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ABSTRACT

In this thesis a new characterisation of the (&3, )- and (S3, S,,)-amalgams of charac-
teristic 2 and critical distance 3 is obtained. It is shown that such an amalgam exists only
in the exceptional cases when n = 3, 5 or 8. Let X denote the class of all finite groups
X of even order and such that O?(X) is the unique minimal normal subgroup of X. It
is the secondary purpose of this thesis to begin an investigation into the structure of the
(&3, X)-amalgams of characteristic 2 and critical distance 3. It is hoped that the results
obtained may shed some light on the reason why so few of these amalgams are known to

exist.
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NOTATIONAL CONVENTIONS

In this thesis N denotes the set of positive integers, Ny = N U {0} denotes the set of
non-negative integers and P denotes the set of prime numbers.

The group and module theoretic notation in this thesis is standard and we ask the
reader to consult [2, List of symbols] with the following caveats. We make the conventions
that all p-groups are finite and all modules are finite-dimensional. We will use 1 [0] to
denote both the trivial [zero] element of the group G [module V] and the trivial subgroup
of G [zero submodule of V] depending on the context in which it occurs and G# [V#]
denotes the set of all non-trivial [non-zero| elements of G [V]. Let G be a finite group and
p € P. Then O,(G) is the largest normal p-subgroup of G, OF(G) is the smallest normal
subgroup of G with p-power index and QZ(G) = {z € Z(G) | 2? = 1} is a subgroup
of G. Let H and K be subgroups of G. We define the group Hx = (,cx H* and if A
is a non-empty subset of G, then AX denotes the set of all K-conjugates of A so that
(AKY = (AF | k € K). Hence, Hg and (HY) are the core and normal closure of H in G
respectively. Finally, V; and V¢ denote the restricted and induced modules of the module
V to G respectively and F, denotes the finite field of order p.

We will now describe our notation with regard to the direct and wreath products of
permutation groups. Let Hy, Hs, ..., H, be permutation groups on the pairwise disjoint
sets Ay, Ao, ..., A, respectively and define the permutation group H = (Hy, Ho, ..., Hy,)
on the set A = J;_; A;. Then H is called the direct product of the permutation groups
H, H,,...,H, and we write H = Hy x Hy X --- x H,. If K is a permutation group and

n € Ny, then the n*™™-direct power of K is the permutation group

K(”):\KxKx---xK/

n-factors
where K(© is a trivial permutation group of degree one. Now, let K and H be permutation

groups on the disjoint sets A and 2 respectively and define the permutation group W =



Notational conventions vi

(B, ﬁ> on the set A U where B = K(2) and H is isomorphic to H and the elements of
H permute the direct factors of B by conjugation in the same way that the corresponding
elements of H permute the points of {2. Then W is called the wreath product of K by H
with base group B.

The notation for the finite groups in this thesis follows the ATLAS OF FINITE
GROUPS [5] with the following exceptions. Let 2, and &,, denote the alternating and
symmetric groups of degree n respectively. Let €, denote the cyclic group of order n, ©,,
denote the dihedral group of order 2n and Ks» denote the elementary abelian group of
order 2". When in the context of permutation groups we make the conventions that &,

and RKon are regular and that ®,, has degree n.



CHAPTER 1

INTRODUCTION AND BACKGROUND

The main theorem that we will prove in this thesis is the following.

Theorem A Let G be a group generated by a pair Py, P, of proper finite subgroups with
PiNP,=B. Set Q; = Oy(F;) fori € {1,2} and assume that

Pl/nggg and PQ/QQngm or Gn

for some m,n € N with m # 8, together with the following conditions:
(i) no non-trivial subgroup of B is normal in both P; and P;

(ii)) B € Syl,(P1) N Syly(Py);

(iii) Cp,(Q;) < Q; for i € {1,2};

(iv) Z = QZ(B) < Py; and

(v)V = ((ZP)F2) is abelian and (V') is non-abelian.

Then one of the following two cases hold:
(I) P,/Q2 = &3 or &5 and all of the possible shapes of Py and P, together with an
example of a group G in which each configuration exists are given in Table A below.

(II) Py/Qy = A5 or Sg, B = Q1Q9, |Z| = 2 and V/Z is isomorphic to either the natural

module or a spin module for Py/Qy over Fy.

Py/Qo Shape of P; Shape of P, Example G
63 22+2+1.63 21+2+2.63 M12
Ss 22+2+1+1.63 21+2+2+1.63 Aut(M12>
Ss 22+1+2+1+1+2+2+2.63 21+Z+1+1+Z.65 Ru

Table A All of the possible shapes of the groups P; and P, in Case (I) of Theorem A.
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In this thesis we will primarily be concerned with proving that there does not exist a
group G which satisfies the hypothesis of Theorem A in the generic m,n > 9 case. The
groups As, A and Gg remain unresolved in Theorem A because they require a radically
different approach to the generic case. Perhaps one reason for the exceptional behaviour
of these groups follows from the exceptional isomorphisms 205 = SLy(4), As = SL4(2) and
GSs = O (2) and hence they may be better placed within a study of critical distance 3
amalgams with P»/@Q2 belonging to the infinite families of linear or orthogonal groups. In
the case when Pp/(Qy = 2 we will show that Case (II) of Theorem A holds under the
additional assumption |Z| = 2. In fact, the sporadic simple group G = Co; satisfies the
hypothesis of Theorem A with P,/Qs = s where P, has shape 2! 746+ 9(¢.

This introduction includes a detailed discussion of the conditions and terminology
used in the statement of Theorem A. We will now introduce the necessary background
material that we will need. The results in this chapter will be used without reference in

this thesis and the proofs are left to the reader.

G-sets

Let G be a group and 2 be a non-empty set. We say that G acts on € (as a set) if there
isamap Q X G — Q: (w,g) — w - g such that, for all w € Q and g, h € G,
Hw-1=w.

(i) (w-g)-h=w- gh.

In this case, Q is called a G-set. A permutation group on € is a group that acts faithfully
on Q. Let w- G denote the G-orbit of a point w of 2 and G,, (or Stabg(w)) denote the
stabilizer in G of w. Let A be a non-empty subset of Q. The (pointwise) stabilizer in G
of A is the subgroup of G defined by

Ga=[)Gs

0EA

If A is finite, A = {01, 09, ...,0,} say, then we will also write Gs,s,..s, in place of Ga. If
we Qand g € G, then GY, = G, and so G}, = G-
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G-graphs
A (simple) graph T' = (I',*) consists of a non-empty set I' of vertices together with an
irreflexive symmetric relation * on I" called adjacency. An edge {~,d} of T is an unordered
pair of adjacent vertices and the edge-set Er is the set of all edges of I". The wvalency val(y)
of a vertex 7 is the number of vertices adjacent to v and the graph I' is locally finite if
every vertex of I' has finite valency. The graph I' is bipartite if it can be partitioned into
two wvertex-parts I'y,I's such that each edge has one end in I'; and the other in I';. In a
connected graph I' the map d : I' X [' — Z denotes the usual distance metric on I'.

Let G be a group. We say that G acts on T' (as a graph) if G acts on I" as a set and

the action preserves adjacency, that is, for all v,0 € ' and g € G,

Yk & y-gx0-g.

In this case, I' is called a G-graph. An automorphism group on I' is a group that acts
faithfully on I'. The induced action of G’ on the edge-set of I' is defined by the rule: for
{v,0} € Er and g € G,

{v,0}-9={y-9.0-9} € Er.

We say that G acts vertezx-transitively on I' if G acts transitively on I' and G acts edge-
transitively on I' if G acts transitively on the edge-set of I'. Let v be a vertex of I'. Then
the adjacency-set T'(7y) of v is the set of all vertices adjacent to v and the neighbourhood
A(7y) of 7 is the set I'(y) U {v}. The vertex-stabilizer G acts on I'(y) and A(7y) as sets

because, for all g € G,
I(y-9)=T(y)-g and A(y-g9)=A(>7)- 9.

Let T" be a connected G-graph and k € Ny. Then the k-neighbourhood Ag(vy) of «y is the

set of all vertices of distance at most k from ~

Ap(y) ={o €T |d(d,7) <k}

We have that Ag(v) = {7}, A1(7y) = A(y) and G, acts on Ag(y) because, for all g € G,

Ap(y-9) = Ak(7) - g
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The distance metric has the property d(y-g,9 - g) = d(v,6) for all 4,6 € I" and g € G.
The G-graphs I' and A are G-isomorphic, written I' =, A, if there exists a bijection
0 :T — A such that v+ < 70«60 and (y-g)0 = (70) - g for all v,6 € ' and g € G.

G-groups
Let G and X be groups. We say that G acts on X (as a group) if G acts on X as a set
where x9 is written in place of x - g, for x € X and g € G, and the action preserves the

group operation, that is, for all z,y € X and g € G,
(zy)? = 2%y’

In this case, X is called a G-group. A subgroup Y of X is a G-subgroup of X, written
Y <, X (and Y <, X when Y is normal in X), if Y is itself a G-group with the action
of G on X restricted to Y. If N is a normal G-subgroup of X, then the induced action of

G on the quotient group X/N is defined by the rule: for Nx € X/N and g € G,

(Nx)? = Nz? € X/N.

Let W be a G-group. A G-homomorphism from X to W is a homomorphism 6 : X — W
such that (29)¢ = (2%)9 for all x € X and g € G. A G-isomorphism is a bijective G-
homomorphism and we say that X and W are G-isomorphic, written X =, W, if there

is a G-isomorphism from X to W.

Lemma (G-Isomorphism Theorems) The following hold:
(i) If 6 : X — W is a G-homomorphism, then X/kerf = im§.
(i) If Y <, X and N <4, X, then YN/N =, Y/(Y N N).

(iii) If N, M <, X with N < M, then (X/N)/(M/N) =, X/M.

Throughout this thesis we will frequently make implicit use of the following construction.
If K is a normal subgroup of G with K < Cg(X), then the induced action of G/K on
the G-group X is defined by the rule: for x € X and Kg € G/K,

B9 =29 € X,
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Let U be a non-empty subset of X and A be a non-empty subset of G. The centralizer
in X of A is the subgroup of X defined by

Cx(A)={re X |z*=x forallae A}.

The commutator of x € X and g € G is the element [z, g] = x7'29 € X. The commutator

subgroup of U and A is the subgroup of X defined by
U, A] = ([u,a] | u € U,a € A).

The centralizer and commutator subgroup have the following properties:
(i) Cx(A)? = Cx(AY) and [U, A]9 = [UY, A9] for all g € G.
(ii) If Ay, As, ..., A, are non-empty subsets of G, then
Cx((A1,Ay,...,A)) =Cx(A)NCx(Ay)N... NCx(Ay)
(X, (A1, As, ..., An)] = ([X, A1, [ X, As], .. ., [ X, An)).

(ili) | X :Cx(9)| < |[X,g]| for all g € G. Moreover, if g € G with [X, g] < Z(X), then

X/ CX(Q) gCg(g) [Xa g]

If Y is a subgroup of X and N is a normal G-subgroup of X, then [Y N/N, A] = [Y, A]N/N.
Let [U, A;0] = U and define the subgroup [U, A;n] of X iteratively by the following rule
U, A;n| = [[U, A;n — 1], A] for n > 1.

Let X be a finite group. A normal G-series (X;)I_, of X is a finite sequence of

normal G-subgroups of X with

1:XO§]X1§]X2§] ﬂXT—lﬁXT:X‘

A chief G-series of X is a minimal element of the set of all proper normal G-series of X
with respect to refinement. As X is a finite group, X has a chief G-series and, by the
Jordan-Holder Theorem for G-groups, any two chief G-series of X are equivalent up to
G-isomorphism of the corresponding factors. Thus, the factors of a chief G-series of X
are independent of the G-series and so they form a set of invariants of X called the chief

G-factors of X. A factor X; of a chief G-series (Xi)i_, of X is central if it is centralized
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by G and it is non-central otherwise. Let 1,(X) denote the number of non-central chief
G-factors of X. There is a one-to-one correspondence between elementary abelian p, G-
groups and F,G-modules. If V' is an F,G-module, then 7,(V) equals the number of
non-trivial composition factors of V.

Fix p € P and let G be a finite group, X be a non-trivial p-group and N be a normal
G-subgroup of X. Let (X;)i_, be a chief G-series of X and 1 < i < r. Then the factor
X, may be regarded as an irreducible F,(G/Q)-module where Q = O,(G).

Lemma The following results hold:
(i) If G is a p-group, then Cx(G) # 1 and [ X, G| < X.
(i) [X, O(G), O(G)] = [X, O"(G)].
(iii) ng(X/N) = no(X) —ng(N). Moreover, n,(X/N) = 0 if and only if [ X, OP(G)] < N.
In particular, n,(X) = 0 if and only if [X,OP(G)] = 1.
(iv) (Burnside’s Lemma) If no(X) > 1, then ngo(X/®(X)) > 1. In particular, if
16(X) = 1, then ng(®(X)) = 0.

Now, let G be any group, K be a subgroup of G and N be a normal subgroup of G.

Then K acts on N by conjugation, that is, for n € N and k € K,

n* =k 'nk € N.

In this case, we say that N is a K-group with respect to action by conjugation. Throughout
this thesis action by conjugation will be implicit whenever we have the above set-up. Let
H and L be subgroups of G. The following two properties hold:

(i) If @ # A C G, then ([N, A]¥) = [N, (AK)].

(ii) If K normalizes H and L, then [HK,L| = [H,L][K,L]| = [KH, L|.
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Lemma (Three-Subgroup Lemma) The following hold:
(i) If [H,K, L] = [K, L, H] = 1, then [L, H, K] = 1.
(i) If [H, K, L] < N and [K, L, H] < N, then [L, H, K] < N.

(iii) Let H,K,L < G. If [H,K,L] = 1, then [K, L, H] = [L, H, K].

In the semidirect product of X by G, G acts on X by conjugation. In particular, the
centralizer, commutator and commutator subgroup take their usual meaning. We refer

the reader to [19, Chapter 8] for further details relating to G-groups.

Amalgams of rank 2

Proofs of many of the results in this subsection may be found in [19, Section 10.3]. The
following definition of an amalgam of rank 2 comes from [8, page 61].

Let G be a group generated by a pair P;, P, of proper subgroups with P, N P, = B
that satisfy the following condition:

(A1) no non-trivial subgroup of B is normal in both P, and P;.

In this case, A(G, Pi, P2, B) is called an amalgam (of rank 2) and we say that G is an
amalgam of the subgroups P; and P, over B. The subgroups P, and P, are called the
parabolic subgroups and B is called the Borel subgroup of the amalgam.

The (right) coset graph I' = I'(G, Py, P,) of G with respect to P, and P; is the
graph with vertex-set consisting of the right cosets of P, and P, in G and two vertices
P,z and Py are adjacent if ¢ # j and P,z N Pjy # (. The group G acts on I' by right

multiplication: for Pz € I and g € G,

Px-g=PFzgel.

The coset graph I' is a connected bipartite graph with vertex-parts Oy, Oy where O; =
P, -G and Oy = P, -G are the G-orbits of I'. The group G is an automorphism group on I
because the kernel of the action is the core of B in G which is trivial by (A1). Moreover,
G acts edge- but not vertex-transitively on I'. Let v € I and 6 € I'(y). The following two

properties of I hold:
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(i) The vertex-stabilizer G, acts transitively on the adjacency-set I'(7y).
(ii) There exists g € G such that {G,,Gs} = {P/, PJ} and G, 5 = G5 = BY. In par-
ticular, the vertex-stabilizers are G-conjugate to either P, or P, and the edge-stabilizers

are (G-conjugate to B.

By (ii) above, A(G,G,,Gs,G,5) is an amalgam and hence the next result follows from

(A1) and the connectivity of T.

Lemma ([19, 10.3.3 on page 253]) If K is a subgroup of G5 with
(i) K <G, and K < Gy; or

(ii) Ng, (K) acts transitively on I'(p) for p € {y,0},

then K = 1.

On the one hand, G is an automorphism group on the connected graph I' that acts
edge- but not vertex-transitively on I'. On the other hand, we have the lemma below
which establishes a one-to-one correspondence between groups that are amalgams and

automorphism groups of connected graphs that act edge- but not vertex-transitively.

Lemma ([8, 3.3 on page 72]) Let A be a connected graph and H be an automorphism
group on A that acts edge- but not vertex-transitively on A. Fix {\,u} € E,. Then

A(H,H)y, H,, Hy,) is an amalgam with corresponding coset graph I'(H, Hy, H,) = A.

The amalgam method
The following definition is the author’s own and is motivated by the hypothesis first
considered in [8, Part II, Section 3] and subsequently in many papers.

Fix p € P and let X; and X5 be fixed classes of finite groups X of order divisible by
p and such that no non-trivial normal p-subgroup of X exists!. Let A = A(G, Py, P», B)

be an amalgam with P, and P; finite groups. Set Q; = O,(F;) for i € {1,2} and assume

IThis condition is necessary because if P;/Q; = X € X; for i € {1,2}, then, as Q; is a p-group,
O0p(X) = 0,(P/Q:) = Op(F)/Qi = Qi/ Q-
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that the following conditions hold:
(A2) B € Syl(P1) N Syl (P»);

(A3) Cp(Qi) < Q; for i € {1,2}; and
(A4) P /@y € X1 and P/Qs € Xo.

In this case, A is called a (X1, X,)-amalgam of characteristic p. The coset graph I' =
['(G, Py, P) is a locally finite graph with, for i € {1,2} and v; € O;,

val(y;) = |T'(v)| = |P:B| = | P/Qi: B/ Q;]

and, by (A42), B/Q; is a Sylow p-subgroup of P;/Q;. If « € O; and § € T'(«), then
A(G,G,, G, Gop) is a (X1, Xy)-amalgam of characteristic p.

Observe that the parabolic subgroup P; is an extension of @; by P;/Q;. We will use
the following notation to describe the structure of the group P; in terms of this extension.
Let us denote each of the irreducible F,(P,;/Q;)-modules by their dimension d and use
d, d, ... when more than one module of dimension d exists. We say that P, has shape
plitdettdr X and write P; ~ phtFtd2t+dr X to indicate that P;/Q; = X and, regarding
Q; as a P;-group with respect to action by conjugation, (); has a chief P;-series (Q‘Z )i—o with
each Q_Z isomorphic to the F,(P;/Q;)-module d;. In particular, Q; has order pf 2+ +dr,

The aim of the amalgam method is to determine all of the possible shapes of the
parabolic subgroups P; and P, and in this way classify all (X, Xs)-amalgams of charac-
teristic p. We will use the structure of the quotient groups P;/Q; and P»/Q, specified by
the classes X; and X, in order to attempt to construct chief series’ of the groups ); and
()2 in terms of certain geometrically defined subgroups. In a general amalgam problem
the analysis is initially divided into cases which make assumptions about the structure
of the amalgam. Each case is then analysed and subdivided if necessary. This process
of ‘divide and conquer’ is continued until either a chief Pj-series of the group ), and a
chief Py-series of the group () is constructed or a contradiction is found. We will make
an assumption about the structure of the amalgam at the outset so that we may focus

our attention on a particular case of the whole amalgam problem.
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We will use the coset graph to analyse the structure of the GG-conjugates of ); and
(2. We have that {Q9,Q9 | g € G} = {O,(G,) | v € T'} and so we will analyse the
structure of the p-radical of the vertex-stabilizers. During this analysis we will make use
of certain normal p-subgroups K, of the vertex-stabilizer GG, with the property KY = K.,
for all g € G. The coset graph provides a geometric framework in which to keep track of
the interaction between these subgroups. Fix v € I' and k£ € Ny. The basic subgroups of

G are defined as follows

Zy = (QZ(Gos) | § €T()) ZW = (75| 6 € M)
ﬂ Gs Qgﬂ - ﬂ Qs.
ser(v) S€AK(Y)

These subgroups have the following properties:
()2, =20 <z <ZP < and Q,=QY >l > QP ...
(ii) (ZFys = Z[k] and (Q)s Q,[yk.}g for all g € G.
(iii) If & > 1, then 2} = (Z}""Y | § € T(7)) and QY = Ny, Q5.
(

iv) Qv = Gapyi(y)- In particular, @, = Ga(y).

By (A2), SylL,(G,) = {G,s | § € T'(7)} and hence Q, = O,(G,). We also have that
Syl,(G,/Q,) = {G45/Qy | 6 € I'(7)} and Ng_/q,(G2/Q4) = Ng,(G2)/@Q for any
\ € T() giving [Sv1,(G/Qy)| = [SYL,(G)]. By (43), Z(Ghs) < Ca, (@) = Z(Q,) for
all § € I'(y) and so Z, < QZ(Q,). In particular, Z, may be regarded as an [F,(G,/Q.)-
module with respect to action by conjugation. In order to use the subgroups ZLk] as the
terms of a normal G,-series of (), we need to know how many of these subgroups are
contained in ), which leads to the next concept. The critical distance b is the minimum
distance over all pairs of vertices (v,0) with Z, £ Q5. A pair (a, ') of vertices with
Zo £ Qp and d(a, F') = b is called a critical pair and a path from « to (' is called
a critical path. The critical distance is a well-defined natural number because we may
choose z € Zf and, as G acts faithfully on I', there exists € I" such that z ¢ G5 giving
Z, % Qs. 1fd(7,0) <b—k—1lfor 6 € and | € Ny U {—1}, then ZI" is a subgroup of
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Q([Sl] where Qg_l] = (Gs. In particular, Zf[yk} is a subgroup of Qg’ —1=H, Thus,

1<z, az20<azP < <z <q,

is a normal G,-series of ),. Let 1 < k < b — 1. Then, as G, acts transitively on I'(y),
I'(y) =X-G, for any A € I'(y) and so

Z, = (QZ(G) %) Z =z

Q, = (G, QM = QY M,
Define E, = OF(G,). Then EJ = E,, for all g € G. We have that G, = G\E,

for any A € T'(y) because G, € Syl,(G,); and so, as G, acts transitively on I'(y), E,

acts transitively on I'(y). Also, if K < G,y for any A € I'(y), then K¢, = Kg and

G
GopEa = Ga 1 - G = Gaplp
Gao
%1 7 :{2
QaQﬁ
0p(Ga) = Qa Qs = 0p(Gp)
(2 Gy = 2 7y = ()
(2 = 2 2y = (2 )%)
(2~ Ga) = 27 757 = ((Z0 %)

B
G
(z5) = 72! 7y = (227)

QZ(Ga) Q7(Gp)

Figure A The subgroup structure of the group G where o € O; and 3 € I'(«).
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(K% = (K*¥). Hence,

Z, = (QZ(G,)™) ZW = (Z 1P
Q, = (G)r, QM = (QY g,

for any A € I'(y).

Theorem A revisited

The theorem below follows from the recent classification of symplectic amalgams by Parker

and Rowley [27, Theorems 1.10 and 1.11 on pages 12 and 13].

Theorem (Parker and Rowley) Let X denote the class of all finite groups X of even
order and such that O*(X) is the unique minimal normal subgroup of X. Assume that
A = A(G, P\, P», B) is a (63, X)-amalgam of characteristic 2 that satisfies the following
conditions:

(1) Q1N Q2 & Pr;

(i) Z = QZ(B) < Py; and

(iii) (ZT) < Q4 and ((ZT1)"2) is non-abelian.
Then A is a symplectic amalgam and the shapes of P, and P, are known.

In Chapter 3 we will see that condition (iii) in the theorem above is equivalent to the
critical distance b = 2. The authors of [27] were able to classify a large number of critical
distance 2 amalgams under a considerably more general hypothesis than the one in the
theorem above. Observe that the class X contains all of the alternating and symmetric
groups of finite degree, excluding 2, for n € {1,2,3,4} and &,, for n € {1,2,4}, and,
by the Odd-Order Theorem [11], all of the non-abelian finite simple groups. The shapes
of the parabolic subgroups in all of the symplectic amalgams with P,/Q an alternating
or symmetric group are listed in Table B. The example .3* given in Table B refers to
an amalgam discovered by Chermak [3]. We refer the reader to [27, pages 10-15 and

Section 24.1] for more information about the amalgams in Table B.
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P/Qo Shape of P, Shape of P, Example G Class
S 2212 &, 21142 &, G (2) A
S; 224142 G, 21H1H1+2 &, G2(2) As
As 22+2+2 &, 2144 95 Jo As
As 22+242+1+1 g, 2HA+1I+L 9 PSpe(3) Ago
S5 2224241 3, 211455 Aut(Jz) Al
Ss 22224+l &, 2lHA+I+HL &, Aut(PSpg(3)) Aly
s 921424241 &, 21+1+ &, HS Ays
S5 22124241+ &, 2iH1++L g, Aut(HS) Aya
A 9212424141 g, QUH1+A+L g 3 Ass
Se 22+i+2H2+iHl &, 21+1+4 &4 Cos Asg
A Q2H1+242+141 &, 2146 o[, 3+ Ayr
Ao QHLHIH1+24 2424 14141 &, 2148 9, Th Aso
A QI+ IH14+24 2424 14141 &, 2148 9 Fa(3) Auo

Table B The shapes of P; and P, in the symplectic amalgams with Py/Q2 =2 2, or &,,.

We may restate Theorem A in the language developed above as follows.

Theorem A Let m,n € N with m # 8 and assume that A(G, Py, Py, B) is a (63,2,,)-

or (63, 6,,)-amalgam of characteristic 2 that satisfies the following conditions:

(i) Z = QZ(B) < Py; and

(i) V = ((ZP)P2) is abelian and (V') is non-abelian.

Then one of the following two cases hold:

(I) P,/Q2 = &3 or &5 and all of the possible shapes of Py and P, are given in Table A

on page 1.

(II) Py/Qy = A5 or &g, B = Q1Qa, |Z| =2 and V//Z is isomorphic to either the natural

module or a spin module for P,/Qsy over Fy.

In Chapter 3 we will see that condition (ii) in the theorem above is equivalent to the

13

critical distance b = 3 or 4. We may combine the above two theorems in the following

manner.
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Theorem B Let n € N and assume that A(G, Py, Py, B) is a (63,2,)- or (63,6,)-
amalgam of characteristic 2 that satisfies the following conditions:

(i) B = Q1Q2;

(ii)) Z = QZ(B) < P; and

(iii) (Z™1) < Qo and (((ZP1)F2)1) is non-abelian.

Then the shapes of P, and P, are given in Tables A and B on pages 1 and 13 respectively

except in the cases when Py /Qs = Us, Us or Sg and the critical distance b = 3.

In Tables A and B we have used the following convention when representing the non-trivial
irreducible Fy (P;/Q;)-modules in terms of their dimension in the shapes of the parabolic
subgroups. A number without a bar represents the natural permutation module for P;/Q);
over [Fy whereas a number with a bar represents a spin module for P;/Q; over Fy. Note
that there are two spin modules for 2y over FFs.

In this thesis we are secondarily interested in exploring the hypothesis of Theorem A
in the case when P, /@, belongs to the class of groups X described above. In each section
we will clearly identify which results hold in the general setting. One of the motivations
for this work was to begin to understand the reason why so few (&3, X)-amalgams of
characteristic 2 and critical distance 3 are known to exist. This is in stark contrast to
(&3, X)-amalgams of characteristic 2 and critical distance 2 where there are a wealth of
known examples.

The shapes of the parabolic subgroups of (&3, X' )-amalgams of characteristic 2 have
been classified for a few of the alternating and symmetric groups X of small degree. The
critical distances of these amalgams are listed in Table C along with the examples of
sporadic simple groups that are amalgams in each case. Observe that the critical distance
is not equal to 3 in the cases g, G¢ and A7;. This information will be used in the proof
of Theorem A, however, we will not use the unpublished manuscript [28].

The proof of Theorem A begins with a natural division of the problem into two

distinct cases. The approach taken in each case is to initially determine the number of
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Py/Qo Critical distance b Sporadic examples G References
GES 1,2,3 Mo [12], [8, page 85],[19, Section 10.3]
Gs 1,2,3 My, Ly, HS, Ru [15], [21]
g 1,2 [20]
Gs 1,2 HS, Cos [22], [23], [24], [32]
Az 1,2 McL [29]
g 2 Th [28]

Table C The known critical distances of amalgams with Py/Q2 = 2, or &,,.

non-central chief Gg-factors of the group ()g. We then focus our attention on analysing
the structure of certain modules within () with respect to the action of certain 2-groups.
This ultimately leads to the conclusion of Theorem A. The proof is almost entirely self-
contained with the following exceptions: the minimal dimension of a faithful module for 2,
and &,, over Fy, by Dickson and Wagner, the classification of the failure-of-factorization
modules for 2, and &, over Fy by Aschbacher and the classification of the quadratic
modules for 2,, and &,, over Fy by Meierfrankenfeld and Stroth. We refer the reader to
Theorems 2.1.8, 2.3.5 and 2.4.8 on pages 23, 40 and 54 respectively.

This thesis is structured as follows. In Chapter 2 we will develop a good understand-
ing of the structure of the permutation modules, spin modules and Sylow 2-subgroups for
the alternating and symmetric groups. We will also describe the failure-of-factorization
modules over Fy for the alternating and symmetric groups and then go on to determine
the involutions that induce a transvection on their faithful modules over Fy. Chapter 3
begins by examining amalgams under a general hypothesis and then the proof of Theo-
rem A commences in earnest. In Chapters 4 and 5 we will deal with the two distinct cases

that naturally arise at the onset of the proof of Theorem A.
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CHAPTER 2

“SMALL” MODULES OVER [Fs AND SYLOW 2-SUBGROUPS
FOR THE ALTERNATING AND SYMMETRIC GROUPS

§2.1 Permutation modules and natural modules

The majority of the results in Sections 2.1 and 2.2 are well-known but essential for our
work — see, for example, [2, Exercises 4.5, 4.6, 6.3 and 7.7]. The following notation will

hold in this section.

Notation Fix n € N and let G be a permutation group on the set A = {1,2,... n}. Let

F be a field and V' be an n-dimensional F-vector space with ordered basis (vq,vg, ..., v,).

The group G acts on the vector space V' by the rule: for v =73"", \v; € V and a € G,
v = Z )\ﬂ)m eV.
i=1

This action is faithful because if a € Cg(V'), then v;, = v = v; for all i € A and so ia =i
for all i € A giving a = 1. We have constructed a faithful FG-module V' = V(A) called

the n-dimensional permutation module for G over F.

TV \%

1 1
TV TV

Vo =W/Z _
Vo =4 Vo

T 7

1
-0 -0

The characteristic of F divides n The characteristic of F does not divide n

Figure B Composition series of the permutation module for &,, n > 3, and U,, n > 5.
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The weight of a vector v = Y ", \ju; € V is the scalar w(v) = > | A; € F and the

corresponding map w : V. — F is called the weight map.

Lemma 2.1.1 The weight map w is a surjective G-linear map.

Proof As usual we regard the field F as a trivial FG-module. Let A € F and u =
2?21 Aivi, v = Z?:l wiv; € V. Then

whu+v) =w (/\ i Aiv; + zn; mw) =w (En:(»\i + ui)vi) = zn:(Mi + i)

i=1 i=1
= )‘Z)‘i + Zui = w(u) + w(v)
i=1 i=1

and so w is a linear map. It is visibly surjective and for each a € GG, as a is a permutation

of A,

wv®) = w (é )\ivm> =) Ai=w) =w®)"

i=1

Thus, w is a surjective G-linear map. O

The centre of the permutation module is the submodule Z = (z) where z =>""" v, € V
and the zero weight submodule of the permutation module is the submodule Vy = V5 (A)

of V' consisting of all of the vectors in V' of zero weight.

Lemma 2.1.2 7 is a trivial submodule of V' and Vj is an (n — 1)-dimensional submodule
of V with basis (v; — vg, vy — V3, ..., U1 — U,). Moreover, the following hold:

(i) Vy is a faithful module for n > 3.

(ii) z € Vj if and only if the characteristic of F divides n.

(iii) V' = Vo @ Z when the characteristic of F does not divide n.

Proof As (v1,vs,...,v,) are linearly independent, z # 0 and so Z is a 1-dimensional
subspace of V. For each a € GG, as a is a permutation of A,
n a n n
b (Z) “Y =Y ==
i=1 i=1 i=1

Thus, Z is a trivial submodule of V. By definition, Vj = ker w and so, by Lemma 2.1.1,
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Vo is a submodule of V. As w is a surjective map, imw = F and so, by the Dimension
Theorem, dim Vy = dimkerw = dimV — dimimw = n — 1. Foreach 1 < i < n — 1,
W<Ui — ’UZ'+1> =1—1=0 and so v; — Vi+1 € kerw = ‘/E) Let )\17)\2;---7>\n71 € [F and

assume that

)\1(’01 — 'UQ) + )\2(1)2 - ’03) 4+ 4 )\n,l(vn,l — Un) =0.

Then

Mo+ (A —A)va+ -+ (Ae1 — Ap—2)Vp1 — Apo1v,, = 0

and so, as (vy, v, ...,v,) are linearly independent, A\, 1 = A\, 2 = A3 =--- = A = 0.
We have shown that the n—1 vectors (v;—vq, Ua—v3, . . ., Uy_1—0,) are linearly independent
and hence they form a basis for V4.

(i) Let n > 3 and a € Cg(Vp). Then, for each 1 < i <n—1, v; — v;41 = (v; — vi41)* =
Via — V(i4+1)a- 1f charF # 2, then a fixes i and ¢ + 1 for all 1 <i <n — 1. If charF = 2,
then a either fixes or swaps ¢ and 7 4+ 1 for all 1 < ¢ < n — 1. However, as a centralizes
Vo + v3, a fixes 1 and 2 and so a fixes 3,4,...,n. In both cases ia =i forall 1 <i <n
and so a = 1. Thus, Cg(Vy) = 1 and Vj is a faithful FG-module.

(ii) We have that

ze€Vy & w(z)=0 & nzleO < charF divides n.

i=1
(iii) Let n be indivisible by the characteristic of F. Then, by part (ii), z ¢ V5 and so
VonNZ =0. We have that Vo + Z <V and

dim(Vp+2) =dimVy+dimZ —dim(\pNZ)=(n—-1)+1—-0=n=dimV
giving Vo + Z =V. Thus, V =V, & Z. O
The next lemma also holds for G = A3 and 2, in the case when the field F = [F,.

Lemma 2.1.3 Let G =6, forn > 3 or G =2, forn > 5. Then Z and V, are the
unique non-zero proper submodules of V. In particular, Z is the unique non-zero proper

submodule of Vi when the characteristic of F divides n and Vj is irreducible otherwise.
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Proof Let U be a non-zero proper submodule of V' with U # Z. Firstly, consider the case
when G = &, and n > 3. Let u =Y \v; € U~ Z. Then there exists 1 <i < j <n
such that A; # A; and (\; — \)(vi — v;) = vl —u = [u, (i j)] € U giving v; — v; € U.
Thus, as G is 2-transitive on A, U = V. Secondly, consider the case when G = 2,, and
n > 5. Choose u = Z?:l A\iv; € U N\ Z with the minimal number m of non-zero scalars \;
among all of the elements of U \. Z. Then there exists 1 <7 < j < nsuch that 0 # \; # A;
and choose A; # 0 if possible. We have that m > 2 because otherwise u = \;v; and so
v; = \; 'u € U giving, as G is transitive on A, U = V which is a contradiction. Suppose,

for a contradiction, that m > 4 and choose 1 < k < n distinct from ¢ and j. Then

w = ()\k - Az)vz + ()\z — )\j)l)j + ()\] — )\k)vk = [’LL, (Z j k’)] eU

and so, by the minimality of m, w € Z so w = 0 giving A\; = A; which is a contradiction.
Som < 3 < n—2 and there exists 1 < k < [ < n distinct from ¢ and j such that
Mg = A = 0 unless (n,m) = (5,3) and \; = 0 in which case, by choice of A;, we may
choose Ay = A\, = A\;. Then (A\; — \)(v; — v;) = [u, (¢ j)(k )] € U and so v; —v; € U.
Thus, as G is 2-transitive on A, U = V. O

Define V = V/Z. The quotient FG-module V, = V(A) is called the natural [permutation]

module for G over F.

Lemma 2.1.4 Vj = Vo/Z when the characteristic of F divides n and Vo = Vo otherwise.
In particular, the dimension of Vjy is n — 2 when the characteristic of F divides n and n— 1

otherwise. Moreover, the following hold:

(i) Vo is a faithful module for n > 5.

(ii) Both V and Vj are self-dual modules.

(iii) If G = &,, forn > 3 or G =, for n > 5, then Vp is an irreducible module.

(iv) Let n > 3, fix kg € A and set K = Stabg(ky). Then (Vy)f is isomorphic to the
natural module for K when the characteristic of F divides n and the permutation module

for K otherwise.
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Proof If the characteristic of F divides n, then z € V; and so Vo = (Vo + 2)/Z = Vo /Z
and if the characteristic of F does not divide n, then z ¢ V;, and so V = Vo+2)/Z =,
Vo/ (o1 Z) 26 Vo

(i) Let n > 5 and a € C¢(V;). Then, for each 1 <4 < n — 1, as v; — v;41 € V,

Via — V(it1)a = (Vi — Vig1)* = (U; — 0i11)" = v — Vip

and 50 (Viq — V(it1)a) — (Vi — Vig1) € Z giving, as n > 5, Vg — V(i41)a = Vi — Viy1. S0, by
Lemma 2.1.2(i), a € Cg(Vg) = 1 and hence Cg(Vp) = 1 and Vj is a faithful FG-module.
(ii) Define the bilinear form (-,-) on V by

1 ifi=j,
(vi,v5) = bij = e
0 ifi#j

for all 1 < 4,5 < n. The form (-,-) is non-degenerate because if v = Y "' \jv; € V4,

then, for each 1 < j <n,
/\j = Z)\Zéw = Z)\i(vi,vj> = <Z )\ivi7vj> = <’U,’Uj> = 0
i=1 i=1 i=1
and so v = Y1 \v; = 0 giving V4 = 0. Also, for each 1 <4,5 <n and a € G,

<U?,U§L> = <Uiaavja> = Ojaja = Oij = <vi7vj>~

We have shown that (-, -) is a G-invariant non-degenerate bilinear form on V. So, for each
v € V, we may define the linear map ¢, : V. — F by ¢,(u) = (v,u) for all w € V. Then
it is straightforward to show that the map ¢ : V. — V* : v —— ¢, is an isomorphism
between the FG-modules V' and V*. Thus, V is a self-dual module.

