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Abstract

Gravitational waves are a predication of Einstein’s theory of general relativity.

After nearly 50 years of effort by the scientific community to construct a detector

capable of directly measuring gravitational waves, we expect a breakthrough, the

first ever direct measurement of a gravitational wave within the next 5 years. The

Advanced LIGO detectors currently under construction are predicted to achieve

not only the first detection but to open the field of gravitational-wave astronomy:

as an observational window on astrophysics and with an impart on other areas

such as cosmology, strong-field gravity, general relativity, and nuclear physics.

The Advanced LIGO detectors are large-scale laser interferometers that have been

designed for very low technical noise so that quantum noise will be limiting their

sensitivity over a wide range of their spectrum. Planning for future gravitational

wave observatories is already underway and reducing the fundamental quantum

noise is considered to be one of the main experimental challenges. My work over

the last 4 years has focused on possible new techniques to reduce or circumvent

the quantum noise in laser interferometers. I have pursued three independent

approaches: at first I present alternative filtering schemes as possible upgrades

for advanced detectors, I further present a new interferometer design based on a

Sagnac interferometer for future gravitational wave observatories, and at last I

discuss the design and preliminary results of an experiment to investigate optical

losses in cavities to support the technical design of quantum noise reduction

schemes.

In the gravitational wave community, quantum noise is commonly divided into

two categories, radiation pressure noise and shot noise. In order to reduce the ra-

diation pressure noise for advanced gravitational wave detectors, different strate-

gies have been proposed; some schemes including the use of optical filter cavities
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are promising and an upgrade of Advanced LIGO using input-cavity filtering is a

possible intermediate goal. However, the details of the implementation of filtering

schemes for advanced gravitational wave detectors are still under discussion. In

this thesis I present two practical intra-cavity filtering configurations, aimed at

reducing radiation pressure noise. I investigate the feasibility of implementing

intra-cavity filtering for advanced gravitational wave detectors and show that it

has a similarly low quantum noise behaviour as the input cavity filtering.

Future gravitational wave detectors offer the possibility to employ completely dif-

ferent interferometer topologies and consequently the search for quantum noise

reduction techniques must have a wider scope. As part of my work I have con-

sidered a new configuration for future gravitational wave detectors; I study the

feasibility of using a polarising Sagnac topology as an alternative to the commonly

used Michelson topology. I show that a Sagnac interferometer, using realistic op-

tical parameters, could provide a competitive low radiation pressure noise at a

greatly reduced complexity of the optical design. I further propose a new method

to achieve an optical readout of a Sagnac interferometer.

Generally the reduction of radiation pressure noise is significantly influenced by

the optical losses, in particular, by those in optical cavities. Optical loss in-

vestigations of a cavity are therefore of great interest for the gravitational wave

community. I have designed, set-up, and commissioned a new experiment to

estimate the cavity optical losses in a cavity in the presence of mirror surface

distortions. The preliminary results of this experiment aim to support the filter

cavity development for gravitational wave detectors in the future.

The reduction of quantum noise is critical for the future of gravitational wave

astronomy. This thesis provides three approaches to enable new quantum noise

reduction techniques supporting the design and realisation of future gravitational

wave detectors.
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Chapter 1.

Introduction

The existence of gravitational waves (GWs) was first predicted in 1916 when they

were described as radiation from large accelerated masses by Einstein [3]. After

nearly a century, GWs are currently one of the most appealing and cutting-edge

scientific research topics world wide. Over the last few decades, various experi-

mental measurements have been proposed and carried out attempting to confirm

this prediction by Einstein’s General Theory of Relativity (GR). However, even

with continued technical developments, GWs have yet to be directly observed.

The reason is that the GW signals expected at Earth even from large astrophys-

ical events are extremely small. The amplitudes of differential displacements in

two perpendicular directions are usually below the order of 10−21 [4].

Currently, the ground-based interferometric GW detector LIGO [5], which has

achieved its initial sensitivity goal [6] and is currently being upgraded to Advanced

LIGO [7], is recognised as the most promising detector to achieve the first GW

observation soon after it comes online in 2015. Constructive implementations

of advanced techniques, such as higher optical laser power [7], auxiliary thermal

compensation optics [8, 9], and improved suspension and seismic isolation [10,

1
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11], in the second generation detectors lead us into a new GW detection era in

which radiation pressure noise (low-frequency quantum noise) turns out to be a

dominant limitation at frequencies from 10 Hz to 50 Hz.

1.1. Physics of Gravitational Waves

GWs are one form of radiations created by varying mass distributions [3, 12].

GWs are usually described as ripples in the fabric of space-time (in GR, they

are described as ‘local tides’ ) travelling at the speed of light. According to the

equivalence principle, a single freely falling test body may not be affected by

passing GWs. Therefore, it is not quite possible to measure GWs by a single

freely falling body [13]. However, GWs do cause a change in separation between

two spatial freely falling bodies, which then provides a possibility to observe

the gravitational waves due to the interaction of GWs with two or more test

bodies [14].

Here, we would like to present some basic physical properties of GWs to make the

concepts for the detector designs which we will focus on more understandable.

Note that a number of the principles in this section review texts from several

books [12, 13, 14]. While a detailed treatment is beyond the scope of this work,

a reader advanced in GW physics and astronomy may find more details in these

references.

1.1.1. Amplitude of Gravitational Waves

It is not possible to derive analytic solutions for Einstein’s equations for GR in

the general case [13]. In order to estimate the amplitude of GWs, an analyti-

cal approximation, the post-Newtonian expansion, is commonly used [15]. The

2
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slow motion approximation expands the GW matrix, resulting in an expanded

radiation equation. It gives the lowest-order post-Newtonian approximation as a

quadrupole formula, which depends on the quadrupole moment tensor

qkn(t) =

∫
ρxkxnd3x, (1.1)

where ρ is the mass density and x = {x1, x2, x3} is a three-dimension vector with

the superscripts k and n being the spatial indices, where k, n ∈ {1, 2, 3}. The

amplitude of the gravitational radiation at a distance r to the source is described

by

hkn =
2G

c4r

∂2qkn(t)

∂t2
, (1.2)

with c ' 299792458 m/s being the speed of light and G ' 6.673×10−11 m3 kg−1s−2

being Newton’s gravitational constant. Here, the amplitude is given in a Lorentz

gauge with an assumption that the GW field is weak; all following discussions are

based on linearised gravity.

An order-of-magnitude Estimate

The amplitude of GWs can be estimated by Eq. (1.2). It has been found that

strong GW sources are usually highly non-spherical and the quadrupole moment

qkn of the source will have a magnitude of ML2, where M is the mass of the source

and L is the size [16]. Correspondingly, we have the second order derivation of

the moment

q̈kn ≈ 2Mv2 ≈ 4Enon
kin , (1.3)

where Enon
kin = 1/2Mv2 is the non-spherical part of the kinetic energy inside the

source with v being the internal velocity. The above approximation is based on

the largest sources, and an upper bound of Eq. (1.2) thus can be given as

h .
2

c2

G2Mv2/c2

r
=

2

c2

4GEnon
kin /c

2

r
. (1.4)
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From Eq. (1.4), we can see that a strong radiation h is generated by a very large,

non-spherical, internal kinetic energy source and the most direct way known to

achieve a huge internal kinetic energy is through gravity [16].

According to energy conservation, the gravitationally-induced kinetic energy has

the same order as the source’s gravitational potential energy [16]. A huge po-

tential energy requires a very compact source, in fact, the strongest GWs must

be generated by highly compact, dynamical concentrations of large mass. For

highly compact sources, e.g., colliding and coalescing neutron stars and stellar-

mass black holes, the internal, non-spherical kinetic energy Enon
kin /c

2 is of the same

order of solar mass M�. Following Eq. (1.4), it correspondingly gives h ∼ 10−22

at the Hubble distance 3000 Mpc1, which is 1010 light years; and h ∼ 10−17 at the

outer edge of our Milky Way galaxy (20 kpc) [16].

1.1.2. Polarisation of Gravitational Waves

According to the energy conservation principle, GWs have two independent states

of polarisations: the plus polarisation (‘+’) and the cross polarisation (‘×’). The

angle between the two polarisations is π/4. Usually, we denote the plus polarised

GWs as h+, and the cross as h×. The effects of the two orthogonally polarised

waves acting on a ring of freely falling particles are illustrated in Fig. 1.12.

1This is a simple estimation of the amplitude of the expected GW signal. To compute the

signal-to-noise ratio of the signal against a particular noise power spectral (which is usually

given as the noise spectral density [7]) will require the accurate waveform in the frequency

domain [17].
2Note that the wavelength λ of the incoming GW must be far larger than the separation

distances between the particles because we have assumed that |hkn| � 1 [18].
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Figure 1.1.: Effects of the ‘+’ and ‘×’ polarisation when a GW interacts with a

circular ring of particles. The ring of particles are arranged in the

x-y plane, and the GW is travelling orthogonal to this plane in the z

direction. The lefthand panel illustrates the effect of a ‘+’ polarised

GW and the righthand panel shows the ‘×’ polarised GW influence.

The circle repeatedly stretches into one of the ellipses and back in

the first half period of a GW and gets squeezed into the other ellipse

and back during the second half period.

1.1.3. Frequency of Gravitational Waves

There are many available frequency predictions of GWs either from an exist-

ing motion, e.g., the spin of a pulsar, or from the natural frequency of a self-

gravitating body [13]. For most cases, the frequency will be associated to the

natural frequency f0 of the astro-body, which is usually given as

f0 =
√
Gρ̄/4π =

1

4π

(
3MG

R3

)1/2

. (1.5)

The mean density ρ̄ is characterised by the source radius R and mass M , com-

monly taking ρ̄ = 3M/4πR3. Although this equation is derived under a Newto-

nian formalism, the frequency estimation has the same order as the binary orbital

frequency and the fundamental pulsation frequency of the body [13]. Therefore,

it makes a good order-of-magnitude prediction of the frequency of a GW from

the estimation of natural frequency. However, the frequency of GWs must not
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necessarily match the natural frequency, even if it is basically an oscillation with

that frequency. For instance, it has been found that for binary systems GWs are

emitted at twice the natural frequency.

Using Eq. (1.5), we can roughly estimate the natural frequency of a binary system

f0 ≈ 400 Hz, which consists of two neutron stars with reduced mass being 1.4 M�

and separation distance being 20 km. The frequency of GWs is thus twice of the

natural frequencyfh = 2f0. At the same time, we can calculate the amplitude

of GWs which is h ≈ 10−21 assuming the binary system is located 10 Mpc away.

The above results suggest that the GW signals emitted by such a binary system

will be good sources for ground-based GW detectors.

1.2. Detection Concepts

Direct GW detection on Earth is an experimental challenge due to the small

amplitude of GW signals (see Section 1.1.1). A Michelson laser interferometric

GW detector is currently the most promising tool in the GW detection field as it

naturally senses the displacement difference between two perpendicular directions

as shown in Fig. 1.2. This is the simplest Michelson interferometer, in which an

input laser beam is split by the central beam splitter (BS) into two beams and

then travels in two perpendicular directions separately. These two separate optical

paths are usually referred to as interferometer arms. The two beams are reflected

by mirrors, also called, end test masses (ETMs), back to the BS and interfere

with each other. At the ports where the laser and photodiode are placed, we can

see different interference patterns depending on the arm length difference (∆L in

Fig. 1.2). It is known that when two arm lengths are identical, the port where the

laser is sitting has constructive interference and the photodiode located port has

destructive interference. Therefore, they are frequently called the bright port and

6
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Laser

+_

ETMX

ETMY

Figure 1.2.: Schematic showing a simple Michelson interferometer when the hor-

izontal arm is stretched while the perpendicular arm is squashed by

∆L. Dashed lines mark the original mirror positions with initially

equal arm length L for both arms. ETMX/Y are end mirrors which

follow LIGO notation labelled as end test masses (ETMs).

the dark port, respectively. All the current ground-based GW detectors (LIGO,

Virgo, and GEO600) are based on the Michelson topology. We will show more

details of realistic laser interferometric GW detectors in the following sections

and focus on the configuration of Advanced LIGO.

1.2.1. Laser Interferometric Gravitational-wave Detectors

First generation large-scale interferometric GW detectors such as LIGO are de-

signed based on a Michelson topology and upgrades are therefore generally bound

on their original infrastructure. A laser Michelson interferometer is highly suit-

able in measuring the length differences between two perpendicular directions by

detecting the intensity at the dark port (see Fig. 1.2) as illustrated in Fig. 1.3.

7
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h+

hx

0 π/2 π 3π/2 2π

Figure 1.3.: Outputs of a Michelson interferometer when a GW signal with either

‘+’ polarisation (upper) or ‘×’ polarisation (lower) is passing through

in one period time (also see Fig. 1.1). A Michelson interferometer

is naturally sensitive to the ‘+’ polarisation motion and has null-

response to the ‘×’ polarisation effect.

It converts the phase shift of an optical field into an intensity modulation at

the output detected by photodetectors and is naturally suited for GW detection.

The intensity modulation frequency is therefore determined by how fast the arm

lengths change and in our case it is associated to the frequency of GW signals.

Relating the phase shift to length measurement, the GW signal strain is defined

by the stretch and squash length difference in arms as (see Fig. 1.2):

h =
2∆L

L
, (1.6)

or

h =
λ

2π

∆φ

2L
, (1.7)

where ∆L is the change in arm length caused by a passing GW signal, ∆φ =

2 · k · ∆L is the arm length change induced phase shift with the wave number

k = 2π/λ, λ is the input laser wavelength, and L is the original arm length.

8



Chapter 1. Introduction

BS

ETMY

+_

SRM

PRM

ITMY

ITMXLaser ETMX

Figure 1.4.: Schematic showing a dual-recycled Michelson interferometer with res-

onant arm cavities. The differential motion of two arms (with arm

cavities consisting of the input test mass (ITM) and the end test

mass (ETM)) may create similar displacement as the simple Michel-

son interferometer as shown in Fig 1.2. The power recycling mirror

(PRM) and the signal recycling mirror (SRM) with ITMs form the

power-recycling cavity, and signal-recycling cavity, respectively. It is

therefore referred to as a dual-recycling configuration.

An optimum sensitivity could be achieved if the travelling time of the laser light

in the arm of a Michelson interferometer is one half period of a GW. For a GW

signal with a frequency of about 100 Hz, the travelling time is about 5 ms, which

corresponds to an optical path (round-trip) of 1500 km and requires one arm with

a length of 750 km. An interferometer with such long arms is impractical because

of high costs and other installation issues. In order to increase the signal storage

time, optical delay lines have been proposed [19], but Fabry-Pérot cavities have

eventually been chosen [20].
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Using Fabry-Pérot cavities in the arms is an alternative way to increase the optical

path length [21]. It only requires mirrors to be slightly larger than a diffraction-

limited beam [22]. Fabry-Pérot arm cavities have a number of advantages over

delay lines in terms of rigid requirements for mirror manufacturing and reduced

unwanted light fields. In this thesis, only interferometers with linear Fabry-Pérot

arm cavities will be considered.

Figure 1.4 shows a Michelson interferometer with the Fabry-Pérot arm cavities,

each being formed by two mirrors: the input test mass (ITM) and the end test

mass (ETM). It senses the arm length difference in a similar way as a simple

Michelson (see Fig. 1.2). In this figure, both the power recycling mirror (PRM)

and the signal recycling mirror (SRM) are included and form a dual-recycling

Michelson configuration [23]. The PRM amplifies the optical power entering the

arm cavities. The SRM is used for GW signal amplification [24, 25, 26]. This

configuration illustrates a Michelson topology similar to Advanced LIGO (with

folded recycling cavities) [7]. Since our investigations are not concerned with the

detailed design of the recycling cavities, we will represent the Advanced LIGO

configuration in this thesis using the simplified schematic as shown in Fig. 1.4.

1.3. Noises Sources for advanced GW Detectors

Although a Michelson interferometer is well suited to observe GWs, in particu-

lar with arm cavities and dual-recycling configuration (see Fig. 1.4), a successful

direct detection is still challenging. This is due to different noise sources pro-

duce a same level of displacement to the test masses at the frequency range as

potential GWs do (see Eq. (1.6)); and thus mask the GW signals. For advanced

GW detectors, the major noises limiting detection sensitivity are seismic noise,

Newtonian noise (also referred to as gravity gradient noise), suspension thermal

10
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Figure 1.5.: Plot showing the strain noise spectral density of Advanced LIGO

with 125 W input power. The dominant noise sources are seismic

noise, gravity gradient noise, mirror and suspension thermal noise,

and quantum noise. This plot is generated by GWINC [27].

noise, mirror coating thermal noise, and quantum noise. For instance, Fig. 1.5

shows the noise budget of Advanced LIGO, limited by the above noises. Various

advanced techniques have been explored and developed to reduce these noises,

i.e., better mirror coating, better suspension system, or cryogenic mirrors [7].

1.3.1. Other Noises

Seismic and Newtonian noise

On Earth, the ground is never quiet but in continuous motion caused by human

activities, winds, ocean waves and so on [28]. The ground motion produces two

noises: vibrational seismic noise and Newtonian noise [29]. Seismic noise induces
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direct displacements of the test masses, while Newtonian noise is due to mass den-

sity fluctuations produced by seismic motion and results in fluctuating Newtonian

gravitational forces that induce motions in the test masses. Seismic Newtonian

noise thus is also referred to as gravity gradient noise. Both seismic noise and

Newtonian noise are important in the low frequency range, f < 10 Hz.

With the super attenuator [30] in future generation GW detectors, it will be pos-

sible to practically isolate the test masses from seismic vibrations down to the

gravity gradient noise limit as low as 1 Hz [29, 31]. This can be seen from the

conceptual design of the Einstein Telescope [32]. This third generation GW de-

tector shows a design cut-off frequency of seismic noise at around 1 Hz [32](page

18). However, seismic isolation is not practical to reduce the fluctuating gravity

gradients, which means Newtonian noise cannot be isolated with advanced iso-

lation techniques. The location of a GW detector is rather important as quiet

places with lower seismic vibrations will be naturally suitable choices with low

Newtonian noise. Placing detectors underground presents a further improvement

in having lower Newtonian noise as the contribution to Newtonian noise from

surface waves significantly reduces with depth [33]. Newtonian noise may also be

suppressed by using accelerometers around the test masses and applying active

noise cancellation [34, 35].

Thermal noise

GW detector thermal noise arises mainly from two origins: material Brownian

motion of atoms and molecules at non-zero temperature (Brownian noise), and

temperature fluctuations in a finite volume of material (thermo-elastic noise) [36,

37].

Due to a continuous thermal energy exchange of the suspension wires (usually,

12
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last stage) and test masses (mirror substrates and coatings) with the environment

at thermal equilibrium [38] via dissipation mechanisms [22], the Brownian motion

induces random thermal motion of the suspended test masses and affects the arm

lengths of the detectors. Meanwhile, the internal temperature fluctuations can

also couple with GW strain via the thermal expansion ultimately producing ran-

dom motion of the mirror surfaces. Hence, thermal noise is governed by material

mechanical losses and temperature.

For advanced and 3rd generation GW detectors, it has been recognised that the

dominating sources of thermal noise are suspension thermal noise and Brownian

noise of the mirror coating [37, 39, 40, 41]. Figure 1.5 shows the noise levels of

respective noises for Advanced LIGO.

Different approaches have been proposed that could reduce thermal noise.

• Low dissipation materials

According to the fluctuation-dissipation theorem, a straightforward solu-

tion is to have low mechanical loss materials. Henceforth, GW detector

test masses and suspension wires are preferably fabricated from low me-

chanical loss materials and usually with suspension designs having reso-

nant modes outside the detection frequency band [22]. Coatings of the test

masses have been identified as a significant contribution to Brownian ther-

mal noise. Therefore, coating materials with low dissipation are required to

reduce mirror coating thermal noise [42].

• Low temperature

Cryogenic test masses and suspensions will result in lower thermal noise for

GW detectors [43]. Future GW detectors, such as KAGRA [44] and ET [32],

will be operated cryogenically to reduce further thermal noise. Cooled ma-

terials such as sapphire and silicon have been investigated [45]. However,

13
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due to open questions related to the technologies of cryogenic coatings &

substrates, as well as coating material properties at cryogenic temperature,

realistic implementation is still under investigation.

• Alternative beam shapes

Using beams with a more even intensity distribution could reduce the mir-

ror thermal noise [46, 47]. This is because they are more effectively averaged

over mirror surface distortions caused by thermal noise [47]. There are sev-

eral options of beams whose intensity averages over the mirror surface, such

as Mesa beams [48], conical beams [49] and higher-order Laguerre-Gauss

(LG) beams, i.e., LG33 [50].

1.3.2. Quantum Noise

The modern ground-based GW detectors are laser interferometers. It is known

that even an ideal laser has amplitude and phase fluctuations. The coherent state

has been recognised as the best quantum mechanical approximation to the laser

field since its major properties are similar to those of classical fields. Figure 1.6

graphically represents a typical coherent state in two forms: phasor diagram and

time evolution series. The phasor diagram of the coherent state shows that it

can be understood as a displaced vacuum state and the fluctuations are equal

to those of a vacuum state. The displacement amount Ē is associated with the

complex amplitude of a classical wave as illustrated in Fig. 1.6 (ii).

Quantum noise resulting from these fluctuations will ultimately limit the detec-

tion sensitivity. In the GW community, the low-frequency quantum noise is called

radiation pressure noise (or back-action noise) and the high-frequency quantum

noise is referred to as shot noise.
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(i) (ii)

Figure 1.6.: Two representations of a coherent state: (i) phasor diagram and (ii)

time evolution of the electric field. Image courtesy H. Miao.

Shot noise

The detection of GWs is based on measurements of the optical power at the out-

put (dark port) of an interferometer, which means the length difference between

the two arms is deduced from the number of photons arriving at the photode-

tector during a measurement interval. Shot noise is the counting noise of the

discrete number of photons, which follow a probability distribution - a Poisson

distribution. The mean number of photons during a measurement interval τ is

given as N̄ = Iτ/(~ω0) with I the power and ω0 the laser frequency. The power

fluctuation σN̄ therefore is
√
N̄ . A fractional photon number fluctuation thus

is expected as σN̄/N̄ = 1/
√
N̄ . Converting the power fluctuation into position

fluctuation, we have

σsh
δL

=
1

k
√
N̄
, (1.8)

where k ≡ 2π/λ ≡ ω0/c and the superscript ‘sh’ stands for shot noise. The

displacement noise spectral density therefore is

Sxsh = σ2
δL
τ =

~c2

Iω0

. (1.9)

15



Chapter 1. Introduction

Recalling Eq. (1.6), we describe the shot noise in terms of the gravitational wave

strain h as

hsh(Ω) =
1

L

√
Sxsh(Ω) =

1

L

√
~c2

Iω0

. (1.10)

The above equation shows that the shot noise can be reduced by increasing the

laser power.

Radiation pressure noise

Radiation pressure forces are caused by the pressure exerted on mirror surfaces

which are exposed to electromagnetic radiation. For an ideal mirror at the end of

an interferometer arm, the power I in one arm will be totally reflected and will

exert a force on the mirror as

Frp =
2I

c
. (1.11)

Radiation pressure noise is raised by the power fluctuations interacting with mir-

rors as force fluctuation

σF =
2σI
c

=
2σN̄~ω0

cτ
=

2
√
N̄~ω0

cτ
. (1.12)

If mirrors are considered to be free masses and with mass m, the fluctuating force

causes a displacement fluctuation of

σrpδL =
1

mΩ2
σF , (1.13)

where 1/mΩ2 is the transfer function of a free mass and Ω is the frequency of the

induced displacement. The displacement noise spectrum due to these radiation

pressure fluctuations in turn is

Sxrp = σ2
δL
τ =

1

m2Ω4

2I~ω0

c2
, (1.14)
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and the radiation pressure noise in h is

hrp(Ω) =
1

L

√
2I~ω0

mΩ2c
, (1.15)

which tells us that the radiation pressure noise is proportional to optical power.

Standard quantum limit

Quantum noise, namely the sum of shot noise and radiation pressure noise, can

therefore be expressed as

htotal(Ω) =
√
h2

sh(Ω) + h2
rp(Ω) =

1

L

√
~c2

Iω0

+
2I~ω0

m2Ω4c2
≥ 1

L

√
8~
mΩ2︸ ︷︷ ︸

SQL

. (1.16)

It is true that shot noise can be reduced by utilising a sufficiently high power

input laser, however, at low frequencies radiation pressure noise simultaneously

increases (see Fig. 1.7). There is a boundary known as the Standard Quantum

Limit (SQL), defined in Eq. (1.16), that imposes a restriction on the quantum

noise reduction [51, 52] as a trade-off between the two noises.

Quantum noise reduction

At first glance, it does not seem possible to directly reduce quantum noise over

a broad frequency band by purely increasing input laser power (see Eq. (1.7)).

However, a number of techniques have been proposed that allow us to reduce low-

frequency quantum noise simultaneously or even surpass the SQL, by means of

creating a correlation between the shot noise and the radiation pressure noise via:

(i) a signal-recycled Michelson [53], (ii) frequency-dependent squeezing [54, 55],

(iii) frequency-dependent readout [54], and (iv) a speed meter [56, 57, 58], etc.

Since quantum noise of a GW detector not only relies on the laser source but also

is closely related to its optical configuration and auxiliary optics, in Chapter 3 and
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Figure 1.7.: Plots showing the quantum noise levels for different levels of input

power. The shot noise at high frequencies decreases with higher

power, however, the radiation pressure noise increases. The black

line shows quantum noise, a sum of shot noise and radiation pres-

sure noise, over different laser powers, which forms a boundary of

quantum noise called the Standard Quantum Limit (SQL).

4 further discussions on various interferometer schemes to reduce the radiation

pressure noise will be carried out in greater detail.

1.4. Thesis Structure

My thesis is focusing on quantum noise reduction techniques accounting for some

realistic factors, e.g., imperfect optics, for the next generation GW detectors. This

thesis aims to demonstrate various methods which can be practically implemented

in reducing the low-frequency quantum noise for future GW detectors.

Chapter 1 gives a brief introduction to the physics of gravitational waves, the

interferometric detection concept, and the limiting noises for the advanced grav-

itational wave detectors. A qualitative and quantitative description of quantum
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noise (namely the radiation pressure noise and the shot noise) analysis is given

in this chapter.

Chapter 2 describes the quantised electromagnetic field using the two-photon for-

malism. The quantum noise of typical optical systems are deduced using this

formalism, and these models are expanded for a generic interpretation by using

block diagrams. The quantum noise of Advanced LIGO is represented using this

method.

Chapter 3 presents three types of filtering schemes. Section 3.1 compares the input

and output filtering schemes in terms of a broadband quantum noise reduction.

The effects of optical losses from filter cavities and other optics have been investi-

gated. Section 3.2 gives a comprehensive analysis of different intra-cavity filtering

schemes.

Chapter 4 reports an alternative GW detector topology, a polarising Sagnac inter-

ferometer, for the Einstein Telescope low frequency interferometers. A polarising

Sagnac interferometer with greatly reduced complexity has been investigated with

emphasis on the implementation of a DC readout scheme.

