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ABSTRACT

The data capacity of a link within a wireless network depends in a nonlinear way on
the communication resources allocated to it. Finding the optimal way to transmit data
through a network consisting of many wireless devices can therefore be represented as a
nonlinear optimization problem over network flow variables and communication resource
variables.

In this thesis we develop a nonconvex optimization problem for transmitting unicast
and multicast messages through a time-slotted multi-hop wireless network. Multicast
messages are handled in an optimal way through the use of network coding to allow data
packets to be combined ensuring they are useful for multiple destinations. The benefits
of network coding over other routing strategies are tested numerically.

We look at simple networks to gain insight into the way various parameters affect the
nonconvex behaviour before going on to develop algorithms which can be applied in a
distributed manner, and make use of the coupled structure of the problem.

We implement a subgradient method for solving the dual problem, and then look at
ways to accelerate its convergence. We also investigate the behaviour and convergence of
a simple but effective primal co-ordinate descent method before numerically investigating

its performance.
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CHAPTER 1

INTRODUCTION

Wireless data transmission is a technology for which new applications are constantly
being found. As the technology improves, there are demands for ever-increasing amounts
of data to be transmitted. While in wire line networks the amount of data able to be
transmitted from one point to another depends simply on the quality and size of wire
used, and can therefore be seen as fixed, in wireless networks the situation is predictably
more complicated. Wireless network link capacities depend on the resources allocated to
them, such as frequency, time, and transmit power, as well as background environmental
conditions. As the demand on wireless networks increases, it becomes more important to
make the best possible use of these resources, and in order to do this it is necessary to
simultaneously consider the best way to allocate these communication resources as well
as the best way to transmit data through the network.

The specific problem within the broad area of wireless communication that this thesis
is concerned with is that of finding the optimal way to transmit at a number of unicast
and multicast messages through a time-slotted multi-hop wireless network. A unicast is
a message from a single sender to a single receiver and a multicast is a message from a
single sender to multiple receivers.

A multi-hop network is a network where each communication device is able to act as



a relay for data destined for other devices, and so a typical path from sender to receiver
will consist of many short “hops” between intermediate relaying devices. In the problem
we are considering, we allow multipath routing, that is to say a message from sender to
receiver need not flow along a single path through the network, but is able to split into
smaller portions, each of which can take different paths.

It is worth explicitly mentioning that in the model developed in this thesis, we only
consider point to point communication and not broadcast communication. This is an
important distinction since in point to point communication, a message transmitted by
a device can only be received by the one device it is intending to send to, whereas in
broadcast communication a message transmitted by a device can be received by any
intended receivers that the message reaches suitably clearly.

The optimization problem we are thus considering is that of allocating wireless com-
munication resources, and designating multipath routing strategies so that each message
reaches its destination within a designated number of timeslots in such a way as to min-
imize some measure of cost of using the network. The relationships between communi-
cation resources and data capacities are often complex, and in the code division multiple
access scheme which we are most interested in, this relationship is in fact non-convex,
leading to a non-convex optimization problem.

Put simply, the first half of this thesis is concerned with finding the best way to model
this problem as a mathematical optimization problem and trying to understand some
properties of the problem. The second half of the thesis is concerned with designing and
investigating suitable algorithms for solving the problem presented in the first part.

Chapter two beings by looking briefly at the physical processes involved in wireless
communication, including the various channel access schemes, before introducing a math-
ematical framework and nonlinear program for the problem of transmitting unicast mes-

sages. The chapter concludes with a study of the simplest possible instance of the problem



in order to illustrate and investigate the nonconvexity of the problem and find conditions
under which the problem has a unique solution.

In chapter three we tackle the problem of incorporating multicast transmissions into
the model developed in chapter two. We investigate three possible approaches, namely
a naive routing approach which ignores the fact that the same data is being sent to
multiple destinations, a combinatorial tree packing approach, and a new approach using
the recently developed principle of network coding. With network coding, rather than
just allowing the intermediate devices to forward and copy incoming messages, we allow
them to perform additional operations on the incoming packets, such as forming linear
combinations of them. This mixing up of packets means data travelling through the
network is more likely to be useful to more receiving devices of the multicast transmission.
At the end of the chapter we detail an extended optimization problem for the transmission
of multiple unicast and multicast transmissions, and finally we compare the naive approach
to the network coding approach through numerical simulations.

At the beginning of chapter four we look into ways of tackling the non-convexity of
the optimization problem and examine the suitability of some of the commonly employed
approaches. The bulk of this chapter is involved in employing the well known technique
of solving the dual problem through a subgradient method, which lends itself to being
solved in a distributed manner and exploits the coupled structure of the problem but
unfortunately converges to a solution extremely slowly. The final part of the fourth
chapter is spent improving this low convergence rate by using an acceleration technique
based on Aitken’s A? technique.

In the fifth chapter we look at an algorithmic approach where our main goals are
to find a solution quickly and exploit the underlying structure of the problem. These
goals are met through a primal block co-ordinate descent method. We investigate the

validity of such a method and show why it finds a solution so quickly, as well as finding



conditions under which it is guaranteed to reach a global optimum. We look briefly
at ways in which this approach can be solved in a distributed fashion before highlighting
potential difficulties of employing this method in certain situations, and finally investigate
numerically how close the algorithm comes to an optimal solution in the general case for
which global convergence is not guaranteed.

Finally, in chapter six we reflect on the main outcomes of the thesis as well as out-
lining some of the most interesting open questions, and highlighting the most promising
directions for future research.

Due to the nature of this work, it is relevant to both mathematicians and communi-
cations engineers. In an attempt to make the communications engineering sections easier
to read for mathematicians, and to make the mathematics easier for non-mathematicians,
there is a glossary of commonly used communication engineering terms in appendix B

and a brief recap of the theory of convex programming in appendix A.



CHAPTER 2
A MATHEMATICAL MODEL FOR

TRANSMITTING UNICAST MESSAGES

In this chapter we will build the mathematical programming problem which we will later
set out to solve. In order to ensure that the mathematical problem we construct is
appropriate, it is of course first necessary to look in detail at the real-world situation we
wish to model. For a thorough treatment of the way data networks work, see [4], and for

an in depth technical discussion of the way a wireless network works, see [28] and [22].

2.1 Physical Properties of Multi-hop Wireless Net-

works

To achieve the stated aims of this work, it is important to first understand as deeply
as possible the physical situation we hope to model and the real-world problem we wish
to solve. Without this understanding it is impossible to know whether approximations,
assumptions and simplifications we make in order to lead us to a tractable optimization
problem leave us with meaningful techniques and data, or a problem which differs from
the original physical problem in some fundamental way to such an extent that the model

no longer suitably resembles the physical process, and so solving it becomes meaningless.

5



To this end, we will outline the concept of a wireless multihop network as well as
describing how messages are passed through such a network. It is also important to
understand applications of such a technology, both to provide motivation for solving
these problems and again to understand how best to design the model to capture the key

characteristics of the physical process.

2.1.1 Multihop Wireless Networks

In order to consider the problem of transmitting messages through a multihop wireless
network, we first need to know what is meant by such a network. By a multihop network,
we mean that a source device wishes to transmit data to a destination device by using
intermediate nodes to relay the information. This differs from the widely used single hop
network, where the transmitter node sends the messages directly to a receiver node.

By allowing intermediate nodes to relay data in this way, we allow the message to
take multiple smaller steps. In wire line networks, there would be little advantage in this
approach since there is not much attenuation when transmitting through cables as com-
pared to through the air, but in wireless networks it is natural to see that two devices close
together find it much easier to communicate with each other than two devices separated
by a great distance, and so hopefully less effort is required for the communication to take
place. The question of whether the total effort required to make multiple small hops is
less than the effort required to make one large hop requires in depth understanding of
just what this effort entails and is fundamental to the idea of multi-hop networks.

There are two main types of wireless multihop network we would like to consider,
infrastructure networks and ad-hoc networks, both of which have many applications.

In infrastructure networks, the wireless devices work in a pre-specified way to de-
termine the routing of information. There are multiple applications of infrastructure

networks including sensor networks and wireless backhaul networks.



In wireless ad-hoc networks, there is no pre-existing infrastructure, all devices forward
data for other users. The routing scheme needs to be adaptive as devices are free to enter
and leave the ad-hoc network.

Wireless backhaul networks are used for extending the coverage area of communica-
tions networks without extending the actual wire line infrastructure. It is often cheaper
to build a network of large transmitters to link users back to the internet or telephone
network than to lay cable to individual local transmitters. These backhaul devices then
communicate to the internet or telephone network, using any backhaul devices between
them and the destination as relays.

Sensor networks are used for monitoring environmental conditions. Sensor devices
could range from temperature sensors to motion sensors, all needing to communicate
their findings to a central control. Since there could be many sensors in a network, it
would make sense to give them cheap, low powered transmitters allowing them to find a
multihop path along which to send their data to the relevant control.

Clearly, depending on the application of a wireless network, there are different chal-
lenges to be addressed and different priorities. For example, mobile devices in ad-hoc
networks are, by their mobile nature, likely to be reliant on batteries as a power source,
and so optimization with respect to power is likely to be more important than in a static
network where each device may be connected to a permanent power supply.

Also, in ad-hoc networks, the rate at which the topology of the network changes could
necessitate a model which generates adaptive solutions which can quickly change as the
network changes, or robust solutions, which are likely to succeed even if the network
changes. In static multi-hop networks known as mesh networks the topology is likely to
be much more stable. It is also the case that communication overheads become more or
less significant for different applications:

In a static mesh network with a constant flow of data, it could be the case that a



centralized computation could be made to determine the best way to route the data, and
then this information could be distributed amongst the intermediate devices with details
of how to route the data. In a network where either the traffic requirements are likely to
change quickly, or the network topology is liable to change, it would be more useful for
the decisions to be made locally, in a distributed manner, whereby each node reacts to its
immediate surroundings in order for a global best course of action to be taken.

Having seen that different types of network and applications require different things,
a mathematical model would have to be flexible enough to accommodate any type of
network or application, or decide which of the above aspects (distributivity, adaptivity,
robustness of solutions, speed of solution) needs to be prioritised.

Having looked into the various types of wireless network, it is important now to look
at the physical processes taking place. However, since wireless network functionality is
such a deep and involved topic with many layered processes happening simultaneously, it
is impossible to go into full detail of everything that happens in a wireless network, we
will instead present an overview focussing on the aspects most important to our research

goals.

2.1.2 Unicasts

Suppose we have a network of communication devices and device A wishes to transmit a
message to device B, possibly through intermediate devices Ny, ..., Ni. This is known as
a multihop unicast.
The information at user A is encoded into a string of 1s and 0s and then divided into
packets of data. These packets are stored in a memory at device A known as a buffer.
The next step is to wirelessly transmit these packets, possibly sending them along
separate paths, through a series of intermediate devices, to be finally stored at device B.

Transmissions are made in distinct time slots and at any given time, a device is able to



send packets or receive packets, but not both. At any given device, the packets can be
stored in buffer for as long as required, giving the network a great deal of flexibility, but
also inevitably leading to a great number of decisions to be made.

Even before worrying about how these packets are sent, we already have to decide how
many packets to send between any two devices in any time slot, and how many packets
to store at each buffer. Inevitably, transmitting these packets between devices requires
communications resources, and so we need to be able to decide how to make use of these

resources in the best possible way.

2.1.3 Communications Resources and Access Schemes

Lets now take a closer look at the communication resources we need to manage:

Due to the finite bandwidth of the parts of the light spectrum used for wireless com-
munication, the immediacy of information required by service users, and requirements on
battery life, it becomes increasingly important to make sure we use our resources in the
best way possible. As the number of applications for wireless networking increases, and
the number of communication devices using the same bandwidth increases, this matter
becomes all the more pressing.

There are four main ways in which several different messages can be transmitted at
the same time over a wireless medium, and the standard analogy, which we shall use also,
is to imagine two separate conversations happening in the same room.

The first way to allow multiple channels access to the medium is known as frequency
division multiple access, (FDMA). Here, the bandwidth allocated to wireless communi-
cation is split further, and different devices transmit at different frequencies. In the room
analogy, this would be equivalent to different pairs of speakers and listeners speaking at
different pitches, and with ears capable of hearing different pitches. Unfortunately, at any

time when a device is not transmitting, we are not using the entire available bandwidth.



A second approach is known as time division multiple access, (TDMA). Here all
channels use the entire available bandwidth, but transmit at different times. In the room
analogy, this is obviously equivalent to allocating each speaker times at which they are
allowed to communicate.

The third approach is to open up the entire available bandwidth and time period to
all sessions and distinguish between different sessions using codes. In the room analogy,
this is like allowing all conversations to occur simultaneously, but with each in a different
language, and with conversationalists equipped with ears that can block out conversation
which is not in their language. This approach is known as code division multiple
access, (CDMA), and potentially makes the greatest use of the available bandwidth and
time.

A fourth, and in a sense simplest way to allow the conversations to happen is to have
the conversations happening at opposite ends of a large room, making it easy to hear
your partner but with the other voices as a distant murmur. Obviously this is impractical
on a local scale as it would require all wireless devices to move close to each other if
they wanted to communicate, which would somewhat defeat the point of the exercise.
However, using multiple antennas it is possible to split the space into separate entities
known as beams. This approach is already applied in several existing technologies.

If we have a large area using multihop ad-hoc networks, we can break it down into
smaller cells, and then if two cells are not too close to each other, anyone in these cells
can communicate at the same time over the same frequency as someone in a different cell,
without worrying about overhearing them. This approach is known as frequency reuse.

It is of course important to know how resource use relates to data capacity for these
various access schemes. With any access scheme, the theoretical capacity of a wireless link
can be found using the ground breaking work of Claude Shannon, [42]. He established

that the amount of information able to be transmitted over a wireless link in a given
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time slot is related to the transmit power, noise and interference, bandwidth and the
length of the timeslot. From the definitions of FDMA, TDMA and CDMA, we see that
interference from other transmitting devices is only a factor under CDMA, and under the
other schemes the only interference comes from background noise, usually in the form of
Gaussian white noise. With this in mind, we see that:

For FDMA, capacity = W(transmit power, allocated bandwidth, background noise),

for TDMA, capacity = W(transmit power, allocated timeslot length, noise),

for CDMA, capacity = W(transmit power, other transmit powers in the network,
noise).

Depending on which access scheme is used, we have various different communication
resources which we need to decide how to deploy. All of this will be formalized later in
the chapter where we shall develop a mathematical framework and optimization problem
for modelling this physical process. First, with a better understanding of the problem we
are trying to model, we are able to appreciate other research aimed at solving this, and

similar problems.

2.2 State of the Art

In this section we shall look at the history of research involved in optimization in com-
munication networks, specifically in wireless networks.

The problem of single path routing of unicast messages through data networks with
fixed capacity links has been heavily studied as far back as the 1970s, when most data
communication was carried through fixed capacity wireline networks. Work in this area
often focuses on minimizing delay. Many centralized as well as distributed algorithms exist
for finding minimum delay routing strategies in fixed capacity networks, see for example
[20] for a distributed algorithm to compute the best routing strategy in the case where

we want to alter an existing network, and [44] for an adaptive distributed algorithm using
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relaxation. The extension to multipath routing has also been well studied, see [32] for
an algorithm for optimal multipath routing and flow control. In [2], Bertsekas provides
an excellent overview of the optimization problems associated with networks, such as
minimum cost flow problems and max-flow problems, as well as discussing efficient ways
of solving them.

The problem of optimal resource allocation in interference limited wireless networks
where we are given the capacity requirements of a number of users in a network where
they are all connected directly to a base station has also been investigated in consider-
able detail over the last twenty years or so. The problem is often to minimize the total
power used whilst ensuring all users demands are satisfied, see [30], [47] and [46]. In [14]
scheduling and power control are considered simultaneously to try and limit high inter-
ference situations. In [52], Yates shows that many different types of resource allocation
problem where one seeks to minimize transmit power can be reduced to a fixed point
iteration which can be performed in a distributed way. In [16], this idea is extended by
accelerating the fixed point algorithm.

More recently, simultaneous optimization over both resource variables and network
flow variables has been considered. As mentioned above, depending on the resources and
access schemes being considered, the problem of simultaneous optimization over schedul-
ing, routing and resource variables may or may not be linear or even convex. A lot of
recent work has gone into cross-layer optimization in the convex case. In [51], the prob-
lem of simultaneous routing and resource allocation is considered under the assumption
that the relationship between capacities and resource variables are convex. The problem
is formulated as a convex optimization problem and a dual decomposition approach is
suggested. In [26], further decomposition techniques are investigated for this same for-
mulation . In [50] a framework is again presented for a convex formulation as well as a

distributed gradient projection algorithm. In [11], CDMA interference limited networks
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are considered but it is assumed that the relationship between the signal to interference
and noise ratio (SINR) and link capacity is linear, which is valid for very low SINR values.

The nonconvex optimization problem resulting from assuming that the Shannon ca-
pacity can be achieved, as we shall, is considered in [27], but it is assumed that SINR
values are all high and a convex approximation can therefore be made. A detailed discus-
sion of possible ways of dealing with this non-convex problem can be found in [9]. Little
work exists investigating when these approximations are valid, or ways in which we can
solve the original non-convex problem. Before going on to develop the mathematical opti-
mization problem, it is sensible to outline what we mean by a mathematical optimization

problem, and what we mean by solving a mathematical optimization problem.

2.3 Mathematical Optimization

We will now outline some simple notions from mathematical optimization, for more in-

formation see A. A general continuous real optimization problem can be stated as:

min  f(x) 2.1)
st. xe

It is assumed that x € R™ and f : R" — R is continuous and ) is connected. If we put
restrictions on the objective function f and the constraint set €2, this problem becomes a

more specific type of optimization problem:
o If f is linear and 2 is polyhedral, 2.1 is a linear optimization problem.
o If f is convex and () is convex, 2.1 is a convex optimization problem.
e If f is nonconvex, or € is nonconvex, 2.1 is a nonconvex optimization problem.

In order to specify solutions to 2.1, we introduce the following definitions of minimizers:
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Definition 2.1 Consider the optimization problem 2.1. x* € Q) is a Local Minimizer
of the optimization problem if f(x*) < f(x) for all x € Q satisfying ||x — x*|| < € for some

e > 0.

z* € Q is a Global Minimizer of the optimization problem if f(z*) < f(x) for all

z € .

Clearly a global minimizer is also automatically a local minimizer. The distinction be-
tween convex optimization problems and nonconvex optimization problems is an impor-
tant one since convex optimization problems have no local minimizers which are not global
minimizers, whereas a nonconvex optimization problem can have local minimizers which
are not global. It is often difficult for algorithms to distinguish between local minimizers
and global minimizers, and so in a nonconvex optimization problem the best we can do
is often find a local minimizer.

A natural way to tell if a point x* is a local minimizer involves feasible descent direc-

tions.

Definition 2.2 Consider x° € Q. d € R" is a feasible descent direction at x° if

there exists € > 0 such that for all0 < § <&, x°+dd € Q, and f(x°+dd) < f(x°).

2¥ is a local minimizer if and only if there does not exist a feasible descent direction

at xV.
In the following section we will gradually build a mathematical framework and opti-
mization problem for the problem of transmitting unicast messages through a multihop

wireless network in a manner which is optimal over both network flow variables and

communication resource variables.
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2.4 Developing a Mathematical Framework

In this section, we develop the mathematical framework. Beginning by detailing how we
represent the network itself as a mathematical object, and then discussing how we handle
scheduling in the network. We then discuss how the various access schemes discussed
at the start of this chapter can be included in the model. This leads to a discussion of
the variables of the optimization problem, the various problem parameters, the objective

function and constraints.

2.4.1 The Basic Topology

Consider a set V' consisting of |V| communications devices. We construct our network
flow model using a directed graph as follows. If device v € V is capable of sending data
directly to device w € V, then e = (v,w) € E CV x V|, that is to say there is an edge in
our directed graph from node v to node w representing the corresponding communication
link. We denote the set of all links by £ C V x V. Let the total number of links be
denoted by |E|. We have that G := (V, E), is a directed graph, V' is the node set of the
graph and F is the edge set. We will now define two types of subsets of E which we shall

make use of later. For a node v € V, let

ET(v) :={e € Ele = (v,w)},

E~(v) :={e € Ele = (w,v)}.

That is, ET(v) is the set of all outgoing edges at node v and E~(v) is the set of all

incoming edges at node v. We make the following assumptions about the graph G-

o IfveV, (v,v) ¢ E, that is to say there are no loops in the graph.
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e The underlying graph formed by removing all directions from G is connected. That
is to say that if v;,v9 € V, there is either a path from v; to vy, or a path from vy to

V1.

For an overview of the graph theory concepts and definitions we use, see [45].

We are interested in modelling a number of messages being transmitted through the
network over a certain number of time slots. Let M = {1,...,m™*"} index the set of
messages to be considered. With each m € M we associate a source node s™ € V and a
destination node d™ € V. We assume s™ # d™ ¥V m € M. Our task for each m is to send
a message of a size S™ from source node s™ to destination d™.

In our model, a message from s” can be broken up into pieces, each of which fol-
lows a different path to d™. The information encoded in the different pieces enables the

destination node to reform the original message. This is known as multipath routing.

2.4.2 Scheduling

In any given time slot, we assume that a node can be acting as a transmitter or a receiver,
but not both. This is known as a half-duplex constraint. The decision of which nodes
are allowed to transmit in a given time slot is the problem of scheduling. In order to
incorporate this scheduling into the model we assume there is a given colouring of the
nodes of the graph. That is to say, we can partition the node set V into C' nonempty
subsets V1, Va,, ... V. In other words, V = Ule Ve,and ViNV; =0,Vi #j € {1...C}.
To be a colouring it is required that any two adjacent nodes of V' are of different colours.

Here C' > x(G), the chromatic number of G.

Definition 2.3 The least number of colours needed to colour a graph G is called its

chromatic number, x(G).

To find the chromatic number of a graph is in general extremely hard, in fact it is an

NP-complete problem, [43], that is to say no polynomial time algorithms are know for
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solving this problem. Luckily for us, we do not need an optimal colouring for our graph
G. Many greedy algorithms exist which provide near optimal colourings very cheaply,
and even in a distributed manner, see [23] and it is a greedy algorithm that we will use
to colour our graph. Having created a colouring, we now go on to think about the time
slots we will use. Let t™** € N be the maximum number of time slots we will allow for
the message transmission. We number the time slots by indices, t € T := {1,...,t™*},
and then we give the time slots a colouring, with no two adjacent time slots the same
colour. The easiest way to do this is cyclically, so time slots 1, C'+ 1,2C + 1.. have colour
1, time slots 2, C'+ 2, 2C'+ 2 have colour 2 etc., but the best choice of time slot colouring is
naturally problem specific. The scheduling is then put into practice by saying that nodes
of colour ¢ can only transmit in time slots of colour c. It is natural to define a colouring
on the directed edges by saying the colour of an edge is the same colour as the node it
originated from.

The colourings of nodes, edges and time slots can be viewed as functions coly : V +—
{1,...,C}, colg : E— {1,...,C} and coly : T — {1,...,C}, where the function coly
is defined by the greedy colouring algorithm, colg(e) = coly (v) Ve € Et(v), and coly is

defined cyclically as above, or in any way suitable for the specific problem.

