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ABSTRACT

In recent years the regularity method has been used to tatkiyy embedding problems in
extremal graph theory. This thesis demonstrates and devéhoee different techniques which
can be used in conjunction with the regularity method toeaslvch problems. These methods
enable us to prove an approximate version of the well-knoumi&r’'s universal tournament
conjecture, first posed in 1971, which states that any tonemaG on 2n — 2 vertices contains

a copy of any directed tré€ onn vertices. An analysis of the extremal cases then proves that

Sumner’s universal tournament conjecture holds for anfycserfitly largen.

Our methods are also applied to the problem of obtaining fgypph analogues of Dirac’s
theorem. Indeed, we show that for ahy> 3 and anyl < ¢ < k — 1 with &k — ¢ 1 E,
any k-uniform hypergraph om vertices with minimum degree at le T T o(n)
contains a Hamiltori-cycle. This result confirms a conjecture of Han and Schaid is best
possible up to the(n) error term. Together with results of Rodl, Rucinhski ane@®erédi, this
result asymptotically determines the minimum degree whicbes an/-cycle for any/ with

1<l<k—1.
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CHAPTER 1

INTRODUCTION

The problem of finding a fixed substructure within a giveninee is a major area of extremal
combinatorics. Early examples of such results include®sraheorem [10], which states that
any graphGG onn > 3 vertices with minimum degree at least2 contains a Hamilton cycle,
and Tutte’s Theorem, which completely characterises tigosphsG which contain a perfect
matching (a set of disjoint edges 6f containing every vertex of7). More recently, much

progress has been made on similar problems through the usguddrity.

In this thesis we demonstrate and develop three differatiniques by which the regularity
method may be applied to solve embedding problems in dilegtaphs and hypergraphs.
Namely, we demonstrate and develop the uses of the ‘hygardsbow-up lemma’, an ‘ab-
sorbing’ structure, and a randomised embedding algoritftach method is used to obtain
significant new results. Indeed, our application of a randethembedding algorithm to em-
bed directed graphs culminates in the proof for latgef the well-known Sumner’s universal
tournament conjecture, first posed in 1971, which statdsathatournament o2n — 2 vertices
contains any directed tree onvertices. Next we use the ‘blow-up lemma’ and an ‘absorb-

ing’ structure to obtain analogues of Dirac’s theorem fopérgraphs, giving asymptotically



for any £ and/ the minimum degree threshold required to guarantee thati@iform hyper-
graph contains a Hamiltoficycle (for anyl < ¢ < k — 1, an/-cycle in ak-graph is a natural

generalisation of a cycle in a graph).

The reader should note that whilst we apply the randomisdakdding algorithm to directed
graphs, and the ‘blow-up lemma’ and the ‘absorbing’ metldayfpergraphs, these methods are
not specific to these cases. Indeed, each method can be useldd@mbedding problems in
simple graphs, directed graphs or hypergraphs. Also, tp Kae introduction relatively short
and easy-going, we defer the definitions of many terms usteteelevant later chapters of this

thesis.

1.1 Trees in tournaments

A directed graphG, or digraph, consists of a set of verticd$(G) and a set of edgeE(G),
where each edge @t is an ordered pair of vertices 6f. So we think of an edge:, v) as being
directedfrom u to v. A tournamenis a digraph formed by orienting each edge of a complete
(undirected) graph. A tournament need not contain any @idecycles, so we cannot guarantee
the presence of any digraph containing such a cycle in atrampitournament, no matter how
large. Instead, we might ask how large a tournaniémhust be to ensure th&t contains a
copy of a directed tre&’ onn vertices (where directed trees formed by orienting each edge
of an undirected tree). The well-known Sumner’s universaftament conjecture, first posed
in 1971 (see.g. [38, 46]), states that any tournamentn— 2 vertices contains a copy of any

directed tredl” onn vertices. We prove that this conjecture holds for all latge

Theorem 1.1 There exists,, such that the following holds. L&t be a directed tree am > n,

vertices, and a tournament odn — 2 vertices. Thertz contains a copy dr'.
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Figure 1.1: A tre€l’ on four vertices and a tournametiton five vertices such th&t does not
contain7’. Sumner’s universal tournament conjecture/ior 4 states that any tournament on
six vertices contains any tree on four vertices.

This bound is best possible for amy To see this, lefl” be a star with all edges directed
outwards, and let’ be a regular tournament @n — 3 vertices. Then every vertex 6f hasn —2
inneighbours ana — 2 outneighbours, and S@ does not contain a copy @f, whose central
vertex has, — 1 outneighbours (see Figure 1.1). There are also ‘nearvagliexamples whose
structure is substantially different: |&tbe obtained from a directed path 61> 1 vertices by
addingy outneighbours to the terminal vertex of the path amtheighbours to the initial vertex
of the path, whereg) + » = n — /. Let G consist of regular tournaments on s&tand Z of
size2y — 1 and2z — 1 respectively, together with an arbitrary tournament ontaXxsef / — 1
vertices so that all edges are oriented frgrito X, from X toY and fromZ toY. Then|T| =n
and|G| = 2n — ¢ — 3, but it is easy to see th&t does not contaifl’. These examples play a

significant role in the proof of Theorem 1.1.

Many previous results have been obtained towards Sumramjecture. Letf(n) denote the
smallest integer such that any tournamentfgn) vertices contains any directed tree on
vertices. So Sumner’s conjecture states that) = 2n — 2. Chung (see [46]) observed that
f(n) < n't°® and Wormald [46] improved this tf(n) < O(nlogn). The first linear bound
on f(n) was established by Haggkvist and Thomason [14], who shdweadf(n) < 12n,
and also thatf(n) < (4 + o(1))n. Havet [17] then showed that(n) < 38n/5, and later
Havet and Thomassé [19] used their notion of median oraeiraprove this tof (n) < 7n/2.
Finally El Sahili used the same notion to prove the best knlbbaumd for generak, namely that

f(n) = 3n — 3. We make extensive use of this result (actually, any lineamni onf () would



suffice for our purposes; the factor of 3 is not essential).

Theorem 1.2 (El Sahili [11]) LetT be a directed tree amvertices, and let: be a tournament

on3n — 3 vertices. Theriz contains a copy of.

Sumner’s conjecture is also known to hold for some specaasas of directed trees. In partic-
ular, Havet and Thomasseé [19] proved it for ‘outbranchinggain using median orders. Here
anoutbranchings a directed tre@ in which we may choose a root vertex 7' so that for any

vertext’ € T, the path betweenhandt’ in T is directed frony to . (Outbranchings are also

known as arborescences.)

Theorem 1.3 (Havet and Thomass [19]) LetT' be an outbranching om vertices, and let:

be a tournament din — 2 vertices. Thert; contains a copy of .

For many types of directed trees, Sumner’s conjecture heittsroom to spare. A classical

result of this type is Redei’s theorem.

Theorem 1.4 (Redei [37]) Any tournament contains a spanning directed path.

Havet and Thomassé [20] proved a much stronger result, Iyatimat every tournament on
n > 8 vertices contains every orientation of the pathrowmertices (this was a conjecture of
Rosenfeld). Reid and Wormald [38] also proved Sumner’sexdnje for other (very restricted)

classes of directed trees.

In Chapter 2, we use the regularity method, combined witmdamised embedding algorithm,
to prove an approximate version of Sumner’s universal taon@nt conjecture. This is (1) of
the following theorem. In the process we also prove (2), @ngger result for directed trees of

bounded maximum degree, which is of independent interest.

Theorem 1.5 Let« > 0. Then the following properties hold.



(1) There exists, such that for any. > nq, any tournament on at leas?(1 + «)n vertices

contains any directed trdéonn vertices.

(2) Let A be any positive integer. Then there existssuch that for any. > nq, any tour-
namentG on at least1 + a)n vertices contains any directed tréeonn vertices with

A(T) < A.

In Chapter 3 we consider the extremal cases of the previewosem. Indeed, we use both meth-
ods and results of the previous chapter to show that Summerersal tournament conjecture
holds for largen whenever the directed tréé is not ‘close’ to one of the extremal examples
to the conjecture given earlier. By a careful consideratibthese extremal examples, we can
show that the conjecture holds in these cases too, comglttan proof of Theorem 1.1. In

particular we use both parts of Theorem 1.5 extensively,sanfilheorem 1.5(1) and its proof

are not made redundant by the stronger Theorem 1.1.

There are several directions in which our results can bendett For example, the error term in
Theorem 1.5(2) cannot be completely omitted (to see thissider the ‘near-extremal’ example
discussed after the statement of Theorem 1.1 with 2 andy = z = A — 1). It would be

interesting to know whether the tersm can be reduced to a constant depending onlyAon

Another class of directed trees where Sumner’s conjectamebe strengthened is that of trees
with few leaves. The first result in this direction was probgdHaggkvist and Thomason [14].
Havet and Thomassé (see [18]) then proposed the follonengi@lisation of Sumner’s conjec-

ture.

Conjecture 1.6 (Havet and Thomass [18]) Let T' be a directed tree on vertices withk

leaves. Then every tournamentwor- k — 1 vertices contains a copy @f.



Céroi and Havet [7] proved that this conjecture holdsifeg 3, from which they deduced that

Sumner’s conjecture holds for all directed trees with attfas leaves.

However, Conjecture 1.6 is still far from optimal for manyetited treeq’, such as a binary

tree. Preliminary investigations have suggested theviatlg stronger conjecture.

Conjecture 1.7 LetT be a directed tree om vertices which is not an instar or an outstar, and
let A, (T') := max{d~(x) + d*(y)}, where the maximum is over all y € T such that there is
a directed path iff’ from x toy. Then any tournameiit onn + A,(T) — 2 vertices contains a

copy ofT.

The ‘near-extremal’ examples discussed after the stateoigdheorem 1.1 show that this would
be best possible, in the sense that tHecannot be replaced by3. It would be interesting
to know if the methods of this thesis can be extended to prioseet conjectures (for largg.

Finally, the following far-reaching generalisation of Suen's conjecture was made by Burr [6].

Conjecture 1.8 (Burr [6]) Any (2n — 2)-chromatic digraph contains any directed treenon

vertices.

Burr verified the corresponding statement with— 1)? in place of2n — 2. More recently,
El Sahili [12] proved that anyi-chromatic digraph contains the path formedrby 1 forward
edges followed by one backwards edge, but to our knowledgédymher progress has been

made.

1.2 Hamilton cycles in hypergraphs

Recall that Dirac’s theorem [10] states that any graplonn > 3 vertices with minimum

degree at least/2 contains a Hamilton cycld.é. there is a cyclic ordering of afl vertices of



Figure 1.2: Segments ofacycle (top), a cycle (middle) and a 1-cycle (bottom) iB-graph;
the triangles represent edges.

G such that every pair of consecutive vertices forms an edge).oChapters 4 and 5 develop
the regularity method to obtain analogues of this resulhfgrergraphs. For this, we first make
the following standard definitions. A-uniform hypergraphor k-graphH, consists of a set of
verticesV' (H) and a set oedgesE(H), where every edge € E(H) consists of precisely
vertices. LetH be ak-graph, and led be a set ok — 1 vertices of {. Then thedegreeof A,
denotediy(A), is the number of edges & which containA as a subset. Thainimum degree

d(H) of H is then the minimum value af;,(A) taken over all setsl of &£ — 1 vertices ofH.

We say that &-graphC onn vertices is acycleif its vertices can be given a cyclic ordering
v, ..., v, SO that every pair of consecutive vertiegsv;, lies in an edge of and every edge
of C consists of; consecutive verticeg. is an/-cycleif every pair of consecutive edges intersect
in precisely/ vertices. Figure 1.2 illustrates these definitions in theeéa= 3. Note that ifC

is an/-cycle of ordem, then(k — ¢)|n, since every edge af contains exactly: — ¢ vertices
which were not contained in the previous edge. We say thatke ¢ylooseif every pair of
consecutive edges intersects in a single vertex, with tesiple exception of one pair of edges,
which may intersect in more than one vertex. Sgkif- 1)|n then a loose cycle of orderis a
1-cycle, but this final condition allows us to consider loogeles whose order is not a multiple
of £ — 1. A Hamilton cyclein a k-graph’H is a subk-graph of H which is a cycle containing

every vertex ofH.

In [39] and [40], RodI, Rucinski and Szemerédi proved fibleowing theorem for! = k — 1;



the other cases follow, since(if — ¢)|n then any(k — 1)-cycle of ordem contains arf-cycle

on the same vertices.

Theorem 1.9 (Rddl, Rucinski and Szemeedi [39, 40]) For allk > 3,1 < ¢ < k—1 and
anyn > 0 there exists., so that ifn > ny and(k — ¢)|n then anyk-graphH onn vertices with

§(H) > (X + n) n contains a Hamiltoi-cycle.

This proved a conjecture of Katona and Kierstead [22]. A s&myell-known construction (see

Proposition 4.1) shows that Theorem 1.9 is best possible theterror termmn if (k — ¢)|k.

It is therefore natural to ask what minimum degree conditiari{ guarantees a Hamiltofx
cycle for the remaining values éfand/. Kilhn and Osthus [31] showed that any 3-gré&plon

n vertices withd(H) > (5 + o(1))n contains a loose Hamilton cycle. In Chapter 4, we use the
regularity method, combined with the recent *hypergragwblp lemma’ due to Keevash [23]

to extend this result to any > 3, proving Theorem 1.10. Ifk — ¢)|n then Theorem 1.10

is a special case of Theorem 1.11, which we prove later byr stl@ans. However, the proof
of Theorem 1.10 has independent interest; we believe tligigtihe first application of the
hypergraph blow-up lemma to find a spanning structure wihgieneral hypergraph, a method

with many further potential applications.

Theorem 1.10 For allk > 3 and anyn > 0 there exists., so that ifn > ny then anyk-graph

'H onn vertices with(H) > (ﬁ + n)n contains a loose Hamilton cycle.

Another simple well-known example (see Proposition 4.pynshthat this result is best possible
up to the error termn. In fact, Proposition 4.2 actually tells us more than thésnely that up to
the error term, this minimum degree condition is best pdssibensure the existence of any (not
necessarily loose) Hamilton cycle #i. So by combining Theorem 1.10 and Proposition 4.2

we obtain a hypergraph analogue of Dirac’s theorem, narhelythe minimum degree needed

to find a Hamilton cycle in &-graph of orden is asymptoticallyi,(,j—_l) + o(n).



Theorem 1.10 was also proved simultaneously and indepégdgrHan and Schacht [16], who
used an ‘absorbing’ method. In fact, they proved the moregamesult that ift < ¢ < k/2,
then anyk-graph’{ on n vertices with(k — ¢)|n and§(H) > (2(k—1_z) + o(1))n contains a
Hamilton /-cycle. They raised the question of determining the comeicimum degree for
those values ok and/ not covered by their result or by Theorem 1.9. In Chapter Suse
the regularity method, combined with a development of thesdabing method’ of Han and

Schacht, to answer this question with the following thearem

Theorem 1.11 Forallk > 3,1 < ¢ < k—1 such thatk—/) 1 k and anyn > 0 there exists,, SO
that ifn > no and(k — ¢)|n then anyk-graphH onn vertices withb(H) > <m + 77) n
k—¢

contains a Hamiltor-cycle.

Proposition 4.2 also shows that this result is best possibl® the error termyn. Thus Theo-
rem 1.9 and Theorem 1.11 together give asymptotically, figriaand/, the minimum degree

required to guarantee thatagraph onn vertices contains a Hamiltaicycle.

The difference in the minimum degree threshold betweenakek — ¢) | k and(k — ¢) 1 k

is perhaps surprising. For examplekit= 9 then the minimum degree threshold for an 8-cycle
or a 6-cycle is asymptotically /2, whereas for a 7-cycle it is instead 10. This difference is
essentially a consequence of the fact that inthe ¢) | k case every Hamiltofrcycle contains

a perfect matching. The minimum degree threshold for therlé known to be close ta/2

(see Proposition 4.1).

One natural extension of the work presented here would bertsider other notions of degree.
Let H be ak-graph onn vertices; then the degree of a séwf vertices ofH, denotedd(A)

is defined to be the number of edges containthgFor1 < r < k — 1, letd,.(H) denote the
minimumr-degree of, i.e.the minimum ofd( A) taken over all setd of r vertices ofH. Then

the notion of degree defined earlier is {fie— 1)-degree. Until recently, very little was known



regarding the minimum-degree thresholds which force spanning subgraphs fark — 1.
However, recently Pikhurko [36] showed that fof2 < r < k£ — 1 the minimumr-degree
threshold which forces a perfect matching ik-graph’™ onn vertices is asymptotically /2.
Particular interest is devoted to the 1-degree, also knawvihe vertex degree. Han, Person
and Schacht [15] recently showed that thdegree threshold needed to guarantee a perfect
matching in a 3-graph is asymptotical%;(;‘). In light of the close connections between the
problem of finding a perfect matching inkagraph and the problem of finding a Hamilton cycle
in a k-graph, it would be interesting to know whether the resutis methods of Pikhurko and

of Han, Person and Schacht can be used to prove similatsdeulHamilton cycles in these

cases.

Other (less restrictive) notions of hypergraph cycles hage been considered. For example,
aBerge-cycld4] is defined to consist of a sequence of vertices where eaictopconsecutive

vertices is contained in a common edge.

1.3 Anintroduction to the regularity method

In this section we give a brief outline of the use of the regtylanethod in tackling embedding
problems. For simplicity we present the method as it apptiesmple graphs, but for directed

graphs and hypergraphs the ideas are similar.

Let G be a bipartite graph with vertex clasdésaandV of sizem. Also letd be the density of

G. Then we say thatr is e-regular if for any subsets’ C U andV’ C V of size at leastm

we haved’ = d + ¢, whered' is the density ofZ(U’, V’). The notion ofz-regularity is very
useful for embedding problems, as in many wéybehaves like a random bipartite graph on
vertex classe#’ andV with dm? edges chosen uniformly at random, in the sense that many

properties ofG are shared by this random graph with high probability. Irtipalar, if H is a

10
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Figure 1.3: An illustration of steps (1) and (2) of the regilfamethod. Given a graptyr, we
apply the Szemerédi regularity lemma to partition theigeg of G into clustersy;, so that the
edges between most pairs of clusters are regular. We themedefieduced grapR, whose

vertices correspond to the clusters@f and with an edge ik whenever the bipartite graph
induced by the corresponding clustergéis regular and dense.

small graph, then theounting lemmaells us approximately how many copiesiéfthere are in
(. This result can be applied to graphs formed of multiplegular subgraphs. For example,
if G is a tripartite graph on vertex classés V' andWW of sizem such thatz[U, V], G[U, W]
andG|[V, W] are eache-regular with densitied;, d, andds respectively, then the number of
triangles inGG is approximately the number we would expect in the corredpmrandom graph

on the same vertex classes, namaly,dsm?.

To apply the notion of-regularity to an arbitrary grapy, we also need a version of ti&ze-
merédi regularity lemmgseee.g. [45]). This states that the vertex set of any large graph
can be partitioned into a bounded number of clusters su¢tfdhalmost all pairs of clusters

U, V, the edges betwedi andV form ane-regular bipartite subgrapf (U, V') of G. We then
typically consider aeduced graphR of G, whose vertices correspond to these clusters, and
where two clusteréd/ andV’ form an edge ifG(U, V) is e-regular and has high density. See

Figure 1.3 for an illustration of this process.

We can now describe a ‘typical’ application of the regulanitethod to find a copy of a subgraph

H in G. This proceeds as follows.

11



=

. Apply the Szemerédi regularity lemmadbto partition the vertices afr into clusters.

2. Form the reduced graph as described above.

3. Find a ‘useful’ subgraplk’ of R, for example a perfect matching or a Hamilton cycle.

4. Use the fact that every edgef R’ corresponds to anrregular and dense bipartite sub-

graph ofG to find a copy ofH in G.

At steps 3 and 4 there are a wide variety of possible appreathieee of which are illustrated
in this thesis. However, in each case the advantage codfbgreising the regularity method
is that the subgrap®’ of the reduced grapl® is simpler (and hence easier to find) than the

subgraphi which we wish to find in.

For example, in Chapter 2, we wish to find a directed fred bounded degree in a tournament
G. To do this, we first apply a version of the Szemerédi regiylEmma for directed graphs to
partitionG into clusters. We then show that (at least for certain weltdved tournaments) the
reduced directed graph contains a directed Hamilton cycl¥. Next a randomised embedding
algorithm allocates each vertex'6fto a vertex of this cycle (which corresponds to a cluster of
(7). Finally, by analysing this algorithm we show that with Iigrobability it is possible to use
the regularity indicated by each edge/®fto embed each vertex @f within the cluster ofG

to which it was allocated so as to form a copyloin G. So by the regularity lemma we have
reduced the problem of finding a complex subgrdpim & to the problem of finding a simple

subgraph®’ in R plus the problem of using the existenceftfto embed!” in G.

In Chapter 4 we instead wish to find a loose Hamilton cycle withk-graph. This is also
achieved using the regularity method as described abowuag(as:-graph version of the Sze-
merédi regularity lemma and defining a reduéegraphR). Here Step 3 is to find a collection

of disjoint copies of a smakt-graph A, ; in R whose union includes almost every vertex of

12



R, whilst for Step 4 we apply the blow-up lemma to find spanniaghp within the clusters
corresponding to each copy 4, ; in k. This method is explained in more detail in Chapter 4.
Finally in Chapter 5 we apply the regularity method in thegbraf each of three lemmas used

in the proof of Theorem 1.11.

1.4 A word on notation

Throughout Chapters 1, 2, 3 and 5 of this thesis we employtioat conventions consistently.
For example, we refer to graphs with upper-case letteralicitont (e.9.G, H), whereas we
use calligraphic characters (such@snd’H) to denote hypergraphs. However, in Chapter 4
the hypergraph blow-up lemma due to Keevash [23] and otlsiteefrom the same paper
play an extensive role. These results are very technicdlsaremploying different notational
conventions in Chapter 4 to those used by Keevash [23] woalde the reader substantial
difficulties. Instead we have opted for the lesser of twosgwilamely to use the notational
conventions used by Keevash [23] in Chapter 4. All diffeemi notation are appropriately

introduced in Chapter 4.

The following notation is used consistently throughousttiesis. The set of integers from
to r is denoted byr|. For a set4, we use(jj) to denote the collection of subsets.fof size
k, and similarly(g‘k) to denote the collection of non-empty subsetsiaif size at mosk. We
write x = y+ z to denote thay — = < = < y + z, and use(1) to denote a function which tends
to zero as tends to infinity, holding all other variables involved ctard. Also, we writee.g.
0 <a < ap < az < ag < 1to mean that we can choose the constants. . , a4 from right
to left. More precisely, there are increasing functigisf,, f3 such that, givem,, whenever
we choose some; < f3(ay), az < fo(asz) anda; < fi(az), all calculations needed in the
following argument are valid. Hierarchies with more conssaare defined similarly. Also, we

sometimes write ‘letr < 3’ wheny has an already fixed positive value; by this we mean that
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there exists some, > 0 such that for any) < = < x, the subsequent statements hold. We

omit floors and ceilings throughout this thesis whenevey tteenot affect the argument.
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CHAPTER 2

EMBEDDING TREES IN TOURNAMENTS

In this chapter we use the regularity method combined witindomised embedding algorithm
to prove an approximate version of Sumner’s universal taunent conjecture, as well as a

stronger result for directed trees of bounded degree. Bhiheorem 1.5, which is restated

below.

Theorem 1.5Let« > 0. Then the following properties hold.

(1) There exists, such that for any: > n,, any tournament; on at leas(1 + «)n vertices

contains any directed tre€ onn vertices.
(2) LetA be any positive integer. Then there exisgssuch that for any: > ng, any tour-

namentG on at least(1 + «)n vertices contains any directed trdéon n vertices with

A(T) < A.
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2.1 Outline of the proof of Theorem 1.5

The notion of a robust outexpander (which was introducediémse graphs in [33]) is crucial
to the proof of Theorem 1.5. Informally, a digraghis a robust outexpander if for any set
S C V(G) which is not too large or too small, the number of verticeshwaitany inneighbours

in S is substantially bigger thaft|. Kuhn, Osthus and Treglown [33] showed that any robust
outexpandetz of linear minimum semidegree contains a Hamilton cycle.r@+be minimum
semidegree is the minimum of the minimum indegree and thénmoim outdegree.) By apply-
ing this result to the ‘reduced digraph’ obtained from ther8erédi regularity lemma, we may
split most of the vertices af into setsly, V4, .. ., V; so that the set of edges frovato V;, ; for
eachi (addition of the indices taken moduld forms a regular and dense bipartite graph. This
structure is very useful for embedding directed trees. @rother hand, it is easy to show that
if a tournament is not a robust outexpander of linear minimum semidegrems the vertices

of G can be split into two parts so that almost all of the edges éetvthe two parts are di-
rected the same way (see Lemma 2.11). By iterating this sy@iteither obtain a part which is
a robust outexpander of linear minimum semidegree, or fiatlths close to being a transitive

tournament, a case which we consider separately.

To begin, in Section 2.2 we define the concepts we use, ané parious useful lemmas. Then
in Sections 2.3 and 2.4 we use the regularity method to shatwTtheorem 1.11 holds with
the added condition thdt is a robust outexpander of linear minimum semidegree. khdee
Section 2.3, we consider the case where the tournarddata robust outexpander of linear
minimum semidegree ofl + «)n vertices, and’ is a directed tree on vertices of bounded
maximum degree. Here we apply the Szemerédi regularitynano partition the vertices af
into clustersVy, Va, ..., V4, and form the ‘reduced digrapi® as outlined in the introduction.
As described above, we apply the result of Kithn, Osthus aegldwn [33] to find a Hamilton

cycle R’ in the reduced digrapR. This implies that we can relabel the clustergo$o that the
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set of edges fron; to V. ; is regular and dense for eaght is this structure otz which we use
to embed!’ in G. One attempt to do so would be to embed each verted in the cluster either
preceding or succeeding the cluster containing the paferfit:, according to the direction of
the edge betweehandt’. However, for many directed trees (such as an anti-dirquadil) this
method fails to give an approximately uniform allocatiorveftices of" to the clusters of,
which we require for the embedding to be successful. Instwadnodify this method so that
each vertex is embedded as above with probability 1/2 anohizedded in the same cluster as
its parent with probability 1/2. We show that with high probay this randomised algorithm
indeed gives an approximately uniform allocation of vesiof to the clusters of+, and so

(using the regularity of edges directed framto V;, ;) successfully embeds in G.

In Section 2.4 we begin by strengthening the result fromiSe@.3, showing that ifl" is a
directed tree om vertices of bounded maximum degree, &rds a tournament ofil + «a)n
vertices whose reduced graph defined on the clusiers. , V, contains a Hamilton cycle, then
we can embed’ in G so that the vertices of a chosen smallgeC V' (T') are embedded within

a specified set/ C V(G). To do this, we embed all vertices ‘far’ frorH by the method
described above, which ensures that the verticeés afe allocated approximately uniformly
amongst the clusters @f. The remaining vertices df are instead embedded to ensure that
every vertex ofH is embedded withi/. This result allows us to embed directed tréésf
unbounded maximum degree. Indeed, we define for anyZraecore tree’T'a, which has
the properties thafx has bounded maximum degree, but each componéht-ofl s is small.
Given a tournamer which is a robust outexpander of linear minimum semidegre@ e a)n
vertices, we again split most of the verticesbinto clusterd/;, V5, . . ., V. as described above.
We then choose subsétg C V; at random so that J, V/| is roughly equal td7» |, and embed
Ta into these subsets (actually we first extéhidto an ‘extended tre€rl’,,, and embed,,,
into these subsets), using the strengthened result fartdderees of bounded degree to restrict

certain vertices of x to vertices ofG with many inneighbours and outneighbourgin- J, V.

17



Since each component @f— T is small, this allows us to embed the component$ ef Tz

one by one among the unoccupied vertice&db complete the embedding @fin G.

It is a simple exercise to demonstrate that any transitiven@ment om vertices contains any
directed tree om vertices. In Section 2.5, we prove an analogue of this forataransitive
tournaments-. This means that the vertices@fcan be ordered so that almost all of the edges
of G are directed towards the endvertex which is greater in tliero We show that it7 is an
almost-transitive tournament @t + «)n vertices and’” is a directed tree on vertices ther

containsT'.

Finally, in Section 2.6, we use the robust outexpander dachy to prove Theorem 1.5. Here
we describe the proof of the first statement; the proof of do®sd is very similar. So l&t be

a tournament o8(1 + «)n vertices and lef” be a directed tree om vertices. IfG is a robust
outexpander of linear minimum semidegree, then our resfilBections 2.3 and 2.4 show that
G containsl’, as desired. On the other handdiis not a robust outexpander of linear minimum
semidegree then we may splitinto two parts as described above. By iterating this splé, w
must either obtain a part which is a robust outexpander efliminimum semidegree or find
thatG is almost-transitive. In the latter case we may embex GG by the results of Section 2.5.
So we may suppose that the splitting process yields a pachvida robust outexpander of linear
minimum semidegree. Then we divideinto parts to be embedded amongst the parts,ado
that each part of~ receives a part of’ approximately proportional to its size. However, the
robust outexpander part 6f actually receives slightly more vertices Gfthan it would from

a proportional split. The results from Sections 2.3 and 2idrgntee that this part af can
still be embedded into the corresponding partCof Since the other parts @f then receive
slightly fewer vertices of" than they would from a proportional split it is possible tolesd the

remainder off".
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2.2 Definitions and preliminary results

2.2.1 Graphs

For a (simple) graplr, we writeV'(G) for the vertex set of7, and|G| for the number of vertices
of G. E(G) denotes the set of edges Gf ande(G) := |E(G)|. Similarly for setsX,Y C
V(G), e(X,Y) denotes the number of edges betwéémndY. We sometimes write € G
to meanv € V(G), and often denote an edge betweeandy by xy. The degreeof a vertex
v € G, denotedi(v), is the number of edgese E(G) incident tov. We denote the minimum
and maximum degree (taken over all vertices(dfby §(G), and A(G) respectively. The
distanced(u, v) between vertices, v € G is the length of the shortest path@hconnectingu

andv.

2.2.2 Directed graphs

Recall that a directed gragh, or digraph, consists of a vertex 4é{G) and an edge séi(G),
where each edge € E is an ordered paifu, v) of vertices ofG. Again we write|G| for
|[V(G)|, andv € G to meanw € V(G). For verticesu,v € V(G) we writew — v Orv «— u
to denote thatu,v) € E(G). If u — v then we say that is anoutneighbourof «, thatu is
aninneighbourof v, and that the edgé, v) is directed fromu to v. Sometimes we use the
term neighbourof v to mean a vertex which is either an inneighbour or an outreighof v.
For any vertex € G, we denote the set of all outneighboursudfy N (v), or simply N*(v)
whenG is clear from the context. Similarly we writ¥ (v) or N~ (v) to denote the set of all
inneighbours ofy. Then theoutdegreeof v, denotedi/;(v), is defined bydf,(v) := |NJ (v)].
Similarly theindegreeof v, denotedi(v), is defined byd;(v) := |Ng(v)|. Again we may

write d* (v) or d~(v) whenG is clear from the context. We define the minimum outdegree of
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G, denoted™ (G), to be the minimum ofl ™ (v) taken over all vertices € G, and the minimum
indegree, denotedt (G), to be the minimum ofl~ (v) taken over all vertices € G. Then the

minimumsemidegre®f G, denoted’(G), is the minimum ofi~(G) andd™(G). For disjoint

setsU,V C V(G) we writeG[U — V| to denote the bipartite subgraph@fformed by edges
directed fromlU to V.

We say that a directed graghis anoriented graphf for any u,v € G at most one oft — v

andu <— v holds. So an oriented graph may be obtained by assigningetidin to each edge
of an undirected graph. We call this undirected graphuthéerlying graph and denote it by
Gunaer- Recall that a tournament is an orientation of a completplgrso the underlying graph
of a tournament is a complete graph. Equivalendlyis a tournament if and only if for any

distinctu, v € V(G) precisely one ofi — v andu < v holds.

2.2.3 Trees

A treeis a connected graph which does not contain any cycles. \&e ofie the fact that for
any subtre@” of atre€l” and any vertex € T there is a unique vertexe 7" which minimises
d(xz,y) over ally € T'. LetT be a tree om vertices; therf” hasn — 1 edges. For any vertex
x € T and edge: € E(T) incident toz, theweight ofe from x, denotedw.(z), is the number
of verticesy # x of T for which e is the first edge of the path fromto y. Equivalentlyw.(z)

is the order of the component @f — e which does not contain. Each vertexy # x of T’
contributes to the weight from of precisely one edge incident i so the sum of the weights
from x over all edges incident teisn — 1. Also, if zy is an edge of’, thenw, (x) +w.(y) = n.

A vertex of a tree is &af if it has degree one.

A rooted treds a tree with a specified vertexas aroot. In a rooted tree every vertexother than

the root has @arent this is defined to be the unique neighbgusf x with d(y, r) < d(z,r). If
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y is the parent of then we say that is achild of 3. An ancestral orderingf the vertices of a
rooted tree is a linear order in which the root appears firdtemery other vertex appears after

its parent.

Recall that a directed trég is a digraph formed by orienting each edge of an (undiredted)
Equivalently, the underlying gragh,,..... of 7' is a tree and at most one of— y andz «— y
holds for any pair of vertices andy of T'. Given a specified vertexas a root, we define parents
and children of vertices of the directed trEexactly as in the underlying trée,,, ... Similarly
A(T) = A(Tunaer), and the weighto.(x) of an edgee incident to a vertex: is defined as in
T.naer- We say that a vertex of a directed tree isimk vertex if it has no outneighbours, and a
sourcevertex if it has no inneighbours. Since a directed tree oBrtices has. — 1 edges, any

directed tree must contain at least one sink vertex and sit ¢e@ source vertex.

Let 7" be a directed tree, and letbe a vertex ofl’. We say that a component @f — = is an
incomponent of if the unique edge betweenand this component is directed towardsand
anoutcomponent af if this edge is directed away from Theinweight ofz, denotedv™(z),

is then the number of vertices in incomponents:pfind theoutweight ofx, denotedw™ (z),

is the number of vertices in outcomponentscofEquivalently, the inweight of: is the sum of
we(x) taken over all edgesincident tox which are directed towards and the outweight can
be defined similarly. In the same way we define incomponem®atcomponents for a subtree
T, of T. Indeed, for any componefit of 7' — T, there is precisely one edge betweé€nand
T.. If this edge is directed towards a vertexidfthen we say thdt” is anoutcomponent df,
whereas if this edge is directed towaffiswve say thafl” is anincomponent of .. As whenT,,

is a single vertex we define tteweight ofT,., denotedv—(7}), to be the number of vertices in
incomponents of ., and theoutweight ofT,., denotedw™ (7,), to be the number of vertices in
outcomponents df .. Again these inweights and outweights can equivalentlydfmdd as the

sum of the weights of the appropriate edgegof
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We now prove three lemmas relating to trees. The first two e$¢henable us to split a tree
into several pieces with properties that are useful for tlayesis of the randomised embedding

algorithm used in Section 2.3.

Lemma 2.1 LetT be a tree om > 3 vertices. Then there exist subtréésandT” of T' such
thatT’ andT" intersect in precisely one vertex'tf every edge of’ lies in precisely one df”’

andT”, ande(T"),e(T") > e(T')/3.

Proof. We begin by showing thaf’ must contain a vertex such that every edgeincident to
v hasw.(v) < n/2. Recall that ife = wv, thenw,(u) + w.(v) = n, and so at most one of
we(u) > n/2 andw.(v) > n/2 can hold. Sincd" containsn vertices andh — 1 edges, by the

pigeonhole principld’ contains a vertex so that no edge incident tov hasw,(v) > n/2.

Now, choose such a vertexc T', and letvy, . . ., v, be the neighbours af € T'. For each;, let
S; be the set of vertices of 7" such that; lies on the path from to z. Then every vertex df’
other tharv lies in precisely one sef;. Now, for each;, let7; be the tred’[S;U{v}]. Then each
T; is a subtree of ' and every edge df is contained in precisely ori&. So{e(T;) : i € [r]} is
a set of positive integers, none greater tham— 1)/3, which sum ton — 1. Thus there exists
A C [r] such that the sum of elements{ef7;) : i € A} lies betweerfn—1)/3 and2(n—1)/3.
Then if we takel” = J;., T andT"” = (J,¢, T; thenT” andT" satisfy the conditions of the
lemma (in particulary (77) NV (T") = {v}). O

Lemma 2.2 Suppose that/n < 1/A,e,1/k. LetT be a tree om vertices satisfying\(T") <
A and rooted at,. Then there exist pairwise disjoint subseéts. .., I, of V(T'), and vertices

v, ..., v, (Not necessarily distinct) df such that:

(1) |Ui€[r] El 2 (1 —e)n.

(2) | 5| < n? for eachi.
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(3) Foranyi € [r], letz € {t:} UU,_, F}, and lety € F;. Then the path from toy in T

includes the vertex;.

(4) Foranyy € F; we havelr(vi,y) > k°.

Proof. We begin by splittindl” into a family 7 of subtrees of" by repeated use of Lemma 2.1.
So initially let 7 = {T'}, and then repeat the following step. L&, ,. be the largest member

of 7. Use Lemma 2.1 to splifj,,,. into subtree§” and7” which intersect in a single vertex,

partition the edges df},, .., and satisfye(7"), e(T") > e(Tiarge)/3- Then remove;,, . from

F, and replace it by the two smaller tre€sand7”. Since in each step we split the largest
member ofF, at any stage we hay&,| < 3|T3| for any T}, T, € F. So after at mossn'/3

steps we must have th@t*| < n?/ for everyT™* € F; at this point we terminate the process.

Observe that il ", 7" € F, thenT’ andT” intersect in at most one vertex. Now, form a graph
G~ with vertex setF and with an edge betweelt, 7" € F if and only if 77 andT” have a
common vertex. The@r is connected, and so contains a spanningTreeChoosel; to be a
member ofF containing the root; of 7, and letT;, 11, . . ., T,. be an ancestral ordering of the
members ofF (thought of as vertices of the trég-). Now, for eachl < i < r let v; be the

common vertex of ; and its parent ir¥z. Then define’; for eachi € [r] by

Fi=V(T) \{z € T : dr(v;, ) < k*}.

It remains to show thafy, ..., F,. andu,, ..., v, satisfy the required properties. (4) is imme-
diate from the definition of;, and (2) holds since eadh contained at most?/? vertices. For
(1), observe that every vertex @fwas contained in at least one of the subtrégesnd that in
forming the setd;, we deleted at mosk*’ vertices from each of the at magt!/3 setsV (T;),

so in total at mossn!/3A¥ < en vertices ofI” are not contained in any of the séts

For condition (3), suppose th&t7;7; is a path in7x, and some vertex lies in 77 N T3, but
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v ¢ Ty Letv € Ty NTy and letv” € Ty N T;. Thenv' # v”, as otherwisd] and7%; would
have a common vertex other thanSo there is a path fromt to v” in 7" which does not contain
v, soT" contains a cycle, giving a contradiction. Similarly it fwis that for any patff;, ... T;,
in 7x, if T;, andT;, have a common vertex thenw lies in each off;,, ..., T; , and so ifT;, ,
is the parent off;, in 7r thenv = v;,. Now, for anyi € [r], if z € {t;} U UM F; andy € F;,
thenz € T; for some0 < j < ¢ andy € T;. LetT;17...T.T; be the path fron¥} to 7; in
7T, thenT! is the parent of; in 7. This means that; is the common vertex df’ and7;, so
T; UTTU- - -UT! contains a pat#; from x to v; andT; contains a patl#, fromv; to y. But the
property we have proved before implies ti#atand P, only intersect iny;. ThusP; U P is the
path in7 from x to y, andv; € P, U P,, as required. It also follows that the sé{sare pairwise

disjoint. O

Recall that in Section 2.3, we describe a randomised algoribr embedding the vertices of a
directed tred’ in a digraphZ. Whenever this algorithm embeds a vertext 7" in G, it reserves

a set of vertices of7 in which to embed the children of No other vertices may be embedded
in this set until all the children of have been embedded. For this to work, we need to ensure
that there are not too many of these reserved sets at any. pidirg motivates the following
definition. If 7" is a rooted tree om vertices, then we say that an ancestral ordering of the
vertices ofT’ is tidy if it has the property that for any initial segmentof the order, at most
log, n vertices inZ have a child not irf. The following lemma shows that such an order exists

for any treef".

Lemma 2.3 Let T be a tree om vertices rooted at somg € T. Then there exists a tidy

ancestral ordering of the verticesbf

Proof. We prove that for any:, the vertices of any rooted tréé on fewer thar2” vertices
can be given an ancestral ordering so that fewer tha@rtices in any initial segmeri have

neighbours outsid€. Indeed, suppose that this statement is false, and tebted att, be a
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counterexample of minimal order, say of orderLet » be minimal such that < 2". Then let
T1,...,T, be the components @f — ¢, ordered in increasing size, and tgbe the neighbour
of o in T;. We think oft; as the root of the tre€;. Then|T;| < 27! fori < s — 1, andT, < 27.
So sincel’ was a minimal counterexample, we can find an ancestral oiglefithe vertices of
eachT; so that for any < s — 1, any initial segment of the order of the verticesloftontains
fewer thanr — 1 vertices with children outside the initial segment, and auityal segment of
the order of the vertices df, contains fewer tham vertices with children outside the initial
segment. Now, we order the vertices@fas follows. Begin with,, then add the vertices of
T, in their order. Next, add the vertices 6f in their order, and continue in this fashion. Since
the order of the vertices of eadh was ancestral, this order is also ancestral. Also, anyalniti
segment of this order contains fewer tharvertices with children outsidg, contradicting the

choice ofT. m

2.2.4 Probabilistic estimates

The next lemma, relating to binomial distributions, is usedshow that in the randomised
algorithm we use in Section 2.3, the cluster to which a vag@docated is almost independent
of the cluster to which a vertex far away is allocated. We Bé&e, p) to denote the binomial
distribution with parameters andp, i.e. the number of successesrinindependent trials, each

of which has probability of success. SB(B(n,p)) = np.

Lemma 2.4 Suppose that/k < p, (1 —p), ¢, thatn > k*/6, and thatX = B(n, p). Then for
anyr € k],

P(X =r modk)=

Proof. For each: € {0,...,n} letp, denoteP(X = z), sop, = (%)p“(1—p)"~*. Letu = np,

SOE(X) = u, and letp, = max{p,), pru1}, SOp, < p, for anyz. Moreover, ifx <y < por

25



p <y < zthenp, < p,. Soforanyr,i € [k],

P(X=r modk)= >  pt > pt D

0Lapu—k p—k<z<p+k ptk<z<n
z=r modk z=r mod k z=r mod k
< E Dayi + 2Dy + E De—k+i
oeu—k ptk<z<n
z=r mod k z=r mod k

<P(X =r+i mod k) + 2p,.

SoP(X =r mod k) =1/k+2p, = (1+£e)/kforanyr € [k], using a standard resué.g.[5],
Section 1.2) on the binomial distribution which states that O(n=/?) = O(k=3/2), O

The following two results give useful tail estimates fordam variables. The first is an Azuma-
type inequality which bounds the sum of many small and alimolgpendent random variables.
This is derived in [44] from a result in [34]. ([44] uses a rand walk to embed trees in
sparse undirected graphs.) The second gives standarddifrgme bounds for the binomial
and hypergeometric distributions. The hypergeometridoam variableX with parameters
(n,m, k) is defined as follows. Lel be a set of size, and fix a setS C N of size|S| = m.
Now choose a séf C N of size|T'| = k uniformly at random. TheX = |7 N S|. Note that
EX = km/n.

Lemma 2.5 ([44], Proposition 1.1)Let X, ..., X,, be random variables taking valuegn1]
such that for each € [n/],

E[Xk | Xl, e 7Xk—1] < Q.

Letp>>""  a;. Thenforany <o <1,

(52;1,
3

IP’[Z”: Xi>(14+0)pul <e 3.
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Proposition 2.6 ([21], Corollary 2.3 and Theorem 2.10)SupposeX has binomial or hyper-

a2
geometric distribution andl < a < 3/2. ThenP(|X — EX| > aEX) < 2e~ 35X,

2.2.5 Regularity and robust outexpanders

To prove Theorem 1.5 we make use of a directed version of S&elireeRegularity lemma. For
this, we make the following definitions. @ is an undirected bipartite graph with vertex classes

X andY’, then the density of7 is defined as

_eXY)
AXY) = T

Now, for anys > 0, we say thaty is e-regularif forany X’ C X andY’ C Y with | X’| > ¢|X|

and|Y”’| > ¢|Y'| we haveld(X',Y") — d(X,Y)| < e.

Recall that for disjoint set&” andY” of vertices of a digrapld7, we useG|[X — Y| to denote
the edges of; directed fromX to Y. We sayG|[X — Y| ise-regularif the underlying bipartite
graph of G[X — Y] is e-regular. The density of/[X — Y| is similarly defined to be the
density of the underlying bipartite graph. Next we statedgree form of the regularity lemma
for digraphs. A regularity lemma for digraphs was proven lbgrfand Shapira [2]. The degree
form follows from this in the same way as the undirected wergsee [32] for a sketch of the

latter).

Lemma 2.7 (Regularity Lemma for digraphs) For any=, M’ there existVl, ny such that ifG
is a digraph om > nq vertices andi € [0, 1], then there exists a partition &f(G) into

Vo, - - -, Vi @and a spanning subgrapti of G such that

(1) M'< k<M,

(2) [Vol < en,
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(3 Vil =---=[Vil,

(4) di,(x) > di(z) — (d + ¢)n for all verticest € V(G),
(5) dg/(z) > dg(x) — (d+ e)n for all verticese € V(G),
(6) foralli € [k] the digraph='[V;] is empty,

(7) foralll <i,j < k withi # j the pairG’'[V; — V}] is e-regular and either has density 0

or density at least.

We refer toVy, ...,V asclusters Given a grapltz onn vertices, we form theeduced digraph
R of G with parameters, d and M’ by applying the regularity lemma with these parameters to
obtainVy, ..., Vi. R is then the digraph on vertex sgt, . . ., k}, with i — ;j an edge precisely

whenG'[V; — V] is e-regular with density at least

One particular regular structure appears frequently ini@e2.3 and Section 2.4. We say that a
digraphdG is ane-regular d-dense cycle of cluster tournameifty (G) = V; U - - - U Vj, where
the setsV; are pairwise disjoint and of equal size, and for egct¥[V;] is a tournament and
G[V; — V;41] ise-regular with density at leagt(where addition and subtraction on the indices
of clusters should be taken modutd. We often refer to the sefg as clusters, as we obtain

them by an application of the regularity lemma.

