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Abstract

We define minimal fusion systems in a way that every non-solvable fusion system
has a section which is minimal. Minimal fusion systems can also be seen as analogs
of Thompson’s N-groups. In this thesis, we consider a minimal fusion system J on a
finite p-group S that has a unique maximal p-local subsystem containing Nz(.S). For
an arbitrary prime p, we determine the structure of a certain (explicitely described)
p-local subsystem of F. If p = 2, this leads to a complete classification of the fusion

system F.
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Chapter 1

Introduction

A pattern for the classification of finite simple groups was set by Thompson in [Th],
where he gave a classification of all finite simple N-groups. These are non-abelian
finite simple groups with the property that every p-local subgroup is solvable, for every
prime p. Recall that a p-local subgroup of a finite group G is the normalizer of a non-
trivial p-subgroup of G. Thompson’s work was generalized by Gorenstein and Lyons,
Janko and Smith to (N2)-groups, that is to non-abelian finite simple groups all of whose
2-local subgroups are solvable. Recall here that, by the Theorem of Feit-Thompson,

every non-solvable group has even order.

N-groups play an important role, as every minimal non-solvable finite group is an
N-group. Furthermore, every non-solvable group has a section which is an N-group.

The respective properties hold also for (N2)-groups.

A new proof for the classification of (N2)-groups was given by Stellmacher in
[St2]. It uses the amalgam method, which is a completely local method. Currently,
Aschbacher is working on another new proof for the classification of (N2)-groups using
saturated fusion systems. His plan is to classify all N-systems, i.e. all saturated fusion
systems F of characteristic 2-type such that the group Morx(P, P) is solvable, for
every subgroup P of F. Here the use of the group theoretical concept of solvability

fits with the definition of solvable fusion systems as introduced by Puig. However,



this concept seems not general enough to ensure that N-systems play the same role in
saturated fusion systems as N-groups in groups. Therefore, in our notion of minimal
fusion systems introduced below, we find it necessary to use a concept of solvable

fusion systems as defined by Aschbacher [A1, 15.1].

For the remainder of the introduction let p be a prime and 7 be a saturated
fusion system on a finite p-group S. For basic definitions and notation regarding
fusion systems we refer the reader to Chapter 2. Generic examples of saturated fusion
systems are the fusion systems Fg((G), where G is a finite group containing S as a
Sylow p-subgroup, the objects of Fg(G) are all subgroups of S, and the morphisms
in F5(G) between two objects are the injective group homomorphisms obtained by
conjugation with elements of GG. Fusion systems were first studied by Puig, although
he called them Frobenius categories rather than fusion systems. The now standard
terminology (that we also use in this thesis) was introduced by Broto, Levi and Oliver

[BLO].

Definition 1.1. The fusion system F is called minimal if O,(F) = 1 and Nx(U) is

solvable for every fully normalized subgroup U # 1 of F.

Here the fusion system F is solvable, if and only if O,(F/R) # 1, for every
strongly closed subgroup R # S of F. This implies that indeed every minimal non-
solvable fusion system is minimal in the sense defined above. Furthermore, every
non-solvable fusion system has a section which is minimal. Therefore, minimal fusion
systems play a similar role in saturated fusion systems as N-groups in groups. How-
ever, a classification of minimal fusion systems seems a difficult generalization of the
original N-group problem. One reason is that in fusion systems the prime 2 does not
play such a distinguished role as in groups. Therefore, we would like to treat minimal
fusion systems also for odd primes as far as possible. Secondly, the notion of solvabil-

ity in fusion systems is more general than the group theoretical notion. More precisely,
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although it turns out that every solvable fusion system is constrained and therefore
the fusion system of a finite group, such a group can have certain composition factors
that are non-abelian finite simple groups. Aschbacher showed in [A1] that these are
all finite simple groups in which fusion is controlled in the normalizer of a Sylow p-
subgroup. Furthermore, Aschbacher gives a list of these groups. Generic examples are
the finite simple groups of Lie type in characteristic p of Lie rank 1. For odd primes,
Aschbacher’s proof of these facts requires the complete classification of finite simple
groups. For p = 2 they follow already from Goldschmidt’s Theorem on groups with a

strongly closed abelian subgroup.

In this thesis, we use a concept which is an analog to the (abstract) concept of
parabolics in finite group theory, where a parabolic subgroup is defined to be a p-local
subgroup containing a Sylow p-subgroup. This generalizes the definition of parabolics
in finite groups of Lie type in characteristic p. Suppose S is a Sylow p-subgroup of
a finite group G. It is a common strategy in the classification of finite simple groups
and related problems to treat separately the case of a unique maximal (with respect
to inclusion) parabolic containing S. In this case, one classifies as a first step a p-
local subgroup of G which has the pushing up property as defined in Chapter 5. In
the remaining case, two distinct maximal parabolics containing S form an amalgam
of two groups that do not have a common normal p-subgroup. This usually allows
an elegant treatment using the coset graph, and leads in the generic cases to a group
of Lie type and Lie rank at least 2. The main result of this thesis handles the fusion
system configuration which loosely corresponds to the pushing up case in the N-group

investigation. We next introduce the concept of a parabolic in fusion systems.

Definition 1.2. o A subsystem of F of the form Nx(R) for some non-trivial nor-
mal subgroup R of S is called a parabolic subsystem of F, or in short, a

parabolic.



e A full parabolic is a parabolic containing Nx(S). It is called a full maximal

parabolic, if it is not properly contained in any other parabolic subsystem of F.

Thus, in this thesis, we treat the case of a minimal fusion system having a unique
full maximal parabolic. Note that this assumption is slightly more general than just
supposing that a minimal fusion system has a unique maximal parabolic. Even more
generally, we will in fact assume only that there is a proper saturated subsystem con-

taining every full maximal parabolic. We will use the following notation.

Notation 1.3. Let N be a subsystem of F on S. We write Fy for the set of centric
subgroups Q) of F for which there exists an element of Morz(Q, Q) that is not a

morphism in N.

Note here that, if N is a proper subsystem of F, we get as a consequence of
Alperin’s Fusion Theorem that the set F is non-empty. In our investigation we focus

on members of F)s that are maximal in the sense defined next.

Definition 1.4. e For every subgroup P of S write m(P) for the order of an ele-

mentary abelian subgroup of P of maximal order.

o Let £ be a set of subgroups of S. An element () of £ is called Thompson-
maximal in £ if, for every P € £, m(Q) > m(P) and, if m(Q) = m(P), then

1J(Q) = [J(P)].

Here, for a finite group G, the Thompson subgroup J(G) (for the prime p) is the
subgroup of GG generated by the elementary abelian p-subgroups of G of maximal
order. As a first step in our investigation we show the existence of Thompson-restricted
subgroups. These are subgroups of S whose normalizer in F has a very restricted
structure and involves S Ls(q) acting on a natural module. More precisely, Thompson-

restricted subgroups are defined as follows.



Definition 1.5. Let () € F be centric and fully normalized. Set T := Ng(Q) and let G
be a model for Nz(Q). We call such a subgroup (Q Thompson-restricted if, for every
normal subgroup V of J(G)T with Q(Z(T)) <V < Q(Z(Q)), the following hold:

(i) Ng(J(Q)) =T and J(Q) is fully normalized..
(ii) Cs(V) =Qand Cs(V)/Q is a p'-group.

(iii) J(G)/C)(V) = SLy(q) for some power q of p, and V/Cy (J(Q)) is a natural
SLy(q)-module for J(G)/C ) (V).

(iv) Cr(J(G)/Cr)(V)) < Q.

Here a model for F is a finite group GG containing S as a Sylow p-subgroup such
that C(0,(G)) < O,(G) and F = Fg(G). By a Theorem of Broto, Castellana,
Grodal, Levi and Oliver [BCGLO], there exists a (uniquely determined up to isomor-
phism) model for F provided F is constrained. Here F is called constrained if F
has a normal p-subgroup containing its centralizer in S. For every fully normalized,
centric subgroup () of F, the normalizer Nz (()) is a constrained saturated subsystem
of F. This makes it possible in Definition 1.5 to choose a model for N£((). For the

definition of a natural S Ls(q)-module see Definition 4.10.

Crucial in our proof is the following theorem that requires neither the minimality
of F, nor the existence of a proper saturated subsystem containing every full maximal

parabolic.

Theorem 1. Let N be a proper saturated subsystem of F containing Cz(2(Z(S5)))
and Nx(J(S)). Then there exists a Thompson-maximal subgroup Q) of Fy such that

Q is Thompson-restricted.

The proof of Theorem 1 can be found in Chapter 8. It uses FF-module results of

Bundy, Hebbinghaus, Stellmacher [BHS]. Apart from that, the proof is self-contained.

9



In particular, it is possible to avoid the use of the classification of finite simple groups
or any kind of /C-group hypothesis in the proof of Theorem 1 and, in fact, in the proof

of all the theorems in this thesis.

Note that Nz(Q(Z(S))) and Nx(J(S)) are full parabolics of F, as Q(Z(S)) and
J(S) are characteristic in S. In particular, if N is a proper saturated subsystem
of F containing every full parabolic, then A fulfils the hypothesis of Theorem 1.
Hence, there exists a Thompson-maximal subgroup ) of F,r such that () is Thompson-
restricted. As we show in the next theorem, the fusion system J being minimal implies

for each such @) that Nx(()) has a very simple structure.

Theorem 2. Let F be minimal and let N be a proper saturated subsystem of F con-
taining every full parabolic. Let () € Fyr such that () is Thompson-restricted and
Thompson-maximal in Fyr. Let G be a model for Nz(Q) and M = J(G). Then
Ns(X) = Ng(Q) for every non-trivial normal p-subgroup X of M, M /Q = SLs(q),

and one of the following holds:

(I) Q is elementary abelian, and Q)/Cq (M) is a natural S L (q)-module for M /Q),

or

(1) p = 3, S = Ng(Q) and |Q| = ¢°. Moreover, Q/Z(Q) and Z(Q)/®(Q) are
natural S Lo(q)-modules for M |Q, and ®(Q) = Cq(M).

The proof of Theorem 2 can be found in Chapter 10 and is self-contained. For
p = 2, Theorem 1 and Theorem 2 lead to a complete classification of the fusion system
F. This is a direct consequence of a more general result (Theorem 7.2) on fusion
systems of characteristic 2-type that we prove in Chapter 7. This proof relies on a
group theoretical result (Theorem 6.3) from Chapter 6. It uses a special case of the
classification of weak BN-pairs of rank 2 from [DGS] (see Theorem 6.5), and is apart

from that self-contained. However, many of our arguments are similar to the ones in
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[A2]. In fact, using the above mentioned theorem of Goldschmidt on groups with a
strongly closed 2-group, the following classification for p = 2 could also be obtained
as a consequence of [A2]. However, we prefer in this thesis to give a proof that does
not rely on this theorem.
Theorem 3. Assume p = 2, F is minimal, and there is a proper saturated subsystem
of F containing every full parabolic of F. Then there is a finite group G containing S
as a Sylow 2-subgroup such that F = Fs(G) and one of the following holds:

(a) S is dihedral of order at least 16, and G = Ly(r) or PG Ls(r), for some odd

prime power 7.

(b) S is semidihedral, and G is an extension of Lo(r?*) by an automorphism of order

2, for some odd prime power 1.
(c) S is semidihedral of order 16, and G = L3(3).
(d) |S| =32, and G = Aut(Ag) or Aut(Ls(3)).
(e) |S| =2"and G = Js.

(f) F*(G) = Ls(q) or Sps(q), |O*(G) : F*(G)| is odd and |G : O*(G)| = 2.

Moreover, if F*(G) = Sp4(q) then ¢ = 2¢ where e is odd.

Throughout this thesis, we write mappings on the right side. By p we will always
denote a prime. In our notation and terminology regarding fusion systems we mostly
follow [BLO]. The reader can find a brief introduction in Chapter 2. We adapt the
group theoretic notions from [KS]. In particular, if G is a finite group, we write O,(G)
for the largest normal p-subgroup of G. We define G to be p-closed if it has a normal
Sylow p-subgroup. Moreover, for a normal subgroup N of GG, we will often make use
of the so called “bar”-notation. This means that, after setting G=0G /N, we write U
(respectively g) for the image of a subgroup U of G (respectively, an element g € G)

in G. For further notation and terminology regarding groups see Section 3.1.
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Chapter 2

Preliminaries on Fusion Systems

2.1 Basic definitions

Let G be a group. For g € G we write ¢, : G — G for the inner automorphism of G

determined by g.

Let P and () be subgroups of G. Foranymap ¢: P — ), A < Pand Ap < B <
G we denote by ¢4 g the map with domain A and range B mapping each element of
A to its image under ¢. In particular for z € G with P* < Q, ¢, |p is the restriction

of ¢, to the domain P and the range (). Set

Morg(P, Q) = {CQ\P,Q lg e G, PP <Q}.

For P < Q < G, tpg denotes the natural embedding of P into (), i.e. the map from
P to () which maps each element of P to itself. Throughout this thesis we use the

following notation:
Notation 2.1. For subgroups P and R of G set
Rp = Autp(P) = {cgpp : g € Nr(P)}.
We now start to introduce fusion systems.

Definition 2.2. Let S be a group. A fusion system on S is a category F whose objects

are all subgroups of S and whose morphisms satisfy the following properties for all

P,Q<S.
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(1) Morx(P,Q) is a set of injective group homomorphisms, containing Mors(P, Q).

(2) The composition of morphisms in F is the same as the composition of group

homomorphisms.
(3) Foreach ¢ € Morx(P,Q), ¢ppy € Morx(P, Po).

(4) If ¢ € Morx(P,Q) is surjective, then the inverse map ¢~' is an element of

Morz(Q, P).
The main class of examples for fusion systems is the following.

Example 2.3. Let S be a subgroup of G. Write Fs(QG) for the category whose objects

are all the subgroups of S, and for objects P, Q) € Fs(G),

MOT.’FS(G)(P7 Q) = MOTG’(Pu Q)
Then Fs(G) is a fusion system on S.

From now on let S be a group and F a fusion system on S.

By an abuse of notation we will write F for the set of all objects of F. In particular

we write () € F instead of () < S.

Note that by axiom (4), an F-morphism is an isomorphism in the sense of category
theory if and only if it is a group isomorphism, and the inverse map is then also the
inverse in the categorical sense. Moreover we can think of the inclusion maps between
appropriate subgroups of S as maps obtained by conjugation with 1 € S. Hence, by
the first axiom, they all are morphisms in F. Also note that by axiom (3) we can factor
every J-morphism as an F-isomorphism followed by inclusion. Thus, usually it is

sufficient to consider properties of F-isomorphisms.

Assume now P, Q) € F and ¢ € Morg(P, Q) is an isomorphism. Let A < P

and Ap < B < S. Then ¢jaq = tapp € Mory(A, Q). Therefore by axiom (3)

13



applied to ¢4 ¢ instead of ¢, ¢ja. a9 € Morz(A, Ap). Hence ¢jap = dja,a6tas,B €
Morz(A, B). So, for a given F-morphism, we can restrict its source and take any

suitable target, and again obtain an F-morphism.

Definition 2.4. o A subsystem of F is a fusion system £ on a subgroup T' of S
such that for all A, B < T, Morg(A, B) C Morz(A, B).

o Assume now we are given a family (F; : i € I) of fusion systems F; on subgroups
S; of S. The fusion system & is called the intersection of all F, if £ is a fusion

systemon T := (\,.; S, and Morg(A, B) = (\;c; Morz, (A, B) forall A, B <

iel
T.
e The fusion systems F is said to be generated by (F; : i € I), if F is the inter-

section of all those fusion systems on S which contain each F; as a subsystem.

We then write F = (F; i € I).

Note here that the intersection of fusion systems as defined above is indeed again
a fusion system. Also, if we are given a group S, then we can form the fusion systems
on S whose morphisms are all injective group homomorphisms between subgroups of
S. This fusion system contains every fusion system on .S. Therefore, the generation
of fusion systems as above is well defined. Moreover, if 7 = (F; : i € I) for a
family of fusion systems (F; : i € I), then the morphisms in F are precisely the group
homomorphisms between subgroups of S which are the composition of morphisms

from the F;.

Definition 2.5. Let F be a fusion system on a group S. Then an isomorphism of groups

o : S — S is called an isomorphism from F to F if
Morz(Pa,Qa) = {a '¢a: ¢ € Morz(P,Q)} forall P,Q € F.

The fusion systems F and F are called isomorphic if there exists an isomorphism

between them.
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If F is a fusion system as above and « an isomorphism between F and F, then for

P, Q) € F the maps
apq: Morg(P,Q) — Morz(Pa,Qa), ¢ — a 'pa

are bijective. Moreover, together with the map F — F defined by P — Pa, they
give an isomorphism from the category F to the category F. Thus, if F and F are

isomorphic, then they are also isomorphic as categories.

Example 2.6. Let G, H be groups, S < G and let ¢ : G — H be an isomorphism of
groups. Then the map from S to S¢ induced by ¢ is an isomorphism of fusion systems

from Fs(G) to Fsy(H).
Definition 2.7. Let P, () € F.
e We say P is fused into () if Morz(P,Q) # (.

e () is said to be F-conjugate to P if there exists an isomorphism in Morz(P, Q).
By P” we denote the F-conjugacy class of P, i.e. the set of all subgroups of S

which are F-conjugate to P.

Note that for two F-conjugate subgroups P, () of S all the elements of Morx(P, Q)

are isomorphisms.
Definition 2.8. Let P € F.
o The subgroup P is called centric if for every Q € P7, Cs(Q) < Q.

e Define P to be fully centralized (fully normalized) if for all Q € P”,

|Cs(Q)] (INs(P)| = |Ns(Q)

Cs(P)| >

, respectively).
Remark 2.9. Assume P is fully centralized and Cs(P) < P. Then P is centric.

Proof. Let Q € P”. Since P is fully centralized, |Z(Q)| < |Cs(Q)| < |Cs(P)| =
Z(P)| = |Z(Q)]. Thus, Cs(Q) = Z(Q) < Q. 0

15



Remark 2.10. Let () € F and let U be a characteristic subgroup of (). Assume U is

fully normalized in F and Ng(U) = Ng(Q). Then Q is fully normalized.

Proof. Let P € Q7 and ¢ € Morz(Q, P). Then U¢p € U” and U¢ is characteristic

in P = Q¢. So, as U is fully normalized, we get
|Ns(P)| < [Ns(Ug)| < [Ns(U)| = [Ns(Q)].
Hence, () is fully normalized. 0

Notation 2.11. e forevery P € F set

Autz(P) = Morz(P, P).

e For P,(Q) € F and an isomorphism ¢ € Morx(P, Q) we write ¢* for the map

¢* - Aut£(P) — Autr(Q) defined by o — ¢ .

o IfP <AL S Q< B < Sand ¢ € Mory(A, B) such that ¢\pg is an

isomorphism, then we sometimes write ¢* instead of (¢|p,q)".

Note that for every P € F, Autz(P) is a group acting on P. Also, Autg(P) is
a subgroup of Autz(P) for each R € F containing P. Furthermore, observe that for
all P,() € F and every isomorphism ¢ € Morz(P,(Q), the map ¢* : Autr(P) —

Aut#(Q) is an isomorphism of groups.

Remark 2.12. Let P,R,T € F, ¢ € Morx(R,T) and assume P < R < Ng(P).

Then

Cg|P,P(¢|P,P¢)* = Cop|pg,py JOT every g € R,

Notation 2.13. Let P,Q € F and ¢ € Morz(P, Q) be an isomorphism. Set
N¢> = {g S NS(P) ’ Cg\p7p¢* S AUtS(Q)}'

16



Remark 2.14. Let P,Q € F and ¢ € Morg(P,Q) be an isomorphism. Then

Cs(P)P < N,

Proof. By Remark 2.12 we have ¢ p0" = 44/ o € Autg(Q) for all g € P. Thus
P < Ng. Moreover for g € Cs(P), ¢gpp¢™ = idpd* = idg = c1)9,q € Auts(Q).

O

We are now able to define saturated fusion systems.

Definition 2.15. F is said to be saturated if S is a finite p-group and the following

conditions hold for every P € F:

(I) If P is fully normalized, then P is fully centralized and we have Autgs(P) €

Syl,(Aut £ (P)).

(II) If Q € P7 is fully centralized and ¢ € Morx(P, Q), then ¢ extends to a member

of Morz(Ny, S).

Example 2.16. Let G be a finite group, S € Syl,(G) and F = Fs(G). Then F is a

saturated fusion system on S.

Moreover the following hold for every P € F:
(a) P is fully centralized if and only if Cs(P) € Syl,(Ca(P)).
(b) P is fully normalized if and only if Ng(P) € Syl,(Ng(P)).

Proof. See for example [Lin, 2.10 and 2.11]. O

2.2 Saturated fusion systems

For the remainder of this chapter let 7 be a saturated fusion system on .S. Moreover
we set

A(P) = Autz(P)
forevery P € F.
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Lemma 2.17. Let ¢ € A(U) and U < X < Ng(U).
(a) If ¢ extends to a member of A(X) then Xy¢* = Xy.

(b) Assume Cs(U) < X and U is fully centralized. Then Xy ¢* = Xy if and only if

¢ extends to a member of A(X).

Proof. Remark 2.12 implies (a). Property (b) is a consequence of (a) and axiom (II) in

Definition 2.15. [

Lemma 2.18. Let Q € F. Then Q is fully normalized if and only if, for each P € 7,

there exists a morphism ¢ € Morz(Ng(P), Ns(Q)) such that Pp = Q.

Proof. See for example [Lin, 2.6]. U]

2.3 Normalizers and centralizers

Definition 2.19 (Puig). Let P € F.

o We define Nx(P) (the normalizer in F of P) to be the category whose objects
are the subgroups of Ng(P) such that for A, B < Ng(P), Mory,p) (A, B) is
the set of all ¢ € Morg(A, B) which extend to an element of Morx(AP, BP)

taking P to P.

o The subgroup P is called normal in F if F = Ng(P); that is, P < S and for
all R,(Q) < S, each ¢ € Morz(R,Q) extends to a member of Morz(RP,QP)

which normalizes P. We write P < F to indicate that P is normal in F.
e By O,(F) we denote the largest subgroup of S which is normal in F

Note here that Nz(P) is a fusion system on Ng(P). Moreover, O,(F) is well

defined since the product of two normal subgroups of F is again normal in F.
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Definition 2.20 (Puig). Let P € F. We define Cx(P) (the centralizer in F of P) to be
the category whose objects are the subgroups of Cs(P) such that for A, B < Cs(P),
Morc,(py(A, B) is the set of all ¢ € Morz(A, B) which extend to an element of

Mor (AP, BP) that is the identity on P.
Again, note that C'z(P) is a fusion system on Cs(P).

Proposition 2.21 (Puig). Let P be fully normalized (respectively, fully centralized) in

F. Then Nx(P) (respectively Cx(P)) is a saturated fusion system on Ng(P).
Proof. This is a direct consequence of Proposition A.6 in [BLO]. [

Remark 2.22. Let P € F and P < Q < Ng(P). Then Auty,p)(Q) = Nag)(P).

2.4 Factor systems

Factor systems are defined modulo strongly closed subgroups. Here a strongly closed

subgroup is defined as follows.

Definition 2.23 (Puig). A subgroup P € F is called strongly closed if, forall A, B < S

and all ¢ € Morg(A, B), we have (AN P)¢ < P.

Note that every normal subgroup of F is strongly closed in F, and that every

strongly closed subgroup of [ is normal in S.

Definition 2.24 (Puig). Let R < S be a strongly closed subgroup of F. Set S = S/R.

For P,QQ < S and ¢ € Morg(P,Q) define a group isomorphism

¢:P—QbyT— (v¢).

Note that ¢ is well defined since R is strongly closed. Now let F be the category whose

objects are the subgroups of S and, for all P,Q < S with R < PN Q,

Morz(P,Q) ={¢ | ¢ € Morz(P,Q)}.
Then F is again a fusion system. We denote it by F | R.
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Proposition 2.25 (Puig). Let R be a strongly closed subgroup of F. Then F/R is

saturated.

