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ABSTRACT

In recent years the regularity method has been used to tacklemany embedding problems in

extremal graph theory. This thesis demonstrates and develops three different techniques which

can be used in conjunction with the regularity method to solve such problems. These methods

enable us to prove an approximate version of the well-known Sumner’s universal tournament

conjecture, first posed in 1971, which states that any tournamentG on2n− 2 vertices contains

a copy of any directed treeT onn vertices. An analysis of the extremal cases then proves that

Sumner’s universal tournament conjecture holds for any sufficiently largen.

Our methods are also applied to the problem of obtaining hypergraph analogues of Dirac’s

theorem. Indeed, we show that for anyk > 3 and any1 6 ` 6 k − 1 with k − ` - k,

any k-uniform hypergraph onn vertices with minimum degree at least n
dk/(k−`)e(k−`)

+ o(n)

contains a Hamiltoǹ-cycle. This result confirms a conjecture of Hàn and Schacht, and is best

possible up to theo(n) error term. Together with results of Rödl, Ruciński and Szemerédi, this

result asymptotically determines the minimum degree whichforces aǹ -cycle for any` with

1 6 ` 6 k − 1.
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CHAPTER 1

INTRODUCTION

The problem of finding a fixed substructure within a given structure is a major area of extremal

combinatorics. Early examples of such results include Dirac’s Theorem [10], which states that

any graphG on n > 3 vertices with minimum degree at leastn/2 contains a Hamilton cycle,

and Tutte’s Theorem, which completely characterises thosegraphsG which contain a perfect

matching (a set of disjoint edges ofG containing every vertex ofG). More recently, much

progress has been made on similar problems through the use ofregularity.

In this thesis we demonstrate and develop three different techniques by which the regularity

method may be applied to solve embedding problems in directed graphs and hypergraphs.

Namely, we demonstrate and develop the uses of the ‘hypergraph blow-up lemma’, an ‘ab-

sorbing’ structure, and a randomised embedding algorithm.Each method is used to obtain

significant new results. Indeed, our application of a randomised embedding algorithm to em-

bed directed graphs culminates in the proof for largen of the well-known Sumner’s universal

tournament conjecture, first posed in 1971, which states that any tournament on2n− 2 vertices

contains any directed tree onn vertices. Next we use the ‘blow-up lemma’ and an ‘absorb-

ing’ structure to obtain analogues of Dirac’s theorem for hypergraphs, giving asymptotically
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for any k and` the minimum degree threshold required to guarantee that ak-uniform hyper-

graph contains a Hamiltoǹ-cycle (for any1 6 ` 6 k − 1, an`-cycle in ak-graph is a natural

generalisation of a cycle in a graph).

The reader should note that whilst we apply the randomised embedding algorithm to directed

graphs, and the ‘blow-up lemma’ and the ‘absorbing’ method to hypergraphs, these methods are

not specific to these cases. Indeed, each method can be used tosolve embedding problems in

simple graphs, directed graphs or hypergraphs. Also, to keep this introduction relatively short

and easy-going, we defer the definitions of many terms used tothe relevant later chapters of this

thesis.

1.1 Trees in tournaments

A directed graphG, or digraph, consists of a set of verticesV (G) and a set of edgesE(G),

where each edge ofG is an ordered pair of vertices ofG. So we think of an edge(u, v) as being

directedfrom u to v. A tournamentis a digraph formed by orienting each edge of a complete

(undirected) graph. A tournament need not contain any directed cycles, so we cannot guarantee

the presence of any digraph containing such a cycle in an arbitrary tournament, no matter how

large. Instead, we might ask how large a tournamentG must be to ensure thatG contains a

copy of a directed treeT onn vertices (where adirected treeis formed by orienting each edge

of an undirected tree). The well-known Sumner’s universal tournament conjecture, first posed

in 1971 (seee.g. [38, 46]), states that any tournament on2n− 2 vertices contains a copy of any

directed treeT onn vertices. We prove that this conjecture holds for all largen.

Theorem 1.1 There existsn0 such that the following holds. LetT be a directed tree onn > n0

vertices, andG a tournament on2n− 2 vertices. ThenG contains a copy ofT .

2
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Figure 1.1: A treeT on four vertices and a tournamentG on five vertices such thatG does not
containT . Sumner’s universal tournament conjecture forn = 4 states that any tournament on
six vertices contains any tree on four vertices.

This bound is best possible for anyn. To see this, letT be a star with all edges directed

outwards, and letG be a regular tournament on2n−3 vertices. Then every vertex ofG hasn−2

inneighbours andn − 2 outneighbours, and soG does not contain a copy ofT , whose central

vertex hasn−1 outneighbours (see Figure 1.1). There are also ‘near-extremal’ examples whose

structure is substantially different: letT be obtained from a directed path on` > 1 vertices by

addingy outneighbours to the terminal vertex of the path andz inneighbours to the initial vertex

of the path, wherey + z = n − `. Let G consist of regular tournaments on setsY andZ of

size2y − 1 and2z − 1 respectively, together with an arbitrary tournament on a set X of ` − 1

vertices so that all edges are oriented fromZ toX, fromX toY and fromZ toY . Then|T | = n

and|G| = 2n − ` − 3, but it is easy to see thatG does not containT . These examples play a

significant role in the proof of Theorem 1.1.

Many previous results have been obtained towards Sumner’s conjecture. Letf(n) denote the

smallest integer such that any tournament onf(n) vertices contains any directed tree onn

vertices. So Sumner’s conjecture states thatf(n) = 2n − 2. Chung (see [46]) observed that

f(n) 6 n1+o(1), and Wormald [46] improved this tof(n) 6 O(n logn). The first linear bound

on f(n) was established by Häggkvist and Thomason [14], who showedthat f(n) 6 12n,

and also thatf(n) 6 (4 + o(1))n. Havet [17] then showed thatf(n) 6 38n/5, and later

Havet and Thomassé [19] used their notion of median orders to improve this tof(n) 6 7n/2.

Finally El Sahili used the same notion to prove the best knownbound for generaln, namely that

f(n) = 3n− 3. We make extensive use of this result (actually, any linear bound onf(n) would

3



suffice for our purposes; the factor of 3 is not essential).

Theorem 1.2 (El Sahili [11]) Let T be a directed tree onn vertices, and letG be a tournament

on3n− 3 vertices. ThenG contains a copy ofT .

Sumner’s conjecture is also known to hold for some special classes of directed trees. In partic-

ular, Havet and Thomassé [19] proved it for ‘outbranchings’, again using median orders. Here

anoutbranchingis a directed treeT in which we may choose a root vertext ∈ T so that for any

vertext′ ∈ T , the path betweent andt′ in T is directed fromt to t′. (Outbranchings are also

known as arborescences.)

Theorem 1.3 (Havet and Thomasśe [19]) Let T be an outbranching onn vertices, and letG

be a tournament on2n− 2 vertices. ThenG contains a copy ofT .

For many types of directed trees, Sumner’s conjecture holdswith room to spare. A classical

result of this type is Redei’s theorem.

Theorem 1.4 (Redei [37])Any tournament contains a spanning directed path.

Havet and Thomassé [20] proved a much stronger result, namely that every tournament on

n > 8 vertices contains every orientation of the path onn vertices (this was a conjecture of

Rosenfeld). Reid and Wormald [38] also proved Sumner’s conjecture for other (very restricted)

classes of directed trees.

In Chapter 2, we use the regularity method, combined with a randomised embedding algorithm,

to prove an approximate version of Sumner’s universal tournament conjecture. This is (1) of

the following theorem. In the process we also prove (2), a stronger result for directed trees of

bounded maximum degree, which is of independent interest.

Theorem 1.5 Letα > 0. Then the following properties hold.

4



(1) There existsn0 such that for anyn > n0, any tournamentG on at least2(1+α)n vertices

contains any directed treeT onn vertices.

(2) Let ∆ be any positive integer. Then there existsn0 such that for anyn > n0, any tour-

namentG on at least(1 + α)n vertices contains any directed treeT on n vertices with

∆(T ) 6 ∆.

In Chapter 3 we consider the extremal cases of the previous theorem. Indeed, we use both meth-

ods and results of the previous chapter to show that Sumner’suniversal tournament conjecture

holds for largen whenever the directed treeT is not ‘close’ to one of the extremal examples

to the conjecture given earlier. By a careful considerationof these extremal examples, we can

show that the conjecture holds in these cases too, completing the proof of Theorem 1.1. In

particular we use both parts of Theorem 1.5 extensively, andso Theorem 1.5(1) and its proof

are not made redundant by the stronger Theorem 1.1.

There are several directions in which our results can be extended. For example, the error term in

Theorem 1.5(2) cannot be completely omitted (to see this, consider the ‘near-extremal’ example

discussed after the statement of Theorem 1.1 withx > 2 andy = z = ∆ − 1). It would be

interesting to know whether the termαn can be reduced to a constant depending only on∆.

Another class of directed trees where Sumner’s conjecture can be strengthened is that of trees

with few leaves. The first result in this direction was provedby Häggkvist and Thomason [14].

Havet and Thomassé (see [18]) then proposed the following generalisation of Sumner’s conjec-

ture.

Conjecture 1.6 (Havet and Thomasśe [18]) Let T be a directed tree onn vertices withk

leaves. Then every tournament onn + k − 1 vertices contains a copy ofT .

5



Céroi and Havet [7] proved that this conjecture holds fork 6 3, from which they deduced that

Sumner’s conjecture holds for all directed trees with at most four leaves.

However, Conjecture 1.6 is still far from optimal for many directed treesT , such as a binary

tree. Preliminary investigations have suggested the following stronger conjecture.

Conjecture 1.7 Let T be a directed tree onn vertices which is not an instar or an outstar, and

let ∆p(T ) := max{d−(x) + d+(y)}, where the maximum is over allx, y ∈ T such that there is

a directed path inT from x to y. Then any tournamentG onn+ ∆p(T )− 2 vertices contains a

copy ofT .

The ‘near-extremal’ examples discussed after the statement of Theorem 1.1 show that this would

be best possible, in the sense that the−2 cannot be replaced by−3. It would be interesting

to know if the methods of this thesis can be extended to prove these conjectures (for largen).

Finally, the following far-reaching generalisation of Sumner’s conjecture was made by Burr [6].

Conjecture 1.8 (Burr [6]) Any (2n − 2)-chromatic digraph contains any directed tree onn

vertices.

Burr verified the corresponding statement with(n − 1)2 in place of2n − 2. More recently,

El Sahili [12] proved that anyn-chromatic digraph contains the path formed byn − 1 forward

edges followed by one backwards edge, but to our knowledge, no further progress has been

made.

1.2 Hamilton cycles in hypergraphs

Recall that Dirac’s theorem [10] states that any graphG on n > 3 vertices with minimum

degree at leastn/2 contains a Hamilton cycle (i.e. there is a cyclic ordering of alln vertices of

6
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Figure 1.2: Segments of a2-cycle (top), a cycle (middle) and a 1-cycle (bottom) in a3-graph;
the triangles represent edges.

G such that every pair of consecutive vertices forms an edge ofG). Chapters 4 and 5 develop

the regularity method to obtain analogues of this result forhypergraphs. For this, we first make

the following standard definitions. Ak-uniform hypergraph, or k-graphH, consists of a set of

verticesV (H) and a set ofedgesE(H), where every edgee ∈ E(H) consists of preciselyk

vertices. LetH be ak-graph, and letA be a set ofk − 1 vertices ofH. Then thedegreeof A,

denoteddH(A), is the number of edges ofH which containA as a subset. Theminimum degree

δ(H) ofH is then the minimum value ofdH(A) taken over all setsA of k − 1 vertices ofH.

We say that ak-graphC on n vertices is acycle if its vertices can be given a cyclic ordering

v1, . . . , vn so that every pair of consecutive verticesvi, vi+1 lies in an edge ofC and every edge

of C consists ofk consecutive vertices.C is an`-cycleif every pair of consecutive edges intersect

in precisely` vertices. Figure 1.2 illustrates these definitions in the casek = 3. Note that ifC

is an`-cycle of ordern, then(k − `)|n, since every edge ofC contains exactlyk − ` vertices

which were not contained in the previous edge. We say that a cycle is looseif every pair of

consecutive edges intersects in a single vertex, with the possible exception of one pair of edges,

which may intersect in more than one vertex. So if(k − 1)|n then a loose cycle of ordern is a

1-cycle, but this final condition allows us to consider loosecycles whose order is not a multiple

of k − 1. A Hamilton cyclein a k-graphH is a sub-k-graph ofH which is a cycle containing

every vertex ofH.

In [39] and [40], Rödl, Ruciński and Szemerédi proved thefollowing theorem for̀ = k − 1;

7



the other cases follow, since if(k − `)|n then any(k − 1)-cycle of ordern contains aǹ -cycle

on the same vertices.

Theorem 1.9 (R̈odl, Ruciński and Szemeŕedi [39, 40]) For all k > 3, 1 6 ` 6 k − 1 and

anyη > 0 there existsn0 so that ifn > n0 and(k− `)|n then anyk-graphH onn vertices with

δ(H) >
(

1
2

+ η
)
n contains a Hamiltoǹ-cycle.

This proved a conjecture of Katona and Kierstead [22]. A simple well-known construction (see

Proposition 4.1) shows that Theorem 1.9 is best possible up to the error termηn if (k − `)|k.

It is therefore natural to ask what minimum degree conditiononH guarantees a Hamiltoǹ-

cycle for the remaining values ofk and`. Kühn and Osthus [31] showed that any 3-graphH on

n vertices withδ(H) > (1
4

+ o(1))n contains a loose Hamilton cycle. In Chapter 4, we use the

regularity method, combined with the recent ‘hypergraph blow-up lemma’ due to Keevash [23]

to extend this result to anyk > 3, proving Theorem 1.10. If(k − `)|n then Theorem 1.10

is a special case of Theorem 1.11, which we prove later by other means. However, the proof

of Theorem 1.10 has independent interest; we believe that this is the first application of the

hypergraph blow-up lemma to find a spanning structure withina general hypergraph, a method

with many further potential applications.

Theorem 1.10 For allk > 3 and anyη > 0 there existsn0 so that ifn > n0 then anyk-graph

H onn vertices withδ(H) > ( 1
2(k−1)

+ η)n contains a loose Hamilton cycle.

Another simple well-known example (see Proposition 4.2) shows that this result is best possible

up to the error termηn. In fact, Proposition 4.2 actually tells us more than this, namely that up to

the error term, this minimum degree condition is best possible to ensure the existence of any (not

necessarily loose) Hamilton cycle inH. So by combining Theorem 1.10 and Proposition 4.2

we obtain a hypergraph analogue of Dirac’s theorem, namely that the minimum degree needed

to find a Hamilton cycle in ak-graph of ordern is asymptotically n
2(k−1)

+ o(n).
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Theorem 1.10 was also proved simultaneously and independently by Hàn and Schacht [16], who

used an ‘absorbing’ method. In fact, they proved the more general result that if1 6 ` < k/2,

then anyk-graphH on n vertices with(k − `)|n and δ(H) > ( 1
2(k−`)

+ o(1))n contains a

Hamilton `-cycle. They raised the question of determining the correctminimum degree for

those values ofk and` not covered by their result or by Theorem 1.9. In Chapter 5, weuse

the regularity method, combined with a development of the ‘absorbing method’ of Hàn and

Schacht, to answer this question with the following theorem.

Theorem 1.11 For allk > 3, 1 6 ` 6 k−1 such that(k−`) - k and anyη > 0 there existsn0 so

that ifn > n0 and(k− `)|n then anyk-graphH onn vertices withδ(H) >

(
1

d k
k−`

e(k−`)
+ η

)
n

contains a Hamiltoǹ-cycle.

Proposition 4.2 also shows that this result is best possibleup to the error termηn. Thus Theo-

rem 1.9 and Theorem 1.11 together give asymptotically, for any k and`, the minimum degree

required to guarantee that ak-graph onn vertices contains a Hamiltoǹ-cycle.

The difference in the minimum degree threshold between the cases(k − `) | k and(k − `) - k

is perhaps surprising. For example, ifk = 9 then the minimum degree threshold for an 8-cycle

or a 6-cycle is asymptoticallyn/2, whereas for a 7-cycle it is insteadn/10. This difference is

essentially a consequence of the fact that in the(k− `) | k case every Hamiltoǹ-cycle contains

a perfect matching. The minimum degree threshold for the latter is known to be close ton/2

(see Proposition 4.1).

One natural extension of the work presented here would be to consider other notions of degree.

Let H be ak-graph onn vertices; then the degree of a setA of vertices ofH, denotedd(A)

is defined to be the number of edges containingA. For 1 6 r 6 k − 1, let δr(H) denote the

minimumr-degree ofH, i.e.the minimum ofd(A) taken over all setsA of r vertices ofH. Then

the notion of degree defined earlier is the(k − 1)-degree. Until recently, very little was known
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regarding the minimumr-degree thresholds which force spanning subgraphs forr < k − 1.

However, recently Pikhurko [36] showed that fork/2 6 r 6 k − 1 the minimumr-degree

threshold which forces a perfect matching in ak-graphH onn vertices is asymptoticallyn/2.

Particular interest is devoted to the 1-degree, also known as the vertex degree. Hàn, Person

and Schacht [15] recently showed that the1-degree threshold needed to guarantee a perfect

matching in a 3-graph is asymptotically5
9

(
n
2

)
. In light of the close connections between the

problem of finding a perfect matching in ak-graph and the problem of finding a Hamilton cycle

in a k-graph, it would be interesting to know whether the results and methods of Pikhurko and

of Hàn, Person and Schacht can be used to prove similar results for Hamilton cycles in these

cases.

Other (less restrictive) notions of hypergraph cycles havealso been considered. For example,

a Berge-cycle[4] is defined to consist of a sequence of vertices where each pair of consecutive

vertices is contained in a common edge.

1.3 An introduction to the regularity method

In this section we give a brief outline of the use of the regularity method in tackling embedding

problems. For simplicity we present the method as it appliesto simple graphs, but for directed

graphs and hypergraphs the ideas are similar.

LetG be a bipartite graph with vertex classesU andV of sizem. Also letd be the density of

G. Then we say thatG is ε-regular if for any subsetsU ′ ⊆ U andV ′ ⊆ V of size at leastεm

we haved′ = d ± ε, whered′ is the density ofG(U ′, V ′). The notion ofε-regularity is very

useful for embedding problems, as in many waysG behaves like a random bipartite graph on

vertex classesU andV with dm2 edges chosen uniformly at random, in the sense that many

properties ofG are shared by this random graph with high probability. In particular, if H is a
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Figure 1.3: An illustration of steps (1) and (2) of the regularity method. Given a graphG, we
apply the Szemerédi regularity lemma to partition the vertices ofG into clustersVi, so that the
edges between most pairs of clusters are regular. We then define a reduced graphR, whose
vertices correspond to the clusters ofG, and with an edge inR whenever the bipartite graph
induced by the corresponding clusters ofG is regular and dense.

small graph, then thecounting lemmatells us approximately how many copies ofH there are in

G. This result can be applied to graphs formed of multipleε-regular subgraphs. For example,

if G is a tripartite graph on vertex classesU , V andW of sizem such thatG[U, V ], G[U,W ]

andG[V,W ] are eachε-regular with densitiesd1, d2 andd3 respectively, then the number of

triangles inG is approximately the number we would expect in the corresponding random graph

on the same vertex classes, namelyd1d2d3m
3.

To apply the notion ofε-regularity to an arbitrary graphG, we also need a version of theSze-

meŕedi regularity lemma(seee.g. [45]). This states that the vertex set of any large graphG

can be partitioned into a bounded number of clusters such that for almost all pairs of clusters

U, V , the edges betweenU andV form anε-regular bipartite subgraphG(U, V ) of G. We then

typically consider areduced graphR of G, whose vertices correspond to these clusters, and

where two clustersU andV form an edge ifG(U, V ) is ε-regular and has high density. See

Figure 1.3 for an illustration of this process.

We can now describe a ‘typical’ application of the regularity method to find a copy of a subgraph

H in G. This proceeds as follows.
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1. Apply the Szemerédi regularity lemma toG to partition the vertices ofG into clusters.

2. Form the reduced graphR as described above.

3. Find a ‘useful’ subgraphR′ of R, for example a perfect matching or a Hamilton cycle.

4. Use the fact that every edgee of R′ corresponds to anε-regular and dense bipartite sub-

graph ofG to find a copy ofH in G.

At steps 3 and 4 there are a wide variety of possible approaches, three of which are illustrated

in this thesis. However, in each case the advantage conferred by using the regularity method

is that the subgraphR′ of the reduced graphR is simpler (and hence easier to find) than the

subgraphH which we wish to find inG.

For example, in Chapter 2, we wish to find a directed treeT of bounded degree in a tournament

G. To do this, we first apply a version of the Szemerédi regularity lemma for directed graphs to

partitionG into clusters. We then show that (at least for certain well-behaved tournaments) the

reduced directed graphR contains a directed Hamilton cycleR′. Next a randomised embedding

algorithm allocates each vertex ofT to a vertex of this cycle (which corresponds to a cluster of

G). Finally, by analysing this algorithm we show that with high probability it is possible to use

the regularity indicated by each edge ofR′ to embed each vertex ofT within the cluster ofG

to which it was allocated so as to form a copy ofT in G. So by the regularity lemma we have

reduced the problem of finding a complex subgraphT in G to the problem of finding a simple

subgraphR′ in R plus the problem of using the existence ofR′ to embedT in G.

In Chapter 4 we instead wish to find a loose Hamilton cycle within a k-graph. This is also

achieved using the regularity method as described above (using ak-graph version of the Sze-

merédi regularity lemma and defining a reducedk-graphR). Here Step 3 is to find a collection

of disjoint copies of a smallk-graphAk,1 in R whose union includes almost every vertex of
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R, whilst for Step 4 we apply the blow-up lemma to find spanning paths within the clusters

corresponding to each copy ofAk,1 in R. This method is explained in more detail in Chapter 4.

Finally in Chapter 5 we apply the regularity method in the proof of each of three lemmas used

in the proof of Theorem 1.11.

1.4 A word on notation

Throughout Chapters 1, 2, 3 and 5 of this thesis we employ notational conventions consistently.

For example, we refer to graphs with upper-case letters in italic font (e.g.G,H), whereas we

use calligraphic characters (such asG andH) to denote hypergraphs. However, in Chapter 4

the hypergraph blow-up lemma due to Keevash [23] and other results from the same paper

play an extensive role. These results are very technical, and so employing different notational

conventions in Chapter 4 to those used by Keevash [23] would cause the reader substantial

difficulties. Instead we have opted for the lesser of two evils, namely to use the notational

conventions used by Keevash [23] in Chapter 4. All differences in notation are appropriately

introduced in Chapter 4.

The following notation is used consistently throughout this thesis. The set of integers from1

to r is denoted by[r]. For a setA, we use
(

A
k

)
to denote the collection of subsets ofA of size

k, and similarly
(

A
6k

)
to denote the collection of non-empty subsets ofA of size at mostk. We

writex = y±z to denote thaty−z 6 x 6 y+z, and useo(1) to denote a function which tends

to zero asn tends to infinity, holding all other variables involved constant. Also, we writee.g.

0 < a1 � a2 � a3 � a4 6 1 to mean that we can choose the constantsa1, . . . , a4 from right

to left. More precisely, there are increasing functionsf1, f2, f3 such that, givena4, whenever

we choose somea3 6 f3(a4), a2 6 f2(a3) anda1 6 f1(a2), all calculations needed in the

following argument are valid. Hierarchies with more constants are defined similarly. Also, we

sometimes write ‘letx � y’ when y has an already fixed positive value; by this we mean that
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there exists somex0 > 0 such that for any0 < x < x0 the subsequent statements hold. We

omit floors and ceilings throughout this thesis whenever they do not affect the argument.

14



CHAPTER 2

EMBEDDING TREES IN TOURNAMENTS

In this chapter we use the regularity method combined with a randomised embedding algorithm

to prove an approximate version of Sumner’s universal tournament conjecture, as well as a

stronger result for directed trees of bounded degree. This is Theorem 1.5, which is restated

below.

Theorem 1.5Letα > 0. Then the following properties hold.

(1) There existsn0 such that for anyn > n0, any tournamentG on at least2(1+α)n vertices

contains any directed treeT onn vertices.

(2) Let∆ be any positive integer. Then there existsn0 such that for anyn > n0, any tour-

namentG on at least(1 + α)n vertices contains any directed treeT on n vertices with

∆(T ) 6 ∆.
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2.1 Outline of the proof of Theorem 1.5

The notion of a robust outexpander (which was introduced fordense graphs in [33]) is crucial

to the proof of Theorem 1.5. Informally, a digraphG is a robust outexpander if for any set

S ⊆ V (G) which is not too large or too small, the number of vertices with many inneighbours

in S is substantially bigger than|S|. Kühn, Osthus and Treglown [33] showed that any robust

outexpanderG of linear minimum semidegree contains a Hamilton cycle. (Here the minimum

semidegree is the minimum of the minimum indegree and the minimum outdegree.) By apply-

ing this result to the ‘reduced digraph’ obtained from the Szemerédi regularity lemma, we may

split most of the vertices ofG into setsV1, V2, . . . , Vk so that the set of edges fromVi toVi+1 for

eachi (addition of the indices taken modulok) forms a regular and dense bipartite graph. This

structure is very useful for embedding directed trees. On the other hand, it is easy to show that

if a tournamentG is not a robust outexpander of linear minimum semidegree, then the vertices

of G can be split into two parts so that almost all of the edges between the two parts are di-

rected the same way (see Lemma 2.11). By iterating this split, we either obtain a part which is

a robust outexpander of linear minimum semidegree, or find thatG is close to being a transitive

tournament, a case which we consider separately.

To begin, in Section 2.2 we define the concepts we use, and prove various useful lemmas. Then

in Sections 2.3 and 2.4 we use the regularity method to show that Theorem 1.11 holds with

the added condition thatG is a robust outexpander of linear minimum semidegree. Indeed, in

Section 2.3, we consider the case where the tournamentG is a robust outexpander of linear

minimum semidegree on(1 + α)n vertices, andT is a directed tree onn vertices of bounded

maximum degree. Here we apply the Szemerédi regularity lemma to partition the vertices ofG

into clustersV1, V2, . . . , Vk, and form the ‘reduced digraph’R as outlined in the introduction.

As described above, we apply the result of Kühn, Osthus and Treglown [33] to find a Hamilton

cycleR′ in the reduced digraphR. This implies that we can relabel the clusters ofG so that the
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set of edges fromVi toVi+1 is regular and dense for eachi; it is this structure onGwhich we use

to embedT inG. One attempt to do so would be to embed each vertext ∈ T in the cluster either

preceding or succeeding the cluster containing the parentt′ of t, according to the direction of

the edge betweent andt′. However, for many directed trees (such as an anti-directedpath) this

method fails to give an approximately uniform allocation ofvertices ofT to the clusters ofG,

which we require for the embedding to be successful. Instead, we modify this method so that

each vertex is embedded as above with probability 1/2 and is embedded in the same cluster as

its parent with probability 1/2. We show that with high probability this randomised algorithm

indeed gives an approximately uniform allocation of vertices ofT to the clusters ofG, and so

(using the regularity of edges directed fromVi to Vi+1) successfully embedsT in G.

In Section 2.4 we begin by strengthening the result from Section 2.3, showing that ifT is a

directed tree onn vertices of bounded maximum degree, andG is a tournament on(1 + α)n

vertices whose reduced graph defined on the clustersV1, . . . , Vk contains a Hamilton cycle, then

we can embedT inG so that the vertices of a chosen small setH ⊆ V (T ) are embedded within

a specified setU ⊆ V (G). To do this, we embed all vertices ‘far’ fromH by the method

described above, which ensures that the vertices ofT are allocated approximately uniformly

amongst the clusters ofG. The remaining vertices ofT are instead embedded to ensure that

every vertex ofH is embedded withinU . This result allows us to embed directed treesT of

unbounded maximum degree. Indeed, we define for any treeT a ‘core tree’T∆, which has

the properties thatT∆ has bounded maximum degree, but each component ofT − T∆ is small.

Given a tournamentGwhich is a robust outexpander of linear minimum semidegree on (2+α)n

vertices, we again split most of the vertices ofG into clustersV1, V2, . . . , Vk as described above.

We then choose subsetsV ′
i ⊆ Vi at random so that|⋃i V

′
i | is roughly equal to|T∆|, and embed

T∆ into these subsets (actually we first extendT∆ to an ‘extended tree’Text and embedText

into these subsets), using the strengthened result for directed trees of bounded degree to restrict

certain vertices ofT∆ to vertices ofG with many inneighbours and outneighbours inG−⋃i V
′
i .
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Since each component ofT − T∆ is small, this allows us to embed the components ofT − T∆

one by one among the unoccupied vertices ofG to complete the embedding ofT in G.

It is a simple exercise to demonstrate that any transitive tournament onn vertices contains any

directed tree onn vertices. In Section 2.5, we prove an analogue of this for almost-transitive

tournamentsG. This means that the vertices ofG can be ordered so that almost all of the edges

of G are directed towards the endvertex which is greater in this order. We show that ifG is an

almost-transitive tournament on(1 + α)n vertices andT is a directed tree onn vertices thenG

containsT .

Finally, in Section 2.6, we use the robust outexpander dichotomy to prove Theorem 1.5. Here

we describe the proof of the first statement; the proof of the second is very similar. So letG be

a tournament on2(1 + α)n vertices and letT be a directed tree onn vertices. IfG is a robust

outexpander of linear minimum semidegree, then our resultsof Sections 2.3 and 2.4 show that

G containsT , as desired. On the other hand, ifG is not a robust outexpander of linear minimum

semidegree then we may splitG into two parts as described above. By iterating this split, we

must either obtain a part which is a robust outexpander of linear minimum semidegree or find

thatG is almost-transitive. In the latter case we may embedT inG by the results of Section 2.5.

So we may suppose that the splitting process yields a part which is a robust outexpander of linear

minimum semidegree. Then we divideT into parts to be embedded amongst the parts ofG, so

that each part ofG receives a part ofT approximately proportional to its size. However, the

robust outexpander part ofG actually receives slightly more vertices ofT than it would from

a proportional split. The results from Sections 2.3 and 2.4 guarantee that this part ofT can

still be embedded into the corresponding part ofG. Since the other parts ofG then receive

slightly fewer vertices ofT than they would from a proportional split it is possible to embed the

remainder ofT .
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2.2 Definitions and preliminary results

2.2.1 Graphs

For a (simple) graphG, we writeV (G) for the vertex set ofG, and|G| for the number of vertices

of G. E(G) denotes the set of edges ofG, ande(G) := |E(G)|. Similarly for setsX, Y ⊆

V (G), e(X, Y ) denotes the number of edges betweenX andY . We sometimes writev ∈ G

to meanv ∈ V (G), and often denote an edge betweenx andy by xy. Thedegreeof a vertex

v ∈ G, denotedd(v), is the number of edgese ∈ E(G) incident tov. We denote the minimum

and maximum degree (taken over all vertices ofG) by δ(G), and ∆(G) respectively. The

distanced(u, v) between verticesu, v ∈ G is the length of the shortest path inG connectingu

andv.

2.2.2 Directed graphs

Recall that a directed graphG, or digraph, consists of a vertex setV (G) and an edge setE(G),

where each edgee ∈ E is an ordered pair(u, v) of vertices ofG. Again we write|G| for

|V (G)|, andv ∈ G to meanv ∈ V (G). For verticesu, v ∈ V (G) we writeu → v or v ← u

to denote that(u, v) ∈ E(G). If u → v then we say thatv is anoutneighbourof u, thatu is

an inneighbourof v, and that the edge(u, v) is directed fromu to v. Sometimes we use the

termneighbourof v to mean a vertex which is either an inneighbour or an outneighbour ofv.

For any vertexv ∈ G, we denote the set of all outneighbours ofv byN+
G (v), or simplyN+(v)

whenG is clear from the context. Similarly we writeN−
G (v) orN−(v) to denote the set of all

inneighbours ofv. Then theoutdegreeof v, denotedd+
G(v), is defined byd+

G(v) := |N+
G (v)|.

Similarly the indegreeof v, denotedd−G(v), is defined byd−G(v) := |N−
G (v)|. Again we may

write d+(v) or d−(v) whenG is clear from the context. We define the minimum outdegree of
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G, denotedδ+(G), to be the minimum ofd+(v) taken over all verticesv ∈ G, and the minimum

indegree, denotedδ−(G), to be the minimum ofd−(v) taken over all verticesv ∈ G. Then the

minimumsemidegreeof G, denotedδ0(G), is the minimum ofδ−(G) andδ+(G). For disjoint

setsU, V ⊆ V (G) we writeG[U → V ] to denote the bipartite subgraph ofG formed by edges

directed fromU to V .

We say that a directed graphG is anoriented graphif for any u, v ∈ G at most one ofu → v

andu ← v holds. So an oriented graph may be obtained by assigning a direction to each edge

of an undirected graph. We call this undirected graph theunderlying graph, and denote it by

Gunder. Recall that a tournament is an orientation of a complete graph, so the underlying graph

of a tournament is a complete graph. Equivalently,G is a tournament if and only if for any

distinctu, v ∈ V (G) precisely one ofu→ v andu← v holds.

2.2.3 Trees

A tree is a connected graph which does not contain any cycles. We often use the fact that for

any subtreeT ′ of a treeT and any vertexx ∈ T there is a unique vertexy ∈ T ′ which minimises

d(x, y) over ally ∈ T ′. Let T be a tree onn vertices; thenT hasn − 1 edges. For any vertex

x ∈ T and edgee ∈ E(T ) incident tox, theweight ofe fromx, denotedwe(x), is the number

of verticesy 6= x of T for which e is the first edge of the path fromx to y. Equivalently,we(x)

is the order of the component ofT − e which does not containx. Each vertexy 6= x of T

contributes to the weight fromx of precisely one edge incident tox, so the sum of the weights

fromx over all edges incident tox isn−1. Also, if xy is an edge ofT , thenwe(x)+we(y) = n.

A vertex of a tree is aleaf if it has degree one.

A rooted treeis a tree with a specified vertexr as aroot. In a rooted tree every vertexx other than

the root has aparent; this is defined to be the unique neighboury of x with d(y, r) < d(x, r). If
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y is the parent ofx then we say thatx is achild of y. An ancestral orderingof the vertices of a

rooted tree is a linear order in which the root appears first and every other vertex appears after

its parent.

Recall that a directed treeT is a digraph formed by orienting each edge of an (undirected)tree.

Equivalently, the underlying graphTunder of T is a tree and at most one ofx → y andx ← y

holds for any pair of verticesx andy of T . Given a specified vertexr as a root, we define parents

and children of vertices of the directed treeT exactly as in the underlying treeTunder. Similarly

∆(T ) = ∆(Tunder), and the weightwe(x) of an edgee incident to a vertexx is defined as in

Tunder. We say that a vertex of a directed tree is asinkvertex if it has no outneighbours, and a

sourcevertex if it has no inneighbours. Since a directed tree onn vertices hasn− 1 edges, any

directed tree must contain at least one sink vertex and at least one source vertex.

Let T be a directed tree, and letx be a vertex ofT . We say that a component ofT − x is an

incomponent ofx if the unique edge betweenx and this component is directed towardsx, and

anoutcomponent ofx if this edge is directed away fromx. The inweight ofx, denotedw−(x),

is then the number of vertices in incomponents ofx, and theoutweight ofx, denotedw+(x),

is the number of vertices in outcomponents ofx. Equivalently, the inweight ofx is the sum of

we(x) taken over all edgese incident tox which are directed towardsx, and the outweight can

be defined similarly. In the same way we define incomponents and outcomponents for a subtree

Tc of T . Indeed, for any componentT ′ of T − Tc there is precisely one edge betweenT ′ and

Tc. If this edge is directed towards a vertex ofT ′ then we say thatT ′ is anoutcomponent ofTc,

whereas if this edge is directed towardsTc we say thatT ′ is anincomponent ofTc. As whenTc

is a single vertex we define theinweight ofTc, denotedw−(Tc), to be the number of vertices in

incomponents ofTc, and theoutweight ofTc, denotedw+(Tc), to be the number of vertices in

outcomponents ofTc. Again these inweights and outweights can equivalently be defined as the

sum of the weights of the appropriate edges ofT .
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We now prove three lemmas relating to trees. The first two of these enable us to split a tree

into several pieces with properties that are useful for the analysis of the randomised embedding

algorithm used in Section 2.3.

Lemma 2.1 Let T be a tree onn > 3 vertices. Then there exist subtreesT ′ andT ′′ of T such

thatT ′ andT ′′ intersect in precisely one vertex ofT , every edge ofT lies in precisely one ofT ′

andT ′′, ande(T ′), e(T ′′) > e(T )/3.

Proof. We begin by showing thatT must contain a vertexv such that every edgee incident to

v haswe(v) 6 n/2. Recall that ife = uv, thenwe(u) + we(v) = n, and so at most one of

we(u) > n/2 andwe(v) > n/2 can hold. SinceT containsn vertices andn − 1 edges, by the

pigeonhole principleT contains a vertexv so that no edgee incident tov haswe(v) > n/2.

Now, choose such a vertexv ∈ T , and letv1, . . . , vr be the neighbours ofv ∈ T . For eachi, let

Si be the set of verticesx of T such thatvi lies on the path fromv to x. Then every vertex ofT

other thanv lies in precisely one setSi. Now, for eachi, letTi be the treeT [Si∪{v}]. Then each

Ti is a subtree ofT and every edge ofT is contained in precisely oneTi. So{e(Ti) : i ∈ [r]} is

a set of positive integers, none greater than2(n− 1)/3, which sum ton− 1. Thus there exists

A ⊆ [r] such that the sum of elements of{e(Ti) : i ∈ A} lies between(n−1)/3 and2(n−1)/3.

Then if we takeT ′ =
⋃

i∈A Ti andT ′′ =
⋃

i/∈A Ti thenT ′ andT ′′ satisfy the conditions of the

lemma (in particular,V (T ′) ∩ V (T ′′) = {v}). �

Lemma 2.2 Suppose that1/n� 1/∆, ε, 1/k. LetT be a tree onn vertices satisfying∆(T ) 6

∆ and rooted att1. Then there exist pairwise disjoint subsetsF1, . . . , Fr of V (T ), and vertices

v1, . . . , vr (not necessarily distinct) ofT such that:

(1) |⋃i∈[r] Fi| > (1− ε)n.

(2) |Fi| 6 n2/3 for eachi.
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(3) For anyi ∈ [r], let x ∈ {t1} ∪
⋃

j<i Fj , and lety ∈ Fi. Then the path fromx to y in T

includes the vertexvi.

(4) For anyy ∈ Fi we havedT (vi, y) > k3.

Proof. We begin by splittingT into a familyF of subtrees ofT by repeated use of Lemma 2.1.

So initially letF = {T}, and then repeat the following step. LetTlarge be the largest member

of F . Use Lemma 2.1 to splitTlarge into subtreesT ′ andT ′′ which intersect in a single vertex,

partition the edges ofTlarge, and satisfye(T ′), e(T ′′) > e(Tlarge)/3. Then removeTlarge from

F , and replace it by the two smaller treesT ′ andT ′′. Since in each step we split the largest

member ofF , at any stage we have|T1| 6 3|T2| for anyT1, T2 ∈ F . So after at most3n1/3

steps we must have that|T ∗| 6 n2/3 for everyT ∗ ∈ F ; at this point we terminate the process.

Observe that ifT ′, T ′′ ∈ F , thenT ′ andT ′′ intersect in at most one vertex. Now, form a graph

GF with vertex setF and with an edge betweenT ′, T ′′ ∈ F if and only if T ′ andT ′′ have a

common vertex. ThenGF is connected, and so contains a spanning treeTF . ChooseT0 to be a

member ofF containing the roott1 of T , and letT0, T1, . . . , Tr be an ancestral ordering of the

members ofF (thought of as vertices of the treeTF ). Now, for each1 6 i 6 r let vi be the

common vertex ofTi and its parent inTF . Then defineFi for eachi ∈ [r] by

Fi = V (Ti) \ {x ∈ T : dT (vi, x) < k3}.

It remains to show thatF1, . . . , Fr andv1, . . . , vr satisfy the required properties. (4) is imme-

diate from the definition ofFi, and (2) holds since eachTi contained at mostn2/3 vertices. For

(1), observe that every vertex ofT was contained in at least one of the subtreesTi, and that in

forming the setsFi, we deleted at most∆k3
vertices from each of the at most3n1/3 setsV (Ti),

so in total at most3n1/3∆k3
6 εn vertices ofT are not contained in any of the setsFi.

For condition (3), suppose thatT ′
1T

′
2T

′
3 is a path inTF , and some vertexv lies in T ′

1 ∩ T ′
3, but
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v /∈ T ′
2. Let v′ ∈ T ′

1 ∩ T ′
2 and letv′′ ∈ T ′

2 ∩ T ′
3. Thenv′ 6= v′′, as otherwiseT ′

1 andT ′
3 would

have a common vertex other thanv. So there is a path fromv′ to v′′ in T which does not contain

v, soT contains a cycle, giving a contradiction. Similarly it follows that for any pathTi1 . . . Tij

in TF , if Ti1 andTij have a common vertexv, thenv lies in each ofTi1 , . . . , Tij , and so ifTij−1

is the parent ofTij in TF thenv = vij . Now, for anyi ∈ [r], if x ∈ {t1} ∪
⋃

j<i Fj andy ∈ Fi,

thenx ∈ Tj for some0 6 j < i andy ∈ Ti. Let TjT
′
1 . . . T

′
sTi be the path fromTj to Ti in

TF , thenT ′
s is the parent ofTi in TF . This means thatvi is the common vertex ofT ′

s andTi, so

Tj ∪T ′
1∪ · · · ∪T ′

s contains a pathP1 from x to vi andTi contains a pathP2 from vi to y. But the

property we have proved before implies thatP1 andP2 only intersect invi. ThusP1 ∪ P2 is the

path inT from x to y, andvi ∈ P1 ∪P2, as required. It also follows that the setsFi are pairwise

disjoint. �

Recall that in Section 2.3, we describe a randomised algorithm for embedding the vertices of a

directed treeT in a digraphG. Whenever this algorithm embeds a vertext of T inG, it reserves

a set of vertices ofG in which to embed the children oft. No other vertices may be embedded

in this set until all the children oft have been embedded. For this to work, we need to ensure

that there are not too many of these reserved sets at any point. This motivates the following

definition. If T is a rooted tree onn vertices, then we say that an ancestral ordering of the

vertices ofT is tidy if it has the property that for any initial segmentI of the order, at most

log2 n vertices inI have a child not inI. The following lemma shows that such an order exists

for any treeT .

Lemma 2.3 Let T be a tree onn vertices rooted at somet0 ∈ T . Then there exists a tidy

ancestral ordering of the vertices ofT .

Proof. We prove that for anyr, the vertices of any rooted treeT on fewer than2r vertices

can be given an ancestral ordering so that fewer thanr vertices in any initial segmentI have

neighbours outsideI. Indeed, suppose that this statement is false, and letT rooted att0 be a
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counterexample of minimal order, say of ordern. Let r be minimal such thatn < 2r. Then let

T1, . . . , Ts be the components ofT − t0, ordered in increasing size, and letti be the neighbour

of t0 in Ti. We think ofti as the root of the treeTi. Then|Ti| < 2r−1 for i 6 s− 1, andTs < 2r.

So sinceT was a minimal counterexample, we can find an ancestral ordering of the vertices of

eachTi so that for anyi 6 s− 1, any initial segment of the order of the vertices ofTi contains

fewer thanr − 1 vertices with children outside the initial segment, and anyinitial segment of

the order of the vertices ofTs contains fewer thanr vertices with children outside the initial

segment. Now, we order the vertices ofT as follows. Begin witht0, then add the vertices of

T1 in their order. Next, add the vertices ofT2 in their order, and continue in this fashion. Since

the order of the vertices of eachTi was ancestral, this order is also ancestral. Also, any initial

segmentI of this order contains fewer thanr vertices with children outsideI, contradicting the

choice ofT . �

2.2.4 Probabilistic estimates

The next lemma, relating to binomial distributions, is usedto show that in the randomised

algorithm we use in Section 2.3, the cluster to which a vertexis allocated is almost independent

of the cluster to which a vertex far away is allocated. We useB(n, p) to denote the binomial

distribution with parametersn andp, i.e. the number of successes inn independent trials, each

of which has probabilityp of success. SoE(B(n, p)) = np.

Lemma 2.4 Suppose that1/k � p, (1− p), ε, thatn > k3/6, and thatX = B(n, p). Then for

anyr ∈ [k],

P(X ≡ r mod k) =
(1± ε)
k

.

Proof. For eachx ∈ {0, . . . , n} let px denoteP(X = x), sopx =
(

n
x

)
px(1−p)n−x. Letµ = np,

soE(X) = µ, and letpµ = max{pbµc, pdµe}, sopx 6 pµ for anyx. Moreover, ifx 6 y 6 µ or
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µ 6 y 6 x thenpx 6 py. So for anyr, i ∈ [k],

P(X ≡ r mod k) =
∑

06x6µ−k
x≡r mod k

px +
∑

µ−k<x6µ+k
x≡r mod k

px +
∑

µ+k<x6n
x≡r mod k

px

6
∑

06x6µ−k
x≡r mod k

px+i + 2pµ +
∑

µ+k<x6n
x≡r mod k

px−k+i

6 P(X ≡ r + i mod k) + 2pµ.

SoP(X ≡ r mod k) = 1/k±2pµ = (1±ε)/k for anyr ∈ [k], using a standard result (e.g.[5],

Section 1.2) on the binomial distribution which states thatpµ = O(n−1/2) = O(k−3/2). �

The following two results give useful tail estimates for random variables. The first is an Azuma-

type inequality which bounds the sum of many small and almostindependent random variables.

This is derived in [44] from a result in [34]. ([44] uses a random walk to embed trees in

sparse undirected graphs.) The second gives standard Chernoff-type bounds for the binomial

and hypergeometric distributions. The hypergeometric random variableX with parameters

(n,m, k) is defined as follows. LetN be a set of sizen, and fix a setS ⊆ N of size|S| = m.

Now choose a setT ⊆ N of size|T | = k uniformly at random. ThenX = |T ∩ S|. Note that

EX = km/n.

Lemma 2.5 ([44], Proposition 1.1)LetX1, . . . , Xn be random variables taking values in[0, 1]

such that for eachk ∈ [n],

E[Xk | X1, . . . , Xk−1] 6 ak.

Let µ >
∑n

i=1 ai. Then for any0 < δ < 1,

P[

n∑

i=1

Xi > (1 + δ)µ] 6 e−
δ2µ
3 .
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Proposition 2.6 ([21], Corollary 2.3 and Theorem 2.10)SupposeX has binomial or hyper-

geometric distribution and0 < a < 3/2. ThenP(|X − EX| > aEX) 6 2e−
a2

3
EX .

2.2.5 Regularity and robust outexpanders

To prove Theorem 1.5 we make use of a directed version of Szemerédi’s Regularity lemma. For

this, we make the following definitions. IfG is an undirected bipartite graph with vertex classes

X andY , then the density ofG is defined as

d(X, Y ) :=
e(X, Y )

|X||Y | .

Now, for anyε > 0, we say thatG is ε-regular if for anyX ′ ⊆ X andY ′ ⊆ Y with |X ′| > ε|X|

and|Y ′| > ε|Y | we have|d(X ′, Y ′)− d(X, Y )| < ε.

Recall that for disjoint setsX andY of vertices of a digraphG, we useG[X → Y ] to denote

the edges ofG directed fromX toY . We sayG[X → Y ] is ε-regular if the underlying bipartite

graph ofG[X → Y ] is ε-regular. The density ofG[X → Y ] is similarly defined to be the

density of the underlying bipartite graph. Next we state thedegree form of the regularity lemma

for digraphs. A regularity lemma for digraphs was proven by Alon and Shapira [2]. The degree

form follows from this in the same way as the undirected version (see [32] for a sketch of the

latter).

Lemma 2.7 (Regularity Lemma for digraphs) For anyε,M ′ there existM,n0 such that ifG

is a digraph onn > n0 vertices andd ∈ [0, 1], then there exists a partition ofV (G) into

V0, . . . , Vk and a spanning subgraphG′ of G such that

(1) M ′ 6 k 6 M ,

(2) |V0| 6 εn,
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(3) |V1| = · · · = |Vk|,

(4) d+
G′(x) > d+

G(x)− (d+ ε)n for all verticesx ∈ V (G),

(5) d−G′(x) > d−G(x)− (d+ ε)n for all verticesx ∈ V (G),

(6) for all i ∈ [k] the digraphG′[Vi] is empty,

(7) for all 1 6 i, j 6 k with i 6= j the pairG′[Vi → Vj] is ε-regular and either has density 0

or density at leastd.

We refer toV1, . . . , Vk asclusters. Given a graphG onn vertices, we form thereduced digraph

R ofG with parametersε, d andM ′ by applying the regularity lemma with these parameters to

obtainV0, . . . , Vk. R is then the digraph on vertex set{1, . . . , k}, with i→ j an edge precisely

whenG′[Vi → Vj] is ε-regular with density at leastd.

One particular regular structure appears frequently in Section 2.3 and Section 2.4. We say that a

digraphG is anε-regulard-dense cycle of cluster tournamentsif V (G) = V1 ∪ · · · ∪ Vk, where

the setsVi are pairwise disjoint and of equal size, and for eachi, G[Vi] is a tournament and

G[Vi → Vi+1] is ε-regular with density at leastd (where addition and subtraction on the indices

of clusters should be taken modulok). We often refer to the setsVi as clusters, as we obtain

them by an application of the regularity lemma.

Now, let V1, . . . , Vk be disjoint sets ofm vertices, and letG be a digraph on vertex setV1 ∪

· · · ∪ Vk. Let S be a subset of some clusterVi. Then we say thatS is (c, γ)-good if for any

V ′
i−1 ⊆ Vi−1 andV ′

i+1 ⊆ Vi+1 with |V ′
i−1| > cm and |V ′

i+1| > cm, S contains at leastγ
√
m

vertices which each have at leastγm inneighbours inV ′
i−1 and at leastγm outneighbours in

V ′
i+1. Our main tool in the use of regularity in this chapter is the next lemma, which states that

if G is a regular and dense cycle of cluster tournaments, then anysubsetV ′
i of any clusterVi

with |V ′
i | > γm/2 contains a(c, γ)-good subsetS of size at most

√
m.
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Lemma 2.8 Suppose that1/m � ε � γ � c, d. Let G be anε-regulard-dense cycle of

cluster tournaments on clustersV1, . . . , Vk, each of sizem. Then for anyi and for anyV ′
i ⊆ Vi

of size|V ′
i | = γm/2, there exists a(c, γ)-good setS ⊆ V ′

i with |S| 6 √m.

Proof. GivenV ′
i ⊆ Vi of size|V ′

i | = γm/2, chooseS ⊆ V ′
i at random by including each vertex

of V ′
i in S with probability1/γ

√
m, independently of the outcome for each other vertex. Then

by Proposition 2.6, with probability1− o(1), |S| 6 √m.

Now,G[Vi−1 → V ′
i ] andG[V ′

i → Vi+1] are each(2ε/γ)-regular with density at leastd/2. So

all but at most2εm/γ verticesvi−1 ∈ Vi−1 have at leastγdm/5 outneighbours inV ′
i . Fix any

suchvi−1 ∈ Vi−1. ThenG[V ′
i ∩ N+(vi−1) → Vi+1] is (5ε/γd)-regular with density at least

d/2. So all but at most5εm/γd verticesvi+1 ∈ Vi+1 have at leastγd2m/20 inneighbours in

V ′
i ∩ N+(vi−1). We therefore conclude that all but at most7εm2/γd pairs (vi−1, vi+1) with

vi−1 ∈ Vi−1, vi+1 ∈ Vi+1 have at leastγd2m/20 common neighbours inV ′
i .

By Proposition 2.6, for each such pair(vi−1, vi+1) the probability that(vi−1, vi+1) has fewer

thand2
√
m/25 common neighbours inS decreases exponentially withm, whilst the number

of such pairs is quadratic inm. Thus with probability1 − o(1) our randomly selectedS has

the property that all but at most7εm2/γd pairs(vi−1, vi+1) with vi−1 ∈ Vi−1, vi+1 ∈ Vi+1 have

at leastd2
√
m/25 common neighbours inS. We may therefore fix an outcome of our random

choice ofS such that both of these events of probability1− o(1) occur.