Now, let Vi, ..., V, be disjoint sets ofn vertices, and letG be a digraph on vertex séf U
-+ U V. LetS be a subset of some clustér. Then we say tha$ is (c, v)-goodif for any
Vi, CViopandV) , C Vi with [V || > em and|V] ;| > em, S contains at least/m
vertices which each have at leagt inneighbours inV/_, and at leastym outneighbours in
V/.,. Our main tool in the use of regularity in this chapter is tle&tlemma, which states that
if G is a regular and dense cycle of cluster tournaments, thersagetl of any clusterl;

with |V/| > vm/2 contains gc, v)-good subses of size at most/m.
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Lemma 2.8 Suppose that/m < ¢ < v < ¢,d. LetG be ans-regulard-dense cycle of
cluster tournaments on clustérs . .., Vy, each of sizen. Then for anyi and for anyy;} C'V;

of size|V/| = ym/2, there exists &c,v)-good setS C V! with |S| < y/m.

Proof. GivenV; C V; of size|V/| = ym/2, chooseS C V; at random by including each vertex
of V' in S with probability 1/v+/m, independently of the outcome for each other vertex. Then
by Proposition 2.6, with probability — o(1), | S| < /m.

Now, G[V;-1 — V/] andG|V] — V4] are each2¢/~)-regular with density at leagl/2. So
all but at mosRem /-~ verticesv;_, € V;_; have at leastdm /5 outneighbours iV Fix any
suchv;_; € V;_1. ThenG[V/ N N*(v;—1) — Vi) is (5e/~d)-regular with density at least
d/2. So all but at mossem /vd verticesv;,; € V;y1 have at least/d®>m /20 inneighbours in
V! N N*(v;,_;). We therefore conclude that all but at ma@sin?/~vd pairs (v;_1, vi,1) With

vi_1 € Vi_1, v € Viyr have at leasyd?m/20 common neighbours iy}’

By Proposition 2.6, for each such pdir;_1, v;.1) the probability thatv;_1,v;,1) has fewer
thand?\/m/25 common neighbours is' decreases exponentially with, whilst the number
of such pairs is quadratic im. Thus with probabilityl — o(1) our randomly selected has
the property that all but at mo%tm?/~d pairs(v;_y, v;11) Withv;_; € V;_1, v;11 € Viy1 have
at leastd?\/m /25 common neighbours i§. We may therefore fix an outcome of our random

choice ofS such that both of these events of probability o(1) occur.

Soif [V/,] = em and|V/,| > cm, then we know that at leagtm?/2 pairs (v;_1, vi+1)
with v;_; € V!, viy1 € V)., have at leasti*\/m/25 common neighbours € S. Thus
there are at leagtd?>m°/? /50 triples of such verticeé;_1, s, v;41), SO at least?d?,/m /100 >
vy/m vertices inS must lie in the common neighbourhood of at leestm? /100 such pairs
(vi_1,vi11). Each of these vertices therefore has at le&gtmn /100 > ym neighbours in each

of V/_, andV/, ,, as required. O
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We also make use of the following well known observation, chhsays that iiG is a regu-
lar and dense cycle of cluster tournaments on clusters. ., V., and we select subset C
Vi,..., U, C Vi uniformly at random, then with high probability the restion of GG to these
subsets is also regular and dense. This follows from a lenfrddon et al. [1] showing that
e-regularity is equivalent to almost all vertices having éxpected degree and almost all pairs
of vertices having the expected common neighbourhood S include the proof for com-

pleteness.

Lemma 2.9 Suppose that/m < k < ¢ < ¢ < d and thatn'/® < m’ < m. LetG be an
e-regulard-dense cycle of cluster tournaments on clustgrs. ., V,, each of sizen. For each

i € [k], choosdJ; C V; of sizem’ uniformly at random, and independently of all other choices
Then with probabilityl — o(1), G[U, U - -- U Uy is ane’-regulard/2-dense cycle of cluster

tournaments.

Proof. We need to show that with high probability]U; — U,.4] is ’-regular with density at
leastd/2 for eachi. So fix some € [k], and letd; > d be the density o&z[V; — V;.4]. Also,

let B; be the set of vertices € V; for which|N*(v) N V41| # (d; = )m, and letD; be the set
of pairsv; # v, of vertices ofV; for which | N (v, ) N N (v2) Vg1 | # (d7 £3¢)m. Then since

G|V; — Vi,1] ise-regular,| B;| < 2em. Also, there are at mo&em? pairs in D; which contain

a vertex ofB;, and eachy € V; \ B; lies in at mosRem pairs inD;, so|D;| < 4em?. So let
B! = B, N U; and similarly letD. consist of the pairs itD; for which both vertices of the pair
are inU;. Then by Proposition 2.6, the probability that eithBf| > 4em’ or |D}| > 8s(m’)?

declines exponentially with.

Now, for each of the at most’ verticesv € U; \ B;, by Proposition 2.6 the probability that
[Nt (v)NU;41| # (d;+£2¢)m’ decreases exponentially with. Also, for each of the at mo@')
pairsv; # vy With vy, vo € U;\ D;, the probability thatN* (v)) NN (ve) NU; 11| # (d? 4e)m/

decreases exponentially with. So with probabilityl — o(1), for eachi none of these events
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of exponentially declining probability hold.

Fix such an outcome of our random choices. Then for gaahleast(1 — 4¢)m’ vertices

v € U; have|N*(vy) N Uy1| = (d; £ 2¢)m’ and at Ieas(";') — 8z(m’)? pairsvy, v, € U;
have|N*(v;) N NT(vy) N Uiy1| = (d? £ 4e)m’. It then immediately follows from Lemma 3.2
of [1] that for eachi, G[U; — U, is ¢’-regular (and it is clear that this has density at least

d;/2 > d/2), as desired. O

We now turn to the concept of a robust outexpander,Let0, let G be a digraph om vertices,
and letS C V/(G). Then therobusty-outneighbourhoodf S, denotedR N f(.5), is defined to

be the set of vertices aF with at leastun inneighbours inS. For constant® < y < v < 1,

we say that a digrapty onn vertices is aobust(u, v)-outexpandeif [RNF(S)| > [S| + un
forall S C V(G) with vn < |S| < (1 — v)n. A recent result from [33] (which in turn relies
on results from [26, 25]) states that every robust outexpawith linear minimum semidegree
contains a Hamilton cycle. We make use of this to prove the leemma, which states that
any robust outexpander tournaméhtontains a regular and dense cycle of cluster tournaments
which includes almost all of the vertices Gf We use this structure when we embed a directed
treeT in a tournameng which is a robust outexpander. Note that this lemma incladesirst
three steps of the regularity method as described in thedottion. Indeed, given a tournament
G which is a robust outexpander of linear minimum semidegtezeffect of this lemma is to
apply the Szemerédi regularity lemmadg to form the reduced grapR of G, and to find a
Hamilton cycleR’ in R, which corresponds to a regular and dense cycle of clustenaments

in G.

Lemma 2.10 Suppose that/n < 1/M < 1/M' < ¢ < d < p < v < 1. LetG be a tour-
nament om vertices which is a robust., v)-outexpander with®(G) > nn. ThenG contains
ane-regulard-dense cycle of cluster tournaments on clustérs. ., V., where| Ule Vi| >

(1 —¢e)n,andM’ <k < M.
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Proof. Let R be the reduced digraph éf with parameters, d and M’ obtained by applying
Lemma 2.7, and let = |R|, soM’ < k < M. Then by Lemma 12 of [33)°(R) > n|R|/2,
and R is a robust(;./2, 2v)-outexpander. Then by Theorem 14 of [33], which states that a
robust outexpander of linear minimum semidegree contakiarailton cycle, we know thak
contains a Hamilton cycle. Léf, ..., V} be the clusters oR in the order of the cycle. Then
|UY, Vil > (1 —¢)n, G[V] is a tournament for eachand, sincé/; — V;,, is an edge of: for
eachi, G'|V; — V1] is e-regular with density at least (HereG’ is the spanning subgraph of

G obtained by Lemma 2.7.) O

Of course, we sometimes need to embed a directedltrigea tournamentz which is not a
robust outexpander. The nextlemma is a useful tool in thusB0n; it states that if a tournament
G is not a robust outexpander théf{(G) can be partitioned into two sets so that most edges

between the two sets have the same direction.

Lemma 2.11 Suppose that/n < p < v, thatG is a tournament on vertices and that/
is not a robust, v)-outexpander. Then we can partitidi{G) into setsS andS’ such that

vn < |S|, 19| < (1 —v)n ande(G[S — S']) < 4un?.

Proof. SinceG is not a robusty, v)-outexpander there exis$sC V' (G) such thatRN f(.5)| <
|S| + pun andvn < |S| < (1 — v)n. Choose such afi, and letS” = V(G) \ S, sovn < |5’ <

(1 —v)n also.

Sinced is a tournament, at mosfin + 1 verticesv € S haved g (v) < un, and so at most
2un + 1 verticesv € S havev ¢ RN (S). So|RN(S) \ S| < 3un + 1, and so the number

of edges fromS to S’ is at most(3un + 1)|S| + un|S’| < 4un?. O

By repeated application of Lemma 2.11, we may obtain a deositipn of a tournamert into

setsS; which either induce robust outexpanders or are small, aretevor all: < j, almost
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all edges betweeS; and.S; are directed fronb; to S;. In particular, if all theS; are small then
G is close to being a transitive tournament. We use this deositipn in Section 3.6 to prove

Theorem 1.1.

Lemma 2.12 Suppose that/n < n < v < n <€ ( < 1. LetG be a tournament on

vertices. Then we may choose disjoint subsgts. ., S, of V(G) such that:

) [Uiey Sl = (1= O,

(if) for eachi € [r], any vertex) € S; has at mostn inneighbours i), ; S; and at mostn

outneighbours itJ;_; S;, and
(ii) for eachi € [r], eitherG[S;] is a robust(y,v)-outexpander with°(G|[S;]) = nn or

|SZ| < (n.

Proof. To prove the lemma, we use an algorithm which keeps track afrdered familyS™
of disjoint subsets o¥/(G), and a setB” of bad edges of7, at each timer. Initially, let
St := (V(G@)), and letB' := (). Then at timer > 1, we haveS™ = (57,...,S7), and the

algorithm proceeds as follows.

1. LetS] be the largest member &f which is not a robusty:, v)-outexpander witld° (G[S7]) >
nn. If there is no such member &, or if |S]| < (n, then terminate. If there is more

than one largest such member, then choose one of thesaahpitr

2. If somev € S7 hasdf g (v) < nn, then let
ST = (87, ST, S\ v {u), ST, ST),

let B7H! := B" U E(G({v} — S7 \ {v})), and proceed to step (5).
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3. Similarly, if somev € 57 hasd g (v) < 7n, then let
ST = (ST, .., Sy, {v}, ST\ v}, Sy, -, ST,
let BT := BT U E(G(S7 \ {v} — {v})), and proceed to step (5).

4. If G[S7]is notarobusty, v)-outexpander then apply Lemma 2.11 to partition the vestice
of S7 into setsS” andS” such that/|S7| < |S7], [S”] < (1 — v)|S7| and at mostiy| Sy |*
edges of7[S]] are directed front” to S’. Then let

ST = (9],...,8/_1,8,8", 5 1,...,SI)

) T

and letB™! .= B™ U E(G(S" — §")).

5. Finally, for each € [r + 1], delete fromS] ™" any vertexv which lies in more than/mn

edges ofB7*1.

At any timer, if the algorithm does not terminate at step (1) tiris split in precisely one of
steps (2), (3) and (4). So at each timeeither the algorithm terminates 7| increases from
7 to 7 + 1 (in forming S™*!) by reducing the size of the largest membeiS6f Therefore the
algorithm must terminate at some timg, < n. Taker := 7,4, andsS; := S} for eachi. Then

since the algorithm terminated at step (1) of timeii) must hold.

To see (i), observe that the split in step (4) occurs for attmpsy timest < 7.,4. This is
because any set obtained by a split in step (4) must havetdeast(vn (since|S]| > (n, and
the setsS’, S” obtained haves’|, |S”| > v|S7|). Also, at each time < 7,4, the number of
edges added to forlB™ ! from B7 is at most)n if the algorithm carried out the splitin step (2)

or (3), and at mostun? if the algorithm carried out the split in step (4). Sincg; < n, and
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the splitin step (4) is carried out in at mdst(v steps, we must have

4 2
| BTend| < mn® + el < 2nn’.

v

SinceB! C ... C B4, any vertex ofG which was ever deleted in step (5) must lie in at least
\/1m edges ofB™e, and so at most,/mn < (n vertices ofG' can have been deleted in step (5)
over the entire course of the algorithm. But any vertex whiels not deleted lies in sontg,

and so (i) holds.

Finally, for (ii) fix anyi € [r] and anyv € S;. Observe that all edges directed frerno UM S
and all edges directed frofyJ,. ; S; to v are contained ilB". This means that there are at most
/Tim such edges, as otherwisevould have been deleted in step (5) at some point. Siacel

v were arbitrary, (i) must hold. O

2.3 Embedding trees of bounded maximum degree in a ro-

bust outexpander

2.3.1 Introduction

Our aim in this section is the following lemma on embeddingcled trees of bounded maxi-

mum degree in robust outexpander tournaments.

Lemma 2.13 Suppose thdt/n < p < v < n < a,1/A, thatG is a tournament ofll + o)n
vertices which is a robust:, v)-outexpander with® (G) > nn and thatl" is a directed tree on

vertices withA(T') < A. ThenG contains a copy df .
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The proof of this lemma shows that we could actually pif\ lower down in the hierarchy,
but this is how we apply this lemma later on. To prove this leanmve begin by applying
Lemma 2.10 to find a regular and dense cycle of cluster touen&srinG, containing almost
all of the vertices of7. We then use Lemma 2.14 to find a copyZoWithin this structure. This
lemma is stated separately, and in a stronger form than segess we also make use of it in

Section 2.4.

Lemma 2.14 Suppose thadt/n < 1/k,1/A < ¢ < d < o < 2, and thatn = n/k. LetG be
ane-regulard-dense cycle of cluster tournaments on clustgrs. . |V, of equal sizé1 + «)m.
Letv* be a vertex of/; with at leasti*m inneighbours irV/,, and at least*m outneighbours
inVy. Finally, letT be a directed tree om vertices, rooted at and withA(T) < A. ThenG

contains a copy df', where the vertex, of T' corresponds to the vertex of 5.

The main problem in achieving this is to allocate the vegio€T to the clusterd/; in such
a way that we can then use theegularity of eachG[V; — V;,,] to embed the vertices af
in G. When we say we allocateto V; this means that is to be embedded to a vertex f,
but this embedding has not been fixed yet. We wish to allocatk gertex ofl” to a clustelV
so that for most edges — v of 7', if u is allocated tdV; thenv is allocated toV;, ;. So ifu
is allocated to a clustér; andu — v then we say that theanonical allocatiornof v is to the
clusterV;,,, whereas ifu < v then we say that the canonical allocationvak to the cluster
V;_1. If we allocatev canonically, then we say that the edge betweandv has been allocated
canonically. One way of allocating the verticesofto the clusterd/; would be to begin by
allocating the root; to V7, and then to allocate all remaining vertices canonicallywiver, to
successfully embed the verticesiofvithin the clusters to which they are allocated we need the
vertices ofI’ to be approximately evenly distributed amongstiheusters. This method often

fails to achieve thisg.g.if 7" is an anti-directed path.
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To obtain an ‘even distribution’ for any sufficiently largeetted tree of bounded maximum de-
gree, we modify the method so that some vertices (selectetbnaly) are allocated to the same
cluster as their parent, rather than being allocated caatini However, having large compo-
nents of vertices which are allocated to the same clustemreent a successful embedding of
these vertices within this cluster, and so we also requatghich components are small. This is
the motivation behind the Vertex Allocation Algorithm given the next subsection, which we

use to allocate the vertices of

2.3.2 Allocating the vertices ofl’

We use the following random process to allocate the vert€dsto the clusters/;.

Vertex Allocation Algorithm:
Input: A directed tre€l’ onn vertices, aroot vertex € 7T, and cluster$’, ..., V.
Initialisation: Choose an ancestral orderifyg. . ., ¢,, of the vertices off".

Procedure:At time 7 = 1, allocatet; to V;. Then at timer > 1, we allocatet,.
Let ¢, be the parent of ., which must have appeared befeéren the ordering and

has therefore already been allocated. Then:

e If dr(t,,t;) is odd, then allocate. canonically.

e If dr(t,,t1) is even, then allocate to the same cluster as with probability
1/2, and allocate, canonically with probabilityl /2 (where these choices are

made independently for each vertex).

Termination: Terminate when every vertex @f has been processed and therefore

allocated to some clustéf.
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Note that the cluster to which a vertexs allocated by this algorithm depends only on the
cluster to which its parent vertex was allocated and theamé&cof the random choice when
embedding (if d(¢, ;) is even). Since these choices were independent, the plibpabiany
possible outcome does not depend on which ancestral ordbe ofertices was chosen in the
initialisation step. Now, we say that an edgeTofs allocated within a clusteif both of its
endvertices are allocated to the same cluster. Then we atgritallocation of the vertices of a

directed tred to clusters/, . . ., V}, is semi-canonicaif

(i) every edge ofl"is either allocated canonically or is allocated within astéu,

(i) every edge ofl" incident tot, is allocated canonically, and

(iif) every component of the subgraph @fformed by all edges allocated within a cluster

contains at mosA (7") vertices.

The next lemma shows that if we allocate the vertices of atiketre€l” to clusterd/, ..., V,
by applying the Vertex Allocation Algorithm, then the alldmn obtained is semi-canonical,
and also that if vertices andt’ are far apart i’ then the cluster to which is allocated is
almost independent of the cluster to whicls allocated. As a consequenceTifs sufficiently
large and has bounded maximum degree, each cluster haxempately equally many vertices
of T allocated to it. These properties allow us to embed thecestof such & into a regular

and dense cycle of cluster tourname@ts the next subsection.

Lemma 2.15 LetT be a directed tree om vertices rooted at,. Allocate the vertices df' to
clusters/y, ..., V; by applying the Vertex Allocation Algorithm. Then the folMing properties
hold.

(a) The allocation obtained is semi-canonical.
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(b) Suppose that/k < 6. Letu andv be vertices ofl" such that. lies on the path fronm,

tov, anddr(u,v) > k*. Then for anyi, j € [k],

1+4/4
k

P(v is allocated td/; | u is allocated td/;) =

(c) Now suppose that/n < 1/A,1/k < 0, and thatA(T') < A. Then with probability
1—o0(1), each of the: clustersV; has at mos{l + §)m vertices ofl" allocated to it, where

m=n/k.

Proof. (a) The Vertex Allocation Algorithm allocates every vertgiher canonically or to the
same cluster as its parent, so every edge is allocated catigror within a cluster. Further-
more, a vertex can only be allocated to the same cluster as its pareifit;if¢) is even, and so
each edge incident tq is allocated canonically. Finally, since edges allocatétiwa cluster
can only be formed when we allocatesuch thati(t;, t;) is even, any such component is a star

formed by somé; and some of the children of.

(b) Since the order in which the vertices are allocated igstnal, at the stage in our algorithm
when we have just allocated no other vertex on the pathA(u,v) in T' from u to v has yet
been allocated. So suppose that we have just allocatedclusterV, let ¢ be the length

of P(u,v), sol > k3, and letu = vy, v1,...,v, = v be the vertices of?(u,v). Then let

E = {i > 1:d(v;,t;)isever}, so E indicates the vertices with a random element in their

allocation, and leD = [¢]\ E, soO indicates the vertices which are allocated determinifjica
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We then split the edges @f(u, v) into four classes:

Fcanon :{Ui—l — V1€ O}
Bcanon :{Ui—l U (S O}
Frcmdom :{Ui—l — U; ! 1€ E}

Brandom :{Ui—l — ;1 E E}

Then every edge aP(u, v) lies in one of these 4 sets, and|$Q.,.on| + | Beanon| + | Frandom| +

| Brandom| = ¢. Furthermore, each edge Hy,,..,, is allocated canonically, and hence from some
V; to V1. Similarly, edges inB,,,., are allocated from somg to V;_;. Meanwhile, edges
iN Frandom OF Brandom are allocated from somi to V; ., or V;_; respectively with probability
1/2, and within somé/; with probability 1/2. So letR be the sum of the number of edges
from F...40m Which are allocated canonically and the number of edges 4., Which
are not allocated canonically. Since the outcome of the randomraxeat for each edge is
independent of the outcome for any other edBehas distribution3(|E|,1/2). Now, u was

allocated to clustey;, and sov is allocated to clustel;, where

7; = ,] + |Fcan(m| - |Bcanon| + R - |B7"andom‘ Il’lOd k

But since|E| > [¢/2] > k*/3, Lemma 2.4 implies that for any € [k], the probability that

1+5/4
k

i=ris , as desired.

(c) Use Lemma 2.2 to choose pairwise disjoint subgéts, ..., F,. of V(T') and vertices
vy,..., v € V(T) such thaf U, Fi| > (1—0/2k)n and|F;| < n*/? for eachi, also such that
if j <14, then any path from, or any vertex off; to any vertex off; passes through the vertex
v;, and finally such that(v;, F;) > k® for eachi. We prove that) with probability 1 — o(1),

the total number of vertices from any of the s&tsillocated to clustey; is at most(1+4§/2)m.
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This proves the lemma, as the number of vertice$ obt contained in any of the sefs is at

mostim/2, and so in total at mostl + 0)m vertices ofl" are allocated to any clustéf.

To prove(t), define random variableX; for eachi € [r], j € [k] by

i # of vertices ofF; allocated to clustey;
i n2/3 ’
so that eaclX? lies in the rangé0, 1. Then since the cluster to which a vertext T is allocated
is dependent only on the cluster to which the parertisfallocated and on the outcome of the
random choice made when allocatin@®[X/ | X7 ,,..., X, v; € VJ] = E[X] | v € V] for

all s € [k]. Here we writey; € V; to denote the event thatis allocated td/;. So for anyi andj,

E(X7 | X7 ..., X]] < mz[ikxE[Xj | X7 . X u eV = m?ng[X | v; € V]
se se
Pz e V; ; €V i
— max ZxEFi (Ilf J | v ) g (1+5/4)‘F|
selk] n2/3 kn2/3

using (b). So, by Lemma 2.5, with probability— o(1) we have that for each,

(1446/2)m
J

> X <55
i€][r]

and so for eactj, the total number of vertices from any of the se}sallocated to clustev is

at most(1 + §/2)m, proving(f). O

2.3.3 Embedding the vertices of”

Suppose that we have applied the Vertex Allocation Algamith find an approximately uniform
allocation of the vertices df to the clusters ofs. We now wish to embed’ in G so that each

vertex is embedded in the cluster to which it is allocatedprinciple we could use the blow—
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up lemma for this. However numerous complications arisejrfstance because we embed
some edges within clusters and because we allote be comparatively large in Section 2.4.
Instead, we embed the verticesioas follows. Firstly, to deal with the problem of edges which
are allocated within a cluster, we embed components tdrmed by such edges at the same
time, using Theorem 1.2 (it would also be easy to do this tifecTo do this we make the
following definition. LetT" be a directed tree on vertices with roott;, and let the vertices
of T be allocated to clustergy, ...,V by a semi-canonical allocation. Then tbanonical
treeT...on, Of T'is formed by contracting to a single vertex each componetitetubgraph of
T formed of edges which are allocated within a cluster. Siheeallocation is semi-canonical,
each such component contains at mbstertices — we say that these verticesrespondo that
contracted vertex iff...,..,. Note also that no edge incidentitois contracted; we let the root of
T..non D€ the vertex correspondingto We proceed through all of the verticesiof,,.,, in turn
using a tidy ancestral order, and at timave embed all of the vertices @f which correspond

to the vertexr of T,,,., In One step.

Secondly, we must ensure that at each timeis possible to carry out this embedding. To do
this, each time we embed a vertex 7 to a vertexv € G, we use Lemma 2.8 to select sets
A and A; of outneighbours and inneighbourswofn the clusters succeeding and preceding
that of v, each of size at mos&t,/m, which are reserved until all of the childrenlhave been

embedded. Indeed, while these sets are reserved, no sariag be embedded in them other

than

(i) the children oft, and

(ii) those vertices of” which correspond to the same vertexiof,,,, as a child oft.

We refer to these vertices as tb@nonical childrerof t; observe that there are at mast such

vertices. Since we proceed through the vertice$ gf,,, in a tidy ancestral order, this means
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that at any timer not too many such sets are reserved, and so only a small piapof the
vertices of any cluster are reserved. When we later come bedra child:’ of ¢ for which the
edgett’ was allocated canonically, we emb#&dn A (if t — t') or A; (if ¢t « ¢') in such a

way that we can choosé” and A, as desired.

When reading the next algorithm, one should bear in minddftan it is not apparent that a
choice can be made as required by the algorithm. Indeedglif aichoice is not possible then
the algorithm terminates with failure. Lemma 2.16 shows timaler certain conditions ad, it

is always possible to make such choices, and so we can behstiteé algorithm succeeds.

Vertex Embedding Algorithm

Input:

A directed tre€l” rooted at;.

A constanty and a positive integen.

AdigraphG on vertex set’ =V, U- - UV}, where eaclv; has siz€1+a)m,

and a semi-canonical allocation of the vertice§'db the clusterd/;, with ¢,

allocated toV].

Finally, a vertexo* € V; to whicht; should be embedded, and constaraad

Y.

Initialisation: Form the canonical tre€.,,..,, of T' as explained above, and choose
a tidy ancestral ordering, 2, ..., n’ of the vertices ofl.,,..... Lett,..., ¢, be a

corresponding order of the vertices{so ift; € T corresponds to € T.,,,., and

t; € T corresponds tg € T.,,,, thent; appears beforg if and only if¢ < j.)

Procedure:At time 7 we embed the vertices, . .., t..,1 of T" corresponding to

vertext of T..,..n. Each vertex,; is embedded to a vertex of G, wherev, = v*.
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Then, for each; we reserve setsl;’ and A;. of vertices ofG for the canonical

children oft;. To do this, at each timewith 1 < 7 < n/, take the following steps.

(1) We say that a vertek of T is openat timer if ¢; has been embedded but
some child oft; has not yet been embedded. Define theiseof vertices of
G unavailable for use at timeto consist of the vertices already occupied and

the sets reserved for the canonical children of open vertse

B ={v,....v,.}U | J Afu4y).

t;: t; isopen
For each clustev}, let V7 = V; \ BT, soV[ is the set of available vertices of
Vi.
(2) If =1 embed tov;. Alternatively, if 7 > 1:
(2.1) Precisely one of the vertices ..., t,..,_1 of T corresponding to vertex
7 of T,...on NAS a parent already embedded; we may assume this vertex is
t-. Lett, be the already-embedded parent gse: r, and whent,, was

embedded setd; andA, were chosen). Let; be the cluster to which

t, iIs embedded.

(2.2) Ift, — t,, choose a sef of 3s vertices ofA;; C V41 such that for each
ves

IN*(0) N Vol 2 ym and|N~(0) N V7| > ym,

If ¢, — t,, choose a sef of 3s vertices ofAt‘p C V;_, soforeachy € S
INT(v) N V]| = ymand|[N~(v) NV 4| > ym.

(2.3) Then choose a copy &fl¢,, ..., t..s 1] in G[S], and embed each vertex

t; to the corresponding vertex in this copy.
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(3) Instep (2), we embedded eachtpf. ... ¢, in the same cluster; lét, be

this cluster. Foreach< ¢ < r + s — 1, choose sets
AL C N (v) NV andA; C N~ (v) NV,

such that the setd;” and A;. are all pairwise disjoint, eacH;” and each4;,

is (¢, v)-good, and A} |, | A | < 24/m for eachi.

Whenever there are several choices (for example if therseareral possibilities
for S in (2.2)), take the lexicographically first of these. Thiseres that for each
input, the output is uniquely definedd. we can view the algorithm as being deter-
ministic).

Termination:If at any point it is not possible to make the choice requitedninate
with failure. Otherwise, terminate after every vertexiof,,,, has been processed,
at which pointy(t;) = v; for eacht; € T is an embedding’ of T into G, by

construction.

Lemma 2.16 Suppose that/n < 1/A1/k < e < 7 < c<d < a <2, andletn =n/k.

(1) LetT be a directed tree on at mostrertices with root; andA(T) < A.

(2) LetG be ancz-regulard-dense cycle of cluster tournaments on clustgrs. .,V,, each
of size(1 + a)m, and letv* € V; have at leastm inneighbours iV, and at leastm

outneighbours ifv;.

(3) Let the vertices of’ be allocated to the clustels, . ..,V so that at mostl + «/2)m

vertices are allocated to any one clustgrand so that the allocation is semi-canonical.

Then the Vertex Embedding Algorithm appliedifaandG (with this allocation and constants

and-y) successfully embeds into G with t, embedded to*.
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Proof. The Vertex Embedding Algorithm only fails if at some poinistnot possible to make
the required choice. So to demonstrate that the algoritrooesds, it is enough to show that it

is always possible to make the required choices.

In the initialisation we are required to choose a tidy anme¢strdering of the vertices of the
rooted tre€rl.,....; the existence of such a choice is guaranteed by Lemma 28, ddmsider
the set of unavailable verticeB™ at some timer. Since the Vertex Embedding Algorithm
embeds each vertex in the cluster to which it was allocatedmwow that at mostl + «/2)m
vertices of eacly; are already occupied. Furthermore, suppose that verté4’ is open at time
7. Thent; must correspond to a vertex < 7 of T.,,..., such that”" has a child-” > r. Since
we are processing the vertices®f,,..,, in a tidy order, there can be at madsg, n’ < log, n
such vertices df .,,..,. As each vertex dof....,, corresponds to at mo&t vertices ofl’, at most
Alog, n vertices ofI" are open at time. Therefore, at any time, the total number of vertices
in reserved setsl; and A, is at mostdA/mlog,n < am/4. So for any cluste#/;, at any

time 7 at most(1 + a/2)m + am/4 vertices ofV; are unavailable, and §077| > am/4.

We can now demonstrate that it is possible to make the othmceh that the algorithm asks
for. Indeed, in step (2.2), #, — t, with ¢, embedded intd’;, then the algorithm has to choose
a setS of 3s < 3A vertices of4; such that eachh € S has|N*(v) N V/,| > ym and
IN~(v) N V]| > ym. But whenA; was chosen at an earlier timg it was chosen to bg:, 7)-
good. Since the vertex, to whicht, was embedded is in clust&f, A C V;.,. Moreover,
since|V/| > am/4 > (1 4+ a)em and|V7,| > am/4 > (1 + a)em, Al must contain at least
vy/m verticesv such thaif N* (v) N V75| = ym and|N~(v) N V]| > ym. Furthermore, since
t, is a child oft,, ¢, has been open since its embedding, and so only canonicadtehibfz, (of
which there are at mogi?) can have been embeddedA@. So itis indeed possible to select
such a setS of 3s vertices as required. The argument for the case when- ¢, is similar.

As for (2.3), observe that[S] is a tournament oBs vertices, and thal'[¢,, ..., t,.s_1] iSa
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directed tree on vertices. So by Theorem 1.2/[S] contains a copy df [t,., ..., t,1s_1], SOwWe

may choose such a copy.

Finally we come to step (3). In this step we have just embedtiBwstA verticest,., . .., t, 4151

in some clusteV/;, and we wish to choose set§ andA;, for each such verte. When embed-
ding these vertices we ensured that for eatire vertexv; to whicht¢; was embedded satisfied
|[N*(v;)) NV, | = ym (for 7 = 1 this holds instead by the condition on the outneighbours of
v* = v;). So suppose we have chosép, A/ ,..., A’ and we now wish to choosé; .
Then the previously chosety| contain at mos2A/m vertices between them, and so at least
3ym/4 = (1 + a)ym/2 vertices of N*(v,) N V7., have not been used in these previous sets.
So by Lemma 2.8, we may choosgcay)-good setd; € N*(v,) NV, of size at mosg./m

which is disjoint from all of the previously chosety’. Do this for each vertex; in turn; the

choice of the setgl;_ is similar. O

We can now give the proof of the main lemmas of this sectiogjrimeng with the proof of

Lemma 2.14.

Proof of Lemma 2.14. Apply the Vertex Allocation Algorithm to allocate the vextis of T’
to the clusterd/, ..., V,. Then by Lemma 2.15(a) this allocation is semi-canonicad} ly
Lemma 2.15(c) at mos$t +«/2)m vertices are allocated to each of thelusters/;. Next, apply
the Vertex Embedding Algorithm té’ andG, giving this allocation as input. By Lemma 2.16,

this successfully embedsin GG with ¢; embedded to*. O

Proof of Lemma 2.13. If o > 2 then contains a copy of' by Theorem 1.2. So we may
assume that < 2. We begin by introducing new constants: < 1/M < 1/M' < ¢ € &' <
d < u. Then by Lemma 2.1Q7 contains arz-regulard-dense cycle of cluster tournameiits

on clustersy, ..., Vi, whereM' < k < M,and|V}| =--- = |V, > 1 —e) 1+ a)n/k >
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(14 a/2)n/k. For eachi choosel; C V; of size|V}/| = (1 + a/2)n/k uniformly at random.
By Lemma 2.9 we may fix an outcome of these choices so@at G'[V/ U --- U V/] is a
¢’-regulard /2-dense cycle of cluster tournaments. So by Lemma &/1dontains a copy df’,

so G contains!” also. O

We finish this section with an analogous result to Lemma 2ot 4rnall directed trees.€. the

result does not demand thdt| is large compared t(~|).

Lemma 2.17 Suppose that/m < 1/k,1/A < e < d < a < 2, and that [k < §. LetG be
ane-regulard-dense cycle of cluster tournaments on clustgrs. . , Vi, each of siz¢1 + a)m,
and letv* € V; have at least*m inneighbours iV, and at least*m outneighbours iv,. Let
T be a directed tree on at mast vertices, rooted at; and withA(T) < A, and letT/*" be
the subgraph of' induced by the vertices € T with d(t,,z) > k3. LetGr denote the set
of copies ofI" in G for which the vertex, of T' corresponds to vertex: of G. ThenGr is
non-empty. Furthermore, there exists a probability distion onG such that if a member of

Gr is selected at random according to this distribution, tleere&chi,

far
E(# vertices of''*" embedded iv;) < %

The probability distribution is actually, for each membérda., the probability that applying
first the Vertex Allocation Algorithm and then the Vertex Eedaing Algorithm gives this copy

of Tin G (recall that actually the Vertex Embedding Algorithm is @lyrdeterministic).

Proof. Apply the Vertex Allocation Algorithm to allocate the verdis of7" to the clusterd/;.
Since|T'| < m, at mostm vertices can be allocated to any cluster, and the allocatiained
is semi-canonical by Lemma 2.15(a). Next, introduce consta< v < ¢ < d, and apply

the Vertex Embedding Algorithm to embé&din G. By Lemma 2.16, this successfully embeds
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T in G, with t; embedded to*, and every vertex df’ embedded in the cluster to which it was
allocated. So it remains only to show that for eacthe expected number of verticesBf*"
allocated toV; is at most(1 + 6)|7/*"| /k. But since for anyr € T/ we haved(z,t,) > k?,

by Lemma 2.15(b) applied with = ¢,

(1+90)

P(x is allocated td/;) = k

for eachi, and the result follows. O

2.4 Embedding trees of unbounded maximum degree in a ro-

bust outexpander

2.4.1 Introduction

Having proved the desired result for directed trees of bedndaximum degree, we now move
onto proving a similar result for directed trees with no sbolund, with a constant of rather

thanl in the condition on the order @f. This is the following lemma.

Lemma 2.18 Suppose that/n < 1 < v < n < a, thatG is a tournament oB(1 + a)n
vertices which is a robust., v)-outexpander with®(G) > nn and thafl is a directed tree on

vertices. Thertz contains a copy dr'.

To prove this, in Section 2.4.2 we define the core tfgeof a treeT. This is a subtree of
T which has bounded maximum degree, and the property thab@ponents of — T are
small. Then in Section 2.4.4 we show tH8{ can be extended to an ‘extended tr&e;,

which also has bounded maximum degree, and also has therfyrtipet few vertices off,,;
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have neighbours outsidg,;. We embed the extended trég,; by a similar method to that
of the previous section. We need to do this so that the smaflbeu of vertices off,,; with
neighbours outsidé,,; are embedded to vertices 6f with large in- and outdegree i@. In
Section 2.4.5 we use our results from Section 2.3 to proverhar®d.27 on embedding trees
of bounded maximum degree. This is similar to Lemma 2.14 aliotvs us also to demand
that a small subseti C V(T') of the vertices ofl’, satisfying certain conditions, should be
embedded in a small subgétof the vertices ofz. This allows us to embed,,; in G in the
desired manner. Finally, in Section 2.4.6 we complete tloefpof Lemma 2.18 by first using
Lemma 2.27 to embéf,,.; into G as described and then embedding each compon&nt-at,..;

in the unoccupied vertices 6f.

2.4.2 The core tree

Let T be a tree om vertices, and letA > 2 be fixed. Then we say that a vertexof T’

is A-core if every edgee incident tox hasw.(z) < (1 — 1/A)n. We call the subgraph of
T induced byA-core vertices ofl’ the core tree ofT" with parameterA, and denote it by
Ta. With this definition, for any tred’, the core tre€l’s is the same as thA-heart of T’
considered by Haggkvist and Thomason in [14]. The follayyproposition states the most
important properties of the core tree. These propertiealatenoted in Section 3 of [14], but

we include the proof for completeness.

Proposition 2.19 LetT be a tree om vertices and lef > 2. Then:

(i) Tx is a tree containing at least one vertex.
(i) we(x) > n/Aife=zyisanedge of x.
(i) A(Ta) < A.

(iv) Every component subtréé of T' — T has|T'| < n/A.
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Proof. For (i), note that since\ > 2, for any edgee = uv of 7' at most one ofw.(u) >

(1 —1/A)nandw.(v) > (1 — 1/A)n holds. Sincél’ has more vertices than edges, there must
therefore be some vertexc 7" such thatw.(v) < (1 — 1/A)n for every edge: incident tov,

and sov € Ta. It remains to show thdfs is connected. Observe thatuf v, w are distinct
vertices ofT" such that there is an edge betweeandv and an edge betweenandw, then

Wy (1) > wyy(v). NOW, suppose:, y € Ta, and letr = vy, vq,..., v, = y be the vertices of
the path fromr to y in 7" (in order). Suppose for a contradiction that samis not in7x. Then

for some neighbout of v;, w,,.(v;) > (1 —1/A)n. If z # v, 41, thenforeach < j < r—1we
havew,,,,, (vj+1) > (1 —1/A)n, and sqy ¢ T, giving a contradiction. On the other hand, if
z = v;y1, thenforeack? < j <, wy, o, (v;-1) > (1 = 1/A)n, and sar ¢ Ta, again giving a

contradiction.

Now, (ii) is immediate from the fact that if = zy is an edge of" thenw,(z) + w.(y) = n.

Then (iii) follows directly from (ii), as the sum af,.(v) over all edges incident tois n — 1.

Finally, for (iv), observe that for any sudi there isu € T’, v € Tx with e = uv an edge ofl".
Suppose thdtl’| > n/A. Thenw.(v) > |T’| > n/A, and sow.(u) < (1 — 1/A)n. But since
we(u) < we(v) < (1 —1/A)n for every other edge’ incident tou, this means that € Tx,

giving a contradiction. 0J

Note thatT's is an undirected tree obtained from an undirectedfreelowever we often refer

to the core tree of a directed trée this means the directed tree formed by taking the core tree
Ta of the underlying graph,,.... (@n undirected tree) and directing each edg& ofas it is
directed inT'.

The idea behind this definition is that the core tree is a bedndkgree tree. The general
technique we use to work with a trééof unbounded maximum degree (in both this and later

sections) is to first consider the core tfEg, and then consider separately each component of
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T — T, making use of the fact that each such component is small.

The following proposition is needed in the proof of Lemmal2 &@hich we shall use in the next
chapter. Essentially the latter states that if tréésand7 almost partition a tred’, then the

core tre€l’ is not much larger thaify U T3.

Proposition 2.20 Let T' be a tree om vertices, letr be a leaf ofl’, and letA > 2. Then

(T —x)al = |Ta] - 1.

Proof. Lety be a vertex offa — (T — z)a, and letz be an arbitrary vertex ofT" — z)a.
Then for some edge incident toy we havew.(y) > (1 — 1/A)(n — 1) in T" — z. Since
by Proposition 2.19(iv) the component @f — x) — (7" — z)A containingy contains at most
(n — 1)/A vertices, this edge must in fact be the first edge of the paihfiom y to z. If e is
also the first edge of the path Thfrom y to = then we havev.(y) > (1 —1/A)(n —1)+1 >
(1-1/A)ninT,and soy ¢ Th, giving a contradiction. Sg must lie on the path iff’ from z

to z. Sincey € Tx we must havev.(y) < (1 —1/A)nin T, and so inl" we have

(1- P —1< (- )n-1) <wly) < (1-

1
Clearly this can hold for at most one vertgnn the path fromx: to z. So|Th — (T — x)a| < 1,

as desired. 0

Lemma 2.21 Let T be a tree om vertices, letA > 2 and lety,a > 0. Also letT* andT?
be subtrees df such thatT' U T?| > (1 — v)n. Suppose also thdf\|,|Ti| < an. Then

|Ta| < yn + 2an + 2n/A.

Proof. Arbitrarily choose vertices,; € T} andxz, € T3, and letP be the path fronx; to z,
(so P is also a subtree @f). Then letT™ := T* U P UT?, so|T*| > (1 — v)n. Furthermore,

T* can be formed fron?" by repeated leaf-deletions. So by Proposition 2.20 we mat h
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T| =T = |Ta| = |TXl, and so

Tal < |T| = [T+ |TA| < yn = [P = (TT U T?)| + | T3] (2.22)

LetTr := TA UPUTZ. We claim thafl’x C T*. Indeed, suppose for a contradiction that there
exists a verteyy € Tx — 1. SinceT} is a subtree of’, every vertex ofl’ lies in the same
component” of T — y. Note thatT™ — C'is a tree. Now{\ andT: are subtrees af', so by
Proposition 2.19(ivY * — C contains at mosf™ |/ A vertices ofl™ and at mos|7?|/A vertices

of T2. Lete be the edge df * betweeny andC'. Then since) € TX, w.(y) < (1 —1/A)|T*|in

T*. So at leasfT™|/ A vertices ofl™ lie in components of * — y other tharC'. As every vertex

of PliesinC, either at leasfI'|/ A vertices ofT™! lie in components of * — y other than', or

at least7?|/ A vertices ofI™? lie in components of * — y other thanC. In the former case this
implies that7™ — C' contains more thdf!| /A vertices ofl™, and in the latter case this implies

that7T* — C contains more thdfl?|/ A vertices ofT™. In either case this yields a contradiction.

Now, |T*| < 2an+|P—(TAUT?)|. Since(PNT")—T} is contained within a single component
of ' — T, [(PNTY) —TA| < |TY /A, by Proposition 2.19(iv). Similarly(P NT?) — T3] <

IT2|/A. So
L T+ 1T

TAI<|TF| <2
T4 < 1T < 20m + 1

+ [P — (T"uT?).
So by (2.22)
T + |77

2
A +2an<7n+£+2an.

[ Tal < yn+
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2.4.3 Leading paths

Let 7" be a tree om vertices, rooted at;, let H C V(7T'), and letk be a positive integer. For
any vertexr € T, there is a unique path ifi from x to t;; let P, denote the set of the firgt
vertices of this path, starting from Let ' = J,_;; P, and then for each > 1 let H'*! be
formed fromH* by adding the vertices aP, for anyx € H' with at least two children id7*.
After at mostn steps we must have’ = H**!, when we terminate the process. We refer to
this final H* as H with leading paths includedienotedP, (H). SoH C P, (H) C V(T). Note

thatP,(H ) depends on both the value bfind the root; of 7.

Next we prove two results which enable us to make use of tHisitien. The first shows that
if H is small therP,(H ) is small, and the second shows thatiifis small then it is possible to
embed any componefit of 7'[P,(H)] in a regular and dense cycle of cluster tournaments such
that the vertices of (7") N H are embedded in the first cluster and the ‘roottbis embedded

in a given cluster.

Proposition 2.23 Let k be any positive integer, I8t be a tree om vertices, rooted at some

t, € T, and lett C V(T). Then|P,(H)| < 3k|H]|.

Proof. Consider any componefit’ of T'[P,(H )], and lett; be the unique vertex ¢f’ with
minimal d(t, ;). Then every vertex of” lies on the path from some vertex éf to ¢;, and
so 1" is precisely the set of vertices in paths betwegmnd vertices ofH N V(7"). Thus
only ¢, and vertices of/ can be leaves df’. It follows thatT'[P,(H )] has at mos2| H| leaves.
SinceT[P,(H)] is a forest, it follows that the number of vertices BfP,(H )] with at least
two children inT[P,(H)] is also at mos2|H|. Furthermore, any vertex € T for which the
vertices of P, were added t&,(H) at any stage is either a memberéfor has at least two
children inP,(H). This is true for at most| H| verticesz, and for each such vertex at mdst

vertices were added. O
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Lemma 2.24 Suppose that/m < 1/k < ¢ < d. LetT be a directed tree rooted at some
ty € T. LetH C V(T) be of sizelH| < m/10k, letT’ be a component df [P,(H )] which
does not contaihy, and lett| be the unique vertex &f’ with minimald(t,t,). LetG be an
e-regulard-dense cycle of cluster tournaments on clustgrs. ., V,, each of sizen. Then for
anyj € [k], G contains a copy df” with the vertext| corresponding to some vertex'of, and

every vertex i/ (T") N H corresponding to some vertexof.

Proof. Informally, from the perspective af, 7" begins with a path of length — 1 (from ¢}
to t, say) before possibly branching out. So we find a copy’oh G by first embedding the
vertices of this path so thaf is embedded if; andt is embedded ifv;. We then embed all of

the remaining vertices af’ in V.

More formally, note that for each < s < k — 1 there is precisely one vertex of 7" with

d(t},zs) = s (soxg = t}, andz; ¢ H foranyi < k — 1). Let ¥ C [k — 1] be the set of
thoses such thatr,_; — x,, and letB C [k — 1] be the set ok such thatr,_; <« x,. Then
|F|+|B| =k —1,soeitheiF| > k — jor|B| > j — 1. Suppose first thgB| > j — 1. Then
chooseB’ C B of sizej — 1. We allocate the vertices @f' to the clusterd/, ..., V. Begin by
allocatingz, to V;. Then for eachs € [k — 1] in turn, letV; be the cluster to which,_; was
allocated, and allocate, to V; if s ¢ B’,ortoV;_; if s € B’. ThensinceéB’| = j — 1, xx_; is

assigned td/;. Finally, allocate all other vertices @f to ;. Then every edge df' is allocated

either canonically or within a cluster.

