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Abstract

This thesis contains various new results in the areas of design theory and edge decom-
positions of graphs and hypergraphs. Most notably, we give a new proof of the existence
conjecture, dating back to the 19th century.

For r-graphs F' and GG, an F-decomposition of GG is a collection of edge-disjoint copies
of I in GG covering all edges of GG. In a recent breakthrough, Keevash proved that every
sufficiently large quasirandom r-graph G has a Kj(f)—decomposition (subject to necessary
divisibility conditions), thus proving the existence conjecture.

We strengthen Keevash’s result in two major directions: Firstly, our main result applies
to decompositions into any r-graph F', which generalises a fundamental theorem of Wilson
to hypergraphs. Secondly, our proof framework applies beyond quasirandomness, enabling
us e.g. to deduce a minimum degree version.

For graphs, we investigate the minimum degree setting further. In particular, we
determine the ‘decomposition threshold’ of every bipartite graph, and show that the
threshold of cliques is equal to its fractional analogue.

We also present theorems concerning optimal path and cycle decompositions of quasi-
random graphs.

This thesis is based on joint work with Daniela Kiithn and Deryk Osthus [35, 36, 37, 39],
Allan Lo [35, 36, 37] and Richard Montgomery [35].
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CHAPTER 1

INTRODUCTION

1.1 Combinatorial designs

“Fifteen young ladies in a school walk out three abreast for seven days in
succession: it 1s required to arrange them daily so that no two shall walk twice
abreast.”

Nowadays known as ‘Kirkman’s schoolgirl problem’, the above rather innocent-looking
problem was proposed by Thomas Kirkman in 1850 in the recreational mathematics
journal The Lady’s and Gentleman’s Diary. A solution to this problem, i.e. an arrange-
ment of the ladies with the desired properties, is an example of a combinatorial design.
The latter term usually refers to a system of finite sets which satisfy some specified bal-
ance or symmetry condition, and the study of such systems is called design theory. Some
well known examples include balanced incomplete block designs, projective planes, Latin
squares and Hadamard matrices. These have applications in many areas such as finite
geometry, statistics, experiment design, coding theory and cryptography. Even laymen
will most likely have encountered combinatorial designs in their leisure time, namely in
form of Sudokus.

In this thesis, we consider block designs and Steiner systems. In fact, we study the
more general setting of hypergraph decompositions of which block designs and Steiner
systems are special cases (see Section 1.2). An (n, f,r, A)-design (or r-(n, f,\) design)

is a set X of f-subsets (called ‘blocks’) of some n-set V', such that every r-subset of V'
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belongs to exactly A elements of X. An (n, f,r, 1)-design is also called an (n, f,r)-Steiner
system, named in the honour of the Swiss mathematician Jakob Steiner, who asked in
1853 for which parameters these systems exist. Steiner systems with (f,r) = (3,2) are
also referred to as Steiner triple systems of order n. Note that a solution to Kirkman’s
schoolgirl problem would yield a Steiner triple system of order 15 (but actually asks for
more in that the triples are to be arranged in ‘days’).

There are some obviously necessary ‘divisibility conditions’ for the existence of a
design: consider some subset S of V of size i < r and assume that X is an (n, f,r, \)-
design. Then the number of elements of X which contain S is )\(’::Z’)/ (f :Z’) Indeed,
there are (Z:Z) r-subsets of V' that contain S, and each of these must be contained in
exactly A elements of X. On the other hand, every element of X that contains S contains
(f ::) r-sets which contain S, proving the claim. We say that the necessary divisibility
conditions are satisfied if (f :2) divides )\(:f:f) forall 0 <17 <.

In 1846, Kirkman [51] proved that Steiner triple systems exist whenever the necessary
divisibility conditions are satisfied (which take on a particularly simple form in this case,
namely n = 1,3 mod 6). Thus Kirkman answered Steiner’s question for triple systems
even before Steiner asked for it. We note that these triple systems had been considered
even earlier by Julius Pliicker and Wesley Woolhouse. For more information on the early
history, see [83].

In general, it is not true that the necessary divisibility conditions are sufficient for the
existence of designs. However, it had been conjectured that there are only few exceptions.
More precisely, the ‘existence conjecture’ states that for given f,r, A, the necessary divis-
ibility conditions are also sufficient for the existence of an (n, f,r, A)-design, except for
a finite number of exceptional n. It is unclear who first proposed the conjecture in this
form, but it might be seen as a speculative answer to Steiner’s question.

Over a century later, in a ground-breaking series of papers which transformed the area

of design theory, Wilson [84, 85, 86, 87| resolved the case r = 2. (In the case when r = 2,

designs are called ‘balanced incomplete block designs’.)



For r > 3, much less was known until recently. We will revisit the history in Section 2.1.
To encapsulate the lack of knowledge at this point, we remark that even the existence of
infinitely many Steiner systems with » > 4 was open and not a single Steiner system with
r > 6 was known to exist.

In a recent breakthrough, Peter Keevash [49] proved the existence conjecture in gen-
eral. He refers to his proof method as ‘randomised algebraic constructions’.

We provide a new proof of the existence conjecture based on the so-called iterative
absorption method. Moreover, we are able to strengthen Keevash’s result in two major
directions. In order to discuss this, we need to introduce some hypergraph terminology

first.

1.2 Graphs and hypergraphs

A hypergraph G is a pair (V, E), where V' = V(G) is the vertex set of G and the edge set E
is a set of subsets of V. We often identify G with E, in particular, we let |G| := |E|, and
e € G means e € E. We say that G is an r-graph if every edge has size r, and a 2-graph is
simply called a graph. We let K denote the complete r-graph on n vertices, also called
a clique. As usual, we just write K, if r = 2. (We remark that within Chapter 2 however,
we use K, for the complete complez on n vertices instead, see Section 2.2.2.)

We approach the existence conjecture using terminology and methods from extremal
graph theory. The basic question in this area is: how large or small can a (hyper-)graph
be subject to satisfying certain conditions. For example, let G and F be r-graphs. We say
that G is F'-free if it does not contain a subgraph isomorphic to F'. A natural question
to ask is what is the maximal number of edges an F-free r-graph G on n vertices can
have. This number is denoted by ex(n, F), and 7(F) := lim, o ex(n, F)/(7) exists
and is called the Turdn density of F. For graphs, this parameter is well-understood.
Turan himself determined the value for cliques. The Erdés-Simonovits-Stone theorem,

a cornerstone result in extremal graph theory, generalises this to arbitrary graphs F,



showing that w(F) =1 —1/(x(F) — 1), where x(F) denotes the chromatic number of F.
For hypergraphs r > 3, only few Turan densities are known.

Note that for the Turan problem, it is sufficient to find only one copy of F' in G. A
more complicated question is the so-called factor (or tiling) problem. In this case, the
desired object is an F'-factor of G, i.e. a collection of pairwise vertex-disjoint copies of F'is
sought in G such that together they cover every vertex of G. Clearly, this is only possible
if [V(F)| | |[V(G)]. If F is just a single edge, then this coincides with the perfect matching
problem. In order to guarantee an F-factor in G, it is no longer enough to assume that G
has many edges, as there might still be isolated vertices. Instead, a more suitable question
to ask is: if [V(F)| | |V(G)| and every vertex is contained in at least 6|V (G)| edges, does
this guarantee an F-factor in GG, and what is the smallest such 7 Again, for graphs, this
question is satisfyingly answered. The classical Hajnal-Szemerédi theorem provides the
solution if F is a clique, and in [4, 53, 54, 59] the problem is solved for arbitrary F'. And
again, for hypergraphs, much less is known, although some progress has been made using
the absorbing method (see Section 1.4). Note however that, even though an F-factor
includes all the vertices of GG, it uses only a vanishing proportion of the edges of GG. Also,
if G is complete, then the tiling problem is trivial, even for hypergraphs.

Not so if we move one step further and, instead of ‘just’ partitioning all the vertices,
want to partition the edge set of G into (now edge-disjoint) copies of F. More precisely,
an F-decomposition of G is a collection F of copies of F' in GG such that every edge of
G is contained in exactly one of these copies. Note that an (n, f,r)-Steiner system X is
equivalent to a K}T)—decomposition Fof K. Indeed, the blocks in X, i.e. sets of size f,
correspond to the vertex sets of the copies of K j(f) in F.

The decomposition problem is trivial if F'is just a single edge, but NP-complete for
all non-trivial graphs F' (see [24]). It is thus of interest to find sufficient conditions for
the existence of an F-decomposition of a given graph G. As often, it is useful to consider
necessary conditions first. Clearly, for an F-decomposition of GG to exist, we need to

require that the number of edges of GG is divisible by the number of edges of F'. But there



are more such ‘divisibility conditions’. For example, suppose that F'is a cycle. Then we
need to require that every vertex of GG has even degree, as every cycle in a decomposition
would cover either 0 or 2 edges at every vertex. In the hypergraph case, we also need to
consider the 2-degrees, 3-degrees, etc. of F' and G. If these divisibility conditions (which
we discuss in more detail in Section 2.1.2) are satisfied, we say that G is F'-divisible.
Hence, F-divisibility of GG is necessary for the existence of an F-decomposition of G.
On the other hand, it is not sufficient in general. For example, the 6-cycle Cy is K;-

divisible, but does not have a K3-decomposition. Our central question is thus:

When are the divisibility conditions sufficient for the existence of a decompos-
ition (or design)?

1.3 Overview of main results

In this section, we briefly outline some of our main results. More details on the history
of each problem and previous work as well as further contributions of ourselves can be

found in the corresponding chapters of this thesis.

1.3.1 Wilson’s theorem for hypergraphs

The following fundamental theorem of Wilson from 1975 gives a positive answer to the

above question if the host graph G is complete.

Theorem 1.3.1 (Wilson [87]). Let F' be any graph. For sufficiently large n, K,, has an

F'-decomposition if it is F'-divisible.

Our results imply the following generalisation of Wilson’s theorem to hypergraphs.
Theorem A. Let F be any r-graph. For sufficiently large n, Kff) has an F-decomposition
of it is F'-divisible.

This answers a question asked e.g. by Keevash [49] who proved the case when F' is a

clique, thereby settling the existence conjecture. Previous results in the case when r > 3
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and F is not complete are very sporadic — for instance Hanani [43] settled the problem if
F' is an octahedron (viewed as a 3-graph). The largest part of this thesis (Chapter 2) is
devoted to prove Theorem A.

A natural question is how this can be generalised to non-complete host graphs. Keevash
actually proved the existence conjecture in a quasirandom setting, i.e. his result already
applies to host graphs which can be far from complete, as long as they are ‘typical’ (see
Section 2.1.2 for the formal definition).

Our Theorem A also follows immediately from a more general result on F-designs
of typical r-graphs (Theorem 2.1.1) which we state later. We note that the proof of
this theorem does not rely on the concept of typicality, but a more flexible notion of

‘supercomplexes’ which applies beyond the quasirandom setting.

1.3.2 The decomposition threshold

As discussed above, one way to generalise Wilson’s theorem to non-complete host graphs
is to consider quasirandom graphs. Another natural way is to consider graphs of large
minimum degree. The central conjecture in this area is the triangle decomposition con-
jecture of Nash-Williams [69] that every sufficiently large K3-divisible graph G with
d(G) > 3|V(G)|/4 has a Ks-decomposition. The bound on the minimum degree here
would be best possible. It would be very interesting to have a similar conjecture for hy-
pergraphs. Even for the simplest ‘real’ hyperclique, the tetrahedron K f’), it is unclear
what the ‘decomposition threshold’” should be. Of course, this threshold cannot only be

defined for cliques, but for arbitrary r-graphs F'.

Definition 1.3.2 (Decomposition threshold). Given an r-graph F', let 0r be the infimum
of all § € [0, 1] with the following property: There exists ng € N such that for all n > ny,

every F-divisible r-graph G on n vertices with 6(G) > on has an F-decomposition.

The result of Keevash [49] implies that if F' is complete, then dz < 1, because every

almost complete r-graph G is still quasirandom. As mentioned before, our methods allow



us to obtain results beyond the quasirandom setting. In particular, we obtain a minimum
degree version of our decomposition result, which yields the first ‘effective’ bounds for
the decomposition threshold of ‘real’ hypergraphs (see Section 2.1.3). We remark that
Yuster [89] studied the decomposition problem for so-called ‘linear’ hypertrees, which in
their behaviour are very similar to graphs.

For graphs, much more precise bounds on the decomposition threshold are known.
Yet the exact value is known only in few cases. We add to this body of work in various
ways. For instance, we determine the decomposition threshold for all bipartite graphs
F (see Theorem 3.3.1), and show that the threshold of cliques is equal to its fractional
analogue (see Corollary 3.1.2). In order to determine the decomposition threshold it is thus
sufficient to determine the fractional one. (To appreciate this, note that Wilson’s theorem,
a landmark result in design theory, becomes trivial in the fractional setting.) We also make
progress for general graphs F. Recall that every graph G with §(G) > (1—1/(x(F)—1)+
0(1))|V (G)| contains a copy of F' by the Erdés-Simonovits-Stone theorem, and every graph
G with |V(F)| | |V(G)| and 6(G) > (1 — 1/x(F) + o(1))|V(G)| contains an F-factor [4].
We conjecture that every F-divisible graph G with §(G) > (1—1/(x(F)+1)+0(1))|V(G)|
has an F-decomposition, or in other words, that 0p <1 —1/(x(F)+ 1). We again show
that it would be enough to obtain the desired bound for the fractional threshold. It is
unclear what the precise value of §p should be. We prove a ‘discretisation result’ (see
Theorem 3.1.1) that restricts the possible values of §r to a small set (where the above

values 1 — 1/(x(F) —1),1 = 1/x(F),1 —1/(x(F) + 1) play a crucial role).

1.3.3 Path and cycle decompositions

So far, we have considered edge decompositions of some host graph G into copies of one
given graph F. Clearly, if such a decomposition exists, then the number of copies in
the decomposition is |G|/|F|. We now consider decomposition problems with a different
emphasis. For example, a path decomposition is a partition of the edge set of a graph into

paths. Obviously, every graph has a path decomposition (e.g. into paths of length one).
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The existence question is thus immediately solved, yet the size of a decomposition can
vary. A natural question is thus: what is the minimal number of paths needed to decom-
pose a given graph? A conjecture of Gallai states that every connected graph on n vertices
can be decomposed into [n/2] paths. There are famous similar conjectures e.g. concern-
ing decompositions into cycles and linear forests. We investigate such decompositions for
dense quasirandom graphs and the binomial random graph (see Chapter 4). In partic-
ular, we determine the exact minimal number of paths/cycles/linear forests needed to

decompose such a graph.

1.4 Iterative absorption

Our results are proven using the iterative absorption method, which we now motivate and
briefly sketch. We begin by recalling the ‘classical’ absorption technique and give some
hints why it is not applicable to the edge decomposition setting.

The main idea of the absorbing technique is relatively straightforward. Suppose we
want to find some spanning structure in a graph or hypergraph, for instance a perfect
matching, a Hamilton cycle, or an F-factor. In many such cases, it is much easier to find
an ‘almost-spanning’ structure, i.e. a matching which covers almost all the vertices, say.
Of course, this is not satisfactory for the original problem. The idea of the absorbing
technique is to set aside, even before finding the almost-spanning structure, an absorbing
structure which is capable of ‘absorbing’ the leftover vertices into the almost-spanning
structure to obtain the desired spanning structure. Such an approach was introduced
systematically in the seminal paper by Rodl, Ruciriski and Szemerédi [77] to prove an
analogue of Dirac’s theorem for 3-graphs (but actually goes back further than this, see
e.g. the work of Krivelevich [57] on triangle factors in random graphs, and the result of
Erdds, Gyarfas and Pyber [31] on vertex coverings with monochromatic cycles). Since
then, the absorbing technique has been successfully applied to a wealth of problems con-

cerning spanning structures. Of course, the success of the approach stands and falls with



the ability to find this ‘magic’ absorbing structure. One key factor in this is the number of
possible leftover configurations. Intuitively, the more possible leftover configurations there
are, the more difficult it is to find an absorbing structure which can deal with all of them.
Loosely speaking, this makes it much harder (if not impossible) to apply the absorbing
technique for edge decomposition problems (see e.g. [9, p. 343] for a back-of-the-envelope
calculation).

The ‘iterative absorption’” method tries to overcome this issue by splitting up the
absorbing process into many steps, and in each step, the number of possible leftover
configurations is drastically reduced using a ‘partial absorbing procedure’, until finally one
has enough control over the leftover to absorb it completely. This approach was pioneered
by Kiithn and Osthus [60] to find Hamilton decompositions of regular robust expanders.
The results we present in Chapter 4 are based on this result. The iterative procedure
using partial absorbers was also used in [52] to find optimal Hamilton packings in random
graphs (yet strictly speaking this is not a decomposition result). In the context of F-
decompositions, the method was first applied in [9] to find F-decompositions of graphs
of suitably high minimum degree. In particular, this yielded a combinatorial proof of
Wilson’s theorem (Theorem 1.3.1). The results from [9] are strengthened in [35]. Even
though the overall proof in [35] is more technical, the iterative absorption procedure itself
has been simplified therein (see Chapter 3). The method has also been successfully applied
to verify the Gyarfas-Lehel tree packing conjecture for bounded degree trees [48], as well
as to find decompositions of dense graphs in the partite setting [10].

Here, we develop the iterative absorption method for hypergraphs. We believe that

this will pave the way for further applications beyond the graph setting.



CHAPTER 2

WILSON'S THEOREM FOR HYPERGRAPHS

The content of this chapter largely overlaps with the preprints [36] and [37].

2.1 Introduction

In this chapter, we prove Theorem A and various stronger versions thereof.

2.1.1 More Background

Let G and F' be r-graphs. Recall from Section 1.2 that an F'-decomposition of G is a
collection F of copies of F' in G such that every edge of G is contained in exactly one
of these copies. (Throughout the thesis, we always assume that F' is non-empty without
mentioning this explicitly.) More generally, an (F,\)-design of G is a collection F of
distinct copies of F' in G such that every edge of G is contained in exactly A of these
copies. As discussed in Section 2.1.2, such a design can only exist if G satisfies certain
divisibility conditions (e.g. if F' is a graph triangle and A = 1, then G must have even
vertex degrees and the number of edges must be a multiple of three). If F' and G are
complete, such designs are also referred to as block designs. Recall that an (n, f,r, \)-
design (or r-(n, f,\) design) is a set X of f-subsets of some n-set V', such that every
r-subset of V' belongs to exactly A elements of X. The f-subsets are often called ‘blocks’.

An (n, f,r, 1)-design is also called an (n, f,r)-Steiner system. As noted before, an (n, f,r)-
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Steiner system is equivalent to a K](f)—decomposition of K. More generally, note that
an (n, f,r, \)-design is equivalent to a (K](f), A)-design of K&,

The question of the existence of such designs goes back to the 19th century. For the
early history including the works of Pliicker, Woolhouse, Kirkman and Steiner, as well as
the breakthrough result of Wilson who settled the graph case r = 2, we refer to Chapter 1.

For r > 3, much less was known until very recently. Answering a question of Erdés
and Hanani [32], R6dl [75] was able to give an approximate solution to the existence
conjecture by constructing near optimal packings of edge-disjoint copies of Kj(f) in K,(f),
i.e. constructing a collection of edge-disjoint copies of K](f) which cover almost all the
edges of K. (For this, he introduced his now famous R6dl nibble method, which has
since had a major impact in many areas.) His bounds were subsequently improved by in-
creasingly sophisticated randomised techniques (see e.g. [3, 82]). Ferber, Hod, Krivelevich
and Sudakov [33] recently observed that this method can be used to obtain an ‘almost’
Steiner system in the sense that every r-set is covered by either one or two f-sets.

Teirlinck [81] was the first to prove the existence of infinitely many non-trivial (n, f,r, A)-
block designs for arbitrary r > 6, via an ingenious recursive construction based on the
symmetric group (this however requires f = r+1 and A large compared to f). Kuperberg,
Lovett and Peled [62] proved a ‘localized central limit theorem’ for rigid combinatorial
structures, which implies the existence of designs for arbitrary f and r, but again for large
A. There are many constructions resulting in sporadic and infinite families of designs (see
e.g. the handbook [20]). However, the set of parameters they cover is very restricted. In
particular, even the existence of infinitely many Steiner systems with » > 4 was open
until recently, and not a single Steiner system with r» > 6 was known.

In a recent breakthrough, Keevash [49] proved the existence of (n, f,r, A)-block designs
for arbitrary (but fixed) r, f and A, provided n is sufficiently large. In particular, his result
implies the existence of Steiner systems for any admissible range of parameters as long as
n is sufficiently large compared to f. The approach in [49] involved ‘randomised algebraic

constructions’ and yielded a far-reaching generalisation to block designs in quasirandom
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r-graphs.

Here we develop a non-algebraic approach based on iterative absorption, which addi-
tionally yields resilience versions and the existence of block designs in hypergraphs of large
minimum degree. Moreover, we are able to go beyond the setting of block designs and
show that F-designs also exist for arbitrary r-graphs F' whenever the necessary divisibility

conditions are satisfied.

2.1.2 F-designs in quasirandom hypergraphs

We now describe the degree conditions which are trivially necessary for the existence of an
F-design in an r-graph G. For a set S C V(G) with 0 < |S| < r, the (r —|S]|)-graph G(.5)
has vertex set V(G)\ S and contains all (r —|S|)-subsets of V(G)\ S that together with S
form an edge in G. (G(S) is often called the link graph of S.) Let §(G) and A(G) denote
the minimum and maximum (r — 1)-degree of an r-graph G, respectively, that is, the
minimum/maximum value of |G(5)] over all S C V(G) of size r — 1. For a (non-empty)
r-graph F', we define the divisibility vector of F' as Deg(F) := (do,...,d,—1) € N, where
d; == ged{|F(9)] : S e (V(Z.F))}, and we set Deg(F); := d; for 0 <i < r — 1. Note that
do = |F|. So if F is a graph triangle K3, then Deg(F') = (3,2), and if F' is the Fano plane
(viewed as a 3-graph), we have Deg(F) = (7,3,1).

Given r-graphs F' and G, G is called (F,\)-divisible if Deg(F); | A|G(S)| for all
0<i<r—1landall Se (V(iG)). Note that G must be (F, \)-divisible in order to admit
an (I, \)-design. For simplicity, we say that G is F'-divisible if G is (F, 1)-divisible. Thus
F-divisibility of GG is necessary for the existence of an F-decomposition of G.

As a special case, the following result implies that (F,\)-divisibility is sufficient to
guarantee the existence of an (F), \)-design when G is complete and A is not too large.
This answers a question asked e.g. by Keevash [49].

In fact, rather than requiring GG to be complete, it suffices that G is quasirandom in

the following sense. An r-graph G on n vertices is called (c, h, p)-typical if for any set A
of (r — 1)-subsets of V(G) with |A| < h we have |(g.4 G(S)] = (1 £ ¢)plin. Note that
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this is what one would expect in a random r-graph with edge probability p.

Theorem 2.1.1 (F-designs in typical hypergraphs). For all f,r € N with f > r and all

¢,p € (0,1] with

c< Og(p/2)h/(qr4Q)’ where q = 2f . f' and h = 2" (q+r),
r

there exist ng € N and v > 0 such that the following holds for all n > ng. Let F' be any
r-graph on f wvertices and let A € N with A < yn. Suppose that G is a (c, h, p)-typical

r-graph on n vertices. Then G has an (F, \)-design if it is (F, \)-divisible.

The main result in [49] is also stated in the setting of typical r-graphs, but additionally
requires that ¢ < 1/h < p,1/f and that A = O(1) and F is complete.

Previous results in the case when » > 3 and F' is not complete are very sporadic —
for instance Hanani [43] settled the problem if F' is an octahedron (viewed as a 3-uniform
hypergraph) and G is complete.

In Section 2.9, we will deduce Theorem 2.1.1 from a more general result on F-
decompositions in supercomplexes G (Theorem 2.4.7). The condition of G being a su-
percomplex is considerably less restrictive than typicality. Moreover, the F-designs we
obtain will have the additional property that |V (F") NV (F")| < r for all distinct F’, F”
which are included in the design. It is easy to see that with this additional property the
bound on A in Theorem 2.1.1 is best possible up to the value of ~.

We can also deduce the following result which yields ‘near-optimal’ F-packings in
typical r-graphs which are not divisible. (An F-packing in G is a collection of edge-

disjoint copies of F'in G.)

Theorem 2.1.2. For all f,r € N with f > r and all ¢,p € (0, 1] with
r

c < 0.9p"/(q"4Y), where q :=2f - f! and h := 2" (Q+ T),

there exist ng,C' € N such that the following holds for all n > ny. Let F' be any r-graph
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on f wvertices. Suppose that G is a (c, h,p)-typical r-graph on n vertices. Then G has an

F-packing F such that the leftover L consisting of all uncovered edges satisfies A(L) < C.

2.1.3 F-designs in hypergraphs of large minimum degree

Once the existence question is settled, a next natural step is to seek F-designs and F-
decompositions in r-graphs of large minimum degree. Our next result gives a bound on
the minimum degree which ensures an F-decomposition for ‘weakly regular’ r-graphs F'.

These are defined as follows.

Definition 2.1.3 (weakly regular). Let F be an r-graph. We say that F is weakly
(S0 -+, 8p—1)-regular if for all 0 < i <r—1and all S € (V(iF)), we have |F(5)| € {0, s;}.

We simply say that F' is weakly reqular if it is weakly (so, ..., s,_1)-regular for suitable

Y

S; S.

So for example, cliques, the Fano plane and the octahedron are all weakly regular but

a 3-uniform tight or loose cycle is not.

Theorem 2.1.4 (F-decompositions in hypergraphs of large minimum degree). Let F' be
a weakly reqular r-graph on f vertices. Let
7!
o L .
Cp - 3. ]_4rf2r
There exists an ng € N such that the following holds for all n > ng. Suppose that G is

an r-graph on n vertices with 6(G) > (1 — ¢%.)n. Then G has an F-decomposition if it is

F-divisible.

We will actually deduce Theorem 2.1.4 from a ‘resilience version’ (Theorem 2.9.3).
An analogous (but significantly worse) constant ¢4 for r-graphs F which are not weakly
regular immediately follows from the case p = 1 of Theorem 2.1.1.

Note that Theorem 2.1.4 implies that whenever X is a partial (n, f,r)-Steiner system

(i.e. a set of edge-disjoint Kj(f) on n vertices) and n* > max{no,n/c;{y)} satisfies the
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necessary divisibility conditions, then X can be extended to an (n*, f,r)-Steiner system.
For the case of Steiner triple systems (i.e. f = 3 and r = 2), Bryant and Horsley [17]
showed that one can take n* = 2n + 1, which proved a conjecture of Lindner.

Theorem 2.1.4 leads to the concept of the decomposition threshold 0z of a given r-
graph F' (see Definition 1.3.2). By Theorem 2.1.4, we have 0p < 1 — ¢$. whenever F' is

weakly regular. It is not clear what the correct value should be. We note that for all

r, fyng € N, there exists an r-graph G, on n > ng vertices with §(G,,) > (1 — b, }Oﬁé)n
such that GG,, does not contain a single copy of K (T), where b, > 0 only depends on r. This
can be seen by adapting a construction from [56] as follows. Without loss of generality, we
may assume that 1/f < 1/r. By a result of [78], for every r > 2, there exists a constant
b, such that for any large enough f, there exists a partial (N, r,r — 1)-Steiner system Sy
with independence number a(Sy) < f/(r — 1) and 1/N < b,log f/f"~'. This partial
Steiner system can be ‘blown up’ (cf. [56]) to obtain arbitrarily large r-graphs H,, on n
vertices with a(H,,) < f and A(H,) < n/N < bnlog f/f ~'. Then the complement G,
of H, is K}r)—free and satisfies §(G,,) > (1 — brﬁ%{)n.

Previously, the only explicit result for the hypergraph case r > 3 was due to Yuster [89],
who showed that if 7" is a linear r-uniform hypertree, then every T-divisible r-graph G on
n vertices with minimum vertex degree at least (52 + o(1))(,",) has a T-decomposition.
This is asymptotically best possible for nontrivial 7. Moreover, the result implies that
or < 1/27L,

For the graph case r = 2, much more is known about the decomposition threshold.

We refer to Chapter 3 for more details.

2.1.4 Varying block sizes

We now briefly consider a more general notion of block designs, where more than just one
block order is admissible. Given n,r, A\ € N as before and A C N, we say that X is an
(n, A,r, X)-design if X consists of subsets of an n-set V' such that |z| € A for every 2 € X

and such that every r-subset of V' is contained in precisely A elements of X. Similarly,
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given an r-graph G and a family of r-graphs K, we say that F is a K-decomposition of
G if every edge of G lies in precisely one F' € F and if F' € K for each F' € F. For
instance, a {Kér) . a € A}-decomposition of K& s equivalent to an (n, A, r, 1)-design.
We say that G is K-divisible if gcd{Deg(F); : F € K} | Deg(G); for all 0 < ¢ < r — 1.
Clearly, K-divisibility is a necessary condition for the existence of a K-decomposition.

Theorem 2.1.1 easily implies the following result (see Section 2.9).

Theorem 2.1.5 (Designs with varying block sizes). For all f,r € N and p € (0, 1] there
exist c > 0, h € N and ny € N such that the following holds for all n > ng. Let IC be a
family of r-graphs of order at most f each. Suppose that G is a (¢, h,p)-typical r-graph

on n vertices. Then G has a IKC-decomposition if it is KC-divisible.

As a very special case, Theorem 2.1.5 resolves a conjecture of Archdeacon on self-dual
embeddings of random graphs in orientable surfaces: as proved in [6], a graph has such an
embedding if it has a { K4, K5}-decomposition. (In this paragraph, we write K, for K,(f).)
Note that every graph with an even number of edges is { K4, K5 }-divisible. Suppose G is a
(¢, h, p)-typical graph on n vertices with an even number of edges and 1/n < ¢ < 1/h < p
(which almost surely holds for the binomial random graph G, , if we remove at most one
edge). Then we can apply Theorem 2.1.5 to obtain a {Ky, K5}-decomposition of G. It
was also shown in [6] that a graph has a self-dual embedding in a non-orientable surface
if it has a {K, : a > 4}-decomposition. Since every graph is { K4, K35, Kg}-divisible, say,
Theorem 2.1.5 implies that almost every graph has a {Kj, K5, Kg}-decomposition and

thus a self-dual embedding.

2.1.5 Matchings and further results

As another illustration, we now state a consequence of our main result which concerns
perfect matchings in hypergraphs that satisfy certain uniformity conditions on their edge
distribution. Note that the conditions are much weaker than any standard pseudoran-

domness notion.
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Theorem 2.1.6. For all f > 2 and & > 0 there exists ng € N such that the following
holds whenever n > ng and f | n. Let G be a f-graph on n vertices which satisfies the

following properties:

o for somed > €&, |G(v)| = (d£0.01&)n/ 1t for allv € V(G);

o cvery vertex is contained in at least £n’ copies of K}Ql ;

e |G(v) NG(w)| > &n'=Y for all v,w € V(G).
Then G has at least 0.01&n/ =1 edge-disjoint perfect matchings.

Note that for G = K\ ), this is strengthened by Baranyai’s theorem [7], which states

that K\ has a decomposition into ("*1) edge-disjoint perfect matchings. More gener-

F—1
ally, the interplay between designs and the existence of (almost) perfect matchings in
hypergraphs has resulted in major developments over the past decades, e.g. via the Rodl
nibble. For more recent progress on results concerning perfect matchings in hypergraphs
and related topics, see e.g. the surveys [76, 92, 95].

We discuss further applications of our main result in Section 2.4, e.g. to partite graphs

(see Example 2.4.11) and to (n, f,r, A)-block designs where we allow any A\ < n/~"/(11 -

7" f1), say (under more restrictive divisibility conditions, see Corollary 2.4.14).

2.1.6 Counting

An approximate F-decomposition of K is a set of edge-disjoint copies of F'in K ™) \Which
together cover almost all edges of K. Given good bounds on the number of approximate
F-decompositions of K whose set of leftover edges forms a typical r-graph, one can apply
Theorem 2.1.1 to obtain corresponding bounds on the number of F-decompositions in K
(see [49, 50] for the clique case). Such lower bounds on the number of approximate F-
decompositions can be achieved by considering either a random greedy F'-removal process
or an associated F-nibble removal process. Linial and Luria [64] developed an entropy-

based approach which they used to obtain good upper bounds e.g. on the number of
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Steiner triple systems. These developments also make it possible to systematically study

random designs (see Kwan [63] for an investigation of random Steiner triple systems).

2.1.7 Outline of the chapter

As mentioned earlier, our main result (Theorem 2.4.7) actually concerns F-decompositions
in so-called supercomplexes. We will define supercomplexes in Section 2.4 and derive The-
orems 2.1.1, 2.1.2, 2.1.4, 2.1.5 and 2.1.6 in Section 2.9. The definition of a supercomplex G
involves mainly the distribution of cliques of size f in G (where f = |V(F')|). The notion
is weaker than usual notions of quasirandomness. This has two main advantages: firstly,
our proof is by induction on r, and working with this weaker notion is essential to make the
induction proof work. Secondly, this allows us to deduce Theorems 2.1.1, 2.1.2, 2.1.4, 2.1.5
and 2.1.6 from a single statement.

However, Theorem 2.4.7 applies only to F-decompositions of a supercomplex G for
weakly regular r-graphs F (which allows us to deduce Theorem 2.1.4 but not The-
orem 2.1.1).

To deal with this, in Section 2.9 we first provide an explicit construction which shows
that every r-graph F' can be ‘perfectly’ packed into a suitable weakly regular r-graph F™.
In particular, F* has an F-decomposition. The idea is then to apply Theorem 2.4.7 to find
an [*-decomposition in G. Unfortunately, G may not be F*-divisible. To overcome this,
in Section 2.11 we show that we can remove a small set of copies of F' from G to achieve
that the leftover G’ of G is now F*-divisible (see Lemma 2.9.4 for the statement). This
now implies Theorem 2.1.1 for F-decompositions, i.e. for A = 1. However, by repeatedly
applying Theorem 2.4.7 in a suitable way, we can actually allow A to be as large as required
in Theorem 2.1.1.

It thus remains to prove Theorem 2.4.7 itself. We achieve this via an approach based
on ‘iterative absorption’. We give a sketch of the argument in Section 2.3.

As a byproduct of the construction of the weakly regular r-graph F™* outlined above,

we prove the existence of resolvable clique decompositions in complete partite r-graphs G
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(see Theorem 2.9.1). The construction is explicit and exploits the property that all square
submatrices of so-called Cauchy matrices over finite fields are invertible. We believe this
construction to be of independent interest. A natural question leading on from the current
work would be to obtain such resolvable decompositions also in the general (non-partite)
case. For decompositions of K into K}Q), this is due to Ray-Chaudhuri and Wilson [74].

For related results see [28, 66].

2.2 Notation

2.2.1 Basic terminology

We let [n] denote the set {1,...,n}, where [0] := (). Moreover, let [n]y := [n] U {0} and
Np := NU {0}. As usual, (7) denotes the binomial coefficient, where we set (%) := 0 if
1 > mn or i < 0. Moreover, given a set X and i € Ny, we write ()f) for the collection
of all i-subsets of X. Hence, ()f) =0 ifi > |X|. If Fis a collection of sets, we define
UF :=User f- We write AU B for the union of A and B if we want to emphasise that
A and B are disjoint.

We write X ~ B(n,p) if X has binomial distribution with parameters n,p, and we
write bin(n, p, i) :== (7)p'(1 — p)"~". So by the above convention, bin(n,p,i) = 0if i > n
or ¢ < 0.

We say that an event holds with high probability (whp) if the probability that it holds
tends to 1 as n — oo (where n usually denotes the number of vertices). We let H,.(n,p)
denote the random binomial r-graph on [n] whose edges appear independently with prob-
ability p. If r = 2, we write G(n, p) instead.

We write # < y to mean that for any y € (0, 1] there exists an z € (0, 1) such that for
all z < z( the subsequent statement holds. Hierarchies with more constants are defined
in a similar way and are to be read from the right to the left. We will always assume that

the constants in our hierarchies are reals in (0, 1]. Moreover, if 1/x appears in a hierarchy,
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this implicitly means that x is a natural number. More precisely, 1/x < y means that for
any y € (0, 1] there exists an zy € N such that for all z € N with « > x( the subsequent
statement holds.

We write a = b+ cif b —c < a < b+ c. Equations containing + are always to be
interpreted from left to right, e.g. by = ¢; = by £ ¢o means that by — ¢; > by — ¢o and
b1 + ¢ < by + ¢y, We will often use the fact that for all 0 < 2 < 1 and n € N we have
(I1£x)"=1+2"z.

When dealing with multisets, we treat multiple appearances of the same element as
distinct elements. In particular, two subsets A, B of a multiset can be disjoint even if
they both contain a copy of the same element, and if A and B are disjoint, then the
multiplicity of an element in the union A U B is obtained by adding the multiplicities of

this element in A and B (rather than just taking the maximum).

2.2.2 Hypergraphs and complexes

Let G be an r-graph. Note that G(0) = G. For a set S C V(G) with |S| < r and
LCG(S),let SWL:={SUe : e L}. Clearly, there is a natural bijection between L
and S'W L.

For i € [r — 1]y, we define §,(G) and A;(G) as the minimum and maximum value of
|G(S)| over all i-subsets S of V(G), respectively. As before, we let §(G) := d,_1(G) and
A(G) := A,_1(G). Note that 6o(G) = Ao(G) = |G(D)| = |G|.

For two r-graphs G and G’, we let G — G’ denote the r-graph obtained from G by
deleting all edges of G'. We write GG; + (G5 to mean the vertex-disjoint union of G; and
G, and t - G to mean the vertex-disjoint union of ¢ copies of G.

Let I and G be r-graphs. An F-packing in G is a set F of edge-disjoint copies of F'in
G. Welet F) denote the r-graph consisting of all covered edges of G, i.e. F") = J per

A multi-r-graph G consists of a set of vertices V(G) and a multiset of edges E(G),
where each e € E(G) is a subset of V(G) of size r. We will often identify a multi-r-graph

with its edge set. For § C V(G), let |G(S)| denote the number of edges of G that contain
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S (counted with multiplicities). If |S| = r, then |G(S)| is called the multiplicity of S
in G. We say that G is F-divisible if Deg(F')g divides |G(S)| for all S C V(G) with
|S| < r—1. An F-decomposition of G is a collection F of copies of F' in G such that
every edge e € (G is covered precisely once. (Thus if S C V(G) has size r, then there are

precisely |G(S)| copies of F' in F in which S forms an edge.)

Definition 2.2.1. A complex G is a hypergraph which is closed under inclusion, that is,
whenever ¢/ C e € G we have € € G. If G is a complex and i € Ny, we write G® for the
i-graph on V(G) consisting of all e € G with |e| = i. We say that a complex is empty if

0 ¢ G, that is, if G does not contain any edges.

Suppose G is a complex and e C V(G). Define G(e) as the complex on vertex set
V(G) \ e containing all sets ¢/ C V(G) \ e such that eUe’ € G. Clearly, if e ¢ G, then
G(e) is empty. Observe that if |e| = i and r > i, then G (e) = G(e)""). We say that
G' is a subcomplex of G if G’ is a complex and a subhypergraph of G.

For a set U, define G[U] as the complex on UNV(G) containing all e € G with e C U.

Moreover, for an r-graph H, let G[H]| be the complex on V(G) with edge set

GlH] = {c € G - () c Hy.

and define G — H := G[G") — H]. So for i € [r — 1], GIH]® = G®. For i > r,
we might have G[H]® & G, Moreover, if H C G, then G[H]™) = H. Note that
for an ri-graph H; and an ry-graph Hs, we have (G[Hi|)[Hs] = (G[Hs])[H1]. Also,
(G— Hy) — Hy = (G — Hy) — Hy, so we may write this as G — H; — Ha.

If G; and G9 are complexes, we define G; N G as the complex on vertex set V(G1) N
V(G3) containing all sets e with e € G and e € G5. We say that G and G5 are i-disjoint
if Ggi) N Gg) is empty.

For any hypergraph H, let H= be the complex on V(H) generated by H, that is,

H=:={e CV(H) : 3¢ € H such that e C ¢'}.
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For an r-graph H, we let H denote the complex on V(H) that is induced by H, that
is,

H® = {e CV(H) : (i) C H}.

Note that H<() = H and for each i € [r — 1], H®® is the complete i-graph on V (H).
Within this chapter, we let K, denote the complete complex on n vertices (instead of the

complete 2-graph).

2.3 Outline of the methods

Rather than an algebraic approach as in [49], we pursue a combinatorial approach based
on ‘iterative absorption’. In particular, we do not make use of any nontrivial algebraic

techniques and results, but rely only on probabilistic tools.

2.3.1 Iterative absorption in vortices

Suppose for simplicity that we aim to find a K}r)—decomposition of a suitable r-graph
G. The R6dl nibble (see e.g. [3, 71, 75, 82]) allows us to obtain an approximate Kj(f)—
decomposition of GG, i.e. a set of edge-disjoint copies of Kj(f) covering almost all edges of
G. However, one has little control over the resulting uncovered leftover set of edges. The
basic aim of an absorbing approach is to overcome this issue by removing an absorbing
structure A right at the beginning and then applying the R6dl nibble to G — A, to obtain
an approximate decomposition with a very small uncovered remainder R. Ideally, A was
chosen in such a way that AU R has a K}T)—decomposition.

In the context of decompositions, the first results based on an absorbing approach
were obtained in [52, 60]. In contrast to the construction of spanning subgraphs, the
decomposition setting gives rise to the additional challenge that the number of and possible
shape of uncovered remainder graphs R is comparatively large. So in general it is much

less clear how to construct a structure A which can deal with all such possibilities for R
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(to appreciate this issue, note that V(R) = V(G) in this scenario).

The method developed in [52, 60] consisted of an iterative approach: each iteration
consists of an approximate decomposition of the previous leftover, together with a partial
absorption (or ‘cleaning’) step, which further restricts the structure of the current leftover.
In our context, we carry out this iteration by considering a ‘vortex’. Such a vortex is a
nested sequence V(G) = Uy 2 Uy D --- D Uy, where |U;|/|U;41| and |U,| are large but
bounded. Crucially, after the ith iteration, all r-edges belonging to the current leftover
R; will be induced by U;. In the (i + 1)th iteration, we make use of a suitable r-graph
H; on U; which we set aside at the start. We first apply the Rodl nibble to R; to obtain
a sparse remainder R,. We then apply what we refer to as the ‘Cover down lemma’ to
find a K J(f)—packing IC; of H; U R, so that the remainder R;;, consists entirely of r-edges
induced by U, (see Lemma 2.7.7). Ultimately, we arrive at a leftover R, induced by Uj.

Since |Uy| is bounded, this means there are only a bounded number of possibilities
S1,...,S, for R,. This gives a natural approach to the construction of an absorber A
for Ry: it suffices to construct an ‘exclusive’ absorber A; for each S; (in the sense that
A; can absorb S; but nothing else). More precisely, we aim to construct edge-disjoint
r-graphs Ay, ..., A, so that both A; and A; U S; have a K}(f)-decomposition, and then let
A=A, U---UA,. Then AU R, must also have a Kj(f)—decomposition.

Iterative absorption based on vortices was introduced in [35], building on a related
(but more complicated approach) in [9]. Developing the above approach in the setting
of hypergraph decompositions gives rise to two main challenges: constructing the ‘ex-
clusive’ absorbers and proving the Cover down lemma, which we discuss in the next two
subsections, respectively.

One difficulty with the iteration process is that after finishing one iteration, the error
terms are too large to carry out the next one. Fortunately, we are able to ‘boost’ our
regularity parameters before each iteration by excluding suitable f-cliques from future
consideration (see Lemma 2.6.3). For this, we adopt gadgets introduced in [8]. Moreover,

the ‘Boost lemma’ enables us to obtain explicit bounds e.g. in the minimum degree version
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(Theorem 2.1.4).

2.3.2 The Cover down lemma

As indicated above, the goal here is as follows: Given an r-graph G and vertex sets
Uiy1 C U; in G, we need to construct H* in G[U;]") so that for any sparse leftover R

on U;, we can find a K](f)

-packing in H* U R such that any leftover edges lie in U, ;.
(In addition, we need to ensure that the distribution of the leftover edges within U;,; is
sufficiently well-behaved so that we can continue with the next iteration, but we do not
discuss this aspect here.)

We achieve this goal in several stages: given an edge e € H* U R, we refer to the size
of its intersection with U, as its type. Initially, we cover all edges of type 0. This can
be done using an appropriate greedy approach, i.e. for each edge e of type 0 in turn, we

) using edges of H*. In the next stage, we cover all edges of

extend e to a copy of Kj(f
type 1, then all edges of type 2 up to and including type » — 1. When covering a given
set of edges of type j, we will inductively assume that our main decomposition result
holds for j-graphs (note that j < r). For example, consider the triangle case f = 3 and
r = 2, and suppose j = 1. Then for each vertex v € U; \ U;y1, we will inductively find a
perfect matching (which can be viewed as a K él)—decomposition) on the neighbours of v in
Uiy1. This yields a triangle packing which covers all (remaining) edges incident to v (note

that these edges have type 1). The resulting proof of the Cover down lemma is given in

Section 2.10 (which also includes a more detailed sketch of this part of the argument).

2.3.3 Transformers and absorbers

Recall that our remaining goal is to construct an exclusive absorber Ag for a given ‘leftover’
r-graph S of bounded size. In other words, both Ag U S as well as Ag need to have a
K](f)—decomposition. Clearly, we must (and can) assume that S is K](f)—divisible.

Based on an idea introduced in [9], we will construct Ag as a concatenation of ‘trans-
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formers’: given S, a transformer Tg can be viewed as transforming S into a new leftover
L (which has the same number of edges and is still divisible). Formally, we require that
SUTs and Ts U L both have a K ](f)—decomposition (and will set aside T and L at the be-
ginning of the proof). Since transformers act transitively, the idea is to concatenate them

" j.e. we gradually transform

in order to transform S into a vertex-disjoint union of K
the given leftover S into a graph which is trivially decomposable.

Roughly speaking, we approach this by choosing L to be a suitable ‘canonical” graph
(i.e. L only depends on |S|). Let S” denote the vertex-disjoint union of copies of K](f)
such that |S| = |9’|, and let T be the corresponding transformer from S” into L. Then
it is easy to see that we could let Ag := Ts U L UTg U S’". The construction of both the
canonical graph L as well as that of the transformer T is based on an inductive approach,

i.e. we assume that our main decomposition result holds for r’-graphs with 1 < v’ < r.

The above construction is given in Section 2.8.

2.4 Decompositions of supercomplexes

2.4.1 Supercomplexes

We prove our main decomposition theorem for so-called ‘supercomplexes’. The crucial
property appearing in the definition is that of ‘regularity’, which means that every r-set of
a given complex G is contained in roughly the same number of f-sets (where f = |V (F)|).
If we view (G as a complex which is induced by some r-graph, this means that every edge
lies in roughly the same number of cliques of size f. It turns out that this set of conditions
is appropriate even when F' is not a clique.

A key advantage of the notion of a supercomplex is that the conditions are very flexible,

which will enable us to ‘boost’ their parameters (see Lemma 2.4.4 below).

Definition 2.4.1. Let G be a complex on n vertices, f € Nand r € [f —1]p, 0 < ¢,d, € <

1. We say that G is
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(i) (e,d, f,r)-regular, if for all e € G we have

G ()] = (d £ e)n'

(ii) (&, f,7)-dense, if for all e € G, we have

GP ()] > &n'

(iii) (&, f,r)-extendable, if G is empty or there exists a subset X C V(G) with | X| > ¢n
such that for all e € ():), there are at least &n/™ (f — r)-sets Q C V(G) \ e such

that (Q;Je) \ {e} € G".
We say that G is a full (¢,&, f,r)-complex if G is
e (¢,d, f,r)-regular for some d > ¢,
o (& f+r r)-dense,
o (&, f,r)-extendable.

We say that G is an (¢,&, f,r)-complez if there exists an f-graph Y on V(G) such that

G[Y] is a full (¢,€, f,7)-complex. Note that G[Y]") = G (recall that r < f).

The additional flexibility offered by considering (g, &, f, r)-complexes rather than full
(,&, f,r)-complexes is key to proving our minimum degree result (via the ‘boosting’ step
discussed below). We also note that for the scope of this thesis, it would be sufficient
to define extendability more restrictively, by letting X := V(G). However, for future

applications, it might turn out to be useful that we do not require X = V(G).

Fact 2.4.2. Note that G is an (g, €, f,0)-complex if and only if G is empty or |G| > ¢nt.

In particular, every (e,&, f,0)-complex is a (0,€, f,0)-complex.
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Definition 2.4.3. (supercomplex) Let G be a complex. We say that G is an (¢,€, f,r)-
supercomplex if for every i € [r]y and every set B C G with 1 < |B| < 2¢, we have that

Moep G(b) is an (&,&, f —i,r — i)-complex.

In particular, taking ¢ = 0 and B = {(}} implies that every (¢,&, f, r)-supercomplex is
also an (g,&, f,r)-complex. Moreover, the above definition ensures that if G is a super-
complex and b, b’ € G® then G(b) N G(V) is also a supercomplex (cf. Proposition 2.5.5).

In Section 2.4.3, we will give some examples of supercomplexes. As mentioned above,
the following lemma allows us to ‘boost’ the regularity parameters (and thus deduce results
with ‘effective’ bounds). It is an easy consequence of our Boost lemma (Lemma 2.6.3).
The key to the proof is that we can (probabilistically) choose some Y C G) so that
the parameters of G[Y] in Definition 2.4.1(i) are better than those of G, i.e. the resulting

distribution of f-sets is more uniform.

Lemma 2.4.4. Let 1/n < €,§,1/f and r € [f — 1] with 2(2\/e)’e < &. Let & =
0.9(1/4)(10?4)5. If G is an (¢,€, f,r)-complex on n vertices, then G is an (n='/3, & f r)-
complex. In particular, if G is an (g,&, f,r)-supercomplex, then it is a (2n=3,¢&', f,r)-

supercomplex.

2.4.2 The main complex decomposition theorem

The statement of our main complex decomposition theorem involves the concept of ‘well
separated’ decompositions. This is crucial for our inductive proof to work in the context

of F-decompositions.

Definition 2.4.5 (well separated). Let F' be an r-graph and let F be an F-packing (in

some r-graph G). We say that F is k-well separated if the following hold:
(WS1) for all distinct F', F” € F, we have |[V(F') NV (F")| <r.
(WS2) for every r-set e, the number of F’ € F with e C V(F”) is at most k.

We simply say that F is well separated if (WS1) holds.
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For instance, any K](f)—packing is automatically 1-well separated. Moreover, if an F-
packing F is 1-well separated, then for all distinct F', F”" € F, we have |V (F' )NV (F")| <
r. On the other hand, if F' is not complete, we cannot require |V (F') NV (F")| < r in
(WS1): this would make it impossible to find an F-decomposition of K. The notion of
being well-separated is a natural relaxation of this requirement, we discuss this in more
detail after stating Theorem 2.4.7.

