) = {=p1 + B2 — 55,283}, I1(0) = {285, 81 — B2 — B3}
and I13(0) = {—p1 + B2 + B3, 51 — P2 + P} up to conjugacy. By extending I7;(0)

to IT for i = 1,2,3, we get three systems of positive roots ®; and simple roots II;.
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Therefore, there are three conjugacy classes of systems of positive roots ®* such that

h® Dacar 9o € D5 8(j). Hence, systems of simple roots are:

o I} ={ay =201, a0 = =1 + B2 — P3, 3 = 203}. Similarly, we compute g5 = 1
and p93 = a using Formula (4.1). Therefore, the labelled Dynkin diagram with

respect to II; is the Dynkin diagram in Figure 12 with labels 2,0, 0.

L4 HQ = {0[1 = 253,0[2 = 61 — ﬁg - 5370[3 = Zﬁg} We compute that 12 = & and
pi2s = 1 + « using Formula (4.1). Therefore, the labelled Dynkin diagram with

respect to I, is the Dynkin diagram in Figure 14 with labels 0, 0, 2.

o I3 ={a1 = —P1+ o+ P30 = 1 — P2+ 5,03 = B1+ P2 — B3} We compute that
pie = a, 13 = 1+« and peg = 1 using Formula (4.1). Therefore, the labelled
Dynkin diagram with respect to Il3 is the Dynkin diagram in Figure 15 with
labels 0, 0, 2.

(4) €:E1+E2+E3
Similar to cases of E; and E; + E,, we have g5 = (Ey, Ey, E3). To obtain gf, let

T =35k Wik ® v @ vy € gf where a; ;;, € C. We calculate that

[Ey + Es+ Es,z) =a111- 0+ (a11,-1 +a1,—110+a_111)v1 QU @ vy
+(a1—1-1+a11-1)1 @V @u_g+ (a1-1,-1 +a_1-11)v1 ®V_1 @V
+(as11-14+a-111)01 QU @1+ a1 —1,-1(1 ® V-1 @V

+Uv1 QU QU +v_1Qu_1 Q1)

Therefore, we deduce that a; ;1 is arbitrary, a1 -1 +a1,—11+a_111 =0and a1 _; 1 =

a_11,-1 = a—1,—11 = 0. From the above relations, we obtain that a basis for gf is

121



{1 ®@ v @1, v @V ®V_1 — V1 @V ® V1,V ®VU_1 ®v; —V_1 ®v; @ vy}. Therefore,

g° = (E1, Es, E3) © g5 where g¢ has basis elements as above and dim g = 3 + 3 = 6.

We know that 35 C (E1, Es, E3) and 35 is at most 3-dimensional. Moreover, we have
that £y + Es + E3 € 35 and thus 35 is at least 1-dimensional. If 35 is 2-dimensional, it

must contain an element of the form ay E; + agFEs € 35. Then we have

[alEl +asFo, 11 QU QU1 — 11 QU ® ’U1] =—av1 ® v Qv =0,

and

[aa By, 1 @ U_1 @ v; —v_1 QU1 @ 1] = agv; @ vy @ vy = 0.

Thus a; = a; = 0 and there is no element of the form a1 F; + asEs lies in 35. Hence,
35 = (E1+ By + E3).

Again let © € 37 where z is the linear combination of basis elements of g° with
coefficients a1, a, and az. Then we have a; = as = a3 = 0 by a similar calculation to
the above cases. Therefore, 3 = (E; + Es + E3) and dim3 = 1.

Next we look for the labelled Dynkin diagram with respect to e. Note that we can
find an element h = Hy + Hy + H3y = (H, H, H) such that h belongs to an sl(2)-triple
{e,h, f} in gg. Then we calculate the adh-eigenvalue on each root vector in the table

below.

OOt VECLOTS || €24, || €28, || €285 || €—281 || €—28, || €285 || €if1+iBa+hps

eigenvalue 2 2 2 -2 —2 —2 1+J+k

Since the adh-eigenvalue of e, is non-zero for every a € ®, the only choice of a system

of positive roots ®* such that h & P,cp+ 9o € D50 8(J) is

Ot = {201,205,283, b1 + P2+ Bs, b1 — Bo + B3, b1 + Ba — B3, —P1 + Po + B3}
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Hence, we get a system of simple roots I = {a; = —f + P2 + f3, a0 = 1 — [ +
B3, a3 = 1+ B2 — B3} and the number of lines p1,5 between each pair of nodes are easily

obtained by calculating |(81 — B2+ 83, —B1+ B2+ 63)| = , [(B1— B2+ B3, i+ 82— 3)| = 1
and |(—=p1 + B2 + B3, 81 + B2 — B3)] = 1 + a. Therefore, the labelled Dynkin diagram

with respect to e = E; + E5 + Ej5 is the Dynkin diagram in Figure 15 with labels 1,1, 1.

6.2.4 Analysis of results

Results obtained in Subsection 6.2.3 can be summarized in the following table:

Table 6.4: dim g¢ and dim 3(g°)

Lie superalgebra | nilpotent element e | dim g° | dim 3(g) 22:1 a;
0 17 0 0
Ey 11 1 1
D(2,1; )
E, + E, 9 1 p
Ei+ Es + E5 6 1 3

Recall that G = SLy(C) x SLy(C) x SLy(C). Since we have 3(g°) = (e) for all cases, then
we have that (3(g°)%" = 3(g°). Therefore, Theorem 1.2 for D(2,1; @) can be obtained
immediately following the above table, i.e. we have that dim (3(g¢))" = (3> a;] +¢

2

where e = —1 for e = E; + E5 + E5 and ¢ = 0 for all other cases.

In order to prove Theorem 1.1 for D(2,1;«), we only need to consider the case
e = F; + F5 where the corresponding labelled Dynkin diagram A has no label equal

e

to 1. When e = E; 4+ E», we have ny(A) = 1 and dim (3(g°)) = 1. Next we

123



determine g and 3(g"). Note that g" is generated by root vectors eiop,, €4 (81—P2-+85)
€4(8—pa—ps) and b = (Hy, Hy, H3). Hence, we can find a system of positive roots
O = {263,01 — Ba — B3, 01 — Ba + B3} of g" and corresponding simple root system
II, = {2p5,51 — B2 — P3}. This is a reductive subalgebra of D(2,1;a) with labelled

Dynkin diagram

a a

O—=R

)

thus this is gl(1]2) according to [19, Subsection 3.4.1| and it has centre of dimension 1.
Therefore, dim 3(g") = 1 = ny(A) = dim (3(g°))". The above argument completes the

proof for Theorem 1.1 for the case g = D(2, 1; ).

In order to prove Theorem 1.3 for D(2, 1; «), we consider the case e = F;+ E5 and the
remaining cases do not have label equal to 2 so that the 2-free core Aj of A is the same as
A. Thus equations dim g°—dim g&* = ny(A) and dim (3(g¢))°" —dim (3(980))G30 = ny(A4Q)

G€

are obviously true for the remaining cases as dimg® = dimgy’ and dim (3(g%))” =

dim (5(980))G80. When e = E; + E; € D(2,1; ), we have dim g° = 9, dim (3(g¢))¢" =1

and
0 0 0 0
AO = or .
Hence, we deduce that the corresponding Lie superalgebra go = s[(2|1) according

to |19, Subsection 3.4.1] and the nilpotent orbit eq with respect to A is equal to
0. Therefore, dimg;" = 8 and dimg® — dimg;” = ny(A) = 1. Similarly, we have
dim (3(g¢))" — dim (3(980))080 = ny(A) = 1 because dim (3(980))G80 = 0. The above

argument completes the proof for Theorem 1.3 for the case g = D(2,1; ).
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6.3 The exceptional Lie superalgebra G(3)
6.3.1 Structure of the Lie superalgebra G(3)

Let H be the associative quaternion algebra over R. Then H = {a + bi + ¢j + dk |
a,b,c,d € R} where i* = j2 = k? = —1 and ij = k, jk = ¢ and ki = j. For
r=a+bi+cj+dk € H, we set T =a — bi —cj — dk. Then we define t(z) =z + = to
be the trace of x. Next we write the octonion algebra to be the nonassociative algebra

O = H @ H such that the addition and multiplication are defined by

(a,b) + (¢,d) = (a+ ¢, b+ d),

(a,b)(c,d) = (ac — db, da + bc)
fora,b,c,d € H. For x = (a,b) € O, we define z = (a, —b), then t(z) = 2+ = (a+a,0).
We also set Q) = {z € O : t(x) = 0} and the basis elements of Qg are:
U = (07 _Z)a Uy = (07 _j)’ Uy = (07 _k>7 Uy = (07 1)a
u_y = (k,0), u_y = (4,0), and u_g = (¢,0).
Now we define

De(y) = ly, [z, 2]] = 3 ((xy) 2 — = (y2)) - (6.1)

As shown in [19, Proposition 4.3.3], D, . is a derivation of Q. Then we have that
(DerQ) ®g C is the Lie algebra of type Go according to [12, Section 19.3] where DerQ
is spanned by the derivation D, ., : O — O where for z,y,2 € O.

According to [19, Chapter 4|, we also know that Q) ®gr C is a seven-dimensional
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simple representation of G5 which we denote by V7. A basis of V7 is given by:

63:U3®1+U,3®Z’, 62:u1®1—u,1®i,

61:'&2@1—’&,2@2‘, 60:’&0®1, €,1ZUQ®1+U,2®Z',
6_2:u1®1+u_1®i, e.3=u3s®1—u_3R1.

Viewing G2 as a Lie subalgebra of gl(V7), the elements of G5 can be written as the
elements of gl(7) with respect to the above basis. Hence, Gy has generators x;, y;, h;,

for 1 = 1,2, where

0 -1 00 0 0O 000O0O0O O O

0 0 00 0 00 00100 0 O

0 0 01 0 00O 000O0O0O O O
=10 0 00 -2 0 O0},22=10 0 0 0 0O 0 Of:

0 0 00 0 00 0000O0-120

0 0 00 0 01 000O0O0O O O

0 0 00 0 00 000O0O0O O O

0O 00 0 0O0O 0000 O OO

-1 00 0 00 O 0000 O 0O

0O 00 0 0O0O 0100 0 0O
=10 02 0 0O0O0],%=]10000 0 00O0]>

0 00 -1 00O 0000 O OO

0O 00 0 0O0O 0000 -12020

0 00 0 010 0000 O 0O

hy = diag(1,—1,2,0,—2,1,—1) and hy = diag(0,1,—1,0,1,—1,0).
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The above generators are obtained from [19, pages 90-91], but we choose a different
normalization of the generators, e.g. our x; is obtained by dividing x; in [19, page 90|

by 4 and our x5 is obtained by dividing z5 in [19, page 90| by 12.

The remaining positive root vectors in the basis of G5 can be generated by x; and
xo. For positive root vectors, x3 = [x1, 2], T4 = |21, 23], x5 = 21, 24] and x¢ = |25, T2].
Negative root vectors can be obtained using a similar way.

Before we start to define the Lie superalgebra G(3), we fix some notation below. Let
V5 be a two-dimensional vector space over C with basis {v1,v_1}, so V3 is the natural
s[(2)-module. Let 1 be a non-degenerate skew-symmetric bilinear form on V5 such

that ¥q(v1,v_1) = 1. We define py : V5 x V5 — sl(2) by

Pa(,9)(2) = 4 (¥ (y, 2)x — ¥ (2, 2)y)

We calculate that po(vy,v_1) = —4H, pa(v1,v1) = 8F and pa(v_1,v_1) = —8F. We also

define ¢; : V7 x V; — C by

t(zy)
5

1/17(%, y) =

thus we compute that i7(e;,e_;) = 2, ¢¥r(eg,e0) = —1 and r(e;e;) = 0 if @ # —j.
Define p; : V7 x Vz = G5 to be p7(x,y) = D,, where the explicit mapping has been
calculated from Formula (6.1) and is given in Table 6.5. We will give some explanation
about how to calculate p; later.
Now we are going to define the Lie superalgebra G(3). By definition, G(3) = g =
05 @ g1 where
g5 = sl(2) ® Gy

and

g1 = Ve ® V7.
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According to [19, Section 4.7], G(3) has generators z;, y;, h;, for i = 0, 1,2, where z,

Y1, h1, To, Y2, hy are generators of G5 and

ro = (v1 ®e_3)/2, yo= (v_1 ®e3)/2, hg = —2H — 2hy — ha,

We know that gg is a Lie algebra and the bracket [, -] : g5 X g7 — g7 is given by

[z + Yy, v ® v7] = 2Vy ® V7 + V2 ® YU7

for v € 5l(2),y € Gy, vy € V5 and v; € V7. The bracket [, -] : g7 X g1 — gg is given by

[Ui & €k, Uj 02y el] = ¢2(Uia Uj)p7(ek’7 61) + 2/}7(6767 el)pQ(Ui’ Uj)' (62)

for v;,v; € Vo, ex, e € V7.

