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ABSTRACT

In this work we present results on three different topics. In the first of them, we
consider the following situation: given a pair of functions f : X — Y and g: X — Z,
under which conditions can we find compact Hausdorff topologies on X, Y and Z with
respect to which f and g are simultaneously continuous? We give a partial solution
to the problem, solution that involves the One-point Compactification of a discrete
space topology. Secondly, we extend the body of existing results on countable compact
dynamical systems, which arise naturally in many dynamical settings. Among other
results, we prove that these systems are ubiquitous in interval maps. The third part of
this thesis is devoted to the study of the ordering by embeddability as a closed subset
of closed sets of the real line. We characterise the poset ZR/N, where ~ denotes
the mentioned relation. The structure of countable compact Hausdorff spaces is the

underlying notion that unifies this work.
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INTRODUCTION

The present work is primarily a study of discrete dynamical systems (X, f) where X
is a countable compact Hausdorff topological space. Dynamical systems of this kind
appear in all sorts of situations; e.g. they arise as w-limit sets of tent maps (see [15]).
In Chapter 3, among many other results, we prove that countable compact systems are
ubiquitous in interval maps (Theorem 3.3.2). Despite being subsystems of the most
commonly studied maps, the attention that they have received is limited. Previous
studies on properties of countable compact dynamical systems have been done by Bobok
[4], Huang and Ye [17], and Kato and Park [18]. The results stated here extend the body
of knowledge on this peculiar and highly interesting family of dynamical systems. We
also address the problem of simultaneous topologisation of sets in order to make a pair
of functions continuous (Chapter 2). Given a pair of surjective functions f : X — Y
and g : X — Z, we succeed at establishing necessary and sufficient conditions for f
and ¢ to guarantee that the One-point Compactification of a discrete space topology
defined on both Y and Z will make f and g simultaneously continuous (Theorem 2.3.9).
At the present time, no previous work on this problem is known to us. The last part
of this thesis is devoted to the ordering by embeddability as a closed subspace on the
family of closed sets of R. Given two closed subsets A, B of R we define the relation ~
as: A~ B if and only if A can be embedded as a closed subset into B and vice versa.
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In Chapter 4 we provide a complete list of all the elements of 2%/~ (Theorem 4.3.1).
We did not find any trace of previous work in this direction either, which means that
our results are the first on the subject.

The chapters appear in the order we studied their content. Therefore, the oldest part
of this project was on simultaneous topologisation, whereas the most recent was the
study on the embeddability ordering. Chapter 3, without doubt, can be seen as the main
chapter of this work. The common factor of these 3 different parts is the ubiquitous
presence of countable compact Hausdorff spaces and their scattered structure. We will
now describe briefly the contents of each chapter.

Chapter 1 establishes the terminology and the basic concepts that are necessary
throughout the whole body of the thesis. Theorem 1.2.1 enumerates important char-
acteristics of countable compact Hausdorff spaces. At the end of Section 1.2, we prove
that any compact metrisable space is scattered if and only if it is countable (Theorem
1.2.3). In Subsection 1.3.1 the proof of Purisch’'s Theorem (Theorem 1.3.5) can be
found. This result establishes the relation between the limit type of a point and the
limit type of the elements of its fibre under a continuous closed function, and we decided
to name it after S. Purisch because this result is inspired by his work.

In Chapter 2 we attempt to solve the following problem: given two functions
f: X =Y and g : X — Z, under which conditions can we find compact Haus-
dorff topologies on X, Y and Z with respect to which f and g are simultaneously
continuous? Section 2.2 shows necessary conditions for simultaneous topologisation
and also shows an example of a pair of maps for which the problem has no solution.
Theorem 2.3.9 is a characterisation of those pairs of maps for which the One-Point
Compactification of a discrete space topology is a solution. However, in Section 2.4
we learn that the characterisation given by Theorem 2.3.9 is far from being exhaustive,
since there are pairs of functions for which simultaneous topologising induces a complex
scattered structure (Theorem 2.4.2).

Countable dynamical systems are the object of interest of Chapter 3. The ubiquity

of these systems in interval maps is proved in Theorem 3.3.2. In Section 3.4 we discuss
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the structure of countable dynamical systems. We start by characterising continuous
functions on countable compact spaces in terms of their orbit structure (Theorem 3.4.3).
In Subsection 3.4.1 we prove that the top limit points of a countable compact dynamical
system form cycles among them (Theorem 3.4.6). Besides, Theorem 3.4.11 establishes
that a repelling fixed point of a countable compact system where the function is finite-
to-one cannot have a limit ordinal as limit type. Section 3.5 deals with transitivity. We
learn from work of Akin and Carlson [1] that the only definition that make some sense for
countable compact systems is the one in terms of dense orbit sequences. Theorem 3.5.6
shows that, for every countable ordinal «, there is a transitive countable compact system
with derived degree o + 1. The concepts of w-limit set and shadowing are presented in
Section 3.6. The main result of this part of the chapter is Theorem 3.6.14, which says
that the w-limit set of any point in a compact countable system with shadowing is a
periodic orbit.

In the Chapter 4 we deal with the ordering by embeddability on the family of closed
subspaces of R. Theorem 4.3.1 gives a complete list of the elements of the partially
ordered set 2% /~, and we can observe that the building blocks of the equivalence classes
are countable ordinals, the closed unit interval [0, 1], the unbounded interval [1, c0) and
the Cantor set C. A description of the ordering induced by the relation ~ on 2%/~ is

also provided.



CHAPTER 1

COUNTABLE COMPACT HAUSDORFF

SPACES

In this chapter, the central notions which are necessary to develop our results are re-
viewed. Because we mainly focus on countable compact Hausdorff spaces in this thesis,
we consider it convenient to provide a list of some of their most important character-
istics (Theorem 1.2.1). Among such attributes, the scattered nature of these spaces
plays an important role in their study. Bearing that in mind, some examples which
illustrate the way continuous functions affect the limit type of points in scattered spaces
are presented in Section 1.3, and later in the same section a result that establishes the
relation between a point and its image under a closed continuous surjective function,

Theorem 1.3.5, is stated and proved.

1.1 PRELIMINARIES

In this section we will establish the terminology and notation that will be used in most
of the work. Later, in each chapter, more terms and notation will appear, based on the
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needs of that specific part. For undefined notions and more basic results we refer to the
books of Engelking [11], Willard [31] and Kunen [21].

Throughout this thesis, the word space means topological space. In special occa-
sions, a space X will be denoted by (X, 7x), to emphasise the topology that is being
considered on X. All spaces considered in this work are Hausdorff spaces, i.e., spaces
where any two distinct points can be separated by disjoint open sets. The word neigh-
bourhood means open neighbourhood. Given a subset A of a space X, A denotes the
closure of A, and A’ denotes the set of limit points of A. A is said to be clopen if it
is closed and open in X. A space is called zero-dimensional if it has a basis consisting
of clopen sets. If X is a metric space, x € X and € is a positive real number, then the
open ball with center = and radius € is denoted by B.(z).

Let f: X — Y and choose a point y € Y, and a set A C X. The fibre of y under
f,ie, theset {x € X : f(x) = y}, is denoted by f~'(y). Also, f [ denotes the
restriction of f to A with image set f(A).

As usual the set of real numbers, the set of natural numbers, the set of integer
numbers, and the set of rational numbers are denoted by R, N, Z, Q, respectively. The
first infinite ordinal is denoted by w, and occasionally we will write |A| > w to say that

the set A is infinite. The symbol ¢ denotes the cardinality of R.

1.1.1 SoME REMARKS ON COMPACT SPACES

Let X be a Hausdorff space. Recall that X is said to be compact provided that every
open cover of X has a finite subcover. Below, we give a brief list of well-known facts
on compact spaces that will be used in this work.

Compactness is a closed-hereditary property. A Hausdorff space X is compact if and
only if any collection of closed subsets of X with the finite intersection property has non-
empty intersection. The continuous image of a compact space is also a compact space.
If f: X — Y is a continuous bijection and X is compact, then f is a homeomorphism.

Important examples of compact spaces are: any finite space, the closed unit interval
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[0, 1], any successor ordinal, and the Cantor set.

A Hausdorff space Y is called locally compact if each of its points has a com-
pact neighbourhood. A non-compact locally compact space Y can be embedded as
a dense set into a compact space through the following technique. Consider the set
Y=YU {y*}, with y* ¢ Y. Topologise Y in this way: a neighbourhood basis for the
point y* will be the family {AU {y*} : ACY, Y \ A compact}, and for each y € Y’
a neighbourhood basis of y will be the family {U C Y :y € U, U is open in Y'}. Y
is known as the Alexandroff Compactification or One-point Compactification of Y. A
special case that will be frequently studied in the next chapters (particularly in Chap-
ter 2) is when Y is a discrete space. In such case, we will make reference to Y as the

One-point Compactification of a Discrete Space.

1.1.2 SOME REMARKS ON ORDINALS

Throughout this work we will frequently regard ordinals as topological spaces. When-
ever this happens, the topology considered on them will be the order topology. It is
worth remembering that any ordinal with the order topology is Hausdorff, scattered (see
Subsection 1.1.3) because every set has a least element, and zero-dimensional because
all the sets of the form (c«, 3] are clopen. The set of limit points of an ordinal « is
precisely the set of all limit ordinals less than «. Observe that w is homeomorphic to
any countably infinite discrete space and that w + 1 is homeomorphic to its one-point
compactification. An ordinal « is compact if and only if it is a successor ordinal (a proof
can be found in [12, Page 42]).

Recall that any non-zero ordinal number « can be uniquely written as
a=wng + ... +wny

for some ordinals aq, ..., a4, such that a; > ... > a > 0, and some natural numbers
k,n1,...,n. This is known as the Cantor normal form of «.

The following result is a classification of ordinal topologies (the reader interested in
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a proof can consult [19, Proposition 4, Main Theorem]). As we will see, it underlies our

understanding of the topological structure of countable compact Hausdorff spaces.

THEOREM 1.1.1. Let o be a non-zero ordinal with Cantor normal form
wo‘lnl + ...+ wo‘knk.

a is homeomorphic to either
(1) ny, ifk=1and oy =0, or
(2) w*ny, ifk=1and a; # 0, or
(3) w¥ny +1, ifk>1and ay, = 0; or

(4) w*'ny +w*, if k> 1 and oy # 0.

Notice that the only compact cases are (1) and (3). Therefore, any infinite ordinal

space that is compact must be homeomorphic to some ordinal of the form wn + 1.

1.1.3 SCATTERED SPACES

A space X is said to be scattered if every non-empty subset A C X contains an isolated
point in A. In this subsection we will mention some facts on scattered spaces and some
related concepts that are indispensable for the development of our results in future

chapters.

DEFINITION 1.1.2. Let X be a topological space. Recall that X’ denotes the set
of limit points of X. The Cantor-Bendixson derivatives of the space X are defined
recursively by

X0 =X,

X(a+1) — (X(oz)>/’

X0 = ﬂX(O‘), if \is a limit ordinal.
a<

12



Since X C X for 8 > ~, for every space X there exists some ordinal o such

that X® = X(® whenever 5 > a.

DEFINITION 1.1.3. Let X be a topological space. The derived degree (or scattered
height) d(X) of the space X is the least ordinal o such that X(®) = X (@) whenever

B> .

A space X is scattered if and only if there exists an ordinal o such that X = ()
for every v > «. Thus, the derived degree of a scattered space X is the least ordinal
a such that X(®) = (). Now suppose that X is a compact scattered space. Since each
X0 is closed, hence compact, if X is infinite, then it has a limit point so X0+ s

non-empty. Hence there exists /3 such that X is finite and X (#+1) = ().

DEFINITION 1.1.4. Let X be a scattered topological space and let o be an ordinal.
A point x € X has limit type « (also called rank or scattered height) if and only if
r € X©@\ X+ The limit type of z will be denoted by It(z). The set of all points

of X which have limit type « is denoted by L£*(X).

EXAMPLE 1.1.5. The ordinal 5 = w®n + 1 has derived degree o + 1 and L*(53) is a

set of cardinality n.

Let « be a point of a scattered space X with lt(x) = «. Since z is an isolated
point of X (@), there is a neighbourhood U of x in X such that It(y) < « for every

y € U\ {z}. This leads to the following definition.

DEFINITION 1.1.6. Let X be a scattered space and let x € X. A neighbourhood U

of = witnesses the limit type of x if lt(y) < lt(x) for any y € U \ {z}.
When X is a scattered metric space the following concept arises naturally.

DEFINITION 1.1.7. Let X be a scattered metric space with countable derived degree
and let x € X. Suppose that lt(z) > 0. A sequence (Y, )nen, Where y,, # y,, if n # m,

witnesses the limit type of z if y, — x and
1) t(y,) — lt(z), if it(x) is a limit ordinal; or

2) lt(y,) =aforalln e N, if lt(z) = a+ 1.
13



1.2 COUNTABLE COMPACT HAUSDORFF SPACES

Countable compact Hausdorff spaces are the main objects of study of this work. In
Theorem 1.2.1 we enumerate some of their most important properties. Despite being
well-known facts (see [4], [13] and [18]), we decided to include a proof of our own due
to both the importance of this result and our wish to convey a general idea of what

working on these spaces is like.
THEOREM 1.2.1. Any countable compact Hausdorff topological space is
1) scattered;
2) second countable;
3) metrisable;
4) zero-dimensional;
5) homeomorphic to a countable successor ordinal;
6) homeomorphic to a subspace of Q.

Proof. Let X be a countable compact Hausdorff space. Recall that any compact Haus-
dorff topological space is normal, i.e., for every pair of disjoint closed sets C' and D

there are disjoint open sets U and V such that C C U and D C V.

1) If X is finite, X is discrete and thus scattered. Let us assume then that X is infinite.

Suppose that X is not scattered. Then, there exists a countably infinite subspace
A of X with no isolated points in A. We can assume without loss of generality that
A'is compact (observe that A is a countably infinite compact Hausdorff subspace of X
with no isolated points). This implies that A is a normal space. Choose two distinct

points xy and x; of A. By normality, there are two disjoint open sets Uy and U; in A

14



such that xy € Uy, z; € U; and

UyNT, = 0.

Let Uy and U; be denoted by Aoy and Ay) respectively. Ay and A(;) are compact
Hausdorff spaces. Since both x4 and z; are limit points of A, A and A(;) are infinite.
We claim that the spaces Ay and A(;) have no isolated points. Suppose that U, has
an isolated point w. Then there exists an open set W of A such that W N U, = {w}.
This implies that w ¢ Uy \ Up. Then w € Uy. But this would mean that {w} = W N Uy
is open in A, since Uy is open in A. This contradicts the fact that the space A has no

isolated points. Hence Ay and Ay cannot have isolated points.

Select two distinct points 3 and y; in Ay, and two distinct points z, and z; in
A(1y. By normality of Ay, there exist two disjoint open sets 1, and V; in A such
that yo € Vo, y1 € V4 and

VonVi=0.

Analogously, there are two disjoint open sets W, and W, in A(y) such that 2y € W,
z21 € W1 and
Won W, = 0.

Let Aoy, A1), Aqo) and A1y denote Vo, Vi, Wy and W, respectively. Then, since
none of the points 4o, y1, 20 and z; is isolated, Aoy, A(01), A(10) and A1) are countably
infinite compact Hausdorff spaces with no isolated points. Continuing this process ad
infinitum we obtain for every n > 2 a family of pairwise disjoint countably infinite

compact Hausdorff subspaces of X
{A(a1,-..,an) : (al, ...,an) - {0, 1}”}
with the following property: for each (ay,...,a,_1) € {0,1}"!

A(al,...,an_l,()) g A(al,...7an_1)

15



and

A(al,...,an,l,l) g A(al,...,an,l) .

Let (a;)ien € {0, 1}, The set
A(ai)iGN - {A(ah---,ai) S N}

is a nested family of non-empty closed sets of X. By compactness of X, the set

N A(a);ers is NON-empty. Since

(VA N[ ) Awyien =0

whenever (a;)ien # (b;)ien, We obtain that | X| > ¢, which is a contradiction. Hence,

X must be scattered.

2) We will now prove that X is second countable, i.e., that it has a countable basis. If X
is finite, the assertion is clearly true. Assume then that |X| = w. As X is countable, it
will suffice to show that X is first countable, i.e., that each point of X has a countable

neighbourhood basis.

Let x € X. If x is isolated, then it is evident that = has a countable neighbourhood
basis. Suppose then that x is not isolated. Let (z,),en be an enumeration of X \ {z}.
By normality of X, there is an open set U; of X such that x € U; and =7 ¢ U,. Now
consider the disjoint closed sets {z} and {z3} U (X \ Uy). Once again, by normality
of X, there exists an open set Us such that x € Us and {25} U (X \ U1) C (X \ Uy);
in other words, x € Uy, xo ¢ U, and U, C U;. Continuing this process ad infinitum,
we obtain a sequence (U, )nen of open sets of X such that, for every n € N, z € U,
r, ¢ U, and

Un+1 g Un+1 g Un-

16



Then,
N = {a}.

neN
We claim that {U,, : n € N} is a neighbourhood basis for 2. Suppose that it is not a ba-
sis. That would imply that there exists an open neighbourhood V' of x such that U,, £ V'
for every n € N. Then, for every n € N, U, \ V # (). Thus, A= {U,\V : n € N}
is a decreasing family of non-empty closed sets of X such that (A = (. But this
contradicts the compactness of X. Therefore, {U,, : n € N} is a local basis of x. Thus,

X is first countable. Hence, as X is countable, X is second countable.

3) By Urysohn's Metrisation Theorem (see [31, Theorem 23.1]), any regular second
countable space is metrisable. Since X is compact and Hausdorff, X is regular. By 2),

X is also second countable. Therefore, X is metrisable.

4) We will now prove that X is zero-dimensional. We will show that every point z € X
has a neighbourhood basis of clopen sets using induction on the limit type of x.

Let z € X. If lt(z) = 0, then {{z}} is a neighbourhood basis for 2 whose only
element is clopen.

Suppose that lt(z) = «, with « a countable non-zero ordinal, and suppose that
every point y € X with lt(y) < « has a neighbourhood basis of clopen sets. Let U
be an open neighbourhood of & which witnesses the limit type of z, i.e., for any point
z € U\ {z}, lt(z) < a. Since X is normal, there is an open neighbourhood V' of x
such that x € V. C V C U. Assume that V \'V # 0. Then, V \ V is a non-empty
compact subspace of X such that [t(z) < « for every z € V\ V. Foreach 2 € V'\ V,
choose a clopen neighbourhood U, of z. The family & = {U, : z € V \ V'} covers
V' \ V. Since V' \ V is compact, there is a finite subfamily } of & which covers V' \ V.
The set | JV is clopen. Moreover, the set [JV UV is a clopen neighbourhood of .

This proves that x has a neighbourhood basis of clopen sets.

17



5) In part 1) it was proved that a countable compact Hausdorff space is scattered. As
we mentioned in the remarks after Definition 1.1.3, the derived degree of such a space
must be a successor ordinal. We will now show that any countable compact Hausdorff
space X is homeomorphic to w*n+ 1 with the order topology, where av+1 is the derived

degree of X and n € w, and we will do it using induction on the derived degree of X.

If d(X) =1, then lt(z) = 0 for all z € X, i.e., every point of X is isolated. Since

X is compact, X must be finite. So, X is homeomorphic to n, where | X| = n.

Assume that d(X) = /3 and suppose that, for every v < f3, every space Y of derived
degree v is homeomorphic to w”m + 1 with the order topology, for some m € w. Since
X is compact, 5 = a+ 1 for some countable ordinal a, and £%(X), the set of all points
in X with limit type «, is finite. Let £L*(X) = {x1, 29, ..., 2, } for some n > 0. By 4),
X is zero-dimensional. Then, there exists a finite clopen cover U = {Uy, Uy, ..., U, } of
X such that, for each i,j € {1,2,....,n}, x; € U; and U; N U; = 0 whenever i # j.
Then, for each 4, U; is a clopen neighbourhood of x; which witnesses its limit type. Let
i € {1,2,...,n}. Choose a sequence (y;);>o in U; which witnesses the limit type of z;,

i.e., a sequence such that y;, # y,; whenever k # j, y; — z; and
o It(y;) — lt(x;), if lt(x;) = v is a limit ordinal; or

o lt(y;) =p ifa=p+1

Since X is normal, there is a family V = {V} : j > 0} of clopen subsets of U; such that

e V} is a clopen neighbourhood of y;;
o VNV, =0,if k+#j;

For every j > 0, the set V; is compact and d(V;) = p, where lt(y;) < p < . Then,

by inductive hypothesis, V; is homeomorphic to w”p; + 1 for some p; € w. Since U is
18



the disjoint union of the elements of V, U; is homeomorphic to w® + 1 with the order

topology. Therefore, X is homeomorphic to w®n + 1.