Proof. This follows from [Pu, 6.3]. ]

2.5 Constrained and solvable fusion systems

Definition 2.26. We say F is constrained if there exists a normal centric subgroup in

F.

Example 2.27. Let G be a finite group, p a prime, S € Syl,(G) and F = Fs(G). If

G has characteristic p (i.e. Co(O,(G)) < O,(G)), then F is constrained.

Definition 2.28. A finite group G of characteristic p is called a model for F, if S €
Syl,(G) and F = Fs(G).

In fact even the converse of 2.27 is true.
Theorem 2.29 (Broto, Castellana, Grodal, Levi, Oliver). Let F be constrained.
o There exists a model for F.

o If G, Gy are models for F then there exists an isomorphism ¢ : G1 — G5 which

is the identity on S.
Proof. This is Proposition C in [BCGLO]. [

Notation 2.30. Let P € F such that P is fully normalized and Nz(P) is constrained.

Then by G(P) we denote a model for Nz(P).

Note here that, by Theorem 2.29, G(P) exists and is uniquely determined up iso-
morphism.
In our definition of solvable fusion systems we follow Aschbacher [A1], who de-

fined F to be solvable if every composition factor of F is the fusion system of the
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group of order p. However, as we have not defined normal subsystems and composi-
tion factors in this thesis, we prefer to give the definition in the language we introduced.

Aschbacher [A1, 15.2,15.3] has shown his definition to be equivalent to the following.

Definition 2.31. The fusion system F is solvable if and only if O,(F /R) # 1 for every

strongly closed subgroup R of F.
We will use the following properties of solvable fusion systems.
Theorem 2.32 (Aschbacher). Let F be solvable.
(a) Every saturated subsystem of F is solvable.
(b) F is constrained.
In the following definition we follow Aschbacher [A2].

Definition 2.33. Define F to be of characteristic p-type if Nz(P) is constrained, for

every fully normalized subgroup P € F.

Recall from the introduction that we call 7 minimal if Nz(P) is solvable, for
every fully normalized subgroup P € F. As a consequence of Theorem 2.32(b) we

get:

Corollary 2.34. If F is minimal then F is of characteristic p-type.

2.6 The Alperin—Goldschmidt Fusion Theorem

Definition 2.35. A subgroup Q) € F is called essential if () is centric and

A(Q)/Inn(Q)

has a strongly p-embedded subgroup.
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Recall that a proper subgroup H of a finite group G is called strongly p-embedded
if p divides the order of H, and the order of H N HY is not divisible by p for every
g € G\H. Itis elementary to check that every F-conjugate of an essential subgroup
is again essential. This allows to refer to essential classes meaning the F-conjugacy

classes of essential subgroups.

Theorem 2.36 (The Alperin—-Goldschmidt Fusion Theorem, Puig). Let C be a set of
subgroups of S such that S € C and C intersects non-trivially with every essential
class. Then, for all P,Q < S and every isomorphism ¢ € Morx(P, (), there exist

sequences of subgroups of S
P=PF,P,....P,=QinF, and Qy,...,Q,inC
and elements o; € A(Q;) fori=1,...,n suchthat P,_,, P, < Q;, Pi_1a; = P, and

¢ = (ap,p ) (2P 1) - - - (Qnip, 1))
Proof. This is a direct consequence of [Lin, 5.2] and [DGMP, 2.10]. O
The proof of the following Lemma uses Theorem 2.36.

Lemma 2.37. Let N € F, and let D be a set of representatives of the essential classes
of F. Set C = {S}UD. Then N is normal in F if and only if, for every P € C, N < P

and N is A(P)-invariant.
Proof. See [H, 2.17]. O

Lemma 2.38. Let U € F such that U is not fully normalized. Then Ng(U) is contained

in an essential subgroup of F.

Proof. By Lemma 2.18, there is ¢ € Morz(Ng(U),.S) such that U¢ is fully normal-
ized. As U is not fully normalized, ¢ does not extend to an element of A(S). Now

by Theorem 2.36, there is ¢ € A(S) such that Ng(U)v is contained in an essential
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subgroup. Since every F-conjugate of an essential subgroup is again essential, this

yields the assertion. 0

Recall that, given a saturated fusion system F on a finite p-group S, we call a
group isomorphism « : S — S an isomorphism (of fusion systems) from F to F
if for all subgroups A, B of S, a™*Morz(A, B)a = Mor(A«a, Ba). An immediate

consequence of Theorem 2.36 is the following remark.

Remark 2.39. Let F be a saturated fusion system on a finite p-group S. Let € be a
set of representatives of the essential classes of F and C = £ U {S}. Then a group

isomorphism o : S — S is an isomorphism between F and F if and only if
{Pa:Pe&}
is a set of representatives of the essential classes of F and
a 'A(P)a = Aut z(Pa)
for every P € C.

We conclude this section with some results that are important in Chapter 8 where
we show the existence of Thompson-restricted subgroups. Recall from Notation 1.3
that, for a subsystem A of F on S, we write F for the set of centric subgroups ) of
F for which there is an element in A(Q) that is not a morphism in A/. Furthermore,

we introduce the following notation.

Notation 2.40. Letr N be a subsystem of F on S. Then we write Fy; for the set of

Thompson-maximal members of Fy.!
We get the following three corollaries to Theorem 2.36.

Corollary 2.41. Let N be a subsystem of F on S. Then Fn # () if and only if F # N.

IRecall Definition 1.4.
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Corollary 2.42. Let N be a proper subsystem of F on S. Let X € Fy;, J(X) < R <

Sand ¢ € Morg(R,S). Then J(R) = J(X) or ¢ € N.

Proof. Assume ¢ ¢ N. Then by Theorem 2.36, R is fused into an element of Fy .
Hence, as J(X) < R, the subgroup X being Thompson-maximal in F,  implies

J(R) = J(X). O
As a special case of Corollary 2.42 we get

Corollary 2.43. Let N be a proper subsystem of F on S. Let X € Fy, and Q € F
such that J(X) < Q and A(Q) £ N. Then J(Q) = J(X).

Remark 2.44. Let () € F such that J(S) £ Q. Then J(Ns(J(Q))) £ Q.

Proof. Otherwise J(Ng(J(Q))) = J(Q) and so

Ns(Ns(J(Q))) < Ns(J(Ns(J(Q)))) = Ns(J(Q)).
Then S = Ng(J(Q)) and so J(S) < @, a contradiction. O

Lemma 2.45. Let N be a proper subsystem of F on S. Then there exists X € Fy

such that J(X) is fully normalized.

Proof. By Corollary 2.41, we can choose X, € Fi.. Set Uy = J(Xp) and let U € U
be fully normalized. Then by Lemma 2.18, there exists ¢ € Morz(Ng(Uy), Ng(U))
such that Upp = U. Set X := Xy¢. If J(S) < X then observe that Uy = J(S) =
U, so Uy is fully normalized. Therefore, we may assume that J(S) £ X,. Hence,
by Remark 2.44, J(Ng(Up)) £ X,. It follows now from Corollary 2.42 that ¢ is a
morphism in V. Since A(X,) = ¢A(X)¢~! and A(Xy) £ N, we get A(X) £ N and
s0 X € Fy. As Xy € Firand X € X7, it follows X € Fj.. Since J(X) = U is fully

normalized, this shows the assertion. L]

Lemma 2.46. Let N be a proper saturated subsystem of F containing C(Q(Z(S))).

Let X € Fy such that J(X) is fully normalized. Then A(J(X)) £ N.
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Proof. Set U := J(X) and assume A(U) < N. Let ¢ € A(X) such that ¢ ¢ N.
Then o := ¢y € N and, by Lemma 2.17(a), Xya* = X2 In particular, X < N,,.
Observe that U is fully normalized in N. Hence, as N is saturated, o extends to an
element 1) € Morx (X, S). Note that ¢~ '4) is the identity on U. By definition of Fy,
X is centric and therefore Q(Z(S)) < X. This yields 2(Z(S)) < J(X) = U. Thus,

¢ p e Cr(2Z(S))) < N and so ¢ € N, a contradiction. Hence, A(U) £ N. [

Lemma 2.47. Let N be a proper saturated subsystem of F containing Cx(Q(Z(S))).

Then there exists () € Fy, suchthat Ng(J(Q)) = Ns(Q) and J(Q) is fully normalized.

Proof. By Lemma 2.45, we can choose X € Fj such that U := J(X) is fully
normalized. Then, by Lemma 2.46, we have A(U) £ N. Set V = Q(Z(U))
and @ := Cs(V) N Ng(U). Then Ng(U) < Ng(Q). Since U is fully normalized,

Su € Syl,(A(U)). Hence, Qu € Syl,(Cawy(V)) and, by a Frattini- Argument,

AU) = Cawn (V) Naw)(Qu)-

As X is centric, we have Q(Z(S)) < J(X) = U and thus, Q(Z(S)) < V. Therefore,
Caan(V) < Cx(Q(Z(S))) < N and so Ny (Qu) £ N. Since Cs(U) < Cs(V) N
Ng(U) = @, it follows from Lemma 2.17(b) that every element of N (Qr) extends
to an element of A(Q). Hence, A(Q) £ N. Now Corollary 2.43 implies that J(Q) =
U = J(X). Hence, Ng(U) < Ng(Q) < Ng(J(Q)) = Ng(U) and, by Remark 2.10, Q
is fully normalized. In particular, () is fully centralized and therefore, by Remark 2.9,

centric. Thus, ) € F},. This proves the assertion. [

2Recall Notation 2.1 and Notation 2.11.
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Chapter 3

Preliminaries on Groups

The aim of this chapter is to give an overview on some basic group theoretical back-
ground and to fix some notation as necessary. In that we follow [KS]. We also prove

some more specialized results which we will need later on.

In the remainder of this chapter G will always be a finite group, p a prime and 7" a

Sylow p-subgroup of G. Moreover, g is always assumed to be a power of p.

3.1 Notation and basic results

We will write o(g) for the order of an element g € G, and Syl,(G) for the set of Sylow
p-subgroups of G. The group G is called p-closed if 1" is normal in G. We will make

use of the following characteristic subgroups of G:

e O,(G) is the largest normal p-subgroup of G.

e OP(@) is the smallest normal subgroup of G whose factor group is a p-group.

Equivalently, OP(G) is the group generated by all p/-elements of G.

e O” (@) is the smallest normal subgroup of G of index prime to p. Note that

0 (@) = (Syl,(C)).

If G is a p-group then (G) is the subgroup generated by all elements of G
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of order p. If G is also abelian then Q2(G) is the largest elementary abelian p-

subgroup of G.

e We write (&) for the Frattini subgroup of GG, which is the intersection of all
maximal subgroups of G. If G is a p-group then ®((G) is the smallest normal

subgroup of G with an elementary abelian factor group.

Definition 3.1. G has characteristic p if C(O,(G)) < O,(G).

We assume the reader to be familiar with Sylow’s Theorem. Moreover we will
frequently use that p-groups are nilpotent. In particular, if GG is a p-group, then U <
N¢(U), for every proper subgroup U of G and [N, G] < N for every normal subgroup
N of G.

If A, B and C are subgroups of GG such that G = AB and A < C, then C' =
A(CNB). We will refer to this property as Dedekind’s Law. If N is a normal subgroup

of G then G = NNg(T N N). We will refer to this property as Frattini Argument.

For subgroups X, Y, Z < G we set [X,Y, Z] := [[X, Y], Z]. We will apply what is

known as the Three-Subgroups Lemma. That is, for subgroups X, Y, Z of G we have
XY, Z] =Y, Z,X]=1 = [Z,X,Y] =1

In particular, we will apply this Lemma in the semidirect product AG, if A is a fi-
nite group acting on GG and each of X, Y, Z is a subgroup of either A or G. By the

commutators we mean then the commutators in the semidirect product AG.

We conclude this section by stating some results about groups acting on groups
that we will frequently use without reference. For the remainder of this section let
A be a finite group that acts on the group G. We say A acts quadratically on G if
G, A, A] = 1. We will use that, if GG is an elementary abelian 2-group and |A| = 2

then A acts quadratically on G.
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We call the action of A on G coprime if
(1) |A| and |G| are coprime, and
(2) A or (G is solvable.

By a Theorem of Feit-Thompson, every finite group of odd order is solvable. Hence
if |A| and |G| are coprime then either A or G is solvable. Therefore assumption (2)
is in fact redundant. However we prefer to put it this way since the Theorem of Feit-
Thompson is a deep result of finite group theory and in all the situations we are going
to apply the results about coprime action, assumption (2) is fulfilled for some other

reasons.
Lemma 3.2. Assume A acts coprimely on G. Then

(a) G =[G, A]Ca(A),

(b) |G, A] =[G, A, Al
Proof. See for example [KS, 8.2.7]. ]
Lemma 3.3. Suppose G is abelian and A acts coprimely on G. Then

G =[G, A] x Ce(A).

Proof. See for example [KS, 8.4.2] [

As a generalization of Lemma 3.2(b) one shows that, if A is generated by elements

whose order is coprime to |G/, then still [G, A] = [G, A, A]. In particular, if G is a

p-group, then [G, OP(A)] = [G, OP(A), OP(A)].
3.2 The Frattini subgroup

Recall that the Frattini subgroup ®(G) of G is the intersection of all maximal sub-

groups of G.
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Lemma 3.4. (a) Let H be a subgroup of G. If G = H®(G) then G = H.
(b) ®(Q) is nilpotent.
() B(G/D(G)) = 1.

Proof. For (a) and (b) see 5.2.3 and 5.2.5(a) in [KS]. For every maximal subgroup M

of G, we have ®(G) < M and M/®(G) is maximal in G/®(G). This yields (¢). [
Lemma 3.5. Let N be a normal subgroup of G.

(a) If N < ®(G) then ®(G)/N = ®(G/N).

(b) B(N) < B(G).

Proof. If N < ®((G), then a subgroup M of G is maximal in N if and only if N <
M and M/N is maximal in G/N. This shows (a). For the proof of (b) assume by
contradiction that there is a maximal subgroup M of G such that ®(N) £ M. Then
G = ®(N)M and N = ®(N)(M N N). Hence, by Lemma 3.4(a), §(N) < N =

M NN < M, a contradiction. U]

The main aim of this section is the proof of the following lemma that the author
learned from Stellmacher and was probably first proved by Meierfrankenfeld in the

case p = 2. It will be useful in connection with the pushing up arguments in Chapter 9

and Chapter 10.

Lemma 3.6. Let G be a finite group with O,(G) = 1, and let N be a normal subgroup
of G such that G /N is a p-group. Then ®(G) = ®(N).

Proof. Assume the assertion is wrong and let G be a minimal counterexample. Then
O,(G) = 1 and we may choose a normal subgroup N of G such that G/N is a p-
group and ¢(G) # ®(N). We choose this normal subgroup N of maximal order. By

Lemma 3.5(b), we have
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(1) O(N) < 0(G).
The assumption O,(G) = 1 implies O,(®(G)) = 1. Hence, Lemma 3.4(b) gives
(2) ®(G) has order prime to p.

Consider now G := G/®(N). Let X be the full preimage of O,(G) in G and
P € Syl,(X). Then X = ®(N)P and the Frattini Argument gives G = X Ng(P) =
®(N)Ng(P). Now (1) and Lemma 3.4(a) imply G = N¢(P). Hence, as O,(G) = 1,
we have P = 1 and so O,(G) = 1. Assume now ®(N) # 1. Then |G| < |G| and, as
G is a minimal counterexample, ¢(G) = ®(N). Now by Lemma 3.4(c), ®(G) = 1.

Thus, by Lemma 3.5, &(G) = ®(N), a contradiction. This shows
3) ®(N) = 1.

Set now Gy := N®(G). Observe that, by Lemma 3.4(a), Gy is a proper subgroup
of G. As O,(G) = 1 and G is normal in G, we have O,(G,) = 1. Hence, the
minimality of G yields ®(Gy) = ®(N). If &(G) £ N, then the maximality of | V|

implies ®(G) = ®(Gy) = P(IV), a contradiction. Hence,
4) ®(G) <N.
Set V := Z(®(G)). Observe that, by (1) and Lemma 3.4(b),
(5) V #1.
We show next
(6) V has a complement in N.

By (3) and (5), there is a maximal subgroup M, of N such that V' £ M,. Then
N = V M. Hence, there is a non-empty set £ of maximal subgroups of /N such that

N = VU, for U := (€. We choose such a set £ of maximal order. If U NV # 1,
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then (3) implies the existence of a maximal subgroup M of N such that U NV £
M. Then, in particular, U £ M and so M ¢ £. Moreover, N = (U N V)M, so
U=UnV)UNnM)and N = VU = V(U N M). This is a contradiction to the

maximality of |£]. Hence, U NV = 1 and (6) holds.

We now derive the final contradiction. By (2),(6) and a Theorem of Gaschiitz (see
e.g. [KS, 3.3.2]), there is a complement K of V inG,i.e. KNV =1land G = KV =

K®(G). Now Lemma 3.4(a) implies G = K and so V' = 1, a contradiction to (5). [

3.3 Minimal parabolics

Definition 3.7. G is called minimal parabolic (with respect to p) if T is not normal in

G and there is a unique maximal subgroup of G containing T.

This concept is originally due to McBride. One of the main properties of minimal

parabolic groups is the following.

Lemma 3.8. Let G be minimal parabolic with respect to p and let N be normal in G.

Then NNT <G or OP(G) < N.
Proof. See [PPS, 1.3(b)]. L]

Given a group GG which is not p-closed, it is easy to obtain minimal parabolic
subgroups of GG containing a Sylow p-subgroup of GG. This is a consequence of the

following remark which is elementary to check.

Remark 3.9. Let H be a subgroup of G such that N(T) < H < G. Assume that P
is a subgroup of G which is minimal with the properties T’ < P and P £ H. Then P

is minimal parabolic and H N P is the unique maximal subgroup of P containing T

Lemma 3.10. Let G be minimal parabolic, O,(G) = 1 and N <G. Then O?(G) < N

or N < ®(G).
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Proof. Assume by contradiction, N £ ®(G) and OP(G) £ N. Then there is a
maximal subgroup M of G such that N £ M, and, by Lemma 3.8, T " N = 1.
Hence, G = M N and M contains a Sylow p-subgroup S of G. As NS £ M and
S is contained in a unique maximal subgroup of G, this implies G = NS and so

O?(G) < N. 0
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Chapter 4

Groups Acting on Modules

Throughout this chapter let G be a finite group, 7' € Syl,(G), and V be a finite

dimensional G F'(p)G-module.

4.1 FF-modules

Definition 4.1. o A subgroup A of G is said to be an offender on 'V, if

(a) A/C (V) is a non-trivial elementary abelian p-group,

(b) [V/Cy(A)] < [A/Ca(V)].
o A subgroup A of G is called best offender if (a) holds and
(0') |A/CAV)ICy (A)] = [A*[Car (V) Cy (A7) for al subgroups A of A.
We write Og(V') for the set of all best offenders in G on'V'.
o The module V is called an FF-module for G, if there is an offender in G on V.
e Anoffender Aon'V is called an over-offender on V if |V/Cy (A)| < |A/Ca(V)|.
Lemma 4.2. (a) Every best offender on V' is an offender on V.
(b) The module V' is an FF-module if and only if there is a best offender on V.

Proof. See [MS, 2.5(a),(b)]. ]
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We will use Lemma 4.2 without reference.

Definition 4.3. Write A(G) for the set of all elementary abelian p-subgroups of G
of maximal order. Recall that the Thompson subgroup J(G) is the subgroup of G

generated by A(G).

Lemma 4.4. Let V' be an elementary abelian normal p-subgroup of G. Let A € A(G)

and suppose that A does not centralize V.
(a) Ais a best offender on'V.

(b) If Ais not an over-offender on'V, then VC 4 (V') € A(G). In particular, we have

then A(Ca(V)) C A(G) and J(C(V)) < J(G).

Proof. For the proof of (a) see [BHS, 2.8(e)]. For the proof of (b) observe that

VCa(V)[ <A

, since VCy (V) is an elementary abelian subgroup of 7". Hence,

V/ICy(A < VIV DAl = [V/V D Ca(V)] = [VCA(V)[Ca(V)] < [A/Ca(V)].

If[V/Cy(A)| = [A/Ca(V)

, then we have equality above. In particular, |V Cy (V)| =

|A|. Hence (b) holds. O

Lemma 4.5. Let V. W be normal elementary abelian p-subgroups of G with V< W
and [V, J(G)] # 1. Let A € A(G) such that [V, A] # 1, and AC(W) is a minimal

with respect to inclusion element of the set

{BCe(W) = B e AG), [W,B] #1}.

Assume A is not an over-offender on V. Then we have

(W/Cw(A)| = |A/Ca(W)| = [V/Cv(A)] and W =V Cy (A).

Proof. Tt follows from Lemma 4.4 that |V/Cy (A)| = |[A/Ca(V)|, B := Ca(V)V €
A(G) and [W/Cw(A)| < |A/Ca(W)|. Since [V, A] # 1 and [V, B] = 1, BCg(W) is
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a proper subgroup of AC(W). Hence, the minimality of AC(W) yields [W, B] = 1.

Thus, C4 (V) = C4(W). It follows that

(W/Cw(A) < [A/CaW)| = [A/Ca(V)]

= [V/Cv(A)] = [VCw(A)/Cw(A)| < [W/Cw(A)].

Now equality holds above, i.e |[A/Cx(W)| = |W/Cw(A)| = |V/Cy(A)| and W =
VCw(A). O

Lemma 4.6. Let V' be an elementary abelian normal p-subgroup of G such that
V,J(@)] # 1. Set G = G/Cq(V) and assume there is no over-offender in G on
V. Then there is A € A(G) such that A is minimal with respect to inclusion among

the offenders in G on V.

Proof. Let A € A(G) such that [V, A] # 1. Choose A so that AC (V') is minimal
with respect to inclusion. By Lemma 4.4, A'is an offender on V. Let B < A such that
B is an offender on V. We may assume that C'4 (V) < B. Then C4(V) = Cp(V) and

ANV = BnNV. Since there is no over-offender in G on V', we have
|A/Ca(V)[ICv(A)| = [V] = |B/Cs(V)||Cv(B)].
Thus, |A||Cy(A)| = |B||Cy(B)| and therefore,
Al = JACy(A)] = JAlICv(A)[An V[~ = BlICv(B)|IBN V|~ = |BCy(B)].

This yields BCy(B) € A(G). Now by the choice of A, BCi(V) = AC¢(V). Thus,

A = B and the assertion holds. O
We will also use the following elementary property.

Lemma 4.7. Assume W is a G-submodule of V' such that G acts faithfully on V and

V = V/W. Then the following hold:
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(a) Every offender on'V is an offender on V.
(b) If there is no over-offender in G on 'V, then there is no over-offender in G on V.

Proof. Let A be an offender on V. Then

V/Cr(A)| < [V/Cv(A)] < [V/Cy(A)| < |A/Ca(V)] = |A] = [A/Ca(V)].

If there is no over-offender in G on V, then we have equality above and A is not an

over-offender on V. O]

Lemma 4.8. Let W be a G-submodule of V. Then {A € Og(V) : [W,A] # 1} C
Oc(W).

Proof. See [MS, 2.5(c)]. [l

Theorem 4.9 (Timmesfeld Replacement Theorem). Let V' be an elementary abelian
normal p-subgroup of G. Let A € A(G) such that [V, A] # 1. Then there exists

B e A(AC¢(V)) such that [V, B] # 1 and [V, B, B] = 1.
Proof. Note that by Lemma 4.4, A € Og(V). Hence, by [KS, 9.2.1],
[A/Ca(V)][Cy(A)] = [AT/Cax(V)]|Cv (A")| for A™ = Ca([V; A]).