Next we work out p; : Vo x V72 — G5 explicitly. We have that

p7(6737 63) - D€_3,63 = Dugfiu_g,ungiu_g = 2ZD’U,3,’LL_3'

In addition, we have that D,, , , + Dy, + Dy s = 0, by = %DUM_Q and hy =

%(Duhufl—DuQ,uﬂ) by [19, page 90|. Therefore, we deduce that pr(e_3,€3) = 2iDyy o, =

—8hy1 — 12hy. According to the graded Jacobi identity, we have that

(21, [11 @ e_3,v_1 Qes]] = [v1 ® e_g, [x1,v_1 @ es]] + [[1, 11 ® e_3],v_1 ® e3]

= [v1 ®e_3,0] + [ ®e_a,v_1 ® e3] = pr(e_2,e3).

Moreover, [x1,[v; ® e_3,v_1 ® es]] = [z1, —8H — 8hy — 12hy] = 4xy. Therefore, we

deduce that p;(e_s, e3) = 4z. Using similar methods we obtain the explicit mapping
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pr : Vi x Vo — G5 which is given in the following table.

Table 6.5: p; : Vo x Vo = Gy

es €9 el €o e_1 €_9 e_3

e3 0 —2x¢ 215 2x4 || —4xs —4xq 8hi1+12hs

e 21 0 —2xy || —4xs3 || 1225 || 4h1+12hs —4yy,

el —2x5 224 0 4z 4h, 1295 4y

€o —2x4 4xs —4xq 0 41, 4ys 21y
e_q 4xs —12x4 —4hy || —4, 0 —2yy —2ys
€_o 44 —4h1—12hg || =12y, || —4ys3 214 0 —2ys

—8h, —

€3 1o, 4 —dys || =24 || 2ys 2Ys 0

6.3.2 Root system and Dynkin diagrams for G(3)

We follow the description of the root system of g = G(3) given in [19, Chapter 4].
Let h = (ho, h1, ha) be the Cartan subalgebra of g. Note that the roots of G(3) can
be expressed in terms of d,e; 62,63 € h* where €1 + e + €3 = 0. The root system

® = d5 U P71 is given by

O = {£26,6; — 5, +e;: 1 <id,j < 3},

and ®; = {+5 e, +6:1<i<3},
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where the bilinear form (-,-) on h* is defined by

(0,0) =2, (gi,65) =1 =30y, (6,;) =0.

The table below lists all roots together with corresponding root vectors.

Roots 20 | g1 || ea—€1 || €2 || —e3| €1 —€3 || ea—€3 | 10—z || 10 +¢gj
Root

vec- E | To 3 T4 Ts Te v;Qe3 || v; X ej
tors
Roots || —20| —e1|| 61 — €2 || —€2|| €3 || €3 —¢€1 || €3 — &g || 90 + &3 10
Root

vec- F |y Y2 Y3 Ya Ys Ye v @e_s || v ey
tors

where ¢ € {1, -1}, j € {2,1, -1, -2} and we define ¢; = —=_; for j < 0.

The remaining part of this subsection covers all possible Dynkin diagrams with
respect to different systems of simple roots based on |9, Section 2.19]. Note that the
number of lines between a pair of vertices that corresponds to simple roots are calculated

using Formula (4.1) in Section 4.2.

1. For the simple system IT = {a; = 0 + €3, 0 = €1, 03 = €9 — €1}, we have the

Dynkin diagram:

R—C==0

[#4] o2 s

Figure 16: Dynkin diagram for G(3)

2. For the simple system II = {a; = —0 — 3,00 = § — €9, 03 = €9 — €1}, we have

the Dynkin diagram:
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R—R==0

(741 o2 o3

Figure 17: Dynkin diagram for G(3)

3. For the simple system II = {ay = §,as = —0 + 1,3 = €2 — €1}, we have the

Dynkin diagram:

@ N==0),

[#4] o [#4]

Figure 18: Dynkin diagram for G(3)

4. For the simple system II = {a; = €1,a9 = —0 + 9,3 = 0 — &1}, we have the

Dynkin diagram:

(24 o3

Figure 19: Dynkin diagram for G(3)

6.3.3 Centres of centralizers of nilpotent elements e in G(3) and labelled

Dynkin diagrams with respect to ¢

Let e = eq2) + eq, € go be nilpotent where eg) € sl(2) and eg, € Ga. According
to [18, Section 11|, we know that representatives of nilpotent orbits in sl(2) are 0, E
and representatives of nilpotent orbits in Gy are 0,9, 1,22 + x5, 21 + T2 up to the

adjoint action of G = SLy(C) x K where K is the simple algebraic group of type
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Go. Hence, there are in total 10 possibilities for e. Tt is clear that s[(2)¥ = (E) and
s[(2)% = sl(2). The following tables give basis elements for g¢ and 3(g®) and labelled
Dynkin diagrams with respect to e. The numbers in the rows labelled “A” represent
labels a; corresponding to oy for ¢ = 1, 2,3 in labelled Dynkin diagram with respect to
e. We consider three cases as examples to show the explicit process of finding g¢, 3(g°)

and labelled Dynkin diagrams after these tables.

For each nilpotent element e € g, we find a semisimple element A such that h lies
in an sl(2)-triple in gz that contains e. We also calculate the g°(0)-module structure
on each g¢(j) for j > 0 in the following tables. Let V*'(j) be an sl(2)-module with
highest weight j and V°%®(j) be an osp(1]|2)-module with highest weight j. Note that
for e = xq, we have that g°(0)y = sl(2)  sl(2) = 0(3) ®sp(2), dim g°(0); = 6 and g°(0)
has a two-dimensional toral subalgebra (H,2hy 4+ 3hs). Using a similar argument as in
Lemma 6.1, we can show that any ideal of g°(0) contains an element of (H, 2h; 4 3hs) is
equal to g°(0). Hence, we deduce that g¢(0) is simple and thus g°(0) = osp(3]2). Note
that the g¢(0)-module structure on g°(j) is not included in this thesis as it requires the

construction of 0sp(3|2) representations.

Table 6.6: e = E + (x1 + x2)

h H + diag(6,4,2,0,—2,—4,—6) = H 4 (6hy + 10hs)
g° (B, 21 + 29, 26,01 ® 3,01 ® €2 +V_1 R €3)
g°(0) 0
0 (5) dim g¢(10) = dim g¢(7) = dim g*(5) = 1, dim g°(2) = 2.
3(9%) (e, 6,01 @ e€3)
A Figure 18: 1,1,2

132



Table 6.7: e = E + x4

h H + diag(0,1,—1,0,1,—1,0) = H + hy
. (B, 12, y1, 73, T6, Ys, Ta, Ya, 201 + 3ha,v1 @ €2, 01 @ €_1,v1 @ €3,01 @
! €, V1 ®e_3,01 ®e; —v_1 ey, ®e_g+v_1Re_q)
g°(0) osp(1[2)
a°(y) g°(1) = VoP(3),0°(2) = Vo (0) @ V°(3)
3(9°) ()
A Figure 16: 0,0,1; Figure 17: 0,0,1; Figure 19: 0,0,1
Table 6.8: e = F + 23
h H +diag(1,-1,2,0,—-2,1,~1) = H + hy
. (B, 11,75, Y2, T6, Y, 1 + 2ho, v1 @ 1,01 ® €3,01 @ €_9,v1 ® g —
! Vo1 ®e, v ®es+ U1 ®ez, v Qe3—v_1 R e_g)
g°(0) osp(1]2)
g°(J) g°(1) = Vo®(0), g°(2) = V*(0) & V*(3), 8°(3) = V°(3).
3(g%) (e)
A Figure 17: 1,0,0; Figure 19: 1,0,0
Table 6.9: e = E + (22 + x5)
h H + diag(2,2,0,0,0, -2, —2) = H + (2hy + 4hs)
. (E, 6,73, T4, T2 + T5,01 @ €3,01 ® €2,V1 @ €9,60_1 ® ez — v ®
g

e_1,01 ®e; —v_1 ® ey)
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0

9°(4) dimg®(4) = 1,dim g°(3) = 2,dim g°(2) = 4, dim g°(1) = 3.
3(9°) (e, z6)

A Figure 19: 0,1,1

Table 6.10: e = F

h H

ge <E>@G2@<U1 ®€3,U1®62, U1®€1,’U1®€0,U1 ®€_1,’Ul®€_2, U1®6_3>
g°(0) Gy
a°(4) g°(1) = V7,9°(2) = (e).
3(9°) (e)

A Figure 16: 1,0,0

Table 6.11: ¢ = T+ X9

h diag(6,4,2,0,—2,—4, —6) = 6hy + 10h,

g° (E,H,F, 11+ x2,%¢,01 ® €3,0_1 & €3)
g°(0) sl(2)
g°(j) g°(2) = g°(10) = V*(0), g°(6) = V*(1).
3(9°) (e, z6)

A Figure 18: 0,2,2
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Table 6.12: e = x5

h diag(0,1,—1,0,1,—1,0) = hy
. (E, H, F, 22,1, 23, T6, Y5, Ta, Ya, 2h1 + 3o, v1 ® 2,01 @ €3,v1 ®
’ e_1,V_1®e_1,v1 ®e_3,V_1 ®e_3,V1 ®es, v_1 @ ez, v @ e, V-1 @ €)
g°(0) 0sp(3[2)
9°(j) dim g¢(1) = 8,dim g¢(2) = 1.
3(9°) ()
A Figure 18: 0,0,1
Table 6.13: e = a1
h diag(1,-1,2,0,-2,1,—1) = hy
. (E,H, F,x1, 25,92, T6, Ys, M1 + 2ho, 01 ® €1,0_1 ® €1,v1 ® €3,V_1 ®
’ €3,V ® €_9,V_1 ® €_a)
g°(0) sl(2) @ sl(2)
ge(1) = V(1) @ V¥(1), g°(3) = V*(0) ® V*!(1),9°(2) =
g°(J)
(V=(0) @ V*(0)) @& (V*(1) @ V=(0)) .
3(9°) (€)
A Figure 18: 0,1,0
Table 6.14: e = x9 + x5
h diag(2,2,0,0,0,—2, —2) = 2hy + 4hs
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. (E,H,F,x6,73,74, T2 + T5,01 ® €3,V_1 ® €3,V @ €2,0_1 @ €3,V ®

’ eo, V-1 @ €)
g°(0) osp(1[2)
9°(J) g°(2) = VP (0) @ VO (5) @ Vo (3), g°(4) = V°*(0).
3(9°) (e, z6)

A Figure 18: 0,0,2; Figure 19: 0,2,0

Table 6.15: e =0
h 0
g° g

3(0%) {0}

A Figures 16, 17, 18, 19: All labels are zeros.

In the remaining part of this section, we give explicit calculation on finding g¢ and
3(g°) and obtain the corresponding labelled Dynkin diagram for nilpotent elements

E + (x1 + x3), E + x5 and x5 + 5. The results of remaining cases are obtained using

the same approach.

(1) e=E+ (21 + x9)
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We have

T+ o =

o o o o o o o
o
o
o
|
)
o
o

0O 00 0 0 O

We first look for an s((2)-triple {eq,, ha,, fa,} in Go containing eq, = x; + zo. Write
ha, = diag(ay, as, as, ay, as, ag, a7) such that [hq,,eq,] = 2eq, and hg, € (hy, hs). An
easy calculation shows that hq, = diag(6,4,2,0,—2,—4, —6) = 6hy + 10hs and fg, =
611 + 10y2. Then we work out the adhg,-eigenspaces with non-negative eigenvalues of

Go.

’Eigenvauluesofhg2 H 10\ 8 \ 6 \ 4 \ 2 \ 0 ‘
) hl
T hg

BEigenvectors Te | Ts | T4 | X3

Table 6.16: adhg,-eigenspace decomposition

Since Gy is a module for sl(2) = (eq,, ha,, fa,), the above table implies that Go is
the direct sum of V*(2) and V*(10). Hence G5°* has one basis element with adhg,-
eigenvalue 10 and it must be zg. We also deduce that G52 has one basis element
with adhg,-eigenvalue 2 and it must be eq, = x1 + 22 as eq, centralizes itself. Hence,

g¢ =sl(2)F @ G5 = (B, 21 + 22, 76).

In order to calculate g$, we need to look at e = E + (z1 4+ x3). In fact {E +eq,, H +
hey, F' + fa,} is an sl(2)-triple in gg containing e. Observe that [hq,,e;] = 2je; for
Jj € {3,2,...,—2,-3} and [H,v;] = iv; for i € {1,—1}. Let h = H + hg,, we have

[h,v; ®e;] = [H+ he,, v ®ej] = Hu; @ e +v; @ hgy,e; = (1 +27)v; @ ej. Then we work
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out all eigenvalues of adh on g7 and adh-eigenspaces in the table below.

’ adh-eigenvalues H 7 \ 5 \ 3 \ 1 ‘
adh-eigenspaces || v; ® e3 1}71_112653 0111126612 vv_llzegl
’ adh-eigenvalues H -1 \ -3 \ -5 \ -7 ‘

. vp®e_1 | v1®e_s V1 ®e_
adh-eigenspaces 2 11 Qe_s
V1 ®e€y | Vo1 ®e1 | Vo1 ®e_o

Table 6.17: adh-eigenspaces

Therefore, g§ has one basis element with adh-eigenvalue 7, namely v; ® e3. It also has
one basis element with adh-eigenvalue 5 which is of the form av; ® ey + bv_; ® e3. To

find this basis element, we compute

le,avy ® ex 4+ bu_1 ® e3] = buy ® e3 — avy @ eg,

this is equal to 0 if and only if b —a = 0. Therefore, we can choose the basis element to
be v; ® es + v_1 ® ez. In conclusion, the centralizer g¢ has a basis {E, x1 + x9, xg, 1 ®

e3,v1 ®ex+v_1 ez}t and dimg® =342 =5.