Next we embed!” in G so that every vertex is embedded within the cluster to whidh i
allocated. To begin, by a standard regularity argument we echaose for eacha setV; C V;
so that|V/| > 9m/10 and every vertew < V/ has at leastlm/2 outneighbours in;, ;.
Let G’ = G[V] U ---UV/]. Now, for eachi, let S; be the set of vertices df’ allocated to
Vi. SO|Ssf,...,|S < k—1and|S;| < |T”|. Then by Proposition 2.23|5;| < 3|T"| <

9k|H| < |V{|. So by Theorem 1.2 we may emb&d[S,| in G[V/]. Now suppose that we
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have successfully embedd&d(S; U --- U S;_4] in G[V/ U --- U V/",] for some: < j. Then
precisely one vertex € S; has a neighbout € S;_;, andt’ has already been embedded to
somev’ € V/ ;. Nowv' has at leasim/2 > 3|S;| outneighbours i/, and so by Theorem 1.2
we may embed”[S;] among these outneighbours. Lebe the vertex to whichis embedded;
then sincev is an outneighbour of’, we have extended our embedding to an embedding of
T'S U---US]inG[V/U---UV/]. Continuing in this manner we obtain an embeddin@of

in G, with ¢, embedded irV; andV (1") \ {zo, ..., zx—2} 2 V(1') N H embedded intd/, as

desired. A similar argument achieves thishff > k& — j. OJ

2.4.4 The extended tree

The next lemma combines the ideas of the core tree and leadithg to give the structure
within a treel” which we use to prove Lemma 2.18. It shows that given afree may extend
the core tred's of T to an ‘extended tre€l’,,; which, like T, has bounded maximum degree
(although this bound is now much larger thai. T, also has the property that only a small
subsetH of the vertices off’.,; have neighbours outside,,;, and that few vertices df,,; are

close to a vertex 0Py (H).

Lemma 2.25 Suppose that/n,1/A* < 1/A,1/k,w < 1. LetT be a tree om vertices, and
choose any vertelx € T as the root ofi’. Then there exists a subtrég,; of T and a subset

H C V(T.,) which satisfy the following properties.

(I) TA g Te:pt-
(i) A(T.0r) < A"
(iii) For any edge: betweeril’ — T,,; andT,,;, the endvertex of inT,,; lies in H.

(iv) The number of vertices € T.,,; which satisfyl < d(v, Py(H)) < k? is at moston.
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V) [H] < oo

Proof. We consider the subgragh— FE(7) of T' obtained by deleting the edges (but not the
vertices) ofTx from T'. Each vertex € T, lies in a separate componentBf— E(Tx); we
denote the component containindy 7,. Then the tree§A and{T, : v € Ta} partition the

edges off, and the tree$§T, : v € Tx} partition the vertices of .

We say that a vertex € Th isi-heawyif |T,| > A; = AF'. For any integet, let H; denote the
set ofi-heavy vertices iffA. So|H;| < n/A;, and so by Proposition 2.23 we ha®,(H;)| <
3kn/A; for eachi. We wish to choose a large integeso that few vertices df’ lie in treesT,
for whichv is not in H, but is close to a member @,.(H,). The next claim shows that this is

possible.

Claim. For some natural numbeéyw < t < 3/w we have

U T <wn (2.26)

veV(Ta)\H¢
d(v, Py, (Hy))<k?

To prove the claim, observe that for each integeith 1/w < i < 3/w, if v € V(TA) \ Hi1

then|T,| < A;_;, and so

SEAFHIAKR T o 3kn o wn
A SOARZ S g

U T < IPH)ATAL <

veV(Ta)\Hi—1
d(v,P(H;))<k?

Now let

B; = U T,.

’UEH,L',l\HZ‘
d(v, Py (H;)) <k
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Then the set®; are pairwise disjoint subsets Bf{ 7). If the claim is false, thenB;| > 2wn/3
for every integer with 1/w < i < 3/w, and so| U, ,<i<s,., Bil > n, giving a contradiction.

This completes the proof of the claim.

Fix such a value of, and letH = H,;. We define the extended trg¢,; by 7,,; := Ta U
Uvev(TA)\H T,. ThenT,,; is a subtree of" with Tn C T,,;, so (i) is satisfied. Sincél C
V(Ta), we haveH C V(T.,) as desired. Also (ii) holds since any vertex 7., has at most
A neighbours iff’A and at most\, neighbours in the single trée with v € T which contains
w. SOA(Thw) < A+ A, < A+ AFY < A*, For (iii), observe that ifs ¢ T,.,, thenu must
lie in someT, with v € H. But then ifu has a neighbour ifi,,; this neighbour must be. For
(iv), consider any: € T,,; satisfyingl < d(u, Py(H)) < k3. Sinced(u, Pr(H)) > 1 we know
thatu ¢ H,, so ifu € Ta thenu is counted in (2.26). i, ¢ T then there exists such that
u e T,andv € V(Ta) \ H. Note thatP,(H) C V(Ta) (sincet,; € Ta). This in turn implies
thatd(v, Py(H)) < d(u, Px(H)) < k3. Sowu is also counted in (2.26). Finally, for (v), recall
that|H| < n/A, < n/AF. O

2.4.5 Embedding trees of bounded maximum degree with resttions

In this section we prove the following lemma, which is simt@Lemma 2.14, but which allows

us to restrict some vertices @fto a subset ot/ (G).

Lemma 2.27 Suppose that/n < 1/A1/k < ¢ < d < a,\ < 1/2, thatm = n/k, that
A < «o/4 and thaty = d)\/8k. LetT be a directed tree on vertices rooted at, and with
A(T) < A. LetH C V(T) be such thatH| < on/7k and|{x € T: 1 < d(z,Pr(H)) <
k3}| < én. LetG be ans-regulard-dense cycle of cluster tournaments on clustérs. ., V;,
each of sizé1 + a)m, and letU C V;U---UVj, have sizéU| > An. ThenT can be embedded

in G so that each vertexc H is embedded to someec U.
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Proof. We may assume without loss of generality tiatn V| > Am. If t; ¢ H, then add;
to H, so now we havéH | < dn/6k. Moreover, the newP,(H ) is the union of the oldP,(H)

and{t,}. So now

om

{zeT:1<d(x Py(H)) <k} <on+ A > (2.28)

Also, introduce a new constantwith ¢ < ¢ < d. To begin, for each choose disjoint sets

X;,Y; C V; such that

o | Xi| = (1+a/2)mand|Y;| =3 m/4 < am/4,

e every vertex ofX; U Y; has at least/Am/2 inneighbours inY;_; and at leastiAm /2

outneighbours iry;, {, and

e Y CUNW.

The existence of such sets can be shown by a standard régaayument. Indeed, choose
disjoint setsX/, Y/ C V; such that X/ = (1 4+ «/2 + d*)m, |Y/| = (3\/4 + d*)m and
Y/ C UnVi. Then bothG[Y) , — X/ UY/| andG[X; UY/ — Y/ | are2e/A-regular with
density at leastd/4. So all but at mostem /) < d?m vertices inX/UY; have at leastd\m /16
inneighbours irt/_; and at leas?d\m /16 outneighbours iY;, ;. Deleted?m vertices fromX
andd*m vertices fromY; including thesel*m vertices of small degree (for eactE [k]). Then

the setsX; andY; thus obtained fronX andY; are as desired.

Each vertex ofP,( H) and every child of any such vertex is to be embedded in thésetdilst
the remaining vertices df are to be embedded in the s&fs Observe that by Proposition 2.23,
|Pr(H)| < 3k|H| < dn/2. Moreover, (2.28) implies that there are at m&st /2 children of
vertices of P, ( H) outsideP,(H). So at mosRin = dAm/4 vertices are to be embedded in the

setsy;.
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Next, letT},..., T, be the component subtrees®fP,(H )| andT — P,(H). So each vertex
of T lies in precisely one of th&;. Let 7°°" be the directed tree obtained by contracting each
T; to a single vertex. We may assume tHE were labelled so that € 77 and1,2,...,risan

ancestral order of the vertices'0f°*. Then let

J ={i : T; is a component subtree 1P, (H)]},
L ={i : T; is a component subtree &f— P, (H) and|T;| > v/n},

Q ={i : T} is a component subtree 6f— P, (H) and|T;| < v/n}.

Note that each vertex df lies in somel; such that € .J. For each > 1, T; contains precisely
one vertex with a neighbour in sonie with 5 < i. (Furthermore, ifi € L U ) then thisj
must belong to/.) Let¢; be this vertex, then the children of verticesRf( ) which are not
in P,,(H) are precisely the verticgsfor i € L U Q. For eachi let /" be the set of vertices

x € T; with d(t;,z) > k*. Then

S VI)\ T < 357" (2.29)

i€LUQ
by (2.28). Finally, for eachlet TS = T[V(Ty) U - - - U V(T})], soTS is the graph formed from

the union of7y, . .., T; by also adding the edges betwegn. . ., T;.

We use a randomised algorithm to embed the verticdsiaofG. At each timer this algorithm
embeds the vertices @f.. Indeed, ifr € J, we use Lemma 2.24 to embé&d in the setsy;
so that the vertices off N V(7,) are embedded it; C U. If 7 € L, we use Lemma 2.14
to embedT’. in the setsX; (except for the vertex., which is embedded in some€) so that
approximately equally many vertices 6f are embedded in each sEf. Finally, if 7 € Q we
use Lemma 2.17 to randomly embé&din the setsX; (again with the exception of the vertex

t., which is embedded in soni€) so that the expected number of verticesBf” embedded
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in each setX; is approximately equal. Together the embeddings of é&dm G form an

embedding off" in G such that every vertex off is embedded i/, as desired. At any time
7 we can choose the desired embedding@’ofinless there are insufficient vertices remaining
unoccupied in one of the sefs;. We show that this is unlikely to happen for anyso with

positive probability the algorithm finds a copy‘6fin G, proving the lemma.

Tree Embedding Algorithm.

At time 7 = 1, we wish to embed’ in G. Recall that we ensured thgte H, sol € J. We

embedT; in Y;. Indeed,

Yi| = 3 m/4, and|Ty| < |Pr(H)| < dn/2 = d\m/16, and soY;
contains a copy df; by Theorem 1.2. Choose (deterministically) such a copyembed each

vertex of T3 to the corresponding vertex in this copy.

So after completing the first step, the algorithm has obthareembedding of; = T'S in G
such that any vertex off N V(TS) is embedded iry;, and only vertices of?,(H) and their

children have been embedded in the 3éts

At a given timer > 1 we may therefore suppose that the algorithm has found andamigeof
TS | in G so that each vertex df N V(TS ) is embedded ifY;, and only vertices oP;,(H )
and their children have been embedded in the BgtgRecall that this implies that at most
dAm /4 vertices are embedded in the sEt9 We wish to extend this embedding to inclufie

and we do this by the following steps.

e For eachi let X7 andY;” consist of the unoccupied vertices & andY; respectively.
If | X7| < |T7|/k + am/4 for somei, then terminate the algorithm with failure. So we
may assume thal7| > |T;|/k + am/4 for eachi. Also, since at mosiAm /4 vertices
have been embedded in the s&tsevery vertex ofX; U Y; must have at least\m /4

inneighbours iny;” , and at leastt A /4 outneighbours iy} ;.
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e By definition, ¢, is the unique vertex of’. with a neighbour which has already been
embedded. Let be this neighbour, and lef be the vertex to whicl. was embedded.
Also letV; be the cluster into which. should be embedded so that the edge between
andt, is embedded canonically. Theh has at least\m /4 neighbours irt”, and so by
a standard regularity argument, we may choose some sudhbeeig), € Y;” which has

at leastadm /8 outneighbours inX7, ; and at leastvdm/8 inneighbours inX7_,.

e Now, if 7 € L, for eachi consider a set/; C X[ of size (1 + «/8)|T,|/k cho-
sen uniformly at random and independently of all other obsicWe can do this since
(14+a/8)|T|/k < |T:|/k+am/8 < | X]| for eachi € [k]. Then sinceZ[XTU...X]]is
an(16e/«a)-regulard/2-dense cycle of cluster tournaments, by Lemma2 3], ..., Z]]
is ane’-regulard/4-dense cycle of cluster tournaments with probability o(1). Also
with probability 1 — o(1), v, has at leastd|T|/16k outneighbours irZ7,, and at least
ad|T,|/16k inneighbours inZ7_,. So we may choose (deterministically) sgfssatisfy-
ing these two properties. Now delete a single vertex (chagdeitrarily) from 27, and re-
place it byv,, and letG™ be the restriction ofr to the news7, ..., Z]. ThenG™ isa(2¢')-
regular(d/8)-dense cycle of cluster tournaments with clusters of §ize «/8)|T;|/k.
So by Lemma 2.147" contains a copy of . with at most(1 + «/8)|7|/k vertices of
T. embedded in eaclY;, and witht. embedded t@.. Embed each vertex &. to the

corresponding vertex in this copy.

e Ifinsteadr € Q, then arbitrarily choose7 C X7 U {v,} of sizeam/8 with v, € Z7,
and for each # j chooseZ! C X of sizeam/8 uniformly at random and indepen-
dently of all other choices. The@™ := G[Z],..., Z]] is a(16¢/a)-regulard/2-dense
cycle of cluster tournaments. Also, with probability- o(1), v, has at least*dm /128
outneighbours irZ7,; and at leasti®dm /128 inneighbours inZ7_,, so we may fix (de-

terministically) our choices of th&] such that this event holds. Then by Lemma 2.17 the

set of copies ofl; in G™ such that, is embedded te, is non-empty, and furthermore
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there exists a probability distribution on this set so that copy is chosen according to
this distribution, then the expected number of vertice§'&f embedded in eacl is
at most(1 + /€)|T/*|/k. Choose (deterministically) such a distribution, and ceoo
randomly such a copy according to this distribution. Embacdhevertex of7’, to the

corresponding vertex in this copy.

e Finally, if 7 € J, then since/, has at least \m /4 neighbours irt’7, we may choose sets
Z7 CYT,...,Z[ €Y/, each of sizel\m /4, so that every vertex of] is a neighbour
of v.. Let G™ be the restriction of7 to the setsZ]; thenG™ is a(8¢/d\)-regular(d/2)-
dense cycle of cluster tournaments. Sif¥ée < dn/6k = d\m/48k, by Lemma 2.24¢"
contains a copy df, with vertext. embedded iy, and with every vertex off NV (T5)
corresponding to a vertex of". Embed each vertex @t to the corresponding vertex in

this copy.

e In either case, we have extended the embeddirigof in G' to an embedding of'< in
G, such that every vertex dff N V(TS) is embedded irY; C U, and only vertices of

Pr(H) and their children have been embedded in the Bets

SinceT's = T, if the algorithm does not terminate with failure then ateim after embedding
T, it has obtained an embedding 6fin G so that every vertex off is embedded i/, as

desired. At this point the algorithm terminates with susces

It remains to show that with positive probability this alglbom does not terminate with failure
before embedding;.. Suppose first that_ ., 7| < am/8. Then for anyi € [k] and at any

time 7, the number of vertices embeddedXnis at most

1 5 S 1 T T,
+ka/8 T + |T]|<( +0z/8)k(n | \)+agz<<1+%>m_|k|
JEL JEQ
<t i<t
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and so|X7| > |T;|/k + am/4. Therefore the algorithm cannot terminate with failure @ a

point. So we may assume tha}, ., [1;| > am/s.

Let OUT be the set of all possible courses of the algorithm until teation. Since the only
random choices made by the algorithm are the choices of ib@mbed thd for eachi € @,

any possible course of the algorititne OUT can be uniquely described by the embeddings
fi of T; into G for eachi € () such that the algorithm does not terminate before embedding
So we may define a probability space with sample sjpac& where for anyC € OUT, P(C)

is defined to be the probability that the algorithm takes sedr So

PC) = [[P(F; | Fi:i<jii€Q)
j€Q
where F; denotes the event thd} is the embedding of; into G, if T is embedded at some

point duringC, and is taken to be true otherwise.

Now, we define the random variabwj? in this probability space as follows. For agy e

OUT,j € Q andi € [k], let

# of vertices frorrﬂ“f‘”' embedded inX;
wie)=1 |
|
kv/n

if 7 is embedded during,

otherwise.

Since\ij““| < |T;| < v/nfor eachj € @, W) is a well-defined function fron®UT to [0, 1],

and so is a well-defined random variable in our probabilitgycsp

Forany; € @ andC,,C, € OUT, letC, ~; C, if and only if C, andC, share the same course
before timej (i.e. they embed}, ..., T};_, identically) orT; is not embedded at any point in
eitherC, or C,. Then~; is an equivalence relation anU7". For any equivalence clags of

~; other than the class @ffor which T is not embedded, evety € C* shares the same course

before timej. So for eachC € C*, the same probability distribution on the set of copies of
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T; was chosen at timg, and a copy was then chosen according to this distributiorfugher
partitionC* into Cy, . . ., C: by this choice, so coursé€sC’ € C* are in the samé; if and only

if 7; is embedded identically i@ andC’. Now
E(W} | C*) ZEWWC* €| cY),

but every member af; embedsT; identically, SOE(W; | C;) is simply the number of vertices
of ij‘“” embedded inX; in this common embedding, divided Ryn. Also, P(C | C*) is the
probability that this embedding @f; is chosen when the random choice of the embeddirg of
is made. So by our (deterministic) choice of the probabdistribution on the copies df; in

G,
(L+ VAT
kn

If insteadC* is the class of alC such thatT} is not embedded i, thenE(W; | C*) =

E(W!|C) < (2.30)

far .. . .
|T7*"|/k+/n by definition, and so (2.30) holds in this case also.

Now, for any equivalence clags other than the class in whidh is not embedded, the embed-

dings ofTy, ..., T;_, are identical amongst the members’of and so
E(W, | C*\W!:s€Q,s<j)=EW]|C.

Clearly this equality also holds for the classin which 7} is not embedded, and so for any

i€ [k],

(L+ VAT
k/n

E(W; |W!:s€Q,s <) <n}:§xE(Wj\C*,Wj: s€EQ,s<j) <
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Since} ., |T;| = am/8, by Lemma 2.5, for anythe probability that

ZW? < (1+a/8) ZjeQ |T5]

2.31
2 i (2.31)

does not hold decreases exponentially withSo with probabilityl — o(1), (2.31) holds for

eachi € [k].

To finish the proof, we show that if (2.31) holds for each [k], then the algorithm cannot ter-
minate with failure, and therefore successfully emBbEds GG as desired. Indeed, the algorithm
only terminates with failure if at some timewe have| X | < |T|/k + am/4 for somei. But
for anyi € [k] and any timer, only vertices from subtre€g, such thats € L U Q ands < 7

have been embedded K, before timer. So the number of vertices embeddedXnbefore

time 7 is at most

1 8 :
Lol s e 3 W@ T e Y W
seL\{r} s€Q\{7} seQ\{7}
(2:29) (1 4 /8) 3on . on [T
< — To| + — Wi+ — —
D T+ VY Wi -
seL seqQ
(231) (1 4 a/8) T | o ||
< =T T,| + 26n — <(1+=>)m— =
2 Bl+2n - S <+ pm—
seLUQ

To see that the second line holds, note fiat/k < /n/k < én/2 wheneverr € @ and

|T;|/k < |Px(H)| < 0n/2 wheneverr € J. So if (2.31) holds, then at any timeand for any
i € [k],

X7| = |T:|/k + am/4, and so the algorithm succeeds. This completes the proof of

Lemma 2.27. O
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2.4.6 Proof of Lemma 2.18

To prove Lemma 2.18, we first prove a stronger result for tidtrees!” whose core tre@'a

is large. This is the next lemma, which is also used in Chéapter

Lemma 2.32 Suppose that/n < 1/ A < p < v < n<Kv<K <1 LetT be a directed
tree omn vertices such thaf'A| > n, and letG be a robust, v)-outexpander tournament on

at leas(2 — ~)n vertices, with°(G) > n|G|. ThenG contains a copy of .

To prove Lemma 2.32, we apply Lemma 2.25 to find a subfigeeof 7" and a subseti C

V(T..;). Then we find a cluster cyclé in G such thatlC| is slightly larger thanT.,,|. We
then embed,,; into C using Lemma 2.27, restricting to a setl/ of vertices ofC which have
many inneighbours and outneighbours outgidd-inally we use this property df to embed

the vertices of” — 7., in V/(G) \ V(C) and thereby complete the embedding.

Proof. We begin by introducing new constamts, M, M’, ¢, d anda which satisfy

1 1 1 1 1
— — — — d 1.
n<<ﬁ*<<M<<M/’j<<6<< pKLkr<<n<LrKKak kg

If |G| > 3n, thenG contains a copy of’ by Theorem 1.2. So we may assume tf@@t < 3n.

Now, sinceG is a robust(u, v)-outexpander with°(G) > n|G

, Lemma 2.10 implies that
G contains are-regulard-dense cycle of cluster tournaments on clustérs . ., V, each of
equal size betweefl — ¢)|G|/k > (1 —€)(2 — v)m = 2(1 — v)m and|G|/k < 3m, where
m :=n/kandM’' < k < M. So we may remove vertices from eaghto obtain a2s-regular
(d/2)-dense cycle of cluster tournamentsSon clusters/, ..., V/ each of siz&(1 — v)m. So

|G'| = 2(1 — v)n. Let
5 da3
T 160k

67



Choose any vertek € T as the root off. Then by Lemma 2.25, we may choose a subtree

T..; of T'and a subseld C V(T.,;) satisfying the following properties.

() Ta C Tear.
(i) A(Tewr) <A™
(i) For any edge: betweenl’ — T.,; andT,,,, the endvertex of in T, lies in H.
(iv) The number of vertices € T.,, which satisfyl < d(v, Px(H)) < k? is at mosty 3n.

V) |H| < n/AF"" < 66n)Tk.

Let 7", ..., T.F be the outcomponents @t,; in T and letT, ,..., T, be the incomponents
of T..; in T. Then for each let v;” be the vertex off;" with an inneighbour iri.,; and let
v; be the vertex of/; with an outneighbour iff.,;. By (i) and Proposition 2.19(iv) each*
and eachl;” contains at most/A vertices. Letr = |T.,|, lety = |T;F U--- U TF| and let

z=|Ty U---UT;|,s0x+y+z=n.

SinceTx C T..:, we haver > (n. Also, all but at mosRy + x — an/2 vertices ofG have at
leasty + =/2 — an/4 outneighbours, and all but at mast + = — an/2 vertices ofG have at
leastz+z/2 —an/4 inneighbours. So atlea® —~)n—2y —2z—2x+an > an/2 vertices of
G satisfy both of these conditions. LE} be the set of these vertices, G| > an/2, and each

v € Uy has at leasy + /2 — an/4 outneighbours and at least- /2 — an/4 inneighbours.

From each cluste¥; of G’ choose a seX; of (1 + «)z/k vertices uniformly at random, and let
X = XjU---UXy. Then|X| = (1+«a)x. For any single vertex € GG’, the probability that:
is included inX is (1 + «)x/|G’| > z/2n, so by Proposition 2.6, with probability at le&st3

the set/ := X N U, satisfieU| > ax/5 > afn/5. Also, for any vertex € U, the expected
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number of outneighbours efoutsideX is at least

<y+£—%> 1_(1+oz)x >y_oz_n+£ (I+a)ry  (1+a)2?
2 4 |G| 4 2 2(1—=9)n 4(1 —y)n
an  2xn — 2y — 2% — 2yan — 2axy — ax?

2 -
vt A(1—)n
1’2 62
2y+4——2an y—l———QCm Yy + 2amn,
n

where in the first inequality of the third line we used the fhett2n — 2y — = > x. A similar
calculation shows that for eaehe U, the expected number of inneighboursvasutsideX is
at leastz + 2an. So by Proposition 2.6 we find that with probability at least, every vertex
v € U has at least + an outneighbours outsid® and at least + an inneighbours outside

X. Fix a choice ofX such that both these events of probability at Id8toccur.

Since every vertex of/ has either at leastG| — | X|)/2 > y + z + an inneighbours outside
X or at leasty + z + an outneighbours outsid&’, we may choose a sét’ C U of size

|U’'| = |U|/2 > afn/10 such that either

(1) everyv € U’ has at leasy + an outneighbours outsid&” and at leasty + z + an

inneighbours outsidé&’, or

(o) everyv € U’ has at leasy + z + an outneighbours outsid& and at least + an

inneighbours outsid&’.

SoG'[X] is a(3¢/3)-regular(d/2)-dense cycle of cluster tournaments on clusféys. . ., X,
of size(1 + o)z /k, andU’ C X, U --- U X has sizdU’| > afz/10. Also T, is a directed
tree onz vertices rooted at; and withA(7,,;) < A*, andH C V(T.,;) has|H| < §6n/Tk <
dx/7Tk and|{t € T..; : 1 < d(t,Px(H)) < k*}| < 64n < dz. So by Lemma 2.27 (with3/10,
A* andd/2 in place of\, A andd respectively)G'[X| contains a copy df ...; in which every

vertex of H is embedded to a vertex 6f.
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In either case, let,,; be the set of vertices a¥ to which7,,; is embedded. We may now
complete the embedding @fin G. If U’ satisfies (a), then we first proceed through the tiges
in turn. For each}", letw; be the inneighbour of;" in T.,; (sou; € H by (iii)). Thenw;
has been embedded to some ventex U’. Thisv € U’ has at leasy + an outneighbours
outsideV,,;, of which at mosty have been used for embedding the trE]és‘orj < 1. So there
are at leastvn outneighbours of) outsideV,,; available to embed’", and so since7,"| <
n/A < an/3, by Theorem 1.2 we can emb@&tl among these vertices. In this way we may
embed each of th&". We then proceed through th&~ similarly. For eachl’” let u; be
the inneighbour ofv;” in T.,; (sou; € H by (iii)). Thenu; has been embedded to some
vertexv € U'. Thisv € U’ has at leasty + z + an inneighbours outsid&’,,;, of which at
mosty + 2z have been used for embedding the trégs. .., T+ and the tree§’; for j < i.

So there are at leastn inneighbours ofv outsideV,,; available to embed’”, and so since
|77 < n/A < an/3, again by Theorem 1.2 we can emBEd among these vertices. If’
satisfies (b) we can emb@&dsimilarly, first embedding th&,, and then th&’;". Either way we

have completed the embedding®in G. O

We can now give the proof of Lemma 2.18, which is restatedvaelo

Lemma 2.18 Suppose that/n < ¢ < ¥ < n < «, thatG is a tournament or2(1 + a)n
vertices which is a robusdfiu, v)-outexpander withi°(G) > nn and thatT is a directed tree

onn vertices. Therd contains a copy of .

Proof. Introduce new constants, v and with

1 1
E<<Z<<,u<<l/<<7]<<7<<ﬁ<<oz.
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If |TA| > Bn, thenG contains a copy df’ by Lemma 2.32. So we may assume tffat| < (n.
As in the proof of the previous lemma, It ... T be the outcomponents @f\ in 7', and
for eachi let v;" be the vertex of;* with an inneighbour irx. Similarly, let7,",..., T, be
the incomponents dfx in T, and for eacli letv; be the vertex of;” with an outneighbour in
Ta. By (i) and Proposition 2.19(iv) eachi" and each;” contains at most/A vertices. Let

x=|Tal,lety=|T;"U---UT|andletz = |T; U---UT,|, S0z +y+ 2z = n.

Now, all but at mosRy + = + an/2 vertices ofG have at leasy + = /2 + an/4 outneighbours in
G, and all but at mos2z + = + an/2 vertices ofG have at least + x/2 + an/4 inneighbours
in G. So at leas2(1 + a)n — 2y — 2z — 2z — an = an vertices ofG satisfy both of these
conditions. Choose anyn /8 of these vertices to fortt,. Then|U,| = an/8, and each € U,
has at leasy + x/2 + an/8 outneighbours outsidg, and at least + /2 + an/8 inneighbours
outsidel,. Since every vertex of G has eithed™(v) > (1+a)n—1 > y+ z + an or
d~(v) = (1+a)n—1 > y+ 2+ an, we can choose a sét C U, of size|U’| > an/16 which

satisfies either

(a) everyv € U’ has at leasy + an/8 outneighbours outsid€’ and at least + = + an/8

inneighbours outsid&”’, or

(b) everyv € U’ has at leasy + z + an/8 outneighbours outsid€’ and at least + an/8

inneighbours outsidég”.

Since|Ta| < fn < |U'|/3, andG[U] is a tournament, by Theorem 1.2 we may emfbrdn
G[U’]. We may then proceed to embed all thg andT; exactly as in the previous lemma,

completing the embedding @fin G. O
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2.5 Embedding trees in an almost-transitive tournament

We say that a tournament sansitiveif its vertices can be given a linear order so that every
edge is directed towards the endvertex which is greaterignatder. It is easy to show that
any transitive tournamerd on n vertices contains any directed tréeon n vertices, by first
showing that the vertices df can be given a linear order so that every edge is directeddsva
the endvertex which is greater in this order, and then enibgdzhch vertex of ' to the vertex

of (G in the corresponding position (in the order of vertices:Qf

In this section, we prove an approximate version of thislteeamely that if a tournament on
(1 + a)n vertices (for some smatl) is sufficiently close to being transitive, then it contains
any directed tree on vertices. To state this lemma precisely, we say that a tooendG on

n vertices iss-almost-transitivef the vertices ofG can be given an order, . .., v, so that at
mosten? edges are directed against the ordering of the vertigeshey are directed from; to

v; wherei > j.

The proof of this lemma is by a similar method to the proof oédtem 1.5 in the next section.
The approach is that if the lemma is false, then there is seme) for which the lemma does
not hold, and so the infimuma,, ; of all o for which the lemma does hold is greater than zero.
We then choose slightly less tham;,,; and apply (to a smaller subtree) the fact that the lemma

holds for anyo” > a;,, s to show that the lemma holds fex; giving a contradiction.

Lemma 2.33 For alla > 0 there existg, > 0 andno, € N such that for any < ¢y, and any
n = ny, anyes-almost-transitive tourname@t on at least1 +«)n vertices contains any directed

treeT onn vertices.

Proof. We consider the sefl of all positive values ot such that the lemma holds. More

precisely,A is the set of all positive values of such that there exist) > 0 andny € N so that
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for anyn > ny ande < gy, anye-almost-transitive tournament on at leas{1 + «)n vertices
contains a copy of any directed tréeon n vertices. So it/ € A anda” > o' theno” € A.
Also 2 € A by Theorem 1.2, and so we may defig; = inf A, with 0 < a;,y < 2. Then
for anyo’ > a;,f, o/ € A. With this definition the lemma is equivalent to the statetribat

a;ny = 0, SO suppose for a contradiction that, > 0. Let

1
Y <K K < Qinf and & = Qipf — 7,

so we may assume thatA < «. Thena + 2y > a;,f, SOa + 2y € A, and so by definition of
A there exist), > 0 andn;, € N such that for any’ < ¢( andn’ > ny, any<’-almost-transitive
tournamentz on at leas{1 + « + 2v)n’ vertices contains a copy of any directed tieen »’
vertices. Moreover, we may assume tat ~. Fix such arj, andng, and letl /ny < 1/ng, v
andsy < g,. We show that for any. > ng ande < ¢, anye-almost-transitive tournamefit
on at least1 + «)n vertices contains a copy of any directed tféenn vertices. It then follows

thata € A, yielding a contradiction and therefore proving the lemma.

So lete < gg andn > ny, let G be anc-almost-transitive tournament on at leg@st+ a)n
vertices and lef” be a directed tree on vertices. If|G| > 3n, thenG contains a copy of”
by Theorem 1.2, and so we may assume [Gét< 3n. SinceG is s-almost-transitive, we may
order the vertices aff asuvy, . . ., v SO that at most|G|? < 9en? edges are directed from to
v; wherei < j. Now, at mostl8,/cn vertices ofG are incident to more tha{ysn such edges;
let G’ be the subgraph af obtained by deleting these vertices fréfand letvy, vj, . . ., vg,
be the vertices of’ in the inherited order. Thef¥’ is a tournament on at leadt+ o — 18/¢)n
vertices such that for any vertethere are at mosyen verticesv’; for which the edge between

, . ,
v; andv? is directed towardsmm{i, e

We now consider three possibilities for the core tfég in each case showing thatcan be

embedded iri?".

73



Case 1. Some vertexe Ta haSal}A (t) > 2. Then letF~ be the (possibly empty) forest
consisting of each incomponentofSimilarly let the outcomponents obe partitioned into two
forests,F}™ and F;". Sincedy, (t) > 2, by Proposition 2.19(ii) at least two outcomponents of
each contain at least/ A vertices, and so we may choasg andF}," sothat F7|, | F}'| > n/A.
Note that|F~| = w™(t), and|F}"| + |F5"| = w™'(t), so in particularo™ () > 2n/A, and also

recall thatw* (t) + w=(t) =n — 1.
We first determine where to embed the vertekor this, let

3yn++en+1 if w™(t) <n,
pi=

I+ a+2y)w (t)++en+1 ifw (t) = yn.
and embed to the vertexy;, of G’. This can be done, as we show later that |G’|. We embed
F~ in the vertices preceding, andF}", F5" in the vertices succeeding in the vertex ordering
of G'. EmbeddingF'~ is possible becauseis a little larger than one might expect, whereas
embeddingF;" and F;- can be done successively, which gives us enough room for heth
S™ = N"(v,) N{v1,..., v}, andS™T = N*(v,) N {vpq, ..., v/} ThenS™ and ST are
disjoint, |S~| > p — v/en — 1 and|S*| > |G'| — p — V/en. Next we embed"~ in G'[S~].
Indeed, ifw=(t) < yn then|S~| > 3yn, and so by Theorem 1.2 we can embedin G'[S~].
Alternatively, if w=(t) > yn, letn’ = w=(t) > nj ande’ = |G|*c/(n')* < ¢, thenF~ is a
forest onn’ vertices, and+’[S~] is ane’-almost-transitive tournament on at leést- a + 2v)n’

vertices. So by the choice ef andn(, we can embed™~ in G'[S~].

Finally we complete the embedding6fin G’ by embedding=," and £, in G’[S]. Now,

ST 2 |G| —p—+en
>(1+a—-18Ve)n— Byn+ (1 +a+2y)w (t) + Ven +1) — Ven

> (1+ a)wt(t) — 5yn — 20ven = (1 + a)w™ (t) — 6yn.
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Letn' = |F}"|, sony < n/A < n’ andn’ < w'(t) — n/A, and again let’ = |G|%c/(n)?, so
e’ < ). ThenG'[S™] is ane’-almost-transitive tournament d8"| > (1 + «)(n’ + n/A) —
6yn = (1 +a+ 1/A)n + (a/A —6v)n > (1 + a + 2y)n' vertices, and so by our choice of

ny ande(,, we may embed" in G'[ST].

Now, let St = consist of the vertices & ™ not occupied by the vertices ¢t". We embed ;"

rem

in St

rem

lete’ = |G|%/(n')? < £). Then

in a similar manner. Indeed, we now lét= |F;"|, so agaim{, < n/A < n/, and again

S

rem

| =S = [ 2 (1+ a)w™ () — 6yn — (w () — |Fy])
= (14+a)n’ +a|F| —6yn > (1 + a+ 2y)n/,

soG'[S,,] is ane’-almost-transitive tournament on at leéstt « + 2y)n’ vertices, and so by

rem

our choice ofn), ande), we may embed," in G'[S,].

Case 2: Some vertex € Tx hasd;, (t) > 2. Then we may embed in G’ by the same
method as in Case 1, the main difference being that the rélestdegrees and outneighbours

are switched with those of indegrees and inneighbours.

Case 3:Tx is a directed path (possibly consisting of just a single a€xt Then letw™ =
wt(Ta) andw™ = w~(Ta) be as defined in Section 2.2, and partition the vertice&'of
into three setsS™ = {v},..., v, 3t S = {V1an/zirr - Ve wt—anszt @NAST =
{Vir|—wt—anyat1s- -+ Vg ). Then sincew™ + w™ + [Ta| = n, we know that|S| = [G'] —
w™ —wt —2an/3 > |Tal. Therefore by Theorem 1.4 we may emiiEdin G’'[S]. Now, let
Ty, ..., T be the outcomponents @ in 7', and letT ", ... T, be the incomponents @t in
T. For eachi lett] € Tx be the vertex of’A which has a neighbour ii;*, and letv;” be the
vertex of G’ to whicht;” was embedded. Similarly, for eactiett; € Tx be the vertex off s

which has a neighbour ifi,”, and letv;” be the vertex of+’ to whicht; was embedded. Now,
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every vertex off” lies in T or one of thel;" or 7;~. Furthermorg;"|, |T; | < n/A for eachi

and; by Proposition 2.19(iv).

We complete the embedding 6fin G’ by greedily embedding eachj" in N (v;") N ST, and
eachT; in N~ (v; ) N S~. Indeed, suppose we have already embedded .., T;" ,, and we

now wish to embed’;". Then

an an
INT(vF) NSt > |S+|—\/§n>w++?—\/§n>w++z.

At mostw™ of these vertices have already been occupied by verticds of. ., 7;",, and so
there remain at leastn /4 available vertices in which to embé&d". Since|T,"| < n/A <
an/12, we may embed’;" in these available vertices by Theorem 1.2. Continuing isway
we may embed all of thé;", and thel;” may be embedded similarly, to give us a copy/ah

G

Any directed tree in which every vertex has at most one ogtrimur and at most one inneigh-
bour is a directed path. S, must fall into at least one of the three cases, and so we caa find
copy of 7" in G', and hence ii7, contradicting our assumption that,; > 0. So we must have

a;ny = 0, and so the lemma holds. O

2.6 Proof of Theorem 1.5

Recall the statement of Theorem 1.5.

Theorem 1.5Leta > 0. Then the following properties hold.

(1) There exists, such that for any: > n,, any tournamendz on at leas(1+ «)n vertices
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contains any directed tre€ onn vertices.

(2) LetA be any positive integer. Then there existssuch that for any: > ng, any tour-
namentG on at least(1 + «)n vertices contains any directed trdéon n vertices with

A(T) < A.

The proofs of each of the two statements of the theorem ayesumilar, so to avoid repetition
we prove the first statement, explaining in footnotes whieeeproof of the second statement

differs.

2.6.1 Partitioning the vertices ofG and T

As in the last section, we consider the gebf all positive values ofv such that the theorem
holds. So’ € A if and only if there exists,, such that for any: > ng, any tournament on at
least2(1+ o’)n vertices contains any directed treemomertices. So ity € A anda” > o' then

o” € A, and alsol /2 € A by Theorem 1.2. Thus we may defing,; = inf A, and then the

theorem is equivalent to the statement thaf = 0. So suppose;,,; > 0, and choose constants

1 1 1
—<<—,<<u<<u<<77<<§<<—,<<7<<ainf.
No ng A

Let o = a;nf — p, SO < 1/2, and we may assume that< «. Thena + 2; € A, and so for
anyn’ > ny, any tournament on at leaitl + o+ 24)n’ vertices contains any directed tree:gn
vertices. We prove that #f > n,, any tournament: on at leas2(1 + «)n vertices contains any
directed tree om vertices. This proves that € A, giving a contradiction to our assumption

thata,,; > 0, and so proving the theorem.

For the bounded degree case, fix any valuApénd hered is defined byn’ € A if and only if there exists,
such that for any: > ng, any tournament on at leagt + «')n vertices contains any directed tréeon n vertices
with A(T) < A. Soifa’ € Aanda” > o thena” € A, and als® € A by Theorem 1.2. Thus we may define
ainy = inf A; then the theorem is equivalent to the statementdhgt = 0. So suppose;,s > 0, and choose
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So letG be a tournament on at leagtl + «)n vertice$, and letT be a directed tree on
vertices. If|G| > 3n thenG containsI’ by Theorem 1.2, so we may assume fligt< 3n. By

Lemma 2.12, we may choose disjoint subssts . ., S, of V(&) such that:

) [Uiepy Sil 2 1= OIG],

(i) for eachi € [r], any vertexs € .S; has at mos{ |G| inneighbours inJ,.; S; and at most

(|G| outneighbours it ), _; S;, and

(iii) for eachi € [r], eitherG[S;] is a robust(y, v)-outexpander withh°(G[S;]) > n|G| or
|15i < <IGl.

Let G’ := G[J;_, Si]. ThenG' is a tournament, and by (i) we have

G’ = (1= Q)IG] = (24 2a = 3()n. (2.35)

Suppose now that for eache [r] we havelS;| < yn. ThenG' is 2y-almost-transitive. Indeed,
order the vertices af’ asvy, v, . . ., vir| beginning with all the vertices df,, then the vertices
of S;, and so forth. Say that an edge@fis badif it is directed from some; to somev;, where

j < i. Then by (i), the number of bad edgesGhis at most

S 3yn?
2|G||G'] + Z (‘2‘) < 18¢n* + % < 29,

i€(r]

constantd /ny < 1/nj <K p < v K N < ( K 1/A <« v < 1/A,aipny. Leta = a;ny — p1, SO < 2, and we
may assume that < a. Thena+2u € A, so foranyn’ > n{, any tournament on at leadt+ o+ 2u)n’ vertices
contains any directed trée onn’ vertices withA(7T") < A. Using this, we prove that it > ng, any tournament
G on at least1 + «)n vertices contains any directed tr€enn vertices withA(T) < A. This proves tha € A,
giving a contradiction to our assumption that ; > 0, and so proving the theorem.

2For the bounded degree case, instead:lee a tournament on at leggt+ «)n vertices.

3For the bounded degree case we have instead

G’ > (1= Q|G = (1+a-3n. (2.34)
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Since|G’| > n by 2.35,|G’| is indeed2y-almost-transitive. So by Lemma 2.83 contains a

copy of 7', which is also a copy df " in G.

We may therefore assume that for soie [r] we have|S;| > yn. Fix such an;; then by
(i), G[S;] is a (u,v)-robust outexpander with’(G[S;]) > nn. For thisi, let S = S;, let

ST = Uicje Sy and letS™ = U, ;; ;- SoG" = G[ST U S~ U S]. Also, by (ii) any vertex
u € ST has at mos8(n outneighbours in5 U S~. Similarly each vertex o has at most
3¢n outneighbours ir5~ and at mosB8(n inneighbours inS*, and each vertex of~ has at
most3(n inneighbours inS* U S. Defines, g+, 5~ by |S| = B|G'], |ST| = p*|G’|, and

|S~| = p7|G'|,s08 + T+ 3~ =1ands > yn/|G'| = ~/3.

Suppose first that* and 3~ are both small. More precisely, suppose that 5~ < «%/20,
and sog > 1 — a/10. Then we find a copy of in G[S] (and therefore inG). Indeed, T’
is a directed tree on vertices, and7[S] is a (u, v)-robust outexpander with (G[S]) > nn.

Furthermore,

(2.35) « o « «
= N> — ——\n> N1l — —)n> -
S| =B|G"| = (24 2a—30)(1 10)71/2(1+ 2)(1 10)n/2(1+ 4)n

and so by Lemma 2.18S] (and therefor&~) contains a copy of .4

So we may assume that at least onesofand 3~ is greater tham3?/20, so in particular,

B < 1— af?/20. We next partition the vertices @f according to the values ¢f and3~.

Case 1.~ is large but3™ is small. More preciselyst < a3?/20 and3~ > «/3?/20. Then
we partition the vertex set af into 7'~ andT", where every edge of betweerll'~ and7" is

directed fromI'~ to 7°, and|T~| = 5~ (1 — a3)n. We can formI™ greedily by successively

| (2.34)

> (14+a-30)1 - {)n = (1 + )n, and soG[S] (and

4For the bounded degree casé| = 3|G’ 16

therefores) contains a copy of’ by Lemma 2.13.
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removing a sink vertex frorit and adding it ta/°. Sincest + 3+ 5~ =1,

aB’n
20

Tl =n—|T"|=pn(l+a—aB)+(1—ap)Bn < pn(l+a—af)+

Case 2:47 is large butg~ is small. More precisely3~ < a3?/20 and3™ > «/3?/20. Then
we similarly partition the vertex set df into 7° and7*, where every edge &f betweenl™
and T is directed fromT™® to 7, and|T"| = (1 — af)n. Again |T° = n — |TT| <
pn(l +a — af) + aB?n/20.

Case 3:3" and 3~ are both large.More precisely3*, 3~ > «%/20. Then we partition the
vertex set ofl" into piecesI’—, T° andT* such that all edges dof betweenl'~ and7° are
directed fromI'~ to 77, all edges ofl" betweerll™® and7T* are directed from¥° to 7 and all
edges ofl" betweenl’~ andT" are directed fronT~ to T'*. Also |T"| = (1 — af)n and

T~ =B~ (1—aB)n, so|T° = B(1 +a — af)n.

Note that in each of the three cagéssatisfies

aff’n
2

aB’n
20

IT° < B(1+a—aB)n+ <BA+a)n — (2.36)

2.6.2 EmbeddingT in G

Having partitioned the vertices @} into three set$, S™ andS—, and the directed treg into

three forestd™, T°, T—, we now complete the proof by embeddifgn G, with 7, T° and
T+ embedded irG[S~|, G[S] and G[S™]| respectively. Indeed, the fact th&{S] is a robust
(u, v)-outexpander enables us to embed slightly more verticég$h than thegn that would

be embedded itv[S] if the vertices ofl” were distributed proportionately amongsts], G[S™]
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andG[S~]. This gives us some leeway for embeddifigand?~ in G[S*] andG[S~] respec-

tively, which by our choice of: is sufficient to successfully complete these embeddings.

So letT|, ..., T, be the component subtreesiof, let T}, . .. , T, be the component subtrees
of T*, and letT}, ..., T, be the component subtrees Bf. Let thecontracted tre€er,,, be

formed fromT by contracting eacl;", 7, and7; to a single vertex.

7

To begin the embedding, we embed 0S| everyT; satisfying|7;| > n/A’. Note that there
are at most\’ suchT;. Also, the union of all sucl; is a forest on at most™| vertices, and the

tournament7[S] is a robusi i, v)-outexpander on

| (2.35)

, (2.36) af 0 2\ |70
BIG > B2+20—30n > 2( 145 ) IT% > 201+ )T

vertices withs°(G|[S]) > nn, and hencé&:[S] contains a copy of this forest by Lemma 2218.

Now, choose an order of the vertices'fif,,, beginning with the at mosf\’ vertices corre-
sponding to th€’; which we have just embedded, and such that any vert&@k,pthas at most
A’ neighbours preceding it in this order. (To do this, chooseafitheA’ vertices correspond-
ing to theT; which have already been embedded, and then choose anyrahoed¢ring of the
vertices ofT,,,,, beginning with the chosen vertex, so every vertex has at orasneighbour
preceding it in this order. Now move the remainidg — 1 vertices corresponding to the
which have already been embedded to the front of this ortien évery vertex gains at most
A’ — 1 preceding neighbours.) We proceed through the remainiriges of7,,,, in this order,
at each step embedding the directed ffed;" or T, corresponding to the current vertex of

Te.on In the unoccupied vertices of the tournaméfif], G[S*] or G[S~] respectively.

