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Abstract

Let T : X — X be a function from a countably infinite set X to itself. We consider
the following problem: can we put a structure on X with respect to which 7" has some
meaning? In this thesis, the following questions are addressed: when can we endow X
with a topology such that X is homeomorphic to the rationals Q and with respect to
which T is continuous? We characterize such functions on the rational world. The other
question is: can we put an order on X with respect to which X is order-isomorphic to the
rationals Q, naturals N or integers Z with their usual orders and with respect to which
T is order-preserving (or order-reversing)? We give characterization of such bijections,
injections and surjections on the rational world and of arbitrary maps on the naturals and

integers in terms of the orbit structure of the map concerned.
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Introduction

Dynamical systems arise in many areas of study, but from a purely theoretical viewpoint
one may study the action of a function on an abstract topological space. Let T': X — X
be a function on a non-empty set X. D. Ellis in [6] asked a question: is there a non-trivial
topology on X so that T" will be continuous? Contributions towards solving the problem
were made by both Ellis [6] and Powderly and Tong [25]. The answer to this question
was given by De Groote and De Vries [2], they showed that if X is infinite, then there is
always a non-discrete metrizable topology on X such that 7" is continuous. De Vries in [3]
proved that the Continuum Hypothesis is equivalent to: If X has cardinality ¢ and 7' is a
bijection, there is a compact metric topology on X under which X is a homeomorphism.
Good et al. in [11] suggested a fundamental question: If 7': X — X is a function and P
is some topological property, when can we put a topology on X that satisfies P and makes
T continuous? They showed that there is a complete answer in the case when P is taken
to mean compact and Hausdorff. This answer is in terms of orbit structures of the map
T. Iwanik in [16] had earlier given an answer of this problem but for bijections. Another
result by Good and Greenwood in [12] showed that there exists a separable metrizable
topology or a hereditarily Lindelof topology on X with respect to which 7' is continuous;
this answer depends on the cardinality of the set X. Several authors have studied model
theoretic aspects of structures of the form 7' : X — X (see for example [18]), we do not

touch on this in this thesis.



In this thesis we consider P to mean “homeomorphic to the rational space Q”; so the
question is: when can one endow X with a topology such that X is homeomorphic to
the rational space QQ and with respect to which 7" is continuous? Mekler [22], Neumann
23] and Truss [31] studied the situation when G is a group of permutations acting on a
countably infinite set X.

This problem leads us to a more general question: Let 7" : X — X be a function on a
non-empty set X, can one put an order on X with respect to which 7' is order-preserving
(or order-reversing) and X has some property P. We study the cases when P means
“order isomorphic to the natural numbers N, integers Z or the rationals Q7 with their
usual orders.

In Chapter 1, we introduce fundamental definitions and results of abstract topological
dynamical systems that are useful throughout the thesis. Next, we discuss autohomeo-
morphisms of the rational world as given by Mekler [22], Neumann [23] and Truss [31].
Then we go through some conditions on a group of permutations as given by Truss in
[31].

In Chapter 2, Theorem 2.3 provides the necessary and sufficient conditions for a count-
able set X with self-map T to be endowed with a topology with respect to which T is
continuous and X is homeomorphic to Q. The same question is answered for a number
of self-maps defined on X (see Theorem 2.10 and Theorem 2.11). This study is in terms
of the inverse images of certain subsets of X. In this chapter we also state a number of
other related results and examples in terms of the orbit structures of the maps.

In Chapter 3, we study the cases in which we can put a linear order on a set with self-
map 7' so that T is an order-preserving map and X is order-isomorphic to the rationals
Q, integers Z or naturals N with their usual order. This study is in terms of the
orbit structure of the map concerned. We start in the first section with giving results

and properties of order-preserving self-maps on any set, we also prove in Theorem 3.17



that any set with self-map T can be linearly ordered such that T is order-preserving
provided that 7" has no cycles of length greater than 1. Then we give characterization of
order-preserving bijective and injective self-maps on the rationals Q. Our main theorem
in Section 3.2 is Theorem 3.33 which describes the orbit structure of order-preserving
surjective self-maps on Q. Necessary conditions on the orbit structure of order-preserving
surjections on Q are discussed followed by various results required in the proof of the
main theorem of order-preserving surjections. We end this section with some examples of
the general case and give some orbit structure of maps which cannot be order-preserving
on Q. In the final two sections we give the orbit structure of order-preserving self-maps
on sets that are order-isomorphic to the naturals N (Theorem 3.53) or the integers Z
(Theorem 3.65).

Chapter 4 is devoted to the investigation of order-reversing self-maps. The structure
of this chapter is similar to Chapter 3, we start with proving a number of results and
properties of order-reversing self-maps on any set, the main theorem of this section is
Theorem 4.14. The orbit structure of order-reversing bijections, injections on QQ was
given in Section 4.2. Our main theorem in this section is Theorem 4.29 which describes
the orbit structure of surjections on the rational world. In the last two sections we give
the orbit structure of order-reversing self-maps on the naturals N (Theorem 4.37) and the

integers Z (Theorem 4.45).



Chapter 1

Preliminaries

1.1 Basic Definitions and Results

This section contains some preliminary definitions and results which mostly can be found
in [11] and will be used throughout our thesis.

Let T : X — X be a function and let ~ be a relation on X defined as:
xr ~y < there exist m,n € N with 7™ (z) = T"(y).
The relation ~ is an equivalence relation, whose equivalence classes are the orbits of T,

or T-orbits [11].

Definition 1.1. [11],[12] Let T": X — X be a function and O be an orbit of the function

T.

(1) O is an n-cycle, for some n € N, if there are distinct points xg, ..., x,_1 in O such

that T'(x;_1) = x;, where i is taken modulo n.

(2) O is a Z-orbit if there are distinct points {x; : i € Z} C O such that T'(x;_1) = x;

for all 7 € Z.



(3) O is an N-orbit if it is not a Z-orbit and there are distinct points {x; : i € N} C O
such that T'(z;) = x;11 for all i € N. In other words, O is an N-orbit if it is neither

an n-cycle for some n € N, nor a Z-orbit.

The set S = {z; : i € M} which witnesses that O is an n-cycle, Z-orbit or N-orbit,

where M is an appropriate indexing set, is called a spine for O [11].

The three different kinds of orbits in Definition 1.1 are illustrated in the following

figures. In Figure 1.1, we give a picture of a 3-cycle.
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Figure 1.1: A 3-cycle.

In Figure 1.2 we have a picture of a Z-orbit and Figure 1.3 gives an example of an

N-orbit.



Figure 1.2: A Z-orbit.
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Figure 1.3: An example of N-orbit.
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Example 1.2. [12] Let X = {z, :n e N} U{z;; :0<j<ie N}. Let T: X — X be
the map defined by

Lij—1, x:ija]-S]SZENv

T(x) = Tpi1, T =xp,n >0,

o, r = ;0,1 € N.
\

Then T has exactly one N-orbit with infinitely many possible spines. Figure 1.4 illustrates
the orbit of T'.
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Figure 1.4: The Orbit of T



Example 1.3. [4, 3.12, 3.4] Let S! denote the unit circle in the plane. We denote a
point in S! by its angle # measured in radians in the standard manner. So, a point is
determined by any angle of the form § + 27n, n € Z. Let a € R and let T, : S* — S! be
the map defined by T,(0) = 0 + 2na. If « € Q, say a = p/q with p,q € Z and p, q are
coprime, then each point in S! lies in a cycle of length ¢q. But when o ¢ Q, then T, has
no cycles and the orbit of every point in S* is dense (the second case is known as Jacobi’s

Theorem).

Proof. [4, 3.13] Let a = p/q € Q. Clearly, for each § € S* we have T4(0) = 6 + 27p = 0,
thus, every point in S! lies in a cycle of length gq.

Let a ¢ Q and 6 € S'. If we suppose that T"(6) = T™(6), for some n,m € N, then
(n — m)a € Z, so n = m, hence, the points on the orbit of § are distinct. Now, since
any infinite set on the circle must have a limit point, so given any € > 0, then there exist
n,m € 7Z for which |T™(0) — T™(0)| < e. If | = n —m, then |T'(0) — 0| < €. Since T,
preserves lengths in S!, then T maps the arc between 6 and T () to the arc between
T! () and T (#) which has length less than e. It follows that 8, T'(0), T2 (6), ... partitions

St into arcs of length less than e. Since € was arbitrary, the orbit is dense. Thus, every

orbit is a Z-orbit. O

Definition 1.4. [11] Let 7' : X — X be a function. The orbit spectrum of T' is defined

to be the sequence

O'(T) = (V,C,O’l,O'Q,O'g,...)

of cardinals, where v is the number of N-orbits, ( is the number of Z-orbits and o, is the

number of n-cycles.

Definition 1.5. [11] Let O be an orbit of a function 7" : X — X. We say that O is a

simple orbit if T' [ O is one-to-one, so that O consists only of a spine. A semi-simple
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n-cycle is an orbit O = {z; : 0 <i<n}U{y; : j € N}, 2; # y,; for all 0 < i < n and
Jj € N, such that T'(x;) = x;4q for i <n—1, T(z,—1) = xo, T(y;) = yj—1, j # 0 and

T'(yo) = 7o-

The semi-simple n-cycle is illustrated in Figure 1.5.

Figure 1.5: A semi-simple n-cycle.

Definition 1.6. [11] The canonical representation of a sequence of cardinals o =
(v,(,01,09,03,...) is the function T : X — X with o(T) = o, each of whose orbits
is simple. A semi-canonical representation of o is a function T': X — X with o(T') = o,

each of whose orbits is simple except for one semi-simple n-cycle.

Definition 1.7. Let T : X — X be a function and let ~ be an equivalence relation on
X defined by:

x ~y < there exists i € N with T(z) = T"(y).

Consider E. to be the family of all equivalence classes of X under ~. Let O be an orbit

of T with spine S indexed as {x; : i € M}, where M is either N, Z or {0,...,n—1},0 #

9



n € N, as appropriate. Consider E. to be indexed as follows. For each x; € S, let L;(O)

denote the equivalence class of x;; that is,

Li(0) = U {r €O :T"(z) =T"(x;)}

meN
and if O is an N-orbit with 771 (Ly(O)) # 0, then for each k < 0, let L,(O) = T~ (Ly41(0)).

The following lemma collects a number of facts about L;(O) we will need to use later.

The proof follows directly from the definition above.
Lemma 1.8. Let T : X — X be a function and let O be an orbit of T with spine S.

(1) For each i € N, where N is either Z or {0,...,n — 1},0 # n € N, we have

T-YL;(0)) = L;_1(0), where i — 1 is taken module n when O is an n-cycle.
(2) O =Uen Li(O) and L;(O) N L;(O) = ) whenever i # j.
Now we give a proof of the following result that we will use later.

Lemma 1.9. Let T : X — X be a function and let O be an orbit of T. Let S be a spine
of O indexed as {x; : i € M}, where M 1is either N, Z or {0,...,n—1},0#n € N.

(1) If O is a Z-orbit (or an N-orbit), then T? | O has, in total, two Z-orbits (or
two N-orbits). Moreover, the orbits of T?> | O are O = Ukez L2k (O) and Oy =
Urez Lor+1(O). Spines may be chosen so that for all i € Z, L;(O1) = Ly (O) and
Li(O2) = L 41(0).

(2) If O is an n-cycle, then T? | O has, in total, two n/2-cycles if n is even, and one
n-cycle if n is odd. If n is even, the orbits of T? | O are O; = U,i_ol Lox(O) and
O3 = U2y Lows1(0). The spines may be indezed so that for all i, Ly(0y) = Ly;(O)
and L;(O3) = Lo 1(0). If n is odd, the orbit of T? | O is O itself. The spine may

10



be indexed so that for all i, writing LT°(O) for L;(O) as evaluated with respect to

the map T, LT"(O) = L;(O) where j = 2i(mod n).
(3) O is simple if and only if all orbits of T? | O are simple.

Proof. (1) Let O be a Z-orbit with spine S indexed as {z; : i € Z} so that T'(x;) = ;41
for each i € Z. Since for each i € Z, T(x;) = x;41, then T?(x;) = T(2;41) = Ts42. This
means that all points of the set S; = {x; : i is even} lie in the same orbit under T2, say
Oq; and all points of the set Sy = {x; : i is odd} lie in the same orbit under T2, say Os.
So, S1 NSy =0 and O; # O,. Hence, T? has two Z-orbits O; and O, with spines S; and
Sy respectively.

For each i € Z, if x € L;(O), so T™(z) = T™(x;) for some m € N, then we have
two cases: if m = 2k, k € N, then (T?)*(x) = (T?)*(z;). If m = 2k +1, k € N, then
T4 (z) = T (z;) so (T?)*Y(x) = (T?)F*1(x;); hence, z and x; lie in the same orbit
under T2. Hence, all points in the set L;(O) lie in Oy if 7 is even and lie in O, if 7 is odd.
Hence, Oy = Uz Lok(0) and Oy = U,y Lok11(0) with O U O, = O, 01 N0, = 0 and
each of O; and O is a Z-orbit with spines S; and S respectively. Spines of O; and O,
may be chosen so that for all i € Z, L;(O1) = L;(O) and L;(O3) = Lg;11(0O). The case
when O is an N-orbit follows in the same way.

(2) Let O be an n-cycle with spine S indexed as {zg, x1, ..., Z,_1} so that T'(x;) = x;41
for each 0 <4 < n and i is taken module n. Under the action of 7% we have T?(z;) = x;42.

So, if n is odd then n — 1 is even and T?(x,_1) = 1, so we have
Togr> Tob=> ... Ty 1 T —> T3+ ... Tp_o — Io.

so T? has an n-cycle with spine S. If n is even, then n — 1 is odd, so T?(z,_;) = z; and

11



T?*(x,_2) = xo. So, under the action of 72 we have
Tor=> Tob—> ... > Tp_o+— X

and

T > T3> ...~ Ty +— T1.

But this means that S = S; U Sy, where S} = {x; € S : iiseven} and Sy = {z; € S :
iis odd} so S;1 NSy = . So there is two cycles each of length n/2. The proof of the
second part follows in the same way as in (1).

(3) The proof of this statement follows from the proof of (1) and (2) above. O

Neumann in [23] gave a definition of boundedly periodic orbit spectrum (or type as
he called it) for bijections, the following definition is the same as he gave but for any

function rather than bijections.

Definition 1.10. Let 0 = (v,(, 01,09, 03,...) be a sequence of cardinals. ¢ is said to be

boundedly periodic if v = 0, ( = 0 and there exists m € N such that o, = 0 for all & > m.

Definition 1.11. [12] Let 7': X — X be a function and let Y C X. For any ordinal «

and any limit ordinal 8, define T (V) = T(T*(Y)) and T#(Y) = e T*(Y).
Now, the following definition comes from [12].

Definition 1.12. Let T : X — X be a function. The rank of © € X under T is defined

as

iz a ifxreT*X)\T(X),
Tl =
oo ifx e THX),

where p is the least ordinal such that T#(X) = T'(T*(X)).

12



Now we give the following result that we need to use later, the result can be found
with its proof in [12].
Lemma 1.13. Let T : X — X be a function and x € X. ||z|| = oo if and only if there
erists a sequence xg, T1,Ta, . .., such that xg = x and T'(x;41) = x;. In particular, if © lies
in the spine of a Z-orbit or of an n-cycle, then ||x|| = oo, and if |z|| = oo, then x is not

i an N-orbit.

Proof. Obviously, if there is a sequence xg, z1, s, ... such that xg = x and T'(z;41) = =y,
then zy € T*(X) for all ordinals «, hence ||z|| = co. Now, let ||z| = oo, in other words
r € T%(X) for all ordinals a. If we suppose that ||y|| < co for each y € T7'(z), then
|z|| = sup{||lyll +1:y € T71(x)} < oo, so there is some x; € T~ (x) with ||z|| = oco.
Therefore, there is an infinite sequence xg, z1,xs,... with o = z, and z; = T(x;41), as

required. O

The following definition was first introduced in [17].

Definition 1.14. [17],[11] Let 7" : X — X be a function. The orbit spectrum o(7') is
said to be finitely based if the set s = {n € N : g,, # 0} has the following property: there
exists a finite subset {ni,ng,...,nx} of s such that every j € s is a multiple of some n,,

1<i<k.

We end this section with state a number of related theorems and results. Good et al.
in [11] gave a characterization of continuous functions on compact Hausdorff spaces as

follows.

Theorem 1.15. [11] Let X be an infinite set and T : X — X be a function with orbit

spectrum

o(T) = (v,(,01,09,...).

There is a compact Hausdorff topology on X with respect to which T is continuous if and

only if T**1(X) = T*(X) # 0 and one of the following holds:

13



(1) ¢4 > ,en Tn = ¢ (¢ is the cardinality of the continuum,); or
(2) both ¢ #0 and ), yon #0; or
(3) ¢ =0 and either

(a) o(T) is finitely based; or

(b) T'| T¥(X) is not one-to-one.

Iwanik [16] had earlier studied the situation when 7" : X — X is a bijections and given

the following result.

Theorem 1.16. [16] Let T : X — X be a bijection. There is a compact Hausdorff

topology on X under which T is continuous if and only if none of the following holds:
(1) |X| < ¢ and all orbits are infinite;
(2) |X| < ¢, all orbits are finite and the orbit spectrum is not finitely based.
Homeomorphisms on compact metric spaces are characterized in [11] as follows.

Theorem 1.17. [11] Let T : X — X be a bijection with orbit spectrum

o(T)=(0,(,01,009,...).

There is a compact metric topology on X with respect to which T' is a homeomorphism iff

¢ and each o,,n € N, is either countable or has cardinality ¢, and either:
(1) [X]=¢;or
(2) ¢(#0and ), yon #0; or

(3) o(T) is finitely based.

14



The following result comes from [12].

Theorem 1.18. Let T : X — X be a function. There is a (zero-dimensional) Tychonoff,

Lindelof topology on X with respect to which T is continuous provided either:
(1) T (X) = T +Y(X) # 0; or
(2) T*(X) =0 for some a < ¢™.

Good et al. in [12] shown that the existence of separable metrizable topology or a
hereditarily Lindelof topology on a set X with respect to which 7": X — X is continuous
depends on the cardinality of the set X. The next theorem comes from Theorem 1.8 in

[12].
Theorem 1.19. Let T : X — X be a function, the following are equivalent:
(1) |X|<c.

(2) There is a (zero-dimensional) Hausdorff, hereditarily Lindeldf topology on X with

respect to which T 1s continuous.

(3) There is a (zero-dimensional) first countable, Hausdorff, Lindeldf topology on X

with respect to which T is continuous.

(4) There is a (zero-dimensional) first countable, Hausdorff, separable topology on X

with respect to which T is continuous.

(5) There is a (zero-dimensional) separable metrizable topology on X with respect to

which T s continuous.

1.2 Autohomeomorphisms in the Rational World

In this section we discuss autohomeomorphisms of the rational world as given by Neumann

23], Mekler [22] and Truss [31]. We start with giving a theorem of Sierpinski which

15



describes which space is homeomorphic to the rationals. Neumann called such spaces the
rational world and he modified what Sierpinski published in 1920 (see [28]) and gave a

proof of Sierpinski’s Theorem (see [23, p.440], [28], see also [29, p. 142]).

Theorem 1.20. (Sierpinski, Neumann [23]) Let X be a second countable, 0-dimensional
and Ty topological space. Then X is homeomorphic to a subspace of R. If moreover X is

countable and has no isolated points then X is homeomorphic with Q.

Let G be a group of permutations acting on a countably infinite set X. Let H(Q)
denote the group of all autohomeomorphisms of Q. Mekler [22] and Truss [31] studied the
cases in which the group G can be embedded in H(Q); that is, when a bijection from X
to Q induces an embedding of G into H(Q). Neumann [23] described the orbit structure
of autohomeomorphisms of Q.

Recall that if T € G then support T={z € X : T'(z) # x}. Now, from Truss [31], we

have the following four definitions.

Definition 1.21. We say that a group G satisfies NC, or Neumann’s Criterion, if for

every non-identity member 7" of G, support T is infinite.

Definition 1.22. A group G is said to have MC, or Mekler’s Criterion, if for every finitely

many members T}, ..., T, € G, then N{ support T; : 1 < i < n} is empty or infinite.

Definition 1.23. We say that G satisfies SMC, or Strong Mekler’s Criterion, if for every
finitely many non-identity members of G, T1, ..., T, we have N{ support T; : 1 <i < n}

is infinite.

Definition 1.24. We say that G satisfies SH, Sharp, if for any non-identity member

T € G, then X \ support T is finite.

Observation 1.25. [31] For any group G, then SH = SMC = MC = NC.

16



The condition MC is a reformulation of the property that Mekler gave in [22] (this
reformulation as MC is due to Neumann, ([31])). Mekler called it the mimicking property

and he defined it as follows.

Definition 1.26. [22] We say that a group G has the mimicking property if for all
T1,Ts,...,T, € G and x € X there are infinitely many y such that : for all ¢ and 7,
Ti(y) = T;(y) implies that T;(x) = T};(z).

The following result comes from [22], but we give here another proof using MC prop-

erty.
Lemma 1.27. H(Q) has the mimicking property.

Proof. We will show that H(Q) satisfies MC, which means that it has the mimicking
property. Suppose that T1,...,7T, € H(Q). Since Q is a Hausdorff space, then we have
each Y; = {z : T;(z) = x} is closed, and then (J;_, Y] is also closed. So, the complement
Ni; Y is open and hence it is either empty or infinite since @ has no isolated points.

Consequently, since Y;* = {x : Tj(x) # x} = support T;, we have the required. O

Mekler in [22] gave the following theorem which give the necessary and sufficient
conditions for G to be embedded in H(Q). Truss in [31] gave a different proof of the same

theorem.

Theorem 1.28. (Mekler [22]) Any countable group G has the mimicking property if and
only if it can be embedded in H(Q).

Proof. See [22, 1.5]. O

Neumann in [23] characterized autohomeomorphisms in the rational world in terms of

the orbit structure of the map concerned.
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Theorem 1.29. [23] The canonical representation T : X — X of any sequence of car-
dinals o0 = (0,(, 01, 09,03, ...) is an autohomeomorphism with X is homeomorphic to Q

except the case when o is boundedly periodic and does not satisfy the following condition:

if o # 0 then there exists n such that m divides n and o, = w.

Proof. See [23, Prop. 2, Prop. 3, Prop. 4, Theorem p.446]. O

The next theorems give characterization of functions that satisfy NC, MC, SMC or

SH in terms of their orbit structures.

Theorem 1.30. [31] Let 0 = (0,(, 01,09,03,...) be a sequence of cardinals. The canon-
ical representation T : X — X of o is a member of a group satisfying NC if and only if

one of the following holds.

(1) ¢#0; or

(2) ¢ =0 and o is not boundedly periodic; or

(3) o is boundedly periodic and if L = LCM{n : 0, = w} then o, # 0 — n divides L.
Proof. See [31, 4.1.]. O

Theorem 1.31. [31] Suppose 0 = (0,(,01,09,03,...) is a sequence of cardinals. The
canonical representation T : X — X of o is a member of a group satisfying SMC if and

only if one of the following holds.
(1) ¢#0; or
(2) ¢ =0 and o is not boundedly periodic; or
(3) o is boundedly periodic, and if L = LCM{n € N: g,, # 0} then o, = w.

Proof. See [31, 4.3.]. O
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Theorem 1.32. [31] A sequence of cardinals o = (0,(, 01, 09,03, ...) is an orbit spectrum

of a member of a group satisfying MC if and only if one of the following holds.

(1) ¢#0; or
(2) ¢ =0 and o is not boundedly periodic; or

(3) o is boundedly periodic and if o, # 0 for some n, then there is m such that o, = w

and n divides m.

Proof. The proof of this theorem follows immediately from Theorem 1.29 and Theorem

1.28. Also, Truss in [31, 4.2] has given a different proof of this result. a

The proof of the following theorem follows along similar lines to the previous three

theorems (Truss [31]).

Theorem 1.33. [31] Suppose 0 = (0,(,01,02,03,...) is a sequence of cardinals. The
canonical representation T : X — X of o is a member of a group satisfying SH if and

only if one of the following holds.
(1) 0, < w for every n € N; or

(2) for some finite n, o, = w,y. . o is finite, ( = 0 and o, = 0 for all m not

m#n
dividing n.

Next we will give two examples (quoted in [31]), the first one shows that there is a
group (17) satisfying NC which cannot be embedded in H(Q), and the second shows that
there is a group (73) satisfying MC and hence is embeddable in H(Q) but fails to have
SMC and SH properties. This illustrates that the necessary and sufficient condition for
a group G to be embedded in H(Q) is MC, the mimicking property. Mekler in [22] had

earlier given an example of a permutation group which satisfies NC but not MC.
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Example 1.34. [31] Let 77 : X — X be a bijection with countably infinitely many 12-
cycles, countably infinitely many 18-cycles, one 36-cycle and no other cycles [23]. Then
by Theorem 1.30, (77) satisfies NC. But from Theorem 1.32 and Theorem 1.28, it cannot

be embedded in H(Q).

Example 1.35. [31] Let T3 : X — X be a bijection and let o(73) = (0,0, 0y, 09, . .. ) such
that 019 = w, 018 = w and o, = 0 otherwise. According to Theorem 1.32 and Theorem
1.28, (T5) satisfies MC, so it can be embedded in H(Q). But from Theorem 1.31 and
Theorem 1.33, it does not satisfy SMC nor SH.
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Chapter 2

Continuity in the Rational World

2.1 Proof of the Main Theorem of Continuity in the

Rational World

In this section, we give a proof of the main theorem of this chapter, Theorem 2.3, which
is a generalization of Mekler’'s Theorem. If T : X — X is an arbitrary map on the
countable set X, this theorem provides the necessary and sufficient conditions for X to
have a topology with respect to which 7T is continuous and X is homeomorphic to the
rational space Q.

Let X be a countably infinite set and 7" : X — X be any function. In the following,

we consider that N includes 0. For each n € N and x € X, let C,,, be the set defined by

and for every [,m € N, consider D;,, to be the set defined as

Dy ={r € X : T'(x) = T™(2)}.
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Now, we can define the families C' and D as follows:

C={Chs:neN ze X}

D= {Dl,m . l,m € N}

Now, let B ={X \ E: E € C'U D} and then define B to be the family that consists of

X and all finite intersections of sets in ', namely
B={X}U{(\Bi:Bi,....By € B, ke N}
i<k
This means that B consists of X and sets of the form

X\ U T7@)u [ e T@) =T"())),

(ryx)eF (Iym)ed
for some finite sets F' C N x X and J C N x N.

Observation 2.1. If X is a Hausdorff space and 7' : X — X is continuous then every

element of B is an open subset of X.

If we take X to be homeomorphic to the rational space and consider T': X — X to

be a continuous function, then we have the following.
Proposition 2.2. Let T : Q — Q be a continuous function, then any member of B 1is
either empty or infinite.

Proof. Since Q is a Hausdorff space and from the Observation above, every member of B
is an open subset of Q. Thus, the proof follows immediately from the fact that Q has no

isolated points. O

Truss in [31] gave another proof of Mekler’s Theorem, or equivalently Theorem 1.28

(see [31, 2.3, p. 339]). Here, we will assume that 7" : X — X is any function not
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necessarily be a bijection and we will use a similar technique that Truss has used in his

proof. So, if T': X — X is any function, then we have the following theorem.

Theorem 2.3. Let X be a countably infinite set and T : X — X be a function. Then
there is a topology on X with respect to which T is continuous and X is homeomorphic

to Q if and only if every element of B is either empty or infinite.