2.4.3 Channel Access Methods

Before we can go further with development of our model we need to look closely at
the mathematics governing wireless communication under the various access methods
described earlier in the chapter. The key result we need from Shannon is that a wireless
channel is able to transmit data perfectly with no errors at a rate which is proportional
to the length of time over which the transmission takes place, the bandwidth used for the
transmission, and log,(1+SINR), where SINR is the signal to interference and noise ratio,

that is the ratio of received signal power from the source of the message, to background
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noise and the sum of received powers of interference coming from other transmissions

going on in the network at the same time [42].
Time Division Multiple Access

In time division multiple access, different users transmit at different times. Time is split
into slots, and in each slot, only one transmitter is active. This means all the users can
transmit over the same frequency range, with the same bandwidth. The capacity of a
link depends on the length of the time slot allocated for it to transmit over, as well as the
transmit power for that link. Let W, be the capacity of edge e, p. the power transmitted
along that edge, and 7. the length of the time slot allocated to that edge. Let B be the
bandwidth available to transmit over and Ny the spectral noise density. We have that,

by [51]

Pe
U, (pe, Te) = T.Blo 1
(Pes Te) &2 ( + B No)
In the case of TDMA, the communication variables are the lengths of the time slots
allocated to the various edges, and the transmit powers allocated to the various edges.
This function is jointly concave in p. and 7. together, and is concave in p. if 7, is kept

constant, and linear in 7, if p. is kept constant.
Frequency Division Multiple Access

In frequency division multiple access, different users transmit at the same time, but over
different frequencies, meaning again there is no interference. The capacity of a link de-
pends on the bandwidth allocated for it to transmit over, as well as the power allocated
to that link. If we let W, be the capacity of edge e, p. be the power transmitted along that

edge, B, be the bandwidth allocated to transmitting along edge e. Let 7 be the timeslot
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available to transmit over and Ny the spectral noise density. Then, we have that, by [51],

De
V. (pe, Be) = Berl 1
(p ) 7 108y ( + BeNO)
In the case of FDMA, the communication variables are the bandwidths allocated to the
various edges, and the transmit powers allocated to the various edges. This function is

jointly concave in p, and B,.
Code Division Multiple Access

In code division multiple access, different users transmit over the same bandwidth at
the same time. Different transmitters are assigned different codes in order to distinguish
the different signals. Since many different messages are being transmitted at the same
time and over the same frequency, interference is experienced. The capacity of a link
depends on the transmit powers on all links that are being used at the same time. Let
A = (aij)i=1,.,|B|j=1,., B € RLE‘X'E‘ be the channel gain matrix for the network. a;; is the
power gain from the transmitter of link j to the receiver of link ¢ and models the effects
of signal attenuation due to the distance between transmitter and receiver and channel
fading, [22]. High values in the diagonal terms a;; indicate a good channel for link 4,
whereas high values in the off-diagonal terms, a; j,¢ # j indicate high interference from
link j to link <. Based on the well known Shannon Capacity formula, we have that the
capacity for a link e is related to the power values on all links active at that time, as well
as the bandwidth, B, and the length of time over which the transmission takes place, 7.
Suppose we have a total of |F| communication links active. The relationship between the

capacity of link e, ¥, and the powers on all the edges is, by [27]:

ae epe
U.(p1,p2,...,pp) = Brlogy | 1+ 7 '
- ’ ZI:L...JE\,l;ée arepr + BNy
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With CDMA, the communication variables are the powers used to transmit over the
wireless links. We shall look at the some of the second derivatives of ¥, to show briefly
that this function is neither convex nor concave, and therefore a constraint involving this
and a linear term must also be neither convex nor concave.

Now,
D’ BT@g,e(Zzzl,...,w\,z;&e arepr + BNo)

op2 - 1112(21:1,...,@\ aepr+ BNo)*

which, by the non-negativity of all variables and parameters involved is always negative.
This means if all powers are fixed on all other edges, this function is concave in the

transmit power on edge e, p.. Similarly,

82\116 BTae,eal%epe (ae,epe + 2 (Zl=17~~7\E|7l7ﬁ6 et + BNO))
;- 2030, gavep + BNo) (D021 pjige Wbt + BNy)?*

Due to the non-negativity of all variables and parameters involved, this term is always
non-negative. This means that if the power on edge e is fixed, and all powers on interfering
transmissions are fixed except one, p;, the function W, is convex in py.

Since W, is concave in p., and convex in p;, it cannot be a convex or concave function,
and so any constraint formed from it can also be neither convex nor concave.

In order to visualize the different ways in which the access methods utilize time and

space, it is useful to look at Figure 2.1.

2.4.4 Variables

In order to proceed with the modelling of the problem, we now need consider the variables
which we will have control over. Our variables can be split into two kinds of variables,
network variables and communication variables. We consider all our variables to be real,

although in physical applications, some of them would be discrete.
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time

FDMA . TDMA . CDMA

Figure 2.1: Graphical representation of the three main access schemes

Network Variables
Network variables are variables directly concerned with the flow of data through our

network

o [ € Ry: amount of message m € M sent along link e € F during time slot ¢ € T

(in bits).

e b, € Ry : amount of message m € M stored in a buffer at node v € V' during time
slot ¢ € T (in bits).
Communication Variables

Communication variables are variables that govern the capacity of the links in our network.
Focussing on CDMA networks, the only communication variables we need to consider are

the transmit powers:
® p.+ € Ri: power used for sending data along link e € E during time slot ¢t € T (in

Watt).

2.4.5 Parameters

Our model will also use the following parameters:
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e S™ € Ry: The size of message m € M (in bits).

e s, € {l,...,|E|}: The source node of message m.

e d, €{l,...,|E|}: The destination node of message m.

e BM* ¢ R, : The maximal total buffer size at node v € V' (in bits).
e P ¢ R,: The maximal power usage of node v € V' (in Watts).

e P ¢ R,: The maximal power usage for sending data along edge e € F (in

Watts).
e B € R,: The bandwidth available for transmitting over (in Hertz).

. ait € R,: The background noise (in Watts) observed when sending part of message
m € M along edge e € E at time t € T. If we assume the background noise is
thermal noise which is the same for all edges for all time, then az,t = BNy, where

Ny is noise spectral density (in Watts/Hertz).

7 € R;: The length of each time slot (in seconds).

2.4.6 Objective Functions

The main objective we will focus on is minimization of the total energy required to

transmit the messages. That is to say, our objective is:

minimize : Z Z TPe.ts (2.2)

teT ecFE

or equivalently, in FDMA or CDMA networks:

minimize : E E De,t-

teT ecFE
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We would also like our framework to be able to handle different objectives of course. An
example of another useful objective function would be the minimization of the maximum

power usage of a given node, that is:

minimize : max E g De,t
veV

teT ecE+(v)

In most of what follows we will assume the objective to be convex, and monotone increas-
ing in the power variables. When the objective function is non-specific we will denote it

o.

2.4.7 Constraints

From now on we will consider the only communication variables to be the powers allocated
to the edges. We consider the bandwidth and timeslots to be constant. In order to
formulate our problem as a mathematical program we need to consider all the constraints

that need to be applied to our variables in the minimization of our objective function.

e First off, all our variables need to be non-negative.

Pet = 0 ec B teT,
fn > 0 eeEmeM,teT,

> 0 veVmeMteTl.

e Secondly, the power variables are bound above by the power capabilities of the

transmitters, and the buffer variables are bound above by the storage capacities of

the buffers.

N

De,t pmax eec FteT,
dceptyPer S P veVitel,

> b, < BM™ peVitel.

meM “v,t v
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e The messages need to be at their source nodes in their entirety at the first time
step, and at their destinations at the end of the time interval considered. All other

buffers need to be empty at the start of transmission.

bgm, = S™ me M,
bglmimax_i_l - Sm m &€ M

by, = 0 m € M,v e V\{s™}

e For scheduling, we only allow nodes to transmit data if the node is the same colour
as the current time slot.

" = 0 meM,ec E;te€Tsdt. colg(e) # colp(t).

et

e For routing, we use a modified Kirchhoff’s Law, [39], to ensure that the difference
between the amount of a given message that leaves a given node, and the amount of
that message that enters that node is equal to the difference in the amount of that

message stored at that node. This can be formulated as:

bZ?t—l—l - bvm,t = ZeEE*(v) :?t - ZeeEﬂv) f;nt meMuveV,teT.

Notice that due to the colouring, one of the terms on the right hand side will equal

Zero.

e By far the most interesting constraint is the coupling constraint. Up to now, con-

straints have only involved either the networking variables f; and 07, or the power

v,t)

variables p. ;. These variables are coupled by constraints on the capacity of the links

as discussed above. Adapting the CDMA capacity formula for our problem where
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we have several messages, and various time slots we have that

Qe ePe,t
o <V (p):=Brlogy | 1+ — ec E;iteT (2.3
> 2 < Weu(p) : ( T BNO) (2.3)

meM

As discussed in the previous section, this is not a particularly nice constraint to deal
with since it is neither convex nor concave. For brevity, we will often use ¥, ;(p) in

place of the full expression.

2.4.8 The Mathematical Program

In this section we will present in its entirety the mathematical program we wish to solve,

using everything we have built up in this chapter so far.

minimize &(b,c,p)

such that
Peyt > 0 ecE, tcT,
Dejt < prex ec E,teT,
ZegEﬂv) Det < P veViteT,
et Uit > 0 ecE, meMteT,
D men by < B veVitel,
b 1 = S m € M,
D g = S™ m € M,
boh = 0 m e M,v e V\{s"}
ot = 0 meMecEteT
s.t.colg(e) # colr(t)
by — Uy - ZeeE*(v) et Zeem(u) I meMuveViteT
Swen Sl < Briogy (14 gttt} e BiteT

(2.4)
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2.4.9 Observations and simplifications

We shall now make several observations and simplifications concerning the Mathematical

Program we outlined in the previous section.

e For brevity, if we want to discuss all of one type of variable at once we will use

vector notation. That is,

P = (pe,t)eEE,tGT
= (fg:?f)eeE,mEM,tET

b = (b?,t)vev,meM,teT

e The objective function and all constraints but the coupling constraints are linear.
If the coupling constraints were linear we would have a linear program, and if the
coupling constraints were convex, we would have a convex program. As it is we have

a nonlinear program.

e [gnoring the coupling constraints for now, we can split the constraints into con-
straints in the network variables, f and b, and constraints in the communications

variables, p. These sets of constraints describe polyhedral sets in f and b, and in

P-

Definition 2.4 Let

Cp s :={(b,f) | all linear constraints in b, f hold},

Let

C, = {p | all linear constraints in p hold}.
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With these definitions, we now have the compact form of the problem definition:

minimize &(b,f, p)
such that (b,f) € Cy¢ (2.5)
peCp

ZmeM ZQ <V.(p) Vee E\VteT.

2.5 Some Theoretical Results for a Simple Problem

Formulation

In this section we will look to solve the simplest non-convex problem of the type modelled
in the previous section of this chapter. This problem is interesting in itself, but also serves

as an illustrative tool for furthering our understanding of the more general problem.

2.5.1 The Simplest Problem

The simplest problem to consider is that of sending one message in one time slot through
a network consisting of only two distinct, non intersecting paths from the source node
to the sink node. To simplify the problem further, we do not concern ourselves with the
nodes along these two paths, and instead consider a network consisting of two nodes, and
two links between these two nodes, see Figure 2.2.

The optimization problem we would like to solve is that of sending a message from
the source to the sink using the minimum amount of power. The links suffer from cross
channel interference, and we will therefore have a non-convex problem. The problem
can be formulated as follows: A message of size S is to be sent from node s to node d.
All or part of the message can be sent down paths 1 and 2. The variables we need to
consider in this problem are f; and f5, the amounts of data to be sent down paths 1 and

2 respectively, and p; and po, the transmit powers to be used for sending messages down
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fi1 = Brlogy(1 + —*11EL )

az1p2+o?

s S=fi+fo d

fo = Brlogy(1+ ;2222 )

ay 2p1+0?

Figure 2.2: The simplest network exhibiting interference properties.

links 1 and 2 respectively. All four of these variables are non-negative. Our goal is to
minimize the total transmit energy required to send the message. The capacity of each

link is given by the Shannon Capacity formula:

C, = Bt log, (1 + ﬂ)

aiaps + 02
Cy = Bt log, (1 + ﬂ) :

agipy + o?
where B is the bandwidth available for transmitting, 7 is the length of the time slot, o2
is background noise, and a;; represents the cross-channel interference from channel j to
channel 7, in the case that ¢ # j, and the gain within channel 7 in the case that i = 5. All
six of these parameters are non-negative, and in realistic scenarios, a;; > a;; i,j € {1,2}.
For the problem to make sense, we also need that a;; > 0 for ¢ = 1,2. In addition to these
constraints, we require that the total transmit power used at node s is less than or equal

to some maximum power. That is,

P1 +p2 < Pmax~
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We are now ready to formulate this simplest of problems as a mathematical program:

minimize O(p1,p2; f1, f2) = p1+p2
subject to :
P1, P2, f1, f2 = 0,
hi(pispe, fr, f2) = [i+fa—S = 0, (2.6)
91(p1,p2, f1, f2) = p1+ P2 — Puax < 0,
92(p1,p2, f1, f2) = fi — Brlog, (14-%) < 0,
93(p1, P2, f1, f2) = fo— Brlog, (1—1-%) < 0

We will now look at the gradient and hessian of the nonlinear constraints g, and gs.

_ Bay Bajiai2p: 1 O>T
In2(ayp1 + aaps + 02)7 In2(ajaps + 02)(a11p1 + araps + 02) Y
(2.7)

V92(p17p27f1,f2) = (

Similarly, Vgs(p1,pe, f1, f2) can be obtained by swapping all ones and twos in the above

equation. And so,

a%l a11a12 0 0
(a11p1+2a12p2+20%)a11a?,p1
V292<p1 P2 fl f2) —_ Bt andiz — (a12p2+02)? = 00
e In 2(allpl + a12p2 + 02)2 0 0 0 0
0 0 0 0
(2.8)

Looking at the leading principle minors of 2.8, we see that

2
Brai,

= >0
In2(ay1p1 + araps + 02)?

A11
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and

In2 -

Doy = — (BT)Q < (allpl - 2a12p + 202)0@1@%2]91 Gflaﬁ > <0
(a11p1 + a1apa + 02)*(araps + 02)?  (a12pa + 02)?

Thus, by Proposition A.7 in Appendix A, (V2ga(p1, pa, f1, f2)) is nowhere positive semidef-
inite, and thus by Proposition A.5 in Appendix A, g2(p1, pa, f1, f2) is nonconvex. By an
identical calculation we come to the conclusion that gs(p1, pa, f1, f2) is also nonconvex.
This means that the mathematical model described in (2.6) need not have a unique global
minimizer. We next look to find conditions on the problem parameters under which this

problem has a unique solution

2.5.2 Reducing the Problem to One Variable

We will now present a Theorem which will enable us to reduce the number of variables

we need to consider, and prove useful to us through the remainder of this thesis.

Theorem 2.5 Suppose that the objective function ® : (p,b,f,) — ®(p,b,f) is strictly
monotone in p, and that we want to solve the optimization problem detailed in equation

(2.4). Then all constraints (2.3) are active at each local minimizer of this problem.

Proof. Let x = (p, b, f) be a feasible point of the problem (2.4) such that not all coupling
constraints of the form (2.3) are active. Let I C E x T be the set of all edge-timeslot

pairs for which the coupling constraint is inactive, that is for (e, t) € I,

Qe ePet
M < Brlog, | 1+ ePe, ”
Z ' > ( leL..E,l;ﬁe pePre + BNO> (2.9)

meM

If we can show there is a feasible descent direction from this arbitrary point for which not
all coupling constraints are active, then we have shown this point is not a local minimizer

and therefore any local minimizer must have all coupling constraints active.
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Pick any (e, t) € I and consider the vector d = (0,0,...,0,—1,0,...,0)” where the -1
is in the position corresponding to power variable p. ;. Clearly this is a descent direction
since the objective function is strictly monotone in p. We now need to check that for
suitably small & € R, Xy := x + (d is feasible for all 5 € [0, a.

Clearly Xpew Will remain in Cy ¢ since we have not altered b or f. Since we have not
increased any power variables, there is no chance we have violated the maximum node
power or maximum edge power constraints by moving to Xyey-.

Since Y o f7 = 0, by (2.9) we have that p.; > 0 and so p.; — 3 = 0 for 3 < pey
and so for suitably small 3 we do not violate the non-negative power constraint.

In constraint (2.9), by continuity there exists some ¢ < p.; such that

ae eq
" = Brlog, | 1+ ’ _
! ’ < lel...E,l;ée apepit + BNo)

meM

As long as p.; — 3 > ¢, constraint (2.9) remains feasible at Xpe,. For all other coupling
constraints, p.; appears on the denominator in the log term on the right hand side, and so
decreasing p.; increases the right hand side and therefore cannot compromise feasibility.
Xpew = X + (Od is therefore feasible V 5 € [0, p.+ — ¢q]. We have found a feasible descent

direction from x and so x was not a local minimizer. |

Using this theorem, with our objective which clearly satisfies the condition in the
statement of the theorem, we can replace the inequality constraints g; and g3 with equality
constraints without losing any local minimizers of the original problem from the new
constraint set. Since our objective is to minimize p; + p, we can also ignore the constraint
g1 = p1 + p2 — Puax < 0 since if we find that our optimal solution does not satisfy this
constraint, then there is no feasible solution to the problem.

The total amount of data we wish to send is S bits, so if we let f; = A\, we need that

fa = 85—\, and we can track all possible solutions by letting A range between zero and S.
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Rearranging our new equality coupling constraints we should be able to arrive at p;(\)
and pa(A), and observe the behaviour of (p1 + p2)(A) as A is allowed to vary from zero to
S.

Letting fi = A and f;, = S — A, and rearranging the coupling constraints, we have that

28y — 1 = —ub1 (2.10)
anps + o?
and
2% — 1= %22. (2.11)
a12p1 + 0

For ease of notation we treat Bt := v as a single parameter. Rearranging for p; in (2.10)

and py in (2.11) and then summing we have that

— a12a
(1 — (28 =12 —1)== 21) (p1 + ps) =
a1122
o? Py 5- Py S=A
—— (28 = D@~ Dfan +am) + (2 = Daz + 2°7 — Van )
11422

and therefore as long as

(1 C@ e - 1>a”am) 40,

a11G22
we can divide through by it, multiply out all terms and simplify to get that:

o (a2 — ajp — a21)22% + ((2% + 1) (a2 + ag1) — ayg — a22)2% + 2%(%1 — Qg — Qo)

(p1+p2)(A) =0
a12a2122% + (a11a92 — (2% + 1)a12a21)2% + 2%%2&21

We would now like to be able to describe the behaviour of this function depending on

the values taken by our seven parameters, a1, @12, ao1, G2, 02, S and v.

Lemma 2.6 The convexity of this problem s independent of the value of the noise vari-
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able 2.

Proof. By [6], f(x) is convex, if and only if o f () is convex for o > 0. O

2.5.3 The Behaviour of a Certain Function

In order to understand the behaviour of our function (p; + ps)(\) it is easier to look at a

slightly tidier function. Namely, we shall consider functions of the form

a2 + b2 + ya

= 2.12
R (2.12)

for @: Ry :— R, a,b,c,d € R, and v € R,. To understand the behaviour of this function,

we calculate its first derivative:

In 2(ae — bd)2*

2x
(22 + €27 + yd)? 2% = (2.13)

Q'(z) =

Calculating the second derivative, it becomes apparent that the sign is in no way
clear. In this situation, it will be easier to find information about the shape of the
function by looking at the function value itself and the first derivative. Indeed, several
interesting observations can be made concerning the shape of the function and location

of its stationary points.

Lemma 2.7 If ae = bd, Q(z) is a constant, otherwise Q(x) has exactly one stationary

point when r = %.

Proof. By equation (2.13), Q'(z) = 0 if aec — bd = 0, or 22 — v = 0. If ae — bd = 0,
Q'(x) =0V x, therefore Q(z) = K for some K € R. If 22 — v = 0, we can solve for z to

obtain that z = %. O

Lemma 2.8 Q(z) = Q(logy(y) —x) V x € R,.
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Proof.

a22(loga(7)—z) 1 pollogz(v)—x) 4 ya ’}/2&27233 + b2 4+ ~a
d22(ogz(v)—=) 4 ez(logz(v) 2 fyd  2d272 4 ye2-T + yd

Q(logy(y) — ) =

We can now multiply top and bottom by 22% and divide top and bottom by v to get

ya + b2% + a2
~vd + €2% + d2%®

Q(logy(v) — z) = = Q(x). O

This Lemma shows us that the function is symmetrical about the point = = @.
Although we have no second derivative information, the above lemmas give us plenty

of information concerning the shape of Q(z).

Corollary 2.9 Let v > 0.Consider the function Q : [0,logy(v)] — R, where Q(x) =

a22% 4-h2% +va

T e d then one of three situations can occur.

1. Ifae —bd =0, then Q(z) = T v € [0, log, (7))

(I+7)d+e

2. If ae —bd # 0 and Q(log2 ) > Q(0), then the set of global minima is {0,logy(v)}-
lo . - lo
3. If ae — bd # 0 and Q(=221 g2 )Y < Q(0), then the global minimum is g%m.

Proof. Follows almost immediately from Lemmas 2.7 and 2.8 when considering that the
function (@ is either constant or has one stationary point halfway along the interval. Since
the function value is the same at either end of the interval, the midpoint can be either
the unique minimum, or the unique maximum, or share the same value with every other

point. O

A potentially easier way to characterise the solution set is to check the first derivative at

the origin.

Corollary 2.10 1. IfQ'(0) =0, the set of global minimizers is [0,logs ()]
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2. If Q'(0) > 0, the set of global minimizers is {0,logy(y)}.
3. If Q'(0) < 0, the global minimizer is %.

Proof. By the fact that there is only one stationary point from Lemma 2.7 and the sym-
metry of () from Lemma 2.8, if the derivative is positive at the origin, then the stationary
point is a maximizer, if it is negative the stationary point is a minimizer. If the derivative

is zero at the origin, then the function is constant. 0

Now, since

Q) =t E )

we see that the minimizers of ) can be determined by the signs of (ae — bd), and (1 — ).
2.5.4 Location of Global Minima for our Simple Problem
The first question to ask is, under what conditions on the variables ai1, a2, as; and aso,

v and S can we use the results of the previous section? Let us compare our two functions:

o (a22 — arg — CL21)22% + ((2% + 1)(a12 + ag1) — arn — (122)2% + 2%(an — Q12 — Q91)

A S A S
CL126L21225 + (a11a22 — (2; + 1)@12@21)2; + 2;CL12CL21

(p1+p2)(A) =0
(2.14)

A€ 0,5].

B a2 + b2% + vya

= 1

The first thing to notice is that if a;;=ass, then equation (2.14) is in the required form,

with
® a= 02(@11 — Q12 — a21)

= 0'2((2% + 1)(&12 + agl) — 2a11).
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d = ajzas

® €= a%l - (2% + 1)(&12@21).

e >

319

o v =2v.

Notice that the two intervals being considered are also identical since

A S
x € 0,logey] & S € [0, ;] < N e|0,9].
With this in mind, we can use the last lemma of the previous section to find the minima

of (p1 + p2)(A) under various conditions on the parameters. Now,

ae — bd = 0'2((CL11 — a1 — Clgl)((l% — (2% -+ 1)@12@21)—
G12&21((2% + 1)a12 + 3a21 — 2a11))
= Uzall(a% — 11412 — Q11421 — a12a21(1 - 2%))

(1—7) = 1-25.