6) Since every countable metric space is embeddable in Q (see [11, Exercise 6.2.A]
and the remarks after [13, Theorem 1]), by (5) we have that X is homeomorphic to a

subspace of Q. n

COROLLARY 1.2.2. Let X and Y be countable compact Hausdorff spaces. If
d(X)=d(Y) = a+1 and L*(X) is homeomorphic to L*(Y"), then X is homeomorphic
toY. [l

The next result follows partially from Theorem 1.2.1.
THEOREM 1.2.3. Any compact metrisable space is scattered if and only if is countable.

Proof. Suppose that there exists a compact metrisable scattered space which is not
countable. Then {d(Y) : Y is uncountable compact metrisable scattered} is a non-
empty family of ordinals and as such it has a minimum element. Let o be such minimum.
Let X be an uncountable compact metrisable scattered space with d(X) = «, and let
x1, X3, ..., Ty be its top limit points, i.e., the points in X with highest limit type. By
normality of X, we can choose open neighbourhoods Uy, Us, ..., U, of 1, 2o, ..., 2%
respectively, such that, for each i, j € {1,2, ..., k}, U; witnesses the limit type of z; and
U;NU; =0 ifi#j. Then,

X=U,UulhU..UT,U (X\ U Ui).

1<i<k

Since X\ |J U; is compact, metrisable, scattered and its derived degree is less than
1<i<k

a, it is countable. Therefore, we can pick i € {1,2,...,k} such that U; is uncountable.
Since U, is metrisable, there is a countable family (Vi )nen of open sets of U; such that
N Vo = {x;}. Foreach n € N, U; \ V,, is compact metrisable scattered with derived

neN
degree less than «, so countable. But this contradicts the fact of U; being uncountable.
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Therefore, if X is compact metrisable and scattered, it must be countable. The other

implication is given by part (1) of Theorem 1.2.1. ]

1.3 CONTINUOUS FUNCTIONS AND LiMIT TYPE OF
POINTS

Let X and Y be scattered spaces and let f : X — Y be a continuous function. Given
a point x € X, it is natural to wonder if there is a relationship between the limit type of
f(z) and the limit type of x. Below, we provide some examples that illustrate different

situations that can arise.

ExAMPLE 1.3.1. Consider the spaces X = w+1and Y = {0,1,2,...k} with the order

topology, and

kL if x>k
f(x) =
z if <k

The function f is clearly continuous. In addition, 1 = lt(w) > lt(f(w)) = 0. So, the

limit type of a point can decrease under a continuous function.

Obviously, the limit type of a point can be maintained (just think about the case
X =Y and the identity function). But, is it possible that the limit type of a point in

X increases under a continuous function?

ExaMpPLE 1.3.2. Consider the constant function f : X — Y, with X = w+ 1 and
Y = w? + 1, defined by f(z) = w? for all z € X. Observe f is continuous and that
It(f(z)) =2 > 0=1It(x) for any isolated point x € X. Then, the limit type of a point

can increase under a continuous function.
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Notice that, though continuous, the function of Example 1.3.2 is not surjective.
Surjectivity among other properties will play a significant role in the task of finding
some relationship between the limit type of a point and the limit type of its image, as

we will see in the next section.

1.3.1 PURISCH’S THEOREM

In [27, Proposition 1], Purisch claims the following.

ProprosiTION 1.3.3. Let f : X — Y be a closed onto map with discrete fibres such

that X and Y are scattered. For eachy € Y, lt(y) = sup{lt(x) : x € f~(y)}.

Unfortunately this result is not true. Example 1.3.4 proves the existence of two
scattered spaces X and Y and a closed surjective function f : X — Y with discrete
fibres with a point y € Y for which it(y) > sup{lt(z) : z € f~'(y)}. In addition, in the

proof of Theorem 1.3.5 we will point out what is wrong in Purisch’s original proof.

ExaMPLE 1.3.4. Consider the ordinal w® with the order topology. For every n € w

the space

A, =w” x {n}

is a homeomorphic copy of w®. Let

X = UA” U {z*},

new

where z* ¢ |J A,,. For each n € w, A,, will be considered clopen. Aset G C |J A4,

new new

will be open in X if and only if GN A, is open in A,, for every n € w. A neighbourhood

basis for z* will be the family

{X\ JAr:Tcwr ﬁnite}.

kel

We claim that, endowed with such a topology, X is a Hausdorff countable scattered
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space. Suppose that x,y € X are distinct points. Assume without loss of generality
that there exists n € w such that x € A,,. If y ¢ A,, then A,, and X \ A, are disjoint
open sets that separate x and y. If y € A, then there exist disjoint open sets U,, U,
of A,, which separate x and y, because A, is a Hausdorff space. Since U, and U, are
also open sets in X, there exists a pair of disjoint open sets in X which separates x
and y. Thus, X is Hausdorff. Now suppose that A is a non-empty subset of X. If
A = {x*}, clearly the subspace A has an isolated point. If there exists n € w such that
AN A, # 0, then the subspace AN A, has an isolated point since it is a non-empty
subspace of the scattered space A,,. This means that there exist a point z € AN A,
and an open set U of A,, such that U N (AN A,) = {z}. Since U is open in X, z is

an isolated point of A. Therefore, X is scattered.

Define the relation ~ on X as follows: x ~ y if and only if there exist n,m,l € w such
that z = (w",[) and y = (W™, 1), or x = y. It is easy to verify that ~ is an equivalence
relation. Consider now the space Y = X/ ~ with the quotient topology. We claim that
Y is a Hausdorff space. To see this note that w* is homeomorphic to the topological
sum of the ordinal spaces of the family {w" + 1 : n € w} with their order topologies.
Each w™ + 1 can be embedded as a subspace of [0, 1] with the point w" € W™ + 1
associated with 0. Therefore the quotient space Y is homeomorphic to a subspace of
the hedgehog of spininess w (see [11, Example 4.1.5]) and is therefore a metric space.

Thus Y is Hausdorff.

Obviously, the quotient function

P:X—=Y

is continuous and onto. Furthermore, since the set

By ={(w"1):n€w}
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is a discrete subspace of A; for each [ € w, P has discrete fibres.

We claim that Y is a scattered space. In order to prove it we will show first that
P(A,) is scattered for every n € w. Let n € w. Since A, is clopen, P(A,) is a clopen
subset of Y. Let p, denote P((w,n)) and let C be a non-empty subset of P(A,). If
pn & C then P71(C) is homeomorphic to C. Since P7'(C) is a non-empty subspace
of the scattered space A, it has an isolated point and so does C. Now suppose that
pn € C and that p, is not an isolated point of C. In this case there exists an open set
D of P(A,) such that DNC contains p,, and (DNC)\ {p,} is non-empty. In addition,
(DNC)\ {pn} is homeomorphic to P*((DNC)\ {p.}). P"*((DNC)\ {p,}) has an
isolated point because is a non-empty subspace of A,,, so (DNC)\ {p,} has an isolated
point. Since ((D)NC) \ {pn} is open in C, C has an isolated point. Therefore, P(A,)
is scattered for each n € w. Since Y = {P(2*)} U |J P(A,) and P(A;) N P(A;,) =10

new
for every j,m € w, Y is scattered.

Now we will prove that P is closed. Let A be a closed subset of X. Observe that

P(A) = P(AN{z*})U U P(AN A,).

new

Now, given n € w

ANA, if ANA,NB,=10
P HP(ANA,)) =

(ANA,)UB, fANA,NB,#0

Since B,, is a closed subset of A, for each n, it is a closed subset of X. Therefore
P~Y(P(AN A,)) is closed in X, which means that P(A N A,) is closed in Y be-
cause P is the quotient map and Y is endowed with the quotient topology. Thus,
P(A,)\P(ANA,) isopeninY. Therefore Y\ P(A)is openinY, ie. P(A) is closed.

Hence P is a closed map.
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Finally, observe that lt(p,) = w for every n € w and that P(z*) is a limit point of the

set {p, : n € w}. Additionally, observe that sup{lt(z) : z € |J A,} = w. Since such

new
supremum is not attained, it must be the limit type of x*. Then

H(P(z") =w+1>It(z") =w.

Although Purisch’s Proposition is not actually correct, we can obtain some interesting
results if we modify the hypotheses. Since his proposition has inspired the next result,

we decided to name it after him.

THEOREM 1.3.5 (Purisch's Theorem). Let X andY be scattered Hausdorff topological

spaces and let f : X — Y be a continuous closed surjective function.

1) If
sup{lt(z) :x € f7H(2)} = max{lt(z) : x € f'(2)}

for every z € Y (in particular, if f has compact fibres), then

It(y) < max{it(z) 1z € [~ (y)}

forally €Y.

2) If f has discrete fibres, then

lt(y) > sup{lt(z) : x € f'(y)}

forally €Y.

3) If f is finite-to-one, then

It(y) = max{it(z) : x € f~(y)}
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forally €Y.

Proof. 1) Suppose that

sup{lt(x) 1z € f1(2)} = max{lt(z) : > € f(2)}

for every z € Y.

Let y be an isolated point of Y. Obviously

It(y) =0 < max{lt(z) : x € f ' (y)}.

Now choose y € Y such that lt(y) > 0 and assume that

It(w) < max{lt(z) : x € fH(w)}

is true for every w € Y such that lt(w) < lt(y) = .

For each z € f~1(y) choose an open neighbourhood U, which witnesses the limit type

of 2. Since max{it(w) : w € U,} = lt(x) for every x € f~1(y), theset U= |J U,
zef~(y)
is a neighbourhood of f~!(y) such that

sup{lt(z) : 2 € U} = sup{lt(z) : x € f H(y)} = max{lt(z) : z € f(y)}.

Since f is closed, W = f(X \ U) is a closed set such that y ¢ W. Therefore, there
exists an open neighbourhood N of y such that y € N C Y \ W and N witnesses the

limit type of . Then f~1(N) C U.

CASE 1. Suppose that A = 3+ 1. Since y € Y#* 4 is a limit point of L3(Y).

25



Then, there exists w € N such that l{(w) = . By induction hypothesis

max{lt(z) :x € f(w)} > .

Therefore, there exists a point z; € f~(w) such that lt(z;) > 3. Since f~}(N) C U,
fHw) CU,ie x €U. Therefore, z; € U\ f~'(y). Since z; € U, there is a point
zo € f~'(y) such that z; € U,,. Since U,, witnesses the limit type of z, we have that

lt(zo) > lt(x1) > B, i.e. lt(xg) > B+ 1. Therefore

max{lt(z) 1z € fH(y)} > B+1=\=lIt(y).

NOTE. This is the place where Purisch’s Proposition has a mistake. In the first part
of his proof he tried to show (without assuming that sup{lt(z) : = € f7'(2)} =
max{lt(x) : x € f71(2)} for every z € V) that sup{lt(z) : z € f~(y)} > lt(y) = \.

He chooses neighbourhoods U and N of f~!(y) and y respectively such that N wit-

nesses the limit type of y and f~1(NN) C U. Then he finds y, € N such that lt(y,) = «

for every @ < \. Using the inductive hypothesis sup{lt(x) : z € f (ya)} = lt(ya) = «
for every a < A, he claims that sup{lt(z) : x € f~!(y)} > \. But that claim cannot
be proved if \ is a succesor ordinal (recall the point P(z*) of Example 1.3.4). This is

why we analysed the case of succesor ordinals apart from the case of limit ordinals.

CASE 2. Suppose that \ is a limit ordinal. Since y € YN y is a limit point of £*(Y)
for every ae < A. Then, for each a < \ there exists y, € N such that lt(y,) = «. By

induction hypothesis

max{lt(z) :x € f(ya)} > a.

Therefore, there exists a point x, € f~!(y,) such that lt(z,) > a. Since f~}(N) C U,

Y ya) CU,ie. 2o €U. Thus z, € U\ f~1(y). Then

A <sup{lt(z):x €U\ f'(y)}.
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Since

sup{lt(z) ;2 € U\ f1(y)} <sup{lt(z):x € U} = max{it(z) : x € f'(y)},
we have that
A <max{lt(z):x € f'(y)}.

2) Assume that f has discrete fibres.

Let y € Y such that It(y) = 0. If there were a point z € f~!(y) such that It(z) > 0,
since f is continuous, there were a neighbourhood U of z such that f(U) C {y}. Then
U C f~'(y). But this would imply that f~!(y) is not discrete, which contradicts our

assumption. Hence

sup{lt(z) :x € f(y)} = 0 < Ut(y).

Now choose y € Y such that lt(y) > 0 and assume that

It(w) > sup{lt(z) : xz € f~H(w)}

for every w € Y such that lt(w) < lt(y) = A. Let N be a neighbourhood of y which
witnesses its limit type. Since f has discrete fibres, for each point z € f~!(y) we can
find a neighbourhood U, of z such that U, N f~'(y) = {x} and U, C f~'(N). Then,
for each z € U, \ {z}, we have that f(z) # y and hence lt(f(z)) < A. By induction

hypothesis
A > t(f(2)) = sup{it(x) 1w € f7H(f(2))} = Ut(2).

Then, it(z) < A for every x € f~!(y). This means that

sup{lt(z) :z € f(y)} < A

3) follows from 1) and 2). O
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None of the conditions required for the function f in Theorem 1.3.5 can be dropped,

in this sense the result cannot be improved, as we will see in the next examples.

ExaMPLE 1.3.6. Suppose that f : w — w + 1 is a bijection. The function f has
discrete fibres and is even continuous (because w is discrete). However, if A C w is
infinite and the fibre of the point w is not a subset of A, then f(A) is not a closed set.

Therefore f is not a closed map. On the other hand

1 =1t(w) > sup{lt(z) :xz € f~Hw)} = 0.

ExampLE 1.3.7. Let X ={0,...,k} and Y = w + 1. Define the map f : X — Y as
f(z) = w for any x € X. It is evident that f is closed and has discrete fibres, but is

not onto. Also
1 =1t(w) > sup{lt(x) :xz € f[~Hw)} = 0.
Finally, notice that the function described in the Example 1.3.1 is closed and surjec-
tive, but fails having only discrete fibres (since f~'(k) is infinite). Moreover
0=1t(k) <sup{it(z):z € f1(k)} =1

COROLLARY 1.3.8. Let X be a scattered Hausdorff space and let f : X — X be a

continuous closed surjective function with discrete fibres. For every x € X

li(x) < Ut(f(x)).

COROLLARY 1.3.9. Suppose that f : X — Y is a continuous surjective function and

that X and Y are compact Hausdorff scattered spaces. Then

It(y) < max{it(z) : x € f~1(y)}
foranyy €Y.
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Proof. Since f is continuous and X and Y are compact Hausdorff spaces, f is a closed

map. The result follows from the first part of the proof of Theorem 1.3.5. O

Corollary 1.3.9 tells that, if we want to build an example of a countable compact
Hausdorff space X and a continuous onto function f : X — X, then we have to
make sure that for any point x € X there is a point in its fibre with limit type greater
than or equal to [t(x). This fact will be considered in the construction of examples in

Chapter 3.
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CHAPTER 2

TOPOLOGISING SETS

SIMULTANEOUSLY

Given a set X, a function f : X — X and a topological property P, it is natural to
ask if we can endow X with a topology which satisfies P and with respect to which
f is continuous. The origins of such a question can be traced back to 1952, when
Ellis [10] raised the question of whether or not there exists a non-trivial topology on
X which makes f continuous. Powderly and Tong [26] gave an affirmative answer to
Ellis's question, though their topologies are not Hausdorff in general. In [9], De Groot
and De Vries prove that, if X is infinite, there is a non-discrete metric on X under which
f is continuous. They also mention that, even if | X| = w or | X| = ¢, it is not always
possible to make X into a compact metric space. In 2006, an elegant characterisation
of the functions for which there is a compact Hausdorff topology on their domains which

renders them continuous was given by Good et al. in [14].

Taking inspiration from this classic problem, we attempt to answer the following

variation of the question: given the sets X, Y and Z, and the functions f : X — Y and
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g : X — Z, under which conditions can we provide X, Y and Z with compact Hausdorff
topologies with respect to which f and g are simultaneously continuous? Presently, no
previous work on this question is known to us. In Sections 2.1 and 2.2 we exhibit
some preliminary results and we examine some necessary conditions for simultaneous
topologisation. In Section 2.3 we offer a partial solution to the problem when we give
a characterisation of those pairs of functions for which there exist compact Hausdorff
topologies on X, Y and Z under which f and ¢ are continuous, X is compact and
Hausdorff, and Y and Z are one-point compactifications of discrete spaces. However,
in Section 2.4 we show that this solution is far from being exhaustive, because a pair
of functions may induce a scattered structure on X as complex as desired, leaving the

door open for future research.

2.1 ESTABLISHING THE PROBLEM

We start by considering the following problem.

PrROBLEM 2.1.1. Given a function f : X — Y, is it possible to find topologies on X

and Y which make
e f continuous, and
e X andY compact Hausdorff spaces?

It turns out that the answer to this question is always affirmative, as the next theorem

shows.

THEOREM 2.1.2. Let f : X — Y be a function. There exist compact Hausdorff

topologies on X and Y with respect to which f is a continuous function.

Proof. First suppose that |f(X)| > 1. We will define a topology on f(X). Pick a point
yo of f(X). A neighbourhood basis for this point will be the family of sets of the form
F(X)\'V where V is a finite subset of f(X) which does not contain yy. The points of

F(X)\ {wo} will be isolated. With this topology, f(X) is a compact Hausdorff space.
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If Y\ f(X) is non-empty, it can be endowed with a compact Hausdorff topology in
an analogous way. Considering f(X) and Y\ f(X) as clopen sets, Y is turned into a
compact Hausdorff space.

The next step is to define a topology on X. Take a point y of f(X)\ {yo}. For
continuity of f, the fibre f~(y) must be a clopen set of X. Select a point z;, of f~!(y).
A neighbourhood basis for this point will be the family of sets of the form f~'(y) \ V
where V is a finite subset of f~*(y) which does not contain z,. If 2, is not the only
element of f~!(y), the points of f~!(y) \ {x,} will be isolated. In this way f~'(y)
is turned into a compact Hausdorff space. The fibre f~!(yy) will be topologised in a
slightly different way. Pick a point 2o of f~!(y0). A neighbourhood basis for x will be

the family of sets of the form

(NI U ),
yef(XN\W
where V is a finite subset of f~!(yy) which does not contain zy and W is a finite
subset of f(X) which contains yg. If g is not the only point of f~!(y), the points of
f o) \ {zo} will be isolated. We claim that X with this topology is also a compact
Hausdorff space. If w and z are two different points of X, f(w) # f(2) and f(w) # o,
then the open sets f~!(f(w)) and X \ f~!(f(w)) are disjoint and separate w and z.
On the other hand, if f(w) = f(z) then w and z are both points of a fibre f~1(¢),
where t € f(X). We can assume without loss of generality that w is isolated, thus {w}
and X \ {w} are disjoint open sets which separate w and z. Therefore X is Hausdorff.
In addition, given any open cover V of X, there exists V' € V such that o € V. This

implies the existence of finite sets U; C f~!(yo) and Uy C f(X) \ {yo} such that
X\VC U {z}u U fHy). Since U {z}U U f(y) can be covered by finitely

zeUy y€eUsz zeUy yeUsz
many elements of V, V has a finite subcover. Therefore X is compact.
Now we will prove the continuity of f with respect to the topologies previously

defined. Let A be a basic open set of f(X). It can be a singleton containing an isolated

point or a set of the form f(X)\ V where V is a finite subset of f(X) which does not

32



contain 7. In the first case, f~!(A) would be a clopen fibre in X. In the second case,

f71(A) would be a set of the form

Flwu | o),

yef(XO\W

where W is a finite subset of f(X) which contains vy, which is open in X. Therefore,
f is a continuous function.

When |f(X)| = 1 we can simply endow both X and Y with compact Hausdorff
topologies in the same way we topologised f(X) when |f(X)| > 1. The continuity of

f follows from the fact of being a constant function. m

OBSERVATION 2.1.3. Note that the topology on f(X) and the topology on Y\ f(X)
are defined separately in the proof of Theorem 2.1.2. This makes it possible to work

with surjective functions without loss of generality.