Also, Cy« (V) = C4(V) and hence,

A= w1

Since V N A* < Cy (A), it follows now for B := A*Cy(A*) that

_ [ATlcv(AT)]

Bl = > | Al.
Bl = = 2 A

Note also that B is elementary abelian. Hence, B € A(AC¢(V)). By the definition of

B, [V, B, B] = 1. It follows from [KS, 9.2.3] that [V, B] = [V, A*] # 1. -
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4.2 Natural SL;(q)-modules

Definition 4.10. Suppose G = SLs(q) for some power q of p. Then V is called a
natural SLy(q)-module for G if V' is irreducible, F' :== Endg(V) = GF(q) and V is

a 2-dimensional F'G-module.

The following two lemmas about natural S L, (¢)-modules are well known and ele-

mentary to check.

Lemma 4.11. Assume that G = SLy(q) and V' is a natural SLs(q)-module for G.

Then
(a) |[Cv(T)]=q
(b) Cy(T) = [V,T] = Cy(a) for each a € T#,
(c) T acts quadratically on V,
(d) Ca(Cy(T)) =T.
(e) Every element of G of order coprime to p acts fixed point freely on V.

Lemma 4.12. Let G = SLy(q) and V be a natural SLs(q)-module for G. Then
Oc(V)={A < G : AisanoffenderonV } = Syl,(G). Moreover, there are no

over-offenders in G on'V.

Lemma 4.13. Let H <G such that H = S1Ly(q) and Cr(H) < H. Let V be a natural

S Ly(q)-module for H and assume C (V') = 1. Then Cr(Cy (TN H)) < H.

Proof. Set Z = Cy(T' N H) and T := Cp(Z). Observe that, by the structure of
Aut(SLy(q)), there is an element x € H\ Ny (T N H) such that Ty = (TN H)Cp, ().
Then [Z%, Cr,(z)] = 1 and so, V' = ZZ* is centralized by Cr, (x). Hence, Cr, (x) = 1

and Ty < H. L]
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Lemma 4.14. Let G = SLy(q) and V/Cs(V') be a natural S Ls(q)-module for G. Let

A < G be an offender on V. Then
(a) |V/Cy(A)| = |A| = qgand Cy(A) = Cy(a) for every a € A,
(b) [V, A, Al =1

Proof. As G = SLy(q), for every a € A* there exists g € G such that G = (A, a¥).

Hence,
[V/Cv(G)| < V/Cv(A)||[V/Cyv(a)] < |[V/Cv(A))? <|AP = ¢* = [V/Cv(G)].

Thus, the inequalities are equalities and (a) holds. Together with Lemma 4.11(a),(b)

this implies (b). 0

Lemma 4.15. Let V' be an elementary abelian normal subgroup of G. Assume G |V =
SLy(q) and V/Cy(QG) is a natural SLo(q)-module. Then V€ A(T). Moreover, the

following hold:

(a) For R € A(T)\{V}, wehave T =V R, RNV = Z(T) and
Cviovan(T) = Z(T)/Cv(G).

(b) Ifp=2and J(T) # V then |A(T)| = 2 and every elementary abelian subgroup

of T is contained in an element of A(T).

Proof. Property (a) and V' € A(T) is a consequence of Lemma 4.4(a), Lemma 4.11(a)
and Lemma 4.12. Now (b) is a consequence of (a), Lemma 4.11(b) and the fact that
the product of two involutions is an involution if and only if these two involutions

commute. ]

Lemma 4.16. Let p = 2 and let V' be an elementary abelian normal 2-subgroup of G.
Suppose S is a 2-group containing T' as a subgroup. Assume the following conditions

hold:
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(i) V < J(G), and J(G)/V =2 SLy(q) for some power q of 2.

(ii) V/Cy(J(G)) is a natural SLs(q)-module for J(G) V.
(iii) S # T = Ng(V) = Ns(U), for every 1 # U < Cy(J(G)) with U < T.
(iv) Cr(J(G)/V) < V.

Then the following hold:

(@) |[Ns(T) : T| = [Ns(J(T)) : T| = 2 and Ns(T') = Ns(J(T)).

(b) If J(Ns(J(T))) & T then q = 2 and |V| = 4.

(c) If J(Ns(J(T))) < T then J(T) = J(S), and |S : T| = 2.

(d) If T' = J(T) and Z(T) = Z(S) then Cr(u) = Z(S) for every involution u €
Ns(T\T.

Proof. Since S # T, there is a conjugate of V' in 7. Now by Lemma 4.15, |A(T)| =
2and V € A(T). As S # T = Ng(V), this implies (a). Assume now there is
R € A(Ng(J(T))) such that R £ T. Observe that by Lemma 4.15(a), RN J(T') <
VN Ve=Z(J(T)) for x € R\T. Moreover, by (iii), Cy (J(G)) N Cy(J(G))* =1
and so RN J(T)N Cy(J(G)) = 1. Hence, if RNT < J(T') then |[RNT| < q.
Since C7(J(G)/V') embeds into Aut(J(G)/V'), we have that T/ J(T) is cyclic, so
|[RNT/RNJ(T)| < 2. Moreover, by Lemma 4.13, |Cz(j1))/cy (5(a))(t)| < ¢ for

t € T\J(T). Hence, if RNT £ J(T') then |RN J(T')| < ¢ and, again,

RN T|<q.
Now by (a), ¢ < |V| < |R| £2-¢,s0q =2and |[V| = ¢* = 4. This shows (b). Since

S is nilpotent, (c) is a consequence of (a).

For the proof of (d) assume now 7" = J(7T') and Z(T) = Z(S). Let u € Ng(T)\T
be an involution and y € Cr(u). By Lemma 4.15(a), there exist a,a € V such that

y = aa". Then aa" = (aa")" = a“a. Now [V,V"] < V NV* = Z(T) implies
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aZ(T) =aZ(T). Let z € Z(T) such that @ = az. Then, as Z(T') = Z(S), y = aa"z
and aa" = yz = (yz)* = a“a. Hence, Lemma 4.11(b) implies a € Z(T) and so

y € Z(T) = Z(5). O
4.3 Natural S,,-modules

Definition 4.17. Let G = S,,, for some m > 3.

e We call a GF(2)G-module a permutation module for G, if it has a basis

{v1,v2, ..., U}
of length m on which G acts faithfully.

o A GF(2)G-module is called a natural S,,-module for G if it is isomorphic to a

non-central irreducible section of the permutation module.

Natural .S,,-modules are by this definition uniquely determined up to isomorphism.
Suppose V' is a permutation module for S,,, with basis {v,vs, ..., v,,} as above. Set
W= (@+wv, : 1<ij<m)yandU = (v; + vy + --- + vy). If mis odd, then
W = V/U and the natural module is isomorphic to both W and V/U. In particular, a
natural S,,-module has dimension m — 1. If m is even, then U < W and the natural

Syn-module is isomorphic to W/U. Accordingly, it has dimension m — 2.

Lemma 4.18. Assume p = 2, G = So,+1 and V is a natural G-module. Then the

following conditions hold:

(a) The elements in Og(V') are precisely the subgroups generated by commuting

transpositions.
(b) Ng(J)/J =S, for J := (Og(V)).

(c) If n > 2 and J is a subgroup of T generated by elements of Op(V'), then N¢(J)

is not p-closed.
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(d) There are no over-offenders in G on V.

Proof. Part (a) follows from [BHS, 2.15]. Note that 7" contains precisely n transpo-
sitions t1, . . ., t,, which pairwise commute. By (a), Jr (V) is generated by t1, ..., t,.
Furthermore, N (J7(V)) acts on {ty,...,t,} and Cg(ty,...,t,) = Jr(V). Hence

Ne(Jr(V))/Jr(V) is isomorphic to a subgroup of S,,.

If (ij) and (kl) are distinct transpositions in .Jr(1'), then conjugation with the
element (ik)(jl) € Ng(Jr(V')) swaps (ij) and (kl). Hence, Ng(J7(V))/Jr(V) =2 S,

since .9,, is generated by transpositions. This shows (b).

Suppose now n > 2 and let J be a subgroup of 7" generated by elements of O (V).
If J = Jp(V), then (c) follows from (b). Thus we may assume that J # Jr (V). This
means that J is generated by less than n transpositions and C¢(.J) contains a subgroup

isomorphic to S3. Since S5 is not p-closed, this shows (c). ]

4.4 The structure of FF-modules

We state here two results of Bundy, Hebbinghaus and Stellmacher [BHS]. They de-
scribe the structure of FF-modules under special circumstances. We will need the

following notation.

Notation 4.19. Suppose that Og(V') # (. Set
ma(V) := maz{|A/Ca(V)[|Cv(A)] - A€ Oa(V)},
and define Ag (V') to be the set of minimal (by inclusion) members of the set
{A € 0c(V) : |[A/CA(V)||Cv(A)] = ma(V)}.
For a set of subgroups D of G and E < G set

DNE={AeD:A<E}.
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Note that mq (V) > |V, since every element of O (1) is an offender.

Theorem 4.20. Assume G acts faithfully on V and A is a non-trivial elementary

abelian subgroup of G weakly closed in T € Syl,(G) with respect to G, such that
(i) [V, A, Al =1,
(ii) |V/Cy(A)| = |A| and Cy(A) = Cy(a) for each a € A¥, and

(iii) there is a subgroup M of G with (A®) £ M and Ng(A) < M > Cq(Cy(T)).

Then L = (A%) = SLy(q), where ¢ = | A

, and V/Cy (L) is a natural S Ly(q)-module
for L.

Proof. See [BHS, 4.14]. O

Theorem 4.21. Suppose G acts faithfully on V and G is minimal parabolic with re-

spect to p. Let T € Syl,(G) and M < G be the unique maximal subgroup of G

containing T'. Assume also that
(i) Op(G) =1,
(ii) V is an FF-module for G,
(iii) Ca(Cv(T)) < M.

Then for D = Ag(V), there exist subgroups E, ..., E, of G such that for each 1 <

1 < r the following hold:
(a) G=(E; x...E.)T.
(b) T acts transitively on {E1, ..., E,}.
(c) D=(DNE)U---U(DNE,).
(d) V=Cv(Ey x - x E)[_,[V, E], with [V, E;, E;] = 1 for j # i.
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(e) E; =2 SLy(p™), orp=2and E; = Souy for some n € N.
(f) [V, Ei]/Cv,g,(E;) is a natural module for E;.

Proof. This is [BHS, 5.5].
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Chapter 5

Pushing Up

Throughout this chapter, let G be a finite group, p a prime dividing |G| and T €

Syl,(G). Let ¢ be a power of p.
5.1 A result by Baumann and Niles

The group G is said to have the pushing up property (with respect to p) if the follow-

ing holds:
(PU) No non-trivial characteristic subgroup of 7" is normal in G.

Note that this property does not depend on the choice of 7" since all Sylow p-
subgroups of GG are conjugate in G. The problem of determining the non-central chief

factors of G in O,(G) under the additional hypothesis
(*) G/®(G) = Ly(q) for G = G/O,(G)

was first solved by Baumann [Bau] and Niles [Nil] independently. Later Stellmacher
gave in [Stl] a simplified proof using the amalgam method. We state here a slight

modification of the result.

Hypothesis 5.1. Let () := O,(G) and let W < Q(Z(Q))) be normal in G. Suppose the

following conditions hold:

(1) G/Ca(W) = SLy(q),
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(2) W/Cw(QG) is a natural S Ly(q)-module for G /Ca(W),
(3) G has the pushing up property (PU), and (*) holds.

Theorem 5.2. Suppose Hypothesis 5.1 holds. Then one of the following holds for
V=[Q,07(G)].

(1) V <QZ(0,(Q))) and V/Cy (G) is a natural S Ls(q)-module for G /Cq(W).

(1) Z(V) < Z(Q), p = 3, and ®(V) = Cy(G) has order q. Moreover, V/Z (V)
and Z (V') /®(V') are natural S Ly(q)-modules for G /Cq(W).

Furthermore, the following hold for every ¢ € Aut(T) with V¢ £ Q.
(a) Q =V Co(L) for some subgroup L of G with OP(G) < L and G = LQ.
(b) If (II) holds then Q¢? = Q.
(c) ©(Co(OP(G)))¢ = 2(Ca(OP(G))).
(d) If (1) holds then T does not act quadratically on V/®(V)).
(e) If (1) holds then W ¢ < Q and V- < W{(W $)%).
(f) V £ Qo

Proof. Theorem 1 in [St1] and [Nil, 3.2] give us the existence of ¢ € Aut(T) such

that
L/VoOp (L) = SLy(q) for L = (Vip)O(G) and Vo = V(L N Z(G)),
and one of the following hold:
T) V <QZ(0,(G))) and V/Cy (G) is a natural S Ly(q)-module for L/V,0,,(L).

(') Z(V) < Z(0,(G)), p = 3,and ®(V) = Cy(G) has order g. Moreover, V/Z(V)
and Z(V')/®(V') are natural SLy(q)-modules for L/V,O, (L).
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Observe that L) contains OP((G) and a Sylow p-subgroup of GG, so G = L. Now
(a) is a consequence of Theorem 2 in [St1]. Moreover, (b),(c) and (d) follow from 2.4,
3.2, 3.3 and 3.4(b),(c) in [Stl]. Clearly (I’) implies (I). Moreover, if (I') holds then

Cr(V) = Q and Cr(V¢) = Q¢, so (f) holds in this case.

We assume from now on that (II’) holds and show next that G/Cq (W) acts on
V/Cyv(G). Note that [V, V] < Cy(G) and so by (a), [V, Q] < Cy(G). Therefore, as
[V, Op(L)] =1 = [W,0p(L)] and [W,O7(G)] = [Z(V), O7(G)], we have C,(W) =
O, (L)Vy and Cg(IV) = Cau(W) = QCL(W) < Ca(V/Cy(G)). So G/Ca(W) acts
on V/Cy(G) and (II) holds.

Let now ¢ € Aut(T) such that V¢ £ Q. It follows from (2.4) and (3.2) in [St1]
that [V, OP(G)]¢ < Q. Hence, since W = [W, 0P(GQ)|Cw (G) < [W,0P(G)]Z(T),
we have W¢ < Q. As Q = Q/Cqo(OP(G)) = V/®(V), it follows that W and Q /W
are natural SLy(g)-modules. In particular, [,V ¢] # 1 and so W # W . Therefore,
Q = W((W¢)%). This implies (e). For the proof of (f) assume V < Q¢. Then
by (a), [V,Ve] < [Q¢, V] < Cv(G)p < Z(T)d = Z(T). As V¢ £ Q we have

T = ((V)NeM)Q and so [V, T] < Z(T), a contradiction to (d). This proves (f). [

5.2 'The Baumann subgroup

A useful subgroup while dealing with pushing up situations is the following:
Definition 5.3. The subgroup

B(G) = (Cp(QUZ(J(P)))) : P € Syl,(G))
is called the Baumann subgroup of G.

Often it is not possible to show immediately that G has the pushing up property.

In many of these situations it helps to look at a subgroup X of G such that B(T") €
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Syl,(X) and to show that X has the pushing up property. Here one uses that B(7")
is characteristic in 7', so a characteristic subgroup of B(T) is also a characteristic
subgroup of 7. Usually one can then determine the structure of X and thus also of
B(T). This often leads to ' = B(T") < X, in which case also the p-structure of G is

restricted. When using this method later, we will need the results stated below.
Hypothesis 5.4. Let V < Q(Z(0,(G))) be a normal subgroup of G such that
o G/Ca(V) = SLy(q),
o V/Cyv(G) is a natural S Ly(q)-module for G/Cq(V),
o Ce(V)/O,(G)isap'-group and [V, J(T')] # 1.

Lemma 5.5. Assume Hypothesis 5.4 and suppose there is d € G such that G =
(T, TY. Then G = Cg(V)B(G), the subgroup Q(Z(J(T)))V is normal in G, and
B(T) € Syl,(B(Q)).

Proof. Set Q := O,(G). Let A € A(T) such that [V, A] # 1. Then by Lemma 4.12
and Lemma 4.4, [V/Cy(A)| = |A/Ca(V)| = gand V(AN Q) < J(Q) < J(T). In
particular, T = J(T)Q and, since C:(V)/Q is a p'-group, QZ(J(T))) < Cr(V) =
Q. Now W := Q(Z(J(T)))V < Q(Z(J(Q))) and

(W/Cw (J(T))| = |[VCw (J(T))/Cw (J(T))| = [V/Cv (J(T))| = V/Cv(T)| = q-

By assumption, we may choose d € G such that G = (T,T%. Then for X, :=
(J(T), J(T)%), we have G = X,Q. Moreover, for B € A(T?), we have V(BN Q) €
A(Q). SoW < Q(Z(J(Q))) <V(BNE)and W = V(B N W) is normalized by B.

Hence, W is normal in J(T')¢ and thus also in G = X,Q. We get now

VCw(Xo)/Cw(Xo)| < [W/Cw(Xo)| < [W/Cw (J(T))[*

= ¢ =|V/Cv(Xo)| = |VCw(Xo)/Cw(Xo)l.
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Hence, we have equality above and therefore W = V Oy (X)). Set

Zy = Cawm) (Xo)-
As W < J(T), we have Cy (Xo) < Q(Z(J(T))). Thus, Cy(Xy) = Zpand W =
V Zy. Now Dedekind’s Law implies Q(Z(J(T))) = Zo(UZ(J(T))) N V). So, using
T = J(T)Q, we get B(T') = Cr(Zy). Note that Z; is normal in G = () X,. Hence,
X = Cg(Zy) < G. This yields B(T) = TN X € Syl,(X) and B(G) < X, so
B(T) € Syl,(B(G)). Since G = QX = QB(G), this implies the assertion. O
Lemma 5.6. Assume Hypothesis 5.4. Then G = Cq(V)B(G) and

B(T) € Syl,(B(G)).
Proof. Set W := Q(Z(J(T))V and H := O (G). As G/Ca(V) = SLy(q), there is
d € G such that G = Cg(V)H,, for Hy := (T, T%). By Lemma 5.5, W < H, and
G = Cq(V)B(Hy). In particular, W = VQ(Z(J(T?))). So, again by Lemma 5.5
(applied with T in place of T'), W is normal in (T', T'%), for every T' € Syl,(G) with
TC’G(V) = TCs(V). Now the arbitrary choice of d gives that W' is normalized by

every Sylow p-subgroup of GG and therefore,
W< H.
Note that, as B(H,) < B(G), we have
B(G) = B(Hy)Cp)(V) and G = C(V)B(G).

Observe that B(G) = B(H) = (B(T)) = (B(T)B®). In particular, [W, B(G)] <
V. Hence, [W, Cp()(V), Cp) (V)] = 1, and coprime action shows that C'z()(V') <
Cp(e)(W)Q. Therefore, we get B(G) = B(Hy)Cp)(V) < HoCpy(W). So
B(Hy)Cp(e)(W) is a normal subgroup of B(G) containing B(T) and thus, B(G) =
B(Hy)Cp(e)(W). By Lemma 5.5, B(T') € Syl,(B(Hy)). Therefore, we have that
(I'n B(G))Cpey(W) = B(T')Cp)(W) and T'N B(G) < B(T)Cp(W) < B(T).

This shows B(T") € Syl,(B(G)). O
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Chapter 6

Amalgams

An amalgam A is a tuple (G1, Gy, B, ¢1,¢2) where G, Gy and B are groups and
¢; : B — G; is a monomorphism for ¢ = 1,2. We write G; *xg G5 for the free
product of G; and GG with B amalgamated. Note that we suppress here mention of the
monomorphisms ¢; and ¢,. We will usually identify G;, G5 and B with their images
in Gy xg Gy. Then G; N G5 = B, and the monomorphisms ¢1, ¢ become inclusion

maps. We will need the following lemma.

Lemma 6.1. Let G be a group such that G = (G4, Gs) for finite subgroups G1, Gs of
G. Set B=G1NGs. Fori = 1,2, let K; be a set of right coset representatives of B in
G;and 1; - B — G; the inclusion map. By G xg G5 we mean the free amalgamated
product with respect to (G1, G2, B, 11, 12). Let g € G. Then g can be expressed in the

form

(*) g=0g1...9, whereb € B,n €N, g1,...,9, € (K1 UK)\B, and g1 € K

if and only if g, € Ko, forevery 1 < k < n.
This expression is unique if and only if G = G xg Gb.

Proof. As X := Gy *p G+ is the universal completion of (G, G2, B, 1, t2), the group
G is isomorphic to a factor group of X modulo a normal subgroup N of X with
N NGy = NNGy = 1. By (7.9) of Part I in [DGS], every element ¢ € X can be

uniquely expressed in the form (*). This implies the assertion. 0
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A triple (31, B2, 3) of group isomorphisms (5 : B — Band 3 : G; — G, fori =
1,2, is said to be an isomorphism from A to an amalgam B = (G, Ga, G12, 1, 15), if
the obvious diagram commutes, i.e. if ¢;3; = G, for i = 1,2. An automorphism of
A is an isomorphism from A to A. The group of automorphisms of .4 will be denoted
by Aut(A). If B = G1 N G, and ¢y, ¢ are inclusion maps, then a; 5 = a, for every

automorphism (o, a, o) of A.

A finite p-subgroup S of a group G is called a Sylow p-subgroup of G, if every
finite p-subgroup of G is conjugate to a subgroup of S. We write S € Syl,(G). We
will use the following result, which is stated in this form in [CP]. A similar result was

proved first in [Rob].

Theorem 6.2 (Robinson). Let (G, Gs, B, ¢1, ¢2) be an amalgam, and let G = G xg
Gy be the corresponding free amalgamated product. Suppose there is S € Syl,(G1)
and T € Syl,(G2) N Syl,(B) withT < S. Then S € Syl,(G) and

Fs(G) = (Fs(Gr), Fr(Ga)).
Proof. See 3.1 in [CP]. O

When we prove our classification result for p = 2 we will apply Theorem 6.2
and the following theorem in order to identify a subsystem of a given saturated fusion

system F.

Theorem 6.3. Let (G, Gy, B, ¢1, ¢2) be an amalgam of finite groups G, G5 and G =
G4 xp G the corresponding free amalgamated product. Suppose the following hold

for S € Syly(Gy), Q 1= 05(Ga) and M := J(G).
(i) Ns(Q) € Syla(G2) and Cc,(Q) < Q < M.
(i) B = Ng,(Q) = Ne, (J(Ns(Q)))-

(iii) |Gy : B] = 2.
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(iv) M/Q = SLs(q) where ¢ = 2° > 2, ®(Q) = 1, and Q/Cq(M) is a natural
S Ly(q)-module for M/ Q).

(v) No non-trivial normal p-subgroup of M Ns(Q) is normal in G.

Then there exists a free normal subgroup N of G such that H := G/N is finite,
SN/N € Syla(H) and F*(H) = L3(q) or Sp4(q)-

Here F'*(H) denotes the generalized Fitting subgroup of H. This is the subgroup
of H generated by the Fitting subgroup F'(H) and the components of H. Here a
component of H is a subnormal subgroup C' # 1 of H such that [C,C]| = C and
C/Z(C) is simple. We will prove Theorem 6.3 at the end of this chapter. For that we

need one more definition and some preliminary results.
Definition 6.4. Ler G be a group with finite subgroups G, and Gs. Set B := G1 N Gb.

e Let q be a power of p. The pair (G4, G2) is called a weak BN-pair of G involving
SLy(q) if, for i = 1,2, there are normal subgroups G} of G, such that the

following properties hold:

- G =(G1,Gy),

no non-trivial normal subgroup of G is contained in B,

- CG‘(OP(Gi)) < Op(Gi) < G;‘k’

3

- Gl = G:(B,

G N B is the normalizer in G of a Sylow p-subgroup of G and
G:/OP(GZ’) = SLy(q).

o If(G1,Gs) is a weak BN-pair of G and 1; : B — G is the inclusion map for i =

1,2, then we call (G1, Gs, B, 1, 12) the amalgam corresponding to (G, G).