Now, since 25 > 1, and so (1 — ) < 0 for all feasible choices of S, B and 7, we only
have one equation left to consider in determining the solution set for this simple problem

under the condition that a;; = ags.

2.5.5 The Symmetrical Case

It is interesting to look at a completely symmetrical version of this problem whereby
11 = Q9o, and aja = ao;. With this symmetry we reduce the number of parameters
and are able to give a line which is the border between the case where we have a unique

solution and the case where we have two solutions. This line is the line along which we
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have infinitely many solutions. In this symmetrical case, we have that

ae — bd = o*ay1 (a3, — 2a11a15 + aiy(1 — 2%))

Let us find the relationship between a;; and a2 under which ae —bd is greater than, equal

to or less than zero. Since it was assumed that a;; > 0, we have that:

ae—bd =0 (a2 — 2anas + aZy(l —25)) =0

& (an —ap)’ +adh(1-27) —a, =0

-~ a1 = (1 + 2%>CL12.

Since we assume that both a;; and a5 are non-negative, and 23 > 1 we can reject the
case where a;; = (1 — 2%)(112, so we have that ae —bd = 0 & a3 = (1 + 2%)%2.
Following through the above argument with inequalities, we see that ae —bd < 0 & a;; <

(1+ 2%)@2, and ae —bd > 0 < ay; > (1+ 2%)6112.

Theorem 2.11 For the symmetric problem, if a;; > (1+ 2%)%2, the unique global min-
imum 18 attained at X = % Ifa;; < (14 2%)a12, the set of global minimizers is {0,S}.

Ifay; = (1 + 2%)a12, the set of global minimizers is [0, S].
Proof. Evident. O

This result provides a valuable insight into the way different parameter combinations
can affect the set of minimizers of the problem. This theorem confirms the natural in-
tuition that if sending messages along the two edges will cause them to interfere with
each other due to a high a5 value, it is easier just to send all the message along one
edge, whereas if there is a limited amount of interference, represented by a large differ-

ence between aq; and aq, it makes sense to split the message up and send half along each
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edge. The larger the message, the larger the difference between ay; and a5 is required
to be before it is worthwhile splitting the message. Similarly, the greater the available
bandwidth or timeslot, the smaller the ratio between a;; and a5 is required to be before

the multipath option becomes worthwhile.

2.5.6 The Most General Case of the Simple Problem

If a1y # age, we cannot use any of the results from section 2.5.3, and the best we can do
is to say whether or not the function is convex, based on the function’s second derivative.
As we have seen previously, this is not a pleasant expression to evaluate. Numerically,
one can see whether or not the second derivative remains non-negative on the interval
[0,5], and if it does we can say that the function has a unique global minimizer. We
plotted p1, p2 and (p; + p2)(A) for several different parameter combinations to investigate
the behaviour of the problem, and observed four qualitatively different possibilities. These
four behaviours can all be seen by keeping S, v and o2 fixed and varying the values in the

gain matrix. In the following four examples we set v = S = 10 and 02 = 1.

e The problem has a unique global minimizer. For example setting a;; = ag = 1,

a2 = as1 = 0.1,see top left of Figure 2.3.

e The problem has two global minimizers. For example setting a;; = ass = 1, a0 =

as; = 1, see top right of Figure 2.3.

e The problem has a local minimizer and a global minimizer. For example setting

a1 =1, a;p = V2 — 1, a91 =1 ag = V2 — 1, see bottom left of Figure 2.3.

e The problem has infinitely many global minimizers. For example setting, a;; =

ass = 1, a19 = a9 = \/ZZ) — 1, see bottom right of Figure 2.3.

Having seen the effect of adjusting the gain matrix, it is also interesting to see how

altering the ratio between S and v changes the behaviour of the problem. For this, we keep
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Figure 2.3: Graph of \ against transmit power in the four qualitatively different situations
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the gain matrix fixed at a;; = ase = 1, ajp = ag; = 0.1. We fix 02 = 1 and v = 10, and
vary the message size S. From the previous section we would expect a unique solution for
S < 2vlog,y (41 — 1) = 63.398, infinitely many solutions when S = 63.398, and solutions

at the boundary for S > 63.398. In Figure 2.4 we see exactly this behaviour.
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Figure 2.4: Graph of \ against transmit power for increasing message size S

In this chapter we have introduced a mathematical framework and nonlinear optimiza-
tion problem to model the transmission of unicast messages through a wireless multihop
network using multipath routing. Our optimization problem seeks solutions which are

optimal over both communication resource variables and network flow variables.
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By studying the simplest possible network which suffers from cross-channel interference
we found conditions on the problem parameters which lead to the problem having a unique
solution. Although unable to expand this result to a more general network, we still gain
valuable insight into the effects changes of parameter values have on the solutions to the
problem.

In the next chapter we will expand our model to enable it to handle a more general

class of message transmissions.
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CHAPTER 3
EXPANDING THE MODEL TO HANDLE

MULTICASTS

The model we detailed in the previous chapter was built to handle the transmission of
data through a wireless network from a single source node to a single receiver node. A
generalization of this is to consider transmitting the same piece of data from a single

source to a set of receiver nodes.

Definition 3.1 Consider a set of V- communication nodes, with s € V' a source node and
D CV a set of receiver nodes. We assume s & D.

If D consists of exactly one node, we term this transmission a unicast.

If DUs = N, we term this transmission a broadcast.

Otherwise, we term the transmission a multicast.

In this chapter we investigate ways in which we can expand our model to handle
multicasts, and since broadcasts and unicasts are special cases of multicasts, our model
will still be able to handle those too.

One major difference between unicasts and multicasts is that in multicasts, it is natural
to allow intermediate nodes to store and replicate incoming data packets, that is to say a

single packet received by an intermediate node can be transmitted along many different
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outgoing edges or even in different timeslots in order to send it to the various multicast
destinations. This means that the flow conservation laws fundamental to the model
developed in the previous chapter need not necessarily still apply.

There are three main approaches to solving the multicasting problem we wish to
consider, each with positive and negative attributes to weigh up. The first approach we
will term the “naive” approach, and here we basically ignore the fact that we are sending
the same data to multiple destinations, and treat a multicast as a set of simultaneous
unicasts with the same source node but different destination nodes.

The second approach relies on ideas from graph theory and is the most common
method for considering multicasts in networks. The idea is to consider a tree rooted at the
source node, and with leaves at the destination nodes, and then linearly combine weighted
combinations of these trees to make the best use of the available network resources.

With this approach we do not disregard the fact that the destinations all require
the same data and so should get better solutions than those available through the naive
approach. The problem with this tree finding approach is the need to formulate the
problem as a combinatorial optimization problem, and it is therefore computationally
very expensive as the size of the graph grows. It can also be shown that for a network
with fixed capacity, this approach cannot necessarily find a maximal flow, suggesting it
may also not find the best possible solutions to our problem.

The third approach is based on a recent idea known as network coding. Here, inter-
mediate nodes are given the ability to perform elementary operations on incoming data
packets. Unlike the tree finding approach, this method requires no combinatorial opti-
mization, and can also be shown to find maximal multicast flows in networks of fixed

capacity. All this suggests that it should be a promising technique for us.
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3.1 The Naive Approach

The simplest way to treat a multicast is to consider it as a set of independent unicasts.
In this way, no adaptation of our model is required: Suppose we have a network of nodes
V = vy,...,v, and wish to have a unicast from v; to v;, and a multicast from v,, to
Upy, - -+, Up,. Then, by this naive approach we just treat this as ¢+ 1 unicasts and can feed
it immediately into our optimization framework of the previous chapter.

Clearly for some networks this approach will work optimally, or near optimally, whereas
for others it can be shown to perform arbitrarily badly. One can illustrate both cases by

considering a very simple graph.

dy.

Figure 3.1: An example of a network where the naive approach to multicasting is also the
best approach.

Definition 3.2 A star is a graph where every edge shares a common node. This common

node we will call the central node, all other nodes will be referred to as non-central.

Consider a star on k nodes, and suppose we wish to multicast from the central node to
any subset of the other nodes, see Figure 3.1. Clearly there is no choice but to send the
same data along each edge between the source and a destination, and so treating the
multicast as independent unicasts is harmless and indeed optimal.

Suppose now that the source is one of the non-central nodes, and the destinations

are a set of j other non-central nodes, see Figure 3.2. For illustrative purposes we also
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assume we are limited to two timeslots. By treating the multicast as a set of independent
unicasts, we will have to send the same data j times along the edge from the source to

the central node, all in the same timeslot.

dy,

Figure 3.2: An example of a network where the naive approach to multicasting is clearly
suboptimal

Assuming zero interference and identical channel conditions on each link, and setting

all parameters to one, we see the power required for the first timeslot satisfies:

JM = logy(1 +p)

or

p:2jM—1.

The power required along each edge used in the second time slot satisfies

M = log,(1 + p)

or

p=2M_1.

The total power used in the naive case is therefore:

Pnaive = jQM + QjM - ] -1
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In such a simple case, one can see that the optimal multicast solution is to send the data
M only once along the edge from the source to the central node, and then in the second
timeslot to send the data along all edges to destination nodes. The total power required

is thus

Popt = (j+1)2Y —j —1

and so

Pnaive — Popt = 2jM - 2M

which clearly tends to infinity as j increases. Further, the relative difference in solutions

is:
j M M
Pnaive — Popt o 2 -2

Popt (.7 + 1)(2M - 1)

which also tends to infinity as j increases. We therefore see that in networks with a
“trunk” edge, along which multicast data for multiple destinations needs to travel, this
naive approach provides bad solutions. Figure 3.3 shows how it is easy to construct

examples where this naive approach performs arbitrarily badly.

d;

d j

Vel

dy;

Figure 3.3: An example of how we can construct a network in which the naive approach
performs arbitrarily badly.

3.2 Tree Finding Approach

To fully explain this approach we will require some basic concepts from graph theory.
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Definition 3.3 Consider a graph or digraph. A tree on the graph is a subgraph contain-
ing no cycles. A spanning tree is a tree which includes all the vertices of the underlying

graph. A Steiner tree is a tree which includes a particular subset of the vertex set.

Clearly, if we find a Steiner tree where the vertices we insist on including are the source
vertex and destination vertices of our multicast problem, and each edge of the Steiner tree
has capacity M, then by sending data along all the edges of the tree, we have found a
feasible multicast. One can use multiple Steiner trees to achieve a higher throughput,
or in our power minimization problem, to offer a larger set of feasible multicast routing
solutions to choose an optimal solution from. Obviously, we can only use multiple trees
if the total capacity requirements of all the trees stacked on top of each other does not

violate the capacity of the underlying graph.

Original Graph

dy

Steiner Tree 2

Steiner Tree 1

dy

Figure 3.4: An example of achieving mazximal multicast throughput by packing Steiner
trees.

For example, Figure 3.4 shows how we can pack two trees into a graph to achieve a

multicast throughput of 2. If however the left most edge in the original graph in Figure
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3.4 had unit capacity, we could achieve a multicast throughput of no more than 1. The
problem of optimally packing Steiner trees to find maximum flow is NP-hard. Since our
problem is very much related to the problem of achieving maximum throughput in a fixed
capacity graph (for a fixed power configuration our network has fixed capacity) as well as
the problem of finding a minimum cost flow (in our case the costs are non-linear functions
of the data to be sent), it is worth noting this and other results relating to these problems.

For unicast it is a well established classical result, the “max-flow min-cut theorem”
that the maximum unicast flow achievable equals the minimum total weight of edges
which needs to be removed from the network to mean the source is disconnected from the

destination, see for example [38].

Definition 3.4 We define the minimum cut or mincut between two vertices of a graph

as follows:

mincut(u, v) = {min Z we | u is disconnected from v in G\C }
ecC

Then for unicast we have maxflow(u,v) = mincut(u,v). For broadcast or multicast

on a fixed capacity network clearly an upper bound on the achievable broadcast rate

is the maximum rate at which the source could hold a unicast with every destination

independently.

Definition 3.5 Let R(u, D) be the maxzimum achievable transmission rate when

multicasting from source u to destination set D in a fized capacity network.

Then R(u, D) < mingep mincut(u, d) since if a given rate is unachievable as a unicast
between the source and a given destination, it certainly is not possible as part of a

multicast.
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By Edmond’s theorem of 1972, [13], this rate is actually achievable for all broadcasts

by packing Steiner trees.

R(u, V\u) = min mincut(u,v).
veV\u

® d;

® d,

Figure 3.5: The butterfly graph, a network where Steiner tree packing cannot achieve the
theoretical maximum multicast flow

For a general multicast the bound cannot in general be met by packing Steiner trees.
For example, consider the graph in Figure 3.5 where each edge has unit capacity. Now
mincut(s,d;) = mincut(s,ds) = 2 but since none of the Steiner trees of (s,d;,ds) are
edge disjoint, as is shown in Figure 3.6 we see that a multicast flow of rate two cannot be
achieved. In fact we can achieve a flow of rate 1.5 by packing one half of each of Steiner
trees 1, 6 and 7 in Figure 3.6.

The upshot of all this theory is that finding optimal Steiner tree solutions is compu-
tationally expensive since the problem is NP-complete, and even if we go to the effort
of finding a solution it will not necessarily achieve the min-mincut bound. Additionally,
it is not immediately clear how we would incorporate Steiner tree solutions into our ex-
isting unicast optimization framework and how the solutions could be implemented in
a distributed manner. We therefore seek an alternative method through the recently

established approach of network coding.
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Figure 3.6: All possible Steiner trees which include nodes s,d; and dy of the butterfly
graph

3.3 Motivating Network Coding

The third possible approach for incorporating multicast transmissions in our model is to
use Network Coding.

In traditional routing, intermediate nodes are only capable of storing, forwarding and
replicating any packets they receive. The principle of Network Coding is to open a whole
new set of operations at each node. As well as storing, forwarding and replicating, the
nodes are given the ability to combine incoming packets, thus packets on a nodes outgoing
edges can be formed of a mixture of packets that previously arrived on incoming edges.
Rather than the original required packets, a receiving node is presented with a set of
recombined packets of information as well as the information required for retrieving the
original information.

The idea of Network coding is relatively new one, first suggested in 2000 by Ahlswede
et al, [1]. Over recent years, much research has focussed on ways in which Network coding
could be employed to improve many aspects of information networks, including improving

throughput, reducing delays, and improving robustness. Good introductions to the theory
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can be found in [18] for the general setting, and [12] and [10] for specific consideration of
Network Coding in wireless environments.

Before going into the technical detail of how network coding would be utilized for
multicasting in wireless networks, we present some motivating examples of how we can
expect network coding to be beneficial when compared to standard routing.

In all the simple examples in this section, we wish to send information packets A
and B, where A = 101...0111 and B = 001...1100 are binary strings. By summing A
and B modulo 2, we get A 4+ B = 100...1011. The main principle in use is that if a
destination node knows the contents of packets A and A+ B, where A = 100...0111 and
A+ B = 001...1100 are binary strings, then by the principles of modular arithmetic,
the destination is able to recover the contents of packet B, since B = (A 4+ B) — A,
or equivalently, B = (A + B) + A. All of the examples presented are well known in
the literature, and specifically discussed in [10]. We feel, however, they are illuminating

enough to include in the thesis.

3.3.1 Increased Throughput in Multicasts and Multiple Uni-

casts

S

® — >3
81 do

Figure 3.7: Ezample of how network coding can be used to increase total throughput in a
network carrying multiple unicast sessions

A standard example already touched upon in the previous section of how network
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coding can be utilized is the “butterfly graph”, see Figures 3.7 and 3.8, which can be used
to illustrate the throughput benefits network coding has over Steiner-tree based routing
for both multicast and multiple unicast transmissions. Firstly, suppose s; wishes to send

data to dq, and s, wishes to send to dy in Figure 3.7, with unit capacity available on each

link.

—» A'B

Figure 3.8: Ezample of how network coding can be used to increase total throughput in a
network carrying a single multicast session.

With standard routing, the bottleneck middle link has to be shared by both commu-
nications, and so the total throughput available to senders s; and ss is limited to 1, and
so in a fair system both sessions could achieve a rate of 1/2.

With network coding, we send a linear combination of the two messages down the bot-
tleneck link. This linear combination can then be used by the two end links in combination
with the messages sent down the side links to recover the required data. Specifically, d;,
requiring packet A receives packets A+ B and B, and then adds them to retrieve packet
A. Similarly receiver ds, requiring packet B receives packets A+ B and A, and then adds
them to retrieve packet B. The individual throughputs of users s; and s, are now both
limited separately by 1, and so the total throughput available is 2.

In the multicast case, see Figure 3.8, suppose s; wishes to send the same data to
destinations d; and d,. Using standard routing and spanning trees, it can be shown that
the maximum rate that both destinations can receive together is 1.5, see Section 3.2, but

with network coding, using the same principle as described above, both destinations can
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enjoy a rate of 2, since both are able to retrieve packets A and B.

This simple example shows that situations exist where network coding is able to in-
crease throughput when compared to routing in both multicast and multiple-unicast ap-
plications. In fact, it can be shown that using network coding, the min-mincut bound can

always be achieved, which is not the case for Steiner tree based routing.

3.3.2 Decreasing Energy Consumption

s s
o <" —> 0 - @ >
A A A B
AY YA Ay Yn
[ ] ® ® [}
Ay YA a4y Y B
A B
[ J
d1 d2 d] d2
A+ B A+ B
5 transmissions per packet 4.5 transmissions per packet

Figure 3.9: Ezxample of how network coding can be used to decrease energy required per
packet sent in a network carrying a single multicast session.

In [10], Chou and Wu show that, in a model of a wireless network where broadcast
advantage is considered, but the energy required for transmission to either one or two
destinations is considered constant, multicast can be achieved with less energy per packet
sent if network coding is allowed as can be seen in Figure 3.9. If network coding is not
used, the same packet is transmitted from the source to the top corner nodes at a cost
of 1 unit. The 4 transmissions required down the sides of the square take the total cost
to 5 units in order for both destinations to receive the one packet. With network coding
3 transmissions are required for d; to receive packet A, and 3 transmissions are required
for dy to receive packet B. The bottom middle node then receives A and B at a cost

of 2 further transmissions. A + B is then broadcast back to d; and dy at a cost of 1
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transmission. A total of 9 transmissions is thus required for both d; and d to receive two
packets. The cost per packet is therefore 4.5 units, a saving of 10% over routing.

The example considered is a very simple square network and provides encouragement
that the benefits of network coding are not limited to carefully constructed academic
examples. Since we do not currently consider broadcast advantage in our model, there is
no difference between the minimal energy Steiner tree solution and the minimal energy

network coding solution for this simple network.

3.3.3 Decreasing Delay

do
Time slots required: 3 Time slots required: 2

Figure 3.10: Example of how network coding can be used to decrease total delay in a
network carrying a single broadcast session.

Network coding can also be used to decrease the time between the start of a multicast
transmission and the time when all receivers have all the information. This can be seen
by considering Figure 3.10. Here, we are broadcasting, since the destination set is every
node in the network other than the source. Notice that mincut(s, d;) = mincut(s,ds) =
mincut(s, ds) = 2 and so by Edmond’s Theorem, a Steiner tree routing solution with rate
2 can be achieved. This is done by packing two edge disjoint Steiner trees. As is shown
the left hand network of Figure 3.10, the tree carrying packet B will take three timeslots
for the packet to reach destination ds. By using network coding, three paths of length
two are used and so all receivers can have all necessary information in two time slots,

as can be seen in the right hand network of Figure 3.10. Since our model requires the
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transmission of the entire message within a fixed number of time slots, this would also
seem likely to be a beneficial property of network coding when applied to our problem.
Having motivated the potential benefits of network coding to us, in the forthcoming pages

we seek a deeper understanding of the technicalities involved.

3.4 Technical Aspects of Network Coding

The above examples illustrate some of the potential benefits to be found through the
use of Network Coding. Alone, these examples are not sufficient to fully understand how
network coding can be performed. We will now go into more detail on how encoding and

decoding can be performed in practice.

3.4.1 Encoding

Suppose a number of packets, M!, ..., M™, each containing L bits are being fed into a
network. We break down each packet into L/s = k strings of length s. Each string
of length s can be seen as a symbol over the finite field Fys. Network coding involves
combining these symbols in various ways. We shall focus on linear network coding, since
it is well studied, and is sufficiently flexible for the application of multicasting, as we shall
see later.

With linear network coding, the outgoing packets from a node are formed of linear
combinations of the incoming packets, where addition and multiplication are formed over
Fys. (The mechanics of arithmetic over finite fields is discussed in Section 3.4.3).

It is worth explicitly mentioning that by adding two packets together we do not mean
concatenation. A linear combination of packets of length L will be a packet of length
L. Subsequently, each packet contains only a part of the information from each original
packet, and in some sense we are spreading out the information from the various packets.

Any packet, X, in the network is therefore a linear combination of the original n
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packets, X = > ¢;M’, where g; € Fa:. These linear combinations are performed
element wise for each symbol in each packet, that is to say if M* = (Mj},..., M}), then
the individual symbols X1, ..., Xy of the encoded packet are calculated asX; = >"" | ;M ;
for j = 1...k. Each encoded packet is thus associated with a coding vector, (g1,...,9,) €
F2.. As will be shown later, a set of encoded packets along with their encoding vectors
can be used to decode and obtain the original packets.

Suppose incoming packets to a node, X!,..., X™ are already encoded, with corre-
sponding encoding vectors g, ..., g™, where ¢/ = (¢l,...,g}). An outgoing packet, Y,
from this node would therefore be a linear combination of linear combinations of the orig-
inal packets, which is of course again a linear combination of the original packets. Letting

h; € Fys be the encoding coefficients for Y with respect to the X packets:

v = Z;nzl hyj X7

= Z;nzl h; Z?:l gszZ
= h(gitM* + g3M? + ... g M")

+ho(gZ MY + g3 M?* + ...+ g2 M™)

oot h (g7 M+ g M+ g M™)
= (Srnsgl) M (S high) M
= > <Z§n:1 hjgg) M

And so, we have
Y= i:géMi,
i=1

where

g => higl.
=1
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3.4.2 Decoding

Suppose a destination node receives a set of encoded packets, X*!,..., X™, along with
their encoding vectors ¢!, ..., g™, and wishes to retrieve the original message, that is the
original n packets, M',..., M". The destination node can construct the following system

of linear equations:

gM* + g M? + ... gt M = X!

M+ gaM? + ... g2M" = X?

grMt g M gt M = X

or,
91 9; 9 M! X!
g g wo| = x
gy g )\ X

In order to retrieve the original message, we clearly need that m > n. Even in this
case, it will only be possible for the system of equations to be solved if at least n of the
encoding vectors received at the destination are linearly independent.

There are two ways to try and ensure that this condition holds:
Deterministic Linear Coding

The most obvious approach is to tell every node exactly what linear combinations of
incoming packets to make. The advantage is that this way it should be easy to guarantee

that each destination has enough linearly independent encoding vectors, and encoded
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packets to recover the original message. Also, it would not be necessary to attach the
encoding vectors with the encoded packets, as the destination nodes would already know
how the encoded packets were constructed.

