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Abstract

In this thesis we explore the notions of relative projectivity and vertices for .77;,, the
Iwahori-Hecke algebra related to the symmetric group. We begin by generalising notions
from local representation theory of finite groups, such as a Green correspondence and
a Brauer correspondence for the blocks of these algebras. Once this is achieved, we
look into further detail about the blocks and specific modules in these blocks, to give
a classification of the vertices of blocks of .77, and use this classification to resolve the
Dipper—Du conjecture regarding the structure of vertices of indecomposable .77;,-modules.
We then apply these results to compute the vertices of some Specht modules, in particular
all Specht modules of JZ, (where e is the quantum characteristic of .7,), and hook Specht
modules when e { n (generalising results from the symmetric group). After considering
signed permutation modules to give a method of computing the vertex of signed Young
modules, we conclude by looking at possible generalisations of these results to the Iwahori—

Hecke algebra of type B.
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CHAPTER 1

INTRODUCTION

The Iwahori-Hecke algebras of type A, _1, denoted .77, arise naturally in many areas of
representation theory, generalising the group algebra of the symmetric group &,,. In [7],
Dipper and James showed that the representation theory of .7, gave a g-analogue to that

of FG,,, and many results about the symmetric group could be recovered in this way.

Relative projectivity and vertices of Hecke algebras were first introduced by Jones
in [25], generalising the results from local representation theory of finite groups (see for
example [1]). If A & n, and M is a .7,-module, we say that S, is a vertex of M if M
is relatively J#3-projective, and if for any p = n with M relatively -projective, then a

conjugate of &, is a subgroup of &,,.

We show in Chapter 2 various properties of vertices, before extending the Green cor-
respondence in [13] (analogous to the classical correspondence in the local representation
theory of finite groups) to bimodules. In Chapter 3, we further extend this to blocks of

6, giving a Brauer correspondence:

Theorem (Brauer correspondence for Hecke algebras). Let n = a + de, with p = (a, de),
and X = (1%, A1,...,Xs), where (A1,...,As) = de and N\; # 1 for all i. Then there is a
one-to-one correspondence between blocks of 7, with vertex (Sy,&y) and blocks of I,

with the same vertez.



Given this, we are able to explicitly compute vertices of the blocks of .77, by computing
the vertex of a block of some maximal parabolic subalgebra .77,, and identifying its Brauer
correspondent. To do this, we need the following definitions. Given n € N, write n as its
e-p-adic expansion:

n=a_ —|—aoe+a16p—|—~-+atept,

where 0 < a_; < eand 0 < a; < p, for 2 = 0. If n has the above e-p-adic expansion,
the standard maximal e-p-parabolic subgroup of &,, is the subgroup corresponding to the
composition:

(191, e™ (ep)™, ..., (ep")™) & n.

A general e-p-parabolic subgroup of &,, corresponds to 7 = (1q,...,7s) = n, which has

for each i either 7, = 1 or 7; = ep™ for some r; > 0.

Theorem (Classification of vertices of blocks of Hecke algebras). Let F' be an algebraically
closed field, q € F* with quantum characteristic e > 0, and B = B, 4 the block of J, :=
I, (F,q) corresponding to the e-core p and e-weight d. If d = 0, then B is a projective
(A, 76,,)-bimodule. Otherwise, let T = (11,...,75) be the composition corresponding to
the e-p-adic expansion of de, and define X\ = (1P, 7y, ..., 7,). Then the vertex of B as a
(A2, 7,)-bimodule is (&), Sy).

In [6], Dipper and Du showed that for trivial and alternating source modules of .77,
the vertex will always be an e-p-parabolic subgroup, and conjectured that this should
hold for any indecomposable 7%,-module. This was shown to be true if p = 0 in [13], and
proved for blocks of finite representation type (i.e. by [15, Theorem 1.2] blocks of e-weight
1) in [31]. As a corollary to the previous theorem, we are able to resolve this conjecture

at the end of Chapter 3, proving:

Conjecture (Dipper-Du). Let F' be an (algebraically closed) field of prime characteristic,
neN, and g € F* with quantum characteristice > 0. Then the vertices of indecomposable

I, (F, q)-modules are e-p-parabolic.



Results from the beginning of Chapter 2, Section 2.3 and Chapter 3 have recently been
published in [34].

In Chapter 4, we explore some consequences of this conjecture, by using it to compute
the vertices of certain Specht modules. We show that hook Specht modules for .77, all
have full vertex &, and show that if e { n, then the Specht module corresponding to the
hook (r, 1" ") has the maximal e-p-parabolic subgroup of &,_; x &,,_, as its vertex. This

gives a result for Hecke algebras corresponding to [35, Theorem 2].

Inspired by [20, Theorem 4.2], which states that all irreducible Specht modules for the
symmetric group are signed Young modules (summands of a module induced from a trivial
module tensored with a sign module), in Chapter 5 we explore signed permutation modules
for the Hecke algebra. We do this by looking at the g-Schur superalgebra S,(mg|m1,n)
for some m; > 0 and giving a method of assigning a defect group D(f) to a primitive
idempotent f in prime characteristic. This lets us generalise [14, Theorem 10.2] to fields

of any characteristic:

Theorem. Let F' be a field of characteristic p = 0, and f a primitive idempotent of

S,(molmy,n). Then D(f) is the vertex of the corresponding signed Young module.

Next we look at possible extensions of this work to the Hecke algebra of 20,,, the Weyl
group of type B,. We give similar combinatorial methods to those in [26, Proposition 3.3,
Proposition 4.4] which allow us to compute minimal right and double coset representatives.
Finally we compute the vertex of the sign module for this algebra, providing evidence

towards a possible version of the Dipper—Du conjecture for Hecke algebras of type B.



1.1 The Hecke algebra

Denote by &,, the symmetric group on {1,...,n}, generated by the elementary transpo-
sitions s; = (i,7+ 1) for 1 < i < n. Let F be an algebraically closed field of characteristic
p = 0, pick ¢ € F*, and denote by 4%, := J,(F, q) the associative algebra over F' given

by the following generators and relations:

{T;:i=1,...,n—1},
(T; + 1)(T; —q) =0 for 1 <i <mn,
LT, =TT it i — g > 1

T, =T/ TiTi for 1 <i<n—1.

This is the Iwahori—Hecke algebra of type A,,_; corresponding to F' and ¢, henceforth
just known as a Hecke algebra. Note that if we choose ¢ = 1, then .77, is isomorphic to
the group algebra F'G,,. In fact, by for example [26, Theorem 1.13], both algebras have a

basis indexed by elements of the symmetric group.

Theorem 1.1. J%, has an F-basis {T,, : w € &,,} where:

T, =T,

i1 ¢

e

)

if w = s; ...8; 15 any reduced expression for w. This does not depend on the choice of

reduced expression.

Under this convention Ty, = T;. As T, is a product of elementary T;, we get from [26,

Lemma 1.12] the following multiplication formula for J,, which we will apply liberally



throughout this thesis.

Tws, if ((ws;) > l(w),
T’wﬂ =

(¢ — DTy + qTws, if L(ws;) < l(w),

where ¢ is the usual length function on a Weyl group. Again, one can see that if ¢ = 1,

then these multiplication rules simplify to those of F'G,,.

Let e be the smallest integer such that 1+ ¢+ -+ ¢°! = 0 if it exists, otherwise set
e = 0, and call e the quantum characteristic of J7,. If e > 1 and ¢ # 1, by minimality
q is a primitive e-th root of unity in F. This quantum characteristic plays a similar role
for 77, as the field characteristic p plays for F'S,,. One example of this is in [26, Corollary
3.44]:

Theorem 1.2. J7, is semi-simple if and only if e =0 or e > n.

This mirrors Maschke’s theorem (for example [1, Theorem 3.1]) when applied to G,
where F'S,, is semi-simple if and only if p = 0 or p 1 |&,,|, i.e. p > n. As such, in this
thesis we will restrict ourselves to the case where e > 1, i.e. ¢ is a root of unity in F. If

our field F' has characteristic p > 0, we can focus on two cases.

Proposition 1.3. If F' has characteristic p > 0, then either ¢ = 1 and e = p, or q is a

primitive e-th root of unity, and hef(e,p) = 1.

1.2 Parabolics, partitions, and tableaux

Throughout, we use the conventions and notation from [26]. In particular note that
multiplication of elements in &,, proceeds from left to right, as we will be using right
actions throughout. Say that A is a composition of n (and write A = n)if A = (A, ..., A;)

is a tuple of positive integers with > 7, A; = n. If in addition A\; = A\, for 1 <i < s, we

5



say A is a partition of n (and write A - n). We denote the unique composition of 0 by

. For A = (A,..., ) = n, define the parabolic subgroup &, of &,, as follows:

G =6 X Gputtniret X X Gty v

%6)\1XG>\2X...X6)\S.

Alternatively, a parabolic subgroup can also be defined by choosing a subset of the ele-
mentary transpositions and taking the subgroup generated by them. In other texts, for
example [23], this notion defines a standard parabolic subgroup, and a general parabolic
subgroup is one that is conjugate to some standard parabolic subgroup. For our purposes,

we are only interested in these subgroups up to conjugacy, and thus this definition suffices.

Given a composition A, we can also define its corresponding parabolic subalgebra

6, of A, as the following F-span:
%=<Twi’w66,\>.

This is a subalgebra from our previous multiplication rules; if w,v € &,, then v is made
up of elementary transpositions all of which lie in &, and if w, s; € &), then ws; € G,.
Note that we can implicitly identify 43 with J4, ® ... ® J43,, the s-fold tensor product
over F' in the following way. Let T; be a generator of JZ, with j = Zf:_ll A + 1, for

1 <1 < Ag. Then we identify T} with the following simple tensor:
1.1 NR1®...Q1,
— —
k—1 s—k

so T; lies in the k-th part of the tensor product. We will do this implicitly throughout

this thesis.

Given a composition A = n, its Young diagram [\] is a left-justified diagram with A\,

boxes in the first row, Ay boxes in the second row, and so on. By filling these boxes with



the numbers {1,...,n}, each with multiplicity one, we get a Young tableau of shape
A. Some particularly important tableaux include the row standard tableaux, where
the numbers in each row increase from left to right, and if in addition A is a partition,
the standard tableaux, where they also increase down each column. Denote the set of
standard tableaux of shape A by Std(\). Finally we have the unique tableau t* € Std(\)
where the numbers {1,...n} are placed in increasing order first along the first row, then

the second row, and so on.

Relating this back to the symmetric group, if A = n we have a right action of &,, on
the set of A-tableaux, where for w € &,,, we replace the number i in its box by (i)w. We

illustrate this in the following example, where A = (4,3,1) |- 8.

£.(3,6,8,5) =567 (3,685 =387

Note also that under this action, the parabolic subgroup &, is the row stabiliser of t*. As
there are n! possible A-tableaux, for any A = n we have a bijection d between tableaux of

shape A, and elements of G,,, defined by:

- d(t) =t

There are two important partial orders relating to compositions and row standard

tableaux. If A\, u = n, we define the dominance order on compositions via:

)\E/LifZAj>Zujforalli>1,

Jj=1 J=1

where we use the convention that \; = 0 if j > s, the number of non-zero parts of A.
For a row standard A-tableau t and some m < n, let Shape(t, m) be the shape of the row

standard tableau obtained by deleting entries in t that are greater than m. Then we can



give a dominance ordering on row standard tableaux by saying that for a A-tableau t and
p-tableau s:

t > s if Shape(t,m) > Shape(s, m),

for all 1 < m < n. In particular note that the standard tableau t* is maximal out of all

row standard A-tableaux with respect to this order.

The final concepts we require of diagrams are the notions of e-hooks and e-cores. Given
A n, an e-hook is a chain of boxes of length e that can be removed from the rim of
[A] to get another Young diagram which corresponds to some p - n —e. The e-core of
A is the partition associated to the diagram gained from [A] by recursively removing as
many e-hooks as possible. This core does not depend on the choice of hooks removed, for
example see [24, Theorem 2.7.16], so the e-core of a partition is well-defined. Finally, the
e-weight of a partition, is the number of e-hooks you need to remove to reach its e-core.

As we will see in Theorem 1.14, e-cores and e-weights help us to determine the blocks of

I,

1.3 Combinatorics of the symmetric group

Here we collect some important notions of the symmetric group which will be crucial

throughout the thesis.

Let o,\,v &= n be compositions with both &, € &,, and &, < &,. Denote by
RS the set of minimal right coset representatives of &, in &,, denote by L§ the
set of minimal left coset representatives of &, in &,, and denote DS, to be the
set of minimal double coset representatives of G, and &, in S,. If ¢ = (n),
then we may just write R, etc. By a minimal coset representative, we mean the unique
element in that coset which is shortest with respect to /. We can relate these minimal

coset representatives and row standard tableaux in the following way (combining [26,



Proposition 3.3, Proposition 4.4]).

Proposition 1.4. Let A\, = n. Then if Ry :={d™': de Ry}:

L)\ = RXIJ
Ry={de&,: t\d is row standard},

Drau=RanR, ' =Ryn L,

Finally every element w € &,, can be written uniquely as w = vdu where v e &y, d € Dy,

and u € R where G, = & n &,,. Furthermore ((w) = £(v) + £(d) + {(u).

As a consequence of these properties, we can determine minimal double coset repre-

sentatives for maximal parabolics, as stated in the following lemma.

Lemma 1.5. Let = (a,b) = a+b=n. Then:

k
Dy = {dk :H(a—k~|—i,a—|—i) ; k—O,...,min(a,b)}.
=1

7

Proof. First note each dy, is well-defined (with dy = 1) and d), = d,', since it is the
product of non-intersecting transpositions. Applying the previous proposition, we just
need to show that d, € R, to show dj, € D,,. Each d, swaps the last k elements on
the first row of the tableau t* with the first £ elements on the second row, preserving
their order. Hence t* - dj, is row standard. Again by Proposition 1.4, dj € R,,, and hence

dy € D, for 0 < k < min(a, b).

To show we've found all of D, ,,, we take w € &,, and show there exists some k with
w € 6,d,6,. Equivalently, by minimality, we show that for all y € R, that y € d;,&,, for
some k. If y € R, then t*y is a row standard tableau with two rows. Suppose we have k
elements from {a + 1,...,m} in the top row of t*y (and thus k elements from {1,...,a}
in the bottom row). As it is row standard, these must lie in the last & boxes of the first

row and first & boxes of the second row respectively, similar to that of t*d,. As entries

9



from {1,...,a} and {a + 1,...,m} lie in the same sections in both tableaux, there exists

some z € G, with tldyz = t"y, so y = diz as required. O]

Another key property of minimal coset representatives comes from how they behave

with the length function. We expect the following may already be known.

Lemma 1.6. Let A =n and w e Ry. Then for s; € &, either:

o ws; €R,.

o ws; ¢ Ry and l(ws;) > L(w). Furthermore there exists s, € &, with ws; = spw.

Proof. We begin by showing that if ¢(ws;) < (w), then ws; € R,. By minimality there
exists t € & and v € Ry with ws; = tv, thus {(w) — 1 = £(t) + ¢(v) by minimality of v.
Similarly, t~'w = vs;, so {(t"'w) = £(t) + {(w) = ¢(v) £ 1 by minimality of w. Combining
these shows that ¢(t) < 0, so t is the identity element and v = ws; € R,. Taking the

contrapositive, if ws; ¢ Ry, then {(ws;) > {(w).

Continuing in this case, we have {(ws;) = ¢(w) + 1. Again there exists v € R, and
t € G, with ws; = tv, but now with £(¢) +£(v) = £(w) +1. In this setup, again t 1w = vs;,
and as w is minimal, ¢(t) + ¢(w) = ¢(v) + 1, as we do not know if s; increases or decreases

the length of v. Rearranging these gives the following system of equations:

U(w) = ((v) + £(t) — 1,

l(w) = L(v) —L(t) £ 1,

which simplifies to:

2(t) =1+ 1.

The only possible solution here as ws; ¢ R, is that £(t) = 1, and so t = sy, for some s;, € S,.
This also tells us that ¢(w) = ¢(v). We now proceed with the deletion condition [23,

Theorem 1.7¢] to show that w = v.

10



Let w = s;, ...s;, be a reduced expression for w. Then ts;, ...s;.s; is an expression
for v of length r + 2, so by the deletion condition, we get a reduced expression for v by
deleting two of these reflections. Suppose we delete s;; and s;, for some j < I. Note that
w = tvs;, meaning that by pre-multiplying v by ¢t and post-multiplying v by s;, we have
an expression for w of length r — 2 which is impossible. Thus we delete at most one of

the s;, to get a reduced expression for v.

Again, let us suppose we delete some s;,, and s; to get a reduced expression for v

(a similar method holds if we delete ¢ instead). Then ts;, ... Si;_1Sijp - - - Si, 18 a reduced

T

expression for v, and thus s;, ...s;,_;s;,,,...s; is an expression for tv = ws; of length

T

r — 1. However, ws; has length r + 1, so again this is impossible. Thus we must delete

both t and s; to get a reduced expression for v, so:

W= 8 ...8, = 0. ]

r

Note that this proof works for any finite Weyl group, and not just for &,,. For G,,, the

second part of this Lemma can also be proved directly using tableaux.

The next proposition gives a method of computing the smallest parabolic containing

the normaliser of a given parabolic subgroup.

Proposition 1.7. Let A = (A,...,\,) = n. Write &y as follows:
G, = 6{1,...,1'1} X 6{2'14-1,...,1'2} X ... X G{ir_1+1,...,iT}

where 1), = Z§=1 Aj. Then the minimal parabolic subgroup of &,, containing N, (S)) is
generated by the following elementary transpositions:
e (i,i+ 1) where (i,i+ 1) € Gy,

o (ij,i; + 1) where there is some 1 <m < j < k <1 with A\, = A\g.

11



Proof. Denote by &, the parabolic subgroup of &,, generated by the above transpositions,
and note that by definition, &, < &,. By [21, Corollary 3|, Ng, (6,) can be written as

Ns, (6,) = 6, - X where:
X\={re G, sl e, forall s; € G,}.

Now elements of X, must send each part of &, to another part of the same length. Thus
as to do this we need all elementary transpositions between parts of the same length, we

have X, and hence Ng,(6,) € &,,.

Furthermore, for any parabolic containing the normaliser, we need the element y € X\
which swaps the first row of length [ with the last row of length [, for all possible lengths
[ to lie inside it. As we need all the transpositions in the definition to write this y, we

have that &, is minimal amongst parabolics with this property. O

1.4 Modules for the Hecke algebra

Throughout this thesis, we will unless stated, assume that modules are finite-dimensional
right modules. Similarly, we will write module homomorphisms on the right. As with the
symmetric group, key modules of interest are the permutation modules and the Specht

modules. We recap these notions as stated in [26, §3].

For A = n, let ) = ] Tw. Then the permutation module corresponding to A

U)EG,\
is given by:

M = x, /.

tw)gy, for w € Sy, we have Fx, is a

As (see for example [26, Lemma 3.2]) z,T,, = ¢
1-dimensional 74 -module, which specialises to the trivial module for &, when ¢ = 1.

By [25, Lemma 2.19], M* =~ Fx) ®4 H,, thus these permutation modules correspond to

12



the usual notion of permutation modules for &,,.

Multiplication in these permutation modules can be stated in terms of row standard

tableaux [26, Corollary 3.4]:

Lemma 1.8. Let A\ = n. Then {:L‘,\Td(t) : t is a row standard \-tableau} is an F-basis of

M, and for 1 <i <n:

,

qra Ty if ts; is mot row standard,

ATawTi = § 23Ty if ts; is row standard and ((d(ts;)) > £(d(t)),

(¢ = DanTyy + qeaTuws,y  if tsi is row standard and ((d(ts;)) < £(d(t)).

\

1.4.1 Specht Modules

Let A = n and for s, t € Std(\), denote mg = Ty)-1223Ty(). By [26, Theorem 3.20], 77, is

a cellular algebra with cellular basis (known as the Murphy basis) given below.

{me : 5, t e Std(\) for some A - n}.

Let 7> be the two-sided ideal of .7, with basis

{my, : u, 0 € Std(v) for some v > A}.

With this cellular structure, we consider the cell modules S* for A - n, which are called
the Specht modules. Denoting m; = mp + S for t € Std()), the Specht module
S* can be viewed via [26, Proposition 3.22] as the right %,-module which is free as an
F-module with basis:

{me: te Std(\)}.

13



Note that these Specht modules correspond to the dual of the Specht modules used by
Dipper and James in [8]. Rules for multiplication by elements of 7, in these modules
can be gained by taking Lemma 1.8 and [26, Corollary 3.21] modulo P, as summarised

in the following corollary.

Corollary 1.9. Let A - n, and t € Std()\). Then in S*:

r

qmy if ts; is not row standard,
mils = § my, if ts; is standard and €(d(ts;)) > £(d(t)),

(g — D)my+ qmys,  if ts; is standard and £(d(ts;)) < £(d(t)).

\

If i and i + 1 lie in the same column, then there exists r, € F with:

ml; = —my + Z ToMy.

veStd(N),
o>t

In particular, note that S is the trivial ./#,-module (all generators of J#, act by
multiplication by ¢), and S0") is the sign module (all generators act as multiplication by

—1) as there is only one standard (1™)-tableau.

From the cellular structure, we have a symmetric associative bilinear map ¢ , ) on each

S*, defined for s, t e Std(\) by:
MysMypy = <m57 mt>muu mOd %A7

where u and v are any elements of Std(\). This is independent of the choice of u and v

by [19, Lemma 1.7]. Let rad S* be the radical of this form, then for each partition define:
D* = §*/rad S*.

We say that a partition A - n is e-restricted if \; — \;;; < e for all admissible i. With

14



this, we can classify the irreducible modules for .7, [26, Theorem 3.43].

Theorem 1.10. A complete set of non-isomorphic irreducible ¢, -modules is given by:

{D* : X is an e-restricted partition of n}.

In addition if X is not e-restricted, then D* = 0. The cellular structure of JZ, lets us

say more about e-restricted Specht modules.
Lemma 1.11. Let A\ - n be an e-restricted partition. Then S* is an indecomposable

¢, -module.

Proof. By [19, Corollary 2.6'] and [26, §2]) we get that End ., (S*) =~ F, and thus S* is
indecomposable. O
In fact when e > 2, by [32, Theorem 1.44] we can say even more:

Theorem 1.12. Ife > 2, and X - n, then S* is indecomposable.

Returning to the semi-simple case, we have by [26, Corollary 3.44]:

Corollary 1.13. If JZ, is semi-simple, then S* = D* for all X - n.

Thus we can see that the Specht modules for .7, play a similar role to the Specht

modules for the symmetric group (see for example [30, Theorem 2.4.6)).

By Nakayama’s conjecture (as stated in [24, Theorem 6.1.21]), the blocks of the group
algebra F'G,, can be parameterised by p-cores and p-weights. This includes the cases

where p = 0 or p > n, where every partition is a p-core, and thus lies in its own block.

Similarly for J7,, the quantum characteristic e determines a labelling of the blocks

with [26, Corollary 5.38] giving a 7;,-version of Nakayama’s conjecture.
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Theorem 1.14 (Nakayama’s conjecture for J,). Let A\, u = n. Then the Specht modules

S* and S* lie in the same block if and only if X and p have the same e-core.

Note that even though the Specht modules may not be indecomposable when e = 2,
the cellular structure (see for example [26, Corollary 2.22]) still guarantees that they will
lie in a single block. Thus we can label the blocks of 7%, by e-cores and e-weights, denoting

the block of JZ,, corresponding to e-core p and e-weight d by B, 4.

16



CHAPTER 2

VERTICES FOR HECKE ALGEBRAS

Let A be an F-algebra with subalgebra A’ € A. Recall that an A-module M is relatively
A’-projective (or just A’-projective) if for any A-modules V' and W with A-module ho-
momorphisms « and 8 as in the below diagram, the existence of an A’-module homo-
morphism from M to V making the diagram commute, implies there is also an A-module

homomorphism from M to V making the diagram commute.

M

-
s
-
-
e ’ J/a
s
s

g

V=7

Note that if we take A’ = F', we obtain our usual notion of projectivity. A more practical
definition of relative projectivity for A-modules is given by the equivalences in the theorem
below (see for example [25, Theorem 2.34] for the Hecke algebra version). For two modules
M and N, we use the notation M | N to say that M is isomorphic to a direct summand

of N.

Theorem 2.1. Let A’ < A be F-algebras, and let M be a right A-module. Then the

following are equivalent:

a) M is A'-projective,
(a) ]
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(b)) M| MQu A,
(¢) M |U®uu A for some A'-module U.
We have the following corollaries. First of all, by definition, it is clear that if we

have subalgebras A” < A’ < A, and M is an A”-projective A-module, then it is also an

A’-projective A-module. Similarly we have:

Corollary 2.2. Let A” < A < A be F-algebras. Then for an A-module M, if M
is relatively A'-projective as an A-module, and relatively A”-projective as an A'-module,

then M is relatively A”-projective as an A-module.

We also have the following corollary about how relative projectivity behaves when

tensoring two modules over F'.

Corollary 2.3. Let A” € A and B’ < B be F-algebras, M an A’-projective A-module,

and N a B'-projective B-module. Then M ® N is A'® B’-projective as an A® B-module.

Proof. By Theorem 2.1, M | M ®4 A and N | N ®p B. Therefore tensoring together

over F' gives us as A ® B-modules:

M@N | (M&uy A ® (N Qg B).

It is straightforward to verify that the natural map ¢ defined on elementary tensors as

(Mm®a)®(n®b) — (M®n)® (a®D),

forme M,ne N,ae A and be B gives an A ® B-module isomorphism:

@ (M@A/ A)@(N@B/ B) — (M@N) ®A’®B’ (A@B)

As such, we can conclude by Theorem 2.1. O]
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In [25, Theorem 2.29], a Mackey formula for Hecke algebras was given, and as a
consequence, Jones was able to make concrete the notion of a vertex of a #,-module [25,
Theorem 2.35]. For a #,-module M, this is a parabolic subgroup &, (for some \ = n)
such that M is J#-projective, and for any u &= n, if M is J,-projective, then a conjugate
of &, is contained in &,. This is not unique, but it is determined up to conjugation in
S,,. We use the notation &, Sg, &, to say that a &,-conjugate of &, is contained in

S,

Combining the notion of a vertex with our previous corollary, we can show that the ver-
tex of a module also behaves as one would expect when taking tensor products. Through-
out the rest of this chapter, we may assume that we are working with 7, -modules where
o = n, instead of JZ,-modules. All definitions and results carry across in the same way,
and this helps us work in more generality later on. We will also in future say that a

module M is &,-projective instead of J#4-projective to mirror the notation used in [1].
Theorem 2.4. Let 11,01 = m and 72,09 & n, with &,, € &,, fori = 1,2. If M is a

S5, -module with vertex &.,, and N s a J,,-module with vertex &,,, then M @ N has

verter (&, x 6,,) as a I, ® H,,-module.

