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Abstract

This thesis extends the concept of compactifications of topological spaces to a setting
where spaces carry a partial order and maps are order-preserving. The main tool is a
Stone-type duality between the category of d-frames, which was developed by Jung and
Moshier, and bitopological spaces. We demonstrate that the same concept that underlies
d-frames can be used to do recover short proofs of well-known facts in domain theory. In
particular we treat the upper, lower and double powerdomain constructions in this way.
The classification of order-preserving compactifications follows ideas of B. Banaschew-
ski and M. Smyth. Unlike in the categories of spaces or locales, the lattice-theoretic
notion of normality plays a central role in this work. It is shown that every compactifica-
tion factors as a normalisation followed by the maximal compactification, the Stone-Cech
compactification. Sample applications are the Fell compactification and a stably compact

extension of algebraic domains.
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Chapter 0

Introduction and Motivation

Order theory pervades everyday life, through the order on natural numbers as a concept
of quantities as well as the order on the real numbers as a concept of the flow of time and
causality. Topological spaces are one of the two branches that real analysis, the study of
smooth real-valued functions, developed into at the beginning of the 20th century (the
other branch is measure spaces). Thanks to its generality, topology has found numerous
applications throughout mathematical sciences, theoretical computer science being no ex-
ception. Compactifications are, in a certain sense, ways of making a large space larger in
order to make it appear small. In this thesis we explore the tools necessary to extend the
theory of compactifications of topological spaces to a setting where spaces are ordered and

maps between them are order-preserving.

To be more precise about the line of thought in this thesis, we abstract the compactifi-
cation problem of ordered spaces to a more general setting. The techniques we employ are
borrowed from domain theory and locale theory. In the first abstraction step we replace
the two items of data, the topology and the order on the underlying set, by two new items
of data. The ordered topological space becomes a set with two topologies (a bitopological
space) where we think of the two collections as the opens that are downward and upward
closed opens in the given order, respectively. Thus the original problem becomes the com-
pactification problem for bitopological spaces. In the second abstraction step we move to
the localic setting and consider algebraic objects that are related to bitopological spaces
via a Stone-type duality. These algebraic objects we call d-frames. Once an appropriate
notion of compactification is formulated for d-frames, it becomes apparent that compact-
ifications are obtained by a familiar technique that is called round ideal completion in the
domain theory literature.

There are two recurring themes throughout this work: The first one is the use of
dualities, where we not only make use of Stone-type dualities between categories of spaces
and categories of algebraic objects, but also extensive use of self-dualities such as the
order-dual of partially ordered sets. The second theme is the decomposition of an order

relation on a single set into two more fundamental relations between a pair of sets.



In the following sections we motivate the topic and the tools of this thesis and review

where the techniques that we use originate from.

0.1 Organisation of this document

0.1.1 What is where

The remaining sections of this chapter are not meant to serve as a comprehensive introduc-
tion. Instead, the reader may refer to the more detailed introductions at the beginning of
each chapter. The notes concluding each chapter contain historical notes, references, list
the author’s contributions and hint at open problems and ongoing work. The appendix
lists definitions and known facts about the various structures we intend to present in
Chapters 1, 2 and 3. It is best consulted as supplementary reference from within the main
chapters. In order to aid the reader in coping with the idiosyncrasies of this thesis, lists

of symbols (page 199) and an index (page 208) are provided.

0.1.2 What it is built on

Our methods rely heavily on techniques that were developed around continuous lattices
and domains, the core of which is now gathered in the Compendium [22]. In one way or
another, practically every result in this thesis can be considered as a contribution to domain
theory. As reference on bitopology, Nachbin’s monograph [45] or Kopperman’s paper [38]
may be used, although our point-free approach has much in common with the biframes
that Banaschewski and others [6] have developed. The very definition of the structure we
employ, d-frames, is due to Jung and Moshier, and their technical report [33] may serve
the reader as additional reference. Special cases of order-preserving compactifications
have been considered in the domain-theoretic community, instances are [50, 26, 28, 23]. In
domain theory, round ideal completions have been a tool since the early stages, see [17, 49,
23, 48, 1, 60]. It has also been known for long that round ideal completions are intimately
related to compactifications, a fact that we shall exploit in Chapter 4. We assume a modest
amount of category theory as a prerequisite for reading this thesis, however, not much more
than functors, adjunctions and monads are used here. In the appendix, these notions can
be seen instantiated on partially ordered sets. One of the standard references for category
theory is [43]. Another important tool we use is Stone duality, originally conceived by
M. H. Stone [51, 52] and developed further by Isbell, Priestley [46], Johstone [30] and
many others. Stone duality allows one to switch between the spatial/geometric and the
logical/algebraic point of view. D-frames are Stone duals of bitopological spaces and, as

discussed in Section 3.1, have some advantages over biframes.



0.1 Organisation of this document

0.1.3 What is new

Chapter 1 recovers well-knownand not-so-well-known facts about domains (see Subsec-
tion 6.1.7) in a novel way. It can be seen as combining the presentation of a domain
by abstract bases with the presentation by information systems (see Section 6.2). Our
approach is tuned so that (1) proofs can be done in a natural deduction style and never
involve infinite operations, (2) dualities are built into the structures rather explicitly, and
therefore (3) switching from one point of view to the dual is effortless. Each of the first
few sections of Chapter 1 comes equipped with a minimal set of axioms necessary to char-
acterise an associated subcategory of domains. Although our morphisms are slightly more
complicated to work with than the morphisms between information systems, we retain
all the advantages. For instance, the duality functors such as Stone duality or Lawson
duality leave the data that describes a morphism invariant, only reverses its direction. At
the same time, Chapter 1 lays the conceptual foundations for the subsequent chapters, and
indeed in Section 2.4 we meet a proper subcategory of the category explored in Chapter 1.
While the results of Chapters 2, 3 and 4 are mostly independent of those in Chapter 1,
the proofs share the same techniques.

Chapter 2 mainly builds up auxiliary results for Chapter 3, but the structures consid-
ered there do not appear in other published work except [36] and are interesting in their
own right. A particular aspect worth mentioning is a seemingly innocent generalisation of
normal lattices which behaves rather differently in this work.

In Chapter 3 we present the concrete Stone duality for bitopological spaces that was
developed by Jung and Moshier. We demonstrate that said Stone duality completes the
three categories Top, Frm and BiTop to a commutative square of (dual) adjunctions. Other
novel results involve a bitopological analogue of the Heyting negation of frames and some
useful facts about regularity.

Chapter 4 sets out with a bitopological version of completely regular frames, that we
derive from the analogous concepts for locales and bitopological spaces in a straightfor-
ward manner. Once a notion of point-free bitopological compactification is agreed upon,
we prove a classification theorem very much like the ones known for spaces or locales.
Surprisingly, the compactifications of the structures that we consider all admit a certain
factorisation, which is not known of spaces or locales.

Compared to the journal paper [36], the definition of proximity ([36, Definition 13] vs.
Definition 4.3.1) is simplified, and Chapter 1 as well as the applications in Section 4.5 are

new. Some of the notation was unified, compare [36, Lemma 3] against Lemma 2.3.6.

0.1.4 How to read this document

The reader interested in compactifications alone may first read the introduction of Chap-
ter 4 to get an overview of the previously existing techniques, and then start with Chap-

ter 2. The Stone duality-minded person may find the introduction to Chapter 3 a good



entry point, although numerous references to Chapter 2 are made in Chapter 3. The do-
main theorist and computer scientist may enjoy Chapter 1, where we provide new proofs
involving Stone duality, Lawson duality and the Smyth, Hoare and double power construc-

tions.

0.2 Why compactness?

Historically, the archetype of a compact space is a closed bounded interval in the real line.
The Heine-Borel Theorem states that whenever such an interval is covered by a collection
of open intervals then there exists a finite sub-collection of open intervals that still cover
the closed interval. This theorem has many useful consequences. To list a few, any real-
valued function on such a closed bounded interval is uniformly continuous and attains its
infimum and supremum. The latter property is a consequence of the general fact that the
image of a compact set under a continuous map is again compact. Compactness is also
used in more involved constructions in analysis: Holomorphic functions defined on a subset
of the complex plane are extended analytically along paths, that are continuous images of
the unit interval. Again the Heine-Borel covering property is of central importance here.
One approach to Lebesgue integration is via real-valued functions with compact support.
Such a function is constant zero outside a compact subset. This approach works because
the real line is locally compact, whence any real-valued function can be approximated by
functions with compact support.

The Heine-Borel property can easily be generalised to arbitrary topological spaces by
declaring a space to be compact if any covering of the space by open sets has a finite
sub-cover.

In a wide variety of cases compactness is just as good as being finite (we make this more
precise below). In a suitable setting one can show that (1) the intersection of compactly
many open sets is open!, and more generally, (2) the point-wise infimum of compactly
many continuous functions is continuous?.

In computer science compact spaces enter the scene via denotational semantics. Do-
main theory gives a model of functional programming languages such as the lambda cal-
culus and PCF that associates each data type with an ordered topological space. The
topology is a redundant bit of information since it is determined by the order alone. How-
ever, the denotation of a program term yields a continuous order-preserving map between
the denotations of its source and target type. This fact is exploited when proving that a
certain mathematical function between denotations can not arise as the denotation of a
program. For example, the naive approach to exact real number computation via infinite

sequences of binary digits is flawed, because even addition of two real numbers is not a

I There is a paper by Escardé with that name, submitted for publication.
2This holds for a collection of continuous functions X — L where X is exponentiable and L is a
continuous lattice.



0.8 Why bitopology?

continuous operation on the denotational model.

As Martin Escardé phrased it once, the compact spaces are those spaces which continu-
ous functions defined on them believe to be finite. This has rather surprising consequences.
Given a suitable representation of a compact set? as a subset of a data type, one can search
it in finite time, even if the compact subset is infinite. What this means is that for any
continuous predicate on the data type (i.e. a boolean-valued function), it can be decided
in finite time whether the predicate is true for every element of the compact subset. One
says that the compact subsets admit continuous universal quantification. If we disregard
for a moment that not every continuous function between types is computable, then the
Hofmann-Mislove Theorem states that the compact subspaces are precisely the ones that
admit continuous universal quantification.

If a continuous function f : X — Y is defined on a non-compact space where Y is
compact, then one is interested in the compactification problem, that is to embed the
space X into a compact space SX (called a compactification of X) such that f can be
uniquely extended to a continuous map Sf : X — Y. Classically one requires X to be
compact Hausdorff, whence X itself must be Hausdorff as well. In that case uniqueness
of Bf can be achieved by requiring X to be dense as a subspace of 5X. By dropping the
requirement that the map X — X must be a topological embedding one obtains a more
general notion of compactification.

An instance which has naturally attracted much attention is the compactifications of
the real line. It admits a smallest compactification, the Alexandrov compactification. The
real line is homeomorphic to the open unit interval (0,1) which embeds densely into the

2t A largest compactification always exists and its construction

unit circle St via t — e
is due to Stone and Cech, who independently published it in 1937. The Stone-Cech
compactification is functorial and in fact provides the left adjoint to the inclusion functor
from compact Hausdorff spaces to topological spaces.

In case of the real line there is a third compactification that appears to be rather
natural. One amends the real line by two points at infinity (say —oo and oo) and thus
obtains the extended real line [—oo, oo] which is homeomorphic to the closed unit interval.
This thesis is partly motivated by the question as to what extent this compactification is

canonical.

0.3 Why bitopology?

A typical example of a bitopological space in disguise is the real line. Endowed with the
Euclidean topology it is an ordered topological space where the usual order < is a closed
subset of the product space R x R. It is a topological group where addition is continuous
and order-preserving in each argument. For any ordered set the collections of upper- or

lower closed subsets are closed under arbitrary unions and intersections. It follows that

$Escardé [20] uses selection functions (X — 2) — X



the upper- or lower closed open subsets of an ordered topological space each form another
topology that is coarser than the original one. On the real line the two topologies thus con-
structed are known as the topology of lower- and upper semicontinuity. Addition is both
upper- and lower semicontinuous in each argument, which captures monotonicity. Nega-
tion, however, is neither upper- nor lower semicontinuous because it reverses the order.
Thus it must be understood as a map from the reals with the topology of upper semiconti-
nuity to the reals with the topology of lower semicontinuity (or the other way around). In
fact negation provides a homeomorphism between these two topological spaces. Observe
that the order can be recovered from the topology alone as the specialisation order of the
topology of lower semicontinuity. Another fact about the reals that is not true for arbi-
trary ordered topological spaces is that the Euclidean topology is the coarsest topology
that contains both topologies of semicontinuity. This is why bitopological constructions

are often not identified as such.

Moving from the Euclidean reals to the reals with the topology of lower semicontinuity
can be understood as an act of symmetry breaking. It is a well-known fact that in every
Hausdorff space compact subsets are closed. If the Hausdorff space is itself compact, then
the dual statement is also true: Every closed subset is compact, resulting in the concepts of
“closed” and “compact” being identical. For an asymmetric version of compact Hausdorff
spaces one considers sets with two topologies where the closed subsets with respect to
the first topology are precisely the compact saturated subsets with respect to the other

topology. In that situation one says that the concepts of “closed” and “compact” are dual.

The class of asymmetric topological spaces with the self-duality described above is the
class of stably compact spaces. These include many important instances, such as the real
unit interval with the topology of lower semicontinuity, the coherent spaces that Stone
used in his representation theorem for bounded distributive lattices as well as virtually
every class of domains that are relevant to semantics of programming languages. Many
theorems about compact Hausdorff spaces can be generalised to stably compact spaces.
For example, there is a well-established theory of power constructions including the proba-
bilistic powerspace. The Vietoris powerspace (a compact Hausdorff topology on the set of
closed subsets of a compact Hausdorff space) can be generalised in two ways, considering

either the closed or the compact subsets of a stably compact space.

A (not entirely) different reason for considering bitopological spaces is the question how
to represent contradicting or incomplete knowledge in logic. Vickers [59] gives an account
of how a logic where the law of excluded middle fails leads to topological spaces (or rather
locales). Similarly, Jung and Moshier motivate d-frames via Belnap’s four-valued logic [10],

a logic where a statement can be true and false at the same time.



0.4 Why interaction algebras?

0.4 Why interaction algebras?

Interaction algebras arose initially as an abstraction of normal d-lattices which we intro-
duce in Section 2.4. In particular the question was: What is the most liberal kind of
morphism that gives rise to a continuous map between stably compact spaces? Various
related answers were given by Jung, Stinderhauf and Jung, Kegelmann and Moshier in
the form of algebras that carry the signature of bounded distributive lattices and certain
relations between them. In each approach, an element of the bounded distributive lattice
can be interpreted either as a basic open set or a basic compact set of the stably compact
space. This dual interpretation reflects the self-dual nature of the category of stably com-
pact spaces. However, in order to make the self-duality more tangible and the translation
from spaces to algebraic structures more direct, one may choose to keep the opens and
the compact sets separate, resulting in a structure where two bounded distributive lattices
interact via relations; hence the name “interaction algebras”.

Another — and in the author’s opinion more compelling — reason for interaction alge-
bras is the way in which the internal structure of a stably compact topology is represented.
Apart from unions and intersections of open sets the key ingredient is the way-below re-
lation between open sets that is witnessed by compact sets. Effectively the way-below
relation is broken down into a composition of two more fundamental relations between
opens and compact sets. These fundamental relations are hidden in the previous ap-
proaches because opens and compacts were indistinguishable. Once one knows what to
look for, a multitude of order relations used in mathematics are witnessed relations in the
sense that they can be decomposed into two other relations. In fact the original definition

of way-below relation on a domain that was given by Dana Scott is of this form.



Chapter 1
Interaction algebras

This chapter serves two purposes. It provides a supercategory for categories we define in
Chapters 2 and 3. At the same time, it presents the synthesis of Abramsky and Jung’s
abstract bases, which are identical to Smyth’s concept of R-structures, and Vickers’ infor-
mation systems. Both concepts have the purpose of specifying a domain without having
to define all of its elements. Let us call the elements of an abstract basis or an informa-
tion system “tokens”. While every token of an abstract basis gives rise to an element of
the domain presented, there is no such assignment for tokens of an information system.
Instead, every token yields a Scott open set of the presented domain. This reflects the

localic viewpoint of information systems.

One advantage, and historically possibly the main reason for considering abstract bases
at all, is a reduction in cardinality. For instance, the algebraic domains in the standard
Scott model of PCF can be of uncountable cardinality, but they all have a countable basis
of compact elements. Likewise, a topological space might have an uncountable lattice of
open sets, but it could still have a countable basis. This is the case for the Euclidean

topology on the real numbers, to mention just one important example.

Knowing the action of a continuous map on a set of basic elements is enough to deter-
mine its action on arbitrary elements. However, once one has chosen bases for presenting
two domains, most continuous maps between the two structures will fail to map basic
elements to basic elements. Thus one is forced to consider relations between the bases.
When working with abstract bases, the fundamental question one asks about a contin-
uous map f : D — FEis: Is y way below f(x)? The answer is recorded in a relation
between tokens. One says that x is related to y whenever y < f(z). The approach for
information systems is quite similar. Here, the question one asks about a continuous map
is: When is the Scott open V completely below f~1(U)? A basic open V is related to a
basic open U whenever V << f~}(U). Why do these relations contain all information
about the map f? Any element of the domain D is the directed join of tokens from the
abstract basis, and f preserves this directed join. Therefore, f(x) equals the join of the

set {f(a')|2" is a token way below 2}. Now the elements f(z') might themselves not be



tokens, but our relation knows all tokens y that are way below f(z’). Then f(z) equals
the join of the set {y|y is a token related to some token 2/ < x}. The same idea applies
to information systems.

We wish to combine the two approaches and use the best of both. The main idea
becomes clear when we formulate the fundamental question to ask about a continuous
map f: When is f(x) contained in the Scott open U ¢ Observe that one could equivalently
formulate the question as When is x contained in the preimage f~'(U)? It is obvious
how to fit abstract bases into this scheme: Let x range over all tokens of the abstract
basis, and let U range over all Scott open sets of the form fy. With information systems,
the situation is slightly less obvious. The completely-below relation on Scott open sets is
witnessed by elements of the domain as follows (see Proposition 6.1.20). U’ is completely
below U precisely when there exists an element z € U which is a lower bound of U’.
Therefore V is completely below f~1(U) precisely when there exists a lower bound x of V
which is an element of f~!(U). We have taken up the thread which will guide us through

this work:
A relation between two entities is witnessed by a third.

When dealing with interpolative relations, such as the way-below relation between
elements of a domain, or the completely-below relation between elements of a completely
distributive lattice, the witness can always be chosen of the same kind. Indeed, the
interpolation property states that x < y precisely when there exists a z with z < z < y.
But suppose we want more freedom in what kind of witness we choose. For example,
a more natural characterisation of the way-below relation (and in fact this was Scott’s
original definition) is that z is way below y if there exists a Scott open set U such that z is
a lower bound of U and y is an element of U. Now the way-below relation is decomposed
into two other relations, the is-a-lower-bound-of relation and the is-an-element-of relation
between points and Scott opens. The interpolation property of the way-below relation is
now hidden in the relationship between y and U. Indeed, for a domain it is true that
y € U precisely when there exists an element 3’ of U and another Scott open U’ such that
y is an element of U’, the open U’ has 13/ as a lower bound and ¢’ is an element of U.

Let us collect the situation in a picture. For a domain D, denote its Scott topology
by oD. For the sake of neutrality, we write U ©x whenever z is an element of U. Likewise,
we write 2><U whenever z is a lower bound of U. Thus we obtain the following diagram

of relations?.

If we forget for a moment that the two sets in the diagram are just two sides of the same

Think of D as the domain of open upper rays on the real line and oD as being represented by open
lower rays. The idea behind the symbols is that < represents two overlapping open intervals —==— and
= represents disjoint intervals ——e—.



1 Interaction algebras

medal, then all we have is a pair of sets interacting via two relations, thus our name
interaction algebra. We write composition of relations as “;” and from left to right. With
this, the way-below relation on D is recovered as ><; <. The interpolation property of <,
as explained above, is now a consequence of an interpolative law for the relation <: it

reads © = <;><;<o. Indeed, using this law we can deduce
L= XO = oo =KL,

But the diagram tells us even more. The composition ©; =< is a relation on oD, and by
now it is an old friend: U<;—=U’ precisely when U’ is completely below U. Now the
same property of © that allowed us to deduce the interpolation property of the way-
below relation on D allows us to deduce the interpolation property for the completely-
below relation on oD. The author believes that the interpolative law for < is the more

fundamental one.

Bearing in mind our basic questions about a continuous map, it is readily seen that the
identity function is represented by the relation <. This suggests that if we wish to turn
our construction into a category, we should make the relation © the identity morphism of
an object. But what would composition of morphisms look like? Again, the interpolative
law contains the answer. Recall that the identity morphisms of objects X and Y have to
satisfy idy o f = f oidx for any morphism f : X — Y. In particular idx = idx oidx.
The latter equation is exactly what the interpolative law for © provides. Let us make this
precise. Suppose X oy 9 .7 are continuous maps of domains. When is (go f)(z) in
a Scott open U € 0Z? Note that g(f(x)) € U precisely when f(x) € ¢g71(U). We claim
that g(f(z)) € U is equivalent to the assertion that U<g(y), y><V and Vo f(z) for some
y €Y and V € oY. Indeed, if the assertion is true, then because of y € ¢g=!(U) we must
have f(z) € g71(U) and so g(f(z)) € U. Conversely, if f(z) € g*(U) then we can find
some y € g~ H(U) with y < f(z). Now a witness V for the relation y < f(z) yields what
we desired. As we have demonstrated, the relation < plays a role in the composition of two
functions. Let URyy whenever g(y) € U and V Ryx whenever f(x) € V. Then the relation
Rgor is the composition Ry;~=; Ry. With this it becomes clear that the interpolative law
for the relation © : 0 X — X says nothing but idy = idx oidx, and that a relation Ry
derived from a continuous function f must satisfy Ry = <;>=<; Ry;~=; <. The diagram

below is an illustration of how composition works.