The main drawback to a deterministic approach is the obvious problem of deciding
how to construct a suitable network code. For arbitrary networks, there exist polynomial
time coding design algorithms, currently requiring a centralized strategy, [41] however for

certain special networks, decentralized algorithms exist, [19].
Random Linear Coding

Another approach, first investigated by Ho, Medard et al in [24] and [25] is to allow
each node to uniformly, at random, select the coefficients for all linear combinations of
incoming packets to form outgoing packets. The main advantage of this approach is that
it can be performed in a completely distributed manner, each node needs no knowledge
of an over-arcing coding strategy.

The first possible drawback to Random Linear Network Coding is that, over a finite
field, randomly selecting elements of a matrix will result in a singular matrix, with a
probability that decreases as the size of the field increases, but increases as the number of
nodes increases. It has been shown in [24] that the probability of a successful decoding is
at least (1 —d/q)”, where d is the number of destinations, ¢ the size of the finite field, an
v the number of edges in the network. In [49], simulation shows that with fields as small
as [Fys, the actual probability of decoding failure becomes negligible.

The second possible drawback is that the information of how the encoding has been
performed needs to be carried along with the encoded packet, that is to say the encoding
vector needs to be carried with each packet. As was shown in Section 3.4.1, the operation
of updating the encoding vectors is a simple one. This leaves the problem of carrying
the extra information through the network. Suppose we have 50 packets, each consisting

of 1000 symbols. This is reasonable if we are working with packets of size ~ 1 kilobyte
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over the field Fos. In this case, each encoding vector will consist of 50 symbols, and each
packet of 1000 symbols, and so the extra capacity required is 50/1000 = 5%. Working
with larger packets, or a smaller finite field would decrease this overhead, but even at 5%
it would seem to be a reasonable cost to pay compared with the price of gathering the
network structure, determining a coding strategy, and then communicating the strategy
to every node in the network. We therefore see random linear network coding as the more
promising approach. Since network coding involves adding and multiplying elements of a

finite field, it will be useful to have an understanding of these mechanisms.

3.4.3 Arithmetic Over Finite Fields

When describing network coding we talk about representing a packet of data as a string
of symbols from a finite field, and then forming linear combinations of these symbols. In
this section we describe how the required operations of multiplication and addition are
performed over a finite field. The number of elements in a finite field is always equal to
p", for some prime p and positive integer n. Any two finite fields with the same number
of elements are isomorphic, that is to say, by renaming the elements of one, the addition
and multiplication tables for both are identical. Providing the number of elements of a
finite field is therefore enough to describe it completely, and thus the finite fields can be

named F,», and so Fy: is the unique finite field (up to isomorphism) with 2° elements.
Finite Fields of Prime Size

The finite field with p elements can be represented as the ring Z/pZ. Here, arithmetic
is performed modulo p, so for example if p = 3, F3 contains the elements {0, 1,2}, with

addition and multiplication as shown in Table 3.1.
Finite Fields of Non-Prime Size

We will now describe how to construct a field of size p™ for n > 2. First, one needs to

consider F,[T], that is the ring of all polynomials in 7" with co-efficients in F,,, and find a
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+/01 2 x|0 12
0012 0[000
1120 1|01 2
2|12 01 2]0 21

Table 3.1: Addition and multiplication tables for the finite field 5.

+ 0 1 T 1+7T x |0 1 T 1+7T
0 0 1 T 1+7T 0 0 0 0 0
1 1 0 1+T7T T 1 0 1 T 1+7T
T T 1+7T 0 1 T |0 T 14T 1
1+T|1+T T 1 0 1+T7T10 1+7T 1 T

Table 3.2: Addition and multiplication tables for the finite field Fy.

monic, irreducible polynomial of degree n. For example, a monic, irreducible polynomial
of degree 3 in Fy[T| is T® + T + 1, since it has no factors with coefficients in {0,1}.
T3 + T + 1 is not however irreducible in F3[T] since 1> + 1+ 1 =0 and so (T — 1) is a
factor, indeed T3 + T +1 = (T + 2)(T* + T + 2). It is known that a monic polynomial of
degree n always exists in F,[7"] for all prime p and all positive integer n.

With this monic polynomial, say f(7") found, we construct a finite field F,[T]/(f(T)).
The elements of the field will be of the form ag + a7 + . ..a,_1T" !, where a; € F,.
Clearly there are p possible values for each co-efficient, and n co-efficients and so we have
p" field elements. Addition is performed modulo p and multiplication is performed by

using the fact that f(7') = 0.

Example 3.6 We now explicitly construct the finite field of size 4 = 2%2. We have that
T?+T +1 is a monic irreducible quadratic in Fo[T), and so Fy[T]/(T*+T +1) is a finite
field of size 4, with elements {0,1,T,T + 1}. Using the fact that T>* +T +1 = 0, or
T? =T + 1, we are able to perform addition and multiplication as displayed in Table 3.2

and see that all the required properties of a field are satisfied.
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Converting a String of Bits into a String of Symbols

Having seen how we can represent the elements of a finite field of size 2° as polynomials of
degree s — 1 with binary coefficients, it is a simple task to convert a string of L bits into
L/s elements of Fys: We break the string into L/s substrings of length s, and then these s
binary digits can simply be considered as the s coefficients of a polynomial. We consider
it informative to present a simple example of the encoding and decoding operations at a

binary level.

Example 3.7 Suppose at a node we have three incoming packets, P' = 1100, P? = 0111
and P? = 1011, and we wish to generate three outgoing packets encoded using random
linear network coding over the field Fyz. We break each packet down into two strings
of length two, and then interpret each string of length two as an element of Fo2. Then
P'=[P'P}]]=[1+T,0], P> =[T,14T)],P? = [1,1 + T]. Suppose our encoding vectors
are chosen as g* = [g1,94,93] = [T,0,1+T),¢* = [T, 1+ T,1+T],g* = [1,1,T], then we

generate our encoded packets one symbol at a time:
3
Q=Y giPi=T(A+T)+0T+(1+T)1=T"+1=T
i=1

and

3
Q=Y gP=T0+0(1+T)+(1+T).(14+T)=14+T"=T,
=1

so Q' = [T, T]. Similarly, Q* = [1+T,0], Q> = [0, T]. Suppose a destination node receives
the three encoded packets and the three encoding vectors. As long as the three encoding
vectors are linearly independent, the destination node simply needs to solve a linear system
of equations for each symbol. The systems for different symbols have identical left hand

sides, and so solving many requires very little more effort than solving one. For the first

61



symbol we have:

T 0 14T P} Q1 T
T 147 1+T PEl=]1@ |=|1+T
11 T P} Q3 0

Through a series of elementary row operations, we obtain the system:

T 0 14T P} T
0 1+7 0 P | = 1|
0 0 14T P? 1+T

from which we see that (1+T)P? = (1+T), and so PP = 1. Similarly, (1+T)P} =1, and
so P2 =T. Finally, TP} + 1+ T)P} =TP! +1+T =T, and so P} = (1+T). For the
second symbol, we perform the same row operations, and thus attain the same left hand
side with a new right hand side. Doing this we find Py =0, P} = (1+T),Py = (1+1T),
and finally by converting our symbols in T3 back to binary digits, we find that we have

recovered the original message.

3.4.4 Important Results

Having demonstrated the principle of network coding and given examples of how it can be
used in both the case of multiple unicasts and multicasts to improve network utility, we
now wish to apply network coding within our existing optimization framework. In order
to do so, we need to make use of some theorems concerning the use of network coding in

multicasting.

Theorem 3.8 For a fixed capacity network using linear network coding, a multicast
flow can be found which satisfies the min-min-cut bound. That is to say R(s,D) =

minge p mincut(s, d).
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Proof. See [31]. O

Theorem 3.9 Consider a multicast from a source node s to a destination set dy, ..., dy

i a fixed capacity network. If the network is able to support a unicast at rate o from

stod; ¥V1=1,...k, using traditional routing with no other traffic in the network, the
network is able to support a multicast from s to dy, ..., dy at rate o using linear network
coding.

Proof. See [29]. O

This theorem is clearly important to us because it means we can use our existing model
to calculate independent unicasts, and then use the Network Coding principle to combine
them into a multicast, an idea suggested in [53]. The proof of this theorem works on
the basis that, unlike in routing, where each destination node requires all of the original
packets sent by the source node, in network coding each destination node simply requires
a given number of encoded packets, and so all encoded packets become equally useful for
all destinations.

If, of course, it was difficult to calculate the specific Network Code needed to achieve
this multicast rate, the computational effort and time required to find the solution might
render the whole method counter productive for our purposes, but we have the following

theorem about random network codes to greatly improve ease of implementation.

Theorem 3.10 Over a large enough finite field, random linear network coding achieves
the required multicast flow, with probability of a successful code transmission converging

to one as the field size increases.
Proof. See [24] O

With this theorem, intermediate nodes no longer need to be aware of an over-arcing

network coding strategy and can simply form random linear combinations of any incoming
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packets. This reduces communication overheads as well as cancelling the need for a
centralized calculation of the network coding strategy.

The key thing to notice from these theorems is that flows for different destinations do
not compete for communication variables when sharing an edge. This means that within
our model, we can treat the multicast flow as a set of unicast flows, all of which satisfy
the constraints of our existing model, but where separate unicast flows along the same
edge do not compete for capacity. The actual number of coded packets that need to be
transmitted down a given edge during a given time slot is simply the maximum of the
number of packets that the separate unicast flows require. This is best explained through

an example.

3.5 A Worked Example

Suppose we wish to multicast a message M through our network from source s to desti-
nations d; and d, in Figure 3.8. We suppose for illustrative purposes that the message is
split into 100 packets of equal size, P!, ..., P!, Figure 3.11 shows a unicast flow to each
of the two destinations which both satisfy simple flow constraints. The coloured numbers

represent the number of packets to be transmitted down each edge. We now look at three

\

® d; 4

L 4 > ® (,

Figure 3.11: Feasible unicast flows of 100 packets from s to dy and ds.

possible ways in which we can combine these two unicast flows into a multicast flow.
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70450

® (,

Figure 3.12: A naive multicast solution, treating the two unicasts in figure3.11 as inde-
pendent.

3.5.1 Solving using the naive approach

The simplest way is to treat the two flows as completely independent, see Figure 3.12.
Again, in the figure the coloured numbers represent the number of packets being sent
along each edge. In this way, all edges which share the two unicasts will have to share
their communications resources. This is clearly a suboptimal approach but at least it is
very easy to implement as we simply use our existing model, and have two messages, with

the same source but different destinations.

3.5.2 A More Intelligent Routing Solution

P50

Ps1_100

P13

])517 100

> ® d>
P31_100

Figure 3.13: A more intelligent routing strateqy, using the fact that the same 100 packets
are required at both destinations.

Definition 3.11 In figures (3.18 and 3.14) we make use of notation P;_; to mean packets
{Pi,... P}
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A second approach is to notice that the same 100 packets are needed at both destina-
tions, and thus in the naive approach above, the same packets are most likely being sent
down the same edge twice. A more intelligent routing strategy is demonstrated in Figure
3.13. Here the blue numbers indicate packets sent along an edge which will be sent to
both of the destinations. With this strategy, the only edge carrying different packets for
the two destinations is the bottle neck edge. Two edges carry less packets than in the
naive solution, and no edge carries more packets than in the naive solution, and there-
fore this is an improved solution. The problem with this approach is that an over-arcing
routing strategy would need to be known by each intermediate node, telling them which
individual packets need to be sent along which edges. Also, in general, calculating the
set of edge disjoint multicast trees which achieve the optimal multicast rate for given
capacity constraints is NP-complete, so incorporating this into our model where we have

continuously variable capacities would seem unviable.

3.5.3 A Network Coding Solution

Q1-50
>

("221—5()

QSI—IOO

Qs1-120
-

> ® d
Qs51-120

Figure 3.14: A Network Coding Solution, random linear encoding is performed at the
source and the central node.

The third approach is to use random linear network coding. Here, instead of the
separate packets P! to P! leaving the source node, each packet that leaves is a random
linear combination of the packets P',... P where @7 = 3.2 g:P j=1,...,120. At

each intermediate node, if there is more than one incoming edge, incoming packets are
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once again formed into random linear combinations to be transmitted, as in Figure 3.5.3.
We see that in this example, the only other node where further encoding is required is
the central node with two incoming edges. Here, we perform the encoding operation
RF = 2;0:021 hlQ7 k = 1,...,50. This way, every packet contains data useful to every
destination, and communication resources no longer have to be shared. In the example
in the diagram, both d; and d; are supplied with 100 encoded packets, as well as the
encoding coefficients required to decode them. Each destination is able to decode the
original message as long as the 100 x 100 matrix of coding coefficients is non-singular.
The probability of these matrices being non-singular increases as we increase the size of
the field over which we choose the coefficients, and obviously decreases as we increase the

number of destinations and hence matrices required to be non-singular.

3.6 Using Network Coding to Extend our Model to

Multicast

We see from Theorem 3.9 and Section 3.5.3 that we can treat a multicast as a set of
unicasts which do not compete for channel capacity, this is because the encoded packets
being transmitted along a given edge in a given time slot are potentially useful for any
destination node.

We thus proceed to adapt the existing model of chapter two for multiple unicasts to

a model for a single multicast as follows:

3.6.1 Variables

We still require power variables, p., and physical flow and buffer variables, f.;, by,
representing the amount of encoded data transmitted along a given edge in a given time
slot, and the amount of encoded data stored at a given buffer in a given time slot. Since

we are considering only one multicast message, we no longer need a message index on
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these variables.

We do, however, need new variables to model the non-competing unicast flows we use
to construct the multicast. Since these do not represent the transfer or storage of physical
data, we will adopt the convention of [53], and refer to them as conceptual. We therefore
introduce conceptual flow variables:

cit: The amount of data transmitted along edge e in timeslot ¢ forming part of the
conceptual flow from the multicast source to destination d.

and conceptual buffer variables:

dit: The amount of data stored at node n in timeslot ¢ forming part of the conceptual

flow from the multicast source to destination d.

3.6.2 Objective Function

Since an objective function involving variables which do not relate to the physical transfer
of data does not make physical sense, we restrict ourselves to objective functions of the

form ®(b, f,p). We still assume the objective is convex and monotone increasing in p.

3.6.3 Constraints

Since we are still considering the same physical network, we retain the same constraints
on the power variables as in the original model.

As we are interested in combining unicast flows to create our multicast flow, we re-
quire that the conceptual flow and buffer variables for each destination satisfy the flow
constraints, that is the modified Kirchoff constraints and the initialisation constraints.

The physical flow variables need to satisfy the scheduling constraints, and are coupled
to the conceptual flow variables through the requirement that each actual flow along a
given edge in a given time slot must carry enough data to support each of the conceptual
flows, i.e.

fe,tzrgagccgteeE,teT (3.1)
o Ce,
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or equivalently,

feo=cl,deDec E;teT.

Similarly, at each intermediate node, one needs to assure that there are enough physical

data bits stored for each conceptual flow to use, and so
d
bnt = max doymne€NteT (3.2)

or equivalently,

boy =2 di ,neN,teT,deD.

n

These max operations stem from the fact that any packet of encoded data can be used by
any multicast destination, and so we need that there are enough physical bits to satisfy
each conceptual unicast flow along each edge and each conceptual buffer at each node.

The main difference is that the actual amount of data transmitted down any edge in
a given time slot, need only be the maximum of any conceptual flows along that edge
in that time slot. And the actual amount of data stored in a buffer at the start of a
given time slot need only be the maximum of any conceptual buffers stored there at the
beginning of the time slot. This is because encoded packets travelling along any edge are
useful to all destinations, and similarly encoded packets stored in a buffer can be useful
to any destination.

Finally, we need to consider the coupling constraints between power variables and
physical flow variables. Since, with each packet of data transmitted we also need to
transmit its encoding vector, we need to build in the overhead cost by ensuring that the
total size of the transmitted data, plus encoding vector is no greater than the physical

channel allows, that is to say if k :=(size of encoding vector)/(size of packet), is the
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encoding information overhead then

Qe ePe > (33)

14+ kK)fer < Btlo 1+
( )f ,t g? ( Zl#e al,epl + 0-2

3.6.4 The Complete Multicast Program

Combining our constraints, and objectives, we construct our nonlinear programming prob-
lem for multicasting in networks with multiple access interference (eg. CDMA) using

network coding:

minimize ®(p,f)

s.t.
p,f,c,b,d > 0
De,t < prex ec BE,teT
D eer+(v) Pet < ppx veEVVET
i, = S de D
LA = S deD
bu,1 = 0 veV\s
et = 0 whenever colg(e) # colr(t)
deDec E;teT
df gy — b3, = D () Cot = Deemi) Coy VEV,dEDtET
byt < By veV,teT
maxgep Cg, < fet ecE,teT
maxXgep dgt < by ¢ veViteT
(1 + &) fer < Brlog, (1 + SINR,,) ecEteT

70



Observation 3.5 If we replace the maximum operation with a sum operation in con-
straints (3.1) and (3.2) we simply have a reformulation of our original unicast problem,
but with all messages originating from the same source node. This is equivalent to the

naive routing detailed in Section 3.1.

This maximum operation rather than a sum operation in constraints (3.1) and (3.2)
clearly opens up a larger feasible region. What is unknown without experimentation is
to what extent this increased feasible region will lead to an improved optimal objective
function. In the final section of this chapter, we experiment with various multicasts in
various network environments to see what performance gains can be gained in practice

when using network coding over naive routing.

3.7 A Model for Multiple Unicasts, Multicasts, and

Broadcasts

Having developed a framework for multiple unicasts, and one for a single multicast, it
is now relatively straightforward, with the aid of multiple indices, to consider the gen-
eral problem of wishing to send multiple unicasts, multicasts and broadcasts through a
network.

Consider our usual network, consisting of a node set NV, and an edge set E.

Suppose, as in the first chapter, we have a message set M = {1,...,k} to be trans-
mitted through our network, and with each message, m € M we associate a source node
s™ €V, and a destination set D™ C V, as well as a message size S™. We will continue
with the convention of listing edge, or node, and timeslot as subscripts to the right, and

placing the message and destination indices as superscripts.
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3.7.1 Variables

We still need one power variable for each edge and each time slot, p.;, but now we need a
different physical flow variable, f; and physical buffer variable, b, for each message, and

each edge or node and each time slot. Finally, we need conceptual flow and conceptual

: . - : d d
buffer variables for each unicast flow within each multicast flow, 7%, and d;".

3.7.2 New Parameters

Since each multicast message could potentially be encoding over different finite fields,
and using different size packets, and the unicast messages require no encoding, with each
message we will associate a different encoding information overhead, ™. For unicast
messages this will be zero, and for multicast messages it would typically be around 0.05.

Since data from different messages competes for bandwidth, we have that

> (L+w™)f < Brlog, (1+SINR,,) Ve € E,t € T,m € M. (3.6)

meM

Wit these alterations, we are now able to present the complete nonlinear optimization
problem for transmitting multiple unicast and multicast messages through a multihop

wireless network.
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3.7.3 The General Model

minimize

s.t.

p’ f’ C7 b7 d 2
pe,t g
26654—(1,) Pe,t <
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dsm,l -
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d’tmax“rl -

m —

bv,l -

m —
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m,d m,d
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Y e bud <
ayt <
it <
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puas
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> DY o

ecE—(v) Cert e€E+(v) Ceyt
max

B’U

m
e,t

m
be,t

Brtlog, (1 + SINR.,)

®(p,f,b)

ec B teT

veVvteT
meéeM,de D™

m e M,d e D™

mée M,ve V\{s™}
whenever colg(e) # colr(t)
meMeecEteT
YveV,de D,teT,meM
veViteT meM

ee BEteT meM,de D
veViteT meM,de D

ecBEteT me M.
(3.7)

In Theorem 2.5 we proved that at a locally optimal solution of the unicast problem,

all coupling constraints are active. This will later prove to be a very useful result, and so

we state it again here for the general problem incorporating unicasts and multicasts as

detailed above in (3.7).

Theorem 3.12 Suppose that the objective function ® : (p,b,f) — ®(p,b,f) is strictly

monotone in p, and that we want to solve the optimization problem detailed in equation

(3.7). Then all constraints (3.6) are active at each locally optimal solution of this problem.

Proof. Although we have more variables than in the unicast case, the proof is identical
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to that of Theorem 2.5. In identical fashion it can be shown that the feasible descent
direction of that proof is again a feasible descent direction for this problem, and therefore

any point for which not all coupling constraints are active cannot be a local optimal. [

Having developed the optimization problem for transmitting multicast messages using
network coding and observed the similarity to the optimization problem for transmitting
multicast messages using naive routing, we shall compare the solutions to these problems

numerically in the final section of this chapter.

3.8 Computational Results Comparing Network Cod-

ing to Naive Routing

Before going on in the second half of this thesis to investigate solution methods tailored
towards the specific problems discussed and modelled up to now, it is useful to use a
standard black box solver to give us a quantitative idea of the sort of performance gains
we can expect through using the network coding approach when compared to naive rout-
ing. Related work has been done by [40], in which joint network coding and scheduling is
considered in wireless networks and compared to joint routing and scheduling. They find
encouraging results finding network coding to provide much more energy efficient multi-
casts than traditional routing. In [49], Wu and Chou compare the multicast throughputs
of network coding and Steiner tree multicasting in fixed capacity networks and find very
little difference, but highlight the fact that computationally, network coding is much
cheaper and can be achieved in a distributed manner. In [53], the authors introduce
“conceptual flows” which satisfy flow constraint laws but which do not compete for chan-
nel capacity. This is included in a joint power control and routing optimization problem
on a non-timeslotted network by setting the actual flow along an edge as the maximum of

all conceptual flows along that edge. The authors then go on to solve this problem using
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a dual decomposition approach similar to [27].

For ease of implementation, and due to the combinatorial difficulty of Steiner tree
based solutions, we shall compare network coding to naive routing only, and not seek to
find the optimal solutions a Steiner tree based approach could give us at this time.

Our investigations focus on two network structures, the butterfly network as displayed
in Figure 3.8, and the newly introduced multihop backhaul network, see Figure 3.15.
The backhaul network is a commonly used wireless network structure in situations where
installing a wireline network would prove too costly or impractical, and allows the linking
of a grid of wireless transmitters back to the wireline network. For these networks we
seek the minimal total energy required to transmit a single multicast from the source to
the specified destinations under various interference conditions and for various parameter
choices, and compare the results from naive routing and using network coding. In each
case, we feed the problem in its entirety into the NAG sparse non-linear programming
solver, [35], and in the non-convex problem instances we run each problem twenty times

from random starting points and take the minimum value.

Figure 3.15: A 1-3-5-3 Backhaul network.
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3.8.1 Parameter Values

Given the directed graph of the network, and the source and destination nodes, nearly
all aspects of the optimization problem are fixed. The only choices we need to make
are the values to assign to the parameters B, S, k, 7,02, and the gain matrices A. For
ease of implementation in the butterfly case, all parameters were given simple values, and
the gain matrix was calculated such that a;; was inversely proportional to the distance
squared between the source node of edge ¢+ and the destination node of edge j.

For the backhaul network, all parameter values, as well as the gain matrix are given

realistic physical values. See appendix D for the actual values used.

3.8.2 Results

In all the experiments undertaken, Network Coding significantly outperforms naive rout-
ing as expected. We first compare the total transmit energy required to transmit messages
of varying size over fixed channel conditions, with and without interference, assuming the
encoding vector overhead to be negligible. As can be seen in Figure 3.16, in the but-
terfly network with or without cross channel interference almost twice as much energy
is required for the multicast transmission when using naive routing when compared to
network coding. This difference remains fairly consistent as the message size is varied.

