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ABSTRACT

This thesis is primarily concerned with saturated fusion systems over groups of shape
q" : ¢ where ¢ = p™ for some odd prime p and some natural number n. We shall present
two results related to these fusion systems.

Our first result is a complete classification of saturated fusion systems over a Sylow
p-subgroup of SL3(q) (which has shape ¢* : ¢). This extends a result of Albert Ruiz and
Antonio Viruel, who studied the case when ¢ = p in [36]. As an immediate consequence
of this result we shall have a complete classification of p-local finite groups over Sylow
p-subgroups of SLs(q).

In the second half of this thesis we shall construct an infinite family of exotic fusion
systems over some groups of shape p" : p. This extends some work of Broto, Levi and

Oliver, who studied the case when r = 3 in [12].
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INTRODUCTION

In a finite group G, conjugate elements x and y have the same order. If 7(|x|) = {p1,...p,}
(where for any n € N, m(n) is the set of primes dividing n) then x = z;...z, and
Yy =11 ...y, where z;, y; are uniquely determined p;-elements of (x) and (y) respectively.
This means that if x and y are conjugate in GG, then so are x; and y;. This property,
together with Sylow’s Theorem, shows that many problems involving conjugacy in finite
groups can be reduced to problems about conjugacy of elements in Sylow p-subgroups of
finite groups. This is the concept of fusion; more formally, we say that elements x and y
of a Sylow p-subgroup S of a finite group G are fused if they are conjugate in G but not
necessarily in S.

A fusion system over a finite group S is a category whose objects are the subgroups
of S and whose morphisms consist of monomorphisms of groups, and which include all
the maps induced by conjugation in S. A natural example of a fusion system is obtained
by taking a subgroup S of a group G, and setting Fg(G) to be the fusion system whose
morphisms are simply the maps induced by conjugation in G. The idea of encoding
information about fusion in a category is due to Puig [33], who used them to study p-
blocks of finite groups. This idea was subsequently picked up by Broto, Levi and Oliver
in [10] and used to study classifying spaces of finite groups. In [11] they studied a class of
topological spaces which behave similarly to classifying spaces of finite groups. This lead

them to define p-local finite groups, algebraic objects which admit a notion of a ‘classifying



space’ which gives rise to such topological spaces. Part of this definition formalizes the
notion of a fusion system of a finite p-group, where p is a prime.

One of the most important properties of fusion in finite groups is explained by Alperin’s
Fusion Theorem (see [1]). This shows that all fusion in a finite group is local, i.e. that
any fusion in a finite group G takes place inside the normalizers of certain non-identity p-
subgroups of G. The concept of a saturated fusion system was first introduced by Puig in
[33] (who called them full Frobenius systems). A saturated fusion system has the property
that some form of Alperin’s Fusion Theorem holds, i.e. that the fusion is local in some
sense. In particular, a saturated fusion system is controlled by a subclass of subgroups
which we call Alperin subgroups. The definitions were later reformulated by Broto, Levi
and Oliver in [11], and more recently refined by Stancu in [38].

For a prime p, a p-local finite group consists of a triple (S, F, L), where S is a finite
p-group, F is a saturated fusion system over S, and L is a category associated to F called
a centric linking system. The most natural examples of p-local finite groups are derived
from finite groups. However, there is considerable interest in finding p-local finite groups
that do not come from finite groups. Such objects are called ezotic p-local finite groups.
Several examples have already been found, including the so-called Solomon 2-local finite
groups discovered by Levi and Oliver in [25]. These were based on some considerations of
Solomon in [37] on the Sylow 2-subgroups of Cos, and some later work of Benson in [4].
It was later shown by Aschbacher and Chermak in [3] that using amalgams an infinite
group can be constructed which gives rise to the saturated fusion system in some of the
Solomon 2-local finite groups.

Further examples of exotic p-local finite groups were discovered by Ruiz and Viruel in
[36]. In that paper, they classified the saturated fusion systems over the group pr, the
extraspecial group of order p? and of exponent p, and found several which did not come

from finite groups for p = 3, 5, 7 and 13. They then used a theorem of Broto, Levi and



Oliver [11, Theorem E| to show that these fusion systems give rise to exotic p-local finite
groups.

In some sense, the goal of this thesis is to find some new exotic fusion systems. In
chapters 2-4, we investigate saturated fusion systems over Sylow p-subgroups of SL3(p™)
for any n (note that pi™ is a Sylow p-subgroup of SLs(p)). In fact this does not lead to
any new exotic fusion systems, but it does lead to and extension of the classification of
p-local finite groups over p1++2 given by Ruiz and Viruel to Sylow p-subgroups of SL3(p").
In chapters 5 and 6 we shall construct an infinite family of saturated fusion systems which
we shall be able to show are exotic.

In our investigation of saturated fusion systems over Sylow p-subgroups of SL3(p™), we
are able to show that all of these fusion systems, apart from the exceptions found by Ruiz

and Viruel, come from finite groups. Let ¢ = p" and S € Syl (SL3(q)). More specifically,

we show that a saturated fusion system F over S comes from one of:

e the semidirect product S : A where A is isomorphic to a p/-subgroup of T'Ly(q) :=
Aut(GLz(q));

e a group of the form ¢* : B where SLy(¢q) < B < T'Ly(q) and B/SLy(q) has p’-order;

or
e a group G where PSL3(q) < G < Aut(PSL3(q)),

or it is one of the exceptional cases of Ruiz and Viruel, which includes fusion systems
coming from the Tits group, sporadic simple groups and extensions of sporadic simple
groups, as well as three exotic fusion systems.

The remaining chapters are devoted to the construction of an infinite family of exotic
fusion systems, similar to those constructed by Broto et al. in [12]. These arise by

considering the so-called basic modules for GLy(p) over finite fields.



In the first chapter we introduce the basic theory of fusion systems, and we shall prove
a form of the Frattini Lemma for saturated fusion systems. This will help us determine
the structure of the fusion systems we shall be studying.

In chapter 2 we investigate the properties of the Sylow p-subgroups S of SL3(p"). As
a result we shall be able to identify an important class of subgroups which contains the
Alperin subgroups for any saturated fusion system F over our group S.

The third chapter uses results of Timmesfeld to identify a subgroup isomorphic to
SLo(p™) in the so-called F-normalizers of proper Alperin subgroups. This will be used in
later chapters to apply the Frattini Lemma for saturated fusion systems.

In the fourth chapter we complete the picture by analysing the F-normalizer of the
whole group S, and investigating how the F-normalizers of the proper Alperin subgroups
interact. We do this by proving a result about certain subgroups of PGLy(p™), which also
sheds some light on how the exceptional fusion systems discovered by Ruiz and Viruel
come about.

In chapter 5 we shall construct a family of fusion systems (which we call £(n, p), where
2 <n <p-1and pisan odd prime), and show that they are saturated using a theorem
of Broto et al.. These will be fusion systems over Sylow p-subgroups of certain semidirect
products which arise naturally when considering the basic irreducible F,GLy(p)-modules.
We call these subgroups S(n,p). In fact, when n = 2 this is exactly the case considered
by Broto, Levi and Oliver in [12].

In the final chapter, we prove that the fusion systems studied in chapter 5 are in fact
exotic, whenever n > 5 and p > 13. We introduce these mild conditions on n and p in
order to minimize technical difficulties. It may in fact be possible to show that the fusion
systems E(n, p) are exotic for smaller values of n and p; indeed, Broto et al. proved that
they are exotic for n = 2 and p > 3. To show that the systems £(n, p) are exotic we use

another theorem of Broto et al. to show that it suffices to check that no almost simple



group gives rise to one of our fusion systems. We then go on to check all the almost simple
groups. For most almost simple groups G we are able to show that G' does not contain a
Sylow p-subgroup isomorphic to any group of the form S(n,p). However, things are not
so easy when G is a classical group. In this case we directly show that there are subgroups
P of S(n,p) such that the E-normalizer of P is not the same as the Fg(G)-normalizer of
P.



CHAPTER 1

PRELIMINARIES

In this chapter we shall introduce the basic theory of fusion systems.

1.1 Fusion Systems

We start by introducing some notation. Let G be a group and let ¢ € G. Denote by ¢,
the automorphism of G given by ¢, : z — gzg~* for any x € G. If P and Q are subgroups
of G, then we define the transporter from P to @ to be the set Ng(P, Q) of elements
which conjugate P to Q. Let Inj(P, Q) be the set of injective homomorphisms from P to
Q. Define Homg (P, Q) = {c¢,|p|P? < Q}, i.e. Homg(P, Q) is just the set of elements of
Inj(P, Q) which are given by conjugation in G.

Note that if P is finite, then Ng(P,P) = {g € G | gPg~! = P} = Ng(P) and so
Homg(P, P) = {¢, € Aut(P) | g € Na(P)} = Na(P)/Cal(P).

Remark We can identify Homg (P, @) in a natural way with the collection of right coset
in G of the form Cg(P)g where g € Ng(P, Q).

Example A sensible way to encode all the fusion data about a subgroup S of a group G

is to put all the information into a category. We can do this by defining a category Fs(G),



whose objects are the subgroups of S, and where the morphisms are defined simply as

HOIH]:(P, Q) = HOHIG(P, Q)

for any pair P, @ of subgroups of S. Note that, as we saw above, Homg(P, P) is a group
isomorphic to Ng(P)/Ca(P).

Before defining fusion systems, we shall introduce some terminology from category
theory. Let A and B be objects in the category C. Then an element of Mor¢(A, B) is
called a C-morphism. A C-isomorphism is an isomorphism in the category theoretic sense;
that is, a C-morphism ¢ € Mor¢(A, B) such that there exists a morphism 6 € Mor¢(B, A)
such that ¢ = 14 and 0¢ = 15.

Definition 1.1.1 Let S be a group. A fusion system over S is a category F whose objects

are the subgroups of S and whose morphisms satisfy the following two properties:

(i) for any two subgroups P,Q of S,

HomS(P,Q) Q HOHI]:(P, Q) g IHJ(P,Q),

(ii) any F-morphism can be factored as the composition of an F-isomorphism followed

by an inclusion.

(iii) The laws of composition in F are the same as the composition of injective homo-

morphisms.
Example The category Fs(G) as defined above is a fusion system.

All the morphisms in F are injective group homomorphisms, so in the case that

S is finite (in the sequel we shall always assume that S is finite), every morphism in
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Homx(P, P) is in fact an automorphism of P. For these reason we shall write Homz(P, P)
as Autz(P). The second condition ensures that if @ € Homz(P, Q) then the isomorphism

P — P%is an element of Homz(P, P%).

Proposition 1.1.2 Let F be a fusion system over a group S. For any subgroup P < S,

the set Autz(P) is a group.

Proof: Note that Autz(P) is a subset of Aut(P) with the same multiplication defined
on it, so closure implies associativity. It remains to show closure and the existence of

inverses. Since F is a category, there is a law of composition
Aut]:(P) X Autf(P) — Autf(P)

which ensures that Autz(P) is closed. The existence of inverses is guaranteed by part
(77) of the definition of a fusion system, which states that any morphism « € Autz(P)
is an isomorphism. This means that o= € Autz(P). Hence Autz(P) is a subgroup of

Auw(P). i

We write Outz(P) for the group Autz(P)/Inn(S).
Two subgroups P, of S are called F-conjugate if there exists an F-isomorphism

between P and Q).

1.2 Equivalence of fusion systems

We now consider the problem of defining what it means for two fusion systems to be
the same. It would seem reasonable that we would require some kind of equivalence of
categories that respects the fact that the objects of our categories are groups. Recall that
an equivalence of categories C and D is a functor ® : C — D with the property that there

exists a functor ¥ : D — C such that V¥ : C — C is naturally equivalent to the identity



functor of C and ¥® : D — D is naturally equivalent to the identity functor on D (see,
for example, Hilton & Stammbach [23, Section I1.4]). If ® is an equivalence of categories
between the fusion systems F and G (over p-groups S and T respectively) we should also
require that for every subgroup P < S there exist group isomorphisms tp : P — P® such

that for any @ < S and any f € Homgz(P,Q), the following diagram commutes:

P p®
/ fe

[0)]

Q o Q.

This is what is called an isotypical equivalence by Martino and Priddy in [27], in the case

of fusion systems from finite groups.

Definition 1.2.1 Let F and G be fusion systems over p-groups S and T respectively. A
group isomorphism 0 : S — T 1is said to preserve fusion from F to G if given subgroups
P,Q < S and an isomorphism o : P — Q, then a € Homz(P, Q) if and only if 6~ af €
Homg(P?, Q7).

Note that an isomorphism 6 preserves fusion from F to G if and only if the map
HOIH]:(P, Q) - HOH]g(P97Q6)
f — 67'f0
is a bijection for all subgroups P, ) < S, and an isomorphism of groups if P = Q.

Example Let G be a finite group with S, 7" € Syl (G). By Sylow’s Theorem there exists

a g € G such that 9 = T. It is easy to see that ¢, : S — T is a fusion preserving

9



isomorphism from Fs(G) to Fr(G). This shows that the fusion system Fg(G) does not

depend on the choice of S, up to fusion preserving isomorphism.

The following proposition is a generalisation to arbitrary fusion systems of a result of

Martino and Priddy [27, Corollary 1.2].

Proposition 1.2.2 Let F and G be fusion systems over p-groups S and T respectively.
Then F and G are isotypically equivalent if and only if there exists an isomorphism S — T
which preserves fusion from F to G. In fact, there is a natural one-to-one correspondence

between isotypical equivalences of fusion systems and fusion preserving isomorphisms.

Proof: Given a fusion preserving isomorphism 6 : S — 7', define a functor © : F — G as
follows: for any subgroup P < S, set P® = P? and for any morphism f € Homz(P, Q)
set f© = 071f60. Tt is easy to see that © is isotypical, and the functor ©~' induced by
the isomorphism 67! is clearly an inverse to © which is also isotypical. Hence © is an
isotypical equivalence of the fusion systems F and G.

Now suppose that ® : F — G is an isotypical equivalence of fusion systems. For
each subgroup P < S denote the inclusion map P — S by ip, and let (ip)® = fp €
Homg(P?®,T). We shall define a functor © : F — G which acts on objects by P® =
(P®)/?. Now let ap : P® — P® be the group isomorphism given by ap = fp. The action

of ©® on morphisms shall be:

(9: P —Q)— (ap'g%aq : PP — Q°).

10



Note that the following diagram commutes, for any P, @ < S and any g € Homg (P, Q):

p P pe Pe
g g 9° = ap'g®aq
Q Q7 Q°,
Ba aQ

where Bp and (¢ are group isomorphisms. This shows that © is naturally isomorphic to
® and that © is an isotypical equivalence of fusion systems which maps ip to ipe. For any
subgroup P, let 0p = Bpap. By setting Q = S and g = ip in the diagram above, we see
that 0p = 0g|p. So the functor © is just the functor induced by the group isomorphism

fs. Thus for any subgroups P, Q) < S, the map

Homz(P,Q) — Homg(P°,Q°)

[ 1O =065"f8s

is bijective. Thus by the remark above, the isomorphism g is fusion preserving F — G.

Given o € Aut(S) we can define a functor © by P® = P and for f € Homz(P,Q),
define f© = a~!fa € Homge(P® Q%). By an abuse of notation, we denote F© by F.
The previous result shows that the fusion systems F and F* are isotypically equivalent,

and that « is a fusion preserving isomorphism between F and F. Note that if a €

Autz(S) then F* = F.
Corollary 1.2.3 Isotypically equivalent fusion systems are isomorphic as categories.

If 7 and G are isotypically equivalent fusion systems then we write F = G.

11



1.3 Generating fusion systems

The following ideas were first published by Aschbacher and Chermak in [3].

Definition 1.3.1 Let F; and F5 be fusion systems over subgroups Sy, Sy of a group S
respectively. We say that Fp is a fusion subsystem of Fo, and write F; < Fo if F1 is a

subcategory of Fo, i.e. if S1 < Sy as groups, and for every pair P,Q < S1, we have
HOHl]:l (Pv Q) - HOHI]-‘2 (Pv Q)

Example Let S;, S5, G; and Gy be groups with S; < S, NG and G; < G3. Then
f51(G1> < fsz(GQ)‘

Note that there is always a unique largest fusion system U(S) and a unique smallest
fusion system Fg(S) over a group S. These are defined as follows: for any P,Q < S let
Homys)(P, Q) = Inj(P, Q) and let Homz,(s)(P, Q) = Homg(P, Q). Note that if F is any

fusion system over a group S then Fg(S) < F < U(S5).

Definition 1.3.2 Let F' be a set of fusion systems over a group S. Then define Frp =
Nrer F to be the category with objects as the subgroups of S and where morphisms are

defined by

Homg, (P,Q) = (] Homz(P, Q).
FeF

We observe the following;:

Proposition 1.3.3 [3, p10] Given a set F' of fusion systems over a group S, the category

Fr 15 a fusion system over S.

Given a set of fusion systems F, we define the fusion system generated by E to be the
fusion system Fr where F' is the set of all fusion systems containing every member of F;

we write (F) for the fusion system generated by E. We note the following:

12



Proposition 1.3.4 [3, Lemma 1.9] Let S be a group and let {S;}icr be a collection of
subgroups of S. For each i € I, let F; be a fusion system over S; and let F' = {F;}ies.
Suppose that there exists a j € I such that S; = S, and define a fusion system G whose
objects are the subgroups of S and where Homg(P, Q) consists of maps of the form ay . . .
where for each 0 < k < r there exists ani € I such that oy, € Homg, (Py, Pry1), and where

Py=P and P11 = Q. Then (F) =G.

Remark We may restate Proposition 1.3.4 as follows: if F'is a collection of fusion systems
over subgroups of a finite group S, and at least one element of F' is a fusion system over
S, then the (F)-morphisms are exactly the compositions of morphisms in fusion systems

in F'.

The following are refinements of some ideas of Broto, Levi and Oliver [12, p20], where
we shall broaden the notion of generating fusion systems to the case when the data we
are given are just a collection of maps, and not a collection of fusion systems.

Let Fy be a fusion system over a finite p-group S and let Ay, ..., A, be groups such
that for each 1 < i < n, there exists a subgroup @; < S with Autg (Q;) < A; < Aut(Q;).
Define a category F where for any two subgroups P, < S, Homz(P, Q) is the set of all

composites

P =P, @) P, ¢2 P, Pk_lﬂ»Pk:Q

where for each 1 < i < k, either ¢; € Homg,(P;_1,P;) or ¢; : P,y — P; is a group
isomorphism and there exists a j such that P,_;, P, < Q; with ¢; the restriction of an

element of A;. It is routine to check that F is indeed a category.

Proposition 1.3.5 The category F as defined above is a fusion system. Furthermore,
it 1s the intersection of all fusion systems that contain Fy as a subsystem and all of the

maps i AU ... UA,.

13



Proof: We show that every F-morphism can be written as the composition of an F-
isomorphism and an inclusion. The other fusion system axioms are trivial to check.

We shall say an F-morphism ¢ : P — () satisfies assumption (x) if the restriction
of ¢ to any subgroup of P is an F-morphism that can be written as an F-isomorphism
composed with an inclusion.

Suppose we have two F-morphisms ¢, : A — B and ¢ : B — (', and both satisfy
assumption (). Since F is a category, the map ¢1¢5 : A — C' is an F-morphism. We
show that the map ¢1¢9 : A — C can be written as an F-isomorphism composed with an
inclusion.

By assumption (*) for ¢y, ¢; induces an F-isomorphism ¢} : A — A%, But A < B
and so by assumption (x) for ¢a, @o | 4011 A% — C is an F-morphism that can be written
as an F-isomorphism composed with an inclusion. So ¢9 |4¢; induces an F-isomorphism
¢y 1 A — A9 The composition of two F-isomorphisms is an F-isomorphism and
hence ¢ ¢y : A — A®192 is an F-isomorphism. It is now clear that ¢,¢, can be written
as the composition of ¢} ¢}, and the inclusion of A?¢2 into C. Therefore by induction,
any finite composition of F-morphisms satisfying assumption (k) can be written as an
F-isomorphism composed with an inclusion.

Now fix j. We show that every element of A; satisfies assumption (x). If the iso-
morphism ¢ : P — P? is the restriction of an element 5 of A; for some j, then ¢ is an
F-morphism. Note that ¢=! : P? — P is the restriction of QAﬁfl, which is also an element
of A; since A; is a group. Therefore for every element 5 € A; and every subgroup @ of
Q);, there exists an F-isomorphism ¢g € Homz(Q), Q$), and so every element of A; can
be written as an F-isomorphism followed by an inclusion.

Now, since Fy is a fusion system, any Fy-morphism satisfies (x), and we have shown
above that for every j, every element of A; also satisfies assumption (x). Since every

F-morphism can, by definition, be written as a finite composition of restrictions of these

14



maps, we have that every F-morphism can be written as an F-isomorphism composed
with an inclusion. Hence F is a fusion system.

It is clear that F must be a fusion subsystem of any fusion system which contains F
and the maps in A; U...UA,, and therefore F is the intersection of all of these fusion

systems. |}

We say that F is the fusion system generated by Fy and Aq,...,A,, and write F =
(Fo, A1, Ay).

1.4 Further properties of fusion systems

In this section, we prove some general properties of fusion systems.

Definition 1.4.1 Let F be a fusion system over a p-group S, and let P < S.
e P is fully centralised in F if |Cs(P)| > |Cs(P%)| for all « € Homg(P,S);
e P is fully normalised in F if [Ns(P)| > |Ng(P?)| for all « € Homg(P,S);
o P is F-centric if Cg(P*) < P* for all « € Homz(P, S);

o P is F-radical if O,(Outz(P)) =1 where Outz(P) := Autz(P)/Inn(P).

Remark Note that if P < S is F-centric then every subgroup of S which is F-conjugate
to P is F-centric. Furthermore, if P and @) are F-conjugate then Autz(P) = Autz(Q)

as groups. Hence if P is F-radical then so is Q.

We now state some general facts about fusion systems from finite groups, and give

their proofs for the convenience of the reader.

Lemma 1.4.2 [11, Proposition 1.3] Let G be a finite group, S € Syl,(G), and F the

fusion system Fg(G). Let P < S.

15



(i) P is fully normalised if and only if Ns(P) € Syl,(Ng(P));
(i) P is fully centralised if and only if Cs(P) € Syl,(Ca(P)); and
(#3) if P is fully normalised then P is fully centralised.

Proof: If Ng(P) € Syl,(Ng(P)) then |Ng(P)| = |Ng(P?)|, > |Ns(P9)| for any g € G,
and therefore P is fully normalised. Similarly, if C's(P) € Syl,(Ca(P)) then P is fully
centralised.

Suppose that P is fully normalised. Let R € Syl,(N¢(P)) such that Ng(P) < R.
By Sylow’s Theorem there exists a g € G such that Y < S, since S € Syl (G). Thus

R9 € Syl (Ng(P?)) and RY < SN Ng(P?9) = Ng(P?). Since P is fully normalised we have

|R| = [R| = [Ns(P?)| < [Ns(P)| < |R].

Therefore R = Ng(P) € Syl,(Ng(P)), proving (i).

Now suppose that P is fully centralised. Again, let R € Syl,(Ng(P)) such that
Ns(P) < R, and let ¢ € G such that RY < S. Since Cg(P) < Ng(P) we have that
RN Cg(P) € Syl,(Cg(P)). Then RN Cq(P?) € Syl,(Ca(P?)), and so Cs(P?) €
Syl,(Ca(P7)), since RINCeq(P?) < Cs(P7). But Cg(P) = RNCg(P) therefore |[Cs(P)| <
|Cs(P9)|. As P is fully centralised, this means that |Cs(P)| = |Cs(P?)| and so Cg(P) €
Sy, (Ca(P)).

To prove (iii), suppose P < S is fully normalised in F. By (i) and (ii), Ng(P) €
Syl,(Ne(P)) and Cg(P) I Ng(P) and so Cs(P) = Ns(P)NCq(P) € Syl (Ca(P)), hence

P is fully centralised. |

Proposition 1.4.3 Let S be a finite p-group with |S| > p and let F be a fusion system

over S. Let P be an F-centric subgroup of S. Then |P| > p.
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Proof: Suppose |P| = p. Then by comparing orders, it is clear that P < S, and so
Ng(P) = P since S is a finite p-group. As |P| = p, we have that Ng(P) = Cs(P) since
Ns(P)/Cs(P) is a p-subgroup of Aut(P) = p—1, and therefore trivial. Hence Cs(P) > P,

so P cannot be F-centric. |}

1.5 Saturated fusion systems

The notion of saturation of fusion systems over finite p-groups arises naturally when
considering fusion systems of the form Fg(G) where G is a finite group and S € Syl (G).

For any subgroup P < S and any morphism ¢ € Homz(P, S), set
Ny = {g € Ns(P)|¢™ ¢y € Auts(P?)}.

Note that Ny is a subgroup of Ng(P) which contains P. It is also useful to observe that
N, is the largest subgroup of S to which ¢ could possibly extend. This is because if
g € Ny and ¢ € Homz (N, S) is an extension of ¢, then q_b_lcga = C3-

The definition of saturation presented here is the one used by Broto, Levi and Oliver
in [11], and it is equivalent to the Puig’s definition of full Frobenius systems. Stancu has
produced a similar set of conditions which have been shown to be equivalent to the ones
presented here [38]. Throughout this thesis we shall use the definition of Broto, Levi and

Oliver.