Proof. If T : X — X is continuous and X is homeomorphic to QQ, then, by Proposition
2.2, every element of B is either empty or infinite.

Conversely, suppose that for each B € B, B is either infinite or empty. First, list all
the distinct pairs of elements of X as {(x;,v;) : i € N}. Next, we will show that there is
a collection {7; : © € N} of topologies, each is generated by a countable base C;, such that

T0CTn CmnC

. and this collection satisfies the following:

(1) if U € 73, then T7YU) € 7;

(2) for every U € C;, X \ U € C;;

(3) thereis U € ;11 such that z; € U and y; ¢ U; and

(4) if U € 7; then U N B is either empty or infinite for all B € B.

Let 7 be the topology generated by |J,cy 7. It follows that (X, 7) is second countable,
from (2) it is O-dimensional, and condition (3) implies that X is a 7} topological space.
Also, from condition (4) all open sets in 7 are empty or infinite since X € B, hence X has
no isolated points. Thus, by Theorem 1.20 (Sierpinski’s Theorem), (X, 7) is homeomor-
phic to Q and from (1) we have T': X — X is continuous with respect to the topology
7. Thus, the proof will be completed if we can find a collection {7; : i € N} satisfying the
conditions above.

We will define 7; by induction. Let 79 = {0}, X'}, then 7 satisfies the conditions above

immediately. Now, suppose that 7,, has been chosen to be generated by a countable base
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Cn, satisfying (1)-(4) such that 9 € 7 C --- C 7,. Then 7,47 will be the topology

generated by the countable family:
CoU{T™™(X,): ke NYU{X\T™X,):keN},

where X, is an infinite subset of X containing x,, but not y,. Obviously, conditions (1),
(2) and (3) hold. We have to define X, in such a way that all members of 7, satisfy

(4). So, we have to ensure that all sets of the form

Ui N[ )T7H(X0) N () X\ T7(X,) N B,
i€R JjEK
where U, € C,,,k € N, B € Band R, K C N are finite sets, are empty or infinite.

We will construct the set X, in stages. Firstly, consider all quadruples of the form
(m,I,J,B), where m € N and I,J C N are finite sets and B € B, to be listed in
a sequence such that each occurs infinitely many times. Next, we choose finite sets
Y0 C Ya1 € Yoo € ... by induction so that X, = ey Yook

Let Y, o = {x,}. Suppose that Y, ; has been chosen such that it does not contain y,,

and then let (m, I, J, B) be the kth quadruple in the sequence of quadruples above. Let

Bi(m,1,J,B) = Upy N[ )T (Yo) N [ X\ T (Y,) N B.

el jeJ

If Bi(m,I,J, B) is empty or infinite, let Y,, 11 = Yo If Br(m, I, J, B) is a non-empty
finite set, then there is some y € By(m, I, J, B). This means that y € (,.; 77" (Y,x) and
y & Uje; T/ (Yar), in other words, T'(y) € Yy, for all i € I and T7(y) ¢ Y, for all
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j€J. Hence y € Nier {x : T"(x) # T’ (x)}. Tt follows that y € Dy(m, I, J, B), where
jeJ

Dy(m,1,J,B) = Uppm N[ {2 : T'x) #T9(2)} N () X\ T (Y1) N B

icl jed
jEJ

which is infinite since (Yier {z : T%(x) # T7(x)} € B and
jes

X\T7Vr) = () X\T7(p),
jeJ JjeJ
pEYn,k

which is also in B. Hence, if d € Dy(m,I,J, B) then T'(d) # T7(d) and TV(d) ¢ Y,
foralli € I and j € J . So, we can choose d’ such that d € Dy(m,I,J, B) but not in

By(m, I, J, B) such that T%(d’) # y, for all i € I. Put
Yn,k+1 = Yn,k U {Tl(d/) S [}

So, Y, k41 is a finite set that contains Y, , and y,, ¢ Y, k1.

To see how this construction works let us suppose that the set

C=UnN(T (X)) N[ X\T7(X,)NB
iel jeJ
is non-empty for some £k € N, B € B and finite sets I,J C N, then it contains an
element which must appear at some step of the construction of X,,. So, a new element
will be added to C every time the quadruple (k, I, J, B) appears in the enumeration above
whenever it is finite. Since every element occurs infinitely many times, then the set C'

must be infinite.
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Obviously, x, € X,, but y, ¢ X,,. Consequently, we have each set of the form

U N[ T7(X0) N ()X \T7(X,) N B
iel jed
is empty or infinite so condition (4) holds. Consequently, every member of 7, ,; satisfies

conditions (1)-(4), as was required. O

2.2 Examples and Applications

In this section we give some related results and examples in terms of the orbit structure
of the function 7": X — X.
We start with the following result from [23], but we generalize it to any continuous

function rather than homeomorphisms.

Lemma 2.4. Let {T; : X; — X;}ier, I C N, be a collection of continuous maps, where X;

is homeomorphic to Q for each i € I and X; N X; = 0 whenever i # j. If X = ,.; Xi,

iel
then the map T : X — X defined as T | X; = T; is continuous and X is homeomorphic
to Q.

Proof. Since X; is homeomorphic to (i,7 + 1) N Q for each ¢ € I, then X = (J,.; X; is
homeomorphic to [|J;c;(4,7 4 1)] N Q, so X is homeomorphic to Q. The continuity of T’

follows from the continuity of each T' [ X; = T;. O

Now we give the following result of the case when T has a Z-orbit, an N-orbit or a

semi-simple cycle, then we will give some examples when T has only cycles.

Theorem 2.5. Let X be a countable set and T : X — X be a function with orbit
spectrum o(T) = (v,(,01,09,03,...). There is a topology on X with respect to which T

s continuous and X is homeomorphic to Q in each of the following cases:
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(1) T has a Z-orbit or an N-orbit;
(2) there is S C X such that T | S is a semi-simple cycle;

(3) o(T) is not boundedly periodic.

Proof. By Theorem 2.3, it is sufficient to prove that

U Cr:cU U Dlm

(r:c JEF'! (I,m)eJ’

is either infinite or empty for any finite sets F” C N x X and J' C N x N. Let

Y=x\( |J ¢.u J Dum)

(r,x)eB (I,m)eJ

for some finite sets B C N x X and J C N x N, be a non-empty subset of X. Let
F={x:(r,z) e Bland I ={r e N: (r,x) € B}.

(1) Without loss of generality, by Lemma 2.4, we can assume that 7" has a unique
Z-orbit or N-orbit, O. Let C' = X \ O, so C consists of points of cycles of T'. Notice that
for each I,m € N we have D;,, C C. Now we have two cases: if z € C for all x € F', then

we have C, , C C for each r € I. Since D, ,, C C for each [,m € N, so we have

U Cer U Dlm = 7

(rix)eB (Im)ed

hence O C Y and Y is infinite. The other case is if there is A C F such that z € O so
Cho COforallz € Aand n € J CI. Let A = {x1,29,...,2}, since all elements of
Ch. lie in the same orbit O, then we have T (z1) = T™*(xg) = --- = T™ (xy) = 2o for

some natural numbers nq,no, ..., nE. So we have

U T(z0)nCna, = 0.

0#jEN
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Since for each {,m € N, D;,, C C then we have

U T]Z() U Cer U Dlm = ;

0#j€N (r,x)eB (IL,m)ed

hence, Uy jen T7(20) € Y. Since U ey T7(20) C O is infinite, it follows that Y is also
infinite and the proof is complete.

(2) Suppose that S C X is such that 7' | S is a semi-simple n-cycle. Let S be indexed
as {z; : 0 < i <n}U{y; : j € N} with T(z;) = 241 for i < n—1, T(x,1) = o,
T'(y;) = yj—1, j # 0 and T'(yo) = wo.

Let A= FnNS andlet J C J be such that D;,,, C O for each (I,m) € J. lf JUA=10

then immediately S is a subset of Y and Y is infinite; so assume that J' U A # (). Let

U Cr:cU U Dlm

(rix)eB (I,m)eJ’

Notice that for any [l <m € N, yy, ¢ D, ,,, for all k > [. Let p = max({0}U{n :y, € D}).
So, we have (Jy_;cx{¥p+i} N D = 0, which implies that y,;en{9p+;} C Y s0 Y is infinite.

(3) Suppose that o(7") is not boundedly periodic. Since

X\ | D= () {zeX:T'x)#T"()},

(ILm)ed (I,m)ed

so it contains all cycles of length greater than n — m, and since each C,. , is a subset of a
cycle, it follows immediately that Y is infinite. Hence, by Theorem 2.3, X can be endowed
with a topology that makes X homeomorphic to Q and T a continuous function, as was

required. O

Now, we will give some examples of the case when T has, in total, countably many

cycles.
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Example 2.6. Let X be a countable set and T' : X — X have a single n-cycle with
spine {xo,T1,...,Tn 1}, n > 1, such that T !(x;) = z;_, for all except for zy, where
T Y z0) = {xn_1} Uy, Cy is infinite, and T2(xy) = x,,_» (see Figure 2.1). By applying
Theorem 2.3, we find that X \ 77 (z¢) = {0, 21, ..., Tn_2}, so there is no topology on X

such that 7" is continuous and X is homeomorphic with Q.

L

Figure 2.1: The Orbit of T': X — X.

Example 2.7. Let T} : X — X have orbit spectrum

O(Tl) = (V7Ca01702a03a .. )

with ( = v =0, 04 = w, and 0, = 0 otherwise. Let all 4-cycles be simple except for one
4-cycle which consists of a spine {xg, z1, 2,23} and a point y such that T3 (y) = xo (see
Figure 2.2). According to Theorem 2.3, since X \ {z : T}}(z) = 2} = {y}, X cannot be

endowed with a topology so that 77 is continuous and X is homeomorphic to Q.
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‘\ CY N Y
A J(J(J

Figure 2.2: The Orbits of T.
Example 2.8. Let T, : X — X have only a single 3-cycle with spine S = {zg, 1,22}

such that |7, *(z)| = w for all x € S and T, '(x) = () otherwise, as in the following figure:

| Cs

C/m\yc\l

Figure 2.3: The Orbit of T5.

[

In this example, all conditions of Theorem 2.3 hold, so we can find a topology on
X so that T, is continuous and X is homeomorphic with Q. Simply, we can choose
homeomorphisms h; : Ciy U{z;} — [2i,2i+1)NQ, 0 < i < 3 with h; : x; — 2i. Then the

map h : (J7_[24,2i + 1) NQ — U7_,[2i,2i + 1) N Q defined as
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;

2 ifxel0,1)NQ,
hMz) =44 ifze[2,3)NnQ,

0 ifzef4,5)NQ,

\

is continuous and has the same orbits of T5.

We end this section with giving a proof of a the following related theorem.

Theorem 2.9. Let T be a function on a countable set X. Then X can be always endowed
with a topology with respect to which T s continuous and X is either homeomorphic to

Q or homeomorphic to a compact subset of Q.

Proof. 1t is a well known fact that every countable compact Hausdorff space is metrizable
and every countable compact metrizable space is homeomorphic to a compact subset of
the rationals with their usual topology (see [8]). So, by Theorem 1.15, there is a topology
on X with respect to which T is continuous and X is homeomorphic to a compact subset

of Q if T“T(X) =T%(X) # 0 and either:
(a) both ¢ #0and ) o, #0; or
(b) ¢ =0 and o(T) is finitely based; or
(¢) (=0and T | T¥(X) is not 1-1.

Also, by Theorem 2.5, if T has a Z-orbit or N-orbit, then there is a topology on X with
respect to which 7' is continuous and X is homeomorphic to Q. So, we are left with the

following cases to consider:
(1) T#H(X) # T(X) £ 0.
(2) T¥(X) = 0.

(3) ¢ =0, o(T) is not finitely based and T [ T¥(X) is 1-1.
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Case (2) is equivalent to saying that all orbits of T" are N-orbits, so this case follows im-
mediately from Theorem 2.5, part (1), so there is a topology that makes X homeomorphic
to Q and T is continuous.

To see Case (3), since o(T') is not finitely based, this implies that s = {n € N : g,, # 0}
is infinite, so o(T") is not boundedly periodic. Hence, the proof follows from Theorem 2.5,
part (3).

Finally we will deal with Case (1) as follows. Suppose that 7' has no Z orbit nor
N-orbit (otherwise Theorem 2.5, part (1) implies that there is a topology on X such that
X is homeomorphic to Q and T is continuous as we mentioned above). Suppose, for
a contradiction, that there is no topology that makes X homeomorphic to Q and T a
continuous map, so by Theorem 2.3, there exist finite sets F' C N x X and J C N x N

such that

Y:X\( U Cr,mU U Dl,m>

(r,x)eF (I;m)ed

is a non-empty finite set. Let Y = {y1,v2,...,¥p}, s0O

X ={y1,92, ...,y U U CroU U Dy .

(ryx)eF (I,;m)eJ
Clearly, if v € Dy, I < m, then S;,, = Ulgqgm{Tq(:c) :x € Dy} ois a spine of
some cycle in X. Let A = {i € N: (i,m) € Jor (l,i) € Jor (i,x) € F} and let

a=maz{i € N:i € A}, then we have

TX) C{T"(y;):1<j<ptu |J T"(@)u |J Spm.
(

(rx)eF l,m)eJ

Since TF*1(X) C T*(X) for each k € N, it follows that T“"1(X) = T¥(X) # (), which is
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a contradiction. So, Y is either empty or infinite, i.e.,

X\( U Cr,xU U Dl,m)
( (

rz)EF’ l,m)eJ’

is either infinite or empty for any finite sets F/ € N x X and J' C N x N. Hence, by
Theorem 2.3, there is a topology on X with respect to which X is homeomorphic to Q

and 7' is continuous. ]

2.3 Continuity of a Countable Collection of Maps on
the Rational World

Let T} : X — X and T; : X — X be arbitrary functions on a countably infinite set X.
In this section we study conditions under which one can endow X with a topology with
respect to which 77 and T5 are continuous and X is homeomorphic to Q.

Consider W (Ty,T5) to be the family that consists of the identity map and all functions
generated by T} and T5; namely, obtained as compositions with finitely many factors of
T, and T5.

For each T € W(T1,T3) and z € X, let Cr, = T~ (), and for every T, F € W (Ty,T3),
let Drp={r € X :T(x)=F(z)}. Now let

C= {CT,:(: T e W(Tl,Tg),[L’ c X} U {DT,F : T,F S W(Tl,Tg)}

Define B' = {X \ E : E € C'} and then define B to be the family that consists of X and

all finite intersections of sets in B’, namely

B={X}U{()B:i:Bi,....By € B, keN}.

1<k
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Now, we have the following theorem which is a generalization of Theorem 2.3. We use

the same technique which we use in the proof of Theorem 2.3.

Theorem 2.10. Let 17 and T be functions defined on the countably infinite set X. There
15 a topology on X with respect to which Ty and Ty are continuous and X is homeomorphic

to Q if and only if every element of B is either empty or infinite.

Proof. U Ty : Q — Q and T, : Q — Q are continuous then each F' € W(T,Ts) is
continuous. Since Q is a Hausdorff space, then every element of B is open set, so it is
either empty or infinite, since Q has no isolated points.

Conversely, suppose that for each B € B, B is either infinite or empty. First, as in
Theorem 2.3, list all the distinct pairs of elements of X as {(z;,y;) : i € N}. Next, we will
show that there is a collection {7; : ¢ € N} of topologies, each is generated by a countable

base C;, such that 9 C 71 C 7 C ... and this collection satisfies that:
(1) if U € 73, then T71(U) € 7; for each T € W (T}, T3);
(2) for every U € C;, X \ U € C;;
(3) there is U € 1,41 such that z; € U and y; ¢ U;
(4) if U € 7; then U N B is either empty or infinite for all B € B.

If 7 is the topology generated by (J;cy 7 then conditions (2),(3) and (4) imply that X
satisfies the conditions of Sierpinski’s Theorem (Theorem 1.20), so (X, 7) is homeomorphic
to Q. Condition (1) implies that 7} and Ty are continuous with respect to 7. Thus, the
proof will be completed if we can find a collection {7; : i € N} satisfying the conditions
above.

We will define 7; by induction. Let 7o = {0, X}, clearly, 7, satisfies the conditions (1)-

(4). Suppose that 7,, has been chosen to be generated by a countable base C,,, satisfying
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(1)-(4) such that 9 € 74 C --- C 7,. Then we will choose 7,41 to be the topology

generated by the countable family:
Co U{THX,), X\ T X, : T € W(Ty,Ty)},

where X, is an infinite subset of X containing x,, but not y,. Clearly, conditions (1)-(3)
hold so we have to choose X, in such a way that all members of 7,1 satisfy (4); i.e., all

sets of the form

U N [T (X0) 0 () X\ T5'(X,) N B,

TeR TseK
where U, € C,,k € N, B € B and R, K are finite subsets of W (7}, T,), must be either
empty or infinite.

We will build up the set X,, step by step as follows. List all quadruples of the form
(m,R,M,B), m € N, RRM C W(Ty,T5) are finite sets and B € B, in a sequence such
that each occurs infinitely many times. Next, we define finite sets ¥,,0 C ¥,,; CY,2 C ...
by induction so that X, = (J,cy Ynk-

Let Y, 0 = {,}. Suppose that Y, ; has been chosen such that Y,, ; does not contain
Yn. Let (m, R, M, B) be the kth quadruple in the sequence of quadruples defined above.
Let

Bi(m, R M,B) = Upp 0 (| T (You) 0 [ X\ T3 (Yor) N B.

TeR TseM
If Bi(m,R, M, B) is empty or infinite, let Y, py1 = Yo If Bp(m, R, M, B) is a non-
empty finite set, then there is some y € By(m, R, M,B) so y € (pepT (Vo) and
y & Upnen Ts ' (Yar). Hence, T(y) € Y, for all T € R and Ts(y) ¢ Yo for all T € M.
So, we have y € ﬂggﬁ{x :T'(x) # Ts(x)}. It follows that y € Dy(m, R, M, B), where

Dy(m, R, M,B) = Um0 (| {z: T(x) # T3(x)} 0 (] X\ T3 (Yar) N B.

TeER T3eM
TseM
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Since

() X\ Var) = () X\ T3 (),
TseM TseM
peYn,k

so both of ﬂggﬁ{z c T(x) # T3(x)} and Npep X\ T;'(Y,.) belong to B; hence,
Dy(m, R, M, B) is infinite.

Hence, if d € Dy(m, R, M, B) then T'(d) # T5(d) and T'(d) ¢ Y, for all T' € R and
T3 € M. So, we can choose d’ such that d' € Dy(m, R, M, B) but not in By(m, R, M, B)
such that T'(d") # y, for all T € R. Put

Yn,k—l—l = Yn,k U {T(d/) T e R}

So, Y, k41 is a finite set with Y, C Y, p41 and vy, & Y, k11.

Now we show how this construction works. Suppose that the set

C=Upun (T'(X)N (] X\ T3 (X,)NB
TeR TseM
is non-empty for some k € N, B € B and finite sets R, M C W(T},T,), then C' contains
an element which must appear at some step of the construction of X,,. So a new element
will be added to C every time the quadruple (k, R, M, B) appears in the list defined above
whenever it is finite. Since every element occurs infinitely many times, then the set C
must be infinite.

Clearly, =, € X,, and y,, ¢ X,,. Thus, each set of the form

Upn N [ T7(X0) 0 () X\ Ty (X)) NB

TeR TseM

is either empty or infinite so condition (4) holds. Consequently, every member of 7,

satisfies conditions (1)-(4), as required. O
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Let T = {T; : X — X}, with I C N is finite, be a collection of functions on a
countably infinite set X. Consider F to be the collection that consists of the identity
map and all functions generated by 7 ; namely, obtained as compositions with arbitrary
many factors of functions in 7.

For each f € F and z € X, let Cy, = f~!(x), and for every fi, fo € F, let Dy, 4, =
{r € X: fi(z) = fa(x)}. Now let

C:{Cﬁxife‘/—‘.,l'EX}U{DfozZfl,fgef}.
Define B' = {X \ £ : E € C} and let

B=XU{(\Bi:Bi,....B.€ B, keN}.

i<k
Now we have the following result, the proof of this result follows in the same way of the

proof of Theorem 2.10.

Theorem 2.11. Let T = {T; : X — X }ie;, with I C N is finite, be a collection of func-
tions on a countably infinite set X. There is a topology on X that makes X homeomorphic
to Q and each T; a continuous function if and only if every element of B is either infinite

or empty.
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Chapter 3

Order-Preserving Maps on

Countable Linear Orders

In this chapter, we study cases in which we can put a linear order on a set X with self-
map 7" so that 7" is an order-preserving map and X is order-isomorphic to the rationals
Q, integers Z or naturals N with their usual order. This study is in terms of the orbit
structure of 7. We start in the first section with giving results and properties of order-
preserving self-maps on arbitrary sets, we prove that any set with self-map 7" can be
linearly ordered so that T is order-preserving provided that T has no cycles of length
greater than 1. Then we give characterization of order-preserving bijective and injective
self-maps on the rationals Q. The main theorem in Section 3.2 is Theorem 3.33 which
describes the orbit structure of order-preserving surjective self-maps on Q. We also give
some examples when T' is an arbitrary map rather than a bijection or surjection. In the
final two sections we give the orbit structure of order-preserving self-maps on the naturals
N and the integers Z.

There are many previous studies on order-preserving maps 7' : X — Y between

countable sets. For example, Orr in [24] showed that for every countable linearly ordered
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set A there is an order preserving surjection h : A — A such that the cardinality of h~!(x)
is at least f(x), where f: A — Z%, for all but finitely many = € A. Farley et al. in [9]
constructed a lattice L with the property that every interval has finite height, but there
exists no strictly order-preserving map from L to Z. So he answered a 1979 problem of
Erné (posed at the 1981 Banff Conference on Ordered Sets [26]). Consider the finite set
X, = {1,2,...,n} with the usual order. Let 7, be the full transformation semigroup on
X,,. Higgins in [15] investigated combinatorial properties of the semigroup of all order-
preserving mappings on X,,, and of its subsemigroup that consists of all decreasing and
order-preserving mappings.

A number of authors have studied the group of order-preserving permutations of Q.
Medvedev et al. [21] proved that the only lattice orders of the group of all automorphisms
that are order-preserving permutations of Q are the pointwise order and its inverse. A.
V. Zenkov [32] studied maximal and minimal partial orders of the group of all order
automorphisms of a linearly ordered set of Q. See also [20], [10] and [19]. Finally, we
mention that theses studies are not quite relevant to our study which focuses on the orbit

structure of self-maps on a set.

3.1 Preliminaries of Order-Preserving Self-maps

In this section, we study some preliminaries and results related to order-preserving self-
maps on arbitrary set. Some of these lemmas may be known, we include proofs for
completeness.

We start with the following basic definition (see for example [13]).

Definition 3.1. Let (X, =<;) and (Y, <3) be ordered sets. A map T : X — Y is said to

be order-preserving, or OP, if x <; y implies that T'(z) <5 T'(y).

For terminology that we will use, let (X, <) be a linearly ordered set, if a,b € X with
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a =< b then

(a,b) ={z € X :a <z < b},
[a,b) ={z € X :a <2z 2 b},
la,b) ={z € X :a <2z < b},

(a,b) ={r € X :a <z < b}.

IfreXandVY C X, wesay x <Y ifandonlyifx <y forally e Y. If V1,Y5 C X, we
say that Y7 X Y5 if and only if for every x € Yi, x <y for all y € Y5.
Now we give definition of the ordered sum of a collection of linearly ordered sets (see

14)).

Definition 3.2. Let (I, <) be a linearly ordered set and let {(Y;, <) }ies be a collection of
pairwise disjoint linearly ordered sets. The sum-order <. of the <; over (I, <) is defined

onY =J,, Y; as follows: for z,y € Y, where v € Y,y € Y; for some r,t € I then

r=iy< (r=tand x =, y)or (r#tandr =<t).

The ordered set (Y, <) is called the ordered sum of (Y;, =;) over (I, <).

Lemma 3.3. Let T : X — X be an OP map on a linearly ordered set X and let

O'(T) = (l/, C,O’l,O'Q,O'g,...).

Then o, =0 for all n > 1.

Proof. Suppose, for a contradiction, that o5 # 0 for some k > 1, so T has a k-cycle O.

Let S be a spine of O indexed as {xg, x1,...,Tx_1} so that T'(x;) = x;;1, where ¢ + 1 is
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taken module k. If 29 < 1, then x; = T(zg) < T'(x1) = x5 so we have

To XX X0 R T,

since T" is an OP map. But then x; = T'(x¢) < T(zx_1) = o, which is a contradiction.
The case when x; < xg follows in the same way. Hence, o, = 0 for all n > 1, as was

required. O

Lemma 3.4. Let (I,=") be a linearly ordered set, {(X;, <;) }ier be a collection of linearly
ordered pairwise disjoint sets and {T; : X; — Xi}ier be a collection of OP maps. If
(X, X) is the ordered sum of (X;, =;) over (I,='), then the map T : X — X defined as
T | X, ="1T; is an OP map.

Proof. Let z,y € X with v < y. If z,y € X; for some ¢ € I, then T'(x) = Ti(z) =,
Ti(y) =Y (y),so T'(x) Y (y). f x € X;,y € X;, since T;(x) € X; and T;(y) € X, then

immediately we have T'(z) < T'(y). Thus, T" is an OP map under <. O

Lemma 3.5. Let (X, =) be a linearly ordered set and T : X — X be an OP map. For
eachx € X, ify,z € T~%(x) for some k € N withy < z and if y <t < z for somet € X,

then t € T*(x).

Proof. Let x € X and let y,2z € T~%(x) for some k € N such that y < 2. Suppose that
there is a t € X with y < ¢ < z. Since 7" is OP then we have T'(y) < T'(t) = T'(z) and
then T%(y) < T*(t) < T*(z). But this means that x < T*(t) < z, i.e., T*(t) = x. Hence,

t € T7%(z), as was required. O

Lemma 3.6. Let (X, =) be a linearly ordered set and T : X — X be an OP function.
Let Oy and Oq be orbits of T. If x,y € O1, z € O, v <X z Xy and Oy is a 1-cycle then
01 - 02.
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Proof. Let x,y € Oy, then T™(z) = T™(y) for some n, m € N. Without loss of generality,
let m = n + 7. Suppose that T*(z) = ¢ is a fixed point for some k& € N. Since z < 2z <y

then T%(z) < 2o <X T*(y), so T (x) < 2o < T*™(y). But T*+*(z) < z implies that
Tk+n+r(z) < TT(:L'Q) =1z < Tk+n(y),

ie., THF™(z) < 2o X TF™(y), since m = n +r. But T""™(z) = T*(y), so we have

x,y € Oy. Hence, O7 = Os. O

Theorem 3.7. Let (X, =X) be a linearly ordered set and T : X — X be an OP map.
Suppose that x,y are in the same orbit O, where O is a Z-orbit or an N-orbit. Suppose
that n = min{j e N: T9(z) € U,y T" ()} and m = min{j € N: T/ (y) € U,y 1" (2)} s0
that T™(x) = T™(y). Suppose further that x < T'(z).

(1) If x <y X T(x) then either n =m orn=m+ 1.
(2) Ify Xz 2T (x) then n < m.
(3) If x X T(x) 2y thenn>m+ 1.

Proof. (1) Suppose that + < y < T'(z). Since T is an OP map then we have T (z) <
T (y) = T™(x) < T™"(z). Since O is not a cycle then we have m < n < m+ 1, so either
n=morn=m+ 1.