Now, the form (-, -) on V naturally induces a G-invariant bilinear form (-,-) on 1§
by the rule (@,7) = (u,v) for all w,v € V. Let ¥ € Vot with v = Y | Mw; € Vg. Then,

foreach 1 <7 <n—1,
Ai = Aip1 = (0, 03) — (U, Vig1) = (V0 — Vig1) = (U, 0 — V1) =0
and so \; = A\ipq giving Ay = Ao == X,. Sov =) " Avi=M\ D v =Mz € Z

and so ¥ = 0 giving Vo* = 0. Hence, (-,-) is a G-invariant non-degenerate bilinear form

on V, and so we may construct an isomorphism between the FG-modules V; and V{* in a
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similar manner to before. Thus, Vj is a self-dual module.
(iii) This follows immediately from Lemma 2.1.3.
(iv) Without loss of generality we may take kg = n. Let U be the permutation module

for K over F with ordered basis (uj,us, ..., u,_1). In the case when the characteristic of

F divides n, (v; — v9,v9 — U3, ...,Vp_o — Uy—1) is a basis for V) and so we may define the

K-isomorphism 6 : Vi — Uy by 0(v; — v;31) = u; — usq for all 1 < i < n —2. In the

case when the characteristic of F does not divide n, (v1 — vp, V2 — Upy ..., U1 — U,) IS &
basis for V; and so we may define the K-isomorphism ¢ : Vy; — U by ¢(v; — v,) = w;
for all 1 <i <n —1. Thus, (Vp)k is isomorphic to the natural module for K when the

characteristic of IF divides n and the permutation module for K otherwise. [l

Corollary 2.1.5 Let G = &, or ,, for n > 3, n # 4. Then Vj is a faithful irreducible
self-dual FoG-module.

The next lemma is stated in terms of the binary field Fy, but the proof remains valid for

any field of characteristic two.

Lemma 2.1.6 Let H = &3 and S and T be distinct Sylow 2-subgroups of H. Let U be
a faithful Fo H-module with Cy;(H) = 0. Then U = Cy(S) @ Cy(T) as subspaces of U,
[U, S] = Cy(S) and dim Cy(S) = 1 dimU. Moreover, U is isomorphic to a direct sum of
natural modules for &3 over F.
Proof As H = (S,T), Cy(S)NCy(T) = Cy({S,T)) = Cy(H) = 0. Also, as |S| = 2,
[U,S] < Cy(S) and U/ Cy(S) = [U,S] as subspaces of U and so dim (U/Cy(S)) =
dim [U, S] < dim Cy(S) giving dim Cy(S) > £ dimU. We have that
dim (Cy(S) + Cy(T)) = dim Cy(S) + dim Cy(T") — dim (Cy (S) N Cy (1))
> 2dimU + 3dimU = dimU

1
2
and hence U = Cy(S) @ Cy(T') as subspaces of U. As S and T are conjugate subgroups

of H, dimU = dim Cy/(S) + dim Cy(T') = 2 dim Cy(S) and hence dim Cy(S) = 5 dim U.
Then [U, S] < Cy/(S) and dim [U, S] = dim (U/ Cy/(S)) = 5 dim U = dim Cy(S) and hence
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[U, S] = Cu(9).

Without loss of generality we may assume that H = &3, S = (s) and T = (t)
where s = (1 2) and ¢t = (1 3). Let G = H = &3 and F = [, so that, by Lemma 2.1.4,
Vp is isomorphic to the natural module for H over Fy. Fix u € Cy(S)* and set Uy =
(u,u'). Then u + u' + u'* € Cy((S,T)) = Cy(H) = 0 and so u*® = u + u'. Hence,
Up is a submodule of U. Observe that (v; + v2)¥ = vy + va, (v1 + v2)! = vg + v3 and
(v1 +v2)" = (v1 + v2) + (v1 + v2)" and so we may define an H-isomorphism ¢ : Uy — Vj
by ¢(u) = vy + vy. Thus, Uy is isomorphic to the natural module for H over Fy. In
particular, if U is irreducible, then U = U is isomorphic to the natural module. Now, let
U be indecomposable. Fix R € Syl;(H). We have that Cy(R) = 0 because otherwise, as
R<H, Cy(R) is a non-zero submodule of U and so, as H = (S, R), Cy(H) = Cy((S, R)) =
Cu(S)NCy(R) = Ccy(ry(S) # 0 which is a contradiction. Choose a maximal submodule
M of U. Then U/M is an irreducible Fy H-module with, by coprime action, Cy/p(H) <
Cum(R) = (Cy(R)+M)/M = M/M and hence U/M is isomorphic to the natural module.
As dim Cp(S) = 1dim M < 1dimU = dim Cy(S), we may select u € Cy(S) N Cpr(9).
Then u & M and so, as Uy is irreducible, M N Uy = 0. Also, as dim Uy = 2 = dim (U/M),
dim (M + Uy) = dim M + dim (U/M) = dimU and hence U = M @ U,. Thus, as U is
indecomposable, M = 0 and U = U,. We have shown that, up to isomorphism, the natural
module is the unique indecomposable Fy H-module with Cy(H) = 0. Therefore, by the
Krull-Remak-Schmidt Theorem, U is isomorphic to a direct sum of natural modules for

S5 over [Fy. O

Corollary 2.1.7 Let H = &3 and U be an irreducible Fo H-module. Then U is isomorphic

to either the trivial module or the natural module for G5 over FFy.

The theorem below follows from the work of Dickson [9, Theorem on page 143] and Wagner
[31, Theorem 1.1 on page 151].
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Theorem 2.1.8 (Dickson and Wagner) Let H =S, forn >5or H=%2, forn > 9.
Then the minimal dimension of a faithful Fo H-module is n — 1 when n is odd and n — 2
when n is even. Moreover, a faithful IFo H-module of minimal dimension is isomorphic to
the natural module for H over Fy provided that n > 7 when H = &,, and n > 10 when

H=,.

In the theorem above the natural module for &,, and ,, over Fy is characterised in terms
of its dimension provided that n is sufficiently large. This characterisation may be used
in order to provide second proofs that the natural module is self-dual and of Lemma 2.2.3
below.

The next lemma will be used frequently when calculating centralizers later on and

so it will be known as the Centralizer Lemma.

Lemma 2.1.9 (Centralizer Lemma) Let H be a subgroup of G and Ay, Ay, ..., A,
be the orbits of H on A. Then the vector sums (3 ;cx, Vis D e, Vis- - -5 D oien, Vi) form

a basis for Cy(H). In particular, dim Cy (H) = r.

Proof If 1 <k <, then, for each a € H, as {v;, | i € Ar} = {v; | i € Ag},

(Zw)“zzvgzz%zzm

i€A i€A i€A i€A,

and so
i1,12,...,1, of the orbits Ay, As,..., A, of H with i, € Ay for all 1 < k < r. Let

ien, Vi € Cy(H). Let v = " Nv; € Cy(H) and choose a transversal
1 < k <r. Then, for each j € A, there exists a € H such that ja = i} and so, as a is a

permutation of A,
n n n
a
E AiVig =0 =v = g Aiv; = g AiaVia
i=1 i=1 i=1

giving, by comparing the coefficients of vj4, A\j = A\jo = A;,. So, as Ay, Ay, ..., A, partition

the set A,

v = Z)\ZUZ+Z)\ZU2++Z)\10Z

1€A 1€Ag [ISYANS
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“a(To) (T ().

1€A 1€ Ao ISYAA

Hence, the vector sums (3 ,cn, Vis Doicn, Vis- -+ 2oiea, Vi) span Cy(H). They are also

linearly independent because Aj, Ag, ..., A, partition the set A and (vy,vs,...,v,) are
linearly independent. Thus, the vector sums (3 .cn, Vis D oien, Vis- - -5 D osen, Vi) form a
basis for Cy (H). O

Corollary 2.1.10 Assume that G is transitive on A. Then Cy(G) = Z and [V, G| = V.
In particular, Vo = [V,G]/ Crq(G).

Proof By the Centralizer Lemma above, Cy(G) = Z and, by Lemma 2.1.4(ii), V is a
self-dual module and so dim [V, G] = dim (V/Cy(G)) =n — 1 = dim V;. For each v € V
and a € G, w([v,a]) = w(v* —v) = w(v*) —w(v) =0 and so [v,a] € Vj giving [V, G] < V.
Thus, Cy(G) = Z and [V, G] = V. O

The rule [Vo, H] = [Vo, H] holds for all subgroups H of G. In the next lemma we will
show that when F = Iy the rule Cy;(H) = Cy;(H) holds for all subgroups H of G which
do not act in a certain way on the set A.

Lemma 2.1.11 Let F =, and H be a subgroup of G. Then Cy;(H) # Cy,(H) if and
only if n = 0(4) and H has a system of two blocks {Ay, Ao} with |[A1] = n/2 = |A,]
and there exists a € H such that Aja = A,. Moreover, in this case, dim Cy-(H) =

dim (Vo/[Vo, H]) = dim Cyg (H).

Proof Firstly, assume that n = 0(4) and H has a system of two blocks {A;, Ay} with
|A1| =n/2 = |A,| and there exists a € H such that Aja = A,. Without loss of generality
we may assume that A; = {1,2,...,n/2}. Define v = Z?ﬁ v; € V. Then, as n = 0(4),
ww) =n/2=0s0 v € Vyand, as Aja = Ay, v* = v + z giving v & Cy,(H). For each

x € H, either AT = Ay and v* = v or A7 = Ay and v* = v + 2z and so, in either case,

(v)* = v* = v. We have shown that v € Cy;(H) \ Cy,(H). Thus, Cyz(H) # Cy,(H).

Secondly, assume that Cy-(H) # Cy,(H). Then there exists v € V4 such that
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v € Cyp(H) N Cy,(H) and we may choose a € H such that v* # v. We have that
v* = (0)* =0 and so v* —v € Z = {0, z} giving v* = v + z. Observe that v has exactly
n/2 non-zero scalars with respect to (v, vs,...,v,) and so without loss of generality we
may assume that v = Z?ﬁ v;. Then, as v € Vj, n/2 = w(v) = 0 so n/2 is even and hence

n=0(4). Set Ay ={1,2,...,n/2} and Ay = AN A;. Let x € H. Then either v* = v or

v¥ = v + z. In the case when v* = v,

n/2 n/2
x
E Vipg — U =0V = E (Y
i=1 i=1
and so, as z is a permutation of A and (v, v, ..., v,) are linearly independent, Ajz = A,

and Asx = A,. In the case when v* = v + z,

n/2 n
E Vig =0 =v+ 2= g on
=1 i=n/2

and so Az = Ay and Ayxr = A;. Thus, {A;, Ay} forms a system of two blocks for H
and Aja = Ay. Now, we have that z € [Vj, a| because otherwise
Vo/ Cyzla) = [Vo, a] = [Vo,d] = ([Vo, ] + 2)/Z = [Vy, ] /([Vo,a] N Z)
= [Vo,a] = Vo/ Cyy(a)

and so, as dimVp =n — 2 =dimVj — 1,
dim Cy;(a) = dim V5 — dim (Vo/ Cyz(a)) = dim Vg — dim (Vo/ Cy,(a)) — 1

= dim Cy,(a) — 1 = dim (Cy,(a)/Z) = dim Cy, (a)

giving v € Cy;(a) = Cy,(a) which is a contradiction. So z € [Vp,a] < [Vo, H]| and hence

Vo, H] = [Vy, H] = [Vo, H]/Z. Then, by Lemma 2.1.4(ii), Vj is a self-dual module and

Vo/[Vo, H] = Vo/Z | Vo, H]/Z = Vy Vo, H]
and hence dim Cyz(H) = dim (Vy/[Vo, H]) = dim (Vo /[Vo, H]) = dim Cy+ (H). O

Corollary 2.1.12 Let F =T, and H be a subgroup of G. If there exists a generating set

A for H in which every element of A has a fixed point on A, then Cy;(H) = Cy, (H).
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Lemma 2.1.13 Let s € G and assume that s = s;8o where s; and s, are disjoint
non-trivial elements of G. The following hold:
(i) Cy(s) = Cy(s1) N Cy(s2) and, in particular, Cy,(s) = Cy,(s1) N Cy, (s2).

(ii) [V, s] = [V, s1]+1V, s2| and if s has a fixed point on A, then [V, s] = [Vb, s1]+[Vb, s2].

Proof We may choose a partition Ay, Ay of the set A such that the support of s; is
contained in A; for i € {1,2}. Then V = V(A;) & V(A,) as subspaces of V.

(i) As s € (s1,82), Cy(s1) NCy(s2) = Cy((s1,52)) < Cy(s). Conversely, let v = u; +uy €
Cy(s) with u; € V(4;) for i € {1,2}. Then u; + uy = v = v® = uf* + u3? and so

up —uit =ur —ug € V(A)NV(Ay) =0

giving v = u; and w32 = us. So, for i € {1,2}, u; € Cy(s)) N V(A;) < Cy(s1) N Cy(so)
and hence v = u; + us € Cy(s1) N Cy(s2). Thus, Cy(s) = Cy(s1) N Cy (52).
(ii) As V = V(A) + V(Ay),

[V.s] = [V(A1), s] + [V(A2), s] = [V(Ar), s1] + [V(A2), s2] = [V, s1] + [V, 59].

Now, as s € (s1,52), [Vo,s] < [Vb, (s1,2)] = [Vo, 1] + [Vb, $2]. Conversely, let s have a
fixed point on A, k; € A, for i € {1,2} say, and choose k; € A; for j = 3 — 4. Then
Vo = Vo(As) © (v, — vk;) © Vo(4;) as subspaces of V. As s; fixes the points k; and k;,
[Uk, — Vg, 8] = 0 and so
[Vo, si] = [Vo(Aa), si] + [ow, — vky, si] + [Vo(Dy), si] = [Vo(Ai), si] = [Vo(Ay), 5]
< [Vo, 5.

As s; and s fix the point k;, [vy, — vx;, 85| = [—wk;, 5] = [~Vk;, 8] = [0k, — vk;, 5] and so

Vo, 551 = [Vo(Ad), s5] + [k, — vky, 53] + [Vo(Ay), 85] = vk, — viys 85] + [Vo(4y), s5]
= [vr, — vk;, 8] + [Vo(4y), s] < [Vo, 5.

So [Vo, si] + [Vb, sj] < [Vb, 8] and hence [V, s] = [Vo, s1] + [Vo, $2. O
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Lemma 2.1.14 Let F = Fy, n be even and t = (1 2)(34)... (n—1n) € G. Then
Vo, t] < [V, t] = Cy(t) = Cy,(t) with dim (Cy,(t)/[Vi,t]) = 1 and the following hold:
(i) Cy, (t) = (v1 + vo,v3 + V4, ..., V1 + v,) and dim Cy, (t) = n/2.
(i) Vo, t] = (v1 + vo + v3 + V4,03 + Vs + V5 + Vg, ..., Vp—3 + Up—a + V1 + v,) and
dim [Vp, t] = n/2 — 1. In particular, z € [Vy,t] if and only if n = 0 (4).

Proof (i) The orbits of (t) are {1,2}, {3,4}, ..., {n — 1,n} and so, by the Centralizer
Lemma, the n/2 vector sums (v + vg,v3 + V4, ..., V1 + v,) form a basis for Cy ((t)) =
Cy(t). Thus, as Cy(t) < Vg, Cy,(t) = Cy(t) N Vo = Cy(t).

(il) We have that [Vp,t] = ([v; + vig1,t] | 1 <i<n—1). Let 1 <i<n—1. Then

[vi + i1, t] = (v + vig1)" + (U 4 vig1) = v + V(i+1)t + Vi + Vi1

If 7 is odd, then [v; + viy1,t] = 2(v; + vip1) = 0 and if 7 is even, then [v; + vy, t] =
Vi1 + v; + Vi1 + vire. Hence, [Vp,t] is spanned by the vector sums (v; + vy + v3 + vy,
V3 + Vg + Us + Vg, -, Un_3 + Un_o + Uy_1 + v,). Observe that [Vp,t] is the zero weight
submodule of the permutation module with the basis of Cy; () given in part (i). Thus,
dim [Vp,t] =n/2 —1 and, as z = Z;:ll, i odq Vi + Vit1 and by Lemma 2.1.2(ii), z € [Vj, ]

if and only if n/2 is even if and only if n = 0 (4). O

Corollary 2.1.15 Let F = Fy, and t € G be an involution that is fixed-point-free on

A. Assume that t = tity where t; and ty are disjoint non-trivial elements of G. Then

Vo, t1] + [Vo, t2] = Cy, (2).

Proof Without loss of generality we may assume that ¢ = (1 2)(3 4)...(n — 1 n).
Let A; be the support of ¢; for i € {1,2} and fix k; € A,. Let {i,j} = {1,2}. Then
Vo = Vo(Ai) @ (vk, + ;) ® Vo(4;) as subspaces of V4 and so

Vo, ti] = [Vo(Ai), ti] + [vk; + vk; ] + [Vo(By), ] = [Vo(Aa), 1] + [ow; + vy, ]
We have that, as ¢ is an involution, [Vo(A;),t:] = [Vo(A:i),t] < [Vo,t] < Cy,(t). Also,

[Uk, +Vk;, ti] = [vk,, ti] = [vk,,t] € [V, t] and so, by the lemma above, [vy, +vg,, ;] € Cyy(t)

[Vo,t]. We have shown that [Vp, ;] < Cy,(¢t) and [Vp,t;] £ [Vo,t]. Now, as t € (t1,t2),
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Vo, t] < [Vb, (t1,t2)] = [Vo, t1] + [Vo,ta] < Cy,(t) and hence, as dim (Cy, (t)/[Vo,t]) = 1,
[Vo, t1] + [Vo, t2] = Cry (1). O

Lemma 2.1.16 Let F =Ty, k be even andt = (12)(34)...(k—1k) € G. The following
hold:
(i) dim (V/ Cy (t)) = k/2.

(ii) dim (Vy/ Cy (£)) = {k/2 ifk<n—1,

k/2—1 ifk=n.
k/2 ifk<n-—1,

(iii) dim (Vo / Cy(¢)) =< k/2—1 ifk=n andn # 0(4),

k/2—2 ifk=mnandn=0(4).

Proof (i) The orbits of (t) are {1,2}, {3,4}, ..., {k — 1,k}, {k+ 1}, {k+ 2}, ...,
{n} and so, by the Centralizer Lemma, dim Cy(t) = k/2 4+ (n — k) = n — k/2. Hence,
dim (V/Cy(t)) =n—(n—k/2) = k/2.
(ii) In the case when k < n — 1, t has a fixed point on A and so, by the Centralizer

Lemma, Cy(t) £ Vj giving, as dim (V/Vy) =1, Vo + Cy(t) = V. Then
Vo/ Cyp (1) = Vo/ (Vo N Cy (1)) = (Vo + Cu(1))/ Cv (t) = V/ Cy (1)

and hence, by part (i), dim (V5/ Cy,(¢)) = dim (V/ Cy(t)) = k/2. In the case when k = n,
Vo/ Cy,(t) = [Vb,t] and hence, by Lemma 2.1.14(ii), dim (Vy/ Cy,(t)) = dim [V, t] =
k/2 — 1.

(iii) In the case when k <n —1or k =n and n # 0(4), by Lemma 2.1.11,

Cyp (1) = Cw(t) = (Cw (t) + 2) /2 = Cy, (1) /(Cry (£) N Z)
and, as z € Cy(t), Cr, ) N Z =VoNCy(t)NZ =VoN Z. Then, as Vo = Vo/(Vo N 2),
dim (Vo/ Cyz(t)) = dim (Vo/(Vo N Z)) — dim Cy (¢) + dim (Vo N Z)
= dim (Vo/ Cyy (1))

and hence the result follows from part (ii). In the case when k = n and n = 0(4), set

Ay = {1,3,....,n— 1} and Ay = {2,4,...,n}. Then {A;,As} is a block system for
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(t) with Ayt = Ay and so, by Lemma 2.1.11, dim Cy;(¢) = dim (V5/[Vo,t]). Hence, by
part (ii),
dim (Vo/ Cyz(t)) = dim Vg — dim Vg + dim [Vp, ] = dim (Vo / Cy, () — 1 = k/2 — 2.0

Corollary 2.1.17 Let F =Ty, n > 7, n # 8 and let U denote V, V; and Vo. Let t € G
be an involution. The following hold:
(i) If dim (U/ Cy(t)) = 1, then t is a transposition.

(ii) If dim (U/ Cy (t)) = 2, then t is a double transposition.
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§2.2 Extensions of the natural module

The main result in this section is Theorem 2.2.6 where we will show that the only extension
by trivial modules of the natural module for 2, or G,, over Fs is the zero weight submodule

of the permutation module. The following notation will hold in this section.

Notation Let n > 5 and U be the n-dimensional permutation module for 2, over Fy

with ordered basis (uy, ug, ..., u,) and centre Z = (z).

Recall that 2, = ((123),(124),...,(12n)). SoA, = ((123),(345),..., (n—2n—1n))
when n is odd and 2, = ((123),(345),...,(n—3n—2n—-1),(n—2n—1n)) when

n is even. In particular, 2, is generated by |n/2] three-cycles.

Lemma 2.2.1 Set K = Stabg, ({1,2}) and L = Stabg, (1,2). The following hold:
(i) Cyy (K) = Cpy (L) = (ur+ug, ugt+us+- - -+u,) whenn is even and Cy, (K) = (u;+us)
and Cy, (L) = (ug +ug + - -+ + Up, ug + us + - - - + u,,) when n is odd.

(11) [Uo, K] = <U1 + U2> ) [U(), L] and [U07 L] = <U3 + Uyg, Uy + Us,y ...y, Up_1 + un>

Proof (i) The orbits of K are {1,2} and {3,4,...,n} and so, by the Centralizer Lemma,
Cu(K) = (u3 + ug,ug + ug + -+ + u,). Thus, as Cy,(K) = Cy(K) N Uy, Cy,(K) =
(uy + ug,us + ug + -+ + u,) when n is even and Cy,(K) = (u; + ug) when n is odd.
Similarly, the orbits of L are {1}, {2} and {3,4,...,n} and so, by the Centralizer Lemma,
Cu(L) = (uy,ug,ug + ugy + - - - + uy). Thus, Cy, (L) = (uy + ug, u3 + ug + -+ - + u,) when
nis even and Cy, (L) = (ug +ug + - -+ + Uy, uy +ug + - - - + u,) when n is odd.

(ii) As L = ((345),(346),...,(34n)), [Uy,L] = ([ui + uiy1, (34 5] | 1 < i <
n—1and 5 < j < n) and hence [Uy, L] = (us + ug,us + us, ..., uz + u,) = (uz + uy,
Uy + Us, ..., Up1 + Uy). Fix s =(12)(34) € U,. Then [Up, s] = ([u; +uiy1,5] |1 <i <
n—1) = (uy +ug, us +uy) and so, as K = L(s), [Uy, K] = [Uy, L(s)] = [Uy, L] + [Up, (s)] =
Uy, L] + [Us, s]. Thus, [Us, K] = (w1 + us) & [U, L]. 0
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Corollary 2.2.2 Set K = Stabg, ({1,2}) and L = Staby, (1,2). The following hold:
(i) Co(K) = (u1 +ug). Cy(L) = (u1 + uz) when n is even and Cy-(L) = (1, Uz) when
n is odd.

(ii) [Uy, K] = [Uy, L] when n is even and [Uy, K| = (u; + u) ® [Up, L] when n is odd.

(U, L] = (uz + tg, Ug + Us, ..., Up_1 + Uyp). In particular, [Uy, L] is L-isomorphic to the

zero weight submodule of the permutation module for L.

Proof As K = L{(1 2)(3 4)) and by applying Corollary 2.1.12, the calculations follow

immediately from the lemma above. Now, as z & [Uy, L], [Uy, L] N Z = 0 and so

[T, L] = [Us, L] = ([Uo, L) + 2)/Z =2, [Us, L]/([Us, L] N Z) =, [Us, L.

Thus, [Up, L] is L-isomorphic to the zero weight submodule of the permutation module

for L. O

Lemma 2.2.3 Let V be an Fy;6,-module and assume that Vg, is isomorphic to the

natural module for 2A,,. Then V is isomorphic to the natural module for &,,.

Proof Without loss of generality we may assume that Vg, = Up. Fixt = (1 2) € &,, and
set K = Cg, (t) = Stabg, ({1,2}) and L = Stabg, (1,2). Then L is similar to 2,_» and, by
Corollary 2.2.2(ii), [V, L] is L-isomorphic to the zero weight submodule of the permutation
module for L. By Lemma 2.1.3 and Corollary 2.2.2, V' has the following composition L-
series 0 <, Cy (L) <,_4 [V,L] <, V when n is even and 0 <,,_5 [V, L] <, [V,K] <, V
when n is odd where the subscripts denote the dimensions of the respective composition
L-factors of V. Observe that, in both cases, 0 <; Cy(K) <, [V.K] <, V is also a

composition L-series of V' where d > 2. We will proceed via a series of steps.

(1) dim [V t] = 1 = dim (V/ Cy (t)).

We have that [V,t] # 0 because otherwise, as &, = (t°), [V,&,] = [V, {t°)] =
([V,#]®") = 0 which is a contradiction. Then, as ¢ is an involution, 0 < [V,#] < Cy () <V

is an L-series of V' with V/Cy(t) =, [V,t]. So, as V has three composition L-factors,

[V, t] is L-irreducible and hence dim (V/ Cy(t)) = dim [V, t] = 1.
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(2) [V,t] = Cy(K).
We have that [V,t] < [V, K] because otherwise V = [V, K] + [V,t] and so, as [V, K] is
(t)-invariant, [V,t] = [V, K,t] + [V,t,t] = [V, K,t] < [V, K] which is a contradiction. So,
as [V,t] + Cy(K) is an L-submodule of [V, K| and [V, K]/ Cy(K) is L-irreducible, either
[V, t] < Cy(K) or [V,t] + Cy(K) = [V, K]|. In the latter case, dim [V, K] < dim [V, t] +
dim Cy (K) = 2 and so, by Corollary 2.2.2(ii), n < 5 when n is even and n < 4 when n is
odd which are both contradictions. So [V,t] < Cy(K) and dim [V,¢] = 1 = dim Cy (K).
Thus, [V,t] = Cy(K).
(3) Cv(t) = [V, K].
Suppose, for a contradiction, that [V) L] £ Cy(¢). Then, by (1), V. = Cy(t) + [V, L]
so, by (2) and as [V, L] is (t)-invariant, Cy(K) = [V,t] = [V, L,t] < [V, L] and hence
n is even. Also, by (2), Cy(L) = Cy(K) = [V,t] < Cy(t) so that Cy(t) N[V, L] is a
proper L-submodule of [V, L] containing Cy (L) and so, as [V, L]/ Cy (L) is L-irreducible,
Cy(t)N [V, L] = Cy(L). We have that

[V, LI/ Cy(L) = [V, LI/([V, L] 0 Cu (1)) = ([V, L] + Cv (1)) / Cv () = V/ Cv (1)
and so, by (1), n —4 = dim ([V, L]/ Cy (L)) = dim (V/Cy(t)) = 1 giving n = 5 which
contradicts the assertion that n is even. Hence, [V, L] < Cy(¢). So, by (2), [V, K] =
V,L] + Cy(K) = [V,L] + [V,t] < Cy(t) and dim[V,K]| = d + 1 = dimCy (¢). Thus,
Cy(t) = [V, K].

(4) V' is isomorphic to the natural module for &,,.

We have that, by (2),

(up +uz)" — (us +uz) = [uz Fug, 1] € [V.1] = Cv(K) = (ur + u) = {0,us + us}

and, by (3), uz + uz € [V, K] = Cy(t) and hence (uz + u3)! = u; +uz. As V = Cy(t) ®
(ug + u3) as subspaces of V and &,, = 2, (t), we have uniquely determined the action of
S,, on V. Moreover, we have shown that &,, acts on V' as the natural module for &,,.

Therefore, V' is isomorphic to the natural module for G,,. 0
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Lemma 2.2.4 Let V be an F9&,,-module and assume that Vg, is isomorphic to the zero
weight submodule of the permutation module for 2U,,. Then V is isomorphic to the zero

weight submodule of the permutation module for G,,.

Proof In the case when n is odd, the result follows immediately from Lemma 2.2.3.
Assume that n is even. Without loss of generality we may assume that Vo, = Up. Fix
t =(12) € &, and set K = Cg, (t) = Stabg, ({1,2}) and L = Stabg,(1,2). Then L
is similar to A,_» and, by Lemma 2.2.1(ii), [V, L] is the zero weight submodule of the
permutation module for L. By Lemmas 2.1.3 and 2.2.1, V has the following composition
L-series 0 <; Cy (L) N[V, L] <,_4 [V, L] <4 [V, K] <; V where the subscripts denote
the dimensions of the respective composition L-factors of V. Observe that 0 <, Z <,
Cy(K) <,_4 [V, K] <, V is also a composition L-series of V. We will proceed via a series

of steps.
(1) dim [V;t] = 1 = dim (V/ Cy (t)).

We have that [V,t] # 0 because otherwise, as &, = (t°), [V,&,] = [V, {t°)] =
([V,#]®") = 0 which is a contradiction. Then, as ¢ is an involution and dimV =n — 1 is
odd, 0 < [V,t] < Cy(t) < V is an L-series of V' with V/Cy (t) =, [V,t]. So, as V has four
composition L-factors, [V,t] is L-irreducible and hence dim (V/ Cy(t)) = dim [V, ] = 1.
(2) [V, t] = (u1 + ug).

We have that [V,t] < [V, K] because otherwise V = [V, K] + [V,t] and so, as [V, K] is
(t)-invariant, [V,t] = [V, K,t] + [V,t,t] = [V, K, t] < [V, K] which is a contradiction. So,
as [V,t] + Cy(K) is an L-submodule of [V, K| and [V, K]/ Cy(K) is L-irreducible, either
[V, t] < Cy(K) or [V,t]+ Cy(K) = [V, K]. In the latter case, by Lemma 2.2.1(ii) and (1),
n—2=dim[V, K] < dim[V,t] + dim Cy(K) = 3 and so n < 5 which is a contradiction
because n is even. Hence, by Lemma 2.2.1(i),

V1] < Cy(K) = (u1 +ug, uz + g + - + up).

In the case when [V,t] = Z, as &,, = A, (t), Z is &,-invariant and so, as &,, = (t°"),
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[V, &,] = [V, ({t%)] = ([V,#]®*) = Z which is a contradiction. In the case when [V,t] =
(us + ug + -+ - + uy), for each v € V|

vi—v=[v,t] € [V,t] = (uzs +ug+ - +u,) = {0,us +ug + - +u,}

Assume first that uy + uz € Cy(t). Then, as t®4%) =¢

Uy + Uy = (UQ + Ug)(345) c Cv<t>(345) = Cv<t(345)) = Cv<t)

and so, continuing in this way,

(U9 + Uz, Ug + Ugy« ooy Up—1 + Up) = (Uz + Uz, Uz + Uy, ..., Ug + up) < Cy(t).

Hence, as dim Cy (t) = n—2, Cy (t) = (ug+us, us+uy, ..., Up_1+u,). Set s = (134) € A,.
Then (2 3 4) = s' = tst and so, as u; + ug, z € Cy (t),

Uy + Uz = (U1 + UQ)(234) = (Ul + Ug)tSt = ZSt = Zt = Ui + Usg

which is a contradiction. Assume second that us + uz & Cy(t). Set r = (2 4 3) € «,.
Then (1 4 3) =r" =trt and so, as ug +us + - - + u, € [V,t] < Cy(t),
wy + uy = (ug + ug) M3 = (ug + uz)™ = (ug + ug +us + - +up)"

= (uz+us+ - +up) =ug+ug+ o+

which is also a contradiction. Thus, [V,t] = (u; + us).
(3) Cv(t) = [V, K].
Suppose, for a contradiction, that [V, L] £ Cy(t). We have that, by (1), V = Cy(t) +
[V, L] and Cy(t) N [V, L] is a proper L-submodule of [V, L] giving, by Lemma 2.1.3,
dim (Cy(t) N[V, L]) < 1. Then

WV, LI/(IV, LN Cy (1) = ([V, L] + Cy (1)) / Cu (1) = V/ Cy (1)

and so, by (1), n —4 < dim ([V, L]/(Cy(t) N[V, L])) = dim (V/Cy(t)) = 1 giving n < 5
which is a contradiction because n is even. Hence, [V, L] < Cy(t). So, by (2), [V, K] =
[V, L] + (uy + uz) = [V, L] + [V,t] < Cy(¢t) and dim [V, K] = n — 2 = dim Cy(¢). Thus,
Cy(t) = [V, K].
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(4) V' is isomorphic to the zero weight submodule of the permutation module for S,,.

We have that, by (2),

(ug + us)’ — (ug + ug) = [ug + us, t] € [V, 1] = (ug + us) = {0, u; + ug}

and, by (3), us + uz € [V, K] = Cy(t) and hence (ug + u3)" = u; +uz. AsV = Cy(t) ®
(ug + ug) as subspaces of V and &,, = 2, (t), we have uniquely determined the action of
S,, on V. Moreover, we have shown that &,, acts on V' as the zero weight submodule of
the permutation module for &,,. Therefore, V' is isomorphic to the zero weight submodule

of the permutation module for G,,. ([l

Lemma 2.2.5 dim [Up, (1 2 3)] = 2 and [Uy, (1 2 3)] N [Uy, (2 3 4)] # 0.

Proof We have that [Up, (1 2 3)] = (u; + ug, us +us) so [Up, (12 3)] = (uy + ug, uz + usz)
and dim [Up, (1 2 3)] = 2. Also, as (2 3 4) = (12 3)(145),

Uy + uz = (ug +uz) 142 € [T, (1 2 3)]14%) = [Ty, (1 2 3)49)] = [T, (2 3 4)]
and hence uy + uz € [Uy, (1 2 3)] N [Uy, (2 3 4)] # 0. O

The theorem below is intimately related to the dimension of the first cohomology group

H'(2,,, Up) although we shall not need this concept.

Theorem 2.2.6 Let G = &, or A, and V be an FoG-module with [V,2,] = V and
V/ Cy(2,) isomorphic to the natural module for G. Then V is isomorphic to either the

natural module for G or the zero weight submodule of the permutation module for G.

Proof Define V = V/Cy(2,). By Lemmas 2.2.3 and 2.2.4 we may assume that G = 2A,,.
In the case when Cy (2,) = 0, V' is isomorphic to the natural module and we are done.
Assume that dim Cy (2,) > 1. There exist three-cycles t; = (1 2 3), to = (34 5), ...,
tm = (n—2n—1n) with m = [n/2] such that A, = (t1, %2, ..., ;). We will proceed via

a series of steps.

(1) dim [V, ;] =2 for all 1 <i <m.
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Fix 1 <4 < m. Then, by coprime action, V' = [V,t,]® Cy(¢;) and so, as Cy(2,,) < Cy(t;),
[V t;] N Cy(A,) = 0. So

—_—~—

[‘N/,ti] =Vt =2 [V, 4]/([V.t] N Cy(Ay)) = [V, 1]

and hence, by Lemma 2.2.5, dim [V, #;] = dim [V, #;] = 2.
(2) n is even.

Suppose, for a contradiction, that n is odd. Then, as A, = (t1,ts,...,tm),

V=[] = [V.t] + [Vita] + -+ + [V, 1,]

and so, by (1), dimV < Y7 dim[V.t;] = 2m = n — 1. Then, as dimV = n — 1,
dim Cy(2A,,) = dim V — dim V < 0 giving Cy(2,,) = 0 which is a contradiction. Thus, n

1s even.

(3) Define K = (t1,ts,...,ty—1). Then K is similar to A,y and V = [V, K] @, Cy(K)

where [V, K] is isomorphic to the natural module for K and Cy(K) = Cy(2,).

As K = Stabg, (n), K is similar to 2(,,_; and so, by (2) and applying Lemma 2.1.4(iv),
(17) x is isomorphic to the natural module for K. In particular, by Lemma 2.1.4(iii), V
is K-irreducible. As [V, K] # 0, [V, K] £ Cy(2,) so Cy(2A,) < Cy(K) < V and hence
Cyv(2,) = Cy(K) and V = [V, K] + Cy(K). Then [V, K, K] = [V, K] and

V. K]/ Crv (K) = [V, K]/([V, K] N Oy (K)) =g ([V, K] + Cy (K))/ Cv(K) =V

and hence [V, K|/ Cpyk(K) is isomorphic to the natural module for K. So, as n — 1
is odd and applying the argument used in (2) to the module [V, K], [V, K] N Cy(K) =
Cy)(K) = 0. Thus, V = [V, K| ®y Cy(K) and [V, K] is isomorphic to the natural

module for K.
(4) dim Cy (2,,) = 1.

Set s1=(234)e Kandg=(1n—-3)2n—-2)3n—1)(4 n) € A, so that t{ =t,,_; and
s{ =t,,. Then, by (3) and Lemma 2.2.5, [V, t;] N[V, s1] = [[V, K], t1] N[V, K], s1] # 0 and
8O [V tm—1] N[V, tm] # 0. Now, as 2, = (K, t,,), V = [V,,] = [V, K] + [V, t,,] and so, by
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(3) and (1),
dimV =dim [V, K|+ dim [V, t,,] — dim([V, K] N [V,t,]) < (n—2)+2—-1=n—1

giving, as dimV =n — 2, dimCy(2,,) =dimV — dimV < 1. Thus, dim Cy (2,,) = 1.
(5) V' is isomorphic to a submodule of the permutation module.