Proof. By Corollary 2.3, M®N is (&,, x &,,)-projective as a 75, ® #,,-module. Suppose
that &y, x G, is a vertex of M @ N as a J;, @ H#;,-module. Thus &), S¢,, &, for

both i. As a 7, -module, M ® N is &,,-projective since:

M@N [ (MQN)Qum o, oy @ oy, = (MQN)Qu 5,

as o, -modules, as J7,, only acts on the part induced from M. Here we used the fact

that M ® N is (&), x &,,)-projective as S, € S,,.

Furthermore, as a J24,-module, M @ N =~ M®4mY and thus M too is &, -projective
as a Hg-module. So, &, S, 6, as M has vertex &,,. As we already know that a

S, conjugate of G, is contained in &, we conclude that &), is a conjugate of &,.
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Repeating on the other side with N, gives us that &,, is a conjugate of &,,, and hence

(6., x 6,,) is a vertex of M ® N as a 4, ® J,,-module. O

We explore how the vertex behaves under other module operations in the next section,

before considering a way of lower bounding the vertex.

2.1 Module operations

Recall that as we are dealing with right modules, we are writing our module homomor-
phisms on the right. Denote by * : JZ, — 77, the anti-automorphism defined by 7} = T;
(so for w € &,,, by Theorem 1.1 we have T)* = T,,-1). For a right .74,-module M, we have
that Hompg (M, F) is a left 7Z,-module by (m)(hf) = (mh)f for f € Homg(M, F), h € 7,
and m € M. Using the anti-automorphism =, we can turn this into a right .7,-module

and define M* := Hompg(M, F') with multiplication:

(m)(fh) = (mh*)f.

This is the dual module to M. We also have an automorphism # : %, — %, defined
by
Ty — (—q)" ) (Tpy-1)L.

Note in particular that Ti# = —T;+ (¢—1), and thus:

T = (-Tit(g- 1)) =—(0)F + (¢~ ) =-(-T+(@-D)+(g-1) =T

7

This lets us define another module M# which is isomorphic to M as a vector space, with
multiplication given by m - h = mh#, as in [9, §2]. When ¢ = 1, we have that TZ# = -T;
for any i, thus this is a generalisation of tensoring with the sign module (as such we will

refer to this operation by that name). As in [28, Theorem 5.2], if A - n, and X is the
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conjugate partition gained by reflecting the corresponding diagram in its leading diagonal,

then we have:

(SM)* = (SM)*.

That is for A — n, we can go from S* to SV via the maps * and #. Thus if (as in the
finite group case), these operations commute with induction, we can use Theorem 2.1 to

show that S* and S* have the same vertex.

2.1.1 Duals and induction

Let M be a %,-module, and take a basis {m;} of M. Then we can define the dual basis
of M* as {m?} where (m;)m’ = §;;. Here we will show that the action of inducing M
from a parabolic subalgebra, commutes with the action of taking duals, as it does in the

finite group case.

Theorem 2.5. Let A\ = n, and M a J8-module, with basis {m;} and dual basis {m’}.
Then the map ¢ : (M* @, ) — (M Q. H,)* defined for w e Ry by m* @ Ty — fiw
where

(mj ® TU)fi,w = (qe(w)(sw,vmj)mi’

18 a F¢,-module isomorphism.

Proof. Denote the standard dual basis of (M ®.4 #4,)* by ¢g"“ where (m; ® T,)g"" =
0i j0pw- AS fiw = "™ ghv it is clear that the map ¢ is a vector space isomorphism, and

thus it remains to show that ¢ is a J%,-module homomorphism.

Let s € {s1,...,8,-1}. We will show for all 7, j, and for all v,w € R, that:

(m; @T,)(m' @TWTy)p = (m; @T,) (m' @ Ty,)Ty) - (2.1)

We begin by computing the left-hand side of this equation. Here we get three cases
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depending on w and s.

1. Suppose ws € Ry and {(w) < ¢(ws). Then:

(mj ® Tv)(mi ® TwTs)p = (mj ® Tv)(mi ® Tows) @,

= qﬁ(ws) (5ws,vmj)m y

= qe(w)+15ws’v5i7j. (22)

2. Now suppose ws € Ry and this time ¢(w) > ¢(ws). Then:

(m; @T,)(m' @ T, Ty)p = (m; @ T,)(m' ® ((q — 1)Tw + qTows))
= (q — 1>q£(w)(5w,vmj>mi +q- qe(ws) (5ws,vmj)mia
= (q - 1>q£(w)5w,v(5i,j + qaw)dws,vézj- (23)

)

3. Our third case is when ws ¢ R, in particular this means by Lemma 1.6 that there
exists some elementary transposition ¢ € {sy,...,s,_1} N &, with ws = tw and

T,Ts =Tys = TyT,,. Then:

(m; @T,)(m' @ T, T's)p = (m; @ T,)(m' @ T,T,,)p,
= (m; @T,)(m'T} ® Ty,) e,
= "™ (8uom;)(m’ - Ty),

= (B, Ty, (2.4)

by the right module structure on M*. We now attempt to compute the right-hand side

of (2.1). Note that due to the action we have that:

(mj ®T,) ((mz ® Tw)(SOTs)) = (mj ® TUTS)(mi ® Tw)p.
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We split into cases relating v and w, and show in all of the above situations on w and s

that (2.1) holds.

a) First of all suppose v = w. Then in case 1:

(mj ® TwTS)(mi ® Tw)@ = (mj ® TwS)(mi ® Tw)%

fw) (5w,wsmj)mi7

which agrees with (2.2), proving the statement in this case. When we are in the next

case:

(mj ® TwTs)(mi & Tw)SO = (mj ® (q - 1)Tw + quS)(mi ® Tw)907
= (q - 1)q£(w)(6w,wmj)mi + q- qe(ws)<5w,wsmj)mi7

= (g — 1)¢"™6,,
which lines up with (2.3) when w = v. Finally, for the third case, we have:

(mj ® TwTS)(mi ®Tw)p = (mj ® T;fTw)(mi ® Tw)ep,
= (m; T, ®T,)(m' ®Tw)e,

_ qﬁ(w) (ijt)mi’

agreeing with (2.4), showing that (2.1) holds in all cases when v = w.

b) Now suppose that v = ws. Then if £(v) > ¢(w) we have:

(mj ® TvTS)(mi X Tw)@ = (q - 1)q£(w)(5v,wmj)mi +q- qé(w)(év&wmj)mia

L(w)+1 (mj)mi’

=4q

@(w)+15

=4q i
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which lines up with (2.2). Similarly if ¢(v) < ¢(w) then:

(mj ® TUTS)(mi ®Tw)p = (mj ® Tv5>(mi ® Tw)p,

which agrees with (2.3).

c¢) Finally, suppose v ¢ {w,ws}. Note that in all cases our left-hand side evaluates to 0.

Then:

-

¢" ) (8,5 ;)M if £(v) < {(vs),vs € Ry,

(m; T, T;)(m' ®@T)p = 3 " ([(q — D)wp + q@Ows|mj)mt if L(v) > £(vs),vs € Ry,

\qﬁ(w)((sw’viju)mi if vs ¢ Ry, vs = uv.

As v # w and v # ws, all of these evaluate to zero too, proving this final case.

Thus in all cases we have shown that ¢ is a .7,-module homomorphism, hence is a 77, -

module isomorphism. O

Now we can show that taking the dual preserves relative projectivity.

Corollary 2.6. Let A = n and let M be a relatively &Sy-projective F;,-module. Then
M* is relatively Gy-projective too. Furthermore M and M* have the same verter as

JC,-modules.

Proof. Using Theorem 2.1, we can assume there exists an J4-module X such that:

M| X ®un I,.
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Taking the dual of both sides and using Theorem 2.5:

M* | (X ®@um )" = X* Qu I,

Thus M* is isomorphic to a direct summand of the module X* induced from 7, and
is therefore Gy-projective. By the definition of vertex, as M** ~ M as JZ,-modules, we

must have that M and M* have the same vertex. O

2.1.2 Tensoring with the sign module

We now present a similar result linking induction to the # operation. We expect the

corresponding result is known for the symmetric group.

Theorem 2.7. Let A =n, and M a 56 -module, with basis {m;}. Then

Vi M* @ S, — (M Qs H,)*

defined by m; ® T, — m; ® Tf forw e Ry, is a H,-module isomorphism.

Proof. We begin by showing that v is a vector space isomorphism. As shown before,

T## — T, which means that as # is a Z,-module homomorphism, that (T,,)## = T, for

7

any w € G,,. Thus for m e M and w € &,, we have:

(M (TN =m® (TF) = meT,.

Therefore 1 is a surjective vector space homomorphism. Additionally:

dim M# ® 4, K, = |Ry|dim M# = |R,|dim M = dim M ® 4, 4, = dim (M Q.4 +4,)%,

since for any .#%,-module N we have dim N = dim N# by definition. Thus as a surjective
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map between vector spaces of the same dimension, v is a vector space isomorphism. It

remains to show that v is a J7,-module homomorphism.

Let ie{l,...,n—1} and w € Ry. Then:

(mi@T)Y - T; = (m; @ TF) - T,
=1m; ®Tf7—’z#a
=1m; ® (Twﬂ)#7

as 7 is a #,-module homomorphism. Thus 1 is a #,-module homomorphism (and hence

isomorphism) as well, proving the theorem. O

Corollary 2.8. Let A = n and let M be a relatively Sy-projective F¢,-module. Then

M7 s relatively &y-projective too. Furthermore M and M* have the same verter as

J,,-modules.

We omit the proof as it follows in the exact same way as the proof of Corollary 2.6,
as M## ~ M as J,-modules. Given these two properties, we can finally prove that for
A  n, the vertices of S* and S* coincide. Again, the analogous result for the symmetric

group is well known.

Theorem 2.9. Let A\ - n. Then S* and S have the same vertex as H,-modules.

Proof. By Corollary 2.6, S* and (S*)* have the same vertex. Similarly, by Corollary 2.8,

SA" and (SM)# have the same vertex. Thus applying [28, Theorem 5.2] again, the result

follows as:

(SM)* = (SV)*, O

Furthermore, if we denote the Specht module defined by Dipper and James in [7, §4]

by Sy, then we have Sy = (SY)* = (S)# (see [28, Theorem 5.3] or remarks follow-
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ing [26, Corollary 3.21]). Thus these results will allow us to translate results on relative

projectivity between both types of Specht modules.

2.2 Broué’s theorem

Another key notion when considering relative projectivity for Hecke algebras is the rela-
tive trace for bimodules, as stated in [25]. Let 7, A = n with &, < &, and suppose B is
a (J4, 74 )-bimodule. Then the relative trace of b e B is:

TrX(b) = Z ¢ T, T,

wERY

Given J,-modules M and N, we have a (%, .7,)-bimodule structure on Homp (M, N)
in the usual way. Then we say that ¢ € Hom, (M, N) is &,.-projective if there exists
Y € Homy, (M, N) such that ¢ = Tr”(¢)). One of the key reasons we are interested in
this trace, is due to its relevance when studying relative projectivity of modules. We
summarise this in the following extension to Theorem 2.1, proved in [25, Theorem 2.34].

We will refer to the equivalences given in Theorems 2.1 and 2.10 as Higman’s criterion.

Theorem 2.10 (Higman’s criterion). Let M be a right ¢,-module. Then the following

are equivalent for T = n:

(a) M is S -projective,
(b) Tr(Hom e (M, M)) = Hom (M, M),

(¢) The identity map on M is & -projective.
For a bimodule B, and 7 = n, define the following set:

Z5(H) = {be B+ hb = bh, for all he S},
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As one might guess based on the definition of relative trace in terms of coset representa-
tives, and the relation via Higman’s criterion to induced modules, we have the following

crucial properties from [25, Lemma 2.12, Proposition 2.13].
Lemma 2.11. Let B be a (4, ,)-bimodule, and b € B. Then for 7,\ &= n with
S, S Gy:

o Tr?(b) = Try (Tr}(b)),

o TrX(Zp(H)) < Zp(I4).

Now suppose M is a (right) #3-module. Then we can make it a (J4, 3 )-bimodule

by giving M the trivial left action, i.e. T;m = gm for ¢ = 1,...,n — 1. Applying the

relative trace in this manner lets us define a trace for modules given by the formula:

Tr)(m) = Z mT,

wWERY

for m € M, which we refer to as the module trace. We will denote this trace by MTr
to emphasise the fact that we are applying the trace to a module. Similarly, under this

identification, we get that:
Zyu () = {me M :mT, = ¢"“m for all w € G,}.

We can recover similar properties of the module trace to the bimodule trace.

Corollary 2.12. Let 7,\ = n with &, € 6&,, and suppose M is a F;,-module. Then for
m e Zy (), we have MTr(m) € Zy (J4).

Proof. Apply the previous lemma when the left action is trivial. O

Our aim is to use the module trace to prove a Hecke algebra version of [3, (1.3)], a
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theorem due to Broué which gives a lower bound on the vertex of a F'&,,-module. Recall

the following from [25, Theorem 2.30]:

Theorem 2.13. Let B be a (7, 7,)-bimodule. Suppose b € Zp(F4,), d € Dy, and let
v(d) = n be defined by &,(q) = &% n&,. Then we have ¢ " DT, 1bT, € Zp(Hq)), and:

Tl (b) = 2 Ty (qif(d)qude) .

dE'D)\’.,-

Take M a &y-projective J,-module, and suppose that 7 = n. Denote A = Endy, (M)

as a bimodule. Then Z4(J4) = End 4 (M), and from the previous theorem:

T (Za(R) S Y Tl (Za(Hw))-

dED)\,.,-

By Higman’s criterion, the identity .74,-homomorphism on M (denoted by 1,/) lies in

the left-hand side of this expression, thus for d € D, ,, there exist .7,-homomorphisms

Va € Za(Hya) = Endg,, (M) with Tay = >ep, o7 (va).

Now let m € Zy; (), so for all s; € &,, we have mT; = gm. Then:

m = (m)ly = Z (m) TTZ(d)(¢d)a

dED}MT

= 2 Z (m)(q_f(x)Tmflwde)a

deDy - xesz

= > D, (mg O T)eTy),

dE'DA’.,- IERZ(d)

= 2 D (mg @ Ty),

dED)\J— (EGRZ(d)

= Z Z (deTz )

dE’DA’T $ERZ(d)

= Z MTr), ) ((m)ta).

dED/\YT
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Now as g € Zs(Ha)), then for s; € &,(4), we have (m) T; = (mT;)vg = q(m)ibq, so
(m)a € Zy(F)(q)). This proves:

Proposition 2.14. Let M be a 4 -projective ¢,-module. Then for T &= n:

Zu(A) = Y MTY) ) (Zu(Hyw)),

dE’D)\’T
where &, q) = 6§ NG,.

Corollary 2.15. Let M, 7 and X be as in the previous proposition. Then

= Y MTY) ) (Zu(Hw))-

dEDA T

Proof. Proposition 2.14 shows us that the left-hand side is contained in the right-hand
side, and Corollary 2.12 shows us that each part of the sum on the right-hand side is

contained in the left-hand side. O

We can now generalise Broué’s result [3, (1.3)] to Hecke algebras.

Theorem 2.16. Let 7, A = n and suppose M is a &y-projective F;,-module. Define:

M(r) = Zy()) >, MT(Zu(IE).

vEn
6,56,

Then M (1) # 0 implies that a conjugate of S, is contained in Sy.

Proof. Suppose that no conjugate of &, is contained in &,. Then for all d € D, ,, we
have &,y & &, (where again v(d) = n is defined by &,y = 6§ N S,). Applying the

previous corollary tells us that:

Zu(A) = Y MT) o (Zu(Hw)) = Y, MY (Zy(H4)),

deDy » szg
Y= T
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implying that M(7) = 0. Thus if M(7) # 0, we must have that a conjugate of &, is

contained in &,. ]

This gives us a way of finding a lower bound for the vertex of a J7,-module, since every
module M is relatively projective for its vertex. Therefore applying the theorem with &,
as the vertex, if one can find a 7 with M (7) non-zero, then we know that a conjugate of

&, is contained in &,. Thus we have & is a lower bound for the vertex.

2.3 A Green correspondence for bimodules

Given the notion of relative projectivity for modules, we can extend it to bimodules in the
following way. Let A, B be F-algebras with subalgebras A’ € A and B’ < B. Then an
(A, B)-bimodule is the same as a left A® B°P-module. Hence we will say that an (A, B)-
bimodule is relatively (A’, B')-projective if as a left A ® B°°-module, M is relatively

A" ® (B')°P-projective.

2.3.1 Relative projectivity of bimodules

Using this, we can extend Higman’s criterion and its corollaries to bimodules of Hecke

algebras. Let 01, 09 E n, and denote S = My, @ IR, so a (A, , Hy,)-bimodule is

01,02

the same as a left 2, , -module. Similarly use T, ,,, to denote T, ® Ty, € for

=—01,02)

w; € &,,. Note that under this notation if we have a (44, , 54, )-bimodule M, then

%01702 ®ﬁxl,,\2 M = A5, ®9ﬁ1 M ®%ﬂ>\2 Ao,

as (A, , H,,)-bimodules. This can be seen either using the transitivity of induction, or

by the associativity formula given in [4, §9, Proposition 2.1]. This gives a useful result if
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our bimodule is a block of .77,.

Proposition 2.17. Let B be an indecomposable direct summand of 7, as a (I, H;,)-
bimodule. If B is either (&,,&,)-projective or (&,,,&,)-projective for some T = n, then

B is (6,,6,)-projective.

Proof. We only prove the first case as the second follows in the same way. By Higman’s
criterion, B | 7, ®.z B Qu, H,. Since B is a direct summand of J%, as a (J,, 7;,)-

bimodule, it is also a direct summand of J, as a (4%, 5, )-bimodule. Hence,
B | I, @ o @, Ky = Iy, Qu, Sy = I, Q. Iy Q, Sy,
thus by Higman’s criterion again, B is (&, &, )-projective. O

Recall from Section 2.1 that .74, (and hence J%,) has an anti-automorphism which

maps 1, — T,,—1 for w e G,,. Hence as F-algebras:
%1 ®‘%02p g %1 ®%2 ; %’7
where o = 2n is given by the concatenation of oy and 2. Thus we can conclude from [25,

Theorem 2.29] a Mackey formula for bimodules.

Theorem 2.18 (Mackey formula for bimodules). For ¢ = 1,2, let &,,,&,, be parabolic
subgroups of &,,, and denote D; = D5! . Then for any left H,, \,-module M, we have

that as A, ,,-modules:

KUL@ ®£A1,A2 M = C—B ﬂ#l,#z ®iu(d1),u(d2) (Idfl,dz ®ﬁ>\1,x2 M)

d1€D1,d2€'D2

where v(d;) = n is defined fori = 1,2 by:

GV(di) = Gf\li NSy,
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Note that in this statement (Id;l dy A5 5, M) =Ty @, M @i, Ta, is indeed a

() ay), Ha,))-bimodule. To see this, let w € &,(q,), m € M, then:
Twle—l ® m ® Td2 = del—l ® m ® Td2

since d;' is a minimal right coset representative for &,,. As, dywd;' € &, and d;" is a
minimal left coset representative for &y, we have that T, gt = Td;1 dywd;? = T 0 Ly wa -
Thus we can pull T}, 47! ACTOSS the tensor product to M. Doing something similar on

the right confirms our claim.

As before, using again the fact that J7,, possesses an anti-automorphism, as a con-
sequence of [25, Theorem 2.35], we can define vertices for indecomposable (7%, , 7, )-

bimodules.

Theorem 2.19. Let M be a (5, 5,,)-bimodule. Then there exist a pair of parabolic
subgroups &), < &,, for i = 1,2, such that M is relatively (S,,, Sy,)-projective and
if for any parabolic subgroups &, < &,, with M relatively (&,,,S.,,)-projective, then
S\ Se

S,,, again for i = 1,2. We call the pair (&,,,8,,) a vertex of M as a

T

(A, , H5,)-bimodule.

Using this, we get the following consequences of [13, Lemma 3.2].

Lemma 2.20. Let M be an indecomposable (,,, 7,,)-bimodule with vertexr (&,,,&,,)
for 71,72 = n, and let A\, Ay = n with &, < &), < &,, for i = 1,2. Then there are
indecomposable (3, , 74, )-bimodules X and Y, both with vertex (&,,,&,,) such that:

(a) X | M as (H4,, 74,)-bimodules,

(b) M | ﬁm,ﬂz ®£/\1,>\2 Y

Note that in this situation, ¥ corresponds to the notion of a source for M (see for
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example [1, §9]). The final lemma we state in this section is a consequence of [13, Lemma

3.3] using Theorem 2.18.

Lemma 2.21. Let 7;, A, 0; En with S,, € &), € S, fori=1,2. If N is a (&,,,8,,)-

projective (J43,, 76, )-bimodule, then we get as (4, , H43,)-bimodules:

%01702 ®£h’>\2 N=N®@Y,

where each indecomposable summand of Y has a vertex contained in:
(6?—11 M 6>\17 6?—22 M 6>\2)
for some d; € D', with (di,dz) # (1,1).

Proof. By Higman’s criterion, there exists an s _ _ -module V with NV | K)\MQ Ruw V.

T1,72 )

Therefore 2, 5, ®, .V = NOT for some A, ,,-module T'. Inducing up to 2

01,027

then restricting back down to JZ, ,, via the Mackey formula, after collecting terms we

have:

(#00®x, V) =NOYOTOX,

where N@®Y is the restriction to ﬁ/\lm of A ®1A1 N N, and T@® X is the restriction

—01,02

of ®ue,, ,, T- Now inducing V" from 2

/- . Up to A and restricting down to

01,02

I, », gives us via the Mackey formula:

K@, V= (L0, ®x, V)OU=(NOT)OU,

L=T1,T9

where summands of U are (6% n &,,, 8% n G,,)-projective for some double coset repre-
sentatives dy and dy with not both d; = dy = 1. Comparing these two expressions means
that by the Krull-Schmidt theorem (see for example [26, Theorem A6]) we get X@Y = U,
and thus Y | U, so each indecomposable summand of Y has a vertex contained in a pair

of subgroups of the correct form. m
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2.3.2 The correspondence

We now begin to prove a Green correspondence for (4%, .7, )-bimodules, as in [13, §3]
for J¢,-modules, or as done in [1, §11] for finite groups. Let us fix some notation. Take

i, li, 0; compositions of n for ¢ = 1,2, with:
6y S Ns,,(6,,) € 6, € &, (2.5)
Denote the following set:
P = {(Hy, Hs) : H; is a parabolic subgroup of &,, for i = 1, 2}.

For any subset 2 < &, we say a (%,, #,,)-bimodule is relatively 2-projective
(or just Z-projective), if each of its indecomposable summands is relatively projective
for some pair of parabolic subgroups in 2. Let (P, P,),(G1,G2) € &. Then say that
(P1, ) €1,¢y) 2 if there are elements x; € G; with (P, P;?) € 2. Now we are ready

to define the sets used in our version of the Green correspondence.

27 ={(H,Hy) e P : H; € & 0 &, for (dy,ds) € (&,,,8,,) — (6,,,6,,)},
#? ={(H,Hy) € P : H; < &) NG, for (di,do) € (&,,,8,,) — (6,,,6,,)},

) 12}

Z*={H=(H,H)eP:H 6, ,H,c 6, Hé¢e, s

Note that in the definitions of .2°% and #*, we require that d = (dy, dy) cannot have both
d €6, and dy € G,,, but we could have say d; € &, as long as dy ¢ &,,,. This follows
from Lemma 2.21, where at most one of the d; in that formula can be the identity element.
These sets are bimodule analogues of the sets used in both [1, §11] and [13, §3]. As in
both the classical Green correspondence and in [13, Theorem 3.6], we have the following

conditions linking our sets.

Lemma 2.22. If &, < &,, are parabolic subgroups for i = 1,2, then the following are
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equivalent:

(a) (64,,6,,) €@, .6.,) 22,
(b) (67-17 672) € 12’
(c) (6.,6,,) e

(d) (6717 672) €(61.6u,) gz'

Again, this follows as a consequence of [13, Lemma 3.4]. Alternatively, it can be seen
by the fact that (Hy, Hy) € Z? if and only if one of H, or Hy lies in the corresponding
set 2" from [13, §3]. We now need the following corollary, which corresponds to [13,
Corollary 3.5].

Corollary 2.23. If M is a 2 *-projective (S, H,,)-bimodule, then as a (., H,,)-

bimodule, M is % *-projective.

Proof. Let L be an indecomposable summand of M as a (44, , 7, )-bimodule, with vertex
(6,,,6,,) € 2% Note that this means that &, < &,, for both i by the definition of .22,

Thus L | 2, , Q. . -, L, and applying our Mackey formula says that as a #,  -module,

01,02

each indecomposable summand of L is (&,,,&,,)-projective, where &, = 6% n &, for

some d; € D7t . Note that for both

6,S6%n6, )G,
If at least one d; # 1, we have (6,,,6,,) € %7 as this d; ¢ S,,, and thus (di,d2) ¢
(CICHIE

Finally if both d; = dy = 1, then we have (&,,,6,,) € 27, as each &, € &,
and (&,,,6,,) € Z* As &, € &, € G,,, we can conclude with Lemma 2.22 that

(6,,,6,,) € w2
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Thus in all cases indecomposable summands of L are relatively % 2-projective as

(A, , 7, )-bimodules, and hence so is M. O

We can now fully state our Green correspondence for bimodules of Hecke algebras,
generalising [13, Theorem 3.6]. Although we are working with more general \;, p;, and
with o; instead of (n), the proof follows through in the same way as we still have the
key relationship (2.5) between our subgroups, and our Lemma 2.22 and Corollary 2.23
take the place of [13, Lemma 3.4, Corollary 3.5] respectively. Thus the double sum in the

Mackey formula is fully accounted for. We include the proof here for completeness.