So if |V ′
i−1| > cm and |V ′

i+1| > cm, then we know that at leastc2m2/2 pairs (vi−1, vi+1)

with vi−1 ∈ V ′
i−1, vi+1 ∈ V ′

i+1 have at leastd2
√
m/25 common neighbourss ∈ S. Thus

there are at leastc2d2m5/2/50 triples of such vertices(vi−1, s, vi+1), so at leastc2d2
√
m/100 >

γ
√
m vertices inS must lie in the common neighbourhood of at leastc2d2m2/100 such pairs

(vi−1, vi+1). Each of these vertices therefore has at leastc2d2m/100 > γm neighbours in each

of V ′
i−1 andV ′

i+1, as required. �
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We also make use of the following well known observation, which says that ifG is a regu-

lar and dense cycle of cluster tournaments on clustersV1, . . . , Vk, and we select subsetsU1 ⊆

V1, . . . , Uk ⊆ Vk uniformly at random, then with high probability the restriction of G to these

subsets is also regular and dense. This follows from a lemma of Alon et al. [1] showing that

ε-regularity is equivalent to almost all vertices having theexpected degree and almost all pairs

of vertices having the expected common neighbourhood size.We include the proof for com-

pleteness.

Lemma 2.9 Suppose that1/m � k � ε � ε′ � d and thatm1/3 6 m′ 6 m. LetG be an

ε-regulard-dense cycle of cluster tournaments on clustersV1, . . . , Vk, each of sizem. For each

i ∈ [k], chooseUi ⊆ Vi of sizem′ uniformly at random, and independently of all other choices.

Then with probability1 − o(1), G[U1 ∪ · · · ∪ Uk] is anε′-regulard/2-dense cycle of cluster

tournaments.

Proof. We need to show that with high probability,G[Ui → Ui+1] is ε′-regular with density at

leastd/2 for eachi. So fix somei ∈ [k], and letdi > d be the density ofG[Vi → Vi+1]. Also,

letBi be the set of verticesv ∈ Vi for which |N+(v) ∩ Vi+1| 6= (di ± ε)m, and letDi be the set

of pairsv1 6= v2 of vertices ofVi for which |N+(v1)∩N+(v2)∩Vi+1| 6= (d2
i ±3ε)m. Then since

G[Vi → Vi+1] is ε-regular,|Bi| 6 2εm. Also, there are at most2εm2 pairs inDi which contain

a vertex ofBi, and eachv ∈ Vi \ Bi lies in at most2εm pairs inDi, so |Di| 6 4εm2. So let

B′
i = Bi ∩ Ui and similarly letD′

i consist of the pairs inDi for which both vertices of the pair

are inUi. Then by Proposition 2.6, the probability that either|B′
i| > 4εm′ or |D′

i| > 8ε(m′)2

declines exponentially withm.

Now, for each of the at mostm′ verticesv ∈ Ui \ Bi, by Proposition 2.6 the probability that

|N+(v)∩Ui+1| 6= (di±2ε)m′ decreases exponentially withm. Also, for each of the at most
(

m′

2

)

pairsv1 6= v2 with v1, v2 ∈ Ui\Di, the probability that|N+(v1)∩N+(v2)∩Ui+1| 6= (d2
i±4ε)m′

decreases exponentially withm. So with probability1 − o(1), for eachi none of these events
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of exponentially declining probability hold.

Fix such an outcome of our random choices. Then for eachi at least(1 − 4ε)m′ vertices

v ∈ Ui have|N+(v1) ∩ Ui+1| = (di ± 2ε)m′ and at least
(

m′

2

)
− 8ε(m′)2 pairsv1, v2 ∈ Ui

have|N+(v1) ∩N+(v2) ∩ Ui+1| = (d2
i ± 4ε)m′. It then immediately follows from Lemma 3.2

of [1] that for eachi, G[Ui → Ui+1] is ε′-regular (and it is clear that this has density at least

di/2 > d/2), as desired. �

We now turn to the concept of a robust outexpander. Letµ > 0, letG be a digraph onn vertices,

and letS ⊆ V (G). Then therobustµ-outneighbourhoodof S, denotedRN+
µ (S), is defined to

be the set of vertices ofG with at leastµn inneighbours inS. For constants0 < µ 6 ν < 1,

we say that a digraphG onn vertices is arobust(µ, ν)-outexpanderif |RN+
µ (S)| > |S| + µn

for all S ⊆ V (G) with νn < |S| < (1 − ν)n. A recent result from [33] (which in turn relies

on results from [26, 25]) states that every robust outexpander with linear minimum semidegree

contains a Hamilton cycle. We make use of this to prove the next lemma, which states that

any robust outexpander tournamentG contains a regular and dense cycle of cluster tournaments

which includes almost all of the vertices ofG. We use this structure when we embed a directed

treeT in a tournamentG which is a robust outexpander. Note that this lemma includesthe first

three steps of the regularity method as described in the introduction. Indeed, given a tournament

G which is a robust outexpander of linear minimum semidegree,the effect of this lemma is to

apply the Szemerédi regularity lemma toG, to form the reduced graphR of G, and to find a

Hamilton cycleR′ in R, which corresponds to a regular and dense cycle of cluster tournaments

in G.

Lemma 2.10 Suppose that1/n� 1/M � 1/M ′ � ε � d � µ � ν � η. LetG be a tour-

nament onn vertices which is a robust(µ, ν)-outexpander withδ0(G) > ηn. ThenG contains

an ε-regulard-dense cycle of cluster tournaments on clustersV1, . . . , Vk, where|⋃k
i=1 Vi| >

(1− ε)n, andM ′ 6 k 6 M .
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Proof. Let R be the reduced digraph ofG with parametersε, d andM ′ obtained by applying

Lemma 2.7, and letk = |R|, soM ′ 6 k 6 M . Then by Lemma 12 of [33],δ0(R) > η|R|/2,

andR is a robust(µ/2, 2ν)-outexpander. Then by Theorem 14 of [33], which states that any

robust outexpander of linear minimum semidegree contains aHamilton cycle, we know thatR

contains a Hamilton cycle. LetV1, . . . , Vk be the clusters ofR in the order of the cycle. Then

|⋃k
i=1 Vi| > (1− ε)n,G[Vi] is a tournament for eachi and, sinceVi → Vi+1 is an edge ofR for

eachi, G′[Vi → Vi+1] is ε-regular with density at leastd. (HereG′ is the spanning subgraph of

G obtained by Lemma 2.7.) �

Of course, we sometimes need to embed a directed treeT in a tournamentG which is not a

robust outexpander. The next lemma is a useful tool in this situation; it states that if a tournament

G is not a robust outexpander thenV (G) can be partitioned into two sets so that most edges

between the two sets have the same direction.

Lemma 2.11 Suppose that1/n � µ � ν, thatG is a tournament onn vertices and thatG

is not a robust(µ, ν)-outexpander. Then we can partitionV (G) into setsS andS ′ such that

νn < |S|, |S ′| < (1− ν)n ande(G[S → S ′]) 6 4µn2.

Proof. SinceG is not a robust(µ, ν)-outexpander there existsS ⊆ V (G) such that|RN+
µ (S)| <

|S|+ µn andνn < |S| < (1− ν)n. Choose such anS, and letS ′ = V (G) \ S, soνn < |S ′| <

(1− ν)n also.

SinceG is a tournament, at most2µn + 1 verticesv ∈ S haved−G[S](v) < µn, and so at most

2µn + 1 verticesv ∈ S havev /∈ RN+
µ (S). So|RN+

µ (S) \ S| 6 3µn + 1, and so the number

of edges fromS to S ′ is at most(3µn+ 1)|S|+ µn|S ′| 6 4µn2. �

By repeated application of Lemma 2.11, we may obtain a decomposition of a tournamentG into

setsSi which either induce robust outexpanders or are small, and where for alli < j, almost
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all edges betweenSi andSj are directed fromSi to Sj. In particular, if all theSi are small then

G is close to being a transitive tournament. We use this decomposition in Section 3.6 to prove

Theorem 1.1.

Lemma 2.12 Suppose that1/n � µ � ν � η � ζ � 1. Let G be a tournament onn

vertices. Then we may choose disjoint subsetsS1, . . . , Sr of V (G) such that:

(i) |⋃i∈[r] Si| > (1− ζ)n,

(ii) for eachi ∈ [r], any vertexv ∈ Si has at mostζn inneighbours in
⋃

j>i Sj and at mostζn

outneighbours in
⋃

j<i Sj , and

(iii) for each i ∈ [r], eitherG[Si] is a robust(µ, ν)-outexpander withδ0(G[Si]) > ηn or

|Si| < ζn.

Proof. To prove the lemma, we use an algorithm which keeps track of anordered familySτ

of disjoint subsets ofV (G), and a setBτ of bad edges ofG, at each timeτ . Initially, let

S1 := (V (G)), and letB1 := ∅. Then at timeτ > 1, we haveSτ = (Sτ
1 , . . . , S

τ
τ ), and the

algorithm proceeds as follows.

1. LetSτ
` be the largest member ofSτ which is not a robust(µ, ν)-outexpander withδ0(G[Sτ

` ]) >

ηn. If there is no such member ofSτ , or if |Sτ
` | < ζn, then terminate. If there is more

than one largest such member, then choose one of these arbitrarily.

2. If somev ∈ Sτ
` hasd+

G[Sτ
` ](v) < ηn, then let

Sτ+1 := (Sτ
1 , . . . , S

τ
`−1, S

τ
` \ {v}, {v}, Sτ

`+1, . . . , S
τ
τ ),

letBτ+1 := Bτ ∪E(G({v} → Sτ
` \ {v})), and proceed to step (5).
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3. Similarly, if somev ∈ Sτ
` hasd−G[Sτ

` ](v) < ηn, then let

Sτ+1 := (Sτ
1 , . . . , S

τ
`−1, {v}, Sτ

` \ {v}, Sτ
`+1, . . . , S

τ
τ ),

letBτ+1 := Bτ ∪ E(G(Sτ
` \ {v} → {v})), and proceed to step (5).

4. IfG[Sτ
` ] is not a robust(µ, ν)-outexpander then apply Lemma 2.11 to partition the vertices

of Sτ
` into setsS ′ andS ′′ such thatν|Sτ

` | 6 |S ′|, |S ′′| 6 (1− ν)|Sτ
` | and at most4µ|Sτ

` |2

edges ofG[Sτ
` ] are directed fromS ′′ to S ′. Then let

Sτ+1 := (Sτ
1 , . . . , S

τ
`−1, S

′, S ′′, Sτ
`+1, . . . , S

τ
τ )

and letBτ+1 := Bτ ∪ E(G(S ′′ → S ′)).

5. Finally, for eachi ∈ [τ + 1], delete fromSτ+1
i any vertexv which lies in more than

√
ηn

edges ofBτ+1.

At any timeτ , if the algorithm does not terminate at step (1) thenSτ
` is split in precisely one of

steps (2), (3) and (4). So at each timeτ , either the algorithm terminates or|Sτ | increases from

τ to τ + 1 (in formingSτ+1) by reducing the size of the largest member ofSτ . Therefore the

algorithm must terminate at some timeτend 6 n. Taker := τend, andSi := Sr
i for eachi. Then

since the algorithm terminated at step (1) of timer, (iii) must hold.

To see (i), observe that the split in step (4) occurs for at most 1/ζν timesτ < τend. This is

because any set obtained by a split in step (4) must have size at leastζνn (since|Sτ
` | > ζn, and

the setsS ′, S ′′ obtained have|S ′|, |S ′′| > ν|Sτ
` |). Also, at each timeτ < τend, the number of

edges added to formBτ+1 fromBτ is at mostηn if the algorithm carried out the split in step (2)

or (3), and at most4µn2 if the algorithm carried out the split in step (4). Sinceτend 6 n, and
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the split in step (4) is carried out in at most1/ζν steps, we must have

|Bτend | 6 ηn2 +
4µn2

νζ
6 2ηn2.

SinceB1 ⊆ · · · ⊆ Bτend , any vertex ofG which was ever deleted in step (5) must lie in at least
√
ηn edges ofBτend , and so at most4

√
ηn 6 ζn vertices ofG can have been deleted in step (5)

over the entire course of the algorithm. But any vertex whichwas not deleted lies in someSi,

and so (i) holds.

Finally, for (ii) fix any i ∈ [r] and anyv ∈ Si. Observe that all edges directed fromv to
⋃

j<i Sj

and all edges directed from
⋃

j>i Sj to v are contained inBr. This means that there are at most
√
ηn such edges, as otherwisev would have been deleted in step (5) at some point. Sincei and

v were arbitrary, (ii) must hold. �

2.3 Embedding trees of bounded maximum degree in a ro-

bust outexpander

2.3.1 Introduction

Our aim in this section is the following lemma on embedding directed trees of bounded maxi-

mum degree in robust outexpander tournaments.

Lemma 2.13 Suppose that1/n� µ� ν � η � α, 1/∆, thatG is a tournament on(1 + α)n

vertices which is a robust(µ, ν)-outexpander withδ0(G) > ηn and thatT is a directed tree onn

vertices with∆(T ) 6 ∆. ThenG contains a copy ofT .
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The proof of this lemma shows that we could actually put1/∆ lower down in the hierarchy,

but this is how we apply this lemma later on. To prove this lemma, we begin by applying

Lemma 2.10 to find a regular and dense cycle of cluster tournaments inG, containing almost

all of the vertices ofG. We then use Lemma 2.14 to find a copy ofT within this structure. This

lemma is stated separately, and in a stronger form than necessary, as we also make use of it in

Section 2.4.

Lemma 2.14 Suppose that1/n� 1/k, 1/∆� ε� d� α 6 2, and thatm = n/k. LetG be

anε-regulard-dense cycle of cluster tournaments on clustersV1, . . . , Vk of equal size(1+α)m.

Let v∗ be a vertex ofV1 with at leastd2m inneighbours inVk and at leastd2m outneighbours

in V2. Finally, letT be a directed tree onn vertices, rooted att1 and with∆(T ) 6 ∆. ThenG

contains a copy ofT , where the vertext1 of T corresponds to the vertexv∗ of G.

The main problem in achieving this is to allocate the vertices of T to the clustersVi in such

a way that we can then use theε-regularity of eachG[Vi → Vi+1] to embed the vertices ofT

in G. When we say we allocatev to Vi this means thatv is to be embedded to a vertex ofVi,

but this embedding has not been fixed yet. We wish to allocate each vertex ofT to a clusterVi

so that for most edgesu → v of T , if u is allocated toVi thenv is allocated toVi+1. So if u

is allocated to a clusterVi andu → v then we say that thecanonical allocationof v is to the

clusterVi+1, whereas ifu ← v then we say that the canonical allocation ofv is to the cluster

Vi−1. If we allocatev canonically, then we say that the edge betweenu andv has been allocated

canonically. One way of allocating the vertices ofT to the clustersVi would be to begin by

allocating the roott1 to V1, and then to allocate all remaining vertices canonically. However, to

successfully embed the vertices ofT within the clusters to which they are allocated we need the

vertices ofT to be approximately evenly distributed amongst thek clusters. This method often

fails to achieve this,e.g.if T is an anti-directed path.
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To obtain an ‘even distribution’ for any sufficiently large directed tree of bounded maximum de-

gree, we modify the method so that some vertices (selected randomly) are allocated to the same

cluster as their parent, rather than being allocated canonically. However, having large compo-

nents of vertices which are allocated to the same cluster mayprevent a successful embedding of

these vertices within this cluster, and so we also require that such components are small. This is

the motivation behind the Vertex Allocation Algorithm given in the next subsection, which we

use to allocate the vertices ofT .

2.3.2 Allocating the vertices ofT

We use the following random process to allocate the verticesof T to the clustersVi.

Vertex Allocation Algorithm:

Input: A directed treeT onn vertices, a root vertext1 ∈ T , and clustersV1, . . . , Vk.

Initialisation: Choose an ancestral orderingt1, . . . , tn of the vertices ofT .

Procedure:At time τ = 1, allocatet1 to V1. Then at timeτ > 1, we allocatetτ .

Let tσ be the parent oftτ , which must have appeared beforetτ in the ordering and

has therefore already been allocated. Then:

• If dT (tτ , t1) is odd, then allocatetτ canonically.

• If dT (tτ , t1) is even, then allocatetτ to the same cluster astσ with probability

1/2, and allocatetτ canonically with probability1/2 (where these choices are

made independently for each vertex).

Termination:Terminate when every vertex ofT has been processed and therefore

allocated to some clusterVj.
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Note that the cluster to which a vertext is allocated by this algorithm depends only on the

cluster to which its parent vertex was allocated and the outcome of the random choice when

embeddingt (if d(t, t1) is even). Since these choices were independent, the probability of any

possible outcome does not depend on which ancestral order ofthe vertices was chosen in the

initialisation step. Now, we say that an edge ofT is allocated within a clusterif both of its

endvertices are allocated to the same cluster. Then we say that an allocation of the vertices of a

directed treeT to clustersV1, . . . , Vk is semi-canonicalif

(i) every edge ofT is either allocated canonically or is allocated within a cluster,

(ii) every edge ofT incident tot1 is allocated canonically, and

(iii) every component of the subgraph ofT formed by all edges allocated within a cluster

contains at most∆(T ) vertices.

The next lemma shows that if we allocate the vertices of a directed treeT to clustersV1, . . . , Vk

by applying the Vertex Allocation Algorithm, then the allocation obtained is semi-canonical,

and also that if verticest and t′ are far apart inT then the cluster to whicht is allocated is

almost independent of the cluster to whicht′ is allocated. As a consequence, ifT is sufficiently

large and has bounded maximum degree, each cluster has approximately equally many vertices

of T allocated to it. These properties allow us to embed the vertices of such aT into a regular

and dense cycle of cluster tournamentsG in the next subsection.

Lemma 2.15 Let T be a directed tree onn vertices rooted att1. Allocate the vertices ofT to

clustersV1, . . . , Vk by applying the Vertex Allocation Algorithm. Then the following properties

hold.

(a) The allocation obtained is semi-canonical.
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(b) Suppose that1/k � δ. Let u andv be vertices ofT such thatu lies on the path fromt1

to v, anddT (u, v) > k3. Then for anyi, j ∈ [k],

P(v is allocated toVi | u is allocated toVj) =
1± δ/4

k
.

(c) Now suppose that1/n � 1/∆, 1/k � δ, and that∆(T ) 6 ∆. Then with probability

1−o(1), each of thek clustersVi has at most(1+δ)m vertices ofT allocated to it, where

m = n/k.

Proof. (a) The Vertex Allocation Algorithm allocates every vertexeither canonically or to the

same cluster as its parent, so every edge is allocated canonically or within a cluster. Further-

more, a vertext can only be allocated to the same cluster as its parent ifd(t1, t) is even, and so

each edge incident tot1 is allocated canonically. Finally, since edges allocated within a cluster

can only be formed when we allocateti such thatd(ti, t1) is even, any such component is a star

formed by sometj and some of the children oftj .

(b) Since the order in which the vertices are allocated is ancestral, at the stage in our algorithm

when we have just allocatedu, no other vertex on the pathP (u, v) in T from u to v has yet

been allocated. So suppose that we have just allocatedu to clusterVj , let ` be the length

of P (u, v), so ` > k3, and letu = v0, v1, . . . , v` = v be the vertices ofP (u, v). Then let

E = {i > 1: d(vi, t1) is even}, soE indicates the vertices with a random element in their

allocation, and letO = [`]\E, soO indicates the vertices which are allocated deterministically.
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We then split the edges ofP (u, v) into four classes:

Fcanon ={vi−1 → vi : i ∈ O}

Bcanon ={vi−1 ← vi : i ∈ O}

Frandom ={vi−1 → vi : i ∈ E}

Brandom ={vi−1 ← vi : i ∈ E}.

Then every edge ofP (u, v) lies in one of these 4 sets, and so|Fcanon|+ |Bcanon|+ |Frandom|+

|Brandom| = `. Furthermore, each edge inFcanon is allocated canonically, and hence from some

Vi to Vi+1. Similarly, edges inBcanon are allocated from someVi to Vi−1. Meanwhile, edges

in Frandom orBrandom are allocated from someVi to Vi+1 or Vi−1 respectively with probability

1/2, and within someVi with probability 1/2. So letR be the sum of the number of edges

from Frandom which are allocated canonically and the number of edges fromBrandom which

arenot allocated canonically. Since the outcome of the random experiment for each edge is

independent of the outcome for any other edge,R has distributionB(|E|, 1/2). Now, u was

allocated to clusterVj , and sov is allocated to clusterVi, where

i ≡ j + |Fcanon| − |Bcanon|+R − |Brandom| mod k.

But since|E| > b`/2c > k3/3, Lemma 2.4 implies that for anyr ∈ [k], the probability that

i = r is 1±δ/4
k

, as desired.

(c) Use Lemma 2.2 to choose pairwise disjoint subsetsF1, F2, . . . , Fr of V (T ) and vertices

v1, . . . , vr ∈ V (T ) such that|⋃i∈[r] Fi| > (1−δ/2k)n and|Fi| 6 n2/3 for eachi, also such that

if j < i, then any path fromt1 or any vertex ofFj to any vertex ofFi passes through the vertex

vi, and finally such thatd(vi, Fi) > k3 for eachi. We prove that(†) with probability1− o(1),

the total number of vertices from any of the setsFi allocated to clusterVj is at most(1+δ/2)m.
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This proves the lemma, as the number of vertices ofT not contained in any of the setsFi is at

mostδm/2, and so in total at most(1 + δ)m vertices ofT are allocated to any clusterVj.

To prove(†), define random variablesXj
i for eachi ∈ [r], j ∈ [k] by

Xj
i =

# of vertices ofFi allocated to clusterVj

n2/3
,

so that eachXj
i lies in the range[0, 1]. Then since the cluster to which a vertext of T is allocated

is dependent only on the cluster to which the parent oft is allocated and on the outcome of the

random choice made when allocatingt, E[Xj
i | Xj

i−1, . . . , X
j
1 , vi ∈ Vs] = E[Xj

i | vi ∈ Vs] for

all s ∈ [k]. Here we writevi ∈ Vs to denote the event thatvi is allocated toVs. So for anyi andj,

E[Xj
i | Xj

i−1, . . . , X
j
1 ] 6 max

s∈[k]
E[Xj

i | Xj
i−1, . . . , X

j
1 , vi ∈ Vs] = max

s∈[k]
E[Xj

i | vi ∈ Vs]

= max
s∈[k]

∑
x∈Fi

P(x ∈ Vj | vi ∈ Vs)

n2/3
6

(1 + δ/4)|Fi|
kn2/3

.

using (b). So, by Lemma 2.5, with probability1− o(1) we have that for eachj,

∑

i∈[r]

Xj
i 6

(1 + δ/2)m

n2/3

and so for eachj, the total number of vertices from any of the setsFi allocated to clusterVj is

at most(1 + δ/2)m, proving(†). �

2.3.3 Embedding the vertices ofT

Suppose that we have applied the Vertex Allocation Algorithm to find an approximately uniform

allocation of the vertices ofT to the clusters ofG. We now wish to embedT in G so that each

vertex is embedded in the cluster to which it is allocated. Inprinciple we could use the blow–
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up lemma for this. However numerous complications arise, for instance because we embed

some edges within clusters and because we allow∆ to be comparatively large in Section 2.4.

Instead, we embed the vertices ofT as follows. Firstly, to deal with the problem of edges which

are allocated within a cluster, we embed components ofT formed by such edges at the same

time, using Theorem 1.2 (it would also be easy to do this directly). To do this we make the

following definition. LetT be a directed tree onn vertices with roott1, and let the vertices

of T be allocated to clustersV1, . . . , Vk by a semi-canonical allocation. Then thecanonical

treeTcanon of T is formed by contracting to a single vertex each component ofthe subgraph of

T formed of edges which are allocated within a cluster. Since the allocation is semi-canonical,

each such component contains at most∆ vertices – we say that these verticescorrespondto that

contracted vertex inTcanon. Note also that no edge incident tot1 is contracted; we let the root of

Tcanon be the vertex corresponding tot1. We proceed through all of the vertices ofTcanon in turn

using a tidy ancestral order, and at timeτ we embed all of the vertices ofT which correspond

to the vertexτ of Tcanon in one step.

Secondly, we must ensure that at each timeτ it is possible to carry out this embedding. To do

this, each time we embed a vertext ∈ T to a vertexv ∈ G, we use Lemma 2.8 to select sets

A+
t andA−

t of outneighbours and inneighbours ofv in the clusters succeeding and preceding

that ofv, each of size at most2
√
m, which are reserved until all of the children oft have been

embedded. Indeed, while these sets are reserved, no vertices may be embedded in them other

than

(i) the children oft, and

(ii) those vertices ofT which correspond to the same vertex ofTcanon as a child oft.

We refer to these vertices as thecanonical childrenof t; observe that there are at most∆2 such

vertices. Since we proceed through the vertices ofTcanon in a tidy ancestral order, this means
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that at any timeτ not too many such sets are reserved, and so only a small proportion of the

vertices of any cluster are reserved. When we later come to embed a childt′ of t for which the

edgett′ was allocated canonically, we embedt′ in A+
t (if t → t′) or A−

t (if t ← t′) in such a

way that we can chooseA+
t′ andA−

t′ as desired.

When reading the next algorithm, one should bear in mind thatoften it is not apparent that a

choice can be made as required by the algorithm. Indeed, if such a choice is not possible then

the algorithm terminates with failure. Lemma 2.16 shows that under certain conditions onG, it

is always possible to make such choices, and so we can be sure that the algorithm succeeds.

Vertex Embedding Algorithm

Input:

• A directed treeT rooted att1.

• A constantα and a positive integerm.

• A digraphG on vertex setV = V1∪· · ·∪Vk, where eachVi has size(1+α)m,

and a semi-canonical allocation of the vertices ofT to the clustersVi, with t1

allocated toV1.

• Finally, a vertexv∗ ∈ V1 to whicht1 should be embedded, and constantsc and

γ.

Initialisation: Form the canonical treeTcanon of T as explained above, and choose

a tidy ancestral ordering1, 2, . . . , n′ of the vertices ofTcanon. Let t1, . . . , tn be a

corresponding order of the vertices ofT (so if ti ∈ T corresponds toi ∈ Tcanon and

tj ∈ T corresponds toj ∈ Tcanon thenti appears beforetj if and only if i < j.)

Procedure:At time τ we embed the verticestr, . . . , tr+s−1 of T corresponding to

vertexτ of Tcanon. Each vertexti is embedded to a vertexvi of G, wherev1 = v∗.
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Then, for eachti we reserve setsA+
ti andA−

ti of vertices ofG for the canonical

children ofti. To do this, at each timeτ with 1 6 τ 6 n′, take the following steps.

(1) We say that a vertexti of T is openat timeτ if ti has been embedded but

some child ofti has not yet been embedded. Define the setBτ of vertices of

G unavailable for use at timeτ to consist of the vertices already occupied and

the sets reserved for the canonical children of open vertices, so

Bτ = {v1, . . . , vr−1} ∪
⋃

ti : ti is open

(A+
ti
∪A−

ti
).

For each clusterVj, letV τ
j = Vj \Bτ , soV τ

j is the set of available vertices of

Vj .

(2) If τ = 1 embedt1 to v1. Alternatively, if τ > 1:

(2.1) Precisely one of the verticestr, . . . , tr+s−1 of T corresponding to vertex

τ of Tcanon has a parent already embedded; we may assume this vertex is

tr. Let tp be the already-embedded parent (sop < r, and whentp was

embedded setsA+
tp andA−

tp were chosen). LetVj be the cluster to which

tp is embedded.

(2.2) If tp → tr, choose a setS of 3s vertices ofA+
tp ⊆ Vj+1 such that for each

v ∈ S

|N+(v) ∩ V τ
j+2| > γm and|N−(v) ∩ V τ

j | > γm.

If tp ← tr, choose a setS of 3s vertices ofA−
tp ⊆ Vj−1 so for eachv ∈ S

|N+(v) ∩ V τ
j | > γm and|N−(v) ∩ V τ

j−2| > γm.

(2.3) Then choose a copy ofT [tr, . . . , tr+s−1] in G[S], and embed each vertex

ti to the corresponding vertexvi in this copy.
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(3) In step (2), we embedded each oftr, . . . , tr+s−1 in the same cluster; letVq be

this cluster. For eachr 6 i 6 r + s− 1, choose sets

A+
ti
⊆ N+(vi) ∩ V τ

q+1 andA−
ti
⊆ N−(vi) ∩ V τ

q−1

such that the setsA+
ti andA−

ti are all pairwise disjoint, eachA+
ti and eachA−

ti

is (c, γ)-good, and|A+
ti |, |A−

ti | 6 2
√
m for eachi.

Whenever there are several choices (for example if there areseveral possibilities

for S in (2.2)), take the lexicographically first of these. This ensures that for each

input, the output is uniquely defined (i.e.we can view the algorithm as being deter-

ministic).

Termination:If at any point it is not possible to make the choice required,terminate

with failure. Otherwise, terminate after every vertex ofTcanon has been processed,

at which pointψ(ti) = vi for eachti ∈ T is an embeddingψ of T into G, by

construction.

Lemma 2.16 Suppose that1/n� 1/∆, 1/k � ε� γ � c� d� α 6 2, and letm = n/k.

(1) LetT be a directed tree on at mostn vertices with roott1 and∆(T ) 6 ∆.

(2) LetG be anε-regulard-dense cycle of cluster tournaments on clustersV1, . . . , Vk, each

of size(1 + α)m, and letv∗ ∈ V1 have at leastγm inneighbours inVk and at leastγm

outneighbours inV2.

(3) Let the vertices ofT be allocated to the clustersV1, . . . , Vk so that at most(1 + α/2)m

vertices are allocated to any one clusterVi, and so that the allocation is semi-canonical.

Then the Vertex Embedding Algorithm applied toT andG (with this allocation and constantsc

andγ) successfully embedsT intoG with t1 embedded tov∗.
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Proof. The Vertex Embedding Algorithm only fails if at some point itis not possible to make

the required choice. So to demonstrate that the algorithm succeeds, it is enough to show that it

is always possible to make the required choices.

In the initialisation we are required to choose a tidy ancestral ordering of the vertices of the

rooted treeTcanon; the existence of such a choice is guaranteed by Lemma 2.3. Now, consider

the set of unavailable verticesBτ at some timeτ . Since the Vertex Embedding Algorithm

embeds each vertex in the cluster to which it was allocated, we know that at most(1 + α/2)m

vertices of eachVj are already occupied. Furthermore, suppose that vertexti of T is open at time

τ . Thenti must correspond to a vertexτ ′ < τ of Tcanon, such thatτ ′ has a childτ ′′ > τ . Since

we are processing the vertices ofTcanon in a tidy order, there can be at mostlog2 n
′ 6 log2 n

such vertices ofTcanon. As each vertex ofTcanon corresponds to at most∆ vertices ofT , at most

∆ log2 n vertices ofT are open at timeτ . Therefore, at any timeτ , the total number of vertices

in reserved setsA+
ti andA−

ti is at most4∆
√
m log2 n 6 αm/4. So for any clusterVj, at any

timeτ at most(1 + α/2)m+ αm/4 vertices ofVj are unavailable, and so|V τ
j | > αm/4.

We can now demonstrate that it is possible to make the other choices that the algorithm asks

for. Indeed, in step (2.2), iftp → tr with tp embedded intoVj, then the algorithm has to choose

a setS of 3s 6 3∆ vertices ofA+
tp such that eachv ∈ S has |N+(v) ∩ V τ

j+2| > γm and

|N−(v)∩ V τ
j | > γm. But whenA+

tp was chosen at an earlier timeτ ′, it was chosen to be(c, γ)-

good. Since the vertexvp to which tp was embedded is in clusterVj , A
+
tp ⊆ Vj+1. Moreover,

since|V τ
j | > αm/4 > (1 + α)cm and|V τ

j+2| > αm/4 > (1 + α)cm, A+
tp must contain at least

γ
√
m verticesv such that|N+(v) ∩ V τ

j+2| > γm and|N−(v) ∩ V τ
j | > γm. Furthermore, since

tr is a child oftp, tp has been open since its embedding, and so only canonical children oftp (of

which there are at most∆2) can have been embedded inA+
tp . So it is indeed possible to select

such a setS of 3s vertices as required. The argument for the case whentp ← tr is similar.

As for (2.3), observe thatG[S] is a tournament on3s vertices, and thatT [tr, . . . , tr+s−1] is a
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directed tree ons vertices. So by Theorem 1.2,G[S] contains a copy ofT [tr, . . . , tr+s−1], so we

may choose such a copy.

Finally we come to step (3). In this step we have just embeddedat most∆ verticestr, . . . , tr+s−1

in some clusterVq, and we wish to choose setsA+
ti andA−

ti for each such vertexti. When embed-

ding these vertices we ensured that for eachi the vertexvi to whichti was embedded satisfied

|N+(vi) ∩ V τ
q+1| > γm (for τ = 1 this holds instead by the condition on the outneighbours of

v∗ = v1). So suppose we have chosenA+
tr , A

+
tr+1

, . . . , A+
tr+`−1

and we now wish to chooseA+
t`

.

Then the previously chosenA+
ti contain at most2∆

√
m vertices between them, and so at least

3γm/4 > (1 + α)γm/2 vertices ofN+(v`) ∩ V τ
q+1 have not been used in these previous sets.

So by Lemma 2.8, we may choose a(c, γ)-good setA+
t`
⊆ N+(v`) ∩ V τ

q+1 of size at most2
√
m

which is disjoint from all of the previously chosenA+
ti . Do this for each vertexti in turn; the

choice of the setsA−
ti is similar. �

We can now give the proof of the main lemmas of this section, beginning with the proof of

Lemma 2.14.

Proof of Lemma 2.14. Apply the Vertex Allocation Algorithm to allocate the vertices ofT

to the clustersV1, . . . , Vk. Then by Lemma 2.15(a) this allocation is semi-canonical, and by

Lemma 2.15(c) at most(1+α/2)m vertices are allocated to each of thek clustersVi. Next, apply

the Vertex Embedding Algorithm toT andG, giving this allocation as input. By Lemma 2.16,

this successfully embedsT in G with t1 embedded tov∗. �

Proof of Lemma 2.13. If α > 2 thenG contains a copy ofT by Theorem 1.2. So we may

assume thatα 6 2. We begin by introducing new constants1/n� 1/M � 1/M ′ � ε� ε′ �

d� µ. Then by Lemma 2.10,G contains anε-regulard-dense cycle of cluster tournamentsG′

on clustersV1, . . . , Vk, whereM ′ 6 k 6 M , and|V1| = · · · = |Vk| > (1 − ε)(1 + α)n/k >
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(1 + α/2)n/k. For eachi chooseV ′
i ⊆ Vi of size|V ′

i | = (1 + α/2)n/k uniformly at random.

By Lemma 2.9 we may fix an outcome of these choices so thatG′′ = G′[V ′
1 ∪ · · · ∪ V ′

k ] is a

ε′-regulard/2-dense cycle of cluster tournaments. So by Lemma 2.14G′′ contains a copy ofT ,

soG containsT also. �

We finish this section with an analogous result to Lemma 2.14 for small directed trees (i.e. the

result does not demand that|T | is large compared to|G|).

Lemma 2.17 Suppose that1/m� 1/k, 1/∆� ε� d� α 6 2, and that1/k � δ. LetG be

anε-regulard-dense cycle of cluster tournaments on clustersV1, . . . , Vk, each of size(1+α)m,

and letv∗ ∈ V1 have at leastd2m inneighbours inVk and at leastd2m outneighbours inV2. Let

T be a directed tree on at mostm vertices, rooted att1 and with∆(T ) 6 ∆, and letT far be

the subgraph ofT induced by the verticesx ∈ T with d(t1, x) > k3. Let GT denote the set

of copies ofT in G for which the vertext1 of T corresponds to vertexv∗ of G. ThenGT is

non-empty. Furthermore, there exists a probability distribution onGT such that if a member of

GT is selected at random according to this distribution, then for eachi,

E(# vertices ofT far embedded inVi) 6
(1 + δ)|T far|

k
.

The probability distribution is actually, for each member of GT , the probability that applying

first the Vertex Allocation Algorithm and then the Vertex Embedding Algorithm gives this copy

of T in G (recall that actually the Vertex Embedding Algorithm is purely deterministic).

Proof. Apply the Vertex Allocation Algorithm to allocate the vertices ofT to the clustersVi.

Since|T | 6 m, at mostm vertices can be allocated to any cluster, and the allocationobtained

is semi-canonical by Lemma 2.15(a). Next, introduce constantsε � γ � c � d, and apply

the Vertex Embedding Algorithm to embedT in G. By Lemma 2.16, this successfully embeds
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T in G, with t1 embedded tov∗, and every vertex ofT embedded in the cluster to which it was

allocated. So it remains only to show that for eachi, the expected number of vertices ofT far

allocated toVi is at most(1 + δ)|T far|/k. But since for anyx ∈ T far we haved(x, t1) > k3,

by Lemma 2.15(b) applied withu = t1,

P(x is allocated toVi) =
(1± δ)
k

for eachi, and the result follows. �

2.4 Embedding trees of unbounded maximum degree in a ro-

bust outexpander

2.4.1 Introduction

Having proved the desired result for directed trees of bounded maximum degree, we now move

onto proving a similar result for directed trees with no suchbound, with a constant of2 rather

than1 in the condition on the order ofG. This is the following lemma.

Lemma 2.18 Suppose that1/n � µ � ν � η � α, thatG is a tournament on2(1 + α)n

vertices which is a robust(µ, ν)-outexpander withδ0(G) > ηn and thatT is a directed tree onn

vertices. ThenG contains a copy ofT .

To prove this, in Section 2.4.2 we define the core treeT∆ of a treeT . This is a subtree of

T which has bounded maximum degree, and the property that all components ofT − T∆ are

small. Then in Section 2.4.4 we show thatT∆ can be extended to an ‘extended tree’Text

which also has bounded maximum degree, and also has the property that few vertices ofText
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have neighbours outsideText. We embed the extended treeText by a similar method to that

of the previous section. We need to do this so that the small number of vertices ofText with

neighbours outsideText are embedded to vertices ofG with large in- and outdegree inG. In

Section 2.4.5 we use our results from Section 2.3 to prove Lemma 2.27 on embedding trees

of bounded maximum degree. This is similar to Lemma 2.14, butallows us also to demand

that a small subsetH ⊆ V (T ) of the vertices ofT , satisfying certain conditions, should be

embedded in a small subsetU of the vertices ofG. This allows us to embedText in G in the

desired manner. Finally, in Section 2.4.6 we complete the proof of Lemma 2.18 by first using

Lemma 2.27 to embedText intoG as described and then embedding each component ofT−Text

in the unoccupied vertices ofG.

2.4.2 The core tree

Let T be a tree onn vertices, and let∆ > 2 be fixed. Then we say that a vertexx of T

is ∆-core if every edgee incident tox haswe(x) 6 (1 − 1/∆)n. We call the subgraph of

T induced by∆-core vertices ofT the core tree ofT with parameter∆, and denote it by

T∆. With this definition, for any treeT , the core treeT∆ is the same as the∆-heart ofT

considered by Häggkvist and Thomason in [14]. The following proposition states the most

important properties of the core tree. These properties arealso noted in Section 3 of [14], but

we include the proof for completeness.

Proposition 2.19 Let T be a tree onn vertices and let∆ > 2. Then:

(i) T∆ is a tree containing at least one vertex.

(ii) we(x) > n/∆ if e = xy is an edge ofT∆.

(iii) ∆(T∆) 6 ∆.

(iv) Every component subtreeT ′ of T − T∆ has|T ′| 6 n/∆.
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Proof. For (i), note that since∆ > 2, for any edgee = uv of T at most one ofwe(u) >

(1− 1/∆)n andwe(v) > (1− 1/∆)n holds. SinceT has more vertices than edges, there must

therefore be some vertexv ∈ T such thatwe(v) 6 (1 − 1/∆)n for every edgee incident tov,

and sov ∈ T∆. It remains to show thatT∆ is connected. Observe that ifu, v, w are distinct

vertices ofT such that there is an edge betweenu andv and an edge betweenv andw, then

wuv(u) > wvw(v). Now, supposex, y ∈ T∆, and letx = v1, v2, . . . , vr = y be the vertices of

the path fromx to y in T (in order). Suppose for a contradiction that somevi is not inT∆. Then

for some neighbourz of vi,wviz(vi) > (1−1/∆)n. If z 6= vi+1, then for eachi 6 j 6 r−1 we

havewvjvj+1
(vj+1) > (1− 1/∆)n, and soy /∈ T∆, giving a contradiction. On the other hand, if

z = vi+1, then for each2 6 j 6 i, wvj−1vj
(vj−1) > (1− 1/∆)n, and sox /∈ T∆, again giving a

contradiction.

Now, (ii) is immediate from the fact that ife = xy is an edge ofT thenwe(x) + we(y) = n.

Then (iii) follows directly from (ii), as the sum ofwe(v) over all edges incident tov is n− 1.

Finally, for (iv), observe that for any suchT ′ there isu ∈ T ′, v ∈ T∆ with e = uv an edge ofT .

Suppose that|T ′| > n/∆. Thenwe(v) > |T ′| > n/∆, and sowe(u) 6 (1− 1/∆)n. But since

we′(u) < we(v) 6 (1 − 1/∆)n for every other edgee′ incident tou, this means thatu ∈ T∆,

giving a contradiction. �

Note thatT∆ is an undirected tree obtained from an undirected treeT . However we often refer

to the core tree of a directed treeT ; this means the directed tree formed by taking the core tree

T∆ of the underlying graphTunder (an undirected tree) and directing each edge ofT∆ as it is

directed inT .

The idea behind this definition is that the core tree is a bounded degree tree. The general

technique we use to work with a treeT of unbounded maximum degree (in both this and later

sections) is to first consider the core treeT∆, and then consider separately each component of
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T − T∆, making use of the fact that each such component is small.

The following proposition is needed in the proof of Lemma 2.21, which we shall use in the next

chapter. Essentially the latter states that if treesT 1 andT 2 almost partition a treeT , then the

core treeT∆ is not much larger thanT 1
∆ ∪ T 2

∆.

Proposition 2.20 Let T be a tree onn vertices, letx be a leaf ofT , and let∆ > 2. Then

|(T − x)∆| > |T∆| − 1.

Proof. Let y be a vertex ofT∆ − (T − x)∆, and letz be an arbitrary vertex of(T − x)∆.

Then for some edgee incident toy we havewe(y) > (1 − 1/∆)(n − 1) in T − x. Since

by Proposition 2.19(iv) the component of(T − x) − (T − x)∆ containingy contains at most

(n − 1)/∆ vertices, this edge must in fact be the first edge of the path inT from y to z. If e is

also the first edge of the path inT from y to x then we havewe(y) > (1− 1/∆)(n− 1) + 1 >

(1− 1/∆)n in T , and soy /∈ T∆, giving a contradiction. Soy must lie on the path inT from x

to z. Sincey ∈ T∆ we must havewe(y) 6 (1− 1/∆)n in T , and so inT we have

(1− 1

∆
)n− 1 6 (1− 1

∆
)(n− 1) < we(y) 6 (1− 1

∆
)n.

Clearly this can hold for at most one vertexy on the path fromx to z. So|T∆− (T − x)∆| 6 1,

as desired. �

Lemma 2.21 Let T be a tree onn vertices, let∆ > 2 and letγ, α > 0. Also let T 1 andT 2

be subtrees ofT such that|T 1 ∪ T 2| > (1 − γ)n. Suppose also that|T 1
∆|, |T 2

∆| 6 αn. Then

|T∆| 6 γn + 2αn+ 2n/∆.

Proof. Arbitrarily choose verticesx1 ∈ T 1
∆ andx2 ∈ T 2

∆, and letP be the path fromx1 to x2

(soP is also a subtree ofT ). Then letT ∗ := T 1 ∪ P ∪ T 2, so|T ∗| > (1 − γ)n. Furthermore,

T ∗ can be formed fromT by repeated leaf-deletions. So by Proposition 2.20 we must have
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|T | − |T ∗| > |T∆| − |T ∗
∆|, and so

|T∆| 6 |T | − |T ∗|+ |T ∗
∆| 6 γn− |P − (T 1 ∪ T 2)|+ |T ∗

∆|. (2.22)

Let T ∗
c := T 1

∆ ∪P ∪T 2
∆. We claim thatT ∗

∆ ⊆ T ∗
c . Indeed, suppose for a contradiction that there

exists a vertexy ∈ T ∗
∆ − T ∗

c . SinceT ∗
c is a subtree ofT , every vertex ofT ∗

c lies in the same

componentC of T ∗ − y. Note thatT ∗ − C is a tree. Now,T 1
∆ andT 2

∆ are subtrees ofC, so by

Proposition 2.19(iv)T ∗−C contains at most|T 1|/∆ vertices ofT 1 and at most|T 2|/∆ vertices

of T 2. Let e be the edge ofT ∗ betweeny andC. Then sincey ∈ T ∗
∆, we(y) 6 (1− 1/∆)|T ∗| in

T ∗. So at least|T ∗|/∆ vertices ofT ∗ lie in components ofT ∗− y other thanC. As every vertex

of P lies inC, either at least|T 1|/∆ vertices ofT 1 lie in components ofT ∗−y other thanC, or

at least|T 2|/∆ vertices ofT 2 lie in components ofT ∗− y other thanC. In the former case this

implies thatT ∗−C contains more that|T 1|/∆ vertices ofT 1, and in the latter case this implies

thatT ∗−C contains more that|T 2|/∆ vertices ofT 2. In either case this yields a contradiction.

Now, |T ∗
c | 6 2αn+|P−(T 1

∆∪T 2
∆)|. Since(P∩T 1)−T 1

∆ is contained within a single component

of T 1 − T 1
∆, |(P ∩ T 1)− T 1

∆| 6 |T 1|/∆, by Proposition 2.19(iv). Similarly|(P ∩ T 2)− T 2
∆| 6

|T 2|/∆. So

|T ∗
∆| 6 |T ∗

c | 6 2αn+
|T 1|+ |T 2|

∆
+ |P − (T 1 ∪ T 2)|.

So by (2.22)

|T∆| 6 γn+
|T 1|+ |T 2|

∆
+ 2αn 6 γn+

2n

∆
+ 2αn.

�
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2.4.3 Leading paths

Let T be a tree onn vertices, rooted att1, letH ⊆ V (T ), and letk be a positive integer. For

any vertexx ∈ T , there is a unique path inT from x to t1; let Px denote the set of the firstk

vertices of this path, starting fromx. LetH1 =
⋃

x∈H Px, and then for eachi > 1 letH i+1 be

formed fromH i by adding the vertices ofPx for anyx ∈ H i with at least two children inH i.

After at mostn steps we must haveH i = H i+1, when we terminate the process. We refer to

this finalH i asH with leading paths included, denotedPk(H). SoH ⊆ Pk(H) ⊆ V (T ). Note

thatPk(H) depends on both the value ofk and the roott1 of T .

Next we prove two results which enable us to make use of this definition. The first shows that

if H is small thenPk(H) is small, and the second shows that ifH is small then it is possible to

embed any componentT ′ of T [Pk(H)] in a regular and dense cycle of cluster tournaments such

that the vertices ofV (T ′)∩H are embedded in the first cluster and the ‘root’ ofH is embedded

in a given cluster.

Proposition 2.23 Let k be any positive integer, letT be a tree onn vertices, rooted at some

t1 ∈ T , and letH ⊆ V (T ). Then|Pk(H)| 6 3k|H|.

Proof. Consider any componentT ′ of T [Pk(H)], and lett′1 be the unique vertex ofT ′ with

minimal d(t1, t′1). Then every vertex ofT ′ lies on the path from some vertex ofH to t1, and

so T ′ is precisely the set of vertices in paths betweent′1 and vertices ofH ∩ V (T ′). Thus

only t′1 and vertices ofH can be leaves ofT ′. It follows thatT [Pk(H)] has at most2|H| leaves.

SinceT [Pk(H)] is a forest, it follows that the number of vertices ofT [Pk(H)] with at least

two children inT [Pk(H)] is also at most2|H|. Furthermore, any vertexx ∈ T for which the

vertices ofPx were added toPk(H) at any stage is either a member ofH or has at least two

children inPk(H). This is true for at most3|H| verticesx, and for each such vertex at mostk

vertices were added. �
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Lemma 2.24 Suppose that1/m � 1/k � ε � d. Let T be a directed tree rooted at some

t1 ∈ T . LetH ⊆ V (T ) be of size|H| 6 m/10k, let T ′ be a component ofT [Pk(H)] which

does not containt1, and lett′1 be the unique vertex ofT ′ with minimal d(t′1, t1). Let G be an

ε-regulard-dense cycle of cluster tournaments on clustersV1, . . . , Vk, each of sizem. Then for

anyj ∈ [k],G contains a copy ofT ′ with the vertext′1 corresponding to some vertex ofVj, and

every vertex inV (T ′) ∩H corresponding to some vertex ofV1.

Proof. Informally, from the perspective oft′1, T
′ begins with a path of lengthk − 1 (from t′1

to t, say) before possibly branching out. So we find a copy ofT ′ in G by first embedding the

vertices of this path so thatt′1 is embedded inVj andt is embedded inV1. We then embed all of

the remaining vertices ofT ′ in V1.

More formally, note that for each0 6 s 6 k − 1 there is precisely one vertexxs of T ′ with

d(t′1, xs) = s (sox0 = t′1, andxi /∈ H for any i < k − 1). Let F ⊆ [k − 1] be the set of

thoses such thatxs−1 → xs, and letB ⊆ [k − 1] be the set ofs such thatxs−1 ← xs. Then

|F |+ |B| = k − 1, so either|F | > k − j or |B| > j − 1. Suppose first that|B| > j − 1. Then

chooseB′ ⊆ B of sizej − 1. We allocate the vertices ofT ′ to the clustersV1, . . . , Vj. Begin by

allocatingx0 to Vj. Then for eachs ∈ [k − 1] in turn, letVi be the cluster to whichxs−1 was

allocated, and allocatexs to Vi if s /∈ B′, or toVi−1 if s ∈ B′. Then since|B′| = j − 1, xk−1 is

assigned toV1. Finally, allocate all other vertices ofT ′ toV1. Then every edge ofT ′ is allocated

either canonically or within a cluster.

Next we embedT ′ in G so that every vertex is embedded within the cluster to which it is

allocated. To begin, by a standard regularity argument we may choose for eachi a setV ′
i ⊆ Vi

so that|V ′
i | > 9m/10 and every vertexv ∈ V ′

i has at leastdm/2 outneighbours inV ′
i+1.

Let G′ = G[V ′
1 ∪ · · · ∪ V ′

k ]. Now, for eachi, let Si be the set of vertices ofT ′ allocated to

Vi. So |S2|, . . . , |Sk| 6 k − 1 and |S1| 6 |T ′|. Then by Proposition 2.23,3|S1| 6 3|T ′| 6

9k|H| 6 |V ′
1 |. So by Theorem 1.2 we may embedT ′[S1] in G[V ′

1 ]. Now suppose that we
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have successfully embeddedT ′[S1 ∪ · · · ∪ Si−1] in G[V ′
1 ∪ · · · ∪ V ′

i−1] for somei 6 j. Then

precisely one vertext ∈ Si has a neighbourt′ ∈ Si−1, andt′ has already been embedded to

somev′ ∈ V ′
i−1. Now v′ has at leastdm/2 > 3|Si| outneighbours inV ′

i , and so by Theorem 1.2

we may embedT ′[Si] among these outneighbours. Letv be the vertex to whicht is embedded;

then sincev is an outneighbour ofv′, we have extended our embedding to an embedding of

T ′[S1 ∪ · · · ∪ Si] in G[V ′
1 ∪ · · · ∪ V ′

i ]. Continuing in this manner we obtain an embedding ofT ′

in G, with t′1 embedded inVj andV (T ′) \ {x0, . . . , xk−2} ⊇ V (T ′) ∩H embedded intoV1, as

desired. A similar argument achieves this if|F | > k − j. �

2.4.4 The extended tree

The next lemma combines the ideas of the core tree and leadingpaths to give the structure

within a treeT which we use to prove Lemma 2.18. It shows that given a treeT we may extend

the core treeT∆ of T to an ‘extended tree’Text which, likeT∆, has bounded maximum degree

(although this bound is now much larger than∆). Text also has the property that only a small

subsetH of the vertices ofText have neighbours outsideText, and that few vertices ofText are

close to a vertex ofPk(H).

Lemma 2.25 Suppose that1/n, 1/∆∗ � 1/∆, 1/k, ω � 1. Let T be a tree onn vertices, and

choose any vertext1 ∈ T∆ as the root ofT . Then there exists a subtreeText of T and a subset

H ⊆ V (Text) which satisfy the following properties.

(i) T∆ ⊆ Text.

(ii) ∆(Text) 6 ∆∗.

(iii) For any edgee betweenT − Text andText, the endvertex ofe in Text lies inH.

(iv) The number of verticesv ∈ Text which satisfy1 6 d(v,Pk(H)) 6 k3 is at mostωn.
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(v) |H| 6 n

∆k1/ω .

Proof. We consider the subgraphT − E(T∆) of T obtained by deleting the edges (but not the

vertices) ofT∆ from T . Each vertexv ∈ T∆ lies in a separate component ofT − E(T∆); we

denote the component containingv by Tv. Then the treesT∆ and{Tv : v ∈ T∆} partition the

edges ofT , and the trees{Tv : v ∈ T∆} partition the vertices ofT .