By Lemma 2.1.4(ii), the permutation module U is self-dual and so it suffices to prove
that the dual V* of V' is isomorphic to a quotient of U. So, taking duals, Cy«(2,) = 0
and, by Lemma 2.1.4(ii), [V*,2,] is isomorphic to the natural module for ,. We also
have that, by dualising (3) and (4), V* = [V*, K] @ Cy«(K), [V*, K] = [V*,2,] and
dim (V*/[V*,2,]) = 1. We may choose v € Cy«(K)# because otherwise V* = [V* K| =
[V*,2,] which is a contradiction. Then (v™) N [V* 2] is a submodule of [V* 2,] and
so, as [V*,21,] is irreducible, either (v )N [V* 2L,] =0 or [V* 2,] < (v*). In the former
case,

1 < dim (v™) = dim ((v*") + [V*,20,)]) — dim [V*,20,,] < dim (V*/[V*,2,]) = 1

so (V™) = (v) = {0,v} giving v € Cy«(,) = 0 which is a contradiction. Hence,
(V* 2] < (™) and, as dim (V*/[V*,2,]) = 1, either (v¥) = V* or (v¥) = [V* A,].
In the latter case, v € (v¥) = [V*2,] = [V*,K] and so v € [V*, K] N Cy«(K) = 0
which is a contradiction. Hence, V* = (v%) and V* is isomorphic to a quotient of
the induced module (v)*». Now, there exists u € Cy(K) such that U = (u®) and, as
dimU = n = |2,: K| dim (u), U is isomorphic to the induced module (u)*". As u and
v are centralized by K, (u) and (v) are trivial Fo/K-modules and so (u)*" and (v)* are

isomorphic Fo2l,,-modules. Thus, V* is isomorphic to a quotient of U.
(6) V' is isomorphic to the zero weight submodule of the permutation module.

By (4), dim V = dim V + dim Cy(2,,) = n — 1 and therefore, by (5) and Lemma 2.1.3, V

is isomorphic to the zero weight submodule of the permutation module. 0
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§2.3 FF-modules and transvections

We refer the reader to AN ATLAS OF BRAUER CHARACTERS [17] and [27, Chapter 16]
for the facts about the Fo2,- and Fy&,,-modules for n € {5,7,8,9} which are used in this
section and the following one.

Apart from the amalgam method failure-of-factorization modules, or FF-modules for
short, arise in the study of certain finite groups in the case when Thompson factorization
fails [2, Section 32]. Before defining what FF-modules are we give a brief outline of their
history. The FF-modules for the groups of Lie type in characteristic two were classified
by Cooperstein and Mason in [6] and [7]. Aschbacher [1] classified the FF-modules for the
groups of Lie type in odd characteristic, the alternating groups and the sporadic simple
groups. The classification of the finite simple groups allows us to conclude that the FF-
modules for all of the non-abelian finite simple groups have been classified. More recently,
Stroth [30] has extended the work of Aschbacher, Cooperstein and Mason by applying
the classification of quadratic modules by Meierfrankenfeld and Stroth. This work has
already been extended by Guralnick and Malle in [13]. We will only require Aschbacher’s
classification of the FF-modules for the alternating and symmetric groups. We pause to

make the following observation.

Lemma 2.3.1 Let G be a finite group, p € P and V be an F,G-module. Assume that
OP(@G) is the unique minimal normal subgroup of G. Then V is a faithful module if and

only if V' has a non-trivial composition factor, that is (V) > 1.

Proof Recall from the introduction that n,(V') equals the number of non-trivial compo-

sition factors of V. We have that, as Cg(V) <G,

Ce(V)=1 & 0(G) £ Ce(V) = [V,OM(G)]#1 < ng(V) > L.

Thus, V is a faithful module if and only if V' has a non-trivial composition factor. 0J
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Corollary 2.3.2 Let G be a finite group, p € P and V' be a faithful F,G-module. Assume
that OP(G) is the unique minimal normal subgroup of G. Then every minimal faithful

submodule of V' has exactly one non-trivial composition factor.

Let G be a finite group, p € P and V be a faithful F,G-module. We call V' a failure-of-
factorization module (or an FF-module) if there exists a non-trivial elementary abelian
p-subgroup A of G such that? |V/Cy(A)| < |A|. In this case, A is called an offending
subgroup for V' (or an offender for V). Let A*(G,V) denote the set of all offending
subgroups A for V with |B||Cy(B)| < |A]|Cy(A)| for all non-trivial proper subgroups B
of A. Choose a minimal offending subgroup A for V. If B is a non-trivial proper subgroup
of A, then B is not an offending subgroup for V and so |B||Cy(B)| < |V| < |A||Cy(A)].
Thus, A € A*(G,V).

Recall that a section of an FG-module V' is a quotient module of the form U/Z

where U and Z are submodules of V.

Lemma 2.3.3 Let G be a finite group, p € P and V be an F,G-module. Let W be a
section of V and A be a non-empty subset of G. Then |W/Cy (A)| < |V/Cy(A)].

Proof Let W = U/Z where U and Z are submodules of V. Then, as (Cy(A) + 2)/Z <
Cuyz(A),
W/ Cw(A)| = |U/Z/ Cuz(A)| < |U/Z/(Cu(A) + Z)/Z| = |U/(Cu(A) + Z)|
< |U/Cu(A)| = |U/(UNCy(A)|=[(U+Cy(4))/Cv(4)]
< [V/Cv(4)]. O

Corollary 2.3.4 Let G be a finite group, p € P and V be a failure-of-factorization
F,G-module with offending subgroup A. Then all faithful sections of V' are failure-of-

factorization modules with offending subgroup A.

2Tt is conventional to phrase such conditions in terms of order rather than dimension.
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The theorem below follows from the classification of the failure-of-factorization modules

for the alternating and symmetric groups by Aschbacher [1].

Theorem 2.3.5 (Aschbacher) Let G = &, forn >7,n# 8 or G =, forn > 9
and set E = O*(@). Let V be a failure-of-factorization FoG-module and set W = [V, E].
Then W is isomorphic to either the natural module for G or the zero weight submodule

of the permutation module for G.

Proof As observed above, A*(G, V) is non-empty and so we may apply [1, 8.5 on page
721] in order to deduce that W/ Cy (E) is isomorphic to the natural module for E. Now,
(W,E] = [V,E,E] = [V, E] = W and therefore, by Lemma 2.2.3 and Theorem 2.2.6, W
is isomorphic to either the natural module for G or the zero weight submodule of the

permutation module for G. 0]

Corollary 2.3.6 Let G =&, forn > 7 or G =, forn > 8 and set E = O*(G). Let
V' be a failure-of-factorization FoG-module, set W = [V, E| and assume that Cy, (E) # 0.

Then n is even and W is isomorphic to the zero weight submodule of the permutation

module for G.

Proof By Lemma 2.1.4(iii), the natural module for G is irreducible and hence the result
follows immediately from the theorem above provided that n # 8. In the case when n = 8,
[1, 8.5 on page 721] gives us that either W/ Cy, (E) is isomorphic to the natural module for
EorV =W & Cy(E) in which case Cy (E) = W N Cy(FE) = 0 which is a contradiction.
Thus, by Lemma 2.2.3 and Theorem 2.2.6, W is isomorphic to the zero weight submodule

of the permutation module for G. ([l

Let G be a finite group, p € P, V be a faithful F,G-module and £ € N. We say that
an element t € G of order p induces a k-transvection on V if |V/Cy(t)] < p* and
that a non-trivial elementary abelian p-subgroup A of G induces k-transvections on V' if
|V/Cy(A)] < p*. Inthe case k = 1, we will also say that t induces a transvection on V and

that A induces transvections on V. We will use the adjective [S-]central in conjunction
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with these terms in order to indicate that ¢ is in the centre of S and that A is normal in S
where S is a Sylow p-subgroup of G. Observe that if A induces k-transvections on V', then
|V/Cy(a)| <|V/Cy(A)| < p* for all a € A and so every non-trivial element of A induces
a k-transvection on V. It follows from Lemma 2.3.3 that if ¢ or A induce k-transvections
on V', then they induce k-transvections on all faithful sections of V. Also, if ¢ induces a
k-transvection on V, then |V*/ Cy«(t)| = |[V,t]| = |V/ Cy(t)| < p* and hence ¢ induces a

k-transvection on the dual V* of V.

Lemma 2.3.7 Let G be a finite group, p € P, set E = OP(G) and assume that E
is the unique minimal normal subgroup of G. Let V be a faithful F,G-module and set
W = [V, E]. Assume that t € G induces a k-transvection on V and let m = m(t) be the
minimal number of conjugates of t which generate the group (t“). Then W is a faithful

F,G-module of dimension at most km and t induces a k-transvection on W.

Proof We have that n.,(V) = no(V/W)+n.(W) = n,(W) and so, by Lemma 2.3.1, W is
a faithful F,G-module. Let ty,ts,...,t,, be conjugates of ¢ such that (t€) = (t;,t9, ..., t,).
Then, for each 1 < i < m, |[V,t;]| = |[V,t]| = |[V/Cy(t)| < p*. As (tY) is a non-trivial
normal subgroup of G, E < (t%) and so

W =[V,E] < [V.(t9)] = [V,ta] + [Vita] + - + [V 1]

giving dim W < >~ dim[V,¢;] < km. Also, W is a faithful submodule of V' and hence,

by Lemma 2.3.3, t induces a k-transvection on W. 0

IfG=6,o0r 2, forn>7andt € G, then, by [14, 6.1], m(t) = n — 1 when t is a
transposition and m(t) < [n/2| otherwise. Hence, we may use the lemma above together
with Theorem 2.1.8 in order to prove the following result provided that n is sufficiently
large. However, we will deduce it from Theorem 2.3.5 together with Corollary 2.1.17(i)

instead.
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Theorem 2.3.8 Let G = &, or 2, forn > 5, n # 6 and set E = O*(G). Let V be a
faithful FoG-module and set W = |V, E|. The following hold:
(i) If G = &,, and t € G induces a transvection on V', then t is a transposition and W
is isomorphic to either the natural module for G or the zero weight submodule of the

permutation module for G.

(ii) If G = *A,,, then no involution in G induces a transvection on V' except when n = 8,

t is a fixed-point-free involution and W' is isomorphic to a natural SL4(2)-module for G.

Proof Assume that ¢ € G induces a transvection on V. Then t is not similar to
(12)(34) [(12)(34)(56)] because otherwise, as H = 5 [H = &7] is generated by three
conjugates of ¢ and by applying Lemma 2.3.7, dim [V, O*(H)] < 3 and so [Vi, O*(H)]
is not a faithful Fy H-module which is a contradiction. In the case when G = G5, we
have that t is a transposition and, as GG is generated by four conjugates of ¢t and by
applying Lemma 2.3.7, dim W < 4 and an inspection of the two irreducibles for G over
Fy yields that W is isomorphic to the natural module for G. In the case when G = Gg
or 2Ag and ¢ is similar to (1 2)(3 4)(5 6)(7 8), as Ug is generated by four conjugates of
t and by applying Lemma 2.3.7, dim W < 4 and hence, as SL4(2) = 245, G = 2 and
W is isomorphic to a natural SI4(2)-module for G. In the case when G = &7 or &g,
we have that t is a transposition and, as G is generated by seven conjugates of ¢t and by
applying Lemma 2.3.7, dimW < 7 and hence W is isomorphic to the natural module
for G. Now, let n > 9 and set A = (t). Then |V/Cy(A)| < 2 = |A] and so V is a
failure-of-factorization module giving, by Theorem 2.3.5, W is isomorphic to either the
natural module for G or the zero weight submodule of the permutation module for G. By
Lemma 2.3.7, t induces a transvection on W and hence, by Corollary 2.1.17(i), G = &,

and t is a transposition. ]

Corollary 2.3.9 Let G = &, forn > 5, n # 6, A be a non-trivial elementary abelian
2-subgroup of G and V' be a faithful FoG-module. If A induces transvections on V', then

A = (t) for some transposition t € A.
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Proof Assume that A induces transvections on V and fix t € A#. Then ¢ induces a
transvection on V and so, by the theorem above, t is a transposition. If s € A%, then

s is also a transposition and so, as st is not a transposition, st = 1 giving s = t. Thus,

A= (). O

Corollary 2.3.10 Let G = 203, A be a non-trivial elementary abelian 2-subgroup of G
and V' be a faithful FoG-module. If A induces transvections on V', then A is similar to a

subgroup of a regular eight-group Rs.

Proof Assume that A induces transvections on V. Then, by the theorem above, A is a

semiregular elementary abelian 2-group and hence A is similar to a subgroup of K. [

A calculation reveals that each of the two 2Ag-conjugacy classes of regular eight-groups
Rs induces central transvections on exactly one of the natural SLs(2)-modules for g

depending on the class.
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82.4 Quadratic action and spin modules

Let G be a finite group, p € P and V' be a faithful F,G-module. We say that a non-trivial

element t € G acts quadratically on V if [V} t,t] = 0 and that a non-trivial subgroup A of
G acts quadratically on 'V if [V, A, A] = 0.

Lemma 2.4.1 Let G be a finite group, p € P and V' be a faithful F,G-module. Let A
be a subgroup of G which acts quadratically on V. The following hold:

(i) For each v € V', the map ¢, : A — V : a — [v,a] is a homomorphism of groups.
(ii) A is an elementary abelian p-group.

(iii) A acts quadratically on all faithful sections of V and on the dual V* of V.

Proof (i) Fix v € V. Then, as A acts quadratically on V', [V, A] < Cy(A) and so, for
each a,b € A,

by(ab) = [v,ab] = [v,a]’ + [v,b] = [v,a] + [v,b] = ¢y(a) + ¢u(b).

Thus, ¢, is a homomorphism of groups.

(ii) We have that [A, V, A] = [V, A, A] = 0 and so, by applying the Three-Subgroup Lemma
and as V' is faithful, [A, A] < C4(V) = 1. Hence, A is abelian. If a € A, then, by part (i),
[v,aP] = ¢,(aP) = ppy(a) = plv,a] =0 for all v € V and so a? € C4(V) = 1 giving a” = 1.
Thus, A is an elementary abelian p-group.

(iii) Let W = U/Z be a faithful section of V' where U and Z are submodules of V. Then

and hence A acts quadratically on W. Recall that [V*, A] =, (V/Cy(A))* and so
VA A, [V CrA) A2, (V/Cul) ] i)

As A acts quadratically on V, [V, A] < Cy(A) and so
[V/ Cv(A), Al = ([V, A] + Cv(A4))/ Cv(A) = Cv(A)/ Cv(A)

giving Cy; ¢, (4)(A) = V/Cy(A). Thus, [V* A, A] = 0. O
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Let G be a finite group, p € P and V be a faithful F,G-module. Let A be a subgroup of
G which acts quadratically on V. Then, by part (ii) of the lemma above, we may regard
A as an F,A-module with respect to action by conjugation and the map ¢, defined in
part (i) of the lemma above is a linear map from A to [V, A]. Let A € F,, v,v;,v, € V

and z € A. Then, for each a € A,

¢>\111+U2 (a’) = [)‘Ul + U2, CL] = )‘[Ulv CL] + [UQv a] = /\925111 (CL) + ¢U2 (a) = ()‘¢111 + ¢v2)(a)

and
i(a) = dy(a® )" =[v,a” " = [v",a] = ¢ (a)

and hence ¢y, 14, = AQy, + @y, and ¢ = ¢,». We have shown that the map ¢ : V —
Hom(A, [V, 4]) : v — ¢, is an A-linear map of F,A-modules. Moreover, the kernel of ¢
is Cy(A) and therefore V/ Cy (A) embeds into Hom(A, [V, A]).

Now, if p = 2 and t € G is an involution, then t acts quadratically on V' because,

for each v € V,

[v,t,1] = (' +0)' + (0 +v) =0 + o'+ 0l +v =20 +0v) =0

giving [V, ¢,t] = 0. We have already used this fact several times. If ¢ € G induces a

transvection on V', then t acts quadratically on V' because, as [V/ Cy (t),t] < V/Cy(t),

(Vit] + Cv(t))/ Cyv(t) = [V/ Cy(t),t] = Cy(t)/ Cv(?)

and so [V t] < Cy(t) giving [V,t,t] = 0. In general, if V is a failure-of-factorization
module, then we may choose an offending subgroup A € A*(G,V) and, by [19, 9.2.4 on

page 209], A acts quadratically on V.

Lemma 2.4.2 Let G be a finite group and V' be a faithful FoG-module. Let A be an
elementary abelian 2-subgroup of G' of order at least 23 and assume that t € A induces a
2-transvection on V. Then there exists a subgroup F of A containing t such that |F'| = 4

and F acts quadratically on V.
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Proof Suppose, for a contradiction, that C4([V,¢]) = (¢). Then |[V, ]| = |V/ Cy(t)] < 22
and so [V,t] is an FyA-module of dimension at most 2. So A/(t) = A/ Ca([V,t]) embeds
into SLy(2) and hence | A] divides [SLa(2)] |(t)| = 3.2% giving |A| < 22 which is a contra-
diction. So we may choose s € C4([V,t]) \ (t). Define F' = (s,t). Then

V.F,F|=1V,s,s]+ [V,s,t]|+ [V,t,s] + [V,1,t].

We have that [V)s,s] =0 = [V,t,t] and, for each v € V, as s and ¢t commute,
[v,8,t] = (V+0) + (V¥ +0v) =0 + 0 + 0" v =0+ 0"+ 0"+

= (' +0)°* + (v +v) = [v,t, 5]
giving, by choice of s, [V, s,t] = [V,t,s] = 0. Thus, [V, F, F]| =0. O

Corollary 2.4.3 Let G = &,, forn > 6 or G = %, for n > 8 and V be a faithful
FoG-module. If t € G induces a 2-transvection on V', then there exists a subgroup F' of

G containing t such that |F'| = 4 and F acts quadratically on V.

Proof This result follows immediately from the lemma above because every involution

in G is contained in an elementary abelian 2-group of order 23. ([l

We now turn our attention to spin modules for &,, and 2, over Fy. Let n > 5and G = G,
or 2A,. Let V be a faithful irreducible FoG-module and assume that the three-cycles in G
act fixed-point-freely on V. Then V is called a spin module for G over Fy. If V' is a spin
module for 2, over Fy, then, with respect to the action of the group algebra Fo2(,, on V',
V{(@+dtl) — () for all three-cycles d € 2, because, for each v € V,

d?+d+1)

(v(d2+d+1))d _ U(d2+d+1)d _ U(d3+d2+d) _ v(

and so v+t € Cy(d) = 0. Thus, it was shown in [25, Theorem 2(i) on page 240] that
a spin module for 2, over Fy is indeed a spin module defined in terms of Clifford algebras
[4]. In particular, there are, up to isomorphism, one or two non-isomorphic spin modules
for A, over F5. We will assume the existence of spin modules for &,, over F5. Observe that

there is a single conjugacy class of three-cycles in G and hence in order to identify a spin
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module for G over Fy, it suffices to verify that a single three-cycle acts fixed-point-freely
on V. By coprime action, a three-cycle d € GG acts fixed-point-freely on V' if and only if
V = [V,d]. In particular, the dual of a spin module for G over Fy is also a spin module for
G over IF5. The dimension of a spin module V' for GG over I, is even because we may choose
an involution ¢t € G which inverts a three-cycle d € G by conjugation, then D = (t,d)
is the dihedral group of order 6 with Cy (D) < Cy(d) = 0 and hence, by Lemma 2.1.6,
dim V' is even. The next lemma is also useful when identifying the spin modules for G,,

over [Fs.

Lemma 2.4.4 Letn > 5 and V' be a faithful irreducible F;&,,-module. Then V' is a spin
module for G,, if and only if Vg, is either a spin module for 2, or a direct sum of two

non-isomorphic spin modules for 2,,.

Proof If V is a spin module for &,,, then, by Clifford’s Theorem [27, 2.37 on page 30],
Vi, is either a spin module for 2, or a direct sum of two non-isomorphic spin modules
for A,. Conversely, if Vi, is a spin module for 2, then it is a spin module for &,
and if Vg, = U; & Us where U; and U, are non-isomorphic spin modules for 2,,, then
Cy(d) = Cy,(d) ® Cy,(d) = 0 for all three-cycles d € 2, and hence V is a spin module
for G,,. [

We will now give a few examples of spin modules. The Fo2s5- and Fy&5-modules arising
from the natural SLy(4)-module for ;5 are the unique spin modules for 25 and &5 over
[Fy respectively. The natural SL4(2)-modules for (s are the two spin modules for 2g over
Fy and the FyGg-module induced from either of these two modules is the unique spin
module for Gg over F5,. Moreover, the spin modules for (g and Gg are, by restriction, the
spin modules for 2; and &7 respectively. The two spin modules for 2y over Fy each have
dimension eight and the spin module for &9 over Fy has dimension sixteen.

In the theorem below we will show that a spin module for &,, or 2,, over F5 has no

extension by trivial modules.
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Theorem 2.4.5 Let G = 6&,, or U, forn > 7 and V be an FoG-module with [V, 2,] =V
and V/ Cy(2,) a spin module for G. Then Cy(2(,,) = 0 and V is a spin module for G.

Proof We will prove the dual statement. Let Cy(2,) = 0 and [V,%,,] be a spin module
for G and suppose, for a contradiction, that [V,2(,] # V. Then, by refining the series
[V,2,] <V toacomposition series of V', we may choose a submodule U of V with [V, 2] <
U and dim (U/[V,2,]) = 1. We have that, as 2, = O*(G), [V,A,] = [V, U, A,] <
U, A,] < [V,2,] and so [U,,] = [V,2,,]. Let d € G be a three-cycle. Then, by coprime
action, U = [U,d] + Cy(d) = [U,2,] + Cy(d) and, as [U,2,] is a spin module for G,
U, 2A,] N Cy(d) = Cua,(d) = 0 giving U = [U,AU,] ® Cy(d) as subspaces of U. Hence,
dim Cy(d) = dim (U/[U,2,]) = 1. Then, as Cy(d) is Cy, (d)-invariant and of dimension
one, Cy(d) < Cy(Cq,(d)) and, as d € Cq,(d), Cy(Cq,(d)) < Cpy(d) giving Cy(d) =
Cu(Cq,(d)). Now, consider the group (Cgy,(d1), Cy,(dz)) where d; = (1 2 3) and dy =
(n—2n —1n). We have that

Co, (do) = g x (do) = (123),(124),....,(12n—3),(n—2n—1n))

and,asn>7,(n—3n—2n—1) € Cy,(d). Also, (12n—2)=(12n—3)n3n-2n-1)
12n—-1)=(12n—-2"2"1% and (12 n) = (1 2 n— 1)"27"1" and hence
A, =(123),(124),...,(12n)) = (Cq,(d1), Cq,(d2)). As d; and dy commute,

Cy(dr) = Cu(Ca,(dh)) < Cuy(dz) = Cy(Ca,(d2)) < Cu(dn)
and so Cy(d;) = Cy(dz). Then, as 2, = (Cy, (d1), Cq, (d2)), Cy(dy) is A,-invariant and

of dimension one and so Cy(d;) < Cy(2,) = 0 which is a contradiction. Therefore,

V = [V,2,] is a spin module for G. U

According to [16, Table VI on page 167] the theorem above does not hold for the groups
G =65 and G = As.
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Lemma 2.4.6 Let G =G, or %, forn > 5 and V' be a spin module for G over Fy. Let
A be a subgroup of G which acts quadratically on V and t be an involution in A with
a fixed point on the set A = {1,2,...,n}. Then [V,t] = [V, A] = Cy(A) = Cy(t) and
[V/ Cv(A)| = [V]"/2.

Proof Ast has a fixed point on A, we may choose a three-cycle d € G which is inverted
by ¢ by conjugation and so D = (t,d) is the dihedral group of order 6 and Cy (D) <
Cy(d) = 0. We have that, as A acts quadratically on V', [V t] < [V, A] < Cy(A) < Cy(¥)
and, by Lemma 2.1.6, [V, t] = Cy(t) and hence [V,t] = [V, A] = Cy(A) = Cy(t). Also, by
Lemma 2.1.6, |Cy ()| = |V|*/? and hence |V/ Cy(A)| = |V/ Cy(t)| = [V |2, O

We will see in the proof of Theorem 2.4.8 that all subgroups of order at least 4 which act
quadratically on a spin module for G,, or 2, over [F, are contained in 2, and hence it

suffices to determine these groups.

Lemma 2.4.7 Let G =&, or %, forn >5,n # 6. Let V be a spin module for G over
Fy and A be a subgroup of 2, of order at least 4 which acts quadratically on V. Then
one of the following holds:

(i) A is similar to a Klein four-group 8.

(ii)) G = Ag or &g and A is similar to a subgroup of the group f; x f;.

(iii) G = Ag, &g or A9 and A is similar to a subgroup of a regular eight-group RKg.

Proof It suffices to consider the case when A is maximal among the subgroups of 2,, which
act quadratically on V. By Lemma 2.4.1(ii), A is an elementary abelian 2-group. Choose
an element s € A% with the largest number of fixed points on the set A = {1,2,...,n}
among all of the elements of A#. Then s is an involution that is the product of m disjoint
transpositions where, as s € 2,,, m is even. Without loss of generality we may assume that
s=(12)(34)...(2m —1 2m). Define H = Cg, (s) and K = Cgy,(s). Then K = HN,
where H is similar to the permutation group €16, X &,,_2,, and, as K is normal in H,

Oy(K) = Oo(H) N K = Oy(H) N, where Oo(H) is similar to the permutation group
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€20 02(6,,) X O2(6,,_2m). Recall that O9(6s) = Gy = €5, 02(64) = &4 and 02(6) =1
otherwise. Define L = (AX), M = ((1 2),(3 4),...,(2m — 1 2m)) and My = M N<,.
Then, as A is abelian, A < Cqy,(s) = K and so L is a normal subgroup of K. As M, is a
normal 2-subgroup of K, My < O9(K) and, as m is even and by choice of s, ANMy = (s).

We will proceed via a series of steps.
(1) [V, L] < Cy(s) and [V, s] < Cy(L).
We may regard [V, (s)] as a K-submodule of V' and so, as [V, (s),A] < [V, A, A] = 0,
[V (s), L] = [V, (s), (A%)] = ([V, (s), A]¥) = 0. Also, [(s),L,V] < [(s), K,V] = [1,V] =0
and hence, by the Three-Subgroup Lemma, [V, L, (s)] = [L,V,(s)] = 0. Thus, [V, L] <
Cy(s) and [V, s] < Cy(L).
(2) Either s has a fixed point on A or (n,m) = (8,4).
Let n # 8 and suppose, for a contradiction, that s is fixed-point-free on A. Then n is even,
m = n/2 and, by choice of s, A is semiregular on A. In particular, |A| divides |A| =n
and so 4 divides n giving n > 12. Also, as m ¢ {2,4}, Oo(H) = M and Oy(K) = M.
(2&) K/ OQ(K) = Gn/g.
Asm & {2,4}, H is similar to the wreath product €18, /, with base group Oy(H) giving
H/Oy(H) = 8,,/5. Then, as |6,:%,| =2 and H £, 6, = H, and so

|H:KO5(H)| |[KOo(H):K|=|H:K|=|H:(HNA,)| = |HA,:A,| =|6,:2,| =2

giving, as Oy(H) £ K, H = K Oy(H). Thus,
K/Oy(K)=K/(O:(H)NK) = KOy(H)/Os(H) = H/ Os(H) = &,5.

(2b) O*(K) < L. In particular, all of the elements of K of odd order are contained in L.

We have that L £ O9(K) because otherwise A < L < Oy(K) = M, which is a con-
tradiction. Then 1 # LOy(K)/Oy(K) < K/ Oy(K) and so, by (2a), O*(K/Oy(K)) <
LOy(K)/Oy(K) giving |K:LOo(K)| = |K/Oa(K):LOo(K)/Oz(K)| is a 2-power. We
also have that |L Oy(K):L| = |O2(K):(Oo(K)NL)| is a 2-power and hence |K:L| =



Quadratic action and spin modules 51

|K:LOy(K)||LOy(K):L| is a 2-power. Thus, O*(K) < L.
(2¢) dim Cy (e) > 1 dim V for all elements e of L of odd order.
Write s = (1 2)(34)s; and let » = (1 3)(2 4)s1 so that sr = (14)(23). As Cy(s)NCy(r) =
Cy((s,r)) < Cy(sr) and by applying Lemma 2.4.6, dim (Cy (s) N Cy(r)) < dim Cy (sr) =
1dimV and, as s and 7 are 2,-conjugate, dim Cy (s) = dim Cy/(r). So

dimV > dim (Cy (s) + Cy(r)) = dim Cy (s) + dim Cy (r) — dim (Cy (s) N Cy (7))

> 2 dimCy(s) — +dimV

and so dimCy(s) < 3dimV giving dim (V/Cy(s)) > $dimV. Now, let e € L be
of odd order. Then, by (1), [V,e] < [V,L] < Cy(s) and so, by coprime action, V —
V,e] + Cy(€) = Cu(s) + Cu(e). Also, as [V, A, A] = 0, [V, s] < [V, A] < Cy(A) < Cy(s)
and, by (1), [V, s] < Cy(L) < Cy(e) and so [V, s] < Cy(s) N Cy(e). So
dim V' = dim (Cy (s) + Cy(e)) = dim Cy (s) + dim Cy (e) — dim (Cy (s) N Cy (e))
< dim Cy(s) + dim Cy (e) — dim [V, s]

giving, as dim (V/Cy(s)) > s dim V/,

1
4

dim Cy(e) > dimV — dim Cy (s) + dim [V, s] = 2 dim (V/ Cy (s)) >

(2d) dim Cy (e) = 2 dim V' for some element e of L of odd order.

Set e = (135)(246)(7911)(8 10 12) € A,,. Then, by (2b), e € O*(K) < L. Define the

following three elementary abelian 3-groups:
Ey={((135),(246))
Ey,={(135),(246)(7911))
Es=((135),(246)(79 11)(8 10 12)).

We have that, by [2, Exercise 4.1(3)], V = @pp, | pj=3 Cv(B) for i € {1,2,3}. Recall
that Cy(d) = 0 for all three-cycles d € 2, and Cy(z) = Cy(z~!) for all z € 2,,. Then

V=Cyp((135)(246))@®Cy((135)(264))
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where (1 35)(24 6) and (1 3 5)(2 4 6) are ,-conjugate giving dim Cy((1 3 5)(2 4 6)) =
% dim V. Similarly,

V=0Cp((246)(7911) @ Cy((135)(246)(7911)) @ Cy((153)(246)(7911))

where (13 5)(246) and (24 6)(7 9 11) are A,-conjugate and (1 3 5)(2 4 6)(7 9 11) and
(153)(246)(7911) are 2A,-conjugate giving dim Cy((1 3 5)(2 4 6)(7 9 11)) = ;1 dim V.
Finally,

V =Cu((246)(7911)(8 10 12)) & Cy(e) & Cy((1 5 3)(2 4 6)(7 9 11)(8 10 12))

where (1 3 5)(2 4 6)(7 9 11) and (2 4 6)(7 9 11)(8 10 12) are ,,-conjugate and e and
(153)(246)(7911)(8 10 12) are A,-conjugate giving dim Cy(e) = 2 dim V.

(2e) s has a fixed point on A.
The statements (2¢) and (2d) are contradictory and hence s has a fixed point on A.
(3) Either A =L < Oy(K) or (n,m) = (8,4).

Let (n,m) # (8,4). Then, by (1), (2) and Lemma 2.4.6, [V, L] < Cy(s) = [V, s] < Cy(L)
and so L acts quadratically on V. Hence, by the maximality of A, A = L and so L is a

normal 2-subgroup of K giving L < Oq(K).
(4) Either m =2 or (n,m) € {(8,4),(9,4)}.

Suppose, for a contradiction, that m ¢ {2,4}. In the case when n—2m ¢ {2,4}, Ox(K) =
My and so, by (3), A < Oo(K) = My which is a contradiction. In the case when n—2m €
{2,4}, Oo(H) = M x F where F is similar to either €, or Ry. Fix t € A\ (s). Then,
by (3),t € A < O9(K) < Og(H) = M x F and, as ANM = (s), t € M giving
|Fixa(st)| = 2m — |Fixa(t)|. So, as t, st € A#,

2m = |Fixa(t)| + |Fixa(st)| < 2|Fixa(s)| = 2(n — 2m) <8

giving, as m is even, m € {2,4} which contradicts our supposition. Thus, m € {2,4}.
Now, let m = 4 and suppose, for a contradiction, that n > 10. Then Oy(H) = X X F

where X is similar to €30 84 and F' = 1 except when n € {10,12} and F is similar to
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either € or Ry. Fix t € A~ (s). Then, by (3),t € A < Oy(K) < Oy(H) = X X F
and so t = xf for some z € X and f € F. Let (i5 j5) = (9 10) except when n = 12
and f = (i5 j5)(is js). Consider the following blocks of H: A, = {1,2}, Ay = {3,4},
Az = {5,6} and Ay = {7,8}. In the case when ¢ moves a block Ay = {iy,j;} for
1 < k <4, we may write t = (i1 i2)(j1 j2)r. Then, by (3), A is normal in K and so, as
(41 1) (5 J5) € K,

(i1 J1) (2 J2) = [t (41 1) (45 J5)] € [A, K] < A

which contradicts our choice of s. In the case when ¢ fixes the blocks A1, Aq, Az and Ay,
as t # s, n € {10,12} and ¢ has fixed points on the set {1,2,...,8} because otherwise
n =12 and t = sf giving (i5 j5)(ig js) = f = st € A which contradicts our choice of s.
So there exists 1 < k < 4 such that Ay = {i4, js} with iy and j, fixed by ¢t and we may
write t = (i1 j1)(i2 j2)(i3 j3)f when n = 10 and t = (41 j1)(i2 j2)f when n = 12. Then,
by (3), A is normal in K and so, as (i1 i4)(j1 ja) € K,

(i J0)(is ga) = [t, (0 ia) (1 Ja)] € [A, K] < A
which contradicts our choice of s. Thus, n € {8,9}.

(5) One of the following holds:
(i) A is similar to a Klein four-group 8.
(ii) G = Ug or Sy and A is similar to the group 84 x Ry.

(iii) G = Ag, &g or A9 and A is similar to a regular eight-group Rs.

Assume that m = 2. In the case when n # 8, as n — 4 & {2,4}, Oy(H) is similar to
Dg and so, as Oz(K) = O2(H) NA,, Oo(K) is similar to & giving, by (3), A is similar
to K4 and hence (i) holds. In the case when n = 8, Oy(H) is similar to Dg x K4 and
s0, as O9(K) = Oy(H) N Ag, Oz(K) is similar to 8y x Ky giving, by (3), A is similar
to a subgroup of R4 x K4. A calculation on one of the spin modules for 2s together
with Lemmas 2.4.1 and 2.4.4 shows that K, x K4 acts quadratically on V. So, by the

maximality of A, A is similar to &4 X £ and hence (ii) holds. Assume that m # 2. Then,



Quadratic action and spin modules 54

by (4), (n,m) € {(8,4),(9,4)}. If n =9, then H is similar to €31 &, and so in both cases,
by choice of s, A is a semiregular elementary abelian 2-subgroup of degree 8 giving A is
similar to a subgroup of Ks. It may be verified that each of the two 2g-conjugacy classes
of regular eight-groups £g acts quadratically on both of the spin modules for (g and so, by
Lemma 2.4.4, the single Gg-conjugacy class of regular eight-groups Kg acts quadratically
on the spin module for Gg. By contrast, each of the two 2g-conjugacy classes of regular
eight-groups Rg acts quadratically on exactly one of the spin modules for 2y, depending
on the class, and so, by Lemma 2.4.4, the single Gg-conjugacy class of regular eight-groups
RKg does not act quadratically on the spin module for &y. Thus, G = g, G5 or Uy and,

by the maximality of A, A is similar to Ks and hence (iii) holds. O

In the proof of the theorem below we will apply the classification of the quadratic modules

for the alternating and symmetric groups by Meierfrankenfeld and Stroth [26].

Theorem 2.4.8 Let G = G, or A, forn > 5, n # 6. Let V be a faithful irreducible
FoG-module and A be a subgroup of G of order at least 4 which acts quadratically on V.
Then one of the following two cases hold:
(I) V' is isomorphic to the natural module for G.
(II) V' is isomorphic to a spin module for G. Moreover, one of the following holds:
(i) A is similar to a Klein four-group R.
(ii) G = s or Sg and A is similar to a subgroup of the group £, x 8.

(iii) G = Ag, &g or Uy and A is similar to a subgroup of a regular eight-group Rs.