)
N
X

N
N

EIREY
y v

oY =Y Y
5 |1

oX =X X
=



Role of tokens Fundamental question about functions

Information system

Basic Scott open set Is V completely below f~1(U)?

Abstract basis

Basic point of the domain Is y way below f(x)?

Interaction algebra

Token: basic point; Is f(z) an element of the Scott open U?

Witness: basic Scott open set

Table 1.1: Presenting domains and their continuous functions

It should be mentioned that the direction of the arrows < and =< is chosen somewhat
arbitrary and forces the assignment f — Ry to be contravariant. We find it convenient
nevertheless because we can write the way-below relation as ><; <. Table 1.1 compares
the three concepts we encountered above.

Even without the interpolative law, the idea of decomposing an order relation into two
other relations is by no means limited to domain theory. There are numerous examples

from topology and algebra. We list a few.

e For opens U’ and U of a topological space, say that U’ is well inside U and write
U’ <« U if the closure of U’ is contained in U. This relation has a canonical witness,
namely the closure of U’. But we can express the fact that U’ is well inside U more
neutrally by saying that there exists another open V such that U’ NV is empty and
V U U is the entire space. Here the relation < is decomposed into the is-disjoint-
from (“consistency”, con) and the covers-the-space relation (“totality”, tot) between
opens. Observe that the separation axiom regularity is equivalent to requiring every
open U being the union of all the opens well inside it. Moreover, the separation

axiom normality is equivalent to the interpolative law tot = tot; con;tot.

e For opens U’ and U of a topological space, say that U’ is really inside U and write
U’ 2 U whenever there exists a continuous function f into the unit interval separat-
ing them, meaning that f is constant 0 on U’ and constant 1 outside U. Here the
witnesses are bounded real-valued functions and the relation is broken down into
U'n f~10,1] = 0 and f~'[0,1) € U. The separation axiom complete reqularity is

11



1 Interaction algebras

equivalent to requiring that every open is the union of all opens really inside it. The

really-inside relation is interpolative for all spaces.

e [f one restricts < using only witnesses which are simultaneously open and closed,
then the concept of zero-dimensionality amounts to the assertion that every open is

the union of opens below it in this sense.

e A continuum is a compact, connected metrizable space. For opens U’ and U of a
topological space write U’ < U whenever U’ C C' C U for some subcontinuum of the
space. The assertion that every open U is the union of all the opens U’ with U’ < U
is known as connectedness im Kleinen. Evidently < is stronger than the way-below
relation between opens, whence every space which is connected im Kleinen is locally

compact.

e If L is a bounded lattice, consider relations between the set Filt L of filters of L and
the set Idl L of ideals of L. One says Filt L > F' < I € Idl L whenever the filter
I intersects the ideal I, and I < F' whenever all elements of the ideal I are lower
bounds of the filter F'. This defines a structure known as the intermediary structure
of the lattice L, the MacNeille completion of which is the canonical extension of the
lattice L.

1.1 Interaction algebras for completely distributive frames

Our main goal is to treat domain theory the way we proposed in the introduction above.
But it turns out that it is convenient to examine interaction algebras for completely dis-
tributive frames first. This section provides the backbone category of this chapter and
“Stage 0” in our hierarchy of continuous posets. Many results proved in this section can
be specialised or extended in subsequent sections. Be warned that from Section 1.2 on we
change the semantics of interaction algebras (round ideals vs. round lower sets). There-
fore, moving from Section 1.1 to Section 1.2 does not mean restricting to more special
structures on the semantic side.

Completely distributive frames have every feature one needs for an interaction algebra

(see subsection 6.1.10 of the Appendix):

e There is an interpolative auxiliary relation which is of central importance to the

structure, namely the completely-below relation <.

e Any completely distributive frame is order-isomorphic to the set of round lower sets
with respect to <.

e For every completely distributive frame, the auxiliary relation <& is witnessed by

another lattice, namely its order dual.

12



1.1 Interaction algebras for completely distributive frames

e There is a well-behaved self-duality (—)® on completely distributive frames which

transforms tokens into witnesses and vice versa.

Recall that completely prime upper sets of a complete lattice L are defined using the

structure map of the lattice: U C L is completely prime if
\/SeUeSnU £

for any lower set S. If x is a lower bound for such a set U and y is an element of it, then x
is completely below y. Indeed, if S is a lower set with y <\/ S then in particular \/ S € U
whence S NU # (). Then z —being a lower bound for U— must be below some element of
S, and since S is a lower set, it must contain x. Completely distributive frames have the
property that the converse also holds: If © <« y then there exists some completely prime
upper set U which contains y and has x as a lower bound.

Although the lattice of completely prime upper sets is order-isomorphic to the order
dual of a complete lattice (every completely prime upper set of a complete lattice L is of
the form L\ Jx for some x € L), keeping the viewpoint of subsets is sometimes convenient.
In many aspects the completely prime upper sets provide the functionality for completely
distributive frames that we assigned to the Scott open sets of a domain. Analogous
to the way outlined in the introduction for the way-below relation, we decompose the
completely-below relation into two relations. Write L™ for the completely prime upper

sets of a completely distributive frame L, ordered by inclusion. Consider the structure
N L (1.1)

where, just as for domains, the relation < is the contains-relation between upper sets and
points, and = is the lower-bound-of-relation between points and upper sets. Armed with
this intuition about information systems for completely distributive frames, we embark

upon the axiomatic approach.

Definition 1.1.1. An interaction algebra consists of two sets Ly and L_ which we call
tokens and witnesses, respectively. These interact by two relations © : L — Ly and
>~ : Ly — L_ where the former satisfies the interpolative law © = <oj=<;o. A
morphism between interaction algebras (L_, Ly,>~=,<) and (M_, M, =, <) is a relation
R: L_ — M, which satisfies R = <;><; R;>=<; <. The composition of two morphisms is
defined as R3S := R;><;S and the identity morphism on every object is ©. Emphasising
the role of the token set, the category of interaction algebras is denoted by Tokg. With
later refinements in mind, interaction algebras are also called Stage 0 interaction algebras

and their morphisms Stage 0 morphisms.

Notation. We usually denote interaction algebras with upper case script letters, e.g. L,

M,. .. The set of tokens and witnesses are then denoted by the same letter in standard

13



1 Interaction algebras

typeface. For example, the interaction algebra £ has components (L_, Ly, >=<,<). Wit-
nesses are usually given lower case Greek letters, e.g. ¢, 1,...and tokens lower case Roman

letters.

1.1.1 Basic facts and constructions
Self-duality of interaction algebras

Probably the first observation that strikes the reader is that there is no apparent difference
between the witnesses and the tokens, apart from the fact that we write the former set
with a negative subscript and the latter with a positive subscript. Moreover, as both
the internal structure and the morphisms are relations, one might just as well reverse all
arrows and obtain the same kind of structure. If we start with the depiction of a morphism
as on the left in the diagram below, then reversal of the arrows makes the relation R now
have type M — L_. The only way to make this a morphism again is to swap the roles

of tokens and witnesses, that is, to flip the entire diagram at the vertical axis.

< <
L. _~"Ly L, _ "L (1.2)
/M
R
M_"ST M, M, S M_
~€~;-<—’ 'ﬁ‘-—;(-/

Clearly now the diagram on the right represents another morphism between interaction

algebras. We arrive at

Proposition 1.1.1. There is a contravariant functor Flip : Tokg — Tokg which takes

1

an interaction algebra (L_, Ly, ~,<) to (Lo, L_,~"1, <71) and a morphism R to R™*.

The category Tokg is self-dual, as Flip o Flip s the identity functor.
The functor Flip will save us some work below because for many constructions on

interaction algebras there are four possible definitions. The involution Flip usually reduces

the possibilities to two.

Orders on tokens and witnesses

With information systems in mind, one can re-assemble the internal structure < and <
of an interaction algebra into a binary relation ><; < on tokens. On the witnesses one can

do the same: The composition ©; > is a binary relation on witnesses.

Definition 1.1.2. For any interaction algebra, we write < for the composition ;< and
call this the auziliary order on tokens. Likewise, we abbreviate the composite ©; = by >

and call its relational inverse the auziliary order on witnesses.

As the symbol < suggests, we understand this relation as a sort of less-than-relation,

whereas > is to be understood as a greater-than-relation.

14



1.1 Interaction algebras for completely distributive frames

Warning! Deviating from standard notation of order theory, the relation > is not
just the relational inverse of <. The convention of writing Greek symbols for witnesses
and Roman symbols for tokens should help to avoid confusion. One nice feature about
interaction algebras is that in fact one is never forced to turn one of those relations around,
and proofs can be written rather elegantly keeping the order on witnesses in the greater-
than-style.

We record a few easy observations.

Lemma 1.1.2. For any interaction algebra, the relations = and < are idempotent. Hence
both (L_,>) and (L4, <) are information systems. The interpolative law for the relation
< can be written as © = ©;<=>;<. A relation R : L_ — My between witnesses and
tokens of two interaction algebras is a Stage 0 morphism precisely when =; R; <= R.
Moreover, any relation R: L_ — M, can be turned into a morphism by the idempotent

operation R — (>=; R; <).

It should be noted that apart from being transitive, the relations > and < have little
in common with partial orders, for they are neither reflexive nor antisymmetric in general.
This can be turned into one of the strengths of the information system approach: One can
present a domain using a convenient set of (possibly redundant) tokens and the relation
> collapses several tokens into the same basic Scott open set.

The involution Flip of Proposition 1.1.1 is, as far as the order on tokens and witnesses

is concerned, an order-preserving operation.

Lemma 1.1.3. Let L be an interaction algebra, ¢ = b be witnesses and a < b be tokens.
Then in the interaction algebra Flip L the witnesses a and b are related by b = a and the
tokens ¢ and v are related by ¥ < ¢.

Proof. We have a < b in L iff a—~; ©b which is equivalent to b(="1); (="!)a. Recall that

(=71); (=71) is the relation = on the witnesses of Flip £. A similar argument applies to
¢ and ). O

When presented with a preorder, one natural question to ask is what its upper and
lower sets are. Given a preorder (P, <), one calls a subset U C P an uppersetif U 5 u < x
implies x € U. Although the relations < and > are technically not preorders, we want a

suggestive notation for upper and lower sets.

Notation. For any subset U C Ly of tokens of an interaction algebra, we write TU for
the upper closure of the set U with respect to <, meaning that a €U if there exists some
u € U with u < a. Dually, the lower closure of [U is the set of tokens a for which a < u
for some u € U. Likewise, one writes T® for the set of witnesses ¢ with ¢ >~ ¢ for some
¢ € ® and calls this set the upper closure of the witness set ®. The lower closure of a set

of witnesses is defined accordingly. Upper and lower closures of singletons are abbreviated

as T{a} =ta etc.

15



1 Interaction algebras

The reader should be aware that the upper and lower closure are not a closure operators
in the strict sense, because for example the upper closure 1{a} does not contain a unless
the token satisfies a < a. However, upper and lower closure are idempotent operations
because the relations < and > are idempotent. For the same reason every closed set TU
or LU is round in the sense of Definition 1.1.3 below. More results on upper and lower

closed sets are gathered in Proposition 1.1.5.

Definition 1.1.3. Let X be a set with with a transitive binary relation <. We call a
subset U C X a round upper set with respect to < if it satisfies

reUsduelU.u<uw.

The collection of round upper sets of X, ordered by inclusion, is denoted by Up< X.
Dually, a subset U C X is called a round lower set with respect to < if

reUsJuel.x<u

holds. The collection of round lower sets of X, ordered by inclusion, is denoted by Lo< X.

One checks that both Up< X and Lo< X are complete lattices, where joins are com-

puted as set union (in particular, the empty set is both round lower and round upper).

Remark. Consider subsets of X as binary relations U C X x {*} Then, in the language of
relational composition, the round lower sets of X are those morphisms U : X — {*} of Rel
which satisfy <;U = U. Dually, if one regards subsets of X as morphisms U : {x} — X
in Rel then round upper sets are those which satisfy U = U; <. The interaction algebra

version of this observation is the content of Proposition 1.1.5.

So far we have not specified any requirements on the size of the relations © and ~<. In
fact, even the empty relation between witnesses and tokens satisfies the interpolative law.
But it should be obvious that the fewer tokens and witnesses are related by >~ and <, the
more uninteresting the interaction algebra becomes. As it turns out, any token or witness

which is not “bounded above” by some other element can be considered as superfluous.

Definition 1.1.4. We call a token a of an interaction algebra bounded if there exists
another token b with a < b. Likewise, a witness ¢ is called bounded if ¢ > ¢ for some
witness . The tokens and witnesses which are bounded by themselves, i.e. a < a or

¢ = ¢, are called compact.

Proposition 1.1.4. If L = (L_,Ly,~,<) is an interaction algebra, let L_ and Ly
denote its bounded witnesses and tokens. With the relations restricted accordingly, the

tuple (L_, Ly, =, <) is an interaction algebra which is isomorphic to L.

Proof. The interpolative law for © implies that ¢<a if and only if there are bounded 1)
and b such that ¢ = 1»<b < a. Let R be the restriction of © to L_ x L, and S the
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1.1 Interaction algebras for completely distributive frames

({1},1)
/©\ o .
[ ] [ ]
({1},0) \ / v -~

® (9,0) . . .
Figure 1.2: The interaction alge-

Figure 1.1: The interaction alge- bra 1 with only one witness and
bra of the lattice 2 = {0,1} pic- one token. It is the bounded part
of the interaction algebra depicted

in Figure 1.1.

tured as the product of witnesses
and tokens. A bullet e is a pair re-
lated by =< and a circled element
is a pair related by <.

restriction of © to L_ x L. Then it is easy to see that both R and S are morphisms and
R:S=SsR=c. O

Example 1. Consider the two-chain 2 = {0, 1} which is obviously a completely distribu-
tive frame where 1 <« 1. It has two completely prime upper sets, namely () and {1}. This
yields the interaction algebra depicted in Figure 1.1. The sets of tokens and witnesses
have only one bounded member each, which happens to be compact: 1><{1}<=1. By the
previous proposition, this interaction algebra is isomorphic to the interaction algebra com-
prising only one witness and one token where the relations >< and © are maximal. We

call this reduced interaction algebra 1, write its token as * and its witness as .

1.1.2 Duality for interaction algebras

Interaction algebras are no good if we do not know what they represent. In the following
we develop a contravariant duality between the categories Tokg and CDFrm. The style of
presentation has the flavour of a Stone-type duality. This means that each contravariant

functor is presented using a dualising object.

Round upper and round lower sets

In the category Rel of sets and relations, the set of morphisms between any two sets is
a complete lattice when ordered by inclusion. Furthermore, composition of relations is
monotone and preserves arbitrary unions. The same applies to the category Toky and
the composition §. Indeed, the only non-trivial fact to check is that the union of a set of
Stage 0 morphisms is again a Stage 0 morphism. Suppose R is a subset of Toko(L, M).
We have ¢ (|JR) a if and only if ¢Ra for some R € R. If ) = ¢ and a < b then because
R is a morphism we also have ©)Rb and thereby ¢ (| J9R)b. Further, ¢Ra implies that
¢ = ORc < a for some 0 and c. This shows that [ JR is a Stage 0 morphism.

Proposition 1.1.5. Let L be an interaction algebra and 1 be the interaction algebra with

token set {x} and witness set {p} as depicted in Figure 1.2.
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1. There is an order-isomorphism between the lattice of round upper sets of tokens (sets

satisfying U =1TU ) and the complete lattice of morphisms 1 — L.

2. There is an order-isomorphism between the round upper sets of witnesses (sets sat-

isfying ® = 1® ) and the complete lattice of morphisms L — 1.

3. Both the complete lattices Tokg(1, L) and Toko(L,1) are completely distributive fra-
mes, with U completely below V if and only if there exists an element of V' which is

a lower bound for U.

Proof. (1) If R:1 — L is a Stage 0 morphism then the set U = {a € Ly | pRa} is easily
seen to be a round upper set with respect to < because of R = R; <. Conversely, any
round upper set U generates a morphism R : 1 — £ via ¢Ra < a € U. Clearly the two
constructions are mutually inverse and preserve the inclusion order. One proves (2) by

applying the contravariant functor Flip to the situation of (1).

(3) Follows from (1) and (2) and the fact that U = (J,cy; Tu holds for any round
upper set. ]

The proposition tells us that there are two ways of extracting a completely distribu-
tive frame from an interaction algebra. In fact, “general categorical nonsense” tells us
even more: The assignment £ — Up~™ L, which is presented as Tokg(1, —) is covariantly
functorial, where the action of the functor on morphisms is just post-composition with the

morphism:

Dually, the construction presented as Toko(—, 1) is contravariantly functorial where the
action on morphisms is pre-composition. Since we know that composition of relations
preserves all unions, the functors transform Stage 0 morphisms to join-preserving maps
between completely distributive frames. But which functor is the one we are after, the
functor that extends to the duality with CDFrm? Consider again the interaction algebra
(1.1) we constructed from a completely distributive frame L. We know that L is isomorphic
to the round lower sets of L with respect to the completely-below relation. This seems to
match none of the functors above. To see that the contravariant functor Tokg(—, 1) is the
one we want, we invoke a lemma which is so useful for the rest of this chapter that we

dare call it the Fundamental Lemma of interaction algebras.

Lemma 1.1.6 (The Fundamental Lemma of interaction algebras). For any interaction

algebra, the complete lattice of round lower sets of tokens is order-isomorphic to the
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1.1 Interaction algebras for completely distributive frames

complete lattice of round upper sets of witnesses via the following operations.

U= = {¢€L_|Fuecl.pou} (1.3)
o = {a€cLi|3pe b a=<p} (1.4)

Proof. Fist observe that a set U of tokens is a round lower set if and only if it coincides

with its lower closure.

The operations (1.3) and (1.4) can be defined for arbitrary subsets U C Ly and ® C L_.
Clearly both maps are monotone with respect to inclusion. Using the definition of < and
> it is easy to see that U = (U< ).~ precisely when U is a round lower set and likewise
® = (&)< precisely when @ is a round upper set. Thus, by the very definition, the
composites (—)—~ o (=)< and (—)< o (—). restrict to the identities on round lower sets
of tokens and round upper sets of witnesses, respectively. Observe that both (—)< and
(—)— preserve round sets. Indeed, ©;< = >=; < whence (JU )< =1(U<), and likewise
for sets & C L_. O

Theorem 1.1.7. 1. There is a contravariant functor € : Tokg — CDFrm which is
presentable as Tokg(—,1). It maps a morphism R : L — M to a join-preserving
map Q(R) : Lo~ My — Lo~ Ly between round lower sets of tokens. The functor

1 order-preserving on hom-sets.

2. Suppose h : L — M is a join-preserving map between completely distributive frames
and S : M — L is the relation between interaction algebras as in the diagram (1.1)
derived from L and M, where a completely prime upper set U C M 1is related to an
element x € L if and only if h(z) € U. Then the map Q(S) : Lo~ L — Lo~ M s

isomorphic to h.

Proof. (1) From Proposition 1.1.5 and the observations following it, we know that Tokg(—, 1)
presents a contravariant functor which sends an interaction algebra to the completely dis-
tributive frame of round upper sets of witnesses. The Fundamental Lemma 1.1.6 states
that we can equivalently describe that functor as producing maps between round lower
sets of tokens. As the functor Tokg(—, 1) as pre-composition, and composition is mono-
tone, the functor is monotone on hom-sets. (2) Recall that in the interaction algebra
depicted in diagram (1.1) the relation < on tokens coincides with the completely-below
relation. Further recall that any round lower set with respect to <€ must be the lower set
of a point (see Lemma 6.1.18 of the Appendix). Let z € L and consider the round lower
set $ = {y € L|y << #}. The map (—)= defined in equation (1.3) of the Fundamental
Lemma 1.1.6 transforms the set {2 to the round upper set V = {V e LM ‘ Jy<<ax.ye V}
which is the same as {V e LN ‘x € V}. Thus, the point © € L is represented by the
Stage 0 morphism R : L™ — 1 where VRx iff V' 3 z. Using the relation USy < h(y) € U
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1 Interaction algebras

and its image under the contravariant functor Tokg(—, 1) we obtain the relation

U(S s R)x Jy, U.USy—~V R
hy) eU, y <<
AlU) sy

h(z) e U

t ¢ ¢ 0

which results in the round upper set U = {U e MM | h(zx) € U}. Now apply the isomor-
phism defined in equation (1.4) of the Fundamental Lemma and obtain the round lower

set

{m e M ’ U € MM m~=U 3 h(x)}

which, as the completely prime upper sets witness the completely-below relation, can be
written as $h(z). We conclude that Q(S)({z) = {h(x) whence the map Q(.9) is isomorphic
to h. O

Having found a use for the contravariant functor Tokg(—, 1), we do the same for the
covariant functor Tokg(1,—). Observe that Tokg(1,—) can be expressed as the functor
Flip followed by Tokg(—,1). We arrive at

Proposition 1.1.8. The following diagram of contravariant functors commutes (up to
isomorphism,).

Toko — 2. Tok,

CDFrm WCDFrm

Here (—)™ is the self-duality on completely distributive frames (see Theorem 6.1.21).

Proof. Using the Fundamental Lemma 1.1.6 and Proposition 1.1.5, we reformulate the
object part of the diagram as the assertion “The lattice of completely prime upper sets
of Lo™ L is isomorphic to the lattice of of round upper sets of tokens.” For any round

upper set U C L, we define
Ut ={A€Lo* Ly |[UNA#0}.

Since arbitrary joins of round lower sets are computed as set union, it is trivial to prove
that any such U? is a completely prime upper set in Lo= L. We claim that the inverse

to the operation (—)* is given by the assignment
Ci={acAlla €C}.

Observe that a < b implies that |a <] b because of the characterisation of <« we
gave in Proposition 1.1.5 (3). Hence the set Cy is an upper set in L. It is also round with
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1.1 Interaction algebras for completely distributive frames

Round upper sets } _ _ _ _ .| Round upper sets

of witnesses of tokens
) )
[
|
|
|

y v
Round lower sets % Round lower sets

of witnesses of tokens

Figure 1.3: The relationships between round upper and lower sets of an interaction algebra.
The solid lines indicate isomorphism; the dashed lines stand for one lattice being the order
dual of the other.

respect to <. Indeed, if Ja is an element of the completely prime upper set C, then there
must be some round lower set B € C with B <] a. This means that B Clb for some
b < a, whence also [b € C.