The main tool is the following Theorem.
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Theorem 6.5. Let (G, Ga, B, ¢1, ¢2) be an amalgam and G = Gy xp Gy be the
corresponding free amalgamated product. Let q be a power of p. Suppose (G1,Gs) is
a weak BN-pair of G involving S Ls(q), and O,(G;) is elementary abelian fori = 1, 2.
Then there is a free normal subgroup N of G such that H := G/N is finite, and

F*(H) = Ls(q) orp=2and F*(H) = Sp4(q).
Proof. This is a consequence of Theorem A in [DGS]. [

Remark 6.6. Let G be a group and (G1, G3) be a weak BN-pair of G involving S Ls(q),

for some power q of p. Set B := Gy N Gy and let S € Syl,(B).

(a) Let N be normal in G such that NN Gy = NN Gy = 1, and set G = G/N.

Then (G, Gs) is a weak BN-pair of G involving SLy(q).

(b) Suppose G is finite and F*(G) = L3(q) or p = 2 and F*(G) = Sp4(q). Then
S € Syl,(G) and G embeds into I L3(q) respectively I'Sp4(q). Moreover, setting
G? = G; N F*(G) fori € {1,2}, the pair (G, GS) is a weak BN-pair of F*(QG)

involving SLs(q), B = Ng(S N F*(G)) and G; = GSB.

6.7. The weak BN-pairs of L3(q). Let ¢ be a power of p and set G := SL3(q). Let V'
be the natural 3-dimensional G F'(q)G-module. Set G := G/Z(G). Then G = Ls(q).
Let V be the set of pairs (V7, V5) where V1, V5 are non-trivial proper G F'(q)-subspaces

of V such that V; # V5 and either V; < V5 or Vo < V.

(a) A pair (P, P,) of subgroups P, P, of G is a weak BN-pair of G involving

SLs(q) if and only if there exists (V4,V5) € V such that P, = Ng(V;) and

Py = Ng(V3).

(b) Let (V1,V5) € V such that Vi < Vs, Set P, := Ng(V;), Qi = O,(F;) and

Py = O"(P;), fori = 1,2. Set T := Q,Q5. Then the following hold:

- Q1 =Cq(V/V1)NCqs(V1) and P = Cg(V7).
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= Q2 = Ca(V/V2) N Ca(V2) and Py = Ca(V/V3).

— Fori = 1,2, we have P, = Ng(Q;), Q; < P, Q; is elementary abelian of
order ¢%, P7/Q; = SLy(q), and Q; is a natural S Ly (g)-module for P} /Q;.

Furthermore, P;/(); embeds into G Ly (q).

- If p = 2 then A(T) = {Q1,Q2} and T = J(T) € Syl,(G) N Syl,(P,) N
Sylp(Pz)

6.8. Aut(Ls(q)). Let ¢ be a power of p and set G := Ls3(q). Then the group of
automorphisms of G is generated by the automorphisms induced by conjugation with
elements of PG L3(q), the field automorphisms and the contragredient automorphism.

In particular, the following properties hold.

(a) Let (P, P,) be a weak BN-pair of G involving SLs(q). Then there is an auto-
morphism of GG of order 2 which swaps P; and P,. In particular, by 6.7, Aut(G)

acts transitively on the weak BN-pairs of G involving S Ls(q).

(b) Let S € Syl,(Aut(Ls(q))) and identify G with the group of its inner automor-
phisms. Assume ¢ > 4. Then J(S) € Syl,(G). If p = 2 then |A(S)| = 2
and, for A(S) = {Q1, @2}, Ns(Q1) = Ns(Q2) and the pair (Ng(Q1), Na(Q2))
is a weak BN-pair of G. Furthermore, there is an involution s € S\Ng((1)
such that [Z(J(9)),s] = 1. If ¢ = ¢ for some ¢y € N then, for every involu-
tiont € Ng(Q1)\J(S) with Ci(t) = L3(qo), we can choose such an element s

inside Cs(t).

6.9. The weak BN-pairs of Sp4(q). Let g be a power of 2 and set G := Sp4(q). Let
V be the natural 4-dimensional G F'(q)G module. Let V be the set of all pairs (V7, V3)
where 1/ and V5, are non-trivial isotropic subspaces of V' such that V; # V5 and either
Vi < Vyor Vo < Vj. Then V; has dimension at most 2 for (V;,132) € Vandi = 1,2.

Furthermore, the following properties hold.
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(a) A pair (P, P,) of subgroups P;, P, of G is a weak BN-pair of G involving
SLs(q) if and only if there exists (V4,V2) € V such that P, = Ng(V;) and

P2 = NG(‘/Q)

(b) Let (V1,V5) € V such that V; < Vs, Set P, := Ng(V;), Qi = O,(F;) and
Py = OY(P) fori = 1,2. SetT := Q1Qy. Then T € Syl,(G) and the

following hold:

- Q1 = Ca(V/Vi )NCa(Vi-/Vi)NCq(Vi) and Py = Cg(Vi) = Cp, (V/V1H).

- Q2 = Ce(Va) NCa(V/Va).

— Fori = 1,2, we have P, = Ng(Q)), Q; < P, Q; is elementary abelian
of order ¢, P7/Q; = SLy(q), P;/Q; is is isomorphic to a subgroup of
GLs(q), and Q); is the 3-dimensional orthogonal S L5 (¢)-module for P;"/Q;.
In particular, Q;/Cq,(P;) is a natural SLy(q)-module for P//Q;, Q; =
[Qi, P7]and Z(T) = [Q;, T].

- Ifg>4then Z(P;) =1fori=1,2.

- A(T) ={Q1,Q2} and T' = J(T') € Syl,(G) N Syl,(Pr) N Syl, ().

6.10. Aut(Sp4(q)). Let ¢ = 2° for some e > 1 and set G := Sps(q). Then
Aut(G@)/Inn(G) is cyclic of order 2e, and every automorphism o of G whose image
generates Aut(G)/Inn(G) is a graph automorphism. Furthermore, such an automor-
phism o can be chosen such that (%) is the group of field automorphisms of G. (See

[Car], Section 12.3.) In particular, the following properties hold.

(a) Let (P, P») be a weak BN-pair of GG involving SLy(q). Then there is an au-
tomorphism of G which swaps P, and P,. In particular, by 6.9, Aut(G) acts

transitively on the weak BN-pairs of GG involving S Ly (q).

(b) Let S € Syl,(Aut(G)) and identify G with the group of its inner automor-

phisms. Then we have J(S) € Syl,(G),

A(S)| = 2 and, for A(S) = {Q1,Q2},
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the pair (Ng(Q1), Ne(Q2)) is a weak BN-pair of G.

Lemma 6.11. Let G be a finite group such that for M = O (G), T € Syl,(M) and

Q := O,(G) the following hold.

(i) M/Q = SLy(q) and G/Q is isomorphic to a subgroup of GLs(q), for some

power q of p.

(ii)) G/Q acts faithfully on Q/Z(M), Q is elementary abelian, and Q/Z (M) is
a natural SLy(q)-module for M/Q. Furthermore, we have ) = [Q, M| and

Q/Co(T)| = q.
(i) Z(G) = 1.

Set A := Aut(G). Then C4(Q) = Ca(Q/Z(M)) < Ca(G/Q) and Cx(Q) is an

elementary abelian p-group. Moreover, C(T) = Z(T) for T € Syl,(G).

Proof. Set G = G/Z(M) and W := C4(Q). Throughout this proof we will identify
G with the group of inner automorphism of . Note that this is possible by (iii).
Observe that by (ii), [G,W] < C(Q) < Q. Hence, [M,W,Q] < [Q,Q] = 1.
As [W,Q, M) = [Z(M), M] = 1 it follows from the Three-Subgroups Lemma that
Q, W] = [Q,M,W] = 1. So we have shown that W = C4(Q) < C4(G/Q). As
(W, G] < @Q < C(W) it follows from the Three-Subgroups Lemma that [W, W, G] =
1, ie. [W,W] = 1 and W is abelian. Since [G,W, W] = 1 and [G,W] < @ is
elementary abelian, we have [g, w”] = [g, w|’ = 1 forevery g € G and w € W. Hence

W is a group of exponent p and thus an elementary abelian p-group.

Set now C' := Cy(M). Then C' < W and so C is elementary abelian. Since G
acts coprimely on C', by Maschke’s Theorem there is a G-invariant complement Cy of
Z(M)in C. Then [Cy,G] < (CNG)NCy = Z(M)NCy = 1. Hence, Cy = 1 and
C = Z(M). Set now W, := QCy (T'). Note that W, is G-invariant as [W,G] < @,
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and that, by (i), [Wo/Cw (T)| = |Q/Co(T)| = q. If Cw (T) £ Q then [Wo/Z(M)| >
¢* and, for T # S € Syl,(G),

Z(M)| < |Cw(T) N Cw(S)| = |Cw(M)|. This

contradicts C' = Z(M). Hence, Cu(T) = Cw (T) = Co(T') = Z(T). O

Lemma 6.12. Let ¢ > 2 be a power of 2 and G = L3(q) or Sps(q). Let (G1,G2) be
a weak BN-pair of G involving SLs(q). Let B := G1 N G and A be the amalgam

corresponding to (G, Ga). Then for every & € Aut(A) there exists € Aut(G) such

that & = (Bcy, Bics, BiB)-

Proof. Leti € {1,2}. Set

T = OP(B)a
Qz = Op(Gz)a
M; = O"(Gy),

A = Ao (g, a0,) € Aut(A)} < Aut(Gy),
Ci = Ca,(Qy),

Ay = Nawe)(T) N Nawe) (Qr)-
We will use the following properties of G and Aut(G) that follow from 6.7-6.10:
(1) M;/Q; = SLs(q) and G;/Q); is isomorphic to a subgroup of G'Ly(q).

(2) G; acts faithfully on Q;/Z(M;), (Q;) = 1, [Qi, Mi] = Qi, |Qi/Co,(T)| = ¢,

and Q;/Z(M;) is a natural S Ls(q)-module for M;/Q);.
3) Z(G;) =1 = Z(B).
4) T € Syl,(G) and B = Ng(T).

(5) Ao < N(Q2) and Ag/Qi = Naw(cr)xcLaq)(T) for T € Syla(GLs(q)),

where we identify (); with the inner automorphisms of G induced by @);.

In particular, GG; fulfils the hypothesis of Lemma 6.11. Hence we have
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(6) C; = Cu,(Qi/Z(M;)) < C(G;/Q;) and Cj is a 2-group.
(7 Ca,(T) = Z(T).
Observe that the map
¢ : Ay — Aut(A) defined by o — (i, 0y, B)

is well-defined and a monomorphism of groups. Recall that a5 = ajp = agp for
(o1, 0, 0) € Aut(A). Moreover, by (3) and (7), C4,(B) = 1 and C4,(B) = 1.

Hence, for i = 1, 2, the maps
W; » Aut(A) — A; defined by (aq, ag, ) — o

are isomorphisms of groups. In particular, it is therefore sufficient to show | A;| = |A|.

Observe that, by (5),

(8) Ai/Ca,(M;/Qi) = Naurn, ) (T/Qi) fori = 1,2.

Furthermore, since every element in Cy,(M;/Q);) acts on Q;/Z(M) as a scalar from

Endy, (Qi/Z(M)) = GF(q), it follows from (2),(5) and (6) that
(9) CAi (Mz/Qz)/Cz = Cq,1 fori = 17 2.

Hence, by (5), it is sufficient to show that |C;| < [Q1]. In order to prove that set
C := O19; *1,. Note that g = (alwl_lwg)ug for every a; € Aj. Thus, [Q1,C] =1
and [T,C] = [Q1Q2,C] < Q2. By (6), C = (] is a 2-group. Hence, by (8), C' <
TCa,(Msy/Qs), and by (9), Cy := C N C(My/Q2) < Cy. Thus, |C'/Cy| < ¢ and, by
(1), Co < Cay(Q1Q2) = Ca,(T) = Z(T). So |G| = |C] < ¢+ |Z(T)] = |@Qu]. As

argued above this proves the assertion. 0

Lemma 6.13. Let G be a group, let ¢ > 2 be a power of 2, and let (G4, G2) be a weak
BN-pair of G involving SLs(q). Let H be a finite group such that F*(H) = Ls(q) or
Spa(q) for a power q¢ > 2 of 2. Let ¢ and ) be epimorphisms from G to H such that

G;Nkerp =G; Nkery =1 fori=1,2. Then ker¢ = keri.
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Proof. Observe that, by Remark 6.6, (G1¢, Go¢) is a weak BN-pair of H and
(F*(H) NG9, F*(H) N G29)

is a weak BN-pair of F*(H ) involving S Ly(q). Let GS be the preimage of F*(H)NG;¢
in G; for i = 1,2. Then (G3,G3) is a weak BN-pair of G° = (GY, GS) involving
SLy(q),and G°¢ = F*(H). Moreover, fori = 1,2, G¢ isnormal in G; and G; = G} B.
Thus, G° is normal in G = (G°, B). Setnow N := ker¢ and G = G/(G° N N). Then

G° = F*(H), B = B¢, and with Dedekind’s Law B(G° N N)NG° = (BNG°)(G°N

N),so BN G° = BNG°. Moreover, BNG° = BNG;NG° = BN GS and so
BNG°=BNG; 2 BNG; = (BNGY)p=BopNGyp=BpNGipNF*(H) =

By N F*(H), fori =1, 2. Hence,
|G| = |G°B| = |G°||B/BNG°| = |F*(H)|| B¢/ B¢NF*(H)| = |F*(H)(B¢)| = |H|,

and so N < (. The same holds with v instead of ¢. Thus, we may assume without

loss of generality that H = F*(H) = L3(q) or Spa(q).

By 6.8 and 6.10, Aut(H) acts transitively on the weak BN-pairs of H. Therefore,
we may assume that G;¢ = G;¢ for i = 1,2. Then ((¢\c,) "¢, (¢c,) "0, (15) ')
is an automorphism of the amalgam corresponding to (G1¢, G2¢). Hence, as a conse-
quence of Lemma 6.12, there is an automorphism « of H such that (¢|,) "¢ = ayg,

for i = 1, 2. This implies ¥ = ¢« and kerv = kerpa = kerg. [

The proof of Theorem 6.3. Let G1, G2, B, S, (), ¢ and M be as in the hypothesis of
Theorem 6.3. Set T := Ng(Q). Lett € S\T and X := (G, G%). As G = Gy, X is

normal in G = (t, Go).

Let K be a set of right coset representatives of B in Go. Then K is a set of right

coset representatives of B = B’ in G%. So, as Bt ™! = Bt, the set

K* :={tkt : k€ K}
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is also a set of right coset representatives of B in G%. Let g € G. By Lemma 6.1, there

exists b € B,n € Nand g1, g2, ..., g, € (K U K*)\B such that

g="bgi...9n

and g1 € Kifandonlyif g, € K* forall 1 < k < n. Since G = G; x5 G5 and
{t, 1} is a set of right coset representatives of B in G, it follows from Lemma 6.1

and the definition of K™ that this expression is unique. Hence, again by Lemma 6.1,

X:GQ*BG;

Assume there is 1 # U < B such that U is normal in X. If U is a p-group then, as
U is normal in G and G4, it follows from Lemma 4.15(a) that U < QNQ" = Z(J(T)).
Hence, as Q/Cq (M) and Q' /Cgqe (M?) are irreducible modules for M respectively M?,
we have U < Uy := Cqo(M) N Cqo(M)*. Since Uy is normal in M7 and G, = B(t),
it follows from our assumptions that Uy = 1. Hence, U = 1, a contradiction. So U is
not a p-group and, as U was arbitrary, also O,(U) = 1. Since J(T') is normal in B,
it follows [U, J(T)] < U N J(T) < O,(U) = 1. In particular, U < C¢,(Q) < Q,
contradicting U not being a p-group. Hence, no non-trivial normal p-subgroup of X
is contained in B. Thus, it is now easy to check that (G, G%) is a weak BN-pair of
X involving SLs(q). Hence, by Theorem 6.5, there is a free normal subgroup N of X
such that X/N is finite and F*(X/N) = Ls(q) or Sps(q). By Remark 6.6, we have
TN/N € Syly(X/N).

Define epimorphisms ¢ and v from X to X/N via x¢ = xN and x¢) = x'N for
all z € X. Then it follows from Lemma 6.13 that N = ker¢ = kerip) = N 1. Hence,
N is normal in G = X (t). Observe now that H := G/N is finite, and X /N has index

2in H. So SN/N € Syly(H) and F*(H) = F*(X/N) = Ls(q) or Sp4(q).
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Chapter 7

Classification for p = 2

Throughout this chapter let F be a fusion system on a finite 2-group .S.

Hypothesis 7.1. Assume every parabolic subsystem of F is constrained. Let () € F
such that Q) is centric and fully normalized. Set T := Ng(Q) and M := J(G(Q)), and

assume the following hold:
(i) Q < M, M/Q = SLy(q) for some power q of p, and Cp(M/Q) < Q.
(ii) Q is elementary abelian and Q)/Cq(M) is a natural S Ly(q)-module for M /Q).
(iii) T < S and Ng(U) = T for every subgroup 1 # U < Q withU < MT.

(iv) If t € T\J(T) is an involution and (t) is fully centralized, then Cx((t)) is

constrained.

Recall here from Notation 2.30 that, for every fully normalized subgroup P € F,
G(P) denotes a model for Nx(P), provided Nx(P) is constrained. The aim of this

chapter is to prove the following theorem.

Theorem 7.2. Assume Hypothesis 7.1. Then there is a finite group G containing S as

a Sylow 2-subgroup such that F = Fs(G) and one of the following holds:

(a) S is dihedral of order at least 16, () = Cy x Cy and G = Ly(r) or PG Ls(r),

for some odd prime power r.
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(b) S is semidihedral, Q = Cy x Cy and G is an extension of Ly(r?) by an automor-

phism of order 2, for some odd prime power r.
(c) S is semidihedral of order 16, Q = Cy x Cy and G = L3(3).
(d) |S| =32, Q has order 8, and G = Aut(Ag) or Aut(Ls(3)).
(e) |S| =2"and G = Js.

(f) F*(G) = L3(q) or Sps(q), |O*(G) : F*(G)| is odd and |G : O*(G)| = 2.

Moreover, if F*(G) = Sps(q) then q = 2° where e is odd.

Recall Notation 2.1 and Notation 2.11 which we will use frequently in this chapter.

Moreover, to ease notation we set

A(P) := Autg(P), forevery P € F.
7.1 Preliminary results

We start with some group theoretical results. For Lemma 7.3-Lemma 7.7 let G be a

finite group.
Lemma 7.3. Let S € Syly(G), T := J(S) and t € S\T. Assume the following hold.
(i) |S:T| =2
(ii)) A < Z(S) for every elementary abelian subgroup A of T with Cs(A) £ T.
(iii) Z(S) < T, Z(T) is elementary abelian, and |Z(T)/Z(S)| > 2.
(iv) Z(T)(t) £ TY forany g € G.
Thent ¢ TY for any g € G.

Proof. Set Z := Z(T). Assume there exists g € G such that ¢ € 7 and choose this

element ¢ such that Z(S) N 7Y is maximal. We show first
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(1) zZ*¥ <Tforallz € Gwith Z* < S.

For the proof assume there is * € G such that Z* < S and Z* £ T'. Then by (ii)
and (iii), Z*NT < Z(S) and so |Z/Z(S)| < |Z/(Z*NT)| = |Z*)(Z*NT)| = 2,a

contradiction to (iii). This shows (1). Set
7" = (Z(S)NT9)(t) and N := Ng(Z").

Leth € Gsuchthat ZNN < NN S" € Syly(N). Note that t € Z* < O,(N) < Sh.

We show next
2) teTh

For the proof assume t ¢ Th. As Z* < T9, we have [Z*, Z9] = 1. Therefore, since
Ca(Z*) N S" € Syly(Cq(Z*)), there exists ¢ € Cq(Z*) such that Z9¢ < S, Now by
(1), Z9¢ < T". Note that [Z9¢,t] = 1, so by (ii), Z9¢ < Z(S)", a contradiction to (iii).

This shows (2).

In particular, by (iv), Z £ T" and so, by (1), Z £ S". Thus, the choice of h
gives Z £ N. By (i), [Z,S] < Z(S). Hence, if Z(S) < TY then Z(S) < Z* and so

(Z,2%] < [Z,S] < Z(S) < Z*, contradicting Z £ N. This proves
(3) Z(S) £ 7.

Because of the maximality of Z(.S) N T, properties (2) and (3) give now Z(S) £
T". Note that Z(S) < ZNN < S"and so S" = T"Z(S). Thus, ZNN = Z(S)(Z N
N NT"). Moreover, (ii) and t € S" imply Z NN NT" < Z(S)" < Cg(t). Therefore,
ZNN < C(t),and so ZN N = Z(S). Hence, for z € Z\Z(S), we have z ¢ N
and so [z,t] & Z(S)NTY. As [Z,t] < Z(S), this gives [Z,t] N T9 = 1. Hence,
Z12(S)| = |2/Co0] = |[Z.4)] = |[Z.079/T#| < |Z(S)/Z(S) N T*]. Now the
maximality of Z(S) N TY yields |Z/Z(S)| < |Z(S)/Z(S)NT"| = |S"/T"| = 2, a

contradiction to (iii). This proves the assertion. L]
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Corollary 7.4. Let S € Syly(G). Let T be a subgroup of S such that
(i) T is elementary abelian and |S : T| = 2.
(i) |Cr(S)]> = |T).
Then T is strongly closed in Fs(G) or |T| = 4.
Proof. This is a direct consequence of Lemma 7.3. [

Lemma 7.5. Let S € Syly(G), T < S and K < Ng(T) such that for Z := Z(T) the

following hold.
(i) |S:T|=2and|Z/C%(S)| =2
(ii) |K|is odd and K acts irreducibly on Z/Cz(K).
(iii) Cz(K)N Cy(S) = 1.
Then |Z| = 4.

Proof. Without loss of generality assume G = Ng(Z). Set G = G/Cg(Z). Then
|S| = 2 and by Cayley’s Theorem there is a normal subgroup U of G such that |U]|
has odd order and G = SU. Set R := [S,U]. If R = 1 then [K,S] = 1 and C4(K)
is S-invariant. Hence, by (iii), Cz(K) = 1 and by (ii), [Z, S] = 1, a contradiction to
(). Thus1 # R < Ry = (§°). If Oy(Ry) # 1then S = Os(Ry) is normal in G
and R = 1, a contradiction. Thus, Oy(R) = 1. With a Theorem of Glauberman [KS,
9.3.7] it follows from (i) that Ry = S3 and |Z/Cz(Ry)| = 4. In particular, for D :=
OP(R), |D| = 3, (2, D]| = |[Z, R]| = 4 and Cz(D) = Cz(R) = Cz(Ro) < Cz(5).
Since R is normal in G, K acts on R. So, as K has odd order, [D,K] = 1. Since
Ciz,p(S) # 1, (iii) yields [Z, D] £ Cz(K). As D acts irreducibly on [Z, D], we have
then [Z, D]NC%(K) = 1and so [Cz(K), D] = 1. Hence, Cz(K) < Cz(D) < Cy%(S)
and by (iii), Cz(K) = 1. So, by (ii), Z = [Z, D] has order 4. O
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Lemma 7.6. Assume one of the following holds:

(CZ) Gng,GgCLLXOQ,GngXCQOTG§O4*D8.

(b) There are subgroups V, K of G such that G = K x V, K # 1 is cyclic of order

at most 4, V' is elementary abelian of order at most 2° and [V, K| # 1.
Then Aut(G) is a 2-group.