We say that a vertexv ∈ T∆ is i-heavyif |Tv| > ∆i := ∆ki
. For any integeri, letHi denote the

set ofi-heavy vertices inT∆. So|Hi| 6 n/∆i, and so by Proposition 2.23 we have|Pk(Hi)| 6

3kn/∆i for eachi. We wish to choose a large integert so that few vertices ofT lie in treesTv

for which v is not inHt but is close to a member ofPk(Ht). The next claim shows that this is

possible.

Claim. For some natural number1/ω 6 t 6 3/ω we have

∣∣
⋃

v∈V (T∆)\Ht

d(v,Pk(Ht))6k3

Tv

∣∣ 6 ωn. (2.26)

To prove the claim, observe that for each integeri with 1/ω 6 i 6 3/ω, if v ∈ V (T∆) \Hi−1

then|Tv| < ∆i−1, and so

∣∣
⋃

v∈V (T∆)\Hi−1

d(v,Pk(Hi))6k3

Tv

∣∣ < |Pk(Hi)|∆k3+1∆i−1 6
3k∆k3+1∆ki−1

n

∆ki 6
3kn

∆ki/2
6
ωn

3
.

Now let

Bi :=
⋃

v∈Hi−1\Hi

d(v,Pk(Hi))6k3

Tv.
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Then the setsBi are pairwise disjoint subsets ofV (T ). If the claim is false, then|Bi| > 2ωn/3

for every integeri with 1/ω 6 i 6 3/ω, and so|⋃1/ω6i63/ω Bi| > n, giving a contradiction.

This completes the proof of the claim.

Fix such a value oft, and letH = Ht. We define the extended treeText by Text := T∆ ∪
⋃

v∈V (T∆)\H Tv. ThenText is a subtree ofT with T∆ ⊆ Text, so (i) is satisfied. SinceH ⊆

V (T∆), we haveH ⊆ V (Text) as desired. Also (ii) holds since any vertexu ∈ Text has at most

∆ neighbours inT∆ and at most∆t neighbours in the single treeTv with v ∈ T∆ which contains

u. So∆(Text) 6 ∆ + ∆t 6 ∆ + ∆k3/ω
6 ∆∗. For (iii), observe that ifu /∈ Text, thenu must

lie in someTv with v ∈ H. But then ifu has a neighbour inText this neighbour must bev. For

(iv), consider anyu ∈ Text satisfying1 6 d(u,Pk(H)) 6 k3. Sinced(u,Pk(H)) > 1 we know

thatu /∈ Ht, so if u ∈ T∆ thenu is counted in (2.26). Ifu /∈ T∆ then there existsv such that

u ∈ Tv andv ∈ V (T∆) \H. Note thatPk(H) ⊆ V (T∆) (sincet1 ∈ T∆). This in turn implies

thatd(v,Pk(H)) < d(u,Pk(H)) 6 k3. Sou is also counted in (2.26). Finally, for (v), recall

that|H| 6 n/∆t 6 n/∆k1/ω
. �

2.4.5 Embedding trees of bounded maximum degree with restrictions

In this section we prove the following lemma, which is similar to Lemma 2.14, but which allows

us to restrict some vertices ofT to a subset ofV (G).

Lemma 2.27 Suppose that1/n � 1/∆, 1/k � ε � d � α, λ 6 1/2, thatm = n/k, that

λ 6 α/4 and thatδ = dλ/8k. Let T be a directed tree onn vertices rooted att1 and with

∆(T ) 6 ∆. Let H ⊆ V (T ) be such that|H| 6 δn/7k and |{x ∈ T : 1 6 d(x,Pk(H)) 6

k3}| 6 δn. LetG be anε-regulard-dense cycle of cluster tournaments on clustersV1, . . . , Vk,

each of size(1+α)m, and letU ⊆ V1∪ · · ·∪Vk have size|U | > λn. ThenT can be embedded

in G so that each vertext ∈ H is embedded to someu ∈ U .
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Proof. We may assume without loss of generality that|U ∩ V1| > λm. If t1 /∈ H, then addt1

toH, so now we have|H| 6 δn/6k. Moreover, the newPk(H) is the union of the oldPk(H)

and{t1}. So now

|{x ∈ T : 1 6 d(x,Pk(H)) 6 k3}| 6 δn+ ∆k3+1 6
3δn

2
. (2.28)

Also, introduce a new constantε′ with ε � ε′ � d. To begin, for eachi choose disjoint sets

Xi, Yi ⊆ Vi such that

• |Xi| = (1 + α/2)m and|Yi| = 3λm/4 6 αm/4,

• every vertex ofXi ∪ Yi has at leastdλm/2 inneighbours inYi−1 and at leastdλm/2

outneighbours inYi+1, and

• Y1 ⊆ U ∩ V1.

The existence of such sets can be shown by a standard regularity argument. Indeed, choose

disjoint setsX ′
i, Y

′
i ⊆ Vi such that|X ′

i| = (1 + α/2 + d2)m, |Y ′
i | = (3λ/4 + d2)m and

Y ′
1 ⊆ U ∩ V1. Then bothG[Y ′

i−1 → X ′
i ∪ Y ′

i ] andG[X ′
i ∪ Y ′

i → Y ′
i+1] are2ε/λ-regular with

density at least3d/4. So all but at most9εm/λ 6 d2m vertices inX ′
i∪Y ′

i have at least9dλm/16

inneighbours inY ′
i−1 and at least9dλm/16 outneighbours inY ′

i+1. Deleted2m vertices fromX ′
i

andd2m vertices fromY ′
i including thesed2m vertices of small degree (for eachi ∈ [k]). Then

the setsXi andYi thus obtained fromX ′
i andY ′

i are as desired.

Each vertex ofPk(H) and every child of any such vertex is to be embedded in the setsYi, whilst

the remaining vertices ofT are to be embedded in the setsXi. Observe that by Proposition 2.23,

|Pk(H)| 6 3k|H| 6 δn/2. Moreover, (2.28) implies that there are at most3δn/2 children of

vertices ofPk(H) outsidePk(H). So at most2δn = dλm/4 vertices are to be embedded in the

setsYi.
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Next, letT1, . . . , Tr be the component subtrees ofT [Pk(H)] andT − Pk(H). So each vertex

of T lies in precisely one of theTi. Let T con be the directed tree obtained by contracting each

Ti to a single vertexi. We may assume theTi were labelled so thatt1 ∈ T1 and1, 2, . . . , r is an

ancestral order of the vertices ofT con. Then let

J ={i : Ti is a component subtree ofT [Pk(H)]},

L ={i : Ti is a component subtree ofT − Pk(H) and|Ti| >
√
n},

Q ={i : Ti is a component subtree ofT − Pk(H) and|Ti| <
√
n}.

Note that each vertex ofH lies in someTi such thati ∈ J . For eachi > 1, Ti contains precisely

one vertex with a neighbour in someTj with j < i. (Furthermore, ifi ∈ L ∪ Q then thisj

must belong toJ .) Let ti be this vertex, then the children of vertices ofPk(H) which are not

in Pk(H) are precisely the verticesti for i ∈ L ∪ Q. For eachi let T far
i be the set of vertices

x ∈ Ti with d(ti, x) > k3. Then

∑

i∈L∪Q

|V (Ti) \ T far
i | 6

3δn

2
(2.29)

by (2.28). Finally, for eachi let T6
i = T [V (T1)∪ · · · ∪ V (Ti)], soT6

i is the graph formed from

the union ofT1, . . . , Ti by also adding the edges betweenT1, . . . , Ti.

We use a randomised algorithm to embed the vertices ofT in G. At each timeτ this algorithm

embeds the vertices ofTτ . Indeed, ifτ ∈ J , we use Lemma 2.24 to embedTτ in the setsYi

so that the vertices ofH ∩ V (Tτ ) are embedded inY1 ⊆ U . If τ ∈ L, we use Lemma 2.14

to embedTτ in the setsXi (except for the vertextτ , which is embedded in someYi) so that

approximately equally many vertices ofTτ are embedded in each setXi. Finally, if τ ∈ Q we

use Lemma 2.17 to randomly embedTτ in the setsXi (again with the exception of the vertex

tτ , which is embedded in someYi) so that the expected number of vertices ofT far
τ embedded
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in each setXi is approximately equal. Together the embeddings of eachTi in G form an

embedding ofT in G such that every vertex ofH is embedded inU , as desired. At any time

τ we can choose the desired embedding ofTτ unless there are insufficient vertices remaining

unoccupied in one of the setsXi. We show that this is unlikely to happen for anyi, so with

positive probability the algorithm finds a copy ofT in G, proving the lemma.

Tree Embedding Algorithm.

At time τ = 1, we wish to embedT1 in G. Recall that we ensured thatt1 ∈ H, so1 ∈ J . We

embedT1 in Y1. Indeed,|Y1| = 3λm/4, and|T1| 6 |Pk(H)| 6 δn/2 = dλm/16, and soY1

contains a copy ofT1 by Theorem 1.2. Choose (deterministically) such a copy, andembed each

vertex ofT1 to the corresponding vertex in this copy.

So after completing the first step, the algorithm has obtained an embedding ofT1 = T6
1 in G

such that any vertex ofH ∩ V (T6
1 ) is embedded inY1, and only vertices ofPk(H) and their

children have been embedded in the setsYi.

At a given timeτ > 1 we may therefore suppose that the algorithm has found an embedding of

T6
τ−1 in G so that each vertex ofH ∩ V (T6

τ−1) is embedded inY1, and only vertices ofPk(H)

and their children have been embedded in the setsYi. (Recall that this implies that at most

dλm/4 vertices are embedded in the setsYi.) We wish to extend this embedding to includeTτ ,

and we do this by the following steps.

• For eachi let Xτ
i andY τ

i consist of the unoccupied vertices ofXi andYi respectively.

If |Xτ
i | < |Tτ |/k + αm/4 for somei, then terminate the algorithm with failure. So we

may assume that|Xτ
i | > |Tτ |/k + αm/4 for eachi. Also, since at mostdλm/4 vertices

have been embedded in the setsYi, every vertex ofXi ∪ Yi must have at leastdλm/4

inneighbours inY τ
i−1 and at leastdλm/4 outneighbours inY τ

i+1.
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• By definition, tτ is the unique vertex ofTτ with a neighbour which has already been

embedded. Lett′τ be this neighbour, and letv′τ be the vertex to whicht′τ was embedded.

Also letVj be the cluster into whichtτ should be embedded so that the edge betweentτ

andt′τ is embedded canonically. Thenv′τ has at leastdλm/4 neighbours inY τ
j , and so by

a standard regularity argument, we may choose some such neighbourvτ ∈ Y τ
j which has

at leastαdm/8 outneighbours inXτ
j+1 and at leastαdm/8 inneighbours inXτ

j−1.

• Now, if τ ∈ L, for eachi consider a setZτ
i ⊆ Xτ

i of size (1 + α/8)|Tτ |/k cho-

sen uniformly at random and independently of all other choices. We can do this since

(1+α/8)|Tτ |/k 6 |Tτ |/k+αm/8 6 |Xτ
i | for eachi ∈ [k]. Then sinceG[Xτ

1 ∪ . . . Xτ
k ] is

an(16ε/α)-regulard/2-dense cycle of cluster tournaments, by Lemma 2.9G[Zτ
1 , . . . , Z

τ
k ]

is anε′-regulard/4-dense cycle of cluster tournaments with probability1 − o(1). Also

with probability1 − o(1), vτ has at leastαd|Tτ |/16k outneighbours inZτ
j+1 and at least

αd|Tτ |/16k inneighbours inZτ
j−1. So we may choose (deterministically) setsZτ

i satisfy-

ing these two properties. Now delete a single vertex (chosenarbitrarily) fromZτ
j , and re-

place it byvτ , and letGτ be the restriction ofG to the newZτ
1 , . . . , Z

τ
k . ThenGτ is a(2ε′)-

regular(d/8)-dense cycle of cluster tournaments with clusters of size(1 + α/8)|Tτ |/k.

So by Lemma 2.14Gτ contains a copy ofTτ with at most(1 + α/8)|Tτ |/k vertices of

Tτ embedded in eachXi, and withtτ embedded tovτ . Embed each vertex ofTτ to the

corresponding vertex in this copy.

• If insteadτ ∈ Q, then arbitrarily chooseZτ
j ⊆ Xτ

j ∪ {vτ} of sizeαm/8 with vτ ∈ Zτ
j ,

and for eachi 6= j chooseZτ
i ⊆ Xτ

i of sizeαm/8 uniformly at random and indepen-

dently of all other choices. ThenGτ := G[Zτ
1 , . . . , Z

τ
k ] is a (16ε/α)-regulard/2-dense

cycle of cluster tournaments. Also, with probability1 − o(1), vτ has at leastα2dm/128

outneighbours inZτ
j+1 and at leastα2dm/128 inneighbours inZτ

j−1, so we may fix (de-

terministically) our choices of theZτ
i such that this event holds. Then by Lemma 2.17 the

set of copies ofTτ in Gτ such thattτ is embedded tovτ is non-empty, and furthermore
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there exists a probability distribution on this set so that if a copy is chosen according to

this distribution, then the expected number of vertices ofT far
τ embedded in eachZτ

i is

at most(1 +
√
ε)|T far

τ |/k. Choose (deterministically) such a distribution, and choose

randomly such a copy according to this distribution. Embed each vertex ofTτ to the

corresponding vertex in this copy.

• Finally, if τ ∈ J , then sincev′τ has at leastdλm/4 neighbours inY τ
j , we may choose sets

Zτ
1 ⊆ Y τ

1 , . . . , Z
τ
k ⊆ Y τ

k , each of sizedλm/4, so that every vertex ofZτ
j is a neighbour

of v′τ . LetGτ be the restriction ofG to the setsZτ
i ; thenGτ is a(8ε/dλ)-regular(d/2)-

dense cycle of cluster tournaments. Since|H| 6 δn/6k = dλm/48k, by Lemma 2.24,Gτ

contains a copy ofTτ , with vertextτ embedded inY τ
j , and with every vertex ofH∩V (Tτ )

corresponding to a vertex ofY τ
1 . Embed each vertex ofTτ to the corresponding vertex in

this copy.

• In either case, we have extended the embedding ofT6
τ−1 in G to an embedding ofT6

τ in

G, such that every vertex ofH ∩ V (T6
τ ) is embedded inY1 ⊆ U , and only vertices of

Pk(H) and their children have been embedded in the setsYi.

SinceT6
r = T , if the algorithm does not terminate with failure then at time r, after embedding

Tr it has obtained an embedding ofT in G so that every vertex ofH is embedded inU , as

desired. At this point the algorithm terminates with success.

It remains to show that with positive probability this algorithm does not terminate with failure

before embeddingTr. Suppose first that
∑

j∈Q |Tj| < αm/8. Then for anyi ∈ [k] and at any

timeτ , the number of vertices embedded inXi is at most

1 + α/8

k

∑

j∈L
j<τ

|Tj |+
∑

j∈Q
j<τ

|Tj| 6
(1 + α/8)(n− |Tτ |)

k
+
αm

8
<
(
1 +

α

4

)
m− |Tτ |

k
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and so|Xτ
i | > |Tτ |/k + αm/4. Therefore the algorithm cannot terminate with failure at any

point. So we may assume that
∑

j∈Q |Tj| > αm/8.

Let OUT be the set of all possible courses of the algorithm until termination. Since the only

random choices made by the algorithm are the choices of whereto embed theTi for eachi ∈ Q,

any possible course of the algorithmC ∈ OUT can be uniquely described by the embeddings

fi of Ti intoG for eachi ∈ Q such that the algorithm does not terminate before embeddingTi.

So we may define a probability space with sample spaceOUT where for anyC ∈ OUT , P(C)

is defined to be the probability that the algorithm takes courseC. So

P(C) =
∏

j∈Q

P(Fj | Fi : i < j, i ∈ Q).

whereFj denotes the event thatfj is the embedding ofTj into G, if Tj is embedded at some

point duringC, and is taken to be true otherwise.

Now, we define the random variableW i
j in this probability space as follows. For anyC ∈

OUT, j ∈ Q andi ∈ [k], let

W i
j (C) =






# of vertices fromT far
j embedded inXi√
n

if Tj is embedded duringC,
|T far

j |
k
√

n
otherwise.

Since|T far
j | 6 |Tj| <

√
n for eachj ∈ Q, W i

j is a well-defined function fromOUT to [0, 1],

and so is a well-defined random variable in our probability space.

For anyj ∈ Q andCa, Cb ∈ OUT , let Ca ∼j Cb if and only if Ca andCb share the same course

before timej (i.e. they embedT1, . . . , Tj−1 identically) orTj is not embedded at any point in

eitherCa or Cb. Then∼j is an equivalence relation onOUT . For any equivalence classC∗ of

∼j other than the class ofC for whichTj is not embedded, everyC ∈ C∗ shares the same course

before timej. So for eachC ∈ C∗, the same probability distribution on the set of copies of
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Tj was chosen at timej, and a copy was then chosen according to this distribution. So further

partitionC∗ into C∗1 , . . . , C∗a by this choice, so coursesC, C′ ∈ C∗ are in the sameC∗s if and only

if Tj is embedded identically inC andC′. Now

E(W i
j | C∗) =

∑

s

E(W i
j | C∗s )P(C∗s | C∗),

but every member ofC∗s embedsTj identically, soE(W i
j | C∗s ) is simply the number of vertices

of T far
j embedded inXi in this common embedding, divided by

√
n. Also, P(C∗s | C∗) is the

probability that this embedding ofTj is chosen when the random choice of the embedding ofTj

is made. So by our (deterministic) choice of the probabilitydistribution on the copies ofTj in

G,

E(W i
j | C∗) 6

(1 +
√
ε)|T far

j |
k
√
n

. (2.30)

If insteadC∗ is the class of allC such thatTj is not embedded inC, thenE(W i
j | C∗) =

|T far
j |/k

√
n by definition, and so (2.30) holds in this case also.

Now, for any equivalence classC∗ other than the class in whichTj is not embedded, the embed-

dings ofT1, . . . , Tj−1 are identical amongst the members ofC∗, and so

E(W i
j | C∗,W i

s : s ∈ Q, s < j) = E(W i
j | C∗).

Clearly this equality also holds for the classC∗ in which Tj is not embedded, and so for any

i ∈ [k],

E(W i
j |W i

s : s ∈ Q, s < j) 6 max
C∗

E(W i
j | C∗,W i

s : s ∈ Q, s < j) 6
(1 +

√
ε)|T far

j |
k
√
n

.
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Since
∑

j∈Q |Tj| > αm/8, by Lemma 2.5, for anyi the probability that

∑

j∈Q

W i
j 6

(1 + α/8)
∑

j∈Q |Tj|
k
√
n

(2.31)

does not hold decreases exponentially withn. So with probability1 − o(1), (2.31) holds for

eachi ∈ [k].

To finish the proof, we show that if (2.31) holds for eachi ∈ [k], then the algorithm cannot ter-

minate with failure, and therefore successfully embedsT inG as desired. Indeed, the algorithm

only terminates with failure if at some timeτ we have|Xτ
i | < |Tτ |/k + αm/4 for somei. But

for any i ∈ [k] and any timeτ , only vertices from subtreesTs such thats ∈ L ∪ Q ands < τ

have been embedded inXi before timeτ . So the number of vertices embedded inXi before

timeτ is at most

(1 + α/8)

k

∑

s∈L\{τ}
|Ts|+

∑

s∈Q\{τ}
|V (Ts) \ T far

s |+
√
n
∑

s∈Q\{τ}
W i

s

(2.29)

6
(1 + α/8)

k

∑

s∈L

|Ts|+
3δn

2
+
√
n
∑

s∈Q

W i
s +

δn

2
− |Tτ |

k

(2.31)

6
(1 + α/8)

k

∑

s∈L∪Q

|Ts|+ 2δn− |Tτ |
k

6 (1 +
α

4
)m− |Tτ |

k
.

To see that the second line holds, note that|Tτ |/k <
√
n/k < δn/2 wheneverτ ∈ Q and

|Tτ |/k < |Pk(H)| < δn/2 wheneverτ ∈ J . So if (2.31) holds, then at any timeτ and for any

i ∈ [k], |Xτ
i | > |Tτ |/k + αm/4, and so the algorithm succeeds. This completes the proof of

Lemma 2.27. �
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2.4.6 Proof of Lemma 2.18

To prove Lemma 2.18, we first prove a stronger result for directed treesT whose core treeT∆

is large. This is the next lemma, which is also used in Chapter3.

Lemma 2.32 Suppose that1/n � 1/∆ � µ � ν � η � γ � β � 1. Let T be a directed

tree onn vertices such that|T∆| > βn, and letG be a robust(µ, ν)-outexpander tournament on

at least(2− γ)n vertices, withδ0(G) > η|G|. ThenG contains a copy ofT .

To prove Lemma 2.32, we apply Lemma 2.25 to find a subtreeText of T and a subsetH ⊆

V (Text). Then we find a cluster cycleC in G such that|C| is slightly larger than|Text|. We

then embedText into C using Lemma 2.27, restrictingH to a setU of vertices ofC which have

many inneighbours and outneighbours outsideC. Finally we use this property ofU to embed

the vertices ofT − Text in V (G) \ V (C) and thereby complete the embedding.

Proof. We begin by introducing new constants∆∗,M,M ′, ε, d andα which satisfy

1

n
� 1

∆∗ �
1

M
� 1

M ′ ,
1

∆
� ε� d� µ� ν � η � γ � α� β � 1.

If |G| > 3n, thenG contains a copy ofT by Theorem 1.2. So we may assume that|G| < 3n.

Now, sinceG is a robust(µ, ν)-outexpander withδ0(G) > η|G|, Lemma 2.10 implies that

G contains anε-regulard-dense cycle of cluster tournaments on clustersV1, . . . , Vk each of

equal size between(1 − ε)|G|/k > (1 − ε)(2 − γ)m > 2(1 − γ)m and|G|/k 6 3m, where

m := n/k andM ′ 6 k 6 M . So we may remove vertices from eachVi to obtain a2ε-regular

(d/2)-dense cycle of cluster tournamentsG′ on clustersV ′
1 , . . . , V

′
k each of size2(1− γ)m. So

|G′| = 2(1− γ)n. Let

δ :=
dαβ

160k
.
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Choose any vertext1 ∈ T∆ as the root ofT . Then by Lemma 2.25, we may choose a subtree

Text of T and a subsetH ⊆ V (Text) satisfying the following properties.

(i) T∆ ⊆ Text.

(ii) ∆(Text) 6 ∆∗.

(iii) For any edgee betweenT − Text andText, the endvertex ofe in Text lies inH.

(iv) The number of verticesv ∈ Text which satisfy1 6 d(v,Pk(H)) 6 k3 is at mostδβn.

(v) |H| 6 n/∆k1/δβ
6 δβn/7k.

Let T+
1 , . . . , T

+
r be the outcomponents ofText in T and letT−

1 , . . . , T
−
s be the incomponents

of Text in T . Then for eachi let v+
i be the vertex ofT+

i with an inneighbour inText and let

v−i be the vertex ofT−
i with an outneighbour inText. By (i) and Proposition 2.19(iv) eachT+

i

and eachT−
i contains at mostn/∆ vertices. Letx = |Text|, let y = |T+

1 ∪ · · · ∪ T+
r | and let

z = |T−
1 ∪ · · · ∪ T−

s |, sox+ y + z = n.

SinceT∆ ⊆ Text, we havex > βn. Also, all but at most2y + x − αn/2 vertices ofG have at

leasty + x/2 − αn/4 outneighbours, and all but at most2z + x − αn/2 vertices ofG have at

leastz+x/2−αn/4 inneighbours. So at least(2−γ)n−2y−2z−2x+αn > αn/2 vertices of

G satisfy both of these conditions. LetU0 be the set of these vertices, so|U0| > αn/2, and each

v ∈ U0 has at leasty + x/2− αn/4 outneighbours and at leastz + x/2− αn/4 inneighbours.

From each clusterV ′
i ofG′ choose a setXi of (1 +α)x/k vertices uniformly at random, and let

X := X1∪ · · ·∪Xk. Then|X| = (1+α)x. For any single vertexu ∈ G′, the probability thatu

is included inX is (1 + α)x/|G′| > x/2n, so by Proposition 2.6, with probability at least2/3

the setU := X ∩ U0 satisfies|U | > αx/5 > αβn/5. Also, for any vertexv ∈ U , the expected
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number of outneighbours ofv outsideX is at least

(
y +

x

2
− αn

4

)(
1− (1 + α)x

|G′|

)
> y − αn

4
+
x

2
− (1 + α)xy

2(1− γ)n −
(1 + α)x2

4(1− γ)n

> y − αn

4
+

2xn− 2xy − x2 − 2γxn− 2αxy − αx2

4(1− γ)n

> y +
x2

4n
− 2αn > y +

β2n

4
− 2αn > y + 2αn,

where in the first inequality of the third line we used the factthat2n − 2y − x > x. A similar

calculation shows that for eachv ∈ U , the expected number of inneighbours ofv outsideX is

at leastz + 2αn. So by Proposition 2.6 we find that with probability at least2/3, every vertex

v ∈ U has at leasty + αn outneighbours outsideX and at leastz + αn inneighbours outside

X. Fix a choice ofX such that both these events of probability at least2/3 occur.

Since every vertex ofU has either at least(|G| − |X|)/2 > y + z + αn inneighbours outside

X or at leasty + z + αn outneighbours outsideX, we may choose a setU ′ ⊆ U of size

|U ′| > |U |/2 > αβn/10 such that either

(α1) every v ∈ U ′ has at leasty + αn outneighbours outsideX and at leasty + z + αn

inneighbours outsideX, or

(α2) every v ∈ U ′ has at leasty + z + αn outneighbours outsideX and at leastz + αn

inneighbours outsideX.

SoG′[X] is a(3ε/β)-regular(d/2)-dense cycle of cluster tournaments on clustersX1, . . . , Xk

of size(1 + α)x/k, andU ′ ⊆ X1 ∪ · · · ∪ Xk has size|U ′| > αβx/10. Also Text is a directed

tree onx vertices rooted att1 and with∆(Text) 6 ∆∗, andH ⊆ V (Text) has|H| 6 δβn/7k 6

δx/7k and|{t ∈ Text : 1 6 d(t,Pk(H)) 6 k3}| 6 δβn 6 δx. So by Lemma 2.27 (withαβ/10,

∆∗ andd/2 in place ofλ, ∆ andd respectively),G′[X] contains a copy ofText in which every

vertex ofH is embedded to a vertex ofU ′.
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In either case, letVext be the set of vertices ofG to which Text is embedded. We may now

complete the embedding ofT inG. If U ′ satisfies (a), then we first proceed through the treesT+
i

in turn. For eachT+
i , let u+

i be the inneighbour ofv+
i in Text (sou+

i ∈ H by (iii)). Thenu+
i

has been embedded to some vertexv ∈ U ′. This v ∈ U ′ has at leasty + αn outneighbours

outsideVext, of which at mosty have been used for embedding the treesT+
j for j < i. So there

are at leastαn outneighbours ofv outsideVext available to embedT+
i , and so since|T+

i | 6

n/∆ 6 αn/3, by Theorem 1.2 we can embedT+
i among these vertices. In this way we may

embed each of theT+
i . We then proceed through theT−

i similarly. For eachT−
i let u−i be

the inneighbour ofv−i in Text (so u−i ∈ H by (iii)). Then u−i has been embedded to some

vertexv ∈ U ′. This v ∈ U ′ has at leasty + z + αn inneighbours outsideVext, of which at

mosty + z have been used for embedding the treesT+
1 , . . . , T

+
r and the treesT−

j for j < i.

So there are at leastαn inneighbours ofv outsideVext available to embedT−
i , and so since

|T−
i | 6 n/∆ 6 αn/3, again by Theorem 1.2 we can embedT−

i among these vertices. IfU ′

satisfies (b) we can embedT similarly, first embedding theT−
i , and then theT+

i . Either way we

have completed the embedding ofT in G. �

We can now give the proof of Lemma 2.18, which is restated below.

Lemma 2.18 Suppose that1/n � µ � ν � η � α, thatG is a tournament on2(1 + α)n

vertices which is a robust(µ, ν)-outexpander withδ0(G) > ηn and thatT is a directed tree

onn vertices. ThenG contains a copy ofT .

Proof. Introduce new constants∆, γ andβ with

1

n
� 1

∆
� µ� ν � η � γ � β � α.
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If |T∆| > βn, thenG contains a copy ofT by Lemma 2.32. So we may assume that|T∆| < βn.

As in the proof of the previous lemma, letT+
1 , . . . , T

+
r be the outcomponents ofT∆ in T , and

for eachi let v+
i be the vertex ofT+

i with an inneighbour inT∆. Similarly, letT−
1 , . . . , T

−
s be

the incomponents ofT∆ in T , and for eachi let v−i be the vertex ofT−
i with an outneighbour in

T∆. By (i) and Proposition 2.19(iv) eachT+
i and eachT−

i contains at mostn/∆ vertices. Let

x = |T∆|, let y = |T+
1 ∪ · · · ∪ T+

r | and letz = |T−
1 ∪ · · · ∪ T−

s |, sox+ y + z = n.

Now, all but at most2y+x+αn/2 vertices ofG have at leasty+x/2+αn/4 outneighbours in

G, and all but at most2z + x+ αn/2 vertices ofG have at leastz + x/2 + αn/4 inneighbours

in G. So at least2(1 + α)n − 2y − 2z − 2x − αn = αn vertices ofG satisfy both of these

conditions. Choose anyαn/8 of these vertices to formU0. Then|U0| = αn/8, and eachv ∈ U0

has at leasty+x/2+αn/8 outneighbours outsideU0 and at leastz+x/2+αn/8 inneighbours

outsideU0. Since every vertexv of G has eitherd+(v) > (1 + α)n − 1 > y + z + αn or

d−(v) > (1 +α)n− 1 > y+ z+αn, we can choose a setU ′ ⊆ U0 of size|U ′| > αn/16 which

satisfies either

(a) everyv ∈ U ′ has at leasty + αn/8 outneighbours outsideU ′ and at leasty + z + αn/8

inneighbours outsideU ′, or

(b) everyv ∈ U ′ has at leasty + z + αn/8 outneighbours outsideU ′ and at leastz + αn/8

inneighbours outsideU ′.

Since|T∆| < βn 6 |U ′|/3, andG[U ′] is a tournament, by Theorem 1.2 we may embedT∆ in

G[U ′]. We may then proceed to embed all theT+
i andT−

j exactly as in the previous lemma,

completing the embedding ofT in G. �
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2.5 Embedding trees in an almost-transitive tournament

We say that a tournament istransitive if its vertices can be given a linear order so that every

edge is directed towards the endvertex which is greater in this order. It is easy to show that

any transitive tournamentG on n vertices contains any directed treeT on n vertices, by first

showing that the vertices ofT can be given a linear order so that every edge is directed towards

the endvertex which is greater in this order, and then embedding each vertex ofT to the vertex

of G in the corresponding position (in the order of vertices ofG).

In this section, we prove an approximate version of this result, namely that if a tournament on

(1 + α)n vertices (for some smallα) is sufficiently close to being transitive, then it contains

any directed tree onn vertices. To state this lemma precisely, we say that a tournamentG on

n vertices isε-almost-transitiveif the vertices ofG can be given an orderv1, . . . , vn so that at

mostεn2 edges are directed against the ordering of the vertices,i.e. they are directed fromvi to

vj wherei > j.

The proof of this lemma is by a similar method to the proof of Theorem 1.5 in the next section.

The approach is that if the lemma is false, then there is someα > 0 for which the lemma does

not hold, and so the infimumainf of all α for which the lemma does hold is greater than zero.

We then chooseα slightly less thanainf and apply (to a smaller subtree) the fact that the lemma

holds for anyα′ > ainf to show that the lemma holds forα, giving a contradiction.

Lemma 2.33 For allα > 0 there existsε0 > 0 andn0 ∈ N such that for anyε 6 ε0 and any

n > n0, anyε-almost-transitive tournamentG on at least(1+α)n vertices contains any directed

treeT onn vertices.

Proof. We consider the setA of all positive values ofα such that the lemma holds. More

precisely,A is the set of all positive values ofα such that there existε0 > 0 andn0 ∈ N so that
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for anyn > n0 andε 6 ε0, anyε-almost-transitive tournamentG on at least(1 + α)n vertices

contains a copy of any directed treeT onn vertices. So ifα′ ∈ A andα′′ > α′ thenα′′ ∈ A.

Also 2 ∈ A by Theorem 1.2, and so we may defineainf = inf A, with 0 6 ainf 6 2. Then

for anyα′ > ainf , α′ ∈ A. With this definition the lemma is equivalent to the statement that

ainf = 0, so suppose for a contradiction thatainf > 0. Let

γ � 1

∆
� ainf and α = ainf − γ,

so we may assume that1/∆� α. Thenα+ 2γ > ainf , soα+ 2γ ∈ A, and so by definition of

A there existε′0 > 0 andn′
0 ∈ N such that for anyε′ 6 ε′0 andn′ > n′

0, anyε′-almost-transitive

tournamentG on at least(1 + α + 2γ)n′ vertices contains a copy of any directed treeT onn′

vertices. Moreover, we may assume thatε′0 � γ. Fix such anε′0 andn′
0, and let1/n0 � 1/n′

0, γ

andε0 � ε′0. We show that for anyn > n0 andε 6 ε0, anyε-almost-transitive tournamentG

on at least(1+α)n vertices contains a copy of any directed treeT onn vertices. It then follows

thatα ∈ A, yielding a contradiction and therefore proving the lemma.

So letε 6 ε0 andn > n0, let G be anε-almost-transitive tournament on at least(1 + α)n

vertices and letT be a directed tree onn vertices. If|G| > 3n, thenG contains a copy ofT

by Theorem 1.2, and so we may assume that|G| < 3n. SinceG is ε-almost-transitive, we may

order the vertices ofG asv1, . . . , v|G| so that at mostε|G|2 6 9εn2 edges are directed fromvj to

vi wherei < j. Now, at most18
√
εn vertices ofG are incident to more than

√
εn such edges;

letG′ be the subgraph ofG obtained by deleting these vertices fromG, and letv′1, v
′
2, . . . , v

′
|G′|

be the vertices ofG′ in the inherited order. ThenG′ is a tournament on at least(1+α−18
√
ε)n

vertices such that for any vertexv′i there are at most
√
εn verticesv′j for which the edge between

v′i andv′j is directed towardsv′min{i,j}.

We now consider three possibilities for the core treeT∆, in each case showing thatT can be

embedded inG′.
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Case 1: Some vertext ∈ T∆ hasd+
T∆

(t) > 2. Then letF− be the (possibly empty) forest

consisting of each incomponent oft. Similarly let the outcomponents oft be partitioned into two

forests,F+
1 andF+

2 . Sinced+
T∆

(t) > 2, by Proposition 2.19(ii) at least two outcomponents oft

each contain at leastn/∆ vertices, and so we may chooseF+
1 andF+

2 so that|F+
1 |, |F+

2 | > n/∆.

Note that|F−| = w−(t), and|F+
1 | + |F+

2 | = w+(t), so in particularw+(t) > 2n/∆, and also

recall thatw+(t) + w−(t) = n− 1.

We first determine where to embed the vertext. For this, let

p :=






3γn+
√
εn+ 1 if w−(t) < γn,

(1 + α + 2γ)w−(t) +
√
εn+ 1 if w−(t) > γn.

and embedt to the vertexv′p ofG′. This can be done, as we show later thatp < |G′|. We embed

F− in the vertices precedingv′p andF+
1 , F

+
2 in the vertices succeedingv′p in the vertex ordering

of G′. EmbeddingF− is possible becausep is a little larger than one might expect, whereas

embeddingF+
1 andF+

2 can be done successively, which gives us enough room for both. Let

S− = N−(v′p) ∩ {v′1, . . . , v′p−1}, andS+ = N+(v′p) ∩ {v′p+1, . . . , v
′
|G′|}. ThenS− andS+ are

disjoint, |S−| > p − √εn − 1 and |S+| > |G′| − p − √εn. Next we embedF− in G′[S−].

Indeed, ifw−(t) < γn then|S−| > 3γn, and so by Theorem 1.2 we can embedF− in G′[S−].

Alternatively, if w−(t) > γn, let n′ = w−(t) > n′
0 andε′ = |G|2ε/(n′)2 6 ε′0, thenF− is a

forest onn′ vertices, andG′[S−] is anε′-almost-transitive tournament on at least(1+α+2γ)n′

vertices. So by the choice ofε′0 andn′
0 we can embedF− in G′[S−].

Finally we complete the embedding ofT in G′ by embeddingF+
1 andF+

2 in G′[S+]. Now,

|S+| > |G′| − p−√εn

> (1 + α− 18
√
ε)n− (3γn+ (1 + α+ 2γ)w−(t) +

√
εn + 1)−

√
εn

> (1 + α)w+(t)− 5γn− 20
√
εn > (1 + α)w+(t)− 6γn.

74



Let n′ = |F+
1 |, son′

0 6 n/∆ 6 n′ andn′ 6 w+(t) − n/∆, and again letε′ = |G|2ε/(n′)2, so

ε′ 6 ε′0. ThenG′[S+] is anε′-almost-transitive tournament on|S+| > (1 + α)(n′ + n/∆) −

6γn > (1 + α + 1/∆)n′ + (α/∆ − 6γ)n > (1 + α + 2γ)n′ vertices, and so by our choice of

n′
0 andε′0, we may embedF+

1 in G′[S+].

Now, letS+
rem consist of the vertices ofS+ not occupied by the vertices ofF+

1 . We embedF+
2

in S+
rem in a similar manner. Indeed, we now letn′ = |F+

2 |, so againn′
0 6 n/∆ 6 n′, and again

let ε′ = |G|2ε/(n′)2 6 ε′0. Then

|S+
rem| = |S+| − |F+

1 | > (1 + α)w+(t)− 6γn− (w+(t)− |F+
2 |)

= (1 + α)n′ + α|F+
1 | − 6γn > (1 + α + 2γ)n′,

soG′[S+
rem] is anε′-almost-transitive tournament on at least(1 + α + 2γ)n′ vertices, and so by

our choice ofn′
0 andε′0, we may embedF+

2 in G′[S+
rem].

Case 2: Some vertext ∈ T∆ hasd−T∆
(t) > 2. Then we may embedT in G′ by the same

method as in Case 1, the main difference being that the roles of outdegrees and outneighbours

are switched with those of indegrees and inneighbours.

Case 3: T∆ is a directed path (possibly consisting of just a single vertex). Then letw+ =

w+(T∆) andw− = w−(T∆) be as defined in Section 2.2, and partition the vertices ofG′

into three setsS− = {v′1, . . . , v′w−+αn/3}, S = {v′w−+αn/3+1, . . . , v
′
|G′|−w+−αn/3} andS+ =

{v′|G′|−w+−αn/3+1, . . . , v
′
|G′|}. Then sincew+ + w− + |T∆| = n, we know that|S| = |G′| −

w− − w+ − 2αn/3 > |T∆|. Therefore by Theorem 1.4 we may embedT∆ in G′[S]. Now, let

T+
1 , . . . , T

+
r be the outcomponents ofT∆ in T , and letT−

1 , . . . T
−
s be the incomponents ofT∆ in

T . For eachi let t+i ∈ T∆ be the vertex ofT∆ which has a neighbour inT+
i , and letv+

i be the

vertex ofG′ to which t+i was embedded. Similarly, for eachi let t−i ∈ T∆ be the vertex ofT∆

which has a neighbour inT−
i , and letv−i be the vertex ofG′ to whicht−i was embedded. Now,

75



every vertex ofT lies inT∆ or one of theT+
i or T−

i . Furthermore|T+
i |, |T−

j | 6 n/∆ for eachi

andj by Proposition 2.19(iv).

We complete the embedding ofT in G′ by greedily embedding eachT+
i in N+(v+

i ) ∩ S+, and

eachT−
i in N−(v−i ) ∩ S−. Indeed, suppose we have already embeddedT+

1 , . . . , T
+
i−1, and we

now wish to embedT+
i . Then

|N+(v+
i ) ∩ S+| > |S+| −

√
εn > w+ +

αn

3
−
√
εn > w+ +

αn

4
.

At mostw+ of these vertices have already been occupied by vertices ofT+
1 , . . . , T

+
i−1, and so

there remain at leastαn/4 available vertices in which to embedT+
i . Since|T+

i | 6 n/∆ 6

αn/12, we may embedT+
i in these available vertices by Theorem 1.2. Continuing in this way

we may embed all of theT+
i , and theT−

i may be embedded similarly, to give us a copy ofT in

G′.

Any directed tree in which every vertex has at most one outneighbour and at most one inneigh-

bour is a directed path. SoT∆ must fall into at least one of the three cases, and so we can finda

copy ofT in G′, and hence inG, contradicting our assumption thatainf > 0. So we must have

ainf = 0, and so the lemma holds. �

2.6 Proof of Theorem 1.5

Recall the statement of Theorem 1.5.

Theorem 1.5Letα > 0. Then the following properties hold.

(1) There existsn0 such that for anyn > n0, any tournamentG on at least2(1+α)n vertices
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contains any directed treeT onn vertices.

(2) Let∆ be any positive integer. Then there existsn0 such that for anyn > n0, any tour-

namentG on at least(1 + α)n vertices contains any directed treeT on n vertices with

∆(T ) 6 ∆.

The proofs of each of the two statements of the theorem are very similar, so to avoid repetition

we prove the first statement, explaining in footnotes where the proof of the second statement

differs.

2.6.1 Partitioning the vertices ofG and T

As in the last section, we consider the setA of all positive values ofα such that the theorem

holds. Soα′ ∈ A if and only if there existsn0 such that for anyn > n0, any tournament on at

least2(1+α′)n vertices contains any directed tree onn vertices. So ifα′ ∈ A andα′′ > α′ then

α′′ ∈ A, and also1/2 ∈ A by Theorem 1.2. Thus we may defineainf = inf A, and then the

theorem is equivalent to the statement thatainf = 0. So supposeainf > 0, and choose constants

1

n0

� 1

n′
0

� µ� ν � η � ζ � 1

∆′ � γ � ainf .

Let α = ainf − µ, soα 6 1/2, and we may assume thatγ � α. Thenα + 2µ ∈ A, and so for

anyn′ > n′
0, any tournament on at least2(1+α+2µ)n′ vertices contains any directed tree onn′

vertices. We prove that ifn > n0, any tournamentG on at least2(1+α)n vertices contains any

directed tree onn vertices. This proves thatα ∈ A, giving a contradiction to our assumption

thatainf > 0, and so proving the theorem.1

1For the bounded degree case, fix any value of∆, and hereA is defined byα′ ∈ A if and only if there existsn0

such that for anyn > n0, any tournament on at least(1 + α′)n vertices contains any directed treeT onn vertices
with ∆(T ) 6 ∆. So if α′ ∈ A andα′′ > α′ thenα′′ ∈ A, and also2 ∈ A by Theorem 1.2. Thus we may define
ainf = inf A; then the theorem is equivalent to the statement thatainf = 0. So supposeainf > 0, and choose
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So letG be a tournament on at least2(1 + α)n vertices2, and letT be a directed tree onn

vertices. If|G| > 3n thenG containsT by Theorem 1.2, so we may assume that|G| < 3n. By

Lemma 2.12, we may choose disjoint subsetsS1, . . . , Sr of V (G) such that:

(i) |⋃i∈[r] Si| > (1− ζ)|G|,

(ii) for eachi ∈ [r], any vertexv ∈ Si has at mostζ |G| inneighbours in
⋃

j>i Sj and at most

ζ |G| outneighbours in
⋃

j<i Sj, and

(iii) for each i ∈ [r], eitherG[Si] is a robust(µ, ν)-outexpander withδ0(G[Si]) > η|G| or

|Si| < ζ |G|.

LetG′ := G[
⋃r

i=1 Si]. ThenG′ is a tournament, and by (i) we have3

|G′| > (1− ζ)|G| > (2 + 2α− 3ζ)n. (2.35)

Suppose now that for eachi ∈ [r] we have|Si| < γn. ThenG′ is 2γ-almost-transitive. Indeed,

order the vertices ofG′ asv1, v2, . . . , v|G′| beginning with all the vertices ofS1, then the vertices

of S2, and so forth. Say that an edge ofG′ is bad if it is directed from somevi to somevj , where

j < i. Then by (ii), the number of bad edges inG′ is at most

2ζ |G||G′|+
∑

i∈[r]

(|S|
2

)
6 18ζn2 +

3γn2

2
6 2γn2.

constants1/n0 � 1/n′

0 � µ � ν � η � ζ � 1/∆′ � γ � 1/∆, ainf . Let α = ainf − µ, soα < 2, and we
may assume thatγ � α. Thenα+2µ ∈ A, so for anyn′ > n′

0, any tournament on at least(1+α+2µ)n′ vertices
contains any directed treeT onn′ vertices with∆(T ) 6 ∆. Using this, we prove that ifn > n0, any tournament
G on at least(1+α)n vertices contains any directed treeT onn vertices with∆(T ) 6 ∆. This proves thatα ∈ A,
giving a contradiction to our assumption thatainf > 0, and so proving the theorem.

2For the bounded degree case, instead letG be a tournament on at least(1 + α)n vertices.
3For the bounded degree case we have instead

|G′| > (1− ζ)|G| > (1 + α− 3ζ)n. (2.34)
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Since|G′| > n by 2.35,|G′| is indeed2γ-almost-transitive. So by Lemma 2.33G′ contains a

copy ofT , which is also a copy ofT in G.

We may therefore assume that for somei ∈ [r] we have|Si| > γn. Fix such ani; then by

(iii), G[Si] is a (µ, ν)-robust outexpander withδ0(G[Si]) > ηn. For this i, let S = Si, let

S+ =
⋃

i<j6r Sj and letS− =
⋃

16j<i Sj. SoG′ = G[S+ ∪ S− ∪ S]. Also, by (ii) any vertex

u ∈ S+ has at most3ζn outneighbours inS ∪ S−. Similarly each vertex ofS has at most

3ζn outneighbours inS− and at most3ζn inneighbours inS+, and each vertex ofS− has at

most3ζn inneighbours inS+ ∪ S. Defineβ, β+, β− by |S| = β|G′|, |S+| = β+|G′|, and

|S−| = β−|G′|, soβ + β+ + β− = 1 andβ > γn/|G′| > γ/3.

Suppose first thatβ+ andβ− are both small. More precisely, suppose thatβ+, β− 6 αβ2/20,

and soβ > 1 − α/10. Then we find a copy ofT in G[S] (and therefore inG). Indeed,T

is a directed tree onn vertices, andG[S] is a (µ, ν)-robust outexpander withδ0(G[S]) > ηn.

Furthermore,

|S| = β|G′|
(2.35)

> (2 + 2α− 3ζ)(1− α

10
)n > 2(1 +

α

2
)(1− α

10
)n > 2(1 +

α

4
)n

and so by Lemma 2.18G[S] (and thereforeG) contains a copy ofT .4

So we may assume that at least one ofβ+ andβ− is greater thanαβ2/20, so in particular,

β 6 1− αβ2/20. We next partition the vertices ofT according to the values ofβ+ andβ−.

Case 1:β− is large butβ+ is small. More precisely,β+ 6 αβ2/20 andβ− > αβ2/20. Then

we partition the vertex set ofT into T− andT 0, where every edge ofT betweenT− andT 0 is

directed fromT− to T 0, and|T−| = β−(1 − αβ)n. We can formT 0 greedily by successively

4For the bounded degree case,|S| = β|G′|
(2.34)

> (1 + α − 3ζ)(1 − α
10 )n > (1 + α

4 )n, and soG[S] (and
thereforeG) contains a copy ofT by Lemma 2.13.
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removing a sink vertex fromT and adding it toT 0. Sinceβ+ + β + β− = 1,

|T 0| = n− |T−| = βn(1 + α− αβ) + (1− αβ)β+n 6 βn(1 + α− αβ) +
αβ2n

20
.

Case 2:β+ is large butβ− is small. More precisely,β− 6 αβ2/20 andβ+ > αβ2/20. Then

we similarly partition the vertex set ofT into T 0 andT+, where every edge ofT betweenT 0

andT+ is directed fromT 0 to T+, and |T+| = β+(1 − αβ)n. Again |T 0| = n − |T+| 6

βn(1 + α− αβ) + αβ2n/20.

Case 3:β+ andβ− are both large.More precisely,β+, β− > αβ2/20. Then we partition the

vertex set ofT into piecesT−, T 0 andT+ such that all edges ofT betweenT− andT 0 are

directed fromT− to T 0, all edges ofT betweenT 0 andT+ are directed fromT 0 to T+ and all

edges ofT betweenT− andT+ are directed fromT− to T+. Also |T+| = β+(1 − αβ)n and

|T−| = β−(1− αβ)n, so|T 0| = β(1 + α− αβ)n.

Note that in each of the three casesT 0 satisfies

|T 0| 6 β(1 + α− αβ)n+
αβ2n

20
6 β(1 + α)n− αβ2n

2
. (2.36)

2.6.2 EmbeddingT in G

Having partitioned the vertices ofG′ into three setsS, S+ andS−, and the directed treeT into

three forestsT+, T 0, T−, we now complete the proof by embeddingT in G, with T−, T 0 and

T+ embedded inG[S−], G[S] andG[S+] respectively. Indeed, the fact thatG[S] is a robust

(µ, ν)-outexpander enables us to embed slightly more vertices inG[S] than theβn that would

be embedded inG[S] if the vertices ofT were distributed proportionately amongstG[S],G[S+]
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andG[S−]. This gives us some leeway for embeddingT+ andT− in G[S+] andG[S−] respec-

tively, which by our choice ofα is sufficient to successfully complete these embeddings.

So letT−
1 , . . . , T

−
x be the component subtrees ofT−, letT+

1 , . . . , T
+
y be the component subtrees

of T+, and letT1, . . . , Tz be the component subtrees ofT 0. Let thecontracted treeTcon be

formed fromT by contracting eachT+
i , T

−
i andTi to a single vertex.

To begin the embedding, we embed intoG[S] everyTi satisfying|Ti| > n/∆′. Note that there

are at most∆′ suchTi. Also, the union of all suchTi is a forest on at most|T 0| vertices, and the

tournamentG[S] is a robust(µ, ν)-outexpander on

β|G′|
(2.35)

> β(2 + 2α− 3ζ)n
(2.36)

> 2

(
1 +

αβ

10

)
|T 0| > 2(1 + γ2)|T 0|

vertices withδ0(G[S]) > ηn, and henceG[S] contains a copy of this forest by Lemma 2.18.5

Now, choose an order of the vertices ofTcon, beginning with the at most∆′ vertices corre-

sponding to theTi which we have just embedded, and such that any vertex ofTcon has at most

∆′ neighbours preceding it in this order. (To do this, choose one of the∆′ vertices correspond-

ing to theTi which have already been embedded, and then choose any ancestral ordering of the

vertices ofTcon, beginning with the chosen vertex, so every vertex has at most one neighbour

preceding it in this order. Now move the remaining∆′ − 1 vertices corresponding to theTi

which have already been embedded to the front of this order; then every vertex gains at most

∆′ − 1 preceding neighbours.) We proceed through the remaining vertices ofTcon in this order,

at each step embedding the directed treeTi, T
+
i or T−

i corresponding to the current vertex of

Tcon in the unoccupied vertices of the tournamentG[S], G[S+] orG[S−] respectively.

So suppose first that the current vertext∗ of Tcon corresponds to someTi. SinceTi has not

5For the bounded degree case,|S| > (1 + γ2)|T 0| by a similar calculation, and soG[S] contains a copy of this
forest by Lemma 2.13.
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already been embedded, we know that|Ti| < n/∆′. Also, sincet∗ has at most∆′ neighbours

preceding it inTcon, the vertices ofTi have at most∆′ neighbours outsideTi which have already

been embedded. SinceTi is a component ofT 0, each of these neighbours of vertices inTi lies

either inT− (in which case it is an inneighbour) or inT+ (in which case it is an outneigh-

bour). So lett−1 , . . . , t
−
p be the vertices inT− which are inneighbours of some vertex inTi and

which have previously been embedded, and letv−1 , . . . , v
−
p be the vertices ofG′[S−] to which

t−1 , . . . , t
−
p were embedded. Similarly, lett+1 , . . . , t

+
q be the vertices inT+ which are outneigh-

bours of some vertex inTi and which have previously been embedded, and letv+
1 , . . . , v

+
q be the

vertices ofG′[S+] to whicht+1 , . . . , t
+
q were embedded. Finally letS∗ be the set of unoccupied

vertices inS ∩N+(v−1 , . . . , v
−
p ) ∩N−(v+

1 , . . . , v
+
q ). Then we wish to embedTi in S∗. For this,

note that

|S∗| > |S| − 3(p+ q)ζn− |T 0|
(2.36)

> β|G′| − 3∆′ζn− (β(1 + α)n− αβ2n

2
)

(2.35)

> β(1 + α)n− (3 + 3∆′)ζn− β(1 + α)n+
αβ2n

2
>
αβ2n

3
>

3n

∆′ > 3|Ti|.