OBSERVATION 2.1.4. If X and f(X) are countable sets, by Theorem 1.2.1 the topolo-

gies defined in the proof of Theorem 2.1.2 are in fact metrisable.

COROLLARY 2.1.5. Let f : X — Y be a function. If X and Y are countable sets,
then there exist compact metric topologies on X and Y with respect to which f is

continuous. ]

The simplicity of the solution to Problem 2.1.1 encourages questions in the same
vein though of more complicated nature. One of them is the following problem, which

we will attempt to solve throughout this chapter.

PROBLEM 2.1.6. Given two functions f : X — Y and g : X — Z, do there exist

topologies on X, Y and Z which make
e f and g continuous, and

e X, Y and Z compact Hausdorff spaces?
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2.2 NECESSARY CONDITIONS FOR SIMULTANEOUS T OPOL-

OGISATION

At first glance, there is no obvious way to approach Problem 2.1.6. Therefore, we will

start by analysing some necessary conditions for the existence of the desired topologies.

NOTATION. Throughout this chapter, given the functions f : X — Y andg: X — Z,
D, will denote the set g(f~*(y)) and C, will denote the set f(g~'(z)), foreveryy € Y

and z € Z.

PROPOSITION 2.2.1. Let X,Y and Z be compact Hausdorff spaces, and let f : X —

Y and g : X — Z be continuous functions.

1. Foreveryy €Y and z € Z, the sets D, = g(f~'(y)) and C, = f(g'(z)) are

compact.

2. If {yn}n>1 CY is a sequence of points such that {D,, : n > 1} has the finite

intersection property, then (| D,,, # 0.
n>1

Proof. 1) This is because D, and C. are continuous images of f~!(y) and g~ '(2).

2) {Dy, :n > 1} is a family of closed sets of a compact Hausdorff space. If
{D,, : n > 1} has the finite intersection property, then its intersection is non-empty.

]

Consider two functions f : X — Y and g : X — Z. By Proposition 2.2.1, if
there exists a sequence of points {y,,},>1 C Y such that {D,, :n > 1} has the finite
intersection property but () D,, = (), then it would be impossible to find compact

n>1
Hausdorff topologies on X, Y and Z which make f and g continuous.

Is there such a pair of maps? Yes, as the next example shows.
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EXAMPLE 2.2.2. Let P denote the set of prime numbers. For every n € P, let

B,={n":m>1}.

Consider the sets

X = U By,
nepP
Y =P, and
Z:{%:n22}

Let f: X — Y be the function which assigns to each x € X the valuen ifx € B,

1
n+m—1

and let g : X — Z be the function which maps x to ifx =n", withn € P.

Then, for everyn € Y, D, = g(B,) = {% :J > n}. It is clear that the family of sets

{D,, : n € Y} has the finite intersection property, but (| D,, = 0.
ney

Example 2.2.2 tell us that we cannot give a general answer to Problem 2.2.1. Hence-

forth we will direct our efforts to understand in which cases those topologies do exist.

PrROBLEM 2.2.3. Given two functions f : X — Y and g : X — Z, under which

conditions is it possible to find topologies on X, Y and Z which make
e f and g continuous functions, and

e X, Y and Z compact Hausdorff spaces?

2.3 SIMULTANEOUS TOPOLOGISATION WHEN Y AND Z
ARE ONE-POINT COMPACTIFICATIONS

In this section, as a strategy to give a solution to Problem 2.2.3 and in order to ease

the process, we will
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e consider additional hypotheses which will help us to embed X in Y x Z, providing

a clearer picture of the question;

e focus on a particular case: when we want to turn Y and Z into one-point com-

pactifications of discrete spaces.

As mentioned in Observation 2.1.3, it can be assumed without loss of generality that
f: X =Y and g: X — Z are both surjective functions. Besides surjectivity, there is
another condition which might help to identify X with a subset of Y x Z, facilitating

the visualisation of the sets f~(y) and g~!(z) for every y € Y and z € Z.

NOTATION. Given f : X — Y and g : X — Z, the function which assigns to each

x € X the point (f(z),g(x)) inY x Z will be denoted by f/Ag.

The following result is well-known and can be found in references like [11].

ProrosiTioN 2.3.1. Let X, Y and Z be compact Hausdorff spaces and let

f:X =Y and g: X — Z be continuous functions such that

1f ) Ng Y (2)| <1 forally €Y andall z € Z.

Then the function fAg : X — Y X Z, which assigns to each x € X the point

(f(x),g(x)), is a homeomorphic embedding.

Proof. The continuity of f/A\g is given by continuity of f and g. If z; and x5 are two

points of X such that (fAg)(x1) = (fAg)(x2) = (u,v), then x; and x5 belong to

S~Hu) N g '(v), which means that z; = z5. So, f/Ag is one-to-one. To complete

the proof we will demonstrate that fAg is a closed function (if fAg is closed, then

the inverse of h : X — (fAg)(X), where h(x) = (fAg)(z) for every z € X, is

continuous). Let A be a closed subset of X. By hypothesis X is compact and Hausdorff,
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condition that A inherits. The continuous image of A under fAg is a compact subset

of the compact Hausdorff space Y x Z. Hence f/Ag is closed. n

OBSERVATION 2.3.2. Suppose that f : X — Y and g : X — Z are surjective functions

such that

If ' (y)Ng ' (2)] <1 for every y €Y and for every z € Z.

We claim that there exist compact Hausdorff topologies on X, Y and Z which make f
and g continuous if and only if there exist compact Hausdorff topologies on Y and Z
with respect to which (fAg)(X) is a compact subset of the product space Y x Z. In-
deed, if there exist compact Hausdorff topologies on X, Y and Z with respect to which
f and g are continuous, by Proposition 2.3.1 the subspace (fAg)(X) is homeomorphic
to X, hence compact. Now suppose that there exist compact Hausdorff topologies on
Y and Z with respect to which (fAg)(X) is a compact subset of Y x Z. Considering
A C X as open in X if and only if (fAg)(A) is open in (fAg)(X), the bijection
fAg : X — (fAg)(X) will be a homeomorphism, X will be a compact Hausdorff
space, and f = 7wy o (fAg) and g = 7z o (fAg) will be continuous functions, where

my Y X Z =Y and 7wz : Y X Z — Z are the projection maps.

OBSERVATION 2.3.3. Observe that the additional assumption that the sets of the form
f~Yy) N g~Y(z) are empty or singletons provide us with a nice image of X as a subset

of Y x Z. In addition, for every y € Y the fibre f~!(y) can be identified with the set

(fA(f W) ={y,9(x)): f(2) =y, 1€ X} TV x Z.

Similarly, for every z € Z the fibre g~1(2) can be identified with

(FO)g™ (=) = {(f(x),2) : glw) = 2, v € X} C ¥ x Z.

Observation 2.3.3 indicates the convenience of working with the hypothesis that
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/Y y)Ng t(z)] <1forally €Y and z € Z. Facilitating the visualisation of X and
the fibres of f and ¢ as subsets of Y x Z helps to identify those points which must be
limit points when we attempt to topologise Y and Z, as we will see in Theorem 2.3.8.
It turns out that we can actually assume this hypothesis without losing generality, as

Theorem 2.3.5 will show. First, let us work towards a proof of this result.

Given the functions f : X — Y and g : X — Z, consider the following relation on
X: given z, 2’ € X we will say that  ~ 2’ if and only if there exist y € Y and z € Z
such that z,2' € f~'(y) Ng~!(z). It is evident that ~ is an equivalence relation, and
the equivalence classes of ~ are precisely the sets of the form f~!(y) N g~'(z) for some
y €Y and z € Z. As it is customary to do, we will denote the equivalence class of a

point z by [z].

For every [z] € X/~, let

f([2]) = f(x) and §([2]) = g(x).

Observe that f([z]) and §([z]) are well-defined. On the other hand, if ¢: X — X/~
is the natural quotient mapping, i.e., if ¢ maps every element of X to its equivalence

class, then

A

feq=[f and gog=ygy.

Now suppose that X is a topological space. Recall that the quotient topology
on X/~ is defined as follows: a set A C X/~ is open in X/~ if and only if ¢7'(A) is
open in X. Endowing X/~ with this topology makes the quotient mapping ¢ contin-
uous. Furthermore, a function h from the quotient space X/~ to a topological space

W is continuous if and only if the composition h o ¢ is continuous.

LEMMA 2.3.4. Let f: X — Y and g : X — Z be continuous functions. Consider the

equivalence relation ~ on X defined by x ~ ' if and only if z,2' € f~1(y) N g ()
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forsomey €Y and z € Z. If X, Y and Z are compact Hausdorff spaces, so is the

quotient space X/~.

Proof. Given y € Y and z € Z such that f~'(y) N g~ '(z) # 0, let p,. denote
f(y)Nng(z). Let p,. and p, . be two distinct points of X/~ (since 0 ¢ X/~,
whenever p,,, € X/~, where t € Y and w € Z, we have that p;,, # (). Without loss
of generality we can assume that y # ¢/. Since Y is a Hausdorff space, there exist open

sets U,V C Y suchthat y € U,y € V.and UNV = (). Then the sets
U ={pweX/~:telUweZ}

V' =A{piw € X/~:teViwe Z}

are disjoint subsets of X/~. In addition, ¢~*(U’) = f~Y(U) and ¢ (V') = f~1(V).
Due to the continuity of f, U’ and V' are open sets in X/~ which separate p, ., and
Py . Therefore, X/~ is a Hausdorff space.

The compactness of X/~ follows from the fact of being the continuous image of a

compact space, because ¢(X) = X/~. O
Now we are in position to prove the following result.

THEOREM 2.35. Let f: X — Y andg: X — Z. Consider the equivalence relation ~
on X defined by x ~ 2’ ifand only x,2' € f~'(y)Ng~'(z) forsomey € Y and z € Z.
There exist compact Hausdorff topologies on X, Y and Z with respect to which f and
g are continuous functions if and only if there exist compact Hausdorff topologies on
X/~, Y and Z with respect to which the functions f : X/~ —Y and §: X/~ — Z,
defined by f([z]) = f(z) and §([z]) = g(z) for each [z] € X/~, are continuous.

Proof. Suppose that (X, 7x), (Y,7y) and (Z,77) are compact Hausdorff spaces and
that f : (X,7x) — (Y,7y) and ¢ : (X,7x) — (Z,7z) are continuous functions. By
Lemma 2.3.4, the quotient topology 7, on X/~ is compact and Hausdorff. Since foq =

fand §oq=g, the functions f : (X/~,7,) = (Y,7v) and § : (X/~,7,) = (Z,72)

39



are continuous.

Now assume that (X/~,7), (Y,7y) and (Z,77) are compact Hausdorff spaces
and that f : (X/~,7) — (Y,7y) and § : (X/~,7) — (Z,74) are continuous
functions. We will define a compact Hausdorff topology 7x on X which makes
q: (X,7x) = (X/~7), f 2 (Xo7x) = (Yory) and g 2 (X, 7x) — (Z,72) con-

tinuous functions.

For every P € X/~, define a compact Hausdorff topology on P (for example, given
a point p* in P, we could consider the discrete topology on P\ {p*}, and let P be the
one-point compactification of P\ {p*}) and select a point xp € P. Each of the sets
P\ {zp} will belong to 7x. A neighbourhood basis for the point zp in (X, 7x) will be

the family of sets of the form

vu |J @
QeV\{P}

where U is an open subset of P which contains zp and V' is an open set of X/~ which
contains P. The space (X, 7x) is said to be a resolution (see [30]). From the Fun-
damental Theorem of Resolutions ([30], Theorem 3.1.33) we can deduce that (X, 7x)
is compact and Hausdorff. However, in order to be as self-contained as possible, we

include our own proof.

We claim that (X, 7x) is a Hausdorff space. To see this, let = and y be two distinct
points of X . If there exists P € X/~ such that z,y € P, then there exist disjoint open
sets U; and U, of P such that z € Uy and y € U, because P is a Hausdorff space. Thus
Uy \ {zp} and Uy \ {zp} (or, in case y = xp, U; \ {zp} and Us U |J Q) are disjoint
open sets in X which separate = and y. If [z] # [y], then there exist?ji];joint open sets
Vi and V, of X/~ such that [z] € V] and [y] € V5 because X/~ is a Hausdorff space.
This implies that | J @ and |J @ are disjoint open sets in X which separate x and y.

QeV1 QeV2
Therefore, (X, 7x) is Hausdorff.
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Now we will prove that (X,7x) is compact. Let &/ be an open cover of X.
Suppose without loss of generality that the elements of U/ are basic open sets. For
every P € X/~, there exists Up € U such that zp € Up. Then, the family
{q(Up) : P € X/~} covers X/~ (notice that if Up is a basic open neighbourhood of
xp, then Upisof theform UU |J @, where U is an open subset of P which contains
xzp and V is an open set of X/(i,e‘\j\,\ﬁi;}h contains P, therefore ¢(Up) =V, which is open

in X/~). Since X/~ is compact, there exist finitely many P, Ps, ..., P, € X/~ such
that ¢(Up,),q(Up,), ...,q(Up,) cover X/ ~. Then Up,,Up,,...,Up

k

cover X \ UPF,.
i<k
Since each P, is compact, |J P; can be covered by finitely many elements of /. There-
i<k
fore (X, 7x) is compact.

Finally, notice that the function ¢ : (X,7x) — (X/~,7) is continuous because

¢ (V)= |J Qis open in X for every open set V' of X/~. Hence, the functions

Qev
foq : (X77—> — (YaTY)
and
goq : (X,Tx) — (Z,Tz)
are continuous, i.e., f and g are continuous. O

OBSERVATION 2.3.6. Theorem 2.3.5 enables us to work with the quotient space X/~
and once the problem is solved for it then the problem is automatically solved for X as

well.

Now, as it was said at the beginning of the section, we will focus on the following

question.

PROBLEM 2.3.7. Given two surjective functions f : X — Y and g : X — Z, under
which conditions is it possible to find compact Hausdorff topologies on X, Y and Z

which make
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e f and g continuous functions, and

e Y and Z one-point compactifications of discrete spaces?

Suppose that f: X — Y and g : X — Z are continuous and surjective, that X is
a compact Hausdorff space, that |f~(y)Ng'(2)] < 1forally €Y and z € Z, and
that Y and Z are one-point compactifications of discrete spaces. Due to Proposition
2.3.1 we will make no distinction between X and its image under fA\g, i.e. a point x

in X and the point (f(z),g(z)) in Y x Z will be treated as the same object.

Let y* and z* be the points at infinity of Y and Z respectively. There are four types

of points in Y x Z (see Figure 2.1).

1. The point (y*, z*), which has as a neighbourhood basis the family of sets of the
form U x V', where U is a cofinite set of Y which contains y*, and V' is a cofinite

set of Z which contains z*.

2. Points of the form (y*, z), with z an isolated point of Z. Every set U x {z},

where U is a cofinite set of Y which contains y*, is a basic neighbourhood of

(y*, 2).

3. Points of the form (y, 2*), with y an isolated point of Y. Every set {y} x V,

where V' is a cofinite set of Z which contains z*, is a basic neighbourhood of

(y, 2").

4. Points of the form (y, z), with y and z isolated points of Y and Z respectively.
{{(y,2)}} is a local base for (y,z) in Y x Z.
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Figure 2.1: Types of points in Y x Z and their neighbourhoods

NOTATION. DefineY ={y €Y :|f ' (y)|>w}and Z ={z€ Z:|g7(2)| > w}.

Observe that for every y € Y the subspace {(y,z2) : z € Z} of Y x Z is homeomor-

phic to Z. Since the fibre f~!(y) can be identified with the set

M ={(f(z),g(x)) €Y x Z: f(zx) =y,x € X},

M is homeomorphic to a subspace of Z. From now on we will make no distinction
between M and f~'(y). If y € Y, then f~'(y) must have a limit point in Y x Z, and
this limit point can only be (y,2*). As f~!(y) is compact, it is a closed set in Y x Z,
thus (y,2*) € f~'(y). In other words, for every iy € Y there exists a point = € f~1(y)
such that g(z) = 2*, i.e., f~'(y)Ng ' (2*) # 0. Analogously, for every point z € Z we
have that g~ !(2) N f~(y*) # 0.

THEOREM 2.3.8. Let X be a compact Hausdorff space, let Y and Z be one-point
compactifications of discrete spaces, and let f : X — Y and g : X — Z be continuous

and surjective functions such that

If'(y)Nng ' (2)| <1 forally €Y and z € Z.
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If z* is the point at infinity of Z and

Y={yeY:|f'(yl>w}+#0,

then, for every y € f/,
FHy)ng (=) £0.

In other words

e (\Dy= (9 W)

yef/ yeff

Analogously, if y* is the point at infinity of Y and
Z={zeZ:|g7Y2)| >w} #0,
then, for every z € 7 ,

g (2) N YY) # 0,

ie.,

y e (C:=[flg7'(2))

zGZ zGZ

Theorem 2.3.8 indicates where to find the possible candidates for limit points of Y

and Z. They must be in () C, and () D,. Of course any point of X which is mapped
zeZ yeff
to y* under f or to z* under g is a potential limit point of X.

THEOREM 2.3.9. Let f: X — Y and g: X — Z be surjective functions such that
lf*(y)Nng H2)| <1forally €Y and z € Z.

There are compact Hausdorff topologies on X, Y and Z with respect to which Y and
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Z are one-point compactifications of discrete spaces, and f and g are continuous, if

and only if one of the following hold.

(a) The sets

and the sets

D, =(o(f ')

yef/ yeff
NC-= (/g (2))
2€Z 2€Z

are non-empty, and either

() 97 (N DN (N C:) is non-empty; or

yeff z2€Z
(i) g (N D) N fNC.) is empty, Y and Z are both finite, and
yeY 2€Z

X\ (U wuls @)

yey 2€Z
is finite.
(b) Y is empty, Z is non-empty and finite, and () C. is non-empty.
2€Z

(c) Z is empty, Y is non-empty and finite, and ﬂ~ D, is non-empty.
yey

(d) BothY and Z are empty.

Proof. Suppose that f and g are surjective and continuous functions with the property

that |[f~'(y)Ng ' (z)| < 1forally € Y and z € Z. Assume also that X, Y and Z
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are compact Hausdorff spaces, and that Y and Z are one-point compactifications of

discrete spaces.

Let y* and z* be the points at infinity of Y and Z respectively.

CASE 1. Assume that Y # () and Z # (). By Theorem 2.3.8, y* € (C, and z* €

z€Z
N Dy, ie, C.#0and D, # 0. We will prove that, if g~*( N D,) N f (N C>)
Y€y z€Z~~ B Y€y yey 2€Z
is empty, then Y, Z and
X\ (Ur'wulJs ')
yey z€Z

are finite.

Suppose that ¢7'(( D,) N f () C.) = 0. Then there is no x € X such that

yeY 2€Z

f(x) =y*and g(z) = 2*, ie., [ (y*)Ng~(z*) = 0. Since the fibre f~(y) of a point
y of Y must intersect g—'(z*), we have that g~!(z*) is infinite whenever Y is infinite.
But, if g~!(2*) were infinite, then f~(y*) N g~'(2*) # 0. Thus Y and, analogously, Z
are finite.

In addition to this, we claim that the set

A=x\(Jr'"wulJs ')
yey 2€Z
is finite. First, we will prove that A does not have limit points. Let z € X. If f(x) # y*
and g(x) # z*, then z is isolated, and it cannot be a limit point of A. If f(x) = y*,
then g(x) # 2*, so g(x) is an isolated point of Z, which means g~'(g(x)) is an open
set of X which contains z. If g(z) € Z then g~ (g(z)) N A = 0. If g(z) ¢ Z, then
g '(g(x)) is a finite open set of X, which implies that x is isolated. Analogously, if
g(x) = z*, x cannot be a limit point of A . Thus, no point of X is limit point of A.

Since X is compact, A must be a finite set.
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B and Z # 0, by Theorem 2.3.8, f~'(y*) N g~ (2) # O for every
z€Z. AsY =0, f'(y*) is finite. So Z is finite.

CASE 3. If Z=0 and Y # 0, just as in Case 2, it can be proved that Y is finite.