Proof. If G = Dg, GG has a characteristic subgroup that is cyclic of order 4 and there-
fore Aut(G) is a 2-group. In particular, if G = Cy x Dy, then the assertion holds, since
then Q(G) = Dg and |G : Q(G)| = 2. If G = Cy x C, then Aut(G) is a 2-group
because of 1 # ®(G) < Z(G) < G. Therefore, the assertion holds also in the case
G = Dg x Cy, since then (z € G : o(z) = 4) = C; x Cy. Hence, Aut(G) is a
2-group if (a) holds. Assume now G = K x V for subgroups K,V of G as in (b).
Note that [V, K] = [G, G] is characterstic in G and |[V, K]| = |V/Cy(K)|. Suppose
first |K| = 2. Then Z(G) = Cy(K) and [V, K] < Cy(K). This gives G = Dg or
G = Dg x Cy and we have shown already that then Aut(G) is a 2-group. Thus, we
may assume that |K'| = 4. Let s € K be of order 4. Then Q(G) = V(s?) has index 2
in G. If [V, s?] # 1 then Aut(Q2(G)) is a 2-group by what we have just shown. Thus,
we may assume [V, s?] = 1. Then [V, s] < Cy(s) and Z(G) = Cy(s)(s*). If |[V| =4
then [G,G] = [V, s] = Cy(s),s0 1 # [G,G] < Z(G) < QG) < G and Aut(G) is a
2-group. If |V| = 23 then |Cy(K)| = 4, |[G, G]| = |[V, K]| = 2, ®(G) = [G, G](s?)
has order 4 and Z(G) = Cy(K)(s?) has order 23. As |Q(G)| = 2* and |G| = 2°, this
shows that Aut(G) is a 2-group. O
Lemma 7.7. Suppose G = L3(4) or Spy(4). Let S € Syls(Aut(G)) and identify G

with its group of inner automorphisms. Let t € S\G be a field automorphism of G and

Cs(t) < P < S. Then Aut(P) is a 2-group.

Proof. LetQ € A(S). SetT := Ng(Q) and Z := Z(J(S)). By 6.8 and 6.10, we have
J(S) € Syl,(G), T = J(S)(t),

S/J(S)| = 4 and S = J(S)Cs(t). Furthermore,
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if G = L3(4), we may choose an involution s € Cg(t)\T such that [Z,s] = 1. If
G = Spy(4), S/J(S) is cyclic and we can pick s € Cs(t)\T such that s> = ¢. In both
cases, we set

W :=Cgq(t) and Zy :== Z N P.

Lemma 4.15 together with 6.7 and 6.9 gives the following property:

(1) Forevery xz € S\T, we have A(S) = {Q,Q*}, Z = QN Q" = [Q,Q"], and

every elementary abelian subgroup of J(S) is contained in @) or Q”.
By 6.7 and 6.9 we have also
@) 12(5)| = 2 and Z(5) = [W, W*].

In particular, if Q = (Q N P)Z then Q°* = (Q* N P)Z and Z = [Q,Q°] < P.
Hence, () < P andso S = (QQ°)Cs(t) < P, a contradiction. As |Q) : (WZ)| = 2,

this shows
B) PNQ=WZyand PNQ°* = W?*Z,.

Assume now the assertion is wrong. Pick a non-trivial element o € Aut(P) of odd

order. We show next
4) Cgs(t) < P.

Assume P = Cg(t). Then Q(Z(P)) < Cs(W) < T and, by (1), Q(Z(P)) N
J(S) < Cz(P) = Z(S). Hence, Q(Z(P)) = Z(S)(t). In particular, P/Q(Z(P)) =
Dgif G = L3(4),and P/Q(Z(P)) = DgxCyif G = Spy(4). Hence, Lemma 7.6 gives
[P,a] < Q(Z(P)). Moreover, by (2), |Z(S)| =2and Z(S) = [W,W?*] < P' < J(S),
so Z(S) = Q(Z(P)) N P'. Coprime action shows now [P, a] = 1, a contradiction.

Thus, (4) holds. We show next

(5) Cy(t) < Zo.
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If Zy = Cz(t) then (3), (4) and S = J(S)Cs(t) imply J(S) = (PN J(S))Q. Now
the module structure of () as described in 6.7 gives Z, > [W, P N J(S)] £ Cz(t), a
contradiction. Thus, (5) holds. Since Q(Z(P)) < Cs(W) < T, (5) gives in particular

that Q(Z(P)) < J(S). Hence, (1) implies Q(Z(P)) < C(P) = Z(S). So, by (2),
©) Q(Z(P)) = Z(9).
We show next
(7) Zoo # Z.

Assume Zyo = Z, and set P = P/Z,. Then m is elementary abelian of
order at most 2%, For G = Spy(4) we get [P,a] = 1 as an immediate consequence
of Lemma 7.6. For G = L3(4) note that, by (5), Cp(Zy) = (J(S) N P)(s) has
index 2 in P and, by Lemma 7.6, [C»(Zy),a] = 1. Hence, in both cases [P, o] = 1
and so coprime action gives [Zy, ] # 1. Now (6) yields G = Sp4(4). Therefore,

Cyz(t) = Z(QUP)) N Zy is a-invariant. Now, by (2) and (6), in the series

1 £ Z(8) = QZ(P)) < Cy(t) < C(t)[Zo, P) < Z

every factor has order at most 2. Hence, [Zy, o] = 1, a contradiction. This shows (7).

We prove next
(8) T = J(S)(Z()OZ) and [ZO, Z()CY] 7£ 1.

Note that Zy« is an elementary abelian normal subgroup of P. Hence, by (1),
(Zoa) N J(S) < Zy and so, by (7), Zpa £ J(S). Moreover, [P N Q, Zpa] < J(S)N
(Zoo) < Zy < PN Q and so, again by (1), Zopow < T as Q@ N P £ Z. This shows

T = J(S)(Zya) and (8) follows from (5).
Set now P* := P if G = L3(4), and P* := Q(P) if G = Sp,(4). We show next
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Set U := Cp«(Zy) and observe that | P* : U| = 2. Hence, also | P* : (U«a))| = 2 and

’

|(P*NJ(S)) : (J(S)N(Uw))| < 2. By 6.8 and 6.10, we have |Cy(s)(u)| < [Cys)(t)

for every involution v € T\ J(S). Hence, by (8), |J(S) N (Uc)| < |Cys)(t)]. Now

(9) follows from (5). We show next
(10) G = Spy(4).

Assume G = L3(4). Then, by (9), P = Cs(t)Z. By (2) and (6), [Z(S),a] = 1.
Observe

P:=P/Z(S) = (W,3) x (f) x Z = Dg x Cy x Cy,

D :=(Z,t) = Dg,and Z(P) = P'D = Cy x Cy x Cy. So P'D is characteristic in P.
Furthermore, by (2), Z(S) = [W, W?#] < P’, and so we have P’ = Cy, DN P’ = Z(S)
and P'D = O, x Dg. Hence, by Lemma 7.6, [P'D, o] = 1. Moreover, P'D = Z(P)
has index 2 in

(xeP:o(xr)=4)=Cy x Cy x Cy

and hence, [P, o] = 1. This shows (10). We show next

Note that, by (1) and (8), Zy N (Zpar) = (Zoar) N J(S) < Cz(Zpa) = Cz(t) and
|Z0/(Zo N (Zoar))| = 2. Hence, by (5), Zy N (Zpa) = Cz(t). The same holds with
o? in place of a, s0 Zy N (Zpa?) = Cy(t). Hence, Cyz(t) < (Zoa) N (Zpa?) and, as

Cz(t)] = |(Zocr) N (Zoc?)

, we have Cz(t) = (Zoa) N (Zpa?) = (Zy N (Zpa))aw =

Cyz(t)c. This shows (11).

We now derive the final contradiction. Set P := P/Cy(t). If \PWS )| < 23,

~

then by Lemma 7.6, Aut(P) is a 2-group and (11) implies [P, o] = 1, a contradiction.
Therefore, ]PﬁS)\ > 2% and so, by (9), (PN J(5))Q = J(S). Hence, [W, PN
J(S)] £ Cy(t) and, again by (9), Zy = (P' N Z)Cyx(t). As P' < J(S) it follows from

(1) that Q(Z(P')) = Z N P’. Now (11) yields a contradiction to (7). O
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Lemma 7.8. Assume Hypothesis 7.1. Then |Q| < ¢>.

Proof. By Hypothesis 7.1(iii), we can choose t € Ng(T)\T such that t> € T, and
have then U := Co(M)NCqy(M)"' = 1. So, as Q/Cq(M) is a natural S L (q)-module

for M/Q,
|Co(M)| = |Co(M)'/U| = |Co(M)'Cq(M)/Cq(M)| < |Z(J(T))/Co(M)| < q
and [Q] < ¢’ O

In the next proof and throughout this chapter we will use the well-known and el-
ementary to check fact that a 2-group S is dihedral or semidihedral if it contains a

subgroup V such that V' = Cy x Cy and Cg(V) < V.

Lemma 7.9. Assume Hypothesis 7.1 and T = J(T'). Let |Q| > 4 and let P €

F\{T} U Q7) be essential in F. Then the following hold.

(a) P LT and PNT is not A(P)-invariant.
(b) P is not elementary abelian.
(c) If Z(S) is A(P)-invariant then Z(T) < P.

Proof. Recall that by Lemma 4.16, |S : T| = 2. Assume P N 7T is A(P)-invariant.
If P < T then, as P is centric, Z(T) < P. Lett € S\T. Since P is centric and
P ¢ @7, wehave P £ Q and P £ Q'. So by Lemma 4.15, Q(Z(P)) < Co(P) =
Cot(P) = Z(T). Thus, Z(T) = Q(Z(P)) is A(P)-invariant. If P £ T then, again
by Lemma 4.15, Q(Z(P N T)) = Z(T) N P. So in any case, Z(T) N P is A(P)-
invariant. Thus, for X = (Ta")), [P, X] < PNT,[PNT,X| < Z(T)N P and
[Z(T)N P, X] = 1. Hence, X is a normal 2-subgroup of A(P). Since P is essential,

this yields 7p < X < Inn(P)and T' < P, a contradiction to P # T'. This shows (a).

For the proof of (c) assume that Z(S) is A(P)-invariant. Observe that S acts

quadratically on Z(T') and so [Z(T'), P] < Z(S). Hence, we have [P, X] < Z(S)
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and [Z(5), X] = 1, for X := (Z(T)p™*")). Therefore, X is a normal 2-subgroup of

A(P) and, as P is essential, we get X < Inn(P)and Z(T) < P. This shows (c).

Assume now P is elementary abelian. Since |Q)| > 4, S is not dihedral or semidi-

hedral and hence,
(1) |P|> 4.

By Lemma 4.15 and (a), PNT = Z(S). Hence,
() |P/Cp(Sp)| = |P/Z(S)] =2.

Moreover, by Hypothesis 7.1(iii), P N Co(M) = 1. Thus, |P NT| < ¢ and so

|P| < 2-q. In particular, by (1),
3) q>2.

Since P is essential, A(P) has a strongly p-embedded subgroup. So there exists
¢ € A(P) such that Sp N Spe* = 1. Set L = (Sp, Sp¢*). Then, by (2), P :=
P/Cp(L) has order 4 and L/C},(P) = Ss. Observe that C,(P) is a normal 2-subgroup
of L and thus contained in Sp N Spe* = 1. Hence, L = S3 and |Ng(P) : P| =
|Sp| = 2. As S acts quadratically on Z(T'), we have Z(T) < Ng(P). Therefore,
1Z2(1)/2(9)] = |2(T)/Z(T) N P| < 2. If Z(T) = Z(5) then ¢ = |Crz(5)(5)] <
INr(P)/Z(S)| < 2, acontradiction to (3). Hence, |Z(T")/Z(S)| = 2 and, by (3), G =
G(T) fulfils the Hypothesis of Lemma 7.5. Hence, Lemma 7.5 yields ¢ < |Z(T')| = 4.

Thus, | Z(S)| = 2 and (2) yields a contradiction to (1). This shows (b). O

7.2 The case g =2

Throughout this section assume Hypothesis 7.1 and ¢ = 2. Note that 7'/ embeds
into Aut(M/Q) = Aut(SLy(q)) and, by Lemma 4.15, J(T') € Syla(M). Therefore,
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Lemma 7.10. Assume |QQ| = 4 and let P be essential in F. If P is not a fours group,

then P is quaternion of order 8, A(P) = Aut(P), and S is semidihedral of order 16.

Proof. Tt follows from |@)| = 4 that S is dihedral or semidihedral. Let X < S be cyclic
of index 2. As Aut(P) is not a 2-group, P £ X and P N X is not characteristic in
P. Assume now P is not a fours group. Then |P N X| = 4, S is semidihedral, P is
quaternion of order 8, Z(P) = Z(S) and A(P) = Aut(P) = Sy. In particular, Nz(P)
is a subsystem of N’ := Nx(Z(S)) and P is essential in A/. By Hypothesis 7.1,
N is constrained and so Z(S) < O,(N). Now it follows from Lemma 2.37 that

P = O,(N). In particular, P is normal in S and thus S has order 16. [

Lemma 7.11. Assume || = 4. Then there exists a finite group G such that S €

Syl,(G), F = Fs(G) and one of the following holds.
(a) S isdihedral and G = PG Ly(r) or Lo(r) for an odd prime power r.

(b) S is semidihedral and, for some odd prime power r, G is an extension of Ly(r?)

by an automorphism of order 2.
(c) S is semidihedral or order 16 and G = L3(3).

Proof. Recall that S is dihedral or semidihedral. Note that A(S) = Inn(S) since
S has no automorphisms of odd order. By Lemma 7.10, A(P) = Aut(P) for every
essential subgroup P of F, and either every essential subgroup of F is a fours group,
or S is semidihedral of order 16 and the only essential subgroup of S that is not a fours
group is the quaternion subgroup of S of order 8. If S is dihedral then there are two
conjugacy classes of subgroups of S that are fours groups, and they are conjugate under
Aut(S). By Remark 2.39, if F has only one conjugacy class of essential subgroups
then F is isomorphic to the 2-fusion system of PG Ly(r), and if F has two conjugacy
classes of essential subgroups then F is isomorphic to the 2-fusion system of Ly(r), in

both cases for some odd prime power r. Let now S be semidihedral. Then S has only
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one conjugacy class of fours groups. Recall that there is always an odd prime power
r and an extension H of Ly(r?) by an automorphism of order 2 that has semidihedral
Sylow 2-subgroups of order |S|. If the fours groups are the only essential subgroups
in F then it follows from Remark 2.39 that F is isomorphic to the 2-fusion system of
H. Otherwise, it follows from the above and Remark 2.39 that F is isomorphic to the

2-fusion system of L3(3). O]
Lemma 7.12. Assume |Q)| > 4.
(a) Q=8 M =G(Q) =S, xCyand Z(S) = (T) < [Q, M].

(b) Let uw € [Q,MN\Z(S) and 1 # ¢ € Co(M). Then there exists an element
y € S\T of order 8 such that y* = y=', y° = y> and S = (c,t) x (y). In

particular, S is uniquely determined up to isomorphism.

Proof. 1t follows from Lemma 7.8 that || = 8. Hence, M = G(Q) = Sy x Cs.
In particular, 7" = Dg x C5 and so |®(7")| = 2. Now Hypothesis 7.1(iii) implies

Z(S) = ®(T). In particular, Z(S) < [@Q, M]. This shows (a).

Recall that by Lemma 4.16,

S:T| =2 SetS = S/Z(T)and C = Co(M).
Note that T is elementary abelian, and S is non-abelian, since Q is not normal in S. In
particular, there exists an element y € S\T such that 7 has order 4. Then y* € Z(T),
and S = T(y) implies y* € Z(S). If y* = 1 then y* € T is an involution and,
by Lemma 4.15, y* = (y*)Y € Q N QY = Z(T), so g has order 2, a contradiction.

Therefore, y* is an involution and y has order 8.

Since Z(T) is normal in S and [Z(T),y% = 1, y acts quadratically on Z(T).
Hence, [C,y] < [Z(T),y] < Czr)(y) = Z(S) = (y*), so (y) is normalized by C. By
Hypothesis 7.1(ii), [C,y] # 1. Now [y*, C] = 1 implies y* = y5. Set N := (y)C.

Observe that (y) and (yc) are the only cyclic subgroups of N of order 8. Moreover,
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|S: N| =2andso N is normal in S. Hence, u acts on N and either normalizes (y) or

swaps (y) and (yc).

Assume first y* € (yc) = (y?) U (y*)yc. Since y* & T, y* = y'c for some
i €{1,3,5,7} Theny? # (y°)" = (y)* = (y'c)* = y'(y')* = y'(y°)" = y'y” = ¢*
implies i € {1,5}. Hence, [y,u] = y~'y* € (y*) = Z(S) < Q and Q is normalized
by y, a contradiction. Thus, (y) is normal in S and S is the semidirect product of (c, u)
and (y). Since [y?,u] # 1, y* € {y~, 32}, If y* = ¢ then (yc)* = y3c = (yc) ! and
(ye) = y°c = (yy°)*yc = (yy°)*yc = (yc)®, so we may in this case replace y by yc

and assume y* = y~'. This shows (b). O

Lemma 7.13. Assume |()| > 4. Then there exists a finite group G such that S €

Syl,(G), F = Fs(G) and G = Aut(Ag) or Aut(Ls(3)).

Proof. Let G be a finite group isomorphic to Aut(Ag) or Ly(3), S € Syly(G), Q €
A(S) and F = F4(G). Then by the structure of G, Q is essential in F and M :=
Ng(Q) = Cy x Sy. By Lemma 7.12, there is a group isomorphism « : S — S such
that Qa = Q and [Q, M]a = [Q, M]. This implies a ' A(Q)a = Aut 2(Qa).

Assume first G = Aut(Ag) and observe that Q7 is the only essential class in F.

Therefore, if Q7 is the only essential class in F, then it follows from Remark 2.39 that

~

FF

Therefore, we may assume from now on that there is an essential subgroup P &€
F\Q”. It follows from Lemma 7.9 that P £ T and P is not elementary abelian. We

show first
() Z(S) =Q(Z(P)).

If Q(Z(P)) < T then (1) follows from PT = S and Lemma 4.15. Thus, we may

assume that Q(Z(P)) £ T. As P is not elementary abelian, P N7 £ Z(5). Since
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QNP < Co(UZ(P))) = Z(S), we have |PNT| = 4 and P is dihedral of order 8.

Then A(P) is 2-group contradicting P being essential. This shows (1). Now by 7.9(c),
(2) Z(T)<P.

We show next
3) PNnT=][S,S]Z(T).

Since A(P) is not a 2-group, P is not dihedral of order 8 and so PNT # Z(T).
If R < P for some R € A(T), then P = S, a contradiction. Hence, |P N T'| = 8 and

there is an element of order 4 in P NT". Now (3) follows from the structure of S.
4) P=[S,S)Z(T)t:teS\T, t'=1)

By Lemma 7.9(a), P N T is not A(P)-invariant. So, as the elements in P N7 have
order at most 4, there is an element ¢ € P\T of order at most4. As |P/(PNT)| = 2 we
have P = (P N T)(t). Note that, by Lemma 4.15, > € Z(T). Now for S = S/Z(T),

every involution in S\T is contained in C(t)f = [S, S]t. Now (4) follows from (3).
(5) P =QgxCy, A(P)=O*(Aut(P))Sp and A(P)/Inn(P) = Ss.

Let € P\T of order at most 4. Then Z(T')(x) is dihedral of order 8 and so we
may assume o(x) = 4. Then, by Lemma 4.15, (x?) = Z(S) and z acts as an involution
onT. Fora € Q\Z(T) and z € Z(T)\Z(S), we have 1 # [a®,a] = [a%,a|™t =
la,a”] = [a®,a]* € Cyry(x) = Z(S)and 1 # [z,2] < [Z(T),x] = Z(S). Therefore,
[a®,a] = [z, 2] and thus y := aa”z € Cr(x). Now o(yz) = 4, (y2)? € ®(T) = Z(9)
and 1 # [yz,z] € Z(S). Hence, (z,yz) = Qg and P = (x,yz)(y) = Qs * Cj.
In particular, Aut(P)/Inn(P) = S3 x Cy and, as A(P)/Inn(P) has a strongly 2-

embedded subgroup, (5) follows.

Let now G, S, Q, F and « be as above and assume G = Aut(Ls(3)). Then

~

P =2Z(J(9))[S,S](t:t e S\J(S), t'=1) = Qs % C4
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is essential in F, Aut f(fD) — O%*(Aut(P))Sp, and P is the only essential subgroup of
FinF \Qf . It follows from (4) that P is the only essential subgroup of F in F\Q”,
and that Pa = P. By (5), a ' A(P)a = Aut #(Pa) and so by Remark 2.39,  is an

isomorphism from F to F. This shows the assertion. [

7.3 Thecaseq > 4

Throughout this section assume Hypothesis 7.1 and g > 4.
Set G1 = G(J(T)), G2 = G(Q), M = J(Gg) and fo = <N_7:(J<T)), N]:(Q))

We will use from now on without reference that, by Lemma 4.16(b),(c), J(S) =
J(T) € Syly(M) and |S/T| = 2. In particular, Nx(.J(T')) is parabolic, so by Hypoth-
esis 7.1, Nx(J(T)) is constrained and G, is well-defined. Moreover, F is a fusion

system on S, and S € Syls(Gy).

Lemma 7.14. There is an isomorphism ¢ from Ng,(Q) to Ng,(J(T)) such that ¢ is
the identity on T. If X = G % Ne, (Q) G, is the free amalgamated product with respect

to A= (Gl, GQ, NG1 (Q),Zd, ¢), then fg = fs(X)

Proof. Observe that

N = Fr(New(@)) = Napae (Q) = Nupio(J(T)) = Fr(Ney (J(T))).

Also note that, as () is fully normalized in F, @ is fully normalized in Nx(J(T)), so
N is saturated. Moreover, J(T) is a normal 2-subgroup of both Ng, (Q)) and Ng, (7).
It follows from the structure of G5 as described in Hypothesis 7.1 that O,(G2) =
Q < J(T), so Ng,(J(T')) has characteristic 2, since G has characteristic 2. Let
x € Cq (J(T)) be of odd order. As |S : T| = 2 and T'/J(T) is cyclic, we have
[02(Gh), 2] = [02(Gh), z, 2] < [J(T)NO2(Gr), x] = 1. Hence, x < Cg, (02(G1)) <

O3(Gy) and z = 1. So Cg, (J(T)) < O,(G1), and N¢, (Q) has characteristic 2, since
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(31 has characteristic 2. Therefore, Ng, (@) and Ng,(J(T')) are models for /. Hence,
by Theorem 2.29, there exists an isomorphism ¢ between these two groups that is the

identity on 7". Now the assertion follows from Theorem 6.2 and the definitions of GG,

G2 and Fo. ]

Lemma 7.15. There exists a finite group G with S € Syls(G) such that Fy = Fs(G)

and F*(G) = Ls(q) or Sp4(q)-

Proof. Let X be as in Lemma 7.14. Observe that F, = Fg(X), for every free normal

subgroup N of X and X = X/N. Now the assertion follows from Theorem 6.3.  []
Lemma 7.16. T'= J(T) = J(95).

Proof. Set Z := Z(J(95)) and let G be a finite group such that S € Syls(G), Fy =
Fs(G) and F*(G) = Ls(q) or Sps(q). Note that G exists by Lemma 7.15. Assume
the assertion is wrong. Then, by 6.8 and 6.10 we may choose gy € N such that ¢ = ¢2.

By 6.7, 6.8, 6.9, 6.10 and Lemma 4.15, the following properties hold:

(1) J(S)=J(T) € Sylo(F*(G)), and Ng(P) =T for all P € A(S).

2) A(S)=1{Q,Q*}and QN Q* = Z forall z € S\T.

(3) Every elementary abelian subgroup of .J(7") is contained in an element of A(SS).

If F*(G) = Ls(q) then, by 6.8, we can choose an involution ¢ € T\ J(7") such that
S = Cs(t)J(T) and Cp+(y(t) = Ls(qo). If F*(G) = Spa(q) then, by 6.10, we can
choose s € S\T and an involution ¢t € T\ J(S) such that S = J(S)(s), J(S)N(s) =1,

t € (s) and Cp()(t) = Spa(qo). In both cases, set
W .= CQ(i), L= Opl(NF*(G)<W> N C]m(g)(lf)) and L* := L(Cs<t) N Ns(W))

By 6.7, 6.8, 6.9 and 6.10 (also applied with g, in place of ¢), the following properties

hold:
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4) L/W = 5Ly(q), and W/Cy (L) is a natural SLy(qo)-module for L/

(5) Cs(W)NCs(t) = W(t) and L*/Cr«(IW) embeds into the automorphism group
of

LCL(W)/Cpe(W) 2 L)W = SLy(qo).