Note that this calculation is valid for both the bounded degree case and the unbounded degree

case, with plenty of room to spare in the unbounded case. So byTheorem 1.2,G[S∗] contains a

copy ofTi, to which we embedTi.

Alternatively, if the current vertex ofTcon corresponds to someT−
i , then similarly the vertices of

T−
i have at most∆′ neighbours outsideT−

i which have already been embedded, all of which are

outneighbours. As before we letv1, . . . , vr be the vertices ofG′[S ∪S+] to which these vertices

have been embedded, and letS∗ be the set of unoccupied vertices ofS−∩N−(v1, . . . , vr). Note

that at most|T−| − |T−
i | vertices ofT− have already been embedded. Since someT−

i exists we

82



have

|S∗| > |S−| − 3rζn− (|T−| − |T−
i |) (2.37)

(2.35)

> β−(2 + 2α)n− (3 + 3∆′)ζn− β−(1− αβ)n+ |T−
i |

> β−(1 + 2α +
αβ

2
)n+ |T−

i |. (2.38)

In the final line we used the fact thatβ− > αβ2/20 andβ > γ/3 (soζ, 1/∆′ � γ, β, β−). So

|S∗| > 2(1 + α+ 2µ)|T−
i |. Therefore if|T−

i | > β−n/2, then|T−
i | > αβ2n/40 > αγ2n/360 >

n′
0, and so we can embedT−

i inG[S∗] by our choice ofn′
0. On the other hand, if|T−

i | < β−n/2

then|S∗| > 3|T−
i | by (2.37), and so we can embedT−

i in G[S∗] by Theorem 1.2.6

Finally, if the current vertex ofTcon corresponds to someT+
i , we embedT+

i in the unoccupied

vertices ofS+ by a similar method to the method used to embed someT−
i in the unoccupied

vertices ofG[S−]. We continue in this manner until we have embedded theTi, T
+
i or T−

i

corresponding to each vertex ofTcon, at which point we have obtained an embedding ofT in

G, completing the proof. At each stage in this proof we had ‘room to spare’ in our choices, and

so the fact that the expressions for|Ti|, |T+
i | and|T−

i | and other such expressions may not be

integers is not a problem. �

6For the bounded degree case

|S∗| > |S−| − 3rζn− (|T−| − |T−

i |)
(2.34)

> β−(1 + α)n− (3 + 3∆′)ζn− β−(1 − αβ)n + |T−

i |

> β−(α +
αβ

2
)n + |T−

i |.

So |S∗| > (1 + α + 2µ)|T−

i |. Therefore if|T−

i | > β−αn/2, then|T−

i | > n′

0, and so we can embedT−

i in G[S∗]
by our choice ofn′

0. On the other hand, if|T−

i | < β−αn/2 then|S∗| > 3|T−

i |, and so we can embedT−

i in G[S∗]
by Theorem 1.2.
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CHAPTER 3

A PROOF OFSUMNER’ S UNIVERSAL

TOURNAMENT CONJECTURE FOR LARGEn

In this chapter, we use results and methods from Chapter 2 to prove that Sumner’s universal

tournament conjecture holds for any sufficiently largen. This is Theorem 1.1, which is restated

below.

Theorem 1.1There existsn0 such that the following holds. LetT be a directed tree onn > n0

vertices, andG a tournament on2n− 2 vertices. ThenG contains a copy ofT .

3.1 Outline of the proof of Theorem 1.1

In Section 3.2, we prove some preliminary results. First, weintroduce the notion of an ‘almost-

regular’ tournamentG, which is a tournament in which every vertex has in- and outdegree

approximately equal to|G|/2. Such tournaments play an important role in the proof of Theo-

rem 1.1. Indeed, in Section 3.4 we prove that Sumner’s universal tournament conjecture holds

for any almost-regular tournamentG, a result which we use repeatedly when considering gen-
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eral tournaments. Section 3.2 also contains three auxiliary lemmas for embedding a directed

treeT in a tournamentG. These results are derived from Theorems 1.2 and 1.5(1) and are used

extensively in later sections:

• Lemma 3.2 is designed to embed a directed treeT which is similar to an outstar, in the

sense thatT contains a vertext with no inneighbours such that every component ofT − t

is small. In particular, this lemma is useful in the case where |T∆| = 1.

• In Lemma 3.3, we consider a subtreeTc of T with the property that every component of

T − Tc is small, showing that a suitable embedding ofTc in G can be extended to an

embedding ofT in G. In particular, we often apply this lemma withTc = T∆.

• In Lemma 3.4 we consider the case where the vertices ofG can be partitioned into disjoint

setsY andZ such that almost all edges betweenY andZ can be directed the same way.

Here we show that if the vertices ofT are partitioned appropriately between forestsF−

andF+, then to be able to embedT in G it is sufficient to embed the largest component

of F+ within Y .

We begin the proof of Theorem 1.1 in Section 3.3, by proving the case where|T∆| = 1

(Lemma 3.5). Note that this includes the extremal case whereT is an in- or outstar. To do

this, we first embed the single vertex ofT∆ to a vertex ofG with appropriate in- and outdegree.

We then use Lemma 3.2, Lemma 3.3 and Theorem 1.3 to embed the components ofT − T∆

appropriately among the remaining vertices ofG to obtain a copy ofT in G.

In Section 3.4 we use the regularity method to prove

• Lemma 3.14, which states that Theorem 1.1 holds in the case whereG is almost-regular

andT∆ is small enough to be embedded within a single cluster ofG.
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To prove this, we first select an appropriate cluster or pair of clusters ofG in which to embedT∆,

and then use Lemma 3.3 to extend this embedding ofT∆ to an embedding ofT in G. We also

prove that if we additionally assume that|T∆| > 2 then the result holds with room to spare,

i.e. we can allowG to be of order(2 − α)n, whereα is small. It is not hard to show that any

almost-regular tournamentG is also a robust outexpander, and so we may combine Lemma 3.14

with Lemma 2.32 to prove

• Lemma 3.19, which states that Theorem 1.1 holds wheneverG is almost-regular, and

indeed holds with room to spare if|T∆| > 2.

The primary goal of Section 3.5 is

• Lemma 3.20, which states that Theorem 1.1 holds for all directed treesT for whichT∆ is

small.

In particular, the ‘near extremal’ constructions described in the introduction are dealt with in

this part of the proof. For this, letx = |T∆|, let y be the number of vertices which lie in

outcomponents ofT∆, and letz be the number of vertices which lie in incomponents ofT∆,

so x + y + z = n. Our assumption in Section 3.5 is thatx is small. If at least6x vertices

v ∈ G satisfy bothd+(v) > y+ εn andd−(v) > z+ εn, then either at least3x of these vertices

v ∈ G satisfyd+(v) > y + εn andd−(v) > y + z + εn or at least3x of these vertices satisfy

d+(v) > y + z + εn andd−(v) > z + εn. We may then use Theorem 1.2 to embedT∆ among

these3x vertices and then apply Lemma 3.3 twice to extend this embedding to an embedding

of T in G. We may therefore assume that fewer that6x verticesv ∈ G satisfy these conditions,

from which we deduce

• Lemma 3.21, which states that we may assume that the tournament G contains two
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almost-regular subtournaments on vertex setsY andZ which between them contain al-

most all of the vertices ofG.

This structure allows us to make extensive use of Lemma 3.19.Indeed, by using Lemma 3.19 to

embed a suitable subforest ofT intoY orZ, and then using Lemma 3.4 to embed the remainder

of T , we show in Lemmas 3.23 and 3.24 that we may assume thatT∆ is a short directed path

and that most of the remainder ofT is attached to the endvertices of this path. We then consider

the case|T∆| = 2 separately, proving that Theorem 1.1 holds for suchT in Lemma 3.25. This

allows us to assume for the proof of Lemma 3.20 that|T∆| > 3. SinceT∆ is a directed path,

we can use Redei’s theorem (Theorem 1.4) to embedT∆ within a setW of |T∆| vertices which

have high in- and outdegree, and then apply Lemmas 3.2 and 3.3to complete the embedding.

Finally, in Section 3.6 we complete the proof of Theorem 1.1.By Lemma 3.20 we may assume

for this thatT∆ is large. None of the extremal or near-extremal cases satisfy this condition, so

we always have a little room to spare in our calculations in this part of the proof. We proceed by

using Lemma 2.12 to split the tournamentG into disjoint subtournaments, where each subtour-

nament is either small or a robust outexpander of large minimum semidegree. If there is just one

such subtournament then this subtournament contains a copyof T by Lemma 2.32. By using

Lemma 3.4 we prove Lemma 3.29, which shows that if there are two such subtournaments then

these must also together contain a copy ofT . We may therefore assume in the proof of Theo-

rem 1.1 that there are at least three such subtournaments ofG. In this case we use Lemma 2.32,

Theorem 1.5 and Theorem 1.2 to embedT into these subtournaments.
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3.2 Preliminary results

3.2.1 Almost-regular tournaments

In a regular directed graphG, every vertexv hasd+(v) = d−(v) = e(G)/|G|. We say that a di-

rected graphG is γ-almost-regularif every vertexv ∈ G hasd+(v), d−(v) > (1− γ)e(G)/|G|.

In particular, ifG is a tournament thenG is γ-almost-regular if and only if every vertexv ∈ G

hasd+(v), d−(v) > (1 − γ)(|G| − 1)/2. The next proposition shows that for a large tourna-

mentG only one of these two bounds is needed to ensure thatG contains an almost-spanning

almost-regular tournament.

Proposition 3.1 Suppose that1/n � α � γ � 1. Let G be a tournament onn vertices in

which at least one of the following holds:

(i) d+(v) > (1− α)(n− 1)/2 for everyv ∈ G,

(ii) d−(v) > (1− α)(n− 1)/2 for everyv ∈ G,

(iii) d+(v) 6 (1 + α)(n− 1)/2 for everyv ∈ G,

(iv) d−(v) 6 (1 + α)(n− 1)/2 for everyv ∈ G.

ThenG contains aγ-almost-regular subtournamentG′ on at least(1− γ)n vertices.

Proof. We prove (i); then (ii), (iii) and (iv) follow immediately. Suppose thatG has at least
√
αn vertices withd+(v) > (1 +

√
α)(n− 1)/2. Then

(
n

2

)
= e(G) =

∑

v∈G

d+(v) > (1− α)

(
n

2

)
+
√
αn ·

√
α(n− 1)

2
=

(
n

2

)
,
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giving a contradiction. So there are at most
√
αn vertices ofGwith d+(v) > (1+

√
α)(n−1)/2.

Delete all of these vertices ofG, and letG′ be the obtained subtournament. Thenn −√αn 6

|G′| 6 n. Also, every vertex ofG′ has

d+
G′(v) >

(1− α)(n− 1)

2
−√αn >

(1− γ)(|G′| − 1)

2

and

d−G′(v) > n− 1−
√
αn− (1 +

√
α)(n− 1)

2
>

(1− γ)(|G′| − 1)

2
.

SoG′ is aγ-almost-regular tournament on at least(1− γ)n vertices, as desired. �

3.2.2 Some embedding results

The following three lemmas are the main tools we use to embed directed trees in tournaments.

We use Theorem 1.2 in the proofs of all three lemmas, althoughthe factor of 3 in Theorem 1.2

is not critical to our proof; any linear bound would suffice. For the proof of Lemma 3.4 we also

require the use of Theorem 1.5(1).

Lemma 3.2 Let T be a directed tree onn vertices, rooted att, such thatt has no inneighbours

in T , and every component ofT − t contains at mostd vertices. LetG be a tournament whose

vertex set is partitioned into three sets,{v}, N andX, where|N | > n− 1, every vertex ofN is

an outneighbour ofv, and at least3d vertices ofN each have at least6d inneighbours inX and

at least6d outneighbours inX. ThenT can be embedded inG in such a way thatt is embedded

to v and at most4d vertices ofX are occupied by this embedding.

Proof. LetN ′ ⊆ N consist of all vertices ofN with at least6d inneighbours inX and at least

6d outneighbours inX. Then |N ′| > 3d. We begin by embeddingt to the vertexv. Now

let T1, . . . , Tr be the components ofT − t, in order of decreasing order. For eachi, let ti be

89



the single vertex ofTi which is an outneighbour oft. Then we embedT1, . . . , Tr in turn in

N ∪ X, with eachti embedded inN and eachTi embedded in the vertices not occupied by

the embeddings ofT1, . . . , Ti−1. This gives an embedding ofT in G. So suppose that we have

embeddedT1, . . . , Ti−1 in this manner, and we now wish to embedTi. Then at mostn − 1

vertices ofT have been embedded. At least one of these vertices (namelyt) was not embedded

in N , so at least one vertex ofN must be unoccupied.

Suppose thatN ′ contains at least one unoccupied vertexvi, and also that fewer than3d vertices

of X have been occupied. Thenvi has at least3d unoccupied inneighbours inX and at least3d

unoccupied outneighbours inX. Embedti to vi. We then proceed through the outcomponents

of ti in Ti in turn. Suppose that when we come to embed an outcomponent ofti we have

previously embeddedm vertices ofTi. Then the current outcomponent has order at mostd−m.

Also,vi has at least3d−m > 3(d−m) outneighbours inX which have not yet been occupied,

so by Theorem 1.2 we may embed this outcomponent amongst the outneighbours ofvi in X.

Similarly we may embed the incomponents ofti in turn amongst the inneighbours ofvi in X,

and so we obtain an embedding ofTi in the unoccupied vertices ofG. Note that all vertices of

Ti apart fromti are embedded inX.

Now suppose instead that every vertex ofN ′ has been occupied, but still that fewer than3d

vertices ofX have been occupied. Then at least one of theTj with j < i must have had

|Tj| = 1, and soTi consists of one single vertex, namelyti. We may therefore embedti to any

unoccupied vertex ofN (recall that there is at least one such vertex).

Finally, suppose that at least3d vertices ofX have been occupied. Then at least3d+ 1 vertices

of T have been embedded outsideN , and soN contains at leastn− 1− (n− (3d+ 1)) = 3d

unoccupied vertices. Since|Ti| 6 d, by Theorem 1.2 we may embedTi among these unoccupied

vertices.
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By embedding eachTi in this fashion we obtain an embedding ofT in G with t embedded tov.

Furthermore, the only vertices embedded inX are those in someTi such that when we came to

embedTi, N ′ contained at least one unoccupied vertexvi, and fewer than3d vertices ofX had

been occupied. The embedding ofTi occupied at most anotherd vertices ofX, and so at most

4d vertices ofX can have been occupied in total. �

Lemma 3.3 (a) LetT be a directed tree, and letTc be a subtree ofT such that every com-

ponent ofT − Tc contains at mostd vertices. LetG be a tournament whose vertices are

partitioned into two setsS andN such that for every vertexv ∈ S we have

(i) |N+(v) ∩N | > |T − Tc|+ 2d, and

(ii) |N−(v) ∩N | > |T − Tc|+ 2d.

Then any embedding ofTc in G[S] can be extended to an embedding ofT in G.

(b) Suppose that in addition to the above assumptions we choose a setN ′ ⊆ N and an integer

r 6 |T − Tc|, so that every vertexv ∈ S satisfies

(iii) |N+(v) ∩N ′| > r + 2d, and

(iv) |N−(v) ∩N ′| > r + 2d.

Then any embedding ofTc in G[S] can be extended to an embedding ofT in G such that

at leastr vertices ofT are embedded inN ′.

(c) Suppose that no edges ofT are directed fromTc to T − Tc. Then conditions (i) and (iii)

may be dropped without affecting the validity of the above result. Likewise if no edges

of T are directed fromT − Tc to Tc, then the above results hold even without conditions

(ii) and (iv).

Proof. Let n := |T |. We prove (b) and (c); for (a), apply (b) withr := |T − Tc| andN ′ := N .

Let T1, . . . , Tq be the components ofT − Tc, so |Ti| 6 d for eachi. Suppose that we have
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successfully extended the embedding ofTc in G[S] to an embedding ofTc ∪ T1 ∪ · · · ∪ Ts−1 in

G; we now demonstrate how to extend this embedding to an embedding of Tc ∪ T1 ∪ · · · ∪ Ts

in G. Indeed, there is precisely one edge betweenTc andTs. Let t ∈ Tc andts ∈ Ts be the

endvertices of this edge, and letv be the vertex inS to whicht is embedded.

Suppose thatts is an outneighbour oft. By (i), v has at least|T − Tc| + 2d outneighbours

in N . At most |T1| + · · · + |Ts−1| of these outneighbours are occupied by the embedding of

Tc ∪ T1 ∪ · · · ∪ Ts−1, and sov has at least|Ts|+ 2d > 3|Ts| outneighbours inN which are not

occupied by this embedding. Now, by (iii),v has at leastr+2d outneighbours inN ′. If at most

r− |Ts| of these outneighbours are occupied by the embedding ofTc ∪ T1 ∪ · · · ∪ Ts−1, then by

Theorem 1.2 we may embedTs amongst the at least2d+|Ts| > 3|Ts| unoccupied outneighbours

of v inN ′. If insteadr−k of these outneighbours are occupied, for some1 6 k 6 |Ts|−1, then

by Theorem 1.2 we may embedTs amongst the2|Ts|+ k unoccupied outneighbours inN ′ and

some arbitrary|Ts|−k outneighbours ofv inN \N ′. Then at leastk vertices ofN ′ are occupied

by this embedding ofTs. Finally, if at leastr outneighbours ofv in N ′ have been occupied by

this embedding, then we may embedTs within the at least3|Ts| unoccupied outneighbours ofv

in N .

If insteadts is an inneighbour oft, then we may extend the embedding similarly, using (ii) and

(iv) rather than (i) and (iii). So we may extend the embeddingof Tc in G[S] to an embedding

of T in G by proceeding through eachTi in this manner. Also conditions (i) and (iii) are only

required if at least one edge ofT is directed fromTc to T − Tc, and conditions (ii) and (iv) are

only required if at least one edge ofT is directed fromT − Tc to Tc. Finally, note that after

eachTs is embedded, either every vertex ofT1 ∪ · · ·∪Ts has been embedded inN ′, or at leastr

vertices ofT1∪· · ·∪Ts have been embedded inN ′. Since|T1∪T2∪· · ·∪Tq| = |T−Tc| > r, we

can be sure that at leastr vertices ofN ′ are occupied by the embedding ofT , as desired. �

Lemma 3.4 Suppose that1/n � γ � α � 1. Let T be a directed tree onn vertices, and let
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forestsF− andF+ be induced subgraphs ofT such thatV (F−) andV (F+) partitionV (T ) and

every edge betweenF− andF+ is directed fromF− to F+. Let T+
1 andT+

2 be the largest and

second largest components ofF+ respectively. Also, letY andZ be disjoint sets such that

|Y | > |F+|+ |T+
2 |+ αn and|Z| > 2|F−|+ αn.

LetG be a tournament on vertex setY ∪Z such that every vertex ofY has at mostγn outneigh-

bours inZ, and every vertex ofZ has at mostγn inneighbours inY . Then any embedding of

T+
1 in G[Y ] can be extended to an embedding ofT in G.

Proof. Let T1, . . . , Tr be the components ofF− andF+, ordered so thatT1 = T+
1 and so that

for each2 6 i 6 r there is exactly one edge ofT betweenTi andT1 ∪ · · · ∪ Ti−1. Then we

have an embedding ofT1 in G[Y ]. We proceed through the treesTi in turn, embedding each

Ti in G[Y ] if Ti is a component ofF+, or in G[Z] if Ti is a component ofF−. EachTi is

embedded so that the embeddings ofT1, . . . , Ti form an embedding of the subtree ofT induced

by the vertices ofT1, . . . , Ti. Suppose that we have successfully embeddedT1, . . . , Ti−1 in this

manner, and we wish to extend this embedding to includeTi. Note that there is precisely one

edgee betweenTi andT1 ∪ · · · ∪ Ti−1. Let t be the endvertex ofe in T1 ∪ · · · ∪ Ti−1, and letv

be the vertex to whicht was embedded.

If Ti is a component ofF+, thent ∈ F−, so v ∈ Z. In this case we embedTi within the

unoccupied outneighbours ofv in Y . Sincev ∈ Z, |N+(v) ∩ Y | > |Y | − γn > |F+|+ |T+
2 |+

αn/2. At most |F+| − |Ti| of these vertices are occupied by the embeddings ofT1, . . . , Ti−1.

Sincei > 2, Ti is not the largest component ofF+, and so has order|Ti| 6 |T+
2 |. So at

least2|Ti| + αn/2 outneighbours ofv in Y remain unoccupied. So if|Ti| > αn/2 then by

Theorem 1.5(1) we may embedTi in these unoccupied vertices ofN+(v) ∩ Y . On the other

hand, if |Ti| < αn/2 then by Theorem 1.2 we may embedTi in these unoccupied vertices of

N+(v) ∩ Y .
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Now suppose instead thatTi is a component ofF−. Thent ∈ F+, sov ∈ Y . Here we embedTi

within the unoccupied inneighbours ofv in Z. Sincev ∈ Y , |N−(v)∩Z| > |Z|−γn > 2|F−|+

αn/2, and at most|F−|− |Ti| of these vertices are occupied by the embeddings ofT1, . . . , Ti−1.

So at least2|Ti| + αn/2 such vertices remain unoccupied. So as before, if|Ti| > αn/2 then

by Theorem 1.5(1) we may embedTi in these unoccupied vertices ofN−(v) ∩ Z, whereas if

|Ti| < αn/2 then by Theorem 1.2 we may embedTi in these unoccupied vertices ofN−(v)∩Z.

By proceeding through all of the treesTi in this manner we obtain an embedding ofT in G.

�

Observe that if in the statement of Lemma 3.4 we letT−
1 andT−

2 be the largest and second-

largest components ofF− respectively, and replaced the conditions on the sizes ofZ andY by

the conditions that|Y | > 2|F+| + αn and|Z| > |F−| + |T−
2 | + αn, then we could conclude

that any embedding ofT−
1 in G[Z] can be extended to an embedding ofT in G. To see this,

either note that the proof is still valid with appropriate changes (switching inneighbours and

outneighbours and so forth) or observe that this is the effect of reversing the direction of every

edge ofT and every edge ofG, in which case the embedding problem is the same. Sometimes

when referring to Lemma 3.4 we implicitly mean this ‘dual’ ofLemma 3.4 instead.

3.3 Embedding trees whose core tree is a single vertex

In this section we verify that Sumner’s universal tournament conjecture holds for large directed

treesT whose core treeT∆ contains only one vertex,i.e. trees which are ‘star-shaped’. Such

trees can be embedded by selecting an appropriate vertex to which to embed the single vertex

of T∆, and then using Lemma 3.3 or Lemma 3.2 to extend this embedding to an embedding of

T in G.

Lemma 3.5 Suppose that1/n � 1/∆ � 1. Let T be a directed tree onn vertices with
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|T∆| = 1, and letG be a tournament on2n− 2 vertices. ThenG contains a copy ofT .

Proof. Introduce constantsα andγ with 1/∆� α� γ � 1. Let t be the single vertex ofT∆,

let y be the outweight ofT∆, and letz be the inweight ofT∆. Also, letT1 be the subtree ofT

formed byt and all of its outcomponents, and letT2 be the subtree ofT formed byt and all of

its incomponents. Theny + z = n − 1, |T1| = y + 1 and|T2| = z + 1. Now, suppose thatG

contains a vertexv such that

(i) eitherd+(v) > y + 2n/∆ or y = 0, and

(ii) eitherd−(v) > z + 2n/∆ or z = 0.

Then embedt to v. By Proposition 2.19(iv) each component ofT − t contains at mostn/∆

vertices. So by Lemma 3.3(c) we may extend the embedding oft in {v} to an embedding ofT1

in {v} ∪N+(v) (since ify = 0 thenT1 consists of the single vertext). Also by Lemma 3.3(c),

we may extend the embedding oft in {v} to an embedding ofT2 in {v}∪N−(v) (since ifz = 0

then t is the only vertex ofT2). These two embeddings only overlap in the vertexv, and so

combining these two embeddings gives an embedding ofT in G.

So we may assume that every vertexv ∈ G has eitherd+(v) < y+2n/∆ or d−(v) < z+2n/∆.

LetY := {v ∈ G : d+(v) < y+2n/∆} and letZ := {v ∈ G : d−(v) < z+2n/∆}. Then every

vertex ofG lies in precisely one ofY andZ, so|Y |+ |Z| = 2n− 2. Thus we must have either

|Y | > 2y or |Z| > 2z. Furthermore, ify = 0 and|Y | > 1 then eachv ∈ Y hasd+(v) < 2n/∆

and therefored−(v) > z + 2n/∆, and so satisfies (ii). We may therefore assume that ify = 0

then|Y | = 0 and similarly that ifz = 0 then|Z| = 0. So without loss of generality we may

assume that|Y | > 2y andy > 0 (otherwise reverse the direction of every edge ofT and every

edge ofG; then we would have|Y | > 2y andy > 0 at this stage, and the embedding problem

is the same). Observe that by definition ofY we must also have|Y | 6 2y + 4n/∆ + 1.
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Now suppose thaty > αn. Sincey ∈ N and|Y | > 2y, Y must contain a vertexv which satisfies

|N+(v) ∩ Y | > y. Choose a subsetN ′ ⊆ N+(v) ∩ Y of sizey. For any vertexu ∈ Y ,

d+
G[Y ](u) = |N+(u) ∩ Y | 6 d+

G(u) < y +
2n

∆
6

(1 + α)(|Y | − 1)

2
.

So by Proposition 3.1G[Y ] contains aγ-almost-regular tournament on at least2(1 − γ)y ver-

tices. So at most|Y | − 2(1− γ)y 6 3γy vertices ofY have fewer than(1− 2γ)y inneighbours

in Y or fewer than(1−2γ)y outneighbours inY . Since|N ′| = y, at most6γy+1 vertices ofN ′

have more than(1−3γ)y inneighbours inN ′, and at most6γy+1 vertices ofN ′ have more than

(1−3γ)y inneighbours inN ′. So at least(1−16γ)y vertices ofN ′ have at leastγy inneighbours

in Y \ N ′ and at leastγy outneighbours inY \ N ′. Certainly therefore at least3n/∆ vertices

of N ′ have at least6n/∆ inneighbours inY \ ({v} ∪ N ′) and at least6n/∆ outneighbours

in Y \ ({v} ∪ N ′). So by Lemma 3.2 we may embedT1 in Y , with t embedded tov, and at

most4n/∆ vertices embedded outsideN ′∪{v}. LetV ′ be the set of vertices ofG not occupied

by this embedding ofT1. Sincev has at least|G| − 1− (y + 2n/∆) > z + 6n/∆ inneighbours

in G, all outsideN ′ ∪ {v}, v must have at leastz + 2n/∆ unoccupied inneighbours inV ′. So

by Lemma 3.3(c) we may extend the embedding oft in {v} to an embedding ofT2 in {v}∪ V ′.

These two embeddings only overlap in the vertexv, and so combine to give an embedding ofT

in G.

So we may assume that1 6 y < αn. Then every vertexv ∈ Y has

d−(v) > |G| − 1− y − 2n

∆
> n+

2n

∆
. (3.6)

Let T3 be the subtree ofT formed by every vertext′ ∈ T for whichT contains a directed path

from t to t′. Thent ∈ T3, and (takingt as the root vertex)T3 is an outbranching. AlsoT3 ⊆ T1,

so |T3| 6 y + 1, and so by Theorem 1.3, we may embedT3 in G[Y ]. SinceT∆ ⊆ T3, by

Proposition 2.19(iv) each component ofT −T3 contains at mostn/∆ vertices. So as every edge
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of T betweenT − T3 andT3 is directed fromT − T3 to T3, and also since by (3.6) every vertex

of Y has at least|T − T3|+ 2n/∆ inneighbours which were not occupied by the embedding of

T3, we may extend the embedding ofT3 in G[Y ] to an embedding ofT in G by Lemma 3.3(c).

�

3.4 The regularity lemma and its applications to embedding

trees

In this section we use the regularity method to prove Lemma 3.14, which states that Theorem 1.1

holds in the case whereT∆ is small andG is almost-regular. Specifically, we consider directed

treesT for whichT∆ is substantially smaller than the size of a cluster obtainedby applying the

regularity lemma to a tournamentG; our approach here is essentially to select an appropriate

cluster or pair of clusters ofG in which to embedT∆ so that we may then embed the components

of T − T∆ in the remaining clusters ofG. We finish the section by combining Lemmas 3.14

and 2.32 to obtain Lemma 3.19, which states that Theorem 1.1 holds wheneverG is almost-

regular.

To prove Lemma 3.14 we begin by applying the regularity lemmato partition the vertices of

G into clustersV1, . . . , Vk. We deduce from the fact thatG is almost-regular that every cluster

Vi has roughly the same number of edges entering it as leaving it. In Lemma 3.9 we consider

the case where some clusterVi has the property that for any other clusterVj there are many

edges fromVi to Vj and many edges fromVj to Vi. Here we show that may embedT in G

by first embeddingT∆ within the clusterVi, and then using the regularity of edges between

pairs of clusters to embed the remaining vertices ofT . In Lemma 3.13 we instead consider the

case where there is no such cluster. Here we show that we may embedT in G by the same

argument provided thatT∆ has large inweight and outweight. So it remains only to show that
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Lemma 3.14 holds in the case whereT∆ has small outweight. In this case we select two clusters

Vi andVj for which the corresponding vertices in the ‘reduced digraph’ of G has small common

outneighbourhood. We then embed the vertices ofT∆ within these two clusters, before using

the regularity of edges between pairs of clusters to embed the remaining vertices ofT in G. So

in terms of the description of the regularity method given inthe introduction, the subgraph we

find in the reduced digraph is a single vertex or pair of vertices with given properties on the

edges entering and leaving the corresponding cluster or clusters ofG.

We say that an oriented graphG on clustersV1, . . . , Vk of equal size is anε-regular cluster

tournamentif for any i, j ∈ [k] with i 6= j the subdigraphG[Vi → Vj] is ε-regular and for any

i ∈ [k] the subdigraphG[Vi] is a tournament. IfG is a cluster tournament on clustersV1, . . . , Vk

then we denote the density ofG[Vi → Vj ] by dij for anyi, j ∈ [k] (the tournamentG should be

clear from the context). The following corollary of the digraph regularity lemma (Lemma 2.7)

shows that any sufficiently large tournamentG contains an almost-spanningε-regular cluster

tournamentG∗ such that all vertices have similar in- and outdegrees in bothG andG∗.

Corollary 3.7 Suppose that1/n� 1/M � 1/M ′ � ε. LetG be a tournament onn vertices.

Then there exist disjoint subsetsV1, . . . , Vk ⊆ V (G) of equal size and a subgraphG∗ ⊆ G on

vertex setV1 ∪ · · · ∪ Vk such that:

(i) M ′ 6 k 6 M ,

(ii) G∗ is anε-regular cluster tournament,

(iii)
⋃

i∈[k] Vi > (1− ε)n,

(iv) d+
G∗(x) > d+

G(x)− 2εn for all verticesx ∈ V (G), and

(v) d−G∗(x) > d−G(x)− 2εn for all verticesx ∈ V (G).
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Proof. Apply Lemma 2.7 withd = 0 to obtain a partitionV0, . . . , Vk of V (G) and a subgraph

G′ ⊆ G which satisfy the conditions of Lemma 2.7. In particular (i)and (iii) are satisfied. Now

formG∗ fromG′[V1 ∪ · · · ∪ Vk] by adding every edge ofG for which both endvertices lie in the

same clusterVi. SoG∗ ⊆ G, and by (7) of Lemma 2.7 and the fact thatG∗[Vi] is a tournament

for eachi ∈ [k] we have (ii). Finally note that using (4) of Lemma 2.7 we have

d+
G∗(x) > d+

G′(x)− |V0| > d+
G(x)− 2εn.

Similarly d−G∗(x) > d−G(x)− 2εn using (5) of Lemma 2.7. �

It follows immediately from the definition of regularity that if U andV are sets of sizem, and

G[U → V ] is ε-regular with densityd, then all but at most2εm vertices ofU have(d ± ε)m

outneighbours inV . The next lemma is a generalisation of this fact, considering the number of

outneighbours of vertices in one cluster within a cluster tournament.

Lemma 3.8 Suppose that1/m � 1/k � ε � ε′ � 1. Let G be anε-regular cluster tour-

nament on clustersV1, . . . , Vk, each of sizem. Let V ′
j ⊆ Vj for eachj ∈ [k] be fixed. Then

for any i, all but at mostε′m vertices ofVi have
∑

j∈[k]\{i} dij|V ′
j | ± ε′km outneighbours in

⋃
j∈[k]\{i} V

′
j and

∑
j∈[k]\{i} dji|V ′

j | ± ε′km inneighbours in
⋃

j∈[k]\{i} V
′
j .

Proof. Fix somei ∈ [k]. Then letL be the set of allj ∈ [k] \ {i} such that|V ′
j | > εm

anddij >
√
ε. For eachj ∈ L, letAj denote the set of vertices ofVi which have fewer than

(1 − √ε)dij|V ′
j | outneighbours inV ′

j . Then for eachj ∈ L, the subdigraph ofG[Vi → Vj ]

induced byAj andV ′
j has density less than(1 − √ε)dij 6 dij − ε. SinceG[Vi → Vj] is

ε-regular with densitydij, and|V ′
j | > εm, we must have|Aj| < εm.

Now, fix a vertexv ∈ Vi. Suppose thatv appears in at most
√
ε|L| of the setsAj with j ∈ L.
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Then

|N+(v) ∩
⋃

j∈L

V ′
j | >

∑

j∈L:v/∈Aj

(1−
√
ε)dij|V ′

j |

>
∑

j∈[k]\{i}
(1−√ε)dij|V ′

j | −
∑

j∈[k]\(L∪{i})
dij |V ′

j | −
∑

j∈L:v∈Aj

dij |V ′
j |

>
∑

j∈[k]\{i}
dij|V ′

j | −
√
εkm−

√
εkm−

√
ε|L|m

>
∑

j∈[k]\{i}
dij|V ′

j | − 3
√
εkm.

Since at most
√
εm verticesv ∈ Vi appear in more than

√
ε|L| of the setsAj with j ∈ L, we may

conclude that there are at most
√
εm verticesv ∈ Vi with fewer than

∑
j∈[k]\{i} dij|V ′

j |−3
√
εkm

outneighbours in
⋃

j∈[k]\{i} V
′
j . A similar argument shows that there are at most

√
εm vertices

v ∈ Vi with more than
∑

j∈[k]\{i} dij |V ′
j |+ 3

√
εkm outneighbours in

⋃
j∈[k]\{i} V

′
j .

Now, letL′ be the set of allj ∈ [k] such that|V ′
j | > εm anddji >

√
ε. Then the same argument

applied to inneighbours rather than outneighbours shows that there are at most
√
εm vertices

v ∈ Vi with fewer than
∑

j∈[k]\{i} dji|V ′
j | − 3

√
εkm inneighbours in

⋃
j∈[k]\{i} V

′
j and at most

√
εm verticesv ∈ Vi with more than

∑
j∈[k]\{i} dji|V ′

j |+ 3
√
εkm inneighbours in

⋃
j∈[k]\{i} V

′
j .

Sinceε� ε′, this completes the proof. �

The next two lemmas are used in the proof of Lemma 3.14; we state them separately as we

also refer to them in Section 3.5. Both of these consider anε-regular cluster tournamentG

on k clusters with the property that for some clusterVi the density of edges leavingVi and the

density of edges enteringVi are each roughly1/2. Lemma 3.9 considers the case where for

many clustersVj the density of edges betweenVi andVj is large in both directions, showing

that in this caseG contains a copy of a directed treeT of the type considered. Lemma 3.13

considers the alternative, namely that for almost all clustersVj the density of edges betweenVi
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andVj is small in one direction, showing that in this caseG contains a copy ofT provided that

T∆ has large inweight and large outweight.

Lemma 3.9 Suppose that1/n � 1/∆′, β � 1/k � ε � γ � α � 1/∆ � 1. Let T

be a directed tree onn vertices with|T∆′| 6 βn and |T∆| > 2, and letG be anε-regular

cluster tournament on clustersV1, . . . , Vk, each of sizem > 2(1− γ)n/k. Suppose also that for

somei ∈ [k] we have

∑

j∈[k]\{i}
dij >

(1− 3γ)k

2
and

∑

j∈[k]\{i}
dji >

(1− 3γ)k

2
,

and also that there are at leastαk values ofj ∈ [k] \ {i} such thatdij > α anddji > α. Then

G contains a copy ofT .

Proof. Fix such a value ofi, and introduce a new constantε′ with ε� ε′ � γ. Since∆ 6 ∆′,

we must haveT∆ ⊆ T∆′. Also, since|T∆| > 2, we may choose an edget− → t+ of T∆, which

therefore is also an edge ofT∆′ . LetT+ andT− be the two components formed when this edge

is deleted fromT , labelled so thatt+ ∈ T+ andt− ∈ T−. Similarly, letT+
∆′ andT−

∆′ be the two

components formed by the deletion of the edget− → t+ from T∆′, labelled witht+ ∈ T+
∆′ and

t− ∈ T−
∆′. ThenT+ andT− partition the vertices ofT , and there is precisely one edge ofT

betweenT+ andT−, which is directed towardsT+. Furthermore, sincet− → t+ was an edge

of T∆, by Proposition 2.19(ii) we have|T+|, |T−| > n/∆.

Let J ⊆ [k] \ {i} satisfy|J | > αk and also that for anyj ∈ J we havedij > α anddji > α.

Then
∑

j∈J dij > α2k and
∑

j∈J dji > α2k. By Lemma 3.8 (applied withV ′
j = ∅ for each

j /∈ J) at mostε′m vertices ofVi have fewer than

∑

j∈J

dijm− ε′km > α2km− ε′km >
α2km

2
(3.10)
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outneighbours in
⋃

j∈J Vj or fewer than
∑

j∈J djim−ε′km > α2km/2 inneighbours in
⋃

j∈J Vj .

Also by Lemma 3.8 at mostε′m vertices ofVi have fewer than

∑

j∈[k]\{i}
dijm− ε′km >

(1− 3γ − 2ε′)km

2
> (1− 5γ)n (3.11)

outneighbours in
⋃

j∈[k]\{i} Vj or fewer than
∑

j∈[k]\{i} djim− ε′km > (1− 5γ)n inneighbours

in
⋃

j∈[k]\{i} Vj. Finally, at mostm/2+1 vertices ofVi have fewer thanm/4 inneighbours inVi.

So we may choose a setS+ ofm/10 vertices ofVi which do not fall into any of these categories.

Since|T+
∆′ | 6 |T∆′| 6 βn 6 m/30, by Theorem 1.2 we may embedT+

∆′ in S+. LetS+
∆′ be the

set of vertices ofS+ occupied by this embedding ofT+
∆′ , and letv+ be the vertex to whicht+

was embedded. Recall that|T−| > n/∆, so

|T+| = n− |T−| 6 (1− 1

∆
)n.

Furthermore, every component ofT+ − T+
∆′ is a component ofT − T∆′ and thus has order at

mostn/∆′ by Proposition 2.19(iv). So by (3.10) and (3.11), and sinceγ � 1/∆, we may

apply Lemma 3.3(b) to extend the embedding ofT+
∆′ in S+

∆′ to an embedding ofT+ in S+
∆′ ∪

⋃
j∈[k]\{i} Vj so that at leastα2n/3 vertices of

⋃
j∈J Vj are occupied by this embedding ofT+.

Now, at leastm/4 − m/10 = 3m/20 vertices ofVi \ S+
∆′ are inneighbours ofv+. For each

j ∈ [k] \ {i}, let oj denote the number of vertices ofVj which are occupied by our embedding

of T+, and letV ′
j ⊆ Vj consist of those vertices ofVj which are not occupied by this embedding.

So|V ′
j | = m− oj for eachj. Note that sincedij + dji 6 1 we havedij 6 1−α for eachj ∈ J .
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Then by Lemma 3.8, at mostε′m vertices ofVi have fewer than

∑

j∈[k]\{i}
dij(m− oj)− ε′km >

∑

j∈[k]\{i}
dijm− ε′km−

∑

j∈J

dijoj −
∑

j∈[k]\({i}∪J)

dijoj

(3.11)

> (1− 5γ)n− (1− α)
∑

j∈J

oj −
∑

j∈[k]\({i}∪J)

oj

> (1− 5γ)n−
∑

j∈[k]\{i}
oj + α

∑

j∈J

oj

> (1− 5γ)n−
∑

j∈[k]\{i}
oj + α3n/3 > n−

∑

j∈[k]\{i}
oj +

2n

∆′

(3.12)

outneighbours in
⋃

j∈[k]\{i} V
′
j or fewer than

∑

j∈[k]\{i}
dji(m− oj)− ε′km > n−

∑

j∈[k]\{i}
oj +

2n

∆′ ,

inneighbours in
⋃

j∈[k]\{i} V
′
j . So we may choose a setS− of m/10 vertices ofVi \ S+

∆′, none

of which fall into these two categories, and all of which are inneighbours ofv+. Since|T−
∆′| 6

|T∆′| 6 βn 6 m/30, by Theorem 1.2 we may embedT−
∆′ in S−. LetS−

∆′ be the set of vertices

of S− occupied by this embedding ofT−
∆′ . Then since

|T−| = n− |T+| 6 n−
∑

j∈[k]\{i}
oj,

the right hand side of (3.12) is at least|T−| + 2n/∆′. Also every component ofT− − T−
∆′

is a component ofT − T∆′ (and so has order at mostn/∆′ by Proposition 2.19(iv)). So

by Lemma 3.3(b) we may extend the embedding ofT−
∆′ in S−

∆′ to an embedding ofT− in

S−
∆′ ∪

⋃
j∈[k]\{i} V

′
j . Then the embeddings ofT+ andT− do not overlap, and so together these

embeddings form an embedding ofT in G. �
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Given anε-regular cluster tournamentG on clustersV1, . . . , Vk, we define thereduced digraph

ofG with parameterd, denotedRG(d), to be the directed graph on vertex set[k] in which i→ j

if and only if dij > d. Observe that sincedij + dji 6 1 for anyi andj, if d > 1/2 thenRG(d)

is an oriented graph.

Lemma 3.13 Suppose that1/n � 1/∆′, β � 1/k � ε � γ � α � 1. Let T be a

directed tree onn vertices with|T∆′ | 6 βn, and lety andz be the outweight and inweight

of T∆′ respectively. LetG be anε-regular cluster tournament on clustersV1, . . . , Vk, each of

sizem > 2(1− γ)n/k. Suppose that for somei ∈ [k] we have

∑

j∈[k]\{i}
dij >

(1− 3γ)k

2
and

∑

j∈[k]\{i}
dji >

(1− 3γ)k

2
,

and also that there are at mostαk values ofj ∈ [k] \ {i} such thatdij > α anddji > α. Then:

(i) There are at most2αk values ofj ∈ [k] \ {i} such thatdij < 1− 2α anddji < 1− 2α.

(ii) Let R := RG(1− 2α). Then|N+
R (i)|, |N−

R (i)| > (1− 10α)k/2.

(iii) If y, z > 14αn, thenG contains a copy ofT .

Proof. Fix such ani, and introduce a new constantε′ with ε� ε′ � γ. For (i), note that since

dij + dji 6 1 for anyj ∈ [k] \ {i}, and

∑

j∈[k]\{i}
(dij + dji) > (1− 3γ)k,

there are at most3
√
γk 6 αk values ofj ∈ [k] \ {i} for which dij + dji < 1 − √γ. So there

are at most2αk values ofj ∈ [k] \ {i} for whichdij < 1− α−√γ anddji < 1− α−√γ, so

(i) holds.
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For (ii), observe that by (i) we have

(1− 3γ)k

2
6

∑

j∈[k]\{i}
dij 6

∑

j∈[k]\{i}
dij>1−2α

dij +
∑

j∈[k]\{i}
dij ,dji<1−2α

dij +
∑

j∈[k]\{i}
dij62α

dij

6 |N+
R (i)|+ 2αk + 2αk,

so |N+
R (i)| > (1− 10α)k/2. A similar calculation shows that|N−

R (i)| > (1− 10α)k/2.

For (iii), let N+ andN− denoteN+
R (i) andN−

R (i) respectively, and letV + :=
⋃

j∈N+ Vj and

V − :=
⋃

j∈N− Vj, soV + andV − are disjoint. By Lemma 3.8,Vi contains at mostε′m vertices

with fewer than

∑

j∈N+

dijm− ε′km > |N+
R (i)|(1− 2α)m− ε′km >

(1− 10α)(1− 2α)km

2
− ε′km

>
(1− 12α− 2ε′)km

2
> (1− 13α)n

outneighbours inV + and at mostε′m vertices with fewer than
∑

j∈N− djim − ε′km > (1 −

13α)n inneighbours inV −. Choose a setS of m/2 vertices ofVi, not including any of these

at most2ε′m vertices. Since|T∆′ | 6 βn 6 m/6, by Theorem 1.2 we may embedT∆′ in S.

Let S∆′ be the set of vertices ofS occupied by this embedding ofT∆′ . Also letT1 be the tree

formed byT∆′ and all of its outcomponents, and letT2 be the tree formed byT∆′ and all of its

incomponents. Note that all of these out- and incomponents have order at mostn/∆′ � αn by

Proposition 2.19(iv). In addition|T1| = n− z 6 (1− 14α)n and|T2| = n− y 6 (1− 14α)n.

So by Lemma 3.3(c) we may extend the embedding ofT∆′ in S∆′ to an embedding ofT1 in

S∆′ ∪ V +. Similarly by Lemma 3.3(c) we may extend the embedding ofT∆′ in S∆′ to an

embedding ofT2 in S∆′ ∪ V −. Then these embeddings do not overlap outsideT∆′, so we may

combine them to form an embedding ofT in G. �
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The next lemma shows that Sumner’s universal tournament conjecture holds whenevern is

sufficiently large,G is an almost-regular tournament and the core treeT∆ of T is small. Actually

we prove a slightly stronger result in this case, considering a tournament on fewer than2n− 2

vertices. Later on we make use of the fact that we have a littleroom to spare in the order of the

tournament. Much of the work for this lemma is done by the two previous lemmas.

Lemma 3.14 Suppose that1/n � 1/∆′, β � γ � 1/∆ � 1. Let T be a directed tree onn

vertices such that|T∆′ | 6 βn and|T∆| > 2. LetG be aγ-almost-regular tournament on at least

(2− γ)n vertices. ThenG contains a copy ofT .

Proof. Introduce new constantsε, ε′, α,M, andM ′ with

1/n� 1/∆′, β � 1/M � 1/M ′ � ε� ε′ � γ � α� 1/∆� 1.

If |G| > (2 + γ)n, thenG contains a copy ofT by Theorem 1.5(1). So we may assume that

|G| = (2± γ)n. Observe thatd+(v), d−(v) > (1− γ)(|G| − 1)/2 > (1− 2γ)n for all v ∈ G.

Since∆ 6 ∆′, we must haveT∆ ⊆ T∆′. Also, since|T∆| > 2, we may choose an edget− → t+

of T∆, which must also lie inT∆′ . Let T+ andT− be the two components formed when this

edge is deleted fromT , labelled so thatt+ ∈ T+ andt− ∈ T−. Similarly, letT+
∆′ andT−

∆′ be the

two components formed by the deletion of the edget− → t+ from T∆′ , labelled witht+ ∈ T+
∆′

andt− ∈ T−
∆′ . ThenT+ andT− partition the vertices ofT , and there is precisely one edge ofT

betweenT+ andT−, which is directed towardsT+. Furthermore,|T+|, |T−| > n/∆.

Let disjoint subsetsV1, . . . , Vk and a subgraphG∗ ⊆ G satisfy the conditions of Corollary 3.7.

SoM ′ 6 k 6 M , andG∗ is anε-regular cluster tournament on clustersV1, . . . , Vk of equal size

m, where
2(1− γ)n

k
6

(2− γ)n− 3εn

k
6 m 6

(2 + γ)n

k
. (3.15)
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Also, for eachv ∈ G∗ we haved+
G∗(v) > d+

G(v) − 2ε|G| > d+
G(v) − 5εn and d−G∗(v) >

d−G(v)− 5εn. So for eachi ∈ [k] we have

∑

j∈[k]\{i}
dij =

∑

j∈[k]\{i}

eG∗(Vi → Vj)

m2
>
∑

v∈Vi

d+
G∗(v)−m

m2
(3.16)

>
∑

v∈Vi

d+
G(v)− 5εn−m

m2
>

(1− 2γ)n− 5εn−m
m

(3.15)

>
(1− 3γ)k

2
,

and similarly
∑

j∈[k]\{i} dji > (1− 3γ)k/2.

So if there exists somei ∈ [k] for which there are at leastαk values ofj ∈ [k] \ {i} such that

dij > α anddji > α, then by Lemma 3.9 we may embedT in G∗, and therefore inG. So we

may assume that for eachi ∈ [k] fewer thanαk values ofj ∈ [k] \ {i} satisfydij > α and

dji > α. Then by Lemma 3.13(ii) we may assume thatR := RG(1− 2α) has

δ0(R) >
(1− 10α)k

2
. (3.17)

Let y be the number of vertices in outcomponents ofT∆′, and letz be the number of vertices

in incomponents ofT∆′, soy + z + |T∆′| = n. So if y, z > 14αn thenG∗ (and thereforeG)

contains a copy ofT by Lemma 3.13(iii). We may therefore assume without loss of generality

thatz < 14αn.

Now, since|R| = k we may choose a vertexi ∈ R with d+
R(i) 6 k/2. Then we may choose

a vertexj ∈ N+
R (i) with at mostd+

R(i)/2 outneighbours inN+
R (i). So i → j and |N+

R (i) ∩

N+
R (j)| 6 k/4. For this choice ofi andj, let

A := N+
R (i) ∩N+

R (j),

B := N+
R (i) \N+

R (j),

C := N+
R (j) \N+

R (i).
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ThenA,B andC are disjoint, and|B|, |C| > k/2− 5αk − |A| > k/4− 5αk by (3.17). Now,

choose a setS+ of m/2 vertices ofVj such that each vertexv ∈ S+ has

(i) at leastm/2 inneighbours inVi,

(ii) at least
∑

`∈A dj`m− ε′km > (1− 2α)m|A| − ε′km outneighbours in
⋃

`∈A V`, and

(iii) at least
∑

`∈C dj`m− ε′km > (1− 2α)m|C| − ε′km outneighbours in
⋃

`∈C V`.

We can be sure that such a choice is possible, as by Lemma 3.8 there are at most2ε′m vertices

of Vj which fail either of (ii) and (iii), and sinceG∗[Vi → Vj] is ε-regular with densitydij >

1 − 2α there are at mostεm vertices ofVj which fail (i). Then since|T+
∆′| 6 βn 6 m/6, by

Theorem 1.2 we can embedT+
∆′ in S+. Let v+ be the vertex to whicht+ is embedded. Then

v+ has at leastm/2 inneighbours inVi. Choose a setS− of m/3 of these inneighbours so that

every vertexv ∈ S− has at least

∑

`∈A∪B=N+
R (i)

di`m− ε′km > (1− 2α)m|N+
R (i)| − ε′km

(3.17)

> (1− 13α)n (3.18)

outneighbours in
⋃

`∈A∪B V`. Again we can be sure that such a choice is possible, since by

Lemma 3.8 at mostε′m vertices ofVi fail this condition. Then since|T−
∆′| 6 βn 6 m/9, by

Theorem 1.2 we can embedT−
∆′ in S−. Let S+

∆′ andS−
∆′ be the sets of vertices ofG occupied

by T+
∆′ andT−

∆′ respectively.

Let T3 be the tree formed byT∆′ and all of its incomponents. LetT4 be the tree formed byT+
∆′

and all of its outcomponents, and letT5 be the tree formed byT−
∆′ and all of its outcomponents

in T− (i.e. all of its outcomponents exceptT+). Note thatT3 ∪ T4 ∪ T5 = T . Then|T3| =

|T∆′| + z < 15αn, |T4| 6 |T+| 6 n− |T−| 6 (1− 1/∆)n, and similarly|T5| 6 (1− 1/∆)n.

Every vertex ofG has at least(1−2γ)n inneighbours inG, so by Lemma 3.3(c) we may extend
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the embedding ofT∆′ in S+
∆′ ∪ S−

∆′ to an embedding ofT3 in G. For each̀ ∈ [k] \ {i}, let

V ′
` ⊆ V` consist of the vertices ofV` which are not occupied by this embedding.