Chapter 5 presents the design and setup of a table-top experiment, a linear Fabry-

Pérot cavity with a length varying from 2 cm to 2 m, to measure the cavity optical

losses as a function of the cavity length. The experiment is under construction.

We provide two analytical models to estimate the cavity finesse, which could be

directly used once the setup is ready.

Chapter 6 provides a conclusion and discussion of the work carried out in this

thesis.

Appendix A gives a full description of a generic two-mirror Fabry-Pérot cavity,

including the light fields responses in different conditions. The characteristic

parameters, such as the cavity finesse, the cavity bandwidth, and the free spectral
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range are explicitly defined.

Appendix B shows the detailed input-output relation and definition for the three-

port-junction in the intra-cavity scheme as shown in Section. 3.2.

Appendix C presents the complete output equations of the imperfect polarising

Sagnac interferometer as shown in Section. 4.3.2.
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Quantum Noise of Gravitational

Wave Detectors

Quantum noise will limit the sensitivity of advanced GW detectors, such as Ad-

vanced LIGO, Advanced VIRGO and future GW observatories, such as ET. How

to reduce the quantum noise is now one of the most important challenges in GW

instrumentation. Throughout this chapter, we will discuss the quantum nature of

the light field. We investigate how the quantised light field interacts with mirrors

and couples into the motion of mirrors in GW detectors. It is known that the

quantum noise of a detector differs with its diverse topologies and configurations.

First, we introduce the quantised light field using the two-photon formalism and

derive the quantum noise of several basic optical setups. We express the quantum

mechanics involved in this framework and compile models for a generic interpre-

tation towards a comprehensive quantum noise analysis for more realistic GW

detectors.
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2.1. Quantised Electromagnetic Field

Following the common convention, all the electromagnetic fields stated in this

thesis are expressed only by their electric field components. A quantised elec-

tromagnetic field or rather a quantised electric field can be expressed as a linear

superposition of the annihilation operator â(ω) and creation operator â†(ω) as

(propagating in one direction):

Ê(z, t) =

√
2π

Ac

∫ ∞
0

dω

2π

√
~ω
[
â(ω)e−iω(t−z/c) + â†(ω)eiω(t−z/c)] , (2.1)

with the commutation relation

[â(ω), â†(ω′)] = 2πδ(ω − ω′), (2.2)

where A is the transverse area of the optical beam. This formalism is a quite

natural choice for the description of quantised electric fields. However, this de-

scription is not convenient to investigate an optical system which involves a pair

of photos simultaneously at frequencies ω0 ± Ω, such as laser interferometers for

GW detection. Thus, an alternative formalism which is more suitable to treat

these sidebands is the two-photon formalism invented by Caves [59]. While com-

prehensive descriptions of the quantised field are beyond the scope of our work,

a reader advanced in quantum mechanics and quantum optics may find more de-

tails in these books [60, 61]. We will only focus our investigation on the electric

fields represented by these sidebands. More details are presented in the following

sections.

2.1.1. Two-photon Formalism

In 1985, Caves [59] introduced a so-called two-photon formalism which uses a new

pair of operators to describe the amplitude quadrature and phase quadrature of
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the electric field. The corresponding operators involve creation of a photon at

ω0 ± Ω and annihilation of one at ω0 ∓ Ω simultaneously.

Before introducing these quadrature operators, we first introduce the annihila-

tion operator for the sidebands that later will be used for defining quadrature

operators:

â+ = â(ω0 + Ω)

√
1 +

Ω

ω0

, â− = â(ω0 − Ω)

√
1− Ω

ω0

. (2.3)

With these, the electric field at a certain position1 can be re-written into

E(t) =

√
2π~ω0

Ac

∫ ∞
0

dΩ

2π

√
ω0 + Ω

ω0

[
â(ω0 + Ω)e−i(ω0+Ω)t + â†(ω0 + Ω)ei(ω0+Ω)t

]
+

√
2π~ω0

Ac

∫ ω0

0

dΩ

2π

√
ω0 − Ω

ω0

[
â(ω0 − Ω)e−i(ω0−Ω)t + â†(ω0 − Ω)ei(ω0−Ω)t

]
=

√
2π~ω0

Ac
e−iω0t

(∫ ∞
0

dΩ

2π
â+e

−iΩt +

∫ ω0

0

dΩ

2π
â−e

iΩt

)
+H.C., (2.4)

where H.C. is the Hermitian conjugate, ω0 is the carrier angular frequency (∼

1015 Hz) and Ω is the sideband frequency (usually from 1 to 1000 Hz). Similar

commutation relations can be derived by using the same definition as in Eq. (2.2)

[â+, â
†
+′ ] = 2πδ(Ω−Ω′)

(
1 +

Ω

ω0

)
, [â−, â

†
−′ ] = 2πδ(Ω−Ω′)

(
1− Ω

ω0

)
, (2.5)

where â±′ represents â(ω0 ± Ω
′
)
√

1± Ω′/ω0.

For ground based GW detectors, the sideband frequency Ω is roughly between

1 Hz and 1000 Hz. Therefore, we have Ω/ω0 � 1. The integration limit for the

second term of Eq. (2.4) can thus be extended to infinity and finally we obtain

E(t) =

√
2π~ω0

Ac
e−iω0t

∫ ∞
0

dΩ

2π

[
â+e

−iΩt + â−e
iΩt
]

+H.C., (2.6)

with the commutation relations

[â+, â
†
+′ ] = 2πδ(Ω− Ω′), [â−, â

†
−′ ] = 2πδ(Ω− Ω′). (2.7)

1We neglect the variable z in our description.
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The commutation relations in Eqs. (2.2) and (2.5) tell us that none of the normal

creation and annihilation operators â(ω), â†(ω) and the new plus and minus

creation and annihilation operators â+, â− are hermitian operators; they cannot

be detected directly.

The Hermitian quadrature operators are defined as:

â1 =
â+ + â†−√

2
, â2 =

â+ − â†−√
2i

. (2.8)

We notice the commutation relations

[â1, â
†
2′ ] = 2πiδ(Ω− Ω′), [â2, â

†
1′ ] = −2πiδ(Ω− Ω′),

and

[â1, â
†
1′ ] = [â1, â1′ ] = [â2, â

†
2′ ] = [â2, â2′ ] = 0. (2.9)

Recalling Eq. (2.6), we can express the electric field in terms of these quadrature

operators â1 and â2 as

Ê(t) = cos(ω0t)â1(t) + sin(ω0t)â2(t), (2.10)

where the time-domain â1,2(t), more explicitly, are given by:

â1,2(t) =

√
4π~ω0

Ac

∫ ∞
0

dΩ

2π

[
â1,2e

−iΩt + â†1,2e
iΩt
]
≡
√

4π~ω0

Ac

∫ ∞
−∞

dΩ

2π
â1,2e

−iΩt.

(2.11)

Note that â1,2(t) both commute with themselves at different times. They are thus

quantum non-demolition variables and can be measured precisely and continu-

ously in time. Corresponding to a classical field description, â1 and â2 are simply

the amplitude quadrature and phase quadrature, which can be linearly combined

and measured by homodyne detection.
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Laser

L

Figure 2.1.: Schematic of a laser beam propagating a distance of L from a to b.

The vertical dashed line shows the reference position.

2.2. Quantum Noise of Simple Lossless Optical

Systems

We will first establish the basics for analysing quantum noise before considering

sophisticated interferometric configurations. Because the complete analysis of the

quantum noise of a realistic GW detector, for example, an advanced GW detector

with a dual-recycled configuration and arm cavities can be quite complicated

and not very intuitive. We can take advantage of the linearity of the system,

and decompose the highly complicated interferometric GW detectors into simple

systems, for each of which the quantum dynamics is transparent. In the following

sections, the quantum dynamics of four most intuitive and essential systems are

illustrated in detail, following the same definitions used by [54, 59, 62, 63]. We

will compile these simple setups into modules, and each can be directly applied

to an analysis of more complex configuration consisting of them. We first assume

lossless optics, and later generalize to the lossy cases.

2.2.1. Free Space Propagation

We first consider the transformation of the quadrature field amplitudes of the

simplest case where the light field propagates a distance of L. By comparing the
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electric field at z = 0 (t = t) and z = L (t = t + L/c), the input-output relation

can be attained. Shown in Fig. 2.1, a laser pumped optical field can be simply

treated as an electric field consisting of a carrier and vacuum fluctuations (see

Section 1.3.2):

Êa(t) = [â1(t) + Λ cos θ0] cos(ω0t) + [â2(t) + Λ sin θ0] sin(ω0t), (2.12)

where Λ =
√

2I0/(~ω0). For convenience, we set θ0 = 0. Rearranging the above

equation, we obtain

Êa(t) = [â1(t) + Λ] cos(ω0t) + â2(t) sin(ω0t). (2.13)

When a laser beam propagates a distance L from position a, the electric field at

b can be written directly from a as:

Êb(t) =Êa

(
t− L

c

)
=

[
â1

(
t− L

c

)
+ Λ

]
cos

(
ω0t−

ω0L

c

)
+ â2

(
t− L

c

)
sin

(
ω0t−

ω0L

c

)
,

=

[
â1

(
t− L

c

)
+ Λ

] [
cos(ω0t) cos

(
ω0L

c

)
+ sin(ω0t) sin

(
ω0L

c

)]
+ â2

(
t− L

c

)[
sin(ω0t) cos

(
ω0L

c

)
− cos(ω0t) sin

(
ω0L

c

)]
. (2.14)

Rewriting the electric field Êb(t) in the same format:

Êb(t) =
[
b̂1(t) + Λ

]
cos(ω0t) + b̂2(t) sin(ω0t), (2.15)

and comparing with Eq. (2.14), we obtain the frequency domain free space prop-

agation input-output quadrature transformation: b̂1(Ω)

b̂2(Ω)

 = eiϕR[φ]

 â1(Ω)

â2(Ω)

 , R[φ] =

 cosφ − sinφ

sinφ cosφ

 , (2.16)

with

φ =
ω0L

c
, ϕ =

ΩL

c
.
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Laser

L

x

Figure 2.2.: Schematic showing a monochromatic laser beam illuminating a free

hanging perfectly reflecting mirror. a and b represent the incident

and reflected light field respectively. The mirror has a mechanical

displacement x due to the radiation pressure force and the GW tidal

force. h is the GW signal. The vertical dashed line shows the refer-

ence position and the mirror is a distance L away.

R[φ] is a 2 × 2 rotation matrix and φ is known as a rotation angle which corre-

sponds to the phase shift of the carrier field with frequency ω0 and ϕ is the phase

shift of the modulation sidebands with frequency Ω. When L is set to satisfy

ω0L/c = Nπ (N is an integer), the propagation input-output relation can be

simplified into: b̂1(Ω)

b̂2(Ω)

 = eiϕ

 â1(Ω)

â2(Ω)

 . (2.17)

Equation (2.17) will be frequently used in the following optical systems for a light

field propagation.

2.2.2. Single Mirror

For a free hanging mirror, we have the same expression of the input laser (see

Eq. (2.13)):

Êa(t) = [â1(t) + Λ] cos(ω0t) + â2(t) sin(ω0t). (2.18)

If the laser beam illuminates a mirror (free mass) as shown in Fig. (2.2), the
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reflected field can be expressed directly in terms of the incident field as2:

Êb(t) = Êa

(
t− 2τ − 2

x̂(t− τ)

c

)
, (2.19)

with propagation time τ = L/c and x̂ the displacement of the mirror due to

the radiation pressure force and GW tidal force. Again we use b̂1(t) and b̂2(t)

to define the amplitude and phase quadrature of the reflected field and keep the

same format as for the incident field:

Êb(t) =
[
b̂1(t) + Λ

]
cos(ω0t) + b̂2(t) sin(ω0t). (2.20)

Since the displacement of the mirror is much smaller than the wavelength of the

light, we can expand Eq. (2.19) in a series of ω0x̂/c. By ignoring the second and

higher orders of the quantum fluctuations in the equation, given ω0L/c = Nπ,

we obtain b̂1(t) and b̂2(t) written in terms of â1(t) and â2(t) as:

b̂1(t) = â1(t− 2τ), (2.21)

b̂2(t) = â2(t− 2τ)− 2

√
2I0

~ω0

ω0

c
x̂(t− τ). (2.22)

The equation of motion for the mirror, which is considered as a free mass m, can

be written as:

m¨̂x(t) = F̂rp(t) +
1

2
mLḧ(t), (2.23)

where the radiation pressure force F̂rp(t) depends on the laser power hitting the

mirror as (up to the leading order of the fluctuation):

F̂rp(t) =
2I0

c
+

2I0

c

√
2~ω0

I0

â1(t− τ). (2.24)

Transforming Eqs. (2.22), (2.23)), and (2.24) into the frequency domain, we find:

 b̂1(Ω)

b̂2(Ω)

 = e2iΩτ

 1 0

−κ 1

 â1(Ω)

â2(Ω)

+

 0

eiΩτ
√

2κ

 h(Ω)

hSQL
, (2.25)

2We assume the mirror perfectly reflects the input light here. One can also add the reflection

coefficient −
√
R, which is not hard to understand in the final result.
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with

κ =
8I0ω0

mc2Ω2
, hSQL =

√
8~

mΩ2L2
. (2.26)

hSQL is the so-called Standard Quantum Limit (SQL) as introduced in Section

1.3.2. The second term in Eq. (2.25) indicates that the GW signal is only present

in the phase quadrature b̂2(Ω). A homodyne detection with an adjustable detec-

tion angle allows us to detect b̂2(Ω) only. Given the output b̂2(Ω), we usually use

the following expression where signal and noise are written separately as:

b̂2(Ω) = 〈b̂2(Ω)〉︸ ︷︷ ︸
signal

+ ∆b̂2(Ω)︸ ︷︷ ︸
noise

. (2.27)

Applying this to Eq. (2.25), we obtain the signal and quantum noise of the single

mirror reflection model as:

〈b̂2(Ω)〉 = eiΩτ
√

2κ
h(Ω)

hSQL
, (2.28)

∆b̂2(Ω) = e2iΩτ â2(Ω)− e2iΩτκâ1(Ω), (2.29)

where the quantum noise arises from the fluctuations of the input field. Normal-

ising the noise ∆b̂2(Ω) with the GW signal strain h(Ω), the noise spectral density

(NSD) yields:

Sh(Ω) = [
1

κ
+ κ]

h2
SQL

2
≥ h2

SQL. (2.30)

Figure. 2.3 shows the magnitude of the quantum noise spectrum for a 1 kg mirror

with a 1064 nm laser incident. The black dashed line gives the SQL, while the

blue and red curves show the quantum NSD of a single mirror reflection with

different powers. Figure. 2.3 shows that this model is similar to a simple Michelson

interferometer as shown in Section 1.3.2. By changing the input laser power, we

achieve different quantum noise behaviours. However, it is not possible to surpass

the SQL by only increasing the power.
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Figure 2.3.: Plot showing the quantum NSD of a single mirror example when a

monochromatic laser is injected. The laser wavelength λ is 1064 nm.

Two input powers I0 = 1 MW and I0 = 100 kW are considered and

labelled in the two curves. The mirror has mass m = 1 kg and is

displaced L = 4 km away from the laser.

2.2.3. Resonant Fabry-Pérot Cavity

A linear Fabry-Pérot cavity consists of two mirrors, inside which the light field

is circulating between the two reflection surfaces. We first consider a resonant

Fabry-Pérot cavity which is relatively simple as the calculation is simplified by

having the propagation distance satisfying ω0 · L/c = N · π. After knowing the

quantum noise calculations of a resonant cavity, we can then extend our model

into a more common cavity with detuning without too much effort.

Figure. 2.4 shows the schematic of a resonant Fabry-Pérot cavity with a monochro-

matic laser injection. Compared with Fig. 2.2, an obvious difference is the input

mirror (IM) between laser and end mirror (EM). For a lossless model, the IM

reflects and transmits light and its reflectivity R and transmissivity T satisfy the

equation R + T + E = 1, where E = 0 (see Appendix A). Prior to any consider-

ation of the IM, the expressions of d in terms of c according to Eq. (2.25) yield,
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Laser

L

x
IM EM
+_

R T

Figure 2.4.: Schematic showing a laser beam injected to a resonant cavity with

length L, where ω0L/c = N · π. a and b represent the incident

and reflected light fields respectively; c and d are the inner cavity

fields at the input mirror (IM), a partially transmitting mirror with
√
R +

√
T = 1. In this example, a mechanical displacement x due

to the radiation pressure force only happens at the end mirror (EM).

The vertical dashed line shows the reference position. Figure adapted

from [2].

recalling what we have obtained in Section 2.2.2: d̂1(Ω)

d̂2(Ω)

 = e2iΩτ

 1 0

−κ 1

 ĉ1(Ω)

ĉ2(Ω)

+

 0

eiΩτ
√

2κ

 h(Ω)

hSQL
, (2.31)

with

κ =
8Icω0

mc2Ω2
, hSQL =

√
8~

mΩ2L2
. (2.32)

We shall note the difference of laser power Ic in κ here. As we have shown in

Fig. A.3, the light field builds up inside the cavity when it is on resonance and

the magnitude can be approximately valued by Ic = 4I0/T . We rewrite Eq. (2.31)

into:  d̂1(Ω)

d̂2(Ω)

 = M ·

 ĉ1(Ω)

ĉ2(Ω)

+ Dh(Ω) (2.33)
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by using the definitions

M = e2iΩτ

 1 0

−κ 1

 , D =
1

hSQL

 0

eiΩτ
√

2κ

 . (2.34)

With obvious conjunction relations between b, c and a, d as shown in the schematic

in Fig. 2.43, we can directly achieve ĉ1(Ω)

ĉ2(Ω)

 =
√
T

 â1(Ω)

â2(Ω)

+
√
R

 d̂1(Ω)

d̂2(Ω)

 , (2.35)

 b̂1(Ω)

b̂2(Ω)

 = −
√
R

 â1(Ω)

â2(Ω)

+
√
T

 d̂1(Ω)

d̂2(Ω)

 . (2.36)

Combining Eqs. (2.33), (2.35), and (2.36), we obtain the output field b̂(Ω) in terms

of â(Ω) as: b̂1(Ω)

b̂2(Ω)

 =

[
−
√
R · I +

T ·M
I−
√
R ·M

]
·

 â1(Ω)

â2(Ω)

+

[ √
T ·D

I−
√
R ·M

]
h(Ω), (2.37)

where I is a 2 × 2 identity matrix. By substituting M, D, κ and hSQL, above

equation is very lengthy and intricate. In order to gain more insight, we shall

use reasonable approximations. We assume for a high finesse cavity the trans-

missivity T → 0 and the GW single induced phase value Ωτ = ΩL/c → 0. By

making Taylor expansion with respect to these small dimensionless values and

only keeping the result with the leading order of the expansion, the simplified

equation is:

 b̂1(Ω)

b̂2(Ω)

 = e2iφ

 1 0

−K 1

 â1(Ω)

â2(Ω)

+

 0

eiφ
√

2K

 h(Ω)

hSQL
, (2.38)

3Note that the ‘±’ signs on all optics indicate the phase changes of the reflection beams: ‘+’

means no phase change while ‘−’ means a 180◦ phase shift after reflection.
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Figure 2.5.: Plot showing the quantum NSD of a resonant cavity when a laser

with wavelength λ = 1064 nm is incident. The IM has transmissivity

T = 0.001. The EM mass m is 1 kg and the cavity length L is 4 km.

The blue curve shows an incident power of 25 W (Ic = 100 kW) while

the red curve gives the result for a 250 W input power (Ic = 1 MW).

where

φ = arctan

(
Ω

γ

)
, K =

2γξc
Ω2(Ω2 + γ2)

, γ =
Tc

4L
, ξc =

4ω0Ic
mLc

. (2.39)

The above equation shows a similar result as the single mirror model (see Eq. (2.25)),

the GW signal is only in the phase quadrature b̂2(Ω). Following the same analysis

of the quantum noise mentioned in Section 2.2.2, the h -normalised quantum NSD

of a resonant cavity can be written directly by replacing κ in Eq. (2.30) with K

as:

Sh(Ω) = [
1

K
+K]

h2
SQL

2
≥ h2

SQL. (2.40)

The quantum NSD of a resonant Fabry-Pérot cavity is shown in Fig.2.5. We

again consider two values of input power to understand the quantum noise of

a resonant cavity. Light powers hitting the EM are kept the same as for the
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Figure 2.6.: Schematic showing a monochromatic laser beam injected to a detuned

cavity, where ω0 · L/c 6= N · π but L′ = L − θ
π
λ = N · π. a, b are

the incident and reflected light field, c, d are the inner cavity fields

at the input mirror (IM), and f, g are the light fields at the reference

position. Again the IM is a partial transmitted mirror with R+T = 1,

and a mechanical displacement x due to the radiation pressure force

only happens at the end mirror (EM). The vertical dashed line shows

the reference position.

single mirror model: 100 kW and 1 MW. For the same light power on the EM,

the input laser power is 4000 times lower with T = 0.001. We know that the

high-frequency noise, namely shot noise, can be reduced by using high power.

Cavities thus offer an effective way to reduce the shot noise. However, without

more intelligent correlations between radiation pressure noise and shot noise, the

reduction is only a sacrifice of the sensitivity at lower frequencies by increasing

the radiation pressure noise, which is clearly shown in Figs. 2.3 and 2.5.

Another important result we can extract from Fig. 2.5 is the narrowed bandwidth

of detection, which is determined by γ = Tc/4L, which does not exist in a non-

cavity model (see Fig. 2.3).
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2.2.4. Detuned Fabry-Pérot Cavity

After finding the expressions for free space propagation, single mirror reflection

and resonant cavity response, an analysis of a detuned cavity as schematically

shown in Fig.2.6 becomes straightforward. From the single mirror example (see

Eq. (2.25)), the relation between g and f is obvious: ĝ1(Ω)

ĝ2(Ω)

 = M ·

 f̂1(Ω)

f̂2(Ω)

+ D · h(Ω), (2.41)

where M and D are defined in Eq. (2.34). It is easy to see that from c to f

and g to d, only a free space propagation input-output relation is needed. The

input-output relation or transfer function (TF), has already been analysed in

Section 2.2.1 and can be directly recalled here by defining a rotation angle θ.

Since the detuning phase θ is very small, we neglect the phase shift of the free

space propagation to obtain the relations: d̂1(Ω)

d̂2(Ω)

 = R[θ]

 ĝ1(Ω)

ĝ2(Ω)

 ,
 f̂1(Ω)

f̂2(Ω)

 = R[θ]

 ĉ1(Ω)

ĉ2(Ω)

 . (2.42)

Substituting the above equations into Eq. (2.41), we find a relation between d and

c as:  d̂1(Ω)

d̂2(Ω)

 = R[θ] ·M ·R[θ] ·

 ĉ1(Ω)

ĉ2(Ω)

+ R[θ] ·D · h(Ω). (2.43)

Defining two new matrices

Md = R[θ] ·M ·R[θ], Dd = R[θ] ·D, (2.44)

we can then express the field d in terms of c with the same format as in Eq. (2.33)).

Following the same procedure, the input-output relation between a and b can be

obtained (see Eq. (2.36)): b̂1(Ω)

b̂2(Ω)

 =

[
−
√
RI +

T ·Md

I−
√
R ·Md

]
·

 â1(Ω)

â2(Ω)

+

[ √
T ·Dd

I−
√
R ·Md

]
h(Ω).
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(2.45)

Once again, after substituting Md, Dd, κ and hSQL, we use practical approxima-

tions of small dimensionless values, including T , θ, and Ω · L/c, and only keep

the leading order of the Taylor expansion for this equation. Finally, we reach the

simplified equation as: b̂1(Ω)

b̂2(Ω)

 =
1

C

M′ ·

 â1(Ω)

â2(Ω)

+ D′ · h(Ω)

 , (2.46)

where

C =Ω2
[
(Ω + iγ)2 −∆2

]
+ ∆ξc, (2.47)

M′ =

 −Ω2(Ω2 + γ2 −∆2)−∆ξc 2γ∆Ω2

−2γ∆Ω2 + 2γξc −Ω2(Ω2 + γ2 −∆2)−∆ξc

 , (2.48)

D′ =

 ∆Ω

(−γ + iΩ)Ω

 2
√
γξc

hSQL
, (2.49)

with detuning frequency ∆ = θ/τ . γ and ξc are as defined for a resonant cavity

model, which have been defined in Eq. (2.39).

Unlike the resonant cavity case, Eq. (2.49) tells us that the GW signal does not

possess one unique quadrature anymore. In this case, we can perform a homo-

dyne detection which allows a detection of a linear combination of both output

quadratures. The output then can be described by

b̂ζ(Ω) = b̂1(Ω) cos ζ + b̂2(Ω) sin ζ, (2.50)

where ζ is the homodyne detection angle. For such an output, the quantum NSD

is

Sh(Ω) =
(cos ζ, sin ζ)M′M′†(cos ζ, sin ζ)T

|D′1 cos ζ +D′2 sin ζ|2
, (2.51)

where D′1 and D′2 are the elements of the matrix D′.
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Figure 2.7.: Plot showing the quantum NSD of a detuned cavity when a laser

with wavelength λ = 1064 nm and I0 = 25 W is incident. The IM

has transmissivity T = 0.001. The EM mass m is 1 kg and the cavity

length L is 4 km. The detuning phase θ is 0.003 and the homodyne

detection angle ζ = π/2.

Not surprisingly, when ζ is chosen as π/2 and detuning frequency ∆ = 0 , the

detuned cavity recovers the resonant cavity model, which has been investigated

in Section 2.2.3.

The NSD of a detuned cavity with the detuning phase θ = 0.003 creates two

dips as shown in Fig. 2.7, which beats the SQL for a certain frequency range.

The frequencies of the two sensitivity dips are determined by the resonances

induced by the mechanical mode and optical mode [53], which can also be seen

from Eqs. (2.46)-(2.49),

2.3. A General Interpretation—Block Diagrams

When a system consists of several principal parts and each of them has a well

defined input-output relation (or transfer function (TF)), it can be conveniently
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M

F'

(i) (ii)

M'

Figure 2.8.: Block diagrams showing a simple system with (i) open loop and (ii)

closed loop. (i) shows a linear system with a and b the input and

output variables. M is the transfer function (TF) of the block. (ii) is

a close system including a feedback function F′ which together with

the major system M′ forms a close loop. Each block represents a

linear subsystem with specified TF, here denoted as M, M′, and F′.

described by using block diagrams, particularly when there is a closed loop. In

such a diagram, each block represents one principal subsystem and these blocks

are connected by arrows (specifying the direction of signal flow). In order to

achieve the quantum NSD, the input-output relation of an optical setup needs

to be specified [54]. Therefore, the implementation of block diagrams promises

to simplify many complicated calculations. The idea of using block diagram has

already been demonstrated in [2]. Here we will complement the details of the

principle.