We now define F-divisibility and F-decompositions for complexes G (rather than r-

graphs G).

Definition 2.4.6. Let I’ be an r-graph and f := |V(F)|. A complex G is F-divisible if
G is F-divisible. An F-packing in G is an F-packing F in G such that V(F') € GU)
for all F" € F. Similarly, we say that F is an F'-decomposition of G if F is an F-packing
in G and F) = G,

Note that this implies that every copy I’ of I’ used in an F-packing in G is ‘supported’
by a clique, i.e. G|V (F')] = Kj(f).

We can now state our main complex decomposition theorem.

Theorem 2.4.7 (Main complex decomposition theorem). For all r € N, the following is

true.

(%) Let 1/n < 1/k,e < §1/f and f > r. Let F be a weakly regular r-graph on f
vertices and let G be an F-divisible (¢,&, f,r)-supercomplex on n vertices. Then G

has a k-well separated F'-decomposition.

Note that in light of Lemma 2.4.4, (), already holds if ¢ < ﬁ We will prove (x),
by induction on 7 in Section 2.9. We do not make any attempt to optimise the values
that we obtain for k.

We now motivate Definitions 2.4.5 and 2.4.6. This involves the following additional

concepts, which are also convenient later.

Definition 2.4.8. Let f := |V(F')| and suppose that F is a well separated F-packing.
We let F= denote the complex generated by the f-graph {V(F”) : F' € F}. We say that
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well separated F-packings Fi, Fo are i-disjoint if .7-"13, ]-"2S are i-disjoint (or equivalently,

if |V(F'YNV(F")| <iforall F" € Fy and F" € F3).

Note that if F' is a well-separated F-packing, then the f-graph {V(F’) : F' € F}
is simple. Moreover, observe that (WS2) is equivalent to the condition A,(F=()) < &.
Furthermore, if F is a well separated F-packing in a complex G, then F= is a subcomplex
of G' by Definition 2.4.6. Clearly, we have F) C F=) but in general equality does not
hold. On the other hand, if F is an F-decomposition of G, then F) = G) which implies
F) — F<0)

We now discuss (WS1). During our proof, we will need to find an F-packing which
covers a given set of edges. This gives rise to the following task of ‘covering down locally’.

(%) Given a set S CV(G) of size 1 <i<r—1, find an F-packing F which covers all
edges of G that contain S.

(This is crucial in the proof of the Cover down lemma (Lemma 2.7.7). Moreover, a
two-sided version of this involving sets S, S’ is needed to construct parts of our absorbers,
see Section 2.8.1.)

A natural approach to achieve (%) is as follows: Let T' € (V(iF)). Suppose that by using
the main theorem inductively, we can find an F'(T)-decomposition F’ of G(S). We now
wish to obtain F by ‘extending’ F' as follows: For each copy F” of F(T) in F', we define
a copy F) of F' by ‘adding S back’, that is, F?, has vertex set V(F') U S and S plays the
role of 7" in F. Then F) covers all edges e with S C e and e\ S € F’. Since F’ is an
F(T)-decomposition of G(S), the union of all F?, would indeed cover all edges of G that
contain S, as desired. There are two issues with this ‘extension’ though. Firstly, it is not
clear that F7, is a subgraph of G. Secondly, for distinct F’, F” € F’, it is not clear that
F! and F! are edge-disjoint. Definition 2.4.6 (and the succeeding remark) allows us to
resolve the first issue. Indeed, if F’ is an F(T')-decomposition of the complex G(S), then
from V(F') € G(S)¥=9, we can deduce V(F’) € G) and thus that F!, is a subgraph of
G,

We now consider the second issue. This does not arise if F' is a clique. Indeed, in that
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case F(T) is a copy of K}:i), and thus for distinct F’, F” € F’ we have |V (F)NV(F")| <
r—i. Hence |V(F,)NV(F))| <r—i+|S| =r, i.e. F}, and FY are edge-disjoint. If however
F is not a clique, then F’, F” € F’ can overlap in r — i or more vertices (they could in
fact have the same vertex set), and the above argument does not work. We will show
that under the assumption that F’ is well separated, we can overcome this issue and still
carry out the above ‘extension’. (Moreover, the resulting F-packing F will in fact be well
separated itself, see Definition 2.7.8 and Proposition 2.7.9). For this it is useful to note
that F'(T) is an (r — i)-graph, and thus we already have |V(F')NV(F")| <r —iif F'is
well separated.

The reason why we also include (WS2) in Definition 2.4.5 is as follows. Suppose we
have already found a well separated F-packing F; in G and now want to find another well
separated F-packing J, such that we can combine F; and Fy. If we find F5 in G — Fl(T),
then .Fl(r) and .7-"2(” are edge-disjoint and thus F; U Fy will be an F-packing in G, but it is
not necessarily well separated. We therefore find F in G — F\” — F=UY This ensures
that F; and Fy are (r + 1)-disjoint, which in turn implies that F; U F3 is indeed well
separated, as required. But in order to be able to construct F3, we need to ensure that
G — F — 7= s still a supercomplex, which is true if A(F) and A(F="Y are
small (cf. Proposition 2.5.9). The latter in turn is ensured by (WS2) via Fact 2.5.4.

Finally, we discuss why we prove Theorem 2.4.7 for weakly regular r-graphs F'. Most
importantly, the ‘regularity’ of the degrees will be crucial for the construction of our
absorbers (most notably in Lemma 2.8.25). Beyond that, weakly regular graphs also have
useful closure properties (cf. Proposition 2.5.3): they are closed under taking link graphs
and divisibility is inherited by link graphs in a natural way.

We prove Theorem 2.4.7 in Sections 2.6-2.8 and 2.9.1. As described in Section 2.1.7, we
generalise this to arbitrary F' via Lemma 2.9.2 (proved in Section 2.9.2) and Lemma 2.9.4
(proved in Section 2.11): Lemma 2.9.2 shows that for every given r-graph F', there is a
weakly regular r-graph F* which has an F'-decomposition. Lemma 2.9.4 then complements

this by showing that every F-divisible r-graph G can be transformed into an F*-divisible
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r-graph G’ by removing a sparse F’-decomposable subgraph of G.

2.4.3 Applications

As the definition of a supercomplex covers a broad range of settings, we give some ap-
plications here. We will use Examples 2.4.9, 2.4.10 and 2.4.12 in Section 2.9 to prove
Theorems 2.1.1, 2.1.2, 2.1.4, 2.1.5 and 2.1.6. We will also see that random subcomplexes
of a supercomplex are again supercomplexes with appropriately adjusted parameters (see

Corollary 2.5.19).

Example 2.4.9. Let 1/n < 1/f and r € [f — 1]. It is straightforward to check that the

complete complex K, is a (0,0.99/f!, f, r)-supercomplex.
Recall that (c, h, p)-typicality was defined in Section 2.1.

Example 2.4.10 (Typicality). Suppose that 1/n < ¢,p,1/f, that r € [f — 1] and that G
isa (c,2" (f :”"), p)-typical r-graph on n vertices. Then G is an (g,&, f, r)-supercomplex,
where

e:=21"""c/(f —r)! and &:=(1— 2f+lc)p2T(errT>/f!.

Proof. Let i € [r]p and B C G®® with 1 < |B| < 2". Let Gp = (), G (b) and
ng = |[V(G)\UB]J. Let e € Gg_i). To estimate |Gg_i)(e)|, we let Q. be the set of
ordered (f — r)-tuples (v1,...,vs_,) consisting of distinct vertices in V(G) \ (e U B)
such that for all b € B, (bueu{vl;""”f*7'}) C G. Note that |Gg_i)(e)| =|Q.|/(f —7r)l. We
estimate | Q.| by picking vy, ..., vs_, sequentially. So let j € [f —r] and suppose that we
have already chosen vy,...,v,_1 ¢ e U|J B such that (bueu{m;""”]’*}) C G for all b € B.
Let D; = Upep (bueu{?j‘l"”jfl}). Thus the possible candidates for v; are precisely the
vertices in (gep, G(S). Note that d; := [D;| < |B|("*7]"), and that d; only depends on
the intersection pattern of the b € B, but not on our previous choice of e and vy, ..., v;_1.

Since G is typical, we have (1 & ¢)p%n choices for v;. We conclude that

Q.| = (1 )/ pZist dind = = (1 £ 2 10)d s (f — r)ind 7,
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where dp = pzf;lrdj/(f — 7). Thus, Gp is (2/~"edp,dp, f — i,7 — i)-regular. Since
ST = (1) = 1 we have 1/(f =)l = dp 2 pP (7 == g7 0 /(7 =),
Similarly, we deduce that Gp is ((1 — 2/="*'¢)dp, f — i,r — i)-extendable. Moreover, we

have .
(1— 2f7i+1c)p2r(f+:%>

(f =)t
Thus, G is (&, f +r — 2i,7 — i)-dense. We conclude that Gp is an (¢,&, f — i, — i)-

G (e)] > > enl

complex. O]

Example 2.4.11 (Partite graphs). Let 1/N <« 1/k and 2 = r < f < k — 6. Let
Vi,..., Vi be vertex sets of size N each. Let G be the complete k-partite 2-graph on
Vi,...,Vi. It is straightforward to check that G is a (0,577, f, 2)-supercomplex. Thus,
using Theorem 2.4.7, we can deduce that G has an F-decomposition if it is F-divisible.
To obtain a minimum degree version (and more generally, a resilience version) along the

lines of Theorems 2.1.4 and 2.9.3, one can argue similarly as in the proof of Theorem 2.9.3

(cf. Section 2.9).

Results on (fractional) decompositions of dense f-partite 2-graphs into f-cliques are
proved in [10, 26, 27, 68]. These have applications to the completion of partial (mutually

orthogonal) Latin squares.

Example 2.4.12 (The matching case). Consider 1 = r < f. Let G be a f-graph on n

vertices such that the following conditions hold for some 0 < ¢ < ¢ < 1:
e for some d > £ — ¢, |G(v)| = (d £ &)n/~! for all v € V(G);

e every vertex is contained in at least én/ copies of K ](ci)l;

e |G(v) NG (w)| > &n/~L for all v,w € V(G).

Then G is an (¢,£ — ¢, f, 1)-supercomplex.
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2.4.4 Disjoint decompositions and designs

Recall that a Kj(f)-decomposition of an r-graph is an (K}r), 1)-design. We now discuss
consequences of our main theorem for general (Kj(f), A)-designs. We can deduce from
Theorem 2.4.7 that there are many f-disjoint K}r)—decompositions, see Corollary 2.4.14.

This will easily follow from (%), and the next result.

Proposition 2.4.13. Let 1/n < ¢,&,1/f andr € [f—1]. Suppose that G is an (g,&, f,r)-
supercomplex on n vertices. Let Yyseq be an f-graph on V(G) with A, (Yisea) < en/=".

Then G — Yygeq is a (272, € — 22 e f r)-supercomplez.

We will apply this when Ky, ..., K; are K](f)—packings in some complex G, in which

case Yysea :=J IC;f ) satisfies A (Yyseq) < t.

Jelt]
Proof. Fixi € [rpand B C G with 1 < |B| < 2'. Let ng := n—|JB|, G’ := e G(b)
and G := (e 5 (G — Yusea) (b). By assumption, there exists Y C GV~ such that G'[Y] is
afull (g,&, f—i,7—i)-complex. We claim that G”[Y] is a full (27 2¢,£—22"Tle, f—i,r—1i)-
complex.

First, there is some d > ¢ such that G'[Y] is (e, d, f —i,7 — i)-regular. Let e € G'"™9,
We clearly have |G"[Y]¢=)(e)| < |G'[Y]Y=D(e)| < (d+ e)nl; ™. Moreover, for each
b € B, there are at most en/™" f-sets in Yy that contain e Ub. Thus, |G"[Y]Y =9 (e)| >
(d—e)nd;"—|Blen/ " > (d—e—1.1-2%)n; ", Thus, G"[Y]is (272, d, f —i,r —1i)-regular.

Next, by assumption we have that G'[Y] is (&, f +7 — 2i,7 —4)-dense. Let e € G'"9),
For each b € B, we claim that the number N, of (f +7r—i)-sets in V(G) that contain e Ub
and also contain some f-set from Y4 is at most 2"en/~%. Indeed, for any k € {3,...,r}
and any K € Y,,.q with |(eUb)NK| = k, there are at most n*~% (f +7—1i)-sets that contain
eUb and K. Moreover, there are at most (2) Ak (Yused) < (Z)n”*kAr(Yused) < (;)gnf*k
f-sets K € Yygeq with |(eUb) N K| = k. Hence, N, < 3", nF~(})en/ ™ < e2'n/~i. We

then deduce that

|G//[Y](f+r—2i)<6)| > gng—z . |B‘2r€nf_i > fng—z — gortip i > (5 — 22r+1€)n£—i.
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Finally, since G"[Y]"=) = G'[Y]|"), G"[Y] is (&, f — i, — i)-extendable. Thus,

G — Yysea 18 a (2772, € — 22T le | f r)-supercomplex. O

Clearly, any complex G on n vertices can have at most n/="/(f —r)! f-disjoint K](f)—
decompositions. Moreover, if G has A f-disjoint K}T)—decompositions, then G has a

(K](f), A)-design.

Corollary 2.4.14. Let 1/n < €,&,1/f andr € [f — 1] with 10-7"e < £ and assume that
(%), is true. Suppose that G is a Kj(f)-dwisible (,&, f,r)-supercomplex on n vertices. Then
G has en!™" f-disjoint K}r)—decompositions. In particular, G has a (K](f), A)-design for

all < \N<enf.

Proof. Suppose that Ky,...,K; are f-disjoint Kj(f)—decompositions of G, where t <
en/=". By Proposition 2.4.13 (and the subsequent remark), G — Uje IC](-f) isa (22, & —

22rtle  f r)-supercomplex. Since 2(2+/e)"2 % < ¢ — 2¥ e G - IC;ﬂ has a K](f)-

JE[t]

decomposition K1 by (the remark after) (x),, which is f-disjoint from Ky, ..., ;. O

Note that Corollary 2.4.14 together with Example 2.4.9 implies that whenever 1/n <
1/f and K3 s K}r)—divisible, then K\ has a (Kj(f), A)-design for all 1 < A\ < ﬁ,,ﬂnf*’”,
which improves the bound \/nf~" < 1 in [49].

Using (WS2), we can deduce that there are many f-disjoint F-decompositions of a
supercomplex. This will be an important tool in the proof of the Cover down lemma

(Lemma 2.7.7), where we will find many candidate F-decompositions and then pick one

at random.

Corollary 2.4.15. Let 1/n < ¢ < &, 1/f and r € [f — 1] and assume that (x), is
true. Let F' be a weakly reqular r-graph on f wvertices. Suppose that G is an F'-divisible
(g,&, f,r)-supercomplex on n vertices. Then the number of pairwise f-disjoint 1/e-well

separated F-decompositions of G is at least €*n/=".

Proof. Suppose that Fi,...,F; are f-disjoint 1/e-well separated F-decompositions of
G, where t < ?n/™". Let Yyeq = Uje[t] .7:]§(f). By (WS2), we have A, (Yyseq) < t/e <
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en=". Thus, by Proposition 2.4.13, G' — Y,.q is an F-divisible (2"+%¢, ¢ — 22 le f r)-
supercomplex and thus has a 1/e-well separated F-decomposition F;,1 by (%), which is

f-disjoint from Fi,..., F;. O

2.5 Tools

2.5.1 Basic tools

We will often use the following ‘handshaking lemma’ for r-graphs: Let G be an r-graph

and 0 <i <k <r—1. Then for every S € (V(iG)) we have

-\ 1
r—1
csi-(2,) X (el 25.)
Te(V(9)): scr
Fact 2.5.1. Let L be an r-graph on n vertices with A(L) < yn. Then for each i € [r—1]o,

we have A;(L) < yn"™~"/(r —i)!, and for each S € (V .L)), we have A(L(S)) < yn.

7

Proposition 2.5.2. Let F' be an r-graph. Then there exist infinitely many n € N such
that K,(f) 15 F'-divisible.

Proof. Let p := [[/Zy Deg(F);. We will show that for every a € N, if we let n =
rlap +r — 1 then K is F-divisible. Clearly, this implies the claim. In order to see that
K\ is F-divisible, it is sufficient to show that p | (’;:Z) for all i € [r — 1]p. It is easy to

see that this holds for the above choice of n. [l

The following proposition shows that the class of weakly regular uniform hypergraphs

is closed under taking link graphs.

Proposition 2.5.3. Let F' be a weakly regular r-graph and let i € [r — 1]. Suppose that
S e (V(iF)) and that F(S) is non-empty. Then F(S) is a weakly reqular (r —i)-graph and

Deg(F(S)); = Deg(F )t for all j € [r —i— 1.
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Proof. Let s,...,s,—1 be such that F' is weakly (so,...,s,_1)-regular. Note that since
F is non-empty, we have s; > 0 for all j € [r — 1]y (and the s;’s are unique). Consider j €

[r—i—1]o. Forall T € (V(F].(S))), we have |F'(S)(T)| = |F(SUT)| € {0, s;4+;}. Hence, F(S5)
is weakly (s;,...,s,—1)-regular. Since F' is non-empty, we have Deg(F) = (so, ..., Sr—1),
and since F'(S) is non-empty too by assumption, we have Deg(F(S)) = (Siy...,8r—1).

Therefore, Deg(F(S)); = Deg(F);4; for all j € [r —i — 1]o. O
We now list some useful properties of well separated F-packings.

Fact 2.5.4. Let G be a complex and F an r-graph on f > r vertices. Suppose that F is a
k-well separated F-packing (in G) and F' is a k'-well separated F-packing (in G). Then
the following hold.

(i) AF=UHD) <w(f 7).
(ii) If FO) and F'") are edge-disjoint and F and F' are (r + 1)-disjoint, then F U F' is
a (k + K')-well separated F-packing (in G).

(iii) If F and F' are r-disjoint, then F U F' is a max{r, k' }-well separated F-packing
(in G).

2.5.2 Some properties of supercomplexes

We first state two basic properties of supercomplexes that we will use in Section 2.8 to

construct absorbers.

Proposition 2.5.5. Let G be an (¢, &, f,r)-supercompler and let B C G with 1 < |B| <
2" for some i € [r]o. Then (\,epy G() is an (¢,&, f —i,r — i)-supercomplex.

Proof. Let i’ € [r — i)y and B’ C ((,cz G(b))®) with 1 < |B'| < 2. Let B* := {bUV :
b€ B,V € B'}. Note that B* C GW+) and |B*| < 2'+". Thus,

N (Y conw)= (1 GoY)

b'eB’ beB b*eB*
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is an (g,&, f —i—1i',r —i —i')-complex by Definition 2.4.3, as required. O

Fact 2.5.6. If G is an (,&, f,r)-supercomplex, then for all distinct e,e’ € G"), we have

G (e) NG > (€ —e)(n—2r) "

In what follows, we gather tools that show that supercomplexes are robust with respect
to small perturbations. We first bound the number of f-sets that can affect a given edge
e. We provide two bounds, one that we use when optimising our bounds (e.g. in the
derivation of Theorem 2.1.4) and a more convenient one that we use when the precise

value of the parameters is irrelevant (e.g. in the proof of Proposition 2.5.9).

Proposition 2.5.7. Let f,7" € N and r € Ny with f > r. Let L be an r’-graph on n

vertices with A(L) < yn. Then every e € (VEﬂL)) that does not contain any edge of L 1is

()

7 T)!}fynf_’“ f-sets of V(L) that contain an edge of L.

contained in at most min{2",

Proof. Consider any e € (VgL)) that does not contain any edge of L. For a fixed edge
¢ € Lwith |eUe'| < fand |ene’| = i, there are at most (;‘:"ZBEID < ST (f—r = 44!
f-sets of V(L) that contain both e and ¢’. Moreover, since ¢’ Z e, we have i < r’. Hence,
by Fact 2.5.1, there are at most (7)A;(L) < (5)yn"=¢/(r'—i)! edges ¢’ € L with |ene’| = i.
Let s := max{r + 1" — f,0}. Thus, the number of f-sets in V(L) that contain e and an

edge of L is at most

-1 r nr’—i nf—r—r’+i f_rTlfl r =T
Z’V(z)(w—z’)!(f—r—wﬂ)!:7” Z(i)(f—r)!'

1=s

fr ,
Clearly, ((]If;)), < 1, and we can bound Z;;,l (r) < 2". Also, using Vandermonde’s convo-

)

(=) . () -

(f=r)t = (f=m)V"

lution, we have Z:l:_sl (:)

Fact 2.5.8. Let 0 < i <r. For a complex G, an r-graph H and B C G we have

G- =cb)-H- | HS) - |J HES)—-=[JHD.

beB beB SeUB SeUpen (127) beB
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If BZ (G — H)Y, then both sides are empty.

Proposition 2.5.9. Let f,r" € N and r € Ny with f > r and r' > r. Let G be a complex
on n > r2"t\ wertices and let H be an r’-graph on V(G) with A(H) < yn. Then the
following hold:

(i) If G is (e,d, f,r)-regular, then G — H is (e + 2", d, f,r)-regular.
(i) If G is (&, f,r)-dense, then G — H is (§ — 2", f,r)-dense.
(i) If G is (&, f,r)-extendable, then G — H is (£ — 2", f,r)-extendable.
(iv) If G is an (g,&, f,r)-complex, then G — H is an (¢ + 2"y,& — 2", f,r)-complez.

(v) If G is an (g,&, f,r)-supercomplex, then G — H is an (g + 22Ty & — 221y f r)-

supercomplex.

Proof. (i)-(iii) follow directly from Proposition 2.5.7. (iv) follows from (i)—(iii). To see
(v), suppose that i € [r]o and B C (G—H)'" with 1 < |B| < 2. By assumption, (), G(b)
is an (¢,§, f —4,r — i)-complex. By Fact 2.5.8, we can obtain (),.z(G — H)(b) from
(oe G(b) by repeatedly deleting an (r' — |S|)-graph H(S), where S C b € B. There are
at most |B|2" < 2% such graphs. Unless |S| = 7/, we have A(H(S)) < yn < 2y(n—|U B|)
by Fact 2.5.1. Note that if |S| =1/, then S € B and hence H(S) is empty, in which case
we can ignore its removal. Thus, a repeated application of (iv) (with ' —|S|,r —i playing
the roles of r/,7) shows that (,c5(G — H)(b) is an (g + 271y & —2rH+ 1y f — g p —i)-

complex. N

2.5.3 Probabilistic tools

The following Chernoff-type bounds form the basis of our concentration results that we

use for probabilistic arguments.

Lemma 2.5.10 (see [47, Corollary 2.3, Corollary 2.4, Remark 2.5 and Theorem 2.8]).

Let X be the sum of n independent Bernoulli random variables. Then the following hold.
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(i) For allt >0, P(|X —EX|>1t) < 2e72°/",
(ii) For all 0 < e < 3/2, P(|X —EX| > cEX) < 2e <"EX/3,
(iii) Ift > TEX, then P(X >t) <e "
We will also use the following simple result.

Proposition 2.5.11 (Jain, see [73, Lemma 8|). Let Xi,...,X, be Bernoulli random

variables such that, for any i € [n| and any x4, ..., x;_1 € {0,1},
I[D(X,L =1 | Xl :LCl,...,XZ',1 ::Eifl) Sp

Let B~ B(n,p) and X := X1+ -+ X,,. Then P(X > a) <P(B > a) for any a > 0.

Lemma 2.5.12. Let 1/n < p,a,1/a,1/B. Let I be a set of size at least an® and let
(Xi)iez be a family of Bernoulli random variables with P(X; = 1) > p. Suppose that T can

a—1

be partitioned into at most Bn®~' sets Iy, ..., Iy such that for each j € [k], the variables

(Xi)iez, are independent. Let X := 3 ... X;. Then we have

1/6

P(|X —EX|>n Y°EX) <e™

Proof. Let J, :={j € [k] : |Z;| > n®°} and Jo := [k] \ Ji. Let Y := > iez, Xi and
e :=n"5. Suppose that |Y; — EY;| < 0.9¢EY; for all j € J;. Then

X —EX| <) [V; —EY;[ <n®® B 4+ ) 0.9¢EY; < Bn"*/® 4 0.9¢EX < eEX.
jJEK] JETL

Thus,

Lemma 2.5.10(ii)

P(X —EX|>eEX) < ) P(|Y; —EY;| > 0.9¢EY;) < ) 2e OREENS
JEN jeTn

1 — -2/5,.3/5 _,1/6
S QBn“ 1e 0.27Tn pn Se n
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Similarly as in [42], Lemma 2.5.12 can be conveniently applied in the following situ-
ation: We are given an r-graph H on n vertices and H' is a random subgraph of H, where
every edge of H survives with some probability > p. The following folklore observation

allows us to apply Lemma 2.5.12 in order to obtain a concentration result for |H’|.
Fact 2.5.13. Every r-graph on n vertices can be decomposed into rn"~' matchings.

Corollary 2.5.14. Let 1/n < p,1/r,a. Let H be an r-graph on n vertices with |H| >

an”.

Let H' be a random subgraph of H, where each edge of H survives with some
probability > p. Moreover, suppose that for every matching M in H, the edges of M

survive independently. Then we have

P(||H'| ~ EB|H|| > 0" PEIH) < e
Whenever we apply Corollary 2.5.14, it will be clear that for every matching M in H,

the edges of M survive independently, and we will not discuss this explicitly.

Lemma 2.5.15. Let 1/n < p,1/r. Let H be an r-graph on n vertices. Let H' be a
random subgraph of H, where each edge of H survives with some probability < p. Suppose

that for every matching M in H, the edges of M survive independently. Then we have

P(|H'| > Tpn") < rn"~te /T,

r—1

Proof. Partition H into at most rn matchings M, ..., M. For each i € [k|, by

Lemma 2.5.10(iii) we have P(|H' N M;| > Tpn/r) < e~/ since E|H' N M;| < pn/r.

2.5.4 Random subsets and subgraphs

In this subsection, we apply the above tools to obtain basic results about random sub-
complexes. The first one deals with taking a random subset of the vertex set, and the

second one considers the complex obtained by randomly sparsifying G(.
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Proposition 2.5.16. Let 1/n < €,§,1/f and 1/n < v < pu,1/f and r € [f — 1]o.
Let G be an (g,&, f,r)-complex on n vertices. Suppose that U is a random subset of
V(G) obtained by including every vertex from V(G) independently with probability .
Then with probability at least 1 — e’”w, the following holds: for any W C V(G) with
W| < n, GIU A W] ids an (e + 2075 + 323, ¢ — n=V/5 — 3273 f r)-complex, where

7 = max{|W|/n,n"/3}.

Proof. If G") is empty, there is nothing to prove, so assume the contrary.

By assumption, there exists Y C G) such that G[Y] is (e,d, f,r)-regular for some
d > ¢, (& f+ r,r)-dense and (&, f,r)-extendable. The latter implies that there exists
X C V(G) with |X| > &n such that for all e € (¥), we have |Ext.| > énf ", where Ext,
is the set of all (f — r)-sets @ C V(G) \ e such that (Qfe) \ {e} € G,

First, by Lemma 2.5.10(i), with probability at least 1 — 2e=2"""* we have |U| = un +

1/4

n?3, and with probability at least 1 —2e=2""" | X NU| > u|X| — |X|*/3.

Claim 1: For all e € G, with probability at least 1 —e™™"* | |G[Y] N (e)[U]] = (d % (¢ +
20~ 17%)) (un)? "
Proof of claim: Fix e € G). Note that E|G[Y]Y)(e)[U]| = p/TIG[Y]P(e)] = (d +
e)(un)’". Viewing G[Y])(e) as a (f —r)-graph and G[Y]H)(e)[U] as a random subgraph,

we deduce with Corollary 2.5.14 that

1/6

P(GY] V(U] # (1 £n ) (d £ e)(un)’ ") < e

Claim 2: For all e € G, with probability at least 1 — e™"°, |G[Y]Y*)(e)[U]] > (€ —

) (un)!.

Proof of claim: Note that E|GUT) (e)[U]| = pf|GU*)(e)| > £(un)!. Viewing GUF7)(e)

as a f-graph and GU*")(e)[U] as a random subgraph, we deduce with Corollary 2.5.14
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that

P(|GYH(e)U]] < (1 —n O)(un)’) < e ™"

For e € ()f), let Ext, be the random subgraph of Fxt. containing all Q) € Ext, with
QCU.

Claim 3: For all e € (), with probability at least 1 —e | Extl| > (E—n~5) (un) .

Proof of claim: Let e € (f) Note that E|Ezt.| = p/~"|Ext.] > &(un)/~". Again,
Corollary 2.5.14 implies that

P(|Ext,| < (1—n""")¢(un)f ) < e

Hence, a union bound yields that with probability at least 1 — e_”m, we have |U| =
pn £+ 0?3 | X NU| > p|X| — |X[*3 and the above claims hold for all relevant e sim-
ultaneously. Assume that this holds for some outcome U. We now deduce the desired
result deterministically. Let W C V(G) with |W| < yn. Define G’ := G[U A W] and
n' .= |U A W|. Note that un = (1 £ 4u~'5)n’. For all e € G'™, we have

W
G ()] = GV ) [U)] + [Winf 71 = (d 4 (e + 2075 + L)y s=r
pd=rn
= (d=+ (e+2n VP 4 UMAN (1 £ 25T ap )

— (d:l: <€+2n—1/5 +,:)'/2/3))n/f—r

and

GV (e)| > |GV (U] = [Wn ™ > (6 = n7! — L%)(un)’c

> (€= 077 = p )1 = 20T )T > (€ =T = A
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so G'[Y]is (e +2n~Y° 4 3%/3 d, f,r)-regular and (£ —n~'/> —32/3_ f +r r)-dense.
Finally, let X' := (X NU)\ W. Clearly, X' C V(G') and |X'| > (£ —n~V/> — 323/,

Moreover, for every e € ()S), there are at least
|Baty| = [Wn/ ="~ > (€ =n Y% = 32F)n/

(f —r)-sets Q@ C V(G') \ e such that (Qfe) \ {e} € G'™. Thus, ¢ (and therefore G'[Y])

is (¢ —n~Y5 — %3 f r)-extendable. ]

The next result is a straightforward consequence of Proposition 2.5.16 and the defini-

tion of a supercomplex.

Corollary 2.5.17. Let 1/n € 7 < p K e < & 1/f and r € [f —1]. Let G be an
(g,&, f,r)-supercomplex on n vertices. Suppose that U is a random subset of V(G) obtained

by including every vertex from V(G) independently with probability p. Then whp for any
W CV(GQ) with |W| < ~n, GIlU AW] is a (2¢,€ — €, f,1)-supercomplex.

Next, we investigate the effect on G of inducing to a random subgraph H of G, For
our applications, we need to be able to choose edges with different probabilities. It turns

out that under suitable restrictions on these probabilities, the relevant properties of G are

inherited by G[H].

Proposition 2.5.18. Let 1/n < e,v,p,&,1/f and r € [f — 1], i € [r]o. Let

)
(="

f+r
T

¢ = 0.95p7 7)) > 0.95¢p®") and o' = 1.1. 2

Let G be a complex on n vertices and B C GW with 1 < |B| < 2. Suppose that

Gp = ﬂ G(b) is an (g,&, f —i,7 — i)-complex.

beB

Assume that P is a partition of G\") satisfying the following containment conditions:

(I) For every b € B, there exists a class & € P such that bUe € &, for all e € Gg_i).
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(IT) For every & € P there exists Deg € Ny such that for all Q € Gg_i), we have that

Hee& : FbeB:eCbUQ} = De.

Let B: P — [p, 1] assign a probability to every class of P. Now, suppose that H is a random
subgraph of G obtained by independently including every edge of € € P with probability
B(E) (for all € € P). Then with probability at least 1 —e™"""", the following holds: for all
L C G™ with A(L) < yn and all (r + 1)-graphs O on V(G) with A(O) < f~5"yn,

ﬂ(G[H AL = 0)(b) is a (3e++',§ =+, f —i,r —i)-complex.

beB
Note that (I) and (II) certainly hold if P = {G"}.

Proof. If Ggfi) is empty, then the statement is vacuously true. So let us assume that
Gg_i) is not empty. Let ng = |V(G) \ UB| = |V(Gp)|- By assumption, there exists
Y C Gg_i) such that Gg[Y]is (¢,dp, f—i,r—i)-regular for some dg > &, (&, f+r—2i,r—i)-

dense and (&, f — i, — i)-extendable. Define

bB = (H 5(517)) H(5(5)>D£-

beB EeP

f+r

Note that pp > p‘B‘(i) > pQT( ") and thus prdp > &'. For every e € Ggfi), let
Q, = GB[Y}(f*i)(e) and Q, = GB[Y](ereri)(e)'

By assumption, we have | Q.| = (dg+e)nd; " and | Q.| > &nd; " for all e € Ggﬂ'). Moreover,
since Gp[Y] is (&, f —i,r — i)-extendable, there exists X C V(Gpg) with | X| > {np such
that for all e € (~.), we have |Ext,| > End, ", where Ext, is the set of all (f — r)-sets
Q C V(Gp) \ esuch that (299)\ {e} C G% ™ = Gp[Y]".

We consider the following (random) subsets. For every e € Gg_i), let Q. contain all
Q € Q. such that for all b € B, we have (bugue) \ {bUe} C H. Define Q. analogously

with Q, playing the role of Q.. For every e € (T)_( ), let Ext, contain all @) € Ext, such

i
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that for all b € B and ¢’ € (9°) \ {e}, we have bU ¢’ € H.

rT—1

1

Claim 1: For each e € Gg_i), with probability at least 1 —e_”B/G, Q| = (ppdp+3e)nd, .

Proof of claim: We view Q. as a (f —r)-graph and Q, as a random subgraph. Note that

P(vbe B:buee H)=[[Pobuece H) 2 ] 8.

beB beB

Hence, we have for every () € Q. that

P(Vb € B: ("%) C H)
P(Vbe B:bUe € H)

- (H @(gb)> 11 P(e' € H)

beB e’€G(r): FbeB: e/ ChUQUe

— <H 5((%})) H(ﬁ(g))He/GE:SbEB: e’ CbuQUel|

P(Q € Q.)

beB EeP
. (Hmeb)) [18&)" =ps.

Thus, E|Q.| = pp|Q.|. Hence, we deduce with Corollary 2.5.14 that with probability at

least 1 — e~ we have | Q| = (1% ¢)E|Ql| = (pads + 3)n; " .

1/6

Claim 2: For each e € Gg_i), with probability at least 1 —e™"5 |Q’E| > f/n];_i.

Proof of claim: We view Q. as a (f — i)-graph and Q. as a random subgraph. Observe

that for every Q € Q., we have

PQ € 3) = pPI( )0 5 2 (1)

and thus E|Q)| > py(ftr)]@e] > fpy(fjr)nffi. Thus, we deduce with Corollary 2.5.14
that with probability at least 1 — e"5" we have |Q’e| > §’n];_i. —
Claim 3: For every e € (T)fi), with probability at least 1 — e_“}sm, |Extl| > §’n£_r.

Proof of claim: We view Ext, as a (f —r)-graph and Ezt] as a random subgraph. Observe
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that for every () € Ext,., we have

P(Q € Extl) > pBI(=)-D > 527 (77)
and thus E|Ext)| > p27'(fj7«) |Exte| > 5p2r(ftr)n§r. Thus, we deduce with Corollary 2.5.14

that with probability at least 1 — e"5" we have |Ext,| > §’n£_r. —

Applying a union bound, we can see that with probability at least 1 —e_"l/s, H satisfies
Claims 1-3 simultaneously for all relevant e.

Assume that this applies. We now deduce the desired result deterministically. Let
L C G be any graph with A(L) < yn and let O be any (r + 1)-graph on V(G)
with A(O) < f=yn. Let G' := (,c5(G[H A L] — O)(b). First, we claim that G'[Y]
is (3¢ +9/,ppdp, f — i,7 — i)-regular. Consider e € G'[Y]"). We have that |Q/| =

(ppdp £ 3e)nl; "

Claim 4: If Q € G'[Y]|Y=9(e) A Q, then there is some b € B such that bUQUe contains

some edge from L —{bUe} or O.

Proof of claim: Clearly, Q € Gp[Y]/=9(e). First, suppose that Q € G'[Y]/=)(e) — Q..
Since ) ¢ Q., there exists b € B such that (bU?UB) \{bUe} < H, that is, there is
e € ("9)\ {bUe} with ¢ ¢ H. But since Q € G'[Y]Y~9(e), we have ¢’ € H A L. Thus,
e’ € L. Next, suppose that Q € Q. — G'[Y]¥~9(e). Since Q ¢ G'[Y]¥~9(e), there exists
b€ Bsuch that bUQUe ¢ G[Y][H A L] — O. We claim that b U Q) U e contains some
edge from L — {bUe} or O. Since bUQUe € G[Y], there is ¢’ € ("9) with ¢’ ¢ HAL

bUQUe

i1 ) with ¢ € O. In the latter case we are done, so suppose that the

or there is ¢’ € (
first case applies. Since e € G'[Y]"~9, we have that bUe € H A L, so ¢ # bUe. Thus,

since ) € Q., we have that ¢’ € H. Therefore, ¢ € L and hence €' € L — {bUe}. —

For fixed b € B, a double application of Proposition 2.5.7 implies that there are at

(D+GL)

T ynf =" f-sets that contain b U e and some edge from L — {bUe} or O.

most
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Thus, we conclude with Claim 4 that |G'[Y]/=9(e) A Q.| < |B| - ( ,)ynf ". Hence,
G (e) = QL £'ng " = (ppdp £ (3e +7))ngs

meaning that G'[Y] is indeed (3¢ + +/, ppdp, f — i, — i)-regular.

Next, we claim that G'[Y] is (¢ —+/, f +r — 2i,r —i)-dense. Consider e € G'[Y]"9,
We have that |Q| > &'nf; ", Similarly to Claim 4, for every Q € Q. — G'[Y]U+7=2)(e)
there is some b € B such that bU @ U e contains some edge from L — {bUe} or O. Thus,
using Proposition 2.5.7 again (with f + r — ¢ playing the role of f), we deduce that
+ (O

(f —9)!

1.05(7%7)
G

f—i

(f—l—r z) ' ‘
Q. — G'Y]VH=20(e)| < |B| -~ yn =t <20
and thus |G'[Y]U+720(e)| > (&' — 4 )nd; .

Finally, we claim that G'[Y] is (¢’ —+/, f —i,r —i)-extendable. Let e € (T)_(Z) We have
that |Ext)| > €nl;". Let Ext, contain all Q € Ext, such that (?ff) \ {e} C G'[Y]r=).
Suppose that @ € Ext \ Ext.c. Then there are ¢’ € (?ff) \ {e} and b € B such that
bue ¢ HA L. On the other hand, we have bU e € H as ) € Ext,. Thus, bU¢€' € L.

Thus, for all Q € Ext, \ Ext. ¢, there is some b € B such that b U @ U e contains some

)

edge from L — {bUe}. Proposition 2.5.7 implies that there are at most |B | T),an r
such ). Thus,
/ i (f) f—r / N f—r
|Ext€,G'| > |Exte|_2 (f—T’)"yn > (5 _V)nB :
We conclude that G is a (3¢ ++/,& — 7/, f —i,7 — i)-complex, as required. O

In particular, the above proposition implies the following.

Corollary 2.5.19. Let 1/n < e,v,&,p,1/f andr € [f —1]. Let

(")

¢ = 0.95¢p% 7)) > 0.956p8") and v = 1120~ o,
(f =)
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Suppose that G is an (¢,&, f,r)-supercomplex on n vertices and that H C G is a random
subgraph obtained by including every edge of G\ independently with probability p. Then
whp the following holds: for all L C G with A(L) < yn, G[H A L] is a (3 ++',¢& —

v, f,r)-supercomplex.

2.5.5 Rooted Embeddings

We now prove a result (Lemma 2.5.20) which allows us to find edge-disjoint embeddings
of graphs with a prescribed ‘root embedding’. Let T be an r-graph and suppose that
X C V(T) is such that T[X] is empty. A root of (T, X) is a set S C X with |S| € [r — 1]
and |T(S)| > 0.

For an r-graph G, we say that A: X — V(G) is a G-labelling of (T, X) if A is injective.
Our aim is to embed T into G such that the roots of (7, X') are embedded at their assigned
position. More precisely, given a G-labelling A of (T, X), we say that ¢ is a A-faithful
embedding of (T, X) into G if ¢ is an injective homomorphism from 7" to G with ¢[x = A.
Moreover, for a set S C V(G) with |S| € [r — 1], we say that A roots S if S C Im(A) and
IT(A7Y(S))| > 0, i.e. if A71(S) is a root of (T, X).

The degeneracy of T rooted at X is the smallest D such that there exists an ordering

V1, ..., v of the vertices of V(T') \ X such that for every ¢ € [k], we have

|T[X UA{vy,...,vu}](ve)] <D,

i.e. every vertex is contained in at most D edges which lie to the left of that vertex in the
ordering.

We need to be able to embed many copies of (7, X) simultaneously (with different
labellings) into a given host graph G such that the different embeddings are edge-disjoint.
In fact, we need a slightly stronger disjointness criterion. Ideally, we would like to have
that two distinct embeddings intersect in less than r vertices. However, this is in general

not possible because of the desired rooting. We therefore introduce the following concept
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of a hull. We will ensure that the hulls are edge-disjoint, which will be sufficient for our
purposes. Given (7, X) as above, the hull of (T, X) is the r-graph 7" on V(T') with e € T"

if and only if e N X = 0 or e N X is a root of (T, X). Note that T C 7" C K{!)

(r)
V(T) — KX

Y

where K g ) denotes the complete r-graph with vertex set Z. Moreover, the roots of (7", X)

are precisely the roots of (T, X).

Lemma 2.5.20. Let 1/n < v < §,1/t,1/D and r € [t]. Suppose that o € (0,1] is an
arbitrary scalar (which might depend on n) and let m < ayn” be an integer. For every
j € [m], let T; be an r-graph on at most t vertices and X; C V(1)) such that T;[X;] is
empty and T; has degeneracy at most D rooted at X;. Let G be an r-graph on n vertices
such that for all A C (‘:(_GP) with Al < D, we have |[(geqa G(S)| = &n. Let O be an
(r 4+ 1)-graph on V(G) with A(O) < yn. For every j € [m], let A; be a G-labelling of
(T3, X;). Suppose that for all S C V(G) with |S| € [r — 1], we have that

{j € [m] : Aj roots S}| < ayn” 151 — 1. (2.5.2)
Then for every j € [m], there exists a A;-faithful embedding ¢; of (13, X;) into G such

that the following hold:

(i) for all distinct j,j' € [m], the hulls of (¢;(T}),Im(A;)) and (¢;(Tj),Im(A;)) are
edge-disjoint;
(ii) for all j € Im] and e € O with e C Im(¢;), we have e C Im(A;);

(i) A(Ujepm 95(T3) < ay® On.

Note that (i) implies that ¢1(T7), ..., ¢m(T)) are edge-disjoint. We also remark that

the T; do not have to be distinct; in fact, they could all be copies of a single r-graph 7.

Proof. For j € [m] and a set S C V(G) with |S| € [r — 1], let
root(S, j) :==|{j' € [j] : A roots S}|.
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We will define ¢4, ..., ¢, successively. Once ¢; is defined, we let K; denote the hull of
(¢;(T;),Im(A;)). Note that ¢;(T;) C K; and that K is not necessarily a subgraph of G.

Suppose that for some j € [m], we have already defined ¢1,...,¢;_1 such that
Ky, ...,K;_ are edge-disjoint, (ii) holds for all j* € [j — 1], and the following holds

for G; .= Ky, alli€[r—1]andall S € (V'9):

§'elj—1]

1G5(S)] < ay® I + (root(S, j — 1) + 1)2". (2.5.3)

Note that (2.5.3) together with (2.5.2) implies that for all i € [r — 1] and all S € (V(.G)),

(2

we have
G;(9)] < 2a~@ I, (2.5.4)

We will now define a Aj-faithful embedding ¢; of (7}, X;) into G such that Kj is
edge-disjoint from G, (ii) holds for j, and (2.5.3) holds with j replaced by j + 1. For
i € [r—1], define BAD; := {S € (V(iG)) - |G5(8)| > ay® Inm . We view BAD; as an

i-graph. We claim that for all i € [r — 1],
A(BAD;) <42 n, (2.5.5)

Consider ¢ € [r—1] and suppose that there exists some S € (‘;(_Ci)) such that |[BAD;(S)| >

72 In. We then have that

1

|G5(5)] = P

Yo lGsufenlzrt Yy 1GHS U

VeV (G)\S vEBAD;(S)

> rfl‘BADi(S)’CK,Y(Q_i)nrfi > r*17(2_r)na7(2_i)nT*i _ T71Q7(2_T+2_i)nr7(ifl).

This contradicts (2.5.4) if i — 1 > 0 since 27" +27% < 2761 _[f j = 1, then S = () and we

2-r4271)

have |G| > r~tany/! n”, which is also a contradiction since |G;| < m(:) < (f,) ayn”

and 27"+ 271 <1 (as r > 2 if i € [r — 1]). This proves (2.5.5).
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We now embed the vertices of T such that the obtained embedding ¢; is A;-faithful.
First, embed every vertex from X; at its assigned position. Since 7Tj has degeneracy at
most D rooted at X, there exists an ordering vy, ..., vy, of the vertices of V(T}) \ X, such

that for every ¢ € [k], we have
|T5[X; U{vr,...,u}](ve)] < D. (2.5.6)

Suppose that for some ¢ € [k], we have already embedded vy,...,v,—;. We now want to
define ¢;(v;). Let U := {¢;(v) : v € X; U{vy,...,v_1}} be the set of vertices which
have already been used as images for ¢,;. Let A contain all (r — 1)-subsets S of U such
that qu_l(S) U{ve} € Tj. We need to choose ¢;(vy) from the set ((go4 G(S)) \ U in order
to complete ¢; to an injective homomorphism from 7j to G. By (2.5.6), we have |A| < D.
Thus, by assumption, |(go4 G(S)| > &n.

For i € [r — 1], let O; consist of all vertices € V(G) such that there exists some
S € (,Y,) such that S U {z} € BAD; (so BAD; = (011)) We have

U (2.5.5) ¢ .
ol = (7 )awany 271 )oen

Let O, consist of all vertices € V(G) such that S U {2} € G; for some S € (7).

By (2.5.4), we have that |O,| < (JE'I)A(GJ) < (Tf1)2a7(2_”_l))n < (,',)7* n. Finally,
let O,41 be the set of all vertices x € V(G) such that there exists some S € ([7{) such that
SU{x} € O. By assumption, we have |0, < ('g‘)A(O) < (H)n.

Crucially, we have

r4+1
[ G©S) =10 =10 = én—t — 240 > 0.
SeA i=1

Thus, there exists a vertex € V(G) such that t ¢ UUO,U---UO,41 and SU{z} € G
for all S € A. Define ¢;(v,) := =.

Continuing in this way until ¢; is defined for every v € V(T;) yields an injective
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homomorphism from 7; to G. By definition of O,4, (ii) holds for j. Moreover, by
definition of O,, K is edge-disjoint from G;. It remains to show that (2.5.3) holds with
j replaced by j+ 1. Let i € [r — 1] and S € (V(iG)). If S ¢ BAD;, then we have
1Gi1(S)] < G5(9)] + (129 < ay@ I~ 4 2!, so (2.5.3) holds. Now, assume that
S € BAD;. If § C Im(A;) and |T;(A;'(S))] > 0, then root(S,j) = root(S,j — 1) + 1

and thus |G;41(9)] < |G;(5)] + (f:) < any@ i g (root(S,j — 1) + 1)2¢ + (t—i) <

ay@ I 4 (root(S, j)+1)2¢ and (2.5.3) holds. Suppose next that S € Im(A;). We claim
that S € V(¢;(T})). Suppose, for a contradiction, that S C V' (¢;(7})). Let £ := max{¢' €
(k] © ¢;(vp) € S}. (Note that the maximum exists since (S NV (¢;(1;))) \ Im(A;) is not
empty.) Hence, z := ¢;(vy) € S. Recall that when we defined ¢;(v¢), ¢;(v) had already
been defined for all v € X; U{vy,...,v1} and hence S\ {z} C U. But since S € BAD;,
we have z € O;, in contradiction to x = ¢;(vs). Thus, S  V(¢;(T};)) = V(K;), which
clearly implies that |G;41(5)| = |G;(S)| and (2.5.3) holds. The last remaining case is if
S C Im(A;) but |T;(A;'(S))] = 0. But then S is not a root of (¢;(7}),Im(A;)) and thus
not a root of (K;,Im(A;)). Hence |K;(S)| = 0 and therefore |G;41(S)| = |G;(9)]| as well.

Finally, if j = m, then the fact that (2.5.3) holds with j replaced by j + 1 together

with (2.5.2) implies that A(U,ep, ¢5(1)) < 207@ " I < ay® n, 0

2.6 Nibbles, boosting and greedy covers

2.6.1 The nibble

There are numerous results based on the Rodl nibble which guarantee the existence of
an almost perfect matching in a near regular hypergraph with small codegrees. Our
application of this is as follows: Let G be a complex. Define the auxiliary (J; )—graph H
with V(H) = E(GM) and E(H) = {(?) . @ € GW}. Note that for every e € V(H),
|H(e)| = |GY(e)|. Thus, if G is (e,d, f,r)-regular, then every vertex of H has degree

(d £ &)n/=". Moreover, for two vertices e, e’ € V(H), we have |H({e,e'})| < nf~""1, thus
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Ay(H) < n/7m=1. Standard nibble theorems would in this setting imply the existence of
an almost perfect matching in H, which translates into a K](f)—packing in G that covers
all but o(n") r-edges. We need a stronger result in the sense that we want the leftover
r-edges to induce an r-graph with small maximum degree. Alon and Yuster [5] observed
that one can use a result of Pippenger and Spencer [71] (on the chromatic index of uniform
hypergraphs) to show that a near regular hypergraph with small codegrees has an almost
perfect matching which is ‘well-behaved’. The following is an immediate consequence of

Theorem 1.2 in [5] (applied to the auxiliary hypergraph H above).

Theorem 2.6.1 ([5]). Let 1/n < ¢ < ~,d,1/f and r € [f — 1]. Suppose that G is an
(e,d, f,r)-reqular complex on n vertices. Then G contains a K](f)—packmg K such that

A(GM — KM) < yn.

2.6.2 The Boost lemma

We will now state and prove the ‘Boost lemma’, which ‘boosts’ the regularity of a complex
by restricting to a suitable set Y of f-sets. It will help us to keep the error terms under
control during the iteration process and also helps us to obtain meaningful resilience and
minimum degree bounds.

The proof is based on the following ‘edge-gadgets’, which were used in [8] to obtain frac-
tional K}r)—decompositions of r-graphs with high minimum degree. These edge-gadgets
allow us to locally adjust a given weighting of f-sets so that this changes the total weight

at only one r-set.