Definition 1.5.1 Let S be a finite p-group and let F be a fusion system over S. Then

F s saturated if:
(I) Every fully normalized subgroup P in F is fully centralized in F, and Autg(P) €

Syl,(Autz(P)).

(IT) If P < S and ¢ € Homg(P,S) is a homomorphism such that P? is fully centralized

then ¢ can be extended to a homomorphism ¢ € Homg(Ny, S) with ¢|p = ¢.
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Throughout this thesis we shall denote the above conditions by (I) and (II) respec-

tively.

Lemma 1.5.2 Let F be a saturated fusion system over a finite p-group S. Then S is

fully normalised, fully centralised, F-centric and F-radical. In particular, Outz(S) is a

P -group.

Proof: Since S is F-conjugate only to itself, S is fully normalised and fully centralised,
and it is easy to see that S is F-centric.

To show that S is F-radical, we need to show that O,(Outz(S)) = 1. But F is
saturated, and so Autg(S) € Syl (Autz(S5)). Thus Outz(S) = Autz(S)/Auts(S) is a
p/-group and hence O,(Outz(S)) =1. |}

The following proposition can be found in [11, Proposition 1.3]; we provide a slightly

different proof, based on some ideas of Chermak [14].

Proposition 1.5.3 Let G be a finite group with S € Syl,(G). Then F = Fs(G) is a

saturated fusion system.

Proof: First we prove (I). Lemma 1.4.2 shows that if P is fully normalised then P is

fully centralised. Lemma 1.4.2 also implies that

Autg(P) = &

Ns(P) ., Ns(P)Ca(P) vl (NG(P)
Cs(P) Cq(P) p

proving (I).

To prove (II), let ¢ € Ng(P,S) such that P9 is fully centralised in F. Set M =
Ca(P)Ngg-1(P).

Claim 1: N,, < M.
Let # € N,,. Then cy-1,4 = c;, for some h € Ng(P?), so g 'xg € Cg(PI)Ng(P?). Hence

x € M as claimed.
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Claim 2: Ng,-1(P) € Syl,(M).

The group Cg(P?) is a Sylow p-subgroup of C(P?) because P? is fully centralised. Hence

[Ca(P)Ns(P)| _ [Ns(P9)|
[Ca(P9)] |Cs(P9)]

and therefore
M| |Co(P)Ns(P?)| _ [Ca(P?)
[Ngo—1(P)] |Ns(P9)| |Cs(P9)]

is coprime to p. Since Ng,-1(P) is a p-group, it must be the case that Ng,-1(P) € Syl (M),
proving claim 2.

Now, N, is a p-subgroup of M so there exists an h € C(P) such that Nc’”; < Ng,-1(P),
so we have N/ < Ng(PY) < S. Hence hg € Ng(N,,,S). Since h € Cg(P), we have that

Chg|P = C4|p, and so cpglp € Homz(N,,,S) which extends cy|p. |
We now construct some useful fusion subsystems of a fusion system F.

Definition 1.5.4 Let F be a fusion system over a finite group S, let Q < S and let
K < Aut(Q). Define the K-normalizer fusion system of @ in F to be the fusion system
NE(Q) over NE(Q) = {g € Ns(Q)|c, € K} with

Hom g ) (P, P') = {6 € Homy(P, P')|36 € Homz(PQ, P'Q),vlp = 6,¢lq € K}.

In particular, we write Np(Q) = N2"9(Q) and C£(Q) = Nng}(Q). These are
called the normalizer and centralizer fusion systems respectively.

Note in particular that Nz(S) is the fusion system generated by the subcategory
consisting of just S and Autz(S5), i.e. the fusion system all of whose morphisms are just
compositions of restrictions of morphisms in Autz(S).

A proof of the following proposition may be found in [11, Proposition A.6].

Proposition 1.5.5 Let F be a saturated fusion system over a group S and let Q) < S.
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(i) If Q is fully F-normalized then Nx(Q) is a saturated fusion system over Ng(Q).

(i) If Q is fully F-centralized then Cx(Q) is a saturated fusion system over Cs(Q).

Lemma 1.5.6 Let F be a saturated fusion system over a finite p-group S, and let P .S

be a fully F-centralized normal subgroup of S. Then there is a canonical isomorphism

Nautr(s)(P)

— Nay Autg(P)).
CAut;:(S)(-P) A tf(P)< S( ))

Proof: Firstly, note that, as P is normal, Nay¢,(p)(Auts(P)) is the set of F-automorphisms
¢ of P such that N, = Ng(P) = S.
Also note that if & € Naye,(s)(P) then a|p € Naye,(p)(Autg(P)). This is because, for

any x € P and any g € S,

Thus we may define a map O : Naye,(5)(P) — Nautr(p)(Auts(P)) by a— alp.

Now, since P is fully normalized saturation implies that © is surjective because any
¢ € Npuwy(p)(Auts(P)) extends to a map ¢ € Autx(S) such that ¢|p = ¢. Furthermore
© is a homomorphism of groups since if o, 8 € Nauer(s)(P) then af|p = a|pf|p. It is

also easy to see that the kernel of © is Cpyt,(s)(P). Therefore there is an isomorphism

NAutF(S)(P)

— Nay Autg(P)).
Courisy(P) e At

1.6 p-local finite groups

The notion of a p-local finite group was first developed by Broto, Levi and Oliver in

[11], as a way of trying to understand the p-completed classifying spaces of finite groups.
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A p-local finite group is an object which admits a notion of a classifying space. These
classifying spaces have many of the same properties as the classifying spaces of finite
groups.

Let G be a finite group and regard G as a category with one object, whose morphism
set is simply the set of elements of G, and where composition of morphisms is just given
by multiplication in the group G. Then the nerve NG of G is a simplicial set, where an

n-simplex consists of an ordered sequence of elements of G, together with a face map

S (x()y---axn) — (:L‘Uw"7xi71Gaxi+la"'7xn)7

and a degeneracy map

d; : ($0, e ,xn) — (330, vy L1y i1, T2y - - - >$n)-

The classifying space BG of G is defined to be the topological realization |[NG| of the
nerve of G. The space BG has the property that its fundamental group m(BG) = G,
and that all higher homotopy groups are trivial. For more details, see [5, Chapters 1,2].
The p-completion of BG is a space B GQ which encodes many properties of the group
GG which depend on the prime p, such as the cohomology modulo p. For example, the
Martino-Priddy-Oliver Theorem (see [28] and [29]) states that given two finite groups G
and H, with Sylow p-subgroups S and T respectively, then BG;,\ is homotopy equivalent
to BH) if and only if the fusion systems Fg(G) and Fr(H) are isotypically equivalent.
For a subgroup P of a finite group G, let 8(P) = OP(C¢(P)). That is, 0(P) is the

smallest normal subgroup of Cg(P) with p-power index in Cg(P).

Definition 1.6.1 Let G be a finite group with S € Syl (G). Define a category £ = L5(G),
whose objects consist of the F-centric subgroups of S and with Morz(P, Q) equal to the set
of right cosets in Ng(P,Q) of the form 6(P)g where g € Ng(P,Q). Define composition
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in L as follows: let g € No(P,Q) and let h € Ng(Q, R). Then define

The category L is called the centric linking category associated to G with respect to S.
Lemma 1.6.2 Composition in L is well-defined.

Proof: We prove that composition is well-defined by showing that (6(P)g)(0(Q)h) =
O(P)gh as subsets of G. Let x € §(P), y € 0(Q), g € No(P,Q) and h € Ng(Q, R), so
that zgyh is a typical element of (6(P)g)(0(Q)h). Then y € Cx(Q) < Ce(P?) = Ca(P)?,

and so y = 27 for some z € Cg(P). We now have

xgyh = g9 'zgh = xzgh € 0(P)gh,

since both y and z have order prime to p. Now let zgh € 6(P)gh, for some = € 6(P).
Then clearly zgh = xg.1h € (0(P)g)(6(Q)h). Hence (0(P)g)(0(Q)h) = 0(P)gh. |}

Now define a functor m : £ — F which acts as the identity on objects, as natural
projection on morphisms i.e. 7 : Morz(P, Q) — Morx(P, Q) is given by §(P)g — Cq(P)g
for any g € Ng(P, Q). Also define a homomorphism of groups dp : P — Autz(P) given
by x +— 6(P)z. Note that dp is injective since if (P)z = (P) then z € §(P). But z € P
and so has p power order. Since P is Fg(G)-centric, we have that Z(P) € Syl,(Ca(P))
(for a proof of this, see [10, Lemma A5]). This implies that §(P) is a Hall p/-subgroup of
Ce(P) (that is, a p/-subgroup with p-power index in Cg(P)). Hence x = 1, hence ker(dp)

is trivial.

Proposition 1.6.3 [11, p786] Let G be a finite group, let S € Syl,(G) and write
F = Fs(G). Let L = Ls(G) be the centric linking system associated to F. Let m and dp

be as above. Then the following hold:
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(A) For each P,Q in L, Z(P) acts freely on Mor,(P,Q) (via ép, each element of Z(P)
induces an element of Aut,(P), and so Z(P)°" acts on Mor.(P, Q) by composition)

and 7 induces a bijection from the collection of distinct orbits in the action of Z(P)°?

on Mory(P,Q) to Homz(P, Q).

(B) For each F-centric subgroup P of S and each g € P, 7 sends ¢°? € Aut(P) to

¢y € Autz(P).
(C) For each f € Morz(P,Q) and each g € P the following diagram commutes:

f

P Q

9 (g7")%

P

Q

Definition 1.6.4 Let S be any finite p-group, and let F be a saturated fusion system
over S. A centric linking system associated to the fusion system F is a category L
whose objects are the F-centric subgroups of S together with a functor m : L — F which
acts as the identity on objects and is surjective on morphisms and a distinguished set of
monomorphisms dp : P — Autz(P) for all P € L satisfying the properties (A), (B) and
(C) above.

Definition 1.6.5 A p-local finite group is a triple (S,F, L) where S is a finite p-group,
F is a saturated fusion system over S and L is a centric linking system associated to F.

The classifying space of a p-local finite group (S, F, L) is the space |L])).

There is a notion of an isomorphism between p-local finite groups, which consists of a
pair (o, 3) where « is an isotypical equivalence of fusion systems and 3 is an isomorphism

of categories between two centric linking system. The maps a and 3 must also satisfy
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various compatability conditions which we shall not discuss here. For more details, see

[3, Definition 2.10).

Definition 1.6.6 A p-local finite group (S, F, L) is called exotic if it is not isomorphic
to a p-local finite group of the form (S, Fs(G), Ls(G)), where G is a finite group with S
isomorphic to a Sylow p-subgroup of G. Similarly, a saturated fusion system F over a
p-group S is called exotic if there does not exist a finite group G such that F is isotypically

equivalent to the fusion system Fs(G).

The following theorem is an immediate consequence of [28, Theorem 4.5] and [11,

Proposition 3.1].

Theorem 1.6.7 Let p be an odd prime and let S be a finite p-group. Let F be a saturated
fusion system over S, and suppose that F is not exotic, i.e. there exists a finite group G
with S € Syl (G) such that F = Fg(G). Then there exists a unique centric linking system

associated to F, namely Ls(G).

It has been conjectured by Oliver [28, Conjecture 2.2] that this result holds for all
saturated fusion systems, and thus that a p-local finite group is uniquely determined (up
to an isomorphism of p-local finite groups, a notion which we shall not discuss here) by
its associated saturated fusion system.

There is a great deal of interest in finding examples of exotic p-local finite groups, as
the study of these objects may shed some light on what it really means for a space to
be the p-completed classifying space of a finite group. Examples may be found in [11],
[12], [18], [25], and [36]. Indeed, one of the aims of this thesis is to construct some exotic

p-local finite groups, which will be described in later chapters.
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1.7 Subgroup families controlling fusion

In general it is very difficult to say much about fusion systems over a p-group S because
it is necessary to know all the subgroups of S and all the morphisms between them. This
makes the task of classifying fusion systems over a given group extremely hard in general.
Fortunately, saturated systems have a more rigid structure, and the following version of
a famous theorem of Alperin shows that a saturated fusion system is generated by its
centric and radical subgroups (in a way which we define later). A stronger version was
first proved by Puig [33, Corollory 3.9], but the version given here and the proof, which

we reproduce here for the convenience of the reader, are from [11, Theorem A10].

Theorem 1.7.1 (Alperin’s Fusion Theorem for Saturated Fusion Systems) Let F be a
saturated fusion system over a finite p-group S. Let P be a subgroup of S. Then for each

morphism ¢ € Homg(P, S) there ezist sequences of subgroups of S
P:P07P17"'7P/€:P¢ anthQQa"'ana

and elements ¢; € Autz(Q;) such that
(i) Q; is fully normalized, F-centric and F-radical for 1 <i < k.
(ii) Py, P, < Q; and P, = P;.

(iti) & = d1lpdalp, - Pilp, .-

Proof: We proceed by backwards induction on the order of P. The theorem is true for
P = S since S is fully normalised, F-centric and F-radical by Lemma 1.5.

Assume now that P < S, and that the theorem holds for all subgroups of greater
order. From the definition of fully normalized subgroups, it is clear that there exists a

fully normalized subgroup P* < S which is F-conjugate to P. Let ¢» € Homg(P, P*).
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Now if the theorem holds for ¢~'v) € Homg(P?, P*) and 1 then it holds for ¢. This
is a consequence of that fact that if 1 = ¥11)y... ¢, and ¢ 1) = d1d... ¢ then ¢ =
V(o7 )L =y .. .. @1 ! Therefore, it suffices to prove the theorem in the case
when the image P? is fully normalized.

Assume now that P? is fully normalized. Note that ¢~ Autg(P)¢ is a p-subgroup of
Autz(P?) (since ¢~ 'cydp = cgo). From (II) we have that Autg(P?) € Syl (Autz(P?))

and so by Sylow’s Theorem, there exists an automorphism ¢ € Autz(P?) such that

o Auts(P)gy < Autg(P?).

So if we set x = ¢! € Autx(P) then we have

¢~ "X Auts(P)x¢ < Autg(P?). (1.1)

Now, F is saturated and P? is fully normalized, and so P? is fully centralized. From
Definition 1.5.1 (II), x¢ extends to a homomorphism y¢ € Homgz(N,4,S). But if g €
Ng(P) then by (1.1) we have ¢~ 'y 'c,x¢ € Autg(P?), and so N, = Ng(P). Since P is
a proper subgroup of S, Ng(P) = P, and so by our inductive hypothesis the result holds
for x¢, and hence for xy¢. Therefore the result holds for ¢ if and only if it holds for y. It
now suffices to prove the result for P = P? with P fully normalized and ¢ € Autz(P).

Assume now that this is the case. If P is F-centric and F-radical then the result holds
trivially. So assume that P is not F-centric. P is fully normalized and F is saturated,
so P is fully centralized. It is easy to see that Cs(P)P < Ny, and so by saturation, we
have that ¢ extends to a homomorphism ¢ € Autz(Cg(P)P). Since P is not F-centric,
Cs(P)P # P and so the result holds by induction.

Finally, assume that P is not F-radical. Let K = O,(Autz(P)). Note that since

P is not F-radical, K Z Inn(P). Set NEK(P) = {g € Ns(P)| ¢, € K}. Since P is
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fully normalized, Autg(P) € Syl,(Autx(P)), and so K < Autg(P). Now, if g € N§(P),
then ¢ 'c,¢ € K, since K is a normal subgroup of Autz(P). But K < Autg(P) so
¢ 'ey¢ € Autg(P). Thus NE(P) < Ny(P). By saturation, ¢ extends to a homomorphism
¢ € Homz(NE(P),S). But NK(P) Z P since K 2 Inn(P), and so, by induction, the
result holds. |}

Definition 1.7.2 Let F be a saturated fusion system over a finite group S. We call
a subgroup P < S an F-Alperin subgroup if P is fully F-normalised, F-centric and
F-radical.

Note that S is always an F-Alperin subgroup. We shall denote the set of all proper
Alperin subgroups in a fusion system F over a p-group S by Alp(F).
A form of converse to Alperin’s Fusion Theorem is proved in the joint work of Broto,

Castellana, Grodal, Levi and Oliver [8]. We give an outline of their main result.

Definition 1.7.3 Let F be a fusion system over a finite p-group S, and let H be a col-

lection of subgroups of S that is closed under F-conjugation.

(i) F is H-generated if every morphism in F is a composite of restrictions of morphisms

i F between subgroups in H;
(i1) F is H-saturated if the conditions (I) and (II) hold in F for all subgroups in H.

Thus we can restate Alperin’s Fusion Theorem as follows: if F is a saturated fusion
system over a finite p-group S, and H is the collection of F-Alperin subgroups and their
F-conjugates, then F is H-generated.

We note that the use of the term H-generated does not conflict with our previous use

of the term generated. This is because of the following observation:

Proposition 1.7.4 Let F be a fusion system over a finite p-group S, and let H be a

collection of subgroups of S that is closed under F-conjugation. If F 1is H-generated
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then F = (Fs(S),Autx(H)|H € H), and if F = (Fs(9),Autz(H)|H € H) then F is
H U {S}-generated.

Proof: Follows immediately from the definitions. |

We shall now state a theorem which simplifies the task of proving saturation in a given
fusion system. First we shall state a Lemma which makes statement 1.7.6 equivalent to

[8, Theorem 2.2].

Lemma 1.7.5 Suppose that F is a fusion system over a finite p-group S and that H is
a collection of subgroups of S which is closed under F-conjugation. Suppose that H has
the property that for each F-conjugacy class P of F-centric subgroups not contained in

‘H there exists a P € P such that

Outs(P) N O,(Outy(P)) # 1. (1.2)

Then 'H contains all the F-Alperin subgroups of S.

Proof: Let P be an F-Alperin subgroup of S, and suppose that P ¢ H. In particular,
P is F-centric, and since H is closed under F-conjugation, the F-conjugacy class P of
P is not contained in H. Therefore there exists a subgroup ) € P satisfying 1.2. In
particular, O,(Outz(Q)) # 1 and so @ is not F-radical. But P is F-conjugate to @ and

so P is not F-radical either, contrary to our assumption. |

Theorem 1.7.6 [8, Theorem 2.2] Let F be a fusion system over a finite p-group S.
Let 'H be a collection of subgroups of S as in Lemma 1.7.5. If F is H-generated and

H-saturated then F is saturated.

The next result shows that if F is H-generated then F is determined up to isotypical

equivalence by H.
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Proposition 1.7.7 Let F and G be fusion systems over p-groups S and T respectively,
and suppose that 0 : S — T is a group isomorphism. Suppose that H s a collection of
subgroups of S which is closed under F-conjugacy such that F is H-generated. Then the

map 0 preserves fusion from F to G if and only if the following hold:
(i) G is H’-generated; and

(ii) for all subgroups H, H' € H we have o € Homz(H, H') if and only if (07 ab)|ye €
Homg(HY, H").

Proof: Suppose that 6 preserves fusion. Then (ii) holds by definition, and we need to
show that G is H%-generated. To see this, let P,Q < S and let a € Homg(P?, Q).
Since 6 is fusion preserving, we have #af~! € Homg(P,Q). But F is H-generated,
so there exist subgroups Hi,...,H, € H and, for each 1 < ¢ < n — 1 there ex-
ist morphisms ¢; € Homg(H;, H;y1) such that afd~! = (¢;---¢,)|p. Therefore a =
((07'¢10) -+ (071¢,0))|po. Since 6 is fusion preserving, for each 1 < i < n — 1 we have
0~¢;0 € Homg(HY, H, ). Thus we have shown that « is a composition of restrictions of
G-morphisms between subgroups of H?. Hence G is He—generated.

Now suppose conversely that conditions (i) and (i7) hold. Let P,Q < S and a €
Homg (P, Q). Since F is H-generated, there exist subgroups Hi,...,H, € H and,
for each 1 < ¢ < n — 1 there exist morphisms ¢; € Homg(H;, H;y1) such that o =
(¢1+ - ¢n)|p. By (i), we have, for each 1 <i <n—1, 7'¢;6 € Homg(H!, H? ;). Hence
0= tal = ((071¢10) - (071¢,0))|pe € Homg(P?, Q%). A similar argument shows that if
B € Homg(P?, Q%) then 30~ € Homz(P, Q). Hence 6 is fusion preserving. |

We can now say that an isomorphism 6 : S — T is fusion preserving (with respect to

F and @) if and only if the following two conditions hold:
(i) a subgroup P is F-Alperin if and only if P? is G-Alperin;
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(ii) for every F-Alperin subgroup P, the map

Aut]:(P) — Autg(Pe)
foe 070

is an isomorphism of groups.

The proof of this fact is the same as the proof of Proposition 1.7.7, but we observe
that Alperin’s Theorem shows that every F-morphism is a composite of restrictions of

F-automorphisms of Alperin subgroups.

1.8 A Frattini lemma

Recall that if G is a finite group then O (G) := (Syl,(G)). Furthermore, if S € Syl (G)

then the Frattini Lemma says that
G = O” (G)Ng(S). (1.3)

We can prove a similar result for saturated fusion systems that will further reduce the
amount of data we must collect to classify a saturated fusion system. An alternative, and
independently discovered formulation of these results can be found in [9, Lemma 3.4].

First we need to define analogous notions of the subgroups O (G) and Ng(9).

Given a fusion system F over a finite p-group .S, the normalizer fusion system Ngz(.S)
of S is simply the fusion subsystem of F which consists of all the F-morphisms which are
restrictions of elements of Autz(S). There is a more general definition of the normalizer
fusion system of an arbitrary subgroup of S, for details of which we refer the reader to
Definition 1.5.4. An important property of Nz(S) is that if F is saturated then so is
Nx(S). For a proof of this fact see [11, Proposition A.6].

Given a fusion system F over a finite group S, let OF(F ) be the fusion system

(Fs(S), 07 (Autx(Q))|Q € Alp(F)).
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Note that O (F) is a fusion subsystem of F. In fact it is a very important fusion
subsystem, as we shall see in the next proposition.
Recall that if F is a fusion system over S and a € Aut(S) then a induces a new

category F¢. For details of this category, see Proposition 1.2.2.

Proposition 1.8.1 Let F be a saturated fusion system over a finite p-group S and let
a € Autxz(S). Then

/

OF (F)* = O¥(F).

Proof: For each V' € Alp(F), the map aly is a group isomorphism V' — V* and we have
Aut(V)* = Autz(V*). Now, O (Autz(V)) is a characteristic subgroup of Autz(V) so
OP (Aut (V) = OP (Autz(V)*) = O (Autz(V®)). Hence

/

OY (F)* = (Fs(S), 0" (Auts(V®))|V € Alp(F))
= (Fs(S),0" (Autx(V))|V € Alp(F))

/

and so the proposition is proved. |

Theorem 1.8.2 (Frattini Lemma for saturated fusion systems) If F is a saturated fusion
system over a finite p-group S, then every F-morphism ¢ can be written as a composite
of OF (F)-morphisms and Nz(S)-morphisms. In particular, F = (O (F), N£(S)) =
(07 (F), Autz(S)).

Proof: First we prove that every F-automorphism of an F-Alperin subgroup can be
written as the composition of an O (F)-morphism and an Nx(S)-morphism. Let V €
Alp(F). We proceed by reverse induction on |V|. The result is clearly true for V' = S.
So assume that V' is a proper subgroup of S, and that the result holds for all Alperin
subgroups W with |W| > |V|.
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By Proposition 1.1.2, Autz(V) is a finite group, and since F is saturated and V is
an F-Alperin subgroup, Autg(V') is a Sylow p-subgroup of Autz(V'). Therefore by the

Frattini Lemma for finite groups, we have
Aut]:(V) = Op/(Aut]:(V»NAutf(V) (Auts(V))

since OP (Aut£(V)) < Autz(V). The group Nau,v)(Auts(V)) is the set of ¢ € Autz(V)
for which Ny = Ng(V) = V. Thus any element ¢ € Nau,(v)(Auts(V)) extends by
saturation to a map ¢ € Homg(Ng(V), S).
Now let ¢ € Autz(V). Then ¢ = pf where € OF (Autz(V)) and 6 € Nayg vy (Autg(V)).

As explained above, # extends to a map 6 € Homx(Ng(V),S). Since S is a p-group and
V < S, we have that Ng(V) = V. By Alperin’s Fusion Theorem, @ is a composite
of restrictions of F-automorphisms of Alperin subgroups with order at least as large as
|Ns(V')|. By induction, all of these F-automorphisms are composites of Nz (,S)-morphisms
and OP (F)-morphisms, and therefore § and @ are composites of Nx(S)-morphisms and

OP' (F)-morphisms. Hence so is ¢. The theorem now holds by induction. |

Proposition 1.8.3 Let G be a finite group with S a Sylow p-subgroup of G. Then
0" (Fs(G)) = Fs(0”(G)).

Proof: Let V' < S be fully Fg(G)-normalized. Let x € Ng(V') and g € Ng(V') such that
¢y € Autg(V) and ¢y, c,-1 € Autg(V). Then cy-1c,¢p = cy-1,4 € Autgs (V). Since Fg(G)
is saturated, Autg(V) is a Sylow p-subgroup of Autg(V), and therefore OF' (Autg(V)) =
(Auts(V)%[g € Ng(V)) = (Autss(V)|g € Na(V)) = Autoy ) (V). In particular, this
shows that O (Fs(G)) < Fs(OP(Q)).