Now suppose that the functions f : X — Y and g : X — Z are surjective and that
/Y (y)Ng~'(2)] < 1forally € Y and 2 € Z. For each of the conditions a) - d) we aim
to define compact Hausdorff topologies on Y and Z with respect to which Y and Z be
one-point compactifications of discrete spaces and (fAg)(X) be a compact subset of
the product space Y x Z. If we succeed, by Observation 2.3.2, X will be endowed with a

compact Hausdorff topology with respect to which f and g will be continuous functions.

CASE (A). Assume that the sets Y, Z, (] D,, (] C. are non-empty.
yEY ZGZ

SUBCASE (A.1). Suppose that g~*( () D,) (/' () C.) is non-empty. Choose a point
yey 2€Z

> €g ' (N D,)NSFHNC,). Then, y* = f(z*) belongs to () C,, and z* = g(z*)
yEY/ zGZ ZEZ
to () D,. Define a topology on Y as follows. Consider all the points of Y \ {y*}
yeYy
as isolated. A family of neighbourhoods of y* will be the co-finite sets of Y in which

y* is contained. Equipped with this topology, Y is the one-point compactification of
Y \ {y*}. An analogous topology can be defined on Z taking z* as the limit point.
Once that Y and Z have been provided with a topology, consider in Y x Z the product
topology. Y x Z and its subspace (fAg)(X) are Hausdorff spaces. The next step is
to prove the compactness of (fAg)(X). Let U be an open cover of (fAg)(X). The
point (y*,2*) € (fAg)(X) must be covered by an element of U, say U. For such U
there exist finite sets Y1 C Y and Z; C Z such that (y*, 2*) € (Y \ Y1) x (Z\ Z;) and
(Y\Y1)x (Z\ Z) C U. This means that U covers ((fAg)(X))N((Y\Y1)x(Z\Z1)).
It remains to see if the rest of (fAg)(X) can be covered by a finite subfamily of .
Let y be a point of Y. If f7(y) = {(f(2),9(2)) : f(z) =y, x € X} C Im(fAg)

is finite, then it can be covered by finitely many elements of /. Assume now that
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f~'(y) is infinite, i.e. y € Y. The point (y,2*) € f~'(y) C Im(fAg)(X) because

z* € () Dy, and it must be covered by U. If V' € U covers (y, z*), then it covers all

] ),
yey

f~Y(y) except, perhaps, finitely many points. Hence, the fibre f~!(y) can be covered
by a finite subfamily of Z/. Analogously, it can be proved that ¢g~!(z) can be covered

by finitely many elements of U for every z € Z;. Therefore, there is a finite subfamily

of U which covers (fAg)(X). Then (fAg)(X) is compact.

SUBCASE (A.11). Assume that ¢g~'( () D,) N f~ () C.) =, that Y and Z are both

yey 2€Z
finite, and that
(U wulJe =)
yeY 2€Z

is finite.

Select a point y* € ﬂ~CZ and a point 2* € ﬂ~Dy. Make Y and Z into one-point
compactifications of diszcethe spaces with y* angiez* as limit points respectively. The
product space Y X Z and its subspace (fAg)(X) are Hausdorff spaces. We will prove
that (fAg)(X) is compact. Take an open cover U of (fAg)(X). We claim that,
for each y € Y, f~Y(y) can be covered by a finite subfamily of /. Indeed, for every
y € Y the point (y,z*) belongs to f~'(y) because z* € ﬂ~Dy. Since any open set
which covers (y, z*) covers almost all f~!(y) except, perhapyse,):‘initely many points, then
f~Y(y) can be covered by a finite subfamily of &/. Something similar happens with the
infinite fibres of g. As Y and Z are finite sets, the points of (f/\g)(X) which belong

to the infinite fibres of f or g can be covered by finitely many elements of /. Since
(Ur'wulJs ')
yey 2€Z

is finite, i.e., the subset of (fAg)(X) which is not contained in the union of the infinite
fibres of f and g is finite, (f/Ag)(X) can be covered by a finite subfamily of ¢/. Hence,
(fAg)(X) is compact.
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CASE (B). Assume that Y is empty, that Z is finite and non-empty, and that ﬂ~C'Z is
non-empty. ~
Select a point y* € (] C.. Choose a point = € f~Yy*) and denote g(z) by z*.
Make Y and Z into onef)f)int compactifications of discrete spaces with y* and z* as
limit points respectively. Then the product space Y x Z and its subspace (f/Ag)(X) are
Hausdorff spaces. We will prove that (fAg)(X) is compact. Let U be an open cover of
(fAg)(X). If Uis an element of U which contains (y*, 2*), then there exist finite sets
Y1 C Y and Z; C Zsuch that (y*, 2*) € (Y\Y1)x(Z\Z1) and (Y \Y1)x(Z\Z;) C U.
This means that U covers ((fAg)(X)) N (Y \ Y1) x (Z\ Z1)). In addition, for any
z € Z, the fibre g7'(z) can be covered by a finite subfamily of U (if g~'(z) is infinite,
then it contains the point (y*, z), so once we cover this point we cover almost all g7(2)
except, perhaps, a finite subset). On the other hand, for any y € Y] the fibre f~!(y) is
finite because Y = (). Therefore, (f/Ag)(X) can be covered by finitely many members

of U. Thus, (fAg)(X) is compact.

CASE (C). Analogously to Case (B), when Z is empty, Y is finite and nonempty, and
() D, is non-empty, we can endow Y and Z with topologies with respect to which Y
yey

and Z are one-point compactifications of discrete spaces and (f/Ag)(X) is a compact

subset of the product space Y x Z.

CASE (D). Finally, consider the case when both Y and Z are empty. Select a point
r € X and make Y and Z into one-point compactifications of discrete spaces with
y* = f(z) and z* = g(x) as limit points respectively. Then, the product space
Y x Z and its subspace (f/Ag)(X) are Hausdorff spaces. If U is an open cover of
(fAg)(X), there must be an element B of U which contains (y*, z*). B should also
contain a neighbourhood of (y*, z*) of the form (Y'\ Y1) x (Z\ Z1), where Y; and Z; are
finite subsets of Y and Z respectively. Then B covers ((fAg)(X))N((Y\Y1)x(Z\Z1)).
On the other hand, for each y € Y7 and 2 € Z; the fibres f~!(y) and g~!(2) are finite, so

they can be covered by finitely many elements of U. Therefore, (fAg)(X) is compact.
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We can reformulate Theorem 2.3.9 for countable spaces as follows.

COROLLARY 2.3.10. Assume that X, Y and Z are countable sets. Let f : X — Y

and g : X — Z be surjective functions such that
If'(y)Ng H(2)| <1 forally €Y and z € Z.

There exist compact metrisable topologies on X, Y and Z with respect to which'Y and
Z are homeomorphic to w + 1 with the order topology, and f and g are continuous, if

and only if one of the following hold.

(a) The sets
Y={yeY:|fyl=uw}

Z={z€7:1g7'(2)| = w}

and the sets

Dy =9/ ')

yGf/ yef/
(C:= (/g '(2)
2€Z zeZ

are non-empty, and either

() 97 (N D) NN C2) is non-empty; or

yey 2€Z
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(i) (N DY NN Cs) is empty, Y and Z are both finite, and

yE?’ z€Z

X\ (Ur''wulJs ')

yey z€Z
is finite.
(b) Y is empty, Z is non-empty and finite, and () C. is non-empty.
zeZ

(c) Z is empty, Y is non-empty and finite, and N D, is non-empty.
yey

(d) BothY and Z are empty.

Theorem 2.3.9 gives a complete answer to Problem 2.3.7, but it is natural to wonder
if this result solves completely Problem 2.2.3 for those pairs of functions with the
property that

If 7 (y)Ng Hz)| < 1forally €Y and z € Z;

in other words, we have the following question.

PROBLEM 2.3.11. s there a pair of surjective functions f: X — Y andg: X — Z,
with

lf'(y)Ng ' (2)| <1 forally €Y and z € Z,
such that

1) there exist compact Hausdorff topologies on X, Y and Z such that f and g are

continuous;

2) if Tx, Ty and T4 are compact Hausdorff topologies on X, Y and Z respectively,
which make f and g continuous, then (Y, Ty) is not the one point compactifica-

tion of a discrete space?
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Unfortunately, but not unexpectedly, the answer to the previous question is yes. We
will provide an example of a pair of functions with the characteristics stated in Problem
2.3.11. But first notice the following facts. It follows from the definition of limit type
of a point (Definition 1.1.4) that if X is the one-point compactification of a discrete
space, then X has only one point of limit type 1 (the limit point) and the remaining
points have limit type 0. Hence, clearly, if a space has a point of limit type greater than

or equal to 2, then it cannot be the one-point compactification of a discrete space.

EXAMPLE 2.3.12. Let Y and Z be countably infinite sets. We will show the existence

of a countably infinite set X C Y x Z such that

1) the functions f = 7y [x and g = 7wz [x are surjective, i.e., my(X) =Y and
77(X) =Z (where my : Y X Z — Y and 7z : Y X Z — Z are the projection

maps)

2) there exist compact Hausdorff topologies on Y and Z with respect to which X is

a closed (and hence compact) subset of Y x Z (recall Observation 2.3.2);

3) if we endow Y and Z with compact Hausdorff topologies with respect to which

X is a compact subspace of Y x Z, then Y has a point of limit type 2.

Suppose that

v ={r}U(UR),

1EW

where each F; is countably infinite, F; N F; = 0 if i # j, and y* ¢ |J F;. In addition,
€W
assume that

Z ={z}H{z:i€w}

where each z; # 2%, and z; # z; if ¢ # j. Consider the following subsets of Y x Z.

52



X = {7 v (Ux).

€W

It is evident that 7y (X) =Y and mz(X) = Z.

Now we will show that there exist compact Hausdorff topologies on Y and Z with
respect to which X is a closed subset of Y x Z. First, endow Z with a topology as
follows. The points of Z \ {z*} will be isolated. A neighbourhood basis for the point
z* will be the family {Z\V :V C Z,2* ¢ V,|V| < w}. Clearly, Z with this topology
is homeomorphic to w + 1 with the order topology. Next, define a topology on Y. For
each i € w pick a point y; € F;. Just as we did with Z, we can topologise F; in such
a way that F; be homeomorphic to w + 1 with y; as limit point. A local basis for the
point ¥* will be the family of sets of the form Y\ (U FZ> where V' is a finite subset
of w. With this topology, Y is homeomorphic to lee—i‘—/ 1. X is a closed set subset of

the product space Y x Z, and hence compact.

X3
zZ3 ® ® © @ o o o .
A X,
Z2 @ e o0 .. @
X
21 e e o0 -1.- [ ) X
Xo

2006 o000 @

®© 00 ¢ @ o000 - @O o000 . @O o000 .0 . . -.
Fo F Fy F3 Yy

Y

*

Figure 2.2: Simultaneous topologisation inducing derived degree 2
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Finally, suppose we have endowed Y and Z with compact Hausdorff topologies (not
necessarily the ones defined in the previous paragraph) with respect to which X is a
compact subset of the product space Y x Z. We claim that Y has a point of limit type

2. Indeed, f = my [x and g = 7z [x are continuous functions. For each i € w,

g_l(zz-) = ng(zi) NX =X,

which means that X; is compact. This implies that 7wy (X;) = F; is an infinite compact
subspace of Y, because it is continuous image of a compact space. Then F; must have
a limit point, say y; € F;. As F; N F; = 0 if i # j, we have that {y; : i € w} is infinite.
By compactness of Y, {y; : i € w} must have a limit point, say u. It is obvious that

lt(u) > 2. Therefore, Y contains a point of limit type 2.

2.4 COMPLEXITY OF THE SCATTERED STRUCTURE IN-
DUCED BY A PAIR OF FUNCTIONS

THEOREM 2.4.1. Let f : X — Y be a surjective function with infinitely many infinite
fibres. If Tx and 1y are compact Hausdorff topologies on X and Y respectively, with

respect to which f is continuous, then (X, Tx) has a point of limit type at least 2.

Proof. Let f : X — Y be a surjective function with the property that there is an
infinite set B C Y such that |f~(y)| > w for every y € B. Suppose that X and
Y have been endowed with compact Hausdorff topologies with respect to which f is
continuous. Let y € B. By the continuity of f and the compactness of X, f~1(y)
is closed and compact. Since f~'(y) is infinite, it must contain a limit point, say x,.
Again, by the compactness of X, the infinite set {x, : y € B} must have a limit point

in X, say x*. Evidently, lt(z*) > 2. O

The existence of a pair of functions like the ones described in Example 2.3.12 sug-

gests the idea that a couple of functions f : X — Y and g : X — Z may induce a
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scattered structure as complicated as desired when we attempt to topologise X, Y and

Z.

THEOREM 2.4.2. Let o be an ordinal. There exist sets X, Y, and Z, and surjective

functions f. : X, — Y, and g, : X, — Z, such that
1) | y)Ngrt(2)| <1 foreveryy €Y, and z € Z,;

2) there exist compact Hausdorff topologies on X, Y, and Z,, with respect to which

fa and g, are continuous functions;

3) ifx,, Ty, and Tz, are compact Hausdorff topologies on X, Y, and Z, respec-
tively, which make f. and g, continuous, then (X,, Tx,) has a point of limit type

Q.

Proof. Transfinite induction will be used to prove this result.

For e = 0 consider the sets Xy = {z}, Yy = {y} and Zy = {z} and the functions
fo: Xo— Yy and go : Xo — Zy defined by fo(x) =y and go(z) = z. It is evident that

fo and go have the required characteristics.

Suppose that the assertion is true for the ordinal a.. We will prove that the state-

ment is also true for o + 1.

Let f,: X, — Y, and g, : X, — Z, be a pair of surjective functions such that
1) [f7 (y)Ngit(z) < 1foreveryy €Y, and 2z € Z,;

2) there exist compact Hausdorff topologies on X,,, Y, and Z, with respect to which

fo and g, are continuous functions;

3) if 7x,, Ty, and 7z, are compact Hausdorff topologies on X,,, Y, and Z, respec-
tively, which make f,, and g, continuous, then (X,, 7x,) has a point of limit type

Q.
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For every i € w, let

Xo, = Xo x {i}
Yo, =Y, x {i}
Zo, = Zo X {i}

As mentioned in Proposition 2.3.1, since |f;'(y) N g;'(z)] < 1 for every y € Y,
and z € Z,, there is a bijection between X, and the set {(f.(2),ga(2)) : 2 € X} C

Y, X Z,. In the same way, X, will be identified with

{((Fal@) ), (9a(2),1)) 2 € Xo} € Yo, X Za,.

Y,

Figure 2.3: Embedding of X, inY,, x Z,,

In addition, for every i € w, choose distinct points a,, and b,, such that

® Gy, 7é Qo and Qg 7é bay” if i %j’

o {aq,, by} N (UX%. Uy, u UZm) = 0.

1EW €W €W
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Let

Fo, = Yo, x {ba;} = {((4,1),ba,) 1 y € Yo, € w}

Go, = {0, } X Zo, = {(aq,,(2,1)) : 2 € Zy,i € w}.

Choose distinct points x4 1, Yas1 and 2,41 such that

{anrla Yat1, ZoHrl} n (UX% U Yai U Zai U Fai U Gaz‘ U {aai} U {ba¢}> = @

€W

Now, consider the following sets

Xa+1 = {ZL‘a+1} U UXOM U UFOéi U U Gai

€W IS IS
Ya—i-l = {ya—l-l} U UYai U U{aai}

1€W 1EwW
Zap1 = {zas1} U JZa, U {0}

1€W 1€EW

The sets previously defined can be observed more clearly in Figure 2.4.
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Za+1. ‘ La+1

F3
ba, _
F,
ba, -
Zoay1 Do ‘G%
F,,
ba, ®
X
F,
Doy ® =
4@
—_ e ° ° ° |
Yao Qo Yal Qo Ya2 Qo Yag Qoyy Ya+1
Ya—|—1

Figure 2.4: X,11, Yau1 and Z,41

Define the functions fo11 @ Xor1 — Yar1 and gar1 @ Xar1 — Zas1 as follows:

given u € X1, let

Yat1 if u= 24041

(falz),i) ifu=(z,i), v€X,, i cw
fa+1(u) =
(1) if u=((y,),ba,), Y € Ya, i €w

if u=(aq,;,(2,1)), 2 € Zy, i €Ew

and
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Zat1 if u=12411

(ga(x),1) fu=(2,i), v € X,, i Ew
ga+1(u) -
(z,1) if u=(aq,;,(2,1)), 2 € Zy, i €Ew

if u=((y,1),bs,), Yy € Ya, i Ew

The functions f,.; and g,.1 can be visualised in Figure 2.4 as the projection maps.

In particular, notice that both f,.; and g, are surjective.

Note also that, since X,,, Y,, and Z,, can be treated the same as X,, Y,, and Z,

respectively, foi1 [x,,= fo and that ga41 [x,, = ga for every i € w.

Now, it will be shown that f,.; and g,.1 fulfil the required conditions.

Considering that there is a bijection between X, | and a subset of Y, 1 X Z,.1,
and considering that f,.1 and g, are precisely the composition of such bijection with

each one of the projection maps, we have that for every y € Y, 1 and every z € 7,4

|foji1(y) ﬂg;}A(Z” <1

The next step is to prove the existence of compact Hausdorff topologies on X1,

Y.1+1 and Z,1 which make f, .1 and g,.1 continuous functions.

Provide X,, Y, and Z, with compact Hausdorff topologies which make f, and g,
continuous functions (this can be done by inductive hypothesis). Now, for every i € w,
Xa, will be a clopen set of X1, Y,, will be a clopen set of Y,,1 and Z,, will be a
clopen set of Z,,1. The points of the set {a,, : i € w} will be isolated in Y, 1 and,
analogously, the points of the set {b,, : i € w} will be isolated in Z,.;. For each i € w,

the set F,. will be provided with the following topology: a set U will be open in F,, if
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and only if the set
Ty, (U) ={(y,i) € Y,, : thereis u € U such that u = ((y,1), bq,)}

is open in Y,,. Analogously, for every i € w, the set G,, will be provided with this

topology: a set V' will be open in G, if and only if the set
720 (V) ={(2,1) € Z,, : thereis u € V such that u = (aq,, (2,7))}

is open in Z,,. Besides, for each ¢ € w, the sets F,,, and G,, will be clopen sets of

Xaot1- A neighbourhood basis for the point 3,1 will be the sets of the form

e} U U YarU U faa}

icw\W1q i€w\Wa

with Wy, W5 finite subsets of w. Similarly, a neighbourhood basis for the point 2z,

will be the sets of the form

{Za-i-l}u U ZaiU U {bai}

1€w\ M1 1€w\ Ma

with M, M, finite subsets of w. Finally, a neighbourhood basis for the point x,.1 will

be the sets of the form

{zos}U | Xo,u | Fo,ulGa,

1€w\O1 1€w\O2 1€w\O3

with O1, 05 and Oj finite subsets of w. Equipped with these topologies, X1, Yao11

and Z,,, are compact Hausdorff spaces.

On the other hand, notice that the topology defined on X,.; coincides with the
topology of X, .1 as subspace of Y, X Z,,1. Since f,.1 and g,.1 can be identified

with the projection maps, the continuity of both functions follows.
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The final step is to prove that (X,11,7x,,) has a point of limit type a 4 1 when-
ever 7x,.,, Ty,., and 7z, ., are compact Hausdorff topologies on X1, Y41 and Z4y

respectively, which make f,.1 and g,+1 continuous functions.

Suppose that X1, Y,:1 and Z,,; have been endowed with compact Hausdorff
topologies with respect to which f,.1 and g,.1 are continuous functions. For every
i € w, consider the set {a,,}. Since it is a closed set of Y,,; and f,; is continuous,
fiti(aa;) = Go, is a closed subset of X1, and hence compact. Then go,(Ga,) = Za,
must be a compact set of Z,,1. Analogously, it can be shown that f, (F,,) = Y,, is a
compact set of Z, 1. Now, since f;jl(Yai) = X,, UF,,, theset X,,, UF,, is closed in
Xat1. Similarly, X, UG,, is closed in X,1. This implies that X, is closed in X,

and thus compact. By inductive hypothesis, X,. must have a point of limit type «.

Since this happens for every i € w, X, 1 must have a point of limit type a + 1.

