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Errata

Page 118, the last sentence in the first paragraph should read:
"To this end, during the solution of the stiffness equations, for
all iterations after the first, any component of displacement which

has a prescribed incremental value is assumed to have a prescribed

value of zero."

Page 126, the last sentence of the penultimate paragraph should read:
"If the value of p is greater than one, the hypothetical-elastic
generalised stress in the element does not exceed the yield value at

the end of the increment by more than 20%."



SYNOPSIS

A knowledge of the flow occuring in metal-forming processes 1s of
great industrial importance, and the finite-element technique is the
only form of deformation analysis which can predict the flow of the
material.

The examination of forging operations requires a full elastic-
plastic treatment to be used. This thesis 1is concerned with an
elastic-plastic, finite-element program which has been developed to
investigate three-dimensional examples of this process.

The fundamental theory of the finite-element method 1is first
introduced, and then the finite-element program is described in
detall.

The deformation, and distributions of hardness and die-interface
pressure, predicted by this technique for the unlubricated upsetting
of a rectangular block are compared with experimental results, and
found to be in broad agreement, the differences being attributed to
the incorrect imposition of wery high friction by the friction-layer
technique used in the analysis.

With a oorrected form of the friction technique, the finite-
element program predicts results for the axisymmetric friction-ring
test and a new three-dimensional friction test which are in good
agreement with experimental findings up to deformations of
approximately 30%; the friction-layer technique used successfully in
previous axisymmetric treatments appears to be unsuitable for three-
dimensional formulations when large deformations are considered.

The finite-element program developed here is shown to be capable
of modelling an example of a more oomplicated three-dimensional
forging, that of an automobile connnecting rod. The experimental
measurements of deformation and hardness for an aluminium con rod
forged using graphite lubrication are found to be in good agreement
with the finite-element predictions obtained assuming sticking-
friction conditions but not with the results of a zero-friction
idealisation.

Finally, suggestions are made for the future development of this
technique.
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TABLE OF NOMENCLATURE

For convenience, the symbols used in this thesis are listed together
here in alphabetical order. (The numbers in parentheses refer to the

section in which the symbol is first introduced or defined.)

a substitution for g(A§Y")? (3.2.4.2.1), angle of rotation
during oombined extension and rotation of a body
(Appendix A).

[BE],[BEI, [Bi],[Bi] matrices relating nodal displacement to strain,
displacement gradient, bulk strain and element dilatation
respectively (2.1.2).

(B ] matrix relating nodal displacement to strain assuming zero
rotation of material (3.2.3.1).

b substitution for 3g'T[M] AEJ' (3.2.3.3), estimated angle of

rotation during cambined extension and rotation of a baody

(Appendix B).
c substitution for g(g')? (3.2.4.2.1).
CONF convergence factor for iterative procedure (3.2.3.1.2).
[D] elastic, incremental stress-strain matrix (3.2.3).
[Dn] incremental stress-strain matrix for element n (2.1.1.4).
(DF) elastic-plastic, incremental stress-strain matrix (3.2.3).
d distance fram primary (ly) to secondary (2y) specified

boundary surface (3.2.1.2.1), mumber of degrees of freedom

per node (Appendix C).

d global vector of nodal displacement (2.1.2).
d. vector of displacement at node I (3.2.1.1.2).
Ad(i) vector increment of global displacement for 1ith iteration

(3.2.3.1).
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vector increment of nodal displacement for =2l-om-n! i, during
ith iteration (3.2.3.1).

vector of displacement at nodes of element n (2.1.1.1).
Young's modulus (3.2.3).

empirically-determined lower 1limit of proportionality in
strain-hardening function (3.2.4.2.1), extension (ar
shortening) of unit c@ube during oombined extension and
rotation (Appendix B).

vector of linearised co-rotational (LCR) engineering strain
at a point = (g, , €y 1 €2z 1 Exy 1 Eyzs e,zx)T in Cartesian frame
(2.1.1.4).

tensor of linearised co-rotational (LCR) strain (2.1.1.3.2).
accumulated, generalised strain at centroid of an element at
the beginning of a deformation step (3.2.6.1).

bulk-strain vector (2.1.1.5).

increments in bulk and deviatoric strain (2.1.1.5).

vector increment of strain modified for constant-dilatation
technique (2.1.1.5).

tensor of incremental co-rotational strain (2.1.1.3.1).
vector of incremental strain during plastic part of
deformation step (3.2.4.2.2).

vectors of elastic and plastic components of deviatoric
strain during plastic part of deformation step (3.2.4.2.2.1).
accumulated, generalised strain at centroid of an element at
the end of a deformation step (3.2.6.1).

tensor of incremental Lagrangian (right Cauchy-Green) strain
(3.2.4.1),

incremental plastic-strain wvector, accumulated generalised

plastic strain (3.2.3).
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accumulated, generalised plastic strain at the end of a
deformation step (3.2.4.3).

tensor of infinitesimal increment of strain (Appendix B).
force acting on rotated body (Appendix A).

final vyield stress expressed as a function of plastic-
proportionality factor (3.2.4.2.2.1).

global vector of nodal force (2.1.2).

vector of force at node I (3.2.1.1.2).

vector increment of global force for ith iteration (3.2.3.1).
vector of force at nodes of element n (2.1.1.1).

vector increments of equilibrating nodal force for nth
element and whole mesh, respectively (3.2.3).

component of force in x direction acting on rotated body
(Appendix A).

rigidity modulus (3.2.4.2.1).

o'TMIeH? (3.2.3).

Njw

generalised-stress function = (
gradient-operator vector (2.1.1.1).

slope of curve of Y against plastic strain (3.2.3).
strain-hardening function (3.2.4.2.2.1).
empirically-determined constants of strain-hardening function
(3.2.4.2.1).

local or global node number (2.1.2).

3x3 unit matrix (2.1.1.3).

operation of inner tensor product (2.1.1.1).

local or global node number (2.1.2).

Jacobian matrix for element n (2.1.2).

global stiffness matrix (2.1.2).

stiffness matrix for element n (2.1.2).

shear-yield stress (3.2.1.2.2.1).
bulk modulus (2.1.1.5).
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entry in row 1, colum j of [K] (2.2).

3x3 submatrix of [K], relating force at node I to
displacement at node J (3.2.1.1.2).

abbreviation for linearised oo-rotational (incremental

strain) (2.1.1.3.2).

e .
[Ln],[Lq],[Li],[Lil operator matrices (2.1.1.6).

AX

1l .,m,,n
ifiti
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[(M]

[N ]
n

V,Ve, Vp

(Q]

plastic-proportionality factar in Prandtl-Reuss equations
(3.2.3).

direction cosines of rotated ith axis with respect to the
unrotated x, y anmd z axes respectively (2.1.1.3.1).

direction cosines of local X axis with respect to global x, y
and z axes. Similarly for local Y amd Z axes (3.2.1.1.2).
'engineering' matrix (3.2.3).

friction factor (3.2.1.2.2.1).

plastic-proportionality factor in mean-normal  method
(3.2.4.2.2.1).

shape function of local coordinates for node I (2.1.2).

= (N; [T] Nz [I] ... Ng [I]) interpolating matrix for
displacement (2.1.2).

element number (2.1.1.1).

Poisson's ratio; values used in [D,] matrices for elastic and
plastic elements respectively (2.1.1.6, 3.2.5).

proportion of increment necessary to cause the hypothetical-
elastic generalised stress in a given element to exceed the
yield stress by 20%; the minimum value thereof for all
elements (3.2.3.3).

dilatation (wolume strain) of element n (2.1.1.5).

incremental-displacement gradient tensor = dAuj/ﬁxi (2.1.1.1)

vector of incremental-displacement gradient (2.1.1.4).
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rotational transformation matrix of direction c¢osines;
rotation of material (2.1.1.3.1), rotation of boundary
oconditions (3.2.1.1.2).

reference value of modulus of incremental displacement arrays
during iterative procedure (3.2.3.1.2).

proportion of deformation step before yield occurs at a given
point (3.2.4.2).

stiffness-matrix maultiplier used to modify the stiffness
matrices of friction-layer elements (3.2.1.2.2.2).

gradients of hydrostatic stress in x, y and 2z directions,
respectively (3.2.4.4.1).

values of S functions at point A. Similarly B (3.2.4.4.2).
substitution for 2 G(1+ H(L+V)H'/E) (3.2.3).

nominal (Piola-Kirchhoff I) stress tensor (2.1.1.1).

value of normal component of stress in the x' direction
during combined extension and rotation (Appendix A).

vector of Cauchy stress at a point,

= (o )Tin Cartesian frame (2.1.1.5).

xx/’ cIyy' Ozzr ny, Oyz' Ozx
Cauchy-stress tensar (2.1.1.2).

generalised stress = g(g') (3.2.3).

vector of deviatoric stress half-way through plastic part of
a deformation step (3.2.4.2.2.1).

vector of hypothetical-elastic deviatoric stress half-way
through plastic part of a deformation step (3.2.4.2.2.1).
change in deviatoric Cauchy stress during a deformation step
(3.2.4.3).

deviatoric-stress véctor, hydrostatic stress (3.2.3).

value of hydrostatic stress at point A, similarly at point B
(3.2.4.4.1).

deviatoric stress vector at node T (3.2.4.4.2).
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change in Cauchy stress during the ith iteration (3.2.3.1).
vector of deviatoric stress (in current frame) at end of
elastic part of the deformation step (3.2.4.2.1).

vector of Jaumann increment of Cauchy stress (2.1.1.4).
tensor of Jaumann increment of Cauchy stress (2.1.1.2).
hypothetical-elastic Jaumann increment of deviatoric stress
(3.2.3.3).

vector of Jaumann increment of stress during elastic part of
a deformation step (3.2.4.2.1).

vector of Jaumann increment of stress during plastic part of
a deformation step (3.2.4.2.2.1).

vector of deviatoric Cauchy stress (i.e. in reference frame)
at enrd of a deformation step (3.2.4.3).

generalised stress at centroid of an element at the end of a
deformation step (3.2.6.1).

vector of deviatoric stress (in current frame) at the end of
a deformation step (3.2.4.3).

Jaumann-correction matrix (2.1.1.4).

vector of displacement at a point (2.1.2).

Jaumann-correction matrix (2.1.1.4).

components of displacement in x, y and 2z directions
respectively (2.1.1.4).

deformation tensor (2.1.1.3.1).

volume of element n (2.1.1.5).

relative interfacial velocity (3.2.1.2.2.1).

matrix transforming the stress vector to give the components
in a rotated axis system (3.2.4.3).

Gaussian weighting factor for ith sample point (2.1.2).
reference coordinates

position vector of a point in

(2.1.1.3.1).



x',y',z'

A A A
X ,¥Y /2

Y, ¥

global axis, i=l,3 (3.2.4.4.2).

vector of global coordinates of nodes of element n (2.1.2).
coordinates of a point in local axis system (2.1.2).
coordinates of a point in Cartesian global or reference frame
(2.1.1.1).

coordinates  of a point in current reference frame
(Appendix A).

global coordinates of point A. Similarly B (3.2.4.4.1).

axial yield stress in simple tension (3.2.3).

initial and final values of yield stress during deformation

step (3.2.3.3, 3.2.4.2.2.1).



INTRODUCTION

The operations which may be applied to metal work-pieces in order to
change their shape are conveniently divided into those which add
material, such as welding, those which remove material, such as the
various forms of machining and those which cause the work-piece to
deform by the application of force. The advantage of the last type of
process is that not only can economies be effected in the amount of
material of the original work-piece, as compared to a metal-removal
process, but when performed in the cold state, the variation of
material properties with the extent of flow can be harnessed to give
superior distributions of characteristics, such as hardness,
throughout the finished article.

Forging 1is the name given to a particular set of metal-
deformation processes in which the work-piece is deformed by pressing
or hammering it between plane or shaped dies. Forging operations range
fraom upsetting (carried out between plane dies) and cogging (upsetting
of part of the billet at a time), to closed- and open-die processes
(where the dies contain impressions of the desired shape of the
article), and variations such as backward extrusion (indentation ar
cup forming).

Forging is often carried out in several stages. In order to
determine the number, type and extent of deformation of these stages,
it is desirable to know:

a) the working load,

b) the pattern of flow,

c) the resulting material properties,

for any operation which could form part of the forging sequence.

Experience in forging can often supply an answer to the design

problem, but not necessarily the best one. Experience may be of no



help when confronted with a totally unfamiliar type of forging or an
exotic material.

The required information can be obtained experimentally, but it
is time-consuming and costly, perhaps prohibitively so, to investigate
even a few of the possible variations in forging conditions for each
stage.

Far these reasons, analytical techniques are of great value for
examining forging operations.

An estimate of the forging load can be obtained by quite simple
means, suchjisan upper-bound analysis, but the only analytical method
which provides information about the flow of the mterial and the
resulting properties, without making prior assumptions about the
deformation pattern, is the finite-element technique.

As will be described later, the finite-element method has been
successfully used to investigate forging processes which can be
simulated by a two-dimensional model, either plane strain aor
axisymmetric. This thesis considers the application of the method to
those examples of forging operations which cannot be thus simplified
and have to be treated in a fully three-dimensional way.

Chapter One is a brief survey o;‘. some of the literature relating
to metal-forming. The following chapter presents, in general terms,
the finite-element theory relevant to the present work, while Chapter
Three describes in detail the finite-element program which has been
developed to examine examples of three-dimensional, plastic
deformation.

Chapter Four oonsiders briefly a previous application of the
program to the radial expansié;n of thick tubes under internal pressure
and then compares, with the rei.llts of experiment, the finite-element

predictions for the deformation and distributions of hardness in

simply-upset rectangular blocks.
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The modification made to the method of modelling friction is
described in Chapter Five and finite-element results are obtained for
the axisymmetric ring test. A new experimental test is proposed which
is sensitive to the level of friction on surfaces where material is
flowing in more than one direction. Finite-element analyses of this
deformation are performed with different values of the friction
factor.