Theorem 2.24 (Green correspondence for bimodules). Let
6&' < NGUi(G)\i) < Gui = 601‘?
forv=1,2. We have the following correspondence:

(a) Let M be an indecomposable (5, , 7,)-bimodule with vertez (&,,,&,,) € Z*. Then
there is a unique indecomposable summand f(M) of M as a (J,,, H,)-bimodule,
with vertex (&,,,6,,), and

M= f(M)®Y,

as (J€,,, 7,,)-bimodules, where each indecomposable summand of Y has a vertex in

@

(b) Let N be an indecomposable (H,,, H,,)-bimodule with vertez (&,,,S,,) € Z°. Then
there is a unique indecomposable summand g(N) of 4, 5,Qu, , N as a (A5, Hz,)-

bimodule, with verter (&,,,&,,) and

T Qu N =g(N)® X,

—H15H2

where each indecomposable summand of X has a vertex in 2>,
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(c) Furthermore for M and N as described above, f(g(N)) = N, and g(f(M)) =~ M.

Hence this gives a bijection between isomorphism classes of (H,,, #,,)-bimodules, and

isomorphism classes of (M, , #,,)-bimodules which have vertices in 2.

Proof. We start by proving (a). Using Lemma 2.20, there exists an indecomposable

A, ,-module V with vertex (&,,,&,,) and:

n

M | <K01,02 ®x V) : (2.6)

—H1:H2

Restricting both sides down to ¢ using Lemma 2.21 gives us that M | V@Y where

1542
Y is & *-projective. Hence, by the the Krull-Schmidt theorem, the restriction of M is
isomorphic to V@Y or Y; for some (possibly zero) summand Y; of Y. Using Lemma 2.20,

we know M has an indecomposable summand V' with vertex (&, &,,) when considered

as a (A, , 7,,)-module. Let V' be any such indecomposable summand.

Suppose V' is isomorphic to some summand of Y. Then by the definition of ver-
tex, (6,,,6,) €@,,.6,,) Z° Lemma 2.22 then says (6,,,6,,) €@,,.s,,) £ which
contradicts the fact that (&,,,8,,) € 22 Hence V=V’ so M =V @Y, as (K, H#,,)-
bimodules, and this V' is uniquely determined by M. Therefore setting f(M) = V gives

a well-defined map.

We now move on to proving (b). Take N as in the statement, and decompose the

induced module into indecomposable #,, , -modules as follows:

ooy @w, , N =M D D M,. (2.7)

ZE g ,ug

Using Lemma 2.21, (J R N) = N@Y as (4,,5,)-bimodules where each

01,02 =L py,uo

indecomposable summand of Y is & 2-projective. Write Y = Y, ®--- @ Y; to get (after
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reordering if necessary):

M,=N@Y, (2.8)
M; =Y, for1 <j<t,

as (., , A, )-bimodules. Note for all j, M; | A, ,, Qs N, so by definition of relative

projectivity, each M; has a vertex contained in (&,,,6,,) € (S,,, S,,).

We now split into cases j = 1 and j > 1. Let (8,,,8,,) be a vertex of M; with
6, € 6, < 6, for ¢ = 1,2. If M, is relatively A 2-projective as an (I, H,)-
bimodule, then N @Y; and hence N is relatively % *-projective as a (7, , #,,)-bimodule
by Corollary 2.23. Hence (&,,,6,,) €@,,.6,,) 2. Applying Lemma 2.22, this means

that our vertex has a conjugate in 2% which is a contradiction as (&,,,&,,) € 2% So

M, is not relatively 2 *-projective, and thus has vertex in 22

N

Now let j > 1, and (&,,,8,,) a vertex of M;, with again &,, < &, < 6,,.
Lemma 2.20 gives us some summand of Y; with the same vertex. But we know Y; | Y
which is relatively #-projective, hence (64,,6,,) €6,,.6u,) %2, so again by Lemma 2.22,
(6,,,6,,) € 2%, Hence M; is relatively 2 %-projective for j > 1. Therefore £®im,u2

has a unique indecomposable summand which is 2°*-projective, and the rest are .2 °-

projective. Define g(N) as this unique summand.

We will prove only the first part of (c); the second follows similarly. Take N as in
statement (b). Then by (2.7) and the proof of (b), 2, ,, ®x, N =g(N)®X where

X is 2 *-projective, and g(N) has vertex in 2. Using the proof of part (a), f(g(N))

is the unique summand of g(N) as a (J%,,, /#,,)-bimodule with vertex in 27>, However,

B

by (2.8), g(N) = N @Y, as (H,,, #,,)-bimodules, where Y] is & *-projective. Hence we
must have f(g(/N)) = N, and by applying (2.6) we see that g(N) and N share the same

vertex. So this gives the required one-to-one correspondence. O

Although this correspondence will hold for any (&.,,&,,) € 272, we will typically use
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it in the simpler case when 7; = A;.

We can strengthen our Green correspondence, as the ideas of [1, §12] happily carry
over to bimodules of Hecke algebras, affording us the following analogue of [1, Theorem

12.2].

Theorem 2.25. Let M be an indecomposable (7, , 7, )-bimodule with vertez (Sy,, S,,),
and indecomposable (€, , H,,)-bimodule f(M) its Green correspondent. If U is an inde-

composable (I, , H,,)-bimodule and f(M) | U as (I, H,,)-bimodules, then M = U.

We can also form the following corollary which will be useful in the next chapter.

Corollary 2.26. Let M and f(M) be as in Theorem 2.25. If U is a (I, 7,,)-bimodule,
then M | U as (J,,, 7,,)-bimodules, if and only if f(M) | U as (J€,,, 5,,)-bimodules.

Proof. Take U = U1 @®- - -@®U,; a decomposition of U into indecomposable direct summands
as (J€,,, #,,)-bimodules. As M is indecomposable, then M | U means that M = U; some
1 <i <t. Hence we get f(M) | U; | U as (H,,, #,,)-bimodules. For the other direction
if f(M)|U as (7, 5,,)-bimodules, then f(M) | U; for some 4, hence by Theorem 2.25,
M =U; andso M | U. O
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CHAPTER 3

VERTICES OF BLOCKS

Now we have a Green correspondence for bimodules, the next logical step is to form a
type of Brauer correspondence for blocks of Hecke algebras, giving results akin to Brauer’s
first main theorem (see for example [1, Theorem 14.2]). To begin this process, we start

with the following definition, an analogue of the one given for finite groups in [1, §14].

Definition 3.1. For ;1 = n, let b be a block of JZ,, and B a block of J#,. We say B is
the Brauer correspondent of b, and write b = B, if b | B as (J,, #,)-bimodules,

and B is the unique block of .77, with this property.

As A, | A, as (A, 7,)-bimodules (consider the decomposition given by &,-6,
double coset representatives), b will always occur as a direct summand in the restriction
of at least one block. However, there is no prior guarantee that its Brauer correspondent
will exist, as b may occur in the restriction of more than one block. We first state
some general properties of Brauer correspondents, omitting the proofs as they are largely

identical to those in [1, Lemma 14.1].

Lemma 3.2. Let b be a block of €, for p & n with vertex (&,,,6,,) as a (I, H,,)-

bimodule. Then if b’ is defined, (&,,,8,,) is contained in a vertex of b’

Lemma 3.3. Let 6\, € 6, € G, be a chain of parabolic subgroups of &,,. If b is a block
of 4, and all three of b, b and (b)”" are defined, then (b”)"n = b,
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In this chapter we show that for certain maximal parabolics that we can guarantee the
existence of Brauer correspondents, and use them to compute the vertices of all blocks of

I,

3.1 A Brauer correspondence for Hecke algebras

Let a > 0,d > 1, and n = a + de. Define compositions of n:

p = (a,de),
a = (a, 1de),
T = (1%, de),

so 6, = 6, x G;. Recall, from Lemma 1.5, we have the following description of D,, ,,:

k

Dy = {dk—H(a—kz—i—i,aJri) : k—O,...,min(a,de)}.

i=1

This tells us for ¢ = 0, ..., min(a, de) that &, := 6;‘%’ NS, has corresponding composition

v; = (a —1,1,1,de — 7). We define compositions:

7 = (1°% de — 1),
7= (1%4,1%77),
7 = (1%4,de — i),
Q; = (1a_i,i, 1de)’

a; = (a—1i,i,1%).

Note in particular that &5 is the group generated by the elementary transpositions from

S, and &,/. Similarly, the group generated by the collection of elementary transpositions
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from &,, and S5 is &,,. This lets us present the following technical lemma:

Lemma 3.4. For 0 < i < min(a,de), as a (I, 5 )-module, 7,1y, 7€, is (&.,,8;)-

projective.

Proof. By Proposition 1.4, every element w € G,, can be uniquely represented as a product

w = gd;h for g€ S, d; € D,,,, and h € RY, with {(w) = £(g) + £(d;) + £(h). Hence the

vi?

following gives us an F-basis for J¢, T, .7,

{ngih = TgTdiTh g€ 6!“ he Rllfl}

Furthermore, as 6, = &, x &,, we can further categorise our basis (as for each g € &,
there exists unique x € &, and y € &, with g = zy, and £(g) = ¢(x) + {(y)). In the same
vein, R = Rg x RZ, so h € R can be written uniquely as h = hihy with hy € R,

T

hy € RL, and ¢(h) = £(hy) + €(hg). In particular, Ty, T, = Tp,Th, as hy commutes with

S;. Also, as G, S 6,, we can write x € &, uniquely as v = 12y with z; € L5, 15 € G,

and {(z) = {(x1) + £(x2). Therefore our F-basis for J¢, Ty, 7, can be written as:
{TxszzTdeiTthhg 1T € ﬁgwﬂfz € Ga,ye 6, My € Rgi, hy € R:}

Now for some fixed z; € L, and h; € R, consider the vector subspace

Mx1,h1 = <T11TLE2Tde¢Th1Th2 : x2 € 6011'7 y € 67’7 h2 € R;’;Z>

We show that this is closed under left and right multiplication by elements of .77, so is a

(A, 7 )-bimodule.

Let s; € &,. Multiplying basis element mg, yn, 1= 1o, Ty, T Ta, Th, Th, by T on the
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left:

Ty, yhy = 13T, Ty TyTa, Thy Thy,

=1, 1,151,141y Th,,
TleszSijdz‘Tthhz if g(sjy) > é(?/)?
(q — 1)T$1Tx2TdeiTh1Th2 + qTxlTngsJ-deiTthhg if E(sjy) < é(y),

as J, and JZ;, commute. As s;,y and hence s;y € &;, we have that M, 5, is a left

s;-module. We now need to check right multiplication by Tj.

My yhoTj = Ty Ty Ty T, Thy Ty T,
= TmezTdeiThszThp
TwlTIQTdeiThQSjThl if g(thj) > g(hg),
(q — 1)T$1T$2TdeiTh1Th2 + qT$1T£E2TdeiThQSjTh1 if é(thj) < é(hg)
Hence it suffices to show that 1%, T,,T, T4, Th,s, Th, € My, n,- To do this we split into cases
dependent on whether hys; € RZ or not. First of all, if hys; € RZ, then by definition we
are in My, p,. If not, then by Lemma 1.6, there exists s € & with sphe = hos;, and thus

by Proposition 1.4, Tj,s, = T}, Ty,. We now split depending on which part of &5 contains

Sk
o If s, € &, then it commutes with 7y, and:

Ty, T, Ty T, T T, Ty = Ty Ty Ty T, To, Ty Ty

which lies in My, », as before.

o If s, € &/, then:

T 1o, Ty, T, T Thy, = T T, Ty T, Ta, Th,Th,.
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Note s;_;d; = d;si; as d; is both a minimal left and right coset representative of G,

in &,,.. Furthermore, by minimality ¢(s;_;d;) = 1 + £(d;) = £(d;sx). Then:

TxleTyTSk—deiThThz = T$1 (T$2T5k—i)TdeiTh1Th27

and as Tg, sp_; € S,,, we have an element in M, 5,.

Thus M,, p, is closed under right multiplication by .7Z;. As multiplication in .77, is asso-
ciative, for a fixed z; and hy, My, 5, is a (%, A7 )-submodule of STy, 7. Furthermore,
since we have described bases for the bimodules involved as vector spaces, we have a direct

sum decomposition of J€, Ty, 7, as a (4, #;)-bimodule:

"%Tdi% = @ Mml’hl = @ Ml’l’

xle[lgi,hleRg.i xleﬁgi,hleRg‘.i

as our above calculations show that the T,, and T}, have no effect on left or right mul-
tiplication by .%,. Therefore for our purposes, it suffices to show that M ; is (&,,, S, )-

projective as a (.77, 7 )-module.

To do this, consider the vector space N := (I, T,TyT) : v € &4,y € &, h € RE).
This is a (4, #;)-bimodule, by similar calculations to those above. Looking at the bases

of N and M ;, we conclude via [25, Lemma 2.19] that:

M171 = %—@}ﬂl N,

as (J;, 7 )-bimodules. Thus M, ; is (&,,, S, )-projective as a (77, 7;)-bimodule, hence
the same holds for J¢, T}, .72,. O

Corollary 3.5. In the situation of Lemma 5.4, let M be a direct summand of J,1,,7,

as a (€, 7,)-bimodule. Then if M is (&., &, )-projective, it is also (&,,, &,)-projective.

Proof. This follows from Lemma 3.4 and the bimodule analogue of Corollary 2.2. O
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We now introduce the following type of parabolic subgroup.

Definition 3.6. A parabolic subgroup &, < &,, is fixed-point-free if the corresponding

composition A = (A1,...,As) Enhas \; > 1forall 1 <i<s.

Suppose that we have a composition v = (1%,b) = n. We say a parabolic subgroup &,
is a fixed-point-free subgroup of &, if the corresponding composition A = (1%, Ay, ..., Ay)

has \; > 1 forall 1 <7 <s.

This corresponds to the notion that no element of {1,... ,n} (or {a + 1,...,n} in the
second case) is fixed by all elements of &,. Note that for any fixed-point-free subgroup &,
of &,, we have Ng, (6,) < &, by Proposition 1.7. Hence by Theorem 2.24, in this case,
we have a bijection between (.77, 7%,) and (.7, 7,)-bimodules with vertex (&, S,).

Theorem 3.7. Let 1 # d; € D,,, and &y be a fized-point-free parabolic subgroup of
S,. Then no indecomposable summand of 76,1y, 7, as a (7, 7,)-bimodule has vertex
(6., 6,).

Proof. Consider M a direct summand of J¢,T,,.7, as a (7€, 7,)-bimodule. If M has
vertex (6,,8,), then as &, € &,, we get that M is (&,, S, )-projective by transitivity
of induction. Corollary 3.5 then tells us that M is (&,,, &,)-projective as a (I, H;,)-
bimodule. However, M has vertex (&,,&,) which means that some conjugate of &, is
contained in &,,. As &, is fixed-point-free in &, it contains an element of cycle type
A1...As. No elements in &, can have this cycle type as &, fixes at least one point, hence

M cannot have vertex (G, S,). O

Corollary 3.8. Let b be a block of 7, with vertex (Sy, 8y ), where &) is a fived-point-free

parabolic subgroup of &.. Then b’ emists.
Proof. Decomposing ¢, as a (., 7¢,)-bimodule using our minimal double cosets gives:

i=1

min(a,de)
I _%@< C—B %Tdi'%i)'
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Now b occurs once as a summand of J7;,, and does not appear as a direct summand of
any 7, 1y,5¢, for i = 1 by Theorem 3.7, as no indecomposable summands of this have
the required vertex. Therefore b occurs exactly once in this direct sum decomposition of

A, so there must be a unique block of .77, which restricts to contain b. O

This finally lets us state our Brauer correspondence. Note that this is not as general as
the Brauer correspondence stated in [1, Theorem 14.2], as we require &, to have two parts
of the required form, and need &, to be a fixed-point-free subgroup of &.. This is instead
of only requiring Ng,(6,) < &, in the classical Brauer correspondence. Nevertheless as
we will show in the remainder of this chapter, all blocks have vertices satisfying this

condition, and thus it will give a complete characterisation of the vertices for the blocks

of /.

Theorem 3.9 (Brauer correspondence for Hecke algebras). Let n = a + de, with p =
(a,de), 7 = (1*,de) and Sy a fized-point-free parabolic subgroup of &,. Then there is a
one-to-one correspondence between blocks of ¢, with vertex (Sy, &y) and blocks of I,

with the same vertez.

Proof. First let b be a block of 5, with vertex (&, &,). Then b’ exists by Corollary 3.8.
As 6, < 6, is fixed-point-free, we have Ng,(&)) < &,,. Hence we can use Theorem 2.24

to show that b has a Green correspondent, and by Theorem 2.25, this Green correspondent

-%n jio’"

must be b”. This correspondence gives us that b’ has the same vertex as b, and as the

Green correspondence is a bijection, in particular the map b — b must be injective.

Now let B be a block of 7, with vertex (&,,&,). By Lemma 2.20, there is an
indecomposable (7, 7,)-bimodule N with vertex (&,,6,), and N | B as (5, 7,,)-
bimodules. Theorem 3.7 tells us that N must be a direct summand of JZ], and hence is a
block of #,. Therefore by Corollary 3.8, N7 exists, and by the first part of this proof,
N7 = B. This shows us that the map b — b*" is surjective onto blocks with vertex

(6,,6,), and hence defines the required one-to-one correspondence. O
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In particular, note that Brauer corresponding blocks are also Green correspondents in

the sense of Theorem 2.24.

3.1.1 Finding Brauer correspondents

Now we know they exist, we want to be able to identify the Brauer correspondent of
a given block. We begin by proving a theorem which links Brauer correspondents to
Green correspondents, similar to [1, Corollary 14.4], and to do this, denote the central

idempotent of a block b by f,.

Theorem 3.10. Let i = n and b a block of F,, whose Brauer correspondent B = b
exists. Let A = n with Ng,(6y) < &, and suppose N is an indecomposable ¢,-module

lying in b, with vertex &y. Then g(N), the Green correspondent of N, lies in B.

Proof. Note first that the Green correspondent of N exists by [13, Theorem 3.6]. Thus

N Qs 7, = g(N)® X,

where ¢g(NV) is indecomposable, has vertex &, and the indecomposable summands of X

all have vertices that are strictly smaller than &,. Suppose that g(N)fg = 0. Then:

N ®u, B=(N®u 7.)fs=g(N)fs®Xfp=Xfs,

and hence each indecomposable summand of N ® s, B has vertex strictly smaller than &,
as a JZ,-module. Thus its restriction down to .7, must also have vertices strictly smaller
than &,, by the Mackey formula. By the definition of Brauer correspondents, B ~b®Y
as (A, /£,)-bimodules, for some (J¢,, 7,)-bimodule Y. Thus as J¢,-modules:

N®u, b| N®ux, B.

48



However,

N®u, b= N Qu, o7, = N fo @, #,, = Nfy, =N,

since N lies in the block b, so N | N ®,, B as J¢,-modules. This is a contradiction,
as the indecomposable summands of N ®.;, B have vertices strictly smaller than &, as

#¢,-modules. Hence g(N)fp = g(N) and so g(N) lies in the block B of J7,. O

Thus searching for Green correspondents of modules in our block b gives a way to

identify b7, We summarise this test in the following corollary.

Corollary 3.11. Let pp = (a,de), 7 = (1%,de),y &= n, and &) a fived-point-free parabolic
subgroup of &,. Suppose &, < Ng,(6,) < &, and let b be a block of &, with vertex
(&, 6)). If N is an indecomposable F¢,-module lying in b with vertex &.,, and its Green

correspondent g(N) in S, lies in B, then B = b’

Proof. Theorem 3.9 guarantees that b’ exists, and by the preceding theorem, g(N) lies

in b7, O

Before concluding this section, we present one last theorem to aid us when computing
the vertex of a particular block; in effect this gives a lower bound on the possible vertex.
Theorem 3.12. Let B be a block of 7, with vertex (&,,,&,,), and M an indecomposable

right 7, -module that lies in B with vertex &.,. Then 6, Cg, 6,,.

Proof. As M has vertex &, there exists some J#-module N with M | N ® », 4, by

Lemma 2.20. Multiplying both sides by fg:

M =Mfg | N®ux Hifs = N®ux B.

By Higman’s criterion, B | /4, @, B Qu, /5, as (I, #;,)-bimodules. By restricting

down on the left, the same holds true as (7, 7,)-bimodules. Combining this with our
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previous statement, as N is a J%,-module, means that as .7Z,-modules:
M | N Quz, (76, @, B®u, ) = (N Qu, (I, B)) Qun, 7,
by associativity. Setting V' = N Q. (£, R, B), a J4,-module, we get
M|V Qun, I,

hence M is relatively &,,-projective, and thus some conjugate of &, lies inside &,,. [

3.2 Restricting Specht modules

The aim of this section is to explore the vertices of a special type of Specht module, with a
view to using them in conjunction with our test, Corollary 3.11. We start by considering

whether the Specht modules we care about are indecomposable or projective.

Lemma 3.13. Let p = n be an e-core, or p = (1™). Then SP is an indecomposable

J0,-module.

Proof. As S1") is one-dimensional, it must be indecomposable. When p I n is an e-core,

we conclude with Lemma 1.11. O

Proposition 3.14. If p - n is an e-core, then S? is projective.

Proof. 1f p is an e-core, then it lies in a block of e-weight zero, which is semi-simple by [15,

Theorem 1.2], and thus all modules in this block are projective. O

This means that if p - a is an e-core, then S? ® SI™) will be an indecomposable
;@ ,-module with vertex & contained in & ja . If &) is a fixed-point-free subgroup
of S(1a ), then by Proposition 1.7 we have Ng,(6,) € &, x &,,. Thus $* ® SU™) is
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potentially a good candidate for having a Green correspondent in .77,. The following

definition gives us somewhere to look for this Green correspondent.

Definition 3.15. Let p = (p1,...,ps) — a for some positive integer a, and let m
be another positive integer and n = a + m. Define the extended partition p =
(p1,- -5 ps, 1™) | n and say that t € Std(p) has an m-tail if the integers {a+1, ..., a+m}

lie in the last m rows of t. Finally define

Std(p, m) := {t € Std(p) : t has an m-tail}.

Fix n = a+m. We have an obvious bijection between Std(p) and Std(p, m) by adding
or removing the m-tail. We denote this by sending t to f. In fact, the following lemma is

easy to verify.

Lemma 3.16. Let p + a, and t,s5 € Std(p). Then

t>6 < tD> 5.

Furthermore, if t € Std(p,m), and v € Std(p), then v > t implies v € Std(p, m).

For the rest of this section we fix p - a, and u = (a,m) & n. The following lemma

gives an interesting .#,-submodule of S”.

Lemma 3.17. Let SP™ be the vector space inside SP spanned by basis elements m, where

te Std(p,m). Then SP™ is a F,-submodule of SP.

Proof. We show that S”™ is closed under multiplication by 7;, for s; € &,. Let t €
Std(p, m), so t has an m-tail, and consider mT;. If i and i + 1 lie in the same column of

t, then we can conclude using the final part of Corollary 1.9 and Lemma 3.16.

Otherwise we split into cases, depending on whether or not ¢ and ¢ + 1 are in the

same row of t. If they are in the same row, then s = ts; is not row standard, and hence
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again by Corollary 1.9, miT; = ¢my, and thus lies in S»™. If i and ¢ + 1 are not in the
same row, then s is standard, and contains an m-tail (as ¢ < a for this to occur). Using

Corollary 1.9:

- if ((d(s)) > ¢(d(1)).
md; =
gms + (¢ — 1)m¢  otherwise,
and so in both cases mT; € S”™. O

Theorem 3.18. As JZ,-modules, SP™ ~ 5P @ S1™).

Proof. Let {my: t e Std(p)} be our standard basis of S*™, and {n(®¢ : t e Std(p)} be the
basis of S? ® S1™) gained from taking the standard basis of S? and tensoring with single
basis element ¢ of SU™). Define a map ¢ : S ® S1™) — SP™ by ny® & — m; extended
linearly. To show ¢ is a .%,-module isomorphism, it suffices to show that the map is a

#¢,-module homomorphism, that is:

(n®&Ti)ep = (e ®&)g - Ti,

for all 5, € &, and t € Std(p).

First suppose that i and ¢ + 1 are in the same row of f. By necessity, this means
si € 6,, thus (n¢® §)T; = nI; ® &, and by Corollary 1.9, n/T; = gqni. By the same

reasoning, mil; = gmg when 7 and 7 + 1 are in the same row, and thus

(n®&Ti)p = (n®&)g - Ti.

Now suppose ¢ and i+ 1 are not in the same column, and are not in the same row (again
necessarily s; € &,). Similarly using Corollary 1.9, we get that ((n(®¢)T;)¢ = (m®E)p-T5,

since 5 = ts; is standard, and § = {s;.

It remains to deal with the case where i and ¢ + 1 are in the same column of f, and
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we split into further cases based on whether s; € G, or s; € G,,.

e First suppose that s; € &,. Note that when viewed as elements of 77, we have that

m, = m; and Ty = Ty So using [26, Corollary 3.21], we have that in J7;:

mfpfﬂ = —Myet + Z Ty Mpy mod 7.

v>t

Now if myy is a basis element of 727, for u, w € Std()\) for some A > p, then
My = Mir

is a basis element of 7 as we know that 1> p —> fi> p. Similarly the fact that

p>t < 0> tgives us that:

Mmyil; = —mygt + Z’f’nmtﬁﬁ mod 7.

o>t
Thus again multiplication is the same in both modules.

e Finally when ¢ and ¢ 4+ 1 both lie in the m-tail (so Ty commutes with T;):

(e ®@&)Ti)d = (e ® (€T3))¢ = (e ®&)p = —my.

So it suffices to show that miT; = —my, ie. 2, T3 (1 +Ti) € AP, Writing p =

(p1,- ., ps, 11,1™) where each p; > 1, we have that:

zp Ty (1 +T;) = Z Ty | (1 + T) Ty

weG,;

= ( > Tw) Tay = 2T,

wed,
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where v is the composition of n given by:
U= (Pl, ey Pss 1l+(i—a)—l’ 2’ 1m—(i—a)—l).

Let A = (p1,...,ps,2,17™72) the partition of n gained by reordering v. As x, =
M, we can apply [26, Lemma 3.10] to write my e as an F-linear combination of
elements of the form m,, where u,v € Std(\). Since A > p, these elements lie in
AP, and hence 1, € #7. By [26, Lemma 2.3], 77 is a two-sided ideal, therefore

w2, Tyqy = ,Typ (1 + T;) € A7, Thus in S? we have miT; = —my.