Now suppose that V is Fg(OP' (G))-Alperin. First we show that V is fully Fg(G)-

normalized. Let ¢ € G such that ¢, € Homz(V,S). By the Frattini Lemma for finite
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groups, G = OP (G)N¢(S) and so there exists an 2 € O (G) and an n € Ng(S) such
that ¢ = an. We have |Ng(V)| > |Ng(V?®)]| since V is fully Fs(O¥ (G))-normalized, and
INs(V®)| = |Ng(V™)| = |[Ng(V9)] since n € Ng(S). Hence |[Ng(V)| > |Ng(V9)]| for all
g € Ng(V,S) and so V is fully Fs(G)-normalized. Also note that Cs(V9) = Cs(V*™) =
(Cs(VE) = Z(V*)" = Z(V9) since V is Fg(OP (G))-centric. Hence V is Fg(G)-centric.

We have shown that V' is fully Fg(G)-normalized. This means that O,(Autg(V)) =
0,(07 (Autg(V))) = Op(AutOpr(G)(V)). But V is Fg(O (G))-radical, so Op(AutOp/(G)(V))
Inn(V). Therefore O,(Aute(V)) < Inn(V) and so V' is Fg(G)-radical. Therefore
Alp(Fs(0”(G))) € Alp(Fs(G))-

Now, by definition O (Fs(G)) = (O (Autx(V))|V € Alp(F)U{S}) and by Alperin’s
Theorem Fg(OP (G)) = (Autpp @) (W)W € Alp(Fs(OP(G))) U {S}). Since we have
shown that O (Autx(V)) = Autoy () (V) whenever V' is an Fg(G)-Alperin subgroup,
and that Alp(Fs(O? (G))) C Alp(Fs(G)), we have that Fg(OP (G)) < O (Fs(G)). Hence
Fs(OP (@) = O (Fs(G)) and the theorem is proved. |
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CHAPTER 2

SYLOW p-SUBGROUPS OF SL3(p")

Let p be an odd prime, and let ¢ = p" for some n. Consider groups of the form S =

{(i i 8) | a,b,c € Fq}. These are Sylow p-subgroups of SL3(¢) and in the case n = 1

bel
they are exactly the groups considered by Ruiz and Viruel [36]. In the next few chapters,
S will always denote a group of this form. If the value of ¢q is clear from the context, we
may omit this part of the notation.

There are the p" + 1 elementary abelian subgroups of S of order p**; these subgroups
will prove to be very important in the study of saturated fusion systems over the groups
S. These are all of the form Cg(z) for some x € S\ Z(S). It turns out that for any

saturated fusion system over S, the proper Alperin subgroups of S are of this form, and

so we only need worry about these elementary abelian subgroups and S itself.

2.1 Basic facts

First we prove some well-known facts about the group S.

Lemma 2.1.1 The following hold for S:
(i) |S| = ¢* and S has exponent p.
(i) ®(S) =1[S,S] = Z(S)=[5,s] for any s € S\ Z(9), and |Z(S)| = q.
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(iii) For every s € S\ Z(S), Cs(s) is elementary abelian of order ¢*.

(iv) An elementary abelian p-subgroup of S of order q* is one of

1 00 1 00 1 0 0
a 1 0]la,ceF,,, 01 0]lbcelF,, or a 1 0]lacel,
c 01 c b1 c aX 1
where A € F, \ {0}. In particular, there are exactly ¢ + 1 elementary abelian p-

subgroups of order ¢* in S.

(v) If Vi and Vy are distinct elementary abelian p-subgroups of order ¢* then Vi NV, =
Z(9).

Proof: (i) It is easy to see that |S| = ¢® and so there exists an element of order p in

S. This shows that Exponent(S) > p. Now, given any element s € S with

1 00
S = a 1 0 5
c b1
we have, for 1 < i < p,
1 0 0
Si = a 1 0
ic+ abi(i—1) ib 1

2

This means that s? = 1 for all s € S, and thus S has exponent p.

(ii) Suppose that r = <

ISR

98) € Z(S). We have
y 1

1 00 1 00 1 0 O
rs=\|x 1 0 a1l 0] = T+ a 1 0
z oy 1 c b1 z4+c+ay y+0 1

and
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(i)

1 0 O
sr = z+a 1 0
z4+c+br y+b 1

So r commutes with every s € S if and only if ay = bx for all a,b € F,. But this is

the case if and only if z = y = 0, and so

100
Z(S) = 01 0f[xeF,,,
* 0 1
which is easily seen to have order q.
Now consider [S,S]. Tt is easy to see that s™' = ( ;13 —(1)1) %) and so commutators
have the form r~ts~lrs = (ayébz g %). Thus [S,S] = Z(S) =[S, s] for any s € S.

Since S has exponent p, S/Z(S) is elementary abelian. Hence ®(S) < Z(S) = [5, 5],
and so ®(5) = Z(S) =[5, 5].

Let 7, s be as above. As in (i), r commutes with s if and only if ay = bz. This
equation shows that we can freely choose the entries  and z, and then y is uniquely

determined. Thus Cg(s) has order ¢*. If either a or b is equal to 0 then it is

easy to check that Cg(s) is abelian. If a,b # 0 then suppose that r = (aic g %) and
100

r = (xj 1 ?) € Cgs(s). Then ay = bz and ay’ = bz and therefore abz'y = ay(ay’) =
2y

bray' = abzry’, hence 'y = zy’. This shows that r and ' commute. Hence Cg(s)
is abelian. By (i), Cs(s) has exponent p and therefore Cg(s) must be elementary

abelian.

Let V be an elementary abelian p-subgroup of order ¢, and let v € V' \ Z(S). Since
V is abelian we have V' < Cg(v), but by (4ii), |Cs(v)] = ¢* and so V = Cg(v).
A simple matrix calculation shows that the centralizer of an element of the form

<(%) il)\ ?), where A € F,, is {(oln ?/\?) la,c € Fq}. Similarly, the centralizer of the

[
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[ =J=]

element (é ? ) is {((1) % §) b, c € Fq}. It is now easy to see that every element of
S\ Z(S) is contained in one of the ¢ + 1 centralizers mentioned above, hence there
are no other subgroups of the form Cgs(s) where s € S\ Z(5), i.e. there are no

other elementary abelian p-subgroups of order ¢.

(v) Let Vi = Cs(vy) and Vi = Cs(v2) be distinct elementary abelian subgroups of order
q*. Clearly ViNVy > Z(S), and if w € Vi N Vy \ Z(S) then Cs(w) = Vi = Vj, a
contradiction. Hence Vi NV, = Z(S). |}

2.2 The automorphism group

Now let us calculate the automorphism group of S. For this purpose, we state a general

result from Parker and Rowley [32, Lemma 5.2].

Lemma 2.2.1 Let G be a finite group. Then

Cau()(G/(Z(G) N G")) = Hom(G, Z(G) N &),

where G' denotes the derived subgroup of G.

Remark In the statement of this result, note that by Caue)(G/(Z(G) N G’)) we mean

the set {a € Aut(G)| Vz € G, the coset 2(Z(G) N G') is a-invariant }.

The automorphisms in Caw(e)(G/Z(G)NG') are called the central automorphisms of
G. In the group S, we have that every inner automorphism of S is a central automorphism.
To see this, let z,y € S. Then z 'y lzy € S = Z(S) and so the cosets xZ(S) and

(xZ(S))Y are equal.

Lemma 2.2.2 The set of central automorphisms of S is a normal subgroup of Aut(S)
which is isomorphic to an elementary abelian p-group of order p**. In particular, the set

of central automorphisms consists of automorphisms of the form:
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1 00 1 00
al 0)r— a 10
c b1 c+Y(a,b) b 1

where ¢ € Hom((F,, +)?, (F,, +)).

Proof: It is easy to see that maps of the given form are indeed central automorphisms.

But the group S is generated by the set of matrices

1 00
laeF, p U 01 0f|pbeF,
0 01 0 b1

Hence every central automorphism 3 is uniquely determined by its action on the ele-
ments of this set. Thus for each central automorphism 3 we can define a map v¥; €

Hom((F,, +)?, (F,,+)) by the following equation:

1 00 1
a 1 0)=1{a
Glab) b 1) \0

It is now easy to see that the map 3 is given by

> = O
—_ o O

0 1 0 0
0] — a 1 0
1 c+Yy(a,b) b 1

It is clear from the definition that the set of all central automorphisms is a normal

[SEESEN -
= O

subgroup of Aut(S). |}

Recall that for any prime power ¢ = p™, the group I'Ly(q) is the semidirect product of

GLy(q) with the cyclic group of order n generated by the automorphism o : (a;;) — (aj;).

It is isomorphic to the semidirect product of GLy(q) with the group (o).
Lemma 2.2.3 [32, p29] Aut(S) contains a subgroup isomorphic to I'La(q).

Proof: For each x = (3 ?) € GLy(q), define an automorphism of S by
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1 00 1 0 0
a 1 0| ac + by 1 0
c b 1 %(IQOéﬁ + %b275 + abBy + det(x)c af+b5 1
It is easy to see that this defines an embedding of GL2(¢) into Aut(S). Now, for each

o € Aut(F,) define an automorphism of S by

1 00 1 0 0
a 1 0O 1a” 1 O
c b1 ¢ b1
This gives a cyclic subgroup of Aut(S) of order n (where g = p").

It is clear that these two subgroups generate a subgroup of Aut(S) isomorphic to

I'Ly(q) as claimed. |

The following well-known result gives us the automorphism group of S. Proofs may

be found in [32, 5.3] or [19, 20.8].

Proposition 2.2.4 [32, 5.3] Aut(S) = CH where C is the normal elementary abelian

p-subgroup of central automorphisms of order p*" and H = T'1y(q).
We require the following well-known facts.

Lemma 2.2.5 Let V' be a 2-dimensional F-space and let G = GL(V'). Let L denote the
collection of 1-dimensional subspaces of V.. Then G acts by conjugation on Syl,(G) with
kernel Z(G), and the faithful action of G/Z(G) on Syl,(G) is equivalent to the natural
action of PGL(V') on L.

Proof: Note that G acts naturally on £ with kernel Z(G). This is, by definition, equiv-
alent to the natural action of PGL(V') on L.

Fix an ordered basis of V and let R = {(19) € G|z € F,}. Then R is a Sylow p-
subgroup of G, with Ng(R) = {(¢Y) € Gla,b,c € F,, a,c # 0} = Stabg(l), where [ € L

is the subspace of V' generated by the vector (7).
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By Sylow’s Theorem, every Sylow p-subgroup T" of G can be written as T" = RY for
some g € G. Therefore Ng(T) = Ng(R9) = Ng(R)? = Stabg(1)? = Stabg(l9). Define a
map p : Syl (G) — L by T+ 1" where Ng(T') = Stabg(l'). We show that 1 is a bijective
map.

First we show that p is well-defined. By transitivity of G on L, every element of £ may
be written as 19 for some g € G. Suppose that Stabg(l9) = Stabg(I") for some g,h € G.
Then Stabg(1)?" " = Stabg(l), i.e. Ng(R)" ' = Ng(R). But Ng(R) is self-normalizing
in G, and therefore gh™' € Ng(R) = Stabg(l). Hence 19" =1, i.e. 19 = [*. Thus p is
well-defined.

To see that yu is injective, note that if 19 = " for some g,h € G then gh™' € Ng(R)
and therefore RY = R". Also p is surjective by the transitivity of G on L.

The group G acts on Syl,(G) by conjugation by Sylow’s Theorem. The kernel of this

action is equal to the set (), .. Ng(RY). Note that {({ %) € G|z € F,} is also a Sylow p-

geG
subgroup of G, and the normalizer of this subgroup is given by {(&%) € Gla,b,c € F,, a,c # 0}.
Hence (. No(R9) < {(§5) € Gla,c € Fy\ {0}}. Consider the stabilizer of the subspace
of V spanned by the vector (1). The matrix (29) (where a,b € F, \ {0}) is contained
in this stabilizer if and only if (¢9) (1) = (&) for some ¢ € F,. But (¢9)(}) = (%) and
therefore (§ ) is in the stabilizer if and only if a = b. In particular, (§7) € M,cq No(R?)
if and only if @ = b. Hence [ ¢ No(R?) = Z(G). This means that G acts on Syl (G)
with kernel Z(G), in particular, G/Z(G) acts faithfully on Syl (G).

Thus we have a bijection y : Syl (G) — £ and an isomorphism G/Z(G) — PGL(V')
which together show that the action of G/Z(G) on Syl,(G) is equivalent to the action of
PGL(V)on L. i

Lemma 2.2.6 The action by conjugation of GLy(q) on Syl,(GLa(q)) is 2-transitive.

Proof: Let L be the set of lower unitriangular matrices in GLs(g) and let U be the set of

upper unitriangular matrices. These are both Sylow p-subgroups of GLs(q), and LNU = 1.
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But U is the unique Sylow p-subgroup of N, ) (U), and so Np(U) = {g € L|U? = U},
which is a p-group, must be contained in U. Hence Ny (U) = 1.

The group L acts by conjugation on the set Syl (GLa(q))\ {L} of ¢ Sylow p-subgroups
of GLy(q) distinct from L. We have that |Orb(U)| = |L : N(U)| = |L| = ¢, and so
L acts transitively on Syl,(GLa(q)) \ {L}. Sylow’s Theorem shows that a group acts
transitively on the set of all its Sylow subgroups, and so GLy(q) acts 2-transitively on its

Sylow p-subgroups. |

Corollary 2.2.7 The group PGLa(q) acts 2-transitively on the q + 1 points of the pro-

jective line P.

Proof: The projective line P can be identified with the collection £ of 1-dimensional
subspaces of F>.
By Lemma 2.2.5, the action of PGL2(gq) on L is equivalent to the action of GLy(q) on

its Sylow p-subgroups. Thus the result is equivalent to Lemma 2.2.6. |
We can now deduce the following:

Corollary 2.2.8 The automorphism group of S acts 2-transitively on the collection of

elementary abelian subgroups of S of order ¢>.

Proof: Consider S/Z(S) as a vector space of dimension 2 over F,. By Proposition 2.2.4,
Aut(S) contains a subgroup G isomorphic to GLs(g), and the action of G on S/Z(S5) is
equivalent to the natural action of GLy(g) on F2. By considering S/Z(S) as an Fg-space,
we see that the elementary abelian subgroups of order ¢? are just the 1-dimensional

100

subspaces spanned by <(1) L (1)> Z(S) (for b € F,) and (é

—_—_o
—OoO

> Z(S). Thus we can identify
the collection of elementary abelian subgroups of S of order ¢ with the collection £ of
1-dimensional subspaces of F>. Lemma 2.2.7 now shows that G, and hence Aut(S), acts

2-transitively on the collection of elementary abelian subgroups of order ¢2. |
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This result will allow us to map two of these subgroups to any other two of these
subgroups whilst preserving (up to isotypical equivalence) the properties of the fusion
system we are studying.

We need the next result in the following chapter.

Lemma 2.2.9 Let V' be the subgroup of S consisting of matrices of the form <(11 g %)
where a,c € F,, and let Z = Z(S). We regard V' as a 2n-dimensional vector space over
F,, and regard Z as a vector subspace of V.. Then the group of central automorphisms of

S acts transitively on the collection of complementary subspaces to Z in V.

Proof: Let Y be the subspace of matrices of the form (éz g §>. Clearly this is a comple-

mentary subspace to Z in V. Now define projections

m:V — Y

z2+y — y
and

m:V = Z

z+y — =z

Now let K be any complementary subspace to Z. Observe that 7| is an isomorphism,
80 O := (m|) " 'my is a well-defined map YV — Z.

Suppose 0 = O for some complementary subspace K’. Then for every y € Y,

y(W1|K)717T2 — y(TF1|K/)717T2. (2.1)

But if y™)™" = 2 + y and y(m|x)"" = 2/ 4 y then the equation above gives z = 2.
Hence (m|g)~! = (mi|x) !, and so K = K.
We now show that K = {y + ¢y’ € Y @ Z|y € Y} =: A. To see this, first note that if

v,y € Y and A € F, then (y + y'%) + ANy +v"7%) = (y + \y/) + (y°% + M%) € A. So A
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is a vector subspace of V. But (y + y’%) € Z if and only if y = 0, and therefore y’% = 0.
Hence ANZ = 0. Finally, we show that A® Z = V. To do this we show that Y C A® Z.
If y €Y then y’% € Z and so y = (y + y’*) —y’% € A® Z. Thus A is a complementary
subspace to Z in V.

Now, given any y € Y, y(”1|f“)717r2 = 9% and so 04 = 0. Hence K = A. To complete
the proof, define a homomorphism ¢y € Hom((F,, +)%, (F,, +)) by ¥k (a,b) = a’<. We

now have that the map

100 1 00

a1l 0] +r— a 10

c b1 c+ vi(a,b) b 1
is a central automorphism of S mapping Y to K. |

2.3 Potentially radical subgroups

By Alperin’s Fusion Theorem, a saturated fusion system is completely determined by the
F-Alperin subgroups and their F-automorphisms. So to classify all the saturated fusion
systems over S we need to consider which subgroups can be F-centric and F-radical. To

this end, we make the following definition:

Definition 2.3.1 A subgroup Q) of any finite p-group P is called potentially radical if

there ezists a subgroup H < Aut(Q) such that
(i) Autp(Q) € Syl,(H); and
(i) Op(H) = Q/Z(Q) = Inn(Q).

Remark Note that if F is a saturated fusion system over P and () < P is fully normalized
and F-radical then @ is potentially radical since H = Autz(Q) < Aut(Q) satisfies the

definition above.
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Definition 2.3.2 We shall say that a subgroup V of S is self-centralizing if Cs(V) =
Z(V). Denote by C the collection of all subgroups V' of S which are both self-centralizing

and potentially radical.
Lemma 2.3.3 IfQ €C and Q # S then Z(S) < Q and Q < S.

Proof: Firstly, note that @ # Z(S) since Cg(Z(S)) = S # Z(S). It is also clear
that Z(9) < Cs(Q). But @ is self-centralizing and so Z(S5) < Cg(Q) < Q. Since
[S,S] = Z(S) < Q, we have that @ is normal in S. |

We now prove a sharper version of a result from Gorenstein [20, 5.3.2].

Proposition 2.3.4 Let P be a finite p-group and let
P=F>P>--->2F_1>F=1
be a series of characteristic subgroups of P. Then

k
() Caueir)(Bi/ Prea) < Oy(Aut(P).

Proof: Let C; := Caup)(P;/Pi1). Applying Gorenstein’s result [20, 5.3.3] gives that
ﬂle C; is a p-subgroup of Aut(P), so it remains to show that ﬂle C; < Aut(P). Let
a € C;, € Aut(P) and let 2Py, € Pi/P;yy. Then S 'aB(xPyy) = B a(B(x)Piyy) =
B~ B(z)Py1) = wPyyy since P; and P, are characteristic in P. Hence for every i,

C; 9 Aut(P), and therefore (\_, C; < Aut(P). Thus N, C; < O,(Aut(P)). 1
We shall introduce some convenient terminology from Gorenstein [20, p178].

Definition 2.3.5 Let G be a finite group and let A be a subgroup of Aut(G). We say

that A stabilizes the series

G=Gy>G>-->2Gp12>2Gp=1
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if each Gy is A-invariant and A acts trivially on each factor G;/Giiq for 1 <i <k.

Corollary 2.3.6 Let P be a finite p-group. Suppose that @ < P and that Autp(Q)

stabilizes some series of characteristic subgroups of Q. Then @) is not potentially radical.

Proof: Suppose that @ € C and that Autp(Q) stabilizes the series

R=Q > > >CQr1>Qr=1

of characteristic subgroups of . Then Autp(Q) < ﬂf:o Cauw(0)(Qi/Qit1) and so by
Proposition 2.3.4 Autp(Q)) < O,(Aut(Q)). Now suppose that H < Aut((Q)) satisfies
Definition 2.3.1 for Q. We have Autp(Q) € Syl,(H), and so Autp(Q) = HNO,(Aut(Q))<
H. Therefore Autp(Q) = P/Z(Q) < O,(H) = Q/Z(Q), which contradicts the fact that

@ is a proper subgroup of P. |

Proposition 2.3.7 No self-centralizing non-abelian proper subgroup of S is potentially

radical.

Proof: Let () be a self-centralizing non-abelian proper subgroup of S. Note that since )

is self-centralizing, [S,S] = Z(S) < Q. Thus @ is normal in S. We consider two cases.

Case 1: Z(Q) = Z(S). In this case [@,S] < [S,5] = Z(S5) = Z(Q) and it is easy to see
that Autg(Q) centralizes Z(Q) and Q/Z(Q). This means that Autg(Q) stabilizes the
characteristic series @ > Z(Q) > 1, and so by Corollary 2.3.6, () is not potentially

radical.

Case 2: Z(Q) = Z(S). If z € Z(Q) \ Z(S) then @ < Cg(x). But Cs(z) is abelian by

Lemma 2.1.1(7i7), which contradicts the assumption that ) is non-abelian.

This completes the proof. |
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Proposition 2.3.8 Let (Q € C be a proper abelian subgroup of S. Then there exists a
y € Q\Z(S) such that Q = Cs(y).

Proof: By Lemma 2.3.3, we have Z(S) < Q. Let y € Q \ Z(S). Since @ is abelian,
Q < Cs(y). But Lemma 2.1.1(i4i) shows that Cs(y) is abelian, and so Cs(y) centralizes

Q. Since (@ is self-centralizing, we therefore have Q = Cs(y). |

Putting together Propositions 2.1.1(iii), 2.3.7 and 2.3.8, we see that the set C of poten-
tially radical subgroups contains just S and elementary abelian groups of order ¢?. This
means that the set Alp(F) is contained in the set of all elementary abelian subgroups of S
of order ¢®. Let us collect some facts about the elementary abelian elements of C. Recall
from Lemma 2.2.2 that if 3 is a central automorphism then there exists a homomorphism

Yy : F? — F, associated to 3.
Lemma 2.3.9 Let V' be an elementary abelian subgroup in C. Then the following hold:
(i) V is a normal subgroup of S;
(ii) Autg(V') = S/V is elementary abelian of order q;
(111) Aut(V') = GLan(p);
(iv) Caw(s)(V) = {3 € Caur(s)(S/Z(5))|¢3(x,0) =0 for all x € F,}.
(v) Aut(V') contains a subgroup isomorphic to GLy(q).

Proof: We have S’ = Z(S) < V and so (i) and (i) now follow immediately. To see (i),
we note that V' may be considered as a 2n-dimensional vector space over GF(p), from
which it is clear that Aut(V') = GLa,(p).

We now prove (iv). By Corollary 2.2.8 we may assume that V' is the subgroup
{(f;c g §> |z, y € ]Fq}. Let 3(: f) o' € Cauts)(V), where 3 is a central automorphism

and o is the automorphism induced by the Frobenius automorphism of F,. Then
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a,@g
) 1 0 0
t

(xa)? 1 0
(32%aB + (ad = B)(y + )P (@B 1

for all x,y € F,. First, note that we have (z3)" = 0and so § = 0. By setting z = 1 we see

O = O
_ o O
I

1
x
Yy

that o = 1 and if w is a primitive element of F, then setting * = w gives P WPt =1,
Thus w? ! = 1 and therefore p' = q or 1. By setting 2 = 0 we see that (ad)y =y, and
so ad = 1. Therefore for any x we have y + ¢,(x,0) = y, which means that ¢;(z,0) =0
for all x.

To see (v), we show that the elementary abelian groups of order ¢? may be regarded
0
1
aX

. 100 100 1 00
be a primitive element of IF,. Let e; = (010), €y = <010>, ...,en:< 0 10)7 fi=
101 w01 w01

as a vector space over [F,. Suppose that V' = { (é §> |la, cIFq} where A € Fy. Let w € F,

10 0
<é ()1)\ Ef))’ R <w%’1 n£1>\ ?> Since V is elementary abelian, it is clear that V' can
be regarded as a 2n-dimensional F,-space, with ordered F,-basis {e1,...,e,, f1,..., fu}.
We can define an action of F, on V' as follows: for every p € F,, with p = g + pow +

o+ W™t where p; € F, define a matrix

pro 2 v Hn
n M1 0 Hn—
M= |Fr T e
M2 M3 -0 1

Then for every element v € V (considered as a 2n-dimensional [F,-space), define p.v =
(M 9 )v. This multiplication makes V' into a 2-dimensional F,-space with basis {e1, f1}.
A similar argument works for the case when V' = {((1) (%), %) b, c € Fq}. This shows that

Aut(V) has a subgroup isomorphic to GL2(gq), namely the collection of automorphisms of

V' which preserve this [F-structure. |

Corollary 2.3.10 Let x € S\ Z(S) and let V' = Cs(z). Then V is potentially radical in
S.
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Proof: The group V is elementary abelian of order ¢ by 2.1.1. In the proof of 2.3.9(v),
we constructed a subgroup of Aut(V') isomorphic to GLy(q); denote this subgroup by H.
If we can show that Autgs(V) € Syl,(H) then we will have shown that V' is potentially
radical since O,(H) = 1.
The Sylow p-subgroups of H have order ¢, and so it remains to show that Autg(V) <
00

H since Autg(V) also has order ¢. Recall that if s = (clz ! (1)) and v = (aic z(lj §> then

s lus = (ZM%_M g %). To see that Autg (V) is contained in H, we shall write the elements
of Autg(V') as 2n-dimensional matrices over F, and show that they commute with the
matrices representing scalar multiplication of elements of V' by elements of [F,.