The block diagrams in Fig. 2.8 illustrate a general open loop system and a closed

loop system, respectively. The left-hand diagram shows an open system with

only one block M which converts any input variable or function, such as a into

an output variable or function b. The only difference in the righthand diagram is

a feedback block F′, which feeds the output signal back into the input port and

forms a closed loop.

It is useful to introduce two important parameters for a system which is either
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open or closed. For an open one, it is called open loop transfer function and

defined as Molt = M while for a closed system it is called closed loop transfer

function and is defined as M′
clt = [I −M′F′]−1, with I being an identity matrix

of size N same as that of M′F′.

Depending on the input signal added to an open or closed loop, any input-output

relation can be directly written down if Molt and Mclt are known. For the two

simple systems in Fig. 2.8, their input-output relations are:

b

a
= Molt = M,

b′

a′
= M′ ·M′

clt =
M′

I−M′F′
, (2.52)

where M, M′, and F′ can be any transfer function of any system, e.g., for our

purpose, being a free propagating space, a single mirror or even a combined

function of several sub-principal components such as spaces plus mirrors.

Basically, Molt = M and Mclt = [I − F ·M]−1 are always true for a linear and

stationary system which contains a principal transfer function M and a feedback

transfer function F. In the following section, we will illustrate optical systems

using block diagrams. In order to have a more intuitive understanding, we will

first present and compare the diagrams of the four examples we have discussed in

Section 2.2 and then come back to summarise a generic interpretation which can

be easily recalled in the remainder of this work.

In fact, all results we have presented in Section 2.2 are based on the input-output

relation calculations. Therefore, it should be no surprise that all the examples

in the above section can be schematically illustrated by block diagrams. We

start our considerations with the free space propagation and the single mirror

reflection, which are simpler compared to cavity models, as they do not involve a

feedback loop. Based on the schematics, their corresponding block diagrams are

shown in Fig. 2.9.

With the symbols indicated in Fig. 2.9, according to Eq. (2.52), the outputs can

39



Chapter 2. Quantum Noise of Gravitational Wave Detectors

Laser

L

Laser

L

x

Mpro Mpro Ms Mpro

Md

Mop

(i) (ii)

Figure 2.9.: Diagram showing the schematics and corresponding block diagrams

of a laser beam (i) propagating in a free space and (ii) reflected by

a single free hanging perfect mirror. Mpro is the propagating TF,

Ms is the TF of a perfectly reflecting mirror, which includes an EM

mechanical response and Mop is the combining TF, which includes

the light field propagations Mpro, and reflection Ms. Figure adapted

from [2].

be written as: b1

b2

 = Mpro ·

 a1

a2

 , (2.53)

 b′1

b′2

 = [Mpro ·Ms ·Mpro] ·

 a′1

a′2

+ Md ·Mpro · h (2.54)

Matching the above equations with the precise output fields of a free space prop-

agation and a single mirror reflection shown in Eqs. (2.16) and (2.25), we then

obtain the transfer functions of blocks as:

Mpro = eiϕR[φ], Ms =

 1 0

−κ 1

 , Md =

 0
√

2κ
hSQL

 . (2.55)
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+_
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Mpro Ms Mpro

Md
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Mr

-Mr

Figure 2.10.: Diagram showing the schematics of a resonant and detuned cavity

and their uniform block diagram. a and b are the input and output

variables, respectively. c and d are the light fields at the inner side of

the input mirror. Mr and Mt are the reflection and transmission TF

of the IM. A closed loop is shown in the dashed box which includes

the TF of the EM reflection Mr, the TF of the EM mechanical

response Ms, and the TF of the propagations Mpro.

If L also satisfies ω0L/c = Nπ, we have Mpro equal to exp(iΩL/c). Substituting

each block TF into Eqs. (2.53) and (2.54), we achieve the input-output relations of

a light field propagating a distance L and a light field reflected by a free hanging

perfect mirror at a distance of L as: b1

b2

 = eiΩτ

 a1

a2

 , (2.56)

 b′1

b′2

 = e2iΩτ

 1 0

−κ 1

 a′1

a′2

+ eiΩτ

 0
√

2κ
hSQL

h, (2.57)

with τ = L/c. These input-output relations are reproduced (see Eqs. (2.16) and

(2.25)). Based on the above TFs, we continue the analysis of a Fabry-Pérot cavity.
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A cavity consists of two mirrors with the EM having the same physical be-

haviour of the single mirror example. Hence, a new definition of the block

Mop = Mpro ·Ms ·Mpro as shown in Fig.2.9(ii) will facilitate the calculations.

Following a similar process, we have a general block diagram of an arbitrary cav-

ity, either resonant or detuned, as shown in Fig.2.10. Note that a cavity (either

resonant or detuned) can be schematically described by the same diagram and the

only difference is the propagating matrix Mpro due to the different propagating

lengths, which will be discussed in detail later.

According to previous calculations, we immediately obtain the reflection and

transmission TFs:

Mr =
√
RI, Mt =

√
T I. (2.58)

Due to the reflection of the IM, field d gets fed back to c and forms a closed loop

for the signal flow as shown in Fig. 2.10 (framed by a dashed box). Following the

definition in Eq. (2.52), the closed loop TF of a cavity can be achieved as:

Mcav =
1

I−MrMop

=
1

I−
√
RMop

. (2.59)

With all of the independent TFs and the closed loop TF, the output b can be

written down directly following the signal flow as4:

b = −Mra+ McavMtMopMta+ McavMtMproMdh. (2.60)

Substituting Eq. (2.58) into the above equation, the output quadratures, in the

quadrature format, become: b̂1(Ω)

b̂2(Ω)

 =

[
−
√
RI +

TMop

I−
√
RMop

] â1(Ω)

â2(Ω)

+

[√
TMproMd

I−
√
RMop

]
h(Ω), (2.61)

which is the general expression of the quadrature input-output relation of a cavity.

By inserting distinctive propagation matrices of a resonant cavity and a detuned

4Be aware of the order of the matrices; they should follow the flow direction of the signals.
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cavity, the input-output relations can be obtained with

Mre
pro = eiΩτ , Mde

pro = eiΩτR[θ]. (2.62)

We have found that the outputs calculated using the block diagrams match those

in the previous calculations as presented in Eqs. (2.37) and (2.46).

Since the case of a resonant cavity will be vastly used in the following, we want

to specify the exact analytical expression of Eq. (2.37) or Eq. (2.38): b̂1(Ω)

b̂2(Ω)

 =

 eiΩτ−e−iΩτ
√
Ri

e−iΩτ−eiΩτ
√
Ri

0

Tiκ
(e−iΩτ−eiΩτ

√
Ri)2

eiΩτ−e−iΩτ
√
Ri

e−iΩτ−eiΩτ
√
Ri

 â1(Ω)

â2(Ω)


+

 0
√
Ti

e−iΩτ−eiΩτ
√
Ri

√
2κ

hSQL

h(Ω)

=e2iφcav

 1 0

−κcav 1

 â1(Ω)

â2(Ω)

+ eiφcav
√

2κcav
hSQL

 0

1

h(Ω),

(2.63)

with

φcav = arctan (
1 +
√
Ri

1−
√
Ri

tan Ωτ), (2.64)

κcav =
Tiκ

1− 2
√
Ri cos(2Ωτ) +Ri

. (2.65)

Note that κcav can be approximated by K (see Eq. (2.38)), given that the cavity

IM transmissivity is small, which is true for the GW detector. We thus will make

no distinction between them in the rest of this thesis.

So far, we have not considered any optical losses. Previous work [54, 58, 64]

taught us that additional vacuum fluctuations can simultaneously enter the opti-

cal system at any open port where light fields are escaping from the system; this

is known as optical loss. We will further consider our models with optical losses

taken into account. Using the resonant cavity as an example, we will develop a

generic block diagram which is suitable for the loss analysis.
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Figure 2.11.: Diagram showing the schematic of a lossy resonant cavity or detuned

cavity and their uniform block diagram. All notations are similar to

those shown in Fig. 2.10. TFs with ‘∗’ include optical lossy effect and

they have the same format as the lossless expressions (see Eqs. (2.66)

and(2.67)). n means the optical losses induced vacuum fluctuations.

Figure taken from [2].

A schematic and its corresponding block diagram of a lossy cavity are shown in

Fig. 2.11, where cavity losses are grouped into the transmission of the EM and

are denoted as n. We can write the input-output relation of a lossy cavity as b̂1(Ω)

b̂2(Ω)

 =
[
−
√
Ri · I + Ti

√
Re ·M∗

cav ·M∗
op

]
·

 â1(Ω)

â2(Ω)


+
[√

Ti
√
Re ·M∗

cav ·Mpro ·M∗
d

]
h(Ω),

[√
Ti
√
Te ·M∗

cav ·M∗
s ·Mpro

]
·

 n̂1(Ω)

n̂2(Ω)

 , (2.66)
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with

M∗
cav =

1

I−
√
RiRe ·M∗

op

.

M∗
s, M

∗
op, M∗

d have the same format as in the lossless expressions in Eq. (2.55),

but replacing κ by

κ∗ =
√
Re

8I∗ω0

mc2Ω2
, (2.67)

due to the EM loss, results in a lower laser power circulating inside the cavity.

We assume the cavity loss is far smaller than 1, Te � 1. This enables an approx-

imation to keep only the leading order of
√
Te in the input-output relation. For

a resonant lossy cavity, we thus get the same format input-output relation as in

Eq. (2.63) b̂1(Ω)

b̂2(Ω)

 =e2iφcav

 1 0

−κ∗cav 1

 â1(Ω)

â2(Ω)


+ eiφcav

√
2κ∗cav
hSQL

 0

1

h(Ω)

√
Tee

iφcav

√
κ∗cav
κ∗

 1 0

−
√

κ∗cav
Ti
eiφcav−iΩτ 1

 n̂1(Ω)

n̂2(Ω)

 . (2.68)

We turn this input-output relation into b̂1(Ω)

b̂2(Ω)

 = Mcav

 â1(Ω)

â2(Ω)

+ Hcavh(Ω) + Ncav

 n̂1(Ω)

n̂2(Ω)

 , (2.69)

where Mcav, Hcav and Ncav correspond to the matrices in Eq. (2.68). This gives

the general input-output relation expression of a lossy resonant cavity. We further

simplify such a cavity into a new block diagram as shown in Fig. 2.12, which can be

employed for any optical system containing a resonant cavity (i.e., interferometer

arm cavities).

From those representative examples, we can conclude that block diagrams provide

an effective method in calculating the input-output relation of a light field trav-
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Mcav

Hcav Ncav

Figure 2.12.: A block diagram of a general lossy resonant optical cavity. The TFs

are defined in Eqs. (2.68) and (2.69). Figure taken from [2].

elling through an optical system. More generally, all of the quadrature equations

can be written as: b̂1(Ω)

b̂2(Ω)

 =

 M11 M12

M21 M22

 â1(Ω)

â2(Ω)

+

 D1

D2

h(Ω)+
∑
i=LP

 NLP
11 NLP

12

NLP
21 NLP

22

 n̂LP
1 (Ω)

n̂LP
2 (Ω)

 ,
(2.70)

where each of the transfer matrix elements is only determined by the specific

optical layout. The first term is the fluctuations due to the light field (laser

beam), the second term is the GW signal and the third term is the vacuum

fluctuations due to optical losses from different lossy ports (LP), i.e., n̂arm. With

the output amplitude and phase quadratures, we can take a measurement of the

mixed output quadratures which reads:

b̂ζ(Ω) = b̂1(Ω) cos ζ + b̂2(Ω) sin ζ, (2.71)

enabled by a homodyne detection with detection angle ζ. Correspondingly, the

h-normalised quantum NSD of this measurement is:

Sh(Ω) =
(cos ζ, sin ζ) ·M · (Sa +

∑
Sn) ·M† · (cos ζ, sin ζ)T

|D1 cos ζ +D2 sin ζ|2
, (2.72)

with Sa,n being the NSD matrix. The NSD matrix Sn thus is always an identity

matrix. Sa is the NSD matrix induced by the laser fluctuations and the elements

are the corresponding NSD defined in [54] as

Sa(Ω) =

 Sa1a1(Ω) Sa1a2(Ω)

Sa2a1(Ω) Sa2a2(Ω)

 , (2.73)
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Figure 2.13.: Schematic of a simplified Advanced LIGO configuration. It is based

on a dual-recycled Michelson interferometer and with arm cavities

(see Section 1.2.1). Green and blue arrows specify the corresponding

input and output electric fields at different ports.

with πSaiaj(Ω)δ(Ω − Ω′) = 〈in|ai(Ω)a†j (Ω
′)|in〉sym, i.e., if |in〉 is a vacuum input

|0〉. Then Sa1a1(Ω) = Sa2a2(Ω) = 1 and Sa1a2(Ω) = Sa2a1(Ω) = 0 lead to an

identity matrix Sa = Svac = I. A squeezed vacuum input results in a different

NSD matrix Sa which will be discussed in Chapter 3.

2.4. Quantum Noise of Advanced LIGO

Using the preparations performed in previous sections, we can now calculate

the quantum noise of an advanced GW interferometer, such as Advanced LIGO,

which includes arm cavities and dual-recycling cavities (with both power recycling

mirror (PRM) and signal recycling mirror (SRM)) as shown in Fig. 2.13 (also see

Fig. 1.4).

47



Chapter 2. Quantum Noise of Gravitational Wave Detectors

2.4.1. Lossless Case

We start our investigation with a perfect lossless model. In a Michelson inter-

ferometer, a 50:50 beam splitter (BS) equally splits a laser beam into two. The

beams reflected by the ETMs and then again combined at the BS. Depending

on the length of each arm, constructive and destructive interference takes place

at the bright and dark port. Conventionally, for a 50:50 BS, the conjunction

relations between four ports obey:

f̂ =
ĉ′ + â′√

2
, ĵ =

ĉ′ − â′√
2
, d̂′ =

ĝ + k̂√
2
, b̂′ =

ĝ − k̂√
2
. (2.74)

In reality, the PRM forms resonant cavities with the arm cavities to increase the

laser power circulating in the interferometer and in turn in the arm cavities, which

immediately leads us to the direct relation between field c′ and c as:

Êc′(t) =

[
ĉ1(t) +

√
2I

~ω0

]
cos(ω0t) + ĉ2(t) sin(ω0t), (2.75)

where I = I0FPRC/π with FPRC being the finesse of the power recycling cavity

(PRC) (see Eq. (A.8)). Due to the relatively small cavity lengths, we ignore the

propagation phase shift.

We know that arm cavities are also on resonance. We can recall the input-output

relation in Eq. (2.63) and find ĝ1(Ω)

ĝ2(Ω)

 = e2iΩτ

 1 0

−κcav 1

 f̂1(Ω)

f̂2(Ω)

+

 0

eiΩτ
√

2κcav

 h1(Ω)

hSQL
,

(2.76) k̂1(Ω)

k̂2(Ω)

 = e2iΩτ

 1 0

−κcav 1

 ĵ1(Ω)

ĵ2(Ω)

+

 0

eiΩτ
√

2κcav

 h2(Ω)

hSQL
.

(2.77)
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Figure 2.14.: Plot showing the quantum NSD of Advanced LIGO when only de-

tecting the phase quadrature (ζ = π/2). The SRM has a reflectivity

Rs = 0.99 and a detuned phase θ = 1.53. The black dashed line is

the SQL. Sensitivity peaks are chosen around 50 Hz.

Our aim is still the input-output relation, namely the relation between b and a,

or b′ and a′. With Eq. (2.74), we can derive the output field b′ by subtracting

Eq. (2.76) from Eq. (2.77) which gives b̂′1(Ω)

b̂′2(Ω)

 = e2iΩτ

 1 0

−κcav 1

 â′1(Ω)

â′2(Ω)

+
1√
2

 0

eiΩτ
√

2κcav

 h(Ω)

hSQL
, (2.78)

where h(Ω) = [h1(Ω)− h2(Ω)] is the definition of the differential GW strains.

The relation between b′ and a′ gives the input-output relation of a GW interfer-

ometer without a SRM. The last step is to consider the SRM forming a detuned

cavity with the arm cavities. From [53] and [62] we know that the expression is

tremendously complicated. Thus in this section, we attempt to use the approxi-

mate interpretation introduced in [65], which maps the three mirror cavities into

two mirrors. The idea is based on the assumption that the length of the cavity

formed by the SRM and the ITM is negligible compared to the length of the arm

cavity. The SRM and the ITM are combined to give one effective mirror which

adjusts the linewidth and detuned phase of a detuned cavity (see Eq. (2.46)) as
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follows:

∆eff =
2
√
Rsγi sin 2θ

1 +Rs + 2
√
Rs cos 2θ

, γeff =
(1−Rs)γi

1 +Rs + 2
√
Rs cos 2θ

. (2.79)

Consequently, the quantum NSD can be calculated according to Eq. (2.51) for a

homodyne detection angle of ζ = π/2 as:

Sh(Ω) =
4γeff(ξc + ∆effΩ2)2 + [∆effξc + Ω2(γ2

eff −∆2
eff + Ω2)]

2

4γeffξcΩ2(γ2
eff + Ω2)

h2
SQL. (2.80)

Figure 2.14 illustrates how the SQL can be surpassed for a certain frequency

range, e.g., 50 Hz, by applying a SRM. This is because the GW signals have been

coherently fed back to the interferometer and the signal-recycled interferometer

creates an optical spring [62], which modifies the dynamics of the test masses.

2.4.2. With Optical Losses

An ideal lossless model is not practical for real detection. Hence, we want to

continue our investigation using a more realistic model where optical losses from

the arm cavities and the SRM are considered. A schematic and the corresponding

block diagram of Advanced LIGO with optical losses are shown in Fig. 2.15. We

directly recall the lossy cavity block diagram as shown in Fig. 2.12 to represent the

arm cavities. Based on these block diagrams, we can write down the input-output

relation of the Advanced LIGO interferometer as: b̂1(Ω)

b̂2(Ω)

 =

[
−
√
RsrI + e2iθ TsrMarm

I− e2iθ
√
RsrMarm

] â1(Ω)

â2(Ω)


+

[
eiθ
√
TsrHarm

I− e2iθ
√
RsrMarm

]
h(Ω),

+

[
eiθ
√
TsrNarm

I− e2iθ
√
RsrMarm

] n̂arm
1 (Ω)

n̂arm
2 (Ω)


+
e2iθ
√
Esr

√
TsrMarm

I− e2iθ
√
RsrMarm

 n̂sr
1 (Ω)

n̂sr
2 (Ω)

 . (2.81)

50



Chapter 2. Quantum Noise of Gravitational Wave Detectors

BS

ETMX

ETMY

Photodiode

+_

SRM

PRM

ITMY

ITMXLaser

Marm

HarmNarm

Figure 2.15.: Diagram showing the schematic and its corresponding block dia-

gram of Advanced LIGO with optical losses included. n̂arm and n̂sr

are the vacuum fluctuations induced by optical loss from the arm

cavities (Earm) and the SRM (Esr). Ti and Ri are the transmissiv-

ity and reflectivity of ITMX/ITMY. Cavity losses are grouped into

the transmission of ETMX/ETMY with Te = Earm. For the SRM,

Rsr + Tsr + Esr=1. Marm, Narm and Harm are defined by Eqs. (2.68)

and (2.69).

For the arm cavities, optical losses are grouped into the transmission of the cavity

ETMs (ETMX and ETMY) as Earm = Te. For the SRM, the optical loss is Esr;

it satisfies Rsr + Tsr + Esr = 1. n̂arm and n̂sr are the vacuum fluctuations induced

by optical losses from the arm cavity and the SRM, respectively. Marm and Harm

are defined by Eqs. (2.68) and (2.69). With the NSD definition in Eq. (2.72), we

can obtain the quantum NSD of Advanced LIGO with optical losses in the arm

cavities (the red dotted curve) and the SRM (the green dashed curve) as shown

in Fig. 2.16.
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Figure 2.16.: Plot showing the quantum NSD of Advanced LIGO when optical

losses from the arm cavity ETMs and the SRM are considered. The

blue curve shows the lossless result which is exactly the same as in

Fig. 2.14. Parameters are reused with Rsr = 0.99, I = 100 kW, and

θ = 1.35. The red dashed line and green dashed line are the NSD of

Advanced LIGO for a 75ppm loss from the arm cavity or the SRM,

respectively.

Empirical loss values are typically provided by mirror manufacturers, and with

state-of-the-art technology a single mirror loss of tens of ppm seems feasible. The

plots in Fig. 2.16 demonstrate the quantum noise behaviour when mirror losses

are included; this is in agreement with [58]. We found that a loss of 75 ppm from

the SRM is negligible as the green dashed line (which includes the loss effect)

almost coincides with the blue lossless curve. Optical losses from the arm cavities

have a stronger influence and slightly degrade the low-frequency quantum noise

behaviour compared to a case of a lossy SRM. This is because the storage time

in the arm cavities are longer and thus results in multiple-trip losses. However,

it is still quite small.

Based on the generic method (describing optical system input-output relation

via block diagrams) developed and presented in this chapter, we will continue
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our investigations to more specific techniques that allow to reduce low-frequency

quantum noise in the following chapters.
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Chapter 3.

Sensitivity of Intra-cavity Filtering

Advanced LIGO could have the quantum noise below the SQL through an im-

plementation of a signal recycling mirror which forms a detuned cavity with the

arm cavity ITMs and generates an optical spring as shown in Sections 2.4.1 and

2.4.2. Nevertheless, it is not a perfect solution since the sensitivity surpasses the

SQL only with two narrow valleys (see Figs. 2.14 and Fig. 2.16), and moreover,

this comes at the cost of a worse sensitivity at other frequencies.

Reducing quantum noise over the entire detection frequency band is important

for advanced GW detectors. Two techniques have been previously proposed that

could be applied to achieve this goal by modifying the input optics (input filter

cavity) or the output optics (output filter cavity): frequency-dependent squeezed

input and frequency-dependent readout (or variational readout) [54].

In the following (Section 3.1), we will first briefly review these two known filter-

ing schemes (also referred to as ‘Frequency-dependent Filtering’ in this thesis)

and present their quantum noise performances when optical losses from different

optical components, such as arm cavities and filter cavities, are included. We

then consider a new scheme called intra-cavity filtering in Section 3.2, in which
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the optical cavity as a filter is placed inside the signal recycling cavity, formed by

the SRM and the arm cavity ITMs. The analysis of different intra-cavity filtering

schemes has been submitted for publication [1].

Frequency-dependent squeezed input

It is shown in [54] that the input quantum fluctuations can be manipulated into

a squeezed state to surpass the SQL. A discussion of the generation of a squeezed

state is beyond the scope of this thesis, but extensive explanations of a squeezed

state, as well as the experimental feasibility, can be found in [66, 67, 68] et al. We

follow the definition used in [54, 62, 63, 69] and represent the squeezed quadratures

as

âs(Ω) = R[−φ]

 er 0

0 e−r

R[φ]â(Ω)

=

 cosh r + sinh r cos 2φ − sinh r sin 2φ

− sinh r sin 2φ cosh r − sinh r cos 2φ

 â(Ω), (3.1)

where R[φ] is the rotation matrix defined in Eq. (2.16) with φ being the squeezing

angle, and r is the squeezing factor, i.e., a 10 dB phase squeezing corresponding

to r = 0.5 ln 10.

As presented in Section 2.3, the quantum NSD can be generally computed given

that the input-output relation of the optical system is known. It can be calculated

according to the definitions in Eqs. (2.72) and (2.73). With a squeezed input,

however, the NSD matrix Sa in these equations is no longer an identity matrix

but it needs to be replaced by the squeezed NSD matrix Ss as

Ss(Ω) =

 cosh 2r + sinh 2r cos 2φ − sinh 2r sin 2φ

− sinh 2r sin 2φ cosh 2r − sinh 2r cos 2φ

 , (3.2)

according to the definition in Eq. (2.73).
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For Advanced LIGO, we have the input-output relation as given in Eq. (2.78),

where we consider the case of no SR cavity or the signal recycling cavity (SRC)

being on resonance. In terms of applying frequency-dependent filtering, the two

cases are similar. Here, for simplicity, we use the former case for example. Re-

placing Sa in Eq. (2.72) by Eq. (3.2), the quantum NSD of Advanced LIGO with

squeezed input can be written as:

Sh(Ω) =
h2

SQL

2

(
κcav +

1

κcav

)
(cosh 2r + cos 2(φ+ arccotκcav) sinh 2r) , (3.3)

or equivalently (see explanation for Eq. (2.63)),

Sh(Ω) =
h2

SQL

2

(
K +

1

K

)
(cosh 2r − cos 2(φ+ arccotK) sinh 2r) . (3.4)

As we shall see, if the squeezing angle φ satisfies the frequency-dependent require-

ment as

φ(Ω) = −arccotK, K =
Tiκ

1− 2
√
Ri cos(2Ωτ) +Ri

, (3.5)

the resulting quantum NSD yields

Sh(Ω) =
h2

SQL

2

(
K +

1

K

)
e−2r. (3.6)

This gives an overall quantum noise reduction by a factor of e−2r, with 0 <

e−r < 1. Figure 3.1 shows a broadband quantum noise reduction with a 10 dB

frequency-dependent squeezing input, where a 10 dB squeezing corresponds to

r = 0.5 ln 10.

Frequency-dependent readout

Frequency-dependent readout enables a complete radiation pressure noise can-

cellation [54] by rotating the readout quadrature angle in a frequency-dependent

way. It can be understood as follows: recalling the output expression of Advanced
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Figure 3.1.: Plot showing the quantum NSD of Advanced LIGO with 10 dB

frequency-dependent (FD) squeezed input. The red curve shows a

conventional Michelson interferometer as a reference.

LIGO again, Eq. (2.78), we have the output with a homodyne detection angle ζ

as

b̂ζ(Ω) = b̂1(Ω) cos ζ + b̂2(Ω) sin ζ

= e−2iΩτ [(cos ζ −K sin ζ)â1(Ω) + sin ζâ2(Ω)] + sin ζ

√
2K

hSQL

e−iΩτh(Ω).

(3.7)

Consequently, the h-normalised NSD is

Sh(Ω) =
h2

SQL

2K

(
K2 − 2K cot ζ +

1

sin2 ζ

)
, (3.8)

which gives a minimum noise value limited by shot noise only as

Sh(Ω) =
h2

SQL

2K
, (3.9)

given that the readout angle is frequency-dependent and satisfies

ζ(Ω) = arccotK. (3.10)

The frequency-dependent readout evades the low-frequency noise as shown in

Fig. 3.2. It can be clearly seen that radiation pressure noise is completely evaded,

therefore, this technique is also referred to as the back action evasion scheme.
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Figure 3.2.: Plot showing the quantum NSD of Advanced LIGO with frequency-

dependent (FD) readout (blue). Compared with a conventional

Michelson interferometer (red), the low-frequency quantum noise is

completely evaded.

3.1. Frequency-dependent Filtering

For frequency-dependent squeezed input and frequency-dependent readout schemes,

the key is to create a frequency dependence for the squeezing angle and the ho-

modyne detection angle, as demanded by Eqs. (3.5) and (3.10). In this section,

we will briefly review the realisation of this frequency-dependent angle by the use

of detuned Fabry-Pérot cavities, which are known as ‘Filter Cavities’ and have

been introduced in [54].

