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ABSTRACT

An element z of a Lie algebra L over the field F' is extremal if [z, [z, L]] € Fz. One can
define the extremal geometry of L whose points £ are the projective points of extremal
elements and lines F are projective lines all of whose points belong to £. We prove that
any finite dimensional simple Lie algebra L is a classical Lie algebra of type A, if it
satisfies the following properties: L contains no elements x such that [z, [z, L]] = 0, L is
generated by its extremal elements and the extremal geometry £ of L is a root shadow

space of type A, (1.0}
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INTRODUCTION

Lie algebras were independently introduced by Lie and Killing in the late nineteenth
century. Between 1888 and 1890, Killing published a series of four papers on Lie algebras
and in the second paper [17] he classifies simple Lie algebras over the complex numbers.
In this remarkable paper, Killing introduces important concepts such as root systems,
Cartan integers and Cartan subalgebras. Killing associates to every simple Lie algebra
an irreducible root system and concludes that the Lie algebra can be recovered from the
root system thus reducing the problem to classifying irreducible root systems. Shortly
after, Cartan refined the proof of the classification and published it in his PhD thesis
[4]. Half a century later, Dynkin provided a combinatorial proof for the classification of
irreducible root systems by assigning to each such root system a certain graph known
as a Dynkin diagram (c.f. [14]). In the second half of the twentieth century there was
an interest in simple Lie algebras over fields of characteristic p > 0 culminating in a
classification result by Premet and Strade which states that every finite dimensional simple
Lie algebra over an algebraically closed field of characteristic p > 3 is known. Details of
the development of the classification can be found in [30] and the result can be found in
the papers [20, 21, 22, 23, 24, 25].

In the last decade there has been an effort, spearheaded by Cohen, to provide a
geometric proof of the aforementioned classification allowing the result to be extended to

all fields. A focal point of the project is a special class of elements called extremal elements.



An element z of a Lie algebra L over a field F' of odd characteristic is extremal if [z, [z, y]] C
Fz for all elements y of L and an extremal element is a sandwich if [z, [z,y]] = 0 for all
y € L. For even characteristic additional conditions are required. Extremal elements
span one dimensional inner ideals as defined in [1]. In [26, 27|, Premet shows that every
Lie algebra over an algebraically closed field with characteristic p # 2,3 contains an
extremal element. Furthermore, he shows that when L is simple it is either a classical Lie
algebra or contains a sandwich element. An interesting result given by Cohen, Ivanyos and
Roozemond in [10] is that if L is simple over a field of characteristic p # 2,3 and contains
a nonsandwich extremal element, then L is generated by its extremal elements or is the
(non-classical) Witt algebra Wi 1(5). For Lie algebra L generated by its extremal elements
E containing no sandwich element, Cohen and Ivanyos define the extremal geometry E(L),
a point-line space whose points are the projective points spanned by extremal elements

and prove the following result.

Theorem 1 If L is a finite dimensional simple Lie algebra and satisfies the above proper-
ties, then E(L) is isomorphic to the root shadow space of an irreducible spherical building

or E(L) has no lines.

One of the questions posed is whether L can be recovered from £(L) and we provide
a partial answer. The problem is best approached from a local point of view by inves-
tigating what happens inside an apartment. We suppose that £ is a root shadow space
of a spherical building A. The intersection & = £ N X is a root shadow space of the
(thin) building ¥ and inherits its structure from £. We can, therefore, bypass the more
complicated structure of a building and instead focus on the familiar object ¥ since the
observations we make in & can be lifted to £. The points of & are in a bijective corre-
spondence with the long roots. Such a correspondence naturally leads to the construction
of a Chevalley basis for a subalgebra L’ of L. One now only needs to establish that L and

L’ coincide.



Before embarking on the principal goal of the thesis we build the foundations by intro-
ducing the relevant notions and results concerning spherical buildings with a particular
emphasis on the Coxeter chamber system. We present a geometric interpretation of the
Coxeter chamber system whose construction is not only pivotal to achieving our goal
but highlights the central theme of the thesis, namely, the translation of algebraic into
geometric notions and geometric into algebraic notions. In Chapter 2 we concentrate
on a specific structure defined on spherical buildings, namely the point-line space known
as a root shadow space Pa of type X,, ;. The set J is defined to be the set of vertices
in the Dynkin diagram of type X,, that connect to the new vertex of the corresponding
extended Dynkin diagram and is called the root set. The points of P are (I\ J)-residues
called J-shadows and a j-line is the union of J-shadows that intersect a given j-panel for
J € J. We show that there is a bijective correspondence between the polar regions of the
half-apartments of a given an apartment > and the long roots of the root system of type
X,,. This leads to the creation of a trilingual dictionary between the collinearity graph
of P, roots a and the corresponding half-apartments of . In particular, a natural angle
forms between J-shadows of the building A and it proves to be particularly fruitful for
the construction of a Chevalley basis in Chapter 5.

The main purpose of the thesis is to classify the finite dimensional simple Lie algebras
which are generated by its extremal elements. Accordingly, in Chapter 3 we acquaint
ourselves with basic notions of Lie algebras before focusing on the simple Lie algebras
over the complex numbers. We describe the classification of complex simple Lie algebras
and present a theorem of Chevalley that states that every such Lie algebra has a special
basis indexed by the corresponding root system and is known as a Chevalley basis. Such
a basis B has integral structure constants and we use this property to construct a new Lie
algebra over an arbitrary field I’ by taking the tensor product of the Z-span of B and F'.

A theorem of Steinberg reveals that such a Lie algebra, modulo its centre, is simple. The



new Lie algebras are called Chevalley algebras and the quotients of Chevalley algebras by
their centres are called the classical Lie algebras providing such a quotient is simple. An
exhaustive treatment of the extremal elements of the classical Lie algebra g = psl(n+1, F)
is given in the final two sections of Chapter 3. We show that, up to a generic exception,
that the set of extremal elements of g consists of all the rank 1 matrices and verify that
the extremal geometry £(g) is a root shadow spaces of type A, {1 n}-

Theorem 1 is a special case of a general theory developed by Cohen and Ivanyos in the
two papers [8] and [9]. The point-line space £(L) is an example of a root filtration space
which, more generally, is a point-line space that admits a filtration of five symmetric
relations {&}2 , on its points. Aptly, we formally define a root filtration space and
state a number of useful properties of such spaces in Chapter 4. A consequence of these
properties is that symmetric relations can be characterised by the collinearity graph of
& for any nondegenerate root filtration space. The fundamental result from [9] is that
any nondegenerate root filtration space of finite singular rank is isomorphic to the root
shadow space of a spherical buildings or has no lines. In Section 4.3, extremal elements
are formally defined as elements x of L such that [z, [z,y]] = 2¢.(y)x for all elements y
of L where g, : L — F is a (linear) map and two additional conditions where F" has even
characteristic. The extremal geometry of a Lie algebra is formally defined as a point-line
space with point set £ consisting of the projective points F'x for all extremal elements x
in L and lines F are projective lines F'(x,y) such that 0 # Az + uy is an extremal element
for all scalars A and p of F'. Theorem 1 is crucial consequence from the results in [8] and
[9] that we verify.

Combining all the result we begin the process of recovering the Lie algebra L from
E(L) = £. We concentrate on the case where £ is a root shadow space of type X, ;
where X is simply laced and p = char(F") is not equal to 2. The dictionary established in

Section 2.2 induces an injective map from ® to &£, denoted by o — E, and we examine



the relationship between E, and Es and the corresponding angles formed between o and
S. For the subalgebra L' = (E, | @ € ®) one can appropriately choose an z, € FE, for
each root « and set h; = [x,,,T_q,] for each simple root «; such that B = {x4,h; | a €
®,i € {1,...,n}} forms a spanning set for L’ exhibiting the same structure constants as
a Chevalley basis of type X,,. Hereinafter, the root system ® is assumed to be of type
A, and p # 2 and we conclude that L’ is isomorphic to psl(n + 1, F'). In particular, the
extremal geometry £(L') is a root shadow space of type A, {1, and £(L') is a subspace of
E(L). In the final step, we reconstruct the building A(E) of type A,, from the two different
types of lines of its root shadow space €. A similar building A(E’) can be reconstructed
from the root shadow space £ = £(L’) in terms of the lines from £’. Such a construction
induces a natural embedding of A(E’) into A(€) and by comparing ranks, we conclude

that A(E') and A(E) are isomorphic which forces L and L’ to coincide. We summarise

the main result in the following theorem.

Theorem 2 Let L be a finite dimensional Lie algebra over a field F' of characteristic p.
Suppose that L is generated by its extremal elements, contains no sandwich elements and
has extremal geometry isomorphic to the root shadow space of type A, f1ny. Let L be the

aforementioned subalgebra of L. Then

(i) the subalgebra L' is a classical Lie algebra and,

(ii) if p # 2 and (n,p) # (2,3), then L and L' coincide.

In particular, L is a classical Lie algebra.



CHAPTER 1
COXETER CHAMBER SYSTEMS AND

THEIR GEOMETRIC REALISATIONS

In this chapter we introduce the notion of chamber systems and focus on a particular
class of chamber systems, namely Coxeter chamber systems. An important example of
a chamber system is a building. We briefly discuss spherical buildings and state the

classification of irreducible spherical buildings up to type.

1.1 Chamber systems

A graph [' is a pair (V, E) where V is a set whose members are called vertices and E is
a set of subsets of size 2 of V' whose members are called edges. Two vertices  and y are
said to be joined by an edge if {z,y} € E and in such a case we write z ~ y and say ‘@
is adjacent to y’. The wvalency of a vertex x is the number of edges that pass through z,
that is, [{{u,v} € E | z € {u,v}}|. A graph I = (V', E’) is a subgraph of I it V! C V
and £ C E'. A subgraph I"" is an induced subgraph if, for z,y € V', {x,y} € E’ whenever
{z,y} € E. A path in I" is a sequence of vertices xg, z1, ...,z such that x; ~ ;.1 for all
i €40,...,k—1}. An edge-coloured graph is a graph I" such that each edge is labelled

with a colour from a set I. The set [ is called the index set of I" and is typically given by



{1,...,n} for some natural number n. If an edge {z, y} is labelled with the colour i, then
we write x ~; y and say ‘x is i-adjacent to y’. For any subset J C I, we define a J-residue
(or residue) to be a connected component of I" after deleting all the edges labelled with
a colour not in J. If J = {j}, then we say a J-residue is a j-panel (or panel). The rank
and corank of a residue of type J are |J| and |I \ J|, respectively. Let I' = (V, E) and
I'" = (V') E') be two edge-coloured graphs with index set I. Then the pair (¢, o) is an
isomorphism from I' to I if ¢ : V — V' and o : I — I are bijections such that x and y
are i-adjacent if and only if ¢(x) and ¢(y) are o(i)-adjacent for all vertices  and y in V.

An isomorphism is special if o is the identity map.

Definition 1.1.1 A chamber system is an edge-coloured graph A with index set I such

that, for each i € I, every i-panel is a complete graph with at least two vertices.

The vertices of A are called chambers. The chamber system is called thick if each
panel has at least three chambers and thin if each panel has exactly two chambers. The
rank of A is defined to be the cardinality of /. A path in a chamber system is called a
gallery. The distance between two chambers x and y is denoted dist(z,y) and is defined
as the length of a minimal gallery between x and y. A subset of chambers X is said to
be convex if every minimal gallery between every pair of chambers x,y € X is contained
in X. The diameter of a convex set X is diam(X) := sup{dist(z,y) | =,y € X}. A
subchamber system of A is an edge-coloured induced subgraph A’ (in which colours are

preserved) which is also a chamber system in its own right.

1.2 Coxeter chamber systems

The purpose of this section is to introduce the language of Coxeter chamber systems and
to state their well known properties. It is not a detailed exposition and any proofs that

are omitted can be found in [34].



Definition 1.2.1 A Coxeter group s a group given by a presentation

W= (ri | (riry)™ =1 for alli,j € I)

where I = {1,...,n} is an index set, my =1 and m;; = my; > 2 for alli,j € I.

The finite Coxeter groups, called Weyl groups, were classified by Coxeter in 1935 (c.f.
[12]). In this paper, the author assigns to each such group a graph called a Coxeter
diagram. The Cozxeter diagram of the Coxeter group W has vertex set I = {1,...,n}
and the edge {i,;j} is labelled m;;. We deleted edges labelled 2 and drop the label 3
from the corresponding edges. We denote the Coxeter diagram by Il and we sometimes
add the subscript II to W to indicate that it is associated with II and to eliminate any
ambiguity. The Coxeter group W with a set of generators S = {r; | i € I} and Coxeter
diagram uniquely determine each other (up to an automorphism of the diagram) and are
usually considered as a pair. We say that W is the Cozeter group of type 11 and (W, S)
is a Cozeter System of type II. For a subset J of I, we define W; to be the subgroup of
W generated by S; = {r; | j € J} and define II; to be the subgraph of II obtained by
deleting the vertices I \ J. The pair (W, S,) is a Coxeter system of type II;.

The chamber system of a Coxeter system plays a pivotal role in the construction of

buildings and it corresponds to the following chamber system.

Definition 1.2.2 Let (W,S) be a Coxeter system of type 1. Let ¥y be the chamber
system whose chambers are the elements of W and two chambers x and y are i-adjacent

if and only if xr; =y forr; € S. We call X1 the Coxeter chamber system of type II.

The chamber system Xy is thin and we drop the index II when the context is clear.
Let Aut®(X) denote the group of special automorphisms of ¥. Every such automorphism

can be viewed as left multiplication by an element of W and thus Aut®(¥) = W. A



reflection is an element s of order 2 of W that interchanges two chambers of an edge.
For a reflection s, the set M, consisting of the edges that are fixed setwise by s is called
the wall of s. The graph ¥\ M has two connected components of equal size called half-
apartments. We denote the half-apartments by a and —«. In this context, we write M,
for M and refly(«) for s. For a half-apartment «, the set da consisting of the chambers
in a on edges from M, is called the boundary of a. Note that refly(a) = refly(—«) and
M, = M_,. For an edge {z,y}, let X\, = {z € ¥ | dist(x,2) < dist(y, 2)}. We state

some properties about half-apartments.

Lemma 1.2.3 Let a be the half-apartment corresponding to the reflection s that fizes the
edge {x,y} by interchanging x and y. Then « is convex and, up to permuting x and y,

a = Yu\y) and —a = X\,). Furthermore, for any element w of W

1

(i) o = Ewa\wy) 5 a half-apartment corresponding to the reflection wsw™", and

(il) Myw = MY and 0(a™) = (Oar)™.
In particular, W acts on the set of half-apartments of X.

Proof. The first two assertions are Corollary 3.15 and Proposition 3.19 in [34]. Write
a = Yy and let w be in W. Using that w is an automorphism of X that preserves

distance, we have

wa = {wz e X |dist(z, z) < dist(y, 2) }
= {z € X |dist(wz, z) < dist(wy, )}

= X(ws\wy)-

Since wz and wy are adjacent, wa is a half-apartment. The element wsw™' has order 2

1

since s has order 2 and wsw™!(wz) = wy. Thus wsw™! = refly(wa) and this proves (i).

Part (ii) follows from the property that su = v if and only if wsw ™ (wu) = wv. O



The residues of chamber systems provide a great insight into its overall structure. We

state a few basic properties of residues in Coxeter chamber systems.
Lemma 1.2.4 Let J be a subset of I. The following assertions hold.

(i) All residues are conver.
(ii) The Coxeter group W acts transitively on the set of J-residues.

(ili) Let R be a J-residue, x be a chamber of R, x; be the unique chamber j-adjacent to x
and s; the reflection determined by {x,x;}. Then V = (s; | j € J) acts transitively

on the chambers of R.

Proof. Part (i) is Proposition 3.24 in [34]. Part (ii) follows from the fact that W preserves
colours and acts transitively on the chambers of ¥. For part (iii), we can write for any
yE€R,y=uar...r;, for j; € J. Note that s;, = zr;,z~! € V and that s, ...s;, (z) = v.

Thus V' acts transitively on R. O

Residues in Coxeter chamber systems possess a ‘gatedness’ property. This property is

expressed in the following result, that is Theorem 3.22 of [34].

Theorem 1.2.5 For every residue R and every chamber x in X, there exists a unique
closest element y in R such that dist(x, z) = dist(z,y) + dist(y, z) for all chambers z in
R. O

In this result, we call the chamber y the projection of x onto R and denote it by
projp(z). It is clear that y is unique. Indeed, suppose, by contradiction, that 3’ is another
chamber with the same property. We have that dist(z,y) = dist(z,y’) + dist(v/,y) =
dist(x,y) + 2 - dist(y,' y). In particular, dist(y,y’) =0 and y = ¥/.

If W is a finite Coxeter group, then diam(X) = max{dist(x,y) | x,y € X} is finite. We
say that chambers x and y are opposite each other in ¥ if and only if dist(z, y) = diam(X).

The following result is taken from Proposition 5.2 and 5.4 in [34].

10



Lemma 1.2.6 Suppose that X has a finite diameter. FEvery chamber x has a unique
opposite chamber denoted by ops(x). Furthermore, for opposite chambers x and y, the

following assertions hold.
(i) We have [{z,y} Na| =1 for any half-apartment c.
(ii) Every chamber of ¥ lies on a minimal gallery from x to y. O

Let IT be the the Coxeter diagram of Y with vertex set I and, for J C I, let II,
denote the subdiagram of IT obtained by deleting the vertices in I\ J. If R is a J-residue,
then R is a Coxeter subchamber system of type II;. In particular, the chambers in W;
correspond to a J-residue R; containing the chamber 1 and W acts transitively on all
J-residues, that is, there exists w € W such that Ry = R. In particular, R is isomorphic
to the Coxeter chamber system Yy,. Lemma 1.2.6 tells us that for each chamber z in R,
there is a unique chamber denoted by opy(z) such that dist(z,opg(z)) = diam(R). The

chambers = and opp(z) are said to be opposite in R.

1.3 Spherical buildings

There are numerous ways to define buildings and the definition below is taken from [28§]

and [35].

Definition 1.3.1 Let W be a Coxeter group of type 11 and let I be the vertex set of 11.
A building of type II with index set I is a chamber system A with index set I with a

collection of subchamber systems A called apartments such that
(B1) Each ¥ in A is isomorphic to the Cozeter chamber system Xyy.
(B2) Each pair of chambers x,y is contained in a common apartment.

(B3) For each pair of chambers x, y and each pair of apartments ¥, ¥' containing both

x and y, there exists a special isomorphism from ¥ to X' that fizes x and y.

11



(B4) For every chamber x and each pair of apartments 3, ¥ that contain x and each panel
P such that PNY and PNY' are nonempty, there exists a special isomorphism that
fizes x and sends PNX to PN Y.

The rank of A is defined to be the cardinality of its index set I. We say that a
building is spherical if the apartments have finite diameter, thick (thin, respectively) if its
underlying chamber system is thick (thin, respectively), irreducible if the corresponding
diagram II is connected and reducible if IT is not connected. We state, without proof, that

all apartments are convex (c.f. Corollary 8.9 of [34]).

Definition 1.3.2 A set of chambers « is a half-apartment of the building A if it is a

half-apartment of one of the apartments of A.

From axioms (B1) and (B2) we can define a distance in W between any pair of cham-
bers. Let x and y be chambers in A. By (B2), there exists an apartment ¥ such that
x,y € 3. Let p be a special isomorphism from ¥ to ¥y;. Define the distance ds(z,y) == w

LyP. Suppose x and y are contained

where w is the element of W such that w = (2#)~
in another apartment '. By (B3), there exists a special isomorphism ¢ from ¥’ to X
that fixes = and y. Note that pp is a special isomorphism from ¥’ to Y. In particular,
Sxr(z,y) = (29°) Y (y#?) = (2°)~'y? = w. Thus we can drop the subscript of the apart-
ment and define a map 0 : Ax A — W called the Weyl distance map. We often write A as
the pair (A,9). If 6(z,y) =z 'y =1y ... 1y, then (z,zry, 2r Ty, oo 2T Ty T3, = Y)

is a minimal gallery from x to y and we say its type is f = iyiy...17x. We often write

Ty = Tijig...ip-

Remark 1.3.3 Let 3 be a Coxeter chamber system of type I1. Then ¥ is a thin building
of type I whose collection of apartments is {X}. Properties (B1)-(B/) follow easily since

there is only one apartment in the building.

12



Definition 1.3.4 Let (A,0) be a building of type I1 with index set 1. A subbuilding is a
subchamber system A’ with index set J C I with the property that (A’,0") is a building of

type 11; where 0" is § restricted to A" x A, in particular §' (A", A") C W;.

Remark 1.3.5 Any apartment X of a building A is a subbuilding of the same type and

rank. The residues of ¥ correspond to the nonempty RN Y where R is a residue of A.

Residues in buildings have similar properties to residues in Coxeter chamber systems.
In particular, residues of buildings are convex and if R is a J-residue, then R is a sub-
building of type II;. We state a useful result that highlights the high level of symmetry

of residues contained in apartments. The result is Proposition 8.20 of [34].

Proposition 1.3.6 Let R and ) be residues that both intersect the apartments ¥; and
Y. Then there exists a special isomorphism from ¥y to Yo that sends RN Y, to RN Y,

and Q Ny to Q N Xy, O

Furthermore, residues of buildings also possess the ‘gatedness’ property. The following

result is analogous to Lemma 1.2.5 and is Corollary 7.21 in [34].

Lemma 1.3.7 For every residue R and every chamber x in A, there exists a unique

closest element y in R, denoted by projpx, such that

dist(z, z) = dist(z,y) + dist(y, 2),

for all chambers z in R, and y s contained in every apartment containing r and some

chamber of R.LJ

A useful property is that the intersection of residues with apartments leaves the pro-
jection of a chamber (inside the apartment) in that residue invariant. We state it more

precisely.

13



Lemma 1.3.8 Suppose that x is a chamber contained in an apartment ¥ and X N R is

nonempty. Then projpx = projy~pT.

Proof. By the convexity of 3, projzx must be contained in ¥ N R. By the uniqueness of

projpx, we have that projp~vz = projpz. 0

The diameter of the spherical building is finite allowing us to consider opposite cham-

bers.
Lemma 1.3.9 Let A be a spherical building. Then
(i) diam(A) = diam(X) for any apartment ¥ of A,
(ii) Each pair of opposite chambers in x and y are contained in a unique apartment 3.

(iii) The apartment in (ii) consists of all the chambers which lie on a minimal gallery

from x to y.

Proof. Part (i) is true since all apartments are isomorphic as chamber systems and by

(B2). Part (ii) and (iii) are exactly Theorem 9.2 in [34]. O

Theorem 1.3.10 (Classification of the types of irreducible spherical buildings)
Let A be a thick irreducible building of type I1 and rank at least 3. Then 11 is A,, forn > 2,

B, forn>2, C, forn>3, D, forn>4, Es, B, Eg, Fy or Go. OJ

This is a well known result and can be found in [34], for example. We often write that
A is a thick irreducible building of type X,, where X is either A, B, C', D, E, F or G and
n is the corresponding rank. Tits gives a full classification of thick irreducible spherical
buildings of rank at least three in [32] and a simpler proof was later given by Tits and

Weiss in [33].