In 3.17 we compare the minimum energy consumption required for a multicast trans-
mission in the 1-3-5-3 backhaul network using network coding or naive routing. Again,
the reduction in energy consumption is significant and consistent over a wide range of
message sizes and various levels of interference, that is zero interference, full interference,
or interference between different rings only.

It is also worth nothing that the energy reduction through the use of network coding
is greater than the energy reduction through eliminating interference. It is important to

stress that although these results look impressive, it is to be expected that naive routing
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performs badly as was shown in the examples in Section 3.1. Although we have not
directly compared network coding to Steiner tree packing, we know that Steiner tree
packing cannot provide better solutions than network coding, in some situations will

return worse solutions, and is computationally expensive to implement.
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Figure 3.16: Total multicast transmit energy for varying message sizes in Megabits, with
or without interference in the butterfly network over 20 timeslots.

Having shown that, with encoding vector overhead assumed negligible, network coding
greatly outperforms naive routing, another important question is the impact that these
overheads have on the solution to the optimization problem. To this end, we ran the
optimization problem for fixed message size and channel conditions, whilst varying s, the
encoding co-efficient overhead, in constraint (3.3) between 0 and 0.125. In both networks,
network coding still outperforms naive routing, even with encoding vectors 1/8 the size
of the packets.

In Figure 3.18 we see that with full or zero interference in the butterfly network, when

transmitting a message of size 10 Megabits, the carrying of the encoding coefficients does
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Figure 3.17: Total multicast transmit energy for varying message sizes in Megabits, with
various interference levels in the backhaul network over 20 timeslots

not result in significantly increased energy consumption, and in Figure 3.19 we see the
same for the 1-3-5-3 backhaul network.

In this chapter we have investigated various methods for incorporating multicast trans-
missions into our optimization problem and settled on random linear network coding as
the best approach due to its ease of implementation and relative simplicity as compared
to the Steiner tree packing approach, and the improved solutions to the optimization
problem as compared to naive routing.

For the remainder of the thesis we will focus on algorithmic methods for solving the

optimization problems discussed thus far.
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Figure 3.18: Total multicast transmit energy for varying encoding coefficient overheads,
with or without interference in the butterfly network over 20 timeslots, with message size

20.
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Figure 3.19: Total multicast transmit energy for varying encoding coefficient overheads,
with various interference levels in the backhaul network over 20 timeslots, with message
size 20.
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CHAPTER 4
SOLUTION METHODS FOR THE GENERAL

PROBLEM

The remainder of this thesis is focused on algorithms for solving the optimization problems
developed in chapters two and three. We will look at ways in which the non-convexity first
discussed in section (2.4.3) can be worked around as well as questioning to what extent it
is necessary to worry about the non-convexity. In this chapter we focus on a dual decom-
position algorithm which has the benefit of being able to exploit the split level structure
of the problem in hand, as well as having the potential to be performed in a distributed
way. We will present numerical results of the application of the dual decomposition algo-
rithm, and address its main drawback, its slow convergence rate, through a convergence
acceleration technique, [15]. In the next chapter, we will look at a primal co-ordinate
descent approach first introduced in [17], exploring its possible benefits as well as short
comings and numerically testing it for a range of network environments. Before looking
into these algorithmic approaches, it is useful to consider the way the non-convexity of

the problem may affect the solutions returned by an algorithm.
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4.1 Tackling the Non-Convexity

A convex optimization problem has a unique global solution, or a connected set of global
optimal solutions, it has no locally optimal solutions which are not globally optimal.
Therefore, if we have an algorithm which guarantees convergence to a local minimizer
and we apply it to a convex problem, we are guaranteed to find a global minimizer. If
the problem we are dealing with is not convex, i.e. it has either a nonconvex objective
or a nonconvex constraint, then we can not guarantee that the problem has a unique
global solution, and it is often impossible to tell whether the solution we have reached is
truly the global optimum, or just locally optimal. It is therefore very desirable to have a
convex program, or to be able to change a non-convex problem into a convex one. Indeed,
Mung Chiang suggests in [9] that there are three broad angles of attack for handling

non-convexity:

e Solve the difficult nonconvex problem. This can be done by exploiting some specific
structural properties of the problem in hand, telling us that although the problem is
non-convex, we can guarantee that the solution we reach is a globally optimal one.
This approach requires deep understanding of the constraints and objective of the

problem in hand.

e Avoid solving the nonconvex problem. This can sometimes be done by a change of
variables, turning a seemingly nonconvex problem into a convex one. Alternatively,
we can approximate our nonconvex problem with a convex one, or find conditions
under which the problem becomes convex. This is similar to what we did in solving

the simplest case in Section 2.5.

e Reformulate the original problem in such a way that the nonconvexity is no longer

present. Optimization problems are built up on physical assumptions and design
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criteria. To alter the structure in this way does not lie within mathematical opti-
mization but is rather an engineering exercise in this case where we are dealing with

complicated relationships between communication resources and data capacities.

It is worth reminding ourselves here that although convexity guarantees a unique global

minimum, it is not necessary to be convex in order to have a unique global minimum.

4.1.1 Convex Approximation

In this section we combine two of the three techniques discussed in the previous section
to transform our problem into a convex optimization problem. We shall make an ap-
proximation and then also make a change of variables to end up with convex constraints.

Consider the coupling capacity constraint presented in the second chapter:

ae,epe,t

™ < Brlog, [ 1+ ccE,teT.
Z ot g2 < ZZGE\e al,epl,t + BNO)

meM

It is necessary now to look at the properties of the log function in order to understand

how one might approximate our constraints. It is easy to show that

lim (logz2(1+ x) — loge(z)) = 0,

T——+00

and

xXr
I (z 1+2) — —) —0,
lim (loga(1 +7) = 15

With these simple results, it would seem that if SINR.; > 1, remembering that

ae,epe,t

ZZGE\e al,epl,t + BNO

SINReyt =
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we can approximate our coupling constraints with

> fI < Brlogy(SINR.,)

meM
This approximation is suggested in [27]. It would only seem reasonable to use this approx-
imation if SINRe; > 1 Ve € E, which would be the case if a.. > a;. Ve € E, | #e € E,
i.e. if the Gain matrix A is strongly diagonally dominated. It is also worth pointing
out that this approximation is only valid on a given edge if the power being allocated to
that edge is non-zero. This holds for all the edges in the network and suggests that this
approximation is only valid if all the communication links in consideration have at least
some power allocated to them. Even with this approximation, the coupling constraints

are still not convex, since if

=g Qe ePe,t
v, = Brlog,(SINR,) = Btlo —
(p) ga( ) gQ(ZleE‘\e P+ BN())

we have that

~ In2BT1
VU, (p)ee = A AT
(P)e (D ie @epre + BNy )?
~ In2B
V20 (p)e = (0, ..., ————L .. 0)
pe,t

Since the negative of this matrix is not positive semi definite, we have that U, is not
concave, and thus the approximated coupling constraint is not a convex constraint. Having
applied the approximation we now need to make use of a change of variables common in

geometric programming in order to make our capacity constraints convex.
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Change of Variables

Since log(x) = —log(1/x), we can re write our approximated capacity functions U, (p) as

~ Zl E eal,epl,t + BNO
V. (p) —_BTIOg2< : \a De.t

—1 —1 -1, —1
= —Bt logQ § : Alele e PltPe t + BNan,epe,t
leE\e

We now make the change of variables g.; = In(pe;), so pe; = e%, and define {I\fe(q) =

U, (e9). Writing this out in full, we have that

{f;e(q) = —Brlog,( Z a/Leae_’;e(QZ,t_(Ie,t) + BNOGJ;;S_QE,t>‘
leE\e

We will now show that with this change of variables, our constraints become convex.
This change of variables is again suggested in [27] and is a trick often used in Geometric

Programming to turn a non-convex function into a convex function, see [5].

Lemma 4.1 Any function of the form log, (Zi:l...N a;e(Fi—TN+1) 4 aNHe_xN“) 1S con-

vezr.

In order to present the proof, we need to define some notation for various matrices. The

proof uses ideas from [6].

Definition 4.2 Let a = (ay,as,...,a,)T € R*. Then

diag(a) := a’ I,

where I is the n x n identity matriz. We also define the vector of ones, whose dimension
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15 clear by the context it is used in;

Finally, specific to this proof, we define z = (a1€™, aze®, ... ane™,0)T,

Proof (Proof of Lemma 4.1). Let

adeuﬁ—xw+1)+_aN+le—wN+1>

f(x) =log, <

o ( < D wet N)> |
i=1..N

Then,
In 2ae"i
2L = Nna]e forje {1...N}
i D oing Gi€% 4 ANt
Fe—— of =—In2
TN+1

a;e” (S| a;e® + ayy1) — a2e?®

of =1In2 for 7

o) (Zz]\il a;e% + any1)?

92f o ajape’ie’t for i .
e je{l...N} ke {{1...N}\j}.
0z ;0x; (Zz]\il aiexi +CLN+1 2

Pf_ —0forje{l...N+1}.

Ox N 410z

Combining all this, and using the definitions from above, we have that

In2

(eT2 +any1)?

Vif(x) = ((e"z + ans1) (diag)(z) — zz") .

Finally, we need to show that this Hessian is positive semidefinite. Consider an arbitrary

v € R¥*L We need to show that vI'V2f(x)v > 0. We can ignore the constant Mﬁ
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since it is always positive.

i=1 i=1 i=1

N+1 N+1 N+1 2
§ E 2 E
=1 =1 =1

This inequality holds since ay,1 > 0 by assumption, and zy,; = 0. Since z; = a;e", and

vl ((eTz + ani)(diag)(z) —zz") v = (Z 2 + aN+1) (Z vfz,) - (Z vizi)

1 1
a; >0, z; > 0. Letting s; = v;27, t; = 27 and applying the Cauchy-Schwartz inequality

to s and t we get the desired result. (l

With this Lemma proved, it becomes evident that we have transformed our coupling
constraints into convex constraints. We now need to check that the convexity of the other
constraints and objective is not compromised by the change of variables. The objective
function becomes a sum of exponentials, which is evidently convex. The linear constraints
become of the form

are? + aze® 4+ .. + are™ — K <0,

which are clearly also convex. The final constraints to be considered involving the power
variables are the non-negativity constraints. Luckily these constraints become redundant
in the q variables since requiring that p > 0, means that q = In(p) can take any real
value.

We have now shown that we can construct a convex optimization problem, guaranteed
to have a connected set of global minimizers. This is good in many respects as it means
that if an algorithm we design to solve this problem reaches a minimizer, we know it has
found a global minimizer. It also means, as we shall see shortly, that there is no duality
gap for this problem. The downside is that we do not know exactly how the approximation

has affected the problem and indeed how close the minimizer of the approximated and
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convexified problem is to the solution of the original problem. In order to investigate this
problem we will go back to the simple problem of Section 2.5 of which we have a good

understanding.
4.1.2 Comparison of Approximation with Original Problem for

Simplest Case

Looking at the simple problem discussed in section 2.5 and applying the approximation
and change of variables discussed previously in this chapter, we are left with the following

convex optimization problem:

minimize e 4 %
such that f1+ fo =C,
P,

te + qu <

alleql
< Btlo
1
/ b gZ(Gngeq2 + o027
< Brlo
f2 X g2(a216q1 +0_2

Applying the same principles as applied in the previous chapter and again letting v := BT,

we reach that:

c—
i(eql +e®)(\) = a222% + (a1 + @21)2% + G112TA
: -

o c
11022 — Q1202120

The easiest way to compare the original problem with the approximated problem is to
compare the graphs of (e 4 e%)(A) and (p; + p2)(\) for the various different cases and
see how the locations and function values for the global optima compare. For simplicity,
we fixed v = 10, 02 = 1, C = 50 and considered the completely symmetrical case, setting

a;1 = age = 1 and varying ajs = ag;. In figures (4.1) we show the graphs of (p; + p2)())
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for the original problem, and (e + e¢%)(\) in the convexified version. The first graph
shows that in the case where we have a unique global minimizer and a high SINR on both
links at the solution due to zero cross channel interference, the convex approximation is
reasonably accurate, but slightly overestimates the required powers. The remaining three
graphs show that as the interference is increased, the convex approximation becomes
less accurate, until finally the minimizing solution to the original problem is to route all
the data down one edge at a cost of 31 Watts, whereas the minimizing solution to the
convexified problem is to route half of the data down each edge at a total cost of 295 Watts.
The conclusion we make is that this approximation approach is only valid in situations
where there is very low interference, and in these situations the original problem already
has a unique solution and so the change of variables and approximation is unnecessary.
In proceeding to solve the problem therefore, we see no point in attempting to remove

this non-convexity, and will instead attempt to solve the original problem.

4.2 Numerical Solution techniques

We now focus on computational methods for solving this problem. We have several

requirements for an algorithm for solving our optimization problem:

e Distributivity

As we have that each node in the network is capable of computation, it would be
sensible to make use of this spread computational power by applying the algorithm
in a distributed manner. Since in wireless networks we have limited bandwidth
availability it would be preferable for each node to have to communicate with other
nodes a minimum amount in order for it to know what action it needs to perform,
that is how much power to allocate to each link and how much of each message to
send down each link in a given time step. In other words we would like each node

to only need locally measurable or locally attainable information to perform the

89



a,,~ a12=0. 1

(o2}
o

Transmit Power, Watts
N w
o o
~
Transmit Power, Watts
D
o

\

10 20
‘_’_’_’_,_/’/// I'_’_’_’_’_’_’J/H/
0 0
0 10 20 30 40 50 0 10 20 30 40 50
A, data on edge 1 (bits) A, data on edge 1 (bits)
a,,=0.15 a ,=0.17

100 400

200

a
o

Transmit Power, Watts
H
a1
o

Transmit Power, Watts
(@]
o
o

JE—

0 10 20 30 40 50 0 10 20 30 40 50
A, data on edge 1 (bits) A, data on edge 1 (bits)

eh+e%h

p 1+ p2 - eql eq2

Py P,

Figure 4.1: Comparison of Original problem to Convezified Problem for varying interfer-
ence levels

90



algorithm.

e Simplicity
Ideally, the algorithm would make use of existing techniques available for solving
network flow problems and power control problems. Since the network variables and
power variables are only linked through the link capacity constraints, this points us
towards a decomposition approach.

e Speed

It is desirable that the algorithm reaches a minimizer quickly.

e Optimality

Ideally, the algorithm would converge to a global minimizer.

One way to develop an algorithm to fulfil these requirements, and exploit the structure

of our problem, is to use the theory of duality.

4.2.1 Duality

We will briefly introduce the concepts of duality as applied to a mathematical program.

Consider the problem,

minimize f(x)
such that =z € X, (4.1)

9i(x) <0, j=1....m

where f : R" — R, g; : R" — R are given functions, X C R". We refer to this problem as

the primal problem. We will denote the minimal function value of this problem by f*,
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and the global minimizer as z*:

fr= inf flz) =: f(z").

z€X,9;(x)<0,5=1,...,r

For a primal problem we can define the Lagrangian. This is an important concept in

constrained optimization.

Definition 4.3 The Lagrangian function for an inequality constrained optimization

problem, (4.1) is L : R"" — R,
Lz, p) == f(x) + > pig(x) = f(x) + p"g(x),
j=1

where p = (pu1, ..., )" € R

For any primal problem we can define its dual function, ¢ : R” — R by

q(p) = inf Lz, p).

We can then define the dual problem as

maximize  q(p)

subject to p > 0,

and the maximal objective function value of this problem by ¢*, with corresponding

maximizing dual variables p*:

¢ = ig}gq(u) =:q(u"). (4.2)
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We now present two well known important results concerning duality. For a thorough

introduction to the topic see [3] and [33]:

Proposition 4.4 The dual function q is concave over the domain D = {u | p > 0,q(p) >

—00}.
Proof. See [3]. O

Theorem 4.5 (Weak Duality Theorem) For any constrained optimization problem,

¢ < fr
Proof. See [3] O

With these two results we see that the dual problem is always a convex optimization
problem, it is not guaranteed however that the objective will be differentiable. If ¢* = f*
we say there is no duality gap, and in this case solving the dual problem is often as
valuable to us as solving the primal problem. Even in the case where there is a duality
gap, solving the dual problem gives us a lower bound on the globally minimal objective
function value and is therefore useful also. Sometimes even having zero duality gap does
not guarantee that we are able to retrieve a minimizer for the primal problem from a
maximizer for the dual problem. Typically, to guarantee zero duality gap we need to
assume convexity along with other constraint qualifications, but in practice for our non-
convex problem we would be happy if we can develop a heuristic enabling us to retrieve
primal values which are near a minimizer from dual values which are near a maximizer.
One important question in the theory of duality is as follows: Suppose we can calculate
w* and g(p*). Under what conditions on the primal objective function and constraints is

it possible to get back z* using the formula

2" € argmin L(x, p1*). (4.3)

93



The answer to this question comes in the Strong Duality Theorem.

Theorem 4.6 (Strong Duality Theorem) Consider the primal problem formulated in
(4.1). Suppose the problem is feasible and its optimal value is finite. Suppose further that
X is a convex subset, f and g; are conver over X for all j. Finally suppose that there
evists a y € X such that g;(y) < 0Vj, that is to say the interior of the constraint set is
non-empty.

Then there is no duality gap and it is possible to obtain an optimal primal solution

using (4.3).
Proof. See ([3],Chapter 5.3). O

Although we do not satisfy the conditions of this Theorem, we will still use the ap-
proach using (4.3) to retrieve primal variables from dual variables, and attempt to use
some heuristic arguments to get as close to a primal minimizer as possible.

We will now introduce a specific type of constrained optimization problem considered

in [3]. Our optimization problems (2.5) and (3.7) are specific cases of this type of problem.

Definition 4.7 Suppose x can be broken down into m components, X1, ...,X,, of dimen-

SLONS N, . .., Ny, reSpectively, and we have an inequality constrained optimization problem
of the form

minimize Yo fi(xq) (4.4)

subject to > gii(x;) <0, j=1,....7 (4.5)

x; € X, i=1,...,m,, (4.6)

where f; : R +— R and g;; : R™ — R are given functions, and X; are given subsets of
R™. We call such a problem a Separable, Inequality constrained Optimization

Problem.
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This type of problem is interesting to us since it is exactly what we are dealing with.
Looking at the most general unicast and multicast problem (3.7) we see that it is in
the form of a separable, inequality constrained optimization problem with m = 2, x; =
(b,c,d, f), the set of network and buffer variables, and xs = p, the set of power variables.
Further, we can say that X; = Cpq.cs and Xy = C,,. Letting j vary over all (e, t) pairs,
we can set

g1(x1) = Z (1+w")f%

meM

and

92j(X2) = ‘I/e,t(p)-

We therefore see that as long as the objective function ®(b, f, p) is of the form ®,(b) +
O, (f) + ®5(p), our optimization problem is of the correct form. This is the case in most
commonly used objective functions, such as power minimization.

Having seen that separable, inequality constrained optimization problems are impor-
tant to us, we now consider the dual problem for such a problem. The dual function can

be written as:

q(p) = Z Jinf. {fi(xi) - Z :ujgij(wi)} = Z ai(),

where

T, €X;

j=1
The dual problem then becomes:

maximize Y . ¢(p) (4.7)

subjectto  p >0 (4.8)
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Although the original problem could not be broken up into smaller subproblems due
to the coupling constraints being in both power and flow variables, the dual problem can
be split into easier to manage subproblems. It has also been observed that even in the
non-convex case, separable problems tend to have relatively small duality gaps, meaning
one can often obtain a near-optimal primal solution from the dual solution, [3]. This

should be useful in the situation we are dealing with.

4.2.2 Solving the Dual Problem

The next problem to be addressed is that of solving the non-smooth convex optimization
problem, described in (4.7) and (4.8).
In order to do this we will need the very important concept of a subgradient, a com-

monly used object in non-smooth optimization.

Definition 4.8 Let f : U — R be a convex function on a convexr set U. Then s is a

subgradient of [ at xq if

f(@) = f(xo) + (x —m) s,V € U.

If f is a concave function, we say that s is a subgradient of f at xy if —s is a subgradient
of the convex function —f at xg. Or, in other words, for concave f, s is a subgradient of
fat xg if

f(x) < f(wo) + (v — 20)" s,V € U.

From the definition of ¢(u) it is not immediately clear how one would find a subgradient
of q. We shall present a well known result in the field of dual programming, found in [3]

for finding subgradients of q(u).
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Lemma 4.9 For a given u € R", suppose that x,, minimizes the Lagrangian L(z, 1) over

r € X, that is

. o . T
7, € argmin L(z, p) = argmin{ f(z) + u" g(x)},

or, equivalently, for that fized p, q(p) = L(z,, pv). Then g(x,,) is a subgradient of the dual

function q at p, that is to say

Proof. See [3]. O

The important thing to notice with this is that in order to evaluate ¢(u) for a given
i, we need to know x,. This means we can calculate a subgradient, g(x,) at almost
no additional cost. Now we know how to calculate ¢(u) and a subgradient, we look at
a method for solving the dual problem, that is maximizing ¢(u) over all y in the non-

negative orthant.

4.2.3 Subgradient Methods for Non-Smooth Optimization

We will use subgradient information to generate a sequence of dual feasible points by

using the iteration:

P = [k o] (4.9)

¥ is a positive scalar stepsize, and [.]* denotes projec-

Here s* is the subgradient g(z,+), o
tion onto the non-negative orthant. It can be shown that under certain conditions on the

stepsize, this sequence converges to p*.

Lemma 4.10 If o* satisfies Y ;o o = oo, and o — 0 then the subgradient method
converges to a j which is a mazimizer of the dual problem, that is limy_ ¥ = pu*, and
q(w”) =q".
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Proof. See [3]. O

We will now use the subgradient method applied to the dual of our original primal

optimization problem.

4.3 Application to Our Unicast Problem

First we will remind ourselves of the primal problem we wish to solve. For ease of explana-
tion, we will focus on using the dual decomposition method to solve the unicast problem
of chapter two rather than the generalized unicast and multicast problem of chapter three.
This is due to the main points of interest where the dual problem is concerned are the
coupling constraints. Studying the unicast problem is illuminating enough to show us how
the nonconvexity in the coupling constraints affects the performance of the subgradient
method. To further simplify the problem but retain the nonconvex coupling constraints
we shall only consider one message, and not consider the problem of scheduling. We no
longer consider individual timeslots and instead consider average powers and data flows,
and do not consider buffering or individual time slots. This greatly decreases the number
of primal and dual variables to be considered, but in terms of complexity, all we have lost
are some linear and box constraints. If we can solve the simplified version we can solve
the more complicated problem by identical methods, but for the remainder of this chapter

we will only consider the simpler version. Suppose the message of size S is sourced at
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vertex s and destined for vertex d. Our simplified problem becomes:

minimize ). p Pe

such that
Pe, fe > 0 ec E,
ZeeE+(v) Pe < P, velV,
De < Pe e c E, (410)
ZeGEJF(s) Je = S,
ZeEE—(d) Je = S,
ZeGEJF(U) fe - ZeEE*(U) fe - 0 v e VV’
Qe ePe
fe— BT 10g2 <1 + 2seene(® al,epl+BNo> S 0 eek.
or more succinctly:
minimize O(p,f) = .cppe
such that feCe
peCp
fe < Btlogy(1+ ZleE\Z:zf;HrBNo) ee F.

This problem concerns wireless routing and power control for a single unicast transmis-
sion, and does not consider scheduling into time slots or multiple unicast transmissions.
We feel it is complex enough to illustrate the algorithm we are using.