Proposition 2.6.2 (see [8, Proposition 3.3]). Let f > r > 1 and let e and J be disjoint
sets with le| = r and |J| = f. Let G be the complete complex on e U J. There exists a

function 1 GY¥) — R such that

(i) for alle" € GV, Ygequnen¥(QUE) =
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(ii) for all Q € G, |(Q)] < 22;i(:fjjj)!, where j := leN Q).

We use these gadgets as follows. We start off with a complex that is (e, d, f, r)-regular
for some reasonable ¢ and consider a uniform weighting of all f-sets. We then use the

edge-gadgets to shift weights until we have a ‘fractional Kj(f)

-equicovering’ in the sense
that the weight of each edge is exactly d'nf~" for some suitable d’. We then use this

fractional equicovering as an input for a probabilistic argument.

Lemma 2.6.3 (Boost lemma). Let 1/n < ¢,&,1/f and r € [f — 1] such that 2(2+/e)"e <
& Let & = 0.9(1/4)(f?)f. Suppose that G is a complex on n vertices and that G is
(e,d, f,r)-reqular for some d > € and (€, f +r,r)-dense. Then there exists Y C GY) such

that G[Y] is (n=U=7)/200 d/2 f r)-reqular and (&', f + r,r)-dense.

Proof. Let d' := d/2. Assume that ¢: G) — [0,1] is a function such that for every
ec G,
Z P(Q Ue) =dnl™,

Q' eG(e)
and 1/4 < 9(Q) < 1 for all Q € GY). We can then choose Y C G by including
every Q € GY) with probability ¢(Q) independently. We then have for every e € G,
E|G[Y]Y¥)(e)| = d'n/~". By Lemma 2.5.10(ii), we conclude that

n—2(f—7)/2.01 41 f—r _p0.004

B(GIY](e)] # (1 n~ U200 i) < 965

Thus, whp G[Y] is (n=U=7/201 @ f r)-regular. Moreover, for any e € G and Q €

GU7)(e), we have that

f+r)

PQe Y] (e)= ] @)= a4l

@)
Therefore, E|G[Y]Y*)(e)| > (1/4)(f}w)§nf, and using Corollary 2.5.14 we deduce that

1/6

PGV (e)] < 0.9(1/4) T ent) < em
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Thus, whp G[Y] is (0.9(1/4)(f?)§, f + r,r)-dense.

It remains to show that 1) exists. For every e € G, define

d'nf=" — 0.5|G(e)|
GT(e)

Co =

Observe that |c.| < 52"5 o = sen " foralle e G
By Proposition 2.6.2, for every e € G and J € GU*)(e), there exists a function

Ve g GY) — R such that

(1) Yes(Q)=0forall Q ZeUJ;

(ii) for all ¢/ € G s qrea (e Ve (Q UE) =
0, ¢ +#e;

(iii) for all Q € G, |1h (Q)] < 22;?;7)')’, where j :=|eN Q.

We now define : GY) — [0, 1] as

=124+ Y e Y. tes

eeG()  JeGU+r)(e)

For every e € G, we have

Yo w@Que)=05GIe)+ > w D> D we/JQUe)

Q' eG)(e) CeG)  JeGUH)(e) QG (e

W 0.5/GD ()] + c|GUH(e)] = dn ™,

as desired. Moreover, for every Q € GY) and j € [7]o, there are at most (:f) (5) (Tij) pairs
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(e,J) for which e € G, J € GY+)(e), Q CeU J and |Q Ne| = j. Hence,

(i

(@) —1/21 = | e Y, v < > [Cel[te,1 (@)

=

eeG()  JeGU+r)(e) e€G(M) JeGU+7)(e): QCeUJ
(i) T=J(pr — 5)!
5 Z(n)(f)( : ,) ?u
j=o \'/ NI § ( j )
r—1 r
¢ =t - + p 0 J!
implying that 1/4 < ¢(Q) < 3/4 for all Q € G, as needed. O

Proof of Lemma 2.4.4. Let G be an (¢,&, f,r)-complex on n vertices. By definition,
there exists Y C G) such that G[Y] is (¢, d, f,7)-regular for some d > &, (&, f+r,7)-dense
and (&, f,r)-extendable. We can thus apply the Boost lemma (Lemma 2.6.3) (with G[Y]
playing the role of ). This yields Y’ C Y such that G[Y'] is (n='/3,d/2, f,r)-regular and
(&, f +7,7)-dense. Since G[Y']") = G[Y]"), G[Y'] is also (&, f, r)-extendable. Thus, G is
n (n=3,¢ f,r)-complex.

Suppose now that G is an (e, €, f,7)-supercomplex. Let i € [r]o and B € G with
1 <|B| < 2'. We have that Gg := (), G(b) is an (¢, &, f — 4,7 — ¢)-complex. If i < r,
we deduce by the above that G is an (nBl/g, ¢, f—i,r—1)-complex. If i = r, this also

holds by Fact 2.4.2. 0

Lemma 2.6.3 together with Theorem 2.6.1 immediately implies the following ‘Boosted

nibble lemma’. In contrast to Theorem 2.6.1, we do not need to require £ <  here.

Lemma 2.6.4 (Boosted nibble lemma). Let 1/n < v,e < &, 1/f and r € [f —1]. Let
G be a complex on n vertices such that G is (e,d, f,r)-reqular and (&, f + r,r)-dense for

some d > . Then G contains a Kj(f) -packing K such that A(G") — K1) < yn.
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2.6.3 Approximate F-decompositions

We now prove an F-nibble lemma which allows us to find k-well separated approximate
F-decompositions in supercomplexes. Whenever we need an approximate decomposition

in the proof of Theorem 2.4.7, we will obtain it via Lemma 2.6.5.

Lemma 2.6.5 (F-nibble lemma). Let 1/n < 1/k < v,e < &, 1/f andr € [f —1]. Let F'
be an r-graph on f vertices. Let G be a complex on n vertices such that G is (g,d, f,r)-

reqular and (&, f + r,7)-dense for some d > &. Then G contains a k-well separated

F-packing F such that A(G") — F)) < yn.

Let F' be an r-graph on f vertices. Given a collection K of edge-disjoint copies of
K](f), we define the K-random F-packing F as follows: For every K € K, choose a
random bijection from V(F') to V(K) and let F be a copy of F' on V(K) embedded by
this bijection. Let F := {Fx : K € K}.

Clearly, if K is a Kl(f)—decomposition of a complex G, then the K-random F-packing
F is a l-well separated F-packing in G. Moreover, writing p := 1 — |F|/(£), we have
|FO| = |F|IK| = |F||GM|/(f) = (1 — p)|GP)|, and for every e € G, we have P(e €
G — F) = p. As turns out, the leftover G(") — F(") behaves essentially like a p-random
subgraph of G (cf. Lemma 2.6.6). Our strategy to prove Lemma 2.6.5 is thus as follows:
We apply Lemma 2.6.4 to G to obtain a K](f)—packing K1 such that A(G") — ICY)) < yn.
The leftover here is negligible, so assume for the moment that IC; is a K}r)-decomposition.
We then choose a Ki-random F-packing F; in G and continue the process with G — ]_—1(7’)'
In each step, the leftover decreases by a factor of p. Thus after log,~ steps, the leftover

will have maximum degree at most yn.

Lemma 2.6.6. Let 1/n < e <&, 1/f andr € [f —1]. Let F be an r-graph on f-vertices

with p = 1—|F|/({) € (0,1). Let G be an (e,d, f,r)-reqular and (&, f+r,r)-dense complex

on n vertices for some d > &. Suppose that K is a K}T)—decomposz'tion of G. Let F be the

IC-random F-packing in G. Then whp the following hold for G' := G — K=Ur+1) — F(),
(i) G’ is (2&?,p(£)_1d, f,r)-reqular;
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(i) G' s (0.9p('f7+'r)_1§,f + r,1r)-dense;
(iii) A(G'™) < LIpA(G™M).

Proof. For e € G, we let K. be the unique element of X=() with e C K.. Let
Ging := G—K=+1)_ G'") ig a random subgraph of ng)d, where for any Z C G, the events
{e € G'"} ez are independent if the sets { K, }ocz are distinct. Since A(KSC+D) < f —r,
Proposition 2.5.9 implies that G4 is (1.1¢,d, f,r)-regular and (£ — &, f + r,7)-dense.
For e € G"), let Q. := G%;(e) and Q, := G%;T)(e). Thus, |Q.| = (d &+ 1.1e)nf "
and |Q.| > 0.95¢nf. Let Q. be the random subgraph of Q, consisting of all Q € Q.
with (Qfe) \ {e} € G'™). Similarly, let Q' be the random subgraph of Q. consisting of all
Q € Q. with (Qfe) \ {e} € G'™. Note that if e € G'"), then Q. = G'Y)(e). Moreover,

note that by definition of G;,4, we have
lleUQ)N K| <rforal Qe 9., K € K. (2.6.1)

Consider ) € Q.. By (2.6.1), the K. with ¢’ € (Qrue) \ {e} are all distinct, hence we have
P(Q € @) =pl) 7" Thus, B|Q)| = pl)7|Q.].

Define an auxiliary graph A, on vertex set Q. where QQ" € A, if and only if there
exists K € K=\ {K,} such that [(eUQ)N K| =7 and |(eUQ')N K| = r. Using (2.6.1),
it is easy to see that if Y is an independent set in A., then the events {Q € Q.}gey are

independent.
Claim 1: Q. can be partitioned into 2({)2nf_’”_1 independent sets in A,.

Proof of claim: It is sufficent to prove that A(A.) < ({) 2pf=r=1. Pix Q € V(Ae). There
are (’;) — 1 r-subsets € of e U Q other than e. For each of these, K. is the unique
K € K=\ {K.} which contains ¢’. Each choice of K, has () r-subsets ¢”. If we want
eU Q' to contain €”, then since " # e, we have |[eUe”| > r+1 and thus there are at most

nf =71 possibilities for Q. —

1/6

By Lemma 2.5.12, we thus have P(|Q.| # (1 £ n " /?)E|Q/|) < e™™'". We conclude
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that with probability at least 1 —e™"* we have | Q)| = (p('f')_ld:I:Qe)nf_T. Together with

a union bound, this implies that whp G’ is (2, p(f)_ld, f,r)-regular, which proves (i).
A similar argument shows that whp G’ is (O.Qp(fir)flf, f + r,r)-dense.
To prove (iii), let S € (‘:ﬂ(_ci)) Clearly, we have E|G'™)(S)| = p|GT(S)|. If |GM(S)| =
0, then we clearly have |G)(S)| < 1.1pA(G™M), so assume that S C e € G"). Since e is
contained in at least 0.56n/~" f-sets in G, and every r-set ¢’ # e is contained in a most
nf=("+1) of these, we can deduce that |G)(S)| > 0.5¢n. Define the auxiliary graph Ag
with vertex set G(")(S) such that ejey € Ag if and only if Kgue, = Kgue,. Again, we have
A(Ag) < f—r and thus G (S) can be partitioned into f—r+1 sets which are independent
6

in Ag. By Lemma 2.5.12, we thus have P(|G'"(S)] # (1 £ n=%)p|GM(S)]) < e,

Using a union bound, we conclude that whp A(G'™) < 1.1pA(G™). O

Proof of Lemma 2.6.5. Let p :=1— |F|/(f) If i = K}r), then we are done by
Lemma 2.6.4. We may thus assume that p € (0,1). Choose ¢’ > 0 such that 1/n < &’ <
1/k < v,e < p,1—p, & 1/f. We will now repeatedly apply Lemma 2.6.4. More precisely,
let & = 0.9(1/4)(10?")5 and define &; = (0.5p)j(fir)£0 for j > 1. For every j € [k, we
will find F; and G such that the following hold:

(a); F; is a j-well separated F-packing in G and G; C G — }“J(T);

(b); A(L;) < je'n, where L; := G0 — F) — G\,

(c); Gy is (20 Vi’ d;, f,r)-regular and (&;, f + r,r)-dense for some d; > &;;
(d); F5 and G; are (r + 1)-disjoint;

(e); A(GY) < (1.1p)n.

First, apply Lemma 2.6.3 to G in order to find Y C GU) such that Gy = G[Y] is
(¢/,d/2, f,r)-regular and (&, f+r,7)-dense. Hence, (a)o—(e)o hold with Fy := (). Also note
that F, will be a s-well separated F-packing in G and A(G™ —F") < A(L)+A(GY)) <

ke'n + (1.1p)"n < yn, so we can take F := F,.
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Now, assume that for some j € [«], we have found F;_; and G,_; and now need to
find F; and G;. By (c);_1, Gj_1 is (V€' ,dj_1, f,r)-regular and (&;_1, f + 7,7)-dense for

(r)

some dj_1 > ;1. Thus, we can apply Lemma 2.6.4 to obtain a K; -packing K;in Gy

such that A(L}) < &'n, where L := GEC)I - IC;T). Let G := Gj1 — L. Clearly, K; is
a K}T)—decomposition of G;. Moreover, by (c);-1 and Proposition 2.5.9 we have that G’
is (2+VU=VFre’ d, ) f,r)-regular and (0.9¢;_y, f + r,7)-dense. By Lemma 2.6.6, there
exists a l-well separated F-packing F} in G; such that the following hold for G; :=

/(7) <(r+1) /(r) 1<(r+1) .
G —F' —K; =G —F; ' = F; :

J J J J

(i) Gjis (2(T+1)(j_1)+r+1€’,p<£>_1dj,1, f,r)-regular;
(ii) Gjis <0.81p(f-:7“>_1£j71, f +r,r)-dense;

(iii) A(GY)) < 1.1pAG").
Let Fj := Fj_1 UF, and L; :== G0 — F) — G, Note that F\”, N F\") = 0 by (a);_1.
Moreover, F;_; and F} are (r+1)-disjoint by (d);_;. Thus, F; is (j —1+1)-well separated
by Fact 2.5.4(ii). Moreover, using (a);_1, we have

G CCG—Fca-FD - F",

J - J

thus (a); holds. Observe that L; \ L; 1 C L. Thus, we clearly have A(L;) < A(L;-1) +
A(L}) < je'n, so (b); holds. Moreover, (c); follows directly from (i) and (ii), and (e);
follows from (e);_; and (iii). To see (d);, observe that .7-";71 and G, are (r + 1)-disjoint
by (d);—1 and since G; C G,;_1, and ]-"j/-S and G; are (r + 1)-disjoint by definition of Gj.

Thus, (a);—(e); hold and the proof is completed. O

2.6.4 Greedy coverings and divisibility

The following lemma allows us to extend a given collection of r-sets into suitable r-disjoint
f-cliques (see Corollary 2.6.9). The full strength of Lemma 2.6.7 will only be needed in

Section 2.8. The proof consists of a sequential random greedy algorithm.
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Lemma 2.6.7. Let 1/n < v < o, 1/s,1/f and r € [f —1]. Let G be a complex on n
vertices and let L C G satisfy A(L) < yn. Suppose that L decomposes into Ly, ..., Ly,
with 1 < |L;| < s. Suppose that for every j € [m|, we are given some candidate set
Q, C ﬂeeLj G (e) with |Q;] > anf=. Then there exists Q; € Q; for each j € [m] such
that, writing K; := (Q; W L;)<, we have that K; and K; are r-disjoint for all distinct

j.3" € [m], and AUjepm KJ7) < An.

Proof. Let ¢t := 0.5an’~" and consider Algorithm 2.6.8. We claim that with positive

Algorithm 2.6.8

for j from 1 to m do '
define the r-graph T; := U;,_:ll K](,T) and let Q) contain all Q € Q; such that (QWL;)=
does not contain any edge from 7; or L — L;.
if Q)| > ¢ then
pick @ € Q) uniformly at random and let K; := (Q & L;)=
else
return ‘unsuccessful’
end if
end for

probability, Algorithm 2.6.8 outputs Ky, ..., K,, as desired.

It is enough to ensure that with positive probability, A(T}) < sfr+?/3n for all j € [m).
Indeed, note that we have L; NT; = () by construction. Hence, if A(T}) < sfry?/*n, then
Proposition 2.5.7 implies that every e € L; is contained in at most (y + sfry??)2"n/="
f-sets of V(G) that also contain an edge of T; U (L — L;). Thus, there are at most
s(y + sfry¥3)2'nf=" < 0.5an’" candidates Q € Q; such that (Q W L;)S contains some
edge from T; U (L — L;). Hence, | Q)| > |Q;| — 0.5an!~" > t, so the algorithm succeeds in
round j.

For every (r —1)-set S C V(G) and j € [m], let Y,° be the indicator variable of the
event that S is covered by Kj;.

For every (r—1)-set S C V(G) and k € [r—1]o, define Js := {j € [m] : max.er, [SN

e| = k}. Observe that if Yjs = 1, then Kj covers at most sf r-edges that contain S.
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Therefore, we have

j—1 r—1
OIS S Sl S
J'=1

k=0 j’Eszkﬁ[j—l}

The following claim thus implies the lemma.

Claim 1: With positive probability, we have Y Y3 <~*3n for all (r —1)-sets

j'€TskNli—1]

S, ke[r—1]p and j € [m].

Fix an (r — 1)-set S, k € [r — 1]p and j € [m]. For j' € Jsx, there are at most

} : nd —15Uel < SnmaxeeLj,(f—\SUE\) _ gpf 2tk

eELj/

f-sets that contain S and some edge of L.
In order to apply Proposition 2.5.11, let ji,. .., j, be an enumeration of Js, N [j — 1].

We then have for all @ € [b] and all y1,...,y.—1 € {0,1} that

spf—2r+1+k

IP’(ij =1 yjf =y, ... anf,l = Yo_1) < — = 9Ly TR+

Let p := min{2sa~'n""™1 1} and let B ~ Bin(|Jsx N [j — 1]|,p).

Note that |Jsx| < (l}?)Ak(L) < (".1)yn"* by Fact 2.5.1. Thus,

-1
TEB=T7|TJsrN[j—1)| - p<T7- <7" . ),ynrk Qs In TR < 72/371.

Therefore,
Proposition 2.5.11 Lemma 2.5.10(iii) 2/3
5 2/3 2/3 -
P( Z YJ-,Zq//n) < P(B > +*3n) < e T,
J'€Ts,xNli—1]
A union bound now easily proves the claim. 0

Corollary 2.6.9. Let 1/n < v < «a,1/f and r € [f — 1]. Suppose that F' is an r-graph
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on f wvertices. Let G be a complex on n vertices and let H C G) with A(H) < yn and
|G (e)| > an~" for all e € H. Then there is a 1-well separated F-packing F in G that

covers all edges of H and such that A(F")) < Vn.

Proof. Let ey,...,e, be an enumeration of H. For j € [m], define L; := {e;} and
Q; := GY(e). Apply Lemma 2.6.7 to obtain Ki,..., K,,. For each j € [m], let F; be
a copy of F' with V(F;) = K; and such that e; € F;. Then F := {Fy,...,F,} is as
desired. O

We can conveniently combine Lemma 2.6.5 and Corollary 2.6.9 to deduce the following
result. It allows us to make an r-graph divisible by deleting a small fraction of edges (even
if we are forbidden to delete a certain set of edges H). We will prove a similar result

(Corollary 2.9.5) in Section 2.11 under different assumptions.

Corollary 2.6.10. Let 1/n < v,e < &, 1/f and r € [f — 1]. Let F be an r-graph
on f wvertices. Suppose that G is a complex on n vertices which is (e,d, f,r)-reqular for
some d > € and (&, f +r,r)-dense. Let H C G satisfy A(H) < en. Then there exists

L CG" — H such that A(L) < yn and G") — L is F-divisible.

Proof. We clearly have |G)(e)| > 0.5¢n/~" for all e € H. Thus, by Corollary 2.6.9,
there exists an F-packing Fy in G which covers all edges of H and satisfies A(}"ér)) <
Ven. By Proposition 2.5.9(i) and (i), ' := G — F\" is still (2"+1\/2,d, f,r)-regular and
(&/2, f + r,r)-dense. Thus, by Lemma 2.6.5, there exists an F-packing Fppe in G’ such
that A(L) < yn, where L := G'") — Fggble =G — Fér) - f,(;gble C GM — H. Clearly,

G — L is F-divisible (in fact, F-decomposable). O

2.7 Vortices

A vortex is best thought of as a sequence of nested ‘random-like’ subsets of the vertex set

of a supercomplex G. In our approach, the final set of the vortex has bounded size.

63



The main results of this section are Lemmas 2.7.4 and 2.7.5, where the first one shows
that vortices exist, and the latter one shows that given a vortex, we can find an F'-packing
covering all edges which do not lie inside the final vortex set. We now give the formal

definition of what it means to be a ‘random-like’ subset.

Definition 2.7.1. Let G be a complex on n vertices. We say that U is (e, u, &, f,r)-

random in G if there exists an f-graph Y on V(G) such that the following hold:
(R1) U C V(G) with |U| = pun £ n?>;

(R2) there exists d > ¢ such that for all z € [f — 7]y and all e € G"), we have that

{Q e GIY]D(e) : |QNU| =} = (L£e)bin(f —r,p,z)dn’ "

(R3) for all e € G we have |G[Y]Y*+)(e)[U]]| > &(un);

(R4) for all h € [r]p and all B C G™ with 1 < |B| < 2" we have that (,. 5 G(b)[U] is an
(e,&, f — h,7 — h)-complex.

We record the following easy consequences for later use.
Fact 2.7.2. The following hold.
(i) If G is an (g,&, f,r)-supercomplex, then V(G) is (¢/€,1,&, f,r)-random in G.
(i) If U is (e, p, &, f,r)-random in G, then G[U] is an (,§, f,r)-supercomplex.

Here, (ii) follows immediately from (R4). Note that (R4) is stronger in the sense that
B is not restricted to U. Having defined what it means to be a ‘random-like’ subset, we

can now define what a vortex is.

Definition 2.7.3 (Vortex). Let G be a complex. An (g, u, &, f,r,m)-vortexr in G is a

sequence Uy D U; O --- D U, such that
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(V1) Uy = V(G);

(V2) |U;| = [pu|Ui—1]] for all i € [{];

(V3) Ul = m;

(V4) for all i € [¢], U; is (g, 1, &, f,r)-random in G[U;_1];

(V5) foralli € [ — 1], U; \ Uiyq is (e, u(1 — p), &, f,r)-random in G[U;_4].

We will show in Section 2.7.2 that a vortex can be found in a supercomplex by re-

peatedly taking random subsets.

Lemma 2.7.4. Let 1/m’ < ¢ < pu,&,1/f such that p < 1/2 and r € [f —1]. Let G be an
(,&, f,r)-supercomplex on n > m' vertices. Then there exists a (2y/, 1, — €, f,r,m)-

vortex in G for some um’ < m <m/'.

The following is the main lemma of this section. Given a vortex in a supercomplex
G, it allows us to cover all edges of G(") except possibly some from inside the final vortex

set. We will prove Lemma 2.7.5 in Section 2.7.4.

Lemma 2.7.5. Let I/m < 1/k K e K p < &1/ f and r € [f —1]. Assume that ()
is true for all k € [r — 1]. Let F' be a weakly regular r-graph on f vertices. Let G be an
F-divisible (¢,&, f,r)-supercomplex and Uy 2 Uy D --- D Uy an (g, 1, &, f,r,m)-vortex in
G. Then there exists a 4k-well separated F-packing F in G which covers all edges of G

except possibly some inside Uy.

The proof of Lemma 2.7.5 consists of an ‘iterative absorption’ procedure, where the
key ingredient is the Cover down lemma (Lemma 2.7.7). Roughly speaking, given a
supercomplex G and a ‘random-like’ subset U C V(G), the Cover down lemma allows
us to find a ‘partial absorber’ H C G such that for any sparse L C G, H U L has
an F-packing which covers all edges of H U L except possibly some inside U. Together
with the F-nibble lemma (Lemma 2.6.5), this allows us to cover all edges of G except

possibly some inside U whilst using only few edges inside U. Indeed, set aside H as above,
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which is reasonably sparse. Then apply the Lemma 2.6.5 to G — G(") [U] — H to obtain an
F-packing F, ;e With a very sparse leftover L. Combine H and L to find an F-packing
Feiean Whose leftover lies inside U.

Now, if Uy D Uy D --- D U, is a vortex, then U; is ‘random-like’ in G and thus we
can cover all edges which are not inside U; by using only few edges inside U; (and in
this step we forbid edges inside U, from being used.) Then Uj is still ‘random-like’ in the
remainder of G[U;|, and hence we can iterate until we have covered all edges of G except

possibly some inside U,.

2.7.1 The Cover down lemma

We now provide the formal statement of the Cover down lemma. We will prove it in

Section 2.10.

Definition 2.7.6. Let G be a complex on n vertices and H C G, We say that G is

(&, f,r)-dense with respect to H if for all e € G, we have |G[H U {e}](e)| > &n/".

Lemma 2.7.7 (Cover down lemma). Let 1/n € 1/k € 7 K e < v < 11,&,1/f and
r e [f—1] with p < 1/2. Assume that (x); is true for all i € [r — 1] and that F is a
weakly reqular r-graph on f wvertices. Let G be a complexr on n vertices and suppose that
U is (e,p, &, f,r)-random in G. Let G be a complex on V(G) with G C G such that G is
(e, f,7)-dense with respect to G — G U], where U := V(G) \ U.

Then there exists a subgraph H* C G — GM[U] with A(H*) < vn such that for any
L C G with A(L) < yn and H*U L being F-divisible and any (r 4 1)-graph O on V(G)
with A(O) < ~yn, there exists a rk-well separated F-packing in G[H* U L] — O which covers

all edges of H* U L except possibly some inside U .

Roughly speaking, the proof of the Cover down lemma proceeds as follows. Suppose
that we have already chosen H* and that L is any sparse (leftover) r-graph. For an edge
e € H* U L, we refer to |e N U| as its type. Since L is very sparse, we can greedily cover

all edges of L using edges of H* in a first step. In particular, this covers all type-0-edges.
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We will now continue and cover all type-1-edges. Note that every type-1-edge contains a
unique S € (V(G)\U) For a given set S € (V(G)\U) we would like to cover all remaining
edges of H* that contain S simultaneously. Assuming a suitable choice of H*, this can be
achieved as follows. Let Lg be the link graph of S after the first step. Let T € (Z(_Fl)) be
such that F'(T) is non-empty. By Proposition 2.5.3, Lg will be F(T')-divisible. Thus, by
(%)1, Ls has a r-well separated F(T)-decomposition Fg. Proposition 2.7.9 below implies
that we can ‘extend’ Fg to a k-well separated F-packing Fg which covers all edges that
contain S.

However, in order to cover all type-1-edges, we need to obtain such a packing Fg for
every S € ( )\U) and these packings are to be r-disjoint for their union to be a x-well
separated F-packing again. The real difficulty thus lies in choosing H* in such a way that
the link graphs Lg do not interfere too much with each other, and then to choose the
decompositions F§ sequentially (see the discussion in the beginning of Section 2.10). We
would then continue to cover all type-2-edges using (x),, etc., until we finally cover all
type-(r — 1)-edges using (x),_1. The only remaining edges are then type-r-edges, which
are contained in U, as desired.

We now show how the notion of well separated F-packings allows us to ‘extend’ a
decomposition of a link complex to a packing which covers all edges that contain a given

set S (cf. the discussion in Section 2.4.2).

Definition 2.7.8. Let F' be an r-graph, i € [r — 1] and assume that T € (V(F)) is such
that F(T) is non-empty. Let G be a complex and S € ( ) Suppose that F' is a well
separated F'(T')-packing in G(S). We then define S < F” as follows: For each F’ € F', let

F! be an (arbitrary) copy of F' on vertex set S UV (F”) such that F(S) = F'. Let
S<aF ={F,: F' e F'}.

The following proposition is crucial and guarantees that the above extension yields

a packing which covers the desired set of edges. It is also used in the construction of
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so-called ‘transformers’ (see Section 2.8.1).

Proposition 2.7.9. Let F, r, i, T, G, S be as in Definition 2.7.8. Let L C G(S)=7.
Suppose that F' is a k-well separated F(T)-decomposition of G(S)[L]. Then F := S<aF'

is a k-well separated F-packing in G and {e € F") : S Ce}=SWL.

In particular, if L = G(S)"9, i.e. if 7' is a s-well separated F(T')-decomposition of
G(S), then F is a k-well separated F-packing in G which covers all r-edges of G that

contain S.

Proof. We first check that F is an F-packing in G. Let f := |[V(F)|. For each F’ €
F', we have V(F') € G(S)[L]V=) C G(S)¥~9. Hence, V(F!) € GY). In particular,
GV (F!)] is a clique and thus F” is a subgraph of G"). Suppose, for a contradiction,
that for distinct F', F” € F', F! and F! both contain ¢ € G, By (WS1) we have
that |[V(F") N V(F")| < r — i, and thus we must have e = S U (V(F") N V(F")). Since
V(FYNV(F") € G(S)[L], we have e\ S € G(S)[L]"9, and thus e\ S belongs to at
most one of F" and F”. Without loss of generality, assume that e\ S ¢ F’. Then we have
e\ S ¢ F/(S) and thus e ¢ F’, a contradiction. Thus, F is an F-packing in G.

We next show that F is k-well separated. Clearly, for distinct F', F” € F', we have
\V(FH)NV(F!)| <r—i+|S| =r,so (WS1) holds. To check (WS2), consider e € (V(TG)).
Let €’ be an (r —i)-subset of e\ S. By definition of F, we have that the number of F!, € F
with e C V(F) is at most the number of F' € F’ with ¢ C V(F"), where the latter is at
most k since F’ is k-well separated.

Finally, we check that {e € F : S C e} = Sw L. Let e be any r-set with S C e.
By Definition 2.7.8, we have e € F™ if and only if e \ S € F'"~9. Since F' is an F(T)-
decomposition of G(S)[L]"~" = L, we have e\ S € F'"~9 if and only if e\ S € L. Thus,

ec F if and only if e € SW L. O
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2.7.2 Existence of vortices

The goal of this subsection is to prove Lemma 2.7.4, which guarantees the existence of a

vortex in a supercomplex.

Fact 2.7.10. For all py,ps € [0,1] and i,n € Ny, we have

Z bin(n, p1, j)bin(j, pe, 1) = bin(n, p1ps, ). (2.7.1)

j=i

Proposition 2.7.11. Let 1/n < & < py, pio, 1 — o, &, 1/f and r € [f —1]. Let G be a
complex on n vertices and suppose that U is (g, u1, &, f,r)-random in G. Let U’ be a ran-
dom subset of U obtained by including every vertex from U independently with probability
pia. Then whp for all W C U of size |W| < |UPP°, U AW s (e + 05U 7Y, pypun, € —
0.5|U|~YS, f,r)-random in G.
Proof. Let Y C G) and d > ¢ be such that (R1)-(R4) hold for U. By Lemma 2.5.10(i)
we have that whp |U’| = u,|U|Z|U[>/°. So for any admissible W, we have that |[U' AW| =
pa|U| £ 20U 3% = piypiagn = (pan®? + 2n/%) = pypign + n/3, implying (R1).

We next check (R2). For all z € [f — 7]y and e € G, we have that |Q..| =
(1 £ e)bin(f — 7, 1, x)dn’~", where Q., = {Q € G[Y]P(e) : |QNU| = x}. Consider
e € G™ and z,y € [f —r]o. We view Q. as a (f — r)-graph and consider the random
subgraph Q. ., containing all Q) € Q. , such that |Q N U'| = y.

By the random choice of U’, for all e € G and z,y € [f — ]y, we have

E" Qe,r,y‘ = bZTl(;U’ 2, y) ‘ Qe,z | .

Thus, by Corollary 2.5.14 whp we have for all e € G and x,y € [f — 7]y that

(el = (L 07 )bin(z, 112, ) | Qe
= (1 £ n~ Y bin(x, o, y)(1 £ e)bin(f — r, p1, x)dn! "

= (1% (e + 207 YO bin(f — 7, pa, 2)bin(z, po, y)dn' .
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Assuming that the above holds for U’, we have for all y € [f — 7]y, e € G and W C U

of size [W| < |U|?/® that

f-r
HQ e GV (e) - QN U AW)| =y} =Y [Qewyl £ W/
z=y
f-r
- Z(l + (e + 20~ YO bin(f — r, py, x)bin(x, po, y)dnf =" £ n=2Pnfr
z=y

=7 (1 (e 4 3n" YN bin(f — 7, papa, y)dn? "

We now check (R3). Consider e € G and let Q, := G[Y]U+")(e)[U]. We have
|Q.| > &(n)?. Consider the random subgraph of Q! consisting of all f-sets Q € Q.
satisfying Q C U’. For every Q € Q., we have P(Q C U = ,ug. Hence, E\Q’e\ =
15)Qc| > €(papen)’. Thus, using Corollary 2.5.14 and a union bound, we deduce that
whp for all e € G™, we have |G[Y]U*7)(e)[U]| > (1 — |U|7Y®)¢(puypuan)?. Assuming that
this holds for U’, it is easy to see that for all W C U of size |W| < |U[*/®, we have
GV (U AW]| = (1= [U7P)E(papan) — [Wn/ =t > (& = 2|U %) (papen).

Finally, we check (R4). Let h € [r]p and B € G™ with 1 < |B| < 2". Since U is
(e, p1,€, f,r)-random in G, we have that (,.; G(b)[U] is an (,&, f — h,r — h)-complex.
Then, by Proposition 2.5.16, with probability at least 1 — e~ IUl/8 M, _, G(b)[U" A W] is
an (¢ + 4|U|7Y/5,¢ = 3|U|7Y/5, f — h,7 — h)-complex for all W C U of size |W| < |U[3/°.

Thus, a union bound yields the desired result. 0

Proposition 2.7.12. Let 1/n < e < py, pio, 1 — o, &, 1/f and r € [f —1]. Let G be a
complex on n vertices and let U C V(G) be of size |pin]| and (e, p1, &, f,r)-random in G.

Then there exists U C U of size |ua|U|| such that
(1) U is (e 4 |U|7YS, po, & — |U|VS, f,7)-random in G[U] and

(i) UNU s (e + [U[7Y5 m (1 — o), € = [U|M, f7)-random in G.

Proof. Pick U’ C U randomly by including every vertex from U independently with

probability . Clearly, by Lemma 2.5.10(i), we have with probability at least 1—2e~2IU1"'"
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that |U’| = pe|U| £ |U[Y7.

It is easy to see that U is (e +0.5|U|~Y/6 1,6 —0.5|U|~V8, f,7)-random in G[U]. Hence,
by Proposition 2.7.11, whp U’ AW is (¢ + |U|7Y5, yg, € — |U|Y/S, f,7)-random in G[U] for
all W C U of size |W| < |U[|*/®. Moreover, since U” := U\ U’ is a random subset obtained
by including every vertex from U independently with probability 1— o, Proposition 2.7.11
implies that whp U” A W is (e + 0.5|U| 7Y, 1 (1 — o), & — 0.5|U|/¢, f,r)-random in G
for all W C U of size |W| < |U|*/®.

Let U’ be a set that has the above properties. Let W C V(G) be a set with |IWW| <
|U® such that [U' A W| = |ue|U|] and let U := U’ A W. By the above, U satisfies (i)
and (ii). O

We can now obtain a vortex by inductively applying Proposition 2.7.12.

Proof of Lemma 2.7.4. Recursively define ng := n and n; := |pun;_1]. Observe that
pwn > n; > pin — 1/(1 — p). Further, for i € N, let a; := 2n~'/ > icl pU=D/6 Tet
¢:=1+max{i >0 : n; >m'} and let m := ny. Note that |um’| < m < m'. Moreover,

we have that

-1,,\—1/6

4/6#4/6 -1 < 2(# n)
,u_1/6—1_ 1_N1/6 — 1_M1/6_

since u=tn > ne_y > m'.

By Fact 2.7.2, Uy := V(G) is (¢/§,1,¢, f,r)-random in G. Hence, by Proposi-
tion 2.7.12; there exists a set U; C Uy of size ny such that Uy is (v/e + ay, 1, € — aq, f,7)-
random in G[Up|. If £ = 1, this completes the proof, so assume that ¢ > 2.

Now, suppose that for some i € [¢ — 1], we have already found a (v/e + a;, 1, & —
a;, f,r,n;)-vortex Up,...,U; in G. Note that this is true for i = 1. In particular, U; is
(Ve + ag, 1, € — ag, f,r)-random in G[U;_41] by (V4). By Proposition 2.7.12, there exists a
subset U;,1 of U; of size n;yq such that Uy is (v + a; + n;l/G,p,g —a; — ni_l/G, for)-
random in G[U;] and U; \ Uiy is (vE + a; +n; Y u(1 = ), € — a; —n; V%, f,7)-random

in G[U;_1]. Thus, Uy, ...,Uis1 is a (Ve + aiy1, 1, § — aig1, fo7, nig1)-vortex in G.
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Finally, Uy, ..., U, is an (\/ + ag, i, & — ayg, f,r,m)-vortex in G. O

Proposition 2.7.13. Let 1/n < ¢ < 1,&,1/f such that p < 1/2 and r € [f —1].
Suppose that G is a complex on n vertices and U is (g, u, &, f,r)-random in G. Suppose
that L C G and O C GU*Y satisfy A(L) < en and A(O) < en. Then U is still
(Ve i, & — /e, fyr)-random in G — L — O.

Proof. Clearly, (R1) still holds. Moreover, using Proposition 2.5.7 it is easy to see that
(R2) and (R3) are preserved. To see (R4), let h € [r]y and B C (G — L — O)® with
1 <|B| < 2". By assumption, we have that ),z G(b)[U] is an (¢, &, f —h,r — h)-complex.
By Fact 2.5.8, we can obtain (),.5(G — L — O)(b)[U] from (),.5 G(b)[U] by successively
deleting (r—|S|)-graphs L(S) and (r+1—|S|)-graphs O(S), where S C b € B. There are at
most 2|B|2" < 22+ such graphs. By Fact 2.5.1, we have A(L(S)) < en < &23|U — | B|
if |S| < r. If |S| = r, we have S € B and thus L(S) is empty, in which case we can ignore
its removal. Moreover, again by Fact 2.5.1, we have A(O(S)) < en < &2/3|U —J B| for all
S C b e B. Thus, a repeated application of Proposition 2.5.9(iv) (with r — |S|,r — h, f —
h, L(S),?/? playing the roles of v',r, f, H,~v or with » + 1 — |S|,r — h, f — h, O(S), &>
playing the roles of +',r, f, H,~, respectively) shows that (,.5(G — L — O)(b)[U] is a
(Ve & — /e, f — h,r — h)-complex, as needed. O

2.7.3 Existence of cleaners

Recall that the Cover down down lemma guarantees the existence of a suitable ‘cleaning
graph’ or ‘partial absorber” which allows us to ‘clean’ the leftover of an application of the
F-nibble lemma in the sense that the new leftover is guaranteed to lie in the next vortex
set. For technical reasons, we will in fact find all cleaning graphs first (one for each vortex
set) and set them aside even before the first nibble.

The aim of this subsection is to apply the Cover down lemma to each ‘level’ i of

the vortex to obtain a ‘cleaning graph’ H; (playing the role of H*) for each i € [{] (see
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Lemma 2.7.15). Let G be a complex and Uy 2 U; 2 -+ D U, a vortex in G. We say that

Hy,...,Hyis a (v,v, K, F)-cleaner (for the said vortex) if the following hold for all i € [¢]:
(C1) H; € GOUi] = GOUs1], where Upyy = 0

(C2) A(H;) < v|Ui-al;

(C3) H; and H;,, are edge-disjoint, where Hy ;1 := (J;

(C4) whenever L C GM[U;_,] is such that A(L) < v|U;_,| and H; U L is F-divisible and
O is an (r 4+ 1)-graph on U;_; with A(O) < 4|U;_1], there exists a rk-well separated
F-packing F in G[H; U L][U;-1] — O which covers all edges of H; U L except possibly

some inside Uj;.

Note that (C1) and (C3) together imply that Hy,..., Hy are edge-disjoint. The fol-

lowing proposition will be used to ensure (C3).

Proposition 2.7.14. Let 1/n < & < p,€,1/f and r € [f —1]. Let & := £(1/2)"+1,
Let G be a complex on n vertices and let U C V(G) of size un and (&, u, &, f,r)-random

in G. Suppose that H is a random subgraph of G obtained by including every edge of

_pl/10
)

G independently with probability 1/2. Then with probability at least 1 — e
(1) U is (e, 1, &, fyr)-random in G[H] and

(ii) G is (y/E, f,r)-dense with respect to H — GM[U], where U := V(G)\ U.

Proof. Let Y C GY) and d > ¢ be such that (R1)-(R4) hold for U and G. We first
consider (i). Clearly, (R1) holds. We next check (R2). For e € G and x € [f — 7], let
Q.. ={Q e GY]D(e) : |QNU| =z} Thus, |Q..| = (1 e)bin(f —r,p, x)dn!".
Consider e € G™ and = € [f — 7]p. We view Q. as a (f — r)-graph and consider
the random subgraph Q; , containing all Q € Q.. such that (Qfe) \ {e} € H. For each

Q € Qecy, We have P(Q € Q. ) = (1/2)(7()*1. Thus, using Corollary 2.5.14 we deduce
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that with probability at least 1 — e~ ""% we have

QL. = (1£)E|Q.,| = (1 +e)(1/2)) (1 £ e)bin(f — r, p,x)dn’ "

= (1 + \/E)d’b'm(f - T, x)dnfi?y

where d' := d(1/ 2)(7{) 1> ¢’ Thus, a union bound yields that with probability at least
1—e " (R2) holds.

Next, we check (R3). By assumption, we have |G[Y]Y+)(e)[U]] > &(un)? for all
e € G, Let Q. := G[Y]Y*")(e)[U] and consider the random subgraph Q' containing all
Q € Q. such that (*Y)\ {e} C H. For each Q € Q., we have P(Q € Q') = (1/2)(fir)71.

nl/6

Thus, using Corollary 2.5.14 we deduce that with probability at least 1 —e™ " we have

Q= (1+)E|Q] > (1—)(1/2)F )7 e(un)! > € (un),

and a union bound implies that this is true for all e € G with probability at least
1—e "

Next, we check (R4). Let h € [r]p and B € G™ with 1 < |B| < 2". We know
that (,cp G(0)[U] is an (¢, f — h,7 — h)-complex. By Proposition 2.5.18 (applied with
GIUU B], {GIUU| B]™} playing the roles of G, P), with probability at least 1—e 11",
Mo GIH]()[U] is a (e, &, f — h, 7 — h)-complex. Thus, a union bound over all h € [r],
and B € G™ with 1 < |B| < 2" yields that with probability at least 1 — e (R4)
holds.

Finally, we check (ii). Consider e € G and let Q. := G[(G") — GM[U]) U e]P(e).
Note by (R2), we have |G[Y]P(e)[U]| = (1 £ e)bin(f — r,p, f — r)dn/™", so |Q.| >
IGIY]D (e)[U]| > (1 —e)ép/~™n/~". We view Q. as a (f — r)-graph and consider the
random subgraph @/, containing all Q) € Q. such that (Qfe) \{e} € H. For each Q € Q.,

we have P(Q € Q) = (1/2)(16)71. Thus, using Corollary 2.5.14 we deduce that with
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probability at least 1 —e™ we have

Q| > 0.9E|Q.| > 0.9(1/2)() (1 — e)ep! n/ ™ > \Jen! 7

A union bound easily implies that with probability at least 1 — e_"m, this holds for all
ec G, O

The following lemma shows that cleaners exist.

Lemma 2.7.15. Let I/m < 1/k € v < e K v < 1,& 1/f be such that p < 1/2 and
r € [f —1]. Assume that (x); is true for all i € [r — 1] and that F is a weakly regular r-
graph on f vertices. Let G be a complex and Uy D Uy D --- D Uy an (e, u, &, f,r, m)-vortex

in G. Then there ezists a (v, v, k, F')-cleaner.

Proof. For i € [(], define U] := U; \ U;y1, where Upq := 0. For i € [¢ — 1], let
pi = pu(l —p), and let pp := p. By (V4) and (V5), we have for all ¢ € [¢] that U] is
(e, piy &, f,r)-random in G[U;_4].

Split G randomly into Gy and G, that is, independently for every edge e € G,
put e into Gy with probability 1/2 and into G otherwise. We claim that with positive

probability, the following hold for every i € [(]:
(i) U!is (v, i, £(1/2)®+D £ ) random in GG mod 2)[Ui-1];
(ii) G[Ui_1] is (v/&, f,r)-dense with respect to G mod 2[Ui—1] — G [U;_1 \ UJ].

By Proposition 2.7.14, the probability that (i) or (ii) do not hold for i € [¢] is at most
e 101 < |7, 172, Since Zle |U;_1]7% < 1, we deduce that with positive probability,
(i) and (ii) hold for all i € [/].

Therefore, there exist Go, G satisfying the above properties. For every i € [¢], we will
find H; using the Cover down lemma (Lemma 2.7.7). Let ¢ € [¢]. Apply Lemma 2.7.7

with the following objects/parameters:

r

object/parameter | G[G} mod 2][Ui—1] ‘ Uj | GlUi-1] ‘ F ‘ |Ui—1] ‘ K ‘ v ‘ NCHZ ‘ pi | €(1/2)® D ‘ f

playingtheroleof‘ G ‘ U ‘ G ‘F‘ n ‘K ‘ ¥ I/‘ m ‘ I3 ‘f T



Hence, there exists

H; C Gimod2Ui—1] — Gimoa 2[Ui—1 \ U{] € G mod 2[Ui-1] — G0 [Uit1]

with A(H;) < v|U;_1| and the following ‘cleaning’ property: for all L C GM[U;_;] with
A(L) < v|U;_1| such that H; U L is F-divisible and all (r + 1)-graphs O on U;_; with
A(O) < 4|U;_4], there exists a k-well separated F-packing F in G[H;UL][U;_1] — O which
covers all edges of H; U L except possibly some inside U] C U;. Thus, (C1), (C2) and (C4)
hold.

Since Gy and G are edge-disjoint, (C3) holds as well. Thus, Hy,...,Hyisa (v, v, k, F)-

cleaner. O

2.7.4 Obtaining a near-optimal packing

Recall that Lemma 2.7.5 guarantees an F-packing covering all edges except those in the
final set U, of a vortex. We prove this by applying successively the F-nibble lemma

(Lemma 2.6.5) and the definition of a cleaner to each set U; in the vortex.

Proof of Lemma 2.7.5. Choose new constants v, v > 0 such that

I/m<l/pgy<egr <K l/f.

Apply Lemma 2.7.15 to obtain a (v,v, k, F')-cleaner Hy,..., H,. Note that by (V4)
and Fact 2.7.2(ii), G[U;] is an (g,&, f,r)-supercomplex for all ¢ € [¢], and the same holds
for : = 0 by assumption. Let Hyyq := () and Uy := 0.

For i € [{]p and F;, define the following conditions:
(FP1*); F7 is a 4k-well separated F-packing in G — H;y; — GO [U;y4];
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(FP2*); F; covers all edges of G that are not inside Uj;
(FP3*); for all e € GO[U}], |F=P(e)| < 2x;
(FP4); AGFU]) < plUi

Note that (FP1*)o—(FP4*)o hold trivially with F§ := (). We will now proceed induct-
ively until we obtain F; satisfying (FP1*),~(FP4*),. Clearly, taking F := F; completes
the proof (using (FP1*), and (FP2*),).

Suppose that for some ¢ € [¢], we have found F} ;| such that (FP1*),_1—(FP4*);_; hold.
Let

Gi = GlUi] — (F% UHi UGO[U ) — FETY.
We now intend to find F; such that:
(FP1) F; is a 2k-well separated F-packing in G;;
(FP2) F; covers all edges from GM[U;_1] — F") that are not inside U;;
(FP3) A(F" V) < plUi)

We first observe that this is sufficient for F; := F; | UF; to satisfy (FP1*),—(FP4*);. Note
that F") and F;") are edge-disjoint, and F; and F;_, are (r + 1)-disjoint by definition
of G;. Together with (FP1*);_; this implies that F; is a well separated F-packing in
G — Hyyy — GU[Ug,). Let e € G, If e € U;_y, then ].Eg(f)(e)] = 0 and hence
=) = |F5D(e)| < 4k. If e C Uiy, then we have |F=Y(e)| = |F5P(e)| +

1—1

|]-"f(f)(e)| < 4k by (FP3*),_; and (FP1). Thus, F; is 4k-well separated and (FP1*);
holds.

Clearly, (FP2*);_; and (FP2) imply (FP2*);. Moreover, observe that F;~"[Uj] is
empty by (FP1%);_;. Thus, (FP3*); holds since F; is 2k-well separated, and (FP3) implies
(FP4%),.

It thus remains to show that F; satisfying (FP1)—(FP3) exists. We will obtain F; as

the union of two packings, one obtained from the F-nibble lemma (Lemma 2.6.5) and one
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using (C4). Let Gipappie := GUs_1] — (FrD UH, UG [U;) = FrSU . Recall that G[U;_ 4]

is an (g,&, f,r)-supercomplex. In particular, it is (e, d, f,r)-regular for some d > &, and

(&, f + r,r)-dense. Note that by (FP4*);_1, (C2) and (V2) we have
AFR V)V H: UG < plUsa] + vUia] + plUia] < 3pUia ]

Moreover, A(.Fi*i(rﬂ)) <4r(f —r) < u|U;—1| by Fact 2.5.4(i). Thus, Proposition 2.5.9(i)

and (ii) imply that G nipe is still (273, d, f,r)-regular and (£/2, f + r,r)-dense. Since

p < &, we can apply Lemma 2.6.5 to obtain a s-well separated [-packing F; nipbie in

Glinivble such that A(L; pippie) < %7|Uz~_1|, where L; pippie := Gggibble — E(,:l)ibble. Since by
(FP2%),_,.

GO~ F) = Fue = GOWU] = B = Flue

= (Gz('TTZibble UH; UGVU]) — ‘E(,Qibble

= H;U G [Ui] U L nivbies

we know that H; U G (U] U Ly pipie is F-divisible. By (C1) and (C3), we know that
Hi 1 UGM[U; 1] € GM[U;] — H;. Moreover, by (C2) and Proposition 2.5.9(v) we have
that G[U;] — H; is a (2u,£/2, f,r)-supercomplex. We can thus apply Corollary 2.6.10
(with G[U;] — H;, Hiy1 UG U4, 2p playing the roles of G, H, ¢) to find an F-divisible
subgraph R; of GM[U;] — H; containing H;,; U G [Uj,,] such that A(Ljyes) < %’y[Uil,
where L; e, :== GO[U;] — H; — R;.

Let L; := Li nippie U Li es. Clearly, Ly € G [U;_1] and A(L;) < v|U;_1|. Note that

H; ULy = (H; W (GOU] — H) U L i) — Ry = G0 — F) — Fll — Ry (2.7.2)

1—

is F-divisible. Moreover, A(F; 5" U ]—'fé;gll)) < 5k(f — r) by Fact 2.5.4(i). Thus, by

e
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(C4) there exists a x-well separated F-packing F; geqn i

Gi,clean = G[Hz ) Lz][szl] - ‘F'*Sl(rJrl) - ‘F,Sn(:bgl}e)

1— K3

which covers all edges of H; U L; except possibly some inside U;.