Finally, let a be a limit ordinal. Assume that the assertion is true for every 5 < a.
Select a cofinal subset B C «. For every 8 € B there are sets Xz, Y3 and Z3, and
surjective functions f5 : X3 — Y3 and g3 : Xg — Z3 which fulfil the conditions 1), 2)
and 3); in particular, every time we topologise our sets, each X3 has a point of limit
type 8. Using the same method that was used for successor ordinals, it is possible to
construct sets X,, Y, and Z, in terms of {X3}sen, {Ys}sen, and {Zsz}sep, and to
construct surjective functions f, : X, — Y, and ¢, : X, — Z, in terms of {fs}sen
and {gs}sep with all the required characteristics; in particular, every time we topologise
our sets, X, has a point x, which is limit of points {zs}secp, where x5 € Xz and
lt(xz) = B for every 5 € B, and therefore [t(z,) = a (Note that if a point w, is a
limit of points {wg}sen, where lt(wg) = 3, then lt(w,) > «. Furthermore, if w, has

a neighbourhood containing no points of limit type «, lt(w,) = ).
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CHAPTER 3

COUNTABLE DYNAMICS

A discrete dynamical system is a pair (X, f) where X is a topological space and
f: X — X is a continuous function. (X, f) is called a countable compact dy-
namical system if X is compact and countable. The purpose of this chapter is to

extend the body of existing results on this particular kind of system.

3.1 A BRIEF OVERVIEW OF EXISTING RESULTS ON
COUNTABLE DYNAMICS

A dynamical system (X, f) such that X is a countable compact Hausdorff space is called
a countable compact system (or simply countable system). Despite being systems that
appear in many situations, e.g. as w-limit sets of unimodal maps (see [15]) or, more
generally, as invariant subsets of interval maps (see Theorem 3.3.2), the literature on
countable compact systems is limited. In this section we provide an account of existing
results on them. In order to be concise we do not define the concepts involved in these

results, but these notions can be found in references like [2] or [3].
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The topological entropy of a countable dynamical system is zero (a proof can be
consulted in [8]). A study on distributional chaos in countable compact systems can be
found in Bobok's paper [4], where he proves among other results that the distributional
chaos for countable systems (X, f), where X has at most one point of limit type 2, is
zero. Another chaos-related notion is the property of being scrambled. In [17], Huang
and Ye construct a beautiful and complex completely scrambled homeomorphism on
a countable compact space of derived degree w. They also prove that a countable
compact space X admits a completely scrambled homeomorphism if and only if X has
a unique top limit point. On the other hand, Kato and Park in their paper [18] give a
characterisation of countable compact spaces which admit expansive homeomorphisms.
They prove that a countable compact space admits an expansive homeomorphism if and
only if its derived degree is not a limit ordinal. They also prove that if X is a countable
compact space with a unique top limit point then there is no expansive homeomorphism
on X with the shadowing property.

It is worth mentioning that common in all these references is the use of the scattered
structure of the space X for the development of all kinds of results, something that
we will do as well. In particular we want to emphasise the difficulty of dealing with
points whose limit type is a limit ordinal. We experienced this situation in the proof of

Theorem 3.4.11.

3.2 PRELIMINARIES

In this section we will review fundamental notions which will be necessary for the study

of countable dynamical systems.

DEFINITION 3.2.1. A (discrete) dynamical system is a pair (X, f) where X is a topo-
logical space and f : X — X is a continuous function.

The identity function Idx will also be denoted by f°. For every n € N,
[t = fo fm If fisinvertible, then f= = (f~1)" for each n € N.

Once a dynamical system has been defined, a notion that arises naturally is the
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concept of orbit.
DEFINITION 3.2.2. Let (X, f) be a dynamical system.

1) The forward orbit of a point = € X is the sequence

O+ (z) = (f*(x))nz0-

If f is invertible, the backward orbit of x is the sequence

2) An orbit sequence is either a sequence (xy)rez Or a sequence (xy)r>, for some

n € Z such that f(zy) = x4 for all k.

3) Let z € X. The set

O(z) = {y € X : there exists k > 0 such that f*(y) = z or f*(z) =y}

is called the full orbit through x.

4) The relation ~ on X, defined by « ~ y if and only if there exist m,n € N such
that f™(x) = f™(x), is an equivalence relation. The equivalence classes of ~ are

called full orbits of f.

5) Let A be a full orbit of f and let n € N. A is said to be an n-cycle if there exist
distinct points xg, x1, ..., 2,1 in A such that f(x;) = x;; for all 7, where i is

taken modulo n.

6) A full orbit A of f is called a Z-orbit if there exists an orbit sequence (xy)kez
such that z;, € A for every k and z;, # x; whenever k # j. If the Z-orbit consists

only of such an orbit sequence it will be called a bijective Z-orbit.

The term orbit can make reference to any of the concepts above. However, whenever

one of them is mentioned, it should be clear from the context which one is being used.
64



DEFINITION 3.2.3. Let (X, f) be a dynamical system. A point x € X will be called
pre-periodic if {f!(x) :1 > 0} is a finite set.

A point x € X is said to be a periodic point if there exist n € N such that
f™(z) = x. Furthermore, if f(x) # x for any i < n it will be said that = has period n.

The forward orbit of x will be called a periodic orbit.

In order to determine when two dynamical systems are the same from the dynamical
point of view it is necessary to establish a structure-preserving map between them. Such

map will be called a topological conjugacy.

DEFINITION 3.2.4. Let (X, f) and (Y, g) be dynamical systems. The functions f and

g are said to be topologically conjugate if there exists a homeomorphism h : X — Y

such that
hof=goh,
i.e. the diagram
f
X— X
| h
Y T Y

commutes. A homeomorphism h which satisfies such condition is called a topological

conjugacy.
The following defines an important family of subsets of a dynamical system.

DEFINITION 3.2.5. Let (X, f) be a dynamical system. A set A C X is said to be

f-invariant or just invariant if f(A) C A.

3.3 UBIQUITY OF COUNTABLE DYNAMICAL SYSTEMS
IN INTERVAL MAPS

Countable dynamical systems arise naturally in many situations. For example, in [15]

Good et al. prove that if « is not a limit ordinal then there is a unimodal map with a
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critical point ¢ such that w(c) = w*n + 1. If a is a limit ordinal then there is no such
example (a related result can be found in Section 3.4.2). In this section we will show

that countable compact dynamical systems are present in every interval map.

LeEMMA 3.3.1. Let f :[0,1] — [0,1] be a continuous function. If f has two distinct
fixed points with no fixed point between them, then f has an infinite countable compact

invariant set.

Proof. Let a,b be fixed points of f, a < b. Suppose that f has no fixed point in (a,b).

By continuity of f,
o either f(x) > x for all x € (a,b), or f(z) < x for each x € (a,b);

e [a,0] C f([a,0]).

Assume without loss of generality that f(z) > = for all x € (a,b). Consider the set

f=H0).

CASE 1. Suppose that f~1(b) N [a,b] = {b}. Since f(z) > z for all z € (a,b),
la,b] = f([a,b]). Choose a point ¢ € (a,b). Define x,, = f"(c) for each n > 0. For

n < 0, define x,, inductively as follows

T, =min{z € [a,b] : f(z) =zp1}

Note that, since f(z) > «x for all z € (a,b), x,41 > z, for every n € Z. Therefore,
the set A = {a,b} U {x, : n € Z} is infinite, countable and invariant. Furthermore,
by continuity of f, any limit point of A must be a fixed point. In addition, notice
that the sequence {x_,, },en is strictly decreasing and the sequence {x,, },en is strictly
increasing. This implies that the only limit points of A are a and b. Then A is closed

and hence compact.

CASE 2. Suppose that |f~'(b) N [a,b]| > 2, i.e. suppose there is a point in [a, D]

different from b whose image under f is b. For n > 0, define x,, inductively as follows
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e 11 = min{x € [a,b] : f(z) =b};
e r, =min{z € [a,b] : f(x) =x,_1}, for every n > 1.

By similar arguments to those presented in Case 1, A = {a,b} U{x, : n € N} is an

infinite, countable, invariant and compact set.

Now we are in position to prove the next result.

THEOREM 3.3.2. Any continuous surjective function f : [0,1] — [0, 1] has an infinite

countable compact invariant set.

Proof. Since f is continuous, it must have a fixed point. There are three possibilities,

(1) for every two distinct fixed points there exists a fixed point between them;
(2) f has two fixed points with no fixed point between them;

(3) f has a unique fixed point.

CASE 1. Suppose that f has more than one fixed point. Moreover, suppose that
for every pair of fixed points x and y with x < y there is a fixed point w such that
x < w < y. In this case, the family of all fixed points of f is infinite. Hence, it is enough
to select an infinite convergent sequence of fixed points and its limit point which, by

continuity of f, must be fixed as well. Such set will have all the required characteristics.

CASE 2. If f has two fixed points with no fixed point between them, the result is given

by Lemma 3.3.1.

CASE 3. Suppose that f has a unique fixed point . Then, f has at least two periodic
points of period two. This means that f2 has at least two fixed points. By Cases 1 and
2, there is an infinite countable compact f%-invariant set A C [0,1]. Then AU f(A) is

an infinite countable compact f-invariant subset of [0, 1]. O
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The following theorem shows that a countable compact dynamical system can be

embedded in a system on the interval [0, 1].

THEOREM 3.3.3. Any countable compact dynamical system is topologically conjugate

to a subsystem of a map on the interval [0, 1].

Proof. Let X be a countable compact Hausdorff space and let f : X — X be a
continuous function. Let e : X — [0,1] be an embedding of X into [0, 1]. Since X
is compact, e(X) is a closed subspace of [0,1]. Besides, the function eo foe™! :
e(X) — e(X) is continuous. The Tietze-Urysohn Extension Theorem asserts that
every continuous function from a closed subspace A of a normal space Y to [0, 1] or

1

R is continuously extendable over Y. Then, eo f oe™" can be continuously extended

over [0, 1], say to a function f. Therefore, (X, f) is topologically conjugate to

(e(X), [ T e(X)). O

Moreover, we can embed a homeomorphic countable system (i.e. a countable system

(X, f) where f is a homeomorphism) in a higher dimension.

First we need the next theorem, which appears in [29] as Theorem 1.8.4.

THEOREM 3.3.4. Let A, B C R be compact and let f : A — B be a homeomorphism.

Then f can be extended to a homeomorphism f : R2 — R2.

THEOREM 3.3.5. Any homeomorphism on a countable compact space is topologically

conjugate to a subsystem of a homeomorphism on R2.

Proof. Let X be a countable compact Hausdorff space and let h : X — X be a
homeomorphism. Let e : X — R be an embedding of X into R. Then, ¢(X) is a

L e(X) — e(X) is a homeomorphism.

compact subspace of R. The function eochoe™
By Theorem 3.3.4, eo ho e~ ! can be extended over R?, say to a homeomorphism

h. Therefore, (X, f) is topologically conjugate to (e(X),h | e(X)). O
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3.4 STRUCTURE OF COUNTABLE DYNAMICAL SYSTEMS

The following theorem characterises the orbit structure of continuous functions on com-

pact spaces.

THEOREM 3.4.1 (Good et al., 2006 [14]). Let f : X — X. There is a compact

Hausdorff topology on X with respect to which f is continuous if and only if

FO X)) = () F™(X) #0

meN meN

and either
e f has, in total, at least continuum many Z-orbits or cycles; or
e f has both a Z-orbit and a cycle; or
e f has no Z-orbit and either

(a) f has n;-cycle, for each i < k, with the property that whenever f has an

n-cycle, then n is divisible by n;, for some i < k; or

(b) the restriction of f to () f™(X) is not one-to-one.
meN

Characterising continuity on compact metric spaces in the same way is a hard prob-
lem. For countable compact metric spaces it turns out we have a simple and elegant
characterisation in Theorem 3.4.3.

We will need the notion of finitely based permutation of periodics points, which is
given in Definition 3.4.2.

NOTE. Given a dynamical system (X, f) and number n € N, we will say that n is a

period of (X, f) if there exists a periodic point z € X which has period n.

DEFINITION 3.4.2. A function f : X — X is called a finitely based permutation of

periodic points if

1) every point of X is periodic; and
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2) there are numbers 1y, no, ..., Ny such that if n is any period of (X, f), n is divisible

by n; for some 1.

THEOREM 3.4.3. Let X be a countable set and let f : X — X be a surjection. There
is a compact metrisable topology on X with respect to which f is continuous if and

only if either
1) f has a periodic point and an infinite full orbit; or
2) f is a finitely based permutation of periodic points.

Proof. Suppose that X is a countable set and that f : X — X is a surjection. By
Theorem 1.2.1, any compact Hausdorff topology on X is metrisable. Additionally,

observe that

e since f is a surjective function, f™(X) = X for all m > 1, so f( [ f™(X)) =
meN
N f™(X) # 0; and

meN

e since X is countable, f cannot have continuum many Z-orbits or cycles.

Then, by Theorem 3.4.1, there is a compact metrisable topology on X which makes

the surjective function f : X — X continuous if and only if either
A) [ has both a Z-orbit and a cycle; or
B) f has no Z-orbit and either

(a) f has n;-cycle, for each i < k, with the property that whenever f has an

n-cycle, then n is divisible by n;, for some i < k; or
(b) f is not one-to-one.
If f has both a Z-orbit and a cycle, then f has an infinite full orbit and a periodic

point. Now, consider the case when f has no Z-orbits. In such case, the only full orbits

f can have are n-cycles, because f is surjective. If f is not one-to-one, then f has an
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infinite n-cycle, so f has an infinite full orbit and a periodic point. If f is one-to-one
and fulfils condition B) part a), then all the points of X are periodic and f is a finitely
based permutation of periodic points. Therefore, conditions A) — B) imply conditions
1) —2).

To see that conditions 1) — 2) imply conditions A) — B) notice the following. If
f has a periodic point and an infinite orbit, then f might have either a Z-orbit and
an n-cycle, or an infinite n-cycle and no Z-orbit. In the second case f would not be
one-to-one. On the other hand, if f is a finitely based permutation of periodic points,
then f has no Z-orbits. Thus, 1) — 2) imply conditions A) — B).

Therefore, there exists a compact metrisable topology on X which makes the sur-

jective function f : X — X continuous if and only if either

1) f has a periodic point and an infinite full orbit; or

2) fis a finitely based permutation of periodic points.

3.4.1 LIMIT TYPE STRUCTURE OF ORBITS

We know that countable compact Hausdorff spaces are scattered (see Theorem 1.2.1)
and therefore each point has a well-defined limit type. In countable dynamics, limit type
plays an important role.

It turns out that we can say a reasonable amount about the behaviour of limit types
under f (see Purisch’s Theorem 1.3.5). However, as Example 3.4.4 and Theorem 3.4.5
show, it is possible for limit types of periodic points to behave erratically.

NOTE. From now on, unless otherwise stated, the term n-cycle will make reference
to a set {xzg,...,x,_1} such that f(z;) = x;.; where i is taken modulo n instead of
making reference to a full orbit containing such a set.

Let us begin with the case when the orbit is a n-cycle.

EXAMPLE 3.4.4. We will define a continuous surjective function f : X — X on a

countable compact Hausdorff space X with a periodic point u of period 3 such that
71



lt(u) = 0, lt(f(u)) = 1 and lt(f*(u)) = 2. Consider the following homeomorphic

copies of the ordinals {0}, w + 1 and w? + 1 with the order topology:

Xo = {(0,20)};

X;=(w+1) x{x1};

Xo = (W + 1) x {22}
Xij=(w+1) x{z;} J €N

Xo, = (wz +1) x {2}, j €N;

where g, 1,22, 21; and zoy, with 5,k € N, are all distinct points which are not
elements of w? + 1. Define
2 2
X=(Ux)U( U x,)U(Uin)

i=0 jeN
ie{1,2}

2
where y;, v are distinct points that are not elements of <UX1> U ( U Xz-,j>. Each
=0 jEN
ie{1,2}
X; and X, ; will be considered clopen. On the other hand, a neighbourhood basis for

the point y;, with i € {1,2}, will be the family

{{yi}U U Xij: FCN,|F| < w}.

JEN\F

With this topology, X is a compact countable Hausdorff space.

Consider now the following mappings.

1) If i € {0,1}, define f; : X; — X1 as fi((z,y)) = (W x;1) for every
(:E,y) € Xi;

2) If i € {1,2},

a) define fi,l : X@l — X as fi71((I,ZL‘i71)) = (m,ml) for every x € wt + 1;
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b) if j € N, j > 1, define the function f;; : X;; — X; ;-1 as fi;((z,2:;)) =

(z,2; ;1) for every x € w" + 1.
2) Define fo : Xo — Xy as fo((z,y)) = (0,z0) for every (z,y) € Xo.

3) Finally, define f: X — X as

’

filr) weX;, ie{0,1,2}

fl@) =9 fi;(x) zeX,;,ie{l1,2},jeN

| i r=uy;, 1 €{1,2}
(0,20) * . (w2, 22)
Xl/
X12/ WxQ
Q TR (0, z2)
Y1 .
X22

Figure 3.1: Example 3.4.4

The function f is continuous and surjective. Moreover, u = (0, z0) is a periodic point

of period 3 such that It(u) = 0, It(f(u)) =1 and It(f?(u)) = 2.

Example 3.4.4 suggests that we can get a similar construction for any finite set of

countable limit types.
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THEOREM 3.4.5. Let n € N and let «y, ..., a,,_1 be countable ordinals. There exist a
countable compact Hausdorff space X and a continuous surjective function f : X — X
such that X has a periodic point x of period n such that It(f*(x)) = «; for each i with

0<i<n-—1

Proof. Given i € {0,...,n — 1}, let X; = (w™ + 1) x {z;} be a homeomorphic copy of
w® + 1 with the order topology. Define A = {i : o; # ;1,7 mod n}. Foreveryi € A

and every j € N, let X ; = (w**+ 4+ 1) x {x; ;} be a homeomorphic copy of w®+! + 1.

Let

x = (Ux)u(Ux)u(Um)

jEN €A
€A

where the points y;, with ¢ € A, are all distinct points which are not elements of

n—1
<‘L—JoXi> U (UX”> Define a topology on X as follows. Each X; and X, ; will be

jEN

i€A

clopen in X. The family {{yz} U U Xij: FCN|F| < w} will be a neighbourhood
JEN\F

basis for the point y;, for every i € A. Clearly, X with this topology is a countable

compact Hausdorff space.

Now, let us define some functions.

(1) Ifi ¢ A, ie. if a; = ayyq, define f; : X; — Xi11 as fi((x,2;)) = (z,241) for
any r € w + 1.
(2) Ifi € A,
e define f; : X; — Xy as fi((z,y)) = (w¥+' x;4q) for any (x,y) € X;;
o define f;1: X;1 — Xit1as fir((z,21)) = (x,2;41) forevery x € w1 4-1;

o for everyj > 1, define fi,j : Xi,j — Xi,j—l as f@j((l‘,ﬁ(]i’j)) = (ZE,ZL‘Z‘J‘_l) for

any r € wtt 4 1.
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(w1 x;0)M

: (0,21,1)
C;. o (wmg)e /

(Oa -ri,2) ¢

Figure 3.2: Case i € A

(3) Finally, define f : X — X as follows

(

filx) ze€X;,0<i<n-1

fl@)=19fi;(x) zeX,; icA jeN

Yi r=vy;, 1€ A

\

Observe that if i € A and U is a neighbourhood of (w®+, 1), then, by definition,

fHU) = fii/(U)u X; = U'UX;, where U' C X, is homeomorphic to U (notice

that the function f; 1 : X;1 — X1 is a homeomorphism). This implies continuity of f

at (w™, z;). Continuity at other points of X and the surjectivity of f are evident. The

set {(w™,z;) : i mod n} is the cycle we needed.

In both Example 3.4.4 and Theorem 3.4.5 we can see that the top limit points, i.e.

the points with the highest limit type, form cycles among them. This observation lead

us to state the following result.



THEOREM 3.4.6. Let X be countable compact Hausdorff space with derived degree

a+1, and let f : X — X be a continuous and surjective function. Then
1) every top limit point of X, i.e., every x € L*(X), is periodic; and

2) forany x € L*(X), f(x) € LYX).

Proof. Let X be a countable compact Hausdorff space and let f : X — X be a
continuous surjective function. Suppose that d(X) = a + 1. Then, the set £%(X) is
finite.

Let x € £L*(X). Observe that, since f is surjective, for every n € N the set f~"(z)

is non-empty. By Corollary 1.3.9,

a = lt(z) < max{it(z) : z € fH{x)}.