So suppose first that the current vertéxof 7., corresponds to somg&. Sincel; has not

SFor the bounded degree cats), > (1 +~2)|T°| by a similar calculation, and 96[S] contains a copy of this
forest by Lemma 2.13.
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already been embedded, we know tfat < n/A’. Also, sincet* has at most\’ neighbours
precedingitinl’,,,, the vertices of’; have at most\’ neighbours outsidé; which have already
been embedded. Sin@eéis a component of°, each of these neighbours of verticegjries
either inT~ (in which case it is an inneighbour) or ifi* (in which case it is an outneigh-
bour). So let;,...,t; bethe vertices i~ which are inneighbours of some vertexihand
which have previously been embedded, andfet .., v, be the vertices of'[S~] to which
ty,...,t, were embedded. Similarly, let, ... ,t be the vertices ifi"" which are outneigh-

bours of some vertex ii; and which have previously been embedded, andlet. . , vS be the

vertices ofG’[S*] to whicht{, ..., t/ were embedded. Finally l&t* be the set of unoccupied
vertices inS N N*(vy,...,v, ) NN~ (vf,...,v}). Then we wish to embe#, in S*. For this,
note that
(2.36) , , al3?n
1571 2 18] = 30+ a)n — 17 3 BICY| ~ 3'Cn — (B(1 + an — 22T

(2;5) 81+ am— (3+ 3A/)Cn B0+ a)n+ aﬁ;n S af*n _ 3n

\
w0
\
L
\

Note that this calculation is valid for both the bounded éegrase and the unbounded degree
case, with plenty of room to spare in the unbounded case. Steégrem 1.2(7[S*| contains a

copy ofT;, to which we embed;.

Alternatively, if the current vertex df,,,, corresponds to son¥€, then similarly the vertices of
T, have at most\’ neighbours outsidé;” which have already been embedded, all of which are
outneighbours. As before we let, . . . , v, be the vertices of’[S U S| to which these vertices
have been embedded, and$étbe the set of unoccupied verticesof NN~ (vy, ..., v.). Note

that at mostT—| — |1, | vertices of]'~ have already been embedded. Since s@mexists we
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have

1S*| = [S7[ = 3r¢n — (|T7| = |T}7]) (2.37)
(2;) B(2+2a)n — (34 3A"n— B~ (1 —alB)n+ |1
> 6‘(1+2a+%ﬁ)n+ 1T (2.38)

In the final line we used the fact that > «3%/20 and > v/3 (so¢, 1/A' < v, 3, 37). So
|S*| = 2(1 + o+ 2u)|T;|. Therefore ifi T, | > B7n/2, then|T, | > af?n/40 > ay?n/360 >
ng, and so we can embdd in G[S*| by our choice ofy,. On the other hand, i, | < 57 n/2

then|S*| > 3|7, | by (2.37), and so we can emb&g in G[S*] by Theorem 1.2.

Finally, if the current vertex of ., corresponds to somE", we embed’;" in the unoccupied
vertices ofS* by a similar method to the method used to embed s@mén the unoccupied
vertices of G[S~]. We continue in this manner until we have embedded®hel" or T~
corresponding to each vertex 6f,,,, at which point we have obtained an embedding’ah
G, completing the proof. At each stage in this proof we hadrindo spare’ in our choices, and

so the fact that the expressions f@f|, |7;"| and |7, | and other such expressions may not be

integers is not a problem. O

8For the bounded degree case
(2.34)
1S 2187 =3r¢n = (IT7 =T ) > B~ (1+a)n—(B3+3A)¢n— (1 —aB)n+|T; |
> 6 (a+ Dyt 117
So|S*| = (1 + a+ 2u)|T;|. ThereforeiflT,”| > 8~ an/2, then|T,”| > n(, and so we can embd&d™ in G[S*]

by our choice of,. On the other hand, {T; | < 5~ an/2 then|S*| > 3|T,"|, and so we can emb&q™ in G[.S*]
by Theorem 1.2.
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CHAPTER 3

A PROOF OFSUMNER’S UNIVERSAL

TOURNAMENT CONJECTURE FOR LARGR

In this chapter, we use results and methods from Chapter 2otee ghat Sumner’s universal
tournament conjecture holds for any sufficiently larg€érhis is Theorem 1.1, which is restated

below.

Theorem 1.1There exists, such that the following holds. L&t be a directed tree on > nq

vertices, and~ a tournament or2n — 2 vertices. Therds contains a copy of .

3.1 Outline of the proof of Theorem 1.1

In Section 3.2, we prove some preliminary results. Firstimm@duce the notion of an ‘almost-
regular’ tournaments, which is a tournament in which every vertex has in- and ayree
approximately equal t¢&|/2. Such tournaments play an important role in the proof of Theo
rem 1.1. Indeed, in Section 3.4 we prove that Sumner’s usavéournament conjecture holds

for any almost-regular tourname@it a result which we use repeatedly when considering gen-
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eral tournaments. Section 3.2 also contains three auxignmas for embedding a directed
treeT in a tournamend. These results are derived from Theorems 1.2 and 1.5(1)rendsad

extensively in later sections:

e Lemma 3.2 is designed to embed a directed freghich is similar to an outstar, in the
sense thal’ contains a vertexwith no inneighbours such that every componeritf'ef ¢

is small. In particular, this lemma is useful in the case \elék | = 1.

e In Lemma 3.3, we consider a subtréeof T" with the property that every component of
T — T. is small, showing that a suitable embeddingipfin G can be extended to an

embedding off" in G. In particular, we often apply this lemma wiif)y = Ta.

¢ In Lemma 3.4 we consider the case where the verticésazn be partitioned into disjoint
setsY andZ such that almost all edges betweérandZ can be directed the same way.
Here we show that if the vertices @f are partitioned appropriately between forests
and F'*, then to be able to embédin G it is sufficient to embed the largest component

of F+ within Y.

We begin the proof of Theorem 1.1 in Section 3.3, by proving tase where7T,| = 1
(Lemma 3.5). Note that this includes the extremal case wieiean in- or outstar. To do
this, we first embed the single vertexBf to a vertex ofG with appropriate in- and outdegree.
We then use Lemma 3.2, Lemma 3.3 and Theorem 1.3 to embed itiy@ocents ofl" — T

appropriately among the remaining vertice<bfo obtain a copy of " in G.

In Section 3.4 we use the regularity method to prove

e Lemma 3.14, which states that Theorem 1.1 holds in the caseathis almost-regular

andTs is small enough to be embedded within a single clusté&r.of
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To prove this, we first select an appropriate cluster or dalusters ofG in which to embed’a,

and then use Lemma 3.3 to extend this embeddirif\ofo an embedding of " in G. We also
prove that if we additionally assume that,| > 2 then the result holds with room to spare,
i.e.we can allowG to be of orden2 — «)n, wherea is small. It is not hard to show that any
almost-regular tournameatis also a robust outexpander, and so we may combine Lemma 3.14

with Lemma 2.32 to prove

e Lemma 3.19, which states that Theorem 1.1 holds when&visr almost-regular, and

indeed holds with room to spare|ifa| > 2.

The primary goal of Section 3.5 is

e Lemma 3.20, which states that Theorem 1.1 holds for all tecbrees” for which T4 is

small.

In particular, the ‘near extremal’ constructions desdile the introduction are dealt with in

this part of the proof. For this, let = |Ta

, let y be the number of vertices which lie in
outcomponents dfx, and letz be the number of vertices which lie in incomponents/af
soxr + y + z = n. Our assumption in Section 3.5 is thats small. If at leastx vertices
v € G satisfy bothd™ (v) > y+en andd—(v) > z +en, then either at leastz of these vertices
v € G satisfyd™(v) > y +enandd™(v) > y + z + en or at leasBz of these vertices satisfy
dt(v) > y+ z+enandd (v) > z + en. We may then use Theorem 1.2 to emligdamong
these3z vertices and then apply Lemma 3.3 twice to extend this enibhgdd an embedding
of T"in G. We may therefore assume that fewer thawerticesv € G satisfy these conditions,

from which we deduce

e Lemma 3.21, which states that we may assume that the tountatheontains two
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almost-regular subtournaments on vertex $é@ndZ which between them contain al-

most all of the vertices of;.

This structure allows us to make extensive use of Lemma tie¢ed, by using Lemma 3.19 to
embed a suitable subforestBiinto Y or Z, and then using Lemma 3.4 to embed the remainder
of T', we show in Lemmas 3.23 and 3.24 that we may assumé&/thé& a short directed path
and that most of the remainder’ffis attached to the endvertices of this path. We then consider
the caseTa| = 2 separately, proving that Theorem 1.1 holds for siidn Lemma 3.25. This
allows us to assume for the proof of Lemma 3.20 tfiatl > 3. SinceT, is a directed path,

we can use Redei’s theorem (Theorem 1.4) to embedithin a setlV” of | 7| vertices which

have high in- and outdegree, and then apply Lemmas 3.2 arid 8@nplete the embedding.

Finally, in Section 3.6 we complete the proof of Theorem BylLemma 3.20 we may assume
for this that7, is large. None of the extremal or near-extremal cases gahisf condition, so
we always have a little room to spare in our calculationsisplart of the proof. We proceed by
using Lemma 2.12 to split the tournaméninto disjoint subtournaments, where each subtour-
nament is either small or a robust outexpander of large mimreemidegree. If there is just one
such subtournament then this subtournament contains aafdpypy Lemma 2.32. By using
Lemma 3.4 we prove Lemma 3.29, which shows that if there apestweh subtournaments then
these must also together contain a copy'ofWe may therefore assume in the proof of Theo-
rem 1.1 that there are at least three such subtourname@tsiofthis case we use Lemma 2.32,

Theorem 1.5 and Theorem 1.2 to emBéthto these subtournaments.
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3.2 Preliminary results

3.2.1 Almost-regular tournaments

In a regular directed grapf, every vertexy hasd™ (v) = d~ (v) = e(G)/|G|. We say that a di-
rected graplt- is y-almost-regulaiif every vertexv € G hasd*(v),d™(v) = (1 —7)e(G)/|G|.

In particular, ifG is a tournament the@' is y-almost-regular if and only if every vertexe GG
hasd*(v),d~(v) > (1 —v)(|G| — 1)/2. The next proposition shows that for a large tourna-
mentG only one of these two bounds is needed to ensureGhatntains an almost-spanning

almost-regular tournament.

Proposition 3.1 Suppose that/n < a < v < 1. LetG be a tournament on vertices in

which at least one of the following holds:

(i) d*(v) = (1 —a)(n—1)/2 foreveryv € G,
(i) d(v) > (1 —a)(n—1)/2foreveryv € G,
(i) d*(v) < (1+a)(n—1)/2 foreveryv € G,

(iv) d(v) < (14 a)(n—1)/2 foreveryv € G.

ThenG contains ay-almost-regular subtournamett on at least1 — ~)n vertices.

Proof. We prove (i); then (ii), (iii) and (iv) follow immediately. &pose thaty has at least

Van vertices withd™ (v) > (1 + /a)(n — 1)/2. Then

(;’) —e(@) =Y d*(v) > (1—@(2’) +ﬁn-@ - (;’)

veG
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giving a contradiction. So there are at mg&in vertices ofG with d* (v) > (1++/a)(n—1)/2.
Delete all of these vertices ¢f, and letG’ be the obtained subtournament. Ther /an <

|G’| < n. Also, every vertex ofy’ has

—_— — —_— / —_—
) s a>2<n D s O v)(QIG - 1)
and
o) 5 n -1 yan - LEVD0 D S (1=00F1- )
So (' is ay-almost-regular tournament on at le@st- ~y)n vertices, as desired. O

3.2.2 Some embedding results

The following three lemmas are the main tools we use to embedtdd trees in tournaments.
We use Theorem 1.2 in the proofs of all three lemmas, althdlgfactor of 3 in Theorem 1.2
is not critical to our proof; any linear bound would sufficerfhe proof of Lemma 3.4 we also

require the use of Theorem 1.5(1).

Lemma 3.2 LetT be a directed tree om vertices, rooted at such that has no inneighbours
in'T', and every component @f — t contains at most vertices. LelG be a tournament whose
vertex set is partitioned into three sefts}, N and X, where|N| > n — 1, every vertex ofN is
an outneighbour of, and at leasid vertices ofN each have at lea6tl inneighbours inX and
at leastd outneighbours itX. ThenT can be embedded (i in such a way thatis embedded

tov and at mostd vertices ofX are occupied by this embedding.
Proof. Let N/ C N consist of all vertices oV with at leasttd inneighbours inX and at least

6d outneighbours inX. Then|N’| > 3d. We begin by embeddingto the vertexv. Now

let 71, ..., T, be the components af — ¢, in order of decreasing order. For eagHet ¢; be
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the single vertex off; which is an outneighbour af Then we embed?, ..., T, in turn in

N U X, with eacht; embedded inV and eachl; embedded in the vertices not occupied by
the embeddings dfy, ..., T;_;. This gives an embedding @f in G. So suppose that we have
embeddedi, ..., T;_, in this manner, and we now wish to emb&d Then at most — 1
vertices ofl’ have been embedded. At least one of these vertices (najneis not embedded

in N, so at least one vertex @f must be unoccupied.

Suppose thalV’ contains at least one unoccupied vertgxand also that fewer thail vertices

of X have been occupied. Thenhas at leastd unoccupied inneighbours ik and at leassd
unoccupied outneighbours iXi. Embedt; to v;. We then proceed through the outcomponents
of ¢; in T; in turn. Suppose that when we come to embed an outcomponentwe have
previously embeddedh vertices of7;. Then the current outcomponent has order at riestn.
Also, v; has at leastd — m > 3(d —m) outneighbours inX which have not yet been occupied,
so by Theorem 1.2 we may embed this outcomponent amongstitheighbours of; in X.
Similarly we may embed the incomponentstpin turn amongst the inneighbours afin X,

and so we obtain an embeddingXfin the unoccupied vertices 6¢f. Note that all vertices of

T; apart fromt; are embedded iX .

Now suppose instead that every vertex/df has been occupied, but still that fewer thah
vertices of X have been occupied. Then at least one of’fhevith ; < ¢ must have had
|T;| = 1, and sdI; consists of one single vertex, namely We may therefore embegto any

unoccupied vertex oV (recall that there is at least one such vertex).

Finally, suppose that at lea%f vertices ofX have been occupied. Then at leagt+ 1 vertices
of T"have been embedded outsitie and soNV contains atleast — 1 — (n — (3d + 1)) = 3d
unoccupied vertices. Sin¢€&;| < d, by Theorem 1.2 we may embé&gdamong these unoccupied

vertices.
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By embedding each; in this fashion we obtain an embeddingoin G with ¢ embedded to.
Furthermore, the only vertices embeddedirare those in somé; such that when we came to
embed!;, N’ contained at least one unoccupied vertgxand fewer thald vertices ofX had
been occupied. The embeddinglofoccupied at most anothérvertices ofX, and so at most

4d vertices ofX can have been occupied in total. O

Lemma 3.3 (a) LetT be a directed tree, and I€t be a subtree df' such that every com-
ponent of[' — T, contains at most vertices. LelG be a tournament whose vertices are
partitioned into two setS andN such that for every vertexc S we have

() INT(v)NN| > |T —T.| +2d, and

(i) IN“(v)NN| > |T —T.| + 2d.
Then any embedding @f. in G|S] can be extended to an embeddingah G.

(b) Suppose that in addition to the above assumptions wesetmeeN’ C N and an integer
r < |T —T,|, so that every vertex € S satisfies
(i) INT(v) N N'| = r+ 2d, and
(iv) IN“(v) N N'| > r+ 2d.

Then any embedding @f. in G|S] can be extended to an embedding’ah G such that

at least- vertices ofl’ are embedded ify’.

(c) Suppose that no edgesifare directed fronT,. to'T' — T,.. Then conditions (i) and (iii)
may be dropped without affecting the validity of the aboveuie Likewise if no edges
of T are directed from’ — T. toT., then the above results hold even without conditions

(i) and (iv).

Proof. Letn := |T|. We prove (b) and (c); for (a), apply (b) with.= |T"— T.| and N’ := N.

Let 7%,...,T, be the components &f — 7T,, so|7;| < d for eachi. Suppose that we have
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successfully extended the embeddingbfn G[S] to an embedding df, UT; U --- U T4 in
G; we now demonstrate how to extend this embedding to an enmgedtl?, U T, U --- U T,
in G. Indeed, there is precisely one edge betw&eandT,. Lett € T, andt, € T, be the

endvertices of this edge, and lebe the vertex irt to whicht is embedded.

Suppose that, is an outneighbour of. By (i), v has at least{l’ — T.| + 2d outneighbours
in N. At most|Ty| + --- + |Ts—1| of these outneighbours are occupied by the embedding of
T.UTyU---UT,_q,and sow has at leastl| + 2d > 3|T| outneighbours inV which are not
occupied by this embedding. Now, by (iit),has at least + 2d outneighbours inV’. If at most

r — || of these outneighbours are occupied by the embeddifigofl; U - -- U T,_;, then by
Theorem 1.2 we may emb&d amongst the at lea8t/+|7;| > 3|7| unoccupied outneighbours
of v in N'. If insteadr — k of these outneighbours are occupied, for samek < |T,|—1, then
by Theorem 1.2 we may embé&d amongst the|T| + £ unoccupied outneighbours ¥’ and
some arbitrary7| — k outneighbours of in N\ N’. Then at least vertices of N’ are occupied
by this embedding of ;. Finally, if at leastr outneighbours of in N’ have been occupied by
this embedding, then we may embEdwithin the at leass|7| unoccupied outneighbours of

in N.

If insteadt, is an inneighbour of, then we may extend the embedding similarly, using (ii) and
(iv) rather than (i) and (iii). So we may extend the embeddifhd.. in G[S| to an embedding
of T"in G by proceeding through eadh in this manner. Also conditions (i) and (iii) are only
required if at least one edge ofis directed from’. to 7" — T,, and conditions (ii) and (iv) are
only required if at least one edge 6fis directed fromI" — T, to T.. Finally, note that after
eachT is embedded, either every vertex@gfu - - - U T has been embeddedi¥Y, or at least:
vertices ofl; U- - -UT, have been embedded M. Since|T;UT,U- - -UT,| = |T'—T,| > r, we

can be sure that at leasvertices of N’ are occupied by the embedding®fas desired. [

Lemma 3.4 Suppose that/n < v < a < 1. LetT be a directed tree om vertices, and let
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forestsF— andF* be induced subgraphs ©fsuch tha¥/ (F'~) andV (F'*) partitionV (T') and
every edge betweeFi— andF'* is directed fromF~ to F'*. LetT;" andT," be the largest and

second largest componentsiof respectively. Also, leY” andZ be disjoint sets such that

Y| > |F* +|T5 | + an and|Z| > 2|F~| + an.

LetG be a tournament on vertex $étJ Z such that every vertex af has at mosin outneigh-
bours inZ, and every vertex of has at mostn inneighbours irt’. Then any embedding of

T in G[Y'] can be extended to an embeddingah G.

Proof. Let T}, ..., T, be the components df~ and F'*, ordered so that; = 7;" and so that
for each2 < i < r there is exactly one edge 6f between?; and7; U --- U T;_;. Then we
have an embedding &f, in G[Y]. We proceed through the tregsin turn, embedding each
T; in G[Y] if T; is a component of'*, or in G[Z] if T; is a component of"~. EachT; is
embedded so that the embeddingdaf. . ., T; form an embedding of the subtree’Binduced
by the vertices of’1, . .., T;. Suppose that we have successfully embedded ., T;_; in this
manner, and we wish to extend this embedding to incllideNote that there is precisely one
edgee betweenl; and7; U --- U T;_;. Lett be the endvertexofin7; U -- - U T;_1, and letv

be the vertex to whichwas embedded.

If T; is a component of'*, thent € F~, sov € Z. In this case we embed; within the
unoccupied outneighbours ofin Y. Sincev € Z, [INT(v)NY| > |Y| —yn > |F*| +|T5 | +
an/2. At most|F*| — |T;| of these vertices are occupied by the embeddinds of. ., 7;_;.
Sincei: > 2, T; is not the largest component éf", and so has orddff;| < |7,7]. So at
least2|T;| + an/2 outneighbours of in Y remain unoccupied. So || > an/2 then by
Theorem 1.5(1) we may embédd in these unoccupied vertices 8f (v) N Y. On the other
hand, if|7;| < an/2 then by Theorem 1.2 we may embg&gdin these unoccupied vertices of

Nt(v)NnY.
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Now suppose instead th&@tis a component of'~. Thent € F'*, sov € Y. Here we embed;
within the unoccupied inneighboursefn Z. Sincev € Y, N~ (v)NZ| > |Z|—yn = 2|F~ |+
an/2, and at mostF'~| — |T;| of these vertices are occupied by the embedding$ of ., 7;_;.
So at leas®|7;| + an/2 such vertices remain unoccupied. So as beforg;jf> an/2 then
by Theorem 1.5(1) we may embé&din these unoccupied vertices 8f (v) N Z, whereas if
|T;| < an/2then by Theorem 1.2 we may embgdn these unoccupied vertices df (v)N Z.
By proceeding through all of the tre&sin this manner we obtain an embeddingloin G.

U

Observe that if in the statement of Lemma 3.4 wellgtandZ; be the largest and second-
largest components df~ respectively, and replaced the conditions on the sizésafidY by

the conditions thatY’| > 2|F*| + an and|Z| > |F~| + |T, | + an, then we could conclude
that any embedding df;” in G[Z] can be extended to an embedding/bin G. To see this,
either note that the proof is still valid with appropriateadlges (switching inneighbours and
outneighbours and so forth) or observe that this is the effereversing the direction of every
edge ofl" and every edge af, in which case the embedding problem is the same. Sometimes

when referring to Lemma 3.4 we implicitly mean this ‘dual’lcdmma 3.4 instead.

3.3 Embedding trees whose core tree is a single vertex

In this section we verify that Sumner’s universal tournahoemjecture holds for large directed
treesT whose core tred's contains only one vertex.e. trees which are ‘star-shaped’. Such
trees can be embedded by selecting an appropriate vertelith v0 embed the single vertex
of T, and then using Lemma 3.3 or Lemma 3.2 to extend this embgdadian embedding of

TinQG.

Lemma 3.5 Suppose that/n < 1/A < 1. LetT be a directed tree on vertices with
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|TA| = 1, and letG be a tournament otn — 2 vertices. Thert: contains a copy df .

Proof. Introduce constants andy with 1/A < a < v < 1. Lett be the single vertex dfx,
let y be the outweight of A, and letz be the inweight ofl». Also, letT; be the subtree df
formed byt and all of its outcomponents, and Bt be the subtree ¢f formed byt and all of

its incomponents. Thenp+ z = n — 1,

Ti| = y+ 1 and|T;| = z + 1. Now, suppose tha¥

contains a vertex such that

(i) eitherd*(v) >y + 2n/A ory =0, and

(i) eitherd=(v) > z+2n/Aorz=0.

Then embed to v. By Proposition 2.19(iv) each component’Bf— ¢ contains at most/A
vertices. So by Lemma 3.3(c) we may extend the embeddingnofv} to an embedding df}
in {v} UNT(v) (since ify = 0 thenT; consists of the single vertex Also by Lemma 3.3(c),
we may extend the embeddingtdf {v} to an embedding df; in {v} UN~(v) (since ifz = 0
thent is the only vertex off;). These two embeddings only overlap in the vertexand so

combining these two embeddings gives an embeddingiafG.

So we may assume that every vertex G has eitherl™ (v) < y+2n/Aord=(v) < z+2n/A.
LetY :={ve G:d"(v) <y+2n/A}andletZ := {v e G:d (v) < z+2n/A}. Then every
vertex ofG lies in precisely one of andZ, so|Y'| + | Z| = 2n — 2. Thus we must have either
Y| > 2y or |Z] > 2z. Furthermore, ify = 0 and|Y'| > 1 then eachy € Y hasd*(v) < 2n/A
and thereforel~(v) > z 4+ 2n/A, and so satisfies (ii). We may therefore assume thatif 0
then|Y| = 0 and similarly that ifz = 0 then|Z| = 0. So without loss of generality we may
assume thafy’| > 2y andy > 0 (otherwise reverse the direction of every edgd'aind every
edge ofG; then we would havéY'| > 2y andy > 0 at this stage, and the embedding problem

is the same). Observe that by definitiontofve must also have”| < 2y + 4n/A + 1.
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Now suppose that > an. Sincey € Nand|Y'| > 2y, Y must contain a vertexwhich satisfies

INT(v) NY| > y. Choose a subséf’ C N*(v) NY of sizey. For any vertex; € Y,

(w) = IN*(u) N Y| < df(w) < y+ 2 ¢ LEDIT =1

d+
A 2

G[Y]

So by Proposition 3.&7[Y] contains ay-almost-regular tournament on at least — )y ver-
tices. So at mogl’| — 2(1 — v)y < 3~y vertices ofY” have fewer thaiil — 2v)y inneighbours
inY or fewer than(1 —2+)y outneighbours iY". Since|N’| = y, at most~yy + 1 vertices of N’
have more thafil —3v)y inneighbours inV’, and at mos6~yy + 1 vertices ofN' have more than
(1—3v)y inneighbours inV’. So at least1 —16+)y vertices of N’ have at leasty inneighbours
inY \ N’" and at leastyy outneighbours i” \ N’. Certainly therefore at lea8t/A vertices
of N’ have at leasén/A inneighbours iny” \ ({v} U N’) and at leastn/A outneighbours
inY \ ({v} UN'). So by Lemma 3.2 we may embé&d in Y, with ¢ embedded te, and at
mostdn /A vertices embedded outsidé U {v}. Let V' be the set of vertices @f not occupied
by this embedding of. Sincev has at least&| — 1 — (y + 2n/A) > z + 6n/A inneighbours
in G, all outsideN’ U {v}, v must have at least+ 2n/A unoccupied inneighbours i’. So
by Lemma 3.3(c) we may extend the embeddingiof{v} to an embedding df;, in {v} U V".
These two embeddings only overlap in the verteand so combine to give an embeddind/of

in G.

So we may assume that< y < an. Then every vertex € Y has

2 2
d—(v)>|a|—1—y—£>n+£. (3.6)

Let T3 be the subtree df’ formed by every verteX € T for which 7' contains a directed path
fromttot’. Thent € T3, and (taking as the root vertexJ; is an outbranching. Als@; C T},
so|Ts] < y + 1, and so by Theorem 1.3, we may embBEdin G[Y]. SinceTan C T3, by

Proposition 2.19(iv) each componentof- T3 contains at most/A vertices. So as every edge
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of T betweenl” — T3 andT5 is directed fronil” — T5 to T3, and also since by (3.6) every vertex
of Y has at leasfl" — 73| + 2n/A inneighbours which were not occupied by the embedding of
T3, we may extend the embeddingBfin G[Y] to an embedding df in G by Lemma 3.3(c).

0]

3.4 The regularity lemma and its applications to embedding

trees

In this section we use the regularity method to prove Lemrbé,3vhich states that Theorem 1.1
holds in the case whefE, is small and5 is almost-regular. Specifically, we consider directed
treesT for whichTx is substantially smaller than the size of a cluster obtamedpplying the
regularity lemma to a tourname@6t; our approach here is essentially to select an appropriate
cluster or pair of clusters @f in which to embed’s so that we may then embed the components
of T'— T in the remaining clusters d@&. We finish the section by combining Lemmas 3.14
and 2.32 to obtain Lemma 3.19, which states that Theoremdlds hvhenever- is almost-

regular.

To prove Lemma 3.14 we begin by applying the regularity lentmpartition the vertices of

G into clustersiy, . .., V. We deduce from the fact thét is almost-regular that every cluster
V; has roughly the same number of edges entering it as leavitig itemma 3.9 we consider
the case where some clustérhas the property that for any other clustgrthere are many
edges fromV; to V; and many edges fror; to V;. Here we show that may embé&din G

by first embeddindl’x within the clusterV;, and then using the regularity of edges between
pairs of clusters to embed the remaining vertice$ ofn Lemma 3.13 we instead consider the
case where there is no such cluster. Here we show that we mgdéhin G by the same

argument provided that, has large inweight and outweight. So it remains only to shoat t

97



Lemma 3.14 holds in the case whére has small outweight. In this case we select two clusters
Vi andV; for which the corresponding vertices in the ‘reduced dibfap G has small common
outneighbourhood. We then embed the vertice$ ofwithin these two clusters, before using
the regularity of edges between pairs of clusters to embedetinaining vertices ¢f in G. So

in terms of the description of the regularity method givetha introduction, the subgraph we
find in the reduced digraph is a single vertex or pair of vediwith given properties on the

edges entering and leaving the corresponding cluster stezkiofG.

We say that an oriented gragh on clustersVi, ...,V of equal size is am-regular cluster
tournamentf for any i, j € [k] with ¢ # j the subdigrapldz[V; — V}] is e-regular and for any
i € [k] the subdigrapld-[V;] is a tournament. |7 is a cluster tournament on clustéfs . . ., Vj
then we denote the density @V; — Vj| by d;; for anyi, j € [k] (the tournamentz should be
clear from the context). The following corollary of the digeh regularity lemma (Lemma 2.7)
shows that any sufficiently large tournaménicontains an almost-spanniagregular cluster

tournamentz* such that all vertices have similar in- and outdegrees ih boandG*.

Corollary 3.7 Suppose that/n < 1/M <« 1/M' < ¢. LetG be a tournament on vertices.
Then there exist disjoint subséts, . ..,V C V(G) of equal size and a subgrapti C G on

vertex set/; U - - - UV, such that:

() M'< k<M,
(i) G* is ans-regular cluster tournament,
(ii)) Uiy Vi = (1 =),
(iv) df.(z) > df(x) — 2en for all verticest € V(G), and

(v) dg.(x) > dg(x) — 2en for all verticesr € V(G).
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Proof. Apply Lemma 2.7 withd = 0 to obtain a partitiori, . .., V; of V(G) and a subgraph
G' C G which satisfy the conditions of Lemma 2.7. In particularaiid (i) are satisfied. Now
form G* from G'[V; U - - - U V| by adding every edge af for which both endvertices lie in the
same clustel;. SoG* C G, and by (7) of Lemma 2.7 and the fact tigat[V;] is a tournament

for eachi € [k] we have (ii). Finally note that using (4) of Lemma 2.7 we have
di.(x) = di(x) — [Vo| = di(z) — 2en.

Similarly dg.(z) > d(z) — 2en using (5) of Lemma 2.7. O

It follows immediately from the definition of regularity thi U andV” are sets of sizen, and
G|U — V] is e-regular with densityl, then all but at mos2em vertices ofU have(d + ¢)m
outneighbours ir. The next lemma is a generalisation of this fact, considgttie number of

outneighbours of vertices in one cluster within a clustermament.

Lemma 3.8 Suppose that/m < 1/k < ¢ < ¢ <« 1. LetG be ansz-regular cluster tour-
nament on clusters,, ..., V,, each of sizen. LetV; C V; for eachj € [k] be fixed. Then
for anyi, all but at most'm vertices ofV; havey ;. ;, dij|V;| £ €'km outneighbours in
Ujempng Vi @andy_ e iy @il V| £ €'km inneighbours inJ ;¢ . iy Vi -

Proof. Fix somei € [k]. Then letL be the set of allj € [k] \ {i} such tha|V]| > em
andd,;; > \/e. For eachj € L, let A; denote the set of vertices &f which have fewer than
(1 — /2)d;;|V]| outneighbours ifi/j. Then for eachj € L, the subdigraph o&[V; — V]
induced byA; andV; has density less thafil — \/¢)d;; < di; —e. SinceG[V; — Vj] is

e-regular with densityl;;, and|V/| > em, we must haveA;| < em.

Now, fix a vertexv € V;. Suppose that appears in at mosyc|L| of the sets4; with j € L.
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Then

INF) N V= > (1= vE)d,|V)|

JeL jeL:wgA;
> Z (1 - \/E)dij|vj/| - Z dZJ|V/ Z dza|vl
JelkN\{i} FeRN(LU{i}) JELWEA;

S™ dylVI] — vEkm — Vekm — VE|Lim

Jek\7}

> dylV)| = 3vekm.
jElRN\{i}

Since at most/=m verticesv € V; appear in more tha{yc|L| of the sets4; with j € L, we may
conclude that there are at mggstm verticesv € V; with fewer thar _,_ .\ ;y dij|V/|—3+/ckm
outneighbours i), 1,y V;- A similar argument shows that there are at mgstn vertices

v € V; with more thand ;.\ ;y dis| V]| + 3v/ekm outneighbours i, 1y V-

Now, let L’ be the set of alfj € [k] such thatV}| > em anddj; > /¢. Then the same argument
applied to inneighbours rather than outneighbours shouistkiere are at mosyem vertices

v € V; with fewer thand ..\ 1,y dji|V}| — 3v/ekm inneighbours i, ,, V/ and at most
vem verticesv € V; with more tham -\ ;1 d5i| V;| + 3v/ekm inneighbours inJ, . i V-

Sinces <« ¢/, this completes the proof. O

The next two lemmas are used in the proof of Lemma 3.14; we $&m separately as we
also refer to them in Section 3.5. Both of these considet-eggular cluster tournameidt

on k clusters with the property that for some clustethe density of edges leavirig and the
density of edges entering are each roughly /2. Lemma 3.9 considers the case where for
many clusterd/; the density of edges betweéfiandV is large in both directions, showing
that in this casér contains a copy of a directed tr&eof the type considered. Lemma 3.13

considers the alternative, namely that for almost all eltisdt; the density of edges betweéh
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andV; is small in one direction, showing that in this caseontains a copy ol provided that

Ta has large inweight and large outweight.

Lemma 3.9 Suppose that/n < 1/A"f < 1/k € e € v < a < 1/A < 1. LetT
be a directed tree on vertices with|Ta/| < (n and|Ta| > 2, and letG be anc-regular
cluster tournament on clustérs, . .., Vy, each of sizen > 2(1 —~v)n/k. Suppose also that for
somei € [k] we have
1-— 1 —
Z dw>m and Z djz.}M’

e 2 e 2
Jek\7} Jek\7}

and also that there are at least values ofj € [k] \ {i} such thatl;; > « andd;; > «. Then

G contains a copy dr'.

Proof. Fix such a value of, and introduce a new constatitwith ¢ < &’ <« 7. SinceA < A/,

we must have'a C Tar. Also, sincelTA| > 2, we may choose an edge — t* of T, which
therefore is also an edge ©f.. Let T and7~ be the two components formed when this edge
is deleted froni’, labelled so that™ € T andt~ € 7. Similarly, let7, andT}, be the two
components formed by the deletion of the edge— ¢* from T/, labelled witht™ € T}, and

t~ € Ty,. ThenT* andT~ partition the vertices of’, and there is precisely one edgeof
betweenl* and7~, which is directed toward$*. Furthermore, since” — ¢+ was an edge

of Ta, by Proposition 2.19(ii) we hav@ " |, |T~| > n/A.

Let J C [k]\ {i} satisfy|.J| > ok and also that for any € J we haved;; > « andd;; > a.
Theny ", dij > o’k and)_ ., dj > o’k. By Lemma 3.8 (applied witl] = () for each
j ¢ J) at most='m vertices ofV; have fewer than

o km
2

> diym —e'km > o*km — e'km > (3.10)

jed
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outneighboursitJ;, V; or fewer thary . ; djim—¢c'km > o*km/2 inneighboursinJ, ., V;.

Also by Lemma 3.8 at mostm vertices oflV; have fewer than

(1 =3y —2")km
2

Z d”m - €/km 2
jelk\ i}

> (1-=5y)n (3.11)

outneighbours it 1,y V; or fewer thamy _ .y djim — €'km > (1 — 5v)n inneighbours
in ey V5- Finally, at mostn/2 + 1 vertices ofl; have fewer tham: /4 inneighbours ir/;.
So we may choose a s&t of m /10 vertices ofl; which do not fall into any of these categories.
Since|T\,| < |Ta] < Bn < m/30, by Theorem 1.2 we may embé&d, in S*. Let S}, be the
set of vertices of5* occupied by this embedding @f\,, and letv™ be the vertex to which™

was embedded. Recall thdt~| > n/A, so

T =n—|T7| < (1- —<)n.

1
A
Furthermore, every component 6f- — T'%, is a component of’ — Tx, and thus has order at
mostn/A’ by Proposition 2.19(iv). So by (3.10) and (3.11), and sifce 1/A, we may
apply Lemma 3.3(b) to extend the embedding/@f in S%, to an embedding of' ™ in S, U

Ujep iy Vi SO that at least®n /3 vertices oflJ; ; V; are occupied by this embeddingBf .

Now, at leastn/4 — m/10 = 3m/20 vertices ofV; \ SX, are inneighbours of™. For each
J € [k]\ {i}, leto,; denote the number of vertices Bf which are occupied by our embedding
of T+, and letV; C V; consist of those vertices &f which are not occupied by this embedding.

So|V}| = m — o; for eachj. Note that sincé;; + d;; < 1 we haved;; < 1 — o for eachj € J.
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Then by Lemma 3.8, at mostn vertices ofl; have fewer than

> dylm—o) —ckm> S dym—km =Y dyo— > dyo,

JElIG) jElI) jed JERINEIL)
(3.11)
SNBSS DR
= JelRN\{zuT)
> (1—-5vy)n— Z 0j+0z20j
JelkI\{i} jed
2n
> (1—5y)n — Z 0j +a’n/3 >n— Z Oj+E
Jelk\{i} Jelk\{i}
(3.12)

outneighbours it J ., (;; V; or fewer than

2n
Z dji(m—oj)—é"km>n— Z Oj_'_E’
Jelk\{i} Jek\ i}
inneighbours inJ; 1 V/- S0 we may choose a s&t of m /10 vertices ofV; \ Sx,, none
of which fall into these two categories, and all of which aredighbours ob*. Since|T,| <

|Tar| < Bn < m/30, by Theorem 1.2 we may embé&d{, in S—. Let S, be the set of vertices

of S~ occupied by this embedding @f,,. Then since

77| =n—|T" | <n— )Y o
JelkI\{i}
the right hand side of (3.12) is at leg§t~| + 2n/A’. Also every component of' ~ — Ty,
is a component of" — Tx, (and so has order at mos{/ A’ by Proposition 2.19(iv)). So
by Lemma 3.3(b) we may extend the embeddinglQf in S, to an embedding of ~ in
SarUUjepmp gy Vi~ Then the embeddings @f" and7™~ do not overlap, and so together these
embeddings form an embeddingBin G. OJ
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Given ans-regular cluster tournament on clusterd/, . . ., Vi, we define theeduced digraph
of G with parametewl/, denotedR;(d), to be the directed graph on vertex §étin whichi — j
if and only if d;; > d. Observe that sincé; + d;; < 1 for anyi andy, if d > 1/2 thenR¢(d)

is an oriented graph.

Lemma 3.13 Suppose that/n < 1/A',f < 1/k < ¢ < v < a < 1. LetT be a
directed tree om vertices with|Tx.| < (n, and lety andz be the outweight and inweight
of Ta: respectively. Lets be anz-regular cluster tournament on clustéfs. .., V,, each of

sizem > 2(1 — v)n/k. Suppose that for somie= [k] we have

(1—37)k (1—=37)k
‘Z'dij>f and'z‘dji>Ta
JEKN\{i} JEkN\{}

and also that there are at mast values ofj € [k] \ {i} such thatl;; > o andd;; > «. Then:

(i) There are at moStok values ofj € [k] \ {i} such thatl;; < 1 — 2a andd;; < 1 — 2a.
(i) Let R := Rg(1 —2a). Then|Nj(i)|, [Ny (i)] = (1 — 10a)k/2.

(i) If y,z > 14an, thenG contains a copy df .

Proof. Fix such ani, and introduce a new constafitwith ¢ < ¢’ < ~. For (i), note that since

d;; +dj; < 1foranyj € [k] \ {:}, and
> (dij+dji) = (1= 37)k,
Jelk\a}

there are at most,/7k < ok values ofj € [k] \ {4} for whichd;; + d;; <1 — /7. So there
are at mosRak values ofj € [k] \ {i} for whichd;; <1 —a —,/yandd; <1—a— /7, S0

(i) holds.
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For (i), observe that by (i) we have

(1—37)k
< D A< ) dyt ) dy+ ) dy
Jek\{7} JEk\7} JEk\ {7} Jelk\{i}

dij >1—2a dij,dji<1—2a di]’<2a

< INE(@)| + 2ak + 20k,
SO|N (i) = (1 — 10a)k/2. A similar calculation shows thatV, (i)| > (1 — 10a)k/2.

For (iii), let N* and N~ denoteNy (i) and Ny, (i) respectively, and lev* := ... V; and
V= i=Ujen- Vj, 50V andV ™ are disjoint. By Lemma 3.8/; contains at most'm vertices

with fewer than

(1 —10c)(1 — 2a)km

/
—c'k
5 e'km

> dym — 'km > [N (i)|(1 - 20)m — e'km >

JEN+

- (1 — 120 — 2¢")km

> 5 > (1-13a)n

outneighbours ir/* and at most'm vertices with fewer thar) .- d;im — e'km > (1 —
13a)n inneighbours in/~. Choose a set of m /2 vertices ofV;, not including any of these
at most2e'm vertices. SinceTa/| < fn < m/6, by Theorem 1.2 we may embéd. in S.
Let Sa/ be the set of vertices &f occupied by this embedding @f... Also letT; be the tree
formed byT'a. and all of its outcomponents, and [Bf be the tree formed by and all of its
incomponents. Note that all of these out- and incomponeas brder at most/A’ < an by
Proposition 2.19(iv). In additiofl;| = n — z < (1 — lda)nand|lz| =n —y < (1 — 1da)n.
So by Lemma 3.3(c) we may extend the embeddin@ ofin Sa/ to an embedding of7 in
Sa U VT, Similarly by Lemma 3.3(c) we may extend the embedding gf in Sa, to an
embedding off; in Sx» U V~. Then these embeddings do not overlap out3ige so we may

combine them to form an embeddingDin G. OJ
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The next lemma shows that Sumner’s universal tournamerjectome holds whenever is
sufficiently large (= is an almost-regular tournament and the core’fieef 7' is small. Actually
we prove a slightly stronger result in this case, consideaimournament on fewer tham — 2
vertices. Later on we make use of the fact that we have aldten to spare in the order of the

tournament. Much of the work for this lemma is done by the twevus lemmas.

Lemma 3.14 Suppose that/n < 1/A',f < v < 1/A < 1. LetT be a directed tree om
vertices such that'a/| < fn and|Tx| > 2. LetG be ay-almost-regular tournament on at least

(2 — v)n vertices. Therts contains a copy of .

Proof. Introduce new constantse’, o, M, and M’ with
I/n<l/A I/ MK I/ M «e<ed <y<a<g /AL,

If |G| > (2 + 7v)n, thenG contains a copy of' by Theorem 1.5(1). So we may assume that
|G| = (2 £ v)n. Observe that ™ (v),d”(v) > (1 —)(|G] = 1)/2 > (1 — 2y)nforallv € G.

SinceA < A’, we musthav@'a C Ta. Also, sinceTa| > 2, we may choose an edge — ¢+

of T, which must also lie iffx,. LetT"™ and7T~ be the two components formed when this
edge is deleted frorf, labelled so that™ € T+ andt~ € T. Similarly, letT{, andT;, be the
two components formed by the deletion of the edge- ¢+ from T/, labelled witht* € T,
andt~ € T,,. ThenT* andT~ partition the vertices df’, and there is precisely one edgelof

betweenl'™ and7—, which is directed towards™. Furthermore|T*|, |T~| > n/A.

Let disjoint subset¥, ..., V; and a subgrapty* C G satisfy the conditions of Corollary 3.7.
SoM' < k < M, andG* is ane-regular cluster tournament on clustéfs. . . , V. of equal size

m, where
2(1 —)n o (2—=v)n—3en e (2+7)n.

? < ? <m < ’ (3.15)
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Also, for eachv € G* we haved.(v) > df(v) — 2¢|G| = df(v) — 5en anddg. (v) >

ds(v) — 5en. So for each € [k] we have

e (Vi = V5) _ = dby(0) = m
S gy wliol), i) an
Jelk\{d} Jelk\{d} veV;
+ _ _ _ _ _ (3.15) _
> Z di(v) —ben —m > (1—-2v)n—5en—m 2 (1 37)]{;7
veV; m? m 2

and similarly . iy dji = (1 — 37)k/2.

So if there exists somee [k| for which there are at leastk values ofj € [k] \ {i} such that
d;; > aanddj;; > «, then by Lemma 3.9 we may embéudin G*, and therefore irtz. So we
may assume that for eacéhe [k] fewer thanak values ofj € [k] \ {i} satisfyd,; > « and
d;; > a. Then by Lemma 3.13(ii) we may assume that= R, (1 — 2«) has

(1 —10a)k

0 >
3 (R) > 5

(3.17)

Let y be the number of vertices in outcomponentd gf, and letz be the number of vertices
in incomponents of n/, SOy + z + |Ta/| = n. So ify, z > 14an thenG* (and therefore)
contains a copy of ' by Lemma 3.13(iii). We may therefore assume without lossevfagality

thatz < 14an.

Now, since|R| = k we may choose a vertexe R with d},(i) < k/2. Then we may choose
a vertexj € N (i) with at mostd}.(i)/2 outneighbours inV# (¢). Soi — j and|Nz (i) N

N7 (5)] < k/4. For this choice of andy, let

A= Ny (i) 0V Nz (5),
B := Ng (i) \ N5 (5),

C' = Ny (j) \ Ny (4)-
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ThenA, B andC are disjoint, andB|, |C| > k/2 — bak — |A| > k/4 — 5ak by (3.17). Now,

choose a sef* of m/2 vertices ofl; such that each vertexe S has

(i) atleastm/2 inneighbours i/,
(i) atleast) , ,djem —e'km > (1 — 2a)m|A| — €'km outneighbours it J, , V;, and

(iii) at least djem — e'km > (1 — 2a)m|C| — €'km outneighbours i V.
LeC ™I LeC

We can be sure that such a choice is possible, as by LemmaeBeBate at most="m vertices
of V; which fail either of (ii) and (iii), and sinc&*[V; — V}] is e-regular with densityl,; >
1 — 2« there are at mostm vertices ofV; which fail (i). Then sinceT,| < 8n < m/6, by
Theorem 1.2 we can embé&d, in S*. Letv™ be the vertex to which™ is embedded. Then
vT has at leastn /2 inneighbours irl;. Choose a set~ of m/3 of these inneighbours so that

every vertexo € S~ has at least

(3.17)
> dym—e'km > (1-20)m|Nj(i)] —'km > (1— 13a)n (3.18)

LEAUB=N (i)
outneighbours in J,. , 5 Vo Again we can be sure that such a choice is possible, since by
Lemma 3.8 at most'm vertices ofV; fail this condition. Then sincél’y,| < fn < m/9, by
Theorem 1.2 we can emb&t(, in S—. Let SX, andSj, be the sets of vertices @ occupied

by T'X, andT, respectively.

Let T3 be the tree formed by and all of its incomponents. L&t be the tree formed by,
and all of its outcomponents, and IEf be the tree formed byy, and all of its outcomponents
in 7- (i.e. all of its outcomponents excefit). Note that7; U T, UTs = T. Then|T3| =

|Tar| + 2z < 15an,

T, <|TH|<n—|T7| < (1—-1/A)n, and similarly|T5| < (1 —1/A)n.

Every vertex ofG has at leastl — 2v)n inneighbours inG, so by Lemma 3.3(c) we may extend
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the embedding of »- in S%, U S, to an embedding of in G. For eacty € [k] \ {i}, let

v,/ C V, consist of the vertices df; which are not occupied by this embedding.