By calculating adh-eigenvalues of basis elements for g¢, we have that 3 = 3(2) @

3(5) @ 3(7) @ 3(10). We first observe that

[E,v1 ®es +v_1 ®es] =v; ®eg #0.

Hence E ¢ 3 and 3(5) = 0. Thus 3(2) is 1-dimensional and is spanned by e = E + (21 +
z3). Now we consider 3(7), observe that g*(7 + j) = 0 for all j such that g°(j) # 0.
Hence, for any = € g°(j) # 0, we have that [v; ® e3, z] = 0 and thus 3(7) = (v; ® e3).
Similarly, we have 3(10) = (x¢). Therefore, 3 = (e, x4, v1 ® e3) and it is 3-dimensional.

Next we look at the labelled Dynkin diagram with respect to e. Note that we already
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calculated the adh-eigenvalue of each root vector in Table 6.16 and Table 6.17. Thus
we obtain that roots in g(> 0) are {20,e1,e9 — €1,62, —€3,61 — €3,62 — €3,0 — €3,0 +
£9,0 +¢€1,0,—0 —e3,—0 + €9, — + &1 } and there is no root in g(0). Hence, there is only
one choice of ¥ such that h ® P 4+ 8o € D, 8(j) and the corresponding simple
roots are [T = {0, —0 + 1,69 — &1 }.

We also need to calculate the following relations in order to determine whether an
odd root is isotropic and how many lines between each pair of simple roots in the

corresponding labelled Dynkin diagram. We have

(0,0) =2, (=0 +e1,—0+e1) =0, |(e2—e1,62 — 1) = 6,

2|(5,—5+81)| — 9 and 2|(—5+€1,62—€1)|

- - = 3 for o, € O.
Min (o, 0p) 20 | (0, k)| MiN (0 00)220 | (0, 1)

Therefore, the labelled Dynkin diagram for e = E + (x; + z3) is:

1 1 2

—R==0

Figure 20: Labelled Dynkin diagram for e = E + (21 + x2)

(2) e=E+

We know that sl(2)F = (E), now we are going to work out G3?. Observe that hg, =
diag(0,1,—1,0,1,—1,0) = hs belongs to an sl(2)-triple {eq,, ha,, fa, } in Go containing
eg, = T3. Then we work out the adhg,-eigenspaces with non-negative eigenvalues of

(G5 1n the table below.
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Eigenvalues of A’ H Eigenvectors

0 hl, hz, Ty, Yag
1 Y1, T3, Te, Ys
2 T

Table 6.18: adhg,-eigenspace decomposition

This demonstrates that G5 = G57*(0) @ G52(1) ® G572 (2) where 0,1,2 are the
adhg,-eigenvalues. Clearly G572(2) = (x5) and G572(1) = (y1, 23, w6, ys). Note that
G5 (0) has dimension 3. Since [2h; + 3hg,x5] = 0 and [z4,25] = 0 = [yg, 9],
we have that G57(0) = (x4,y4,2h1 + 3hy). Therefore, we have that g§ has a basis

{E, z2, 91, %3, T, Ys, Ta, Ya, 201 + 3ho}.

Now we calculate g§. We need to look at the sl(2)-triple {e,h, f} = {E + x9, H +
hey, F + fa,} in g5. We work out all eigenvalues of adh on basis elements v; ® e; € g7

and adh-eigenspaces in the table below.

’ adh-eigenvalues H adh-eigenvectors ‘
2 V1 e, V1 Qe
1 V1 ® ez, V1 R ey, V1 Qe_z
0 V1 Qe vy e g, V1 @eg, V1 Xe
—1 V1 & €3, UV_1 & €o, V—1 X e_3
-2 Vo1 ® €1, V_1 X e_o

Table 6.19: adh-eigenspaces

Let us write gi(j) for the j-eigenspace of adh. Then the above table implies that
g5 = g5(0) @ g5(1) ® g$(2) where g$(2) has a basis {v; ® ez, v1 ® e_1} and g§(1) has a
basis {v1 ®es, v1®ep, v1 ®e_3}. We also know that g$(0) has dimension 2. To determine
9%(0), we need to find elements of the form x = a,,v1®e;+a;, 201 ®e_s+a_1 201 Qer+
a_1-1v-1 ®e_; that are centralized by e. By calculating [e, z] = 0, we have that a; ; =

—a_y12and a;,_o = a_y,—;. Hence g¢(0) has a basis {v1®e; —v_1®e2, v1®e_s+v_1®e_1}.

Therefore, g has a basis {v1 ® e9,11 ® e_1,v; ® e3,v] ® eg,v; e 3,01 Qe —v_q &
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e2,V1 ® e_9 +v_1 ®e_1}. In conclusion, we have that dimg® =9+ 7 = 16.

By computing commutator relations between basis elements for g¢(0), we deduce
that g°(0) = osp(1]2) according to Lemma 6.1 where y4,v1 ® e_o +v_1 ® e_1,2h; +
3ho, 11 ®eq; —v_1 ® ey, x4 correspond to u_s, u_1, ug, U1, us in Lemma 6.1. Moreover, we

obtain that g°(1) = V°*(2) and g°(2) = V°**(0) ® V°**(3). Hence, we have that
5=3(0) @3(1) @35(2) € (°(0)" & (g°(1))" ¥ & (g°(2))" Y = (B + 23).

Note that e = E' + x5 € 3, therefore 3 = (e) and it has dimension 1.

Next we look at the labelled Dynkin diagrams with respect to e. We obtain that
roots in g(> 0) are {20,e9 — €1, —€1, 62,60 —€363 —€1,0+ 62,0 —€1,0 —€3,0,0 + 3} and
roots in g(0) are ®(0) = {£e3, £(6 + 1), £(6 — €2) } according to Table 6.18 and Table
6.19. There are three systems of simple roots of g(0): I1,(0) = {—e3,—0 —e1}, I15(0) =
{—=d+eq,0+e1} and I15(0) = {0 —e9, —€3} up to conjugacy. By extending I1;(0) to II for
i =1,2,3, we get three systems of positive roots ®; and simple roots IT; and thus there
are three conjugacy classes of systems of simple roots ®* satisfying h @ @, cp+ 9o €
P >0 g(j). We list three systems of simple roots and draw the corresponding labelled

Dynkin diagrams below.

e We have II} = {—¢e3,—d — 1,0 + £3}. We have that —0 — ¢, and § + €3 are odd
isotropic roots since (—0 — ey, —0 —¢e1) = 0 and (§ + €3, + €3) = 0. Then we

calculate the number of lines between each pair of simple roots. Note that

2’(—83,—(5—81” —1 2|(—€3,(5+E3)|

- =1, — =2 for oy, € D,
NI (0, 00,) £0 ‘(Oékv ak)’ MIN (o, o) £0 |(ak7 Oék)‘

and | (=0 —e1,0 +¢3)| = 3.
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Therefore, the corresponding labelled Dynkin diagram is:

Figure 21: Labelled Dynkin diagram for e = E + x4

e We have [Ty = {—0 4 3,0 + e1,63 — e1}. Again —0 + €5 and ¢ + &; are isotropic

and we calculate that

2|(5+€1,€3 — 61)|

(=0 +e2,0+e1)] =1, —
mln(ak,ak)yéo |<O€k,06k>|

=3 for oy, € D,

and| (83 —&1,83 — 81) | = 6.

Therefore, the corresponding labelled Dynkin diagram is:

] 0 1

R—R=0

Figure 22: Labelled Dynkin diagram for e = F + x5

e We have that I13 = {0 — &9, —€3,e3 — £1}. Then we calculate that

2|(6 — €2, —€3)|

- =1for o € ®
mln(ak,ak);éo |(ak7 ak)|

2|(—€3, 3 — 81)|

. =3.
min{|(—es, —e3)|, (€3 — €1,63 — €1)[}

and

Therefore, the corresponding labelled Dynkin diagram is:
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R—C==0

Figure 23: Labelled Dynkin diagram for e = F + x5

(3) e=z2+ x5

We have
00006 0 O
00100 0 O
00000 O -6
Ta+x5=[0 0 0 0 0 0 O
00000 -1 0
00000 O O
0000O0 O O

Now we are going to work out G§. We first look for an sl(2)-triple {e, h, f} in G2 con-
taining e = x5+x5. One can check that in fact h = 2hy +4hy = diag(2,2,0,0,0, -2, —2).

Then the adh-eigenspaces with non-negative eigenvalues of G5 are listed below.

’ Eigenvalues of h \ Eigenvectors ‘

0 hi, ha, w1, Y1
2 T2, T3, T4, Ty
4 Te

Table 6.20: adh-eigenspace decomposition

This implies that G§ has one basis vector with adh-eigenvalue 4, that is, xg. We know
that G§ also has three basis vectors with adh-eigenvalue 2 and they are of the form

axe + bxs + cxy + drs. Note that [e,axy + brs + cxy + drs] = (b — a)[zg, x5] = 0
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if and only if b = a. Thus we have that G§ = (xg, 3, 24,22 + x5). Hence, 95 =

5[(2) %) <[E6, XT3,T4,T9 + l’5>.

Next we work out all eigenvalues of adh on basis elements v; ® e; € g7 and adh-

eigenspaces in the following table.

adh-eigenvalues adh-eigenspaces
2 V1 ®es, Vo1 @es, U1 & e, Vg & e
0 V1 Qe v1 e, v ey, Vo1 ey, V1 ®e_q, Vo1 ®e_q
-2 V1 ®e oV 1Q€e 9, 11Re 3, V1 De_3

Table 6.21: adh-eigenspaces

This demonstrates that g has four basis elements with adh-eigenvalue 2, namely v; ®es,
v_1®e3, v1®eg and v_; ®ey. To find out g$(0), we use the same argument to the previous
case. One can check that in fact g$(0) has basis elements {v; ® ey,v_1 ® eo}. Hence,
we have that g¢ has basis elements {v; ® e, v_1 ® e3,v1 ® €2,v_1 ® €2, V1 @ €9, V_1 D€ }.

Therefore, g° has dimension 74 6 = 13.

By computing commutator relations between basis elements for g¢(0), we deduce
that g°(0) = osp(1|2) according to Lemma 6.1 where F,v_; ® ey, H,v; ® ey, E corre-
spond to u_o, u_1, up, U1, ug in Lemma 6.1. Moreover, we obtain that g¢(2) = V°?(0) ®

VoR(1) @ VP (5) and g°(4) = V°%(0). Hence, we have that
5=3(0)@3(2) @3(4) C (8°0)" " @ (g°(2)" " @ (9°(4)" Y = (w5 + w5, 25).

We calculate that e = x5 + x5 and xg commute with all basis elements for g¢, therefore
3 = (e, zg) and it has dimension 2.

Next we look at the labelled Dynkin diagrams with respect to e. Note that roots
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in g(> 0) are {e9 — 3,60 — 1,69, —€3,61 — 3,0 — €3, —0 — £3,0 + €2, —0 + €2} and
roots in g(0) are ®(0) = {£20, +e1, £(6 + €1), 0, £(6 — &1)}. There are two systems
of simple roots of g(0): 11,(0) = {J, =0 + ¢} and I15(0) = {€1,d — 1} up to conjugacy.
By extending I1;(0) to II for i = 1,2, we get two systems of positive roots ® and
simple roots II; and thus there are two conjugacy classes of systems of positive roots
dF satisfying h &P cor Ga © @jzo g(7). Similar to previous cases, we list two systems

of simple roots and draw the corresponding labelled Dynkin diagrams below.

e We have II} = {0, —0+¢1,e2—¢1} and the corresponding labelled Dynkin diagram
is:

0 0 2

—x==0

Figure 24: Labelled Dynkin diagram for e = x5 + x5

e We also have II; = {e1,d — &1, —0 + 5} and the corresponding labelled Dynkin

diagram is:

Figure 25: Labelled Dynkin diagram for e = x5 + x5
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6.3.4 Adjoint action on G(3)

Let K be a simple algebraic group of type G, then Lie(K) is the Lie algebra of type
Gy. Write g = G(3) = g5 @ g1 where g5 = sl(2) @ Lie(K) and G = SLy(C) x K.
For a nilpotent element e = eq + eg, € gy where eg € sl(2) and eg, € Lie(K), we
determine (3(g°))°" in this subsection. Write (K¢2)° for the connected component of
K*G containing the identity and let K¢ (0) = K¢ N K°&2. An explicit structure of

K¢ has been given in [18, Section 11].

For e5 = 0, the centralizer in SLy(C) is connected. Thus it suffices to only look
at the action of K¢ on 3 C 3;5. In this case, we know that G¢/(G®)° = K¢/(K¢)° =
K*(0)/(K*(0))°. Based on [18, Section 11|, we know that K¢(0)/(K°(0))° = 1 when
e = 11,2 or T, + . Hence, we deduce that (3(g¢))° = (3(g%))* O/ E O = 5(g¢) for
above three cases.