So in all possible cases we have shown that ((n¢® &)7;)¢ = (ne ® £)¢ - T;, and hence
Sem ~ §p @ SU™) as J,-modules. O

Recall the following version of the Littlewood-Richardson rule from [18, 13.7]. Let
Tk mnn=a+m, = (a,m) = n, and suppose that S, is semi-simple. Then as
7¢,-modules:

ST — P(S*® §7)F%,

A v
where the sum is over all A - a and v — m, and ¢}, are the Littlewood-Richardson
coefficients for &,,. Our ultimate goal in this section is to show that as JZ,-modules,
when p is an e-core, that S? ® SU™) is a direct summand of S? for any Hecke algebra,
not just the semi-simple ones. Computing the relevant Littlewood—Richardson coefficients

with [30, Theorem 4.9.4] gives us this result when 77, is semi-simple.

Lemma 3.19. Let p - a an e-core and p — a +m as before. Then for v - m:

L ifv= (),

0 otherwise.

We now tackle the general case.
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Theorem 3.20. Let n = a +m, p — a an e-core, and p = (a,m) &= n. Then as
J€,-modules:
5P St | 5P,

Proof. Let O be the localisation of F[z] at the maximal ideal generated by (x — ¢) and
K the field of fractions of O. Consider three related Hecke algebras 7, (K, x), 5,0, x)
and J,(F,q). As K is a field, and x has quantum characteristic zero, (and thus each
partition is its own 0-core), by [26, Corollary 2.21] .7, (K, ) is semi-simple. As in [8, §5],
we have an inclusion homomorphism between ,(O, z) and S, (K, ), induced by the

inclusion of O into K, and a map:
T (0, 1) — HG(Fq),

induced by x — ¢. We use the notation S to mean the Specht module corresponding to
v in J,(K, x), and similarly for O and F. Following the notation in [8, §5], we can define
idempotents H® in (K, ), labelled by the blocks of J%,(F,q) (i.e. representatives of
tableaux which have the same e-core), which act as the identity on Specht modules in
that block, and zero on all the other Specht modules. As p is an e-core, and as such is
the only Specht module in its block, denote the idempotent corresponding to this block

by H?. Therefore for v - a:

St ifv=p,
SY.HP =

0 otherwise.

Combining this with the Littlewood-Richardson rule and Lemma 3.19:

SLH ®1) =50 @S¢,

By [8, Theorem 5.3], we know that H® € 7,(O, z) for any block b of J,(F,q), (even
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though it is defined in 7, (K, z)). Furthermore, by [8, Theorem 5.4

{H" : b is a block of J,(F,q)},

is a complete set of central orthogonal primitive idempotents of J%,(F, q), i.e. HY = fy is
the block idempotent of b. Therefore H* acts as the identity on S%, and 0 on all other

Specht modules. By Lemma 3.17 and Theorem 3.18:
SP.@SU" = (s; ® ng)) (Hr@1) c SL(HP@1). (3.1)

For simplicity of notation, let V = S (H?®1), a ,(K, z)-module and M = S5H(H’®1)
a J€,(0, r)-module. As O is a principal ideal domain, and M is an O-submodule of the

finite-dimensional O-module Sg, it must have a finite O-basis.

In particular, as Sg Ko K = Sf{ as J¢,(K,r)-modules, and H” is central in both
6, (K, z) and 7,(0, x), we get that M ®o K = V. Using the relevant analogue of [5,
Proposition 16.12], we get that M is a free J,(O, x)-lattice in V', as defined in [5, §16].

In particular each O-basis of M is a K-basis of V. Hence:
dimp(M) = dimg (V).

Note that as S_é = Slp;, and as reducing modules via the map = commutes with multipli-

cation from the Hecke algebra:
M=Sh(H®1)=SHH@1) = SL(AP®1).

By the discussion preceding [5, Proposition 16.16]:

dimp (M) = dime (M),
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therefore:
dimp(S0 @ SU™) = dimg (5% ® 5% ) = dimg (S0 (H? ® 1)) = dimp(S2(HF @ 1)).

Coupling this with (3.1) shows that 52 ® S4") = $2(H? ®1), and hence 52 ® S4") is a

direct summand of S% as a .7,-module. O

As a result of this theorem, we know that if SP®S (1) has a Green correspondent M in
¢, then M will lie in the block B, 4 as it is a direct summand of S? by the module version
of Corollary 2.26. In the next two sections, dependent on characteristic, we compute both
the vertex of S0“) and the block containing S? ® S1*) (the block B,y ® Bg.4) to see if

we can use this result with Corollary 3.11 to compute Brauer correspondents.

3.3 Blocks in characteristic zero

Throughout this section we will assume that the (algebraically closed) field F' has char-
acteristic 0. A key type of parabolic we will need are the e-parabolic subgroups, which
are any parabolic subgroups isomorphic to a product of copies of &.. These are relevant
due to the following theorem [13, Theorem 3.1], providing a Hecke algebra analogue to

the fact from local representation theory that vertices are always p-groups.

Theorem 3.21. Let F' be a field of characteristic zero. If M s a finitely generated

indecomposable ¢, -module, then its vertex is an e-parabolic subgroup of G,,.

We will use this theorem to compute the vertex of blocks of 77, with empty core.

o7



3.3.1 Vertices of Sign Modules

We start by looking at the vertex of the sign module. By Theorem 3.21, the sign module
S for . cither has fixed-point-free vertex &, or is projective as an .#2-module. We
first prove a more general result about e-restricted partitions. Recall from Theorem 1.10

that the non-isomorphic irreducible modules for 77, are given by:
{D*: M\ n is e-restricted}.

If A\ = n is an e-core, then it is necessarily e-restricted, and since D* lies in a block of
weight 0, we conclude by [15, Theorem 1.2] that D? is projective. The next lemma shows

the opposite is true when X is not an e-core.

Lemma 3.22. Let A - n be e-restricted, but not an e-core. Then D> is not projective.

Proof. Note that as A is e-restricted, D* is a non-zero irreducible module. Denote d,,, =
[S# : D*] for u  n, ie. the multiplicity of D* as a composition factor of S*. Assume
that D? is projective, then in particular P* = S* = D*, where P* is the corresponding
projective indecomposable module. Thus [P* : D] = 1. From [26, Theorem 2.20], we

have:

[P*:D = > 2y =1,

pin
as dyy = 1. As X is not an e-core, it is not the only partition in its block. By [26,
Corollary 2.22], there exists another partition p in the same block which shares a simple
composition factor with S*. As S* = D?, this must be D? itself, and thus we’ve found a

p # A with d,, > 1. Hence [P* : D*| > 2 giving the required contradiction. O
Corollary 3.23. SO has vertex &, as an F-module.

Proof. By Theorem 3.21, SU°) is either projective or has vertex &,. As S0 = DO

since it is one-dimensional, it cannot be projective by the preceding lemma as it is not an
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e-core. O

We can now extend this result to larger Hecke algebras.

Theorem 3.24. Let A = (e?) + de for d = 1. Then the #.-module SA) has verter Gy

Proof. Note that &) =~ H?Zl S, and as 4 -modules we have

g% ~ (S0,

The latter has vertex &, as a J4-module by repeated applications of Theorem 2.4 and
Corollary 3.23. As we know the vertex of S (1) s e-parabolic, it must be contained in
S,. By [13, Lemma 3.2}, as S0%) g simple both as a 77, and 4 -module, they share the

same vertex. O

Corollary 3.25. Let n = a + de where 0 < a < e, and let A\ = (1%,¢%). Then the

H€,-module SU) has verter S,.

This follows immediately from the preceding theorem and Theorem 3.21, which lets
us immediately restrict down to J#aq.y. Returning to ., for A = (e?), we get a
lower bound of (&,,&,) on the vertex of the empty core block by Theorem 3.12 and
Proposition 2.17. We will now bound this vertex from above by showing that this block,

and in fact all of 7, is (6,, &, )-projective as a (5., #5)-bimodule.

3.3.2 Relative projectivity of the empty core block

Note that to preserve convention, we write our bimodule homomorphisms on the right as

well.

Theorem 3.26. J7. is relatively (S, &,)-projective as a (e, #ae)-bimodule.
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Proof. We will show as (5, #4.)-bimodules that:
f%ade ’ %e ®,%”)\ jﬁle = %e ®%GA % ®jf>\ %16'

To do this, we define (., 7. )-bimodule homomorphisms ¢ : 5. — . Q. H5. and
V1 Hge Qu Hae — Hge such that g op = 14, , the identity bimodule homomorphism
on ..

As 1®1 € Zy,® 4, 7. (F3) (as we can push elements of 73 across the tensor product),

we can define:

x —Trf\de) 1®1) Z T, ®T,,

weR (de)

and x € Zg;&@jﬁ%e(%e) by Lemma 2.11. Thus we have a (., 7. )-bimodule homo-

morphism ¢ : 5. — Hge Q. Hye given by:
hw— xh = hzx.
Now define 7 € 7, as:

T = Trg\de)(l) = Z ¢ T, T,
we’Rg\de)

By [13, Theorem 2.7], Z is invertible, and Z € Z(7.) (again by Lemma 2.11). As

T is central, so is #7'. Now we can define a (., #.)-bimodule homomorphism % :

Hae Qi Hge — Hge Via:
a®b > abi™t,

extended linearly, for a,b € 725,.

Finally, we show that ¢ o is the identity map on ;.. Note that by the definition
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of both x and Z, we have (z)y) = 22! = 1. Thus for h € 5,

(h)ep = (xh)p = (z)¢-h =1-h=h,

completing the proof. O

Corollary 3.27. Let B be a block of 5., and A\ = (e?) + de. Then B is relatively
(6a, 62\)-projective as a (Hye, #5.)-bimodule.

At this point, we have all the machinery required to show that (&, &,) is the vertex
of the empty core block of 77, when our field has characteristic zero. However, we defer

the proof to Section 3.5, where we can cover all cases on the characteristic of F' at once.

3.4 Blocks in prime characteristic

Throughout this section, let F' have prime characteristic p > 0. Recall from Proposi-
tion 1.3 that when e is non-zero, then we can assume either hef(e,p) = 1 and ¢ is a
primitive e-th root of unity, or e = p and ¢ = 1. Given n, write n in its e-p-adic
expansion as:

n=a_ —|—aoe—|—a16p+~'+atept,

where 0 < a_; < e and 0 < a; < p, for © = 0. If n has the above e-p-adic expansion, the
standard maximal e-p-parabolic subgroup of &,,, denoted by B(S,,), is the subgroup

corresponding to the composition:

(191 e (ep)™, ..., (ep")™) E n.

A general e-p-parabolic subgroup of &,, corresponds to 7 = (74, ...,7s) = n which has

for each 1, either 7, = 1 or 7; = ep” for some r; = 0. For a general parabolic subgroup
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&)\, we can form its maximal e-p-parabolic subgroup B(&,) by repeating the above steps

on each component of G,.

When p = 0, then we recover our previous notion of e-parabolic subgroups. Thus
it is our hope that replacing the maximal e-parabolics seen in the previous section with
maximal e-p-parabolic subgroups might allow us to achieve corresponding results in prime

characteristic.

3.4.1 Vertices of sign modules

Our first aim is to prove a lower bound for the vertex of the empty core block of .7, and
once again we do this by considering the vertex of the sign module and using Theorem 3.12.

Let 7 = n, and define N, = )] g,

we'RT

Proposition 3.28. Let 7 = n. Then SU") is & -projective if and only N, # 0.

Proof. Suppose N, # 0, so it is invertible in F. Denote the identity map on S1") as a
#€,-module by 1,,, and as a #-module by 1,. Let S0 be generated by the element &

(so &T; = =¢ foralli=1,...,n—1). Then:

1 1
(n) [ _— - —l(w)¢
(&) Txl <NTL> - g™ T LT,
WER -
1 1)!
- (w™1)
- = > q" ¢ T,
NT wWER+
1 -
= Z gt 1)% D) e
T weR,
1
= _NT )
N ¢
=¢
Hence Tr(")(NLIL ) = 1,. Therefore by Higman’s criterion, we conclude that S1") is

&, -projective.
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Now suppose that S1") is &, -projective. Again using Higman’s criterion, there exists
a /f.-homomorphism ¢ such that 1,, = Tr{™(1). Since S0 is an irreducible .7Z-module,

1 = cl, for some c € F. Then the above calculation shows that:
1, = TrW(cl,) = eN, 1,,
hence ¢cN, = 1, so N, must be non-zero. O

Therefore relative projectivity of S1") relies entirely upon these N,. Consider the

following polynomial in (Z/pZ)|[u]:

a(u) = Z ut),

wWER+

and notice that N. = a(¢™"). By [23, §1.11], a = P, /P, where P,(u) = 3 .. u'™) is the
Poincaré polynomial of &, and P;(u) = Y, . u/™) is the Poincaré polynomial of &,.

So to check if S0 is relatively &,-projective, we count the zeroes of P, and P, at ¢~

Definition 3.29. For ¢ a primitive e-th root of unity in F' (or ¢ = 1 if e = p) and

P € F[u], define z(P) to be largest integer | such that (u —¢=1)! | P(u) in Flu].

This gives us the following test:

Corollary 3.30. For 7 = n, N, # 0 if and only if 2(P,) = 2(P;). Hence S!") is

S, -projective if and only if z2(P,) = z(P;)

From [6, §2] we know that:

P =] " e B Lt (3.2)

We also know that for any i

u' —1= H@d(u),

dfi
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where @, is the d-th cyclotomic polynomial. Now denote:

Ci(u) =1+ +u"" = [] ®alw), (3.3)
dli,d>1
so that P,(u) = [, Ci(u). As we can write each P, as a product of cyclotomic polyno-

mials, we only need to compute z(®,,) for &, involved in P,.

Recall the notion of the resultant Rslt(f, g) of two polynomials f, g € R[u] for some
ring R, see for example [2, §2]. This has the property that Rslt(f,g) = 0 if and only
if f and g share a common factor. Using [2, Theorems 3 and 4], we can compute the
resultant of two cyclotomic polynomials. We reproduce these results below. Without loss

of generality let m > n > 1. Then:

€ if m/n is a power of some prime s,

Rslt(®,,, B,,) = Rslt(®,, ) =

1 otherwise,

where £ is Euler’s totient function. This allows us to compute z(®,,) for general n.

Theorem 3.31. Let q have quantum characteristic e, and let n > 1. Then ®,(q"') =0

if and only if n = ep” for some r = 0. In particular:

o [fhcf(e,p) =1, then z2(Pppr) =p" —p"~! forr =1, and 2(®,) = 1.

o I[fe=pandq=1, then 2(®,) =p" —p"~ ! forr > 1.

Proof. First of all, if n < e, then z(®,) = 0 as ®, is the smallest cyclotomic polynomial

1. Now suppose ®,(¢~!) = 0, and n > e. Consider the resultant

which can be zero at ¢~
of @, with ®.. This resultant must be zero, as (u — ¢~') is a common factor of both by
assumption. As n > e, by the above result from [2, Theorems 3 and 4|, we can only have

Rslt(®,, ®.) = 0 in F if n/e is a power of p, i.e. n = ep” for some r > 1. Including the

possibility when n = e, this gives one direction of our first assertion.
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It remains to show that ®., is zero at ¢~* for all » > 0, and to compute z(®,) in

these cases. Recall from [29, §1 Equations 4,5] that:

Oy (ul)/ P (u) if pin,
q)np(m =
D, (uP) if p | n.

When hcef(e,p) = 1, and n = ep” for r > 1:

) = Be(u?)/D(w” ).
As F has characteristic p:

T r—1

—-Pp

D, (u) = q)e(upr)/ée(upril) = q)e(u)pr/q)e(u)pril = O (u)”

Thus as ®.(¢g') = 0, we get that ®,(¢7) = 0. As 2(®,) = 1 (its roots are the primitive
e-th roots of unity each with multiplicity one), we also get that z(®,) = p" — p" ! if

n =-ep" forr > 1.

Similarly when e = p and ¢ =1 (so ¢ = ¢ 1):
By (1) = By (1) = Dprs (W) = -+ = By ) = D, (u)?

so again @, (1) = 0, and 2(P,r) = p"12(®,) = p" — p" !, since 2(P,) =p — 1. O

3.4.2 Computing z(FP,)

We begin by computing the following preliminary expressions.

Lemma 3.32. Let i > 1.
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e [fhcf(e,p) =1:

p" if rois the largest integer such that ep” | i,

o [fe=np:

) p"—1 ifr s the largest integer such that p” | i,
z i) —

0 p1i.

Proof. This follows from counting the number of zeroes at ¢! in the product (3.3). When
hef(e,p) = 1, then if e 1 ¢, we have 2(C;) = 0 as no ®.,r appear in the product (3.3).
Otherwise, if r is the largest integer such that ep” | 7, then @, ..., ®., are the only factors

which are zero at ¢~!. Thus:

If e = p, then if p 1 ¢, there are no zeroes at ¢ = 1, otherwise we only have factors

d , ®,» which are zero at ¢, where r is the largest integer such that p” | i. Thus:

Dy -
AC)=(p—D+- -+ @ —p ) =p -1,
completing the proof. O

This lets us compute z(P,) directly.

Lemma 3.33. Suppose hcf(e,p) = 1 and r = 0 is the largest integer such that ep” < n.
=y n n
Pn _ R ! o
A ;) erl| Lp’“Dp i Lpr|p
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If e=pand q =1, and r > 1 is the largest integer with p" < n. Then

-5 Do fle

Proof. First suppose that hef(e,p) = 1. Recall that P, = [[,C;, hence z(P,) =
Y5 2(C;). Now each C; contributes no zeroes if no ep' divides i, or z(C;) zeroes if
it does. If it contributes zeroes, it contributes according to the largest [ such that ep' | i.
Hence we need to count how many times this occurs. For each [, the number of times
that ep’ divides n is | 2 |. In [ 4] of those times, we also have ep™! dividing n. Hence
the total number of times [ is the largest integer such that ep' divides i for i = 2,...,n
n n

]

is [ 2] — ] for 0 < <r—1, or || when [ = r. Summing all these occurrences

of zeroes and using the values from Lemma 3.32, gives the result as required. The case

where e = p follows similarly using z(C)r) = p" — 1 instead. m
For the rest of this section let n > 1 and fix notation for its e-p-adic expansion as:
n=a_+ ape+ aep+ -+ aep’,

where 0 < a3 <eand 0<a; <pfori=0,...,r. If e = p, the e-p-adic expansion is just

the usual p-adic expansion, and we will simplify notation in this setting by writing
n=b0+b1p+--~+brpr,

where 0 < b; < p for i = 0,...,r. The previous lemma lets us compute z(P,) based on

these expansions:

Theorem 3.34. Suppose hef(e,p) = 1. Then:

z2(P,) = ag + ial ((l +1)p' — lplil).

=1
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Suppose e = p and ¢ = 1. Then:

Zbl —p l.

Proof. We first deal with the case when hcf(e, p) = 1. To get this result from Lemmas 3.32

and 3.33, we first compute | 27| — [ f] for 0 <l <7 —1.

-~ . = =l r—l—1
AN 1 =aq+ap+--+ap " — (a1 +agep+ -+ ap ),
€p

ep
= (@ — ars1) + (@41 — ap2)p + - (ary — a)p" "+ app”™!
Collecting terms by the a; — a;;1 in the sum gives us:
r—1
z(P,) = ((al — a111)(2(Cept) + p2(Copr—1) + -+ + plz(Cepo)) + arp’“’lz(Cepz)) +a,p",

=0

and using the fact that z(Clpi) = p? for all j > 0, this expression simplifies to

\3
|
—

Z(Pn) = ((al - al+1)(pl oot pl) + arpr) + &Tpr’

_ O

S o~

((l + 1) (& — al+1)pl) + (r+ L)aqp",

r—1 r—1
=ag—ay + (Z (I+1) ) — (2 a1 (1 + 1)pl> + (r+1)a,p",
=1

Il
o

—ao+2az( Lp' —ip'~ )
if we collect by the coefficients a;.

Now suppose that e = p. To get this result from Lemmas 3.32 and 3.33, we similarly

compute || — | A| for I <l <r—1

(L%| - L%D - S(bz- b ) b

7
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Applying the previous lemma:

=1 i=[+1
r—1
=b,(p" = 1) + ((bl — b)) + o A (bap” —bp ) + bp ) (p —1),
I=1
r—1 r
= b?‘<pr - 1) + [bl<p - 1) + 2 bz(p — 1)(])1*1 plll)] :
=1 i=1+1
— (2 bi(pt —1) ) [Z Z bi(p pi—l—l)] ‘
=1 1=1i=I+1

We focus on the second bracket and collect by the b;:

M bl =) =Y - Db —p T = T 1),
I=14i=l+1 =2
—sz J(E=Dp ™ =1+ 4+ p72))],
= Z bl(l—1)(p =) +1-p],
= > (= 1p = 1p 1],
=2
Combining everything together:
- (Z bi(p' — 1)) + (Z b[(l—1D)p' —1pt + 1]) ,
=1 =2
=bi(p—-1)+ Y b (P —1+(1—1p - +1),
=2
=bi(p—1)+ szl(pl -,
= Z bl — p 1 . O

Corollary 3.35. If hef(e,p) = 1 and r = 0, then z(Peyr) = (r + 1)p" —rp”

and r =1, then z(Py) =r(p" —p" ).
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We can use Theorem 3.34 to show that if A is the composition with &, = P(S&,,),

then SU") is &-projective.

Proposition 3.36. Let n > 1, and let G\ = B(S,,). Then SU") is Gy-projective.

Proof. We show that z(P,) = z(P,), and again we start by proving this when hcf(e, p) = 1.

We already have a formula for z(P,), so we compute z(Py). As Py = [ [I_o(Prpi)™:

2(Py) = Z&iZ<Pepi) =ap + Z <ai(i +1)p" — aifip"A) = z(P,).

i=1

Similarly if e = p and ¢ = 1, and as Py = [[,_,(P,)":

z(Py) = Z bii(p' —p' 1) = 2(P,).
i=1
Applying Corollary 3.30 gives the result. O

So we have obtained an upper bound for the vertex of S0 for general n. We now
prove the special case of the vertex of SU") where n = ep” for some r > 0, so in particular
B(S,) = &,. By [6, Theorem 2.9] the vertex of SU") is e-p-parabolic, so these are the

only 7 we need to check.

‘s

Lemma 3.37. Suppose either hef(e,p) = 1 and n = ep” forr =0, ore =p andn =p
forr > 0. Then if &, < &, is an e-p-parabolic subgroup, z(P,) > z(P;). Hence S") has
verter S,, = P(S,,).

Proof. We once again start by proving this statement when hcf(e,p) = 1. Let &, be the
e-p-parabolic subgroup corresponding to the expression n = c_; + cpe + -+ + ¢ept for

natural numbers ¢;. In particular as &, < &,,, we have that ¢ < r. Then we have by
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Corollary 3.35 that:

t
2(Pr) = co+ Z (Cz(l +1)p' — Cﬂ'pi_l>>
i=1
t

t
= Z cip' + Z ciip”™H(p —1).
=0 %

—1

s

Asn = cq + D _,ciept = ep’, we get immediately that > ¢;p' < p’, and hence

M eip'~t < p'~t. This tells us that

t t
z(Pr) = Z cp' + Z ciip™(p — 1),
i=0 i=1
t .
<p H (-1 cip
i=1

t
<p +r(p—-1) Z cip
i=1

<p +r(p—1p 1,

= z(P,).

Thus if &, € &,,, we have N, is zero and the vertex of S1™) as an .#,-module must be

Gn - 66}77' .

Now consider when e = p, and let &, be the p-parabolic subgroup corresponding

to the expression n = ¢y + ¢1p + -+ - + ¢p', where again we must have ¢t < r. Now as

r—1

. . . . ; . .
oGPt = n, we have >_ ¢;p" < n = p" and thus >;_, ¢;p'' < p"'. Now using our

formula for z(P;):
2(P) =Y ci(p —p ) < (p—1rQ e < (p—Drp' " = 2(P),
i=1 i=1
so again we conclude that &,, = &, is the vertex of S1"). O

We now compute the vertex of S1") for any n.
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Theorem 3.38. Let n > 1. Then SU™) has verter Gy = PB(S,,) as a ,-module.

Proof. Proposition 3.36 gives &, as an upper bound for the vertex. Now suppose that
S(") has vertex &, which is strictly contained in &y. We once again can assume that
S is e-p-parabolic by [6, Theorem 2.9]. Then by Corollary 3.30, z(P,) = z(P;), and in
particular z(Py) = z(P;). Given A = (Aq,..., ), as &, & &,, there exist compositions

70 such that 7@ = \; and [[_, 6,0 = &,.

For each i, as Py,/P.i is a non-zero polynomial with coefficients in Z/pZ, we have
2(Py,) = z(P.»). As &, is strictly contained in &), then there exists some j with
S,6) & 6y, Since ST s not &.,)-projective by Lemma 3.37, applying Corollary 3.30
tells us that z(Py;) > 2(P.). Thus z(Py) > z(P;), giving a contradiction. Hence we
must have that &, cannot be strictly contained in &, and thus &, must be the vertex

of S0 as a JZ,-module. O

These results, in conjunction with Theorem 3.12, give (P(Sqe), PB(S4e)) as a lower

bound for the vertex of the empty core block of .7,.

3.4.3 Relative projectivity of empty core blocks

Here we prove an upper bound for the vertex of blocks with empty core. We cannot fully
generalise Theorem 3.26, however we can state a similar theorem which only covers the
empty core block itself. Denote the central primitive idempotent associated to a block B
by fg, and let Endg (B) be the ring of (B, B)-bimodule homomorphisms on B. This is a
local ring by [1, Theorem 4.2] as B is an indecomposable (B, B)-bimodule. Furthermore,
as in the proof of [13, Lemma 2.3|, Endp (B) = Z(B), (the centre of B) and hence Z(B)
is local. Thus x € Z(B) is invertible if and only if its image T € Z(B)/J(Z(B)) is non-zero

(in a local ring R, its Jacobson radical J(R) consists of all the non-units).
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As we have a canonical isomorphism 0 : Z(B)/J(Z(B)) — F, if M is a one-dimensional
Z(B)-module, the action of Z(B)/J(Z(B)) must coincide with the action of the field.
That is, for z € Z(B) and m € M, if mZ = fm, then ()0 = . Thus z is invertible in

Z(B) if and only if ()8 = 8 # 0.