By (i) and (iii), every vertex ofS, then has at least — 2a)(JA| + |C|)m — 2¢'km — |T3| >
(1 —28a)n outneighbours i, , . V/ (here we also use the fact thal| + |C| = [N (j)| >
(1 — 10a)k/2 by (3.17)). Since alsd/A’ < a < 1/A and every component &, — T,
has order at most/A’, by Lemma 3.3(c) we may extend the embeddingdfin S, to an
embedding ofy in SX, U U, 4 ¢ V7. Furthermore, since every vertex 8f, has at leastl —
2a)|C|lm—¢e'km—|Ts| > n/A outneighboursit ), . V/, and|T, —T%,| = |[TT—T3| > n/2A,
by Lemma 3.3(b) we can ensure that this embedding,afccupies at least/2A vertices of
Usec V/- So crucially at mosf7’y| —n/2A vertices ofl; are embedded ip),. , 5 V. For each
¢ e AU B, letV)” C V, consist of those vertices which are not occupied by the edibgaf

T3 andT4.

Finally, by (3.18), every vertex &f ,, has at least

n n
(1= 13a)n — (|Ta] — E) — T3] = n — |Ty| + A

outneighbours inJ,. , 5 V/'. Since|Ts — Ty,| < n — |T4|, by Lemma 3.3(c) we can extend
the embedding df’y, in Sy, to an embedding df in Sy, UJ,c 45 V/'- Then the embeddings
of T3, T, andT; do not overlap outsidé’}, U S, and so together form an embedding7of

inG. O

The following corollary of Lemmas 3.14 and 2.32 is the masuieof this section, stating that
Sumner’s universal tournament conjecture holds with ke litiom to spare in the case whére

is an almost-regular tournament and the core Tie®f 7" has order greater than one (we need
this extra room in the proof of Lemmas 3.21 and 3.23). Indaedshow that a large almost-

regular tournament is also a robust outexpander, and s@ifis large, then we can embé&d
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in G by Lemma 2.32. On the other hand/if is small but has more than one vertex, then we
may embed’ in G by Lemma 3.14. In particular, together with Lemma 3.5 (whdelals with
the caseTA| = 1), this means that at this stage, we have proved that Sunumjscture holds

for all large almost-regular tournaments.

Lemma 3.19 Suppose that/n < v < 1/A <« 1. LetT be a directed tree om vertices with
|Ta| > 1. Then everyy-almost-regular tournamefit on at least{2 — ~)n vertices contains a

copy ofT'.

Proof. Introduce constants, v, n, A’, 3, such that

%<<%<<,u<<u<<7]<<7<<5<<7/<<%<<1.
Let G be ay-almost-regular tournament on at le@®t— ~)n vertices. Then we show th&t
is a robust(:, v)-outexpander. Indeed, I&t C V(G) satisfyv|G| < |S| < 2|G|/3. Then at
least(1 — v)|S|(|G| — 1)/2 edges originate iy. At most(‘g') of these have both endvertices
in s, soatleastl — )|S|(IG] = 1)/2 = () > [S1((1 = (G| = 1) ~ |S])/2 > vIG/10
edges leave. So at least|G|/20 > 3u|G| vertices outsidé have at least|G|/20 > 3u|G)|
inneighbours in5. At most2.|G| vertices ofS have fewer tham |G| inneighbours inS, and so
|[RNF(S)| = |S| + p|G], as desired. On the other handgifc V(G) satisfieR|G|/3 < [S] <
(1- )G

, every vertex of has at leasfG|/7 > p|G| inneighbours inS. So|RNF(S)| =

|G| > |S| + 1|G|, as desired.

So( is indeed a robugiu, v)-outexpander. Clearly’(G) > n|G|. So if|Ta/| > (n, then by
Lemma 2.32 contains a copy of'. So we may assume thglix/| < fn. ButG is also a
~+/-almost-regular tournament on at le&st- ~')n vertices, and so by Lemma 3.14 contains

a copy ofT'. O
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3.5 Embedding trees whose core tree is small

We now turn our attention to the general case of the problesiwAen considering almost-
regular tournaments, we consider the problem of embeddiagtdd trees whose core trees are
small separately from the case when the core trees are lartigs section we consider directed

trees with small core trees, proving the following lemma.

Lemma 3.20 Supposel/n < (3,1/A" < 1. LetT be a directed tree on vertices with

|TA/| < Pn, and letG be a tournament o2n. — 2 vertices. Thert: contains a copy of .

We begin by showing that we may assume that the tournatdeoisists of two large disjoint

almost-regular tournaments, with almost all of the edgésden them directed the same way.

Lemma 3.21 Suppose that/n < §,1/A < v < n < 1. LetT be a directed tree on
vertices withTa| < (n, and letG be a tournament otn — 2 vertices. Let be the outweight

of Ta, and letz be the inweight of ». Then the following properties hold.

(i) If z < nn ory < nn thenG contains a copy of.

(ii) Either G contains a copy of’, or we can find disjoint sets, 7 C V(G) such that
Y| > (2—~)yand|Z| > (2 — v)z, G[Y] andG[Z] are~y-almost-regular, any vertex of
Y has at mos3yn outneighbours irZ and any vertex of has at mos3yn inneighbours

iny.
Proof. Introduce new constanfd, M’, ¢, ¢, a, v* and A* such that

1 1 1 1 , 1
— — —_ — * S 1.
n<<ﬂ, ; <<M<<M,<<€<<5 T KoLKy K f*<<
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Partition the vertex set @ into setsA, B, C, D, F such that:

AC{veG:d"(v)<y+en},
BC{veG:y+en<d(v) <n-—en},
CC{ve@G:d*(v),d” (v) =n—en},
DC{veG:z+en<d (v) <n—en},

EC{veG:d (v) < z+en}.

These subset relations may not all be equality, for exanmptbe case where is very small,
when we have + en > n — en. However, it is clear that each vertexc G lies in at least one
of these five sets, so we may choose such a partitidn(6f). Letz := |Ta|, SOz +y+2z=n

andz < f(n.

Suppose thafB| > 3z. Then by Theorem 1.2 we may embé&d in G[B]. Let Sxn C B
be the set of vertices occupied by this embeddin@of Then every vertex of, has at least
y+en—x > y+2n/A outneighbours outsidgx and at least'| —z—(n—en) > y+z+2n/A
inneighbours outsid&,. Let T} be the subtree df’ formed byTx and all outcomponents of
Tx, and letT; be the subtree &f formed byT'A and all incomponents &fa. Then|Ti| = z+y
and|T;| = = + z. By Proposition 2.19(iv), all incomponents and outcompas®f7, contain
at mostn /A vertices, so by Lemma 3.3(c) we may extend our embeddirignah S to an
embedding of/} in G. Then each vertex df, still has at least + 2n/A inneighbours outside
Sa which are not occupied by this embeddingiof so by Lemma 3.3(c) we may also extend
our embedding of ' in Sa to an embedding df; in G which avoids vertices occupied by the
embedding ofl; — TA. Then these embeddings’Bf and7, do not overlap outsid&,, and so
together form an embedding éfin G. We may therefore assume th&l < 3z < 34n. By the

same argument (embedding fifstand theril; in G) we may assume thab| < 3z < 30n.
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Now, if z < nn, then everw € E satisfiesi™ (v) < (n+¢)n < 2nn, SO|E| < 4nn + 1, and so
|IBUDUE| <4nn+1+60n < bnn. LetG’ := G[AU C]. Then|G’| = 2n — 2 — 5nn, and
every vertexw € G’ hasd*(v) < n+en. So by Proposition 3.17 contains a*-almost-regular
subtournament”’ on at least2 — ~*)n vertices. SincéT-| > 2, by Lemma 3.197 contains
a copy ofT’, soG contains a copy of also. If instead we havg < nn, then we may similarly
embed?’ in G[C U E]. Soifz < nn ory < nn thenG contains a copy of’, completing the

proof of (i). So for (ii), we may assume thatz > nn.

Suppose now thdtC| > 5¢'n. Let disjoint subset¥], ..., V, and a subgrapti* C G satisfy

the conditions of Corollary 3.7. Sbl’ < k < M, andG* is ane-regular cluster tournament on

clustersly, ..., V, of equal sizen, where
(1-9)|G| G|
———— <m< —.
K S

We show thatz* has the property that for somes [k] we have

(1— 35 (1 -3¢k (1 -3k
doody > and > dj> R (3.22)
Je((RN\{i}) Je((kN\{i})
Indeed, if for some € [k] we have} . )\ iy iy < (1 — 3¢')k/2, then by Lemma 3.8 all but

at mosts'm vertices ofl; have at most

1—
S dgm o+ e'km < Lk
Je((k\{i})
outneighbours it )\ riy) V5 (in the graphG*), and hence at most— 8en + (|G| — |G*[) +
|Vi| + 2¢|G| < n — en outneighbours irz. So at most’m vertices ofV; lie in C'. Similarly if
for somei € [k] we haved ", iy dii < (1 — 3¢)k/2 then again at mostm vertices ofV;

liein C. Since|C| > 5¢'n > 2¢'mk + (|G| — |G*|), there must be somiec [k] which satisfies
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(8.22). Fix such afi. Then if at leastvk values ofj € [k] \ {i} haved;; > o andd;; > « then
G* contains a copy of by Lemma 3.9 (applied with’ in the place ofy). Alternatively, if at
mostak values ofj € [k] \ {i} haved;; > a andd;; > o then sincey, z > nn, G* contains
a copy of " by Lemma 3.13(iii) (again applied wittl in the place ofy). So in either casér

contains a copy of’, and so we may assume thati < 5&'n.

So to prove (ii), observe that we must therefore hg9eJ) C' U D| < 5¢'n + 68n < 6&'n.

Trivially |A| < 2y + 2en + 1 and|E| < 2z 4 2en + 1, and so we must have

|A| =2 2n—2—6e'n —22 —2en—1 > 2y — 7e'n, and

|E| >2n—2—6e'n—2y —2en—12> 22— T7c'n.

So by Proposition 3.1¢:[A] contains ay-almost-regular subtournament on at le@st- )y
vertices, and+|E| contains ay-almost-regular subtournament on at leg@st )z vertices. Let
Y andZ be the vertex sets of these subtournaments respectiveiyn aiy vertex ol” has at
least(1 —2v)y outneighbours i’”, and so has at mogtt en — (1 —27)y < 3yn outneighbours
in Z. Similarly any vertex ofZ has at least1 — 2v)z inneighbours inZ, and so has at most

3~yn inneighbours in”. SoY andZ are as required for (ii). O

The next lemma builds on the previous lemma and is in turn urstite proof of Lemma 3.24.

Lemma 3.23 Suppose that/n < §,1/A" < o < 1/A < 1. LetT be a directed tree on
n vertices with|Ta/| < fBn. Lety andz be the outweight and inweight @fx, respectively.
Suppose that forests~ andF+ are induced subgraphs ©fwhich partition the vertices df,
such thatF+| < y+2an, |F~| < z—an, and every edge df between”~ andF'* is directed

from F~ to F'*. Suppose also that either

(i) no component of’'* has order greater than— an, or
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(ii) the largest componefit, of F'™ has|(Ti)a| > 2.
Then any tournameidt on2n — 2 vertices contains a copy @f.

Proof. Let G be a tournament o2n — 2 vertices, and lef; and7; be the largest and second

largest components df* respectively. Introduce new constantandr with

1 1
—<<ﬁ, N <r<a< <L

Then by Lemma 3.21 we may assume that > nn. Also by Lemma 3.21 we may find subsets
Y, Z CV(G)suchthatY| > (2 —v)y, | Z| = (2 — )z, G[Y] is y-almost-regular, each vertex
of Y has at mos8+yn outneighbours ir¥Z, and each vertex of has at mos8~n inneighbours
inY. Then|Y| > 3|F*|/2 + an > |F*| + |T3| + an, and|Z| > 2|F~| + an, and so by

Lemma 3.4 any embedding @f in G[Y'] may be extended to an embeddindloin G.

It therefore suffices to embéd in G[Y]. If |T1| < y/2 then we may do this by Theorem 1.2. If
instead T} | > y/2 > nn/2 and we also have (i), theff}| < y — an. Since|Y| > (2 — )y >
2|T1| + an we may embed’ in G[Y] by Theorem 1.5(1). Finally, if71| > nn/2 and we
also have (i), thenT| < |F*| < y + 2an and|(T1)a] > 2. Sincey < 9a/n, G[Y] is a
9« /n-almost-regular tournament on at leé&t- )y > (2 —9«a/n)|T;| vertices, and so we may
embedl; in G[Y] by Lemma 3.19. So in any case we may embeth G[Y], completing the

proof. O

Observe that as with Lemma 3.4 a ‘dual’ form of Lemma 3.23 carptoved similarly. For
this we instead require thaf'*| < y — an and|F~| < z + 2an, and also either that no
component off'~ has order greater than— an or that the largest componehi of F'~ has
|(T1)a| = 2. If these conditions are met then we may conclude ¢habntains a copy of. As

with Lemma 3.4, we sometimes implicitly refer to this ‘duadhen referring to Lemma 3.23.
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In the next lemma we show that Lemma 3.20 holds for any didecteT" whose core tre@x
is not a directed path in which most of the outweight and iiglveof 7'» lies at the endvertices
of Th. We say that a verteof a directed tre€" is anoutleaf if ¢ has one inneighbour and no

outneighbours, or aimleaf if ¢ has one outneighbour and no inneighbours.

Lemma 3.24 Suppose that/n < (5,1/A’ < 1/A < 0 < 1. LetT be a directed tree om
vertices with Tx/| < Bn, and lety andz be the outweight and inweight @k respectively. Let
G be a tournament otn — 2 vertices. Then either contains a copy df’, orTa is a directed

path whose outleaf has outweight at leaston and whose inleaf has inweight at least on.

Proof. Introduce new constantsandn with

1<<6 1<< <<1<< <nkKl
— —_— (0% — g .
n S A A "

Then by Lemma 3.21 we may assume that > nn. Also, if |Ta| = 1 thenG contains a copy

of T'by Lemma 3.5, so we may assume tfiat| > 2.

Suppose that some vertéxe T has the property thav=(¢) < z — an — 1, and also that
every outcomponent of contains at most ™ (¢t) — 3an = |V*| — 3an vertices, where the
setV~ consists oft and every vertex in an incomponentfandV* := V(7)) \ V~. Then
V-] < w™(t) + 1 < z — an, and every edge df betweenl/~ andV'* is directed fromV/~

to V*. Also, each component @f[V/*] contains at most*(¢) — 3an vertices. Now, select a
source vertex from the largest componenff®¥ ], delete this vertex fron¥’*, and add it to
V~. Repeat this step until we hayg*| < y + 2an and|V~| < z — an. For these final/*
andV~, let F* := T[V*] and letF'~ := T[V~]. ThenF'~ and F'* are forests which partition
the vertices of, with | F*| < y+ 2an and|F'~| < z — an. Also, every edge of’ betweent'~

and F'* is directed from/'~ to F'*. Finally, since we always deleted a vertex from the largest

component of [V ], no component of* contains more thajF'*| — 3an < y — an vertices.
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So by Lemma 3.23(i§7 contains a copy of'. So we may assume that

(1) there is no vertex € T such thatv—(t) < z — an — 1 and every outcomponent
oft contains at mosb™ (t) — 3an vertices. In particular, this implies that for every

inleaft of Tx, at least/2A vertices ofl" lie in incomponents of.

Indeed, ifTA contains some inleafsuch that fewer than/2A < z — an — 1 vertices ofT lie

in incomponents of, then by the definition of y at least:/2A — 1 vertices of7’ lie in outcom-
ponents of other than the outcomponent containing the remainingoestof7,. Moreover,

the definition ofTy also implies that at least/A vertices ofT" lie in the one component of

T — t containingTa — t. Altogether this shows that every outcomponent obntains at most
wt(t) —n/2A + 1 < wt(t) — 3an vertices, a contradiction. By the same argument with the

roles of incomponents and outcomponents switched, we nsyrasthat

(t1) there is no vertex € T such thatv™(t) < y — an — 1 and every incomponent
oft contains at most~— (t)—3an vertices. It follows from this that for every outleaf

t of T, at least/2A vertices ofl" lie in outcomponents af

Claim. If T has at least two inleaves or at least two outleaves, thentains a copy of .

To prove the claim, suppose th&{ has two outleavessandt’ (the proof for inleaves is similar).
Then we form a setV* of size betweem — z + an andy + 2an such that any edge daf
between/* andV~ := V(G) \ V' is directed froml/~ to V*. We may do this by repeatedly
selecting a sink vertex df’, adding it toV* and removing it fronil’. Now, by (1) at least
n/2A vertices lie in outcomponents of and at least/2A vertices lie in outcomponents of

t'. Furthermore, ifl” is an outcomponent df then any sink vertex ifi” is a sink vertex iril’,
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and the same is true i’ is instead an outcomponent 8f So we may forml’* andV~ as
described above so that additionally contains at least/2A vertices from outcomponents
of t and at least:/2A vertices from outcomponents d¢f Fix such a choice ot/ ™ andV —,
and letF'* := T[V*t] and '~ := T[V~] be the induced forests. ThéAt| < y + 2an and
|F~| = n—|F*| < z — an, and every edge df’ betweenF~ and F'* is directed fromF'~
to F'*. So if every component of'* contains at mosy — an vertices, theni contains a
copy of T by Lemma 3.23(i). We may therefore assume that the largespooentl’™ of '+
contains more thap — an > |F*| — n/4A vertices. Sincd'* includes at least/2A vertices
from outcomponents of and at least:/2A vertices from outcomponents ¢f it follows that
T contains at least/4A vertices from outcomponents ofand at least:/4A vertices from
outcomponents of. As a consequencE™ must contairt andt’. Furthermore, we must have
t,t" € (T*)4n, and so|(T1),a| = 2. S0G contains a copy of’ by Lemma 3.23(ii), which

proves the claim.

We may therefore assume thgt has at most one outleaf and at most one inleaf7'8as a
path with one inleaf and one outleaf. Ligt. . ., ¢, be the vertices of this path, labelled so that
t1 is the inleaf ofT's (sot; — t5), t, is the outleaf ofly (sot,_; — t,), and for each € [x —1]

there is an edge df, between; andt;, ;.

Now suppose that the inweight @& is less than: — 2an. Let the sel/~ consist of all vertices
of T"which lie inTx orin incomponents of'a. Then|V~| < z — 2an + |Ta| < z — an (since
|TA| < |Tas| < Bn). Also, every edge df betweerl/— andV'* := V(T")\ V'~ is directed from
V= to V*. Choose a source vertex 8fV |, delete it fromV/*, and add it tol’ —, and repeat
this step until we havg/~| < z — an and|V*| < y + 2an. For these final’~ andV'*, let
Ft:=T[V*t]andF~ := T[V~| be the induced forests. Theh~| < z —an, || < y+2an,
and every edge df’ betweenF'~ and F'* is directed fromF'~ to F'*. Also, every component

of F'* is contained within a component f— Tx, and so has order at mastA < y — an by
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Proposition 2.19(iv). S@- contains a copy of' by Lemma 3.23(i). We may therefore assume
that the inweight ofl’s is at leastz: — 2an, and by a similar argument we may also assume
that the outweight off’s is at leasty — 2an. It follows that the outweight off s is at most

n — (z — 2an) < y + 3an and that the inweight df 5 is at most: — (y — 2an) < z + 3an.

We now suppose that fewer than- on vertices of!" lie in outcomponents of,. LetT; be the
subtree ofl" formed byT, and all of its outcomponents. Initially let the Sét := V(T}), so
|[V*| < y + 4an, and every edge df betweenV™ andV~ := V(G) \ V7 is directed from
V~toV*. Choose a sink vertex df[V~|, delete it froml/~ and add it to’*, and repeat this
step until we havéV | < y + 4an and|V~| < z — 2an. Fix these final’* andV~ and let

F~:=T[V-]andF* := T[V*] be the induced forests. $6*| < y + 4an,

F~| < z-2an,
and every edge df' between/'~ and F'* is directed from/'~ to F'*. AlsoT; C F*, soT;
is contained within a single componéehit of F'*. Since at leasy — 2an vertices ofT lie in
outcomponents of , at leaston/2 vertices ofT" lie in outcomponents of y other than the
outcomponents of,. Moreover, since, is an outleaf of7y, by (1) at leastn/2A vertices lie
in outcomponents of,. Sot,_; € (T")sa andt, € (T1)sa. SO|(TF)sa] > 2. But since the
outweight of Tz is at leasty — 2an we have|T*| > |T}| > y — 2an, and sol' ™ must be the

largest component af't. SoG contains a copy of’ by Lemma 3.23(ii).

So we may assume that at legst on vertices ofl" lie in outcomponents of,, as desired. If
fewer than: — on vertices of!’ lie in incomponents of;, then we may similarly embéetiin G,

SO we may also assume that at least on vertices ofT’ lie in incomponents of;. So at most
3on vertices ofl" do not lie in incomponents af or outcomponents of,. It remains only to
show thatT'’s is a directed path. So suppose for a contradictionthais not a directed path.
Then there is soméee [z — 1] such that; < t;,,. Choose the minimal suah(note: > 1 ast,

is an inleaf of7’x). Thent; has two inneighbours and no outneighbour&’in So at least two

incomponents of; contain at least/A vertices, and so no incomponenttgfcontains more
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thanw=(t;) — n/A < w™(t;) — 3an vertices. Also, at mosion < y — an — 1 vertices ofT’

lie in outcomponents of,, contradicting {1). OJ

We can now prove that Sumner’s universal tournament camectolds for any large directed

treeT whose core treé, contains precisely two vertices.

Lemma 3.25 Suppose that/n < 1/A" < 1. LetT be a directed tree on vertices with

|Ta/| = 2, and letG be a tournament on. — 2 vertices. Thertz contains a copy df .

Proof. Introduce new constants, ¢, v andn with

1<<61<<1<< L7k 1
— — << K¢ .
n ’A/ A ry n

Then|Ta/| = 2 < (n. Also, sinceA < A’ we havel'y C Ta:. If |Ta| = 1, then by Lemma 3.5
(G contains a copy of. So we may assume thak, = Tha.. Lett, andt; be the vertices of
Ta, labelled so that, — ;. Lety be the outweight of'A, and letz be the inweight of/'x, so
y + 2z = n — 2. Then by Lemma 3.24 (with in the place ofr), we may assume that has
inweight at least — en, and also that; has outweight at leagt— =n. LetT; be the subtree of
T consisting of all vertices which lie ifia or in outcomponents dfx, and letl; be the subtree
of T consisting of all vertices which lie ifix or in incomponents of . So|7}| = y + 2 and

|T5| = z + 2. By Lemma 3.21(i) we may assume that > nn.

120



As in the proof of Lemma 3.21, we partition the verticegahto sets4, B, C, D andE, where:

A:={veG:d"(v) <y+en},
B:={veG:y+en<dt(v) <n-—en},
C:={veG:d"(v),d (v) >n—en},
D:={veG:z+en<d (v)<n-—en},

E={veG:d (v) < z+en}.

Sincey, z > nn ande < 7 this is indeed a partition. Suppose first thBf > 2. Then we
may embedl’s in G[B]. Let S C B be the set of vertices occupied Bx. Then every
vertex of SA has at leasyy + en — 1 > y + 2n/A outneighbours outsidéx and at least
|G| —2— (n—en) = y+ z+ 2n/A inneighbours outsidéx. So by Lemma 3.3(c) we may
extend the embedding @f\ in SA to an embedding df; in G. This embedding of; occupies

at mosty vertices ofGG outsideS,, and so we may apply Lemma 3.3(c) again to extend the
embedding ofl's in S to an embedding of; in G so that the embeddings @ and7; do

not overlap outsid€,. Then together the embeddingsifand7; form an embedding of’

in G. So we may assume thgé| < 1. If |[D| > 2 we may embed” in G in the same way by
embeddingl’a in D and then extending this embedding to embeddings of firstind thenrl;

in G which do not overlap outsidE,. So we may also assume théat| < 1.

Now suppose that”| > 3. Then we may choose vertices,v; € C with v, — v; and
INT(v1) N NT(v)| = nn > nn/2 + 2n/A. Embedt; to v; andt, to v,. Then since
INt(v1)], |[NT(v2)| = n—en >y+2n/A, by Lemma 3.3(c) we may extend the embedding of
T in {vy, v} to an embedding df} in G so that at leasin /2 vertices of7; are embedded in
N7 (vi)NNT(vy). Then at mosy+2 —nn/2 vertices ofN~ (v;) U N~ (v9) are occupied by this
embedding, and so in each&8f (v;) andN~(vy) atleastt —en — (y+2—nn/2) > z+2n/A

vertices remain unoccupied. So by Lemma 3.3(c) we may extemcmbedding off'x in

121



{v1,v9} to an embedding df; in G which does not overlap with the embeddinglgfoutside
Ta. Then together these embeddings form an embeddingiofG. So we may assume that

|C| < 2, and hence thgiA U E| > 2n — 6.

Claim. Either some vertex of has at leasy outneighbours il U B U D or some vertex of/

has at least inneighbours inB U D U E.

Indeed, suppose for a contradiction that both of thesemstaits are false. Then certainly
every vertex ofA has fewer thany outneighbours il and every vertex ot has fewer than
inneighboursinE. So|A| < 2y—1and|E| < 2z—1. Sincey+z = n—2and|AUE| > 2n—6,
we must haveA| = 2y — 1 and|E| = 2z — 1, and alsdB| = 1,|D| = 1 and|C| = 2. Then
every vertex ofA must havey — 1 outneighbours in4, and so no vertex ofi can have an
outneighbour inB or in D. Likewise, every vertex off must havez — 1 inneighbours in¥,
and so no vertex off can have an inneighbour i or in D. But then if we leth be the vertex
in B andd be the vertex inD we haved™ (b) = d*(d) £ 3, contradicting the definition aB and
D. So either some vertex of has at leasy outneighbours il U B U D or some vertex of

has at least inneighbours inB U D U E. This completes the proof of the claim.

If somev € A has at leasy outneighbours inA U B U D, then we embed in G[A] so
that we may then embed the incomponents,andt¢; in the unoccupied vertices @ and A
respectively. For this, note the'| < 2(z +en) + 1, S0|A| > 2n — 22 —2en — 7 > 2y — 3en
(and similarly we havéE| > 2z — 3en). Since every: € A has at mosy + en outneighbours
in A, by Proposition 3.17[A] contains ay-almost-regular subtournament on at le@st- )y

vertices. LefY” be the vertex set of this subtournament. Now,

(AUBUD)\Y| <24+ (2y+2n+1) - (2—7)y < 27y,
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sov must have at leagt — 2v)y outneighbours irY". Also, sincev € A we have
(1-29)y <|INT()NY|<y+en < (1+29)y.

So at most 0y vertices of N (v) NY have more thafl — 3v)y outneighbours iV * (v) NY,
and at most 0y vertices of N*(v) N'Y have more thaiil — 3~)y inneighbours inN " (v) N
Y. Since every vertex of has at leastl — 2v)y inneighbours inY” and at least1 — 2v)y
outneighbours ifY’, this means that at leals¥ * (v) NY'| —20vy > 3n/A vertices of Nt (v)NY
have at leastyy > 6n/A outneighbours i \ N*(v) and at leastn/A inneighbours in
Y \ N*(v). LetT™" be the tree formed by and its outcomponents, $6| < y + 1. Then
every component of * — ¢; is a component of' — Tx and so has order at mos{ A by
Proposition 2.19(iv). So by Lemma 3.2 (applied with:= N*(v) N (AU BU D) andX :=
Y\ N*(v)), we may embed* in G|/AU B U D] so thatt, is embedded to and at mostin/A

vertices are embedded outsiie (v).

Sincev € A we haved*(v) < y + en, and sov has at least

4
Y| —1—(y+en)— Kn > Ten (3.26)

inneighbours int” which are not occupied by the embeddinglof. Let T be the tree formed
by all vertices ofl” which do not lie in outcomponents 6f or incomponents of,. Then every

edge incidentte, in 7™ is directed towards;. Also,

T*| <n—(y—en)—(z—en) = 2en+2,
so certainly every component @f — ¢; has order at mostsn + 1. Together with (3.26) and
Theorem 1.2 this shows that we may extend the embeddinginf v} to an embedding df'**
in{v} U (N~ (v)NY) so that the embeddings &f and7™ only overlap in the vertek. Then

in particulart, is embedded to some vertexe Y.
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To complete the embedding, observe that every vertéxiuds at leastl —2+)y outneighbours
in Y, and therefore at mostyy outneighbours outsid¥. Sowv, has at leastE| — 3yy >
z + 2n/A inneighbours inF, none of which have been occupied by the embeddinds aind
T*. LetT~ be the subtree df consisting of, and all of its incomponents. Thef~| < z+1,
and each component @f~ — ¢, is a component of' — T and so has order at mosf A by
Proposition 2.19(iv). So by Lemma 3.3(c) we may extend theesiding oft, in {vs} to an
embedding of"~ in {v,} U E. These embeddings together form an embeddirig iof G.

If instead some < E has at least inneighbours inB U D U E then we may similarly embéed
in G by choosingZ to be the vertex set of a-almost-regular subtournament 6{E] on at
least(2 — )z vertices and embeddirif~ in G[B U D U EJ, then embedding™ — ¢, in the

unoccupied vertices of, before finally embedding ™ — ¢, in G[A]. O

We can now give the proof of Lemma 3.20. It was necessary teepremma 3.25 separately
from this as the method of proof does not hold ffk| = 2 (we cannot obtain the partition of

V(G) into Y* andZ* in this case).
Proof of Lemma 3.20.Introduce new constants «, A andn with

1<<ﬁ . < . <K T Kaknkl
— - < = a .
n 7A/ A 7 77

Lety’ be the outweight of'A, and letz’ be the inweight off’,. Then by Lemma 3.21 we may
assume thay’, 2’ > nn. Similarly lety andz be the outweight and inweight @i\ respectively.
If |TA| = 1, thenG contains a copy of’ by Lemma 3.5. If insteatl’A| = 2 thenG contains a
copy of " by Lemma 3.25. So we may assume that |TA| > 3, and by Lemma 3.24 we may
assume thdf’, is a directed path. Lét, ..., t, be the vertices of s, labelled so that; — ¢,
for eachi € [¢ — 1]. Then by Lemma 3.24 we may also assume that the inweight isfat

leastz’ — «yn and that the outweight af is at least) — yn. This implies that > 2’ — yn and
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y =1y —n. Sincey’ + 2’ + |Ta’| =y + z + |Ta| = n it follows that we must have

y =1 £2ynandz = 2’/ & 2yn. (3.27)

Finally, by Lemma 3.21 we may assume that there are disjets5 7 C V(G) such that:

@ [Y| 2 (2—-7)y and|Z] > (2 - )7,
(b) G[Y] andG[Z] arevy-almost-regular, and

(c) any vertex oft” has at moss~n outneighbours i and any vertex o has at mossvyn

inneighbours inv.

Let X :=V(G)\(YUZ),so|X| < 2yn. LetT™* be the subtree &f formed by deleting fronT’
all vertices in outcomponents gfor incomponents of;. So|7*| < n—(2'—yn) — (¥ —yn) <
3yn. LetT* be the subtree ¢f formed byt, and its outcomponents, and [Et be the subtree
of T formed byt, and its incomponents. S@*| < y + 1 and|7T~| < z + 1. Also, each
component of'* — ¢, and each component @f~ — ¢, is a component of' — Tx and so has

order at most:/ A by Proposition 2.19(iv).

Suppose that some vertexe X has at leastvn inneighbours inY” and at leastvn outneigh-
bours inZ. Sincel > 3, we may chooséwith 1 < i < /. Embedt; to v. LetT, be the subtree
of T™* consisting oft; and all of its outcomponents, and [Bf be the subtree df** consisting
of ¢; and all of its incomponents. Thef,|,|7,| < |T*| < 3yn. So by Lemma 3.3(c) we
may extend the embedding ofin {v} to an embedding of, in Z U {v}, and similarly we
may extend the embedding ofin {v} to an embedding of;, in Y U {v}. Then in particu-
lar t; is embedded to somg € Y andt, is embedded to some € Z. Sowv; has at least
|Z] — 3yn > z + 3yn + 2n/A inneighbours inZ, at most3yn of which are occupied by the

embedding off;,. Similarly v, has at leasfy’| —3vyn > y+ 3yn+ 2n/A outneighbours iy, at
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most3+yn of which are occupied by the embeddingigf So by Lemma 3.3(c) we may extend
the embedding of; in {v; } to an embedding of ~ in {v; } U Z and also extend the embedding
of ¢, in {v,} to an embedding df ™ in {v,} UY so that these embeddings together form a copy

of T'in (.

So we may assume that no vertex ¥fhas at leastvn inneighbours inY” and at leastvn

outneighbours ir. Let X C X consist of all vertices ok with fewer thanan inneighbours
inY, and letX~ C X\ X consist of all vertices ok \ X * with fewer thanwn outneighbours
inZ. LetY*:=YUX~ andletZ* := ZU X, soY* andZ* partition the vertices of;. Then
any vertex ofY* has at mostvn outneighbours irZZ, and thus at least + an inneighbours
in Z* (by (), (3.27) and the fact that > nn). Similarly any vertex ofZ* has at mostvn

inneighbours inY’, and therefore at leagt+ an outneighbours iy™*. LetW C V(G) consist
of all vertices inY™* with at leasty + an outneighbours irY™* and all vertices irZ* with at least

z + an inneighbours inZ*.

Now suppose thdiV| > |Ta|. SinceT, is a directed path, by Theorem 1.4 we may embgd

in G[W]. Let Sy C W be the set of vertices occupied by this embedding. Than= |7a| <
|Ta/| < [Bn. So every vertex o, has at leasy + an/2 > y + 2n/A outneighbours in
Y*\ Sa and at least + an/2 > z + 2n/A inneighbours inZ* \ Sx. LetT) be the subtree
of T consisting ofl’A and all of its outcomponents, and [Bf be the subtree df’ consisting

of T and all of its incomponents. S§&;| = ¢ + y and|1;| = ¢ + z. Also, each component of
Ty, — Th and each component @ — T is a component of' — T, and so has order at most
n/A by Proposition 2.19(iv). So by Lemma 3.3(c) we may extendetidedding off’s in Sa

to an embedding df} in Y* U Sa. Similarly by Lemma 3.3(c) we may extend the embedding
of Th in Sx to an embedding df;, in Z* U Sx. These embeddings @f and7; do not overlap

outsideT’a, and so together form an embeddingloin G.
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We may therefore assume th&t'| < |Ta|, and hence thatz — W| > 2n — 1 — (. Since
y+2z = n—{, we must have eithet*\1W| > 2y or |Z*\W| > 2z. Suppose thal"™*\ W | >
ThenY™ \ W contains a vertex, with at leasty outneighbours i*. So we may choose a
setN C Nt(v,) NY*with |[N| = y. Then|]NNY| >y — (|[Y*| = |Y]|) > y — 2yn. Now,
by (a), (b) and (3.27) every vertex bf has at leastl — 2,/7)y inneighbours int” and at least
(1 —2,/7)y outneighbours in’". Since|N| = y, at most6, /7y vertices of N N'Y have more
than (1 — 3,/7)y inneighbours inV N'Y’, and at most, /7y vertices of V 1Y have more
than (1 — 3,/7)y outneighbours inV N'Y. So at leastN NY| — 12,/4n > 3n/A vertices
of N have at leastn /A inneighbours inY™* \ (N U {v,}) and at leasén/A outneighbours in
Y*\ (N U {wv}). This means that by Lemma 3.2 (applied with \ (N U {v,}) playing the
role of X') we may embed™" in Y* with ¢, embedded te,, and at mostin/A vertices ofT"+
embedded outsid®. Sincev, ¢ W, v, has at mosy + an outneighbours iY*, and sov, has
atleastY| —1— (y + an) — 4n/A > 9yn inneighbours inY” which are not occupied by the
embedding of *. Since|T*| < 3vyn, by Lemma 3.3(c) we may extend the embedding of v,
to an embedding df** in Y which only overlaps the embedding6f in t,. The vertex, of T’
is therefore embedded to some vertexc Y. By (3),v; then has atleast|—3yn > z+2n/A
inneighbours inZ, none of which have been occupied by the embeddings @nd7* so far.
So by Lemma 3.3(c) we may extend the embedding; oh {v, } to an embedding of "~

Z U{v,}. Then the embeddings @f*, 7~ and7™* combine to form an embedding @fin G.
If instead we havéZ* \ W| > 2z, then we may embed in G similarly, first embedding™~ i

Z*, then embeddin@™ in the unoccupied vertices ¢f, and finally embeddin@* in Y. So in

either casé&- contains a copy df’, completing the proof. O
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3.6 Proof of Theorem 1.1

Having proved that Sumner’s conjecture holds for directedd of small core, we now show
that the same is true for directed trees of large core, whoahptetes the proof of Theorem 1.1.

We begin with an embedding result similar to Lemma 3.23.

Lemma 3.28 Suppose that/n < 1/ A K p K< r K n<Kv<a< f <1 LetT be a
directed tree on vertices, and let forests— andF'* be induced subgraphs@fwhich partition
the vertices of” such thatF'*| > 6an. Suppose also that every edgdobetweent'~ andF'*
is directed fromF~ to F'*. LetY andZ be disjoint sets withY'| > 2|F*| — 2an and|Z| >
2|F~| + an, and letG be a tournament on vertex sétJ Z such that every vertex af has
at mosty|G| outneighbours ir¥, and every vertex of, has at most/|G| inneighbours irk".

Finally, letT," be the largest component Bf-, and suppose that either

(i) 11| < |F7] = 3an,
(i) G[Y]is a robusty,v)-outexpander with®(G[Y]) > n|Y| and|(T;")a| = Bn, or

(i) A(T7) < A

ThenG contains a copy df .

Proof. First observe that ifG| > 3n, thenG contains a copy of’ by Theorem 1.2. So we
may assume thaty| < 3n, and hence that every vertex Bf has at mos8+yn outneighbours
in Z and every vertex of has at mos8yn inneighbours inY”. Let T, be the second largest
component of"*. Then|F*| — [Ty | > |FT|/2 > 3an, so|Y]| > |F'| + |Ty | + an. Since
|Z| > 2|F~| + an, by Lemma 3.4 any embedding @" in G[Y] may be extended to an

embedding of”" in G. So it is sufficient to embed;" in G[Y].

128



Note that|Y| > 10an, so if |T;"| < an, thenG[Y] contains a copy of;" by Theorem 1.2.
Alternatively, suppose thaf;"| > an. If (i) holds, then|T}"| < |Y|/2 — 2an, and soY| >
(2 + a)|T;F|. SoG[Y] contains a copy of ;" by Theorem 1.5(1). If instead (ii) holds théh
contains a copy of;" by Lemma 2.32. Finally, if (iii) holds thet contains a copy of ;" by

Theorem 1.5(2), completing the proof. 0J

Observe that as with Lemma 3.4 and Lemma 3.23, a ‘dual’ forireafima 3.28 can be proved
similarly. For this we instead require thd~| > 6an, |Y| > 2|FT| + anand|Z| > 2|F~| —
2an, and also either that the largest compon@t), of F~ contains at most/'~| — 3an
vertices, or thatz[Z] is a robustu, v)-outexpander with°(G[Z]) > n|Z| and|(T} )a| = fn,
or thatA(77) < A. If these conditions are met we may conclude tHatontains a copy df .

As with Lemma 3.4, we sometimes implicitly refer to this ‘dwehen referring to Lemma 3.28.

The next lemma is the final result we need to prove TheoremltLstates that if we can find
disjoint subset%’, Z C V(G) containing almost all of the vertices 6f, so thatG[Y] andG[Z]
are robust outexpanders of large minimum semidegree witlostlall edges betweén and 2

directed the same way, théhcontains a copy of .

Lemma 3.29 Suppose that/n < 1/ A K p K r K n<Kv<a< f K1 LetT be a
directed tree on vertices withTa| > (n. LetY andZ be disjoint sets withY UZ| > (2—a)n,

and letG be a tournament on vertex sétJ Z such that

(i) G[Y]is a robusty,v)-outexpander with°(G[Y]) > n|Y]|,
(i) G[Z]is a robust ., v)-outexpander with®(G[Z]) > n|Z|, and

(iii) every vertex ofy” has at most|G| outneighbours ir, and every vertex of has at most

~|G| inneighbours irY".

ThenG contains a copy df .
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Proof. If Y U Z| > (2 4+ a)n, thenG contains a copy of’ by Theorem 1.5(1). So we may
assume thaty’ U Z| = (2 £ a)n. Suppose first thgtZ| < 64an. Then|Y| > (2 — 65a)n,
and hence&>[Y] contains a copy of’ by (i) and Lemma 2.32. Similarly ifY’| < 64an, then
by (ii) and Lemma 2.3Z7[Z] contains a copy of. So we may assume thgt| > 64an and

|Z] > 64an.

So we may form a forest," of order betweenY'|/2 + 4an and|Y'|/2 + 5an by repeatedly

choosing a sink vertex df, deleting it from7” and adding it taF}". Let /" := T — F}", so that

12|

Y Y Z
5 —6an<n—%—5an<|Ff|<n—u—4an<|2—|—3an. (3.30)

2

We therefore hav@’| > 2|F}"| — 10an and|Z| > 2|F} | + 6an. Note also thatF;"| > 36an.
Let 7" be the largest component 8f . If |T'| < |Ff| — 18an or |T4| > Bn/3 thenG contains
a copy ofT by (i), (iii) and Lemma 3.28. So we may assume tfdt > |F,"| — 18an, and that
|TA| < On/3.

Next we form a fores#;,” which is a subgraph df’ and which containg’ . To do this, take
Fy initially to be F;". Then select a source vertex Bf, delete it fromF;" and add it toFy,,
and repeat this step untit|/2 + 4an < |F, | < |Z|/2 + 5an, and letFy” .= T — F, . Then
by (3.30) we haveF;" N Fy | = |Fy | — |F;| < 1lan. Also |Fy| < [Y]/2 — 3an, and so
we have bothZ| > 2|F; | — 10an and|Y| > 2|F,f| + 6an. Observe also thdf, | > 36an.
Let 7" be the largest component 65 . Then if|[7”| < |F; | — 18an thenG contains a copy
of T by (ii), (iii) and Lemma 3.28. So we may assume thgt| > |F, | — 18an. Clearly
T'NT"| < |FYfNFy| < 1lan,and soT"UT”| > |T'| +|T"| — |T' N T"| > (1 — 47a)n.
This implies that7X| > (n/3, as otherwise by Lemma 2.21 we would ha¥g| < fn, a

contradiction. Thug- contains a copy df” by (ii), (iii) and Lemma 3.28, as desired. O
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Proof of Theorem 1.1.Introduce new constants with

1 1
E<<Z<<,u<<1/<<77<<7<<oz<<o/<<6<<1.

If |TA| < BnthenG contains a copy of’ by Lemma 3.20. So we may assume that| > (n.
Letx := |Ta|, lety be the outweight of A, and letz be the inweight of/», SOz + y + z = n.
Also let T} be the subtree df formed by7Tx and all outcomponents &f, and letT;, be the

subtree ofl’ formed byT'A and all incomponents &, so|71| = = + y, and|Tz| = = + z.

By Lemma 2.12 we may choose disjoint subssts . ., S, of V(G) such that

) [Uiepy Sil 2 1 =)IG],

(i) for eachi € [r], any vertexv € S; has at most|G| inneighbours irUj>i S; and at most

v|G| outneighbours i J._. S;, and

J<i

(iii) for eachi € [r], eitherG|[S;] is a robust(y, v)-outexpander witk®(G[S;]) > n|G| or

|5il <71Gl.

Let < be maximal such thats; U --- U S;_;| < max{2(z — an),4an}, and let; be minimal
such thaiS;, U --- U S, | < max{2(y — an),4an}. Sincey + z < n — fn, by (i) we have
i < j (though equality is possible here). Lét:= S, U---U S;, letY :=S;U---U S, and let

X =541 U---US;_;. Then we have
|Z\ Si| < max{2(z — an),4an} and|Y \ S;| < max{2(y — an),dan}. (3.31)
Also, by the maximality of and the minimality ofj we have

|Z] =2 z+anand|Y| > y + an. (3.32)
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Claim. If |Z \ S;| > 11lanor |Y \ S;| > 11an thenG contains a copy of .

To prove the claim, suppose first that\ S;| > 11lan. LetX ™ := ZUXUS; andX ™ := Y\ S;.

By (3.31) we have X*| < 2y — 2an. Also, by (ii) every vertex inX~ has at mosty|G|
inneighbours inX* and every vertex inX™ has at mosty|G| outneighbours inX~. Now,

T, — Ta is aforest ony > | X*|/2 + an vertices in which each component has order at most
n/A by Proposition 2.19(iv). So by repeatedly deleting a sowentex of 7} — Tx, we may
obtain a subforest™ on betweenX *|/2+ 2an/3 and| X *|/2 + an vertices. SQF | > 6an,

and each component 6" has order at most/A < |F|—3an. Let '™ := T — ['~, so every
edge ofT" betweenF~ and F'* is directed fromF'~ to F'*. Since|X*| + | X~ | > (1 — v)|G|

by (i), we have

Xt 2an _|X7| an

Frl=n—|F* <n- 21 20m - —.

[Fol=n— I <n - = 3 5 5

So|X~| > 2|F |+ an, and|X*| > 2|F*| — 2an, and soG contains a copy of" by
Lemma 3.28(i). If insteadZ \ S;|] > 1lan thenG contains a copy of” similarly. This

proves the claim.

We may therefore assume that\ S;| < 1lan and|Y \ ;| < 11an. Suppose first that= ;.
Then|S;| > (1—7)|G|—22an > (2—a')n, so by (iii) G[S;] is a robust i, v)-outexpander with
8°(G[S:])) = n|G| = n|S;|. ThusG contains a copy of’ by Lemma 2.32. Now suppose instead
thati # j, and also thattX | < 12a’n. Then|S;US;| > (1—7)|G|—|X|—22an > (2—13a/)n.
Now if |S;| < v|G

, then we must haveS;| > (2 — 14a/)n. Then by (i) G[S;] must be a
robust(, v)-outexpander with°(G[S;]) = n|G| > n|S;|, soG[S;] contains a copy of" by
Lemma 2.32. Alternatively, ifS;| < v|G| thenG|[S;] contains a copy of” similarly. Finally,
if [S;,15;| = v|G|, then by (iii) G[S;] andG[S;] must both be robusi:, v)-outexpanders with
°(G[S:]) = |G| = n|S:| andd°(G[S;]) = nl|S;|. Also, by (ii) every vertex ofS; has at
mosty|G| inneighbours inS;, and every vertex af; has at most|G| outneighbours irb;. So

G|[S; U Sj| contains a copy of’ by Lemma 3.29.
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So we may assume that# j, and also thatX| > 12a/n. We next consider two cases for the

size of X, in each case showing thaAtmay be embedded if¥.

Case 1:|X| > (1 + a)z.