In Chapter Six, the finite-element program is shown to be capable
of performing the analysis of a more complicated example of a three-
dimensional deformation, namely the forging of a connecting rod.

Finally, the work considerad in the thesis is summarised and

suggestions are given for future research.
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1.1 METAL-FORMING RESEARCH

Metal-deformation processes, of which forging is an example, are of
great industrial importance and have been studied by numerous workers

using experimental or analytical techniques.

1.1.1 Experimental Methods

It is not intended to present a oomprehensive survey of all the
experimental work which has been carried out in metal forming, since
this topic 1is dealt with elsewhere (for example, reference 1).
Instead, the following is a brief introduction to some of the
techniques which can be used to study forming operations.

Perhaps the most obvious piece of information to obtain for a
forging process 1is the variation of the deforming load with the
extent of the deformation (reduction in height, punch stroke etc.),
since this will determine the size of plant required to perform the
operation. Measurement of the punch force presents no difficulty,
although the work-piece may have to be scaled down or modelled in a
material with low yield stress in order to reduce the maximum load to
within the limits of laboratory equipment.

In addition to the total punch force, it is important to know the
variation of pressure across the interface between the die and the
work-piece because the dies must be capable of withstanding any
large, localised stresses. Several techniques are available to measure

die pressure, none of which is easy to perform.

The most ocommon method uses pin load-cells. These measure
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pressure (strictly force acting on a small but finite area) by
detecting the axial strain in small pins which fit snugly into
recesses in the die with their ends flush with the die surface (fig.
1.1).

Nagamatsu, Murota and Jimma (2,3) and Nagamatsu and Takuma (4)
have used this technique to measure the distribution of pressure,
during upsetting, across the die-contact surfaces of axisymmetric,
plane-strain and rectanqular billets, respectively (figs. 1.2,1.3)

The use of pin load-cells is generally restricted to deformations
in which the pressure is relatively low since, otherwise, the material
of the billet tends to be extruded between the pin and the wall of the
recess, To overcome this difficulty, Daneshi and Hawkyard (5)
sandwiched a series of strain gawes between the two halves of a
split platen, near to the surface in contact with the work-piece, and
arranged so that they measured strain in the axial direction (fig.
1.4). The gauges were calibrated in terms of pressure on the surface
and extrusion of the work-piece into the gap was prevented by placing
a spring-steel shim between die ard billet. This arrangement could be
used at much higher pressures than pin load-cells, but the results
were subject to considerable scatter (fig. 1.5).

An experimental procedure devised by Brouha et al (6) enabled the
velocity of the material across the die interface anmd the pressure to
be measured at the same time. Small pieces of ruby were embedded in
the top of a cylindrical billet and viewed, during simple upsetting,
through a transparent diamond or sapphire top platen, using a mercury-
discharge light (fig. 1.6). The rubies fluoresced in this light and
oould easily be tracked throdghout the deformation. The interfacial
pressure was obtained by measuring the shifts in a characteristic re-

emission frequency of the previously-calibrated rubies (fig. 1.7).



N

1)

SO 2
AN Steel ball (2an)
T Block for
) measurement (Imn®)
H 17 Strain sauge

.
i l Steel ball (2mm?)
- Pin
i

4
,,'_
0y

]
%

It ;
Compressed material \

S

L\../\../\
N

FIG. 1.2

VARIATION OF
PRESSURE ACROSS
DIE/CYLINDER INTERFACE
DURING SIMPLE UP-
SETTING

h, = HEIGHT/DIAMETER
RATIO

(REF. 2)

Txo kg/mm?

FIG. 1.1
PIN LOAD-CELL
(REF. 3)

Normal pressure ky/mm?
~N
o

FIG. 1.3

VARIATION OF
PRESSURE ACROSS
DIE/BLOCK INTERFACE

DURING SIMPLE UP-
SETTING. BLOCK 20x

20 x 40 mm, NO LUBRICANT
(REF. 4 )



FIG. 1.4

/ . SPLIT-PLATEN
PRESSURE CELL

(REF. 5)

1. |
S SV S S S S

28
26

~

£ /N\

—— 4

b / N

o 24 // \

; L )

w

T 22

wy

(7, ]

w

g / /s 7 7 7 7
20 —— spscmeu/ —

ARV,

18

1-0 O-S (o] O-S 1-0
DISTANCE -inch

Fi1G. 11. Pressure distribution on major axes of a rectangular specuinen
3 in. by 1 in. and 0-2 in. thick, lubricated with lead foil

FIG. 1.5

VARIATION OF PRESSURE ACROSS TOP OF
RECTANGULAR BILLET DURING UPSETTING

(REF. 5



Ly
L,

\ S Jed
| B ——————f———1——  sseCimen
\1‘ \.
\\\\ o &»——uovmo TaBLE
et AN
‘(‘ R - SAPPHIAL

FIG. 1.6

DIE-SET WITH TRANSPARENT PLATENS
(REF.  6)

7. Meusured hydrosta re {strl or
D/h=6 at various rmations. P{ 7 vs
measured stresses us radii rut
positions near to -a and Fig. 7 hos
the y-aris from 6
The fnset of Fig. of ™
versus to load

FIG. 1.7

DISTRIBUTION OF PRESSURE ACROSS TOP
OF CYLINDRICAL BILLET DURING UPSETTING
(REF. 6



- 17 -

The pattern of metal flow occurring during a deformation process
will obviously determine the shape of the forged article, but it will
also influence the properties of the work-piece. For exanple, when
forging is carried out below the re-crystallisation temperature (7) of
the material, the hardness at any given point will depend upon the
extent of localised plastic-straining. Similarly, the susceptibility
to fracture and corrosion will depend on how the material deformed
(8).

Various methods have been developed to investigate the flow of
material during a deformation. The simplest requires the deformed
billet to be sectioned and the exposed surfaces etched (9). This can
clearly indicate areas of low and high deformation (fig. 1.8),
including lines of flow, but the information is of a qualitatiwve
nature - actual values of material parameters, such as plastic strain,
cannot be calculated.

These quantities can be measured if the billet is sectioned
before it is deformed amnd a grid is marked on one of the mating
surfaces (fig. 1.9). The grid may be photo-etched, printed or
engraved, and in the last case the incisions may be filled with some
material of a oontrasting colour. (As an alternative to sectioning,
the billet may be drilled and have fine wires inserted through the
holes, or may be itself composed of blocks of different colour (10).)

The coordinates of points of the grid can then be compared at
stages throughout the deformation in ader to calculate incremental
components of displacement, and hence strain, in the plane under
oconsideration. Summation of these increments gives total strain while
deviatoric stress may be calculated using the Lévy-Mises flow rule
(7). This technique, part experimental and part numerical, is known as

visioplasticity.
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Savings in the cost of tooling and of press equipment can be made
if the visioplasticity tests are conducted using material with a low
yield stress. Various materials such as paraffin wax, plastics or the
softer metals like lead or tin have been used but the nmost successful
substitute is Plasticine. This modelling material has similar stress-
strain characteristics to hot mild-steel or oold, pure aluminium
(11). It has been widely used to examine processes such as extrusion
(1), rolling (12, fig. 1.10) and upsetting (13, fig. 1.1l)

The sectioning method, however, is not universally applicable
since the section must ke one which remains plane throughout the
deformation, e.g. a plane of symmetry. Also, the two halves of the
billet must not separate during the process, so that only highly
constrained deformations can be studied e.g. plane-strain operations
or forging of a billet in a container.

The technique which uses wire inserts does not suffer fram these
restrictions, but the production of such specimens is very difficult.

Visioplasticity, if carried out incrementally, can give values of
the deviatoric components of stress. The generalised or equivalent
stress can also be found directly at any position in the billet by
sectioning the deformed work-piece and performing hardness tests on
the exposed surfaces (14). The distributions of hardness values are

often compared with analytically predicted results (fig. 1.12).
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1.1.2 Numerical Methods

These include upper-bound, slab and weighted-residual methods as well
as slip-line-field techniques and treatments using piecewise inter-
polation functions.

An upper-bound solution is obtained by choosing a flow-velocity

field, in two or three dimensions (15), £for the deforming body which
satisfies both the boundary conditions and the requirement of material
incompressibility, and calculating the power dissipated through the
rate of work of deformation in domains of the body, and through the
rate of shearing work done between the domains, using their relative
velocities and a oonstant value of shear yield stress. This power
represents an upper bound to the power dissipated in the actual work-
piece, and the welocity field which leads to the smallest value of
power is the closest to the true solution (fig. 1.13). The
minimisation can be carried out automatically using a linear-
programming method if the power is expressed as a 1linear function of
velocity components (16). Camputer packages are available (17).

This is a wvaluable method for rapid assessment of working loads
and can be perfomed incrementally, but it requires some prior
assunption about the deformation pattern. It can predict neither the
details of the distribution of flow nor any elastic deformation.

The method of slab (or stress) analysis is particularly suited to

highly constrained processes, such as closed-die forging, where the
geametry of the work-piece is largely pre-determined. As in the upper-
bound technique, the body is divided into domains (or 'unit zones')
but these are chosen not only to minimise power but also to be alignad
with a principal stress direction, and are assumed to deform

homogeneously (fig. 1.14). The eguations of equilibrium in these
regions then allow stress in the work-piece and the total deforming
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load to be evaluated fram the condition of zero stress normal to a
free surface. When the deformation pattern depends on the position of
a flow divide, this can be determined by requiring that the stress at
this divide is the same whichever free surface is used to start the
calculation. A fuller description of the method is given by Altan
(18).

The method of weighted residuals is also related to that of upper

bounds. In the former treatment, however, the velocity is approximated
by a linear combination of functions chosen so that the velocity
satisfies the boundary conditions but not necessarily the differential
equations of the system. A residual function is dbtained by
substituting the approximate velocities into the differential
equations., The aim is to choose the cooefficients of the linear
cambination in order to minimise the residual in some prescribed
manner.

The minimisation can be carried out in a number of ways, for
exanple by requiring the approximation to satisfy the differential
equations at a finite number of points of the region, or to satisfy
these equations, on average, over a finite number of sub-domains, or
to lead to a least-square error over the whole region. The
coefficients are generally evaluated as the unknowns of a set of
simultaneous equations and the approximation is improved by including
more terms in the linear cambination. The method is reviewed by
Finlayson and Scriven (19).

Slip-line-field analysis is essentially a graphical method of

determining material flow (fig. 1.15), although it can be computerised
(1). It requires even more care in its use than does the upper-'bound
methad, since a kinematically-admissible velocity field must be found
which also satisfies the oonditions of stress equilibrium, It is

severely restricted by the assumptions of plane-strain deformation and
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of a non-hardening material although attempts have been made to

overcome both of these deficiencies. Details of this method may be

found in the literature (20,21,7).

All the numerical methods considered so far have serious
disadvantages since they generally neglect elastic deformation,
require previous knowledge of the flow pattern and may be restricted
to idealised types of deformation. These disadvantages are not shared
by the last class of numerical techniques discussed here in which the
velocity in the functional for power is approximated by a continuous,
piecewise linear function of the welocity at a finite number of points
of the body. In particular:

a) the result can be made, 1in principle, to approximate the 'true'
solution as closely as one pleases,

b) the methods are not restricted to any particular geometry - two-
and three—-dimensional solutions are equally feasible,

c) it 1is possible to incorporate into the formulation any desired
elastic or plastic properties and the variation of these
properties with temperature, strain or strain rate,

d) the techniques are fully-predictive in finding displacement or
velocity fields which are compatible with the boundary conditions
while satisfying equilibrium and minimising potential energy.

Piecewise interpolation techniques can adopt either finite-element or

finite-difference approaches. These two methods are broadly similar,

and indeed Kunar and Minowa (22) bhave shown that they give identical
results for certain discretisations of the body, and only differ in
the way the solution is performed. In a finite-element analysis, the
integration of infinitesimal power is implicit in the formulation and
a stiffness relationship between the displacement (or welocity) ard

the force at points of the body is obtained which is solved by matrix

methods. In the finite-difference approach, no stiffness relationship
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is obtained and the integration is carried out explicitly as the
solution proceeds.

Finite-difference methods have been used a great deal to examine
geomechanical problems (23), where their ability to model dynamic
effects, by oconsidering mass to be ooncentrated at nodes, is
important. They can analyse deformations involving large displacement
(24), and have recently been applied to metal forming (25). Same
examples are given in fig. 1.16.

Although there is little to choose between the finite-element and
the finite-difference techniques in terms of computational effort and
accuracy of solution, the author considers the stiffness formulation
of the finite-element approach to be more convenient and this methad
has been selected for the work considered in this thesis.

Finite-element research is reviewed in the remaining sections of

this chapter.
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1.2 FINITE-ELEMENT ANALYSES

In a finite-element analysis, material displacement is assumed to be a
continuous function defined over a finite number of discrete regions
or elements of the body. Interpolating procedures enable this quantity
to be expressed in terms of its values at certain points, or nodes,
usually on the boundaries between elements. By means of the familiar
geametric relationship between strain increment and displacement, and
a oonstitutive relationship between stress and strain increments, a

virtual-work formulation can be constructed for the whole body which

in turn determines the stiffness matrix relating nodal displacement to

nodal force. For elastic deformations, the stiffness matrix is linear,
but this is not generally the case for plastic flow. A fuller
description of the method will be given in the next chapter.

Even simple finite-element treatments require the solution of
matrix equations with a large number of degrees of freedom, and the
use of an electronic computer is essential. Narmally, a large main-
frame or mini-computer would be used for non-linear problems, although
advances have been made in adapting bulk-deformation finite—-element
programs to micro—-computers (26).