(2) Suppose that y < z < T'(x). Since T"is an OP map then we have T (y) = T"(x) <
T™(z) < T™ (). Hence we have n < m.

(3) Similarly we have z < T'(x) =< y implies that T™(z) < T™ ! (z) X T™(y) = T"(2)

som-+1<mn,ie,n>m+ 1, as required. ]

The following corollary follows from the previous theorem, Theorem 3.7, and from

Definition 1.7.
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Corollary 3.8. Let (X, =) be a linearly ordered set and T : X — X be an OP map. Let
O be an orbit of T, where O 1is either an N-orbit or a Z-orbit. Let S be a spine of O
indezed as {x; 11 € M}, where M is either Z or N. Then for each x; € S, if v; <y < x;11

then either y € L;(O) ory € Li11(0).

Corollary 3.9. Let T : X — X be an OP map on a linearly ordered set X consisting of

a single Z-orbit O, then O has no endpoints.

Theorem 3.10. Let (X, <) be a linearly ordered set and T : X — X be an OP map. Let
O and O' be orbits of T, where neither O nor O' is a cycle. If v € O with x < T(z) and

ify € O with x <y XT(x), then for any z € O" we have

xR z=3T(x) iff T"(2) = T"(y) for somen € N.

Similarly, if T(x) 2 x and if y € O" with T(x) <X y X z, then for any z € O" we have

T(z) 2z =2z iff T"(2) =T"(y) for somen € N.

Proof. Let y,z € O' and suppose, for a contradiction, that x <y <X T(x), x < z X T(x)
and T™(z) = T™(y) with m # n. Since T is an OP map, then the assumption z < z <
T(z) implies that T"(z) < T™(z) < T""'(x) so T"(z) € [T™(z), T"™(x)]. On the other
hand we have x <y < T'(x) implies that T™(x) < T™(y) = T"(z) X T™(z), so T"(z) €
[T™(z), T™"*(2)], which is a contradiction, since T™(x) < T (x) < T™(x) < T™(z)
if n <m and T™(z) < T™ ' (z) X T"(x) < T (z) if n > m. Hence, m = n.
Conversely, let y € O with x <y =< T'(z) and let z € O with T"(z) = T"(y) for
some n € N. If z < x then z < & < y which is a contradiction by Lemma 3.5, since
T"(z) =T"(y). If T(x) < z then y < T'(z) < 2z, which again is a contradiction by Lemma
3.5. Hence, < z < T'(x). Finally, the proof of the second statement follows in the same

way. 0

The proof of the next corollary follows from Theorem 3.10, and from Definition 1.7.
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Corollary 3.11. Let (X, <) be a linearly ordered set and T : X — X be an OP map.
Let Oy and Og be orbits of T with spines S and Sy respectively, where each O;, i = 1,2
is either an N-orbit or a Z-orbit. Let S; be a spine of O; indexed as {x;; : j € M}, where
M is either Z or N. Then one of the following holds:

(1) 01 j 02 or 02 j 01,' or
(2) L(O1) % Lj1+(03) =X Ly 41(0y) for some j € Z and for all v € Z.

Moreover, if v < T(z) for all z € Oy and T'(y) 2y for all y € Oy then either O1 < Oy or

0Oy X 0.

Proof. Suppose that neither O; < Oy nor Oy =< O;. So, there is y € Oy and 2z, 20 € O;
such that z; < y < 25. By Lemma 1.8, there are k,j € Z so that y € L;(O;) and
21 € Li(Oq). By Lemma 3.5, Theorem 3.10 and Lemma 1.8 we have L;(O;) < L;(O3) =
Li11(01), where i = max{t € Z : t > k, L;(O1) = Lj(O3)}. Since T is OP then

Li1+(01) 2 Lj1+(02) X Liyry1(01)

forall r € Z, i.e.,

LT‘(OI) = Lj’+7‘(02) = LT—I—I(Ol)v

j =j—1i, forall r € Z.

Now, suppose that x < T'(x) for all x € Oy and T(y) = y for all y € O,. Suppose,
for a contradiction, that neither O; < Oy nor Oy <X O;. So O; and O, satisfy that
L,(01) < Lj++(02) = L, 41(04) for some j € Z and for all r € Z. So, there is y € O, and
z € Oq such that

22y 2T(z) 2 T(y),
which is a contradiction of being T'(y) < y. Thus, we have either O; < Oy or Oy < O;. O
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Theorem 3.12. Let T be an injection on a countably infinite set X with orbit spectrum

O'(T) = (l/, C,O’l,O'Q,O'g,...).

Suppose that o, =0 for alln € N. If 0 # ( + v < w, then any linear order < on X that
makes T an OP map satisfies the following: for any x € X, there is either y = x such

that (z,y) =0 or z < x such that (z,z) = (.

Proof. Suppose that < is a linear order on X that makes 7" an OP map. Suppose first
that 7" has one Z-orbit indexed as {z; : i € Z} so that T'(x;) = x;;; for each i € Z. If
x < T(z) then Theorem 3.7 (1) implies that x; < z;41 for each i € Z, so (x,T(x)) = 0.
If T(z) < x then again from Theorem 3.7 (1) we have z;,; < x; for each i € Z and then
(T'(x),z) =0, so the proof is complete.

Now, suppose that 7" has, in total, n Z-orbits Oy, 1 < k <n,n € N and let x € O, for
some t € {1,...,n}. If < T(z) then by the previous case and Theorem 3.10, there are

only m possible elements y; € O;, ¢ # t, 0 < m < n such that

Y={y,€0;:1<i<m,i#t} C(x,T(x)).

Choose y to be the least element of Y if Y # () and y = T'(z) otherwise. So we have
(z,y) = 0, as required. The case when T'(z) = z follows in the same way. Finally, if T

has N-orbits, the proof follows along the same lines as above. O

Let T : X — X be a function and let O be an orbit of T. Let S be a spine of O
indexed as {x; : i € M}, where M is either N, Z or {0,...,n — 1} for some n € N as
appropriate, such that T'(x;) = ;41 for each i € M and i is taken module n when O is

an n-cycle. For each i € M, and k € N, let C;o = {a;} and let C;; = T (x;y1) \ {:}.
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Now, for every i € N, where N is either Z or {0,...,n — 1}, and k € N, let

Cir =T " (Ciyrh-1) = TN (Cirp1a).

Similar construction can be found in [11].

Observation 3.13. For each i € N, if L;(O) is the set defined in Definition 1.7, then

immediately we have L;(O) = [,y Ci-

Theses terminologies are illustrated in Figure 3.1 and Figure 3.2 (which gives an

example of a 1-cycle).

Figure 3.1: A Z-orbit O.
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Figure 3.2: A 1-cycle O.

Lemma 3.14. Let T : X — X be a function and let O be an orbit of T'. Suppose that
S is a spine of O. There is a family of linear orders on the sets Cyy (i € N,0 # k € N,
where N is N, Z, or {0,...,n —1},0 < n € N, according to the nature of the orbit) with

respect to which T' | C; 1 is an OP map.

Proof. For each i € N, choose any linear order <;; on C;; # () (where Axiom of Choice
implies that any set can be linearly ordered). Clearly, each T' | C; is OP, since T'(C; 1) =
Tiy1-

Now, suppose that for each j € N and 0 < k' < k we have defined a linear order =<
on Cj g # 0 such that T' | C 4 is an OP map. Now we will define a linear order <;; on
Cix as follows. First, for every x € Ciy1 41, if [T7(z)] # 0, choose any linear order <,
on T7!(z). Since

Cir = U{T_l(if) 2 € Ciyrp—1}
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so we can define (C;x, <) to be the ordered sum of T7'(z) over Ciq 1. It follows

immediately from the construction of <;;, that each T' [ Cj, is an OP map. O

Corollary 3.15. Let T : X — X be a function and let O be an orbit of T with spine S,
where O is either a Z-orbit, an N-orbit or a 1-cycle. There is a family of linear orders on
the sets Li(O) # 0 (i € N, where N is N, Z or {0} according to the nature of the orbit)

with respect to which T' | L;(O) is an OP map.

Proof. Suppose that O is either a Z-orbit, an N-orbit or a 1-cycle with spine S. By Lemma
3.14, there is a family of linear orders on the sets C;; (i € N,0 # k € N) with respect to
which T' | Cj is an OP map. Let = denote the order on Cjy. Since L;(O) = |, oy Cik,
we can define <; on L;(O) to be the sum-order of <;; over N; so L;(O) is the ordered sum

of C; 1 over N. It follows immediately that

T 1 Li(O) : Li(O) = Lit1(O)

is an OP map under this order. O

Theorem 3.16. Let T : X — X be a function and let O be an orbit of T with spine S,
where O s either a Z-orbit, an N-orbit or a 1-cycle. Then there is a linear order on O

with respect to which T | O is an OP map.

Proof. Let O be a 1-cycle of T. By Corollary 3.15, since Ly(O) = X, then immediately we
have T' | O is an OP map. If O is either a Z-orbit or an N-orbit, then by Corollary 3.15,
there is a family of linear orders <; on the sets L;(0) # (), i € Z, such that T' | L;(O) is
an OP map. Let O be the ordered sum of L;(O) over Z, so immediately we have T [ O

is an OP map. O

Theorem 3.17. Let X be arbitrary set and T : X — X be a map with orbit spectrum

o(T) = (v,(,01,09,03,...).
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There is a linear order on X with respect to which T is an OP map if and only if o, =0

for alln > 1.

Proof. If T : X — X is an OP map, then by Lemma 3.3 we have o, = 0 for all n > 1.
Conversely, let {O;};c;r be the collection of all orbits of 7. By Theorem 3.16, for every
1 € I, there is a linear order <; on O; such that T' | O; is an OP map. Choose a linear
order on I and define < on X to be the sum-order of <; over I; so by Lemma 3.4 we have

T is an OP map on X. O

3.2 Order-Preserving Maps on the Rational World

In this section we give the necessary and sufficient conditions for bijective, injective or
surjective map 7' : X — X to be an order-preserving map on X such that X is order-
isomorphic to the rationals Q. This study is in terms of the orbit structure of the map
concerned.

It is well known by Cantor’s Theorem (see for example [27] and [7]) that a countable
linearly ordered set X is order-isomorphic to Q if X is densely ordered and has no end-
points (i.e., no least or greatest element). If X, Y are any sets and if X is order-isomorphic

to Y we will write X ~ Y. It is also well known, again by Cantor’s Theorem, that
Ut n@ =~ Jlo. b)) nQ~ | J(ed) nQ~Q,
JEL JEL ieM

for any real numbers a; < b; < aj+1,7 € Z, ¢; < d;;i € M and M C N.

The following is a number of facts about order-preserving maps on Q.

Lemma 3.18. Let {T; : X; — X,}ien be a collection of OP maps, where X; ~ Q for
each i € N and X; N X; = 0 whenever i # j. Then the ordered sum of (X;, =<;) over N is

order-isomorphic to Q and the map T : X — X defined as T | X; = T; is an OP map.
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Proof. 1t is clear that X = ;. X; is order-isomorphic to Q, since X; =~ Q for each i € N.

Also, by Lemma 3.4, we have 7" is an OP map on X = (J, .y X;. O

Lemma 3.19. Let T : X — X be an OP map, where X ~ Q. Then for every x € X we

have |T~%(x)| = 0, 1 or w for each k € N.

Proof. Suppose that there is x € X with |T7%(z)| > 1 for some k € N, then |T7*(z)| = w
follows immediately from Lemma 3.5 and from the assumption that X is order-isomorphic

to Q so X is densely ordered. O

The proof of the following result follows from Lemma 3.5 and the fact that Q is densely

ordered.

Lemma 3.20. Let T : Q — Q be an OP map. Then for every x € Q, if [T *(x)| = w for

some k € N then T~*(x) is densely ordered.

3.2.1 Order-Preserving Bijections in the Rational World

In this section we give a characterization of order-preserving bijections on the rational

world Q. We start with this Proposition.

Proposition 3.21. Let T' be a bijection on a countably infinite set X and let

O'(T) = (0,<,0’1,0’2,0’3,...).

If 0 # ( < w then there is no linear order on X such that X is order-isomorphic to Q

and T is an OP bijection.

Proof. This proof follows immediately from Theorem 3.12, Lemma 3.6 and the fact that
Q is densely ordered. O
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Theorem 3.22. Let X be a countably infinite set and let 0 = (0,(,01,09,...) be a

sequence of cardinals with ( + > 0, =w. The canonical representation T : X — X of

neN

o 18 an OP map with X =~ Q if and only if 0,, = 0 for alln > 1 and ( is either 0 or w.

Proof. Suppose that T': X — X is an OP bijection and X is order-isomorphic to Q, then
by Lemma 3.3 we have o, = 0 for all n > 1, and by Proposition 3.21 we have ( is either
0 or w.

Conversely, suppose that g, = 0 for all n > 1 and ( is either w or 0, so we have the
following cases:

Case (1): 07 = w and ¢ = 0. This case is obvious since the identity map on any
ordered set is OP.

Case (2): ( =w and 0y = 0. Let T': Q — Q be the map defined as T'(x) = = + 1.
Clearly, T' has, in total, infinitely many Z-orbits, so o(T') = o, also T" is an OP bijection.

Case (3): ( =w and 0 < 07 < w. By Lemma 3.18, we can assume that o; = 1. Let
X =(0,2) N Q. By Case (2), there are an OP bijection T} on [; = (0,1) N Q with ( = w
and an OP bijection T3 on I, = (1,2)NQ with ( = w. So, let T': X — X be the bijection
defined as : T | Iy =Ty, T | Iy = Ty and T(1) = 1. Clearly, T has infinitely many
Z-orbits and one fixed point and 7" is an OP bijection.

Case (4): ( = w and o7 = w. This case follows from Case (1), Case (2) and Lemma
3.18.

Therefore, if o,, = 0 for all n > 1 and ( is either w or 0, then the canonical represen-

tation of o is an OP bijection on a set X with X is order-isomorphic to Q. O

3.2.2 Order-Preserving Injections in the Rational World

In this section we study the situation when 7" : X — X is an injection, in this case the

map 7' may have a number of N-orbits.
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Theorem 3.23. Let 0 = (v,(,01,09,03,...) be a sequence of cardinals with v + ( +
Y nen On = w. Then the canonical representation T : X — X of o on the countable set
X is an OP injection with X is order-isomorphic to Q if and only if o, =0 for alln > 1

and ¢ + v is either w or 0.

Proof. Suppose that X is order-isomorphic to Q and 7" is OP, then by Lemma 3.3 we
have g, = 0 for all n > 1. By Theorem 3.12 and Lemma 3.6 we have ( + v is either w or
0.

Conversely, suppose g, = 0 for all n > 1 and { + v is either w or 0. By Theorem 3.22
for bijections and Lemma 3.18, it is sufficient to consider the following cases:

Case (1): v =w, ( + 01 = 0. Simply, let X = (0,00) N Q and let T : X — X be the
map defined by T'(z) = x + 1. Obviously, 7" has only infinitely many N-orbits and T is
an OP injection.

Case (2): v=w,01 =0and 0 < {( =k <w. Let f: Q — Q be the function defined
by f(z) = x + 1. List the elements in the set [0,1) N Q as {g; : 0 # i € N} and then let
Oi = Upmez T7(q;)- Let A= {1,... k} and for each i > 0 let

O; if 1€ A,

Let Xy = ;oo Pi- Since

1>0

XN [_7;7 OO) = (Qm [_7;7 OO))\F’

where ' C Q is a non-empty finite set, then X}, is order-isomorphic to Q. Let T'= f | X,
then T" is an OP injection with v = w and ( = k.
Case (3): (=w, 01 =0and 0 <v=n <w. Let T: Q — Q be the function defined
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by T'(x) = z + 1. Choose rational numbers ¢, go, ..., ¢, € (0,1) N Q and let
I={z€eQ:0<z<lx#¢q,1<i<n}.

Let

YfI:LJ[LJfT_th”-

i=1 k>0
Let X =Q\Y, it follows that X ~ Q. Hence, T' [ X is an OP injection having infinitely
many Z-orbits and n N-orbits, as required.

Case (4): v+ ( =w and 0 < 07 < w. By Lemma 3.18, we can assume that o; = 1.
Let X = (0,2) N Q. By Case (1), Case (2), Case (3) and Theorem 3.22, there are OP
injections 77 on I = (0,1) N Q and 75 on I, = (1,2) N Q each has, in total, infinitely
many N-orbits and Z-orbits. So, let T': X — X be the injection defined as : T | [} = Tj,

T | Iy=T,and T(1) = 1. Clearly, v+ ( = w, 07 = 1 and T is an OP injection. O

3.2.3 Characterizing Order-Preserving Surjections in the Ratio-

nal World

This section is devoted to giving a characterization of order-preserving surjections on the
rational world in terms of the orbit structure of the map concerned. First, we give some
terminologies that we will use during this section.

Let T': X — X be a surjection having a Z-orbit or a 1-cycle O with spine S indexed
as {x; 11 € M}, where M is either Z or {0} as appropriate. We use similar terminology
as in Figure 3.1 and Figure 3.2, but we need to avoid L;(O) having an endpoint, so we
split each Cj into two disjoint infinite subsets. So, for each x; € S, let Cj, = {z;} and

for each z; € S with |T7(z;)| = w, write

T_l(xi) = 02—1,1 U{zi1}U Cz(—l,—h
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where C]_, ; and C]_, _, are disjoint infinite subsets of 7'(z;) and ¢ — 1 is taken module
1 when O is a l-cycle. Now, for each k € Z, let C}, = T7'(C},,,_,) if £ > 0 and
Cly=T1Cl ) if k<O,

Again for each i € Z notice that L;(O) = (¢, Ci, where L;(O) is defined in Defini-

tion 1.7. These terminologies are illustrated in the following figures.

Figure 3.3: A Z-orbit O.



Figure 3.4: A 1-cycle.

Necessary Conditions

Lemma 3.24. Let T : X — X be an OP surjection, where X is order-isomorphic to Q.

Then for every x € X, we have |T~*(z)| =1 or w for each k € N.

Proof. The proof follows immediately from Lemma 3.19 and the assumption that 7" is a

surjection. 0

Let T : X — X be a surjection and let O be a Z-orbit of T. We will consider the

following condition for O :
(*) for all z € O there is i € N such that |T71(T%(z))| = w

Notice that if O is a Z-orbit with spine S and O has (*), then |L;(O)| = w for each

1 € Z. Now we have the following result.

Theorem 3.25. Let T : X — X be a surjection on the countable set X consisting of a

single Z-orbit O. Suppose that |T~ (z)| =1 orw for allz € X. If O does not satisfy the
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condition (*) then there is no linear order on X such that X is order-isomorphic to Q

and T is an OP map.

Proof. Suppose that O does not have (*) and suppose, for a contradiction, that there
exists a linear order < on X so that X ~ Q and T is an OP map. Suppose that
x = T(z) for each x € O. Since O does not satisfy (*), then there exists xy € X such
that |T7'(y)| = 1 for each y € Uyen T"(x9). By Theorem 3.7, if zg < ¢ < T'(z) for
some t € X, then either T"(t) = T"(z) or T"(t) = T""(xy) for some n € N. But if
T"(t) = T™(xo) then t € T7"(T"(xo)) which means that there is an integer r € (0,n]
with |[T7Y(T7(x0))| > 1, which is a contradiction. Similarly, if T™(¢t) = T™"!(z,) then
there is an integer r € (1,n + 1] with |T'(T"(xy))| > 1, which again is a contradiction.
Hence, there is no y € X with g < y < T'(zg) so X is not densely ordered, which is a
contradiction of being X ~ Q. The case when z > T'(2) follows in the same way. Hence,
there is no linear order on X such that X is order-isomorphic to Q and T is an OP

map. [

Theorem 3.26. Let T' be a surjection on a countably infinite set X and let o(T) =
(0,(,01,09,03,...). Suppose that o, = 0 for all n > 1 and suppose that |T~ (z)| =1 or
w for all x € X. If ( < w and if the number of orbits which satisfy condition (*) is less
than the number of other Z-orbits then there is no linear order on X such that X ~ Q

and T is an OP map.

Proof. Let us first assume that oy = 0. Assume that 7" has, in total, three orbits Oy, O,
and Oj such that O; satisfies (*) and both Oy and O3 do not have (*). Index the spine of
O 88 Sy, = {@ymn : n € Z} and for each i € Z, let L;(O,,) be defined. Since Oy, j = 2,3
do not have (*), then there is n; € Z such that T-Y(T(z;,)) = z;, for each r > n;.
Suppose, for a contradiction, that there is a linear order < that makes X ~ Q and T an

OP map. By Theorem 3.25 we cannot have O; < Oy nor Oy < Oq; so by Corollary 3.11,
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we have L,(O1) = Liy(0O2) = L,.11(0q) for some k € Z and for all r € Z. Without loss
of generality, let £ = 0. Since Oy does not have (*) then we have L,(O3) = x9, for all
p > ng, 80 L.(O1) X x9, 2 L,1+1(0y) for all » > ny . Also, for O3 we cannot have O; < O;
nor O3 =< Oq, so by Corollary 3.11, we have L,.(0O1) = Ly 4,.(O3) < L,41(01) for some
k' € Z and for all r € Z. Again let k' = 0, then we have L,(O1) < 3, = L,4+1(0;) for all
r > ng. But if n’ > max{ns, ns3}, then we have either L,(01) < 29, < 3, = L,4+1(0;) or
L.(0Oy) R x3, = 29, = L,11(0q) for all r > n'; so in both of the cases, there is no z € X
with x5, < 2 < 23,, which is a contradiction of being Q densely ordered.

Now, if T' has, in addition, ¢ Z-orbits O, ..., Oy, that do not have (*). Index a spine
of O;, as S, = {2,,, :n € Z}, 1 < m < g, since O;, does not have (*), then there
is n;, € Z such that T-(T(x,,)) = x,, for each r > n/ . Similarly, following the
same steps as above, for all 1 < m < ¢, we will have L,(O:1) = 7, X L,41(0;) for all
r > nl.. So at some stage, there is m’ € Z such that no element lie between any z,v,
where @,y € {Tom, T3m/s T s - - s Ty}, @ contradiction. Therefore, for the orbit O,
which have (*), there is a unique orbit O which do not have (*) so that O, O, satisfy (2)
in Corollary 3.11 and any other orbit O" without condition (*) must be either O’ < O; or
0, <0

Now, suppose that 7" has n Z-orbits and let {O1,O,,...,0,} be the collection of all
orbits of T'. Suppose that Oy, ..., O,, have condition (*) and let £ = n — m, so we have
m < k. Suppose, for a contradiction, that there is a linear order < that makes X ~ Q
and 7" an OP map. Then, as we showed above, for every O;,1 < j < m either O; < O, or
O, = 0;forallpe {m+1,...,n} except for a unique orbit O,,p € {m +1,...,n} such
that O;, O, satisfy (2) in Corollary 3.11. Since k > m, there is Oy, ¢ € {m+1,...,n}
with either O, < O, or O, < O, for all r € {1,...,m}; so by Theorem 3.25, we have O, is
not densely ordered and then X is also not dense, which is a contradiction. Hence, there

is no linear order on X such that X ~ Q and 7" is an OP map.
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Finally, if o1 # 0, so T has, in addition, 1-cycles, then the proof follows from what we

proved above and from Lemma 3.6. O

Theorem 3.27. Let T be a surjection on a countable set X with, in total, finitely many
orbits. Suppose that o, = 0 for alln > 1 and that |T"'(x)| = 1 or w for all z € X.
If the number of simple 1-cycles is greater than or equal to the number of other orbits
except orbits which do not have (*), then there is no linear order on X that makes X

order-isomorphic to Q and T an OP map.

Proof. Suppose, for a contradiction, that there is a linear order on X that makes X order-
isomorphic to Q and 7" an OP map. Let T have n orbits with k& simple 1-cycles and m
Z-orbits that do not satisfy (*); so by Theorem 3.25 and Theorem 3.26 there are at most
Il =n— (k+m) orbits, O;,1 < i <, each is homeomorphic to Q, so O; ~ (i,i + 1) N Q,
and T | O; is OP. By Lemma 3.6, if {z(} is a simple 1-cycle and if x < zq =< y for some
x,y € X then z,y cannot lie in the same orbit. Hence, since O; =~ (i,7+ 1) NQ for at most
[ orbits O;,1 < ¢ < [, then there can only be one fixed point between any two intervals
(orbits). But k& > [, so we will have either endpoints of X or X is not densely ordered,

which is a contradiction. O

Ordering Finitely Many Orbits

In this subsection we show how to order a set X such that a surjective map 7" : X — X

with finitely many orbits is order-preserving and X is order-isomorphic to Q.

Lemma 3.28. Let T be a surjection on the countably infinite set X and let O be either a
Z-orbit or an n-cycle of T with spine S. Suppose that for every x € X, |T~(x)| is either
1 orw. There is a family of linear orders on the sets Ci,. (i € N,0 # k € Z, where N is
Z or{0,....,n—1},0 <n €N, according to the nature of the orbit) with respect to which
T1Cjy is an OP map and C} ), = Q when C}, # 0.

(2
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Proof. Let S be indexed as {x,, : m € N} so that T(z,,) = Ty for all m € N. For
each i € N with Cj, # (), choose a bijection f; : Cj; — (0,1) NQ and define an order <;
on C;,(0) as follows: for each x,y € C;(0) put x =iy y iff fi(x) < fi(y), so C}, = Q.
Clearly, each T' | C;,(0) is OP since T(C; ;(0)) = wi41.

Now, we deal with C7, with k > 0, the case when k < 0 follows in the same way.
Suppose that for each j € N and 0 < k' < k we have defined a linear order =<,;» on
O # 0 such that Cj,, =~ Q and T [ Cj,, is OP. Now we will define a linear order =,
on Cf, as follows. First, for each x € C},,,_,, if |T7'(2)| = w define a linear order <,
on T7Y(z) such that T-*(z) ~ (0,1) N Q. If |T7(z)| = 1, let <, be the unique order
on T7Y(x). Now, Cip = U{T " (z) : z € Ciy1 -1} so we can define (C;, <) to be the
ordered sum of T-*(z) over Ciyq j_1.

Now, we will prove that Cj; ~ Q. Let z,y € Cj, with z <y vy, if 2,y € T7'(2)
for some z € Cj,,,_,, then the proof is clear since T7'(z) =~ Q. If z € T7'(y) and

y € T (ys), y1 # yo then there is z € Ciy1-1 such that y; < Z =, 1. Yo, since

i+1,k—1

Ciy1 -1 18 densely ordered. From the definition of <, and since T' is a surjection we have
z < T7'(2) < ¥y, so Cj, is densely ordered. Finally, since Cj,,,_, has no endpoints
and from the construction of <y, it follows immediately that C;, has no endpoints and

that each T' [ C7, is OP. O
The following result follows immediately from Lemma 3.28.

Corollary 3.29. Let T be a surjection on the countably infinite set X and let O be either
a Z-orbit or a 1-cycle of T with spine S. Suppose that for everyx € X, |T~Y(x)] is 1 or w.
For each i € M (where M is Z or {0} according to the nature of the orbit), if (L;(O), =;)
is the ordered sum of (Cj, =) over Z, then L;(O) ~ Q when |L;(O)| = w. Moreover,

T | Li(O) is OP with respect to this family of linear orders on the sets L;(O), 1 € M.

Corollary 3.30. Let X be a countable set and T : X — X be a surjection with a single
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1-cycle. Suppose that for every v € X, |T~ ()| is either 1 or w. Then there is a linear

order on X such that X s order-isomorphic to Q and T is an OP map.