Proof The result holds for n = 5 by inspection of the two irreducibles for G over Fy. Let
n > 7 and set £ = O*(G). In the case when (A%) = G, we may apply [26, Theorem 4(a)
on page 2102] and hence V' is isomorphic to the natural module for G or G = 2, and
V is isomorphic to a spin module for G. In the case when (A%) # G, G = &, and
(A% = E. By Clifford’s Theorem [27, 2.37 on page 30], we may write Vg = @, U;

as a direct sum of pairwise non-isomorphic faithful irreducible FyE-modules of equal



Quadratic action and spin modules 55

dimension. Moreover, A acts quadratically on each of the direct summands U; of Vg and
hence, by [26, Theorem 4(a) on page 2102], each U; is isomorphic to either the natural
module for E or a spin module for £ and m < 3. Assume that one of the direct summands
of Vi is isomorphic to the natural module for E. If n # 9, then, by Theorem 2.1.8, the
dimension of a spin module for £ is not equal to the dimension of the natural module
for £ and hence m = 1. If n = 9, then m = 1 as well because otherwise, by applying
Lemma 2.4.7, A is similar to either a Klein four-group &4 or a subgroup of a regular
eight-group Kg, however, none of these groups act quadratically on the natural module for
E which is a contradiction. So, in all cases, Vg is isomorphic to the natural module for £
and hence, by Lemma 2.2.3, V' is isomorphic to the natural module for G. Alternatively,
assume that none of the direct summands of Vg are isomorphic to the natural module
for E. Then m < 2 and Vg is either a spin module for £ or a direct sum of two non-
isomorphic spin modules for F and so, by Lemma 2.4.4, V' is isomorphic to a spin module
for G. Now, we have shown that A < F when V is isomorphic to a spin module for G

and hence, by Lemma 2.4.7, one of (i)-(iii) holds. O

The theorem above may be used in order to provide an alternative proof of Theorem 2.3.5
which we will now outline. Let G = &, or &, for n > 9 and set E = O*(G). Let
V' be a failure-of-factorization FoG-module, set W = [V, E] and choose A € A*(G,W).
Then, by [19, 9.2.4 on page 209], A acts quadratically on W and so, by Corollary 2.4.3,
we may apply the theorem above together with Lemma 2.4.6 to show that each of the
non-trivial composition factors of W are isomorphic to the natural module for G. Now,
by the argument given in the second paragraph of the proof of [1, 8.5 on page 721], W has
a unique non-trivial composition factor. Then W/ Cy (E) is irreducible and hence it is
isomorphic to the natural module for G. Therefore, by Theorem 2.2.6, W is isomorphic to

either the natural module for G or the zero weight submodule of the permutation module

for G.
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§2.5 Sylow p-subgroups

In this section we will describe the structure of the Sylow p-subgroups of the symmetric
and alternating groups with particular emphasis on the p = 2 case. Some of these results
originate from Kaloujnine [18] and may be found in many textbooks — see, for example,
[10, Example 2.6.1 on page 48]. The following notation will hold for the first few results

in this section.

Notation Let n € N and p € P. Then, by the division algorithm, we may write n to the

base p as follows

n=ng+nmp+---+np® witheach 0<n;<p and ny #0.
This unique expression for n is called the p-adic decomposition of n.
Lemma 2.5.1 A Sylow p-subgroup of &,, has order p*™ where

v(n) =mn +n2<1§__11) +...+nk(];k__11>.

Proof Observe that, for each 1 < ¢ < k, there are LZ%J integers among 1,2,...,n that

are divisible by p’, namely p?, 2p°, 3p’, . . ., Lpﬁjp’ So, for each 1 < i < k — 1, there are

[;7] = L7 ] integers among 1,2, ..., n that are divisible by p’, but not divisible by p‘**.

Hence, the largest power of p which divides n! is

v(n) (L%J—LP%J)<p2)(LP%J*LP%J) kq)(LﬁJ—LﬁJ)(pk)Lp%J

P =p (p

where

i=1

We have that n = Z?:o n;p’ and so, for each 1 <i <k,

k i—1 k
DI DU S
P j=0 j=i
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and, as Z;;B n;p’ < p', Z;;B n;p’ "t < 1 giving LZ%J = Z_I;:z n;p’~*. Thus, interchanging

the order of summation,
k k

k j k j k -
TET 3 BTSED 3) SRS 310 3 S piol (s BS
i=1 j=i j=1 i=1 =1 =1 j=1

Recall our convention that the cyclic group €, of order p is regular when in the context

of permutation groups.

Notation Let T, be a trivial permutation group of degree one and define the permutation
group %, iteratively by the rule %, = %,,_1 1€, for m > 1. Then %,, is similar to a
wreath product of the form

¢, 1¢,0...1¢,

m-terms

where any bracketing may be chosen to evaluate this expression. In particular, ¥, is similar
to €, and T,, is similar to €,1‘%,,_;. We have that ‘T, is a transitive permutation group
of degree p™ because the wreath product of transitive permutation groups is transitive.
Also, T,, is a p-group of order p*™ where u(m) = (p™ — 1)/(p — 1) because, as T, is

similar to €, %,,,

m m

(P +p(m))

p(pu(m)ﬂ) _ <pu(m))pp _ |r3jm|p |¢p‘ _ |‘3m+1| _ |¢p|P !‘Zm| = pP pu(m) =p

and so pu(m)+1 = p™+ u(m) giving pu(m) = (p™—1)/(p—1). As €, is abelian and T, 4
is transitive, Z(%,,) is similar to the diagonal subgroup of the base group of €,?%,,_; and

hence Z(%,,) = (t) where t is a product of p™~! p-cycles.

Theorem 2.5.2 A Sylow p-subgroup S of &,, is similar to a direct product of the form
T s g s T and Z(S) is similar to a direct product of the form Z(T;)™) x

Z(%2) ") x - x Z(%}) ™). In particular, |Z(S)| = p¢™ where ((n) = 3% n,.

Proof By Sylow’s Theorem, there is a single conjugacy class of Sylow p-subgroups of &,

and so it suffices to consider the group T = T x T x ... x T We have that, as
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|%;| = p*@ for all 1 <4 <k,
k k

|T| :H‘Tgm) :H|Ez
i=1 i=1

and so T has order p” where

Vzé;mmwzﬁim(iii>:ymy

i= p—1

k k

=1 i=1

Thus, by Lemma 2.5.1, T is a Sylow p-subgroup of &,,. Now,

So, as |Z(%;)| =pforall 1 <i <k,

k k k
(1) = [[1zez) ™) = [ [z =T
i=1 i=1 i=1
and hence Z(T') has order p*™ where ¢(n) = S5, n;. O

As an illustration of the theorem above we will construct a Sylow 2-subgroup of &15. The

2-adic decomposition of 12 is

12=0+0.2+1.2%2+1.2°

and so a Sylow 2-subgroup of &5 is similar to €, x €3. Now, %5 is similar to the group
((12),(13)(24)) and T3 is similar to the group ((1 2),(1 3)(2 4),(1 5)(2 6)(3 7)(4 8)).

Hence, the group

((12),(13)(24),(56),(57)(68),(59)(6 10)(7 11)(8 12))

is a Sylow 2-subgroup of &5 and the centre of this group is the group

(12)(34), (5 6)(7 8)(9 10)(11 12)).

Lemma 2.5.3 The maximal order of an abelian p-subgroup of &,, is p!"/?!.

Proof Let A be an abelian p-subgroup of &, with orbits A;, Ao, ..., A, on the set
A =1{1,2,...,n}. Fix 1 < i < r. Then, by the Orbit-Stabilizer Theorem, |A;| divides
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|A| and so there exists m; € Ny such that |A;| = p™. So, as Ay, Ay, ..., A, form a
partition of A, n = |A| = [Ay] + |Ag| + -+ |A,] = p™ +p" + -+ 4+ p™. The
constituent A% of A on A; is isomorphic to A/Aa, and so A% is a transitive abelian

= |Az| e pml S prmi71J and

permutation group on A; giving A% is regular. So |AA1'
hence
A < [AS || A% | 4Be] < plm T gl

Pl T A2 e ) < LT 2 ™) 2] pl/p)

Ln/p))

Now, the group CZ() is an abelian p-subgroup of &,, of order pl™/?). Thus, the maximal

order of an abelian p-subgroup of &, is pl™/?). O

We will now show that permutation modules over I, appear as “internal” modules of
certain wreath products. Let G be a permutation group of degree n and M be the base
group of the wreath product W = €,1G. Then M = (t,ts,...,t,) where t1,ts,...,t, are
pairwise disjoint p-cycles and, as M is normal in W, we may regard M as an n-dimensional
F,G-module. Observe that G acts on M by permuting the subscripts of the basis vectors
t1,t2,...,t, and hence M is isomorphic to the permutation module for G over [F,,. More-
over, the zero weight submodule of M is My = M NA, = (tit, " totz ', ... 1,1t ) and
the centre of M is (s) where s = t1ts...t,. We encountered such a wreath product in the
proof of Lemma 2.4.7.

We end this section by discussing the Sylow 2-subgroups of &,, and 2, in more

detail. The following notation will hold for the next few results in this section.

Notation Let p = 2 and n = 2™ with m € N. Let T' = ¥,, be a permutation group
on the set A = {1,2,...,n} and set Tp, = T'NA,. Then, by Theorem 2.5.2, T is a
Sylow 2-subgroup of &,, with Z(T') = ((1 2)(3 4)...(n — 1 n)) and, as 2, is normal in
S, Ty is a Sylow 2-subgroup of 2,. Let B be the base group of the wreath product
T=%,,_11¢, and Ay, Ay be the orbits of B on A. Then B = T' x T? where 7" similar
to T,,_1 for ¢ € {1,2} and there exists s € T such that (T")* = T? and (T?%)* = T'. Set
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By=BnNA, and T¢ = T"' N, for i € {1,2}. We will call By the base group of Ty. Set
A*=((12),(34),...,(n—1n)) and Aj = A*NA,.

Lemma 2.5.4 The following hold:
(i) [A*, T] = A§ and [A§, To] = (A5 N Ga,) X (A5 N Ga,).
(ii) Ce, (Ay) = A* for m > 3, Cy, ([AS, To]) = Bo for m = 3 and Cgy, ([Aj, To]) = Af for

m > 4.

Proof (i) We may view T as a wreath product of the form €, %, ; with base group
A*. By the observation made earlier, A* is isomorphic to the permutation module for
Tm—1 over Fy and Af is the zero weight submodule of A*. So, as T,,_; is transitive and
by Corollary 2.1.10, A = [A*,%,,—1] < [A*,T]. Then, as A* is normal in 7', A* is a 2,7T-
group giving [A*, T] < A* and hence, as |A*: Aj| = 2, [A*,T] = Aj. Similarly, a module
calculation gives us that (AjNGa,) X (A5 N Sa,) = [Af, Tim-1] < [AF, To]. Then, as A is
normal in Tp, Aj is a 2, Ty-group giving [A§, Ty] < A and hence, as |Af:[Af, Tm-1]| = 2,
(A5, To] = [A§; Tm-1] = (AG N Ga,) x (A5 N Ga,).

(ii) Let m > 3. Then, as A* is abelian, A* < Cg, (A4f). Conversely, let x € Cg, (Af) and
fix 1 <i<n-—3withiodd. Then, as (i i+ 1)(i+2i+3)€ A},

(iz (i+1)z)((i+2)z (i+3)z) = ((i+1)(i+2i+3)) = (ii+1)(i+2i+3)

and so x either fixes or swaps the sets {i,i+1} and {i+2,i+3}. However, as n = 2™ > 8,
x centralizes (3 4)(5 6) so x fixes {1,2} and {3,4} and hence z fixes all of the remaining
sets {5,6},{7,8},...,{n — 1,n} giving = € A*. Thus, Cg,(A;) = A*. In the case when
m = 3, by part (i), [A5, To] = ((1 2)(3 4),(5 6)(7 8)) and so Cy, ([A5, To]) = Bo. In the
case when m > 4, by part (i), [A§, To] = (A5NGa,) X (A5NG4,) and a similar argument
to the one above gives us that Cg, ([A§, To]) = A* and hence Cy, ([Ag, To]) = A} O

Lemma 2.5.5 Let m > 3 and () be a subgroup of T' of index 2. Then either () = B and
Z(Q) = Z(T*) x Z(T?) or Q is transitive on A and Z(Q) = Z(T).
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Proof Assume that ) # B. Then Stabr(n) € @ because otherwise there exists i € {1,2}
such that T" < Stabr(n) < Q and, as Q isnormal in T, T7 = (T%)* < Q* = Q for j = 3—1i
and so B = T'T7 < Q giving, as |B| = §|T| = |Q|, Q = B which is a contradiction.
So, as |T:Q| = 2, T = Stabr(n)@ and hence, as T is transitive on A, @ is transitive on
A. We will now show that Af < @. In the case when Cr(A*) < @, as A* is abelian,
Ay < Cp(A*) < Q. In the case when Cp(A*) £ @, there exists r € Cp(A*) N @ and, as
|T:Q| =2, T = Q(r) and so, by Lemma 2.5.4(i) and as A* and @ are normal in 7,

Ap = [AT] = [A%,Q(r)] = [A%, Q] [A", (r)] = [A", Q] < Q.

Hence, in both cases, Aj < @ and so, by Lemma 2.5.4(ii), Z(T) < Z(Q) < Cg, (Af) = A*.
Suppose, for a contradiction, that there exists z € Z(Q)* with a fixed point on A, kg say.
Then, for each a € Q, x = 2 € Stabg(ko)® = Stabg(ko - @) and so, as @ is transitive on

A, x € Stabg(A) = 1 which is a contradiction. Thus, Z(Q) = Z(T). O

Corollary 2.5.6 If m > 3, then Ty is transitive on A with Z(Ty) = Z(T'). Moreover,
either Cp(Ty) = Z(T') or m = 2 and Cp(Tp) = Tp.

Proof We have that Ty = 1 for m = 1 and T is similar to £4 for m = 2 and so these
two cases are trivial. Let m > 3. Then, as |6,,:,| =2 and T £ A, T, = &,, and
so |T:Ty| = |T:(TNA,)| = |TU,: 2| = |6,:2,| = 2 giving T} is a subgroup of T of
index 2 and, as B contains transpositions, Ty # B. Hence, by the lemma above, Tj is
transitive on A and Z(T,) = Z(T). Also, Cr(Ty) < T, because otherwise there exists
r € Cr(Ty) N Ty and so, as |T:Ty| =2, T = To(r), but then

r e CT(T()) N CT(<T>) = CT(T0<7">) = CT(T) = Z(T) = Z(TO) <Tp
which is a contradiction. Thus, Cr(Ty) = Z(Ty) = Z(T). O

Lemma 2.5.7 Let m > 3 and () be a subgroup of Ty of index 2. Then either () = By
and Z(Q) = Z(B) or Q is transitive on A and Z(Q) = Z(T) except when m = 3 and Z(Q)
is similar to the group ((1 2)(3 4)(5 6)(7 8),(1 3)(2 4)(5 7)(6 8)).
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Proof Firstly, assume that Stabg (n) < . Then there exists i € {1,2} such that
Ti(ry < Stabp,(n) < Q where r = (n/2 —1n/2)(n/2 +1 n/2 +2) and, as Q is normal
in Ty, T = (Ti)°* < Q° = Q for j = 3 —i and so By = Ti(r)TJ < Q giving, as
|Bo| = £|Ty| = |Q|, @ = By. Secondly, assume that Stabr, (n) £ Q. Then, as |Ty:Q| = 2,
To = Stabg, (n)Q and hence, as Tj is transitive on A, @ is transitive on A. We will
now show that [A§, Ty] < @ for all Q. In the case when Crp, (Af) < @, as Aj is abelian,
(A5, To] < Af < Cpy(Af) < Q. In the case when Cr, (Af) £ @Q, there exists r € Cr, (Aj)\Q

and, as |Ty:Q| = 2, Tp = Q(r) and so, as Aj and @ are normal in Tj,
[A5, To] = [A5, Q(r)] = [A45, Q] [Ag, ()] = [45, Q] < Q.

Hence, in both cases, [Aj, To] < Q. Now, if z € Z(Q)# has a fixed point kg on A, then,
for each a € @), ©+ = x° € Stabg(ko)® = Stabg(ko - a) and so x fixes all of the points in
the orbit kg - Q. In the case when QQ = By, A1, Ay are the orbits of Q on A and hence
Z(Q) = Z(B). In the case when @ # By, as () is transitive on A, Z(Q) is semiregular
on A. If m = 3, then, by Lemma 2.5.4(ii), Z(Q) < Cq,([A4,T0]) = By and, as By is
intransitive, Z(@)) is not regular and hence either Z(Q) = Z(7T) or Z(Q) is similar to the
group (1 2)(3 4)(5 6)(7 8), (1 3)(2 4)(5 7)(6 8)). If m > 4, then, by Lemma 2.5.4(ii),
Z(Q) < Cq, ([A5, To)) = Af < A* and hence Z(Q) = Z(T). O

The following notation will hold for the last few results in this section.

Notation Let n € N, n > 6 and denote the 2-adic decomposition of n as follows

n:2m1+2m2+...+2mr with O§m1<m2<~'<mr

and assume that r > 2. Let S be a Sylow 2-subgroup of &,, and set Sp = SN A, so
that, as 2, is normal in &,,, Sy is a Sylow 2-subgroup of 2,,. Then, by Theorem 2.5.2,
S =T'xT?x --- xT" where T" is similar to T, for 1 <7 < r. Let the orbits of
S be Ay, Ag, ..., A, on the set A = {1,2,...,n} where |A;| = 2™ for 1 <i < r. Set
Ti =T N, for 1 <i<rand K =15 xT¢ x--- xT5. Set ng = 0 when n is

even and ny = 1 when n is odd. Choose transpositions 7; € T for all ng +1 < i < r
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and set Mo = (Tng-+1Tno+2> Tno+2Tno+3s - - - » Tr—1Tr). Liet Z; = (z;) denote the centre of the
permutation module V(A;) for &, over Fy for 1 < i < and recall that V5(4;) denotes

the zero weight submodule of V(4;).

Lemma 2.5.8 The group Sy = K x M, is the internal semidirect product of K by M.
Moreover, Ay, Ay, ..., A, are the orbits of Sy on A and Z(Sy) = Z(S) N A,,.

Proof As T"is normal in S for all 1 <i <, Té is normal in Sy for all 1 <7 < r and so
K is normal in Sy. For each ng+1 <4 < r, every non-trivial element of T is a product of
at least two transpositions and so 7,7, € K for all ng+1 < j <k <r giving K N My = 1.
We have that, as |S/Sy| = 2 and |T%/Ti| =2 for all ng +1 <i <r,

1o/ K| = |5/So| M [S/K | =5 [] 1T7/T5 = 20771 = | My

i=no+1
and so |KMy| = |K||My| = |So| giving So = KM,. Thus, Sy = K x M,. Now, the
orbits of Sy are contained in the orbits Ay, Ay, ..., A, of S and, by Corollary 2.5.6, T¢ is
transitive on A; unless m; = 1 in which case M, is transitive on A;. Hence, A, Ao, ..., A,
are the orbits of Sy on A. Let s = s189...5, € Z(Sy) with s; € T* for 1 < i < r. Then,
for each 1 <4 <7, s; € Cpi(TE) and so, by Corollary 2.5.6, s; € Z(T") unless m; = 2 in
which case s; € T¢ and, as n > 6 and s centralizes My, s; centralizes the transposition 7;

giving s; € Z(T"). So s € Z(S) N2, and hence Z(Sy) = Z(S) N A,,. O

Lemma 2.5.9 The following hold:
(i) Cy, (S) = Cy,(So) has basis (21, 22, . . ., 2,) when n is even and (29, 23, . . ., 2,) when n
is odd. In particular, the dimension of Cy,(S) = Cy,(So) is  when n is even and r — 1
when n is odd.
(ii) Cy7 (S) = Cy;(So) has basis (Z2,73, . . ., ;). In particular, the dimension of Cy;(S) =
Cy(So) isr — 1.
(iii) [Vo, S] = [Vb, So] = €D, Vo(A;) as S-submodules of V.

i=no+1
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Proof (i) By the Centralizer Lemma, Cy (S) has basis (z1, 22, ..., 2,). Foreach 1 <i <,
w(z;) = 2™ = 0 unless m; = 0, that is ¢ = 1 and n is odd. Thus, as Cy,(S5) = Cy(S) NV,
Cy, (S) has basis (z1, 22, . . ., 2,) when n is even and (29, 23, . . ., 2,) when n is odd. We may
replace S by Sy in the above argument because, by Lemma 2.5.8, Ay, Ag, ..., A, are the
orbits of Sy on A.

(ii) By part (i), Lemma 2.5.8 and Corollary 2.1.12, Cy(S) = Cy;, () = Cy,(So) = Cy(S0)
and, as z = )\, 2, Z1 = y,_, % giving, by part (i), Cyz(S) = Cy(S) = (%, 33, ..., &)
Also,

C%(S> - CVO(S) - (CV()(S) + Z)/Z = CVO(S)/(CVO(S) N Z)

and, as z € Cy(5), z € Cy, (9) if and only if z € 1} if and only if n is even. So, by part (i),
dim Cyz(S) = dim Cy;, () — dim (Cy, (S) N Z) = r — 1. Thus, (2,73, . .., Z:) forms a basis
for Cy;(S) = Gy (o).

(iii) For each ng +1 < ¢ < r, as T" is transitive on A; and fixes A Ay, [Vo, T = Vo (A;)
and so

[%7 S] = [V0>Tn0+l] + [%7 Tn0+2] Tt [V0>Tr]

= Vo(Angt1) + Vo(Angpa) + -+ + Vo(A @ Vo(A
1=ng+1
Now, fix ng + 1 < i < 7. If m; # 1, then, by Corollary 2.5.6, T is transitive on A; and
fixes AN A; and so Vo(A;) = [Vo, Ta] < [Vo, Sol. If m; = 1, then, as n > 6, we may choose

no + 1 <j <r,j#i with m; > 2 and VO(A ) < [Vo, 7i75] < [Vo, So]. Then

@VO < [V, So) < [Vo, S @vo

i=ng+1 i=ng+1

and hence [Vp, S] = [Vo, So] = @, +1 Vo(As) as S-submodules of Vj. O
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CHAPTER 3

BEGINNING THE PROOF OF THEOREM A

§3.1 (X, X)-amalgams of characteristic p

The results in this section have largely been abstracted from well-known results. We will

assume the following hypothesis in this section although some results hold generally.

Hypothesis Fix p € P and let X = X(p) denote the class of all finite groups X of order
divisible by p and such that OP(X) is the unique minimal normal subgroup of X. Assume
that A = A(G, P, P, B) is a (X, X)-amalgam of characteristic p.

Let X be a group in X. The hypothesis ensures that every non-trivial normal subgroup of
X has p-power index. In particular, no non-trivial normal p-subgroup of X exists because
otherwise X is a p-group giving O”(X) = 1 which is a contradiction. Observe that the

class X contains all of the non-abelian finite simple groups of order divisible by p.

Lemma 3.1.1 Lety € . Then E, < (T%) for all T < G, with T £ Q..

Proof Let T < G, with T' £ Q.. Then 1 # (T%)Q,/Q, < G,/Q, and so, by the
hypothesis, |G, :(T)Q,| = |G,/Q,:(T%")Q,/Q,| is a p-power. Also,

(T)Qy(T)| = 1Qy:(Qy N (T))]

divides |Q, | and so |[(T")Q.:(T%")| is a p-power. Thus,

|G (T) ] = |Gy (T)Qy | (T9)Qy (T
is a p-power giving E., < (T%). O

Corollary 3.1.2 Let v € I' and K <G.,. Then either K < @), or E, < K. In particular,

either K acts trivially on I'(y) or K acts transitively on I'(y).
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Lemma 3.1.3 Let y € I. Then G, = OP(G,) = (G5 | 6 € T(y)) = (Gg;) for any
Ael(y).

Proof Fix A € I'(y). Then @, < G, so that, by applying Lemma 3.1.1, E, < (Gi\”)
and so, as Syl (G,) = {G,s | 6 € T'(7)},
G, =GB, = G (GR) = (G5) = (G5 | § € T (7)) = O (G,). 0

Notation In this section set by = V’_le The next lemma explains its significance.

Lemma 3.1.4 Let y € I' and 0 < k < by. Then Z,[Yk] is an elementary abelian p-group.

In particular,

19z, az80 <. a7 a0, (Z)yaCq, (2 g, 9Cq,(Z,) = Q,
is a normal G -series of Q).

Proof If by = 0, then the result is trivial and so assume that by > 1. It suffices to show

that Z") = (Zs | 6 € Apy(7)) is an elementary abelian p-group. If §, 7 € Ay, (), then

d(0,7) < d(0,7) +d(7,7) <2y <b—1<D

and so Z5 < Q, giving [Zs5, Z,;] = 1. So Zl,bd is an abelian group generated by elementary

abelian p-groups and hence ZLbO] is an elementary abelian p-group. U

Lemma 3.1.5 Letyel'and 1 <k <b—1. Then nGW(ZLk]/ZA[,kQ}) > 1 where Zkl] =1.
In particular, nGW(ZLI]) > 1.

Proof Suppose, for a contradiction, that nGW(ZLk] /7% = 0. Fix A € (). Then
Z;kil] <@ < Gy, and, as ngfl} 4Gy, NGA(Z/[\’%”) = (G, acts transitively on I'(\). Also,

k— — k—
Z3 N B < (29, B) < 20 < 207

and so B, < NGW(ZLIC_H) giving NGW(Z,[\k_l]) acts transitively on I'(y). Hence, Z" =1

which is a contradiction. Thus, 7 (zH /nyﬁ]) > 1. O
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Lemma 3.1.6 Let vy €' and 1 <k <b— 1. The following hold:
(i) Either Cq (Z,) = Q, or Cq,(Z,) = G,.

i) It K <, Q. withng (K) > 1, then Cg_ (K) < Q.. In particular, Cg ZH < Q.
G»y Y G'y % Y v Y Y

Proof (i) Assume that Cq (Z,) # @, and fix A € I'(y). Then Q, < Cg, (Z,) so
that, by Corollary 3.1.2, E, < C¢ (Z,) and so Z, = (QZ(G,\)") = QZ(G,,) giving
G, =GnE, <Cq (Z,). Thus, Cq, (Z,) = G,.

(ii) Let K be a G,-subgroup of @, with ng (K) > 1. Then E, £ Cg, (K) and hence, by
Corollary 3.1.2, Cq, (K) < Q. O

Let v € I' and regard Z, as an F,(G,/Q,)-module. Part (i) of the lemma above tells us

that either G, /@, acts faithfully on Z, or G,/Q, acts trivially on Z,.

Lemma 3.1.7 Let vy € I' and A € I'(y). The following three statements are equivalent:
() Ca,(Z,) = G
(ii) Z, = QZ(G,p) = QLG,).
(iii) QZ(G,y) < G,.
Proof (i)=(ii) If Cq, (Z,) = G,, then Z, < QZ(G,) < QZ(G,y) < Z, and so Z, =
QL(Gp) = QZ(G).
(ii) = (iii) This follows from Z, < G,.
(ii) = (i) If QZ(G,») < G,, then Z, = (QZ(G,\)%) = QZ(G,y) and so Q, < G, <
Cq,(Z,) giving, by Lemma 3.1.6(i), C¢. (Z,) = G,. O

Corollary 3.1.8 Let i € {1,2}. The following three statements are equivalent:
(i) Ca,, (Z,) = G, for all v; € O;.
(i) QZ(B) = QZ(P,).

(iii) QZ(B) < P,.

By (A1) in the definition of an amalgam the next two lemmas cover all of the possible

cases.
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Lemma 3.1.9 Assume that QZ(B) is not normal in Py or P,. Lety € ' and 0 < k < b—1.
Then Cq (Z1) = QY.

Proof By Lemma 3.1.6(i) and Corollary 3.1.8, C¢. (Z,) = @, and so the result holds for

k =0. Let k > 1 and assume, inductively, that the result holds for £ — 1. Then

a7 = ) ColZh =00 () CalZh =0, () 0bY = Qi
sel(v) ser(y) del'(v)
s K\ _ (kl\ _ k]
and so, by Lemma 3.1.6(ii), Cq. (Z5") = Cq,(Z5") = Q4. 0O

Lemma 3.1.10 Let {i,j} = {1,2} and assume that QZ(B) is normal in P;. Let o € O,
and € I'(«w). Then Zg = QZ(Gop) = QZ(Gp). Moreover, the following hold:
(i) Cg,(Za) = Qo and Cq,(Z5) = Gg.
(i) If 0 < k < b—1, then ZW =z and CGQ(Z([XH) = QY when k is even and
Z3 = Z{ and Ce,(23") = QY when k is odd.
(iii) Z(G,) = 1. In particular, Cz, (G,) = 1.

(iV) Zg = Cz, (Gag) = CZQ(GQ) and Zg = CZL[?k]<Gag) = CZ[[ak](Gﬁ) for all 0 < k < by.

Proof (i) Observe that QZ(B) is not normal in P, because otherwise, by (A1) in the
definition of an amalgam, Q2 Z(B) = 1 which is a contradiction. Thus, by Lemma 3.1.6(i)
and Corollary 3.1.8, Cg,(Za) = Qq and Cg,(Zs) = Gs.

(it) We have that Z, = (QZ(Gap)%) = (25°) = 2V, 2} = (257) = (289 = 2],
z8 = ((ZM)G“> = ((Z[z])ca) =z ... and so on. By Lemma 3.1.6(ii) and part (i),

CGﬁ( ) CQﬁ(Z[l):Qﬁm ﬂ Ca,(Zs) = Qs N m Qs =

ser(B) ser(B)
Ce, (Z8) = Co.(Z2) =Qun () Coy(2y) = ﬂ QY = Q¥
el () IS N

. and so on.
(iii) By part (i), Z(Ga) < Cq,(Za) = Qq so that Z(G,) is a p-group and so it suffices
to show that QZ(G,) = 1. We have that QZ(G,) < QZ(Gup) = Zs < Z(Gp) and so
Q7Z(G,) is normal in both G, and Gg giving QZ(G,) = 1. Thus, Z(G,) = 1.
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(iv) We have that Zg < Cz (Gg) < Cz, (Guap) = QZ(Gop) = Zg and so Zg = Cz, (Gop) =
Cyz,(Gp). Let 0 < k < by. Then, by Lemma 3.1.4, ch] is an elementary abelian p-group
and so Zz < CZ[[;C](GB) < CZ[k (Gap) < QZ(Gup) = Zg. Thus, Zz = CZEC](GQQ) =
CZ[[;J(GB)- o

Lemma 3.1.11 Let («a, ') be a critical pair. Then Cg,(Z,) = Qn. Moreover, the
following three statements are equivalent:

(i) (B, ) is not a critical pair.

(ii) [Za, Zg] = 1.

(i) Ca, () = G

Proof Let (ag,a1,...,a) be a critical path from « to . Then Cg, (Z,) = Qa be-

cause otherwise, by Lemma 3.1.6(i), Cq,(Z,) = G and so, by Corollary 3.1.8 and

Lemma 3.1.10(ii), Z, < Z8 = Zy, < Qg which is a contradiction. By Lemma 3.1.6(i),
(', ) is not a critical pair < Zg < Q, < Zgy < Co, (Zs) & [Za, Zg] =1

s 7, < CGQ,(Zg/) <~ Cgﬁ,(Zgz) = Gﬁ/. O

Lemma 3.1.12 Let («, ') be a critical pair with critical path (g, aq,...,q,) and
0 < k < by. The following hold:
(i) [ s Z[k] < Z[k] N Z[k]. In particular, Zc[y,j and ZU act on each other by conjugation.
(ii) (28], Z3)) # 1 provided k > 1.

(iii) | akk],Zﬁ, ,ng]] =1= [Z[k] Zhy, Z4y).

Proof (i) This holds because Z) and ZIJ) 5 are normal in Go,p.
(ii) If & > 1, then [ZO[Z],ZM] # 1 because otherwise, by Lemma 3.1.6(ii), Z, < Zc[yk;j <
Ca ﬂ,( ' < () which is a contradiction.

(iii) This follows from part (i) and Lemma 3.1.4. O



(X, X)-amalgams of characteristic p 70

Lemma 3.1.13 Let kg € Ny. The following hold:

(i) ZgbO] is abelian for all v € I' and there exists vy € I' such that ZL%OH] is non-abelian.

(i) If Zl,ko] is abelian for all v € I" and there exists d, € I' such that ZJVSOH] is non-abelian,

then b € {2ko + 1, 2ko + 2}.

Proof (i) By Lemma 3.1.4, ZLbO] is abelian for all v € I'. Let (o, ") be a critical pair

Z[bo+1

. :
ayy 11 18 abelian.

with critical path (ag, aq, ..., a) and suppose, for a contradiction, that
Then, as Z,, Zz < Z([xbfoi], [Za, Z3] = 1so that, by Lemma 3.1.11, o and 3’ are in different
G-orbits of T and so b is odd giving by = (b—1)/2. Now, as Z,, ZE/} < ngotll], [Za, ZE/}] =1

and so CGB,(ZE,]) Z Qg Then, by Corollary 3.1.2, Eg < CGﬁ,(ZE,]) < Ng, (Za, ) giving

7 ]

ap_1 is non-abelian.

= 1 which is a contradiction. Thus, Zlﬁ’goi
(ii) Choose dg € I such that Zy;”l] is non-abelian. Then by + 1 > ko because otherwise
7L < 7] and so Z2™ is abelian which contradicts part (i). Also, ko+1 > by because

otherwise Zg;OH] <Z (gzO] and so, by part (i), Zg;OH] is abelian which is a contradiction.

We have that ky < by < ko and so kg = by. Thus, b € {2ky + 1, 2k + 2}. O

Corollary 3.1.14 Assume that Z = QZ(B) < P,. The following hold:
(i) b = 2 if and only if (ZT1) < Q, and ((Z"1)2) is non-abelian.

(i) b € {3,4} if and only if ((Z™)"2) is abelian and (((Z™)"2)") is non-abelian.

Proof Take a = P, and 3 = P, as representatives of the G-orbits of T'.

(i) By definition of the critical distance b, b > 2 if and only if Z, < Q5 for all {v,d} € Er
and so, as G acts edge-transitively on I' and {«, 8} € Er, b > 2 if and only if Z, < Qg
and Zg < (),. On the other hand, by the lemma above, b < 2 if and only if Z([x” or ZE} is
non-abelian. We have that, by Lemma 3.1.10(ii), Zs < Z, < @, and zV = 7, is abelian.
Thus, b = 2 if and only if (Z™) = Z, < Qs = Q2 and ((Z™)2) = ZE] is non-abelian.
(ii) By the lemma above, b € {3,4} if and only if 7 and ZE] are abelian and Z or Zg]
is non-abelian. We have that, by Lemmas 3.1.10(ii) and 3.1.4, zI = 7, is abelian and
Z% = 7} is abelian when b € {3,4}. Thus, b € {3,4} if and only if ((Z")7) = Z] is

abelian and (((Z71)P2)P1) = ZB is non-abelian. O
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83.2 The hypothesis of Theorem A

This section marks the beginning of the proof of Theorem A. The notation introduced in
Sections 3.2 and 3.3 will hold for the remainder of this thesis. Henceforth we will assume

the following global hypothesis.

Hypothesis A Fix n € N and assume that A(G, Pi, P2, B) is a (63,2,)- or (G3,8,,)-
amalgam of characteristic 2 that satisfies the following two conditions:
(i) Z = QZ(B) < Py; and

(ii) ((ZT1)F2) is abelian and (((Z1)F2)1) is non-abelian.

Hypothesis A implicitly excludes the cases Po/Qy = U, for n € {1,2,3,4} and P,/Qs =
S, for n € {1,2,4}. This is because the groups &y, 24 and &, all have a non-trivial
normal 2-subgroup and the order of each of the remaining groups is indivisible by 2. In

particular, the groups P;/Q; and P,/Q), are in the class X = X(2) and so all of the

G
Go - G
Gap
63 Q[n or Gn
QaQB
Qa 1 r Qﬁ
Cs = QY

(V5'™) = Ua
-V = (237
<Zgu> = Za -
Zs = Q7(Gap)

Figure C The subgroup structure of the group G where o € O; and f € I'(«av).
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results in the previous section are available to us. Observe that, by Corollary 3.1.14(ii),
condition (ii) of Hypothesis A is equivalent to the critical distance b = 3 or 4. Recall from
the introduction that the shapes of the parabolic subgroups are as given in Theorem A
when P»/Qs = &3 and G5 and the critical distance is not equal to 3 or 4 when P, /Q = s,
S and ;. Henceforth we will assume that n =5 or n > 8 when P,/Qy 2, and n > 7
when Pp/Qs = 6&,,.

We pause to briefly verify that the known amalgams with parabolic subgroups of
one of the three shapes given in Case (I) of Theorem A actually satisfy Hypothesis A.
The first two classes of amalgams in Theorem A with P,/Qs = &3 are the Goldschmidt
amalgams G5 and G: from the pioneering paper [12] which lead to the development of
the amalgam method. Recalling that &3 = SLy(2) we can also find these classes of
amalgams in the classification of weak (B, N)-pairs of rank 2 by Delgado and Stellmacher
8, Part II]. According to [8, Part II, Section 4] amalgams in the classes G5 and G} are
(&3, 63)-amalgams of characteristic 2 and critical distance b = 3. It remains to show
that condition (i) of Hypothesis A holds. If this was not the case, then by symmetry we
would have QZ(B) is not normal in P, or P, which is the situation considered in [19,
Section 10.3] and so we can conclude from this reference the contradiction b = 1. The
third class of amalgams in Theorem A with P»/Q2 = S5 appears in the classification of
(&3, 65)-amalgams of characteristic 2 by Huang, Stellmacher and Stroth [15]. Referring
the reader to [15, 5.4] in this paper we note that an amalgam in this class has critical
distance b = 3. Condition (i) of Hypothesis A holds in this case by Corollary 3.1.8 and
Lemma 3.1.11 because if we choose a critical pair («, 3’), then o € Oy and [Z,, Zz] =1
follows from [15, 5.1(c) and 3.3].

The following notation builds upon the notation established in the introduction on

pages 10 and 11.



The hypothesis of Theorem A 73

Notation Let v € I'" and define the following normal G.-subgroups of @),

v, =Zl!

U, =2

Cy = Ca, (V5)

Wy = V5, By

v,= ) Vs
0T (v)

We begin our study of Hypothesis A by collecting together the results from Section 3.1

that we will need.

Lemma 3.2.1 Let o« € Oy and § € I'(a). Then Zg = QZ(G.p) = QZ(Gg). Moreover,
the following hold:

(1) Ceu(Za) = Qa and Cg,(Zs) = G

(ii) Zo = Vi, Vi = Us and C = Cq,(Vs) = Q.

(iii) ng,(Za) 2 1, ng,(Ua/Za) = 1, ng,(Zs) = 0 and 1¢,(Vs/Zs) = 1.
(iv) Z(Ga) = 1. In particular, Cy,(Ga) = 1.