The development of finite-element analysis and its applications
to fields as diverse as civil engineering, quantum mechanics and pure
mathematics are reviewed extensively elsewhere (27-29), so only a
selection of the 1literature specifically concerned with its use in

plasticity problems and metal-forming research will be mentioned here.
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1.3 FINITE-ELEMENT METHODS IN PLASTICITY

A ocomparative study of different methods of finite-element analysis of
plastic deformation has been conducted by Kudo and Matsubara (30), who
ocollated solutions, for the upsetting of a cylindrical billet, from
research groups all over the world (fig. 1.17). There was considerable
variation in the predicted profiles and working loads of the deformed
billets, which was attributed to differences in the type of element,
their configuration in the mesh and the size of increment. A detailed
comparison of individual techniques was prevented by a lack of precise
computational information, but the study was of great interest in
showing the range of different approaches to the problem.

Currently, finite-element treatments of metal-forming processes
can be divided according to their basic assumptions about the

behaviour of the material, namely the visco-plastic, the rigid-plastic

and the elastic-plastic methods. There are marked similarities between

the first two, since both neglect any elastic behaviour of the work-
piece, and both enforce volume constancy by means of a penalty-
function or similar technique. 1In the rigid-plastic method, sometimes

called the matrix method (31), nodal displacements or velocities are

the unknown quantities, and regions in which the strain is low are
assumed to be rigid and are ignored. 1In a visco-plastic analysis, the
yielded material is assumed to behave like a non-Newtonian fluid, so
this method is particularly suitable for steady-state processes.
Visco-plastic analyses involve a non-linear relationship of
stress to strain-rate and are usually iterative; the stress and
strain-rate distributions at the end of a step being used to

calculate the stiffness matrix for the next iteration. Typical

applications are those by Zienkiewicz and Gadbole (32) for steady-
state forward extrusion, Price and Alexander (33) for die-less drawing
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and Zienkiewicz, Jain and Onate (34) for rolling (fig. 1.18). An
incremental form was used by Oh, Rebelo and Kobayashi (35) to examine
the upsetting of billets with properties dependent upon strain-rate.

The rigid-plastic approach also involves non-linearity. It has
been used to analyse non-steady-state, forging-type operations, for
example, Lee and Kobayashi (3l) examined the expansion and contraction
of a hole in a circular plate, Chen and Kdbayashi (36) looked at the
upsetting of a ring while Price and Alexander (37) and Dung, Klie and
Mahrenholtz (38) oconsidered the uwpsetting of a solid cylinder and
backward extrusion. The method has also been applied to steady-state
processes, such as wire drawing by Klie, Lung and Mahrenholtz (39,
fig. 1.19) and hot rolling by Sharman (40,4l1) and Cornfield and
Jahnson (42).

Although efficient for steady-state processes, the rigid-plastic
and visoo-plastic techniques are unable to model the elastic recovery
resulting from the removal of the deforming load, and so cannot
predict distributions of residual stress. Since the residual stresses
in a work-piece are important in determining its behaviour during use
or subsequent manufacturing operations, this is a serious disadvantage
of the rigid-plastic and visco-plastic approaches. 1In addition, since
no elastic regions can be present, small-strain deformation, in which
parts of the body may be unyielded, cannot be adequately modelled,
although for a process such as heading (43) where the persistent
elastic region 1is accompanied by extensive plastic deformation
elsewhere, the approximation may not be so bad. For these reasons, an
elastic-plastic approach is necessary for a full analysis of forging
operations, and it 1is this technique which will be considered in

detail in this thesis.
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1.4 ELASTIC-PLASTIC ANALYSES

These methods are based on the Prandtl-Reuss incremental stress-strain

relationships, and so are performed in small steps. In their simplest

form, called the tangent-modulus method, the stiffness of the body is

calculated at the beginning of each increment, using the state of
stress and plastic strain at the end of the previous step.
Satisfactory results hawve been obtained by this method for such
examples as tensile specimens, by Marcal and King (44) and Yamada,
Yoshimura and Sakurai (45); for axisymmetric and plane-strain
upsetting by Nagamatsu et al (46-48); for side pressing by Lee and
Kobayashi (49, fig. 1.20); for ball indentation by Lee, Masaki and
Kobayashi (50); for extrusion by Iwata, Osakado and Fujino (51) and
Lee, Mallett and McMeeking (52, fig. 1.21); for plane-strain drawing
by Gordon and Weinstein (53); and for backward extrusion by Hartley,
Sturgess and Rowe (9). There is some evidence that computational time
can be decreased, without loss of accuracy, by increasing the
increment size and performing iterations within each increment,
providing the inverted form of the stiffness matrix is stored fraom the

first iteration and re-used (modified Newton-Raphson method). This is

the basis of the initial-stress technique used by Zienkiewicz,

Valliappan and King (54) to analyse the tension of perforated plates
and notched beams, and by Barnard and Sharman (55) to examine the
yielding of edge-supported plates by perpendicular loads

However, when the deformation involves large strain, it is not
always possible to obtain convergence using the modified Newton-
Raphson technique (56); the un-modified Newton-Raphson method usually
leads to convergent solutions but takes longer to perform since the

stiffness matrix must be inverted during each iteration.
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1l.4.1 Large-Strain Elastic-Plastic Formulations

The Prandtl-Reuss equations are, strictly, only defined for
infinitesimal increments of deformation. When finite steps are used,
the underlying assumption, that the strain increment may be decomposed
into elastic and plastic parts, may no longer be valid (57-59), and
any stress-strain relationship for finite increments should take into
account the effect of the deforming continuum.

The latter problem has been investigated by Thomas (60-62),
Prager (63), and more recently by Rice (64) and Lee (65). Various
finite-element solutions based on large-strain formulations have been
proposed, notably by Hibbitt, Marcal and Rice (66), Osias and Swedlow
(67), Yamada, Wifi and Hirakawa (68), Mallett (69) and Nagtegaal and
de Jong (70).

Although a finite-deformation technique is more complex than one
using an infinitesimal definition of strain, Rice (64) has shown that
use of the latter can lead to serious error during plastic
deformations 1if the slope of the stress-strain curve is of the same
order of mgnitude as the current stress - a oondition which is
frequently met in forming operations. Consequently, a finite-
deformation formulation is used in the program described in this
thesis.

Lee and McMeeking (57) concluded that, although the decomposition
of strain into elastic and plastic caomponents is only an approximation
for finite increments, the approximation is quite a good one providing
the incremental strain is small. Since only small increments will be
considered in the processes to be examined here, the formulation used

in the present finite-element analysis does split strain into elastic

and plastic parts.



1.5 THREE-DIMENSIONAL TREATMENTS

All the investigations mentioned so far have been of two-dimensional
deformations, either plane~strain or axisymmetric. There have been few
reports of three-dimensional finite-element analyses of large-scale
deformation.

Webster (71) and Baynham (72) used a rigid-plastic and visco-
plastic technique, respectivély, to examine the forward extrusion of
round stock through a square die. Sebastian, Radriguez and Sanchez
(73) also employed a visco-plastic treatment for the analysis of the
extrusion of round bar through a tapered circular die. 1In all three
cases the finite-element meshes were very coarse (fig. 1.22) and only
the steady-state solutionswere obtained.

A rigid-plastic analysis was also used by Mori and Osakada (74)
to study three-dimensional rolling. This was not, strictly, a full
three-dimensional approach since they used a modified eight-noded
brick element, with fewer degrees of freedom, obtained by assuming
that the axial velocity of the material was independent of position
across the roll gap. A similar type of element was used by Sun, Li and
Kobayashi (75) to examine the forging of a rectangular bar by flat,
narrow dies which overlap the work-piece in the transverse direction.

Although the two last-mentioned analyses were able to predict the
spread of the material during the deformation, the assunptions
underlying the use of these simplified three-dimensional elements
impose severe restrictions on the application of this technique.

Nagamatsu _(76) obtained results for the simple upsetting of cubes
using an elastic-plastic treatment, but only up to very small total
strains.

Desai and Phan (56) developed a general three-dimensional finite-
element procedure for the analysis of stress during
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deformations involving large strain. Although primarily intended to

study foundations and their interaction with soils, the authors state

that the formulation can adopt an elastic-plastic approach for metal

forming analyses.
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2.0 INTRODUCTION

This chapter introduces the cooncepts and theory which form the basis
of the finite-element formulation, developed here for the analysis of
three-dimensional forging operations, and described in detail in the
next chapter. It is not meant to be a comprehensive guide to the
finite-element method or to its computer implementation, for which
several texts are available. These cover the subject of both finite-
element analysis in general (28,77,78) and its application to
plasticity (79).

The fundamental matrix equations of finite-element analysis are
derived in the following section, and their solution examined in
section 2.2. The application of the method to plasticity is discussed
in section 2.3, ard, finally, consideration 1is given to the

implications of a three-dimensional treatment.

2.1 INCREMENTAL STIFFNESS RELATTONSHIP

As its name implies, the finite-element analysis of deformation
commences by dividing up the body into a finite number of discrete
elements. The unknown displacements are approximated over each of
these by continuous functions, interpolating between the actual values
ar gradients at certain points or nodes of the element. The number of
nodes serves to determine the order of the interpolating function.
iE:lements my be of various types, such as triangles or
quadrilaterals for two-dimensional analysis, tetrahedra or ‘bricks'

for three-dimensional treatments. The present analysis uses the three-

dimensional, eight-node, linear-isoparametric eclement. The term



- 46 -

'linear-isoparametric' refers to the fact that the same, linear, order
of interpolation is used both for displacements and for positional

coordinates.

2.1.1 Governing Equations

2.1.1.1 Expression for Virtual Work

For the nth element of the body, the principle of virtual work (80)

states that:

T — [ ]
Ag; gn = [ [Q*]:[s]ldvol (2.1)

for integration over the volume of the element, where A~ and f are
the incremental displacement and the force vectors at the nodes of the
element, [s] is the stress tensor at a point within the element and

[Q] is the incremental-displacement gradient tensor defined by:
[0l = V(aw? (2.2)

in which V is the gradient-operator vector:

_ .6 § & .1
v = (Si 5y 62) (2.3)

and u is the vector of displacement of a point of the element with
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coordinates (x,y,z) in the initial, reference state. Both displacement
and cooordinates are measured in the Cartesian reference frame. The
operation : in eqn. 2.1 denotes the inner tensar-product (8l) defined
by:

[al:[b] = b (2.4)

#3713
with the usual tensor summation convention. The asterisks in egn. 2.1
indicate that the expression must be true for any small, arbitrary
nodal displacement and corresponding point displacement.

In addition to the Cartesian reference axes, another set of axes
may be defined which deform with the material in the sense that a
given point of the body will have the same coordinates with respect to
these axes at all stages of the deformation. These axes, which in
general will be curvilinear, will be referred to as the current frame.

Since the analysis 1is carried out incrementally, the initial,
reference state 1is the state at the start of the increment. Assume
that at this stage the distribution of stress in element n and the
forces acting on its nodes satisfy eqn. 2.1. Suppose an infinitesimal
increment of deformation causes a change in nodal force of A _fn and a
change in the distribution of stress of [As], then since the values of
nodal force and point stress must also satisfy egqn. 2.1 at the end of
the deformation step, taking the difference between the two

expressions gives:

Ag;TAgn = [ [Q*]:[As]dvol (2.5)
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2.1.1.2 Use of Co-rotational Increment of Stress

In deriving egn. 2.5, the integration in egn. 2.1 is carried out, both
far the beginning and for the end of the increment, over the geometry
of the element at the start of the increment. Hence the stress [s] is
defined by supposing that the forces which are actually applied to an
infinitesimal element of the deformed body act on this element in its

undeformed or reference state. [s] is therefore the nominal, Lagrange

or Piola-Kirchhoff I stress, and is in general not symmetric (82).

In order to obtain a relationship between increments of nodal
force and increments of nodal displacement, [As] must be expressed in
terms of strain increment by means of the elastic-plastic constitutive
equations. However, the appropriate stress to use in these

constitutive equations is the Piola-Kirchhoff II stress (65) which is

calculated by considering that the components, in the reference frame,
of the force applied to an element of the body in its undeformed
geometry are the same as the components, with respect to the current
axes, of the force acting on the deformed element. Since the stress-
strain relations are independent of rigid-body rotation, they must be
expressed in terms of a oco-rotational increment of this stress.
Finite-element analyses which use increments of nominal stress in
the constitutive relations cannot accurately model the behaviour of
stressed bodies during deformations in which the displacements of the
material points are finite. This is demonstrated in appendix A where
the changes in applied force calculated for the combined rotation and
extension of a single element by two finite-element programs, one
using the increment of nominal stress in the constitutive equations
and the other using the oco-rotational increment of Piola-Kirchhoff II

stress, are oompared with the actual changes in the components of

force acting on the element.
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The expressions relating increments of nominal stress and
increments of Piola-Kirchhoff II stress at a point involve derivatives
of the displacement at that point with respect to its current
coordinates. 1In the following theory, the current state is chosen to

be the reference state (updated Lagrangian technique) so that the

derivatives of displacement in these expressions are with respect to
the reference coordinates of the point.
In reference 65 it is shown that:

[As] = [Ao] - [Q1T[o] (2.6)

where [0l 1s the true-or Cauchy-stress tensor with respect to the

reference Cartesian axes and is defined in terms of the forces acting
on an infinitesimal element of the body in its deformed state and the
deformed geometry of that element.