We observe that with respect to the ordered F,-basis {e1, ..., e, fi,..., fn} described
in 2.3.9, elements of Autg(V') have the form ({ 4) where A is an n x n matrix over F,, and
I is the n X n identity matrix. But matrices of this form commute with matrices of the
form (4 9 ). In particular, elements of Autg(V) commute with scalar multiplication of

elements of V' by elements of F,, as required. This completes the proof that Autg(V) < H,

thereby showing that V' is potentially radical. |

Corollary 2.3.11 If F is a saturated fusion system over S then Alp(F) is closed under

F-conjugation.

Proof: Lemma 2.3.9 shows that C = {5, Cs(x)|z € S\ Z(S)}, and therefore Alp(F) C
{Cs(x)|z € S\ Z(S5)}. Solet V be an elementary abelian Alperin subgroup of S; then
|V| = ¢* Since every elementary abelian subgroup of S which has order ¢? is in C, we
have that every F-conjugate of V' is an elementary abelian member of C. So by 2.3.9, V'
is normal in S, and is therefore fully F-normalized.

Now, every F-conjugate of an F-radical subgroup of S is F-radical and every F-
conjugate of an F-centric subgroup is F-centric. Therefore every F-conjugate of V is
F-radical, F-centric, and fully F-normalized. Hence every F-conjugate of V' is an Alperin

subgroup, and so Alp(F) is closed under F-conjugation. |
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Corollary 2.3.12 If F is a saturated fusion system over S then F is Alp(F) U {S}-

generated.

Proof: This follows immediately from 2.3.11 and Alperin’s Fusion Theorem. |
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CHAPTER 3

DETERMINING Op/(Aut (V)

Ve

In this chapter, as before, S continues to be a Sylow p-subgroup of SL3(q), where ¢ = p
for some n and some prime p. It turns out that for any saturated fusion system F over
our group S, there is a lot we can say about OP (F). Specifically, we shall be able to
prove that whenever V' is an elementary abelian F-Alperin subgroup of S of order ¢?, the
group O (Autz(V)) satisfies the hypothesis of a theorem of Timmesfeld [40, Theorem
3.2], thereby proving that it is isomorphic to SLa(q). Using Theorem 1.8.2, the fusion
system shall then be determined by Autz(S).

The paper of Ruiz and Viruel [36] deals with the case n = 1 (i.e. ¢ = p). They proved
that Autz(V) contains a normal subgroup isomorphic to SLy(p). Of course, in their
case Aut(V) = GLy(p), whereas our situation is rather more complicated as Aut(V) =

GLan(p). The result proved in this chapter includes that of Ruiz and Viruel as a special

case.

3.1 A sufficient condition for F-radical subgroups

First we observe that V' is F-radical if Autz(V') contains a subgroup isomorphic to SLy(q).

Proposition 3.1.1 Let F be a saturated fusion system over S, and let V be an elementary

abelian subgroup of S of order ¢*. If Aut=(V) contains a subgroup isomorphic to SLy(q)
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then V is F-radical.

Proof: Suppose L < Autz(V) is isomorphic to SLa(g). The group V is abelian so
Outz(V) = Autz(V)/Inn(V) = Autz(V). Since F is saturated and V' is fully normalised,
we know from Lemma 2.3.9 that Autz(V) has elementary abelian Sylow p-subgroups of
order q. But SLy(q) also has elementary abelian Sylow p-subgroups of order ¢ and so
Syl,(L) € Syl,(Autz(V)). Therefore Oy(Autz(V)) < Op(L) = 1 and so V' is F-radical.
|

3.2 Rank one groups

In this section we shall introduce the notions of a rank one group and quadratic action.

We shall show that these notions apply to O (Autx(V)).

Definition 3.2.1 A group X is called a rank one group if it is generated by two distinct
nilpotent subgroups A and B with the property that for each a € A\ {1} there exists
b€ B\ {1} such that A®* = B%, and vice versa.

The conjugates of A and B are called the unipotent subgroups of X. To say that
X is a rank 1 group is simply a shorthand way of saying that X is a group with a split
(B, N)-pair of rank 1, as noted in [40, p.3]. We shall not discuss groups with a (B, V)-pair

explicitly here; for more details about groups with a (B, N)-pair see [6, Chapter IV, §2].

Definition 3.2.2 Let X be a rank one group with unipotent subgroup A. The abelian
group V' is called a quadratic X-module if X acts faithfully on V and [V, A, A] = 0.

Let F be a saturated fusion system over S and V' an elementary abelian p-subgroup
in C. Let G = Autz(V). Then we may regard V as a 2n-dimensional F,G-module.

We have the following lemma:
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Lemma 3.2.3 Let V' be an elementary abelian p-subgroup of S in C. By regarding V as
a F,G-module, we have that for all s € S\'V,

Cyv(Auts(V)) = [V, Auts (V)] = [V, e.] = Cv (cs) = Z(S5).

Proof: Firstly, note that

Cy(Auts(V)) ={z € Vislas=aVse S} =V NnZ(S) = Z(9).

Now

Cy(cs) ={x € V|slas =} = Cs(s) NV > Z(S).

If s € V then ¢ acts trivially on V' because V' is abelian. So by Lemma 2.1.1(iii) Cs(s)
is an elementary abelian p-group of order ¢* distinct from V. Hence by part (v) of that
lemma, Cy(s) = Z(S).

It is easy to see that [V, Autg(V)] = [V, S] and [V,¢cs] = [V,s]. Let s = (é}

SO
[l =J=]

> and

ub—wva 0

let © = <L11§1))§))> € V. Then [z,s] = < 0 (f%) and so [V, s] = [V, S] = Z(S) since a and

b range over all of GF(¢). This completes the proof. |

The lemma above implies that with V' € C\ {S}, G = Autz(V) and R = Autg(V)

the hypotheses of the following result are satisfied.

Lemma 3.2.4 [32, Lemma 4.16] Suppose that p is a prime, G is a finite group, R €
SylL,(G) has order p™ and V' is a faithful F,G-module of dimension 2n. If, for all non-

wdentity r € R,

Cv(R) = [V, R] = [V,r] = Cv(r)

has F,-dimension n, then either |Syl,(G)| =1 or p" + 1. Furthermore, if [Syl (G)| =

p" 4+ 1 then the following hold:
(i) for any pair P # P' € Syl,(G) we have PN P' =1 and Cy(P) N Cy(P') =0, and

o2



(ii) G acts 2-transitively on Syl,(G).

Proof: Suppose that [Syl,(G)| > 1, and let R, T € Syl,(G). Note that if v 4 [V, R] €
V/[V,R] and r € R then

(v+[V,R))" =v"+[V,R]=v"+ (—v)" — (—v) + [V, R] = v+ [V, R].

This means that if Cy(T) = Cy(R) = [V, R] = [V,T] then (R,T) centralizes the series
V > [V, R] > 0. Thus by Proposition 2.3.4, we have that (R,T) is a p-group. But R €
Syl,(G) and hence R = T. We conclude that for distinct R, T € Syl (G), Cv(R) # Cy(T).
This in turn means that R NT = 1, since if x is a non-trivial element of R N T then
Cv(R) = Cy(z) = Cy(T), which is a contradiction. This proves the first part of (7).
From among all the distinct pairs of members of Syl,(G), choose R,T such that
the dimension of Cy(R) N Cy(T) is maximal. Set U = Cy(R) N Cy(T) and W =
Cyv(R) + Cy(T). Since R is conjugate to T" we have dim(Cy(R)) = dim(Cy(T)). Hence
dim(Cy(R) + Cy(T)) = dim(Cy(R)) + dim(Cy(T)) — dim(Cy(R) N Cy(T)). Therefore
dim(W/U) = dim(Cy(R)) + dim(Cy (7)) — 2dim(Cy(R) N Cy(T')). This means that
dim(W/U) is even, i.e. W/U has dimension 2b for some 0 < b < n. Let L = (R,T) and
let P,Q € Syl,(L) with P # Q. Then the subspaces Cy(P)/U and Cy(Q)/U of W/U
both have dimension b, and by the maximality of dim(U), they intersect trivially. Now,
R acts on Syl(L) by conjugation, and so Ng(T) is a p-subgroup of Ni(T). But T is the
unique Sylow p-subgroup of Np(T) and so Ng(T) < T. But RNT = 1so Nr(T) =1
and thus |Orbg(T")| = |R : Nr(T)| = |R| = p™ by the Orbit-Stabilizer Theorem. Hence
ISyL,(L)| > p" +1 and so W/U has at least (p" 4 1)(p” — 1) non-trivial elements. Thus we
have p?** —1 > (p" + 1)(p® — 1), which means that b = n. This allows us to conclude that
Cv(R) N Cy(T) = 0 for all pairs of distinct members R and T' of Syl,(G), proving (i).

We now have that [Syl,(G)| > p” + 1 and so
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" =VIZ @+ DE" - 1)+ 1=p"
From this we can conclude that [Syl,(G)| = p" + 1. Finally, we note that any R €
Syl,(G) acts on Syl,(G)\{R}. If T € Syl (G)\{R} then |Orbg(T)| = p", and thus R acts
regularly on Syl,(G) \ {R}. In addition, Sylow’s Theorem shows that G acts transitively

on Syl,(G) and so it follows that G is 2-transitive on Syl (G). This proves (i7). |

Proposition 3.2.5 Let G be a finite group, and suppose that R € Syl (G) has order p".

Let V' be a faithful F,G-module of dimension 2n. Suppose that for all non-identity r € R,

Cv(R) = [V, R] = [V,r] = Cv(r)

has F,-dimension n, and that |Syl,(G)| = q+ 1. Let X = O (G). Then
(i) X is a rank 1 group with unipotent subgroup R,

(i1) V is a quadratic X -module.

Proof: Let R,T € Syl,(G). As we saw in the proof of Lemma 3.2.4, R acts regularly on
Syl,(G) \ {R} and T acts regularly on Syl (G)\ {T'}. Hence (R, T) contains every Sylow
p-subgroup of G, i.e. O” (G) = (R, T).

Now, if € R then (by regularity of R) T" € Syl (G) \ {R,T}. By the transitivity of
T on Syl,(G) \ {T'}, there exists a t € T such that R = T". This completes the proof
that X = O (@) is a rank one group.

To prove (i7), note that by hypothesis, [V, R, R] = [Cv(R),R] =0. |}

Corollary 3.2.6 Let F be a saturated fusion system over S and let V' be an elementary
abelian F-Alperin subgroup of S. Let X = O (Aut#(V)) and let A = Autg(V). Then X

s a rank one group with unipotent subgroup A, and V is a quadratic X -module.
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Proof: Let G = Autz(V). Then V is a faithful 2n-dimensional F,G-module, and by
3.2.3 we have that Cy(S) = [V, S] = [V, s] = Cy(s) for all non-identity s € S. Hence by
3.2.4, [Syl,(G)| = 1 or [Syl,(G)| = ¢+ 1. But if [SyL,(G)| = 1 then Autg(V)) would be a
non-trivial normal p-subgroup of Autz(V) = Outxz(V), contradicting the fact that V' is

F-radical. Hence [Syl,(G)| = ¢ + 1. The result now follows from 3.2.5. |

Lemma 3.2.7 Under the conditions of Lemma 3.2.4, we have

v=J (D).

TeSyl,(G)

Proof: By hypothesis, dim(Cy (7)) = n, and therefore |Cy (T')| = p" for all T' € Syl (G).
By Theorem 3.2.4 (i), for any two distinct Sylow subgroups P, () we have Cy (P)NCy (Q) =
0, thus

U o@m=@"+1)p"-1)+1=p™
Tesyl, (@)

This means that

V= U Cv(T)

TeSyl,(G)

as required. ||

Definition 3.2.8 Let D be a set with two operations; an addition (a,b) — a+b and a
multiplication (a,b) — ab. We say that D is an alternative division ring if the following

hold:
(i) D is an abelian group with respect to the operation +;
(i1) there exists a multiplicative unit element 1 € D;

(iii) every non-zero element x € D has a two-sided inverse x=1 such that x7'(zy) =y =
(yx)x~t for ally € D\ {0},
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(iv) the operations on D satisfy the distributive laws.
Remark Note that we do not assume that the multiplication in D is associative.
Lemma 3.2.9 A finite alternative division ring is a field.

Proof: Let D be a finite alternative division ring. A basic property of alternative division
rings is that any two elements generate an (associative) subring (see [41, Theorem ADRI,
p439]). By the uniqueness of inverses in D, we have that any such subring R is an
(associative) division ring. But D, and therefore R, is finite, and so by Wedderburn’s
Theorem (see [15, p178]) R is a field. In particular, R is commutative. Since this holds
for any two elements of D, we have that every two elements of D commute. Hence D
is commutative. Now by [41, Lemma 1, p439], a commutative alternative division ring
is associative, and therefore D is associative. But then D is a commutative associative

division ring; i.e. D is a field. |

The following theorem from Timmesfeld will us give the generalization of the Ruiz-

Viruel result we want.

Theorem 3.2.10 [40, Theorem 3.2] Let X be a rank 1 group with unipotent subgroup

A. Suppose that V' is a quadratic X -module with the following properties:
(i) V =1[V,X] and Cy(X) =0,
(ii) [V, A] = [v, A] for every v € V — [V, A].

Then there exists an alternative division ring K whose additive group is isomorphic to A

such that X = SLy(K), and V' is the natural ZX -module.

Proposition 3.2.11 Let V be an elementary abelian p-subgroup of S in C, let X =
O (Autz(V)). Then X =2 SLy(q) and acts on 'V as the natural F,SLy(q)-module.

o6



Proof: Let A = Autg(V'). We showed in 3.2.6 that X is a rank 1 group with unipotent
subgroup A and that V' is a quadratic X-module. It remains to prove conditions (i) and
(27) from Theorem 3.2.10.

Now, since [V, A] = Cy(A), we have that for any = € X, [V, A*] = [V, A]* = Cy(A)* =
Cv(A”). Let v € V. Then by Lemma 3.2.7, there exists a T' € Syl (Autxz(V')) such that
veCy(T)=[V.T] C [V, X]. Hence V = [V, X]. Also Cy(X) C mTGSylp(Aut}-(V)) Cy(T) =
0 by Lemma 3.2.4, proving condition (7).

To prove (ii), let v € V'\ Z(S). By Lemma 3.2.3, it suffices to show that [v, S| = Z(5).
Using Lemma 2.1.1, this is easily seen to be true. Hence by Theorem 3.2.10, X = SLy(K)
where K is an alternative division ring whose additive group is isomorphic to Autg(V').
In particular, K is finite and has order q. Hence by 3.2.9, and the fact that finite fields
are determined by order, K = F,. Therefore X = SL,(q) as claimed, and we also have

that X acts on V as a natural SLy(g)-module. |}

We now show that O (Autz(V')) is the only subgroup of Autz(V) containing Autg(V)

which is isomorphic to SLy(q).

Lemma 3.2.12 Suppose that V is a 2n-dimensional vector space over Fy,. Let Z be an
n-dimensional subspace of V. and Y a complementary subspace to Z in V. Assume that
X = (A,B) and X' = (A, B') (where A,B € Syl,(X) and B" € Syl,(X')) are groups
isomorphic to Slis(q) whose actions on V' are equivalent to the action of Sla(q) on its
natural module. Suppose additionally that Z = Cy(A) = [V, A], Y = Cy(B) = Cy(B').
Then B= B and X = X'.

Proof: The group X permutes the set P = {Cy(R)|R € Syl (X)}. But X and A satisfy
the hypotheses of Lemma 3.2.4, and so A acts transitively on Syl,(X)\{A}. Thus we have
that P = Y4AU{Z}. Similarly we set P’ = {Cv(R')|R’ € Syl,(X’')} and get P’ = YAU{Z}.
Hence P =P".
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The actions of X and X’ on P are equivalent to the natural action of PSLy(¢) on ¢+ 1
points. Note that [V, B] = [V,B']| =Y = Cy(B) = Cy(B’) andso [V, B,B'| = [V, B, B] =
0. By considering V', B and B’ as subgroups of the semidirect product V x (B, B’) the
Three Subgroup Lemma (see, for example, [20, Theorem 2.2.3]) implies that [B, B'| =1,
since the actions of B and B’ on V are faithful.

Now let N be the kernel of the action of H := (X, X’) on P (note that Z(X) < N).
Then H/N can be embedded in Sym(q + 1). Now, since [B, B'] = 1 we have that BN/N
and B’N/N commute. Furthermore, Lemma 3.2.4 shows that both these groups act
regularly on the set P\ {Y}. But B and B’ are isomorphic to Sylow p-subgroups of
SLy(q), and so are abelian. This means that BN/N and B’N/N are abelian, and since a
regular abelian permutation group is its own centralizer (see, for example, Wielandt [43,
Proposition 4.4]), we deduce that BN/N = B’N/N. Therefore XN = X'N.

Let By = (B, B’). Then we have that ByN = BN = B'N. Thus |BiN| = |B:||N|/|BiN
N| = |B||N|/|B N N| and so |B;|/|B| = |By N N|/|B N N|. Hence if B; > B then
|By N N| > 1. Let By := B; N N. Note that since [V, B, B'| = [V, B’, B] = 0, we have
[V, By] =Y. This means that [V, By] < [V, By] =Y. But By < N normalizes Z, and so

V. Bo] = [Z +Y,Bo] = [Z, Bo] + [Y, Bo] = [Z, By] < Z.

Thus [V, Bo) <Y NZ =0. Hence By =1 and so B = B’, therefore X = X'. |}

Corollary 3.2.13 A saturated fusion system F over S is uniquely determined by Autz(.S)
and the set Alp(F).

Proof: Theorem 1.8.2 tells us that a saturated fusion system is determined by the
groups O (Autx(V)) for V € Alp(F) and Autz(S), and Proposition 3.2.11 shows that
OP (Aut#(V)) = SLy(q) with the natural action on V whenever V € Alp(F). |
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CHAPTER 4

THE CLASSIFICATION

Throughout this section, let F be a saturated fusion system over S. The results proved in
the previous chapter put us well on the way to being able to apply the Frattini Lemma for
saturated fusion systems, by determining the structure of O (V) for Alperin subgroups
V. It remains to determine the possibilities for Autz(.S). In this chapter we shall classify
the possibilities for Autz(.S). Mostly we shall be able to do this by using saturation to
lift F-automorphisms of the proper Alperin subgroups to S. However, this lifting process
depends on the number of proper Alperin subgroups, and we shall prove a result that

shows that there are (usually) no more than 2.

4.1 The structure of Autz(S)

Let V' be a 2-dimensional IF,-vector space. We may consider V' as a 2n-dimensional vector
space over the prime subfield IF,. It is clear that any F,-linear map of V' is also IF,-linear;
denote this set of maps by A. Since a field automorphism of [F, fixes the prime subfield, a
map of V' induced by a field automorphism of F, is F-linear. This means that the natural
action of I'Ly(g) on V' is F-linear. Since this action is faithful, it defines an embedding of
I'Ly(q) into GLo,(p) as a group of endomorphisms of V. We denote the image of I'Ly(q)
in GLy,(p) by H.
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Now let V be an elementary abelian F-Alperin subgroup of S of order ¢>. We may
consider V' as a 2n-dimensional vector space over F,, and so Autz(V) < Aut(V) =
GLa,(p). Let L = O (Autx(V)). By Proposition 3.2.11, L is isomorphic to SLy(g) and
V' is a natural F,L-module. We can extend L to subgroups A and H of GLs,(p) with

L<A<H,A=GLy(q) and H = T'Ly(q).

Lemma 4.1.1 Let V < S be an element of Alp(F), and let H be the image of I'La(q) in
G := GLa,(p) as described above. Then Autz(V) < H = T'Ly(q).

Proof: By Proposition 3.2.4, we have that V is an irreducible F, L-module of dimension
2n. By Schur’s Lemma, End, (V) is a field containing F,,. Now if M := M (V') denotes the
set of F,-linear maps V' — V, then by definition End; (V') = Cy/(L). Since F, C Cy (L),
we have that V is a Cy/(L)-vector space. Now, Cy(L) is a field of characteristic p so
Cu(L) is a F, space of dimension b for some positive integer b. Thus |V| = p?* = p™
where m = dime,, ) (V).

We have G > H > A > L and therefore Cp (L) O Co(L) D Cu(L) = Z(GLy(q)) =
Fy =T, \ {0}. This means that dimg,(Cy/(L)) > n, and

dimg, (V) = dimg, (Cps(L)).dime,, ) (V)

hence 2n > nm, giving us that m = 1 or 2. Note that there exists an embedding
L — GL,,(Cy(L)) (since V is an m-dimensional Cj/(L)L-module) and so if m = 1
then we have an embedding L — GLy(Cy(L)) = Cy(L)* = Cy(L) \ {0}. This is a
contradiction since the multiplicative group of Cj;(L) is abelian. This means that m = 2,
therefore dimg,(Cy/(L)) =n and |Cy(L)| = p”, thus |Cg(L)| = p" — 1. But Cy(L) = F;

and so |Cy(L)| = p™ — 1, hence Cs(L) = Cy(L) < H.
Now consider Ng(L). It is clear that H < Ng(L), and we claim that H = Ng(L).
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Note that
HCq(L) H
o =~ Aut(L).
ColD) - Cuy At

But HC¢(L)/Cq(L) < Ng(L)/Cq(L), and Ng(L)/Cs(L) is isomorphic to a subgroup of
Aut(L), therefore Ng(L) = HCx(L). But Cg(L) < H so Ng(L) = H as claimed.
Now, since L < Autx(V), we must have that Autz(V) < Ng(L)=H. |}

Lemma 4.1.2 Let V € Alp(F) and let ¢ € OP (Autx(V)) be the element which acts

w 0

s w_l) on V, where w is a primitive element in F,. Then any extension o of ¢ in

as (
Autz(S) is of the form 3A, where 3 is a central automorphism and A € GLy(q) is a matrix

conjugate to (‘;’ w92) for some v € IF,.

Proof: By Corollary 2.2.8, we may assume that V' is the subgroup of matrices of the

form <¢11 g §> where a,c € F,. An easy matrix calculation shows that N, = S: if x =
C
S

100
(1/} L (1J) S then the map ¢~ 'c,¢ is given by

d)_lczd) 1

100 0 0\ 1 0 0\° 1 0 0
a 1 0 =|aw™t 1 0 = aw™1 1 0] = a 1 0],
c b1 cw 01 cw— paw™t 0 1 c—paw=2 0 1

which is clearly a central automorphism, and hence in Autg(V'). Thus Ny = S.
Now, by saturation ¢ extends to a map in Autz(S). Fix some extension ¢ in Autz(S).

From Proposition 2.2.4 we see that ¢ is of the form 3. (: g) o', where 3 is a central

af

o ) acts as in Lemma 2.2.3, and o is the map induced by the Frobenius

automorphism, (
automorphism of the field F,. Since we already know the action of ¢ on V', we can perform

some simple calculations to determine ¢. Suppose that 3 is given by

1 00 1 0 0
3 r 1 0] — x 10
2y 1 z+ip(zy) y 1
where ¢» € Hom(g?, q¢). Then we have
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100 1 00 1 00
11 0] — 1 1 0] — « 1 0
00 1) \eo) 0 1) \laB+(as—pne,0 8 1
1 0 0
— o 1 0
(308 + (a6 = 7)e(1,0)7 #7 1
But
(100 1 00
p: 11 1 0] —|w 10
0 01 0 0 1
so we have that o = w and $? = 0 from which we can deduce that 3 = 0 and that
¥(1,0) = 0.
Now we consider:
1 00 100 1 00
01 0]—-1]01O0)+—— |0 1O0])+——
1 01 1 1 ad 0 1

1 00 1 00 1 00
010}]—{101O0]+—1]1 0 10
w 0 1 w 0 1 wad 0 1
1 00
— 0 10
(wad)” 0 1

and so w” = w. But w is a primitive element of GF(p") and so we must have w?" = w.

Therefore pt = p™ gives the trivial map. Finally,
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1 00 1 00 1 00
w 1 0] +— w 1 0)+— aw 1 0],
0 01 Y(w,0) 0 1 adp(w,0) 0 1
which shows that o = w and 9 (w,0) = 0.
Putting this all together we can see that ¢ is an automorphism of the form 3. (“’ 0 )

v w?

where 3 is a central automorphism with ¢;(a,0) =0 foralla € F,. |}

Lemma 4.1.3 Let w € F; be a primitive element and let ¢ denote the automorphism of

S which acts as the matriz (¢ 22). Then Cauws)(¢) = {(39) € Aut(S)|A, 1 € Fy}.

0 w2

Proof: A routine calculation in Aut(.S) shows that

Cau(s)(?) = {3 (é 2) € Aut(9)[¢;(a, b) = wip;(aw, bw™?) for all a,b € F,}.

Let ¢ be a homomorphism (F,,+)? — (F,,+) such that ¢(a,b) = wi(aw, bw™?). Since
¥ is an additive homomorphism, we have that ¢ (a,b) = ¥(a,0) + ¥ (0,b) for all a,b €
F,. Let ¢1(a) = ¢(a,0) and 12(b) = 1(0,b). Note that these are also additive group
homomorphisms.

Suppose that ¢/; is not the trivial map. We show that 1, is an isomorphism of additive
groups by showing that ker(¢;) = 0. To do this, let a € ker(iy) with a # 0. Then
0 = 1(a) = wipy(aw), so P (aw) = 0 since w # 0. Now, if 11 (aw®) = 0 then ¥ (awk) =
wiby (aw**t) = 0. Hence by induction, 1 (aw®) = 0 for all 1 < k < ¢ — 1. Since we
assumed that ¢; is non-trivial, this means that a = 0. Hence ker(¢;) = 0, and therefore
1 is an automorphism of the additive group of F,.