By (ii) and (iii), every vertex ofS+
∆′ then has at least(1− 2α)(|A|+ |C|)m− 2ε′km− |T3| >

(1− 28α)n outneighbours in
⋃

`∈A∪C V
′
` (here we also use the fact that|A|+ |C| = |N+

R (j)| >

(1 − 10α)k/2 by (3.17)). Since also1/∆′ � α � 1/∆ and every component ofT4 − T+
∆′

has order at mostn/∆′, by Lemma 3.3(c) we may extend the embedding ofT+
∆′ in S+

∆′ to an

embedding ofT4 in S+
∆′ ∪

⋃
`∈A∪C V

′
` . Furthermore, since every vertex ofS+

∆′ has at least(1−

2α)|C|m−ε′km−|T3| > n/∆ outneighbours in
⋃

`∈C V
′
` , and|T4−T+

∆′ | = |T+−T3| > n/2∆,

by Lemma 3.3(b) we can ensure that this embedding ofT4 occupies at leastn/2∆ vertices of
⋃

`∈C V
′
` . So crucially at most|T4|−n/2∆ vertices ofT4 are embedded in

⋃
`∈A∪B V`. For each

` ∈ A ∪ B, let V ′′
` ⊆ V` consist of those vertices which are not occupied by the embedding of

T3 andT4.

Finally, by (3.18), every vertex ofS−
∆′ has at least

(1− 13α)n− (|T4| −
n

2∆
)− |T3| > n− |T4|+

n

3∆

outneighbours in
⋃

`∈A∪B V
′′
` . Since|T5 − T−

∆′ | 6 n − |T4|, by Lemma 3.3(c) we can extend

the embedding ofT−
∆′ in S−

∆′ to an embedding ofT5 in S−
∆′ ∪

⋃
`∈A∪B V

′′
` . Then the embeddings

of T3, T4 andT5 do not overlap outsideS+
∆′ ∪ S−

∆′, and so together form an embedding ofT

in G. �

The following corollary of Lemmas 3.14 and 2.32 is the main result of this section, stating that

Sumner’s universal tournament conjecture holds with a little room to spare in the case whereG

is an almost-regular tournament and the core treeT∆ of T has order greater than one (we need

this extra room in the proof of Lemmas 3.21 and 3.23). Indeed,we show that a large almost-

regular tournamentG is also a robust outexpander, and so ifT∆ is large, then we can embedT
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in G by Lemma 2.32. On the other hand, ifT∆ is small but has more than one vertex, then we

may embedT in G by Lemma 3.14. In particular, together with Lemma 3.5 (whichdeals with

the case|T∆| = 1), this means that at this stage, we have proved that Sumner’sconjecture holds

for all large almost-regular tournaments.

Lemma 3.19 Suppose that1/n� γ � 1/∆� 1. Let T be a directed tree onn vertices with

|T∆| > 1. Then everyγ-almost-regular tournamentG on at least(2 − γ)n vertices contains a

copy ofT .

Proof. Introduce constantsµ, ν, η,∆′, β, γ′ such that

1

n
� 1

∆′ � µ� ν � η � γ � β � γ′ � 1

∆
� 1.

Let G be aγ-almost-regular tournament on at least(2 − γ)n vertices. Then we show thatG

is a robust(µ, ν)-outexpander. Indeed, letS ⊆ V (G) satisfyν|G| 6 |S| 6 2|G|/3. Then at

least(1 − γ)|S|(|G| − 1)/2 edges originate inS. At most
(|S|

2

)
of these have both endvertices

in S, so at least(1 − γ)|S|(|G| − 1)/2 −
(|S|

2

)
> |S|((1 − γ)(|G| − 1) − |S|)/2 > ν|G|2/10

edges leaveS. So at leastν|G|/20 > 3µ|G| vertices outsideS have at leastν|G|/20 > 3µ|G|

inneighbours inS. At most2µ|G| vertices ofS have fewer thanµ|G| inneighbours inS, and so

|RN+
µ (S)| > |S|+ µ|G|, as desired. On the other hand, ifS ⊆ V (G) satisfies2|G|/3 < |S| 6

(1 − ν)|G|, every vertex ofG has at least|G|/7 > µ|G| inneighbours inS. So |RN+
µ (S)| =

|G| > |S|+ µ|G|, as desired.

SoG is indeed a robust(µ, ν)-outexpander. Clearlyδ0(G) > η|G|. So if |T∆′| > βn, then by

Lemma 2.32,G contains a copy ofT . So we may assume that|T∆′ | 6 βn. But G is also a

γ′-almost-regular tournament on at least(2− γ′)n vertices, and so by Lemma 3.14,G contains

a copy ofT . �
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3.5 Embedding trees whose core tree is small

We now turn our attention to the general case of the problem. As when considering almost-

regular tournaments, we consider the problem of embedding directed trees whose core trees are

small separately from the case when the core trees are large.In this section we consider directed

trees with small core trees, proving the following lemma.

Lemma 3.20 Suppose1/n � β, 1/∆′ � 1. Let T be a directed tree onn vertices with

|T∆′| 6 βn, and letG be a tournament on2n− 2 vertices. ThenG contains a copy ofT .

We begin by showing that we may assume that the tournamentG consists of two large disjoint

almost-regular tournaments, with almost all of the edges between them directed the same way.

Lemma 3.21 Suppose that1/n � β, 1/∆ � γ � η � 1. Let T be a directed tree onn

vertices with|T∆| 6 βn, and letG be a tournament on2n− 2 vertices. Lety be the outweight

of T∆, and letz be the inweight ofT∆. Then the following properties hold.

(i) If z < ηn or y < ηn thenG contains a copy ofT .

(ii) Either G contains a copy ofT , or we can find disjoint setsY, Z ⊆ V (G) such that

|Y | > (2− γ)y and|Z| > (2− γ)z, G[Y ] andG[Z] areγ-almost-regular, any vertex of

Y has at most3γn outneighbours inZ and any vertex ofZ has at most3γn inneighbours

in Y .

Proof. Introduce new constantsM,M ′, ε, ε′, α, γ∗ and∆∗ such that

1

n
� β,

1

∆
� 1

M
� 1

M ′ � ε� ε′ � γ � α� η � γ∗ � 1

∆∗ � 1.
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Partition the vertex set ofG into setsA,B,C,D,E such that:

A ⊆ {v ∈ G : d+(v) 6 y + εn},

B ⊆ {v ∈ G : y + εn < d+(v) < n− εn},

C ⊆ {v ∈ G : d+(v), d−(v) > n− εn},

D ⊆ {v ∈ G : z + εn < d−(v) < n− εn},

E ⊆ {v ∈ G : d−(v) 6 z + εn}.

These subset relations may not all be equality, for example in the case wherez is very small,

when we havey + εn > n− εn. However, it is clear that each vertexv ∈ G lies in at least one

of these five sets, so we may choose such a partition ofV (G). Let x := |T∆|, sox+ y + z = n

andx 6 βn.

Suppose that|B| > 3x. Then by Theorem 1.2 we may embedT∆ in G[B]. Let S∆ ⊆ B

be the set of vertices occupied by this embedding ofT∆. Then every vertex ofS∆ has at least

y+εn−x > y+2n/∆ outneighbours outsideS∆ and at least|G|−x−(n−εn) > y+z+2n/∆

inneighbours outsideS∆. Let T1 be the subtree ofT formed byT∆ and all outcomponents of

T∆, and letT2 be the subtree ofT formed byT∆ and all incomponents ofT∆. Then|T1| = x+y

and|T2| = x+ z. By Proposition 2.19(iv), all incomponents and outcomponents ofT∆ contain

at mostn/∆ vertices, so by Lemma 3.3(c) we may extend our embedding ofT∆ in S∆ to an

embedding ofT1 in G. Then each vertex ofS∆ still has at leastz + 2n/∆ inneighbours outside

S∆ which are not occupied by this embedding ofT1, so by Lemma 3.3(c) we may also extend

our embedding ofT∆ in S∆ to an embedding ofT2 in G which avoids vertices occupied by the

embedding ofT1 − T∆. Then these embeddings ofT1 andT2 do not overlap outsideT∆, and so

together form an embedding ofT inG. We may therefore assume that|B| < 3x 6 3βn. By the

same argument (embedding firstT2 and thenT1 in G) we may assume that|D| < 3x 6 3βn.
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If |T∆∗| = 1, thenG contains a copy ofT by Lemma 3.5. So we may assume that|T∆∗| > 2.

Now, if z < ηn, then everyv ∈ E satisfiesd−(v) < (η + ε)n < 2ηn, so|E| 6 4ηn+ 1, and so

|B ∪D ∪ E| 6 4ηn+ 1 + 6βn 6 5ηn. LetG′ := G[A ∪ C]. Then|G′| > 2n− 2− 5ηn, and

every vertexv ∈ G′ hasd+(v) 6 n+εn. So by Proposition 3.1,G′ contains aγ∗-almost-regular

subtournamentG′ on at least(2− γ∗)n vertices. Since|T∆∗| > 2, by Lemma 3.19G′ contains

a copy ofT , soG contains a copy ofT also. If instead we havey < ηn, then we may similarly

embedT in G[C ∪ E]. So if z < ηn or y < ηn thenG contains a copy ofT , completing the

proof of (i). So for (ii), we may assume thaty, z > ηn.

Suppose now that|C| > 5ε′n. Let disjoint subsetsV1, . . . , Vk and a subgraphG∗ ⊆ G satisfy

the conditions of Corollary 3.7. SoM ′ 6 k 6 M , andG∗ is anε-regular cluster tournament on

clustersV1, . . . , Vk of equal sizem, where

(1− ε)|G|
k

6 m 6
|G|
k
.

We show thatG∗ has the property that for somei ∈ [k] we have

∑

j∈([k]\{i})
dij >

(1− 3ε′)k

2
and

∑

j∈([k]\{i})
dji >

(1− 3ε′)k

2
. (3.22)

Indeed, if for somei ∈ [k] we have
∑

j∈([k]\{i}) dij < (1− 3ε′)k/2, then by Lemma 3.8 all but

at mostε′m vertices ofVi have at most

∑

j∈([k]\{i})
dijm+ ε′km <

(1− ε′)km
2

< n− 8εn

outneighbours in
⋃

j∈([k]\{i}) Vj (in the graphG∗), and hence at mostn− 8εn+ (|G| − |G∗|) +

|Vi| + 2ε|G| < n− εn outneighbours inG. So at mostε′m vertices ofVi lie in C. Similarly if

for somei ∈ [k] we have
∑

j∈([k]\{i}) dji < (1 − 3ε′)k/2 then again at mostε′m vertices ofVi

lie in C. Since|C| > 5ε′n > 2ε′mk + (|G| − |G∗|), there must be somei ∈ [k] which satisfies
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(3.22). Fix such ani. Then if at leastαk values ofj ∈ [k] \ {i} havedij > α anddji > α then

G∗ contains a copy ofT by Lemma 3.9 (applied withε′ in the place ofγ). Alternatively, if at

mostαk values ofj ∈ [k] \ {i} havedij > α anddji > α then sincey, z > ηn, G∗ contains

a copy ofT by Lemma 3.13(iii) (again applied withε′ in the place ofγ). So in either caseG

contains a copy ofT , and so we may assume that|C| < 5ε′n.

So to prove (ii), observe that we must therefore have|B ∪ C ∪ D| 6 5ε′n + 6βn 6 6ε′n.

Trivially |A| 6 2y + 2εn+ 1 and|E| 6 2z + 2εn+ 1, and so we must have

|A| > 2n− 2− 6ε′n− 2z − 2εn− 1 > 2y − 7ε′n, and

|E| > 2n− 2− 6ε′n− 2y − 2εn− 1 > 2z − 7ε′n.

So by Proposition 3.1,G[A] contains aγ-almost-regular subtournament on at least(2 − γ)y

vertices, andG[E] contains aγ-almost-regular subtournament on at least(2− γ)z vertices. Let

Y andZ be the vertex sets of these subtournaments respectively. Then any vertex ofY has at

least(1−2γ)y outneighbours inY , and so has at mosty+εn−(1−2γ)y 6 3γn outneighbours

in Z. Similarly any vertex ofZ has at least(1 − 2γ)z inneighbours inZ, and so has at most

3γn inneighbours inY . SoY andZ are as required for (ii). �

The next lemma builds on the previous lemma and is in turn usedin the proof of Lemma 3.24.

Lemma 3.23 Suppose that1/n � β, 1/∆′ � α � 1/∆ � 1. Let T be a directed tree on

n vertices with|T∆′| 6 βn. Let y andz be the outweight and inweight ofT∆′ respectively.

Suppose that forestsF− andF+ are induced subgraphs ofT which partition the vertices ofT ,

such that|F+| 6 y+2αn, |F−| 6 z−αn, and every edge ofT betweenF− andF+ is directed

fromF− to F+. Suppose also that either

(i) no component ofF+ has order greater thany − αn, or
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(ii) the largest componentT1 of F+ has|(T1)∆| > 2.

Then any tournamentG on2n− 2 vertices contains a copy ofT .

Proof. LetG be a tournament on2n − 2 vertices, and letT1 andT2 be the largest and second

largest components ofF+ respectively. Introduce new constantsγ andη with

1

n
� β,

1

∆′ � γ � α� 1

∆
� η � 1.

Then by Lemma 3.21 we may assume thaty, z > ηn. Also by Lemma 3.21 we may find subsets

Y, Z ⊆ V (G) such that|Y | > (2− γ)y, |Z| > (2− γ)z, G[Y ] is γ-almost-regular, each vertex

of Y has at most3γn outneighbours inZ, and each vertex ofZ has at most3γn inneighbours

in Y . Then|Y | > 3|F+|/2 + αn > |F+| + |T2| + αn, and|Z| > 2|F−| + αn, and so by

Lemma 3.4 any embedding ofT1 in G[Y ] may be extended to an embedding ofT in G.

It therefore suffices to embedT1 in G[Y ]. If |T1| < y/2 then we may do this by Theorem 1.2. If

instead|T1| > y/2 > ηn/2 and we also have (i), then|T1| 6 y − αn. Since|Y | > (2− γ)y >

2|T1| + αn we may embedT1 in G[Y ] by Theorem 1.5(1). Finally, if|T1| > ηn/2 and we

also have (ii), then|T1| 6 |F+| 6 y + 2αn and |(T1)∆| > 2. Sinceγ 6 9α/η, G[Y ] is a

9α/η-almost-regular tournament on at least(2−γ)y > (2−9α/η)|T1| vertices, and so we may

embedT1 in G[Y ] by Lemma 3.19. So in any case we may embedT1 in G[Y ], completing the

proof. �

Observe that as with Lemma 3.4 a ‘dual’ form of Lemma 3.23 can be proved similarly. For

this we instead require that|F+| 6 y − αn and |F−| 6 z + 2αn, and also either that no

component ofF− has order greater thanz − αn or that the largest componentT1 of F− has

|(T1)∆| > 2. If these conditions are met then we may conclude thatG contains a copy ofT . As

with Lemma 3.4, we sometimes implicitly refer to this ‘dual’when referring to Lemma 3.23.
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In the next lemma we show that Lemma 3.20 holds for any directed treeT whose core treeT∆

is not a directed path in which most of the outweight and inweight ofT∆ lies at the endvertices

of T∆. We say that a vertext of a directed treeT is anoutleaf if t has one inneighbour and no

outneighbours, or aninleaf if t has one outneighbour and no inneighbours.

Lemma 3.24 Suppose that1/n � β, 1/∆′ � 1/∆ � σ � 1. Let T be a directed tree onn

vertices with|T∆′| 6 βn, and lety andz be the outweight and inweight ofT∆′ respectively. Let

G be a tournament on2n− 2 vertices. Then eitherG contains a copy ofT , or T∆ is a directed

path whose outleaf has outweight at leasty−σn and whose inleaf has inweight at leastz−σn.

Proof. Introduce new constantsα andη with

1

n
� β,

1

∆′ � α� 1

∆
� σ � η � 1.

Then by Lemma 3.21 we may assume thaty, z > ηn. Also, if |T∆| = 1 thenG contains a copy

of T by Lemma 3.5, so we may assume that|T∆| > 2.

Suppose that some vertext ∈ T has the property thatw−(t) 6 z − αn − 1, and also that

every outcomponent oft contains at mostw+(t) − 3αn = |V +| − 3αn vertices, where the

setV − consists oft and every vertex in an incomponent oft, andV + := V (T ) \ V −. Then

|V −| 6 w−(t) + 1 6 z − αn, and every edge ofT betweenV − andV + is directed fromV −

to V +. Also, each component ofT [V +] contains at mostw+(t) − 3αn vertices. Now, select a

source vertex from the largest component ofT [V +], delete this vertex fromV +, and add it to

V −. Repeat this step until we have|V +| 6 y + 2αn and|V −| 6 z − αn. For these finalV +

andV −, letF+ := T [V +] and letF− := T [V −]. ThenF− andF+ are forests which partition

the vertices ofT , with |F+| 6 y+2αn and|F−| 6 z−αn. Also, every edge ofT betweenF−

andF+ is directed fromF− to F+. Finally, since we always deleted a vertex from the largest

component ofT [V +], no component ofF+ contains more than|F+| − 3αn 6 y− αn vertices.
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So by Lemma 3.23(i)G contains a copy ofT . So we may assume that

(†) there is no vertext ∈ T such thatw−(t) 6 z−αn− 1 and every outcomponent

of t contains at mostw+(t)− 3αn vertices. In particular, this implies that for every

inleaf t of T∆, at leastn/2∆ vertices ofT lie in incomponents oft.

Indeed, ifT∆ contains some inleaft such that fewer thann/2∆ 6 z − αn− 1 vertices ofT lie

in incomponents oft, then by the definition ofT∆ at leastn/2∆−1 vertices ofT lie in outcom-

ponents oft other than the outcomponent containing the remaining vertices ofT∆. Moreover,

the definition ofT∆ also implies that at leastn/∆ vertices ofT lie in the one component of

T − t containingT∆ − t. Altogether this shows that every outcomponent oft contains at most

w+(t) − n/2∆ + 1 6 w+(t) − 3αn vertices, a contradiction. By the same argument with the

roles of incomponents and outcomponents switched, we may assume that

(††) there is no vertext ∈ T such thatw+(t) 6 y−αn− 1 and every incomponent

of t contains at mostw−(t)−3αn vertices. It follows from this that for every outleaf

t of T∆, at leastn/2∆ vertices ofT lie in outcomponents oft.

Claim. If T∆ has at least two inleaves or at least two outleaves, thenG contains a copy ofT .

To prove the claim, suppose thatT∆ has two outleavest andt′ (the proof for inleaves is similar).

Then we form a setV + of size betweenn − z + αn andy + 2αn such that any edge ofT

betweenV + andV − := V (G) \ V + is directed fromV − to V +. We may do this by repeatedly

selecting a sink vertex ofT , adding it toV + and removing it fromT . Now, by (††) at least

n/2∆ vertices lie in outcomponents oft, and at leastn/2∆ vertices lie in outcomponents of

t′. Furthermore, ifT ′ is an outcomponent oft, then any sink vertex inT ′ is a sink vertex inT ,
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and the same is true ifT ′ is instead an outcomponent oft′. So we may formV + andV − as

described above so that additionallyV + contains at leastn/2∆ vertices from outcomponents

of t and at leastn/2∆ vertices from outcomponents oft′. Fix such a choice ofV + andV −,

and letF+ := T [V +] andF− := T [V −] be the induced forests. Then|F+| 6 y + 2αn and

|F−| = n − |F+| 6 z − αn, and every edge ofT betweenF− andF+ is directed fromF−

to F+. So if every component ofF+ contains at mosty − αn vertices, thenG contains a

copy ofT by Lemma 3.23(i). We may therefore assume that the largest componentT+ of F+

contains more thany − αn > |F+| − n/4∆ vertices. SinceF+ includes at leastn/2∆ vertices

from outcomponents oft and at leastn/2∆ vertices from outcomponents oft′, it follows that

T+ contains at leastn/4∆ vertices from outcomponents oft and at leastn/4∆ vertices from

outcomponents oft′. As a consequenceT+ must containt andt′. Furthermore, we must have

t, t′ ∈ (T+)4∆, and so|(T+)4∆| > 2. SoG contains a copy ofT by Lemma 3.23(ii), which

proves the claim.

We may therefore assume thatT∆ has at most one outleaf and at most one inleaf. SoT∆ is a

path with one inleaf and one outleaf. Lett1, . . . , tx be the vertices of this path, labelled so that

t1 is the inleaf ofT∆ (sot1 → t2), tx is the outleaf ofT∆ (sotx−1 → tx), and for eachi ∈ [x−1]

there is an edge ofT∆ betweenti andti+1.

Now suppose that the inweight ofT∆ is less thanz− 2αn. Let the setV − consist of all vertices

of T which lie inT∆ or in incomponents ofT∆. Then|V −| 6 z − 2αn+ |T∆| 6 z − αn (since

|T∆| 6 |T∆′| 6 βn). Also, every edge ofT betweenV − andV + := V (T )\V − is directed from

V − to V +. Choose a source vertex ofT [V +], delete it fromV +, and add it toV −, and repeat

this step until we have|V −| 6 z − αn and|V +| 6 y + 2αn. For these finalV − andV +, let

F+ := T [V +] andF− := T [V −] be the induced forests. Then|F−| 6 z−αn, |F+| 6 y+2αn,

and every edge ofT betweenF− andF+ is directed fromF− to F+. Also, every component

of F+ is contained within a component ofT − T∆, and so has order at mostn/∆ 6 y − αn by
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Proposition 2.19(iv). SoG contains a copy ofT by Lemma 3.23(i). We may therefore assume

that the inweight ofT∆ is at leastz − 2αn, and by a similar argument we may also assume

that the outweight ofT∆ is at leasty − 2αn. It follows that the outweight ofT∆ is at most

n− (z − 2αn) 6 y + 3αn and that the inweight ofT∆ is at mostn− (y − 2αn) 6 z + 3αn.

We now suppose that fewer thany − σn vertices ofT lie in outcomponents oftx. LetT1 be the

subtree ofT formed byT∆ and all of its outcomponents. Initially let the setV + := V (T1), so

|V +| 6 y + 4αn, and every edge ofT betweenV + andV − := V (G) \ V + is directed from

V − to V +. Choose a sink vertex ofT [V −], delete it fromV − and add it toV +, and repeat this

step until we have|V +| 6 y + 4αn and|V −| 6 z − 2αn. Fix these finalV + andV − and let

F− := T [V −] andF+ := T [V +] be the induced forests. So|F+| 6 y + 4αn, |F−| 6 z − 2αn,

and every edge ofT betweenF− andF+ is directed fromF− to F+. Also T1 ⊆ F+, soT1

is contained within a single componentT+ of F+. Since at leasty − 2αn vertices ofT lie in

outcomponents ofT∆, at leastσn/2 vertices ofT lie in outcomponents ofT∆ other than the

outcomponents oftx. Moreover, sincetx is an outleaf ofT∆, by (††) at leastn/2∆ vertices lie

in outcomponents oftx. Sotx−1 ∈ (T+)2∆ andtx ∈ (T+)2∆. So |(T+)2∆| > 2. But since the

outweight ofT∆ is at leasty − 2αn we have|T+| > |T1| > y − 2αn, and soT+ must be the

largest component ofF+. SoG contains a copy ofT by Lemma 3.23(ii).

So we may assume that at leasty − σn vertices ofT lie in outcomponents oftx, as desired. If

fewer thanz−σn vertices ofT lie in incomponents oft1, then we may similarly embedT inG,

so we may also assume that at leastz − σn vertices ofT lie in incomponents oft1. So at most

3σn vertices ofT do not lie in incomponents oft1 or outcomponents oftx. It remains only to

show thatT∆ is a directed path. So suppose for a contradiction thatT∆ is not a directed path.

Then there is somei ∈ [x− 1] such thatti ← ti+1. Choose the minimal suchi (notei > 1 ast1

is an inleaf ofT∆). Thenti has two inneighbours and no outneighbours inT∆. So at least two

incomponents ofti contain at leastn/∆ vertices, and so no incomponent ofti contains more

119



thanw−(ti) − n/∆ 6 w−(ti) − 3αn vertices. Also, at most3σn 6 y − αn − 1 vertices ofT

lie in outcomponents ofti, contradicting(††). �

We can now prove that Sumner’s universal tournament conjecture holds for any large directed

treeT whose core treeT∆ contains precisely two vertices.

Lemma 3.25 Suppose that1/n � 1/∆′ � 1. Let T be a directed tree onn vertices with

|T∆′| = 2, and letG be a tournament on2n− 2 vertices. ThenG contains a copy ofT .

Proof. Introduce new constants∆, ε, γ andη with

1

n
� β,

1

∆′ �
1

∆
� ε� γ � η � 1.

Then|T∆′| = 2 6 βn. Also, since∆ 6 ∆′ we haveT∆ ⊆ T∆′. If |T∆| = 1, then by Lemma 3.5

G contains a copy ofT . So we may assume thatT∆ = T∆′ . Let t2 andt1 be the vertices of

T∆, labelled so thatt2 → t1. Let y be the outweight ofT∆, and letz be the inweight ofT∆, so

y + z = n − 2. Then by Lemma 3.24 (withε in the place ofσ), we may assume thatt2 has

inweight at leastz − εn, and also thatt1 has outweight at leasty − εn. LetT1 be the subtree of

T consisting of all vertices which lie inT∆ or in outcomponents ofT∆, and letT2 be the subtree

of T consisting of all vertices which lie inT∆ or in incomponents ofT∆. So |T1| = y + 2 and

|T2| = z + 2. By Lemma 3.21(i) we may assume thaty, z > ηn.
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As in the proof of Lemma 3.21, we partition the vertices ofG into setsA,B,C,D andE, where:

A := {v ∈ G : d+(v) 6 y + εn},

B := {v ∈ G : y + εn < d+(v) < n− εn},

C := {v ∈ G : d+(v), d−(v) > n− εn},

D := {v ∈ G : z + εn < d−(v) < n− εn},

E := {v ∈ G : d−(v) 6 z + εn}.

Sincey, z > ηn andε � η this is indeed a partition. Suppose first that|B| > 2. Then we

may embedT∆ in G[B]. Let S∆ ⊆ B be the set of vertices occupied byT∆. Then every

vertex ofS∆ has at leasty + εn − 1 > y + 2n/∆ outneighbours outsideS∆ and at least

|G| − 2 − (n − εn) > y + z + 2n/∆ inneighbours outsideS∆. So by Lemma 3.3(c) we may

extend the embedding ofT∆ in S∆ to an embedding ofT1 in G. This embedding ofT1 occupies

at mosty vertices ofG outsideS∆, and so we may apply Lemma 3.3(c) again to extend the

embedding ofT∆ in S∆ to an embedding ofT2 in G so that the embeddings ofT1 andT2 do

not overlap outsideT∆. Then together the embeddings ofT1 andT2 form an embedding ofT

in G. So we may assume that|B| 6 1. If |D| > 2 we may embedT in G in the same way by

embeddingT∆ in D and then extending this embedding to embeddings of firstT2 and thenT1

in G which do not overlap outsideT∆. So we may also assume that|D| 6 1.

Now suppose that|C| > 3. Then we may choose verticesv2, v1 ∈ C with v2 → v1 and

|N+(v1) ∩ N+(v2)| > ηn > ηn/2 + 2n/∆. Embedt1 to v1 and t2 to v2. Then since

|N+(v1)|, |N+(v2)| > n− εn > y+2n/∆, by Lemma 3.3(c) we may extend the embedding of

T∆ in {v1, v2} to an embedding ofT1 in G so that at leastηn/2 vertices ofT1 are embedded in

N+(v1)∩N+(v2). Then at mosty+2−ηn/2 vertices ofN−(v1)∪N−(v2) are occupied by this

embedding, and so in each ofN−(v1) andN−(v2) at leastn−εn− (y+2−ηn/2) > z+2n/∆

vertices remain unoccupied. So by Lemma 3.3(c) we may extendthe embedding ofT∆ in
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{v1, v2} to an embedding ofT2 in G which does not overlap with the embedding ofT1 outside

T∆. Then together these embeddings form an embedding ofT in G. So we may assume that

|C| 6 2, and hence that|A ∪E| > 2n− 6.

Claim. Either some vertex ofA has at leasty outneighbours inA∪B ∪D or some vertex ofE

has at leastz inneighbours inB ∪D ∪ E.

Indeed, suppose for a contradiction that both of these statements are false. Then certainly

every vertex ofA has fewer thany outneighbours inA and every vertex ofE has fewer thanz

inneighbours inE. So|A| 6 2y−1 and|E| 6 2z−1. Sincey+z = n−2 and|A∪E| > 2n−6,

we must have|A| = 2y − 1 and|E| = 2z − 1, and also|B| = 1, |D| = 1 and|C| = 2. Then

every vertex ofA must havey − 1 outneighbours inA, and so no vertex ofA can have an

outneighbour inB or in D. Likewise, every vertex ofE must havez − 1 inneighbours inE,

and so no vertex ofE can have an inneighbour inB or inD. But then if we letb be the vertex

inB andd be the vertex inD we haved+(b) = d+(d)±3, contradicting the definition ofB and

D. So either some vertex ofA has at leasty outneighbours inA ∪ B ∪D or some vertex ofE

has at leastz inneighbours inB ∪D ∪E. This completes the proof of the claim.

If somev ∈ A has at leasty outneighbours inA ∪ B ∪ D, then we embedT1 in G[A] so

that we may then embed the incomponents oft2 andt1 in the unoccupied vertices ofE andA

respectively. For this, note that|E| 6 2(z + εn) + 1, so|A| > 2n− 2z − 2εn− 7 > 2y − 3εn

(and similarly we have|E| > 2z − 3εn). Since everya ∈ A has at mosty + εn outneighbours

in A, by Proposition 3.1G[A] contains aγ-almost-regular subtournament on at least(2 − γ)y

vertices. LetY be the vertex set of this subtournament. Now,

|(A ∪B ∪D) \ Y | 6 2 + (2y + 2εn+ 1)− (2− γ)y 6 2γy,
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sov must have at least(1− 2γ)y outneighbours inY . Also, sincev ∈ A we have

(1− 2γ)y 6 |N+(v) ∩ Y | 6 y + εn 6 (1 + 2γ)y.

So at most10γy vertices ofN+(v)∩Y have more than(1−3γ)y outneighbours inN+(v)∩Y ,

and at most10γy vertices ofN+(v) ∩ Y have more than(1 − 3γ)y inneighbours inN+(v) ∩

Y . Since every vertex ofY has at least(1 − 2γ)y inneighbours inY and at least(1 − 2γ)y

outneighbours inY , this means that at least|N+(v)∩Y |−20γy > 3n/∆ vertices ofN+(v)∩Y

have at leastγy > 6n/∆ outneighbours inY \ N+(v) and at least6n/∆ inneighbours in

Y \ N+(v). Let T+ be the tree formed byt1 and its outcomponents, so|T+| 6 y + 1. Then

every component ofT+ − t1 is a component ofT − T∆ and so has order at mostn/∆ by

Proposition 2.19(iv). So by Lemma 3.2 (applied withN := N+(v) ∩ (A ∪ B ∪ D) andX :=

Y \N+(v)), we may embedT+ in G[A∪B ∪D] so thatt1 is embedded tov and at most4n/∆

vertices are embedded outsideN+(v).

Sincev ∈ A we haved+(v) 6 y + εn, and sov has at least

|Y | − 1− (y + εn)− 4n

∆
> 7εn (3.26)

inneighbours inY which are not occupied by the embedding ofT+. Let T ∗ be the tree formed

by all vertices ofT which do not lie in outcomponents oft1 or incomponents oft2. Then every

edge incident tot1 in T ∗ is directed towardst1. Also, |T ∗| 6 n−(y−εn)−(z−εn) = 2εn+2,

so certainly every component ofT ∗ − t1 has order at most2εn + 1. Together with (3.26) and

Theorem 1.2 this shows that we may extend the embedding oft1 in {v} to an embedding ofT ∗

in {v} ∪ (N−(v)∩ Y ) so that the embeddings ofT+ andT ∗ only overlap in the vertext1. Then

in particulart2 is embedded to some vertexv2 ∈ Y .
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To complete the embedding, observe that every vertex ofY has at least(1−2γ)y outneighbours

in Y , and therefore at most3γy outneighbours outsideY . So v2 has at least|E| − 3γy >

z + 2n/∆ inneighbours inE, none of which have been occupied by the embeddings ofT+ and

T ∗. LetT− be the subtree ofT consisting oft2 and all of its incomponents. Then|T−| 6 z+1,

and each component ofT− − t2 is a component ofT − T∆ and so has order at mostn/∆ by

Proposition 2.19(iv). So by Lemma 3.3(c) we may extend the embedding oft2 in {v2} to an

embedding ofT− in {v2} ∪E. These embeddings together form an embedding ofT in G.

If instead somev ∈ E has at leastz inneighbours inB∪D∪E then we may similarly embedT

in G by choosingZ to be the vertex set of aγ-almost-regular subtournament ofG[E] on at

least(2 − γ)z vertices and embeddingT− in G[B ∪ D ∪ E], then embeddingT ∗ − t2 in the

unoccupied vertices ofZ, before finally embeddingT+ − t1 in G[A]. �

We can now give the proof of Lemma 3.20. It was necessary to prove Lemma 3.25 separately

from this as the method of proof does not hold for|T∆| = 2 (we cannot obtain the partition of

V (G) into Y ∗ andZ∗ in this case).

Proof of Lemma 3.20.Introduce new constantsγ, α,∆ andη with

1

n
� β,

1

∆′ �
1

∆
� γ � α� η � 1.

Let y′ be the outweight ofT∆′ and letz′ be the inweight ofT∆′ . Then by Lemma 3.21 we may

assume thaty′, z′ > ηn. Similarly lety andz be the outweight and inweight ofT∆ respectively.

If |T∆| = 1, thenG contains a copy ofT by Lemma 3.5. If instead|T∆| = 2 thenG contains a

copy ofT by Lemma 3.25. So we may assume that` := |T∆| > 3, and by Lemma 3.24 we may

assume thatT∆ is a directed path. Lett1, . . . , t` be the vertices ofT∆, labelled so thatti → ti+1

for eachi ∈ [` − 1]. Then by Lemma 3.24 we may also assume that the inweight oft1 is at

leastz′ − γn and that the outweight oft` is at leasty′ − γn. This implies thatz > z′ − γn and
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y > y′ − γn. Sincey′ + z′ + |T∆′ | = y + z + |T∆| = n it follows that we must have

y = y′ ± 2γn andz = z′ ± 2γn. (3.27)

Finally, by Lemma 3.21 we may assume that there are disjoint setsY, Z ⊆ V (G) such that:

(a) |Y | > (2− γ)y′ and|Z| > (2− γ)z′,

(b) G[Y ] andG[Z] areγ-almost-regular, and

(c) any vertex ofY has at most3γn outneighbours inZ and any vertex ofZ has at most3γn

inneighbours inY .

LetX := V (G)\(Y ∪Z), so|X| 6 2γn. LetT ∗ be the subtree ofT formed by deleting fromT

all vertices in outcomponents oft` or incomponents oft1. So|T ∗| 6 n−(z′−γn)−(y′−γn) 6

3γn. LetT+ be the subtree ofT formed byt` and its outcomponents, and letT− be the subtree

of T formed byt1 and its incomponents. So|T+| 6 y + 1 and |T−| 6 z + 1. Also, each

component ofT+ − t` and each component ofT− − t1 is a component ofT − T∆ and so has

order at mostn/∆ by Proposition 2.19(iv).

Suppose that some vertexv ∈ X has at leastαn inneighbours inY and at leastαn outneigh-

bours inZ. Since` > 3, we may choosei with 1 < i < `. Embedti to v. LetTa be the subtree

of T ∗ consisting ofti and all of its outcomponents, and letTb be the subtree ofT ∗ consisting

of ti and all of its incomponents. Then|Ta|, |Tb| 6 |T ∗| 6 3γn. So by Lemma 3.3(c) we

may extend the embedding ofti in {v} to an embedding ofTa in Z ∪ {v}, and similarly we

may extend the embedding ofti in {v} to an embedding ofTb in Y ∪ {v}. Then in particu-

lar t1 is embedded to somev1 ∈ Y and t` is embedded to somev` ∈ Z. So v1 has at least

|Z| − 3γn > z + 3γn + 2n/∆ inneighbours inZ, at most3γn of which are occupied by the

embedding ofTa. Similarlyv` has at least|Y |−3γn > y+3γn+2n/∆ outneighbours inY , at
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most3γn of which are occupied by the embedding ofTb. So by Lemma 3.3(c) we may extend

the embedding oft1 in {v1} to an embedding ofT− in {v1}∪Z and also extend the embedding

of t` in {v`} to an embedding ofT+ in {v`} ∪ Y so that these embeddings together form a copy

of T in G.

So we may assume that no vertex ofX has at leastαn inneighbours inY and at leastαn

outneighbours inZ. LetX+ ⊆ X consist of all vertices ofX with fewer thanαn inneighbours

in Y , and letX− ⊆ X \X+ consist of all vertices ofX \X+ with fewer thanαn outneighbours

in Z. LetY ∗ := Y ∪X− and letZ∗ := Z ∪X+, soY ∗ andZ∗ partition the vertices ofG. Then

any vertex ofY ∗ has at mostαn outneighbours inZ, and thus at leastz + αn inneighbours

in Z∗ (by (a), (3.27) and the fact thatz′ > ηn). Similarly any vertex ofZ∗ has at mostαn

inneighbours inY , and therefore at leasty + αn outneighbours inY ∗. LetW ⊆ V (G) consist

of all vertices inY ∗ with at leasty+αn outneighbours inY ∗ and all vertices inZ∗ with at least

z + αn inneighbours inZ∗.

Now suppose that|W | > |T∆|. SinceT∆ is a directed path, by Theorem 1.4 we may embedT∆

in G[W ]. LetS∆ ⊆W be the set of vertices occupied by this embedding. Then|S∆| = |T∆| 6

|T∆′| 6 βn. So every vertex ofS∆ has at leasty + αn/2 > y + 2n/∆ outneighbours in

Y ∗ \ S∆ and at leastz + αn/2 > z + 2n/∆ inneighbours inZ∗ \ S∆. Let T1 be the subtree

of T consisting ofT∆ and all of its outcomponents, and letT2 be the subtree ofT consisting

of T∆ and all of its incomponents. So|T1| = ` + y and|T2| = `+ z. Also, each component of

T1 − T∆ and each component ofT2 − T∆ is a component ofT − T∆, and so has order at most

n/∆ by Proposition 2.19(iv). So by Lemma 3.3(c) we may extend theembedding ofT∆ in S∆

to an embedding ofT1 in Y ∗ ∪ S∆. Similarly by Lemma 3.3(c) we may extend the embedding

of T∆ in S∆ to an embedding ofT2 in Z∗ ∪ S∆. These embeddings ofT1 andT2 do not overlap

outsideT∆, and so together form an embedding ofT in G.
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We may therefore assume that|W | < |T∆|, and hence that|G − W | > 2n − 1 − `. Since

y+z = n−`, we must have either|Y ∗\W | > 2y or |Z∗\W | > 2z. Suppose that|Y ∗\W | > 2y.

ThenY ∗ \W contains a vertexv` with at leasty outneighbours inY ∗. So we may choose a

setN ⊆ N+(v`) ∩ Y ∗ with |N | = y. Then|N ∩ Y | > y − (|Y ∗| − |Y |) > y − 2γn. Now,

by (a), (b) and (3.27) every vertex ofY has at least(1− 2
√
γ)y inneighbours inY and at least

(1 − 2
√
γ)y outneighbours inY . Since|N | = y, at most6

√
γy vertices ofN ∩ Y have more

than (1 − 3
√
γ)y inneighbours inN ∩ Y , and at most6

√
γy vertices ofN ∩ Y have more

than(1 − 3
√
γ)y outneighbours inN ∩ Y . So at least|N ∩ Y | − 12

√
γn > 3n/∆ vertices

of N have at least6n/∆ inneighbours inY ∗ \ (N ∪ {v`}) and at least6n/∆ outneighbours in

Y ∗ \ (N ∪ {v`}). This means that by Lemma 3.2 (applied withY ∗ \ (N ∪ {v`}) playing the

role ofX) we may embedT+ in Y ∗ with t` embedded tov`, and at most4n/∆ vertices ofT+

embedded outsideN . Sincev` /∈W , v` has at mosty + αn outneighbours inY ∗, and sov` has

at least|Y | − 1 − (y + αn) − 4n/∆ > 9γn inneighbours inY which are not occupied by the

embedding ofT+. Since|T ∗| 6 3γn, by Lemma 3.3(c) we may extend the embedding oft` in v`

to an embedding ofT ∗ in Y which only overlaps the embedding ofT+ in t`. The vertext1 of T

is therefore embedded to some vertexv1 ∈ Y . By (3),v1 then has at least|Z|−3γn > z+2n/∆

inneighbours inZ, none of which have been occupied by the embeddings ofT ∗ andT+ so far.

So by Lemma 3.3(c) we may extend the embedding oft1 in {v1} to an embedding ofT− in

Z ∪ {v1}. Then the embeddings ofT+, T− andT ∗ combine to form an embedding ofT in G.

If instead we have|Z∗ \W | > 2z, then we may embedT in G similarly, first embeddingT− in

Z∗, then embeddingT ∗ in the unoccupied vertices ofZ, and finally embeddingT+ in Y . So in

either caseG contains a copy ofT , completing the proof. �
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3.6 Proof of Theorem 1.1

Having proved that Sumner’s conjecture holds for directed trees of small core, we now show

that the same is true for directed trees of large core, which completes the proof of Theorem 1.1.

We begin with an embedding result similar to Lemma 3.23.

Lemma 3.28 Suppose that1/n � 1/∆ � µ � ν � η � γ � α � β � 1. Let T be a

directed tree onn vertices, and let forestsF− andF+ be induced subgraphs ofT which partition

the vertices ofT such that|F+| > 6αn. Suppose also that every edge ofT betweenF− andF+

is directed fromF− to F+. Let Y andZ be disjoint sets with|Y | > 2|F+| − 2αn and|Z| >

2|F−| + αn, and letG be a tournament on vertex setY ∪ Z such that every vertex ofY has

at mostγ|G| outneighbours inZ and every vertex ofZ has at mostγ|G| inneighbours inY .

Finally, letT+
1 be the largest component ofF+, and suppose that either

(i) |T+
1 | 6 |F+| − 3αn,

(ii) G[Y ] is a robust(µ, ν)-outexpander withδ0(G[Y ]) > η|Y | and|(T+
1 )∆| > βn, or

(iii) ∆(T+
1 ) 6 ∆.

ThenG contains a copy ofT .

Proof. First observe that if|G| > 3n, thenG contains a copy ofT by Theorem 1.2. So we

may assume that|G| < 3n, and hence that every vertex ofY has at most3γn outneighbours

in Z and every vertex ofZ has at most3γn inneighbours inY . Let T+
2 be the second largest

component ofF+. Then|F+| − |T+
2 | > |F+|/2 > 3αn, so |Y | > |F+| + |T+

2 | + αn. Since

|Z| > 2|F−| + αn, by Lemma 3.4 any embedding ofT+
1 in G[Y ] may be extended to an

embedding ofT in G. So it is sufficient to embedT+
1 in G[Y ].
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Note that|Y | > 10αn, so if |T+
1 | < αn, thenG[Y ] contains a copy ofT+

1 by Theorem 1.2.

Alternatively, suppose that|T+
1 | > αn. If (i) holds, then|T+

1 | 6 |Y |/2 − 2αn, and so|Y | >

(2 + α)|T+
1 |. SoG[Y ] contains a copy ofT+

1 by Theorem 1.5(1). If instead (ii) holds thenG

contains a copy ofT+
1 by Lemma 2.32. Finally, if (iii) holds thenG contains a copy ofT+

1 by

Theorem 1.5(2), completing the proof. �

Observe that as with Lemma 3.4 and Lemma 3.23, a ‘dual’ form ofLemma 3.28 can be proved

similarly. For this we instead require that|F−| > 6αn, |Y | > 2|F+| + αn and|Z| > 2|F−| −

2αn, and also either that the largest component(T−
1 )∆ of F− contains at most|F−| − 3αn

vertices, or thatG[Z] is a robust(µ, ν)-outexpander withδ0(G[Z]) > η|Z| and|(T−
1 )∆| > βn,

or that∆(T−
1 ) 6 ∆. If these conditions are met we may conclude thatG contains a copy ofT .

As with Lemma 3.4, we sometimes implicitly refer to this ‘dual’ when referring to Lemma 3.28.

The next lemma is the final result we need to prove Theorem 1.1.It states that if we can find

disjoint subsetsY, Z ⊆ V (G) containing almost all of the vertices ofG, so thatG[Y ] andG[Z]

are robust outexpanders of large minimum semidegree with almost all edges betweenY andZ

directed the same way, thenG contains a copy ofT .

Lemma 3.29 Suppose that1/n � 1/∆ � µ � ν � η � γ � α � β � 1. Let T be a

directed tree onn vertices with|T∆| > βn. LetY andZ be disjoint sets with|Y ∪Z| > (2−α)n,

and letG be a tournament on vertex setY ∪ Z such that

(i) G[Y ] is a robust(µ, ν)-outexpander withδ0(G[Y ]) > η|Y |,

(ii) G[Z] is a robust(µ, ν)-outexpander withδ0(G[Z]) > η|Z|, and

(iii) every vertex ofY has at mostγ|G| outneighbours inZ, and every vertex ofZ has at most

γ|G| inneighbours inY .

ThenG contains a copy ofT .
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Proof. If |Y ∪ Z| > (2 + α)n, thenG contains a copy ofT by Theorem 1.5(1). So we may

assume that|Y ∪ Z| = (2 ± α)n. Suppose first that|Z| < 64αn. Then|Y | > (2 − 65α)n,

and henceG[Y ] contains a copy ofT by (i) and Lemma 2.32. Similarly if|Y | < 64αn, then

by (ii) and Lemma 2.32G[Z] contains a copy ofT . So we may assume that|Y | > 64αn and

|Z| > 64αn.

So we may form a forestF+
1 of order between|Y |/2 + 4αn and |Y |/2 + 5αn by repeatedly

choosing a sink vertex ofT , deleting it fromT and adding it toF+
1 . LetF−

1 := T −F+
1 , so that

|Z|
2
− 6αn 6 n− |Y |

2
− 5αn 6 |F−

1 | 6 n− |Y |
2
− 4αn 6

|Z|
2
− 3αn. (3.30)

We therefore have|Y | > 2|F+
1 | − 10αn and|Z| > 2|F−

1 |+ 6αn. Note also that|F+
1 | > 36αn.

Let T ′ be the largest component ofF+
1 . If |T ′| 6 |F+

1 | − 18αn or |T ′
∆| > βn/3 thenG contains

a copy ofT by (i), (iii) and Lemma 3.28. So we may assume that|T ′| > |F+
1 | − 18αn, and that

|T ′
∆| < βn/3.

Next we form a forestF−
2 which is a subgraph ofT and which containsF−

1 . To do this, take

F−
2 initially to beF−

1 . Then select a source vertex ofF+
1 , delete it fromF+

1 and add it toF−
2 ,

and repeat this step until|Z|/2 + 4αn 6 |F−
2 | 6 |Z|/2 + 5αn, and letF+

2 := T − F−
2 . Then

by (3.30) we have|F+
1 ∩ F−

2 | = |F−
2 | − |F−

1 | 6 11αn. Also |F+
2 | 6 |Y |/2 − 3αn, and so

we have both|Z| > 2|F−
2 | − 10αn and|Y | > 2|F+

2 | + 6αn. Observe also that|F−
2 | > 36αn.

Let T ′′ be the largest component ofF−
2 . Then if |T ′′| 6 |F−

2 | − 18αn thenG contains a copy

of T by (ii), (iii) and Lemma 3.28. So we may assume that|T ′′| > |F−
2 | − 18αn. Clearly

|T ′ ∩ T ′′| 6 |F+
1 ∩ F−

2 | 6 11αn, and so|T ′ ∪ T ′′| > |T ′| + |T ′′| − |T ′ ∩ T ′′| > (1 − 47α)n.

This implies that|T ′′
∆| > βn/3, as otherwise by Lemma 2.21 we would have|T∆| < βn, a

contradiction. ThusG contains a copy ofT by (ii), (iii) and Lemma 3.28, as desired. �
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Proof of Theorem 1.1.Introduce new constants with

1

n
� 1

∆
� µ� ν � η � γ � α� α′ � β � 1.

If |T∆| < βn thenG contains a copy ofT by Lemma 3.20. So we may assume that|T∆| > βn.

Let x := |T∆|, let y be the outweight ofT∆, and letz be the inweight ofT∆, sox+ y + z = n.

Also let T1 be the subtree ofT formed byT∆ and all outcomponents ofT∆, and letT2 be the

subtree ofT formed byT∆ and all incomponents ofT∆, so|T1| = x+ y, and|T2| = x+ z.

By Lemma 2.12 we may choose disjoint subsetsS1, . . . , Sr of V (G) such that

(i) |⋃i∈[r] Si| > (1− γ)|G|,

(ii) for eachi ∈ [r], any vertexv ∈ Si has at mostγ|G| inneighbours in
⋃

j>i Sj and at most

γ|G| outneighbours in
⋃

j<i Sj, and

(iii) for each i ∈ [r], eitherG[Si] is a robust(µ, ν)-outexpander withδ0(G[Si]) > η|G| or

|Si| < γ|G|.

Let i be maximal such that|S1 ∪ · · · ∪ Si−1| < max{2(z − αn), 4αn}, and letj be minimal

such that|Sj+1 ∪ · · · ∪ Sr| < max{2(y − αn), 4αn}. Sincey + z 6 n − βn, by (i) we have

i 6 j (though equality is possible here). LetZ := S1 ∪ · · · ∪ Si, letY := Sj ∪ · · · ∪ Sr and let

X := Si+1 ∪ · · · ∪ Sj−1. Then we have

|Z \ Si| < max{2(z − αn), 4αn} and|Y \ Sj| < max{2(y − αn), 4αn}. (3.31)

Also, by the maximality ofi and the minimality ofj we have

|Z| > z + αn and|Y | > y + αn. (3.32)
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Claim. If |Z \ Si| > 11αn or |Y \ Sj| > 11αn thenG contains a copy ofT .

To prove the claim, suppose first that|Y \Sj| > 11αn. LetX− := Z∪X∪Sj andX+ := Y \Sj .

By (3.31) we have|X+| < 2y − 2αn. Also, by (ii) every vertex inX− has at mostγ|G|

inneighbours inX+ and every vertex inX+ has at mostγ|G| outneighbours inX−. Now,

T1 − T∆ is a forest ony > |X+|/2 + αn vertices in which each component has order at most

n/∆ by Proposition 2.19(iv). So by repeatedly deleting a sourcevertex ofT1 − T∆, we may

obtain a subforestF+ on between|X+|/2+2αn/3 and|X+|/2+αn vertices. So|F+| > 6αn,

and each component ofF+ has order at mostn/∆ 6 |F+|−3αn. LetF+ := T −F−, so every

edge ofT betweenF− andF+ is directed fromF− to F+. Since|X+| + |X−| > (1 − γ)|G|

by (i), we have

|F−| = n− |F+| 6 n− |X
+|

2
− 2αn

3
6
|X−|

2
− αn

2
.

So |X−| > 2|F−| + αn, and |X+| > 2|F+| − 2αn, and soG contains a copy ofT by

Lemma 3.28(i). If instead|Z \ Si| > 11αn thenG contains a copy ofT similarly. This

proves the claim.

We may therefore assume that|Z \ Si| < 11αn and|Y \ Sj| < 11αn. Suppose first thati = j.

Then|Si| > (1−γ)|G|−22αn > (2−α′)n, so by (iii)G[Si] is a robust(µ, ν)-outexpander with

δ0(G[Si]) > η|G| > η|Si|. ThusG contains a copy ofT by Lemma 2.32. Now suppose instead

thati 6= j, and also that|X| < 12α′n. Then|Si∪Sj | > (1−γ)|G|−|X|−22αn > (2−13α′)n.

Now if |Si| < γ|G|, then we must have|Sj| > (2 − 14α′)n. Then by (iii)G[Sj ] must be a

robust(µ, ν)-outexpander withδ0(G[Sj ]) > η|G| > η|Sj|, soG[Sj ] contains a copy ofT by

Lemma 2.32. Alternatively, if|Sj| < γ|G| thenG[Si] contains a copy ofT similarly. Finally,

if |Si|, |Sj| > γ|G|, then by (iii)G[Si] andG[Sj] must both be robust(µ, ν)-outexpanders with

δ0(G[Si]) > η|G| > η|Si| and δ0(G[Sj]) > η|Sj|. Also, by (ii) every vertex ofSi has at

mostγ|G| inneighbours inSj , and every vertex ofSj has at mostγ|G| outneighbours inSi. So

G[Si ∪ Sj] contains a copy ofT by Lemma 3.29.
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So we may assume thati 6= j, and also that|X| > 12α′n. We next consider two cases for the

size ofX, in each case showing thatT may be embedded inG.

Case 1:|X| > (1 + α)x.