Denote B = By 4 the block of 7%, with empty core and e-weight d, let &) = P(Sg,),
and define

rp = Tr(fe)(fB) = Z ¢ Ty 5T,

wER)\

As fp is central, then 25 € Z(B) by Lemma 2.11.

Lemma 3.39. xp is invertible in Z(B), and hence in B.

Proof. Take £, a generator of S(%) | the one-dimensional sign #%3.-module, and compute
&-rp. As multiplication by fp is the identity map on B, using the same calculations from

the proof of Proposition 3.28 we obtain:

& wp = Te\ () = ( > q—“w>> 3

wET\’,)\

Hence under the isomorphism between Z(B)/J(Z(B)) and F:

@B)0 = ), ™ =N,

WER

which is non-zero by Proposition 3.28 and Proposition 3.36. Thus by the preceding

discussion, xp is invertible in Z(B), and hence in B. O

We can now generalise the proof of Theorem 3.26 to fields of prime characteristic when

only focusing on the empty core block.

Theorem 3.40. Let B = By 4 the empty core block of 7., and X = de the composition
of de corresponding to P(Sge). Then as (He, Hae)-bimodules, B | B ®4 B.

73



Proof. Define a map ¢ : B —> BQ®4 B by h — Trg\de)(f3®f3)h and ¢ : By B — B

by a ® b — abxry' extended linearly.
As in the proof of Theorem 3.26, both are well-defined (., #.)-bimodule homo-

morphisms, and ¢ 0oy = 1 as for h € B:

(e = (T (f5 @ fo)h)w> = (T (f5 ® f5))h = wpag'h = h.
Thus B is a direct summand of B ®4 B as (#7., #)-bimodules. O
Corollary 3.41. As a (., 7.)-bimodule, B is relatively (&, &))-projective.

Proof. By definition, B | 5. as a (., #;.)-bimodule, and therefore as both (J4, #)

and (., 74 )-bimodules as well. By the previous theorem:
B | BQu B | i @ B | Hoe Q. Hie = Hae Qi T Q. Hie

showing B is relatively (&), &, )-projective. ]

3.5 Computing vertices of blocks

In the previous two sections, we showed that in all characteristics, the empty core block of
Hae was (6, S, )-projective, where &) = P(S,.) is the standard maximal e-p-parabolic
subgroup of Sg.. We also found a module in that block (S*)) which had vertex &, too.
We will first show that (&), &,) is actually the vertex of this block, before applying our

Brauer correspondence from Section 3.1 to compute the vertices of all blocks.

Proposition 3.42. Let B = By 4 be the block of 7. with empty core, and Sy = P(Sge).

Then as a (., 7. )-bimodule, B has no vertex strictly contained in (&), S,).
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Proof. Suppose that B has a vertex (&,,,6,,) < (6,,6,). By Corollary 3.11, as S0 lies
in this block and has vertex &, as a right J#.-module (by Theorem 3.24 or Theorem 3.38),

there must be some g € §,, with &4 < &,, € S,, thus &,, = 6,.

By earlier assumption, &,, < &,. In particular, B is (&,,,&,,)-projective and hence
by Proposition 2.17, it is also (&,,, &, )-projective. This means that B has a vertex where
the second subgroup in the pair is strictly contained in &,. This cannot happen by the

preceding argument, so B has no vertex strictly contained within (&,, &,). O

Theorem 3.43 (Vertex of empty core blocks). Let b be the block of 7. with empty core

and e-weight d. Then b has vertex (Sy, &) where A = de corresponds to P(Sge).

Proof. By Corollary 3.27 or Corollary 3.41 (depending on the characteristic), bis (&y, &,)-
projective, and hence has a vertex contained in (&), S,). Proposition 3.42 says b cannot

have a vertex strictly contained in (&), &,), finishing the proof. ]

Proposition 3.44. Let p be an e-core, u = (|p|,de) = n, 7 = (1l de), and &, the
standard mazimal e-p-parabolic subgroup of &,. Let b, be the block of 7, corresponding
to p, and bg g the block of 5. with empty core. Denote b := b,y ® by q a block of

I, = Iy @ Hge. Then b has vertex (6y,6,), and thus b’ exists.

Proof. Since blocks of e-weight 0 are projective (they are semi-simple from [15, Theorem
1.2]), as a (J2,, 7,)-bimodule, b has vertex (&, S,) by Theorem 3.43 and Theorem 2.4.
Then b’ exists by Theorem 3.9, as &, is a fixed-point-free subgroup of &, because

e | de. O
So we have shown that there exists a block of 77, with vertex (&,,&,). We now need
to identify this block, and show that all blocks can be found in this way.

Theorem 3.45 (Classification of vertices of blocks of Hecke algebras). Let p be an e-core,

1= (lp|,de) = n, 7 = (117l de), and &, the standard mazimal e-p-parabolic subgroup of
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S,. Denote by B = B, 4, the block of 7, with e-core p and e-weight d, as in Section 1.4.1.
Then B has vertex (Sy, S,) as a (4, 7;,)-bimodule.

Proof. When d = 0, our block is semi-simple by [15, Theorem 1.2], thus is projective and

hence has trivial vertex as required. Now suppose d > 0.

Consider the block b = b, ® bg 4 of 77,. By the previous proposition this has vertex
(&), 6,), and has a Brauer correspondent; we will show that this is B, 4, by applying

Corollary 3.11.

S$P®51*) is an indecomposable module which lies in b with vertex &, by Theorem 3.24
or Theorem 3.38. Applying [13, Theorem 3.6], it has a Green correspondent M in .77,.
By Theorem 3.20 S* ® S(1°)

SP as ,-modules, so applying the right-module version of
Corollary 2.26 (i.e. setting o1 = (1) and oy = (n)), tells us that M | S? as ,-modules,
thus M lies in B, 4. As such, we conclude with Corollary 3.11 that B, 4 = b’ and hence

has vertex (S,,6,). O

Note that by Theorem 1.12, if e > 2 this shows that S? and S” @ S1*) are Green
correspondents, as the former is indecomposable. When e = 2, this is not necessarily the

case.

3.6 The Dipper—Du conjecture

One application of our classification of the vertices of blocks, is resolving the Dipper—
Du conjecture, first stated as [6, Conjecture 1.9]. This was shown to be true for Young
modules in [6, §5], for fields of characteristic zero in [13, Theorem 3.1], and in blocks of
e-weight 1 in [31, Theorem 18.1.13]. Note that in [22], a supposed counter-example was
given to this conjecture when p = 2 and e = 3. Here, an indecomposable Z-module M is

found, which is {3 1)-projective as a .#3-module. However, as .7(5 ) is semi-simple when
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e = 3, M is a projective (s 1)-module, and hence by Corollary 2.2, is projective as a J3-
module. This contradicts the earlier statement in [22] that M could not be projective [22,

Theorem 2.2 Part (2)]. We are able to use our classification to prove this conjecture:

Theorem 3.46 (Dipper—-Du conjecture). Let F' be an (algebraically closed) field of char-
acteristic p > 0, n e N, and q € F* with quantum characteristic e > 0. Then the vertices

of indecomposable F¢,-modules are e-p-parabolic.

Proof. Let M be an indecomposable (right) #,-module with vertex &,, where 7 =
(11,...,7s) = n. By [13, Lemma 3.2|, there is an indecomposable 7 -module N such
that M | N Q. %, and N has vertex S,. As N is indecomposable, N must belong to a
block b of 7, with

b= bﬂ17d1 X ® bp.57ds7

where b,, 4, is the block of 77, corresponding to some e-core p; and e-weight d;. By

Theorem 3.45, b has vertex (&), S,) where G, =~ Sy x -+ x Sy, and:

Gy = m(G(llm) X Gdie) - 6’&--

As N lies in the block b, by Theorem 3.12 we get &, Cg, &), and thus 6, = &,. In

particular, for each i, we get Gyi = &,,.

Therefore each (7;) = 7; is an e-p-parabolic composition, so either 7; = ep” for some
r>=0,or 7, =1 Hence 7 = (m,...,7s) is an e-p-parabolic composition, and thus &, is

an e-p-parabolic subgroup. O
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CHAPTER 4

VERTICES OF SPECHT MODULES

Now we have proved the Dipper—Du conjecture, we can use this powerful tool to compute
the vertices of some indecomposable modules. These simple corollaries follow immediately

from the conjecture using Higman’s criterion:

Corollary 4.1. Suppose A\, = n with Sy < &, and &, = P(S,). Then any indecom-

posable FC,-module that is &y -projective is also &, -projective.

Proof. As the maximal e-p-parabolic of &, a conjugate of every e-p-parabolic subgroup
of &, is contained in &,. Thus as the vertex is e-p-parabolic, we conclude using the

transitivity of induction. O

Corollary 4.2 (Dipper—Du for relative traces). Let M be a &y-projective J€,-module for
AEn and let S, = P(S)). Then for any ¢ € End,g (M), there exists 1 € Endy (M)
with Try(¢) = Tel ().

Proof. By the previous corollary, M is &,-projective as a s -module. Higman’s criterion
then gives 1) € End . (M) with Tr}(1)) = ¢, and we conclude using the transitivity of

relative traces. [

These corollaries let us immediately push down to the maximal e-p-parabolic subgroup
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when considering relative projectivity from either point of view.

In this chapter, we will begin by applying the Dipper—Du conjecture to compute the
vertices of Specht modules for 77, where n < e. By the following corollary to Lemma 1.11,

we know that all of these Specht modules are indecomposable.
Corollary 4.3. Letn < e and X\ - n. Then S* is an indecomposable S, -module.

Proof. Asn < e, all partitions of n are e-restricted except for (e) - e, the trivial partition.

As S is one-dimensional, it is indecomposable as well. O

Alternatively we could use Theorem 1.12 when e # 2, and in the case where e = 2,

then all Specht modules for both 4 and .74 are one-dimensional.

When n < e, either by the Dipper-Du conjecture or the fact that .77, is semi-simple,
all Specht modules are projective. Thus the first interesting case occurs when n = e,

where we now know that the vertices of indecomposable modules are either trivial, or &..

After considering Specht modules for &., we proceed to compute the vertex of Specht

modules corresponding to hook partitions when e 1 n.

4.1 Vertices of Specht modules when n =e¢

Partitions A - e can be categorised in one of two ways. Either A is an e-core, or \ is an
e-hook. In the first case, by our classification of the vertex of blocks, we get that S?* is
projective. Thus it is the latter case that we will focus on. We begin by setting up some

notation.

For n > 1, and 1 < r < n define 7,,, = (r,1"") I n. In this section we will show

the vertex of S7< is &, for all 1 < 7 < e. Note that for ¢ = 1 and i = e, these cases
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have already been proved (either by [6, Theorem 5.8] for the trivial module S7¢ and
Corollary 3.23 or Lemma 3.37 for the sign module S7¢ depending on the characteristic
of F'). As such, throughout the rest of this section we will assume that 1 < ¢ < e. In

addition we assume e > 2 as the first e with non-trivial hooks is e = 3.

The main proposition we will use to compute these vertices is as follows:

Proposition 4.4. Let M be an indecomposable F.-module. Then M is projective as a

FC-module if and only if M is G._1-projective as a F,-module.

Proof. The forward direction follows from transitivity of induction; if M is projective
as a J,-module, it is also projective for any parabolic subgroup containing the trivial

subgroup, thus is &._;-projective.

For the other direction, as JZ,_; is semi-simple, M is a projective ¢, _i-module. Thus

by Corollary 2.2, M is projective as a Z,-module. O

We also have the following fact about the endomorphism rings of these modules,

from [19, Corollary 2.6'] (since when 1 < i < e — 1, S7¢ is e-restricted).

Lemma 4.5. Let \ - n be e-restricted. Then End, (S*) =~ F.

As J, 1 is semi-simple, we can apply the branching rule from [26, Proposition 6.1,
Corollary 6.2]:

S'Yi,e ~ S%‘,e—l @ S%—l,e—l’ (41)

as ., _1-modules, writing S7=< as the sum of two irreducible, non-isomorphic 77, ;-
modules. Combining this with the previous lemma, tells us that End . ,(S7<) is two-
dimensional, and End , (S7¢) is one-dimensional. Thus by taking relative traces of a basis
of End._,(S7*) at a non-zero point, we can show using Higman’s criterion whether S7ie

is &._1-projective as a 7.-module or not.
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4.1.1 Multiplication in 57

Recall that S7-< has a basis {my : t € Std(v;.)}. Denote for 0 < j < e — i the tableau:

1 D | e i—1|i+7
1
d+i :
i+j—1
i+j+1
(&

and set m;y; = mg+;. Note that t7¢ = t'. To compute m; ;T we use Corollary 1.9,
which gives explicit formulae when k£ and k + 1 are not both in the first column. To deal
with this case, we need the following corollary to [26, Lemma 3.17] which gives an explicit

formula in this last case.

Lemma 4.6. Let A - n, and t € Std(\) with k and k+ 1 in the same column. Then there
exists some Garnir tableau g, and an element w € &,, with (d(tsy)) = €(d(g)) + {(w),
the property that ts; = gw, and a unique h € Std(\) with g = bhs for some elementary

transposition s. Then in the Specht module S*:

mgly, = —my T, — 2 My Ly,
veStd(A),o>h

Proof. The proof of [26, Lemma 3.17] guarantees the existence of g, w, h and s satisfying

the conditions of this theorem. Taking s = t* in that proof, gives us that in J%:

moTe = mpgTy = BTy — meTw — > mpT,
veStd(A),o>h

where h € m,J%, for some p > X. Thus h € JB, and taking the quotient to get an
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expression in the Specht module:

mTy = mp Ty Ty = —myT — > myTo. O
veStd(N),o>h

Proposition 4.7. Let 0 < j <e—1, and either k > i+ j ori <k <i+j—1. Then:
My Ty = =M.

Proof. First of all note that our conditions on k£ mean that both £ and k£ + 1 are in the
first column of ¢**7, thus we can apply Lemma 4.6. We claim that the required Garnir
tableau is the tableau where the entries in the rows that k and k 4+ 1 occupy in t*7 are
swapped. Let k lie in row [ — i + 1 of t*7. Then g = t's;. This is a Garnir tableau by the

definition in [26, §3.2].

If tHs), = gw, then as d(t'7) = s;---s;4;_1, this means we will have w = §;8;+ 51 j_15k.

We split on cases to show that ¢(d(tsg)) = ¢(d(g)) + {(w).

When k > i + j, then we have [ = k, and since s, commutes with s;---s;4;_;:
_ _ 2 _ _ g(4it)
W = SkSi Si+j—1Sk = Si* " Sij—-1S = Si*"*Sitj—1 = d(f J)-

Thus £(d(t%s,)) = 1 + £(d(£%)) = £(g) + (w).

Ifi<k<i+j—1, thenl=Fk+ 1. Then:

W = Sg41Si" " Si4j—-15k = Si* " Sk—15k+15kSk+1SkSk+2"""Si4+j—1,

2 i+j
= 8i " Sk—15kSk+1S;Sk+2" " "Si+j—1 = Si*""Si+j—-1 = d({ j)-

As in the previous case, £(d(t7s;,)) = £(g) + {(w) as required. Thus in all cases we get
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that w = d(t'77), and h = t'. Applying the previous lemma:

mti+ka = —mde(tm) = —Mi+j,

as the standard tableau t' is maximal in Std(v;.) with respect to the dominance ordering.

O

Now define the following element of J27:

Dii=1+Tiy + T Tig+ -+ Ty Th

When considering relative traces from 57, 1 to 2., the following calculation will be

crucial.
Proposition 4.8. Let 1 < j<e—i. Thenm;D; = (1+q+ -+ ¢ ")my, and m;;D; =

(—1)7m,;.

Proof. The first statement follows as each T} acts as ¢ on m; when k < i.

We briefly set up some more notation. For k < i, j > 1, denote by mfﬂ- the basis

element corresponding to the following tableau.

1 2 | E—1 E+1 |- i1t

v+ 1

i+j—1
i+j+1

Then as d(t'*7) = s;---8;4j_1, whenever we multiply by an element s;_;---s; for 1 < k <
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i — 1, (taking us from m;;; to mfﬂ) we are increasing the length of the group element.
Thus by Corollary 1.9:

i—1

—_— . . .. 2 2

We now need to evaluate the final term. Here we need g, the Garnir tableau with first
row {2,...,7 + 1}, 1 in the second row, and the rest of the elements as in t. The
corresponding w is w = s;;11---5;4-1, and b is given by the tableau corresponding to

mZ,,. Thus applying Lemma 4.6:

v>h
All the tableau that dominate m? , are either the standard tableau or mf,, for 2 < k < i.
¥.; and m;T,, = (—=1)’"'m; by Proposition 4.7. Bringing everything

k — ok
Now m; T, = m

together:

i—1 2 2
ml+jDZ - ml'+j + mi+j + + mi_,’_j + mi+jT1,

i—1 i

_ k 2 k

= Mjyj + Z Myyj — Mgy — 2 My — mily.
k=2 k=3

As mjy; = m! +; most of the terms in this expression cancel giving:

mi+jD2' = —miTw = —(—1)j*1mi = (—1>jm1 ]

4.1.2 Finding a basis of Endz_, (57%<)

We showed previously that End . , (S7<) is two-dimensional. In addition, a basis is given
by the identity map, and projection onto one of the simple modules in the decomposition

(4.1). Take m;, the basis element corresponding to the standard tableau. Note that m;
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generates SV as a Z,-module. Now m;.#,_1 has a nice description in terms of our basis:
m;He_1 = (my : e is in the bottom box of t).

Furthermore, m; 7,1 =~ SY-<! as J,_1-modules, so we have a nice description of one
of our indecomposable direct summands. To describe the other summand, we need the

following. Define:

e—i—1

M, = m. + Z (=) " Tmyyy.
=0

This element is going to be the key to our projection map.

Theorem 4.9. As 57._1-modules:

Shee = M1 @ my it .

Before we prove this, we show how M, behaves under multiplication by 7}.

Proposition 4.10. If 1 < j < i — 1, then M. T; = qgM.. Ifi < j < e —1, then
M. T; = —M..

Proof. First consider when 1 < j < ¢ — 1. Then for any [ > 0, m; 4T} = gm;41. Thus
M.T; = gM. as required.
Now suppose 0 < j < e —1¢ — 1 and consider M.T; ;.
e—i—1 ‘
M. Tipj = mTiws + Y (—0) " 'mii T

=0

Note that by our previous multiplication rules, if & # j,j + 1, then m; 1T ; = —myi.
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Therefore:

e—i—1
M.Tyj = —m, — ( > (—q)e""lmm)

1=0,l#5,7+1
+ (_Q)eiiijmz#]ﬁrl + Q(_Q)eﬂ;jilmiﬂ' + (g — 1)<_Q)eii7jilmi+j+1,

= —M.. []

Proof of Theorem 4.9. We begin by showing that M., _; # S%<. Due to the above

multiplication rules, if p = (i — 1,e — i), then we have:
My = (M.T, :we R Hp.

Now |R7 = (<21) = |Std(vie)| = dim S7ee. If Mty = S, then {M.T,, : w e R}

is a linearly independent set. However:

e—i—1
M.D; = mjy(e—iyDi + (—q)*"'m;D; + ( Z qeij(—l)EijmiﬂDi) )

<.
Il
—_

e—i—1
= (-1 (mi + ¢ (I g+ A+ mi+ ) qe‘i_j(—l)_j(—l)jmi> :

1
_ (_1)6—i (1 + qe—i + qe—i+1 4ot qe—l + qe—i—j> m;,
_ (_1)e—imi (1 + qe—i R qe—l + qe—i—l 4o q) ’
as ¢ is a primitive e-th root of unity. Thus as D; € (T, : w € RZ‘1>F by Proposition 1.4,

M, 7%, _1 is a proper #,_i-submodule of S7ie.

As M, ¢ m; 7,1 (e does not appear in the bottom box of the tableau corresponding to
me), then M.5%,_1 nm; ., is a proper submodule of m;5,_1. Since m; 7, _; =~ SY=-1 as

J,_1-modules, it is indecomposable, hence irreducible as 7, ; is semi-simple. Therefore
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this intersection is zero. Thus we have:
mi e + M = my e @ Mo < S7e.

Comparing to (4.1) with the Krull-Schmidt theorem tells us that we must have equality
here, as S7¢ has only two summands in its direct sum decomposition as a #,_;-module.

Note that this also shows that M, 7 _ =~ S7i-1e-1, O

Corollary 4.11. Let w denote the projection map onto m;7._1. Then:

4.1.3 Computing traces

We now begin to compute the relative trace from J#,_; to 7 of both 1 (the identity map

on S%<) and 7. By applying Proposition 1.4:
Rie—11) = {1} U {se—1-ws5:5=1,...,e—1},
hence for f € End . ,(S7%¢) and x € S7ie:
e—1
. 1
(2) Tl (f) = (@)f + D) == (T Toa) fTor- T
=

We now start computing this trace for some special f at m;.

Proposition 4.12. Let f € End ., (S7*), with (m;)f = m;. Then:

1 1 1
(m) T, (f) = (1 bl q) i+ ) Ty T



Proof. We start computing the trace, splitting the sum around 1:

i—1

1
(my) Trg_y (f) = (ma) f + Z F(minn'j—;*l)fTefl'“jﬂj
j=1
1
- qe? (miT - Teer) fTemr- T
e—1 1
+ p— (mz'_rj . 'Te—1>fTe—1" .71].7
j=it1 4
i1 .
= (my)f + Z ’ Z(me)fTe_l T; + E(me)fTe—l”'ﬂ
= q
e—1
+ Z e—j ( z)fTe—l Tj)
j=i+1 (=)
1 e—1 1
= (mi)f + —=(me) fToy---T,D; + 2 ————(m;) f Ty T}
1 o ()

Using the fact that (m;)f = m;:

e—1
1 1
(mi) Tre_y (f) = mi + Z = miTey T+ ——(me) fTe—r--- T Dy,

j=i+1 ( q)eij q -
e—1 1 1
=m; + Z oy +— (me) fTe—1---T;D;,
j=i+1 q
1
= (1 + -+ + — —l) m; + _.(me)fTe_l"‘T;Di. ]
q g qet

We show that for both f = 1 and f = =, that (m;) Tr¢_,(f) = 0. Note that both
of these maps have (m;)f = m; as required in the previous proposition. Thus to fully

compute these, we need to look at (m.)f.

Proposition 4.13.
(m;) Tre_, (1) = 0.
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Proof. We start by computing m.7T,_1---T;D;:

meTefl"'T‘iDi = (qmefl + (q - 1)me)T672"'T:iDi7

= (q2m672 + Q(q - 1)mefl - (q - 1)me>T673"'T’iDi7

=(¢'m;— (¢ — V)¢ " tmyg + -+ (=1 g — 1)me) Dy,

as multiplication by these terms either decrease the length but keep us standard (so we are
using Corollary 1.9), or we are swapping numbers that lie in the first column (contributing

a minus sign by Proposition 4.7). Continuing using Proposition 4.8:

‘ e—1 1 ‘
mele—1---T;D; = ¢ <miDi + Z(q - 1)_(_1)j_1mi+jDi> ;

j=1 ¢

= ¢~ <(1 + g T )m, — <§(q - 1)%) mi) :

Now using the fact that ¢ is an e-th root of unity (so for example % = ¢ 1)

, . A 1 1
meTe_l"'T;Di = (]e_Z ((1 + .- +qz_1 +q’+ +qe_1) — (1 + 5 + -+ qe—i—1>) my;,

e—i ( 1 1 )
= ¢ (1+=-+ -+ —= | ms.
q q

Bringing it all together:

1 1 1
(my) Trg_y (1) = (1 ot e’i1> m; + —— (me) 1Ty T, D;,
q q q
1 1 1 e—1 1 1
= 1 + - + e + e—i—1 mz - e_Zq 1 + - + o + e—i—1 mz,
q q q 1 1
1 1 1 1
=|1+-4+--+ i1 | i — L e—im1 | s
q q q 1
= 0.
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Proposition 4.14.
(m;) Tre_,(m) = 0.

Proof. Recall from earlier that (m¢)m = — (Zj;é_l(—q)e_i_j mi+j>. First of all note that

for j = 1:

mi;Te1T;D; = (1) 7" 'myy T,y T;D;,
= (=17 'm0 Tigjoa--TD;,
= (=177 (=1) iy Dy,
= (=D " 'myy 1 Di,
= (=) (1),

= (—1>eii+jmi.

Thus bringing it all together:

1 1 [
(my) TrS_ (7)) = <1 + 5 + -+ qe_i_l) m; — = Z ( q)e—z—gmiﬂ.) T. .- T;D;,
j=0
1 1 e—1—1 1
= (1 4y eil) m; — Z (_1)6—2—J_jmi+j) T, 1--T,D;,
q q 20 q
e—i—1
1 1 ]
— 1 T : m; — (_1)€7zfj+efl+j_‘ mi,
q qe—z—l = q]
1 1 e—i—1 1
=Lttt — ) m— | Y = | m
q gt = ¢
7=0
1 1 1 1
=<1+a+"'+qezl)ml—(1+§+' +qezl>m“
= 0. OJ

We can now compute the vertex of S7ie.

Theorem 4.15. Let 1 < i < e. Then SV has vertex S, as a F,-module.
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Proof. As 1 and 7 are linearly independent, and End ,_, (5S7¢) is two-dimensional, we’ve
shown that when we evaluate the trace of any 7, ;-endomorphism at m;, we get 0.
Thus as End ., (S7¢) is one-dimensional by Lemma 4.5, this means the trace of all % _;-
endomorphisms are the zero map, so S7=< is not &,_q-projective as a .#,-module. Ap-
plying Proposition 4.4, means that S7:-¢ is not a projective #,-module, and thus by the

Dipper—Du conjecture has vertex &.. O

An alternative proof is given by appealing to the known decomposition numbers for
blocks of weight one. If S7 is projective, then [P : DVoe] = [SToe : DYVoe] = d,, . = 1.

However, from [26, §6.4 Rule 13] we have d =1 so by [26, Theorem 2.20]:

Yi+1,eVi,e

[Pre: DV = Yd2 > d L+ d =2,

HYie Yi,eVi,e Yi+1,eVi,e
pHEn

giving a contradiction. Thus S cannot be projective, and applying Theorem 3.46 means

that it must have vertex &..