In Section 2.2.4, we have considered a rather complicated detuned Fabry-Pérot

cavity, where the ETM mechanical motion and GW response have both been

included. Here, the filter cavity is much simpler and only considered as rigid,

which means no response to internal or external forces is accounted for as shown

in Fig. 3.3. Thus, the cavity input-output relation can be quickly written down
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Figure 3.3.: Schematic showing a Fabry-Pérot cavity as a filter cavity with de-

tuning phase θ, where ω0L/c = N · π. The input mirror is partially

transmitting with transmissivity T . The EM is assumed to be a

perfectly reflective mirror.

as:  b̂1(Ω)

b̂2(Ω)

 = eiψ1R[ψ2]

 â1(Ω)

â2(Ω)

 , (3.11)

with

ψ1(Ω) =
α+(Ω)− α−(Ω)

2
, ψ2(Ω) =

α+(Ω) + α−(Ω)

2
, (3.12)

and R[ψ2] being the rotation matrix defined by Eq. (2.16). Here α+(Ω) and α−(Ω)

are the phase shifts of the upper and lower sidebands induced by the filter cavity.

Given the sideband frequency is far smaller than the cavity free spectral range

(see the FSR definition in Eq. A.5), these phase shifts can be approximated as

α±(Ω) = 2 arctan

(
∆± Ω

γ

)
, (3.13)

where γ = T/4τ is the cavity bandwidth and ∆ = θ/τ is the cavity detuning

frequency. As we can clearly see from Eq. (3.11), the quadrature rotation angle

ψ2(Ω) and the additional phase shift ψ1(Ω), reflected by a detuned cavity, both

show a frequency-dependent feature. They are determined by two important pa-

rameters: the cavity bandwidth γ and the cavity detuned frequency ∆. Therefore,
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Figure 3.4.: Schematic to show a dual-recycled Michelson topology with (a) a

frequency-dependent squeezing and (b) a frequency-dependent read-

out. Both consist of a Michelson interferometer with arm cavities

and a dual-recycling configuration.

if we can find realistic cavity parameters, which predict frequency dependencies

as required by Eqs. (3.5) and (3.9) as

ψ2(Ω) = φ(Ω), or ψ2(Ω) = ζ(Ω), (3.14)

then the detuned Fabry-Pérot cavity can be used to realise frequency-dependent

squeezing input and frequency-dependent readout. Cavity parameters will there-

fore be determined by Eqs. (3.5), (3.10), and (3.14). Depending on cavity posi-

tions and functions, they form different filtering schemes. We will perform more

detailed investigations on realistic schemes in Section. 3.1.1 and Section 3.2, in-

cluding the practical designs of the filter cavities.
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3.1.1. Lossless Input/Output Filtering

The scheme with the filter cavities placed before the squeezed state enters the GW

detector is called input filtering as shown in Fig. 3.4(a) and these filter cavities are

known as the input filter cavities. Filter cavities which modify the output optics

and adjust the output signal as illustrated in Fig. 3.4(b) are called the output

filter cavities.

We have obtained the quantum NSD of Advanced LIGO with input filtering and

output filtering (See Figs. 3.1 and 3.2), however, specific filter cavity parameters

are missing. In the following section, we will present how many of these cavities

are actually needed for GW detectors and how to design a filter cavity to realise

the required frequency-dependence. From Eqs. (3.5) and (3.10), we know that the

cavity design for the input filter cavity should be the same as for the output filter

case. Therefore, we use the input filtering as an example and deduce the input

filter cavity parameters. The results will be valid for output filtering.

For a frequency-dependent squeezed input, the squeezing angle must satisfy

ψ(Ω) = φ(Ω) = arccotK, (3.15)

where K is a function of Ω. Equation (3.12) indicates that the squeezing angle of

a squeezed state after the filter cavity becomes

ψ(Ω) = θ0 +
1

2

N∑
j

(αj+ + αj−) , αj± = arctan

(
∆j ± Ω

γj

)
, (3.16)

where θ0 is the original frequency-independent squeezing angle of the input squeezed

state and N is the filter cavity number which shows how many filter cavities are

needed for an optical configuration. We will shortly see that this number is de-

termined by the expression of K.
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Cavity parameters can be resolved by solving the equation

θ0 +
1

2

N∑
j

(αj+ + αj−) = arccotK. (3.17)

We adopt a convenient mathematical solution introduced in [57] by using

e2iψ =
1 + i tanψ

1− i tanψ
. (3.18)

We then rearrange Eq. (3.15) and obtain

tanψ =
1

K
. (3.19)

Expressing the angle as shown in Eq. (3.16) in the form of an exponential format,

we obtain

e2iψ = e2iθ0

N∏
j

eiαj+ · eiαj− . (3.20)

Combining Eqs. (3.18) and (3.20), Eq. (3.17) therefore equivalently turns into

K + i

K − i
= e2iθ0

N∏
j

Ω + ∆j − iγj
Ω + ∆j + iγj

· Ω−∆j + iγj
Ω−∆j − iγj

. (3.21)

It can be seen that different Ks correspond to different angles, thus indicating

different cavity designs. In order to yield the parameters of the filter cavity, the

explicit expression of K is therefore essential. We will briefly present two examples

in the following where the difference is due to whether or not a resonant cavity

response is present in the output of the GW detectors as illustrated in Fig. 3.5.

I. Interferometer without arm cavities

Based on the discussion in Section 2.4, an analog input-output relation of a GW

detector without arm cavities as shown in Fig. 3.5(a) can be written as: b̂1(Ω)

b̂2(Ω)

 = e2iΩτ

 1 0

−K1 1

 â1(Ω)

â2(Ω)

+
1

2

 0

eiΩτ
√

2K1

 h(Ω)

hSQL
, (3.22)
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Figure 3.5.: Schematic for two Michelson configurations with a frequency-

dependent squeezed input. (a) A Michelson interferometer without

the arm cavity nor the signal recycling cavity; (b) the Advanced

LIGO configuration.

with

K1 =
Γ2

Ω2
, Γ =

√
4Iω0

mc2
, hSQL =

√
4~

mΩ2L2
.

Replacing K in Eq. (3.21) by K1 for this case, the required relation is:

Ω2 + iΓ2

Ω2 − iΓ2
=

Ω + ∆− iγ
Ω + ∆ + iγ

· Ω−∆ + iγ

Ω−∆− iγ
, (3.23)

which immediately leads to the solution for the filter cavity parameters:

γ = ∆ =
Γ√
2

=

√
2Iω0

mc2
. (3.24)

We found that: (i) the input frequency-independent squeezing angle θ0 is 0; (ii)

for a GW detector without any resonant cavity, one filter cavity (N = 1) is

sufficient to meet the requirement. More specifically, the filter cavity bandwidth

is about 28 Hz, using the parameters of the Advanced LIGO baseline design:
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I = 800 kW, m = 40 kg, and the incident laser wavelength λ = 1064 nm. This

narrow bandwidth implies that a long length and high finesse filter cavity is

required (see Eq. A.6).

II. Interferometer with resonant cavity

For the configuration shown in Fig. 3.5(b), we can recall the expression of K2 from

Eq. (2.39) and rewrite it here again as

K2 =
Λ4

Ω2(Ω2 + γ2)
, Λ = (2γξ)

1
4 . (3.25)

The equation determining the filter cavity parameters is:

Ω4 + γ2Ω2 − iΛ4

Ω4 + γ2Ω2 + iΛ4
=

Ω + ∆1 − iγ1

Ω + ∆1 + iγ1

·Ω−∆1 + iγ1

Ω−∆1 + iγ1

·Ω + ∆2 − iγ2

Ω + ∆2 + iγ2

· Ω−∆2 + iγ2

Ω−∆2 − iγ2

(3.26)

Again, the input frequency-independent squeezing angle θ0 is 0 and due to the

highest order of Ω being 4 now, two filter cavities are needed to cancel both the

opto-mechanical response and the cavity optical response. Cavity parameters can

be achieved by solving the equation Ω4 + γ2Ω2 − iΛ4 = 0. Note that γj and ∆j

are always real numbers and γj > 0 is always true according to the definition

expressed in Eq. (3.12). Inserting the parameters of Advanced LIGO, we obtain

the required bandwidth is around 100 Hz, which is still narrow.

In conclusion, the parameters of the filter cavity can be obtained by solving the

frequency-dependent equation

K − i = 0 (3.27)

and these solutions, which are complex numbers, correspond to ±∆j ∓ iγj and

determine the parameters of filter cavities. K is a function of Ω2N , where N is

number of the filter cavities needed.
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Figure 3.6.: Diagrams showing the schematic of a lossy filter cavity and its block

diagram. The filter cavity is considered as a rigid cavity that does

not sense external forces (GW signals). Optical losses are grouped

into the transmission Te of the filter cavity EM as before.

3.1.2. Lossy Input/Output Filtering

Based on the filter cavity TF as shown in Eq. (3.11), we can use a block diagram

to represent a filter cavity when optical losses are considered within the filter

cavity EM transmission as shown in Fig. 3.6. According to the general expression

of a cavity (see Eq. (2.60)), we immediately obtain the input-output relation of a

filter cavity including optical losses as: b̂1(Ω)

b̂2(Ω)

 =

[
−
√
RiI +

TiM
fc
op

I−
√
RiMfc

op

] â1(Ω)

â2(Ω)

+

[√
Ti
√
TeM

fc
pro

I−
√
RiMfc

op

] n̂1(Ω)

n̂2(Ω)

 ,
(3.28)

where

Mfc
pro = eiΩτfcR[Ωτfc], Mfc

op =
√
ReM

fc
pro ·Mfc

pro, τfc =
Lfc

c
. (3.29)

We simplify this input-output relation into b̂1(Ω)

b̂2(Ω)

 = Mfc

 â1(Ω)

â2(Ω)

+ Nfc

 n̂1(Ω)

n̂2(Ω)

 , (3.30)

where Mfc and Nfc correspond to the matrices in Eq. (3.28). We thus have a new

block diagram of a filter cavity when optical losses are considered as shown in
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Fig. 3.7.

As we have shown in Section 2.4.2, optical losses either from the arm cavity or the

SRM are negligible given the loss level of each mirror is only several ppm, e.g.,

35 ppm. In the following section, we will compare the quantum noise performance

when optical losses from filter cavities are considered.

Lossy input filtering

We consider the implementation of frequency-dependent squeezing for Advanced

LIGO first, adding optical filter cavities before the Advanced LIGO configuration

(see Fig. 2.15). The input filtering scheme for Advanced LIGO and its corre-

sponding block diagram are shown in Fig. 3.8.

According to the frequency-dependent requirement demonstrated in Section 3.1,

two filter cavities are needed for such a configuration. With the specific block di-

agram, we are able to write down the final input-output relation and achieve the

quantum NSD. However, showing them is not necessary since the final equation

with optical loss effects taken into account is lengthy and only contains simple

physics. Following the same procedure, we could investigate the quantum NSD of

Advanced LIGO with a frequency-dependent squeezed input when optical losses

from different ports are considered. Figure 3.9(a) shows the quantum noise be-

haviour of Advanced LIGO under different conditions: (i) the blue curve gives

Mfc

Nfc

Figure 3.7.: A block diagram of a general lossy filter cavity. The TFs are defined

in Eqs. (3.28) and (3.30).
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Figure 3.8.: Diagrams showing the schematic of Advanced LIGO with frequency-

dependent squeezing input and its corresponding block diagram. In-

put filter cavities are placed before the squeezed state enters the in-

terferometer (see Fig. 2.15). Here, the SRM is assumed to be tuned.

the ideal plot when 10 dB frequency-dependent squeezing is realised by the use of

lossless filter cavities. This has already been discussed and shown in Fig. 3.1; (ii)

the green dashed curve, which almost matches the blue one, includes a 75 ppm

cavity round-trip loss in both arm cavities but still with lossless filter cavities; (iii)

the magenta dashed curve shows the influence of a 75 ppm round-trip loss from

each filter cavity. We have found that: (I) optical losses (below 100 ppm, which

is achievable) from arm cavities, more specifically from optical components in the

main interferometer, i.e., BS, PRM, SRM, are negligible compared to the influ-

ence from the input filter cavities; (II) low-frequency quantum noise is degraded

due to optical losses from input filter cavities.

We are aware that optical losses from filter cavities affects low-frequency quantum

noise. Figure 3.10(a) then shows degradation levels of radiation pressure noise due
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Figure 3.9.: Plots showing the quantum NSD of Advanced LIGO when (a) lossy

input filtering and (b) lossy output filtering is implemented. Optical

losses are considered from two ports: arm cavities and filter cavities

(FC), respectively. The blue curves in (a) and (b) in turn provide the

ideal 10 dB frequency-independent squeezing or frequency-dependent

readout, which have been presented in Figs. 3.1 and 3.2. The green

and magenta dashed curves show loss effects due to 75 ppm losses

from arm cavities and input filter cavities, respectively.

to different loss levels. Not surprisingly, low loss input filter cavities are always

preferred.

Lossy output filtering

Now that we have a detailed description of the lossy input filtering model, the

lossy output filtering is rather obvious. The schematic of Advanced LIGO with a

frequency-dependent readout and its block diagram are shown in Fig. 3.11. Like-

wise, the input-output relation of Advanced LIGO with a frequency-dependent

readout can be achieved via this block diagram. We compare the quantum noise

performance when 75 ppm losses from arm cavities and output filter cavities are

considered, respectively, as we discussed for the input filtering case.
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Figure 3.10.: Plots showing the quantum NSD of Advanced LIGO when different

levels of optical losses from different input and output filter cavities

are considered. (a) Quantum noise changes using input filtering and

(b) Quantum noise behaviour when using output filtering. The blue

curves in both plots are ideal cases. The other traces correspond to

different losses entering both filter cavities.

The blue curve in Fig. 3.9(b) shows the ideal back action evasion of Advanced

LIGO by using two lossless output filter cavities, which confirms what has been

predicted in Fig. 3.2. The red plot depicts the quantum noise of Advanced LIGO

based on the basic configuration as a reference. We can see that even a 75 ppm

optical loss from the arm cavity degrades the low-frequency quantum noise as

shown in Fig. 3.9(b) by the dashed green line. The magenta curve in Fig. 3.9(b)

shows a strong degradation when there are 75 ppm losses from the output filter

cavities. We found that the output filtering scheme is extremely susceptible to

losses from output filter cavities. This is due to the fact that the measured output

quadrature is close to the amplitude quadrature, which means the GW signal is

much smaller than in the non-filtering case, therefore is more susceptible to optical

losses in output filter cavities. With 75 ppm losses, the sensitivity is even worse

than the case without the use of any output filtering scheme, which means if we

cannot find a low-loss cavity for output filtering, the implementation does not
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Figure 3.11.: Diagrams showing the schematic of Advanced LIGO with a

frequency-dependent readout and its corresponding block diagram.

Filter cavities are placed after the interferometer but before the out-

put detected by photodiode. Here the SRM is assumed to be tuned

again.

seem practical at all.

Figure 3.10(b) again compares the quantum noise behaviour of Advanced LIGO

with frequency-dependent readout when different optical loss levels from output

filter cavities are considered. Compared with input filtering, due to the severe

optical loss issue, implementation of output filtering is much less encouraging.

Hence, the realisation of a filter cavity is important, particularly when imperfec-

tion effects, i.e., optical losses, are taken into account. We investigate the design

of an optical cavity in greater detail in Chapter 5 arming at minimum cavity

optical losses.
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Figure 3.12.: Block diagrams illustrating input filtering (upper) and output fil-

tering (lower) schemes for GW detectors. The vacuum noise enters

through the dark port of an interferometer (IFO). GWs are sensed

by the ITMs and ETMs of the IFO and their differential motion

is detected by the photodetector. The output contains both GW

signals and noises.

3.2. Intra-cavity Filtering

We have considered placing optical filters before and after a dual-recycled Michel-

son interferometer to enhance the quantum noise sensitivity of GW detectors

(see Fig. 3.4), which can be summarised into two block diagrams as illustrated in

Fig. 3.12.

In this section, we consider a new filtering scheme: intra-cavity filtering, in which

we place the optical filters inside the signal recycling cavity (SRC), formed by

the SRM and ITMs. A generic intra-cavity filtering scheme and its corresponding

block diagram are schematically shown in Fig. 3.13. Given different optical filters

chosen for the intra filtering scheme (see the pink block in Fig. 3.13), the inter-

ferometer could have different quantum noise sensitivities. In this thesis we will

only focus on the following three different intra-filtering schemes: (i) cancelling

the radiation pressure noise, (ii) working as a speed meter, or (iii) achieving a

broadband quantum noise reduction. Note that the major results presented in
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Figure 3.13.: Schematic of an Advanced GW interferometer with intra-filtering

and its block diagram. Optical filters are placed between the Michel-

son interferometer and the SRM. GWs create differential motion in

the perpendicular arms and are detected by the photodiode. The

vacuum noise enters the IFO at the dark port. A feedback loop is

formed due to the SRM. Figure taken from [1].

this section can also be found in the submitted paper [1].

3.2.1. Case I: Cancelling Radiation Pressure Noise

Kimble et al . [54] revealed that the radiation pressure noise of GW detectors can

be completely cancelled by utilising ideal frequency-dependent readout; the sensi-

tivity then is only limited by the shot noise (see Eq. (3.9) and Fig. 3.2). As shown

in Section 3.1, this can be realised by the use of cascade filter cavities, which pro-

vide the required frequency-dependence for the homodyne detection angle. How-

ever, as shown in Fig. 3.9(b), the performance of a frequency-dependent readout

is extremely susceptible to optical losses, in particular the losses of the output

filter cavities. We use the ideal frequency-dependent readout scheme as a refer-

ence and investigate an intra-cavity filtering scheme for cancelling the radiation

pressure noise with an improved robustness to optical losses.
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We propose an intra-cavity filtering scheme as schematically shown in Fig. 3.14, in

which one filter cavity and a resonant-sideband-extraction (RSE) mirror [70] are

placed inside the SRC. The RSE mirror is used to remove the frequency response

of the arm cavities such that only one filter cavity is needed fro cancelling the

redaction pressure dependence (see a TF Mifo of the interferometer according to

Eq. (2.25)), namely

Mifo = e2iΩL/c

 1 0

−κ 1

 , (3.31)

with

κ =
8I0ω0

mc2Ω2
(3.32)

rather than Eq. (2.38). Note that one can equivalently use two filter cavities as

described in Section 3.1 to cancel the radiation pressure noise without the use of

the RSE mirror.

We found from Eqs. (3.26) and (3.27) that with such a κ, one filter cavity is suffi-

cient to evade the radiation pressure noise by choosing the filter cavity detuning

frequency and bandwidth to be (see Eq. (3.24))

∆f = γf =

√
2Icω0

mc2
. (3.33)

The combined effect of Mifo (see Eq. (3.31)) and Mfc (see Eq. (3.11)) on the

quadrature can therefore be described by

MfcMifoMfc = e2iφtot

 cos ζf − sin ζf

sin ζf cos ζf

 1 0

−κ 1

 cos ζf − sin ζf

sin ζf cos ζf


= e2iφtot

 cos 2ζf + κ
2

sin 2ζf − sin 2ζf − κ sin2 ζf

sin 2ζf − κ cos2 ζf cos 2ζf + κ
2

sin 2ζf


= e2iφtot

 1 −κ

0 1

 , (3.34)
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Figure 3.14.: Diagram showing a schematic and its corresponding block diagram

of an intra-filtering scheme for evading radiation pressure noise. An

optical filter is placed in the signal recycling cavity. Vacuum noise

directly enters the IFO while the output gets filtered by the filter

cavity. The resonant-sideband-extraction (RSE) mirror is used to

effectively cancel the arm cavities response. Figure taken from [1].

and the GW TF afterwards is

MfcHarm = ei(ΩL/c+φfc)

 cos ζf − sin ζf

sin ζf cos ζf

 0
√

2κ
hSQL

 = ei(ΩL/c+φfc)

 − √2κ
hSQL

sin ζf
√

2κ
hSQL

cos ζf

 ,
(3.35)

with the rotation angle

tan ζf = κ/2, (3.36)

after the filter cavity and φtot = ΩL/c+ φfc. This upper triangular matrix shows

that the radiation pressure noise from the input amplitude quadrature is removed

from the output phase quadrature. Corresponding to the schematic in Fig. 3.14,

it means that if we measure the output phase quadrature b2 which depends only

on the input phase quadrature a2, we shall obtain a sensitivity only limited by
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Figure 3.15.: Plot showing the sensitivity of the intra-cavity filtering scheme

for evading radiation pressure noise with different signal recycling

mirror reflectivities (blue) in comparison with the conventional

frequency-dependent (FD) readout scheme (red) proposed in [54].

Figure taken from [1].

the shot noise. We then consider the SRM, which forms a feedback loop as shown

in the block diagram, and achieve the final input-output relation

b =
[
−
√
RsrI + TsrMcMfcMifoMfc

]
a +

√
TsrMcMfcHarmh, (3.37)

where Mc =
[
I−
√
RsrMfcMifoMfc

]−1
.

Naively one should expect that by just placing one filter cavity inside the signal

recycling cavity we can achieve the same sensitivity as the conventional frequency-

dependent readout as shown in Fig. 3.2. However, as shown in Fig. 3.15, this is

not the case, and the performance is worse. Moreover, the sensitivity decreases as

we increase the reflectivity of SRM (Rsr); even when the reflectivity goes to zero

(no signal-recycling mirror), we do not recover the frequency-dependent readout.

To understand the sensitivity degradation in comparison with the conventional
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frequency dependent readout, we first look at the case of Rsr = 0. We can write

down the input-output relation for the phase quadrature explicitly as (normalized

with respect to strain)

y2 =
eiφtothSQL√

2κ cos ζf
a2 + h ≡ δh+ h . (3.38)

At low frequencies Ω � Ωq, κ � 1, cos ζf ∼ 1/κ and the strain-referred noise

term δh reads

δh|Ω�Ωq ≈
√
κ

2
hSQLa2 ∝

hSQL

Ω
a2 . (3.39)

Therefore, even though it is a shot-noise limited sensitivity, the spectrum of the

shot noise is not flat and increases at low frequencies as shown by the dotted line

in Fig. 3.15. This comes from the additional rotation of the input vacuum field by

the filter cavity, which is absent in the usual frequency-dependent readout (see

Eq. (3.7)).

For Rsr 6= 0, the expression for the output phase quadrature (strain-referred) is:

y2 =
eiφtot(1−

√
Rsre

2iφtot)hSQL√
2Tsrκ cos ζf

a2 + h ≡ δh+ h , (3.40)

with the phase factor being

e2iφtot = e2iΩLarm/c
(Ω− iΩq/2)2 − Ω2

q/4

(Ω + iΩq/2)2 − Ω2
q/4

. (3.41)

To understand the behaviour as shown in Fig. 3.15, we consider the case of Tsr � 1

at three different frequency regimes: (i) at very low frequencies Ω � Ωq/2, we

have e2iφtot ∼ 1 and cos ζ ∼ 1/κ. We can therefore obtain

δh|Ω�Ωq/2 ≈
√
Tsrκ

8
hSQLa2 ∝

√
Tsr
hSQL

Ω
a2 . (3.42)

The frequency dependence is the same as Rsr = 0 (see Eq. (3.39)) but with an ad-

ditional factor
√
Tsr—the smaller Tsr the better the sensitivity; (ii) at intermediate

frequencies around Ωq/2, we have

1−
√
Rsre

2iφtot ≈ 2iΩ Ωq

(Ω + iΩq/2)2 − Ω2
q/4

. (3.43)
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At frequencies smaller than (yet still around) Ωq/2, it is approximated to be

−4iΩ/Ωq; at higher frequencies Ω & Ωq/2, it approximately equals to 2iΩq/Ω.

Therefore, we obtain the strain-referred noise term:

δh|Ω.Ωq/2 ∝
Ω
√
κ√

Tsr

hSQLa2 ∝
hSQL√
Tsr

a2 , (3.44)

and

δh|Ω&Ωq/2 ∝
1

Ω
√
κ
√
Tsr

hSQLa2 ∝
hSQL√
Tsr

a2 , (3.45)

where we used the fact that Ω
√
κ ∝ Ω0. This explains why the spectrum is

parallel to the SQL around intermediate frequencies. We also notice that the

sensitivity decreases as we increase the reflectivity (smaller Tsr); (iii) at very high

frequencies Ω� Ωq/2, we have

1−
√
Rsre

2iφtot ≈ Tsr/2− 2iΩLarm/c, (3.46)

and

δh|Ω�Ωq/2 ∝
Tsr − 4iΩLarm/c√

Tsrκ
hSQLa2 . (3.47)

At very high frequencies, the noise spectrum increases as frequency Ω, which

matches the spectrum behaviour as shown in Fig. 3.15 (the blue solid curve).

It is worthy mentioning that if the filter cavity is tuned to be resonant, instead

of detuned for evading the radiation-pressure noise, the above scheme becomes

a speed meter, even when the RSE mirror is removed, as we will discuss in

section 3.2.2.

3.2.2. Case II: Realising a Speed Meter

In this section, we investigate the intra-cavity filtering as a speed meter, inspired

by the speed meter scheme introduced in [57].
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Figure 3.16.: The speed meter realised by adding an additional sloshing cavity at

the output port proposed in [57] (left) and its simplified two-cavity-

mode model (right). Figure taken from [1].

Brief review of the speed meter with a sloshing cavity

The speed meter scheme with a sloshing cavity, which motivates our work, is

shown in Fig. 3.16, where a sloshing cavity combined with a RSE mirror is added

to the interferometer output. Again the RSE mirror is applied to cancel the effect

of the ITMs of the arm cavities, and it has the same transmissivity as the ITMs.

In this case, the speed response can then be understood qualitatively by using

the model of two coupled cavity modes as shown by the right part of Fig. 3.16.

In particular, the cavity mode ca corresponds to the optical field inside the arm

cavities, and the cavity mode cb is the field inside the sloshing cavity. These two

cavity modes are coupled via the sloshing mirror with a characteristic coupling

rate given by the sloshing frequency ωs, which is defined as

ωs =
c
√
Ts

2
√
LarmLs

, (3.48)

with Ls being the length of the sloshing cavity and Ts being the transmissivity of

the sloshing mirror.
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The classical equations of motion for these two cavity modes can be written as

ċa + γca = −i Gx− i ωscb , (3.49)

ċb = −i ωsca . (3.50)

Here γ = cT0/4Larm is the signal extraction rate, with T0 being the transmissiv-

ity of the extraction mirror (see Eq. (2) of [57]), and G quantifies the response

strength of the cavity mode to the test mass displacement. Solving these two

equations in the frequency domain yields

ca(Ω) =
GΩ

Ω2 − ω2
s + iΩγ

x(Ω) . (3.51)

At low frequencies Ω� ωs and with a small extraction rate γ < ωs, we have

ca(Ω) ≈ −GΩ

ω2
s

x(Ω) ∝ −iΩx(Ω) , (3.52)

which implies the speed response.