14



Buildings can be viewed as both chamber systems and geometries. It is sometimes
more convenient to study the geometry of a building. We recall definitions stated in
Appendix A without going into detail.

Let I = {1,...,n}. A geometry I" over I is a triple (V,~,7) where V is the set
consisting of objects, ~ is a reflexive symmetric relation on V' and 7 is a surjective map

from V to I such that no two incident objects have the same image under 7.

Definition 1.3.11 The flag geometry associated to the building A is the geometry (V, ~
,T) where V is the set of corank one residues of A, R ~ S if and only if R and S have a
nonempty intersection as sets of chambers of A and 7 is defined to be the cotype of such

a residue. The flag geometry is denoted by Gm(A).

Definition 1.3.12 The Chamber system associated to the geometry I' is the chamber
system (C,{~}ier) where C is the set of maximal flags of I' and C ~; D if and only if C

and D share a common flag of cotype i. The chamber system is denoted by Ch(I")

The following result follows from Proposition A.0.1 and A.0.4.

Proposition 1.3.13 For a building A, we have that Ch(Gm(A)) = A.

1.4 Root systems

Root systems were first introduced by Killing [17] in order to classify the finite dimensional
complex simple Lie algebras. This section deals with the role of root systems in spherical
buildings which are later used to give a geometrical interpretation of Coxeter chamber
systems. We introduce root systems in an abstract sense but root systems originally arose
from the study of semisimple Lie algebras. The material in this section is taken from [2]

and [18].
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Let V be a finite dimensional vector space over R with a positive definite symmetric
bilinear form (,) and let a be a nonzero vector of V. A reflection in the hyperplane

perpendicular to « is the map

We define and denote the length of a vector a by |a| = (a, @).

Definition 1.4.1 A root system ® of V' is a finite spanning set of non-zero vectors of V'

such that for each o, € ®:
(R1) ta € @ if and only if t € {—1,1}.

(R2) 5.(®) = ®.

(R3) nap =280 € Z.

The rank of ® is the dimension of V. We say that ® is reducible if there & can be
written as the disjoint union of nonempty subsets ®; and ®, such that («, 5) = 0 for all
a € &1 and B € &,. We say that ® is the orthogonal sum of root systems ®; and ®,. A
root system is irreducible if it is not reducible. A subset ®' of ® is a subroot system if it

is a root system in its own right.

Lemma 1.4.2 FEvery root system is the disjoint union of irreducible root systems. [

For each a € @, define H, = {v € V| (v, ) = 0} to be the root hyperplane orthogonal
to a. Choose t € V \ UyeoH,. Then, for each root «, (t,a) > 0 or (t,a) < 0. Define
ot = {a € @ | (a,t) > 0} and &~ = {a € @ | (a,t) < 0}. Notice that o= = —P*
and ® = &t LU P, We say that ® = & LI d~ is a polarisation of ® with respect to t.
The subsets ®* and ®~ are the positive and negative roots, respectively. There exists a

unique subset B = {«y,...,a,} of ®T such that every positive root « has the form
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Zmiozi for some m; € Z7 (1.4.3)

i=1

where n is the rank of ® (c.f. Corollary 7.18 of [18]). The set B is the basis of the root
system ® with respect to the polarisation and the roots in B are called simple roots. The
set B is also a basis of the vector space in V' in the usual sense.

Let W = W be the group generated by the reflections {s, | « € ®}. The group W
is called the Weyl group of ®. The group W is a finite subgroup of the orthogonal group
O(V). Furthermore, W acts on the set of roots and preserves the angles between roots.
The Weyl groups are finite Coxeter groups and the significance of this emerges later. The
group Ws acts sharply transitively on the set of bases of ® and thus is in one-to-one
correspondence with the polarisations of ® (c.f. Lemma 7.24 and Corollary 7.38 in [18]).

Let o be given by (1.4.3). The height of o with respect to the basis B is Y, m;. For
each basis B there is a unique root called the longest root which has maximal height. We
state a few results about the longest roots of irreducible root systems. The result can be

found in Chapter VI, Section 1.8, Proposition 25 of [2].

Lemma 1.4.4 Let ® be an irreducible root system and let B = {a1,...,a,} be a basis

for B. Let & = Y., m;a; be the longest root with respect to B. Then the following

statements hold.
(i) Each integer m; is greater than zero.
(i) Any root B has the form Y ;| pic; where p; < m; for alli € {1,...,n}.
(i) We have that |a| > |5]| for all roots B and ngs € {0,1} for all B # ta.
The proof of the following result can be found in Chapter VI, Section 1.3 in [2].

Lemma 1.4.5 Fiz a polarisation of ®. The angle between any two distinct simple roots

is obtuse and is contained in {mw /2,27 /3,37 /4,57/6}.
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Let B = {a1,...,a,} be a basis of ®. Let I = {1,...,n} be the vertex set and let
two vertices ¢ and j be joined by m and the integer m is determined by the angle 8;;
between a; and a;: m = 0if §;; = n/2, m = 1if 6;; = 2n/3, m = 2 if §;; = 37 /4, and
m = 3 if §;; = 5w /6. By convention, the edge labelled m = 0 is not visible. Furthermore,
whenever m > 1 then the two roots corresponding to the edge are of different length and
we direct the edge with an arrow pointing towards the root with shorter length. This
graph is called the Dynkin diagram of ® and is denoted by Ils. The Dynkin diagram
is called simply laced m € {0,1} and is called nonsimply laced otherwise. The Dynkin
diagram of ® is unique up to automorphism since W acts sharply transitively on the set
of bases of ® and preserves angles between roots. Additionally, note that these are very
similar to the Coxeter diagrams corresponding to Wg but the labelling is different.

The root system & is irreducible if and only if its Dynkin diagram is connected. Let
® be the union of disjoint irreducible root systems &, L ... &,. Let II; be the Dynkin
diagram corresponding to ®; and let W; = (s, | @ € ®;). Then Wg = W; x ... x W) and
W; acts on ®; for each 4,7 € I and this action is trivial if and only if ¢ # j.

We now state the classification of irreducible root systems and provide a realisation

of each root system in Appendix B.

Theorem 1.4.6 (Classification of irreducible root systems) Let ® be an irreducible
root system of rank n. Then ® is of type A, forn >2, B, forn > 2, C, forn >3, D,
fO’f’TL Z 4, EG; E7, Eg, F4 or GQ.

1.5 Perpendicular roots

By abuse of notation we denote the root system of type X,, by X,. We fix a simply
laced irreducible root system ® of rank n» > 3 and let W be the corresponding Weyl
group. This section determines the number orbits of pairs of perpendicular roots («, f3)

under the action of the W and we show that for every such pair there exist roots ~;
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and -, such that the angles between « and ~;, and between § and ~; are both /3 for
j=1,2. Let (o, 5) and (¢, f') be two pairs of perpendicular roots. Since the Weyl group
acts transitively on the roots, there exists an element of W that sends the pair (o, §) to
(o, 5") for some root 5. If we show there exists another element of W that sends (o, 5”)
to (o, '), then there exists an element w € W such that («, 5)* = (o/, 5"). We are thus
interested in finding elements of W that send (¢, 8) to (a, B) for any fixed a and all roots
B,p € H,. Let W =®&nN H,. It is clear that (R1) and (R3) hold for V. If 8,v € ¥, then
sg(v) =~v —2(v,8)/(B, B)B. But since (o, 7) = (a, f) = 0, then (sg(y), ) = 0 and thus
sg(y) € V. It follows that U is a subroot system of ®. We write U = ¥y L ... L Uy as

the orthogonal sum of disjoint irreducible root systems. Let Wy = (sg | 5 € ¥). Then

W =Wi; x...x W,

where W; is the Weyl group of the root system ¥; and W; acts trivially on ¥; whenever
i # j. Note that Wy fixes « since o and (3 are perpendicular for all 5 € . The subgroup
W; acts transitively on the roots in ¥; and thus acts transitively on the pairs of roots
{(a, B) | B € W;}. The number of orbits of pairs of perpendicular roots in ® under W
is at most k since Wy is contained in the stabiliser of a. If there exists w € W such
that (a, 5)" = (o, 8') and there exist roots v, and 7, such that («,v;) = (8,7;) =1 for
j = 1,2, then (a,7]) = (#',7F) = 1 for j = 1,2. Therefore, to show that each pair
of perpendicular roots form an angle of 7/3 with two distinct common roots it suffices
to show that there exists §; € ¥, such that (o, 7;) = (8;,7;) = 1 for some roots ~; for
j=1,2and for all i € {1,... k}.

Root system of type A,

Assume that n > 3. The root system A, is embedded in a hyperplane of (n + 1)-

dimensional Euclidean space and consists of the vectors {£(e; —¢;) |1 <i < j <n+1}.
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Let o = e, — e,41. The set of roots perpendicular to o is ¥ = {£(e; —¢;) |1 <i < j <
n—1}. In particular, U is the irreducible root system A,_5 and there is only one orbit on
pairs of perpendicular roots {(a, 8) | 5 € U}. Take f = e; —es. Then v = e; — e, 41 and

Y2 = e, — €9 form angles of 7/3 with both o and 5. The diagram of V¥ is the following.
1 2 3 n—2
O—O0—0—----0

Root system of type D,

The root system D,, is embedded in n-dimensional Euclidean space and consists of the
vectors {xe; +e; | 1 <i < j <n}. Choose o = e,_1 —e,. The set of roots perpendicular
toais ¥ ={ft(ep,o1+e,)} L{Fe;te;|1<i<j<n-—2}

The roots £(e,—1 + €,,) form the root system A;. The roots {£e; £e; | 1 <i < j <
n—2} form the root system A; 1 Ay if n =4 and D,,_5 if n > 4 where D3 is As. Therefore
there are at most three and two orbits of pairs of perpendicular roots {(«, 3) | 8 € ¥}
when n = 4 and n > 4, respectively. From the first component {£(e,_; + e,)}, choose
B =en1+ e, Then v; =e; +e, 1 and 75 = €3 + €,_1 form angles of 7/3 with both
aand f. If n =4, then {e; e; | 1 <i < j <2} ={£(e1 —ea)} L {£(e1 +e2)}
In the first component choose § = e; — e;. Then 73 = €1 + e3 and v = —(ey + e4)
form angles of 7/3 with both a and . In the second component choose 5 = e; + es.
Then v; = e; — e4 and 5 = €1 + e3 form angles of 7/3 with both o and 5. For n > 4,
{feite; |1 <i<j<n-—2}isthe root system D,_» and we choose § = e; — e5. Then
M = e+ e,-1 and 9 = —(es + €,) form angles of 7/3 with both « and 5. The two
possible diagrams of ¥ for n > 4 and n = 4 are the following.

n—1

1 3 n—2

o O—---
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Root system of type Fjs

The root system Fjg is embedded in 8-dimensional Euclidean space and consists of the

roots D5 U X where

5

5
1
X = {iﬁ <Z(_1)”iei —eg—er+ €g> | ;vi is even } .

i=1

Choose o = %(—61 +es+e3+eq+es5+eg+er—eg). The set of roots in D5 perpendicular

to o is

Clearly W, is an irreducible root system with 20 roots and thus ¥, is A4. Any additional
orthogonal component must have rank 1. The roots ¥y in X perpendicular to a are the

eight roots of the form

1=2

5 5
1 ,
{j:§ (61 + ;(—1)v’€i + e +e7 — 68) ‘ sz’ = 3}

and the two roots of the form {:I:%(l, 1,1,1,1,—1,—1,1)}. None of the 10 roots in W,
is perpendicular to every root in W;. Thus ¥ = ¥, U ¥y = EgN H, is an irreducible
root system with 20 + 10 = 30 roots and thus ¥ is As. There is only one orbit on pairs
of perpendicular roots {(«,3) | 5 € ¥}. Choose 8 = e; + e5. Then v = ey + e3 and

Y2 = €3 + ¢4 form angles of w/3 with both o and 5. The diagram for ¥ is the following.

1 3 4 5 6
O—O0—"C0O—"C0—=0
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Root system of type F~

The root system FE; is embedded in a hyperplane of 8-dimensional Euclidean space and

consists of the roots Dg U {x(e7 — eg)} U X where

6 6
1 , .
X = {ié <E (—1)%e; +er — 68> | ;:1 v; 1s odd } )

i=1

Choose o = %(—61 +ey+e3+es+e5+ e+ er —eg). The set of roots perpendicular to «
from Dg U {%(er —eg)} is Uy = {£(e1+¢) |2<i<6}U{£(e; —¢;) |2<i<j <6}
and there are 30 such roots. It is clear that ¥, forms an irreducible root system with 30
and thus ¥y is As. Any additional orthogonal component must have rank 1. The roots
¥y from X perpendicular a are those of the form
1 6 5
{i§ <61 + ;(—1)”"61- + eq — 68> | z;vi = 3}

1=

and

There are 20 + 10 = 30 such roots and no root in ¥, is perpendicular to every root in
vy, Thus ¥ = V¥, U ¥y = E; N H, is an irreducible root system with 60 roots and thus
U is Dg. There is only one orbit on pairs of perpendicular roots {(a, 3) | f¥}. Choose
B =e; +ey. Then v = eg + e3 and 5 = ey + e4 are perpendicular to both a and 3. The
diagram for ¥, is the following.

3. 4 5 6 T
O—0O—""COCO—""0C—"=0
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Root system of type Fjs

The root system Ejg is embedded into 8-dimensional Euclidean space and consists of the

roots Dg U X where

8

X = {% (Z(—l)”iei) ] Zvi is even } :

i=1

Choose a = %(61 + ey + e3+ eq+ e5 + e + e7 + eg). The set of roots from Dg which are
perpendicular to a is Uy = {£(e; —¢;) | 1 < i < j < 8} which forms A7. Any further
orthogonal component would give rank at least 8 but Fs has rank 8 and so that is not

possible. The set of roots W, in X that are perpendicular to « is
WA 8

and there are 70 such roots. In total we have 126 roots and thus ¥ =¥, UV, = EsN H,,
is E7. Choose 8 = e; — eg. Then 71 = e1 + €3 and 72 = e; + e3 form angles of 7/3 with

both o and . The diagram of ¥ is the following.

1 3 4 5 6 7
O—CO0—""C0OCO—""0C—""0C—=0
2

For a root a of @, let a'g denote the subroot system ot N ®.

Lemma 1.5.1 Let a and 3 be two roots of ®. Then a’q and B4 do not coincide unless
£ = *a.

Proof. Let V be the vector space spanned by ®. Note that for any vectors u and v such
that ut = vt we have that ut = vt = (u,v)t. In particular, V = (u,v)* @& (u,v) =
ut @ (u,v). In particular, (u,v) is one dimensional and thus (u) = (v). If ate = S5,

then ot = 3+ and hence a and 3 are multiples of one another. In particular, 3 = +a.
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1.6 Coxeter chamber systems in Euclidean space

Fix an irreducible root system ® of rank n embedded in a Euclidean space V and let

I ={1,...,n}. For each root a € ®, let H, be the root hyperplane orthogonal to .

Definition 1.6.1 A Weyl chamber is a connected component of V' \ Upco Hy .

The two sides of H,, are the regions {v € V' | (v,a) > 0} and {v € V' | (v,a) < 0}. Two
vectors u, v € V are said to be separated by H, if they lie on different sides of H,. For each
a € @, the vectors of a Weyl chamber lie on the same side of H, and every Weyl chamber
can be given by a system of inequalities +(a,v) > 0. Each Weyl chamber C' is an open set
and can be written as C = {v € V | e¢o(v, ) > 0} for ec, € {—1,1}. The closure and
boundary of C' are given by C' = {v € V | ec,o(v,a) > 0} and 9C = {v € V | (v, ) = 0},
respectively. We can write 0C' = UneqpF,, where F,, = {v € C | (o, v) = 0}. The wall of
C' is the set of hyperplanes H, that contains a nonzero F,. Let M (C') denote the set of
walls of C.

Note that every vector ¢t that determines a polarisation of ® can be found in some
Weyl chamber C' and, since C' is open, any two vectors in C' give the same polarisations.

In particular, given a Weyl chamber C, then

" ={a e ®|(a,t) >0} forany t € C (1.6.2)

is a polarisation of ® and determines a unique basis denoted by B(C'). Conversely, if

® = ot U P~ is a polarisation with basis B = {a1,...,a,}, then

C={veV|(v,a;)>0foralliel} (1.6.3)

is a Weyl chamber.
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Theorem 1.6.4 There is a one-to-one correspondence between Weyl chambers and po-

larisations of ® as given by (1.6.2) and (1.6.3) 0.

The Weyl group Ws acts on @, and thus it acts on the set of root hyperplanes and the
set of Weyl chambers. By the above correspondence, W acts sharply transitively on the
Weyl chambers and thus there is a one-to-one correspondence between Weyl chambers
and elements of the Weyl group (c.f. Corollary 7.38 of [18]). Fix a Weyl chamber C' and
let B(C) = {a,...,a,} be the corresponding basis of ®. Any Weyl chamber can be
written in the form s;, ...s; (C) where s;, = Sa;, for some i; € I. The following result is

Corollary 7.28 of [18].

Lemma 1.6.5 Let C be asin (1.6.3). Then C has n walls, namely H,, for alli € I, and
thus every Weyl chamber has n walls. In particular, the Weyl chamber w(C') has walls
Hyoy) forie 1.

Lemma 1.6.6 Let C' be a Weyl chamber and u,v € C. Then (u,v) > 0. O

Proof. The subset ® := & N (u,v) is a subroot system of rank 2. Indeed, (R1) and
(R3) clearly hold and for «, 8 € ', s,(8) = B — 2(5,«)/(a,a)a € (u,v) and thus (R2)
holds. In particular @’ is either A; L Ay, Ay, By or Go. If (u,v) < 0, then the angle
between u and v is greater than 7/2 and thus u and v must lie on different sides of some

hyperplane in ®'. This contradicts that u and v lie in the closure of a Weyl chamber.

Hence (u,v) > 0. O

Definition 1.6.7 Let I's be a graph with the set of all Weyl chambers as vertices and two
Weyl chambers C' and C" are joined by an edge if and only if C' and C' share a common

wall H, and the reflection s, interchanges C' and C'.

We call I'y the Weyl graph of the root system of ®. Note that Iy is connected and each

vertex has valency n. The aim is to colour the edges of I's so that it is isomorphic to a
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Coxeter chamber system. To obtain the corresponding Coxeter diagram from the Dynkin
diagram, we replace multiple edges with single edges: a single edge, double edge and
triple edge are replaced with the labels 3, 4 and 6, respectively. We denote the diagram
by Il and call it the Coxeter diagram associated to the root system ®. Consequently,
the Coxeter diagram for (), and B,, are equal and and their Weyl groups are isomorphic.
This Coxeter diagram is denoted by (BC'),. The results from this section are taken from
Chapter 2 of [35] and the omitted proofs can be found in [35] and Chapter VI Section 1.5
of [2].

Let ® be a root system and let IT be the corresponding Coxeter diagram with vertex set
I, Wi be the Coxeter group of II and Wg be the Weyl group of . Fix a Weyl chamber
C and let B(C) = {ay,...,a,} be the basis of ® corresponding to C. In particular,
We = (Sa, | © € I) and Wy = (r; | (ryr;)™9 = 1 for all 4, j € I). The following result is

Proposition 2.8 from [35].

Proposition 1.6.8 There exists a bijection ¢ : I — B(C) such that the map r; — Sg)
extends to an isomorphism from Wy to We and ¢ is unique up to an automorphism of

II. Furthermore, the map g — 7(g)(C) is a graph isomorphism from ¥y to I'g.

In particular, zr; = y if and only if s,(7(z)(C)) = 7(y)(C) where a = 7(x)'s,,.
Recall that C' has n walls and thus it is adjacent to n Weyl chambers. The chamber 1
of X1 corresponds to the Weyl chamber C' of I's with respect to this map. A colouring
of the edges of C is a colouring of all edges since Wy acts sharply transitively on the set
of Weyl chambers. Thus there is a unique way, up to an automorphism of II, to colour
I's so that it is isomorphic (preserving colours) to Xp. In particular, for each i € I,
the edge {C, S,,(C)} is coloured i. Let C” be any other Weyl chamber and let w be the
unique element of Wg such that w(C) = C’. Then B(C') = {w(ay),...,w(a,)}. The

group W preserves angles and for it to preserve colours we require that the unique Weyl
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chamber that is i-adjacent to C” is s,(a )(C’ ). Let 3¢ denote the graph I's with the above

%

edge-colouring. We state this formally in a result whose proof can be found in [35].

Theorem 1.6.9 The edge-coloured graph ¥ is a Cozeter chamber system isomorphic to

Y.

For each a € @, let ¥g() denote the set of Weyl chambers that are contained in the
region {v € V' | (v,a) > 0}. The reflections, in the chamber system sense, of ¥¢ are the

reflections from the Weyl group Ws.

Lemma 1.6.10 Let o be a root in ®. Let C' and C' be two adjacent chambers in g (a)

and Yo (—a), respectively. Then s, interchanges C and C".

Lemma 1.6.11 Let a be a root in ®. The two half-apartments of Y associated with the
reflection s, are Yg(a) and Yo(—a). Conversely, a half-apartment A of ¥¢ corresponds

to a unique root o such that Y¢(a) = A.

Proof. Tt suffices to show that every gallery from g (a) to Yo(—a) passes through a pair
of adjacent chambers that are interchanged by s,. Indeed, by deleting the edges that are
fixed setwise by s, we would get the two connected components ¥ () and g (—a) and
thus, by definition, they are the half-apartments corresponding to s,. This follows from
Lemma 1.6.10.

Let A be a half-apartment in g, then Yo = A LI —A. In particular, there exists
a reflection s, that interchanges two chambers C and C5 in A and —A, respectively.
We assume, without loss of generality, that (Cy,a) > 0. Then (Cs, a) = (s,(C1), ) =
(Cy = 2(a, C1) /(a, @), ) = —(Cy, ) < 0. Therefore the boundary of A, 0A, consists
of the panels with two chambers fixed by s, on different sides of H,. Let C' be a Weyl
chamber such that (C,a) > 0. Any minimal gallery v from C' to C3 must pass through

0A exactly once. In particular, v must pass through C. In particular, as half-apartments
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are convex, C'is in A. Similarly, one can show that if (C,«) < 0, then C' € —A. Therefore

E@(O[) = A |:|

We see that there is a one-to-one correspondence between roots and half apartments
of a given apartment. For this reason, half-apartments are often called roots. This

geometrical interpretation of Coxeter chamber systems is important for later chapters.
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CHAPTER 2

ROOT SHADOW SPACES

2.1 Root shadow spaces of spherical buildings

Let A be an irreducible spherical building with Coxeter diagram II. Let ® be the root
system of the corresponding Dynkin diagram. In the case of Il = (BC),, we take the root
system of type B,. We fix a basis B = {ay,...,a,} for the root system and denote the
longest root with respect to B by a. Define a set J C I to consist of all ¢+ € I such that
(—a, ;) # 0. This corresponds to the set of vertices that are joined to the new vertex
in the corresponding extended Dynkin diagram. We call J the root set. The root set
is J = {1,n} for A,, J = {2} for (BC),, D,, Es and G, J = {1} for E; and F}, and

J = {8} for E5. We introduce a point-line space on the building.