In particular, 1, is surjective, and so there exists an integer k such that ¢ (w*) = 1.
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Note that for any [ we have

i) = (W)

By additivity, we also have v (2w*) = 2. Now, since w is primitive in F,, there exists an
integer f such that w/ = 2. Therefore ¢ (w/*) = w/. But ¢ (W) = WkF = =7,
and so w/ = ¥ (w/**) = w=/. This means that 2 = —1 mod p, and therefore that p = 3.

So assume that p = 3. Then w’ is the unique involution in the multiplicative group F,,.
Hence f = (¢ —1)/2. As w* = 1, we also have that ¢ (w/) = W/ = w7 =w™/ =W/,
Therefore k — f = f mod ¢ — 1, hence k = 0 mod ¢ — 1. Thus k = 0 and so ¥, (w') = w™
for all [, i.e. ¢1(a) = a™! for all non-zero a € F,. In particular, (1 +w) = (1 +w)~*.

But by the linearity of 91, ¥1(1 +w) = ¥1(1) + 91 (w) = 1 +w™!. This means that

1 = I+w Hl+w)

= l4+wtw i+l

and hence that w? + w + 1 = 0 mod 3. But the polynomial z? + z + 1 = (z — 1)? mod 3,
and so over fields of characteristic 3, 1 is the only root of the polynomial 22 +z +1. But 1
is not a primitive element of F,. Hence w? 4+ w + 1 # 0 in any finite field of characteristic
3. Therefore 1) is trivial.

Now suppose that 15 is non-trivial. Let b € ker(iy) with b # 0 so that ¥,(b) = 0.
Then wibs(w™2b) = 0 and hence ¥y (w™2b) = 0. If thy(w™2*b) = 0 then 0 = 1y (w™2*b) =
wihy (w™2k+Dp) and so0 1o (w ™2k Vb)Y = 0. Hence 1hy(w™2*b) =0 for all 1 < k < ¢— 1. This

shows that ker(¢,) has index 2 in (F,, +). Since p is odd, this means that ker(¢) = 0.
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Hence 1) is an automorphism of the additive group (F,,+). So there exists an integer k
with ¥y(wF) = 1. Now, b (w¥) = w1y (wF2), and an easy induction argument (similar
to the one above) shows that 1 = 15 (w*) = w™ by (W) for all integers [. But this means
that w! = y(w"™?) for all [. Since w is primitive, we have that every element of F, can
be written as 1o(w ). But 1 is injective and {w**#|0 <1 < g — 1} is a coset of the
subgroup of all square elements in F,, which has index 2. This is a contradiction. Thus

1o is trivial. This shows that ) is trivial. |
We now proceed to classify all the possibilities for Outz(S) and Alp(F).
Lemma 4.1.4 The group Outz(S) is isomorphic to a subgroup of I'La(q).

Proof: Note that by Lemma 2.2.2, every element of Inn(S) = S/Z(S) is a central au-
tomorphism. However, every central automorphism has p-power order and Outz(S) is a
p/-group by saturation. Hence by Lemma 2.2.4, Outx(S) is contained in a subgroup of

Aut(S) which is isomorphic to a subgroup of I'La(q). |}

4.2 The case |Alp(F)| <2

We are now ready to use the full power of the Frattini Lemma for Saturated Fusion
Systems (Theorem 1.8.2). In this section we consider which saturated fusion systems can

occur when there are less than two Alperin subgroups.

Lemma 4.2.1 Let G be a saturated fusion system over S. Then S contains no proper

G-Alperin subgroups if and only if G = Fs(S x W) where W is a p’-subgroup of T'Ly(q)

Proof: Suppose that there are no G-Alperin subgroups. Then by 1.8.2, G = (Autg(5)).
We know from 4.1.4 and condition (I) of saturation that Outg(S) must be isomorphic to a
p/-subgroup W of I'Ly(¢). In this case we have that Autg(S) = Inn(S) x W = Autgyw (5).

Hence Fg(S x W) contains G as a fusion subsystem.
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Now fix a p/-subgroup W < T'Ls(q) and consider the fusion system Fg(S x W).
We claim that Alp(Fs(S x W)) = (. Suppose that V € Alp(Fg(S x W)). Then
OP (Autg,w (V) is isomorphic to SLy(g) by 3.2.11, and acts on V' as the natural module.
So there exist elements of OP (Autgy (V) which do not normalize Z(S). But Z(9) is
invariant under conjugation in the group S x W, so every Fg(S x W)-morphism nor-
malizes Z(S). This is a contradiction. Hence Alp(Fg(S x W)) = (. Thus by 1.8.2,
Fs(S x W) = (Autguw(S)) = (Autg(S)) =G. |}

Proposition 4.2.2 Let Fy, F» be saturated fusion systems over S with Alp(Fy) = Alp(F) =
{V'} for some V < S. Suppose that Autx, (V) = Autg, (V). Then Fy = Fs.

Remark Firstly, note that the assumption that Autg (V) = Autz, (V) is stronger than
the assumption that the groups Autz (V') and Autz, (V') are isomorphic; the assumption

in the proposition is that the Fi- and Fo-morphisms of V' are exactly the same maps.

Proof: Let A; = Autg, (S) and Ay = Autg,(S). We know that V' is a normal subgroup
of S by 2.3.9. Since V is the only F-Alperin subgroup, we also have that every element
of A; and Ay normalizes V.

Let J = Caue(s)(V)Inn(S). Now, Ay, A; and J are all contained in Nayys)(V) and J
is a normal subgroup of V. Aut(s)(‘/), so we may consider the groups A;J and AsyJ.

Let ¢ € A;. Then ¢|y € Autg (V) = Autg, (V). Since ¢|V lifts to ¢y in Fy, we
have that ¢|V € Nauiy (v)(Auts(V)) = Naug, (v)(Auts(V)). Hence @[V lifts to some
¢ € Autg,(S). This means that ¢' = ¢f where 0 € Cauys)(V) and so ¢.J = ¢'J. From
this we deduce that A;J < AyJ. By symmetry we also have that AyJ < A;J, thus
Ay = AqJ.

Now, J is a p-group by Lemma 2.3.9(iv), therefore so is J/Inn(S). By saturation,
Ay /Inn(S) is a p'-group. Hence (|A;J/Inn(S)|,|A;/Inn(S)|) = 1, and therefore by the

Schur-Zassenhaus Theorem (see, for example, [2, 18.1]), there exists a g € A;J/Inn(.S)
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such that (A4;/Inn(S))? = Ay/Inn(S). Thus we can find an a € Cauys)(V) such that
alnn(S) = g. Hence A} = A,. Since « centralizes V', we have Autg, (V)* = Autg (V).
Now Proposition 1.7.7 shows that « is an automorphism of S which preserves fusion from

Fi1 to Fy. Hence F; and F;, are isotypically equivalent. |

Proposition 4.2.3 Let F be a saturated fusion system over S. Then |Alp(F)| = 1 if

and only if F = Fs(q? : W) where SLy(q) < W < T'Ly(q) and W/SLa(q) has p’ order.

Proof: By 3.2.11, Autz(V) contains a normal subgroup isomorphic to SLy(q). Therefore
Autz(V') is isomorphic to a group W where SLy(q) < W < T'Ly(q) by Lemma 4.1.1. But
Autg(V) € Syl,(Autz(V')) has order ¢, and so W must have the same Sylow p-subgroups
as SLy(g). This is equivalent to the condition that W/SLy(q) is a p’-group.

Now let W/ = W be a group of automorphisms of V. Then the group V x W contains
a Sylow p-subgroup isomorphic to S and the fusion system Fg(V x W) has exactly one
Alperin subgroup. Hence by 4.2.2) F = Fg(V x W).

To see the converse, we simply note that given any group W with SLy(q) < W <
I'Ly(q) and W/SLy(q) a p/-group, we have that the group ¢* x W has a Sylow p-subgroup
isomorphic to S, and that the saturated fusion system Fg(q* x W) has exactly one Alperin

subgroup. |

4.3 Subgroups of PGL(q)

In this section we prove an important lemma concerning certain subgroups of PGL3(q),
which we use in the proof of Theorem 4.4.1. Denote by P the projective line over F,. As
a set, this space has ¢ + 1 points.

The following is a well-known fact about projective linear groups:

Lemma 4.3.1 Let ¢ = p™ for some prime p. Then PGlLa(q) acts 2-transitively on P and

an element of PGLa(q) which fizes three points in the natural action on P is trivial.
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Proof: By assigning coordinates to the elements of P in the usual way, so that each point
in P corresponds to an element of F, or the symbol co, we can identify PGLy(q) with the

set of projective transformations
az+b
cz+d

Z —

where a,b,c,d € F, and ad — be # 0. To see that PGLy(q) is 2-transitive, we note that if

Yyz+x

—5 maps 0 to z and oo to y.

x,y € P with x # y then the transformation z —
We also observe that the stabilizer of the points 0 and oo consists of transformations
of the form z — az, with a € F,. But such a transformation does not fix another point

unless a = 1, i.e. unless it is the identity transformation. Therefore, by 2-transitivity, the

only element which fixes three points in P is the identity. |

Lemma 4.3.2 The order of a point stabilizer in PGLs(q) with respect to the action on

P is q(q — 1) and every p'-subgroup of a point stabilizer in PGLy(q) is cyclic.

Proof: Let V' be a 2-dimensional F,-space. Note that the stabilizer in GLy(q) of the 1-
dimensional subspace of V' spanned by the vector (1,0)is A := {(¢9)]a,b,c € Fy, a,b # 0}.
For any vector v € V, there exists an element x € GLy(q) such that va = (1,0). Hence
Stabar,g) ((v)) = A”.

Note that the stabilizer of a projective point in PGLs(q) is the projection of a line
stabilizer in GLg(g). Since every line stabilizer in GLa(g) is conjugate to A, the stabilizer
of every projective point in PGLy(q) is conjugate to the projection A of the group A in
PGLy(q). The order of A is q(q — 1)?, thus each projective point stabilizer has order
(g —1).

It is easy to see that in GLa(q), the p-subgroup P := {(}{)|d € F,} is normal in A,
and so is the unique Sylow p-subgroup of A. Note that if A and P are the projections
of A and P respectively in PGLy(g), then P is the unique Sylow p-subgroup of A. Also

note that A/P is cyclic, and generated by the image of the matrix (§ 2), where w is a
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primitive element of F,.
Now, if H is a p/-subgroup of A then H N P = 1 and so by the Parallelogram Law
H

12

HP/P<A/P, and so H is cyclic. |}

In the next lemma, the primes at which Ruiz and Viruel’s exceptional fusion systems

occur make their first appearance.

Lemma 4.3.3 Suppose ¢ = p" for some odd prime p. Let X be a p’'-subgroup of PGLy(q).
Suppose that there exist o, 3 € P such that |Stabx(a)| and |Stabx(B)| are divisible by
(¢q—1)/(3,q—1), and that X = (Stabx («), Stabx(5)). Then either Stabx(a) = Stabx ()
orq=3,5,7 or13.

Remark It is possible to prove this theorem using Dickson’s Theorem (see Suzuki [39,
Theorem 3.6.25]) which lists the subgroups of PSLs(g). However, we have chosen to prove
it directly, because it illustrates more clearly how the exceptional fusion systems (i.e.

those with more than two Alperin subgroups) found by Ruiz and Viruel arise.

Proof: We regard X as a group of permutations on the set P. For any 6 € P, let
Xy = Stabx (). Fix a € P and suppose that there is a 5 € P such that X, # Xj.

Since we assumed |X| is coprime to p, we have that any subgroup of X corresponds
to a p-subgroup Y of GLs(q). By Maschke’s Theorem (see, for example, Gorenstein |20,
Theorem 3.3.1]), the representation of ¥ on F2 is completely reducible. Thus if ¥ nor-
malizes a 1-dimensional subspace, it must also normalize a complementary 1-dimensional
subspace. This means that if a subgroup of X fixes a point then it must, in fact, fix two
points. Hence X, fixes some other point o € P, Xz fixes another point 5’ € P. This
implies that {a, o'} N {3, 5} = 0.

By 4.3.2, a point stabilizer in PGLs(q) has order g(q¢ — 1). This means that point

stabilizers in X have order dividing (¢ — 1) (since | X]| is coprime to p). We also have, by
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4.3.2, that point stabilizers in X are cyclic, thus X, and Xz are cyclic. Assume without
loss of generality that | X,| > |X3|. Since | Xg| is divisible by (¢ —1)/(3,¢—1), we are left
with two cases: |X,|=¢—1or|X,| = |Xs=(¢—1)/3.

Case 1: |X,| = ¢ — 1. It was shown above that X, fixes the two points a,a’. By
4.3.1, no non-identity element of X, can fix any other points in P, and so the stabilizer
in X, of any point in P \ {a, o'} is trivial. By the Orbit-Stabilizer Theorem, this means
that X, has an orbit of length ¢ — 1. Hence X, has two orbits on P of length 1 (namely
{a} and {&'}) and an orbit of length ¢ — 1 (namely P\ {«, a'}).

Now consider the orbits of X. Since Xz < X fixes neither o nor o/, we have that
either X is transitive on P or has an orbit {a, o’} of length 2. Suppose the latter case
holds. Then Xz stabilizes {a, o'}, and if © € X3 is non-trivial, then = swaps a and o/,
and so z? = 1 by 4.3.1, since 2 fixes «, o, § and 3. Since X is cyclic this means that
| X 5] = 2. This means that either (¢ — 1)/3 divides 2 or ¢ — 1 divides 2; i.e. either ¢ =7
or q = 3.

Now assume that X is transitive on P. This means that |X| = |X,||Orbx(a)| =
(¢ —1)(¢+ 1), by the Orbit-Stabilizer Theorem. Let B = {{0,0'} CP|0 # 0, Xy = Xy }.
Then B is an X-invariant block system. To see it is a block system, note that if {v,~'}
and {6,0'} € B with {7,7'} N {6,0'} # 0 then 1 # X, = X., = X5 = Xy. Therefore by
Lemma 4.3.1 {7,7'} = {0,9’}. Also note that B is X-invariant because by transitivity all
point stabilizers are conjugate in X and X, = X .

Consider the action of the group X, on B. The group X, fixes the block {«, o'}, and
so it must act on the remaining (¢ — 1)/2 blocks. Consider the stabilizer in X, of a block
{7,7'}. We have that | X,|/|Stabx, ({7,7'})] < (¢—1)/2, and so Stabx,_({7,7'}) # 1. Let
x € Stabx,({7,7'}), © # 1. Then z must swap v and 7' because otherwise |Fix(z)| > 3
(where Fix(z) = {0 € P|6#* = 6}). But then z? must fix v and +/, and therefore 2% = 1.

Since this is true for every block, we can deduce that there must be an involution in the
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kernel of the action of X, on the blocks. But X, is cyclic, and so it contains only one
involution, z; say. This element must act trivially on B, but not fix any point other than
a and o (otherwise it will fix 3 points). Therefore it must swap the two points of any
block which is not {a,a’}. Similarly, there is an involution zo € Xz which swaps the
points of any block which is not {3, 3'}. Now, the product z;2; € X fixes every point
except the four points «a, o', f and (', i.e. ¢+ 1 —4 = g — 3 points. Since 2129 # 1, it
must be the case that ¢ — 3 < 3, that is, ¢ = 3 or 5.

Case 2: |X,| = |X3| = (¢ —1)/3. Consider the action of X on P. The group X, has
two fixed points a and o and three orbits €y, Q5 and €3, each of length (¢ — 1)/3. Let
us consider the possibilities for the X-orbit of a.

We shall say that subsets A, B C P are fused by X if AUB is contained in the X-orbit
of some point in P.

The group Xz also has two fixed points § and (' (distinct from both o and o) and
three orbits each of length (¢ — 1)/3. Since Xz does not fix «, we have that the Xg-
orbit of o has length (¢ — 1)/3. Therefore if (¢ — 1)/3 > 2 then « is fused to (without
loss of generality) €; by X. If (¢ —1)/3 < 2 then there is also the possibility that
Orby,(a) = {a,a'}. But (¢ —1)/3 <2 if and only if ¢ < 7, so this case only arises when
q="1.

Thus we may assume without loss of generality that « is fused to ; by X, and that

o/ is fused to one of 2; and €25. We have the following possibilities; up to a permutation

of the labelling of Q;, {25 and €3:
(i) o is fused to Qy, and €2 is fused to neither Q5 nor Qg; thus |Orbx («)| = 1+(¢—1)/3;
(ii) o is fused to €2y, and €2y is fused to Qg3; thus |Orbx ()| =14 2(¢ —1)/3;
(iii) o is fused to €2y, and €2y is fused to y; thus |Orbx ()| =2+ 2(¢ —1)/3;

(iv) o is fused to Qy, and Q is fused to neither Q5 nor Q3; thus |Orbx (a)| = 24+(¢—1)/3;
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(v) o is fused to €, and € is fused to €2g; thus |Orbx(a)| =2+ 2(¢ — 1)/3;
(vi) Q1, Qy and Q3 are all fused; thus |Orbx(«)| = |P| =q + 1;

In case (i), we have an orbit of length 1+ (¢ — 1)/3 = (¢ + 2)/3. Since X is a p'-
subgroup of PGLs(¢q), we have that each divisor of (¢ + 2)/3 divides either (¢ + 1) or
(¢ —1). Suppose a|(q+2)/3. If a|(¢g— 1) then a|(¢+2—(¢—1)) =3 and a = 3, and if
al(q+ 1) then al(¢+2—(¢+ 1)) = 1. Hence (¢+2)/3 =3 and so ¢ = 7.

In case (ii), we have an orbit of length 1 + 2(¢ — 1)/3 = (2¢ + 1)/3. Suppose that
a|(2g+1)/3. Then by the same reasoning as above, either a|(qg—1) or a|(¢+1). If al](¢—1)
then a|2¢ — 2 and a|2¢+1 and so a|2¢+1—2¢+2 = 3, hence a = 3 and g = 4. If a|(g+1)
then a|2¢ 4+ 2 and so a|2¢g+2 —2¢ — 1 = 1 and hence a = 1 and ¢ = 1. Both of these
outcomes contradict our assumptions about q.

In case (ii7), we have an orbit of length 2+2(¢—1)/3 = 2(¢+2)/3. Suppose a|2(¢+2)/3.
If a|(¢g — 1) then al6, and if a|(q + 1) then a|2. Therefore 2(q + 2)/3|12 and so (¢ + 2)|18.
From this we can deduce that the only possibility is that ¢ = 7.

In case (iv), we have an orbit of length 2 4+ (¢ — 1)/3 = (¢ + 5)/3. Consider the
action of X on O = Orbx(«). It acts transitively on O and X, has two fixed points. Let
B'={{0,0} CO|0#0, Xy =Xp}. Itis easy to see that B’ forms an X-invariant block
system. The subgroup X, fixes one of these blocks, and so acts on the remaining (¢—1)/6
blocks. This means that if B is one of the remaining blocks, then (¢ —1)/3|Stabx, (B)| <
(¢ —1)/6 and so Stabx, (B) # 1. Now, using the same argument as in case 1, we see that
the involution in X, acts by swapping the points in each block except for the points it
fixes. Now take an element y € X, for some v € O\ {«, &'}. Again, it can be shown that
the involution in X, acts by swapping the points in each block except for the points it fixes.
The product zy € X is non-trivial and fixes (¢ — 7)/3 points. Therefore (¢ — 7)/3 < 3,

i.e. ¢ < 16. This leaves only the possibilities ¢ = 7 or 13.
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In case (iv), we must have that (¢ — 1)/3 = 2 since the smallest possible orbit length
is (¢ — 1)/3. Hence this case only occurs for ¢ = 7.

Now suppose that X is transitive. This means that (¢ + 1)||X|. Thus we can deduce
that | X| = (¢ + 1)(¢ — 1)/3. By transitivity all point stabilizers are conjugate, and so
have order (¢ —1)/3. By a similar argument to that in case 1, the set B defined earlier is
an X-invariant block system.

Consider the action of the group X, on B\ {a,a’}. Let x € Stabx, ({v,7'}), where
{7,7'} is a block not equal to {«a, @'}, and suppose x # 1. Then x cannot fix v otherwise
it will fix 4 points in its action on P. Therefore x must swap v and /. But then z? fixes
v and ', and so 22 = 1. So if all the block stabilizers are non-trivial then we can use a
similar argument to that in case 1 to show that ¢ —3 < 3, which is impossible if 3|(¢ —1).

We may now assume that there exists a block with a trivial stabilizer. This means that
there is an orbit of length (¢ — 1)/3 on B. The blocks outside this orbit have non-trivial
stabilizers, and as we have seen before, non-trivial block stabilizers have order 2. But this
means that there is only one other orbit of blocks, of length (¢ — 1)/6. Let B, denote
this smaller orbit under the action of X,. Since all the point stabilizers are conjugate, we
can similarly define By for any point € as being the orbit of length (¢ — 1)/6 in the action
of Xy on B. Now, suppose that {\, X'}, {y, '} € By N By. Let zp and z, be the unique
involutions in Xy and X, respectively. The kernel of the action of Xy on the (¢ —1)/6
blocks in By contains zy, and similarly for z4. This means that zy acts by swapping the
two elements in each block in By (and similary for z,). Thus 2y and z, both swap A to '
and g to p'. This means that zpz, fixes 4 points and so zgzs = 1. Therefore zg = 2, and
so By = By. This shows that if By and B, are distinct then they intersect in at most one
block.

We now prove that (Vg gncp, By = {a,a'}. To see this, let {0,0'} € B,. Then z,

swaps 6 and 0, and so z, normalizes Xy. Since there is only one involution in Xy, we have
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that z, and zyp commute. But then (a*)* = a*** = o* and so o € Fix(z,) = {a,a/}.
Similarly o/* € Fix(z,). Thus zp must stabilize the block {«, '}, which means that
Stab.,y({a, @}) is non-trivial, and so {o, '} € By. This proves our claim.

By counting the elements in each of the By for § € B,, we can obtain a bound for q.

We have:

+1
qu U Bi| = (1Bol—1)|Bal +1
{0,0’}eBq
q—1 q—1
= (=1} (T=—=)+1
(5 ) ()

> —26¢ + 25 = (¢ —1)(¢ — 25) <0,

which implies that

and hence that ¢ < 25. The prime powers r < 25 for which 3|(r — 1)/3 are just 7, 13,
19 and 25. Therefore ¢ is one of 7, 13, 19 and 25. We have assumed that X is transitive
and therefore that |X| = (¢ — 1)(¢ + 1)/3. But by consulting the ATLAS [16], we see
that PGL(25) has no subgroup of order 208 = (25 — 1)(25 + 1)/3, PGL2(19) has no
subgroup of order 120 = (19 — 1)(19 + 1)/3 and PGL3(13) has no subgroup of order
56 = (13 — 1)(13 + 1)/3. Thus the only possibility in this case is ¢ = 7. This completes

the proof. |}

4.4 The case |Alp(F)| > 2

Now we are ready to tackle the case |Alp(F)| > 2.

Theorem 4.4.1 Let F be a saturated fusion system over S, and suppose that |Alp(F)| >
2. Then g =3,5, 7 or 13.

Proof: Let VW € Alp(F) with V' # W. By Corollary 2.2.8, we may assume that
vV ={ (ég?) la,c € F, } and W = { (62%) lb,c € F, }. We know that Autz(V)
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w 0

© 2,) when V is considered as a 2-dimensional F,-

contains an element ¢y which acts as (
space, which by Lemma 4.1.2 extends to an element of the form ¢y € Autz(S) =3 (¥ W2)
where 3 is a central automorphism of S. Considering ¢y as a linear map on S/Z(9),
we see that one eigenvector generates V/Z(S) and the other eigenvector must generate
another one-dimensional subspace of the form V’/Z(S), where V"’ is an elementary abelian
subgroup of order ¢>. Thus we have that ¢y (acting on S) normalizes V and V’. Also
note that ¢y has order ¢ — 1. Similarly we get an element ¢y € Autz(S) of order ¢ — 1
whose GLa(g)-part is an upper triangular matrix.

We have that Gy := (¢y)Inn(S)/Inn(S) and Gy = (¢ )Inn(S)/Inn(S) are sub-
groups of Outz(S) (of order ¢ — 1), and so are isomorphic to subgroups of GLy(q) (see
Lemma 4.1.4). Let F} denote the subgroup of Outz(S) isomorphic to Z(GLs(g)). Note
that the groups Gy Fi/Fy and Gw Fi/F have order (¢ — 1)/(3,¢ — 1). By saturation
p 1 [(Gy,Gw)|, and so the group X := (Gy,Gw)F;/F; is isomorphic to a subgroup of
PGL2(gq) which satisfies the conditions of Lemma 4.3.3. Now, since |Alp(F)| > 2, there
must exist a pair V, W such that {V,V'} # {W,W’}. Thus not every element of X has

the same two fixed points. Hence by Lemma 4.3.3, ¢ = 3, 5, 7 or 13. |
We recall the following fact from group theory:

Lemma 4.4.2 Let G be a finite group with Z < Z(G) a subgroup contained in the centre
of G. If G/Z is cyclic then G is abelian.