The exact input-output relation for such a scheme has been shown in [57] (see

Eqs. (12), (13) and (14) in the paper), and is in a similar form as Eq. (2.38) with

K redefined by

Ksm =
16ω0Ic

mLarmc|Ω2 − ω2
s + iγΩ|2

. (3.53)

Notice that Ksm is nearly a constant at low frequencies instead of having a strong

frequency dependence. This means that in order to evade the radiation pres-

sure noise at low frequencies by satisfying Eq. (3.10), one can simply measure a

quadrature that is frequency independent with a detection angle

ζsm = arctanKsm|Ω→0 . (3.54)

A frequency-dependent readout is only needed when a better sensitivity is par-

ticularly required at high frequencies. This is due to the fact that high-frequency

sensitivity is normally degraded if ζsm is different from zero (which represents the

phase quadrature).
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Figure 3.17.: The intra-cavity filtering scheme as a speed meter (left). Compared

with the speed meter with a sloshing cavity shown in Fig. 3.16, there

is no RSE mirror but with a SRM. The right part shows the simpli-

fied mode coupling model. Figure taken from [1].

Intra-cavity filtering as a speed meter

In Fig. 3.19, we show the corresponding intra-filtering scheme. In terms of com-

plexity, it is the same as the sloshing cavity scheme, but the sensitivity perfor-

mance is different. As we will show, it has two interesting features. The first one

is that it also has a speed response, and the characteristic frequency ωs (up to

which the speed response dominates) is given by

ωs =
c
√
TITMTs

2
√
LarmLs

=
√
γarmγs . (3.55)

This differs from Eq. (3.48) by an extra factor of
√
TITM which is the transmissivity

coefficient of the arm cavity ITMs. Thus, the sloshing frequency is determined

by the compound mirror formed by the ITMs and the sloshing mirror. This

feature makes it appealing in the sense that we can realise a speed meter with

a relatively short sloshing cavity. For example, given the ITM transmittance

TITM = 0.01 and Ts = 900ppm, we can set the sloshing frequency around 100Hz

for a 100m sloshing cavity. However, this would be very challenging for the speed
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meter proposed in [57], in which case the sloshing mirror transmittance Ts needs

to be 90ppm rather than 900 ppm given a 100m sloshing cavity. The second

interesting feature is that it can also have a position response at low frequencies

when the parameters are chosen properly. This can potentially provide a way to

create a Local Oscillator (LO) for a practical readout scheme similar to the DC

readout realisation described in [2].

To perform a detailed analysis of this scheme’s quantum noise, one can use the

standard input-output formalism by writing down the propagation equations for

the fields and solve a set of linear equations in the frequency domain. Instead,

here we will follow the approach in [65] by mapping parameters of the optics into

several characteristic quantities, and using the narrow band approximation to

define some effective modes. The advantage of this method is that it allows us

to gain a clearer insight into the dynamics of the intra-cavity filtering scheme.

We define: (i) ca — the differential mode of the two arm cavities; (ii) cb — the

cavity mode inside the sloshing cavity; (iii) d — the external field; and (iv) ωs, γa

and γb — the characteristic frequencies for the coupling between ca, cb and d,

as illustrated schematically in the right part of Fig. 3.19. These characteristic

frequencies, ωs, ωa, ωb, γaand γb, are related to the parameters of the optical

components, which are shown explicitly in Appendix B.

We can then write down the Hamiltonian for the intra-cavity filtering scheme

consisting of two optical modes and one test mass with reduced mass m, which

reads:

Ĥ = Ĥ0 + Ĥint + Ĥext + ĤGW . (3.56)

It contains four parts:

(i) The free Hamiltonian Ĥ0 reads:

Ĥ0 = ~ωaĉ†aĉa + ~ωbĉ†bĉb +
p̂2

2m
. (3.57)
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(ii) The interaction Hamiltonian Ĥint is

Ĥint = ~Gax̂ĉa + ~ωsĉ†aĉb + H.C. , (3.58)

where ‘H.C.’ denotes the Hermitian conjugate. The first term represents the

interaction between the cavity mode ĉa and the test mass x̂ via radiation pressure

with Ga = ω0c̄a/Larm and c̄a being the steady-state amplitude of ĉa due to the

coherent pumping of the laser. The second term describes the coupling between

the two cavity modes with the coupling rate given by ωs.

(iii) The interaction Hamiltonian Ĥext between the cavity modes and the external

field d̂ reads

Ĥext = i~(
√

2γa â
† +
√

2γb b̂
†)d̂ e−iω0t + H.C. . (3.59)

(iv) The energy ĤGW from the interaction between the test mass and the GW

tidal force FGW is given by

ĤGW = −x̂ FGW . (3.60)

Given the above Hamiltonian, we can obtain the corresponding equations of mo-

tion. Specifically, for the test mass, we obtain

m¨̂x = F̂rad + FGW , (3.61)

with the radiation pressure force F̂rad defined as

F̂rad ≡ −~Ga(ĉa + ĉ†a) . (3.62)

For the cavity modes ĉa and ĉb, we have

˙̂ca + (γa + i∆a)ĉa = −iGax̂− iωsĉb +
√

2γa d̂in , (3.63)

˙̂cb + (γb + i∆b)ĉb = −iωsĉa +
√

2γb d̂in . (3.64)
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The above detuning frequency ∆a,b is defined as ∆j ≡ ωj − ω0 (j = a, b). The

interferometer output is related to the cavity modes through the standard input-

output relation:

d̂out = −d̂in +
√

2γa ĉa +
√

2γb ĉb . (3.65)

These equations can be solved in the frequency domain and are generally quite

lengthy but straightforward. Here we focus on the tuned case of ∆a = ∆b = 0,

which gives

ĉa =
Ga(Ω + iγb)x̂+ [

√
2γa(γb − iΩ)− i

√
2γbωs]d̂in

(Ω + iγa)(Ω + iγb)− ω2
s

, (3.66)

ĉb =
Gaωsx̂+ [

√
2γb(γa − iΩ)− i

√
2γaωs]d̂in

(Ω + iγa)(Ω + iγb)− ω2
s

. (3.67)

and the radiation pressure noise reads:

F̂rad =
2~Ga[

√
γa(γb − iΩ)d̂1 +

√
γbωsd̂2]

(Ω + iγa)(Ω + iγb)− ω2
s

, (3.68)

with d̂1 ≡ (d̂in + d̂†in)/
√

2 and d̂2 ≡ (d̂in − d̂†in)/
√

2i.

The response to the test-mass displacement at the output reads:

d̂
|x
out(Ω) =

Ga[
√

2γa Ω +
√

2γb(i
√
γaγb + ωs)]x̂(Ω)

(Ω + iγa)(Ω + iγb)− ω2
s

. (3.69)

As we can see, the first term in the bracket of the numerator is proportional to

Ω, which gives the speed response, while the remaining term proportional to
√
γb

gives the linear displacement response. Therefore, it contains a mix of speed and

displacement response. This is similar to the polarising Sagnac interferometer

with an imperfect polarising beam splitter [2], and it implies that a potential

local oscillator for a homodyne detection can be extracted. The turning frequency

Ωturn, at which the speed response becomes dominant, is given by (see Eq. (3.69)):

Ωturn = ωs

√
γb
γa
. (3.70)
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Figure 3.18.: The sensitivity curve for the intra-cavity filtering scheme (blue) in

comparison with the usual position meter (red). There is a smooth

transition from a position response to speed response. Figure taken

from [1].

In the limit of γb → 0, it approaches the speed meter

d̂
|x
out(Ω)|γb→0 =

√
2γaGa Ω

Ω2 + iγaΩ− ω2
s

x̂(Ω) (3.71)

with a sloshing frequency given by Eq. (3.55) when the proper phase is chosen

(see its definition in Eq. (B.9)).

In Fig. 3.18, we show the resulting sensitivity by choosing γa/2π = ωs/2π =

100 Hz and γb/2π = 0.007 Hz (blue). Indeed, at low frequencies the sensitivity

curve is similar to that of a position meter (red) and it smoothly transits to the

speed meter sensitivity in the intermediate frequencies. Given these parameters,

the turning frequency Ωturn is around 1 Hz which matches the blue curve.

These characteristic frequencies can be mapped to parameters for the optics by

using their definitions in Eqs. (B.9) and (B.10) (Appendix B). We summarise these

parameters in Table. 3.1. Two possible designs are presented in terms of including
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Mirror 1 With SRM Without SRM

Sloshing mirror 0.0048 (0.0) 0.00080 (0.0)

ITM 0.012 (π)2 0.068 (π)

SRM 0.50 (0.0) 1.0 (0.0)

Table 3.1.: A table showing the power transmissivity (and the reflection phase) of

relevant mirrors in the three-port-junction as shown in Fig. B.1 (Ap-

pendix B), resulting in the sensitivity (blue) in Fig. 3.18. The left col-

umn values refer to a model combining the SRM, the sloshing mirror,

and the arm cavity ITMs. The righthand column values correspond

to a design without the SRM, however, giving the same sensitivity.

Here, optical losses are not considered.

the SRM or not. From the mirror parameters shown in Table. 3.1, we conclude

that an intra-cavity filtering scheme could be implemented as an alternative speed

meter without stringent design requirements. Meanwhile, a scheme in the absence

of the SRM could also have a speed meter response, but this requires a high

reflection sloshing mirror.

Figure 3.19 shows two equivalent intra-filtering speed meter schemes. Given the

use of ideal optical components, they have the same performance as discussed (see

Fig. 3.18). However, the schematic on the right-hand side may be a more practical

implementation accounting for the complexity and control; and it is same as an

input or output filtering scheme. Since a detailed design is beyond the scope of

this work, in this thesis we do not distinguish them.
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Figure 3.19.: Two equivalent intra-cavity filtering schemes as speed meter. Com-

pared with the speed meter with a sloshing cavity shown in Fig. 3.16,

there is no RSE mirror but a signal recycling mirror (SRM).

3.2.3. Case III: Achieving a Broadband Optimisation

In the previous two sections, we have been focusing our investigation on two spe-

cific intra-filtering schemes; both offer explicit analytical expressions that help to

gain clear insights. However, these particular models cover only a small parame-

ter space of all possible intra-cavity filtering schemes. In this section we present

a numerical optimisation with the aim to maximise a certain cost function so as

to evaluate the overall limits to the performance of this scheme.

For optimisation, we use the cost function introduced in [71] including realistic

non-quantum noises (e.g., suspension and mirror coating thermal noise, etc):

C(x) =

{∫ fmax

fmin

d(log10 f) log10

[
href

hintra(x)

]}−1

, (3.72)

where [fmin, fmax] is the frequency range of the optimisation; x is the set of optical

parameters that can be tuned by the algorithm, in particular the parameters of

the compound optics (including transmissivity and reflectivity of the filter cavity,

the SRM, and the BS1); href is the square root of the total noise spectral density
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Figure 3.20.: The intra-cavity filtering schemes based on numerical optimisation

based on one filter cavity and a closed port (left) and two filter

cavities (right), using the cost function Eq. (3.72). Figure taken

from [1].

Parameter Lossless case Lossy case

FC input mirror 0.0057 (0.0) 0.0090 (0.0)

SRM 0.040 (−0.045) 0.027 (−0.018)

BS1 0.25 (−0.017) 0.13 (−0.0032)

Table 3.2.: A table summarising the optimal power transmissivity (and the re-

flection phase) of the optics in the intra-cavity filtering scheme shown

in Fig. 3.20 (left). The lossless values refer to an idealised model. The

30 ppm column provides parameters based on an optical loss at the

mirrors of 30 ppm. The reflectivity coefficients are complex numbers

indicating the phase shift of the propagation as shown in Fig. B.1.

(NSD) of a reference design (which can be the Advanced LIGO baseline design);

and hintra is the square root of the total NSD of the intra-cavity filtering scheme.

We will maximise the results by integrating over log f instead of f .
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We initially considered an intra-cavity filtering scheme with two optical cavities

placed inside the signal recycling cavity as shown in the righthand side of Fig. 3.20,

optimising the cost function based on the NSD of the Advanced LIGO design.

However, the optimisation results suggested that a configuration as shown in the

lefthand side of Fig. 3.20 with only one filter cavity is sufficient to achieve an

equivalently good result. A scheme using one filter cavity will relieve the control

requirement. Henceforth, we select the one filter cavity scheme to optimise. The

outcomes of the optimisation are provided in Fig. 3.21, where the dashed black

curve shows the NSD of Advanced LIGO as a reference [7, 72]. The optimised

parameters are summarised in Table. 3.2. We found that an intra-cavity filtering

scheme with one optical cavity placed inside the signal recycling cavity is able

to improve quantum noise and we have compared the quantum noise of an ideal

lossless case (green) with a model including 30 ppm mirror loss (blue). We found

that optical losses degrade low-frequency quantum noise in the intra-filtering

scheme and its loss susceptibility is similar to the input-filtering scheme which is

shown as the red curve in the figure (for both schemes, the filter cavity length is

assumed to be 100 m).

3.3. Conclusion

Previous work has shown that quantum noise can be reduced over a broad fre-

quency band by modifying the input optics (input filtering) and output optics

(output filtering) [54]. We showed the quantum noise performances when optical

losses are taken into account. Optical losses degrade the low-frequency quantum

noise of both filtering schemes, particularly the frequency-dependent readout.

We have investigated an alternative filtering scheme — intra-cavity filtering, by

placing an optical cavity inside the signal recycling cavity, as a practical imple-
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Figure 3.21.: Plot showing the numerically optimised quantum noise spectral den-

sity of an intra-cavity filtering (see Fig. 3.20 (left)). Figure taken

from [1].

mentation for future GW detectors. This scheme has been analysed with three

independent approaches with the aim to achieve a similar quantum noise sup-

pression as predicted for input and output filtering schemes.

We first considered the intra-filtering as an alternative method to cancel the ra-

diation pressure noise, hoping to reproduce the excellent low-frequency quantum

noise performance realised by the ideal frequency-dependent readout. However,

it turned out that the filter cavity produces a frequency-dependent phase shift

that significantly reduce the sensitivity at intermediate frequencies. More ex-

plicitly, we have shown the resulting noise spectrum: (i) at low frequencies, is

scaled as
√
Tsr/Ω

2, (ii) at intermediate frequencies as 1/(Ω
√
Tsr), and (iii) at high

frequencies as Ω/
√
Tsr.

We continued our investigation and considered the intra-filtering as a speed meter

similar to the one proposed in [57, 64]. In our case, we considered a vertex formed
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by the arm cavities, an intra-cavity and the SRM. Such a scheme, first of all,

eases the stringent requirement of the sloshing cavity design presented in [57] as

the bandwidth is not determined by the sloshing mirror only, but is now also

related to the transmissivity of the arm cavity ITM (TITM). We found that due

to the presence of the ITMs, the manufacturing requirement for the sloshing

mirror can be relieved by a factor of
√
TITM. We also found that the quantum

noise of this scheme, at low frequencies, shows a position-meter-like response and

then smoothly transits to a speed-meter response in the intermediate frequencies,

given that proper parameters are chosen for the vertex components. We showed

that by setting the coupling frequency of the arm cavities and the intra-filtering

cavity to ωs/2π = 100 Hz, the decay characteristic frequency of the arm cavity

to γa/2π = 100 Hz, and the decay characteristic frequency of the intra-filtering

cavity to γb/2π = 0.007 Hz, the quantum noise of an intra-filtering was found

to be that of a position meter response below 1 Hz and a speed meter response

between 1 Hz and 100 Hz based on the Advanced LIGO baseline design.

The quantum noise behaviour of the intra-filtering varies when choosing different

optical filters inside the signal recycling cavity. We presented a global optimi-

sation of the intra-cavity filtering scheme based on one filter cavity, aiming at

reducing quantum noise over a broad frequency band. This optimisation uses the

Advanced LIGO sensitivity as a reference and takes into account classical noises

such as seismic noise, suspension and mirror thermal noises. We showed that,

with reasonable optical losses, for instance 30 ppm per mirror, the quantum noise

of an intra-filtering scheme is comparable to the frequency-dependent squeezing,

and so this scheme can be considered as an potential alternative.

Even though an intra-cavity filter scheme is not able to evade completely the

radiation pressure noise, we found its implementation as a speed meter eases

the tight requirements of the cavity design compared to a sloshing-cavity speed
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meter. Meanwhile, its combination of position and speed response encourages

future investigation of an intra-cavity filter scheme as a practical alternative for

GW detectors. Additionally, the global optimisation of an intra-cavity filtering

produced a similarly low quantum noise behaviour as the frequency-dependent

squeezing.
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Chapter 4.

Polarising Sagnac Interferometer for

the Einstein Telescope

Future gravitational wave detectors, such as the Einstein Telescope, allows to

implement new schemes to reduce the radiation pressure noise. A Sagnac in-

terferometer is known to have very good low-frequency quantum noise perfor-

mance [58]. In this chapter, we will investigate replacing the Einstein Telescope

low-frequency interferometers by realistic polarising Sagnac interferometers. A

practical DC readout scheme will be presented based on the polarising Sagnac

topology. The core results have been presented in the recently published paper

by Wang et al [Phys. Rev. D 87, 096008 (2013)][2] and a number of figures with

captions showing in this thesis are taken from this paper.

4.1. Brief Review

In this chapter we investigate the low-frequency quantum noise reduction for the

large-scale GW observatory, Einstein Telescope (ET), replacing the low-frequency
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Michelson interferometer by a polarising Sagnac interferometer. We will first

briefly review the optical design of the ET and the basic features of a Sagnac in-

terferometer, and then describe how to practically implement a polarising Sagnac

topology with DC readout for the ET low-frequency interferometers.

4.1.1. The Einstein Telescope

The aim of the Einstein gravitational-wave Telescope (ET) project is the realisa-

tion of a third generation GW observatory in Europe with around a factor of 10

broadband sensitivity improvement with respect to the advanced detectors [73],

e.g., Advanced LIGO [7] and Advanced VIRGO [74].

ET consists of three co-located detectors that are folded together into a trian-

gular formation, each detector being formed by two Michelson interferometers

(xylophone design [75, 76]), one for low-frequency gravitational waves (ET-LF)

and one for high-frequency gravitational waves (ET-HF). ET therefore hosts six

Michelson interferometers, all of which have 10km long arm cavities and use a

dual- recycled Michelson configuration (see Fig. 1.4). ET-LF was proposed to op-

timise the sensitivity between 2-40 Hz, and the ET-HF is particularly concerned

with high-frequency sensitivity from 40 Hz to 10 kHz by using high power lasers.

Cryogenic technology will be employed in the ET-LF interferometers, so that

relatively lower power laser beams are required.

From Fig. 1.7, we know that an optimal laser power results from a trade between

the radiation pressure noise at low frequencies and the high-frequency shot noise.

However, this limitation would no longer be a boundary for ET as its xylophone

design allows the sensitivity optimisation for the ET-LF and the ET-HF inde-

pendently. The ET-HF could employ high laser power to reduce the shot noise

with no influence on the low-frequency interferometers; the ET-LF then offers
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Photodiode

Sagnac

Laser

BS

Figure 4.1.: A schematic of a Sagnac topology. A Sagnac interferometer employs

optics in a manner that directs each beam after the central BS to

propagate through both arms one after another but with opposite

propagation directions.

the flexibility to apply different techniques to reduce the radiation pressure noise

apart from the current input filtering design.

4.1.2. A Sagnac Topology and Possible Configuration for GW

detectors

The ET design is not rigid and allows flexible choices of different topologies and

optical layouts other than the current proposed dual-recycled Michelson interfer-

ometer. A Sagnac interferometer which is known to have a good low-frequency

quantum noise performance [58] could be a possible implementation for the ET-

LF interferometers. Compared to a Michelson topology (See Fig. 1.2) in which

laser beams after the central beam splitter (BS) travel through each arm sepa-

rately, a Sagnac interferometer employs optics in a way that direct each beam,

after the central BS, propagating through both arms one after another but with
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Figure 4.2.: Diagram showing the null-response of a Sagnac interferometer to a

static displacement in arms. The dark fringe is independent of the

mirror position.

opposite travelling directions, as shown in Fig. 4.1. Since the two beams share

the same optical path, an important feature of a Sagnac topology shall be seen

and has been illustrated in Fig. 4.2: it has no response to a static displacement

in the arms. In fact, the Sagnac interferometer was initially proposed to measure

rotation rather than mirror displacement [77]. This is one of the reasons why

initially, the preferred topology design for interferometric measurements for GW

detection was the Michelson interferometer as it is naturally suitable to ‘see’ GW

signals (see Fig. 1.3). The Sagnac interferometer was not as appealing to the GW

community, until a successful experimental measurement of a zero-area Sagnac

showing that the Sagnac could be insensitive to rotation and potentially reach

the required sensitivity to measure GW signals [78]. Later on, a Sagnac interfer-

ometer was found to function as a speed meter which has an excellent quantum

noise (1 Hz - 100 Hz) behaviour [58] with only little susceptibility to optical losses,

and since then the performance of a Sagnac interferometer for GW detection has

been further explored [79, 80, 81].

Similar to a Michelson interferometer, a Sagnac interferometer can employ arm

cavities, as well as the dual-recycling configuration (see Section 1.2.1). Currently,

the two most promising Sagnac configurations for GW detection with a dual-
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Ring-cavity Sagnac
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Figure 4.3.: Diagram showing two possible implementations for GW detectors

with a Sagnac topology: (a) a ring-cavity Sagnac and (b) a polaris-

ing Sagnac. The polarising configuration has two linear Fabry-Pérot

arm cavities with a length of several kilometers. A PBS transmits

p-polarised and reflects s-polarised light. A QWP transforms the lin-

early polarised beam into a circularly polarised beam and vice versa

with a rotated 90◦ angle relative to the initial linear polarisation.

recycled configuration and resonance cavities in the arms are shown in Fig. 4.3.

The Sagnac, shown in Fig. 4.3(a), consisting of two ring cavities in the arms, is

referred to as a ring-cavity Saganc [58]. The schematic on the right illustrates

a Sagnac interferometer with minimum changes to the current Michelson infras-

tructure by using polarising optics: a polarising beamsplitter (PBS) and two

quarter-wave plates (QWPs), and is referred to as a polarising Sagnac [79]. It is

known already that a Sagnac interferometer using a unique angle squeezed vac-

uum injection (with no filter cavities added) can reduce the radiation pressure

noise to a comparably low level as a Michelson interferometer with filter cavities

(see the frequency-dependent squeezing input in Chapter 3). This has also been
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Figure 4.4.: Two versions of a polarising Sagnac interferometer configuration.

Both require minimum changes to the current ET-LF Michelson in-

terferometers; relevant parameters are summarised in Table 4.1. The

left configuration which specifies each light field (i.e., a, b etc) will

be used to evaluate the input-output relations in Section 4.3.1. The

arrows denote the p -polarised (blue) and s -polarised (green) beams,

which are respectively totally transmitted and reflected by an ideal

PBS. Light fields circulating inside both arm cavities are circularly

polarised beams (black) with both direction rotations. Figure taken

from [2].

proven experimentally in a table-top setup by using a non-filtered squeezing input

in a Sagnac interferometer [82].

Given the ET baseline being 10 km long, a ring-cavity Sagnac implies several

potential issues, such as elliptical spot sizes on cavity mirrors and a larger small-

angle scattering [79]. We therefore only focus our investigation on the polarising

Sagnac. We can show that configurations (i) and (ii) in Fig. 4.4 will exhibit the

same quantum noise performance if ideal and lossless optical components are

considered. However, in reality each optical component is not perfect and will
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Figure 4.5.: Diagram comparing two topologies: (a) Michelson and (b) polarising

Sagnac for the ET-LF interferometers. The Michelson interferometer

with frequency-dependent squeezing is the current design as shown

in [32] while the polarising Sagnac is based on the former layout but

with minimum changes.

have to allow for imperfections, such as losses of optics and a finite extinction ratio

of a PBS. From the schematics, we see that the main difference between these

two configurations is the number of PBSs and their positions. Since configuration

(i) employs only one PBS, we expect it to have lower optical losses due to the

PBS finite extinction ratio, and therefore select it as the alternative to compare

the quantum noise performance to the initial Michelson ET-LF interferometer,

using two auxiliary filter cavities as shown in Fig. 4.5. It appears that a Sagnac

interferometer reduces the complexity and in turn the costs for the construction

of the ET significantly.
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Parameter Michelson Sagnac

Arm length 10 km 10 km

Distance PRM-BS 10 m 10 m

Distance BS-ITM 300 m 300 m

Distance BS-PBS - 10 m

Distance PBS-QWP - 10 m

Distance QWP-ITM - 280 m

Table 4.1.: A table summarising the baseline parameters of the ET-LF Michelson

interferometer and an alternative Sagnac interferometer. The Michel-

son values are taken from the original design study report [32]. The

Sagnac values are suggested by us for an ET Sagnac layout. Table

taken from [2].

4.2. Realistic Polarising Sagnac Interferometer

We consider the polarising Sagnac interferometer in Fig. 4.4 (i) as an alternative

for the ET-LF when imperfections of optical components are taken into account,

in particular the finite extinction ratio of the PBS. We therefore analyse the

quantum noise performance of such a realistic Sagnac interferometer with an

imperfect PBS, assuming an extinction ratio being 1/1000 [83]. We propose the

Sagnac interferometer baseline parameters with minimal but reasonable changes

and summarise them in Table 4.1, considering that this ET Sagnac topology is

compatible with the current ET-LF infrastructure.

An ideal PBS only transmits the p-polarised light field and reflects the s-polarised

light field1. Quarter wave plates (QWPs) are used to transform the linearly po-

1We denote the component of the electric field parallel to the incident plane as p -polarised and

the component perpendicular to the incident plane as s -polarised. Here, the incident plane
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larised light field into a circular polarisation and again to transform the circularly

polarised light field into a linearly polarised light field, rotated by 90◦ with respect

to the initial linear polarisation. More specifically, a p -polarised beam is totally

transmitted by an ideal PBS and then enters one arm. This beam will have passed

through the QWP twice on its return to the PBS and so becomes s -polarised.

This s -polarised beam is then reflected by the PBS and enters the second arm

cavity (rather than transmitted back to the central BS). Transformed by the

second QWP twice, it eventually returns back into its original p -polarisation at

the PBS and interferes with the p -polarised beam in the opposite direction at

the central BS. The interferometer will indicate any signals in the form of GW

sidebands leave this interferometer at the dark port, detected by the photodiode.

4.3. Quantum noise of a Sagnac Interferometer

The quantum noise behaviour of a polarising Sagnac interferometer as shown in

Fig. 4.4 (i) can be obtained following the similar procedure as we described in Sec-

tion 2.4 for the Advanced LIGO (a Michelson topology). We will again use the

block diagrams to achieve the input-output relation of a Sagnac interferometer,

including the effects of the finite extinction ratio of the PBS. We start our consid-

eration from an ideal case in which the perfect PBS fully transmits a p -polarised

beam and reflects a s -polarised beam. Based on this study, we then extend the

polarising Sagnac model, taking into account the realistic finite extinction ratio

of a PBS. Arm cavities optical losses are considered for both cases.