In order to apply the dual decomposition approach, we need to decide which constraints
to put into the Lagrangian and which to leave out. Since the link capacity constraints
involve f variables as well as p variables, these constraints need to be included in the
Lagrangian in order for us to decompose the problem into a subproblem in the f variables,

and a subproblem in the p variables. We will leave the linear constraints out of the
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Lagrangian, and the sets X; discussed in the section on dual decomposition will be Cg

and Cp. With this in mind, our Lagrangian is:

L(f,p,,u) - Zpe + Zﬂe fe - BTlOgQ 1+
ZZEE\e

ecE ecF

and the dual function we need to consider is

= i L(f .
q(p) pediin (f,p, 1)

aiepr + BNy

)

We decompose the Lagrangian and dual function into two parts, one in the network

variables f and one in the communication variables p:

Lnet (f7 N) = Z ﬂefe

eckE

Qe ePe

Lcomm 5 = e — eBT lo 1+
(Pi) = Y (p e BT log, ( S o BN,

eeE

LE,p, ) = Luet(f, 1) + Leomm (P 10)-

With this in mind, we can now decompose our dual function,

ne = 1 Lne f; )

Guet (1) = 1000 Lnee (F, 1)
Geomm (1) = gggi Leomm (P, 14),

and the dual problem we have to solve is:

maximize q(@) = Gnet (1) + Geomm (1)

such that w=0.
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We now present a pseudo-code of the algorithmic method for solving our problem

through dual decomposition.

4.4 Algorithm for Solution Through Dual Decompo-
sition

In the psuedocode we make use of some shorthand notation, namely

a@ epe
Oc(fe,p) = fe — Brlogy, [ 1+ ’
(Jep) ’ > lzecmee Wept + BNy

represents the difference between flow on a given edge, and capacity on that edge, and is

used to calculate the Subgradient.
Ak— IlI.Iane f k
f fEl . t( y b )

and

k __ : k
Ap = min Leomm (P, 1)

peCp
are the minimum objective function values of the two decomposed parts of the Lagrangian

for a given p*. With this in mind we proceed to describe the algorithm:
1. Define parameters.
2. Set k = 0 and initialize ° and s°
3. While stopping criteria not met:

e Solve mingec, Lnet(f, 1),
e Sct [fk, Afl'(] = [arg minfeCf Lnet(f> H’k)’ minfecf Lnet(f’ H’k)]

e Solve minpec, Leomm (Ps k),
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Set [pka Al;] = [arg mianCp Lcomm (pa ,uk)a mianCp Lcomm(p7 ,uk)]

Note that q((1*)) = Af + AK.

Define s¥ = ©.(f*, p).

Set k=Fk + 1.

e Update p* = [* 1 + apsk 1],

4. Record kenq as the k value when the while loop terminates.
5.yt = pifena

6. [f*, ®;] = [arg mingec, Lnes(f, %), mingec, Lnet (£, 4]

7. [p*, @5 = [arg minpec, Leomm(P, %), Minpec, Leomm (P, )]

Note that s* can be interpreted as the excess capacity on link e, that is the difference
between the capacity provided by the current power configuration in the communication
layer, and the amount of data transported along the link in the current configuration of
the network flow layer. If we interpret the dual variable u* as the price per unit capacity
of link e, the dual problem has an interesting interpretation. Given the prices p*, the
network layer solves the network flow problem, (4.14), of minimizing the total cost of
link capacities used. The communication resource layer solves the problem, (4.15), of
minimizing the total cost function discounted by the revenue received from capacities
that it supports. Interaction between the two layers is co-ordinated by the master dual
problem, (4.16), through the vector of prices. The subgradient method can therefore be
thought of as rule for updating the prices in order to arrive at the optimal co-operation
between the two layers. Before we proceed to numerically test the algorithm, we need to

discuss some computational issues thrown up during the design of the algorithm.
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4.4.1 Implementation Issues

Although this appears to be a relatively straightforward algorithm, there are still several
technical issues and questions to be confronted. Firstly, how do we update our stepsize,
ar? For simplicity we will set ap = p/k for some p € R in order to guarantee that
we satisfy Lemma 4.10. Secondly, and most importantly, how will the non-convexity
affect the convergence of our algorithm? If we cannot guarantee that we have solved the
subproblems optimally, can we still guarantee that we have found a subgradient? Can we
use a heuristic to get from a non-optimal dual solution to a near-optimal primal solution?
We find the best way to confront these issues is through numerical experimentation.

We test our algorithm in MATLAB, on two different networks. Firstly, the original
very simple network discussed in chapter two with two edges and two nodes. We use this
for testing because we fully understand the behaviour of the objective function for different
parameter choices based on the work we did in Section 2.5. Secondly, the backhaul 1-3-5-1
network as introduced in Section 3.8, but with a single destination node rather than three.

In order for the algorithm to find a subgradient, we need to be able to minimize L
and Leomm in equations (4.11) and (4.12) for fixed dual variable p, subject to the linear
constraints on p, f and b. Now, minimizing Ly (b, f, 1) over a linear constraint set is
a straightforward linear optimization problem, but minimizing Leomm (P, ¢t) over a linear
constraint set is a non-convex optimization problem, and so we cannot always hope to
find an optimal solution. If it is the case that the p returned by this subproblem is not
a minimizer, we can not be sure that s* = W (c¥, p¥) is in fact a subgradient of the dual
problem.

For zero interference we know that the problem becomes convex. When we introduce
high levels of interference, the subproblem of minimizing Leomm (P, 1) becomes highly non-
convex and the black box solver we use to solve the subproblem is no longer guaranteed to

find a global minimizer. In this case, we are not guaranteed to find a subgradient at each
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step and can expect to take some steps away from the optimum in the dual space. One way
to prevent against this is to check at each step of the algorithm whether an improvement
is registered in the dual function value. If there is no improvement or even a decline, one
can reject the current solution and attempt again to solve the non-convex subproblem
from a different starting point. In practice, this greatly slows down the algorithm, and as
will be shown in the results that follow, it is possible to allow the dual algorithm to take
steps which decrease the dual function value and still reach the maximal dual function
value in reasonable time.

We investigate empirically how often the solver fails to find a global minimizer to
the non-convex subproblem, (4.12), by first fixing all the problem parameters and the
dual variables, and then attempting to solve the problem using the MATLAB black box
nonlinear solver a number of times using different starting points for the primal variables.
We then change the parameters and repeat. For each problem instance, we calculated
the true global optimal point using a heuristic global solver, and recorded how often the
black box solver attained the optimal function value.

For this particular test, we use the 1-3-5-1 backhaul network, and set B = 7 = 1,
Ny = 0.1. For the gain matrix we set a;; = 1 for all 4, and a; ; is a uniformly distributed
random number between 0 and R, where we use R to control the level of interference
in the network. Dual variable values were chosen at random between 0 and 10, as were
initial variables.

With R set to 0, there is no interference and therefore the subproblem should have a
unique global minimizer. This is supported by the data in which the global minimizer is
found in every problem instance with every choice of starting point.

With R set to 0.1, there is a small amount of interference, and one cannot be sure
whether or not the problem has local minimizers. The data in this case again shows that

the black box solver always finds the global minimizer under various different choices of
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dual function value and initial primal function value.

With R set to 0.7, there is more interference in the network, and we can expect the
problem to have several local minimizers. Indeed, the black box solver rarely finds a
global minimizer in this case, finding one in approximately 35% of our experiments.

For tables of the data from this experiment to find when the subproblem returns an
optimal solution see tables C.1, C.2 and C.3 in Appendix C. This investigation suggests
that in networks suffering low or zero interference, the subgradient algorithm should
proceed to a maximizer of the dual problem in a monotone fashion. In networks suffering
high interference, we cannot expect such monotone progress of the dual objective function

value.

4.4.2 Application to the Simplest Problem

We first test the algorithm on the simple problem introduced in Section 2.5, in the sym-
metrical case with a;; = a9 = 1 and a2 = a9; = 0.1. We set B = Ny =7 =1 with a
message of size one. By the work we did in the second chapter, we know that the opti-
mal solution is to route half the message down each of the two paths, with equal power
allocated to each path and a total power allocation of 0.86 Watts. We set the stopping
criterion for the dual decomposition algorithm to be that whenever two consecutive dual
values are within a certain tolerance, the algorithm terminates. In Figure 4.2 we show the
convergence of the dual objective function to the minimizing value of the primal objective
function for various step size choices. The graph clearly shows that a judicious choice of
stepsize is important to achieve fast convergence. Even in the simple case we are exploring
where the only stepsize parameter is p, and the stepsize at step k is defined as p/k, if the
stepsize parameter is too small then convergence may be extremely slow, and since the
stepsizes are always decreasing we may find that the function values of successive steps in

the algorithm are close even though we have not reached our solution and so the algorithm
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terminates prematurely. One would also think that increasing the stepsize would increase
the rate of convergence, but again the graph shows that this is not the case. Increasing
the stepsize parameter p from 2 to 5 decreases the rate in this example. One important
thing to note is that although the algorithm has converged towards an optimal dual value
w*, the primal value that we get by solving (f, p) = argmin L(f, p, u*) is infeasible. Using
a simple heuristic however we are able to get back a near optimal solution. For example,
in the case where p = 2, although the dual function value was close to the optimal primal
value, the algorithm returned values of p = (0.42,0.44)T, ¢ = (1,0)?. Since the subprob-
lem in the c variables is a linear program, the solutions will be at corners of the feasible
region. Corners of the feasible region in question are the points (1,0) and (0,1). In the
problem in question, the optimal dual variables are equal, and so the entire feasible region
is optimal for this subproblem, but the algorithm naturally chooses an end point. In order
to get back to a near optimal solution from this infeasible one, we can simply assume that
all the coupling constraints are active, and recalculate the f variables from the p variables.
Using this approach we arrive at the solution p = (0.42,0.44)T, £ = (0.49,0.51)7, which
is sufficiently close to the optimal solution of p = (0.43,0.43)%, f = (0.5,0.5).

Still considering the simplest graph, with two nodes and two edges, we now look at the
case where we have two local solutions, letting a;; = 1, a;s = 0.4, as; = 0.6, ass = 0.9. As
discussed in Section 2.5.6, we know that this problem has a local minimizer at £ = (0, 1)7,
and a global minimizer at f = (1,0)? with optimal primal function value of 1. Using the
dual decomposition algorithm we see in Figure 4.3 that the dual function value converges
to the optimal primal function value, but the convergence is no longer monotone. The
values arrived at for the primal variables using this algorithm were f = (1,0)” and p =
(0.99,0)T. After correcting to ensure feasibility of the coupling constraints we get that
£ =(0.99,0)7, but find that this no longer satisfies the total flow constraint.

Even with these very simple problems we see that using the subgradient algorithm on
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Figure 4.2: Convergence of the dual function for varying stepsizes in the simple case with
a unique global minimizer
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Figure 4.3: Convergence of the dual function when we have a local and global minimizer
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the dual problem to our problem, we do not necessarily reach a feasible solution. We do
however seem to reach near optimal power variables and can therefore hope to take these
near optimal power variables to find near optimal flow variables. In the next section we

shall apply the algorithm to a more useful network structure.

4.4.3 Application to the 1-3-5-1 Network

We now apply the dual decomposition algorithm to the 1-3-5-1 network introduced in
Section 3.8 as a network important in wireless backhaul networks. Firstly, we apply the
algorithm in the case where we have no cross channel interference, with B =1, Ny = 0.1
and S = 10. In Figure 4.4 we see that there is zero duality gap, but again for reasons
discussed above, the algorithm returns an infeasible primal solution. The first two columns
of Table C.4 in Appendix C show the returned network flow variables and power variables
for the 23 edges in the network. The values are clearly infeasible. Using the heuristic
developed in applying the algorithm in the simple case, we get the adjusted network flow
variables in the third column. This provides a near optimal solution to the problem, as
can be seen by comparing with the fourth and fifth columns of table C.4.

We go on to test the algorithm for high interference, with a Gain matrix with the
off diagonal terms randomly distributed between zero and 0.5. We see the dual function
value converges to a number reasonably close to the optimal primal function value, see
Figure 4.5, but again our method returns infeasible primal variables, see the first two
columns of Table C.5 in Appendix C for the flow variables and power variables returned.
Assuming that the coupling constraints are active at the solution, we use the power
variables returned by the algorithm to calculate corresponding flow variables. We see that
although there is a duality gap, we come close to getting back optimal primal variables,
comparing the first and third columns to the fourth and fifth columns of Table C.5. These

results are promising for our method, but of course in future work we need to test the
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Figure 4.4: Convergence of the dual and primal function values in the 1-3-5-1 network
with zero interference
algorithm using a gain matrix that represents a physically realistic situation. One problem
that needs considering is that although the solutions we obtain are close to optimal, the
routing variables do not satisfy the network flow constraints. This could potentially be
addressed by introducing a final correction step that adjusts the network flow variables as
little as possible but then satisfies the flow constraints, and then finally readjusting the
power variables accordingly.

Having implemented the subgradient algorithm numerically, we see that its conver-
gence is slow, often taking hundreds of iterations to get close to maximal dual variables.
In the final part of this chapter we shall look at an acceleration technique to try and

reduce the number of iterations required.
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Figure 4.5: Convergence of the dual and primal function values in the 1-3-5-1 network
with high interference

4.5 An Acceleration Technique

Since each step of the subgradient algorithm involves solving two optimization problems,
each getting harder as we increase the size of the network, it would be desirable to ac-
celerate the convergence of the dual variables to their maximizer. This could potentially
be done by using more sophisticated techniques for choosing the step size in updating
the dual variables, or using information about previous values of the dual variables to
improve our understanding of where the dual variables are converging to. In this chapter
we will discuss an acceleration technique based on Aitken’s A% method, using Steffensen’s
fixed point iterations. This technique significantly increases the convergence rate of the
algorithm discussed in the previous chapter under certain conditions. We will look at the
origins of this method, as well as ways in which we can implement it. The ideas of Aitken

and Steffensen are well established, see [8].
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4.5.1 Aitken’s Method and Steffensen’s Method

The idea behind Aitken’s A? method is that, given a linearly convergent sequence, we
seek to create a sequence which converges faster to the same limit. To this end, consider
a sequence {xy} which converges linearly to x at rate A, that is to say,
Tpy1 — T

lim e =y (4.18)

k—oo |z) — 2
Assume for now that equation (4.18) holds without the moduli. Then, we have that, for
large k at least,

T — Tpy1 T — Tpy2

~ ~
~ ~ A.

T — T, T — Tpi1

Solving this for x, we will construct a sequence which uses the convergence properties of the
sequence {z,} in order to construct a sequence which converges to z faster. Rearranging,

we have that

(I - $n+1)2 ~ (I - xn)(x - xn—&-?),

Expanding, and cancelling 22 on both sides, we have that

2
- TnTpyo — xn—i—l L
Tn42 — £Tp+1 + Tn

This can be rearranged to give

2
(In+1 - xn)
Tnt2 — 2xn+1 +

Yn = Tn —

This will be our definition of the Aitken sequence. It can be shown that for certain

linearly convergent sequences, {y,} converges to x faster than {x,} in the sense that

111



lim,, |%\ =0, [21].

Rather than calculating the linearly converging sequence x,, and then in parallel cal-
culating the faster converging sequence ¥,, one can use the same idea at each step and
hopefully construct an even faster converging sequence. This is known as Steffensen’s

acceleration.

Definition 4.11 When Aitken’s /A® method is combined with fized point iteration, the

result is known as Steffensen’s acceleration.

Suppose we are seeking the fixed point z* where * = f(z*), using the fixed point

iteration xy1 = f(zx). We compute the Steffensen accelerated sequence as follows:
1. Given zy, let Ty = f(xg).

2. Let 72 = f(Fher)

3. Calculate xp; by applying the Aitken’s acceleration formula to xy, g1, Trio.

4. Set k =k + 1 and repeat.

4.5.2 Application of Acceleration Methods to Our Algorithm

Unfortunately, we cannot guarantee linear convergence for our dual variables. Our dual
variables converge sublinearly, and since we are projecting onto the non-negative orthant,
it is entirely possible that a dual variable takes the value zero more than twice in a
row. This would give us a divide by zero error in the application of the Aitken formula.
All of this means that we have to be very careful in the implementation of these ideas.
Nevertheless, under certain conditions we are still able to observe marked improvement
in the convergence of our algorithm through applying these techniques. There are two
possible ways of applying these ideas, one is to directly apply Aitken’s A? Method, the

other is to apply Steffensen’s iteration.
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Aitken’s Method

The first approach is to run the standard algorithm to calculate our converging sequence
of dual variables, and in parallel apply Aitken’s A? Method to calculate a sequence of
dual variables that converges faster. We build in a measure which ensures we never have
a divide by zero error, and if we have a repetition of zeros in a given dual variable, we
allow the accelerated dual variable to be registered as a zero also. We then apply the
stopping criteria to both the original sequence and the accelerated sequence. Although
this approach does not appear to save on computation since we need to do twice as
many function evaluations, we can gain something if the accelerated sequence reaches the
stopping criteria in less than half as many steps as the original sequence.

In Figures 4.6 and 4.7 we present experimental data comparing convergence of the
dual function for the standard sequence and the accelerated sequence. In both cases we
use the 1-3-5-1 graph as used in the previous section and calculate the dual function value
at each step in the accelerated sequence. In Figure 4.6 we assume no interference, and
in Figure 4.7 we assume low interference, randomly distributed between zero and 0.1. In
both cases it can indeed be seen that the accelerated sequence converges faster and in
the low interference case, the improvement is significant and the convergence becomes
monotonic as compared to the sawtooth like convergence of the original sequence.

Clearly, under certain conditions, with appropriately chosen stopping conditions, there

is something to be gained by using Aitken’s A% method in its pure form.
Steffensen’s Acceleration

The second approach is to use Steffensen’s Acceleration. With this approach we update
our dual variables using two subgradient steps, and then use Steffensen’s method to jump
closer to the solution. We test it on the simplest possible network with two nodes and

two edges, as introduced in Section 2.5, in order to evaluate its performance. We apply
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Figure 4.6: Convergence of the dual function value using Aitken acceleration with no
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Figure 4.7: Convergence of the dual function value using Aitken acceleration with low
interference

114



the acceleration technique in the case where there is a unique global minimizer. As can
be seen in Figure 4.8, if the convergence of original algorithm is slow, we can significantly
improve the convergence using Steffensen’s Acceleration. Since each step in the accelerated
algorithm requires two standard subgradient steps as well as an extra simple calculation,
to gain anything by using it we would need to converge in less than half as many steps as
the standard algorithm. In Figure 4.8, we see that this is the case and there are indeed

significant gains to be made by using Steffensen’s Acceleration.
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Figure 4.8: Convergence of the dual function value using Steffensen’s Acceleration

Since the convergence of the subgradient method is sublinear and not monotone, we
need to be careful in our implementation of Steffensen’s Acceleration since the assump-
tions made in the development of the Aitken step are no longer valid. Allowing the
accelerated algorithm to run with no safe guards, we sometimes run into problems, see
Figure 4.9. Although initially the accelerated algorithm significantly outperforms the

standard algorithm, it soon fails and seems to be stuck at a suboptimal dual value. This
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problem can be solved by only applying the accelerated algorithm as long as improve-
ments are being made to the dual function value. If after a certain number of steps there
has been no improvement to the current best dual function value, we return to the best
current known dual variable values, “switch off” the acceleration method and revert to
the standard algorithm. In effect, we give the algorithm a head start towards the optimal

value using Steffensen’s Acceleration.
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Figure 4.9: Fuilure of Steffensen’s Acceleration

Another useful observation is that a judicious choice of step-size limits the gains we
achieve by using Steffensen’s acceleration. In Figure 4.10 we compare convergence of the
dual function value using Steffensen’s acceleration and the standard subgradient approach.
We choose the subgradient stepsize parameter p = 1, which we found empirically to result
in the fastest convergence (see Figure 4.2). In this case there is very little to be gained
by using Steffensen’s acceleration.

Both Aitken’s A? method and Steffensen’s acceleration provide potential benefits with
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Figure 4.10: Steffensen’s acceleration provides small gains with appropriately chosen step-
stze parameter

regard to the convergence of our algorithm. Further work is required to fully understand
the gains we stand to make.

In this chapter we have introduced a subgradient method for solving the dual of our
optimization problem. We found that the algorithm often finds near optimal power values
but struggles to find a complete optimal, or even feasible solution. In some cases it was
possible to get around this through the use of a heuristic based on the fact that we know
all coupling constraints are active at an optimal solution.

Finally, we looked at ways of improving the poor convergence rate of the algorithm
with considerable success. Further research is required to test these techniques on realistic
network environments, as well as reintroducing the various variables and constraints we
withheld to simplify the problem. In order to make this approach practical we would
also need a more complete heuristic detailing the best way to get from the solution of the

subgradient algorithm to the best possible feasible solution of the problem.
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In the next chapter we will investigate a promising algorithmic technique based on
primal co-ordinate descent which does not suffer from the slow convergence of the dual

subgradient method, but still decomposes the problem into easier to handle subproblems.
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CHAPTER 5
A PRIMAL CO-ORDINATE DESCENT

APPROACH

5.1 Motivation

In the previous chapter we discussed an approach to solving the optimization problems
outlined in chapters two and three. We observed that its main problems are its slow rate
of convergence, and the fact that we need to run the algorithm to optimality to have a
chance of finding a feasible point in the primal domain. Its strength lies in the decoupling
of the problem into two types of subproblem. We set out now to investigate a method
which hopefully alleviates these negatives while still drawing on the positive aspects. To
this end we consider again a general formulation of the problem which can encompass
both the unicast and multicast problems. Throughout this chapter, this formulation will

be known as (P1):
min ®(p,b,f)
s.t pecC, (5.1)
(ba C, da f) € Cb,c,d,f

ZmEM ::105 < \Ije,t(p> e c E,t eT.
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Here we assume ® is monotone in p, C, and Cy, ¢ q¢ are the specific polyhedral constraint
sets detailed in Chapter 3, and W is the coupling constraint of previous chapters.

The key motivating observation we need here is as follows: The variables of this
problem can be split into flow variables (b, c,d, f) and physical communication resource
variables p, and if we fix either set of variables the problem we are left with closely re-
sembles, or is equivalent to an existing well studied optimization problem. Specifically,
for fixed power variables, we can reformulate the problem as a nonlinear minimum cost
multi-commodity flow problem, and for fixed flow variables we have a standard power
control problem. As can be seen in Section 5.3, both of these subproblems can be for-
mulated as convex optimization problems, and many solution methods exist for solving
these subproblems in a distributed manner.

To make use of the apparent simplicity of the subproblems, and to avoid the drawbacks
we found in the dual approach, it would be desirable to employ a primal block co-ordinate
descent method where we alternately fix the physical communication variables, p, and
solve the problem over the network flow variables (b, c,d, f), and then fix the (b, c,d,f)
variables and solve over the p variables. The idea would be to toggle between these two
problems until an optimal point is found.

As the following simple example shows however, caution is required when employing
co-ordinate descent methods in constrained optimization since even in convex optimization
problems with a unique global minimizer, co-ordinate descent methods may not converge

to it.