Providing the reference and current axes are chosen to ooincide
at the start of the increment, the oco-rotational increment of Piola-

Kirchhoff II stress is the same as the Jaumann increment of Cauchy

stress [AGJ]. This is defined (83) by:

[a6”] = [Ac) + %([01-1017) (o] + %[o1([Q1 -[QD (2.7)

Substituting for [Ac] from egn. 2.7 into egqn. 2.6 gives:

(as] = (80”7 - 5(101-191D) (01 - ulolc101T-1aD - (017101

= [Ac”) - H(QI+[Q1 D) (0] - %lo1CIQI+[Q1) + [0llQ]  (2.8)
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The finite-element formulation which expresses strain increment in
terms of the Jaumann increment of Cauchy stress by means of the
constitutive equations and which uses equation 2.8 to incorporate this
stress into the virtual-work relationship, will be referred to

throughout this thesis as using the Jaumann correction, to distinguish

it from simple finite-element treatments which use [A s] directly in
the stress-strain equations.
Taking the inner tensor-product of both sides of egn. 2.8 with

[Q*] amd using the symmetry of the Cauchy stress tensors leads to:

[Q*1:[as] = [Q*1:[A0”1 - %[Q*1:([Q1+[01T)[0] - %[Q*1:[01([QI+[Q1)
+ [Q*1:(0]lQ]

L(IO*1+Q*1T) : [a6” ] - nu[o*1T: [o1c[QI+[Q1T)
4[0*1: [01([Q1+[Q1T) + [Q*1:[01[Q]

= L([o*1+[0*1T) s ([AcY] - [o)(IQI+IQIT))
+ [Q*]1:[c][Q] (2.9)
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2.1.1.3 Finite-Strain Formulation

2.1.1.3.1 Co-rotational Increment of Strain

The theory presented so far has assumed that both the arbitrary
change 1in the virtual displacement and the applied increment of the
displacement are infinitesimally small. Under these circumstances, the
expression for incremental strain (for this type of analysis the

Lagrangian (83) or right Cauchy-Green (84) measure, defined by

(101+1017+[01101T) /2) may be simplified by omitting the second-order
term [Q][Q]T/2 to give the infinitesimal-strain increment ([01+101T) /2
found in eqgn 2.9.

In finite-element analyses of metal-forming problems, the
material displacements, though small, are necessarily finite in
magnitude. When this is the case, the infinitesimal expression is not
an accurate measure of strain, particularly when the material is
rotating. For example, infinitesimal strain is not zero for rigid-body
rotation in which, by definition, no strain should occur. This is
discussed further in appendix B.

If the finite-element formulation is to be used to examine finite
increments of deformation, the terms representing infinitesimal-strain
increment in eqn. 2.9 should, strictly, be replaced by the expressions
far incremental Lagrangian strain. Unfortunately, it is not
practicable to do this because Lagrangian strain is not a linear
function of incremental-displacement gradients, and the resulting
relationship between displacements and force would be very difficult
to solve.

The method developed for the finite-element formulation described
here effects a compromise solution to this problem by adopting a

CYER

linear incremental-strain measure din eqn. 2.9 which, though not
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precisely the same as the Lagrangian-strain increment, is a very good
approximation to it for small, but finite, increments of deformation.

Providing the incremental strains are small, (of the order of a
few percent), the error incurred in using infinitesimal strain
generally derives not so mxh from the finite size of the strain
increment itself (which causes an error of the order of the strain
squared) but mostly from the presence of superimposed rotation, which
may be large compared with the strain, and which introduces an
erroneous volume component of strain. This is particularly significant
when the deformation is plastic, since the change in the elastic
hydrostatic stress calculated as a result may be orders of magnitude
greater than the true, plastic increment of stress. In addition, when
volume oonstancy 1is enforced, the tendency for rotation to be
incorrectly interpreted as a volume change may lead to over-stiffness
of the response to rotation.

The linear incremental strain mentioned above is therefore
derived fram a new incremental measure of strain which is independent

of any superimposed rotation. This is called the co-rotational

increment of strain.

By the definition of [Q] given earlier, the vector increment dx
of reference-frame coordinates, representing an infinitesimal line

segment, is transformed during an increment by:
dx + ([Q]T+[I]1dx (2.10)

where [I] is the 3x3 identity matrix.

This transformation, which is clearly real, is also non-singular
since we can define the inverse transformation. It may therefore be
uniquely expressed as a product of a pure rotation [R] and a symmetric

deformation [V] (85). [R] is shown in fig. 2.1, in which li’mi’ni are



- 53 -

the direction cosines of the rotated ith axis with respect to the
initial, unrotated x, y and z axes.

Generally the product of rotation and deformation may be taken in
either order, (leading to different values of ([V]), but for a
Lagrangian treatment, the deformation should be applied first because

then the strain increment is calculated with respect to the reference

frame. Therefore:

[R1[V] = [Q1" + I[I] (2.11)

or

wl = [RITaol™ In (2.12)

since the inverse of a rotational matrix is its transpose.

The co-rotational increment of strain [Ae€Y ] is then defined to

[Ae*] = (V] - [I] (2.13)

(Ac®F 1 is clearly symmetric, and this strain measure reduces to the
infinitesimal definition when there is no rotation (i.e. when [R] =
[I] ). It is also readily seen from eqns. 2.12 and 2.13 that when the
deformation is a pure rotation, (i.e. when [er = [R]), the new strain
increment is zero. By comparing egn. 2.13 with the definition of
incremental-Lagrangian strain given above, it can be seen that the co-
rotational incremeﬁt of strain differs fram the Lagrangian measure by
the term ([V]-[ID? /2 which, as mentioned previously, is of the order

of the strain squared.
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2.1.1.3.2 Linearised Co-rotational Strain

Since the rotational matrix [R] is a function of [Q], the co-
rotational increment of strain defined by eqns. 2.12 amd 2.13 is a
non-linear function of incremental-displacement gradients and so
cannot be used directly in the expression for virtual-work.

However, a linearised form of this strain can be easily derived
providing the incremental rotation of the material is of the order of
ten degrees or 1less and the incremental strain is of the order of one
or two percent. Since the finite-element analyses are carried out in
small steps, these are reasonable assumptions to mke. Note, these
assunptions do not make the use of oo-rotational strain unnecessary
since the rotational component of the deformation may still be an
order of magnitude larger than the strain.

Since the co-rotational increment of strain is symmetric, no loss
of generality is involved in taking, for convenience, the symmetric
part of eqn. 2.13 as the starting point for the process of
linearisation.

Substituting eqn. 2.12 into this expression and multiplying out
leads to:

Ccr

[Ae 0.5([R1[Q1" + [QI[R] + [RIT + [R] - 2[I])

()
il

0.5([R1"[QIT + [QIIR] - (IRI-[ID) ([RIT-[ID) (2.14)

For the limit of the incremental angles of rotation stated above,
[R]1-[I] is approximately skew-symmetric to within a few percent and

may be replaced in eqn. 2.14 by 0.5([R]1-[RIT). Hence:

1

cr]

[Ae 0.5(IRIT[QIT + [QIIR] - 0.25((RI-[RIT) ([RIT-[R])  (2.15)
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For incremental strains of the order of 0.0l or less [R]—[R]T o

[Q]T-[Q] r SO2

bel = 0.5(IR1T1QIT + [QIIR]
- 0.225(([R1-IRI) (1QI-[Q1 D)+ (1Q1T-[0D ([RIT-[R]1))) (2.16)

In which the last product term of egn. 2.15 has been averaged with its
transpose to preserve the symmetry of the expression after this last
substitution.

The quantity [Ae 1 defined by egn. 2.16 is called the linearised

co—rotational (ICR) increment of strain because, once the coefficients

of [R] have been evaluated, it is a linear function of the
incremental-displacement gradients. It can therefore be used to
replace the expressions for infinitesimal increment of strain in eqn.
2.9.

The matrix [R] is a function of position but for the present
analysis it is assumed that an average rotational matrix can be

applied to all points of a given element.

2.1.1.3.3 Estimation of Rotational Values

Before egqn. 2.16 can be used in the virtual-work expression, the
coefficients of the matrix [R] must be evaluated. The correct values
for a given increment are not known until that increment is actually
performed and the nodal displacements calculated. However, it is
possible to estimate the rotational coefficients if it is assumed that

the matrix [R] for a given element does not change greatly fram one
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increment to the next. The rotational coefficients may then be
calculated from the incremental-displacement gradients for the
previous increment (section 3.2.4.1). Faor the first increment of the
deformation, [R] is assumed to be equal to the identity matrix. When
the secant-modulus technique is used (see section 3.2.3.2), then
during the second or corrector part of the solution, [R] is evaluated
fram the incremental-displacement gradients faor the first or predictor
part.

Although this method will not in general predict the exact
rotational component of the current deformation, it is shown 1in
appendix B that even so, the use of the ICR intremental strain measure
with estimated rotational coefficients leads to better results than if

the rotation is ignored altogether.



2.1.1.4 Vector Expression

Replacing the expression for infinitesimal increment of strain in egn.

2.9 by the linearised co-rotational increment of strain gives:

[Q*1:[As] = [Ae*]l:([Ac”1-2[c)lae]) + [Q*1:[gllQ] (2.17)

It is convenient to express the right-hand side of egn. 2.17 in its
vector form, in which the symmetric tensors of incremental strain and
stress are replaced by six-dimensional columm vectors and the
incremental -displacement gradient tensors are replaced by nine-

dimensional vectors. Egn. 2.17 then becomes:
T,, J T
[Q*]1:[as] = Ae* (Ao -[Tn]Ag;:_) + Ag* [U,]lAg (2.18)

where Ae 1is the vector of the ICR increment of strain, AgJ is the
corresponding Cartesian vector of the Jaumann increment of Cauchy
stress and Ag is the vector gradient of incremental displacement. Ag
and the matrices [T,] and [U,] are shown in fig. 2.1. As before, the
asterisks in egqn. 2.18 refer to corresponding, small, arbitrary
increments of displacement or strain. The expression for Ag, derived
from eqn. 2.16, is given in fig. 2.2.

1f [D, 1 is the appropriate incremental 6x6 stress-strain matrix

for this element then egn. 2.15 may be written as:

[Q*1:[as] = Ae*"([D 1-[T Dae + Ag(U_lAg (2.19)
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2.1.1.5 Constant-Dilatation Technique

As mentioned later in section 3.2.5, the volume of the yielded finite-
element mesh must be explicitly constrained to be approximately
constant. A convenient way of doing this is to increase the
contribution of the bulk-strain changes of yielded elements to the
virtual-work expression (34), the effect of which is to tend to
enforce incompressibility at every point of the body. Nagtegaal, Parks
and Rice (86) demonstrate that, for most types of element, this
results in far too many constraints being applied to the nodal
displacements, leading to excessive predicted loads and general over-
stiffness of behaviour (70).

For example, for the eight-node brick element used here, the
requirement that the bulk strain 1is zero throughout an element means
that the nodal displacements associated with that element have to
satisfy seven constraining equations. In the limit, as discretisation
is refined, the number of nodes in the mesh equals the number of
elements. Since there are three degrees of freedam per node this gives
a ratio of no. of degrees of freedom/no. of constraints equal to 3/7.
However, for a continuum, there are three degrees of freedam and one
incompressibility constraint at every point of the material, so with a
large number of elements, the finite-element model is clearly over-
constrained. (This is not the case with a small number of elements; a
single element has 24 degrees of freedam and only 7 incompressibility
oconstraints.)

The solution to this problem proposed by Nagtegaal et al for the
eiéht—node brick element, and the one adopted here, 1is to relax the
requirement that the bulk strain is zero at every point of an element

and only require that the total wvolume of an element is

(approximately) constant. The seven incompressiblity constraints per
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element are then replaced by just one, and the ratio of no. of degrees
of freedom/no. of constraints for progressively refined meshes tends
to the continuum value of three.

This technique 1is referred to as the constant—-dilatation method

since the dilatation (or average value of bulk strain for an element)
is the same for all points of an element.
Consider the contribution of deformation of the material to the

virtual-work expression and split this into deviatoric and bulk parts:

Ae*TD_lde = Ae'*T[D_JAe' + %Ag*TmnlAg'
+ %Ag'*T[onmg + %Aé*T[Dn]AE_f_ (2.20)
where: Ae' = Ag - %A: (2.21R)
AE = (hey bey, Mgy 0 0 O)F (2.21B)
bep, = Degy + bey,, + Ag,, (2.21C)

The elastic-plastic stress-strain matrix [D, ] will be defined later,
but it is sufficient here to note the following properties of this

matrix:

(1) it is symmetric (because the mterial is assumed to be
isotropic),

(2) the sum of the first three entries in any of rows 1 to 3 is
constant and equal to 3k, where K, the bulk modulus = E/3(1-2V)
for Young's modulus E and Poisson's ratio v (because any bulk-
strain change causes the same purely elastic response in all
three normal components of stress),

(3) the sum of the first three entries in any of rows 4 to 6 is zero
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(because bulk strain cannot influence shear components  of

stress).
Thus the second and third terms o the right-hand side of egqn. 2.20

disappear leaving:
Ae*TID Jae = Ag'*TID_lag' + kaefAey, (2.22)

in which the work contribution is separated into purely deviatoric and
purely bulk parts. If the second of these is expressed in terms of the
average bulk-strain increment for element n, the dilatation incre-

ment A9 where:

Ap, = %nf Agy, dvol (2.23)

and V, is the volume of element n, then the contribution of

deformation to the work expression in terms of the modified strain

increment Ae€dis:

Cd*T v4xT ' *
Ae [Dn]Ag_ Ae [Dn]Ag_ + kAGSAD
= 0e* D )Ae  +  k( ApXAGn - Aefhey) (2.24)

Using this modified contribution in egn. 2.16 then gives:

[Q*1:[as] = Ae*([D )-[T DA+  Ag [U JAg
+ k( A¢§A¢n - AegAeb) (2.25)
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2.1.1.6 Virtual Work in Terms of Generalised Displacement

The expression in egqn. 2.25 represents the infinitesimal contribution
to virtual work fram an arbitrary point of element n. In order to use
the interpolation functions for the element, this must be re-written
in terms of the generalised displacement of a point Au.

From the expression for Ag given in fig. 2.2, we may write:
ae = [LIlau (2.26)

where the operator matrix [Li ] is illustrated in fig. 2.3. This
operator is a function of the previously determined values of 1i' m,
and n, which will be different for each element - hence the subscript

n. Similarly, the expression for Ag in fig. 2.1 gives:

A = [L9]Au (2.27)

where the operator matrix [L3] is shown in fig. 2.3.

Combination of egn. 2.21C and the definition of [L] leads to:
= (2.28)

The operator matrix [Lﬁ ] for element n is also illustrated in fiqg.