Proof: Let aZ € G/Z be a generator of G/Z and let x,y € G. Then x = a"z; for some

z1 € Z and some n and y = a2z, for some z, € Z and some m. So

vy ley = zita "z ta a0 2
= 1
since z1, 29 € Z. Hence G is abelian. |
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Proposition 4.4.3 Suppose that F is a saturated fusion system over S with |Alp(F)| =
2. Then, after possibly adjusting F by an isotypical equivalence, Autz(S) > Inn(S)W

where W is the group of automorphisms which act as an element of the set {(6\ 2) PTRS

(¢=1)

Fo} if 31 (q—1), and W is the group of automorphisms of shape (q—1) x “5= generated

by the automorphisms which act as (4 %) and (<,* 0) if 3|(q — 1).

0 w2

Proof: Let Alp(F) = {V,V'}L By Lemma 2.2.7, we may assume that
100

V = {(tlz g §> la,c € Fq} and V' = {(2 ! (1)> b, d € Fq}. We know that Autz(V') contains

w 0

0 w_l) where w is a primitive element of F,. As above,

an element ¢y which acts as (
we see that this element lifts to an element ¢ € Autyz(S) of the form j (¥ w22 ) where
v € F,. Since ¢y normalizes V, it must also normalize V', and so v = 0. Note that the
map (B’ w(lz) € Aut(S) agrees with ¢y on V. Hence they must differ by an element of

Caur(s)(V).

Let ¢ be the element of Aut(S) which acts as the matrix (% 2 ). Let A; = (¢y)Inn(S).
Since F is saturated, Autz(S)/Inn(S) is a p’-group, therefore so is A; /Inn(S). Now, since
dvlv = ¥|v, we have that ¢vCauys)(V) = ¥Caus)(V). Let Ay = (¢)Inn(S) and let
J = Caug(s)(V)Inn(S). Then A;J = AyJ.

Now consider the group A;J/Inn(S) = AyJ/Inn(S). We have that J/Inn(S) is a
normal subgroup, and A;/Inn(S) and As/Inn(S) are both complements to .J/Inn(S) in
Ay J/Inn(S). By 2.3.9, J is a p-group and so (|A;J/Inn(S)|,|A;/Inn(S)|) = 1. Hence by
the Schur-Zassenhaus Theorem, there exists a g € A;J/Inn(S) such that (A4;/Inn(S))? =
Ay/Inn(S). Thus there exists an o € Cayys)(V) such that A} = A,. Therefore we have
that the fusion system F* has Autz«(V) = Autz(V) and Autza(S) contains 1. By an
abuse of notation, we shall assume that F contains ¥ as an F-morphism. By another
abuse of notation we shall set ¢y = 1.

Using the notation of Theorem 4.4.1, we have that X = (G, Gw)F1/F; is cyclic by
4.3.3. Let G = (Gy,Gw). Then G < Outx(S) < GLa(g) and so F1 NG < Z(G). But
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X =GF/F, =2 G/(F1NG) is cyclic and hence by Lemma 4.4.2, G is abelian. Therefore
(¢v7) < Inn(S)Cau(s)(dv)-

By 4.1.2 we have that ¢y is of the form 3 (Wa : g) where 3 is a central automorphism.
But ¢ys € Inn(S)Cauys)(dv) and so by 4.1.3 we have that 3 € Inn(S). Since Inn(S) <
Autz(S), the morphism 3 (¥;*0) € Autz(S) if and only if the morphism («;*0) €
Autx(S). Hence we may assume, without loss of generality, that (wa : g) € Autxz(S). By
an abuse of notation we shall say that ¢y = («;* ) € Autz(S).

Now consider (¢y, ¢y/). Note that (A ‘ ) - (%2

52 ) if and only if A = p=2 and

0
I
= A2de onlyif > =p? =1and A = u. Therefore (¢y, dy/) = (¢ — 1)? unless
3l(g — 1). So suppose 3|(g — 1). The only elements of order 3 in F, are w@1/3 and
wXa=1/3 " Therefore (¢y) N (¢y+) has order 3, and so (¢y,dy) has order (g — 1)2/3.
(0%) = (“’82 ) (“62 2.) € (¢v.¢vs) has order (¢ —1)/3, and
(6) 1\ (@v) = 1. Hence (@, av) = (g — 1) x 52
We have shown that Autz(S) contains Inn(S) and a group of diagonal matrices of

(¢=1)
(3,g—-1)”

But the element 6 =

shape (¢ — 1) x as claimed. |

Proposition 4.4.4 The fusion system Fs(PSLs(q)) has exactly two Alperin subgroups
and Autz(S) is of the form Inn(S)W where W is a subgroup of the collection of auto-

morphisms generated by ((4 %), (“;*9)) of order (g —1)%/(3,q —1).

0 w2

Proof: Let G := PSL3(¢) and let F = Fg(G). Note that the action by conjugation of the
matrix (§ g (ab§71> on S induces the automorphism ( aoﬁs) in Autz(S) where a = ab™!
and 8 = b, in the sense of Lemma 2.2.3. The set of all such matrices forms a group of the
required shape.

Now we show that the subgroups V' and V' defined in the previous proposition are the
F-Alperin subgroups. Matrix calculations show that V' and V' are self-centralizing. We

now show that the F-conjugacy classes of V' and V' have size 1. To see this, consider the

natural action of SLj(¢) on a 3-dimensional F,-space W. Then
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10 yl=1ar+vy
c 01 z cx + z
and
1 00 x x
010 y | = Y
c b 1 z cx + by + z

So if V and V' are the subgroups of SLs(q) corresponding to V and V' respectively,
then Oy (V) is 2-dimensional and [W, V] is 1-dimensional, and Cy (V’) and [W, V'] are

1-dimensional. But we also have

1 00 x x
a 1 0 Yyl = axr +vy ,
c b1 z cr+by+ 2z

and so if U is any other elementary abelian subgroup of S of order ¢? then Cy (U) and
[W, U] are both 2-dimensional. Hence V, V’ and U are mutually not conjugate in PSL3(q).
Since V' and V' are also self-centralizing, this means that V' and V'’ are F-centric.
Regard V' as a 2-dimensional vector space over F, with basis {(é g %) , <(1) g §> }
Then the elements of PSL3(¢) which correspond to the matrices (é ()f\ §> and (é g EL) act
on V as the automorphisms ( !, ?) and ((1) s ) respectively. These generate a subgroup
of Aute(V') isomorphic to SLa(¢). Hence by Lemma 3.1.1, V' is F-radical. Similarly V"’ is
F-radical. This shows that V' and V' are F-Alperin subgroups of S. By Proposition 4.4.1,
there cannot be any more F-Alperin subgroups unless ¢ = 3, 5, 7 or 13. The theorem for

these cases has already been proved by Ruiz and Viruel in [36, Lemma 4.9]. Hence the

theorem is proved. |}
The previous two results combine to give the following theorem:

Theorem 4.4.5 If F is a saturated fusion system over S with |Alp(F)| = 2 then F

contains a fusion system isotypically equivalent to the fusion system Fs(PSL3(q)).
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4.5 Statement of the classification

Let us summarise what has been proved so far in these first few chapters.

Theorem 4.5.1 If F is a saturated fusion system over S then one of the following holds:

(i) F has no proper Alperin subgroups and F = Fs(S : W) where W is isomorphic to

any p'-subgroup of T'Ly(q);

(ii) F has exactly one proper Alperin subgroup and F = Fs(q* : W) where SLa(q) <
W < TLa(q) and W/SLy(q) has p" order;

(11i) F has exactly two Alperin subgroups and F = Fg(PSLs(q).W') where W < Out(PSL3(q))
and p { [W];

(iv) F has |Alp(F)| > 2 and is one of the exceptional cases of Ruiz and Viruel.
In particular, F is not exotic in cases (i), (ii) and (ii7).

Note that if F is a non-exotic saturated fusion system over a finite p-group, with p
odd, then F has a unique associated linking system. This fact follows from [28, Theorem
4.5] and [11, Proposition 3.1]. Hence the theorem above comprises a classification not just

of saturated fusion systems over S, but of p-local finite groups over S.
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CHAPTER 5
CONSTRUCTION OF A SATURATED

FUSION SYSTEM

In this chapter we shall construct some saturated fusion systems over certain p-groups
of shape p" : p where r € N. In fact the p-groups we shall be considering are Sylow p-
subgroups of semidirect products that arise naturally from considering the so-called basic
irreducible F,GLy(p)-modules as described by Brauer and Nesbitt in [7].

It turns out that by extending the action of GLz(p) on these p-groups, we can generate
a saturated fusion system using a theorem of Broto, Levi and Oliver from [12]. In fact, in
the case when the dimension of the modules is 3, these turn out to be exactly the fusion
systems considered by Broto, Levi and Oliver [12, Example 5.5].

In a later chapter we shall show that these fusion systems are exotic, extending the

result of Broto et al., op cit..

5.1 Construction of the p-group

The fusion system we create will contain the fusion system from a semidirect product of
a certain modular GLy(p)-module, where p is an odd prime. The irreducible F,GL4(p)-

modules were originally described by Brauer and Nesbitt [7], although our exposition shall

80



follow that of Parker and Rowley [30].

Let F,, be the field with p elements (p an odd prime) and consider the ring A = F,[z, ]
of polynomials in two commuting indeterminates z, y with coefficients in the field IF,,. Note
that we can make A into an F,GLy(p)-module as follows: let X = (f; g) € GLz(p) and
define an action of X on A by setting z — (az + By) and y — (yx + dy), and then
extending linearly to all of A. The kernel of this action is clearly trivial, and so this
makes A into a faithful F,GLy(p)-module.

Now consider the subspaces A(n,p) = {f € Al|deg(f) = n} of A consisting of all
homogeneous polynomials of degree n. Then, as proved in [7, p588], for each 0 < n < p—1
the subspace A(n,p) is an irreducible F,GL4(p)-module of dimension n + 1. Throughout
the remainder of this chapter and the next, we shall exclusively use the notation A(n,p)
to denote this subspace, although we shall normally consider A(n,p) as an abelian group.
If the values of n and p are clear from the context then we may drop this part of the
notation. We shall always assume that n > 2.

We can also define an action of the multiplicative group F; on A(n,p) as follows: let
A € Fyand let f € A. Then define A= Mf. Now set I' = GLy(p) x [y and make A into
a F,T-module by setting XY = \(f¥X).

Fix n € N and an odd prime p. Let G(n, p) be the semidirect product of the elementary
abelian group A(n,p) with the group I" with the action as described above i.e. G = AxT.
The group G has order |A||GLy(p)||F;| = p"**(p — 1)*(p + 1). Let S(n,p) = A(n,p) x
(((19),1)). Tt is easy to see that S(n,p) has order p"™2, and so S(n,p) is a Sylow p-
subgroup of G(n,p). Throughout the remainder of this chapter and the next, we shall
reserve the notation S(n,p) to denote this group, although if the values of n and p are
clear from the context then we may drop this part of the notation. We shall always assume
that n > 2.

Also, let R be the subgroup of S generated by the polynomial 2" and the element of
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S corresponding to the element ((19),1) € T', which acts on A as x +— z and y — = + y.

For a general element f € A, define the weight of f =>""" ja;x""y" by

wt(f) = max{i|a; # 0}
and define wt(0) = —1. Now for —1 < i < n define
Ci={f € Awi(f) < i}

Note that for each —1 < i < n, the set C; is a subgroup of A(n,p), and C,, = A(n, p).
In what follows we shall make use of the following general formula for conjugation in
semidirect products. Let H, K be finite groups where K acts on H. Let (h, k), (r,g) be

elements of the semidirect product H x K. Then

(h, k)9 = (r, g) " (h, k)(r, g)
= (=) ", g )(hY + 1, kg) (5.1)

= ((=r)7 ¥ + 19 + 1, g kg).
Lemma 5.1.1 We have the following:
(i) Z(S(n,p)) = Co = (z");

(i1) for 0 <i<mn, [C;, S(n,p)] = Ci—1. In particular, fori <n —1, C; is the (n —i)th

term of the lower central series of S(n,p);
(iii) for 0 < i <n, C; is a characteristic subgroup of S(n,p);
(iv) R is elementary abelian of rank 2.

Proof: First, we let H = A and K = (((19),1)) and consider S as the semidirect

product H x K. Suppose that (r,g) € Z(S). Then (r,g) commutes with every element
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of the form (0, k) where k € K. Referring to 5.1 we see that (0, %)™ = ((—r)* +r, k9).
By considering the second coordinate, it is clear that k9 = k for all £ € K, and therefore
(0,k)9) = ((=r)* 4+ r k). Hence (r,g) centralizes (0,k) for all k& € K if and only if
rk —r =0 for all k € K. Suppose that r = >_"" a;z""'y" where each a; € F, and that
k=((19),1). Then

so that

AN (5.2)
= ay 7" + zf; g a; C) a" Iyl

Thus r¥ —r =0 if and only if @; = 0 for all i > 1, i.e. 7 € (a™).

We also have that (r,g) must commute with every element of the form (h,1) where
h € H. Again referring to 5.1 we see that (h, 1) = (—r+r+h9,1) = (h9,1). Thus (r, g)
centralizes (h,1) for all h € H if and only if hY = h for all h € H. In particular, we must
have (y")? = y™, but the only element of K for which this holds is the identity. Hence
g=((39),1), and so Z(S) C (z"). It is easy to see that (") C Z(S), and therefore
Z(S) = (2™), proving (7).

The first part of (i7) is simply a special case of [31, Proposition 1]. For the second
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part, we shall show that [S,S] = C,_;. The statement then follows by induction, the
inductive step being the first part of the statement. By consulting 5.1, we see that for

any elements (h, k), (r,g) € S = H x K, the commutator [(h, k), (r, g)] is given by

[(h. k), (r,g)] = (h* — h+r—7*.1).

k are both elements of

The calculations in the proof of (i) show that h% — h and r —r
C,,_1, and therefore so is (h9 — h +r — 7% 1). Hence [S,S] < C,_;. But [S,S] > [A, 5] =
[C,, S] = C,,_1, and therefore [S,S] = C,_;. This shows that for 0 < i < n — 1, C;
is the (n — i)th term of the lower central series. This also means that these C; are all
characteristic subgroups of S. It remains to show that C, = A is characteristic.

Suppose that C" < S is Aut(S)-conjugate to C,,. Since C,,_; is characteristic in S,
Chn1 < CNC'. Let (r,g) € C" with r € A and g € K. Since C' is abelian, (r,g)
must commute with elements of the form (h,1) where h € C,,_;. Since n > 2, we have
that C,_; = Z(S). In particular, C,_; contains the element z" 'y and so by using the
conjugation formula 5.1 we see that (r,g) commutes with every (z" 'y, 1) only if g = 1.
Hence C" = C,,, and therefore C,, is characteristic in S, proving (ii7).

To see that R is elementary abelian, note that the generators 2™ and ((19),1) com-

mute, and so by the properties of semidirect products, R = (z") x (((19),1)) is just the

direct product R = (™) x (((19),1)), which is clearly elementary abelian. |}

Now we prove a general lemma from which we can deduce that S(n,p) has exponent

pfor2<n<p-—2andp?forn=p—1.

Lemma 5.1.2 Let T be a finite p-group with exponent p and let V' be a finite dimensional
F,T-module. There exists an 0 < n < oo such that [V,T;n] = 1; let m be the smallest

suchn € N. If m < p—1 then the exponent of the semidirect product V- x T is p.
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Proof: Let X =V x T. Then we may write any element of X as ta where ¢t € T" and

a € V. Note that at = ta[a,t] and hence

(ta)? = tata = t%ala,t]a

= t*a’[a, 1),
since [a,t] € V, and V is an abelian group. We shall now use induction to show that

k—1
i

Suppose that (ta)* — 1 = tF 151 T[22 [a( otk —2— z} Then

k=3

(ta) =t T o)tk — 2~ i] ta
s s (5.3)
i=0 0

Note that if z,y € V and z € T then [zy, 2] = [z, 2]Y]y, 2] = [z, z][y, 2] (see, for example,
[20, Theorem 2.2.1(i)]). Hence

[ak_l ]ﬁ [a(kgl),t; n—2— j] ,t] = [ak_l, t} | [a(kgl),ﬁ k—1- ]]

J=0

85



By substituting this back into 5.3 we see that

k = k kk_?) (kzl) : — — T (k;1> — —
(ta)” = t"a H [a ik —2 @} [a ik —1 j]
[Z;v e -
= alfl,t;k:—l—z} [a i ,t;]{?—l—j] (5.4)
i=1 Jj=0
- i [a(’f:%%(kzl), thk—1— Z] [a,t; k — 1]
=1

Recall that (f:ll) + ("N = (%), and so

Now, T and V have exponent p, and p divides (’Z’) foralll1 <i<p—2 s0oth =af =

[a(f),t;p— 1—14] =1forall 1 <i<p—2. Therefore

p—2

(ta)? = tpapH [a(zi)),t;p —-1- z]

=0

But m < p — 1 and therefore [a,t;p — 1] = 1. Thus ta has order dividing p; since p is
prime, we have that the order of ta is p. We have now shown that every element of X

has order p, and so the exponent of X is p. |
Corollary 5.1.3 The group S(n,p) has exponent p if 2 < n < p—2 and has exponent p*
ifn=p—1.

Proof: The case when n < p — 2 follows directly from 5.1.1 and 5.1.2. If n = p — 1 then
the proof of 5.1.2 shows that for any element s € S, s? € [A,S;p — 1] = Cy = Z(9).

Consider the element Y = (y", (1?)). When n = p— 1 it is routine to check that Y? # 1.
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Since Z(S) is a cyclic group of order p, we have that Y?* = 1. Hence S has exponent p2.

5.2 Construction of a saturated fusion system

Before constructing the fusion system, we shall describe a theorem of Broto, Levi and
Oliver which provides a sufficient condition for a fusion system to be saturated. We shall
use this theorem to show that the fusion system we construct is saturated.

First we need a few definitions.

Definition 5.2.1 Let G be a finite group with T a Sylow p-subgroup of G.
(i) A subgroup P of T is p-centric in G if Z(P) € Syl (Ca(P)).

(i) A proper subgroup H of G is strongly p-embedded if p | |H| but pt|H N HY| for all
ge G\ H.

(1ii) A subgroup P of T is essential if either P =T or P is p-centric in G and Outg(P)

has a strongly p-embedded subgroup.

Lemma 5.2.2 Let G be a finite group with a strongly p-embedded subgroup. Then O,(G) =
1.

Proof: Let H be a strongly p-embedded subgroup of G, let T' € Syl (H) and let R €
Syl,(G) with R > T. Suppose that R = T; then Ng(T) 2 T and so there exists a
g € Nr(T)\ T such that HNHY 2 T. But Ng(T) N H =T since T' € Syl (H), and so
g & H. This contradicts the assumption that H is strongly p-embedded.

Therefore T' € Syl,(G) and so O,(G) < H. But then O,(G) < HN HY for all g € G.
Since H is strongly p-embedded, we have that pt |[HNHY| for all g € G, and so O,(G) =1

as claimed. |
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The following is an immediate corollary of the previous result:

Corollary 5.2.3 If P is essential in G then P is also p-radical in G, i.e. Oy(Outg(P)) =

1.
We are now ready to state the theorem.

Proposition 5.2.4 [12, Proposition 5.1] Fiz a finite group G, a Sylow p-subgroup T
of G and subgroups Q1,...,Qn < T such that no @Q); is G-conjugate to a subgroup of Q);
fori # j. For each i set K; = Autg(Q;) and fix subgroups A; < Aut(Q;) which contain

K;. Set F = (Fr(G), Ay, ..., A,) and assume for each i that

(i) pi]A;: Ky

(i1) Q; is p-centric, but no proper subgroup of Q; is F-centric or an essential p-subgroup

of G; and
(i1i) for all o € A;\ K;, we have O,(K; N K{*) = Inn(Q);).
Then F is a saturated fusion system over T.

Let p be prime. As in § 5.1, set G(n,p) = A(n,p) x I' and let S(n,p) be the Sylow
p-subgroup of G given by S = A x (((19),1)), and let R be the elementary abelian

subgroup of S described in 5.1.1.
Now let E(n,p) be the fusion system (Fs(G), Autg(R) := Aut(R) = GLa(p)). Note

that Autg(A) =I'/Cr(A) with the action stated above. We have the following:

Lemma 5.2.5 The set of elements of I which act trivially on A(n,p) is given by

Cr(4) ={((§2),a") la € F}}
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Proof: Let X = (2%) € GLy(p) and suppose that (X,\) € Cr(A). Then in particular,
" = (2") XN = \azx + by)", therefore b = 0. Similarly, y" = (y*)*N = \(cx + dy)",
soc = 0and A\ = d™ Furthermore, zy"! = (zy" )N = lad"'zy"!, and so
Aad™™1 = 1. Hence Aad™ = d and therefore a = d since A = d~". We have shown that
Cr(A) contains the set {((&9),a™)|a € F}}.

To see that the reverse inclusion holds, let X = (49) € GLy(p). Then (z'y" %)X =

a~"(az)!(ay)" " = aIFTrgiyn Tt = giyn=i hence (X,a7") € Cr(A). |

Let Q@ =T'/Cr(A) = Autg(A). Note that |Q] = |GLa(p)|.
We show that the fusion systems &(n,p) satisfy the hypotheses of Proposition 5.2.4

with m = 1 and (Q; = R, and are therefore saturated.
Lemma 5.2.6 Let G = G(n,p) as before. Then the following hold:
(i) No(B) = (Dha + e YylA, € By {((52) Ol 1, ¢ € B, B € B, );

(i) Co(R) = (R,((5a).1).

In particular, R is p-centric in G, Autg(R) has order p(p — 1)? and is isomorphic to the

set of lower triangular matrices in GLy(p).

Proof: Consider G = AXT as the set Ax T with multiplication given by (r1, g1)(rs, g2) =
(' + 72, 9192).

Let H=(z") =RNAandlet K ={((L?),1) | €F,}. Itis clear that R = H x K.

Let (r,g) € G and let (h,k) € R. Suppose that r = Y "  a;z"'y" where each a; €
F,. By consulting formula 5.1, we see that if (r,¢g) normalizes R then g € Np(K), and
(—=r)9" 'k 4 h9 4+ r € H for all h € H. In particular, we must have that (—r)* +r € H,
for all k € K. But this holds if and only if ¥ —r € H for all kK € K. But H =
{A\z™ € A|\ € F,} and so by consulting formula 5.2 we see that r* —r € H if and only

if a; =0 for all i > 1, d.e. if and only if r € {\a™ + pa" 'y|\,u € Fp}. Thus we
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have shown that Ng(R) = {\z" + pa"'y|\, p € F,} x Np(K). It is easy to see that
Nr(K)={((39).¢) |o, 8,7,¢ € F,} and so (i) follows.

To see (ii), note that if (r,g) centralizes (h, k) then r* —r = 0, and so a; = 0 for all
i # 0 (by formula 5.2 again), i.e. » € H. We also require that g € Cr(((19),1)); but
this is easily seen to be equal to {((% 2) ,)\) laeFy,Be Fp}. It is now clear that R is
p-centric in G

In particular, we have shown that Autg(R) is generated by the automorphisms c(z"'y)
and ¢ (((32),A)) where ¢(g) denotes conjugation by the element g. If we consider R as a
2-dimensional vector space over F,, with basis B = {z", ((} ), )}, then we may produce
an explicit embedding of Autg(R) into GLa(p) = Aut(R) by considering the action of the
generating automorphisms on the [F,-basis.

Since ™ and " 1y are both elements of the abelian group A, we have that c(z" 1y)
acts trivially on 2™, and so with respect to the basis B, c(z" 'y) maps the vector (1,0) to
(1,0). Considering the conjugation formula 5.1, we see that c¢(z""'y) maps ((19),1) €
Hx K to (—2",((19),1)) € H x K, i.e. with respect to the basis B, c¢(z" 'y) maps the
vector (0,1) to (—1,1). Hence c(z"'y) corresponds (with respect to B) to the matrix
(149). Similarly it can easily be shown that ¢ (((§2),))) corresponds to the matrix
(3.2). But the matrices (1 9) and () %) € GLa(p) generate the subgroup of lower

triangular matrices. Hence Autg(R) is isomorphic to the set of lower triangular matrices

in GLy(p) and has order p(p — 1)2. |
Lemma 5.2.7 Let K = Autg(R) and A = Autg(R) = Aut(R). Then
(1) plA: Kl;
(i) R is p-centric in G but no proper subgroup P < R is E-centric or an essential
p-subgroup of G; and
(111) for all o € A\ K, we have O,(K N K*) = 1.
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Proof: By Lemma 5.2.6, K has order p(p—1)? and so clearly p { |A : K|. It was also shown
in Lemma 5.2.6 that R is p-centric in G, and since R is abelian, any proper subgroup of R
must contain R in its centralizer, and therefore is not £-centric or an essential p-subgroup
of G. This proves (i) and (i¢). To prove (iii), note that Autg(R) is the normalizer of
a Sylow p-subgroup of GLa(p), and so every GLy(p)-conjugate of K = Autg(R) is also
the normalizer of a Sylow p-subgroup. Sylow p-subgroups of GLs(p) have order p, hence
any two distinct Sylow p-subgroups intersect trivially. Now, K = Na(K) and so for all
a € A\ K we have K # K®. Let a € A\ K such that K # K®. Let T, T, € Syl,(GL2(p))
be such that K = Ngr,(y)(T1) and K¢ = Ngr,p)(T2). Then 1 =T1 NT; € Syl,(K N K*).
Hence |[K N K%|, =1 and so O,(K N K*) = 1.