Since by Proposition 2.19(iii) we have∆(T∆) 6 ∆, by Theorem 1.5(2) we may embedT∆

in G[X]. LetX ′ ⊆ X consist of the vertices occupied by this embedding. Now, by (ii) every

vertex ofX ′ has at mostγ|G| inneighbours inY , and hence by (3.32) at leasty + αn/2 out-

neighbours inY . Since by Proposition 2.19(iv) every component ofT1 − T∆ has order at most

n/∆, by Lemma 3.3(c) we may extend the embedding ofT∆ in G[X ′] to an embedding ofT1 in

G[X ′∪Y ]. Similarly by (ii) every vertex ofX ′ has at mostγ|G| outneighbours inZ, and hence

by (3.32) at leastz + αn/2 inneighbours inZ. Since by Proposition 2.19(iv) every component

of T2 − T∆ has order at mostn/∆, by Lemma 3.3(c) we may extend the embedding ofT∆ in

G[X ′] to an embedding ofT2 in G[X ′ ∪ Z]. Since these embeddings ofT1 andT2 only overlap

in T∆, they together form an embedding ofT in G.

Case 2:|X| < (1 + α)x.

Observe that if|Z| 6 2z + αn and|Y | 6 2y + αn, then by (i) and the fact thatx = |T∆| > βn

we have

|X| > (1− γ)|G| − |Z| − |Y | > 2n− 2z − 2y − 3αn > 2x− 3αn > (1 + α)x,

contradicting our assumption onX. So at least one of|Z| > 2z + αn and|Y | > 2y + αn must

hold. This gives us three further cases, which we consider separately.

Case 2(a):|Z| > 2z + αn, |Y | 6 2y + αn.
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In this case it is sufficient to embedT2 in G[X ∪ Z]. Indeed, by (ii) every vertex ofX ∪ Z

has at mostγ|G| inneighbours inY , and therefore by (3.32) at leasty + αn/2 outneighbours

in Y . Since by Proposition 2.19(iv) every component ofT − T2 has order at mostn/∆, any

embedding ofT2 in G[X ∪ Z] can be extended to an embedding ofT in G by Lemma 3.3(c).

Now, if |X ∪ Z| > 2|T2| + 2αn, then we may embedT2 in G[X ∪ Z] by Theorem 1.5(1). So

we may assume that|X ∪ Z| < 2|T2|+ 2αn. Also, by (i) we have

|X ∪ Z| > (1− γ)|G| − |Y | > 2n− 2y − 2αn = 2x+ 2z − 2αn = 2|T2| − 2αn.

So |X ∪ Z| = 2|T2| ± 2αn. In particular, since|T2| > |T∆| > βn, we have|X ∪ Z| > βn.

By repeatedly deleting a source vertex ofT∆, we may form a forestF which is an induced

subgraph ofT∆ (consisting of the undeleted vertices ofT∆) so that every edge betweenT∆−F

andF is directed fromT∆ toF , and also so that

|X|
2

+
2α′|T2|

3
6 |F | 6 |X|

2
+ α′|T2|.

Let F− := T2 − F . Then

|F−| = |T2| − |F | 6 |T2| −
|X|
2
− 2α′|T2|

3
6
|Z|
2
− α′|T2|

2
.

So|X| > 2|F | − 2α′|T2| and|Z| > 2|F−|+ α′|T2|. Also, |F | > |X|/2 > 6α′|T2|, and sinceF

is a subtree ofT∆, by Proposition 2.19(iii) each componentC of F has∆(C) 6 ∆. Since

by (ii) every vertex ofX has at mostγ|G| 6 2γ|X ∪Z|/β outneighbours inZ and every vertex

of Z has at mostγ|G| 6 2γ|X ∪ Z|/β inneighbours inX, G[X ∪ Z] contains a copy ofT2 by

Lemma 3.28, as required.

Case 2(b):|Z| 6 2z + αn, |Y | > 2y + αn.
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In this caseT may be embedded inG by the same method as in the previous case, with the roles

of inneighbours and outneighbours switched. So we begin by embeddingT1 in G[X ∪ Y ], and

then use Lemma 3.3(c) to extend this embedding to an embedding of T in G.

Case 2(c):|Z| > 2z + αn, |Y | > 2y + αn.

In this case, we partitionT into three forests as follows. Initially takeF− to be the forest

formed by all incomponents ofT∆, andF+ to be the forest formed by all outcomponents ofT∆.

Then select a source vertex ofT∆, delete it fromT∆ and add it toF−. Repeat this step until

2|F−|+ αn 6 |Z| 6 2|F−|+ 2αn. Next, select a sink vertex ofT∆, delete it fromT∆ and add

it to F+. Repeat this step until2|F+| + αn 6 |Y | 6 2|F+| + 2αn. Then letF consist of all

vertices remaining inT∆. SoF is a subgraph ofT∆. Also, by (i)

|F | = n− |F−| − |F+| 6 n− |Y |
2
− |Z|

2
+ 2αn 6

|X|
2

+ 3αn,

so (since|X| > α′n) |X| > |F | + αn. We embed the components ofF−, F andF+ in turn

amongst the vertices ofZ, X andY respectively. Indeed, the proof is similar to the proof of

Lemma 3.4, but with three forests instead of two.

Let C1, . . . , Cs be the components ofF−, F andF+, ordered so thatC1 is a component ofF ,

and for eachi ∈ [s− 1], Ci+1 has precisely one neighbour inC1∪ · · ·∪Ci. We embed theCi in

turn, so that each component ofF− is embedded inG[Z], each component ofF is embedded

in G[X], and each component ofF+ is embedded inG[Y ]. We also require that after eachCi

is embedded, the embeddings ofC1, . . . , Ci together form an embedding inG of the subtree

of T induced by the vertices ofC1, . . . , Ci. So suppose that we have successfully embedded

C1, . . . , Ci−1 in this manner, and we now wish to extend this embedding to includeCi. Then if

i > 2, there is precisely one edge ofT betweenCi andC1 ∪ · · · ∪ Ci−1. Let t be the endvertex

of this edge inC1 ∪ · · · ∪ Ci−1, and letv be the vertex to whicht was embedded. IfCi is a
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component ofF−, theni > 2, the edge betweent andCi is directed towardst andv ∈ X ∪ Y .

So we may letS consist of the inneighbours ofv in Z. Then by (ii) we have|S| > |Z| − γ|G|.

Let S ′ ⊆ S consist of the unoccupied vertices ofS. Since at most|F−| − |Ci| vertices ofS are

occupied by the embeddings ofC1, . . . , Ci−1,

|S ′| > |Z| − γ|G| − |F−|+ |Ci| > 2|Ci|+
αn

2
.

So if |Ci| < αn/2 thenG[S ′] contains a copy ofT by Theorem 1.2, and if|Ci| > αn/2 then

G[S ′] contains a copy ofT by Theorem 1.5(1). Alternatively, ifCi is a component ofF+, then

i > 2, the edge betweent andCi is directed towardsCi andv ∈ X ∪ Z. So we may letS

consist of the outneighbours ofv in Y , and letS ′ ⊆ S consist of the unoccupied vertices ofS.

Then we may embedCi in S ′ by the same argument as used whenCi is a component ofF−.

Finally, suppose thatCi is a component ofF . Then if i > 2 andt ∈ F+, let S consist of the

inneighbours ofv in X. If insteadi > 2 andt ∈ F−, let S consist of the outneighbours ofv

inX. If i = 1 then letS = X. Then by (ii) we have|S| > |X|−γ|G|. Again letS ′ ⊆ S consist

of the unoccupied vertices ofS. Then it suffices to embedCi in G[S ′]. Since at most|F | − |Ci|

vertices have been embedded inS, we have|S ′| > |X| − γ|G| − |F | + |Ci| > |Ci| + αn/2.

Now,Ci is a subtree ofT∆, so∆(Ci) 6 ∆ by Proposition 2.19(iii). So if|Ci| > αn/4, then

G[S ′] contains a copy ofCi by Theorem 1.5(2). On the other hand, if|Ci| < αn/4, thenG[S ′]

contains a copy ofCi by Theorem 1.2. So in any case we may embedCi as desired, completing

the proof. �
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CHAPTER 4

LOOSEHAMILTON CYCLES IN UNIFORM

HYPERGRAPHS

In this chapter we prove Theorem 1.10, which is restated below for ease of reference.

Theorem 1.10For all k > 3 and anyη > 0 there existsn0 so that ifn > n0 then anyk-graph

H onn vertices withδ(H) > ( 1
2(k−1)

+ η)n contains a loose Hamilton cycle.

4.1 Extremal examples

Before proceeding to the proof of Theorem 1.10, in this section we present the constructions

which show that Theorems 1.9, 1.10 and 1.11 are each best possible up to the error termηn.

These constructions are well known, but we include them herefor completeness.

The following proposition shows that, if(k − `)|k, then Theorem 1.9 is best possible up to the

error termηn. By a perfect matchingin a k-graphH, we mean a set of disjoint edges ofH

whose union contains every vertex ofH.
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Proposition 4.1 For all k > 3, 1 6 ` 6 k − 1 and everyn > 3k such that(k − `)|k andk|n

there exists ak-graphH onn vertices withδ(H) > n
2
− k which does not contain a Hamilton

`-cycle.

Proof. Choosen
2
− 1 6 a 6 n

2
+ 1 so thata is odd. LetV1 andV2 be disjoint sets of sizea

andn−a respectively, and letH be thek-graph on vertex setV = V1∪V2 and with all thosek-

element subsetsS of V such that|S∩V1| is even as edges. Thenδ(H) > min(a, n−a)−k+1 >

n
2
−k. Now, any Hamiltoǹ -cycleC inH would contain a perfect matching, consisting of every

k
k−`

th edge ofC. Every edge in this matching would contain an even number of vertices fromV1,

and so|V1| would be even. Since|V1| = a is odd,H cannot contain a Hamiltoǹ-cycle. �

A recent construction of Markström and Ruciński ([35]) shows that Proposition 4.1 still holds

if we drop the requirement thatk | n. Part (i) of the next proposition gives a lower bound on

the minimum degree required to guarantee that ak-graph onn vertices contains a Hamilton

cycle (of any kind). In particular, this shows that Theorem 1.10 is best possible, up to the error

term ηn. Likewise, part (ii) shows that Theorem 1.11 is best possible, again up to the error

termηn.

Proposition 4.2 For all integersk > 3, 1 6 ` 6 k − 1 and everyn > 2k − 1,

(i) there exists ak-graphH onn vertices withδ(H) > d n
2k−2
e − 1 which does not contain a

Hamilton cycle.

(ii) there exists ak-graphH′ on n vertices withδ(H′) > d n
d k

k−`
e(k−`)

e − 1 which does not

contain a Hamiltoǹ-cycle.

Proof. For (i), letV1 andV2 be disjoint sets of sized n
2k−2
e− 1 andn− d n

2k−2
e+ 1 respectively.

LetH be thek-graph on vertex setV = V1 ∪ V2 whose edges are all thosek-sets of vertices
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which contain at least one vertex fromV1. ThenH has minimum degreeδ(H) = d n
2k−2
e − 1.

However, any cyclic ordering of the vertices ofH must contain2k − 2 consecutive vertices

v1, . . . , v2k−2 from V2, but thenvk−1 andvk cannot be contained in a common edge consisting

of k consecutive vertices, and soH cannot contain a Hamilton cycle.

For (ii), let a := d n
d k

k−`
e(k−`)

e − 1 and formH′ as in (i), with disjoint vertex setsV ′
1 andV ′

2 of

sizesa andn−a respectively. Thenδ(H′) = a. However, aǹ -cycle onn vertices hasn/(k−`)

edges and every vertex on such a cycle lies in at mostd k
k−`
e edges. Sinced k

k−`
e|V ′

1 | < n/(k−`),

H′ cannot contain a Hamiltoǹ-cycle. �

4.2 Outline of the proof of Theorem 1.10

In our proof of Theorem 1.10 we construct the loose Hamilton cycle by finding several paths

and joining them into a spanning cycle. Here ak-graphP is apath if its vertices can be given

a linear ordering such that every edge ofP consists ofk consecutive vertices, and so that every

pair of consecutive vertices ofP lie in an edge ofP . Similarly as for cycles, we say that a

pathP is looseif edges ofP intersect in at most one vertex. The ordering of the verticesof P

naturally gives an ordering of the edges ofP . We say that any vertex ofP which lies in the

initial edge ofP , but not the second edge ofP , is aninitial vertex. Similarly, any vertex ofP

which lies in the final edge ofP but not the penultimate edge is afinal vertex. Also, we refer to

vertices ofP which lie in more than one edge ofP aslink vertices. So a loose pathP hask− 1

initial vertices,k − 1 final vertices, and one link vertex in each pair of consecutive edges.

In Section 4.3, we introduce various ideas we need in the proof of Theorem 1.10. In particu-

lar, we state an analogue of the Szemerédi regularity lemmafor hypergraphs due to Rödl and

Schacht [41] and Theorem 4.5 due to Keevash [23]. The latter provides a useful way of applying

the hypergraph blow-up lemma. In Section 4.4, we prove various auxiliary results, including a
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result on finding loose paths in completek-partitek-graphs, and an approximate minimum de-

gree condition to guarantee a near-perfect packing ofH with a particulark-graphAk. Finally,

in Section 4.5 we use the regularity method to prove Theorem 1.10 as follows.

4.2.1 Imposing structure onH

We begin in Section 4.5.1 with the following steps, which correspond to those in the description

of the regularity method in the introduction.

1. We apply the hypergraph regularity lemma to partition thevertex set ofH into clusters.

2. Next, we define a suitable ‘reducedk-graph’R of H, as discussed in the introduction.

3. We find copies of a suitable auxiliaryk-graphAk covering almost all vertices ofR.

We use this structure of the reducedk-graphR to find a Hamilton cycle inH. In the remaining

part of Section 4.5.1, we split the sub-k-graph ofH corresponding to each copy ofAk in R

into the same number of vertex-disjointk-partitek-graphsH i on vertex setsX i. These are

suitable for embedding almost spanning loose paths (the sizes of the vertex classes of eachH i

are chosen to meet this condition). We also form an ‘exceptional’ loose pathLe which contains

all of the vertices ofH not contained in any of theX i (actually, if |V (H)| is not divisible by

k − 1, thenLe contains two consecutive edges which intersect in more thanone vertex).

4.2.2 The linking strategy

To complete the proof, in Section 4.5.3 we use the structure imposed onH to find a Hamilton

cycle inH by the following process.
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(a) Thek-graphsH i are connected by means of a walkW = e1, . . . , e` in the ‘supplementary

graph’. This graph (which we define in Section 4.5.2) has vertices1, . . . , t′ corresponding

to thek-graphsH i.

(b) Using Lemma 4.19, each edgeej of W is used to create a short ‘connecting’ loose path

Lj in H joining two differentH is.

(c) Le and the pathsLj are extended to ‘prepaths’ (these can be thought of as a path minus

an initial vertex and a final vertex)L∗
e = I0LeF0 andL∗

j = IjLjFj , whereI0, F0 and all

Ij , Fj are sets of sizek − 2. These prepaths have the property that there are large setsI ′j

andF ′
j such thatL∗

j can be extended to a loose path by adding any vertex ofI ′j as an initial

vertex and any vertex ofF ′
j as a final vertex. Similarly there are large setsI ′`+1 andF ′

0 so

thatL∗
e can be extended to a path by adding any vertex ofI ′`+1 as an initial vertex and any

vertex ofF ′
0 as a final vertex.I ′j+1 andF ′

j both lie in the sameH i (for all j = 0, . . . , `).

(d) For eachH i and for all those pairsI ′j+1, F
′
j which lie inH i, we choose a loose pathL′

j+1

insideH i fromF ′
j to I ′j+1. For eachi, we use the hypergraph blow-up lemma (in the form

of Theorem 4.5) to ensure that together all thoseL′
j which lie inH i use all the remaining

vertices ofH i.

(e) The loose Hamilton cycle is then the concatenationL∗
eL

′
1L

∗
1 . . . L

′
`L

∗
`L

′
`+1.

4.2.3 Controlling divisibility

Note that the number of vertices of a loose path is1 modulok − 1. So in order to apply

Theorem 4.5 to obtain spanning loose paths in a subgraph ofH i, we need this subgraph to

satisfy this condition. So we choose our paths sequentiallyto satisfy the following congruences

modulok − 1.

(a) Le is chosen with|V (H) \ V (Le)| ≡ −1.
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(b) LetX i(j−1) be the subset ofX i obtained by removingV (L1), . . . , V (Lj−1). (All theX i

are disjoint fromV (Le).) Letdi be the number of times thatW visitsH i. When choosing

Lj , for everyX i it traverses (except the final one) we arrange to intersectX i(j − 1) in a

set of size≡ ti(j) ≡ |X i(j−1)|+di (the size modulok−1 of the intersection ofLj with

the finalX i it traverses is then determined by the sizes of the other intersections). The

choice ofLe in (a) ensures that after allLj have been picked, the remaining partX i(`) of

X i has size≡ −di.

(c) EachLj is extended to a prepathL∗
j by addingIj andFj . Similarly,Le is extended into a

prepathL∗
e by addingI0 andF0. Now the remaining part ofX i has size≡ di.

(d) It remains to selectdi pathsL′
j within eachX i: each uses≡ 1 vertices, so the divisibility

conditions are satisfied.

4.3 Regularity and the blow-up lemma

4.3.1 Graphs and complexes

A hypergraphH consists of a vertex setV (H) and an edge setE(H), where each edgee

satisfiese ⊆ V (H). In particular, ak-graph is a hypergraph in which every edge has sizek.

A hypergraphH is a k-complexif every edge has size at mostk andH forms a simplicial

complex,i.e. if e1 ∈ H ande2 ⊆ e1 thene2 ∈ H. Throughout Chapter 4, we frequently identify

a hypergraphH with its edge set, writinge ∈ H if e is an edge ofH and using|H| to denote

the number of edges ofH.

We say that a hypergraphH is r-partite if its vertex setX is divided intor partsX1, . . . , Xr so
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that for any edgee ∈ H, |e∩Xi| 6 1 for eachi. We call theXi thevertex classesofH and say

that the partitionX1, . . . , Xr of X is equitableif everyXi has the same size. A setA ⊆ X is

r-partite if |A∩Xi| 6 1 for eachi. So every edge of anr-partite hypergraph isr-partite. In the

same way we considerr-partitek-graphs andr-partitek-complexes. Given ak-graphH, we

define ak-complexH6 = {e1 : e1 ⊆ e2 ande2 ∈ H} and a(k−1)-complexH< = {e1 : e1 ⊂ e2

ande2 ∈ H}. Conversely, for ak-complexH we define thek-graphH= to be the ‘top level’ of

H, i.e. H= = {e ∈ H : |e| = k}. (HereV (H) = V (H6) = V (H<) = V (H=).)

Given ak-graphG and a setW of vertices ofG, G[W ] denotes the sub-k-graph ofG obtained

by removing all vertices and edges not contained inW (in this case, we sayG is restricted to

W ). For ak-graphG and a sub-k-graphH ⊆ G writeG−H for G[V (G) \ V (H)].

Now, letX1, . . . , Xr be disjoint vertex sets, and letX = X1 ∪ · · · ∪Xr. GivenA ∈
(

[r]
6k

)
, we

write KA(X) for the complete|A|-partite |A|-graph whose vertex classes are all theXi with

i ∈ A. Theindexof anr-partite subsetS of X is i(S) = {i ∈ [r] : S ∩Xi 6= ∅}. Furthermore,

given any setB ⊆ i(S), we writeSB = S ∩ ⋃i∈B Xi. Similarly, givenA ∈
(

[r]
6k

)
and an

r-partitek-graph ork-complexH on vertex setX we writeHA for the collection of edges inH

of indexA and letH∅ = {∅}. In particular, ifH is ak-complex thenH{i} is the set of all those

vertices inXi which lie in an edge ofH (and thus form a (singleton) edge ofH). In general,

we often viewHA as an|A|-partite|A|-graph with vertex setXA. Also, given ak-complexH

we similarly writeHA6 =
⋃

B⊆AHB andHA< =
⋃

B⊂AHB. We writeH∗
A for the |A|-graph

whose edges are thoser-partite setsS ⊆ X of indexA for which all proper subsets ofS belong

toH. (In other words, a setS with indexA satisfiesS ∈ H∗
A if and only if for all j < |A| the

edges ofH which have sizej and are subsets ofS form a completej-graph on|S| vertices.)

Then therelative density ofH at indexA is dA(H) = |HA|/|H∗
A|. Theabsolute density ofHA

is d(HA) = |HA|/|KA(X)|. (Note that|KA(X)| = ∏
i∈A |Xi|.) If H is ak-partitek-complex

we may simply writed(H) for d(H[k]). Similarly, thedensityof a k-partitek-graphH on
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X = X1 ∪ · · · ∪Xk is d(H) = |H|/|K[k](X)|.

Finally, for any vertexv of a hypergraphH, we define thevertex degreed(v) of v to be the

number of edges ofH which containv. Note that this is not the same as the degree defined

earlier, which was for sets ofk − 1 vertices. Themaximum vertex degreeof a hypergraphH is

the maximum ofd(v) taken over all verticesv of H. Thevertex neighbourhoodV N(v) of v is

the set of all verticesu ∈ H for which some edge ofH contains bothu andv. For ak-partite

k-complexH on vertex setX1 ∪ · · · ∪Xk we also define theneighbourhood complexH(v) of

a vertexv ∈ Xi for somei to be the(k − 1)-partite(k − 1)-complex with vertex set
⋃

j 6=iXj

and edge set{e ∈ H : e ∪ {x} ∈ H}.

4.3.2 Regular complexes

In this subsection we define the concept of regular complexes(which was first introduced in

the k-uniform case by Rödl and Skokan [43]) in the form used by Rödl and Schacht [41].

This is a generalisation of the concept of regularity in graphs. Roughly speaking, we say that

a k-complexG is regular if the restriction ofG to any large subcomplex of lower rank has

similar densities toG. More precisely, letG be anr-partitek-complex on the vertex setX =

X1 ∪ · · · ∪ Xr. For anyA ∈
(

[r]
6k

)
, we say thatGA is ε-regular if for any H ⊆ GA< with

|H∗
A| > ε|G∗

A| we have
|GA ∩H∗

A|
|H∗

A|
= dA(G)± ε.

We sayG is ε-regular if GA is ε-regular for everyA ∈
(

[r]
6k

)
. To illustrate the definition for

k = 3, suppose thatA = [3]. Then for instance the top level ofG[2] is the bipartite subgraph

of G induced byX1 andX2 andG∗
A is the set of (graph) triangles inG. So roughly speaking,

the regularity condition states that if we consider a subgraph ofG[2] ∪ G{1,3} ∪ G{2,3} which

spans a large number of triangles, then the proportion of these which also form an edge ofGA

is close todA(G), i.e. close to the proportion of (graph) triangles inG betweenX1,X2 andX3
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which form an edge ofG.

Roughly speaking, the hypergraph regularity lemma states that an arbitraryk-graph can be split

into pieces, each of which forms a regulark-complex. The version of the regularity lemma we

use also involves the notion of a ‘partition complex’, whichis a certain partition of the edges of

a completek-complex. As before, letX = X1 ∪ · · · ∪Xr be anr-partite vertex set. Apartition

k-systemP onX consists of a partitionPA of the edges ofKA(X) for eachA ∈
(

[r]
6k

)
. We refer

to the partition classes ofPA ascells. So every edge ofKA(X) is contained in precisely one cell

of PA. P is apartitionk-complex onX if it also has the property that wheneverS, S ′ ∈ KA(X)

lie in the same cell ofPA, we have thatSB andS ′
B lie in the same cell ofPB for anyB ⊆ A.

This property ofS, S ′ forms an equivalence relation on the edges ofKA(X), which we refer

to asstrong equivalence. To illustrate this, again suppose thatk = 3 andA = [3]. Then if

P is a partitionk-complex,P{1}, P{2} andP{3} together yield a vertex partitionQ1 refining

X1, X2, X3. Q1 naturally induces a partitionQ2 of the3 complete bipartite graphs induced by

the pairsXi, Xj . P{1,2}, P{2,3} andP{1,3} also yield a partitionQ′
2 of these complete bipartite

graphs. The requirement of strong equivalence now implies thatQ′
2 is a refinement ofQ2. At

the next level,Q′
2 naturally induces a partitionQ3 of the set of triples induced byX1, X2 andX3.

As before, strong equivalence implies that the partitionP{1,2,3} of these triples is a refinement

of Q3.

Let P be a partitionk-complex onX = X1 ∪ · · · ∪Xr. For i ∈ [k], the cells ofP{i} are called

clusters(so each cluster is a subset of someXi). We say thatP is vertex-equitableif all clusters

have the same size.P is a-boundedif |PA| 6 a for everyA (i.e. if KA(X) is divided into at

mosta cells by the partitionPA). Also, for anyr-partite setQ ∈
(

X
6k

)
, we writeCQ for the

set of all edges lying in the same cell ofP asQ, and writeCQ6 for the r-partitek-complex

whose vertex set isX and whose edge set is
⋃

Q′⊆QCQ′. (SinceP is a partitionk-complex,

CQ6 is indeed a complex.) The partitionk-complexP is ε-regular if CQ6 is ε-regular for every
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r-partiteQ ∈
(

X
6k

)
.

Given a partition(k− 1)-complexP onX andA ∈
(
[r]
k

)
, we can define an equivalence relation

on the edges ofKA(X), namely thatS, S ′ ∈ KA(X) are equivalent if and only ifSB andS ′
B lie

in the same cell ofP for any strict subsetB ⊂ A. We refer to this asweak equivalence. Note

that if the partition complexP is a-bounded, thenKA(X) is divided into at mostak classes by

weak equivalence. If we letG be anr-partitek-graph onX, then we can use weak equivalence

to refine the partition{GA, KA(X) \ GA} of KA(X) (i.e. two edges ofGA are in the same

cell if they are weakly equivalent and similarly for the edges not inGA). Together withP , this

yields a partitionk-complex which we denote byG[P ]. If G[P ] is ε-regular then we say thatG

is perfectlyε-regular with respect toP . Note that ifG[P ] is ε-regular thenP must beε-regular

too.

Finally, we say thatr-partitek-graphsG andH onX areν-closeif |GA4HA| < ν|KA(X)| for

everyA ∈
(
[r]
k

)
, i.e. if there are few edges contained inG but not inH and vice versa.

The version of the regularity lemma which we use to split ourk-graphH into regulark-

complexes actually states that there is somek-graphG which is close toH and which is regular

with respect to some partition complex. This is sufficient for our purposes, as we avoid the use

of any edges inG \H, so every edge used lies in bothG andH. There are various other forms

of the regularity lemma fork-graphs which give information onH itself (the first of these were

proved in [43, 13]); we use one such form in Chapter 5. However, these versions do not have

the hierarchy of densities necessary for the application ofthe blow-up lemma (see [23] for a

fuller discussion of this point). This version is due to Rödl and Schacht [41] (actually it is a

very slight restatement of their result).

Theorem 4.3 (Theorem 14, [41])Suppose integersn, a, r, k and realsε, ν satisfy1/n� ε�

1/a� ν, 1/r, 1/k and wherea!r dividesn. Suppose also thatH is anr-partitek-graph whose

vertex classesX1, . . . , Xr form an equitable partition of its vertex setX, where|X| = n. Then
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there is ana-boundedε-regular vertex-equitable partition(k − 1)-complexP on X and an

r-partitek-graphG onX that isν-close toH and perfectlyε-regular with respect toP .

One important property of regular complexes is that they remain regular when restricted to a

large subset of their vertex set. For regulark-partitek-complexes this property is formalised by

the following lemma, a special case of Lemma 6.18 in [23]:

Lemma 4.4 (Restriction of regular complexes)Suppose0 < ε � ε′ � d � c � 1/k,

and thatG is anε-regulark-partitek-complex on vertex setX = X1 ∪ · · · ∪ Xk such that

G{i} = Xi for eachi andd(G) > d. Let W be a subset ofX such that|W ∩ Xi| > c|Xi|

for eachi. Then the restrictionG[W ] of G to W is ε′-regular, withd(G[W ]) > d(G)/2 and

d[k](G[W ]) > d[k](G)/2.

4.3.3 Robustly universal complexes

Apart from Theorem 4.3, the other main tool we use in the proofof Theorem 1.10 is the recent

hypergraph blow-up lemma of Keevash. This result involves not only ak-complexG, but also

a k-graphM of ‘marked’ edges on the same vertex set. If the pair(G,M) is ‘super-regular’,

then this blow-up lemma can be applied to embed any spanning bounded-degreek-complex in

G \M , i.e. within G but avoiding any marked edges. We apply this withM = G \ H where

G is thek-graph given by Theorem 4.3. Super-regularity is a strongernotion than regularity. A

result in [23] states that everyε-regulark-complex can be made super-regular by deleting a few

of its vertices. Unfortunately, the notion of hypergraph super-regularity is very technical, but

the following definition avoids many of these technicalities. LetJ ′ be ak-partitek-complex.

Roughly speaking, we say thatJ ′ is robustlyD-universal if the following holds: even after

deletion of many vertices ofJ ′, the resulting complexJ has the property that one can find inJ a

copy of anyk-partitek-complexL which has vertex degree at mostD and whose vertex classes
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are the same as those ofJ . Condition (i) puts a natural restriction on the number of vertices

we are allowed to delete from the neighbourhood complex of a vertex ofG′ and condition (iii)

states that for a few verticesu of L we can even prescribe a ‘target set’ inG into whichu is

embedded.

Definition. (Robustly universal complexes)Suppose thatJ ′ is ak-partitek-complex onV ′ =

V ′
1 ∪ · · · ∪ V ′

k with J ′
{i} = V ′

i for eachi ∈ [k]. We say thatJ ′ is (c, c0)-robustlyD-universalif

whenever

(i) Vj ⊆ V ′
j are sets with|Vj| > c|V ′

j | for all j ∈ [k], such that writingV =
⋃

j∈[k] Vj and

J = J ′[V ] we have|J(v)=| > c|J ′(v)=| for anyj ∈ [k] andv ∈ Vj,

(ii) L is a k-partite k-complex of maximum vertex degree at mostD on some vertex set

U = U1 ∪ · · · ∪ Uk with |Uj| = |Vj| for all j ∈ [k],

(iii) U∗ ⊆ U satisfies|U∗ ∩ Uj | 6 c0|Xj| for every j ∈ [k], and setsZu ⊆ Vi(u) satisfy

|Zu| > c|Vi(u)| for eachu ∈ U∗,

thenJ contains a copy ofL, in which for eachj ∈ [k] the vertices ofUj correspond to the

vertices ofVj, andu corresponds to a vertex ofZu for everyu ∈ U∗.

So our use of the blow-up lemma is hidden through this definition. Of course, we need to obtain

robustly universal complexes. This is the purpose of the next theorem, which states that given

a regulark-partitek-complexG with sufficient density, and ak-partitek-graphM on the same

vertex set which is small relative toG, we can delete a small number of vertices from their

common vertex set so thatG \M is robustly universal. It is a special case of Theorem 6.32

in [23].

Theorem 4.5 (Theorem 6.32, [23])Suppose that1/n � ε � c0 � d∗ � da � θ �

d, c, 1/k, 1/D, 1/C, G is a k-partitek-complex onV = V1 ∪ · · · ∪ Vk with n 6 |G{j}| =
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|Vj| 6 Cn for everyj ∈ [k], G is ε-regular withd[k](G) > d andd(G[k]) > da, andM ⊆ G=

with |M | 6 θ|G=|. Then we can delete at most2θ1/3|Vj| vertices from eachVj to obtain

V ′ = V ′
1 , . . . , V

′
k,G′ = G[V ′] andM ′ = M [V ′] such that

(i) d(G′) > d∗ and|G′(v)=| > d∗|G′
=|/|V ′

i | for everyv ∈ V ′
i , and

(ii) G′ \M ′ is (c, c0)-robustlyD-universal.

4.4 Preliminary results

In this section we collect the preliminary results we need toprove Theorem 1.10. In order to

apply Theorem 4.5, we need to know under what conditions we can find particular loose paths

in completek-partitek-graphs, which is the topic of the next subsection.

4.4.1 Loose paths in complete graphs

The problem of when we can find particular loose paths in a completek-partitek-graph can be

reformulated in terms of the question of which strings satisfying certain adjacency conditions

can be produced from a fixed character set; the following lemma is the result we need.

Lemma 4.6 Let ` anda1, . . . , ak be integers such that0 6 ai < `/2 for all i, and` =
∑k

i=1 ai.

Then for anya, b ∈ [k] there exists a string of length̀on alphabetx1, . . . , xk such that the

following properties hold:

(1) no two consecutive characters are equal,

(2) the first character is notxa and the final character is notxb,
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(3) the number of occurrences of characterxi is ai.

Proof. Note that the conditions oǹand theai imply that ` > 3. We construct the required

string by starting with an ‘empty string’ of̀blank positions, and for eachi inserting preciselyai

copies of characterxi. This ensures that condition (3) is satisfied. We fill the empty positions in

the following order: first the first position, then the third,and so on through the odd-numbered

positions, until we reach either position` or position` − 1 (dependent on whether` is odd

or even). We then fill the second position, then the fourth, and so on until all positions are

filled. Note that if we proceed by inserting all copies of one character, then all the copies

of another character, and so forth, then condition (1) must be satisfied. This is because to

get two consecutive copies ofxi, we must have inserted a copy ofxi at some odd positionp,

thenp+2, p+4, and so on until reaching̀or `−1, and then filled even positions2, 4, 6, . . . , p−1.

However, this would imply that we had inserted at least`/2 copies of characterxi, contradicting

the fact thatai < `/2.

We therefore only need to determine an order to insert the different characters so as to satisfy (2).

We first consider the casea 6= b, saya = 1 andb = 2. In this case we insertx2 first,x1 last, and

the remaining character blocks in any order in between. Clearly this prevents the first character

from beingx1 and the last from beingx2, and so (2) is satisfied. Now we may assumea = b, say

a = b = 1. Then if` is odd, we insert the characters in the following order:x2, x3, . . . , xk, x1.

Then all the copies ofx1 must be in even positions (sincea1 < `/2), and so (2) is satisfied.

Alternatively, if ` is even, we insert firstxi for somei 6= 1 with ai > 0, thenx1, and then the

remaining blocks of characters in any order. (Note that these include at least one character since

` > 3 andai < `/2 imply that at least threei haveai > 1.) So neither the first nor last character

can bex1, and so (2) is again satisfied. �
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The next lemma is the result we were aiming for in this section, giving information about which

loose paths can be found in completek-partitek-graphs. Note that the maximum vertex degree

of a loose path is two, and so this lemma tells us when we can finda loose path in a robustly

universal complex.

Lemma 4.7 LetG be a completek-partitek-graph on vertex setV1 ∪ · · · ∪ Vk. Let b1, . . . , bk

be integers with0 6 bi 6 |Vi| for eachi. Suppose that

• n := 1
k−1

((
∑k

i=1 bi)− 1) is an integer,

• n
2

+ 1 6 bi 6 n for all i.

Then for anya, b ∈ [k], there exists a loose path inG with an initial vertex inVa, a final vertex

in Vb, and containingbi vertices fromVi for eachi ∈ [k].

Proof. Note first thatn is the number of edges such a path must contain. Letai = n − bi for

eachi, so that0 6 ai < (n − 1)/2. By Lemma 4.6 we can find a stringS of lengthn − 1

on the alphabetV1, V2, . . . , Vk such thatVi appearsai times, no two consecutive characters are

identical, the first character is notVa and the final character is notVb. LetSi be theith character

of S. To construct a loose pathP in G, first choose any vertex fromVa to be the initial vertex

of P , and any vertex fromVb to be the final vertex ofP . We also useS to choose the link vertices

of P : choose theith link vertex (i.e. the vertex lying in the intersection of theith and(i+ 1)th

edges ofP ) to be any member ofSi not yet chosen. We have now assigned two vertices to each

edge ofP . Finally, we completeP by assigning to each edge one as yet unchosen vertex from

each of thek−2 classes not yet represented in that edge. This is possible since preciselyai link

vertices are from the classVi and so the total number of vertices used fromVi is n − ai = bi.

SinceG is complete we know that each edge ofP is an edge ofG, and soP is a loose path

satisfying all the conditions of the lemma. �
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4.4.2 Walks and connectedness ink-graphs

A walkW in a hypergraphH consists of a sequence of edgese1, . . . , e` of H and a sequence

x0, . . . , x` of (not necessarily distinct) vertices ofH, satisfyingxi−1 6= xi for all i ∈ [`], and

alsox0 ∈ e1, x` ∈ e` andxi ∈ ei ∩ ei+1 for all i ∈ [`− 1]. Thelength ofW is the number of its

edges. We say thatx0 is theinitial vertex ofW , x` is thefinal vertex ofW , and thatx1, . . . , x`−1

are thelink vertices ofW . By awalk fromx to y we mean a walk with initial vertexx and final

vertexy.

Note that the vertices of a hypergraphH can be partitioned using the equivalence relation∼,

wherex ∼ y if and only if eitherx = y or there exists a walk fromx toy.We call the equivalence

classes of this relationcomponentsof H. We say thatH is connectedif it has precisely one

component. Observe that all vertices of an edge ofH must lie in the same component.Finally,

note that ifH is a connected hypergraph of ordern, then for any two verticesx, y of H we can

find in a walk fromx to y of length at mostn in H.

4.4.3 Random splitting

In this section we obtain, with high probability, a lower bound on the density of a subgraph of a

k-partitek-graph chosen uniformly at random. We use Azuma’s inequality on the deviation of

a martingale from its mean.

Lemma 4.8 (Azuma [3]) SupposeZ0, . . . , Zm is a martingale,i.e. a sequence of random vari-

ables satisfyingE(Zi+1 | Z0, . . . , Zi) = Zi, and that|Zi − Zi−1| 6 ci for some constantsci and

all i ∈ [m]. Then for anyt > 0,

P(|Zm − Z0| > t) 6 2 exp

(
− t2

2
∑m

i=1 c
2
i

)
.
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Lemma 4.9 Suppose1/n� c, β, 1/k, 1/b < 1, and thatH is ak-partitek-graph on vertex set

X = X1 ∪ · · · ∪ Xk, wheren 6 |Xi| 6 bn for eachi ∈ [k]. Suppose also thatH has density

d(H) > c and that for eachi we haveβ|Xi| 6 ti 6 |Xi|. If we choose a subsetWi ⊆ Xi with

|Wi| = ti uniformly at random and independently for eachi, and letW = W1 ∪ · · · ∪Wk, then

the probability thatH [W ] has densityd(H [W ]) > c/2 is at least1− 1/n2. Moreover, the same

holds if we chooseWi by including each vertex ofXi independently with probabilityti/|Xi|.

Proof. Letm = |X|. To prove the first assertion, we obtain our subsetsWi ⊆ Xi through the

following two-stage random process, independently for each i. First we assign the vertices of

eachXi into setsX1
i andX2

i independently at random, with each vertex being assigned toX1
i

with probability ti/|Xi|, and assigned toX2
i otherwise. Then, in the (highly probable) event

that we have|X1
i | 6= ti we select uniformly at random a set of vertices to transfer betweenX1

i

andX2
i to obtain fromX1

i the setWi with |Wi| = ti. For eachi, no subsetWi ⊆ Xi of sizeti is

more likely to result from this process than any other, so we have chosen eachWi uniformly at

random. It remains to show thatH [W ] is likely to have high density. We do this by noting that

H [X1] is likely to have high density (whereX1 = X1
1 ∪· · ·∪X1

k ) and that with high probability

we only need to transfer a small number of vertices to formW = W1 ∪ · · · ∪Wk, which can

have only a limited effect on the density.

More precisely, letx1, . . . , xm be an ordering of the vertices ofX, and for eachi ∈ [m] let

the random variableYi take the value 1 ifxi ∈ X1, and 0 otherwise. Recall that we write|H|

to denote the number of edges of ak-graphH. For all i = 0, . . . , m we now define random

variablesZi byZi = E(|H [X1]| | Y1, . . . , Yi). Then as we formed eachX1
i by assigning vertices

of Xi independently at random intoX1
i andX2

i , the sequenceZ0, . . . , Zm is a martingale, and

we haveZm = |H [X1]| andZ0 > c
∏k

i=1 ti. Also, for any vertexxi, let f(i) be such that

xi ∈ Xf(i) (i.e. f(i) is the index ofxi). Then|Zi − Zi−1| 6
∏

j 6=f(i) |Xj| 6 (bn)k−1 for all
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i ∈ [m]. Thus we can apply Lemma 4.8 to obtain

P

(
|Zm − Z0| >

c
∏k

i=1 ti
4

)
6 2 exp

(
− c2

∏k
i=1 t

2
i

32mb2k−2n2k−2

)
6

1

n3
.

Therefore the event thatd(H [X1]) > 3c/4 has probability at least1−1/n3. Also, by a standard

Chernoff bound, for eachi ∈ [k] the event that|X1
i | = ti ± |Xi|2/3 has probability at least

1− 1/n3. Thus with probability at least1− 1/n2 all of these events happen. Now, if|X1
i | > ti,

we choose a set of|X1
i | − ti vertices ofX1

i uniformly at random and move these vertices from

X1
i toX2

i . Similarly, if |X1
i | < ti, then we choose a set ofti − |X1

i | vertices ofX2
i uniformly

at random and move these vertices toX1
i . In either case, for anyi this action can decrease

d(H [X1]) by at most||X1
i | − ti|/|X1

i | � c. Thus if we letW be the set obtained fromX1 in

this way, we haved(H [W ]) > c/2, proving the first part of the lemma.

The proof the ‘moreover part’ is the same except that we can omit the ‘transfer’ step at the end

of the proof. �

4.4.4 Decomposition ofG into copies ofAk

LetU0, U1, U2, . . . , U2k−3 be2k − 2 pairwise disjoint sets of sizek − 1. Then we denote byAk

thek-graph whose vertex setV (Ak) is the disjoint union of the setsUi, for 0 6 i 6 2k − 3,

and whose edges consist of allk-tuples of the formUi ∪ {x}, with i > 0 andx ∈ U0 (see

Figure 4.1). So|V (Ak)| = 2(k− 1)2. AnAk-packingin ak-graphG is a collection of pairwise

vertex-disjoint copies ofAk in G.

Lemma 4.10 Suppose0 < 1/m � θ � ψ � 1/k, and thatG is ak-graph on[m] such that

|NG(S)| > ( 1
2(k−1)

+ θ)m for all but at mostθmk−1 setsS ∈
(

[m]
k−1

)
. ThenG has anAk-packing

which covers more than(1− ψ)m vertices ofG.
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U1 U2 U3

U0

Figure 4.1: The3-graphA3 (only edges involvingU1 are shown)

Thek-graphAk is identical to thek-graphFk,1 defined in Section 5.6, where a generalisation

of Lemma 4.10 is proved (Lemma 5.17). Since the proof of Lemma5.17 in no way depends on

Lemma 4.10, we omit the proof of Lemma 4.10.

Corollary 4.11 Lemma 4.10 still holds if we insist that the sub-k-graph ofG induced by the

vertices covered by theAk-packing must be connected.

Proof. Apply Lemma 4.10 to obtain anAk-packingA1, . . . , A` inGwithm0 := |⋃`
i=1 V (Ai)| >

(1− ψ/2)m, and letA be the sub-k-graph ofG induced by
⋃`

i=1 V (Ai). By hypothesis at most

θmk−1 setsS ∈
(

[m]
k−1

)
have fewer thanm/(2(k − 1)) neighbours inG and so at mostθmk−1

setsT ∈
(

V (A)
k−1

)
have no neighbours inV (A). By the definition of a component, no edges ofA

contain vertices from different components ofA. Therefore the largest componentC of A must

contain at least(1−ψ)m vertices. Indeed, if not then there aremk−2
0 (ψm/2)/(k−1)!� θmk−1

setsT ∈
(

V (A)
k−1

)
which meet at least two components ofA and thus have no neighbours inA,

a contradiction (we can obtain such a setT by choosingk − 2 vertices arbitrarily inV (A) and

then choosing the final vertex in a different component ofA than the first vertex). Thus we may

take theAk-packing consisting of all those copiesAi of Ak with V (Ai) ⊆ V (C). �
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4.5 Proof of Theorem 1.10

LetH be as in Theorem 1.10. In our proof we use constants that satisfy the hierarchy

1

n
� ε� d∗ � da �

1

a
� ν,

1

r
� θ � d� c� φ� δ � η � 1

k
.

Furthermore, for any of these constantsα, we useα � α′ � α′′ � . . . and assume that the

above hierarchy also extends to the additional constants,e.g. d′′ � c� c′′ � φ.

4.5.1 Imposing structure onH

Step 1. Applying the regularity lemma and forming the reduced graph

Let H1 be the sub-k-graph obtained fromH by removing up toa!r vertices so that|V (H1)|

is divisible bya!r. Let T = T1 ∪ · · · ∪ Tr be an equitabler-partition of the vertices ofH1,

and letH2 consist of all those edges ofH1 that arer-partite sets inT . ThenH2 is anr-partite

k-graph with order divisible bya!r, and so we may apply the regularity lemma (Theorem 4.3),

which yields ana-boundedε-regular vertex-equitable partition(k− 1)-complexP onT and an

r-partitek-graphG onT that isν-close toH2 and perfectlyε-regular with respect toP .

LetM = G \H2. So any edge ofG \M is also an edge ofH. Let V1, . . . , Vm be the clusters

of P . SoT = V1 ∪ · · · ∪ Vm andG is m-partite with vertex classesV1 ∪ · · · ∪ Vm. Note that

m 6 ar sinceP is a-bounded. Moreover, sinceP is vertex-equitable, eachVi has the same

size. So letn1 = |Vi| = |T |/m.

We next define a reducedk-graphR whose vertices correspond to the clustersVi, whilst an edge

e of R indicates that that within the cells ofP corresponding toe we can find a subcomplex to
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which we can apply Theorem 4.5. For this we would likeG to have high density in these cells,

andM to have low density. Thus we define thereducedk-graphR on [m] as follows: ak-tuple

S of vertices ofR corresponds to thek-partite unionS ′ =
⋃

i∈S Vi of clusters. The edges ofR

are thoseS ∈
(
[m]
k

)
for whichG[S ′] has density at leastc′′ (i.e. |G[S ′]| > c′′|KS(S ′)|) and for

whichM [S ′] has density at mostν1/2 (i.e. |M [S ′]| < ν1/2|KS(S ′)|).

The edges in the reduced graph are useful in the following way. Given an edgeS ∈ R, let

S ′ =
⋃

i∈S Vi again. Using weak equivalence (defined in Section 4.3.2), the cells ofP induce

a partitionCS,1, . . . , CS,mS of the edges ofKS(S ′). Recall thatmS 6 ak. Therefore at most

c′′|KS(S ′)|/3 edges ofKS(S ′) can lie in setsCS,i with |CS,i| 6 c′′|KS(S ′)|/(3ak). Further-

more,|M [S ′]| < ν1/2|KS(S ′)| (asS ∈ R) and so at mostν1/4|KS(S ′)| edges ofKS(S ′) can

lie in setsCS,i with |M ∩ CS,i| > ν1/4|CS,i|. Together with the fact that|G[S ′]| > c′′|KS(S ′)|

this now implies that more thanc′′|KS(S ′)|/2 edges ofG[S ′] lie in setsCS,i with |CS,i| >

c′′|KS(S ′)|/(3ak) and|M ∩ CS,i| < ν1/4|CS,i|. Thus there must exist such a setCS,i that also

satisfies|G ∩ CS,i| > c′′|CS,i|/2. Fix such a choice ofCS,i and denote it byCS. LetGS be the

k-partitek-complex on the vertex setS ′ consisting ofG ∩CS and the cells ofP that ‘underlie’

CS, i.e. for any edgeQ ∈ G ∩ CS we have

GS = (G[P ])Q6 = (G ∩ CS) ∪
⋃

Q′⊂Q

CQ′. (4.12)

(Recall that(G[P ])Q6 andCQ′ were defined in Section 4.3.2.) We also define thek-partite

k-graphMS = GS ∩M on vertex setS ′. Then the following properties hold:

(A1) GS is ε-regular.

(A2) GS hask-th level relative densityd[k](G
S) > d′.

(A3) GS has absolute densityd(GS) > d′a.
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(A4) MS satisfies|MS| < 2ν1/4|GS|/c′′.

(A5) (GS){i} = Vi for anyi ∈ S.

Indeed, (A1) follows from (4.12) sinceG is perfectlyε-regular with respect toP . To see (A2),

note that(GS
[k])

∗ = CS and sod[k](G
S) = |GS

[k]|/|(GS
[k])

∗| = |GS ∩ CS|/|CS| > c′′/2 by our

choice ofCS. Similarly, (A3) follows from our choice ofCS since

d(GS) =
|GS

[k]|
|KS(S ′)| =

|GS ∩ CS|
|CS| · |C

S|
|KS(S ′)| >

(c′′)2

6ak
> d′a.

(A4) holds since|GS| > |G ∩ CS| > c′′|CS|/2 and|MS | 6 |M ∩ CS| < ν1/4|CS|. Finally,

(A5) follows from (4.12) and the fact thatC{v} = Vi for all v ∈ Vi.

Step 2. Choosing anAk-packing ofR

The next step in our proof is to use Corollary 4.11 to find anAk-packing in the reducedk-

graphR. For this we need an approximate minimum degree condition for R. Let

J =

{
I ∈

(
[m]

k − 1

)
: |NR(I)| 6

(
1

2(k − 1)
+ φ

)
m

}
.

We next show thatJ is small,i.e.almost all(k − 1)-tuples of vertices ofR have degree at least

(1/(2(k − 1)) + φ)m in R. Consider how many edges ofH do not belong toG[S ′] for some

edgeS ∈ R. (Recall thatS ′ =
⋃

i∈S Vi.) There are three possible reasons why an edgee ∈ H

does not belong to such a restriction:

(i) e is not an edge ofG. This could be becausee lies inH but notH1, in H1 but notH2,

or inH2 but notG. There are at mosta!rnk−1 edges of the first type, at mostnk/r of the

second type, and at mostνnk of the third type.
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(ii) e ∈ G contains vertices fromVi1 , . . . , Vik such that the restriction ofM to S ′ =
⋃

i∈S Vi

satisfies|M [S ′]| > ν1/2|KS[S ′]|, whereS = {i1, . . . , ik}. (Note that sinceG and thus

M is m-partite, we must havei1 < · · · < ik.) SinceG andH2 areν-close and thus

|M | 6 νnk there are at mostν1/2nk edges of this type.

(iii) e ∈ G contains vertices fromVi1 , . . . , Vik such that the restriction ofG to
⋃

i∈S Vi has

density less thanc′′. There are at mostc′′nk edges of this type.

Therefore there are fewer than2c′′nk edges ofH that do not belong to the restriction ofG to S ′

for someS ∈ R, and so we have

|J |nk−1
1 ·

(
1

2(k − 1)
+ η

)
n <

∑

I∈J

∑

xi∈Vi,i∈I

|NH({xi}i∈I)|

< 2c′′nk +
∑

I∈J

|NR(I)|nk
1 < 2c′′nk + |J |

(
1

2(k − 1)
+ φ

)
mnk

1.

Sincen − a!r 6 mn1 6 n we deduce|J |nk−1
1 (η − φ)n < 2c′′nk < 3c′′(mn1)

k−1n, and so

|J | < φmk−1 (sincec′′ � φ � η). This allows us to apply Corollary 4.11 (withG = R) to

obtain anAk-packingA1, . . . , At inR with |⋃t
i=1Ai| > (1−δ)m, such that the sub-k-graph of

R induced by
⋃t

i=1Ai is connected. Fori ∈ [t], let the vertex set ofAi beU i
0∪U i

1∪· · ·∪U i
2k−3,

with eachU i
j of sizek − 1, so that the edge set is{U i

j ∪ {x} : j ∈ [2k − 3], x ∈ U i
0}.

Step 3. Forming the exceptional path

Given a sub-k-graphR′ of R and a clusterVi, we say thatVi belongs toR′ if i ∈ V (R′). LetV ′
0

contain the at mosta!r vertices ofH we removed at the start of the proof, and also the vertices

in all those clusters not belonging to some copy ofAk in our packing (there are at mostδn of the

latter). We incorporate these vertices into a pathLe which is to form part of our loose Hamilton

cycle. We also include inV ′
0 an arbitrary choice ofδn1 vertices from eachVy for whichy ∈ U i

j
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for somej ∈ [2k − 3] and somei ∈ [t] (we do not modify any of theVy for which y ∈ U i
0).

We add up tok − 3 more vertices fromU1
1 (say) toV ′

0 so that|V ′
0 | ≡ 0 mod k − 2. We delete

all these vertices from the clusters they belonged to and still write Vy for the subcluster of a

clusterVy obtained in this way. This gives|V ′
0 | 6 5δn/2.