2.3. Finally, egqns. 2.23 and 2.28 give:

ap, = [(2lau (2.29)

where the operator matrix [L‘f1 ] is defined to be:

[Lq)] = %}-f [Lg]dvol (2.30)

n
n
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2.1.2 Finite-Element Interpolation

Let a 1local axis system, X, Y and Z be defined for each element so
that the 1local coordinates of the nodes of the element are
(+1,+1,41). A typical element is shown in fig. 2.4 with its
associated local axes and the local coordinates of the nodes.

Consider the nth element in the assembly or mesh. Let x be
the vector of global coordinates at all the nodes of the element and
let x be the coordinate vector of a point within the element with
respect to the Cartesian axes.

Define for each node I of the element, an interpolating or shape

function of local coordinates:

N; = kijk(X#+i)(Y+j)(Z+k), I = 4+2i+j+(k+l)/2 (2.31)
for i,j,k = +l.
This has the property of attaining the value one at node I, zero at
all the other nodes, and varying linearly (with respect to local

ocoordinates) between any two adjacent nodes.

Therefore, the assumed function for displacement takes the form:

u = [N 14 (2.32)

where [N ] = (Ny[I] N2[I] ... Ng[I]). Substituting from egn. 2.32

into egns. 2.26 to 2.29 gives:

re = [BE1 4 (2.33)

AQ (Bl1 4 (2.34)
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b
rey, = [BD1AG (2.35)

ao, = [BP1ad, (2.36)
where:
[BS] = [Lﬁ][Nn] is the strain-nodal displacement matrix
[B%] = [Lq][Nh] is the displacement gradient-nodal displacement matrix
(B'] = [Lﬁl[Nn] is the bulk strain-nodal displacement matrix and
[Bﬁ] = [Lﬁ][Nn] is the dilatation-nodal displacement matrix.

All four of these matrices depend on the geometry of element n;
all except [BI ] also depend on the current value of [R] for this
element and all except [Bg ] are functions of position within the
element.

by

In order to evaluate [Bi], [Bﬁ], (B

and [Bg] the derivatives
with respect to the global coordinates must be expressed in terms of
derivatives 1in the local axis system by means of the inverse of the

Jacobian transformation matrix [J,] , where:

5 5 s |
8x 6x éX
0] = |8 |.xF and |6 | = 13,1 |8 (2.37)
8y Sy Sy
S S_ S
6z Sz 8z
- -l [ .

Using the shape functions, once again, to determine the global
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coordinates of a point as a function of the local coordinates of that

point, and the known, global coordinates of the nodes:

T 8[Ng]"
I &
3.1 = T SN ] (2.38)
Xn SY
T
XT SINg ]
an dz -J

The local derivatives of the shape functions may be obtained easily
from egn. 2.31.

Substituting from egns. 2.33 to 2.36 into egn. 2.25:

[Q*1:[8s] = AdxT ((BEI (D, 1-IT, 1) (BE] + (B3I (U, 1(BL]

+ w817 881-18217821)) A4, (2.39)

Inserting this into egqn. 2.5, removing the nodal displacement
vectors outside the volume integral and cancelling Ad* produces:

of, = (SIBEIT (D, I-ITa D IBE] + (B (U, 1B

(8171821~ 8217 (B D dvol ) Ady, (2.40)

This integral does not, in general, permit an analytical solution.
Multiplying the integrand of the above by the determinant of the
Jacobian matrix means the integration is carried out over the volume
of the element in the local axis system. This allows Gaussian
quadrature (108) to be used to evaluate this integral. Since [Bﬁ] is
independent of position, it may be taken outside the integral and also

evaluated by means of Gaussian quadrature and eqn. 2.30. Hence:
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where:

(K,1 = zw {(IBEIT([D,1-[T, DIBE1+(BE 1T (U, 1182 1- wIBRIT(BR1)a |}
¥ gnzwi{“iﬂ"nl} zw; { (B} 13, |} (2.42)

in which the expressions inside the braces are evaluated for the local
coordinates of sample point i, and w; 1is the corresponding Gaussian
weighting factor.

Since the integrands of [K, ] are generally rational functions,
the numerical integration can never be exact, but will approach the
true value as the number of sample points is increased. This is at the
expense of increased computational time, amd in practice only a small
number of sample points are required to obtain sufficient accuracy.

Egqns. 2.4l and 2.42 are valid for an isolated element. To find
the stiffness matrix relating the nodal displacement increments to‘ the
nodal force increments for a collection of elements, the individual

element matrices are simply superposed or assembled. By this method, a

coefficient in the final matrix relating displacement component Jj to

force component i, is the sum of all such coefficients in the

constituent element matrices.
The assembled stiffness relationship takes the form:

Af = [KlAd (2.43)

where Af and Ad are the vectors of nodal increments in force and

displacement, [K] is the (global) stiffness matrix.
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2.2 SOLUTION OF INCREMENTAL STIFFNESS EQUATIONS

The type of finite-element analysis presented here is known as the

displacement formulation because, for the most part, the increments in

displacement are the unknown quantities in the problem. (The values of
nodal displacement may of course be specified for certain boundaries.)

Therefore, egn. 2.43 must be solved in arder to determine Ad for
an increment of deformation. Before considering the method adopted for
this purpose, certain properties of the mtrix [K] should be
mentioned.

Firstly, (K] is symmetric. This is a consequence of the symmetry

of the D, T and U matrices used in the formulation. As a result, and
if care 1is taken in its manipulation, only the half of the matrix
above (or below) the leading diagonal need be computed or stored.

The second property, which leads to even greater economies of
storage, 1is that providing the nodes of the mesh are ordered in a
particular way in the displacement and force vectors, then the
coefficients of the stiffness matrix are zero everywhere except within
a band lying about the leading diagonal. These zero values need not be
stored. The number of coefficients lying within this band, faor any

given row, is known as the bandwidth of the matrix.

The property of bandedness derives from the fact that the force
at a given node depends upon the displacements at another node only if
these two nodes belong to the same element. The optimum ordering of
nodes therefore minimises the separation, in the ardering sequence, of
any two nodes which affect each other in this way.

The solution of eqn. 2.43 is obtained by a modification of the
method of Gaussian elimination and back-substitution. Firstly,
consider the Gaussian method in its usual form.

During the elimination stage, the matrix is converted into upper-
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triangular form (zeros everywhere below the leading diagonal) in a way
which preserves the relationships expressed by the original equations.
The transformed or reduced set of equations can be solved quite sinply
during the back-substitution phase by oonsidering each equation in
turn, fram the bottam of the matrix up, substituting in all the
displacement increments calculated so far, and hence evaluating the
displacement component on the diagonal fram the remaining load term on
the right-hand side of the equation.

Fig. 2.5 is a diagrammatic representation of the elimination
process, when only the upper band of the matrix is stored (shaded
portion). Fig. 2.5a shows the stiffness equations at a stage in the
elimination when all the columns in the lower triangle up to but not
including colum i have been made zero. By symmetry, the coefficient ki
in row i of the matrix indicates that there is the same coefficient in
ocolum i of row j. This is eliminated by subtracting fram the whole of
the equation of row j (coefficients and load term) kji/k;; times the
equation of row i. Coefficients of row j lying below the diagonal need
not be dealt with explicitly since their symmetric counterparts are
automatically adjusted by the same amount when the elimination is
carried out on the rows higher up.

Fig. 2.5b shows the stiffness equations after this manipulation
has been carried out. The process is repeated for all the other rows
oontaining a coefficient in colum i. The elimination is complete when
all the columns have been dealt with in this manner.

The method actually adopted is a modification of the above,

called the frontal solution (78), in which only a part of the upper

band and the corresponding load terms are stored in the main computer
memory at any one time. During the frontal solution, the assembly of
the stiffness matrix from the element contributions and the eliminat-

ion of coefficients in the lower triangle are performed concurrently.
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Fig. 2.6 represents the stiffness equations, with the hatching
indicating the part stored at a given moment. This time the nodes are
considered in the order in which they last appear in the elements,
when these are examined in numerical order.

As the element stiffness matrices are assembled, in order of
element mumber, into the stored portion of the global matrix,
event&ily an element will be considered which will be the last one to
ocontain the node associated with row i of the matrix. This row will
not be altered by any subsequent assembly and is called fully-

assenbled. As a result, the coefficients in this row can be used, in

the manner described abowe, to eliminate all coefficients below the
diagonal in oolum 1i. Once this is accomplished, this row has no
further effect upon the matrix, and so may be removed, along with its
load term, to disc storage. (In practice, the three equations
corresponding to the force at a given node are dealt with and
transferred together.)

When the transfer is complete, the storage used by these rows is
freed for use by other parts of the band, 1i.e. the frontal area has
moved as shown by the dashed lines in fig. 2.6b.

When the assembly and elimination are finished, the back-
substitution can be performed, as before, by recalling the equations,
in reverse order, from disc storage.

It is clear from the above that the bandwidth, and the size of
the frontal area in store, are not affected at all by the numbering of
the nodes, but only by the order of assembly of the elements, 1i.e,
element numbering, and care must be taken to ensure that the elements

are numbered most efficiently (see appendix C).
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2.3 APPLICATIONS TO PLASTICITY — NON-LINEARITY

Egn. 2.43 is quite generally applicable to a range of different types
of deformation, providing the appropriate constitutive, incremental
stress-strain relationships are used in the evaluation of the element
stiffness matrices.

When applied to problems in plasticity, there is a choice of
constitutive relationship, dependent upon the assunptions made about
the nature of the plastic flow.

The yield criterion of Von Mises (section 3.2.3) is generally
agreed to be the most satisfactory means of assessing whether the
strain at a point is completely elastic (i.e. recoverable) or contains
a plastic (permanently strained) component (20). Drucker (88) has
shown that an increment of plastic strain, when represented as a
vector in stress/strain space, is normal to the surface representing
the yield condition in that space. This behaviour is referred to as

associated flow. The plastic flow associated with Von Mises' criterion

can be shown to be such that the components of the incremental,
plastic, strain tensor are proportional to the corresponding
components of the deviatoric-stress tensor.

Where the constitutive relations, which are used in the finite-
element analysis of plastic deformation, differ, is in their
assunptions about the elastic component of the strain occurring after
yield. The rigid-plastic, finite-element analysis assumes that no
straining occurs in the material before yield and that there is no
elastic component to the strain occurring afterwards. The rigid-

plastic treatment is therefore based upon the Levy-Mises flow

equations. The visco-plastic approach 1is similar, but is concerned

with strain rates rather than strain increments.

Since the increment in the component of elastic strain after
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;ﬁeld, is usually much smaller than the plastic part, (typically by an
order of .001), this assumption 1is wvalid for fully-plastic
deformations. But just after yield, the total strain in a body is
dominated by the elastic strain which occurred before yield, and the
rigid-plastic assumption is no longer justified.

In addition, the rigid-plastic approach can give no information
about the deformation occurring before yield, or of the effects of
removing fram the body the forces causing the plastic deformation,
(elastic unloading).

The elastic-plastic method, used in the program developed here,
does not suffer fram these disadvantages because it takes into account
elastic strain both before and after yield. The oorresponding
constitutive relationship is derived from the Prandtl-Reuss,
incremental stress-strain equations described in a later section.

Whichever relationship is used, the matrix [K] will depend, in
general, upon the current state of deformation. Thus egn. 2.43 is non-
linear and cannot be solved directly for Ad. However, an estimate
of Ad, which is close to the correct value, may be dbtained if the
increment Af is chosen to be small, and the matrix [K] assumed to be
oconstant over the increment. [K] may either be evaluated at the start

of the increment (tangent-modulus or Euler method), or half-way

through (mid-increment, secant-modulus or second order Runge-Kutta

method). The second approach is more accurate, but requires two
solutions - predictor and oorrector - per increment. The finite-
element program developed here is designed so that either of these
solution techniques may be used.

Another way of' tackling the problem of non-linearity, and one
which is a further option offered by the program, is to calculate Ad

fron Af as in the Euler method, and then to estimate the true value

of force increment causing the increment in displacement. The
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difference between this ‘'true' force increment and the applied one may
then be inserted into eqn. 2.43 to calculate a coorrection
displacement, and the process repeated. This iterative procedure is of

the initial stress type, because the oorrections are made to

displacements, the stress increment being unchanged.
The matrix [K] for each step of the iteration can either be
calculated framn the most up-to-date information about the state of

deformation (Newton-Raphson method), or be the same one which was used

for the first solution of the increment (modified Newton-Raphson

approach) .
The second of these alternatives, which is the one adopted for

the present finite-element program, offers the greatest saving in
computational time, since the lengthy inversion of the [K] matrix need
only be done once for each increment. As a result, and despite the
fact that more iterations may be required in the modified than the
unmodified Newton-Raphson solution, the former method is usually
quicker.

In theory, the advantage of the iterative method over the
tangent-modulus approach is again one of reduction in the time of
computation, since the former analysis can use fewer, larger
increments of deformation to give the same or better degree of
accuracy of solution. However, for certain types of deformation, the
initial-stress method of iteration may converge only very slowly to a
solution. In these cases the tangent- or secant-modulus approaches

give reasonable results providing the increments of deformation are

not too large.
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2.4 APPLICATIONS TO THREE-DIMENSIONAL ANALYSIS

The formulation of a finite-element analysis for three-dimensional
deformations presents no theoretical difficulties. However, from a
practical point of view, three-dimensional analyses pose special
computational problems due to the large number of variables in the
calculation.

Campared with two-dimensional finite-element solutions, for
exanmple, three-dimensional applications require many more nodes and
elements in the mesh used to model the deforming body, in order to
produce the same fineness of discretisation, because the mesh extends
in a third direction. Also, the number of degrees of freedom poss&sséd
by each node is increased fram two to three, thus more than doubling,
for each node, the number of ooefficients in the stiffness matrix
(square of number of degrees of freedam).

It is apparent that the computer storage requirements of three-
dimensional analyses are considerable. Compared to two-dimensional
treatments, the finest mesh which the present program can accommodate
is very coarse, and yet even this requires the use of out-of-core
storage, at the expense of greatly increased time of computation.