Next we consider e = x5 + 5 € gg. Note that a basis of (3(g¢))” has been given in
[18, Section 11]. We include the explicit explanation here as an example.

Let ® be the root system of Lie(K) and II be a base for ®. We know that I =

{aq, as} where ay is the longer root. The root vectors

€a1y Caszs Cag+azr €2a1+agsr E3ar1+ass €3a1+2as

are denoted by x1, x9, T3, T4, 5, g as defined in Subsection 6.3.1. We calculate the struc-
ture constants Nu, o, = Najartas = Nay 201402 = Nagtas2a14as = 1 and Na, 30y a0 =
—1. For each a € &, we write z, : C — Aut(Lie(K)) such that z,(c) = exp(cade,)
for ¢ € C. Define ny(c) = z,(c)r_o(—c 1) xo(c), ho(c) = na(c)ny (1)~ and n, = ny(1).

For the automorphism z,(c) on the elements of the Chevalley basis of Lie(K'), we have
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To(C)- €q = €4 and

CZ

o1 Va8 Naat s€2045+

To(c) eg = e+ cNagears +

Cq
cod aNa,ﬂNa,a‘f’B . Nm(q—l)a—kﬁeqa-*-ﬂ

for a # 43 which is given in [2, page 61]. We also have h,(c)-es = c!®¥es such

that (8,a) = 2B . p, = hawe(8)s Mo €8 = Ta,BEw,(3) Where 1,5 = £1 and can

(a,c)

be calculated using formulas in |2, page 95|. For the purpose of further analysis, we

calculate that

Nar,a = Nag,ar+az = Tay,3a1+2a2 = L, Nay 201 +as = Nag,3a1+as = —L

We know that 3(g°) = (xs + 5, 26). According to [18, Subsection 9.1.1], we have
that K¢(0)/(K¢(0))° = (c1,co) = S3 where ¢; = hy(w) and ¢3 = ng, he(—1). We check
that

hy(w)(zg + x5) = w2 gy 4wl g — w3 gy + wWias = 19 + s,

and hy(w)(zg) = w'zg = w6,

thus ¢; centralizes x5 + x5 and zg. Similarly, we check that

nath(_l)(‘T? + 175) = Nqy (xQ - :L‘5) = Nay,a2T5 — Nay,as T2 = Ts + T,

and nlohg(—l)(.ilfﬁ) = —NjoTg = —Tg-

Thus ¢y centralizes z9 + x5 but x4 is not fixed under the action of cy. Hence, we
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know that (3(g°)) = (z2 + 25) = (e). Note that (¢) C (3(s))” € (3(g°))™ < 3(g°)-
Therefore, we deduce that (3(g¢))" = (3(g°)) = (e).

For eq = E, we know that G¢ = ({£1} x R¥) x K> where R” is a connected
normal subgroup of G°. When e = E + x5, E + x1, £ + (29 + z5), we have 3 C 35. We

K°G2

know that +£1 € SLy(C)” act trivially on 35 and (3(g°)) = (e) by [18, Section 11].
Hence, we have that (3(g¢))” = 3(g¢) for e = E + 25, E + 21 and (3(g°))" = (e) for
e=FE+ (x9+ x5).

When e = E + (z1 + x2), the component group of SLQ(C)E has order 2 and we
consider the element g = —1 € G¢/(G*)°. We know that g acts trivially on 35, thus
since the action of g on v; ® e3 sends it to

e,z € (3(g°))". However, vy ® e5 ¢ (3(g°))°
—v1 ® es. Hence, we have that (3(g9))°" C (3(g%))? = (e, xg). Therefore, we have that

(3(a)“ = (e, z).

6.3.5 Analysis of results

The results obtained in Subsections 6.3.3-6.3.4 can be summarized in Table 6.22. Note
that the summation Y a; of the labels in the labelled Dynkin diagram does not depend

on the choice of labelled Dynkin diagram.

’ nilpotent element e ‘ dim g° | dim 3(g°) ‘ dim (3(g*))*" 2221 a;

E+ (z1 + z2) 5 3 2 4
E+ 15 16 1 1 1

E+ 13 1 1 1

E 24 1 1 1

1+ X 7 2 2 4

To 21 1 1 1

1 15 1 1 1

To + Ty 13 2 1 2

0 31 0 0 0

Table 6.22: dim g° and dim (5(96))G6
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Theorem 1.2 for G(3) can be obtained immediately from Table 6.22, we have that
dim (3(g°)" = [3 20, @i,

Note that there are two cases that satisfy the condition in Theorem 1.1 such that the
corresponding labelled Dynkin diagram has no label equal to 1. They are e = x1 + x5

and e = xy + x5. Let h = (H, hq, hy) be a Cartan subalgebra of g.

e When e = 2y + x5, € G(3), we have dim (3(g?))°" = 2 and ny(A) = 2. Note
that g” is generated by root vectors eiss, exs and h. Hence, we can find a simple
root system I, = {6} for g" and this subalgebra is osp(1|2) according to [19,
Subsection 3.4.1]. Then 3(g") = {¢t € h : §(¢t) = 0}. Hence, dimj3(g") = 2 =
na(4) = dim (3(g°))"

e When e = 25 4+ 25 € G(3), we have dim (3(g°))%" = na(A) = 1. Note that g" is
generated by root vectors e1as, €45, €4e,; €4 (5421), €+(5—c,) and b, thus we can find
a simple root system I1, = {e1,0 — &1} and this subalgebra is 0sp(3|2) according
to [19, Subsection 3.4.1]. Then 3(g") = {t € h : &1(t) = (§ — 1)(t) = 0}. Hence,
dim3(g") = 1 =ny(4).

The above argument completes the proof of Theorem 1.1 for G(3).

In order to prove Theorem 1.3 for G(3), we look at three cases below and the
remaining cases do not have labels equal to 2 so that the 2-free core Ay of A is the

same as A.

e When e = E + (21 + x3) € G(3), we have dimg® = 5, dim (3(g°))°" = 2 and

1 1 2 1 1

—

A= hence Ay = . From [19, Subsection 3.4.1]
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we see that the corresponding Lie superalgebra gy = 0sp(3|2) and the construction
of 0sp(3|2) can also be found in [19, Section 2.3]. Let gy = 0sp(3|2), we choose

the nilpotent orbit ey € (go)g to be

01 0 00
00 -1 00
00 0 0 0],
00 0 01
00 0 00O

thus the Jordan type corresponds to eq is (3|2). Hence, we obtain that dim gi° = 4
according to Equation (5.40) and dim g°® — dim g;° = no(A) = 1. Furthermore,
we know that Gy = O3(C) x Spy(C). By considering the element ¢’ = —1 €
G’ /(Gi)°, we obtain that (5(980))080 C (3(980))9/ = (eg). Therefore, we further
deduce that dim (3(g))°" — dim (5(980))G80 = ny(A) =1 for this case.

0
When e = 2, + 25 € G(3), we have dim g = 7, dim (3(g°))%" = 2 and A, = o .

The corresponding Lie superalgebra go = osp(1]2) according to [19, Subsection

€0

3.4.1] and ey = 0. Thus we know that gi° = go and 3(g;”) = 3(g0). Hence, we
have dim g = dimgy = 5 and dim (3(g°))“" = dim3(g) = dim3(go) = 0.
Therefore, dim g° — dim g&° = ny(A) = 2 and dim (3(g¢))¢" — dim (3(980))080 =
ns(A) = 2 for this case.

¢ — 1 and two

0 0
conjugacy classes of positive roots system provide us with Ay =
0 0

o—®

or . They are both the corresponding labelled Dynkin diagrams of

When e = x5 + x5 € G(3), we have dimg® = 13, dim (3(g°))

0sp(3|2) with respect to nilpotent element 0 by [19, Subsection 3.4.1]. Thus gy =
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0sp(3|2) and ey = 0. Similar to the above case, we have dim g;° = dimgy = 12
and dim3(gi”) = dim3(go) = 0. Therefore, dim g° — dim gi° = n2(A) = 1 and
dim (3(g¢))“" — dim (3(g8°))GSO =1 =ny(A) for this case.

The above argument completes the proof of Theorem 1.3 for G(3).

6.4 The exceptional Lie superalgebra F(4)
6.4.1 Orthogonal Lie algebra so(7)

Recall that we have defined orthogonal Lie algebras in Section 2.4. Throughout this

section, we use an alternative J such that so(7) = {x € gl(7) : *J + Jz = 0} and

because J fits better with the spin representation and Clifford algebra that defined
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later. Thus any element = € so0(7) is of the form

a b c 2d f g 0
h 1 j o 2k 1 0 —g
m n p 2¢ 0 -l —f
r=|— —s -t 0 —q -k —d|.a...,weC
u v 0 2t —p —j —c

w 0 —v 28 —n —i —=b

—w —u 2r —m —-h -—a

According to [15, Section 1.6], we know that any nilpotent orbit in so(7) has a

Jordan type A such that

A e{(7),(5,1%),(3%,1),(3,2%), (3,17, (2%, 1%), (1) }.

By using the orthogonal Dynkin pyramid of A as defined in [6, Section 6|, we are
able to give a representative of each nilpotent orbit in the matrix form. We list the
corresponding representatives of each of the nilpotent orbits in Table 6.23. Note that
the representatives of nilpotent orbits are modified based on the alternative choice of
matrix J. For each nilpotent element e;, € s0(7), we also give a semisimple element h

such that there is an sl(2)-triple {e, h, f} in s0(7).

Table 6.23: Matrix form of nilptent orbits in so(7)

€so € 50(7)

A semisimple element h
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(22,13) h 19y = diag(1,1,0,0,0, —1, 1)

€(22,13) =

S OO OO O oo
SO OO oo o
SO OO oo o
SO OO O oo
S OO OO oo
SO OO OO
S OO OO

(17) 6(17) =0 h(17) =0

For each nilpotent orbit es, € s0(7) and any element z € so(7), by calculating

[eso, 2] = 0 we obtain centralizers so(7)%° of each ey, in s0(7) in the following table.

Table 6.24: Centralizers so(7)¢ of nilpotent orbits e in

s0(7)
| Cs0 | 50(7)%e | dim so(7)%
0b 02 0 g 0
000b 0 -2 0 —g
) 0002 0 2 0 3
000 0 —-b 0 -—d
000 O 0O —-b 0
000 O 0 0 b
000 O 0 0 0
0O b c 0O f g O
0002 0 0 —g -
“5.12) 00p 0 0 0 —f
000 0 O -=b 0
000 0 —p 0 —c
000 0 0 0 -=b
000 0 O 0 0
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a 0 ¢ 2d f g¢g O

0 —a 57 2k ¢ 0 —g 7
c@D) 00 a 0 0 —c —f

0o 0 0 0 0 -k —d

0 0 00 —a —3 —c

0 0 00 0 a O

0O 0 00 0 0 =-—a

0 —2¢ 2k 2d f g 0

0 j 2k 1 0 —g 9
€3.2%) 0O n — 2¢ 0 -l —f

0 0 0 0 —q —k —d

0 0 0o 0 ¢« -5 —2k

0 O 0O 0 —m — 2¢q

0 0 0O 0 0 O 0

0O b ¢ 2d f g O

O+« 757 0 I 0 -
€1 0 n }79 0 0 -1 —ff 1

0Ooo0 0 o 0 0 -—d

O v 0 0 —p —5 —c

00 —v 0 —m —2 =0

00 0 0o o0 0 o0

a b ¢ 2d f g 0

h —a j 2k 1 0 -
6(22’13) 0 0 ‘17) 2q 0 ] _? 13

0O 0 -t 0 —q —k —d

0O 0 0 2 —p —3 —c

0O 0 0 0 0 a —b

0O 0 0 0 0 —=h —a
€@17) H 50(7) H 21

6.4.2 Clifford algebra and so(V, ) embedded into C(V, )

Let V be a 7-dimensional complex vector space with a symmetric bilinear form . Let
{e_3,e_9,6_1,€p,€1,€9,€3} be a basis for V. Goodman and Wallach give an explicit

definition of the Clifford algebra C(V, ) for (V,B) in [10, Chapter 6] which we recall
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below. The Clifford algebra C(V, ) has a basis
{edeleedoe’ e’ 2’y 1 6 =0 or 1}

and for any z,y € V, we have that {z,y} = f(x,y)1 for z,y € C(V,3) where {z,y} =

zy + yx is the anticommutator of z,y. Hence the multiplication in C(V, §) satisfies
eg=1,ef =0 fori#0,

e;ej = —eje; for i # —j and e;e_; = —e_je; + 1.

Moreover, there exists a decomposition C(V,3) = C*(V, 5) & C(V, 8) such that prod-

ucts of an even (resp. odd) number of elements of V' form a basis for C*(V, 3) (resp.

C (V. 8)).

For u,w € V, we define R, ,, € End(V) by

Ryw(v) = B(w,v)u — B(u,v)w.