We claim that F; := F; pipbie U Fi ciean 1S the desired packing. Since fz’%bble and .E(’zgean
are edge-disjoint and F; pippre and Fi gean are (r + 1)-disjoint, we have that F; is a 2k-
well separated F-packing by Fact 2.5.4(ii). Moreover, it is easy to see from (C1) that

Ginisle C Gi. Crucially, since R; was chosen to contain H,,; U G™[U;4], we have from

(FP2*)z,1 that

(2.7.2)

HUL € GUUi] - R — -7::_(? C GVU] - (.7:@_(? U Hip UG [Ui])

and thus G; qean € G; as well. Hence, (FP1) holds.
Clearly, F; covers all edges of G [U;_4] —.7-":7(? that are not inside U;, thus (FP2) holds.
Finally, since }—i(,;)ibble[Ui] is empty, we have A(F[U1]) < A(H;UL;) < v|Us_1|+4|Ui_1| <

p|U;|, as needed for (FP3). O

2.8 Absorbers

In this section we show that for any (divisible) r-graph H in a supercomplex G, we can
find an ‘exclusive’ absorber r-graph A (as discussed in Section 2.1.7, one may think of
H as a potential leftover from an approximate F-decomposition and A will be set aside
earlier to absorb H into an F-decomposition). The following definition makes this precise.
The main result of this section is Lemma 2.8.2, which constructs an absorber provided
that F' is weakly regular. Building on [9], we will construct absorbers as a concatenation
of ‘transformers’ and special ‘canonical graphs’. The goal is to transform an arbitrary

divisible r-graph H into a canonical graph. In the following subsection, we will construct
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transformers. In Section 2.8.2, we will prove the existence of suitable canonical graphs.

We will prove Lemma 2.8.2 in Section 2.8.3.

Definition 2.8.1 (Absorber). Let F, H and A be r-graphs. We say that A is an
F-absorber for H if A and H are edge-disjoint and both A and A U H have an F-
decomposition. More generally, if G is a complex and H C G, then A C G is a k-well
separated F-absorber for H in G if A and H are edge-disjoint and there exist r-well
separated F-packings F, and F, in G such that F."” = A and " = AU H.

Lemma 2.8.2 (Absorbing lemma). Let 1/n < 1/k < v,1/h,e < &, 1/f and r € [f —1].
Assume that (x); is true for alli € [r—1]. Let F be a weakly regular r-graph on f vertices,
let G be an (g,€, f,r)-supercomplex on n vertices and let H be an F-divisible subgraph of
G with |H| < h. Then there exists a k-well separated F-absorber A for H in G with
A(A) < n.

We now briefly discuss the case r = 1. We write V(F) = {z1,...,2¢} and can assume
that F = {{z1},...,{x:}} for some ¢ € [f].

Assume first that H = {e;,...,e;}. Choose any f-set Qo € GY) and write Qy =
{v1,...,vs}. Let Fy be a copy of F' with vertex set () such that Fy = {{v1},..., {v}}.
Now, for every i € [t], choose a Q; € G (e;) N GP) ({v;}) (cf. Fact 2.5.6). Choose these
sets such that |J H,Qo, ..., Q: are pairwise disjoint. For every i € [t], let F; and F] be
copies of F' such that V(F;) = Q;Ue;, V(F]) = Q; U{v;} and F; A F! = {e;, {vi}}.

Now, let A := .y F/. Then F, := {FY,..., F/} is a 1-well separated F-packing in

i€lt]
G with F = A, and F, := {Fpy, F1,..., F} is a 1-well separated F-packing in G with
FV = AuH. Thus, A is a 1-well separated F-absorber for H in G. More generally, if
H is any F-divisible 1-graph, then ¢ | |H|, so we can partition the edges of H into |H|/t
subgraphs of size t and then find an absorber for each of these subgraphs (successively

so that they are appropriately disjoint.) Thus, for the remainder of this section, we will

assume that » > 2.
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2.8.1 Transformers

Roughly speaking, a transformer 7' can be viewed as transforming a given leftover graph

H into a new leftover H' (where we set aside T" and H' earlier).

Definition 2.8.3 (Transformer). Let F' be an r-graph, G a complex and assume that
H,H' C G". A subgraph T C G is a k-well separated (H, H'; F)-transformer in G if T
is edge-disjoint from both H and H’ and there exist x-well separated F-packings F and
F'in G such that F) =T U H and F'") =T U H'.

Our ‘Transforming lemma’ (Lemma 2.8.5) guarantees the existence of a transformer for
H and H' if H' is obtained from H by identifying vertices (modulo deleting some isolated
vertices from H'). To make this more precise, given a multi-r-graph H and z,2" € V(H),
we say that x and 2’ are identifiable if |H({x,2'})| = 0, that is, if identifying = and 2’ does
not create an edge of size less than r. For multi-r-graphs H and H', we write H 23 H' if
there is a sequence Hy, ..., H; of multi-r-graphs such that Hy = H, H, is obtained from
H’ by deleting isolated vertices, and for every i € [t], there are two identifiable vertices
x,x’ € V(H;_1) such that H; is obtained from H; ; by identifying x and x’.

If H and H' are (simple) r-graphs and H »3 H'  we just write H ~» H’ to indicate the
fact that during the identification steps, only vertices z, 2’ € V(H;_1) with H;_({z}) N
H; 1({z'}) = 0 were identified (i.e. if we did not create multiple edges).

Clearly, »3 is a reflexive and transitive relation on the class of multi-r-graphs, and ~~
is a reflexive and transitive relation on the class of r-graphs.

It is easy to see that H ~~» H' if and only if there is an edge-bijective homomorphism
from H to H’ (see Proposition 2.8.4(i)). Given r-graphs H, H', a homomorphism from
H to H' is a map ¢: V(H) — V(H') such that ¢(e) € H' for all e € H. Note that
this implies that ¢[. is injective for all e € H. We let ¢(H) denote the subgraph of H’
with vertex set ¢(V(H)) and edge set {¢(e) : e € H}. We say that ¢ is edge-bijective
if |H| = |¢p(H)| = |H'|. For two r-graphs H and H', we write H 2 H it ¢ is an

edge-bijective homomorphism from H to H'.
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We now record a few simple observations about the relation ~~ for future reference.
Proposition 2.8.4. The following hold.

(i) H ~ H' if and only if there exists ¢ such that H 2.

(ii) Let Hy, Hy,..., Hy, H] be r-graphs such that Hy, ..., H, are vertez-disjoint and Hj, . ..

are edge-disjoint and H; = H] for alli € [t]. Then

Hy+--+H;~ H WU---UH].

(iii) If H ~ H' and H is F-divisible, then H' is F-divisible.

The following lemma guarantees the existence of a transformer from H to H' if I is
weakly regular and H ~» H’. The proof relies inductively on the assertion of the main

complex decomposition theorem (Theorem 2.4.7).

Lemma 2.8.5 (Transforming lemma). Let 1/n < 1/k < v,1/h,e < &, 1/f and2 <r <
f. Assume that (x); is true for all i € [r — 1]. Let F be a weakly reqular r-graph on f
vertices, let G be an (g,€, f,r)-supercomplex on n vertices and let H, H' be vertex-disjoint
F-divisible subgraphs of G") of order at most h and such that H ~ H'. Then there exists

a k-well separated (H, H'; F')-transformer T" in G with A(T') < yn.

A key operation in the proof of Lemma 2.8.5 is the ability to find ‘localised trans-
formers’. Let ¢ € [r — 1] and let S C V(H), S C V(H') and S* C V(F) be sets of size
i. For an (r —i)-graph L in the link graph of both S and §’, we can view an F(S*)-
decomposition F, of L (which exists by (x),_;) as a localised transformer between S'& L
and S’ W L. Indeed, similarly to the situation described in Sections 2.4.2 and 2.7.1, we
can extend Fi ‘by adding S back’ to obtain an F-packing F which covers all edges of
Sw L. By ‘mirroring’ this extension, we can also obtain an F-packing F’ which covers all
edges of S’ W L (see Definition 2.8.8 and Proposition 2.8.9). To make this more precise,

we introduce the following notation.
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Definition 2.8.6. Let V be a set and let Vi, V5 be disjoint subsets of V' having equal size.
Let ¢: Vi — V4 be a bijection. For a set S C V' \ Va, define ¢(S) := (S'\ Vi) U (SN V).
Moreover, for an r-graph R with V(R) C V' \ V,, we let ¢(R) be the r-graph on ¢(V (R))
with edge set {¢(e) : e € R}.

The following facts are easy to see.

Fact 2.8.7. Suppose that V', V1, Vo and ¢ are as above. Then the following hold for every
r-graph R with V(R) CV \ Va:

(i) ¢(R) = R;

(ii) if R= Ry YU...U Ry, then ¢(R) = ¢(R1) U ... U d(Ry) and thus ¢(Ry) = ¢(R) —
¢(Ra) — -+ — ¢(Rx).

The following definition is a two-sided version of Definition 2.7.8.

Definition 2.8.8. Let F' be an r-graph, i € [r — 1] and assume that S* € (V(Z.F)) is

v(©)

(2

such that F'(S*) is non-empty. Let G be a complex and assume that S;, Sy € ( ) are
disjoint and that a bijection ¢: S; — Sy is given. Suppose that F’ is a well separated
F(S*)-packing in G(S1) NG(S,). We then define Sy < F'> S5, as follows: For each F’ € F'
and j € {1,2}, let F] be a copy of F' on vertex set S; UV (F”) such that Fj(S;) = F’ and

such that ¢(F7]) = F}. Let

Fr={F : F e F'};
Fo:=A{F, : F' e F'};

Sl a4F > SQ = (fl,fg).

The next proposition is proved using its one-sided counterpart, Proposition 2.7.9. As

in Proposition 2.7.9, the notion of well separatedness (Definition 2.4.5) is crucial here.

Proposition 2.8.9. Let F, r, 7, S*, GG, S1, Sy and ¢ be as in Definition 2.8.8. Suppose
that L C G(S1)""9NG(Sy)" and that F' is a k-well separated F(S*)-decomposition of
(G(S1) NG(S2))[L]. Then the following holds for (Fi, Fo) = S1 < F' > Sy:
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(i) for j € [2], F; is a k-well separated F-packing in G with {e € .}'](r) : 5 Ce} =

Sj () L,'

(i) V(F") CV(G)\ Sy and o(F(") = 7.
Proof. Let j € [2]. Since (G(S1) N G(S2))[L] C G(S;), we can view F; as S; < F'
(cf. Definition 2.7.8). Moreover, since (G(S;) N G(S))[L]"™) = L = G(S;)[L]"", we
can conclude that F’ is a k-well separated F(S*)-decomposition of G(S;)[L]. Thus, by
Proposition 2.7.9, F; is a x-well separated F-packing in G with {e € .7-";T) 0 S; Cet =
S; W L.
Moreover, we have V(F") C Uper V(F]) € V(G)\ Sz and by Fact 2.8.7(ii)

oFO) =o(|J F)= U o= | B=F.

FIeF! F/eF! FIeF!
O

We now sketch the proof of Lemma 2.8.5. Suppose for simplicity that H’ is simply a
copy of H, i.e. H = ¢(H) where ¢ is an isomorphism from H to H'. We aim to construct
an (H, H'; F)-transformer. In a first step, for every edge e € H, we introduce a set X, of
|V(F)| — r new vertices and let F, be a copy of F' such that V(F,) =eU X, and e € F,.
Let Ty := U,y FelXe] and Ry = U,cy Fe — Ty — H. Clearly, {F, : e € H} is an F-
decomposition of HU Ry UT;. By Fact 2.8.7(ii), we also have that {¢(F,) : e€ H} is an
F-decomposition of H'U¢(R;)UT. Hence, Ty is an (H U Ry, H' U¢(R,); F')-transformer.
Note that at this stage, it would suffice to find an (Ry, ¢(R;); F')-transformer 77, as then
Ty UT{ U Ry U@(Ry) would be an (H, H'; F)-transformer. The crucial difference now to
the original problem is that every edge of R; contains at most r — 1 vertices from V(H).
On the other hand, every edge in R; contains at least one vertex in V(H) as otherwise
it would belong to 7. We view this as Step 1 and will now proceed inductively. After
Step i, we will have an r-graph R; and an (HU R;, H' U¢(R;); F')-transformer T; such that
every edge e € R; satisfies 1 < |eNV(H)| < r —i. Thus, after Step r we can terminate

the process as R, must be empty and thus 7, is an (H, H'; F')-transformer.
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In Step i+ 1, where ¢ € [r — 1], we use (x); inductively as follows. Let R, consist of all
edges of R; which intersect V(H) in r — i vertices. We decompose R, into ‘local’ parts.
For every edge e € R}, there exists a unique set S € (VT(_I?) such that S C e. For each
S € (‘2(5)), let Lg := R;(S). Note that the ‘local’ parts S & Lg form a decomposition
of R,. The problem of finding R;;; and T;;; can be reduced to finding a ‘localised
transformer’ between S Lg and ¢(S)W Lg for every S, as described above. At this stage,
by Proposition 2.5.3, Lg will automatically be F'(S*)-divisible, where S* € (‘i(_FZ)) is such
that F'(S*) is non-empty. If we were given an F(S*)-decomposition F§ of Lg, we could
use Proposition 2.8.9 to extend F§ to an F-packing Fg which covers all edges of SW Lg,
and all new edges created by this extension intersect S (and V(H)) in at most r — 7 — 1
vertices, as desired. It is possible to combine these localised transformers with 7T; and R;
in such a way that we obtain 7}, and R;;.

Unfortunately, (G(S) N G(¢(S5)))[Ls] might not be a supercomplex (one can think of
Lg as some leftover from previous steps) and so Fg may not exist. However, by Propos-
ition 2.5.5, we have that G(S) N G(¢(S)) is a supercomplex. Thus we can (randomly)
choose a suitable i-subgraph Ag of (G(S) N G(¢(S)))® such that Ag is F(S*)-divisible
and edge-disjoint from Lg. Instead of building a localised transformer for Lg directly, we

will now build one for Ag and one for Ag U Lg, using (*); both times to find the desired

F(S*)-decomposition. These can then be combined into a localised transformer for Lg.

Lemma 2.8.10. Let 1/n < v < v,1/k,e < §1/f and 1 < i <r < f. Assume that
(*)r—; 1s true. Let F' be a weakly reqular r-graph on f vertices and assume that S* € (V(z.F))
is such that F(S*) is non-empty. Let G be an (g,&, f,r)-supercomplex on n wvertices, let
51,85 € GO with Sy NSy =0, and let ¢: Sy — Sy be a bijection. Moreover, suppose that
L is an F(S*)-divisible subgraph of G(S1)"=9 N G(Sy) "= with |V (L)| < v'n.

Then there exist T, R C G) such that the following hold:

(TR1) V(R) CV(G)\ Sz and leN Sy| € [i — 1] for alle € R (so if i = 1, then R must be

empty since [0] = 0);
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(TR2) T is a (k + 1)-well separated ((S1 W L) U ¢(R), (Se W L) U R; F)-transformer in G;

(TR3) |V(TUR)| < n.

Proof. We may assume that v/ < v < 1/k,e. Choose pu > 0 with v < p < v < 1/k, €.
We split the argument into two parts. First, we will establish the following claim, which
is the essential part and relies on (x),_;.

Claim 1: There exist T, Ry a, Riaur C G") and k-well separated F-packings .7:"1, .7:"2 m G

such that the following hold:
(trl) V(R1,aU Ry aur) CV(G)\ Se and |en Sy| € [i — 1) for alle € Ry 4 U Ry auL;

(tr2) T,5 WL, SowWL, Ry a, ¢(R14), Riaur, ¢(RiauL) are pairwise edge-disjoint sub-

graphs of G ;
(tr3) F" =T U (S1WL)U Ry aup UG(Ria) and FS =T U (Sy W L) URyAUG(RyauL):

(trd) |V(T'U Ry 4 U Ry aup)| < 2un.

Proof of claim: By Corollary 2.5.17 and Lemma 2.5.10(i), there exists a subset U C
V(G) with 0.9un < |U| < 1.1un such that G’ := G[U U S; U S, UV (L)] is a (26, —
e, f,r)-supercomplex. By Proposition 2.5.5, G" := G'(S1) N G'(S2) is a (26, — ¢, f —
i,7 — i)-supercomplex. Clearly, L C G"~9 and A(L) < 4'n < /4/|U|. Thus, by
Proposition 2.5.9(v), G” — L is a (3¢,£ —2¢, f —i,r—i)-supercomplex. By Corollary 2.6.10,
there exists H C G”"") — L such that A := G"U™) — L — H is F(S*)-divisible and

A(H) < 4/'n. In particular, by Proposition 2.5.9(v) we have that
(i) G"[A] is an F(S*)-divisible (3¢,&/2, f — i, — i)-supercomplex;
(i) G"[AU L] is an F(S*)-divisible (3¢,£/2, f — i,7 — i)-supercomplex.

Recall that F' being weakly regular implies that F(S*) is weakly regular as well (see
Proposition 2.5.3). By (i) and (*),—;, there exists a k-well separated F'(S*)-decomposition
Fa of G"[A]. By Fact 2.5.4(i), A(}E(T_HU) < kf. Thus, by (ii), Proposition 2.5.9(v)
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and (*),_;, there also exists a k-well separated F(S*)-decomposition Fay, of G"[AU L] —
]-f(r_iﬂ). In particular, F4 and Fayp are (r — i + 1)-disjoint.

We define

(-7:1,A7 —7:2,A> =51 AF4 > Sy,

(Fr,auL, Fo,aur) = S1<9Faur > Ss.

By Proposition 2.8.9(i), for j € [2], F; 4 is a x-well separated F-packing in G’ C G with
{e € ]-"](721 0 S; Cel=95;WA and Fj auz is a k-well separated F-packing in G' C G with
{eeFl, : SjCe}=8;W(AUL).

For j € [2], let

]}714 = {GG.FJ(:L)‘ : |eﬂSj|:0},
TjauL ={ee€ }—g(,?qu : lenS;| =0},
R;4:={ee€ fj(rj  lenS;l e i — 1]},

R;aur = {e € JEJ(QUL  len S e i — 1]}
By Definition 2.8.8, we have that T} 4 = T5 4 and T1 aur, = T5 aur. We thus set
Ty =Tia=T54 and Taur =T aur = 1o aur-
Moreover, we have
¢(Ri,a) = Rea and  G(Ryaur) = Roaur- (2.8.1)

Note that Ry a, R2 4, R1 aur, R aur are empty if ¢ = 1. Crucially, since F4 and Faur
are (r — i + 1)-disjoint, it is easy to see (by contradiction) that T4 and T4 are edge-
disjoint, and that for j € [2|, R; 4 and R; a1 are edge-disjoint. Further, since A and L

are edge-disjoint, we clearly have for j € [2] that S; W L and S; W A are edge-disjoint.
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Using this, it is straightforward to see that

(T) Sl W La SQ & L: Sl W A7 S2 W A7 TA7 TAUL) Rl,A7 RQ,A) Rl,AUL7 RZ,AUL are pa’irWise

edge-disjoint subgraphs of G(").

Observe that for j € [2], we have

Fiy = (S8 A) U R4 U Ty; (2.8.2)

J

For = (S8 (AU L) U R; au U Taup. (2.8.3)

J

Define

T = (S W A)U(Se W A)UTaUTaur;
Fi= F1.aur U Fa a;

Fo = Fi.aUFzauL-

We now check that (trl)—(tr4) hold. First note that by (1) we clearly have T', Ry 4, Ry auz €
G"). Moreover, since F, and Fauz are (r — i+ 1)-disjoint, we have that Fiaur and Fa 4
are r-disjoint and thus Fi is a k-well separated F' -packing in G by Fact 2.5.4(iii). Similarly,
Fy is a k-well separated F-packing in G.

To check (trl), note that V(R; 4) € V(F\'4) € V(G)\Ss and V(Ry aur) € V(F\hp) ©
V(G) \ Sg by Proposition 2.8.9(ii). Moreover, for all e € Ry 4 U Ry _ayr, we have [eNSy| €
[i — 1] by definition. Hence, (trl) holds. Clearly, (2.8.1) and (f) imply (tr2). Crucially,
by (2.8.1)—(2.8.3) we have that

P = Flhon 0 FA =T U (S8 LU Riaun U (1)

TU
A = FOUFD L =T U(S2 WL)URy 4 U(Ryaur)-
Thus, (tr3) is satisfied. Finally, |V(T U Ry4 U Ryauz)| < |V(G')] < 2un, proving the

claim. —

88



The transformer 7' almost has the required properties, except that to satisfy (TR2) we
would have needed Ry 4, and ¢(Ry aur) to be on the ‘other side’ of the transformation.
In order to resolve this, we carry out an additional transformation step. (Since R; 4 and

Ry aur are empty if ¢ = 1, this additional step is vacuous in this case.)

Claim 2: There exist T',R' C G and 1-well separated F-packings Fi,Fy in G —

]:-1§(7~+1) - ff(rﬂ) such that the following hold:
(trl") V(R') CV(G)\ Sy and |en S| € [i — 1] for alle € R';

(tl"2/) T,; R/7 (b(R,): T; Sl S L; SQ S L; Rl,A; ¢(R1,A); Rl,AUL; ¢(R1,AUL) are pairwise

edge-disjoint r-graphs;
(tr3) F) =T U Ry aup UR and Fy” =T U ¢(Ryaur) U d(R);
(trd’) |[V(T'UR")| < 0.7yn.

Proof of claim: Let H' := TUR; AU (R A)U(S; W L)U(SywL). Clearly, A(H') < 5un.

Let W := V(Ry auL) U V(¢(R1auL)). By (trd), we have that |W| < 4un. Similarly
to the beginning of the proof of Claim 1, by Corollary 2.5.17 and Lemma 2.5.10(i), there
exists a subset U’ C V(G) with 0.4yn < |U’| < 0.6yn such that G" := G[U' UW] is a

(2¢,& — ¢, f,r)-supercomplex. Let n := |[U" U W|. Note that
A(H') <b5un < \/pn  and A(]-A"jg(r“)) <k(f-r)
for j € [2] by Fact 2.5.4(i). Thus, by Proposition 2.5.9(v),
G ﬁlg(rﬂ) B ﬁ;(r+1)
is still a (3¢,& — 2¢, f, r)-supercomplex. For every e € Ry aur, let

Q. ={QeGVEe)NGV(¢p(e)) : QN (S1US,) =0}

By Fact 2.5.6, for every e € Ry aur, € G, we have that |G (e) NG (p(e))| > 0.5¢r7 7.
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Thus, we have that |Q.| > 0.46n7~". Since A(Ry auz U @(Ryaur)) < dun < VN, we can
apply Lemma 2.6.7 (with | Ry auzl, 2, {e, ¢(e)}, Q. playing the roles of m, s, L;, Q;) to find
for every e € Ry aur some Q. € Q. such that, writing K, := (Q. W {e, ¢(e)})<, we have

that
K. and K. are r-disjoint for distinct e, e’ € Ry ayr. (2.8.4)

For each e € Ry aur, let FGJ and F~1572 be copies of F' with V(Fe,l) =eUQ, and V(F@g) =
¢(e) U Q. and such that e € F,; and ¢(F,,) = F,,. Clearly, we have that ¢(e) € F,,.
Moreover, since e C V(R aur) C V(G) \ Se by (trl) and Q. N (S1 U S2) = (), we have

V(F.1) CV(G)\ Ss. Let

Fii={F.1: e€ Riau}k; (2.8.5)

Fy = {Fe,Q : e € RyauLt- (2.8.6)

By (2.8.4), F] and F} are both 1-well separated F-packings in G C G—ﬁf(rﬂ) —}A"QS(TH).

Moreover, V(]:{(T)) CV(G)\ S, and ¢(F\")) = ]:é(r). Let

T = F" nF", (2.8.7)

R :=F" —T - Ria.. (2.8.8)

We clearly have 7', R’ C G and now check (trl’)-(tr4’). Note that no edge of
T’ intersects S; U Sy. For (trl’), we first have that V(R') C V(]—'{m) C V(G) \ Ss.
Now, consider ¢/ € R'. There exists e € Ry aur with €' € Fe,l and thus ¢/ C e U Q..
If we had ¢/ N S; = ), then ¢ C (e\ Si) UQ,. Since ¢(F,1) = F,o, it follows that
e/ € T', a contradiction to (2.8.8). Hence, |¢/ N S| > 0. Moreover, by (trl) we have
le€'NSy| < [(eUQ.) NSy =|enS;| <i—1. Therefore, |¢'NS;| € [i — 1] and (trl’) holds.

In order to check (tr3"), observe first that by (2.8.8) and (2.8.5), we have .7-'{("“) =
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T"U Ry aur U R'. Hence, by Fact 2.8.7(ii), we have
FD = o(F") = $(T") U (Riaur) U o(R) = T' U p(Ryavr) UH(R),  (2.8.9)

so (tr3d’) is satisfied.

We now check (tr2'). Note that 7", R',¢(R') € G C G — H'. Thus, by (tr2), it
is enough to check that 7", R', ¢(R'), R1 auL, ¢(R1,auL) are pairwise edge-disjoint. Recall
that no edge of 7" intersects Sy U Sy. Moreover, for every e € R U Ry 4y, we have
lenSy| € [i—1] and eNSy = 0, and for every e € ¢(R')UP(Ry aur), we have |[eNSs| € [i—1]
and eNS; = 0. Since R’ and Ry 4y, are edge-disjoint by (2.8.8) and ¢(R') and ¢(Ry aurL)
are edge-disjoint by (2.8.9), this implies that 7", R', ¢(R'), R1,aur, ¢(R1,4uz) are indeed
pairwise edge-disjoint, proving (tr2’).

Finally, we can easily check that |V(T"U R')| <n < 0.7yn. —

We now combine the results of Claims 1 and 2. Let

T:=TU Ry aur Ud(RyauL) UT

R:=R;sUR';
Fi1 f:ﬁl UJT';;
fg ::ﬁQUF{.

Clearly, (trl) and (trl’) imply that (TR1) holds. Moreover, (tr2") implies that 7" is edge-
disjoint from both (S; W L) U ¢(R) and (S; W L) U R. Using (tr3) and (tr3’), observe

that

TU(S;WL)UG(R) =T U Ry aur, Ud(Ryaur) UT U (S1 W L) UG(Ry4)UG(R)
= (T U(Si W L)U Ry aur, U(Ry )W (T"U ¢(Ryau) U(R))

_FO YR = FD.
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Similarly, 7" = F" 0 7" = T U (S, w L) U R. In particular, by Fact 2.5.4(ii) we can
see that Fy and F; are (k + 1)-well separated F-packings in G. Thus, T" is a (k + 1)-well
separated ((S1 W L) U ¢(R), (Se W L) U R; F')-transformer in G, so (TR2) holds. Finally,
we have |V(T'UR)| < 4un + 0.7yn < yn by (tr4d) and (trd’). O

So far, our maps ¢: S; — Sy were bijections. When ¢ is an edge-bijective homo-
morphism from H to H', ¢ is in general not injective. In order to still have a meaningful

notion of ‘mirroring’ as before, we introduce the following notation.

Definition 2.8.11. Let V be a set and let V7, V5 be disjoint subsets of V', and let ¢: V; —
V5 be a map. For a set S C V' \ Vy, define ¢(S) := (S\ V1) Up(SNV;). Let r € N and
suppose that R is an r-graph with V(R) C V and i € [r]o. We say that Ris (¢, V, V1, V4, 4)-

projectable if the following hold:

(Y1) for every e € R, we have that eNV5 =0 and [eN V4| € [i] (so if i = 0, then R must

be empty since [0] = 0);
(Y2) for every e € R, we have |¢p(e)| = r;
(Y3) for every two distinct edges e, ¢’ € R, we have ¢(e) # ¢(€').

Note that if ¢ is injective and eNVz = () for all e € R, then (Y2) and (Y3) always hold. If
R is (¢, V, V1, V4, i)-projectable, then let ¢(R) be the r-graph on ¢(V(R) \ V3) with edge
set {¢(e) : e € R}. For an r-graph P with V(P) C V' \ V; that satisfies (Y2), let P? be

the r-graph on V(P) U V; that consists of all e € (V\VQ) such that ¢(e) = ¢(e’) for some

r

e € P.
The following facts are easy to see.

Proposition 2.8.12. Let V, Vi, Vs, ¢, R, 7,1 be as above and assume that R is (¢, V, Vi, Va,i)-

projectable. Then the following hold:
(i) R~ ¢(R);

(i) every subgraph of R is (¢, V, V1, Va,i)-projectable;
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(iii) for all ¢ € ¢(R), we have € NVy =0 and |¢' N V3| € [i];

(iv) assume that for all e € R, we have e NVi| =i, and let S contain all S € (Vl) such

i

that S is contained in some edge of R, then

R=JSWRES) ad 6(R) = |J6(S)w R(S)).

Ses SeS

We can now prove the Transforming lemma by combining many localised transformers.

Proof of Lemma 2.8.5. We can assume that 1/k < v < 1/h,e. Choose new constants

k€ Nand ya,...,%,7%...,7. > 0 such that
In <1/k €y €9y K Yt K9y K00 K Ky Ky KW 1/ e <6/ S

Let ¢: V(H) — V(H') be an edge-bijective homomorphism from H to H'. Extend ¢ as
in Definition 2.8.11 with V(H), V(H’) playing the roles of V;, V5. Since ¢ is edge-bijective,

we have that
¢s is injective whenever S C e for some e € H. (2.8.10)

For every e € H, we have |G (e) N GU)(¢(e))| > 0.5én " by Fact 2.5.6. It is thus easy
to find for each e € H some Q. € GY)(e) NG (¢p(e)) with Q.N(V(H)UV (H')) = () such
that Q.NQ. = 0 for all distinct e, ¢’ € H. For each e € H, let Fe,l and F@Q be copies of F
with V(F,1) = eUQ, and V(F,5) = ¢(e) UQ, and such that e € F,; and ¢(F, ) = F,,.

Clearly, we have that ¢(e) € F.,. For j € [2], define 7, := {F.; : e € H}. Clearly, F;,

and F', are both 1-well separated F-packings in G. Define

= F N FY, (2.8.11)
R=F\V -1~ H



Let vy := . Furthermore, let k, := 1 and recursively define k; := x;11 + (ZL) k' for all

i€ r—1].

Given i € [r — 1]o and Ty, R}y, Fi\1 1, Fit19, We define the following conditions:
(TR1*); Ry, is (¢, V(G),V(H),V(H'),i)-projectable;
(TR2%); Ty, RE, 1, ¢(RE), H, H' are edge-disjoint subgraphs of G;

(TR3*); Fiy1,1 and Ff,, , are k;y1-well separated F-packings in G with .7:;5?1 =17, UHU

R, and ]:;ﬁ)Q =T U H'U ¢(R§K+1)§
(TR4"); V(T3 U Riy)| < vigan.

We will first show that the above choices of T, Ry, F¥y, F¥y satisfy (TR1*),_1-(TR4*),_1.
We will then proceed inductively until we obtain T}, Ry, F7 |, F;  satisfying (TR1*)o-

(TR4*)p, which will then easily complete the proof.

Claim 1: T, R:, Fr, Fry satisfy (TR1*),_;—(TR4*),_;.

ri /o,
Proof of claim: (TR4*),_; clearly holds. To see (TR1*),_1, consider any ¢’ € R’. There
exists e € H such that ¢ € F&l. In particular, ¢ C eU Q.. If ¢ C V(H), then
¢ =ec H,and if ¢ NV (H) = (), then ¢’ € F,, since ¢(F,;) = F,5 and thus ¢’ € T,
Hence, by definition of R}, we must have |¢' N V(H)| € [r — 1]. Clearly, ¢ NV (H') C
(eUQ.)NV(H") =10, s0 (Y1) holds. Moreover, ¢ NV (H) C e, s0 ¢lenym is injective
by (2.8.10), and (Y2) holds. Let ¢, ¢” € R} and suppose that ¢(e’) = ¢(e”). We thus have
e \V(H)=¢e"\V(H) # (. Since the Q.’s were chosen to be vertex-disjoint, we must
have ¢/, ¢” C e U Q. for some e € H. Hence, (' Ue”) NV (H) C e and 50 @[ eruernnv (i)
is injective by (2.8.10). Since ¢(e¢' NV (H)) = ¢(e”" N V(H)) by assumption, we have
¢ NV(H) =¢" NV(H), and thus ¢ = €”. Altogether, (Y3) holds, so (TR1*),_; is
satisfied. In particular, ¢(R}) is well-defined. Observe that

$(Ry) = F5 — 17— H.

T,
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Clearly, T, R*, ¢(R*), H, H' are subgraphs of G("). Using Proposition 2.8.12(iii), it is
easy to see that they are indeed edge-disjoint, so (TR2*) holds. Moreover, note that F:,
and F;, are 1-well separated F-packings in G' with F:(lr) = TrUHU R’ and F:(QT) =
TFUH U@(RY), so T satisfies (TR3*),_;. —

Suppose that for some i € [r — 1], we have already found T, R}, 1 1, Fiiio
such that (TR1*);—(TR4*); hold. We will now find T}, R}, 7|, F;, such that (TR1%);_1—
(TR4*);_1 hold. To this end, let

Ri:={ee R, : |enV(H)| =i}

By Proposition 2.8.12(ii), R; is (¢, V(G),V(H),V(H'),i)-projectable. Let S; be the set
of all S € (V(Z.H)) such that S is contained in some edge of R;. For each S € §;, let

Ls := R;(S). By Proposition 2.8.12(iv), we have that

Ri=|J(SwLs) and o(R) = |J(6(S)wLs). (2.8.12)

SEeS; SEeS;

We intend to apply Lemma 2.8.10 to each pair S, ¢(S) with S € §; individually. For each
S € S;, define
Vs = (V(G)\ (V(H)UV(H"))) USU(S).

Claim 2: For every S € S;, Ls C G[Vs](S)"™) N G[Vs](¢(5)" and |V (Ls)| <
L1741 |Vs|.

Proof of claim: The second assertion clearly holds by (TR4*);. To see the first one,
let ¢ € Lg = R;(S). Since B; € R, C G™, we have ¢ € G(5)"). Moreover,
d(S)Ue € ¢(R;) C ¢(R;,,) € G by (2.8.12). Since Ry, is (¢, V(G),V(H),V(H'),i)-
projectable, we have that ¢/ N (V(H)UV(H')) = 0. Thus, SUe’ C Vg and ¢(S)Ue’ C V.

Let S* € (V(iF)) be such that F'(S*) is non-empty.

Claim 3: For every S € S;, Lg is F'(S*)-divisible.
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Proof of claim: Consider b C V(Lg) with |b| < r—i. We have to check that Deg(F(S*)) |
|Lg(b)|. By (TR3*);, both T, UH U R}, and T}, U H' U ¢(R;,,) are necessarily F-
divisible. Clearly, H' does not contain an edge that contains S. Note that by (TR1*); and
Proposition 2.8.12(iii), ¢(R;,,) does not contain an edge that contains S either, hence
T (SUb)| = (T}, ,UH'"U(RY,))(SUD)| = 0 mod Deg(F)sup)- Moreover, since H is F-
divisible, we have (77 UR;,,)(SUb)| = [(T7,,UHUR;, )(SUb)| =0 mod Deg(F)sus|-
Thus, we have Deg(F)jsus | Ry, (SUB)|. Moreover, |R:, ,(SUB)| = [Ri(SUB)| = [Ls(b)].
Hence, Deg(F)sup| | |Ls(b)], which proves the claim as Deg(F)sus = Deg(F(S*))p by

Proposition 2.5.3. -

We now intend to apply Lemma 2.8.10 for every S € S, in order to define T, Rg C G")

and ~'-well separated F-packings Fg 1, Fs2 in G such that the following hold:
(TRY) Rsis (¢, V(G),V(H),V(H"),i — 1)-projectable;
(TR2") Ts, Rs,®(Rs),SW Lg,(S) W Lg are edge-disjoint;
(TR3) Fy) =TsU(SWLs)UG(Rs) and Fy = Ts U (¢(S) @ Lg) U Rs;
(TR4") |V(TsU Rg)| < vipn.

We also need to ensure that all these graphs and packings satisfy several ‘disjointness
properties’ (see (a)—(c)), and we will therefore choose them successively. Recall that P?
(for a given r-graph P) was defined in Definition 2.8.11. Let &' C S; be the set of all
S" € §; for which T/, Ry and Fg 1, Fg 2 have already been defined such that (TR1')-

(TR4') hold. Suppose that next we want to find Ts, Rg, Fs;1 and Fgo. Let

Py:=R;,U | J Ry,

Sres
Ms =T U R U(RL) U (T U Ry Ud(Rs)),
S'es!
Oc — F*g(vdrl) UF*g(r+1) U J,—_-S(rJrl) UFS(T+1)
S = Y411 i+1,2 U ' S'2
S'es

Gs = GVs] = (Ms U PS) = ((SW Ls) U (¢(S) W Lg))) — Os.
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Observe that (TR4*); and (TR4’) imply that

V(Mg U Ps)| < V(T U R UG(R)) |+ D V(T URs Ug(Rs))|
S'es’

h
< 29in + 2(@_)7;“71 < yn.

In particular, |V (P%)| < |V(Ps) UV (H)| < ymn + h. Moreover, by Fact 2.5.4(i), (TR3*);
and (TR3'), we have that A(Og) < (2K;41 +2(};) k')(f —r). Thus, by Proposition 2.5.9(v)
Ggisstilla (2¢,£/2, f,r)-supercomplex. Moreover, note that Lg C Gg(S)"9NGg(p(S))r—?
and |V (Lg)| < 1.17;41|Vs| by Claim 2 and that Lg is F'(S*)-divisible by Claim 3.

Finally, by definition of S;, S is contained in some e € R;. Since R; satisfies (Y2) by
(TR1%);, we know that ¢[. is injective. Thus, ¢[g: S — ¢(S) is a bijection. We can thus
apply Lemma 2.8.10 with the following objects/parameters:

object/parameter | Gg | i

T

K'/2

s | o0s) | ots | Ls | trven [ [ 22 [ vsl [ ez | 1
sfs o] v [ olelnlels

" |

playing the role of ‘ G % r | F | S* K

This yields Tg, Rg C G(ST) and '/2-well separated F-packings Fg1,Fsz2 such that
(TR2')-(TR4’) hold, V(Rs) C V(Gs)\ ¢(S) and |[enS| € [i —1] for all e € Rg. Note that
the latter implies that Rg is (¢, V(G),V(H),V(H'),i—1)-projectable as V(H)NV(Gg) =
S and V(H') NV (Gg) = ¢(5), so (TR1') holds as well. Moreover, using (TR2*); and

TR2') it is easy to see that our construction ensures that
y
(a) H H' T |, R 1, (R} 1), (Ts)ses:, (Rs)ses,, (0(Rs))ses, are pairwise edge-disjoint;

(b) for all distinct S,5" € S; and all e € Rg, €' € Rgr, €” € R}, | — R; we have that ¢(e),

o(e') and ¢(e") are pairwise distinct;

(c) for any j,j" € [2] and all distinct S, 5" € S;, Fg; is (r + 1)-disjoint from F;

1 and

from Fgr ;.

Indeed, (a) holds by the choice of Mg, (b) holds by definition of Pg, and (c) holds by
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definition of Og. Let

=

T =T UR Ug(Ry) U UTS;

SES;
R} = (Ri,; — R)U | Rs;
SES;
Fiyo=Faa U Fea
Ses;
sz —-7:+12U U ]:SI
Ses;

Using (TR3%);, (TR3'), (a) and (2.8.12), it is easy to check that both F;, and F}, are
F-packings in G. We check that (TR1*);_1—(TR4*),_; hold. Using (TR4*); and (TR4’),

we can confirm that

V(T; UR)| < V(T URL, UG(RE))| + Y [V(Ts U Rs))|
Ses;

h
< 27+ (Z.)%{Hn < %in,

o (TR4*);_1 holds.

In order to check (TR1%),_y, i.e. that R} is (¢, V(G),V(H),V(H’),i — 1)-projectable,
note that (Y1) and (Y2) hold by (TR1*);, the definition of R; and (TR1’). Moreover,
(Y3) is implied by (TR1%);, (TR1’) and (b).

Moreover, (TR2*);_; follows from (a). Finally, we check (TR3*);_;. Observe that

TTUHUR, = T, URUGR)U|JTsUHU (R, —R)U ] Rs

SES; SES;

(2.8.12) " N

=7 (Ty, UHUR: ) U | (Ts U (6(S)® Ls) U Ry),
SeS;
TTUH UGR)) = T URUGR)U | TsUH U((R;y,) — o(R) U | 6(Rs)

SES; SES;

2.8.12 " *

P2 (T, U UG(RL) U | (Ts U (S W Ls) U d(Rs)).

SES;
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Thus, by (TR3*); and (TR3'), F}; is an F-decomposition of T U H U R} and F}, is
an F-decomposition of T;" U H" U ¢(R;). Moreover, by (c) and Fact 2.5.4(ii), F;; and
Fiy are both (ki1 + (’;) r')-well separated in G. Since k;;1 + (};) k' = k;, this establishes
(TR3*);_1.

Finally, let T}, R}, Fi,, Fi, satisfy (TR1*)o—(TR4*)o. Note that R is empty by
(TR1*)g and (Y1). Moreover, Ty C G is edge-disjoint from H and H' by (TR2*),
and A(Ty) < mn by (TR4%)o. Most importantly, 77, and F7, are x;-well separated
F-packings in G with .7-";(171) =Ty UH and ffg) =Ty U H' by (TR3*)g. Therefore, T} is
a k1-well separated (H, H'; F)-transformer in G with A(7}) < ~n. Recall that v, = ~

and note that x; < 2"x’ < k. Thus, T7 is the desired transformer. O

2.8.2 Canonical multi-r-graphs

Roughly speaking, the aim of this section is to show that any F-divisible r-graph H can be
transformed into a canonical multigraph M), which does not depend on the structure of H.
However, it turns out that for this we need to move to a ‘dual’ setting, where we consider
V H which is obtained from H by applying an F-extension operator V. This operator
allows us to switch between multi-r-graphs (which arise naturally in the construction
but are not present in the complex G we are decomposing) and (simple) r-graphs (see
e.g. Fact 2.8.18).

Given a multi-r-graph H and a set X of size r, we say that ¢ is an X-orientation
of H if ¢ is a collection of bijective maps ¥.: X — e, one for each e € H. (For r = 2
and X = {1,2}, say, this coincides with the notion of an oriented multigraph, e.g. by
viewing 1.(1) as the tail and 1.(2) as the head of e, where parallel edges can be oriented
in opposite directions.)

Given an r-graph F' and a distinguished edge ey € F', we introduce the following

‘extension’ operators 6(17,60) and V(g ).

Definition 2.8.13 (Extension operators V and V). Given a (multi-)r-graph H with an
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eg-orientation 1, let @( Feo)(H, 1)) be obtained from H by extending every edge of H into
a copy of F', with ey being the rooted edge. More precisely, let Z. be vertex sets of size
[V(F) \ eo| such that Z. N Z, = 0 for all distinct (but possibly parallel) e, ¢’ € H and
V(H)NZ, =10 for all e € H. For each e € H, let F, be a copy of F on vertex set e U Z,
such that ¢.(v) plays the role of v for all v € ey and Z, plays the role of V(F) \ ep. Then

V(reo)(H, ) = Ueep Fe- Let Vipeg) (H,¥) = Vpey) (H, ) — H.

Note that V(g (H, 1) is a (simple) r-graph even if H is a multi-r-graph. If F', eq and
Y are clear from the context, or if we only want to motivate an argument before giving

the formal proof, we just write VH and VH.

Fact 2.8.14. Let F' be an r-graph and ey € F'. Let H be a multi-r-graph and let ¢ be any

eo-orientation of H. Then the following hold:
(i) V(re)(H, ) is F-decomposable;
(i) V(e (H, 1) ts F-divisible if and only if H is F'-divisible.
The goal of this subsection is to show that for every h € N, there is a multi-r-graph
M, such that for any F-divisible r-graph H on at most h vertices, we have

VIV(H+t-F)+5-F)~ VM, (2.8.13)

for suitable s, € N. The multigraph Mj, is canonical in the sense that it does not depend
on H, but only on h. The benefit is, very roughly speaking, that it allows us to transform
any given leftover r-graph H into the empty r-graph, which is trivially decomposable,
and this will enable us to construct an absorber for H. Indeed, to see that (2.8.13) allows

us to transform H into the empty r-graph, let
H :=V(VH+t-F)+s-F)=VVH+t-VVF +s-VF

and observe that the r-graph T := VH +¢-VF +s- F ‘between’ H and H’ can be chosen
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in such a way that

TUH=VH+t-VF+s-F,

TUH =V(VH)+t-(V(VF)UF)+s-VF,

i.e. T'is an (H, H'; F)-transformer (cf. Fact 2.8.14(i)). Hence, together with (2.8.13) and
Lemma 2.8.5, this means that we can transform H into VM},. Since M), does not depend
on H, we can also transform the empty r-graph into VM), and by transitivity we can
transform H into the empty graph, which amounts to an absorber for H (the detailed
proof of this can be found in Section 2.8.3).

We now give the rigorous statement of (2.8.13), which is the main lemma of this

subsection.

Lemma 2.8.15. Let r > 2 and assume that (x); is true for all i € [r —1]. Let F be a
weakly reqular r-graph and eq € F. Then for all h € N, there exists a multi-r-graph M),

such that for any F-divisible r-graph H on at most h vertices, we have

v(Reo)(v(F,eo)(]'-’ +t-F, ¢1) +s-F, ¢3) ~ V(F,eo)(Mha %)

for suitable s,t € N, where 11 and 1y can be arbiltrary eg-orientations of H +1 - F and

My, respectively, and 13 is an eg-orientation depending on these.

The above graphs V(V(H +t-F)+s-F) and VM, will be part of our F-absorber for H.
We therefore need to make sure that we can actually find them in a supercomplex GG. This

requirement is formalised by the following definition.

Definition 2.8.16. Let G be a complex, X C V(G), F an r-graph with f := |V(F)| and
eo € F. Suppose that H C G and that ¢ is an eg-orientation of H. By extending H
with a copy of V(peo)(H,v) in G (whilst avoiding X ) we mean the following: for each
e € H,let Z, € GY)(e) be such that Z.N(V(H)UX) = () for every e € H and Z,NZy = ()

for all distinct e,e’ € H. For each e € H, let F, be a copy of F' on vertex set e U Z,
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(so F, € G™) such that v,(v) plays the role of v for all v € ¢y and Z, plays the role of
V(F)\ ep. Let HY :=J .y F. — H and F :={F,. : e € H} be the output of this.

For our purposes, the set |V(H) U X| will have a small bounded size compared to
|V(G)|. Thus, if the G)(e) are large enough (which is the case e.g. in an (g,&, f,7)-
supercomplex), then the above extension can be carried out simply by picking the sets Z,

one by one.

Fact 2.8.17. Let (HY, F) be obtained by extending H C G with a copy of V (Feo) (H, )
in G. Then HY C G is a copy of V(pey)(H, %) and F is a 1-well separated F-packing

in G with F") = HU HY such that for all F' € F, [V(F)NV(H)| < r.

For a partition P = {V, },cx whose classes are indexed by a set X, we define V3 :=

U,ey Va for every subset Y C X. Recall that for a multi-r-graph H and e € (V(fl)),
P

|H (e)| denotes the multiplicity of e in H. For multi-r-graphs H, H', we write H ~3 H' if

P = {Vu wevr is a partition of V(H) such that
(I1) forall 2’ €e V(H') and e € H, |V Ne| < 1;
(12) for all ¢’ € (VU), Yee(vy [H(e)l = [H'(&)].

Given P, define ¢p: V(H) — V(H') as ¢p(x) := 2’ where 2’ is the unique 2’ € V(H')
such that x € V. Note that by (I1), we have [{¢p(z) : = € e}| = r for all e € H.
Further, by (I2), there exists a bijection ®p: H — H' between the multi-edge-sets of H
and H’ such that for every edge e € H, the image ®p(e) is an edge consisting of the
vertices ¢p(x) for all x € e. It is easy to see that H 3 H' if and only if there is some P
such that H ~ H'.

The extension operator V is well behaved with respect to the identification relation
23 in the following sense: if H 23 H', then VH ~» VH'. More precisely, let H and H' be
multi-r-graphs and suppose that H 2’7/33 H'. Let ¢p and ®p be defined as above. Let F' be
an r-graph and ey € F. For any ep-orientation v’ of H', we define an eg-orientation v of

H induced by ' as follows: for every e € H, let € := ®p(e) be the image of e with respect
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P
to 3. We have that ¢p[.: e — € is a bijection. We now define the bijection v.: eg — €
as Y, := ¢pl. ' o1, where ¥l : ey — €. Thus, the collection 1 of all ¥, e € H, is an

ep-orientation of H. It is easy to see that ¢ satisfies the following.

Fact 2.8.18. Let F' be an r-graph and ey € F. Let H, H' be multi-r-graphs and sup-
pose that H ~3 H'. Then for any eg-orientation ' of H', we have V (peo(H, 1) ~
YV Fep)(H' V'), where ¥ is induced by 1)’

We now define the multi-r-graphs which will serve as the canonical multi-r-graphs M},

in (2.8.13). For r € N, let M, contain all pairs (k,m) € N} such that " ( b ) is an

i \r—1—4

integer for all i € [r — 1]o.

Definition 2.8.19 (Canonical multi-r-graph). Let F* be an r-graph and e* € F*. Let
V= V(F*)\e*. If (k,m) € M,, define the multi-r-graph M,S;::’e*) on vertex set [k] WV’

[Kluv’

such that for every e € ( ), the multiplicity of e is

0 if e C [k];
m k—|eNn(k : .
M ey = T () i len [kl > 0,]en V| >0;
k,m -
0 ifeCV'ed F*;
%(Tfl) ifeCV' ee F*.

We will require the graph F* in Definition 2.8.19 to have a certain symmetry property
with respect to e*, which we now define. We will prove the existence of a suitable (F-

decomposable) symmetric r-extender in Lemma 2.8.26.

Definition 2.8.20 (symmetric r-extender). We say that (F™*, e*) is a symmetric r-extender

if F'* is an r-graph, e* € F'* and the following holds:
(SE) for all ¢’ € (V(f*)) with € Ne* # (), we have ' € F*.

Note that if (F*, €*) is a symmetric r-extender, then the operators @(F*7e*), V (F+ o) are

labelling-invariant, i.e. Vg o) (H, ¥1) 2 Vg oy (H, 1) and V e oy (H, 1) 22 V(e oy (H, 15)
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for all e*-orientations 11,15 of a multi-r-graph H. We therefore simply write @(F*ﬁ*)H
and V (g« ) H in this case.