Definition 2.1.1 Let A be an irreducible spherical building of type X,, and let J be the
root set of A. A J-shadow in A is a (I'\ J)-residue. For each j € J, a j-line is the set of
all J-shadows that contain chambers from a given j-panel. Let P be the set of J-shadows
and L be the set of j-lines for j € J. We say that (P, L) is the root shadow space of type

X, and we denote it by Pa. If |J| =1, then we write X, ; instead of X,, ;.

Let A be an irreducible spherical building and recall from Appendix A that the building

geometry is given by Gm(A) = (V, ~, 7) where V is the set of corank one residues of A,
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two such residues are incident under ~ if and only if they have a nonempty intersection
as sets of chambers and 7(R) is defined to be the cotype of the residue. The root shadow
space of Gm(A) is as follows. The J-shadows are the flags of type J and, for each j € J,
fix a flag I’ of cotype j and take the set of all flags of type J whose union with F' are also

flags and we denote this by .

Remark 2.1.2 Let F be a flag of type J of Gm(A) and let C' and C' be chambers that
contain the flag F, namely, C = {R; | i € I \ J} UF where R; is a flag of cotype i and
C'"={S;|ieI\J}UF. The chambers C and C" are chambers of Ch(Gm(Ch)) = A
and correspond to the chambers ¢ := Niep s R N F and ¢’ := NiepsS; N F in A under the
isomorphism. It is clear that there ezists a gallery ¢ and ¢ whose type is a word in I\ J

and thus ¢ and ¢ are in a common J-shadow of A.

Proposition 2.1.3 The root shadow space of A and I' :== Gm(A), denoted by RSh(A)

and RSh(I'), are isomorphic as point-line spaces.

Proof. Let F'={R; | j € J} be a flag of type J of Gm(A) and let F={Ry,..., Ry} be
any chamber contains F. The chamber F is a chamber of Ch(Gm(A)) and by Proposition
1.3.13, Ch(Gm(A)) = A. Let ¢ := N;erR; be the corresponding chamber in A under the
isomorphism and let Rp be the J-shadow of A containing the chamber c¢. Note that, by
Remark 2.1.2, Rp is independent of which particular chamber is chosen to contain F'.
Define a map from RSh(I") to RSh(A) by sending F' to Rr. Let R be a J-shadow in A
and take a chamber ¢ in R and let R; be the unique residue of cotype ¢ for each ¢ € I that
contains c. If we let F' = {R; | j € J} be the flag of type J, then Rp = R. Suppose that
Rp, = Rp,. Then we can extend both F} and F; to the same chamber and thus F} = F5.
Therefore the map F' +— Rp is a bijection. It suffices to show that it preserves lines.

Fix a flag G and take two flags F; and Fy of type J such that F; U G is a (maximal)

flag for ¢ = 1,2. Let ﬁl = F; UG and ﬁz = I3, U G be chambers containing F; and F5,
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respectively. Then B = {Ry,...,R,} and By = {S1,...,S,} such that R; = S, for all
1 7é] and Rj 7& Sj. Let C1 = mieIRi and Cy = mie[Si = mi#jRi mjej Sj. Then clearly (&1
and ¢y are joined by an edge of type j and thus Ry, and Rp, are J-shadows which have

chambers that lie in a common j-panel. O

The distance between two J-shadows R and @ is the infimum of {dist(z,y) | = €
R,y € Q}. We write dist(R, Q) to denote this distance. The context is always clear
and should not be confused with distance between two chambers. We state an important

result about residues of buildings that is taken from [13].

Lemma 2.1.4 Let A be a building with Weyl-distance map §. Let R and Q) be J-residues,

respectively and Set R' = projo R and Q" = projzQ. Then

i) The compositions projpproj, and proj,projp are the identity maps on R’ and @',
(i) rP1O]q QPTOJR

respectively,

(i) dist(R, R) = dist(z,y) for x € R abd y € Q if and only if projp(y) = = and

projg(r) =y, and

(iii) for x and y satisfying (ii), there exists w € W such that 6(x,y) = w. O

Let R and @ be J-shadows in A where J is the root set of A. Let Wy = (r;|j € I\ J)
be a subgroup of W. Let z € R and y € @ and let 2’ = projpy and let 3’ = projgz’.
By two applications of Lemma 1.3.7, dist(x,y) = dist(z, 2") + dist(2’,y) = dist(x,2’) +
dist(z’,y') + dist(y/,y). In particular, there exists a minimal gallery v from x to y that
passes through 2’ and y'. By 2.1.4 (i), we have projzprojg restricted to R’ is the identity.
Therefore, projgpy’ = projgprojor’ = z’. By 2.1.4 (i), dist(2',y’) = dist(R, Q). By
Lemma 2.1.4 (iii), 6(2’,y') = w for some w € W. In particular, §(z,y) € WowW,. By
Section 2.7 of [5] and using that + is minimal, w is the unique minimal double coset

representative of the class WywW,. We summarise this in the following result.

31



Lemma 2.1.5 Let R and Q) be J-shadows and x and y be arbitrary chambers of R and
Q, respectively. Let x', y' and Wy be defined as above. If v is a minimal gallery from x
to y that passes through x' and y', then there exists a unique element w of W such that

d(z,y) = wowwy for some wy, wy, in Wy.OO

The element w is independent of x and y and we call it the Weyl distance between R

and Q.

2.2 Polar regions

In this section we introduce the notion of polar regions of roots and establish their cor-
respondence with J-shadows. In a given apartment, there is a one-to-one correspondence
between long roots and half-apartments. Given a root a, we denote the corresponding
half-apartment ¢ (a) by [a]. Let ® be an irreducible root system of rank at least 2 with

a simply laced Dynkin diagram. Let ¥¢ be the associated Coxeter chamber system.

Definition 2.2.1 The polar region of a root o of ® is the set of Weyl chambers C such

that o is contained in a wall of C. The polar region of « is denoted by P(«).

The definition of a polar region is motivated by and equivalent to the definition given
in [34] (see Definition 6.4 of [34]) and are studied in more detail by the same authors in

19].

Lemma 2.2.2 A chamber C' is contained in the polar region P(«) if and only if «v is the

longest root with respect to the basis B(C) = {au,...,an} associated with C.

Proof. Let I = {1,...,n}. Suppose that « is the longest root with respect to B(C) =
{ai,...,a,}. This means that C' = {v € V | (v,04) > 0foralli € [} and C = {v € V |
(v,a4) > 0 for all i € I'}. Let J be the root set of ®. By Lemma 1.4.4 (iii) (o, ;) > 0 for
all i € I and (o, ;) =0 for all j € J. Thus a € C'\ C = 9C and thus « is contained in

a wall of C.
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Suppose that C'is in the polar region P(a). Then o € C\C. Let B(C) = {a, ..., an}.
Thus o € C = {v € V | (v,a;) > 0 for alli € I}. There exists 4; and iy such that
(a, o) # 0 since @ is irreducible and (o, ay,) = 0 since a € C. Let 8 be the longest
root with respect to B(C) = {ay,...,a,}. It is clear that o € ®* since (a,t) > 0 if
you take ¢ in C arbitrarily close to a and a € C'\ C. By Lemma 1.4.4 (i), we have that
B =1, ma; for some positive integers m;. By Lemma 1.4.4 (iii), (o, 3) € {0,1,2}. If
(v, B) = 2, then a = 3 as required. If (o, ) = 0, then

0= (o, 8) = (a, Zmiai) = Zmi(oz,ai).

But m; > 1 and thus (o, ;) = 0 for all ¢« € [. This is a contradiction. If («, ) = 1,
then 1 = (o, 5) = >, m;(, a;). Thus there exists a unique j € J such that (o, a;) =1
and m; = 1 and (o, ;) = 0 for all ¢ # j. That is, the root system perpendicular to o
has rank n — 1. By comparing the results from Section 1.5, we firstly note that & cannot

be A, because at

would have rank n — 2. For all other cases, we can determine exactly
which j € I has the property (a,a;) = 1. By reading off the data from Section 1.5, we
conclude that if ® is D,,, Fg, F7, Eg, then j is 2, 2, 1, 8, respectively and such values of
j correspond to the root sets of such root systems. In particular, as [ is the longest root
with respect to B(C') we conclude that («, ;) = (8, ;) for all i € I. Thus a = /3 since

(,) is nondegenerate and this contradicts that («, 3) = 1. After considering all cases we

yield that o = ( is the longest root with respect to B(C) as required. 0

Lemma 2.2.3 Every polar region P(«) of a long root « is a J-shadow and every J-

shadow is the polar region of a long root.

Proof. Let o be a long root. Let B = {ay,...,a,} be a basis for which « is the longest
root and let J be the root set. Let C = {v € V | (v,a;) > 0 for alli € I} be a Weyl

chamber. In particular, B = B(C). Note that C = {v € V | (v, ;) > 0 for all i € I} and
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(o, ;) € {0,1}. We have that o € C and thus (o, ;) # 0 for all j € J and (o, ;) = 0
forall i € I\ J. Thus a € C'\ C and C € P(a).

We fix a colouring on g by letting s, (C') be the unique Weyl chamber i-adjacent to
C. Note that if i € I'\ J, then s,,(a) = a. So s,,(C) has a wall that contains o and
S0, (C) € P(a). Let V= (s, | i € I'\J) and let R be the unique (I\ J)-residue containing
C'. By Lemma 1.2.4 (iii), the group V" acts transitively on R and for s € V| s(a) = a and
so R C P(«).

Suppose that D € P(«)\ R is a chamber adjacent to a chamber C" € R. Then D and
C'" are j-adjacent for some j € J. Let s € V be the unique element that sends C' to C".
Then

B(C") ={a},...,al}

n

a; = s(a;). We know that V fixes a and preserves angles, so (a,a}) # 0 for all j € J.
The group V' also preserves colours, so the unique i-adjacent chamber to C" is s, (C"). In
particular, there exists j € J such that D = s,/ (C"). Note that su (@) = o — (o, o )a; =
a —aj # a. But «a is contained in a wall of D and thus there exists a root 3 that is
contained in a wall of C" such that so/ (8) = . Note that o = > myay for some positive
integers m; and 8 = Y . | p;a; for some nonnegative integers p; such that p; < m; for
all i € I. We know that « # 3, thus there exists k € I such that p, < my. By Lemma
2.2.2, « is the longest root with respect to {¢/,..., )} and then by Lemma 1.6.6 (iii),
(o, 8) > 0 since 8,0 € C’. Then Sar (B) = B — (o, B)c; has at most the same height
as { and thus has smaller height than a and so s,/ (8) # «. This is a contradiction and
thus P(a) € R. Thus P(a) = R and P(«) is a J-shadow.

Suppose that R is a J-shadow. Let C' be a chamber of R and let B(C') = {ay, ..., a}.

We relabel «; so that s,,(C') is the unique i-adjacent chamber to C'. Let a be the longest
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root with respect to B(C'). We know that P(«) is a J-shadow. The group V = (s,, | i €

I'\ J) acts transitively on R and fixes a and so R C P(«). Hence R = P(«) as required.[d

The next result is taken from Lemma 6.8 in [34] and its proof is omitted.

Lemma 2.2.4 Let P(«) be a polar region in an apartment 3. Then ops,(P(a)) = P(—a).

For the remainder of this section we fix a root o, a Weyl chamber C' of the polar region
P(«a), a basis B(C) = {aq,...,a,} of ® and colouring of ¥ = 3¢ by letting s,,(C) be

the unique 7-adjacent Weyl chamber of C. Let J be the root set of ®.

Lemma 2.2.5 Let 3 be a root. Then the following are equivalent.

(i) a and B form an angle of 7/3.
(i) P(a) C [B] and P(B) C [o].
(i) P(«) and P(B) are incident as J-shadows of ¥.

Proof. We show that (i) is equivalent to (ii) and (iii). Suppose that (i) holds, that is,
(cr, B) = 1. We search for root hyperplanes which separate a and 3. Let v be an arbitrary
root and H, be the hyperplane with respect to 7. Let X be the subroot system of type
Ay containing « and . If (y,a) = (v, 8) = 0, then H, contains the plane X and so does
not separate a and . If (v,a) = 0(% 0) and (v, 3) # 0(= 0), then the intersection of
H., and X is the line spanned by « (3, respectively). In particular, H. does not separate
a and . The remaining case to examine is that when (v, a), (v, ) # 0. This divides
into two additional cases. In the first case we suppose that (y,a) = (v,5) = %1, then
(7, £(e—p)) = 0. Then the intersection of H, and X is the line spanned by av— /8 and this
does not separate « and . In the second case we suppose that (v, a) = —(v, ) = £1,
then (0, £(av + )) = 0. The intersection of H, and X is the line spanned by a + 5 and

this line does separate @ and . We conclude that the only hyperplanes that divide «
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and [ are those H, for which (v, ) = —(v, 8) = £1. Without loss of generality, suppose

that (v,a) = —(v,8) = 1. The Gram matrix with respect to (,) restricted to the basis

{o, 8,7} is

2 1 1
1 2 -1
1 -1 2

This matrix has determinant zero and v lies on the plane spanned by « and . Thus
the unique choice of root for v is o — 3 (or, § — «). In particular, the only hyperplane
that separates o and (3 is the hyperplane H, . If P(«a) and P(/3) were not incident,
then they would be separated by at least two hyperplanes but this is clearly not possible.
Hence, P(a) and P(f3) are incident. Therefore (i) implies (iii). Suppose that (iii) holds.
Let C’" and C” be chambers of P(a) and P(f3) that are adjacent. Let w be the unique
element of V' such that w(C) = C” and thus B(C") = {w(ay),...,w(a,)}. There exists
J € J such that suq)(C") = C" and B = sy, (@) = a — (@, w(a;))w(a;). Thus
(0, 8) = (@, @ — (@, w(ag))w(a)) = (@, @) — (@, wlay))?. Either (a,8) = 1 or (a, 8) = 2
but o #  and so («, 5) = 1, This proves that (iii) implies (i).

Suppose that (i) holds. Let C’ be any chamber in P(«). Since (,) is continuous, there
exists a point v € C’ close enough to « such that (8,v) > 0. In particular v is on the
positive side of Hgz and so the entire chamber C’ lies on the positive side of Hg. Thus
P(«) C [B]. By symmetry, P(8) C [a]. Suppose that (ii) holds. If (o, 8) < 0, then a will
be in the boundary of some chamber in [—/3]. In particular, P(«) is not contained in [5].

Therefore (o, ) = 1. This proves (ii) implies (i). O
Lemma 2.2.6 Let a and 3 be roots. The angle formed between o and (3 is
(i) m/2 if and only if P(a) N[B] # 0 and P(«) is not contained in [f],
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(ii) 27/3 if and only if P(a) C [—0], and
(iii) 7 if and only if P(B) = P(—«).

Proof. We start with (ii). By Lemma 2.2.5, (o, ) = —1 if and only if (o, =) = 1, if and
only if P(a) C [—f]. Part (iii) is obvious since § = —«. By (ii), (iii) and Lemma 2.2.5,

and by process of elimination, (i) must hold. O
Lemma 2.2.7 Let a and 3 be roots. The angle formed between o and (3 is

(i) 7/2 if and only if P(«) and P(B) have at least two common neighbours,

(ii) 27/3 if and only if P(«) and P(B) have the unique common neighbour P(a + ),

and

(iii) 7 if and only if P(a) and P(f3) have no common neighbour.

Proof. By Lemma 2.2.5, two J-shadows P(«) and P(f) have a common neighbour P(v)
if and only if v forms an angle of 7/3 with a and . Suppose a and § form an angle of
/2. By Section 1.5,  and  have at least two common neighbours. Suppose « and /3
form an angle of 27/3. Then « + f3 is a root that forms an angle of 7/3 with both « and
[ and thus P(a + () is a common neighbour of P(«) and P(5). Note that a P(y) is a
common neighbour of P(«) and P(f) if and only if v forms an angle of 7/3 with o and
3, if and only if v lies in the same plane as « and (3 since « and /3 form an angle of 27 /3.
Thus P(a + () is the unique common neighbour. Suppose that f§ = —a. Then there
exists no root vy that forms an angle of 7/3 with both a and 8 and so P(«) and P(3) has
no common neighbour. We have proved the forward direction of (i), (ii) and (iii) and the

other direction follows from this and Lemma 2.2.5. O
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2.3 Dictionary between J-shadows and root systems

Let A be an irreducible spherical building of type X, and let P be the corresponding
point-line root shadow space. Let ® be the root system corresponds to A. Let 6,3 be
the angle formed between « and 3. Let X be an apartment of A and let Py, be the point
shadow space of 3 where ¥ is viewed as a thin building of type X,,. It can be easily seen

that Py = P N X. We summarise the results from the previous section.

Theorem 2.3.1 Let R and @ be J-shadows in Ps. Thus R = P(«) and @ = P(f) for

some roots a and [ in ®. The follow assertions hold.

(1) 6o =0 if and only if P(a) = P(f5).
(i) Onp =7/3 if and only if P(a) and P(f) are incident.
(ili) Onp = 7/2 if and only if P(«) and P(B) have at least two common neighbours.

(iv) a5 = 27/3 if and only if P(a) and P(B) have a unique common neighbour, namely
P(a+pB).

(V) Oap = m if and only if P(«) and P(B) have no common neighbour. [

We need to measure the ‘angle’ between J-shadows that are not contained in a common
apartment and we do this by intersecting .J-shadows with apartments. If 3 is an apartment
such that R = RN Y and Q' = Q@ N X, for J-shadows R and (), are nonempty, then R’
and @ are J-shadows of the (thin) building ¥ and thus R’ and @’ are polar regions with
respect to roots. We show that the angle between the two roots is independent of the
choice of ¥. We want to replicate Theorem 2.3.1 but for J-shadows in the building. The
first lemma is a consequence of Lemma 2.2.5 and Lemma 2.2.6 and shows that the angle

does not depend on the choice of apartment.
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Lemma 2.3.2 Let R and Q) be two J-shadows. Let Y; intersect R and @, let R; = ;N R
and Q; = X;NQ, write R; = P(«;) and Q; = P(B;) and let 0., 5, be the angle between o
and B; fori=1,2. Then Oy, g, = Oayp,-

Proof. By Proposition 1.3.6, there exists a special isomorphism ¢ from ; to Y5 that
maps Ry to Ry and @1 to Q2. In particular, g maps P(a;) to P(az) and P(f51) to P(Bs).
It follows from the bijective correspondence between roots and J-shadows (of a fixed
apartment) that g maps the half-apartments [a;] to [as] and [3;] to [52]. By Lemma 2.2.5
and Lemma 2.2.6, the angles between roots can be characterised by simple inclusion and
intersection properties of the corresponding half-apartments and polar regions. Clearly g,
as a bijection, preserves such set theoretic properties. We illustrate this the case of /3.
The angle 6,, 5, = 7/3, if and only if P(ay) C [£], if and only if P(ay)? C [f1)Y, if and
only if P(as) C [B], if and only if ,, s, = m/3. The other cases can be shown in a similar

way. ([l

Lemma 2.3.3 Let A be a building and X2 be an apartment. Let R and Q) be two J-shadows
that intersect X and let R = RNY and Q' = Q N Y. Let dists(R, Q) be the distance
between R and Q in the root shadow space of the (thin) building . Then distp(R, Q) =

dists (R, Q). In particular, dists(R, Q) = distsy/ (R, Q) for any two apartments ¥ and ¥'.

Proof. Let dy, = distg(R, Q) and dp = distp(R, Q). It is clear that 0 < dp < dy < 3 and
that dp = 0 if and only if ds = 0. Suppose that dp =1 and let x € R' and y € @)'. The
Weyl distance between R and () in A is r; for a j € J. Then ¥ contains the gallery from
r to y that passes through projz(Q) and projy R and thus dx, = 1. Therefore, dp = 1 if and
only if ds, = 1. Let dy = 3. Then dp € {2,3}. For a contradiction, suppose that dp = 2.
Let T be a J-shadow that is collinear to both R and ). Let Ry = projiT’, T = proj R,

T, = projpQ and Q; = projoT. Let v be the shortest gallery from R; to (1 that passes
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through 77 and T5, let x and y be the initial and final chambers of v, respectively, and
let uw = proj,yx and v = proj,y. In particular, the subgallery of v from u to v is minimal.

Suppose that v is minimal. Let ¥’ be an apartment containing x and y. Then Y
contains the gallery v. Let R = RN Y and Q" = @ N Y. Then dists/(R,Q) = 2. By
Proposition 1.3.6, there exists a special automorphism of A that maps ¥ to ¥/, R to R”
and @' to Q”. We assumed that disty(R, Q) = 3 and, by Lemma 6.8 of [34] R’ and @' are
opposite residues in ¥. Thus R” and )" are opposite residues in Y contradicting that
distss (R, Q) = 2. Thus 7 is not minimal.

Let v, and 75 be the subgalleries from x to v and u to y, respectively. Suppose that v,
is not minimal. Let 2’ = projzv and v' = proj,2’. Then, by applying Lemma 1.3.7 twice,
we have that dist(x,v) = dist(z, 2") 4+ dist(2/,v") + dist(v,v). Let 4] denote the gallery
from z to v that passes through z’ and v’. Then the gallery (v}, r;) is a gallery from R,
to Q1 that passes through 7T} and T, and is of shorter length than . This contradicts the
choice of v and thus v; is minimal. A similar argument shows that 7, is minimal.

Let w € W with length m, r; and r;, be generators of W with j;,j2 € J such
that ww = v, zr;, = v and vrj;, = y. Then both v, and v, have length m + 1 and
xrjwrj, =y. We know that the length of r; wr;, is either m or m + 2. If the latter were
true, then v would be minimal but this is not the case. Thus r; wr;, has length m. Thus
dist(x,y) = dist(u,v) = m. Let P and S be the jj-panel containing x and u and the
Jo-panel containing y and v, respectively. Let P, = projpS and Sy = projgP. As P; and
S1 are residues of P and S, respectively, either both P, and S; contain a single chamber
or coincide with P and S, respectively. The chambers u and v are contained in T and
thus any minimal path between u and v contained in 7. The word of W corresponding
to such a minimal path contains no r; for 7 € J. Thus, by the gatedness property of
residues, u € P, and v € S;. By Lemma 2.1.4 (iii) and that dist(x,y) = dist(u,v) = m,

we conclude that P = P, and S = S; By applying Lemma 2.1.4 (iii), zw = y and thus
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x and y are contained in the same J-shadow and this contradicts that dp = 2. Thus
dp = 3. If dp = 3, then dsx, = 3. Therefore, dp = 3 if and only if ds, = 3. By process of

elimination, dp = 2 if and only if dy = 2. O

We say that the root shadow space P of a building A possesses the property (UCN)
if:

(UCN) For every two J-shadows R and Q) and apartment 3 that intersects both R and @,
R and @Q have a unique common neighbour in Pa if and only if RNY and Q N have a

unique common neighbour in Ps.