In particular, Oy (L*/Cp«(W)) = 1.

©) Z(S)NCw(L)=1.

(7) |Ca(x)| < |W]|forevery A € A(T) and every x € T\ J(T).

(8) For every involution u € T\ J(T') we have |Cjr)(u)| < |Cyr)(t)].

Let R € A(T)\{Q} and set W := Cj(t). Note that the situation is symmetric in Q
and R. Moreover, Cys)(t) = WW and A(Cys)(t)) = {W, W}. Hence, Lemma 4.14,

together with 6.7 and 6.9 (applied with ¢ in place of ¢), gives

©) [W/WAW|=|W/WnW|=q WnW =Cw(W)=Cw(a) = Cyi(W) =
Cii (b) foralla € W\W, b e W\W.

We show next
(10) (t) is not fully centralized.

Assume (10) is wrong. Then by Hypothesis 7.1(iv), C := Cz((t)) is constrained.
Set C':= 05(C) and F' := Ng(W). Observe that every element of Autq(1V') extends
to an element of Autc(W F') and hence, by Lemma 2.17(a), (W F)y is normal in
Aute(W). In particular, (W F)y is normal in Auty«(W) = L*/Cp«(W). So, by (5),
CNT < F < Cs(W)NCs(t) = (t)Wand CNT = (t)(WNC). Since the situation is
symmetric in Q and R, we get also C N'T = (t)(W N C) and thus, (W N C)Cyy (L) <
W. Hence, as W/Cy (L) is an irreducible L-module, W N C' < Cy (L). Therefore,

since C is constrained, Z(S) < Cy (C) < W N C < Cw (L), a contradiction to (6).

76



This proves (10). In particular, by Lemma 2.38, Cs(%) is contained in an essential

subgroup of 7. Now Lemma 7.7 give
(11) ¢ > 4.

In particular, ¢; > 2 and hence, 6.7 and 6.9 (applied with gy in place of ¢) give
(12) [W,W]=WnWw.

By Lemma 2.18, we can choose ¢ € Morz(Cs(t), S) such that (t¢) is fully cen-
tralized. We set

Wy = W{t) and W, := W (t).

Note that W7 and W1 are elementary abelian. We show next
(13) [Wig/ Wi N J(T)| < 2and Wi/ Wy N J(T)| < 2.

If F*(G) = Spa(q) then S/J(T) is cyclic and hence (13) holds, as W;¢ is ele-
mentary abelian. Thus, we may assume F*(G) = L3(q) and |[Wy¢/ Wi N J(T)| = 4.
Then, as T'/J(T) is cyclic, t € J(T)(W1¢p NT) and W1¢ £ T .Hence, by (2) and (3),
we have Wy¢ N J(T) < Cy(t) = WNW. Therefore, 2- g2 = |Wip| < 4-|[WNW| =
4 - qo and gy < 2, a contradiction to (11). As the situation is symmetric in W and W,

this shows (13).
(14) Wio¢ <Tand Wy <T.

Assume Wi¢ £ T. Then, by Lemma 4.15, W¢ N J(T) < Z(J(T)) and so [W¢p N
J(T), Won J(T)] = 1. Now (9) and (13) yield gy = 2, a contradiction to (11). As the

situation is symmetric in W and W, this shows (14).
(15) tp € Z(J(T)).

By (14), t¢ € T. Hence, as S = J(T')Cs(t) and t¢ is fully centralized, it follows

from (8) and (10) that t¢ € J(T'). Suppose now (15) is wrong. Then (2) and (3)
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imply t¢p € P\Z(J(T)) for some P € A(T) and Cg(tp) = Cr(t¢). Moreover, by

Lemma 4.11(b), C1(t¢) = P. Hence, by (13), |W¢/W¢N P| < 2 and |W¢/W¢ﬂ

P| < 2. As [WoNP, W éNP] = 1, it follows now from (9) that gy = 2, a contradiction

to (11). Hence, (15) holds.
(16) W¢ < J(T)and W¢ < J(T).

By (14), W¢ < T. By (9),(11) and (13), [WoNJ(T), Weon J(T)] # 1. So, by (3),
there are Py, P, € A(T) such that P, # P,, Wo N J(T) < P, and ng NJ(T) < P,.
As, by (12), WopNW¢ = [Weo, W] < J(T), this implies WopNW¢o < PLNPy = Z.
Assume W¢ £ J(T). Thent € (W¢)J(T) and, by (15), (t6)(WoNWe) < Cy(t) =
wWn W, a contradiction. Hence, W ¢ < J(T') and, as the situation is symmetric in W/

and W, property (16) holds.
(17) Let Wi < B € A(T). Then W;¢ is fully centralized and Cs(W;¢) = B.

By Lemma 2.18, we can choose ¢ € Morz(Ng(W;¢),.5) such that W, = Wi
is fully normalized. Note B < Cg(Wi¢) and Wi < By € A(S) = A(T) and,
by (1), T = Ng(By). Let F := Cs(W,) N Ng(By). Then W, < Cp,(F) and so
|Cpy(F)| > |[Wi| > |W]|. Thus, by (7), F < T. Assume now Bty < F. Then
Wy < Wy < Cpy(F) = Z. Note that (W@)B < Ng(W;¢) and, by (1) and
(14), W¢ < T = Ng(B). Hence, we have W¢np < Ng(Bt) = T. In particular,

(W) /(Wenp) N J(T))| < 2. As Wy < Z, this yields

W /Cyiy (W)| = (W) /Clir s (W) < 2,

a contradiction to (9) and (11). This shows F' = B1). Thus, C’S(Wl) = B and (17)

holds.

We now derive the final contradiction. Set Ly := Aut;(W;). Then [¢, L1] = 1,

L1 S A(Wl) and, by (4), L1 = SLQ((]()) So L2 = ngb* = SLQ((]0> and [t¢, LQ] =1.
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By (15), (16) and (3), there are B, B € A(T) such that Wy¢ < B and Wi¢ < B. Set
E = O" (Autp-()(B)) and E = Op'(AutF*(G)(B)). Note that B # B and B, B are
conjugate to Q. Hence, it follows from Hypothesis 7.1(iii) that C(E) N Cx(F) = 1.

In particular, either t¢p £ Cp(E) or t¢ £ Cps(E). As the situation is symmetric in W

and W, we may assume
to & Cp(FE).
By (17), Wi ¢ is fully centralized and Cs(WW;¢) = B. Hence, by the saturation prop-

erties, every element of L, extends to an element of A(B). So, for

X :={¢ € A(B) : dwrp,wi¢ € La},

we have X/Cx(W1¢) = Ly = SLy(qp) and [tp, X] = 1. Note that £ = SLy(q),
and B/Cp(FE) is a natural SLs(q)-module for E. As B is conjugate to () in S, by
Hypothesis 7.1, E is a normal subgroup of A(B) and Sp embeds into Aut(F). By
Lemma 4.11(e), every element of £ of odd order acts fixed point freely on B/Cp(E).
Therefore, as [t¢, X] = 1and t¢ ¢ Cp(E), XNE is anormal p-subgroup of X. Hence,
as O,(SLa(qo)) = 1, we have X N E < Cx(W,¢). Since Sp embeds into Aut(E),
A(B)/FE has cyclic Sylow 2-subgroups. In particular, X/Cx (W;¢) = SLs(qo) has

cyclic Sylow 2-subgroups. This gives gy = 2, a contradiction to (11). [

Lemma 7.17. There is a finite group G such that S € Syl,(G), Fy = Fs(Q),
F*(G) = Ls(q) or Spa(q),

thermore, if F*(G) = Sp4(q) then q = 2° where e € N is odd.

O*(G) : F*(Q)| is odd and |G : O*(G)| = 2. Fur-

Proof. This is a consequence of 6.8, 6.10, Lemma 7.15 and Lemma 7.16. O]
Lemma 7.18. Let F # Fo. Then q = |Z(T)| = 4.

Proof. We will use throughout the proof that, by Lemma 7.16, 7' = J(T'). Recall also
that, by Lemma 4.16, |S/T| = 2. Set Z := Z(T') and assume |Z| > 4. As F # Fy

it follows from Theorem 2.36 that there is an essential subgroup P of F such that
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P ¢ {T} U Q”. Recall that, by Lemma 7.9(a), P £ T and there is t € P\T such that
t¢ € T for some ¢ € A(P). By Corollary 7.4, applied to G(Z)/Z in place of G, we

have

(1) T is strongly closed in Ng(Z).
We show next

Q) Z + Z(9).

For the proof assume Z = Z(S). If Q(Z(P)) £ T then Lemma 4.16(d) implies
PNT = Zand P is elementary abelian, a contradiction to Lemma 7.9(b). Hence, by
Lemma 4.15, Q(Z(P)) = Z(S), so Z = Z(S) is A(P)-invariant. This is a contradic-

tion to Lemma 7.9(a) and (1), so (2) holds. We show next
(3) [Z2/Z(5)] > 2.

Assume (3) is wrong, then by (2), |Z/Z(S)| = 2. Hence, Lemma 7.5, applied with

G(T) in place of G, yields | Z| = 4. As this contradicts our assumption, (3) holds.

Recall that by Lemma 7.9(b), P is not elementary abelian, and therefore Fy :=
Q(Copy(P)) # 1. Observe that ®(P) < T and, by Lemma 4.15, By < Z(S), so

Nx(P) is parabolic and by assumption constrained. Thus, we may set
G = G(Po)

As Py is characteristic in P, A(P) < Nx(Fy) = Fs(G). Hence, there is g € G such
that t € T9. Thus, by Lemma 7.3, there exists h € G such that Z(t) < T". By
Lemma 4.15, there is B € A(S") such that Z < B. Observe that t € T" = Ngu(B)
and B(t) < Ng(Z). In particular, there is z € N (Z) such that B(t) < S*. Then

t € Ng=(B) = T", a contradiction to (1). This shows the assertion.
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Lemma 7.19. Let F # Fo. Then F = Fs(G) for a group G with G = J3 and

S € Syly(G).
Proof. We will use frequently that, by Lemma 7.16, T' = J(T') € Syl,(M). Set
7 :=Z(T), R:=15,S]and S := S/Z.

By Lemma 7.18 we have ¢ = |Z| = 4. It follows from Theorem 2.36 that there is
an essential subgroup P of F such that P # T and P ¢ Q7 U {T'}. Recall that by
Lemma 7.9(a), P £ T. Lett € P\T of minimal order. We will use frequently that,
by Lemma 4.15, A(T) = {Q, Q'}, every involution in 7" is contained in ) or @, and

Z = QN Q" We show first
(1) Z(9)is A(P)-invariant.

If Q(Z(P)) < T then Q(Z(P)) = Z(S). Thus we may assume (Z(P)) £ T.
If Z = Z(S) then, by Lemma 4.16(d), Cr(z) = Z(S) for every involution z € S\T.
Hence, PNT = Cr(QUZ(P))) = Z(S) and P is elementary abelian, contradict-
ing Lemma 7.9(b). Thus, Z # Z(S) and |Z(S)| = 2. As P is not elementary
abelian and P = (P NT)Q(Z(P)), we have 1 # ®(P) = &(PNT) < &(T) N
C(2Z(P))) = Cz(2Z(P))) = Z(S). Hence, Z(S) = ®(P) and (1) holds. Hence,

by Lemma 7.9(c), we have
2) Z<P.

Set now
Ry = O,(N#(2)).

We show next
3) |(RoNT)/Z| =40rT < Ry.

Assume 7' £ Ry. As Nx(Z) is by assumption constrained, we have then Z < R,.

So, if Z = RyNT then Ry £ T and [Q, S] < [T, TRy < [I,T)(RoNT) = Z, a

81



contradiction to () not being normal in S. Hence, 7 < Ry N T and (3) follows from

Ry NT being A(T)-invariant.
@) |S:P|>2.

Assume |S: P| = 2. Then |T : (TNP)| =2. AsT = (QF) £ P,wehave Q £ P

and so |@ N P| = 8. Observe now
J(PNT)=({(QNP),(QNP)).

Assume first J(P) £ T. Let A € A(P) suchthat A £ T. Then 8 = |Q N P| <
|A] = 2-|ANT| and by Lemma 4.15, ANT < Z(S). Hence, |Z(S)| > 4 and
Z(S) = Z. So, by (1), [Z,0%(A(P))] = 1. Moreover, .J(P) is dihedral of order
8, s0 [J(P), 0*(A(P))] = 1. As |P/J(P)| = 2, it follows [P, O*(O% (A(P)))] = 1
and A(P) is 2-closed, contradicting P being essential. Hence, J(P) = J(PNT).
Then Z = Z(J(P)) is A(P)-invariant. In particular, P is essential in Nz(Z). So, by
Lemma 2.37, Ry < P and R, is A(P)-invariant. Observe that RyNT is A(7")-invariant
and J(P) = {((Q N P),(Q N P)*) is not. Hence, by (3), PNT = (RyNT)J(P). As,
by Lemma 7.9(a), P N T is not A(P)-invariant, it follows Ry £ T. Hence, every
element of A(T") extends to an element of A(S). In particular, there is D < N4(s)(T)
such that D = (5 and Cp(D) = 1. Then D is irreducible on Z and so Z = Z(S5).
Moreover, Ry = [Ro, D|Cg,(D) = (Ro N T)Cg,(D) and |Cg,(D)| = 2. Hence,

ZCgry(D) € A(P) and J(P) £ T, a contradiction as above. This shows (4).
(5) Zisnot A(P)-invariant and Z # Z(S5).

Assume Z is A(P)-invariant. Then P is essential in N(Z). So by Lemma 2.37,
Ry < P and Ry is A(P)-invariant. Now by (3) and (4), PNT = RyNT. By
Lemma 7.9(a), P N T is not A(P)-invariant, so Ry = P £ S. Therefore, every

element of A(T') extends to an element of A(S) and C=7(S) # 1 is A(T)-invariant.
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Hence, as A(T) is irreducible on Ry N'T we have [PNT,S] = [RyNT,S] = 1. So
P is abelian and |P/C5(Sp)| < 2. As P is essential we may choose ¢ € A(P) such
that Sp N Sp¢* = Inn(P). SetY := (Sp,Sp¢*). Then P = P/C5(Y) has order
4and Y/C = S; for C = Cy(P). Since Z is A(P)-invariant, it follows from (1)
and [Z,S] < Z(S) that [Z,0P(Y)] = 1. Hence, [P,OP(C)] = 1 and C' is a normal
2-subgroup of Y. Thus, C' < Sp N Sf_f, = Inn(P) and, as P = Ry is normal in S, we
get |S/P| = |Sp/Inn(P)| = 2, a contradiction to (4). Hence, Z is not A(P)-invariant

and (5) follows from (1). We show next
6) R=PnNT.

Set Ry = O,(Nx(Z(S))). By (1) and Lemma 2.37, Ry < P and R, is A(P)-
invariant. If R; < T then by (5) and Lemma 7.9(a), Z < Ry < PNT. So, by (4),
|R_1| = 2. Since R, is normal in S it follows that R, is not elementary abelian. Hence,
Q(R;) = Z, a contradiction to (5). Therefore, Ry £ T. Thus, R < [T, R1]Z < R Z

and, by (2), R < P. Now (6) follows from (4).

(7) tis an involution, P = R(t) = R{(z : 2 € S\T,z* = 1), and the essential

subgroups of F are , Q', T and P.

Observe that every element in 7" has order at most 4. By Lemma 7.9(a), P N'T
is not A(P)-invariant, and so there is an element = in P\T of order at most 4. Then
x? has order at most 2 and is centralized by x € S\T. Hence, 2* € Z and (Z, z)
has order 8. By (5), (Z, =) is non-abelian and thus dihedral. Hence, by (2) there is an
involution in P\T. Since ¢ has minimal order, ¢ is then an involution as well. Hence,
the involutions in S\T are the elements in C(t)f = RE. Thus, by (6), every involution

in S\T is contained in P and (7) holds.

(8) P = Qg * Ds, A(P)/Inn(P) = As and A(P) = O"(Aut(P)).
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By (7), t is an involution and P = R(t). By (5), Z(t) is dihedral of order 8. An

elementary calculation shows
Cr(t) = (g¢'z : g € Q\Z, z € Z\Z(S))Z(5) = Qs

and R = PNT = Cp(t)Z. Hence, P = Cr(t)(Z(t)). As Cr(t)N(Z(t)) = Z(S), this
shows P = Qg * Dg. In particular, Aut(P)/Inn(P) = Ss and P/Z(P) is a natural Ss-
module for Aut(P)/Inn(P). Since, by (7), Sp/Inn(P) = S/P = Cy x Cy, a Sylow
p-subgroup of A(P)/Inn(P) is a fours group. As A(P)/Inn(P) has a strongly 2-
embedded subgroup, this implies A(P)/Inn(P) = As; and A(P) = OP(Aut(P)).

Hence, (8) holds. We show next:

(9) Fo is isomorphic to the 2-fusion system of the extension of PG L3(4) by the

automorphism that is the product of the contragredient and the field automorphism.

Recall that by Lemma 7.18, ¢ = 4. By (8), we have in particular that P7 = { P},
so P is fully normalized. Moreover, there is an element of order 3 in N4(p) (Sp), which
by Lemma 2.17(b) extends to an element of A(S). Since J(S) = T, it follows from
Lemma 4.15(b) that every element of A(S) of odd order normalizes (). Hence, there is
an automorphism of () of order 3 which centralizes Z(.5). Therefore, A(Q) = G Ly (4).

Now Lemma 7.17, (5) and the structure of Aut(L3(4)) imply (9).

We now are able to prove the assertion. Let G = Jy and S € Sylo(G). Set
F = F4(G). Let Q € A(S), T = Ng(Q) and Fy = (Nz(Q), N4(T)). From the
structure of J3 we will use that Hypothesis 7.1 is fulfilled with (]:" .S, Q) in place of
(F,S,Q), and that there is an essential subgroup P € F with P ¢ Q% U {T}. In
particular, the properties we have shown for F hold for F accordingly. So by (9), we
have Fy & Fy, i.e. there is a group isomorphism « : S — S which is an isomorphism

of fusion systems from J; to Fo. By (8), P is the only essential subgroup of F in

F\(QF U{T}), P is the only essential subgroup of F in F\(Q7 U {T}), Pa = P
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and Autﬁ(f)) = a 'A(P)a. Now by Remark 2.39, « is also an isomorphism from F

to F. This shows the assertion. L]

Proof of Theorem 7.2. The assertion follows from Lemma 7.11, Lemma 7.13,

Lemma 7.17 and Lemma 7.19.
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Chapter 8

Existence of Thompson-restricted
Subgroups

Throughout this chapter assume the following hypothesis.
Hypothesis 8.1. Let F be a saturated fusion system on a finite p-group S. Set
7 = Q(Z(9)).

Let N be a proper saturated subsystem of F containing Cx(Z). By Fj; denote the set

of Thompson-maximal members of F .

Recall here from Notation 1.3 that F, is the set of centric subgroups P of F such
that Autz(P) £ N. Note that, by Corollary 2.41, Fx # (). Also recall the definition
of Thompson-restricted subgroups and Thompson-maximality of Definition 1.5 and
Definition 1.4. As introduced in Notation 2.40, we write F 73, for the set of Thompson-
maximal members of F,. The aim of this chapter is to prove Theorem 1, i.e. the
existence of a Thompson-restricted subgroup of F in Fy;, provided Nx(J(S)) < N.

As before, we set, for every P € F,
A(P) = Autx(P).

Recall from Notation 2.1 that for U € F and R < S a subgroup Ry of A(U) is defined
by
Ry = {CQ|U,U L ge NR<U)}
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Furthermore, set
Fir:={Q € Fxr : Ns(Q) = Ns(J(Q)) and J(Q) is fully normalized}.
Lemma 8.2. We have F; # (.

Proof. This is just a restatement of Lemma 2.47. [

Theorem 8.3. Let ) be a maximal with respect to inclusion member of Fy.. Then

J(S) = J(Q) or Q is Thompson-restricted.

Proof. Suppose J(S) £ Q. As Q € Fy, Q is centric, and by Remark 2.10, @ is fully

normalized. In particular, we may choose a model G of Nx(@Q). Set
T:=Ns(Q)and H :={g € G: ¢y, € Auty(Q)}.

Note that H is a proper subgroup of G, as A(Q) £ N. By assumption, J(S) £ @ and

T = Ns(J(Q)), so it follows from Remark 2.44 that

() J(T) £ Q.

Corollary 2.43 yields A(RQ) < N for every subgroup R of T' with J(RQ) £ Q.
Thus, also the restriction of an element of N(rg)(Q) to an automorphism of @ is a

morphism in A, This yields
(2) Ng(R) < H for every subgroup R of T' with J(RQ) £ Q.
We show next

(3) Let Qo be a normal subgroup of 7" containing () such that Ng(Qo) £ H. Then
Q@ = Qo.

For the proof of (3) set M := Ng(Qp). Then every element of Auty,(Q) extends

to an element of A(Q)). Furthermore, as M £ H, we have Auty (Q) £ N. Hence,
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A(Qo) £ N. Moreover, @ is centric, since @ is centric. Thus, Qy € Fy, so the
Thompson-maximality of () yields )y € Fj,and J(Q)y) = J(Q). In particular, as () €
Fyr we have Ng(Qo) = T = Ng(J(Qy)) and J(Qo) is fully normalized. Therefore,
Qo € Fy: and the maximality of Q yields @ = Q. This shows (3). Note that,
by (1) and (2), Ng(T' N J(G)) < Ng(J(T)) < H. By a Frattini Argument, G =

Ne(T' N J(G))J(G) and hence,
4) J(G) £ H.

In particular, X := J(G)T £ H. Let P < X be minimal with the property 7" < P
and P £ H. As Ng(T) < Ng(J(T)) < H, it follows from Remark 3.9 that P is

minimal parabolic and P N H is the unique maximal subgroup of P containing 7.

Observe that () < O,(G) < O,(P) and so, by (3),
(5) Op(P) =Q = 0,(G).

Let now V' < Q(Z(Q)) be a normal subgroup of X containing 2(Z(T)), and
P = P/Cp(V). Observe that Q < Cs(V) and, by a Frattini Argument, X =
Cx(V)Nx(Cr(V)). Alsonote Z < Q(Z(T)) < V and so [Cx(V),Z] = 1. As
Cr(Z) < N, this yields Cx (V) < H and thus Nx(Cr(V)) £ H. Now (3) implies
Cr(V) =Q,i.e. Neyv)(Q) = Q and so, as Cg(V) is nilpotent,

6) Cs(V)=Qand Cs(V)/Q is a p'-group.

In particular, by (1) and Lemma 4.4(a), Op(V) # 0. Let now N be the preimage
of O,(P) in P. Since P £ H, we have [Z, P] # 1 and therefore, P is not a p-group.

Hence, OP(P) £ N, so by Lemma 3.8 and (5), N NT < O,(P) = Q. Hence,
(7) Op(P) =1.
Observe that Cp(V) < Cp(Z) < PN H and therefore, P is minimal parabolic,
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H N P is the unique maximal subgroup of P containing 7', and

Cs(Cv(T)) < C5(Z) < HNP.

Now, for D = A5(V),! it follows from Theorem 4.21 that we can choose subgroups

E,, ..., E, of P containing Cp(V') such that the following hold.
(i) P=(FE, x --- x E,)T and T acts transitively on {E1, ..., E,},
(i) D= (DNE)U---U(DNE,)?
i) V = Cy(Er ... B) [T, [V, B, with [V, E,, E;] = 1 for j # i,
(iv) E; = SLy(p?), or p =2 and E; = Syn 4, for some n € N,

() [V, E;]/Cv,g,(E;) is a natural module for E;.

This implies together with Lemma 4.7, Lemma 4.12 and Lemma 4.18(d) that we have
|[V/Cy(A)| = |A|, for every A € D. In particular, by the definition of D, mp(V) =

|V'|.? Hence, we have

(8) There is no over-offender in P on V, and D is the set of minimal by inclusion

elements of Op(V).