Since by Proposition 2.19(iii) we hav&(7A) < A, by Theorem 1.5(2) we may emb&d

in G[X]. Let X’ C X consist of the vertices occupied by this embedding. Nowiiipgvyery
vertex of X’ has at mosty|G| inneighbours inY’, and hence by (3.32) at leagt an/2 out-
neighbours inY”. Since by Proposition 2.19(iv) every componenflpf— T'x has order at most
n/A, by Lemma 3.3(c) we may extend the embeddin@0fn G[X’] to an embedding df; in
G[X'UY]. Similarly by (ii) every vertex ofX’ has at mos{/|G| outneighbours irZ, and hence
by (3.32) at least + an/2 inneighbours inZ. Since by Proposition 2.19(iv) every component
of T, — TA has order at most/A, by Lemma 3.3(c) we may extend the embedding ofin
G[X'] to an embedding df; in G[X’ U Z]. Since these embeddingsBf and7; only overlap

in Tx, they together form an embeddingBfin G.

Case 2:|X| < (1 + a)z.

Observe that ifZ| < 2z + an and|Y'| < 2y + an, then by (i) and the fact that= |TA| > (n

we have

IX|> 1 —=)|G|—|Z] - Y| =2n—22z—2y —3an > 2z — 3an > (1 + o)z,

contradicting our assumption on. So at least one ¥ | > 2z + an and|Y'| > 2y + an must

hold. This gives us three further cases, which we considqeragely.

Case 2(a):|Z] > 2z + an, |Y| < 2y + an.
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In this case it is sufficient to embél} in G[X U Z]. Indeed, by (ii) every vertex ok U Z
has at mosty|G| inneighbours inY’, and therefore by (3.32) at leagt+ an/2 outneighbours
in Y. Since by Proposition 2.19(iv) every componentlof- T, has order at most/A, any
embedding of;, in G|.X U Z] can be extended to an embedding/oih G by Lemma 3.3(c).

Now, if | X U Z| > 2|T5| + 2an, then we may embed, in G|X U Z] by Theorem 1.5(1). So

we may assume thak U Z| < 2|T5| 4+ 2an. Also, by (i) we have
IXUZ|l > (1 —=9)|G| = Y] >2n—-2y—2an =2z + 2z — 2an = 2|T3| — 2an.

So|X U Z| = 2|Ts| &+ 2an. In particular, sinceéTy| > |Ta| > (Bn, we havelX U Z| > fn
By repeatedly deleting a source vertexf, we may form a fores¥' which is an induced
subgraph off'A (consisting of the undeleted verticesii{) so that every edge betweé&R — F'
andF is directed fronl's to F', and also so that

X1 | 2175

X X
2 3

9 +O/|T2|.

< |F| <

Let '~ :=T, — F'. Then

- (X|  22T3] _ |Z] [T
= - < - S 5 — -
[F7[ = |Ta] — |F| < |13 5 3 5 5
So|X| = 2|F| — 2/ |Tx| and|Z]| > 2|F~| + &/|T3|. Also, | F| > | X|/2 > 6&/|T5|, and since”
is a subtree oflx, by Proposition 2.19(iii) each componefitof /" hasA(C') < A. Since
by (ii) every vertex ofX has at most/|G| < 2v|X U Z|/ outneighbours iz and every vertex
of Z has at most/|G| < 2v|X U Z|/3 inneighbours inX, G[X U Z] contains a copy df;, by

Lemma 3.28, as required.

Case 2(b):|Z| < 2z + an,
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In this cas€l’ may be embedded i@ by the same method as in the previous case, with the roles
of inneighbours and outneighbours switched. So we begimiyeelding?; in G[X U Y], and

then use Lemma 3.3(c) to extend this embedding to an embgddifiin G.

Case 2(c):|Z| > 2z+ an, |Y]| > 2y + an.

In this case, we partitiol” into three forests as follows. Initially takE~ to be the forest
formed by all incomponents @f\, andF'* to be the forest formed by all outcomponent§af
Then select a source vertex 0k, delete it from7T, and add it toF'~. Repeat this step until
2|F~| 4+ an < |Z] < 2|F~| 4 2an. Next, select a sink vertex dfa, delete it fromZ’a and add
itto F™. Repeat this step unt¥| F*| + an < |Y| < 2|F*| + 2an. Then letF consist of all

vertices remaining ifia. SO F' is a subgraph of'A. Also, by (i)

Y A X
|Fl=n—|F~| - |F"| <n—%—%+2an<%+3an,

so (sincg X| > o'n) | X| > |F| + an. We embed the components Bf , ' and F'* in turn
amongst the vertices df, X andY respectively. Indeed, the proof is similar to the proof of

Lemma 3.4, but with three forests instead of two.

LetCy,...,C, be the components df—, I and F'*, ordered so thaf’, is a component of”,

and for eachi € [s — 1], C;;; has precisely one neighbourd U- - - U C;. We embed thé’; in

turn, so that each component Bf is embedded ifi7[Z], each component af' is embedded

in G[X], and each component éf" is embedded iiiz[Y]. We also require that after each

is embedded, the embeddingsd@f, . . . , C; together form an embedding (& of the subtree

of T induced by the vertices af', ..., C;. So suppose that we have successfully embedded
C1,...,C;_1 inthis manner, and we now wish to extend this embedding todsc”;. Then if

1 > 2, there is precisely one edgeBfbetweenC; andC; U - - - U C;_4. Lett be the endvertex

of this edge inC; U --- U C;_1, and letv be the vertex to which was embedded. If; is a
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component o', theni > 2, the edge betweenand(; is directed towardsandv € X U Y.
So we may letS consist of the inneighbours ofin Z. Then by (ii) we haveS| > |Z| — v|G|.
Let S” C S consist of the unoccupied vertices®f Since at mostZ’~| — |C;| vertices ofS are

occupied by the embeddings©f, . .., C;_1,
5] > |Z] = 4|G| = |[F7| +|Ci| > 2|Ci| + 0‘7”

So if |C;] < an/2 thenG[S'] contains a copy of ' by Theorem 1.2, and iiC;| > an/2 then
G[S'] contains a copy df’ by Theorem 1.5(1). Alternatively, if’; is a component of'*, then
1 > 2, the edge betweenhand(; is directed toward§’; andv € X U Z. So we may letS
consist of the outneighbours ofin Y, and letS’ C S consist of the unoccupied vertices f
Then we may embed’; in S’ by the same argument as used wliéris a component of"—.
Finally, suppose that; is a component of’. Then ifi > 2 andt € F'*, let S consist of the
inneighbours oby in X. If instead: > 2 andt € F'—, let S consist of the outneighbours of
in X. If i = 1thenletS = X. Then by (ii) we haveS| > | X|—~|G|. AgainletS’ C S consist
of the unoccupied vertices 6f Then it suffices to embed; in G[S’]. Since at mositF'| — |C;|
vertices have been embeddedSinwe have|S’| > |X| — v|G| — |F| + |C;| = |Cs| + an/2.
Now, C; is a subtree of o, SOA(C;) < A by Proposition 2.19(iii). So ifC;| > an/4, then
G[S'] contains a copy of’; by Theorem 1.5(2). On the other hand|Gf| < an/4, thenG[S’]
contains a copy of’; by Theorem 1.2. So in any case we may embgds desired, completing

the proof. O
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CHAPTER 4

LOOSEHAMILTON CYCLES IN UNIFORM

HYPERGRAPHS

In this chapter we prove Theorem 1.10, which is restatedd&loease of reference.

Theorem 1.10For allk > 3 and anyn > 0 there exists, so that ifn > ny then anyk-graph

H onn vertices with(H) > (ﬁ + n)n contains a loose Hamilton cycle.

4.1 Extremal examples

Before proceeding to the proof of Theorem 1.10, in this sectve present the constructions
which show that Theorems 1.9, 1.10 and 1.11 are each besblgosgp to the error termn.

These constructions are well known, but we include them fogreompleteness.

The following proposition shows that, [k — ¢)|k, then Theorem 1.9 is best possible up to the
error termnn. By aperfect matchingn a k-graph, we mean a set of disjoint edges &f

whose union contains every vertexkif
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Proposition 4.1 For allk > 3,1 < ¢ < k — 1 and everyn > 3k such thatk — ()|k andk|n
there exists &-graphH onn vertices witho(H) > 5 — k which does not contain a Hamilton

¢-cycle.

Proof. Choose; — 1 < a < 5 + 1 so thata is odd. LetV; andV; be disjoint sets of size
andn — a respectively, and let. be thek-graph on vertex sét = V; U V5 and with all thosé:-
element subsets of VV such thatSNV; | is even as edges. Thé(H) > min(a,n—a)—k+1 >
5 —k. Now, any Hamiltor/-cycleC' in H would contain a perfect matching, consisting of every
ﬁth edge ofC. Every edge in this matching would contain an even numbeexioes froml/;,

and sg/V;| would be even. Sincg/;| = a is odd,H cannot contain a Hamiltoficycle. O

A recent construction of Markstrom and Rucihski ([35]p®fs that Proposition 4.1 still holds
if we drop the requirement that | n. Part (i) of the next proposition gives a lower bound on
the minimum degree required to guarantee thatgraph onn vertices contains a Hamilton
cycle (of any kind). In particular, this shows that Theorer0Olis best possible, up to the error
termnn. Likewise, part (ii) shows that Theorem 1.11 is best possibbain up to the error

termnn.

Proposition 4.2 For all integers: > 3,1 < { < k — 1 and everyn > 2k — 1,

(i) there exists &-graphH onn vertices withy(H) > |5 — 1 which does not contain a

Hamilton cycle.

(i) there exists d&-graphH' onn vertices withé(H') > [——<-——=| — 1 which does not

(5=

contain a Hamiltori-cycle.

Proof. For (i), letV; andV; be disjoint sets of sizf5;"5 | — 1 andn — [ 55| + 1 respectively.

Let H be thek-graph on vertex sét’ = V; U V, whose edges are all thogesets of vertices
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which contain at least one vertex from. ThenH has minimum degre&’H) = [55] — 1.
However, any cyclic ordering of the vertices Af must contairkk — 2 consecutive vertices
vy, ..., Va_o from V5, but thenv,_; andv, cannot be contained in a common edge consisting
of k consecutive vertices, and $bcannot contain a Hamilton cycle.

For (ii), leta := [—/2

m} — 1 and formH’ as in (i), with disjoint vertex set8} andV; of
k—2¢

sizesa andn —a respectively. Thea(H') = a. However, arf-cycle onn vertices has./(k —¥¢)
edges and every vertex on such a cycle lies in at fidsf] edges. Sincé X, |V/| < n/(k—¢),

‘H' cannot contain a Hamiltoficycle. O

4.2 Outline of the proof of Theorem 1.10

In our proof of Theorem 1.10 we construct the loose Hamiltpelecby finding several paths
and joining them into a spanning cycle. Heré-graphP is apathif its vertices can be given

a linear ordering such that every edgefotonsists ofc consecutive vertices, and so that every
pair of consecutive vertices d? lie in an edge ofP. Similarly as for cycles, we say that a
path P is looseif edges of P intersect in at most one vertex. The ordering of the vertife3
naturally gives an ordering of the edgesiof We say that any vertex a? which lies in the
initial edge of P, but not the second edge 6% is aninitial vertex Similarly, any vertex ofP
which lies in the final edge aP but not the penultimate edge idinal vertex Also, we refer to
vertices of P which lie in more than one edge éfaslink vertices So a loose patl? hask — 1

initial vertices,k — 1 final vertices, and one link vertex in each pair of conseeutidges.

In Section 4.3, we introduce various ideas we need in thefmdheorem 1.10. In particu-
lar, we state an analogue of the Szemerédi regularity lefomlaypergraphs due to Rodl and
Schacht[41] and Theorem 4.5 due to Keevash [23]. The lattetighes a useful way of applying

the hypergraph blow-up lemma. In Section 4.4, we prove varauxiliary results, including a
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result on finding loose paths in complétgartite k-graphs, and an approximate minimum de-
gree condition to guarantee a near-perfect packing efith a particulark-graph.A,. Finally,

in Section 4.5 we use the regularity method to prove Theord® 4s follows.

4.2.1 Imposing structure onH

We begin in Section 4.5.1 with the following steps, whichrespond to those in the description

of the regularity method in the introduction.
1. We apply the hypergraph regularity lemma to partitionwbeex set off{ into clusters.
2. Next, we define a suitable ‘reduckdyraph’ R of H, as discussed in the introduction.
3. We find copies of a suitable auxiliakygraph.4, covering almost all vertices ag.
We use this structure of the reduced@raphR to find a Hamilton cycle ind. In the remaining
part of Section 4.5.1, we split the subgraph of H corresponding to each copy of,. in R
into the same number of vertex-disjoikipartite k-graphsH* on vertex sets\’. These are
suitable for embedding almost spanning loose paths (tles sizthe vertex classes of eafh
are chosen to meet this condition). We also form an ‘excaptidoose path.. which contains

all of the vertices offf not contained in any of th& (actually, if [V (H)| is not divisible by

k — 1, thenL, contains two consecutive edges which intersect in moredharvertex).

4.2.2 The linking strategy

To complete the proof, in Section 4.5.3 we use the structupmsed o to find a Hamilton

cycle in H by the following process.
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(@)

(b)

(©)

(d)

Thek-graphsH® are connected by means of awélk= ¢,, .. ., e, in the ‘supplementary
graph’. This graph (which we define in Section 4.5.2) haseest, . . ., ¢’ corresponding

to thek-graphsH®.

Using Lemma 4.19, each edggeof IV is used to create a short ‘connecting’ loose path

L; in H joining two differentH’s.

L. and the pathd.; are extended to ‘prepaths’ (these can be thought of as a pattsm
an initial vertex and a final vertex); = IoL.Fy andL; = [;L;F;, wherely, F, and all

I;, F; are sets of sizé — 2. These prepaths have the property that there are largé;sets
andF} such that.; can be extended to a loose path by adding any vertéxaxf an initial
vertex and any vertex df; as a final vertex. Similarly there are large skts and F; so
that L} can be extended to a path by adding any verte gfas an initial vertex and any

vertex of F; as a final vertexI}, ; andF; both lie in the saméf’ (for all j = 0,..., ¢).

For eachH" and for all those pairg; , |, F; which lie in H*, we choose a loose pat} , |
inside H* from Fito I}, . For each, we use the hypergraph blow-up lemma (in the form
of Theorem 4.5) to ensure that together all thé$evhich lie in H* use all the remaining

vertices ofH".

(e) The loose Hamilton cycle is then the concatenafiph| L ... L, L;L;_,.

4.2.3 Controlling divisibility

Note that the number of vertices of a loose path isiodulok — 1. So in order to apply

Theorem 4.5 to obtain spanning loose paths in a subgragi’ofve need this subgraph to

satisfy this condition. So we choose our paths sequent@batisfy the following congruences

modulok — 1.

(@) L. is chosenwithV (H) \ V(L.)| = —1.
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(b) LetX'(j—1) be the subset ok* obtained by removin§' (L, ), ..., V(L;_1). (All the X*
are disjoint froml/(L.).) Letd; be the number of times th&it" visits ‘. When choosing
L;, for every X" it traverses (except the final one) we arrange to intet§éct — 1) in a
set of size= ¢;(j) = | X*(j —1)| +d; (the size moduld — 1 of the intersection of.; with
the final X' it traverses is then determined by the sizes of the othersie¢gions). The
choice ofL. in (a) ensures that after all; have been picked, the remaining part(¢) of

X' has size= —d;.

(c) EachL; is extended to a prepatly by adding/; and F;. Similarly, L. is extended into a

prepathL; by addingl, and F;,. Now the remaining part ok has size= d;.

(d) Itremains to seleat; pathsL’ within eachX': each uses: 1 vertices, so the divisibility

conditions are satisfied.

4.3 Regularity and the blow-up lemma

4.3.1 Graphs and complexes

A hypergraphH consists of a vertex sét(H) and an edge set(H), where each edge
satisfiese C V(H). In particular, ak-graph is a hypergraph in which every edge has &ize
A hypergraphH is a k-complexif every edge has size at moktand H forms a simplicial
complex,.e.if e; € H ande; C e; thene, € H. Throughout Chapter 4, we frequently identify
a hypergraphd with its edge set, writing € H if e is an edge off and using /| to denote

the number of edges df .

We say that a hypergraphi is r-partiteif its vertex setX is divided intor parts Xy, ..., X, so
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that for any edge € H, |en X;| < 1 for eachi. We call theX; thevertex classesf H and say
that the partitionXy, ..., X, of X is equitableif every X; has the same size. A sdtC X is

r-partiteif |AN X;| < 1for eachi. So every edge of artpartite hypergraph is-partite. In the
same way we considerpartite k-graphs and-partite k.-complexes. Given &-graphH, we

define ak-complexH s = {e;: e; C e; ande, € H} and ak—1)-complexH< = {e;: ¢; C e,

ande, € H}. Conversely, for &-complexH we define the:-graphH_ to be the ‘top level’ of
H,i.e. H.={c€ H: |e| =k}. (HereV(H) = V(HS)=V(H<)=V(H-).)

Given ak-graphG and a setl’ of vertices ofGG, G[IV]| denotes the sub-graph ofG obtained
by removing all vertices and edges not containetlir(in this case, we sa§ is restricted to

W). For ak-graphG and a subk-graphH C G write G — H for G[V(G) \ V(H)].

Now, let X1, ..., X, be disjoint vertex sets, and 1&f = X; U--- U X,. GivenA € (Q) we
write K 4(X) for the completg A|-partite | A|-graph whose vertex classes are all fliewith
i € A. Theindexof anr-partite subse$ of X isi(S) = {i € [r] : SN X; # 0}. Furthermore,
given any sets C i(S5), we write Sg = S N |J,c5 Xi. Similarly, givenA ¢ (g) and an
r-partitek-graph ork-complexH on vertex sefX we write H 4 for the collection of edges i
of index A and letH, = {0}. In particular, if 7 is ak-complex thenH;, is the set of all those
vertices inX; which lie in an edge off (and thus form a (singleton) edge Hf). In general,
we often viewH 4 as an| A|-partite| A|-graph with vertex seX 4. Also, given ak-complexH
we similarly write H < = g, Hp and Ha< = Up 4, Hp. We write I} for the |A|-graph
whose edges are thosgartite setsS C X of index A for which all proper subsets ¢f belong
to H. (In other words, a sef with index A satisfiesS € H* if and only if for all j < |A| the
edges ofH which have sizg and are subsets ¢f form a completej-graph on|S| vertices.)
Then therelative density of{ at indexA isd,(H) = |Hal|/|H}|. Theabsolute density off 4
isd(Hy) = |Hal|/|Ka(X)|. (Note that| K 4(X)| = [[,c, | Xi|.) If H is ak-partite k.-complex

we may simply writed(H) for d(Hy,). Similarly, thedensityof a k-partite k-graph ' on
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X =X,U- - UXyisd(H) = [H|/|Ky(X)].

Finally, for any vertexv of a hypergraphi, we define thevertex degreel(v) of v to be the
number of edges off which containu. Note that this is not the same as the degree defined
earlier, which was for sets d@f — 1 vertices. Themaximum vertex degred a hypergraph is

the maximum ofi(v) taken over all vertices of H. Thevertex neighbourhootf N (v) of v is

the set of all vertices, € H for which some edge aoff contains both: andv. For ak-partite
k-complexH on vertex setX; U - - - U X}, we also define thaeighbourhood compleX (v) of

a vertexv € X; for somei to be the(k — 1)-partite (k — 1)-complex with vertex set);_, X

and edge sefte € H : eU {2z} € H}.

4.3.2 Regular complexes

In this subsection we define the concept of regular compléxbich was first introduced in
the k-uniform case by Rodl and Skokan [43]) in the form used byllRind Schacht [41].
This is a generalisation of the concept of regularity in giapRoughly speaking, we say that
a k-complexG is regular if the restriction o€z to any large subcomplex of lower rank has
similar densities t@~. More precisely, leG be anr-partite k.-complex on the vertex set =

X, U---UX,. Forany4 € (g) we say thats, is e-regular if for any H C G 4< with

|H%| > €|G*| we have

|Gan Hj|
1Ga DAL _ g,(0) +e.
| H 4]

We say(G is e-regular if G4 is e-regular for everyA < (Q) To illustrate the definition for
k = 3, suppose thatl = [3]. Then for instance the top level 6fjy is the bipartite subgraph
of G induced byX; and X, andG” is the set of (graph) triangles d. So roughly speaking,
the regularity condition states that if we consider a suplgraf G5 U G133 U G231 Which
spans a large number of triangles, then the proportion cltlénich also form an edge 6f,

is close tad 4 (G), i.e. close to the proportion of (graph) trianglesGinbetweenX;, X, and X3
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which form an edge of-.

Roughly speaking, the hypergraph regularity lemma statgsan arbitrary:-graph can be split
into pieces, each of which forms a regukacomplex. The version of the regularity lemma we
use also involves the notion of a ‘partition complex’, whislta certain partition of the edges of
a completé:-complex. As before, leK = X; U- - - U X, be anr-partite vertex set. Apartition
k-systemP on X consists of a partitio, of the edges of< 4(.X) for eachA € (g) We refer
to the partition classes df, ascells. So every edge ok 4(.X) is contained in precisely one cell
of P4. P is apartition k-complex onX if it also has the property that wheneverS” € K4(X)

lie in the same cell of?4, we have thatSz and.S’; lie in the same cell o for any B C A.
This property ofS, S’ forms an equivalence relation on the edges<af(.X ), which we refer
to asstrong equivalenceTo illustrate this, again suppose that= 3 and A = [3]. Then if

P is a partitionk-complex, Py, Ppoy and Prsy together yield a vertex partitio@, refining
X1, X0, X3. @1 naturally induces a partitio, of the3 complete bipartite graphs induced by
the pairsX;, X;. P9, Ppsy and Py 3 also yield a partitior), of these complete bipartite
graphs. The requirement of strong equivalence now imptias®,, is a refinement of),. At
the next level();, naturally induces a partitio; of the set of triples induced h¥,, X, and X.

As before, strong equivalence implies that the partitipn, 5, of these triples is a refinement

of Q3.

Let P be a partitiork-complex onX = X; U--- U X,. Fori € [k], the cells ofP;, are called
clusters(so each cluster is a subset of soMmg. We say that” is vertex-equitabléf all clusters

have the same size? is a-boundedf |P4| < a for every A (i.e. if K4(X) is divided into at

X

mosta cells by the partition”,). Also, for anyr-partite set)) € ( <k

), we write Cy, for the
set of all edges lying in the same cell Bfas(), and writeC< for the r-partite k-complex
whose vertex set i and whose edge setlig, -, Cq. (SinceP is a partitionk-complex,

Co< isindeed a complex.) The partitidrcomplexP is e-regularif C< is e-regular for every
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r-partite € (2,).

Given a partitionk — 1)-complexP on X andA € ([Z]), we can define an equivalence relation
on the edges oK 4 (X ), namely thatS, S’ € K 4(X) are equivalentif and only iz andS}; lie

in the same cell o’ for any strict subseB C A. We refer to this asveak equivalenceNote
that if the partition compleX is a-bounded, therk 4 (X) is divided into at most* classes by
weak equivalence. If we l&¥ be anr-partitek-graph onX, then we can use weak equivalence
to refine the partitio G4, K4(X) \ Ga} of K4(X) (i.e. two edges ofz,4 are in the same
cell if they are weakly equivalent and similarly for the edgmt inG 4). Together withP, this
yields a partitiork-complex which we denote b¥[P]. If G[P] is e-regular then we say that

is perfectlys-regular with respect ta”. Note that ifG|P] is e-regular thenP must bes-regular

too.

Finally, we say that-partitek-graphs and H on X arev-closeif |GAAH 4| < v|K4(X)| for

everyA € ([,’j), i.e.if there are few edges containedGhbut not in H and vice versa.

The version of the regularity lemma which we use to split étgraph H into regulark-
complexes actually states that there is s@anaggaphG which is close tad and which is regular
with respect to some partition complex. This is sufficiemtdar purposes, as we avoid the use
of any edges itz \ H, so every edge used lies in bathand 4. There are various other forms
of the regularity lemma fok-graphs which give information off itself (the first of these were
proved in [43, 13]); we use one such form in Chapter 5. Howebhesse versions do not have
the hierarchy of densities necessary for the applicatioth@folow-up lemma (see [23] for a
fuller discussion of this point). This version is due to Radd Schacht [41] (actually it is a

very slight restatement of their result).

Theorem 4.3 (Theorem 14, [41])Suppose integers, a, r, k and reals, v satisfyl /n < ¢ <
1/a < v,1/r,1/k and where!r dividesn. Suppose also thaf is anr-partitek-graph whose

vertex classeX, ..., X, form an equitable partition of its vertex s€t where| X| = n. Then
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there is am-bounded:-regular vertex-equitable partitiaik — 1)-complexP on X and an

r-partitek-graphG on X that isv-close toH and perfectly-regular with respect t& .

One important property of regular complexes is that theyaiamegular when restricted to a
large subset of their vertex set. For regutgpartitek-complexes this property is formalised by

the following lemma, a special case of Lemma 6.18 in [23]:

Lemma 4.4 (Restriction of regular complexes)Supposd) < ¢ < ¢/ € d € ¢ < 1/k,
and thatG is ane-regulark-partite k-complex on vertex sek = X; U --- U X such that
Gy = X, for eachi andd(G) > d. LetW be a subset oK such thatW N X;| > c|X;|
for eachi. Then the restrictioi:[W] of G to W' is €’-regular, withd(G[W]) > d(G)/2 and
diy(GIW]) > dpy(G) /2.

4.3.3 Robustly universal complexes

Apart from Theorem 4.3, the other main tool we use in the poddiheorem 1.10 is the recent
hypergraph blow-up lemma of Keevash. This result involvasamly ak-complexG, but also
a k-graphM of ‘marked’ edges on the same vertex set. If the p&ir)/) is ‘super-regular’,
then this blow-up lemma can be applied to embed any spanmingded-degreg-complex in
G\ M, i.e.within G but avoiding any marked edges. We apply this with= G \ H where
G is thek-graph given by Theorem 4.3. Super-regularity is a strongéon than regularity. A
result in [23] states that everyregulark-complex can be made super-regular by deleting a few
of its vertices. Unfortunately, the notion of hypergraplpeuregularity is very technical, but
the following definition avoids many of these technicatitid_et ./’ be ak-partite k-complex.
Roughly speaking, we say thdt is robustly D-universal if the following holds: even after
deletion of many vertices of, the resulting complex has the property that one can findjira

copy of anyk-partitek-complexLZ which has vertex degree at mdstand whose vertex classes
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are the same as those 6f Condition (i) puts a natural restriction on the number atices
we are allowed to delete from the neighbourhood complex argex of G’ and condition (iii)
states that for a few verticesof L we can even prescribe a ‘target set'Ghinto whichu is

embedded.

Definition. (Robustly universal complexesSuppose thaf’ is ak-partitek-complex onV’ =
ViU---uViwith Ji,, = V/ for eachi € [k]. We say thatl" is (c, co)-robustly D-universalif
whenever

(i) V; € V] are sets withV;| = ¢[V}| for all j € [k], such that writingl” = (J,.,, V; and

jelk
J = J'[V] we havelJ(v)=| > ¢|J'(v)=| forany; € [k] andv € V},
(i) L is a k-partite k-complex of maximum vertex degree at mdston some vertex set

U=U,U---UU with [U;] = |V;| for all j € [k],

(iii)y U, C U satisfies|U, N U;| < ¢|X;| for everyj € [k], and setsZ, C V;(u) satisfy

| Zu| = c|Viw)| for eachu € UL,

then J contains a copy of, in which for eachj € [k] the vertices ofU; correspond to the

vertices ofl/;, andu corresponds to a vertex &f, for everyu € U..

So our use of the blow-up lemma is hidden through this dedimitOf course, we need to obtain
robustly universal complexes. This is the purpose of the tleeorem, which states that given
a regulark-partite k.-complexG with sufficient density, and &-partitek-graphM on the same
vertex set which is small relative tG, we can delete a small number of vertices from their
common vertex set so thé&t \ M is robustly universal. It is a special case of Theorem 6.32

in [23].

Theorem 4.5 (Theorem 6.32, [23])Suppose that/n <€ ¢ € ¢ € d* € d, € 0 <

d,c,1/k,1/D,1/C, G is ak-partitek-complex onV = V, U --- UV, withn < |G| =
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\V;| < Cn for everyj € [k], G ise-regular withd;) (G) > d andd(Gp) > d,, andM C G-
with [M| < 6|G-|. Then we can delete at moxt*/?|V;| vertices from eacl; to obtain

V' =V/,...,V],G" = G[V') andM’' = M[V"] such that

() d(G") > d* and|G'(v)=| > d*|G_|/|V/| for everyv € V!, and

(i) G'\ M'"is (¢, co)-robustlyD-universal.

4.4 Preliminary results

In this section we collect the preliminary results we neegrtmve Theorem 1.10. In order to
apply Theorem 4.5, we need to know under what conditions wdind particular loose paths

in completek-partitek-graphs, which is the topic of the next subsection.

4.4.1 Loose paths in complete graphs

The problem of when we can find particular loose paths in a ¢et@p-partitek-graph can be
reformulated in terms of the question of which strings $ytig certain adjacency conditions

can be produced from a fixed character set; the following lansthe result we need.

Lemma 4.6 Let? anday, . .., a; be integers such that< a; < ¢/2 for all i, andl = Zle a;.

Then for anya,b € [k| there exists a string of lengthon alphabet:, ..., z; such that the

following properties hold:

(1) no two consecutive characters are equal,

(2) the first character is nat, and the final character is nog,
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(38) the number of occurrences of charaatgis a;.

Proof. Note that the conditions ofiand thea; imply that/ > 3. We construct the required
string by starting with an ‘empty string’ dfblank positions, and for eaclinserting precisely;
copies of character;. This ensures that condition (3) is satisfied. We fill the gnpuaisitions in
the following order: first the first position, then the thiedhd so on through the odd-numbered
positions, until we reach either positidnor position/ — 1 (dependent on whethéris odd
or even). We then fill the second position, then the fourtld sm on until all positions are
filled. Note that if we proceed by inserting all copies of ofm@cter, then all the copies
of another character, and so forth, then condition (1) messdtisfied. This is because to
get two consecutive copies of, we must have inserted a copy of at some odd positiop,
thenp+2, p+4, and so on until reachingor /—1, and then filled even positioRs4, 6, . .., p—1.
However, this would imply that we had inserted at |gd&tcopies of charactet;, contradicting

the fact that; < ¢/2.

We therefore only need to determine an order to insert tiierdiit characters so as to satisfy (2).
We first consider the case+# b, saya = 1 andb = 2. In this case we inseft; first, z; last, and
the remaining character blocks in any order in between.ryl#as prevents the first character
from beingx; and the last from being,, and so (2) is satisfied. Now we may assume b, say

a = b= 1. Then if/ is odd, we insert the characters in the following order;zs, . . ., ), 1.
Then all the copies of; must be in even positions (sineg < ¢/2), and so (2) is satisfied.
Alternatively, if ¢ is even, we insert first; for some; # 1 with a; > 0, thenz,, and then the
remaining blocks of characters in any order. (Note thatdlesude at least one character since
¢ > 3 anda; < ¢/2imply that at least threehavea; > 1.) So neither the first nor last character

can ber,, and so (2) is again satisfied. O
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The next lemma is the result we were aiming for in this se¢tving information about which
loose paths can be found in complétpartitek-graphs. Note that the maximum vertex degree
of a loose path is two, and so this lemma tells us when we carafiodse path in a robustly

universal complex.

Lemma 4.7 Let G be a completé-partitek-graph on vertex séf; U - -- U V. Letby, ..., b

be integers witl) < b; < |V;| for eachi. Suppose that

o n:= (X5, b) — 1) is an integer,

e 2+ 1< b <nforalli.

|3

Then for anya, b € [k], there exists a loose path@with an initial vertex inV,, a final vertex

in V4, and containing; vertices fromV; for eachi € [k|.

Proof. Note first thatn is the number of edges such a path must contain.al.et n — b; for
eachi, so thatd < a; < (n — 1)/2. By Lemma 4.6 we can find a string of lengthn — 1

on the alphabet;, V4, . .., V, such thatl; appears:; times, no two consecutive characters are
identical, the first character is nb} and the final character is nb}. Let S; be theith character

of S. To construct a loose path in G, first choose any vertex from, to be the initial vertex

of P, and any vertex fron, to be the final vertex oP. We also us& to choose the link vertices

of P: choose théth link vertex {.e. the vertex lying in the intersection of thith and(: 4 1)th
edges ofP) to be any member of; not yet chosen. We have now assigned two vertices to each
edge ofP. Finally, we complete” by assigning to each edge one as yet unchosen vertex from
each of thek — 2 classes not yet represented in that edge. This is possilale grecisely:; link
vertices are from the cladg and so the total number of vertices used froms n — a; = b;.
Since( is complete we know that each edgefis an edge of~7, and soP is a loose path

satisfying all the conditions of the lemma. O
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4.4.2 Walks and connectedness ikrgraphs

A walk W in a hypergraph consists of a sequence of edggs. . ., e, of H and a sequence
X, - . ., z¢ Of (Ot necessarily distinct) vertices &f, satisfyingz,_, # z; for all i € [¢], and
alsoxg € ey, x4 € e, andx; € e; Ne;yq foralli € [¢ — 1]. Thelength ofiV is the number of its
edges. We say that, is theinitial vertex of\W, x, is thefinal vertex ofiV/, and thatr,, . .., z,_¢
are thdink vertices ofi/’. By awalk fromx to y we mean a walk with initial vertex and final

vertexy.

Note that the vertices of a hypergraphcan be partitioned using the equivalence relatign
wherex ~ y if and only if eitherz = y or there exists a walk fromto y.We call the equivalence
classes of this relatiooomponent®f H. We say thatH is connectedf it has precisely one
component. Observe that all vertices of an edgé& ahust lie in the same component.Finally,
note that ifH is a connected hypergraph of orderthen for any two vertices, y of H we can

find in a walk fromzx to y of length at most: in H.

4.4.3 Random splitting

In this section we obtain, with high probability, a lower Imolon the density of a subgraph of a
k-partite k-graph chosen uniformly at random. We use Azuma'’s inequatitthe deviation of

a martingale from its mean.

Lemma 4.8 (Azuma [3]) Suppos€,, ..., Z,, is a martingale,.e. a sequence of random vari-
ables satistyin®(Z; 1 | Zo, ..., Z;) = Z;, and thatZ; — Z;_,| < ¢; for some constants and

alli € [m]. Then for any > 0,

t2
P(|Zy — Zo| > ) < 2 ).
( ol > 1) eXp( 222-:1@2)
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Lemma 4.9 Supposéd /n < ¢,3,1/k,1/b < 1, and thatH is ak-partitek-graph on vertex set
X =X, U---UXy, wheren < |X;| < bn for eachi € [k]. Suppose also thdt has density
d(H) > c and that for eachwe have3| X;| < t; < |X;|. If we choose a subs&t; C X; with
|W;| = t; uniformly at random and independently for eachnd letWV = W, U - --U Wy, then
the probability thati[W] has densityl(H[W]) > ¢/2 is at leastl — 1/n*. Moreover, the same

holds if we choosé&V; by including each vertex oX; independently with probability; /| X;|.

Proof. Let m = | X|. To prove the first assertion, we obtain our sub$gBtsC X; through the
following two-stage random process, independently fohéad-irst we assign the vertices of
eachX; into setsX! and X? independently at random, with each vertex being assignéd to

with probability ¢;/| X;|, and assigned t&? otherwise. Then, in the (highly probable) event

that we have X!| # t; we select uniformly at random a set of vertices to transféwben X
and X? to obtain fromX the seti¥; with |IW;| = ¢;. For each, no subsetV; C X; of sizet; is
more likely to result from this process than any other, so agelthosen eadl; uniformly at
random. It remains to show that[1V] is likely to have high density. We do this by noting that
H[X"is likely to have high density (wher&' = X{ U---U X}) and that with high probability
we only need to transfer a small number of vertices to fovim= W; U - - - U W}, which can

have only a limited effect on the density.

More precisely, let:, ..., z,, be an ordering of the vertices of, and for each € [m] let
the random variabl®; take the value 1 if;; € X!, and 0 otherwise. Recall that we writH |
to denote the number of edges oftaraphH. For alli = 0,...,m we now define random
variablesZ; by Z; = E(|H[X]| | Y1,...,Y;). Then as we formed eacti’ by assigning vertices
of X; independently at random int§! and X?, the sequencg, ..., Z,, is a martingale, and
we haveZ,, = |H[X!]| andZ, > c]_[f:1 t;. Also, for any vertexz;, let f(i) be such that

x; € Xyqy (e, f(i) is the index ofr;). Then|Z; — Z; 1| < [z [X5] < (bn)* for all
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i € [m]. Thus we can apply Lemma 4.8 to obtain

k 27T7F 42
C ot N 1
P<|Zm—Zo\>cH%><2exp< Il )g—.

32mb2k—2n2k—2 n3

Therefore the event thd{ H[X']) > 3c/4 has probability at least— 1/n3. Also, by a standard
Chernoff bound, for each € [k] the event thatX}| = ¢; + | X;|*/® has probability at least

1 —1/n3. Thus with probability at least — 1/n? all of these events happen. Now| K| > ¢,

we choose a set o} | — ¢; vertices of X} uniformly at random and move these vertices from
X! to X?. Similarly, if | X}| < t;, then we choose a set of— | X}| vertices ofX? uniformly

at random and move these verticesXp. In either case, for any this action can decrease
d(H[X']) by at most||X}| — t;|/|X}| < c. Thus if we letiV be the set obtained froti! in

this way, we havel/( H[IW]) > ¢/2, proving the first part of the lemma.

The proof the ‘moreover part’ is the same except that we cahtbmn ‘transfer’ step at the end

of the proof. O

4.4.4 Decomposition of~ into copies of A,

LetUy, Ui, Us, ..., Usy_3 be2k — 2 pairwise disjoint sets of size— 1. Then we denote by,
the k-graph whose vertex séf(.4;) is the disjoint union of the sets;, for 0 < ¢ < 2k — 3,
and whose edges consist of akltuples of the forml; U {z}, withi > 0 andz € U, (see
Figure 4.1). SAV (Ax)| = 2(k —1)%. An A,-packingin ak-graphG is a collection of pairwise

vertex-disjoint copies ofi; in G.

Lemma 4.10 Supposé) < 1/m < § < ¢ < 1/k, and thatG is ak-graph onim| such that
[NG(S)| > (555 + 0)m for all but at mostm*~* setsS € (™). ThenG has anA,-packing

which covers more thafl — ))m vertices ofG.
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U 1 U2 U3

Uy

Figure 4.1: The3-graph.4; (only edges involving/; are shown)

The k-graph.A;, is identical to thek-graphF;, ; defined in Section 5.6, where a generalisation
of Lemma 4.10 is proved (Lemma 5.17). Since the proof of Lerbri@ in no way depends on

Lemma 4.10, we omit the proof of Lemma 4.10.

Corollary 4.11 Lemma 4.10 still holds if we insist that the siébgraph ofGG induced by the

vertices covered by thd, -packing must be connected.

Proof. Apply Lemma 4.10 to obtain ad;-packing4,, ..., A,in G withmg := | Ule V(4| >
(1 —1/2)m, and letA be the subk-graph ofG induced byUf:l V(A;). By hypothesis at most
Om*~! setsS € (/@1) have fewer thamn/(2(k — 1)) neighbours inG and so at mos#m*~!
setsT € (') have no neighbours i (A). By the definition of a component, no edgesf
contain vertices from different componentsAf Therefore the largest compone&nof A must
contain at leastl —1/)m vertices. Indeed, if not then there ar§2(ym/2)/(k—1)! > m*~!
setsT' € (‘;(_Al)) which meet at least two components.fand thus have no neighbours.ih

a contradiction (we can obtain such a g&by choosing: — 2 vertices arbitrarily ini’(A) and
then choosing the final vertex in a different componend ¢fian the first vertex). Thus we may

take theA,-packing consisting of all those copids of A, with V' (A;) C V(C). O
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4.5 Proof of Theorem 1.10

Let H be as in Theorem 1.10. In our proof we use constants thatystiteshierarchy

1 1 1 1
g<<€<<d*<<da<<a<<I/,;<<9<<d<<c<<¢<<5<<77<<z.

Furthermore, for any of these constantsve usen < o/ < o < ... and assume that the

above hierarchy also extends to the additional constargsd” < ¢ < ¢’ < ¢.

4.5.1 Imposing structure onH

Step 1. Applying the regularity lemma and forming the reducel graph

Let H, be the subk-graph obtained front/ by removing up tou!r vertices so thatV (H,)|

is divisible bya!r. LetT = T; U --- U T, be an equitable-partition of the vertices of{,

and letH, consist of all those edges éf; that arer-partite sets irff". ThenH, is anr-partite
k-graph with order divisible byt!r, and so we may apply the regularity lemma (Theorem 4.3),
which yields ami-boundedt-regular vertex-equitable partitiqic — 1)-complex” onT" and an

r-partitek-graphG onT that isv-close toH, and perfectlye-regular with respect t@.

Let M = G\ H,. So any edge off \ M is also an edge off. LetV},...,V,, be the clusters
of P. SoT =V, U---UV,, andG is m-partite with vertex classeg, U - - - U V,,,. Note that
m < ar sinceP is a-bounded. Moreover, sincE is vertex-equitable, eacli; has the same

size. Solety; = |V;| = |T'|/m.

We next define a reducéddgraphRz whose vertices correspond to the clustérswhilst an edge

e of R indicates that that within the cells éf corresponding te we can find a subcomplex to
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which we can apply Theorem 4.5. For this we would Iik¢o have high density in these cells,
and)/ to have low density. Thus we define treglucedk-graph R on [m] as follows: ak-tuple

S of vertices ofR corresponds to the-partite unionS” = | J._, V; of clusters. The edges &t

€S

are thoseS € (") for which G[S'] has density at least (i.e. |G[S']| > ¢/|Ks(S")|) and for
which M[S’] has density at most'/? (i.e. |M[S']| < v/2|Ks(S"))).

The edges in the reduced graph are useful in the following vigiyen an edgeS € R, let
S" = U;eq Vi @gain. Using weak equivalence (defined in Section 4.3.2)c#tls of P induce
a partitionCs1, ... C%™s of the edges of{5(S’). Recall thatng < a*. Therefore at most
"|Ks(S")|/3 edges ofKs(S’) can lie in set™ with |C% < ¢’|Ks(S")|/(3a"). Further-

more,

M[S"| < v?|Ks(S")| (asS € R) and so at most'/*|K¢(S')| edges ofKs(S’) can
lie in setsC? with |[M N C%| > v¥/4|C%%|. Together with the fact thati[S"]| > ¢’|Ks(S")]
this now implies that more thar'| K5(S")|/2 edges ofG|[S'] lie in setsC** with |C¢] >
"|Ks(S")|/(3a¥) and|M N C%| < v1/4|C%%|. Thus there must exist such a g&t’ that also
satisfiedG N C%¢| > ¢”'|C%%| /2. Fix such a choice of’** and denote it by’S. Let G° be the
k-partitek-complex on the vertex sét consisting ofG N C* and the cells of° that ‘underlie’

C?3,i.e.for any edge) € G N C° we have

G¥ = (G[P))g< = (GNC% U | Cq. (4.12)
Q'CQ

(Recall that(G[P])o< and Cyr were defined in Section 4.3.2.) We also define thgartite

k-graphM?® = G N M on vertex sets’. Then the following properties hold:

(A1) G¥ise-regular.
(A2) G® hask-th level relative densityiy, (G°) > d'.

(A3) G* has absolute densit)(G*) > d..

157



(A4) M satisfieg M*®| < 201/4GS| /.

(A5) (G®)(y = Vi foranyi e S.

Indeed, (A1) follows from (4.12) sincE' is perfectlys-regular with respect t&. To see (A2),
note that(G};))* = C* and sody, (G®) = |G|/1(G)*| = |G N C*]/|C%] > ¢"/2 by our
choice ofC®. Similarly, (A3) follows from our choice of " since

_ Gl _jefnes et (@

d(GS) = - . d.
) =1~ 105 TRs© 6at

(A4) holds sincgG®| > |G N C%| > '|C%|/2 and|M?®| < |M N C%] < v/4|C3]. Finally,
(A5) follows from (4.12) and the fact that;,, = V; forall v € V;.

Step 2. Choosing anAd,-packing of R

The next step in our proof is to use Corollary 4.11 to find4ypacking in the reduced-

graphR. For this we need an approximate minimum degree conditioffd_et

e () e s )}

We next show thaf is small,i.e.almost all(k — 1)-tuples of vertices ofz have degree at least
(1/(2(k — 1)) + ¢)m in R. Consider how many edges &f do not belong ta7[S’] for some
edgeS € R. (Recall thatS’" = | J,.4 Vi.) There are three possible reasons why an edge/

does not belong to such a restriction:

(i) eis not an edge of7. This could be becauselies in H but not H,, in H; but not Hs,
or in H, but notG. There are at mostrn*~* edges of the first type, at most /r of the

second type, and at mast” of the third type.
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(i) e € G contains vertices fron;,, ..., V;, such that the restriction a¥/ to 5" = (J,.4 Vi
satisfies M[S]| > v'/?|Ks[S"])|, whereS = {i,...,i;}. (Note that sinces and thus
M is m-partite, we must have < --- < 4;.) SinceG and H, are v-close and thus

|M| < vn* there are at most'/>n* edges of this type.
(i) e € G contains vertices fron¥; ,...,V;, such that the restriction af to | J,_, Vi has

density less thari’. There are at most'n* edges of this type.

Therefore there are fewer thad’n* edges offf that do not belong to the restriction 6fto S’

for someS € R, and so we have

ot (g )< X S Waltaden)

IeJ z;€V;,iel

1
< 2d'n* + Z |Ng(I)|n¥ < 2¢"n* + | J| (2(k Y + gb) mnk.
IeJ

Sincen — alr < mn; < n we deducdJ|nt " (n — ¢)n < 2¢'nF < 3¢"(mny)*'n, and so
|J| < ¢m*~1 (sincec” < ¢ < 7). This allows us to apply Corollary 4.11 (witi = R) to
obtain anA,-packingA,, . .., A, in Rwith |J!_, 4;| > (1—4)m, such that the suk-graph of
Rinduced byl J'_, 4; is connected. Farc [t], let the vertex set afl; be U UTUI U- - - U U}, s,

with eachU; of sizek — 1, so that the edge set{$/; U {x} : j € [2k — 3],z € U}.

Step 3. Forming the exceptional path

Given a subk-graphR’ of R and a clustel/;, we say thal/; belongs toR' if i € V(R'). LetVj
contain the at most!r vertices of I we removed at the start of the proof, and also the vertices
in all those clusters not belonging to some copylefin our packing (there are at mast of the
latter). We incorporate these vertices into a pathwhich is to form part of our loose Hamilton

cycle. We also include ify an arbitrary choice ofn, vertices from eachy, for whichy € U}
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for somej € [2k — 3] and some € [t] (we do not modify any of thé&/, for whichy € U}).
We add up td: — 3 more vertices front/] (say) toV so thatVj| = 0 mod k — 2. We delete
all these vertices from the clusters they belonged to afidistte V, for the subcluster of a

clusterV, obtained in this way. This give$[/| < 50n/2.