Note that one direction holds in all cases. If RN X and @) N Y have at least two
common neighbours in Py, then R and ) have at least two common neighbours in Pa.
In particular, a unique common neighbour in Pa implies a unique common neighbour in
Ps.. For the rest of the chapter and Chapter 5, we assume that the root shadow spaces
in question have the property (UCN) and we prove that this property holds case by case

on demand.

Definition 2.3.4 Let R and @) be J-shadows in A and let ¥ be an apartment that has
an nonempty intersection with R and Q) denoted by R’ and Q. Let o and 3 be roots such
that R' = P(a) and Q' = P(f) and let 0 be the angle formed between o and . We say

that R and () form an angle of 6.

We now state a lemma that describes the relationship between distances and angles
in the root shadow space of the building. This result is analogous to Lemma 2.3.1. Recall

that we assume that the (UCN) property holds in the following theorem.

Theorem 2.3.5 Let R and () be J-shadows in P. Let ¥ be an apartment that intersects
R and @ and set R = RNY and Q' = QN X. Then write ' = P(a) and Q' = P(«).

Let 0, 5 be the angle between R and Q). The follow assertions hold.
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(1) 0o =0 if and only if R = Q

(i) Onp =7/3 if and only if R and Q are incident.
(ili) Oap = /2 if and only if R and Q have at least two common neighbours.
(iv) a5 =2m/3 if and only if R and Q) have a unique common neighbour.

(V) Oap = if and only if R and Q) have no common neighbour.

Proof. The assertions (i),(ii),(v) follow from Lemma 2.3.1, Lemma 2.3.3 and Definition
2.3.4. For assertion (iv) we assume that property (UCN) holds. Assertion (iii) follows by

the process of elimination. ([l
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CHAPTER 3

CLASSICAL LIE ALGEBRAS

3.1 Complex semisimple Lie algebras

A Lie algebra is a vector space L over a field F' equipped with a bilinear form [,] : Lx L —

L such that for all z, y and z in L we have
(L]') [I’,y} - _[yax] and
(L2) [z, [y, 2] = [[=,y], 2] + [y, [z, =]

The properties (L1) and (L2) are called antisymmetry and the Jacobi identity, respectively.
The bilinear form [, ] is called the Lie bracket of L. For subspaces H and K of L, we define
[H, K] to be the linear span of {[x,y] | z € H,y € K}. A subspace H is a subalgebra of
L if [H,H] C H. A subspace [ is an ideal of L if [I,L] C I. A subalgebra H is called
commutative if [H, H] = {0}. The centre of Lis Z(L) ={y € L | [x,y] =0 for all z € L}.
The Lie algebra L is simple if it is noncommutative and its only ideals are the zero space
and itself. The Lie algebra L is semisimple if it is the direct sum of simple Lie algebras.
For an element x € L, the adjoint action of x on L is the map ad, : L — L given by
ad,(y) = [z,y]. A Cartan subalgebra of L is a commutative subalgebra H such that ad,
is diagonalisable for all z € H and C(H) ={x € H | [x,h] =0 for allh € H} = H.
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For the rest of this section we assume that F'is the field of complex numbers C and
L is semisimple. We call a Lie algebra over C a complex Lie algebra. It is known that
Cartan subalgebras exist for L and are all isomorphic under the action of a subgroup of
automorphisms of L (c.f. Section 6.7 of [18]). Thus, let H be a Cartan subalgebra of L
and H* be the dual of the vector space H. For each o« € H* define L, = {x € L | [h,z] =

a(h)x for all h € H}.

Lemma 3.1.1 Let L be a semisimple Lie algebra and H be a Cartan subalgebra of L.

Then L exhibits the following decomposition

L=HoPL.

acd
where ® = {a € H* | L, # 0}.00

The decomposition in Lemma 3.1.1 is called the Cartan decomposition of L. The set ¢
is called the root set of L with respect to H. The next result is a composition of a number

of results taken from Section 6.6 of [18] whose proof is omitted.

Lemma 3.1.2 Let L=H & P 4 Lo be a Cartan decomposition.

acd

(i) The subspace Lq is one-dimensional for all o € ®.

(ii) The subspace H, = [Ly, L_4] is one-dimensional for all o € ®.

(iii) If B # —a, then
0 ifa+p &
La+ﬁ ifa+ € d.

[Lw Lﬂ] =

The root set ® forms a root system as described in Section 1.4. There is a one-to-one

correspondence between the root systems defined in Section 1.4 and complex semisimple
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Lie algebras. Furthermore, there is a one-to-one correspondence between irreducible root
systems and complex simple Lie algebras. Two different Cartan subalgebras yield two
different but isomorphic root systems. Thus a simple Lie algebra L and its root system
® determine each other. Therefore, to classify the complex simple Lie algebras, one
only needs to determine the irreducible root systems and this is stated in Theorem 1.4.6.
We restate this result and give details about the infinite families of complex simple Lie

algebras.

Theorem 3.1.3 (Classification of complex simple Lie algebras) Let L be a com-
plex simple Lie algebra with corresponding Dynkin diagram I1. Then 11 is one of A,(n >
1), Bpy(n>2),Cy(n>3), D,(n>4), Es, Er, Es, Fy, or Gy. The four infinite families of
simple Lie algebras A,,, B, C, and D,, correspond to sl(n+1,C), so(2n+1,C), sp(n,C)

and s0(2n, C), respectively. O

The Lie algebra of type A, is described in Section 3.3 and descriptions of the other
three infinite families can be found in Appendix A of [18]. The original classification
was carried out by Killing in in 1888 in his paper [17] in which he introduced the root
systems. It was revised by Cartan in his PhD thesis [4] submitted in 1894. In the mid-
twentieth century Dynkin reproved the classification theorem in a completely novel way
by introducing Dynkin diagrams and classifying such diagrams using graph theoretical

arguments (c.f. [14]).

3.2 Chevalley algebras

We return to an arbitrary field F' of characteristic p. We first set up some notation that is
taken from [29]. Define ¢, 3 = 2(«, 8)/(8, 5) where (,) is the standard inner product on
Euclidean space. Define 7, g to be 0 if ae+ 3 is not a root and to be the smallest positive
integer r such that a — rf is not a root. The first result due to Chevalley yields a huge

class of simple Lie algebras and can be found in [7].
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Theorem 3.2.1 Let Ly be a simple Lie algebra over C and Hy be a Cartan subalgebra
with corresponding root system ® and let the set {ay, ..., a,} be a basis for . Then there

exists a basis {xo;hi | € 1 <i < n} of Ly such that
(i) [hi,h;] =0 for all1 <i,j <mn,
(ii) [hi, o) = Caa;Ta for alla € ® and 1 < i <mn,
(ill) [Ta,T_a] is an integral combination of hy, ..., h,.
(iv) If o # £0, then [To, T5] = £T05Tarp-

Such a basis is called a Chevalley basis for Ly. From this basis we can construct Lie
algebras over arbitrary fields using tensor products. Let B be a Chevalley basis with
respect to the root system ® and let (Lg)z be algebra generated by B over Z. Let F be
an arbitrary field of characteristic p. Define L := (Lo)z ®z F. The vector space L has

elements of the form Z(x’/\)e((LO)Z’F) x® X and for all x,y € Ly, a € Z and A € F we have

(T+yY) @A = 2RA+yR )\,
r@A+p) = @A+ p,

ar @\ = & al.

Scalar multiplication over the field F is defined as pu(x®\) = x@pu. By abuse of notation,

we define a bilinear form on L by the linear expansion of [z ® A,y ® p] = [z, y] ® .

Lemma 3.2.2 The vector space L is a Lie algebra over F under the bilinear form defined
above. In particular, if {y1,...,y:} is a basis for (Lo)z, then {11 ®1,...,y; ® 1} is a basis
for L.

Proof. The Lie bracket is clearly a bilinear form by definition. We need it to satisfy the

antisymmetric property and the Jacobi identity. Let x,y,2 € Ly and A\, u,v € F. The
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antisymmetric property holds: [x @\, y@pu] = [z,y] @A\ = —[y, 2] @ uA = —[y@u, x @ A].

Observe that using property that L is a Lie algebra we have

TN [yQ@u,z@v]] = [z® ]y, 2] @ uv]
= [z [y, 2]l © M)
= ([lz. 9l 21 + [y, [, 2]]) @ A(uw)
= [z gl 2l @ v + ly, [z, 2]]u(iv)
= [[z@NyQul,zv]+y@u, [t 2z V]

Thus the Jacobi identity holds for L and so L is a Lie algebra over F. Suppose that
r=3"_ay;. Then @\ =" a;y; ® A =>'_ a;\(y; ® 1). As any element of L has

the form E(x’/\)e((Lo)%F) x ® A, we have that {y; ® 1,...,y; ® 1} is a basis for L. ([l

The Lie algebra L is called a Lie algebra of Chevalley type ® (or simply a Chevalley
algebra). Additionally, H = Hy®z F is a commutative subalgebra of L. We carry forward
the notation of {z, | a € ®} U {h; | 1 < i < n} as a basis for L and drop the tensor
notation. For each o, 5 € ®, we define ¢, 3 to be ¢, 3 if p = 0 and the unique ¢ such that

0<c<p-—1andcyp=c modp. Let Z be the centre of the Lie algebra L.

Lemma 3.2.3 The centre Z is contained in the subalgebra H and consists of the h =

Yoy wihi such that a(h) == Y"1 | WiCamy = 0 for all a € ©.

Proof. Suppose that x = h + 5.4 Agxs is Z. Then 0 = [z,7_,] = Aaha + > sca A5 Ts-
In particular A, = 0 for each o € ®. Furthermore, [z, 2,] = [h,2o] = 1| [1iCan; for all

a € ®. In particular, h € Z if and only if a(h) = 0 for all a € ®. O

The Chevalley algebras are not always simple. The next result we state is (2.6) from
[29] and provides a list of simple Lie algebras of Chevalley type. We are only interested

in the simply laced diagrams and so we simplify the statement.
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Theorem 3.2.4 Let L, H and Z be as above and let ® be simply laced. Assume that p # 2
if ®=A,. Then L := L/Z is a simple Lie algebra with Cartan subalgebra H := H/Z. O

Definition 3.2.5 A Lie algebra of Chevalley type is a classical Lie algebra if it is simple.

With a few minor restrictions to the rank and characteristic, the dimensions of the
centres of all Chevalley algebras are computed in [15]. We explicitly compute the centre

of the Chevalley algebra of type A,.

Lemma 3.2.6 Let L be the Lie algebra of Chevalley type A,. Then the centre Z is the
1-dimensional ideal spanned by the vector Y. ih; if p divides n+ 1 and otherwise it is

the zero space.

Proof. Let h = %_._, A\;h; be in the centre. By Lemma 3.2.3, Y~" | \;a(h;) = 0 for all a €
® where a(h;) = (a, ;). Each positive o can be written as Y., n;o; where n; € {0,1}.
In particular, for each o € @, z,, can be written as a Lie bracket of {£xz,, | 1 <7 < n}
and thus L is generated by {£z,, | 1 <i < n}. To show that A is in the centre it suffices
to show that Wh)z Oforalle=1,...,n.

We claim that A, = kA; for all k£ € {2,...,n} and proceed by induction. By inspecting
the Dynkin diagram, we can see that a;(h) = —\;_1 +2X; — A\;41. Note that 0 = ay(h) =
2A1 — Ao implies that Ay = 2);. Assume that £ > 2 and that \; = j\; for all j < k. Then
ag(h) = =Ap_1 + 2M — A\gr1 = 0. By rearranging and applying the inductive hypothesis,
we obtain Mgy = (—(k — 1) + 2k)A; = (k + 1)A,. We finally require that a,(h) = 0. By
inspecting the Dynkin diagram, we have that a,,(h) = —XA,_1+2\, = (—=(n—1)+2n)\; =
(n+ 1)\ = 0 if and only if n+ 1 = 0 or A; = 0. Thus the centre is the zero space if p

does not divide n + 1 and the 1-dimensional ideal (Y, ih;) if p divides n + 1. O

We end this section by defining a certain class of automorphism groups of the Chevalley
algebras. The Chevalley group of type X, (F) is the group generated by {exp(tad,,) | « €

®,t € F'} where @ is the root system of type X,.
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3.3 Extremal and quasiextremal elements in s((1)

Let V be an (n+ 1)-dimensional vector space over a field F' of characteristic p and assume
that p # 2. Let gl(n+ 1, F) be the set of (n+ 1) x (n + 1) matrices over the field F. For
simplicity, we denote gl(n + 1, F') by gl(V'). The vector space gl(V') is isomorphic to the
space of linear maps from V to V' denoted by End(V'). Indeed, fix a basis {vy,...,vp41}
and let f be a linear map in End(V) and write f(v;) = Z?;l a;jv;. Then the map that
sends f to A = (a;;) is an isomorphism from End(V') to gl(V'). Furthermore, End(V) and
gl(V) are isomorphic as F-algebras with multiplication as usual map composition and
matrix multiplication, respectively. The subalgebra sl(V') is defined as the set of matrices
A of gl(V) with trace 0. A standard Chevalley basis for sl{(V) is {Ej; H; | 1 < j,k <
n+1,j # k,1 <i<n} where E;; is an elementary matrix which has 1 in position (4, j)
and 0 in all other positions and H; is the diagonal matrix diag(0,...,0,1,—1,0,...,0)
where the diagonal entries ¢ and ¢ + 1 are 1 and —1, respectively. The Lie bracket is

defined as [A, B = AB — BA.
Proposition 3.3.1 The basis B = {E;; H; | 1 < j,k<n+1,j#k1<i<n}isa

Chevalley basis for sl(V).

Proof. Let ® = {£(e; —¢;) | 1 <i < j <n+ 1} be the root system of type A,. Let E;
be the root element corresponding to «;; = e; — e;. Firstly observe that [H;, H;] = 0 for

all ¢,j. Note that E;;Fy; is 0 if j # k and Ej if j = k. From this we compute

0 if j£Akandi#1

E; if j=kandi#1
[El]aEkl]:

By ifj£kandi=1I

In the first case, (ai;, ) = 0 and thus «;; + oy is not a root. In the second and third
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case, (vj,a5) = (auj, ;) = —1. In the final case, (o4, aj) = —2 and E;; — Ej; =
H; + H;y1 + ...+ H;_ assuming that ¢ < j. Finally, we wish to consider the brackets of

the form [H;, E;;]. By noting that H;, = E;; — E;41,41 we can compute all seven cases

—2Ej, ifi#ji+1#ki=kandi+1=

—Ey it ji+lAki=kandi+1#]

0 ifitjitl#kitkandi+1;
[Hi, Ep] =S —Ej  ifi#ji+1#4kitAkandi4+1=j
E; ifi=jandi+1#k
E, ifi£jandi+1=Fk

2By  ifi=jandi+1=k

For this to satisfy the condition of being a Chevalley basis, we need to check that
[H;, Eji] = (qit1,a5,)Ejk. But this can easily be checked and we show just the first
case. Note that o = a;41,; and so (o 41, jz) = —2 as required. The other cases can be
done in a similar way. By comparing the constant structures computed above with the

conditions in Theorem 3.2.1, one can deduce that B is a Chevalley basis for s[(V). O

The Lie algebra sl(V') is simple unless p divides n + 1. In such a case, the cen-
tre is generated by > 1 ih; and corresponds to the space generated by the matrix
diag(1,1,...,1,—n). By observing that —n = 1 mod p, we conclude that the centre

is generated by the identity matrix. The next result is Theorem 11.3.2 of [6].

Theorem 3.3.2 The Chevalley group of type A, (F) is isomorphic to PSL(n+1,q). O

Let V* be the dual vector space of V. Then the tensor product of V' and V*, denoted
V ® V* is linearly spanned by {v ® ¢ | v € V,p € V*}. The space V ® V* and
End(V) are vector spaces over F' of dimension (n + 1) and the map v ® ¢ — f# where

f#(w) = p(w)v induces a linear map ¥ : V @ V* — End(V). Note that for A € F we
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have YA (v®y)) = V( Av®p) = i = Aff = AV (v®¢). The kernel of ¥ is the subspace
(v®@ e | e(w)v = 0for all w € V) and the condition that p(w)v = 0 for all w € V
implies that ¢ = 0 or v = 0. In particular, the kernel of ¥ is zero and thus W is a linear

isomorphism from V ® V* to End(V'). Define a product on V ® V* by

(v®@p)o(u®y) = p(u)v @1

turning V' ® V* into an F-algebra and W into an F-algebra isomorphism. In order to
verify this we must show that U((v ® ¢) o (u®¥)) = V(v ® ¢)¥(u ® 1»). We show that
both sides act identically on an arbitrary vector w € V. Indeed, ¥((v®p)o (u®@))(w) =
Y(p(u)r @) (w) = p(u)p(w)v and (0@ )V (u@y)(w) = V(v@p)Pp(w)u = p(w)p(u)v.
Therefore we have three different ways of describing the same F-algebra, namely End(V),
gl(V), and V ® V*. For each of the F-algebras, we define the usual Lie bracket on
an associative algebra, namely [z,y] = xy — yxz. Thus gl(V), End(V) and V ® V* are
isomorphic Lie algebras.

Let {e1,...,e,11} be a basis for V and let {p1,...,¢,+1} be its dual basis, that is,
wi(e;) = ;. Then {e; ® p; | 1 < 4,7 < n+ 1} is a basis for V ® V*. A linear map
f:V — V has rank one if dim(Im(f)) = 1. Using the isomorphism between End (V) and

V ® V* we characterise the rank one elements of V ® V*.

Lemma 3.3.3 The rank 1 elements of VQV™ are precisely the elements of the form v®p
forv eV and p € V* such that v # 0 and ¢ # 0. Such elements are also known as split

tensors.

Proof. Let v®¢p be a nonzero element of V®@V*. Then dim(Im(¥(v®y))) = dim(Im(f¥))
and Im(f¢) = {f?(w) |w € V} = {p(w)v | w € V} = Fv. Then dim(Im(f?)) = 1 and
thus v ® ¢ has rank 1.

Take an arbitrary element z = ), ; Aije; @ @j of V ® V* and note that its rank is
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the rank of its image W(37, . Aije; @ ¢;) = 2, N f& where f&7(v) = @j(v)e; for all
v € V. The rank of such a linear map is the dimension of its image in V. The image of
> Aig & is the subspace {Aijp;(v)e; |v € Vi1 <4, j <n+1} = (Nije; | 1 <i <n+1).
Therefore, if the rank of = is 1, then );, ; = 1 for a single i, and for all j, and \;; = 0 for
all i # i and for all j. In particular, z =3, A; jei, ® pj = €, ® (32 Aig j0;) and thus x
has the form v ® ¢. O

The trace of an arbitrary element (a;;) of gl(V) is given by Tr((a;;)) = >_, ai;. Let
T = Z” Aije; @ @; be an arbitrary element of V' ® V*. Choose the particular basis
{e1...,en41} to compute the matrix of f,. For a fixed 1 < k < n + 1, we have that
fz(ex) = >, Aire; and thus the matrix corresponds to matrix (A;;). The trace of such a
matrix is 37, Ais = D, ; Aijj(e;). More generally, given an element 2 which is the sum of
split tensors v ® @, the trace of x is given by > ¢(v). We identify sl(V') with the subspace
of V ® V* consisting of elements whose traces are zero. A rank one element v ® ¢ is in
sl(V) if and only if p(v) = 0. We recall the definition of an extremal element for the case

when the characteristic of the field is not even.

Definition 3.3.4 An extremal element of any subalgebra g of gl(V') is an element z of

g such that [z, [z,y]] = ayx for all y in g and some scalar a, in F that depends on y.

The next result is the first half of the classification of extremal elements but first we

define an extremal element in

Lemma 3.3.5 All rank 1 elements of s\(V') are extremal.

Proof. Let u ® ¢ be an arbitrary rank 1 element of V ® V* and for any other element

v ® 1 note that ¢(u) =1 (v) = 0. The rest is a simple computation:
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e, vepued] = [vep pu)r®y—YLu g
= (W @p,vY] - YR p,ud Y]
= W) (ev @Y — Y & ¢) —Y)(P(u)r @Y —pL)u® ¢
= —pW(v)v® e —Y)p(u)v @ ¢
= 20w e

as required. O

We aim to show that all the extremal elements of s[(V') have rank one or are scalar
matrices. Let x = Z” Aijei @ p; be an extremal element of V ® V*. Then x can be
written as the following >, (>, Ajie;) @ ;. In particular, we can write x = S ® g
where u; = Zj Aijej such that {uy,...,ux} and {¢1,...,¢x} are both linearly indepen-
dent sets of vectors in V' and V™, respectively. Let f, be the corresponding linear map
defined by f,(v) = 5, pi(v)u. We compute fo(u) = 3, pi(uus = 5, 0(5; Mje;)ui =
Yo i(ie)u; = > Ayu; and note that ¢;(u;) = ¢;(O 0 Auer) = D, Aaw;(e) = Nij. In

particular, the matrix representing f, is given by A = (a;; = ¢;(u;)).

Lemma 3.3.6 Suppose that (a1, ...,ax) is a right A-eigenvector of A and (by, ..., by) is
a left p-eigenvector of A and A\ # . Then x is a multiple of u ® ¢ where u = Zle a;U;

and @ = bjp;. In particular, x has rank 1.

Proof. Firstly notice that for all j € {1,...,k}, we have that \a; = ) . p,(u;)a; and
pby = 32 pi(uj)bi. Set w = 37 au; and ¢ = 3 bjp;. Let t = Tr(u ® ¢). Then
t =2 ;aibjTr(u; ® @;) = >, aibjpj(u;). On one hand, t = > a;(D_; p;(ui)b;) =
s aibi. On the other hand, t = > ,b;(>_; aipj(w;)) = AD_; a;b;. Since A # p, then
t = 0. In particular, u ® ¢ is in sl(V). Observe that [z,u ® ¢] = > .[u; ® ¢;,u ® @] =

>oi(i(u)u; ® @ — p(u;)u ® ;). We do each sum separately:
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YW ®p = Z” ajpi(u)u; @ ¢
= Y AU Q¢
= Mu® )

and

Yipwu®e; = Zz] bjp;(ui)u ® @;
= D i bipu® @

= wu® ).

In particular, [z,u ® ¢| = (A — p)u ® ¢ and so [z, [z,u ® ¢]] = (A — u)?*u ® ¢ # 0. Thus

x is a multiple of u ® ¢ since x is extremal and so = has rank 1. 0

Before we carry out the complete classification we introduce a more general notion of

extremal element.