Proof. The proof follows immediately by Corollary 3.29 and the fact that X = Ly(O) for

any l-cycle O. 0
The following result shows how to order a collection of finitely many Z-orbits.

Theorem 3.31. Let T : X — X be a surjection on the countable set X and let T have,
in total, finitely many Z-orbits. Suppose that for any x € X, |T~1(x)| is either 1 or w.
If the number of Z-orbits which satisfy condition (*) is no less than the number of other

Z-orbits, then there is a linear order on X with respect to which T is OP and X ~ Q.

Proof. Suppose that T" has, in total, finitely many Z-orbits. Without loss of generality, by
Lemma 3.18, we might assume that 7" has, in total, two orbits, O; and Oy such that O,
satisfies (*) and Oy does not have (*). Index a spine of O,,r = 1,2 as S, = {x,,, : n € Z}
so that T'(x,,) = x, 41 for each n € Z. By Corollary 3.29, since for each i € Z we have
|L;(O1)| = w, then there is a family of linear orders on the sets L;(O;),i € Z such that
Li(O1) = Q and T | L;(Oy) is OP. Let (Oy, =) be the ordered sum of (L;(0),=;) over
Z. Since Oy does not have (*), so there is z5,, € S such that |L,,(0O;)| = w for all n <m
and L,,(0s) = {2, } for all n > m. So, again by Corollary 3.29, since for each n < m
we have |L,(O;)| = w, then there is a family of linear orders on L,,(0), n € Z such that
Li(O1)=Qfori<mand T | L,(O1), n € Zis an OP map. Let (Oy, =5) be the ordered
sum of (L;(O2),=;) over Z; so we have T' | Oy is OP.

Now, let < be the linear order defined on X as follows: for all z,y € X with x € L;(O,),

y € L;(0,), 14,5 €Zand r,p € {1,2}, then

r=y&s(r=pandz =<,.y)or (r#pandi<j)or (r=2,p=1andi=j).
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Now we will show that X is order-isomorphic to Q. Since for each i € Z then L;(O;) ~
@ so there is an order isomorphism h; : L;(O;) — (2i,2:+1)NQ. Define h : X — Q such
that A | L;(O1) = h;, h 2 Lij(O2) — (25 — 1,25)NQif j <m and h : L;(O3) — 2j — 1
if 7 > m. Clearly, h is an order isomorphism from X to a dense subset of Q with no
endpoints.

Finally, we will prove that T" is an OP map under this order. If x < y and z,y are
in the same orbit then as we showed above T' [ O,,r = 1,2 is an OP map. If x =< v,
x € Li(0,), y € Lg(O,), I,k € Z and r,p € {1,2} then we have two cases: if [ < k then
I+ 1 < k+ 1 which implies that T'(x) < T'(y), since T(z) € Li+1(0,), T(y) € Lk+1(0,).
The other case is 7 = 2, p =1l and [ = k, sol+1 = k+ 1 and T'(z) < T(y), since
T(z) € Li11(02) and T'(y) € Lx+1(0Oq). Hence, T is an OP map. O

Proof of the Main Theorem of Order-Preserving Surjections on Q

In this subsection, we prove the main theorem of this section, Theorem 3.33, which de-
scribe the orbit structure of order-preserving surjections on Q. We start with the following

proposition.

Proposition 3.32. Let X be a countably infinite set and T : X — X be a surjection.
Suppose that for every v € X, |T~(x)| is either 1 or w. There is a linear order on X

with respect to which X ~ Q and T is an OP map in each of the following cases:
(1) T has, in total, infinitely many 1-cycles; or
(2) T has, in total, infinitely many Z-orbits.

Proof. Let O = {O,},en be the collection of all orbits of T'. For each [ € N, index a spine
of Oy as S; = {1, : n € M}, where M is either Z or {0}, and let S = J, S;- Since
T | S is a bijection, then by Theorem 3.22, there is a linear order <, on S such that

S~Qand T[S isan OP bijection.
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Suppose that there is at least one orbit which is not simple. For each [ € N and
i € M, let L;(O;) be defined, so by Corollary 3.29 there is a linear order =<;; on L;(O;)
with |L;(O;)| = w such that L;(O;) =~ Q and T' | L;(O,) is OP. For every | € N and i € M,
write L;(O;) as L(x;;), where L;(O;) 3 x;;. Now, let (X, <) be the ordered sum of L(z;;)
over S. Since S and each Ly (O;) with |Lg(O;)| = w is order-isomorphic to @ and from
the construction of =, it follows that X is order-isomorphic to Q and 7T is OP, as was

required. O

Let T : X — X be a surjection with orbit spectrum o(7T) = (0,(, 01,09,03,...).

Recall that a Z-orbit O of T has (*) property if:
(*) for all z € O there is i € N such that |T71(T"(z))| = w.

If ( < w, let (; be the number of Z-orbits that have the condition (*) and (s = ¢ — (;.
If o7 < w, let 07 = o] + o, where o} is the number of simple 1-cycles. Using these

terminologies we have the following theorem, the main theorem of this section.

Theorem 3.33. Let X be a countably infinite set and T : X — X be a surjection with
orbit spectrum o(T) = (0,(,01,092,03,...). There is a linear order on X with respect to
which X 1is order-isomorphic to Q and T is an OP map if and only if o,, = 0 for alln > 1,

for every x € X, |T~Y(x)| is either 1 or w and one of the following holds:
(1) ( =w; or
(2) ¢ < w with the property that (s < (; and either:

(i) o1 =w; or
(i) o1 <w and o} < ( + 0.
Proof. Suppose that X is order isomorphic to Q and 7" is an OP surjection, then by

Lemma 3.3 we have g, = 0 for all n > 1. Lemma 3.24 implies that for every x € X,
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|T—1(x)| is either 1 or w. If (1) is false, so ¢ < w, then by Theorem 3.26 we have (; < (;.
If o1 < w then by Theorem 3.27 we have o} < (; + of.

Conversely, suppose that condition (1) holds, so ( = w. If 07 = 0 then the proof
follows by Proposition 3.32 and if 0; = w, the proof follows from Proposition 3.32 and

Lemma 3.18. So, we are left with the following cases to consider:
(a) 0# 0 <w and o] = 0.
(b) 0+# 0} <w and o = 0.
(¢) 0# 0] <wand 0 # o] <w.

Case (a) follows from Proposition 3.32, Corollary 3.30 and Lemma 3.18. We now deal
with Case (b), let {z; : 1 < i < n} be the set of all fixed points of 7" and let {O; : | € N}

be the collection of all Z-orbits of T'. For each 0 < j < n define F; = UleN On+1)i+5; SO

X:UFjU{l’l,...,l’n}.

J=0

Now by Proposition 3.32, for each 0 < j < n there is a linear order on Fj such that 7' [ F;
is OP and F; ~ Q; so there is an order isomorphism h; : F; — (5,7 + 1) N Q. Let h be
the map defined by

h:X = (0,n+1)NQ

such that h [ F; = h; for each 0 < j <n, and x; — ¢ for each 1 <1i < n, so h is an order
isomorphism and 7" is OP under this order. Case (c) follows immediately from Case (a),
Case (b) and Lemma 3.18.

Now, suppose that condition (2) holds. If (i) holds then the proof follows from Theorem
3.31, Proposition 3.32 and Lemma 3.18. Suppose that (ii) holds. Let {z, : 0 <n < o7}
be the set of all fixed points. Let Cy,Cs,...,C¢, be the Z-orbits that do not satisfy

(*) and Cf,...,Cf,,...,C{ be the Z-orbits that satisfy (*). For each 1 < m < (3, let
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Opm = Cp UC! and for each (o < k < (3, let Oy = C}.. Then, by Theorem 3.31, for each
0 < I < (i there is a linear order on O; such that O; is order-isomorphic to Q and T | O, is
OP. Also, if {0}, : 0 <m < o'} is the collection of all 1-cycles of T" which is non-simple,
then by Corollary 3.30, for each 0 < m < ¢f there is a linear order on O/, such that
O,~Qand T | O], is OP. So, for each 0 < < {; and 0 < m < of, let f; : O — I,
and g, : O, = I, +m be these order isomorphisms, where I}, is the set (k,k+ 1) N Q, and

define an order isomorphism:

¢1+of
fiX—={ici<i<oi+1}u | I

r=1

such that f [ Oy = fi, f1 O, =gm and f:x, — n+1for each 0 <n <o}, s0 X ~Q.
Since for each 0 < I < Gand 0 <m < o], T | O and T | O! are OP, then T is OP

under this order, as required. O

3.2.4 Examples of the General Case

In this section we consider 7" : X — X to be any map rather than injections or surjections
and give examples of some structures of self-maps which cannot be order-preserving on

Q as well as examples of some order-preserving maps on Q.

Example 3.34. Let T be an arbitrary function on a countably infinite set X. Suppose
that for each € X, |[T'(z)| is either 0, 1 or w. Let y € X and z € J,.x T “(v). If
T-"(z) C T ™(y) for some n < m € N and if 2 < |[T"™(y) — T7"(z)| < w, then there is

no linear order on X with respect to which X is order-isomorphic to Q and T is OP.

Proof. Suppose, for a contradiction, that there is a linear order < on X that makes X
order-isomorphic to Q and 7" an OP map. Let 7" (y) — T "(z) = {zo, 21,..., 2}, r > 1
with z; < z;4q for alli € {0,...,r—1}. By Lemma 3.5, if xy < ¢t < x; for some ¢ € X then

t € T~™(y) so t € T~"(z); hence, by Lemma 3.5, we have o < T7"(z) < x;. But this
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means that there is no ¢ € T~ (y) which satisfies that x; < t' < x5, again by Lemma 3.5,
which is a contradiction of being X is densely ordered. Consequently, there is no linear

order on X with respect to which X ~ Q and 7" is an OP map. O

Example 3.35. Let T': X — X be a function on the countable set X. Let xqg € X and let
T7"(z0), n = 1,2,3 be defined as in the following figure, where [T~ (zo)| = [T (z2)| =

T z4)] = w.

Zo

Figure 3.5: T7"(x), n =1,2,3.

Then there is no linear order on X with respect to which X ~ Q and 7" is an OP map.

Proof. Suppose, for a contradiction, that there is a linear order < on X that makes X ~ Q
and 7' an OP map. By Lemma 3.20, both of T72(x) and T3(z) are densely ordered.
Hence, by Lemma 3.5, we have either z; < T }(zy) < x5 or g < T zy) < 7. If

ry X T7Yxy) < x5, then 25 < x4 =< ¢, since T is an OP map. But this implies, by
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Lemma 3.5, that T7!(z3) < x4 =< x6; so from Lemma 3.5 again, there is no z € X with
1y < 2 < 1. The case when x; < T~ !(x;) < x5 follows in the same way. Hence, X

cannot be endowed with a linear order that makes X ~ Q and 7" an OP map. O

Example 3.36. Let X be a countable set and T : X — X be a function with, in total,
one Z-orbit O with spine {x; : i € Z} so that T'(x;) = x;4, for each i € Z. The structure
of O is illustrated in Figure 3.6, where |C;| = w, T7YC;) = yi_1, T ' (y;) = 2zi_1 and
T7(z) =10 for all i € Z.

Figure 3.6: Structure of O.

Suppose that there is a linear order < on X that makes X ~ Q and T an OP map.

Suppose that z < T'(z) for all z € O. By Lemma 3.20 we have X; = C; U {z;, y;, 2 }
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is densely ordered for all i € Z, since X; = T3(x;43). Also, by Lemma 3.5 we have
X; X Xy forall i € Z. Let i =0, by Lemma 3.5 we have either yo < Cy U {xo} = 2o
or zgp X CoU{xe} =X yo. If 20 <X CoU{xe} =X yo then y; = T(z9) <X Cy U {1}, since
T is OP. But then we have no t € X with yg <t < y; since X; < X, for all ¢ € Z,
which is a contradiction. Similarly, if yo < Co U {zo} =< 2o then C; U {z1} = yi, so
21 X Cy U {x1} = yp; which means that there is no t € X with zy < ¢ < 2z;. Therefore, X

cannot be endowed with a linear order that makes X ~ Q and 7" an OP map.

Example 3.37. Let T' : X — X be a function with, in total, one Z-orbit O with
spine {z; : i € Z}. The structure of O is illustrated in Figure 3.7, where |C;| = w,
T7YC;) = yi_1, T~ y;) = 0 for each i € Z.

Figure 3.7: Orbit of T'.
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Let X; = C; U{x;,y;} and choose an order isomorphism h; : (X;, =;) — (i,i+ 1] NQ in
such a way that y; — i+ 1 and z; <; T(y;—1). Now consider X to be the ordered sum of
(Xi, =) over Z; so X = ;5 (4,+1]NQ. Hence, X =~ Q and T"is an OP map under this

order.

3.3 Orbit Structure of Order-Preserving Maps on the
Integers and Naturals

In this section we give characterization of order-preserving maps on sets that are order
isomorphic to the naturals N or to the integers Z with their usual orders, this characteri-
zation is in terms of the orbit structure of the map concerned.

It is a well known fact that the naturals have a least element and the integers has no
endpoints. If z,y € M, M is either N or Z, then |(z,y)| < w. So, a countably infinite
linearly ordered set X is order-isomorphic to N iff X has a least element and |(a,b)| < w
for all a,b € X. X is order-isomorphic to Z iff X has no endpoints and |(a, b)| < w for all
a,beX.

Let T: X — X and let O be a 1-cycle of T' with spine {x}. Let x € T~'(zo) \ {z0},

we say that z has

(P1) if there is a unique y € T-**!(z) for some 0 # k € N with |T-!(y)| = w and x
satisfies that |T-*~1(z)| = 0.

(P2) if T | UpenT *(z) is finite-to-one and | Ugso T7%(2)| = w.

(P3) if T' | UpenT*(z) is finite-to-one and | Upso T %(7)| < w.

Let O be either a 1-cycle with spine S; or an N-orbit with spine Sy. We say that O

has property (C1) if
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(C1) for each x € O\ Sy, if [T *(x)| = w for some k € N then |T~*"1(x)| = 0; and if
r € Sy with |[T7(z)| = w then |T(T72(2))] < w.

Theorem 3.38. Let T : X — X be an OP map, where X 1is either N or Z. Then each

N-orbit and 1-cycle of T' has property (C1).

Proof. Let S be the set of all fixed points of T. Suppose, for a contradiction, that there
isaye X\S with [T7%(y)| = w for some k € N and |[T*1(y)| #£ 0. Let z € T7%"1(y) so
T(z) € T~*(y) and T**1(z) = y. Since |T*(y)| = w, then by Lemma 3.5 we have either
T7*(y) = (—o0,a) or T~*(y) = (a,0) for same a € Z when X =Z and T~ *(y) = (a, )
for same @ € N when X = N. Without loss of generality let T-*(y) = (a,c0) for some
a € N in both of the cases. Since y ¢ S then z ¢ S, so we have either z < T'(z) < TF+1(z)
or TF1(2) < T(z) < z since T is an OP map. So, from Lemma 3.5 we have either
z < (a,00) < TF*1(z) = y or T**1(2) = y < (a,0) < z, which is a contradiction. Hence,
T+ ()| = 0.

Now, let [T !(x)| = w for some zy € S. If X = N then by Lemma 3.5 we have
T~ (zy) = [a,00) for some a € N, then T%(z) \ T~ *(z¢) C [0, a), so it is finite. Since
T(T7%(z0)) = T(T2(xo) \ T (x0)) U{xo} then we have |T(T~2(x0))| < w. If X = Z then
either T~ 1(xq) = [a,0) or T'(xg) = (—00, a] for some a € Z, without loss of generality
let T'(xg) = [a,00), so a < zg. Let t € T *(xg), if t € [a,00) then T(t) = zo. If
t < a then T(t) < T(a) = xo. Hence, a < T(T2(xq)) < xg so |T(T73(xg))| < w, as

required. O

Theorem 3.39. Let T : X — X be an OP map where X 1is either N or Z. Let O be
a 1-cycle of T with spine {xq}. Then for each x € T '(xo) \ {xo}, = has one of the
properties (P1), (P2) or (P3).

Proof. Let x € T~*(z)\ {70} have neither (P2) nor (P3). Hence, there is y € UpenT *(2)

with |77 (y)| = w, say y € T~ (x), so |T~™(x)| = w. But Theorem 3.38 implies that

69



|T~™=1(x)| = 0, so x has property (P3). O

Observation 3.40. Let T': X — X, where X is a countable set, and let O be an N-orbit
of T with spine S having property (C1). From now on, if |L;(0)| < w for each i € Z
except for at most a unique point yo with |T7!(yo)| = w, we choose a spine Sy of O in
such a way that T-Y(Lo(O)) = 0 and yo € L,(O) if there exists yo with |71 (yo)| = w

which is possible since O has property (C1). See the following Figure.

Figure 3.8: An N-Orbit of T

The proof of the following lemma is routine, it follows from the fact that |(z,y)| < w for

any z,y € M, where M is either N or Z.
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Lemma 3.41. Let {(A;, =) }iem be a collection of finite linearly ordered sets with A; N
A; = 0 whenever i # j, where M is either N or Z. Then the ordered sum of {(A;, =) }iem

over M is order isomorphic to M.

Lemma 3.42. Let T} : (X1,=%) — (X1,X) and Ty @ (Xo, =) — (X2, X') be OP maps
where X1 ~ Xy ~ N. Suppose further that either X; N Xy = 0 or X1 N Xy = {xo} with
Ti(xg) = Ta(xg) = zo and g is the least element of both of Xy and X5. If X = X1 U X} is
the ordered sum of (X1, =71 and (X3, <'), then X ~7Z and the map T : X — X defined
as T | X; =T;,1=1,2 is an OP map.

Proof. Clearly, since (X, <) ~ N then (X;,<71) ~ (—00,0]. If X; N X, = () then the
ordered sum X; U Xy ~ (—00,0] U [1,00) = Z, so by Lemma 3.4 we have T is an OP
map. If X; N Xy = {0} with T1(x¢) = Ta(x¢) = x¢ and z is the least element of X
then z is the greatest element of (X;,<7') and (X;,<7') &~ (—00,0], so the ordered
sum X; U Xy &~ (—00,0]U[0,00) ~ Z. Finally, by Lemma 3.4 and since T'(zo) = x¢, then

immediately we have T is an OP map. U

Now we have the following result. We choose spines of N-orbits to be Sy as we

described in Observation 3.40.

Theorem 3.43. Let T : X — X be a map on the countably infinite set X. Let O be the
collection of all orbits of T' and S be the set of all spine points of orbits of T'. Suppose

further that:
(1) each orbit of T is either a 1-cycle, an N-orbit or a Z-orbit,

(2) |Lg(O)| < w for each O € O and k € N, where N is either Z, N or {0}, and
T~ (Lo(O)) =0 for each N-orbit O, and

(3) (S, =) is linearly ordered such that S ~ M, where M is either N or Z, and T | S

is an OP map.
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Then there is a linear order on X such that T s an OP map and X ~ M.

Proof. Let O = {O;}ier, I € N. Let (S, <) be indexed as {x, : r € M} so that =, < x,41
for all r € M. For each i € I and k € N, let L;(O;) be defined, so by Corollary 3.15,
there is a family of linear orders on the sets Lg(O;), k € N such that T' | Li(0O;) is an OP
map. For each ¢ € [ and k € N, write Li(O;) as L(x,) whenever L;(O;) > z, for some
r € M, (where each Ly(O;) # 0 contains a unique = € S). Now, let X be the ordered
sum of {L(z,)}s.es over S. Hence, by Lemma 3.41 we have X ~ M.

Finally, we prove that 7" is an OP map. Let z,y € X with x <y. If 2,y € L(z,), then
T(z) 2 T(y),since T | Lix,)is an OP map as we mentioned above. If z € L(z,),y € L(x;)
for some r,j € M,r # j then T'(z) € L(T(z,)),T(y) € L(T(x;)) and z, <4 z;. Since
T 1S is OP, then T'(z,) <s T'(x;), hence T'(z) < T'(y). O

3.4 Characterizing Order-Preserving Maps on the Nat-

urals

3.4.1 Order-Preserving Bijections, Injections and Surjections
on the Naturals

Lemma 3.44. Let T : N — N be an OP map, then T has no Z-orbits.

Proof. The proof follows by Corollary 3.9 and the fact that N has a least element. 0

Theorem 3.45. Let 0 = (v,(, 01,09,03,...) be a sequence of cardinals. Then a countable
set X can be linearly ordered so that X =~ N and the canonical representation T : X — X

of o is an OP injection if and only if ( = o, =0 for each n > 1 and either:
(1) v=0 and 01 = w; or

(2) v#0 and 01 < w.
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Proof. Let T be an OP injection on N, then by Lemma 3.3 we have 0,, = 0 for each n > 1
and by Lemma 3.44 we have ( = 0. Now, let O = {O;}ier, I C N, be the collection of
all N-orbits of 7" and let O = J;c; O;. If v # 050 O # 0, then by Lemma 3.6 we have
O = (a,00) for some a € N. Hence, X \ O = [0,al, so 0; < w. If 07 = w, then again by
Lemma 3.6 we have v = 0.

Conversely, let o = (v, (, 01,09, 03, ...) be a sequence of cardinals with ( = ¢,, = 0 for
each n > 1. If v =0 and 07 = w, let T be the identity map on N, so it is an OP map.
Now, suppose that o; = 0 and v # 0. Suppose that v = w and enumerate the naturals N

as follow:

{aoo | 10, G11 | 20, Q21, CL22,| @30, a31, A32, (33 | | aro, Ak1, Ak2, Ag3,...0kk | },

thenaooz(),am:landaij:@+j,fori>0and0§jSz'. For each k € N let

By = {am : m >k},

so N = {J, oy Br- Let T': N — N be the map defined by T'(a; ;) = @115, so for each k € N,
we have By, is an N-orbit of 7. Since we have a;; < a;y y iff i <i' or7=14"and j < j/, so it
is simple to verify that T" is an OP injection. Hence, T" has, in total, countably infinitely
many N-orbits. If v = p < w, then we can take B = ByU---UDB,_1,s0T | B is an OP
injection with p N-orbits and B ~ N.

Finally, let 01 = n < w and v # 0. As above, if 0 # v = k then there is an OP
map 1" on [n,o00) with, in total, £ N-orbits. Let 7} : N — N be the map defined as
Ty | [n,00) =T and T'(a) = a for each a € [0,n), then 7" has, in total, n 1-cycles and k

N-orbits, and 7" is an OP injection. O

If T: X — X is a bijection, then we have the following well-known result.
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Theorem 3.46. Let T be a bijection on a countably infinite set X. There is a linear
order on X with respect to which T is an OP bijection and X ~ N if and only if T is the

identity map.

Now we study the same problem but for surjective maps. We start with giving the

following two results.
Lemma 3.47. Let T : N — N be an OP map and T has only 1-cycles.
(1) If there exists y € X with [T (y)| = w then | X \ T }(y)| < w.
(2) If there ezists an orbit O C X with |O| = w then | X \ O] < w.
(3) If T has infinitely many 1-cycles then |O| < w for each orbit O of T.

Proof. (1) Clearly, by Lemma 3.5, we have T~ (y) = (n, 00) for some n € N, so we have
X\ T~ (y) = [0,n); hence it is a finite set.

(2) Let O C X with |O| = w. By Lemma 3.6 we have O = (n, 00) for some n € N; so
X\ O = [0,n) which is finite.

(3) Suppose, for a contradiction, that there is an orbit C' with |C| = w, then from (2)

we have | X \ C| < w; which is a contradiction. Hence, |O| < w for each orbit O of T. O

Lemma 3.48. Let T be a finite-to-one map on the countable set X with a unique 1-cycle
O with spine {xo}. Then there is a linear order = on X in such a way that xq is the
least element of X and with respect to which T is an OP map. Moreover, if | X| = w then
X ~N.

Proof. By Lemma 3.14, there is a family of linear orders on the sets Cop # 0, 0 # k € N,
with respect to which T [ Cx is an OP map. Let (X, <) be the ordered sum of (Cy x, <x)
over N, so zg = Cj is the least element of X. Now, suppose that |X| = w. Since for each

k € N we have |Cy x| < w, then Lemma 3.41 implies that X is order-isomorphic to N. [
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Theorem 3.49. Let T : X — X be a surjection on a countably infinite set X and let
o(T) = (0,(,01,09,03,...). There is a linear order on X with respect to which T is an
OP surjection and X ~ N iff ( =0, =0 for alln > 1, T is finite-to-one and either T is

the identity map or o1 < w with a unique 1-cycle O with |O] = w.

Proof. Let T be an OP map on N, then by Lemma 3.3 we have 0, = 0 for each n > 1
and by Lemma 3.44 we have ( = 0. Lemma 3.47 (1) implies that the surjection T is
finite-to-one. By Lemma 3.47 (3), if 0y = w then all 1-cycles are simple, so T is the
identity map. Lemma 3.47 (2) implies that if 01 < w, then there is a unique cycle O with
0] = w.

Conversely, suppose that ( = 0; = 0 for all + > 1 and T is finite-to-one. If o; = w then
directly T is the identity map, so it is an OP map. If 0y = n < w and O is the unique
1-cycle with |O] = w, then by Lemma 3.48, there is a linear order on O that makes 7' [ O
an OP map and O ~ N, so O &~ [n,00). Since X \ O =~ [0,n) and each 1-cycle different

from O is simple, then we have X ~ N and 7T is an OP surjection. O

3.4.2 Orbit Structure of Order-Preserving Self-Maps on N

Let T': X — X be an arbitrary map. In this section we give the necessary and sufficient
conditions for a countable set with self-map to be endowed with a linear order with respect
to which X ~ N and 7" is an OP map.

The proof of the following lemma follows immediately from Lemma 3.47.
Lemma 3.50. Let T : N — N be an OP map and T has only 1-cycles.
(1) T has at most one point y € X with |T~(y)| = w.
(2) If there exists S C O for some 1-cycle O such that T | S is a semi-simple 1-cycle,

then |T~(z)| < w for each x € X.
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Lemma 3.51. Let T : N — N be an OP map and let o(T) = (v,(,01,092,03,...). If
v # 0, then |L;(0)| < w for each i € Z and an N-orbit O. Moreover, o1 < w with all

1-cycles are finite.

Proof. Suppose, for a contradiction, that there is an N-orbit O with spine S with |L;(O)| =
w for some k € Z, then by Lemma 3.5, we have L;(O) = (a, o0) for some a € N. But this
means that S\ {xx} C [0, a], which is a contradiction since the spine S is an infinite set.

Now, let {O;}ier, I € N, be the collection of all N-orbits of T, then O = J,; O; is
an infinite subset of N. By Lemma 3.6 we have O = (a,00) for some a € N. Hence,

X\ O =10,qa], so 07 < w and each 1-cycle must be finite. O

Proposition 3.52. Let T be a map on a countably infinite set X consisting of a single
1-cycle O with spine S = {xo} and suppose that O has property (C1). Suppose further
that T has a unique point y with |T~(y)| = w. If either T is the constant map or there
is z € THS)\ S with ||z|| = maz{||t]| : t € T-(S)\ S} <00 and y € J;cn T~"(2), then
there is a linear order = on O in such a way that xq is the least element of O and X ~ N

and with respect to which T is an OP map.