Example 5.1 We present a simple linear optimization problem which cannot be solved
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using a co-ordinate descent method.

min T4y
s.t. r,y=0

20 +y—120

Clearly the optimal function value is 0.5, attained at (0.5,0), but if we apply co-ordinate
descent, minimizing over x first, starting from any feasible (z°,y°) with y° > 0 we see
from figure 5.1 that the algorithm does not converge to the optimal solution, and instead
terminates after one step at a suboptimal point (z*,y°), since through minimizing in the
x co-ordinate, we have activated the constraint 2x +y — 1 > 0, and it becomes impossible

to make any progress in the y co-ordinate direction.

A
Y

(@*,y") x

Figure 5.1: A simple linear program which cannot be solved by co-ordinate descent methods

Another problem which arises when using co-ordinate descent methods is that the
objective function may not contain any terms in a certain co-ordinate. Obviously, a
minimization step in this co-ordinate direction cannot hope to achieve anything as is

shown in the next example.
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Example 5.2 We present a simple convex optimization problem which cannot be solved

by a co-ordinate descent method since the objective function contains no terms in y.

min T

st. 224+ < 1

Clearly the optimal function value is -1, found at (—1,0), but if we apply co-ordinate
descent, minimizing over x first, starting from any feasible (x°,y°) with y° # 0 we find
that since y does not appear in the objective function, we are stuck after one step at x',3°),

see figure 5.2.

J
y
(xl,yo)/gi\

X

(2% 9°)

~_ | 7

Figure 5.2: A simple quadratic program which cannot be solved by co-ordinate descent
methods

With these potential stumbling blocks, we need to look closely at the structure of
our problem to see if a block co-ordinate descent approach can indeed be of use. En-
couragement comes from the work of Fliege and Dekorsy in [17] which provides empirical
evidence that the algorithm always comes to a solution quickly, and more importantly,

that in zero interference cases a minimizer is found. By closely studying the problem
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structure, as well as the co-ordinate descent mechanism, we will back up these empirical
observations with mathematical theory. The first stage in this process will be tackled in
the next section in which we shall reformulate our problem in such a way as to sidestep

the problems highlighted in the examples above.

5.2 Equivalence of Problem Statements

In order to begin considering employing a co-ordinate descent method, we need to deal
with the fact that some variables may not appear in the objective function. To do this we
will make use of Theorem 3.12 in Chapter 3, namely that at a locally optimal solution,
all coupling constraints are active.

We would like now to show that several different problem formulations are equivalent,

but first need to explain exactly what we mean for two problems to be equivalent.

Definition 5.3 Two optimization problems are equivalent if they have the same set of

local minimizers, and the same optimal objective function values.

Consider the following formulation which we will label (P2):

min ®(b,f,p)
s.t peC,
(b> C, da f) € Cb,c,d,f

ZmGM en::: = \Ije,t(p) e e E,t eT

Immediately from the above definition and Theorem (3.12) in chapter 3 we can say
(P2) is equivalent to (P1).
In order to apply block co-ordinate descent methods, one would like to have network

variables appear in the objective, since in the most common objective function, that of
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minimizing total transmit energy, we only have power variables in the objective. In order

to do this we rearrange coupling constraint,

Z :;:\I]e,t(p) ec EiteT, (52)
meM
in terms of pe:
1 L m
pe,t — ae7e (2 BT ZmE]W fe,t — 1)(; a/kyepk,t + 0-2) = e,t(f’ p) (53)

In the same way as we have grouped our variables as vectors, we will shorthand the
vector (J11(f,p), ..., Jjgme(f,p)) := J(f, p).We therefore see that we can write a third

equivalent formulation which we shall label (P3):

min (b, f, J(f, p))
s.t peC,
(b7 C, d7 f) S Cb,c,d,f

Pet = Je,t(fa p)

Finally, we would like a lemma to show that a fourth formulation, (P4), is equivalent:

min  ®(b,f, J(f,p))
s.t pecC,
(b7 C, da f) € Cb,c,d,f

pe,t > Je,t(fa P)

Unfortunately, in general such a reformulation is not possible, as illustrated by the

following simple example:
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Example 5.4 We present a simple two-dimensional constrained optimization problem.

For illustrative purposes, we can consider this problem to be in formulation (P1*):

min Y
st. z,y=>0
r<y

Clearly the unique global minimizer here is (0,0). There are no local minimizers and

so we can reformulate as (P2*) without losing the global minimizer:

min T
st. z,y=>0
y=x
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This problem has solutions (0,t) for all t € Ry, and so is not equivalent to formulations
(P1*), (P2*) and (P3*) since it has a different set of minimizers. Note that all minimizers
of (PA*) have the same objective function value as the unique global minimizer of (P1*),

(P2*) and (P3*).

Although in general (P4) is not equivalent to the other formulations, we can at least

say something about the minimizers of (P4):

Lemma 5.5 For each local minimizer (b°,c®,d° 0, p°) of (P4) there exists a local min-

imizer (b, c%,d% £°, p') of (P4) with:
o (bY c d° 9 p') is a local minimizer of (P3).
o (bY c d% 9 p°) and (b° c° d° £° p') have the same objective function value.

Proof. Consider a local minimizer x = (b,c,d,f,p) of (P4). Case 1: All coupling
constraints are active and we are done. Case 2: 31 # 0, C E x T such that p., >
Jer(f.p) V (e,t) € 1.

Consider (e, t) € 1.

Case 2a: a.; # 0 for some [ # e, s.t. >\, f/7 >0, and so p; appears in J;(f, p) since

]_ 1 m
(£, p) = a(zf”f Zmen Jili — 1)(2 A 1Pry + 07)
’ k£l

Since ®(b, f, p) is strictly monotone in p,
p<p= &b, f,p) <PbfD)

Here the inequality is a vector inequality, ie P < P < Det < P..V € € E,t € T. Further,

by strict monotonicity, if the vector inequality is strict in at least one co-ordinate, then
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the inequality in the function values is strict also. Similarly,
J(f,p) <J(f,p) = ¢(b,f,J(f,p)) < ©(b,f,J(f,P)).

Now consider pyey identical to p but with p.; replaced by (pe;—0) for some § > 0. Then,

]_ 1 m
Jit(£, Pnew) = —(QEZ’”EM Ieh — 1)( Z 1Pkt + e i(Der — 0) + 02) < Ji.(f,p).

a
ktlkte

Clearly, decreasing p.; to p.; — 0 cannot increase Ji, for any (k,t) € E x T, and so
J(f, Puew) < J(f, p), with strict inequality in at least one co-ordinate. By strict mono-
tonicity, ®(b, f, J(f, pnew)) < ®(b, £, J(f,p)), and so the descent vector used in the proof
of Theorem (2.5) is again a descent direction in this case, and for the same reason as in
that proof it is feasible. x is therefore not a local minimizer, so Case 2a cannot occur.

Case 2b: p,; does not appear with a non-zero coefficient in any co-ordinate of J(f, p), and
therefore does not appear in the objective function. We can therefore reduce p.,¥(e,t) € 1
until p.; = Jo(f,p)V(e, t) € I, without compromising feasibility of any other constraint,
to get a new point with the same objective function value, with all coupling constraints

active, without altering b, c,d or f. O

With Lemma 5.5 we see that any local minimizer of (P1), (P2) and (P3) is also a local
minimizer of (P4), and for any locally optimal solution of (P4), we can find a locally
optimal solution of (P1), (P2) and (P3) with the same objective function value without
altering the (b, c,d, f) variables.

Having ensured that we have formulations of our problem with the various different
variables in the objective function to enable us to employ a co-ordinate descent method,
we now look closely at the two subproblems we get from fixing either the communication

resource variables p, or the network flow variables (b, ¢, d, f) in our optimization problem.
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5.3 The Two Subproblems

In this section we present two general classes of optimization problem into which a lot of
research has gone. By then comparing these general formulations to our specific optimiza-
tion problem with one or other set of variables fixed, we see that the two subproblems we
will need to solve in our primal co-ordinate descent method fall into these categories and

we can therefore expect their solution to be straightforward.

5.3.1 Multi-Commodity Flow Problem

Given a graph G(V, E) where each edge e € E has an associated capacity c(e). Suppose
we have k commodities, Ki,..., K}, defined K; = (s;,d;,t;), where s; and d; are the
source and destination of commodity K;, and t; is the traffic requirement of commodity
K;. Define the flow of commodity K; along edge e as f;(e), and with each edge, associate
a cost a(f(e)), the cost of sending flow of size f along edge e. A solution to the multi-

commodity flow problem is a set of flows f;(e) satisfying the following constraints:

Non-negativity
file)=20Vi={1...k},ec E

Capacity Constraints
k
Z file) < c(e
i=1

Flow Conservation

o file)= Y file) e V\{si,di}

ecE 4 (v) ecE_(v)

Demand Satisfaction

Yo ofle)= > fz

e€b (s;) e€E_(d;
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If, in addition, with each edge is associated a cost, which is a function of the amount
of flow being carried along that edge, a(f(e)), and we find a flow minimizing the total

cost,
K

min » " a(}_ fi(e))

ecE k=1

then we have a minimum cost multi-commodity flow problem. In a lot of research
these costs are assumed to be linear, and so if they are not, this problem is known as a
nonlinear multi-commodity flow problem.

Looking back at formulation (p4) of our problem, we see that it is the form of a
nonlinear minimum cost multi-commodity flow problem, for which much research has
been undertaken. See[37], and the papers cited therein for distributed algorithms of
convex multicommodity flow problems, particularly when applied to the application of

wireless communication networks.

5.3.2 Standard Power Control Problem

In cellular wireless communications, the power control problem is the problem of assigning
a vector of transmit powers, p, such that p; > I;(p) for all ¢, where I;(p) is a function
measuring the interference experienced by user j. The power control problem may also
include extra constraints such as non-negativity, and upper bounds on powers. Much
research has gone into this problem for CDMA networks, see for example [36] and [48].
In [52], Yates brings together a lot of the previous work, providing conditions on the

interference function I(p) under which the fixed point iteration,

p(t+1) =1I(p(t))

converges to a unique feasible solution minimizing the total power. In this work he uses the

concept of a standard interference function, and shows that for such an interference
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function, the power control algorithm converges to the unique stationary point of the

problem, which minimizes the total power.

Definition 5.6 An interference function I(p) is standard if for all p > 0, the following

properties are satisfied.
e Positivity: I(p) > 0.
e Monotonicity: If p > p’, then I(p) > 1(p').
o Scalability: For all a > 1,01I(p) > I(ap).

For fixed f, the function J(f, p) defined in (5.3) trivially satisfies monotonicity, and

satisfies positivity on every edge where ¢, # 0. To check scalability, we see that

1 m
adoi(£,p) = — (257 Zmer i — 1)(a Y aepis + a0”)
ae,e ke
1 1 m
> 2EZmEMfe,t — 1 e 2 — Je e,
" )@Y arep +0%) = Je(c..ap)

k+#e

To get around the non-positivity on edges where ¢, = 0, the iteration can be slightly
altered, by immediately setting the power on all such edges to zero, and then applying
the fixed point iteration on all edges with non-zero traffic.

In this manner, we see that, for fixed feasible (b, ¢, d, f) variables, the problem can be
solved using fixed point iteration on a standard interference function.

Having shown how the two subproblems arising from fixing either the network flow
variables or communication resource variables can be solved using well established existing
techniques, we are ready to explain the way in which we will use the different problem
formulations detailed in Section 5.2 to design a feasible block co-ordinate descent method

for solving our optimization problem.
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5.4 The Co-ordinate Descent Algorithm

The idea of Fliege and Dekorsy in [17] is to iteratively solve (P4) for fixed p variables, then
feed the optimal (b, c,d,f) into (P1) as constants. This process is then repeated until
there is no more improvement in objective function value. Since this method consists of
taking our overall routing and power control algorithm and decomposed it into a routing
subproblem and a power control subproblem, this algorithmic method is referred to in
[17] as the Routing and Power Control Decomposition Algorithm, or RPCD
algorithm. Let us look closely at the two subproblems in the RPCD:

For fixed p € Cp, we define SP1(p), a multi-commodity network flow problem, as:

min  ®(b,f, J(f, D))
st (b,c,d,f) € Cpcar

ﬁe,t > Je,t(fa ﬁ)

-~ -~

For fixed (B,E,a, ) € Cpcar, we define SPQ(B,E,&, ), a power allocation problem,

as:

min CID(E,?, p)
stpeCy

Y < Uep)e€ B teT
meM

We note that both subproblems are convex and a solution to SPQ(B,E, a,/f\) will have
all coupling constraints active. Denote the optimal function value of SP1(p) by ®*(p), and
the corresponding values of (b,c¢,d, f) as (b*,c*,d*, £*)(p). Denote the optimal function

-~ -~

value of SPZ(B,E, a, ) by @*(3,6, a,A), and the corresponding value of p as p*(B,E, 8, f).
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With this notation we can now outline the procedure of the “Routing and Power

Control Decomposition” (RPCD) Algorithm:
e Choose initial p?, set i = 0.
e while ®*(p’) # ®*(b’, c,d’, f*)
—i=i+1
— Solve SP1(p*1)
— Set (b%, c’,d’, f") = (b*,c*,d*, £*)(p'!)
— Solve SP2(b?, ¢!, d, f*)
— Set p* = p*(b’, ¢’, d’, ).
e Return (b?,c’,d’, fi, p’)
Fliege and Dekorsy observed in [17] that experimentally this algorithm stops within two

cycles of the while loop, We now show why this is the case, based on our understanding

of the solution sets of SP1 and SP2.

Lemma 5.7 After one solution of each of the subproblems SP1 and SP2, the RPCD

algorithm terminates at an iteration point at which all coupling constraints are active.

Proof. We prove this constructively, working through the algorithm from an arbitrary
starting point: Let p° be our initial choice of p, and (b', ¢!, d', f!) the solution to SP1(p").
Let p! be the solution of SP2(b!, ¢!, d!, f1).
We know, from the proof of Thm (2.5) that Y-, (f")' =¥, (p')Veec EteT.
Consider now SP1(p'), especially the coupling constraints p}, > Jo.(f, p'), which we
rearrange back to Y./ f = W4 (p') Ve € E,t € T. Now, we already know we have a
feasible point (b!,c!,d!, f') which uses all available capacity on all edges, and in solving

SP1(p!) we are seeking another feasible point which uses less capacity on some edges than
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f!, but never any more capacity on any edges than f!. Clearly no such point exists and
so the feasible set for SP1(p!) is a singleton, namely {(b!,c!,d!, 1)}, so (b?, c?, d?,f?),
the solution of SP1(p') must be (b, c!,d!, f!) and therefore p? = p! and so on.

By definition, the optimal function value of SP2(b', ¢!, d!, 1) is ®(b!, ! p'), and the
optimal function value of SP1(p') is ®(b? £ J(f? p')) = &(b!, !, J(f!, p')), and since
Yoment (I = Ve (p') Ve e E it €T, we see that J(f', p') = p', and so the optimal

function values to the two subproblems are equal for all but SP1(p").

Note that Lemma (5.7) does not say a great deal about the quality of solutions pro-
vided by the RPCD algorithm, other than that they lie on the surface where all coupling
constraints are active. At least this is a sensible place to be since we know all solutions
lie on this surface also.

We now present an illustrative example of when the RPCD algorithm fails to find a

local minimizer.

Example 5.8 Consider the simple problem of minimizing transmit power while sending a
message of size M along two separate edges between two nodes. For simplicity we assume

zero interference. The problem (P1) can then be represented as follows:

min p1+ P2

s.t fi, f2;01,p2 2 0

p1,p2 < P
fi+tfo=M
f1 < Brlogy(1+ aipy)

fo < Btlogy(1 + asps)

For simplicity we assume M = B = 7 = a1 = as = 1. Suppose we run the RPCD
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algorithm on this problem from the starting point p° = (0.1,1). SP1(p°) is:

min 2/t 422 — 2
st fi,/220

htfh=M

f1 <logy(1.1)

f2 < log,(2)

with unique minimizer 1 = (0.1375,0.8625), and objective function value ®*(p®) = 0.918.

SP2(t!) is:

min D1+ P2
s.t p1,p2 =20
p1,p2 < P
0.1375 < logy(1 + p1)

0.8625 < log,(1 + p2)

with unique minimizer p* = (0.1,0.818), and objective function value ®*(f') = 0.918. In

this example the algorithm stops after one cycle of the while loop, and to illustrate Lemma
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5.7, notice that SP1(p*) is:

min 271 + 272 2
st fi,f220
fitfa=1

f1 <0.1375

f2 < 0.8625

Clearly the only feasible point of this problem is f1 = (0.1375,0.8625). We see that even in
this simple zero interference example, choosing a “bad” p° leads to a suboptimal solution,
(f,p) = (0.1375,0.8625,0.1,0.818) with objective value 0.918. The global minimizer in
this instance is (f,p) = (0.5,0.5,v/2 — 1,+/2 — 1) with objective function value 0.82.

Observation 5.4 With sufficiently large initial p°, the RPCD finds the minimizer to the

above simple problem. By sufficiently large, we mean p9 > v/2 —1,pJ > /2 — 1.

This observation suggests that in the zero interference case, with sufficiently large initial
p guesses, the RPCD may converge to the global minimizer. We will now formalize this

into two results.

Lemma 5.9 Suppose we wish to solve optimization problem (P1), 5.1, using the RPCD

algorithm. Assume the network suffers from no interference, that is

ae,e
Veu(p) = Brlogy(1 + —pes).

Assume further that at (b',ct,d, f'), the minimizer of SP1(p®) no coupling constraints

are active, that s

Z( T < U (p')Vee EteT.

meM
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Then, if p* is the global minimizer of SP2(b!,ct,d* '), (b! ¢!, d £ pt) is a global

minimizer of (P1).
Proof. Note that, in the zero interference case, power variables no longer appear in the
objective functions of problem formulations P3 and P4 since

0.2

Jes(£,p) = — (257 Zmear [0t — 1) = ], ,(£).

Qe.e

SP1(pY) is therefore:
min ®(b, f, J(f))
st. (b,c,d,f) € Cpcar

pg,t 2 Jeu(F)

This is a convex optimization problem, and so (b!,c!,d!,f!) is a global minimizer for
SP1(p°). Now, by assumption p?, > J.,(f') Ve € E,t € T, and so (b',c',d", f') is also

a global minimizer for the same problem without any coupling constraints:

min & (b, f, J(f))
st. (b,c,d,f) € Cpcar

By extension, for any p € C,, (b', ¢!, d*, f!, p) is a global minimizer of:

min ®(b, f, J(f))
st. (b,c,d,f) € Cpcar

peC,

Adding additional constraints cannot decrease the optimal objective function value for a
problem, so if (b!, ¢!, d!, f!, p) remains feasible for a problem with additional constraints,
it will be a global minimizer for that problem as well.

Now, since we assumed p?, > J.,(f')V e € E,t € T in the statement of the lemma,
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(b, ct,d!, 1, p°) is clearly feasible for

min ®(b, f J(f))
st. (b,c,d,f) € Checar
p € Cp,

ZmEM eﬂ:% < BTZOQ?(l + ae,epe,t) Ve € EteT.

(b!, ct,d!, 1, p®) is therefore a global minimizer for this problem, which is exactly for-
mulation (P4) of the original problem. Solving SP2(b!, ¢!, d!, f!) we obtain p! for which
all coupling constraints are active. (b!,c!,d!, f!, p') is thus a global minimizer for (P4)

for which all constraints are active, and therefore a global minimizer of P1. O

Lemma 5.9 provides us with a simple test to perform on the solution of SP1(p") to
tell us if we will reach a global minimizer. The following lemma provides a condition on
the choice of p° to guarantee convergence to the global minimizer in the zero interference

case.

Lemma 5.10 Assume C, contains only edge power bounds and not node power bounds
and that the networks suffers no interference. Then the RPCD algorithm terminates at

the global minimizer of (P1) if we choose p), = P> Ve € E,t € T.

Proof. Consider (b',c!',d!, f!), the minimizer of SP1(p°):

min (b, f, J(f))
st. (b,c,d,f) € Cpcar (5.5)
pr&> J . (f)yVeec E;teT.

Since this problem is convex, (b!,c!,d! f!) is a global minimizer for this problem, and
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therefore (b', ¢!, d', f!, p°) is a global minimizer for the problem:

min (b, f, J(f))
st. (b,c,d,f) € Chcar
0<pes K PP Vec E,teT,

Pet = Jei(f) Ve e E t € T.

since the feasible region for (5.6) is a subset of the feasible region for (5.5). Solving
SP2(b', ¢!, d', f!) we attain p* for which all coupling constraints are active. (b',c!,d!, f!, p!)
is thus a global minimizer of (P4) for which all coupling constraints are active and is there-

fore a global minimizer of (P1). O

Given that we know how to guarantee optimality in the zero interference case, it would
be nice to have a stronger result in the case where we suffer interference. As the next
section shows, such a result would depend heavily on the choice of starting point, and the

way to choose such a starting point is unclear.

5.5 Difficulties Encountered When Faced With In-

terference

The empirical work of Fliege and Dekorsy in [17] suggests that the RPCD algorithm
converges to a minimizer for several classes of interference limited problems. Research
is still ongoing into finding a result guaranteeing the convergence of the algorithm in
these more general cases. Given our example in the previous section that shows that
even without interference, convergence is not guaranteed from certain starting points, one
would expect any theorem proving convergence would also involve strict conditions on
the starting point of the algorithm. Unfortunately in high interference cases, we can not

automatically impose that we set all initial powers to their maximum possible values, as
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the next example shows:

Example 5.11 Consider the same problem as in FExample 5.8, but this time we assume
extremely high interference, say as; = a3 = 11 = a9 = 1, and 0> = 0.1, B =7 = 1.

Then, assuming pi = py = p, we see that our first sub-problem has the constraints:

fi < loga(1 4 Py <log,(2) =1

+0.1
Therefore if the message to be transmitted is larger than 2B bits, this initial subproblem
is infeasible, whereas if we had chosen p{ = p, and p = 0, then for large enough p, the

problem can be feasible for much larger messages.

The message to take away from this example is that for high interference situations,
the choice of initial point is very much dependent on the gain matrix, and to some extent
requires prior knowledge of the solution.

Nonetheless, it is not all bad news for the RPCD algorithm. In low interference cases
where we are able to set pre-determined start points, we can expect the algorithm to
considerably out perform the dual approach in terms of speed, since at every iteration of
the dual decomposition algorithm, the solutions to two subproblems of similar difficulty
to the subproblems in the RPCD are required. In the RPCD, these subproblems need
only be solved once each, whereas in the dual decomposition subgradient approach, each
subproblem was solved tens or hundreds of times during the course of the algorithm.
In the next section we will present numerical results, backing up the theoretical results
shown in this chapter as well as showing the value of the RPCD algorithm, even if only

treated as a heuristic with no guarantee of convergence to a local minimizer.
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5.6 Numerical Testing of the RPCD Algorithm

We test the RPCD algorithm on the same networks we used to test the benefits of network
coding compared to naive routing in section 3.8, that is to say, we use the butterfly network
and the 1-3-5-3 backhaul network, each with a single multicast message. In each problem
instance, we compare the solution found by the RPCD algorithm with the solution found
by a blackbox solver, both in the naive routing case and in the network coding case. We
test the algorithm using various different choices of all parameter values and with varying
levels of interference. The blackbox solver we use is the NAG sparse nonlinear solver,
[35]. In nonconvex problem instances we ran the blackbox solver ten times from random
starting points to attempt to get close to the global minimizer. The values we use in our
comparative results from our black box solver are always the minimum value obtained

from these repeated simulations.