(v) Zs = Cz.(Gap) and Zs = Cy,(Gap) = Cy, (Gp).

(Vi) Vg = ZoWp, W5 N Zg # 1 and 1¢,(Ws) = ng,(Vs).

(vii) Vs < Z(Cp) and Zo < Yo = (Va)a, < Vs < (Vi) = U,.

Proof All of these results except for (vi) follow immediately from the definitions above,
Lemmas 3.1.10 and 3.1.5 and b € {3,4}.
(vi) The group Ejs normalizes Z,Wjp because

[ZaWis, Eg| < [V, Bl = W5 < ZoW;p

and so Vs = (Za") < ((Z.W;5)™?) < Z,Ws < Vj giving Vs = ZaWj. Also, as 1, (V) > 1,

1 # Ws < Gag and so WsnNZsg = WsgnN QZ(GQQ) # 1 and nGB(Vﬁ) = nGg(Vﬁ/Wﬁ) +
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The next lemma exploits the structure of P;/Q; = S3.

Lemma 3.2.2 Let o € Oy and (3,7 € I'(«) with 3 # 7. The following hold:
(i) |T'(a)| = 3 and G, acts 3-transitively on I'(«).
(1)) G = (G, Glor) and |Gy /Qul = 2.
(iii) Zo = Zg X Z,. In particular, | Z,| = | Zz|*.
(iv) [Zo, T) = Zs = Cy(T) for all T < Gug with T £ Q..
(v) Zo = QZ(Qa).

Proof (i) As B/Q, € Syl,(P1/Q1), |[I'(a)| = |P1/Q1:B/Q1| = 3. The action of G, on
['(«) induces a homomorphism
¢:Ga—>61"(a) g’—>g¢

gop:INa) —T(a):6d—0d-g

with kerqﬁ = (Ga)r(a) = GA(a) = Qa. Then, as Ga/Qa = 63 = Gr(a),

’1m¢‘ = ’Ga/ker¢’ = ‘Ga/Qa‘ = ’61"((1)‘

and so im ¢ = Gr(,). We have shown that ¢ is surjective: for each m € Gr(y), there exists
g € G, such that g¢ = 7 and so 0 - g = 0(g¢) = o7 for all § € I'(«v). Thus, as Sy acts
3-transitively on I'(a), G, acts 3-transitively on I'(«).

(ii) By part (i), |[I'(a)| = 3 = |Syly(Ga/Qu)| and so Gup/Qn and Gar/Q, are dis-
tinct Sylow 2-subgroups of G,/Q. giving Go/Qa = (Gup/Qas Gar/Qa). Thus, G, =
(Gag, Gary Qo) = (Gag, Gar). Also, |Gap/Qal = 2 because Gop/Qa € Syly(Ga/Qu)-

(iii)) We may regard Z, as a faithful Fy(G,/Q.)-module with respect to action by conju-
gation and, by Lemma 3.2.1(iv), Cz_ (G/Qa) = Cz,(G4) = 1. So, by Lemma 2.1.6, Z,
may be written as the direct sum of subspaces Z, = Cyz,(Gop/Qa) ®Cz, (Gar/Qq) Where,
by Lemma 3.2.1(v), Cz, (Gap/Qa) = Cz,(Gap) = Zs and, similarly, Cz, (Gur/Qa) = Z;.
Thus, Z, = Z3 x Z,.

(iv) Let T < Gop with T' £ Qu. Then 1 # TQu/Qa < Gap/Qq and 50, as |Gap/Qul = 2,
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TQu/Qa = Gap/Qu. So, by Lemma 2.1.6,
[Zaa T] = [ch TQa/Qa] = [Zou Gaﬁ/@a] = CZQ (Gaﬁ/Qa>
= C2.(TQa/Qa) = Cz,(T)

and, by Lemma 3.2.1(v), Cz, (Guap/Qa) = Cz,(Gup) = Zg. Thus, [Z,,T| = Zz = Cy, (T).
(v) Set Z = QZ(Q,). We may regard Z as a faithful Fo(G,/Q,)-module with respect
to action by conjugation and, by Lemma 3.2.1(iv), Cz(G./Qa) = Cz(Ga) = 1. So,
by Lemma 2.1.6, Z = Cz(Gap/Qu) Cz(Guar/Qa) where Cz(Gop/Qn) = Cz(Gap) <

NZ(Gop) < Z, and, similarly, Cz(Gor/Qn) < Z, giving Z < Z,. Thus, Z, = Z =
QZ(Qa)-

The following result holds under the weaker hypothesis P,/@Qy € X.

Corollary 3.2.3 The critical distance b = 3.

Proof Suppose, for a contradiction, that b = 4 and choose a critical pair («, §') with
critical path (o, 3, u, A, 3'). Then, by Lemmas 3.2.1(i) and 3.1.11, «, ' € O; and (', «)
is a critical pair. So, by applying Lemma 3.2.2(iv) twice, Zg = [Z,, Zg/| = [Zg, Za] = 2y,

but, by Lemma 3.2.2(iii), Z, = Z x Z which is a contradiction. O
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83.3 The local beta pairs

A pair (8, 3) of vertices with V3 £ Qs and d(5,5") = b— 1 is called a beta pair. Given a

critical pair («, 3') we may select 3 € I'(«) such that (3, 3') is a beta pair.

Lemma 3.3.1 Let (8,3') be a beta pair. The following hold:
(i) There exists o = (3, 3') € I'(B) such that (a, 3') is a critical pair.

(ii) (B - g, - g) is a beta pair for all g € G.

Proof (i) There exists o = (3, 3') € I'(3) such that Z, € Qs because otherwise V3 =
(Zy | @ € T(B)) < Qp which is a contradiction. Also, d(a, f') < d(a, 8) +d(5,0) = b
and so, as Z, £ Qg, d(a, f') =b. Thus, («a, ') is a critical pair.

(ii) Fix ¢ € G. Then Vg, £ Qg4 because otherwise Vg = Vi1 = Vé’,; < Q%;; =
Qpr.g9-1 = Qg which is a contradiction. Also, d(8-g,0 - ¢g) = d(5,0') = b — 1. Thus,

(B-9g,0 -g) is a beta pair. B

Notation Choose a beta pair (8, 3') with medial vertex p € I'(5) N T'(§"). Then, by
part (i) of the lemma above together with Lemmas 3.2.1(i) and 3.1.11, 4 € O; and so, by
Lemma 3.2.2(i), we may assume that I'(¢) = {5, ', 8*}. Also, by Lemma 3.2.2(i), G, acts

2-transitively on I'(u) and so, by part (ii) of the lemma above, any two distinct elements

(B, 8*)

(B, 8")

(B, 67)
(B8, 8')

a(B*, B)

Figure D The critical paths of the local beta pairs.
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of I'(u) form a beta pair. The six pairs of vertices (3, ), (8, 5%), (7, 06), (3, 5%), (6%, 5)
and (5%, 7") are called the local beta pairs.

The proof of Theorem A will take place in terms of subgroups defined by the vertices u,
G, B and (*. All of the assumptions that we will make, both locally within proofs and
globally, which depend on these vertices will symmetrically hold for the corresponding
vertices of all of the local beta pairs. So a result that we may prove in terms of subgroups
defined by the vertices u, 3, /' and 5* holds for all permutations of the vertices 3, 5" and
G* by applying the result to the corresponding vertices of each of the local beta pairs.
For example, the statement Y, = V3 N Vjy may be interpreted as Y, = V3 N V- and
Y, = Vi N Vs.. Alternatively, we could conjugate such statements by the appropriate
element of GG, however, we have just seen the reason why this is unnecessary. On the
other hand, we may still need to use conjugation in order to verify that any assumptions

that we make hold for all of the local beta pairs.

Notation Fix the following elements of G,

e ¢ € G,p such that (3,7)-¢ = (3,0)

e ¢* € G,z such that (3,3%) - g* = (5%, 5)

e ¢'* € Gy such that (3, 5%) - ¢ = (5%, 7).
Lemma 3.3.2 Let K be a normal subgroup of G5 and define K,3 = K, K3 = K9 and
Kug» = K9. Then K3 = K3, forallg € G,,. In particular, (Kfé‘) = (K3, K3, Kup+).

Proof Let g € G,. Then, as G, acts on I'(n), f-g € I'(n) = {6, 0,6*} Ut 3.9 =7,

then g € G5 and so, as K3 1 Gp, Kig = K5 = K5, If 3-g =, then
B-(dg)=(B-9) 9" =0-9g"=8

so ¢'g7! € G5 and so, as K3 IG5, Kz/ﬁq_l = K,p giving K35 = Kzlﬁ = K,p = K54

If 3¢ = [3*, then, similarly, Kzﬁ = K, 3- = K,3.4. Thus, Kzﬁ = Kypgforallge G,. O
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Corollary 3.3.3 Let K be a Gg-subgroup of ()3 and define Kg = Kg, and Kg- = Kg*.
Then Kj = K., for all g € G,,. In particular, (Kg*‘) = (K3, Ky, Kg+).

Lemma 3.3.4 Let Kj be a Gg-subgroup of Cy with Kz £ Qp and ng,(Kp) > 1. Define
Ky = K9 and K- = K3 . Then the following hold:

(i) Kg 1Q,, Cg,(Ks) < Qp and Eg < (K§B>. In particular, [K3, Kg] # 1.

(ii) [KsQp /Qp| = | KpQp/Qpl.
Proof (i) As Ky < Cs < Q,, Q, < G, < Ggand Kg is normal in Gg, Kg is normal in
Qu- As g, (Kp) > 1 and by applying Lemma 3.1.6(ii), Cg,(Kj3) < Qp and, as Kz < Gg,
Ky £ Qs and by applying Lemma 3.1.1, Ez < (KE{ZB).
(ii) Conjugating by ¢’ we have that

(KsQp /Qu| = [(KsQa)* /Q% | = K5 Q%/Q%| = | Koy Qp g/ Qury|

= |KpQs/Qpl. O

Corollary 3.3.5 Let K € {V3, Ws}. Then K £ Qp and n¢,(Kp) > 1. Moreover, the
following hold:

(i) Kg 1Q,, Cg,(Ks) < Qp and Eg < (K§B>. In particular, [Kg, Kg| # 1.

(ii) [Kg, Kg,Cp| = 1 = [Kp,Cy, Kg|. In particular, [K3, Kg, Kg| = 1.

(iii) | KpQp | Qp | = [KpQp/ Q-
Proof By Lemma 3.2.1(vi), V3 = Z,Wjs and n¢,(Wps) = n,(Vs) and so, as (8, ) is a
beta pair and by Lemma 3.1.5, K3 £ Qp and nq,(Kjs) > 1. Hence, parts (i) and (iii)
follow immediately from the lemma above.
(i) As K3 and Kg are normal in Q,, [Ks, Kg|] < Kg < Vg and so [Ks, Kg,Cg] <
[V, Cg] = 1. Similarly, as Kz and Cg are normal in Q,,, [Kg, Cs, Kg| < [Cy, Vy] =

—_

HGHCG, [Kg,K@/,Cﬁ/] =1= [Kﬁ,Cﬁ/,K@/]. ]

Notation Define G_g = G3/Qp and identify G_g with either 2,, or &,,. Then E_g =
EpQp/Qs, Gup = Gup/Qp and Vi = VaQs/Qp.
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Lemma 3.3.6 Either Q3 < Q, or G5 = Q.Q3.

Proof By Lemma 3.2.2(ii),
|GM5:QMQ5| |QuQﬁiQu| = |GM,@3QM| =2

and so either Qg < @, or G35 = Q.Qp- U

We will consider separately the cases when Q3 < @), and G5 = Q,Qs in Chapters 4
and 5 of this thesis. At the beginning of Chapters 4 and 5 we will make the assumptions
Qs < Q, and G35 = Q, Qg respectively which will automatically hold for all of the local
beta pairs because G acts edge-transitively on I'.

We end this chapter by proving a general lemma which holds under the weaker

hypothesis P/Q- € X and will play a crucial role in the Q3 < @, case where C = Qg.

Lemma 3.3.7 Let 1,(Cs) = 1. Then V3(Cs N Cp) is an elementary abelian 2-group.
Moreover, if Gz = Q,Es, then V3(Cz N Cy) = V3(Cz N Cs) < Gp.

Proof Set Y = V3(CsNCy) < Cs. Suppose, for a contradiction, that ®(Csz N Cy) # 1
and define Z) = ((®(C3NCy) N Zge)C*) < Z,,. Then, as C3NCy < Q, < Gup- and Gy
acts on I'(n) N {8"} ={B,0'}, 1 # ®(CsNCy) I G- and so, by Lemma 3.2.1,

(CsNCy)N Zg = B(CyN Co) NQZ(Gp) # 1

giving Z;) # 1. Also, as ng,(Cs) = 1 and by Burnside’s Lemma, 7, (®(Cj)) = 0 and so,
as ®(CsNCy) < &(Cjs), we have that [&(Cs N Cy), Eg] = 1 and [@(Cs N Cy), Eg] = 1.
Then, as Zg- < Z(Gg-) and G, acts on I'() = {5, 3, "},

®(CsNCp)N Zg < Cq,(Eg) NCq,(Ep)NCq,(Ep) = Ca,((Es, By, Eg-)) 1 G,

and so Z), < Cq,((Es, Eg, Eg-)). In particular, Eg < Cg,(Z))) < Ng,(Z)) giving Z)) = 1
which is a contradiction. Hence, ®(C3NCys) = 1. Also, as Vj is an elementary abelian 2-
group, ®(Vj3) = 1. We have that ®(Y') = &(V3) [V, CsNCx] ®(C3NCs) = 1 and therefore
Y is an elementary abelian 2-group. Now, let G = Q,Eg. Then, as 1, (Cs) = 1 and by
Lemma 3.2.1(iii), 7¢,(Cs/Vs) = 0 and so [V, Ep] < [Cp, B < Vg <Y giving, as V3, Cp
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and Cy are normal in Q,, Y = V3(CsNCs) 4QEz = Gg. So, as Y IG5 and ¢'* € G 3,

Y =Y =V{(C) NCY) = Vag-(Cogr N Cg) = V5(Cs N Cpe).

ThUS, Y = Vg(o,g N Cg*) < Gﬁ. 0



81

CHAPTER 4

THE Q3 < (), CASE

84.1 Module calculations

We refer the reader to Sections 2.1 and 2.5 for an explanation of the following notation

which will hold in this section.

Notation Let n = 2™ with m > 3 and V be the n-dimensional permutation module
for &,, over Fy with ordered basis (vq,vs, ..., v,). Recall that Vj denotes the zero weight
submodule of V.

Set T'=%,, € Syl,(&,,) and let B = T* xT? be the base group of the wreath product
T =%,,_11¢€; where T is similar to €, ; for i € {1,2}. Let Z(T) = (t) and assume that
t=(12)34)...(n—1n). Let Z(T") = (t;) for i € {1,2} so that Z(B) = (t1,t3). Set
To =TNA, € Syly(2,), By = BN, and T = T*NA,, for i € {1,2}. Then Z(Ty) = Z(T),
Z(By) = Z(B) and either Z(T¢) = Z(T?) for i € {1,2} or n = 8 and T} is similar to £, for
ie{1,2}.

Lemma 4.1.1 Let A be a non-trivial normal abelian subgroup of B with |V,/ Cy,(A)| <
|A|. Then one of the following two cases hold:
(I) Z(B) < A.

II) Either A <T"' or A < T?.
(

Proof Assume that Z(B) £ A. We will show that either A < T" or A < T?. We will

proceed via a series of steps.

(1) ANT" # 1 for some i € {1,2}. In particular, t; € A.
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Suppose, for a contradiction, that ANT! =1= ANT? Then with {i,j} = {1,2}, as T"
and A are normal in B, [T, A] < T°NA=1andso A< Cpg(T?) =Z(T") x T?. We have
that

A< (Z(TY x T*) N (T x Z(T?)) = Z(T*) x Z(T?) = Z(B) = (t1,12)

and so, as t1,ts € A, A = (t). Then, by Lemma 2.1.16(ii),

20270 = 1V / Cy ()] = [Vo/ Crp(A)| < |A] =2
and so n/2 — 1 < 1 giving n < 4 which is a contradiction. Hence, there exists i € {1,2}
such that ANT* # 1. In particular, as A is normalized by T%, AN Z(T%) # 1 and so
t; € A.
(2) A< T x Z(T%) and ANT = 1 where j = 3 — i.
We have that A NTY = 1 because otherwise ¢; € A and so, by (1), Z(B) = (t;,t;) < A
which is a contradiction. So, as T* and A are normal in B, [TV, A] < TN A =1 and
hence A < Cp(T7) =T x Z(T?).
(3) | Al < 20V,
We have that, by (2),

A2 A/(ANTI) =2 ATV )T < (T x T9) /T = T"
and so A is isomorphic to an abelian subgroup of T%. Hence, as T* < &,,» and by
Lemma 2.5.3, | A| < 2/4).
(4) A< T
Suppose, for a contradiction, that A £ T*. Then there exists a € A\ T and, by (2),
a = s;t; for some s; € T*. By applying Lemma 2.1.13(i),

Cr(A) < Cyyla) = Cyy(sit;) = Cyy(s:) N Cyy (t5) < Cw (1)

and so, by (1) and applying Lemma 2.1.13(i) again,
Crp(A) < Cyy (i) N Cyy(t;) = Cyy (tity) = Cyy (1)
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Then, by (3) and Lemma 2.1.16(ii),

20270 = 11/ Cy (1) < [Vo/ Cy(A)] < |A] < 209
and so n/2 — 1 < n/4 giving n < 4 which is a contradiction. Therefore, A < T". O

Lemma 4.1.2 Let A be a non-trivial normal abelian subgroup of By with |Vy/ Cy,(A)| <
|A|. Then one of the following two cases hold:
(I) Z(Boy) < A.

(II) Either A < Ty or A < T¢.

Proof If m > 4, then, by Corollary 2.5.6, C:(T¢) = Z(T;) for i € {1,2} and so with
{i,j} = {1,2} we have that Cp(Tg) = Cp:i(Tg) x TV = Z(T}) x T? giving Cp,(T3) =
Cp(T{) N, = Z(T{) x TJ. Hence, the result holds for m > 4 by the proof of the previous
lemma with By, Ty and T in place of B, T" and T? respectively. It remains to prove the
result in the case when m = 3. In this case we have that T} is similar to &, for i € {1,2}
and Cp, (1)) = Ty x T¢ = Cp,(T¢) because with {i,j} = {1,2}, by Corollary 2.5.6,
Cp(Ti) = Cpi(TY) x T9 = T x TV and so Cp, (T}) = T¢ x T). Assume that Z(By) £ A.

We will proceed via a series of steps.
(1) ANTE # 1 for some i € {1,2}. In particular, t; € A.

Suppose, for a contradiction, that ANT; =1 = ANTE. Then, as Ty and A are normal in
By, [Tg,A] < Ty NnA=1and so A< Cg,(Ty) =Ty x Tg. We have that every element of
A# is a fixed-point-free involution and so A is semiregular and intransitive giving | A| < 22.

Fix a € A*. Then, by Lemma 2.1.16(ii),
2° = |Vo/ Cyy(a)| < [Vo/ Crp(A)| < |A] < 2°
which is a contradiction. Hence, there exists ¢ € {1,2} such that ANT # 1. In particular,
as 1 # ANTE < By, ANTENZ(By) # 1 and so, as Z(By) = (t1,12), t; € A.
(2) A< Tix T and ANTY] =1 where j = 3 — i.

We have that AN TJ = 1 because otherwise t; € A and so, by (1), Z(By) = (t;,t;) < A
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which is a contradiction. So, as Tj and A are normal in By, [T§, A] < T4 N A =1 and
hence A < Cp,(TY) = T¢ x Tj.
(3) |A] < 2%
We have that, by (2),
A= AJ(ANT) = ATYTY < (T < T /T3 2 T3

and so A is isomorphic to a subgroup of T¢. Hence, |A| < |T¢| = 22.
(4) A <Tg.
Suppose, for a contradiction, that A £ T¢. Then there exists a € A\ T¢ and, by (2), a is

a fixed-point-free involution. By Lemma 2.1.16(ii) and (3),

2° = [Vo/ Cyy(a)] < [Vo/ Cry(A)] < |A] < 2°
which is a contradiction. Therefore, A < T¢. O

Lemma 4.1.3 Set A* = ((12),(34),...,(n—1n)) and Aj = A* NA,. The following
hold:

() Cs, ([Vo, 1)) = A" and Cy, ([Vo, 1]) = AG.

(ii) [Vo, A*] = Cv; (A7) = Cy (1) and [V, Ag] = Cy; (A5) = Cre (1)
Proof (i) By Lemma 2.1.14(ii), A* < Csg,, ([Vb,t]). Conversely, let s € Cg, ([V,]) and
fix 1 <i<n—>5with ¢ odd. Then, as v; + v;11 + vViy2 + virs € [Vo, 1],

Vis + V(it1)s + V(it2)s + V(it3)s = (Vi + Vig1 + Vigo + Vig3)® = Ui + Vg1 + Vigo + Vigs

and so s fixes the set {i,7+1,i+2,i+3}. Similarly, s fixes the set {i+2,i+3,i+4,i+5}
and so s fixes the sets {i + 2,7 + 3}, {é,7 + 1} and {i + 4,7 + 5}. We have shown that
s either fixes or swaps ¢ and 7 + 1 for all odd 1 < i < n — 1 and hence s € A*. Thus,
Ce, ([Vo,t]) = A* and Cy, ([Vb,t]) = Cs, ([Vo, t]) N A, = A* N, = A}

(ii) As t = t1to and by applying Lemma 2.1.13 and Corollary 2.1.15,

[%7A*] = [%7 (1 2)] + [‘/07 (3 4)] + [‘/07 (n -1 n)] = [%7251} + [‘/07t2] - CVo(t)
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= Cr((12))NCy((34))N... NCy((n—1n)) = Cy (A7)

and so [Vp, A*] = Cy, (A*) = Cy, (t). Also, as t1,ty € Af and by applying Corollary 2.1.15,

Cp (1) = Vo, ta] + [Vo, o] < [Vo, Ag] < [Vo, A7) = Cyy (A7) < Gy (Ag) < Ci (1)
and so [Vp, Af] = Cy, (A45) = Cy, (1). O

Lemma 4.1.4 Let A be an elementary abelian 2-subgroup of &, witht € A, [Vy, A, A] =0
and |Vy/ Cy,(A)| < |A]. Then [Vy, A] = Cy,(A) = Cy, (2).

Proof Set Ag=ANA,, A*=((12),34),...,(n—1n)) and A5 = A*NA,. Then, as
te A, [Vo,t, Al < [Vo, A, A] = 0 and so, by Lemma 4.1.3(i), A < Cg, ([Vb,t]) = A*. Also,
as t € A and by Lemma 2.1.16(ii),

207270 = |V / Cy (1) < |Vo/ Cwp(A)] < | A

giving |A*/A| < 2(M/2) ) 2(/2=1) = 2 If A = A*  then the result holds by Lemma 4.1.3(ii)
and so we may assume that |A*/A| = 2. If A < A, then A < A*N A, = A} and
|A| = 2"/27D) = | A¥| so A = A} and the result holds by Lemma 4.1.3(ii). Let 4 £ 2,
and suppose, for a contradiction, that [Vy,t] = [Vo, A]. We have that

2 < |A/Ao| = [A/(ANA,)| = [ARL, /U] <Gy /AUn| = 2

and so |A/Ag| = 2. Then, as A* is an elementary abelian 2-group, A*/A, is an elementary
abelian 2-group of order |A*/Ag| = |A*/A||A/Ao| = 4 giving A*/Ay = € x €. In
particular, A*/Ay has three non-trivial proper subgroups and so there are three proper
subgroups of A* that strictly contain Ay: A, Aj and A, say. We will now prove the

statements (a)—(c) below.
(a) Every transposition in A* is in either A or Aj.

Let 7 € A* be a transposition. Then, as 7 & 2,,, Ay < Ag(T) < A* and Ay(T) # Aj. So

either Ag(1) = A or Ag(r) = A; and hence either 7 € A or 7 € A;.
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(b) A does not contain a product of two disjoint transpositions in A*. In particular, A

contains at most one transposition.

Let 71 = (i1 j1) and 72 = (i j2) be disjoint transpositions in A* and suppose, for a
contradiction, that 7y € A. Choose k € {1,2,...,n} \ {i1,J1,%2,72}. Then v;, +v;, =

[vi, + vk, 2] € [Vo, A] = [V, t] which contradicts Lemma 2.1.14(ii). Hence, 17 € A.
(c) Ay contains at most one transposition.

Suppose, for a contradiction, that there exist disjoint transpositions 7, and 75 in A;. Then,
as |A1/A0| = 27 {Ao,AoTl} = Al/AO = {Ao,AoTQ} and SO A()Tl = AOT2 glVlng T1T2 - AO S

A which contradicts statement (b). Hence, A; contains at most one transposition.

The three statements above show that A* contains at most two disjoint transpositions
giving n < 4 which is a contradiction and hence [Vp,t] < [Vo, A]. Now, as t € A and
Vo, A, Al = 0, [Vo,t] < [Vo,A] < Cy,(A) < Cyy(t) and therefore, by Lemma 2.1.14,
[Vo, A] = Cyy(A) = Cyy (1), u

Lemma 4.1.5 Let n = 8 and () be a transitive subgroup of Ty of index 2. Let A
be a non-trivial normal elementary abelian 2-subgroup of @ with [V, A, A] = 0 and

o/ Cro(A)] < |A]. Then Z(Q) = Z(Ty).

Proof Suppose, for a contradiction, that Z(Q) # Z(Tp). Then, by Lemma 2.5.7, Z(Q)
is similar to the group ((1 2)(3 4)(5 6)(7 8),(1 3)(2 4)(5 7)(6 8)). Observe that if an
element € @ has a fixed point kg, then x fixes all of the points in the orbit ky - Z(Q).
Hence, an involution = € () is either fixed-point-free or contained in K4 X K4. Now, as
14 A<Q, ANZ(Q) # 1 and so we may choose a fixed-point-free involution a € A. Then,

by Lemma 2.1.16(ii),

8§ =2"=[Vo/ Cy(a)] < [Vo/ Cwy (A)] < A

Also, as [V, 0, A] < [Vo, A, A] = 0, A < Cu (Vo a]) giving, as 4] > 8 = |Cay, (Vo a])],
A = Cq, ([Vb, a]). In particular, A contains exactly one fixed-point-free element, namely

a. By the observation made above, all other elements of A are contained in K4 x K4 and
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so, as |A| = 8, A contains all seven of the elements of K4 x K with fixed points. However,

A then has more than one fixed-point-free element which is a contradiction. Therefore,

2(Q) = Z(Ty). O

Lemma 4.1.6 Fix i € {1,2} and let A; be the orbit of T*. Then Vy(4A;) is a faithful
Fy6a,-module that is normalized by B. Moreover, if A and X are subgroups of B with
t; € A< X and [Vh(A;), X, A] =0, then dim ([Vo(A;), X]/[Vo(4A;), A]) < 1.

Proof Asn/2 > 3 and by applying Lemma 2.1.2(i), V5(4,) is a faithful F3&A,-module.
Set j = 3 —i. Then Vy(4;) is normalized by T* and centralized by T7 and hence Vj(A;)
is normalized by T% x TV = B. Now, let A and X be subgroups of B with t; € A < X
and [Vo(A;), X, A] = 0. Then

[Vo(Ai), ti] < [Vo(Ai), A] < [Vo(As), X] < Cyyan(A) < Cvyan (t)
and hence dim ([Vp(A,), X]/[Vo(A;), A]) < dim (Cypeap (t:)/[Vo(Ai), ti]) = 1. O

Corollary 4.1.7 Fixi € {1,2} and let A; be the orbit of T;. Then Vy(4A;) is a faithful
Fo2AA,-module that is normalized by By. Moreover, if A and X are subgroups of By with
t; € A< X and [V(A;), X, A] =0, then dim ([Vo(A;), X]/[Vo(4A;), A]) < 1.
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§4.2 Analysing the structure of the module Wy

We will assume the following hypothesis for the remainder of this chapter.
Hypothesis Assume that Q3 < Q,,.

The following lemma holds under the weaker hypothesis P»/Qs € X.

Lemma 4.2.1 The following hold:
(i) Vs < QZ(Qp) and Cy = Qs. In particular, V3 may be regarded as a faithful FyG s-

module with respect to action by conjugation.
(ii) Vi is a non-trivial elementary abelian 2-subgroup of G with [V, Vg, V] = 1 and
|Vs/ Cv,(Va)| = |V |. In particular, Vs is an FF-module with offending subgroup V.
(i) Gy s,

Proof (i) By hypothesis, Q3 < @, and so [Z,,Qg| < [Z,,Q,] = 1 giving, as Qg < G,

Vs, Qsl = [(Z:°), Q5] = ([Z,,Qs)%) = 1

and hence, as V3 is an elementary abelian 2-subgroup of Qg, V3 < QZ(Qg). Thus, by
Lemma 3.2.1(ii), Cg = Cq,(V3) = Qs

(ii) As (8,8) is a beta pair, Vs < Q, < Gg and Vg £ Qg so that Vj is a non-
trivial elementary abelian 2-subgroup of G5 and, by Corollary 3.3.5(ii), [V3, Vs, V] =
Vs, Vs, V] = 1. Also, by part (i), Cy = Qg and so, as V3 < Q, < G,

Cy, (Vi) = Cy, (V) = VN Ca,, (V) = VN Cp = VN Q.
Then, by Corollary 3.3.5(iii),
Vi) Cy, (Vo) = [Va/ (Ve N Q)| = [VsQu /Qur | = Ve Qs/Qpl = V|-

(iii) Suppose, for a contradiction, that G5 = 5. We have that 1 # Vy < Q, < G, and
|G 5| = 4 and so |Vz| = 2. Then, by part (i), |[Vs/ Cv,(Vs)| = 2 and so Vj induces a

transvection on Vi which contradicts Theorem 2.3.8(ii). O
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Corollary 4.2.2 The submodule Wy = [V, Eg] of Vj3 is isomorphic to the zero weight
submodule V; of the n-dimensional permutation module for G5 over Fy. Moreover, n = 2™

with m > 3.

Proof We have that, by Lemma 3.2.1(v),

WsN Zg = W50 Cy,y(Gus) = Cw,(Gus) = Cwy (Gug)

and, similarly, WsNZg = Cy, (Gg). By Lemma 3.2.1(vi), WsNZz # 1 and WsNZg # Wp
because otherwise, by Corollary 3.3.5 and Lemma 3.2.1(iii), 1 < ¢, (Ws) < ng,(Zs) =0
which is a contradiction. We have shown that Wz N Zs = Cw,(G,s) = Cw,(Gp) is a
non-zero proper submodule of Wp.

By Lemma 4.2.1(ii), Vj is an FF-module with offending subgroup Vj. Also, Ws =
[V, Es) = [V3, Bl and 1 # W3 N Zg = Cy,(Gs) < Cw,(Eps). So with G = G, E = Ej,
V = Vs and W = Wj the hypothesis of Corollary 2.3.6 holds and therefore n is even
and Wj is isomorphic to the zero weight submodule V; of the n-dimensional permutation
module for G5 over Fy. Now, Wps N Zg is the unique non-zero proper submodule of Wj
of dimension one and so, as Cy, (G.5) = WsN Zg and G5 € Syl,(Gj), we may apply
Lemma 2.5.9(i) to deduce that n = 2™ for some m € N. Thus, as n > 7, n = 2™ with

m > 3. L]

Lemma 4.2.3 W_ﬁl is a non-trivial normal elementary abelian 2-subgroup OfQ_u with

(W, Wa, Wy =1, Cw,(Wy) = Ws N Qg and [Ws/ Cw, (W) | = [Wy|.

Proof By Corollary 3.3.5, Wg £ Qs and Wy < @), and so W_g/ is a non-trivial nor-
mal elementary abelian 2-subgroup of @, and, by Corollary 3.3.5(ii), [Wg, Wg, Wg] =
(W5, Wg,Wg] = 1. As Wy is a faithful FoGg-module, Cg,(W3) = Qs and so

Cw,(Wa) = Cu, (W) = W N Ca,, (Wa) = Ws N Qpr.

Then, by Corollary 3.3.5(iii),

W/ Cw,(Wa)| = [Ws/(Ws N Qp)| = [WsQu /Qp | = IWaQp/Qp| = Wyl O
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Notation By Theorem 2.5.2, the Sylow 2-subgroup G_uﬁ of G_g is similar to %, = %,,_11&
when G & &,, and T, N2, when G5 = 2,,. Let Z(G,3) = (f). Then { is similar to the
involution (1 2)(34)...(n—1n).

Lemma 4.2.4 Fither Q_ﬂ is the base group of G_u/g or Q_u is a transitive permutation
group and Z(Q,) = Z(G 3).
Proof We have that, by Lemma 3.2.2(ii),

|G—MBQ_M| = |Guﬁ/Qﬁ:Qu/Q6’ = |Guﬁ:Qu| =2

and hence we may apply Lemmas 2.5.5, 2.5.7 and 4.1.5 to deduce that either @), is the

base group of G5 or Q,, is a transitive permutation group and Z(Q,) = Z(G .5). O

Lemma 4.2.5 Z(Q,) £ Wp.

Proof Suppose, for a contradiction, that Z(Q_M) < Wg. By conjugating this statement

we have that

2(Qu/Qp.g) < Wp4Qpg/Qpy forallge G,

and so the symmetrical form of the above supposition holds for all of the local beta pairs.
Observe that, by Lemma 4.2.4, T € Z(Q,,) < Wz N Ws-. We will proceed via a series of

steps.
(1) Wp)a, = WsNWg =WsNQp = Cw,(t).

By Lemma 4.2.3 we may apply Lemma 4.1.4 to deduce that [Wg, Wy] = Cy,(Ws) =
Cyw,(f). Then, by Lemma 4.2.3 and as W and Wy are normal in @,

WsNQp = Cw,(Wg) = [Wg, W] = [Ws, Wg] <WsNWs < WsN Qs

and so Wg N Wy = WsN Qs = Cw,(Ws) = Cw,(f). Now, applying this result to
the beta pair (3, 5*) we have that Wz N W3 = Cy,(t) = W3 N Wy and so (Wp)g, =
Wg M ng N Wg* = Wg N Wﬁ/. ThUS, (Wﬁ)gu = Wg M ng = Wg N Qﬁ/ = CWB (i)

(2) ne,(Qs/Wp) = 0.
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As Qp and Wy are normal in @, and by (1), [Qg, Wa] < Qs N Wy < W3 and so, by
Corollary 3.3.5(i),

Qs E5] < [Qs, (W5™)] = ([Qp, Wa]%?) < (W) = W,
Hence, n¢,(Qs/Wp) = 0.

(3) A contradiction.

Set Y = W5(Qp N Qg) < Qp. Then, by (2), ng,(Qs) = ng,(Qs/Ws) + 1, (Ws) = 1 and

so, by Lemma 3.3.7, Y is an elementary abelian 2-group. As t € W_g/ N Wpg-, there exists

vg € Wy~ Qp and vg € Ws- N Qg such that T3 =t = Ugr. Set & = vgug € Qp. As
T3 =1 € Z(Q,), [(vs-), Q] = [(T3), @] = 1 and s0, as W is normal in Q,, and by (1),
[(vg), Qul < Wp- N Qs = (Wg-)g, < @p- Then

[(vs) Qs /Qpr, Qu/ Qo] = [(Up+), Qul Qe /Qp = Qp /Qp
and 50 (v5-)Qu /Qp < Z(Q,/Qa). Also, as vy € Qy, 1Qp = V305 Qp = v3-Qy and so,
as Z(Qu) < Wy,

(7)Qp /Qe = (2Qp) = (vs-Qp) = (vs)Qp [Qu < L(Qu/Qp) < W3Qp /Qp

giving <SL’> < WgQﬁ/. So, by Dedekind’s Law, x € Qg N WgQﬂ/ = Wﬁ(@g N Qﬁ/) =Y and
so, as Y is an elementary abelian 2-group, z? = 1. Then, as v = vg,

[vg, 2] = vz'a™ vgr = (vpa)(vew) = (vg)* = 1
and so z € Cq,(vg). By (1), Cw,(vg) = Cw,(Tp) = Cw,(t) = Wz N Wy and, as
vg € Wy <Z(Qp), Qs N Qp < Cy(vg) giving, by Dedekind’s Law,

Cy(vg) = Cy(vp) NY = Cy(vs) NWp5(Qs N Qp) = (@5 N Qs )(Cy(vg) N Wp)

= (@5 NQy) Cw,(vg) = (QsNQa)(WsNWy) =QzNQy.

Then z € Cg,(vg) NY = Cy(vg) = QN Qs < Qp and so vg- = vgx € Qp. Therefore,

by (1), vg € Wi N Qp = (Wp+)a, < Qs which is a contradiction. O



Analysing the structure of the module Wy 92

Corollary 4.2.6 Q_u is the base group of G_uﬁ In particular, the following hold:
(i) There exist subgroups T' and T? of Q,, such that T* x T? < Q,, where T* is similar
to T, fori € {1,2} when G5 = &,, and T is similar to S,,_1 N, fori € {1,2} when
Gp 2,
(ii) There exists s € G5 such that (3, 3*) - s = (8%, '), (T*)* = T2 and (T?)* = T".

(iii) Z(Q,) = (t1,1;) where t; € T' for i € {1,2}.