It remains to show that the two operations (—)* and (—); are mutually inverse. Starting
with a round upper set of tokens U € Up~ L, the tokens a with a NU # () are precisely
the elements of U. Indeed, the inclusion (U*); C U is trivial, and if @ € U then b € U
for some b < a because U is round. Now suppose C is a completely prime upper set of
round lower sets. If la € C and a € A for some round lower set A then certainly la C A
whence A itself must be an element of C. Thus (C;)* is contained in C. For an element A
of C use complete primality and obtain C 3 B < A for some B. This means that B Cla
for some a € A. Hence a is a witness for A NCy # 0.

Note that we can read what we just showed the other way around: The lattice of
completely prime upper sets of Up~™ L is isomorphic to the lattice of round lower sets of
tokens.

Now we turn towards morphisms. What we have to show is the fact which corresponds
to the equivalence h(z) € U < z € h™1(U) in the category of completely distributive
frames. Let S € Tokg(L, M) be a Stage 0 morphism. It is convenient to apply the
Fundamental Lemma once more and regard €2(S) as a map from round lower sets of
tokens of M to round upper sets of witnesses of £ sending a round lower set A € Lo~ M,
to the round upper set {¢ € Ly |Ja € A. $Sa}. Similarly, we regard (Q2oFlip)(S) as a map
sending round lower sets of L_ to round upper sets of M, via ® — {a € M |Jp € . pSa}.
We need to show that (5)(A) intersects @ if and only if (QoFlip)(S)(®) intersects A. But

both statements are easily seen to be equivalent to ® x A intersecting the relation S. [

Our studies of round upper and lower sets are summarised in Figure 1.1.2.

The canonical interaction algebra

We now turn towards the problem of finding an adjoint to the functor 2 presented in

Theorem 1.1.7. Looking at equation (1.1), there is an obvious candidate:
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1 Interaction algebras

Definition 1.1.5. If L is a completely distributive frame, let lalg L denote the interaction
algebra where the set of tokens is L and the set of witnesses is L™, the completely prime
upper sets of L. The relations © and < are defined as Uoz iff z € U and x~<U iff z is a
lower bound for U. If h: L — M is a join-preserving map between completely distributive
frames then let Talg(h) : M — L be the relation U Ialg(h)z < h(z) € U.

One needs to check that the construction lalg L indeed yields a Stage 0 interaction
algebra and Talg(h) indeed a Stage 0 morphism. The interpolative law for © holds because
;< coincides with the interpolative relation << and because the completely prime upper
sets are precisely the round upper sets with respect to <«. The relation Talg(R) is indeed
a morphism: If h(x) € U € M then there exists some m << h(z) which is still in U. As
the set U' = {y € M |m << y} is completely prime, we get Uom—~U'<h(z) and thereby
Talg(h) C >;Talg(h). On the other side we have z = \/ {z and h preserves this join, whence
because of U being completely prime we must have h(z') € U for some 2’ << x. Thus
Talg(h) C Ialg(h); <. The converse inclusion >;Ialg(h); < C Talg(h) is trivial.

Now we have all ingredients for our contravariant duality.

Talg
Theorem 1.1.9. The functors CDFrm?Tokg constitute a contravariant Stone-type

duality of categories. The dualising object in CDFrm 1is the two-chain 2 and the dualising

object in Tokg is the interaction algebra 1 with one witness and one token.

Proof. Lemma 6.1.22 and Theorem 1.1.7 tell us that € is presented as Tokg(—,1) and
Ialg is presented as CDFrm(—,2). Furthermore, from Theorem 1.1.7 (2) we know that
Qolalg is equivalent to the identity functor on CDFrm. It remains to show that lalg o2 is
equivalent to the identity functor on Tokg.

Using Proposition 1.1.8 and the Fundamental Lemma, we can express the interaction
algebra lalg Q0L as comprising the round lower sets of L as tokens and the round lower
sets of L_ as witnesses. A round lower set of tokens ® corresponds to the completely
prime upper set U = {B €Lo” L |B=N®# (Z)} whence we have ®<A in lalg QL if
and only if the product ® x A intersects the relation © in £. We claim that A is a lower
bound for the completely prime upper set U that corresponds to ® precisely when A x &
is contained in —~; ©;=~. Suppose A x & C =; <;~ and the round lower set B € Lo~ L,
is an element of the completely prime upper set /. This means that ¢p<=b for some ¢ € P
and b € B. By hypothesis we have a>—~; ©;>~<@<b for all a € A, whence A <€ B. Hence
A is a lower bound for . Now suppose A is a lower bound for /. Fix an element ¢ € .
Since @ is a round lower set of witnesses, there exists some ¢ € ® with ¢)(<; <)b>—~<¢. This
means that the round lower set [b is an element of the completely prime upper set 4. By
hypothesis A is contained in |b whence for all a € A we have a < b><¢@. As ¢ was chosen
arbitrary, we deduce A x ® C ><;<;>< and the claim is proved. Observe that A—~;<>B
in the interaction algebra lalg QL if and only if A << B in Lo~ L.

Next we construct the isomorphism between £ and lalg QL. Define a relation R be-

tween witnesses and round lower sets of tokens by ¢RA iff ¢<a for some a € A. Likewise
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1.1 Interaction algebras for completely distributive frames

define a relation S between round lower sets of witnesses and tokens by ®Sa iff p<a
for some ¢ € ®. Clearly =;R = R and S = 5;<. Observe that ¢R | a if and only
if p<a, and likewise | ¢ Sa precisely when ¢<>a. With this and the characterisation of
the completely-below relation on round lower sets, one shows R = R; << and >>;5 = S.
Hence R is a Stage 0 morphism £ — lalg QL and S is a Stage 0 morphism lalg QL — L.
Finally, by iterating the interpolative law for < one finds that ¢<a is equivalent to
¢R |b>= |1 Sa for suitable round lower sets of tokens and witnesses. Dually, ®< A if and
only if & 5 ¢p<a € A for some ¢ and a, which we can expand to ® > ¢po;<;<a € A
using the interpolative law. Notice that the latter relation says 5§ RA. This concludes
the proof of £ = Talg QL.

It remains to consider the action of Ialg of2 on morphisms. Let @) : £ — M be a mor-
phism between interaction algebras. We claim that ¢Qa is equivalent to | ¢ (Ialg(Q(Q)))}a .
We know that 2(Q) maps the round lower set a € Lo~ M, to the round upper set of
tokens {¢ € L_|3b < a.9Qb}. Because of @ = @Q;< we have the simpler description
QQ){a) ={y € L_|¥Qa}. Obviously, a round lower set of witnesses ® intersects this
set if any only if ® 3 ¢Qa for some member ¢. In particular, using >=; QQ = ) we conclude
that | ¢ intersects Q(Q)(Ja ) precisely when ¢pQa. O

1.1.3 Special morphisms

For the remainder of this section we study special kinds of morphisms. An important tool
will be the concept of adjoint pairs of morphisms, which we derive from the corresponding
notion in the category Rel. There, a relation R : X — Y is called right adjoint to a relation
S:Y — X if x(R; S)x for every x € X and y(S; R)y' implies y = 3/ for any pair y,y € Y.
Using the identity relations Ax and Ay, we can write the conditions more concisely as
Ax C R;S and S;R C Ay. Observe that the right adjoints in Rel are precisely the
defined and single-valued relations, i.e. the functions.

In the context of interaction algebras and their duality with completely distributive
frames, however, the adjoint pairs of relations serve a different purpose. As we shall see,

the existence of an adjoint is intimately related to compact tokens and maps preserving <.

Adjoints

The definition of adjoint pairs of relations between interaction algebras is straightforward.
All we have to do is to replace relational composition with § and the diagonal relation
with the identity relation ©. Interestingly, the definition makes sense even if the relations
involved are not Stage 0 morphisms. We borrow notation from locale theory, where the
frame homomorphism associated with a locale map f is commonly denoted by f* and its
right adjoint by f.

Definition 1.1.6. Let £ and M be interaction algebras, R* : L_ — M, and R, : M_ — L
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1 Interaction algebras

be a pair of relations. Then (R*, R,) is an adjoint pair if

< C R.3RY,
RsR, C <.

Here, R* is called the left adjoint and R, is called the right adjoint. One writes R* 4 R,
to indicate the fact that R* is left adjoint to R.. A morphism R which has a (Stage 0)

right adjoint is called semi-open.

Using the monotonicity of relational composition, it is easy to prove that if one of the
relations in an adjoint pair is a Stage 0 morphism, then one can produce an adjoint pair
of Stage 0 morphisms: Suppose R, § R* = R, <o §R* and R* § R, = R*§<© § R.. Then

the defining inequalities of the adjunction can be extended to

o C osRy3oiR 5o

osR'35coiR.so C o

whence the relation © § R* § © is left adjoint to © § R, § ©. Moreover, a Stage 0 adjoint
is unique: Suppose R* - R, is an adjoint pair. Let S be the union of all right adjoints
to R*. Then clearly R, C S and therefore © ¢ R, i <> C < §5§<. For the reverse
inclusion, use © C R, R* and R*§S5 C < to deduce ©§5 C R, §< from the tautology
R,R*$SCR,3R"$S.

Observe that the contravariant involution Flip preserves the order on relations, whence
it transforms left adjoints to right adjoints and vice versa. The contravariant functor €2

also preserves the order on hom-sets and therefore preserves adjoints:

= id <Q(R:) o QR"), QR")oQR,) <id
= QR") 4Q(R,)
A first application of adjoints is a characterisation of compact tokens and witnesses.
Proposition 1.1.10. There is a bijection between
1. FEquivalence classes of compact tokens of an interaction algebra L,
2. Morphisms R : L — 1 which have a right adjoint,

3. Round lower sets of tokens A € Lo~ Ly which are completely compact, meaning

A A

Proof. Suppose a < a is a compact token in L;. Then a~<¢<a for some compact wit-

R
ness ¢. Define relations L—=1 as ¢y Rx < ¢ > ¢ and pR.b < a < b. Because of

*
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1.1 Interaction algebras for completely distributive frames

a < a and ¢ = ¢ both relations are Stage 0 morphisms. We have © C R, § R because
of pR.a~¢Rx. If 1p(R § R,)b then ¥ = ¢p<a < b whence b, Thus R, is right adjoint
to R. If a/ is equivalent to a, meaning @’ < a < a, then we have a'><¢'<a’ for some
compact witness ¢'. It is easy to show that ¢ = ¢ > ¢ also holds and the pair (¢, a)
generates the same pair of morphisms (R, R.). The functor € sends the morphism R
to the round lower set | a. This is completely compact in Lo~ L., because a union of
round lower sets contains |a precisely when a is an element of one of the round lower sets
already. Conversely, if A is a completely compact round lower set of tokens, then by the
characterisation of the completely-below relation we have A Cla for some a € A whence

A =la and in particular ¢ €)a which means a < a. O

The proposition above is a special case of a more general fact. Notice that the set {x}
is completely compact as a round lower set, meaning {*} << {*}. Therefore, any map into
the round lower sets of Ly which preserves the completely-below relation will map {*} to
a set of the form | a where a is a compact token. We arrive at the interaction algebra

version of Proposition 6.1.24.
Theorem 1.1.11. The following are equivalent for a Stage 0 morphism R.
1. The morphism R is semi-open, i.e. has a right adjoint.

2. The homomorphism Q(R) between round lower sets of tokens preserves the completely-

below relation.

Proof. Suppose R : L — M has the right adjoint R, and A, B are round lower sets of
tokens of M where A C|b for some b € B. Since B is round we have b—=1g<b for some
b’ € B. For our convenience we employ the Fundamental Lemma 1.1.6 once more and
write Q(A) = {¢ € L_|Ja € A. ¢Ra}. From b=<yyob € B and © C R, § R we obtain
o Ry; <poRY'. Notice that in particular ¢y € Q(B). We claim that Q(A) Cteo. Indeed,
if pRa for some a € A then ¢pRa < b=<1gR.; ~<¢pg which because of R§ R, C < implies
¢ = ¢o. This shows that Q(R) preserves the completely-below relation.

For the reverse implication, suppose that the map (R) preserves the completely-below

relation. We construct a right adjoint to R as follows. Let S : M — L_ be the relation
mS¢ = V¢ € L_.(¢'Rm = ¢ = ¢).
We claim that the right adjoint to R is R, := <;.5; <.

¢ (R3sR)a < ¢ (R;<)mS¢p=a
= ¢'RmSo<oa
= ¢ > ¢<a

= ¢'<a.
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Hence R § R, is contained in ©. The fact that Q(R) preserves the completely-below
relation has the following consequence. Whenever m’ < m in M then the round lower
sets generated by these tokens have | m’ <] m and thus Q(R)(I m') <« Q(R)({ m),
meaning that there exist a witness ¢ Rm with the property that ¢/ Rm’ implies ¢/ = ¢.
We use this to show © C R, 3 R. Suppose »<m in M. We interpolate to y<om’ < m
and use the observation we just made: There exists a witness ¢ Rm which, by definition
of the relation S above, has m/S¢. Hence »<m/S¢pRm which, using © § R = R, we can
expand to (R ¢ R)m. This finishes the proof that R, is right adjoint to R. O

Token maps

In some cases we are lucky, and the particular sets of tokens and witnesses we chose to
represent a completely distributive frame allow us to express a homomorphism in CDFrm
as a function between tokens rather than a relation. This situation typically occurs when
representing functors and monads, such as the powerdomain monads of sections 1.10, 1.11
and 1.12.

Definition 1.1.7. A token map between interaction algebras M and L is a pair of func-

tions

which preserve the structure of the interaction algebra, meaning that f_(¢)< f1(a) when-

ever ¢<=a and fi(a)~<f_(¢) whenever a—~g.

The central fact about token maps is the existence of a functorial assignment to adjoint

pairs of morphisms:

Proposition 1.1.12. There is a contravariant functor from the category of Stage 0 in-
teraction algebras and token maps to the category of Stage 0 interaction algebras and

semi-open morphisms.

Proof. Given a token map (f_,f+) : M — L define relations Ry : L — My and
R_:M_ — Lyas¢Rymiff Im’ <m.¢pofi(m') and Y R_aiff 3. ¢ = " and f_(¢)<a.
First observe that preservation of >< and < implies that both f; and f_ are monotone
with respect to < and >, respectively.

It is easy to see that both R, and R_ are Stage 0 morphisms, whence we concentrate
on showing that R_ is right adjoint to Ri. Suppose ¢ fi(m'), m' < m>—=ip = o
and f_(¢/)oa. Then in particular fi(m')—~;<;>=<f_(1)') and therefore p<=a. Hence
R, 3R C <. Now suppose »om. Then there exist ¢/ and m’ such that ¢ -
'om’ < m. Consequently f_(¢')ofy(m’) with which we can conclude ¥ R_ § Rym.
Thus © € R_§Ry.
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1.1 Interaction algebras for completely distributive frames

= =
M-~ M, M-~ M, QM)
TS e
L.~ =L, L. = Ly Q(L)

Figure 1.4: Token maps give rise to semi-open morphisms, which in turn yield adjoint
pairs of linear maps between completely distributive frames.

Observe that in case (f_, f4) is the pair of identity maps on L_ x L then the resulting
relations are both equal to ©. Let again be (f—, f+) : M — L, (9—,9+) : L — K and
S_ and Sy be the relations generated by g_ and g,.. We have S, § Rym iff 6<g, (d'),
a < a=¢pofi(m') and m’ < m. Then o’ < f(m') and so g4 (a') < (g4 o fy)(m') which
shows that (6, m) is in the relation generated by g4 o f4.

Conversely, suppose that < (g o f1)(m') for some m’ < m. Interpolate to m’ < m” <
m and note fy(m') < fy(m”). Define o’ = fy(m’). Then 0<g.4(d’), o/ < a=<p fi(m”)
for suitable a and ¢ whereby 0(Sy § Ry )m. The proof for S_ § R_ is analogous. O

In some cases the token maps themselves satisfy some sort of a continuity condition,

in which case the definition of the resulting adjoint pair of relations becomes easier.
Lemma 1.1.13. If (f—, f+) : M — L is a token map such that additionally

1. Yo fy(m) implies that there exists m’ < m with Y< fi(m’),

2. f_(v)oa implies that there exists 1 = )" with f_(¢")<a

Then the resulting adjoint pair of relations has the simpler definition ¢Rym iff o< f1(m)
and YR_a iff f-(¢)oa.

Proof. Straightforward. O

Corollary 1.1.14. Consider the following diagram of interaction algebras, where R is a

Stage 0 morphism and (g—,g+) and (f—, f1) are token maps.

j (9*794’) E R M (f*7f+) IC

Suppose the component maps f1 and g+ satisfy the additional condition of Lemma 1.1.13.

1. The composition of R with the Stage 0 morphism defined by f+ is given as (RS f1)k
iff pRf+ (k).

2. The composition of R with the Stage 0 morphism defined by g+ is given as 6(g4+sR)m
iff 0 = g_(¢), pRm for some witness ¢ € L_.
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Proof. (1) The map f; defines the relation vFk < <o fy(k). Thus, ¢(R ¢ F)k iff
oRm—=1< f (k) which is equivalent to ¢Rf (k).

(2) The map g_ defines the relation §Ga < 0<gi(a). Thus 6(G § R)m holds by
definition if and only if =gy (a) and a><@Rm for some token a € Ly and some witness
¢ € L_. Since (g_,g+) preserves —~ we deduce <gy(a)—~g_(¢). Conversely, if 6 =
g—(¢) and pRm then ¢p<a—~; Rm for some token a whereby 6 »-; ©g,(a) and therefore
0(G ¢ R)m. O

1.2 Interaction algebras for domains

Having established the core category Tokg of interaction algebras and having studied its
basic properties, we turn towards interaction algebras of the kind we saw in the introduc-
tion to this chapter. The tokens are now thought of as elements of a domain. There are
two available dualities for domains: Lawson duality puts a domain into correspondence
with the poset of its Scott open filters. However, this duality is not functorial for Scott
continuous maps. One needs to ensure that the preimage of a Scott open filter is again a
filter. The most suitable category to consider Lawson duality on is the category of pre-
frames and Scott continuous maps preserving finite meets. Hence we postpone the study
of Lawson duality until we reach this stage.

Stone duality puts domains and Scott continuous maps into dual equivalence with
completely distributive frames and frame homomorphisms. This matches our intuition
about the type of witnesses we want to use. However, there are some obstacles we have

to overcome:

e The Stage 0 morphisms between interaction algebras correspond to maps preserving
all joins. Hence we need a way of expressing when such a map also preserves finite

meets.

e If the set of tokens is to be an abstract basis for the domain we present, then we
need to ensure that the round lower set of any token is an ideal with respect to the

relation <.

It turns out that one can achieve both of the above goals neatly by closing the basis of Scott
open sets that makes up the set of witnesses under binary meets. This does not do any
harm to the cardinality of the information system, as for example the set of finite subsets
of a countable set is still countable. The binary meet of Scott open sets then obeys some
simple rules. For example, a point of the domain is contained in the intersection of two
Scott open sets if and only if it is contained in both opens. Another fact which is always
true is that any point has at least one Scott open set it is a member of. (Observe that
the corresponding fact is not true for completely distributive frames and completely prime
upper sets: The least element 0 € L of a completely distributive frame is only member of

the upper set L = 10. This is not completely prime, as 0 = \/ () € L but clearly () does
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1.2 Interaction algebras for domains

Stage 0: completely
distributive frames
CDFrm
I

Stage 1:
domains
Dom

Stage 2a: continuous Stage 2b: domains Stage 2c: continuous
preframes with bottom complete Sup-lattices
CPreFrm Dom |, CCSup
Stage 3:
continuous lattices
CCL
Stage 4:
continuous frames
CFrm
Stage 5:
stably continuous frames
SCFrm

Figure 1.5: Hierarchy of categories and stages of interaction algebras. Solid lines signify
inclusion of subcategories.

not intersect L.) Now the round lower set La = la of a token is an ideal with respect
to < =< by the very definition of a continuous dcpo. Conveniently, the binary meet of
Scott open sets will also enable us to express frame homomorphisms between the Scott
topologies in a manner slightly easier than the approximable mappings between Vickers’

information systems.

The subcategories of domains we consider are all constructed by postulating additional
finitary structure on the domains. For example, a continuous lattice is a domain which, in
addition to directed joins, has finite joins as well. A continuous preframe is a domain which
in addition to directed joins has finite meets, and finite meets distribute over directed joins.
Distributive laws of this kind can be enforced with a simple trick: We know that the set
of all round lower sets of tokens is completely distributive, hence satisfies all distributive
laws we could ever want. If we present a preframe as a certain subset of round lower sets,
and show that this subset is closed under directed joins and finite meets in that frame,

then it inherits the distributive law from the ambient completely distributive frame.
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1 Interaction algebras

The hierarchy of categories we study is depicted in Figure 1.5. For each stage, we
will add binary or nullary operations to either tokens or witnesses. The prime example is
the binary meet of Scott open sets. However, there is no need for the binary operation
to be a real semilattice operation. While it is convenient to assume that the operation
is commutative and associative, it is not required to be idempotent. The distinguished
elements, although we use them as if they were neutral elements or units for the binary
operation, need not obey the corresponding algebraic laws in the strict sense. Instead,
it suffices if the algebraic laws hold up to a certain equivalence. For example, a binary
operation ' on witnesses may have ¢ ¢ # ¢, but we require ¢ pa to be equivalent to
¢o<a. A distinguished witness 1 need not have 1M ¢ = ¢M1 = ¢, but it suffices if 1M¢pa
precisely when ¢<a.

The algebraic axioms we add to either tokens or witnesses are listed in Table 1.2,
written in the deduction-rule style. By convention, all axioms which hold for a morphism R
in particular hold for the identity morphism <. The axioms accumulate throughout the
hierarchy. For example, at Stage 2a all axioms of Stage 1 hold, too. Since Stage 3 is just
the union of the Stage 2b and Stage 2c axioms, we omitted the Stage 3 axioms from the
table.