Since the highest limit type a point in X can have is «, we can build a sequence (y;);>0 in
X such that yo =z, y; = f(yiy1), and lt(y;) = a for every i > 0. The set {y; : i > 0}
is finite because it is contained in £L*(X'). Then, there exists £ > 0 such that the terms
Yo, Y1, ---, Y are all distinct (indeed there must be k& > 0 such that y; is the first term
of the sequence which is repeated). Thus, y+1 = y; for some j with 0 < j <k —1
(observe that i1 # yi. because f(yr+1) = yx and f(yx) = yx-1, and yp—1 # y; since
Yo, ---, Yy are all distinct). However, if j > 0 then f(y;) = yx and f(y;) = y;—1, which
is not possible because y;_1 # yx. Thus, f(yo) = Yk, i-e., f(z) = yi. Therefore, z is

periodic and its forward orbit O, (x) consists entirely of points of limit type a. O

In plain words, under the conditions established by Theorem 3.4.6, the top limit

points of a countable compact Hausdorff space form cycles among them.

Now we will see the case of a Z-orbit. How might an orbit of this kind look? A

simple example of a system with a Z-orbit is the following.
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ExAMPLE 3.4.7. Consider the set
X ={z,: ke Z}U{z*}.

Topologise X in the following way: consider the discrete topology on X \ {z*} and let

X be the one-point compactification of X \ {z*}. Define f: X — X as

Tpr1 T=ux kEZ

* *

T r=x

The function f is continuous and onto. In addition, {z) : k € Z} is a Z-orbit. Notice

that all its points have the same limit type.

Among the several questions regarding limit types of the points of a Z-orbit we are
interested in this one: is it possible for a Z-orbit to have no maximal limit type? The
answer to this question is affirmative, as we will see in Example 3.4.9. But first we will

prove an auxiliary proposition.

PROPOSITION 3.4.8. Let i € w)\ {0}. There exists a continuous function
firw™™ +1 — W'+ 1 such that f; is a quotient mapping and the image of the point

W't under f; is the point w'.

Proof. We will prove the statement by induction. If i = 1, consider the spaces w? + 1

and w + 1 with the order topology, and the function f; : w? + 1 — w + 1 defined as

) =4i zew-iw-(+1)i>1

It is evident that f; is a quotient mapping.
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Now, let i € w such that ¢ > 1. Assume the existence of a continuous quotient

mapping fi : wFt 4+ 1 — Wk 4 1 for every k < i.

Let the interval [0,w’] C w'™ + 1 be denoted by X;,1, and, for n > 1, let the
interval (w'- (n —1),w" - n] be denoted by X,,1,. Similarly, let X;; denote [0,w ],
and let X;,, denote (w™!- (n —1),w"""-n] for each n > 1. Then

[ w”l + 1= {WH_l} U ( U XH—LTL);

n>1

° wi—i—l:{wi}U(UXi,n);

n>1
e foreveryn > 1, X;,1, and X;,, are homeomorphic copies of w'+1 and w' "'+ 1,
respectively (it is important to notice this because we will use the inductive hy-

pothesis in these spaces);

e for every n > 1, X;,1,, and X;,, are clopen subspaces of w'** 4+ 1 and w' + 1,

respectively.

Therefore, by inductive hypothesis, there exists a quotient map f;, : X;y1, — X, for

every n > 1. Hence, if we define the function f; : wi™! +1 — wi 41 as

fun(l‘) WS Xz 1,1 n Z 1
fi(z) = '

W' T = w't!

it turns out that f; is a quotient mapping. We claim that f; is also continuous. Let V),
be a basis of the space X;,, for every n € N. Since each X, is a clopen subspace of

w' + 1, the family

B = UVn U{ U Xim U{w'} : W is a cofinite subset of N}

neN meWw

is a basis of w' + 1. Let B € B. If B €V, for some n € N, then f;'(B) = f;,(B)

©,n

which is an open subset of X, ;, because f;, is continuous. Since X, 1, is open in
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w41, f7H(B) isopeninw ™t +1. If B= |J Xi,U{w'} for some cofinite subset
meWw
W of N, then ;7' (B) = U Xit1.m U{w™*!} which is open in w'*! + 1. Therefore f;
meWw
is continuous. L

Proposition 3.4.8 will help us to build the following example.

ExAMPLE 3.4.9. We will construct a countable compact Hausdorff space X and a
continuous surjective function f : X — X such that (X, f) has a Z-orbit with no

maximal limit type.

Consider the following homeomorphic copy of w + 1 with the order topology
XO = (UJ + 1) X {xo}

In addition, for every i € w\ {0}, consider the homeomorphic copy of w’ + 1 with the
order topology
Xi = (wi + 1) X {.I'Z}, 1€ W\{O}

Let

X = {yyu(Jx),
IS
where y* ¢ X;. Define a topology on X as follows. Each X; will be clopen in X. A
1€w

neighbourhood basis for y* will be the family

{ U XiU{y*}: F Cuw, F finite }
1€w\F
i>1
With this topology, X is a countable compact Hausdorff space. In addition, since X;
has a point of limit type i (the point (w’, z;)) for every i € w, lt(y*) = w, so X has

derived degree w + 1.
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By Proposition 3.4.8, for each ¢ > 1, there exists a continuous quotient map

fi+ X1 — X, such that
fi ((Wi+1>$i+1)) = (w', zy).
Define the function f : X — X as follows.

(w, z0) r = (w,xo)
(i+1,2z0) z=1(i,20), 1 Ew
f(flf) = (O,IQ) T e X1

fifl(l’) re X;,1>1

Figure 3.3: Z-orbit with no maximal limit type

We claim that f is continuous. The family
Uy ={Xo\ F: F C Xy, F finite,(w, z0) ¢ F, (0,20) € F} U {{(i,20)} : i #£w}

is a basis of X,. Let U, be a basis for X, for every n > 1. Since each X, is clopen in

X, the family

B=Ju, u{{JX:iU{y"}: M Cw, M cofinite}
n>0 ieM
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is a basis of X. Let B € B. If B € Uy, then f~!(B) can be either a singleton con-
taining an isolated point, or a set of the form X, \ F, where F' C X, F'is finite and
(w,x0) ¢ F, or X1 (when B = {(0,20)}). Then f~(B) is open in X. If B € U, for
some n > 1, then f~1(B) = f.1(B), which is an open subset of X,,,; because f, is

n

continuous, so f~1(B) is open in X because X, is openin X. If B= |J X; U {y*}
iEM
for some M C w, M cofinite, then f~1(B) is also a set of the form |J X; U {y*} for
ieM’
some M’ C w, M’ cofinite, which is open in X. Therefore f is continuous.

Clearly f is surjective. Besides, the set

is a Z-orbit with no maximal limit type.

3.4.2 REPELLING FIXED POINTS IN COUNTABLE SYSTEMS

Consider a dynamical system (X, f), where (X, d) is a metric space. A point z € X is
said to be repelling if there exists § > 0 such that, for every y € Bs(x) \ {z} there is
n € N such that d(f"(y),x) > 6. Repelling and fixed points are of interest in dynamics.
It turns out that in countable compact systems such points have a particular structure.
In this section we will prove that a repelling fixed point of a countable compact system

where the function is finite-to-one cannot have a limit ordinal as limit type.

OBSERVATION 3.4.10. Let X be a metrisable space. Note that if the metric d generates
the topology on X, then saying that x € (X, d) is a repelling point of (X, f) is equivalent
to saying that there is an open neighbourhood U of = such that for every y € U \ {z}
there ism € N for which f"(y) ¢ U.

Recall the following definition (see Definition 1.1.7). Let X be a countable scattered
metric space. Suppose that [t(z) > 0. A sequence (¥, )nen, Where y, # Y, if n # m,

witnesses the limit type of xq if v, — ¢ and

1) t(yn) — lt(xo), if It(xg) is a limit ordinal; or
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2) lt(y,) = a for each n € N, if It(xg) = a + 1.

THEOREM 3.4.11. Let X be a compact countable Hausdorff topological space, with
compatible metric d, and let f : X — X be a continuous finite-to-one surjective
function. Suppose that x is a repelling fixed point of f. Then lt(zy) is not a limit
ordinal. Moreover, if lt(xy) = o+ 1 for some ordinal «, there exists 6 > 0 such that,

for any n <9,

1) ify, f(y) € By(xo) and lt(y) = «, then It(f(y)) = o;

2) {z € By(zg) : lt(2) = o, f(2) ¢ B,(x0)} is finite.

Proof. Since z is a repelling fixed point of f, there exists § > 0 such that for every

n <46, ify e By(zo) \ {zo}, then there is n € N such that d(f"(y),zo) > n. Without

loss of generality, we can assume that Bjs(xg) witnesses the limit type of z.

Since f has finite fibres, by Theorem 1.3.5, for every x € X it is true that

l(f(x)) = max{lt(w) : f(w) = f(z)} = lt(x).

Furthermore, for any n € N, lt(f"(z)) > lt(z).

Suppose that lt(xg) > 0. Choose a sequence (Y )nen in Bs(xo), Yn # Ym if n # m,

witnessing the limit type of x;.

For each y,, there exists k,, € N such that

d(fkn (yn)v xO) < 0 and d(fkn+1<yn)= IO) > 0.

Let A = {f* (y.) : n € N}. If A were infinite, then, considering a subsequence if

necessary, we can assume that there would be z € X such that f* (y,) — 2. Since
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d(f*(yn), o) < 6 for all m € N, d(z,79) < d. On the other hand, since f is contin-
uous, f*(y,) — f(z), which will imply that d(f(z),x¢) > . Therefore, z # .
Besides, since It(f*(y,)) > It(y,) for every n, It(z) > It(z,). But this contradicts the
fact that m witnesses the limit type of xy. Hence, A must be finite and, therefore,

It(xg) cannot be a limit ordinal.

Assume now that lt(z) = o + 1, for some ordinal a.

Let n < 6. If y, f(y) € B,(xo) and lt(y) = «, then, as it was said before, It(f(y)) >

lt(y) = a. Since Bs(xg) witnesses the limit type of zo, It(f(y)) < lt(xy) = a + 1.

Therefore, lt(f(y)) = a. Now, consider the following set

B={z € By(ao) : lt(z) = a, f(2) ¢ By(ao)}.

Suppose that B were infinite. Then, there would be a sequence (y,)nen of distinct
points of B3, with limit type «, such that d(f(y,),xo) > 1. Considering a subsequence
if necessary, we can assume that there would be a z € X such that y, — 2. Since
d(Yn,x0) < m, we have that d(z,z9) < 1. On the other hand, since f is continuous,
f(yn) = f(2), so d(f(2),x0) > n. Therefore z # x¢. In addtion, since lt(y,) = « for

every n, we have that [t(z) > «a+ 1, But this contradicts the fact that Bs(x() witnesses

the limit type of zy. Therefore, B is finite. ]

3.5 TRANSITIVITY IN COUNTABLE DYNAMICAL SYS-
TEMS

In Dynamics literature there are several different definitions of the property called tran-
sitivity. In [1], Akin and Carlson provide a nice and complete survey on the existing
notions of transitivity and the relationship among them. Definition 3.5.1 lists the most

common of these conceptions.
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DEFINITION 3.5.1. Let (X, f) be a dynamical system. To describe topological transi-

tivity, we consider the following properties of (X f).

(T'T) For every pair U, V' of open non-empty subsets of X, there exists k € Z such
that U N f=5(V) #£ 0.

(T'T,) For every pair U, V of open non-empty subsets of X, there exists k& € N such
that U N f=5(V) #£ 0.

(DO) There exists an orbit sequence {xy }xez or {zk}r>1 dense in X.

The next theorem is an abridged version of [1, Theorem 5.1]

THEOREM 3.5.2 (Akin and Carlson, 2012). Let (X, f) be a dynamical system. Assume

that X contains at least one isolated point.
o If (X, f) satisfies T'T, then X is finite and consists of a single periodic orbit.
o 1T is equivalent to DO for dynamical systems with isolated points.

Theorem 3.5.2 tells us that in the particular case of countable dynamical systems
the property (77, ) is not ideal, because it only makes sense in finite spaces. Therefore,
when referring to transitivity on countable dynamical spaces, we will mean condition
DO.

The following theorem, which is an adaptation of [1, Theorem 5.11], illustrates how

a dynamical system with isolated points and the property DO might look like.

THEOREM 3.5.3 (Akin and Carlson, 2012). Let (X, f) be a dynamical system such
that the set of isolated points of X, Iso(X), is non-empty. Assume that (X, f) has the
property DO, i.e., that (X, f) has a dense orbit sequence. Exactly one of the following

Cases occurs.

(1) There exists a unique = € Iso(X) such that f~'(x) = (). Then, the forward orbit

of x, Oy (x), is dense in X. Exactly one of the following occurs.
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(a) Iso(X) = O (x) consists of infinitely many distinct points in a single forward

orbit.
(b) Iso(X) = O4(x) = X is a finite, pre-periodic forward orbit of period /.

(c) Iso(X) = {f*(x) : 0 < k < n — 1} is a finite sequence of distinct points,
for some n > 0. For k > n, f*(x) is not isolated and X is infinite. The

finite set Iso(X) is not dense in X.

(2) For every point z € Iso(X) the set [~'(2) # 0, and there exists x € Iso(X)
such that f~'(x) contains two points. In that case the point x is unique and we
have Iso(X) = O(x), where O(x) denotes the full orbit through x, is an infinite,
pre-periodic orbit of period ¢, and f~'(x) = {y, f*'(x)} for some y. For all
k € N, f~%(y) is a single isolated point. The set Iso(X) is dense in X.

(3) For every x € Iso(X), f~*(z) is a singleton, and exactly one of the following

occurs.

(a) X = f(X) = Iso(X) is a single periodic orbit. This is the only case satisfying
TT, TT, and DO.

(b) For each x € Iso(X), O(x) is a Z-orbit such that O(z) = Iso(X) is dense
in X.

(c) There is a unique y € Iso(X) such that f(y) ¢ Iso(X). Iso(X) = {f~*(y) :
k € N} forms an infinite sequence ending in iy and for k > 0, f*(y) is not

isolated. Iso(X') may or may not be dense in X.
ExAMPLE 3.5.4. We will construct a dynamical system (X, f) such that
e X is a countable compact Hausdorff space;
e fis a homeomorphism;
e the derived degree of X is 2, i.e., the top limit points of X have limit type 1;

e (X, f) has a dense bijective Z-orbit.
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Let n,m € N. For every i € {0,....,n — 1}, let X; = {z;} U (w x {x;}) be a home-
omorphic copy of w + 1 with the order topology (with x; as limit point). Analogously,

define for every i € {0,...,m — 1} the space Y; = {y;} U (w X {y;}). Let

o (ie()

Consider each X; and Y; as clopen in X. With this topology, X is a countable
compact Hausdorff space.

Define f : X — X as follows

Tit1 T = x;, ©* mod n

Yi+1 r =1y;, ¢ mod m

(kyxiv1) ao=(kz),i<n—1kcw
f(x) = (k,yiv1) r=(k,y),i<m-—1kew
(k+1,29) z=(kxp 1) keEw

(k—1,9) 2= (kyYn1), k€w, k>0

(O, ZE()) xr = (O, ym—l)-

Evidently, the function f is a bijection. Let i € {1,...,n — 1}. Observe that, for
every cofinite subset A of X; containing z;, the set f~'(A) is a cofinite subset of X; ;
containing x;_;, because fT1(A) = {(u,z;_1) : (u,z;) € A} U{z; 1}, so f71(A) is
open in X. We have a similar situation for Y; for each i € {1,...,m —1}. If A is a cofi-
nite subset of Y; containing yo, then f~1(A) = {(u+1,ym-1) : (v, %) € A} U{ym_1},
which is open in X. In the case of Xj it might be possible that f~!(A), with A a
cofinite subset of X containing x, could be a cofinite subset of X,,_; containing z,,_;
union the singleton {(0,%,,_1)}, even so f~'(A) is open in X because {(0,y,,—1)} is
open. These remarks imply the continuity of f at {zo,...,Zn_1, Y0, .-, Ym—1}. Notice

that the set of isolated points of X is I = X \ {zo, ..., %n_1, Y0, .-, Ym_1}. For every
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x € I we have that f~!(z) is a singleton containing an isolated point. Therefore f is
continuous. Since X is compact, f is a homeomorphism. The set of isolated points of

X form a dense Z-orbit.

L -
Yo 0& .
y‘ R =
S . .
(23y0).ﬂ - .o
* ... o’
(27ym71)
(173/0)./,. ~ ..
(Lym:l) * «*
(07y0)./'. ” ..
[(07?;77;:1) © e «*
e ° e
(0,0)8” .
e
PN R ey .
(1,LEO). .

* o0 o o e’
[(1,5671_1)

e I
/"1/'. [ . ‘\. .
l'o‘K‘ .o
AR Al ¢

Figure 3.4: Countable system of derived degree 2 with dense Z-orbit

A natural question arises from Example 3.5.4: can a bijective Z-orbit of isolated

points converge to a point of limit type higher than 17
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The following example motivates Theorem 3.5.6.
EXAMPLE 3.5.5. There exists a dynamical system (X, f) with the following properties:

e X is a countable compact Hausdorff topological space;
e fis a homeomorphism;

e X has a single top limit point of limit type 2, and hence, the derived degree of
X is 3;

e f has a dense Z-orbit (then such orbit should contain all the isolated points of

X), i.e. f is topologically transitive.

Consider the set

For each i < 0 we define the set B; as

Define By = {xg; : 7 > 0}. If i is positive, then

Now consider

X =AU <UB¢> U {z*}.

€L

A topology will be defined on X in the following way. All the elements of | J B; will be
i€z
isolated points. For each i € Z, B; U {x;} will be clopen in X and the family
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will be a neighbourhood basis for the point x;. For the point z*, a neighbourhood basis

will be the family

{ | Biu{zjufa’}: FCZ, Ffinite}.

I€Z\F

With this topology X is a countable compact Hausdorff space, the point z* has limit

type 2, and the elements of A have limit type 1.

Let f: X — X be defined as follows

¥ r=x*
Tit1 T =x;
i) Tit1,5 r=x;451<0,52>2—1
) =
Tit1,5 T = Zij, 1> 0, 7>

T_(i-1),j-1 T = Tij, 1> 0, j =1

\$i+17j+1 T = Zij, ’l>0,j:’l—1

The function f is bijective. Besides, for each i € Z
fH(Biv) = (B\F)UG

with F a finite subset of B; and G a finite set of isolated points of X \ B;. This implies
the continuity of f. Since X is compact, f is a homeomorphism. In addition, all the
isolated points of X (notice that the set of isolated points of X is the set |J B;) form

i€z
a single orbit of f. Hence (X, f) is topologically transitive.
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r_3 T_9 T_1 X T X9 T3

X
O,
Figure 3.5: Countable system of derived degree 3 with dense Z-orbit

THEOREM 3.5.6. Let « be a countable ordinal, « > 0. There exists a dynamical system

(X, f) with the following characteristics.
1) X is a countable compact Hausdorff space.
2) f is a homeomorphism.

3) The highest limit type of a point in X is «, and hence, the derived degree of X
isa+1.

4) [ has a dense Z-orbit.

Proof. Examples 3.5.4 and 3.5.5 show that the statement is true for « = 1 and a = 2

respectively.

Let « > 2. For each j € Z, consider a homeomorphic copy of w® with the order

topology,
Xj=w* x{j}.

Let X = JX,; U U {yn}. Define a topology on X in the following way. Each X;

JEZ neN
will be considered clopen in X. Given a point z € X; with j € Z, a local basis for =
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in X, will be a local basis for z in X as well. On the other hand, each point y, will
be isolated in X. In this way, it is clear that X is locally compact and Hausdorff. Let

X = X U {z*} be the one-point compactification of X. Then, It(z*) = .

Consider the set A = X'\ {z*}. Define the function hy : A — A as
h’l(xvj) = ($7j + 1)7

where x is a limit point of w® and j € Z.

Now, let {%,j}izo be an enumeration of the isolated points of X, for every j € Z.