Note that, in this thesis, we only consider the resulting output mixing two po-

larised fields due to imperfection that a PBS has a finite extinction ratio, ignoring

is the plane made by the propagation direction and a vector perpendicular to the reflection

surface.
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the mixes resulting from other effects, such as the misaligned axes of the PBS

and QWPs. The quantum noise analysis of a polarising Sagnac interferometer

as shown in the following has been published in [2]. A complete analysis of such

a polarised Sagnac interferometer considering imperfect wave plates has not yet

been performed, however, we have estimated the effect in a preliminary calcu-

lation; a wave plate with the retardation accuracy of < λ/500 [84] will result in

a smaller effect compared to a PBS with an extinction ratio around 1/1000 (∼

a factor of 3 lower); the leakage from an imperfect quarter wave plate is not in

a desired polarisation for the DC readout described in Sec. 4.4, but if this leak-

age would dominate the output, a suitable DC readout scheme can be achieved

directly using this field as a local oscillator.

4.3.1. Polarising Sagnac Interferometer with Perfect PBS

A polarising Sagnac with an ideal PBS implies that, for the configuration as

shown in Fig. 4.4 (i), only the p -polarised vacuum field enters the interferometer

at the dark port when the input laser is p -polarised.

As introduced in Section 2.3, a complicated optical system can be divided into

several subsystems and then be represented by combining the subsystem TFs.

The polarising Sagnac interferometer (see Fig. 4.4 (i)) can therefore be split into

several principal parts as shown by the blocks in Fig. 4.6, each block being a

transfer function (TF). Marm is the TF of the arm cavity, Mh is the GW signal

TF and Mn is the noise TF which is induced by optical losses [2]. They are

corresponding to the TFs derived for a generic arm cavity (Mcav, and Hcav, and

Ncav) as shown in Eq. (2.69) (also see Fig. 2.12). All the fields, i.e., g, aAE, are

denoted in the schematic as shown in Fig. 4.4 (i).

In order to achieve the quantum noise spectral density (NSD) (see Eq. (2.72)),
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Figure 4.6.: Block diagrams of a polarising Sagnac interferometer. Each light field

corresponds to that as shown in Fig. 4.4 (i) and each block follows the

definition in Eq. (2.69). The mechanical displacements x1,2 are due

to the radiation pressure force of the light circulating in the cavities

and the GW signals, and occur only at the end mirrors. Any light

transmitted by the end mirror (EM) is considered as an optical loss.

For a lossless cavity, Re = 1, Te = 0. QWPs are assumed to be

perfect for polarisation rotation. Note that Mn
arm is exactly the same

as Me
arm; the different subscripts simply indicate which light field

enters which arm first. Figure taken from [2].
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explicit input-output relation (between g and q) of this Sagnac interferometer

are required. Following the travelling path of the input field g through such a

polarising Sagnac interferometer, we can write down the input-output relation

from Fig. 4.6. The junction equations of light fields at the central BS define the

relations of the input vacuum field g and the output field q, the dimensionless

GW strain h and additional optical losses induced quadrature n at the central

BS as

g =
aAE − aCN√

2
, q =

bCE − bAN√
2

,

h = h1 − h2, n =
ne − nn√

2
, (4.1)

where the subscripts e, n in the noise fluctuations ne,n represent the origins of the

optical losses from the horizontal arm and the vertical arm, respectively (conven-

tionally, the east and the north arm). With these equations, we can deduce the

relation between g and q (see Fig. 4.4 (i)) including optical losses 2. From Fig. 4.6,

we can write down

bCE − bAN = Marm(aCE − aAN) + Maa(aAE − aCN)

+ Mh(h1 − h2) + Mn(ne − nn),

= Marm(aCE − aAN) +
√

2q ·Maa + h ·Mh +
√

2n ·Mn, (4.2)

and

aCE − aAN = bCN − bAE

= Marm(aCN − aAE)−Maa(aCE − aAN)

−Mh(h1 − h2)−Mn(ne − nn), (4.3)

2Optical losses of the arm cavities are again grouped into the transmission of the cavity ETMs

as we have assumed for a Michelson interferometer as shown in Section 2.4.2.
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where Marm, Mh and Mn are defined in Eqs. (2.68) and (2.69), and

Maa = e2iφarm

 0 0

−κarm 0

 , (4.4)

is induced by the two polarised fields circulating inside the arm cavities [2]. Solv-

ing Eq. (4.3), we then obtain

aCE − aAN =
1

I + Maa

[
Marm(aCN − aAE)−Mh(h1 − h2)−Mn(ne − nn)

]
,

=
1

I + Maa

[
−
√

2g ·Marm − h ·Mh −
√

2n ·Mn

]
. (4.5)

Substituting the above equation into Eq. (4.2), we obtain the input-output rela-

tion of a Sagnac interferometer with a perfect PBS including the optical losses

from the arm cavities as

q = Msagg + Hsagh+ Nsagn, (4.6)

where

Msag = e2iφsag

 1 0

−κsag 1

 , Hsag = eiφsag
√

2κsag

hSQL

 0

1


Nsag = eiφsag

√
Te

√
κsag
κ

 1 0

N 1

 ,
N = e2iφarmκarm − eiφarm−iΩτ

√
κκarm
Ti

. (4.7)

The above parameters follow the same definitions as in [58] and are defined as

κarm =
Tiκ

1− 2
√
Ri cos(2Ωτ) +Ri

, hSQL =

√
8~

mΩ2L2
,

φarm = arctan

(
1 +
√
Ri

1−
√
Ri

tan Ωτ

)
, κ =

8Icω0

mc2Ω2
, τ =

L

c
,

φsag = 2φarm +
π

2
, κsag = 4κarm sin2 φarm, (4.8)

where hSQL is the Standard Quantum Limit (SQL), Ri and Ti are the reflectivity

and transmissivity of the arm cavity ITMs, Ic is the circulating power inside the
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Figure 4.7.: Plots showing the quantum NSD of a polarising Sagnac interfer-

ometer with the original ET-LF Michelson parameters [32] (See Ta-

ble 4.3): 10 km long arm cavities, 10 dB unique angle squeezing input

and 18 kW cavity circulating power. The solid red line is the polaris-

ing Sagnac interferometer with the same cavity round-trip loss being

considered, 75 ppm. The dotted blue plot shows the quantum noise

spectrum of a perfect lossless polarising Sagnac interferometer. The

dashed black line is the SQL defined by Eq. (4.8). It will be shown

as a reference in all the NSD plots henceforth. Figure taken from [2].

arm cavities, L is the arm cavity length, ω0 is the laser frequency, Ω is the GW

signal angular frequency and m is the reduced mass of the TMs [2].

What we have achieved above is the input-output relation of a Sagnac inter-

ferometer without a SRM (see Eq. (4.6)). Now we consider the SRM to have

the input-output relation between gsr and qsr. By substituting the non-signal-

recycled Sagnac interferometer matrices and the SRM parameters into Eq. (2.61),

we therefore can achieve the full input-output relations of a perfect Sagnac inter-

ferometer with dual-recycling configuration which is in agreement with [58]. Pre-

vious results have shown that the use of the SRM to reduce the high-frequency

quantum noise comes at the cost of worsening the low-frequency sensitivity. How-
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Figure 4.8.: Plots comparing the dimensionless κ between a Michelson interfer-

ometer (κarm) and a Sagnac interferometer(κsag). The definitions are

presented in Eq. 4.8.

ever, due to the xylophone design of the ET, the optimisation of the high fre-

quency sensitivity [32] can be performed separately. The SRM for the ET-LF is no

longer necessary. It is known that an interferometer without the signal recycling

cavity will relieve the control difficulty.

Providing the input-output relation for a Sagnac interferometer with a perfect

PBS, the quantum NSD yields (see the NSD definition in Eq. (2.72)):

Sh =
e2rp(cot ζ − κsag)2 + e−2rp

2κsag
h2
SQL + Sn, (4.9)

where the term Sn comes from the optical losses and rp is the squeezing fac-

tor (given perfect polarisers, only p -polarised fields are propagating through

the Sagnac interferometer), i.e., a 10 dB phase squeezing corresponding to rp =

0.5 ln 10 (see Eqs. (3.2) and (3.6)). By applying the proposed ET-LF Michelson

parameters [32] summarised in Table. 4.3 (noted as Michelson values), we obtain

the sensitivity of a Sagnac-type ET given an ideal PBS and two QWPs. Fig-

ure 4.7 shows the quantum noise of such a Sagnac interferometer when a 75 ppm
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round-trip loss from the arm cavities is taken into account. The lossless case is

also given as a reference. In order to cancel the radiation pressure noise, the

homodyne detection angle is set to

ζ = ζopt = arccot (κsag|Ω→0) , (4.10)

according to Eq. (4.9) and the fact that low-frequency κsag is nearly a constant

as shown in Fig. 4.8. A Sagnac interferometer therefore can naturally have an

excellent low-frequency quantum noise performance by detecting at an optimal

detection angle. Although the speed meter concept has yet to be experimentally

proven, our investigation is still meaningful. It significantly reduces the complex-

ity of the configuration as neither the two auxiliary filter cavities nor the SRM is

needed (see Fig. 4.5).

We compare the quantum noise behaviour of an ET-LF Sagnac (solid curves) to

that of the ET-LF Michelson (the brown dash-dotted curve), as shown in Fig. 4.9.

While retaining all of the original ET-LF Michelson parameters, in particular with

the same circulating power of 18 kW, the Sagnac interferometer achieves a better

quantum noise behaviour below 5 Hz (magenta curve), and a worse peak sen-

sitivity between 5 Hz and 30 Hz. This suggests that by further reducing other

limiting noise sources, such as seismic noise, gravity gradient noise, and suspen-

sion and mirror coating thermal noise (see Section. 1.3.1), a Sagnac provides a

better quantum-noise limited sensitivity below 5 Hz. Though the sensitivity at

the frequency band from 5 Hz to 30 Hz is worse, this should be viewed in the con-

text of a better low-frequency sensitivity and the much lower complexity of the

Sagnac configuration (no filter cavities nor the SRM). Besides, we can potentially

achieve a better peak sensitivity by increasing the laser power circulating inside

the arm cavities as shown in Fig. 4.9 (the red and purple curves). This is because

the peak level is determined by the shot noise which is inversely proportional

to the laser power (see Eq. 1.10), while the low-frequency quantum noise is can-
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Figure 4.9.: Plots showing the quantum NSD of a lossless Sagnac interferometer

with different powers circulating inside the arm cavities (Ic). The

sensitivity peak is chosen around 10 Hz by adjusting the input power

and the reflectivity of the cavity input mirror. The sensitivity curve

for the ET-LF Michelson interferometer is shown as the dot-dashed

brown line for comparison. Figure taken from [2].

celled out by setting the homodyne detection angle to the optimal value ζopt (see

Eq. (4.10)) [2]. Note that the bandwidth of the arm cavities is simultaneously ad-

justed to optimise the sensitivity peak around 10 Hz by changing the reflectivity

of the cavity ITMs. For different circulating powers, the values are summarised

in Table 4.2.

However, due to the finite mirror absorption, an increase in the circulating power

implies an increase of the mirror temperature and in turn increases the mirror

thermal noise and suspension thermal noise. Based on the simple analytical model

introduced in [32] (page 150-155), when the laser power is increased by a factor

of 10, the mirror temperature would be doubled to approximately 20 K, which

indicates a factor of
√

2 increase of the thermal noise. This level is still below the

quantum-noise limit. A full optimisation is beyond the scope of this thesis, but

further technical improvements would definitely be beneficial in the long term.
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Cavity Circulating Power (Ic) Cavity ITM Reflectivity (Ri)

18 kW 0.9818

180 kW 0.9712

1.8 MW 0.9531

Table 4.2.: A table summarising the reflectivity of the cavity ITM (Ri) for differ-

ent laser powers (Ic) inside the Sagnac interferometer arm cavities.

4.3.2. Sagnac Interferometer with Imperfect PBS

A realistic configuration in our case will include the effects induced by the finite

extinction ratio of the PBS. According to the state-of-the-art manufacturing qual-

ity, a PBS with ηp,s = 1/1000 for p -polarised field transmission and s -polarised

field reflection is feasible. The relations of the fields at the PBS are

es =
√
ηs · as +

√
1− ηs · ds, ep =

√
ηp · dp +

√
1− ηp · ap,

fs =
√
ηs · bs +

√
1− ηs · cs, fp =

√
ηp · cp +

√
1− ηp · bp,

gs =
√
ηs · cs +

√
1− ηs · bs, gp =

√
ηp · bp +

√
1− ηp · cp,

hs =
√
ηs · ds +

√
1− ηs · as, hp =

√
ηp · ap +

√
1− ηp · dp, (4.11)

with each field indicated in Fig. 4.10. The reflected p -polarised fields and trans-

mitted s -polarised fields are also referred to as leakages. Given such a PBS in

a polarising Sagnac interferometer, it results in an output that contains both

orthogonally polarised fields, as shown in Fig. 4.11.

Again, in order to achieve the quantum noise behaviour, the input-output relation

is significant. However, due to the effect of the realistic PBS with a finite extinc-

tion ratio, both the input and the output will contain s -polarised and p -polarised

beams, and s -polarised and p -polarised vacuum fluctuations.

We have shown in Section 2.4.1 that the optical losses (i.e., absorption, scattering
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Figure 4.10.: Figure showing the relations of polarised light fields at the four ports

of a PBS. Subscripts s and p represent the polarisation of each field.

The arrows denote the p -polarised (blue) and s -polarised (green)

beams. The PBS has an extinction ratio of ηp for the transmitted

p -polarised beam and ηs for the reflected s -polarised beam. Figure

taken from [2].

loss) at the BSs, including the central BS and PBS, are negligible. Therefore, we

ignore the losses at the BSs but focus our attention on the leakage due to a finite

extinction ratio. Note that loss effects from the arm cavities are still included.

A similar block diagram as shown in Fig. 4.6 can be obtained as illustrated in

Fig. 4.12 when an imperfect PBS with extinction ratios ηs and ηp is taken into

account.

Since the block diagram is highly symmetric in terms of the propagation direction

of the light fields, here we use the light field that first enters the vertical arm for

example to represent the relations. The opposite field can be derived following

the same procedure as demonstrated in Section 4.3.1. The conjunction equations

at the central BS for both polarisations therefore can be extended from Eq. (4.1)
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Figure 4.11.: Schematic of a polarising Sagnac interferometer with an imperfect

PBS. The input beam is still purely p -polarised. The output has the

coupled orthogonal s -polarised field due to the PBS imperfection.

We also refer to this s -polarised field as the leakage from the PBS,

which is the Michelson response. Homodyne detection is achieved

as shown in the dashed box by using a wave plate (WP) and another

PBS, which will be detailed in Section 4.4.4. A squeezed vacuum is

injected at the detection port. Figure taken from [2].

into

gp =
a
′AE
p − a′CNp√

2
, gs =

a
′AE
s − a′CNs√

2
,

qp =
b
′CE
p − b′ANp√

2
, qs =

b
′CE
s − b′ANs√

2
. (4.12)

Reading from the block diagram illustrated in Fig. 4.12, we obtain the orthogo-
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nally polarised output qp and qs as (up to the order of
√
ηp and

√
ηs)

3,

qp =(−√ηpI + MCLGMsag)gp +
√
ηsMCLGMarmgs

+ MCLGHsagh+ MCLGNsagn , (4.13)

qs =− gs +
√
ηsMCLGMarmgp

+
√
ηsMCLGHarmh+

√
ηsMCLGNarmn , (4.14)

where the corresponding matrices and parameters are defined in Eqs. (4.7) and

(4.8). The closed loop gain due to the leakages of the PBS with finite ηs,p is given

by

MCLG =

[
I−

√
ηp(1− ηs)Msag

]−1

, (4.15)

which is approximate to an identity matrix I due to the small values of ηp,s � 1.

We thus expect the influence to be negligible and the approximated input-output

relation can be obtained as

qp ≈Msaggp +
√
ηsMarmgs + Hsagh , (4.16)

qs ≈ −gs +
√
ηsMarmgp +

√
ηsHarmh . (4.17)

Two interesting results can be seen from these relations: (i) a unique polarised

output (either qp or qs) contains both orthogonally polarised vacuum fluctuations

(gp and gs). More specifically, for the p -polarised output (apart from a Sagnac

response as the perfect case), it contains the s -polarised vacuum gs which induces

a radiation pressure noise that has the same frequency dependence as the one

in a typical Michelson interferometer (see the Marmgs term in Eq. (4.16)). The

mixing of the Sagnac-type noise and the Michelson-type noise will degrade the

low-frequency quantum noise of the Sagnac interferometer; (ii) the s -polarised

3Here, we keep the leading order up to
√
ηp,s, so that the main features of the Sagnac and

Michelson response of both polarisations are maintained. Two complete equations are shown

in Appendix C.
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Figure 4.12.: A block diagram of a polarising Sagnac interferometer with fi-

nite extinction ratios ηp,s of the PBS. Block M is defined as

√
ηs
√
ηpMCLGMsag and the other blocks remain the same as the

perfect case in Fig.4.6. A closed loop is formed due to the effective

reflection leakage of the p -polarised beam. The output contains

both polarisations. Figure taken from [2].

output shows a Michelson-type response (see the Harmh term) which can be used

to create a local oscillator (LO) in a similar way as the DC readout scheme that

will be implemented in Advanced LIGO (see Section 4.4). This is achieved by

producing a small offset ∆L of the two arms (see Fig. 1.2 and Eq. (1.6))

qs ≈ −gs +
√
ηsMarmgp + qLO, (4.18)

with

qLO =
√
ηsHarm∆L/L . (4.19)

The two outputs are orthogonally polarised and so in order to mix them another

PBS is employed to mix them at the output port, as shown schematically in the

dashed box in Fig. 4.11. The output is adjustable by modifying the optical axis
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of the PBS2. The resulting outputs therefore can be expressed in terms of the

detection ratio angle θ (or referred to as the optical axis rotation angle) as

qθ = qp cos θ + qs sin θ , (4.20)

q′θ = qp sin θ + qs cos θ . (4.21)

By setting θ close to zero, the major response of qθ is still the Sagnac signal

and the term qs sin θ then provides the required LO. We will present the detailed

readout scheme in Section 4.4. The relative phase difference between qp and qs

determines the homodyne detection angle ζ. Due to the orthogonal polarisations,

ζ can be tuned by defining the thickness of a wave plate (WP) before the PBS

as shown in the dashed box of Fig. 4.11.

The final input-output relation (for small θ) therefore is given by

q = qθ1 cos ζ + qθ2 sin ζ

≈ (qp1 + θ qs1) cos ζ + (qp2 + θ qs2) sin ζ , (4.22)

and the quantum noise NSD of q is

Sh =
e2rp(cot ζ − κsag)2 + e−2rp

2κsag
h2
SQL

+
e2rs [(

√
ηs + θ) cot ζ −√ηsκarm]2 + e−2rsθ2

2κsag
h2
SQL , (4.23)

with rp and rs being the squeezing factors for the p -polarised and s -polarised

input squeezed states, which can be different values. We find that (i) the term

in the first line is the typical response of a Sagnac interferometer (see: Eq. (4.9)),

and κsag is a constant at low frequencies (below the arm cavity bandwidth, see

Fig. 4.8). By setting the correct homodyne detection angle ζ (see Eq. (4.10)),

the radiation pressure noise can be removed; (ii) the term in the second line of

Eq. (4.23) comes from the finite extinction ratio ηs and the non-zero detection

ratio angle θ (for the DC readout). The low-frequency quantum performance is
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Parameter Michelson Sagnac

Arm length (L) 10 km 10 km

Input Power (after IMC) 3 W 15 W

Input Power at BS 138 W 690 W

Arm Cavity Power (Ic) 18 kW 180 kW

Temperature 10 K 20 K

Mirror Mass 211 kg 211 kg

Laser Wavelength 1550 nm 1550 nm

SR Detuning Phase 0.6 -

SR Transmittance 20% -

Filter Cavities 2 × 10 km -

Squeezed Level 10 dB ±10 dB

Scatter loss per surface 37.5 ppm 37.5 ppm

Table 4.3.: A table summarising the parameters of ET-LF interferometers. The

Michelson values are taken from the design study [32]. The Sagnac

parameters proposed here refer to the high-power scenario with a cir-

culating power of Ic = 180 kW which gives the sensitivity shown in

Fig. 4.9. Table taken from [2].

worse due to the frequency dependence of κarm ∝ Ω−2 as shown in Fig. 4.8. Its

value is higher at lower frequencies. Smaller ηs and θ can help to improve the

performance. However, the value ηs is determined by the quality of the PBS and

the potential for improvement is small. The θ must not be too small to ensure

the presence of a LO as we will shortly see in Section 4.4. Injecting an amplitude

squeezed light for the s -polarisation, namely rs < 0, has been recognised as an

effective approach to minimise the influences.

With the expression of the quantum NSD of an imperfect polarising Sagnac in
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Figure 4.13.: Plots showing the quantum NSD of polarising Sagnac interferome-

ters with different specifications for selected parameters. The con-

figuration assumes the Sagnac interferometer parameters shown in

Table. 4.3. All plots are based on a default parameter set with de-

tection angle θ = π/16, homodyne detection angle ζ = 0.935 and

ηs = ηp = 1/1000. Part (a) shows the impact of different extinction

ratios ηs. ηp is fixed, as it has little influence on the final result.

Part (b) illustrates a narrow band quantum noise mitigation via a

homodyne detection angle selection. Part (c) shows the noise spec-

trum for different detection ratio angles. The dashed green curves in

all plots, which are almost overlapped with the red curves (lossless

Sagnac), illustrate the sensitivity of a lossy Sagnac interferometer

when an arm cavity round-trip loss of 75 ppm is considered. Figure

taken from [2].
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Eq. (4.23), we investigate its performance when different parameters are selected.

We show the results based on the ET-LF original design (apart from the factor

of 10 power increase circulating in the arm cavity, Ic = 180 kW) summarised as

Sagnac values in Table 4.3. Note that the qualitative characteristics are indepen-

dent of the power levels. The reason to present the results with an increased

power is because it is more suitable to show the limits of a potential practical

Sagnac implementation for the ET-LF.

The quantum NSD results of an imperfect Sagnac are shown in Fig. 4.13 for

various parameters. They have been published in [2]. In order to compare the

quantum noise performances with different parameters, we use the red curve (see

all the figures in Fig. 4.13) as a reference. It is based on the following parame-

ter set: (1) the detection ratio angle θ = π/16, (2) a homodyne detection angle

ζ = 0.935, (3) reasonable PBS extinction ratios ηs = ηp = 1/1000, and (4) a

10 dB phase squeezing for the p -polarisation, rp = 0.5 ln 10 and a 10 dB ampli-

tude squeezing for the s -polarisation, rs = −0.5 ln 10. The dashed green curve

shows the quantum noise sensitivity when 75 ppm arm cavity round-trip losses

are included and is almost identical to the lossless red curve. This is due to

the fact that the low-frequency quantum noise is covered by the Michelson-type

noise. The optical losses thus have negligible influence on the sensitivity. In

Fig. 4.13 (a), PBSs with different ηs are considered with ηp = 1/1000, the detec-

tion angle θ = π/16, and the homodyne detection angle ζ = 0.935. Figure 4.13 (b)

shows the quantum noise behaviour by changing the homodyne detection angle

ζ with ηs = ηp = 1/1000 and θ = π/16. Figure 4.13 (c) gives the quantum noise

sensitivity change in terms of the detection ratio θ. We have found that (I) the

p -polarised transmission ratio has negligible impact on the quantum noise sensi-

tivity but the performance is significantly influenced by the s -polarised reflection

ratio, given both ηs,p � 1%; (II) a narrow-band quantum noise mitigation can be
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achieved by optimising the homodyne detection angle ζ; (III) a smaller θ, namely

a smaller portion of the Michelson response at the output is preferable so as to

have a lower level of quantum noise, as long as the minimum DC requirement for

the DC readout is satisfied, which will be detailed in Section 4.4.

4.4. DC Readout

In this section we propose a new and practical readout scheme for the ET-LF

with a realistic polarising Sagnac topology as shown in Fig. 4.11. As introduced

in Section 1.2.1, the GW signals (with frequency Ω ∼ kHz) create modulation

sidebands upon the carrier field (with frequency ω0 ∼ 1015 Hz). The sidebands

frequencies are therefore ω0±Ω ≈ ω0, since ω0 � Ω, and cannot be distinguished

directly from the carrier field by a photodetector. Therefore, in order to extract

the GW signal, a reference light, also referred to as a local oscillator (LO) field,

is required to beat with the sidebands on the photodiode. A homodyne detection

concept called DC readout is the current favourable readout scheme for GW

detection [85, 86, 87]. This is due to the fact that the DC-readout LO light leaks

from the interferometer, and thus is already pre-filtered by the large baseline

interferometer; it is automatically on-axis and phase locked to the signal field [2].

For a Michelson interferometer, it is easy to achieve and control the amount of

light field leakage into the detection port by setting an offset of the differential

arm lengths. However, in an ideal Sagnac interferometer, the detection port is re-

maining on the dark fringe, regardless of the mirror position (see Fig. 4.2). In the

following, we study how to implement a practical LO for the imperfect polarising

Sagnac interferometer with DC readout (Section 4.4.4). In Section 4.4.1, we will

present how to select and control the homodyne detection angle for such an in-

terferometer based on the requirements we have briefly discussed in Section 4.3.2.
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4.4.1. Required Light Level and Homodyne Detection Angle

In Section 4.3.2, assuming a perfect LO, we specified the optimal homodyne angle

of the polarising Sagnac interferometer. In this section, we study how to achieve

a practical LO to ensure the required homodyne detection.

There are several requirements of the LO in order to perform a desired DC-

readout. First of all, the photodiode performance must be shot noise limited;

the power of the LO should therefore be large enough to have the photodiode

dark noise below the shot noise limit. Meanwhile, the power of the LO must

dominate over the waste light due to higher order modes coupling into the dark

port, as well as the stray light on the photodiode. Additionally, it must also have

the correct homodyne phase [2]. It is known that the detected signal and the

shot noise of the LO field both scale as the square root of the LO power. The

exact light power required in the LO thus depends on the technical details of the

interferometer implementation. It is reasonable to assume that the absolute value

of the LO power is always satisfied (assuming that the stray light and photodiode

dark noise is similar in a Michelson and Sagnac interferometer) and we only focus

on the required ratio of the LO power to the circulation power at the central

BS. Since the ET design has not yet reached such level of detail, we therefore use

specifications for Advanced LIGO interferometers [85, 87] as guidelines, where the

ratio of the power of the LO to central BS circulating power (which we call β) is

1.75 × 10−5. In the following section, we focus our investigation on realisations

of such a LO.

4.4.2. Non-50:50 Central BS Induced Imbalance

An easy way to have a leaked light field at the dark port is through the imbalance

non-50:50 of the central BS. However, it is not difficult to notice that this field is
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similar to the leakage of a Michelson interferometer due to an arm imbalance [88].

This creates a DC light field not being in a desired quadrature (orthogonal to the

signal field); it thus cannot serve as a good reference light.