4.2 Vertices of hook Specht modules

Having computed the vertex of “small” hook Specht modules in the previous section,
we use the relatively (compared to other Specht modules) nice multiplication rules for
these modules to examine relative projectivity for hook Specht modules when n > e.
Throughout the rest of this chapter, we continue to assume e > 2. In the symmetric

group case, when p t n, we have from [35, Theorem 2:

Theorem 4.16. Suppose p 1 n and assume that S™ is indecomposable (i.e. p # 2). Then

the vertex of S is a Sylow p-subgroup of &,_1 x &,,_,.

Ideally we want a corresponding result for Hecke algebras, which hopefully will replace

the phrase “Sylow p-subgroup” with “maximal e-p-parabolic subgroup”.
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When e { n, the maximal e-p-parabolic subgroup of &,, is contained in & ,,—1y. If M
is an indecomposable .7%,-module, then by Theorem 3.46 and Corollary 4.1, M is rela-
tively B(6,,)-projective, and hence has a vertex contained in & ,,—1y. Thus by Higman’s

criterion and the definition of vertex:

Lemma 4.17. Suppose e t n and M is an indecomposable F,-module. Then M is
S (1,n—1)-projective and:

M | M®y417n71> I,

Fix 1 < r < n, so 7., is a non-trivial hook partition. By applying Corollary 1.9,
Lemma 4.6, and the calculations from the proof of Proposition 4.7, we have the following
multiplication table for S7» as a J#{; ,_1)-module. Let t € Std(v,.») and ¢ = 2. Note that
in this setup, ts; is standard if and only if one of ¢ and ¢ + 1 lies in the first row, and the

other lies in the first column, thus the following provides a complete multiplication table.

qmy if 7,2 + 1 are in the first row of t,

—my if 7,4 + 1 are in the first column of t,
M, if ts; is standard and £(d(t)) < £(d(ts;)),
(¢ — 1)m¢ + gmys, if ts; is standard and £(d(t)) > ¢(d(ts;)).

\

Let # = (1,7 — 1,n — r). Denote by N, the following one-dimensional #-module:

N, = S @ S S(lnﬂ)’

isomorphic to the trivial module for J7Z._; tensored with the sign module for J7,_,. Fix
¢ a generator of A,. Then ¢T; = ge if 2 < ¢ < r and €I; = —¢ if i > r. Consider the
H n—1)-module:

N @ H1n-1)-
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This has a basis indexed by ¢ ® T,, where w € Rél’n_l). These w can be described,
similarly to Proposition 1.4, by w € &, such that t’w is row standard, and (1)w = 1
(so w € S(1,,-1y). Multiplication rules in this induced module are given by the following

proposition.

Proposition 4.18. Let w € R(el’n_l) and © = 2. Then:

-

q(e®T,) if i and i + 1 lie in the second row of tYw,
(®T)T) - - —(e®Ty) if i and i + 1 lie in the third row of w,
eRT,)T; =

(e®Ty,) if ws; € RS and ((w) < £(ws;),

(= 1D)(eRT,) + qle ®Tys,) if ws; € RY™™ and (w) > (ws;).

\

Proof. First of all, this is a full multiplication table for N, ®x, A n—1) as the first

two cases cover all possibilities where ws; ¢ Rél’"fl) and the second two cases consider
all cases when ws; € Rél’n_l). The latter two cases follow immediately from the usual

multiplication rules for J{; ,—1), so we focus on the case where ws; ¢ Rél’nfl).

For t?ws; to not be row standard, either 7 and i + 1 both lie in the second row of tYw,
or both lie in the third row (they cannot be in the first row as this only has one box). By
Lemma 1.6, there exists a unique s; € &y with T,,T; = T;T,,, so e @ T, T; = €1; ® T,. In
particular, this j is given by (i)w™!, as the fact that (j)w =i and (j + 1)w = i + 1 (since

i and ¢ + 1 must be adjacent in t’w) means that s;w = ws;.

Thus if ¢ and ¢ + 1 lie in the second row of t?w, then j < r and if i and i + 1 lie in the

third row, then j > r. We can now conclude using the action of J#7; ,_1) on e. O

We draw attention to the similarities between the multiplication tables in (4.2) and

Proposition 4.18. In fact as ., ,,—1)-modules, S7* and N, Qi H(1,n—1) are isomorphic.

Theorem 4.19. As 4 ,—1)-modules, S™" = N, Q5 H1n-1).
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Proof. Define a map ¢ : ST — N, Q. A1 n—1) ON basis elements of ST by:
me — € ® Td(t)-

We first show this map is a bijection between our two bases, that is t € Std(~,,,) if and
only if d(t) € Rél’n_l). The following construction taking a Young diagram of shape ., to
a Young diagram of shape 6 gives a bijection between tableaux of shape v, ,, and tableaux

of shape 6.

i.e. the first row of [7,,] (without its first box) becomes the second row of [#] and the

first column of [v,,] (again without its first box) becomes the third row of [6].

Suppose t € Std(7,.,) and let w = d(t). In particular, we must have 1 in the first box
of t, so w € & ,-1). As tis standard, the numbers increase along the first row and down
the first column, so (2)w < --- < (r)w and (r + 1)w < --- < (n)w. These are the entries
in the second and third rows of tw respectively, and thus t?w is a row standard tableaux
of shape 6, with 1 in the first row. Therefore w € ’Rél’n_l). As this construction gives a
bijection between standard +, ,-tableaux and row standard f-tableaux with 1 in the first

row, ¢ is a bijection between our two bases, and thus is a vector space isomorphism.

It remains to show that ¢ is a 7 ,_1)-module homomorphism. Suppose t € Std(v;,,)
and ¢ = 2. Then ¢ and ¢ + 1 lie in the first row of t if and only if ¢ and ¢ + 1 lie in the
second row of t%d(t). Similarly i and i + 1 lie in the first column of t if and only if 7 and

i+ 1 lie in the third row of t%d(t). Finally as ts; is standard if and only if d(t)s; € Rél’”_l),
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we conclude by comparing the tables from (4.2) and Proposition 4.18. O

We can use this isomorphism to examine relative projectivity of S7» when et n.

Corollary 4.20. Suppose e { n. As a ;,-module, ST is Sy-projective.

Proof. As 1 ,—1)-modules S7" = N, ® s, H1,,-1). Inducing up to J;:

ST @ty ) T = N; @z 6, (4.3)

By Lemma 4.17, 57 is isomorphic to a direct summand of S ®., ,_,, J,. Therefore
by the isomorphism (4.3):
S| N @y S,

and thus S7 is Gg-projective as a JZ,-module. O

So when e { n, we have an upper bound of B(&y) for the vertex of S™, by Corol-

lary 4.1. We now use N, to bound the vertex from below.

Lemma 4.21. As s#-modules, N, | S7m.

Proof. By (4.2) we can see that Fmgr» is a one-dimensional .73-submodule of S7» that

is isomorphic to N,. It remains to show that this submodule is a direct summand.

We do this by showing that for any t € Std(y,,) with t # ', that £~ does not
appear with a non-zero coefficient when writing m7; in the standard basis, for any s; € Sy.
Again by (4.2) this can only happen if ts; = "7, i.e. t""s; = t. The only s, € &,, with

t7rns; standard is s,, which as s, ¢ Sy, completes the proof. O

We can now proceed using the Mackey formula to show that when e { n, the vertex of

ST is P (Sy). This gives a version of Theorem 4.16 for Hecke algebras.
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Theorem 4.22. Suppose e{n and 1 < r <mn. Then the vertex of S as a J%,-module

15 the mazimal e-p-parabolic subgroup of &,_1 x &,,_,.

Proof. As before, let § = (1,7 —1,n —7),s0 6y = S,_1 x &,,_,. By Corollary 4.20 S7»
is Sy-projective, thus by Corollary 4.1, it is also J3(Sy)-projective, and we can choose a

vertex G, of S7 with &, < P(Sy).

By Higman’s criterion, S™ | ST ®,4 #,, and thus restricting both sides down to

H using the Mackey formula and the previous lemma:

Nr | Srn | @ (S%’" ®j@ Td) ®';fu(d) ‘%7

dE'DAﬁg

where as usual, &,(q) = 6§ N &p. Therefore there exists d € D)y and some J-module
X with:
N, ‘ X ®3ﬁ(d) Hy,

hence N, is &, g)-projective as a J-module. Now we know N, has vertex PB(Sy) as
we know the vertices of both the trivial and sign modules (from Theorem 3.38 and
Corollary 3.25 for the sign module, and using Theorem 2.9 for the trivial module), so

PB(Sy) Ss, Gra) < &4, Thus we have:

meaning that 6, =g, P(Sy), and thus is a vertex of S as a J,-module. O

Therefore if e f n, we can combine this result with our known vertices of the sign and

trivial module to get the vertex of S7» for any 1 < r < n.

When e | n, little is known about the vertices of S™. In the symmetric group (thus
we are considering when p | n), we can lower bound the vertex using [16, Theorem A] to

show that a Sylow p-subgroup of &,_; x &,,_, has a conjugate contained in the vertex.
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This is proved using Broué’s result [3, (1.3)], however we cannot use our Hecke algebra
version (Theorem 2.16) due to the bound being generated by subgroups which aren’t

standard parabolics.

In fact this bound does not look to be attained generally if p | n. By [17, Theorem
1.2], when £k = 1 mod p and k # 1 mod p?, then the vertex of S*P=P1") is a Sylow
p-subgroup of &y,. For example, take p = 3 and £ = 4. Then the Sylow 3-subgroup of
S15 has order 3°, whereas the Sylow 3-subgroup of &g x &3 has order 33, so is strictly

contained in the vertex.

In the next section we consider an alternative way of finding S7" as a direct summand
of an induced module in the hopes that it might shed some more light on the situation

when e | n.

4.3 An alternative approach to hook Specht modules

Once again fix 1 <r <n and now let u = (n —r + 1,7 — 1) = n. The aim of this section
is to see under what conditions S7 is a direct summand of the sign module for %, _,
tensored with the trivial module for 77, _; induced from 7, up to J7,, i.e. we will identify

the conditions under which:
Sy | (ST @ 5D R, Ho. (4.4)

Hopefully “twisting” and finding S7» as a direct summand in this way may help us explore

the case when e | n, as this fixed-point-free setup allows us to avoid using Lemma 4.17.

To simplify notation, let A, = (ST ® SC=V) a -module. As before, we
begin by describing bases of the two modules in (4.4). We use the previously given

multiplication table for S from (4.2) when multiplying by 7; for i > 2. When i = 1,
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then for t € Std(y,,,), either 2 lies in the first row of t and mTy = gmy, or 2 lies in the

first column and m7T} can be computed via Lemma 4.6 and the other rules.

We will denote a basis of N, Q., I, as: {ny : weR,}, where n, = k®T, for a
fixed generator x of NV, ,. Rules for multiplication in this induced module are proved in

the same way as Proposition 4.18, and thus we omit the proof.

Proposition 4.23. Let we R}, and i€ {1,...,n—1}. Then:

My if i and i + 1 are in the bottom row of t'w,

—Nyy if 1 and i + 1 are in the top row of tHw,
Nl = <

Nas, if ws; € R, and ((w) < l(ws;),

(g — D)ny + qnys,  if ws; € Ry, and £(w) > £(ws;).

\

We proceed by searching for all .7%,-homomorphisms between S™ and N, , R, I

4.3.1 An inclusion map ¢

We start by defining an inclusion map from S into N, ®., J,. First of all we show

that if such a map exists, then it is unique up to scalar. To do this, we need the following

coset representatives. For ¢ € {1,...,r} let w; be the element of R, such that:
7 r 4+ 1 ................................................. n
t“wi = .
1 ....................... 7 — 1 7+ 1 ................. r

and denote n; 1= n,,.

Theorem 4.24. Suppose ¢ : ST — N, Quu, S, is a H;,-module homomorphism. Then

(after scaling if necessary):

(mt"/r,n)gb == nl + ctt + TLT.
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Proof. Suppose that (mgwa)p = > a,n, for a,, € F. Then for 1 < i < r, we have that

Mg Ty = qmyrn, and so (mern ;)¢ = q Y, G- Then:

Z awan; = Z — QT + Z ATy + Z (awnwsi + Qs (q - 1>nwsi + awsiqnw) .
w 2,4+1 in 4,4+1 in wws;ERY,

top row bottom ;
o L(w)<l(ws;)

Comparing coefficients tells us that if 7 and i+1 lie in the top row of t*w, forany 1 <i < r,
then a,, = 0. Similarly, if 7 is in one row and ¢ + 1 is in the other, then again comparing
coefficients, we have a,, = as,, 1.e. swapping ¢ and 7 + 1 means the coefficient has to be

the same.

Now if we have 1 < i < j < r in the top row of t“w, with 7 in the box next to j (so no

other numbers from {1,...,r} are between ¢ and j), then we have:

aw - awsj_l - = awsj_l...si_,.l-

Now t'ws;_1...s;41 has both ¢ and 7 + 1 in the top row, and therefore ays;_,..s,,, = 0.
So if there are two or more numbers from {1,...,r} in the top row, then we have a zero
coefficient. Thus:
,
(mu)¢ = Z AT,
i=1
for some a;. Finally as w;s; = w; 1, we get that a; = as = - - - = a,, thus after rescaling:
T
(mtu)Qb = Z n;. ]
i=1

As ST is generated by mgrn as a 5%,-module, this theorem shows that if there
exists a #,-homomorphism ¢ : S — N, ®., 3, then it is unique up to scalar.
We still have to show that this actually does give a J%,-module homomorphism, i.e.
Hom ., (57", N;.n®, 76,) # 0. To do this, we will use the following theorem [7, Theorem

2.6]:
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Theorem 4.25 (Nakayama relation). Let A = n. Suppose N is a 56 -module, and M is
a F,-module. Then:

Hom 4 (M, N) = Hom , (M, N Q4 F,).
Furthermore this isomorphism is given by ¢ — ¢ where for m e M:

(m)g = > "D (mTy-)p @ Tu.

dER)\

We begin by exhibiting a .¢,-module homomorphism from S to N, .

Lemma 4.26. Denote by t,, , the standard v, ,-tableau with 1,...,n —r +1 in the first

column. Then 6 : ST — N, defined by:

Z amyg |0 = a, K,

teStd(vr,n)
is a J¢,-module homomorphism.
Proof. To begin, we see for which t and ¢ does my appear with a non-zero coefficient

when writing m,T; in the standard basis. Clearly it appearsif t = t, , and the only other

case that can appear is if t =t, s, .41 and ¢ = n — 7 + 1, thus this case does not come

up as Sp—r+1 ¢ 6;1'

Therefore for s; € &, we have (3 am(T;)0 = (at%nmt%nTi)Q, so it suffices to show

that (my,  T;)0 = (m,, )0T;. We split into cases on i:
e If i =1, then:

(mt%nTl)Q = (—m{%n + Zrnmn)e =—k=k-11 = (mt%n)HTl.

b>t
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e ffl<i<n—r+1:

(my,,, 13)0 = (—my,, )0 = —k =k -T; = (my, )07

e Finallyifi >n—r+ 1:

(my,,, T;)0 = (gme,,, )0 = gk = k- T = (my,,)0T;.

j(’Y'r,n

Thus 6 does define a .7,-module homomorphism. O]

Corollary 4.27. The vector space homomorphism ® : ST — N, @y, H;, defined by:

(m)® = (g + -+ np) Ty,

extended linearly, is a F€,-homomorphism.

Proof. Applying Theorem 4.25 gives us as vector spaces:

Hom y, (87", Ny.p Qu, 76,) = Hom y, (ST, N, ).

The previous lemma tells us that the latter is at least one-dimensional, thus there exists a
non-zero #;,-homomorphism from S to N,.,, ® s, Hy. Theorem 4.24 tells us that any
such map must agree with ® on m.», thus ® is a JZ,-homomorphism as m¢ = mer.n Ty

for any t e Std(y,.,). O

Therefore we have a unique (up to scalar) .7,-homomorphism ® : 57 — N, @, 7.
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4.3.2 A surjective map V¥

We now attempt to find all 5%,-module homomorphisms ¢ : NV, ,, ® s, I, — ST, Before

doing this, we need to make note of some special tableaux in Std(7;.,,).

For 2<i<randr+1<j<ndefine t;; to be the tableau:

1 .......... 2_1 Z+1 .......... r j

?

r+1

Jg—1
J+1

i.e. has 7 missing from the top row, and j at the end of the top row. Denote m;; = m, ..

Lemma 4.28. Let ¢ : N, Qu, I — ST be a A, -module homomorphism. Then there

exist a,b € F with:

(nl)w = aAMyir,n =+ b 2 (_q)nfjmuj

2<isr
r+l1<j<n

Proof. As in Theorem 4.24, we suppose (ni)y = ZteStd(% ) @my and look for relations

between the coefficients.

If i # 1, then:

(n)YT; = Z qagmyg + Z —agmy + Z (agmys; + ags, (g — 1)muys, + as,gmy) -

4,0+1 7,0+1 one of 4,i+1
in first in first in each part
row column 2(d(1))<(d(¥)s;)

As in the proof of Theorem 4.24, for 2 < i < r, as nyT; = gny, then by comparing
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coefficients, if both ¢ and ¢+ 1 are in the first column, then a; = 0, and if one of ¢ and i + 1
is in the first row, and the other in the first column, then a; = a,,. Note that this means
that ay, ; = ay,,, . Similarly for r + 1 <4, we have if both ¢ and i + 1 are in the first row

then again a¢ = 0, and if one is in each part, and ¢(d(t)) < £(d(t)s;), then a; = —qays, .

A similar argument to the proof of Theorem 4.24 shows that if 2 or more elements
from {2,...,r} are in the first column, then the coefficient a; is zero as well. Thus the
only tableaux with non-zero coefficients are the ones in the expression from the theorem,
that is meen and m;; for 2 <i <rand j =7+ 1. As m;;s; = m; 41 and £(d(4; ;1)) =
£(d(ti;)) + 1, we get for a fixed i that ay,, = —qay,,,. Collecting all this information

together gives (nq)1 in the above form. O

Unfortunately, this is not enough to fully specify the map. To find the relationship
between a and b, we need to first look at (n,.)1. This allows us to pick up the final relation

we need by considering (n, )T,

Lemma 4.29. Let ¢ be a H;,-homomorphism with (n1)y as given previously. Then:

(n )Y = |ag"™" +bg 2 (=1)"" ( > qw')] M — bg" ™ ( > (—Q)n_‘jmm) :

j=r+1 j=r+1

Proof. Asn, =n Ty ...T,_1, if ¢ is a J&,-homomorphism, then (n,)¥ = (ny)YTy ... T,_1.

Now mygrnT; = gmern for all 1 < i < r, therefore:
amern Ty ... Ty = aq"  mpen.

To compute the rest notice first that for k € {1,...,r—1}—{i—1, 1} we have m; ; T}, = qm, ;,

and mmTi,l = Mi—1,5- Then if 4 # 2
Tio Ty =q P mi T Ty = ¢ Pmy T Ty =
mijdy...de1 =4 Mijli1...de1 =4 Mi15dl;...Lr1=¢G “M4_1;.

Now if 4 = 2 we first have to look at my ;77. Note that ty ; is the same tableau we defined
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in the proof of Proposition 4.8 as tjz. Thus by the calculations in this proof we have:
mz,jTl = (Z —mm') + (_1)j_rm{Yr,n.
i=2

As we know how to multiply the rest of the terms by T5...7T,_1, we need to concentrate

on ms ;. Using the fact that m, ;T; = (¢ — 1)m, ; + qgmii1; we get:

mg,sz e TT,1 = (q — 1)m27jT3 R TT,1 + qmgijg R Trfl,

T

=(q *3m2,j + q(q — 1)m3,jT4 C TT,1 + q2m47jT4 . TTfl,

= ¢ (q— Dmay + ¢ g —Dmay + -+ ¢ (g — Dm_1y + ¢ >myy,

= ¢ me;+q (g 1) Z Mij,

r—1

r—1
r—2 r—2 r—3
=q "Mrj+q Z mij —(q Z M j
i=2 ‘

r r—1
r—2 r—3
=4 me‘—q me-
1=2 =2

Therefore:

j—T
mg,jTl r 1= Z mw ] mm,n] TQ . Trfl,

T

j—r T—2 r—3
= (—1)] q myrn — Z q mi—15 — mzthQ N Tr‘—17
=3

T r—1
r 7" 2 r—3 r—2 r—3
= ( 1)] myrn — Z q m%] q me —(q Z mi,j s
=2 i=2

= (=17 P mpen — ¢ Qme
Now writing M; = >.7_, m; ;, we can collect the previous work to show:

MjTl c. Tr—l = qr_2 ((—1)j_rmm,n — mm-) .
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Finally bringing everything together:

(ny ) = (n)YTh ... T,

= (amw,n +b < Z (_q)n—ij>> T1 c. Tr—la
j=r+1
= aq" ' menn + b ( Y, CW (=) T menn — (—q)"jm’“’j> ’

j=r+1

n
= aq" 'mprn + bg" 2 ( Z (=)™ "¢ I memn — (—q)”_jmr,j> ,

j=r+1

= [aq””‘1 +bg A (=1)" ( zn] q”‘j>] Mo — bg' ™ ( i (—Q)”‘jmm> .0

j=r+1 j=r+1

We can now use this element to show that there is at most a single map v up to scalar.

Theorem 4.30. Let ¢ : N,, ®u, H; — ST be a non-zero H;,-module homomorphism.

Then, after scaling if necessary, we have:

n

(n)Y = ¢ (=" mgrn — ¢ Z (=q)" m,;.

j=r+1

Proof. From the previous lemma, we have an idea of what (n, )y looks like depending on
two parameters a and b. Now consider (n,)y¥T,. As both r and r + 1 are in the top row
of t“w,, then n,T, = —n,. Similarly mernT, = my 41, it j # r + 1 then m, ;T, = —m,;
and m, 17, = (¢ — 1)my 11 + gmeprn. Thus to have (n,T,)Y = (n,)¢YT,, by looking at

the coefficient of 77", we must have:

o qr—1a+bqr—2(_1)n—r ( Z qn—j>] _ _qbqr—2(_q)n—r—l‘
j=r+1

Cancelling and simplifying this equation, we get that:

ga=(=1)"""(1+ g+ +q¢"7"),
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and setting b = ¢, and substituting this into the previous expression for (n, )y gives the

required result. O

Thus there is at most a unique non-zero %,-homomorphism ¢ : N, ,, ® 0, Iy — ST
(up to scalar), and if ¢ is such a J#,-homomorphism, it satisfies the given expressions for
(n1)Y and (n,)1. We now will demonstrate some nice properties of (n, )1 as given in the

previous theorem.

Lemma 4.31. Define (n,) as in Theorem 4.30. Then:

- qn. )y ifl<i<or—1,
Ny i =

—(n )Y iz

Proof. This follows as for each m, ; and mgrn, if 1 <7 < r —1, then 7 and 7 + 1 lie in
the top row of each tableau, thus multiplication by 7; is multiplication by ¢. For ¢ = r,
we've already seen in Theorem 4.30 that (n,)YT, = —(n,)1, and for i > r, we have
Mmegen Ty = —mern dealing with the leading term. For j # 4,4 + 1, then ¢ and 7 + 1 are
both in the first column of t,; and thus multiplication by 7; here is also multiplication
by —1. It remains to show multiplication by 7; is multiplication by —1 on the remaining

two terms:

n—i—1 (

(_Q)niiil(mr,zﬂrl - qmr,i)T'i = (_Q) qmr,i + (q - 1)mr,i+1 - qmr,iJrl) )

= <_Q)n7i71 (qmr,i - mr,iJrl) s

= _(_qyliiil(mr,z#l - qmr,i)-

Therefore bringing everything together: (n,)yT; = —(n, ). O

We can now prove the existence of this unique .77;,-module homomorphism.
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Theorem 4.32. Define a vector space homomorphism ¥ : Ny, ® 5, H;, — ST by:

where (n, )Y is defined as in Theorem 4.30. Then V is a 7;,-homomorphism, and is the

unique J;,-homomorphism up to scalar from Ny, ®», 2, to ST

Proof. Note that this map agrees with our previous map on n,. We begin by exploring
how T, interacts with T;. Based on the multiplication rules of the n,, = k®T,, previously

given we have:

.
T;T,, forsome 1< j<n—r+1ifi=>r,

Tw,Ti = \ TyT,, for some j >n—r+1ifi<r—1,

(q - 1)Twr + qur—l ifi=r—1.

\

Therefore if j < n —r + 1, we have that (T, )" 'T; = T;(T,,) " for some i > r, and if
j >n—r+1, then (T,,) *T; = T;(T,,) " for some i < r—1. In fact this mapping between
i and j gives a bijection between i € {1,...n} —{r—1}and je {1,...,n} — {n —r + 1}.

We split the proof into three cases based on w.

e First suppose ws; € R}, and ((w) < {(ws;). Then:

(nuT) V¥ = (Nuws,)V = (nr)w(TwT-)_lTwSi = (nr)¢(Tw7-)_1TwE = () VT

e Next consider when ws; € R}, and £(w) > ((ws;).

(N Ti)W = (g — 1)y + qris,) ¥ = (nr)¢(Twr)_1 (¢ = DTy + qTus;) = (nw) VT

e Now suppose ws; = s;w where j < n —r + 1, the case where j > n —r + 1

follows similarly, just replacing —1 with ¢ instead. In this case T,,T; = T;T,,, and
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nwl; = —ny. Then (n,T;)¥ = —(n,)¥. Similarly:

(n) T = (n)Y(To,) " TWT; = (ne)Y(To,) " TjT0 = ()Y T(To,) ™ T,
for some k > r. Then using Lemma 4.31 this is —(n,)¢)(T,, ) T, i.e. —(ny,)W.

Thus for all w the statement holds. O

Corollary 4.33. Let U be the unique (up to scalar) 7, -homomorphism described previ-

ously. Then:

(n1)¥ = amprn + b Z (—q)" 7miy |,

2<isr
r+l1<j<n

whereb=gq and a = (—1)"" 11 +q+ - +q¢"").

This follows from Lemma 4.28 and Theorem 4.32. So now we have found the unique

A,-homomorphism U : N, ®, 6, — ST (up to scalar).

4.3.3 A direct summand

For #,-modules M and N, we have that M | N if and only if there exists homomorphisms
a: M — N and 8: N — M such that a o is the identity map on M. Thus to check if
S7rn i a direct summand of N, ® .z, Jy, it suffices to look at the composition ¢ o W at
the generator mgrn of ST, as these are the unique (up to scalar) .,-homomorphisms

in either direction. Recall that:
(mt’w-,n)q) =ni+---+n,= n1(1 +T1 +"'+T1...TT,1>.
Define B, = (1+ Ty +---+ Ty ...T,_1), then:

(M )BYT = (ny + -+ n,)¥ = (0, B, = (n,)VE,.
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As we know from Corollary 4.33 what (n,)VU is, it remains to compute m¢FE, for the

tableaux t involved in (nq)W.