Proof. Tf T is the constant map, the proof is trivial. So let y # xo with |T7(y)| = w. Let
ze€T7HS)\ S with ||z|| = max{||t]| : t € T"(S)\ S} =m < oo and let y € T~™"(2) be
the unique point with |T7!(y)| = w. For each 0 < i < m, let y; = T%(y). For each k € N,
let Cy be defined and choose a linear order <y; on Cp; in such a way that y,,—1 = 2 is
the greatest element of Cp;. Next, for each z € O\ S, x # y, if |[T~(x)| # 0 choose a
linear order <, on 7! (z) such that if |T~!(y;)| > 1 choose <,, so that y;_; is the greatest
element of T '(y;). If z = y so [T~ *(y)| = w, choose <, such that T~'(y) ~ N. Now, use
the same construction in Lemma 3.14, so for each 0 < k < m + 1, the order =g, on Cy
is defined to be the sum-order of the <, over Cy ;. So, each T' | Cpy, is OP. Let (X, <)

be the ordered sum of (Cyx, <o) over N, so we have 7" is an OP map under <.
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Since Cyp = {wo}, hence x( is the least element of X. Since

m = max{[[t|| :t € T7}S)\ S},

then we have Cp 42 = 0. Since z is the greatest element of Cj; and for each 0 < i < m,
y;_1 is the greatest element of T7!(y;) (hence the greatest element of Cj,,_;), so we have

T Hy) = T7™(2) = Comas1, i-e., T (y) = O, hence X ~ N. O
Now we give a proof of the main theorem of this section.

Theorem 3.53. Let T be a map on a countably infinite set X with orbit spectrum o(T) =
(v,(,01,09,03,...) and let O be the collection of all 1-cycles of T'. There is a linear order
on X with respect to which X ~ N and T is an OP map iff o, =0 for alln >1, ( =0,

each O € O has property (C1) and either:
(1) v =0 and 01 = w with |O| <w for all O € O; or

(2) v =0 and o, < w with |0 < w for all O € O except for a unique 1-cycle O such
that either T is finite-to-one or T has a unique y € X with |T~1(y)| = w such that
IX\THy)| <w; or

(3) v # 0 with |L;(O)| < w for each i € N and N-orbit O, and o1 < w with |0’ < w for
all O € O.

Proof. Suppose that T is an OP map on N, then by Lemma 3.3 we have o, = 0 for all
n > 1 and by Lemma 3.44 we have ( = 0. Also, Theorem 3.38 implies that O has property
(C1) for each O € O. If v = 0 and 0y = w then, by Lemma 3.47 (3), we have |O| < w for
each O € O. If v = 0 and 0y < w then, by Lemma 3.47 (2), we have |0’| < w for each
O’ € O except for a unique 1-cycle O with |O] = w. If T' is not finite-to-one, then by

Lemma 3.50 (1), there is a unique y € X with |T7!(y)| = w and from Lemma 3.47 (1),
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we have | X \ T71(y)| < w. If v # 0, then by Lemma 3.51 we have 0, < w with |O] < w
for all O € O and |L;(O)| < w for each i € N and an N-orbit O.

Conversely assume that o, = 0 for all n > 1, ( = 0 and each 1-cycle has property
(C1).

(1) Let v = 0 and 0y = w. Let O = {O;};en be the collection of all 1-cycles with
|O;] = n; < w for each i € N. By Lemma 3.48, for each ¢ € N, there is a linear order on
O; such that T' | O; is an OP map. So, by Lemma 3.41, the ordered sum of (O;, <X;) over
N is order isomorphic to N and from Lemma 3.4, T is an OP map.

(2) Let v =0 and 07 < w with |O’| < w for all 0" € O except for a unique 1-cycle O
with |O] = w. Now, let S = {z(} be the spine of O. If T' is finite-to-one then by Lemma
3.48, there is a linear order on O such that 7' | O is OP and O ~ N. Now, let O have a

unique y € O with [T7(y)| = w and | X \ T (y)| < w. Let

A={z e TN S\S: ol = 1,[|J T7"@)| < w}
keN

and let C' = {0} UUpen T(A). Let B = {20} U (O \ C). So we have T | B satisfies the
conditions of Proposition 3.52, so there is a linear order < on B in such a way that z( is
the least element and with respect to which 7' | B is an OP map and B ~ N. Also, since
C' is finite, then T' [ C' is finite-to-one, so by Lemma 3.48 there is a linear order <’ on C'
in such a way that z is the least element and 7" | C' is OP. Hence, since BN C = {zy},
T is the least element of B and zy is the greatest element of (C,<'"!), then the ordered
sum of (C'\ {zo}, x'1), (B, =) is order isomorphic to N and 7' | O is an OP map.

Finally, let | X \ O] = n < w, then by Lemma 3.48 and Lemma 3.4 we have | X \ O| ~
[0,n) and T [ (X \ O) is OP. Since O ~ N as we showed above, then O = [n, c0), so we
have X as an ordered sum of (X \ O) and O is order-isomorphic to N. Also, from Lemma

3.4, T is an OP map.
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(3) Let v # 0 with |L;(O)| < w for each i € N and an N-orbit O. Let S be the set
of spine points of orbits of 7', then by Theorem 3.45 there is a linear order on S so that
Sa~Nand T | Sisan OP map. Since |O'| < w for all O’ € O, then we have |L;(O)| < w

for all orbits of T". Hence, the proof follows immediately from Theorem 3.43. O

3.5 Order-Preserving Self-Maps on the Integers

In this section we characterize order-preserving maps on sets that are order-isomorphic
to the integers with their usual orders. This characterization is in terms of the orbit
structure of the map concerned.

First, we prove the following result that is useful and we need to use in this section.

Lemma 3.54. Let T : Z — Z be an OP map and let O be the collection of all orbits of
T. Suppose that T has no Z-orbits and that |O| > 1. Suppose further that |L;(O)| < w
for each i € N and an N-orbit O € O. Then O = O; U Oy where O1 N Oy = 0 and each

of O1 and Oy is an orbit structure of an OP map on N.

Proof. By Lemma 3.3 we have ¢,, = 0 for each n > 1. If 07 = 0, then T" has only N-orbits;
since |L;(O)| < w for each O € O and |O] > 1, then the proof follows by Theorem 3.53.
If oy # 0 with at least a 1-cycle O is finite, then by Lemma 3.6, O = |[a,b] for some
a < b€ Z, so for each orbit O of T, either O < [a,b] or [a,b] < O. So, take O; to
be the collection of all orbits of 7" | (b, 00) and Oz to be the collection of all orbits of
T | (—o0,b]. If there is a 1-cycle O with |O| = w, then again by Lemma 3.6 and Lemma
3.5, either O = (—o0,a) or O = (a,00) for some a € N. Without loss of generality, let
O = (—00,a), so O =~ N. Hence, any orbit different from O is a subset of [a,c0) and

hence X \ O = [a,00) = N. O
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3.5.1 Order-Preserving Injections, Bijections and Surjections

on the Integers

Lemma 3.55. Let T : Z — 7Z be an OP map. If T' has a Z-orbit then
(1) T has no cycles;
(2) |Li(O)| < w for each i € Z and orbit O; and
(3) the number of Z-orbits is finite.

Proof. Let O be a Z-orbit of T with spine S indexed as {z; : i € Z} so that T'(z;) = z;41
for all i € Z. Let © < T'(x), then we have x; < ;41 for all ¢ € Z since T is an OP map.

(1) By Lemma 3.3, T" has no cycles of length n > 1. Suppose, for a contradiction,
that T has a 1-cycle with spine {yo}. It follows from Lemma 3.6 that either yo < O or
O =< yo, say yo = O. But then |[yo, z;)| = w for all i € Z, which is a contradiction, since
|(a,b)| < w for any a,b € Z. Thus, T has no 1-cycles.

(2) Suppose, for a contradiction, that |L;(O)| = w for some i € Z. By Lemma 3.5 we
have either L;(O) = (a,00) or L;(0) = (—00,a) for some a € Z, say L;(O) = (—o0,a).
But this implies, by Theorem 3.5, that x; < L;(0O) = (—o00,a) for all j < ¢ which is a
contradiction. Similarly, if L;(O) = (a,00) then, by Theorem 3.5, L;(0) = (a,o0) < z;
for all j > i, again it is a contradiction. Hence, |L;(O)| < w for each i € Z.

(3) Suppose, for a contradiction, that 7" has countably infinitely many Z-orbits. Let
{O;}ien be the collection of all Z-orbits of T. For each i € N, index a spine of O; as
{#zij 7 € Z}. Let 219 < 211, so the set (210, 21,1) must be finite. But this implies that
there are k € N and j € Z with 2z, ; < 219 and 211 < 241, which is a contradiction of

being T"is an OP map. Consequently, T has finitely many Z-orbits. O

The following theorem describes the orbit structure of order-preserving injections on

the integers Z.
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Theorem 3.56. Let 0 = (v,(,01,02,03,...) be a sequence of cardinals. Then the canon-
ical representation T : X — X of o on the countable set X is an OP injection with X is

order-isomorphic to Z if and only if o, =0 for alln > 1 and either:
(1) (=0 and 0y =w; or
(2) (=0,0<wandv >1; or
(3) 0# (¢ <w and o1 = 0.

Proof. Let T : Z — Z be an OP map, then by Lemma 3.3 we have o, = 0 for all n > 1
and by lemma 3.55 (3) we have ( < w. If ( = 0 and 07 < w so there are finitely many
fixed points then by Lemma 3.54 we have v > 1. If ¢ # 0 then, by lemma 3.55 (1), we
have o; = 0.

Conversely, (1) and (2) follow immediately from Theorem 3.53 and Lemma 3.42. Sup-
pose that (3) holds. If ( = k < wand v = 0, let T : Z — Z be the map defined as
T(x) = x + k, then T has, in total, k Z-orbits and T is an OP injection. If { = k < w

and v # 0, enumerate the naturals N as

{ak—l,Oa Ap—1,15 - - - Ak—1,k—1 | A0, Ak,15 - - - Ok | T | Q4,05 Ak+n, 1y Aktn,2y - - - Akt k+n | s },

then az_10 = 0,a,-11 = 1 and a;; = @—l—j—@, forallt > k—1and 0 < j <.

Now list Z \ N as

{~ S | An,0,An,1s - - -5 Gn k-1 | ,| a4-2,0,0-21,---, @-2k-1 | A-1,000-1,15- -+ a—l,k—1}>

then a;,, = ki + m, for each i € Z\ N and m € {0,1,...,k — 1}.

For each n > k, let B,, = {a,, : ¥ > n} and for each m € {0,1,...,k — 1}, let

O = {aim 11 € Z\{0, ... .k —2}}.
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Define T' such that T'(a;;) = a;+1,; if i # —1 and T(a_;;) = ax_1 . Clearly, since
a;; < ap o iff i <i' ori =14 and j < j, so it is simple to verify that 7" is an OP injection.
Also, T has m Z-orbits {C,, : 0 < m < k — 1}, and infinitely many N-orbits, { B, }n>. If
v=p<w,let B=ByUByy1U---UBjyy andC’:UOSWKkaUB, soT | C is also OP

with m Z-orbits and p N-orbits. O

Now, if T : X — X is a bijection on the countably infinite set X then we have the

following result which follows from Theorem 3.56.

Theorem 3.57. Let T : X — X be a bijection on the countably infinite set X. Then X
can be ordered so that X is order-isomorphic to Z and T is an OP bijection if and only

if either T' is the identity map or T has, in total, finitely many Z-orbits.
The following theorem gives the answer of the same question but for surjective maps.

Theorem 3.58. Let T : X — X be a surjection on a countably infinite set X with
o(T) = (0,¢,01,09,03,...). Let A= {0 : O is a cycle and |O| = w}. Then X can be
ordered so that X ~ 7Z and T : X — X 1is an OP surjection iff T is finite-to-one, o, = 0

for alln > 1 and either:
(1) ( <w, 00 =0and |L;(O)| < w for each i € Z and a Z-orbit O; or
(2) ¢ =0 and either:
(a) 01 =w and |A| < 1; or
(b) 1 <oy <w and |A| =2; or
(c) T has a unique I1-cycle with spine S such that |[T71(S)\ S| > 1.

Proof. Let T : Z — Z be an OP map, then by Lemma 3.3 we have o, = 0 for each
n > 1. Suppose, for a contradiction, that T is not finite-to-one, so there is y € X with

T (y)| = wso |T*(y)| = w for all k € N, since T is a surjection. But Lemma 3.5 implies
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that either T7!(y) = (—o0,a) and T2(y) = (b, 00) for some a,b € Z or vice versa. But
then (J,., T *(y) € [a,b] which is a contradiction, so T' is finite-to-one. If ¢ # 0 then
Lemma 3.55 implies that ( < w, 0y = 0 and |L;(O)| < w for each i € Z and a Z-orbit
O. Now let ¢ = 0. Lemma 3.6 implies that if O is a 1-cycle with |O| = w, then we have
either O = (—o0,a) or O = (a,00) for some a € Z so |A| < 2. Hence, if 01 = w then
|A] <1andif 1 < 0y < w then |A| = 2.

Let T have a unique 1-cycle with spine S = {x¢}. Suppose, for a contradiction, that

T71(S)\ S ={y}. If y < T(y) then we have
Ty <T " Hy) o <T2y) < T (y) <y < Tly) =0,

since T is OP, so xq is the greatest element of X. Similarly, if y > T'(y), we have x, is the
least element of X. But both of the cases is a contradiction since Z has no endpoints; so
IT-1(S)\ S| > 1.

Conversely, case (1) follows from Theorem 3.56 and Theorem 3.43. Cases (2) (a)
and (b) follow from Theorem 3.53 and Lemma 3.42. Now, suppose that (c) holds. Let
S ={xo}. Let y1,y2 € T7(S)\ S s0 [yl = ||yz]| = o0. Let

Xy ={x} U U T ()

keN

and Xy = {29} U (O \ X1). Then X; N Xy = {z0} and from Lemma 3.48, there is linear
orders =<; and <5 on X; and Xj respectively in such a way that z( is the least element of

both of them so that X; =~ Xo ~ N, T | X; and T [ X, are OP maps. Hence, X; and X,
satisfy conditions of Lemma 3.42, so X as the ordered sum of (X;, <;!) and (X3, <») is

order-isomorphic to Z and T is an OP surjection. O
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3.5.2 Order-Preserving Maps with no Cycles on 7Z

Let T': X — X be an arbitrary map. In this section, we assume that 7" has no cycles
and give the orbit structure of 7" which allows to order X in such a way that T is order-
preserving map and X = Z.

Now we have the following Lemma, where spines of N-orbits are chosen as in Obser-

vation 3.40 so that T—(Lo(O)) = @, which is possible by Lemma 3.55 (2).

Lemma 3.59. Let T : Z — 7Z be an OP map with only N-orbits. Suppose that there is

Yo € X with [T (yo)| = w.
(1) For ally € X such that [T (y)| = w, y = vo.

(2) |L;(O)\ T (yo)| < w for each i € N and an orbit O.

Proof. (1) Assume that there exists y € X with |T7!(y)| = w. Let y be in an orbit
O with spine S. By Lemma 3.5, if y # yo then we have either T7!(y9) = (a,o0) and
T~ (y) = (—o0,b) for some a > b € Z or vice versa. But this implies that S\ (T~ (y) U
T~ (yo)) C [a,b], which is a contradiction since S is infinite. Hence, y = yjo.

(2) Let yo lie in an N-orbit O. Suppose, for a contradiction, that |L;(O)\ T (yy)| = w
for some @ € N and an orbit O. By Lemma 3.5 we have either T!(yy) = (—00, a] and
Li(O)\ T Y(yo) = [b,00) or T~ (yg) = [b,00) and L;(O) \ T (yo) = (—o00,a] for some
a,b € N (where a = b if yo € L;11(0O)). But then

S\ (T (yo) U Li(0)) < (a,b),

which is a contradiction. Consequently, |L;(O)\ T *(yo)| < w for each i € N and an orbit
0. O

The orbit structure of order-preserving self-maps that have no cycles is described in

the following theorem.
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Theorem 3.60. Let T' be a function on the countably infinite set X and suppose T' has
no cycles. Let A= {x € X : |T"'(x)| =w}. There is a linear order on X with respect to
which T is an OP map and X =~ Z iff each N-orbit has property (C1), |L;(O)\T"'(A)| < w

for each 1 € N and an orbit O and either:
(1) 04( <w and |A| =0; or
(2) ¢ =0 and |A| <1 provided that |A| =1 when v = 1.

Proof. Let T be an OP map on Z. Theorem 3.38 implies that each N-orbit has property
(C1). Lemma 3.59 implies that |L;(O) \ T7'(A4)| < w when ¢ = 0, Lemma 3.55 implies
that ¢ < w and if ¢ # 0 then |A| = 0 and |L;(O)| < w for every i € Z and orbit O.
If ( =0, so T has only N-orbits, then by Lemma 3.59 (1) we have |A] < 1. Now, let
v =1 and choose a spine of the N-orbit as in Observation 3.40 so that T (L,(O)) = 0.
Suppose, for a contradiction, that |A| = 0, so we have |L;(O)| < w for each ¢ € N. If the
spine Sy of O is indexed as {z; : i € N} and if zy < 1, then Theorem 3.7 implies that
y < x¢ holds only if y € Ly(O); which means that there is a least element of Z, so we
have a contradiction. Similarly, if xq > z; we will have a greatest element of Z, which
also is a contradiction. Hence, |Ly(O)| = w and |A| = 1.

Conversely, let ( < w and |A] = 0. Let {O;}icr, I C N, be the collection of all orbits of
T. Choose spines of N-orbits as in Observation 3.40 so that L;(O) = () for all i < 0. Let
S be the set of all spine points of orbits of 7. By Theorem 3.56, there is a linear order
on S with respect to which S ~ Z and 7" is an OP map. Since |L;(O)| < w for each i € Z
and an orbit O, then the proof follows immediately by Theorem 3.43.

Suppose that (2) holds. The case |A| = 0 and v > 1 is included in the proof above,
solet |[A] =1 and let y € A. Let {O;}ier, I € N, be the collection of all N-orbits of 7.
Let y € Op and choose a spine of Oy indexed as {z; : i € N} so that T'(x;) = x;1; for all

i € N in such a way that zy € T~!(y) (which is possible since O has property (C1)). By
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Theorem 3.53 there is linear orders < on O = (U;c; 0;) \ (T (y) \ {0}) so that O ~ N
and 7" is an OP map. This means that there is k € I so that Ly(Ox) ~ [0,n) for some
n € N; without loss of generality let £ = 0, so xg ~ 0. So, choose an order isomorphism
from T1(y) \ {zo} to (—0o0,0), then X as the ordered sum of T7(y) \ {29} and O is

order isomorphic to Z and T is OP. O

3.5.3 Order-Preserving Maps with 1-cycles on Z and the Main
Theorem of OP Maps on Z

In this section the main theorem which describes the orbit structure of order-preserving
maps on 7 is given. First, we study the same question but we assume that 7" has 1-cycles

which, by Lemma 3.55, means that T" has no Z-orbits.

Lemma 3.61. Let T : Z — 7Z be an OP map with, in total, one 1-cycle O with spine S.
Let A={x € X : |[T7!(z)| = w}, then |A| < 2. Moreover, if |A| =2 then | X \T'(A4)| <
w and if k = maz{||z| : x € T7Y(S)\ S} then ||y|| = k for some y € T71(S)\ S with

| UkeN T_k(y)| = w.

Proof. Let 1,79 € A, by Lemma 3.5 we have T~ (z;) = (—o00,a] and T~ (z) = [b, 00)
for some a < b € Z. Hence, X \ (T~ (x1) UTY(xy)) is finite, so |A] < 2.

Now, let S = {z} and suppose that 7" (z;) = xg,7 = 1,2, where n; = min{r €
N : T"(x;) = xo}. Let ny > ny and let y; = T™ (xy), so ||y1]| = ni. Suppose that
t e T7HS)\ S,t' # yi,t' # T Y(xy) with ||¢/|| = p > 0, so there is t € TP(t') and
TPT(t) = zg. By Lemma 3.5 we have T~!(x1) = (—o0,a] and T~ (z2) = [b, 00) for some
a <beZ Sowehave a <t < b, which implies that 7% (a) < T™*1(t) < T™H(p),
ie., 1o < T (t) < xg. So, T L(t) = zy which means that p+1 <n; +1, ie., p < ny.

Thus ||y1|| = ny = max{||z|| : x € T7'(S) \ S}, as required. 0O
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Theorem 3.62. Let T : 7 — 7Z be a finite-to-one OP map with, in total, one 1-cycle with
spine S = {xo}. Then |[{x € T (S)\ S: ||z|]| = co}| > 1.

Proof. Suppose, for a contradiction, that there is a unique y € T71(S) \ S with ||y|| = oo.
Let B =Uyen T "(y), so |B| =w and | X \ B| < w. If y < T(y) then we have

=Ty >y>T () >T ) > >T ") >T " (y) >...,

since T is an OP map. Since |X \ B| < w, then we will have some z € {20} U (X \ B)
is the greatest element of X, which is a contradiction. The case y > T'(y) follows in the

same way. Hence, [{z € T7'(S)\ S: |z| = co}| > 1. O

Let O be a 1-cycle with |O| = w we say that O satisfies:

(C2) if T | O is either finite-to-one or there is a unique point y € O with |T7(y)| = w
and O satisfies that |0\ T7(y)| < w.

Also we say that O satisfies:

(C3) if T71(S)\ S = A1 UA, such that SU,cy T %(As), i = 1,2 has (C2) provided that
if [{x €T7(S)\S: ||z|]| =00} =0and if n = max{||z| : z € T7'(S)\ S} then
lyll = n for some y € T71(S) \ S with |Upeny T7"(y)| = w.

Theorem 3.63. Let T' : X — X be a function on the countably infinite set X and let
o(T) = (v,(,01,09,03,...). Let O be the collection of all cycles of T. If v = 0 and
O # (), then there is a linear order on X with respect to which T is OP and X ~ 7 iff
(=0,=0 foralln>2, each O € O has (C1), |{z: |T7 (z)] =w}| <2 and either:

(1) 01y = w with |O] < w for all O € O except for at most one orbit O which has (C2);

or

87



(2) 1 <oy <w with |O| <w for all O € O except for two cycles each has (C2); or
(3) o1 =1 with O has (C3).

Proof. Let T be an OP map on Z, then by Theorem 3.38 we have each O € O has
(C1). Lemma 3.55 (1) implies that ( = 0 and by Lemma 3.3 we have o, = 0 for all
n > 2. Also, by Lemma 3.61, we have |[{z : |T7'(z)] = w}| < 2. If g1 # 1, then by
Lemma 3.54 and Theorem 3.53 we have either (1) or (2) holds. Let oy = 1, so T has
one 1-cycle O with spine S = {x¢}. If T is finite-to-one, then by Theorem 3.62, we have
{z € T7Y(S)\ S : ||z]| = 0o}| > 1; 50 O has (C3). Let A= {z: |T (z)| =w}. If |A] =1,
say Yo € A, then by Lemma 3.5 we have either T~ (yo) = (a,00) or T~ (yy) = (=00, a) for
some a € Z, so O\T ™ (yy) is either [a, 00) or (—o0, a]. So, O\ T~ (y) is infinite and since
O has (C1), then |[{z € T"Y(S)\S : ||z|| = co}| # 0. Let Ay = {x € T (S)\S : ||z| = oo}
and Ay = (T7H(S)\ S) \ A1. So, if X; = Uy T "(A:) U S, i =1,2 then T | X is finite-
to-one and yy € Xy with | Xy \ 77 (yo)| < w, so both of X;, X5 has (C2); hence O has
(C3).

If |[A|] = 2, say y,¥' € A, then by Lemma 3.61 we have | X \ T71(A4)| < w; hence,
H{z € T7Y(S)\ S : ||z|| = co}| = 0. Also, if n = max{||z| : z € T7'(S) \ S}, then
Lemma 3.61 implies that ||z|| = n for some z € T71(S) \ S with |UycnT"(2)] = w. So
let A; = {z} and Ay = (T7'(S)\ S) \ A; then X; =,y T"(A;) US,i = 1,2 has (C2),
so O has (C3).

Conversely, (1) and (2) follow immediately from Lemma 3.42 and Theorem 3.53. Sup-
pose that (3) holds, so T has a single 1-cycle O with spine S = {zo} and T7}(S)\ S =
A1 U A, such that S U,y T7%(Ai),7 = 1,2 has (C2). By Lemma 3.42, it is sufficient to
find two sets X7, Xy C X with linear ordered <, <5 respectively such that X;NX, = {z},
X1 ~ Xy = N, xq is the least element of both of X; and X5, T' [ X; and T | X5 are OP
maps. So, if X; and X, were found, then X as the ordered sum of (X3, <7*) and (X3, <5)

is order-isomorphic to Z and T is OP. So, we have the following cases:
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Case (1): T is finite-to-one, let X; = SUJ, ey T *(A;),i=1,2 50 both of T | X;,T |
X, is finite-to-one and X7 N Xy = {zp}. By Lemma 3.48, there is linear orders on each
of X1, X, in such a way that x( is the least element of both of them, and with respect to
which X; =~ Xo =~ N, T' | X; and T | X, are OP maps.

Case (2): {z : |T7Yz) = w}| =1, 50 T | (SUUpenT"(A41)) is finite-to-one and

SUUgen T "(A2) contains a point y with |77 (y)| = w. Let

=SUlJTFAN) ULz e TS\ S 1 [z > 1, | T7H()| < w}
keN keN

and Xo = SU (X \ X7). Since T' | X; is finite-to-one, then, by Lemma 3.48, there is a
linear order on X7 in such a way that x( is the least element of X7, X; ~* N and T | X;
an OP map. Since X has (C1), then X5 also has (C1) and T' | X, satisfies conditions of
Proposition 3.52, hence there is a linear order on X5 in such a way that z( is the least
element of X5 such that Xo & N and T [ X5 is OP.

Case (3): [{z : [T (2)| = w}| = 2 and thereis y; € T7(S)\ S with | Uy T *(w1)| =
w and ||z]| < |Jy1]| for each z € T71(S)\ S. Let

=SUlJT ) u{z e TS\ S: ol = 1, | T7H)| < w}
keN keN

and Xy = SU (O \ X;). Hence, each of T' [ X; and T | X, satisfies conditions of

Proposition 3.52, so the proof is complete. O

Now, the following theorem describes the situation when 7" : X — X has both a

1-cycle and an N-orbit so, by Lemma 3.55, T has no Z-orbits.

Theorem 3.64. Let T be a function on a countably infinite set X with orbit spectrum
o(T) =(0,¢,01,09,03,...). If o1 # 0 and v # 0, then there is a linear order on X with
respect to which T is OP and X =~ Z iff ( = 0, =0 for each n > 2, |L;(O)| < w for each
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i € N and N-orbit O, each orbit has property (C1) and either:

(1) o1 = w with |O| < w for each 1-cycle O;or
(2) 01 < w and either:

(a) |O] < w for all 1-cycles except for a unique 1-cycle which has (C2);

(b) |O| < w for all 1-cycles and v # 1.

Proof. Let T be an OP map on Z, by Lemma 3.3 and Lemma 3.55 (1) we have ( = o, =0
for all n > 2. By Lemma 3.38 we have each orbit has property (C1). Since o7 # 0, then
by Lemma 3.6 we have a spine of a 1-cycle is equal to n for some n € Z; hence any N-orbit
O of T must be either a subset of (—oo,n) or a subset of (n,00). Hence, by Theorem
3.53 we have that |L;(O)| < w for all i € N and an N-orbit O. Also, by Lemma 3.54 and
Theorem 3.53 we have either (1), (2) (a) or (2) (b) holds.