Below we consider two methods to achieve a LO light power in the Sagnac inter-

ferometer which is in the right quadrature: (i) non-zero Sagnac area and (ii) PBS

leakage.

4.4.3. Sagnac Area Effect

The effective arm length difference due to a non-zero area A responds to Earth

rotation Ωearth is defined as

∆L =
4A · Ωearth

c
, (4.24)

where c is the speed of light and ∆L is the same as shown in Eqs. (4.19) and (1.6).

The ratio β therefore is

β = sin2

(
2π∆L

λ

)
. (4.25)

It gives reasonable units as

β = 1.75× 10−5

(
A

1350 m2

)2(
1550 nm

λ

)2(
sin(latitude)

sin(52◦)

)2

. (4.26)

The above equation indicates that a 1350 m2 area is required to have β = 1.75×

10−5. For the ET, this would be feasible but probably costly due to the extra

required underground cavern space.

Using this method, it is possible to obtain a required homodyne angle. However,

it is suboptimal as it requires another 90◦ phase shift field to ensure the desired

homodyne detection angle, usually via the arm imbalance (see Section 4.4.2). The

homodyne angle therefore is determined by the ratio of the LO power created by
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Figure 4.14.: Diagrams illustrating a scheme of the outputs of two orthogo-

nal polarised beams with an optical axis rotated PBS. The input

beams contain both polarisations: p -polarised beam (arrow) and

s -polarised beam (circle). The left diagram shows the optical lay-

out at the detection port; the right diagram illustrates the output

details by rotating the PBS’s polarisation axes (p-s) by an angle θ

(p′-s′). Figure taken from [2].

the Sagnac area (fixed) to the light power due to an arm imbalanced (typically un-

known prior to construction) [88]. Hence, we consider the PBS leakage generated

LO detailed in the next section to be more practical [2].

4.4.4. PBS Leakage Light

As studied in Section 4.3.2, the s -polarised output due to the PBS leakage is a

Michelson-type signal. In this section, we consider using this output as the LO.

A PBS with rotated polarisation axes combined the orthogonally polarised beams

as illustrated in Fig. 4.14. Therefore, the output power can be adjusted with a

rotation angle θ as

y = yp cos θ + ys sin θ, (4.27)

y′ = yp sin θ + ys cos θ. (4.28)

From Section 4.3.2, we have known that the Michelson signal from the imperfect
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polarising Sagnac interferometer is orthogonal to the Sagnac signal. The output

power of the Michelson interferometer is ηs times of the Sagnac’s. Figure 4.13(c)

has specified that a smaller rotation angle θ is always preferable (much lower

quantum noise). We can thus set this Michelson interferometer to bright the

fringe and then send all of the power to the output as the LO (see Eq. (4.20)).

The ratio β produced by the Michelson leakage is given by

β = ηs sin2 θ = 1.75× 10−5
( ηs

0.001

)(sin θ

0.13

)2

. (4.29)

Given ηs = 1/1000, we choose the minimum θ = π/24 such that β = 1.75× 10−5.

If the Michelson signal (s -polarisation) is used as a LO for DC readout, the ho-

modyne detection angle ζ is determined by the relative phase difference between

this LO and the Sagnac signal (p -polarisation). Since both the Michelson and

Sagnac signals are the interferometer outputs, then in principle, they are natu-

rally in-phase at the detection port (see qs and qp in Fig. 4.13). However, due

to the orthogonal polarisations, a wave plate is able to shift the phase between

them. The required homodyne detection angle is defined by the wave plate orien-

tation and thickness. This well defined method to select the homodyne detection

angle has obvious advantages compared to the Sagnac area approach presented

in Section 4.4.3.

4.4.5. Potential Control of a Sagnac with PBS Leakage

We have shown in the above section that the output q (see Fig. 4.11) gives the

readout signal, which is mainly a Sagnac response combining with a small fraction

of Michelson response. It would be also interesting to investigate the other output

q′. Preliminary results of using it as error signals for the interferometer control

have been presented in [2]. This work has been carried out by Bond et al 4.

4The simulation results are modelled in Finesse for this purpose.
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4.5. Conclusion

In order to mitigate the low-frequency quantum noise, the proposed ET Michelson

interferometers require auxiliary optical filter cavities to achieve the frequency-

dependent squeezing. Such a configuration is more complicated compared to

one without such extra optics. Additionally, the influence of optical losses from

the input filter cavities will result in a quantum noise sensitivity degradation

(see Chapter 3). We therefore studied a polarising Sagnac interferometer as an

alternative to replace the low-frequency Michelson interferometers. Our scheme

employs polarising optics (a PBS and two QWPs) to direct the beam whilst

being compatible with the current ET infrastructure and avoiding the potential

technical problems of long ring-shape arm cavities.

We found that by increasing the circulating power by a factor of 10 (which we

deem feasible) a Sagnac interferometer without the filter cavities nor the SRM can

achieve a similarly low level of quantum noise as a Michelson with filter cavities

between 5 and 30 Hz; its sensitivity is even greater below 5 Hz. We also found that

the influence of the expected ET round-trip losses is negligible in the frequency

band we are concerned with.

We extended our model to consider an imperfect polarising Sagnac interferometer,

in which the effects of a realistic PBS are included. We found that the effect

induced by the PBS finite extinction ratio is described by the output mixing with

the orthogonally polarised fields, each field containing both p -polarised and s -

polarised vacuum fluctuations, respectively. The Sagnac signal is contained only

in the p -polarised output while the Michelson signal is s -polarised. For the p -

polarised output field, apart from the Sagnac-type response (signal and noise),

the s -polarised vacuum fluctuations directly couple in and induce a noise that has

the same frequency dependence as the one in a typical Michelson interferometer.
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Figure 4.15.: Plots comparing the quantum NSD of the proposed Sagnac topology

(blue curve) against the ET-C Michelson topology based on same

ET-LF Michelson parameters (See Table. 4.3). The Sagnac topology

uses parameters θ = π/24, ζ = 0.935 and ηs = ηp = 1/1000 to

ensure a LO for DC readout. Both Sagnac curves include the effects

of optical losses, and the ET-C curve shown here does not consider

optical losses in the filter cavities. The red curve shows a Sagnac

with a higher power, 180 kW, circulating in the arm cavities, which

would be a possible implementation to increase the peak sensitivity.

Figure taken from [2].

Since the quantum behaviour of the Michelson at low frequencies is worse than

the Sagnac, this combination of the two signals results in a degraded sensitivity.

We presented the quantum noise sensitivity for a practical implementation for

a polarising Sagnac interferometer. It uses a factor of 10 increased circulating

power while otherwise retaining the original ET parameters. We considered a

polarising Sagnac with the overlaid Michelson and found that the quantum noise

behaviour is significantly influenced by the s -polarising extinction ratio ηs as this

characterises the directly coupling of the Michelson response. In this case, optical

losses rarely impact the quantum noise performance because the low-frequency
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behaviour is dominated by the Michelson-type radiation pressure noise. A narrow-

band sensitivity optimisation is available by carrying out a homodyne detection

with optimal angle. We found that an imperfect Sagnac interferometer with a

PBS with extinction ratios ηs = ηp = 1/1000 can achieve a low quantum noise

curve comparable to that of a Michelson with filter cavities. Such an implemen-

tation offers greatly reduced complexity and reduced costs which occur with the

auxiliary optics: two input filter cavities and the SRM. Advanced technologies,

i.e., better suspensions and cryogenic mirrors, can easily be employed in such a

topology.

The detector output of this imperfect polarising Sagnac interferometer contains

two signals: a p -polarised Sagnac signal and a s -polarised Michelson signal. The

DC-readout LO is achieved through the Michelson signal. We found that the

low-frequency quantum noise can be further improved by reducing the Michelson

signal present in the output, by means of reducing the detection ratio angle [2].

However, a minimum LO field is required for homodyne detection. By using the

Advanced LIGO specification: the ratio of LO power to central BS circulating

power 1.75×10−5 as a reference, we considered two approaches to achieve the re-

quired LO. We initially investigated a DC light generated by the non-zero Sagnac

area response to the Earth rotation and found this to be impractical. It implies

a large carven area given the original infrastructure and suboptimal homodyne

detection angle selection. We showed that the LO provided by the non-perfect

PBS is convenient and the homodyne detection angle can be easily set by means

of using a wave plate to shift the phase between the Michelson signal and Sagnac

signal.

The required LO level is achievable with realistic PBS extinction ratios and detec-

tion ratio angle. With a PBS extinction ratios of 1/1000, a detection ratio angle

of π/24 was proposed to improve the radiation pressure noise. Figure 4.15 (blue
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curve) shows the quantum noise behaviour of a polarising Sagnac interferome-

ter, which retains all ET-LF Michelson parameters. A comparable sensitivity5 to

the ET-LF Michelson interferometer is shown in Fig. 4.15 (red curve) by using

a circulating power of 180 kW power inside the arm cavities, which should be

considered for its potential to further reduce the radiation pressure noise.

5If using the inspiral horizon distance for compact binary coalescences to assess the perfor-

mances of the ET with two different topologies, we can quantitatively identify the sensitivity

of the Sagnac interferometer and Michelson interferometer. Combining the ET-HF sensitiv-

ity given in [7], we achieve the detection range for two topologies as: Michelson-3351 Mpc

and Sagnac-2739 Mpc based on Eq. (6) in [17]. Assuming the binary neuture star mergers

are uniformly distributed in volume, this results in a lower detection rate when using the

Sagnac topology would be lower by less than a factor of 2 relative to the Michelson. This

indicates that the proposed Sagnac interferometer is indeed competitive and appealing for

the Einstein Telescope.
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Chapter 5.

Experimental Test of Cavity Loss

In order to enhance the sensitivity of future GW detectors, frequency-dependent

squeezing may be implemented soon [89]. Due to optical losses, particularly from

the filter cavity as presented in Chapter 3, the frequency-dependent readout is

challenging with respect to a realistic implementation. The frequency-dependent

squeezing scheme is indeed less sensitive to optical losses than several other pos-

sible schemes, but the minimisation of these losses is still the key challenge for an

experimental realisation (see Fig. 3.9(a)). This also holds for the intra-cavity fil-

tering scheme (see Fig. 3.21). The optical loss estimation of Fabry-Pérot cavities

is therefore of great interest for all filtering schemes.

Previous work suggests that a longer filter cavity would have a lower total optical

loss [55, 89], given that the cavity round-trip loss is fixed and independent from

the cavity length. It is important to examine whether these two parameters are

truly uncorrelated, particularly with realistic cavity mirrors, e.g., with a rough

mirror surface [90], taken into account.

Filter cavities usually have a fixed bandwidth which is associated with the GW

detector’s detection band (see Section 3.1), for instance, the filter cavity band-
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width of Advanced LIGO is around 100 Hz. As we will explain in the following

sections, this means that the cavity finesse could be lower given a longer cavity

length and vice versa. Since the total optical loss of a cavity is determined by a

product of the cavity round-trip loss and its finesse, both the cavity length and

the cavity finesse must be jointly optimised. More details will be presented in the

following sections.

For a stable cavity, the beam spot sizes on the cavity mirrors are scaled to the cav-

ity length. Usually, a longer cavity will accordingly have larger beam sizes on the

cavity mirrors. The University of Birmingham group has carried out theoretical

analysis into the light field coupling and scattering, considering the interactions

between the optical fields and imperfect mirror surfaces [91, 92]. The simulation

results presented in [92] indicate that the cavity round-trip loss is larger for larger

beam sizes on cavity mirrors. In order to verify the relation between the cavity

optical losses and the cavity length, we propose an experiment to characterise the

optical losses of a length-varying linear impedance matched (ideally, T1 = T2) [93]

Fabry-Pérot cavity with cavity finesse F ≈ 2000. The goal of this experiment is

to observe cavity losses which are mainly due to scattering induced by distorted

mirror surfaces.

In this chapter, we will describe the design and setting up of a table-top cavity

aiming to evaluate the optical loss of a length-variable Fabry-Pérot cavity, with

the cavity length being adjusted from 2 cm to 2 m. We will firstly illustrate our ex-

perimental design and then present our preliminary simulation results with three

different real mirror surface distortions being considered. Finally, we present our

preliminary results on the cavity optical losses characterisation. Two analytical

models to estimate the cavity losses are provided, which could be directly used

once the setup is ready. The results of this experiment aim to support the filter

cavity development for future GW detectors.
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5.1. Optical Loss in a Filter Cavity

The filter cavity bandwidth and the detuning frequency in Eqs. (3.24) and (3.26)

indicate that the bandwidth γ of a filter cavity is almost fixed as it is required

to provide an angular rotation over the detection band of the GW detectors

(approximately 100 Hz for Advanced LIGO). Applied to the bandwidth definition

in Eq. (A.6), this means the cavity free-spectral range (FSR) divided by the cavity

finesse F reads

γ =
FSR

F
=

c

2L · F
. (5.1)

This gives two possibilities for the installation of filter cavities in GW detectors:

(i) a high finesse cavity with a relatively short cavity length, and (ii) a low finesse

cavity but with a long length. In terms of practical difficulties and installation

costs, the first option has obvious advantages, however, this has to be consid-

ered together with optical loss effects. A high finesse means a higher number of

round-trips inside the cavity, resulting in a larger total optical loss [55]. There-

fore, a trade-off between cavity finesse and cavity length drives our experimental

investigation.

From Eq. (A.7), we know that the cavity finesse is defined by the reflectivities of

its mirrors. In fact, the effective reflectivity is a function of the cavity round-trip

loss

F =
2π

T1 + T2 + Ert

, (5.2)

with T1,2 = t21,2 and Ert being the cavity round-trip loss. Here optical losses are

collected into the transmission of the EM as was done in Chapter 2. Therefore,

the effective reflectivity of the EM is

reff
2 =

√
1− T2 − Ert. (5.3)
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From Eq. (5.2), we know that the cavity round-trip loss can be characterised by

means of estimating the cavity finesse.

Our test cavity consists of two mirrors with fixed radii of curvatures (RoCs).

When the cavity length is varied, different spot sizes will be on both cavity mirrors

given that the fundamental beam (Gaussian beam) is on resonance. We aim to

see the change in cavity round-trip loss due to beam size changes and in turn

have the cavity finesse change as a function of the cavity length.

We have designed a table-top experiment aiming to estimate the optical losses

of a high finesse (2093) cavity as a function of cavity length. The reason for

limiting the cavity finesse to roughly 2000 is due to practical control issues, as a

cavity with a higher finesse is more difficult to control and is more susceptible to

misalignment of the input beam [94] and a cavity with a lower finesse would have

a non-measurable loss effect.

5.2. Cavity Design

In this section, we will further discuss the cavity parameters chosen for our ex-

periment.

5.2.1. Mirror Radius of Curvature and Beam size

Given a cavity with a Gaussian beam wavefront curvature which perfectly matches

the cavity mirror curvatures of the input mirror (Rci) and end mirror (Rce), we
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have the beam spot sizes on the input mirror (IM) and the end mirror (EM) as

ωi(L,Rci, Rce) =

√
λL

π
·
[

Rc2
i (Rce − L)

L(Rci − L)(Rci +Rce − L)

] 1
4

, (5.4)

ωe(L,Rci, Rce) =

√
λL

π
·
[

Rc2
e(Rci − L)

L(Rce − L)(Rci +Rce − L)

] 1
4

. (5.5)

Or

wi =

√
λL

π
·
[

ge
gi(1− gige)

] 1
4

, we =

√
λL

π
·
[

gi
ge(1− gige)

] 1
4

, (5.6)

where the g factor is defined as g = 1 − L/Rc and the stability criteria is given

as

0 < gige < 1. (5.7)

Combining this cavity stability requirement and Eq. (5.6), we know that the cavity

configuration will be determined by the cavity mirror RoCs. Given the standard

RoCs provided by common mirror manufacturers, three cavity configurations with

feasible RoCs will give the largest beam spot on the cavity mirrors when the cavity

maximum length is 2 m: (i) concentric, concave-concave cavity with Rci,e = 1 m,

(ii) hemispherical, plane-concave cavity with Rci = ∞ and Rce = 1 m, and (iii)

hemispherical, plane-concave cavity with Rci = ∞ and Rce = 2 m. The beam

spot sizes over cavity length are shown in Fig. 5.1, where we assume there is a

0.001 m offset away from the unstable cavity position. For a concentric cavity, the

beam waist is always at the centre of the symmetric cavity and the beam sizes on

both mirrors are always identical. The beam sizes increase dramatically when the

cavity is pushed towards an unstable position (when the cavity length approaches

2 m). However, for the hemispherical cavities, the beam waist is always sitting

on the plane mirror (in our case, the IM) regardless of the cavity length. From

Figs. 5.1(b) and 5.1(c), we notice that the beam size at the IM, does not vary

much compared to the size change on the EM. Meanwhile, the beam sizes on the
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Figure 5.1.: Diagrams showing the beam size changes on the cavity mirrors. (a)

A concentric cavity with RoCs 1 m, (b) a hemispherical cavity with

the IM being a plane mirror and the EM being a concave mirror with

RoC 1 m, and (c) a hemispherical cavity which has a different EM

with RoC=2 m. The laser wavelength is 1064 nm. The cavity length

is varying up to its near-unstable position with an offset of 0.001 m.
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EMs again will increase dramatically when the cavities are near-unstable. Given

that the cavities are near unstable with only a 0.001 m offset, the hemispheri-

cal cavity with EM RoC=2 m is slightly better than the one with EM RoC=1 m

in terms of achieving a larger beam spot. However, in view of the small dif-

ference between them (see the beam sizes in Figs. 5.1(b) (3.272 mm) and 5.1(c)

(5.503 mm) when the cavity length is equal to 0.999 m and 1.999 m, respectively),

in our experiment we will use mirrors with RoC=1 m for the time being.

5.2.2. Cavity Mirror Specifications

All the initial mirrors were ordered to have a reflectivity R of 0.9985, which corre-

sponds to a design cavity finesse F0 = 2093. The reason for using an impedance

matched cavity is simply because the same coatings can be applied to all mirrors

at the same time. This will potentially reduce any surface differences induced by

the coating procedure, and could also reduce costs. The mirror reflectivity is de-

termined by the front surface coating. It is a high-reflection (HR) coating, using

an ion-beam sputtering (IBS) process, for normal incidence with a wavelength

of 1064 nm. The mirror rear surfaces (plane) are anti-reflection (AR) coated for

1064 nm.

Mirror substrates

In order to experimentally estimate the cavity finesse change as a function of

cavity length, considering scattering losses due to mirror surface distortions, we

perform the experiment applying mirror substrates with different qualities. In

this section, we theoretically investigate their experimental realisation, which

indicates measurable finesse differences.

Theoretical models predict that the losses are scaled to the beam spot size on the
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Mirror RoC [m] Diameter × Thickness [inch] Roughness [m] Flatness

Plane-plane ∞ 1”× 1/4” < 1Å < λ/10

Plane-concave CVI 1 1”× 1/4” < 1Å < λ/10

Plane-concave CO 1 1”× 1/4” < 1Å < λ/10

Table 5.1.: A table summarising the properties of the mirror substrates used in

the measurement. Plane-plane substrates are manufactured at Coast-

line Optics (CO). Substrates with RoC=1 m are manufactured by two

suppliers, CO and CVI. The flatness reference wavelength λ here is

633 nm.

cavity mirrors [92]. We therefore expect the optical losses due to the imperfect

plane-plane mirror surface (IM) does not change significantly with increasing

cavity length due to the very small change of beam size on the plane mirror

(see Fig. 5.1). We investigate a hemispherical cavity for instance, using the same

plane-plane mirror but with an EM of different surface qualities. The relevant

properties of the plane-plane and plane-concave substrates are summarised in

Table 5.1. Though they have the same property specification, the actual mirror

surfaces are generally different from each other. For our experiment, we have

initially ordered four mirror substrates: one plane-plane and three plane-concave

(RoC=1 m). The plane-plane mirror and ‘1.0-FS’ plane-concave mirror are from

Coastline Optics [95] while the ‘CVI1’ and ‘CVI2’ are two plane-concave mirrors

from CVI [96]. In the next section, we will represent the quality of these mirror

substrates by using mirror surface maps.

Mirror maps of substrates before coating

We usually refer to a surface figure which gives the height of a surface as a mirror

map. Mirror maps of the ordered mirror substrates before being coated are shown
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Figure 5.2.: Diagrams showing the surface heights (mirror map) of different sub-

strates before coating: (a) a plane- plane substrate, (b), (c) and (d)

different plan-concave substrates with RoC of 1 m. (b) is from Coast-

line Optics, labelled as ‘1.0-FS’; (c) and (d) are from CVI, labelled

as ‘CVI1’ and ‘CVI2’. All the maps were produced using Finesse

guided by C. Bond.

in Fig. 5.2, which indicate the surface variations of different substrates. Note that

the different scales shown in Fig. 5.2 does not directly associate with the surface

quality since the scale could be determined by the high peaks at the edge which

has negligible effects on the modes coupling [50]. These surface figures of different

137



Chapter 5. Experimental Test of Cavity Loss

0.2 0.4 0.6 0.8
10

−1

10
0

10
1

10
2

10
3

R
ou

nd
 tr

ip
 lo

ss
 [p

pm
]

Cavity Length [m]

Round trip loss with increasing cavity length

1.0−FS
CVI2
CVI1

(a)

0.2 0.4 0.6 0.8
1900

1950

2000

2050

2100

C
av

ity
 fi

ne
ss

e

Cavity Length [m]

Cavity finesse with increasing cavity length

1.0−FS
CVI2
CVI1

(b)

Figure 5.3.: Plots showing a hemispherical cavity (a) round-trip loss and (b)

finesse change over cavity length when realistic mirror maps are

applied. The cavity IM has a surface distortion as described by

Fig. 5.2 (a). The curves refer to the corresponding plane-concave mir-

ror map (‘1.0-FS’, ‘CVI1’, and ‘CVI2’) shown in Fig. 5.2 (b), (c), and

(d).

mirror substrates were measured using a Zygo interferometer by Coastline Optics.

Mirror maps after coating are currently not available.

5.3. Simulation: Cavity Round-trip Loss

Finesse [97, 98] is an advanced simulation tool for analysing higher-order modes

in optical cavities with surface maps. Using Finesse we are able to predict the

cavity round-trip loss change as a function of cavity length when mirror surface

distortions are considered.

We simulate a hemispherical cavity with the IM being a plane-plane mirror and

the EM being a plane-concave mirror with RoC of 1 m. We consider that the

IM has a surface figure as shown in Fig. 5.2(a) and apply the EM with three
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different maps (‘1.0-FS’, ‘CVI1’, and ‘CVI2’) as shown in Figs. 5.2(b), 5.2(c) and

5.2(d) (note that the simulation result presented in [92] has a different focus.).

The cavity round-trip loss can be defined by

Ert =
Etotal

F0/π
, F0 = 2093, (5.8)

with Etotal being the total cavity losses which can be directly detected with the

simulation and F0 being the design cavity finesse. Recalling Eq. (5.2), the change

of the cavity finesse with increasing cavity length can be evaluated. Figure 5.3

shows the cavity round-trip loss and finesse change, respectively, as a function

of the cavity length when different mirrors are used. Here, the peaks correspond

to higher-order mode resonances when the cavity length fulfils their resonance

condition.

The finesse changes in Fig. 5.3(b) indicate that the difference is quite small. For

a cavity with a high-quality EM ( ‘1.0-FS’ or ‘CVI2’ ), the finesse difference

is smaller than 100. From the simulations, mirror CVI1 would provide the best

chance to see the difference when the cavity is near-unstable, which gives a finesse

variation of 160. Further investigation on a near-unstable cavity performance is

required, but it is beyond the scope this thesis; this is a parallel project which

has proposed in [92].

5.4. Proposed Experimental Setup

The existing infrastructure in the lab allows us to set up an experiment schemat-

ically shown in Fig. 5.4. The length-variable cavity is highlighted by the grey

block and its length ranges from 2 cm to 2 m. We are using a solid-state laser (In-

nolight Mephisto Nd:YAG) which radiates a 1064 nm beam with very good mode

purity and frequency stability. The Faraday isolator is used to prevent undesired
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back scatters into the laser cavity. Wave plates, including quarter-wave plates

(λ/4) and half-wave plates (λ/2) are applied to alter the polarisation of the light

field as required. Lenses are used to modify the beam waist size and the position

of a Gaussian beam to match the beam to the cavity eigenmode. An electro-

optic modulator (EOM) phase modulates the light and provides radio-frequency

sidebands to the laser beam. A triangular cavity, here referred to as a mode

cleaner (MC), is used to improve the beam quality. Higher-order modes are not

on resonance when the cavity is locked to the fundamental mode and thus will

be significantly attenuated in transmission. The triangular mode-cleaner design

is based on [99]. Two pairs of steering mirrors are placed before the mode-cleaner

and the cavity of study to ensure proper mode matching and alignment.

For such a setup, the mode-cleaner has to be controlled and locked on resonance

to the fundamental mode. The Pound-Drever-Hall (PDH) techniques [100] will

be used for this purpose as shown in Fig. 5.5 (input part). The length-varying

cavity is designed to provide longitudinal, tilt, and rotation motion controls. The

former could be realised using the PDH technique, however the control of mirror

tilt and rotation motion are more complicated: an auto-alignment control system

will be implemented to adjust mirror tilt and rotation motions. This is based

on a scheme called wavefront sensing technique, where two quadrant photodiodes

(QPDs) monitor the exact beam pointing and extract output matrices [94, 101].

Three-axis piezo-electric transducers (or so called PZTs) are attached to the cav-

ity mirrors to tune the mirror positions, tilts and rotations. All PZTs used in our

experiment are from Physik Instrumente (PI) [102].

The experiment has been started from scratch, and the optical setup including all

the electronic control loops are schematically shown in Fig. 5.5. The optical fields

are detected by the photodiodes and converted into electronic signals. These aux-

iliary electronics boxes (Servo, High-voltage Amplifier (HV Amplifier), LO, and
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Figure 5.4.: A schematic showing a table-top setup to study optical losses of a

length-varying cavity. A Nd:YAG laser radiates a 1064 nm beam.

The Faraday isolator is used to prevent undesired back scatters into

the laser cavity. λ/4 and λ/2 wave plates are applied to alter the

polarisation of the light field as required. Lenses are used to modify

the beam waist size and the position of the Gaussian beam. An

electro-optic modulator (EOM) phase modulates and provides radio-

frequency sidebands to the laser beam. A triangular cavity serves as

a mode-cleaner to improve the beam quality.

Mixer) are used to perform the cavity control based on: the PDH technique and

the auto-alignment technique. These boxes have been tested and characterised

to support the followup experiment. For instance, the lowpass filters built in our

lab are integrators (also referred to as ‘Servo’) with three cut-off frequencies and

smooth variable gain options (see Fig.5.6).

The cavity with a finesse F0 = 2093 requires a laminar flow cabinet to prohibit

contaminations (mainly dusts) on the mirrors as they will affect the cavity losses.

The experimental setup is still under construction. In the following section, we

will develop two methods for the cavity optical loss characterisation by using
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Figure 5.5.: A diagram showing cavity control of the setup illustrated in Fig. 5.4.