It should be noted though, that this is a problem relating to the
current state of computer technology. As faster machines, with larger
main memories, come onto the market, it will largely disappear.

Since a large part of the computational time is devoted to large-
scale matrix manipulations, three-dimensional finite-element programs

are ideally suited to the next generation of wvector-processing

computers.
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3.0 INTRODUCTION

The finite-element program, which has been developed to predict
material flow and properties in three-dimensional forgings, is
considered in detail in this chapter. The next section gives a brief
outline of the method of analysis, the important aspects of which are
discussed more fully in section 3.2. The structure of the program is

described, with the aid of flow charts, in section 3.3.

3.1 GENERAL DESCRIPTION OF PROGRAM

Type of Analysis:

The program uses an elastic-plastic formulation based an Von
Mises' criterion of plastic yield and the Prandtl-Reuss equations of
plastic flow. The treatment can optionally use the Jaumann oorrection
to stress increments (section 2.1.1.2) and co-rotational increments of
strain (section 2.1.1.3) for accurate analysis of deformation in which
the steps involve finite strain or finite rotation. Strain-hardening
materials can be modelled by supplying the appropriate constants to a
cambined logarithmic and exponential strain-hardening function. The
incompressibility of yielded regions can be enforced by specifying a
value close to 0.5 for Poisson's ratio used in the formulation for
fully-yielded elements; the constant-dilatation technique (section
2.1.1.5) can be used to prevent the nodal displacements being over-

oconstrained.

Type of Element, Size of Mesh:

Three-dimensional, eight-node, linear-isoparametric elements are
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used, the stiffness matrices of which are evaluated by a Gaussian
numerical-integration scheme of variable order. The mesh may contain
up to 1000 elements and 1331 nodes, providing the nodal semi-bandwidth
does not exceed 92. The definition of bandwidth for the frontal-
solution procedure and the method of calculating its value are

discussed in appendix C.

Specification of Deformation:

Any combination of incremental components of nodal force, nodal
constraining conditions anmd boundary surfaces may be specified. A
constraining condition is a set of prescribed values for the incre-
mental components of displacement and may be applied to more than one
node. These components of displacement may be referred to any ortho-
gonal axis system and any of the components may be left unspecified in
order to constrain nodes within straight lines or planes.

A boundary surface may consist of any one of five simple
geometric shapes. Nodes are prevented from passing through these
surfaces throughout the deformation and nodes making contact with a
surface may either be fixed in position on the surface or constrained
to move tangentially to it. In the latter case, the movement can be

subject to the frictional restraint applying to that surface.

Type of Solution:

A mixed incremental/iterative approach is used, the iteration
being a modified-Newton-Raphson, initial-stress procedure. The
solution of the stiffness equations is by a frontal technique. The
residual forces in the iteration may be derived, for fully-yielded
elements, either from the deviatoric or from the total changes in

stress throughout the element. By altering the criterion for

oconvergence, the solution can be performed without iteration as a
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tangent-modulus or secant-modulus technique.

Output:

The program prints the values of the coordinates of the displaced
nodes, the average components of element stress (far which the
hydrostatic components may be calculated either directly from bulk-
strain changes or indirectly fram deviatoric stress), and the forces
on external faces of the mesh at the end of the analysis or at any
specified interval during the calculation. The volume of the mesh and
the average work of deformation are printed for each increment. Both
projected and sectional views of the deformed mesh may be drawn at the
end of the analysis and during the calculation. Hidden lines are
removed in the projected views by means of an algorithm developed for
the current work. Generalised stress, generalised plastic strain and
incremental displacement vectors can be shown an any of the sectional

views.

Continuation Facility:
Lengthy analyses may be spread over several runs of the program

by the use of the automatic dump-and-retrieval facility.



3.2 DETAILS OF ANALYSIS

3.2.1 Boundary Conditions

Ean. 2.43 represents a set of n simultaneous equations in n unknowns -
the three components of displacement increment at every node of the
finite-element mesh. Each equation gives a oomponent of the force
increment at a node. The physical basis of the stiffness matrix [K]
ensures that it 1is non-singular, so if the incremental components of
force are given at each node, egn. 2.43 may be inverted to give the
corresponding incremental components of displacement.

In metal-forming problems though, the increments of force are not
generally known at every node of the mesh. Certainly, for those nodes
lying inside the body or on a free surface, the principle of equil-
ibrium requires that the net force is =zero, but the distribution of
force on a constrained surface, e.g. a surface in contact with a
platen or a oontainer wall or a surface of symmetry, is not known
before the analysis is performad, unless it is measurad
experimentally.

However, the incremental displacement of points on constrained
surfaces is determined, to some extent, by the geometry of the forming
process. Thus the solution of egqn. 2.43 must be carried out subject
to specified boundary conditions whereby certain incremental nodal
displacements have prescribed values.

Section 3.2.1.1 describes how prescribed values of displacement
are incorporated into the solution of the stiffness equations in the
present finite-element program.

Although the displacement of nodes on oonstrained surfaces

depends on the geametry of Lhe process, it may not always be possible
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to predict the actual values of the components of the displacement for
any given increment before the start of the calculation. For these
cases, geometric boundary surfaces may be defined which limit the
deformation of the finite-element mesh and from which the program can
determine the prescribed displacement of nodes, where appropriate, at
each increment. This procedure is discussed in detail in section

3.2.1.2,

3.2.1.1 Prescribed Displacements

3.2.1.1.1 Prescribed Displacements in Coordinate Axes

The components of incremental displacement, measured in the ocoordinate
axis system, may be specified at any of the nodes in order to define
the deformation. These prescribed values may be zero, as for the out-
of-plane displacement of nodes on a plane of symmetry, or finite, as
for the nodes on a surface in ocontact with a moving die.

There are several ways in which prescribed values of displacement
may be incorporated into the solution of the stiffness equations. For
example, Cheung and Yeo (78) describe methods which modify the
stiffness matrix before the solution begins, so that the prescribed
values are automatically taken into account by the usual Gaussian
elimination and back-substitution.

The approach adopted here, which may be termed direct insertion,

is essentially the same as that presented by Irons and Ahmad (89). It

is simpler in ooncept than those methods which modify the stiffness
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matrix, though it does require the use of a slightly different method
of elimination and Dback-substitution for the components of
displacement change which have prescribed values. In practice, this is
not a great disadvantage since it is arranged that the elimination
process for prescribed components of displacement change simply omits
certain stages of the usual procedure.

As rmentioned in the previous chapter, the solution of the
stiffness equations by the Gaussian method, whether or not this is
implemented as a frontal technique, oonsists of transforming the
augmented matrix of coefficients and load terms into upper-triangular
form which then permits successive evaluation of the unknowns in terms
of those already determined. The upper-triangular matrix is formed by
considering each equation in turn (in the frontal solution, the
sequence being determined by the order in which nodes become fully-
assembled), and eliminating all the coefficients below, and in the
same colum as, the current diagonal coefficient.

This is usually accomplished by subtracting appropriate multiples
of the equation under consideration from all the others which have a
ocoefficient in this colum. 1If, however, the value of the change in
the corresponding component of displacement is known, the elimination
can be carried out by subtracting, from both sides of these equations,
the value of the displacement change times the relevant coefficient.

This process is illustrated, for a frontal solution, in fig. 3.1,
which uses the same diagrammatic conventions as figs. 2.5 and 2.6. The
first diagram shows the situation when the equation for the ith
component of force is fully-assembled. This equation has a coefficient
in colum j and so, by symmetry, the fully-assembled equation for the
jth component of force will have the same coefficient in colum i. The

second diagram shows the stiffness equations after the elimination of

this coefficient fram its equation.
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When the process has been repeated for all the other non-zero
ococefficients in the ith equation, the fully-assembled equation may be
transferred to disc storage as before (along with the other equations
relating to the same node), and the front moved, as indicated by the
dashed lines.

Back-substitution is unchanged except that when an equation is
encountered which corresponds to a node with a prescribed displacement
change, all the incremental displacements in the reduced equation are
known, amd can all be substituted into it. Subtraction of the load
term from the resulting value on the left-hand side, gives the
component of reaction of the external system to the mesh, at the node

in question.

3.2.1.1.2 Prescribed Displacements in Rotated Axes

It is convenient to be able to specify the incremental displacement of
a node relative to axes which are rotated with respect to the
coordinate system. For example, the effect of a stationary and
frictionless die surface is simulated in the finite-element model by
prescribing zero displacement, to nodes imagined to be in contact with
the die, in a direction perpendicular to this surface, the
displacement in other directions being unspecified. This, therefore,
requires that, for each of these nodes, one of the axes of the system
in which the displacement is prescribed be perpendicular to the die
surface. It may be necessary to use a die surface which is not normal
to any of the coordinate axes.

The program developed here follows the technique suggested by
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Cheung and Yeo (78) and allows any of the prescribed displacement
conditions to be referred to a local set of Cartesian axes, by
specifying the direction ratios of the local axes with respect to the
coordinate system. (At most, the direction ratios of just two of these
axes need be given.)

Suppose such a condition applies to node I. If 1, m and n refer
to direction cosines with respect to coordinate axes x, y and =z
respectively, and a subscript refers to one of the rotated axes X, Y
or Z for node I, then the rotational transformation matrix [R] may be
defined according to fig. 3.2a. (Note that the matrix [R] is used in a
different context to that in section 2.1.1.3.) The vectors for change

in displacement and force in the two systems are then related by:

ady = [RIA} and Af; = [RIAf} (3.1)

where a prime indicates a vector in the local axis system.

Fig. 3.2b is the wusual diagrammatic representation of the
stiffness relationships at a stage when the three equations for the
force at node I are fully-assembled, except that the three components
at a node are grouped together, and that the terms in the brackets
refer to 3x3 sub-matrices of the stiffness matrix.

Substituting for the incremental displacement vector from egn.
3.1, results in the sitmation shown in fig. 3.2c. By the usual matrix
property, [R] may be removed from the displacement change array and,
instead, used to post-multiply all the stiffness sub-matrices
corresponding to the change in displacement at node I, (i.e colum I).
The force at node I may be expressed in the same rotated axes as the
displacement by pre-multiplying all the sub-matrices, and the load
vectar, of the equations for this node by the inverse of [R]. This

inverse can be shown to be equal to the transpose of [R].
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Fig. 3.2d shows the transformed stiffness equations, in which it is to
be noted that:

T _ T
(k JIRDT = [R1TIk ] (3.2)

so that symmetry has been preserved, and the operations need only be
carried out on row I in the frontal area. The components of Adj.
including any prescribed ones may now be eliminated in the usual way.
During the back-~substitution, the vectors of the increments in
displacement and force for node I are pre-multiplied by [R] to give

the corresponding vectors in the coordinate frame.
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3.2.1.2 Prescribed Boundary Surfaces

Section 3.2.1.1 describes how the solution procedure can be modified
to take into account pre-determined values of displacement increment
at certain boundary nodes. By this means, a node can be assigned a
constant displacement vector for each increment, or it can be
constrained to move in a straight line throughout the deformation
without requiring it to be at any particular position on that line, or
it can be constrained to move in a plane, again its actual position in
that plane being unspecified.

However, this procedure requires that the constraint applied to a
node is the same for each increment and is known beforehand. Thus it
cannot model boundaries which are mnot planes, since the constraint
needed for nodes on non-planar bounddries changes at each increment,
and it cannot deal with nodes which come into contact with a die
during the course of a deformation, e.g. when a surface rolls onto the
platen in simple upsetting with high interfacial friction.

Consequently, a second method of specifying boundary conditions,

by means of prescribed boundary surfaces, has been developed for the

present finite-element program. This method allows the solid surfaces
(die, oontainer etc.) with which the work-piece interacts during a
forging operation to be modelled as part of the finite-element

analysis.
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3.2.1.2.1 Boundary Surfaces with Zero or Sticking Friction

A prescribed boundary surface may be, at present, any one of five
types of finite geametric surface, i.e. a portion of a plane
(rectangle or annulus), a portion of the curved surface of a cylinder,
the surface of a sphere or the surface of a torus. These simple shapes
have proved to be sufficient for the present work, but the
implementation of the boundary-surface procedures has been carried out
so that additional primitive surfaces, such as the curved surface of a
cone o the surface of an ellipsoid, may be included easily in the
finite-element program.

Up to 98 distinct boundary surfaces may be specified. They are
defined by a code number determining the type of surface (cylinder,
disc etc.) and the coordinates of two or three points, related to the
surface in a natural way (fig. 3.3). For example, a rectangular region
of a plane is defined by two points which lie at the ends of one of
its four sides and a third point which lies anywhere on the opposite
side (produced if required). The cylindrical and toroidal surfaces
need an auxiliary parameter, the angle subtended by the required part
of the curved surface for the former, and the radius of the curved
surface for the latter.

Associated with each defined surface (primary surface) 1is a

secondary surface which is parallel to it and lies a small distance d

away from it. The value of A can be different for different surfaces
and may be positive or negative, depending upon which side of the
primary surface the secondary surface is meant to be. The sign
conventions are shown in fig. 3.3.

At the beginning of each increment of deformation, the current
positions of the nodes are determined relative to each of the boundary

surfaces. If a node is found to have passed through a boundary
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surface, so that it lies on the same side as the associated secondary
surface, then the node is moved by the shortest path back to the
primary surface. In practice, it is more convenient to re-position a
node if it approaches within a distance of d/10 of a boundary surface
(fig. 3.4).

Once a node has been moved onto a boundary surface, it may be
either fixed in position for the rest of the deformation, if the
surface has been designated as a sticking-friction boundary, or
constrained to move tangentially to it if zero friction has been
specified for the surface.

In the latter case, the actual constraint applied to a node takes
into account any incremental displacement which was originally
specified for that node. Far example, in fig. 3.5, the marked node,
which in the first diagram lies on the free surface of a cylindrical
billet (one quarter of the billet modelled here), also lies on a plane
of symmetry of the billet (hatched in diagram). Thus originally it
would have been constrained to move only within that plane. If, after
upsetting, the node has rolled onto a prescribed boundary plane
(second diagram), then the node must be coonstrained to move within
that plane whilst still remaining on the plane of symmetry. The
boundary surface procedures in the program would therefore constrain
the node to move in the dashed line of intersection of these two
planes, as shown in the diagram.