Proof Suppose, for a contradiction, that Q_u is a transitive permutation group. Then, as
1#£ Wy <Q,, Wa NZ(Q,) # 1 giving Z(Q,.) < Wy which contradicts the lemma above.
Thus, by Lemma 4.2.4, Q_u is the base group of G_uﬁ Now, in the case when G_ﬁ = G,
G_uﬁ is similar to the wreath product ¥,, = %,,_1 1 € with base group Q_u and so there
exist subgroups T and T2 of Q_u such that Q_u =TT x T2 where T" is similar to %,,,_; for
i € {1,2}. In the case when Gg = 2,,, G 5 is similar to T,,N2A,, with base group @, and so
there exist subgroups 7! and T2 of @, such that |Q_Hﬁ x T2| = 2 where T is similar to
Tm_1N2, for i € {1,2}. In both cases there exists 5 € G5\ Q,, such that (T1)* = T2 and
(T2)° = T1. Then, as G,g acts on I'(u) ~ {8} = {3, 8"} and s & Q. = Ga(u) = Gupps+
s swaps (3 and 5*. Also, Z(Q,) = (t1,1;) where #; € T' for i € {1,2}. O

Lemma 4.2.7 G3 = Q,Fjs.
Proof In the case when Gg 2 2, G5 = 0*(G5) = Es = Q,E5 and hence G = Q, Ep.
In the case when G & &,,, Es = O*(Gj) = 2, so that
|Gs:QuEs| |QuEs: Es| = |G Ey| =2
and so either G5 = Q,Es or Q, < Es. In the latter case the base group @, is contained

in E_ﬁ = A, but Q_u contains transpositions whereas 2,, does not which is a contradiction.

So G = Q. FEz and hence Gg = Q) E;. O

Lemma 4.2.8 Wy < T' for some i € {1,2}.
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Proof By Lemma 4.2.3, W_ﬁ/ is a non-trivial normal abelian subgroup of Q_u with
|Ws/ Cw,(Wz)| = |Wg| and hence, by Lemma 4.2.5 and Corollary 4.2.6, we may ap-
ply Lemmas 4.1.1 and 4.1.2 to deduce that Wg < T for some i € {1,2}. UJ

Notation Let A; be the orbit of 7% and let ng be the subspace of Wj corresponding to

Lemma 4.2.9 The following hold:
(i) W} is a faithful FyWy-module with Wi < W3 N Qg-. In particular, Cw,, (Wj) < Qp.
(ii) W§, is a normal subgroup of Q, with Wi £ Qg and |[Qa /Ws, Wj]| < 2.

Proof (i) By applying Lemma 4.1.6 and Corollary 4.1.7, Wé is a faithful FyWWg-module

and so CW(W@ = 1 giving CWﬁ'(ng) < CWB,Qﬁ(Wé) = (). Set j = 3 — . Then, as
Wa < Ti and by Corollary 4.2.6(ii),

W = Wy = W5 = (Wy)* < (T7)° = T7.

Also, by Lemma 4.2.3, Cy,(Ws) = W5 N Qg and hence Wi < Cyy,(Wg-) = W N Qp-.
(ii) By applying Lemma 4.1.6 and Corollary 4.1.7, Wé is normalized by Q_u so that Wé is
a normal subgroup of @),. We have that WZ; £ Qg because otherwise, as Wy < Z(Qp)
and by part (i), Wy < Cw,, (W}) < Qp which contradicts Corollary 3.3.5. Now, as
14 Wy QQ,, Wa NZ(Q,) # 1 and so, as Wy < T, T; € Wy Also, by Lemma 4.2.1(i)
and Corollary 3.3.5(ii), [Ws, Qa, Wa/] = [Ws, Qp, Wa] = 1. So Wy and Q4 are subgroups
of Q, with ; € Wz < Qg and [Wg,Q_ﬁ/, Wpg] = 1 giving, by applying Lemma 4.1.6 and
Corollary 4.1.7, |[W§,Qg]/[Wi, Wa]| < 2. Then, as Wy and Wy are normal in Q,,
(W, Wil < [Qp, Wi N [Wpr, W] < [Qp, W5 N W and hence
|[Qpr/War, Wil = [[Qpr, WalWar /War| = 1[Qar, Wi/ ([Qsr, W] N W)
< [Qp, W/ W, Wgl| = |[Qp, W]/ W, Wg]| < 2. m

Lemma 4.2.10 7 (Q3/W;s) = 0.
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Proof Suppose, for a contradiction, that ng (Qa/Wg) > 1 and let N be a non-central
chief Gg-factor of Qg /Wy . Then N may be regarded as a faithful Fo (G /@ )-module.
Applying Corollary 4.2.6 to the beta pair (5, 5) we have that (),,/Qg is the base group of
the Sylow 2-subgroup G5 /Qg of Gg/Qz. By Lemma 4.2.9(ii), 1 # WéQg//Qﬁ/ <4Q,./Qp
and so WiQp/Qp NZ(Q./Qp) # 1. Also, as Wy < Ti, Wy N Z(G,5) = 1 and so
WiQp /Qp NZ(Gup /Qa) = 1. Hence, there exists an involution 7 = 2Qz € W5Qp /Qp
with z € Wé that is the product of n/4 disjoint transpositions. Then, by Lemma 4.2.9(ii),
[N/ Cn ()] = [N/ Cn ()| <|Qp /Wi:Copyw, ()] < [[Qp /W, 7]
< [Qy /W, Wgl| <2

and so Z induces a transvection on N. So, by applying Theorem 2.3.8, either G_g =G,
T is a transposition and n/4 = 1 giving n = 4 which is a contradiction or G5 = g, 7 is
a fixed-point-free involution and n/4 = 4 giving 8 = n = 16 which is also a contradiction.

Thus, 7, (Qs /Wg) = 0. O
Lemma 4.2.11 A contradiction.

Proof By Lemma 4.2.10, ¢, (Qp) = n¢,(Qs/Wp)+ng,(Ws) = 1 and so, by Lemma 4.2.7,
we may apply Lemma 3.3.7 to deduce that Vi« (Qg N Qp) = Vp-(Qp N Qp) is abelian.

Then, by Lemma 4.2.9(i),

(W5, We N Qp] < [WsNQp, Wa NQp] =1

and so, by Lemma 4.2.9(1), WsNQp- < Cw,, (Wé) < @p. Therefore, Wé < WsNQp < Qp

which contradicts Lemma 4.2.9(ii). O
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CHAPTER 5

THE Guﬁ = QuQﬁ CASE

85.1 Module calculations

We refer the reader to Sections 2.1 and 2.5 for an explanation of the following notation

which will hold in this section.

Notation Let n € N, n > 7 and denote the 2-adic decomposition of n as follows

=2 £ 2M2 L ... 49" with 0<my <mg<-- <m,

and assume that » > 2. Let V' be the n-dimensional permutation module for &,, over Fy
with ordered basis (vy,vs,...,v,) and centre Z = (z). Recall that Vj denotes the zero
weight submodule of V' and V; denotes the natural module for &,. We will also denote
by U both V; and V4.

Fix S € Syl,(6,,) and let the orbits of S be Ay, Ag,...; A, on A = {1,2,...,n}
where |A;] = 2™ for 1 < i < r. Then S = T!' x T? x --- x T" where T" is similar to
T, for 1 <0 < r. Set Sy = SNA, € Syl,(A,) and Tg =T NA, for 1 < i < r. Let
Z(T%) = (t;) for 1 < i < r so that Z(S) = {t1,ta,...,t,), Z(So) = Z(S) N2, and either ¢
is similar to the involution (1 2)(3 4)...(2™ —12™) for 1 <i <7 or m; =0 (n is odd)
and t; = 1. Set t = tyty...t, and assume that t = (1 2)(3 4)...(n — 1 n) when n is even
and t = (2 3)(45)...(n —1 n) when n is odd. Let Z; = (z;) denote the centre of the
permutation module V(A;) for &4, over Fy for 1 < i < r and recall that Vj(4;) denotes

the zero weight submodule of V(A;).

Lemma 5.1.1 Assume that t; = (1 2)(3 4)...(2™ — 1 2™) for 1 < i < r and set
A* = ((1 2),(34),...,(2™ — 1 2™)). Then Cr:([U,t;]) = A*, [U,t;] = [U, A*] and
Cy(A*) = Cy(t;). In particular, Cs([U,t;]) = A* x R where S = T* x R.
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Proof We have that [Vp,t;] = ([vp + vks1, 6] | 1 <k <n—1). Let 1 <k <2™m —1. If k
is odd, then [vg +vk41, ;] = 0 and if & is even, then [vg +vki1, t;] = Vk—1 + Uk + Vg1 + Vg po-
If & = 2™ then [vgm; + vomiy1,t;| = vom;_1 + vom; and if 2™ + 1 < k < n — 1, then
[ + Va1, t;] = 0. Hence,

Vo, ti] = (v1 +vo 4+ v3 + vy, . .., Vgmi g + Vomi g + Vgms 1 + Vgmy, Ugms 1 + Vgmy )

= (V1 + V2, V3 + Vg, .., Voms 1+ Vgmi ).

Clearly, A* < Cri([Vh,t;]). Conversely, let s € Cri([Vp,t;]) and fix 1 < k < 2™ — 1 with
k odd. Then, as vy, + vp41 € [Vo, til, Vs + Ves1)s = (U + Vpg1)® = Vg + V41 and so s fixes
the set {k,k + 1}. We have shown that s either fixes or swaps k and k + 1 for all odd
1 <k<2™ —1andsose A*. Hence, Cpi([Vp,t;]) = A*. Also, as (t;) = Z(T") < T,

Vo, ti] = Vo, ti] = ([Vo, ta] + 2)/Z = [Vo, ]/ ([Vo, ti] N Z) 2 [V, ti]

and so Cpi ([Vo, 1)) = Cri([Vo, ts]) = A*. Now, as t; has a fixed point on A and by applying
Lemma 2.1.13(ii),

Vo, il = [Vo, (1 2)] + [Vo, (3 )] + -+ + [V, (2™ = 1. 2™)] = [V, A]
and so [Vg, t;] = [Vo, A*]. Also, by applying Lemma 2.1.13(i),

Crp(A7) = Cr((1 2)) NCrp (B 4)) N NCy (2™ =1 2™)) = Cyy (t:)

and so, as A* and t; have fixed points on A, Cy(A*) = Cy(t;). Thus, Cp:([U, t;]) = A%,
U, t;] = [U, A*] and Cy(A*) = Cy(t;). O

Corollary 5.1.2 Let A < Cg([U,t;]) for 1 <i <r. Then ®(A)NT" = 1.

Proof Let S = T" x R and set A* = Cp:([U,t;]). Then, by the lemma above, A <
Cs([U,t;]) = A* x R. As R is normal in S, AN R is a normal subgroup of A with

AJ(ANR)~ AR/R < (A* x R)/R = A

and so, as A* is an elementary abelian 2-group, ®(A) < R. Thus, ®(A)NT = 1. O
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Lemma 5.1.3 Assume that r = 2. Let A be a non-trivial normal elementary abelian
2-subgroup of S with [V, A, A] = 0, [Vo/Cy(a)] < 2|A| for all a € A and |A] <
|Cy:(A)/[Vo, S, A]|. Then A < T* for some i € {1,2}.

Proof If nis odd, then A < S = T? and so we may assume that n is even. We make the

following observation.

(x) [Vo, Z(S)] = C7(Z(8)) and |Cr(2(S5))| = 2"/71).

We have that, as Z(S) = (t1,t2) and by applying Corollary 2.1.15 and Lemma 2.1.13(i),
Vo, 2(9)] = [Vo, ta] + [Vo, ta] = Cygy(#) = Cug(81) N Ci (t2) = Cui (Z(5))

and so [Vo,Z(S)] = Cy(Z(S)) = Cy,(t)/Z giving, by Lemma 2.1.14(i), |Cy(Z(S))| =
o(n/2-1).

We will proceed via a series of steps.

(1) ANT" # 1 for some i € {1,2}. In particular, t; € A.

Suppose, for a contradiction, that ANT* =1 = ANT?. Then with {i,j} = {1,2}, as T"
and A are normal in S, [T, A] <T"NA=1andso A< Cg(T") =Z(T%) x T?. We have
that

A< (Z(TY) x T) N (T x Z(T?)) = Z(TY) x Z(T?) = Z(S) = (t1, t2)

and so, as t1,t ¢ A, A = (t). Then, by Lemma 2.1.16(iii), 20"/>7 < |V;/ Cy:(t)] <
2|A]l =2%son/2—2<2andson <8 giving, as r = 2 and n is even, n < 6 which is a
contradiction. Hence, there exists 7 € {1,2} such that ANT* # 1. In particular, as A is
normalized by T%, ANZ(T?) # 1 and so t; € A.

(2) ANT? =1 where j = 3 —i.

Suppose, for a contradiction, that ANTY # 1. Then t; € A so that, by (1), Z(S) = (i, t;) <
A and so [y, Z(9)] < [Vp, A] < Cyz(A) < Cy(Z(9)) giving, by (x), Cyp(A) = Cy(Z(5)).
Also, by Lemma 2.5.9(iii), [V, S] = Vo(A1) + Vo(Ay) so that

Vo(Ar), ta] + [Vo(As), ta] = [Vo, 5, 8] < [Vo, 5, 4]
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and so [[Vp, S, A]| > 2@ 712 = 9(/2-2) giving [V, S, A]| = [[Va, S, A]| >
2(n/2=3) " Then, by (%),

Al < |Cr(A)/[Vo, S, A]| < 2021 jln/2-8) _ 92

and so A = Z(S). We have that 20"/272 < |V, / Cy(t)| < 2]|A] = 2% so n/2 —2 < 3 and
so, as 7 = 2 and n is even, n = 10, but then 2* = |V;/Cy:(t)| < 2|A| = 2% which is a
contradiction. Hence, ANT7 = 1.

(3) Assume thatt; = (12)(34)...(2™mi—12") and set A* = ((12),(34),...,(2mi—12™)).

Then A < A* x Z(T7). In particular, A has no fixed-point-free elements on A.

As TV and A are normal in S and by (2), [T7,A] < TN A =1 and so A < Cg(T?) =
T x Z(T7). Also, by (1), [Vo,t;, A] < [Vo, A, A] = 0 and so, by Lemma 5.1.1, A <
Cs([Vo,ti]) = A* x T9. Hence, A < (T* x Z(T7)) N (A* x T7) = A* x Z(T?). In particular,

A has no fixed-point-free elements on A because otherwise t € A and so, by (1) and (2),

t; =t;t € ANTY =1 which is a contradiction.
(4) A< T
Suppose, for a contradiction, that A £ T*. Then there exists a € A . T* and, by (3),

a = s;t; for some s; € A* with a fixed point on A;. So, by applying Lemma 2.1.13(ii),

and so, by (1), [Vo, Z(9)] = [V, t:] + [Vo, t;] < [Vo, A]. Also, by applying Lemma 2.1.13(i),
Cyo(A) < Cyy(a) = Cyy(sity) = Cyy (1) N Crp (1) < Cry (L)

and so, by (1) and (3), Cy=(A) < Cy=(t:) N Ciz(t;) = Ci(Z(S)). We have shown that
Vo, Z(5)] < [V, A] < C;(A) < Cy(Z(S5)) and hence, by (x), Cy(A4) = Cy(Z(S5)). Now,
VoA, 50, £:] < [Vo(Ar), A%, A7 = 0 and 50, as s, is a non-trivial element and has a fixed
point on Ay, [Vo(Ai), 1] + [Vo(Ai), si] = Cryan(ts). Then, as [Vo, S| = Vo(A:) + Vo(4A;)
and by (1),

Crocan (i) + Vo(Ay), 1] = [Vo(Ad), ti] + [Vo(As), si] + [Vo(4A;), 1]
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= [V, S, ti] + [Vo, S, a] < [V, 5, 4]

and so |[Vp, S, A]| > 2@™ 714277 =1 = 9(n/2-1) giving |[V;, S, A]| > 20/22) So, by (x),

|A| < |C;(A)/[Va, S, A]| < 207270 j2n/22) = 9
which is a contradiction. Therefore, A < T". =

Lemma 5.1.4 Assume that r = 2. Let A be a non-trivial normal elementary abelian
2-subgroup of Sy with [V, A, Al = 0, [Vo/ Cyz(a)| < 2|A| for all a € A and |A| <
|Cy:(A)/[Vo, So, Al|. Then A < Ty for some i € {1,2}.

Proof If n is odd, then A < Sy = T¢ and so we may assume that n is even. We have
that, by Corollary 2.5.6, either Cp1 (7)) = Z(T") or my = 2 and Cp1(Ty) = T} is similar
to R4 and, in both cases, Cr2(T¢) = Z(T?). We make the following observation.

(x) Let t) € Cpa(Ty)* and set X = (t|,t5). Then [V, X] = Cyz(X) and |Cyz(X)| =
2(n/2—1).

We have that, as t|ty is fixed-point-free on A and by applying Corollary 2.1.15 and
Lemma 2.1.13(i),

[V07 X] = [VOa tll] + [%7t2] = Cy, (t/1t2) = Cy, (tll) N Cy, (t2) = Cy, (X)
and so [Vp, X] = Cy(X) = Cy, (t)t2)/Z giving, by Lemma 2.1.14(i), |Cyz(X)| = 207/271),
We will proceed via a series of steps.
(1) ANTy # 1 for some i € {1,2}. In particular, t; € A.

Suppose, for a contradiction, that ANTy =1 = ANTg. Then with {7, 5} = {1,2}, as T
and A are normal in Sy, [T¢, A] < T¢NA=1andso A < Cg(T) = Cri(Ty) x T7. We
have that

A< (Cpa(TY) % T2) N (T x Cpa(T2)) = Cpa (T2) x Ca(T2) = Con (T x Z(T?).

If my # 2, then A < Z(T") x Z(T?) and if m; = 2, then A < Ty x Z(T?) so that

A= A[ANTY) = ATY/T) < (T} x Z(T%)/T3 = 2(T?)
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giving |A| < |Z(T?)| = 2. So in both cases there exists ¢} € Cr1(T3)# such that A = (tt,).
Then, by Lemma 2.1.16(iii), 20"/272 < |Vy/ Cy (tht2)] < 2|A| = 2% son/2 —2 < 2 and so
n < 8 giving, as r = 2 and n is even, n < 6 which is a contradiction. Hence, there exists
i € {1,2} such that ANT, # 1. In particular, as 1 # ANT, Sy, ANTENZ(Sy) # 1 and
sot; € A.
(2) ANTY] =1 where j = 3 —i.
Suppose, for a contradiction, that AN Tg # 1. Then, as T¢ and T; g are non-trivial groups,
my > 2 and t; € A so that, by (1), Z(So) = (t;,t;) < A and so [Vp, Z(So)] < [Vo, 4] <
Cyz(A) < Cy(Z(So)) giving, by (%), Cyz(A) = Cy(Z(Sh)). Also, by Lemma 2.5.9(iii),
Vo, So] = Vo(Aq) + Vo(Ay) so that

Vo(Ar), ta] + [Vo(Az), ta] = [Vo, So, t] < [Vo, So, Al

and so |[Vo, So, 4]| > o(@miTl—142m2ml-1) _ 9(n/2-2) giving |[Vo, So, A]| = |[Vb, So, A]| >
2(n/2=3) " Then, by (%),

|A| < |C(A)/[Vo, So, A]| < 20271 j2n/2=5) = 92

and so A = Z(S;). We have that 20272 < |V /Cy(t)] < 2|A| = 2 son/2 -2 <3
and so n < 10 which is a contradiction because r = 2, n is even and m; > 2. Hence,

ANT] =1.

(3) Assume thatt; = (12)(34)...(2™mi—12") and set A* = ((12),(34),...,(2mi—12™)).

Then A < A* x Cp;(T3). In particular, A has no fixed-point-free elements on A.

As T] and A are normal in Sy and by (2), [TV, A] < TN A =1andso A < Cg(T]) =
T x Cpi(T3). Also, by (1), [Vo,t:, A] < [V, A, A] = 0 and so, by Lemma 5.1.1, A <
Cs([Vo, ti]) = A*xT7. Hence, A < (T"xCrpy (TJ))N(A*XT7) = A*xCrp;(T3). In particular,
A has no fixed-point-free elements on A because otherwise there exists t; € Cr (Tg )# such
that @ = t;t; € A and, as a € A < %, my > 2 so that ¢} € TJ and so, by (1) and (2),

t; =ta€ AN Tg = 1 which is a contradiction.

(4) A< T}
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Suppose, for a contradiction, that A £ Ti. Then there exists a € A \ T¢ and, by (3),
a = s;t; for some s; € A* with a fixed point on A; and t; € Cri (T)#. Set X = (t;,1').
Then, by applying Lemma 2.1.13(i),

Vo, 5] < [Vo, si] + [Vo, 5] = [Vo, sit}] = [Vo, a] < [V, A]

and so, by (1), [Vo, X] = [Vo, ts] + [Vo, )] < [Vo, A]. Also, by applying Lemma 2.1.13(i),

J

CVO (A) < CVO (a) = CVO (Sit;) = CVO(SZ') N CVO (t;) < CVO (t;)

and so, by (1) and (3), Cy;(A) < Cy(t) N Cyp(t)) = Cy(X). We have shown that
Vo, X] < [Vo, 4] < Cy(A) < Cp(X) and hence, by (x), Cpr(A) = Cyp(X). Now,
Vo(A), si, ti] < [Vo(A;), A%, A*] = 0 and so, as s; is a non-trivial element and has a fixed
point on Ay, [Vo(A;), 6] + [Vo(Ay), s3] = Cyyean(ti). Then, as [Vo, So] = Vo(Ai) + Vo(4;)
and by (1),

Croan (i) + [Vo(Ay), 5] = [Vo(Ai), ti] + [Vo(Ai), si] + [Vo(A;), t]]

- [%7807ti] + [%7SO7CL] S [‘/E)ySOaA]

and so |[Vp, S, A]| > 27714277 =1 — 9(n/2-1) giving |[Vp, S, A]| > 2("/2-2). So, by (%),

] < |Cor(A)/ T, So. Al < 203 jg0/2-2 _ 5
which is a contradiction. Therefore, A < T¢. O

Lemma 5.1.5 Assume thatr > 3 when U = V;,. Let A be a non-trivial normal elementary
abelian 2-subgroup of S with [U, A, A] =0, |Cy4(S)| = 2 and |U/ Cy(a)| < 2|A| for all

a€ A. Then A <T" for some 1 <i<r.

Proof We will prove the result for U = V;. In the remaining case U = 1, and n even, as
r>3,% # % forall 1 <i< j <r and so the proof is identical apart from adding bars

to all of the vectors. We make the following observation.

(x) Let a = tjx € A where t; and z are disjoint elements of S, 1 < j <r and m; > 1. If

m; > 2 or a has a fixed point on A, then Cpy, 41(S) = (2;).



Module calculations 102

If m; > 2, then, as t; is fixed-point-free on A; and by applying Lemma 2.1.14(ii),
z € [Vo(4y), 4] = Vo(4;), a] < [V, A].

If a has a fixed point on A, then, by applying Lemma 2.1.13(ii),

2 € Vo ty] < [Vouty] + (Voo 2] = [Viva] < [V, A

In both cases, as |Cjy, 4(S)| = 2 and by Lemma 2.5.9(i), Cpy, 41(S) = [Vo, A] N Cy, (S) =
(z)-

We will proceed via a series of steps.

(1) ANT" #1 for some 1 < i <r. In particular, t; € A and Cpy, 41(S) = (2).

Suppose, for a contradiction, that ANT* =1 for all 1 < i < r. Then, for each 1 <i <,

as T" and A are normal in S, [T, A] < TN A=1and so

AL Cy(TH =T xT?* x - x TP X< Z(T) x T x - x T7

giving

A< () Co(T) = Z(T") x Z(T®) x -+ x Z(T").

1<i<r
Let a € A% so that a = s185...5, with s; € Z(T?) = (t;) for all 1 < i < r. Then there
exists 1 < ¢ < j < r such that s; and s; are non-trivial elements and so s; = ¢; and
s; = t;. As m; > m; > 1 and by applying (%), Cp;,4(S) = (2;) and so m; = 1 and a is
fixed-point-free on A because otherwise, by applying (x), (z;) = Cjy;,4(S) = (2;) which
is a contradiction. Moreover, r = 2 because otherwise, as a is fixed-point-free on A, there
exists 1 < k < r with k£ # j such that my > 2 and sy = t; and so, by applying (%),
(zk) = Cpup,41(S) = (2;) which is a contradiction. We have shown that n = 2 + 2™ and
a=tit; =t and so A = (t). Then, by Lemma 2.1.16(ii), 20"/27Y = [V;/ Cy, (t)| < 2| 4| =
22 and so n/2 — 1 < 2 giving n < 6 which is a contradiction. Hence, there exists 1 <1i <r
such that A NT* # 1. In particular, as A is normalized by T, ANZ(T") # 1sot; € A

and, as r > 2, we may apply (x) with a = t; to deduce that Cpy, 41(S) = ().
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(2) A< Z(TY) X Z(T?) x -+ x Z(T") x T x Z(T*) x -+ x Z(T") and ANTY =1 for

all 1 < j <r with j # 1.

We have that ANTY =1 for all 1 < j < r with j # i because otherwise ¢; € A and so, by
applying (%) with a = t;, (2;) = Cpy,,4(S) = (2;) which is a contradiction. So, for each
1 <j<rwith j#14,as TV and A are normal in S, [TV, A] <T'NA=1 and so

AL Cy(TH =T " xT? x - x TP X Z(T) x TP x oo x T

giving
A< () Cs(T7) = ZT") X Z(T?) x -+ X ZT™Y) x T* x Z(T™) x -+ x Z(T").
1<j<r
J#i
(3) A< T

Suppose, for a contradiction, that A £ T%. Then we may choose a € A ~. T" and, by
(2), there exists 1 < j < r with j # ¢ such that a = t;z where ¢; and z are disjoint
elements of S and m; > 1. We have that m; = 1 and a is fixed-point-free on A because
otherwise, by (1) and applying (), (z:) = Cpp,a(S) = (2;) which is a contradiction.
Moreover, r = 2 because otherwise, as a is fixed-point-free on A and by (2), there exists
1 <k < r with k # i such that my > 2 and a = tyy giving, by (1) and applying (%),
(2i) = Cpyp,4(S) = (z) which is a contradiction. We have shown that n = 2 4 2™ and,
by (1), [Vo, i, a] < [Vb, A, A] = 0 so that, by Lemma 5.1.1,

a € Cs([Vo,ti]) = ((12),(34),...,(n—1n))

and so, as a is fixed-point-free on A, a = (1 2)(34)...(n — 1 n) = t;t;. But then, by (1)

and (2), t; = t,a € ANT7 =1 which is a contradiction. Therefore, A < T". O

Lemma 5.1.6 Assume thatr > 3 when U = V;,. Let A be a non-trivial normal elementary
abelian 2-subgroup of Sy with [U, A, A] = 0 and |Ciy,4(So)| = 2. Then A < T} for some

1< <r.
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Proof We will prove the result for U = V;. In the remaining case U = V; and n even, as
r>3,% # 7% forall 1 <i<j <rand so the proof is identical apart from adding bars to
all of the vectors. We have that, by Corollary 2.5.6, either C:(T¢) = Z(T") for 1 <i <r

or m; = 2 and Cri(T3) = T¢ is similar to K;. We make the following observation.

(x) Let a = s;z € A where s; € Cp;(T3)# and x are disjoint elements of S and 1 < j < r.

If mj > 2 or a has a fixed point on A, then Cpy, 41(S0) = (%;).

If m; = 2, then, as s; is fixed-point-free on A; and by applying Lemma 2.1.14(ii),
z; € [Vo(4A,), s;] and if m; # 2, then s; = t; and hence in both cases () holds as in

the proof of the previous lemma with s; in place of ¢; and S in place of S.
We will proceed via a series of steps.
(1) ANTY # 1 for some 1 < i < r. In particular, t; € A and Cpy, 41(So0) = (z:).

Suppose, for a contradiction, that ANTE =1 for all 1 <4 < r. Then, for each 1 <7 <7,
as T¢ and A are normal in Sp, [T¢, A] < Ty N A =1 and so

A<SCo(TH) =T " xT* x - x TP x Cpi(TE) x T x oo x T

giving
A< () Cs(Ty) = Cri(Ty) x Cpa(T3) x -+ x Cpe(T).
1<i<r

Let a € A¥ so that a = s155...5, with s; € Cpi(T¢) for all 1 < i < r. Then there
exists 1 < ¢ < j < r such that s; and s; are non-trivial elements. As m; > m; > 1
and by applying (x), Cy,,41(S0) = (2;) and so m; = 1 because otherwise, by applying (x),
(%) = Cpyy,41(S0) = (z;) which is a contradiction. Then, as a and s, are elements of 2, for
all 1 <k <r with k # i, s; is an element of 2, and so, as m; =1, s, € T"'NA, =Tp =1
which is a contradiction. Hence, there exists 1 < ¢ < r such that ANT{ # 1. In particular,
as 1 # ANTE <S8y, ANTENZ(Sy) # 1sot; € Aand, as r > 2, we may apply () with

a = t; to deduce that Cpy, 4(So) = (2).

(2) A< Cpi(T3) x Cpa(TE) x -+ x Cpia (Ty™ ) x T% x Crpiga (Tg) x -+ x Cpe (TF).
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We have that A ﬂTg =1forall 1 <j <r with j # i because otherwise ¢; € A and so, by
applying (x) with a = ¢;, (2;) = Cy;,,41(So) = (z;) which is a contradiction. So, for each
1 < j <rwith j # i, as T and A are normal in Sy, [T], A] < T3 N A =1 and so

ASCS(Tg):TleQX,..XTj—lXCTj(Tg)XTj—HX_”XTr

giving
A< () Cs(m)
1<j<r
= CTl(TOI) X CT2(T02) X - X CTi—l(Tg_l) x T" % CTi+1(T8+1) X oo X CT’V‘(TS)

(3) AL T,

Suppose, for a contradiction, that A £ T¢. Then we may choose a € A \ T; and, by
(2), there exists 1 < j < r with j # i such that a = s;z where s; € Cpy(T])# and
are disjoint elements of S. We have that m; = 1 and a is fixed-point-free on A because
otherwise, by (1) and applying (%), (z:) = Cpp,a)(So) = (z;) which is a contradiction.
Moreover, 7 = 2 because otherwise, as a is fixed-point-free on A and by (2), there exists
1 < k <r with k # i such that m;, > 2 and a = s,y where s, € Cp(T{)# giving, by (1)
and applying (%), (z;) = Cpy;,,41(So) = (2x) which is a contradiction. We have shown that
n =2+ 2" and, by (1), [V, t;,a] < [Vo, A, A] = 0 so that, by Lemma 5.1.1,

a € Cs([Vo,ts]) = ((12),(34),...,(n—1n))

and so, as a is fixed-point-free on A, a = (1 2)(3 4)...(n — 1 n) = ¢;t;. But then, as

m;=1,t;=taeT'NA, = Tg = 1 which is a contradiction. Therefore, A < T¢. O

Observe that t; is a transposition when m; = 1 and t; is a double transposition when

m; =2forl <i<r.
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Lemma 5.1.7 Let 1 < i < r. The following hold:
(i) If t; is a transposition, then Cg([U, S]/[U,t;]) = (t:).
(ii) If t; is a double transposition, then Cg(Cy(t;)/[U,t;]) = T" and, in particular,
Cs, (Cu(ty)/[U, ti]) = T5.

Proof (i) Let ¢; be a transposition. Then ¢ = 1 when n is even and ¢ = 2 when
n is odd. Firstly, consider the case when U = V. We have that, by Lemma 2.5.9(iii),
[Vo, S] = Dj_; Vo(4) as S-submodules of Vj and so, as [Vo, ti] = Vo(A), [Vo, S1/[Vo, ti] =g
@D)—iy1 Vo(4;). For each i +1 < j <7, as [A;] > 3 and by applying Lemma 2.1.2(i),

Vo(4;) is a faithful Fo@&a;-module so Cr;(Vo(4;)) =1 and so

Cs(Vo(A) =T xT? x -+« x TV x I x TV x oo x T,

Hence,

Cs([Vor S/ Vo ) = cs(@ vomj)) — () Cs(h(A) =T = (1),

Jj=i+1 Jj=i+1
Secondly, consider the case when n is even and U = Vy = V;/Z. Set 2z} = 2 — 2, and
D =@, Vo(4;). Then, as DN ([Vo, ] + Z) = D N (21, 21) = (2),
[Vo. 1/ (Vo 1] = Vo, 1/ Vo, 1l = (IVa, S] + 2)/2 [ (o, ] + 2)/ 2

=g (Vo, 51+ 2)/([Vo, ] + 2) = (D + [Vo, ] + 2)/([Vo, h] + Z)

= D/(D 0 (Vo,ta] + Z)) = D/{2h) = Y _(Vo(Ay) + (1)) /(=1).

j=2

Let r = 2. Then [Vo, S]/[Vo, t1] =g Vo(Az)/(22) and Vi(Ay)/(z) is the natural module
for G, over Fy. As |Ay| =n —2 > 5 and by applying Lemma 2.1.4(i), V5(A2)/(22) is a
faithful FoSa,-module and so Cr2(Vp(A2)/(22)) = 1. Hence,

Cs([Vo, 8]/ Vo t1]) = Cs(Vo(A2) /(z2)) = T x Cr2(Vo(A2)/(22)) = T" = (ta).

Let r > 3. For each 2 < j <, V5(A;) N (z;) =0 and so

(Vo(A) + (z1))/(21) =5 Vo(A;)/(Vo(A;) N (21)) = Vo(4;)
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giving Cs((Va(2;) + (21))/ ()
Cs(([Vi. )/ Vo, ta]) = cs<

Cs(Vo(4)). Hence,
(Vo(4y) + (Zi>)/<zi>> = ﬂ Cs((Vo(Ag) + 1))/ (1))

T

Jj=2

= ﬂ Cs(Vo(4;)) = Cs([Vo, S]/[Vo, tl) = (ta)-

Thus, Cs([U, S]/[U, t]) = (t:)-
(ii) Let ¢; be a double transposition, S = T* x R and set A, = A\ A,;. Firstly, consider
the case when U = V. By the Centralizer Lemma, Cy;(t;) = [Vo,t:] ®¢ Vo(A)) and so
Cy, (t:)/[Vo, ti] =g Vo(A]). As |All =n —4 > 3 and by applying Lemma 2.1.2(i), V5(A))
is a faithful F26a-module and so Cr(V5(A})) = 1. Hence,

Cs(Cry(t:)/[Vo, ti]) = Cs(Vo(A})) = T" x Cr(Vo(A}) = T"
Secondly, consider the case when n is even and U = Vy = V;/Z. Set z} = z — z;. Then, as
Vo(A) N ([Vo, ti] + Z2) = (2)),

Cry(t:)/ Vo, ti] = Cwy (t:)/ Vo, ti] = (Cu (61) + 2)/Z [ (Vo, til + Z2)/ 2

and Vo(A})/(z;) is the natural module for &, over Fy. As 7 > 2 and n is even, |Aj| =

2

n —4 > 5 and so, by applying Lemma 2.1.4(i), Vo(A])/(z;) is a faithful Fo&a/-module

giving Cr(Vo(A})/ () = 1. Hence,

Cs(C(t:)/ Vo, ti]) = Cs(Vo(A})/(27)) = T" x Cr(Vo(A}) /() = T".
Thus, Cs(Cy(t:)/[U,t:]) = T'. O

Lemma 5.1.8 Assume that r = 2. The following hold:
(i) If ty is a transposition, then [Vy, S] = Cyz(t1).

(ii) If t, is a double transposition, then |Cyz(T")| = 2"°.

Proof (i) Let ¢; be a transposition. Then, by Lemma 2.5.9(iii) and the Centralizer
Lemma, [Vp, S] = Vo(A1) + Vo(As) = Cy,(t1) and so [V, S] = Cy(t1).
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(ii) Let t; be a double transposition. Then, as T is transitive on A; and applying the
Centralizer Lemma, Cy, (T") = (z1) + Vo(A2) and, as n is even, Cy(T") = Cy, (1) /Z. So
Cy,(T") has dimension 1+ ((n —4) — 1) = n — 4 and so Cy;(T") has dimension n — 5.
Thus, [Cy(Th)] =277, O

Lemma 5.1.9 Assume that n = 8 and let A be a semiregular elementary abelian 2-group

of order 2. Then |Vy/ Cy(A)| = 23

Proof By similarity we may assume that A = ((12)(3 4)(56)(7 8),(13)(24)(57)(6 8)).
Observe that A has a system of two blocks {Ay, Ay} where Ay = {1,3,5,7} and Ay =
{2,4,6,8} and so, by Lemma 2.1.11, |Cy-(A)| = |Vo/[Vo, A]|. We have that [Vj, A] =
([vg + vgy1,a] |1 <k<n—1,a € A) and so

Vo, A] = (v1 + v + v3 + v4, V3 + Vg + V5 + g, U5 + Vg + U7 + Vs, U2 + V4 + U5 + U7)

giving |Cyz(A)| = 23. Thus, |Vo/ Cyz(A)| = 23 O
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§5.2 Initial results and the modules Z3, Z,,, V3/Z3 and Q3/Cjs

We will assume the following hypothesis for the remainder of this chapter.
Hypothesis Assume that G5 = Q,.Q3.

We will begin the analysis of the G,3 = Q,Qs case by linking together the number of
non-central chief Gg-factors in the groups QQ3/Cps, Cp/V3 and V/Zg to specific structural
properties of the amalgam. Using these results we will show that Zs is a trivial FoGs-
module and Z, is isomorphic to the natural module for G,,/Q),, over Fy. We will also show
that V3/Zg and (Qg/Cjp are faithful ]FQG_B-modules each with a unique non-trivial composi-
tion factor and that ()3/Cjs embeds in the dual of V3/Z3. Moreover, the non-trivial com-
position factors in Vi/Zs and Qg/Cjs are isomorphic to V/ Cy,(Es) and (Vz/ Cy,(Ep))*
respectively. In this section the results before Lemma 5.2.7 hold under the weaker hypoth-
esis P»/Q2 € X and the results after Lemma 5.2.7 hold with the additional assumption
that |Z| = 2. Observe that, by Lemma 5.2.6, the condition |Z| = 2 is equivalent to as-
suming that Case (I) of Lemma 5.2.7 holds. The proof of Case (I) of Lemma 5.2.7 remains
valid when P,/Qs € X provided that P,/()s does not contain groups of order greater than

two which induce central transvections on a faithful Fy(P,/@Q2)-module.