To prove Lemma 2.8.15 we introduce so called strong colourings. Let H be an 7-
graph and C' a set. A map c: V(H) — C is a strong C-colouring of H if for all distinct
z,y € V(H) with |H({z,y})| > 0, we have c¢(z) # c(y), that is, no colour appears twice
in one edge. For a € C, we let ¢~ !(a) denote the set of all vertices coloured a. For a set
C'C C,welet c5(C"):={ee€ H : C" Cc(e)}. Wesay that cis m-regular if |c=(C")| =m
for all C" € (fl). For example, an r-partite r-graph H trivially has a strong | H|-regular

[]-colouring.

Fact 2.8.21. Let H be an r-graph and let ¢ be a strong m-regular [k]-colouring of H.
Then |cS(C")| = ﬂz(r ") foralli € [r—1]y and all C' € ([lz]).

Lemma 2.8.22. Let (F*,e*) be a symmetric r-extender. Suppose that H is an r-graph

and suppose that ¢ is a strong m-reqular [k]-colouring of H. Then (k,m) € M, and

V(F* *)HQ@ Mk(:F e*)

Proof. By Fact 2.8.21, (k,m) € M, thus M,Ef;’e*) is defined. Recall that Méz’e*) has
vertex set [k] U V', where V' := V(F™*) \ e*. Let V(H) U ..y Ze be the vertex set of
V(r+eyH as in Definition 2.8.13, with Z, = {2, : v € V'}. We define a partition
P of V(H) UU,cy Ze as follows: for all i € [k], let V; := ¢7'(i). For all v € V', let

Vi = A{%w : e € H}. We now claim that Vg« o) H = M(F* -,

Y

Clearly, P satisfies (I1) because c is a strong colouring of H. For a set ¢ € ([k]fvl)

define
Sef = {6// € V(F*,e*)H : 6// g ‘/e’}-

Since V(p- «)H is simple, in order to check (I12), it is enough to show that for all e’ €

([k]fv) we have |Se/| = ]M (F.e )( ")|. We distinguish three cases.

Case 1: € C [k]
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In this case, |Mk,F “)(e)| = 0. Since V,y C V(H) and (Vp= e H)[V(H)] is empty, we
have S, = (), as desired.

Case 2: ¢ C V'

In this case, Ses consists of all edges of V (p- yH which play the role of ¢’ in F for
some e € H. Hence, if ¢/ ¢ F*, then |So/| =0, and if ¢’ € F*, then |Sy| = |H|. Fact 2.8.21

applied with ¢ = 0 yields |H| = = (Tfl), as desired.
Case 3: | N[k]| >0and [NV’ >0

We claim that |Se| = [cS(¢/N[k])]. In order to see this, we define a bijection 7: ¢S (e’'N

[k]) = Se as follows: for every e € H with ¢/ N [k] C c(e), define
m(e) == (eNc (e Nk])) U{z, : vESNV']

We first show that m(e) € So. Note that e Ne™!(e/ N [k]) is a subset of e of size |¢/ N [k]|
and {z., : v € € NV'} is a subset of Z. of size |¢/ N V’|. Hence, m(e) € (V(f:)) and
|m(e) el = |e’N[k]| > 0. Thus, by (SE), we have 7(e) € F} C V(p- «)H. (This is in fact

the crucial point where we need (SE).) Moreover,
m(e) Cc e NK])U{zen s vEENV} C Vo UVeny = Ve

Therefore, w(e) € Se. It is straightforward to see that 7 is injective. Finally, for every
e" € Sy, we have ¢ = m(e), where e € H is the unique edge of H with ¢’ € F.
This establishes our claim that 7 is bijective and hence |S.| = [c¢S(e’ N [k])|. Since

1 < le¢N[k]| <r—1, Fact 2.8.21 implies that

S| = [eS(e' N [K])| = #ﬂ[kﬂ(rfzﬁg[ ][| ”) (MO ()],

as required. O

Next, we establish the existence of suitable strong regular colourings. As a tool we
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need the following result about decompositions of very dense multi-r-graphs (which we

will apply with » — 1 playing the role of ).

Lemma 2.8.23. Let r € N and assume that (x), is true. Let 1/n < 1/h,1/f with
f>r, let F be a weakly reqular r-graph on f vertices and assume that K is F-divisible.
Let m € N. Suppose that H is an F-divisible multi-r-graph on [h] with multiplicity at
most m — 1 and let K be the complete multi-r-graph on [n] with multiplicity m. Then

K — H has an F-decomposition.

Proof. Choose ¢ > 0 such that 1/n < ¢ < 1/h,1/f. Fix an edge ey € F. Let 1 be any
eg-orientation of H. We may assume that H := V() (H, 1) is a multi-r-graph on [n]. Let
o be any eg-orientation of H* := H — H. We may also assume that H := V (Feo) (H*, )
is an r-graph on [n]. Let H' := H — H*. Using Fact 2.8.14, observe that the following

are true:

(a) H can be decomposed into m — 1 (possibly empty) F-decomposable (simple) r-
graphs Hi,..., H!

m—1)

(b) H is an F-decomposable (simple) r-graph;
(c) HTis an F-divisible (simple) r-graph;
(d) HUH = HUH".

By (d), we have that

K-H=(K-H-HUH=HU(K—-H-H).

Let K’ be the complete (simple) r-graph on [n]. For each i € [m—1], define H; := K'— H],

and let H,, := K' — Hf. We thus have K — H — H' = J,_. . H; by (a).

i€[m]
Recall that K’ is a (0,0.99/f!, f,r)-supercomplex (cf. Example 2.4.9). We conclude
with Proposition 2.5.9(v) that H” = K’ — H! is an (£,0.5/f!, f,r)-supercomplex for

every ¢ € [m]. Recall that K’ is F-divisible by assumption. Thus, by (a) and (c), each H;
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is F-divisible. Hence, by (x),, H; is F-decomposable for every ¢ € [m]. Thus,

A ~

K-H=HU(K-H-H)=HU ] H

i€[m]
has an F-decomposition by (b). O
The next lemma guarantees the existence of a suitable strong regular colouring. For
this, we apply Lemma 2.8.23 to the shadow of F. For an r-graph F', define the shadow

Fsh of F to be the (r — 1)-graph on V(F) where an (r — 1)-set S is an edge if and only
if |F(S)| > 0. We need the following fact.

/

Fact 2.8.24. If I is a weakly (s, . . ., $,_1)-regular r-graph, then F'*" is a weakly (s, ..., s, _,

reqular (r — 1)-graph, where s; := ==s; for alli € [r — 2].

Proof. Let i € [r —2]y. For every T' € (V(iF)), we have |F*"(T)| = ﬁ\F(T)] since every

edge of F' which contains T contains © — i edges of F** which contain 7', but each such

edge of F*" is contained in s,_; such edges of F. This implies the claim. O

Lemma 2.8.25. Let r > 2 and assume that (x)._1 holds. Let F be a weakly regular
r-graph. Then for all h € N, there exist k,m € N such that for any F'-divisible r-graph
H on at most h vertices, there exists t € N such that H +t - F' has a strong m-reqular
[k]-colouring.

Proof. Let f := |V(F)| and suppose that F' is weakly (so,...,s,_1)-regular. Thus, for

VI(F)
r—1

every S € ( ), we have

s, if S € Fh;
|F'(S)| = (2.8.14)

0 otherwise.

By Proposition 2.5.2, we can choose k € N such that 1/k < 1/h,1/f and such that
K ,gr_l) is F*"-divisible. Let G be the complete multi-(r — 1)-graph on [k] with multiplicity

m' :=h+1 and let m := s,_;m’.
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Let H be any F-divisible r-graph on at most h vertices. By adding isolated vertices to
H if necessary, we may assume that V(H) = [h]. We first define a multi-(r — 1)-graph H’
on [h] as follows: For each S € (r[ﬂ)v let the multiplicity of S in H' be |H'(S)| := |H(S)].
Clearly, H' has multiplicity at most h. Observe that for each S C [h] with |S| < r —1,

we have
[H'(S)] = (r = [SDIH(S)]. (2.8.15)

Note that since H is F-divisible, we have that s,_; | |H(S)| for all S € (T[f]l). Thus, the
multiplicity of each S € (r[f]l) in H' is divisible by s,_;. Let H” be the multi-(r — 1)-graph
on [h] obtained from H’ by dividing the multiplicity of each S € (r[f]l) by s,_1. Hence,
by (2.8.15), for all S C [h] with |S| <7 — 1, we have
: |H'(S)] _r—15]
|H"(S)| = = |H(S)]. (2.8.16)

Sr—1 Sr—1

For each S € ([k]l) with S Z [h], we set |H"(S)| := |H(S)| := 0. Then (2.8.16) still holds.

r—

We claim that H” is F'*"-divisible. Recall that by Fact 2.8.24,

) r r—1
Fs" is weakly ( SOy ey =8y ey Sp_g)-regular.
Sr—1 Sr—1 Sr—1

Let i € [r —2]p and let S € ([IZ]). We need to show that |H”(S)| = 0 mod Deg(F*");,

where Deg(F*"); = T’_i s;. Since H is F-divisible, we have |H(S)| =0 mod s;. Together

Sp—

with (2.8.16), we deduce that |[H”(S)| = 0 mod Z=*s;. Hence, H” is F*"-divisible. There-

Sr—1

fore, by Lemma 2.8.23 (with k, m/, 7 — 1, F*" playing the roles of n, m,r, F') and our choice
of k, G — H" has an F*'-decomposition F into ¢ edge-disjoint copies FY, ..., F} of F*".
We will show that ¢ is as required in Lemma 2.8.25. To do this, let Fi,..., F; be

vertex-disjoint copies of F' which are also vertex-disjoint from H. We will now define a
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strong m-regular [k]-colouring ¢ of

Let ¢ be the identity map on V(H) = [h], and for each j € [t], let
¢j: V(F;) = V(F}) be an isomorphism from F}" to F} (2.8.17)

(recall that V(F") = V/(F})). Since H, Fy, ..., F, are vertex-disjoint and V(H)UU, e V(F))

[k], we can combine ¢y, cq,. .., ¢ to a map
c: V(H") — [K],
ie. for x € V(H™), we let ¢(z) := ¢j(x), where either j is the unique index for which

reV(F;)orj=0if z € V(H). For every edge e € H, we have e C V(H) or e C V(F})
for some j € [t], thus ¢, is injective. Therefore, ¢ is a strong [k]-colouring of H™.

It remains to check that ¢ is m-regular. Let C' € ( [k]l). Clearly, |cS(C)| = Zz‘:o |cjg(C)|

r—

Since every c; is a bijection, we have

g (O) = e e H : *(C) Ce}| =[H (' (C)] = [H(C)] and

s it (C) e P8V c e F

0 otherwise.

Thus, we have |¢=(C)| = |H(C)| + s,-1]J(C)|, where
J(C):={jelt] : CeFj}.

Now crucially, since F is an F*"-decomposition of G — H”, we have that |J(C)] is equal
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to the multiplicity of C'in G — H”, i.e. |J(C)| =m' — |H"(C)|. Thus,

(2.8.16)

(O = |HEC)] + 5,117(C)] “E s, L (|H"(C)] +[T(C)]) = 5 = m,

completing the proof. O

Before we can prove Lemma 2.8.15, we need to show the existence of a symmetric
r-extender F* which is F-decomposable. For some I we could actually take F* = F
(e.g. if F'is a clique). For general (weakly regular) r-graphs F', we will use the Cover
down lemma (Lemma 2.7.7) to find F™*. At first sight, appealing to the Cover down lemma

may seem rather heavy handed, but a direct construction seems to be quite difficult.

Lemma 2.8.26. Let F' be a weakly reqular r-graph, eq € F' and assume that (x); is true
for all i € [r — 1]. There exists a symmetric r-extender (F*,e*) such that F* has an

F-decomposition F with e* € F' € F and e* plays the role of ey in F".

Proof. Let f := |V(F)|. By Proposition 2.5.2, we can choose n € N and 7, ¢, v, 1 > 0 such
that 1/n < v < ¢ < v < p < 1/f and such that K" is F-divisible. By Example 2.4.9,
K, is a (0,0.99/f!, f,r)-supercomplex. By Fact 2.7.2(i) and Proposition 2.7.12, there
exists U C V(K,) of size |pun] which is (g, 1,0.9/f!, f,r)-random in K,. Let U :=
V(K,) \ U. Using (R2) of Definition 2.7.1, it is easy to see that K, is (e, f,r)-dense
with respect to K\ — K\[U] (see Definition 2.7.6). Thus, by the Cover down lemma
(Lemma 2.7.7), there exists a subgraph H* of K\ — K{"[U] with A(H*) < vn and the
following property: for all L C K such that A(L) < yn and H* U L is F-divisible,
H* U L has an F-packing which covers all edges except possibly some inside U.

Let I’ be a copy of F with V(F') C U. Let Guape := K, — H* — F'. By Proposi-
tion 2.5.9(v), Grippie is a (22721,0.8/ f!, f, r)-supercomplex. Thus, by Lemma 2.6.5, there
exists an F-packing Fipple in Ggg)ble such that A(L) < yn, where L := Ggg)ble - fé??)ble'
Clearly, H* U L = K& — ]—'é:l))ble — I’ is F-divisible. Thus, there exists an F-packing
F* in H* U L which covers all edges of H* U L except possibly some inside U. Let
F = {F'}U Fpippie UF*. Let F* := F) and let e* be the edge in F’ which plays the role
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of €.
Clearly, F is an F-decomposition of F™* with e* € I’ € F and e* plays the role of ey in
() _
F’. 1t remains to check (SE). Let ¢’ € (V(Ii" )) with ¢’ Ne* # (. Since e* C U, €' cannot

be inside U. Thus, ¢’ is covered by F and we have ¢ € F*. d

Note that |V (F™*)| is quite large here, in particular 1/|V(F*)| < 1/f for f = |V(F)|.
This means that G being an (e,&, f,r)-supercomplex does not necessarily allow us to
extend a given subgraph H of G to a copy of V (p+ ey H as described in Definition 2.8.16.
Fortunately, this will in fact not be necessary, as F* will only serve as an abstract auxiliary
graph and will not appear as a subgraph of the absorber. (This is crucial since otherwise
we would not be able to prove our main theorems with explicit bounds, let alone the
bounds given in Theorem 2.1.4.)

We are now ready to prove Lemma 2.8.15.

Proof of Lemma 2.8.15. Given F and ej, we first apply Lemma 2.8.26 to obtain a
symmetric r-extender (F*, e*) such that F'* has an F-decomposition F with e* € F' € F
and e* plays the role of ey in F’. For given h € N, let k,m € N be as in Lemma 2.8.25.
Clearly, we may assume that there exists an F-divisible r-graph on at most h vertices.
Together with Lemma 2.8.22, this implies that (k,m) € M,. Define

My, = M5,

k,m

Now, let H be any F-divisible r-graph on at most h vertices. By Lemma 2.8.25, there
exists ¢ € N such that H 4+t - F' has a strong m-regular [k]-colouring. By Lemma 2.8.22,
we have

V(F*7e*)(H +t- F) 3 M,,.

Let 11 be any eg-orientation of H +¢- F'. Observe that since e* plays the role of ¢y in F”,

V(p+ ey (H 4+t F) can be decomposed into a copy of V(g (H +1- F, 1) and s copies of

111



F (where s = |H +t- F|-|F\ {F'}|). Hence, we have

V(F,eo)(H+t'F,¢1) +5-F~ V(F*,e*)(H—i-t-F)

by Proposition 2.8.4(ii). Thus, V(ge,)(H +t- F,11) + s - F x3 M, by transitivity of 3.
Finally, let ¢)5 be any eg-orientation of M;. By Fact 2.8.18, there exists an eg-orientation

V3 of Ve (H +1t- F,101) + s - F such that

V(Fyeo)(v(FﬁO)(H +1- F7 wl) +s- F, ¢3> ~ V(F,e())(]\4h7 ¢2)

2.8.3 Proof of the Absorbing lemma

As discussed at the beginning of Section 2.8.2, we can now combine Lemma 2.8.5 and
Lemma 2.8.15 to construct the desired absorber by concatenating transformers between
certain auxiliary r-graphs, in particular the extension VM, of the canonical multi-r-
graph M. It is relatively straightforward to find these auxiliary r-graphs within a given
supercomplex GG. The step when we need to find VM, is the reason why the definition of

a supercomplex includes the notion of extendability.

Proof of Lemma 2.8.2. If H is empty, then we can take A to be empty, so let us
assume that H is not empty. In particular, G is not empty. Recall also that we assume
r > 2. Let eg € F and let M), be as in Lemma 2.8.15. Fix any eg-orientation 1 of Mj,.

By Lemma 2.8.15, there exist t1,to, 1, S2, U1, Y2, ¥}, ¥4 such that

V(F,eo)(v(F,eo)(H —|— tl . F, ¢1) —f‘ S1 F, ¢/1) ~ V(F,eo)(Mh>¢)§ (2.8.18)

V(F,eo) (V(F@O)(tg . F, wg) + 82 . F, ”QU;) ad V(F,eo)(Mha Q,D) (2819)

We can assume that 1/n < 1/¢ where ¢ := max{|V (M,)|, t1, 2, 1, S2}.
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Since G is (&, f + r,7)-dense, there exist disjoint Q11 ..., Q14 Qa1,- -, Qoysy € GV
which are also disjoint from V(H). For ¢ € [2] and j € [t;], let F;; be a copy of F' with

Fyjand Hy :=J F5 j and for i € [2], define

J€lta] JE[t2]

Fio=A{Fy;  jelt])

So H; is a copy of H +t; - F and Hs is a copy of t, - F'. In fact, we will from now on

assume (by redefining 1; and 1) that for i € [2], we have

V(F,eo)(v(F760)<Hi? wl) +si - F, ¢z/) ~ V(F760)<Mh> Yﬂ) (2'8'20)

For i € [2], let (H], F) be obtained by extending H; with a copy of V (g, (H;, ;) in G
(cf. Definition 2.8.16). We can assume that H] and HY, are vertex-disjoint by first choosing
H whilst avoiding V' (Hs) and subsequently choosing H) whilst avoiding V' (H}). (To see
that this is possible we can e.g. use the fact that G is (e, d, f,r)-regular for some d > &.)

There exist disjoint Q] ;,..., Q7 ,,, @5, @5, € G which are also disjoint from
V(H})UV(H;). Fori € [2] and j € [si], let F}; be a copy of F' with V(F};) = Q; ;. For

i €1[2], let

H!:=H[U ] F/};

J€[si]

Fi=A{F; : jelsi}
Since H!' is a copy of V(g (H;, ;) + s; - F', we can assume (by redefining ;) that
V(Feo) (H{ ¥5) ~ V(pe) (Mp, ¥). (2.8.21)

For i € [2], let (H]", F]") be obtained by extending H! with a copy of V (g, (H/, ;) in
G (cf. Definition 2.8.16). We can assume that H{” and H)" are vertex-disjoint.

Since G is (&, f,r)-extendable, it is straightforward to find a copy M’ of V gy (M, 1)
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in G which is vertex-disjoint from H}" and H}'.

Since H}" is a copy of V (peq)(H]', 1), by (2.8.21) we have H;” ~» M’ for i € [2]. Using
Fact 2.8.14(ii) repeatedly, we can see that both H{” and HY’ are F-divisible. Together
with Proposition 2.8.4(iii), this implies that M’ is F-divisible as well.

Let Ty := (Hy — H) U H{ and Ty := Hy U HY. For i € [2], let
Fix:=F UF and F;o:= F,UF".
We claim that Fi 1, Fi2, Fo1, Fao are 2-well separated F-packings in G' such that
FO=TyUH, FU)=T/UH! F{J=T,UH) and F{}=T, (2822

(In particular, 77 is a 2-well separated (H, H{"; F')-transformer in G and T3 is a 2-well
separated (HY',0; F')-transformer in G.) Indeed, we clearly have that Fy, F, Fy, Fy are
1-well separated F-packings in G, where fl(r) = H, — H, .7-"2” = H,, and for i € [2],
]-"i"(r) = H! — H!. Moreover, by Fact 2.8.17, for i € [2], F/ and F}"” are 1-well separated
F-packings in G with 7" = H; U H! and F"") = H” U H"". Note that

TUH=H UH =(HUH)U@HE -H)=F7"0FR" =77,
T\ UH = (H — H) U (H UH") = FD w F'" = 7).
T,UHY = Hy W (HyUHY) = FD w R = 7,

2 2 2 2 2 2 2 2,27

T, = Hy U Hy = (H, U Hy) W (HY — Hy) = Fa w Fy© = 7).

To check that Fy 1, Fi2, Fo1 and Fa o are 2-well separated F-packings, by Fact 2.5.4(ii)
it is now enough to show for ¢ € [2] that F] and F! are (r + 1)-disjoint and that F; and
F!" are (r 4+ 1)-disjoint. Note that for all ' € F/ and F" € F/', we have V(F') C V(H))
and V(F")NV(H]) = 0, thus V(F')NV(F") = 0. For all F € F; and F" € F/", we

have V(F') C V(H,) and [V(F") 0 V(H,)| < |V(F") 0 V(H")| < r by Fact 2.8.17, thus
[V(F")NV(F")| <r. This completes the proof of (2.8.22).
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Let

O, := HiUH{UH,U HJ;

Orrs = Fiy UF U ET U,

By Fact 2.5.4(i), A(O,113) < 8(f —r). Note that H}", M’ C G") — (O, U HY"). Thus, by
Proposition 2.5.9(v) and Lemma 2.8.5, there exists a (k/3)-well separated (H{", M'; F)-
transformer 75 in G — (O, U HY') — O,413 with A(T3) < yn/3. Let F3; and F3o be
(k/3)-well separated F-packings in G — (O, U HY") — O, 41 3 such that Férl) =T3UH]" and
Fyy =Ty UM

Similarly, let O,414 1= Opp13 U Foy Y U Fos™Y. By Fact 2.5.4(1), A(O,414) <
(8+42k/3)(f —7). Note that HY', M’ C G — (O, U H{" UTs). Using Proposition 2.5.9(v)
and Lemma 2.8.5 again, we can find a (x/3)-well separated (H3', M'; F')-transformer T,
in G— (0, UH UTs) — Op414 with A(Ty) < yn/3. Let Fy1 and Fyo be (k/3)-well
separated F-packings in G — (O, U H{" UT3) — O,41 4 such that of .7-:81) =T, U HY and
F =TiuM.

Let

A=TUH"UT3; UM UT,J H) U Ty
Foi=FroUF30U Fy1 UFay;

Foi=FraUF31UFuoUFao.

Clearly, A C G, and A(A) < yn. Moreover, A and H are edge-disjoint. Using (2.8.22),

we can check that

FO = FYUFRR W RN F] = (LU H) W (T30 M) W (T, U HY ) U T, = A;

FO =FRHUFNOFN R =(HUT) U (H"UTy) W (M UT) U (Hy UT,) = AU H.

By definition of O,415 and O, 4, we have that Fj o, F39, Fa1,Fo1 are (r + 1)-disjoint.
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Thus, F, is a (2 - k/3 + 4)-well separated F-packing in G' by Fact 2.5.4(ii). Similarly,
Fois a (2 - k/3 + 4)-well separated F-packing in G. So A is indeed a r-well separated
F-absorber for H in G. O

2.9 Proof of the main theorems

2.9.1 Main complex decomposition theorem

We can now deduce our main decomposition result for supercomplexes (modulo the proof
of the Cover down lemma). The main ingredients for the proof of Theorem 2.4.7 are
Lemma 2.7.4 (to find a vortex), Lemma 2.8.2 (to find absorbers for the possible leftovers

in the final vortex set), and Lemma 2.7.5 (to cover all edges outside the final vortex set).

Proof of Theorem 2.4.7. We proceed by induction on r. The case r = 1 forms the
base case of the induction and in this case we do not rely on any inductive assumption.
Suppose that » € N and that (x); is true for all i € [r — 1].

We may assume that 1/n < 1/k < e. Choose new constants x',m’ € N and v, u > 0
such that

I/n<l/k<y<l/m <1/ <Kegp<E1/f

and suppose that F' is a weakly regular r-graph on f > r vertices.

Let G be an F-divisible (¢,&, f,r)-supercomplex on n vertices. We are to show the
existence of a k-well separated F-decomposition of G. By Lemma 2.7.4, there exists a
(2v/2, 1, € — ¢, f,r,m)-vortex Uy, Uy, ..., Uy in G for some um’ < m < m/. Let Hy,..., Hy
be an enumeration of all spanning F-divisible subgraphs of G[U,]™". Clearly, s < 2(7). We
will now find edge-disjoint subgraphs A, ..., A, of G) and y/k-well separated F-packings

Fio,Fles---,Fso, Fse i G such that for all i € [s] we have that
(A]_) ‘/—';(71;) = Az and ]:1(77;) = Az U HZ,
(A2) A(A) <m;
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(A3) A;[Uh] is empty;

(Ad) T, GIUL), For oo Fitor Fitdr - - - FS, are (r + 1)-disjoint.

7,09

Suppose that for some ¢ € [s], we have already found edge-disjoint Ay, ..., A; 1 together
with Fi o, Fle, ... Fi1.0, Fi—1 that satisfy (Al)—(A4) (with ¢ — 1 playing the role of s).

Let

T, = (G - H)u | As
]

i€ft—1
Ttl — G(r+1)[U1] U U (—E,SO(TH) U -E‘,S.(TH))-
i€ft—1]
Clearly, A(T}) < un+ syn < 2un by (V2) and (A2). Also, A(T}) < pn+2s/k(f — 1) <
2un by (V2) and Fact 2.5.4(i). Thus, applying Proposition 2.5.9(v) twice we see that
Gapst = G =T, —T] is still a (\/i,&/2, f,r)-supercomplex. Moreover, H, C Gé’;)l’t
by (A3). Hence, by Lemma 2.8.2, there exists a /k-well separated F-absorber A; for
H; in Gupsy with A(4;) < yn. Let Fio and Fie be /k-well separated F-packings in
Gabsy € G such that ft(;) = A; and .Ft(;) = A; U H;. Clearly, A; is edge-disjoint from
Ay, ..., Ai_1. Moreover, (A3) holds since G((z?s,t[Ul] = H; and A; is edge-disjoint from H;,
and (A4) holds with ¢ playing the role of s due to the definition of T}.

Let A* == Ay U---UA; and T* := (.E%O(TH) U E’S.(TH)). We claim that the

i€[s]

following hold:

(A1) for every F-divisible subgraph H* of G[U/]"), A* U H* has an s/k-well separated

F-decomposition F* with F*< C G[T*];
(A2") A(A*) <en and A(T*) < 2s\/k(f —r) < en;
(A3") A*[U;] and T*[U,] are empty.

For (Al’), we have that H* = H, for some ¢ € [s]. Then F* := F; e UlU,c (g 1y Fio IS an
F-decomposition of AU H* = (A U Hy) U Uiy 4i by (Al) and since Hy, Ay, ..., A,

are pairwise edge-disjoint. By (A4) and Fact 2.5.4(ii), F* is sy/k-well separated. We
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clearly have F*< C G and F*<(+1 C T*. Thus F*< C G[T*] and so (A1’) holds. Tt is
straightforward to check that (A2") follows from (A2) and Fact 2.5.4(i), and that (A3')
follows from (A3) and (A4).

Let Gumost == G — A* — T*. By (A2) and Proposition 2.5.9(v), Gamest is an
(v,€/2, f,r)-supercomplex. Moreover, since A* must be F-divisible, we have that Gymest
is F-divisible. By (A3'), Uy,...,Up is a (2v/&,1,& — &, f,r,m)-vortex in G umost[U1]-
Moreover, (A2') and Proposition 2.7.13 imply that U; is ('/°, i, &/2, f,7)-random in
G atmost and Uy \ Us is (V% u(1 — ), €/2, f,r)-random in Gymos. Hence, Uy, Uy, ..., Uy

is still an (€'/%, 1, £/2, f,r,m)-vortex in Guimes;- Thus, by Lemma 2.7.5, there exists a
(r)

4k'-well separated F-packing Faimoest i Gaimost Which covers all edges of G,

except

possibly some inside U,. Let H* := (G(r) Fi

almost ~ ¥ almost

)[Ue]. Since H* is F-divisible, A*UH*

has an sy/k-well separated F-decomposition F* with F*< C G[T*] by (A1’). Clearly,

G =gl L wA=FD UH YA =FS) g F),

almost almost almost
and Fuimost and F* are (r+1)-disjoint. Thus, by Fact 2.5.4(i1), Faimest UF ™ is a (4K’ +8v/K)-

well separated F-decomposition of G, completing the proof. 0

2.9.2 Resolvable partite designs

Perhaps surprisingly, it is much easier to obtain decompositions of complete partite r-
graphs than of complete (non-partite) r-graphs. In fact, we can obtain (explicit) resolvable
decompositions (sometimes referred to as Kirkman systems) in the partite setting using
basic linear algebra. We believe that this result and the corresponding construction are
of independent interest. Here, we will use this result to show that for every r-graph F,
there is a weakly regular r-graph F™* which is F-decomposable (see Lemma 2.9.2).

Let G be a complex. We say that a K](f)—decomposition K of GG is resolvable if K can
be partitioned into Kj(f_l)—decompositions of G, that is, =) can be partitioned into sets

Yi,...,Y; such that for each i € [t], K; :== {GU"V[Q] : Q €Vi}isa K}r_l)—decomposition
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of G. Clearly, K4, ..., K, are r-disjoint.

Let K,«, be the complete k-partite complex with each vertex class having size n.
More precisely, K, xx has vertex set V] U... UV} such that |V;| = n for all ¢« € [k] and
e € K, « if and only if e is crossing, that is, intersects with each V; in at most one vertex.

Since every subset of a crossing set is crossing, this defines a complex.

Theorem 2.9.1. Let q be a prime power and 2f < q. Then for every r € [f — 1], K¢

has a resolvable K}T)—decomposz'tion.

Let us first motivate the proof of Theorem 2.9.1. Let F be the finite field of order
g. Assume that each class of K, is a copy of F. Suppose further that we are given a
matrix A € FU="*/ with the property that every (f —r) x (f —r)-submatrix is invertible.
Identifying K é’;)f with F/ in the obvious way, we let K be the set of all Q € K é};)f with
AQ = 0. Fixing the entries of r coordinates of ) (which can be viewed as fixing an r-set)
transforms this into an equation A’Q" = b, where A" is an (f —r) x (f — r)-submatrix of
A. Thus, there exists a unique solution, which will translate into the fact that every r-set

of K, is contained in exactly one f-set of K, i.e. we have a Kj(cr)

-decomposition.

There are several known classes of matrices over finite fields which have the desired
property that every square submatrix is invertible. We use so-called Cauchy matrices,
introduced by Cauchy [18], which are very convenient for our purposes. For an application
of Cauchy matrices to coding theory, see e.g. [11].

Let F be a field and let x1,..., 2y, y1,...,y, be distinct elements of F. The Cauchy
matriz generated by (x;)icim) and (y;)jem is the m x n-matrix A € F™*" defined by
a;j = (z; — y;)~". Obviously, every submatrix of a Cauchy matrix is itself a Cauchy

matrix. For m = n, it is well known that the Cauchy determinant is given by the

following formula (cf. [79]):

det(A) = [icicjen(®i — i) (yi — ;)

In particular, every square Cauchy matrix is invertible.
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Proof of Theorem 2.9.1. Let I be the finite field of order ¢q. Since 2f < ¢, there
exists a Cauchy matrix A € FU=m+1)*f Let a be the final row of A and let A’ € FU/=7)x/
be obtained from A by deleting a.

We assume that the vertex set of K. s is F x [f]. Hence, for every e € K, there are

unique 1 <y < -+ <i < fand @q,..., 2 € F such that e = {(x;,7;) : j € [|e|]}. Let

T

Lo={i,..ig} €[f] and xe:=| @ [eFNL

Lle|

Clearly, Q € K qx)f is uniquely determined by xq.

Define Y C K éi)f as the set of all ) € K éi)f which satisfy A" - xq = 0. Moreover,

for each 2* € F, define Y, C Y as the set of all ) € Y which satisfy & - xq = z*.

Clearly, {Y, : z* € F} is a partition of Y. Let K = { qxf[ ] © Q € Y} and
Ko = {inf1 Q] : Q € Yy} for each z* € F. We claim that K is a K T)—decomposition

of K,«s and that K- is a K Y_decomposition of Ky for each 2* € F.

For I C [f], let A; be the (f —r + 1) x |I|-submatrix of A obtained by deleting the
columns which are indexed by [f] \ I. Similarly, for I C [f], let A} be the (f —r) x |I|-
submatrix of A’ obtained by deleting the columns which are indexed by [f] \ /. Finally,
for a vector x € Ff and I C [f], let x; € F/l be the vector obtained from x by deleting
the coordinates not in /.

Observe that for all e € K ¢ and ) € qi)f, we have

e C @ if and only if xq; = Xe. (2.9.1)

Consider ¢ € K™

axf- BY (2.9.1), the number of ) € Y containing e is equal to the

number of x € F/ such that A’ - x = 0 and X;, = X, or equivalently, the number of
/ f—r 3 3 I, !
x' € F/7" satistying A} - xe + A[f]\le

matrix, the equation Al[f]\ - X = —A7 - X has a unique solution x’ € F/=" i.e. there is

-x' = 0. Since Ay, is an (f —r) x (f —r)-Cauchy
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exactly one () € Y which contains e. Thus, K is a K}r)—decomposition of Kyxs.
Now, fix z* € F and e € Ké’;fl). By (2.9.1), the number of Q € Y, containing e is

equal to the number of x € F/ such that A’-x = 0, 4-x = z* and X;, = X,, or equivalently,

the number of x' € F/~"~1 satisfying A;, - xo + Az, - X' = . Since Apy)\z, is an

*

x
(f —=r+1) x (f —r+1)-Cauchy matrix, this equation has a unique solution x’ € F/~"*1,

(r-

Le. there is exactly one ) € Y~ which contains e. Hence, Ky« is a K 1)—decomposition

of quf. ]
Our application of Theorem 2.9.1 is as follows.

Lemma 2.9.2. Let 2 <r < f. Let F' be any r-graph on f vertices. There exists a weakly

reqular r-graph F* on at most 2f- f! vertices which has a 1-well separated F'-decomposition.

Proof. Choose a prime power ¢ with f! < ¢ < 2fl. Let V(F) = {vy,...,vs}. By The-
orem 2.9.1, there exists a resolvable Kj(f)—decomposition K of Kyx¢. Let the vertex classes
of Kgxy be Vi,...,V;. Let Ky,...,K, be a partition of K into K}Tﬁl)—decompositions of
K, xr. (We will only need Ky, ...,Kp.) We now construct F* with vertex set V(K ) as
follows: Let my,...,mp be an enumeration of all permutations on [f]. For every ¢ € [f]
and Q) € ICZ-S(f), let F; o be a copy of F' with V(F) = @ such that for every j € [f], the

unique vertex in ) N Vr, ;) plays the role of v;. Let

= |J Fe
ie[f1,Qex;

Fi={Fq:ic[f,Qeki"}.

Since Ky, ..., Kp are r-disjoint, we have |V (F') NV (F")| < r for all distinct F', F" € F.
Thus, F is a 1-well separated F-decomposition of F*.
We now show that F* is weakly regular. Let ¢ € [r — 1]p and S € (V(f*)). If S is not

crossing, then |F*(S)| = 0, so assume that S is crossing. If i = r—1, then S plays the role

of every (r — 1)-subset of V(F') exactly k times, where k is the number of permutations
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on [f] that map [r — 1] to [r — 1]. Hence,
|F*(S)| = |F|rk = |F|-r!/(f —r+ 1)l = s,_1.

If i <r—1, then S is contained in exactly ¢; := (T,fll) q" 17" crossing (r — 1)-sets. Thus,

Sr—16C;
F* S| = = S;.
()] = TG
Therefore, F* is weakly (so, ..., S,_1)-regular. O

2.9.3 Proofs of Theorems 2.1.1, 2.1.2, 2.1.4, 2.1.5 and 2.1.6

We now prove our main theorems which guarantee F-decompositions in r-graphs of high
minimum degree (for weakly regular r-graphs F', see Theorem 2.1.4), and F-designs in
typical r-graphs (for arbitrary r-graphs F', see Theorem 2.1.1). We will also derive The-
orems 2.1.2, 2.1.5 and 2.1.6.

We first prove the minimum degree version (for weakly regular r-graphs F'). Instead
of directly proving Theorem 2.1.4 we actually prove a stronger ‘local resilience version’.
Recall that #H,(n,p) denotes the random binomial r-graph on [n] whose edges appear

independently with probability p.

Theorem 2.9.3 (Resilience version). Let p € (0,1] and f,r € N with f > r and let

f+r)

rip? (]
c(f,rp) = W

Then the following holds whp for H ~ H,(n,p). For every weakly reqular r-graph F on f
vertices and any r-graph L on [n] with A(L) < c(f,r,p)n, H/A L has an F-decomposition

whenever it is F'-divisible.

The case p = 1 immediately implies Theorem 2.1.4.
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Proof. Choose ng € N and € > 0 such that 1/ny < ¢ < p,1/f and let n > ny,

/

1.1-2n(/*
oo M 20)

(f _ 7»)1; )C(f7 Ty p)? f = 099/f'7 5/ = 0.95£p2r<fi_T)’ 5// — 09(1/4>(f}%) (5/_C/>'

Recall that the complete complex K, is an (g, &, f, r)-supercomplex (cf. Example 2.4.9).
Let H ~ H,(n,p). We can view H as a random subgraph of K. By Corollary 2.5.19,
the following holds whp for all L C K" with A(L) < ¢(f, r, p)n:

K,JHAL)isa (3e+,& =, f,r)-supercomplex.

or f;{—r
Note that ¢ < % Thus, 2(2v/e)" - (3e + ) < & — ¢. Lemma 2.4.4 now implies
that K,[H A L] is an (,£", f,r)-supercomplex. Hence, if H A L is F-divisible, it has an

F-decomposition by Theorem 2.4.7. U

Next, we derive Theorem 2.1.1. As indicated previously, we cannot apply The-
orem 2.4.7 directly, but have to carry out two reductions. As shown in Lemma 2.9.2,
we can ‘perfectly’ pack any given r-graph F' into a weakly regular r-graph F™*. We also
need the following lemma, which we will prove later in Section 2.11. It allows us to remove
a sparse ['-decomposable subgraph L from an F-divisible r-graph G to achieve that G — L

is [*-divisible. Note that we do not need to assume that F™* is weakly regular.

Lemma 2.9.4. Let 1/n < v < §,1/f* and r € [f* —1]. Let F be an r-graph. Let
F* be an r-graph on f* wvertices which has a 1-well separated F-decomposition. Let G
be an r-graph on n wvertices such that for all A C (‘i(_Gl)) with |A] < (1;*:11)7 we have
|Ngea G(S)| = &n. Let O be an (r + 1)-graph on V(G) with A(O) < yn. Then there
exists an F-divisible subgraph D C G with A(D) < v72 such that the following holds:
for every F-divisible r-graph H on V(G) which is edge-disjoint from D, there exists a
subgraph D* C D such that H U D* s F*-divisible and D — D* has a 1-well separated

F-decomposition F such that F<U+) and O are edge-disjoint.

In particular, we will apply this lemma when G is F-divisible and thus H := G — D
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is F-divisible. Then L := D — D* is a subgraph of G with A(L) < v72 and has a 1-
well separated F-decomposition F such that F=+1) and O are edge-disjoint. Moreover,
G — L = H U D* is F*-divisible.

We can deduce the following corollary from the case F' = K" of Lemma 2.9.4.

Corollary 2.9.5. Let 1/n < v < &, 1/f and r € [f —1]. Let F' be an r-graph on f
vertices. Let G be an r-graph on n vertices such that for all A C (‘;(ﬁ)) with |A| < (fj),
we have |(Ngeqa G(S)| > &n. Then there exists a subgraph D C G with A(D) < v~ such
that the following holds: for any r-graph H on V(G) which is edge-disjoint from D, there

exists a subgraph D* C D such that H U D* s F-divisible.

In particular, using H := G — D, there exists a subgraph L := D — D* C G with
A(L) < 72 such that G — L = H U D* is F-divisible.
Proof. Apply Lemma 2.9.4 with F, K" playing the roles of F*, F. 0

We now prove the following theorem, which immediately implies the case A\ = 1 of

Theorem 2.1.1.

Theorem 2.9.6. Let 1/n < v,1/k < ¢,p,1/f and r € [f — 1], and

c< ph/(qr4q), where h = 2" (q j: 7ﬁ) and q :=2f - fl. (2.9.2)

Let F' be any r-graph on f vertices. Suppose that G is a (¢, h, p)-typical F-divisible r-graph
on n vertices. Let O be an (r + 1)-graph on V(G) with A(O) < yn. Then G has a k-well

separated F-decomposition F such that F<U+Y) and O are edge-disjoint.

Proof. By Lemma 2.9.2, there exists a weakly regular r-graph F* on f* < ¢ vertices
which has a 1-well separated F'-decomposition.

By Lemma 2.9.4 (with O.5p(f:—711) playing the role of &), there exists a subgraph
L C G with A(L) < 7% such that G — L is F*-divisible and L has a 1-well separ-

ated F-decomposition Fy;, such that ]_—(EYH) and O are edge-disjoint. By Fact 2.5.4(i),
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A(FU) < f —r. Let
G =G —L-F;""—0.

By Example 2.4.10, G is an (g, &, f*,r)-supercomplex, where ¢ := 2/ ~"+l¢c/(f* — r)!
and & == (1 — 2f*+1c)p2r<f*7*+T)/f*!. Observe that assumption (2.9.2) now guarantees
that 2(2y/e)"e < & Thus, by Lemma 2.4.4, G is a (v,&, f*,r)-supercomplex, where
¢ = 0.9(1/4)(f*r+r)§. By Proposition 2.5.9(v), we have that G’ is a (\/7,£'/2, f*,7)-
supercomplex. Moreover, G’ is F*-divisible. Thus, by Theorem 2.4.7, G’ has a (k — 1)-
well separated F*-decomposition F*. Since F* has a 1-well separated F-decomposition,
we can conclude that G’ has a (k — 1)-well separated F-decomposition Feompies- Let
F = Faiv U Feomples- By Fact 2.5.4(ii), F is a x-well separated F-decomposition of G.

Moreover, F=("*1) and O are edge-disjoint. O

We next derive Theorem 2.1.1 from Theorem 2.9.6 and Corollary 2.9.5.

Proof of Theorem 2.1.1. Choose a new constant x € N such that
1/n<y<1/k<ep/f

Suppose that G is a (¢, h, p)-typical (F, \)-divisible r-graph on n vertices. Split G into
two subgraphs G and GY% which are both (¢4, h, p/2)-typical (a standard Chernoff-type
bound shows that whp a random splitting of G yields the desired property).

By Corollary 2.9.5 (applied with G’2,0.5(p/2)({'j) playing the roles of G,¢), there
exists a subgraph L* C G with A(L*) < k such that Gy := G}, — L* is F-divisible. Let
G1:= Gy UL* = G — G;. Clearly, Gy is still (F, \)-divisible. By repeated applications
of Corollary 2.9.5, we can find edge-disjoint subgraphs Ly, ..., Ly of G; such that R; :=
G — L; is F-divisible and A(L;) < & for all i € [\]. Indeed, suppose that we have already
found L,...,L;_;. Then A(LyU---U Li_1) < A& < 4'/?n (recall that A < yn). Thus,
by Corollary 2.9.5, there exists a subgraph L; C G} — (L1 U --- U L;_1) with A(L;) < k

such that G7 — L; is F-divisible.
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Let G == GoU Ly U---ULy,. We claim that G is F-divisible. Indeed, let S C V(G)
with [S| < 7 — 1. We then have that [G5(S)| = |G2(S)| + Xicpy [(G1 — Ri)(S)] =
Go(S)] + AIG1(5)] = Siep |RA(S) = 0 mod Deg(F)g.

Since G, and GY are both (¢4, h, p/2)-typical and A(L*UL,U---ULy) < 29Y2n, we
have that each of Gy, GY, Ry, ..., Ry is (c+~'/3 h,p/2)-typical (and they are F-divisible
by construction).

Using Theorem 2.9.6 repeatedly, we can thus find x-well separated F-decompositions
Fi,. .., Faq of Gy, a k-well separated F-decomposition F* of G, and for each i € [A],
a k-well separated F-decomposition F, of R;. Moreover, we can assume that all these
decompositions are pairwise (r+1)-disjoint. Indeed, this can be achieved by choosing them
successively: Let O consist of the (r + 1)-sets which are covered by the decompositions
we have already found. Then by Fact 2.5.4(i) we have that A(O) < 2\-k(f —7) < 4Y/2n.
Hence, using Theorem 2.9.6, we can find the next k-well separated F-decomposition which
is (r + 1)-disjoint from the previously chosen ones.

Then F := F*UlU;cp_q) Fi UU ey Fi 1s the desired (F), A)-design. Indeed, every edge
of Gy — (Ly U---UL,) is covered by each of Fj,..., F;. For each i € [)], every edge of
L; is covered by F* and each of F{,...,F;_,F;,,...,F). Finally, every edge of G, is
covered by each of Fi,..., Fy_1 and F~*. ]

Using the same strategy, a similar result which holds in the more general setting of
supercomplexes can be obtained by using Corollary 2.6.10 instead of Corollary 2.9.5.

Theorem 2.1.2 is an immediate consequence of Theorem 2.9.6 and Corollary 2.9.5.

Proof of Theorem 2.1.2. Apply Corollary 2.9.5 (with G, 0.5p(£:}) playing the roles of
G, ¢€) to find a subgraph L C G with A(L) < C such that G — L is F-divisible. It is easy
to see that G — L is (1.1¢, h, p)-typical. Thus, we can apply Theorem 2.9.6 to obtain an
F-decomposition F of G — L. 0

Proof of Theorem 2.1.6. By Example 2.4.12, we have that G* is an (0.01£,0.99¢, f, 1)-

supercomplex. Moreover, since f | n, G is K](cl)—divisible. Thus, by Corollary 2.4.14, G
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has 0.01&n/ 1 f-disjoint K}l)—decompositions, i.e. G has 0.01&nf ! edge-disjoint perfect

matchings. U

Finally, we also prove Theorem 2.1.5, which is an easy corollary of Theorem 2.1.1.

Proof of Theorem 2.1.5. Choose ¢, h,ngy such that 1/ng < ¢ < 1/h < p,1/f. Let
K={F,....,F}. Thust < 2(7). Let F* := Fi +---+ F; and let aq,...,a; be integers
such that e := ged{|F1|,...,|Fi|} = a1|F1| + - - - + a4| F3|.

Now, assume that G is (¢, h, p)-typical and K-divisible. In particular, e | |G|. Since
e | [F*|, we have |G| = ze mod |F*| for some z € Z. With the above, |G| =}, ;| F}l
mod |F*| for some integers a}. Clearly, we may assume that 0 < a] < |F*|. Let Fy be a
set of a} copies of F; in G for all i € [t], all edge-disjoint. Let G' := G — fér). It is easy
to check that G’ is F*-divisible. Thus, since G’ is still (2¢, h, p)-typical, Theorem 2.1.1
implies that G’ has an F*-decomposition. In particular, G’ has a K-decomposition Fj.

Finally, Fy U F; is a K-decomposition of G. 0

2.10 Covering down

The aim of this section is to prove the Cover down lemma (Lemma 2.7.7). Suppose that
G is a supercomplex and U is a ‘random-like’ subset of V(G). The Cover down lemma
shows the existence of a ‘cleaning graph’ H* so that for any sparse leftover graph L*,
G[H*U L*] has an F-packing covering all edges of H* U L* except possibly some inside U.

We now briefly sketch how one can attempt to construct such a graph H*. As in
Section 2.7.1, for an edge e, we refer to |e N U] as its type. For the moment, suppose that
H* and L* are given. A natural way (for divisibility reasons) to try to cover all edges of
H* U L* which are not inside U is to first cover all type-0-edges, then all type-1-edges,
etc. and finally all type-(r — 1)-edges. It is comparatively easy to cover all type-O-edges.
The reason for this is that a type-0-edge can be covered by a copy of F' that contains no

other type-0-edge. Thus, if H* is a random subgraph of G — G [V (G) \ U], then every
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type-0-edge (from L*) is contained in many copies of F. Since A(L*) is very small, this
allows us to apply Corollary 2.6.9 in order to cover all type-0-edges with edge-disjoint
copies of F.

The situation is very different for edges of higher types. Suppose that for some ¢ €
[r — 1], we have already covered all edges of types 0,...,7 —i — 1 and now want to
cover all edges of type r — ¢. Every such edge contains a unique S € (V(C?\U). As

indicated in Section 2.7.1, we seek to cover all edges containing a fixed S € (V(GZ.)\U)

V(F)

simultaneously using Proposition 2.7.9 as follows: Let T € ( ) Roughly speaking, for

VW

7

every S € ( ), we reserve a random subgraph Hg of G(S)[U]"~? and protect all the
Hg’s when applying the nibble. Let L be the leftover resulting from this application and
let Lg := L(S). Assuming that there are no more leftover edges of types 0,...,7r —i —1
implies that Lg C G(S)[U]""" and that Hg U Lg is F(T)-divisible. We want to use
(%),—; inductively to find a well separated F(T")-decomposition Fg of Hg U Lg (provided
that Hg U Lg is quasirandom). Using Proposition 2.7.9, Fg can then be ‘extended’ to an
F-packing S < Fs which covers all edges that contain S. The hope is that the Hg’s do
not intersect too much, so that it is possible to find an F(7')-decomposition Fg for each
S such that the extended F-packings S < Fg are r-disjoint. Their union would then yield

an F-packing covering all edges of type r — 1.

There are two natural candidates for selecting Hg:
(A) Choose Hg by including every edge of G(S)[U]"~% with probability v.
(B) Choose a random subset Ug of U of size p|U| and let Hg := G(S)")[Ug].

The advantage of Strategy (A) is that Hg U Lg is quasirandom if Lg is sparse. This
is not the case for (B): even if the maximum degree of Lg is sublinear, its edges might
be spread out over the whole of U (while Hg is restricted to Ug). Unfortunately, when
pursuing Strategy (A), the Hg intersect too much, so it is not clear how to find the desired
decompositions due to the interference between different Hg. However, it turns out that

under the additional assumption that V(Lg) C Ug, Strategy (B) does work. We call the
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corresponding result the ‘Localised cover down lemma’ (Lemma 2.10.8).

We will combine both strategies as follows: For each S, we will choose Hg as in (A)
and Ug as in (B) and let Jg := G(S)"9[Us]. In a first step we use Hg to find an
F(T)-packing covering all edges e € Hg U Lg with e  Usg, and then afterwards we apply
the Localised cover down lemma to cover all remaining edges. Note that the first step
resembles the original problem: We are given a graph Hg U Lg on U and want to cover
all edges that are not inside Us C U. But the resulting types are now more restricted.
This enables us to prove a more general Cover down lemma, the ‘Cover down lemma for
setups’ (Lemma 2.10.24), by induction on r — i, which will allow us to perform the first

step in the above combined strategy for all S simultaneously.

2.10.1 Systems and focuses

In this subsection, we prove the Localised cover down lemma, which shows that Strategy (B)

works under the assumption that each Lg is ‘localised’.