If novement within the plane which is a tangent to the boundary
surface is not consistent with the originally specified displacement,
then the latter constraint is ignored.

When there are folds or indentations in the surface of the
deformed body, it 1is quite likely that certain nodes appear to pass
through boundary surfaces with which they actually have no contact.

Far example, in the simple situation illustrated in fig. 3.6, any node
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in contact with boundary surface a, is also on the 'wrong' side of
surface ¢, and would normally be transferred onto the latter surface
during the check for violation of boundary surfaces.

To prevent this sort of thing happening, a node which appears to
have passed through a boundary surface (i.e. so that it is on the same
side as the secondary surface), 1is only re-positioned if it lies
between the primary and the secondary surfaces. Thus in fig. 3.6, the
nodes on surface a are well beyond the secondary surface far boundary

¢ and are not re-positioned.

3.2.1.2.2 Boundary Surfaces with Intermediate Friction

The conditions of sticking and zero friction assumed in the previous
section are very convenient to implement in finite-element programs.
Unfortunately, both these conditions are idealisations and any finite-
element analysis which attempts to model actual forming processes must
be capable of incorporating intermediate conditions of friction on the
boundary surfaces.

Since the aim of the present work is to develop a fully-
predictive analytical technique, the information required to specify
the frictional constraint should, if possible, be independent of
billet geometry and forming process and depend only on the nature of

the work-piece, die and any lubricant associated with each surface of

contact.
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3.2.1.2.2.1 Friction in Finite-Element Analyses - Previous Work

Nagamatsu et al (46-48,76) specified the tangential displacement of
the material in contact with the die during simple upsetting. The
distribution of this displacement was obtained experimentally and
approximated by a linear function of position in the finite-element
program, More recently, Brouha et al (6) used a similar technique but
were able to specify the tangential displacement more accurately.
Although this approach is useful for checking finite-element results,
an experiment must be performed for every process, geometry and
frictional ocomdition investigated analytically and it is not,
therefore, a predictive technique.

As an alternative to specifying the tangential displacement on
the frictional boundary, the frictional force can be specified. The
force may be proportional to the pressure acting on the boundary

(Coulomb friction) as in the analyses by Iwata et al (51), Gordon and

Weinstein (53), Klie et al (39) and Maxri et al (90), or may be
obtained fram a value of shear stress which is assumed to be
proportional to the actual shear yield stress. The latter approach,

usually called the shear-stress method, has been adopted by, among

others, Kobayashi and his co-workers (31,91,43) and Dung et al (38).
In either case, The values of the forces applied to the boundary
nodes do not have to be specified beforehand since they may be
calculated from information supplied by the computer program, such as
normal stress at the boundary or current yield stress. Unfortunately,
the direction of application of the forces must be known in advance.
This presents no problems for simple deformations such as upsetting,
but the direction may not be obvious in more complicated examples
where there is a flow divide, such as the ring test. The technique

therefore requires some assumption to be made about the flow and is
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not fully predictive.

Lee, Mallet and McMeeking (52) avoided this problem by including
friction in the virtual-work formulation. However, this leads to an
unsymmetric stiffness matrix and doubles the oomputer storage
requirements,

Another approach was proposed by Chen and Kdbayashi (36) and
later generalised to arbitrarily-shaped boundary surfaces by Oh (92).
In this technique, the relationship between frictional force f and

relative interfacial velocity wv:

£ = -mkv/|v| (3.3)

(i.e. frictional force always has magnitude equal to the friction
factor m times the shear yield stress k, but acts in the opposite
direction to the relative interfacial velocity) which is not

continuous at v = 0, is replaced by the continuous approximation:

f = -2mk{tafiv/u)}/m (3.4)

where u is small compared with the usual values of v. The frictional
force can then be introduced into the variational principle as a
function of nodal welocity.

This method is fully predictive, but the results do not compare
well with experimental data for the upsetting of a ring with low
friction (36).

Various attempts have been made to model the frictional boundary
constraint by an extra layer of finite elements. Zienkiewicz et al
(34) and Sharman (4l) used layers in which the vyield stress was

reduced by multiplying it by the friction factor. In the latter

reference, the layer of elements physically represented the layer of
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glass used as a lubricant in hot extrusion.

Webster (93) introduced a plate-type friction element into his
three-dimensional rigid-plastic analysis. The shear stresses acting on
these friction elements were calculated from the strain-rate
components and the technique required an initial, zero-friction,
iteration to estimate these before the frictional boundary restraint
could be applied. The velocity field calculated without friction was
not always consistent with the welocity field to be expected when the
frictional forces acted, and the process sometimes failed to converge.

The friction layer used by Hartley, Sturgess and Rowe (14) did
not physically represent any layer of lubricant, but instead was a
mechanism to model the effects of such a layer. In this technique, the
stiffnesses of the elements in the friction layer were multiplied by
the factor mfl-m, where m is the friction factor of the surface. The
finite-element results obtained using this friction technique were in
good agreement with experimental findings for the upsetting of solid
cylinders (14) and rings (1).

The last method mentioned above would appear to be the most
promising technique for the present analysis because it is fully
predictive, it has proved to work well in axi-symmetric treatments and
may be incorporated into finite-element programs with 1little
difficulty. This technique has been modified for use in the current

three-dimensional analysis as described in the next section.
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3.2.1.2.2.2 'Beta-Stiffness' Friction Mechanism

When there is relative movement between a work-piece and the die
surface during a forging operation, a frictional force is developed
which tends to oppose the relative motion. Friction-layer techniques
model this behaviour by means of an extra layer of finite elements
placed on surfaces of the mesh on which friction is meant to act.

The general principle is 1illustrated in fig. 3.7a (a two-
dimensional mesh is shown for clarity), in which the friction layer is
drawn with dashed lines. The friction-layer nodes (i.e. those which
only belong to the additional, friction layer of elements) are
constrained so that they may only move perpendicularly to the
interface between the die and the billet. The nodes of the billet
which are meant to be in contact with the die are constrained to move
tangentially to it.

Thus any movement of the surface nodes of the billet will
introduce shear strain into the friction-layer elements which will
generate opposing, stiffness forces. By adjusting the stiffness of the
friction layer, these forces can be made to simulate the required
frictional restraint.

In order to preserve the integrity of the friction layer, and to
avoid excessively deformed friction-layer elements, the friction layer
should be re-formed at the start of each increment.

Hartley (1) demonstrated that, for axisymmetric analyses, the
adjustment could be carried out by mltiplying the whole stiffness

matrix of any friction-layer element by what he called the beta factor

= uV(i—m), where m is the friction factor of the billet-die surface
defined by egn. 3.3. As m approaches one, this factor tends to

infinity, the friction layer becomes very stiff and prevents the

surface billet nodes from moving (sticking-friction condition).
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When m is small, the beta factor is approximately equal to m, and as m
tends to zero so does the stiffness of the friction layer (zero-
friction condition).
In Hartley's work, the stiffness matrices of the friction-layer
elements were based upon the current state of strain and stress in
those elements. The frictional restraint generated by this mechanism
therefore depended upon the strain history of the friction layer.
Since this technique is not meant to nmodel any physical interface
layer, there is little justification far including this dependence.
Thus for the present work, the friction-layer elements are
assumed to be stress—- and strain-free at the start of each increment.
As a oonsequence, these elements always deform elastically, with a
stiffness which is much larger than that of the plastically-deforming
billet, and it 1is necessary to use a modified multiplier for the
stiffness matrices of the friction-layer elements. For a given element
this is the product of the beta factor and the ratio H'/E, where E is
Young's modulus and H' 1is the slope of the generalised stress vs
plastic strain curve of the material for the value of plastic strain
in the billet element adjoining the friction-layer element under

consideration. This product is called the stiffness-matrix multiplier

(SMM) .
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3.2.1.2.2.3 Inplementation of Friction Mechanism

Friction is incorporated into the current finite-element analysis as a
natural extension of the method used to model zero- and sticking-
friction surfaces (section 3.2.1.2.1).

When the finite-element mesh is defined, an additional layer of
elements 1is modelled on every surface of the billet which can come
into contact with a die surface during the deformation. The extra
nodes thus introduced are called friction-layer nodes. Friction-layer
nodes and elements are recognised by the finite-element program and
are treated differently to billet nodes and elements. For example,
change of stress is not calculated for friction-layer elements.

The only additional information which has to be supplied is a
friction factar for each boundary surface, from which the program
determines whether the surface has a zero-, a sticking- or an
intermediate-friction restraint, and in the last case calculates the
SMM, as above.

Any billet node passing through, or close to, an intermediate-
friction boundary surface is re-positioned amd constrained as for a
zero-friction surface. When a friction-layer element has four of its
billet nodes in contact with the same frictional-boundary surface, any
friction-layer node belonging to the element is re-positioned so that
it lies on the corresponding secondary surface, directly opposite the
billet node which is adjacent to it (i.e. shares an edge of the
element with it), and is constrained so that it may only move normally
to the boundary surface during the following increment of deformation.
Also, the stiffness matrix of such an element is multiplied by the
appropriate SMM for that element and boundary surface before assembly
into the global matrix for this step.

1f a friction-layer element does not have four of 1its billet
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nodes in contact with the same boundary surface, its stiffness matrix
is multiplied by a very small number, effectively de-~ocoupling the
relevant friction-layer nodes from the rest of the mesh. Thus the
friction-layer elements have no effect upon the deformation of the
mesh until they are completely in contact with a frictional-boundary
surface, whereupon they exert the required frictional restraint (fig.
3.7b).

If at any stage a friction-layer node does not belong to a
friction-layer element which has four of its billet nodes in contact
with a boundary surface, it is not re-positioned and is subject to any

originally-prescribed displacement during the following increment.
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3.2.2 Frontal Technique

The frontal technique reduces the computer core storage required to
solve banded simultaneous equations at the cost of greater
ocomputational complexity and effort, and increased solution time. The
latter is mainly due to the dependence upon slow, disc transfers to
bring the reduced equations in and out of core.

The reductions in main-memory storage are considerable. For
exanmple, the finite-element program described here can oope with
meshes containing up to 1331 nodes, each with three degrees of
freedom, and a maximum, nodal semi-bandwidth of 92. It requires about
64K words of the core to be devoted to storing the frontal area and
other arrays used in the solution. This compares with a core space of
just over 1.1M words to store the entire upper band of the stiffness
matrix, or almost 16M words for the whole matrix.

The CDC 7600 used far the finite-element analysis has,
technically, an available core of about 180K words. In practice, this
figure is much less because of system overheads. In any case, there
would not be enough room to store the whole, upper band of the
stiffness matrix, faor the size of mesh it is necessary to consider in

three-dimensional problems.

3.2.2.1 Implementation

The area of oore used to store the frontal part of the stiffness
matrix, called the processing area, is divided up into blocks of nine
oonsecutive words, each of which can oontain a 3x3 submatrix.

Associated with each block is an entry in an indexing array,
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indicating by a simple 0-1 switch whether that block 1is currently
occupied. To reduce search times, the index is itself divided into
sections, each of which corresponds to an entry of a sub-index. These
entries are switched to show a vacancy if and only if at least one of
the entries of the associated section of the indexing array indicates
a vacant block.

A destination array shows which block of the processing area is
used to store a given sub-matrix. The destination array is divided
into sections, one for each of the 92 equations which can be
accommodated, 1in upper-triangular form, in the processing area at any
one time. Each section consists of an entry for each of the nodal
displacements which can occur in the associated equation, in the order
of elimination of these nodes from the processing area.

A separate array lists all the node numbers in the mesh in this
same order, and another gives the order of elimination of each node. A
directory array, with one entry for each node in the mesh, gives the
section of the destination array referring to the equations at that

node, when they are in the processing area.

3.2.2.1.1 Assenbly

Each element is oonsidered in turn, in numerical arder, and its
element stiffness matrix formed by numerical integration over the
specified number of sample points, according to equation 2.42. Each of
its sub-matrices are then considered, and the orders of elimination of
the two nodes, with which it 1is associated, are compared to see

whether this sub-matrix occurs in the upper triangle of the global
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matrix, If this is so, the section of the destination array, referring
to the equations of which this sub-matrix forms a part, is found from
the directory array, and the appropriate entry of the destination
array examined.

If this 1is non-zero, the number refers to a block of the
processing area, and so the sub-matrix can be added to the current
occupant of the block. If it is zero, the sub-index and index are
searched to find the first vacant block of the processing area. The
sub-matrix is then entered into this block, and the oorresponding
entries of the index, and if necessary, the sub-index, re-set. The
number of the block replaces the =zero entry just found in the

destination array.

3.2.2.1.2 Elimination

After each element has been assembled into the processing area, any
node which occurs in none of the subsequent elements is identified,
(this information is encoded into the element definition array). The
three equations for the force at such a node are therefore fully-
assembled, and may be transferred to disc storage, after they have
been used to eliminate the displacement at their node fram the other
equations in the processing area.

Each set of three fully-assembled and reduced equations is
transferred to a holding array fraom the various blocks of the
processing area. The latter can then be cleared, and the appropriate
entries in the index and the destination arrays re-set, after the

production of a list of the node numbers associated with the
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displacements of the three reduced equations. These numbers help to
identify the equations affected by the elimination, and are also used
later during the back-substitution.

The elimination of the displacement from the other equations is
carried out in the usual way, with the appropriate section and entry
of the destination array again being used to find the blocks
containing the sub-matrices to be modified. As before, a vacant block
is used if the sub-matrix has not yet been inserted into the
processing area.

The three fully-assembled equations, along with the 1list of
associated nodes and the modified load terms can then be transferred

to disc storage.