We now construct a path, in H which contains all the vertices if, and avoid all the clus-
tersV, with y € Us. Let Voo = U{V, : y € U}, j € [2k — 3],i € [t]}. So we use only vertices
from V andV%, in forming L.. Recall that if|V/(H)| is not a multiple oft — 1, then a loose
Hamilton cycle contains a single pair of edges which intetrsemore than one vertex: we make
allowance for this here. Choose B C V., satisfying|A| = |B| = k—1,|ANB| = 1—|V(H)|
mod k — 1 andl < |[AN B| < k — 1. Now choose distincty, ;1 € V5o \ (AU B) such that
{ro} UA € H and{x,} U B € H (we show in a moment that suef, =, exist). These edges
form the first 2 edges of.. To completeL,, let 7, .. ., Z, be any patrtition of the vertices of
V4 into sets of sizé& — 2. For each = 1,. .., s we proceed greedily in forming.: choose any

zir1 € Voo \ (AU B) such thatZ; U{z;, z;11} € H (where ther; are all chosen to be distinct).

Let us now check that there is always such a vertex availdbtieed, every set il ")) has

at least(1/(2(k — 1)) + n)n neighbours and we can choose any such neighbour which lies
in Vo and has not already been used. BUtH) \ V~o| < n/(2(k — 1)) + |Vy| and at most
|Vg|+2k < 3dn vertices have been used before. Thus (singe n) for each choice of am; we

have at leastn /2 vertices ofl-, to choose from. Moreover, these vertices must be contained
in at leastnn/(2n,) differentV, such thaty e U; (j > 0). Thus we can avoid choosing a
vertex from any singld/, more than6én, /n < ¢'ny/2 times. The path.. thus formed has
edges{zo} U A, BU {x,} and{z;,z;41} U Z; for all i € [s]. So all the vertices of/ are
included inL.. For each clustey,, we still denote the subset &f, lying in V(H — L.) by V.

Then eactV, with y € Uj for somei still satisfieg V| = n,, and eactV, with y € U? for some
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j > 0 satisfies

(1= < (1= 3= Dy — (k= 3) < V| < (1= O (4.13)

In addition
V(H)\V(L)| = |V(H)| = |AUBU{zg, 21} = -1 mod k — 1. (4.14)

Note thatl. need not be a loose path, but that even if it is not it may stitrf part of a loose

Hamilton cycle. Also observe thét' (L. )| < 6n.

Step 4. Splitting our copies ofA4,

The next step of the proof is to split the copids, . .., A; of A, (more precisely the clusters
belonging to the4;) into sub%-complexes ofz which we later use to embed spanning loose
paths. Consider anyl;. For convenient notation we identify eabfj in A; with [k — 1] (but
recall that they are disjoint sets). For eack U} = [k — 1] we have|V,| = n;, and so we can
partitionV, \ V'(L.) uniformly at random int@% — 3 pairwise disjoint subsets, ,, ..., S} 5, 3,
each of size;1=. Similarly, givenz € U; = [k — 1] with j € [2k — 3], (4.13) and the fact

thaty’ < n imply that we can partitiorV, uniformly at random intdk — 1 pairwise disjoint

i 7 n 7 1-7n)2n i 1-7)2n
subsetd; . and{U; _ , }uwelk—1)\{=} SO thats;;"5 < [T} | < ( 2,:23 ~and|Us | = ( 2;713 L for

allw € [k — 1]\ {z}. Figure 4.2 shows how we do this in the cése 3.

We arrange these pieces irfio— 1)(2k — 3) collections ofk sets as follows: for each € U

and eacly € 2k — 3] we have a collection consisting 6f ;, T/, and{U’ _  }.,. (3 of these

%Y

collections are illustrated in Figure 4.2.) For conveniaotiation we relabel these collections as
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Figure 4.2: Splitting up4; in the casé: = 3.

{Xi1,..., Xigpwithl <i <t =(k—1)(2k — 3)t, where for all; € [t']

n n (1 —n)2n, (1 —mn)2ny ,
: S | = <j<
(4.15)
k
(1= <)Xyl < (1= 0)n. (4.16)
7j=2

((4.16) follows from (4.13) using the fact that all tlﬂgff,z,w have equal size.) Lek; =
Uje[k] X, j, so eachX; is a k-partite set, on which we now find a sukeomplexG; of G

that is suitable for applying Theorem 4.5.

Consider any copyl;, in our A,-packing. Note that for each of thié — 1)(2k — 3) collections
{Xi1,...,Xix} obtained by splitting up the clusters belongingitothere is an edgé(i) € Ax
such that eaclX; ; lies in a cluster belonging t8(i) (and these clusters are distinct for each
of Xi1,..., Xix). Recall thatS’(:) denotes the uniob), g, V; of all the clusters belonging
to S(i). Let G; denote the restriction of thie-partite k-complexG*® (which was defined in

Section 4.5.1) toY;, i.e. G; = G°U[X,]. Let M; = M N G; = MD[X;]. We claim that we
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may choose the above collectiofi 4, . .., X, x} such that
c/l
d(H[X;]) > T forall i € [t']. (4.17)

Indeed, sinces(i) € R, G[S'(i)] has absolute density at leastand M [S’(i)] has density at
mostv'/2, SinceG \ M C H andv < ¢” this shows that7[S’(i)] has density at least’ /2.
Lemma 4.9 now implies that eadti[X;] has density at least' /4 with probability 1 — 1/n2,

and so with non-zero probability this is true for ak [t'].

Lemma 4.4 and properties (A1)—(A3) and (A5) imply thGEt is an ¢’-regular k-partite k-
complex on vertex seX;, with absolute density(G;) > d(G°%)/2 > d,, relative density
di(Gi) = d, and(G;) ;3 = X;; for eachj. Moreover, using < 6 < ¢, property (A4) and
the fact thatl(G;) > d(G°™) /2 we see that

21/1|GS®)
/

M| < M5O < e

C/
So by Theorem 4.5, we can delete at m@$k; ;| vertices from eachX, ; so that if we let
X;; € X;; consist of the undeleted vertices, and ;et := U;‘f’:l X, G = Gy[X]] and
M} := M;[X]], thenG’ \ M/ is (c,e")-robustly2*-universal. LetX” denote the set of vertices
deleted from any; ;, so| X"| < 6'n. We may assume thak”| is divisible byk — 2. The latter

helps us to extend, into a path which contains all the verticesift.

Step 5. Extending the exceptional path,

When extending_. in order to incorporateX”, we have to remove some more vertices from

some of theX?

1 ;» and we wish to do this so that the remainder still satisfjei he definition

of robust universality. For this reason, we partition eagh into two partsA X ; and BX] ; as

follows (where we writeB X/ for |, ., BX])):
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(B1) Foralli,j and every € X; ; we havel (G} (v)[BX[])=| = 2¢|G}(v)=|.

(B2) Every setofc — 1 vertices of// has at least/(4k) neighbours inJ, ; AX] ;.

(Recall that for gk — 1)-complexF', F_ denotes the(k — 1)th level’ of F'.) To see that such a
partition exists, consider a partition obtained by assigmiach vertex to a part with probability
1/2 independently of all other vertices. (B2) is then satisfiéthWwigh probability by a standard
Chernoff bound. Now consider (B1). The ‘moreover’ part ofiraa 4.9 implies that with high
probability we have for ali and for allv € X; ; thatd((G}(v)[BX]])) > d(Gi(v))/2. Also, a
standard Chernoff bound implies that with high probabilfy; ,,| > [X] ,|/3 for all j' € [k].
Thus

| X

5 = 2dGiv)=].

(@ BXY)-| = d(Ciw)Bx) [T 18,1 > LA
J'# J'#

Now, we extend our path,. to include the vertices itX”, using only vertices frorhjm AXG ;.
We proceed similarly to when constructiig. So we splitX” into sets7, ..., Z, of sizek — 2
(sos’ < ¢'n). Lettingz, be a final vertex of.., for i € [s'], we successively choosgto be a
neighbour of thék — 1)-tuple Z; U {z;_, } contained in somel.X, ., and not already included
in L., and extend.. by the edg€”; U {z;_1, z;}, continuing to denote the extended path/Ry
Recall thatL, originally contained at mostyn vertices. SincéX"”| < #'n, after each extension
of L. we have V' (L.)| < nn. So (B2) implies that for each choice ofwe have at least/(5k)
suitable vertices and hence at leégt5%) of the setsd X/, contain such a suitable vertex. This
shows that we can choose thein such a way that at most'n; vertices are chosen from any

single AX/,.

For eachi € ['] let X' = X} U---U X] be the vertices remaining after the removal from
X! of the at mos¥’n, vertices used in extending.. Let G* := G/[X'] and M* := M/[X"].

Also, letz, be an initial vertex of’., and lety, be a final vertex of... By adding 2 more edges
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to L. if necessary (one at the start and one at the end), we may adbain, lies in at least
|H[X"]|/(2|X"|) edges ofH [X], wherei is such that:. € X and that the analogue holds for

the final vertexy, of L.

We claim that the above steps give us the following usefulcstire: a pathl, which is ready
to form part of a loose Hamilton cycle, disjoihtpartite vertex set&* = X; U --- U X}, and

G and M for eachi € [t'] satisfying the following properties:

(C1) Every vertex off lies in either the patli. or precisely one of thé-partite setsY®.

(C2) For each, G is ak-partite subk-complex ofG on the vertex seX*. M’ is thek-partite
k-graphM NG*, andG*\ M* C H. Clearly these statements remain true after the deletion

of up toen, vertices ofX".

(C3) Even after the deletion of up ta, vertices ofX?, the following statement holds. Lét
be ak-partitek-complex on vertex séf = U, U - - - U Uy, where|U;| = | X}| for eachy,
and letZ have maximum vertex degree at ma&t Let ¢ < 2(¢')? and suppose we have
ur,...,ue € Uand setsZ, C X7, with |Z,| > ¢[X], || for s € [(]. ThenG*\ M’
contains a copy oL, in which the vertices ol/; correspond to the vertices ﬁf; andu,

corresponds to a vertex i,.

(C4) Foreach, H' = H[X'] has density at least, even after the deletion of up ta, vertices

of X.

(C5) If we delete up tan; vertices from anyX*, and lett; = |X;3| for eachj € [k] after this

removal, and let, = =11 ‘thenn//2 + 1 < t; < n for all ;.

(C6) Theinitial vertexc, of L. liesin at leastH [X?]| /(2| X?|) edges of [ X], wherei is such

thatz, € X'. The analogue holds for the final vertgxof L..
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(When we talk of removing a vertex of* we implicitly mean thatG?, M* and H* are all
restricted to the remaining vertices &f.) These properties hold for the following reasons.
(C1) holds as every vertex deleted from &p has been added tb,, whilst (C2) is clear as
whenever we deleted vertices we simply restricfée@nd M to the remaining vertices. For
(C3), recall that?; \ M was (c,”)-robustly 2¥-universal. Moreover, for all € [t'] and all

j € [k] we havelX?| > [X] |/2 > ¢|X] |, since we ensured that we only deleta, vertices
from any singleAX! (and none fromBX/). Furthermore by (B1) we know th&t(v)_| >
|(GL(v)[BX]])=| = c|Gi(v)=| for anyv € X*. (Also, even if we had arbitrarily deleted a
furtheren, vertices fromX, when obtainingX®, G* and M*, these bounds would still hold.)
SoG* \ M* satisfies (i) in the definition of a robustly universal comp{eith X in place of
V;). The setsZ; satisfy (iii) in the definition and so we can find the requir@wdy of L (even
after the deletion of up ten; more vertices of{?). (C4) follows from (4.17) and the fact®
was formed by deleting at mo&t’ + 0" )n; < | X;| vertices fromX;. Similarly, for (C5) note
that (even after up ten,; more deletions) we have deleted at m2&tn, vertices from eaclkx;;
since we split the clusters to form ti¢. Therefore, from (4.15) and (4.16) and the fact that

0" < § < § < §" < n,we have (even after deletions) that

ni 1 7 ny .
* 53— 20" < X < gt

ni__ opl i (1-m)2n1 .
o 5tz — 20" < [XG| < S

1-m)2n i 1—-m)2n . .
o 1M 2,231 —20"n; < |Xj| < %for?j <j <k

3 gl (o (154 7 200 1) > L5

2-5
° n; < 1 (1 —0+ le—s) < (2k—)§1'

So property (C5) follows. Finally, (C6) follows by the cheiof L..
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4.5.2 The supplementary graph

Roughly speaking, our aim is to find a spanning loose pathéh éa\ M* (and thus inf?)
such that all these paths together withform a loose Hamilton cycle off. So we have to
ensure that the completepartite k-graph onX* contains a spanning loose path (for this, we
need|X?| =1 mod k — 1) and we need to join up all the loose paths we find in e The
purpose of this section is to find the ‘connecting loose pathigh join up theX® in such a way
that the divisibility problems are dealt with as well. To dhist we first define a supplementary
hypergraphR* whose vertices correspond to th&. We show that?* is connected and that

‘along’ edges of?* we can find our loose paths i which join up all theX®.

The vertex set of theupplementary hypergrapR* is [t']. A subsete C [t] of size at least 2
is an edge of?* if there exists an edgg. € R such that for allj € S, there are; € e and
¢; € [k] with XZ C V;ande = {i; : j € S.}. (We fix one such edgg. for everye € R*.)
Then every edge aR* has size at most. We say thatX? belongsto an edge: ¢ R* if i € e.

Similarly, X* belongs tasome subhypergrapkl C R* if i € V(R').

Lemma 4.18 The supplementary gragh is connected.

Proof. Recall that we chose the copids of A, in such a way that the subgraphA of R
induced byUéZ1 Ay is connected. Suppose that is not connected. Le®] be a component of
R*and letkR; = R* — R;. Let R, = {j € [m] : X! C V, for some: € V(R}),s € [k]}. So
R, corresponds to the set of all those clusters which meet s6hielonging toR;. Define R,
similarly.ThenR; U R, = V(A) and thusA contains some edggintersecting bottR; andRs.
But thenS corresponds to an edge &f intersecting bothV/ (R}) andV (R}), a contradiction.

O

The next lemma shows that within tB& belonging to an edge at*, we can find a reasonably
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short loose path it/ and we may choose (modute- 1) how many vertices this path uses from
eachX'. Using the connectedness®f, this allows us to find the connecting loose paths which
join up the X, having control over the divisibility properties. We alswist that the path in
Lemma 4.19 avoids a number of ‘forbidden vertices’, to eaaislito ensure that our connecting
loose paths are disjoint, and that the endvertices of thathes ffie in many edges of the relevant

H'.

Lemma 4.19 Suppose that € R* and that for every < e there is an integef; such that

0<t;<k—1landd  _.t; =1 modk — 1. Leti,i" € e be distinct. Moreover, suppose

T
1€e
thatZ is a set of at most00(t')?k> ‘forbidden’ vertices offi. Then in the subi-graph ofH

induced byl J,., X" we can find a loose path with the following properties.

L contains at mostk3 vertices.

L has an initial vertex, in X and a final vertex in X*" .

[V(L)N X' =t; mod k — 1 for eachi € e.

L contains no forbidden verticeise. V(L) N Z = ().

u lies in at leastH"|/(2|X"|) edges ofi”, andv lies in at leastH'" | /(2| X""|) edges of

1

H".

Proof. Recall that in Section 4.5.1 we assigned-partite k-complexG?® to every edgeS €
R such that (A1)—(A5) are satisfied. To simplify notation, watev.S for the edgeS, € R
corresponding te and suppose that = [k]. For eachj € S = [k]| choose; € e and/; € [k]
such thatXZ C V; and such that = {i; : j € S = [k]}. To simplify notation we write}’;
for lej \Z,Y = Uje[k] Y; and assume that = i; andi” = i;. For each € e let J; be the

setof allj € S = [k] with i; = i. So the setg; are disjoint and their union ig]. Pick some
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J € Jiand lett; = t; andt, = 0 forall s € J; \ {j}. Our pathL is to consist of’; vertices from

eachY; (modulok — 1) and thus of; vertices from eactX* (modulok — 1).

SinceG” satisfies (A1)—(A3) and (A5), Lemma 4.4 implies that therieson of G°[Y] is &'
regular, with absolute density at lea%t:°)/2 > d,, relative density at inde}| at leastd and
(G ;Y] = Y;. Furthermore, (A4) together with the fact th#G°[Y]) > d(G*)/2 imply
that

21/1/4|GS‘
1

[MA[Y]| < |M¥] < < 0|GoY]].

Thus Theorem 4.5 implies that we can del§t&;| vertices from each; to obtain a subseét;

such that the comple®®[Y"] \ M*[Y"] is (c, &")-robustly2*-universal, wher&” = ;. Y-

Now, letv; = (k+2)(k—1)+t}. Then) v; =1 mod k—1andso' = (3 v;)—1)/(k—1)

is an integer. Furthermoré(k + 2) < n’ < k(k + 3), and son’//2 + 1 < v; < n' for eachj.
Thus by Lemma 4.7 we can find a loose path in the compigtartitek-graph on vertex sét’,
beginning inYY, finishing inY; and usingy; vertices from eacl]. SinceG*[Y’] \ M*[Y”]

is robustly2*-universal, we can find such a loose pétin G°[Y’] \ M and hence iH — Z.
(Indeed, we can do this by finding the compl&x, which has maximum vertex degree at
most2*. Note that we use the definition with = G’ in (i)). Note thatZ contains at most

k(k —1)(k + 3) < 4k3 vertices.

To see that we can insist on the final condition of the lemmaalt¢hatd(H*) > ¢ by (C4).
Thus for allj € [k] at least’| X}| /2 vertices ofX” lie in at least *| /(2| X}|) edges off{*, and
so we may restrict the initial and final vertices/oto these sets of vertices (minus the vertices

of Z) by (iii) in the definition of robust universality. O

169



4.5.3 Constructing the loose Hamilton cycle

Our Hamilton cycle offf is to consist of., and paths in each/’ as well as paths connecting
the X*. However, we need to make sure that all these paths join wgynimotivating the
following definition. Supposd. is a path in somé-graph K with initial vertex 2’ and final
vertexy'. Also, let/, F* C V(K)\ V(L) be disjoint sets of size—2. ThenL* = TUF UV (L)

is aprepath Note thatZ* is not (the vertex set of) A-graph, but that if we can find vertices
x,y € V(K)\ L* such that{z, 2’} U I, {y,y'} U F € K, then addingr andy to L* gives
another path. We refer to all such vertices V (K') aspossible initial vertice®f L* and to
all such verticey € V(K) aspossible final verticeslf L, L' and L” are disjoint loose paths,
I, F,z,y are as before; is also the final vertex of” andy is also the initial vertex of.” then’

and F' together withZ', L, L” form a single loose path, illustrating how we join paths tbge

We start by converting our exceptional pdthinto a prepath. Recall thav’(L.)| < nn and
that the initial vertexc. of L. and its final vertey. satisfy (C6). Letu € [t'| andu, € [k] be
such thate, € X . Pick anyu,, € [k] with u, # u,. (C4) and (C6) together imply that there
isasetly C X\ (X;, UXj ) forwhich X7, contains at least{ X“| verticesv which form an
edge ofH* together with/, U {z.}. Let I C Xﬁ; be such a set of vertices. Similarly, letting
b e [t], s # u, € [k] be such thay, € X! , thereis a sef, C X°\ (X! U XZL U Iy) for
which ng contains at least X*| verticesv which form an edge off® together withF, U {y.}.
Let Fj C XS; be such a set of vertices. L&t be the prepatti, U [, U V' (L.). Thenl] is a set
of possible initial vertices oL} and F{ is a set of possible final vertices. (We do not remégye

from X and F, from X at this stage.)

Since by Lemma 4.18 the supplementary graihs connected, we can find a walk from b
to a in R* such that every € [t'] = V(R*) appears as an initial, link or final vertex|ifi (these

vertices were defined in Section 4.4.2) and such tridtas lengthy < (¢')2. Letey, ..., e, be
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the edges of this walk, let, = b,r,,1; = a, and letry, ..., r, be the link vertices of the walk.

Foreach € [t'], letd, = |{j € [(+1] : r; = i}

, I.e.the number of timesappears as an initial,

link or final vertex inlW. Sod; > 0 for everyi and) d; = ¢ + 1.

Next we apply Lemma 4.19 to each edgeo find a loose patld; in . We then extend ; to a
prepathL; with many possible initial vertices iX"7 and many possible final vertices fi+.
We do this for eacl, . .., e, in turn. So suppose thate [¢] and thatforallj = 1,...,s—1
we have defined loose paths in H as well as set$;, I; extendingL; to a prepath’; which

satisfy the following properties:

(D1) L, lies in the subk-graph ofH induced byl J,.. X’ and contains at mogt?® vertices.

i€e;
(D2) The initial vertexr; of L; lies in X"/ and its final vertex; lies in X"+,
(D3) I; € X" andF; C X"+,

(D4) There is a sef; C X7 of at leastc| X" | possible initial vertices for.;. Similarly, there

is a setr; C X"+t of at least| X"7+| possible final vertices fok ;.
(D5) Allthe prepathd.?, L3, ..., L%, are disjoint.

(D6) Foreachi € [f]andallj = 0,...,s — 1let X'(j) = X\ (V(Ly) U---UV(Ly)),
where X*(0) = X*. For each;j € [s — 1] sett;(j) = |X%(j — 1)| + d;. Then for
everyi € e; with ¢ # r;.; we have|V(L;) N X'| = ¢,(j) mod k — 1. Moreover

V(L)Nn Xt =1-> ti(j) mod k — 1.

i€ej, i757'j+1
Let us now show how to find,, I, and F,. Apply Lemma 4.19 withe = e,, i/ = r,,i" = r,44

and withZ = L u...L , U I, U F to find a loose path.; which satisfies (D1), (D2),
(D6) and is disjoint fromL?, L7, ..., L*_,. Moreover, the initial vertex, of L, lies in at least

1

/(21X

) edges ofH"s, and the final vertey, of L, lies in at leasfH"s+!|/(2| X"s+|)
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edges ofH/™+1. We can now use the latter property to choose getnd F; which extendL,
to a prepathL? satisfying (D3)—(D5). The argument for this is similar t@athor the extension

of L. to L}. Altogether this shows that we can find prepaths. . ., L; satisfying (D1)—(D6).

For eachi € [¢'] we letj; be the maximal integer such that e;,. ThusX*(¢) = X'(j;) =
X'(5: — 1)\ V(L;,) by (D1). But ifi # r,,; then (D5) and (D6) together imply that

V(L) N X" (i — DI = V(L)) N X' = 4i(5i) = |X'(js — 1) +di mod k—1

and so| X*(¢)| = —d; mod k — 1. We claim that this also holdsif= r,,,. To see this, recall

that sinceL; is loose, we havé/(L;)| =1 mod k — 1 for each; € [¢]. Hence

(X)) = VIHE)\V(L) =Y V(L= > X0
jett) i€l ress
2 s Y di=-d,, modk-1
1€[t'] 1#T041

asl+ 1=, ndi. LetY" = X'\ (L; UL U---U Ly). Since by (D3) for each € [t'] there
are exactly2(k — 2)d; vertices ofX* which liein L?, L}, ..., L; but notinL,., Ly, ..., Ly, this
in turn implies that

Vi =—d; —2(k—2)d; =d; mod k — 1. (4.20)

Let vy = e, Yo = Yeo Ly = L}, I11n = Iy andl;,, = Ij. In order to complete our
prepathsly, ..., L; to a Hamilton cycle we wish to choogk disjoint loose pathd/;, . . ., Lfii
within eachH [Y] which together contain all the vertices¥f and which ‘connect’ successive
prepaths.;. We achieve this as follows. Lek be the set of alli € [¢ + 1] with r; = i. So
J; is the set of positions at whichoccurs as an initial, final or link vertex in our walk and
|J;| = d;. Letj; < ... < jg be the elements of;. Then we choose thé! (s € [d;]) in
such a way that the initial vertex @f, lies in Fj _, and its final vertex lies i’ , all the L} are

disjoint and together they cover all the verticestih To see that this can be done, first note
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that| X"\ Y| < £(4k* + 2(k — 2)) + 2(k — 2) < eny. So using Lemma 4.7 together with (C5)
and (4.20) it is easy to check that the completpartite k-graph onY* contains such paths
(e.g. first choosel;, ..., L), _,, each consisting of precisely 2 edges, and then apply (G5) an
Lemma 4.7 to find a loose patli containing all the remaining vertices &f). Now (C3) and
(D4) together imply tha&'[Y*] \ M*[Y"] contains the-complexes induced by these pathe.(

it contains(L})<, ..., (L} )S). But this means that we can find the required pdths .., L),

in eachH[Y"].

Finally, for eachs < [d;] write L/,_for L andz’;_for its initial andy;_for its final vertex (where
js is as defined in the previous paragraph). To obtain our Hamdycle of H we first traverse
Ly = L., then we use the edgg, U {yo, 2} in order to move to the initial vertex, of L;.
(This is possible since| € Fjj.) Now we traversd.| and use the edgg U{y;, =1 } to get toz;.
(Again, this is possible sincg, € I;.) Next we traversd,, and use the edgé) U {y, 2}
to move tox},. We continue in this way until we have reached the initiateer,,, = x. of
Ly = L. again. (So in the last step we traverdgd, and used the edgl,, U {y;,, ¢41}.)

This completes the proof of Theorem 1.10. OJ
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CHAPTER DS

HAMILTON /-CYCLES IN UNIFORM

HYPERGRAPHS

In this chapter we prove Theorem 1.11, which is restateddb&oease of reference.

Theorem 1.11Forallk > 3,1 < { < k—1 such thatk—/) 1 k and anyy > 0 there exists.,, SO
that ifn > no and(k — ()|n then anyk-graphH onn vertices withy(H) > <m + 77) n
k—¢

contains a Hamiltor-cycle.

5.1 Outline of the proof of Theorem 1.11

In our proof of Theorem 1.11 we construct the Hamiltenycle by finding several-paths
and joining them into a spanningcycle. Here a-graph P is an/-pathif its vertices can be
given a linear ordering such that every edgdé’atonsists of consecutive vertices, and so that
every pair of consecutive edges Bf(in the natural ordering induced on the edges) intersect in
precisely/ vertices. We say that an enumeratignus,, . . ., v, of the vertices ofP is avertex

sequencef P if the edges o are{vy(x—¢)+1, - - -, Us(e—e)+1 } foreachd < s < (r—k)/(k—1).
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We say that ordered setisand B areordered endsf P if |A| = |B| = ¢ and A andB are initial
and final segments of a vertex sequenc@oT his allows us to join ug-paths in the following
manner. LetP andQ be /-paths, and le*9 and P°"¢ be ordered ends aP, and Q"9 and
Q" be ordered ends @). Suppose thaP*"? = Q%9, and thatl’ (P) N V(Q) = P, Then
the k-graph with vertex set' (P) U V(@) and with all the edges a? and of() is an/-path with

ordered end#**9 and Q™.

Our proof of Theorem 1.11 uses ideas of [16], which in turnensased on the ‘absorbing path’
method of [39] and [40]. Our proof contains further devel@ms of the method, which may
be of independent interest. We use the regularity methoddeepthree preliminary lemmas,

which are as follows.

e The ‘absorbing path lemma’ states thatif— ¢) 1 k£ then in any sufficiently largé-graph
of large minimum degree there exists/@apath P which can ‘absorb’ any small séf of
vertices outsiddé®. By this we mean that for any such small 3éthere is anothef-path
@ with the same ordered ends Bsand withV' (@) = V(P) U X. Then we can think of

replacingP with () as ‘absorbing’ the vertices of into P.

e The ‘path cover lemma’ states that any sufficiently lakggraph satisfying the minimum
degree condition of Theorem 1.11 can be almost covered byadsal number of disjoint

(-paths.

e The ‘diameter lemma’ states that(if — ¢) 1 k then any sufficiently largé-graph of
large minimum degree has small diameter in the sense thaawdirad an/-path from

any ordered-set of vertices to any other orderédet of vertices.
These three lemmas then combine to prove Theorem 1.11 aw$olFirstly, we find inH an

absorbing/-path, and then we almost cover the induéegraph on the remaining vertices by

disjoint /-paths. Next we use the diameter lemma to connect up all séthpaths to form an
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¢-cycle C' which thus contains almost every vertex’f Finally, we absorb all vertices G
not contained irC' into our absorbing path, thereby forming &oycle containing every vertex

of H.

The combination of these three preliminary lemmas to prolkeofem 1.11 is very similar
to the method of Han and Schacht in [16]. On the other hanghrdoe these preliminary
results substantial changes to the method of Han and Scacé required. For example, for
1 < ¢ < k/2 the diameter lemma as described above is an immediate agersas of the
minimum degree condition df{. Indeed, ifA and B are ordered-sets of vertices oH, then
we may add any: — 1 — 2/ vertices from outsidel and B to A U B to obtain a sef of size

k — 1. Then we can apply the minimum degree conditioftfao find a vertex: € H — S such
thatSU{x} is an edge of{; then this single edge is the desired patixinHowever, if¢ > k/2
then things are more difficult. Indeed, in Section 5.4 we lserégularity method (with the
notion of strong hypergraph regularity introduced in Smat#.3) to prove a ‘diameter lemma’
as stated above. A similar assertion for the dasek — 1, (called the ‘Connecting Lemma’),

was proved in [40]. The proof is quite different from ours.

In a similar way, it is more difficult to prove an absorbingp&mma for¢ > k/2 than for

1 < ¢ < k/2. So whereas Han and Schacht were able to prove a simildt ussug only weak
hypergraph regularity, we have found it necessary to usagthypergraph regularity for the
proof of our absorbing path lemma, which is given in Sectidn 2\ctually, we cannot absorb
arbitrary sets of vertices, but only ‘gooé'sets of vertices. We show that mdstets of vertices
are good, which is sufficient for our purposes. This weakéionaf absorption may be useful

for other problems.

In Section 5.6 we prove the path cover lemma. A similar resal$ already proved in [40].
The main difference is that they used weak regularity, weekee have used strong regularity,

but this is simply to avoid having to introduce multiple roots of regularity — weak regularity
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would have sufficed for this part of our proof.

Finally, in Section 5.7 we complete the proof as outlinediear

5.2 Definitions and a preliminary result

In this section we give various definitions which we use tigioaut the rest of this chapter. Due
to the substantial differences between the system of wotated in this chapter and that used
in the previous chapter (as discussed in the introductienjeglefine several terms here which

were previously defined in Chapter 4.

Let H be ak-graph on vertex set’, with edge sett. Then theorder of H, denoted/™

is the number of vertices off (so |H| = |V]|). For A C V, the neighbourhoodof A is
Ny(A):={BCV:AUB € E,ANnB = }. Thedegreeof A, denotedi,,(A), is the number
of edges ofH which containA as a subset, s@,(A) = |Nx(A)|. This is consistent with our
previous definition of degree for sets/of- 1 vertices. For any’’ C V, therestriction of H to
V', denotedH[V"], is thek-graph with vertex set” and edges all those edgesifwhich are

subsets of/”’.

Given two ordered’-sets of vertices of{, sayS and7T, an ¢-path fromS to 7" in H is an
¢-path in’H which has a vertex sequence beginning with the ordérset.S and ending with
the ordered’-setT" (i.e. an /-path with ordered endS and7’). We say that &-graph’ is
s-partite if its vertex setl” can be partitioned inte vertex classe¥, . . ., V, such that no edge
of H contains more than one vertex from any vertex cless We denote byC[V;, ..., V(]
the completes-partite k-graph with vertex classe%, . .., V,, i.e. the k-graph with vertex set

V =V, U---UV, and edges all set$ € (}) with |S N V;| < 1 for all 4.

The following proposition regarding the existence/gdaths in completé-partite k-graphs is
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required in the proof of both the diameter lemma and the &osgpath lemma.

Proposition 5.1 Suppose that > 3, and thatl < ¢ < k — 1 is such thatk — ¢) 1 k. LetV be
a set of vertices partitioned intovertex classes, ..., Vi, with |V;| = kl(k — ¢) + 1 for eachi,
and letP**9 andP° be disjoint ordered sets éfvertices from/ such thatP**) NV;| < 1 and
|Perd N V| < 1 foreachl < i < k. ThenK|[Vy, ..., V}] contains arf-pathP from P9 to pend

containing every vertex of (so|V (P)| = k*((k — () + k).

Proof. To prove this result, we consider strings (finite sequentebaracters) on character set
[k]. We denote théth character of a string by S;. By an ordering ofk| we mean a string of
length & which contains each character precisely once. Aand B be orderings ofk]. We
say that4 and B are adjacent if we can obtai® from A by swapping a single pair of adjacent

characters imd. So for example] 2345 is adjacent td 2435.

Suppose thatl and B are adjacent orderings ¢f], and leti andi + 1 be the positions iM

of the characters swapped to obtdnfrom A (sol < ¢ < k — 1). Since(k — /() t k we
may choose € {1,2} such thatk — ¢) 1 ((p — 1)k + 7). Then define the strin§ (A, B) to
consist ofp consecutive copies of followed by (k — ¢ + 1) — p copiesofB. ThenS(A, B)
has length(k — ¢ + 1)k and the property that (A, B) starts withA and ends withB. Note
that the only consecutive subsequenceéaif length k£ which contains some character more
than once isS” = S(A, B)p-1)k+i+1 - - - S(A, B)prri. In other words,S’ contains the final

k — i characters ofA and the first: characters of3, and the first and final character 6f is
A;y1. Therefore, agk — ¢) t ((p — 1)k + i), we know that no character appears twice in
S(A, B)r(k—t)+1, - - -, S(A, B)rg—r)4 for any0 < r < k. FurthermoreS(A, B) contains the

same number of copies of each character.

Now, choose a string’ to be any ordering offt| such that forl < i < ¢, theith vertex of the

ordered sef" lies in vertex clas§,. Define a stringD to be an ordering off;] such that for
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1 < i < 4, theith vertex of the ordered sét" lies in vertex clas$’,,, ,, and the characters
D; for 1 <i < k — ¢ appear in the same order as they dé'inThen we may transforr@' into
D through at mosk¢ swaps of pairs of consecutive vertices. So we may chadse ., A¥ to
be orderings ofk] such thatd? = C, A* = D, and for any0 < i < k¢ — 1, A* and A**! are

either adjacent or identical.

Then for eacl) < i < k¢ — 1 we may choose a string’ of lengthk(k — ¢ + 1) such thatS*
starts withA? and ends with4d**!, each character appears an equal number of tim&é amd

for each0 < r < & no character appears more than oncgjin ;. - -

-3 S} (h_y 15 INdeed, if
A" and A" are adjacent, takg’ to be S(A?, A1), and if A* = A", takeS® to be the string
consisting oft — ¢ + 1 consecutive copies of’. For each) < i < k¢ — 2, letT" be the string
obtained by deleting the final characters of, and let7*~! = S*-! Let S be the string
formed by concatenating®, ..., T%~!. ThenS starts withC' and ends withD and has the
property that no character appears twic&i—¢+1, - - -, Sr—e)+x forany0 < r < k0. Also

|S| = k*¢(k — ¢) + k, and so sinceS contains each character the same number of times, each

character appeaftd(k — ¢) + 1 timesinS.

We can now construct the vertex sequence of our deghgath P. To do so, letP have
vertex sequence beginning wifPf*? and ending withPe"?. In between, let théth vertex of
P be chosen fronVg,, and make these choices without choosing the same verteg.tWhen
P contains allk((k — ¢) + 1 vertices from each vertex class and is@path. Indeed, the
edges of arf-path P consist of the vertices in positiongk — ¢) + 1,...,r(k — ¢) + k for
0 < r < |E(P)| — 1. So by construction these vertices are from different xestesses, and so

form an edge ifkC[V1, ..., Vi]. O

Note that Proposition 5.1 would not hold if instead we t{ad- ¢) | k, as it would not be

possible to choosgas in the proof.
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5.3 The regularity lemma for k-graphs

5.3.1 Regular complexes

In this section we give the definition of a regular complexd assults on regularity, which we
use throughout the rest of Chapter 5. The reader should bhd@tbe fact that there are subtle
differences in the definition of regularity used here coregdo the definition used in Chapter 4,

and that the results used (primarily the regularity lemnna)cansequently also different.

A hypergraphH consists of a vertex sét() and an edge set(H), where every edge €
E(H) is a non-empty subset df (H). So ak-graph as defined earlier is a hypergraph in
which every edge has siZze A hypergraph is acomplexif whenevere € E(H) ande’ is a
non-empty subset of we have that’ € E(H). All the complexes considered in this chapter
have the property that every vertex forms an edge. A confplex a k-complexif every edge

of H consists of at most vertices. The edges of sizeare calledi-edgesof H. We write
|H| := |V (H)| for theorder of H. Given ak-complexH, for eachi = 1, ..., k we denote by
‘H, theunderlyingi-graph of H. So the vertices of{; are those of{ and the edges dft; are

thei-edges ofH.

Note that ak-graph’/ can be turned into &-complex, which we denote b}<, by making
every edge into a completegjrath(i), for eachl < i < k. (Ina more generat-complex we
may havei-edges which do not lie within afi + 1)-edge.) Giverk < s, a(k, s)-complexH is
an s-partitek-complex, by which we mean that the vertex setb€an be partitioned into sets

Vi,..., Vs such that every edge @f meets eacly; in at most one vertex.

Giveni > 2, ani-partitei-graph’;, and ani-partite (i — 1)-graph’;_; on the same vertex

set, we writeK;(H,;_) for the set ofi-sets of vertices which form a copy of the complete
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(1 — 1)-grathi("_1) oni vertices inH;_;. We define thalensity ofH; with respect td+;_; to

be
[Ki(Hi—1) N E(H,)|

d(HilH;-a) = Ci(Him1)]

if [KC;(Hi—1)| > 0, andd(H;|H;_1) := 0 otherwise. More generally, ® := (Q(1), Q(2),...,Q(r))
is a collection ofr subhypergraphs df;_,, we defineC;(Q) := J;_, Ki(Q(j)) and

Ki(Q) N E(H,)|

AH1Q) = =)

if |1C;(Q)] > 0, andd(H;|Q) := 0 otherwise.

We say thatH; is (d;, d, r)-regular with respect tdH,_, if every r-tuple Q with |KC;(Q)| >
I|KC;(H;—1)| satisfiesd(H;|Q) = d; £ ¢. Instead of(d;, J, 1)-regularity we sometimes refer to

(d;, 9)-regularity.
Given3 < k < s and a(k, s)-complexH, we say that{ is (dy, . . ., ds, 0, d, r)-regular if the
following conditions hold:
e For everyi = 2,...,k — 1 and for everyi-tuple K of vertex classes eithét;[K] is
(d;, 6)-regular with respect td{; _;[K] or d(H;[K]|H;_1[K]) = 0.
e For everyk-tuple K of vertex classes eithéf,[K] is (d, 0x, r)-regular with respect
to Hy,—1[ K] or d(Hi [K]|Hy—1[K]) = 0.
Here we write’H;[ K] for the restriction ofH; to the union of all vertex classes ii§. We

sometimes denotgly, . . ., d>) by d and refer tad, &, J, )-regularity.

We need the following lemma which states that the restmatibregular complexes to a suffi-

ciently large set of vertices is still regular.
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Lemmab.2 Letk, s, r, m be positive integers and ds, . . . , dy, 0, 6, be positive constants such
that

1 1 . 1
E < ;,5<m1n{5k,d2,...,dk_1} <5k<<04<<dk,;

Let H be a(d, d, 6, r)-regular(k, s)-complex with vertex classés, ..., V, of sizem. For
eachi letV; C V; be a set of size at leastn. Then the restrictiom’ = H[V] U---UV!] of H

toV/U---UV!is(d, /6, r)-regular.

Proof. Note that sinceH’ is the restriction ofH to a subset of its vertex set, for agy <
i < k, anyi-tuple K of vertex classes and any subhypergr&ptof H;_,[K| we have that
d(H[K)|Q) = d(H,;[K]|Q). Itis therefore sufficient to show thedd |IC; (H;_,)| = 6|/Ci(Hi_1)]
for each2 < i < k — 1, and similarly that/5, | K, (H},_,)| = 0x|Kr(Hy—1)|. This follows by
induction on: from the dense hypergraph counting lemma (Corollary 6.1[PT}). Indeed,
suppose that for sone< i < k we havev/s|K;(H)_,)| = 6|K;(H;-1)| for any2 < j < 4.
Then the(i — 1, s)-complex withj-edgesH/, for each2 < j < i is (di_1, ..., d2, V3,3, 1)-
regular. Then sincé < «, by the dense hypergraph counting lemma2 iK i < k& — 1
then we have/s|KC;(H,_,)| = §|Ki(H;_1)|. Similarly if i = k then since’, < a we have
VOr| (M, _1)| = 0k|KCk(Hi—1)|, completing the induction. 0

5.3.2 Statement of the regularity lemma

In this section we state the version of the regularity lemmwakifgraphs due to Rodl and
Schacht [41], which we use several times in proving Theoreli.1To prepare for this we
first need some more notation. Suppose thas a finite set of vertices ariB() is a partition

of V into setsV, ..., V,,, which we callclusters Givenk > 3 and anyj € [k]|, we denote by
Cross; = Cross;(P) the set of all thosg-subsets of/ that meet eachy; in at most 1 vertex.

For every setd C [a] with 2 < |A] < k — 1 we write Crossy for all those| A|-subsets ol
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that meet eachy; with i € A. Let P4 be a partition ofCross 4. We refer to the partition classes
of P, ascells Foreachi = 2,... .k — 1 let P be the union of all théP, with |A| = i. So

PO is a partition ofCross;.

Pk —1)={PW .. . PE-11is afamily of partitions onV if the following condition holds.
Recall thata; denotes the number of clusters/!). Consider anyB C A C [a,] such that
< |B] < |A] < k — 1 and suppose thef, 7" € Crossy lie in the same cell ofP,. Let

Sp = SN, Vi and definel’s similarly. ThenSz andT} lie in the same cell oPp.

To illustrate this condition, suppose thiat= 4 and A = [3]. ThenPy 5y, P23y and Py 3y
partition the edges of thecomplete bipartite graphs induced by the p&ir;, 1,V5 andV; Vs.
These partitions together naturally induce a partit@wf the set of triples induced by, V5

andV3. The above condition says thBf; , 5; must be a refinement @.

Givenl < ¢ < j < kwithi < £, J € Cross; and ani-setQ) C J, we write C, for the set
of all thosei-sets inCross; that lie in the same cell P asQ. (In particular, ifi = 1 then
Cg is the cluster containing the unique elementjr) The polyadﬁ(")(J) of J is defined by
P@(J) := |, Cq. where the union is over altsubsets) of J. So we can view?")(J) as
an j-partitei-graph (whose vertex classes are the clusters interseg}inge letP0-1 be the
set consisting of all thé?U—2)(.J) for all J € Cross;. So for eachik € Cross;, we can view

U PO(K) as a(k — 1, k)-complex.

We say thaP = P(k — 1) is (1, d, t)-equitableif

e there existsl = (dy_1,...,dy) suchthat; > 1/t and1/d; € Nforall: =2,... k — 1,
o PW s a partition ofl into a, clusters of equal size, whetén < a; < t,

e foralli =2,...,k—1,PY is a partition ofCross; into at mostt cells,
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o for everyK e Crossy, the(k — 1, k)-complex "~ P®(K)is (d, 4,4, 1)-regular.

Note that the final condition implies that for all= 2, ...,k — 1 the cells ofP®) have almost

equal size.

Let 5, > 0 andr € N. Suppose that{ is ak-graph onV andP = P(k — 1) is a family
of partitions onV. Given a polyadP*~1) ¢ P* -1 we say thatH is (J;,r)-regular with
respect toP*~1) if H is (d, 6, r)-regular with respect t&* -1 for somed. We say that{ is

(0x, r)-regular with respect t@ if
‘U{Kk(ﬁ(’f‘”) . H is not (8, r)-regular with respect t&*+-1 € Pr-D1| < 5,V |*.

This means that not much more that,araction of thek-subsets of” form aK,gk_l) that lies

within a polyad with respect to whicH is not regular.

Now we are ready to state the regularity lemma.

Theorem 5.3 (Rodl and Schacht [41], Theorem 17)Let k > 3 be a fixed integer. For all
positive constantg andé,. and all functions : N — N andé : N — (0, 1], there are integers
andny such that the following holds for all > ny which are divisible by!. Suppose théat{ is
ak-graph of orden. Then there exists a family of partitio®s= P(k — 1) of the vertex seV’
of H such that

1. Pis(n,o(t),t)-equitable and

2. 'H is (ox, r(t))-regular with respect t®.

Similar results were proved earlier by Rodl and Skokan 8] Gowers [13]. Note that the
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constants in Theorem 5.3 can be chosen so that they satesfgltbwing hierarchy:

1
— <L - = d = 0(t) < min{dg, ;} <.

5.3.3 The reducedk-graph

To prove the absorbing lemma and the path cover lemma, whes®tcalled reducedgraph.

Suppose that we have constants

nio < %,6 < min{éy, %} <O <d< < p, %
and ak-graph™® on V' of ordern > nq with §(H) > (n + 6)n. We may apply the regularity
lemma toH to obtain a family of partition® = {PW) ... P*=D} of V. Then thereducedk-
graphR = R(H, P) is thek-graph whose vertices are the clustergff.e. the parts ofP(").
A k-tuple of clusters forms an edge & if there is some ponadS(’“—l) induced on thesé
clusters such thak{ is (', 5, 7)-regular with respect t&>*~1) for somed’ > d. To make use
of the reduced-graph, we need to show that it almost inherits the minimugreke condition

from H.

Lemma 5.4 All but at most9|R|*~" setsS € (%)) satisfydz(S) > u|R|.

Similar results have been proved previously, but we inchirgeshort proof for completeness.
We say that an edgeof  is usefulif it lies in K,(P*~1) for someP*~1 e P*-1 such that
His (d', 6., r)-regular with respect t&*~1 for somed’ > d. Note that ife lies in kCj,(P*~D)
thenP*-1) = P*=1(¢) is the polyad of. Moreover, ife is a useful edge o, andV;, ..., Vi,

are the clusters containing the verticegofhen thesé: clusters form an edge ®.

Lemma 5.5 At most2dn* edges of{ are not useful.
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Proof. There are three reasons why an edgé{omay not be useful. Firstly, it may lie in
(V) \ Crossy. SinceP® partitionsV’ into a; clusters of equal size, there are at mést" ! <
nn* edges of this type. Secondly, the edge may lie in a polgdd? e P*-1 such that
|E(H) N KR(P*D)| < d|iC,(P*-D)|. There are at mostn* edges of this type. Finally, the
edge may lie in a polyad®*~1) € P*-1 such thatH is not (4, r)-regular with respect to
P*=1 | SinceH is (6x, )-regular with respect t®, there are at mosi,n* edges of this type.