Definition 3.3.7 An element x of s{(V') is quasiextremal if [z, [z,y]] = a,z +b,I for all

y € sl(V) where I is the identity matriz and a, and b, are scalars in F' that depend on y.

Firstly, note that all extremal elements are quasiextremal. Secondly, the identity
matrix is an element of s[(V') if and only if p divides n + 1 and thus any quasiextremal
element is an extremal element if p does not divide n + 1. The quasiextremal elements
are only interesting when p divides n+ 1 and correspond to extremal elements of quotient
of sI(V') by the unique nontrivial ideal Z(sl(V)).

Let f € s[(V) and let U be a proper f-invariant subspace of V. By extending a basis

of U to V, f has block matrix representation A = (’2{1] £2 )

Lemma 3.3.8 Let A be an (quasi)extremal element of sl(V') and let U be a proper A-

invariant subspace of V.. Then Ay is an (quasi)extremal element in gl(U).
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Proof. Let By be an element of gl(U). Define B to be the block matrix (%1 32) such
that Tr(By) = —Tr(B;). Let & = dim(U) and let I be the block diagonal matrix
diag(Iy, I,+1-1). Then B € sl(V) and [A,[A, B]] = A’B — 2ABA + BA? = \gA

(= ApA + pgl) for some scalar A\g (and pg). It is easy to compute that A?B is

A2 B 0
(AlAU + AQAl)Bl A%BQ

and similarly ABA and BA? have forms (4v514v 9) and (%145 0) where * is any block

matrix. In particular, A2B — 2ABA + BA? has form

AQUBl — 2AUBlAU + B1A2U 0

* *

But since A is (quasi)extremal, we have that A? B; — 2AyB1Ay + B1A% = My ( =

My + pply). Since By was arbitrary, we have that Ay is (quasi)extremal in gl(U). O

In Lemma 3.3.6, we assume that the extremal element = has at least two eigenvalues.
Therefore it suffices to deal with the case where x has at most one eigenvalue. To ensure
that x has at least one eigenvalue we must extend the field appropriately and such a field
extension motivates the next construction.

Let g denote gl(V') or sl(V). Let F be a field extension of F and define a new Lie
algebra § = g ®p F which is spanned by {r@AN|xegAe ﬁ} and its Lie bracket is
induced by [zt ® \,y ® p] = [z,y] ® (Aw). One can verify this is a Lie algebra much in
the way the Chevalley algebras are constructed in Section 3.2. An element z ® X of g is
quasiextremal if [z @\, [t @\, y @ p]] = ay(x @ X) +b,(I ®1) for all y, for some a,, b, € F

and extremal if b, = 0.
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Lemma 3.3.9 Let x € g. If x is (quasi)extremal in g, then x ® X is (quasi)extremal
ing for all X\ € F. In particular, if x ® \ is not (quasi)extremal in g, then x is not

(quasi)extremal in g.

Proof. If x is quasiextremal in g, then [z, [z,y]] = a,x + b, ] for all y € g. Take arbitrary
A, o € F and observe that [z® A, [z®@\, y®u]] = [z, [z, y] © (A\2p) = (ayz+b,1) @ (Np) =
ay 2@ (N2 p)+b, I @ (Aap) = (ay )z @A+ (b, \*u)I®1. In particular, x® X is quasiextremal
in g. If x is extremal in g, then we repeat the above argument with b, = 0 to conclude

that z ® ) is extremal in g. O

Let V be (n + 1)-dimensional vector space over F. If we view g as the F-algebra
of (n+ 1) X (n + 1) matrices, then it is clear that g is isomorphic to g[(‘A/) and such
an isomorphism can be induced by the map x ® A — Az where z is identified as a
(n+1) x (n+ 1) with entries from F. In particular, if z is in g, then x has rank one in g
if and only if # ® X\ has rank one in g. We can also drop the tensor product notation and
consider x to be an element of g and g.

One of the main objectives in this section is to show that if z in s[(V') has rank at least
2, then up to some minor exceptions it cannot be extremal. We show in Lemma 3.3.6 that
if an extremal element = has two eigenvalues, then it has rank 1 and therefore from this
point onwards, unless stated otherwise, we may assume that x has at most one eigenvalue.
Suppose that 2 corresponds to the algebraic closure of F'. Recall that that the rank of
x in g and g coincide. Suppose that = has rank at least 2. If z is not (quasi)extremal in
5[(‘7), then x is not (quasi)extremal in s[(V'). For the purpose of showing that only rank
one elements can be (quasi)extremal, up to some minor exceptions, we assume that F'
is algebraically closed. One advantage of having an algebraically closed field is that any
element of s[(V') has at least one eigenvalue and has a Jordan normal form. Since we are

considering elements with at most one eigenvalue, we can assume that every element has

exactly one eigenvalue.
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One can easily see that the conjugate of an extremal element is an extremal element
in s[(V') and thus it is harmless to assume that all elements are written in Jordan normal
form. We state six examples of elements which are not (quasi)extremal in s[(U) for some

subspace U of V' and in particular not extremal in sl(V).

Example 3.3.10 Let U = F? Let A # 0 and consider the matrizz = () }). Lety = (99)
and by a simple computation one can check that [z, [x,y]] is () ). Therefore x is not

extremal in sU(2, F') if p # 2.

Example 3.3.11 Let U = F* be a four dimensional subspace of V. Let {e1,es,e3, €4}
and {p1, 2, 03, 4} be dual bases for U and U*, respectively. Consider the block matriz
x = (39) where J = (§4). This corresponds to e; @ gy + €3 ® @y in U @ U*. Let
y = es @ 3. Then, using the definition of |,] defined on V @ V*, [z, [z,y]] = —2e1 ® ¢4.

In particular, x is not an extremal element of sl(U) if p # 2.

Example 3.3.12 Let U = F? be a three dimensional subspace of V. Let {ey, ez, e3} and
{@1, 2,03} be dual bases for U and U*, respectively. Consider the matriz x = <§ é §>'

This corresponds to e; ® pg 4+ €5 ® @3 in U @ U*.

(i) Let y1 = e3 ® pa. One can compute that [z, [z, 11]] = €1 ® pa — 2e5 ® w3 and this is
a multiple of x if and only if F' has characteristic 3. Therefore x is not an extremal

element of sW(U) if p # 3.

100

(i) Let yo = <8 0 (f) One can compute that [z, [x,ys]] is the usual 3 x 3 elementary

matriz 2E, 3. Therefore x is not an extremal element of gl(U) if p # 2.

Example 3.3.13 Let U = F* be a four dimensional subspace of V.. Let x be the matriz
diag(Jy, J,,) where Jy is a Jordan block of size 3 with eigenvalue X\ and J, is a Jordan block
of size 1 with eigenvalue p. Take y = diag(FEsq,0) where Es3; is the usual 3 X 3 elementary

matriz. Then [z, [z,y]] = diag(1l, —2,1,0). It is clear that x is not quasieztremal in sl(U).
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Example 3.3.14 Let U = F* be a four dimensional subspace of V. Let x be the ma-
triz diag(Jy, J,) where Jy and J, are Jordan blocks of size 2 with eigenvalues A and p,
respectively. Let y = diag(Fa1,0) where Foy is the usual 2 X 2 elementary matriz. Then

[z, [z, y]] = diag(—2FE12,0). It is clear that x is not quasiextremal in sl(U).

Example 3.3.15 Let U = F* be a four dimensional subspace of V. Let x be the Jordan
block Jy of size 4 with eigenvalue . Let y be the usual 4 x 4 elementary matrix Ey. Then

00

00
[z, [x,y]] corresponds to the matriz ((1) %3 8). It is clear that x is not a quasiextremal
0010

0
element in sl(U).

Example 3.3.16 Let U = F? be a two dimensional subspace of V. Suppose that x =
diag(\, ) and X\ # . Let y be the usual 2 X 2 elementary matrixz Esy. Then [z, [z, y]] is

the matriz ((#,0,\)2 8). It is clear that x is not a quasiextremal element in sl(U).

Example 3.3.17 Let U = F3 be a three dimensional subspace of V. Suppose that x =
diag(Jyx, p) where Jy is the Jordan block of size 2 with eigenvalue A\ and \ # . Let y be
0 00
the usual 3 x 3 elementary matriz Es;. Then [z, [z,y]] is the matrix ((/\ 0 2 0 8). It is
2— A1

clear that x is not a quasiextremal element in s((U).

Lemma 3.3.18 Suppose that x is an element that has exactly one eigenvalue and has
Jordan normal form the block diagonal matrix diag(Jy, ..., Js) where each J; is a Jordan
block with eigenvalue A. Furthermore, suppose that (n,p) # (2,3). If x has rank at least
2 and is not a scalar, then x is not extremal. In particular, if x is extremal, then it is

either has rank 1 or is a scalar element.

Proof. For any subspace U of V, let xy be the restriction of x to U. Suppose that A = 0.
If every Jordan block has size 1, then z is the zero matrix and this case is ruled out.
Suppose that z has at least one Jordan block of size 2, of the form (§ ), and none of size

greater than 2. If z has exactly one Jordan block of size 2, then x has rank one. Suppose
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that = has at least two Jordan Blocks of size 2 and let U be the subspace of V' that is
generated by the four basis elements corresponding to the two Jordan blocks of size 2.
Then U is an xy-invariant subspace. The matrix xy is the element considered in Example
3.3.11 and thus is not extremal s[(U). By Lemma 3.3.8, x is not extremal sl(V).

Suppose that x has a Jordan block of size at least 3. Let U be the subspace generated
by the last 3 vectors of the basis on this Jordan block. Then U is an zy-invariant subspace.
If p = 3, then n > 3 and thus U is a proper subspace of V' and the matrix xy is the element
considered in Example 3.3.12 (ii) and thus not extremal in gl(U). By Lemma 3.3.8, z
is not extremal in sl(V'). If p # 3, then the matrix zy is the element considered in the
Example 3.3.12 (i) and thus not extremal in s[(U). By Lemma 3.3.8, z is not extremal in
sl(V).

Suppose that A # 0. If every Jordan block has size 1, then z is a scalar matrix.
Suppose that = has at least one Jordan block of size at least 2. Let U be generated by
the last two basis elements corresponding to the Jordan block of size at least 2. Then U
is an xy-invariant subspace. The matrix xy is element considered in Example 3.3.10 and
thus is not extremal in s[(U). By Lemma 3.3.8, z is not extremal s[(V).

We have exhausted all the possible Jordan forms of x and thus proved the result. [

We summarise the results in the following theorem.

Theorem 3.3.19 Let x be an element of sI(V') and (n,p) # (2,3). Then z is extremal if

and only if x has rank 1 or is a scalar matriz.

In a similar way we classify the quasiextremal elements. The next result is the first

half of the classification.

Lemma 3.3.20 Suppose that x is an extremal element. Then for any (a,b) € F**, ax+bl

18 a quasiextremal element.
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Proof. Take any element y of sl[(V) and note that [y,I] = 0. Then [ax + bI,[azx +
bl yl] = d*[z,[z,y]] = a* \yx = a\,(az + bI) — ab),I for some A\, € F. Thus az + bl is

quasiextremal. 0

Lemma 3.3.21 Suppose that x is an arbitrary element of s{(V') and that (n,p) # (2, 3).
If x© is not the sum of a rank one and a scalar element, then x is not quasiextremal. In

particular, if x is quasiextremal, then x is the sum of a rank one and a scalar element.

Proof. Let z have Jordan normal form diag(Ji, ..., Js) where each J; is a Jordan block.
For any subspace U of V', let xy; be the restriction of z to U. Suppose each J; has size 1.
If there are two Jy and J, such that A\ # p, then take U be the two dimensional subspace
corresponding to the Jordan blocks Jy and J,. Then zy = diag(A, p) is the element
considered in Example 3.3.16 and thus is not quasiextremal in s[(U). Otherwise, each J;
corresponds to the same eigenvalue and thus x is a scalar matrix. Suppose that exactly
one J; has size 2 and all other Jordan blocks have size 1. If there exists an Jordan block
of size 1 corresponding to eigenvalue p such A # p where Jy is the Jordan block of size
2, then take U to be the three dimensional subspace corresponding to the Jordan blocks
Jy and p. Then zy = diag(Jy, i) is the element considered in Example 3.3.17 and thus
is not quasiextremal in s[(U). If A = p, then x is the sum of a rank 1 and scalar matrix.
Suppose that exactly one J; has size at least 3 and all other Jordan blocks have size 1.
Let U correspond to the subspace generated by the last three elements of J; and the basis
element of any Jordan block of size 1. Then zy = diag(Jy, ) where J\ and p correspond
to a Jordan blocks of size 3 and 1 with eigenvalues A and pu, respectively. Then x; is the
element considered in Example 3.3.13 and thus is not quasiextremal in s[(U). By Lemma
3.3.8, x is not quasiextremal in s[(V). We may assume that at least two of the Jordan
blocks have size at least 2 or x has exactly one Jordan block of size at least 3. Suppose
that x has two Jordan blocks of size at least 2 and let U be the subspace generated by

the last two basis elements of two such Jordan blocks. Then zy = diag(Jy,J,) where
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Jy and J, correspond to Jordan blocks of size 2 with eigenvalues A and p, respectively.
Then xy is the element considered in Example 3.3.14 and thus is not quasiextremal in
s[(U). By Lemma 3.3.8, x is not quasiextremal in s[(V'). Finally, suppose that z is a
Jordan block of size at least 3. If p = 3, then n > 3 and thus we can assume that = is a
Jordan block of size at least 4. Let U be the subspace generated by the last four elements
of the basis corresponding to the Jordan block. Then xy is the elementary considered
in Example 3.3.15 and thus is not quasiextremal in sl(U). By Lemma 3.3.8, x is not
quasiextremal in s[(V'). Suppose that p # 3. Take U to be the subspace generated by the
last three elements of the basis corresponding to the . Then xy is the matrix (8\ é 2)
Set y to be the 3 x 3 elementary matrix E3;. From previous examples, it is easy to see
that [zy, [zy,y]] = diag(1,—2,1). Since p # 3, it is clear that zy is not quasiextremal in
sl(U) because [xy, [xy,y]] is not a scalar. In particular z is not quasiextremal in s[(V).

This exhausts all the cases and proves the result. O

We summarise the results in the following theorem.

Theorem 3.3.22 Let x be an element of sI(V') and (n,p) # (2,3). Then z is quasiex-
tremal if and only if x has the form ay + bl where y is a rank 1 element of sl(V') and
(a,b) € F?".

3.4 The extremal geometry of sl(1/)

Let V be an (n-+1)-dimensional vector space over the field F' and let p be the characteristic
of F'. Throughout this section it is assumed that (n,p) # (2,3) and p # 2. The extremal
geometry of a class of Lie algebras is introduced more generally in Chapter 4 but we
describe the extremal geometry of s[(V') by introducing points, collinearity between points

and lines.

Definition 3.4.1 The extremal geometry E(sl(V')) of sl(V') consists of points Fx where

x is extremal in sl(V'). Two points Fx and Fy are collinear if Fx # Fy, [x,y] = 0 and
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0 # Az + py is extremal for all \,u € F. The lines of E(sl(V')) are the projective lines

{F(Ax + py) | A, € F'} for pairs of collinear points Fx and Fy.

Lemma 3.4.2 Let g = sl(V) and let Z be the centre of g and § = g/Z. Consider the
map f:g—>gbyx— x+ Z. An element x € L is quasiextremal in g if and only if its
image is extremal in g. Furthermore, f bijectively maps the rank 1 extremal elements of

g onto the extremal elements of g.

Proof. If Z =0, then g and g are the same Lie algebra and all quasiextremal elements in
g are extremal since the identity is not in g. We may suppose that Z = (I). By Theorem
3.3.22, an element of g is quasiextremal if and only if it has the form ax 4 bI for some
scalars a,b € F where x is a rank 1 element and [ is the identity matrix. An element
x + Z of g is extremal if and only if [x + Z,[x + Z,y + Z]] = [z,[z,y]] + Z = ax + Z
if and only if [z,[z,y]] = ax + b for some b € F and for all y € g. Additionally,
[z +cl,[x+cl,y]] = a(x + cl) + (b — ac)l for any ¢ € F. This means that x + Z is
extremal in g if and only if any preimage of z + Z in g is quasiextremal.

If x4+ Z is an extremal element, then x can be chosen as a rank 1 extremal element in
g. Suppose that x + Z = y + Z for rank 1 extremal elements x and y. Then z —y = A\[
for a scalar A € F. Observe that tk(Al) is n + 1 if A # 0 and 0 if A = 0. Then
rk(A) = rk(z — y) < rk(z) + rk(y) = 2. We already assume that n > 2 and thus A = 0.
In particular, x = y and so f bijectively maps the extremal rank 1 elements of g onto the

extremal elements of g. U

We define a point-line space & on the set of rank 1 elements of s[(V') viewed as the
trace zero elements of V ® V*. We define the points P (&) to be the set {F(v ® ¢) |
v e V\{0},p e V"\{0}}. Two points F(v® ¢) and F(u ® 1) of & are defined to be
collinear if and only if [v ® ¢, u ® ] = 0 and A(v ® @) + p(u ® ) is a rank one element
for all (\, 1) € F?*. The first condition holds if and only if p(u)v ® ¢ — Y(v)u ® ¢ = 0,
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if and only if, p(u) = 0 and ¥(v) = 0, if and only if © ® ¢ and v ® ¢ are rank one
elements. The second condition holds if and only if A\v = pu or Ap = p, if and only if
Fv = Fuor Fo = Fi. The lines F(&) are defined as different types of lines, namely
{M+pu)@e | A pe F}and {v@ (Ap+ u) | A\, u € F}. Note that & is a subspace
of the extremal geometry E(sl[(V)).

Suppose g = sl(V'), Z = (I) is the centre of s[(V) and g = g/Z. Then we can define
a similar geometry & whose points P(E;) consist of Fix + Z where x is a rank 1 element
of g. Two points Fx + Z and Fy + Z are collinear if and only if [z + Z,y + Z] = Z and
F(\z + py) + Z € P(&). The first condition holds if and only if [z,y] € Z. The lines
F(&) are defined as {F(\z+puy)+Z | (\,p) € F¥'}. By Lemma 3.4.2, &, is the extremal

geometry £(g).
Lemma 3.4.3 The point-line space & and &y are isomorphic.

Proof. Let f : g — g be given as z — = + Z. By Lemma 3.4.2, f induces a bijection
between the points of & and &. If {F(Ax + py) | \,p € F} is a line in &, then
[z,y| =0 € Z. Thus {F(A\x + py) + Z | \, u € F'} since all Az + uy are rank 1 in sl(V).
Suppose that {F(Ax 4+ py) + Z | A, € F} is a line in &. Then Az + py is rank 1 and
[z,y] € Z. But 1k([z,y]) = rtk(zy — yz) < rk(zy) + rk(yz) = 2. In particular, [z,y] = 0
because every nonzero element of Z has rank n+1 > 3. Therefore { F(Ax+puy) | \,n € F'}

is a line in &;. Thus & and & are isomorphic. O

Theorem 3.4.4 The point line space & of g and E of g/Z are isomorphic to the root

shadow space of a building of type A,.

Proof. We construct the standard realisation of a root shadow space of type A,,. Let V
be an (n+ 1)-dimensional vector space over a field F. Let the set of points P be the set of
pairs ((v), W) where (v) is a 1-space contained in the hyperplane W. Two points ((v), W)

and ((u),U) are collinear if and only if (v) = (w) or W = U. The lines F are of two
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types, namely, {((Av + pw), W) [ (A, p) € F*"} and {((v),ker(Ap + pih)) | (A, p) € F*"}
where W = ker(yp) and U = ker(¢)) for linear maps ¢, : V' — F. Then it is clear that
the map F(v ® ¢) — ((v),ker(y)) is a bijection between points that preserves lines. In
particular, & is a root shadow space of type A,. By Lemma 3.4.3, & is a root shadow

space of type A,,. O

We state an important proposition describing the action of the Chevalley group of

type A, (F) on the set of rank one elements of sl(V).

Proposition 3.4.5 The group PSL(V') acts transitively on the set {F(v® ¢) | 0 # v €

V,# 0p € V* p(v) = 0}. In particular, it acts transitively on the point set of & and &,.

Proof. Let v ® ¢ and w ® 1 be two arbitrary rank one elements with trace zero. Firstly
observe that a map g € GL(V) induces an action on the 1-spaces of V*. In particular, we
define (¢)? = (¢) if and only if ker(y)? = ker(¢)). Indeed, if ker(p)? = ker(¢)) = ker(¢)’),
then v and v’ are scalar multiples of one another. This induces an action of g on &,
namely F'(v ® ¢)9 = F(v9 ® ¢9).

Observe that ker(yp) and ker(¢)) are hyperplanes and there exists uj,us € V such
that V' = ker(p) @ (u1) = ker(¢)) @ (uz). By assumption ¢(v) = 0 and ¢(w) = 0.
Extend a basis {v,vs,...,v,} of ker(p) to a basis {v,vs,...,v,,u1} of V and a basis
{w,wq, ... ,w,} for ker(¢)) to a basis {w,ws, ..., w,,us} of V. There exists g € GL(V)
induced by v — w, v; = w; and u; — uy. Then ¢ has matrix representation (a;;).
Suppose that the determinant of ¢g is A. Then modify g by mapping u; — 1/Aus. Then
the new matrix representation of g is (a;;)diag(1,...,1,1/X) and has determinant 1. In
particular, ¢ is an element of SL(V') that maps ker(y) to ker(y)) and v to w. Then for
any A\ € F, there exists u € F such that (AMv ® ¢))? = (v ® (A\p))! = w @ wy and
hence F(v ® ¢)? = F(w ® ). The group PSL(V) is defined to be SL(V)/Z(SL(V)) and
Z(SL(V)) = {M, | A € F'} is the kernel of the action of SL(V) on €. Thus PSL(V) acts

transitively on £. U

64



CHAPTER 4

RoOT FILTRATION SPACES

Root filtration spaces were introduced by Cohen and Ivanyos in [8]. They were inspired
by the study of long root geometries, which are examples of root filtration spaces. In this
chapter we survey the standard results in [8, 9] and provide some interesting examples of
root filtration spaces. The most important example concerning this text is the extremal

geometry of a Lie algebra.

4.1 Point-line spaces

We use this section to familiarise ourselves with the standard definitions and properties

of point-line spaces.

Definition 4.1.1 A point line space (or simply a space) is a pair (P, L) where P is a
set whose members are points and L is a collection of subset of P whose members are

lines.

A space is called a partial linear if every pair of distinct points lie on at most one
common line, a singular space if every two points lie on a common line, and a linear space
if it is both a singular and a partial linear space.

A subset X of P is a subspace if it contains all the points of a line [ of £ whenever

X N1 contains at least two points. Every point p is a subspace and we call it the trivial
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subspace. Every line [ is a subspace of P. A subspace H of P is a hyperplane if every line
of P has a nonempty intersection with 4, in particular, every line is either contained in
H or intersects H in a singleton. For any subset X, we denote (X) to be the intersection
of all subspaces that contain X', that is, the smallest subspace of P that contains X. For
any collection of subsets { X}, (X1,..., Xy,) = N (A;). If 2 and y lie in a unique line,
then we denote the line by xy.