3.2.2.2 Disadvantages

The min problem with the frontal technique, apart from the initial
complexity of the computer coding, is that, compared with a direct
elimination method, it 1is wvery slow. This is largely because of the
disc transfers. Currently, a transfer is carried out for every node,
as 1its equations become fully-assembled. The situation oould be
improved by buffering, and this should be considered for the next

stage of development of the program.
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3.2.3 Methods of Non-Linear Analysis

In the previous chapter, the relationship between increments of nodal
displacement and force was expressed in terms of the global stiffness
matrix [K], this being the superposition of the element stiffness

matrices [Kn] where:

- T T b,T.,b
K,] = ZIw,{(IBS] ([ 1-[T DIBS1+BI1 U 1B31- «(B21"(BO DT, |}

n
¥ gnzwi{ 821%_|} zw, {IB°)_|} (3.5)

The numerical integration is carried out over the volume of the nth
element, and all the matrices have been defined earlier.

The nature of the matrix [D, ] depends upon the assumnptions made
about the elastic and plastic behaviour of the material. In the

elastic-plastic analysis considered here, I[D is based upon Von

n 1
Mises' yield criterion and the Prandtl-Reuss equations of flow.
The latter express increments of strain in terms of their elastic

ard plastic parts (20). In vector form, the equations may be written

as:

o1 A + [Mlo'ax (3.6)

Ae

where At and A¢” are the increments in the linearised co-rotational
strain and Jaumann stress vectors. [D] 1is the elastic stress-strain
matrix derived from Hooke's law (94) and defined in fig. 3.8, in which
E is Yaung's modulus and V is Poisson's ratio, and [M], which is also
defined in fig. 3.8, 1is used to simplify the vector expression. Its
form results from the fact that the shear components of Ae are twice

the values of the corresponding shear components in the incremental-

strain tensor.
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The deviatoric stress, g' in egqn. 3.6, is defined by:

¢' = g - (111000 g (3.7)
= 1
where o, = 3 (0., + Oy +0,,) (3.8)

The quantity AA, in eqn. 3.6, is a proportionality factor dependent
upon the state of deformation and the size of the increment. It may be
taken to be 2zero if Von Mises's yield criterion is not satisfied,

i.e.:

AX = 0 if o<Y (3.9)

where o 1is the generalised stress, a function g of g' such that:

S = g = ( 2oTMe ) (3.10)

and Y is the axial yield stress in a tensile test. 1In general, Y is a

function of the accumulated, generalised, plastic strain'Ep where:

e = f&F (3.11)
T =
5P = & AP Ml aeP)® (3.12)

The vector AeP is the increment in plastic strain and the integration
above is performed over the strain path.

AN may be expressesd in terms of H', the slope of the curve of Y
against €P, generalised stress and vector increment of stress,

allowing eqn. 3.6 to be inverted to give (95):
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ac” = [DPlag (3.13)

for ¢ = Y, where:
0F1 = [O] - [E/(1+ws] g'. o'T (3.14)
and s = 20°[1 + 2(1+VH'/3E]1/3 (3.15)

Thus, in egn. 3.5, [D,] = [DP] if G =Y, and [D_] = [D] if G < Y.

In general, the stiffness relationship involves both material and
geometric non-linearity since [K]1 is a function both of the current
state of strain and stress in the boady (via (0,1, I[T,] and [Un]) and
of the current coordinates of the nodes (via the B matrices). Only
when the whole mesh is elastic will the stiffness relationship be
linear since in this case, [Dp 1 is put equal to the constant matrix
[D] in all elements, in comparison with which, [T,] and [U,] may be
neglected, and the nodal displacements are small enough for the B
matrices to be taken as constant throughout the deformation.

In all other cases, if [K] 1is calculated at the start of an

increment, (tangent-modulus approach) the displacement change obtained

by solving the stiffness equations will not be correct.
Iteration provides one means of improving the accuracy of the
increments in displacement. The iterative technique which may be used

in the program is called, variously, modified-Newton-Raphson (28), or

initial-stiffness (77). This procedure 1is described 1in section

3.2.3.1.
Another method which the current finite-element program can adopt
in order to correct for non-linearity 1is the secant (predictar-

oorrector) technique. This is considered in section 3.2.3.2.
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3.2.3.1 Method of Iteration

Suppose the applied nodal force array for a certain increment is Af (1)

then by the inverse of egqn. 2.43, the resulting change in displacement

is given by:
M= [(kriae(d) (3.16)

The corresponding change in the co-rotational strain vector and the
Cauchy stress wvector Ag(l)may be calculated as explained in section
3.2.4. The change in nodal force A_f_(l)"which is in equilibrium with the
stress change calculated for element n may then be found from egn. 2.5

to be:
Af(D== " f[B_ 1TAg(Mavol (3.17)

where the integration 1is carried out over the volume of the nth
element by Gaussian quadrature, as for the element stiffness matrices,
and [B,] is obtained fram [Bﬁ] by putting [R] = [I]. Cauchy stress is
used in this expression in preference to the nominal stress used in
eqn. 2.5 because the former is symmetric and may be represented by a
six-dimensional wector. The error thus introduced into the
equilibrating force will be small providing the increments of
deformation are not too large.

sumation of the equilibrating force changes for all the
elements, allows the formation of a global array A_g(l)=, which is in
'equilibrium with the calculated change in stress throughout the mesh.

In general, because of the non-linearity of the stiffness
relationships, this force vector will not be the same as the applied

force Af\l) . A correction to the displacement may be evaluated using
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the same incremental stiffness matrix, but with the residual force:

AfR) = pAfD — pfQF (3.18)

Hence: 2d@ = [KRI1A£(2 (3.19)

This iterative process may be repeated. Generally, for the ith

iteration:

add = k1-1pa£R) (3.20)

where: A_g(i) = A_f_(i_l)—Ag(i-l)-: for i>1

= applied nodal force, for i=1 (3.21)

and Af(i71Fis the change in nodal force in equilibrium with the
distribution of incremental stress calculated from Ag(i"l).This process
is illustrated for a single-variable problem in fig. 3.9.

The nodal displacement for an increment is, finally, the sum of
the displacement changes calculated for all the iterations within that

increment.



- 17 -

Ao / Afer
s A T A
Aff Afr
Ad" Ad?
GAO“’ _ e
Ad’
AE‘" AS‘Z’
FIG. 3.9

SINGLE VARIABLE DEMONSTRATION OF
METHOD OF ITERATION



- 118 -

3.2.3.1.1 Prescribed Displacement Changes During Iteration

The previous section described the method of iterating the incremental
solution when the deformation step was defined by an applied nodal
force increment. The description is equally wvalid if certain
components of the nodal displacement also have prescribed, incremental
values, except that, at the end of the first iteration, Agfuoontains
the correct values of the specified components of displacement, and
the changes brought about by subsequent iterations must not alter
these quantities. To this emrd, during the solution of the stiffness
equations, for all iterations after the first, any component of
displacement which hasal value is assumed to

have a prescribed value of zero.

3.2.3.1.2 Convergence Criterion

The iteration of the incremental solution may be terminated when
either Ad(1) ar Af(1) becomes sufficiently small. In the treatment
described here, the former array is used because nodal displacement
values are required as output to the program. This is in contrast to
the values of nodal force, which are only used internally.

It 1is convenient to work with a scalar measure of the
displacement array, and the modulus (or wvector norm) operator is
suitable for this purpose.

A oonvergence factor CONF is specified for each analysis, and a
reference value, REF, calculated fram the displacement change faor the

first iteration of each increment as:
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REF = CONF|ad{d)] (3.22)

The iteration of the solution for that increment is then continued

until iteration i, such that:

|adW)| < REF (3.23)

If this condition is not satisfied by the time i=20, the process is
stopped, and a warning printed.

The best value of CONF for a given situation can only be found by
experience, bearing in mind the trade-off between accuracy of solution
and speed of computation. A value of 0.001 has been used successfully
in many analyses, with 0.01 being used when the rate of convergence
was slow.

Since, in the current version of the finite-element program, the
test for convergence is carried out far the first iteration as well as
the rest, a value of QONF greater than or equal to one will cause
precisely one iteration to be performed for each increment, giving a

tangent- or secant-modulus analysis.

3.2.3.1.3 Re-Solution of Stiffness Equations

A large part of the oomputing time spent upon a finite-element
analysis is devoted to assembling and solving the stiffness equations.
The advantage of the modified, as opposed to the unmodified, Newton-

Raphson method of iteration, 1is that with the former, the same

stiffness matrix 1is used throughout an increment, so muxch of the
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computation involved in producing a solution need be done only for the

first iteration. Subsequent iterations can perform a re-solution,

using different load arrays, in a much shorter time. The unmodified

method requires that a different stiffness matrix be assembled and

solved for each iteration, so that although the number of iterations
my be smaller, the overall time of oomputation is usually much
longer, compared with the modified approach.

Examination of the technique of Gaussian elimination, both in its
usual form, as described in section 2.2, or adapted for prescribed
displacements, as in section 3.2.1.1, shows that:

a) any modification made to the coefficients of the stiffness matrix
is independent of the loading array, or the value of any
prescribed displacement,

b) any modification made to the load terms depernds only upon other
load terms, values of prescribed displacements, and the values of
coefficients in a row of the stiffness matrix, when that row is
about to be transferred to disc storage.

These facts mean that the re-solution of the stiffness equations with

different load arrays, (and different values of prescribed

displacement), can use the reduced coefficients of the stiffness
matrix stored on disc, without modification, to duplicate the effect
of the elimination procedure upon the new load array.

The process of back-substitution is the same for a re-solution as
for the first solution, except for the values used for the prescribed
components of displacements.

The saving in oomputational time resulting from the above
procedure varies widely with the number of elements in the mesh For
very small numbers of elements, the reduction in time of solution is
not great, while the second or subsequent iteration of the incremental

solution, for a mesh with the maximum number of elements allowed by
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the program, can be accomplished in about 4% of the time for a first

iteration.

3.2.3.1.4 Use of Deviatoric Stress Changes in Iteration

The option 1is provided in the finite-element program of calculating
the residual force at the start of each iteration from the change in
nodal force which is in eguilibrium with the change in the deviatoric
components of stress, for fully-plastic elements; total components of
stress being used for all other elements. The provision of this
alternative method of iterating was a response to convergence problems
experienced during the development of the program.

These problems appeared to stem from excessive volume changes
calculated for yielded elements. Although these volume strains were
small compared with the plastic strain occurring, they gave rise to
significant changes in hydrostatic stress. On iteration, the resulting
residual forces seemed to over—compensate for the initial volume
change, leading, eventually, to an oscillating, divergent solution.

It was hoped to avoid this behaviour by ignoring the hydrostatic
stress, for the purpose of equilibrating the nodal forces, and
enforcing volume constancy in yielded elements. The justification for
using this technique is that:

a) the iteration should produce a solution in which the
displacements are compatible with the deviatoric stresses,

b) this solution differs from the correct one by an amount of bulk
strain which is small compared with the rest of the strain.

If the alternative method of evaluating residual forces is adopted,
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the changes in deviatoric stress are only used to find the

equilibrating nodal forces for elements which were already yielded at

the start of the increment of deformation. For other elements, the
change in total stress is used instead because:

a) bulk strain is not small compared with the total strain for
elastic deformations,

b) erroneous values of the change in hydrostatic stress are only
calculated for plastic deformations - both the deviatoric and the
hydrostatic components of stress may be calculated accurately
before yield.

3.2.3.2 Secant-Modulus Method

This method is an exanple of a predictor-corrector solution of the
difference equations relating force amd displacement. In particular,

it 1is based on the second-order Runge-Kutta or modified-Euler

technique (96). The latter corrects for non-linearity by calculating

the slope of a function, not at the start of a given interval, hut
halfway through (i.e. as a secant to the curve). Since the gradient
will generally depend upon the value of the function as well as the
independent variable, the evaluation of the slope at the mid-point of
the interval requires that a trial value of the function is first
estimated ar predicted there by using the gradient at the start. The
mid-point slope can then be wused to oorrect the estimated change in
the value of the function.

In the finite-element program developed here, the secant-modulus
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method is implemented by first performing a tangent-modulus solution
of the stiffness equations (i.e. with [K] evaluated at the start of
the increment) and obtaining the change in stress, as described in
section 3.2.4, which corresponrds to an application of half of the
calculated strain increment. The stiffness matrix is then re-
calculated using the resulting mid-increment stress (and the [R]
matrices evaluated for the whole of the tangent-modulus step) and the
stiffness equations re-solved with the same boundary conditions as
before, to obtain the corrected, incremental-displacement array. This
procedure is illustrated for a one-variable problem in fig. 3.10.
Although the secant-modulus method requires two solutions of the
stiffness equations for each increment, it is generally more efficient
than the tangent-modulus approach since the size of the increment can
usually be made at least twice as big without decreasing the accuracy

of the solution.

3.2.3.3 Elastic-Plastic Transition

One aspect of the non-linearity of the stiffness relationship which
has not yet been mentioned is that concerned with the discontimuity in
the slope of the stress-strain curve at the yield point. The problems
in this case are more severe than those associated with the variation
of [Dn ] with strain and stress after yield, since the slope of the
stress—-strain relationship can change by several orders of magnitude'
between the elastic and the plastic regions.

Consider an element which reaches the plastic-yield point during

some increment. In arder to calculate the correct displacement field
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for this element, the incremental deformation ought to be divided into
elastic and plastic stages, anmd the stiffness matrix re-calculated for
the latter using the elastic-plastic stress-strain matrix. In
practice, it is not feasible to split up the increments so that the
deformation in each element is correctly dealt with in this way, and
the deformation 1is calculated assuming that the element behaves
elastically throughout a transition increment. Iteration is of little
help in correcting the inaccurate displacements which result, and
though the secant method may predict that the element has yielded
during the first half of the increment, the corrector solution would
then be based on the assunption that the whole increment is plastic.

However, it is possible to minimise the error caused by elastic-
plastic transition by reducing the size of the increments while the
mesh is still partially plastic. In the present finite-element program
this procedure is carried out automatically