For any z,y € V, we can check that

B(Ru,w(x)a y) = B(wv JI)B(U, y) - 5(“7 $)B(w, y) = —B(l’, Ru,w(y))'

Hence, we know that R, ,, € so(V, ). It has been proved in [10, Lemma 6.2.1] that the
linear transformations R, ,, for u,w € V form a basis for so(V, ). More precisely, there
exists a decomposition V = W @ (eg) @ W* where W, W* is a pair of dual maximal
isotropic subspaces of V' corresponding to 5 and {ej, ez, e3} (resp. {e_1,e_2,e_3})isa

basis for W (resp. W*). The basis is chosen such that 8(e;, e_;) = 0;; for i, j € {1,2,3},
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B(eq, e0) =2 and [(eg, W) = S(eg, W*) = 0. Then
Rei,e,j =€ — €_j i, Rei,ej =€j—j — € for i < 7, Re,i,e,j =€_j; —€_j; for ¢ > 7,

and Rei,eo = 261,0 — €0,—i» Re,i,eo = 264,0 — €0,

form a basis for so(V, ) where e, ; is the elementary transformation which sends e; to
e; and all other basis vectors to 0.

According to [10, Lemma 6.2.2|, there exists an injective Lie algebra homomorphism

¢ :50(7) — C(V, ) such that

1
O(Re,e_;) = eie_j for i # j and ¢(Re, e ;) = €6 — B for i # 0.

6.4.3 A spin representation of Lie algebra so(7)

Let us consider the subalgebra Dy _ of C(V, ) defined by

-3 b9 5-
Do = (ele’Pe2e’ ) 6, =0or 1).

Define S = C(V, ) ®p,_ (s) where (s) is the 1-dimensional Dy _-module such that
e_;s =0"fore=1,2,3 and egs = s. In fact, S is an 8-dimensional representation for

C(V, B) with basis
{1®s,61® 5,69 @ 8,e3R 8,e169 D 8,163 R S, €963 Q S, e16263 D S}.

We can restrict S to be a representation of s0(7) = so(V,5) C C(V, ) and we call it

a spin representation for so(7) based on [10, Section 6.2.2]. In the remaining sections,

157



we write the basis for S as

{s, €18, €95, €35, €128, €1€38, €2€3S, €1€2€35}. (6.3)

We sometimes denote basis elements s, —e1s, €38, —€35, €1€28, €1€3S, €238, 16235 of Vg
by

Vs Uy Uy Uy U U Uy Ut

respectively. Note that the signs has been modified in order to make sure that g is

invariant under the action of s0(7).

6.4.4 Spin groups

For the Clifford algebra C(V, /3), there is an anti-automorphism 7 such that

T(ei - rrep) = €, ey

for e;,,...,e;,, € C(V,5). For e;,,...,e;,, € C(V,[), we define o : C(V,5) — C(V, )

to be the automomorphism such that a(e;,...,e;,) = (=1)%e;, ..., e; . Define u* =

L
T(a(u)) be the conjugation on C(V,3). Thus for e, ,...,e;, € C(V, (), we have that

(61'17 ceey e,-k)* = (—l)kelk €y

Based on the above notation, we define the Pin group and Spin group as below:

Definition 6.2. The Pin group is a subgroup of the group of invertible elements of
C(V, ) such that

Pin(V,5) = {u e C(V,B) : w-u" =1 and a(u)e;u” = e;}.
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The Spin group is defined to be Spin(V, 5) = Pin(V, 5) N C*(V, ) for dim V' > 3.

In fact, the Spin group is the non-trivial double cover of the special orthogonal group

SO7(C). According to [10, Theorem 6.3.5], we have the following theorem:

Theorem 6.3. There exists a surjective homomorphism 7 : Spin(V, 5) — SO(V, )

such that kerm = {£1}.

6.4.5 Structure of the Lie superalgebra F(4)

In order to fully describe the structure of F'(4), we first let V5 be a two-dimensional
vector space with basis {v1,v_1} such that v; = (1,0)" and v_; = (0,1)%, so V4 is
the natural s[(2)-module. We define ¢y : V5 x Vo — C to be a non-degenerate skew-
symmetric bilinear form such that 1(v1,v_1) = 1. We also define py : Vo x V5 — sl(2)
by

p2(7,y)(2) = 3(¢a(y, 2)z — Y2(2, x)y)

for z,y, z € V5. We compute that pa(vi,v_1) = —3H, pa(vy,v1) = 6E and pa(v_1,v_1) =
—6F".

Next let Vg be the spin representation of so(7) with a basis given in (6.3). Let

g @ Vg x Vg — C be the non-degenerate symmetric bilinear form given by

3
Vg (U01,027037 UUL(’&»U&) = H 502‘7—02
=1

for 0;,0, € {+,—}, e.g. we have that ¥g(viyi, vy ) =0, Yg(vi_4,v__) = 1, etc.

Define pg : Vs x Vg — $0(7) to be the so(7)-invariant antisymmetric bilinear map such
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that the explicit mapping is given in Tables 6.25-6.28. Note that values of pg(-,-) are

calculated based on the assumption that

(Vs V=) > Rey ey

(6.4)

and the fact pg is invariant under the action of s0(7). For example, by applying R., . ,

to both sides of (6.4) we get

(R€37672U+++7 U—|—+—) + (U+++7 Re376721}++—> — [R€3,€727 Rehez]?

this implies that (vi4 4, v 4) — Rey ey

| | |
V___ 0 _R6737672
Vy__ Re se s 0
Uy R6—376—1 %Re—&@o
V——+ Re_ye_, %Re—meo
Vit %Refg,eo R€17€—3
[ _%Refz,% _R61,672
Uyt %Req,eo %(Relyefl — R62,672 R€3,673>
Vyptt _%(Rehe,l + Rez,efz + R637€73) _% €1,€0
Table 6.25: pg : Vg x Vg — s0(7)
H H
(O — _Re_g,e_l _Re—27e—1
Vyp—— _%R673,60 _%Ref%ei)
V_y 0 —%RLL&O
v__y sRe_, e 0
[ _R62,€73 %(_Rehe—l — R62,672 + Res,efs)
Vy—+ %<_R61,8—1 + R62,€—2 — R€3,6—3) _R€376—2
V4 —Reye s e3,e—1
Utt++ %Rez,eo _%Reza,eo

Table 6.26: pg : Vs x Vi — 50(7) (continued)
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L U+—+
1 1
V___ _§R6_3,eo ERG—Q,EO
Vyp— _R€1,673 Rehe??
1
V_4— Rez,efa* §(R317€71 — R82,€72 + R631673)
1
V4 E(Relgefl + R627€72 — Res,efs) ?es,efz
[ 0 §R61,60
1
Ut—+ _§R61,€0 0
1 1
Vit _§R62,60 _§R63,€o
Vi++ Re, e Bey e
Table 6.27: pg : Vs x Vi — 50(7) (continued)
Vvt Ut++ ‘
1 1
V——— _§R6—1760 §<R617€—1 + R€2,6—2 + R637€—3)
1 1
Up—— 5(_R6176—1 + R6276—2 + Re37€—3) §R€1,60
1
Uy — R€21671 _§Re2v€0
1
(O _1R63,e,1 5R63130
Vg EReg,eo _R61762
1
Vy—4 §R637€0 _ReheS
VU—t+ 0 _R627€3
Ut++ Rey e 0

Table 6.28: pg : V3 x Vi — 50(7) (continued)

For example, we can read from these tables that ps(vyi 1, v ) = Ry eq, Ps(Vipt, v——_) =

2

1 1
—3Bei e — §R

1
— 5 Rese_s, etc.

Together with the above definitions and notation, we are now able to describe the

structure of F'(4). By definition, the Lie superalgebra F'(4) = g = g & gi where

and

g5 = sl(2) @ s0(7)

g1 = Vo ® Vs.
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We know that gg is a Lie algebra and the bracket [, -] : g5 X g1 — g1 is given by

[T 4y, v2 ® vs] = TV ® Vg + V2 ® YUs

for © € sl(2),y € s0(7), vo € V5 and vg € Vg. Note that Fv; = 0, Ev_y = v; and

Hv; = iv; for i € {£1}. The following table gives the action of so(7) on each basis

element of Vj.

Table 6.29: The action of so(7) on Vg

S €18 €S €3S €1€2S8 €1€38 €9€3S €1€2€3S
R61,€_1 —%S %618 —%628 —%638 %61628 %61638 —%62638 %6162638
Re e, 0 0 €18 0 0 0 €138 0
Reie 0 0 0 e1s 0 0 —e1e98 0
Re, ¢, e1s 0 —e1e98 | —ejess 0 0 e1€9€3S 0
Re e, | €1€35 0 —e1€69€38 0 0 0 0 0
Re, e, e1€98 0 0 €162€3S 0 0 0 0
Reye 0 €S 0 0 0 €938 0 0
R82,6_2 —%S —%618 %628 —%638 561628 —%61638 %62638 %6162638
Reye s 0 0 0 €98 0 €1€28 0 0
Re, e €958 e1628 0 —e9€38 0 —e169e38 0 0
Re, e, €9€35 | e1ese3s 0 0 0 0 0 0
Re,e 0 €3S 0 0 —eqe3S 0 0 0
Reye s 0 0 e3s 0 e1e38 0 0 0
Reg,e,3 —%S —5618 —%628 %638 —%61628 %61638 %62638 %6162638
Re, e, ess e1€e3S €938 0 €1€9€38 0 0 0
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e 1,60 0 —5 0 0 €98 €3S 0 —e9e38

R
Re e 0 0 -5 0 —e18 0 ess e1€3S
R

e_3.e0 0 0 0 —5 0 —e1s —e5S —e1698
Re 4, 0 0 0 0 0 s 0 —e58
Re e, 0 0 0 0 0 0 s e1s
Re 5e 0 0 0 0 S 0 0 e3s

For x5, ys € V5, w5, ys € Vi, we define

[962 @ Tg, Y2 @ y8] = %(9527 yz)ps(fﬂ& ys) + %(338, ys)pz(iw, y2)-

6.4.6 Root system and Dynkin diagrams of F(4)

In this subsection, we use the structure of the root system of F'(4) given in [14, Appendix

A]. Note that roots of F'(4) are given by ® = &5 U &7 where

1
Py = {£0, e, £ ¢j,£e; 11,5 =1,2,3} and &1 = {E(ié tegteytes)}
such that {d,e1,e9,23} is an orthogonal basis and
2 ifi=j

(5, 5) = —6, (éz‘,gj) =
0 otherwise

We list all roots and the corresponding root vectors in the table below.

163



Roots Root vectors
) E
- F
gi+¢;(i <j) Re; e;
—ei —&;(i < J) Re e,
Ei— € Ree_;
+e; Re.;eo
(16 4 0161 + 0282 + 03€3) | V; @ Uy 0,04, %, 03 € {£}

Table 6.30: Roots and root vectors for F'(4)

The remaining part of this subsection covers all possible Dynkin diagrams with
respect to different systems of simple roots based on |9, Section 2.18]. Note that the
number of lines between a pair of vertices that corresponds to simple roots are calculated
using Formula (4.1) in Section 4.2. Moreover, for an odd root of the form 1(id + o1e; +

0989 + 03€3), we have that

1, I
5(25 + 0161 + 0262 + 0'353), 5(25 + 0161 + 0969 + 0'363)

(z’2(5, §) + oi(er,e1) + 03 (g2, €2) + 05 (e3, 53))

(—6+2+2+2)=0.

1
4
1
4
Hence, all odd roots in the root system of the Lie superalgebra F'(4) are isotropic.