Define the function hy : X \ A — X \ A as follows: for every j € Z and every i > 0,

let
r
xo—; fi=07>1
v, ifO<i<j j>1
ho(@ij) = Q@i ifi>j,j>1
i1, f0<i<—541,5<0
(i ifi>—j+1,5<0;
and let

Zo,0 1=1
ha(yi) =
Yyio1 1>1

for every i € N (see Figure 3.6).
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Figure 3.6: Function hy

Finally, define the function f: X — X as

;

hl(ZL’) T e ./4

fl@) = hy(z) zeX\A

x* T =x*

The function f is bijective and has a dense orbit. On the other hand, for every j € Z,
FHX) = (X5 \ B UGy,

where F};, G are finite sets of isolated points of X such that F; C X;_; and G; C

X \ X,_1. Thus, f is continuous. Since X is compact, f is closed. Hence, f is a

homeomorphism.
O

In plain words, Theorem 3.5.6 tell us that the scattered structure of a transitive

countable compact dynamical system can be as complex as desired.
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3.6 wW-LIMIT SETS AND SHADOWING IN COUNTABLE
DYNAMICAL SYSTEMS

An important notion in the field of Dynamics is the concept of w-limit set. Its importance
lies in the fact that it captures the behaviour of forward orbits. w-limit sets are invariant
subsets, so they are themselves dynamical systems. On the other hand, the notion of
shadowing arises naturally in the numerical calculation of orbits as a way to track pseudo-
orbits within a tolerance by real orbits. In this section we prove an interesting result
which involves these concepts in the setting of countable compact dynamical systems
(Theorem 3.6.14). Additionally, we provide an example of a countable system with the
shadowing property and an example of a countable system with no shadowing condition.

We start by presenting the main three concepts of this section.

DEFINITION 3.6.1. Let X be a topological space and f : X — X a continuous

function. For every point = € X, the w-limit set of x is the set

wlw) = wiz, f) = (VT @ 0 = m}.

m>0
Observe the following facts.

1) Given a point x € X, y € w(x) if and only if y is a limit point of the sequence

(f™(x))n>0, i-e. f™ — y for some sequence of integers ny; — .

2) If x is pre-periodic, then w(x) is finite and the set of accumulation points of the

set {f"(z) : n > 0} is empty.

3) If x is not pre-periodic, {f"(z) : n > 0} is infinite and w(z) is the set of

accumulation points of {f"(x) : n > 0}.

DEFINITION 3.6.2. Let X be a metric space and let f : X — X be a continuous

function. Given § > 0, a sequence {z, },>o (or a finite sequence {z,,}*_,) of points of
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X is called a d-pseudo-orbit if

d(f(wn), Tny1) <0

for every n > 0.

DEFINITION 3.6.3. Let X be a metric space. A continuous function f : X — X is
said to have the shadowing property if for every € > 0 there exists 6 > 0 such that every
0-pseudo-orbit in X can be e-shadowed by an actual orbit, i.e. for every J-pseudo-orbit

{Zy }n>0 there exists a point = € X such that

d(zn, ["(z)) < €

for every n > 0.

It turns out that the concept of shadowing can be seen from the purely topological

point of view, as we can see in the next definition.

DEFINITION 3.6.4. Let X be a space, let f: X — X, and let i be a finite open cover

of X.

e A sequence (z,),>0 is said to be a U-pseudo-orbit if for every n > 0 there exists

U, € U such that f(x,),z,1 € U,.

e The point z € X U-shadows a sequence (z,,),>¢ if for every n > 0 there exists

U, € U such that f"(z),x, € U,.

OBSERVATION 3.6.5. Let (X, f) be a dynamical system and let U be a finite open
cover of X. Given a finite refinement V of U (for all V' € V there exists U € U such

that V C U) and a point = € X,
e if z V-shadows a sequence (u;);en, then z U-shadows (u;);en;
e if a sequence (u;);en is @ V-pseudo-orbit, then (u;);en is a U-pseudo-orbit.
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The next theorem establishes the equivalence of Definition 3.6.3 and Definition 3.6.4

(the reader interested in a proof of this result can consult [16, Lemma 5]).

THEOREM 3.6.6. Let X be a compact metric space and f : X — X a continuous
function. (X, f) has the shadowing property if and only if for every finite open cover U,
there exists a finite open cover V such that every V-pseudo-orbit can be U-shadowed

by some point of X.

OBSERVATION 3.6.7. Notice that, given a finite open cover U of X, there exists a
finite open cover V such that every V-pseudo-orbit can be U/-shadowed by some point
of X if and only if there exists a finite refinement V' of U such that every V-pseudo-orbit

can be U-shadowed by some point of X.
Before continuing we will establish the following notation.
NOTATION. Let S be a set.
1. Given two finite sequences (ay, as, ...,a;) and (by,bs, ..., b;) in S, their concate-

nation is defined by

ATB = (a17a27 "'7ak7b17627 ’bj)

2. Given a sequence (A;);en Of finite sequences in S, the sequence obtained con-

catenating the sequences A; will be denoted by

AT Ay AT AT

EXAMPLE 3.6.8. We will exhibit an example of a countable dynamical system (X, f)

with no shadowing.

Let X = {z*} U{z; : i € Z}. Define the discrete topology on {z; : i € Z} and let

X be the one-point compactification of {z; : © € Z}. Define the function f: X — X
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as follows

Evidently, f is a homeomorphism.

Let m € N and let A = {a*} U{x; : i < —m or i > m}. Consider the finite open

cover

U={A{z_n},{z_m}, - {xo}, s {xma b {zm}}

of X. Any finite refinement W of U has itself a refinement V of the form

V= {B7 {x—k}v {Qf—k+1}; i) {x0}7 S {xk—l}v {xk‘}}7

where B = {z*} U{x; : i < —Fk or i > k} for some k > m (notice that, if W is a finite
refinement of U, then there exists W € W such that z* € W and W C A, so there is
a finite set M C Z with {—m,...,0,..m} C M such that W = X \ {x; : : € M}).

Let S be the finite sequence (xq, %1, ..., Tk, T k1, Tk, T_f41,.--,L_1). Then, the

sequence

S =(S)*=8"5"5"..

is a V-pseudo-orbit. We claim that S’ cannot be U/-shadowed by any point in X. Indeed,
the only point in X which might U-shadow S’ is xg. But f2*2(2y) = 29110 € A, and
xg, which is the (2k 4 2)th term of S’ (considering z; as the first term of S’), is not
contained in A. Since the elements of U/ are pairwise disjoint, we have that x( does not
U-shadow S’. Therefore, S’ is a V-pseudo-orbit which cannot be U/-shadowed by any

point in X. This proves that (X, f) does not have the shadowing property.

EXAMPLE 3.6.9. We present an example of a countable dynamical system (X, f) with

the shadowing property.

Let X = {z*,y*} U{z; : i € Z}. Define on X the following topology. For each
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1 € Z, x; will be an isolated point. A neighbourhood basis for the point z* will be the
family

{{zx} U{z; i <m}:m e Z,m<0}.

Similarly, a neighbourhood basis for the point y* will be the family
{H{y«} U{az; i >m}:meZ,m>0}.

Endowed with this topology, X is a countable compact Hausdorff space. Define the

function f : X — X as follows

It is clear that f is a homeomorphism.

We will now show that X has the shadowing property. Let I/ be a finite open cover

of X. U has a finite refinement V of the form

{U,VIU{{x;}: —m <i < m},

where U = {z*} U{x; : i < —m} and V = {y*} U {x; : : > m}, for some m € N. We
claim that any V-pseudo-orbit can be V-shadowed by a point in X.

Let (u;);>0 be a V-pseudo-orbit. There are three possibilities:
(1) u; € U for every i > 0, or
(2) u; € V for every i > 0, or

(3) there exists n € N such that w; € V fori > nand u; € X \ V fori < n (so a

finite non-empty set of terms of (u;);>o is contained in X \ V) .
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In case (1) the point z* V-shadows (u;);>o. Analogously, in case (2) the point y*
V-shadows (u;);>0. If there exist n € N such that u; € V for i > n (we can assume
without loss of generality that n = min{j € N : u; € V fori > j}), then u, = x}
for some k with —m < k < m (if u, were an element of U, then f(u,) = z* or
f(u,) = x; with [ < m, in both cases f(u,) ¢ V, which is not possible since (u;);>0 is
a V-pseudo-orbit). In this case, the only element of V that covers u, is {4}, thus if
y is a point of X that V-shadows (u;);>0, then f"(y) € {x\}, i.e. f™(y) = x. Hence
the point z4_,, V-shadows (u;);>o. Therefore, any V-pseudo-orbit can be V-shadowed,
and hence U-shadowed (see Observation 3.6.5), by a point in X. This proves that X

has the shadowing property.

Now we will work towards a proof of Theorem 3.6.14. We begin by presenting
the concepts of abstract w-limit set and internally chain transitive set, which will be
necessary to state Bowen-Sharkovsky Theorem (Theorem 3.6.12). A proof for this result
can be found in [5, Lemma 2.5, Theorem 2.6]. Bowen-Sharkovsky Theorem will help us

to prove Lemma 3.6.13.

DEFINITION 3.6.10. Let X be a compact metric space and let f : X — X be a
continuous function. A closed subset A of X is said to be internally chain transitive if
for every € > 0 and for every x,y € A there is an e-pseudo-orbit (z;)"_, C A such that

r =x9 and y = x,.

DEFINITION 3.6.11. Let X be a compact Hausdorff space and let f : X — X be
a continuous function. (X, f) is said to be an abstract w-limit set if there exist a
compact Hausdorff space Y and a continuous function g : Y — Y such that (X, f) is

topologically conjugate to (w (¥, 9), g lw(y,q)) for some y € Y.

THEOREM 3.6.12 (Bowen and Sharkovsky). A metrisable dynamical system is an ab-

stract w-limit set if and only if is internally chain transitive.

LEMMA 3.6.13. Let X be a compact metric space, let f : X — X be a continuous
surjective function, and let x € X . If w(x) is finite, then w(x) is a single periodic orbit.
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Proof. By Theorem 3.6.12, the set w(x) is internally chain transitive. Let w(z) =
{1, 29, ...,x} for some k € N. Let € be a positive number such that the elements of
the family of balls {B.(x;) : 1 < i < k} are pairwise disjoint. Let i,j € {1,2,..., k}.
Since w(x) is internally chain transitive, there exist m € N and an e-pseudo-orbit
(Yn)1<n<m in w(x) such that x; = y; and x; = y,,,. Then, for every n € {1,...,m — 1},
d(Yn+1, f(yn)) < €. This implies that y,,.1 = f(y,) for each n, i.e., (yn)1<n<m is an
actual orbit. Therefore, x; = f™(z;). Since this is possible for all 7, € {1,2,...,k},

w(x) is a single periodic orbit. O
Now we are in position to prove the main theorem of this section.

THEOREM 3.6.14. Let X be a countable compact metric space and let f : X — X be
a continuous surjective function with the shadowing condition. For every x € X, w(x)

is a periodic orbit.

Proof. Suppose that there exists © € X such that w(z) is not a periodic orbit. If w(z)
is not a periodic orbit, then w(z) is a compact infinite subspace of X by Lemma 3.6.13.
By Theorem 3.4.6, the top limit points of w(x), i.e., the points with the highest limit
type in X, form cycles among them. Let {y1, 2, ..., yr} be a cycle of top limit points of
w(z), i.e., f(y;) = yir1 where i is taken modulo k. Choose z € w(z) such that z # y;

for every © < k. Let d be a positive number such that the elements of the family

{Bs(yi) - i <k} U{Bs(2)}

are pairwise disjoint, and let ¢ be a positive number such that ¢ < §/3. Since (X, f)
has the shadowing property, there exists a positive number d. < € such that every

de-pseudo-orbit is e-shadowed by a point of X. Now, since y;,z € w(x), there exist
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my, Mo, n1, Ny € N such that my > mq, ny > ny and

™ (x) € Bs, (1)

fm2(x) € Bs,ja(2)

" (x) € Bs.j2(2)
)

f*(z) € Bs.(n1)

Let M be a natural number such that Mk > ms — m;. Consider the following finite

sequences

A= (™ (@), [ (@), S (@), [ (@), S (@), s [ ()
BO = <y17y27 7yk)

B'=B""B" B"..B" B

g
M+1 times

Now, for every {s;}icn € 2V, consider the following sequence of points of X

Clsiyien = BT ATB» ALLATB" A

}ien

Notice that there are ¢-many sequences of this form.

We claim that, for each {s;}icn € 2V, the sequence Cls, is a d.-pseudo-orbit. To

}'L'EN

see this, it is enough to observe that

d(f(yr), f™ (x)) = d(y1, f™ ()

< d¢;
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d(f(f™ @), ™ (@) = d(f™ (), f ()
< d(f™ (), 2) +d(z, [ (2))

< d¢;

d(f(f™ (@), p) = d(f™ (), 1)

< 0.

Let {s;}ien and {t;}ien be two distinct elements of 2V, We will prove that no point in

X can e-shadow both Cy,},.,, and Cy,},., at the same time.

Yien
Let m = min{i € N : s; # ¢;}. Consider the finite sequence

B A B2 T ALATB 1T ACBY, ifm > 1
D —

B, ifm=1

Assume, without loss of generality that s,, = 0 and that ¢, = 1. Then

Clapen = DTATB ™17 AL

}iEN

and

Cltyien = D"BY_BY..B" B A"B"™""A..
M times

Let n the number of terms of D. Then, the (n + 1)th term of Cy ., is f™ () and
the (n + 1)th term of C,3, ., is 1. Besides, observe that the number of terms in the

finite sequence

(f™ (@), fm (@), S ()

is ma —my. Since Mk > my —my, the (n+mg —my + 1)th term of Cy, 3, is ™ (x)
and the (n 4+ mg — my + 1)th term of Cl,y,, is y; for some j < k. If there were a
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point u € X such that d(u, ™ (z)) < € and d(u,y;) < €, then

d(z,y;) < d(z, [ (x)) + d(f™ (2), y;)
< d(z, " () + d(u, [ () + d(u, y;)
<0 /24+¢€+e
< 3e

< 6,

but this is not possible because Bs(y;) N Bs(z) = (0. Therefore, no point of X can

e-shadow both ('3, and Cyy,y,, at the same time. This implies that

}ien
’{C{si}iEN : {Si}ieN € QN}‘ < |X’

since each J.-pseudo-orbit is e-shadowed by a point of X. But this is a contradiction
because X is countable and |{C{s},c @ {si}ien € 2V}| = ¢. Therefore, for every

x € X, w(x) is finite, and hence, a single periodic orbit. O

As a last result in this chapter we aim to prove that, in countable compact dynamical
systems, shadowing and internal chain transitivity are not compatible unless the system

is a single periodic orbit (Corollary 3.6.16).

LEMMA 3.6.15. Let X be a countable compact metric space and let f : X — X be a

continuous surjective function. If X is internally chain transitive, then either
e X is a single periodic orbit, or
e X /s infinite and contains no periodic orbit of isolated points.

Proof. Let X be a countable compact metric space and let f : X — X be a continuous

surjective function. Assume that X is internally chain transitive.

If X is finite, then every point of X is periodic, because f is surjective. Suppose

that X has at least two different cycles (z;)o<i<r and (y;)o<i<m, with k,m € N. Choose
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a positive number ¢ such that the elements of the family

{B(zx):x € X}

are pairwise disjoint. Then, any e-pseudo-orbit is an actual orbit. This means that there
is no e-pseudo-orbit (u;)o<i<; in X such that uy = z¢ and u; = y,. But this contradicts
the assumption of X being internally chain transitive. Therefore, X must be a single

periodic orbit.

Now suppose that X is infinite and contains a periodic isolated point zy such that
the periodic orbit O, (zy) consists of isolated points. Choose a positive number ¢ such
that Bs(x) = {x} for every z € O (). Then, any d-pseudo-orbit (u;)o<i<; in X such
that ug = zo will be the actual orbit (f*(z))o<i<;. This means that, if y ¢ O, (z),
there is no d-pseudo-orbit (u;)o<;<; such that ug = x¢ and u; = y, which is not possible
because X is internally chain transitive. Hence, if X is infinite, then X contains no

periodic orbit of isolated points. m

COROLLARY 3.6.16. Let X be a countable compact metric space and let f : X — X
be a continuous surjective function. X cannot have the shadowing property and be

internally chain transitive unless X is a single periodic orbit.

Proof. Let f : X — X be a continuous surjective function defined on a countable
compact metric space X such that X is internally chain transitive. By Lemma 3.6.15,
X is either a single periodic orbit or an infinite space with no periodic orbits of isolated
points. If X is a single periodic orbit it is clear that X has the shadowing property.
Assume that X is infinite. By Theorem 3.6.12, X is an abstract w-limit set. Just
as we did in the proof of Theorem 3.6.14, we can find a positive number ¢ such that,

for every o with 0 < § <¢,
e there is a family A of d-pseudo-orbits in X such that |A| = ¢, and

e every point x € X can e-shadow at most one element of A.
103



If X has shadowing, for such € there exists a positive number 6., with §, < ¢, such that
every d.-pseudo-orbit in X can be e-shadowed by a point in X. But this contradicts the
fact of X being countable. Therefore, if X is internally chain transitive and infinite, it

does not have the shadowing property. O]
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CHAPTER 4

EMBEDDABILITY ORDER IN THE

FAMILY OF CLOSED SETS OF R

The ordering by homeomorphic embeddability of topological spaces has raised interest
since the early 20th century, when Kuratowski and Sierpinski established that it was
possible to construct families of subspaces of the continuum whose embeddability or-
dering modelled ¢* [23] or the antichain on 2° points [22]. Since then, some progress
has been made in establishing the possible ordertypes of families of subspaces of a given
topological space X under the embeddability ordering, for some of the most familiar
instances of X, like R (see the work of Matthews and McMaster in [24], and McCluskey
et al. in [25] and [20]) and Q (see the article of Gillam [13]).

Taking inspiration from this line of research, in this chapter we analyse the ordering
by homeomorphic embeddability as a closed subspace on the family of closed sets 2%
of R. No previous work on this kind of ordering is known to us. Given the relation ~
defined as A ~ B if and only if A can be embedded into B as a closed subset and
vice versa, we are interested in the set 2%/~ and in the order induced on it by ~. We

succeed at characterising 2%/~ (Theorem 4.3.1) and we provide a description of the
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ordering of its elements.

4.1 A BRIEF OVERVIEW

Given a family of topological spaces F and a partially ordered set P, P is said to be
realisable within F if there is an injection ¢ : P — F such that p < ¢ if and only if ¢(p)
can be embedded homeomorphically into ¢(q). In the particular case of the family of
subspaces of the real line, discussions on realisability can be traced back to 1926, when
Kuratowski and Sierpinski revealed, while working on extensibility of continuous maps
over G5 subsets, that is possible to realise within P(R) the following partially ordered
sets: the antichain on 2°¢ points [22], and the ordinal ¢t [23]. More recently, Matthews
and McMaster [24] proved that any partially ordered set of cardinality at most ¢ can be
realised within P(R). Later, in [25] McCluskey et al. proved that the powerset P(R) of
R ordered by set-inclusion can be realised within P(R). In addition, in [20], McCluskey
and Knight proved that there is no ZFC analogous result to the one of Matthews and
McMaster for cardinality 2°.

Some work in a more general direction has been done by Comfort and Gillam in [7],
where the authors prove that, for every k > w, there is a zero-dimensional Hausdorff
space S such that every poset of cardinality x can be realised within P(S). On the
other hand, in [13] Gillam provides a characterisation of P(Q) with the embeddability
ordering in terms of scattered subspaces of Q with finite derived degree. In this article
the author establishes several results relating the derived degree of countable scattered
spaces to their embeddability properties. This represents a connection between the

embeddability ordering topic and the material presented in previous parts of this thesis.

4.2 PRELIMINARIES

In this chapter we will consider the real line R with the usual topology. The symbol 2%

will denote the family of all closed subsets of R. By interval we mean a non-degenerate
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interval of R.

Given C € 2R, there exists a least ordinal a such that C(®) = C® for any
B > «, where C®) denotes the Sth Cantor-Bendixson derivative (see Definition 1.1.2).
Perf(C) will denote C®. Clearly, Perf(C) is a closed set. C' is said to be a perfect
set if C'= Perf(C), i.e. C'is closed and has no isolated points.

Recall that a space X is called zero-dimensional if it has a basis consisting of clopen
sets. Besides, X is said to be totally disconnected if the only connected subsets of X
are the empty set and the one-point sets.

C will denote the Cantor set. A space is called a Cantor space if it is homeomorphic
to C. In addition, for every i € N, C; will denote a Cantor space embedded in the
interval [2i,2i + 1]. It is worth remembering that C is a metrisable, zero-dimensional,
totally disconnected, perfect and compact space.