The rank of a linear space X is the length of a maximal chain of proper nontrivial
subspaces and we denote it by rk(X). The rank of a trivial subspace is 0 and the rank

of a line is 1. The singular rank of a space is the supremum of the ranks of all maximal

singular spaces.
Definition 4.1.2 A linear space (P, L) is called a projective geometry if

(PG1) every line contains at least three points, and

(PG2) if, whenever x, y, and z are noncollinear points and a line | meets xy and xz in

distinct points, we have that | meets yz.
The second axiom (PG2) is called Pasch’s axiom and it is equivalent to the axiom

(PG2)’ for distinct points a, b, ¢, d, then ab and c¢d meet in a point if and only if ac and bd

meet in a point.

We state a standard result whose proof can be found in [16].

Lemma 4.1.3 Let P be a projective geometry. Let p be a point and X be a subspace not
containing p. Then the subspace (X, p) consists of the set of lines that pass through p and
a point of X. OJ

Lemma 4.1.4 Let P be a projective geometry, p be a point and X be a subspace not
containing p. Then tk((X,p)) > tk(X) + 1. In particular, any subspace of P which has

the same rank as P must coincide with P.
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Proof. Let X,,, = X D &,,_1 D ... D X; be a maximal chain of proper subspaces. The
rank of X is m. Then (X,p) D X = &,,, D ... D X; is a chain of length m + 1. We do

not, however, know if this chain is maximal. Thus tk({(X,p)) > m+1=rk(X)+1. O

4.2 Root filtration spaces

We introduce some notation. Let R be a relation on P, that is, R is subset of P x P. If
x € R, then R(x) denotes the set of points y € P such that (z,y) € R. If z,y,...,z are
points in P, then R(z,y,...,2) = R(z) NR(y) N... N R(z).

Definition 4.2.1 Let (£, F) be a partial linear space and {€;} —a<i<2 be a set of disjoint
symmetric relations on . Let E<; = U__,&. We say that (£, F) is a root filtration

space with filtration {&;} _o<;<2 if the following hold.
(A) &5 is equality between points in &.
(B) &_1 is collinearity between distinct points in E.

(C) There exists a map & — &, denoted by (x,y) — [z,y], such that [x,y] € E<itj(2)

whenever z € & (x) N E;(y).
(D) If (z,y) € &, then E<o(x) N E<_1(y) is empty.
(E) For each x € €, E<_1(x) and E<o(x) are subspaces of (€, F).
(F) For each x € &€, E<1(x) is a hyperplane of (€, F).

Note that for each i € {—2,...,2} and x € &, E<;(x) is a subspace since E_o(z) = {z}
is a trivial subspace. The collinearity graph of (£, F) is the graph whose vertices are the
points in £ and two vertices are joined by an edge if they are contained in a common
line in F. The collinearity graph of & is denoted (€,€_1). We say that two points are

neighbours if there is an edge in (£,£_1) joining them.
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We say that a root filtration space (€, F) is nondegenerate if the following two condi-

tions hold.

(G) For each = € &€, &(x) is nonempty.

(H) The collinearity graph (€,£_1) is connected.

Example 4.2.2 Let G be a group and £ be a set of nontrivial abelian subgroups of G
such that no such subgroup is contained in any other such that G = (€), €9 = & for all
g € G and for each pair a,b € & with X = (a,b) one of the following holds

(-2) a=band X =a=0.

(-1) [a,b] =0 and a # b and X \ {1} is partitioned by {c\ {1}}ceec<x. In this case, we

call the line ab the set of subgroups ¢ € £ with ¢ < ab.
(0) [a,b] =0 and X \ {1} is not partitioned by {c\ {1}}cecc<x-
(1) [ag,b] = [a,bo] = [a,b] < Z(X) for all ay € a and for all by € b and [a,b] € E.

(2) For each nontrivial ag € a there exists a nontrivial by € b such that a® = b* and

similarly when a and b are interchanged.

Such a pairing (G,E) is called a set of abstract root subgroups. Let F denote the set
of lines. Suppose E_o UE_1U &y, & and & are nonempty, (€,E;) is connected and the
largest solvable normal subgroup of G is trivial. Then, by Lemma 13 in [8], (£,F) is a

nondegenerate root filtration.

Any nondegenerate root filtration space with finite singular rank can be identified with
a root shadow space. This important result is stated and proven by Cohen and Ivanyos

in [9] as follows.
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Theorem 4.2.3 A nondegenerate root filtration space with finite singular rank is iso-
morphic to the root shadow space of type Ay, f1ny, BCra2, Dna, Esa, Ery, Egg, Fyq, or
Gas.

Example 4.2.4 Let ® be a simply laced irreducible root system of type X,,. Set € = P
and for each i € {—2,—1,0,1,2} define & = {(a, ) | (o, ) = —i} where (,) is the
standard inner product on Fuclidean space. We define collinearity by £_1, that is, o and
B are collinear if {(a, B) = 1. The line containing o and 5 is simply {a, B}. Note that
a € E«i(B) if and only if (o, B) > —i. The properties (A) and (B) are clearly satisfied.
For (C), if (a,B) € &, then a + B € ® and thus we define a map from & to & by
(o, B) = a+ . Suppose v € E<i(a) NE<;(B). We have that (o, y) > —i and (B,7) > —j
and thus (o + 5,7) > —(i + j). In particular, a + € E<irj(v). If (o, ) € &, then
(a, B) = =2 and B = —a. For any v € E<p(a) N E<_1(—a), we have that (y,a) > 0 and
(v,—a) > 1. The second inequality can be written as (y,a) < —1 and thus vy does not
exist. In particular E<o(a) N E<_1(B) is empty and this proves that property (D) holds.
Property (E) holds trivially since every line is thin, that is, contains precisely two points.
For a € €, E<1(a) = E\ {—a}. Thus it follows that any line of & is either entirely
contained in E<i(a) or intersects it in a unique point. Thus E<i(a) is a hyperplane in
E. Note that this root filtration space is isomorphic to the root shadow space of the thin

building of type X,,.

We can describe nondegenerate root filtration space in terms of points and lines by
forgetting the five relations stated above. Before doing that we state a few technical

results that can be found in [§].

Lemma 4.2.5 Let (€, F) be a root filtration space. If (x,y) € &1, then [x,y] is the unique

common neighbour of x and y.
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Proof. For (i), note z € E_5(x) N &1(y). By (C), [x,y] € E<_1(z). By symmetry, [z,y] €
E<_1(y). Itisclear that [x,y] & {z,y}, thus [z,y] € E_1(z)NE_1(y). If z € E_1(x)NE_1(y),
then by (C) we have [z,y] € €_2(2) = z. Therefore [z, y] is the unique common neighbour

of x and y. O
Lemma 4.2.6 Let (£, F) be a nondegenerate root filtration space.

(i) If (&€, F) is thick and (£,E_1) is connected, then (£,E) is connected and any two

points (x,y) € E are distance 2 apart in (E£,E_1).

(ii) If (€, &) is connected and F is nonempty, then (€,€_1) is connected. [

Lemma 4.2.7 Suppose (€, F) is nondegenerate. Let (x,y) € E andu € E_1(x,y). There
exists v € E_1(x,y) that is not equal nor collinear to w. In particular, v and y have at

least two common neighbours. [

Lemma 4.2.8 Let (€,F) be a nondegenerate root filtration space. Then its defining re-

lations can be characterised by the collinearity graph (€,€_1) in the following.
(-2) (z,y) € E_5 if and only if x = y.
(-1) (z,y) € €1 if and only if x and y are distinct collinear points.
(0) (z,y) € & if and only if v and y have at least two common neighbours.
(1) (x,y) € & if and only if v and y have a unique common neighbour.

(2) (x,y) € & if and only if x and y have no common neighbours.

Furthermore, pairs of points in E_o, E_1, EgUE, and & have a distance between them

in the collinearity graph (£,€_1) of 0, 1, 2 and 3, respectively.
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Proof. 1t is clear that the five relations are disjoint symmetric relations on £. Relations
& o and &£ follow from the definition of a root filtration space. Let (x,y) € &. Then
Lemma 4.2.7 tells us that x and y have at least two common neighbours. Let (z,y) € &;.
Lemma 4.2.5 tells us that x and y have a unique common neighbour denoted by [z, y].
Let (z,y) € &. By property (D), the intersection of £_1(x) and £€_1(y) is empty and thus
2 and y have no common neighbours.

The final assertion is obvious for £ 5, £ 1, and & U &;. The last assertion for &, is

found in Lemma 4.2.6 (i). O

4.3 Lie algebras and extremal elements

In this section we show that every simple Lie algebra has an associated root filtration space
whose points are one dimensional spaces generated by extremal elements. Informally, an
element x is an extremal element if [z, [z, L]] C Fx where L is the Lie algebra of a field
F. Extremal elements are explored in [11] and equivalent to the elements that generate
1-dimensional inner ideals of L as defined in [1]. We have seen extremal elements in

Chapter 3 but here they are formally defined for all fields.

Definition 4.3.1 Let L be a Lie algebra over a field F'. An element x € L is said to be

extremal if there is a map g, : L — F such that

[z, [#,y]] = 29.(y)z, (4.3.2)
[z, 9], [z, 2]] = g2([y, 2]) + gu(2) 2, y] — g2 (y) 2, 2] (4.3.3)

and
[I7 [y7 [:E? Zm = gm([ya Z])‘T - gx(z)[ac, y] - gx(y)[J:J Z]‘ (434>
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The Jacobi identity gives:

[, ) [z, 2]} = [ [y, [, 2]]] = [y, [, [, 2]]) (4.3.5)

Proposition 4.3.6 If the F' has odd characteristic, then (4.5.3) and (4.5.4) follow from
(4.3.2).

Proof. Let © € L be extremal and y and z be any elements of L. Suppose that (4.3.2)
holds. Using (4.3.5) and (4.3.2) we get [[z, 9], [z, 2]] = [z, [y, [z, 2]]]4+29.(2)[z, y]. Therefore

it suffices to show that

[, [y, [7,2]]] = gy, 2])7 — g.(2)[2, Y] — 9.(v)[7, 2]

= g2 . 2] + y. =, [z, 2] + 2 [ [, 9]]D).

Using the Jacobi identity on the last two terms of the right hand side of the equation

gives

y, [, [, 2] + =, [, s yll) = s [y, s 200+ [ 2, s )

Therefore it suffices to show that

20, [y, [, 2] = [, [2, [y, 2] + [, [y, [, 2] + [, [, [, 0,

and this is clear since [z, [z, [y, 2]]] + [z, [z, [*,y]]] = [z, [y, [z, 2]] as required. Therefore
(4.3.3) holds. Equation (4.3.4) follows from (4.3.2) and (4.3.3). To see this note that
(4.3.5)

[z, [y, [z, 2]]] = [z, 9], [, 2] + [y, [, [, 2]]

= ¢y, 2D)7 — g:(2)[7, y] — 9.(y)[z, 2]
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as required. O

Let E be the set of nonzero extremal elements of L. We state two properties whose

proofs can be found in [8].
Proposition 4.3.7 Let x € E and y € L. The follow assertions hold.

(1) g= is a uniquely determine linear map.
(ii) Ify € L, then gu(y) = gy(x) and gu([y, 2]) = —gy([, 2])

Lemma 4.3.8 Let x, y and z be extremal elements in L. Then

[z 9l 1y, [, 2]]] = gy (@)y, [, 2]) + g2 (ly; 2D s 2] = 92(2) gy (2)y

Proof. We first rewrite [[x,y], [y, [z, z]]] using the Jacobi identity as [[[z,y],v], [z, 2]] +

[y, [z, y], [z, z]]]. Using (4.3.2) and (4.3.3) it can be written as

29y(@)ly, [z, 2] + 1y, 92 ([y, 2Dz + 92 (2) [, 4] = gu () [, 2]

Expanding this gives

29, (@) [y, [7, 2]] + g:([y, 2Dy, 7] + 92(2) [y, [, Y] — 9 (W) [y, [, 2]]

and applying Proposition 4.3.7 (ii) allows us to simply it to

9y () [y, [z, 2]] + 9o ([y, 2] [y, 2] — 92(2) gy (2)y

as required. O
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We say that an element x € L is a sandwich if adi = 0 and ad,adyad, = 0 for all
y € L. Thus, if 2 is a sandwich, then (4.3.2) follows from ad? = 0, (4.3.4) follows from
adyad,ad, = 0, and (4.3.3) follows from (4.3.2) and (4.3.4) with g, = 0. If F' has odd
characteristic and adi = 0, then x is a sandwich. By convention we set g, to be the zero
map whenever z is a sandwich. This follows from Proposition 4.3.6.

We define five symmetric binary relations E; for 1 = —2,—1,0,1,2 on E as follows:

(-2) (z,y) € E_5 if and only if x and y are linearly dependent.

(-1) (z,y) € E_; if and only if 2 and y are linearly independent, [z,y] = 0 and Az + puy €
E for all (\, pu) € F?".

(0) (z,y) € Ep if and only if [z,y] = 0 and (z,y) is not in E_o U E_;.
(1) (x,y) € E if and only if ¢.(y) = 0 and [z, y] # 0.

(2) (x,y) € Ey if and only if ¢,.(y) # 0 and [z, y] # 0.

Remark 4.3.9 If (z,y) € E_y, then the corresponding linear functional is Gry+py =
Nz + pgy. Furthermore, if L is generated by E containing no sandwiches, then E_;
has another characterisation, namely, (x,y) € E_1 if x and y are linearly independent,
[z,y] = 0 and for every z € L, [z, [y, z]] = g,(2)z + ¢g.(2)y. The proof of this equivalence
is Lemma 24 and Lemma 27 of [8].

Lemma 4.3.10 Suppose that F' does not have even characteristic. If (x,y) € Es, then

[z, y] is not an extremal element.

Proof. We know that [z, y] # 0 and ¢,(y) # 0. If [z, y] is extremal, then [[z,y], [z, y], z]] =
A.|z,y] for all z € L. Choose z = z, then [[z,y],[[x,y],z]] = 4¢.(y)?x # 0 and not a

multiple of [z,y]. Therefore [z,y] is not extremal. O
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Let £ be the projective points spanned by the extremal elements of L. That is,
E={Fz|x € E}. Let F be the set of projective lines F(z,y) for (x,y) € E_;. We call
(&, F) the extremal geometry of the Lie algebra L. By the definition of E_;, the unique
line in F that contains the two incident points Fr and Fy is {F(\x +py) | (\,p) € F¥'}.
The symmetric relations {&;}?__, correspond to {F;}?__, in the natural way, namely,
(Fx, Fy) € & if and only if (x,y) € E; for each i. In particular, (€, F) is a partial linear
space and {&;}?__, are five disjoint symmetric relations on & where £ 5 is equality and

& 1 is collinearity. The following result is Theorem 28 in [8]. It is followed by a corollary.

Theorem 4.3.11 If L does not contain sandwiches, then (€, F) is a root filtration space.
Let B; be the connected components of (€,E) and let L; be the Lie subalgebra generated
by B; of L. Then either each B; is a nondegenerate root filtration space or a root filtration
space without lines, L is the direct sum of the Lie subalgebras L; and [L;, L;] = 0 whenever

1 and j are distinct. In particular, L; is an ideal of L.

Corollary 4.3.12 Let L be a simple Lie algebra generated by its extremal elements E
and contain no sandwiches. Then (£,F) is a nondegenerate root filtration space with

thick lines or a root filtration space without lines.

Proof. The simple Lie algebra L has no ideals except for {0} and L. By Theorem 4.3.11,
(€,&;) is connected. Suppose that F is nonempty. Using these two facts, Lemma 4.2.6
(ii) implies that (£, €_1) is connected. Hence by definition, (£, F) is a nondegenerate root
filtration space. Suppose Fx and F'y are collinear. By the definition of F_;, the entire

set of points

{FOw +py) | (A p) € F}.

lies in the same line as Fx and F'y. In particular, the line containing F'z and F'y also

contains F'(x + y). Therefore the lines in F are thick. O
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Lemma 4.3.13 The space (€, F) has finite singular rank if L is finite dimensional.

Proof. 1t suffices to show that the rank of any singular subspace of £ is finite. Lemma 4.4.2
tells us that L is linearly spanned by a subset of the extremal elements. Let X = {Fx |
x € E' C E} be a singular subspace of £. Let {xy,..., 2} be a minimal set of extremal
elements such that £’ is contained in its span. Suppose X” is a subspace of X' that contains
{Fzy,...,Fx;}. Note that X’ is also a singular subspace of £. We show by induction that
X =X'. Forxz € F', write x = \jx; + ...+ M\xp and supp(z) =| {\; | \i # 0}]. We show
that Fx € X' for all z € E’ by induction on supp(z). If supp(z) = 1, then Fx = Fz; € X’
for some 4. If supp(z) = 2, then, without loss of generality, z = A\x; + Agza. As
X is singular, Fxy and Fxy are collinear and the unique line containing both points is
{F (i1 + pows) | (1, o) € F2°}. As X' is a subspace, it must contain this line and thus
it must contain F'z. Suppose that j = supp(z) > 2. Let x = \jz1 + ...+ N\j_12-1 + Az
and let ' = x— \;z;. By the induction, F'z" and F(\jz;) = Fx; are points of X’ C X" and
the unique line containing Fz’ and Fa; is {F (a1 +. ..+ pz;) | (pa, ..., p;) € F7\{0}}
and this line must be contained in X’. Thus Fz is contained in X’. By induction, we have
that that X = X’. Therefore any proper subspace X’ of X must contain only a proper
subset of {Fzy,..., Fx;}. By applying this argument to inductively we can deduce that
any chain of proper subspaces of X has finite length. Therefore the singular rank of £ is
finite. 0

Corollary 4.3.14 The extremal geometry (£, F) of a simple Lie algebra generated by its
extremal elements that contains no sandwiches is isomorphic to the root shadow space

An,{l,n}; BCn,2; Dn,Q; E6,2; E7,17 E&S; F4,1; or G2,2-

Proof. This follows from Theorem 4.2.3, Corollary 4.3.12 and Lemma 4.3.13. U
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4.4 Root subgroups

Automorphisms of Lie algebras preserve its structure and not surprisingly the extremal
geometry of a Lie algebra. In this section we prove several technical results concerning
the action of Aut(L) on €. For simplicity, the automorphisms of L are written on the

right to avoid parenthesis.

Lemma 4.4.1 Let ¢ be an automorphism of L and x be an extremal element. Then
zp is an extremal element with g,,(z) = g.(2¢™"). Furthermore, ¢ sends sandwiches to

sandwiches.

Proof. We have to verify identities (4.3.2), (4.3.3) and (4.3.4) for xp. For each y € L, we

have [z, [z, y]] = ([, [z, y97]]) = ©(202(ye ™)) = 292 (yo™") (20) = 20, (y) ().
Thus (4.3.2) is satisfied. For each y,z € L, we have

[z, 4], [xe, 2] = o[z, ye™"], [z, 207"]])
= 0(gu([y, 2l N + go(zp™ D[z, v = gy~ [z, 29071])
= g2y, 2l e + g (20 N[0, y] — go(ye ™) [, 2]

= Guo([Y, 2D) 70 + Gap(2)[10, Y] — gap(y) [0, 2]

Thus (4.3.3) is satisfied. It can be similarly shown that (4.3.4) holds. Thus z¢ is extremal
with g,,(2) = g.(2¢"). It can be easily shown that if ad> = ad,ad,ad, = 0 for all y € L,
then adfw = ady,adyad,, = 0 for all y € L. Thus ¢ acts on the set of sandwich extremal

elements. O

Lemma 4.4.2 Fvery Lie algebra generated by extremal elements is linearly spanned by

extremal elements.

Proof. Every element z can be written as a combination of Lie brackets applied to the

extremal elements. We proceed by induction on the length of this bracket. If z = [z, 1],
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then x := exp(zs, 1)x1 = 21 + [T2, 1] + gu, (z1)x2 is an extremal element. Thus [z9, 1] =
T — T1 — gup(T1)T2 is the linear span of extremal elements. Suppose that the length of
the bracket is k& > 2. Then z has the form [zg,|[..., [x3, [re,21]],...]]. Set z as before
and observe that [z3,71] = & — 21 — ¢u,(21)xe. Then z can be rewritten as the linear

combination of elements with shorter bracket lengths, namely

[, [ s, 2], ] = [k [ [, 2a]]s -] — Gug(@0) [k, [+ 23, 22], - ]

The rest follows from induction. O

Lemma 4.4.3 FEvery automorphism of the Lie algebra L is an automorphism of its ex-

tremal geometry &.

Proof. Let ¢ be an automorphism of L. We know that for extremal element z, xp is
an extremal element with g,,(2) = g.(2¢!). It suffices to show that ¢ sends lines to
lines. Two points F'z and Fy lie in a common line if z and y are linearly independent,
[z,y] # 0 and for all z € L, [z, [y, 2]] = gy(2)x + g(2)y. It is clear that z¢ and yy are
linearly independent and [zp,yp] = 0. Let z € L. Then [z, [yp, 2] = ([z, [y, 27 ])p =
(gy(ze™ D+ g2 (20 ) Y) = Gy (2)(29) + g2 (2) (y). Thus zp and yy are collinear. The
line containing Fz and Fy is {F(Az + py) | (A, 1) € F**} and this is mapped to the line
{F\(zo) + u(ye)) | (A, p) € F?*}. This completes the proof. O

For each extremal element x define the following map exp(z, s) from L to L given by

y =y + slx,y] + sg.(y)x for a scalar s € F.

Lemma 4.4.4 The map exp(z, s) is an automorphism of L.

Proof. A tedious computation shows that exp(z, s)[y, z] = [exp(z, )y, exp(z, s)z]. It suf-
fices to show that exp(x,s) has a zero kernel. Let y be in the kernel of exp(z,s). Then

y + s[z,y] + s%g.(y)x = 0. By applying [z,] on both sides we obtain
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[z, y] + sz, [z, y]] = 0. (4.4.5)

If F has characteristic 2, then 0 = [z,y] + 25¢.(y)r = [z,y]. Thus y = 0. We may
then suppose that the characteristic of F' is odd. If s = 0 or [z,y] = 0, then y = 0.
We assume that s # 0 and [z,y] # 0. By (4.4.5), [z,y] and = do not commute and
[z,y] = —s[z, [,y]] = —2sg.(y)x. But then [z,y] and = are multiples of one another and
thus commute. This contradicts what is stated above. Thus, we either have that [z, y] =0
or s = 0 and in both cases y = 0. Therefore the kernel of exp(z, s) is zero and exp(z, )

is an automorphism of L. O
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CHAPTER 5
DECOMPOSITION OF SIMPLY LACED LIE

ALGEBRAS

Let L be a simple Lie algebra over the field F' with characteristic p that contains no
sandwiches and is generated by its extremal elements F such that its extremal geometry
(with lines) (€, F) is isomorphic to the root shadow space P = P, ; of a building A of
type X,,. We suppose that p # 2 and n > 2. Let ® be the root system of type X,, where
X is assumed to be either A, D, or E and let ¥ be a fixed apartment of A. Recall from
Chapter 2 that there is a one-to-one correspondence between J-shadows contained in X
and the (long) roots of ®, namely, every root « corresponds to the J-shadow (polar region)
P(«). In particular, there is an injection from ® to &, namely o — P(c) — P(a) — E,
where F, is a 1-dimensional subspace generated by an extremal element and corresponds
to ﬁ(a) with respect to the isomorphism between £ and P where ]3(oz) is the unique
J-shadow of A corresponding to the J-shadow P(«) of ¥. Let 0 < 6,3 < 7 denote the
angle formed between o and . Until stated otherwise we assume that xs is an arbitrary
vector from FEj for each root § in ®. We later choose such vectors more carefully.
Throughout this chapter roots of the root system ® are denoted by «, 3,7, 9, and -,

and elements of the field F' are denoted by A, u, v and £&. We drop the hat from p () for
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simplicity.