1. For the simple system IT = {a; = %(5 — €] —Ey—€3),Q = E€3,03 = E9 — £3, Qg =

£1 — €9}, we have the following Dynkin diagram:
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R—C=0—O0

(241 a3 [24) (24

Figure 26: Dynkin diagram for F'(4)

2. For the simple system IT = {a; = %(—(5+51+52+53), oy = %((5—51—524—53), =

€9 — 3,4 = €1 — £}, we have the following Dynkin diagram:

R—RO—O0

al 175 o o

Figure 27: Dynkin diagram for F(4)

3. For the simple system II = {a; = €1 — 9,9 = %(5 —e1+ e —e3),a3 =

2(=64¢e1 +e3 —e3), as = 3}, we have the following Dynkin diagram:

o3

(241 \ (24)
(O

o4

Figure 28: Dynkin diagram for F'(4)

4. For the simple system IT = {ag = %((5—1—51—62—53),042 = %(6—51+€2+53),a3 =

%(—5 +e1 — &9+ €3), a4 = €3 — 3}, we have the following Dynkin diagram:

Figure 29: Dynkin diagram for F(4)
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(=0 461 —e9—e3),a3 = €3,y =

5. For the simple system IT = {a; = 0,y = %

g9 — €3}, we have the following Dynkin diagram:

[#4] (24 (24 (n £}

Figure 30: Dynkin diagram for F(4)

6. For the simple system IT = {ay = 0, ap = %(—5 —e1+extes), a3 =61 —€9,a4 =

g9 — €3}, we have the following Dynkin diagram:

== <O—0
a1 o s o

Figure 31: Dynkin diagram for F'(4)

6.4.7 Centres of centralizers of nilpotent elements ¢ € g; and labelled

Dynkin diagrams

Let e = eq + €5, € gp be nilpotent where ey € s[(2) and e, € 50(7). We know that
there are two representatives of nilpotent orbits in s[(2), i.e. {0, E}. Based on Table
6.23, there are 7 representatives of nilpotent orbits in s0(7). Hence, there are in total
14 possibilities for e. We give basis elements for g° in Table 6.31. In Table 6.32, we
give a basis for 3(g°) and list the labelled Dynkin diagrams A with respect to e . Note
that sl(2)% = (F) for eq = F, 5l(2)%' = s5l(2) for e = 0. The numbers in the column
labelled “A” represent labels a; corresponding to «; for i = 1,2,3,4 in A. We consider
the case e = E/ + ¢(7), E and e(7) as examples to show explicit calculation on g°, 3(g°)

and labelled Dynkin diagrams with respect to e after these tables.
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Table 6.31: g°

e g°
E+em (E,e1), Reyens Rey g — 2Ry e5, V1 @ €1€9€35,01 @ €1€28 — V1 ®
e1e2€38, 01 ® €15 — U] @ ege38)
Etes (E,e@12), Rege_ss Reye gy Rey s Reyeny V1 @ €1€2€35,01 @ €1€25,01 ® €15 —
’ V1 ® e1€98, 0] @ e1€38 + U_1 & e1€2€35)
<E7 €(32,1), Rel,e,1 - Reg,e,z +
E+€(32,1) Reg,efguReg,efgu Rez,eoa Rel,eo, Rel,e37Rel,327 V1 @ e1€25,V1 & e1€2€38,01 &
€18 —V_1 ® e1e2e35,V1 ® €25,V_1 Q €125 + V1 ® e2e35,V1 K 61638>
<E7 R317307 R€2,637 R€2,672 - Reg,efs’ R€2,€737 Re3,€727
E+€(3 22) 2R61,€73 + Rez,em _2Rel,e,2 + Reg,eoa Rel,ega R61,627 V1 @ €1€2€35, 1 ®
' €1€28,V1 @ e1638,V1 Q e18 —V_1 @ e162€35,V1 & €338 — V_1 & €1€2€35,V1 &
e3s +v_1 ® e1e38,v1 ® €95 + v_1 & e1€a5)
<E7 €(3,14), R61,627 R€2,€37 R62,€_37 R62,€_27 Rel,ega R€3,6_37 Re_3,6_27 Rel,e_3>
E+€(3714) V1IRS—V_1 &K €18, V1 & ea8+v_1 ®€1€2$,U1 ®e38+v_1 ®€1€3$, V1 & €18,V &
epe35 — U_1 ® e1€2€35,U1 @ €1€25,V1 ® e1€35,V1 ® e1e9e38, Rej ey, Rege_y)
<E7 €(22,13)5 Rel,e_z, Rel,e_l -
E + Reg,e,y Reg,e,y Reg,e,la Re,3,eoa Rel,eyRel,eoa Reg,e,y Reg,,eoa Reg,eg; R61’673,
€(22,13) Re,eo, 1 @ €1€2€35,01 @ 5 — V-1 ® €1€25,01 @ €35 — V_1 Q €1€2€38,V1 @
€1S,V1 X €28,V1 & €1€38,V] & €2€35, V1 & 61628>
> (E) ®s0(7) @ (v1 ® 5,01 ® 18,01 @ €38,V Q €38,V ® €168,V &
e1e38, V1 ® €9€38, V1 & €1€9€35)
e sl(2) ® (e(ry, Reyens Reyeg — 2Rey 05,01 @ €15 — U1 @ €2€35,0_1 ® €15 —
V_1 & €e9€38,V] & €e162€38,V_1 K €1€2€38>
e(5.12) 5[<2) D <€(5,12)7 Rel,ega Rel,e_ga Re1,627 R€3,6_37v1 @ e1€28,V_1 @ €e1€28,V1 &
’ e162638,U_1 @ e1€2€35)
5[<2) S3) <e(32,1)7 Rel,e_1 - Reg,e_g +
6(32 0 Reg,e,37R61,637 Rel,eoa Reg,ega Reg,e,3aRel,627 U1 ® €25,V_1 & €25,V &
’ €1€38,v_1 & e1e3s,
V1 @ €198, V_1 @ €e1€38,U01 Q e1e2e35,V_1 & 616263S>
5[(2) @ <Relan7 R62)837 R627372 - R6376737 R3273737 2Rel,373 +
6(3 22) Reg,eoa Reg,efga _2R€1,672 + Re3,eo7 R61,627 R61,€37 U1 ® €1 — U1 X €2€3S5,V_1 ®
' €18 — U_1 ® e2e38,V1 Q e1€25,V_1 Q €128, V1 & e1€35,V_1 Q e1€38,V1 &
e162€3S,U_1 & €1€2€35)
sl(2) &
e@14) <e(3,14)7 R62,€37 R€2,6_37 Reg,e_za Reg,e_ga R63,€_2? R6_3,6_27 R61,€27 R61,637 Rel,e_ga

Rey ey, V1 @ €162€35,0_1 @ e1€2€35,01 @ €18,0_1 @ €18,01 @ €1€25,0_1 @
e1€25,V1 ® e1€35,V_1 ® €1€35)
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5[(2) D <e(22,13)7 R€1,6—2: R637807R63,6—37 R62,6—1 ) R61,€—1 -
R62,672>R673,607 R61,637 Rehe()? R62,637R61,6737 Re2760> R6276737 U1 ® €15,V-1 ®

€(22 13
(25,1 €15,v-1 & ereze3s,v1 K erezezs, v Q e1€28,v_1 K €1€25,V1 K €25,V_1 @
e25,01 ® e1e35,V_1 @ e1€35,01 ® €2€35,V_1 & €2€35)
0 g

Table 6.32: 3(g°) and A

e 3(9°) A

E+em (e,v1 @ e1eze3, Re, ) Figure 29: 1,1,1,2

Figure 28: 2,0,2,0
E + (512 (€, Reyes) Figure 29: 2,0,0,2
Figure 30: 2,0,0,2

E+ es2) (€, Reyes) Figure 28: 0,1,1,0

Figure 27: 1,0,0,1
E + e(392) (e) Figure 28: 1,0,0,1
Figure 29: 1,1,0,0

Figure 26: 0,0,0, 2
Figure 27: 0,0,0,2

E + e(314) (e)
Figure 28: 2,0,0,0
Figure 29: 2,0,0,0
Figure 26: 0,0,1,0
E + €213 (e) Figure 27: 0,0,1,0
Figure 28: 0,1,0,0
E (e) Figure 26: 1,0,0,0
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Figure 29: 0,0, 2,2
e(r) (€, Reyes) Figure 30: 0,0, 2,2
Figure 31: 0,0,2,2

e(5,12) (€, Reyes) Figure 30: 0,1,0,2

Figure 28: 0,0,2,0
Figure 29: 0,0,0, 2
€(32,1) (€, Reyes)
Figure 30: 0,0,0,2

Figure 31: 0,0,0, 2

Figure 29: 0,0,1,0
€(3,22) () Figure 30: 0,0,1,0
Figure 31: 0,0,1,0

e(3,14) () Figure 30: 0,1,0,0

Figure 28: 0,0,1,0
Figure 29: 0,0,0,1
6(22’13) <€>
Figure 30: 0,0,0,1

Figure 31: 0,0,0,1

Figures 26, 27, 28, 29, 30,
0 {0}

31: All labels are zeros

We also calculate the g¢(0)-module structure on each g°(j) for j > 0. Recall that
we denote by V*'(j) the sl(2)-module with highest weight j. We also let V°%(j) be
the osp(1|2)-module with highest weight j. Let t be a 1-dimensional Lie algebra and
t; be the t-module such that ¢ -a = ja for t € t, a € t;. For e = e(32 1) and e(22 13, the

g°(0)-module structure on g¢(j) is not included as it requires representations of s[(2|1)
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and D(2,1; ).

Table 6.33: g°(0)-module structure
e g°(0) g°(j) for j >0
dim g¢(10) = dim g°(7) = dim g°(6) =
E+ €(7) 0 . _ '
dim g¢(5) = dimg(1) = 1,dim g*(2) = 2.
g°(1) =0,g°(2) =to Bty B t1,9°(4) =
E + 6(5’12) t
f,2 ©® ffl S5, tl ) tg,ge(6) = fo
(1) =t st Ot D tg;e°(2) = t4 @
E -+ 6(3271) t
t_2 @D to D fQ D t_4;ge(3) = f_l D fl, 96(4) =0.
g°(1) = VR (3) & VR (0),
E + e32) osp(1]2) g°(2) = Vo (3) ® VoR(0) @ Vo(0),
¥'(3) = V)
5 (112) @ 0sp(12 N
+ei3a4) | 08P @ osp
(Vor(3) @ VR (3)) @ (VOP(0) @ VP (0))
g°(1) = V(1) @ Vo**(1),9°(2) =
E 4 ez | sl(2) ® osp(1]2) " . o
(V=(0) @ Vo (0)) @ (V*(0) ® V(1)) .
E 50(7) g°(1) = Vg, g°(2) = (e) .
e(r) osp(1[2) g°(2) = g°(10) = V°*(0), g°(6) = V**(3).
g°(2) = V(0) ® to, g°(3) =
(V' et) e (V) et),e°4) =
6(5712) 5[(2) EB t
(VH0) @ t_s) & (V(0) ® t)
g°(6) = V=(0) ® to.
e@.) sI(2]1) dim g¢(2) = 9, dim g*(4) = 1.
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g°(1) = V(1) @ Vo*(3),8°(3) =
€(3,22) s1(2) @ osp(1]2) V(1) @ VooR(0), gé(2) =
(Vsl(o) ® Vosp(o)) D (Vs[(o) ® VUEP(%)) )

g°(1) = (V*'(1) @ VY(0) @ V(1)) @
(V) @ V(1) @ V*(0)) ,e°(2) =
(V(0) @ V*'(1) @ V(1)) @
(V4(0) ® V*'(0) ® V*(0)) .

€(22,13) D(2,1;2) dim g¢(1) = 10,dim g¢(2) = 1.

0 g 0

In the remaining part of this section, we give explicit calculations on finding g° and
3(g°) and obtain the corresponding labelled Dynkin diagrams for nilpotent elements

E+e(r), E and e(7). The results of all other cases are obtained using the same approach.

()e=FE+ €(7)
For e = E + e(7), we have that sl(2)” = (E) and s0(7)°™ has already been calculated
in Table 6.24. Therefore, g& = s[(2)* ® 50(7)°" = (E, e(7), Rey e5y Reyeg — 2Rey ey) and

it has dimension 1 + 3 = 4.

Now we determine g¢. We know that h = H+hz) lies in an sl(2)-triple {e, h, f} C g5
where h(7y = 6R,, o, +4Re,c_, + 2R, ., according to Table 6.23. Then we calculate

all eigenvalues of adh on g7 based on Table 6.29. For example,

[H+h(7),vi®$] = H’Ui®$+1}i®h(7)8 = (2—6)1)1@8

Thus v; ® s has adh-eigenvalue —5 and v_; ® s has adh-eigenvalue —7. The detailed
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result is shown below:

adh-eigenvalues on g7 basis element of g7

7 U] ® e1€9€38

5 V1 ® e1e98, V_1 Q e1e9€38

3 U] @ ejess, V-1 Q erezs

1 V1 ®e1s, v1 ® egezs, Vo1 K e1e38

—1 V_1 ®e18,01 ® €38, V_1 Q ege3s

-3 V1 R ess, v Qess

-5 V1 XS, v_1 ®ezs

-7 V1 QS

Hence, g has one basis element with adh-eigenvalue 7 which is v; ® ejezess. In order
to find out the basis element x = av; ® ejeas + bv_1 ® ejeqess for a,b € C with adh-

eigenvalue b, we calculate

le,x] = [E+ (Rejey + Repe s + Reyey); aU1 ® €125 4+ bv_; ® ejezess]

= (a+b)v; ® ejeze3s.

This is equal to 0 if and only if b = —a. Therefore, we have that v; ® ejeas — v_1 ®
ejegezs € g5 Using similar arguments, we obtain that there is no basis element of
the form av; ® ejezs + bv_; ® ejegs for a,b € C that is centralized by e in g7 and
V1 ® e1s — v; @ ezezs € gf. Therefore, gf has basis {v1 ® e1e9e38,v1 ® e1e98 — v ®

e1e2€38,v1 ® €18 — U] ® egess} and thus is 3-dimensional.

By calculating adh-eigenvalues of each basis elements in g°, we deduce that 3 =
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3(1)@3(2) @3(5) ®3(6) ®3(7) @ 3(10). We first observe that
[Reyeo — 2Rey e, V1 @ €15 — U1 ® ege35] = —3v; ® ejezes # 0.
Hence 3(1) = 3(6) = 0. Similarly, we have that
le(ry, 11 ® e1e28 — v_1 @ e1e9e35] = v ® eqezeg # 0.