Since any two Sylow p-subgroups generate all of GLa(p), your conjugate is either
equal to Autg(R) or intersects it with trivial p-part. By observing that Autg(R) is self-

normalizing in GLy(p), statement (iii) follows. |}

Corollary 5.2.8 Letn > 2 and p be an odd prime. Then the fusion systems E(n,p) over

S(n,p) are saturated.

Proof: This now follows from Proposition 5.2.4 and Lemma 5.2.7. |

5.3 Properties of £(n,p)

In this section we collect some result about the properties of the fusion systems &(n, p)
which we shall use in the next chapter to prove that most of the fusion systems are exotic.
Recall that Q = Aute(A(n, p)) = (GLa(p) x Fy)/{((49),u")}. We shall require the

following lemma about €2 in the next chapter.

PSL n even,
Lemma 5.3.1 [Q,Q] = 2(p)

SLa(p)  n odd.
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Proof:

([GL2(p), GLa(p)] x [Fy, Fp]) Cr(A)
Cr(A)
SLo(p) x 1
(SLa(p) x 1) N Cr(A)”

1%

2,9

Now, (SL2(p) x 1) N Cr(A) = {((49),u ™) |Ju==x1,u™™ =1}. But (=1)™" = 1 if and

only if n is even, otherwise (—1)~" = —1. Hence if n is even we have

Q,Q =

and if n is odd then we have

Q,Q] =

Now let P < S(n,p). We shall now show that Autg(P) does not contain a subgroup

isomorphic to Sym(m) for any m > 6.

Proposition 5.3.2 Let P < S(n,p) with |P| > p* and suppose that P is not contained in

A(n,p). Then Autg(P) does not contain a subgroup isomorphic to Alt(m) for any m > 4.

Proof: The only £-Alperin subgroup of S that contains P is S itself. Hence by Alperin’s
Fusion Theorem, Autg(P) just contains restrictions of elements of Autg(.S) which normal-
ize P. Therefore Autg(P) is isomorphic to a quotient of a subgroup of Autg(S), namely

Naute(5)(P)/Caute(s)(P). But Aute(S) = Cp—1 x Cp_y is abelian, and so every quotient
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of every subgroup of Autg(S) is also abelian. In particular, no quotient of any subgroup
of Autg(S) contains a subgroup isomorphic to a alternating group of degree greater than

or equal to 4, since such alternating groups are non-abelian. |

Recall that a group K is called a section of a group G if K is isomorphic to a homo-

morphic image of a subgroup of G.

Lemma 5.3.3 Let X be a section of a group G.
(i) Let Y < X. ThenY is a section of G.
(i1) [X, X] is a section of [G,G].
(7ii) Suppose further that L is a section of X. Then L is a section of G.

Proof: (i) Since X is a section of G, there exists a subgroup H < G and a surjective
homomorphism 6 : H — X. Denote by 0 the induced isomorphism H/ker 6 — X. By
the Correspondence Theorem, there exists a subgroup K < H with ker § < K such that
K /ker 0 = é\*l(Y). Now 6 |k is a surjective homomorphism K — Y, and so Y is a section
of G.

(17) Let H < G and 0 : H — X be a surjective homomorphism. For all hy, hy € H,
O(hi*hythihy) € [X,X], and so O([H, H]) < [X,X]. Conversely, if z1,7, € X then
there exist elements hy,hy € H such that 0(h;) = x; and 0(hy) = 5. Therefore
every commutator x;'a; 'z17y € [X, X| has a preimage hy'hy'hihy € [H, H]. There-
fore [X, X] < 0([H, H]). Thus 6 |;g,#) is a surjective homomorphism [H, H] — [X, X],
and so [X, X] is a section of [G, G].

(797) Since L is a section of X, there exists a subgroup Y < X and a surjective
homomorphism ¢ : Y — L. Now by (i), Y is a section of G and so there exists a
subgroup H < G and a surjective homomorphism 6 : H — Y. Hence 0¢ : H — L is a

surjective homomorphism, and so L is a section of G. |
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Lemma 5.3.4 The Sylow 3-subgroups of SLy(p) are cyclic for p # 3.

Proof: Note that the order of SLy(p) is (p — 1)p(p+1). Since p # 3, we have that either
3] (p—1)or3|(p+1) (not both). Now, by [39, 6.23], SLa(p) contains cyclic subgroups
of order p — 1 and of order p+ 1. Hence every Sylow 3-subgroup of SLy(p) is contained in

a cyclic subgroup, and is therefore cyclic. |

Corollary 5.3.5 The alternating group Alt(m) is not a section of SLo(p), for any m > 6

and any prime p # 3.

Proof: By Lemma 5.3.4, the Sylow 3-subgroups of SLy(p) are cyclic. Every section of
a cyclic group is cyclic, therefore every section of SLy(p) has cyclic Sylow 3-subgroups.
However, Alt(m) does not have cyclic Sylow 3-subgroups since it contains the elementary
abelian group generated by the 3-cycles (1 2 3) and (4 5 6). Therefore Alt(m) is not a
section of SLa(p). |}

Remark Note that the alternating group Alt(5) is a subgroup of PSLy(p) whenever
p(p* — 1) = 0 mod 5 (see [39, Theorem 6.26]). This means that in general, we cannot

prove that Alt(m) is not a section of SLy(p) for m < 5.

Proposition 5.3.6 Let Q < S(n,p) (where p > 3) with |Q| > p* and suppose that
Q < A(n,p). Then Aute(Q) does not contain a subgroup isomorphic to Alt(m) for any

m > 6.

Proof: The only £-Alperin subgroups of S containing @) are .S itself and A. By Alperin’s
Fusion Theorem, this means that every morphism in Autg(Q) can be written as a com-
position of restrictions of £-morphisms of S and A. But A is a characteristic subgroup of
S, so every morphism in Autg(S) restricts to a morphism in Autg(A). Therefore every

E-morphism of @ is the restriction of an £-morphism of A. Hence Autg(Q) is a section
of Autg(A), namely NAutg(A) (Q)/CAutg(A)(Q)‘
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Now suppose that Aute(Q) has a subgroup K = Alt(m). Then K is a section of {2 =
Autg(A), and so [K, K] = Alt(m) is a section of [Q2, Q] by 5.3.3. Now, [2, Q] = PSLy(p)
or SLs(p) by Lemma 5.3.1; in particular, (by Lemma 5.3.3) every section of [2,)] is a
section of SLa(p).

Since we have shown that [K, K] = Alt(m) is a section of [, Q], we have that Alt(m)

is a section of SLy(p). Therefore by 5.3.5, m < 5. |
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CHAPTER 6

THE PROOF THAT & IS EXOTIC

In this chapter we shall prove that the fusion systems £(n,p) do not come from finite
groups when p > 13 and n > 5. In particular, this gives us an infinite family of exotic
fusion systems. Indeed, it may be possible to show that the fusion systems £(n,p) are
exotic for smaller values of p and n, but our main goal in this thesis is to produce an infinite
family of exotic fusion systems. As such, we have introduced these minor restrictions on
the values of n and p in order to minimize technical difficulties.

It would seem, a priori, that in order to do show that £(n,p) is exotic we shall
need to check that every finite group which contains a Sylow p-subgroup isomorphic to
S(n,p), and show that it does not give rise to the fusion system &(n,p). This would be
an impossible task. However, we can significantly reduce the problem by appealing to
another important result of Broto, Levi and Oliver. This will show that we only need to
check the almost simple groups. The Classification of Finite Simple Groups then allows

us to prove exoticness.

6.1 Reducing the problem

We shall start by stating the theorem of Broto et al. that allows us to make this reduction.

First we need a few definitions.
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Definition 6.1.1 Let F be a fusion system over a finite p-group T' and let P be a subgroup
of T'. Then

(i) P is strongly closed in F if no element of P is F-conjugate to an element of T\ P;
(ii) P is normal in F if Np(P) = F.

Recall that a finite group G is almost simple (with respect to K) if G has a normal
non-abelian simple subgroup K with Cg(K) = 1, i.e. G is a group of automorphisms of

a non-abelian simple group K such that GG contains all of the inner automorphisms of K.

Theorem 6.1.2 [12, Lemma 5.2] Let F be a fusion system over a nonabelian p-group

T. For each subgroup 1 # P < T which is strongly closed in F, assume that
(i) P is p-centric in T
(ii) P is not normal in F; and

(iii) P does not factorize as a direct product of two or more distinct subgroups which are

permuted transitively by Autxz(P).

If F is the fusion system of a finite group, then there exists a finite group G, which
is almost simple with respect to a non-abelian simple group K, such that F = Fr(G).

Furthermore p | | K]|.

Remark The statement given here differs very slightly from that given in [12]. Here we
emphasise that P is assumed not to factorize as a direct product. We reproduce the proof

here for the convenience of the reader.

Proof: Suppose that F = Fr(G) where G is a group of minimal order with this property.
Since Fr(G) = Fr(G/O,(G)), we have that O, (G) = 1. Let N be a minimal normal
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subgroup of G. Then by [20, Theorem 2.1.5], N is either an elementary abelian p-group
or a direct product of isomorphic non-abelian simple groups.

Let P=TNN. If x € Pand 29 € T for some g € G then 29 € P since N <(G. Hence
P is strongly closed in F.

If N is an elementary abelian p-group then P = N and so P is normal in GG, and hence
normal in F. This contradicts (i¢). Therefore N = X; x ... x X,;,, a direct product of
m isomorphic non-abelian simple groups. Note that the factors in the direct product are
permuted transitively by the conjugation action of G (if the action were not transitive
then N would have a proper normal subgroup consisting of a direct product of the factors
in a G-orbit). But G = K Ng(P) by the Frattini Lemma, and so the X; (for 1 <i < m)
are permuted transitively by Ng(P). Furthermore, P = (X; N P) x ... X (X,, N P) and
the factors in this direct product are permuted transitively by Autg(P) = Autxz(P). By
assumption, strongly closed subgroup cannot be written as such a direct product where
m > 1; hence m = 1 and so N is a simple group.

Now let Ny = Cg(N); note that Ny < G. If Ny > 1 then p | [No| since O, (G) = 1.
But [T'N Ny, P] < [T'N Ny, N] = 1. Now, P is p-centric and so Z(P) € Syl (Cg(P)). The
group T'N Ny is a p-subgroup of Cg(P) and therefore TN Ny < P. But 1 # T N Ny <
NoNP < NyNN < Z(N) = 1, which is a contradiction. This shows that Cs(N) = 1 and

so G is almost simple. In particular, p | |N| since Oy (G) =1. |}

We now set about showing that the fusion system &(n,p) satisfies the hypothesis of

Theorem 6.1.2.

Lemma 6.1.3 Let £ = E(n,p). Then S itself is the only non-trivial subgroup of S which

1s strongly closed in E.

Proof: Let 1 # P <1 .S(n,p) be strongly closed in €. Since S is a p-group, P intersects

non-trivially with Z(S) (see, for example, [35, 5.8]). But Z(S) is a cyclic group of order
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p, and is therefore simple, so P contains Z(S). Note that Autg(A) = Autg(A) = Q, and
so we may regard A as an F,Q0-module. In fact, A is irreducible as an [F,Q2-module (see |7,
p588]) and so the I'-submodule of A generated by Z(S) < A is just A. But P is strongly
closed in &£, so it must contain every £-conjugate of Z(.S), and therefore P contains the
submodule generated by Z(S), namely A. Also, since Autg(R) = Aut(R), we have that
the element 2™ € A is E-conjugate to ((19),1) € S, and therefore P contains the group

(A, ((19),1)) =S. Hence P=5. |}

Lemma 6.1.4 Let &= E(n,p). Then
(i) S is not normal in E; and

(i1) S does not factorize as a direct product of two or more distinct subgroups which are

permuted transitively by Aute(S).

Proof: First we show that S is not normal in €. Note that 2" € Z(S) and ((19),1) € S\
Z(S) are generators of the elementary abelian group R, and so there is an automorphism
in Aut(R) = Autg(R) such that 2" +— ((19),1). This morphism cannot extend to a
morphism of S because Z(S) is a characteristic subgroup of S. Therefore S is not normal
in £.

Now suppose that S = Q1 x ... X @, for distinct isomorphic subgroups ); < S. Then
Z(S) = Z(Q1) X ... x Z(Q2). Therefore p = |Z(S)| = |Z(Q1)|™. But p is prime and so
m=1 ]

Corollary 6.1.5 Let £ be the fusion system over S(n,p) described above. If £ is the

fusion system of a finite group then it is the fusion system of a finite almost simple group.

Proof: It is clear that S is p-centric in S, so we can apply Lemma 6.1.2 to £. This gives

the desired conclusion. |}
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In fact we can reduce our problem still further. We show that if G is an almost simple
group such that Fg(G) = E(n,p) then S(n,p) is a Sylow p-subgroup of a simple subgroup
of G.

Proposition 6.1.6 Let G be an almost simple group with Inn(K) < G < Aut(K) where
K is a non-abelian finite simple group. Suppose that G contains S(n,p) as a Sylow p-

subgroup and that Fs(G) = E(n,p). Then S(n,p) is a Sylow p-subgroup of K.

Proof: If x € SN K and 29 € S for some g € G then 29 € SN K since K < G. Hence
S N K is strongly closed in Fg(G) = E(n,p). Therefore, by Lemma 6.1.3, SN K = S.
Thus S < K. |

In the sections which follow, we consider every finite almost simple group G in turn
and show that if G has a Sylow p-subgroup isomorphic to S(n,p) for p > 13 and n > 5
then Fg(G) 2 £(n,p). In particular, we will have an infinite family of exotic fusion
systems.

By the Classification of Finite Simple Groups, the almost simple groups fall into three
classes: those which are groups of automorphisms of an abelian groups, those which are
groups of automorphisms of an alternating group, those which are groups of automor-
phisms of a Lie type group, and those which are groups of automorphisms of a sporadic
group. We shall refer to these as almost simple groups of abelian, alternating, Lie, or
sporadic type respectively.

Note that we do not need to consider the simple groups of abelian type since S is not

abelian.

6.2 Alternating type groups

In this section, let us suppose that G is an almost simple group with a simple normal

subgroup N isomorphic to Alt(m) (m > 5) and with Cs(N) = 1. Then G is isomorphic to
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a subgroup of Aut(Alt(m)). It is well-known that for m > 5 and m # 6, Aut(Alt(m)) =
Sym(n), and that Aut(Alt(6)) contains a subgroup of index 2 isomorphic to Sym(6) (see,
for example, [39, 3.2.17, 3.2.19(iii)]). Since we only consider the case when p is odd, we
have that the Sylow p-subgroups of G are isomorphic to those of Alt(m).

The following is a well-known result about symmetric groups. See, for example, [17],

[24] or [34].

Proposition 6.2.1 The order of a Sylow p-subgroup of Sym(m) is p*, where « = [m/p]+

[m/p?] + - = 322 [m/p].

Proof: The order of a Sylow p-subgroup of Sym(m) is the highest power of p dividing
m!. The number of positive integers divisible by p is [m/p], by p? is [m/p?], and by p' is

[m/p']. Therefore the highest power of p dividing m! is

(B[ == (G- - - 2o

We shall also require the following fact about alternating groups. For a proof, we refer

the reader to [22, 5.2.10].

Proposition 6.2.2 [22, 5.2.10] Ifp is an odd prime, then the symmetric group Sym(m)

has p-rank equal to [m/p].

Proposition 6.2.3 Let T' be a Sylow p-subgroup of Sym(m), and suppose that T is non-

abelian and has an elementary abelian subgroup of index p. Then |T| > pP+i.
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Proof: Suppose that X is an elementary abelian subgroup of 7' of index p. Then 1 =
log, T X| = log,|T| — log | X| = (S, m/p]) — m/p] = XZyfm/p). Therefore
[m/p?] = 1 since [m/p’] = 0 implies that [m/p’] = 0 for all j > i. But this means that

[m/p] > p, and so log,|T'| = [m/p] 4+ [m/p°] > p+ 1, as required. |

Corollary 6.2.4 If G is an almost simple group which is isomorphic to a subgroup of
Aut(Alt(m)), and G contains a Sylow p-subgroup isomorphic to S(n,p) for some n, then
n=p and |S| = pP*!.

Proof: Every Sylow p-subgroup of G is isomorphic to a Sylow p-subgroup of Sym(m).
So if S(n,p) € Syl,(G) then S(n,p) € Syl,(Sym(m)). The group S(n,p) is non-abelian
and contains an elementary abelian p-subgroup of index p, namely A(n,p). Hence Propo-

sition 6.2.3 applies and we have the desired conclusion. |

Lemma 6.2.5 Let G = Sym(m) for some p> < m < p*+p—1 and let X be an elementary

abelian p-subgroup of G of mazximal rank. Then rank,(X) = p and |Aute(X)| = pl(p—1)P.

Proof: The fact that rank,(X) = p follows immediately from 6.2.2. We may assume,
without loss of generality, that X = ((12 ... p),(p+1 ... 2p),..., (P> —p+1 ... p?)).
Consider Ce(((1 2 ... p))). It is easy to see that this is equal to the direct product

(12 ...p)) xSym({p+1,...,m}), and similarly for the other p-cycles. Therefore

Co(X) = Co({(12...p))N...0Cc({((p* —p+1 ... p*))

= (12 ...p)) x...x{(P*=p+1...p%)) xSym({p* +1,...,m}).

Hence |Cq(X)| = p?|Sym({p* + 1,...,m})|.
Now let us consider Ng(X). Let G = Sym({1,...,p?}) < Sym(m). Then Ng(X) =

Nz(X) x Sym({p*+1,...,m}). Note that Nz(X) is imprimitive with system of imprim-

102



itivity given by

{{1,....p},.... " —p+1,....0°}}.

Hence Ng(X) is a wreath product where the base group is a direct product of normalizers
of p-cycles.

Consider the normalizer N in G of the p-cycle (1 ... p). If g € N then 19 = a where
1 <a<p,and 29 = a+ b(mod p), where 1 <b < p— 1. The images of 1 and 2 uniquely
determine g. This means that |[N| = p(p — 1).

We have that Ng(X) = N Sym(p) and so |[Ng(X)| = |N||Sym(p)| = p*(p — 1)Pp!.
Hence |[Ng(X)| = p?(p — 1)Pp!|Sym({1, ..., p*})|. Thus |[Auta(X)| = [Ne(X)|/|Ca(X)| =

prip—17 1

Proposition 6.2.6 Let G be an almost simple group which is isomorphic to a subgroup
of Aut(Alt(m)), and suppose that G has a Sylow p-subgroup isomorphic to S(n,p), where

p > 13. Then Fs(G) is not isomorphic to £.

Proof: Note that either G = Alt(m), G = Sym(m) or m = 6 and G = Aut(Alt(m))
contains a subgroup of index 2 isomorphic to Sym(m). Now, since S(n,p) € Syl,(G), we
have that A(n, p) is an elementary abelian p-subgroup of G of maximal rank. Therefore by
6.2.5, |Autgymm)(A)| = p! (p — 1)P. Note that Autg(A) > Autaim)(A). Hence |[Autg(A)|
is divisible by ip! (p — 1)P. We have that |[Autg(A)| = |GL2(p)| = (p — 1)%p(p + 1).

Note that, since p > 13,

- p—1P2=2p+1)>2(p—1)=2(p+1)=2p(p—3) > 0;

a routine argument now shows that %p! (p—1)? > (p—1)*p(p+1) for p > 13. In particular
we have that (p—1)2p(p+1) is not divisible by $p!(p—1)?. Hence £(n, p) is not isomorphic
to fs(G) I
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Corollary 6.2.7 The fusion system E(n,p) does not appear as a fusion system in any

almost simple group of alternating type for p > 13 and for any n.

6.3 Lie type groups in defining characteristic

Let GG be a finite simple Chevalley group or a finite simple twisted Lie type group defined
over a field of characteristic p, where p is an odd prime. We shall show that G does not
contain a Sylow p-subgroup isomorphic to S(n,p) for any n > 5. It will then follow by
Theorem 6.1.6 that no almost simple group of Lie type which is defined over a field of

characteristic p gives rise to a fusion system isomorphic to £(n, p).

Proposition 6.3.1 Let p be an odd prime, and let ¢ = p® for some a. Let G be a finite
simple Chevalley group or a finite simple twisted Lie type group defined over a field of
order q and let U be a Sylow p-subgroup of G. Suppose that U is non-abelian and let X be
an elementary abelian subgroup of U with mazimal possible rank in U. Then rank(X) > 3

implies that |U : X| > p.

Proof: The orders of the Sylow p-subgroups and the p-ranks of the finite simple Lie type
groups are well-known and can be found in [22, Tables 2.2 and 3.3.1] or [30, Table 13.17,

13.19]. For convenience, we reproduce Tables 13.17 and 13.19 from [30].
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Type of G log,|U] log, | X| log,|U| —log,|X]|
[+1 2 172
Ay(q) [>1, odd 5 (I+1)%/4 (7 =1)
I[+1
[>1, even ; I(1+2)/4 i
Bi(q) [ >4, qodd 12 14+1(1—-1)/2 -1 -1
[ <3, qodd 12 20— 1 2—-20+1
Ci(q) >3 [ I(14+1)/2 S(l-1)
Di(q) >4 I(1—1) I(1—1)/2 Sll—1)
Es(q) 36 16 20
Er(q) 63 27 36
Es(q) 120 36 84
Fu(q) q odd 24 9 15
Ga(q) p<3 6 3 3
p=3 6 4 2
[+1
2A,(q) I odd ; (1+1)2/4 V.Y
[+1
[ even ; P/4+1 W+1-1
Dy(q) >4 (-1 (-1)(1-2)/2+2 Jql+1)-3
2E(q) 36 12 24
2G2<32m+1) 3 2 1

Let us suppose that rank(X) > 3 and that |[U : X| > p. By considering each of
the cases listed in the above table in turn, we shall show that either log,|U : X| =
log,|U| — log,|X| > 1 or that rank,(X) = log,|X| < 3. If the former conclusion holds,
then we have contradicted the assumption that |U : X| > p, and if the latter holds then
we have contradicted the assumption that rank(X) > 3.

If G = Aj(q) where [ =1 then log |U| —log,|X| = (1 —1) = 0 and so U is abelian,
in contradiction to our assumptions. If [ = 2 and ¢ = p then log, | X| = log, | X| =2 < 3.
If | =2 and q = p* for a > 1 then log |U| — log | X| = 1 and so log,|U| — log,|X| > 1 as
required. If / is odd and [ > 3 then log, |U| — log,|X| > 2 > 1, as required. If [ is even

and [ > 4 then log, |U| —log |X]| > 4 > 1.
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Suppose G = By(q), and let [ > 4. Then log, |U| — log,|X| > 5 > 1 and if [ = 3 then
log,|U| —log,|X| =4 > 1 as required. If [ <2 and ¢ = p then log |X| = log,|X| < 3, and
if | <2 and g = p* where a > 1 then log,|U| — log,|X| = 1 and so log,|U| — log,| X| > 1.

Now assume that G = Cy(q). Since [ > 3 we have that log |U| —log,|X| > 3 > 1, and
so log, |U| — log,|X| > 1 as required.

So suppose that G = Dy(g). Since I > 4 we have that log |U| —log,|X| > 3 > 1 as
required.

Now suppose that G =* Ay(q). If I = 1 then log,|U| —log,|X| = 0 and so U is abelian,
in contradiction to our assumptions. If [ is odd and [ > 3 then log, |U| —log,|X| > 2 and
so log,|U| —log,| X | > 1. If [ is even then log |U| —log | X| = ;I*+1—1> 122 +2-1=2
(since 11* + 1 — 1 is an increasing function of { for [ > 2).

Now let G = Dy(q). Since | > 4 we have log,|U| — log | X| > 7.

Consider the case when G =* Gy(3*™!). If ¢ = p then log | X| = log,|X| = 2 < 3,
and if ¢ = p® where a > 1 then log, |U| —log,|X| = 1 and so log,|U| —log, | X| > 1.

It is clear from the table that the finite simple Chevalley groups of exceptional types

and the simple groups of twisted Lie types *Eg(q) and 3D4(q) satisfy the conclusion. |

Theorem 6.3.2 No almost simple group of Lie type which is defined over a field of char-

acteristic p gives rise to a fusion system isomorphic to E(n,p) for n >5 and p > 13.

Proof: Let GG be an almost simple group of Lie type, with G a group of automorphisms
of the group K, where K is a finite simple Chevalley group or a simple twisted group
of Lie type defined over a finite field of characteristic p. Suppose that G has a Sylow
p-subgroup isomorphic to S(n,p) and that Fs(G) = £(n,p). Then by Theorem 6.1.6,
K has a Sylow p-subgroup isomorphic to S(n,p). However, S(n,p) is non-abelian and
contains an elementary abelian subgroup A, of rank n + 1 > 6, at index p. But by

Proposition 6.3.1, K has no such Sylow p-subgroup; this is a contradiction. |
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6.4 Exceptional groups in non-defining characteristic

We now turn our attention to the case when G is an almost simple group of Lie type
defined over a field of characteristic 7 # p; we aim to show that if G' contains a Sylow
p-subgroup isomorphic to S(n,p) then Fg(G) 2 E(n,p).