Conversely, let O = {O}}icr, I €N, be the collection of all N-orbits, then by Theorem

3.53, there is a linear order <; on O" = |J,.; O} such that O’ =& N and T' | O’ is an OP

iel
map. Let {O;};es, J C N, be the collection of all 1-cycles with |O;]| < w. If either (1)
or (2), (a) holds, then by Theorem 3.53, there is a linear order <, on O = (J,; O; such
that O ~ N and T | O is an OP map. Hence, by applying Lemma 3.42, we have X as
the ordered sum of (O, <7'), (O, <) is order isomorphic to Z and T is an OP map.
Now suppose that (b) holds, so 07 < w with |O] < w for all 1-cycles and v # 1. Let
O] € O, so O'"\ O] has a linear order =} which is the restriction of <; on O"\ O}. Also, by

Theorem 3.53, there is a linear order < on C' = O1UlJ._; O; so that C'is order-isomorphic

jeJ
to N and T' | C is OP. Hence, again by Lemma 3.42, we have X as the ordered sum of

(C, =71 and (O’ \ Of, =!) is order isomorphic to Z and T is an OP map. O

Finally, we combine Theorem 3.60, Theorem 3.63 and Theorem 3.64 together, so we
have the following main theorem which describes the orbit structure of maps on the sets

that are order-isomorphic to the integers Z with their usual order.
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Theorem 3.65. Let T be a function on a countable set X with orbit spectrum o(T) =

(v,¢,01,09,03,...). Let A= {x € X : |T Y x)| = w} and O be the collection of all

1-cycles of T'. There is a linear order on X with respect to which T is an OP map and

X = Ziff o, =0 for all n > 1, each 1-cycle and N-orbit has property (C1) and either:
(1) o1 =0 and either:
(a) 0# (¢ <w and |A| =0; or
(b) ¢ =0 and |A| <1 provided that |A| = 1 when v = 1.

(2) ¢ =v =0 and either:

(a) 01 = w with |O] < w for all O € O except for at most one orbit O which has
(C2);

(b) 1 <oy <w with |O] <w for all O € O except for two cycles each has (C2); or

(¢) o1 =1 with O has (C3).
(3) (=0,v#0, 01 # 0 and either:

(a) 01 =w with |O| <w for all O € O ;
(b) 01 < w with |O] < w for all O € O except for a unique 1-cycle with (C2); or

(¢) o1 < w with |O] <w for all O € O and v # 1.
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Chapter 4

Order-Reversing Maps on Countable

Linear Orders

In this chapter, we study the orbit structure of order-reversing map on rationals QQ, integers
7, and naturals N with their usual order. In the first section with give some results and
properties of order-reversing self-maps on arbitrary sets. Next we give characterization
of order-reversing bijections and injections on the rationals Q. The main theorem of the
second section is order-reversing surjections on the rationals Q. In the final two sections we
describe the orbit structure of order-reversing self-maps on sets that are order-isomorphic
to N or Z.

A number of authors have studied order-reversing maps. For example, Bjorner [1] gave
conditions under which order-reversing map of a complete lattice into itself has a unique
fixed point, where A. Tarski in [30] had earlier shown that every order-preserving map of a
complete lattice into itself has a fixed point. In [5], among other results the maximal reg-
ular subsemigroup of the ideals of the semigroup of all order-preserving or order-reversing

transformations on the chain {1,...,n} under the natural order was characterized.
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4.1 Preliminaries of Order-Reversing Self-Maps

In this section we study some preliminaries and results of order-reversing, or OR, self-
maps on arbitrary sets. Some of these lemmas and results may be known, we include

proofs for completeness. We start with the following basic definition (see for example

[13]).

Definition 4.1. Let (X, <;) and (Y, <) be ordered sets. A map T : X — Y is said to be

order-reversing (or antitone map) if x =y y implies that T'(x) = T(y).

The following result is a well known fact about order-reversing and order-preserving

maps which we need to use during this chapter.
Lemma 4.2. Let T : (X, =) — (Y, =X5) be a map, where X NY = {).

(1) If T is OP then each of T : (X, =1) — (Y, =51 and T : (X, =71 — (Y, =) is an
OR map.

(2) If T is OR then each of T : (X, =1) = (Y, =25") and T : (X, =<[) = (Y, =y) is an
OP map.

Lemma 4.3. Let X be a linearly ordered set and T : X — X be an OR map with orbit

spectrum o(T) = (v,(,01,092,03,...). Then
(1) T has at most one fized point.
(2) 0, =0 for alln > 2.

Proof. (1) Clearly, if we suppose that 7" has two fixed points zy and x; such that zo < 21,
then we will have T'(zg) > T'(z1), i.e. o = x1; hence zy = x;. Consequently, 7" has at
most one fixed point.

(2) Suppose, for a contradiction, that 7" has a k-cycle, k > 2. Since T is an OR map

then T2 is an OP map so, by Lemma 1.9, if k is odd then 72 has a k-cycle, and if k is even

93



then T2 has two cycles each of length k/2. But from Lemma 3.3, this is a contradiction

since OP maps have no cycles of length greater than 1. O

Lemma 4.4. Let (I,=;) be a linearly ordered set, {(X;, =) }ier be a collection of linearly
ordered pairwise disjoint sets and {T; : X; — X;}ier be a collection of OR maps. There

is a linear order < on X = .., X; such that the map T defined as T | X; = T; is an OR

iel
map provided that T has at most one 1-cycle. Moreover, for each i € I we have =<; is the

restriction of < on X;.

Proof. Assume that Ty, t € I has at most 1-cycle. For each i € I'\ {t}, let

Xi,l = {.flf S Xz . T;(SL’) jl ZL’}

with the restriction of <; on X, ; and

X@g = {.flf € Xz T jl E(SL’)}

with the restriction of <; on X;2. So, X; = X;1 U X9, T(Xi1) C Xio, T(Xi2) € Xy
and X;1 N X, = 0. Let (Y7, =') be the ordered sum of X;; over I\ {t} and (Y2, <) be
the ordered sum of X, over (I'\{t}, =<;"). Now consider (X, <x) to be the ordered sum
of (Y3, =), (Xy, =¢) and (Y7, =’) respectively.

Now, we prove that T is an OR map under <yx. Let z,y € X with z <y y, if
z,y € X; then T'(y) = T'(x) so T(y) =x T'(z). f 2,y € Y1, s0o v € X;1,y € Xj, for
some i <y j € I\ {t}, then T'(x) € X;5,T(y) € X;o. Since j <;' i, then T(y) < T(z) so
T(y) <x T(z). If z,y € Y5, then the proof follows in the same way. If x € Ys,y € X, then
T(x) e Y1,T(y) € X, s0 T(y) =x T(x). Similarly, if z € X;,y € Y1, then T'(y) <x T(x).
If v € Yo,y € Y7, then T(z) € Y7 and T'(y) € Y, so T(y) <x T(z). Hence, T is an OR

map. U
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Lemma 4.5. Let (X, <) be a linearly ordered set and T : X — X be an OR map. Then
forallx € X, if y,z € T*(x) for some k € N with y < z and if y < t < z for some

t € X thent e T *(x).

Proof. Let x € X and y,z € T7%(x) for some k € N with y < z. Suppose that there is a
t € X such that y < ¢ =< z. Since T is an OR map, then we have T'(z) < T'(t) < T'(y) so
TF(z) X TF(t) < Tk(y) if k is odd and T*(y) =< T*(t) < T*(2) if k is even. But in both
of the cases, this means that < T*(t) < =, i.e., T*(t) = 2. Hence, t € T *(z), as was

required. O

Lemma 4.6. Let T be an OR map on a linearly ordered set (X, =). Let O be a 2-cycle of
T with spine {xg,x1} and xq < z1. Then for each orbit O" of T, O" # O, we have either

O’ C (zg, 1) or O' N (xg,x1) = 0. Moreover, O’ C (g, 21) when O is a I-cycle.

Proof. Let O" be an orbit of T' and suppose that z € O'. If g < z < x1, then we have

xo=T(r1) 2 T(2) X T(x0) = 1,

since T'is OR. So, for each k € N we have zg < T*(2) < 21, i.e. T*(2) € (29, 21). Now,
suppose, for a contradiction, that thereis t € O’ with t & (z1,x3) . If t < z, then we have
T*(t) < T*(x¢) = 7o whenever k is even and T*(y) = T*(x) = x; whenever k is odd; so
for each k € N we have T%(t) ¢ (z¢, ;). Since t and z are in the same orbit then we have
T"(z) = T™(t) for some n,m € N. But T"(z) € (vo, 1) and T™(t) ¢ (zo,21), which is
a contradiction. The case when ¢ = x; follows in the same way, so t € (g, ;). Hence,
xo =y <X 1 for each y € O'. Finally, if O is a 1-cycle with spine {yy} then immediately

we have xy < yo < 27 and from Lemma 4.5 we have O’ C (z,x1). O

Corollary 4.7. Let T be an OR map on a linearly ordered set (X, =<). Let O be a 2-cycle
of T with spine {xo,x1} and xog <X x1. If T has a 2-cycle O" = {yo, 11} with yo < y1 and

Zf o'nN (Io,l’l) = (Z) then Yo = o and Y1 > x1.
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Theorem 4.8. Let T be an OR map on a linearly ordered set (X, =X), where T is either
an ingection with a single orbit or X is a semi-simple cycle of T. If x € X with x,T(z)
do not lie in a spine of a cycle and x = T(z), then either J,.o{T*(2)} C (z,T(z)) and
(0, 7@ Uy T () = B 07 Upog T™(2) € (2, 7(2)) and (w,T(@)) U g (T(2)} = 0.
Moreover, if O is a 1-cycle, then | J,-o{T"(z)} C (z,T(x)) and (z,T(x)) Uy T () =
0.

Proof. By Lemma 4.3, T has no n-cycles with n > 2. Let O be either a N-orbit, Z-orbit
or a semi-simple n-cycle, n = 1,2. Let x € X with z, T'(x) are not in a spine of a cycle
and let x < T'(x). From the assumption that z < T'(x) we have T?%(z) < T'(x) since T is
an OR map, so we have the following cases:

Case (1): @ < T?(x) < T(z). We claim that for each 2 < k € N, z < T*(z) < T(z).
For k = 3 we have T'(z) = T3(z) = T*(z), since T is OR, hence from the assumption we
have z < T?(z) < T3(x) < T(x). Now, suppose that z < T™(x) < T(x) for each m < k,
then we have T'(z) = T*(z) = T?(z). From the assumption that z < T?(x) we have
r =< T?(x) X T (x) < T(x). Hence, T*(x) € (x,T(z)) for each 0 < k € N.

Now we deal with 7!(z) in the case when T (z) # 0. x =< T(x) implies that
r =< T7(z), also the assumption z < T?(z) implies that T'(x) < T (), so T"'(x) ¢
(x,T(z)). Now suppose that T-™(x) ¢ (x,T(z)) for all m < k, so either T—*(z) =
T(z) which implies that T=%*"Y(x) < T-'T(x) = z, or T~¥(x) < z which implies that
T Y(x) = T~Y(x), so as we showed above T*~1(z) = T-1(x) = T(z). Hence, in both
cases T~*1(x) ¢ (z,T(x)). Thus, T~*(x) ¢ (z,T(z)) for each 0 < k € N, as required.

Case (2): T?(x) < = =< T(z) with T?*(z) # T(x). So, T?(r) < x implies that
T3(z) = T(x). Suppose that T™(z) ¢ (x,T(x)) for all m < k. If T*(z) < x then
T*(z) = T(x) (provided that T*+1(z) # T*(x)). If T*(x) = T(z), then T*+1(z) < T?(x)
(provided that T**'(z) # T*(z)), but from the assumption that 7?(x) < z we have

TF(z) < T?(x) < z. Hence, both of the cases imply that T**!(z) ¢ (z,T(z)). Thus,
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T*(x) ¢ (x,T(x)) provided that TF1(z) # T*(z) for all 1 < k € N, i.e., O is not a
1-cycle.
Now, T%(z) < x < T(x) implies that T'(x) = T~(x) = z. Suppose that z < T~™(x) <

T (z) for all m < k. Since T is an OR map, then this implies that T~!(z) = T-*"1(z) = x.

Hence, T7*(z) € (z,T(z)) for each 0 # k € N, as required. O
From the proof of the previous theorem we immediately have the following corollary.

Corollary 4.9. Let T be an OR map on a linearly ordered set (X, <), where T is either
an injection with, in total, one orbit or X is a semi-simple cycle of T. Let x,T(x) € X

do not lie in a spine of a cycle and v < T'(x).

(1) If (2, T(2)) N Upao{T"(2)} = 0, then {T?™(x) : m € N} =z and {T*"(z) : m €
N} = T(x).

(2) If (z, T(x)) NUpao T7%(x) = 0, then {T7?"(z) : m € N} Xz and {T7*" ! (z) : m €
N} = T'(x).

Theorem 4.10. Let T be an injection on a countably infinite set X and let o(T) =
(v,(,01,09,03,...). If 0, =0 for alln € N and 0 # ( + v < w, then any linear order <
on X with respect to which T is an OR map satisfies the following: for any x € X, there

is either y = x such that (x,y) =0 or z < x such that (z,z) = 0.

Proof. Let 0 # ( + v = n < w. Suppose, for a contradiction, that 7" is an OR map on
(X, <) and =< does not satisfy the condition above. Let o(T?) = (V/,{’, 04, 05,0%,...),
then Lemma 1.9 implies that (' + v/ = 2n < w. Since T is an OR map, then 72 is an
OP map on (X, <) with ' + 1/ = 2n < w, which is a contradiction by Theorem 3.12.
Thus, for every x € X, there is either y = x such that (x,y) = () or z < x such that

(z,2) = 0. 0
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Let T : X — X be a function and let O be either a Z-orbit, an N-orbit, a 1-cycle or a
2-cycle of T'. Let S be a spine of O indexed as {z; : j € M}, where M is either N, Z, {0}
or {0,1} as appropriate, such that T'(z;) = ;41 for each j € M and j is taken module
n when O is an n-cycle. For all ¢ € N, where N is either Z, {0} or {0,1}, let C;; be
defined as before (see Figure 3.1 and Figure 3.2 for 1-cycles and Z-orbits). For all i € N,
let L;(O) be the set defined in Definition 1.7 (also L;(O) = |J, oy Cix). Terminology of

2-cycles is illustrated in Figure 4.1 .

Figure 4.1: A 2-cycle O.

Lemma 4.11. Let T : X — X be a function and let O be an orbit of T', where O 1is either
a Z-orbit, an N-orbit, a 1-cycle or a 2-cycle. Suppose that S is a spine of O. There is a
family of linear orders on the sets C;y, (i € N,0# k € N, where N is Z, N, {0} or {0,1}

according to the nature of the orbit) with respect to which T | C;y, is an OR map.

Proof. By Lemma 3.14, there is a family of linear orders <;;, on the sets C;  with respect
to which 7' | C; is an OP map. For each 0 # k € N, if k is even define an order on Cj

to be the same order =, ; and if k is odd take the order on C;, to be jl_]i Since for each
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even number j = 2k, k € N we have
T1Cij:(Cij,=2ij) = (Civrj1, Zip1 1)
is OP, then by Lemma 4.2 we have the map
T1Cij:(Cij,=ij) = (Cigrj-1, 5;11,3'—1)
is OR. Also, it follows that for each odd number j = 2k + 1, k € N, we have

T1Cij: (Ciy, ji_jl) = (Cit1,j-1, =2

—i+1,j—1)

is also OR. So the proof is complete. O

Corollary 4.12. Let T : X — X be a function and let O be an orbit of T with spine S,
where O is either a Z-orbit, an N-orbit or a 2-cycle. There is a family of linear orders
on the sets L;(O) # 0 (i € N, where N is Z, N or {0, 1} according to the nature of the

orbit) with respect to which T' | L;(O) is an OR map.

Proof. Let O be an orbit of T', where O is either a Z-orbit, an N-orbit or a 2-cycle. By
Lemma 4.11, there is a family of linear orders on the sets C;, 0 # k € N, with respect
to which T' [ C; 1, is an OR map. Let =<;; denoted the order on Cjj. For each i € N, let
Li(O) = U,,en Cin be defined. Let E = {k € Z: kis even} and E' = {k € Z : k is odd}.
For each i € N, if i € E define (L;(0),=;) to be the ordered sum of (C;, =) over
(N, <™1), and if i € F’, define (L;(O), =;) to be the ordered sum of (C; x, <ix) over N.
Now, we prove that T' | L;(O) is OR. Notice that if x € C;,,y € Cin,m,n > 0 and
i € E, then T(x) € Ciy1,-1 and T(y) € Ciz1m-1, S0 i + 1 € E' (where i + 1 is taken
module n when O is n-cycle). Hence, if  <; y then n > m so n — 1 > m — 1; hence

T(x) =41 T'(y) and T' | L;(O) is an OR map. The case when ¢ € E’ follows in the same
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way. Thus, T'[ L;(O) is an OR map. O

Theorem 4.13. Let T : X — X be a function with an orbit O, where O is either a
Z-orbit, an N-orbit, a 1-cycle or a 2-cycle. Then there is a linear order on O with respect

to which T | O is an OR map.

Proof. Let O be either a Z-orbit, an N-orbit or a 2-cycle. By Corollary 4.12, there is
a family of linear orders on the sets L;(O) # 0 (i € N, where N is Z, N or {0, 1}
according to the nature of the orbit) with respect to which 7' [ L;(O) is an OR map. Let
E={keZ:kiseven} and E' = {k € Z : k is odd}. Let (X, <;) be the ordered sum
of (Lam(0), <o) over (N, <71) and let (X5, <5) be the ordered sum of (Ly;1(O), <opy1)
over N. Let (X, <) be the ordered sum of X; and X, respectively. We prove that T | O
is an OR map under <. Let x € L;(0O),y € Li(O) for some i,k € N, then we have
T(x) € Li11(0),y € Li41(0), where i + 1,k + 1 is taken module 2 when O is a 2-cycle.
Ifie FEand k€ E' theni+1¢€ E'andk+ 1€ E, soT(x) = T(y). If i,k € E then
i>k, hencei+1>k+1landi+1,k+1€ E' soT(x) = T(y). The case when i,k € £’
follows in a the same way. Consequently, T' [ O is an OR map.

Now, if O is a 1-cycle then, by Lemma 4.11, there is a family of linear orders <, on
the sets Co i, # 0, 0 # k € N, with respect to which T' | Cy, is an OR map. Let (X7, <1)
be the ordered sum of (Cpam, <02m) over (N, <71) and let (X3, <2) be the ordered sum
of (Cok+1, =y a0s,) Over N. Let (X, X) be the ordered sum of X; and X, respectively.

Finally, we prove that 7" [ O is OR under <. Let z € Cy;,y € Cpy for some 0 <
i,k € N, then we have T'(x) € Cy 11,y € Cogt1. If i = k then the proof is clear. If i € E
and k € ' theni+1 € F andk+1¢€ E, soT(x) = T(y). If i,k € E then i > k, so
i+1>k+1landi+1,k+ 1€ E' hence T(z) > T(y). The case when i,k € E’ follows

in a similar way. Consequently, T" | O is an OR map. O

Theorem 4.14. LetT : X — X be a map with orbit spectrum o(T) = (v, (, 01,029,035, ...).
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There is a linear order on X such that T is an OR map if and only if o, = 0 for alln > 2

and o1 < 1.

Proof. t T : X — X is an OR map then by Lemma 4.3 we have o, = 0 for all n > 2
and o1 < 1. Conversely, let O = {O;}ie; be the collection of all orbits of T, then by
Theorem 4.13, for each O € O, there is a linear order <, on O such that T' [ O is an OR
map. Choose a linear order on I. So, by Theorem 4.4, since {T" | O;};; is a collection of
OR maps with at most one 1-cycle, then there is a linear order < on X = J,.; O; with

respect to which T is OR on X, as required. O

We end this section with a proof of the following result that we will use later during

this chapter.

Lemma 4.15. Let T be a function on a finite set X consisting of a single n-cycle with
spine S,, n = 1,2. Suppose that there are r <1’ € N such that C;, # 0, Ciy1,» # 0 and
Cik = Ciz1m =0 for each k > r (with k # 1" ifn=1) and m > r', where i € {0,n — 1}
and i+ 1 is taken module n. If y,z € X, then there is a linear order on O in such a way

that z,y are endpoints of X and T is OR in each of the following cases:

(1) r=1"=1,2¢€ C;, and y € Ciy1 provided that y € TF1(T*(2)) whenever
|T=*=YTk(2)| # 0 and T*(2) ¢ S;.

2)n=2,r=r,2€Ci, andy € Ciy1,.
(3) n=1, |Co1| > 1 and z,y € Cy,» such that r' = min{n : T"(y) = T"(2)}.
Moreover, If n =2 and Sy = {xo, z1}, then (zg,z1) = 0.

Proof. Let z € C;, and y € Cjyq1,,. For each 0 < j < r, let z; = T"77(z) and for each
0<k<7 let yp =T *(y). We will build up an order on X step by step as follow.
Foreach z € O\ S, ifx # 2;, 0 < j <r,x # y, 0 <k <7r and [T (2)] # 0,

choose any linear order <, on 7T~ !(z). For each 0 < j < r, if z = z; € Cy, for some
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i € {0,n — 1} and |T7'(2;)| # 0, choose < in such a way that z;.1 is the greatest
element of T7'(z;). For each 0 < k <r, if & = y; € Cy, for some i’ € {0,n— 1}, yp # 2
and |T!(y)| # 0, choose <, in such a way that yx1 is the greatest element of 7~ (yy).
Now, define a linear order on Cy 5, i’ € {0,n — 1} as follow.

(1) If r = 1" — 1 s0 z,y1 € Cy for some i’ € {0,n — 1}; so in this case there is
0 < p < r such that z;, =y, for all 0 < k < p. Define a linear order such that z; is the
greatest element of Cj; and also y; is the greatest element of C;; \ {z1} if p = 0.

(2) If n=2and r =1', then 2, € Cy 1,11 € Cyy11, V' € {0,1}. Choose a linear order
such that z; is the greatest elements of Cy ; and y; is the greatest element of Cy 41 ;.

Now, for each i € {0,1} and 1 <1 <’ define a linear order <;; on C;; so that T' [ Cy;
is OP as in Lemma 3.14, so C;; = [ J{T!(x) : € Ci;1,-1} is the ordered sum of T~*(z)
over Ciyq1-1.

Now, we prove that z = z, is the greatest element of C;, and y = y,» is the greatest
element of C;,,. Suppose, for a contradiction, that z <;. t for some ¢ € C;,, then from
the construction of orders above we will have T7"!(z) =y, T""(t) € Cy ;. But this is
a contradiction of being T""!(z) = z; the greatest element of Cy ;. Now for the point
y we have two cases: if |T*"}(T*(2))| = 0 whenever T*(z) ¢ S then the proof that y
is the greatest element of C, follows in the same way of z. If y € T=*"1(T*(z2)) for
some k € N, let &/ = min{k e N:y € T*HT*(z))} sop=r—Fk and T"7?(z) = z, =
Yp = T ~P(y). Suppose, for a contradiction, that y =it1, t for some t € Cjyq,, then
yr = T(y) =i T(t) =ir 2 = 2, (where t cannot be in T71(y,) since y,» is the greatest

element of T7!(y,)). But then

T (y) <y THP(E) iy TV 7P(2),

ie., yp Sip_p T"PTHE) =4y 2,, which is, by Lemma 4.5, a contradiction since z, = y,.
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Hence, z is the greatest element of C;, and y is the greatest element of C; .

Now, if O is a 2-cycle, let < be defined on X as in Lemma 4.11; so for each k € N,
if ¢ = 1 define an order on C;j to be the same order <;; and if ¢ = 0 take the order
on Cj to be jz_,i Let (Lo(O), <o) be the ordered sum of (Cp,, <o) over (N, <!') and
(L1(0), <1) be the ordered sum of (C},, =1,) over N. Let (X, <) be the ordered sum of
Lo(0), L1(0). If O is a 1-cycle, for each k < 1/, take ja’;k to be the order on Cp o and
=0.2k+1 to be the order on Cyari1. Let (Xi, =<1) be the ordered sum of (Cpam, =0.2m)
over (N, <7') and (X5, =3) be the ordered sum of (Cp k41, =, ,,,,) over N. Let (X, <) be
the ordered sum of X; and X, respectively. Clearly, from the construction of < we have
Coq = X, where q is either r or r’; and X < C} 4, where ¢ # ¢’ € {r,’}. Hence, y, z are
the endpoints of X. Finally, from the construction of < we have (g, ;) = 0.

(3) Let 2,y € Cy,r. Let ty € Cp, be such that to = T7~!(z) and t; € Cy; be such
that ¢, = T"*(y). Write Coy as Coy = C§, U Cg, with ¢; € Cf,i = 0,1. For each
1<k <71 let Cf), =T HCQ,_y) and Cjy, = T71(Cj,_1). Let Og = Uy Co U S and
O1 = U0 Cox U S. Define linear orders <; on Oy,7 = 0,1 as in (1) in such a way that
z,T7Y(z) are endpoints of Oy such that z € 0877,, is the least element; and y, T~*(y) are
endpoints of Oy such that y € C’&W is the greatest element. Let <;; be the restriction of

=i on Cf ;. Let

7,,/

Xo = U ngj and X; = U C’éjj,
j=1 j=1
where 0 + j,1 + j are taken module 2. Let (Xy, <o) be the ordered sum of ngj over
{1,...,r"} and (X1, =) be the ordered sum of C’fjj over ({1,...,7"},>). Let X be the
ordered sum of Xo, {2} and X respectively. Notice that if 2 € Cf,, then T'(z) € Cf,_;,
so from the construction of =, it is simple to verify that 7" is an OR map. Also, from the

construction of <, it follows that Cf , < X and X = C’g’:l, where p € {0,1} and p+ 1 is

taken module 2. Hence, y, z are endpoints of O. O
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4.2 Order-Reversing Maps on The Rational World

In this section we give the necessary and sufficient conditions for a set X with a self-map
T to be linearly ordered in such a way that 7' : X — X is order-reversing and X is

order-isomorphic to Q.

Lemma 4.16. Let {X;}icn, be a collection of pairwise disjoint sets, where X; ~ Q for
each i € N, and {T; : X; — X;}ien be a collection of OR maps. There is a linear order
on X = UieNXi such that X =~ Q and the map T : X — X defined asT | X; =T; is an
OR map provided that T has at most one fized point.

Proof. Let X = |J;en(Xi, =i), where each (Xj, =;) is order-isomorphic to Q and X;NX; =

() whenever i # j. Assume that T3, ¢ € N has at most 1-cycle. For each i € N\ {¢}, let
Xip={re X,z =, Ti(x)}

with the restriction of <; on X, ; and
Xig={r € X; : Ti(x) 2 v}

with the restriction of <; on Xj9; 50 X; = X; 1 UX; 9, T'(Xi1) € X, T(X;2) C X, and
X1 N X2 = 0. Moreover, we have X;; ~ X;2 ~ Q. So, following the same proof of
Lemma 4.4 we have T': X — X is OR and X ~ Q since X; = X;; = X2 = Q for each
1€ N. ]

Lemma 4.17. Let T : X — X be a function on the countably infinite set X . If there is
a linear order on X that makes X =~ Q and T an OR map then for every x € X, we have

|T~*(x)| is 0, 1 or w for each k € N.