Hence, we know that 3(5) = 0 and e(7) ¢ 3. Thus 3(2) has dimension 1 and is spanned by
e = E + e(7). Furthermore, we observe that g(7 + j)¢ = 0 for all j with g(j)¢ # 0. This
implies that 3(7) = (v; ® ejeqess). Using a similar argument, we have 3(10) = (R, ,)-
Therefore, we deduce that 3 = (e, v; ® ejezess, Re, ¢,) and it is 3-dimensional.

Next we determine the labelled Dynkin diagram with respect to e. we obtain that
roots in g(> 0) are {J,e1 + 9,61 + €3,62 + €3,61 — €2,61 — £3,62 — €3,€1, E2, €3, %((5 +
e1+ex+es),3(—0+e1+erte3),5(0+er+ex—e3),2(0+e1 —ex+es),5(—0+
€146 —e3),35(0 —e1+e2+63),5(—0+e1 —ea+e3),3(0 +e1 —e2 —£3)} and there
are no roots in g(0). Hence, there is only one choice of positive roots ®* such that
h @ Docar 9o € D,58(). The corresponding system of simple roots is I = {ay =
$(0+e1—ea—e3), ap = 3(0—e1+e2+e3), a3 = 3(—0+e1—ea+e3), as = e2—e3}. Note that
the adh-eigenvalues with respect to aq, as, as, ay are 1,1, 1, 2. We also need to calculate
the number of lines between each pair of vertices labelled by simple roots in I7 in the
corresponding labelled Dynkin diagram. Since ay, ay are isotropic and |(aq, )| = 3,
there are 3 lines between vertices that are labelled by «; and «ay. Similarly, since
|(a1,a3)| = 2,|(ag, a3)] = 1, we obtain that there are 2 lines between vertices that are
labelled by a; and ag and there exist a single line between vertices that are labelled

by ao and as. Since (a4, ay) = 4 # 0, we calculate — 2|(as,0a) = 2 which is the
Min(a, 0y )70 | (0k,0k)]

number of lines between vertices labelled by a3 and ay. We also draw an arrow pointing
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from the vertex labelled by a4 to the vertex labelled by as. Therefore, we obtain the

labelled Dynkin diagram for e = E + e(7) is

o 1 2

Figure 32: Labelled Dynkin diagram for e = E + ey

(2) e=F

For e = E, it is clear that g5 = (&) © so(7) and thus it has dimension 1 + 21 = 22.

Next we determine g$. By calculating [e,a1v1 ® S + av] ® €15 + azv; ® €38 + agv) @
€35+ asv; R e1eas+ agts ®e1e38 + arv] Q €2e3S + agvy @ e1e9e38+b1v_1 ®s+byv_1 ®e;s+
b3v_1®ea5+byv_1 Rezs+bsv_1 Rereas+bgv_1®ejes+brv_1Reges+bgv_1 @ejegess| =0
for a;,0; € C,i = 1,...8, we obtain that b; = 0 for s = 1,...,8. Therefore, g has a
basis {v1 ® S,V1 ® €18,V K €98,V @ e35,V] @ €163, V1 K €135, V1 Q €2€38, V1 & 6162635}
and it is 8-dimensional.

Note that H is the semisimple element that lies in an sl(2)-triple { £, H, F'} in gg. By
calculating the ad H-eigenvalues on the basis elements for g¢, we have that g¢(0) = s0(7),

9°(1) = (v1) ® V3 = Vg and g°(2) = (£). Thus we have that

3=30) @3(1) @3(2)  (8°0)" @ ()" ¥ @ (9°(2))"" = (E).

Note that e = F € 3, this implies that 3 = (e).
Next we look at the labelled Dynkin diagram with respect to . We obtain that roots

in g(> 0) are {6, 5(6 + o161 + 0262 + 03e3) : 0; = + or —} and roots in g(0) are ®(0) =
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{£(e1 + €2), £(e1 + €3), (e2 + €3), £(e1 — €2), £(e1 — €3), £(e2 — €3), £e1, Leo, L3}
Hence, there is only one system of simple roots I7(0) of g(0) up to conjugacy where
I1(0) = {e3,e9—¢3,61 —e2}. By extending I1(0) to a simple system of g, we get only one
conjugacy class of systems of positive roots & satisfying h ® P, .o+ 9o € D,>090)-
Therefore, a system of simple roots is [T = {a; = %(6 — &1 — €y —€3),Qn = £3,03 =

g9 — €3,4 = €1 — 9} and the corresponding adh-eigenvalues 1,0,0,0. By computing

2| (o, a2
min(ak,@k)ﬂ) |(ak> ak)l

=1 for ap € ¢ and |(ag, az)| = 2,

we put one line between vertices labelled by a; and as. We also have that

2|(az, as)|

min{|(ag, aa)|, |(as, az)|}

=2 and |(a3, a3)| = 4,

we put two lines between vertices labelled by as and a3 and an arrow pointing from
vertex labelled by as to as. Similarly, there is one line between vertices labelled by as

and ay. Therefore, the labelled Dynkin diagram for e = F is:

1 0 0 0
o1 o a3 o

Figure 33: Labelled Dynkin diagram for e = F

(3) e=em
In this case, a basis of 50(7)“™ is given in Table 6.24. Hence, g§ = sl(2) ® s0(7)“" and

it has dimension 3 + 3 = 6.

Next we determine g$. By calculating [e,a1v1 ® $ + a0; ® €18 + azv; ® €38 + aqv; @
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€3S+ a5V Qe1628+agv1 @ e1e38+ a7v1 K €238+ agl) Q e1e2€e3S + blv_l &S+ bQU_l ®e1s+
bgU_l Xeqs —|—b4U_1 ®€38+b51}_1 ®€1€28+b61}_1 ®€1€3 +b71}_1 ®€263 —|—b81)_1 ®6162638] =0

for a;,b; € C,i=1,...8, we obtain that

as +a; =0,bp+b; =0and a; =b; =0 for i =1,3,4,5,6.

Therefore, g¢ has a basis {v1®e15—v1 Rexe38,v_1®e1s—v_1 ®egess, v ®e1e9e38, v_1 &

ejesess}t and it is 4-dimensional.

According to Table 6.23, there is an sl(2)-triple {e, h, f} in g5 such that h = h(7) =
diag(6,4,2,0, -2, —4,—6) = 6Re, ¢ , +4Rey e , +2Re, . ,. Then the adh-eigenvalues of

basis elements in g° can be shown in the following table:

adh-eigenvalues Basis elements in g°
0 E H F, v ®es— v ®egess, v_1 Qe —v_1 ® egess
2 e(7)
6 Reico = 2Rey ¢4, V1 @ €162€35, V_1 @ e1€2€35
10 Re, e

Table 6.34: adh-eigenvalues of basis elements in g°

By computing commutator relations in g°(0), we deduce that g¢(0) = osp(1|2) according
to Lemma 6.1 where F,v_1 ®e1s —v_1 ®eqe3s, H,v1 ® e18 — v1 @ exess, B correspond to

U_9,U_1,Ug, U1, Us in Lemma 6.1 respectively. Moreover, we have that g¢(2) = g¢(10) =
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Vo(0) and g°(6) = V°?(1). Hence, we deduce that

5=13(0)®35(2) 3(6) ®3(10)
C (ge<0))ge(0) ® (96(2))96(0) @ (96(6))96(0) @ (ge(lO))ge(O)

= <€7 R61782>'

Note that e and R,, ., commute with all basis elements in g¢, therefore 3(g°) = (e, Re, ¢, )-

Next we determine the labelled Dynkin diagram with respect to e. We obtain that
roots in g(> 0) are {&1 + e2,61 + €3,62 + €3,61 — €3,61 — £, — €3,61,82,€3, 5 (£ +
€1+ 62 —€3),2(£0 + &1 —ex +3),5(£0 + €1 + &2 + €3)} and roots in g(0) are ®(0) =
{06, 5(£0 + &1 — 2 —€3), 5(£0 — &1 + €2 + €3)}. Hence, there are three systems of
simple roots of g(0) up to conjugacy: I1;(0) = {2(6+¢e1 —es—e3), 3(0 —e1 +e2+e3)},
I15(0) = {6, 3(—0 + &1 —es —€3)} and I13(0) = {6, (=6 — &1 + 2 + £3)}. By extending
I1;(0) for ¢ = 1,2,3 to simple root systems of g, we get three conjugacy classes of
systems of positive roots ®*satisfying h & D ,cq+ 9o C D;5(08(j). Hence, the systems

of simple roots are:

e We have that I} = {ag = %(5 +e1 — &g —€3),a9 = %(5 —€1+ &2+ 63),a3 =

(=0 + €1 —eg +e3),a4 = €9 — e3} and the corresponding adh-eigenvalues are

DO =

0,0,2,2. We have already calculated the numbers of lines between each pair of
vertices that are labelled by simple roots in II; when we considered the case

e = E + e(7). Therefore, the labelled Dynkin diagram with respect to II; is:
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a 2 2
o3 o4
o2
0
111

Figure 34: Labelled Dynkin diagram for e = e

e We have that [T, = {aq = 6,0 = 1(—0+¢61 —e2—&3), 3 = €3, 4 = £2 — €3} and

the corresponding adh-eigenvalues are 0,0, 2,2. By computing

2|(a, )|

9 .
mln(ak7ak);£0 | (aka ak) |

|(Oz1,oz1)‘:6 = 3 for ozk€<1>,

we deduce that there are 3 lines between the vertices labelled by «a; and as.

Similarly, we have that |(ag, a3)| = 2, |(a4, ag)| = 4 and

2|(a, as)| _q 2|(a3, ay)|

MiN(ay 020 | (k)| MiN(ay ag)20 | (s )]

=2 for oy, € D.

Hence, the number of lines between the vertices labelled by as and a3 (resp. ag
and ay) is 1 (resp. 2). Moreover, we put an arrow pointing from the vertex labelled
by a4 to the vertex labelled by as. Therefore, the labelled Dynkin diagram with

respect to Il is:
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0 0 2 2
o o2 o3 o4
112

Figure 35: Labelled Dynkin diagram for e = e,

e We have that Hg = {Oél = (5, Qo = %(—(5—81 +€2+€3),O&3 = &1 —E9,04 = &9 —83}

and the corresponding adh-eigenvalues are 0,0, 2, 2. By computing

2|(a, as)|

min(ak,ak)?éo ’ (ak7 ak) |

=3 and |(ay, )| = 6,

we put three lines between vertices labelled by a; and ay and an arrow pointing

from the vertex labelled by a; to the vertex labelled by as. We also have that

2|(, a3)|
min(ak,ak);ﬂ) | (akza (6773

)| =2, |(a3’a3)| = |(a4,a4)| =4,

2|(as, ay)|

win{[(as, ag)], [(an o)}

and

Hence, the labelled Dynkin diagram with respect to II3 is:

0 0 2 2

==vma®_u®

on o o o
11s

Figure 36: Labelled Dynkin diagram for e = e
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6.4.8 Analysis of results

Let g =gy @91 = F(4) and b = (H, hy, ho, h3) be the Cartan subalgebra of g. Let ®
be a root system for g that is defined in Subsection 6.4.6 and A be the corresponding
labelled Dynkin diagram. Given an sl(2)-triple {e, h, f}, we denote a root system for
g" by @), ie. &, = {a € ®: a(h) =0} and a simple root system for g" by II,. We

also denote the labelled Dynkin diagram for I, by 4y .

In order to prove Theorem 1.1 for g, we consider g" for each case such that A has

no label equal to 1. Note that g” is of the form s ® @aeq,h go Where s is a complement

of hN @ae% go in h. Then
3@ ={teh:alt)=0foral acd},

thus 3(g") is a subalgebra of b with dimension rank® — rank®,. Note that A has no

label equal to 1 for the nilpotent elements E + e(512), £ + €314y, €(7), €(32,1)-

e When ¢ = E + ¢(512), we have that ®, = {£e3, (6 — &1 + &5 — €3), £5(6 —
€1+ €2+ €3)}. Then a simple root system is /T = {e3,2(6 — &1 + €2 — £3)} or
1T} = {%(5 — €1+ &2 + €3), —%(5 + 61 — g9+ e3)}. We draw the corresponding

labelled Dynkin diagrams below.

:H O——X

A and A7 =

Figure 37: Labelled Dynkin diagrams for I7} and II}?

Hence @, is of type sl(2]1) according to [19, Subsection 3.4.1] and g" = s @ sl(2]1)

where s is a complement of h N sl(2|1) in h. Note that s[(2|1) has no centre, thus

180



dim3(g") =4 — dim (hNsl(2]1)) =4 — 2 = 2 = ny(A) = dim 3(g°).

When e = E+e(3 14y, we have that @, = {£(es+¢3), £(e2 —e3), £&2, Fe3, £5(6 —
e1—e2—e3), £1(0—e1+ea+tes), £3(0—e1+ea—e3), £5(0—e1—e2+€3)}. Then the
simple root systems are [T} = {%(5—51—52—53),53, e9—ez}, [IF = {%(—5+€1+€2+
€3), 2(0—e1—eate3),ea—ce3} and [T} = {3(d—e1+e2—¢3), 3(—0+e1+e2—e3), €3}

We draw the corresponding labelled Dynkin diagrams below:

Figure 38: Labelled Dynkin diagrams for I}, [T} and IT}

Hence @, is of type o0sp(2|4) according to [19, Subsection 3.4.1] and g" = s &
0sp(2]|4) where s is a complement of h N osp(2]4) in h. Note that osp(2[4) has no
centre, thus dim3(g") = 4 — dim (h Nosp(2]4)) =4 — 3 =1 = ny(A) = dim 3(g°).