Notation. If n is either 0, 1, 2a, 2b, 2¢, 3 or 4 then by Tok, we denote the category
where objects are interaction algebras that satisfy all Stage n axioms, and morphisms are
relations R that satisfy all Stage n axioms involving R. We refer to these structures as

Stage n interaction algebras and Stage n morphisms.

1.2.1 Semilattice-like structure

If a set L is equipped with a semilattice operation M then one derives a partial order from
it by defining © C y whenever x My = x. In this order, x My is the binary meet of x
and y or infimum of the set {z,y}. Notice that the partial order C is reflexive because
M is idempotent, transitive because I is associative, and antisymmetric because we used
the antisymmetric relation = in the definition. Since equality of witnesses is too strong
a requirement, the above definition of partial order will have little meaning for Stage 1
interaction algebras. Instead, let us study how the binary operation I on witnesses behaves

with respect to the relation .

Definition 1.2.1. We say that a token a of an interaction algebra L is weakly below a
token b and write a < b if the round lower set J.a is contained in the round lower set |b.
The tokens a and b are said to be lower equivalent, written a ~ b, if a < b < a. Similarly,
a witness ¢ is weakly below ¢ if |4 is contained in |¢. We write this relation as ¢ = ¢

and say that the witnesses are lower equivalent if ¢ = ¢ = ¢.

It is immediate that both < and > are preorders. From the duality with completely

distributive frames we know that these preorders have a natural interpretation: The former
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1.2 Interaction algebras for domains

Stage 0 (Completely distributive frame)

o< Ry=<; o =R

Stage 1 (Domain) (L_,M)
binary meet ¢R(Z|T wPZRa
weakening rules PMNYRa =g
oRa a—=ao M
definedness acLy
3o c L_.oRa

Stage 2a (Continuous preframe) (L4,1)
binary meet 9Ra  ¢Rb

¢Rallb
weakening rules pRalb _a=¢

oRa ab—=¢
dual definedness &
Ja € Li.¢9Ra
Stage 2b (Continuous cpo and strict maps) lelL_,0€ Ly
empty meet 1Ra =1
strictness PRO
00

Stage 2c¢ (Continuous complete Sup-lattice) (L4, L)
binary join a=¢ b=¢

alb=o
weakening rules _ ¢Ra alb=¢

SRa LD o
¢Ra b

join-strength

J)Ra, 0Rb.¢ = ¢ 110

Stage 3 (Continuous lattice)

combine Stages 2b and 2c

Stage 4 (Continuous frame)

M and U distribute (Definition 1.7.1)

Table 1.2: Axioms for interaction algebras
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1 Interaction algebras

preorder is derived from the inclusion |: L — QL of tokens into round lower sets, whereas
the latter is derived from the inclusion |: L_ — (QE)/X\ of witnesses into completely prime
upper sets.

Observe that a < b can be defined in terms of © alone. Indeed, using the interpolative
law it is easy to show that = < a implies © < b precisely when ¢p<=a implies p=b for all
witnesses ¢. Likewise, the relation ¢ = 1 holds if and only if ¢»<a implies ¢<a for all
tokens a.

We claim that for witnesses ¢ and 1) of a Stage 1 interaction algebra, the witness ¢
is a greatest lower bound? with respect to the preorder 5=. Indeed, the weakening rule
for M yields that ¢, > ¢ M. If 6 is another lower bound for both ¢ and ¢, then #<a
implies ¢<a and Y<a, whence using the meet rule ¢ My<a. Therefore ¢ M1 = 6 which
proves the claim. In particular, ¢ is lower equivalent to ¢ 1 ¢.

One way of interpreting our findings is that in case one quotients the set of witnesses

by the equivalence relation 3= N(3=)~! then M becomes a true semilattice operation.

1.2.2 The round ideal functor

In the category of Stage 0 interaction algebras, we presented the duality with completely
distributive frames as the hom-set functor Tokg(—,1). As we shall see, the same approach

can be taken in the category Tok; of Stage 1 interaction algebras and Stage 1 morphisms.

Definition 1.2.2. A round ideal of tokens of an interaction algebra L is a round lower
set I C L, which is directed with respect to <, meaning that I is not empty and whenever
a,b € I then a,b < ¢ for some ¢ € I. The collection of all such round ideals, ordered by
inclusion, is denoted by Idl~ L.

Vickers shows in [60] that for an information system (X, <) the completely distributive
frame Up~ X of round upper sets is the Stone dual of Id1~ X, where a basis for the topology
is given by sets of the form {I cldlI® X | acl } for tokens a € X. We will derive a similar
result for interaction algebras. Note that the interaction algebra 1 satisfies all Stage 1

axioms if we declare a binary operation on the witness set {¢} by ¢ Mp = ¢.

Lemma 1.2.1. Let L be a Stage 1 interaction algebra. The following sets are order-

isomorphic.
1. The set Id1™ Ly of round ideals of tokens,

2. The set of round filters of witnesses, that is non-empty round upper sets which are

closed under I,

3. Stage 1 morphisms L — 1.

2In a preorder, greatest lower bounds are not always unique.
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1.2 Interaction algebras for domains

< which we defined in equation (1.3) of the Fundamental

Proof. The isomorphism (—)
Lemma 1.1.6 restricts to an isomorphism between round ideals of tokens and round filters

of witnesses. Knowing this, the other claims follow from Proposition 1.1.5. O

An immediate consequence of the lemma above is that the round ideal operator is
contravariantly functorial on Tok;. What is the class of objects thus constructed? Round
ideals are closed under directed unions, because round lower sets are closed under all
unions, and using the isomorphism with round filters of witnesses it becomes apparent

that the directed union of such filters is again closed under .

Lemma 1.2.2. For a Stage 1 interaction algebra L, the map | takes tokens to round ideals

of tokens and transforms the relation < into <.

Proof. First observe that for a token of a Stage 1 interaction algebra the round lower set
la is a round ideal. Indeed, the Stage 1 axioms for the relation © say that for any token
a the set {a}< = {¢ € L_|pa} is a round filter and by the lemma above corresponds
to the round ideal ({a}<)—~ =la. From Proposition 1.1.5 (3). we know that |a <<]b
in the complete lattice of round lower sets whenever a < b. As the round ideals of tokens

form a sub-dcpo, we now have [a <|b in the dcpo of round ideals. O

Proposition 1.2.3. The hom-set functor Toky(—, 1) presents a contravariant functor pt,

from Stage 1 interaction algebras to domains and Scott continuous maps.

Proof. Let I be a round ideal of tokens. Since [ is in particular a round lower set, we
know that I = (J,.; {a. This union is directed. Indeed, a < b implies a Clb, and I is
directed with respect to <. From Lemma 1.2.2 above we know that Ja < I for any a € I.

For a Stage 0 morphism R : £ — M the map Q(R) : Lo~ My — Lo~ Ly preserves
arbitrary unions of round lower sets, and the functor which is presented by Tokj(—,1)
is just the restriction of €2 to round ideals, whence this restriction preserves directed

unions. O

Remark. In the proof of the proposition above we showed that the structure (L4, <) is an
abstract basis in the sense of Abramsky and Jung. The preceding lemma and proposition

correspond to [1, Proposition 2.2.22].

We postpone the description of the dual adjoint of the functor pt; until we know more

about the Scott topology of the domain pt; L.

1.2.3 Stone duality of domains via interaction algebras

Theorem 1.2.4. Let O be the contravariant functor which takes a Scott continuous map

between domains to the preimage operation between the Scott topologies. The following
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1 Interaction algebras

diagram of contravariant functors commutes (up to isomorphism).

Tok; —> Dom

v lo

Tokg 0 Frm

Proof. The proof follows the same pattern as the proof of Proposition 1.1.8. O

Frame homomorphisms between Scott topologies

A priori we only know that Q o Flip produces join-preserving maps between completely
distributive frames. However, it can be shown directly that this functor maps Stage 1
morphisms to frame homomorphisms: Let R : L_ — My be as in the proof of the
theorem above. The join-preserving map of interest sends a round lower set ® C L_ to
h(®) = {m € My |3¢p € &. pRm}. First, notice that h preserves the top element. Indeed,
because of the definedness axiom, the entire set M is a round upper set. Use definedness
of the relation R and obtain Vm € M, 3¢ € L_.pRm. Interpolate to ¢ = ¢ Rm. Now
observe that ¢’ is an element of the largest round lower set in L_. Thus, the definedness
axiom for R implies that the map h defined above preserves the empty meet.

For binary meets, because of monotonicity of h it suffices to check the inclusion h(®) A
h(¥) C h(® A ). Suppose that m € h(®) A h(P), that is, & > ¢Rz, ¥ > )Ry and
x,y < m. From weakening it is immediate that ¢,y Rm whence by the meet rule ¢y Rm.
Roundness of R now yields ¢ M1 = §Rm. Observe that because of the weakening rules,
¢ M is an element of ® N ¥ and therefore 0 is an element of the meet ® A ¥. This shows
m € h(®AD).

1.2.4 Duality with domains

By now it should be clear what the adjoint Dom — Tok; to the functor pt; might be:

Definition 1.2.3. For a domain D, let Ialg; D denote the interaction algebra where the
witnesses are Scott open sets of D, tokens are elements of D, the relation U<x holds
whenever = € U and the relation x><U holds if z is a lower bound for U. If f : D — E
is a Scott continuous map between domains, then lalg(f) is the relation o E — D with
Ulalg,(f)z iff f(z) € U.

The axioms of Stage 1 are easily checked for the interaction algebra lalg; D, where
M is binary intersection of Scott opens sets. In the introduction we convinced ourselves
that, since the relation < on the tokens of Ialg; D coincides with the way-below relation,
the domain pt; lalg; D is isomorphic to D and that the Scott continuous map f: D — E
corresponds to the map (pt; oTalg;)(f). The relations © and =< of the interaction algebra

Talg, (D) behave well with respect to the complete structure on tokens and witnesses in
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1.2 Interaction algebras for domains

the following sense. If U/ is a set of Scott opens sets of D and X is a directed set in D,
then | JU< | | X precisely when U<z for some pair (U, x) € U x X already. Dually, the
relation | | X><JU holds if and only if 2><U for all x € X and U € U.

Talg
Theorem 1.2.5. The functors Dom<:>1Tok1 constitute a contravariant equivalence of
pty

categories. The functor lalg, is presented by Dom(—,2) while the functor pty is presented
by Toki(—,1).

Proof. Under the Scott topology, the domain 2 is homeomorphic to the Sierpinski space.
It is well-known that the opens of any topological space X are in order-preserving bijection
with the continuous maps into the Sierpinski space. If the Scott open U € o F is presented
by its characteristic map xy : £ — 2 then for a map f : D — E the relation Ialg;(f)
defined above has the description U lalg, (f)x iff (xy o f)(z) = 1.

It remains to show that the composite lalg; o pt; is isomorphic to the identity functor
on Tok;. For this we modify the proof of Theorem 1.1.9. From Proposition 1.2.4 we know
that the witnesses of the interaction algebra lalg; pt; £ are the round lower sets of L_. In
the same way as in the proof of Theorem 1.1.9 one can now show that lalg; o pt; is indeed
isomorphic to the identity functor, checking the Stage 1 axioms at the appropriate places

in the proof. O

1.2.5 Duality with information systems and abstract bases

We know that both the categories of information systems and abstract bases are equivalent
to the category of domains. Using Theorem 1.2.5 we can conclude that both categories
are dually equivalent to Tok;. The detour via Dom is a bit wasteful when considering
the cardinalities of the sets involved. It is desirable to know whether the dualities can be
described efficiently without blowing up the cardinalities too much. Figure 1.6 summarises

how to extract an information system or an abstract basis from an interaction algebra.

Proposition 1.2.6. There are contravariant faithful functors from the category Toky of

Stage 1 interaction algebras to the categories Infosys and Abs.

Proof. If L is a Stage 1 interaction algebra, then its tokens together with the relation
—~; < =< form an abstract basis which presents the domain Idl™ L. According to
Vickers an information system (X, <) presents the domain Idl< X which has the round
upper sets of X with respect to < as Scott opens. Thus we may take the witnesses of
L as tokens of an information system and let < be the relation ©;>= =3>. Then the
round upper sets with respect to < are the round lower sets with respect to >, and from
Theorem 1.2.4 we know that these are the Scott opens of pt; L.

It remains to consider morphisms. In Definitions 6.2.1 and 6.2.2 we chose a contravari-

ant way of writing the morphisms between information systems and abstract bases. This
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1 Interaction algebras

(L,, L+7 =, O)
Interaction algebra

(L_, >) (L+7 4)
Information system Abstract basis
<
L. _ =" Ly (L_,>) (Ly, <)
ﬁ lR;x \Lx;R
M. =" My (M_, ) (M, <)

Figure 1.6: A Stage 1 interaction algebra contains an information system as well as an
abstract basis.

makes it easier to construct the morphism parts of our functors. Given a Stage 1 mor-
phism R : £L — M, define relations R;>< : L_ — M_ and =<; R : L, — M,. We claim
that the former relation is an approximable mapping, i.e. a morphism of the category
Infosys, and the latter is an approximable relation, which are the morphisms in the cate-
gory Abs. It is immediate that ><; R satisfies the axiom (AM1) of Definition 6.2.1 because
R;~<;>= R;<;>= = R;>=. Even more trivial to check is the axiom (AM2). For (AM3),
suppose ® C L_ is a finite set and ¢ = v’ are elements of M_ such that for every element
¢ of @ the relation ¢(R;~=)1 > 1’ holds. Let m € M, be a token with pom—~¢’. In
case ® is the empty set, use the definedness axiom of Stage 1 and obtain some witness
¢’ € L_ with ¢/ Rm which implies ¢R; —~1)’. Otherwise, if ® is not empty then for every
¢ € ® we have Y R;~=;>m and thereby ¢ Rm. Now use the meet rule of Stage 1 and
obtain [J®Rm. Using R C>; R we obtain [|® = ¢'Rm for some witness ¢’ whence by
the weakening rules ¢ = ¢’ for every ¢ € ®. Combining this with m><¢’ yields the axiom
(AM3).

The relation ><; R clearly satisfies the axioms (AR1) and (AR2) of Definition 6.2.2.
We check axiom (AR3). Let A C L_ be a finite set, m € M, and suppose for all a € A
the relation a(>=; R)m holds. In case A is the empty set we use the definedness axiom and
obtain some witness ¢ such that pRm. Then also ¢p<a’(><; R)m and we are done. If A is
not empty then for any such a € A there is a witness ¢, with a><¢@, Rm. Apply the meet
rule and get [],c4 ¢aRm. Using R C >; R and weakening we get some witness ¢’ and a
token a’ with a=<[,c4 ¢a>a'~<¢ Rm. Then a is the desired token for the axiom (AR3).

For faithfulness observe that R;>=< = S;>=< implies R;>~<;© = R = 5 = S;>=<; <.

Similarly ><; R = >=; S implies R = S. O

Given an abstract basis (X, <) we know that the tokens also yield a basis for the Scott
topology on Idl™ X via the assignment x {I cldl™ X ‘ T € I}. In order to construct

a Stage 1 interaction algebra out of this, we need to close this basis under binary meets.
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1.2 Interaction algebras for domains

We achieve this in the same manner as one constructs the free semilattice over a poset.

Proposition 1.2.7. From an abstract basis (X, <) construct an interaction algebra where
the tokens are elements of X and the witnesses are finite subsets of X. The relations <

and = are defined as

Moxr & VYmeMm<x

=M < dAnmeM.x <m

With a binary operation N defined as union of finite sets, the structure (Fin X, X, —~, <) is
a Stage 1 interaction algebra where the relation —~<; < agrees with < on X . This assignment
extends to a functor Abs — Toky as follows. If R :'Y — X is a relation constituting an
approzimable relation between abstract bases (X, <) and (Y, <) then M Rz < Yy € M.yRx

is a Stage 1 morphism.

Proof. We begin with checking the Stage 0 axioms for the relations © : Fin X — X and
—~:X — FinX. If M C X is a finite set and M <x then using the axiom (AR3) of
Definition 6.2.2 we find a token 2’ with M <2’ < x. Use the interpolation property of <
to obtain 2/ < b < x. Then M<a'~{b}ox. The inclusion ©;~; <> C < is a trivial
application of transitivity of <. Notice that z/><M <z implies ' < m < z for some
m € M and thereby ' < x. Conversely, ' < x is equivalent to 2’ < m < z for some
token m, whereby z/><{m}<x. Thus the relation < of the abstract basis agrees with
—; O,

The Stage 1 axioms are easily checked. The meet rule and the associated weakening
rule for © holds because © was defined using universal quantification on the witness
side. Similarly, the weakening rule for < follows because that relation was defined using
existential quantification. The definedness axiom is trivial because (}ox for any token .

Suppose R : Y — X is a relation which satisfies the axioms of Definition 6.2.2. Define
a relation

R:FinY — X, MRz S Vye M. yRx

We claim this is a Stage 1 morphism. Indeed, this is proved is the same way as the Stage 1
axioms for © and < above. Obviously the assignment R — R maps < to ©. It remains
to show that §,7% =9 3 R for two approximable relations 7 Sy fox. Suppose
M C Z is a finite set and M ﬁ%x That means for all z € M there exists some y, € YV
with zSy,Rx. Writing N := {y,}.cz we have NRuz. Using the interpolative law for R we
obtain N = N’Rz for some finite set N’ C Y, where the relation N = N’ is witnessed
by a token y € Y. Observe that because of the way we defined N, the relation N<y/
implies M Sy’. Therefore MSy'><N’Rz and we have shown the inclusion S;RC S s R.
For the other inclusion, suppose M S'y><N 'Rz. Then y < ¢y Rx for some y' € N’ and we
can conclude M ﬁx ]

If R is an approximable relation between abstract bases, then using the terminology
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1 Interaction algebras

of the proposition above, the relation ><;]% is the same as the relation R itself. Thus
post-composing the functor of Proposition 1.2.7 with the forgetful functor from Propo-
sition 1.2.6 yields the identity functor on Abs. The other way around, notice that the
identity morphism of an interaction algebra £ can be regarded as a morphism from £ to
the interaction algebra (Fin L4, L4, =<, <) as constructed in Proposition 1.2.7 above, and
likewise the identity morphism < of the interaction algebra (Fin L., L ,><, <) serves as
a morphism into £. These two morphisms are readily seen to establish an isomorphism
in Toky.

Interestingly, there seems to be no simple way of turning an information system into
a Stage 1 interaction algebra while preserving countability of the sets involved. A con-
struction proposed by Achim Jung goes a follows. If (X, <) is an information system
where X is countable, then the relation < itself is a countable set. For any pair xg < y
of tokens, use countable dependent choice and the interpolation property of < to con-
struct a countable ascending chain xyp < 1 < x2 < ... < y which yields a round ideal
I(xo,y) = {z € X |3In € N.z < x,} that contains z¢ and has y as an upper bound. The
collection of all ideals thus constructed is still countable. Take, as before, the witnesses
of an interaction algebra to be the finite powerset Fin X with set union as the binary
operation M, and let the tokens of the interaction algebra be the set of ideals of the form
I(zg,y). Let the relation < between finite sets and round ideals be the set inclusion
relation and let I(zg,y)—~<A whenever I(xg,y) Cla for some element a of the finite set A.
One checks that the structure thus defined is indeed a Stage 1 interaction algebra and
that the relation > on the witnesses extends the relation < of the information system
in the sense that {xo} > {y} holds precisely when zp < y. Furthermore, since by con-
struction {xg}<I(xg,y)~{y}, one can show that for any two finite sets A > B implies
that A > {y} = B for some singleton. It follows that the round ideals of the information

system (Fin X, >) are in bijective correspondence with the round ideals of (X, <).

1.2.6 Semi-open morphisms and token maps

In some settings it is convenient to consider only a subclass of all Scott continuous maps
between domains. One such subclass is formed by the maps which preserve the way-below
relation. A proper map f between locally compact topological spaces is a continuous
map where the preimage of a compact saturated set is compact again. (In the absence of
local compactness, a proper map is further required to be closed, but for locally compact
spaces the latter follows from the former, see [27, Remark 1.3] or [28, Prop. 3.3].) Such
maps will feature later in this thesis (Sections 3.7, 4.5) and are intimately related to the
Patch topology [27, 38, 18]. Now f is perfect if and only if the frame homomorphism O(f)
preserves the way-below relation (see [22, V-5.18,V-5.19]).  We shall prove a fact for
Stage 1 interaction algebras corresponding to [22, IV-1.4], based on Theorem 1.1.11.

Theorem 1.2.8. The following are equivalent for a Stage 1 morphism R.
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1.2 Interaction algebras for domains

1. The morphism R has a Stage 0 right adjoint.

2. The homomorphism pty(R) between round ideals of tokens preserves the way-below

relation.

Proof. Theorem 1.1.11 states that the morphism R, when considered as a Stage 0 mor-
phism, has a Stage 0 right adjoint if and only if the induced map Q(R) between round lower
sets preserves the completely-below relation. Recall from the remark following Proposi-
tion 1.2.3 that the set of round ideals is a sub-dcpo of the complete lattice of round lower
sets, and furthermore the way-below relation on round ideals is the restriction of the
completely-below relation to this sub-dcpo. Therefore it suffices to prove the implication
(2) = (1).

If a Scott continuous map f : D — E between domains preserves the way-below rela-
tion, then the forward image operation Up(f) restricts to a join-preserving map between
Scott open sets. Indeed, if U is a Scott open set of D then Up(f)(U) = Uyep tf(d). For
any d € U there exists some d’ < d with d’ € U, and preservation of < yields f(d') < f(d).
Therefore Up(f)(U) is Scott open. Clearly the map Up(U) is left adjoint to the preimage
map O(f) between Scott topologies.