Proof. Suppose that there is 2 € X with |T7*(z)| > 1 for some k € N. Since X is order-

isomorphic to Q, then X is densely ordered, so by Lemma 4.5, it follows immediately that
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T~*(x) is infinite, hence |T*(x)| = w. O

4.2.1 Order-Reversing Bijections in the Rational World

Proposition 4.18. Let T : X — X be a bijection and let o(T) = (0,(, 01,09,03,...). If
0 # ¢ < w then there is no linear order on X with respect to which X is order-isomorphic

to Q and T is an OR bijection.

Proof. This proof follows immediately from Theorem 4.10, Lemma 4.6 and the fact that

Q is densely ordered. 0

Theorem 4.19. Let o = (0,(, 01,09, ...) be a sequence of cardinals with (+)_, 0y = w.
Then the canonical representationT : X — X of o on the countable set X is an OR map

with X ~ Q if and only if 0, =0 for alln > 2, 01 <1 and ( is either 0 or w.

Proof. Suppose that X is order-isomorphic to Q and 7" is an OR bijection on X, then by
Lemma 4.3, we have g, = 0 for all n > 2 and o; < 1. By Proposition 4.18 and Lemma
4.6, we have ( is either 0 or w.

Conversely, suppose g, =0 for all n > 1, o7 < 1 and ( is either 0 or w. Suppose first
that o1 = 0, se we have the following cases to consider:

Case (1): 09 = w and ¢ = 0. Let X = Q\ {0} and let 7" : X — X be the map
defined as T'(z) = —z. It is clear that T is an OR bijection. Since for all a € X we have
T?*(a) = a, so T has, in total, countably infinitely many 2-cycles.

Case (2): ( =w and 02 = 0. Let X = Q\ {0} and let 7" : X — X be the bijection
defined as T'(x) = —2x. Clearly, T is an OR bijection and T has only infinitely many
Z-orbits.

Case (3): ( =w and 0 < 09 < w. By Lemma 4.16, we can assume that oo = 1. Let
X =(0,3) N Q. By Case (2), there are OR bijections 77 on I; = (1,2) N Q and 75 on

I, =[(0,1)U(2,3)]NQ and each has, in total, infinitely many Z-orbits. So, let T : X — X
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be the bijection defined as: T' [ [} =Ty, T [ Iy =T, T(1) = 2 and T'(2) = 1. Clearly, T
has infinitely many Z orbits and one 2-cycle and 7" is an OR bijection.

Case (4): ¢ = w and 09 = w. This case follows immediately from Case(1), Case (2)
and Lemma 4.16.

Therefore, if o, = 0 for all n # 2 and ( is either 0 or w, then there is a linear order on
X that makes X ~ Q and T an OR bijection.

Finally, suppose that oy = 1. Let X = [(0,1)U(1,2)]NQ, so in each of the four cases

above there is an OR bijection 7" on X. Let

Ty : XU{1l} - X U{1}

be defined such that 7 [ X =T and Ti(1) = 1, it follows immediately that 77 is an OR

bijection with a unique fixed point xq = 1. O

4.2.2 Order-Reversing Injections in the Rational World

Theorem 4.20. Let o = (v,(,01,02,...) be a sequence of cardinals with v+(+) ", . 0n =
w. Then the canonical representation T : X — X of o on the countable set X is OR with

X ~Q if and only if o, =0 for alln > 2, o1 <1 and ( + v is either 0 or w.

Proof. Suppose that T is an OR injection on X which is order-isomorphic to Q, then by
Lemma 4.3 we have 0, = 0 for all n > 2 and o; < 1. Also, from Theorem 4.10, we have
¢ + v is either 0 or w.

Conversely, suppose that g, = 0 for all n > 2, 0y < 1 and { + v is either 0 or w.
Suppose first that 0y = 0. By Theorem 4.19 and Lemma 4.16, it is sufficient to prove the
following cases:

Case (1): v =wand ( + 09 = 0. Let X = Q\ {0} and let T : X — X be the

bijection T'(z) = —%x. So, immediately 7" is OR with infinitely many Z-orbits. Since for
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each a € Q, T"(a) — 0 as n — 00, so we can take Y = QN [(—1,0) U (0,1)]. Hence,
Ty =T | Y has infinitely many N-orbits and no others.

Case (2): v =w, 00 =0and 0 < ( = k < w. Let f:Q\ {0} = Q\ {0} be the
function defined by f(z) = —1z. List the elements in the set (0,1]NQ as {g; : 0 # i € N}
in such a way that ¢,,,q, do not lie in the same orbit whenever 0 < m,n < k. Let

O; = Upmez T7(¢;) and let C' = {1,...,k}. Now for each i > 0 let

O; if ieC,
O, =

O;N[—ii] if iéC.

Let X}, = [U;20 O;. Notice that X N [—i,i] = (Q N [—4,1]) \ F, where F' is a non-empty
finite subset of Q, so X} is order-isomorphic to Q. Let T" = f | X}, then T is an OR
injection with infinitely many N-orbits and k Z-orbits.

Case 3): (=w,09=0and 0 <v=n<w. Let T : Q — Q be the OR bijection

defined by T'(x) = —2x. Choose rational numbers ¢, ¢, ..., ¢, € (1,2) NQ and let
I={z€eQ:1<z<2,x#q,1<i<n}.

Let

Y= JUUT ¥ a)

i=1 k>0
Let X =Q\VY, so X ~Q. Hence, T [ X is an OR injection with, in total, infinitely
many Z-orbits and n N-orbits, as required.

Case (4): v+ (¢ =w and 0 < 0y < w. By Lemma 4.16, we can assume that oo = 1.
Let X = (0,3) N Q. By Case (1), Case (2), Case (3) and Theorem 4.19, there are OP
injections 77 on I; = (1,2) NQ and 75 on I, = [(0,1) U (2,3)] N Q and each has, in total,

infinitely many N-orbits and Z-orbits. So, let 7' : X — X be the injection defined as
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T L=T,T|I,=T,T(1)=2and T(2) = 1. Clearly, T has infinitely many Z orbits
and one 2-cycle and T is an OR injection.

Finally, suppose that o1 = 1. If the canonical representation of o = (v, (,0, 09,03, .. .)
is an OR injection on @, then there is an OR injection 7" on X = [(0,1)U(1,2)] N Q. Let
Ty : X U{1l} = X U{1} be defined such that 77 | X =T and 71(1) = 1; clearly 7} is an

OR injection having one fixed point. O

4.2.3 Order-Reversing Surjections in the Rational World

In this section we study the same problem but for surjections, we give a characterization

of order-reversing surjections on the rational world in terms of their orbit structure.

Necessary Conditions

Recall that if 7" has a Z-orbit, O, we say that O satisfies condition (*) if:
(*) for all x € O there is i € N such that |[T71(T"(z))| = w.

Notice that if O is a Z-orbit with spine S and O has (*), then |L;(O)| = w for each i € Z.

Now we have the following result.

Lemma 4.21. Let T be a surjection on a countable set X with, in total, a Z-orbit O.

Then O has condition (*) if and only if each orbit of T? has condition (*).

Proof. Let O be the unique orbit of 7" and let S be a spine of O indexed as {z; : i € Z}
so that T(x;) = w41 for all i € Z. By Lemma 1.9, T? has, in total, two Z-orbits,
O1 = Upez Lok(0) and Oy = J,oy Lor+1(0).

Suppose that O has (*), then |L;(O)| = w for each ¢ € Z. Hence, both of O; and O

satisfy that for all i € Z, |L;(0;)| = w, j = 1,2. Therefore, each orbit of 72 has condition

().
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Conversely, suppose each orbit of T2 has condition (*). Suppose, for a contradiction,
that O does not have (*). So, there is m € Z such that T~'(z;) = z;_; for each i > m.
Hence, both of O; and O, satisfy that (T%)7(x;) = x;_o for each i > m + 1. Hence,

neither O; nor Oy have condition (*), which is a contradiction. Thus, O has condition

(). O

Theorem 4.22. Let T : X — X be a surjection on the countable set X and let o(T) =
(0,(,01,09,03,...). Suppose that [T ()] =1 orw for allz € X. If ( < w and if the
number of orbits which satisfy condition (*) is less than the number of other Z-orbits then

there is no linear order on X such that X ~ Q and T is an OR map.

Proof. Let T have n Z-orbits with condition (*) and m Z-orbits which do not have (*).
Suppose that n < m and suppose, for a contradiction, that there is a linear order < that
makes X ~ Q and 7" an OR map. By Lemma 1.9, 72 has, in total, 2(n+m) Z-orbits and
by Lemma 4.21 there are 2n Z-orbits which have (*) and 2m Z-orbits that do not have
(*). Since T is OR then T? is OP with 2n < 2m; which is a contradiction by Theorem
3.26. Hence, X cannot admit a linear order such that X is order-isomorphic to Q and T’

is OR. O

Theorem 4.23. Let T : X — X be a surjection with, in total, finitely many orbits.
Suppose that o, = 0 for alln > 2, oy <1 and [T~ (x)| is either 1 or w for allxw € X. If
the number of simple 2-cycles is greater than or equal to the number of orbits that have
infinite cardinalities except Z-orbits which do not have (*), then there is no linear order

on X that makes X =~ Q and T an OR map.

Proof. Let T have k simple 2-cycles and n infinite orbit with m Z-orbits that do not
satisfy (*), so we have k > n — m. Suppose, for a contradiction, that there is a linear
order on X that makes X order-isomorphic to Q and 7" an OR map. Since T" is an OR

surjection then T2 is an OP surjection. Lemma 1.9 implies that T has 2k simple 1-cycles
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and 2m Z-orbits which, by Lemma 4.21, do not satisfy (*). So, if 7" has a non-simple
1-cycle, then we have 2k > 2n — 1 — 2m (since 2k > 2n — 2m), if T has no 1-cycle then
2k > 2n — 2m and if T" has a simple 1-cycle then 2k + 1 > 2n — 2m. But in each of these
cases we have the number of simple 1-cycles is greater than or equal to the number of
other orbits except orbits which do not have (*), which is a contradiction by Theorem
3.27. Hence, there is no linear order on X with respect to which X ~ Q and 7" an OR

map. U

Ordering Finitely Many Orbits

In this section we show how to order a set X such that a surjective map 7' : X — X with
finitely many orbits is order-reversing and X is order-isomorphic to Q.
In this section we will use the same terminology that was used in Section 3.2 (see

Figure 3.3 and Figure 3.4).

Lemma 4.24. Let T be a surjection on the countably infinite set X and let O be an orbit of
T with spine S. Suppose that for every x € X, |T~(x)| is either 1 or w. There is a family
of linear orders on the sets Cj, (i € N, 0 # k € Z, where N is Z or {0,...,n —1},0 <
n € N, according to the nature of the orbit) with respect to which T | Ciy is an OR map
and Cf,, = Q when C; # 0.

Proof. By Lemma 3.28, there is a family of linear orders on the sets C;, with respect to

which 7' | C7, is an OP map and Cj; ~ Q when Cj, # (. Now, we deal with ", # ()
with £ > 0 and the case k£ < 0 follows in the same way. For each k& > 0, if k is even define
an order on Cék to be the same =<;; and if k is odd take the order on Cék to be jl_,i
Since for each even number j = 2k, k € N we have

T [Cz(,j : (C( ju) — ( z{+1,j—1a ji+1,j71)

2,77
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is OP, then by Lemma 4.2 we have

10 (Cigy 2i5) = (G =)

+1,7-1 —iy1,5-1

is OR. Also , it follows that for each odd number j > 0, we have

T|C:(C <N = (!

1,J) —1) i+1,7—1» jiJrl,j—l)

is also OR. So the proof is complete. O

Corollary 4.25. Let T be a surjection on the countably infinite set X. Let O be either
a Z-orbit or a 2-cycle of T with spine S. Suppose that for every x € X, |T~(z)| is 1 or
w. There is a family of linear orders on the sets L;(O) (i € N, where N is Z or {0, 1}
according to the nature of the orbit) with respect to which T | L;(O) is an OR map and
L;(O) with |L;(O)| = w is order isomorphic to Q.

Proof. By Lemma 4.24, there is a family of linear orders on the sets C; ;. (i € N,0 # k € Z)
with respect to which 7' | Cj, is an OR map and Cj, ~ Q for Cj, # 0. Now we
define linear orders on L;(O) as follows. We have two cases, either i = 2m,m € Z or
i=2m+1,méeZ If i =2m, let (L;(0), %) be the ordered sum of C;, over (Z <™'). If
i =2m+1, let (L;(O), =;) be the ordered sum of Cj, over Z.

Obviously, for each i € Z, since C}, = w; and since for each k € Z, Cj, =~ Q, then
L;(O) ~ Q. Since T | Cix is OR and from the construction of each =;, it is simple to

verify that T [ L;(O) is an OR map. O

Theorem 4.26. Let X be a countably infinite set and T : X — X be a surjection on the
set X. Suppose that for every x € X, |TY(x)| is either 1 or w. If T has, in total, one
n-cycle, forn =1 or 2, then there exists a linear order on X such that X ~ Q and T s

an OR map.
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Proof. Suppose that T has a 2-cycle O with spine {zg,z1}. By Corollary 4.25, there
is a family of linear orders <; on the sets L;(0), i € {0,1} such that L;(O) =~ Q and
T T L;(O) is OR. Let (X, =,) be the ordered sum of (Ly(O), <o) and (L;(O), =<1). Since
Lo(0O) = L1(0) = Q, then X ~ Q. From the construction of <,, we have T" is an OR
surjection.

Now, suppose that 7" has a 1-cycle with spine {xy}. By Lemma 4.24, there is a family
of linear orders =ox on the sets Cy, such that Cp, ~ Q and T | Cy,, is OR. For each
k €N, let (Cog, =ox) be the ordered sum of Cf ,, C . Let (Y1 = [J,cy Co2i, =1) be the
ordered sum of Cjo; over (N, <7') and let (Y = Uien Co,2i41, =2) be the ordered sum of
Co2i+1 over N. Let < be defined on X as the sum-order of <; and <, respectively.

Clearly, we have X ~ Q since Cy ~ Q for all £ € N. Since T' | C;, is OR and from

the construction of each =;, it follows that 7" is OR. O

Theorem 4.27. Let T : X — X be a surjection on the countably infinite set X with, in
total, finitely many Z-orbits. Suppose further that for every x € X, |T~Y(x)| is either 1
or w. If the number of orbits which satisfy condition (*) is greater than or equal to the
number of other orbits then there exists a linear order on X such that X ~ Q and T is

an OR map.

Proof. Without loss of generality, by Lemma 4.16, we might assume that 7" has, in total,
two orbits O; and O, such that Oy satisfies (*) and O does not have (*). Index a spine of
O,,r=12as S, ={x., : n € Z} so that T'(x,,) = .41 for each n € Z. By Corollary
4.25, for each r = 1,2, there is a family of linear orders =<;. on the sets L;(0,), i € Z
such that L;(O,) ~ Q when |L;(O,)] = w and T | L;(O,) is an OR map. So, we can
define a linear order on O,,r = 1,2 as in Theorem 4.13; so T' | O, is OR and O; = Q
(since Oy has (*), so for each j € Z, |L;(01)] = w). Let E = {k € Z : k is even} and
E' ={k € Z: kisodd}. Now, define < to be the linear order defined on X as follows:
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for all x,y € X with z € L,(0,),y € L,(0),p,q € Z and r,t € {1,2}, then

r3y&sr=tandz <, y)or (r=1t=2andp,q€ F)or (r=2,t=1and p,q € E')

or (r#t,p€ Fand q€ E).

We now prove that X ~ Q. Let x,y € X and x < y. If x,y € Oy, then there is z € X
such that x < z < y, since Oy = Q. Let z,y € Oq, so x € L,(0s),y € L,(Os) for some
p.q€Z. lfpe E,qe E thenx < L,_1(0;) <y. If p,q € E' then v < L,(0;) = y and if
p,q € E then x < L,(01) < y. Hence, X is densely ordered. Also, from the construction
of <, X has no endpoints, so X ~ Q. Since T | O, is OR for each r = 1,2 and from the

construction of <, we have T is an OR map. O

Proof of The Main Theorem of Order-Reversing Surjections on QQ

Proposition 4.28. Let X be a countably infinite set and T : X — X be a surjection.
Suppose that for every x € X, |T~(z)| is either 1 or w and T has at most a I1-cycle.
There is a linear order on X such that X ~ Q and T is an OR map in each of the

following cases:
(1) T has, in total, infinitely many 2-cycles; or
(2) T has, in total, infinitely many Z-orbits.

Proof. Suppose first that 7" has no 1-cycle. Let {O;};en be the collection of all orbits of
T, where either O; is a Z-orbit for all i € N or O; is a 2-cycle for all i« € N. For each
i € N, index a spine of O; as S; = {x;,, : m € M}, where M is either Z or {0,1} as
appropriate, and let S = (J,cy Si- By Theorem 4.19, there is a linear order < on S such
that S ~ Q and 7' | S is an OR map. For each i € N and m € M, let L,,(O;) be defined,

so by Corollary 4.25, there is a family of linear orders =, on the sets L,,(O;) such that
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L,,(0;) = Q when |L,,(0;)] =w and T [ L,,(0;) is OR. Write L,,(O;) as L(x;,,) (where
L (0;) 3 xi,m), and let (X, <) be the ordered sum of L(x;,,) over S. Since for each i € N
and j € M, S~ L;(0;) = Q, then we have X ~ Q. Clearly, since ' [ S and T' | L,,(0;)
are OR for all 7 € N and m € M and from the construction of < we have T is an OR
map.

Finally, if 7" has, in addition, a 1-cycle O’ with spine {xy}, then we have two cases:
if O’ is non-simple, then the proof follows by Theorem 4.26 and Lemma 4.16. If O’ is
simple, define < as above and further put y < xq for each y € {xr € X : x < T'(x)} and

xg Sy foreachy € {x € X : z = T(x)}, so the proof is complete. O

Let T': X — X have orbit spectrum o(7T) = (0,(, 01,09, 03,...). Recall that if 7" has

a Z-orbit, O, we say that O satisfies condition (*) if:
(*) for all z € O there is i € N such that |T71(T"(z))| = w.

If ( < w, let (; be the number of Z-orbits that have the condition (*) and (s = ¢ — (.
Also, if o9 < w, consider o9 = g}, + 0, where ¢ is the number of simple 2-cycles. Using

these terminologies we have the following theorem, the main theorem of this section.

Theorem 4.29. Let T be a surjection on a countably infinite set X with orbit spectrum
o(T) = (0,(,01,09,03,...). There is a linear order on X with respect to which X is
order-isomorphic to Q and T is an OR surjection if and only if o, = 0 for all n > 2,

o1 < 1, for every x € X, |T~Y(x)| is either 1 or w and either:
(1) ( =w; or
(2) ¢ <w provided that (5 < (; and either:
(a) 09 =w; or

(b) 09 <w, T has no non-simple 1-cycle and oy < (3 + ol ; or
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(¢) 09 <w, T has a non-simple 1-cycle and ol < (1 + of.

Proof. Suppose that there is a linear order on X such that X ~ Q and 7" is an OR map,
then by Lemma 4.3 we have o, = 0 for all n > 2 and 0y < 1. By Lemma 4.17 we have
for every x € X, |T~'(z)| is either 1 or w. Now suppose that (1) is false, then ¢ < w, so
by Theorem 4.22 we have (» < ;. If 09 < w then by Theorem 4.23 we have either (b) or
(c) holds.

Conversely, suppose that condition (1) holds, so ( = w. Assume first that o1 = 0.
If oy is either 0 or w, then the proof follows from Proposition 4.28 and Lemma 4.16. If
o, = 0 then the proof follows by Proposition 4.28, Lemma 4.26 and Lemma 4.16, so we
are left with the following case to consider: 0 # 0} =n < w and ¢} < w.

Suppose first that of = 0. Index the n simple 2-cycles as O}, = {zx 0, Tx1}, 0 < k < n.
Let O = {O;}ien be the collection of all Z-orbits of T'. For each 0 < j < n, let O; =
{Om41ym+; : m € N}, then by Proposition 4.28 for each j there is a linear order <; on

O; = Upmen Otmt1ym+j such that O; =~ Q and T' | O; is OR. For each j € N let

So, for each 0 < j < n, there are order-isomorphisms h; : O; — I;. Now define and order
isomorphism

h:X —=[(—(n+1),n+1)\{0}]NnQ

such that b [ O; = hj, x40 — —k and 24, — k, 1 < k < n. Hence, h is order isomorphism
and it is obvious that 7" is an OR map. The case 0 # ¢ < w follows by the previous case,
Lemma 4.16 and Theorem 4.26. Thus, if ( = w and o7 = 0 then there is a linear < on X
with respect to which X ~ Q and 7" is OR.

Now, if 07 = 1, then by Lemma 4.16 and Theorem 4.26, it is sufficient to prove the case

when the 1-cycle is simple. Let O = {x(} be the 1-cycle and define < as above and further
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put y < xgforeachy € {r € X :x <T(z)} and xg Sy foreachy € {x € X : z = T'(x)}.

Suppose that condition (2) holds, so ( < w with {; < (;. If 09 = w then the proof
follows immediately by Theorem 4.27, Theorem 4.28 and Lemma 4.16.

To see case (b), suppose first that oy = 0. Let Cy,Cy,...,C¢, be the Z-orbits of T
that do not satisfy (*) and Cf,...,Cf,,...,C{ be the Z-orbits of T that satisfy (*). For
each 1 < p < (o, let O, = C, UC) and for every (; < k < (3, let O = Cj. Then by
Theorem 4.27 we have each O;,0 < [ < (j, can be ordered so that it is order-isomorphic
to Q and 7' [ O; is OR. Let O/ ,0 < m < df, be the 2-cycles of 7" which are infinite,
then by Theorem 4.26, for each m, there is a linear order on O/ such that O/ =~ Q and
T10,,isOR. ForeachO0 <l < and0<m <oj,let f;: 0, = Lyand f, : O, = I, 1m
be the order isomorphisms concerned. Let {x, 0, 2,1,0 < n < g4} be the simple 2-cycles
of T'. Since o < (1 + 04, then we can define an order isomorphism

Citoy

f:X=[ Luliti<i<oy+1)]

r=1

such that f O, = f,, f 1O, = fl., f:2no— —n—1and f: 2,1 — n+ 1 for each
0 <n < d). It follows that X ~ Q and 7 is an OR map under this order. If T" has, in
addition, a simple 1-cycle, {z¢}, define

C1+ol

g: X = |J Lu{i:1<i<o,+13u{0}]

r=1

such that g | X \ {zo} = f and zy — 0.

Finally let (c) holds and let O be the non-simple 1-cycle of T'. If 0, < (; + 7, then by
Case (b), Theorem 4.26 and Lemma 4.16 the proof is complete. If o = (; + o4, then by
Theorem 4.26, O can be ordered so that O ~ Q and T | O is OR. So, there is an order
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isomorphism f, : O — [y U {0}. Define an order isomorphism
CG+al)
h:X = [ Lufizl<i<oy+13u{0}]

r=0

such that h | Oy = fi,0 <1 < G, h [ O, = f1.,0<m < o, h : x,0 — —n and

frian1— nforeach 0 <n <oj, and h | O = f,. So the proof is complete. O

4.3 Orbit Structure of Order-Reversing Maps on the
Naturals and Integers

In this section we characterize order-reversing maps on sets which are order-isomorphic
to the naturals or integers with their usual orders. This characterization is in terms of
their orbit structure.

First we prove some results that are useful and we will use later.

Lemma 4.30. Let T - (Xl,jl) — (Xl, j1> and 15 : (XQ, jg) — (Xg,ﬁg) be OR maps
with Xs is finite and X; ~ M, where M is either N or Z. Suppose further that either
X1NXy =0 or X1NXy ={xg, 21} such that:

(1) Ty has no 1-cycle;

(2) zo %i 21, Ti(xo) = 21 and Ti(x1) = o, 1 = 1,2;
(3) zo and x1 are the endpoints of X and

4) {ye X120 21y =1} =0.

If X = X, U X,, then there is a linear order on X such that X ~ M and the map
T:X — X defined as T | X; =T;,1=1,2 is an OR map.
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Proof. Let Y1) ={zx € X;: 2 %y T1(x)} and Yo = {x € X; : T1(x) <y z}. Since xy = 21,
Ti(xo) = x1, Th(21) = wo and {y € X1 : 29 X1y =1 1} = 0, then o € Y] is the greatest
element of Y] and x; € Y5 is the least element of Y5. Let =</ be the restriction of <1 on Y;
and <! be the restriction of <; on Y5. If X; N X5 = (), define a linear order < on X to be
the sum-order of <}, <5 and =<7, so X is the ordered sum of Y;, X5 and Y5 respectively.
If X1 N Xy ={xg, 21}, let X be the ordered sum of Y7, X5 \ {xg, 1} and Y, respectively.
If M = N, then we have |Y;| < w and |Y3| = w, hence we have X ~ N since X, is finite.
If M = Z, then |Y;| = |Y3| = w, hence X ~ Z since X, is finite.

Finally we prove that T is an OR map under this order. Let x,y € X with x < y.
If 2,y € X;,i = 1,2, then immediately we have T'(z) = T(y). If z € Y,y € X5 then
T(z) € YVs,T(y) € Xy; so T'(x) = T(y). Similarly, if x € X5,y € Y5 then T'(y) € Y7; so
T(x) = T(y). Hence, T is an OR map. O

Lemma 4.31. Let T be a map on a finite set X with, in total, a 2-cycle O with spine
{zo,z1}. Then there is a linear order < on O in such a way that xy and x, are the

endpoints of X and with respect to which T is an OR map.

Proof. By Lemma 4.11, there is a family of linear orders <;;, on the sets C;, # 0,7 € {0,1}
and k € N with respect to which T" [ C;, is an OR map. Let Lo(O) = [,ey Cox and let
= be the order defined on Ly(O) to be the sum-order of < over N; so zy = Cp is the
least element of Ly(O). Let Li(O) = ey C1ix and define <y on L;(O) as the sum-order
of <o over (N,<71): so z; = Oy is the greatest element of L;(O). Let (X, <) be the
ordered sum of (Ly(O), <o) and (L1(0), =;). It follows that x( is the least element of X
and x; is the greatest element of X. Also, from the construction of =<, it is simple to

verify that T is an OR map. 0

Corollary 4.32. Let T be a map on a countably infinite set X and let O be a 2-cycle of

T with spine S = {xo,x1}. Let n € N and let
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A={z e TN\ S|zl > n,| | JT*(@)| < w}.

keN
If|Al < w and if O' = X \ (Upen T7"(A)) is ordered in such a way that (zo,z1) = 0 so
that T' T O" is OR and O' = M, where M is either N or Z, then X can be ordered so that
X ~M and T is an OR map.

Proof. By Lemma 4.31, if A # 0, then there is a linear order on C' = [J, .y T *(A) U S so
that T | C' is an OR map in such a way that xq, x; are the endpoints of C'. Hence, using

Lemma 4.30, the proof is complete. O
We end with the following result. Spines of N-orbits are chosen as in Observation 3.40.

Theorem 4.33. Let T : X — X be a map on the countably infinite set X. Let O be the
collection of all orbits of T' and S be the set of all spine points of orbits of T'. Suppose

further that:
(1) each orbit of T is either a 1-cycle, a 2-cycle, an N-orbit or a Z-orbit,

(2) |Lk(O)| < w for each O € O and k € N, where N is either N, Z, {0} or {0, 1}, and
T~ (Lo(O)) =0 for each N-orbit O, and

(3) (S, =) is ordered such that S ~ M, where M is either N or Z, and T | S is an OR

map.
Then there is a linear order on X such that T is an OR map and X ~ M.