For B € A(T), it follows from (2),(6) and a Frattini Argument that N5(B) =

Np(BCp(V)) = Np(BQ) < H. Note that, by Lemma 4.6 and (8), there exists
B € A(T) such that B € D. Let J be the full preimage of D N T in T. Observe that,
by Lemma 4.12 and Lemma 4.18(b), Np(.J) acts transitively on D N T'. Therefore, we

get the following property.

(9) Forevery A € DNT, there exists B € A(T) such that A = B. In particular,

Np(A) < H.

'Recall Definition 4.19
2Recall Definition 4.19
3Recall Definition 4.19
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Assume r # 1 or E} = Synyq for some n > 1. Then using Lemma 4.18(a) we get

P=(Ns(A): Ac DNTT.

Hence, (9) gives P < H. So, as Cp(V) < Op(Z) < H, we get also P < H,

contradicting the choice of P. Therefore, r = 1 and for &/ := FE;, we have

(10) P = ET, E = SLy(q) for some power ¢ of p, and V/Cy (E) is a natural

S Ly(q)-module for E.

Note that C5(F)/Z(E) = C5(E)E/E and so C5(E)/Z(E) is a p-group. More-
over, as £ = SL,(q), Z(E) has order prime to p. Hence, for Y € Syl,(C5(E)), we

have C5(E) =Y x Z(E)and Y = O,(C5(E)) < O,(P). So by (7),
(11) Cp(E) = Z(E).

Letnow A € A(T). Then by (8) there is B € D such that B < A. By Lemma 4.12
we have B € Syl,(E). As [B, A] = 1, the structure of Aut(E) yields together with
(11) that A < EC5(E) = E. Hence, A < E. Now it follows from (9),(10) and

Lemma 4.12 that
(12) TNE=J(T)Q = AQ,and E = J(P)Cp(V).
Lemma 4.14 gives the following two properties.
(13) |V/Cy(A)| =|A/Ca(V)| = g and Cy(A) = Cy(a) forevery a € A\Cg(V).
(14) [V, A Al =1.

—_—

Set now Ng (V) := Ng(V)/Cq(V) and L := J(G)Cs(V). Note that, by (12),

A = J(T) and thus also A = j(T\/) Hence, L = (EE> Moreover, A is weakly

closed in 7" with respect to N¢:(V/). In particular, the Frattini argument gives Ne(V) =

N N/&‘;}(Z)Z By another application of the Frattini argument and (1), (2), we get
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NN/JV)(A) < Ng(V)N Ng(J(T)) < Ng(V'). Moreover, we have Cm)(CV(TV)) <

C@V)(Z) < Ny (V). By (4), J(G) £ H and thus, by (13) and (14), the hypothesis of

Theorem 4.20 is fulfilled with N¢(V), Ny (V) and A in place of G, M and A. Hence,
we get L = SLy(q) and V/Cy(L) is a natural SL,(q)-module for L. Observe that, by
(11), C#(E) = 1 and so, by (6) and (12), C7(J(G)/Cy)(V)) < Cr(E) < Q. This

completes the proof. O

The proof of Theorem 1. If Nx(J(S)) < N then A(Q) < N, for every Q € F

with J(S5) = J(Q). Hence, the assertion follows from Lemma 8.2 and Theorem 8.3.
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Chapter 9

Properties of Thompson-restricted
Subgroups

In the next chapter we will prove Theorem 2 and Theorem 3. Crucial are the properties
of Thompson-restricted subgroups which we will state in this chapter. Throughout this

chapter we assume the following hypothesis.

Hypothesis 9.1. Let F be a saturated fusion system on a finite p-group S and let
Q) € F be a Thompson-restricted subgroup. Set T := Ng(Q), q := |J(T)Q/Q| and

A(P) := Autg(P), for every P € F.

Recall from Notation 2.1 that Rp := Autr(P) = {cgpp : g € Ng(P)} for all
P < R < S. Furthermore, recall from Notation 2.30 that, for every fully normalized

subgroup P € F, G(P) denotes a model for Nx(P), provided Nz(P) is constrained.

Notation 9.2. For every U € F set

Moreover, we set

A°(Q) = {(J(T)Q)"?) Ca) (V(Q))-

Remark 9.3. (a) We have J(T)gInn(Q) € Syl,(A°(Q)) and J(T)Q = AQ, for
every A € A(T) with A £ Q.

(b) Cvi)(J(T)) = Cv()(A) and [V(Q), J(T), J(T)] = 1.
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(c) Let V. < V(Q) such that [V, A°(Q)] # 1 and V is A°(Q)-invariant. Then
V(Q) =VCy((A°(Q)), Cs(V) = Q. [V/Cy(A)| = [A/Ca(V)| = ¢, AQ) €
A(T) and (AN Q)V € A(Q) for every A € A(T).

(d) Cr(J(T)Q/Q) = J(T)Q

Proof. Since () is Thompson-restricted, (a) and (b) follow from Lemma 4.4(a) and
Lemma 4.14. Property (d) is a consequence of (a) and the structure of Aut(SLy(q)).
Let V' < V(Q) such that [V, A°(Q)] # 1 and V is A°(Q)-invariant. Then, as the
module V' (Q)/Cv(g)(A°(Q)) is irreducible, V(Q) = VCy ) (A°(Q)). In particular,
Com (V) = Coy (V(Q)) < Cs(V(Q)) = Q. Hence, [Cr(V), J(T)] < Cy(V) <
@ and, by (d), C7(V) = Cyr)o(V) = Q. This means N¢yv)(Q) = Q and so, as
Cs(V) is nilpotent, Cs(V) = (). Now property (b) follows from Lemma 4.4 and

Lemma 4.14(a). ]
Recall the Definition of the Baumann subgroup from Definition 5.3.
Lemma 94. B(T) < J(T)Q.

Proof. Since () is Thompson-restricted, it follows from Remark 9.3(a), Lemma 4.11(b)
and Lemma 4.13 that Cr([V(Q), J(T)]) < J(T)Q. By Remark 9.3(c), we have
V(Q) < J(T). So, by Remark 9.3(b), [V(Q), J(T)] < Q(Z(J(T))). Hence,

B(T) < Cr([V(Q), J(T)]) < J(T)Q-

Definition 9.5. We say that U € F is F-characteristic in () and write
U charg Q

ifU<Q UZDT and A°(Q) = Cao(q)(V(Q))Nao(g) (V).
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Lemma 9.6. Set G := G(Q), M := J(G)Ce(V(Q)) and let U charx Q. Then, for
X := B(Nu(U)), we have B(T') € Syl,(X) and M = C(V(Q))X.

Proof. Note that Hypothesis 5.4 is fulfilled with N/ (U) and V(@) in place of GG
and V. Therefore, Lemma 5.6 and Lemma 9.4 imply B(T") € Syl,(X) and M =
Ca(V(Q))X. B

Lemma 9.7. Let G = G(Q), M = J(G)Cs(V(Q)) and U charz Q. Then there is
H < Ny(U) such that B(T) € Syl,(H), H is normalized by T, M = Ce(V(Q))H
and, for H := H/O,(H),

H/®(H) = Ly(q).

Proof. Set X := B(Ny(U)). By Lemma 9.6 we have T := B(T) € Syl,(X)
and M = Cg(V(Q))X. Note that X is normalized by 7". Set X, := X7 and let
Hy < X, be minimal such that 7" < Hjy and Hy £ Nx,(11)Cx,(V(Q)). Set H :=
HynN X. Then H £ Nx(T1)Cx(V(Q)), as Hy = HT. Since X/Cx(V(Q)) =
SLs(q) is generated by two Sylow p-subgroups, we get X = Cx(V(Q))H and M =
Ce(V(Q))H. Moreover, T} € Syl,(H) and H is normal in Hy. Thus, it remains to

show that H/®(H) = Ly(q).

Observe that Q = O,(H,). Set Hy = Hy/Q and C := Cy,(V(Q)). By Re-
mark 3.9, H, is minimal parabolic, and so H, is minimal parabolic as well. As
Hy/C is not a p-group, it follows now from Lemma 3.10 that C < ®(H,). Ob-
serve that H, = TH, so by Lemma 3.6, ®(H,) = ®(H). Hence, C < ®(H), so by

Lemma 3.5(a), ®(H/C) = ®(H)/C and, as H/C = SLy(q), then
H/®(H) = (H/C)/®(H/C) = Ly(q).

AsH= H/(HNQ) = H/O,(H) = H, this implies the assertion. O
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Lemma 9.8. Let U charx Q) such that U is fully normalized. Let U* < () be invariant
under N a0y (U) and Ns)(U). Set N := Ny, (U*), H := Nao()(U) and X :=

HSg. Suppose OP(H) £ Cx(V(Q))Cx(Q/U*). Then O,(N /U*) < Q/U*.

Proof. Observe first that Nz (U) is saturated as U is fully normalized. Moreover, U* <
Ng(U) since U* is Ny(s)(U)-invariant, so U* is fully normalized in N#(U) and N is
saturated. Set

X = X/Cx(V(Q)).

Since U chary @ we have X < Ny)(U). In particular, as Cy0)(V(Q)) <
A°(Q), we have Cx(V(Q)) < A°(Q)N X < H. Since U chary @ and Q is

Thompson-restricted, we have

H = A%(Q)/Cao)(V(Q) = SLa(g).

Moreover, Cs,(H) < Inn(Q), so Z(X) = Z(H) and the group X /Z(X) embeds

into Aut(H) = T'Ly(q). This gives the following property.

(1) Let N be a normal subgroup of X containing C'x (V' (Q)) such that OP(H) £ N.
Then N < H and N < Z(H). In particular, |N/Cn(V(Q))| < 2 and N/(N N

Inn(Q)) has order prime to p.

Set C' := Cx(Q/U*) and C; := CCx(V(Q)). By assumption, OP(H) £ C4.

Hence, by (1),
(2) C=C1<Z(H)and C5(Q/U") < Q.

Set Nt = N /U*, Rt = RU*/U* for every subgroup R of Ng(U), and L™ for the
subgroup of Aut+(Q") induced by L, for every subgroup L of X. Then Lt = LC/C

forevery L < X.
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Observe that Q™ is fully normalized in N'" since @ is fully normalized in F. As
N is saturated, it follows in particular that Q* is fully centralized in N'*. Now (2)

and Remark 2.9 yield
(3) QT iscentricin N'T.

As already observed above, X /Z(X) embeds into Aut(H) = T'Ly(q). Hence,

there is a subgroup R of 7" such that Q < R, R_Q is a complement of J(71)q in T_Q,
and [Rg, E] = 1 for some subgroup F of H with E = SLy(qo) where ¢y # 1 is
a divisor of q. (R_Q corresponds to a group of field automorphisms of SLy(q).) We
may choose E such that Cy(V(Q)) < E. Note that Cy(V(Q))/Inn(Q) is a p'-
group and so Ry € Syl,(RoCr(V(Q))). As E normalizes RoCr(V(Q)), it follows
from a Frattini Argument that £ = E,Cy(V(Q)) for Ey = Ng(Rg). In particular,

Ey = E = SLy(qo).

Set £ := Ny (J(Q)). Observe that J(Q) is fully normalized in NV, as J(Q) is fully
normalized in F, and so £ and £" := £/U* are saturated. Moreover, Auts(Q) =
Auty(Q) and so Ey := Ef < Autg+(Q7). Note that ), = E,C/C. As By & E =

SLy(qo), property (2) implies
EoC1/Ch = SLy(qo) or La(qo).

Since C' < (1, we have (EyC,)/Cy = (EoC)/((ExC) N Cy), and E; has a factor
group isomorphic to Ls(qp). In particlar, F; is not p-closed. Also observe that F
normalizes (R")g+ = (Rg)", and Q7 is fully normalized in £, as " is normal in
T*. Hence, it follows from (2) and Lemma 2.17 that every element of E; extends to an
element of Autg+(R™). Thus, Aute+(R™) is not p-closed. Hence, by Theorem 2.36,
there is P € & such that U* < P, P* is essential in €T, and (R*)¢ < P* for some
element ¢ € Aute+(TT). Then RT < (PT)¢~! and so, replacing P by the preimage

of (P*)¢~! in T, we may assume that R < P.
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By the choice of R, we have ) < R < Pand T = J(T)R = J(T)P. By Re-
mark 9.3(a),(c), we have A(Q) C A(T') and J(T)Q = AQ forevery A € A(T)\A(Q).
Hence, if there exists A € A(P)\A(Q) then J(T) < AQ < P and P = T, a contra-

diction. Thus, J(P) = J(Q).
In particular, Autg(P) = Auty(P), i.e. Aute+(P1) = Autp+(P*) and
Autp+(PT)/Inn(PY)

has a strongly p-embedded subgroup. As Q* < R™ < PT it follows from (3) that P*
is centric in N'*. Therefore, P is essential in A" and by Lemma 2.37, O,(N") <

P*. In particular,
@) Op(/\f+) < T+,

Let U* <Y < Ng(U) such that Yt = O,(N™). Then by (4), Y < T. Moreover,
every element of X ™ extends to an A/ "-automorphism of (Y Q)™, so by Lemma 2.17(a),
(YQ)o)™ = (YQ) ")+ is normal in X . Hence, (Y @Q)oC and thus Y,C is nor-
mal in X. By assumption, O?(H) £ C; and so OP(H) £ YoCy. Therefore, by (1),
YoC1/Inn(Q) is a p’-group. Hence, Yy < Inn(Q) and so Y < @. This proves the

assertion. ]
Applying Lemma 9.8 with U* = 1 we obtain the following corollary.
Corollary 9.9. Let 1 # U charg Q such that U is fully normalized. Then
Op(N£(U)) < Q.
Notation 9.10. Let 1 # U < Q such that U <T. Then we set
D(Q,U) ={Uy : Uy £ Q, Uy is invariant under N 5(s)(U) and N aq)(U)}.

By U*(Q) we denote the element of D(Q,U) which is maximal with respect to inclu-

sion.
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Note that here U*(()) is well defined since U € D(Q, U) and the product of two
elements of D((Q), U) is contained in D(Q, U). Moreover, if O,(Nx(U)) < @, then

O,(Nx(U)) € D(Q,U) and therefore U < O,(N£(U)) < U*(Q).

Lemma 9.11. Let F be minimal, let 1 # U charz Q) and assume U is fully normalized.

Then OP(Nao(q)(U)) < Ca)(Q/U(Q))Caq)(V(Q))-

Proof. Set
H := Npo(y(U), X :==HSq, U":=U"(Q) and C := Cx(Q/U")Cx(V(Q)).

Assume OP(H) £ C. Observe that Nz (U) is saturated and solvable, since U is fully
normalized and F is minimal. Moreover, U* < Ng(U) is fully normalized in Nz(U)
and so, by Proposition 2.32(a), N := N. N£(U) (U*) is saturated and solvable. Therefore,
Op(N/U*) # 1 and so U* < Uy, where U is the full preimage of O,(N/U*) in
Ng(U). By Lemma 9.8, Uy < Q. Now Uy € D(Q,U) and so Uy = U*(Q) = U, a

contradiction. ]

Lemma 9.12. Let F be minimal and let 1 # U charx Q) such that U is fully normal-

ized. Then U*(Q)X charg Q for every subgroup X of Q with X <JT.

Proof. Note that Uy := U*(Q)X is normal in 7. Moreover, by Lemma 9.11, we have
Nao@)(U) < TQOP(Nas(q)(U)) < ToCa)(V(Q))Cao()(Q/U(Q))
< Ca@)(V(Q))Nag)(Uo).

Hence, we have A°(Q) = Cuq)(V(Q))Nac(9)(U) = Caq)(V(Q))Nas(g)(Uo) and

Uy charr Q. O
Lemma 9.13. Let ¢ € Morz(Ng(Q),S). Then Q¢ is Thompson-restricted.
Proof. As () is centric, @ := Q¢ is centric. Observe that

[Ns(J(@))] = INs(Q)| = [Ns(Q)¢| < [Ns(Q)] < [Ns(J(@))]-
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So, as @ and .J(Q) are fully normalized, Q and J(Q) = J(Q)¢ are fully normalized,

and Ng(Q)¢ = Ns(Q) = Ng(J(Q)). Observe that ¢ : Ng(Q) — Ns(Q) is an
isomorphism of fusion systems from Nx(Q) to Nx(Q). Moreover, for V < Q(Z(Q)),
we have Cs(V) = Q if and only if CNS(@)(V) = Q. So Qs Thompson-restricted as

@ is Thompson-restricted. U
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Chapter 10

Pushing Up in Fusion Systems

10.1 Setup and main results of this chapter

Throughout this chapter, assume the following hypothesis.

Hypothesis 10.1. Let F be a saturated fusion system on a finite p-group S. Suppose
F is minimal. Let N be a proper saturated subsystem of F on S, and let Q be the set

of all Thompson-maximal members of Fxr which are Thompson-restricted.

Recall here the definition of Thompson-maximality and Thompson-restricted sub-
groups from Definition 1.4 and Definition 1.5 in the introduction. Furthermore, recall
from Notation 1.3 that F is the set of subgroups P € F with Autz(P) £ N. The
aim of this chapter is to prove Theorem 2, which then, together with Theorem 1 and
Theorem 7.2, implies Theorem 3. We restate Theorem 2 here for the readers conve-

nience. Recall the Definition of a full maximal parabolic from Definition 1.2.

Hypothesis 10.2. Assume Hypothesis 10.1 and suppose N contains every full maximal

parabolic of F.

Theorem 2. Assume Hypothesis 10.2. Let Q € Q, G := G(Q) and M := J(G).! Then
Ns(X) = Ns(Q), for every non-trivial normal p-subgroup X of M Ng(Q). Moreover,

Q <M, M/Q = SLy(q) and one of the following holds:

IRecall Notation 2.30.
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(I) Q is elementary abelian, and ) /Cq(M) is a natural S Ly(q)-module for M/Q),

or

(1) p = 3, S = Ng(Q) and |Q| = ¢°. Moreover, Q/Z(Q) and Z(Q)/®(Q) are
natural S Ls(q)-modules for M /Q, and ®(Q) = Cqo(M) has order q.

Note here that Theorem 1 yields Q # () if Hypothesis 10.2 holds. In fact, this is

already the case if we assume the following more general hypothesis.

Hypothesis 10.3. Assume Hypothesis 10.1, and suppose Nx(C) < N for every char-

acteristic subgroup C' of S.

Many arguments in the proof of Theorem 2 require only Hypothesis 10.3. More

precisely, we will be able to prove the following Lemma.

Lemma 10.4. Assume Hypothesis 10.3. Let Q € Q and 1 # U charr Q. Then

B(Ns(U)) = B(Ns(Q)).

Here for a Thompson-restricted subgroup @) of F recall the definition of A°(Q)
and of F-characteristic subgroups from Notation 9.2 and Definition 9.5. For a finite

group H, recall the Definition of the Baumann subgroup B(H) from Definition 5.3.

Lemma 10.4 is a major step in the proof of Theorem 2 because, together with
Lemma 9.7, it enables us to apply the pushing up result by Baumann and Niles in the

form stated in Theorem 5.2.
In the remainder of this chapter we use the following notation: For P € F set
A(P) := Autz(P) and V(P) := Q(Z(P)).
Recall from Notation 2.1 that, for subgroups P and R of S5,

Rp = Autp(P) = {cgpp : g € Nr(P)}.
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10.2 Preliminaries

Throughout Section 10.2 assume Hypothesis 10.3.

Lemma 10.5. Ler Q € Q. Then A(YQ) < N and Na)(Yg) < N, for every
subgroup Y of T with J(QY) £ Q.

Proof. Set X := Y Q. By Corollary 2.43, we have A(X) < N. Since @ is fully
normalized and Cs(Q) < @ < X, Lemma 2.17(b) implies that every element of
Nug)(Xq) extends to an element of A(X). As Ng)(Yo) < Nag)(Xg), this shows

the assertion. OJ
Remark 10.6. Let Q € Q. Then A°(Q) £ N.

Proof. Otherwise, by the Frattini Argument and Lemma 10.5,

AQ) = A%(Q)Nag)(J(T)g) <N,
contradicting () € F . O

Lemma 10.7. Let () € Q, let U € F be F-characteristic in () and characteristic in

S. ThenU = 1.

Proof. Assume U # 1. As U is characteristic in S, Hypothesis 10.3 implies that
Nas()(U) < Ne(U) < N and Cuo()(V(Q)) < N£((Z(S))) < N. Hence, as

U charr Q, we have A°(Q) < N. This is a contradiction to Remark 10.6. O
For a subgroup U of ) with 1 # U < T define U*(Q) as in Notation 9.10.
Notation 10.8. Let () € Q.

o Set

CQ)={U<Q : Ucharg Q, Cs(V(U)) =U =U"(Q)}.
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o We define C*(Q) to be the set of all 1 # U charg Q) such that U is fully normal-
ized and

|U| = maz{|U*| : U* charz Q, U* I Ng(U)}.

Observe that U = U*(Q), for every U € C*(Q). Alsonote V(Q) < Cs(V(U)) =

U, for every U € C(Q). This implies the following remark.
Remark 10.9. Let Q € Qand U € C(Q). Then V(Q) < V(U).

Lemma 10.10. Ler Q € Q, U € C*(Q) and X < @Q such that X < Ng(U). Then

X <U.

Proof. Since U charr @ and U = U*(Q)), Lemma 9.12 implies UX charz (). More-

over, UX < Ng(U). Hence, the maximality of |U| yields X < U. O

Lemma 10.11. Let Q € Q, U € C*(Q) and X < @ such that X £ U. Then there is

t € Ng(U) such that X* £ Q.
Proof. Otherwise (XVs(¥)) <, a contradiction to Lemma 10.10 and X £ U. O
Lemma 10.12. Let Q € Q. Then C*(Q) C C(Q).

Proof. SetT := Ng(Q) and let U € C*(Q). Clearly, U = U*(Q). By Lemma 10.10,
we have Z := Q(Z(S)) < Uandso Z < V(U). Hence, as U charr @ and Z <
V(Q), we have V := (Z4°@) = (zNa@U)) < V(U). Lemma 10.7 implies Z £
C(A°(Q)). Thus, [V, A°(Q)] # 1 and, by Remark 9.3(c), we have Cs(V) = Q.
Therefore, Cs(V(U)) < @ and so Cs(V(U)) = Co(V(U)) charg Q. At the same
time, Cs(V(U)) < Ng(U). Hence, the maximality of |U| yields U = Cs(V (U)) and
thus U € C(Q). O

Notation 10.13. Let W < S be elementary abelian and W <Y < Ng(W). Then we
write A.(Y, W) for the set of elements A € A(Y') with [A, W] # 1 for which ACy (W)

is minimal with respect to inclusion. (In particular, A.(Y) =0 if [W, J(Y)] = 1.)
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Lemma 10.14. Let ) € Q, U € C(Q), W == V(U) and A € A(T,W). Assume
A L Q. Then

(W/Cw (A)| = [A/Ca(W)| = g and W = V(Q)Cw (A).
Proof. As Cs(V(Q)) = Q. we have [V(Q), A] # 1. Remark 9.3(c) implies
V(Q)/Cvg)(A)] = |A/Ca(V(Q))] = q.
Hence, the assertion follows from Lemma 4.5. 0

Notation 10.15. For ) € O set

R(Q) = [V(Q), J(Ns(Q))].
Remark 10.16. Ler Q € Q and set T := Ng(Q). Then [R(Q), J(T)Q] = 1 and
R(Q) = [V(Q), A], for every A € A(T) with A £ Q.
Proof. This follows from Remark 9.3(a),(b). [

Lemma 10.17. Let Q € Q, U € C(Q) and A € A (T,V(U)) such that A £ Q). Then

Proof. By Remark 10.16, we have R(Q) = [V (Q), A]. By Lemma 10.14, V/(U) =

V(Q)Cvw)(A). This implies the assertion. O

Lemma 10.18. Ler Q € Q and ¢ € Morg(Ng(Q),S). Then Q¢ € Q, Ns(Q)o =

Ns(Q9), A°(Q)¢" = A°(Q9).> V(Q)¢ = V(Q¢) and R(Q)¢ = R(Q¢). Moreover;
for every U charg ), we have U ¢ charz Qo.