In [6] Brouwer proves that any two non-empty compact Hausdorff spaces without
isolated points and having countable bases consisting of clopen sets are homeomorphic
to each other. On the other hand, it is well-known that a Hausdorff locally compact
space is zero-dimensional if and only if is totally disconnected (see [31, Theorem 29.7]).
Both results combined give us the following characterisation of all the spaces which are

homeomorphic to C.

THEOREM 4.2.1. A topological Hausdorff space is a Cantor space if and only if it is

non-empty, perfect, compact, totally disconnected, and metrisable. O

COROLLARY 4.2.2. Let C € 2%, If Perf(C) is non-empty, compact, and does not

contain an interval, then Per f(C) is a Cantor set. O

Theorem 4.2.1 allows us to prove the next lemma, which will be a necessary tool in

the proof of Theorem 4.3.1, the main result of this chapter.

LEMMA 4.2.3. Any totally disconnected compact subset of R can be embedded into a

Cantor space.

Proof. Let C' be a totally disconnected compact subspace of R. Suppose that
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C'\ Perf(C) # 0. There exists a family of open sets

{U, :x € C, x isolated in C'}

such that U,NC = {z} and, if z,y € C are distinct and isolated, U, NU, = (). Choose

a Cantor subset of U, containing x, say C,. Theset D = CU |J C, is compact,
zeC\C
perfect (since every isolated point of C'is contained in a Cantor subset of D) and totally

disconnected. Therefore, by Theorem 4.2.1, it is a Cantor space. O

4.3 EMBEDDABILITY ORDER IN THE FAMILY OF CLOSED

SETS OF R

Consider the relation ~ defined on 2% as follows: given A, B € 2% A ~ B if and only
if A can be embedded homeomorphically into B as a closed subspace and vice versa.
The relation ~ is an equivalence relation. Our purpose is to provide a list of all the

elements of 2% /~.

NOTE. Throughout this section, by embedding we mean embedding as a closed subset.

THEOREM 4.3.1. Let C be a closed subset of R. C' belongs to the equivalence class

of one of the following sets with respect to relation ~.
1) 0;
2) w®n + 1, for some countable ordinal o and some n € w;
3) C;
4) [0,1];
5) w + w”, for some countable ordinals o, 3 with a > 3 > 0, and some n > 1;

6) w*n, for some countable ordinal o and some n > 1;
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7) (—o0,—1];
8) CUw®, with a a countable ordinal;
9) 10,1] Uw®, with « a countable ordinal;
10) (—o0, —1] Uw®, with « a countable ordinal;

11) (=00, —1] U [1,00);

i>1
13) [0,1]U UC;;
i>1
14) U[2i,2i + 1;
i>1
15) (—o0, 1] U UC;;
i>1
16) (—o0, —1]U J[24,2i + 1];
i>1
17) R;

Proof. Let C be a closed non-empty subset of R.

Case 1. Suppose that C' is bounded. If C' contains an interval, clearly [C’} = [[0, 1}}
If C'is totally disconnected and Per f(C') is non-empty, by Corollary 4.2.2, Per f(C) is
a Cantor space. Therefore C can be embedded into C. In addition, by Lemma 4.2.3, C
can be embedded into C. So [C’} = [C} In the case that C' is scattered, there exists
a countable compact ordinal w®n + 1 such that [C’} = [wan+ 1} (see Theorem 1.1.1,

Theorem 1.2.1 and Theorem 1.2.3).
Case 2. Assume that C is unbounded. Evidently, [R} = {R}.

If C' has two unbounded connected components, then C'is a set of the form (—o0, a] U
D U [b,00) for some a,b € R and D C R such that a < b and D is properly contained

in (a,b). Clearly, (—oo,—1] U [1,00) can be embedded into C' as a closed subspace.
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Choose a point = € (a,b) \ D. Since C is closed, there exists an open interval (c,d)
which contains z and that (¢,d) C (a,b) \ D. Then, C' N (—o0,c| and C' N [d, c0)
can be embedded homeomorphically, respectively, into (—oo, —1] and [1, 00) as closed

subspaces. Therefore [C} = [(—oo,—l] U [1,00)].

Suppose now that C' has just one unbounded connected component, say, without loss

of generality, (—o00, a|. In this case we have to analyse different situations.

Case a) If C'\ (—o0, a] is bounded, then C' can be embedded into (—oo, —1] as a closed

subspace. So, [C’] = [(—oo,—l]].

Case b) Suppose that C'\ (—o0, al is not bounded and it contains infinitely many dis-
joint closed intervals whose union is not bounded. Since (—o0, a] is the only unbounded
connected component of C, we have that R\ C is a set which is not bounded from
above. Pick b; € R such that b; > a and b; ¢ C. We can get a sequence of points in
R\ C such that b,.; > b, + 1 for every n > 1. Since C is closed, for every b, there
exists €, > 0 such that (b, — €,,b, +¢€,) CR\ C. We can embed C' N (—o0,b; — €]
into (—oo, —1], and, for each n > 1, C'N [b, + €,,bp11 — €,4+1] can be embedded
into [2n,2n + 1]. So, C' can be embedded into (—oo, —1] U |J [2n,2n + 1]. On the
other hand, since the union of intervals of C'\ (—o0,a] is nZtZIbounded, there exists
a subsequence {by, }nen Of {by}nen such that C N [by, + €, , bk, +1 — €k, +1] contains
a closed interval, say C,. Then [2n,2n + 1] can be embedded into C},, for every n.
Therefore, [C’} = [(—oo, -1 U 'L>J1[2i’2i + 1]|.

Assume that C'\ (—o0, a] contains closed intervals whose union is bounded. Let us call

A such union. Then (—oo, a]U(C'N(a,supA]) can be embedded into (—oo, 1]. Hence,

we only need to study the cases when C'\ (—o0, a] contains no intervals at all.

Case ¢) Now suppose that C'\ (=00, al is not bounded, that C'\ (—o0, a] does not con-
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tain intervals, and that it contains infinitely many disjoint Cantor sets whose union is not
bounded. Let {b,,},en be a sequence of R\ C' such that b, > b, + 1 for every n > 1.
Since C'is closed, for every b,, there exists €, > 0 such that (b, —€,,b, +¢,) CR\ C.
For each n € N, [b, + €,,b,41 — €,401] N C is a closed subset of R which does not
contain an interval. Since the union of Cantor subsets of C'\ (—o0, a] is not bounded,
for infinitely many n € N, Perf([b, + €,,b,11 — €,51] N C) is not empty. Then, by
Corollary 4.2.2, for infinitely many n € N, Perf([b, + €n, byi1 — €401) N C) is a Cantor
space. Therefore (—oo, —1] U [JC; can be embedded into C'. In addition, by Lemma
4.2.3, [by + €n, b1 — €nti] ﬂzélcan be embedded into C,, for every n. So C' can be
embedded into (—oo, —1] U 'L>JlCi. This means that [C} = [(—oo, -1 U 'L>JlCi :

Case d) Assume that C'\ (—o0,a] is not bounded and that there is a b > a such
that any interval or Cantor subset of C' is contained in (—o0,b]. Then (—o0,b] N C
can be embedded into (00, a]. So we only need to study the case when C'\ (—o0, a]
is not bounded and it is scattered. In this case, C'\ (—o0,a| is homeomorphic to a
countable ordinal a.. Let w?c; + w™cy + ... + wP ¢, be the Cantor normal form of «
(see Section 1.1.2). Since « is not compact, we can suppose that 5, > 1. Notice that
a = whe; + wcy + ...+ W (e, — 1) + 1 + wP*, because w’* is homeomorphic to
1 4+ wP . The ordinal w’ic; + wcy + ... + WP (e — 1) + 1 is compact since it is a
succesor ordinal, therefore, the part of C'\ (—o0, a] which is homeomorphic to it, say D,
is bounded and can be embedded into (—oo, —1]. This implies that C'\ ((—o0, a] U D)

is unbounded and homeomorphic to w”*. So [C} = [(—oo, —1] U wP|.

Now suppose that C' has a connected component but all connected components of C
are bounded. Without loss of generality, we can assume that C' is bounded from be-
low, but not from above. Since all connected components of C' are bounded, we can
get a sequence {b,}nen in R\ C such that b,,1 > b, + 1 for every n > 1, just like
we did in the previous cases, and since C' is closed, for every b, there exists ¢, > 0

such that (b, — €,,b, + €,) € R\ C. Furthermore we can choose {b, },en such that
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by + €1, bpy1 — €ng1] NC # () for every nand C = | [by + €0y bps1 — €ni1] N C.
neN
Case a) Suppose that there exists a subsequence {by, }nen Of {b, }nen such that C'N
bk, + €k, bk, +1 — €k, +1] contains a closed interval, say Cy,,. Then [2n,2n + 1] can be
embedded into Cy,, for every n, which means that |J [2n,2n + 1] can be embedded
n>1
into C. On the other hand, for each n, C' N [b, + €,,bn+1 — €,41] can be embedded
into [2n, 2n + 1]. So, [C] — [U[%,?Hl} |
i>1
Case b) Now consider the case in which, only for finitely many (nonzero) n € N,
C N [by + €n,bni1 — €,11] contains an interval. Let M be the largest positive integer

with this property. Then, C' N (—00,by11 — €pr41] is compact and can be embedded

into [0, 1] and vice versa. We have two cases.

Case b1) Assume that we can find a subsequence {by, }nen of {b,, }nen such that k, > M
for every n, and that Per f(C'N[bg, +€x, , bk, +1— €k, +1]) is nonempty. As we said in pre-
vious cases, Per f(C'N by, + €, , b, +1 — €k,+1]) is a Cantor set. Therefore [0, 1]U [JC;
can be embedded into C'. In addition, by Lemma 4.2.3, C'N[b,+ €, bpi1 — €nt1) caz?be
embedded into C,, for every n > M +1. Then, CN[byr41+ €prr41,00) can be embedded
into |J C,, and vice versa. This implies that [C} = [[O, 1ju UCJ
neN i>1

Case b2) Suppose that there exists a largest positive number L such that C' N [b, +
€r,br11 — €41 contains a Cantor set. Let N be the maximum of {M,L}. C N
(—00,byy1 — €n41] is compact, so we can embed C' N (—o0,byy1 — ex41] into [0, 1].
On the other hand, C'N [byy1 + €xy1,00) is scattered and unbounded, therefore it is
homeomorphic to a countable ordinal a. Let w”c; 4+ w®cy + ... + wP ¢}, be the Cantor
normal form of a.. Since « is not compact, we can suppose that S > 1. Notice that a =
whier+wey+.. 4wl (e —1)+1+wP. The ordinal w’te; +wP2eo+...+wP (¢, —1)+1
is compact, then the part of C'N [by 41 + €x+1,00) which is homeomorphic to it, say D,

is bounded and can be embedded into [0, 1] as well. Hence C'\ ((—00, by41 —€en+1]UD)

112



is unbounded and homeomorphic to w”*. So [C} = [[0, 1] Uwﬂk}
Case c) Assume that C' contains no intervals at all.

Case cl) If we can find a subsequence {by, }nen Of {by nen such that Per f(C N [by, +

€k s Dk +1 — €k, +1)) is nonempty, just as we did in previous cases, C,, can be embedded

into C'N [bg, + €k, bk, +1 — €k, +1]- Then [ JC; can be embedded into C'. On the other
i>1

hand, by Lemma 4.2.3, C' N [b, + €,,bn11 — €,11] can be embedded into C,, for every

n € N, since each CN[b, +€,, b, 11 —€,11] is totally disconnected and compact. Hence,
] = el
i>1

Case c2) If there exists a largest positive number L such that C'N[by + €, bp11 —€r11]
contains a Cantor set, then C' N (—o00,br+1 — €141] is compact and, since it is to-
tally disconnected, by Lemma 4.2.3, can be embedded into C;. On the other hand,
C N [bpy1 + €r41,00) is scattered and unbounded, therefore it is homeomorphic to
a countable ordinal a. Let w®¢; + wPey + ... + wP ¢, be the Cantor normal form
of a. Since « is not compact, we can suppose that 5, > 1. Notice that a =
whep + whey + .o+ W (e — 1) + 1 + wP. The ordinal wfic; + wcy + ... +
w? (e, — 1) + 1 is compact and totally disconnected, then, by Lemma 4.2.3, the part
of CN[bry1+ €r+1,00) which is homeomorphic to it, say D, can be embedded into C;

as well. Hence C'\ ((—00,br41 — €r+1] U D) is unbounded and homeomorphic to w?*.

so [C] = [cruw].

Case c3) Suppose that C' is scattered. Then C' is homeomorphic to a countable ordinal
a. Let wfey 4+ wP?ey + ... + wPkc, be the Cantor normal form of o. Since « is not
compact, we can suppose that 3, > 1. Notice that o = w’i¢; +w™cy + ... + W (cr —
1)+ 1+wP. The ordinal w’ic; +w2cy+ ...+ wP (e — 1) + 1 is compact, and the part
of CN[bri1+ €r41,00) which is homeomorphic to it, say D, is homeomorphic copy of

w?c; + 1 (see Theorem 1.1.1). In addition C'\ D is unbounded and homeomorphic to
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W’ . So [C} = [wﬂlcl +w5k} O

Consider the relation < on 2%/~ as follows: given A, B € 2%, [A] < [B] if and only
if A is embeddable into B. The partial order < will be called the embeddability order

on 2%/~ Our next goal is to provide a description of (28/~ ).

The following list of conditions (A-F and C1-C11) describes the order < on 2%/~

(for a summary, go to Figure 4.1).
(A) [(D] < [E} < [R] for every E € 2F;
(B) for every countable ordinal «,

[[0, 1] U Uc] a[U2i 20 + 1]}

— < :(——oo, —1}}
N :(—oo, -1 U wa]
q :(—oo, -1 U UCZ}

< :(—oo, ~1ul 2.2 + 1]}

1>1

< :(—oo, 1Juf, oo)};

(C) for any countable ordinals a1, a and every n € w,

wrn 1] < c]
4 :[o, 1]]
4 :[0, 1] Uw”}
< :[0, 1] U Uci]5

i>1
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(D) for any countable ordinals a1, s and every n € w,

[wo‘ln + 1} < C}
< :C U w”]

4 UCJ

i>1

N :[O, 1ju UCi];

i>1

(E) for every pair of countable ordinals «, 3, with 0 < § < «, and every n > 1,

nss] o o]

i>1

(F) for any countable ordinal «, with 0 < «, and every n > 1,

[wan] < LZICi

Observe that the cases (2), (5), (6), (8), (9) and (10) of Theorem 4.3.1 are not single
sets, but families of sets. Therefore, for these particular cases, we have the following

conditions.

NOTE. Recall that a countable ordinal w® can be embedded as a closed subset into w”

if < B, into JC;, into |J[24,2i + 1], and into (—oo, —1].
i>1 i>1

(C1) For any countable ordinals «, 8 and any n,m € w,
[wan + 1} < [wﬂm + 1]
if either « < 3, or « = f and n < m.
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(C2) For any countable ordinals a, 3,7, with 0 < v < 3, and any n,m € w,
[wan + 1} N [wﬁm + w”]

if either « < B, or a« = [ and n < m.

(C3) For any countable ordinals «, 3,7,9, with 0 < < @ and 0 < § < 7, and any
n,m>1,

[wo‘n +wﬁ} N [wvm —|—w‘1
if either a <yand f<d;ora=vn<m,and g <.

(C4) For any countable ordinals o, 8,7, with 0 < f < «and 0 <, and any n,m > 1,
[wan + wﬁ} < [uﬂm]

if either « < v; or &« =~y and n < m.

(C5) For any countable ordinals o, 8,7, with 0 < f < aand 0 < , and any n,m > 1,
o n s

if v < p.

(C6) For any countable ordinals a, #, with 0 < « and 0 < 3, and any n,m > 1,
[wan} < [wﬁm}

if either « < B; or « = and n < m.

(C7) For any non-zero countable ordinals oy, as, as, au, as, ag, az, as, with ag < as,
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and any n > 1,

[w‘”n + w‘”] N -C U wo‘3]

< :C U w”“*]
<}QHUM%}
N :[O, 1Ju w%}

N :(—oo, —1]uU w‘”]

q :(—oo, —1JU wag]

ifay <az<ay<as<ag<ar<as.

(C8) For any countable ordinals o, §, with 0 < (3, and any n,m € w, with 1 < m,
[wan + 1] < [wﬂm]

if either o < B; or « = 8 and n < m.

(C9) For any two non-zero countable ordinals o, 3, and any n > 1,
[wo‘n} < [C U wﬁ}

if a <p.

(C10) For any non-zero countable ordinals «, 3,7, with 5 < «, and any n > 1,
[wan + wﬁ] 4 [[0, 1Ju uﬂ]

if 5 <~.
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(C11) For any non-zero countable ordinals «, 5, and any n > 1,
[wo‘n} Q [[0, 1Ju wﬁ]

if a < 6.

Figure 4.1 illustrates the embeddability order on 2% /~. In it, A < B is represented
by an arrow or a sequence of arrows going from A to B. In the case of curved arrows,

some condition from the list (C1-C11) is required for the existence of an embedding.
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]
Lyl[%, 2i + 1]}
[[o 1] uiylci}

{Ucz} [0 1Uw® ]k)ClO

CSC[C Uwa“} [[0, 1]]

c7 [C]

C4 ) 3 c2

c6 C [wesns] ? [wooms +wf] [wrm +1]Da

Figure 4.1: Embeddability order on 2%/~
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Theorem 4.3.1 also provides us with an immediate characterisation of IC(R)/~,

where IC(R) denotes the family of compact subspaces of R.

COROLLARY 4.3.2. Consider the relation ~y defined on the family of compact sub-
spaces of R as follows: A ~ B if and only if A can be embedded homeomorphically into
B as a compact subset and vice versa. Let C' be a compact subset of R. C' belongs to

the equivalence class of one of the following sets with respect to relation ~.
1) 0,
2) w*n + 1, for some countable ordinal o and some n € w;
3) C;

4) [0,1]. O
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CONCLUDING REMARKS

In this thesis we studied countable dynamical systems from the perspective of three
different topics. The scattered structure of countable dynamical systems was the fun-
damental notion that unified these subjects. Presently, we give a summary of the main
results of each chapter and we raise some questions that can lead to future research (at
present, we are unable to make any conjecture).

In Chapter 2 we characterised the pairs of maps f: X — Y and g : X — Z which
can be made simultaneously continuous when defining the One-Point Compactification
of a discrete space topology on Y and Z (Theorem 2.3.9). It was also proved that this
result does not solve the problem of simultaneous topologising because a pair of functions
can induce a scattered structure on the sets as complicated as desired (Theorem 2.4.2).

The following are some of the questions that arise naturally:

(1) What can be said on simultaneous topologisation when considering a pair of

functions f: X — Zand g: Y — 27,

(2) What can be said on simultaneous topologisation when considering a pair of
functions f: X — X and g : X — X7 (In this case, Suabedissen [28] has made
some remarks about the difficulty of finding a general solution, but probably it

can be solved for particular instances of X, for example when X is countable);
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(3) Given functions f : X — Y and g : X — Z, is it possible to find compact metris-

able topologies on X, Y and Z that make f and g simultaneously continuous?

In Chapter 3 we proved the ubiquity of countable dynamical systems in interval
maps (Theorem 3.3.2). We also characterised the continuous functions on countable
compact spaces (Theorem 3.4.3). Additionally, we learned that their top limit points
form cycles among them (Theorem 3.4.6) and that a repelling fixed point of a countable
system with finite fibres cannot have a limit ordinal as its limit type (Theorem 3.4.11).
Regarding transitivity, Theorem 3.5.6 proves that there are countable systems with a
scattered structure as complex as desired. On the other hand, Theorem 3.6.14 tell us

that the w-limit sets of a compact countable system with shadowing are periodic orbits.

(1) Can we obtain a characterisation of the countable dynamical systems with the

shadowing property?;

(2) There are many dynamical notions we have not look at, such as recurrence, non-
wondering sets, mixing, etc. What can we say about them in the context of

countable dynamical systems?

In Chapter 4 we focus on the ordering by embeddability as a closed subset on the
family of closed subspaces of the real line. We succeeded at characterising the poset

(2% /~,<). We find interesting the following question.

(1) Is it possible to characterise the ordertypes of (2%/~,<)?
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