Apply the above observation to the case where f = pt;(R). Stone duality for interac-
tion algebras tells us that the frame homomorphism O(f) is represented by Q(Flip(R)),
whence this map having a left adjoint means that R must have a Stage 0 right adjoint. [

Remark. Be aware that the existence of a Stage 0 right adjoint to a Stage 1 morphism
R does not mean that the Scott continuous map pt;(R) has a right adjoint morphism in
Dom. It is true, however, that the frame homomorphism corresponding to pt;(R) will

have a left adjoint.

Definition 1.2.4. A Scott continuous map between domains is called semi-open if it

preserves the way-below relation.

Corollary 1.2.9. Let L be a Stage 1 interaction algebra. There is an order-preserving

bijection between
1. Stage 1 morphisms L — 1 which have a right adjoint,
2. Weak equivalence classes of compact tokens of L,
3. Compact elements of the domain of round ideals 1d1~ L .

Proof. The duality between Stage 1 interaction algebras and domains takes 1 to the one-
element domain {x} where * < . Clearly the compact round ideals I < I of Id1~ L, are
in bijection with the maps f : {*} — Idl™ L which preserve the way-below relation. The
theorem above and the duality with domains then yields the bijection between morphisms
L — 1 that have a right adjoint and compact round ideals. Then apply Proposition 1.1.10
to finish the proof. O
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1 Interaction algebras

Remark. A similar characterisation is used in locale theory: A locale X is compact if
and only if the unique map X — 1 is proper, meaning that the frame homomorphism

O(f) : 2 - OX preserves <.

The theorem above demonstrates one of the strengths of the information system ap-
proach: A Scott continuous map between domains and the associated frame homomor-
phism between Scott topologies are presented by the same relation. Thus, switching
between the point-set theoretic and the localic viewpoint requires no effort at all. We
conclude our study of semi-open morphisms by extending Proposition 1.1.12 to the cate-

gory Tokj.

Proposition 1.2.10. There is a contravariant functor from the category of Stage 1 inter-
action algebras and token maps to the category of Stage 1 interaction algebras and Stage 1

morphisms which possess a Stage 0 right adjoint.

Proof. Given a token map (f_, fy) : M — L, it suffices to check that the left adjoint
Ry : L_ — M, is a Stage 1 morphism. Recall that ¢ R m if there exists some m' < m
such that ¢ f4(m’). Further recall that the map f; preserves the relation <. First we
verify the meet rule for R;. Suppose ¢, R m, meaning that there exist mgy, my < m
such that ¢ fi(mg) and < fy(my). Using the fact that | m is an ideal, we obtain
a token m’ with mg,my < m’ < m. Then, as fi preserves the relation <, we have
¢ fr(mg) < fr(m') and Yo fi(my) < fr(m'). Therefore ¢,9< fy(m’) and with the
meet rule for © we obtain ¢y Rym. The weakening rule for R trivially follows from the
weakening rule for ©. Finally, to see that R, satisfies the definedness axiom, let m € M,
be any token. As |m is an ideal, it is in particular not empty. Let m’ < m. Then fi(m')
is a token of £ and by the definedness axiom of © we have ¢ f1 (m') for some witness ¢,
whereby ¢ R m. ]

1.3 Interaction algebras for continuous preframes

Beginning with this section, we keep adding finitary algebraic structure to domains. The
addition of finite meets is chosen to be the first for the sake of Lawson duality. Observe
that instead of using Scott open sets as witnesses in the Stage 1 interaction algebra pre-
senting a domain, one could restrict to Scott open filters. A domain has a plentiful supply
of Scott open filters; a fact that can be shown using the interpolation property of the
way-below relation and countable dependent choice: Given x < yq one uses the interpola-
tion property to successively build a countable descending chain =z < ... < yo < y1 < Yo
which gives rise to a Scott open filter ¢ = {y|3In € N.y, C y} that contains yy and has z
as a lower bound. The set of all Scott open filters of a domain D, ordered by inclusion, is
denoted by D" and called the Lawson dual of D. In any poset the set of filters is closed
under directed unions, whence D" is a sub-dcpo of the completely distributive frame of

Scott open sets and thereby a domain, too. Any domain D is isomorphic to its second
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1.3 Interaction algebras for continuous preframes

Lawson dual (see [41, Theorem 3.7],[22, IV-2.14]) where the isomorphism is given by the
map x — {¢ € D" |z € ¢}. Unfortunately, this duality is not functorial, as the preimage
of a Scott open filter under a Scott continuous map is Scott open, but not necessarily a
filter. In the Compendium [22] and Lawons’s paper [41], this is remedied by restricting to
the subcategory DOMFILT of domains with Scott continuous maps having the property
that the preimage of a Scott open filter is again a filter. A more elegant way is to further
restrict to the subcategory of continuous semilattices, that is, meet-semilattices which are
also domains, and Scott continuous maps which are semilattice homomorphisms. A pleas-
ing property of continuous semilattices is that these automatically satisfy the preframe
distributive law, which says that for every element x the meet operation d — x1d is Scott
continuous. Directed complete semilattices with this property (not necessarily domains)
are also called meet-continuous for obvious reasons. We regard continuous semilattices
as an intermediate step towards continuous frames. Therefore we call a meet-continuous
semilattice with top element a continuous preframe, where the Scott continuous semi-
lattice homomorphisms are referred to as preframe homomorphisms. On this category
CPreFrm, Lawson duality is a contravariant involution [41, Theorem 7.4]. When looking
at the axioms for Stage 2a in Table 1.2 is is not the least surprising that continuous pre-
frames have a nice self-duality, as the token- and witness side have the same algebraic

structure and axioms.

1.3.1 Duality for Stage 2a interaction algebras

As it was demonstrated above, the witnesses for the way-below relation on a continuous
preframe can be taken to be Scott open filters instead of arbitrary Scott open sets. This

motivates the following definition.

Definition 1.3.1. For a continuous preframe L we define an interaction algebra lalg,, L
which has the set L as tokens and the Lawson dual L” as witnesses. The relations <,
> and the morphism part of the functor lalg,, are the same as in lalg, L, that is, ooz
whenever © € ¢, r><¢ whenever = is a lower bound for ¢ and ¢lalgy,(f)x whenever

f(x) € ¢. The binary operation M on the tokens is given as binary meet.

Lemma 1.3.1. Let £ be a Stage 2a interaction algebra. The round lower set operation

l: Ly — Lo~ Ly transforms I into binary meet.

Proof. The round lower set of a token a = {a’ € Ly |a’ < a} is an ideal in any Stage 1
interaction algebra, so in particular a round lower set. The round lower sets are closed
under all meets which are computed as lower closure of set intersection. Therefore, if a
and b are tokens of £, the meet Ja A |b is the set of tokens x which satisfy z < 2/ < a,b
for some token x’. If x < alMb then x < x'><¢<aMb for some token 2’ and some witness ¢.
Using the weakening rule of Stage 2a we deduce 2’ < a,b whence z is an element of the

round lower set Ja A [b. Now suppose x €la A |b, meaning r—<0<x', 2’ < a and 2’ < b.
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Then #<a, b whence by the meet rule §<a M b and therefore x < a Mb. We have shown
that {(aMb) =laAnlb. O

Lemma 1.3.2. Let L be a Stage 2a interaction algebra. The binary meet of round upper

sets of witnesses is computed as set intersection.

Proof. Let ®, ¥ be round upper sets of witnesses. It suffices to show that ® NV is a round
upper set. Let § € ®NW. Since both ® and ¥ are round upper sets, we have 0a—~¢p € ®
and b~y € ¥ for some tokens a,b and some witnesses ¢, 1. Using the binary meet
rule and the weakening rule of Stage 2a one deduces 0<a M b=, 1) which we expand to
0 = 0’<amMb. Then clearly # € ® N ¥ and therefore ® N ¥ is a round upper set. O

Theorem 1.3.3. The dual equivalence between the categories Dom and Toky restricts to
a dual equivalence between the categories CPreFrm of continuous preframes and preframe
homomorphisms and the category Toke, of Stage 2a interaction algebras and Stage 2a

morphisms.

Proof. First observe that the interaction algebra lalg,, L constructed from a continuous
preframe indeed satisfies all Stage 2a axioms. The binary meet rule holds because the
witnesses are now closed under binary meets, and dual definedness holds because every
witness is non-empty, as it contains the top element 1 € L, the neutral element for . It
is an easy exercise to check that the relation Ialg,,(f) derived from a preframe homomor-
phism satisfies the Stage 2a axioms as well.

Every continuous preframe L is in particular a domain. Notice that for every such
L the interaction algebras Ialg; L and lalg,, L are isomorphic as objects in Tok;. This
amounts to the fact that if a point = is contained in a Scott open set U then there is
some Scott open filter completely below U which still contains x. Let pty, denote the
restriction of the round ideal functor pt; to the subcategory Toks,. It suffices to verify
that pty, produces continuous preframes and preframe homomorphisms. Once that is
done, the duality Theorem 1.2.5 tells us that pt,y, olalgy, is isomorphic to the identity
functor on CPreFrm and Ialg,, o pty, is isomorphic to the identity functor on Toka,.

Let R: L — M be a Stage 2a morphism between Stage 2a interaction algebras. Fist
we show that pt,, £ =Idl™ L, is a continuous preframe. Because of the dual definedness
axiom of Stage 2a, the set L_ of witnesses is a round upper set: If ¢ € L_ then ¢>a for
some token a and therefore ¢ = ¢'<a for some other witness ¢’. The meet rule of Stage 1
now tells us that L_ is in fact a round filter, and clearly the largest such. Using the
Fundamental Lemma 1.2.1 we conclude that the domain Idl~ L, has a largest element,
namely the ideal of all bounded tokens. Recall from Lemma 1.3.1 that the binary meet of
round the ideals Ja and |b in the frame of round lower sets of tokens is | (aMb), which is
again a round ideal. Further recall that any round ideal I can be written as the directed

union | J,c; la. Therefore, using the preframe distributive law in the frame Lo~ L, we
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1.3 Interaction algebras for continuous preframes

can write the binary meet of two round ideals I and J as
InT=J{lanb) [acTbe T},

This union is directed, because | transforms < into < and I into binary meet, as we saw
in Lemma 1.3.1. Hence I A J is again a round ideal. Now the preframe distributive law
of I1d1™ L. follows from the preframe distributive law of Lo L. This concludes the proof
that pty, £ a continuous preframe.

It remains to show that the Stage 2a morphism R induces a preframe homomorphism
pto, (R). Just as in the proof of Theorem 1.2.5 it is convenient to regard the map pty,(R)
as a map from round ideals of tokens to round filters of witnesses. Since ptq, is just the
restriction of pt; to Stage 2a interaction algebras, it suffices to show that pty,(R) preserves
finite meets. Because of the dual definedness axiom we know that every witness ¢ € L,
has ¢Rm for some (bounded) token m € M, which means that pty,(R) preserves the
empty meet. The binary meet rule of Stage 2a tells us that

{¢|¢Ra} N {p|pRb} = {¢[pR(aMb)} .

Apply Lemma 1.3.2 and conclude that pt,,(R) preserves the binary meet la A [b. The

general case follows from the same argument we used above for the domain IdI* L. [

1.3.2 Lawson duality

Once more the functor Flip on interaction algebras proves to be very useful. Recall that in
the category of Stage 1 interaction algebras it presented the Stone duality between domains
and completely distributive frames. In the category of Stage 2a interaction algebras it
presents a duality as well, but this time the points of the dual are Scott open filters
instead of Scott open sets. The following theorem is the interaction algebra version of [55,
Theorem 3.2.3].

Theorem 1.3.4. Let (—)" be the duality on preframes which takes a preframe homo-
morphism to the preimage operation between Scott open filters. The following diagram of

contravariant functors commutes (up to isomorphism,).

t a
Tokog P CPreFrm

Flipi l()A

Tokeg —— CPreFrm
pt2a

Proof. Notice that the axioms of a Stage 2a interaction algebra are symmetric in tokens
and witnesses. Therefore the functor Flip restricts to a contravariant involution on Toko,.
From Theorem 1.2.4 we know that pt; o Flip takes a Stage 1 morphism to the preimage

operation between Scott open sets. Therefore it suffices to show that for any Stage 2a
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1 Interaction algebras

interaction algebra £ the domain pty, Flip £ is the Lawson dual of pty, £. In the proof of
Theorem 1.2.4 we showed that Scott open sets of Idl™ L, are in order-preserving bijection
with round upper sets of tokens. This order-isomorphism restricts to an order-isomorphism
between Scott open filters in Id1™ L, and round filter of tokens. O

Remark. The proof that round filters of tokens correspond to Scott open filters of round
ideals does not require the Stage 2a axioms. Together with Theorem 1.1.8 we recover a
result published by Lawson [41]: The Scott topology of the Lawson dual of a domain is

order-isomorphic to the order dual of the domain’s Scott topology. In short: o(D")
(oD)?.

Knowing that the preframe of round ideals of witnesses is the Lawson dual of the round
ideals of tokens, one wonders what the interaction algebra Ialg,, pty, £ concretely looks
like. In the proof of Theorem 1.1.9 we gave a conrete description of the Stage 0 interaction
algebra derived from the completely distributive frame of round lower sets of tokens. The

same argument can be modified to account for round ideals.
Proposition 1.3.5. Let L be a Stage 2a interaction algebra.

1. A round ideal I of tokens is contained in the Scott open filter corresponding to the

round ideal ® of witnesses precisely when the set ® x I intersects the relation <.

2. A round ideal I of tokens is a lower bound for the Scott open filter corresponding to
the round ideal ® of witnesses if and only if the set I x ® is contained in the relation

—; Oy <,

1.4 Interaction algebras for domains with least element

In this section we demonstrate how to add an empty join, i.e. a least element to a domain
presented by an interaction algebra. The canonical interaction algebra we used to present a
domain D has all Scott open sets as witnesses. There is always a largest witness, namely D.
If we write the largest witness more neutrally as 1, then we have 1<a for every token a
of our canonical interaction algebra. The domain D has a least element precisely when
there is some token 0 € D which is a lower bound for the witness 1. Indeed, any token
d € D then has 0>=<1<d and thereby 0 < d. In particular the least element 0 always
satisfies 0 < 0. It must therefore be an element of any set of tokens which we might use
to present the domain. Phrased differently, the domain D has a least element if and only
if the maximal witness 1 is compact in the sense that 1 > 1.

A map f: D — E between domains with bottom is said to be strict if f(0) = 0. The

category of domains with bottom and strict Scott continuous maps is denoted by Dom .

Theorem 1.4.1. The duality between domains and Stage 1 interaction algebras restricts
to a dual equivalence between Stage 2b interaction algebras and Stage 2b morphisms and

the category Dom || of domains with least element and strict Scott continuous maps.
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1.5 Interaction algebras for continuous Sup-lattices

Proof. If D is a domain with least element 0, let 1 denote the Scott open D. Then the
interaction algebra lalg, D with Scott opens as witnesses and points of the domain as
tokens satisfies all axioms of Stage 2b listed in Table 1.2. If f : D — FE is a strict map
between domains with bottom, then certainly f(a) € E for any element a € D, whence
the relation Ialg,(f) satisfies the empty meet rule of Stage 2b. The relation ¢Ialg;(f)0
holds by definition when f(0) is an element of the Scott open set ¢, but since the map
f is strict this means that 0 € ¢. Therefore the functor lalg; restricts to a functor
lalggy, : Dom ) — Tokgp.

It remains to show that the restriction of pt; to the subcategory Tokgy, produces do-
mains with bottom and strict maps. From the axioms of Stage 2b it follows that the
postulated token 0 satisfies 0 < 0, whence we know by Corollary 1.2.9 that [0 is a com-
pact round ideal of tokens. Moreover, any other token a has 0><1<a, whence the round
ideal [0 is contained in any other round ideal. If R is a Stage 2b morphism then the image

of 0 under pt;(R) is again the lower set of 0, as enforced by the strictness axiom. Ol

1.5 Interaction algebras for continuous Sup-lattices

In section 1.3 we added finite meets to a domain. Dually one might want to add finite joins
to a domain and thus obtain a continuous (complete) lattice. But we already demonstrated
in section 1.4 how to add the empty join to a domain, so it suffices to find a way of adding
binary joins to a domain. Together with the directed joins such a domain will be a
complete Sup-lattice, that is, a poset which has joins for all non-empty subsets. Since
complete Sup-lattices can be described as the Eilenberg-Moore algebras for the non-empty-
lowerset monad on Poset, the natural choice of morphisms between these structures are
the monotone maps which preserve all non-empty joins.

In due course we will prove that the interaction algebras that present continuous com-
plete Sup-lattices are precisely those satisfying the Stage 2¢ axioms. The binary join and
weakening rules for Stage 2c listed in Table 1.2 look harmless, but the join-strength axiom
might require explanation. Suppose L is a continuous complete Sup-lattice, ¢ C L is a
Scott open set and allb € ¢. From continuity we know that a = | |{a and b = | | [b. Since
directed joins distribute over binary joins, we can write alUb = | |{a’ UV |d' < a,b < b}.
Observe that this join is directed. Therefore, by ¢ being a Scott open set, we have a'Lb’ € ¢
for some o’ < a and b’ < b already. Clearly then a € $a’ and b € 0’ and the intersection
ta’' N1 is completely below the Scott open ¢, as witnessed by o’ b, This can be turned
into a join-strength axiom for the way-below relation. It reads

r<<alb
Jd < ad <br<<a UV

The term “join-strength” was first mentioned to the author by Sam van Gool, but
auxiliary relations which satisfy the join-strength axiom and an order-dual thereof have

been examined by Smyth [50] and subsequently many others [16, 2, 35, 33].
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In any domain the join of two points a and b, if it exists, has the property that allb < x
whenever ¢ < z and b < z. For continuous Sup-lattices this means that it is possible
to compute the binary meet of Scott opens by taking point-wise joins. Indeed, if Uy and
Us are Scott open sets then the set U = {aUb|a € Uy,b € Us} is clearly contained in
Uy NUs. For the reverse inclusion, any u € Uy NUs has ¢/ < a C w and ¥ < b C u for
some a’,a € Uy and V/,b € Us. Thus ¢/ UV < alUb C u whence Uy NUs C U. We begin
our study of Stage 2c interaction algebras by exhibiting the analogues of the observations

above.
Lemma 1.5.1. Let L be a Stage 2¢ interaction algebra.

1. The relations =< and any Stage 2¢ morphism (in particular <) satisfy

oRa Y Rb a=¢ b=
¢MYRallb alldb—=¢May

2. The relation < on tokens satisfies the join-strength axiom

Tz <alb
Ja’ < a3 <b.x<a UV

3. The relation < on tokens satisfies

a<T b<ux
aldb=<x

4. Any token b is lower equivalent to bl b.
5. Any witness ¢ is lower equivalent to ¢ M ¢.

6. The relation = on witnesses satisfies
¢ =0 (e
Gy =46
Proof. (1) If Ra and ¥ Rb then first use the weakening axiom to obtain ¢, Ra LI b and
then use the meet rule of Stage 1 to get ¢ MY Ra Ub. The rule for > is proved dually.

(2) Suppose x=<¢p<a Ll b. Apply the join-strength axiom and obtain witnesses ¥<a,
f<b such that ¢ = 1M#. With the interpolative law for © we get 1»<a’ < a and b < b
for some tokens @’ and ¥'. Using (1) we deduce @ M f#<a’ UV and with ¢ = M@ this
implies p<a’ UY. Thus 2 < o' UV

(3) If a<¢pox and b=y <oz then because of the weakening rule of Stage 2¢ we have
a U b—=¢, oz which using the axioms of Stage 1 implies a U b~<¢ My ox.

(4) The weakening rule of Stage 2¢ yields the implication ¢p<=b = ¢<b U b. For the
reverse implication, apply the join-strength axiom to ¢<=blLIb and obtain ¥<b with ¢ = ¢
whereby ¢<b.

(5) Is true even for Stage 1 interaction algebras; see the observations following Defini-
tion 1.2.1.

(6) If pa—~0 and pob—~<0 then use (1) and the weakening rule for >~ and obtain
¢ Mypa L b—=0. OJ
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1.5 Interaction algebras for continuous Sup-lattices

o\
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¢a

°
(¢,b)

(¢,0) ®

Figure 1.7: The interaction algebra of Example 2 depicted as the product L_ x L. Filled
dots are members of < and circled dots are members of <.

Corollary 1.5.2. A round lower set of tokens of a Stage 2¢ interaction algebra is a round

ideal if and only if it is non-empty and closed under the operation L.

Proof. The rule (3) of the previous lemma is reversible. This can be shown easily using

the weakening rule for >~ of Stage 2c. O

Corollary 1.5.3. If ¢ is a witness of a Stage 2c¢ interaction algebra, then the round upper
set T¢ 1is either empty or a round filter.

Proof. Follows from the rule (6) of the previous lemma. O

The join-strength axiom is not derivable from other axioms of Stage 2c, as the following

example demonstrates.

Example 2. Consider an interaction algebra where the witness set is the two-element
meet-semilattice L_ = {¢, 1} where ¢ M1 = ¢. The token set is the four-element join-
semilattice Ly = {0, a,b,allb} where 0 is a unit for the binary operation LI. The relations
< and =< are depicted in Figure 1.7. One can think of the witness ¢ as the singleton set
{a U b} and of 1 as the set L. This interaction algebra satisfies all Stage 1 axioms and
moreover all axioms of Stage 2b and Stage 2c except for the join-strength axiom. Indeed,
¢<a L b but the only choice for witnesses v<a and #<bis ¢y =60 = 1. Since 1111 =1
and 1 is not below ¢, the join-strength axiom fails.

Observe that this interaction algebra has only two round ideals, namely the ones
generated by the compact tokens 0 and a LI b. Hence the tokens a and b are superfluous,

and in fact omitting them yields a Stage 2c interaction algebra.

Remark. A dual to axiom (2) of Lemma 1.5.1 does not hold. If ¢ > ¢ 16 then there
do not necessarily exist ¢’ > ¢ and 6’ > 6 such that ¢ = ¢ T16". An example where this
fails is the complete Sup-lattice N + {oco} where N carries the flat order and oo is above
any n € N. The Scott open sets generated by the even and odd numbers intersect to the
singleton {oco} which is completely below itself, but the former two Scott open sets are

not bounded below.
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1 Interaction algebras

Theorem 1.5.4. The dual equivalence between the categories Dom and Toky restricts to
a dual equivalence between the categories CCSup of continuous complete Sup-lattices and
Sup-lattice homomorphisms and the category Toko. of Stage 2¢ interaction algebras and

Stage 2¢ morphisms.