Definition 2.10.1. Given ¢ € Ny, an i-system in a set V is a collection S of distinct
subsets of V' of size i. A subset of V is called S-important if it contains some S € S,

otherwise we call it S-unimportant. We say that U = (Us)ses is a focus for S if for each

S €S8, Ug is asubset of V'\ S.

Definition 2.10.2. Let G be a complex and S an i-system in V(G). We call G r-exclusive
with respect to S if every e € G with |e| > r contains at most one element of S. Let U be a
focus for S. If G is r-exclusive with respect to S, the following functions are well-defined:
For r' > r, let &. denote the set of S-important r’-sets in G. Define 7,.: & — [r' — i

as 7(e) := |e N Ug|, where S is the unique S € S contained in e. We call 7+ the type
function of G"), S, U.

Fact 2.10.3. Letr € N and i € [r —1]y. Let G be a complex and S an i-system in V(G).

Let U be a focus for S and suppose that G is r-exclusive with respect to S. For v’ > r,
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let 702 & — [r' — i)y denote the type function of GU), S, U. Let e € G with |e| > r be

S-important and let £ := &, N (i) Then we have
(i) maxgee 7o(€) < 1)ei(e) < le] =7+ mingegr 7.(€'),

(ii) mingeg 7,(¢") = max{r + 7j¢/(e) — |e|, 0}.

Proof. Let S C e with S € S. Clearly, for every S-important r-subset ¢’ of e, S is the
unique element from S that e’ contains. For any such ¢/, we have 7¢(e) = |e N Usg| >
le' N Us| = 7,.(€¢/), implying the first inequality of (i). Also, |e| — 7 (e) = |e\ Ug| >
le"\ Us| = r — 7.(¢/), implying the second inequality of (i).

This also implies that mingcer 7.(¢') > max{r + 7jc/(e) — |e],0}. To see the converse,
note that |e \ Us| = |e| — 7(e). Hence, we can choose an r-set ¢ C e with S C ¢
and |e’ \ Us| = min{|e| — 7(e),r}. Note that ¢/ € & and 7.(¢') = r — |/ \ Us| =

r —min{|e| — 7j¢/(e), r} = max{r + 7|(e) — |e|,0}. This completes the proof of (ii). O

Definition 2.10.4. Let G be a complex and S an i-system in V(G). Let U be a focus
for S and suppose that G is r-exclusive with respect to S. For ¢/ € {i +1,...,r — 1},
we define T as the set of all ¢/-subsets T" of V(G) which satisfy S C T C e\ Ug for some
SeSandec G, We call T the i'-extension of S in G around U.

Clearly, 7 is an #-system in V(G). Moreover, note that for every 7' € T, there
is a unique S € S with S C T because G is r-exclusive with respect to S. We let
T'|s := S denote this element. (On the other hand, we may have |T| < |S|.) Note that

U ={Urs : TeT}isafocusfor T asTNUpg =0 forall T € T.
The following proposition contains some basic properties of i’-extensions.

Proposition 2.10.5. Let 0 < i < <r. Let G be a complex and S an i-system in V(G).
Let U be a focus for S and suppose that G is r-exclusive with respect to S. Let T be the
i'-extension of S in G around U. For ' > r, let 7. be the type function of G, S, U.

Then the following hold for

G =G —{eecG" : eisS-important and 1.(e) <r —1i'} :
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(i) G is r-exclusive with respect to T ;

(ii) for all e € G with |e| > r, we have

e¢ G < eisS-important and T(e) < |e] —7;

(iii) forr’ > r, the T-important elements of G'"") are precisely the elements of T, (r' ).

Proof. To see (i), suppose, for a contradiction, that there is some ¢ € G’ with |¢/| > r
and distinct T, 7" € T such that ¢’ contains both T"and T". Let S := T'[s and S’ :=T"]s.
Clearly, S, S’ C ¢ € G. Since G is r-exclusive with respect to S, we must have S = 5" and
thus Us = Ug/. Since T and T" are distinct, we have that [T UT’| > ¢'. Let e be a subset
of € of size r containing S and at least i 4+ 1 vertices from T"UT’. Since e C € € &,
we must have e € G’). On the other hand, since S C e, e is S-important. However, as
TUT CV(G)\ Us, we have 7.(e) = |[eNUg| < r — ', contradicting the definition of G’.

For (ii), let & be the set of S-important r-sets in e. By definition of G’, we have e ¢ G’
if and only if e is S-important, & # 0 and mingcg, 7,.(¢) < r —i’. Then Fact 2.10.3(ii)
implies the claim.

Finally, we prove (iii). Suppose first that e € G'") is T-important. Clearly, we have
1(e) < 1’ —i'. Also, since e must also be S-important, but e € G’, (ii) implies that
7(e) > 1" —i'. Hence, e € 7,'(r' — i'). Now, suppose that e € 7' (r' —i'). By (ii), we
have e € G’ and it remains to show that e is T-important. Since e is S-important, there
is a unique S € S such that S Ce. Let T :=e\ Ug. Clearly, S C T C e\ Ug. Moreover,

|T| = le|—leNUs| =1"—7.(e) =4'. Thus, T' € T, implying that e is T-important. O

Let Z,; be the set of all quadruples (2o, 21, 22, 23) € N§ such that zo+2; < i, 20+23 < i

and 29 + 21 + 22 + 23 = r. Clearly, |Z,;] < (r+1)3 and Z,;, =0 if i = 0.

Definition 2.10.6. Let V' be a set of size n, let S be an i-system in V' and let U be a

focus for S. We say that U is a u-focus for S if each Ug € U has size un £+ n*/3. For all
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S eS8, z=1(20,21,2,23) € Z,; and all (21 + 22 — 1)-sets b C V' \ S, define

._752 = {S/ S ’Sﬂ S/‘ = Zo,b g Sl U US/, ’US/ N S‘ Z Zg},
jgz,l = {S/ € jbl:,z : ’bm S/‘ = Zl}’

Te.o={8"€Ts. : bNS|=2—1,[Usn(S\b)| >1}.

We say that U is a (psize, p, 7)-focus for S if

(F1) each Ug has size pgizepn &+ n?/3;
(F2) |Us N Ug/| < 2p*n for distinct S, S’ € S;

(F3) forall S € S, z = (20, 21, 22, 23) € Z,; and (21 + 22 — 1)-sets b C V' \ S, we have

|j§72,1| S 26rp22+Z371ni720721,

|j£l:)7z,2| S 29rpz2+23+1ni—zo—z1+1.

The sets S’ in jg,z’l and ‘75(’72,2 are those which may give rise to interference when
covering the edges containing S. (F3) ensures that there are not too many of them. The

next lemma states that a suitable random choice of the Ug yields a (ps;.e, p, r)-focus.

Lemma 2.10.7. Let 1/n < p <K psize, 1/7 and i € [r — 1]. Let V' be a set of size n, let
S be an i-system in V and let U' = (U§)ses be a psize-focus for S. Let U = (Usg)ses be a
random focus obtained as follows: independently for all pairs S € S and x € Ug, retain

in Us with probability p. Then whp U is a (psize, p,T)-focus for S.
Proof. Clearly, Us CV '\ S for all S € S.

Step 1: Probability estimates for (F1) and (F2)

For S € S, Lemma 2.5.10(i) implies that with probability at least 1 — 2e05Us!"* e
have |Us| = E(|Us|) & 0.5|U%|*/% = ppsizen &+ (pn?/3 + 0.5|U%[*/3). Thus, with probability
at least 1 — e """ (F1) holds.
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Let S,5" € S be distinct. If |[USNUL| < p?n, then we surely have |Us N Ug/| < p?n,
so assume that |UL N US| > p*n. Lemma 2.5.10(i) implies that with probability at least
1 — 272 syl we have |Ug N Usg/| < E(|Us N Usg/|) + p2|UL N UL | < 2p*n. Thus, with
probability at least 1 — ™%, (F2) holds.

Step 2: Probability estimates for (F3)

Now, fix S € S, z = (20, 21, 22, 23) € Z,; and an (21 + 22 — 1)-set b C V' \ S. In order

to estimate | J¢, | and | T8, ,|, define

jl = {SIES : |SﬂS/\ :zo,]bﬂS’\ :Zl},

j” = {SIES : |SﬂS/|:Zo,’bﬂS/‘:Zl—1}.

Clearly, J4., € J" and J§., € J". Moreover, since b S = (), we have that

1 21+ 29 — 1 P U iz —
|j/‘ S (Z > ( )nl Z0—21 S 2 T‘nl 20 Z]7
0

21

|j//‘ S < i > (Zl + 22 — 1) ni—zo—zl—i-l S 22rni_20_21+1.

20 Zl—]_

Consider S” € J'. By the random choice of Ug and since b NS = (), we have that
P(S" € Jé.1) =P(b\ S CUs,|Us NS| > 23) =P(b\ S’ CUs)-P(|Us N S| > 23).

Note that P(b\ S’ C Ug) < p2~ ! since |b\ S| = 29 — 1. Moreover, P(|[Us: N S| > 23) <
(z3)pZ3 S 2ZpZ3'
Hence, TE|JS, || < 2%2'p=*# 71227 n/~%=%1_Since i — 29 — z; > 1 and Ug and Ugr are

chosen independently for any two distinct S, S” € J', Lemma 2.5.10(iii) implies that

]P(|k75b,z,1| > 26rp22+z3—1ni—z0—zl) < 6_267>pz2+z3—1ni—z0—z1 < e_\/ﬁ' (2101)
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Now, consider S’ € J”. By the random choice of Ug and Ug/, we have that

B(S' € T.5) = PO\ S' C Us,[Us 5] > 2, |Us 1 (S \ B)] > 1)

—P(b\ ' C Us) - P(|[Us N S| > 2) - B(|Us N (S"\ b)] > 1)

< p2- (Z )pz3 . (Z — 2 + 1)0 < 7’2Tp22+z3+1.
z3

However, note that the events 5" € J¢_ , and S” € J§ , , are not necessarily independent.
To deal with this, define the auxiliary (i — zg — 21 + 1)-graph A on V with edge set
{S"\(SUDb) : S" € J"} and let A’ be the (random) subgraph with edge set {S"\ (SUb) :
S" € Jg.,} Note that for every edge e € A, there are at most (;0) (leszl) < 27
elements S' € J” with e = 5"\ (SUD). Hence, |J§,,| < 2%7|A|. Moreover, every edge
of A survives (i.e. lies in A’) with probability at most 22" - r2"p?2+#+1 and for every

matching M in A, the edges of M survive independently. Thus, by Lemma 2.5.15, we

have that
P(|Al| Z 77,23sz2+Z3+1ni7207Z1+1> S (Z — 20— 21 + 1)n1720*216*7'23%22“3“”
and thus
P(|j§,z,2’ > 7p2fr prtEs iz —atly < rpte T2 PR N o o=V (2.10.2)

Since |S| < n', a union bound applied to (2.10.1) and (2.10.2) shows that with probability

at least 1 — e, (F3) holds. O

The following ‘Localised cover down lemma’ allows us to simultaneously cover all S-
important edges of an i-system S provided that the associated focus U satisfies (F1)—(F3)
and all S-important edges are ‘localised’ in the sense that their links are contained in the

respective focus set (or, equivalently, their type is maximal).

Lemma 2.10.8 (Localised cover down lemma). Let 1/n < p < pgize, &, 1/f and 1 <
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i <r < f. Assume that (x),_; is true. Let F' be a weakly regular r-graph on f vertices
and S* € (V(Z.F)) such that F(S*) is non-empty. Let G be a complex on n wvertices and
let S = {S1,...,5,} be an i-system in G such that G is r-exclusive with respect to S.
Let U = {Uy,...,Up} be a (psize, p,7)-focus for S. Suppose further that whenever S; C
e € G, we have e\ S; C U;. Finally, assume that G(S;)[U;] is an F(S*)-divisible
(p, &, [ —i,7 — i)-supercomplex for all j € [p].

1/12

Then there exists a p~/*“-well separated F'-packing F in G covering all S-important

r-edges.

Proof. Recall that by Proposition 2.5.3, F'(S*) is a weakly regular (r — i)-graph. We
will use (x),_; together with Corollary 2.4.15 in order to find many F'(S*)-decompositions
of G(S;)[U;] and then pick one of these at random. Let t := p'/%(0.5pps:.cn)? ™" and
k= p Y12 For all j € [p], define G; := G(5;)[U;]. Consider Algorithm 2.10.9 which, if

successful, outputs a k-well separated F'(S*)-decomposition F; of G; for every j € [p].

Algorithm 2.10.9

for j from 1 to p do
for all z = (20, 21, 22, 23) € Z,;, define T? as the (z; + 22)-graph on U; containing all
Z1\JZy C U; with |Z1| = 21, |Zs| = 22 such that for some j’ € [j —1] with |S;NSj| = 2
and some K’ € ]-";(f_i), we have Zy C Sy, Zo C K’ and |[K' N S;| = 23
if there exist x-well separated F'(S*)-decompositions Fj1, ..., Fj; of G;—,cz  T?
which are pairwise (f — i)-disjoint then 7
pick s € [t] uniformly at random and let F; := F;
else
return ‘unsuccessful’
end if
end for

Claim 1: If Algorithm 2.10.9 outputs Fi,...,F,, then F = Uje[p} ]}] 1s a packing as
desired, where .7:"] = 5;4F;.

Proof of claim: Since z; + 25 > r —1, we have Gg.r_i) = (Gj—U, ez, T7)"=9. Hence, F; is
indeed an F'(S*)-decomposition of G;. Thus, by Proposition 2.7.9, .7:"] is a k-well separated
F-packing in G covering all r-edges containing S;. Therefore, F covers all S-important

r-edges of G. By Fact 2.5.4(iii) it suffices to show that F, ... ,]:"p are r-disjoint.
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F=)

To this end, let 7' < j and suppose, for a contradiction, that there exist K e ;
and K’ € f?(f) such that |K N K'| > r. Let K := K\ S; and K" := K’'\ S;. Then
K € ]—“f(f_i) and K’ € f;(f_i) and |[(S; UK)N(S;y UK')| > r. Let 2o :=|S; N Sy| and
z3 :=|S; N K'|. Hence, we have |K N (S;y UK')| > r — 2y — z3. Choose X C K such that
IX NSy UK")| =7r—2 — 2 and let Z; := X NS and Z, := X N K’. We claim that
z = (20, |21],|22|, z3) € Z,;. Clearly, we have zy + |Z1| + |Z2| + 23 = r. Furthermore,
note that zp + 23 < i. Indeed, we clearly have zy + 23 = |S; N (S U K')| < |S;| =4, and
equality can only hold if S; C S; U K' = K', which is impossible since G is r-exclusive.
Similarly, we have zy + |Z;| < i. Thus, z € Z,;. But this implies that Z; U Zy € T?, in

contradiction to Z; U Z5 C K. —

In order to prove the lemma, it is thus sufficient to prove that with positive probability,

A(T?) < 27 frp'?|U;| for all j € [p] and z € Z,;. Indeed, this would imply that

z

AU.ez,, T7) < (r + 1)32% fpt/2=112|U;|, and by Proposition 2.5.9(v), G; — U.ez,, T’
would be a (p'/'2,£/2, f — i, — i)-supercomplex. By Corollary 2.4.15 and since |U;| >
0.5ppsizen, the number of pairwise (f —)-disjoint x-well separated F'(S*)-decompositions
in G — Uzezm- T7 is at least p?/*2|U;|=9=(=) > ¢ 5o the algorithm would succeed.

In order to analyse A(TY), we define the following variables. Suppose that 1 < j/ <
J < p, that z = (20, 21, 22, 23) € Z,;, and b C U; is a (21 + 2o — 1)-set. Let Yf’zj/ denote the

random indicator variable of the event that each of the following holds:
(a) there exists some K’ € ]'_;(f_i) with |K' N S;| = zs;
(b) there exist Z; C Sy, Zy C K’ with |Z;| = 21, |Z2| = 22 such that b C Z; U Zy C Uy;
(c) 1S5 N Sjr| = 0.

We say that v € (Ujl\b) is a witness for j' if (a)—(c) hold with Z; U Z; = bW wv. For all

j€pl, 2= (20,21, 22,23) € Z,; and (21 + 22 — 1)-sets b C Uj, let X7}, := ;,_:11 lej’zj/.

Claim 2: For all j € [p], z = (20, 21, 22, 23) € Z.; and (z1 + 22 — 1)-sets b C U;, we have

TI(0)| < 27 fXY..
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Proof of claim: Let j, z and b be fixed. Clearly, if v € T?(b), then by Algorithm 2.10.9, v
is a witness for some j' € [j — 1]. Conversely, we claim that for each j/ € [j — 1], there
are at most 2% fx witnesses for j’. Clearly, this would imply that |T7(b)| < 2% fk|{j’ €
=1 Y =1 = 2% frXD,.

Fix 7/ € [j — 1]. If v is a witness for j’, then there exists K, € J’:;(f_i) such that
(a)—(c) hold with Z; U Zy = bW v and K, playing the role of K’. By (b) we must have
vC ZyUZy C Sy UK,. Since |Sj U K| = f, there are at most f witnesses v’ for j' such
that K, can play the role of K. It is thus sufficient to show that there are at most 2%k
K' e .7:;“_2') such that (a)—(c) hold.

Note that for any possible choice of Z;, Zo, K', we must have |b N Zs| € {23,20 — 1}
and bN Z; C Zy € K' by (b). For any Z; C b with |Z}| € {2, 2 — 1} and any Z3 € (%),
there can be at most Kk K’ € ]-";(f_i) with Z), C K’ and K'NS; = Z5. This is because F/
is a k-well separated F'(S*)-decomposition and |Z5 U Z3| > 2o — 1 + 23 > r — i. Hence,

there can be at most 2/l (:3)/1 < 2?7k possible choices for K. —

The following claim thus implies the lemma.

Claim 3: With positive probability, we have XJ’{Z < p2|U;| for allj € [p, z = (20, 21, 22, 23) €

Z,; and (z1 + 2o — 1)-sets b C Uj.

Proof of claim: Fix j, z,b as above. We split X;Z into two sums. For this, let

Jho={"€li—1: [S;NSy|=2,b\ Sy CUy, Uy NS, > 2},
e s = )

Tien =17 €T3+ b0 Syl =21 = 1,|U; N (Sp \ b)| = 1}
Since U is a (psize, p, r)-focus for S, (F3) implies that

(TPl < 27 prr a0, (2.10.3)

| T, o < 277 pretmstipizao—atl, (2.10.4)
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Note that if ijl =1, then j' € Jbzl U jjbzz Hence, we have X; = sz1 + X?

712,29

where X?

jal = Zj’ejﬁz,l Yb’zj and X]bz2 = Zj et Yb’]. We will bound X;?,ZJ and
XJI{Z’Q separately.
For j' € J)., UJ}, 5, define

-/ U'/
K?:i = {K’E ( J > : ngj/UK/,|K/ﬂUj‘ 22’2,|Klﬂ5j| 223}. (2105)

f—1
Note that if Y}Zjl =1, then .7:;’(,572') N IC?-ZJ # ). Recall that the candidates Fy 1,. .., Fj,
in Algorithm 2.10.9 from which F; was chosen at random are (f — 7)-disjoint. We thus

have ' 3
{kelt] : FU0 K £0} vcb’ﬂ
t t

P(Y)) =1) <

This upper bound still holds if we condition on variables Y fzj , 7" # 5'. We thus need to

b?j/ ] b b
bound |KC;7 | in order to bound X7, and X7,

Step 1: Estimating X?, |
Consider j' € J). ;. Forall K’ € IC?:{, we have b\S; C K’ and [bNK'| = |b]—|bNS;/| =
2o — 1, and the sets bN K', K'NS;, (K'\ b) N (U; NUj) are disjoint. Moreover, we have

(K'\b)N(U;nUp)| =[(K'\b)NU;| > |[K'NU;| —|bN K’'| > 1. We can thus count

y S. : . ,
G| < (|Z§|) U Uy |- [Up| 7270775 <920 2070 (2ppyizen) 2752,

Let py := potsi45/3,, nlt=+21=1 ¢ [0,1]. In order to apply Proposition 2.5.11, let
Ji, .-, Jm be an enumeration of .7]-’;71. We then have for all k € [m] and all yq,...,yx_1 €
{0,1} that

’Kb’]k _ 2z . 2p2n . <2ppsizen>f—i—z2—z3

P Y@jk -1 Y@jl _ Y'bd'k-q —
( J,z | 7,2 Y1, Yk 1) > P >~ p1/6(0.5ppsizen)ffr

[ 222

zo+z1—1, 1+z0+21—1

— 22f—7‘+1—22—23 ppsize) n

p11/6(

< p1.
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Let By ~ Bin(|J), |, p1) and observe that

(2.10.3) . . .
o b ~ 6r zo+zz3—1, i—z9—z 20+21—1+5/3 14+z0+2z1—1
TEB, = 7"7j,z,1’p1 < T 2MpETETIRTRTEL. pRoTA / Psizen 0

=17. 267‘p7“7i+2/3p5i26n S 05p1/2‘UJ’

Thus,

Proposition 2.5.11 Lemma 2.5.10(iii)

P(X o050 21031

V1> 05 7Uy)) P(By > 0.5"?|U;))

Step 2: Estimating X?, ,

Consider j' € J}, ,. This time, since [bN S| = z; — 1, we have |[K'Nb| = [b\ S| = 2,
for all K’ € K?:g,. Thus, we count
y S; ; ; ;
1< (M) oy <2y

Let py 1= potsii=1/5,. n#o+s1=t ¢ [0,1]. In order to apply Proposition 2.5.11, let

J1y- -+, Jm be an enumeration of *7322

We then have for all k € [m] and all y,...,y,_1 €
{0,1} that
|’Cb7jk - 21 . (2ppsizen)f7iizgizs

POYPH =1 | Y =y, YV =gy ) < 22
e [ Yih = Y Pht) S TS (0 )

_ 22fferQfZ3pfl/6(ppsizen)qﬁ»zlfi
< pa.
Let By ~ Bin(|J}). 5|, p2) and observe that
2.10.4) , . .
7EB2 — 7|»7jl:z,2’ﬁ2 S 7. 29Tp22+23+1n1—20—21+1 . pzo+z1—z—1/5psizenz0+z1—z

= 7.2y < 0.5p1/2\Uj|.
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Thus,

Proposition 2.5.11 Lemma 2.5.10(iii)

P(X?_, > 0.5p"2|U;)) < UP(By>05p%U) T < e 08

]7272 -

Hence,

P(X?. > p2|U;)) < P(X? > 0.5p"2|U;|) < 20705011

22 — ]7Z51

> 0.5 2|5 ) + P(X

J1%,2

Since p = |S| < n’, a union bound easily implies Claim 3. —

This completes the proof of Lemma 2.10.8. U

2.10.2 Partition pairs

We now develop the appropriate framework to be able to state the Cover down lemma
for setups (Lemma 2.10.24). Recall that we will consider (and cover) r-sets separately
according to their type. The type of an r-set e naturally imposes constraints on the type
of an f-set which covers e. We will need to track and adjust the densities of r-sets with
respect to f-sets for each pair of types separately. This gives rise to the following concepts
of partition pairs and partition regularity (see Section 2.10.3). We will sometimes refer
to r-sets as ‘edges’ and to f-sets as ‘cliques’.

Let X be a set. We say that P = (X1,...,X,) is an ordered partition of X if the X;
are disjoint subsets of X whose union is X. We let P(i) := X; and P([i]) := (X1, ..., Xi).
If P=(Xy,...,X,) is an ordered partition of X and X’ C X, we let P[X’] denote
the ordered partition (X; N X',..., X, N X’) of X'. If {X', X"} is a partition of X,
P = (X{,...,X]) is an ordered partition of X’ and P” = (X7,...,X}) is an ordered

partition of X", we let

P UP! = (X{’ o 7X;,X{/, ce ,Xll,/).
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Definition 2.10.10. Let G be a complex and let f > r > 1. An (r, f)-partition pair of G
is a pair (P,, Py), where P, is an ordered partition of G and P; is an ordered partition
of G, such that for all £ € P, and Q € Py, every Q € Q contains the same number
C(€, Q) of elements from €. We call C': P, x Py — [(!)]o the containment function of the
partition pair. We say that (P,, Py) is upper-triangular if C(P,(¢), P¢(k)) = 0 whenever
(> k.

Clearly, for every Q@ € Py, > ocp C(E,Q) = ({) If (P, Py) is an (r, f)-partition pair

of G and G’ C G is a subcomplex, we define
(P, PHIG] := (P, ]G], P;[G")).

Clearly, (P,,Ps)[G'] is an (r, f)-partition pair of G'.

Example 2.10.11. Suppose that G is a complex and U C V(G). For ¢ € [r]y, define
E={ecGM : |lenU| ={}. For k € [f]o, define Q) :={Q € GY) : |QNU| =k}. Let
P, = (&,...,&) and Py := (Qo,...,Qy). Then clearly (P,,Py) is an (r, f)-partition
pair of G, where the containment function is given by C'(&;,, Q) = (];) (]; :]Z). In particular,

C(&, Qx) = 0 whenever £ > k or k > f—r+/{. We say that (P,, Py) is the (r, f)-partition
pair of G, U.

The partition pairs we use are generalisations of the above example. More precisely,
suppose that G is a complex, S is an i-system in V(G) and U is a focus for S. Moreover,
assume that G is r-exclusive with respect to S. For ' > r, let 7, denote the type
function of G, S, U. As in the above example, if & := 7.1(¢) for all £ € [r — i]y and
Q. = T;l(k') for all k € [f —i]o, then every @) € Q) contains exactly (];) ({:1:’;) elements
from &,. However, we also have to consider S-unimportant edges and cliques. It turns out
that it is useful to assume that the unimportant edges and cliques are partitioned into ¢
parts each, in an upper-triangular fashion.

More formally, for " > r, let D, denote the set of S-unimportant r’-sets of G and

assume that P} is an ordered partition of D, and P; is an ordered partition of D;. We
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say that (P;,P;) is admissible with respect to G, S, U if the following hold:
(P1) |Pr[ =Pl = 4;
(P2) forall S € S, h € [r—i]pand B C G(S)™ with 1 < |B| < 2" and all ¢ € [i], there

exists D(S, B, () € Ny such that for all Q € (,cz G(SUb)[Us]V~"") we have that

{ee P (t) : be B:e C SULUQ} = D(S, B, 0);

(P3) (Pru{G"\D,},P;u{GY)\Ds}) is an upper-triangular (r, f)-partition pair of G.

Note that for i = 0, S = {0} and U = {U} for some U C V(G), the pair (), 0)
trivially satisfies these conditions. Also note that (P2) can be viewed as an analogue
of the containment function (from Definition 2.10.10) which is suitable for dealing with

supercomplexes.

Assume that (P, P;) is admissible with respect to G, S, U. Define

P, = 73: U (7__1(0>’ s 7Tr_1(T - Z))’

r

Py =P U (Tfl(O),...,Tfl(f—i)).

It is not too hard to see that (P,, Py) is an (r, f)-partition pair of G. Indeed, P, clearly
is a partition of G and Py is a partition of G, Suppose that C is the containment
function of (P*LI{G™\D,}, P}I_I{G(f)\Df}). Then C” as defined below is the containment
function of (P,,Py):

e For all £ € P* and Q € P, let C'(E, Q) = C(E, Q).
e For all ¢ € [r —i]o and Q € P}, let C'(7,71(¢), Q) := 0.

e For all £ € PF and k € [f — i)y, define C’(S,Tf’l(k)) = C(£,{GY\ D;}).
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P;(1) Pi(i) Tf_l(O) Tf_l(].) Tf_l(f—’l’) Tf_l(f—i)
Pr(1) *
0 *
0 0 [0 =+
7-1(0) 0 [0 0 ¥ " 0 0
0 0 0 0 * * 0 0
0 0 0 0 0 * * 0
=] 0 [0 0 0 0 0 [ = *

Figure 2.1: The above table sketches the containment function of an (r, f)-partition pair induced by
(Px, 77;) and U. The cells marked with * and the shaded subtable will play an important role later on.

e Forall ¢ € [r —i]o, k € [f —i]o, let

O (0), 77 M (k) = (’;) <f — ’“) (2.10.6)

r—i—1{
We say that (P,,Py) as defined above is induced by (P}, P;) and U.
Finally, we say that (P,,Py) is an (r, f)-partition pair of G, S, U, if
o (P.([7]), Ps([d])) is admissible with respect to G, S, U;
e (P.,Py) is induced by (P.([i]), Ps([i])) and U.
The next proposition summarises basic properties of an (r, f)-partition pair of G, S, U.

Proposition 2.10.12. Let 0 < i < r < f and suppose that G is a complex, S is an i-
system in V(G) andU is a focus for S. Moreover, assume that G is r-exclusive with respect
to S. Let (P.,Py) be an (r, f)-partition pair of G, S, U with containment function C.

Then the following hold:

(P1) [Pyl =r+1and |Psl=f+1;

(P2) fori <l <r+1, Pp(l) =7, ({—i=1), and fori < k < f+1, Ps(k) = 77 ' (k—i—1);
(P3) (P, Py) is upper-triangular;

(P4") C(P.(£), Ps(k)) = 0 whenever both £ > i and k > f —r+{;

(P5") (P2) holds for all ¢ € [r + 1], with P, playing the role of P;.
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(P6") if i =0, S = {0} andU = {U} for some U C V(G), then the (unique) (r, f)-
partition pair of G, S, U is the (r, f)-partition pair of G, U (cf. Example 2.10.11);
(P7") for every subcomplex G' C G, (P, P)|G'] is an (r, f)-partition pair of G', S, U.

Proof. Clearly, (P1’), (P2') and (P6’) hold, and it is also straightforward to check (P7).
Moreover, (P3’) holds because of (P3) and (2.10.6). The latter also implies (P4’).
Finally, consider (P5"). For ¢ € [i], this holds since (P,([i]),Ps([i])) is admissible,
so assume that ¢ > i. We have P.({) = 77'({ —i—1). Let S € S, h € [r — i]p and
B C G(S)™ with 1 < |B| < 2",
For Q € Nyep G(SUD)[Us]V=M let

Do:={ecG" : SCelenUs|=¢—i—1,3b€ B:e\SCbUQ}.
It is easy to see that
{eeP.(f): IbeB:eCSUDUQ} =Dyg.

Note that for every e € Dy, we have e = SU (UB Ne)U (QNe).
It remains to show that for all Q, Q' € (,cz G(SUD)[Us]V ="M we have |Dg| = |Dgy|.
Let m: @ — @' be any bijection. For each e € Dy, define 7’(e) := SU(JBNe)Um(QNe).

It is straightforward to check that 7': Dy — D¢y is a bijection. 0

2.10.3 Partition regularity

Definition 2.10.13. Let G be a complex on n vertices and (P,, Py) an (r, f)-partition
pair of G with a := |P,| and b := |[Py|. Let A = (az;) € [0,1]%°. We say that G is

e, A, f,r)-reqular with respect to (P, P;) if for all £ € |a|, k € [b] and e € P,.({), we have
/
|(Pr(k))(e)] = (aex £ )0, (2.10.7)
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where we view P;(k) as a subgraph of GU). If £ C P,(¢) and Q C P;(k), we will often

write A(E, Q) instead of ay .
For A € [0,1]** with 1 <t < a < b, we define
e min‘(A) := min{a,; : j € [a]} as the minimum value on the diagonal,
e min‘{(A) := min{a; 4y : jE€{a—t+1,...,a}} and
e min"\*(A4) := min{min"(A), min\!(A)}.

Note that min\\"~"*!(A) is the minimum value of the entries in A that correspond to the

entries marked with * in Figure 2.1.

Example 2.10.14. Suppose that G is a complex and that U C V(G) is (&, i, &, f,7)-
random in G (see Definition 2.7.1). Let (P,,P¢) be the (r, f)-partition pair of G, U (cf.
Example 2.10.11). Let Y € GY) and d > ¢ be such that (R2) holds. Define the matrix

A € [0, 1]0r+xU+D) a5 follows: for all £ € [r + 1] and k € [f + 1], let

agy = bin(f —r,pu, k —0)d.

Forall{ € [r+1],k€[f+1]and e € P.({) = {¢' € G" : |¢NU| = ~—1}, we have that

(PiYI(R))(e)l = HQeGK](e) : [(eu@)nU|=k—1}|
= HQeGM(e) : lQnUI=k -1}

= (Lxe)in(f —r puk—0)dn’™" = (agp £)n' ™.

In other words, G[Y] is (e, A, f,r)-regular with respect to (P,, P;[Y]). Note also that
i\ (A) = min{bin(f — r,u,0),bin(f — ., f —r)}d > (min {1 — )"

In the proof of the Cover down lemma for setups, we face (amongst others) the fol-
lowing two challenges: (i) given an (e, A, f,r)-regular complex G for some suitable A,

we need to find an efficient F-packing in Gj (ii) if A is not suitable for (i), we need to
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find a ‘representative’ subcomplex G’ of G which is (e, A’, f, r)-regular for some A’ that
is suitable for (i). The strategy to implement (i) is similar to that of the Boost lemma
(Lemma 2.6.3): We randomly sparsify Gf) according to a suitably chosen (non-uniform)
probability distribution in order to find Y* € G) such that G[Y*] is (e, d, f,r)-regular.
We can then apply the Boosted nibble lemma (Lemma 2.6.4). The desired probability
distribution arises from a non-negative solution to the equation Az = 1. The following

condition on A allows us to find such a solution (cf. Proposition 2.10.16).

Definition 2.10.15. We say that A € [0, 1]*? is diagonal-dominant if asy, < a./2(a—¥)

for all 1 < ¢ < k < min{a, b}.

Definition 2.10.15 also allows us to achieve (ii). Given some A, we can find a ‘repres-
entative’ subcomplex G’ of G which is (¢, A', f,r)-regular for some A’ that is diagonal-

dominant (cf. Lemma 2.10.20).

Proposition 2.10.16. Let A € [0,1]*** be upper-triangular and diagonal-dominant with

a <b. Then there exists x € [0,1]° such that x > min‘(A)/4b and Az = min\(A)1.

Proof. If min\(A) = 0, we can take x = 0, so assume that min‘(4) > 0. For k > a,
let yx := 1/4b. For k from a down to 1, let y; := a,;i(l — Z?:Hl ap;y;). Since A is
upper-triangular, we have Ay = 1. We claim that 1/4b < y;, < a,;i for all £ € [b]. This
clearly holds for all k& > a. Suppose that for some k € [a], we have already checked that

1/4b < y; < a;; for all j > k. We now check that

b a
a; b—a _ 3 a—Fk 1
1>1- > 1— B >2_ _47F _Z
- _Z Wha¥i = ,Z 2@k T4 T4 20a—k) 4
j=k+1 j=k+1
and so 1/4b < yj, < a; ;. Thus we can take z := min'\(A)y. O

Lemma 2.10.17. Let 1/n < e < &, 1/f andr € [f —1]. Suppose that G is a complex on
n vertices and (P,, Py) is an upper-triangular (r, f)-partition pair of G with |P,| < |Py| <

f+1. Let A € [0,1]PXIPsl be diagonal-dominant with d := min\(A) > £. Suppose that
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G is (g, A, f,r)-reqular with respect to (P.,Pys) and (&, f + r,r)-dense. Then there exists
Y* C GY) such that G[Y*] is (2fe,d, f,r)-reqular and (0.9¢(&/4(f + 1))(Ffrr),f +r,r)-

dense.

Proof. Since (P, Py) is upper-triangular, we may assume that A is upper-triangular too.
By Proposition 2.10.16, there exists a vector z € [0, 1]P] with 2 > min"\(A)/4(f + 1) >
¢/A(f +1) and Az = d1.

Obtain Y* C G randomly by including every Q € GY) that belongs to Py(k) with
probability zj, all independently. Let e € P,(¢) for any ¢ € [|P,|]. We have

[Pyl
E|GY* D (e)| = wrlans £ e)n ™" = (d+ (f + De)n! .

Then, combining Lemma 2.5.10(ii) with a union bound, we conclude that whp G[Y™*] is
(2fe,d, f,r)-regular.
Let e € G, Since |GY+7)(e)| > énf and every Q € GU*7)(e) belongs to G[Y*]+7)(e)

with probability at least (£/4(f + 1))(f}rr), we conclude with Corollary 2.5.14 that with

_pl/6

probability at least 1 —e , we have

GIY]+0(e)] > 0.9(&/4(f + 1)) |GU(e)] > 0.9¢(¢/4(f + 1) )n.

f4r
f

Applying a union bound shows that whp G[Y*] is (0.9¢({/4(f + 1))( >, f +r,r)-dense.
U

The following concept of a setup turns out to be the appropriate generalisation of

Definition 2.7.1 to i-systems and partition pairs.

Definition 2.10.18 (Setup). Let G be a complex on n vertices and 0 < i <r < f. We
say that S,U, (P, Ps) form an (e, i, &, f,r,1)-setup for G if there exists an f-graph Y on
V(G) such that the following hold:

(S1) S is an i-system in V(G) such that G is r-exclusive with respect to S; U is a pu-focus
for S and (P, Py) is an (r, f)-partition pair of G, S, U;
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(S2) there exists a matrix A € [0, 1]0+*U+D with min\\"""*1(A) > ¢ such that G[Y] is

(e, A, f,r)-regular with respect to (P,, Py)[G[Y]] = (P,, P¢[Y]):

(S3) every S-unimportant e € G is contained in at least &(un)/ S-unimportant @Q €
G[Y]Y*") and for every S-important e € G withe D S € S, we have |G[Y]Y*7) (e)[Us]| >

&(un)7;

(S4) for all S € S, h € [r —i]o and all B C G(S)™ with 1 < |B| < 2" we have that
Moes G(SUDb)[Us] is an (g,&, f —i — h,r — i — h)-complex.

Moreover, if (S1)-(S4) are true and A is diagonal-dominant, then we say that S, U, (P, Py)

form a diagonal-dominant (e, u, &, f,r,i)-setup for G.

Note that (S4) implies that G(S)[Us] is an (¢,&, f — i,r — i)-supercomplex for every
S € §, but is stronger in the sense that B is not restricted to Ug. The following observation
shows that Definition 2.10.18 does indeed generalise Definition 2.7.1. (Recall that the
partition pair of G, U was defined in Example 2.10.11.) We will use it to derive the Cover

down lemma from the more general Cover down lemma for setups.

Proposition 2.10.19. Let G be a complex on n vertices and suppose that U C V(Q)
is (e, 1, €, f,r)-random in G. Let (P,,Ps) be the (r, f)-partition pair of G,U. Then
{0}y,{U}, (Py, Py) form an (g, u, @&, f,r,0)-setup for G, where fi := (min {u, 1 — u})’=".

Proof. We first check (S1). Clearly, S is a 0-system in V' (G). Moreover, G is trivially
r-exclusive with respect to S since |S| < 2. Moreover, by (R1), U is a p-focus for S, and
(P, Py) is an (r, f)-partition pair of G,S,U by (P6’) in Proposition 2.10.12. Note that
(S4) follows immediately from (R4). In order to check (S2) and (S3), assume that Y C G/)
and d > ¢ are such that (R2) and (R3) hold. Clearly, all e € G are S-important, and
by (R3), we have for all e € G that |G[Y]Y*7)(e)[U]| > &(un)f, so (S3) holds. Finally,
we have seen in Example 2.10.14 that there exists a matrix A € [0,1]0FD>*U+1) ith

min\\" " (A) > ji¢ such that G[Y] is (e, A, f,r)-regular with respect to (P,, P;[Y]).
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The following lemma shows that we can (probabilistically) sparsify a given setup so

that the resulting setup is diagonal-dominant.

Lemma 2.10.20. Let 1/n < e < v < 1, &,1/f and 0 < i <r < f. Let & := 31+,

Let G be a complex on n vertices and suppose that
S, U, (P, Ps) form an (e, 1, &, f,r,i)-setup for G.

Then there exists a subgraph H C G with A(H) < 1.1vn and the following property:
for all L C G with A(L) < en and all (r + 1)-graphs O on V(G) with A(O) < en, the
following holds for G' := G[H A L] — O:

S,U, (P, P;y)[G"] form a diagonal-dominant (\/e,u, &', f,r,i)-setup for G'.

Proof. Let Y C GY) and A € [0, 1]"+)*U+D he such that (S1)-(S4) hold for G. Let
C: P, x Py — [()]o be the containment function of (P,,Py). We will write ¢y =
C(Py(0), Ps(k)) for all £ € [r+1] and k € [f+1]. We may assume that a,, = 0 whenever
cor = 0 (and min\V"" L (A) > ¢ still holds).

Define the matrix A’ € [0, 1]"*U+D by letting aj;, := ager ™" [oepi vierr. Note

that we always have aj; < ag.
Claim 1: A’ is diagonal-dominant and min\\r_i“(A’) > £
Proof of claim: For 1 <0 <k <r+1,

/ e k—t
ejp _ eV _V 1

< .
a N & T 2tr+1-—14
Kk :

Moreover, we have min\\" ="+ (4") > 51/(”1)(9_1 > ¢ —

We choose H randomly by including independently each e € P,(¢) with probability v/*,
for all ¢ € [r+1]. A standard application of Lemma 2.5.10 shows that whp A(H) < 1.1vn.
We now check (S1)-(S4) for G',S,U and (P,,Ps)[G']. For any L and O, G’ is r-

exclusive with respect to S, and (P,,Ps)[G’] is an (r, f)-partition pair of G', S, U by
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(P7") in Proposition 2.10.12. Thus, (S1) holds.
We now consider (S2). Let £ € [r+1], k € [f + 1] and e € P,.(£). Define

Qe = (Pr[Y](K))(e).

By (2.10.7) and (S2) for S,U, (P,,P;), we have that |Q.x| = (ass, £ e)n/~". We view
Qck as a (f —r)-graph and consider the random subgraph Q; , that contains all @ € Q.
with (Qfe) \{e} C H. If ayy, # 0, then for all Q) € Q. , we have

PQe Q) —v" [ veee—
vefr+1] Gk
Thus, E|Q. | = (aj, £ )n/~". This also holds if as; = 0 (and thus aj, = 0). Using
Corollary 2.5.14 and a union bound, we thus conclude that with probability at least
1—e " we have QL | = (a), £e*)n/ " forall £ € [r+ 1], k € [f + 1] and e € P,(().
(Technically, we can only apply Corollary 2.5.14 if |Q. | > 2en/™", say. Note that the
result holds trivially if |Q.| < 2en/™.) Assuming that this holds for H, a double
application of Proposition 2.5.7 shows that any L C G") with A(L) < en and any (r+1)-
graph O on V(G) with A(O) < en results in G'[Y] being (v/e, A', f, r)-regular with respect
to (Pr, Pp)[G'[Y]].
We now check (S3). Let e € G(). If e is S-unimportant then let Q, be the set of all
Q € G[Y]U*7)(e) such that QUe is S-unimportant, otherwise let Q, := G[Y]Y+")(e)[Us].
By (S3) for S,U, (P, P;), we have that |Q.| > &(un)!. We view Q. as a f-graph and
consider the random subgraph Q/ containing all @ € Q. such that (Q;Je) \ {e} C H. For
each @ € Q., we have

P(Q € Q) = v D)L > 1),

thus E|Q.| > v/#)¢(un)f. Using Corollary 2.5.14 and a union bound, we conclude that

whp |Q.| > 2¢'(un)? for all e € G. Assuming that this holds for H, Proposition 2.5.7
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implies that for any admissible choices of L and O, (S3) still holds.

Finally, we check (S4). Let S € S, h € [r —i]p and B C G(S)™ with 1 < |B| < 2"
By assumption, Gsp = [\,ep G(SUD)[Us| is an (¢,&, f —i — h,r — i — h)-complex. We
intend to apply Proposition 2.5.18 with i + h, G[Us U S U B}, P.[G"[Usu S U B]],
{buS : b€ B}, v, %3 playing the roles of i,G, P, B,p,v. Note that for every
b€ Bandall e € Gg:;fh), SUbUe is S-important and 7,.(SUbUe) = [(SUbU
e)NUg| = |bNUg| +r—1i—h. Hence, SUbUe € P.(lbNUs| +7r —h + 1). Thus,
condition (I) in Proposition 2.5.18 is satisfied. Moreover, (II) is also satisfied because of
(P5") in Proposition 2.10.12. Therefore, by Proposition 2.5.18, with probability at least
1 — e UsI'® for any L € G™ with A(L) < en < 2e|Us|/p < €2/3|Us| and any (r + 1)-
graph O on V(G) with A(O) < en < f~57e*3|Us], we have that (,.z G'(S U b)[Us] is a
(v&,¢,f —i—h,r—i— h)-complex. A union bound now shows that with probability at
least 1 — e (S4) holds.

Thus, there exists an H with the desired properties. 0
We also need a similar result which ‘sparsifies’ the neighbourhood complexes of an

1-system.

Lemma 2.10.21. Let 1/n < e < 1, 3,6 1/f and 1 < i <r < f. Let & = 0.9¢367).
Let G be a complex on n vertices and let S be an 1-system in G such that G is r-exclusive

with respect to S. Let U be a p-focus for S. Suppose that
G(9)|Us] is an (e,&, f — i,r — i)-supercomplex for every S € S.

Then there exists a subgraph H C G with A(H) < 1.18n and the following property:
for all L € G with A(L) < en and all (r + 1)-graphs O on V(G) with A(O) < en, the
following holds for G' := G[H A L] — O:

G'(9)|Us] is a (Ve, &, f — i, — i)-supercomplex for every S € S.
Proof. Choose H randomly by including each e € G independently with probability 3.
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Clearly, whp A(H) < 1.18n. Now, consider S € S. Let h € [r — ] and B C G(S)[Us]™
with 1 < |B| < 2". By assumption, Gg g := [y G(S)[Us](b) = Nyep G(S U b)[Us] is an
(e,&, f —i— h,r —i— h)-complex. Proposition 2.5.18 (applied with G[UsU S U|J B] =:
G, {bUS : be B},i+h, {GY)}, 3,e%?3 playing the roles of G, B, 4, P, p, ) implies that
with probability at least 1 — e"US'l/g, H has the property that for all L € G with
A(L) < en < e23|Us| and all (r + 1)-graphs O on V(G) with A(O) < en < f~7£3|Us|,
Moesr G(S UB)US] = Mye G (S)Us]B) s a (VE. &, f — i — hyr — i — h)-complex.
Therefore, applying a union bound to all S € S, h € [r —i]y and B C G(S)[Us]™
with 1 < |B| < 2", we conclude that whp H has the property that for all L € G
with A(L) < en and all (r + 1)-graphs O on V(G) with A(O) < en, G'(S)[Us] is a
(Ve &, f —i,r — i)-supercomplex for every S € S. Thus, there exists an H with the

desired properties. O

The final tool that we need is the following lemma. Given a setup in a supercomplex
G and an i’-extension T of the respective i-system S, it allows us to find a new focus
U’ for T and a suitable partition pair which together form a new setup in the complex
G’ (which is the complex we look at after all edges with type less than r — ¢’ have been

covered).

Lemma 2.10.22. Let 1/n € e € p < 1,&,1/f and 0 < i <i' <r < f. Let G be a
complex on n vertices and suppose that S,U, (P, Py) form an (e, 1, &, f,r,1)-setup for G.
For ' >r, let 7 be the type function of GU), S, U. Let T be the i'-extension of S in G

around U, and let
G =G —{eecG" : eisS-important and 7.(e) < r —i'}.

Then there exist U', P;, P} with the following properties:
(i) U is a (u, p,r)-focus for T such that Ur C Ur, for allT € T
(ii) 7,U’, (P}, P}) form a (1.1e, pu, p! 7€, f, 7, i) -setup for G';
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(i) G'(T)[Ur] is a (1.1,0.9, f — ', r — 1')-supercomplex for every T € T.

Proof. Let £ :=7r—i. Let Y C GY) and A € [0,1]+Y*U/+D be such that (S1)-(S4) hold
for G,S,U, (P, Pr). We choose U’ randomly as follows: for every T € T we let Ur be

a random subset of Ury,, obtained by including every x € Urj, with probability p, and

S
all these choices are made independently. Let U’ := (Ur)rer. Clearly, U’ is a focus for T
and Ur C Uy, for all T € T. We will prove that (i)-(iii) hold whp.

By Proposition 2.10.5, the following hold:
(a) G’ is r-exclusive with respect to T;

(b) for all e € G with |e| > r, we have

e¢ G & eis S-important and 7p(e) < |e| —';

(¢) for 7’ > r, the T-important elements of G'") are precisely the elements of 7., (' —i").

For ' > r, property (a) allows us to consider the type function 7/, of G’ T, U'. As a

consequence of (b), we have for each 7' > r that

r—i'—1

G =GN k). (2.10.8)
k=0

In what follows, we define a suitable (r, f)-partition pair (P/,P};) of G'. Recall
that every element of a class from P,([7]) and Ps([i]) is S-unimportant, and thus 7T-
unimportant as well. By (2.10.8) and (c), the T-unimportant r-sets of G’ that are S-
important are precisely the elements of 771 (¢+1),..., 7. (r—i), and the T-unimportant f-
sets of G’ that are S-important are precisely the elements of 7'f_1 (f=r+l+1),..., 7'f_1(f—z').
Thus, we aim to attach these classes to P,([¢]) and Py([¢]), respectively, in order to obtain

partitions of the 7-unimportant r-sets and f-sets of G'. When doing so, we reverse their
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Py(li]) T ) | ) | ()
P |0
0 0 *
7, r — i) 0 *
0 0 *
10+ 1) 0 0 0 "
7,7 1(¢0) 0 0 0 *

Figure 2.2: The above table sketches the containment function of (P;* Li{7,~"(¢)}, P} U {T;l(f —r+4)}).
Note that the shaded subtable corresponds to the shaded subtable in Figure 2.1, but has been flipped to
make it upper-triangular instead of lower-triangular.

order. This will ensure that the new partition pair is again upper-triangular (cf. Fig-

ure 2.2).
Define

Pr=P (i) U (r  (r—d),..., 7 (L + 1)), (2.10.9)
P =Pl U (7 (f =), .77 (f =+ L+ 1)). (2.10.10)

Claim 1: (Py*, P¥) is admissible with respect to G', T, U'.

Proof of claim: By (2.10.8) and (c), we have that P/* is a partition of the 7-unimportant
elements of G'") and P} is a partition of the T-unimportant elements of G’ (). Moreover,
note that [P*| =i+ (r—i—{¢) =i and [P{¥| =i+ (f —1) = (f —r + () =7, so (P1)
holds.

We proceed with checking (P3). By (c), 77 (¢) consists of all T-important edges
of G and Tf_l(f — r + {) consists of all T-important f-sets of G'¥). Thus, (P U
{7, 1O}, Pru{r; *(f—r+L)}) clearly is an (r, f)-partition pair of G'. If0 < K < ¢/ <i'—i,
then no @ € 7‘f_1(f — i — k') contains any element from 7.7 !(r — i — ¢') by (2.10.6), so
(Pru{r (O}, Py U{r; ' (f —r+1)}) is upper-triangular (cf. Figure 2.2).