Proof. By Lemma 9.13, Q¢ is Thompson-restricted. As J(Ng(Q)) £ @ and Q is
Thompson-maximal in F, it follows from Corollary 2.42 that ¢ is a morphism in \.
Hence, A(Q¢) = A(Q)d* £ N as A(Q) £ N. Thus, Q¢ € Fy and Thompson-

maximal in Fy, since () is Thompson-maximal in F,. Hence, Q¢ € Q. Now the

ZRecall Notation 2.11
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assertion is easy to check as the map ¢* : A(Q) — A(Q¢) is an isomorphism of

groups with J(Ng(Q))o¢* = J(Ns(Q))ge- O
Corollary 10.19. Let Q € Q and 1 # U charg Q. Then there is
¢ € Morz(Ns(U), S)

such that U ¢ is fully normalized. For each such ¢ we have Q¢ € Q, U¢ charr Qo,
Ns(Q)¢ = Ns(Q¢), A°(Q)¢" = A°(Q9), V(Q)¢ = V(Q¢) and R(Q)d = R(Q9).

Proof. This is a consequence of Lemma 2.18 and Lemma 10.18. [

10.3 The proof of Lemma 10.4

Throughout Section 10.3 assume Hypothesis 10.3.

Lemma 10.20. Ler Q) € Q, let U € C(Q) be fully normalized, and let Ry < R(Q)

such that Ry, A°(Q)] # 1 and
Ns(U) N Ng(Ro) N Ns((A(Q,V(U)))) < Ns(Q)-
Then Ns(U) N N5<R0) S NS(Q)

Proof. Set W := V(U), T := Ns(Q), Ty := Np(Ro), R := R(Q) and A.(Y) :=
A (Y, W) for Y < T. Assume the assertion is wrong. Then Ty < Ng(U) N Ng(Ry).
In particular, ' < Ng(U) and so J(Q) £ U since Ng(J(Q)) = T. Hence, A.(Q) # 0.
Moreover, Ty < Ng(U)NNg(Ro)NNg(Tp), i.e. thereist € Ng(U)NNg(Ro)NNs(Tp)
such that ¢ ¢ T. Then, by assumption, there is A € A,(Q) such that A" ¢ A,(Q).

Note that A* < Ty < T. Remark 9.3(c) implies
A (Q) C A(T).

Therefore, A® € A.(T) and A* £ Q. Now Lemma 10.17 yields R = [W, A'] =

[W, A]'. Hence, R'"" = [W, A] = [W, AU]. So, by Lemma 9.11, R" ' NV (Q) =
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(W, AU} N V(Q) is OP(N4o(g)(U))-invariant. By Remark 9.3(a), we have J(T') <
AlQ < Ty, so J(T) = J(Tp) and J(T)" = J(T). Remark 10.16 implies [R, J(T)] =
1. Therefore, we get [R' ', .J(T)] = 1, and it follows from the module structure of

V(Q) that R NV(Q) < Cyg)(A°(Q)). Hence,
Ry=Ry <R NV(Q) < CA(Q)).
a contradiction. This proves the assertion. [

Lemma 10.21. Let QQ € Qand 1 # U charx Q. Then Ng(Ry) N Ng(U) < Ng(Q) for
every Ry < R(Q) with [Ry, A°(Q)] # 1. In particular, Ns(R(Q)) N Ns(U) = Ns(Q).

Proof. Assume the assertion is wrong. Choose QQ,U € F such that Q € O, 1 #
U charg @, and there exists Ry < R(Q) with [Ry, A°(Q)] # 1 and Ng(Rp) N
Ns(U) £ Ng(Q). We may choose this pair (Q,U) such that |U| is maximal. By
Corollary 10.19, there is ¢ € Morz(Ng(U), S) such that Q¢ € Q, U¢p charr Q¢ and
U ¢ is fully normalized. Moreover, then Ry¢ < R(Q)¢ = R(Q¢), [Rod, A°(Q¢)] # 1
and Ng(Rop) > Nngwy(Ro)¢ £ Ns(Q)¢ = Ng(Q¢). So, replacing (Q,U) by
(Qo,U¢), we may assume without loss of generality that U is fully normalized. Ob-

serve that then U € C*(Q) and thus, by Lemma 10.12, U € C(Q).

Note that UQ. charg Q for Q. = (A.(Q,V(U))). As Ng(J(Q)) = Ns(Q) <
Ns(U), we have Q* £ U. Hence, the maximality of |U] yields Ng(Ro) N Ns(UQ.) <
Ns(Q) and thus Ng(Ry) N Ng(U) N Ng(Q.) < Ng(Q). Now Lemma 10.20 yields

Ns(U) N Ng(Ry) < Ng(Q), contradicting the choice of U. O

Lemma 10.22. Let Q € Q, 1 # U € C(Q), A € A.(Ns(Q),V(U)) and b €
Ng(U)\Ns(Q) such that A % Q and A® < Ng(Q). Then A® < Q.

Proof. Assume A’ £ Q. Then Lemma 10.17 implies
R(Q) = [V(U),A") = [V(U),A]’ = R(Q)".
This is a contradiction to Lemma 10.21. ]
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Lemma 10.23. Let Q) € Q and U € C*(Q). Then we have A.(Ns(Q),V(U)) =
A(Q,V(U)) or J(Ns(U)) < Ns(Q).

Proof. Set T = Ng(Q), Ty = Ns(U), R := R(Q), W = V(U), and A.(Y) =
A (Y, W) for every Y < Ty. We will use frequently and without reference that, by
Lemma 10.12, U € C(Q) and, in particular, by Remark 10.9, V(@) < W. Assume

J(Ty) £ T and A.(T) # A.(Q). We show first:
(D) (A(To)) £ T.

By assumption, there is B, € A(Tp) with B, £ T. We may choose B, such that
|B,U| is minimal. Let B € A,(B.U). Then B € A,(Tj). Let t € T, and observe that

B! € A,(Tp). Assume (1) does not hold. Then B and B! are contained in 7.

Suppose B' £ Q. Since BLU/U is elementary abelian, B*U is normalized by B:.
Hence, for every z € B!, (B")* < T and (B")* £ . Hence, by Lemma 10.22,
Bt < T. In particular, A(T) C A(Tp) and, by Remark 9.3(a), B! < J(T) < B'Q.
Since B < B.,U, this gives BLU = BY(B!U N Q) = B'U(B: N Q) and B,.U =
BU(B, N Q""). By Remark 9.3(c), we have C, = (B. N Q)V(Q) € A(T) C
A(Tp). Therefore, Ct' = (B, N Q" )V(Q)"" € A(Tp). Note that, by Remark 10.9,
V(Q) <U'"" =U. Inparticular, B,U = BU(B,NQ""') = BUCY . AsBU < T
and B, £ T, we get Ct"' ¢ T. On the other hand, C ! < B,U, so the minimality
of |B,U| gives C''U = B,U. Then B, < Q' ', i.e. B' < B! < Q contradicting our

assumption. Hence, B' < Q.

Since t € Ty was arbitrary we have shown that X := (B7") < Q. Therefore, it
follows from Lemma 10.10 that B < X < U, a contradiction to the choice of B. Thus,

(1) holds. We show next:

(2) Thereis T < Ty < Np,({A.(T))) such that (A,(T7)) £ T.
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For the proof let 7' < Y < T{ be maximal with respect to inclusion such that
(A.(Y)) < T. Then, by (1), Y # Tj and hence Y < Ty := Ng,(Y). So the max-
imality of Y implies (A.(T1)) £ T. Since (A.(Y)) = (A.(T)), we have T7 <

N7, ((A.(T))). This shows (2).

So we can choose now T} with the properties as in (2). We fix B, € A,(T}) such

that B, £ T'. Note that Theorem 4.9 implies
(3) B, acts quadratically on .

We show next:
(4) |B./Ng,(R)| =|B./B.NT|=2=np.

By Lemma 10.21, N, (R) = B, NT. Letb € B,\T and assume there is ¢ €
B\((B. NT)Ub(B, NT)). Note that b,c and cb~! are not elements of 7. By
assumption, A,(T) # A.(Q), i.e. thereis A € A, (T) with A £ Q. Then by the

choice of B, < Tj and Lemma 10.22,
A< Q, A< Qand A < Q.

This gives
A€ < Q N Qb ) Qb’lc'

Hence, A° centralizes Wy := V(Q)V(Q)?V(Q)" . Note that W, < T and
Wi = V(Q)[V(Q),H][V(Q),b7"¢] < Wy

By (3), W, is invariant under b and b~ 'c, so Wy = W and W, = Wé’ = Wé’flc.
Hence, W¢ = (WY )¢ = W} '¢ = W,. As shown above, [Wp, A°] = 1. So we get
[W§, A°] = 1 and thus [Wy, A] = 1. In particular, [V (@), A] = 1, a contradiction to

A £ Q. Hence, (4) holds. We show now

(5) W = RCw(B.).
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It follows from (4) and Remark 10.16 that

|B./Cp.(R)| = [B./B.NT|-[(B.NT)/Cp.(R)| <2-[(B." T)/(B."J(T))|.

Set A(Q) := A(Q)/Ca0)(V(Q)). Since @ is Thompson-restricted, we have A°(Q) =

SLy(q) and J(T)g € Syl,(A°(Q)). Moreover, T/Q = T, embeds into Aut(A°(Q)).

Hence, T/J(T)Q = Aut(GF(q)) is cyclic, and ¢ = 2 implies 7" = J(7T'). Therefore,

(B,NT)/(B,NJ(T))| < 2and
*) [B./Cp.(R)| < q.

The module structure of V(@) implies |R/Cr(A°(Q))| = ¢. By Lemma 10.21,

RN B, < Cgr(B:) < Cr(A°(Q)) and hence
|[R/RN B.| = |R/Cr(B.)| = [R/Cr(A°(Q))] = ¢

Thus, by (*), |RCp,(R)| = |R/R N B.| - |Cg,(R)| > |B.|. Observe that RCp, (R)
is elementary abelian, so RCz,(R) € A(T}). Since (RCp,(R))U = Cp,(R)U is a
proper subset of B,U, it follows from the minimality of B.U that Cz, (R) < U and

Cp,(R) = Cp,(W). Therefore, by Lemma 4.4 and (*),

(W/Cw (B < [B./Cp.(W)| = [B./Cp.(R)| < q.

As seen above, |R/Cgr(B.)| > ¢. This implies | RCy (B.)| > |W| and thus (5).

Now choose t € A°(Q)\Nae(0)(Tg)Cao(y(V(Q)) and b € B, \Cp, (W). Set
Y = RR'R’. Note that Y < W, since RR! < V(Q) < W. Using (5), we get
(W, b] = [RCw(B,),b] = [R,b] < RR® < Y. Hence,

Yh =Y.
As before let A € A.(T) with A £ Q. Then, by the choice of B, < T) and

Lemma 10.22, we have A® < Q. Hence, [RR!, A’] < [V(Q),A’] = 1. By Re-

mark 10.16, [R, A] = [R, J(T)] = 1, so [R?, A’] = 1 and [V, A’] = 1. As we have
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shown above, Y = Y?’. So we get [V, A]" = [Y? A% = [V, A®] = 1 and hence,
[Y, A] = 1. In particular, [R’, A] = 1 which is a contradiction to the module structure

of V(Q). This completes the proof of Lemma 10.23. O
Lemma 10.24. Let Q) € Q and 1 # U charg Q. Then J(Ns(U)) < Ns(Q).

Proof. Assume the assertion is wrong. Then there is () € Q and U charr @) such
that J(Ns(U)) £ Ng(Q). We can choose the pair (Q),U) such that |U| has max-
imal order. By Corollary 10.19 we can furthermore choose it such that U is fully
normalized. Set 7' = Ng(Q) and Ty := Ng(U). Note that U € C*(Q)). Thus,
by Lemma 10.23, A (T,V(U)) = A(Q,V(U)). Set X := (A.(Q,V(U))). Ob-
serve that T = Ng(J(Q)) < Ty, so J(Q) £ U and X £ U. Also note U; :=
XU charg Q. Therefore, by the choice of U, J(Ng(Uy)) < T < Tp. In particular,

J(T) = J(Ns(U1)) = J(Ng, (Uy)) and
AQ,V(U)) = AT, V(U)) = A(Ng, (Uh), V(U)).

Hence, Nr,(Ng,(Uy)) normalizes XU = U;. It follows that Ty < Ng(U;), which

contradicts J(Ng(U;)) < T and J(Tp) £ T. O

The proof of Lemma 10.4. Let Q € Q and 1 # U charz Q. Set T := Ng(Q) and
Ty := Ng(U). By Lemma 10.24, J(T) = J(T') and so B(Ty) = Cr,(UZ(J(T)))).
By Remark 10.16 R(Q) < Q(Z(J(T))). Hence, Lemma 10.21 implies B(7Ty) <

N1, (R(Q)) = T. This shows B(1j) = B(T') and completes the proof.

10.4 The proofs of Theorem 2 and Theorem 3

From now on assume Hypothesis 10.2. Observe that this implies Hypothesis 10.3. In

particular, we can use Lemma 10.4 and the other results from the previous sections.

Lemma 10.25. Let QQ € O, let U € F be F-characteristic in () and A(S)-invariant.

Then U = 1.
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Proof. Assume U # 1. Since U is A(S)-invariant, Nx(U) is full parabolic. Hence,
Nao)(U) < Nx(U) < N. Observe also that Cso()(V(Q)) < N£(Q(Z(9))) <N

and hence, as U charr @, A°(Q) < N. This is a contradiction to Remark 10.6. [

The proof of Theorem 2. Choose a pair (Q,U) such that Q € Q, 1 # U charg Q
and |Ng(U)| is maximal. Moreover, choose U so that |[U| > |Up| for all subgroups
1 # Uy chary Q with Uy<<Ng(U). Note that U is fully normalized by Corollary 10.19.
So the maximal choice of |U| yields U € C*(Q). Hence, by Lemma 10.12, Q) € C(Q).

Set

G:=G(Q), T:= Ns(Q) and M™ := Ca(V(Q))J(G).
Observe that it is sufficient to show the following properties.
(@) Ns(Q) = Ns(U).
(b) M*/Q = SLs(q) and one of the following hold:

(I) Q is elementary abelian, |Q| < ¢* and Q/Cq(M*) is a natural SLy(q)-

module for M*/Q).

I p=3,T=15,|Q| = ¢, ®(Q) = Co(M"), and Q/V(Q) and V(Q)/®(Q)
are natural S Lo (q)-modules for M*/Q).

For the proof of (a) and (b) set
T1 = B(T), TO = NS(U) and Ql = Q N Tl-

The maximal choice of Ty = Ng(U) together with Lemma 10.25 yields the following
property.
(1) Letl # C < T such that C' charz Q. Then C' is not A(Tp)-invariant and, if
S # Ty, C'is not normal in Ng (7).

By Lemma 9.7, we can now choose H < Ny«(U) such that T} € Syl,(H), H
is normalized by 7', M* = C¢(V(Q))H and (H/O,(H))/®(H/O,(H)) = La(q).
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Observe that (); = O,(H). Note that, by Lemma 10.4, 7} = B(Tj) and so every
characteristic subgroup of 7 is A(7})-invariant. Therefore, (1) implies that H fulfils
Hypothesis 5.1 with V(@) in place of WW. Thus, by Theorem 5.2 one of the following
holds for V' := [Qy, OP(H)].

) V<Q(Z(Q)) and V/Cy(H) is a natural S Ls(q)-module for H/Cy(V(Q)).

ary Z(V) < Z(@Q1),p=3,®(V) = Cy(H) has order ¢, V/Z(V) and Z (V) /D(V)

are natural S L (¢)-modules for H/Cy(V(Q)).
Furthermore, the following hold for every ¢ € Aut(T}) with V¢ £ Q1.

(i) @1 =V Cq, (L) for some subgroup L of H with OP(H) < L and H = L();.
(ii) ®(Cq, (OP(H)))¢ = ©(Cq, (OP(H))).
(iii) If (I") holds then V < V(Q)((V(Q)¢)¥) < Q1.

(iv) If (II’) holds then 77 does not act quadratically on V/® (V).

V) V£ Q0.
(vi) If (I") holds then Q,¢* = Q;.
If Uy < Q for Uy = (VAT or for Uy = (VNs(T0)) then [Uy, OP(H)] <V < Uy and

Uy charg (). Together with (1) this gives the following property.

(2) Thereis ¢ € A(Ty) such that V¢ £ Q4. If S # T} then we may choose ¢ such

that ¢ € Sp,.

Let now ¢ € A(Tp) such that V¢ £ (1. Recall that, by Lemma 10.4, T} = B(T)
and hence T7¢ = T). Set
D= ®(Cq, (O"(H)))-

Note that, as (); and H are T-invariant, D is normal in 7" and so F-characterstic in

@. By Lemma 10.18 and (ii), Q¢ € Q and D = D¢ chary Q¢. Assume D # 1.
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By Corollary 10.19, there is ¢ € Morz(Ng(D),.S) such that D1 is fully normalized,
QY, Qo € Q, and D1) is F-characteristic in Qv and QQ¢1). Hence, by Corollary 9.9,
D* := O,(Nx(Dv)) < Q¢ N Q¢yp. As F is minimal, Nx(D) is solvable and thus

constrained. Hence,

V(QU)V(QeY) < Cngpy) (D7) < D* < (Qy) N (QeY).

In particular, V(Q)¢ < @. If (I) holds then V' < V(Q)Cy(X) = V(Q)Z(Th)
and so V¢ < @, contradicting the choice of ¢. Therefore (II’) holds. Observe that
Hoy* < Nz(Dvy) as Hy < Ng(D).> Hence, Hgy* normalizes D*, and V, :=
V(QE)(V(Qéw)Ha¥") < D* < Qg This implies V(Q)(V(Q@)") = Vo <
®¢. Then by (iii), V < Qo N1} = (10, a contradiction to (v). This proves D = 1

and so we have shown that
(3) Cg,(OP(H)) is elementary abelian.

We show next that (a) holds. For the proof assume 7" < Ng(U). Then there is
z € (Ng(U) N Ng(T)\T. Since J(Q1) = J(Q) and Ng(J(Q)) = T, we have
Q7 # Q1. By 3) and (i), Q1 = VCq,(H) = VZ(T}) and so V* £ ;. On the
other hand, U € C(()) and so, by Corollary 9.9, O,(N£(U)) = U*(Q) = U. As
U=U"<QNQE"and Nx(U) is constrained, we get V(Q)V(Q)* < Cngun(U) N
Ty <UNTy < Q. If () holdsthen V < V(Q)Z(H) < V(Q)Z(T1) andso V* < @y,
a contradiction. Hence (II’) holds. Then, by (iii), we have V < V(Q){V(Q*)) < U.
SoV < UNT; < Q% acontradiction to (v). This proves (a). The choice of (Q,U)

together with Corollary 10.19 and Lemma 10.25 gives now the following property.

(4) Forevery 1 # Uy charg @, we have T' = Ng(Uy) and Uy is fully normalized. In

particular, Uy is not A(7T')-invariant.

We show next:

3Recall Notation 2.11.
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(5) Leta € A(T) such that Q1 # Q1. If (I’) holds then ¢(Q)a = (Q).

For the proof of (5) assume that (I') holds and ais as in (5). Then Q; = V/(Q)Z(T1),
so we have V(Q)o £ Q. By Lemma 4.12, V(Qa) is not an over-offender on
V(Q) and vice versa, so [V(Q)/Cv(q)(V(Qa))| = [V(Qa)/Cy(ga)(V(Q))|. Hence,
V(Qa) is an offender on V(Q) and vice versa. So, again by Lemma 4.12, J(T)Q =
V(Qa)Q and J(T)(Qa) = V(Q)(Qa). In particular, [J(T), Qa] < Q and, by Re-
mark 93(d), Qa < J(T)Q. Hence, J(T)Q = J(T)(Qa) = V(Qa)Q = V(Q)(Qa).
In particular, Qo = V(Qa)(Q N Qa) and Q = V(Q)(Q N Qc). This yields ®(Qc) =
®(Q N Qa) = B(Q) and proves (5).

From now on let &« € A(T) such that Qv # @);. Note that « exists by (4). We

show now:
(6) If (I) holds then () is elementary abelian.

Let 5 € A(T) such that Q15 = (1. Then Q18a # Q4. If (I') holds then (5)

yields ®(Q)a = ¢(Q) = ¢(Q)La and hence ¢(Q) = P(Q)S. Thus, by (5), P(Q) is
A(T)-invariant. Now (4) implies (@) = 1, so (6) holds. We show now:

(7) Co(H)N (Co(H)a) = 1.

For the proof of (7) assume U, := Co(H) N (Co(H)a) # 1. By Lemma 10.18,
we have Qa € Q. Note that U; chary @ and Uy charz Q. In particular, by (4), U,
is fully normalized. Moreover, Corollary 9.9 implies U} := O,(Nz(U;1)) < Q N Q.

By Corollary 2.34, Nx(U) is constrained. Hence,

V(Q)V(Qa) < Cngwy(U7) < U7 < QN Qa.

If (') holds then, by (6), @ = V(Q) and so Q = Qa, contradicting the choice of
a. By (i) and (3), Q1 = VZ(T1), so Va £ Q4. Hence, if (II’) holds then, by (iii),

V <V(Q)NV(Qa)") < Uy < Qa, contradicting (v). This shows (7).
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It remains to show that (I) implies (I) and (II') implies (II). Assume first (I’) holds.
By (6), @ is elementary abelian. Hence, @) = V(Q), Co(V(Q)) = Q, M*/Q =
SLy(q) and Q/Co(M*) is a natural SLy(q)-module for M*/Q. By (7), Co(M*) N

(Co(M*)a) = 1. This implies
|[Co(M7)| = [(Co(M™)a)Co(M™)/Co(M™)| < [Z(J(T))/Co(M7)| < q.
Hence, |Q] < ¢® and (I) holds.

Assume from now on that (II’) holds. Note that, for W := Z(Q,), W/Cw (H) is
anatural S Ls(¢)-module for H/Q;. Hence, |Z(11)/Cq,(H)| = |Cw(1T1)/Cw (H)| <

q. Now (7) yields
Co,(H)| = |(Cq,(H)a)Cq,(H)/Cq,(H)| < [Z(T1)/Cq,(H)| < q

and so Cg, (H) = Cy(H). Now by (i) and (3), Q1 = VCq,(H) = V. In particular,
by (i), Q1 = V = V(Q){((V(Q)p)"). So Q, = V is generated by elements of
order p and [Q1, Q1] = ®(Q1) = Cg,(H). As ()1/Z(Q,) is an irreducible module
for H, [Q1,Q] < Z(Q1) and so [Q1,Q,Q1] = 1 = [Q,Q1,Q1]. Now the Three-
Subgroups Lemma implies [Co, (H), Q] = [Q1,Q1, Q] = 1. Observe that Z(Q;) =
V(Q)Cq,(H) and so [Z(11),Q] < [Z(Q1),Q] = 1. The definition of 7} gives now
QZ(J(T))),Q] = 1and Q = @y = V. In particular, by (vi), every automorphism
of T of odd order normalizes (). Hence, () is normal in Ng(7T') and so T = S. If
[Q,Ca(V(Q))] # 1for @ = Q/Cq(H), then Q is the direct sum of two natural
SLy(q)-modules for H/Cyu(V(Q)) and so [@Q,T1,Ty] = 1, a contradiction to (iv).
Thus, [Q, Co(V(Q))] = 1 and, if z € C(V(Q)) has order prime to p, then [Q, ¥] =
Q,z,z] < [Co(H),z] < [V(Q),z] = 1. Hence, C(V(Q)) = Q. This shows

M*/Q = SLy(q) and (I) holds. Thus, the proof of Theorem 2 is complete.

The proof of Theorem 3. Theorem 3 follows from Theorem 1, Theorem 2, Corol-

lary 2.34 and Theorem 7.2.
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