We now construct a pathLe in H which contains all the vertices inV ′
0 and avoid all the clus-

tersVy with y ∈ U i
0. Let V>0 =

⋃{Vy : y ∈ U i
j , j ∈ [2k − 3], i ∈ [t]}. So we use only vertices

from V ′
0 andV>0 in formingLe. Recall that if|V (H)| is not a multiple ofk − 1, then a loose

Hamilton cycle contains a single pair of edges which intersect in more than one vertex: we make

allowance for this here. ChooseA,B ⊆ V>0 satisfying|A| = |B| = k−1, |A∩B| ≡ 1−|V (H)|

mod k − 1 and1 6 |A ∩ B| 6 k − 1. Now choose distinctx0, x1 ∈ V>0 \ (A ∪ B) such that

{x0} ∪ A ∈ H and{x1} ∪ B ∈ H (we show in a moment that suchx0, x1 exist). These edges

form the first 2 edges ofLe. To completeLe, let Z1, . . . , Zs be any partition of the vertices of

V ′
0 into sets of sizek− 2. For eachi = 1, . . . , s we proceed greedily in formingLe: choose any

xi+1 ∈ V>0 \ (A∪B) such thatZi ∪{xi, xi+1} ∈ H (where thexi are all chosen to be distinct).

Let us now check that there is always such a vertex available.Indeed, every set in
(

V (H)
k−1

)
has

at least(1/(2(k − 1)) + η)n neighbours and we can choose any such neighbour which lies

in V>0 and has not already been used. But|V (H) \ V>0| 6 n/(2(k − 1)) + |V ′
0 | and at most

|V ′
0 |+2k 6 3δn vertices have been used before. Thus (sinceδ � η) for each choice of anxi we

have at leastηn/2 vertices ofV>0 to choose from. Moreover, these vertices must be contained

in at leastηn/(2n1) different Vy such thaty ∈ U i′

j (j > 0). Thus we can avoid choosing a

vertex from any singleVy more than6δn1/η 6 δ′n1/2 times. The pathLe thus formed has

edges{x0} ∪ A, B ∪ {x1} and{xi, xi+1} ∪ Zi for all i ∈ [s]. So all the vertices ofV ′
0 are

included inLe. For each clusterVy, we still denote the subset ofVy lying in V (H − Le) by Vy.

Then eachVy with y ∈ U i
0 for somei still satisfies|Vy| = n1, and eachVy with y ∈ U i

j for some
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j > 0 satisfies

(1− δ′)n1 6 (1− δ − δ′

2
)n1 − (k − 3) 6 |Vy| 6 (1− δ)n1. (4.13)

In addition

|V (H) \ V (Le)| ≡ |V (H)| − |A ∪ B ∪ {x0, x1}| ≡ −1 mod k − 1. (4.14)

Note thatLe need not be a loose path, but that even if it is not it may still form part of a loose

Hamilton cycle. Also observe that|V (Le)| 6 6δn.

Step 4. Splitting our copies ofAk

The next step of the proof is to split the copiesA1, . . . , At of Ak (more precisely the clusters

belonging to theAi) into sub-k-complexes ofG which we later use to embed spanning loose

paths. Consider anyAi. For convenient notation we identify eachU i
j in Ai with [k − 1] (but

recall that they are disjoint sets). For eachy ∈ U i
0 = [k − 1] we have|Vy| = n1, and so we can

partitionVy \V (Le) uniformly at random into2k−3 pairwise disjoint subsetsSi
y,1, . . . , S

i
y,2k−3,

each of size n1

2k−3
. Similarly, givenz ∈ U i

j = [k − 1] with j ∈ [2k − 3], (4.13) and the fact

that δ′ � η imply that we can partitionVz uniformly at random intok − 1 pairwise disjoint

subsetsT i
j,z and{U i

j,z,w}w∈[k−1]\{z} so that n1

2k−3
6 |T i

j,z| 6 (1−η)2n1

2k−3
and|U i

j,z,w| = (1−η)2n1

2k−3
for

all w ∈ [k − 1] \ {z}. Figure 4.2 shows how we do this in the casek = 3.

We arrange these pieces into(k − 1)(2k − 3) collections ofk sets as follows: for eachy ∈ U i
0

and eachj ∈ [2k − 3] we have a collection consisting ofSi
y,j, T

i
j,y and{U i

j,z,y}z 6=y. (3 of these

collections are illustrated in Figure 4.2.) For convenientnotation we relabel these collections as
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U i
1 U i

2 U i
3

U i
0

U i
1,2,1

T i
1,2

U i
1,1,2

T i
1,1

U i
2,1,2

T i
2,1

Si
1,1S

i
1,2S

i
1,3 Si

2,1S
i
2,2S

i
2,3

T i
2,2

U i
2,2,1

T i
3,1

U i
3,1,2

T i
3,2

U i
3,2,1

Figure 4.2: Splitting upAi in the casek = 3.

{Xi,1, . . . , Xi,k} with 1 6 i 6 t′ = (k − 1)(2k − 3)t, where for alli ∈ [t′]

|Xi,1| =
n1

2k − 3
,

n1

2k − 3
6 |Xi,2| 6

(1− η)2n1

2k − 3
and|Xi,j| =

(1− η)2n1

2k − 3
for 3 6 j 6 k,

(4.15)

(1− δ′)n1 6

k∑

j=2

|Xi,j| 6 (1− δ)n1. (4.16)

((4.16) follows from (4.13) using the fact that all theU i′

j′,z,w have equal size.) LetXi =
⋃

j∈[k]Xi,j, so eachXi is a k-partite set, on which we now find a sub-k-complexGi of G

that is suitable for applying Theorem 4.5.

Consider any copyAi′ in ourAk-packing. Note that for each of the(k− 1)(2k− 3) collections

{Xi,1, . . . , Xi,k} obtained by splitting up the clusters belonging toAi′ there is an edgeS(i) ∈ Ai′

such that eachXi,j lies in a cluster belonging toS(i) (and these clusters are distinct for each

of Xi,1, . . . , Xi,k). Recall thatS ′(i) denotes the union
⋃

`∈S(i) V` of all the clusters belonging

to S(i). Let Gi denote the restriction of thek-partitek-complexGS(i) (which was defined in

Section 4.5.1) toXi, i.e. Gi = GS(i)[Xi]. LetMi = M ∩ Gi = MS(i)[Xi]. We claim that we
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may choose the above collections{Xi,1, . . . , Xi,k} such that

d(H [Xi]) >
c′′

4
for all i ∈ [t′]. (4.17)

Indeed, sinceS(i) ∈ R, G[S ′(i)] has absolute density at leastc′′ andM [S ′(i)] has density at

mostν1/2. SinceG \M ⊆ H andν � c′′ this shows thatH [S ′(i)] has density at leastc′′/2.

Lemma 4.9 now implies that eachH [Xi] has density at leastc′′/4 with probability1 − 1/n2
1,

and so with non-zero probability this is true for alli ∈ [t′].

Lemma 4.4 and properties (A1)–(A3) and (A5) imply thatGi is an ε′-regulark-partite k-

complex on vertex setXi, with absolute densityd(Gi) > d(GS(i))/2 > da, relative density

d[k](Gi) > d, and(Gi){j} = Xi,j for eachj. Moreover, usingν � θ � c, property (A4) and

the fact thatd(Gi) > d(GS(i))/2 we see that

|Mi| 6 |MS(i)| < 2ν1/4|GS(i)|
c′′

6 θ|Gi|.

So by Theorem 4.5, we can delete at mostθ′|Xi,j| vertices from eachXi,j so that if we let

X ′
i,j ⊆ Xi,j consist of the undeleted vertices, and letX ′

i :=
⋃k

j=1X
′
i,j, G

′
i := Gi[X

′
i] and

M ′
i := Mi[X

′
i], thenG′

i \M ′
i is (c, ε′′)-robustly2k-universal. LetX ′′ denote the set of vertices

deleted from anyXi,j, so|X ′′| 6 θ′n. We may assume that|X ′′| is divisible byk−2. The latter

helps us to extendLe into a path which contains all the vertices inX ′′.

Step 5. Extending the exceptional pathLe

When extendingLe in order to incorporateX ′′, we have to remove some more vertices from

some of theX ′
i,j, and we wish to do this so that the remainder still satisfies (i) in the definition

of robust universality. For this reason, we partition eachX ′
i,j into two partsAX ′

i,j andBX ′
i,j as

follows (where we writeBX ′
i for

⋃
j∈[k]BX

′
i,j):
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(B1) For alli, j and everyv ∈ X ′
i,j we have|(G′

i(v)[BX
′
i])=| > 2c|G′

i(v)=|.

(B2) Every set ofk − 1 vertices ofH has at leastn/(4k) neighbours in
⋃

i,j AX
′
i,j.

(Recall that for a(k− 1)-complexF , F= denotes the ‘(k− 1)th level’ ofF .) To see that such a

partition exists, consider a partition obtained by assigning each vertex to a part with probability

1/2 independently of all other vertices. (B2) is then satisfied with high probability by a standard

Chernoff bound. Now consider (B1). The ‘moreover’ part of Lemma 4.9 implies that with high

probability we have for alli and for allv ∈ X ′
i,j thatd((G′

i(v)[BX
′
i])) > d(G′

i(v))/2. Also, a

standard Chernoff bound implies that with high probability|BX ′
i,j′| > |X ′

i,j′|/3 for all j′ ∈ [k].

Thus

|(G′
i(v)[BX

′
i])=| = d((G′

i(v)[BX
′
i]))

∏

j′ 6=j

|BX ′
i,j′| >

d(G′
i(v))

2

∏

j′ 6=j

|X ′
i,j′|
3

> 2c|G′
i(v)=|.

Now, we extend our pathLe to include the vertices inX ′′, using only vertices from
⋃

i,j AX
′
i,j .

We proceed similarly to when constructingLe. So we splitX ′′ into setsZ1, ..., Zs′ of sizek− 2

(sos′ 6 θ′n). Lettingx0 be a final vertex ofLe, for i ∈ [s′], we successively choosexi to be a

neighbour of the(k − 1)-tupleZi ∪ {xi−1} contained in someAX ′
i′,j′ and not already included

in Le, and extendLe by the edgeZi ∪ {xi−1, xi}, continuing to denote the extended path byLe.

Recall thatLe originally contained at most6δn vertices. Since|X ′′| 6 θ′n, after each extension

of Le we have|V (Le)| < ηn. So (B2) implies that for each choice ofxi we have at leastn/(5k)

suitable vertices and hence at leastt′/(5k) of the setsAX ′
i′ contain such a suitable vertex. This

shows that we can choose thexi in such a way that at mostθ′′n1 vertices are chosen from any

singleAX ′
i′.

For eachi ∈ [t′] let X i = X i
1 ∪ · · · ∪ X i

k be the vertices remaining after the removal from

X ′
i of the at mostθ′′n1 vertices used in extendingLe. Let Gi := G′

i[X
i] andM i := M ′

i [X
i].

Also, letxe be an initial vertex ofLe and letye be a final vertex ofLe. By adding 2 more edges
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to Le if necessary (one at the start and one at the end), we may assume thatxe lies in at least

|H [X i]|/(2|X i|) edges ofH [X i], wherei is such thatxe ∈ X i and that the analogue holds for

the final vertexye of Le.

We claim that the above steps give us the following useful structure: a pathLe which is ready

to form part of a loose Hamilton cycle, disjointk-partite vertex setsX i = X i
1 ∪ · · · ∪X i

k, and

Gi andM i for eachi ∈ [t′] satisfying the following properties:

(C1) Every vertex ofH lies in either the pathLe or precisely one of thek-partite setsX i.

(C2) For eachi, Gi is ak-partite sub-k-complex ofG on the vertex setX i. M i is thek-partite

k-graphM∩Gi, andGi\M i ⊆ H. Clearly these statements remain true after the deletion

of up toεn1 vertices ofX i.

(C3) Even after the deletion of up toεn1 vertices ofX i, the following statement holds. LetL

be ak-partitek-complex on vertex setU = U1 ∪ · · · ∪ Uk, where|Uj| = |X i
j| for eachj,

and letL have maximum vertex degree at most2k. Let ` 6 2(t′)2 and suppose we have

u1, . . . , u` ∈ U and setsZs ⊆ X i
i(us) with |Zs| > c|X i

i(us)
| for s ∈ [`]. ThenGi \M i

contains a copy ofL, in which the vertices ofUj correspond to the vertices ofX i
j, andus

corresponds to a vertex inZs.

(C4) For eachi,H i = H [X i] has density at leastc′, even after the deletion of up toεn1 vertices

of X i.

(C5) If we delete up toεn1 vertices from anyX i, and lettj = |X i
j| for eachj ∈ [k] after this

removal, and letn′
i =

(
∑

tj)−1

k−1
, thenn′

i/2 + 1 6 tj 6 n′
i for all j.

(C6) The initial vertexxe of Le lies in at least|H [X i]|/(2|X i|) edges ofH [X i], wherei is such

thatxe ∈ X i. The analogue holds for the final vertexye of Le.
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(When we talk of removing a vertex ofX i we implicitly mean thatGi, M i andH i are all

restricted to the remaining vertices ofX i.) These properties hold for the following reasons.

(C1) holds as every vertex deleted from anXi has been added toLe, whilst (C2) is clear as

whenever we deleted vertices we simply restrictedG andM to the remaining vertices. For

(C3), recall thatG′
i \M ′

i was(c, ε′′)-robustly2k-universal. Moreover, for alli ∈ [t′] and all

j ∈ [k] we have|X i
j| > |X ′

i,j|/2 > c|X ′
i,j|, since we ensured that we only deletedθ′′n1 vertices

from any singleAX ′
i (and none fromBX ′

i). Furthermore by (B1) we know that|Gi(v)=| >

|(G′
i(v)[BX

′
i])=| > c|G′

i(v)=| for any v ∈ X i. (Also, even if we had arbitrarily deleted a

further εn1 vertices fromX ′
i when obtainingX i, Gi andM i, these bounds would still hold.)

SoGi \M i satisfies (i) in the definition of a robustly universal complex (with X i
j in place of

Vj). The setsZs satisfy (iii) in the definition and so we can find the required copy ofL (even

after the deletion of up toεn1 more vertices ofX i). (C4) follows from (4.17) and the factX i

was formed by deleting at most(θ′ + θ′′)n1 � c′|Xi| vertices fromXi. Similarly, for (C5) note

that (even after up toεn1 more deletions) we have deleted at most2θ′′n1 vertices from eachXi

since we split the clusters to form theXi. Therefore, from (4.15) and (4.16) and the fact that

θ′′ � δ � δ′ � δ′′ � η, we have (even after deletions) that

• n1

2k−3
− 2θ′′n1 6 |X i

1| 6 n1

2k−3
;

• n1

2k−3
− 2θ′′n1 6 |X i

2| 6 (1−η)2n1

2k−3
;

• (1−η)2n1

2k−3
− 2θ′′n1 6 |X i

j| 6 (1−η)2n1

2k−3
for 3 6 j 6 k;

• n′
i > 1

k−1

(
n1

(
1− δ′ + 1

2k−3
− 2kθ′′

)
− 1
)

>
(1−η)2n1

2k−3
;

• n′
i 6 n1

k−1

(
1− δ + 1

2k−3

)
6

(2−δ)n1

2k−3
.

So property (C5) follows. Finally, (C6) follows by the choice ofLe.
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4.5.2 The supplementary graph

Roughly speaking, our aim is to find a spanning loose path in eachGi \M i (and thus inH i)

such that all these paths together withLe form a loose Hamilton cycle ofH. So we have to

ensure that the completek-partitek-graph onX i contains a spanning loose path (for this, we

need|X i| ≡ 1 mod k − 1) and we need to join up all the loose paths we find in theH i. The

purpose of this section is to find the ‘connecting loose paths’ which join up theX i in such a way

that the divisibility problems are dealt with as well. To do this, we first define a supplementary

hypergraphR∗ whose vertices correspond to theX i. We show thatR∗ is connected and that

‘along’ edges ofR∗ we can find our loose paths inH which join up all theX i.

The vertex set of thesupplementary hypergraphR∗ is [t′]. A subsete ⊆ [t′] of size at least 2

is an edge ofR∗ if there exists an edgeSe ∈ R such that for allj ∈ Se there areij ∈ e and

`j ∈ [k] with X ij
`j
⊆ Vj ande = {ij : j ∈ Se}. (We fix one such edgeSe for everye ∈ R∗.)

Then every edge ofR∗ has size at mostk. We say thatX i belongsto an edgee ∈ R∗ if i ∈ e.

Similarly,X i belongs tosome subhypergraphR′ ⊆ R∗ if i ∈ V (R′).

Lemma 4.18 The supplementary graphR∗ is connected.

Proof. Recall that we chose the copiesA` of Ak in such a way that the sub-k-graphA of R

induced by
⋃t

`=1A` is connected. Suppose thatR∗ is not connected. LetR∗
1 be a component of

R∗ and letR∗
2 = R∗ − R∗

1. LetR1 = {j ∈ [m] : X i
s ⊆ Vj for somei ∈ V (R∗

1), s ∈ [k]}. So

R1 corresponds to the set of all those clusters which meet someX i belonging toR∗
1. DefineR2

similarly.ThenR1∪R2 = V (A) and thusA contains some edgeS intersecting bothR1 andR2.

But thenS corresponds to an edge ofR∗ intersecting bothV (R∗
1) andV (R∗

2), a contradiction.

�

The next lemma shows that within theX i belonging to an edge ofR∗, we can find a reasonably

167



short loose path inH and we may choose (modulok−1) how many vertices this path uses from

eachX i. Using the connectedness ofR∗, this allows us to find the connecting loose paths which

join up theX i, having control over the divisibility properties. We also insist that the path in

Lemma 4.19 avoids a number of ‘forbidden vertices’, to enable us to ensure that our connecting

loose paths are disjoint, and that the endvertices of these paths lie in many edges of the relevant

H i.

Lemma 4.19 Suppose thate ∈ R∗ and that for everyi ∈ e there is an integerti such that

0 6 ti 6 k − 1 and
∑

i∈e ti ≡ 1 mod k − 1. Let i′, i′′ ∈ e be distinct. Moreover, suppose

thatZ is a set of at most100(t′)2k3 ‘forbidden’ vertices ofH. Then in the sub-k-graph ofH

induced by
⋃

i∈eX
i we can find a loose pathL with the following properties.

• L contains at most4k3 vertices.

• L has an initial vertexu in X i′ and a final vertexv in X i′′ .

• |V (L) ∩X i| ≡ ti mod k − 1 for eachi ∈ e.

• L contains no forbidden vertices,i.e.V (L) ∩ Z = ∅.

• u lies in at least|H i′|/(2|X i′|) edges ofH i′, andv lies in at least|H i′′|/(2|X i′′|) edges of

H i′′.

Proof. Recall that in Section 4.5.1 we assigned ak-partitek-complexGS to every edgeS ∈

R such that (A1)–(A5) are satisfied. To simplify notation, we write S for the edgeSe ∈ R

corresponding toe and suppose thatS = [k]. For eachj ∈ S = [k] chooseij ∈ e and`j ∈ [k]

such thatX ij
`j
⊆ Vj and such thate = {ij : j ∈ S = [k]}. To simplify notation we writeYj

for X ij
`j
\ Z, Y =

⋃
j∈[k] Yj and assume thati′ = i1 andi′′ = ik. For eachi ∈ e let Ji be the

set of allj ∈ S = [k] with ij = i. So the setsJi are disjoint and their union is[k]. Pick some
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j ∈ Ji and lett′j = ti andt′s = 0 for all s ∈ Ji \ {j}. Our pathL is to consist oft′j vertices from

eachYj (modulok − 1) and thus ofti vertices from eachX i (modulok − 1).

SinceGS satisfies (A1)–(A3) and (A5), Lemma 4.4 implies that the restriction of GS[Y ] is ε′-

regular, with absolute density at leastd(GS)/2 > da, relative density at index[k] at leastd and

(GS){j}[Y ] = Yj. Furthermore, (A4) together with the fact thatd(GS[Y ]) > d(GS)/2 imply

that

|MS[Y ]| < |MS| < 2ν1/4|GS|
c′′

6 θ|GS[Y ]|.

Thus Theorem 4.5 implies that we can deleteθ′|Yj| vertices from eachYj to obtain a subsetY ′
j

such that the complexGS[Y ′] \MS[Y ′] is (c, ε′′)-robustly2k-universal, whereY ′ =
⋃

j∈[k] Y
′
j .

Now, letvj = (k+2)(k−1)+ t′j. Then
∑
vj ≡ 1 mod k−1 and son′ = ((

∑
vi)−1)/(k−1)

is an integer. Furthermore,k(k + 2) 6 n′ 6 k(k + 3), and son′/2 + 1 6 vj 6 n′ for eachj.

Thus by Lemma 4.7 we can find a loose path in the completek-partitek-graph on vertex setY ′,

beginning inY ′
1 , finishing inY ′

k and usingvj vertices from eachY ′
j . SinceGS[Y ′] \MS [Y ′]

is robustly2k-universal, we can find such a loose pathL in GS[Y ′] \M and hence inH − Z.

(Indeed, we can do this by finding the complexL6, which has maximum vertex degree at

most2k. Note that we use the definition withG = G′ in (i)). Note thatL contains at most

k(k − 1)(k + 3) 6 4k3 vertices.

To see that we can insist on the final condition of the lemma, recall thatd(H i) > c′ by (C4).

Thus for allj ∈ [k] at leastc′|X i
j|/2 vertices ofX i

j lie in at least|H i|/(2|X i
j|) edges ofH i, and

so we may restrict the initial and final vertices ofL to these sets of vertices (minus the vertices

of Z) by (iii) in the definition of robust universality. �
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4.5.3 Constructing the loose Hamilton cycle

Our Hamilton cycle ofH is to consist ofLe and paths in eachH i as well as paths connecting

theX i. However, we need to make sure that all these paths join up nicely, motivating the

following definition. SupposeL is a path in somek-graphK with initial vertexx′ and final

vertexy′. Also, letI, F ⊆ V (K)\V (L) be disjoint sets of sizek−2. ThenL∗ = I ∪F ∪V (L)

is a prepath. Note thatL∗ is not (the vertex set of) ak-graph, but that if we can find vertices

x, y ∈ V (K) \ L∗ such that{x, x′} ∪ I, {y, y′} ∪ F ∈ K, then addingx andy to L∗ gives

another path. We refer to all such verticesx ∈ V (K) aspossible initial verticesof L∗ and to

all such verticesy ∈ V (K) aspossible final vertices. If L, L′ andL′′ are disjoint loose paths,

I, F, x, y are as before,x is also the final vertex ofL′ andy is also the initial vertex ofL′′ thenI

andF together withL′, L, L′′ form a single loose path, illustrating how we join paths together.

We start by converting our exceptional pathLe into a prepath. Recall that|V (Le)| < ηn and

that the initial vertexxe of Le and its final vertexye satisfy (C6). Leta ∈ [t′] andua ∈ [k] be

such thatxe ∈ Xa
ua

. Pick anyu′a ∈ [k] with ua 6= u′a. (C4) and (C6) together imply that there

is a setI0 ⊆ Xa \ (Xa
ua
∪Xa

u′

a
) for whichXa

u′

a
contains at leastc|Xa| verticesv which form an

edge ofHa together withI0 ∪ {xe}. Let I ′0 ⊆ Xa
u′

a
be such a set of vertices. Similarly, letting

b ∈ [t′], ub 6= u′b ∈ [k] be such thatye ∈ Xb
ub

, there is a setF0 ⊆ Xb \ (Xb
ub
∪ Xb

u′

b
∪ I0) for

whichXb
u′

b
contains at leastc|Xb| verticesv which form an edge ofHb together withF0 ∪{ye}.

LetF ′
0 ⊆ Xb

u′

b
be such a set of vertices. LetL∗

e be the prepathI0 ∪ F0 ∪ V (Le). ThenI ′0 is a set

of possible initial vertices ofL∗
e andF ′

0 is a set of possible final vertices. (We do not removeI0

fromXa andF0 fromXb at this stage.)

Since by Lemma 4.18 the supplementary graphR∗ is connected, we can find a walkW from b

to a in R∗ such that everyi ∈ [t′] = V (R∗) appears as an initial, link or final vertex inW (these

vertices were defined in Section 4.4.2) and such thatW has length̀ 6 (t′)2. Let e1, . . . , e` be
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the edges of this walk, letr1 = b, r`+1 = a, and letr2, . . . , r` be the link vertices of the walk.

For eachi ∈ [t′], letdi = |{j ∈ [`+1] : rj = i}|, i.e. the number of timesi appears as an initial,

link or final vertex inW . Sodi > 0 for everyi and
∑
di = `+ 1.

Next we apply Lemma 4.19 to each edgeej to find a loose pathLj inH. We then extendLj to a

prepathL∗
j with many possible initial vertices inXrj and many possible final vertices inXrj+1 .

We do this for eache1, . . . , e` in turn. So suppose thats ∈ [`] and that for allj = 1, . . . , s− 1

we have defined loose pathsLj in H as well as setsIj , Fj extendingLj to a prepathL∗
j which

satisfy the following properties:

(D1) Lj lies in the sub-k-graph ofH induced by
⋃

i∈ej
X i and contains at most4k3 vertices.

(D2) The initial vertexxj of Lj lies inXrj and its final vertexyj lies inXrj+1.

(D3) Ij ⊆ Xrj andFj ⊆ Xrj+1.

(D4) There is a setI ′j ⊆ Xrj of at leastc|Xrj | possible initial vertices forL∗
j . Similarly, there

is a setF ′
j ⊆ Xrj+1 of at leastc|Xrj+1| possible final vertices forL∗

j .

(D5) All the prepathsL∗
e, L

∗
1, . . . , L

∗
s−1 are disjoint.

(D6) For eachi ∈ [t′] and all j = 0, . . . , s − 1 let X i(j) = X i \ (V (L1) ∪ · · · ∪ V (Lj)),

whereX i(0) = X i. For eachj ∈ [s − 1] set ti(j) = |X i(j − 1)| + di. Then for

every i ∈ ej with i 6= rj+1 we have|V (Lj) ∩ X i| ≡ ti(j) mod k − 1. Moreover

|V (Lj) ∩Xrj+1| ≡ 1−∑i∈ej , i6=rj+1
ti(j) mod k − 1.

Let us now show how to findLs, Is andFs. Apply Lemma 4.19 withe = es, i′ = rs, i′′ = rs+1

and withZ = L∗
1 ∪ . . . L∗

s−1 ∪ I0 ∪ F0 to find a loose pathLs which satisfies (D1), (D2),

(D6) and is disjoint fromL∗
e, L

∗
1, . . . , L

∗
s−1. Moreover, the initial vertexxs of Ls lies in at least

|Hrs|/(2|Xrs|) edges ofHrs, and the final vertexys of Ls lies in at least|Hrs+1|/(2|Xrs+1|)
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edges ofHrs+1. We can now use the latter property to choose setsIs andFs which extendLs

to a prepathL∗
s satisfying (D3)–(D5). The argument for this is similar to that for the extension

of Le toL∗
e. Altogether this shows that we can find prepathsL∗

1, . . . , L
∗
` satisfying (D1)–(D6).

For eachi ∈ [t′] we let ji be the maximal integer such thati ∈ eji
. ThusX i(`) = X i(ji) =

X i(ji − 1) \ V (Lji
) by (D1). But if i 6= r`+1 then (D5) and (D6) together imply that

|V (Lji
) ∩X i(ji − 1)| = |V (Lji

) ∩X i| ≡ ti(ji) ≡ |X i(ji − 1)|+ di mod k − 1

and so|X i(`)| ≡ −di mod k − 1. We claim that this also holds ifi = r`+1. To see this, recall

that sinceLj is loose, we have|V (Lj)| ≡ 1 mod k − 1 for eachj ∈ [`]. Hence

|Xr`+1(`)| = |V (H) \ V (Le)| −
∑

j∈[`]

|V (Lj)| −
∑

i∈[t′], i6=r`+1

|X i(`)|

(4.14)≡ −1− `+
∑

i∈[t′] i6=r`+1

di ≡ −dr`+1
mod k − 1

as`+ 1 =
∑

i∈[t′] di. LetY i = X i \ (L∗
e ∪ L∗

1 ∪ · · · ∪ L∗
`). Since by (D3) for eachi ∈ [t′] there

are exactly2(k − 2)di vertices ofX i which lie inL∗
e, L

∗
1, . . . , L

∗
` but not inLe, L1, . . . , L`, this

in turn implies that

|Y i| ≡ −di − 2(k − 2)di ≡ di mod k − 1. (4.20)

Let x`+1 = xe, y0 = ye, L∗
0 = L∗

e, I`+1 = I0 and I ′`+1 = I ′0. In order to complete our

prepathsL∗
0, . . . , L

∗
` to a Hamilton cycle we wish to choosedi disjoint loose pathsLi

1, . . . , L
i
di

within eachH [Y i] which together contain all the vertices inY i and which ‘connect’ successive

prepathsL∗
j . We achieve this as follows. LetJi be the set of allj ∈ [` + 1] with rj = i. So

Ji is the set of positions at whichi occurs as an initial, final or link vertex in our walkW and

|Ji| = di. Let j1 6 . . . 6 jdi
be the elements ofJi. Then we choose theLi

s (s ∈ [di]) in

such a way that the initial vertex ofLi
s lies inF ′

js−1 and its final vertex lies inI ′js
, all theLi

s are

disjoint and together they cover all the vertices inY i. To see that this can be done, first note

172



that|X i \ Y i| 6 `(4k3 + 2(k− 2)) + 2(k− 2)� εn1. So using Lemma 4.7 together with (C5)

and (4.20) it is easy to check that the completek-partitek-graph onY i contains such paths

(e.g. first chooseLi
1, . . . , L

i
di−1, each consisting of precisely 2 edges, and then apply (C5) and

Lemma 4.7 to find a loose pathLi
s containing all the remaining vertices ofY i). Now (C3) and

(D4) together imply thatGi[Y i] \M i[Y i] contains thek-complexes induced by these paths (i.e.

it contains(Li
1)

6, . . . , (Li
di

)6). But this means that we can find the required pathsLi
1, . . . , L

i
di

in eachH [Y i].

Finally, for eachs ∈ [di] writeL′
js

for Li
s andx′js

for its initial andy′js
for its final vertex (where

js is as defined in the previous paragraph). To obtain our Hamilton cycle ofH we first traverse

L0 = Le, then we use the edgeF0 ∪ {y0, x
′
1} in order to move to the initial vertexx′1 of L′

1.

(This is possible sincex′1 ∈ F ′
0.) Now we traverseL′

1 and use the edgeI1∪{y′1, x1} to get tox1.

(Again, this is possible sincey′1 ∈ I ′1.) Next we traverseL1 and use the edgeF1 ∪ {y1, x
′
2}

to move tox′2. We continue in this way until we have reached the initial vertex x`+1 = xe of

L0 = Le again. (So in the last step we traversedL′
`+1 and used the edgeI`+1 ∪ {y′`+1, x`+1}.)

This completes the proof of Theorem 1.10. �
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CHAPTER 5

HAMILTON `-CYCLES IN UNIFORM

HYPERGRAPHS

In this chapter we prove Theorem 1.11, which is restated below for ease of reference.

Theorem 1.11For allk > 3, 1 6 ` 6 k−1 such that(k−`) - k and anyη > 0 there existsn0 so

that ifn > n0 and(k− `)|n then anyk-graphH onn vertices withδ(H) >

(
1

d k
k−`

e(k−`)
+ η

)
n

contains a Hamiltoǹ-cycle.

5.1 Outline of the proof of Theorem 1.11

In our proof of Theorem 1.11 we construct the Hamilton`-cycle by finding several̀-paths

and joining them into a spanning̀-cycle. Here ak-graphP is an`-path if its vertices can be

given a linear ordering such that every edge ofP consists ofk consecutive vertices, and so that

every pair of consecutive edges ofP (in the natural ordering induced on the edges) intersect in

precisely` vertices. We say that an enumerationv1, v2, . . . , vr of the vertices ofP is avertex

sequenceof P if the edges ofP are{vs(k−`)+1, . . . , vs(k−`)+k} for each0 6 s 6 (r−k)/(k−`).
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We say that ordered setsA andB areordered endsof P if |A| = |B| = ` andA andB are initial

and final segments of a vertex sequence ofP . This allows us to join up̀-paths in the following

manner. LetP andQ be `-paths, and letP beg andP end be ordered ends ofP , andQbeg and

Qend be ordered ends ofQ. Suppose thatP end = Qbeg, and thatV (P ) ∩ V (Q) = P end. Then

thek-graph with vertex setV (P )∪V (Q) and with all the edges ofP and ofQ is an`-path with

ordered endsP beg andQend.

Our proof of Theorem 1.11 uses ideas of [16], which in turn were based on the ‘absorbing path’

method of [39] and [40]. Our proof contains further developments of the method, which may

be of independent interest. We use the regularity method to prove three preliminary lemmas,

which are as follows.

• The ‘absorbing path lemma’ states that if(k−`) - k then in any sufficiently largek-graph

of large minimum degree there exists an`-pathP which can ‘absorb’ any small setX of

vertices outsideP . By this we mean that for any such small setX there is another̀-path

Q with the same ordered ends asP and withV (Q) = V (P ) ∪X. Then we can think of

replacingP with Q as ‘absorbing’ the vertices ofX intoP .

• The ‘path cover lemma’ states that any sufficiently largek-graph satisfying the minimum

degree condition of Theorem 1.11 can be almost covered by a bounded number of disjoint

`-paths.

• The ‘diameter lemma’ states that if(k − `) - k then any sufficiently largek-graph of

large minimum degree has small diameter in the sense that we can find an`-path from

any ordered̀-set of vertices to any other ordered`-set of vertices.

These three lemmas then combine to prove Theorem 1.11 as follows. Firstly, we find inH an

absorbing̀ -path, and then we almost cover the inducedk-graph on the remaining vertices by

disjoint `-paths. Next we use the diameter lemma to connect up all of these`-paths to form an
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`-cycleC which thus contains almost every vertex ofH. Finally, we absorb all vertices ofH

not contained inC into our absorbing path, thereby forming an`-cycle containing every vertex

ofH.

The combination of these three preliminary lemmas to prove Theorem 1.11 is very similar

to the method of Hàn and Schacht in [16]. On the other hand, toprove these preliminary

results substantial changes to the method of Hàn and Schacht were required. For example, for

1 6 ` < k/2 the diameter lemma as described above is an immediate consequence of the

minimum degree condition ofH. Indeed, ifA andB are ordered̀-sets of vertices ofH, then

we may add anyk − 1 − 2` vertices from outsideA andB to A ∪ B to obtain a setS of size

k− 1. Then we can apply the minimum degree condition ofH to find a vertexx ∈ H− S such

thatS∪{x} is an edge ofH; then this single edge is the desired path inH. However, if` > k/2

then things are more difficult. Indeed, in Section 5.4 we use the regularity method (with the

notion of strong hypergraph regularity introduced in Section 5.3) to prove a ‘diameter lemma’

as stated above. A similar assertion for the case` = k − 1, (called the ‘Connecting Lemma’),

was proved in [40]. The proof is quite different from ours.

In a similar way, it is more difficult to prove an absorbing path lemma for` > k/2 than for

1 6 ` < k/2. So whereas Hàn and Schacht were able to prove a similar result using only weak

hypergraph regularity, we have found it necessary to use strong hypergraph regularity for the

proof of our absorbing path lemma, which is given in Section 5.5. Actually, we cannot absorb

arbitrary sets of vertices, but only ‘good’`-sets of vertices. We show that most`-sets of vertices

are good, which is sufficient for our purposes. This weaker notion of absorption may be useful

for other problems.

In Section 5.6 we prove the path cover lemma. A similar resultwas already proved in [40].

The main difference is that they used weak regularity, whereas we have used strong regularity,

but this is simply to avoid having to introduce multiple notions of regularity — weak regularity
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would have sufficed for this part of our proof.

Finally, in Section 5.7 we complete the proof as outlined earlier.

5.2 Definitions and a preliminary result

In this section we give various definitions which we use throughout the rest of this chapter. Due

to the substantial differences between the system of notation used in this chapter and that used

in the previous chapter (as discussed in the introduction) we redefine several terms here which

were previously defined in Chapter 4.

Let H be ak-graph on vertex setV , with edge setE. Then theorder of H, denoted|H|,

is the number of vertices ofH (so |H| = |V |). For A ⊆ V , the neighbourhoodof A is

NH(A) := {B ⊆ V : A∪B ∈ E,A∩B = ∅}. Thedegreeof A, denoteddH(A), is the number

of edges ofH which containA as a subset, sodH(A) = |NH(A)|. This is consistent with our

previous definition of degree for sets ofk − 1 vertices. For anyV ′ ⊆ V , therestriction ofH to

V ′, denotedH[V ′], is thek-graph with vertex setV ′ and edges all those edges ofH which are

subsets ofV ′.

Given two ordered̀ -sets of vertices ofH, sayS andT , an `-path fromS to T in H is an

`-path inH which has a vertex sequence beginning with the ordered`-setS and ending with

the ordered̀ -setT (i.e. an `-path with ordered endsS andT ). We say that ak-graphH is

s-partite if its vertex setV can be partitioned intos vertex classesV1, . . . , Vs such that no edge

of H contains more than one vertex from any vertex classVi. We denote byK[V1, . . . , Vs]

the completes-partite k-graphwith vertex classesV1, . . . , Vs, i.e. thek-graph with vertex set

V = V1 ∪ · · · ∪ Vs and edges all setsS ∈
(

V
k

)
with |S ∩ Vi| 6 1 for all i.

The following proposition regarding the existence of`-paths in completek-partitek-graphs is
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required in the proof of both the diameter lemma and the absorbing path lemma.

Proposition 5.1 Suppose thatk > 3, and that1 6 ` 6 k − 1 is such that(k − `) - k. LetV be

a set of vertices partitioned intok vertex classesV1, ..., Vk, with |Vi| = k`(k− `) + 1 for eachi,

and letP beg andP end be disjoint ordered sets of` vertices fromV such that|P beg ∩Vi| 6 1 and

|P end ∩ Vi| 6 1 for each1 6 i 6 k. ThenK[V1, ..., Vk] contains aǹ-pathP from P beg to P end

containing every vertex ofV (so|V (P )| = k2`(k − `) + k).

Proof. To prove this result, we consider strings (finite sequences of characters) on character set

[k]. We denote theith character of a stringS by Si. By an ordering of[k] we mean a string of

lengthk which contains each character precisely once. LetA andB be orderings of[k]. We

say thatA andB are adjacent if we can obtainB fromA by swapping a single pair of adjacent

characters inA. So for example,12345 is adjacent to12435.

Suppose thatA andB are adjacent orderings of[k], and leti andi + 1 be the positions inA

of the characters swapped to obtainB from A (so 1 6 i 6 k − 1). Since(k − `) - k we

may choosep ∈ {1, 2} such that(k − `) - ((p − 1)k + i). Then define the stringS(A,B) to

consist ofp consecutive copies ofA followed by (k − ` + 1) − p copiesofB. ThenS(A,B)

has length(k − ` + 1)k and the property thatS(A,B) starts withA and ends withB. Note

that the only consecutive subsequence ofS of lengthk which contains some character more

than once isS ′ = S(A,B)(p−1)k+i+1 . . . S(A,B)pk+i. In other words,S ′ contains the final

k − i characters ofA and the firsti characters ofB, and the first and final character ofS ′ is

Ai+1. Therefore, as(k − `) - ((p − 1)k + i), we know that no character appears twice in

S(A,B)r(k−`)+1, . . . , S(A,B)r(k−`)+k for any0 6 r 6 k. Furthermore,S(A,B) contains the

same number of copies of each character.

Now, choose a stringC to be any ordering of[k] such that for1 6 i 6 `, theith vertex of the

ordered setP beg lies in vertex classVCi
. Define a stringD to be an ordering of[k] such that for
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1 6 i 6 `, theith vertex of the ordered setP end lies in vertex classVDi+k−`
, and the characters

Di for 1 6 i 6 k − ` appear in the same order as they do inC. Then we may transformC into

D through at mostk` swaps of pairs of consecutive vertices. So we may chooseA0, . . . , Ak` to

be orderings of[k] such thatA0 = C, Ak` = D, and for any0 6 i 6 k` − 1, Ai andAi+1 are

either adjacent or identical.

Then for each0 6 i 6 k` − 1 we may choose a stringSi of lengthk(k − ` + 1) such thatSi

starts withAi and ends withAi+1, each character appears an equal number of times inSi and

for each0 6 r 6 k no character appears more than once inSi
r(k−`)+1, . . . , S

i
r(k−`)+k. Indeed, if

Ai andAi+1 are adjacent, takeSi to beS(Ai, Ai+1), and ifAi = Ai+1, takeSi to be the string

consisting ofk − `+ 1 consecutive copies ofAi. For each0 6 i 6 k`− 2, let T i be the string

obtained by deleting the finalk characters ofSi, and letT k`−1 = Sk`−1. Let S be the string

formed by concatenatingT 0, . . . , T k`−1. ThenS starts withC and ends withD and has the

property that no character appears twice inSr(k−`)+1, . . . , Sr(k−`)+k for any0 6 r 6 k2`. Also

|S| = k2`(k − `) + k, and so sinceS contains each character the same number of times, each

character appearsk`(k − `) + 1 times inS.

We can now construct the vertex sequence of our desired`-pathP . To do so, letP have

vertex sequence beginning withP beg and ending withP end. In between, let theith vertex of

P be chosen fromVSi
, and make these choices without choosing the same vertex twice. Then

P contains allk`(k − `) + 1 vertices from each vertex class and is an`-path. Indeed, the

edges of aǹ -pathP consist of the vertices in positionsr(k − `) + 1, . . . , r(k − `) + k for

0 6 r 6 |E(P )| − 1. So by construction these vertices are from different vertex classes, and so

form an edge inK[V1, . . . , Vk]. �

Note that Proposition 5.1 would not hold if instead we had(k − `) | k, as it would not be

possible to choosep as in the proof.
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5.3 The regularity lemma for k-graphs

5.3.1 Regular complexes

In this section we give the definition of a regular complex, and results on regularity, which we

use throughout the rest of Chapter 5. The reader should be alert to the fact that there are subtle

differences in the definition of regularity used here compared to the definition used in Chapter 4,

and that the results used (primarily the regularity lemma) are consequently also different.

A hypergraphH consists of a vertex setV (H) and an edge setE(H), where every edgee ∈

E(H) is a non-empty subset ofV (H). So ak-graph as defined earlier is a hypergraph in

which every edge has sizek. A hypergraphH is acomplexif whenevere ∈ E(H) ande′ is a

non-empty subset ofe we have thate′ ∈ E(H). All the complexes considered in this chapter

have the property that every vertex forms an edge. A complexH is ak-complexif every edge

of H consists of at mostk vertices. The edges of sizei are calledi-edgesof H. We write

|H| := |V (H)| for theorder of H. Given ak-complexH, for eachi = 1, . . . , k we denote by

Hi theunderlyingi-graph ofH. So the vertices ofHi are those ofH and the edges ofHi are

thei-edges ofH.

Note that ak-graphH can be turned into ak-complex, which we denote byH6, by making

every edge into a completei-graphK(i)
k , for each1 6 i 6 k. (In a more generalk-complex we

may havei-edges which do not lie within an(i+ 1)-edge.) Givenk 6 s, a(k, s)-complexH is

ans-partitek-complex, by which we mean that the vertex set ofH can be partitioned into sets

V1, . . . , Vs such that every edge ofH meets eachVi in at most one vertex.

Given i > 2, an i-partitei-graphHi, and ani-partite(i − 1)-graphHi−1 on the same vertex

set, we writeKi(Hi−1) for the set ofi-sets of vertices which form a copy of the complete
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(i− 1)-graphK(i−1)
i on i vertices inHi−1. We define thedensity ofHi with respect toHi−1 to

be

d(Hi|Hi−1) :=
|Ki(Hi−1) ∩ E(Hi)|
|Ki(Hi−1)|

if |Ki(Hi−1)| > 0, andd(Hi|Hi−1) := 0 otherwise. More generally, ifQ := (Q(1), Q(2), . . . , Q(r))

is a collection ofr subhypergraphs ofHi−1, we defineKi(Q) :=
⋃r

j=1Ki(Q(j)) and

d(Hi|Q) :=
|Ki(Q) ∩ E(Hi)|
|Ki(Q)|

if |Ki(Q)| > 0, andd(Hi|Q) := 0 otherwise.

We say thatHi is (di, δ, r)-regular with respect toHi−1 if every r-tuple Q with |Ki(Q)| >

δ|Ki(Hi−1)| satisfiesd(Hi|Q) = di ± δ. Instead of(di, δ, 1)-regularity we sometimes refer to

(di, δ)-regularity.

Given3 6 k 6 s and a(k, s)-complexH, we say thatH is (dk, . . . , d2, δk, δ, r)-regular if the

following conditions hold:

• For everyi = 2, . . . , k − 1 and for everyi-tupleK of vertex classes eitherHi[K] is

(di, δ)-regular with respect toHi−1[K] or d(Hi[K]|Hi−1[K]) = 0.

• For everyk-tupleK of vertex classes eitherHk[K] is (dk, δk, r)-regular with respect

toHk−1[K] or d(Hk[K]|Hk−1[K]) = 0.

Here we writeHi[K] for the restriction ofHi to the union of all vertex classes inK. We

sometimes denote(dk, . . . , d2) by d and refer to(d, δk, δ, r)-regularity.

We need the following lemma which states that the restriction of regular complexes to a suffi-

ciently large set of vertices is still regular.

181



Lemma 5.2 Let k, s, r,m be positive integers andα, d2, . . . , dk, δ, δk be positive constants such

that
1

m
� 1

r
, δ 6 min{δk, d2, . . . , dk−1} 6 δk � α� dk,

1

s
.

Let H be a(d, δk, δ, r)-regular(k, s)-complex with vertex classesV1, . . . , Vs of sizem. For

eachi let V ′
i ⊆ Vi be a set of size at leastαm. Then the restrictionH′ = H[V ′

1 ∪ · · · ∪ V ′
s ] ofH

to V ′
1 ∪ · · · ∪ V ′

s is (d,
√
δk,
√
δ, r)-regular.

Proof. Note that sinceH′ is the restriction ofH to a subset of its vertex set, for any2 6

i 6 k, any i-tupleK of vertex classes and any subhypergraphQ of H′
i−1[K] we have that

d(H′
i[K]|Q) = d(Hi[K]|Q). It is therefore sufficient to show that

√
δ|Ki(H′

i−1)| > δ|Ki(Hi−1)|

for each2 6 i 6 k − 1, and similarly that
√
δk|Kk(H′

k−1)| > δk|Kk(Hk−1)|. This follows by

induction oni from the dense hypergraph counting lemma (Corollary 6.11 in[27]). Indeed,

suppose that for some2 6 i 6 k we have
√
δ|Kj(H′

j−1)| > δ|Kj(Hj−1)| for any2 6 j < i.

Then the(i − 1, s)-complex withj-edgesH′
j for each2 6 j < i is (di−1, . . . , d2,

√
δ,
√
δ, 1)-

regular. Then sinceδ � α, by the dense hypergraph counting lemma, if2 6 i 6 k − 1

then we have
√
δ|Ki(H′

i−1)| > δ|Ki(Hi−1)|. Similarly if i = k then sinceδk � α we have
√
δk|Kk(H′

k−1)| > δk|Kk(Hk−1)|, completing the induction. �

5.3.2 Statement of the regularity lemma

In this section we state the version of the regularity lemma for k-graphs due to Rödl and

Schacht [41], which we use several times in proving Theorem 1.11. To prepare for this we

first need some more notation. Suppose thatV is a finite set of vertices andP(1) is a partition

of V into setsV1, . . . , Va1 , which we callclusters. Givenk > 3 and anyj ∈ [k], we denote by

Crossj = Crossj(P(1)) the set of all thosej-subsets ofV that meet eachVi in at most 1 vertex.

For every setA ⊆ [a1] with 2 6 |A| 6 k − 1 we writeCrossA for all those|A|-subsets ofV
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that meet eachVi with i ∈ A. LetPA be a partition ofCrossA. We refer to the partition classes

of PA ascells. For eachi = 2, . . . , k − 1 let P(i) be the union of all thePA with |A| = i. So

P(i) is a partition ofCrossi.

P(k − 1) = {P(1), . . . ,P(k−1)} is a family of partitions onV if the following condition holds.

Recall thata1 denotes the number of clusters inP(1). Consider anyB ⊆ A ⊆ [a1] such that

2 6 |B| < |A| 6 k − 1 and suppose thatS, T ∈ CrossA lie in the same cell ofPA. Let

SB := S ∩⋃i∈B Vi and defineTB similarly. ThenSB andTB lie in the same cell ofPB.

To illustrate this condition, suppose thatk = 4 andA = [3]. ThenP{1,2}, P{2,3} andP{1,3}

partition the edges of the3 complete bipartite graphs induced by the pairsV1V2, V2V3 andV1V3.

These partitions together naturally induce a partitionQ of the set of triples induced byV1, V2

andV3. The above condition says thatP{1,2,3} must be a refinement ofQ.

Given1 6 i 6 j 6 k with i < k, J ∈ Crossj and ani-setQ ⊆ J , we writeCQ for the set

of all thosei-sets inCrossi that lie in the same cell ofP(i) asQ. (In particular, ifi = 1 then

CQ is the cluster containing the unique element inQ.) ThepolyadP̂ (i)(J) of J is defined by

P̂ (i)(J) :=
⋃

QCQ, where the union is over alli-subsetsQ of J . So we can viewP̂ (i)(J) as

anj-partitei-graph (whose vertex classes are the clusters intersectingJ). We letP̂(j−1) be the

set consisting of all thêP (j−1)(J) for all J ∈ Crossj. So for eachK ∈ Crossk we can view
⋃k−1

i=1 P̂
(i)(K) as a(k − 1, k)-complex.

We say thatP = P(k − 1) is (η, δ, t)-equitableif

• there existsd = (dk−1, . . . , d2) such thatdi > 1/t and1/di ∈ N for all i = 2, . . . , k − 1,

• P(1) is a partition ofV into a1 clusters of equal size, where1/η 6 a1 6 t,

• for all i = 2, . . . , k − 1, P(i) is a partition ofCrossi into at mostt cells,
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• for everyK ∈ Crossk, the(k − 1, k)-complex
⋃k−1

i=1 P̂
(i)(K) is (d, δ, δ, 1)-regular.

Note that the final condition implies that for alli = 2, . . . , k − 1 the cells ofP(i) have almost

equal size.

Let δk > 0 andr ∈ N. Suppose thatH is a k-graph onV andP = P(k − 1) is a family

of partitions onV . Given a polyadP̂ (k−1) ∈ P̂(k−1), we say thatH is (δk, r)-regular with

respect toP̂ (k−1) if H is (d, δk, r)-regular with respect tôP (k−1) for somed. We say thatH is

(δk, r)-regular with respect toP if

∣∣∣
⋃
{Kk(P̂

(k−1)) : H is not(δk, r)-regular with respect tôP (k−1) ∈ P̂(k−1)}
∣∣∣ 6 δk|V |k.

This means that not much more than aδk-fraction of thek-subsets ofV form aK(k−1)
k that lies

within a polyad with respect to whichH is not regular.

Now we are ready to state the regularity lemma.

Theorem 5.3 (R̈odl and Schacht [41], Theorem 17)Let k > 3 be a fixed integer. For all

positive constantsη andδk and all functionsr : N→ N andδ : N→ (0, 1], there are integerst

andn0 such that the following holds for alln > n0 which are divisible byt!. Suppose thatH is

ak-graph of ordern. Then there exists a family of partitionsP = P(k − 1) of the vertex setV

ofH such that

1. P is (η, δ(t), t)-equitable and

2. H is (δk, r(t))-regular with respect toP.

Similar results were proved earlier by Rödl and Skokan [43]and Gowers [13]. Note that the
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constants in Theorem 5.3 can be chosen so that they satisfy the following hierarchy:

1

n0
� 1

r
=

1

r(t)
, δ = δ(t)� min{δk,

1

t
} � η.

5.3.3 The reducedk-graph

To prove the absorbing lemma and the path cover lemma, we use the so-called reducedk-graph.

Suppose that we have constants

1

n0

� 1

r
, δ � min{δk,

1

t
} 6 δk, η � d� θ� µ,

1

k
.

and ak-graphH on V of ordern > n0 with δ(H) > (µ + θ)n. We may apply the regularity

lemma toH to obtain a family of partitionsP = {P(1), . . . ,P(k−1)} of V . Then thereducedk-

graphR = R(H,P) is thek-graph whose vertices are the clusters ofH, i.e. the parts ofP(1).

A k-tuple of clusters forms an edge ofR if there is some polyad̂P (k−1) induced on thesek

clusters such thatH is (d′, δk, r)-regular with respect tôP (k−1) for somed′ > d. To make use

of the reducedk-graph, we need to show that it almost inherits the minimum degree condition

fromH.

Lemma 5.4 All but at mostθ|R|k−1 setsS ∈
(

V (R)
k−1

)
satisfydR(S) > µ|R|.

Similar results have been proved previously, but we includethe short proof for completeness.

We say that an edgee ofH is usefulif it lies in Kk(P̂
(k−1)) for someP̂ (k−1) ∈ P̂(k−1) such that

H is (d′, δk, r)-regular with respect tôP (k−1) for somed′ > d. Note that ife lies inKk(P̂
(k−1))

thenP̂ (k−1) = P̂ (k−1)(e) is the polyad ofe. Moreover, ife is a useful edge ofH, andVi1 , . . . , Vik

are the clusters containing the vertices ofe, then thesek clusters form an edge ofR.