We begin with the leading term mgr.n.

Lemma 4.34. mprmnE, = (14+q+ -+ ¢ Hmprn.

Proof. For T; involved in E,, we have ¢ and 7 + 1 lie in the first row of t"~», and therefore

each T; acts as ¢, proving the result. O

Lemma 4.35. Let i # 2. Thenm;jE, = (1+q+--- ¢ Hmi;+ (¢ 2+ -+ ¢ 2)mi_1,.
Proof. Using our known multiplication rules for m; ; we proceed:

mi B, =m; ;(1+T+---+Ty...T,1),
=(1+q+-+¢mij+mi;Ty.. T (14 +T;...Ty),
=(1+q+-+¢mi;+q¢*mi 0+ +T;...Ty),
=(Q4q+ 4¢Py +q¢ A +qg+ -+ )miy,

= (1 +q+---+ qi_Q)mm + ((]i_2 + -+ qr_2)mi_1,j. OJ
The last terms we have to consider are the most complicated.
Lemma 4.36.
_ r—2 j—r -
mQJ‘ET = ng + (1 + q + -+ q ) ((—1) myvrn — ZmiJ) .
i=2
Proof. First of all, remember that my Ty = (—1)7"mern — 37_, m; ;. Then:

m2,jE7« = Mo + (_].)j_rm{Yr,n(l +T2 + - +T2 - ‘Tr—l) —Zmi,j(l +T2 + - ‘T2 .. .T,«_l).

1=2
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As before when 7 # 2, then:
mm-(l +T2 + "'+T2...Tr,1) = (1 +q+ +qi_3)mi,j + (q
Thus we get that:

Zmz,](1+T2+T2TT71> =

i=3 i=3 i=2
Denoting E;, = 1+ T; + --- +T1; ... T,_q, similarly:
mt‘/r,nEZr = (1 + q —+ - 4 qT‘ 2>mt"/rn.

Finally, the last part we need is:

My j Ly, = may + [(q — 1)ma; + qms ;] Es,,
= [1 +(@—-1D(1+qg+--+ q”*?’)] ma; + qms ;Fs,,

r—2
=q" ""ma; + qms;Es,,

Z g

Bringing everything back together, we get that:

r
j—T
m27jEr = My ; + (—1>] myyyrn EQ,T — Z mi,jEQ,r,
=2
r

=My ; + (_1)j—r(1 +---+q T 2 thn qu 2m17] Z(l + -
=2

= Mgy ; + (1 +q+ -+ qT_Q) ((— j mmn me) .
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We are now ready to compute ((mgrn)®)W = (n1)VE,. From here, we shall use the
shorthand C; = Ci(q) = 1+ ¢+ -+ + ¢! as defined in (3.3) to simplify the expressions

involved.

Theorem 4.37. Recall (ny)V from Corollary 4.33. Then:
(n)WE, = (=1)""'C,mpen.

Proof. Let M; =37, m; ;. Now combining the previous two lemmas:

T

T
M;E, =mgy;+ Ci ((—1)j_TmtVr,n - Zmi,j> + Z (Cicimij + ¢ Crmiiaimi—a )
i

=3

r r r—1
= mQ’j + Cr—l ((—1)j_rmm,n — me) + <Z C’i_lmi,j> + (Z qi_lCT_iml-,j> 5
1=2 =3 =2

r r
=(C,_1 ((—l)j_rmm,n — Z mi7j> + Z C’T_lmi,j + ma ; + QOT_QWLQJ,
=2

i=3
T 7
j—T
=Cra | (=1) " "mprn — Z mij |+ Z Cr1m j,
i=2 i=2

= (—1)j7TC',,,1mm,n s

as for 3 < i < r we have C;_; + ¢"'C,_; = C,_;. We now compute (n,)VE, using the
form from Corollary 4.33, s0o b = q and a = (—=1)"""'C,,_,,;. We continue to use a and

b rather than their values for now to simplify the expressions involved.

(n)VE, = amprn E. + b ( Z (_q)n—ijEr> ;

j=r+1

= acrmtﬁr,n + b ( Z (_q)n_j(_l)j_rcr_]_m{w,n> 3

j=r+1

CLCT + b(_l)ﬂ*T r—1 < 2 qn']>] mt’Yr',n,

j=r+1

= [CLCT -+ b(—l)"*r Tilcn,,ﬂ] Mygrrn .
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We can now substitute in our values for a and b, before simplifying.

aCy + b(=1)""Cy 1 Cy = (=1)" " Crry1Cr + q(—1)""Cp_1Co o,
= ()" @+ g4+ ) = (g d )]
= ()" Compr + (g 4+ @) (Compir = Cay)],
= ()" Crr + g+ + 4N,
=D A gt ) A (T )],

= (~1)""C.

Thus (n)VE, = (—=1)""1C,mpen. O

Corollary 4.38. S7 is a direct summand of Nyvn ®, 5, as a HG,-module if and only

if etn. As a consequence of this, ST is relatively & ,-projective when e { n.

Proof. Recall that S7 is a direct summand if and only if we have .7,-homomorphisms
a: ST — N Qu, H, and 2 Ny @, H, — ST whose composition is a non-zero

multiple of the identity. We will show for our ® and W, that this holds if and only if e { n.

From Theorem 4.37, we have that
((m{h‘,n)@)\y = (—1)n_r_10nmm,n,

Clearly this composition will give a multiple of the identity map (as mern generates S7»

as an #,-module) and as C,, # 0 if and only if e { n. O

Thus when e t n, we gain a new way of finding the Specht module as a direct summand
of an induced module. In fact when e { n —r + 1, we can extend this to show that S
is &(1,n—r,r—1)-projective by restricting the sign part, and then use methods similar to the
proofs of Lemma 4.21 and Theorem 4.22 to once again show that the vertex of S7» is

m(GT—l X 671_7-).
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Unfortunately, this does not further shed any light on the case when e | n. Although
Corollary 4.38 says we cannot find 57 as a direct summand in this way, this does not
necessarily mean that S7» is not relatively & ,-projective, and further research is required

to give a definitive answer.
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CHAPTER 5

SIGNED YOUNG MODULES

Throughout this chapter, we continue to assume that e > 2. As seen previously, the
modules induced from a copy of the sign module tensored with the trivial module play a

key role in finding the vertex of certain Specht modules.

Denote by A(m,n) the set of compositions of n which have exactly m parts (for the
purpose of this chapter we allow parts to have size zero), write |A| = n if A € A(m,n),

and let:
A(mglmy,n) = {A = (M0)|A(1)) : A(@) € A(my, n;),no + ny = n} = A(mg + mq,n).
For A € A(mo|my,n) we use the convention &y = Gy x &) where:

G0 = S, A0} X S ©0)141, A01420)2) X X S A0+ 1,0 S S, a0

i<m

and correspondingly J43 = J& )@ 1). For A € A(mg|m4, n), the signed permutation

module N* is given by:

N ~ [(&S S()\(O)i)> ® <§<1> S(““”))] R, o,
i=1

i=1
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the module induced from the trivial module for J% ) tensored with the sign module for

). Both N, @t y1myy Hn and Npn Qur,

101 94, from the previous chapter are
examples of signed permutation modules. We say that an indecomposable .77,-module M
is a signed Young module if there exists A € A(mg|my,n) for some mg, m; > 0 with

M | N*. Examples of signed Young modules when e { n are S7 by Corollary 4.38 as

these are indecomposable by Theorem 1.12.

In [20, Theorem 4.2|, Hemmer proves the following result for F'G,,:

Theorem 5.1. Let F' be a field of characteristic p > 2. Then all irreducible Specht

modules are isomorphic to signed Young Modules.

As a result, these signed Young modules are of key interest when looking at Specht
modules. In [11], Donkin classified the signed Young modules for F'6,,, and showed that
they were labelled by partitions A and p such that |A| 4+ p|u| = n. Furthermore, by [11, §2
(8)] the signed Young module labelled by A and p can be found as a direct summand of
NP (here pp = (ppa, ..., pps)), and the other indecomposable summands of NP are

labelled by pairs of partitions 7 and  where (7|py) dominates (A|pp).

In [14], Du et al consider primitive idempotents of the g-Schur superalgebra, which
correspond to signed Young modules for 7Z,. When p = 0, they give a classification of
the primitive idempotents of this superalgebra (and hence the signed Young modules),

and show that the labelling set involved is equivalent to that of Donkin when e = p and

q=1.

A key step in proving this classification is the notion of a defect group of a primitive
idempotent, defined in [14, Definition 10.1] when p = 0. [14, Theorem 10.2] shows that
this defect group is the vertex of the corresponding signed Young module, and thus is of

great interest to us.
Throughout this chapter, we follow [14] and explore signed permutation modules for
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¢, their relationship to the ¢-Schur superalgebra and we conclude by proving an ana-
logue of [14, Theorem 10.2] for fields of prime characteristic. This gives us a method of
computing the vertex of a signed Young module, if we know how to write its corresponding
primitive idempotent in a certain basis of the ¢-Schur superalgebra, and ideally is one of

the first steps to giving a classification of signed Young modules in prime characteristic.

5.1 Signed permutation modules

Throughout this chapter, for A\, 4 € A(mg|lmy,n) and d € D), we will use the notation
Ad N g (from [14]) to represent the composition with corresponding parabolic subgroup
Grirp = Sf\l N &,,. This is in contrast to our previous notation of v(d), so as to highlight

the role of A\ and u.

For A = (A(0), A(1)) € A(mg|my, n) define:

Tx0) = Z Twa Yra) = Z (_Q)_é(w)Tun

’wGGA(O) wEG/\(l)
ZX = TA0)Yr)-

Then the following proposition gives an alternative characterisation of the signed permu-

tation module N*.
Proposition 5.2. As J,-modules, z\5¢, ~ N*.
Proof. By [25, Lemma 2.19], it suffices to show that F'z) is a one-dimensional .73-module

isomorphic to (@?31 S(A(O)i)> ® (@;111 S(lm)i)). As zy = Tx0)Yr1) = Yr1)Ta0), We just

need to show for s; € Gy (), that x50\ 1; = qrr) and for s; € Gy, that yrq)Ti = —yra)-
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The first follows from [26, Lemma 3.2], and for the second:

noli= Y. ()" + () "I, T,
’wEG)\(l)
L(w)<t(ws;)
= Z (_q>7e(w)Twsi + (_Q)i(e(w)Jrl)(q - 1)Twsi + (_q)i(Z(W)Jrl)quv
wEGA(l)

L(w)<t(ws;)

= —Yx(1)- []

We proceed as in [7, Theorem 3.4] to describe a basis of Hom y, (N*, N#), for A, €

A(mp|my,n). For this, we need the following standard theorem from [7, Theorem 2.8].

Theorem 5.3. Let A\, i = n, and suppose M is a J¢,-module and N is a 6 -module.
Then:

Hom s, (M ®u, 7, N @, H;,) = P Homy, ,(M,NQTy).

dED)\”u

We will apply Theorem 5.3 when M and N are Fz, and F'z, respectively. As these
are one-dimensional, we know Hom ;4 W(F 2y, Fz2) ®T}) is at most one-dimensional, and
is one-dimensional if and only if F'z, = Fz) ® Ty as 56 4~,-modules. Thus it is prudent

to identify which d € D, , give this non-zero set of homomorphisms.

Definition 5.4. Let A, u € A(mg|my,n). Let DS , be the set of d € D, , with the property

that for all s; € G54~ we have for ¢ = 0, 1:

S5 € 6#(1') <~ S;rl S 6)\(2-).

Note that this definition gives the same set described in [14, (2.2.2)]. The next lemma

shows these are exactly the coset representatives we need.

Lemma 5.5. Let \, o € A(mg|lmay,n), and d € Dy ,. Then Fz, = Fzy ® Ty as Hgnp-

modules if and only if d € Dy ,.
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Proof. 1t suffices to show that for s; € Gyg~,, that if 2,7} = a;2, and 2A\QTyT; = B;23@Ty,

then a; = 3; if and only if d € D;’\’#. Note TyT; = T;T; where s, = 3?71 e G,, by

Lemma 1.6. Therefore if a; = (3;, then we must have that 7}, and T; act as the same

constant, i.e. s; € &,(; if and only if s, € &,(;). Similarly, if d € Dy ,, then by definition

we must have o; = §;, proving the opposite direction. O

Theorem 5.6. Let A\, € A(mg|lmi,n). Then a basis of Hom  (N*, N*) is given by

{gpﬁ/\ cde D?\,u}’ where under the identification N* = 2,7, we determine gpﬁA by:

(2u)¢n = Z (—q) "V TyT,.

w=wow1i ER’;drw
Wi€G (i)

Proof. Let 14 : Fz, — Fz\, ® Ty be the J#4~,-isomorphism indexed by d e Diw and

determined by z, — 2\ ®T,. Theorem 4.25 gives ¥, € Hom ., (Fz,, (FAQTy) ®m,., )
defined by:

(Zu)wd = Z q—ﬁ(w) (zuTw*1 )wd ® Twa

"
wERMlrw

_ Z qfe(w)(qf(wo)(_1)£(w1)zu)wd ® Tw;

w:wowleR’idM
w¢€6u(i>

= Z q_e(wl)(*l)z(wl)z,\®Td®Tw,

w=w0w16'R‘;dﬁ#
wi€6,(s)
= ), (M.,

w:wowleR’;dmu
wi€Gu (i)

and again by Theorem 4.25, {1p,} is a basis of Hom ., (Fz,, (F2\ ® Ty) ®,,., ). Now

via the Mackey formula, we have that as J#,-modules:

N* =~ P (Far®Ty) @t K1)

dED)\,,u,
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thus:

Hom ., (F'z,, N*)

lle

@ Homu, (Fzu, (Fza ® Ty) @, 1)

dEIDA“U’

deDi’u

as from before the only non-zero Hom spaces correspond to d € Dy ,. Under this identifi-

cation, we have 1, € Hom , (Fz,, N*) given by:

(20)a = Z (=)~ ATT,,

form a basis of Hom ., (F'z,, N ). Finally we conclude using Frobenius reciprocity, from [7,

Theorem 2.5], to get a basis {¢f, : d € D5 ,} of Hom,, (N#, N*) determined by:

() = z)Pa= ), (9 VT, O

w=w0w1€'R§dﬁ#
wi€8(i)

Taking the sum over all signed permutation modules:

mo|mai,n)

Corollary 5.7. Let S = End , (@AEA( N)‘>. Then a basis of S is given by

{<pZA : A\ 1€ A(mglmy,n),d e Df\’#}.

Note that if m; = 0, then S given above is the g-Schur algebra as defined in [9]. In
the next section, we show that S is the g-Schur superalgebra as in [14], before using it to

examine signed Young modules.
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5.2 The ¢-Schur superalgebra

Let V' (mg|m4) be a (mg + mq)-dimensional vector space over F' with basis v1, . .., Upmgtm, -

We can form a parity map ~: {1,...,mg + my} — {0,1} by:

0 if1<i<mo,

/l.:

1 ifmg+1<i<mg+m.

This makes V' (mg|m,) into a Zs-graded vector space (where the even subspace is spanned
by the v; with i = 0, and the odd part is spanned by the v; with i = 1). Let I(mg|ms,n)
be the set of n-tuples of integers from {1,...,mg + m;}. Then V(mg|m;)®" has a basis
indexed by i € I(mg|mq,n) with v = v;; ® -+ ® v;,. There is an action of &, on

I(mgy|my,n) given by:

1w = (2(1)1071, 72(n)w*1)7
for we &, and i = (i1,...,i,). For A € A(mg|my,n), we define:
ix=(,...,1,....mg,....,mo,mog+ 1,...,mog+1,...,mg+mq,...,mg + myq).
H(_/ \ ~- / ~- J « ~
A(0)s AO)mg A(L)s A Dy

Thus an alternative basis is given by: vy4 := vj,4 for A € A(mg|my,n) and d € R, as the
composition A gives the content of the tuple and the minimal right coset representative

gives us the ordering.

The next lemma gives a J%,-module structure on V (mg|m)®". This was first proved
in [27, Theorem 2.1}, and we provide an outline of the proof here using our notation and

conventions. We choose some fixed square root of ¢, denoted ,/g.
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Lemma 5.8. V(mg|m;)®" is a J,-module with the following action:

-

(—1)ijij+1\/§1)isj if ij < ij+1,
qui if iy = ij41 < Mo,
vily = <
— Vi ’Lf ij = 'l.j-&-l = mg + 1,
(—1)ijiﬂ'+1\/§1)isj + (q - 1)’Ui Zf ij > ij+1.
\

Proof. We check that this action satisfies the relations for the Hecke algebra. First we

need to show that for all i and j that:
v} = qui + (¢ — o).
Suppose first that ¢; < 4;,1. Then:

WT? = ()75, Ty = (=155 /g [ (=15 + (g = Do |

= qu; + (—1)@53\/51(q — Dvi, = qui + (¢ — D)5
If i; = ;41 < my, then:
uT? = q¢*vi = qui + (¢ — 1)qui = qui + (¢ — DT},
and similarly if ¢; = 7,11 = my + 1

UiT-2

T=v=qui— (¢ —1)vi = qui + (¢ — DuTj.

Finally, if ij+1 < 2]

~——

oT? = [(~ 175 o, + (g = D] T3 = (=150 + (g = DTy = guy + (g = DurTy.
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If |j — k| = 2, then as Vis;sp, = Visys;, wWe get that v;T;Ty, = v}, T;. Finally to prove
that the final relation holds, we need to consider 8 cases (after considering symmetries)

on 7,241 and 7j49. These are:
o=l = g2, U < ljp1 = g2, U = ligo < ljp1, by = L1 < iy,

Uil <5 = ljv2, U <ljy1 <ljya, O <ljro <Tjr1, Lip1 < <y,

where in the first 5 cases, we also need to consider the parities involved. The proofs of all

of these cases follow broadly the same lines, so we will just prove one as an example.

Suppose 7.1 < i; = Ij42, and let ap = ¢ if z/;\C =0 and ap = —1 if zAk = 1, for

ke{j,j+1,j+2}. Note that a; = a;;2. Then:

UiTjTjJrlTj _ [(_1)ijij+1\/avisj + (q — 1)1)1] Tj+1Tj,
- [(—1)@@aj\/zlvi5j + (1) (g — 1)vi5j+1] T
= (—1)2i}maqui + O[j<_1)m@\/a(q — D)Vis; 15

= a;qui + ij(—l)m@\/@(q — 1)vig;,, -
Computing the other side:

Vil T T = (_1)@@\/§Uisj‘+17—‘j7}+la
= &j(_l)@@\/avisfrlj—‘j-i-la
= 0y (= 1) g | (DT g+ (g Do,
= ajqui + oy (~ 1) 2 g(g — Dvisy,.,

= i1 T4 T]. O
We can now define the ¢-Schur superalgebra.
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Definition 5.9. Let mg, m; = 0. Then the ¢g-Schur superalgebra is the superalgebra:

S,(molmy,n) := End s, (V(m0]m1)®") )

For more information on these ¢-Schur superalgebras, in particular a g-Schur—Weyl

duality, we refer to [27]. From [14, Lemma 2.8], there is an ,-module isomorphism:

= @ N* — V(mg|m,)®",
AeA(mo|mi,n)
sending 20Ty to +(,/q)"Pvyq, where the sign is determined by [14, Definition 2.7], and
depends on A\ and d. Throughout the rest of this chapter, we will implicitly identify these

modules via this isomorphism. Thus as superalgebras:

S,(mplmy,n) = End 4, < (—B NA> > (—B Hom%(N“,N’\),

AeA(mo|ma,n) A,pueA(mo|mi,n)

so under this isomorphism Corollary 5.7 gives a basis of S,(mg|my,n). There is an alter-
native basis which will be useful in the next section. For i and j € I(mg|mi,n), define an

F-linear map e;; on V(mg|m4)®" by:
(vk)eivj = 6i,kUj~

These form a basis of Endg (V (mg|m1)®"). For A\, p € A(mgolmy,n), and d € Ry, d' € R,

then we use the notation Eud' Nd = ei#d’,i/\d-

Ifde Df\,w then for s; € Gygnp, we have TyT; = T,T; for some s, € G, by Lemma 1.6.
Furthermore, by the definition of Diw if 2,T; = az,, then 23TyT; = 23T} T; = az)\Ty,
that is T}, and T} act as the same constant on zy and z, respectively. Thus under the
identification = given previously, we have that e, )4 is a % 4~,-module homomorphism, so

we can apply the relative trace to get Tr} ;. ,(e,xa) € Sq(molmy,n). The following theorem
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(combining [14, Theorems 5.1, 5.4]) gives the importance of these homomorphisms.

Theorem 5.10. The following is an F'-basis of S,(mg|my,n):
{Tri\‘dm(euy,\d) iy A € A(mg|lmy,n),de Di,u}.

Furthermore, for each choice of A, i € A(mo|m1,n) and d € D5 , there exists a constant c

(given explicitly in [14, Theorem 5.4]) with:

Tr?dmu(eu,)\d) = C@i,\-

Thus this new basis is up to scalar multiple the same as our previous basis. In particu-
lar this shows that each @Z ) is relatively &4~ ,-projective as a .;,-module homomorphism.

We will use both bases, dependent on whichever is most appropriate at the time.

5.3 Vertices of signed Young modules

Let f be a primitive idempotent of S,(mq|my,n). Then V (mg|m1)®"f is an indecompos-
able summand of V' (mg|m;)®", and thus under the identification =, is an indecomposable

summand of @), A ) N*, s0is a signed Young module. Hence primitive idempotents

mo|lmi,n
of the ¢g-Schur superalgebra correspond to the signed Young modules we are interested in.
In [14, §7, §10], over a field of characteristic zero the authors take a primitive idempotent

f and assign to it a parabolic subgroup D(f) of &,,, which they call its defect group.

A key result is [14, Theorem 10.2]:

Theorem 5.11. Let F be a field of characteristic 0. If f € S;(mo|my,n) is a primitive
idempotent, then the defect group D(f) of f is the vertex of the indecomposable 7, -module
V(m0]m1)®”f.
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In this section, we prove the corresponding result for fields of any characteristic. To

begin, we need to generalise their notion of a defect group.

5.3.1 The defect group of an idempotent

Let B be an e-p-parabolic subgroup of &,,. Then we define a subspace of S,(mg|my,n) in

the following way:

I(P) = <90z)\ c A e A(mglmy,n),d e Di,w‘ﬁ(@dmu) Se, P)r,

where as before, B(H) is the maximal e-p-parabolic subgroup of a parabolic subgroup
H. By [14, Corollary 6.6], I(*B) is a two-sided ideal of S,(mg|my,n). In the characteristic

zero case (see [14, (6.6.1)]), we get a chain of ideals:
0Oclhychc - cln=S§,(mo|mi,n), (5.1)

where [; := I(&?). The authors define D(f) to be & where f € I; and f ¢ I;_;. Recall
from Theorem 3.21 that each indecomposable .77,-module has vertex of this form when

F has characteristic zero.

In the more general case when F' has characteristic p > 0, we know from Theorem 3.21
and Theorem 3.46 that vertices of indecomposable 77,-modules have to be e-p-parabolic.
As &* is the maximal e-0-parabolic of &y, one might think that it would suffice to
replace the ideals in this chain with the ideals corresponding to the maximal e-p-parabolic
subgroups of & . for 0 < j < [2]. The following example shows that this is not sufficient

when p > 0.

Example 5.12. Suppose ¢ > 2 and let A = (e + 1,17Y¢) |- pe + 1. Then as e { pe + 1,
S* has vertex P(S, x Sp-1)e) = &P by Theorem 4.22. As S* is indecomposable by

Theorem 1.12, we can use either the proof of Corollary 4.20 or Corollary 4.38 to see that
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S* is a signed Young module. Thus the vertices of signed Young modules are not always

in the form PB(Sy,) for some k.

As such, we have more possibilities for defect groups, and have to consider more ideals.

Let t be the largest integer such that ep’ < n, and suppose k = (ko, k1, ..., k;) is a

(t + 1)-tuple of non-negative integers. Define an e-p-parabolic P as follows:
Py = (‘5’20 X (‘5];;7 X oo X 6’;;1. X oo X 62;,

and define Iy := I(PBy). Then

K := {@:Zh(eﬁ) < n}

under the correspondence k — i, gives a set of representatives of all e-p parabolic
subgroups of &,,, up to conjugacy. Note that for any parabolic subgroup P8 with repre-
sentative k € K, we have that I(3) = I,. We denote Z = {I; : k € K}.

We give a relation on K by saying that £ < [ if By Sg, B;. By the earlier definition

of our ideals we have the following consequence:

k<l < I, <, (5.2)

and our first proposition shows that we can impose a poset structure on K (and hence 7).
Proposition 5.13. The relation < is reflexive, transitive and anti-symmetric. Therefore

(K, <) (and consequently (Z,<)) is a partially-ordered set.

Proof. For any k € K, it is clear that 3 is a subgroup of itself, giving reflexivity. If B
is conjugate to a subgroup of B, and P, is conjugate to a subgroup of B; then we must

also have P, is conjugate to a subgroup of ;, proving transitivity. Finally, if conjugates
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of P, and ‘P, are contained in each other, then they must be conjugate in &,,. Thus as
each conjugacy class of e-p-parabolic subgroups of &,, has a unique representative in /C,

we must have [ = k. O

Therefore (Z,<) also forms a poset. However this is not enough to assign to each
idempotent an e-p-parabolic subgroup. To achieve this, we show that K (and hence 7)
forms a lattice. To this end, we give an alternative characterisation of <. We denote

[;(k) := k; + pkiy1 + -+ + p' 'k, and in particular note that T'y(k) = k;.

Lemma 5.14. Let k,l € K. Then k < [ if and only if for allt=0,... t:
Li(k) < Tu(D).

Proof. When ¢ = t, the condition gives k; < l;, which implies that GS;t Ces, 6letpt. When
t = t — 1, then the condition says that both k;, < [, and k;_y + pk; < l;_1 + pl;. Thus

kt—1 k¢ li—1 It . . lg—1 li—k
6€pt,1 X 6€pt Ce, GEPH X 66pt as there are enough copies of &, left in 6ept,1 X 6€pt

such that it contains 6:;:,11 (even though we may have k;_; > [;_1). Continuing in this

manner all the way down to when ¢ = 0, completes the proof. O

Theorem 5.15. Let k,l € K. Then we recursively define (kv 1) by:

max {T,(k), T, (1)} ifi=t

max {I;(k), (D)} —pLlipi(k v D) ifi<t.