Proof. Let {O;}ier, I € N, be the collection of all orbits of T. Let S be indexed as
{z, : n € M} so that z, <s x,.1 for each n € M. By Corollary 4.12, for each i € I,
there is a family of linear orders on the sets Li(O;), k € N such that T' [ Li(O;) is an
OR map. For each i € [ and k € N, write L;(O;) as L(x,) whenever z,, € L(O;), so

each Lj(0O;) contains a unique z € S. Let (X, <) be the ordered sum of {L(z,)}.,es over
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S. Since |Ly(O;)| < w for each i € I and k € N, then by Lemma 3.41 we have X ~ M.
Finally, we prove that T is an OR map under this order. Let z,y € X with x < y. If
x,y € L(x,) then T'(z),T(y) € L(T(z,)), so T'(z) = T'(y). If x € L(z,),y € L(z;) for
some n,j € M,n # j, then T'(z) € L(T(z,)), T(y) € L(T(x;)) and x,, =4 z;. Since T' [ S
is OR then T'(z;) =5 T'(zy); hence T'(y) = T'(z). Thus, T is OR. O

4.4  Orbit Structure of Order-Reversing Maps on the
Naturals

Lemma 4.34. Let T : N — N be an OR map and let o(T) = (v,(,01,09,03,...). Then
(1) (=v=0 and oy < w.
(2) T has a unique orbit O with |O| = w.

(3) |T7Y(x)| < w for all x € X except for a unique point yo € X with |T (yo)| = w
such that | X \ T *(yo)| < w. Moreover, if T has a I-cycle O and y, € O, then

0=X.

Proof. (1) Let T : N — N be an OR map, then Theorem 4.8 implies that ( = 0. Also,
Corollary 4.9 and Theorem 4.8 imply that v = 0. Lemma 4.6 together with Corollary 4.7
imply that o9 < w, since N has a least element.

(2) The proof of this case follows immediately from (1) above and from Lemma 4.6.

(3) Let O be either a 1-cycle or a 2-cycle of T with spine S and let |O] = w. Suppose,
for a contradiction, that T is finite-to-one. So, there is C' C O such that T' [ C is a
semi-simple cycle. But this is a contradiction, according to Theorem 4.8 and Corollary
4.9. Consequently, if |O| = w then there is no C' C O such that T' [ C' is a semi-simple
cycle, hence there is yo € X with |77 (yo)| = w. By Lemma 4.5 we have T~!(y,) = (n, 00)

for some n € N so | X\ T (y)| < w.
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Now, if T" has a 1-cycle O and yy € O, then by Lemma 4.6 and Lemma 4.5, we have

O = X, as was required. O
From Lemma 4.34 and Lemma 4.3 we immediately have the following theorem.

Theorem 4.35. Let T' : X — X be either a bijection, an injection or a surjection on
the countable set X. There is no linear order on X with respect to which X is order-

isomorphic to N and T is an OR map.
Before giving a proof of the main theorem of this section, we have the following result.

Proposition 4.36. Let T' be a map on the countably infinite set X with, in total, an

n-cycle with spine S,, n =1 or 2. Suppose further that
(1) T has a unique point yo with [T~ (yo)] = w and | X \ T (yo)| < w; and

(2) for every y € X with y & Sy, if |T*(y)| = w for some 0 # k € N then
TN T ()] <w and [T™F2(y) \ T~} (y)] = 0.

Then there is a linear order =< on X with respect to which T is an OR map and X ~ N.

Proof. Let T : X — X be a map on a countably infinite set X. Let X be either a 1-cycle
or a 2-cycle of T. By Corollary 4.32 and from condition (1), if X is a 2-cycle with spine
Sy = {wg, x1}, it is sufficient to order the set O in such a way that (xg,2z1) = (), where
O =X\ (UenT™"(C)) and C = {z € T7(S2) \ Sz ¢ [|2]] = L, [Upen T "(2)] < w}
(where C'is finite). If n =1, let O = X.

Now, for each i € N and j € N, where N is either {0} or {0,1}, let C; ; be defined. Let
Yo € X be the unique point with |77 (yo)| = w and let A = {x € T~ (yo) : |T~(z)| # 0}.
Condition (1) implies that there is r € N such that C;, # 0 and C;; = () for each j > r
(with also Cjy1; = 0 for each j > r when n = 2). Condition (2) implies that one of the

following holds:
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Case (1): |Ci,| <w and |Cis1,—1] = w; s0 yo € Ciya,—2. In this case, if |A| # 0 choose
y € A and let z = T(y). If |A| = 0 choose z € T~ (yo) and choose y € C;, satisfying (1)
of Lemma 4.15. Let T7!(yo) ~ N with z is the least element of T~ (yq).

Case (2) : |Ciy| = w, so yo € Ciy1,-1. Let y = yo and choose z € T *(yp). Let
T~ (yo) ~ N with z is the least element of T~*(yp).

Now, z,y satisfy conditions of Lemma 4.15 (1), so there is a linear order <; on O =
(O\T (yo)) U{z} in such a way that z is the greatest element and y is the least element
of Oy and T is OR (with (xg,21) = () when n = 2). Let O be the ordered sum of Oy \ {z}
and T~1(yo) respectively, then immediately we have X is order-isomorphic to N and T is

an OR map. O

Now we give a proof of the main theorem of this section which describes order-reversing

self-maps on sets which are order-isomorphic to the naturals N with their usual order.

Theorem 4.37. Let T : X — X be a function on the countably infinite set X and let
o(T) = (v,(,01,09,03,...). There is a linear order on X with respect to which X ~ N
and T is an OR map iff ( = v =0, =0 for eachn > 2, 01 <1, 09 < w and T has a

unique cycle O with |O| = w and O satisfies the following:
(a) there is a unique yo € O with [T~ (yo)| = w and | X \ T (yo)| < w;

(b) for each y € O with y is not in a spine of a 2-cycle, if |T~*(y)| = w for some
0<keN then [T L) \T*(y)| <w and |[T7*2(y) \ T~*1(y)| = 0; and

(¢) if O is a 1-cycle, then O = X.

Proof. Suppose that T is an OR map on N, then by Lemma 4.34 (1) we have ( =v =0
and 0y < w. By Lemma 4.3, we have 0y < 1 and ¢, = 0 for each n > 2. Lemma 4.34 (2)
implies that there is a unique cycle O with |O] = w. Also Lemma 4.34 (3) implies that

(a) and (c) hold. To see condition (b), let S,, be the spine of the n-cycle O for n =1 or 2

122



and suppose, for a contradiction, that there is z € O, z ¢ Sy with |T7%(2)| = w for
some 0 < k € N, [T=* 1)\ T7%(2)| < w and |T7*72(2) \ T~*"1(2)] # 0. So, there
is t € T7F=2(2) \ T7%"1(2), hence T?(t) € T7%(z) and T'(t) ¢ T-*(z). But Lemma 4.5
implies that T%(2) = [a, 00) for some a € N, so T?(t) € [a,00). Now we have two cases:

Case (1): z € S;. Since T7%(z2) = [a,00) and T %(z) C T 71(2) so we have
T=*1(2) = [b,00) for some b € N,;b < a. Since T(t) ¢ T *(z) then T(t) € [b,a)
so T(t) < T?(t). On the other hand, since t ¢ T—*71(2) = [b,00), then t < T(t) so
T%(t) < T(t) since T is OR, so T'(t) = T?(t), which is a contradiction since, as we showed
above, T%(t) € T%(z) and T'(t) ¢ T*(z).

Case (2): z ¢ S;. Since t < a (because t ¢ T~%(z) and t ¢ Sy), then T'(t) > T'(a) and
T%(t) < T*(a), since T is an OR map. But this means that [a,00) < T?(a), by Lemma
4.5, 80 T?(a) € [a,00). But this holds only if 2 lies in a spine of 2-cycle so z € Sy, which
is a contradiction since from the assumption z ¢ S,. Thus, |T-%72(2) \ T=*"1(2)| = 0.

Conversely, suppose that T has in total, finitely many cycles and O is the unique
cycle with |O| = w. Then the proof follows by Lemma 4.30, Lemma 4.31 and Proposition
4.36. U

4.5 Characterizing Order-Reversing Maps on the In-
tegers

Let T': X — X be an arbitrary map. In this section we give the necessary and sufficient

conditions for a countable set with self-map to be linearly ordered with respect to which

X ~ Z and T is an OR map.
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4.5.1 Order-Reversing Injections and Surjections on the Inte-

gers

Lemma 4.38. Let T : Z — 7Z be an OR map. Then T has no Z-orbits.

Proof. The proof follows immediately from Theorem 4.8 and from the fact that |(a, b)| < w

for any a,b € Z. O

Now we give the following theorem which describes the orbit structure of order-

reversing injections on the integers Z with their usual order.

Theorem 4.39. Let 0 = (v,(,01,09,03,...) be a sequence of cardinals. The canonical
representation T : X — X of o on the countable set X is an OR injection with X is

order-isomorphic to Z if and only if ( = 0, = 0 for alln > 2, o1 <1 and either:
(1) v# 0 and 0y < w; or
(2) v=10 and 0y = w.

Proof. Let T : Z — Z be an OR map, then by Lemma 4.3 we have o, = 0 for all n > 2
and o; < 1. By Lemma 4.38 we have ( = 0. Lemma 4.6, Corollary 4.9 and Corollary 4.7
imply that either (1) or (2) holds.

Conversely, suppose that (1) holds, so v # 0 and 0y < w. Suppose first that oo = 07 =

0. Let v = w and enumerate the natural numbers N as:

{ao,o,o | a1,0,0,a1,1,0 | 20,0, d2,1,0, @2,2,0 | | Qk.0,0, Ak,1,0, Ak,2,0 - - - Ak k0 | },

i(i+1)

then agpo = 0 and a; ;0 = =5~ + j, for all i > 0 and 0 < j <. Also we enumerate the

set Z \ N as follows:

{' o \ Ak k1y--- k21,011 -Qk0,1 | te \ az21,021,1,a20,1 | @41,1,1, @1,0,1}
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then a;0; = —1and a; ;1 = —a;j0 = —(w +j), foralli>0and 0 <j <i.
For each m € N, let

By, = {aimy i >m, k€ {0,1}},

so we have Z = ey Bm- Let T : Z — Z be the map defined as

(

a1,0,0 le:j:]fIO,

T(a@j,k) = Qi+1,5,0 if k= 1,

Q5 5.1 if k=0.

\

So, for each m € Z we have B,, is an N-orbit of 7', so T has countably infinitely many
N-orbits.

Now we prove that 7" is an OR injection. Let © = a; i,y = avjw, 7 < i € N, 7’ <
i’ € Nand k, k' € {0,1}, with z <y. If k =1, ¥ = 0,80 2z < 0 and y > 0, then
T(x) = aj+150 > 0 and T(y) = ay 1 < 0,80 T'(x) > T(y). If k = k' = 1, then
T(z) = aiy1,50 and T(y) = ay41,40. But a;;1 < ay j1 means that either i > ¢ or i = ¢/
and j > 7. Ifi>d theni+1>4d+1,s0 T(x) = ait150 > @410 =1(y), and if i =7,
j>j theni+1=1i+1soT(z)>T(y) (since a;,0 < ay j o means that either i < i’ or
i =14 and j < j'). The case when k = k' = 0 follows in the same way. Hence, T is OR.

If v =n < w, then we can take X = ByU---UB,,_1. Since foreach 0 <r <n, B, CZ
is infinite and has no endpoints, so we have B ~ Z and T' [ B is an OP injection with n
N-orbits. Finally, if 0 # 01 4+ 03 < w, then the proof follows by Lemma 4.30 and Lemma
4.31.

Now, let (2) hold, so 0y = w and v = 0. Let T : Z — Z be the map T'(z) = —u=.
Clearly T is an OR map with, in total, countably infinitely many 2-cycles and a unique

1-cycle {0}. If 0y =0, let Ty =T | (Z\ {0}). O
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If T: X — X is a bijection on the countably infinite set X then we have the following

result which follows from the previous theorem.

Theorem 4.40. Let 0 = (0,(, 01,09,03,...) be a sequence of cardinals. Then X can be
ordered so that X 1is order-isomorphic to 7 and the canonical representation T : X — X

of o is an OR bijection if and only if ( =0, =0 for alln > 2, 00 <1 and 09 = w.

Now we deal with the case when T : X — X is a surjective map, so we have the

following theorem.

Theorem 4.41. Let T : X — X be a surjection on a countable set X and let o(T) =
(0,¢,01,09,03,...). Then X can be linearly ordered so that X ~ Z and T is an OR

surjection iff T s finite-to-one, ( = o, =0 for alln > 2, o1 <1 and either:
(1) o9 = w and each orbit is simple; or

(2) 09 < w and all orbits are simple except for a unique cycle O with |O] = w provided

that O = X when O 1is a 1-cycle.

Proof. Let T : Z — 7 be an OR map, then by Lemma 4.3 we have o, = 0 for all n > 2
and o; < 1. Also, by Lemma 4.38, we have ( = 0. Suppose, for a contradiction, that T is
not finite-to-one, so there is y € X with |T7(y)| = w so |T~"(y)| = w for all m € N, since
T is a surjection. Lemma 4.5 implies that either T71(y) = (—o0,a) and T—2(y) = (b, c0)

for some a < b € Z or vice versa. But then |J, ., 7™ (y) € [a, b]; which is a contradiction,

m>2
so T is finite-to-one. If 09 = w, then Lemma 4.6 and Corollary 4.7 imply that all cycles
must be simple. If 05 < w, then Lemma 4.6 implies that there is a unique cycle O with
|O] = w. If O is a 1-cycle then Lemma 4.6 and Lemma 4.5 imply that O = X.
Conversely, suppose that (1) holds, then the proof follows by Theorem 4.39. If (2)
holds, let C; . be defined for each i € N and k € N, where N is either {0} or {0,1}, and

let < be the linear order defined in Theorem 4.13, so 7" is an OR map under <. Since T’
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is finite-to-one then for each i € N and k € N, we have |C; ;| < w, then immediately we

have X ~ Z by Lemma 3.41. O

4.5.2 Orbit Structure of Order-Reversing Self-Maps on the In-

tegers

Lemma 4.42. Let T be an OR map on Z. Then |L;(O)| < w for each i € Z and an
N-orbit O.

Proof. Suppose, for a contradiction, that |L;(O)| = w for some i and an Z-orbit O. Let
the spine of O indexed as {z; : j € Z} so that T'(z;) = ;4 for all j € Z. By Lemma
4.5 we have either L;(O) = (a,0) or L;(0O) = (=00, a) for some a € Z. Without loss of
generality, let L;(0) = (—o0,a). Let Y = {xy : k € Nk > i}, so Y is T-invariant, Y is
an N-orbit of 7' [ Y and T' | Y is OR. But Y C [a,0) is infinite so Y ~ N, which is a

contradiction by Theorem 4.37. Hence, |L;(O)| < w for each i € N and an N-orbit O. O

Lemma 4.43. Let T be an OR map on Z with, in total, finitely many 2-cycles and at
most a 1-cycle. Let S be the set of all spine points of T and let O be the collection of all
orbits of T. Then

(1) HO €O :|0|=w} =1 andif O is a 1-cycle with |O| = w, then X = O.

(2) Hz : [T Y(2)| = w} <2 and if [{z : [T ()] = w}| # 0 then |ly|| < oo for each
yeX\S.

(3) if [{z : [T Yz)| = w}| =1 then either T is the constant map or there is y € X with
T ) = T2\ T (y)| = w.
Proof. (1) The proof of the first statement follows immediately from Lemma 4.6 and

Corollary 4.7. If O is a l-cycle with |O| = w then O = X follows by Lemma 4.6 and

Lemma 4.5.
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(2) Suppose that [{z : |T7'(x)] = w}| = 2, so there is y,2z € X with [T7}(y)| =
|T7!(2)| = w. Tt follows by Lemma 4.5 that T~'(y) = (—o0,a) and T7*(z) = (b, 00) for
some a < b € Z, so

ON(TH () VT (2))] < w.

Hence, |T!(z)| < w for each z € X \ {y, z}.

Now, let [{z : |[T7'(z)] = w}| # 0, so there is yo € O for some orbit O of T" with
T~ (yo)| = w. Lemma 4.5 implies that either T (yy) = (a,00) or T (yo) = (—00,a)
for some a € Z; say T'(yy) = (—00,a). Hence, X \ T"(yo) = [a,00). Suppose, for a
contradiction, that there is a z € X \ S with ||z]| = co. From (1) above we have z € O
since O is the unique orbit of 7" with |O| = w. Let S” be the spine of O. Without loss
of generality let z € T~1(S") \ S’ (otherwise, T%(z) € T-1(S") \ S’ for some k € N). So,
by Lemma 1.13, there is C' C J, T *(2) such that 7' | (C' U S') is a semi-simple cycle.
Since T" is an OR map, then 7' [ (C' U S’) is also an OR map, C C [a,00) and C' U 5’ is
a T-invariant infinite set. But then (C'US’) =~ N, which is a contradiction by Theorem
4.37. Hence, ||y|| < oo for each y € X \ S.

(3) Suppose that [{z : |[T7!(x)| = w}| = 1, so there is z € O for some orbit O of T'
with |[T71(2)] = w. If T is not the constant map then O\ T~!(z) # ), so by Lemma 4.5 we
have either T7!(2) = (—o0,a) or T'(z) = (a, ) for some a € Z, say T~'(z) = (—o0, a).
From (2) we have ||y|| < oo for each y € X \ S. But X \ T7!(2) = [a,0), so it must be
infinite. Hence, we must have |T72(z) \ T7'(z)| = w, since z is the unique point of X

with |T71(2)| = w. O

Lemma 4.44. Let T : Z — 7Z be an OR map. Let O be an n-cycle of T with spine S,,, for
n =1 or2. Then for eachy € O, if [T *(y)| = w for some k € N, then |T~*~1(3))\T*(y)|

is either w or 0 and if y ¢ Sy then T~*(y) contains a unique point z with |T7'(2)| = w.

Proof. Let y € O with |T7*(y)| = w for some k € N, then by Lemma 4.5 we have either
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T7*(y) = (—=o00,a) or T7*(y) = (a,o0) for some a € Z, say T *(y) = (a,00); so we
have T=*=1(y) \ T*(y) C (—o0,a). Suppose, for a contradiction, that 0 # |T=*~1(y) \
T~k (y)| < w. Let z € T~ Y(y)\ T *(y) be the least element of this set. Since |T*~1(y)\
T7*(y)| < w, then there is t € Z with t < 2; so t ¢ T-F"1(y). But t < z implies that
T(t) > T(z). Since T(z) € T7*(y) and from Lemma 4.5, we have T(t) > (a,0), i.e.,
T(t) € (a,00) = T *(y). But this means that t € T-%"1(y), which is a contradiction.
Hence, T7%=1(y) \ T~*(y) is infinite.

Now suppose that y ¢ S; and suppose, for a contradiction, that there are two points
x1, 19 € T7F Y (y) with |T-Y(zy)| = [T (22)| = w, then T-(z;) = (a,00) and T (z;) =
(=00, b) for some b < a € Z. But then we have T—*(y) = (—o00, b)U(a, o0) and TF+1(y) C
[a,b]. By Lemma 4.5, this is only true if T-**1(y) C T *(y), i.e., y € Si, which is a

contradiction. Hence, 1 = xs. O

Now we give a proof of the main theorem of this section which provides conditions in
which a countable set X with self-map 7" can be linearly ordered with respect to which
T is OR and X =~ Z. Before that we give the following property of a cycle of T'.

Let T have an n-cycle O with spine S,,, n € {1,2}, we say that O has (C4) property

if O satisfies the following:

(C4) For each y € O, if [T *(y)| = w for some k € N then |T*"1(y)\ T *(y)| = w or 0

and if y ¢ S; then 7% (y) contains a unique point z with |T71(2)| = w.

Theorem 4.45. Let T be a function on a countably infinite set X with orbit spectrum
o(T) = (v,(,01,09,03,...). Let O be the collection of all n-cycles of T and A = {x €
X :|T7Yx)| = w}. There is a linear order with respect to which X ~7Z and T is an OR

map iff ( =0, =0 for alln > 2, oy <1, each O € O has property (C4)and either:

(1) v #0, 09 <w with |O] <w for all O € O and L;(O") < w for all i € Z and N-orbit
O'; or
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(2) v=0, 09 =w and |O]| < w for all O € O; or

3) v=0, 09 <w, |0 <w for all O' € O except for a unique n-cycle O, n € {1,2}

with spine S such that either T is finite-to-one or O satisfies the following:

(a) ||z|| < oo for each z € O\ S;

(b) 0 # |A| < 2 and if |A| = 1 then either T is the constant map or |T—%(y) \
T y)| =w fory € A; and

(¢) if O is a 1-cycle then O = X.

Proof. Suppose that T is an OR map on Z, then by Lemma 4.38 we have ( = 0 and from
Lemma 4.3 we have o, = 0 for each n > 2 and 0; < 1. By Lemma 4.44 we have each
O € O satisfies (C4).

If v # 0, then by Lemma 4.42 we have |L;(O)| < w for each ¢ € Z and an N-orbit O.
If v = 0 and 09 = w then Lemma 4.6 and Corollary 4.7 imply that |O| < w for all O € O.
If v =0 and 09 < w, then by Lemma 4.43 (1), we have |O| = w for a unique cycle O € O.
If T is not finite-to-one, then Lemma 4.43 implies that (a), (b) and (c¢) holds.

Conversely, if either (1) or (2) holds, then the proof follows by Theorem 4.39 and
Theorem 4.33, since |O| < w for all O € O and |L;(O’)| < w for all i € N and N-orbit O’
( where spines of N-orbits are chosen as in Observation 3.40).

Now, suppose that (3) holds, so 05 < w and T has a unique cycle O with spine S with
|O| = w. By Lemma 4.30 and Lemma 4.31, it is sufficient to order O such that O ~ Z
and T [ O is OR. If T is finite-to-one, let < be the linear order defined in Theorem 4.13,
so T is an OR map under <. Since T is finite-to-one then for each i € N, where N is
either {0} or {0, 1}, and k£ € N, we have |C; x| < w, then we have X ~ Z by Lemma 3.41.

Now let ||z|| < oo for each z € O\ S. By Corollary 4.32 and from condition (b) above,

if O is a 2-cycle with spine Sy = {x¢, 1}, it is sufficient to order the set O in such a way
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that (zg,21) = 0, where O' = X \ (U,enT77(C)) and C = {z € T71(S) \ Sy : ||zf| >
2, | Upen T %(2)| < w} (where C is finite). If n =1, let O’ = X.

For eachi € N and j € N, let C; ; be defined, so from condition (a), thereis r <1’ € N
such that C;, # 0, Cip1,» # 0 and Cyp, = Ciyqm = 0 for each k > r (with k # 1" if n = 1)
and m > 7/. Let T has two points x1,zo with |T7!(x1)| = |T"(x3)| = w. Choose
t; € T~Yx;), j = 1,2 and let <; be a linear order defined on T~*(z;) \ {¢;} in such a way

that T7*(z;) \ {¢;} = N. Since O has (C4), we have the following cases:

(1/) r=r - 1, so ‘Cz‘,r" = ‘CZ'+1,7«/_1‘ =w, t1 € Cz‘,r’ and ty € Ci—l—l,r’—l with either
t; € T~™ " YT™(ty)) for some m € N or |[T*1(T*(t5))| = 0 whenever T*(t;) is not

a fixed point.
(2/) Ois a 2_CyCle> r= T/, |Ci,7“| = |Ci+1,r| = w, tl € Ci,r and t2 € Ci—l—l,r-
(3") Ois a l-cycle and t1,t5 € Cp .

Let
01 = (O/ \ (T_l(l’l) U T_I(IQ)) U {tl,tg}.

Now, t1,t, satisfy conditions in Lemma 4.15 with respect to Oq, so there is a linear order
=<’ on Oy in such a way that t; is the least element of O; and t5 is the greatest element of
Oy and T | Oy is OR. Now, let (O’, <) be the ordered sum of (77 (z,)\{t:}, =), (O1, <)
and (T~ 1(x2) \ {t2}, <2) respectively, so immediately we have T is OR and X =~ Z.
Finally, if T has a unique yo € O" with |T " (yo)| = [T 2(y0) \ T ()| = w, so
yo € Cit1,-1 and |C;,| = |Ciy1,7| = w, where ' = r + 1. By Theorem 4.37, there is a
linear order < on X; = O'\Cj;1, so that X; ~ Nand T | X; is OR. By Lemma 4.11 there
is a linear order <; on Cjtq1, so that T [ Ciy1,0 : Cizq 0 — C;, is OR. Since C;, =~ N,
then C;11,» ~ Z \ N. Hence, O’ as the ordered sum of C;1;,» and X is order-isomorphic

to Z and T is an OR map. O
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Concluding Remarks

Let T': X — X be a function on the countably infinite set X. In this thesis, we have given
answers to particular cases of the following question: Can we put a structure on the set
X with respect to which the function 7" has some meaning? We give characterization of
continuous function on the rational world, this characterization is in terms of the inverse
image of certain subsets of X. Also, we characterize order-preserving and order-reversing
bijections, injections and surjections on the rational world in terms of the orbit structure
of the map T'. We deal with more countable sets and give cases in which we can put an
order on X such that X is order-isomorphic to the naturals or the integers with their
usual order and with respect to which 7" is order-preserving or order-reversing map; the
answer was in terms of the orbit structure of 7T'.

In further work, there are many questions we can possibly ask such as the following:

Question 1. Let T": X — X be arbitrary function on the countably infinite set X. Is
there an order on X with respect to which 7" is order-preserving and X is order-isomorphic

to Q7 What about order-reversing maps?
Question 2. What is the orbit structure of continuous functions on the rationals?

Question 3. If 77 : X — X and T3 : X — X are functions on the countably infinite set
X. Is there an order on X with respect to which 77 and T, are order-preserving maps
and X is order-homeomorphic to Q, N or Z? What about three maps or a countable

collection of maps? What about order-reversing maps?
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Question 4. Let T': X — X be a function on the countably infinite set X. Is there an
order < on X with respect to which X is order-isomorphic to Q, T' is order-preserving

and T is continuous with respect to the order topology generated by <?

Question 5. A number of authors have studied the group of order-preserving permu-
tations of Q (see, for example, [21], [32], [20] and [10]). Can we characterize countable
subgroups of order-preserving permutations on Q like Truss in [31] and Mekler in [22] who

characterize countable subgroups of autohomeomorphisms of Q7

Question 6. What is the orbit structure of order-preserving bijections on R? What about
the orbit structure of order-preserving maps and order-reversing maps on R, Cantor set,

or irrationals?

Question 7. If T': X — X is a bijection, can we find set-theoretic conditions on X so

that T" is a homeomorphism and X is homeomorphic to R?

Question 8. If T': X — X is a function, can we find set-theoretic conditions on X so

that T is order-preserving and X is order-isomorphic to Q7
Question 9. If S' = {z € C: |z| = 1}, what is the orbit structure of a homeomorphism
of S'?

Question 10. If 77 : X — X and Ty : X — X are functions on a countable set X.
When is there a compact, Hausdorff topology on X with respect to which 77 and 75 are
continuous? (Rolf Suabedissen, DPhil Thesis, Oxford, studied the case when X is an

arbitrary set and 71Ty = T»17)

Question 11. Let T : X — Y be a function on arbitrary sets X, Y and X NY = (). Are

there metrizable, compact topologies on X and Y such that 7" is continuous?

Question 12. Can we generalize the (NC), (SMC) and (SH) properties for any map
rather than bijections? What is the orbit structure of maps which have one of these

properties?
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