5.6.1 Implementation of the RPCD in our Tests

Due to some of the unanswered questions about the algorithm, certain decisions have
had to be made regarding the implementation of the algorithm in our testing. Since
both subproblems have been shown to have unique solutions, it was not deemed to be
important to solve them using methods one would practically use in wireless settings. We
want to get a feel for the performance of the algorithms overall performance and are not
too interested in the details of solving at subproblem level. For this reason, in our tests
both subproblems are solved with the best and quickest serial solver available to us, that
is to say the NAG dense linear solver, e04mf, [34], and the NAG sparse nonlinear solver
e04ug, [35]. Since both subproblems are convex, the starting point for the subproblems
are unimportant, and so the main choice in implementation was in initializing the power
variables.

Since no solution has yet been found to the starting point problem raised in Section
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5.5, the approach taken in testing has been to initialize all starting powers to maximum,
since this is known to lead to optimal solutions in the zero interference case. In some high
interference cases this means the starting point is infeasible and so the algorithm fails,
but it was felt that for the purpose of testing it would make no sense to tailor individual
starting points for specific problems.

For parameter values used in testing in both the butterfly network and the 1-3-5-3

backhaul network, see Appendix D.

5.6.2 Results

In line with Lemma 5.10, it was found that for all problem instances tested the RPCD
algorithm terminated after one solution of each subproblem to a point where all coupling
constraints were active. This comes as no surprise to us but backs up our theory with
empirical data.

Supporting Lemmas 5.9 and 5.10, we tested both networks in the zero interference
case over a range of values of bandwidth, timeslot length, number of available timeslots,
message size and background noise, using both Network Coding and Naive Routing, and
found that in each case the RPCD algorithm returned a global minimizer.

The main results of interest came when looking at problem instances with interference.
In both the butterfly network and the backhaul network, we see that the RPCD algorithm
often finds feasible solutions that are close to optimal.

In Figure 5.3 we see that in the butterfly network with full interference (see Appendix
D for Gain matrix), the RPCD algorithm returns near optimal solutions when the size
of message to be transmitted is sufficiently small, but returns increasingly suboptimal
solutions as the message size increases. Eventually, when the message size is too large,
our initial p® values result in an infeasible subproblem SP1(p°) and so the RPCD fails to

return a feasible solution at all. Note that with network coding, the RPCD can handle

141



larger messages than with naive routing before it is unable to return a feasible solution.

In Figure 5.4 we vary the maximum number of timeslots in the butterfly network
with full interference. Again, decreasing the number of available timeslots results in more
data having to be transmitted along an edge in any given timeslot and so eventually this
leads again to an infeasible SP1 with our initial choice of p° if the number of timeslots
is limited too harshly. As the maximum number of timeslots is increased, the RPCD
algorithm returns solutions close to global minimizers. It is again seen that using network
coding as opposed to naive routing allows the RPCD to return solutions when the number
of timeslots is more strictly limited.

In Figures 5.5 and 5.6 we investigate the 1-3-5-3 network where we have used realistic
parameter values and gain matrices (see Appendix D), considering full interference in
Figure 5.5 and intercell interference only in 5.6. In both instances we see that for small
messages, the RPCD algorithm returns solutions near solutions found by running the our
blackbox solver, the NAG sparse nonlinear solver, multiple times from multiple starting
points. As the message size increases, the solutions become suboptimal, and for messages
too large, our choice of p° results in an infeasible subproblem SP1(p°). Using network
coding again results in the RPCD being able to handle larger messages than naive routing.

It is also worth noticing that in most cases, applying the RPCD algorithm to the
model in which we use network coding results in solutions, which although suboptimal
for this problem, are still better than the optimal solution to the problem in which we
use naive routing, and so in a sense, a simple algorithm applied to a complicated model

performs better than any complicated algorithm applied to an overly simplistic model.
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Figure 5.3: Total multicast transmit energy for varying message sizes, with full interference
in the butterfly network over 20 timeslots, comparing RPCD to a blackbox solver.
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in the backhaul network over 20 timeslots, comparing RPCD to a blackbox solver.
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solver.
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CHAPTER 6
CONCLUSIONS, OPEN QUESTIONS AND

RESEARCH DIRECTIONS

In this thesis we have successfully brought together ideas from various areas of mathemat-
ics to solve a problem from communication engineering. Specifically, we have developed a
mathematical framework and nonlinear program for the problem of transmitting unicast
and multicast messages through a timeslotted CDMA multihop wireless network using
point to point transmission and allowing multipath routing, simultaneously optimizing
over communication resource variables and network flow variables.

The main contributions in the modelling part of the thesis came at the ends of chapters
two and three. Having developed a mathematical framework and nonlinear program for
the unicast problem in the first part of chapter two, at the end of the chapter we undertook
a thorough analysis of the behaviour of a simple problem, providing new insight into the
way in which the nonconvexity of the coupling constraints affects the solution set for the
problem, finding conditions on the communication channel parameters which result in the
problem having a unique solution.

Having introduced the possible ways to handle multicast transmissions at the start of

chapter three, the main contribution comes in detailing exactly how, using random linear
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network coding and introducing conceptual flow and buffer variables, we can incorporate
multicast transmissions into our model whilst avoiding the expensive combinatorial op-
timization problems associated with the tree packing approach. Numerical experiments
run using a NAG nonlinear solver in MATLAB clearly show the benefits of the network
coding approach over a naive approach. Further numerical results exhibit the potential
cost transporting the overheads associated with the network coding approach, namely
having to transport the random encoding coefficients along with the encoded packets.
Experiments show that in typical situations, with overheads of up to 5%, the benefit
compared to naive routing is still sizeable.

The main contributions of the algorithmic part of the thesis came at the end chapter
four and throughout chapter five. Having introduced a fairly standard dual decomposition
and subgradient approach to solving our optimization problem, at the end of chapter five
we introduce a novel use of Aitken’s A? method and Steffensen’s iteration to accelerate
the convergence of the subgradient method. This approach showed considerable promise
and greatly improved the convergence rate in some cases.

Throughout chapter six we examined the behaviour of an innovative, recently proposed
primal block co-ordinate descent method. Before this work little was known about the
performance of this algorithm other than empirical observations. We carefully proved the
equivalence of the different problem formulations used in the algorithm and explained
why the algorithm always stops quickly, as well as characterizing the general set of points
the algorithm stops in. In the zero interference case we proved convergence to a global
minimum if a certain constraint is inactive at a certain stage of the algorithm. We also
proved convergence to a global minimum for a certain starting point. We highlighted
possible difficulties in using the algorithm in high interference cases, before finally testing
the algorithm extensively and finding that in many cases, although suboptimal, the points

to which the algorithm converge are those with close to optimal objective function values.
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An interesting theme running through this work is that of balance between simplicity
and complexity. In chapter three whilst looking for ways to include multicast in our
framework we found that the simplest approach provided highly suboptimal solutions,
but that the use of a complicated random linear coding protocol eventually led to a
problem formulation which is almost as simple, but leads to much better solutions, and
compares favourably to the computationally expensive approach of packing Steiner trees.

In the algorithmic part of the thesis we found that the implementation of a simple
primal algorithm can lead very quickly to optimal or near optimal solutions, and applying
this algorithm to the problem formulation where we use network coding we see that even
when the solutions are suboptimal, they still remain far better than optimal solutions to
the naive problem formulation.

As well as the successful outcomes of this research we have found many interesting
unanswered questions and directions for future research. The first set of possible research
directions involves altering our model to better capture the technology of wireless com-
munication. In this work we have only considered point to point transmissions, whereas a
larger number of wireless applications use broadcast technology. Broadcast transmissions
could be included in our model by changing our underlying graph into a hypergraph.
With a hypergraph, instead of edges we have hyperedges which share common properties
but where an edge connects a single source node to a single destination node, a hyper-
edge connects a single source node with multiple destination nodes. This direction of
research is particularly interesting since the benefits of network coding can often be more
pronounced in networks using broadcast transmissions, as was shown in section (3.3.2).

A second direction within this area of technological advances is to consider the possi-
bility of using network coding to combine packets from completely separate multicast and
unicast transmissions. This process is known as intersession coding, whereas so far we have

only considered intrasession coding. As was shown in section (3.3.1), there are potential
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throughput gains to be had by employing this approach. Currently, although research has
gone into showing that potential gains exist in few very specific network structures, little
is known about possible ways of employing intersession coding in a distributed manner
for arbitrary networks.

A third possible way to change our model would be to relax the coupling constraints.
The constraint we impose means that each communication can theoretically be achieved
perfectly with no error. If instead we allowed messages to be transmitted at rates which
meant error was introduced, we would gain more flexibility in our model, and as long
as we ensured that there was enough information at the end, the message would still be
decodable. This ties in nicely with the idea of network coding, since with network coding
it would simply be a case of ensuring each destination has enough error free encoded
packets.

In terms of research directions with regards to the algorithms we have looked at, there
are again several interesting research questions. Firstly, with the dual decomposition
algorithm, one could consider the effect of including other constraints than the coupling
constraints into the Lagrangian. Another possibility would be to look at different step size
controls, or to ensure that the algorithm rejects moves which worsen the dual objective
function value.

As far as the primal co-ordinate method is concerned, we have proven that in the
zero interference case for certain starting points the algorithm converges to the global
optimum. It would be nice to generalise this result to include low interference cases.
From an implementation point of view, work needs to go into the exact way in which this
algorithm can be performed in a distributed manner.

Finally, a promising new algorithmic approach would be to further exploit the fact
that all coupling constraints at a solution are active to rewrite the problem with power

constraints removed, as a problem purely in the network flow variables. Preliminary
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investigations indicate this to be a worthwhile idea to investigate further.
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APPENDIX A
CONVEX PROGRAMMING

Definition A.1 A subset C' of R" is called convex if
ar + (1 —a)y € C,Vz,y € C,Va € [0,1]. (A1)

Definition A.2 Let C be a convex subset of R™. A function f : C +— R is called convex
if
flar+ (1 —a)y) <af(x)+ (1 —a)f(y),Ve,y € C,Va € [0,1]. (A.2)

The function f is called concave if —f is conver. The function f is called strictly
convex if the above inequality is strict for all x,y € C with x # vy, and all « € (0,1).

If the function in question is once, or twice continuously differentiable, there are equivalent
definitions of convexity based on the gradient or hessian of the function in question.

Proposition A.3 Let C be a convex subset of R™ and let f : RN +— R be differentiable
over R".

e f is convex over C' if and only if
F(2) > f@) + (2 = 2)TVf(z), Va,zeC.
o f us strictly convex over C' if and only if the above inequality is strict whenever
Proof. See [3, Appendix B1]. O

Definition A.4 Let A € R"™™" be symmetric. We say A is positive semidefinite if
2T Az > OVx € R™. A is positive definite if v Axr > 0Vx € R", x # 0.

With this definition, we can now class a function as convex using information about its
Hessian.

Proposition A.5 Let C be a convex subset of R™ and let f : RY +— R be differentiable
over R™.
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o If V2f(x) is positive semidefinite for all v € C, then f is convex over C.
o Of V2f(x) is positive definite for every x € C, then f is strictly convex over C'.

o If C is open and f is convex over C, then V?f(x) is positive semidefinite for all
rzeC.

Proof. See [3, Appendix B1] O

It is often useful to appeal to an extended version of Sylvester’s criterion to show that a
matrix is or is not positive semi-defininite. In order to understand the theorem, we first
need a definition.

Definition A.6 If we have an n X n matriz A, and let I be a subset of {1,...n}. If B is
formed by removing from A all the rows and columns indexed in I, then the determinant
of B is a principal minor of A. The leading principle minor A; is formed by removing
all but the first i rows and columns of A.

Proposition A.7 A matriz A is positive semi-definite if and only if all of its principal
minors are non-negative.

Proof. See [T7]. O

Definition A.8 A mathematical program is called convex if the objective and all the
constraints are convex.

For a full treatment of the topic of convexity and convex programming, see [6].
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APPENDIX B
GLOSSARY OF COMMUNICATION
ENGINEERING TERMS

Bandwidth

Broadcast Communication
Buffer

CDMA

Communication Device

Communication Resource

FDMA

Frequency Reuse
Intercell Interference
Intercell Interference
Multicast

Multihop

Multipath Routing

Noise Spectral Density

Packet

The difference between the upper and lower cut-off fre-
quencies of a communication channel.

A transmitted message can be received concurrently by
multiple receivers.

Memory within a communication device for storing data
packets.

Code Division Multiple Access, an access scheme based
on assigning different sessions different codes.

Any wireless device used for sending or receiving data,
typically a mobile phone, laptop, remote sensor, or wire-
less antenna.

Any resource in finite supply which is used in wireless
message transmission. Typically bandwidth, timeslot
length, transmit power.

Frequency Division Multiple Access, an access scheme
based on assigning different sessions different parts of
the available bandwidth.

The process of reusing the same frequency for transmis-
sions physically suitably far apart.

Interference originating from other nodes than the
source node of the received message.

Interference originating from the same node as the re-
ceived message.

The sending of a message from one source to multiple
destinations.

The sending of a message via intermediate relay devices
as opposed to a single hop to a base station.

Allowing messages to be split and take a number of dif-
ferent multihop paths through a network.

Ny, Noise power per unit of bandwidth. We assume
this to be white noise and so the total noise across a
bandwidth B is BNg.

A finite quantity of data, formatted to be ready to be
transmitted through the network.
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Point to Point Communication
Relay

SINR

TDMA

Unicast

Transmitting a message directly from one device to one
other device.

Any device which receives data packets and then for-
wards them on.

Signal to interference and noise ratio, commonly used in
calculating channel capacities, this is the ratio between
received signal strength and received interference and
noise strength.

Time Division Multiple Access, an access scheme based
on assigning different portions of the available time pe-
riod.

The sending of a message from one source to one desti-
nation.
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APPENDIX C
ADDITIONAL DATA FOR DUAL
DECOMPOSITION RESULTS

In the three tables that follow, each row is the objective function value returned by the
black box solver we use to solve the nonconvex subproblem of minimizing Leomm (P, )
with respect to p for fixed p within the subgradient algorithm. Along each row, the
solver solves an identical problem but starting from different starting points. In different
rows we have the same problem but with different values of the dual variable p. One would
therefore hope to find the same results across a row if the solver was consistently finding
the optimal solution. As can be seen in the zero interference case, the optimal solution is
always found, and as interference increases, the likelihood of finding the optimal solution
decreases.

Each row corresponds to a series of experiments using the same dual values but different start points

-490.4747 -490.4747 -490.4747 -490.4747 -490.4747 -490.4747 -490.4747 -490.4747 -490.4747 -490.4747
-659.0946 -659.0946 -659.0946 -659.0946 -659.0946 -659.0946 -659.0946 -659.0946 -659.0946 -659.0946
-470.3824 -470.3824 -470.3824 -470.3824 -470.3824 -470.3824 -470.3824 -470.3824 -470.3824 -470.3824
-602.8001 -602.8001 -602.8001 -602.8001 -602.8001 -602.8001 -602.8001 -602.8001 -602.8001 -602.8001
-566.098 -566.098 -566.098 -566.098 -566.098 -566.098 -566.098 -566.098 -566.098 -566.098

-488.0502 -488.0502 -488.0502 -488.0502 -488.0502 -488.0502 -488.0502 -488.0502 -488.0502 -488.0502
-629.7947 -629.7947 -629.7947 -629.7947 -629.7947 -629.7947 -629.7947 -629.7947 -629.7947 -629.7947
-572.3668 -572.3668 -572.3668 -572.3668 -572.3668 -572.3668 -572.3668 -572.3668 -572.3668 -572.3668
-360.0783 -360.0783 -360.0783 -360.0783 -360.0782 -360.0783 -360.0783 -360.0783 -360.0783 -360.0783
-593.1785 -593.1785 -593.1785 -593.1785 -593.1785 -593.1785 -593.1785 -593.1785 -593.1785 -593.1785

Table C.1: Uniqueness of Solution Data for the non-convex subproblem with no Interfer-
ence

Each row corresponds to a series of experiments using the same dual values but different start points

-193.2599 -193.2599 -193.2599 -193.2599 -193.2599 -193.2599 -193.2599 -193.2599 -193.2599 -193.2599
-191.623 -191.623 -191.6229 -191.623 -191.6229 -191.623 -191.623 -191.623 -191.623 -191.623

-202.3041 -202.3041 -202.3041 -202.3041 -202.3041 -202.3041 -202.3041 -202.3041 -202.3041 -202.3041
-204.6733 -204.6733 -204.6733 -204.6733 -204.6733 -204.6733 -204.6733 -204.6733 -204.6733 -204.6733
-202.6117 -202.6117 -202.6117 -202.6117 -202.6117 -202.6117 -202.6117 -202.6117 -202.6117 -202.6117
-153.3747 -153.3747 -153.3747 -153.3747 -153.3747 -153.3747 -153.3747 -153.3747 -153.3747 -153.3747
-165.4392 -165.4392 -165.4392 -165.4392 -165.4392 -165.4392 -165.4392 -165.4392 -165.4392 -165.4392
-168.0536 -168.0536 -168.0536 -168.0536 -168.0536 -168.0536 -168.0536 -168.0536 -168.0536 -168.0536
-164.1279 -164.1279 -164.1279 -164.1279 -164.1279 -164.1279 -164.1271 -164.1279 -164.1279 -164.1279
-178.155 -178.155 -178.155 -178.155 -178.155 -178.155 -178.155 -178.155 -178.155 -178.155

Table C.2: Uniqueness of Solution Data for the non-convex subproblem with Low Inter-
ference
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Each row corresponds to a series of experiments using the same dual values but different start points

-57.3968 -65.5257 -57.3968 -65.2365 -80.8538 -61.8858 -57.3968 -88.9827 -65.5257 -65.2432
-86.026 -86.026 -86.026 -86.026 -86.026 -72.5611 -86.026 -86.026 -69.6442 -86.026
-85.1495 -78.0546 -99.2955 -76.7123 -97.6945 -92.2391 -97.6945 -97.6945 -84.2854 -113.2212
-84.4341 -79.8381 -89.0396 -68.1495 -84.4341 -77.3509 -89.0396 -89.0396 -84.4341 -84.4341
-51.6736 -64.734 -64.734 -65.2551 -50.1242 -64.734 -62.5713 -64.734 -64.734 -64.734
-80.3189 -82.9626 -82.9626 -80.3189 -77.2283 -83.2035 -83.8048 -61.1818 -77.2283 -82.1119
-46.7507 -61.2422 -61.2422 -61.2422 -59.6753 -61.2422 -51.3525 -61.2422 -49.8839 -61.2422
-104.212 -79.9874 -91.0976 -91.0976 -104.212 -79.9874 -107.5355 -104.212 -105.2035 -94.7612
-84.3537 -83.6146 -68.7946 -82.8062 -83.6146 -84.3537 -71.8385 -71.8385 -84.3537 -84.6199
-95.1853 -69.7354 -95.1853 -69.7354 -64.0871 -90.5792 -69.3301 -69.7354 -55.0245 -69.7354

Table C.3: Uniqueness of Solution Data for the non-convex subproblem with High Inter-
ference

Dual Algorithm Solution Black Box Solution
Edge Powers fe Output edge flows pe Adjusted edge flows fe Edge Powers Edge flows
1.047 6.5 3.519 0.908 3.333
1.050 3.5 3.523 0.908 3.333
1.047 0 3.519 0.908 3.334
0.061 0 0.684 0.059 0.666
0.062 0 0.696 0.059 0.666
0.050 6.5 0.586 0.059 0.666
0.050 0 0.583 0.059 0.668
0.070 0 0.769 0.059 0.667
0.059 0 0.667 0.059 0.666
0.046 3.5 0.542 0.059 0.666
0.052 0 0.603 0.059 0.670
0.073 0 0.788 0.059 0.665
0.066 0 0.731 0.059 0.666
0.064 0 0.716 0.059 0.667
0.065 0 0.726 0.059 0.667
0.067 0 0.741 0.059 0.665
0.051 0 0.597 0.059 0.667
0.047 0 0.557 0.059 0.666
0.307 0 2.026 0.300 2.000
0.296 3.5 1.987 0.300 2.000
0.292 6.5 1.971 0.300 2.001
0.297 0 1.989 0.300 2.000
0.307 0 2.024 0.300 1.999
Total power=5.525 Total power=5.105

Table C.4: Comparing dual decomposition solution to black box global solver solution in
the 1-3-5-1 network with zero interference

Tables (C.4) and (C.5) present the solutions for two different problem instances using
the 1-3-5-1 backhaul network with varying interference levels.

158



Dual Algorithm Solution Black Box Solution
Edge Powers fe Output edge flows pe Adjusted edge flows fe Edge Powers Edge flows
0.000 10 0 0
0.000 0 0
96.978
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
83.017
0.000
0.000
0.000
0.000
97.653
0.000
0.000
0.000 0 0
Total power=277. Total power=306.9
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Table C.5: Comparing dual decomposition solution to black box global solver solution in
the 1-3-5-1 network with zero interference
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APPENDIX D
PARAMETER VALUES USED IN RESULTS
FOR CHAPTERS THREE AND FIVE

Presented here are the parameter values for the graphs in the results sections (3.8) and (5.6.2). For the butterfly network considered in figures
(3.16), (3.18), (5.3) and (5.4), the problem parameters used were as follows:
Network Incidence Matrix:

—1 —1 0 0 0 0 0 0 0
1 0 —1 0 —1 0 0 0 0
0 1 0 -1 0 0 —1 0 0
0 0 1 1 0o -1 0 0 0 (D.1)
0 0 0 0 0 1 o -1 -1
0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 1 0 1
B = 100MH =z, .Sig'rna2 = 0.1W, T = 0.1s, P:}nax = 1000W = P;nax
Zero Interference Gain Matrix:
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0.172 0 0 0 0 (D.2)
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0.172 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
Full Interference Gain Matrix:
1 1 0.5 0.5 0.108 0.172 0.108 0.108 0.108
1 1 0.5 0.5 0.108 0.172 0.108 0.108 0.108
1 0.5 1 1 0.172 0.293 0.128 0.172 0.128
0.5 1 1 1 0.128 0.293 0.172 0.128 0.172
1 0.5 1 1 0.172 0.293 0.128 0.172 0.128 (D.3)
1 1 1 1 0.293 1.000 0.293 0.293 0.293
0.5 1 1 1 0.128 0.293 0.172 0.128 0.172
0.293 0.293 1 1 1 1 1 1 1
0.293 0.293 1 1 1 1 1 1 1

For the backhaul network considered in figures (3.17), (3.19), (5.5) and (5.6), the problem parameters used were as follows: Network Incidence

Matrix:
-1 -1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 -1 -1 -1 -1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 -1 -1 -1 -1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 -1 -1 -1 -1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 -1 0 0 0 0 -1 0 0 0 0 -1 0 0 0
0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 -1 0 0 0 0 -1 0 0 0 0 -1 0 0
0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 -1 0 0 0 0 -1 0 0 0 0 -1 0
0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 -1 0 0 0 0 -1 0 0 0 0 -1
0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 -1 0 0 0 0 -1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
B =10MHz,02 =1.26 x 10~ 9,7 = 0.2s, P®* = 1000W = Pma*

The following three tables present the gain matrices for the backhaul network in the zero interference case (D.1), the case where we have
intracell interference only (D.2), and the case where we have intercell interference only (D.3). To obtain the gain matrix for the case where we
have full interference, we add the intercell interference matrix to the intracell interference matrix and subtract the zero interference matrix.
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