5.1 Construction of a subalgebra of Chevalley type

Lemma 5.1.1 With respect to the bijection from & to P described above, we have the

following correspondence:
(i) If 6up =0, then Fx, = Fugs.

(i) If Oup = /3, then [x4,x5] = 0 and there exists v € ® such that [z, x| = Avg for

some \ € I
(ili) If Oup = /2, then [x4,x5] = 0.
(iv) If Oup = 27/3, then [xa, 5] # 0, [Ta, x] = ATayp for some X € F'\ {0}.
(V) IfOnp = 7, then [To, x5] # 0, [Ta, ] is not extremal and (x4, g, [To, v5]) = s1(2, F).

Proof. Part (i) follows from the isomorphism from £ to P and Theorem 2.3.1. Suppose
that 0,5 = 27/3. By Theorem 2.3.1, this occurs if and only if (P(«a), P(5)) € P, if and
only if P(a + /) is the unique common neighbour of P(«) and P(f) in the collinearity
graph (P,P_1). By the established isomorphism between £ and P, this occurs if and
only if (z4,z5) € &. By Remark 4.3.9, we have that F|x,,xs] = Fr,yp, if and only
if (2o, 28] = Axatp for some A € F\ {0}. This proves part (iv). We use part (iv) to
prove part (ii). The angle 0,5 is 7/3 if and only if 0,5, = 27/3. By (iv), we have
that [z, 25-o] = Az for some A € F. This proves (ii) by setting v = 8 — . We have
0,5 = m/2 if and only if (P(a), P(83)) € Py, if and only if (Fz,, Fxg) € &. In particular

[, 5] = 0. The first two claims of (v) follow from the isomorphism between £ and P

and Lemma 4.3.10. Set © = z,, y = 23 and h = [z,y]. Then [h,z] = —2¢.(y)z and
[h,y] = 2g,(z)y. If we replace y with (—1/g.(y))y, then [h,z] = 2z, [h,y] = —2y and
[z,y] = h. Therefore (z,y, h) = sl(2, F). O
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Proposition 5.1.2 Let o and 3 be roots. Then [[To,T—0a), 2] = Axg and [, [T—o, 2] =
pxp for some scalars X\ and p in F. The scalar X is zero when 6,5 = 7/2 and other-
wise nonzero. The scalar v is zero when 0,5 € {w/2,27/3, 7} and otherwise zero. In

particular, [[Ta, _o|, 5] and (x4, [X_q, xg]] are both multiples of xp.

Proof. If o = f, then [[Ta, 7 4], Ta] = —[Ta, [Ta, Toa)] = —2¢s, (x_5)xa # 0. A similar
argument can be made if § = —«. Suppose now that 0,5 € {n/3,7/2,27/3}. Using the

Jacobi identity we obtain

[['Ta? x*a]v%ﬂ] = [xm [l’,a, xﬁ” + [[.Ta, :L‘g],.%',a]. (5'1'3>

If o = w/2, then 6_, 5 = 7/2 and [[x4,z_0), 2] = 0. If 6,5 = 7/3, then 0_, 53 = 27/3
and, by Lemma 5.1.1 (ii) and (iv), [[Ta, Z—a], 23] = N[Ta, T_ats] for some X' € F. Since
Oo—atp = 27/3, NTa, T_atp] = Az # 0 for some A € F' by Lemma 5.1.1 (iv). A similar
argument can be made when 6,5 = 27/3.

We now look at the second statement. If 6,5 € {7/2,27/3, 7}, then [z,, [2_4, z5]] = 0.
If o = 6, then [z, [Z—a, 25]] = —[Tas [Ta, T-a]] = =202, (T_a)za # 0. If 0,5 = 7/3, then

[T [T—a, 28])] = N[Ta, T—ats] = Axg # 0 for some A in F. O

For each root a € ®, let h, = [x,,7_,] for arbitrary z, in E, and x_, in E_,. Let
B ={ay,...,a,} be a basis for ® and let / = {1,...,n} be the index set. Let H be the
subalgebra of L generated by the elements {h,, | i« € I'}. Note that the angle between

any two distinct roots from B is either 7/2 or 27/3.

Lemma 5.1.4 The Lie algebra H is commutative and h, € H for all a € ®.

Proof. Let o and S be roots in B. Let = [x,,2_,) and y = [z, x_g]. Using the Jacobi

identity we write z := [z, y] in two different ways:
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Hxaa I—Oé]v ['T57 m—ﬂ]] - [HIOM ZL’_a], xﬁL x—ﬁ] + [x57 Hxav l‘_a], x—ﬁ“

= [xm [1',&, [9%9575“] + onu [l‘g, x*ﬁ]]ﬂx*a]'

Applying Lemma 5.1.2 to the first expression gives z = [A\xg, z_g]+[1g, pr_s| = v|xg, v_g].
Applying Lemma 5.1.2 to the second expression gives us z = [Tq, NT_o] + [ T0, o] =
V'To,x_y]. Hence va = v'y. If v/ = 0, then z = 0 and H is commutative. If v/ # 0, then
y=~¢&r and z = [z,y| = [z,&x] = 0. In all cases, H is commutative.

We prove the second statement by induction on the height of . Suppose that «
has height at least two, that is, a = o’ + a; where o’ is some root that forms an angle
of 27/3 with «;. In particular, by Lemma 5.1.1, ZTa/ya, = AZar, Ta,] and T(_ap(—a)) =

[T _or, T _q,]. Using the Jacobi identity and Proposition 5.1.2, we have

[Tay T-a] = M[[Tar, Ta,]s [Toars T—a,]]
= [[[Tar, Tas)s T-r]s Tay] + [T 0 [[Tar, Tas] s T, ]]

= V[Ta;, Tog,] + €T, Tar]

The first summand is in H since it is a generating element of H and the second summand

is in H by the inductive hypothesis. Hence [z,,2_,] € H. O

Later in this chapter we choose x, and x_, more carefully so that h, is fixed. Note
that H is linearly spanned by {h,, | ¢ € I} since it is commutative. Let K be the subspace
linearly spanned by {z, | « € ®}. By Lemma 5.1.2, for each h € H and a fixed a we

have that [z, h] = fo(h)x, where f, is a linear functional from H*.

Lemma 5.1.5 The set of vectors {z, | a € @} is linearly independent whenever F does

not have even characteristic.

Proof. Suppose for a contradiction that this is not true. Let
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D Xata =0 (5.1.6)

acd

be a linear combination in which not all coefficients A, are zero and has minimal number
of nonzero coefficients. In this case, at least two coefficients, say A\g and g, are nonzero.
Suppose that §' = —f and that all other coefficients are zero. Then (z3) = (x_g) and
this is a clear contradiction. Therefore, we can assume that f’ # +5’. By Lemma 1.5.1,
there exists a root y that is perpendicular to § but not perpendicular to 3’. Apply ad_j,

to both sides of (5.1.6) to get

Z Ao fo(hy)xe = 0.

This sum loses at least one term when o = [ and retains at least one term, namely
Mg far(hy)z s and this contradicts the minimality of (5.1.6). We use the fact that f,(h,) =

0 if and only if («, 5) by Lemma 5.1.2. O
From this result we can conclude that {z, | @ € ®} is a basis for K and K has

dimension |P|.

Lemma 5.1.7 Let L' be the subspace H + K. Then L' is a Lie algebra.

Proof. Let x, and zg be elements of the basis for K. Then

0 if 0,5 < 7/2,
[xom xﬁ] = Aa’ﬁan’,ﬁ if 9a5 = 27‘(’/3,

B if 8= —a.

In particular, [z,,253] € K + H and by the bilinearity of the Lie bracket and that K is
spanned by {z, | @ € ®} we have that [K, K] C K + H. By Lemma 5.1.2, [K,H| C K.
By Lemma 5.1.4, [H, H] = 0. Hence [H+ K, H+ K] C H+ K and so L' is a Lie algebra.[d
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We previously defined h,, as the Lie bracket [z,,z_,]. However, z, and z_, can be
arbitrarily chosen up to scalars and the same results above follow. Our aim is to choose
the appropriate scalars of z, and z_, so that we can form a Chevalley basis for the Lie
subalgebra L'. Let B = {ay,...,a,} be a basis for ®. For each i € I, choose an arbitrary
vector z,, from E,,. For each positive root v, let v = 6, + ¢, be a fixed decomposition
of v into the sum of two positive roots. We define x, inductively on the height of ~
by z, = [z5,, 2., ]. Therefore extremal elements corresponding to positive roots are well

defined.

Lemma 5.1.8 Let a and 3 be two positive roots such that o+ =y and v = 6, + &,
be the fized decomposition of v. Let 6 = o, and € = e, for simplicity. Thus we have

[T, 28] = Aapry = Auplrs, xe] for some Ang € F. Then Ayp = £1.

Proof. We do induction on the height [ of v. If [ = 1, then ~ is simple and so there
is nothing to check. If [ = 2, then v = o; + a; = a; + «; are the only two possible
decompositions of v and [zq,, Za,] = —[Ta,, Ta,] as required. Suppose that [ > 2 and that

the lemma holds for all roots of smaller height. Note we have

[Ia,l‘g] = Aaﬂ[xéyxs]' (519)

Let ¥ be the root subsystem spanned by {«, 5,0,¢}. Then ¥ has rank at most 3 since
a+06 = d+e. Suppose ¥ has rank 2. Then ¥ cannot be A; 1. A; because the angles do not
match. If Uis Ay, then o, 5 € {§,¢} since a+f = d+¢. Thus [z4, 5] € {[zs, x], —[2s, 2]}
and this satisfies the conclusion of the lemma.

Suppose that U is rank 3. There are three possible Dynkin diagrams for W, namely,
Ay LA L Ay, Ay L Ay and As. Firstly, ¥ cannot be A; 1L A; L A; for similar reasons
above. If W is A; L A,, then at least three of the four roots, say a, 3, d, are in Ay but

then all four must be because the angle between ¢ and ¢ is 27/3 (and not 7/2). Then,
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without loss of generality, « = ¢ and [ = ¢ since A, has only two positive roots and
clearly [z,,%p] = £[xs,2.]. Suppose that ¥ is A;3. We can assume that {«, 3,9,¢} are
distinct roots. We fix a basis for U and let hty denote the height function for a root in
V. If hty(y) = 2, then all {«, 3,,¢} must be simple and this contradicts that Az only
has 3 simple roots. Therefore hty () = 3 and this gives rise to the following possibilities:
(i) a and ¢ are simple and  and ¢ have height 2, (ii) o and € are simple and § and ¢
have height 2, (iii) 5 and ¢ are simple and a and e have height 2 and (iv) £ and ¢ are
simple and o and 0 have height 2. In all cases, let x be the third simple root. Suppose
that case (i) holds and that the angle between « and ¢ is 27 /3. The Dynkin diagram, up
to reordering o and S, is one of

o ) K o K )

O—0O0—=0 Oo—0O0—=0

Then f =0 + k and € = a + k. In the first diagram, o and x are perpendicular and so
¢ is not a root. Thus « and § are perpendicular and both form an angle of 27 /3 with k
and 8 =0 + k and € = a + k. Furthermore, x5 = A.s[z,, v5] and z. = Apg[Ta, zx]. The
height of 5 and € in ® are strictly less than the height of v since v = a+ 3 = d + . Thus

by the induction hypothesis A5, Aax € {—1,1}. We obtain

(o, p] = [T Ansln, s]]
= Apsl[ra, ], z]
= AusAaxlze, 5]
= —AusAaklrs, ]

By comparing this with (5.1.9), Ayp = —AwsAax € {—1,1} as desired. The other cases

are very similar and we omit the details. O
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Corollary 5.1.10 Let o and 3 be two positive roots. Then

0 if (a, B) >0
tr048  if (o, 5) =—1

[xou xﬁ] -

For each positive root a, we can choose z_, such that [[z,,2_4], To] = 22,. Indeed,
[Ty T—a]s Ta] = =204, (x_o)xa # 0. Replacing z_,, with (2/X)x_, where A\ = —2¢,_(x_,)

gives the desired result. Note that in this case we have g, (z_,) = —1.

Lemma 5.1.11 Let a and 8 be two roots that form an angle of 27/3. Then

(1) [, [2a, 26]] = 23,
(ii) [ha,zs] = —x5, and
(ii1) [ha, [Ta; 25]] = [2a; 2]

Proof. By writing h, = [z, _,] and using equation (4.3.3) from Section 4.3, we obtain

[hav [xav :E/BH = gxa([$—a7 xﬁ])xa + Gz, (xﬁ)ha — Gz, (z—a)[zm xﬁ]'

Note that [z_,, 23] = 0 and g,,(x3) = 0. The above equation reduces to [hq, [Za, 2s]] =
—02.(T—a)[Ta, s3] = [Ta,x5). This proves part (iii). By Lemma 5.1.3, we know that

[_a, [Za, xs]] = pas. Using equation (4.3.4) from Section 4.3, we obtain

[T [7-a; [Ta, 26]l] = Gra ([#-0s 8])Ta = Goa (T8)ha = Gra (T -a)[Ta, ).

This equation reduces to [T, [T—a, [Ta, Z5]]] = —9uu (T—a)[Tas ¥s] = [Ta, x5]. On the other

hand, [z, [ _a, [Ta, 28]]] = [T, prg]. Therefore = 1 and this proves part (i). By Lemma
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5.1.2, [ha,xs] = Axg. Applying © = z,, y = 2_, and z = x5 to the identity given in

Lemma 4.3.8 we obtain

[haa [l',a, [xaa xﬁm = YGz_, (xa)[x*au [xaa xﬁ”
= —[z—a, [Ta, z5]]

= —LL’g.

On the other hand, [, [*—a, [Ta,25]]] = [hasxs] = Axz. Therefore A = —1 and this

proves part (ii). O

Note that o and # do not necessarily need to be positive roots in the hypothesis of

the previous lemma.

Lemma 5.1.12 Let v be a positive root and v = « + 8 be the fired decomposition of
v into the sum of two positive roots so that x., = [xn,xg]. Then v_, = [x_g,x_4] and

hy = ho + hg.

Proof. Note that x_, is the unique vector of E_, such that [h,,z,| = 2z, where h, =

[z, x_,]. Suppose that ht(y) = 2. Then v = o+, = oj+c;. Assume the former equality

is the fixed decomposition. Using the Jacobi identity and that [z4,, 7_q,] = [7_a;, Ta,] = 0
we obtain
[a xaj]a [x*ajfr*ai]] = [[ra, xaj]a x*a]’]?x*ai] + [5670@4 [[xa¢:$aj]a$fa¢“

= [[Ta;; [waj7'r_04j“7x_ai] + [m—ajv [Tais T—a); wOéjH

= [[Iam haj]a x—ai] + [x_aj7 [hamxaj“'

By Lemma 5.1.11 (ii), this reduces to [[Ta,, Za,], [T—a;, T—a;)] = [Tay, Tay) + [Tay Toa,] =

ha; + hq;. Finally, using Lemma 5.1.11 (iii), we obtain
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[ha; + ha;, [Tas xaj]] = [hass [Tas xaj” + [ha]., [Tas l’aj]]

= 2[56041'7 xozj]

Therefore, with v = a; + a;, we have x_, = [1_,,,2_o,] and hy, = ha, + ha,. Suppose
that ht(y) > 2. Let v = a4+ 8 be the fixed decomposition. We do exactly as we did in
the case where ht(y) = 2. Using the Jacobi identity, that [x,,2x_g] = [r_a,2s] = 0, the

inductive hypothesis and finally Lemma 5.1.11 (ii), we obtain

(2o, 2] [t-p, 2 all = [l[a, 28], 2], 2 0] + [2-5, [[7a, 5], 7 0]]
= [[#a; [z, v pll, 0] + [2 5, [[Xa, o], 74]]
= [lza hsls o] + [z [, 7]
= [ta, o] + 25, 24]

= ha—Fhﬁ

Finally, using Lemma 5.1.11 (iii), we obtain

[hoc + hﬁ’ [xom xﬁ” = [hom [xom :L‘g]] + [hﬁv [:Ea, 175”

= 2[z4, 4]

Therefore, with v = a + 3, we have z_, = [x_3,2_,] and h, = h, + hg as required. [

The next two results are analogous to Lemma 5.1.10 for a combination of negative

and positive roots.

Corollary 5.1.13 Let o and [ be positive roots such that v = o + 3. Then z_, =

:t[x_a,.f_ﬁ].

Proof. In Lemma 5.1.12 we show that if z, = [x,, 2], then z_, = [x_g,2_,]. Similarly,

if ., = —[xa, x5, then x_, = [z_,, x_g] O
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Corollary 5.1.14 Let o and [ be two positive roots such that o and —0 form an angle

of 2r/3. Then [xo,x_g] = £x0_g.

Proof. Let A = A, _p. Then [24,2_5] = Azx,_p. Suppose that a — ( is positive. By
Lemma 5.1.11 and Corollary 5.1.10, z, = |2, [T_s, Za]] = —A[2s, T0—p] = £Az,. There-
fore A = 4+1. Suppose a — 3 is negative. By Lemma 5.1.11 and Corollary 5.1.13,
T_g = [T_a,[Tar¥_p]] = Alr—a,a-p] = £Ax_5. Therefore A = £1. This completes

the proof. 0

We summarise the result from this section in the following theorem.

Theorem 5.1.15 Let o and S be two roots. Then

0 if (@, 8) = 0
[ZL‘OC,.I’/B] = :l:anrB Zf (avﬁ) =-1
+he if (o, f) = =2

and in the latter case, hy ts an integral sum of hay, ..., ha

Lemma 5.1.16 Let a and [ be two roots. Then [ha,xg] = (o, f)zs.

Proof. We do case by case analysis. If a« = /3, then (a,) = 2 and by construction,
[ha, To| = 224. If (o, B) = 1, that is, @ and § form an angle of /3, then by Lemma
5.1.11 (ii) [ha,xs] = —[h—a,x5] = x5. If (a, 8) = 0, then [ha,x5] = [Ta, [T—a,25]] +
[Za,z8],2-0] = 0. If (o, ) = —1, that is @ and f form an angle of 27 /3, then by
Lemma 5.1.11 [hy, zg] = —xp. Finally, if (a, f) = —2, that is § = —«, then [ha, z5] =

[Tas T—a), 0] = [T—a) [Ta, Ta]] = 200 (Ta)T_0 = —22_4. O

Theorem 5.1.17 The spanning set {To;ha, | « € ®,i € I} of L' satisfies conditions
(i)-(iv) of a Chevalley basis given in Theorem 3.2.1.
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Proof. Part (i) holds since H is commutative as shown in Lemma 5.1.4. Lemma 5.1.16 is

exactly condition (ii) and Lemma 5.1.15 is exactly (iii) and (iv). O

5.2 Recovering the classical Lie algebra of type A,

We firstly establish a homomorphism from sl(V') to the Lie algebra L’ corresponding
to the root system of type A,. Identify the root system of type A, with ® = {a;; =
+(e; —ej) | 1 <i<j<n+1}. Let V be the (n + 1)-dimension vector space over the
field F' with characteristic p. We assume that (n,p) # (2,3). For a fixed decomposition
of v = a; + (vix1 + ... + aj_2 + 1) into two positive root, we inductively define

Lo = [xa“ xai+1+...+aj_1}.

Proposition 5.2.1 Let {H;, E;, |1 <j,k<n+1,j#k,1<i<n} bea Chevalley basis
for sl(V') as given in Section 3.3. Then the map ¢ : sl(V) — L' given by H; — h; and

Ejx — x4, 1s a homomorphism of Lie algebras.

Proof. By comparing the constant structures in Proposition 3.3.1 with those from Lemma

5.1.4, 5.1.15 and 5.1.16, we obtain the desire result. 0

Let Z be the kernel of . If Z # {0}, then Z is a nontrivial ideal of s{(V') and thus it
must be the unique nontrivial ideal of sI(V'), namely Z = (I) the space generated by the

identity matrix.

Proposition 5.2.2 The Lie algebra L' is either isomorphic to s\(V') orsl(V)/Z. O

Let & and & be the geometries defined in Section 3.4. Suppose that s[(V) is isomor-
phic to L’ via ¢. It is clear that ¢ sends extremal 1-spaces to extremal 1-spaces, that is,
¢ sends points of E(sl(V)) to points of £(L'). Furthermore, if  and y are extremal in
s[(V) such that [z,y] = 0 and A\x + py is extremal for all A\, u € F, then [p(z), o(y)] =0

and Ap(z) + pep(y) is extremal for all A\, p € F. In particular, ¢ sends lines of £(sl(V)) to
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lines of £(L'). Therefore E(L') = p(E(sl(V)). Set & = p(&1). Then & is a subspace of
E(L'). Suppose that sl(V')/Z is isomorphic to L’ and let ¢ : s[(V')/Z — L' be the induced
isomorphism. It is clear that £(L') = G(E(s(V)/Z)) = B(E,). Set & = B(E,). Then &,
is the extremal geometry &(L'). Tt is clear that L' = (&;) in the appropriate cases.

Let G = (exp(zqy,t) | @ € ®,t € F) be the Chevalley group of type A,(F). Then by
Theorem 3.3.2, G = PSL(V) and G < Aut(L).

Proposition 5.2.3 The space &; is a subspace of the extremal geometry € of L.

Proof. We firstly observe that Fz, € & for all a € ® since its preimage has rank 1. By
Proposition 3.4.5, G acts transitively on the points of & and thus G acts transitively on
the points of &. From this we deduce that (Fx,)¢ = . The group G is a subgroup
of the automorphism group of L and acts on the set of points of the extremal geometry
&€ of L. Note that Fz, is a point of £ and thus & C £. We have already seen that
F(Az + py) € & and F(Ax + py) + Z € & for all A, € F and thus the lines of &; are

full lines of £ because we work over the same field. In particular, &; is a subspace of £.0J

Consider the building of type A, whose chambers are maximal chains of subspaces
Vi CVy C ... CV, where dim(V;) = i. Two chambers are i-adjacent if they differ in
precisely the ith subspace. The root shadow space P of type A, (1) consists of points
((v), W) where v € W, W C V and dim(W) = n. The apartment ¥ with respect to the

basis {e1,...,e,11} of V consists of the chambers of the form

{<60(1)>7 <€O'(1)7 60(2)>7 SRR <€a(1)7 SR 760(77,))}

for o € Sym(n +1).