T Ve/Zs LT Qp/Cps
1]
Vs/ Cy, (Eg) i
1 .
T [Qs/Cp, Es]
1 T Cvarzs (Ep)
1] (Vs/ Cv, (Ep))*
! I 0 Lo

Figure E Composition series of the modules V3/Z3 and Q3/Cjs with respective factors.
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Lemma 5.2.1 The following hold:
(i) Gy = Qu(Qp, Q) and E, = O*({Qp. Qp))-
(i) [Qs/(Qs N Q)| = 2 and [V, Qp] = Z
(iii) Y, = V3 N Vg and T]GH(YM/Z“) =0
Proof (i) By hypothesis, G,3 = Q,Qs and G, = Q,Qs and so, by Lemma 3.2.2(ii),

Gu = <GuB7G#ﬁ’> = <Q#Q57Q#Qﬂ’> = <Qu7QB7 QB’) = Qu<QﬁvQﬁ’>'

Then, as Qu = Gagy = Guppp-, (@, Qp) I Qu{Qp, Qo) = Gy and so
B, = 0%(G,) = 0%(Q,) 0*((Qs, Qp) = O*({Qs, Qp))-

(ii) By hypothesis and Lemma 3.2.2(ii), |Qs/(Qs N Qu)| = |Q5Qu/@u| = |Guﬁ/Qu| =2
Also, as Qg £ @, and by applying Lemma 3.2.2(iv), [Z,, Qs] = Z3 and so, as Qg < G,
G G

Vi, Qs = [(2"), Q] = ([Z,, Qsl“) = (25") = Zp.
(iii) By part (ii),

VaN Ve, Qs < [V5,Qp] = Z5 < Z, < V5NV
and (V3N Vg, Qp] < VagN V. So, by part (i), V3N Ve Q. (Qs, Qp) = G, and so, by
Lemma 3.2.1(vii),

Vg N Vﬁ/ (VQ)G = Y Vg N Vﬁ/ N Vﬁ* < Vﬁ N V/g/

giving Y, = V3N V. Now, by part (i), £, < (Qs, Qg) and, by part (i), [Y,,Qs] < Z

and [Y,,Qa] < Z,. So, regarding Y, as an abelian G ,-group,
[YwEu] < [Yuv <Q57QB’>] = [YWQB] [YWQB’] < Zu'

Thus, 1¢,(Y./Z,) = 0. O
Lemma 5.2.2 1 (Q3/Cp) =0 if and only if Q, N Qp I Gp.

Proof Firstly, assume that 7, (Qs/Cs) = 0. Then, by Lemma 3.2.1(ii),

QN Qs Es) < [Qs. B < Cs = Q) < Q,NQs.
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Thus, @, N Qg I G,3Es = Gg. Secondly, assume that @, N Qs I Gg. Then, as
24, QN Qg < [2,,Qu] =1,

V3, QuN Qs = [(Z:7), QN Qsl = ([Z,. Q. N Qs]%) =1

and so, by Lemma 3.2.1(ii),

QuNQs < Ca,(Va) =Cs=Q4 <Q,.N Qs

giving Cg = @, N Q. We have that, by Lemma 5.2.1(ii), Qg/Cs <IG3/Cps and |Qg/Cs| =
|Qs/(QsN Q)| =2 and so Qp/Cs < Z(Gp/Cp). Then
[Qp, E5lCs/Cp < [Qp, G5lCs/C = [Qp/Cp, G/ C] = Cp/Cp

and so [Qg, B3] < Cg. Thus, n,(Qs/Cp) = 0. O

Lemma 5.2.3 1¢,(Qs/Cs) > 1.

Proof Suppose, for a contradiction, that 7, (Qs/Cs) = 0. Then, by Lemmas 5.2.1(ii)
and 3.2.1(iii), [V, Qg, Es] = [Zs, Es] = 1 and [Qg, Es, V5] < [Cs, V3] = 1 and so, by ap-
plying the Three-Subgroup Lemma, [V, Eg, Qg| = [Es, V3, Qs = 1. So Wi = [V, Eg| <
Cv,(Qp) and Wy < Cy,,(Qp). Also, by Lemma 3.2.1(vi), Vs = Z,Wp and Vy = Z, Wy
and so, as Z,,, W and Wy are normal in @),

Ve, V'l = 12.Ws, ZWa ] = (2, Z,) (2, Wa'] (Wi, 2] [Ws, W]

= [Ws, Wg] < WsNWa < Cyy(Qp) N CV@/(Q,@’)-

Hence, by Lemmas 5.2.1(i) and 3.2.1(iv),
Vs, Vel 0 2y < Cz, (@) N Cz,(@p) N Cz,(Qp) = Cz,(Qu) N Cz,((Qs, @)
= Cz,(Qu(Qs, Qy)) = Cz,(Gu) = 1.
On the other hand, as V3 and Vj are normal in @), and by Corollary 3.3.5(i), 1 # [V, V|<

@, and so, by Lemma 3.2.2(v), [V, Va] N Z, = [V3, Va] N QZ(Q,) # 1 which is a contra-
diction. Therefore, ng,(Qs/Cp) > 1. O
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Corollary 5.2.4 The following hold:
(1) QuN Qs AGp.
(i) Gup = Qu(Gy N Ep) and G = QuEp.

Proof (i) This follows from the lemma above and Lemma 5.2.2.

(ii) We have that, by Lemma 3.2.2(ii),

Glus: Qu(GL N Eg)| [Qu(Gu N Eg):Qul = [Grug:Qul = 2
and so either G,3 = Q,(G, N Eg) or G, N Eg < Q,. In the latter case,

[QuNQp, Ep] < [Qp, Bl <QsNEz=QsNG,NE;<Q,NAQgs

and so Q, N Qs <G, 3Es = Gg which contradicts part (i). Thus, G,3 = Q.(G, N Es) and
Gp = Gusbs = Qu(G, N Ep) By = QuEp. 0

Lemma 5.2.5 V3/Z3 and Q3/Cj may be regarded as faithful FoG g-modules.

Proof The group V3/Zs is an elementary abelian 2, Gg-group and, by Lemma 5.2.1(ii),
Va/Zs,Qs] = [V3,QplZs/Zs = Zs/Zs and so Qs < Cg,(Vs/Zs). So we may regard
Vs/Zs as an FoGs-module and, by Lemma 3.2.1(iii), nG—ﬁ(Vﬁ/Zﬁ) =ng,(Vs/Zs) > 1 and
so, by applying Lemma 2.3.1, V3/Z5 is a faithful module.

We have that, by Lemma 5.2.1(ii), @3 N @, is a normal subgroup of @z with
1Q3/(Qs N Q)] = 2 and 50 D(Qs) < Q,.. Then, by Lemma 32.1(ii), $(Qs) < (Qu)a, —
QB] = Cp and so Q3/Cj is an elementary abelian 2, Gg-group. Also, [Qp/Cs,Qp| =
[Q5,Qs]Cs/Cs = [Qs/Cs,Qs/Cs] = C/Cp giving Qp < Cg,(Qp/C ). So we may regard
Qs/Cps as an FoGg-module and, by Lemma 5.2.3, 77GT;<Qﬁ/Cﬁ) =N, (Qp/Cp) > 1 and so,

by applying Lemma 2.3.1, Q3/Cj is a faithful module. 0

Lemma 5.2.6 1, (Vs/Zs) =1 if and only if | Zs| = 2.

Proof Firstly, assume that ng,(Vs/Zs) = 1. Then, by Lemma 3.2.1(iii), g, (V) =
N, (Vs/Zs) +1c,(Zs) = 1. Set Qf = [Qs, E]. We have that Q £ Q,, because otherwise

[QM N Qﬁ,Eﬁ] < [Qﬂ,Eﬁ] = Q% < Qu N Qﬁ and so QM N Qﬂ < GHﬁEﬂ = Gﬁ which



Initial results and the modules Zg, Z,, V3/Z3 and Qg/Cps 113

contradicts Corollary 5.2.4(i). Then, as Q% < @p < Gp and by applying Lemma 3.2.2(iv),
[Z,, Q3] = Zg and so, as Q% < G,

Vi, Q% = [(Z:7), Q% = ([Z,,, Q5)°") = Z.

In particular, by Lemma 3.2.1(iii), [Vg,@%,E@] = [Z3,Eg] = 1 and so, by applying the
Three-Subgroup Lemma, [Q%,Eﬁ,Vﬁ] = [Eﬁ,Vg,Q%]. Also, [Q%,Eﬁ] = [Qs, Eg, Eg] =
[Qs, E5] = Q3 and so

(Ws, Q%) = [Vs, Es, Q%] = [Es, Vs, Q3] = [Q%, Es, Vs] = [Q%. Vs] = Zs.

Now, as Z,, £ Cz,(Es), we may choose z € Z, \ Cz,(Ejz). Then (z97) < (Z5°) = V5 and
nG@((zG@) > 1 because otherwise [z, Eg] < [(299), Eg] = 1 giving z € Cyz,(Ejs) which is
a contradiction. So, as ng,(V3) = 1, nGB(V5/<zGﬁ>) = ng,(Vs) — 7705(<2Gﬁ>) = 0 and so
Wy = [V3, Es] < (267). Also, by Lemmas 5.2.1(ii) and 3.2.1, [2,Qs, Gs] < [V3,Qs, Gs] =
[Z5, Gl =1 and so, as @ < G,

Zs = W, Q3] < [(29%), Qs] = ([z, Qs]“?) = [2,Qs] < [V, Qp) =

giving [z,Qp] = Zg. Then, as (s, 2] = Zs < Z(Qp), |Qs/ Cou(2)| = |[Qs, 2l = |Z5].
We also have that, by Lemma 3.2.1(i), Qs N Q, = Cq,(Z,) < Cg,(z) and so, by
Lemma 5.2.1(i1), 2 < | Z3] = |Qs/ Ca, ()] < 1Q5/(Q5 N Q)| = 2. Thus, | Z5] =2
Secondly, assume that |Zz| = 2. Choose a minimal faithful submodule Ng/Zg
of V3/Zg. Then Ng is a Gg-subgroup of V3 containing Zz and, by Corollary 2.3.2
and Lemma 3.2.1(iii), n¢,(Ng) = 1¢,(Ng/Zs) + ng,(Zs) = 1. Define Ny = Ng/ and
Ng« = Ng*. Then, by applying Corollary 3.3.3, NJ = Ng, for all g € G,,. Assume that
[Ng, Ng] = 1. In this case, by applying Lemma 3.1.6(ii), Ns < Cg,, (Ng) < Qp and N £
Cy because otherwise, by Corollary 3.3.5(1), [Ng, Eg] < [N3, (Vﬁ/ )] = ([Ns, Va]9) =1
giving 7¢,(Ng) = 0 which is a contradiction. Also, by Lemma 3.2.1(ii), Cy = Q[Bl,]
and so there exists p € I'(#') such that Ng £ @Q,. Then, as N3 < Qg < G,z and
by applying Lemma 3.2.2(iv), [Z,, N3] = Zg and so, as Z, < @, and Nz is normal
in Qu, Zg = [Z,,Ng] < Ns. So, by Lemma 3.2.2(iii), Z, = ZsZzy < Nz and so
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G ..
Vg = <Zuﬁ> < Nﬁ < VB giving Vﬁ = Nﬂ. Thus, Ucﬂ(VB/Zﬁ) = nGﬁ(Nﬂ/Zﬂ) = 1.

Assume that [Ng, Ng| # 1. In this case, as G, acts on I'(u) ~ {8*} = {5,050},
1 7é [Nﬂ,Nﬁ/] ﬁGuﬁ* and SO, by Lemma 321, [Ng,Nﬁ/] ﬂZg* = [Nﬁ,Nﬂ/] ﬂQZ(G#ﬁ*) 7é 1

giving, as [Zg-| = 2, Zg- < [N, Ng]. So, as Ng and Ny are normal in (), and by
Lemma 3.2.2(iii), Z, = ZzZg« < Ng and so V = <Z5ﬁ> < Ng < Vj giving V3 = Nj.

Thus, ng,(Vs/Zs) = ng,(Ng/Zs) = 1. O

Lemma 5.2.7 One of the following two cases hold:
(D ne,(Vs/Zs) = 1.
(II) G5 =2 Ag, [Qs/Cp, Ep) is isomorphic to a spin module for G5 over Fy, every minimal
faithful submodule of Vj3/Zs is isomorphic to a spin module for G over Fy and Vy is

similar to a subgroup of either the group K4 X K, or a regular eight-group Rg.

Proof Choose a minimal faithful submodule Ng/Zs of V3/Zs. Then Nj is a Gg-
subgroup of Vj containing Zs and, by Corollary 2.3.2 and Lemma 3.2.1(iii), ¢, (Ns) =
Na,(Ns/Zs) +ne,(Zs) = 1. Define Ny = Ngl and Ng- = Ng*. Then, by applying Corol-
lary 3.3.3, Nj = Ng, for all g € G,. Assume that [V, Ny NQp] # 1 # [V, Ng N Qp]. In
this case, by Lemma 3.2.1(ii), Ng N Qp £ Cy = Q[ﬁl} and so there exists p € I'(3) such
that NgN Qg £ Q,. Then, as N3N Qp < Qp < G,z and by applying Lemma 3.2.2(iv),
Zy = [Z,,Ns N Qp] < [Z,,Ng| < Ns so that, by Lemma 3.2.2(iii), Z, = ZgZz < Np
and so Vs = (Z.°) < Ns < Vj giving Vs = Ns. Thus, ng, (Vs/Zs) = 16,(Ns/Zs) = 1.
Assume that [V, Ng N Qg =1 = [V, N3 N Qp]. In this case, N3 £ Qg because other-
wise Ng = N3N Qp < Cy and so, as Ng < G and by Corollary 3.3.5(i), [Ng, Eg] <
[Nﬁ,(V;‘j}] = ([Ns,Vg]9) = 1 giving 71¢,(Ns) = 0 which is a contradiction. By
Lemma 5.2.5, Q3/Cj is a faithful FQG_B—module and, as Ng £ Q3 and Ny < Q,, N_/g/
is a non-trivial normal elementary abelian 2-subgroup of G_Mﬁ As Ng and Q3N Q, are
normal in Q,, [Ng,QsNQ, < Ny N(QsNQ,) = Ny NQs < Cs and so, regarding
(QsNQL)/Cs as a Gg-group,
[(Qs N Qu)/Cp, Ny| = [Qs N Qu, Nor|Cp/Cp = C/Cp
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giving (Qs N Q,)/Cs < Cq,c;(Na). Then, by Lemma 5.2.1(ii),
1Q5/Cs/ Cquyos(Na )| = 1Qs/Cs [ Cquos(Na)| < 1Qs/Cs /(Qs N QL) /Chl
=|Qp/(QsN Q)| =2

and hence N_/@v induces central transvections on Qg/Cs. Now, as Vg £ Qs and Vg <Q),,,
Vj is a non-trivial normal elementary abelian 2-subgroup of G, and, as C ns(Vr)/Zs <
Cnayzs(Var),

[Ns/Zs | Cgyzs (V)| = |N3/Z5 | Cgyzs (Vi) < [N3/Zs | Cvy (Vi) [ Zs]

= |Ng/ Cn, (Vi) |-

Then, as Ny N Qg = NgNCyz = Cy,(Vp) and by applying Lemma 3.3.4(ii),
INs/ Cn,(Va)| = INs/(Ns N Qg)| = |NsQu /Qu | = IN3Qp/Qp| = |Ng|

and hence |N3/Zs / Cnyyz,(Var)| < [N .

Consider the case when G5 % 2g. In this case, Ny induces central transvections on
Q3/Cs and so, by applying Theorem 2.3.8(ii), Gg = &,,. Then |Ng/Zs /Cn,/z,(V)| <
|Ng | = 2 and so Vj induces central transvections on Ng/Zs giving, by applying Corol-
lary 2.3.9, Ny = V. So NyQs = V3 Qs and hence, by Dedekind’s Law,

Vﬂ’ = V/g/ N VB’Q,@ = Vﬁ/ N Nﬁ’Qﬁ = N@(Vﬁ/ N Qﬁ)

Define Z) = (([Ng, Ng| N Zg+)%*) < Z,. Then, by applying Lemma 3.3.4(i) and as
Gup acts on I'(n) ~ {p*} = {8,6'}, 1 # [Ns, N3] < G, p- and so, by Lemma 3.2.1,
[N, Ng|NZg- = [N, N |NQZ(Gp-) # 1 giving Z) # 1. Also, as N and Ny are normal
in Q, [Ng, Ng| < N3N Ng so that, as G, acts on I'(n) = {5, 3, 8%}, [Ng, Ng/| N Zg« <
N3N Ny N Ng- 4G, and so Z) < NgN Ny N Ng-. Define Nj = ((Z)9%). We have that,
as Z, < Ng, Nj < Nj and ng,(N§) > 1 because otherwise [Z)), Eg] < [Nj, Ep] = 1 and
SO Zg is normalized by both G, and Ejg giving Zg = 1 which is a contradiction. Then 1 <
ey (N§) < e, (N3Zs) < ng,(Ng) = 1 giving 0, (N3Zs/Zs) = 0, (N3Zs) =16, (Zs) = 1.
So, by Lemma 2.3.1, Nng/Zg is a faithful submodule of N3/Z3 and so, by the minimality
of Ng/Zg, N3Zs/Z3 = Ng/Zg giving N3 = N§Zs. Then, by Lemmas 5.2.1(ii) and 3.2.1,
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120, Qp) < [V, Qp] = Zs < Z(Gp) s0, as Q3 1 G,
[Ns, Q) = [N§Zs, Qs] = [N§, Qs] [Zs, Qs = [N§, Qs] = [{(Z)"), Qg
= <[ZB>Q5]G'B> = [ZB>Qﬂ] < Zg

and [Ny, Qz| < Z)). Also, by Lemmas 5.2.1(ii) and 3.2.2(iii),

VN Qp, Ve NQpl < [V, Qpl N [V, Qp] = Zs N Zg = 1.

Now, as Vi = N(Vs N Qp) and Vi = Ny (Vi N Qp),
Vs, Vo] = [Ns(Vs N Qg), No (Vi N Qp)]
= [N, Ng| [Ng, Ve N Qg] [Vs N Qp, No] [Va N Qg Vi N Qp]
< [N3, Ng'] [Ns,Qs] [Ng, Qo] < [N, Ng]Z; < Np.

Finally, as V3 < Gjg and by Corollary 3.3.5(i),

Vs, Bs) < [Va, (V)] = ([Vi, Vi) %) < (N§?) = N

and so 1, (Vs/Ng) = 0. Therefore, 16,(Vs/Zs) = ne,(Vs/Ns) + 16,(Ns/Zg) = 1.

It remains to consider the case when G5 2 2g. In this case, Ny induces transvec-
tions on Q3/Cjs and so, by applying Theorem 2.3.8(ii) and Corollary 2.3.10, [Qs/Cj, Eg]
is isomorphic to a spin module for G5 over Fy and Ny is similar to a subgroup of a regular
eight-group fs. We have that, by the minimality of Ns/Zs, [Ns/Zs, Es] = N/Zs and
INs/Zs | Cn,yz,(Vir)| < |Ng|. We will consider the three possibilities for N separately.
In the case when |Ny| = 2, Vi induces transvections on Ng/Zz and hence, by applying
Theorem 2.3.8(ii) and Corollary 2.3.10, Ng/Zs is isomorphic to a spin module for G
over [Fy and V_ﬁf is similar to a subgroup of a regular eight-group Ks. In the case when
Mol =2

INs/Zs | Cnyjzs(No)| < INs/Zs | Cngyzy (Vi) < [Ny | = 27

and so Ny induces 2-transvections on Njz/Zs giving, by applying Lemma 2.3.7, N3/Z5

has dimension at most 8. Then Jm = N3/Zs/Cnyyz,(Es) is a faithful irreducible

P

FyGg-module of dimension at most 8 and so Ng/Zg is isomorphic to either the natural
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module for G_ﬁ over Fy or a spin module for G5 over Fy. In the former case, by applying

Lemmas 5.1.9 and 2.3.3,

2% = |Nﬁ/Zﬁ/Cm(N_ﬁ')| < |Ns/Zg|Cnyyz,(Ng)| < 22

—_—

which is a contradiction. So Ng/Zs is isomorphic to a spin module for G5 over Fy and
hence, by Theorem 2.4.5, Ng/Zz is isomorphic to a spin module for G_ﬁ over Fy. We also
have that, by Corollary 3.3.5(ii), [Ns/Zs, Var, Var] = [Ns, Vigr, Vil Zs/Zs = Zs/Zs and so,
by Lemma 2.4.7, Vj is similar to a subgroup of either the group £, x & or a regular
eight-group Rs. In the case when |N_5/| = 23 N_g/ is similar to a regular eight-group Rg
and so Vg < C@(N_g) = Ny < Vp giving Ny = Vj and hence Ne,(Vs/Zg) = 1 in the

same way as before. O

The author expects that Case (II) of Lemma 5.2.7 ultimately leads to ng,(Vs/Z5) = 1.

For the remainder of this chapter we will assume that n¢ (Vs/Zs) = 1.

Corollary 5.2.8 The following hold:
(i)1Zs| = 2 and | Z,| = 4. In particular, Zs is a trivial FoG s-module and Z,, is isomorphic
to the natural module for G, /@), over Fy.
(ii) Vg = Wps. In particular, if K is a proper Gg-subgroup of Vj, then nq (K) = 0.

(iii) Cy, (Eg) = Zg.

Proof (i) This follows from the lemma above together with Lemmas 5.2.6, 3.2.2(iii) and
2.1.6.

(ii) We have that, by Lemma 3.2.1(vi), WsN Zg # 1 and so, by part (i), Zg < Wjs. Also,
as G« acts on I'(u) \ {*} = {5, 0’} and by Corollary 3.3.5(i), 1 # [W3, Wg| <G,
and so, by Lemma 3.2.1, [Wg, Wy | N Zg- = [Ws, Wa | N QZ(G,5+) # 1 giving, as Wy and
W are normal in @), and by part (i), Zg- < [W3, Wy| < Ws. Then, by Lemma 3.2.2(iii),
Z, = ZgZsg < Wpg and so Vg = <Z,?6> < Wp < Vj giving Vg = Wjs. In particular, if K is
a proper Gg-subgroup of Vs, then ng, (K) = 0 because otherwise 7, (Vs/K) = 0 and so
Vi = Ws = [Vg, Eg] < K < Vj giving K = V3 which is a contradiction.
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(iii) By Lemma 5.2.1(iii), n¢, (Y./Z,) = 0 and so

[Cy,(E3)Z, B,] < Y, B,) < Z, < Cy, (Es)Z,

giving Cy, (Eg)Z, A GusE, = G,. Then

[Cy.(Ep), @ul = [Cv,.(Ep), Qu] [Z4, Qul = [Cv, (Ep) 2,1, Qu] 1 G,

and, as Cy, (E£3) < Q, [Cy,(E3), Q. < Cy,(Eg). So [Cy,(Es),Q,) is normalized by
both G, and Eg and so [Cy,(Es),Q,] = 1. Then, by Lemmas 3.2.1(iii) and 3.2.2(v),
Z3 < Cy,(Eg) < QZ(Q,) = Z, and hence, as Z, is not centralized by Ez and by part (i),
Cy, (Ep) = Zs. O

Lemma 5.2.9 Q3/Cs may be embedded in the dual of V/Zs.

Proof Fix ¢ € ()3. Then, by Lemma 5.2.1(ii), [V, Qs = Zs and so we may define the

following map of FoGg-modules

Gq:Vs/Zs — Zg:vZs— [v,4].

Let v1Z3,v2Z5 € V3/Zz. The map ¢, is well-defined because if v1Z3 = v3Z3, then, by
Lemma 3.2.1, vivy ' € Z5 < Z(Qp) and so v{(v§) ™! = (vjv; 1) = vyvy ' giving

1

bq(v123) = [v1,q] = vy "o = vy "0 = (2, q] = dy(v2Zp).

We have that

Gq(V1Z5v2Z5) = ¢g(v10275) = [V1V2, q] = [v1, q][v2, ] = (V1 Z5)Pg(v2Z5)

and ¢,(Z3) = [1,q] = 1 and hence ¢, is a linear map. We may now define the following

map of FyG s-modules

¢:Qp/Cs — Hom(Vs/Zs, Zg) : ¢Cp — ¢y

Let ¢1Cs,q2:Cp € Qp/Cp. Then, by Lemma 3.2.1(ii), C3 = Cq,(Vp) and so
@1Cs = 0Cs & qa;' € Cs & v1% =y for all v € Vs
& gl =v " =0 v® = [v,q] forallveVj

& ¢g (VZg) = ¢gy(vZ3) for all vZg € V3/Z3
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And Qb(qlCﬁ) = ¢q1 = ¢q2 = ¢(Q2Cﬁ)

Hence, ¢ is a well-defined injective map. For each vZ3 € V3/Z3, by Lemmas 5.2.1(ii) and
3.2.1, [V3,Q3, Q8] = [Zs,Qp] = 1 and so, by Lemma 2.4.1(i),

¢111¢I2 (UZB) = [U7QIQ2] - [U,Q1HU,Q2] - ¢Q1 (UZﬂ)¢Q2(UZB)

and ¢1(vZ3) = [v,1] =1 giving 4,4, = Pgy g, and ¢ = 1. Then

H(01Cpq2C5) = d(102C5) = Pgrgn = P41 Pgo = P(01C3)H(q2C's)

and ¢(Cs) = ¢, = 1 and hence ¢ is a linear map. Now, let ¢C € Q5/Cs, g € G and
vZz € V3/Zs. Then, by Lemmas 5.2.1(ii) and 3.2.1, [V, Qs, Gs] = [Zs, Gg] =1 so

G0 (vZ5) = [v,¢) = [V, q)? = [ q] = Bo(v! Zp)
and so
$((4Cs)")(vZ5) = (a°Ci) (vZ5) = $uo (vZ5) = Sg(v Z) = By((vZ5)* ")
= $(aCs)((vZ5)P") = $(4C)? (vZ5)
giving ¢((¢Cs)7) = ¢(qCs)7. We have shown that ¢ is a Gg-monomorphism embedding
Qs/Cs in Hom(Vs/Zg, Zs). Also, by Corollary 5.2.8(i), Zs is a trivial FoGg-module and

so Zz and Fy are isomorphic as FoGs-modules giving

Hom(Vs/Zs, Zs) =, Hom(V3/Z3,F) = (Vs/Zp)"
Therefore, ()3/Cs may be embedded in the dual (V3/Zg)* of V3/Zs. O

Lemma 5.2.10 The following hold:
(i) [Vs/Z3, Eg) = V3/Zs and Cv2,(Es) = Cv,(Ep)/Zs.
(ii) Vs/ Cv,(Es) may be regarded as a faithful irreducible F»Gg-module.
(iii) V/Z3 | Cv,z,(Eg) Is isomorphic to Vs/ Cy,(Es) and [Qs/Cp, Ep) is isomorphic to
(Vs/ Cv,(Es))".
Proof (i) We have that, by Corollary 5.2.8(ii),

(Vs/Zs, Eg) = [V3/Zs, Eg) = V3, E5)Zs/Z5 = WsZg/Zg = V3| Zg.
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Let Kj be the inverse image of Cy,z,(Es). Then Cy,(E3)/Zs < Cv,z,(Es) = Ks/Zg
and so Cy,(Ep) < Kz and

[Ks, Eg)Z3/Zs = [Kp/Zg, Eg| = [Kp/Zg, Bl = Zs/ Zs

and so [Kg, Eg] < Zg. We also have that, as K3/Z3 is a submodule of Vj3/Z,

(K3, GslZ3/Zs = |[Kp/Z3, G| = [Kp/Z3,Gp) < Kp/Zg

so [Kg,Gp| < Kz and so we may regard Kz as a Gg-group. Then, by Lemma 3.2.1(iii),
[Kg,Eg] = [Kg,Eg,Eﬁ] < [Zﬂ,Eg] = 1 and so Kg < CV5<Eﬂ)- Thus, CVB/Z@<E_ﬂ> =
Ky/Z3 = Cv,(Ep)/Zg.
(ii) The group Vj/ Cy,(Ep) is an elementary abelian 2, G3-group and, by Lemmas 5.2.1(ii)
and 3.2.1(iii), [V3, Qs] = Zs < Cy,(E3) and so Qg < Cg,(Vs/ Cy,(£p)). So we may regard
Vi/ Cy,(E3) as an F2Gg-module and, by Lemma 5.2.7,

Ne;(Va/ Cvy(Es)) = 116, (Vs/ Cvs(Eg)) = n,(Vs/Zs) — i, (Cv, (Eg)/Zs) = 1

and so, by applying Lemma 2.3.1, V3/ Cy;, (Ej) is a faithful module. Now, let X3/ Cy, (Ep)
be a proper submodule of V3/ Cy,(Eg). Then Xj is a proper Gg-subgroup of Vj and so,
by applying Corollary 5.2.8(ii), ng,(Xs) = 0 giving X = Cy,(Ep). Thus, V5/ Cy,(Ejp) is
an irreducible module.
(iii) By part (i), Cv,/z,(Eg) = Cv,(Es)/Zs so

Vs/Zs | Cvyyz,(Eg) = Vs /Zs | Cv,(Es)/Zs =, Va/ Cvy(Ep)
and hence V/Z3 / Cv,z,(E3) er Vs/ Cy,(Ep). Now, we have that

[(Vs/Zp)", Es] =, (Va/Zs | Cvyyz5(Ep))" =gy (Vs/ Cu,(Es))"

and so, by part (ii), [(V3/Zs)*, E5] is irreducible. Also, by Lemmas 5.2.3 and 5.2.9,
[Q5/Cjs, Ej] is non-zero and embeds in [(V/Z3)*, Eg] and hence

(Q5/Cs. Es] =, [(Vs/Zs)", Es] Zq; (Via/ Cv;,(Ep))" O

One consequence of the lemma above is that we now know that 7, (Qs/Cp) = 1.
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Lemma 5.2.11 1 (Cp/Vs) =0 if and only if Y, = V3N Cpr.

Proof Firstly, assume that 7. B(Cﬂ/vﬁ) = 0 and suppose, for a contradiction, that
Y, < V3N Cs. By Lemma 5.2.1(ii),

Vs Cp, Qs < [Vs,@p] = 2 < 2, <Y, < VN

and so V3N Cys <Q,Qs = Gp. So (VagNCy)/Y, is a non-trivial G,g-group and, as G,z
is a 2-group, C(vﬁmcg,)/Yu(Guﬁ) # 1. Let T,3 be the inverse image of C(Vﬁmcg,)/yu<Gu/3).
We have that [T,3,G,5Y,./Y, = [Tus/Yu, Gus) = Y,u/Y, and so [T,5,Gugl < Y, In
particular, 7,3 <G 3. Define T3 = T/% and T),5- = Tg;. Then, by applying Lemma 3.3.2,
15 = Tup.g for all g € G,. So we may define the groups F), = <Tfﬁ“) = (Tyus, Tyupr, Tppe)
and Hs = (F.°). Then F, = (T5) < (Vg*) = U, and, as Z, < Y, < T,5 < F,
Vs = (Z%) < (FS®) = Hz. We have that T3 < Cy N Cy and, as T3 < G,
Tys =T% < C% = Cyge = Ce
and so, as G, acts on I'(n) = {G6,0,5*}, Tup < CsnNCyxp NCs IG,. Then F, =

(Ty3) < C3NCy N Cye < Cp and s0 Hy = (F,") < Cy. Hence, as Vs < Hy < C,
e, (Hs/Vs) < 1, (Cs/Vs) = 0. Then

(Vaky, Es] < [Hp, 5] < Vs < VsF),

so that V3F), < G sE3 = G and so

e
Hp = (F,”) < <(V5Fu)Gﬁ> = VsF, < Hp

giving Hg = V3F,. Define Ky = [Hg,Qp]. Then, by Lemma 5.2.1(ii) and applying
Lemma 3.2.2(iv), [V3, Q) = Zg = [Z,,, Q] < [FL, Qs) and so, as Hg = V3F),,

K = [VaFu, Qg = [V, Qsl [Flu, Qs) = [Flu, Q.
We have that V3 £ Kg because otherwise V3 < K3 = [F),, Qg] < F), so that Hz = V3F), =

F,,, but then H3 (G, G,) giving Hg = 1 which is a contradiction. So K3NVj is a proper

Gg-subgroup of V3 and so, by applying Corollary 5.2.8(ii), Ueﬁ(Kﬁ N Vs) = 0. Then, as
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Kp/(KsN'Vs) =¢, KgVs/Vs <g, Hs/ V3,
N, (Ks/(Kg N Vp)) = ne,(KsVs/Vs) < ne,(Hg/Vs) =0
so that
N, (Kg) = na, (Ks/(KsNVs)) +ng,(KgNVs) =0
and so, by Corollary 5.2.8(iii), Z3 < KgNY, < Cy, (Es) = Zg giving K3NY, = Zg. Now,
[T, Qul < [Ty, Gup] <Y, and so, as Q, G,
[Fp Q) = LT3, Qul = ([T, Q) < (Y,74) =,
giving
[Fuy QuN Qp] < [Flu, Qu N [Fy, Q] <Y, N K = Zp.

Then, by Lemma 5.2.1(ii),
[Hp, QuN Qp] = [VaFyu, QuN Qpl = [V, Qu N Qp] [Fu, QN Q]

< [V, Qpl [Fu, QuNQp) < Zs

and so Q, N Qs < Cq,(Hp/Zs). We have that, by Lemma 5.2.1(ii),
Qp:Cq,(Hp/Zp)| |Cqu(Hp/Zp):(QuNQp)| = |Qs:(QuN Qp)| = 2

and so either Cq,(Hg/Z3) = Qp or Cq,(Hp/Zs) = Q. N Qs. In the former case,

[F, Qp) = Kg = [Hg, Qpl = Zs < Z, <Y,

s0 [T, Qp] < [F.,Qp] <Y, <T,3and so, as T),3 <G ,3 = Q,(s and by Lemma 5.2.1(i),
T, < Qu(Qp, Qp) = G, giving F, = <T5ﬁ“) = T,3. But then, by Lemma 5.2.1(iii),
T, =F,=T, <VgNVg =Y, which is a contradiction. In the latter case, @), N Qs =
Cq,(Hp/Zs) < Gz which contradicts Corollary 5.2.4(i). Thus, Y, = V3N Cp.

Secondly, assume that Y, = Vg N Cyz. Then, as C3 and Vg are normal in @,
[Cs, V] < CgN Vg =Y, < Vjand so, by Corollary 3.3.5(i),

(Cs, Eg] < [Cs, (V™) = {[Cs, Vg ]®7) < (V5#) = V.

Thus, 7705(06/‘/6) =0. ([l
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§5.3 Analysing the structure of the module V3/Zj3

In this section we will analyse the extent to which the structure of the module V3/Z5 is

determined by the action of the groups Vj/, Cs, Qg N (), and G 3 on this module. The

results in this section hold under the weaker hypothesis P»/Q2 € X and |Z| = 2.

Lemma 5.3.1 Vj, Cyz and Qs N Q, are normal subgroups of G,z with Vg < Cy <
Qs NQ, < CGTza(V_ﬁ')' Moreover, the following hold:

(1) Cv,/2,(Gus) = Cv,2,(Qp N Q) = Z,/Zs and Cy,,y7,(E) = Zs/Zp.

(ii) If V3 = Cy, then Ne,(Cs/Vs) = 0.

(i) If Cy = Q@ N Q,., then Vi induces central transvections on Qz/Cl.

Proof As Vj is normal in Q,,, Vs = VpQs/Qp is normal in Q,Qs/Qs = G,5/Qs = G5
and, similarly, Cyp and Qg N @, are normal in G,5. We have that, by Lemma 5.2.1(ii),
Vo, Qe NQul < [V, Q] = Zy < Qp so that [V, @y N Q) = [V, Qp N Q,] = 1 and
hence, as Vi < Cp < Qp NQu < Gus, Vi < Cp < Qp N Qyu < Cgz (V).

(i) Let K,z be the inverse image of Cy,/z, (Qe N Q). Then [Z,,QpNQ,) < [Z,, Q] =1
and so Z,/Zs < Cv,(Qp N Qp)/Zp < Cvyz5(Q N Qu) = Kpup/Zp giving Z, < K5 We

also have that, as Qs N @, is normal in G5, K,3/Z5 is a G,z-submodule of V3/Z3 so

[Kus, Gusl 25/ Zs = [Kyup/ Zs, Gpup] < Kus/Zs and s0 [Kyus, Grug] < Ky giving Kpus 9 G,
Set K,, = K,3NY,. Then, by Lemma 5.2.1(iii), [K,, E,] < [Y,,E,] < Z, < K, and so
K, 4G, 3E, = G,. By definition of K 3,

(K, Qe N QU Zs/Zs < [ Ky, Qo N QulZp/Zs = [Kup/Z5,Qp N Qul = Zs/Zg

so [K,, Qs NQ,) < Zg and, by Lemma 5.2.1(ii),

(K Qe NQu) < [V, Qp] < [V, Qa| = Zp

giving, by Lemma 3.2.2(iii), [K,,Qp N Q] < ZsN Zy = 1. So Qp NQ, < Cq,, (K,)
and, by Lemma 3.2.1(i), Cq,, (K,) < Cg,(Z,) = Q. and hence Cq, (K,) = Qz N Q.
Now, as K, < Qg and by Lemma 5.2.1(ii), K|, is an abelian (Qy/Cq,, (K,))-group

and |Qp/Cq,, (Ku)| = |Qp/(Qp N Q)| = 2. Also, by applying Corollary 5.2.8(ii),
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Ne, (Cv, (Qp)) = 0 and so, by Corollary 5.2.8(iii),

Zy < Ck,(Qp) <Y, NCy, (Qp) <Y, NCy, (Eg) =Cy,(Eg) = Zpy

giving Cr,(Qp) = Zg. So, as [K,, Qp] < [V, Qp| < [V, Qp] = Zy,
K./ Zp| = | K,/ Ck,(Qp)| = | K,/ Ck, (Qa/ Cq,, (K,))]
= [[Kyu, Qs / Cq,, (K| = |[K,, Qall < |Zp |

giving |K,| <|Zz|* =|Z,|. Hence, K, = Z,. We have shown that

Cy,/z,(Qp NQu) = Cvyyz,(Qp N Q) NY,/Zp = Kup/Zs N Y,/ Zs

- (Kuﬁ N Yu)/Zﬁ - Ku/ZB - Zu/Zﬂ

and so Z,/Zs < Cy,yz,(Gus) < Cvyz,(Qe N Q) = Z,/Zs. Thus, Cy,z,(Gp) =
Cy,/z;(Qs N Qu) = Z,/Zs. Also, by Lemma 5.2.10(i) and Corollary 5.2.8(iii),
Cv,/25(Ep) = Cvy2,(Es) NY,/Zs = Cv,(Ep)/Z5 N Y,/ Zs = (Cv,y(Ep) NY,) [/ Zs

= Cy,(Ep)/Zs = Zg/Zp.