Proof. Let L be a continuous complete Sup-lattice. Then the tokens of the interaction
algebra lalg; L have binary joins. We already verified the join-strength axiom at the
beginning of this section. The binary join rule of Stage 2c¢ is valid because the lower bounds
of any Scott open set are closed under all non-empty joins. Checking the weakening rules
of Stage 2c requires no ingenuity. We conclude that the functor Ialg; restricts to a functor
Talgy,. : CCSup — Tokac.

It remains to show that the functor pt; maps Stage 2c interaction algebras to Sup-
lattices and Stage 2c morphisms to Sup-lattice homomorphisms. Let £ be a Stage 2c
interaction algebra. Its domain of round ideals of tokens has binary joins which are

computed just as one computes the join of ideals of any join-semilattice:
IvJ={aUblacl, be J}

The easiest way of seeing that the set thus defined is indeed the join of I and J in the
domain of round ideals, is to consider the special case where I =|ag and J =]by. Using
Lemma 1.5.1 (2) and (3) one shows that JagV Lby =] agUbgy, which is clearly the smallest
possible ideal containing both | ag and | by. Hence the map |: L, — Idl™ L, not only
transforms < into < but also U into binary join. The case where I and J are arbitrary
round ideals now follows using the basic round ideals. Therefore the set of round ideals of
tokens has binary joins. The Fundamental Lemma 1.2.1 tells us that the round filters of

witnesses have binary joins, too. These are computed in the way we would expect:
FVG=t{¢ny|¢eF ¢ eGC}.

Let R: L — M be a Stage 2c morphism. Once again, we regard the map pt,(R) as a
function from round ideals of tokens in M to round filters of witnesses in £. We already
know that pt;(R) is monotone, whence it suffices to check the inequality pt;({(a Ub)) C
ptiy(Ja) Vpt;(Lb). A witness ¢ € L_ is an element of pt,(| (a U b)) precisely when
¢Ra Ub. Now the join-strength rule for R tells us that ¢ > ¢ M6 for some ¢ € pty(la)
and 6 € pt;(}b). We have shown that pt;(R) preserves binary joins of basic round ideals,

and this suffices to conclude that the function preserves all binary joins. O

One of the strengths of interaction algebras for domains is that the Lawson dual is
“built in” to the presentation rather explicitly as round ideals of witnesses. Observe that
in the proof of Theorem 1.3.4 we did not make use of the Stage 2a axioms to show that
the Scott open filters of round ideals of tokens correspsond to round ideals of witnesses.

In fact the Stage 2a axioms only come into play when showing that the Lawson dual is
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1.6 Interaction algebras for continuous lattices

functorial.
Thus we may, even in the absence of the Stage 2a axioms, derive properties of the
Lawson dual of a domain by inspecting the algebraic axioms of tokens and witnesses. An

instance of this is provided by Lemma 1.5.1 (6):

Proposition 1.5.5. For a Stage 2c interaction algebra L, the Lawson dual of pty L is
stably locally continuous, meaning that the way-upper set of any point is a filter, provided

that it is not empty.

Proof. Suppose ®, ¥ and © are round ideals of witnesses of a Stage 2c interaction algebra
with ® < ¥,0. Then ® C|¢ and & C|6O for some ¢ € ¥ and 6 € ©. Further we have
" = ) = ) for some witnesses ¢”,7)’ € ¥, and likewise © > 0” = ¢ = §. Using the
weakening rule of Stage 1 we find that ¢”,0” = ¢/ M6 whence ¢’ 160 € N O. Now
apply Lemma 1.5.1 (6) and conclude that ¢ M6 still contains the ideal ®. Notice that
the round lower set |1 16 is not necessarily a round ideal, but with countable dependent
choice we can construct a round ideal of witnesses that contains 1 M6 and is bounded
above by ¢/ M 6’. Thus we have shown that the way-upper set of the ideal ®, provided
that it is not empty, is a filter. O

Remark. The proposition above has a converse: The continuous complete Sup-lattices

are precisely the Lawson duals of stably locally continuous domains.

1.6 Interaction algebras for continuous lattices

In order to present continuous lattices by interaction algebras, all we have to do is combine
Theorem 1.4.1 and Theorem 1.5.4. This yields a dual equivalence between the category
Toks and the category CCL of continuous complete lattices and join-preserving maps. From
the viewpoint of universal algebra, the join-preserving maps are by no means the canonical
choice of morphisms. For example, in [22] continuous lattices are studied as the category
CONT where the morphisms are the Scott continuous maps. Another approach we have
taken previously is to look for distributive laws and require homomorphisms to preserve
the meets and joins that are involved in the distributive law. Surprisingly, continuous
lattices can be characterised by the directed distributive law [22, 1-2.7]: They are those
complete lattices where arbitrary meets distribute over directed joins. Although a direct

proof is not too complicated, the abstract basis approach provides a neat alternative.

Proposition 1.6.1. In the complete lattice of round ideals of tokens of a Stage 3 interac-
tion algebra, arbitrary meets are computed as in the complete lattice of round lower sets,
that is, as lower closure of set intersection. Consequently, directed joins of round ideals

distribute over all meets.

Proof. Let L be a Stage 3 interaction algebra and let Z be a set of round ideals of tokens.
The meet of Z in the lattice of round lower sets is given as AZ = {a € Ly |3b € ((Z.a < b}.
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It suffices to show that this is a round ideal. First notice that A Z is not empty, because
any round ideal of a Stage 2b interaction algebra contains the compact token 0, whence
0<0eNZ. Ifa<d €(Z and b <V €T then use the characterisation in Lemma 1.5.2
and Lemma 1.5.1 (3) to obtain a Llb < o’ UV € (NZ. Hence AZ is a round ideal.

Recall that the complete lattice Lo~ L of round lower sets is a completely distributive
frame. As Idl1™ L shares directed joins and arbitrary meets with the frame Lo~ L, the

round ideals inherit the directed distributive law. OJ

A consequence of Proposition 1.6.1 is that any continuous lattice satisfies the preframe
distributive law. Therefore we could have included the Stage 2a axioms into Stage 3.
However, by convention this would mean that the homomorphisms between complete

lattices must preserve finite meets. We conclude:

Proposition 1.6.2. There is a dual equivalence between the category of continuous lattices
with frame homomorphisms and the category of Stage 3 interaction algebras and morphisms

which satisfy the Stage 2a axioms as well.

1.7 Interaction algebras for continuous frames

The algebraic structure of continuous frames is best regarded as a distributive lattice
which happens to be a domain. This is because the frame distributive law can be de-
composed into the distributive law of lattices and the preframe distributive law. The
latter distributive law, however, can be derived because any continuous meet-semilattice
is meet-continuous. In the light of Proposition 1.6.2 it therefore comes at no surprise that
in the step from continuous lattices to continuous frames we simply add a distributive law
to the operations LI and M we postulate on the tokens.

The Scott topology on any domain (and thereby every completely distributive frame)
is a continuous frame, whence the Stage 4 interaction algebras could be considered as
more general than the ones of previous stages. But, at least until Subsection 1.7.2, we are

interested in a continuous frame itself as a domain.

1.7.1 A lattice distributive law without equality

Notation. By Toks, we denote the category of interaction algebras and morphisms that

satisfy the axioms of Stage 2a, 2b and 2c.

A Stage 3a interaction algebra has two operations on tokens: There is the operation
M of Stage 2a and the operation U of Stage 2c. Classically, a distributive law involving
these operations would read a M (bl ¢) = (aUb) M (aUc). However, in Section 1.2 we
already pointed out that equality of tokens is way too strong and replaced it with the lower
equivalence of Definition 1.2.1. As we shall see, lower equivalence is the right framework

in which to define a distributive law.
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1.7 Interaction algebras for continuous frames

Lemma 1.7.1. In every Stage 3a interaction algebra, for any three tokens a, b, c the token
(aMb)U (aMe) is weakly below the token a T (bU c).

Proof. We have to show that for any witness ¢ the relation ¢<=(aMb) L (alc) implies that
¢p<a T (bU ). Suppose the former relation holds. Using the join-strength rule we obtain
witnesses Y<a b and 0<allc satisfying ¢ = 1 160. With the weakening rule of Stage 2a
we can decompose the former two relations into ¢¥<a, 8<a, ¥»<b and §<c. These four
we re-gather into the two relations ¢ M 6<a and ¥ M OH L ¢, where the first is derived
using the meet rule of Stage 1 and the second using Lemma 1.5.1 (1). An application of
the meet rule then yields ¢ M é#<a M (bL ¢) whence we can conclude pa M (bUc). O

The lemma above has an analogue in lattices: It simply states that the map x +— aMx
is monotone. This formulation makes no sense for tokens of an interaction algebra, because
M and LI do not define the same preorder. Nevertheless we define our distributive law as

the reversal of Lemma 1.7.1.

Definition 1.7.1. We say that binary relations I and LI of a Stage 3a interaction algebra
distribute if for all tokens a,b and ¢ the token a M (bU ¢) is weakly below (ab) U (aMc).
The category Toky of Stage 4 interaction algebras is the full subcategory of Toks, where
the operations M and U distribute.

It is merely a curious observation that the distributive law can be phrased without
referring to the weakly-below relation. Instead, what distinguishes a continuous frame

from a continuous lattice is a “bounded” variant of the join-strength axiom.

Lemma 1.7.2. The join-strength rule of Stage 2c is reversible, meaning

“Ra  ORb  ¢=¢no

ORa b
Proof. If ¥ Ra and 6Rb then using the idea of Lemma 1.5.1 (1) we obtain ¢ Mé#Ra L b.
Composing this with the hypothesis ¢ > 1 M6 yields ¢Ra U b. O

Proposition 1.7.3. A Stage 3a interaction algebra has distributive operations M and U
in the sense of Definition 1.7.1 if the bounded join-strength rule

poa pobU e
Jpob, 0. ¢ = Y M a

holds.

Proof. Suppose ¢p<=all(blUc). With the weakening rule we get ¢<=a and ¢<=blic. Then we
can apply the bounded join-strength rule and obtain ¢ >~ ¥ Mé<a for some witnesses b
and #<c. Notice that further ¢»<a and 6<a hold. Re-gather the last four relations into
th<aTb and <a e and these two into ¢ MO<(aMb) U (aMe) and deduce p>(aMb) L
(aMc¢). We have shown that the bounded join-strength axiom implies that a M (b U ¢) is
weakly below (ab)U (aMc). O
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For any lattice (L,M,U) the distributive law, as we phrased it, is equivalent to the
assertion that for any three elements (a b)) M (aUc) C all(bMe). We will prove that our
distributive law implies a similar fact. Our proof essentially follows the familiar lattice-

theoretical proof that can be found in standard textbooks such as [13].

Lemma 1.7.4. For any Stage 3a interaction algebra and tokens a and b, the tokens

al(aMb) and (aUb) Ma are both lower equivalent to a.

Proof. Clearly, if p<=a then ¢<a U (aMb) by the weakening rule of Stage 2¢c. Conversely,
if p=all(aMb) then use the join-strength rule to obtain ¢»<a and §<aMb with ¢ = ¥ M16.
From the weakening rule of Stage 2a we know §<a whence we may apply the meet rule
of Stage 1 and get ¥ M 6<a. Therefore ¢p<=>a, which finishes the proof of the first claim.
The Stage 2a weakening rule tells us that ¢<=(a LU b) Ma implies p<a. For the reverse
implication, use the weakening rule of Stage 2c¢ to deduce ¢<=a U b from ¢<a, and then
the meet rule of Stage 2a to get ¢<=(a LIb) Ma. O

Proposition 1.7.5. If the operations M and LI of a Stage 3a interaction algebra distribute
then the dual distributive law holds as well, meaning that for any tokens a, b and c the
token (aUb) M (alc) is weakly below a Ll (bMc).

Proof. Suppose ¢ (aldb)M(alle). We show p=all(bMe). First apply the distributive law of
Definition 1.7.1 to obtain ¢<((allb)Ma)U((allb)Mc). Now we can use the join-strength rule
and get witnesses < (allb)Ma and §<(allb)Me which satisfy ¢ = ¢M6. Using Lemma 1.7.4
and the distributivity of M and U we obtain ¢»<a and < (alMe¢) U (bMe). With the help of
Lemma 1.5.1 (1) the latter two relations can be assembled into ¥ Mf@<al (aMc) L (bMe).
To finish, apply Lemma 1.7.4 once more and obtain ¢p<a Ll (b1 ¢). O]

1.7.2 Duality with continuous frames and locally compact spaces

Lemma 1.7.6. In a Stage 4 interaction algebra, binary meets of round ideals distribute

over binary joins.

Proof. Let L be a Stage 4 interaction algebra and I, Ji,Jo be round ideals of L. By
monotonicity of the meet operation I A — the inclusion (I A Jy)V (I AJy) CTA(J1V Ja)
holds, so it suffices to prove the reverse inclusion. Let a € I A (J; V Jz). Then a<¢p<a’ M
(b1 U by) where a’ € T and b; € J;. Using distributivity of the operations M and Ll we
obtain a><¢<(a’ Mby) U (o’ Mbe). Apply Lemma 1.5.1 (2) and get z; < o/ M b; such that
a < w1 Uxe. This shows that a € (I A Jy)V (I A Jo). O

Theorem 1.7.7. The contravariant duality between Stage 2a interaction algebras and
continuous preframes restricts to a duality between the category Toky and the category

CFrm of continuous frames and frame homomorphisms.
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1.7 Interaction algebras for continuous frames

Figure 1.8: The interaction algebra that corresponds to the topology on the one-point
space, depicted as the product of witnesses and tokens. Filled dots are members of >~ and
circled dots are members of <.

Proof. From Proposition 1.6.2 we know that the Stage 3a interaction algebras are dually
equivalent to continuous lattices and frame homomorphisms. The previous lemma tells us
that the Stage 4 interaction algebras correspond to continuous frames. If L is a continuous
frame then the interaction algebra lalg,, L satisfies the axioms of Stage 2b and 2c as well.
As the binary operations M and LI on the tokens of lalg,, L are meet and join in L, the
distributive law of Definition 1.7.1 holds. O

A continuous frame is spatial (assuming choice). The category CFrm of continuous
frames is dually equivalent to the category IcSob of sober locally compact spaces, whence
the category Toky is equivalent to IcSob. Although we could use general Stone duality
to present this equivalence, it is interesting to see how one can describe the equivalence
directly.

Let X be a locally compact sober space. We build an interaction algebra X = lalg X
where the tokens are bounded opens of X (Call an open set U € OX bounded if it is
contained in some compact subspace of X) and the witnesses are compact (saturated)
subsets of X. On the token side X the binary operations N and LI are meet and join
in the lattice OX and 0 € X, denotes the empty set. The bounded opens indeed form
a (distributive) lattice with least element. On the witness side, let M be binary union of
compact sets and 1 € X_ denote the empty set. Define relations K<U iff K C U and
U~K iff U C K (The notation becomes more intuitive if one thinks of the witnesses as
the complements of compact sets). Clearly then, the way-below relation on the tokens
coincides with <. The algebraic axioms for Stage 4 all follow from the algebraic properties
of the set inclusion relation and the fact that OX is a continuous frame. A continuous
map f : X — Y translates to a Stage 4 morphism Jalg X — lalgV defining K lalg(f)U
iff f(K)C U iff K C f~Y(U). This definition matches with the one for the functor Ialg,,
because of the Hofmann-Mislove Theorem ([22, II-1.20],[29]): The Scott open filters of
OX are in order-reversing bijection with the compact saturated subsets of X. Thus we
can read K C f~1(U) as O(f)(U) € ¢x where ¢ denotes the Scott open filter in OX
generated by K.

Going from interaction algebras to spaces, we employ the interaction algebra variant

of Stone duality. The interaction algebra 2 shown in Figure 1.8 is the Stage 4 interaction
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Compactness 0eL_ a—=0

Stable local continuity | (L_,U)

bi joi a—=o a—~1)
inary join Ty
weakening rules a=¢pUy P<a
a—~¢ pUypoa
¢ LUpoa

dual join-strength
ual join-streng dpob, poe.bMe<a

Table 1.3: Axioms for compactness and stable local continuity for Stage 2a

algebra generated from the one-point space and thereby corresponds to the two-element
frame 2. Stone duality works as follows. Topologise the hom-set Tok4(2, £) using basic
opens of the form {R : 2 — L|0Ra} where a ranges over the tokens of £. Notice that the
algebraic operations ' and U on tokens translate to binary intersection and union of basic

opens.

1.8 Stable continuity and stable local continuity for pre-

frames

So far we specialised the category Tok; presenting domains by adding algebraic structure
to the set of tokens — binary meets for preframes, the empty join and binary joins for
continuous lattices. It is a natural question to ask what happens if we add more algebraic
structure to the set of witnesses. As the witnesses always have a binary operation we think
of as meet, and adding a neutral element for this operation does not make any difference
(recall that every interaction algebra of the form Ialg L has such a neutral element) we are
left with investigating what domains arise if we add binary joins or empty joins to the set
of witnesses. The categories of domains we thus obtain are interesting from a duality point
of view, because the functor Flip will put them into dual equivalence with the well-known

categories of Stage 2. Table 1.3 lists the rules we are about to study.

Definition 1.8.1. We call a preframe compact if the largest element 1 is way-below itself,
or equivalently, if the way-upper set of any point is non-empty. A preframe is called stably
locally continuous if the way-upper set of any point is closed under binary meets. If a
preframe is both compact and stably locally continuous then we call it stably continuous.
A Stage 2a interaction algebra is called stably locally continuous respectively compact if

it satisfies the corresponding rules of Table 1.3.
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1.8 Stable continuity and stable local continuity for preframes

1.8.1 Compactness for preframes

The compactness axiom listed in Table 1.3 has itself little influence on the shape of the
domain of round ideals of tokens. This is because as long as the witness 0 has no token
with 0ca, one can safely omit this witness and obtain an isomorphic interaction algebra.
The first stage at which we can guarantee that the witness 0 is meaningful is Stage 2a,
where the dual definedness axiom implies the existence of some token a with 0ca. In
that case we immediately know that (0,a) is a pair of compact elements because 0=a>~<0.
Furthermore, for any token b we get b><0<a which tells us that every token is bounded
by a. Dually, if ¢ is any witness then dual definedness yields ¢<=b for some token b and
thereby ¢<b—~0 which tells us that 0 is below every witness. Let us therefore rename
the token a to 1. This choice is justified, because every token b is lower equivalent to
the token 111b. Indeed, if <=1 M b then ¢b because of the weakening rule of Stage 1.
Conversely, if ¢p<b then because of ¢ = 01 we also have <=1 and therefore ¢p<1 1M b.
Observe that the round ideal | 1 is the top element of the preframe of round ideals of
tokens. Corollary 1.2.9 tells us that the top element |1 is compact, i.e. way below itself.

Given a preframe L with top element 1 satisfying 1 < 1, we clearly have a smallest
Scott open filter, namely the singleton {1}. Evidently this filter is bounded below by every

point of the preframe, whence lalg,, L satisfies the compactness axiom. We conclude:

Proposition 1.8.1. The preframe of round ideals of a Stage 2a interaction algebra has
a compact top element if any only if the interaction algebra is isomorphic to one which

satisfies the compactness azxiom of Table 1.5.

Note that the name “compactness” for the axiom we just considered has nothing to
do with the domain of round ideals being compact in the Scott topology. The name is
justified by the fact that a topological space X is compact if and only if the frame of opens
0OX is a compact preframe. Therefore the Stage 4 interaction algebras which satisfy the
compactness axiom are precisely the duals of compact locally compact sober spaces.

Observe that the functor Flip transforms the compactness axiom into the axioms of
Stage 2b, except for the strictness axiom. This yields a proof of the following fact (see
[41, Proposition 9.5]):

Proposition 1.8.2. The Lawson duals of continuous preframes with bottom are precisely

the continuous preframes with a compact top element.

Proof. The strictness axiom of Stage 2b is only used to ensure that a Scott continuous

map preserves the bottom element. O

We can not expect strictness from the morphism part of Lawson duality because the

preimage of the smallest Scott open filter {1} might be larger than just a singleton.
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1 Interaction algebras

1.8.2 Stable local continuity for preframes

The domain of all filters of a preframe has finite joins. If F' and G are filters of a preframe
L, then the join FV G is given as the upper set of {aMb|a € F, b € G}. Notice that even
if both F' and G are Scott open, the join F'V G does not need to be. But suppose that
L is a continuous preframe which in addition is stably locally continuous. Then, if a € F'
and b € G we know that F' 3 ¢’ < a and G 3 b’ < b because both filters were assumed to
be Scott open, and from stable local continuity we can conclude F VG > d MY < allb
which shows that F'V G is Scott open. Note that in this case we can describe F'V GG as
t{amb|(a,b) € F x G}. Using the language of interaction algebras, we will also prove
the converse: If the Lawson dual of a continuous preframe L has binary joins, then L itself

must be stably locally continuous.

Lemma 1.8.3. If a Stage 2a interaction algebra satisfies the stable local continuity axioms
of Table 1.3, then the following rules hold.

T <a z<b ¢ = P ¢ =0
x<allb o-yuo

Proof. Suppose r><¢pa and x><<b. Then because of the binary join rule of stable local
continuity and its associated weakening rule we know that z><¢ LIyp<a,b. With the meet

rule of Stage 2a conclude x><¢ U ¢p<a M b. The second rule is proved dually. ]

Proposition 1.8.4. Suppose a continuous preframe L is presented by a Stage 2a inter-
action algebra L. Then L is stably locally continuous if and only if L is isomorphic to an

interaction algebra that satisfies the stable local continuity axioms of Table 1.3.

Proof. From the lemma above we know that for basic round ideals of tokens |z, Ja and
Jb the implication |z <]a,lb =|lx <] aMb holds. This is enough to deduce stable
local continuity for the entire preframe of round ideals, since I < J holds if and only if
I <]z < J for some token x.