The mode cleaner (MC) is a triangular cavity and locked to the laser

by using PDH control, which includes a frequency mixer, a Servo—

lowpass filtering, and a HV amplifier to drive a PZT attached to the

MC. For the length-varying cavity, both longitudinal and angular

control will be performed. The former will be based on the PDH

technique whilst the latter is based on a wavefront sensing technique

with two quadrant photodiodes (QPDs).

a rigid cavity, the MC as shown in the input part of Fig. 5.5, and show our

preliminary results.
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Figure 5.6.: A plot showing the measured TFs of our servo when integrators are

on/off. The servo consists of three independent integrators with dif-

ferent cut-off frequencies (marked) and the gain of each integrator

can be adjusted from -34 dB to 34 dB. These TFs are based on an

original gain equal to 0.

5.5. Preliminary Results

Two optical loss estimation methods, (i) ring-down measurement and (ii) cavity

pole measurement, have been carried out in the lab using the rigid triangular

cavity (MC) shown in Fig. 5.5, to prepare the tools to perform the same cavity

characterisations with the variable length cavity.

5.5.1. Ring-down Measurement

It has been demonstrated in [103] that the cavity finesse can be extracted by

measuring the cavity reflection power (see Fig. A.1 field a3) if the cavity is quickly

scanned. The cavity power is excited when the cavity is on resonance and decays

when one of the cavity mirrors moves away. It requires a cavity sweep in a time

143



Chapter 5. Experimental Test of Cavity Loss

of the order or less than the cavity storage time (see Eq. A.9).

We measured the reflection field by placing a photodiode at the reflection port

when the MC is repeatedly scanned (see the input part in Fig. 5.5). Our measured

data is captured by an oscilloscope (Agilent MSO7014B (7000 series)). In the

following section, we will present the ring-down measurement in greater detail.

Analytical model

At an arbitrary time τ , the optical fields at different ports of a cavity (see Fig. A.1)

are given by Eq. (A.3), and written as functions of time they become

a1(τ) = a1(0) = a0, a2(τ) =
r1− (1− r2

1 − t21)r2e
−2ik(L0+τc)

1− r1r2e−2ik(L0+τc)
a1(τ),

a3(τ) =
it1

1− r1r2e−2ik(L0+τc)
a1(τ), a4(τ) =

it1r2e
−i2k(L0+τc)

1− r1r2e−2ik(L0+τc)
a1(τ),

a5(τ) =
it1e

−ik(L0+τc)

1− r1r2e−2ik(L0+τc)
a1(τ), a6(τ) =

it1r2e
−ik(L0+τc)

1− r1r2e−2ik(L0+τc)
a1(τ),

a7(τ) =
−t1t2e−ik(L0+τc)

1− r1r2e−2ik(L0+τc)
a1(τ), (5.9)

with L0 being the original length of the cavity. Here an input a1 is time-

independent and we assume it is a constant a0. These equations show optical

fields in a steady state, from which we can deduce their changes in time series.

Assuming we start the cavity scan from its original position with cavity length

L0 and τ = 0, this gives the initial values of each field as

a1(0) = a1(τ) = 1,

a2(0) =
r1− (1− r2

1 − t21)r2e
−2ikL0

1− r1r2e−2ikL0
, a3(0) =

it1
1− r1r2e−2ikL0

,

a4(0) =
it1r2e

−i2kL0

1− r1r2e−2ikL0
, a5(0) =

it1e
−ikL0

1− r1r2e−2ikL0
,

a6(0) =
it1r2e

−ikL0

1− r1r2e−2ikL0
, a7(0) =

−t1t2e−ikL0

1− r1r2e−2ikL0
. (5.10)
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(b) Ring-down of power inside a cavity

Figure 5.7.: Plots showing analytical results of a ring-down power curve at (a)

reflection and (b) inside a cavity. A constant input power 1 W is

injected when the cavity is scanned with a speed around 250 um/s.

Consequently, at an arbitrary time τ = τ0 + n · τrt, we have (see Eq. (A.2))

a1(n) = a1(0) = a0, (5.11)

a2(n) = a4(n)it1 + a1(n)r1, (5.12)

a3(n) = a1(n)r1 + a4(n)it1, (5.13)

a4(n) = a3(n− 1)r2e
−ik(2L0+τrt·v), (5.14)

145



Chapter 5. Experimental Test of Cavity Loss

where the round-trip time τrt = 2L0/c is the time interval and v is the cavity

scanning speed. Here, at a time τ = τ0 + n · τrt(n ≥ 1), aj(n), j = 1, ..., 7 is used

to represent the electric field aj(τ), with aj(0) being the initial value.

Figure 5.7 shows the ringing shape of the reflection field a2 and circulating field a3,

respectively, given a cavity is scanned at a speed of v = 250 um/s. We can see that

our analytical results are in agreement with [104]. Since the cavity reflected power

is much easier to obtain (placing a photodetector at the reflection port), we will

measure and characterise the reflected power in our experiment only. By fitting

the theoretical curve to the reflected power we recieve from the photodetector, we

are able to extract the characteristic parameters of the cavity and in turn achieve

the cavity finesse (including optical losses effects).

Results

We have used the MC to demonstrate the performance of this ring-down mea-

surement (see the input part of Fig. 5.5). We measured the cavity ring-downs at

the reflection port (a2) for various scan speeds and two examples are shown in

Fig. 5.8. A fitting function with variables: v, T1, T2, τoff and a0 based on Eq. (5.14)

was used to estimate the parameter set which gives a minimum variance between

the measured reflection power (Idata) and the fitted analytical result (Ifit) as

f(v, T1, T2, τoff , a0) = Min(Idata − Ifit), (5.15)

with τoff being the time offset from measurement.

We have repeated this ring-down measurement 100 times. A statistic error es-

timation can be achieved based on these measurements, and it shows that the

cavity finesse standard deviation is around 1.36% and the measured finesse mean

value is 6035. Extrapolating the characteristic result to a cavity with the desired

finesse around 2000 implies the possibility to visualise the finesse change above
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(b) Fast scan

Figure 5.8.: Plots showing the ring-down measurements and fitting data when a

cavity is scanned at two different speeds: 100 um/s and 210 um/s.

The fitting functions respectively give a cavity finesse of 5987 and

6138.

100. Combined with Fig. 5.3, we find that mirror ‘CVI1’ could provide a better

chance to experimentally characterise the cavity finesse change.

It is worth mentioning that our cavity scan analysis is based on the assumption

that a PZT applies linear displacement to the cavity mirror. However, in reality,
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Figure 5.9.: Plots showing a cavity transfer function: (a) amplitude and (b) phase.

The cavity length is 0.21 m and cavity finesse is 2093.

we found it is not the case. The nonlinear response of a PZT (observed in the lab

and presented in [105]) will affect the absolute value of the finesse estimation. Fu-

ture work will include the PZT calibration to improve the optical loss estimation

precision but it is not the focus of this thesis.

5.5.2. Cavity Pole Measurement

A cavity has its own unique characteristic pole frequency which can be obtained

from its frequency-dependent transfer function. Recalling Eq. (A.6), we know that

the cavity pole frequency is defined as half of the cavity bandwidth. Therefore,

it is possible to obtain the cavity finesse via a TF measurement.
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Mathematical description

The transfer function Gc of a Fabry-Pérot cavity as shown in Fig. A.1 can be

expressed by

Gc =
a7

a1

=
−t1t2e−ikL

1− r1r2e−2ikL
, (5.16)

and the phase is

Pc = arg[Gc]. (5.17)

We can plot Gc and Pc as functions of the laser frequency f as shown in Fig. 5.9.

From the phase plot, we obtain the cavity pole frequency which is given by the

value for which the phase has dropped by 45◦ from 180◦ to 135◦. This also

corresponds to a -3 dB gain reduction. Our simulation results confirm that the

cavity pole frequency is one half of the cavity bandwidth (see Eq. (A.6)) and it

can be determined by the cavity Finesse F and cavity length L as

fpole =
FSR

2F
=

c/2L

2π/2 arcsin
(

1−r1r2
2
√
r1r2

) . (5.18)

For instance, a 0.21 m cavity with finesse 2093 shall give a pole frequency of

about 17.06 kHz. Therefore, using a cavity pole measurement, we are able to

characterise the optical loss of a cavity.

Results

We performed a cavity transfer function measurement on the MC as shown in

the input part in Fig. 5.5. We schematically illustrate it again in Fig. 5.10 to gain

a better understanding of this measurement. A sinusoidal signal is applied to an

EOM with sweep frequencies from 1 Hz to 1 MHz, which provides sidebands to

the carrier field with a continuously changing frequency. Due to the fact that
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Figure 5.10.: A schematic showing the setup to measurement cavity transfer func-

tion via EOM, which creates phase modulated sidebands. Two half-

wave plates are used to modify the phase modulation into amplitude

modulation via polarisations.

an EOM only creates phase modulation, here two half wave plates (HWPs) are

used before and after the EOM to rotate the polarisation angle, which introduces

a polarisation modulation and in turn generates amplitude modulated sidebands

to be detected by the transmitted photodiode.

Given a linearly polarised beam after the Faraday isolator, it then can be ex-

pressed by a Jones vector as

D0 =

 Dx

Dy

 = eiφ0

 cos θ

sin θ

 . (5.19)

An EOM applies a phase modulation to one unique linear polarisation and it is

determined by the design and orientation of the EOM crystal. For simplicity, we

assume only the Dx quadrature is phase-modulated and thus have

D
′

0 = eiφ0

 cos θeiδ

sin θ

 , (5.20)

150



Chapter 5. Experimental Test of Cavity Loss

where δ is a modulation input signal, i.e., cos(Ωt). It is obvious that the power

of this phase-modulated beam is a constant

I = D2
x +D2

y, (5.21)

which will not change over modulation frequency. This is the reason we use

the polarisation modulation. Again we have a linearly polarised beam after the

Faraday isolator. The first HWP rotates the polarisation angel by an angle of α1

D1 = eiφ0

 cos 2α1 sin 2α1

sin 2α1 − cos 2α1

 cos θ

sin θ

 = eiφ0

 cos(2α1 − θ)

sin(2α1 − θ)

 . (5.22)

An EOM creates phase modulation to the Dx quadrature only and we have

D
′

1 = eiφ0

 cos(2α1 − θ)eiδ

sin(2α1 − θ)

 (5.23)

immediately after the EOM. The phase modulated field enters the second HWP

and ultimately turns into

D2 =

 cos 2α2 sin 2α2

sin 2α2 − cos 2α2

D
′

1 = eiφ0

 cos 2α2 cos(2α1 − θ)eiδ + sin 2α2 sin(2α1 − θ)

sin 2α2 cos(2α1 − θ)eiδ − cos 2α2 sin(2α1 − θ)

 .
(5.24)

If 2α1 − θ = 2α2 = π/4, we then obtain

D2 = eiφ0

 1
2
eiδ + 1

2

1
2
eiδ + 1

2

 , (5.25)

which gives the output power

I = 1 + eiδ, (5.26)

being a frequency-dependent value given δ is a frequency-dependent function.
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Figure 5.11.: Plots showing a cavity transfer function measured in the lab. The

fitting results show the possibility to evaluate a cavity finesse, which

is 4214 here, via the cavity pole frequency.

The transfer function is obtained by dividing the transmitted power by the re-

flection power (see Fig. 5.10). Using a network analyser (HP 8751A) to analyse

the result, we obtained the cavity amplitude and phase TFs as shown in Fig. 5.11

(black). The fitted results (red) give the finesse estimation of the MC of 4214.

This number is smaller than the finesse estimation from a ring-down measurement

(6035). Our preliminary results show that the non-linear response of the PZT will

result in a higher finesse number from the ring-down measurement, which means

the actual finesse value will be closer to that from the cavity pole measurement.

However, further investigation on the error is beyond the scope of this thesis, and

will be developed in a follow-up study.
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5.6. Summary

Realistic implementations of filter cavities in advanced GW detectors require

minimal optical losses and a relatively short cavity length. It is generally believed

that longer cavities are less susceptible to optical losses [55]. An optimal design

will trade off the better quantum noise sensitivity against a longer filter cavity;

the original proposals always favoured a longer filter cavity. However, this is only

true given the cavity-round trip loss is independent of the cavity length (or has

negligible influence). It is of great importance to examine experimentally this

correlation.

We have designed a table-top experiment to estimate the optical losses of a cavity

with a finesse of around 2000 for a variable cavity length (from 2 cm to 2 m). This

experiment is still under construction. We have presented our first stage results,

including (i) the experimental design of a length varying cavity, (ii) simulation

results of cavity optical losses based on mirror maps of mirrors that will be used

in the real experiment, and (iii) the demonstration of two practical optical loss

estimation methods: ring-down measurement and cavity pole measurement.

5.7. Outlook

Based on the study presented in this chapter, the followup work will need to

cover three parts: (1) finalising the setup construction, including (i) the laminar

flow cabinet installation on the optical table, and (ii) the auto-alignment control

implementation; (2) measuring the ring-down response and the cavity transfer

function of the test cavity at different lengths using the methods provided in this

thesis to extract the observed cavity finesse; (3) achieving the required results, for

the cavity finesse change as a function of cavity length, including (i) non-linear
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PZT calibration, and (ii) finesse error analysis.
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Chapter 6.

Conclusion and Discussion

6.1. Summary

In the gravitational wave community, the reduction of the fundamental quantum

noise is now one of the key challenges to improve advanced and future gravita-

tional wave detectors. Currently, different schemes are considered for practical

implementations.

I first explored the intra-cavity filtering schemes to reduce the low-frequency

quantum noise. I substantiated that such a scheme in which the filter cavity is

placed inside the signal recycling cavity could be a good alternative for a speed

meter, with a small portion of the output signal representing a position response

at low frequencies. Furthermore, I compared the intra-cavity filtering to an input

filtering. A global optimisation result suggested that intra-filtering could provide

a similar quantum noise reduction as the input-filtering based on the current

Advanced LIGO infrastructure.

An alternative topology which is less sensitive to optical loss, a polarising Sagnac

topology, has been analysed for low-frequency quantum noise reduction. I found
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that the output could be dominated by its Sagnac response (speed meter) mixed

with a fraction of a Michelson response (position meter) which is induced by the

imperfection leakage from the polarising beam splitter. Due to their orthogonal

polarisations, I could employ a polarising beam splitter to combine the Sagnac

and Michelson response and use the Michelson response to provide a DC-readout

local oscillator. I have presented a polarising Sagnac interferometer with re-

duced complexity and costs but with a comparable quantum noise sensitivity as

a Michelson interferometer with filter cavities and the signal recycling mirror. By

using realistic parameters based on the ET design, we show that such a topol-

ogy could potentially be implemented for the low-frequency interferometer of the

Einstein Telescope.

I have designed, set up and constructed a new experiment to estimate the cavity

optical losses due to the cavity mirror scattering. I characterised the finesse

of a rigid cavity using both the ring-down and cavity pole measurements. My

preliminary results suggested the possibility to achieve the results we expected

and followup experiments have been planned.

6.2. Conclusion and Discussion

Future gravitational wave detectors will be limited by quantum noise. The pro-

posed schemes for reducing this noise pose technical challenges such as require-

ments for very low optical losses. My work contributes to the existing quantum

noise reduction schemes by providing practical alternatives that are able to relieve

originally stringent technical requirements, by being more robust to optical losses

and lowering manufacturing requirements on optical components, while retaining

a very good quantum noise performance. The generic quantum noise analysis

method illustrated in this thesis may be applied to gravitational wave detectors
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with diverse optical topologies and configurations.

The alternative optical filtering schemes I have presented in Chapter 3 assist in

our understanding of the role of different optical filtering schemes for quantum

noise reduction. We found that the intra-cavity filtering can reduce the quantum

noise to a low level as the input filtering does. For Advanced LIGO, it will be a

strong candidate to be implemented. Besides, its speed meter response remains

to be investigated, representing an interesting experimental project in itself.

The research of a realistic polarising Sagnac topology presented in Chapter 4

makes an important contribution to future gravitational wave detectors, in par-

ticular the study of a practical readout scheme would add substantially to our

understanding of the feasibility to use a speed meter. Since ET has been en-

visaged as an infrastructure that could host different implementations of GW

detectors over a long time, I believe a polarising Sagnac interferometer is highly

attractive alternative to the current baseline design.

In Chapter 5, I presented the setup and characterisation of an experiment to in-

vestigate optical cavity losses. In the future this experiment will also be used to

characterise near-unstable cavity and to investigate the accuracy of using mea-

sured mirror surface maps for the estimation of optical losses. This work will

support the commissioning of advanced detectors indirectly and will provide es-

sential input for the design of future detectors relying on improved mirror surface

figures.

My research has substantiated feasible alternative schemes for gravitational wave

detectors, and it also raises several interesting questions in need of further inves-

tigation. It is shown that the intra-cavity filtering working as a speed meter gives

a sensitivity curve mixing the position meter response at low frequencies and the

speed meter response at the intermediate frequencies. This output is similar to
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the response of the imperfect polarising Sagnac. Further studies are required to

investigate the feasibility to use the low-frequency position response signal as a

local oscillator for the homodyne detection.
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Appendix A.

Fabry-Pérot Cavity

We detail the properties of a linear Fabry-P’erot cavity here. A Fabry-Pérot

cavity consists of two mirrors, separated by a distance of L, and is schematically

shown in Fig. A.1. Cavity mirrors are defined by mirror reflection coefficients r1,2,

transmission coefficients t1,2 and loss coefficients ε1,2 or mirror reflectivity R1,2,

transmissivity T1,2 and loss E1,2. They satisfy

R1,2 + T1,2 + E1,2 = 1, R1,2 = r2
1,2, T1,2 = t21,2, E1,2 = ε21,2, (A.1)

The electric fields (aj) at different ports follow relations

a2 = r1a1 + it1a4, a3 = it1a1 + r1a4, a4 = e−iωL/ca6,

a5 = e−iωL/ca3, a6 = r2a5, a7 = it2a5. (A.2)

Assuming a1 is the only input field, solving the above equations, we can express

each field as a function of a1 as

a2 =
r1− (1− r2

1 − t21)r2e
−2iωL/c

1− r1r2e−2iωL/c
a1, a3 =

it1
1− r1r2e−2iωL/c

a1,

a4 =
it1r2e

−i2ωL/c

1− r1r2e−2iωL/c
a1, a5 =

it1e
−iωL/c

1− r1r2e−2iωL/c
a1,

a6 =
it1r2e

−iωL/c

1− r1r2e−2iωL/c
a1, a7 =

−t1t2e−iωL/c

1− r1r2e−2iωL/c
a1. (A.3)
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Mirror2Mirror1

L

Mirror2Mirror1

L

Figure A.1.: Schematics of a linear Fabry-Pérot cavity with a length L. Righthand

plot illustrates incoming and outgoing light fields aj, j = 1, ..., 7 at

different ports. r1,2 and t1,2 are the reflectivity and transmissivity

coefficients of Mirror1 and Mirror2 respectively.

Laser power circulating inside the cavity is therefore given by

Ic = a3 · a∗3 =
T1

1 +R1R2 − 2r1r2 cos(2ωL/c)
|a0|2. (A.4)

The power reaches its maximum value when cavity parameters satisfy 2ωL/c =

N ·2π, and the cavity is called a resonant cavity. When a cavity is anti-resonant,

it has the minimum power with 2ωL/c = N · (2π + 1/2π). Assuming an input

power of |a0|2 = 1 W, the circulating power Ic changing as a function of laser

frequency is shown in Fig. A.2. The frequency difference between the two peaks

(or valleys) is called the free spectral range (FSR), defined by

FSR =
c

2L
. (A.5)

Cavity bandwidth γ (also referred to as linewidth) is another important parameter

of a cavity and is determined by the full width at half maximum value, which can

be expressed as

γ =
2FSR

π
arcsin

(
1− r1r2

2
√
r1r2

)
. (A.6)

Associated with this is the cavity pole frequency fp, and it is defined as half of

the linewidth fpole = γ/2.

Cavity finesse is defined by the ratio of the cavity FSR and bandwidth:

F =
FSR

γ
=

π

2 arcsin
(

1−r1r2
2
√
r1r2

) ≈ π

1− r1r2

. (A.7)
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Figure A.2.: A plot showing the circulating power inside a linear Fabry-Pérot cav-

ity. The cavity is on resonance when the power reaches its maximum

value. The frequency difference between the two peak is called the

free-spectral-range (FSR).

We notice that the power circulating inside a cavity will be built up at its reso-

nance position and it is associated to the cavity finesse as

Imax
c = I0 · F/π, (A.8)

with I0 being the input power. This is the basic idea for using a power recycling

cavity to lower the requirement for the input laser power. Cavities have been

extensively investigated for GW detection: the arm cavities and a signal recy-

cling cavity to increase signal storage time, a power recycling cavity to ease the

input laser power requirement, as well as filter cavities which help to introduce a

frequency-dependent rotation angle.

A cavity traps the light field inside the resonator, which effectively increases

the light field travelling time and solves the issue of an impractically long arm

installation for GW detectors. The storage time is given by

τs ≈
L

c

F
π
, (A.9)

161



Appendix A. Fabry-Pérot Cavity
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Figure A.3.: Plot showing circulating power inside a symmetric Fabry-Pérot cav-

ity with finesse 500, assuming a monochromatic incident power of

1 W.

where F is by Eq. (A.7).

The fields in Eq (A.3) confirm that the cavity response, either in reflection or

transmission, is determined by the mirror parameters r, t, and ε. They are also

functions associated with the cavity length L and the input laser frequency ω. For

example, we consider a symmetric cavity with finesse 500, where r1 = r2 = 0.997

and E = 75 ppm. Figures A.4 and A.5 show the transmitted and reflected power

when the cavity length and input laser frequency is changing. It is clearly shown

in Fig. A.4(a) and Fig. A.4(b) that with a monochromatic input field, the power

of the transmitted and reflected fields alter as a function of cavity length and

at its resonance position the transmitted power is maximum while the reflection

power is almost zero. Since the cavity offset change is typically in the order of

1 um (one wavelength), we can convert the cavity offset distance into a detuning

phase, which means that a displacement of one wavelength λ corresponds to a 2π

phase change. Meanwhile, the cavity response differs for different input laser fre-

quencies as shown in Figs. A.5(a) and A.5(b). This frequency-dependent feature
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Figure A.4.: Plots showing the change in the transmitted and reflected power as

a function of cavity length by a symmetric Fabry-Pérot Cavity. The

Finesse is around 500 (r1 = r2 = 0.997) and each mirror has loss

E = 75 ppm.

enables the use of Fabry-Pérot cavities as filter cavities and will be significant in

Chapters 3 and 5.
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Figure A.5.: Plots showing the change in the transmitted and reflected power as a

function of laser frequency by a symmetric Fabry-Pérot Cavity, with

a Finesse around 500 (r1 = r2 = 0.997) and each mirror has loss

E = 75 ppm.
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Appendix B.

Input-output relation for the

three-port junction in the

intra-cavity filtering scheme

Here we show the details for the input-output relation of the three-port vortex

(one input and one output for each port) formed by the ITM, the sloshing mirror,

and the SRM in the intra-cavity filtering scheme. We define the characteristic

frequencies of the intra-cavity filtering used in the Hamiltonian in Section 3.2.2.

In Fig. B.1, we show the reflectivity for each optic and its convention of sign. By

using the junction condition on each optic, we obtain

vref = Mt v
in (B.1)

with vref = [cref
a , c

ref
b , d

ref ]T and vin = [cin
a , c

in
b , d

in]T (the superscript T denotes

the transpose) and Mt being the transfer matrix. The transfer matrix has the

following property:

Mt = MT
t , MtM

†
t = I, (B.2)
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closed
port

Figure B.1.: Figure illustrating the three-port vortex that we are interested in.

We map the two arm cavities into a single cavity (denoted by the

dashed box), following [65]. Here, ri (complex) and ti (real) are the

amplitude reflectivity and transmissivity of the optics. The sign of

convention for the reflectivity are indicated by ±, where the ampli-

tude reflectivity on the positive side is r and the minus side is −r∗

(complex conjugate).

which means that Mt is a symmetric unitary matrix. This gives the Stokes

relation for such three-port linear optics. More specifically, the elements of Mt

in terms of the reflectivity and transmissivity of each optic are given by

M11 =D−1[rITM − r∗sr2
bs − rITMrsrr

∗2
bs

+ (rsr + rITMr
∗
s)t

2
bs + r∗srsr] , (B.3)

M12 =D−1(rbs − rsrr
∗
bs)tITM ts , (B.4)

M13 =D−1(1 + r∗s)tITMtsrtbs , (B.5)

M22 =D−1[rs − r∗ITMr
2
bs − rsrsrr

∗2
bs

+ (1 + r∗ITMrsrsr)t
2
bs + r∗ITMrsr] , (B.6)

M23 =D−1(−r∗bs − r∗ITMrbs)tstsrtbs , (B.7)

M33 =D−1[−r∗sr + r∗2bs + r∗ITMr
∗
sr
∗
srr

2
bs

− (r∗ITM + r∗sr
∗
sr)t

2
bs − r∗ITMr

∗
s ] , (B.8)
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where the denominator D reads

D = 1− r∗ITMr
∗
sr

2
bs − rsrr

∗2
bs + (r∗ITMrsr + r∗s)t

2
bs + r∗ITMr

∗
srsr .

From the above input-output relation, we can define the effective coupling among

three optical modes ca, cb and the external continuum d. Specifically, we introduce

the sloshing frequency between ca and cb:

ωs ≡
c|M12|

2
√
LarmLs

, (B.9)

and two decay rates for each mode:

γa ≡
c|M13|2

4Larm

, γb ≡
c|M23|2

4Ls
. (B.10)

In addition, the resonant frequencies for each modes can also be defined, and we

have

ωa ≡
c arg(M11)

2Larm

, ωb ≡
c arg(M22)

2Ls
, (B.11)

with ‘arg’ being the phase angle.
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Appendix C.

Complete output equations

Here we present the complete equations of the two polarised output fields from a

Sagnac interferometer with an imperfect PBS (see Eqs. (4.13) and (4.14)). qp1(Ω)

qp2(Ω)

 =
[
−√ηpI + (1− ηp)

√
1− ηsMCLGMsag

] gp1(Ω)

gp2(Ω)


+
√

1− ηp
√
ηsMCLGMarm

 gs1(Ω)

gs2(Ω)


+
√

1− ηp
√

1− ηsMCLGHsagh(Ω)

+
√

1− ηp
√

1− ηsMCLGNsag

 n1(Ω)

n2(Ω)

 , (C.1)

 qs1(Ω)

qs2(Ω)

 =−
[
−
√

1− ηsI + ηs
√
ηpMCLGMsag

] gs1(Ω)

gs2(Ω)


+
√
ηs
√

1− ηpMCLGMarm

 gp1(Ω)

gp2(Ω)


+
√
ηsMCLGHarmh(Ω)

+
√
ηsMCLGNarm

 n1(Ω)

n2(Ω)

 . (C.2)
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