So altogether, at mos$t,. + d + n)n* < 2dn* edges ofH are not useful. O

Proof of Lemma 5.4. Letm = |V;| = --- = |V,,| be the size of the clusters. We say that a
(k — 1)-tuple of clusters of{ is poor if there are at leastm*~'n edges ofH which intersect
each of thek — 1 clusters in precisely one vertex and which are not usefulenTihfollows
from Lemma 5.5 that at mog{R|*~! such(k — 1)-tuples are poor. So it remains to show
that any(k — 1)-tuple which is not poor has many neighboursidn But if V,,,...,V;,  isa

(k — 1)-tuple which is not poor, then there are at lea$t '5(H) — 0m*~n > pm*~n useful

edges ofH which intersect each df;,, ..., V;, . in precisely one vertex. For any other cluster

ik—1

V; at mostm” edges ofH intersect each oV, ,...,V;

Z’k717

V; in precisely one vertex, and so
there are at leagin/m = p|R| choices ofl/; such that there is at least one such useful edge.
This useful edge indicates the existence of a polyad satgthe conditions of an edge in the

reducedk-graphR. O

5.3.4 The embedding and extension lemmas

To prove Theorem 1.11 we also use an embedding lemma, wharlagiees the existence of a
copy of a complexg of bounded maximum degree inside a suitable regular coniplexhere
the order ofG is allowed to be linear in the order &f. In order to state this lemma, we need

some more definitions.
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The degree of a vertex in a complexg is the number of edges containinrg The maximum
vertex degre®f G is the largest degree of a vertex@f Suppose that{ is a (k, s)-complex
with vertex classe$, . .., Vs, which all have sizen. Suppose also that is a(k, s)-complex
with vertex classe<(, . .., X, of size at mosin. We say that respects the partition af if
whenevelg contains an-edge with vertices iX, , . . ., X, then there is air-edge ofH with
vertices inV},, ..., V;,. On the other hand, we say that a labelled copy ah  is partition-

respectingf for eachi = 1, ..., s the vertices corresponding to thoseXnlie within V;.

Lemma 5.6 (Embedding lemma, [8], Theorem 3)Let A, k, s, r, my be positive integers and

lete,ds, ..., dy, d, 6, be positive constants such thdtl; € N for alli < k,

1
A?

» |

1 1
— L —,5 < min{&k,dQ, c. ~7dk—1} < 5]<; < dk,
i r

and

C<<d2,...,dk.

Then the following holds for all integens. > my. Suppose thag is a (k, s)-complex of
maximum vertex degree at mastwith vertex classeX, ..., X, such thatX;| < cm for all
i=1,...,s. Suppose also th&t is a(d, o, 9, r)-regular(k, s)-complex with vertex classes
Vi,..., Vs, all of sizem, which respects the partition 6f ThenH contains a labelled partition-

respecting copy of.

We also use the following weak version of a lemma from [8]. &dy speaking, it states that
if G is an induced subcomplex ¢f, and’ is suitably regular, then almost all copies®in
‘H can be extended to a large number of copieg’ah H. We write |G|;, for the number of

labelled partition-respecting copies@fin H.

Lemma 5.7 (Extension lemma, [8], Lemma 5)Letk, s, r, b, 0", mq be positive integers, where
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b < b, andletc, 3,ds, . . ., d, 0, be positive constants such thatl; € N for all i < k and

1 1 . 11
— << _75 <KL mln{(slmd%"'adk—l} < 5k < ﬁudka_7_'
Mo r s b

Then the following holds for all integers, > mq. Suppose thag’ is a(k, s)-complex on)”
vertices with vertex classe$, . .., X, and letG be an induced subcomplex@fonb’ vertices.
Suppose also that is a(d, dx, 0, r)-regular(k, s)-complex with vertex classés, . .., Vs, all
of sizem, which respects the partition ¢f. Then all but at mos8|G|, labelled partition-
respecting copies &f in H are extendible to at least” ~" labelled partition-respecting copies

of G' in"H.

The proofs of Lemmas 5.6 and 5.7 rely on the hypergraph cogitgmma (Theorem 9 in [42]).
In particular, the extension lemma is a straightforwardsemguence of the counting lemma.
Actually both the embedding lemma and the extension lemr@vad the additional condition
that1/d, € N. However, this can easily be achieved by working with a suoijglex H’ of

H which is (d", dj_1, . .., ds, 5, 5, 7)-regular with respect td*~1 for somed” > 4, with
1/d" € N. The existence of such &’ follows immediately from the slicing lemma ([41],

Proposition 22), which is proved using a simple applicatba Chernoff bound.

Now suppose that we have applied the regularity lemma (Eme&r.3) to &-graph’{ to obtain

a reducedi-graphR. An edgee of R indicates that we can apply the embedding lemma or
the extension lemma to the subcomplexXtoivhose vertex classes are the clustérs . ., V,
corresponding to the vertices @fMore precisely, sinceis an edge ofR, there is some polyad
pk-1) = pk-D(K) (where K € Cross;) induced byV;, ...,V such thatH is (d’, 0y, r)-
regular with respect t&*~1) for somed’ > d. Let’ H* be the(k, k)-complex obtained from the

(k — 1, k)-complex{ JI= P®(K) by addingE(H) N KC(P*~Y) as the kth level’. ThenH* is
a(d, d, 0, r)-regular subcomplex of{, whered = (d',dy_1,...,ds), and(dy_1, ..., ds) iS as

in the definition of an(n, ¢, t)-equitable family of partitions. Als@{* satisfies the conditions
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of the embedding (or extension) lemma. So in particular,etmdedding lemma implies that
if m := |V;| andG is ak-partite k-graph of bounded maximum vertex degree whose vertex

classes have size at mast, then’{ contains a copy of.

5.4 The diameter lemma

In this section, we prove a diameter lemma, which statesithatis a sufficiently largek-
graph of large minimum degree, then for any ordefegtsA and B of vertices of H we can
find an/-path from A to B in H. To prove this result, we first considerkagraphW(k, ¢),
for which a similar statement is easier to prove (Propasib®). Fork/2 < ¢ < k — 2,
the k-graphW(k, ¢) has4/¢ — k + 2 vertices in three disjoint set&, Y and Z, whereX =
{z1, ...z}, Y ={yr, ..,y andZ = {z1, ..., 29010} W(k, £) has2{—k+2 edges, where
for1 < i< 20—k+2theith edge oW(k, 0)is{x1,...,zo1-} U{y1, -, Yr—2-rri} U{zi}.
So each edge oV (k, ¢) intersects the following edge in precisély- 2 vertices. We sometimes
view W(k, () as a(4¢ — k + 2)-partite k-graph with a single vertex in each vertex class, and
consider thgk, 4¢ — k + 2)-complexW(k, £)S. We refer to the ordered sel andY as the
ordered ends ofV(k, ().

The next proposition states that for most pairs of segndT" of ¢ vertices in ak-graph’H of

large minimum degreé{ contains many copies & (k, ¢) with S and7" as ordered ends.

Proposition 5.8 Suppose that > 3, thatk/2 < ¢ < k—2and thatl/n < v < < u, 1/k.
Let’H be ak-graph om vertices such thal(S) > un for all but at mostyn*~! setsS € (‘2(_7*1))
Then for all but at mosBn? pairsS,T of ordered(-sets of vertices of{ there are at least

Bn2=k+2 copies ofV(k, () in H with ordered end$§ andT.

Proof. We refer to the at mostn*~! setsS of k — 1 vertices inH which do not satisfy

d(S) > un as unfriendly(k — 1)-sets. We say that a pair 6fsetsS andT' is unfriendly if there
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existS’ C S, 7" C T such thatS’ U 7" is an unfriendly(k — 1)-set. Then for any unfriendly
(k — 1)-set B, there are at most*~1n?*~*+1 pairs of (-setsS and 7" with S’ UT" = B for
someS’ C S andT” C T, and so since there are at moest*~! unfriendly (k — 1)-sets, and

v < B < 1/k, we know that there are at mgst? unfriendly pairs off-sets.

To complete the proof, it is sufficient to show that if the p&ifl" of ordered/-sets is not
unfriendly, therfH contains at leastn?~**2 copies oV (k, ¢) with ordered ends andT'. Let

S =Ax,...,z},and letl’ = {y;,...,y,}. Foreachl <i < 2k — ¢+ 2 we choose a vertex
suchthat; ¢ SUT, z; # z; foranyj < i, and such thafzy, ..., x1-5, Y1, - - Yk—2—r4i, 2i }

is an edge of{. This is possible for eachas we know thab, 7" is not an unfriendly pair, and
sod({z1,...,Tex1-isY1,-- -, Yk—2-0+i}) = pun, and hence there are at lepst — (4¢ — k + 2)
vertices to choose from. Thef) 7" and the chosen verticestogether form a copy ofV(k, ¢)

in ‘H with ordered end$ and7'. Sincef < pu, by counting the choices we could have made
for the z; we find thatH contains at leastn?~*+2 copies ofW(k, ¢) with ordered endsS

andT. O

The following proposition relates thegraphWW(k, ¢) to ak-graphP(k, ¢) which consists of
several-paths from one orderedset to another. We say thapathsP and(@ with ordered ends
ptes pend bed and Q"¢ areinternally disjointif P and(@ do not intersect other than in these
ordered ends. Note that the proof of this proposition usepdition 5.1. As a consequence
this proposition and each of the remaining results of thitige, including the diameter lemma,

require thatk — /) 1 k.

Proposition 5.9 Suppose that > 3 and that:/2 < { < k — 1 is such thatk — () { k. Then

there exists ¢ — k + 2)-partitek-graphP(k, ¢) such that the following conditions hold.

(1) P(k,?) is the union ofi¢ + 1 internally disjoint/-paths, each containing betweert and

2k5 vertices, with identical orderetdsetsI; andT, as ordered ends (we refer to these as

190



the ordered ends G¥(k, ()). In particular,P(k, ¢) contains at mostOk® vertices.
(2) The vertex classes ®f(k, () are disjoint set¥,,, one for each vertex of W(k, ().

(3) Whenever, € V,,, vy € Vi,,...,vp € V,, are such thafv,, v, ..., v} is an edge
of P(k,0), {wn,...,wy} is an edge o#V(k, (). Furthermore, letX andY be the or-
dered ends o¥V(k, (). Then the ordered ends Bfk, () are contained it ), V., and

Uyey Vi respectively.

Proof. For every vertexv of W(k, (), take a large vertex séf,. Define)V* to have vertex set
V= Ung(k,@) V.., and edges precisely thokesets of vertices which lie in sets corresponding
to an edge ofV(k,¢). We constructP(k, () to be a subk-graph ofW*, with the ordered
ends ofP(k, ¢) in the setsd/,, corresponding to the ordered end9#fk, /). ThenP(k, () is a
(4¢ — k + 2)-partitek-graph which satisfies (2) and (3).

Foreachl < i < 20—k+2 lete; be theith edge oV (k, ¢) as in the definition o¥V(k, ¢). Then
foreachl < i < 20—k +1 we know thate; Ne; 1| = k— 2, and so we may choosg to be an

ordered set of vertices chosen frotp) V.. Also, letSy, and.Sy,_ .- be ordered sets of

wee;Ne;1

¢ vertices chosen from thi€, corresponding to the ordered ends/®ftk, ¢). So0.S, and S 2

are subsets df) Vi, andlJ V,, respectively. We choose these sgt$o be disjoint

weey w€82(,k+2

and to contain at most one vertex from any one vertex dlassThen by Proposition 5.1, for
eachl < i < 2¢—k+2we can find arf-path fromS,_; to S; in K[V, : w € ¢;] which contains
k%((k—¢)+k vertices. We do this so that thfigpaths chosen only intersect in the approprigte

Then the union of all of thesépaths is arf-path P from S, t0 Syy_ .o With
20 < KUk —0) + k< |P| < (20— k+2)(K*(k —0) + k) < 2K

In the same way we find anothéf /-paths fromS, to Sy, .o, SO that ald/ + 1 of the /-paths

obtained are internally disjoint. Thé(k, ¢) is the union of all of thesé-paths. O
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Fix any suchP(k, ), which we henceforth refer to 8k, ¢). Also, letS; andS; be the ordered
ends of P(k, ¢), so thatS; and.S; are disjoint ordered-sets. LetS(k, ¢) be the complex with
vertex setS; U S; and with edges being all subsets $f and all subsets af,. Then since
each of the/-paths which formP(k, ¢) contain at least?¢ vertices, the compleg(k, ¢) is an
induced subcomplex of the compléX(k, ¢)S corresponding t&(k, £), so under appropriate
circumstances we may use the extension lemma (Lemma 5.x)ei0d5 (k, ¢) to P(k, £). This

is the key to the following lemma, which states that for thieiga ofk and/ considered, almost
all pairs of ordered-sets of vertices of a sufficiently largegraph of large minimum degree

form the ordered ends of a copy Bik, ().

Lemma 5.10 Suppose that > 3, thatk/2 < ¢ < k — 1 is such thatk — () { k, and that
1/n <« f < p,1/k. Let'H be ak-graph of ordem with §(H) > un. Then there are at
mostn? pairs of ordered-setsS, andS, of vertices ofH for which’H does not contain a

copy of P(k, ¢) with ordered ends; andsS;.

Proof. To prove this, we use hypergraph regularity. So introduee censtants
1 1 ) 1
" < ;,5<<c<< mln{ék,g} Co,n<KdKLy <L <L p.

We may assume that divides|H|, so apply the regularity lemma td, and letV;, ..., V,, be
the clusters of the partition obtained. As in Section 5.@@say that an edge @{ is useful if
it lies in K, (P*~Y) such thatH is (d', &, r)-regular with respect t&>*~) for somed’ > d.
Let H' be the subgraph dff consisting of all useful edges. Note that no edg&{btontains 2
vertices from the same cluster. Then by Lemma 5.5, at mbst edges ofH{ are not useful,

and sady (S) > un/2 for all but at mostyn*~* of the (k — 1)-setsS of vertices ofH’.

Let C, andC,, be cells of the partitio“) obtained from the regularity lemma. We say that

andC, areconnectedf H’ contains a copyV of W(k, ¢) with ordered endsl and B such that
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A e (4, B € Cy, and such that no two vertices ¥ lie in the same cluster. We first show that

there are at mostn?‘/2 pairsA and B of ordered/-sets of vertices df{ such that either

(i) atleast one ofd andB does not lie in a cell oP“, or

(i) the cellsC 4 andC of P which containA and B respectively are not connected.

Indeed, for (i) note that at mogt n‘~' < *1n’ ordered(-sets of vertices of{ do not lie
in Cross,, and so there are at mo&t)n? pairsA and B of ordered/-sets of vertices df{ such
that at least one aft and B does not lie in a cell o). Similarly, for (i) note that there are
at most?nn? pairs A and B of ordered/-sets such that the celis, andCp of P which
containA and B respectively share at least one cluster. Finally, if thésegl andCp of P
which containA and B respectively do not share any clusters, but are not conettten’?’
must contain fewer thag' ) "*)nn?~*+2 copies ofW(k, £) with ordered endst and B. So
by Proposition 5.8, there are at mgst?*/3 pairs A and B of ordered/-sets of vertices ot{

which lie in such pairs of cells gP©),

To prove the lemma, it is therefore sufficient to show thatetrere at mostn?‘/2 pairsS;, S,
of ordered/-sets of vertices ot such thatCs, andC, are connected cells 6?) but S; and
S, do not form the ordered ends of a copy®ftk, ¢) in H. So suppose cell§; andC, of
P(k, ) are connected. Then there is a copyof W(k, ¢) in ‘H' with ordered ends! and B
such thatd € C;, B € (s, and such that no two vertices B¥ lie in the same cluster. Since
every edge o+’ is a useful edge, for each edge= £(WV) the polyadls(’f—”(e) of e is such
thatH is (d, 0, r)-regular with respect t&*~(e) for somed’ > d. Then these polyads ‘fit

together’. By this we mean that if edgesinde’ of W intersect ing vertices, then

(O 13<i>(e)> N (O 13<i>(e')> = O P9 (ene),

i=1 i=1
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i.e. the intersection of thék — 1, k)-complexes corresponding ¢ande’ is the(q, ¢)-complex
corresponding ta N ¢. Therefore we can defing* to be the(k,4¢ — k + 2)-complex
obtained from the(k — 1,4¢ — k + 2)-complex U, sy, U PO(e) by adding E(H) N
Ueerow K(P*D(e)) as the kth level’. ThenH* is a(d, oy, 0, r)-regular (k, 40 — k + 2)-
complex, wherel = (d’,dy_1,...,ds) and(di_1, .. .,d>) is as in the definition of afy, J, t)-
equitable family of partitions. (Here we may assume a comuaemsityd’ for the kth level
by applying the slicing lemma ([41], Proposition 22) if nesary.) Furthermore, by construc-
tion H* respects the partition of the compleX(k, ¢)< corresponding taV(k, ¢), and so prop-
erty (3) of Proposition 5.9 implies that* also respects the partition (%, ¢)<. Let S; andS,

be disjoint ordered-sets lying in the cell&”; and C, of P respectively. Therf; U S, is
the vertex set of a labelled cogy of S(k, /) in H*. So by Lemma 5.7, for all but at most
B|C1]|C5]/2 choices ofS; € C; and S, € C; we can extend the labelled compléxto at
least one labelled partition-respecting copyRif, ¢) with ordered ends; and.S;. Summing
over allC; andC,, we find that there are at most?‘/2 ordered/-setsS; and S, of vertices
of H which lie in connected cells d?“ and which cannot be extended to a labelled partition-

respecting copy oP(k, ¢), completing the proof. O

We can now prove the following corollary, the diameter lemmeawere aiming for. The idea
behind this is that iS5 andT" are ordered-sets in a largé-graph of large minimum degree,
then there are many orderégetsS’ and7” such thatH contains/-paths fromS to .S’ and7" to
T'. So by the previous lemma, at least one such faamd7” form the ordered ends of a copy

of P(k,¢). Combining thesé-paths gives ad-path fromS to 7.

Corollary 5.11 (Diameter lemma) Suppose thdt > 3, thatl < ¢ < k—1issuchthatk—/() 1
k, and thatl /n < u,1/k. Let’H be ak-graph of orden with 6(H) > un. Then for any two
disjoint ordered-setsS andT of vertices ofH, there exists atrpathP in’H from S to'T’ such

that P contains at mosik® vertices.
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Proof. Recall that if¢ < k/2 we can find such afpath consisting of just one single edge, so
we may assume th@t> k/2. Introduce constants, 5’ such thatl/n < < < pu, 1/k.
Let A be an arbitrary orderefiset of vertices of{, and letX be an arbitrary set af/ vertices
which is disjoint fromA. We begin by showing that there are many ordefests B such
that’{ contains arf-path P from A to B having at mos8/ vertices, none of which are froos.
To show this, we demonstrate how a vertex sequende wiay be chosen, and then count the

number of choices.

SinceA is to be an ordered end éf, we begin the vertex sequencef@iwith the ordered-set

A. We then arbitrarily choose arty— ¢ — 1 vertices ofH to add to the sequence. To finish the
sequence, we repeatedly make use of the factittd} > un. More precisely, we repeat the
following step: letV be the set of the findl — 1 vertices of the current vertex sequence. Then
dy (V') > pn, and so there are at legst — 6/ vertices which together with’ form an edge of
‘H and which are not in the vertex sequence constructed thos fatX. Choose to be one of
these vertices, and append it to the vertex sequence. Wastgmn as the numbeof vertices

in the sequence satisfies> 2¢ andr = k£ (modulo(k — ¢)), so in particular < 3¢. Let B be
the ordered set consisting of the ldstertices of the sequence. Th&hcontains ar/-path P
with this vertex sequence, arfdis therefore arf-path of order at mosi/ from A to B which
does not contain any vertex of. There are at leagun — 6¢)" ¢ vertex sequences we could
have chosen, and hence there are at lgast- 6¢)"~*/n"~2* > 3n’ possibilities for an ordered

(-set B such that there is aftpath fromA to B in H, not containing any vertex of.

Now, let S andT be the two ordered-sets of vertices of{ given in the statement of the
corollary. Then there are at least’ ordered/-setsS’ of vertices ofH{ such that there exists an
(-path P, from S to S’ in H, which contains at most/ vertices and such that(P,) N7 = (.
Likewise for each such choice 6f and P;, there are at leasgtn’ ordered/-setsT” of vertices

of H such that there exists @npath P, from 7" to 7" of order at mos8/ in H and such that
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V(P,) NV (P)) = (). By Lemma 5.10, at most'n?* of these pairss’, 7" do not form ordered
ends of a copy oP(k, /) in H. Since’ < ( we may therefore choose such a p#ir7” such
thatS” and7” are ordered ends of a copyBfk, ¢) in H. Then there are at least+ 1 internally
disjoint ¢-paths of order at mogk® from S’ to 7" in H. At most4/ of thesel-paths contain
any vertex fromV' (P;) \ S" or V(P,) \ T’, and so we may choose drpath from S’ to 7"
in P(k,¢) C H of order at mos2k® which contains no vertex froir (P;) \ S" or V(P,) \ T".

ThenP, QP is thel-path fromS to T of order at mosRk® + 6¢ < Sk we seek. O

5.5 The absorbing path lemma

Let H be ak-graph, and leb be a set ok — /¢ vertices ofH. Recall that arf-path P in H with
ordered end$***? and P** is absorbingfor S if P does not contain any vertex 6f and
contains ar/-pathQ with the same ordered end¥</ and P<"¢, whereV (Q) = V(P) U S.
This means that i’ is a section of ard-path P* which does not contain any vertices®fthen
we can ‘absorb’ the vertices éfinto P* by replacingP with Q. P* is still an/-path after this
change ag” and(@ have the same ordered ends. Similarly, we say thdt@ath P in H with
ordered end#**9 and P*"¢ canabsorba collectionS, ..., S, of (k — /)-sets of vertices o

if P does not contain any vertex bf;_, S;, and’H contains arf-path@ with the same ordered
endsP"9 and Pe¢, whereV (Q) = V(P) U |J;_, S;. The reason we absoilty — ¢)-sets is
that the order of af-path must be congruent g modulok — ¢. The next result describes
the absorbing path asfagraph, which we use to absorb a $et Note that the proof of this
proposition uses Proposition 5.1. As a consequence, thgopition and each of the remaining

results of this section, including the absorbing path lenmeguire thatk — ¢) 1 k.

Proposition 5.12 Suppose that > 3, and thatl < ¢ < k — 1 is such thatk — () 1 k. Then

there is &-partitek-graph AP (k, () with the following properties.
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(1) |AP(k, 0)] < k™.

(2) The vertex set af\P(k, () consists of two disjoint sets and X with |S| =k — (.

(3) AP(k, () contains ari-pathP with vertex setX and ordered endg®* and P,

(4) AP(k, () contains ari-path with vertex setS U X and ordered endg8®* andPe",
(5) No edge ofAP(k, () contains more than one vertexof

(6) No vertex class AP (k, () contains more than one vertex$f

Proof. Let V), ..., V, be disjoint vertex sets of siz€(k — ¢) + 1. Let .S be an orderedk — ¢)-

set such that for each < i < k — /¢, theith vertex ofS lies inV,,;. Let P be an/-path in
K[V4, ..., V,] with ordered end$**9 and P¢"¢ such that bott**9 and P¢"¢ contain at most one
vertex from eaclV; and such that’(P) = (V,U---U V) \ S. (One can easily choose sucta

if forall j = 1,...,|P| one chooses thgh vertex of P in the V; for which ;7 = ¢« modulok.)
ThenV(P)u S =V, U--- UV, Thus we can apply Proposition 5.1 to obtain/apath @
from P9 to P in K[V4,. .., V] such that/ (Q) = V(P) U S. By swapping some vertices
in S with some vertices iV (Q) \ S (lying in the samé/) if necessary we can ensure that the
vertices inS are distributed in such a way that in some vertex sequen@etioéy have distance

at leastt from each other. (This ensures (5).) We can now tdi&k, () := P U Q. O

Fix an AP (k, ¢) satisfying Proposition 5.12, which we refer to simply.4®(k, ¢) for the rest
of this section. Leb(k, () := |AP(k, ()| — k + ¢, so that(k, ¢) is the number of vertices of the
(-path P in the definition of AP (K, ¢).

Given a(k—/)-setS of vertices ofH, we think of S as a labelledk, k)-complex with na-edges
for any: > 2. Then the extension lemma (Lemma 5.7) tells us that for madt & — ¢)-sets
S there are many labelled copies 4fP(k, ¢)S extendingS in H, and soH contains many

absorbing paths for these séts
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Suppose that{ is a k-graph onn vertices, and that is a positive constant. We say that a
(k — ¢)-setS of vertices ofH is c-goodif H contains at leastn’**) absorbing paths fof,
each orb(k, () vertices.S is c-badif it is not c-good. The next lemma states that for the values
of k and/ we are interested in, and any smalif H is sufficiently large and has large minimum

degree, then almost dlk — ¢)-setsS of vertices ofH arec-good.

Lemma 5.13 Suppose that > 3, thatl < ¢ < k — 1 is such thatk — ¢) 1 k, and that
1/n < <y < u,1/k. LetH be ak-graph om vertices such that(’H) > pn. Then at most

ynk=* setsS of k — ¢ vertices ofH arec-bad.

Proof. Letb = b(k, ¢), and introduce new constants
1 1 ) 1
- < ;,5 < ¢ < min{dy, ?} <o, n << d <L 7.

We may assume that divides|H

, SO apply the regularity lemma td, and letl;, ..., V,, be
the clusters of the partition obtained. Let= n/a; be the size of each of these clusters. Form

the reduced-graphR on these clusters as defined in Section 5.3.3.

We begin by showing that almost all setsief/ vertices ofH are contained in clusters which lie
in a common edge dR. More precisely, for all but at most*~*/2 sets{v,, ..., vx_¢} of k—¢
vertices of H we can choose clustels,, ..., V;, such thaw; € V;, foreachl < j <k —/(
and such tha{V;,,...,V; } forms an edge oRR. Indeed, by Lemma 5.4{z(S) > 1 for all
but at mostyat /3 ‘neighbourless’ set§' of k — ¢ clusters. At mostn*—* <« yn*~* setsT
of k£ — ¢ vertices ofH do not lie inCross,_,. But if T € Cross;_,, then unless the sét of
clusters containing the vertices Bfis one of the at mosta?~*/3 ‘neighbourless’ sets df — ¢
clusters (which is the case for at mogt:~—‘/3 sets ofk — ¢ vertices ofH), there is an edge

of R containingS as required.
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Now, suppose thdt;,, ..., V;, are clusters which form an edge Bf Note that there are*~*
sets{vy, ..., v} such thaty; € V;, for eachl < j < k — (. Sincee = {V;,,..., V. }
is an edge ofR, we may define the complei* corresponding te as in the paragraph after
the statement of the extension lemma (Lemma 5.7). THérsatisfies the conditions of the
extension lemma (withy/2 and k& playing the roles of3 and s), and respects the partition
of AP(k,?). LetS be an ordered set of size— ¢, which we may view as a labelled;, k)-
complex with noj-edges forj > 2. Then by Lemma 5.7, all but at mostn*~¢/2 ordered
setsS’ = {vi,...,u—¢} Such thatv; € V;, for each; (these are the labelled copies &
are extendible to at leasb(k, £)!n"*) labelled partition-respecting copies dfP(k, £) in H.
This is where we use property (5) of Proposition 5.12 — it eesuhat the compleg is an
induced subcomplex oflP(k, ¢). For each copy’ of AP(k,¢), C — S’ is an absorbing path
for S’ onb(k, ¢) vertices, and s@(* (and thereforé{) contains at least:***) absorbing paths

onb(k, ¢) vertices forS’. So at mostym*~¢/2 such setss’” arec-bad.

Recall that the number dit — ¢)-sets of vertices of{ which do not lie in distinct clusters
corresponding to an edge &fis at mostyn*~*/2. Summing over all sets df — / clusters, we
see that at mostn*~¢/2 of the (k — ¢)-sets which do lie in distinct clusters corresponding to an
edge ofR arec-bad. Thus at mosin*~ sets ofk — ¢ vertices ofH arec-bad, completing the

proof. O

We are now in a position to prove the main lemma of this sectliostates that for any positive
¢, if H is a sufficiently largé:-graph of large minimum degree, then we can find-gath inH
which contains a small proportion of the verticestofincludes all vertices of{ which lie in
manyc-bad(k — ¢)-sets and can absorb any small collectior-good(k — ¢)-sets of vertices

of H.

Lemma 5.14 (Absorbing path lemma) Suppose that > 3, thatl < ¢ < k — 1 is such that

(k—10) 1k, and thatl/n < o < ¢ < v < u,1/k. Let'H be ak-graph of ordem with
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d(H) > pun. ThenH contains ar/-path P on at mostun vertices such that the following

properties hold:

(1) Every vertex of{ — V(P) lies in at mostyn*=*~1 c-bad(k — ()-sets.

(2) P can absorb any collection of at mest disjointc-good(k — ()-sets of vertices dfl —

V(P).

Proof. Let b := b(k, ¢), and choose a family of orderedb-sets of vertices of{ at random

by including each orderebsetT into 7 with probability c?n'~?, independently of all other
ordered-sets. Now, for any-good setS of k — ¢ vertices ofH, the expected number 6f € T

for which’H contains an absorbing path fSiwith 7 as a vertex sequence is at le@st, by the
definition of ac-good set. So by a standard Chernoff bound, with probaHility (1), for every
c-good(k — ¢)-setS of vertices ofH the number of such orderéesetsT” € 7 is at least®n/2.
Furthermore, with probability — o(1) we have|7| < 2¢?n. The expected number of ordered
pairsT, T’ in 7 which intersecti(e. for which the corresponding unordered sets intersect) is at
most(c?n!=?)%2?n?*~! = ¢*h*n. So with probability at least 1/2 the number of such pairg is a
most2¢*h?n. Thus we may fix an outcome of our random selectio afuch that all of these

events hold.

Delete from7 everyT € 7 which intersects any othé” € 7. Also delete from7 every
T € T which is not a vertex sequence of an absorbing path for segwod (k — ¢)-setS

of vertices ofH. LetTy,..., T, be the remaining members @f. Soq < 2¢%n, and for each
1 < i < ¢ we can choose aftpath P, in H with vertex sequenc; which is absorbing for
some sucly. Then all the/-pathsP; are disjoint, and for every-good(k — ¢)-setS of vertices

of H atleast:®n/2 — 2¢'b*n > an of the (-pathsP; are absorbing.
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Let X be the set of vertices dff which are not contained in any, and which lie in more
thanyn*~*~1 c-bad (k — ¢)-sets. ThenX| < ~n, since by Lemma 5.13 there are at most
v2n*=*/(k — {) c-bad (k — ¢)-sets in total. We use the minimum degree conditiorf-oiho
greedily construct ari-path P, containing all vertices inX and not intersecting the previous
pathsP;, 1 < ¢ < ¢. Then if we incorporate each of the (0 < 7 < ¢) into the/-path P we are
constructing, condition (1) of the lemma is satisfied. So¥ébe a set of — 1 vertices ofX.
Thendy(X') > un by the minimum degree condition d. Since||J._, P;| < un, we may
choose a vertex € V(H) \ UL, V(F;) which together withX”’ forms an edge ot{. Then
X' U {z} is the first edge oF,. We then greedily extend, as follows. LetX” be the set of
the final/ vertices of the vertex sequencef@f Add to X” anyk — 1 — ¢ > 1 vertices fromX
not yet contained iP. Thendy(X"”) > un, and so we may choose a vertgof H which is
not in{J{_, P, nor already contained iff,. We then extend?, by the edgeX” U {y}. At the
end of this process we obtain &mpath P, which is disjoint from all theP; (: = 1, ... ¢), which
contains every vertex o, and which satisfie§/ (Py)| < 2yn. Let P’ and Pe be ordered

ends ofP; for each0 < i < g.

To complete the proof, we now use the diameter lemma (Coyolal1) to greedily join each
ordered/-set P to the ordered-setPﬁf‘{ by an/-path P/, such thatP! intersects?; and P, ;
only in the sets%ﬂf‘{ and e and does not intersect any othéror any previously choseR,.
More precisely, suppose we have chosen sigh.., P/_,. Let’H’' be thek-graph obtained
from H by removing all the vertices ify, . . ., P, and all the vertices i, . .., P/_, and then
adding backPe? ande’j{. Thend(H') > pun/2, and so we may apply Corollary 5.11 to find an
(-path P/ in H' from P to P containing at mos#4® vertices. Having found thedepaths,

the absorbing patfr* is the/-path o o PP P . .. Py Py Py

To see thatP* satisfies condition (2) of the lemma, suppose we have a tolies;, .. ., S, of

at mostan disjointc-good(k — ¢)-sets of vertices of{. Each of these-good setsS; has at least
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an absorbing paths in thépath P*. So for eachl < i < r choose a unique absorbing path
P;, for S; in P*. Then by the definition of an absorbing path we may absorb set$j into
P;, to obtain ar/-path@);, with vertex setS; U V(P;,) and with the same ordered ends/3s

Replacing eaclP;, by Q;, gives us arf-pathQ* with vertex set’ (P*) U | J._, S; and with the

same ordered ends &5, as desired. O

5.6 The path cover lemma

In this section we prove the following lemma, which states the vertices of &-graph of large

minimum degree can be almost covered by a bounded numbesjoird¥-paths.

Lemma 5.15 (Path cover lemma)Supposé > 3, thatl < ¢ < k—1,andthal /n < 1/D <«
e < pu, 1/k. Let’H be ak-graph of orden with 6(H) > (m + p)n. ThenH contains a
k—¢

set of at mosD disjoint{-paths covering all but at most. vertices ofH.

Note that the conditiofk — ¢) 1 k is not needed for this lemma. Let

= [%w (k—0) (5.16)

and letF; , be thek-graph whose vertex set is the disjoint union of séts. .., A,_, and B of
sizek — 1 and whose edges are all thesets of the form4, U {b} (foralli =1,...,a — 1 and
allb € B). Recall that aiF;, ,-packingin ak-graphR is a collection of pairwise vertex-disjoint

copies of7; , in R.

The idea of the proof of the path cover lemma is to apply theleegy lemma to in order
to obtain a reduced-graphR. Recall that by Lemma 5.4 the minimum degreg-bfs almost

inherited byR. So we can use the following lemma (Lemma 5.17) to obtain anosi perfect

202



Fi-packing inR. Consider any copyF of F;, in this packing. We repeatedly apply the
embedding lemma (Lemma 5.6) to the Sulgraph™ (F) of H corresponding to- to obtain
a bounded number dgfpaths which cover almost all vertices &f(F). Doing this for all the

copies ofF; , in the 7, ,-packing ofR gives a set of-paths as required in Lemma 5.15.

Lemma 5.17 Suppose that > 3, thatl < { < k—1,and thatl/n < 0 < ¢ < 1/k. LetH
be ak-graph of orden such thatl(S) > n/a for all but at moson*~* setsS € ("7, where
a is as defined in (5.16). TheH contains arF, ,-packing covering all but at mo§t — <)n

vertices.

Note thatF ; is thek-graph.A; considered in Chapter 4. So Lemma 4.10 is a special case of

Lemma5.17.

Proof. Let F!,..., F' be a maximalF; ,-packing in{. Let X be the set of vertices ¢ff not
covered by any of the=?, and suppose for a contradiction that| > en. For a(k — 1)-setS
of vertices ofH, we write N (.S) for Ny (), d(S) for dy/(S), Nx(S) for N(S) N X anddx(S)
for |Nx(S)|. Sinced < e, we may greedily choose a collectionC (,*,) of size at leastdn
such that the members 6fare pairwise disjoint and such th&tS) > n/a for everyS € S.
We may therefore consider two cases, both leading to a abati@n.

Case 1.There exists a collectiofiy, .. ., S, of r > 6n disjoint (k — 1)-subsets o such that
eachs; satisfiesix (.S;) > en/2a.

In this case, we count the paifs B) for 1 < ¢ < randB € (k)_(l) such thatr € N(.5;) for
eachr € B. Then since each of thg satisfiesix (S;) > en/2a, the number of such pairs is at
leastr (7/%%) > on(7/2"). Since there ar¢*!) setsB € (,X)), at least one sucB must lie
in at least(a — 1) such pairs. But then the correspondisigogether with thisB form a copy
of Fy . contained irH{[X ], contradicting the maximality of ouF;, ,-packing.

Case 2.There exists a collectiofiy, .. ., S, of r > 6n disjoint (k — 1)-subsets o such that

eachsS; satisfiesi(S;) > n/a anddx(S;) < en/2a.
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In this case, we say th&’ is goodfor S; if F* contains at least vertices fromN(S;). Note
that|F} .| = a(k — 1). EachS; has at least — £ neighbours inJ!_, V(F%), and at most
(k—1) (1( ) of these neighbours lie in copiés which are not good fof;. Thus for eactst;
at least - 2(k 1 of the /" must be good fof;. We next count the number of paits 7), where

1 < j < rand7 is acollection of(k — 1) copiesF* which are good for5;. This number must
be at Ieasr(%) > /n(,,), and so there must be some sitand someR C [r] with
|R| > \/n such that for every € R and everyF* in 7, F* is good forS;. For eachj € R
and eachF" € 7, fix K/ to be a subset oV (S;) N F* of sizek. Then for somek’ C R
of size (a — 1)k we have that for any fixed, K*/ is the same set (denotdd’), for every
J € R'. Arbitrarily partition R’ into k£ setsR}, ..., R;. of size(a — 1), and label the vertices of

eachK' to be {v},v vF}. Then for eachl < s < k, the setsS; for j € R, and the set

) 27...7

{vy,...,v;_,} form a copy ofF; ,, and these copies are mutually disjoint and are contained in

X UUgicr V(F), contradicting the maximality of ouF;, ,-packing. O

Lemma5.18 Let P be ani-path onn vertices and let be as defined in (5.16). Then there is
ak-colouring of P with coloursl, . . . | k such that colouk is usedh/a + 1 times and the sizes

of all other colour classes are as equal as possible.

Proof. Let zy,...,z, be a vertex sequence &éf. Colour verticesry, Tx1q, Trr24,--. With
colourk and remove these vertices from the sequence. ., x,,. Colour the remaining vertices
in turn with coloursl, ...,k — 1 as follows. Colour the first vertex with colour Suppose
that we just coloured théh vertex with some colouj. Then we colour the next vertex with
colourj + 1if j < k — 2 and with colourl if j = k£ — 1. To show that this yields a proper
colouring, it suffices to show that every edgefoicontains some vertex of coloutr Clearly
this holds for the first edge, of P and for all edges intersecting (sincex; lies in all those
edges). Note that the first vertex of thi edgee; of P isx (), wheref (i) = (1 —1)(k— /() + 1.

Also note thati* := [;%,] + 1 is the smallest integer so th#fi*) > k.In other words, the
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1*th edgee;« of P is the first edge which does not contaip. But the vertices ok« are
Tax1s-- -, Tark- S0ex as well as all succeeding edges which intersgctontain a vertex of

colour & (namelyz,.,). Continuing in this way gives the claim. Indeed, coldurs used

(217 n—(k-1) n — n n n—(k—1
I (a )7 times and[ (a )7 > B kfﬁ’:(kl_éﬂ =24l 1]>2 1 Alsof (a 1 <

[Gl<i+t -

a

Proof of Lemma 5.15. Choose new constants such that

1 1 1 i 1
E<< 5 <<;,5,c<<m1n{5k,;} gék,n<<d<<9<<5.

We may assume than, so apply Theorem 5.3 (the regularity lemmaHopand letV;, ..., V,,

be the clusters of the partition obtained. ket= n/a;, be the size of each of these clusters.
Form the reduced-graphR on these clusters as discussed in Section 5.3.3. Lemmas 5.4
and 5.17 together imply th&® has anF; ,-packing.A covering all but at mostn /2 vertices

of R. Consider any copyF of F; , in this packing. Our aim is to cover almost all vertices in

the clusters belonging t6 by a bounded number of disjoifipaths.

Solet4,,..., A,—1 andB be(k — 1)-element subsets 6f(F) as in the definition ofF; ,. So
the edges of;, , are all thek-tuples of the form4, U {b} foralli =1,...,a —1and allb € B.
Pickb € B and consider the edgg U{b} =: e. LetV be the set of all clusters corresponding to
vertices inA; and letV;, be the cluster correspondingitoDefine the comple¥{* corresponding
to the edge as in the paragraph after the statement of the extensiondgioemma 5.7). Then
Lemma 5.18 and the embedding lemma (Lemma 5.6 appliéti ydogether imply that the sub-
k-graph ofH spanned by the vertices in, U | J,.,, V' contains arf-path P, onacm/(a — 1)
vertices which intersects each cluster frovin em/(k—1)£1 verticesand/, in cm/(a—1)£1
vertices.Lemma 5.2 implies that the subcompleg®fobtained by deleting the vertices Bf

is still (d, v/dy, V9, r)-regular. So we can find anothépath P, which is disjoint fromP; and
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intersects each cluster frobin em/(k — 1) &+ 1 vertices and/, in em/(a — 1) £ 1 vertices.
We do this until we have used about/(k — 1) vertices in each cluster froM. So we have
found1/c disjoint/-paths. Now we pick/ € B\ {b} and argue as before to getc disjoint (-
paths, such that each of them intersects (the remaindeacf)auster fromV incm/(k—1)+£1
vertices and/,, in em/(a — 1) =1 vertices. We do this for all the — 1 vertices inB. However,
when considering the last vertéX of B, we stop as soon as one of the subclusters ftom
has size less thanmn /4a (and thus all the other subclusters frairhave size at mostm /2a)
since we need to ensure that the subcompléx’ofestricted to the remaining subclusters is still
(d, V3%, V6, r)-regular. So in total we have chosen closéito- 1) /c disjoint /-paths covering
all but at mostm/2a vertices in each cluster frotdand covering betweeimn/(a—1) —em/2a
andm/(a — 1) vertices in each clustér, with b € B. We now repeat this process for each of
As, ..., A._1 In turn. When considering the final sdt,_;, we also stop choosing paths for
someb € B if the subclustel, has size less thann /4a. Altogether this gives us a collection
of close to(k —1)(a—1)/c disjoint/-paths covering all but at mostn/2 vertices in the clusters
belonging toF. Doing this for all the copies aof, , in the 7, -packing.A of R we obtain a
collection of at mostA|(k — 1)(a — 1)/c < D disjoint ¢-paths covering all but at mostn/2

vertices from each cluster, and hence all but at mdst vertices ofH, as required. O

5.7 Proof of Theorem 1.11

We use the following two results in our proof of Theorem 1.The first says that it < s <
k — 1 andH is a largek-graph in which all sets of vertices have a large neighbourhood, then
if we chooseR C V (H) uniformly at random, with high probability all sets efvertices have

a large neighbourhood iR.

Lemma 5.19 (Reservoir Lemma) Suppose that > 2, thatl < s < k — 1, and thatl /n <

a,u,1/k. Let'H be ak-graph of ordemn with dy(S) > u(,")) for any sets € (V7)) and
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let R be a subset df (H) of sizean chosen uniformly at random. Then the probability that

INk(S) 0 ()| = (o) — i1 for everyS € (V79) is1 — o(1).

k—s s

The proof of Lemma 5.19 is a standard probabilistic prooficiwiproceeds by applying Cher-
noff bounds to the size of the neighbourhood of eachSsetnd summing the probabilities of

failure over allS. We omit the details.

The second result is the following theorem of Daykin and ¢gdéast [9], giving an upper bound

on the vertex degree needed to guarantee a perfect matoharkggraph.

Theorem 5.20 ([9], Theorem 3)Suppose that > 2 andk|n. Let’H be ak-graph of orden

with minimum vertex degree at ledst! ((;~}) — 1). ThenH contains a perfect matching.

Proof of Theorem 1.11.In our proof we use constants that satisfy the hierarchy

1 1 1
E<<5<<5<<a<<c<<7<<7’<<77<<77’<<g.

Apply Lemma 5.14 to find an absorbigpath P, in ‘H which contains at mosjn /4 vertices
and which can absorb any set of at mast c-good (k — ¢)-sets of vertices oH. Define the
(k — ¢)-graphgG on the same vertex set &sto consist of all thgk — ¢)-sets of vertices o+
which arec-good . Then by condition (1) of Lemma 5.1dg(v) > (")) — "t >

(1=+)(,__,) for every vertexo in V(G) \ V (F).

Now, let R be a set otvn vertices ofH chosen uniformly at random. Then by Lemma 5.19,
with probability1 — o(1) we have thatNg(v) N (, ¥ )| > (1 —2v')(, " ,) for every vertexs

inV(G) \ V(F). Likewise, with probabilityl — o(1) we have that

1 n
INn(S)NR| > (m + 5) an.
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for any (k — 1)-setS of vertices ofH. Finally, E[| RNV (F)|] = «|P|, and so with probability
at least 1/2 we have thak N V(P,)| < ann/2. Thus we may fix a choice aR such that
each of these three properties holds. Rt= R\ V(5), so|R'| > (1 — n/2)an. Then
INg(v) N ()| = (1—n)(,.2",) for every vertex in V(G) \ V(B), and|N4(S) N R'| >

= for any (k — 1)-setS of vertices ofH.
k—2¢

Let V' = V(H) \ (V(P%) U R), and letH’ = H[V"] be the restriction of{ to V. Then as

V(Py) U R| < nn/2, we must have

/ 1 "
S(H') > <W—l—§>n

We may therefore apply Lemma 5.15%f to find a set of at mosb disjoint/-pathspP, .. ., P,
in H" which include all but at mostn vertices ofH'. Let X be the set of vertices not included

in any of these-paths, sq.X| < en

For each) < i < ¢, let P’ and P be ordered ends df;. Next we find disjoint’-pathsP;
for each0 < i < ¢, so thatP! is an/-path fromP¢™ to Pf’j‘{ (subindices taken modulp+ 1)
which only contains vertices froR’ U P4 U Pfjf{ and which contains at mo8t® vertices in
total. So suppose that we have found stigtathsF}, ..., P/ ,. LetR; = (R' U P4 U Pfj‘{) \
U;;B V(P)). Thend(H[R;]) > —2%—= — 8k°D > an/2k, and so by Corollary 5.11 we can

[z 1 (k—0)
choose such afpath P! in H[R;].

ThenC = P FPyP P ... PP, is an{-cycle containing almost every vertex #f. Indeed,C
contains every vertex dft except for those itX” and those i’ not contained in any’/. So let
R'=V(H)\V(C). Then(1—n)an < |R"| < (a+¢e)n. Since(k —{)|n and(k —¢)||C| (asC
is an/-cycle), we also havék — )| R”|. FurthermoreNgz(v) > (1 —21)(, " ,) for every
vertexv € R". Sincek — ¢ > 2, Theorem 5.20 tells us thg{R"] contains a perfect matching,

and so we can partitioR” into at mostan c-good(k — ¢)-sets of vertices of{. SinceF, can
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absorb any collection of at most: c-good(k — ¢)-sets, there exists @rpath(), with the same
ordered ends aB, and such that’'(Qy) = V(F) U R". ThenC' = Qo P Py ... PP, is a

Hamilton¢-cycle in’H, completing the proof of Theorem 1.11. O
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