It remains to check (P2). Let T € T, I’ € [r —i']p and B’ C G'(T)") with 1 < |B| <
oM. Let S :=Tls,let h:=h +4 —i € [r—ilpand B:= {(T'\S)U¥ : V/ € B'}. Clearly,
B C G(S)™ with 1 < |B| < 2" Thus, by (P5) in Proposition 2.10.12, we have for all
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£ € P, that there exists D(S, B, ) € Ny such that for all Q € (.5 G(SUD) [Ug] (=i,
we have that

Hee & : FbeB:eCSULUQY = D(S,B,E).
For each £ € P*, define D'(T, B',£) := D(S, B, ). Thus, since Uy C Usg, we have for all

Q € Nyep G (T UY)[UF]Y="=") that

Hee& : W eB:eCTUVUQ} =D(T,BE).

Let (P;,P}) be the (r, f)-partition pair of G’ induced by (P;*,P;) and U’. Recall
that 7/, denotes the type function of G'"), T, U’ (for any 7' > r). Define the matrix

A’ € [0, 1]0+Dx(+1) guch that the following hold:

For all £ € P* and Q € Py, let A'(€, Q) == A(£, Q).

For all ¢’ € [r —#']g and Q € Py, let A'(r,71(¢'), Q) := 0.

T

For all £ € P/* and k' € [f — ']y, define

A€, lefl(/{?,)) = bin(f —14, p, k") A(E, T]:l<f —r+41)).

For all ¢ € [r —']o, K" € [f — ']o, let
A7, T]'fl(k’)) = bin(f —r, p, k' — O)A(r (D), T;l(f —r+7)).

Claim 2: min\"~"+1(A") > p/—"¢.

Proof of claim: Let

ay = min A (7,7N), 77N () and  ay:= min  A'(77NE), TN (f =+ 1)

velr—i'o " velr—i'lo "
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Observe that min\\" " *1(4") > min{min‘\\""(A),d,,a,}. Since min\\""F(A4) > ¢,

ay > (1 —p)/="¢ and a), > p/ "¢, the claim follows. -

We now prove in a series of claims that (i)—(iii) hold whp. By Lemma 2.10.7 (applied
with 7, {Ur;s : T € T} playing the roles of S,U), whp U’ is a (u, p, )-focus for T, so
(i) holds. In particular, whp U’ is a pu-focus for T, implying that (S1) holds for G’ with
T, U and (P}, P}). We now check (S2)-(S4) and (iii).

Claim 3: Whp G'[Y] is (1.1e, A', f, r)-reqular with respect to (P, Py[Y]) (cf. (52)).

Proof of claim: By definition of (P;*, P}), we have for all £ € P U {7, ()} and Q €
(PFu{r;(f —r+0)}[Y] that £ € P, and Q € P¢[Y]. Since G[Y] is (g, A, f, r)-regular

with respect to (P, Ps[Y]), we have thus for all e € £ that
1Q(e)| = (A(E, Q) £ e)n/ . (2.10.11)

We have to show that for all £ € Pf, Q € Pi[Y] and e € &, we have |Q(e)| =
(A'(E,Q) £ 1.1e)n/~". We distinguish four cases as in the definition of A’.

Firstly, for all £ € P, @ € P¥[Y] and e € £, we have by (2.10.11) that [Q(e)| =
(A(E,Q) xe)n/ " = (A'(E, Q) £ &)n/ " with probability 1.

Also, for all ¢ € [r —i'lo, @ € PF[Y] and e € 7,71(¢'), we have |Q(e)| = 0 =
A'(TI=1(0"), Q)nf " with probability 1.

Let £ € P* U {r7'(¢)} and consider ¢ € £. Let Q. := (Y N Tf_l(f —r+0))(e).
By (2.10.11), we have that |Q,.| = (A(S,Tf_l(f —r+0) £e)nf .

First, assume that e € £ € P/*. For each k' € [f — ']y, we consider the random
subgraph Q’;l of Q. that contains all Q € Q, with QU e € T}_l(k/). Hence, Q’;/ =(Yn
T]’fl(k’))(e). For each ) € Q., there are unique Ty € 7 and Sg € S with Sg C Ty C QUe
and (QUe) \ Ty C Us,.

For each () € Q., we then have

P(Q € QF) =P(rH(QUe) = ¥) = P(((QUe) NUp,| = K) = bin(f — 7, p, k).
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Thus, E|Q¥| = bin(f —i', p, k')|Qe|. For each T € T, let Qr be the set of all those Q € Q.
for which Ty = T'. Since e is T-unimportant, we have |T"\ e| > 0 and thus |Qp| < n/~""!
for all T' € 7. Thus we can partition Q, into nf~"~! subgraphs such that each of them
intersects each Q7 in at most one element. For all () lying in the same subgraph, the
events Q € QF are now independent. Hence, by Lemma 2.5.12, we conclude that with

_pl/6

probability at least 1 —e we have that

QY| = (L£ME|QY| = (L £ M)bin(f — 7, p, k)| Q|
= (A x)bin(f — i, p, KVAE 77 (f —r+0) £e)n/ " (2.10.12)

= (A'(€, T]’c’l(k’)) + 1.1e)n/ ",

(Technically, we can only apply Lemma 2.5.12 if |Q,| > 0.1en/~", say. Note that (2.10.12)
holds trivially if |Q.| < 0.1en/".)

Finally, consider the case e € £ = 7,71(¢). By (c), e is T-important, so let T € T be
such that 7" C e. Note that for every @ € 9., we have (e \T)UQ C Ug, where S :=T'[s.
For every = € [f — r]o, let QF be the random subgraph of Q. that contains all @ € Q.
with |@Q N Ur| = z. By the random choice of Uy, for each @ € Q and x € [f — r]y, we

have

P(Q € &) = bin(f —r, p,x).

nl/6

Using Corollary 2.5.14 we conclude that for x € [f —r]y, with probability at least 1 —e~

we have that

Q¢ = (1 £ )E|Q| = (L £ e)bin(f — 7, p, )| Qe|
= (1 £ *)bin(f —r, p, a:)(A(Tr_l(E),T;l(f —r+0)£e)nf "

= (bin(f —r,p, :U)A(T,,_l(ﬁ),Tf_l(f —r+0)+11e)n/ .

Thus for all ¢/ € [r —i']o, ¥' € [f —i']o and e € /71 (¢') with k¥’ > ¢, with probability at
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nl/6

least 1 — e~ we have

(Y (K (e = 1Qe | = (A7 (€), 74 H(K)) £ Lle)n 7,

and if ¢/ > k' then trivially [(Y N T}’l(k’))(e)] =0= A’(T,ﬁ‘l(ﬁ’),T}’l(k’))nf_”. Thus, a

union bound implies the claim. —

Claim 4: Whp every T -unimportant e € G'") is contained in at least 0.9¢ (ppn)’ T -
unimportant Q € G'[YU*) and for every T-important e € G'") with e O T € T, we

have |G'TY]U*7(e)[Ur]| = 0.98(ppn)” (cf. (S3)).

Proof of claim: Let e € G'") be T-unimportant. By (b) and (c), we thus have that e
is S-unimportant or 7,.(e) > ¢. In the first case, we have that e is contained in at least
&(pun)’ S-unimportant Q € G[Y]U*7) by (S3) for U,G,S. But each such Q is clearly
T-unimportant as well and contained in G'[Y]. If the second case applies, assume that e
contains S € S. By (S3) for G, S,U, we have that |G[Y]U*)(e)[Us]| > &(un)f. For every
Q € G[Y]U*)(e)[Us], we have that 74,,(QUe) = [(QUe)NUs| = f+7.(e) > f+¢{. Thus,
(b) implies that QUe € G'[Y], and by (c¢) we have that QUe is T-unimportant. Altogether,
every T-unimportant edge e € G'") is contained in at least &(un)’ > 0.9&(pun)’ T-
unimportant Q € G'[Y]V+7).

Let e € G'") be T-important. Assume that e contains 7 € T and let S = Ts.
By (S3) for G,S,U, we have that |G[Y]Y*)(e)[Us]| > &(un)f. As before, for every
Q € G[Y]Y*+)(e)[Us], we have Q U e € G'[Y]. Moreover, P(Q C Ur) = p/. Thus, by
Corollary 2.5.14, with probability at least 1 — e™"® we have that |G/[Y]¢+)(e)[Ur]] >

0.9¢(ppn)’. A union bound hence implies the claim. —

Claim 5: Whp for allT € T, ' € [r — ']y and B' C G'(T)™) with 1 < |B'| < 2" we
have that (g G'(TUV)[Ur] is an (1.1€,0.9€, f —i' = W', 7 — i’ — W')-complex (cf. (S4)
and (iii) ).

Proof of claim: Let T € T, W € [r —i']o and B’ C G'(T)") with 1 < |B'| < 2", Let
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S :=T]s. We claim that

ﬂ G'(TUlV)|Us| is an (¢,&, f —4¢ — h',r — i — h')-complex. (2.10.13)
yeB
If yep G'(TUY )[Us]"="=") is empty, then there is nothing to prove, thus assume the
contrary. We claim that we must have v/ C Ug for all ¥ € B’. Indeed, let V¥ € B’
and gy € G'(T U V)[Us]""="). Hence, go UT UV € G'™. By (b), we must have
(goUT UY)NUs| > |goUT UY|— 1. But since TN Ug = ), we must have b C Us.

Let h .= W +i —i € [r—ipand B:= {(T\S)UlV : v € B} C G(S)M. (S4)
for U, G, S implies that (,.; G(SUD)[Us| is an (¢,&, f —i — h,r — i — h)-complex. To
prove (2.10.13), it thus suffices to show that G(T U V)[Us]") = G'(T U ¥)[Us]") for all
" >r—1—hand b € B'. To this end, let &' € B, v > r — i — h and suppose that
g € G(TUY)[Us]). Observe that |[(gUT UY)NUs| = |guT Ub|—7, so (b) implies
that gUT UV € G’ and thus g € G'(T UV)[Us]"). This proves (2.10.13).

By Proposition 2.5.16, with probability at least 1 — e~ Usl/® (", ., G'(T UV)[Ur] is
an (1.1,0.9¢, f —i' — b',r — i’ — I/)-complex.

Applying a union bound to all ' € T, ' € [r —4']p and B’ C G(T)*) with 1 < |B| <

2"" then establishes the claim. —

By the above claims, U’ satisfies (S2)—(S4) whp and thus (ii). Moreover, Claim 5

implies that whp (iii) holds. Thus, the random choice U’ satisfies (i)—(iii) whp. O

2.10.4 Proof of the Cover down lemma

In this subsection, we state and prove the Cover down lemma for setups and deduce the

Cover down lemma (Lemma 2.7.7).

Definition 2.10.23. Let I’ and G be r-graphs, let S be an i-system in V(G), and let U
be a focus for §. We say that G is F'-divisible with respect to S, U, if for all S € S and

all T C V(G)\ S with |T| <r—i—1and |T'\Us| > 1, we have Deg(F);r| | |G(SUT)].
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Note that if G is F-divisible, then it is F-divisible with respect to any i-system and
any associated focus.

Recall that a setup for G was defined in Definition 2.10.18, and G being (, f, r)-dense
with respect to H C G in Definition 2.7.6. We will prove the Cover down lemma for
setups by induction on r — 7. We will deduce the Cover down lemma by applying this

lemma with 7 = 0.

Lemma 2.10.24 (Cover down lemma for setups). Let 1/n € 1/k € 7 € e K ¥ K
w1/ fand 0 < i < r < f. Let F be a weakly reqular r-graph on f vertices. Assume
that (x)¢ is true for all ¢ € [r —i —1]. Let G be a complex on n vertices and suppose
that S, U, (P, Py) form an (e, pu, &, f,r,i)-setup for G. For v’ > r, let 1., denote the type
function of GU), S, U. Then the following hold.

(i) Let G be a complex on V(G) with G C G such that G is (e, f,r)-dense with respect
to G —771(0). Then there exists a subgraph H* C G —771(0) with A(H*) < vn
such that for any L* C G with A(L*) < yn and H* U L* being F-divisible with
respect to S,U and any (r + 1)-graph O* on V(G) with A(O*) < ~yn, there ezists a
k-well separated F'-packing in é[H* U L*| — O* which covers all edges of L*, and all

S-important edges of H* except possibly some from 7,7 (r — i).

(i) If G is F-divisible with respect to S,U and the setup is diagonal-dominant, then
there exists a 2k-well separated F-packing in G which covers all S-important r-edges

except possibly some from 7,71 (r —1).

Before proving Lemma 2.10.24, we show how it implies the Cover down lemma (Lemma 2.7.7).
Note that we only need part (i) of Lemma 2.10.24 to prove Lemma 2.7.7. (ii) is used in

the inductive proof of Lemma 2.10.24 itself.

Proof of Lemma 2.7.7. Let S := {0}, U := {U} and let (P,, Py) be the (r, f)-partition
pair of G,U. By Proposition 2.10.19, S,U, (P,, P;) form a (e, p, u/ "¢, f,r,0)-setup for

G. We can thus apply Lemma 2.10.24(i) with u/~"¢ playing the role of £. Recall that all

160



r-edges of G are S-important. Moreover, let 7, denote the type function of G, S, U.

We then have 771(0) = G [U] and 771 (r) = GV[U], where U := V(G) \ U. O

Proof of Lemma 2.10.24. The proof is by induction on r —i. For ¢t =r — 1, we will
prove the statement directly. For ¢ < r — 1, we assume that the statement is true for all
i"e{i+1,...,r—1}. We will first prove (i) using (ii) inductively, and then derive (ii)

from (i) (for the same value of r — 7).

Proof of (i).

If © < r — 1, choose new constants vy, p1, 81, -, Vp—i—1, Pr—i—1, Br—i—1 such that
In<Kl/kky<Lekn<E<p <L <€ L Vi) L preic1 L Primg K v <, &1/ 1
For every ¢ € [r —i — 1], let
Gy=G —{eeG" : eis S-important and 7,(e) < ¢}. (2.10.14)
For every i’ € {i +1,...,r — 1}, let 7" be the #'-extension of S in G around U. By
Proposition 2.10.5, the following hold for all ' € {i +1,...,r — 1}:
(I) G,_y is r-exclusive with respect to T

(IT) the elements of 7' (r — ¢') are precisely the 7*-important elements of Gir_)i,.

By Lemma 2.10.22, for every i’ € {i +1,...,r — 1}, there exist U*, P, 77}, such that

the following hold:
(a) U is a (p, pr_ir, r)-focus for T% such that Ur C Uy for all T € T
(b) 7,U”, (777’;/,73}/) form a (1.1e, py_upt, pL_5€, f, 1,4 )-setup for G,_y;
(¢) Gr_o(T)[Ur] is a (1.1£,0.9¢, f — ', 7 — ')-supercomplex for every T' € T
(I) allows us to consider the type function 7,_;, of GV T U

r—i’
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Step 1: Reserving subgraphs

In this step, we will find a number of subgraphs of G — 771(0) whose union will be
the r-graph H* we seek in (i). Let G be a complex as specified in (i). Let 8y := e. Let Hy

be a subgraph of G — 771(0) with A(Hy) < 1.15yn such that for all e € G, we have
: () (7), £
|G[Ho U {e}]V(e)] > 0.968,""n' . (2.10.15)

(Hoy will be used to greedily cover L*.) That such a subgraph exists can be seen by a
probabilistic argument: let H, be obtained by including every edge of G(") — 771(0) with
probability fGy. Clearly, whp A(Hy) < 1.15yn. Also, since G is (e, f,r)-dense with respect

to G — 771(0) by assumption, we have for all e € G) that
= -1, ~ r — Jrc -1 —r
EIG[Ho U {e})(e)] = 8 IGIGY — m74(0)) U (e} (e)] > 88 ent .

Using Corollary 2.5.14 and a union bound, it is then easy to see that whp H, satis-
fies (2.10.15) for all e € G,

Step 1.1: Defining ‘sparse’ induction graphs Hy.

Consider ¢ € [r—i—1] and let i’ :=r—{. Let & := V?f'fﬂ. By (b) and Lemma 2.10.20
(with Gy, 3B¢—1, Ve, peft, pf’f, i’ playing the roles of G, e, v, u, &, 1), there exists a subgraph
H, C Gér) with A(Hy) < 1.1ym and the following property: for all L C Gér) with
A(L) < 3p—1n and every (r + 1)-graph O on V(G,) with A(O) < 36,-1n, the following
holds for G’ := Gy[H, A L] — O:

T U’ (P!, P}/)[G’] form a diagonal-dominant (2.10.16)

(V/3Be-1, pett, &, f, 7, 1)-setup for G

Step 1.2: Defining ‘localised’ cleaning graphs J,.
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Again, consider ¢ € [r —i — 1] and let i’ :=r — (. Let
G, =G —{ec Ggr) . e is T"-important and 7,,.(e) < £}. (2.10.17)

We claim that G (T)[Ur] = G¢(T)[Ur] for every T € T*. Indeed, consider any T € T*
and e € G¢(T)[Ur]. Hence, e C Uy and eUT € G,. We need to show that e UT € G,
i.e. that there is no 7*-important r-subset ¢ of e UT with 7,,(¢') < £. However, if
e € (eLjT) is 7%-important, then |e UT| > |¢/| = r and since Gy is r-exclusive with
respect to 7% by (I), we must have T C ¢/. As ¢ \ T C e C Up, we deduce that
(€)= eNUr| = \T|=r—1i =1

Hence, by (c), for every T € T%, G5(T)[Ur] is a (1.1, 0.9¢, f — ', r —i')-supercomplex.
Thus, by Lemma 2.10.21 (with G}, 3vy, pep, Be, 0.9€ playing the roles of G, e, i, 3,€), there
exists a subgraph J, C GZ(T) with A(Jy) < 1.15m and the following property: for all
L C Gz(r) with A(L) < 3vyn and every (r + 1)-graph O on V(G}) with A(O) < 3yn, the
following holds for G* := G;[J, A L] — O:

G*(T)[Ur] is a (V/3uy, O.81§ﬁ§8f), f —4i',r —i')-supercomplex for every T e T7.
(2.10.18)

We have defined subgraphs Hoy, Hy, ..., H,_i_1,J1, ..., Jr_iy of GT) —771(0). Note
that they are not necessarily edge-disjoint. Let Hy := Hy and for all £ € [r —i — 1] define

inductively

Hé =H, ,UH,,
Hg = Hg—l UH,UJ, = HéU Jo,

H* = H!

r—i—1°

Clearly, A(H}) <208 for all £ € [r —i—1]g and A(H,) <2yn forall £ € [r —i—1]. In

particular, A(H*) < 25,_;_1n < vn, as desired.
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Step 2: Covering down

Let L* be any subgraph of G) with A(L*) < yn such that H*UL* is F-divisible with
respect to S,U, and let O* C G with A(O*) < yn. We need to find a k-well separated
F-packing F in G[H* U L*] — O* which covers all edges of L*, and covers all S-important
edges of H* except possibly some from 7,7 '(r — 7). We will do so by inductively showing

that the following holds for all £ € [r —i].

(#)¢ There exists a (3(1/k)-well separated F-packing F; , in G[H;_, U L*] — O* covering

all edges of L*, and all S-important e € H; ; with 7,.(e) < /.

Clearly, (#),—; establishes (i).
Claim 1: (#)1 is true.

Proof of claim: Let H) :== HyU L* = Hj U L*. By (2.10.15) and Proposition 2.5.7, for all
e € L* we have that
1 — OF ) : 7 i- (), 7~
(G[Hg] = 0)(e)] > |G[Ho Ue] D (e)] = 2yn! ™" > 0.86" n' "
By Corollary 2.6.9, there is a 1-well separated F-packing F¢ in G[H}] — O* covering all

edges of L*. Since H} does not contain any edges from 7,71(0), F¢ satisfies (#);. —

If i = r — 1, we can take F} and complete the proof of (i). So assume that i <r —1
and that Lemma 2.10.24 holds for larger values of .

Suppose that for some ¢ € [r —i — 1], F;_, satisfies (#),. Let i’ :=r — £ > i. We will
now find a 3y/k-well separated F-packing F; in G[H}]| — .7-}*2) — F;_SI(TH) — O~ such that
Fo covers all edges of H; — fgyl) that belong to 7,71 (¢).

Then F; := F; | UFy covers all edges of L* and all S-important e € H; with 7,.(e) <
¢+ 1. By Fact 2.5.4(ii), F} is (30y/k + 3y/k)-well separated, implying that (# )41 is true.

Crucially, by (II), all the edges of 7(¢) that we seek to cover in this step are 77 -

important. We will obtain F; as the union of F; and .7-"} , where
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COV1) F; is 2\/k-well separated F-packing in G[H}] — F0 _ =0+ 0% which covers
¢ ¢ -1 01

all T¥-important edges of H; — FZE? except possibly some from 7, ! (£);

(COV2) F/is a y/k-well separated F-packing in G[HZ]—.7-“;5?—]-";(T)—fz_gl(r+1)—fzg(T+l)—O*

which covers all T -important edges of H; — F;") — F;").

Since F and Fy are (r+1)-disjoint, F, := FUF, is 3/m-well separated by Fact 2.5.4(ii).
Clearly, F; covers all T%-important edges of H ;= ]-"Zg), as required. We will obtain F;
by using (ii) of this lemma inductively, and .7-"; by an application of the Localised cover
down lemma (Lemma 2.10.8).

Recall that F-divisibility with respect to 7¢,U" was defined in Definition 2.10.23. Let
HY = H;— F}").

Claim 2: HY is F-divisible with respect to T*,U" .

Proof of claim: Let T € T" and & C V(G)\ T with |[V/| <r—i' —1 and |V \ Up| > 1. We
have to show that Deg(F)y .y | [H) (T UV)|. Let S :=T[s and b:=b"U (T \ S). Hence,
|b| = ||+ —i. Clearly, b C V(G)\ S, [b| <r—i—1and [b\Us| > |T\ S| > 1. Hence,
since H* U L* is F-divisible with respect to S, by assumption, we have Deg(F); ) |
|(H* U L*)(S Ub)|, and this implies that Deg(F)iyp | [((H* U L*) — F;U)) (S UD)|. Tt is

thus sufficient to show that
H)(TUV) = (H*UL*) — FU)) (S Ub).

Clearly, we have T UV = SUb and H) C H* — FZE?. Conversely, observe that every
e € H* U L* that contains 7"U ¥’ and is not covered by F; ; must belong to H;. Indeed,
since e contains 7', we have that 7,.(¢) < r—i =¥, so e € H;. Moreover, by (#), we must
have 7,(e) > ¢. Hence, 7,(e) = £. But since | \Ur| > 1, we have 7,.(e) < £. By (2.10.17),
e¢ J,. Thus, e € H)— F,") = H}. Hence, H}(TUV) = (H* U L*) — F;"))(S Ub). This

implies the claim. —

Let Ly := H) AN Hy. So H = Hy A L},
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Claim 3: L), C Gér) and A(L})) < 3Bp-1n.

Proof of claim: Suppose, for a contradiction, that there is e € H} A H, with e ¢ GET).
Since H, C Gér), we must have e € H = H, — FZS). Thus, since e is not covered by
F; 1, (#)¢ implies that e is S-unimportant or 7,(e) > ¢, both contradicting e ¢ GY).

In order to see the second part, observe that L), = ((H;_lqu)—ij?)AHg C Hf \UL*

since F;) € L* U Hy_,. Thus, A(L}) < A(Hp_,) + A(L*) < 3Be_1n. -

Note that Claim 3 implies that H; C GET). Let Gyina == Go[H]] — .F;_SI(TH) — O*.
By Fact 2.5.4(i) and (#);, we have that A(.ng(rﬂ) UO*) < B/E)f—1)+yn <
2yn. Thus, by (2.10.16) and Claim 3, 7", U", (P}, P¥)[Gy,nd] form a diagonal-dominant
(\/3Be=1, pept, &, f, 1,1 )-setup for Gy ;nqa. We can thus apply Lemma 2.10.24(ii) inductively

with the following objects/parameters.

object/parameter | Gy ing ‘ n ‘ \/3Be_1 ‘ Pt ‘ &l | T | u (P}i/,P}/)[Ggymd] ‘ VE ‘ flr|F
playing the role of ‘ G ‘ n ‘ € ‘ I ‘ E i S ‘ u ‘ (Pr,Py) ‘ K ‘ flr|F
. . . .« . . ! ! . .
Since Gyi)nd = H} is F-divisible with respect to 7*,U* by Claim 2, there exists a

2/k-well separated F-packing ¢ in Gy nq covering all T%-important edges of H] except
possibly some from TZTI(T —1) = Te}l(f). Note that H; — H} C J, and that every T°-
important edge of J; lies in Tg}l (¢). Thus F¢ does indeed cover all T*-important edges of
H; — f;ﬁ? except possibly some from 7, (¢), as required for (COV1).

We will now use J; to cover the remaining 7% -important edges of H;. Let J, :=

H; — Fgﬁ) - ]-";(T). Let S € (VE,F)) be such that F(S}) is non-empty.
Claim 4: J)(T)[Ur] is F(S})-divisible for every T € T".

Proof of claim: Let T € T and ¥ C Up with b'| < r —1 —1. We have to show that
Deg(F(S5)w | |Jo(T)[Ur](b)|. Note that for every e € J; C GZ(T) containing 7', we have
To.-(€) = r — 4. Thus, J)(T)[Ur| is identical with J;(T') except for the different vertex
sets. It is thus sufficient to show that Deg(F'(S)))w | |J;(T"UV')|. By Proposition 2.5.3,
we have that Deg(F(S;))wy| = Deg(F )iy Let S := Tls and b := 0 U (T \ S). By

assumption, H*U L* is F-divisible with respect to S,U. Thus, since S € S, |b| <r—i—1
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and |b\ Ug| > |T'\ S| > 1, we have that Deg(F);pp | [(H* U L*)(S UDb)|. This implies
that Deg(F)iyp | |(H* U L*) — ]-‘ZE? - f;(r))(S U b)|. It is thus sufficient to prove that
J(TUY) = (HUL) —F — FYS Ub). Clearly, J, € H* — F7) — F0) by
definition. Conversely, observe that every e € (H* U L*) — ]:;S) —F, ") that contains

T UV must belong to Jj. Indeed, since L* C f;ﬁ?, we have e € H*, and since e contains

T, we have 7,(e) < (. Hence, e € H} and thus e € J;. This implies the claim. —
Let LV := Ji A Jp. So J. = J; A L.
Claim 5: LI C G5 and A(L}) < 3ugn.

Proof of claim: Suppose, for a contradiction, that there is e € J; A J, with e ¢ GZ(T).
By (2.10.14) and (2.10.17), the latter implies that e is S-important with 7,.(e) < ¢ or
T-important with 7,,.(e) < . However, since J, C GZ(T), we must have e € J; — Jy and
thus e € H; and e ¢ }'Z_(Tl) u }"Z(T). In particular, e € H). Now, if e was S-important
with 7.(e) < ¢, then e € H; — H, C H; ;. But then e would be covered by F; ;, a
contradiction. So e must be 7% -important with 7,.(e) < £. But since e € H}, e would be
covered by F; unless 74, (e) = ¢, a contradiction.

In order to see the second part, observe that
L) = ((H,UJo) - F% - F"y s g, c Hju L

since F; % U F) C Hy U L*. Thus, A(LY) < A(H)) + A(L*) < 3un. -

Note that Claim 5 implies that J; C GZ(T). Let
Grtean = GilJ}) — F;=UH0 — Fp=tt) — 0,
By (#)s, (COV1) and Fact 2.5.4(i), we have that

AFEVUFRETY 00T < BIVE)(f 1)+ VE)(f — 1) +n < 2ym.
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Thus, by (2.10.18), Claim 4 and Claim 5, Gy cjean(T)[Ur] is an F'(S})-divisible (py, /Bésf)ﬂ, f—

i',r — i')-supercomplex for every T' € T%. Moreover, whenever there are T € T) and

¢ € G lean € G With T C ¢, then |(e \ T) N Ur| = 7,(e) = € = |e\ T| and thus

l,clean

-/

e\ T C Upr. By (I), Grerean € Gy is r-exclusive with respect to 7%, and by (a), U’

is a (u, pg,r)-focus for T¥. We can therefore apply the Localised cover down lemma
(Lemma 2.10.8) with the following objects/parameters.
Z'/

object/parameter r

nggf)—H

Gé,clean f ‘ F ‘ Sz*’

G‘S‘L{

o] v ]

) T

playing the role of | n ‘ P ‘ Psize £ f ‘ F ‘ S*

This yields a pzl/ 2 wwell separated F-packing .7-"; in G cean covering all T i/—important
edges of G@fﬁ,em = J, = H; — F") — F . Thus F| is as required in (COV2). As
observed before, this completes the proof of (#),.1 and thus the proof of (i). O

Proof of (ii).
Let Y C GY and A € [0,1)*+D>*U+1) be such that (S1)-(S4) hold. We assume that
G is F-divisible with respect to S, and that A is diagonal-dominant.

Claim 6: G is (£ — €, f,r)-dense with respect to G — 771(0).

Proof of claim: Let e € G and let ¢ € [r + 1] be such that e € P,(¢'). Suppose first
that ¢/ < i. Then no f-set from P;(¢') contains any edge from 7,7*(0) (as such an f-set is
S-unimportant). Recall from (S2) for S,U, (P,, Ps) that G[Y] is (g, A, f,r)-regular with
respect to (P, P;[Y]) and min\\"="*1(A) > ¢ Thus,

GIG =71 (0) uel D e)] = [(Y NPr(E))(e)] = (ap e —e)n! ™ = (€ —e)nl .

r

If ¢ > i+1, then by (P2') in Proposition 2.10.12, no f-set from Py(f —r+{') contains

any edge from 7,7(0). Thus, we have

GG =71 0) e D (e)| 2 (apporre —e)n! 7 2 (E—e)n! .

r -
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If ¢/ =i+ 1, then P.(¢') = 7,.1(0) by (P2'). However, every f-set from ’/'f_l(f —r)=
Ps(f —r+ ') that contains e contains no other edge from 7,71(0). Thus,

GG =771 0) Ul D (e)| 2 (apporre —e)n! T 2 (E—e)n! .

By Claim 6, we can choose H* C G — 771(0) such that (i) holds with G playing the
role of G. Let
Hpippe = G — H*.

Recall that by (S2), G[Y] is (e, A, f,r)-regular with respect to (P,, P¢[Y]), and (S3)

implies that G[Y] is (u/&, f + r,r)-dense. Let
Grivbie := (G[Y])[Hpivbie] -

Using Proposition 2.5.7, it is easy to see that G is (27, A, f,7)-regular with respect
to (Pr, Ps)|Ghivvie)- Moreover, by Proposition 2.5.9(ii), G is (u/€/2, f + r,7)-dense.
Thus, by Lemma 2.10.17, there exists Y* C G%,))ble such that Guawe[Y*] is (v, d, f,r)-
regular for d := min‘(A) > & and (0.45u/&(u/¢/8(f + 1))(f}rr),f + r,7)-dense. Thus,
by Lemma 2.6.5 there is a x-well separated F-packing Frippe in Grape[Y*] such that
A(Lpippie) < yn, where Lpipie := Grippe]Y*]T) — féngle = Hpivple — 'FT(LZI))ble‘ Since G is
F-divisible with respect to S,U, we clearly have that H* U Lyme = G — Fﬁngle is F-
divisible with respect to S,U. By Fact 2.5.4(i), we have that A(f;gg;l)) < k(f—r) <n.
Thus, by (i), there exists a rk-well separated F-packing F* in G[H* U Lyppe] — fiég;;l)
which covers all edges of L, e, and all S-important edges of H* except possibly some
from 7 '(r—1). But then, by Fact 2.5.4(ii), Fpippe UF* is a 2k-well separated F-packing in
G which covers all S-important r-edges except possibly some from 7,7!(r — ), completing

the proof. 0

This completes the proof of Lemma 2.10.24. O
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2.11 Achieving divisibility

It remains to show that we can turn every F-divisible r-graph G into an F*-divisible
r-graph G’ by removing a sparse F-decomposable subgraph of G, that is, to prove
Lemma 2.9.4. Note that in Lemma 2.9.4, we do not need to assume that F* is weakly
regular. On the other hand, our argument heavily relies on the assumption that F* is
F-decomposable.

We first sketch the argument. Let F* be F-decomposable, let by := Deg(F™); and
hi, := Deg(F)g. Clearly, we have hy, | bg. First, consider the case k = 0. Then by = |F*|
and hg = |F|. We know that |G| is divisible by hg. Let 0 < x < by be such that |G| =z
mod by. Since hg divides |G| and by, it follows that x = ahg for some 0 < a < by/hy.
Thus, removing a edge-disjoint copies of F' from G yields an r-graph G’ such that |G'| =
|G| — ahg =0 mod by, as desired. This will in fact be the first step of our argument.

We then proceed by achieving Deg(G’); =0 mod b;. Suppose that the vertices of G’
are ordered vy,...,v,. We will construct a degree shifter which will fix the degree of v,
by allowing the degree of vy to change, whereas all other degrees are unaffected (modulo
by). Step by step, we will fix all the degrees from vy, ..., v,_1. Fortunately, the degree of
v, will then automatically be divisible by b;. For £ > 1, we will proceed similarly, but the
procedure becomes more intricate. It is in general impossible to shift degree from one k-
set to another one without affecting the degrees of any other k-set. Roughly speaking, the
degree shifter will contain a set of 2k special ‘root vertices’, and the degrees of precisely
2% k-subsets of this root set change, whereas all other k-degrees are unaffected (modulo
br). This will allow us to fix all the degrees of k-sets in G’ except the ones inside some
final (2k — 1)-set, where we use induction on k as well. Fortunately, the remaining k-sets
will again automatically satisfy the desired divisibility condition (cf. Lemma 2.11.5).

The proof of Lemma 2.9.4 divides into three parts. In the first subsection, we will
construct the degree shifters. In the second subsection, we show on a very abstract level
(without considering a particular host graph) how the shifting has to proceed in order

to achieve overall divisibility. Finally, we will prove Lemma 2.9.4 by embedding our
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constructed shifters (using Lemma 2.5.20) according to the given shifting procedure.

2.11.1 Degree shifters

The aim of this subsection is to show the existence of certain r-graphs which we call degree

shifters. They allow us to locally ‘shift’ degree among the k-sets of some host graph G.

Definition 2.11.1 (x-shifter). Let 1 < k < r and let F, F* be r-graphs. Given an r-graph
Ty, and distinct vertices 2%, ... 2% @1, ... z} of Ty, we say that Ty, isan (29,..., 2% z{,... o} )-

shifter with respect to F, F™* if the following hold:

(SH1) T} has a 1-well separated F-decomposition F such that for all F’ € F and all i € [k],
V() Nl 2} < 1;

1771

(SH2) |T%(S)| =0 mod Deg(F*)g for all S C V(T}) with |S| < k;

(SH3) for all S e (V)

(—1)216[1@ “Deg(F), mod Deg(F*), if S ={x]:i¢€ [k]|},
T3(S)| =

0 mod Deg(F*)y otherwise.

We will now show that such shifters exist. Ultimately, we seek to find them as rooted
subgraphs in some host graph G. Therefore, we impose additional conditions which will

allow us to apply Lemma 2.5.20.

Lemma 2.11.2. Let 1 < k < r, let F, F* be r-graphs and suppose that F* has a 1-well
separated F-decomposition F. Let f* := |V (F*)|. There exists an (29,..., 2%, z1,... z})-
shifter Ty with respect to F, F* such that Ty[X] is empty and T} has degeneracy at most

(];*_—11) rooted at X, where X := {29, ... 2% x1,... x}}.
In order to prove Lemma 2.11.2, we will first prove a multigraph version (Lemma 2.11.4),

which is more convenient for our construction. We will then recover the desired (simple)
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r-graph by applying an operation similar to the extension operator Vg, defined in Sec-
tion 2.8.2. The difference is that instead of extending every edge to a copy of F', we will
consider an F-decomposition of the multigraph shifter and then extend every copy of F
in this decomposition to a copy of F* (and then delete the original multigraph).

For a word w = wy ... wy, € {0,1}*, let |w|y denote the number of 0’s in w and let |w|;
denote the number of 1’s in w. Let W, (k) be the set of words w € {0, 1}* with |w|; being

even, and let W, (k) be the set of words w € {0, 1}* with |w|; being odd.
Fact 2.11.3. For every k > 1, |W.(k)| = W, (k)| = 2*1.

Lemma 2.11.4. Let 1 < k < r and let F, F* be r-graphs such that F* 1s F'-decomposable.
Let 29,...,2% xi,... x} be distinct vertices. There exists a multi-r-graph T} which sat-

isfies (SH1)—(SH3), except that F does not need to be 1-well separated.

Proof. Let S, := VI " For every S* € S, we will construct a multi-r-graph T}, g+ such
k ,

that 29,...,2%,21,..., 2t € V(T}.s+) and
(shl) T s+ has an F-decomposition F such that for all F” € F and all i € [k], |[V(F') N
{zf, 2} < 15

(sh2) |Tjs+(S)] =0 mod Deg(F*)g for all S C V(T s-) with |S| < k;

(sh3) for all S € (V(Tz,s*))’

(_1)Zi€[k] Zi

F(S*)| mod Deg(F*), if S={z]:1i¢€[k]},
[Th,s-(5)] =

0 mod Deg(F*)y otherwise.

Following from this, it easy to construct 7} by overlaying the above multi-r-graphs T}, g-.

Indeed, there are integers (af.)s-cs, such that ) q. o d.

F(S*)| = Deg(F). Hence,

there are positive integers (ag«)g+es, such that

> ag:|F(S%)| = Deg(F);,  mod Deg(F*);. (2.11.1)
S*ESy
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Therefore, we take 7} to be the union of ag« copies of T} g« for each S* € S;. Then T}
has the desired properties.

Let S* € S. It remains to construct Ty g-. Let Xy := {2f,...,2%} and X; :=
{z1,...,x}}. We may assume that V (F*)N(XoUX;) = 0. Let F* be an F-decomposition
of F* and F' € F*. Let X = {z1,...,zx} C V(F’) be the k-set which plays the role of
S* in F', in particular |F'(X)| = |F(S*)|. We first define an auxiliary r-graph T} ,, as

follows: Let F” be obtained from F’ by replacing x; with a new vertex Z;. Then let

T = (F*— F)UF"

Clearly, (F*\ {F'}) U{F"} is an F-decomposition of Tj ,,. Moreover, observe that for

every set S C V(T ,,) with |S| < r, we have

(

0 if {[Ek,fk} - S;
T2, (S)| = e { . (2.11.2)
[F(S)| = [F7(9)] if xj, € S, 24 ¢ S;
| [F7 )] = [F((S\Aza}) Udan})l - if o & S, 2 € 5.

We now overlay copies of T} ,, in a suitable way in order to obtain the multi-r-graph T}, g-.

The vertex set of T} g will be

V(Tes) = (V(F)\ X)UXoUXj.

For every word w = w; ... w1 € {0,1}*71, let T}, be a copy of T} ,,, where
(a) for each i € [k — 1], 2 plays the role of z; (and x; " ¢ V(T,));

(b) if |w|; is odd, then z? plays the role of x;, and x} plays the role of &y, whereas if

|w|; is even, then 29 plays the role of ) and x} plays the role of zy;

(c) the vertices in V(11 4,) \ {z1, ..., Zk—1, Tk, Tx } keep their role.
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Let

Tiso = |J Tu

we{0,1}k1
(Note that if k& = 1, then T} g~ is just a copy of T} ,,, where z{ plays the role of Z; and z]
plays the role of z;.) We claim that T} ¢« satisfies (shl)—(sh3). Clearly, (shl) is satisfied
because each T, is a copy of T} ,, which is F-decomposable, and for all w € {0,1}*~! and
all i € [k — 1], [V(T,) N {2, 2} }| = 1, and since z;, ¢ V(F").

We will now use (2.11.2) in order to determine an expression for |7}, s+(5)| (see (2.11.3))
which will imply (sh2) and (sh3). Call S C V (T} s~) degenerate if {29, z;} C S for some
i € [k]. Clearly, if S is degenerate, then |T,,(S)| = 0 for all w € {0, 1}*"1. If S C V(T}, 5+)
is non-degenerate, define I(S) as the set of all indices i € [k] such that [S N {2}, z}}| =1,

and define the ‘projection’

Clearly, m(S) C V(F*) and |7(S)| = |S|. Note that if S C V(T,,) and k ¢ I(S), then S
plays the role of 7(S) C V(T,) in T, by (a). For i € I(S), let z(S) € {0,1} be such
that SN {22, 2!} = {27}, and let 2(9) = > ier(s) zi(S). We claim that the following

177

holds:
)
(=1 F'(7(S))| mod Deg(F*)s if S is non-degenerate
|T,s+(S)| = and |I(S)| = k; (2.11.3)
\O mod Deg(F*)g otherwise.

As seen above, if S is degenerate, then we have |1}, s+ (S)| = 0. From now on, we assume
that S is non-degenerate. Let W (S) be the set of words w = w; ... wg_; € {0,1}*71 such
that w; = 2(S) for all i € I(S)\{k}. Clearly, if w € {0, 1}*"1\W(S), then |T,,(S)| = 0 by
(a). Suppose that w € W(S). If k ¢ I(S), then S plays the role of 7(S) in T}, and hence
we have |T3,(S)| = |11, (7(S))| = |F*(w(S))| by (2.11.2). It follows that |1} s+(S)| =0
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mod Deg(F*)s|, as required.

From now on, suppose that k € I(S). Let

W.(S) :={w e W(S) : |wl + 2z(5) is even};

Wo(S) :=={w e W(S) : |w|y + 2zx(S) is odd}.

By (b), we know that xz’“(s) plays the role of z, in T, if w € W,(S) and the role of 7, if
w € W.(S). Hence, if w € W,(S) then S plays the role of 7(S) in T,,, and if w € W,(5),
then S plays the role of (7(S) \ {zx}) U {2} in T,,. Thus, we have

(
(2.11.2

Ty (m(S)] “E7 [F=(n(9))] = |F'(x(S)]  if w € W,(S);

(2.11.2

ITu(S) = § [T ((r()\ {m}) U {ind)| “ = [F(r(9))] i w € We(S);

0 if w ¢ W(S).
It follows that
Tes- () = Y Tu(S) = (We(S)| = Wo(S)IF'(7(5))|  mod Deg(F*)s).
we{0,1}k-1

Observe that

W.(S)] = |[{w' € {0, 1} SN . ||, + 2(S) is even)|;

W,(9)| = |[{w" € {0, 1}* Sl |w/|; 4 2(5) is odd}.

Hence, if |I(S)| < k, then by Fact 2.11.3 we have |W.(S)| = |[W,(S)| = 2k &I 1f
|I(S)| = k, then |[W.(S)| = 1if 2(5) is even and |[W,(S)| = 0 if z(S) is odd, and for
W,(S), the reverse holds. Altogether, this implies (2.11.3).

It remains to show that (2.11.3) implies (sh2) and (sh3). Clearly, (sh2) holds. Indeed, if
|S| < k, then S is degenerate or we have |I(S)| < k, and (2.11.3) implies that |T} s« (S)| =

0 mod Deg(F*)‘S‘.
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Finally, consider S € (V(TZS*)). If S does not have the form {z;* : i € [k]} for
suitable z1,..., 2, € {0,1}, then S is degenerate or |I(S)| < k and (2.11.3) implies that
|Ty.5+(S)] = 0 mod Deg(F*)g, as required. Assume now that S = {z;" : ¢ € [k]} for
suitable 21,...,2, € {0,1}. Then S is not degenerate, I(S) = [k], 2(S) = >_;cy; 2 and

7(S) = {x1,...,zx} = X, in which case (2.11.3) implies that
[ Thos ()] = (1" F'(X)] = (~=1)"P|F(S")|  mod Deg(F)r,
as required for (sh3). O

Proof of Lemma 2.11.2. By applying Lemma 2.11.4 (with 29 and z; swapping their
roles), we can see that there exists a multi-r-graph Ty with 29, ... 2% 21, ... =t € V(T})

such that the following properties hold:

e T has an F-decomposition {Fi,..., F,,} such that for all j € [m] and all ¢ € [k],

we have |V (F;) N{z?, z;}| < 1;

o |T:(S)|=0 mod Deg(F*)s for all S C V(Ty) with |S| < k;

o forall S e (V)

(=1)%ien—1%+t0=2) Deg(F), mod Deg(F*), if S = {z7 :i € [k]},

T3 (5)]
0 mod Deg(F*); otherwise.

Let f:=|V(F)|. For every j € [m], let Z; be a set of f* — f new vertices, such that
Z;N Zy = 0 for all distinct j, 7' € [m] and Z; NV (T}) = 0 for all j € [m]. Now, for every
j € [m], let F be a copy of F* on vertex set V(Fj) U Z; such that F; U {F}} is a 1-well

separated F-decomposition of F. In particular, we have that

(a) (F} — F)[V(F))] is empty;
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(b) Fj is a l-well separated F-decomposition of F} — Fj such that for all F' € Fj,
\V(F)NV(F;)| <r—1.

Let

jelm]

We claim that Ty is the desired shifter. First, observe that T} is a (simple) r-graph
since (F — Fj)[V(F})] is empty for every j € [m] by (a). Moreover, since Fy,...,Fpn
are r-disjoint by (b), Fact 2.5.4(iii) implies that F := F, U--- U F,, is a 1-well separated
F-decomposition of T}, and for each j € [m], all F € F; and all ¢ € [k], we have
V(E)N{a?, xl}| < |V(F;) n{z?, z}}| < 1. Thus, (SH1) holds.

Moreover, note that for every j € [m], we have |(F; —F}

)(9)] = =|F;(5)] mod Deg(F*)s
for all S C V(7)) with |S| <r — 1. Thus,

ITi(S)] = ) ~IFi(S)| = =|Ti(S)|  mod Deg(F")s
J€m]
for all S C V(7)) with |S| < r — 1. Hence, (SH2) clearly holds. If S = {z]* : 7 € [k]} for

suitable 21, ...,z € {0,1}, then
I Te(S)] = =|T; (S)| = (—1)><41* Deg(F),  mod Deg(F*);

and (SH3) holds. Thus, T} is indeed an (29, ..., 2% z1, ..., x})-shifter with respect to F, F**.

=1
r—1

Finally, to see that T} has degeneracy at most ( ) rooted at X, consider the vertices
of V(Ty) \ X in an ordering where the vertices of V(T}) \ X precede all the vertices in
sets Z;, for j € [m]. Note that T;[V (T})] is empty by (a), i.e. a vertex in V(7)) \ X has
no ‘backward’ edges. Moreover, if z € Z; for some j € [m], then [T ({2})| = [F;({z})] <
() 0

r—1
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2.11.2 Shifting procedure

In the previous section, we constructed degree shifters which allow us to locally change
the degrees of k-sets in some host graph. We will now show how to combine these local
shifts in order to transform any given F-divisible r-graph G into an F™*-divisible r-graph.
It turns out to be more convenient to consider the shifting for ‘r-set functions’ rather than
r-graphs. We will then recover the graph theoretical statement by considering a graph as
an indicator set function (see below).

Let ¢ : (V) — Z. (Think of ¢ as the multiplicity function of a multi-r-graph.) We

T

extend ¢ to ¢ : Uke[r}o (Z) — Z by defining for all S C V with |S| =k <,

$(S):= Y o9 (2.11.4)

r—1 B ,
(k j Z,)qb(S) = > o9 (2.11.5)
se(}):scs
For k € [r —1]o and by, ..., b, € N, we say that ¢ is (bo, ..., by)-divisible if big| | ¢(S5)
for all S C V with |S| < k.
If G is an r-graph with V(G) C V| we define 14: (‘;) — 7 as

1 if S eaG;
]lg(S) =

0 ifSé¢Ga.

and extend 1g as in (2.11.4). Hence, for a set S C V with |S| < r, we have 15(5) =
|G(S)|. Thus, (2.11.5) corresponds to the handshaking lemma for r-graphs (cf. (2.5.1)).
Clearly, if G and G’ are edge-disjoint, then we have 14 + 15 = 1gug. Moreover, for an
r-graph F, G is F-divisible if and only if 14 is (Deg(F)o, ..., Deg(F'),-1)-divisible.

As mentioned before, our strategy is to successively fix the degrees of k-sets until we
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have fixed the degrees of all k-sets except possibly the degrees of those k-sets contained
in some final vertex set K which is too small as to continue with the shifting. However,
as the following lemma shows, divisibility is then automatically satisfied for all the k-sets
lying inside K. For this to work it is essential that the degrees of all i-sets for i < k are

already fixed.

Lemma 2.11.5. Let 1 < k < r and by, ...,b, € N be such that (Z:Z)bz =0 mod by for
all i € [klo. Let ¢ : (‘T/,) — 7Z be a (by,...,bx_1)-divisible function. Suppose that there
exists a subset K C V' of size 2k — 1 such that if S € (‘2) with ¢(S) Z 0 mod by, then
S C K. Then ¢ is (bo, . . ., by)-divisible.

Proof. Let K be the set of all subsets T of K of size less than k. We first claim that

for all 7" € K, we have

Y H(T)=0 mod b (2.11.6)

Tre(f): T T

Indeed, suppose that |7”| =i < k, then we have

S o= Y ) P (Z:z) HT") mod by,

Te(ly): e Te(y): T CT
Since ¢ is (bo, ..., by_1)-divisible, we have ¢(7”) = 0 mod b;, and since (;_)b; = 0

mod by, the claim follows.

Let T € (Ik{) We need to show that ¢(7') = 0 mod b;. To this end, define the

function f: K — Z as

(DI ST C K\ T
(T =

0 otherwise.
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We claim that for all 7" € (Ik(), we have

1 T =T;
> Iy = (2.11.7)

T 0 otherwise.

Indeed, let 7" € (%), and set ¢ := |T"\ T|. We then check that (using |K| < 2k in the

first equality)

t 1 ift=0;
ORI NG SR

T T C(K\T)NT' j=0 0 ift>0.

We can now conclude that

o) L7 ST o)y S p = ray | s@) | “EY0 mod by,

T’E(Ik() T"CT! T"elC T’G(Ilj) STICT!
as desired. ]

We now define a more abstract version of degree shifters, which we call adapters. They

represent the effect of shifters and will finally be replaced by shifters again.

Definition 2.11.6 (x-adapter). Let V' be a vertex set and k,r, by, ..., bx, hx € N be such

that k& < r and hy | by. For distinct vertices z9,...,2% z1,... 2} in V, we say that
7 (V) = Zis an (29,...,20,21, ..., 2})-adapter with respect to (bo,. .., by hy) if 7 is

(bo, - - - , bg—1)-divisible and for all S € (}),

(_1)Zie[k] “hr, mod by if S={x:i€ [k]},
T(5) =

0 mod by otherwise.

Note that such an adapter 7 is (bo, . . ., bx_1, hg)-divisible.
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Fact 2.11.7. If T is an x-shifter with respect to F,F*, then 11 is an x-adapter with

respect to (Deg(F*)o, ..., Deg(F*); Deg(F)i).