Lemma 5.2.4 The root shadow space P possesses the property (UCN).
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Proof. For j € {1,...,n+ 1}, let W; = (e1,...,€j_1,€j41,...,€nt1). Take a point
((e1), Wiy1) of P. A point ((e;), W;), with (e;) # (e;) and W41 # W;, has a unique
common neighbour in Py, with ({e1), W,11) if and only if (i) (e;) € W; and (e;) € Wyiq
in which case i = n+ 1, or (i) (e;) € W; and (e;) € W,41 in which case j = 1. The
unique common neighbour is ({(e1), W;) in case (i) and ({e;), W,+1) in case (ii). Suppose
that we now consider ({e1), W,11) and ((e;), W;) as J-shadows in the entire building and
that ((v), W) is a common neighbour. In particular, (v) = (e;) and W = W, or (v) = (e;)
and W = W,4;. In case (i), i = n + 1 and thus ((v), W) is ({e1), W;). In case (ii), j =1
and thus ((v), W) is either ((e;), Wy,4+1). In all cases we show that two points in Py, have
a unique common neighbour, then they also have a unique common neighbour in P and

this is property (UCN). O

Inside the root shadow space of type A, {1, there are two types of lines, namely
red and blue lines. Two collinear points lie in a common red line if they are of the
form ((v), W) and ((v),U) and a common blue line if they are of the form ((v), W) and
({(u), W). We make the following interesting observation about the relationship between

the intersection and colour of lines.

Remark 5.2.5 Let ((v), W) be the intersection of two lines I and m. Suppose, without
loss of generality, that | is a blue line. Thus all other points on that line have the form
((u), W) for some (u) C W. If m is blue, then it also has points of the form ({(u), W) and
thus every point on | is collinear with every point on m. If m is red, then it has points of

the form ((v),U) for some U D (v) and thus no point on 1 is collinear to a point on m.

The next result implies that lines in subspaces of P remain the same colour in P
providing that the subspace is also a root shadow space of type same. For two lines [ and

m, we say that [ and m strongly intersect if [ and m intersect and m C [+ and [ C m™ .
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Lemma 5.2.6 Suppose that Py is a subspace of P that is also a root shadow space of the

same type. Then either

(i) all red and blue lines in Py are red and blue lines of P, respectively, or

(ii) all red and blue lines in Py are blue and red lines of P, respectively.

In particular, up to relabelling of the colours, every red and blue line of Py is a red and

blue line of P, respectively.

Proof. Let | and m be two intersecting lines in P;. If [ and m have different colours,
then [ N'm™ is a unique point and if they have the same colour, then [ and m strongly
intersect. This observation follows from Remark 5.2.5. In both cases, all such lines lie
in P;. If we were to view [ and m as lines in P, then lines between the points on [ and
m would remain unchanged. Thus the colours of [ and m would be predetermined. In
particular, either [ and m remain the same colour or they both change colour.

Consider an arbitrary pair of lines [ and m. Since the collinearity graph of a root
shadow space is connected and has finite diameter, there exists a sequence of lines (ly =
l,l1,la,...,ls =m) such that [,_; and [; intersect. By the above observation, if [ changes
colour, then [; changes colour, l5 changes colour and continue in this way until we reach
m and this is forced to change colour. If the colour of /[ remains unchanged, then in a
similar manner as above, the colour of m is forced to remain unchanged. The lines [ and

m were arbitrary and thus the result is proven. ([l

We define two relations R and B on P in the following way: xRy (respectively, zBy)

if and only if x and y lie in a common red line (respectively, blue line).

Lemma 5.2.7 The relations R and B are equivalence relations.

Proof. We prove that R is an equivalence relation. Let z,y and z be points of P. It is

clear that R is reflexive and symmetric. If 2Ry and yRz, then with = = ((v), W) we
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require that y = ((v), U) and similarly z = ((v),T’). Thus zRz. Thus R is an equivalence

relation. Similarly, one can show that B is an equivalence relation. U

The R-classes and B-classes are called red and blue classes, respectively. The red
class and blue class containing ((v), W) are denoted by (v)gx = {((v),U) | U D (v)} and

Wi = {({(u), W) | (u) C W}, respectively. We state following observations as a lemma.

Lemma 5.2.8 Let (u) and (v) be 1-dimensional and U and W be n-dimensional subspaces

of V.. Then we have

(1) (u) = (v) if and only if (u)r = (V)g,
(ii) U =W if and only if Us = Wg, and

(iii) (v)rNWpg is nonempty if and only if (v)r "W = {((v), W)} if and only if (v) C W.

Proof. 1t is clear that (u) = (v) implies (u)gr = (v)r. Suppose that (u)g = (v)g. Then
{((u), W) | W D (u)} = {({v), W) | W D v}. But the set of all hyperplanes containing
(v) cannot also contain (u) unless (v) = (u) as required. This proves (i), and (ii) is
achieved in a similar way. For part (iii), it is obvious that (v)gr N Wjp is nonempty if and
only if the intersect consists of the single pairs ((v), W) and, by definition, this occurs if

and only if (v) C W. O

Definition 5.2.9 A pair (R, B) with R C R and B C B subsets of red and blue classes

is called a dual pair if (v)r N Wg is nonempty for all (v)r € R and Wi € B.

Define a symmetric relation ~p on the set of dual pairs by (R, B) ~p (R, B') if and
only if R C R 'and B’ C B, or R" C R and B C B’. A dual pair (R, B) is mazimal if
whenever (R, B') is another dual pair and R C R and B C B, or R C Rand B C R/,

we have that R = R’ and B = B’. Let I" denote the set of maximal dual pairs of P.
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If we choose Ry C R arbitrarily, then we can choose B maximal such that (R, B) is
a dual pair. We can then take R to be the largest subset of R that contains Ry such that
(R, B) is a dual pair. The dual pair (R, B) is maximal and every maximal dual pair can
be obtained in this way. Indeed, suppose that (R Ur, B) is a dual pair for some r € R.
Then r Nb is nonempty for all b € B. But R was chosen maximally to have this property
and thus r € R. Suppose that (R, BUYb) is a dual pair for b € 3. Then bNr is nonempty
for all r € Ry C R. But B was chosen maximally to have this property and thus b € B.

To illustrate this process, let Ry = {(v,)= | @ € A} where A is an indexing set. Take
B to be as large as possible such that (Ry, B) is a dual pair, that is, B = Nuea{W5 |
W5 N (v,) # 0}. By Lemma 5.2.8, W5 N (v,)% is nonempty for all a € A if and only if
(va) € W for all @ € A. Thus (Y- .4 Aave) & W for all A\, € F' and @ € A and this holds

if and only if W N (3,4 Aa¥a)® is nonempty for all A, € F. Let {v;,,...,v;, } be a basis

ach
for the subspace (v, | a € A). Set R to be the maximal subset of R containing Ry such

that (R, B) is a dual pair, that is,

R = { weh AaVa)R | Aa GFaEA}
:{ )\UzJR|/\ GF}

where B = N_ {Wp | Wz N (v;;)r # 0}. In particular, every maximal dual pair has the
form (R, B).

Lemma 5.2.10 There is an incidence-preserving bijection ¢ from I" to PG(V'), namely,

(R,B)? = (v, ...,v;,) where (R, B) is defined as above.

Proof. We first check that this map is well defined. In the construction of (R, B), we
choose a basis {v;,,...,v;, } of (v, | a € A) but if we were to choose another basis
{wi,,...,w;, }, then (v;,,...,v;,) = (v, | a € A) = (w;,,...,w;,). Thus the image of

(R, B) under ¢ is well defined. Let R’ = {(ZJ L Hwi)r | py € F}and B € B such
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that (R, B') is a maximal pair. Suppose (R, B)? = (R, B)?. Then (v;,...,v;) =

(Wiy, ..., w;,) and this holds if and only if

{<Z)\j%> | Aj € F} = {(Zﬂjwij> | 1y € F}

J=1

By Lemma 5.2.8 (i), this holds if and only if R = R’ and B = B’. That is, (R, B)? =
(R, B")? if and only if (R, B) = (R/, B'). Thus the map ¢ is injective. It is clear that ¢ is
surjective and we only need to show that it preserves incidence. Suppose that (R, B) ~p
(R', B") and, without loss of generality, R C R’ and B’ C B. Let (R, B) be as before and
R = {(Zfii Ajvi)r | Aj € F} and B' C B such that (R, B') is a maximal dual pair.
Then (R, B)? = (viy, ..., 0i,) C (Ui, Uiy, - - Uy, = (R, B')? as required. O

Under this isomorphism, objects of type 1 correspond to the pairs ({(v)g, B,) where
B, = {Us | U D (v)} and objects of type n correspond to the pairs (Ry, Wp) where
Ry = {{(u)r | (u) € W}. Two such objects are incident if and only if (v)gr € Ry and
Wi € B,, if and only if (v)gr N Wg = {((v), W)} if and only if (v) C W. Therefore there
exists a natural map from RSh(I") to P, namely, (((v)r,By), (Rw,Wg)) — ((v), W).
A Dblue line in RSh(I") between two points ((vi)r, By, ) and ((ve)r, By,) is {({A\jv1 +
Aovo)r, B) | A; € F'} for some uniquely determined B. In particular, this maps onto the
line {((Ajv1 + Aava), W) | \; € F'} where W is a hyperplane determined by B. Similarly,
one can bijectively map red lines to red lines. In particular, RSh(I") and P are isomorphic

root shadow spaces.

Lemma 5.2.11 Let A be the building of type A, as a projective space and P be the
corresponding root shadow space. Then a blue line in P determines a unique line in A

and every line in A is determined by a (non-unique) blue line in P.

Proof. Let W be a hyperplane in V. For (vy), (va) € W, consider the blue line through
the points ({(v1), W) and ({vy), W), namely the line {((Ajv1 + Agwe), W) | \; € F'}. This
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corresponds to the line (vy,v5) in A. On the other hand, any other hyperplane U incident
to both (v1) and (vy) yields the same line. Conversely, it is clear that any line (v, vy) in

A corresponds to a blue in P. O

Remark 5.2.12 The bwilding I' is a projective space and thus is determined by its points
and lines, that is, its objects of type 1 and 2. The points are of the form ((v)r,B)
and the unique line between the two points ({(vi1)r, B1) and ({(ve)r, Ba) is ((v1,v2)r, B)
where B = By N By = {Wg | W D (v1,v9)}. We can identify ((vi)r, B;) with (v;)r and
((v1,v2)r, B) with B = {Wp | W D (vi,ve)}. In particular, points and lines are identified
with collections of red and blue lines, respectively and thus giving us another description

of the building I' in terms of red and blue lines.

We have recovered a building of type A, from the root shadow space P, namely the
set of maximal dual pairs and we have described everything in terms of red and blue
lines. However, we can define maximal dual pairs in the extremal geometry. There is
no natural way of defining red and blue lines in the £ but we can call a line red (blue,
respectively) if its image under the (unknown) isomorphism given in [9] is a red line (blue
line, respectively) in the root shadow space as constructed from the vector space. In
particular, from the extremal geometry (£, F), which is isomorphic to P, we can obtain a
building of type A, denoted by A(E), namely the set of maximal dual pairs defined on £.
We can define dual pairs more explicitly in terms of the Lie algebra. Recall that (£, F)
is the extremal geometry of L, that is, £ = {Fz | x € E} where E is the set of nonzero
extremal elements of L. We define the relations R and B as before and let z and x5

denote the red and blue classes of the point F'x, respectively.

Definition 5.2.13 A pair (R, B) with R C R and B C B is a dual pair of the extremal

geometry & if xr Nyg is nonempty for all zx € R and yp € B.
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We define A(E) to be the set of maximal dual pairs of £ and a symmetric relation on

A(E) as usual inclusion. We state a result which follows from [9] and Lemma 5.2.10.

Theorem 5.2.14 The set A(E) is a building of type A,. O

As before, we can identify the root shadow space of A(E) with & in the following
way. The points and hyperplanes of A(E) correspond to the pairs (r, B,) and (Ry,b),
respectively and they are incident if and only if r € R, and b € B,, if and only if r N b
is nonempty. The intersection r N b corresponds to a unique point of £ whenever it is
nonempty. In particular, we identify points ((r, B,), (R, b)) of the root shadow space
A(E) with the point 7 Nb of £. Let Pa(€) be the description of the point-line space
of A(E) as given in Remark 5.2.12. In particular, a point of PA(€) is identified as the
collection of red lines through a given extremal 1-space and a line is given as a collection

of blue lines.

Theorem 5.2.15 Let L be a finite dimensional Lie algebra over a field F of characteristic
p. Suppose that L is generated by its extremal elements, contains no sandwich elements
and has extremal geometry isomorphic to the root shadow space of type A, (1ny. If p # 2
and (n,p) # (2,3), then L is a classical Lie algebra or type or the quotient of a Chevalley

algebra by its unique 1-dimensional ideal.

Proof. Tt suffices to show that L and L' coincide. Consider the subspace & of £(L'). By
Theorem 3.4.4, & is a root shadow space of a building of type A,. In particular, we can
construct the building A(E;) as in Theorem 5.2.14. By Lemma 5.2.6, we can assume that
red lines and blue lines of & are red lines and blue lines of &, respectively. In particular,
the collection of red lines in & going through a point in & is a subcollection of the red
lines in &€ going through the same point and blue lines of & are blue lines of €. This

allows for the projective space Pa(&;) to be embedded into the projective space Pa(E).

Then Pa(&;) can be viewed as a subspace of Pa(£). But Pa(€;) has the same rank as
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PA(E). By Lemma 4.1.4, we conclude that Px(E) = Pa(&;). Hence A(E) and A(E;) are
isomorphic buildings and thus £ = &;. But then L = (§) = (&) = L' as required. O
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APPENDIX A
CHAMBER SYSTEMS AND (GEOMETRIES

Throughout this chapter the set I'is {1,...,n}. A geometry I" over [ is a triple (V,~,7)
where V' is the set consisting of objects, ~ is a reflexive symmetric relation on V and 7 is a
surjective map from V to [ such that no two incident objects have the same image under
7. This map is called the type map. A flag is a subset of pairwise incident objects of V. In
particular, T restricted to a flag is injective. The type (cotype) and rank (corank) of a flag
Fist(F) (I\7(F))and |[7(F)| (| \ 7(F)|), respectively. Another property we require a
geometry to satisfy is that every maximal flag has type I and that every flag is contained
in a maximal flag. A flag of type I is called a chamber. The rank of I" is |I|. The residue
of a flag F' is the set of objects in V' \ F' that are incident to every object of F' and is
denoted by Resp(F). A geometry is residually connected if and only if every residue of
a flag of corank at least two and every residue of a flag of corank one are connected and
nonempty, respectively. In particular, if I" is a residually connected geometry of rank at
least two, then I is the residue of the empty flag and thus connected.

A chamber system A over I is a pair (C, {~;}er) such that is an edge-coloured graph
where C is a the set of vertices called chambers and = ~; y if and only if x and y are
joined by an edge labelled (or coloured) i. For a subset J C I, a residue of type J or
a J-residue is a connected component of the graph obtained from A by deleting all the
edges with labels i € I\ J. If J = {j}, then a J-residue is called a j-panel. For a J-residue
R, we say that R has rank |J|, cotype I \ J and corank |/ \ J|. Another property we
require a chamber to satisfy is that, for each ¢ € I, every i-panel is a complete graph. The
chamber system A is residually connected if, for every subset J of I and every collection of
cotype j residues R; one for each j € J with the property that any two have a nonempty
intersection, we have that N;ecsR; is a residue of type I\ J.

Proposition A.0.1 FEvery building is a residually connected chamber system.

Proof. Let J C I and for each j € J let R; be a collection of cotype j residues with
the property that any two have a nonempty intersection. We know that either Nj;c;R; is
empty or a residue of type I\ J. It suffices to show that it is nonempty. We do induction
on |J|. If |J|, then the result holds trivially. Suppose that |J| > 2. Choose j, € J and
set J' = J\ {jo}. Then, by the inductive hypothesis, R := Njc;R; is nonempty and
hence a residue. Let x € R, and, for each j € J', let x; = Projg, « and let ' = projgz.
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Since Rj, N R; is nonempty and R;, is convex, we have that z; € R, for each j € J"
By Lemma 1.3.7, for every y € R C R,;, z; is the unique chamber in R; such that
dist(z,y) = dist(z, z;) + dist(z;,y). However, 2’ € R C R; and, by the Lemma 1.3.7,
dist(z,y) = dist(z, 2") + dist(2', y). Hence by the uniqueness of x;, we have that 2’ = z;
for all j € J'. But then 2’ € R;, and thus 2’ € N,ec;R; as required. O

Let A = (C,{~i}icr) be a chamber system over a set [ = {1,...,n}.

Definition A.0.2 The flag geometry associated to A is the geometry Gm(A) = (V, ~,T)
where V' is the set of corank one residues of A, R ~ S if and only if R and S have a
nonempty intersection as sets of chambers of A and 7 is defined to be the cotype of such
a residue.

Note that if 7(S) = 7(T"), then R and S are both residues of cotype i and they are
incident if and only if they have a nonempty intersection, if and only if R = S. Thus 7 is
a well defined type-map. Let I" = (V,~, 7) be a geometry over I.

Definition A.0.3 The Chamber system associated to the geometry I is the chamber
system Ch(I") = (C,{~}ier) where C is the set of mazximal flags of I' and C ~; D if and
only if C" and D share a common flag of cotype i.

Proposition A.0.4 If A is residually connected, then Gm(A) is residually connected and
A = Ch(Gm(A)).

Proof. The first claim follows from Proposition 3.6.6. of [3]. Objects of Gm(A) are the
residues R; of cotype ¢ for all ¢ € I. We have that 7(R;) =i and R; ~ R; if and only if
R; N R; is nonempty. Chambers of Ch(Gm(A)) are the maximal flags {Ry, ..., R,} such
that R; N R; is nonempty for all 4,5 € I. As A is residually connected, N;crR; is a residue
of type I\ I, that is, N/ R; is a chamber. Two chambers {Ry, ..., R,} and {Si,...,S,}
are j-adjacent if R; = S; for all i # j and R; # S;. Let c be a chamber of A and let R;
be the unique residue of cotype i containing c. Then ¢ = N;e;R;. Define a map from A to
Ch(Gm(A)) by NierR; — {Ry, ..., R,}. This map is clearly bijective. Let ¢ = NR; and
d = NS; be two chambers in A. Then ¢ ~; d, if and only if the edge joining c and d lies in
each R; and S; for all i # j, if and only if R; = S; for all i # j (by the uniqueness of the
residue of cotype ¢ containing ¢) and R; # S;, if and only if {Ry,..., Ry} ~; {S1,..., 5}
as required. O
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APPENDIX B
IRREDUCIBLE ROOT SYSTEMS

At the end of Section 1.3 and 1.4 we stated classifications, by type, of spherical buildings
and root systems, respectively and each type was of the form X,. In this appendix
we construct the Dynkin diagrams and the corresponding irreducible root systems. The
constructions can be found in [2].

Root system of type A,

Let V =R and define the root system to be ® = {£(e; —¢;) |1 <i < j <n+1} and
let the simple roots be B = {a; = ¢; — ;41 | 1 <7 < n}. The Dynkin diagram of type A,
is

Root system of type B,
Let V = R" and define the root system to be ® = {+te; | 1 <i <n}U{te;te;|i<i<
Jj < n} and let the simple roots be B={a; =¢; —e;41 | 1 <i<n—1}U{a, =e,}. The
Dynkin diagram of type B, is

1 2 n—1 n

OO - - - —O=0

Root system of type C,

Let V' = R"™ and define the root system to be ® = {£2¢,; | 1 <i <n}U{xe;te; |i <
i < j <n} and let the simple roots be B ={a; =¢; —e;41 | 1 <i <n—1}U{a, = 2e,}.
The Dynkin diagram of type B, is
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O—0O—---—0—=0

Root system of type D,

Let V = R" and define the root system to be ® = {£e; £ ¢; | 1 <i < j <n} and let the
simple roots be B = {a; =€; —e;41 | 1 <i<n-—1}U{e,_1 +e,}. The Dynkin diagram
of type D, is

Root system of type Fjy
Let V = R® and define a root system as ® = {+e; £ ¢; | 1 <i < j <8} U X where

X = {% <Z(—1)”iei) ] Zvi is even } :

i=1

The simple roots are B = {ag = %(61 —I—eg)—%(€2+63+64+65+66+67),a2 =e1+ey, a3 =
€y — €1,y = €3 — €9,05 = €4 — €3, = €5 — €4, 07 = €5 — €5,08 = €7 — €5}. The Dynkin
diagram is

1

3 6 7 8
O—0O0—"=0

O—0O—=0

O o

Root system of type F~;

The vector space V spans a 7-dimensional subspace of R® and the root system is a subroot
system of E5. The root system of type E7 is @ = {xe;xe; | 1 <i < j <6}U{er—es}UX
where

6

6
1 , .
X = {j:§ < E (—1)%e; +er — eg> | ;:1 v; is odd } .

i=1

The simple roots are B = {a; | i € [1,7]} where «; is defined in the root system of type
FEs. The Dynkin diagram is
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Root system of type Ej

The vector space V spans a 6-dimensional subspace of R® and the root system is a subroot
system of Es. The root system of type Fg is ® = {£e; £e; |1 <i < j <5}UX where

6 6
1 . :
X:{j:§<§ (—1) 62'—1—67—68) |Z§1vi 1sodd}.

=1

The simple roots are B = {«; | i € [1,7]} where «; is defined in the root system of type
FEs. The Dynkin diagram is

5 5
1 _ .
X = {i§ <E (—1)%e; —eg — 67+68) | E v; 1S even }

i=1 i=1

The simple roots are B = {«; | i € [1,6]} were «; is defined in the root system of type
Eg. The Dynkin diagram is

1

3
O—0O0—=0

O o
O

Root system of type F}

Let V' = R* and define the root system as ® = {+e; | 1 <i <4}U{fe;te; |1 <i<j<
4} U{L(+es £ es - e3+eq)}. The simple roots are B = {a; = e — 3,00 = €3 — €4, 3 =

€4, 00y = %(61 — ey — e3 — e4)}. The Dynkin diagram of type F) is

Root system of type G5

The vector space V is a hyperplane of R? and the root system is ® = {4(e; —e,), +(e; —
es3), (es —e3), £(2e1 — ex — e3), =(—ey + 2e5 —e3), £(—eg — e + 2e3) }. The simple roots
are B = {a; = e; — ey, 090 = —2e;1 + €3 + e3}. The Dynkin diagram of type G5 is
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