When e = e(7), we have that ®, = {£6, i%((5+51 — g9 —£3), i%(é—sl +egte3)}.
Then the simple root systems are II} = {1(6 + e, — ey —e3),3(6 —e1 + 22+ €3)}
and IT} = {6,5(—6 + &1 — &5 — €3)}. By scaling the value of (-,-) we obtain the

corresponding labelled Dynkin diagrams below:
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®—®O—®

Al = and A? =

Figure 39: Labelled Dynkin diagrams for I} and [T}

Hence @, is of type sl(2]1) according to [19, Subsection 3.4.1] and g" = s @ sl(2]1)
where s is a complement of h Nsl(2|1) in h. Note that s[(2]1) has no centre, thus
dim3(gh) =4 — 2 =2 = ny(4) = dim3(g°).

e When e = ¢4y, we have that ®, = {£6,£(e; — 52),i53,i%(5 + e — &g —
€3), 2(6 —e1 + &2 —e3), £5(6 + €1 —ea + €3), £3(6 — &1 + 2 + €3)}. Then the
simple root systems are IT} = {e; — o, %((5 —e1+e9—e3),83}, [T} = {%(5 +e —
ex—e3), 3(0—e1+ea+es), 5(—0+e1—eates)}, IIf = {6, (—6+e1 —es—e3), €3}
and IT;f = {0,5(—0 — &1 + €2 + €3),€1 — £2}. We draw the corresponding labelled

Dynkin diagrams below:

0
4 BB=R—0 ., B0

Figure 40: Labelled Dynkin diagrams for I7} , IT?, IT} and IT}

Hence ®,, is of type D(2, 1;2) according to Subsection 6.2.3 and g" = s® D(2, 1;2)

where s is a complement of h N D(2,1;2) in h. Note that D(2,1;2) has no centre,
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thus dim3(g") = 4 — dim (h N D(2,1;2)) = 4 — 3 = 1 = ny(A) but dim3(g") #
dim 3(g®). We will further consider this case in Subsection 6.4.9 to complete the

proof of Theorem 1.

In order to prove Theorem 1.3 for g, we only need to consider cases such that A has
labels equal to 2 as for the remaining cases go = g, g = e and ny(A) = 0. For
cases that all labels of A are equal to 0 and 2, Ay is a Dynkin diagram of g thus
go = g". Note that there exist some labels equal to 2 in A for the nilpotent elements

E+ e(7), E + €(5,12), FE+ €(3,14), €(7) €(5,12), €(32,1)-

e When e = E + e(7), we draw 4, in Figure 41.

1

A(]: 1

Figure 41: Ay for e = E + ey

Hence, we know that go = D(2,1;2) and ey = (E, E, E) according to Subsection
6.2.3. Therefore, we obtain that dimg® — dimgy’ = 7— 6 = 1 = ny(A) but
dim3(g®) — dimjz(gs?) = 3 — 1 # na(A). We will further discuss this case in
Subsection 6.4.9.

e When e = E + e(512), we know that Ag is the same as 4 in Figure 37. Thus we
have that go = s[(2|1) and ey = 0. Note that g° = go and 3(g;°) = 3(g0) = 0.
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OO 1 6

Figure 42: A for e = (5 12

A

Therefore, we obtain that dim g° — dim g¢° = 10 —8 = 2 = ny(A) and dim 3(g°) —
dim 3(gp’) = 2 = n2(A4).

When e = E + ¢34y, we know that A, is the same as A, in Figure 38. Thus
we have that go = osp(2[4) and ey = 0. Note that dim g’ = dimgy = 19 and
3(95°) = 3(go) = 0. Therefore, we obtain that dimg® — dimg;? =20 —-19=1=
ne(A) and dim 3(g°) — dim 3(gg’) = 1 = na(AQ).

When e = e(), we know that Aj is the same as A, in Figure 39. Thus we have
that go = s[(2|1) and ey = 0. Therefore, we obtain that dimg® — dimgy’® =
10 -8 =2 =ny(A) and dim3(g°) — dim3(g;°) = 2 = na(4Q).

When e = ¢(512), we draw A, in Figure 42. Hence, we know that g, = D(2, 1;2)
and eg = (0, E,0) according to Subsection 6.2.3. Therefore, we obtain that

dim g°—dim gg® = 12—11 =1 = ny(A) and dim 3(g°) —dim 3(g;°) = 2—1 = ny(A).

When e = e(321), we know that Ay is the same as A in Figure 40. Thus we have
that go = D(2,1;2) and ey = 0. Note that dim D(2,1;2) = 17. Therefore, we
obtain that dim g — dim gg° = 18 — 17 = 1 = ny(A) but dim 3(g°) — dim 3(gg’) =

2 # ny(A). We will further discuss this case in Subsection 6.4.9.
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6.4.9 Adjoint action on F'(4)

Let G be the linear algebraic group G = SLy(C) x Spin;(C). In this subsection, we
determine (3(g°))°" in order to complete the proof of Theorems 1.1-1.3 for F(4). Note
that we only need to consider cases ¢ = E + ey, F + e12), E + €321y, ey, €5,12),

e(s2,1) as for all other cases we have (3(g9)°" = 3(g°) = (e).

For e = e(7), €(5.12), €(32,1), the results can be obtained via [18, Proposition 4.2| since
all calculation take place in s0(7). In the remaining part of this subsection, we include
details for the case e = e(321) as an example. When e = e ), recall that 3(g°) =
(e321), Reyen). According to [10, Theorem 6.3.5], there exists a homomorphism id x 7 :
G — SLy(C) x SO7(C) with kerm = {1} x {£1}. Now let us denote K = SLy(C) x
SO7(C). We know that ker 7w acts trivially on gg, thus we obtain an induced action of

K on gg. Let 3(g%)0 = 3(8°) N go and 3(g°)1 = 3(g°) N g1, note that

Furthermore, we have that (3(g%)5)°" = (3(g°)5)" . Thus when 3(g°); = 0, it suffices
to look at (3(g¢)g)"". Tt is obvious that e C (3(g%)s)" . We have that K¢ = SLy(C) x
SO7(C)¢ and SO7(C)® is the semidirect product of the subgroup C¢ and the normal
subgroup R¢ according to [15, Section 3.12|. Furthermore, since SLy(C) is connected, we
deduce that K¢/(K°¢)° = C¢/(C°)°. Now we have that C° = (O1(C) x O4(C))NnSO;(C)
where O1(C) (resp. O2(C)) has the connected component SO;(C) (resp. SO2(C)). Let
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us consider the element g € K¢/(K¢)° given by

010 0 0O0O
100 0 00O
000 O 10O
9=10 0 -1.0 00
0 1 0 000
000 0 O0O0T1
000 0 010

We calculate that ¢ - e@21) = gezyg ™ = e and g+ Rey ey, = GRe1 207" = —Repen-
Hence, we have that (3(g®))"*" C (3(g%))? = (e) and we deduce that (3(g))"" = (e) .
Therefore, dim (3(g°))%" = ns(A) = 1 and dim (3(g°))%" — dim (3(g5*))% = na(A) = 1.

When e = e(7), ¢(5,12), using a similar analysis, we can verify that (g,(g;e))Ge =3(g°) =
(€, Reyen)-

Next we consider the case e = E+-e(7), recall that 3(g°) = (E-+er), vi®eieses, Re, c,)-
We know that G¢ = ({£1} x R¥) x Spin,(C)“" where RF is a connected normal
subgroup of G°. Now we take g = —1 € SLy(C) such that g € G° and g ¢ (G°¢)°. We

know that g acts trivially on 3(g%)g, thus e, R, ., € (3(g%))°.

However, v; ® ejeses ¢
3(g°)? since the action of g on v; ® ejeqe3 sends it to —v; ® ejeges. Hence, we have that
()" C (3(g9))? = (e, Re, o,). Therefore, we deduce that (3(g°))" = (e, R, .,) and
dim (3(g°))%" — dim (3(g*)) @ = na(A) = 1.

Using similar arguments we obtain that (3(g¢))" = (e, Re, e,) for e = E+4e(512) and
(3(89)" = (e) for e = E + egzzy).

The above argument completes the proof of Theorems 1.1 and 1.3 for F'(4).

By combining results in Subsection 6.4.7, we have that dim (3(g¢))"" = B S a; |+

e where ¢ = —1 for e = F+e¢(7) and € = 0 for all other cases. This proves the statement
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of Theorem 1.2 for F(4).

187



References

1]

2]
3]

4]

[5]

(6]

7]

8]

9]

[10]

J. Brundan and S.M. Goodwin, Good grading polytopes, Proceedings of the London
Mathematical Society, 94(1) (2007), 155-180.

R.W. Carter, Simple groups of Lie type, John Wiley & Sons (1989).

R.W. Carter, I.G. Macdonald and G.B. Segal, Lectures on Lie groups and Lie
algebras, Cambridge Univ. Press (1995).

S.J. Cheng and W. Wang, Dualities and representations of Lie superalgebras, Grad-

uate Studies in Mathematics 144, Amer. Math. Soc. (2012).

D.H. Collingwood and W.M. McGovern, Nilpotent orbits in semisimple Lie algebra:
an introduction, CRC Press (1993).

A. G. Elashvili and V. G. Kac, Classification of good gradings of simple Lie algebras,
in: “Lie groups and invariant theory” (E. B. Vinberg ed.), Amer. Math. Socl. Transl.
Ser. 2, 213 (2005), 85-104.

K. Erdmann and M.J. Wildon, Introduction to Lie algebras, Springer Science &
Business Media (2006).

L. Frappat, A. Sciarrino and P. Sorba, Structure of basic Lie superalgebras and of
their affine extensions, Communications in Mathematical Physics, 121(3) (1989),
457-500.

L. Frappat, A. Sciarrino and P. Sorba, Dictionary on Lie algebras and superalge-

bras, Academic Press (2000).

R. Goodman and N.R. Wallach, Symmetry, representations, and invariants, Grad-

uate Texts in Mathematics 255, Springer (2009).

188



[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

20]

21

C. Hoyt, Good gradings of basic Lie superalgebras, Israel Journal of Mathematics,

192(1) (2012), 251-280.

J.E. Humphreys, Introduction to Lie algebras and representation theory, Graduate

Texts in Mathematics, Springer (1972).

J.E. Humphreys, Linear algebraic groups, Springer-Verlag, New York (1975).

K. Iohara and Y. Koga, Central extensions of Lie superalgebras, Commentarii

Mathematici Helvetici, 76(1) (2001), 110-154.

J.C. Jantzen, Nilpotent orbits in representation theory, Part I of Lie theory: Lie

algebras and representations, Progress in Mathematics 228, Birkhduser (2004).
V.G. Kac, Lie superalgebras, Advances in Mathematics, 26(1) (1977), 8-96.

B. Kostant, The principal three-dimensional subgroup and the Betti numbers of
a complex simple Lie group, American Journal of Mathematics, 81(4) (1959),
973-1032.

R. Lawther and D.M. Testerman, Centres of centralizers of unipotent elements in

simple algebraic groups, Mem. Amer. Math. Soc. (2011).

[.M. Musson, Lie superalgebras and enveloping algebras, Graduate Studies in Math-

ematics 131, Amer. Math. Soc. (2012).

A.L. Onishchik and E.B. Vinberg, Lie groups and algebraic groups, Springer-Verlag
(1990).

A. Pais and V. Rittenberg, Semisimple graded Lie algebras, Journal of Mathemat-
ical Physics, 16(10) (1975), 2062-2073.

189



[22] I. Penkov, and V. Serganova, Generic irreducible representations of finite-
dimensional Lie superalgebras, International Journal of Mathematics 5(03) (1994),

389-419.

[23] M. Scheunert, W. Nahm, and V. Rittenberg, Classification of all simple graded Lie
algebras whose Lie algebra is reductive. I, Journal of Mathematical Physics, 17(9)

(1976), 1626-1639.

[24] G.M. Seitz, Unipotent centralizers in algebraic groups, J. Algebra 279 (2004),
226-259.

[25] J.P. Serre, Lie algebras and Lie groups: 196/ lectures given at Harvard University,
Springer (2009).

[26] T.A. Springer, A note on centralizers in semi-simple groups, Indag. Math., 28
(1966), 75-77.

[27] T.A. Springer, Linear algebraic groups, second edition, Progress in Mathematics

9, Boston, Basel, Stuttgart: Birkhauser (1981).

[28] W. Wang and L. Zhao, Representations of Lie superalgebras in prime characteristic

I', Proc. London Math. Soc. 99 (2009), 145-167.

[29] O. Yakimova, Surprising properties of centralisers in classical Lie algebras, Annales

de I'Institut Fourier, 59(3) (2009), 903-935.

190



	UoB_research_archive_copyright_notice_A4size.pdf
	Han2020PhD_original_submission.pdf
	authors-declaration-form
	Leyu Han PhD thesis final