The following definition is crucial for the shifting procedure. Given some function
¢, we intend to add adapters in order to obtain a divisible function. Every adapter is
characterised by a tuple x consisting of 2k distinct vertices, which tells us where to apply
the adapter. All these tuples are contained within a multiset €2, which we call a balancer.
2 is capable of dealing with any input function ¢ in the sense that there is a multisubset
of €2 which tells us where to apply the adapters in order to make ¢ divisible. Moreover,
as we finally want to replace the adapters by shifters (and thus embed them into some

host graph), there must not be too many of them.

Definition 2.11.8 (balancer). Let 7, k, by, ..., by € N with & < r and let U,V be sets
with U C V. Let € be a multiset containing ordered tuples x = (x1,...,%9), where
xy,..., %9 € U are distinct. We say that Qy is a (b, . . ., bx)-balancer for V with uniformity
r acting on U if for any hy, € N with hy | by, the following holds: let ¢: (‘:) — Z be any
(bo, . .., bk—1, hi)-divisible function such that S C U whenever S € (Z) and ¢(S) Z 0
mod bg. There exists a multisubset ' of Q such that ¢ + 7/ is (bo, .. ., bg)-divisible,
where 7o/ := ) o Tx and 7y is any x-adapter with respect to (bo, ..., by; hy).

For a set S € (Z), let degg, () be the number of x = (x1,...,29;) € 4 such that

|S N A{x;, x| = 1 for all i € [k]. Furthermore, we denote A(£2;) to be the maximum

value of degg, (S) over all S € (z)

The following lemma shows that these balancers exist, i.e. that the local shifts per-
formed by the degree shifters guaranteed by Lemma 2.11.2 are sufficient to obtain global

divisibility (for which we apply Lemma 2.11.5).

Lemma 2.11.9. Let 1 < k < r. Let by,...,br € N be such that ( )bS = 0 mod b

r—s
k—s

for all s € [klo. Let U be a set of n > 2k vertices and U C V. Then there exists a

bo, - .., by)-balancer Qy, for V with uniformity v acting on U such that A(Q,) < 2F(k!)2by,.
( Y g
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Proof. We will proceed by induction on k. First, consider the case when k£ =
Write U = {vy,...,v,}. Define €; to be the multiset containing precisely b; — 1 copies of
(vj,vj41) for all j € [n — 1]. Note that A(y) < 2b;.

We now show that €2 is a (bg, by )-balancer for V' with uniformity r acting on U. Let
¢ : (‘:) — Z be (bg, hy)-divisible for some h; € N with hy | by, such that v € U whenever
v eV and ¢p({v}) #0 mod b;. Let mg := 0. For each j € [n — 1], let 0 < m; < by be
such that (m;_1 —m;)h; = ¢({v;}) mod b;. Let ' C Oy consist of precisely m; copies of
(vj,vj41) for all j € [n —1]. Let 7:= " _ 7x, where 7y is an x-adapter with respect to

(bo, by; h1), and let ¢ := ¢ + 7. Clearly, ¢’ is (by)-divisible. Note that, for all j € [n — 1],

T({vi}) = M7, 10 ({5 + 1570, 0;.0) ({0;}) - mod by

= (—mj_1 +mj)h; = —¢({v;}) mod by, (2.11.8)

implying that ¢'({v;}) = 0 mod b; for all j € [n — 1]. Moreover, for all v € V \ U,
we have ¢({v}) =0 mod b; by assumption and 7({v}) =0 mod b; since no element of
2, contains v. Thus, by Lemma 2.11.5 (with {v,} playing the role of K), ¢’ is (b, b1)-
divisible, as required.

We now assume that & > 1 and that the statement holds for smaller k. Again,
write U = {v1,...,v,}. For every £ € [n], let Uy := {v; : j € [{]}. We construct
inductively. For each ¢ € {2k,... ,n}, we define a multiset €, as follows. Let 1,4

be a (by,...,bg)-balancer for V' \ {v,} with uniformity » — 1 acting on U,—; and
A(Qp101) < 2574k — 1)1by.

(Indeed, Q%_1 -1 exists by our induction hypothesis with r — 1,k —1,by,...,bg, Up—1, V' \
{ve} playing the roles of r, k,by,... by, U, V.) For each v = (vj,,..., 0y ) € Q_1,4-1,
let

/o 2k—1
vV o= (U€7Uj1>- e U1y Vg s Uiy v - ,’Uj%_Q) e U, X Uéfl , (2119)
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such that j, € {{ =2k +1,... .0} \ {{, 71, ..., jar—2} (which exists since ¢ > 2k). We let

Qo :={v' : v€Q_10-1}. Now, define

Qk = U le.
{=2k

Proof of claim: Consider any S € (‘2) Clearly, if S Z U, then degg (S) = 0, so assume
that S C U. Let ig be the largest ¢ € [n]| such that v; € S.

First note that for all £ € {2k,...,n}, we have

dego, ,(S) < 3 degg, (S {v}) < FA41p).

veES

On the other hand, we claim that if £ < iy or £ > iy + 2k, then degg ,(S) = 0. Indeed,
in the first case, we have S ¢ U, which clearly implies that degg, ,(8) = 0. In the latter
case, for any v € Q_; 41, we have j, > ¢ —2k+1 > iy and thus |SN{v, v;, }| = 0, which

also implies degg, ,(S) = 0. Therefore,

dego, (S) = ) degq, ,(S) < 2K°A(Qu—10-1) < 28(k1)%by,

=2k
as required. —
We now show that € is indeed a (by, . .., bg)-balancer on V' with uniformity r acting
on U. The key to this is the following claim, which we will apply repeatedly.

Claim 2: Let 2k < ¢ < n. Let ¢y: (‘7{) — Z be any (bo, ..., bx_1, hg)-divisible function
for some hy, € N with hy, | bg. Suppose that if ¢¢(S) #Z 0 mod by for some S € (Z), then
S C Up. Then there exists € , C Qg such that ¢y == ¢y + Tay, 18 (boy -+, bg—1, hi)-

divisible and if ¢pp_1(S) Z0 mod by for some S € (Z), then S C U,_;.

(Here, Toy , 1s as in Definition 2.11.8, i.e. T, ‘= Zv’e%,g 7y and 7y is an arbitrary

v’-adapter with respect to (bo, ..., bg; hy).)
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Proof of claim: Define p : (Vﬁvf}) — Z such that for all S € (V\f’f}%

r

p(S) == ¢u(S U {ve}).

It is easy to check that this identity transfers to smaller sets S, that is, for all S C V'\{v},
with |S] < r—1, we have p(S) = ¢¢(SU{v}), where p(S) and ¢,(SU{v,}) are as defined
in (2.11.4).

Hence, since ¢y is (bo, . . ., bg_1, hg)-divisible, p is (by, ..., bg_1, hy)-divisible. Moreover,
for all S € (V1) with p(S) # 0 mod by, we have S C Uy_;.

Recall that Q1,1 is a (by, ..., b)-balancer for V'\ {v,} with uniformity » — 1 acting

on U_;. Thus, there exists a multiset " C €4 .4 such that
p+ T is (by, ..., by)-divisible. (2.11.10)

Let €, € Q¢ be induced by €, that is, ) , == {v/ : v € Q'} (see (2.11.9)).
Let v/ € @), and let 7 be any v’-adapter with respect to (b, ...,bx; hx). As noted
after Definition 2.11.6, 7/ is (by, . .., bx_1, hy)-divisible. Crucially, if S € (Z) and vy € S,
then 7/(S) = 7, (S \ {v}) mod by. Indeed, let 29,... 2% |, z],...,x._, be such that

0 0 1 1 1

— 1 I 0 0
v = (2f,...,2)_y,27,...,25_,) and thus v/ = (vs,2Y,...,20_1,v,,21,...,25_,). Then

by Definition 2.11.6, as v, € S, we have

(—=1)%*2iew-u=h, mod by, if S\ {v} = {7 i e[k—1]},
Tv (S)

0 mod by otherwise,

7v(S\ {v/}) mod by.

Let 7o , = Zv’e%z Tv and ¢p_1 := ¢ + 7o, ,. Note that for all S & Uy, we have
TQ;M(S) = 0 by (2.11.9). Moreover, if S € (Z) and vy € S, then TQ;“E(S) = 70/ (S \ {we})
mod by by the above.

Clearly, ¢y is (bo, . . ., bx_1, hx)-divisible. Now, consider any S € (Z) with S & U,_;.
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It S ¢ U, then
$e-1(S) = ¢e(S) + 7, ,(S) =0+0=0 mod bj.

It S C Uy, then since S € U,y we must have v, € S, and so

(2.11.10)
= "0 mod by.

Pe1(S) = ¢e(S) + 7ay (5) = p(S\ {ve}) + 70 (S {ve})

This completes the proof of the claim. —

Now, let hy € N with hy | by and let ¢: (‘:) — Z be any (b, ..., bx_1, hy)-divisible
function such that S C U whenever S € (V) and ¢(S) # 0 mod by. Let ¢, := ¢
and note that U = U,. Thus, by Claim 2, there exists Q;m C Qg such that ¢, =
On +Toy B8 (bo,. ., b1, hy)-divisible and if ¢,1(S) # 0 mod by for some S € (}),
then S C U,_;. Repeating this step finally yields some ) C Qj such that ¢* := ¢ + T,
is (b, ..., bg_1, hx)-divisible and such that S C Us,_; whenever S € (‘2) and ¢(S) £ 0
mod b;. By Lemma 2.11.5 (with Uy,_; playing the role of K), ¢* is then (by, ..., by)-

divisible. Thus € is indeed a (by, . .., by)-balancer. O

2.11.3 Proof of Lemma 2.9.4

We now prove Lemma 2.9.4. For this, we consider the balancers () guaranteed by
Lemma 2.11.9. Recall that these consist of suitable adapters, and that Lemma 2.11.2
guarantees the existence of shifters corresponding to these adapters. It remains to embed
these shifters in a suitable way, which is achieved via Lemma 2.5.20. The following fact

will help us to verify the conditions of Lemma 2.11.9.

Fact 2.11.10. Let F' be an r-graph. Then for all0 < i < k < r, we have ( )Deg(F)i =0

r—1i
k—i

mod Deg(F).
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Proof. Let S be any i-set in V(F'). By (2.5.1), we have that

(Loi)Fen= > R0 mod Deyir

re(Vi): scr
and this implies the claim. [l

Proof of Lemma 2.9.4.  Let 29,...,2% |, z},... 2}l | be distinct vertices (not in
V(Q@)). For k € [r —1], let X, := {29,...,2%,2},...,2;}. By Lemma 2.11.2, for every
k € [r — 1], there exists an (29,..., 2%, z1,..., z})-shifter T with respect to F, F* such
that T;[X}] is empty and T} has degeneracy at most (fr *:11) rooted at Xj. Note that (SH1)
implies that

T ({a),z;})| = 0 for all i € [k]. (2.11.11)

1%

We may assume that there exists ¢ > maxgep—1) |[V(T})| such that 1/n < v < 1/t <
&, 1/f*. Let Deg(F) = (hg,h1,...,h.—1) and let Deg(F*) = (bg, b1, ...,b,—1). Since F* is
F-decomposable and thus F-divisible, we have hy, | by for all k € [r — 1]o.

By Fact 2.11.10, we have ( )bi =0 mod b forall0 <i <k < r. Foreach k € [r—1]

k—i
with hy < by, we apply Lemma 2.11.9 to obtain a (by, . .., bg)-balancer Qy, for V(G) with
uniformity 7 acting on V(@) such that A() < 2%(k!)?bs. For values of k for which we
have hy = by, we let Q := (. For every k € [r — 1] and every v = (vq,...,09) € O,
define the labelling Ay: X; — V(G) by setting Ay (z)) := v; and Ay(z}) := v;4y for all
i€ [k].

For technical reasons, let Tj be a copy of F' and let X, := (). Let Qg be the multiset
containing bg/hg copies of (), and for every v € g, let Ay: Xo — V(G) be the trivial
G-labelling of (Ty, Xy). Note that Ty has degeneracy at most (f:__ll) rooted at Xy. Note
also that Ay does not root any set S C V(G) with |S| € [r — 1].

We will apply Lemma 2.5.20 in order to find faithful embeddings of the T}, into G. Let

Q= Ui—p Q. Let a:=~72/n.
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Claim 1: For every k € [r — 1] and every S C V(G) with |S| € [r — 1], we have
Hv € Qp : Ay roots S} < r~tayn ™18 Moreover, | < r~tayn’.

Proof of claim: Let k € [r — 1] and S C V(G) with |S| € [r — 1]. Consider any v =
(v1,...,v9%) € O and suppose that A, roots S, i.e. S C {vy,...,v9} and [T}, (AJ1(S))| >
0. Note that if we had {z0,z}} C AJ!(S) for some i € [k] then |T},(A;*(S))| = 0 by

(2.11.11), a contradiction. We deduce that |S N {v;, vy, }| <1 for all ¢ € [k], in particular
|S| < k. Thus there exists S" D S with |S’| = k and such that |S" N {v;, v;x}| = 1 for
all i € [k]. However, there are at most n*~1% sets S’ with |S’| = k and S’ D S, and for
each such S, the number of v = (vq,...,v) € Qg with |S" N {v;, vix}| = 1 for all i € [K]
is at most A(Q). Thus, [{v € Q) : A, roots S}| < nFISIA(Qy) < nr= 171812k (K1)2p, <

r~tayn 1. Similarly, we have || < nFA(Q) < r~tayn. —

Claim 1 implies that for every S C V(G) with |S| € [r — 1], we have
{veQ: A, roots S} < ayn™ 11 -1,

and we have |Q| < by/ho + S5_1 |%| < ayn’. Therefore, by Lemma 2.5.20, for every
k € [r—1]y and every v € €, there exists a Ay-faithful embedding ¢y of (T, Xj) into G,

such that, letting 7 := ¢ (T%), the following hold:

(a) for all distinct vy, vy € Q, the hulls of (7y,,Im(Ay,)) and (Ty,,Im(Ay,)) are edge-

disjoint;
(b) for all v € Q and e € O with e C V(Ty), we have e C Im(Ay);
(©) AUyeq Tv) < an® .

Note that by (a), all the graphs T, are edge-disjoint. Let

D::UTV.

veQ

By (c), we have A(D) < ~y72. We will now show that D is as desired.
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For every k € [r — 1] and v € Q4, we have that T} is a v-shifter with respect to F, F*

by definition of A, and since ¢, is A,-faithful. Thus, by Fact 2.11.7,
17, is a v-adapter with respect to (by, . .., bg; hy). (2.11.12)

Claim 2: For every Q' C Q, |J T, has a 1-well separated F'-decomposition F such

ve

that F<U+Y and O are edge-disjoint.

Proof of claim: Clearly, for every v € €y, T\, is a copy of I’ and thus has a 1-well separated
F-decomposition F, = {1y }. Moreover, for each k € [r—1] and all v = (vq,...,v9) € {2,
Ty has a 1-well separated F-decomposition F, by (SH1) such that for all F" € F, and all
i€ k], |[V(F") N {v,vipr}| < 1

In order to prove the claim, it is thus sufficient to show that for all distinct vy, vy €
Q, Fy, and F, are r-disjoint (implying that F := (J, o Fv is 1-well separated by
Fact 2.5.4(iii)) and that for every v € Q, Fo "™ and O are edge-disjoint.

To this end, we first show that for every v € Q and F’ € F,, we have that |V (F’) N
Im(Ay)| < r and every e € (V(f,)) belongs to the hull of (7y,Im(Ay)). If v € €y, this
is clear since Im(Ay) = @) and F’ = T, so suppose that v = (vy,...,ve) € Q for some
k € [r —1]. (In particular, hy < b;.) By the above, we have |V (F') N {v;, vizx}| < 1 for
all i € [k]. In particular, |V(F') N Im(Ay)| < k < r, as desired. Moreover, suppose that
e € (V(f,)). If enIm(Ay) = @, then e belongs to the hull of (7, Im(Ay)), so suppose further
that S := e N Im(Ay) is not empty. Clearly, |S N {v;, vizr} < [V(F') N A{v, v} < 1
for all ¢ € [k]. Thus, there exists S’ D S with |S'| = k and |S" N {v;, vi4x}| = 1 for all
i € [k]. By (SH3) (and since hy < by), we have that |7,,(S")| > 0, which clearly implies
that |75,(S)| > 0. Thus, e N Im(Ay) = S is a root of (13, Im(Ay)) and therefore e belongs
to the hull of (T, Im(Ay)).

Now, consider distinct vq,vy € € and suppose, for a contradiction, that there is

e € (V'9) such that e C V(F') N V(F") for some F' € F,, and F" € F,,. But by the

above, e belongs to the hulls of both (7,,Im(Ay,)) and (7y,,Im(Ay,)), a contradiction
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to (a).
Finally, consider v € 2 and e € O. We claim that e ¢ Fst) Let F' € F, and
suppose, for a contradiction, that e C V(F”). By (b), we have e C Im(Ay). On the other

hand, by the above, we have |V (F') N Im(Ay)| < r, a contradiction. —

Clearly, D is F-divisible by Claim 2. We will now show that for every F-divisible
r-graph H on V(G) which is edge-disjoint from D, there exists a subgraph D* C D such
that H U D* is F*-divisible and D — D* has a 1-well separated F-decomposition F such
that F=<+1) and O are edge-disjoint.

Let H be any F-divisible r-graph on V(G) which is edge-disjoint from D. We will

inductively prove that the following holds for all k € [r — 1]o:

SHIFT), there exists 2 C Qo U .-+ U €y, such that 1xupy is (bo,. . ., bx)-divisible, where

D; = T

veQy TV

We first establish SHIFT,. Since H is F-divisible, we have |H| =0 mod hg. Since hq | by,
there exists some 0 < a < by/hg such that |H| = ahy mod by. Let £ be the multisubset

of Qg consisting of by/hg — a copies of (). Let Df := | Ty. Hence, D is the edge-

ves
disjoint union of by/hg — a copies of F'. We thus have |H U D§| = aho + |F|(by/ho — a) =
ahg + by — ahg =0 mod by. Therefore, 1yyp; is (bo)-divisible, as required.

Suppose now that SHIFT,_; holds for some k € [r — 1], that is, there is Qf_; C
Qo U+~ UQgy such that Tgup: | is (bo, - . ., bx_1)-divisible, where D ;| := UVGQ;*H T,.
Note that Dj_, is F-divisible by Claim 2. Thus, since both H and Dj_, are F-divisible,
we have 1xup:  (S) = [(HUD;_;)(S)| =0 mod hy for all S € (V(kG)). Hence, 1gup; | is
in fact (bo,...,bk_1, hx)-divisible. Thus, if hy = by, then Lyoup; | is (bo, - . ., by )-divisible
and we let Q) := (. Now, assume that hy < b. Recall that Q. is a (b, ..., b )-balancer
and that hy | by. Thus, there exists a multisubset €2} of € such that the function

Luop; | + Zve% Tv 18 (bo, . .., bg)-divisible, where 7, is any v-adapter with respect to
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(bo, - .., bx; hg). Recall that by (2.11.12) we can take 7, = 17,. In both cases, let

Q= L UQ. CQU---UQy;

Thus, Zve% 7v = 1p; and hence 1yup; = lgup; | + 1p; is (bo, - . ., b )-divisible, as
required.

Finally, SHIFT,_; implies that there exists 2_; C Q such that 1yyp- is (b, . .., by—1)-
divisible, where D* := UvEQL1 T,. Clearly, D* C D, and we have that H U D* is F™*-
divisible. Finally, by Claim 2,

p-D= |J T

veo\Qr_,

has a l-well separated F-decomposition F such that F=<U*1 and O are edge-disjoint,

completing the proof. O
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CHAPTER 3

THE DECOMPOSITION THRESHOLD OF A
GIVEN GRAPH

This chapter contains an overview of the results proved in [35]. The proofs
themselves are omitted in the thesis because of space constraints.

In this chapter, we investigate the F-decomposition threshold 7 in the graph setting.
In particular, we determine dx for all bipartite graphs, improve existing bounds for general
F and present a ‘discretisation’ result for the possible values of 0. We write gcd(F') =
Deg(F); for the greatest common divisor of the vertex degrees of F'. Also, we use standard
graph theory notation and write e(G) for the number of edges of G, and dg(x) for the
degree of z in G. Thus, a graph G is F-divisible if e(F') | e(G) and gcd(F) | dg(z) for all
z € V(G).

Recall that the main achievement of an absorption approach is to turn an approximate
decomposition into a full decomposition. In the quasirandom setting (and more generally
that of supercomplexes as in Chapter 2), approximate decompositions can be obtained
‘on the spot’ by using a nibble approach. In the minimum degree setting, we pursue
a different approach. We assume the ability to get approximate decompositions above
a certain minimum degree threshold (via blackbox results) and investigate under which
conditions such approximate decompositions can be completed to real decompositions.
More precisely, given a graph F, we define an approximate decomposition threshold §%"

and then aim to determine 0 up to the unknown (5?;“. In order to determine ¢z, it would
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then suffice to investigate (5%+, which is a much simpler task.

3.1 A discretisation result

Our first main result (Theorem 3.1.1) bounds the decomposition threshold z in terms of
the approximate decomposition threshold 5%*, the fractional decomposition threshold 67,
and the threshold 6% for covering a given edge. We now introduce these formally.

Let F be a fixed graph. For n > 0, an n-approximate F-decomposition of an n-vertex
graph G is a collection of edge-disjoint copies of F' contained in G which together cover
all but at most nn? edges of G. Let d} be the infimum of all § > 0 with the following
property: there exists an ng € N such that whenever G is a graph on n > ng vertices with
d(G) > dn, then G has an n-approximate F-decomposition. Clearly, (5}7;,/ > ¢} whenever
7' <n. We let 63" := sup, . 0.

Let G* be the set of copies of F'in G. A fractional F-decomposition of G is a function
w: GF — [0,1] such that, for each e € E(G),

> w(F) =1 (3.1.1)
F'eGF: ecE(F’)
Note that every F-decomposition is a fractional F-decomposition where w(F) € {0, 1}.
Let ¢} be the infimum of all § > 0 with the following property: there exists an
no € N such that whenever G is an F-divisible graph on n > ng vertices with §(G) > dn,
then G has a fractional F-decomposition. Usually the definition considers all graphs
G (and not only those which are F-divisible) but it is convenient for us to make this
additional restriction here as ¢} is exactly the relevant parameter when investigating oy
(in particular, we trivially have §3 < 0r). Haxell and R6dl [44] used Szemerédi’s regularity
lemma to show that a fractional F-decomposition of a graph G can be turned into an
approximate F-decomposition of G. This can be used to show that 5% < &%

Let 6% be the infimum of all 6 > 0 with the following property: there exists an ng € N
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such that whenever G is a graph on n > ng vertices with §(G) > dn, and €’ is an edge in
G, then G contains a copy of F' which contains €’.

Our first result bounds dp in terms of the approximate decomposition threshold §%"
and the chromatic number of F. Parts (ii) and (iii) give much more precise information
if x > 5. We obtain a ‘discretisation result’ in terms of the parameters introduced above.
We do not believe that this result extends to y = 3,4. On the other hand, we do have
dr € {0,1/2,2/3} if x(F) = 2 (see Section 3.3). We also believe that none of the terms

in the discretisation statement can be omitted.
Theorem 3.1.1. Let F' be a graph with x := x(F).

(i) Then 6r < max{0%, 1 —1/(x +1)}.

(ii) If x > 5, then 0 € {max{6%",0%},1—1/x,1—1/(x+1)}.
(ii1) If x > 5, then 6p € {05, 1 —1/x, 1 —=1/(x+1)}.

Theorem 3.1.1(i) improves a bound of §; < max{d% 1 — 1/3r} proved in [9] for
r-regular graphs F'. Also, the cases where F' = K3 or C} of (i) were already proved in [9].
Since it is known that 6% >1—1/(r +1) (see e.g. [91]), Theorem 3.1.1 implies that

the decomposition threshold for cliques equals its fractional relaxation.

Corollary 3.1.2. For allr > 3, 0k, = 0}, = 5?;:.

3.2 Explicit bounds

Theorem 3.1.1 involves several ‘auxiliary thresholds’ and parameters that play a role in
the construction of an F-decomposition. Bounds on these of course lead to better ‘explicit’
bounds on dr which we now discuss.

The central conjecture in the area is due to Nash-Williams [69] (for the triangle case)

and Gustavsson [40] (for the general case).
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Conjecture 3.2.1 (Gustavsson [40], Nash-Williams [69]). For every r > 3, there exists
an ng = ng(r) such that every K,-divisible graph G on n > ng vertices with 6(G) >

(1 —=1/(r +1))n has a K,-decomposition.

For general F', the following conjecture provides a natural upper bound for §r which
would be best possible for the case of cliques. It is not clear to us what a formula for

general F' might look like.
Conjecture 3.2.2. For all graphs F, 6p <1 —1/(x(F) +1).

Note that by Theorem 3.1.1 in order to prove Conjecture 3.2.2 it suffices to show
6% < 1—1/(x(F)+1). This in turn implies that Conjecture 3.2.2 is actually a special
case of Conjecture 3.2.1. Indeed, it follows from a result of Yuster [93] that for every

0+ 0+ 0+ *
graph F, 6.7 < 6KX(F)’ and thus 6,7 < 6KX(F) < 5Kx(F)’
In view of this, bounds on d3 are of considerable interest. The following result gives

the best bound for general r (see [8]) and triangles (see [25]).
Theorem 3.2.3 ([8], [25]).

(i) For every r > 3, we have & <1—1074r=%/2,

(ii) 6%, < 9/10.

This improved earlier bounds by Yuster [91] and Dukes [26, 27]. Together with the
results in [9], part (ii) implies 0, < 9/10. More generally, combining Theorem 3.2.3

and Theorem 3.1.1(i) with the fact that 6% < 5(;;( < 5}}){(”, one obtains the following

x(F) —

explicit upper bound on the decomposition threshold.
Corollary 3.2.4.
(i) For every graph F, 6p <1 — 1074y (F)=%/2.

(i) If x(F) = 3, then or < 9/10.

194



Here, (i) improves a bound of 1 — 1/ max{10*y(F)*? 6¢(F)} obtained by combining
the results of [8] and [9] (see [8]). It also improves earlier bounds by Gustavsson [40] and
Yuster [91, 94]. A bound of 1 — ¢ also follows from the results of Keevash [49].

In the r-partite setting an analogue of Corollary 3.1.2 was proved in [10], an analogue
of Theorem 3.2.3(i) (with weaker bounds) in [68] and an analogue of Theorem 3.2.3(ii)
(again with weaker bounds) in [14]. These bounds can be combined to give results on the
completion of (mutually orthogonal) partially filled in Latin squares. Moreover, it turns
out that if 0 > 0% (in the non-partite setting), then there exist extremal graphs that are
extremely close to large complete partite graphs, which adds further relevance to results

on the r-partite setting.

3.3 Decompositions into bipartite graphs

Let F' be a bipartite graph. Yuster [90] showed that ép = 1/2 if F' is connected and
contains a vertex of degree one. Moreover, Barber, Kiithn, Lo and Osthus [9] showed that
dc, = 2/3 and 6¢, = 1/2 for all even ¢ > 6 (which improved a bound of d¢, < 31/32 by
Bryant and Cavenagh [16]). Here we generalise these results to arbitrary bipartite graphs.

Note that if F' is bipartite, then 6% = 0. This is a consequence of the fact that
bipartite graphs have vanishing Turan density. This allows us to determine dp for any
bipartite graph F. It would be interesting to see if this can be generalised to r-partite
r-graphs.

To state our result, we need the following definitions. A set X C V/(F) is called Cy-
supporting in F if there exist distinct a,b € X and ¢,d € V(F') \ X such that ac, bd, cd €

E(F). We define

7(F) := ged{e(F[X]) : X C V(F) is not Cy-supporting in F'},

7(F) := ged{e(C) : C'is a component of F'}.
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So for example 7(F') = 1 if there exists an edge in F' that is not contained in any cycle
of length 4, and 7(F) > 1 if F is connected (and e(F) > 2). The definition of 7 can
be motivated by considering the following graph G: Let A, B, C' be sets of size n/3 with
G[A], G[C] complete, B independent and G[A, B] and G[B, C] complete bipartite. Note
that §(G) ~ 2n/3. It turns out that the extremal examples which we construct showing
dp > 2/3 for certain bipartite graphs F' are all similar to G. Moreover, 7(F) = 1 if for
any large ¢ there is a set of copies of F' in G whose number of edges in G[A] add up to c.

We note that 7(F') | ged(F) and ged(F) | 7(F). The following theorem determines dp

for every bipartite graph F'.

Theorem 3.3.1. Let F' be a bipartite graph. Then

;

2/3 if 7(F) > 1;

oF =140 if 7(F) =1 and F has a bridge;

1/2  otherwise.
\

The next corollary translates Theorem 3.3.1 into explicit results for important classes

of bipartite graphs.
Corollary 3.3.2. The following hold.

(i) Let s,t € N with s+t > 2. Then 0x,, = 1/2 if s and t are coprime and ,, = 2/3

otherwise.
(ii) If ged(F) =1 and F is connected, then dp = 1/2.

(113) If F is connected and has an edge that is not contained in any cycle of length 4,

then dp = 1/2.

(For (ii) and (iii) recall that we always assume e(F') > 2.) Note that 7(K ;) = gcd(s, t).

Then (i)—(iii) follow from the definitions of 7 and 7.
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3.4 Near-optimal decompositions

Along the way to proving Theorem 3.1.1 we obtain the following bound guaranteeing
a ‘near-optimal’ decomposition. For this, let 6} be the infimum of all 6 > 0 with the
following property: there exists an ny € N such that whenever G is a graph on n > ng
vertices with 6(G) > dn, and x is a vertex of G with gcd(F) | dg(z), then G contains a
collection F of edge-disjoint copies of F' such that {zy : y € Ng(x)} C |JF. Loosely
speaking, 07" is the threshold that allows us to cover all edges at one vertex. For example,
if F'is a triangle, then 0% is essentially the threshold that Ng(z) contains a perfect
matching whenever dg(z) is even. Note that 637 > 0%.

The following theorem roughly says that if we do not require to cover all edges of G
with edge-disjoint copies of F', but accept a bounded number of uncovered edges, then

the minimum degree required can be less than if we need to cover all edges.
Theorem 3.4.1. For any graph F and p > 0 there exists a constant C' = C(F, pu) such
that whenever G is an F-divisible graph on n vertices satisfying

5(G) > (max{8%F, 85} + po)n

then G contains a collection of edge-disjoint copies of F' covering all but at most C' edges.

It can be shown that §%° < 1 — 1/x(F). For many bipartite graphs F, e.g. trees
and complete balanced bipartite graphs, our results imply that max{é%", 5%} < dp.
It seems plausible to believe that there also exist graphs F' with y(F) > 3 such that

max{d%" 0%} < 6. However, the current bounds on 8% do not suffice to verify this.

3.5 Overview of the proofs

One key ingredient in the proofs of Theorems 3.1.1, 3.3.1 and 3.4.1 is the iterative absorp-

tion method. As in Chapter 2, we carry out this iteration inside a vortex until we have a
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‘near-optimal decomposition’ which covers all but a bounded number of edges. The cor-
responding ‘Cover down lemma’ is much easier than in the hypergraph setting. Roughly
speaking, we show that if G is a graph with §(G) > (max{0%", 6%} + 0(1))|V(G)|, then
we can cover down into a ‘random-like’ subset U C V(G). Here, 6% is needed to obtain
an approximate decomposition, and the definition of d3* is used to ‘clean’ the remaining
edges at vertices which lie outside U. Intuitively, it is also clear that 5%+ and 07" should
be lower bounds for dr and thus that the Cover down lemma performs optimally for our
purposes (see Corollary 11.4 in [35]). The iterative application of the Cover down lemma
yields a ‘near-optimal decomposition’. Theorem 3.4.1 is a byproduct of this.

As in Chapter 2, the idea to deal with the final leftover is to use ‘exclusive absorbers’,
and each absorber is constructed as a concatenation of transformers and certain canonical
structures between them. This approach was first introduced in [9]. For more details on
this part of the argument, we refer to Section 2.3.3.

The difficulty here is to construct transformers with ‘low degeneracy’ which can be
embedded once the minimum degree of the host graph is large enough. The crucial
feature in proving our results here, which allows us to go significantly beyond the results
in [9], is to break down the construction of transformers into even smaller pieces. We
construct them from building blocks called ‘switchers’. These switchers are transformers
with more limited capabilities. The most important switchers are Cg-switchers and Ks -
switchers. A Cg-switcher S transforms the perfect matching ET := {ujus, uguy, usug}
into its ‘complement’ £~ := {ugus, uqus, ugus } along a 6-cycle. (The formal requirement
is that both SUE™ and SU E~ have an F-decomposition.) A K, ,-switcher transforms a
star with r leaves centred at = into a star with the same leaves centred at x’. Surprisingly,
it turns out that these building blocks suffice to build the desired transformers.

Apart from proving the existence of switchers, we also need to be able to find them
in G. This is where we may need the condition that 6(G) > (1—1/(x+1)+0(1))|V(G)].
To achieve this, we will apply Szemerédi’s regularity lemma to G to obtain its reduced

graph R. We will then find a ‘compressed’ version (i.e. a suitable homomorphism) of
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the switcher in R. This then translates to the existence of the desired switcher in G via
standard regularity techniques.

The switchers are also key to our discretisation results in Theorem 3.1.1(ii) and (iii).
We show that if 0 < 1 — 1/(x + 1), then to find the relevant switchers (and hence, as
described above, the relevant absorbers) we need the graph G only to have minimum
degree (1 —1/x + o(1))|[V(G)|. Roughly speaking, the idea is that if §p <1 —1/(x + 1),
then the minimum degree of an F-divisible graph which is close to a sufficiently large
complete (x + 1)-partite graph is large enough to guarantee an F-decomposition. In
particular, we can find S such that S U {ujus,usus} is such a graph. Moreover, the
divisibility of S U {uqus, ujus} follows automatically. Thus, by the definition of dz, both
have an F-decomposition, i.e. S is a Cy-switcher (see Lemma 10.1 in [35]). The switcher
S may be quite large indeed, but the fact that it is (y + 1)-partite will allow us to embed
it in a graph G with (1—1/x40(1))|V(G)| using regularity methods. Recall that to build
transformers, we need Cg-switchers and Ky ,-switchers, whilst our implicit construction
above yields Cy-switchers. An important part of the proof of the discretisation results
in Theorem 3.1.1(ii) and (iii) are several ‘reductions’. For example, we can build a Cg-
switcher by combining C);-switchers in a suitable way. These reductions are also the reason
why we need the assumption y > 5.

Similarly, if 67 < 1 — 1/x, the minimum degree we require is only (1 — 1/(x —
1) + o(1))|[V(G)|. As discussed earlier we require the minimum degree to be at least
(max{6%", 5%} + o(1))|V(G)| in order to iteratively cover all but a constant number of
edges in G (see Theorem 3.4.1). This may not be sufficiently high to construct our
absorbers, but this discretisation argument allows us to conclude that if dp exceeds
max{5%", %} then it can take at most two other values, 1 — 1/(x + 1) or 1 — 1/x.

Note that the parameter 63 does not appear in Theorem 3.1.1. We investigate 03"
separately. Note that if F' = K, then the problem of covering all edges at a vertex x
reduces to finding a K,._i-factor on the neighbours of x. As discussed in Section 1.2, factor

problems are much easier than decomposition problems. The Hajnal-Szemerédi theorem

199



implies here that 637 <1 —1/r. For general F, the determination of 63" does not reduce
to a ‘pure’ factor problem. We use a theorem of Komlds [53] on approximate F-factors
to reduce 03" to 0%.

Most of the above steps are common to the proof of Theorems 3.1.1 and 3.3.1, i.e. we
can prove them in a unified way. The key additional difficulty in the bipartite case is

proving the existence of a Cg-switcher for those F' with dp = 1/2.
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CHAPTER 4

OPTIMAL PATH AND CYCLE
DECOMPOSITIONS

This chapter contains an overview of the results proved in [39]. The proofs
themselves are omitted in the thesis because of space constraints. Section 4.3

is based on [38].

There are several longstanding and beautiful conjectures on decompositions of graphs
into cycles and/or paths. In this chapter, we consider four of the most well-known in the
setting of dense quasirandom and random graphs: the Erddés-Gallai conjecture, Gallai’s
conjecture on path decompositions, the linear arboricity conjecture as well as the overfull

subgraph conjecture.

4.1 Decompositions of random graphs

A classical result of Lovész [65] on decompositions of graphs states that the edges of any
graph on n vertices can be decomposed into at most |n/2] cycles and paths. Erdds and
Gallai [29, 30] made the related conjecture that the edges of every graph G on n vertices
can be decomposed into O(n) cycles and edges. Conlon, Fox and Sudakov [21] recently
showed that O(nloglogn) cycles and edges suffice and that the conjecture holds for
graphs with linear minimum degree. They also proved that the conjecture holds whp for
the binomial random graph G ~ G(n,p). Korandi, Krivelevich and Sudakov [55] carried

out a more systematic study of the problem for G(n, p): for a large range of p, whp G(n, p)
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can be decomposed into n/4+np/2+ o(n) cycles and edges, which is asymptotically best
possible. They also asked for improved error terms. For constant p, we give an exact
formula.

A further related conjecture of Gallai (see [65]) states that every connected graph on
n vertices can be decomposed into [n/2] paths. The result of Lovdsz mentioned above
implies that for every (not necessarily connected) graph, n — 1 paths suffice. This has
been improved to |2n/3] paths [23, 88]. Here we determine the number of paths in an
optimal path decomposition of G(n,p) for constant p. In particular this implies that
Gallai’s conjecture holds (with room to spare) for almost all graphs.

Next, recall that an edge colouring of a graph is a partition of its edge set into match-
ings. A matching can be viewed as a forest whose connected components are edges. As
a relaxation of this, a linear forest is a forest whose components are paths, and the least
possible number of linear forests needed to partition the edge set of a graph G is called the
linear arboricity of G, denoted by la(G). Clearly, in order to cover all edges at any vertex
of maximum degree, we need at least [A(G)/2] linear forests. However, for some graphs
(e.g. complete graphs on an odd number of vertices) we need at least [(A(G) + 1)/2]
linear forests. The following conjecture is known as the linear arboricity conjecture and

can be viewed as an analogue to Vizing’s theorem.

Conjecture 4.1.1 (Akiyama, Exoo, Harary [1]). For every graph G, la(G) < [(A(G) +
1)/2].

This is equivalent to the statement that for all d-regular graphs G, la(G) = [(d+1)/2].
Alon [2] proved an approximate version of the conjecture for sufficiently large values of
A(G). Using his approach, McDiarmid and Reed [67] confirmed the conjecture for random
regular graphs with fixed degree. We show that, for a large range of p, whp the random
graph G ~ G(n, p) can be decomposed into [A(G)/2] linear forests. Moreover, we use the
recent confirmation [22] of the so-called ‘Hamilton decomposition conjecture’ to deduce

that the linear arboricity conjecture holds for large and sufficiently dense regular graphs

(see Corollary 6.4 in [39]).
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The following theorem summarises our optimal decomposition results for dense random

graphs. We denote by odd(G) the number of odd degree vertices in a graph G.

Theorem 4.1.2. Let 0 < p < 1 be constant and let G ~ G(n,p). Then whp the following

hold:
(i) G can be decomposed into | A(G)/2] cycles and a matching of size odd(G)/2.
(i1) G can be decomposed into max{odd(G)/2,[A(G)/2]} paths.

(i11) G can be decomposed into [A(G)/2] linear forests, i.e. la(G) = [A(G)/2].

Clearly, each of the given bounds is best possible. Moreover, as observed e.g. in [55],
for a large range of p, whp odd(G(n,p)) = (1+0(1))n/2. This means that for fixed p < 1/2,
the size of an optimal path decomposition of G(n,p) is determined by the number of odd
degree vertices, whereas for p > 1/2, the maximum degree is the crucial parameter.

A related result of Gao, Pérez-Giménez and Sato [34] determines the arboricity and
spanning tree packing number of G(n,p). Optimal results on packing Hamilton cycles in
G(n,p) which together cover essentially the whole range of p were proven in [52, 58].

One can extend Theorem 4.1.2(iii) to the range % < p = o(1) by applying a recent
result in [45] on covering G(n,p) by Hamilton cycles (see Corollary 6.2 in [39]). It would
be interesting to obtain corresponding exact results also for (i) and (ii). In particular we

believe that the following should hold.

Conjecture 4.1.3. Suppose p = o(1) and % — 00. Then whp G ~ G(n,p) can be

decomposed into odd(G)/2 paths.

By tracking the number of cycles in the decomposition constructed in [55] and by
splitting every such cycle into two paths, one immediately obtains an approximate version
of Conjecture 4.1.3. Note that this argument does not yield an approximate version of

Theorem 4.1.2(ii) in the case when p is constant.
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4.2 Dense quasirandom graphs

We actually deduce Theorem 4.1.2 from quasirandom versions of the corresponding results.
As our notion of quasirandomness, we will consider the following one-sided version of e-
regularity. Let 0 < e,p < 1. A graph G on n vertices is called lower-(p, )-regular if we
have eq(S,T) > (p — ¢)|S||T| for all disjoint S,7 C V(G) with |S|,|T| > en. In order
to deduce Theorem 4.1.2 from its quasirandom version, we use the following well-known

facts about random graphs.

Lemma 4.2.1. Let 0 < g,p < 1 be constant. The following holds whp for the random

graph G ~ G(n,p):
(i) A(G) —6(G) < 4v/nlogn,
(ii) G is lower-(p, )-regular,
(111) G has a unique vertex of maximum degree.

Indeed, using Lemma 2.5.10, it is easy to establish (i) and (ii). For (iii), we refer to
Theorem 3.15 in [12]. We also need to prove another important property of G, which is
that whp there is a perfect matching on the vertices of odd degree (see Lemma 3.7 in [39]).

The next theorem is a quasirandom version of Theorem 4.1.2(i). Indeed, Theorem 4.1.2(i)
can be deduced from Theorem 4.2.2 as follows: Let G ~ G(n, p). In a first step, find a per-
fect matching M on the vertices of G which have odd degree. Then G— M is Eulerian and,
using Lemma 4.2.1, we can apply Theorem 4.2.2 to G—M. Since A(G—M) = 2|A(G)/2],

G — M can be decomposed into |A(G)/2] cycles, as desired.

Theorem 4.2.2. For all 0 < p < 1 there exist e, > 0 such that for sufficiently large
n, the following holds: Suppose G is a lower-(p, e)-reqular graph on n vertices. Moreover,
assume that A(G) — 0(G) < nn and that G is Eulerian. Then G can be decomposed into
A(G)/2 cycles.
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This confirms the following conjecture of Hajés (see [65]) for quasirandom graphs (with
room to spare): Every Eulerian graph on n vertices has a decomposition into |n/2] cycles.
(It is easy to see that this conjecture implies the Erdés-Gallai conjecture.)

Similarly, the following theorem immediately implies parts (ii) and (iii) of Theorem 4.1.2

via Lemma 4.2.1.

Theorem 4.2.3. Let 1/n < n,e < p < 1. Suppose G is a lower-(p,e)-reqular graph on
n vertices such that A(G) — 6(G) < nn. Then the following hold.

(i) G can be decomposed into max{odd(G)/2, [(A(G)+1)/2]} paths. If G has a unique
vertex of mazimum degree, then G can be decomposed into max{odd(G)/2, [A(G)/2]}

paths.

(i) G can be decomposed into [(A(G) + 1)/2] linear forests. If G has a unique vertex

of mazimum degree, then G can be decomposed into [A(G)/2] linear forests.

We also apply our approach to edge colourings of dense quasirandom graphs. Recall
that in general it is NP-complete to decide whether a graph G has chromatic index A(G)
or A(G) + 1 (see for example [46]). We will show that for dense quasirandom graphs of
even order this decision problem can be solved in quadratic time without being trivial. For
this, call a subgraph H of G overfull if e(H) > A(G)[|V(H)|/2]. Clearly, if G contains
any overfull subgraph, then x'(G) = A(G) + 1. The following conjecture is known as the

overfull subgraph conjecture and dates back to 1986.

Conjecture 4.2.4 (Chetwynd, Hilton [19]). A graph G on n vertices with A(G) > n/3

satisfies x'(G) = A(G) if and only if G contains no overfull subgraph.

This conjecture implies the 1-factorization conjecture, that every regular graph of
sufficiently high degree and even order can be decomposed into perfect matchings, which
was recently proved for large graphs in [22]. Minimum degree conditions under which the
overfull subgraph conjecture is true were first investigated in [13, 72]. (We refer to [80]

for a more thorough discussion of the area.) We prove the overfull subgraph conjecture
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for quasirandom graphs of even order, even if the maximum degree is smaller than stated

in the conjecture, as long as it is linear.

Theorem 4.2.5. For all 0 < p < 1 there exist e, > 0 such that for sufficiently large
n, the following holds: Suppose G is a lower-(p,e)-reqular graph on n vertices and n is
even. Moreover, assume that A(G) — 6(G) < nn. Then X'(G) = A(G) if and only if G
contains no overfull subgraph. Further, there is a polynomial time algorithm which finds

an optimal colouring.

At first glance, the overfull subgraph criterion seems not very helpful in terms of time
complexity, as it involves all subgraphs of G. (On the other hand, Niessen [70] proved
that in the case when A(G) > |V(G)|/2 there is a polynomial time algorithm which finds
all overfull subgraphs.) Our proof of Theorem 4.2.5 will actually yield a simple criterion
whether G is class 1 or class 2. Moreover, the proof is constructive, thus using appropriate
running time statements for our tools, this yields a polynomial time algorithm which finds
an optimal colouring.

The condition of n being even is essential for our proof as we colour Hamilton cycles
with two colours each. It would be interesting to obtain a similar result for graphs of odd

order.

Conjecture 4.2.6. For every 0 < p < 1 there exist €, > 0 and ng € N such that the
following holds. Whenever G is a lower-(p, €)-regular graph on n > ng vertices, where n is
odd, and A(G) —4(G) < nn, then X'(G) = A(G) if and only if }° () (A(G) —dg(x)) >
A(G).

Note that the condition }_ .y (A(G) — da(z)) = A(G) in Conjecture 4.2.6 is equi-
valent to the requirement that G itself is not overfull. Also note that the corresponding
question for G(n,p) is easily solved if p does not tend to 0 or 1 too quickly: It is well-
known that in this case whp G ~ G(n, p) satisfies x'(G) = A(G), which follows from the

fact that whp G has a unique vertex of maximum degree.
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4.3 Proof overviews

Our main tool is a result on Hamilton decompositions of regular robust expanders by Kiihn
and Osthus [60, 61]. Robust expansion is another variant of quasirandomness, which we
do not introduce formally here. It is enough to note that it is implied by lower-e-regularity
(see Proposition 3.10 in [39]).

Note that our main results concern almost regular graphs. So the key step is to
partially decompose a given graph (into paths, cycles or appropriate linear forests) op-
timally such that the remaining graph is regular. We sketch the proofs of Theorems 4.2.2
and 4.2.5. Theorem 4.2.3 is proved using a few tricks which obtain the desired path or
linear forest decomposition from a cycle decomposition of a suitably defined auxiliary

graph.

4.3.1 Proof sketch of Theorem 4.2.2

If an Eulerian graph G has a decomposition into A(G)/2 cycles, then any vertex of
maximum degree must be contained in any cycle of the decomposition. Let Z contain the
vertices of maximum degree in G. We want to find a cycle C' that contains Z. A cycle
on Z would be desirable, yet too much to hope for. However, suppose we are given a set
of vertices S (not necessarily disjoint from Z) such that G[S U Z] is lower-e-regular and
has linear minimum degree. Then we can find a Hamilton cycle C' in G[S U Z]. Let G’
be obtained from G by removing the edges of C'. Hence, when going from G to G’, the
maximum degree decreases by two. Let Z’ contain the vertices of maximum degree in
G'. Again, we aim at finding a cycle C’ that contains Z’. In addition, if 6(G’) < §(G),
then we want to make sure that C’ does not contain any vertex of degree §(G’). We
achieve this as follows. We find another set S’ such that G[S" U Z’] is lower-e-regular and
has linear minimum degree, and critically, S’ is disjoint from S. Then we can take C’
to be a Hamilton cycle in G[S’ U Z’]. In this way we have reduced the maximum degree

by 4 and the minimum degree by at most 2 by removing the edges of two cycles. By

207



repeating this 2-step procedure, we will eventually obtain a dense regular graph which

can be decomposed into Hamilton cycles.

4.3.2 Proof sketch of Theorem 4.2.5

Roughly speaking, instead of inductively removing cycles, we aim to remove paths in
order to make our graph regular and then decompose the regular remainder into Hamilton
cycles. We can then simply colour each path with two colours and, since our graph has
even order, each Hamilton cycle with two colours. We can translate the condition that
GG does not contain any overfull subgraph into a simple condition on the degree sequence
of G. Together with a classic result on multigraphic degree sequences by Hakimi [41],
we find an auxiliary multigraph A on V(G) such that da(z) = A(G) — dg(z) for all
r € V(G). If we removed the edges of a Hamilton path from G joining a and b for
every edge ab € F(A), then the leftover would be a regular graph. However, too many
iterations would be needed and we could not ensure that the regular remainder is still
dense enough to apply the Hamilton decomposition result in [61]. Therefore, we split
E(A) into matchings, and for every such matching M we remove a linear forest from G
whose leaves are the vertices covered by M. In order to actually find these linear forests,
we observe that lower-(p, ¢)-regular graphs contain ‘spanning linkages’ for arbitrary pairs

of vertices.
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CHAPTER 5

CONCLUSION

We gave a new proof of the existence conjecture based on the iterative absorption method,
which we developed in the hypergraph setting. This opens the door for further applications
of this method beyond the graph setting. Of particular interest would be to explore the
possibility of an existence theory for g-analogs of Steiner systems. There, instead of
finding f-sets in an n-set which cover every r-set exactly once, the aim is to find a set of
f-dimensional subspaces of an n-dimensional vector space (over GF(q)) such that every
r-dimensional subspace is covered exactly once. The current state of knowledge for this
problem is sobering: for r > 2, the only set of parameters for which the existence of such
a structure is known is (n, f,r,q) = (13,3,2,2) [15]. Yet Keevash’s proof of the existence
conjecture and our alternative proof using iterative absorption give some hope that this
problem is not totally out of reach.

We also generalised Wilson’s fundamental theorem on F-decompositions to hyper-
graphs (Theorem A), and our methods made it possible to study the decomposition prob-
lem even beyond the quasirandom setting. In particular, we initiated the systematic study
of the decomposition threshold for hypergraphs. As demonstrated in the graph case, the
iterative absorption method is capable of delivering exact results for this problem, but
significant new ideas will be needed in order to extend this to hypergraphs.

For graphs, we determined the decomposition threshold of every bipartite graph, and

showed that the threshold of a clique equals its fractional counterpart. It would be
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interesting to study the problem for general F' further, i.e. to determine dp up to 7.
Yet perhaps the more important problem is to improve the bounds for the fractional

decomposition threshold of cliques.
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