(ii) Let Vg = Cpr. Then CpQs = Vz Qs and so, by Dedekind’s Law,
Cs = CsNCsQp = CsNVQp = V5(Cs N Q)

and, by Lemma 5.2.1(ii), [Vﬁ/,Cg N Qﬁ/] < [Vﬁ/,Qg/] = Zg/ < Z,u < Vﬁ. We have that
Vi, Cs) = [V, Va(Cs N Q)] = [Vig, V] [Vir, Cs N Qpr] < Vg

and so, by Corollary 3.3.5(i),

(Cs, Bs] < [Cp, (V")) = {[Cp, Vil ) < (V) = V.

Thus, ng,(Cs/Vs) = 0.

(iii) Let Cp = Qz N Q,. Then (Qp N Q,)Qs = CpQp and so, by Dedekind’s Law,
QeNQu=(QsNQu)N(QsNQLQs = (QsNQu) NCsQp = Cp(QsNQLNQy)

and, by Lemma 521(11), [Qﬁ N QM N ngl7v13/] S [Qﬂ'?vﬁ’] = Zﬁ/ S ZM S VI@ S Oﬁ We

have that

Qs N Qu, Vel =[Cs(QsN QLN Qp), Va] =[Cs, Va] [Qs N QuNQp, V] < Cp
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and so (Qs N Q,)/Cs < Cq,/cs(Vpr). Then, by Lemma 5.2.1(ii),
1Qs/Cs/ Cquros (Vi) = 1Qs/Cs [ Couros (V)| < 1Qs/Cs /(Qs N QL) /Csl
=|Qs/(QsN Q)| =2

and hence V_ﬁ/ induces central transvections on Qz/Clj. U

Lemma 5.3.2 Vj acts quadratically on Vz/Zg. Moreover, the following hold:
(i) |C[V5/Zg,v7,] (G_uﬂ)| =2 and |C[V5/Zg,v7,,] (E_ﬁ)‘ =1
(i) |V3/Zs | Cvyyz,(T)| < 2|V | for all T € V.
(iii) Cy < Cq5([Vs/Zs, Vi)

Proof As ((,03) is a beta pair, Vg is a non-trivial subgroup of G4 and, by Corol-
lary 3.3.5(ii), [V3/Zs, Vi, V'] = [Vi3, Vi, Vg Z5/ Z5 = Z/Z5. Thus, Vi acts quadratically
on V/Zg.

(i) As G- acts on I'(p) ~ {8*} = {8, 0'} and by Corollary 3.3.5(i), 1 # [V, Vg| < G5+
and so, by Lemma 3.2.1, [V, V| N Zg« = [V, Vg | N QZ(G,p+) # 1 giving, as | Zs-

Zg* < [VQ,VB/]. Then, by Lemma 322(111), Z# = Z/g*Zg < [Vﬁ,VBI]Zg and, as V5 and
Vg are normal in (), and by Lemma 5.2.1(iii), [V, V#]Zs < V3N Vy =Y, and so
Z,u/Zﬁ S [Vg, Vﬂ/]Zg/Zg = [Vg/Zg,V_ﬂ/] S Yu/Zﬂ' SO, by Lemma 531(1),
Civay 25751 Gus) = Va/Z5, Vi) 0 Cy,.12,(Grus) = (Vi / 25, V| N 24/ Z5 = Z,,) Zs
and hence, by Corollary 5.2.8(i), |C[Vﬂ/Z57V73/] (G,5)] = 2. Also, by Lemma 5.3.1(i),
Clr,/25,771(Es) = [Va/Zp, Vo) N Cy,2,(Ep) = [Vs/Z5, V| N Z5/ Z5 = Z/ Zg
and hence |C[Vﬂ 125.V] (Ep)| = 1.
(ii) By Lemma 5.2.1(ii), [V3 N Qp, V] < [Qp, V] = Zg and so, by Lemma 3.2.2(iii),
(Vs N Qp)/Z5,Ve) = Vs N Qp, Vil Zs/ 25 < Z Z5)Z5 = Z,/ Z.
In particular, (Vs N Qp)/Zs, V] < Z,/Z5 < (V5N Q) /Zs and so (V3 N Qp)/Zs s a
Vg-submodule of V3/Z5. Fix T € V. Then, by Corollary 5.2.8(i),

(Vs N Qs)/Z5,7]| < [(VaNQp)/Z5, Vo)l < 12,/ Z5| = 2
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and so, as C(Vﬁm%,)/zﬁ (7) < Cv,/25 (Z) and by Corollary 3.3.5(iii),
Vs/Zs | Cvyyz,(T)| < |V5/Z5 | Civana )z (@)

=|Vs/Z5 /(Vs N Qp)/Z5| (Vs N Qp)/Z5 | Cvan@y/zs(T)]
= |Vs/(Va N Q)| |[(Va N Qa)/Zs,T]| < 21V5Qp /Qp]
=2[VpQp/Qs] = 2|V |.

Thus, |Vs/Zs | Cv,z,(%)| < 2|Va| for all 7 € V.

(iii) We have that, by Corollary 3.3.5(ii), [V5/Zs, Vi, Ca| = [V, Vi, Ca|Z5/Z5 = Zs/Zs

and hence Cjy < C@([V@/Zg,v_@]). O

It follows from Vj3/Z3 being a module over Fy and Vj being an elementary abelian 2-group
that |Vs/Zs [ Cv,z,(@)| < |Va/Zs|!"/? for all T € V. One of the consequences of the

following lemma is that we will be able to slightly lower this bound.

Lemma 5.3.3 |Vs/Zs| > |Vy | [[(QsNQ,)/Cs, Vol |(VsNCp) /Zs] where (Q3NQ,)/Cs is
a Gg-submodule of Q3/Cj of codimension one with |[(QsNQ,)/Cs, Va]| > £|[Vs/Zs, 7|
for all T € Vg In particular, |Vs/Zg | Cv,z,(T)| < (4|V3/Zs|)V3) for all T € V.

Proof As QsNQ), and Vj are normal in ), [QsNQu, Va] < (QsNQu) NV =VeNQp

and so, regarding (Q3 N Q,)/Cy as a Gug-group,
[(Qs N @)/ Cp, V] = [@s N Qu, Viy]Cs/Cp < (Vg N Qp)C3/Cis
giving
[(Qs N Qu)/Cs, Vall = l(Qs N Qu)/Cs, V]| < [(Vr N Qs)C/Chs]
= [(Van@p)/ (Ve N Cp)| = [(VaNQp)/ (Vs N Cp)l.
Also, by Corollary 3.3.5(iii), [Vs/(VsN Q)| = [VsQp /Qu | = [V Qs/Qs| = |Viy|. Hence,
Va/Zsl = [Vs/ (Vs N Q)| [(Va N Qp)/(Va N Ca)| (Vs N Cpr)/Zg|

> Vol [(Qs N Qu)/Cs, Vall [(Va N Cr)/ Zg|.

Fix T € V. Then, by Lemma 5.2.10(iii), V3/Zs / Cv,/z,(Es) =g, Vs/ Cv,(Es) and so,
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by Lemma 5.3.2(i),
|[Va/ Cv, (E5), 7| = 1[Vs/Zs | Cvyyz,(Ep), Tl = |[Vs/Z5, 7] Cvyy2,(Ep)/ Cuyyz,(Ep)]
= |[Vs/25,7)/ Cv250(Ep)| = |[Vi/ 25,7
giving, by Lemma 5.2.10(iii),
Vs/Zs, )| = [V Cv;(Ep), T]| = |(Vs/ Cvs(Es))" / Crvzy v, (B (T)]
= [[(Va/ Cv;(Ep))", 7| < [1Qs/Cs, 7]|.

We have that, by Lemma 5.2.1(ii), |Q3/Cs /(QsNQ.)/Cs| = |Qp/(QsNQ,)| =2 and so

(QsNQ,)/Cs is a Ga-submodule of Q3/Cj of codimension one giving

[Qs/C5.7]| < 21[(Qs N QW)/C5,7]| < 2[[(Qs N Qu)/Cs, V]l

Thus, |[(Qs N Q,)/Cs, V| > 1[Qs/Cs.Z]| > 3|[Vs/Zs,T]|. We have shown that
Vi) Zs| > 5|V || [Vs/ 25, T)| | (Vs 0 Cr) [ Zg).

Now, by Lemma 5.3.2(ii),

Vs/Zp,7]| = |Vs/Zs5/ Cvyy2,(@)| < 2|V | and so [Vp| >
1[Vs/Zs,7]|. Also, as V and Vi are normal in Q,,, [V, V] < VzN Vs < VaNCy and so

(Vs/Z3, ) < [V3/Z3, Vi) = [V, Ve Z5/ Zs < (V3N Cr) | Z

giving |(Vs N Cy)/Zs| > |[Vs/Zp,7]|. So |Vi/Zs| > §|[Vs/Zs,7]|* and hence

Vis/Zs | Cvyyz, (@) = |[Vs/ Z3, 7| < (41Vs/Zs]) /. -

Corollary 5.3.4 Assume that V3/Zg is a self-dual module. Then Vj/Zjs is irreducible,
Qp/Cy is isomorphic to Vs/Zs and |Vi| < [Cv,/z,(Vr)/[Vs/Zs, Gus, V]|

Proof By Lemma 5.2.10(i), [V3/Zs, Es] = V3/Zs and so, as Vj/Zs is self-dual and
by Lemma 5.2.10(i), Cv,(Ep)/Zs = Cv,/z,(Es) = Zs/Zg giving, by Lemma 5.2.10(ii),
Vs/Zs = Vs/ Cy,(Eps) is an irreducible module. Hence, by Lemma 5.2.9, Q3/Cps er
(Vs/Zs)* a0 Vs/Zz. Now, by Lemma 5.2.1(ii), |Qs/(@s N Q)| = 2 and so, regarding
Qp/(QsNQ,) as a Gyg-group, [Qs/(QsNQy), Gusl = 1 giving [Qs, Gl < QN Q. Then
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[@5/Cs. Gsl = Q5. GislC3/Cs < (Q5 N Q) /C and so, as Vi/Zs = Qp/C,
|Va/Zs, Gus, V]l = [Qs/C, Gug, Vol < |[(Qs N Qu)/Cis, V.

Also, as Vj/Zg is self-dual, |V3/Zs [ Cvyyz,(Vi)| = |[Va/Z5,Vir]l < [(Vs N Cr)/Z5]. By

the lemma above we have shown that

Va/Zs| = [Vir| Vs/Zs, G s, Varll Vi) Zs | Cuyyz,(Vir).
Thus, |V_ﬁ/| < |CV5/ZB(V_W)/[V5/ZB>G_W7V_B’”' O
In the next section we will use the following lemma in order to prove that 7¢, (Cs/V3) = 0.

Lemma 5.3.5 Assume that Vi £ ®(Cp). Then ng, (®(Cg)) = 0 and, in particular,
(Vs N Cp)/Z5,Cp] < 2,/ Zs.

Proof Suppose, for a contradiction, that 7, (®(Cs)) > 1. Then 1 # ©(Cs) < G5
and so, by Lemma 3.2.1, ®(Cs) N Zz = ®(Cy) N QZ(G,3) # 1 giving, as |Zg| = 2,
Zg < ®(Cjs). Assume that [®(Cp), P(Cs )] = 1. In this case, by applying Lemma 3.1.6(ii),
®(Cp) < Cq, (2(Cy)) < Qg and ©(Cp) £ Cy because otherwise, by Corollary 3.3.5(1),
[(Cs), Bs] < [8(C), (VE™)] = ([8(Ca), Vi 9) = 1 giving 16, (B(Cz)) = 0 which is a
contradiction. Also, by Lemma 3.2.1(ii), Cy = QE,] and so there exists p € I'((') such
that ®(C3) £ Q,. Then, as ®(Cs) < Qp < G,z and by applying Lemma 3.2.2(iv),
Z,,®(Cg)] = Zg and so, as Z, < @, and ®(Cp) is normal in Q,, Zg = [Z,, P(Cs)] <
®(Cjs). So, by Lemma 3.2.2(iii), Z, = ZsZy < ®(Cjs) and hence Vs = (Z;%) < ®(Cj)
which is a contradiction. Assume that [®(Cs), ®(Cs)] # 1. In this case, as G,p-
acts on I'(u) ~ {B*} = {B,0'}, 1 # [®(Cp), 2(Cp)] < Gp- and so, by Lemma 3.2.1,
[D(C5), ®(Co) 1 Zse = [B(C), &(Car)] 0 QZ(Grse) £ 1 giving, as |25
[@(Cp), (Cy)]. So, as ®(Cp) and ®(Cy) are normal in @, and by Lemma 3.2.2(iii),

=2, Zp <

Z, = ZgZz < ®(Cp) and hence V3 = (Zfﬁ) < ®(Cp) which is a contradiction. Thus,
N, (®(Cs)) = 0. Now, as g, (®(Cs)) = 0 and by Corollary 5.2.4(ii), V5 N ®(Cy) &
Q#E,g/ = Gﬁ/. Then, as Vﬂ N @(Cﬂ/) < Guﬁ’7

VN ®(Cy) = (VaN®(Cp))? =V N®(Cy)? =V§ Nd(CY)
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= Vsg N®(Cprg) = Vi- N O(Cyr)

and so, by Lemma 5.2.1(iii), V3N ®(Cy) < V3NV =Y, giving, as 16, (®(Cp)) =0 and
by Corollary 5.2.8(iii), V3 N ®(Cy) < Cy, (Eg) = Zg. We have that

[Vg N Cg/, Ogl] < [Vg, OB’] N [Oﬁ/, Cﬁ’] < Vg N @(Cﬂl) < ZB’
and hence [(V3 N Cy)/Z5,Cy] = Vs N\ Cpr,CalZs) 25 < 2,/ Zs. O

Lemma 5.3.6 Assume that Cy,;;,(Va) # (V3N Cy)/Zs. Then there exists a sub-
group K of Vi such that |Cy,,z,(Va)/(Vs N Cg)/Zs| = |K| and K induces G,,-central

transvections on (Vs/Z3)*.

Proof Let K, be the inverse image of Cy,;7,(Va). Then, as V3N Cy = Cy, (Va),

(Vs Ca)/Zs = Cv,(Va)/Zs < Cv,z,(Vi) = Kup/Zg

and so Vs N Cy < Ky and [Kyus, V| Zs/ Zs = [K,u5/ 25, Vi) = Z3/ Z5 giving [Kus, Vir] <
Z3. We also have that, as Vy is normal in G5, Cy,/z,(Vy) is a G,g-submodule of V3/Zg
50 [K,p, GuplZs/Zs = [Kyup/Z5,Gusl < Kyup/Zp and so [Kyup, Gusl < Kyp giving Kyus
is normal in G,3. Define K, = Kﬁ/ﬁ. Then, by Lemma 5.2.1(ii), [Vg, K3 N Qg <
Ve, Qp| = Zg so that, by Lemma 3.2.2(iii), [V, K3 N Qp] < ZgN Zzg = 1 and so
KusNQp < Cq,, (Vi) = Cy giving K3 N Qp = V3N Cyg. We have that
|Cvayzs(Var) [ (Vs N C) [ Z| = | Kyup/ Z3 | (Vs N C) [ Z| = | Kpus/ (Vs N Cir)|
= | Kup/(Kup N Qp)| = | KusQp / Qo | = [ Ky Qs/ Q]

= ’Kuﬁ’|-

Now, K, 3 £ Qg because otherwise K3 = K,3 N Qg = V5N Cy and so Cy,,z,(Vy) =
K,3/Z3 = (V3N Cy)/Zz which is a contradiction. So K, is a non-trivial normal elemen-
tary abelian 2-subgroup of G5 and, by Lemma 3.2.2(iii),

Vs/Zp, Kup'] = [V, Kup|Zs/ Zs < ZpZg| Zg = Z,.] Z.
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Then, by Corollary 528(1), |(VB/ZB)*/C(Vﬂ/Z,g)*(Kuﬁ’” = |[Vﬁ/Zﬁ7KM5']| S |ZM/ZB| =2

and hence K,z induces G, g-central transvections on (V3/Zg)*. O

Corollary 5.3.7 Assume that ng,(Cs/Vs) = 0 and that no involution in V' induces a

G p-central transvection on Vg/Zz. The following hold:
(i) Zu/Zs = Cvyyz,(Grp) = Cvyyz,(Qe N Q) < Cuyyz,(Co) = Cuyyz, (Vi) = Yu/Zs
and [Yu/Zﬁ7Qﬂ’ N Qu] < Zu/Zﬁ-

(ii) V3/Zgs is an irreducible module and ()g/Cls is isomorphic to (Vg/Zg)*.

Proof (i) We have that [Y,,Cg] < [Vs,Cg| =1 and so, by Lemmas 5.3.6 and 5.2.11,

Cvy2,(Var) = (Va N Car) /25 =Y,/ Z5 < Cvyy2,(Cyr) < Cuyyz, (Vi)

giving Cv,/z,(Cy) = Cvyyz,(Ver) = Yu/Zs. Then Cy,7,(Qp N Q,) < Cuyyz,(Cor) =
Y,/Z3 and so, by Lemma 5.3.1(i),

ZulZg < Cv,yz,(Gps) < Cvyyz,(Qe NQp) = Cy,y2,(Qp N Q) = Zu/Zg

giving Cv,2,(Gup) = Cv,/2,(Qa N Q) = Z,/Zs. Now, by Lemma 5.2.1(ii), [V, QzNQ,]
< [Vs,Qp] = Zy < Z, and hence [Y,,/Z5,Qp N Q] = [V, Qs N QulZs/Z5 < 2,/ Zs.
(ii) Observe that, as Vi and Cy,(Ep) are normal in (), and by applying Lemma 5.2.1(iii)

and Corollary 5.2.8(iii),

[Vir. v, (Ep)] < Vir N Cy, (Ep) = Cyyrwy)(Bs) = O, (Es) = Zs.

Suppose, for a contradiction, that CV@, (Eg) £ Qs. Then W is a non-trivial normal
elementary abelian 2-subgroup of G5 and [Vg/Zg,W] = [Vs, Cv,, (Ep)Zs/Z5 <
Z,/Z3. So, by Corollary 5.2.8(i), there exists an involution in m which induces
a G ,p-central transvection on Vj3/Zz which is a contradiction. Hence, Cv, (Eg) < Qg
Now, by Lemma 5.2.1(ii), [Vg, Cy,(Ep)] < [Va,Qp] = Zp and so, by Lemma 3.2.2(iii),
Ve, Cv,(Eg)] < ZgNZg = 1 giving Cy, (Ep) < Cq,, (Vi) = Cgr. So Cy,(Eg) < VsNCy =
Y, and hence, by Corollary 5.2.8(iii), Cy,(Es) = Cy,(Es) = Zsz. Thus, by Lemmas
5.2.10(ii) and 5.2.9, V3/Z3 = V3/Cy,(Es) is an irreducible module and Qz/Cjp er
(Vs/Zp)".
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T Vs/Zg

T Yu/Zs 1 Cvyz,(Cpr) = Cvyyz, (V)
T Vs/Zs,Cp]
Centralized by Qg N Qy

T Va/Zg, Var)

- Zu/fﬁ T Cvi/25(Gup) = Cvy 2z, (Qpr N Q)
Lo

Figure F The structure of the module V3/Z3 in Corollary 5.3.7.

The corollary above gives rise to the following heuristical argument under the weaker
hypothesis P»/Q, € X and |Z| = 2. Assume that 7,(Cs/V3) = 0. In the case when
there exists an involution in Vj which induces a G, g-central transvection on Vj/Z3, the
group G is unusual and the structure of the module Vj/Zs is highly restricted. In the
alternative case, the corollary above provides the following dilemma when Y),/Z,, has large
order. On the one hand, Cy, 7, (Qz N Q,.) is one-dimensional and so Qz N Q,, is a “large”
group. On the other hand, [Y,,/Z5, Qs N Q] < Z,/Zs and so Qs N Q,, centralizes a large
section of the module V3/Z5 and hence it must be a “small” group. The author conjectures
that for the vast majority of groups G5 the above argument proves that 7. ,(Cs/Vp) > 1
or otherwise leads to exceptional configurations. At the end of this chapter we will face
the dilemma described above which will lead to a contradiction except in the cases when

G_ﬁ = Ql5, ng or 68.
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§5.4 Concluding the proof of Theorem A

In this section we will focus our attention on the case when G_ﬁ =9, or G,.

Lemma 5.4.1 Assume that G = 5. The following hold:
() Vo =Ty < Qo 110y =Ty
(ii) ne, (Cp/ V) = 0.

(iii) V/Z s is isomorphic to either the natural module for Gz over Fy or the spin module

for G5 over Fy and Q5/Cj is isomorphic to Vs /Zg.

Proof (i) By Theorem 2.3.8(ii) and Lemma 5.3.1(iii), 1 # Vz < Cp < Qp N Q. < G5

and hence, as |G 5] =4, Vg = Cy < Qp N Q, = G .

(i) This follows from part (i) and Lemma 5.3.1(ii).

(iii) By Theorem 2.3.8(ii), we may apply Corollary 5.3.7(ii) to deduce that Vz/Zs is an
irreducible module and @)3/Cj is isomorphic to (Vs/Z3)*. Thus, V3/Zs is isomorphic to
either the natural module or the spin module for G_ﬂ over [Fy and, as both of these modules

are self-dual, Q3/Cj is isomorphic to Vz/Zs. O

Henceforth we will assume that n > 8 when G_g =9, and n > 7 when G_g =~ G,,. Before

we proceed we will need to establish the following notation.

Notation Denote the 2-adic decomposition of n as follows

n=2"M 42" 4 ...4+2™ with 0<m; <mg <---<m,.

As G_,w is a Sylow 2-subgroup of G_g, there exist subgroups T, T2, ..., T of G_M; such
that 7T x T2 x - - - xWﬁG_ugwhereYTiis similar to %,,, for 1 SiﬁrwhenG_g’EGn
and T" is similar to T,,, N, for 1 <4 < 7 when Gp 2 A,. Let Z(G,p) = (f1,t2, ..., 1)
where f; € T% for 1 < i < r and set T = f115...%,. Then Z; is similar to the involution
(12)(34)...(2m™ —1 2™) except when either m; = 0 (n is odd) or G5 =2 2, and m; = 1

in which case ¢, = 1.
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Lemma 5.4.2 Vj3/ Cy,(Eg) is isomorphic to the natural module for G over Fy except

when G = s or Sg and Vs/ Cy,(Ejp) is isomorphic to a spin module for G over Fs.

Proof By Lemma 5.2.10(ii), V3/Cy,(Ep) is a faithful irreducible F»Gg-module and,
by Lemmas 5.3.2, 5.2.10(iii), 2.4.1 and 2.3.3, Vj is a non-trivial elementary abelian 2-
subgroup of G5 with [V3/ Cy, (E5), Vs, Va] =1 and, for all T € Vj,

Va/ Cvy(Ep) / Cviay ey, ) (T)| < |Vs/Z5 | Crjyyz,(T)| < 2| V|-

In the case when |Vy| = 2, |V3/ Cvﬁ(Eﬁ)/Cvﬁ/cVﬁ(Eﬁ)(V_ﬁ'H < 22 so0 that V induces a
2-transvection on Vj/ Cy,(Es) and so, by Corollary 2.4.3, there exists Vy < F < Gg
such that |F| = 4 and [V/ Cy,(Es), F,F] = 1. Therefore, in all cases, we may apply
Theorem 2.4.8 to deduce that either Vj/ Cy,(FEp) is isomorphic to the natural module or
a spin module for G_g over Fy. Assume that we have a counter-example to the lemma.
Then G5 = &7 or n > 9 and Vj/ Cy;,(Ej) is isomorphic to a spin module. We have that

|Vi| > 23 because otherwise for T € (Vj)#, by Theorem 2.4.8(I) and Lemma 2.4.6,

[Vi/ Cvy(Eg) "2 = |Vis/ Cvy (Ep) / Cuyon, (50) (T)| < 2| V] < 2°

and so, by Theorem 2.1.8, 27 < |V3/Cy,(Eg)| < 2° which is a contradiction. So, by
Theorem 2.4.8(I), G = Ay and V is similar to a regular eight-group fs. Then, as G 5
is similar to a subgroup of &g and by Lemma 5.3.1, Vy < Qs N Q, < CGTﬁ(V_g/) =V
giving Vg = Qp N Q. So, by Lemma 5.3.1(iii), V5 induces transvections on Q3/Cs which

contradicts Theorem 2.3.8(ii). O

Corollary 5.4.3 One of the following two cases hold:
(I) G5 =2 s or &g and Vj3/Zs is isomorphic to either the natural module for G5 over Fy
or a spin module for G_B over [Fy.
(II) G5 % s or &g and Vj3/Zs is isomorphic to either the zero weight submodule V; of
the n-dimensional permutation module for G_g over Fy or the natural module V; for G_ﬁ

over Fy. Moreover, r > 2 in the 2-adic decomposition of n.
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Proof By Lemma 5.2.10(i), [V3/Zs, E5] = V3/Zs and, by Lemma 5.2.10(iii) and the
lemma above, either Vj/Zgz / Cy,;z,(Egs) is isomorphic to the natural module for G over
Fy or Gg = s or &g and Vi3/Zs | Cv,;2,(E3) is isomorphic to a spin module for G5 over F,.
In the latter case, by Theorem 2.4.5, Vj3/Z3 is isomorphic to a spin module for G_g over [Fs.
In the former case, by Theorem 2.2.6, V3/Z3 is isomorphic to either the natural module
V, for G_ﬂ over [y or the zero weight submodule V of the n-dimensional permutation
module for G over Fy. Now, assume that 7 = 1. In the case when V;/Z5 =% Vo, G
and Ej are both transitive permutation groups and so Cv,/25 (G.p) = Cv,/zs (Ej) giving
Clvaz5.7;] (G.5) = Crv, 125V3) (Ejs) which contradicts Lemma 5.3.2(i). In the case when
Vs/Z3 =er Vo, as 1 # Vg <Glp, Vo NZ(G,5) # 1 and so £ € V. Then, by Lemmas 5.3.3
and 2.1.16(ii),

2028 = V) Z | Cuyyz, (1)| < (4]V/Zp]) VP = 200/
son/2—2<n/3 and so n < 12 giving n = 8. Thus, G = g or Gs. O

From now on we will assume that Case (II) of Corollary 5.4.3 holds and aim to find a
contradiction. In the next lemma we will show that the group Vj is similar to either ((1 2))
or ((12)(3 4)). These two cases will often be considered separately in the remainder of

this chapter.

Lemma 5.4.4 V_B’ = (t;) for some 1 < i < r. Moreover, one of the following two cases
hold:
(I)T; is a transposition, [V3/Zs, V) = Z,/Zg and [V/Zs, G5l < (Vs N Cg)/Zs.

(II) t; is a double transposition and Cy,;z, (Vo) = (VsNCs)/Zs.

Proof By Corollary 5.4.3(II) together with Lemma 5.3.2 and Corollary 5.3.4 we may
apply Lemmas 5.1.3-5.1.6 to deduce that V_/gl < Ti for some 1 < i < r. In particular,
as 1 # Vg < Gup, Vo NZ(G,p) # 1 and so, as Vy < Ti t; € V. Assume first that
Cvyyz,(Viy) # (V3N Cyr)/Zg. We have that, as Vy < T, Vi N Z(G5) = (I;) and so, by

Lemma 5.3.6, ¢; induces a transvection on Vj3/Z3. Hence, by applying Corollary 2.1.17(i),
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f; is a transposition and so (f;) < Vi < T' = (f;) giving Vi = (f;). Assume second that
Cv,z,(Var) = (VsNCp)/Zs. Then, by Lemma 5.3.2, [V3/Zs, 4, V] < [V3/Z5, Ve, Va] = 1
so Vg < C([Vs/Zs, 1)) giving, by applying Lemma 5.1.1, (V3N Cp)/Zs = Cy,/2,(V) =
Cv,/z,(t:). So, by Lemma 5.3.3,

Vs/Zs| = 5|Ver | 1[Vs/Zs, ]| |Cvyyz, (1)

and so, as ‘Vﬁ/Zﬁ/CVﬁ/Zﬁ(t_i)‘ = Hvﬁ/ZﬁaﬂL

V| <2|Vs/Zs | Cvyyz, ()] |[Va/Zs, G| =2

giving Vg = (£;). Then, by Lemma 5.3.2(ii), |Vs/Z3 / Cv,z,(%:)| < 2% and so #; induces a
2-transvection on V3/Zz. Hence, by applying Corollary 2.1.17, #; is either a transposition
or a double transposition.

Now, let Vz = (f;) and #; be a transposition. By Corollary 3.3.5(1), 1 # [V, V] <

Gp- and so, by Lemma 3.2.1, [V, Vg |NZg = [V, Vo] NQZ(G ) # 1 giving, as | Zg-

2, Zg* S [V/g,Vg/]. SO7 by Lemma 322(111)7 ZH/ZB = Zﬁ*Zg/Zﬂ S [Vﬁ,Vﬁ/]Zﬂ/Zg =
[Vs/Zs, Viy] and hence, as |[Vs/Zp, Vil = 2 = |2,/Z5|, [Vs/Z5,Vs] = Zu/Zs. Then
Vs, V| < Z, and so [V, Vi, Qu) < [Z,,Qu) = 1. So, as Vs and Vjz are normal in @), and

by applying the Three-Subgroup Lemma,

Vi, Qus Vol = [Qus Vi, Varl = [Vigr, Qu, V3l

Also, as Vi < Z(Gug), Vi, Qul = Vi, Qul = [Vir,Gpup] = 1 giving [V, Q] < Qs.
Then, by Lemma 5.2.1(ii), [V, Qu, Vs < [Qs,Vs] = Zs and so, by Lemma 3.2.2(iii),
Vs, Qu, Vo] < ZgN Zg = 1 giving [V3,Q,) < CQﬂ’<V5') =Cp. So [V3,Qu < VN Cpa
and hence [V3/Z3,G 5] = [V, Q. Z5/Z5 < (V5N Cy)/Zs. Therefore, one of Case (I) and
Case (II) holds. O

Corollary 5.4.5 1, (Cs/V3) = 0. In particular, Y, = V3 N Cpy.

Proof Suppose, for a contradiction, that V3 < ®(Cj). Then Vy < ®(Cy) = ®(Cy)
and so, by Lemma 5.3.2(iii), Cg < Cas(Va/Zs, V) giving, by applying Corollary 5.1.2,

Vs < ®(Cy) NT? = 1 which is a contradiction. Hence, V; £ ®(Cj). Firstly, consider
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Case (I) of Lemma 5.4.4. We have that, by Lemma 5.3.5,

Va/Zs,Gup, Cal < (Vs Cy)/Z3,Ca| < Z,) Zg < [V Z3, V]

and so, by applying Lemma 5.1.7(i), Vy < Cs < Vp giving Vs = Cg. Thus, by
Lemma 5.3.1(ii), 7g,(Cs/Vs) = 0. Secondly, consider Case (II) of Lemma 5.4.4. We

have that, by Lemma 5.3.5,

[Cvyyz,(Var), Carl = (Vs N Cw) [ 23, Cir) < Z,) Z3 < (Vi) Z5, V]

and so, by applying Lemma 5.1.7(ii), Cp < T%. Then, by Lemma 5.3.2(iii), Cy <
C7:([Vs/Zs, Vy]) and so, by applying Lemma 5.1.1, [V3/Zs, Vy] = [V5/Z5,Cy]. Now,
Ve, VaN Qa] # 1 because otherwise V3 N Cy = Vs N Qg so, by Corollary 3.3.5(iii),
Vs/Zs | Cvyyz,(Va) | = (Vi) Z5 | (Vs N C) [ Zs| = |Vs/ (Va0 C)| = [V/ (Vs N Qar)|
= [VsQu /Qu | = Vo Qs/Qsl = V| =2

and so Vj induces a transvection on Vj3/Z which contradicts Corollary 2.1.17(i). We have
that, by Lemma 5.2.1(ii), 1 # [V, Ve N Q) < [Vs,Qp)] = Zs and so, as | Z| = 2, Zz =
Vs, Vo N Qp] < [Vs, V). Then [V, Viy|/Zs = [Vs/Zs, V] = [V3/Z5,Cs| = [V5,C]/Zs
so [V, V] = [V, Cs| and so, by Corollary 3.3.5(1),

(Cs, Bs] < [Cs, (V)] = {[Cs, Vir]S#) = ([V5, V]®) < (V") = Vs

giving n¢,(Cs/Vs) = 0. Therefore, in both cases of Lemma 5.4.4 n¢, (Cs/Vs) = 0. In
particular, by Lemma 5.2.11, Y, = V3N Cy. 0

Lemma 5.4.6 The following hold:
(i) Cvﬁ/Z,B (G_uﬁ) = Zu/Zﬁ'
(ii) V3/Zs and Qs/Cj are isomorphic to Vy and r = 2. In particular, n = 2 + 2™ for
some m > 3 in Case (I) of Lemma 5.4.4 and n = 4 + 2™ for some m > 3 in Case (II) of

Lemma 5.4.4.

(iii) Cv,/2,(Qp N Qu) = 2,/ Zp and (V5N Cp)/Z5, Qs N Q] < [Vs/Zs, V).
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Proof (i) By Lemmas 2.5.9 and 5.4.4 and Corollary 5.4.5,

Cvy25(Gus) < [Vs/Zs, Gugl N Cvyyz, (Vi) < (VN Car) ) Zs =Y,/ Z3

and hence, by Lemma 5.3.1(i), Cv,z,(G5) = Cy,/2,(Gup) = Z,/Zs.
(ii) We have that Vj/Zj is isomorphic to V; because otherwise n is even and Vj/Zs is
isomorphic to Vg and so, by Lemma 2.5.9(i) and part (i), 2" = |Cy,;7,(Gus)| = | Z,/Z5| =
2 giving r = 1 which contradicts Corollary 5.4.3(II). So Vj3/Zs is self-dual and hence, by
Corollary 5.3.4, Q3/Cjp is isomorphic to V3/Zs. Then, by Lemma 2.5.9(ii) and part (i),
2" = |Cy,2,(Gup)| = |2,/ Zs| = 2 and hence r = 2.
(iii) In Case (I) of Lemma 5.4.4, by part (ii) and applying Lemma 5.1.8(i),
(VsNCy)/Zp < Cvyyz,(Vir) = [V3/Z5, Gug) < (Va1 Cyr) [ Z5
and so Cy,/z,(Vy) = (V3N Cy)/Zg. So, in both cases of Lemma 5.4.4, by Corollary 5.4.5,
Cvy2,(Qe N Q) < Cuyyz,(Vir) = (Vs N Cpr) [ 25 =Y,/ Zg
and hence, by Lemma 5.3.1(i), Cv,/z,(Qp N Q,) = Cy, )z,(Qp N Q) = Z,/Z3. Also, by
Corollary 5.4.5 and Lemma 5.2.1(ii),
Ve G, Qp N Q) = [Y, Qe N QU < [Vir, Qo] = Zy

and hence
(Vs Co)/ 25, Qe N Qul = VN Cy, Qe NQulZs/ 25 < Z,,/Z5 < [V3/Z5, V). O
Corollary 5.4.7 A contradiction.
Proof Firstly, consider Case (I) of Lemma 5.4.4. By Lemma 5.4.6(iii),
Vs/Z5,Gpup, Qe NQu) < (Vs Cy)/Z5, Qe N Q) < [V3/Z5, Vg

and so, by applying Lemma 5.1.7(i), Vi < QpNQ, < Vy giving Vg = Qp NQ,.
Then, by Lemma 5.4.6(iii) and Corollary 5.2.8(i), |Cv,/z,(Va)| = |Cv,/2,(Qs N Q)| =
|Z,/Z3] = 2 and so 2" = |V3/Zs | Cy,;7,(Vz)| = 2 giving n = 4 which is a contradic-
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tion. Secondly, consider Case (II) of Lemma 5.4.4. By Lemma 5.4.6(iii),
[Cviay2,(Vir), Qe N Qul = [(Vs N Car) /25, QN Q] < [V5/Z5, V]
and so, by applying Lemma 5.1.7(ii), Qg N Q, < Ti. Then, by Lemma 5.4.6(i,iii),

ZulZs = Cv,)z, (G_uﬁ) < CVﬁ/Zﬁ<ﬁ> < Cvyz,(Qe N QW) = 2/ 2

and so, by applying Lemma 5.1.8(ii) and by Corollary 5.2.8(i), 2" = |Cy,z, (TH)| =

| Z,,/Zg| = 2 giving n = 6 which is a contradiction. O
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