In this section we shall consider the subcase when the almost simple group G is a
subgroup of Aut(K), where K is a finite Chevalley group of exceptional type (i.e. of type
Es, E7, Eg, Fy or Gy), or a twisted simple group of type 2By, 3Dy, Eg, 2F4 or 2G, defined
over a finite field of characteristic r # p. We refer to all these groups K as simple groups
of exceptional Lie type. We shall show that none of these groups has a Sylow p-subgroup

isomorphic to S(n,p). First we require the following well-known fact from number theory:

Lemma 6.4.1 [26, Lemma 5] Let p be an odd prime, let r # p be a prime and let q be
a power of r. Let k be the multiplicative order of ¢ modulo p, that is, k is the smallest
integer m such that ¢™ = 1 mod p. Then p divides the cyclotomic polynomial ®,(q) if

and only if n = kp' for some i > 0.

Now fix a finite simple group K of exceptional Lie type, whose associated Dynkin
diagram has m nodes and where the root system of K has N positive roots. By [22,

Theorem 2.2.9], the order of the universal central extension of K can be written as

where the r; are non-negative integers. The values of the r; are given explicitly in [21,
Tables 10.1, 10.2]; we reproduce Table 10.2 here, for convenience. It shows the cyclotomic

polynomial factors of the orders of the groups of exceptional Lie type:
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Type of K ], ®}

’B, DDy

3Dy @%@%@%@%@12

Gy D2DIDyDg

2Gy OSROBLON

P 0lol0telain.,

’F, @%@5@2(1)6(1)12

By OODIDIO2D020y0od,

By DIOSOID2DI DD Db

E; PIDIPID2 D DD, Dy PP P1oP14P1g

By O3050I 02D, 0200 D2 B2, B)5D1s®onasPsg

Theorem 6.4.2 [22, Theorem 4.10.2] Let G be a finite group of Lie type, defined over
F,, and let p > 13 be a prime with p{ q. Denote by k the multiplicative order of ¢ modulo
p. Let P be a Sylow p-subgroup of G. Then there exists a subgroup Pr of P such that Pr

has the following properties:

(i) Pr is an abelian normal subgroup of P;

(11) Pr is homocyclic of exponent |®y(q)|, and rank ry;
(i) Pr has index p* in P, where b= rpx + rpep + - -

Since the p-rank of K is r, by [22, Theorem 4.10.3], we have that the subgroup Pr

described above contains an elementary abelian subgroup of K of maximal rank.

Proposition 6.4.3 Let K be a simple group of exceptional Lie type defined over F,. Let
p > 11 with p ¥ q. Then K has abelian Sylow p-subgroups. In particular, K does not

contain a Sylow p-subgroup isomorphic to S(n,p) for any n > 2.

Proof: Let P € Syl (K). Then by 6.4.2, P contains an abelian subgroup Pr with

log,|P : Pr| = 1y, + 12 + -+ -. But by consulting Table 6.4 we see that every group of
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exceptional Lie type has 7, = 0 for all 7 > 0 and all p > 11. Hence log,|P : Pr| =0 and

so P = Pr. In particular, P is abelian and therefore not isomorphic to S(n, p). |

Theorem 6.4.4 No almost simple group of exceptional Lie type which is defined over a
field of characteristic ¢ # p gives rise to a fusion system isomorphic to E(n,p) for n > 2

and p > 11.

Proof: Let G be an almost simple group of exceptional Lie type which is a group of
automorphisms of the group K, where K is a simple group of exceptional Lie type.
Suppose that G has a Sylow p-subgroup isomorphic to S(n,p) for some n > 2 and p >
11. Then by Theorem 6.1.6, K has a Sylow p-subgroup isomorphic to S(n,p). But
this is impossible by Proposition 6.4.3. Therefore G cannot give rise to a fusion system

isomorphic to £(n, p). |

Note that in particular, the theorem holds for n > 5 and p > 13.

6.5 Classical groups in non-defining characteristic

In this section we shall consider the case that GG is an almost simple group of Lie type
which is a group of automorphisms of a simple classical group defined over a field of
characteristic ¢ # p.

We start by recalling some facts from the theory of spaces with forms. As a general

reference, see [2, Chapter 7].

Lemma 6.5.1 [Witt’s Lemma] Let V' be a linear, orthogonal, symplectic or unitary
space, and let U, W be subspaces of V. Then any isometry ¢ : U — W extends to an

1sometry gg: V-V.

Proof: See [2, Section 20]. |}
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Let V be a 2-dimensional orthogonal, symplectic or unitary F,-space. Recall that V'
is called a hyperbolic plane if V has a basis {e, f} such that (e,e) = (f, f) =0 (and if V'
is an orthogonal space with quadratic form @ then Q(e) = Q(f) =0) and (e, f) = 1. By
[2, 19.13], there is, up to isometry, a unique hyperbolic plane for each type of space. The
space V is called definite if there are no non-trivial singular vectors; that is, no vectors
v € V such that (v,v) = 0 and Q(v) = 0 when V' is an orthogonal space. As a consequence

of Witt’s Lemma we have the following.

Lemma 6.5.2 [2, 20.8.2] Let V' be an orthogonal, symplectic or unitary space. Then V
is the orthogonal direct sum of hyperbolic planes and at most one definite plane. Moreover,

this decomposition is unique up to an isometry of V.

The plan in this section is to use Witt’s Lemma to show that classical groups contain
elementary abelian p-groups which contain a group isomorphic to an alternating group
in their automizer. We then show that this does not occur in the fusion systems &(n, p),
and hence that the classical groups cannot give rise to these fusion systems.

Firstly we consider the linear and unitary groups.

Lemma 6.5.3 Let (V, f) be a linear or unitary space of dimension | over F, where | > k.
Let G}, denote the isomorphism type of the isometry group of a k-dimensional linear

(respectively unitary) space over F,. Then Isom(V') contains a subgroup isomorphic to a

wreath product Gy ¢ Sym([l/k]).

Proof: By [2, 21.6], V admits an orthonormal basis {v,...,v}. Now define subspaces
U ={vi,...;oe}, Uy = {g1, - v}, - U = {vume—e-1), - - - Ve }- Each U is
a k-dimensional non-degenerate subspace of V', for every 1 < i < [I/k]. The Uj; are clearly
all isometric spaces and so Isom(U;) = Gy, for every 1.

Given an isometry ¢ € Isom(U;) for some ¢, define a linear map (/5 of V' by setting
o(v;) =v; for j & {(i — Dk +1,...,ik}, and ¢(v;) = ¢(v;) for j € {(i — Dk +1,...,ik}.
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Then Zs is an isometry since {vy,...,v;} is an orthonormal basis. It is also easy to see
that for ¢ # j, isometries of U; and U, extended in this way will commute as isometries
of V. Hence Isom(V') contains a subgroup isomorphic to a direct product Gy X ... x G
of [I/k] copies of Gj.

By Witt’s Lemma, there is a subgroup of Isom (V") isomorphic to Sym([l/k]) which per-

mutes the [I/k] subspaces U;. Thus Isom(V') contains the wreath product Gy Sym([l/k]).

Next we consider the symplectic groups.

Lemma 6.5.4 Let (V, f) be a 2l-dimensional symplectic space over Fy, where | > k. Let
Gy denote the isomorphism type of the isometry group of a 2k-dimensional symplectic

space over F,. Then Isom(V') contains a subgroup isomorphic to a wreath product Gy

Sym([l/k]).

Proof: By [2, 19.16], V admits a hyperbolic basis {e1,..., e, f1,..., fi}. Now define

subspaces Up = {e1,..., e, f1,.. -, fiu}, Us = {exs1s-- s e, frovt, -5 o}, - Upg =
{6([l/k]—1)k+1> c ,e[l/k]k, f([l/k]—1)+17 c. >f[l/k}k}' Each of the Ui is a 2k-dimensional non-

~

degenerate hyperbolic subspace of V. The Uj; are clearly all isometric and so Isom(U;)
G, for each 1 <1 <[l/k].

Given an isometry ¢ € Isom(U;) for some i, define a linear map ¢ by setting gg(ej) = e,
and ¢(f;) = f; for j ¢ {(i — Dk +1,...,ik}, and o(e;) = ¢(e;) and o(f;) = ¢(f;) for
je{(i—1)k+1,...,ik}. Then ¢ is an isometry since {e1,... e, f1,..., fi} is a hyperbolic
basis of V. It is also easy to see that for ¢ # j, isometries of U; and U; extended in this
way will commute as isometries of V. Hence Isom(V') contains a subgroup isomorphic to
a direct product Gy, X ... x Gy of [[/k] copies of G.

By Witt’s Lemma, there is a subgroup of Isom(V') isomorphic to Sym([l/k]) which per-

mutes the [[/k] subspaces U;. Thus Isom(V') contains the wreath product Gyt Sym([l/k]).
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Before tackling the orthogonal groups, we recall some more facts about orthogonal

spaces.

Lemma 6.5.5 [2, 21.1] There is, up to isometry, a unique 2-dimensional orthogonal

definite space over IF,.

Let us define some notation. Given subspaces A and B of an orthogonal space, write
A L B for the orthogonal direct sum of A and B. We also write A for the orthogonal
direct sum of ¢ isometric copies of the space A. In this section we shall also write A = B
to mean that A and B are isometric as orthogonal spaces. It should be clear from the
context whether this symbol denotes an isometry of orthogonal spaces or an isomorphism

of groups.

Lemma 6.5.6 [2, 21.6] Let H denote the isometry type of the orthogonal hyperbolic
plane and let D denote the isometry type of the unique 2-dimensional orthogonal definite

space. Let V' be an [-dimensional orthogonal space over IFy.
(i) If l is odd then q is odd and V is uniquely determined up to isometry.
(i3) If 1 is even then V is isometric to evactly one of H™? or H®/~1 | D.

If [ is even, then if V = H(™/?) we say that V is of +-type and if V = H™/2=1 | D

then we say that V is of —-type. If [ is odd we say that V is of 0-type.

Lemma 6.5.7 Let V' be a +-type space and let V™~ be a —-type space. Then
(1) Vt LV is of +-type;

(it) VT LV~ is of —-type;
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(i) V= LV~ is of +-type.

Proof: This is clear from the definitions of +- and —-type, and the fact that D? &~ H?

(for a proof of this fact see [2, 21.2]). |}

Proposition 6.5.8 Let V' be an [-dimensional orthogonal space over F, of e-type, where
e € {—,0,+}. Let W be a subspace of V' of dimension k < 1/2. Then Isom(V') contains
a subgroup of the form Isom(W) ! Sym([l/k] —1).

Proof: By Witt’s Lemma, the theorem follows if we can show that V' contains a subspace
isometric to the orthogonal direct sum of [I/k] — 1 isometric copies of WW.

Let n € {—,0,+} denote the type of W. There are 9 possible combinations of the
types € and 7; we shall label each of these possibilities by the ordered pair (n,€). Thus
case (+, —) shall refer to the case when W is of +-type and V' is of —-type.

First we consider the cases when W is of +-type; that is, the cases (+,*). Note that
kis even and k > 2. We have W = H*?2 and so Y := WWk-1 >~ gk/2{/k-1) Byt
(k/2)([l/k] —1) < 1/2 —k/2 < 1/2 — 1. Now, in case (+,+) V = H'Y2 in case (+,—)
V = HY/271 | D and in case (+,0) V = HU=Y/2 | [ where L is a 1-dimensional space.
It is therefore clear that in all of these cases, V' contains a subspace isometric to Y.

Now consider the cases when W is of —type; that is, the cases (—, *). Again we have
that k is even. We have that W = H*2~1 | D and so Y := W/kH=-1 = fk/2=D(/k-1) |
DWH=1" Since D? = H?, we have another bifurcation of cases; depending on whether
[1/k] is odd or even. If [I/k] is odd then D=1 =~ [O/2)(/KH=1) and if [I/k] is even
then DW/K=1 == g(/2(/K=2) | D We label these extra cases as (—,*,+) and (—,*, —)
respectively. This notation refers to the fact that if [[/k] is odd then Y is a +-type space,

and if [I/k] is even then Y is a —type space. Let us count the total number of isometric
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copies of H and D there are in Y. If [[/k] is odd we have

G- ()39 - () ()

copies of H and no copies of D. If [I/k] is even then we have

(2 (e =) 2 (el =) = 57 (el =) -

copies of H and 1 copy of D. Now let us check that V' contains enough copies of H to
contain Y. In each of the cases (—,+), (—,—) and (—,0), V contains at least [/2 — 1

copies of H. But

() = (2654360

IN

IN

(since [/k —1>2—1=1) and so V does indeed contain enough copies of H to contain
Y. In particular, in the cases (—,*,+) and (—, —, —), we have that V' contains Y. So
suppose that [I/k] is even and that we are in one of the cases (—,+, —) or (—,0, —). Thus
Y is a —-type space and so contains a term isometric to D. We have that V =Y L Yt

Note that

dim(V) — dim(Y) = 1 — (k- 1)([I/k] - 1)

> - (k—1D)(U/k—1)=k+1/k—1

v

k> 2.

Thus Y L D is a +-type space of dimension less than or equal to [. Hence in case
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(—,+,—), V contains a subspace isometric to Y. Also note that in case (—,0, —), dim(V)
is odd, and so dim(V') — dim(Y") is odd. So in this case we have dim(V') — dim(Y") > 3.
Thus Y L D L L (where L is a 1-dimensional space) is a O-type space of dimension less
than or equal to . Hence in case (—,0,—), V' contains a subspace isometric to Y.

Now we consider the cases when W is odd-dimensional; that is, the cases (0,x*). We
have W = H®* /2 | [ where L is a 1-dimensional space, and so YV = Wk-1 =~
aC)([E-) o plm-r, We have a further splitting of cases: Y can be either of 4+-type,
of —-type, or odd dimensional. We shall label these extra cases as (0, *,+), (0,*, —) and

(0, %,0) respectively. In all of these cases, the maximum number of mutually orthogonal

copies of H in Y is given by:

kE—1 l 1 /]l k(1

i i i I I < (2 _

(o) (el =) (i) = 56 )
_ Lk
22
< Lo
-2

Hence in the cases (0, *,+), (0,—, —) and (0,0,0) we are done. The remaining cases are

(0,4+,—), (0,0,—), (0,+,0) and (0, —,0). In all of these cases, note that

dim(V) —dim(Y) = [ —(k—=1)([{/k] = 1) — ([l/k] = 1)
= 1—k([l/kE] = 1)

> I—(Il-k) =k>1

Consider the case (0, +, —). Then dim(V) —dim(Y") is even and so dim (V') —dim(Y") > 2,
therefore Y 1L D is a +-type space of dimension less than or equal to [, and so we are
done. In the case (0,0, —) we have that dim(V) — dim(Y) > 1 and so Y L L (where L

is some 1-dimensional space) is an odd dimensional space of dimension less than or equal
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to [, and so again we are done. It is easy to see in the cases (0, +,0) and (0,—,0) that V
contains a subspace isometric to Y.

We have thus shown that every orthogonal space V' of dimension [ with a subspace W
of dimension k < [/2 contains a subspace isometric to W{/*=1 As noted, the proposition

now follows from Witt’s Lemma. |

Lemma 6.5.9 Let p be an odd prime and q any prime power with p{ q. Let k = ord,(q).

Let G be a simple classical group of dimension | defined over F,. We have the following:
(i) if G is a linear group, then p | |G| if and only if k <;
(i) if G is symplectic, unitary or orthogonal then p | |G| if and only if k < 1/2.

Proof: This follows fairly easily after looking at the formulas for the orders of the classical

groups, as may be found in [13, Chapter 1]. |

Lemma 6.5.10 Let p > 13 and q be any prime power with p{q. Let k = ord,(q). Let G
be the isometry group of an l-dimensional linear, orthogonal or unitary space V' over F,
or the isometry group of a 2l-dimensional symplectic space U over F,. If p | |G| then G
contains an elementary abelian p-group T', with rank,(T") = [I/k]—1, such that G contains

a subgroup of the form T x Sym([l/k] — 1).

Proof: Let G denote the isomorphism type of the isometry group of a k-dimensional
subspace of V' or of the isometry group of a 2k-dimensional subspace of U. Since p | |G|
and p > 11, Lemma 6.5.9 shows that £ < [ if V is a linear space and k < [/2 otherwise.
Hence by 6.5.3, 6.5.4 and 6.5.8, G contains a subgroup X = Gy ! Sym([l/k] — 1). Now
by [42], G}, has a non-trivial cyclic Sylow p-subgroup. Hence the base group of X has a
Sylow p-subgroup U which is a direct product of [[/k] — 1 cyclic p-groups. Now by the
Frattini Lemma, Nx(U) contains a subgroup isomorphic to Sym([l/k] — 1) which acts

on U. Now, in each direct summand of U there is a unique subgroup of order p. Let
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T be the elementary abelian group obtained by taking the direct product of all of these.
Since subgroups of cyclic groups are uniquely determined by their order, the subgroup
isomorphic to Sym([l/k] — 1) must permute the direct summands of 7. Hence Nx(T)
contains a subgroup isomorphic to Sym([//k] — 1) and therefore G contains a subgroup of

the form 70 Sym([l/k] = 1). |}

In the following lemma, let 7" < G be the elementary abelian subgroup described in

Lemma 6.5.10. Let m = [I/k] — 1. We shall consider T" as an [F,Sym(m)-module.

Lemma 6.5.11 Suppose that m > 4, and let T' be the Sym(m)-module described above.
Choose a basis {t,...,tym} for T. Then:

(1) Cr(Sym(m)) = (t1 4+ +tm);
(ii) [T,Sym(m)] = (t; — t;|i.j € {1,....m}).
(iii) Cr(Alt(m)) = Cp(Sym(m)).
In particular, dim(Cr(Sym(m))) = 1 and dim([T, Sym(m)]) = m — 1.

Proof: Suppose that t = Aty + -+ A\t € Cp(Sym(m)). Fix i,7,€ {1,...,m} and let
o= (ij) € Sym(m). Thent =17 = Mty +---+Njt;+- - -+ Nitj+- - -+ A\t In particular,
we have that \; = ;. Since this holds for all choices of ¢, 7, we have \; = ... = A,,.

This shows that Cp(Sym(m)) = (t1 + -+ + t,,); it is therefore 1-dimensional. This
proves (7).

Now let i € {1,...,m} and let ¢ € Sym(m). Suppose that i = j Then [t;, 0] =
t7 —t; =t; —t;. Hence (t; —t;]i,j € {1,...,m}) = [T, Sym(m)].

Note that {t;—t,, to—tm, ..., tm—1—1tm } is a basis for [T, Sym(m)]; hence dim([T, Sym(m)]) =
m — 1.

To see that Cr(Alt(m)) = Cr(Sym(m)), simply note that the proof given for (i) still
holds when o = (i j)(i' j') where {¢/, 5’} N {i,5} =0. |}
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Proposition 6.5.12 Let G be the isometry group of an l-dimensional orthogonal or uni-
tary space over F,, or the isometry group of a 2l-dimensional symplectic space over
F,. Suppose that G contains a Sylow p-subgroup isomorphic S(n,p) where n > 5. Let
k =ord,(q). Thenl/k > p/2.

Proof: By Lemma 6.4.2, the Sylow p-subgroups of G are abelian (and therefore not
isomorphic to S(n,p)) unless rp, + 72 + ... # 0. The specific values of 7, are given in

[21, Table 10.1], which we partially reproduce here for convenience:

Lie type of G 7y,

A; [(7+1)/m)] for m > 1;
B;,C; [27/lem(2,m)] for m > 1

D, [27/lem(2, m)] unless m|2j and m { j
(2j/m)—1 if m|2j and m ¢ j

2A,; [(+1)/lem(2,m)] if m # 2 mod 4;
2(j +1)/m)] if m =2 mod 4, m > 2;

’D; (27 /lem(2, m)] unless mj|j
[

27 /lem(2,m)] —1 if m]j.

It is clear from this table that if r,, = 0 then ry; = 0 for all 7+ > 1. Therefore
rpr > 1. Recall that the Chevalley groups of the types in Table 6.5 are in one-to-one
correspondence with the simple classical groups, as given by the following table. The
information in the table, and the proofs, can be found in [13, Theorems 11.3.2; 14.5.1,

14.5.2].

Aj(q) = PSLji(q) | Djlg) = PQy;(q)
(¢) = PQyj11(q) | *Aj(q) = PSUj4(q)
D, i(q) = PQy(q)

Thus if G has type A;_1(q) then r,, = [I/pk] > 1, and so I/k > p. If G has type
B2i—1)/2(q) then rp, = [(I = 1)/lem(2,pk)] > 1, and so [/k > p+ 1/k > p. If G has
type Cy2(q) then rp, = [I/lem(2,pk)] > 1 and so I/k > p. If G has type Dj/s(q) then

either r,, = [I/lem(2,pk)] > 1 or 7, = (I/pk) —1 > 1. In the former case, [/k > p as
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before, and in the latter case [/pk > 2 and so I/k > 2p > p. If G has type 2A;_1(q)
then either rp, = [I/lem(2, pk)] > 1 or 7, = [21/pk] > 1. In the former case, [/k > p
as before, and in the latter case 21 > pk and so [/k > p/2. If G has type ?Dyjs(q) then
either r,; = [I/lem(2, pk)] > 1 or rp, = [I/lem(2, pk)] — 1 > 1. In the former case [/k > p
as before, and in the latter case [ > 2lem(2, pk) and so [/k > 2p > p. This completes the

proof. |}

For any group G, let G' = [G, G| denote the commutator subgroup of G. We note the

following fact about classical groups:

Lemma 6.5.13 Every simple classical group is of the form G'/Z(G'), where G is the

isometry group of an linear, orthogonal, symplectic or unitary space.
Proof: See, for example, [2, 43.12]. |}

Proposition 6.5.14 Let G be the isometry group of an l-dimensional orthogonal or uni-
tary space over F,, or the isometry group of a 2l-dimensional symplectic space over F,.
Suppose that G contains a Sylow p-subgroup isomorphic to S(n,p) for some n. Then
G =G"/Z(G") contains a subgroup of the form W x X where W is an elementary abelian
group with rank,(W) = [l/k] — 2 and X = Alt([l/k] — 1) acts faithfully on W.

Proof: Let m = [I/k] — 1. By Lemma 6.5.10, G contains a subgroup isomorphic to
T x Sym(m). Thus we may regard Cr(Sym(m)) and [T, Sym(m)] as subgroups of G.

Note that
[T, Sym(m)|Z(G") [T, Sym(m)]
Z(G") [T,Sym(m)| N Z(G")

Butift € [T, Sym(m)|NZ(G") thent € Cr(Alt(m)) = Cr(Sym(m)). Therefore dim([T, Sym(m)]N
Z(G")) < 1, hence dim([T, Sym(m)|Z(G")/Z(G")) > m—2. Let W = [T, Sym(m)|Z(G")/Z(G").
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Since G contains a subgroup isomorphic to Sym(m) which normalizes 7" (by Lemma 6.5.10),

we have that G’ contains a subgroup X = Alt(m) which normalizes [T, G]. Now,

XZ(@) X
Z(G") ~ XnZ(GY

But m +1 > p/2 by Lemma 6.5.12, and since we assumed that p > 13, we have that
m > 5. Therefore X is a simple group, and so X NZ(G’') = 1. Hence XZ(G")/Z(G") = X
acts on W. Thus G contains the group W x X, which is of the form required. Since X is
a simple group, the action of X on W is either faithful or trivial. Since the action is not

trivial, it must be faithful. |

Theorem 6.5.15 Let p be a prime with p > 13 and let ¢ # p be prime. Let G be a simple
classical group defined over F,. Suppose that G contains a Sylow p-subgroup isomorphic

to S(n,p) where n > 5. Then Fs(G) 2 €.

Proof: Suppose the theorem is false. Let the dimension of G be [ if GG is linear, orthogonal
or unitary and 2[ if GG is symplectic. By Proposition 6.5.14 G contains a p-subgroup W
such that Autg(W) contains a subgroup isomorphic to Alt([l/k] — 1). Since we have
assumed that Fg(G) = &, this means that [I/k] < 6 by Propositions 5.3.2 and 5.3.6. But
[l/k] > p/2 by Proposition 6.5.12, so p/2 < 6, therefore p < 12. But we assumed that

p > 11, i.e. p > 13, and so we have a contradiction. |

Corollary 6.5.16 Let p be a prime with p > 11 and let ¢ # p be prime. Let G be an
almost simple group of Lie type, which is a group of automorphisms of a simple classical
group defined over F,. Suppose that G contains a Sylow p-subgroup isomorphic to S(n,p)
where n > 5. Then Fg(G) 2 E£.

Proof: This follows from the fact that P < H < G then Auty(P) < Autg(P). |
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6.6 Final remarks

Finally, it remains to consider the case that G is an almost simple group with a normal
subgroup N isomorphic to a sporadic group, with Cg(N) = 1. By consulting [22, Table
5.6.1] we see that no such group G has an elementary abelian p-subgroup of rank greater
than 3 for p > 13. This means that G does not contains a Sylow p-subgroup isomorphic
to S(n,p) for n > 5 and p > 13. In particular, no such group G gives rise to a fusion
system isomorphic to £(n, p).

We are now ready to state the conclusion of the last two chapters.
Theorem 6.6.1 The fusion system & over S(n,p) is exotic for alln >5 and p > 13.

Proof: In this chapter we have shown that £ is not the fusion system of any alternat-
ing, Lie type, or sporadic almost simple group. Hence by the Classification of Finite
Simple Groups, £ is not the fusion system of any almost simple group. Therefore by

Theorem 6.1.2, £ is not the fusion system of any finite group. Hence £ is exotic. |

Thus we have constructed an infinite family of exotic fusion systems.
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