Lemma 5.5 At most2dnk edges ofH are not useful.
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Proof. There are three reasons why an edge ofH may not be useful. Firstly, it may lie in
(

V
k

)
\ Crossk. SinceP(1) partitionsV into a1 clusters of equal size, there are at mostn

a1
nk−1 6

ηnk edges of this type. Secondly, the edge may lie in a polyadP̂ (k−1) ∈ P̂(k−1) such that

|E(H) ∩ Kk(P̂
(k−1))| 6 d|Kk(P̂

(k−1))|. There are at mostdnk edges of this type. Finally, the

edge may lie in a polyad̂P (k−1) ∈ P̂(k−1) such thatH is not (δk, r)-regular with respect to

P̂ (k−1). SinceH is (δk, r)-regular with respect toP, there are at mostδknk edges of this type.

So altogether, at most(δk + d+ η)nk 6 2dnk edges ofH are not useful. �

Proof of Lemma 5.4. Let m = |V1| = · · · = |Va1 | be the size of the clusters. We say that a

(k − 1)-tuple of clusters ofH is poor if there are at leastθmk−1n edges ofH which intersect

each of thek − 1 clusters in precisely one vertex and which are not useful. Then it follows

from Lemma 5.5 that at mostθ|R|k−1 such(k − 1)-tuples are poor. So it remains to show

that any(k − 1)-tuple which is not poor has many neighbours inR. But if Vi1, . . . , Vik−1
is a

(k − 1)-tuple which is not poor, then there are at leastmk−1δ(H)− θmk−1n > µmk−1n useful

edges ofH which intersect each ofVi1, . . . , Vik−1
in precisely one vertex. For any other cluster

Vj at mostmk edges ofH intersect each ofVi1 , . . . , Vik−1
, Vj in precisely one vertex, and so

there are at leastµn/m = µ|R| choices ofVj such that there is at least one such useful edge.

This useful edge indicates the existence of a polyad satisfying the conditions of an edge in the

reducedk-graphR. �

5.3.4 The embedding and extension lemmas

To prove Theorem 1.11 we also use an embedding lemma, which guarantees the existence of a

copy of a complexG of bounded maximum degree inside a suitable regular complexH, where

the order ofG is allowed to be linear in the order ofH. In order to state this lemma, we need

some more definitions.
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The degree of a vertexx in a complexG is the number of edges containingx. Themaximum

vertex degreeof G is the largest degree of a vertex ofG. Suppose thatH is a (k, s)-complex

with vertex classesV1, . . . , Vs, which all have sizem. Suppose also thatG is a(k, s)-complex

with vertex classesX1, . . . , Xs of size at mostm. We say thatH respects the partition ofG if

wheneverG contains ani-edge with vertices inXj1 , . . . , Xji
, then there is ani-edge ofH with

vertices inVj1, . . . , Vji
. On the other hand, we say that a labelled copy ofG in H is partition-

respectingif for eachi = 1, . . . , s the vertices corresponding to those inXi lie within Vi.

Lemma 5.6 (Embedding lemma, [8], Theorem 3)Let ∆, k, s, r,m0 be positive integers and

let c, d2, . . . , dk, δ, δk be positive constants such that1/di ∈ N for all i < k,

1

m0
� 1

r
, δ � min{δk, d2, . . . , dk−1} 6 δk � dk,

1

∆
,
1

s

and

c� d2, . . . , dk.

Then the following holds for all integersm > m0. Suppose thatG is a (k, s)-complex of

maximum vertex degree at most∆ with vertex classesX1, . . . , Xs such that|Xi| 6 cm for all

i = 1, . . . , s. Suppose also thatH is a (d, δk, δ, r)-regular(k, s)-complex with vertex classes

V1, . . . , Vs, all of sizem, which respects the partition ofG. ThenH contains a labelled partition-

respecting copy ofG.

We also use the following weak version of a lemma from [8]. Roughly speaking, it states that

if G is an induced subcomplex ofG′, andH is suitably regular, then almost all copies ofG in

H can be extended to a large number of copies ofG′ in H. We write |G|H for the number of

labelled partition-respecting copies ofG inH.

Lemma 5.7 (Extension lemma, [8], Lemma 5)Letk, s, r, b′, b′′, m0 be positive integers, where

187



b′ < b′′, and letc, β, d2, . . . , dk, δ, δk be positive constants such that1/di ∈ N for all i < k and

1

m0
� 1

r
, δ � c� min{δk, d2, . . . , dk−1} 6 δk � β, dk,

1

s
,

1

b′′
.

Then the following holds for all integersm > m0. Suppose thatG′ is a (k, s)-complex onb′′

vertices with vertex classesX1, . . . , Xs and letG be an induced subcomplex ofG′ onb′ vertices.

Suppose also thatH is a (d, δk, δ, r)-regular(k, s)-complex with vertex classesV1, . . . , Vs, all

of sizem, which respects the partition ofG′. Then all but at mostβ|G|H labelled partition-

respecting copies ofG inH are extendible to at leastcnb′′−b′ labelled partition-respecting copies

of G′ inH.

The proofs of Lemmas 5.6 and 5.7 rely on the hypergraph counting lemma (Theorem 9 in [42]).

In particular, the extension lemma is a straightforward consequence of the counting lemma.

Actually both the embedding lemma and the extension lemma involved the additional condition

that 1/dk ∈ N. However, this can easily be achieved by working with a subcomplexH′ of

H which is (d′′, dk−1, . . . , d2, δk, δ, r)-regular with respect tôP (k−1) for somed′′ � δk with

1/d′′ ∈ N. The existence of such anH′ follows immediately from the slicing lemma ([41],

Proposition 22), which is proved using a simple applicationof a Chernoff bound.

Now suppose that we have applied the regularity lemma (Theorem 5.3) to ak-graphH to obtain

a reducedk-graphR. An edgee of R indicates that we can apply the embedding lemma or

the extension lemma to the subcomplex ofH whose vertex classes are the clustersV1, . . . , Vk

corresponding to the vertices ofe. More precisely, sincee is an edge ofR, there is some polyad

P̂ (k−1) = P̂ (k−1)(K) (whereK ∈ Crossk) induced byV1, . . . , Vk such thatH is (d′, δk, r)-

regular with respect tôP (k−1) for somed′ > d. LetH∗ be the(k, k)-complex obtained from the

(k − 1, k)-complex
⋃k−1

i=1 P̂
(i)(K) by addingE(H) ∩ K(P̂ (k−1)) as the ‘kth level’. ThenH∗ is

a (d, δk, δ, r)-regular subcomplex ofH, whered = (d′, dk−1, . . . , d2), and(dk−1, . . . , d2) is as

in the definition of an(η, δ, t)-equitable family of partitions. AlsoH∗ satisfies the conditions
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of the embedding (or extension) lemma. So in particular, theembedding lemma implies that

if m := |V1| andG is a k-partitek-graph of bounded maximum vertex degree whose vertex

classes have size at mostcm, thenH contains a copy ofG.

5.4 The diameter lemma

In this section, we prove a diameter lemma, which states thatif H is a sufficiently largek-

graph of large minimum degree, then for any ordered`-setsA andB of vertices ofH we can

find an `-path fromA to B in H. To prove this result, we first consider ak-graphW(k, `),

for which a similar statement is easier to prove (Proposition 5.8). Fork/2 6 ` 6 k − 2,

the k-graphW(k, `) has4` − k + 2 vertices in three disjoint setsX, Y andZ, whereX =

{x1, . . . , x`}, Y = {y1, . . . , y`} andZ = {z1, . . . , z2`−k+2}.W(k, `) has2`−k+2 edges, where

for 1 6 i 6 2`− k+ 2 theith edge ofW(k, `) is {x1, . . . , x`+1−i}∪ {y1, . . . , yk−2−`+i} ∪ {zi}.

So each edge ofW(k, `) intersects the following edge in preciselyk−2 vertices. We sometimes

viewW(k, `) as a(4` − k + 2)-partitek-graph with a single vertex in each vertex class, and

consider the(k, 4` − k + 2)-complexW(k, `)6. We refer to the ordered setsX andY as the

ordered ends ofW(k, `).

The next proposition states that for most pairs of setsS andT of ` vertices in ak-graphH of

large minimum degree,H contains many copies ofW(k, `) with S andT as ordered ends.

Proposition 5.8 Suppose thatk > 3, thatk/2 6 ` 6 k − 2 and that1/n� γ � β � µ, 1/k.

LetH be ak-graph onn vertices such thatd(S) > µn for all but at mostγnk−1 setsS ∈
(

V (H)
k−1

)
.

Then for all but at mostβn2` pairsS, T of ordered`-sets of vertices ofH there are at least

βn2`−k+2 copies ofW(k, `) inH with ordered endsS andT .

Proof. We refer to the at mostγnk−1 setsS of k − 1 vertices inH which do not satisfy

d(S) > µn as unfriendly(k− 1)-sets. We say that a pair of`-setsS andT is unfriendly if there
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existS ′ ⊆ S, T ′ ⊆ T such thatS ′ ∪ T ′ is an unfriendly(k − 1)-set. Then for any unfriendly

(k − 1)-setB, there are at most2k−1n2`−k+1 pairs of`-setsS andT with S ′ ∪ T ′ = B for

someS ′ ⊆ S andT ′ ⊆ T , and so since there are at mostγnk−1 unfriendly (k − 1)-sets, and

γ � β � 1/k, we know that there are at mostβn2` unfriendly pairs of̀ -sets.

To complete the proof, it is sufficient to show that if the pairS, T of ordered`-sets is not

unfriendly, thenH contains at leastβn2`−k+2 copies ofW(k, `) with ordered endsS andT . Let

S = {x1, . . . , x`}, and letT = {y1, . . . , y`}. For each1 6 i 6 2k− `+ 2 we choose a vertexzi

such thatzi /∈ S ∪ T , zi 6= zj for anyj < i, and such that{x1, . . . , x`+1−i, y1, . . . , yk−2−`+i, zi}

is an edge ofH. This is possible for eachi as we know thatS, T is not an unfriendly pair, and

sod({x1, . . . , x`+1−i, y1, . . . , yk−2−`+i}) > µn, and hence there are at leastµn− (4`− k + 2)

vertices to choose from. ThenS, T and the chosen verticeszi together form a copy ofW(k, `)

in H with ordered endsS andT . Sinceβ � µ, by counting the choices we could have made

for the zi we find thatH contains at leastβn2`−k+2 copies ofW(k, `) with ordered endsS

andT . �

The following proposition relates thek-graphW(k, `) to ak-graphP(k, `) which consists of

several̀ -paths from one ordered̀-set to another. We say that`-pathsP andQwith ordered ends

P beg, P end,Qbeg andQend areinternally disjointif P andQ do not intersect other than in these

ordered ends. Note that the proof of this proposition uses Proposition 5.1. As a consequence

this proposition and each of the remaining results of this section, including the diameter lemma,

require that(k − `) - k.

Proposition 5.9 Suppose thatk > 3 and thatk/2 6 ` 6 k − 1 is such that(k − `) - k. Then

there exists a(4`− k + 2)-partitek-graphP(k, `) such that the following conditions hold.

(1) P(k, `) is the union of4`+1 internally disjoint̀ -paths, each containing betweenk2` and

2k5 vertices, with identical ordered̀-setsT1 andT2 as ordered ends (we refer to these as
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the ordered ends ofP(k, `)). In particular,P(k, `) contains at most10k6 vertices.

(2) The vertex classes ofP(k, `) are disjoint setsVw, one for each vertexw ofW(k, `).

(3) Wheneverv1 ∈ Vw1, v2 ∈ Vw2, . . . , vk ∈ Vwk
are such that{v1, v2, . . . , vk} is an edge

of P(k, `), {w1, . . . , wk} is an edge ofW(k, `). Furthermore, letX andY be the or-

dered ends ofW(k, `). Then the ordered ends ofP(k, `) are contained in
⋃

w∈X Vw and
⋃

w∈Y Vw respectively.

Proof. For every vertexw ofW(k, `), take a large vertex setVw. DefineW∗ to have vertex set

V =
⋃

w∈W(k,`) Vw, and edges precisely thosek-sets of vertices which lie in sets corresponding

to an edge ofW(k, `). We constructP(k, `) to be a sub-k-graph ofW∗, with the ordered

ends ofP(k, `) in the setsVw corresponding to the ordered ends ofW(k, `). ThenP(k, `) is a

(4`− k + 2)-partitek-graph which satisfies (2) and (3).

For each1 6 i 6 2`−k+2 let ei be theith edge ofW(k, `) as in the definition ofW(k, `). Then

for each1 6 i 6 2`−k+1 we know that|ei∩ei+1| = k−2, and so we may chooseSi to be an

ordered set of̀ vertices chosen from
⋃

w∈ei∩ei+1
Vw. Also, letS0 andS2`−k+2 be ordered sets of

` vertices chosen from theVw corresponding to the ordered ends ofW(k, `). SoS0 andS2`−k+2

are subsets of
⋃

w∈e1
Vw, and

⋃
w∈e2`−k+2

Vw respectively. We choose these setsSi to be disjoint

and to contain at most one vertex from any one vertex classVw. Then by Proposition 5.1, for

each1 6 i 6 2`−k+2 we can find aǹ-path fromSi−1 toSi inK[Vw : w ∈ ei] which contains

k2`(k−`)+k vertices. We do this so that the`-paths chosen only intersect in the appropriateSi.

Then the union of all of thesè-paths is aǹ-pathP from S0 to S2`−k+2 with

k2` 6 k2`(k − `) + k 6 |P | 6 (2`− k + 2)(k2`(k − `) + k) 6 2k5.

In the same way we find another4` `-paths fromS0 to S2`−k+2, so that all4`+ 1 of the`-paths

obtained are internally disjoint. ThenP(k, `) is the union of all of thesè-paths. �
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Fix any suchP(k, `), which we henceforth refer to asP(k, `). Also, letS1 andS2 be the ordered

ends ofP(k, `), so thatS1 andS2 are disjoint ordered̀-sets. LetS(k, `) be the complex with

vertex setS1 ∪ S2 and with edges being all subsets ofS1 and all subsets ofS2. Then since

each of thè -paths which formP(k, `) contain at leastk2` vertices, the complexS(k, `) is an

induced subcomplex of the complexP(k, `)6 corresponding toP(k, `), so under appropriate

circumstances we may use the extension lemma (Lemma 5.7) to extendS(k, `) toP(k, `). This

is the key to the following lemma, which states that for the values ofk and` considered, almost

all pairs of ordered̀-sets of vertices of a sufficiently largek-graph of large minimum degree

form the ordered ends of a copy ofP(k, `).

Lemma 5.10 Suppose thatk > 3, thatk/2 6 ` 6 k − 1 is such that(k − `) - k, and that

1/n � β � µ, 1/k. Let H be ak-graph of ordern with δ(H) > µn. Then there are at

mostβn2` pairs of ordered̀ -setsS1 andS2 of vertices ofH for whichH does not contain a

copy ofP(k, `) with ordered endsS1 andS2.

Proof. To prove this, we use hypergraph regularity. So introduce new constants

1

n
� 1

r
, δ � c� min{δk,

1

t
} 6 δk, η � d� γ � β � µ.

We may assume thatt! divides|H|, so apply the regularity lemma toH, and letV1, . . . , Va1 be

the clusters of the partition obtained. As in Section 5.3.3,we say that an edge ofH is useful if

it lies in Kk(P̂
(k−1)) such thatH is (d′, δk, r)-regular with respect tôP (k−1) for somed′ > d.

LetH′ be the subgraph ofH consisting of all useful edges. Note that no edge ofH′ contains 2

vertices from the same cluster. Then by Lemma 5.5, at most2dnk edges ofH are not useful,

and sodH′(S) > µn/2 for all but at mostγnk−1 of the(k − 1)-setsS of vertices ofH′.

LetC1 andC2 be cells of the partitionP(`) obtained from the regularity lemma. We say thatC1

andC2 areconnectedif H′ contains a copyW ofW(k, `) with ordered endsA andB such that

192



A ∈ C1, B ∈ C2, and such that no two vertices ofW lie in the same cluster. We first show that

there are at mostβn2`/2 pairsA andB of ordered̀ -sets of vertices ofH such that either

(i) at least one ofA andB does not lie in a cell ofP(`), or

(ii) the cellsCA andCB of P(`) which containA andB respectively are not connected.

Indeed, for (i) note that at most`2 n
a1
n`−1 6 `2ηn` ordered`-sets of vertices ofH do not lie

in Cross`, and so there are at most`2ηn2` pairsA andB of ordered̀ -sets of vertices ofH such

that at least one ofA andB does not lie in a cell ofP(`). Similarly, for (ii) note that there are

at most`2ηn2` pairsA andB of ordered`-sets such that the cellsCA andCB of P(`) which

containA andB respectively share at least one cluster. Finally, if the cells CA andCB of P(`)

which containA andB respectively do not share any clusters, but are not connected, thenH′

must contain fewer than
(
4`−k+2

2

)
ηn2`−k+2 copies ofW(k, `) with ordered endsA andB. So

by Proposition 5.8, there are at mostβn2`/3 pairsA andB of ordered̀ -sets of vertices ofH

which lie in such pairs of cells ofP(`).

To prove the lemma, it is therefore sufficient to show that there are at mostβn2`/2 pairsS1, S2

of ordered̀ -sets of vertices ofH such thatCS1 andCS2 are connected cells ofP(`) butS1 and

S2 do not form the ordered ends of a copy ofP(k, `) in H. So suppose cellsC1 andC2 of

P(k, `) are connected. Then there is a copyW of W(k, `) in H′ with ordered endsA andB

such thatA ∈ C1, B ∈ C2, and such that no two vertices ofW lie in the same cluster. Since

every edge ofH′ is a useful edge, for each edgee ∈ E(W) the polyadP̂ (k−1)(e) of e is such

thatH is (d′, δk, r)-regular with respect tôP (k−1)(e) for somed′ > d. Then these polyads ‘fit

together’. By this we mean that if edgese ande′ ofW intersect inq vertices, then

(
k−1⋃

i=1

P̂ (i)(e)

)
∩
(

k−1⋃

i=1

P̂ (i)(e′)

)
=

q⋃

i=1

P̂ (i)(e ∩ e′),
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i.e. the intersection of the(k − 1, k)-complexes corresponding toe ande′ is the(q, q)-complex

corresponding toe ∩ e′. Therefore we can defineH∗ to be the(k, 4` − k + 2)-complex

obtained from the(k − 1, 4` − k + 2)-complex
⋃

e∈E(W)

⋃k−1
i=1 P̂

(i)(e) by addingE(H) ∩
⋃

e∈E(W)K(P̂ (k−1)(e)) as the ‘kth level’. ThenH∗ is a (d, δk, δ, r)-regular(k, 4` − k + 2)-

complex, whered = (d′, dk−1, . . . , d2) and(dk−1, . . . , d2) is as in the definition of an(η, δ, t)-

equitable family of partitions. (Here we may assume a commondensityd′ for the kth level

by applying the slicing lemma ([41], Proposition 22) if necessary.) Furthermore, by construc-

tionH∗ respects the partition of the complexW(k, `)6 corresponding toW(k, `), and so prop-

erty (3) of Proposition 5.9 implies thatH∗ also respects the partition ofP(k, `)6. LetS1 andS2

be disjoint ordered̀-sets lying in the cellsC1 andC2 of P(`) respectively. ThenS1 ∪ S2 is

the vertex set of a labelled copyS of S(k, `) in H∗. So by Lemma 5.7, for all but at most

β|C1||C2|/2 choices ofS1 ∈ C1 andS2 ∈ C2 we can extend the labelled complexS to at

least one labelled partition-respecting copy ofP(k, `) with ordered endsS1 andS2. Summing

over allC1 andC2, we find that there are at mostβn2`/2 ordered̀ -setsS1 andS2 of vertices

of H which lie in connected cells ofP(`) and which cannot be extended to a labelled partition-

respecting copy ofP(k, `), completing the proof. �

We can now prove the following corollary, the diameter lemmawe were aiming for. The idea

behind this is that ifS andT are ordered̀-sets in a largek-graphH of large minimum degree,

then there are many ordered`-setsS ′ andT ′ such thatH contains̀ -paths fromS toS ′ andT to

T ′. So by the previous lemma, at least one such pairS ′ andT ′ form the ordered ends of a copy

of P(k, `). Combining thesè-paths gives aǹ-path fromS to T .

Corollary 5.11 (Diameter lemma) Suppose thatk > 3, that1 6 ` 6 k−1 is such that(k−`) -

k, and that1/n � µ, 1/k. LetH be ak-graph of ordern with δ(H) > µn. Then for any two

disjoint ordered̀ -setsS andT of vertices ofH, there exists aǹ-pathP inH fromS to T such

thatP contains at most8k5 vertices.
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Proof. Recall that if` < k/2 we can find such aǹ-path consisting of just one single edge, so

we may assume that` > k/2. Introduce constantsβ, β ′ such that1/n � β ′ � β � µ, 1/k.

LetA be an arbitrary ordered̀-set of vertices ofH, and letX be an arbitrary set of3` vertices

which is disjoint fromA. We begin by showing that there are many ordered`-setsB such

thatH contains aǹ-pathP fromA toB having at most3` vertices, none of which are fromX.

To show this, we demonstrate how a vertex sequence ofP may be chosen, and then count the

number of choices.

SinceA is to be an ordered end ofP , we begin the vertex sequence ofP with the ordered̀ -set

A. We then arbitrarily choose anyk − `− 1 vertices ofH to add to the sequence. To finish the

sequence, we repeatedly make use of the fact thatδ(H) > µn. More precisely, we repeat the

following step: letV be the set of the finalk − 1 vertices of the current vertex sequence. Then

dH(V ) > µn, and so there are at leastµn− 6` vertices which together withV form an edge of

H and which are not in the vertex sequence constructed thus faror inX. Choosev to be one of

these vertices, and append it to the vertex sequence. We stopas soon as the numberr of vertices

in the sequence satisfiesr > 2` andr ≡ k (modulo(k − `)), so in particularr 6 3`. LetB be

the ordered set consisting of the last` vertices of the sequence. ThenH contains aǹ -pathP

with this vertex sequence, andP is therefore aǹ-path of order at most3` fromA toB which

does not contain any vertex ofX. There are at least(µn − 6`)r−` vertex sequences we could

have chosen, and hence there are at least(µn− 6`)r−`/nr−2` > βn` possibilities for an ordered

`-setB such that there is aǹ-path fromA toB inH, not containing any vertex ofX.

Now, let S andT be the two ordered̀-sets of vertices ofH given in the statement of the

corollary. Then there are at leastβn` ordered̀ -setsS ′ of vertices ofH such that there exists an

`-pathP1 from S to S ′ in H, which contains at most3` vertices and such thatV (P1) ∩ T = ∅.

Likewise for each such choice ofS ′ andP1, there are at leastβn` ordered̀ -setsT ′ of vertices

of H such that there exists aǹ-pathP2 from T to T ′ of order at most3` in H and such that
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V (P2) ∩ V (P1) = ∅. By Lemma 5.10, at mostβ ′n2` of these pairsS ′, T ′ do not form ordered

ends of a copy ofP(k, `) inH. Sinceβ ′ � β we may therefore choose such a pairS ′, T ′ such

thatS ′ andT ′ are ordered ends of a copy ofP(k, `) inH. Then there are at least4`+1 internally

disjoint `-paths of order at most2k5 from S ′ to T ′ in H. At most4` of thesè -paths contain

any vertex fromV (P1) \ S ′ or V (P2) \ T ′, and so we may choose an`-pathQ from S ′ to T ′

in P(k, `) ⊆ H of order at most2k5 which contains no vertex fromV (P1) \ S ′ or V (P2) \ T ′.

ThenP1QP2 is the`-path fromS to T of order at most2k5 + 6` 6 8k5 we seek. �

5.5 The absorbing path lemma

LetH be ak-graph, and letS be a set ofk − ` vertices ofH. Recall that aǹ-pathP inH with

ordered endsP beg andP end is absorbingfor S if P does not contain any vertex ofS, andH

contains aǹ -pathQ with the same ordered endsP beg andP end, whereV (Q) = V (P ) ∪ S.

This means that ifP is a section of aǹ-pathP ∗ which does not contain any vertices ofS, then

we can ‘absorb’ the vertices ofS into P ∗ by replacingP with Q. P ∗ is still an`-path after this

change asP andQ have the same ordered ends. Similarly, we say that an`-pathP in H with

ordered endsP beg andP end canabsorba collectionS1, . . . , Sr of (k − `)-sets of vertices ofH

if P does not contain any vertex of
⋃r

i=1 Si, andH contains aǹ-pathQ with the same ordered

endsP beg andP end, whereV (Q) = V (P ) ∪ ⋃r
i=1 Si. The reason we absorb(k − `)-sets is

that the order of aǹ-path must be congruent tok, modulok − `. The next result describes

the absorbing path as ak-graph, which we use to absorb a setS. Note that the proof of this

proposition uses Proposition 5.1. As a consequence, this proposition and each of the remaining

results of this section, including the absorbing path lemma, require that(k − `) - k.

Proposition 5.12 Suppose thatk > 3, and that1 6 ` 6 k − 1 is such that(k − `) - k. Then

there is ak-partitek-graphAP(k, `) with the following properties.
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(1) |AP(k, `)| 6 k4.

(2) The vertex set ofAP(k, `) consists of two disjoint setsS andX with |S| = k − `.

(3) AP(k, `) contains aǹ-pathP with vertex setX and ordered endsP beg andP end.

(4) AP(k, `) contains aǹ-pathQ with vertex setS ∪X and ordered endsP beg andP end.

(5) No edge ofAP(k, `) contains more than one vertex ofS.

(6) No vertex class ofAP(k, `) contains more than one vertex ofS.

Proof. Let V1, . . . , Vk be disjoint vertex sets of sizek`(k− `) + 1. LetS be an ordered(k− `)-

set such that for each1 6 i 6 k − `, the ith vertex ofS lies in V`+i. Let P be an`-path in

K[V1, . . . , Vk] with ordered endsP beg andP end such that bothP beg andP end contain at most one

vertex from eachVi and such thatV (P ) = (V1∪ · · ·∪Vk) \S. (One can easily choose such aP

if for all j = 1, . . . , |P | one chooses thejth vertex ofP in theVi for which j ≡ i modulok.)

ThenV (P ) ∪ S = V1 ∪ · · · ∪ Vk. Thus we can apply Proposition 5.1 to obtain an`-pathQ

from P beg to P end in K[V1, . . . , Vk] such thatV (Q) = V (P ) ∪ S. By swapping some vertices

in S with some vertices inV (Q) \ S (lying in the sameVi) if necessary we can ensure that the

vertices inS are distributed in such a way that in some vertex sequence ofQ they have distance

at leastk from each other. (This ensures (5).) We can now takeAP(k, `) := P ∪Q. �

Fix anAP(k, `) satisfying Proposition 5.12, which we refer to simply asAP(k, `) for the rest

of this section. Letb(k, `) := |AP(k, `)| − k+ `, so thatb(k, `) is the number of vertices of the

`-pathP in the definition ofAP(k, `).

Given a(k−`)-setS of vertices ofH, we think ofS as a labelled(k, k)-complex with noi-edges

for any i > 2. Then the extension lemma (Lemma 5.7) tells us that for most such(k − `)-sets

S there are many labelled copies ofAP(k, `)6 extendingS in H, and soH contains many

absorbing paths for these setsS.
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Suppose thatH is a k-graph onn vertices, and thatc is a positive constant. We say that a

(k − `)-setS of vertices ofH is c-good if H contains at leastcnb(k,`) absorbing paths forS,

each onb(k, `) vertices.S is c-bad if it is not c-good. The next lemma states that for the values

of k and` we are interested in, and any smallc, if H is sufficiently large and has large minimum

degree, then almost all(k − `)-setsS of vertices ofH arec-good.

Lemma 5.13 Suppose thatk > 3, that 1 6 ` 6 k − 1 is such that(k − `) - k, and that

1/n� c� γ � µ, 1/k. LetH be ak-graph onn vertices such thatδ(H) > µn. Then at most

γnk−` setsS of k − ` vertices ofH arec-bad.

Proof. Let b = b(k, `), and introduce new constants

1

n
� 1

r
, δ � c� min{δk,

1

t
} 6 δk, η � d� γ.

We may assume thatt! divides|H|, so apply the regularity lemma toH, and letV1, . . . , Va1 be

the clusters of the partition obtained. Letm = n/a1 be the size of each of these clusters. Form

the reducedk-graphR on these clusters as defined in Section 5.3.3.

We begin by showing that almost all sets ofk−` vertices ofH are contained in clusters which lie

in a common edge ofR. More precisely, for all but at mostγnk−`/2 sets{v1, . . . , vk−`} of k−`

vertices ofH we can choose clustersVi1, . . . , Vik such thatvj ∈ Vij for each1 6 j 6 k − `

and such that{Vi1 , . . . , Vik} forms an edge ofR. Indeed, by Lemma 5.4,dR(S) > 1 for all

but at mostγak−`
1 /3 ‘neighbourless’ setsS of k − ` clusters. At mostηnk−` � γnk−` setsT

of k − ` vertices ofH do not lie inCrossk−`. But if T ∈ Crossk−`, then unless the setS of

clusters containing the vertices ofT is one of the at mostγak−`
1 /3 ‘neighbourless’ sets ofk − `

clusters (which is the case for at mostγnk−`/3 sets ofk − ` vertices ofH), there is an edge

ofR containingS as required.
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Now, suppose thatVi1, . . . , Vik are clusters which form an edge ofR. Note that there aremk−`

sets{v1, . . . , vk−`} such thatvj ∈ Vij for each1 6 j 6 k − `. Sincee = {Vi1, . . . , Vik}

is an edge ofR, we may define the complexH∗ corresponding toe as in the paragraph after

the statement of the extension lemma (Lemma 5.7). ThenH∗ satisfies the conditions of the

extension lemma (withγ/2 and k playing the roles ofβ and s), and respects the partition

of AP(k, `). Let S be an ordered set of sizek − `, which we may view as a labelled(k, k)-

complex with noj-edges forj > 2. Then by Lemma 5.7, all but at mostγmk−`/2 ordered

setsS ′ = {v1, . . . , vk−`} such thatvj ∈ Vij for eachj (these are the labelled copies ofS)

are extendible to at leastcb(k, `)!nb(k,`) labelled partition-respecting copies ofAP(k, `) in H.

This is where we use property (5) of Proposition 5.12 – it ensures that the complexS is an

induced subcomplex ofAP(k, `). For each copyC of AP(k, `), C − S ′ is an absorbing path

for S ′ on b(k, `) vertices, and soH∗ (and thereforeH) contains at leastcnb(k,`) absorbing paths

on b(k, `) vertices forS ′. So at mostγmk−`/2 such setsS ′ arec-bad.

Recall that the number of(k − `)-sets of vertices ofH which do not lie in distinct clusters

corresponding to an edge ofR is at mostγnk−`/2. Summing over all sets ofk − ` clusters, we

see that at mostγnk−`/2 of the(k− `)-sets which do lie in distinct clusters corresponding to an

edge ofR arec-bad. Thus at mostγnk−` sets ofk − ` vertices ofH arec-bad, completing the

proof. �

We are now in a position to prove the main lemma of this section. It states that for any positive

c, if H is a sufficiently largek-graph of large minimum degree, then we can find an`-path inH

which contains a small proportion of the vertices ofH, includes all vertices ofH which lie in

manyc-bad(k − `)-sets and can absorb any small collection ofc-good(k − `)-sets of vertices

ofH.

Lemma 5.14 (Absorbing path lemma)Suppose thatk > 3, that1 6 ` 6 k − 1 is such that

(k − `) - k, and that1/n � α � c � γ � µ, 1/k. LetH be ak-graph of ordern with
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δ(H) > µn. ThenH contains aǹ -pathP on at mostµn vertices such that the following

properties hold:

(1) Every vertex ofH− V (P ) lies in at mostγnk−`−1 c-bad(k − `)-sets.

(2) P can absorb any collection of at mostαn disjointc-good(k− `)-sets of vertices ofH−

V (P ).

Proof. Let b := b(k, `), and choose a familyT of orderedb-sets of vertices ofH at random

by including each orderedb-setT into T with probability c2n1−b, independently of all other

orderedb-sets. Now, for anyc-good setS of k− ` vertices ofH, the expected number ofT ∈ T

for whichH contains an absorbing path forS with T as a vertex sequence is at leastc3n, by the

definition of ac-good set. So by a standard Chernoff bound, with probability1−o(1), for every

c-good(k− `)-setS of vertices ofH the number of such orderedb-setsT ∈ T is at leastc3n/2.

Furthermore, with probability1− o(1) we have|T | 6 2c2n. The expected number of ordered

pairsT, T ′ in T which intersect (i.e. for which the corresponding unordered sets intersect) is at

most(c2n1−b)2b2n2b−1 = c4b2n. So with probability at least 1/2 the number of such pairs is at

most2c4b2n. Thus we may fix an outcome of our random selection ofT such that all of these

events hold.

Delete fromT everyT ∈ T which intersects any otherT ′ ∈ T . Also delete fromT every

T ∈ T which is not a vertex sequence of an absorbing path for somec-good (k − `)-setS

of vertices ofH. Let T1, . . . , Tq be the remaining members ofT . Soq 6 2c2n, and for each

1 6 i 6 q we can choose aǹ-pathPi in H with vertex sequenceTi which is absorbing for

some suchS. Then all thè -pathsPi are disjoint, and for everyc-good(k− `)-setS of vertices

ofH at leastc3n/2− 2c4b2n > αn of the`-pathsPi are absorbing.
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Let X be the set of vertices ofH which are not contained in anyPi and which lie in more

thanγnk−`−1 c-bad (k − `)-sets. Then|X| 6 γn, since by Lemma 5.13 there are at most

γ2nk−`/(k − `) c-bad (k − `)-sets in total. We use the minimum degree condition onH to

greedily construct aǹ-pathP0 containing all vertices inX and not intersecting the previous

pathsPi, 1 6 i 6 q. Then if we incorporate each of thePi (0 6 i 6 q) into the`-pathP we are

constructing, condition (1) of the lemma is satisfied. So letX ′ be a set ofk − 1 vertices ofX.

ThendH(X ′) > µn by the minimum degree condition onH. Since|⋃q
i=1 Pi| < µn, we may

choose a vertexx ∈ V (H) \ ⋃q
i=1 V (Pi) which together withX ′ forms an edge ofH. Then

X ′ ∪ {x} is the first edge ofP0. We then greedily extendP0 as follows. LetX ′′ be the set of

the final` vertices of the vertex sequence ofP0. Add toX ′′ anyk − 1− ` > 1 vertices fromX

not yet contained inP0. ThendH(X ′′) > µn, and so we may choose a vertexy of H which is

not in
⋃q

i=1 Pi nor already contained inP0. We then extendP0 by the edgeX ′′ ∪ {y}. At the

end of this process we obtain an`-pathP0 which is disjoint from all thePi (i = 1, . . . q), which

contains every vertex ofX, and which satisfies|V (P0)| 6 2γn. LetP beg
i andP end

i be ordered

ends ofPi for each0 6 i 6 q.

To complete the proof, we now use the diameter lemma (Corollary 5.11) to greedily join each

ordered̀ -setP end
i to the ordered̀-setP beg

i+1 by an`-pathP ′
i , such thatP ′

i intersectsPi andPi+1

only in the setsP beg
i+1 andP end

i and does not intersect any otherPj or any previously chosenP ′
j .

More precisely, suppose we have chosen suchP ′
0, . . . , P

′
i−1. Let H′ be thek-graph obtained

fromH by removing all the vertices inP0, . . . , Pq and all the vertices inP ′
0, . . . , P

′
i−1 and then

adding backP end
i andP beg

i+1. Thenδ(H′) > µn/2, and so we may apply Corollary 5.11 to find an

`-pathP ′
i inH′ from P end

i toP beg
i+1 containing at most8k5 vertices. Having found thesè-paths,

the absorbing pathP ∗ is the`-pathP0P
′
0P1P

′
1P2 . . . Pq−1P

′
q−1Pq.

To see thatP ∗ satisfies condition (2) of the lemma, suppose we have a collection S1, . . . , Sr of

at mostαn disjointc-good(k−`)-sets of vertices ofH. Each of thesec-good setsSi has at least
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αn absorbing paths in thè-pathP ∗. So for each1 6 i 6 r choose a unique absorbing path

Pji
for Si in P ∗. Then by the definition of an absorbing path we may absorb eachsetSi into

Pji
to obtain aǹ -pathQji

with vertex setSi ∪ V (Pji
) and with the same ordered ends asPji

.

Replacing eachPji
byQji

gives us aǹ -pathQ∗ with vertex setV (P ∗) ∪⋃r
i=1 Si and with the

same ordered ends asP ∗, as desired. �

5.6 The path cover lemma

In this section we prove the following lemma, which states that the vertices of ak-graph of large

minimum degree can be almost covered by a bounded number of disjoint`-paths.

Lemma 5.15 (Path cover lemma)Supposek > 3, that1 6 ` 6 k−1, and that1/n� 1/D �

ε� µ, 1/k. LetH be ak-graph of ordern with δ(H) > ( 1
d k

k−`
e(k−`)

+ µ)n. ThenH contains a

set of at mostD disjoint`-paths covering all but at mostεn vertices ofH.

Note that the condition(k − `) - k is not needed for this lemma. Let

a :=

⌈
k

k − `

⌉
(k − `) (5.16)

and letFk,` be thek-graph whose vertex set is the disjoint union of setsA1, . . . , Aa−1 andB of

sizek − 1 and whose edges are all thek-sets of the formAi ∪ {b} (for all i = 1, . . . , a− 1 and

all b ∈ B). Recall that anFk,`-packingin ak-graphR is a collection of pairwise vertex-disjoint

copies ofFk,` inR.

The idea of the proof of the path cover lemma is to apply the regularity lemma toH in order

to obtain a reducedk-graphR. Recall that by Lemma 5.4 the minimum degree ofH is almost

inherited byR. So we can use the following lemma (Lemma 5.17) to obtain an almost perfect
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Fk,`-packing inR. Consider any copyF of Fk,` in this packing. We repeatedly apply the

embedding lemma (Lemma 5.6) to the sub-k-graphH(F) of H corresponding toF to obtain

a bounded number of̀-paths which cover almost all vertices ofH(F). Doing this for all the

copies ofFk,` in theFk,`-packing ofR gives a set of̀-paths as required in Lemma 5.15.

Lemma 5.17 Suppose thatk > 3, that1 6 ` 6 k − 1, and that1/n � θ � ε � 1/k. LetH

be ak-graph of ordern such thatd(S) > n/a for all but at mostθnk−1 setsS ∈
(

V (H)
k−1

)
, where

a is as defined in (5.16). ThenH contains anFk,`-packing covering all but at most(1 − ε)n

vertices.

Note thatFk,1 is thek-graphAk considered in Chapter 4. So Lemma 4.10 is a special case of

Lemma 5.17.

Proof. Let F1, . . . ,F t be a maximalFk,`-packing inH. LetX be the set of vertices ofH not

covered by any of theF i, and suppose for a contradiction that|X| > εn. For a(k − 1)-setS

of vertices ofH, we writeN(S) for NH(S), d(S) for dH(S),NX(S) for N(S) ∩X anddX(S)

for |NX(S)|. Sinceθ � ε, we may greedily choose a collectionS ⊆
(

X
k−1

)
of size at least2θn

such that the members ofS are pairwise disjoint and such thatd(S) > n/a for everyS ∈ S.

We may therefore consider two cases, both leading to a contradiction.

Case 1.There exists a collectionS1, . . . , Sr of r > θn disjoint (k − 1)-subsets ofX such that

eachSi satisfiesdX(Si) > εn/2a.

In this case, we count the pairs(i, B) for 1 6 i 6 r andB ∈
(

X
k−1

)
such thatx ∈ N(Si) for

eachx ∈ B. Then since each of theSi satisfiesdX(Si) > εn/2a, the number of such pairs is at

leastr
(

εn/2a
k−1

)
> θn

(
εn/2a
k−1

)
. Since there are

( |X|
k−1

)
setsB ∈

(
X

k−1

)
, at least one suchB must lie

in at least(a − 1) such pairs. But then the correspondingSi together with thisB form a copy

of Fk,` contained inH[X], contradicting the maximality of ourFk,`-packing.

Case 2.There exists a collectionS1, . . . , Sr of r > θn disjoint (k − 1)-subsets ofX such that

eachSi satisfiesd(Si) > n/a anddX(Si) < εn/2a.
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In this case, we say thatF i is goodfor Sj if F i contains at leastk vertices fromN(Sj). Note

that |Fk,`| = a(k − 1). EachSj has at leastn
a
− εn

2a
neighbours in

⋃t
i=1 V (F i), and at most

(k − 1) (1−ε)n
a(k−1)

of these neighbours lie in copiesF i which are not good forSj . Thus for eachSj

at least εn
2a2(k−1)

of theF i must be good forSj. We next count the number of pairs(j, T ), where

1 6 j 6 r andT is a collection of(k − 1) copiesF i which are good forSj. This number must

be at leastr
( εn

2a2(k−1)

k−1

)
>
√
n
(

t
k−1

)
, and so there must be some suchT and someR ⊆ [r] with

|R| > √n such that for everyj ∈ R and everyF i in T , F i is good forSj. For eachj ∈ R

and eachF i ∈ T , fix Ki,j to be a subset ofN(Sj) ∩ F i of sizek. Then for someR′ ⊆ R

of size (a − 1)k we have that for any fixedi, Ki,j is the same set (denotedKi), for every

j ∈ R′. Arbitrarily partitionR′ into k setsR′
1, . . . , R

′
k of size(a − 1), and label the vertices of

eachKi to be{v1
i , v

2
i , . . . , v

k
i }. Then for each1 6 s 6 k, the setsSj for j ∈ R′

s and the set

{vs
1, . . . , v

s
k−1} form a copy ofFk,`, and these copies are mutually disjoint and are contained in

X ∪⋃Fi∈T V (F i), contradicting the maximality of ourFk,`-packing. �

Lemma 5.18 Let P be an`-path onn vertices and leta be as defined in (5.16). Then there is

ak-colouring ofP with colours1, . . . , k such that colourk is usedn/a± 1 times and the sizes

of all other colour classes are as equal as possible.

Proof. Let x1, . . . , xn be a vertex sequence ofP . Colour verticesxk, xk+a, xk+2a, . . . with

colourk and remove these vertices from the sequencex1, . . . , xn. Colour the remaining vertices

in turn with colours1, . . . , k − 1 as follows. Colour the first vertex with colour1. Suppose

that we just coloured theith vertex with some colourj. Then we colour the next vertex with

colour j + 1 if j 6 k − 2 and with colour1 if j = k − 1. To show that this yields a proper

colouring, it suffices to show that every edge ofP contains some vertex of colourk. Clearly

this holds for the first edgee1 of P and for all edges intersectinge1 (sincexk lies in all those

edges). Note that the first vertex of theith edgeei of P isxf(i), wheref(i) = (i−1)(k− `)+1.

Also note thati∗ := d k
k−`
e + 1 is the smallest integer so thatf(i∗) > k.In other words, the

204



i∗th edgeei∗ of P is the first edge which does not containxk. But the vertices ofei∗ are

xa+1, . . . , xa+k. Soei∗ as well as all succeeding edges which intersectei∗ contain a vertex of

colour k (namelyxa+k). Continuing in this way gives the claim. Indeed, colourk is used

dn−(k−1)
a
e times anddn−(k−1)

a
e > dn

a
− k−1

k
k−`

(k−`)
e = dn

a
+ 1

k
− 1e > n

a
− 1. Also dn−(k−1)

a
e 6

dn
a
e 6 n

a
+ 1. �

Proof of Lemma 5.15. Choose new constants such that

1

n
� 1

D
� 1

r
, δ, c� min{δk,

1

t
} 6 δk, η � d� θ � ε.

We may assume thatt!|n, so apply Theorem 5.3 (the regularity lemma) toH, and letV1, . . . , Va1

be the clusters of the partition obtained. Letm = n/a1 be the size of each of these clusters.

Form the reducedk-graphR on these clusters as discussed in Section 5.3.3. Lemmas 5.4

and 5.17 together imply thatR has anFk,`-packingA covering all but at mostεn/2 vertices

of R. Consider any copyF of Fk,` in this packing. Our aim is to cover almost all vertices in

the clusters belonging toF by a bounded number of disjoint`-paths.

So letA1, . . . , Aa−1 andB be(k − 1)-element subsets ofV (F) as in the definition ofFk,`. So

the edges ofFk,` are all thek-tuples of the formAi ∪ {b} for all i = 1, . . . , a− 1 and allb ∈ B.

Pickb ∈ B and consider the edgeA1∪{b} =: e. LetV be the set of all clusters corresponding to

vertices inA1 and letVb be the cluster corresponding tob. Define the complexH∗ corresponding

to the edgee as in the paragraph after the statement of the extension lemma (Lemma 5.7). Then

Lemma 5.18 and the embedding lemma (Lemma 5.6 applied toH∗) together imply that the sub-

k-graph ofH spanned by the vertices inVb ∪
⋃

V ∈V V contains aǹ -pathP1 on acm/(a − 1)

vertices which intersects each cluster fromV in cm/(k−1)±1 vertices andVb in cm/(a−1)±1

vertices.Lemma 5.2 implies that the subcomplex ofH∗ obtained by deleting the vertices ofP1

is still (d,
√
δk,
√
δ, r)-regular. So we can find another`-pathP2 which is disjoint fromP1 and
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intersects each cluster fromV in cm/(k − 1) ± 1 vertices andVb in cm/(a − 1) ± 1 vertices.

We do this until we have used aboutm/(k − 1) vertices in each cluster fromV. So we have

found1/c disjoint`-paths. Now we pickb′ ∈ B \ {b} and argue as before to get1/c disjoint`-

paths, such that each of them intersects (the remainder of) each cluster fromV in cm/(k−1)±1

vertices andVb′ in cm/(a− 1)± 1 vertices. We do this for all thek− 1 vertices inB. However,

when considering the last vertexb′′ of B, we stop as soon as one of the subclusters fromV

has size less thanεm/4a (and thus all the other subclusters fromV have size at mostεm/2a)

since we need to ensure that the subcomplex ofH∗ restricted to the remaining subclusters is still

(d,
√
δk,
√
δ, r)-regular. So in total we have chosen close to(k− 1)/c disjoint`-paths covering

all but at mostεm/2a vertices in each cluster fromV and covering betweenm/(a−1)−εm/2a

andm/(a − 1) vertices in each clusterVb with b ∈ B. We now repeat this process for each of

A2, . . . , Aa−1 in turn. When considering the final setAa−1, we also stop choosing paths for

someb ∈ B if the subclusterVb has size less thanεm/4a. Altogether this gives us a collection

of close to(k−1)(a−1)/c disjoint`-paths covering all but at mostεm/2 vertices in the clusters

belonging toF . Doing this for all the copies ofFk,` in theFk,`-packingA of R we obtain a

collection of at most|A|(k − 1)(a− 1)/c � D disjoint `-paths covering all but at mostεm/2

vertices from each cluster, and hence all but at mostε|H| vertices ofH, as required. �

5.7 Proof of Theorem 1.11

We use the following two results in our proof of Theorem 1.11.The first says that if1 6 s 6

k − 1 andH is a largek-graph in which all sets ofs vertices have a large neighbourhood, then

if we chooseR ⊆ V (H) uniformly at random, with high probability all sets ofs vertices have

a large neighbourhood inR.

Lemma 5.19 (Reservoir Lemma)Suppose thatk > 2, that1 6 s 6 k − 1, and that1/n �

α, µ, 1/k. LetH be ak-graph of ordern with dH(S) > µ
(

n
k−s

)
for any setS ∈

(
V (H)

s

)
, and
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let R be a subset ofV (H) of sizeαn chosen uniformly at random. Then the probability that

|NH(S) ∩
(

R
k−s

)
| > µ

(
αn
k−s

)
− nk−s−1/3 for everyS ∈

(
V (H)

s

)
is 1− o(1).

The proof of Lemma 5.19 is a standard probabilistic proof, which proceeds by applying Cher-

noff bounds to the size of the neighbourhood of each setS, and summing the probabilities of

failure over allS. We omit the details.

The second result is the following theorem of Daykin and Häggkvist [9], giving an upper bound

on the vertex degree needed to guarantee a perfect matching in ak-graphH.

Theorem 5.20 ([9], Theorem 3)Suppose thatk > 2 andk|n. LetH be ak-graph of ordern

with minimum vertex degree at leastk−1
k

((
n−1
k−1

)
− 1
)
. ThenH contains a perfect matching.

Proof of Theorem 1.11.In our proof we use constants that satisfy the hierarchy

1

n
� 1

D
� ε� α� c� γ � γ′ � η � η′ � 1

k
.

Apply Lemma 5.14 to find an absorbing`-pathP0 in H which contains at mostηn/4 vertices

and which can absorb any set of at mostαn c-good(k − `)-sets of vertices ofH. Define the

(k − `)-graphG on the same vertex set asH to consist of all the(k − `)-sets of vertices ofH

which arec-good . Then by condition (1) of Lemma 5.14,dG(v) >
(

n−1
k−`−1

)
− γnk−`−1 >

(1− γ′)
(

n
k−`−1

)
for every vertexv in V (G) \ V (P0).

Now, letR be a set ofαn vertices ofH chosen uniformly at random. Then by Lemma 5.19,

with probability1− o(1) we have that|NG(v)∩
(

R
k−`−1

)
| > (1− 2γ′)

(
αn

k−`−1

)
for every vertexv

in V (G) \ V (P0). Likewise, with probability1− o(1) we have that

|NH(S) ∩ R| >
(

1

d k
k−`
e(k − `) +

η

2

)
αn.
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for any(k− 1)-setS of vertices ofH. Finally,E[|R∩V (P0)|] = α|P0|, and so with probability

at least 1/2 we have that|R ∩ V (P0)| 6 αηn/2. Thus we may fix a choice ofR such that

each of these three properties holds. LetR′ = R \ V (P0), so |R′| > (1 − η/2)αn. Then

|NG(v) ∩
(

R′

k−`−1

)
| > (1− η′)

(
αn

k−`−1

)
for every vertexv in V (G) \ V (P0), and|NH(S) ∩R′| >

αn
d k

k−`
e(k−`)

for any(k − 1)-setS of vertices ofH.

Let V ′ = V (H) \ (V (P0) ∪ R), and letH′ = H[V ′] be the restriction ofH to V ′. Then as

|V (P0) ∪ R| 6 ηn/2, we must have

δ(H′) >

(
1

d k
k−`
e(k − `) +

η

2

)

n.

We may therefore apply Lemma 5.15 toH′ to find a set of at mostD disjoint`-pathsP1, . . . , Pq

inH′ which include all but at mostεn vertices ofH′. LetX be the set of vertices not included

in any of thesè-paths, so|X| 6 εn.

For each0 6 i 6 q, let P beg
i andP end

i be ordered ends ofPi. Next we find disjoint̀ -pathsP ′
i

for each0 6 i 6 q, so thatP ′
i is an`-path fromP end

i to P beg
i+1 (subindices taken moduloq + 1)

which only contains vertices fromR′ ∪P end
i ∪P beg

i+1, and which contains at most8k5 vertices in

total. So suppose that we have found such`-pathsP ′
0, . . . , P

′
i−1. LetRi = (R′ ∪ P end

i ∪ P beg
i+1) \

⋃i−1
j=0 V (P ′

j). Thenδ(H[Ri]) > αn
d k

k−`
e(k−`)

− 8k5D > αn/2k, and so by Corollary 5.11 we can

choose such aǹ-pathP ′
i inH[Ri].

ThenC = P0P
′
0P1P

′
1 . . . PqP

′
q is an`-cycle containing almost every vertex ofH. Indeed,C

contains every vertex ofH except for those inX and those inR′ not contained in anyP ′
i . So let

R′′ = V (H)\V (C). Then(1−η)αn 6 |R′′| 6 (α+ε)n. Since(k−`)|n and(k−`)
∣∣|C| (asC

is an`-cycle), we also have(k − `)
∣∣|R′′|. Furthermore,NG[R′′](v) > (1− 2η′)

(
αn

k−`−1

)
for every

vertexv ∈ R′′. Sincek − ` > 2, Theorem 5.20 tells us thatG[R′′] contains a perfect matching,

and so we can partitionR′′ into at mostαn c-good(k − `)-sets of vertices ofH. SinceP0 can
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absorb any collection of at mostαn c-good(k− `)-sets, there exists aǹ-pathQ0 with the same

ordered ends asP0 and such thatV (Q0) = V (P0) ∪ R′′. ThenC ′ = Q0P
′
0P1P

′
1 . . . PqP

′
q is a

Hamilton`-cycle inH, completing the proof of Theorem 1.11. �
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[44] B. Sudakov and J. Vondrák, A randomized embedding algorithm for trees,Combinatorica,

to appear.
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