We already convinced ourselves that stable local continuity of a preframe L implies that
the Lawson dual has binary joins. Defining the operation LI as binary join of Scott open
filters, the interaction algebra lalg,, L is readily seen to satisfy all stable local continuity
axioms of Table 1.3. Observe, for example, that the dual join-strength axiom holds because

of the way binary joins of Scott open filters are computed. O

The reader will have noticed that the stable local continuity axioms are formally similar
to the axioms of Stage 2c, except that there we imposed them on tokens and not on
witnesses. Hence, the contravariant involution Flip swaps the Stage 2a axioms with Stage 1
axioms and the Stage 2c¢ axioms with stable local continuity axioms. This yields a short

proof of [41, Proposition 9.4]:

Proposition 1.8.5. The stably locally continuous preframes are precisely the Lawson duals

of continuous preframes which are complete Sup-lattices.
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1.8 Stable continuity and stable local continuity for preframes

Combining this with Proposition 1.8.2 we obtain [41, Corollary 9.6]:

Proposition 1.8.6. The Lawson duals of stably compact preframes are precisely the con-

tinuous lattices.

1.8.3 Stably locally continuous frames

A consequence of Proposition 1.8.5 is a dual of Lemma 1.5.1. Notice that Lemma 1.8.3

above already contains the dual rules to Lemma 1.5.1 (3) and (6).
Lemma 1.8.7. Let L be a stably locally continuous Stage 2a interaction algebra.

1. The relations © and =< satisfy

poa b a—~=¢ b=
pUYParb alb=e¢Ly

2. The relation ~ satisfies the join-strength rule

o~ 0
Ap = ¢, I = ¢ g LY -0

3. Any token b is lower equivalent to bb.
4. Any witness ¢ is lower equivalent to ¢ U ¢.
Lemma 1.8.8. Ifb < a in a Stage 2c¢ interaction algebra then ¢p<a b implies pa.

Proof. If ¢<=a 1LUb then the join-strength rule yields witnesses v¥<a, 0<b with ¢ = 1 M 6.
Now b < a implies 6<a whence also ¢ = ¥ M 0<a. O

Proposition 1.8.9. In a stably locally continuous Stage 4 interaction algebra the opera-
tions LI and M on the set of witnesses distribute, meaning that for any witnesses ¢, ¥ and
0 the witnesses ¢ M (1 U O) is lower equivalent to (¢ M) L (¢ 110).

Proof. In any stably locally continuous Stage 2a interaction algebra the witness (¢ M) U
(¢ M 0) is weakly below ¢ M (1) LI #). The proof is dual to that of Lemma 1.7.1.

Next we show that the dual distributive law of Proposition 1.7.5 implies that the
witness ¢ 1 (¢ U @) is weakly below (¢ M) U (¢ M1 60). Suppose ¢ 1 (¢ U 0)>a. With the
weakening rule of Stage 1 we deduce ¢p<=a and 1 LI8<>a. The dual join-strength rule yields
tokens b and ¢ such that ¢)<b, 0<>c and bMe < a. Use Lemma 1.5.1 (1) to get ¢ Mpalld
and ¢pré<alle. The dual rule in Lemma 1.8.7 (1) then gives (¢My)U(¢pMNE)<(allb)M(alle).
Now apply the dual distributive law for tokens to obtain (¢ M) U (¢ MO)a Ll (b e).
With the preceding lemma we get (¢ M) U (¢ M 0)a. Ol
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1 Interaction algebras

1.9 Interaction algebras for stably continuous frames

We already know two categories with a well-behaved self-duality: The completely dis-
tributive frames, presented by Stage O interaction algebras, and continuous preframes,
presented by Stage 2a interaction algebras. Now we have arrived at another self-dual
category: The stably continuous frames, presented by stably continuous Stage 4 interac-
tion algebras. Indeed, in a stably continuous Stage 4 interaction algebra both the tokens
and witnesses carry algebraic structure with the signature (M,U,0,1) and the functor Flip
reflects the rules that the algebraic structure is postulated to obey. In terms of domain

theory we get:

Proposition 1.9.1. The Lawson dual of a stably continuous frame is again a stably con-
tinuous frame. Lawson duality restricts to a contravariant endofunctor on the category

SCFrm of stably continuous frames and frame homomorphisms.
Proof. Proposition 1.8.9 allows us to specialise Proposition 1.8.6 to the desired result. [

The Stone duality between continuous frames and locally compact sober spaces we
laid out in Section 1.7 restricts to a duality between stably continuous frames and stably
compact spaces. The self-duality of stably compact spaces maps such a space to its de
Groot dual. Tts topology is an instance of the co-compact topology known in domain
theory, whose subbasic open sets are the complements of compact saturated sets. The
special property of stably compact spaces is that this subbasis is already a topology. For a
comprehensive account of results about stably compact spaces, the reader may consult [40]
or [35, Chapter 1]. As stably continuous frames and their Stone duals play an important
role in the remaining chapters of this thesis, we christen the stably continuous Stage 4

interaction algebras and Stage 4 morphisms the ultimate Stage 5 of our hierarchy.

1.10 The Smyth powerdomain

The subcategories of domains we represented using interaction algebras of Stage 2a, 2b
and 2c all have left adjoints to the inclusion functor. Just as every adjunction, those
left adjoints give rise to monads on the category Dom which can be thought of as adding
the appropriate algebraic structure to a domain in a “free” manner. In universal algebra
one introduces algebraic operations on a carrier set by postulating a structure map from
the free algebra over the carrier into the carrier. Typically this free algebra will be a
subset of the powerset, but other power objects have been considered; the prime example
being the probabilistic powerdomain whose points are probability distributions. A priori
a single object in a category might have many such structure maps for a given monad. For
example, a non-trivial set admits different monoid structures. Therefore it is noteworthy
that all monads on Poset appearing in this thesis belong to a family of monads which allow

at most one structure map per object.
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1.10 The Smyth powerdomain

The free continuous preframe over a domain is called the Smyth powerdomain. In
contrast to the Smyth power-construction for arbitrary dcpos, the Smyth powerdomain of
a domain D has a nice concrete description: Its points are the Scott compact saturated
subsets of D, whence the Smyth power-construction is also referred to as the upper power-
construction (Recall that saturated sets are upper sets in the specialisation order).

The reader should be warned that in most sources the Smyth powerdomain is defined
as the free deflationary dcpo-semilattice, without the neutral element for the binary oper-
ation. This means to exclude the empty set from the compact saturated sets. In computer
science contexts this is a sensible thing to do: when modelling nondeterminism, is is an
obvious requirement that a process has some possible behaviour at any state. However,
as our preframes always have a largest element, we include the empty set in our definition
of Smyth powerdomain. For the classical construction, replace “finite set” by “non-empty

finite set” in everything that follows.

Definition 1.10.1. If R C L x M is a binary relation then the Smyth lifting of R to the

finite powersets of L and M is given as
ARgB <= Vb€ Bda € A.aRb

Abramsky and Jung [1] prove that if (L, <) is an abstract basis for a domain D then
(Fin L, <g) is an abstract basis for the Smyth powerdomain of D.

Interestingly, the finite meets we wish to add to the domain D now arise in the same
way as one constructs the free meet-semilattice over a set: If L is a set, then the join
operation U is a binary operation on the finite powerset Fin L. with the empty set as
neutral element. On the tokens of the abstract basis (Fin L, <g) we declare binary union
to be a meet operation. This meet extends to round ideals of tokens.

We aim to present the Smyth powerdomain as a construction on Stage 1 interaction
algebras. In doing so, we exhibit and exploit a few not-so-well-known facts about the

Smyth powerdomain (only the statement about the unit is somewhat explicitly stated in
[1]):
e The Smyth powerdomain of any domain is a stably continuous preframe.
e The Smyth powerdomain functor preserves semi-open maps.
e The unit and multiplication of the Smyth powerdomain monad are semi-open maps,
and can be derived from the finite-powerset monad Fin on Set.
1.10.1 Relation lifting with algebraic operations

In what sense is the Smyth lifting a canonical construction? There is a canonical way of
lifting a binary relation through a functor called relation lifting. Suppose T is a functor

on Set and R C L x L is a binary relation. Let L<"R-"-L denote the projections
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1 Interaction algebras

of the set R onto its first and second coordinate. Then T'(m;) : TR — TL is the image of

the i-th projection under the functor 7. Define a relation T'(R) C T'L x T'L by declaring
aT(R)b whenever there exists an element x € TR with the property that a = T'(m)(x)
and b = T'(m2)(x). In the case where T' = Fin is the finite powerset functor and R = < is

the order relation of an abstract basis, one obtains the Fgli-Milner lifting

AFin(<)B<Vbe BJdae€ A.a<band Va e AJbe B.a < b.

Notation. When lifting a relation R through the finite powerset functor we write Rgas

instead of the more complicated Fin(R).

The abstract basis (Fin L, <gnr) gives rise to the Vietoris powerdomain. Vosmaer
[61] uses relation lifting to generalise the Vietoris powerlocale construction to a power
construction parametrised by a certain monad 7" on Set. However, the Smyth lifting of
=< seems not to be of the kind W for a functor T'. We show how to remedy this using
algebraic operations.

Suppose L is a set with a binary relation C we want to think of as a less-than-relation.
Suppose further that we have a binary operation M we regard as binary meet. Then one
natural rule for how C and M should interact is the weakening rule

rLy
xNa’' Cy

One could read this as a production rule to enlarge the relation C. And indeed: If (L, <) is
an abstract basis and A <g); B in the finite powerset of L, then for any finite set A’ C L
we have AU A" <g B. Conversely, suppose A <g B. Let A’ = AN |B. Then A’ <gy B
and clearly AU A" = A. We have shown that the Smyth lifting of < is the relation lifting
of < through the finite powerset functor, followed by closure under the weakening rule
above.

A binary algebraic operation can be lifted through the finite powerset functor as follows.
For a set L there is a natural map Fin L x Fin L. — Fin(L x L) sending a pair (4, B) to
the set A x B. Thus an operation M : L x L — L lifts to a binary operation Fin L. x
Fin L — FinL by post-composing the natural map by Fin(M). This yields AM B =
{a™b|(a,b) € A x B}.

Definition 1.10.2. For a Stage 1 interaction algebra £ define the Smyth poweralgebra
PsL as follows. Let the witness set be the finite powerset Fin L_ of the witnesses of L.
Further let 0 denote the empty set in Fin L_. Let the token set of PgL be the finite
powerset of the tokens of £, with the symbol 1 denoting the empty set of tokens. For

finite sets of witnesses ®, W and finite sets of tokens A, B declare binary operations

PNV = {pNe|(s,7) € ® x ¥}
PUT = PUT
ANB = AUB
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1.10 The Smyth powerdomain

The relations <, < and all morphisms R are lifted to relations Pg(>~<), Ps(<) and Pg(R)
on poweralgebras by first lifting the relation through the functor Fin and then closing
under the rules of Stage 2a and the rules of Table 1.3.

As we convinced ourselves above, the relation lifting thus defined produces the Smyth
lifting we described earlier. It remains to show that the Smyth liftings of R and < are

closed under all Stage 2a rules.

Stage 0. The Smyth lifting is easily seen to be functorial as an operation on morphisms
of Rel. Hence equational axioms such as the Stage 0 axiom are preserved by Smyth
lifting. Omne consequence of functoriality is that ><g; ©g =<g whence we can say that
the domain Id1™$ Fin L presents the Smyth powerdomain of Id1™ L. More generally the
Smyth lifting is monotone with respect to inclusion of relations whence adjoint pairs of

relations are preserved.

Stage 1. Let R be a Stage 1 morphism. If ®RgA and WRgA then for all a € A there
exist ¢ € @, b € ¥ such that ¢,y Ra. Since R is closed under the meet rule of Stage 1, we
have ® MY > ¢ MY Ra whence ® M PRgA. Similarly, the weakening rule for M on finite
sets of witnesses follows because R satisfies that rule. For the empty set 1 of tokens the
definedness axiom holds vacuously; for all non-empty sets A it follows from the definedness
axiom for R. If V¢ € ®3a € A.a>~<P then this certainly remains true for if we replace A
with a set of the form AM B := AU B. Thus all Stage 1 rules hold.

Stage 2a. As the binary meet M of finite sets of tokens is given as binary union, it is
trivial to check that the meet rule of Stage 2a holds for the Smyth lifting of a relation R.
The weakening rule for Rg holds because ® RgA implies that ®?RgA’ for all A’ C A. We
used the weakening rule for >< to obtain ><g from the relation lifting >< g, so this rule
holds by definition. The dual definedness rule is trivial because ® Rg1 holds vacuously, as
1 is the empty set of tokens.

Stable continuity. The empty set of witnesses 0 satisfies the compactness rule A>~<g0
vacuously. Notice that 0>g1. The binary join rule for the operation LI on witnesses holds
because we used this rule to obtain the Smyth lifting of < from its relational lifting >~<g;.
Checking the weakening rules is straightforward. The dual join-strength rule holds for all
morphisms R: Suppose A is a finite set of tokens, ® and ¥ are finite sets of witnesses
and suppose ® LI WRgA, meaning Va € AJ0 € & U W.0Ra. Then there is another finite
set A" <g A with ® U WRgA’. Define two sets B := {a € A'|3p € ®.¢Ra} and C :=
{a € A"| T € ¥.¢)Ra}. Then PRgB and YRsC and furthermore BMC = BUC = A’
whence BN C <g A.

The names 0 and 1 for the empty set of witnesses and tokens are chosen purposefully.
The empty set O satisfies 0 LI ® = & and 011 ® = 0 for all finite sets ® of witnesses and
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A—<g0 for all finite sets A of tokens. Dually, the empty set of tokens 1 satisfies 1MA = A
for all finite sets A of tokens and ®<g1 for all finite sets ® of witnesses. Moreover, the

operations N and U on finite sets of witnesses distribute in the classical sense. For we have

oM (TUO)

{pNn]pc®, neTUO}
= {oNyloed® peViu{pni|¢pec® 0cO}
= (eNv)U(®nNe\).

This distributive law was expected because intuitively the Smyth powerdomain of a domain
is the Lawson dual of the Scott topology. And in fact, Proposition 1.8.6 tells us that the
Lawson dual of the domain presented by a Smyth poweralgebra is a frame. We need to
show yet that this frame is in fact the Scott topology we expect it to be.

The Smyth poweralgebra construction preserves token maps in virtue of the finite
powerset functor. A token map (f_, f1) between Stage 1 interaction algebras yields a pair
(Fin(f-), Fin(f})) between finite powersets, and it is easy to verify that the latter pair of
functions preserves the relations ©g and ><g whenever the former preserves © and .
Moreover, if we transform a token map into an adjoint pair of relations and lift these,
then the result is the same as first lifting the token map and then transforming it into an

adjoint pair of relations. We collect our findings in the following theorem.

Theorem 1.10.1. The Smyth poweralgebra Pg is a functor from Toky into the subcategory
of stably continuous Stage 2a interaction algebras. It preserves token maps and adjoint
pairs. If D = 1d1~ L, is the domain presented by an interaction algebra L, then the
interaction algebra PgL presents the Smyth powerdomain of D.

To conclude the study of the Smyth poweralgebra functor, we give the interaction
algebra proof for the domain-theoretic characterisation of the Smyth powerdomain [22,

Theorem IV-8.10] we mentioned earlier.

Proposition 1.10.2. For any Stage 1 interaction algebra L the following domains are

isomorphic.
1. The domain of round ideals of witnesses of PsL,
2. The domain of round lower sets of witnesses of L.

Consequently, the domain presented by PsL is the Lawson dual of the Scott topology of
the domain presented by L.

Proof. A round ideal Z in Fin L_ yields a round lower set | JZ in L_. Conversely, a round
lower set ® C L_ gives rise to a round ideal {¥ € Fin L_ | ¥ C ®}. These two assignments

are order-preserving and mutually inverse. O

One would expect that the order-isomorphism of the proposition above can be realised

as an isomorphism of interaction algebras, for example between the Stage 1 interaction
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1.10 The Smyth powerdomain

algebra pt; Ps£ and the Stage 0 interaction algebra QL. But recall that the relation
> on the witnesses of QL is the completely-above relation, not the way-above relation.
Hence such an isomorphism can not exist. The preceding proposition combined with
Theorem 1.3.4 yields the interaction algebra presentation of the contravariant functor

O : Dom — CFrm as FlipoPg.

1.10.2 The Smyth powerdomain monad

The finite powerset functor Fin extends to a monad on Set, with the singleton operation
as unit and union of finite sets as multiplication. In due course we show that the Smyth
poweralgebra functor is a comonad on the category Tok;. Its co-unit and co-multiplication

are in fact given by token maps derived from the unit and multiplication of the monad
(Fin, {—},J) on Set.

Let £ be a Stage 1 interaction algebra. Observe that the Smyth liftings ©g and ~g
extend the relations © and >< in the sense that ¢<a holds if and only if {¢p}>g{a},
and likewise a>~<¢ holds precisely when {a}~g{¢}. In particular this tells us that the
pair of singleton maps ({—},{—}) : L x Ly — FinL_ x Fin Ly is a token map. It
has some convenient additional properties: Because we defined the operation N on finite
sets of witnesses element-wise, the singleton map on witnesses preserves the operation 1.
If og{a} then ¢p<a for some ¢ € ® and therefore pb < a for some token b. This
means that the singleton map on tokens satisfies the continuity condition of Lemma 1.1.13
whereby its induced relation Fin L — L has a simpler description. Let us write £/, and
E, for the relations induced by the singleton maps on witnesses and tokens, respectively.

We have an adjoint pair £z 4 E, where

PEra < dog{a}
& do € P.poa

OE,A & Jp.¢ =1, Vae€ AyYpoa
& db.gob, Vae A.b<a

Note that not only © C E, § E, but the stronger identity © = E,. § Ez holds. In
order to verify that the relation F, extends to a natural transformation in the category
of Stage 1 interaction algebras, we employ Corollary 1.1.14. The post-composition of a
morphism Pg(R) with Eaq is given as ®(Pg(R) ¢ Eaq)a iff ®Pg(R){a} which is equivalent
to 3¢ € ®.pRa. The pre-composition of R with a relation E is given as ®(E, ¢ R)a iff
® -5 {1}, ¥ Ra for some witness 1. But ® >g {1} is equivalent to 3¢ € . ¢ = 1) whence
CI)(EL H R)CL iff 3¢ € ®. pRa. Thus I]Ds(R) sEm=FErsR.

Let us now consider the pair of union maps |J: Fin? L_ — FinL_ and |J: Fin®? L, —
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Fin L;. Observe that for sets of witnesses we have

J{e, v} = ouv,
Uter = @,
Jo = o=0

Therefore, extending the arity of LI on Fin? L_ to finite sets, we can say that for ¢ €
Fin? L_ the union |J® coincides with | | ®. Dually, for finite sets of tokens we have

{4, B} ANB,
Utar = 4
Uo = 0=1

whence we can say that | JA = []A for an element A € Fin? L.

Lemma 1.10.3. For any stably continuous Stage 2a interaction algebra L the pair of
maps (|],[]) : PsL — L is a token map. It is natural in L, meaning that the relation Sr
associated with the map [ | constitutes a natural transformation from the identity functor

on stably continuous Stage 2a interaction algebras to Pg.

Proof. Let L be a stably continuous Stage 2a interaction algebra. Suppose ®<gA in
PsL. Then there exists a family {¢g}qea € ® with ¢p,<a for all a € A. The first
rule in Lemma 1.8.7 (1) yields | |,c4 #a=[]A. Using the weakening rule for L and
Lemma 1.8.7 (4) we conclude | |®<[]A. Now suppose A>~<g®. A similar argument
using Lemma 1.8.7 (1) and (3) yields [ | A><g| | ®. Therefore (| |,[]) is a token map.

We claim that the map []: Fin L, — L satisfies the continuity condition of Lemma
1.1.13. Indeed, if ¢<=[]A then ¢<=b < []A for some token b. With the weakening
rule of Stage 2a we get Va € A.b < a whence {b} <g A. Therefore the relation S,
defined by [] has the simple description ¢S, A iff <[] A. Now suppose R : L — M
is a Stage 1 morphism. Corollary 1.1.14 tells us that post-composing the morphism R
with the relation Spq defined by []: Fin My — My gives the relation ¢(R ¢ Syq)B iff
¢R[]B. Pre-composing Pg(R) with S, gives the relation ¢(Sz §Ps(R))B iff ¢ = | |
and WPg(R)B for some ® € Fin L_. Recall from Lemma 1.8.3 and the weakening rule for
U that ¢ = | |V is equivalent to Vi) € W. ¢ = 1) whence ¢(S, s Ps(R))B is equivalent to
{¢}(>5;Pg(R))B which in turn is seen to coincide with R §S. O

Remark. The lemma above does not hold in the absence of stable continuity. In domain-
theoretic terms we can say: The map that takes a compact saturated subset of a continuous
preframe to its infimum does not necessarily preserve the way-below relation, but for stably

compact preframes it does.
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1.10 The Smyth powerdomain

Corollary 1.10.4. The pair of union maps |J : Fin? L_ — FinL_ and |J : Fin? L, —
Fin Ly form a token map for any Stage 1 interaction algebra L. Moreover, the relation

Ur associated with the map | | on tokens is a natural transformation in Tok; from Pg to
(Ps)*.

Proof. The Smyth poweralgebra of a Stage 1 interaction algebra L is a stably continuous
Stage 2a interaction algebra, whence the previous lemma applies. As we explained above,
on (Pg)?L the union of sets of witnesses is computed via | | and the union of sets of tokens

is computed via [ ]. O

Now that we have established two natural transformations on the category of Stage 1
interaction algebras which are given by token maps, and knowing that the Smyth pow-
eralgebra functor preserves token maps, we get the defining diagrams for a comonad on
Tok; for free: They simply follow from the fact that Fin extents to a monad on Set. We

summarise:

Theorem 1.10.5. The Smyth poweralgebra functor on Toky extends to a comonad where
the co-unit and co-multiplication are given by token maps ({—},{—1}) and (U,U). In
particular, the Smyth poweralgebra functor restricts to a monad on the category of Stage 1

interaction algebras and token maps.

Corollary 1.10.6. The Smyth powerdomain monad on the category of domains has semi-

open unit and multiplication maps and preserves semi-open maps.

1.10.3 Algebras for the Smyth powerdomain monad

For all the monads on the category of posets we encountered so far (for instance the lower
set monad and ideal monad) the Eilenberg-Moore algebras played an important role. As
these monads are KZ-monads (Kock-Zoberlein, [37]) where the multiplication is adjoint to
the unit, every object in the underlying category admits at most one monad algebra. In this
subsection we demonstrate, using interaction algebras, that the Eilenberg-Moore algebras
for the Smyth powerdomain monad on Dom are precisely the continuous preframes (For
a more general account of this fact, see [47]). Since the points of the Smyth powerdomain
are the compact saturated subsets of a domain, we conclude that a continuous preframe
must have infima for all compact subsets, not only for the finite ones as postulated in the
definition of a preframe. Once more, this emphasises our credo that compact sets behave

as if they were finite.

Explicit top elements

Although preframes in this thesis have a top element (the empty meet), we do not need
to add a special token 1 to every interaction algebra presenting a preframe. Instead, the

top element is represented by the round ideal of all bounded tokens, which contains every
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other round ideal. Sometimes, however, it is convenient to have a special token 1 which
generates this largest round ideal. The stably continuous Stage 2a interaction algebras are
an example, where we extended the binary operation I on tokens to a finitary operation
[] with []0 = 1. In order to do this for any (not necessarily stably continuous) Stage 2a
interaction algebra, we add a token 1 and a witness 1 which obey the following nullary

weakening rules.

1Ra ¢RI

Notice that these rules imply the definedness and dual definedness rules. Any Stage 2a
interaction algebra enhanced with these rules is isomorphic to the original one. Indeed,
one can apply Proposition 1.1.4 because neither the token 1 nor the witness 1 are bounded.

Hence it is justified to use [ | as if it was a map on finite sets of tokens, even if the original
interaction algebra did not have a token 1. Observe that the argument of Lemma 1.10.3 still
applies where we showed that the map [ | satisfies the continuity condition of Lemma 1.1.13.
Thus we can express the structure morphism Sy of a Stage 2a interaction algebra as ¢S, A
iff =[] A and use the first part of Corollary 1.1.14, even though [ ] does not extend to a

token map.

Coalgebra morphisms

Lemma 1.10.7. If L is a Stage 2a interaction algebra then the structure morphism Sp is

right adjoint to the unit E..

Proof. Under Stage 2a axioms the right adjoint E, to E. coincides with the structure
map Sg. In general ¢E . A if there exists some witness ¢ with ¢ = v and Va € A.¢<a.
With Stage 2a axioms this is equivalent to ¢ > ¥»<[]A which in turn is equivalent to
o[ A. O

Remark. For continuous preframes the lemma above becomes manifest in the equivalence
r < ANK &t O K where x is a point and K a compact saturated subset (Recall that
t is the unit of the Smyth powerdomain monad and that the order on compact saturated

subsets is reverse set inclusion).

Lemma 1.10.8. 1. If L is a Stage 2a interaction algebra then the morphism S derived

from the structure map [| is a coalgebra for the Smyth poweralgebra comonad.

2. The Stage 1 morphisms between Stage 2a interaction algebras that are Smyth pow-

eralgebra morphisms are precisely the Stage 2a morphisms.

Proof. (1) First we verify the defining identities for Sy being a comonad coalgebra. This

66
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means we have to prove that the diagrams below commute.

L—E Py L5 pyr (1.5)
S,;l iU,; k\ J/E,;
Psl — (Pg)?

sk [PS(SL)(HDS) £ £

We already observed above that the right-hand diagram commutes, as S, coincides with
the right adjoint E.. The left-hand square commutes because we assumed the operation
M to be associative. Indeed, all morphisms in the square above are given by maps on

tokens, whence the square above commutes if and only if the square below commutes.

L+ ¢ Fin L+

S
Fin L4 W)FHP Ly
But this is precisely associativity of [].

(2) Now suppose R : L — M is a Stage 2a morphism. This is a Smyth poweralgebra
morphism if Sp§Pg(R) = R3S But this identity is precisely naturality of the structure
morphism which we showed in Lemma 1.10.3.

Finally, we show that R being a Smyth poweralgebra morphism implies that R satisfies
the Stage 2a rules. The meet rule: Let ¢Ra and ¢Ra’. Use =; R = R and get p<b—=1Ra
and ¢pob'<iy'Ra’. With B := {b,t/} and ¥ := {1, ¢’} we have ¢S, B~gVUPg(R)A. Use
the hypothesis (Sz§Pg(R)) C (R$Snm) and obtain ¢ Rz~<60S, for some token = and some
witness 6. Then M being a Stage 2a interaction algebra yields ¢ Rx—<60<a M a’ and so
¢Ra M a'. The weakening rule for R follows from the weakening rule for the relation ©
in M. Dual definedness: Let ¢ € L_. By dual definedness for £ we have ¢=b for some
token b € Ly. We can write this as ¢Sg{b}. Trivially {b}><s0Pg(R)). Then use the
inclusion (Sz §Ps(R)) C (R§Spm) and obtain ¢ Rz for some token x € M. O

Next we prove a converse to Lemma 1.5: If a Stage 1 interaction algebra admits
a coalgebra for the Smyth poweralgebra comonad, then it is isomorphic to a Stage 2a
interaction algebra. The structure morphism S, of the lemma above tells us when a basic
Scott open ¢ contains the infimum of a finite set A. As we will see below, this relation is

the only possible way a morphism can be a Smyth poweralgebra coalgebra.

Lemma 1.10.9. If R: L — PgL is a coalgebra map for the Smyth poweralgebra comonad,
then the interaction algebra L presents a continuous preframe. Moreover, the morphism

R is unique because it is right adjoint to the co-unit morphism E.

Proof. First let us examine what it means that R is a coalgebra for the Smyth poweralgebra

comonad. The unit law states that R§E; = < which means that ¢<a if and only if pR{a}.

67



1 Interaction algebras

In the interaction algebra PgL this means that ®<>gA if and only if PPg(R) {{a} |a € A}.
Suppose A € Fin L is a non-empty set of tokens and ¢ RA. With U, denoting the co-

multiplication of the Smyth poweralgebra obtained from the map | J, we can write

PRA & ¢(R3os)A

& 9(Riog) |_| {a} by definition of the meet operation
acA
= Va € A.¢pR{a} by the weakening rule for ©g

= {¢}>5A by the unit law.

Recall that by the Fundamental Lemma 1.2.1 the domain pt; £ is isomorphic to the
domain of round filters of witnesses of L. Here, a token a € L, corresponds to the
round filter F,, = {¢ € L_|¢p<a}. We claim that the binary meet of filters F, and Fj
is given as Fyrp := {¢ € L_|pR{a,b}}. We already convinced ourselves that ¢R{a,b}
implies ¢ Ra and ¢Rb, whence the filter F,r, is contained in both F, and F},. The meet
of F, and Fj as round upper sets is given as F, A F, = {¢p € L_ | ¢ = p<>a,b}. For any
¢ € F, N\ F}, we have pc~=1p<a, b for some token ¢ and some witness ¥. One can write
this as ¢R{c}~<g{p}>g{a,b} whereby ¢ € Fyrp. Thus the meet F, A F} coincides with
the round filter F,;, which makes the latter the infimum of F, and F} in the domain of
round filters. Having binary meets for filters of the form F, suffices to get binary meets
for arbitrary round filters, as the filters F,, form a basis for the domain of round filters.

Recall that the empty set of tokens 1 € Fin L, has A <g 1 for any finite set A of
tokens. Any round filter F' of witnesses consists entirely of witnesses which are bounded
below, as ¢ € I implies that ¢ = ¥ € F for some other witness . Now ¢ > 1 means
poa—~<1) for some token a, whereby ¢R{a} and so ¢R1. Hence every round filter F' of
witnesses is contained in the round filter {¢ € L_ | R1} whereby the domain pt; £ has a
largest element.

It remains to show that R is right adjoint to the co-unit morphism FE,. The unit
law tells us that © = R § E,, so in particular © C R § Ey. At the beginning of this
proof we convinced ourselves that ¢ RA implies {¢p}>gA, which we can use to show that
ErsRC <og. ]

The previous two lemmas combined yield:

Theorem 1.10.10. Every Stage 1 interaction algebra admits at most one coalgebra for
the Smyth poweralgebra comonad. The subcategory of Stage 2a interaction algebras is

equivalent to the Eilenberg-Moore category of the Smyth poweralgebra comonad.
For the category of domains we record (compare [47, Lemma 4.4, Theorem 7.16]):

Corollary 1.10.11. The Filenberg-Moore algebras for the Smyth powerdomain monad on
Dom are precisely the continuous preframes. Moreover, the meet operation on compact

saturated subsets of a stably continuous preframe is a semi-open map.
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1.10 The Smyth powerdomain

Continuing from Theorem 1.10.10, the general theory of monads tells us that the
Smyth powerdomain functor is the left adjoint to the inclusion functor CPreFrm < Dom.
In other words, the Smyth powerdomain of a domain is the free continuous preframe
over that domain. Dually, the Smyth poweralgebra functor Pg is the right adjoint to the
inclusion functor Toks, < Tok;. This means that for any Stage 2a interaction algebra
L and any Stage 1 interaction algebra M there is a natural isomorphism of hom-sets
Tokaa (L, PsM) = Tok; (£, M). Concretely this isomorphism goes as follows. For a Stage 1
morphism R : L_ — M, define a relation R' : L_ — Fin M, by composing the structure
map S with the relation Pg(R). This yields the relation

SRTA iff Va € A. ¢Ra. (1.6)

In particular that means ¢R{a} iff ¢Ra. Going the other direction, given a Stage 2a
morphism R : L_ — Fin M, one obtains a Stage 1 morphism L_ — M, simply by

restricting the relation R to singleton sets on the right.

1.10.4 Smyth powerdomains at other stages

We conclude our study of the Smyth poweralgebra with some preservation results, which
can be found in [25, Theorems 5.1,6.1].

Proposition 1.10.12. 1. The Smyth poweralgebra of a Stage 2b interaction algebra is
a Stage 2b interaction algebra. If R is a Stage 2b morphism, then so is Pg(R).

2. The Smyth poweralgebra of a Stage 2c¢ interaction algebra is a Stage 2c¢ interaction

algebra. If R is a Stage 2¢ morphism, then so is Pg(R).

Proof. (1) Let £ be a Stage 2b interaction algebra with distinguished witness 1 and dis-
tinguished token 0 which satisfy the axioms of Stage 2b. Then it is easy to see that the
Smyth liftings of the relations © and < have {1}<>gA for every finite set A of tokens and
{0}><g® for every finite set ® of witnesses. If R is a Stage 2b morphism and ®Pg(R){0}
then ¢RO for some witness ¢ € ®. Then the strictness rule for R yields ¢<=0 whence
&< g{0}. Thus the morphism Pg(R) is strict.

(2) Let £ be a Stage 2c interaction algebra. Lift the binary operation L on tokens to
Fin L, element-wise: AUB :={aUb|(a,b) € A x B}. The binary join rule and weakening
rules for U on Fin L follow immediately from the corresponding rules of £. Similarly, if
R is a Stage 2c¢ morphism then Pg(R) is easily seen to satisfy the binary join rule and
the weakening rules of Stage 2c. It remains to check the join-strength rule. Let R be a
Stage 2c morphism, ® be a finite set of witnesses, A and B be finite sets of tokens with
®Pg(R)A U B. First consider the case where either A or B is the empty set. Suppose
B =1 is the empty set. Then ®Pg(R)A U1 holds vacuously because A L1 is the empty
set. Using the definedness axiom of Stage 1 we can find a set ¥ = {1, |a € A} with
e Ra for all a € A. For the set B we choose the empty set of witnesses O which also
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satisfies OPg(R)1. Now W M0 is the empty set of witnesses and therefore ® >g W10
holds vacuously. This proves the join-strength axiom for the case that at least one of A, B
is empty. Now suppose that both A and B are not empty. We have to find VPg(R)A
and ©Pg(R)B such that ® >g¢ ¥ M O. Recall that PPg(R)A U B means that for all pairs
(a,b) € A x B there exists a witness ¢4, € ® with ¢,pRa U b. Fix a pair (a,b). The
join-strength rule for R yields witnesses 1. Ra and 0., Rb with ¢up, =5 Yap M 04. Doing
this for all pairs (a,b) yields two families {4 | (a,b) € A x B} and {04 | (a,b) € A x B}.
By the meet rule of Stage 1 we know that for any a € A the witness ¥, := [ |,cg Yab
satisfies 1), Ra. Likewise, 6 := [|,c 4 0ap is a witness with 0, Rb for any token b € B.
Furthermore, the weakening rule for >~ of Stage 1 implies that ¢.p > 1, 16, for any pair
(a,b), because 1), is the meet of 1)y, with some more witnesses and likewise for 6. Form
two finite sets U := {1, |a € A} and © := {6, | b € B}. By construction we have VPg(R)A
and ©Pg(R)B. Moreover, the meet ¥ M O has the description {1, M| (a,b) € A x B}
and we have convinced ourselves above that any such pair has ¢q, = 1, M 0 for some

bap € . Therefore ® =g WO and the proof of the join-strength rule is complete. O

Corollary 1.10.13. The Smyth poweralgebra of a Stage 3 interaction algebra is a Stage 5
interaction algebra. If R is a Stage 3 morphism, then so is Ps(R).

Proof. The only fact which does not follow from Proposition 1.10.12 is that the operations
Mand Uon Fin L commute. The proof for this uses the same argument that we employed

to show that M and U on Fin L_ commute. OJ

The corollary above is part of an even more pleasing fact: The adjunction between the

categories Tok; and Toky, restricts to an adjunction between Toks and Toky.

Theorem 1.10.14. The Smyth poweralgebra functor is right adjoint to the inclusion func-
tor Toks < Toky.

Proof. Let L be a Stage 4 interaction algebra and M be a Stage 3 interaction algebra.
We claim that the assignment (—) defined in equation (1.6) yields a natural isomorphism
Toky(L,PgM) = Toks(L, M). By Proposition 1.10.12 the left-hand side of this identity
is well-defined. To conclude the proof observe that the Stage 3 axioms are independent
of those of Stage 2a whence R' is a Stage 4 morphism precisely when R is a Stage 3

morphism. ]

1.11 The Hoare powerdomain

In this section we address the problem of finding a left adjoint to the inclusion functor from
continuous lattices to domains. Recall that the Scott topology of a domain is a completely
distributive frame and the category of completely distributive frames is invariant under

taking order-duals. As every completely distributive frame is in particular a continuous
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lattice, the lattice of Scott closed subsets of a domain is a continuous lattice. There is an
obvious embedding from a domain into the lattice of Scott closed sets: It maps a point x
to its principal ideal |x . To see more concretely that the lattice of Scott closed subsets of
a domain is continuous, we show that it is isomorphic to the lattice of round lower sets
with respect to the way-below relation: If C' C D is a Scott closed subset of a domain D,
then the set {C' = |, .o {2 is a round lower set with respect to < and clearly C is its
Scott closure. Conversely, if U € Lo< D is a round lower set, then U is certainly contained
in the round lower set of the Scott closure of U. To see that the round lower set of the
Scott closure of U is contained in U, let I C U be an ideal and z < | |I. Then x € I and
therefore x € U.

From the information system point of view, the observation we just made is not the
least surprising. Since we know that the round upper sets of D with respect to < are
precisely the Scott opens, the round lower sets must be the Scott opens of the Lawson
dual of D. It is easy to check that every Scott closed set C' C D yields a Scott open set
of Scott open filters via {¢ € D" | ¢ N C # 0} and furthermore every Scott open set of D"
arises this way (compare Theorem 1.2.4).

A topology on the lattice of Scott closed sets of D is given by the following basis. For
any finite set ® of Scott open sets of D consider the collection of Scott closed sets which
intersect every Scott open set in ®. Notice that a Scott open ¢ € ® intersects a Scott
closed set C precisely when ¢ intersects [C. For two finite collections ® and ¥ of Scott
opens, it is easy to see that the basic open set defined by ® U W is the intersection of the
two basic opens defined by ¢ and V.

1.11.1 The Hoare order

It is a common technique in order theory to turn a join into a directed join by first forming
finite subsets. For example, every set is the directed union of its finite subsets. Given a
domain presented by an abstract basis (L, <) one approximates a Scott closed set C C D
by finite subsets A C {C'N L. These form a round ideal when ordered in the Hoare order:

Definition 1.11.1. If R C L x M is a binary relation then the Hoare lifting of R to the

finite powersets of L and M is given as
ARpB & Vae Adb e B.aRb

One checks that the Hoare lifting of relations preserves relational composition and
inclusion of relations. If (L, <) is an abstract basis for the domain D then (Fin L, <p) is
an abstract basis for the domain of Scott closed subsets of D, which is called the Hoare
powerdomain or lower powerdomain.

It should be mentioned that some authors define the Hoare powerdomain excluding

the empty set from the lattice of closed sets. That way one obtains the free inflationary
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dcpo-semilattice over a domain where the binary operation does not have a neutral ele-
ment. Writing “non-empty finite” instead of “finite” in what follows, one obtains Stage 2¢
interaction algebras instead of Stage 3 interaction algebras. The reader may convince him-
self that the arguments we use below work independently for non-empty finite sets and
for the empty set and that statements about the empty set typically require only Stage 2b

axioms.

Definition 1.11.2. For a Stage 1 interaction algebra £ define the Hoare poweralgebra
Py L as follows. Let the witness set be the finite powerset Fin L_ of the witnesses of L.
Further let 1 denote the empty set in Fin L_. Let the token set of Py L be the finite
powerset of the tokens of £, with the symbol O denoting the empty set of tokens. For

finite sets of witnesses ®, ¥ and finite sets of tokens A, B declare binary operations

v = U
AUB = AUB

The relations ><, < and all morphisms R are lifted to relations Py (<), Py(<) and
Pz (R) on poweralgebras by first lifting the relation through the functor Fin and then
closing under the rules of Stage 2b and Stage 2c.

We claim that the relation lifting one obtains from Definition 1.11.2 is precisely the
Hoare lifting. If ® is a finite set of witnesses and A is a finite set of tokens and & is related
to A by the relation lifting of a Stage 1 morphism R, then by the weakening rule for L
of Stage 2c we have ®Py(R)A U B for any other finite set B of tokens. This shows that
the Hoare lifting of R is contained in the relation Py (R). Conversely, if ® is related to A
by the Hoare lifting of R then let B be the set {a € A|3p € P.pRa}. Now the set P is
related to B by the relation lifting m = Rpy and the weakening rule for U tells us
that ®Pr(R)A = B U A. Using the same argument, but the weakening rule involving >~
and M one shows that the lifting Py (<) coincides with the Hoare lifting ><z. It remains
to check that the Hoare lifting of relations ©, R and =< is closed under all other rules of
Stage 3.

The following lemma is very helpful because it allows us to transfer results about the

Smyth poweralgebra to the Hoare poweralgebra.

Lemma 1.11.1. If R : L — M s a binary relation then the inverse of the Smyth lifting
of R to Fin L x Fin M is the Hoare lifting of the inverse of R.

Proof. Let A C L and B C M be finite sets. Then B(Rg) 'A if and only if ¥b € B3a €
A.aRb which is clearly the same as saying that B(R™!)y A. O

Armed with this Lemma, we can easily derive that the Hoare lifting of a Stage 1
morphism is a Stage 3 morphism. The Hoare lifting is a Stage 0 morphism if and only

if its inverse is, and this follows from the Smyth lifting being a Stage 0 morphism. The
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Stage 1 axioms of the Hoare lifting are the Stage 2a axioms for the inverse whence this, too,
follows from what we know about the Smyth lifting. The Stage 2b axioms holds because
every Smyth poweralgebra is compact and the Stage 2¢ axioms correspond to stable local

continuity of the Smyth poweralgebra.

Remark. The Stage 1 axioms for R are not needed to show that the Hoare lifting Ry
is a Stage 3 morphism. The Hoare powerdomain functor can be defined on the category
Tokg instead.

The names 0 and 1 for the empty sets of tokens and witnesses, respectively, match
their algebraic behaviour, as 0 is a neutral element for Ll and 1 is a neutral element for M.
Similar to the Smyth lifting of section 1.10 one finds that whenever a pair (f_, f4) is a
token map between Stage 1 interaction algebras £ and M then the pair (Fin(f_), Fin(fy))
is a token map between Py L and Py M. We arrive at:

Theorem 1.11.2. The Hoare poweralgebra Py is a functor from Toky into the subcategory
of Stage 3 interaction algebras. It preserves token maps and adjoint pairs. If D = 1d1™ L
is the domain presented by an interaction algebra L then the interaction algebra Pyl

presents the Hoare powerdomain of D.
Another application of Lemma 1.11.1 is the following.

Corollary 1.11.3. For any interaction algebra L, the round ideals of tokens of the Hoare
poweralgebra Py L are in order-preserving bijection with the round ideals of witnesses of

the Smyth poweralgebra of Flip L.

Proof. The functor Flip sends all relations to their inverse and swaps tokens with witnesses.
O

We just gave an almost trivial proof for the fact that the Lawson dual of the Hoare
powerdomain of a domain is the Smyth powerdomain of the Lawson dual of the domain. In
short (PyD)" = Pg(D”). This is not too surprising if we recall that a similar commutative
law of functors holds for the Scott topology of domains: From Theorem 1.3.4 we deduced
that (¢D)? = o(D").

The following is the interaction algebra proof for the fact that the Hoare powerdomain

of a domain is isomorphic to the lattice of Scott closed subsets [22, Corollary IV-8.6].

Proposition 1.11.4. For any Stage 1 interaction algebra L the following domains are

isomorphic.
1. The domain of round ideals of tokens of P L,
2. The domain of round lower sets of tokens of L.

Consequently, the domain presented by PyL is the domain of Scott closed sets of the

domain presented by L.

Pro