Similarly define (k A1) by:

min {T;(k), T,(1)} ifi=t,
(E/\Dz‘ =

Then (K, <) with join function v and meet function A is a lattice.
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Proof. Note that these are well-defined, as (k v [), is defined from just k and [, and (kv [);
is defined given that (k v 1);;1 is defined. We need to show that k v [ is an upper bound

for both k£ and [, and that it is the least upper bound (i.e. less than any other upper
bound).

When i = t, we get that (k v [); = max {ki,[;}. This is clearly the smallest integer at
least that of both k; and [;. At each stage with i < ¢, to have k < (kv ) and [ < (kv 1),
we need I';(k),T;(l) < Ti(k v 1). Since I';(a) = a; + pI'iy1(a) for i <t and a € K, after

rearranging this, we need:

(kv 1) =Ti(k) —pLigi(k v D),

(kv 1) =Ty(1) = plipa(k v 1),

for (k v 1) to be an upper bound. Clearly the definition given above gives us the least

integer satisfying this, meaning if we have another upper bound, then it is greater than

(kv ).

In a similar manner, (k A [) is the greatest lower bound of both k and [, as we take
the largest integer satisfying the conditions of Lemma 5.14 at each point. Therefore with
these operations, (K, <) is a lattice. O

We illustrate this lattice in the following example.

Example 5.16. Suppose e = 3, p = 2 and n = 15. Then the following Hasse diagram

gives the 3-2-parabolic subgroups of G;5:
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63 X 612

/ \

612 63 X 66 X 66

- |

66X66 63)(63)(63)(66
| — |
63)(63)(66 63X63X63X63X63

| T |

63X66 63)(63)(63)(63

T |

Se G35 x 63 x 63
\ /
63 X 63
Gs

S,

Let £ = (1,1,0), and [ = (5,0,0), so they correspond to the e-p-parabolic subgroups

S3 x Gg, and 63 x 63 x 63 x 63 x &3 respectively. Denote a = (k v [). Computing a :

as = max {0,0} =0,
a; = max {1 + 0p,0 + Op} — Op = 1,

ap=max{l+p+0p*5+0p+0p°} —p—0p*=5—-2=3,

giving a = (3,1,0) corresponding to &3 x &3 x &3 x &g, which we can see from the

diagram is the least upper bound of [ and k. Similarly denoting b = k A L

by = min {0,0} = 0,
by = min {1 + 0p,0 + Op} — Op = 0,

bo = min {1 + p + 0p*,5+ 0p + 0p*} —Op — 0p* =3 — 0 = 3,
giving the greatest lower bound as b = (3,0,0), that is &3 x &3 x Gg.

Given this lattice structure on (I, <), we get a corresponding structure on (Z, <) by
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(5.2). For a basis element @f, of Sy(mq|mi,n) we can define k., such that Brra, =

PB(Sxriny). By definition of I, this is the least element k of K with gpﬁ)\ € Ij.

Proposition 5.17. Let k,l € K. Then I n I} = Ij.;.

Proof. Let @i\ € Iyn. Then as Py, Se, Pra, we have kg, < (k A L), and hence
it is at most that of both [ and k. Therefore ¢, is in both I; and I; and thus lies in
the intersection. Similarly, if @ZA lies in the intersection of I, and I;, then by definition
we have k,;, < k,l and therefore is at most the meet of the two, giving the other

inclusion. O
Corollary 5.18. Let x € S;(mg|my,n). Then there is a unique k € KC such that x € I
and if for [ € IC, we have x € I}, then I}, < I;.

Proof. Define k as the meet of all [ with x € I;. O

An alternative proof of this corollary comes from the fact that if z = ] i aﬁx‘ﬁﬁx for

aﬁ/\ € F, then for k € K we have that:
rel, — gpz/\ € I, whenever ai/\ # 0,
as I is spanned by basis elements of this form. Thus the minimal [ such that z € I is

also the join over all k), such that a‘i}\ # 0.

With this corollary, we can now define the defect group D(f) of a primitive idempotent

f in any characteristic.

Definition 5.19. Let f be a primitive idempotent of S,(mg|my,n). Then the defect
group of f is the e-p-parabolic subgroup B, where k£ € K is the minimal element in K

(with respect to <) such that f € Ij.
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If p = 0, then the lattice K once more becomes the chain (5.1), and we regain the

definition of defect group given in [14, Definition 10.1].

5.3.2 Properties of the ideals [}

Now we have the notion of a defect group for our primitive idempotents, to generalise [14,
Theorem 10.2], we first need to generalise the results of [14, §7]. One of the main tools
we will use here is Theorem 3.46, which allows us to immediately restrict our attention

to the maximal e-p-parabolic subgroup when talking about relative projectivity.

The theorem we prove here is a characteristic p = 0 version of [14, Theorem 7.4].

Theorem 5.20. Let k € K, and let 0 = n such that Sy =g, Pi. Then:

Iy = Trg(End% (V<m0|m1)®n))'

As in [14, Lemma 7.1] we start by showing that Theorem 5.20 holds for the trivial
parabolic Py = S(1ny. The proof is broadly similar except we need to use Corollary 4.2

(and thus Theorem 3.46) to conclude.

Lemma 5.21.

Ip = Tr} (Endp (V (mg|mq)®")).

Proof. We show first that the right-hand side is contained in the left-hand side. Take the

following basis of Endp (V (mg|m;)®"):

{eud’,)\d | /\7 n e A(m0|m1, TL), d e RM’ de R)\}

We apply the relative trace to one of these basis elements, and use the fact from [14,
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Lemma 4.1] that Tr(e, ) is the identity map on N*.

Tr} (epar aa) = TI"Z(eu,u) e} (eparnd)

( Z q—f(w)Tw1€M7MTw> Tr?(eud/,/\d)’

wWER

( Z qfé(w)Tw—lemu Tr?(‘fud’)\d)Tw) ’

wWER

= TI'Z (emu Tr’f(eudly,\d)) .

Using [14, Lemma 3.3] or Theorem 2.13, transitivity, and linearity of the relative trace we
can further manipulate to show:

Tr?(eud/)\d) =Tr"

w | G Tr;f(q%](x)Tz—l %d',,\de)) ;

xeLly

= TI'Z (Z Trlll(eu,uq_Z(x)Tx1eud/,)\de)> s

Now the inner map e, ,T,-1€u4 r2d1 is non-zero on the basis element v; if and only if
some constituent of (v;)e, 1,1 lies in (v,q) for i € I(mo|m4,n). This can only happen if
Vpg—1 = Uyqr, Which as o € £, means that x = d'~! for this to be non-zero. Therefore we
have shown that:

Tr?(eud/’,\d) = q—é(d') Tr?(e,u,,lLTd’eud’,)\de’*l)'

Now e, Twe y raly— is a map that is only non-zero on v,, and maps into N = 0,7,

thus there exist coefficients a, € F' for y € Ry with:

TrY (eparpa) = Tr} (Z ayeu)\y> = Z ay Try (euny)-

YER )\ YER

Thus we are reduced to showing that Tt (e, ) € Ip for y € Ry. By [14, Lemma 6.3], we
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can assume that y € D) ,, and by [14, Corollary 4.5], we can further assume that y € D§

A0

otherwise the trace is zero. We now claim that under these conditions, the following holds:

Ayn
Trly “(eu)\y) = PAyrw( )( )P/\ymu(l)<q )e,u,)\ya

where, as in Chapter 3, Pyy~,() is the Poincaré polynomial of &yyn,.a)

for i = 0,1. Note that by the definition in [14, (2.2.2)] that 6§(i) NSy

1 # j, SO GAdmu = 6,\(10#(0) X dem,u(l)- By deﬁnition,

)\yr\u
T (epny) = Z q" To-repryTw.

’wGG)\ymu

6)\(1 N S

j) is trivial when

Aynp . . .
For (v;) Tri?""(e,,5y) to be non-zero, we need v, to appear with a non-zero coefficient in

viTy— for some w € Gyq~,. Clearly this means i and i, have the same content. By the

action of &, on I(mg|mi, n), basis terms that appear when multiplying by 7., look like

v; but with each section of i which corresponds to a part of u permuted. Thus v, appears

if and only if i = i,, and we only have to evaluate this trace at v,:

() T (eny) = Z 0. g Ty 16,5y T,

wEG)\ymu

_ Z q_K(wO)_Z(wl)Uunglwal G,u,AyTonwl’

wiGGAymy(i)

_ Z qfé(uu)(_1)£(w1)UH€M?AyTw0Tw1’

wieg)\ymu(i)

= Y D 0 T T,

wieg)\yr\y(i)

- Z q@(u)O)q*f(wl)(_1)25(101)1}/\y7

wiEGAymM(i)

_ Y gty

wiGG)\yﬁy(i)

= PAymu(O)(Q)P)\ymu(l)(qil)v/\w
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proving the claim. Thus we have:

Tr?(eu,Ay) = TrﬁymM(Tr?y”“(eu,Ay)) = P/\yﬁu(O)W)P/\yw(l)(q_l) Trg\bymu(eﬂa)\y)'

If P(Sayrn) = Po, then Try,  (e,n,) lies in Iy by definition, meaning Tr{ (e, x,) € lo-
If P(Sarynu) # Po, then at least one of the P(Syynpua))) is a non-trivial e-p-parabolic
subgroup. Without loss of generality (as for these Poincaré polynomials ¢ is a root if and
only if ¢! is a root) suppose this is satisfied for i = 0. Then Pyyn,0)(¢) = 0 by the

definition of Poincaré polynomial and (3.3), hence Tr} (e, ,) = 0 € Iy as well.

To show that Iy < Tr}(Endp (V (melmy)®")), let ¢%, € Ip. This means that P(Sxgn,)
is trivial. By Theorem 5.10, there exists ¢ € F with ¢, = ¢/ Tr}, ,(esxa). By the
proof of Corollary 4.2, there exists some a € Endp (V (mq|m;)®") with Tr;*(a) = eura-

Therefore using transitivity of the relative trace, goﬁ/\ = ¢ Tr}(«), proving the opposite

inclusion. O

In the following results, we will not only consider S,(mg|m1,n), but also larger g-Schur
superalgebras S;(mg|m},n) for m; = m;. We can view S,(mg|my,n) as a subalgebra of
S,(mg|mf,n) by considering A € A(mg|my,n) as an element of A(mglm},n) by adding

zeros at the end of A\(0) and A(1) until they have m{, and m} parts respectively.

Let 7 = Y zcamolmrn Par- BY the definition of ¢}y, we have that 7 is the identity
H,-homomorphism on V (mg|m;)®", as it sends each N* to itself. When 7 is viewed as
an element of S,(my|m},n), then (N*)n = 0 for any A € A(mj|m}, n)—A(mo|mq,n). Thus

we have that nS,(mg|m/,n)n = S,(me|my,n). Similarly, if for k& € K we define the ideal:

Ié = <(‘OZ/\ PAE A(mi)|m/1>n>7 de D?\,w%(G/\dﬁH) Sen SBE>F7

that is the ideal defined in the same way as I}, but in S, (mg|m},n), we have that nlyn = Iy,

as ngpﬁ/\n is non-zero if and only if both A and p are in A(mg|my,n).
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The following technical lemma, generalising [14, Lemma 7.2], gives a way of taking a

partition # - n and fitting it into this g-Schur superalgebra framework in a useful way.

Lemma 5.22. Let k € K and 0 — n such that By, =s, So. If A € A(mg|lmy,n), and
d € Dyp with Gy = &Y, then there exists 0 € A(my|m/,n) (for some m{ = mqy and

my =my) and w € Dy g such that Sy = &y and
exdow € End g, (V(m6|m'1)®") .
Furthermore, Try (exa,omw) € I,

Proof. By definition of k, we have that 6 has s = Zi:o k. parts of length divisible by e,
followed by r = n — Zi:o k.ep® ones. As d € Dyy and Sy < &4, we can apply [12, Lemma

1.3] to see that:

l)\d: (il,...,il,ig,...,ig,...,is,...,is,jl,...,jr)7
—_—— —— —

01 02 0s

for 4, 7, € {1,...,mo + my}. Let

t t
(e = {j: Z kl<j<2k:l, andszo}

l=c+1 l=c
t t R
b, = {j: dk<j<) ki andijzl} .
l=c+1 l=c

Then a. is the number of runs of repeated numbers in the first n — r entries of iyd of
length ep® with even parity, and b. = k. — a. is the number of runs of length ep® with
odd parity. Let §'(0) be the partition given by ((ep’)®, ..., (ep)*,e), and #'(1) given by
((eph)’, ..., (ep)?,ebo, 17). Then we have that (after padding by zero at the end of 6(i)’

if necessary) ¢ = (0'(0)|0'(1)) € A(m{|m/,n) for some my = my and m) = m;.

Leta = Zi:o a.and b = Zizo be. Thena+b=s. Let Q = {1,...,a,my+1,...,my+b},

so [ = s. Then j € Qif and only if Sg; is a non-trivial component of S¢. Consider the
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tuple ig: € I(mg|m), n):

(1,..,1,..,a,..;a,my+1,...omi+ 1, ....omg+ b, ...omi+b,mg+b+1,....mi+b+r).
~—— _ “

h g
9/ 0/ 9/ 9/
1 @ my+1 my+b

Note that 1 < j < m{ + m} appears more than once in this tuple if and only if j € €.
Suppose 7 is a bijection from Q to {1,...,s} with the property that if (j)m = k, then

0 = 0). Then we get another tuple in I(mg|m/,n):

irg = ((1)771,...,(1)7r*1,...,gs)ﬂ ,...,(s)ﬂ*i,mg—i—b—i-1,...,m6+b+7’).

3
=9

We define an element w, € G,, by:

((Zeg) +l>w7r= Do+,
i<j i<n(j)

for j=1,...,sand 1 <1 <0}, and (k)w, =k for k > n —r + 1. By construction we get

the following properties of w,:

® 19 = lpy,-

e For each 1 < j < s, we have 6{2i<ﬂ_(j>9i+17m72 =6 . There-

W
i<n(j) b1} i 04120, 033

fore &y = &,
. / .
e w, € Ry. This can be seen as t%w,. is row standard.

e Finally due to the previous two points, w, € Dy g. This is because w, € Ry and for

all s; € &y, there exists s; = wys;w; ! € Sp with:

Uwesi) = Uwesiw;  wy) = U(sjwy) = £(s5) + Lwy) = 1+ L(wy). (5.3)

Thus any such bijection 7 gives an element w, € Dy g with Sy = &4 N &;". Finally if
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in addition, we choose a bijection 7 such that (j/)ﬂ'\_l = zA] for all j € Q (such a bijection

always exists by the definition of #'), then the runs of iyd and ipw, have the same parity.

Thus (‘5 ) N Syl = (‘Sd ) N 6&4fyy = {1}, meaning that:
d W d Wr
We can now apply [14, Lemma 4.2] to conclude that:

exdow € End (V(m0|m1)®") .

To show that Try(exqow) € Ié, note that Try(exgow) is @ map from N* to N?. As

such there exists a, € I’ for = € Dg,’ \ with:

TI‘9 Exd,0'w 2 CLmQO)\g/
:J:ED

As &3 N 6, Sg, Gy, and as P =g, G¢ we have that each of the basis elements ¢3,,

and thus Try(exq,pn) lies in I O
We illustrate the construction from this lemma in the following example when e = 3

and p = 2.

Example 5.23. Let A = (10,4|15,6,1) € A(2|3,36) and k£ = (3,2, 1,0) with corresponding

partition 6 = (12,62, 33,13) - 36. Let:

d=(1,19,5,23,9,30, 13, 33, 16, 2, 20, 6, 24, 10, 35,

18,4,22,8,29,27,25,11, 31, 14, 36, 34,17, 3,21, 7, 28, 26, 12, 32, 15).

Then d € Ry, as we can see below t*d is row standard. Similarly the tableau shows that

137



Sy < &4, Combining these gives d € Dy 4 (via the argument in (5.3)).

'd =119(20/21]22/23(24/28/29(30|35
31(32|33(36
1123456/ 7|8[9/10[11[12/25|26|27
13114(15]16|17|18
34

Now we can look at the corresponding tuples:

= (1,120 ,2,3,...,3,4,. .., 4,5),
S Y—

—

—_ ——
10 4 15 7

i)\d:(37"'73747‘"74717"'717 373737 17171727272757172)'
———— e e S~ ——

12 6 6

This gives us ¢'(0) = (6,3,3) and ¢'(1) = (12,6,3,1,1,1) and so:
0 = (6,3,312,6,3,1,1,1) € A(3/6, 36)

Continuing, we havea = b = 3,50 Q = {1, 2, 3,4, 5,6}. To have a bijection 7 : {1,...,6} —
{1,...,6} with the property that if (j)m = k, then 0; = 0, then 7 must have (4)7 = 1,
({1,5})7 = {2,3} and ({2,3,6})m = {4,5,6}. To have (]/)7'('\_1 = ZAJ for all j, we must have
()m =3, (5)mr =2, (6)7 =4 and ({2,3})m = {5,6}. We choose (2)7 = 6 and (3)7 = 5.

With this we have the tuples:

ig =(1,...,1,2,2,2,3,3,3,4,...,4,5,...,5,6,6,6,7,8,9),
——— ) e e D

6 12 6
o= (4...,4,5,...,51,...,1,4,4,4,3,3,3,2,2,2,7,8,9).
—_— Y Y Y~ Y~ Y~
12 6 6

Clearly these have the same content, and note that corresponding runs in iyd and irg
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have the same length and parity. w, is given by:

1 — 19,
2 — 20,

— 21

)

e~ w
!

22

Y

!

23,

6 — 24,
T

7 — 31, 10 — 28, 13
8 — 32, 11 — 29, 14
9 — 33, 12 — 30, 15
16
17
18
19
20
21
22
23
24

1, 25
2, 26
3, 27
4, 28
5, 29
6, 30
7,
8,
9,
10,
11,
12,

13,
14,
15,
16,
17,
18,

31 — 25,
32— 26,
33 — 27,

and fixes 34, 35, and 36. With this we can see that all the claims in the bullet points are

satisfied. Finally computing conjugates:

Thus we can see that if ¢ # j, then 63{(

655’(’0) = 6{19 ..... 24} X 6{31,:’,2,33} X 6{28,29,30},

d
GA(O) = G19,..,24,28,....30,35) X ©(31,32,33,36},

(]

Lemma 4.2] to conclude that exg g, € Endy, (V(3]6)®3%).

5 0 619”,’(’].) is trivial, and we proceed with [14,

The proof of the next corollary follows in the same way as [14, Corollary 7.3|, just

substituting the previous lemma for [14, Lemma 7.2]. Therefore we omit the proof.

Corollary 5.24. Let k € K and 6 — n such that By, =, Sg. For A\, € A(mg|lmy,n),
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deDyg and d € D, 9, assume that Sy = (631(0) N GZI(O)) X <(‘5f\l(1) N GZI(D). Then there

exists 0" € A(m{lmy,n) for some my = mgy, my = my and w € Dy g such that Sy = S,

and when viewed as an element of S,(mgy|m’, n):

Try(epa aa) = Try(epa ow) Try(€orwrd)-

We can now prove Theorem 5.20. Again, this generalises [14, Theorem 7.4], and
although the proof follows the same outline, we include it here in full to highlight the

necessary modifications for it to work in any characteristic.

Proof of Theorem 5.20. We first show that Trjy(End , (V (mg|m;)®")) is contained in Ij.

Let A, € A(mglmq,n), d € Dyg and d' € D, 9. Define a = Adn 0, f = pd' n 0, and
consider ay n 3 for some y € Dy, 5. Note that Dy, ;5 is well-defined by [14, (2.2.2)] as (i)
and ((i) are defined from A and p. Thus Gynp = &Y N &Y N S n &y. Then by [14,

Theorem 5.3] we have:
{Triymﬁ(eud/,my) : A, € A(mg|my,n),d € Dyg,d € Dyy,y € Dg, 5 N So}, (5.4)

is a basis of Endy (V (mg|m;)®"). Thus it suffices to show for a choice of these parameters

that:

Troyns (€ ady) € T

We proceed by induction in K. For the base case suppose k£ = 0, so &y is the trivial

group. Then we must have y = 1 and &,y~5 = 64, thus:

Trgym,@(eud/,kdy) = Tr} (epar aa) € Lo,

by Lemma 5.21.
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Now assume that k£ # 0 and by induction, the statement is true for all [ < k.

By definition, &,y S Sy. Let 6, = P(Say~p) and suppose that &, & Sq.
Then there exists [ with B; =g, ©,, and [ < k. By Corollary 4.2, there is some

¥ € End . (V(mo|my)®") with:

Trgyns(epar nay) = Trp(¥) € I < I,

by the induction hypothesis and the definition of our poset Z.

We now consider the case when &, = &y. For this to occur we must have Gy =
G‘f\y aX=ria 6/{ N Gy, meaning that &, = G = &y and y = 1. Therefore by (5.4), we

have 1 € D, 5. Hence:

Sy = (Gi(o) N Sp(0)) X (6(11(1) N Sp1))

((6§(0) N Sy) N (GZ'(O) N 69)) X ((6§(1) NSy N (6,{(1) N 69)> ,

Therefore we have:
Gy = (6§(0) N Gﬁ(())) X (Ggl\(l) g 6;‘5(1))7
and we can apply Corollary 5.24 to get m{ = mg, m] = my, ¢ € A(mglm/,n), and

w € Dy o such that when viewed as elements of S,(mg|m},n):

Try(epa aa) = Try(epar ow) Try(€orwrd)-

By the final statement in Lemma 5.22, we get that Try(eua o) € I S Sy(mglmi, n).
Additionally, as I is a two-sided ideal, Trj(e.qaq) € I}, Finally, as A, € A(mg|my, n),
we have:

Tr (eparna) = 1T (epa xa)n € nlgn = Iy,
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completing the proof of this inclusion.

We now prove that I, = Try(Endy, (V(mglmi)®")). Let A\, u € A(mg|my,n) and
d € D5, with gpﬁ/\ € I, so for &, = P(Srynp), we have &, Sg, Sy. As before, there

exists some c € F' with gpz)\ = cTr}y.,.(eua), so it suffices to show that:

Tri\bdmu(ew\d) € Try (End (V(m0|m1)®”)).

As Tr,.,(euxa) is relatively &ygn,-projective as a ,-module homomorphism, if
Grinp S Gy then we are done using transitivity of the relative trace. Thus we now need

to consider the case when we only have a conjugate of &y4~, is contained in Gy.

Let z € D,y with &, = &2 < Gy. As in the second half of the proof of [14, Theorem
7.4], let
M = HOIIlF(U#%L, FU)\d ®3{{r %),

a (A, 7,)-bimodule with a (77, .7 )-bisubmodule N = Hompg(v,7,, Fvyy) and a
(4€,, #,)-bisubmodule N’ = Hompg (v, Fuyg @ T.). Then

M = N Qu, 5, = N' Qu I,
as (4, 7¢,)-bimodules. Applying [14, Lemma 3.5] gives us that:
T (Zn(7)) = Zu(H6,) = Ta (2w (HE)),
that is, as subspaces of Endp (V (mg|m;)®"):

Tr! (Hom z, (v,54,, Foaa)) = Tol (Hom g, (v, 76,, Fusg @, T2)).

142



Thus for all h € Hom y, (v,.7,, Fvyg), there is some homomorphism A" with:
W € Hom g, (0,5, vaa @, T:) = End e, (V (mo|my)®")

such that Tr!(h) = Trl(h’). We can now finish using Corollary 4.2, as this guarantees

some h € Hom y (v,.7,, Fu\g) with:
Tt g (Cuna) = Tep(h) = T (R') = Ty (Tel (1))

Finally, as I’ € Endy, (V(mo|m1)®"), then Tr! (') € End, (V(mo|mi)®"), and thus

Tr\gn,(€und) = TrZ(Tr:(h’)) lies in Try (End , (V (mg|m1)®")) as required. O

5.3.3 Relating defect groups and vertices

We can now give our main theorem about vertices of signed Young modules, generalis-

ing [14, Theorem 10.2] to fields of any characteristic.

Theorem 5.25 (Vertices of signed Young Modules). Let F' be a field of characteristic
p =0, and f a primitive idempotent in S,(mo|my,n). Then D(f) is the vertex of the

indecomposable H;,-module V (mg|m)®" f.

Before proving this theorem, we describe how it can be used in practice to compute
vertices. Given a primitive idempotent f, suppose we can write it in terms of the basis

given in Corollary 5.7 as

d  d
f = Z a)\,,u(p,u)\‘
A pueA(mo|ma,m)
deDi’u
For each A, p,d with a&l’u # 0, we then take its corresponding tuple k,;., € K and

compute b = \/a‘i 20 Kriny- Then Py is the vertex of V(mg|m,)®" f. Thus the problem
e

of finding the vertex of V (mg|m)®" f is reduced to that of writing f in the given basis of
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S,(mo|mq, n).
Note that the proof of Theorem 5.25 is largely similar to that of [14, Theorem 10.2]

and we include it here for completeness.

Proof of Theorem 5.25. Let D(f) = By =, Sp for k € K, § — n and &, a vertex of

V(mo|m1)®"f. Let [ € K such that B, =g, S,. Then by relative projectivity, we have:
Tr:(EndjfW (V(mo\m1)®"f)) = End 4, (V(m0]m1)®"f) )
Then:

qu(m0|m1,n)f = [ End, (V(m0|m1,n)®") J = End, (V(m0|m1)®”f) )
= T (Endue, (V(molm1)®" ) = f T2 (Endo, (V (molm1)®"))f,

= fLf,

by Theorem 5.20. Since f € fS,(mo|mi,n)f, the above calculation shows that f e fI,f

therefore f € I; as [; is a two-sided ideal (fI,f = I;). Thus we must have £ < [, and

D(f) s, 67.

Now by the definition of D(f), we have f € I, so we have:

f e [Lef = f Ty (Endsg, (V(molma, n)®")) f = Trg(End g (V(mo|m1)®" f)).

Therefore there exists some h € End , (V (mq|m;)®" f) with Trj(h) = f, the identity map
on V(mglmy)®"f. Thus by our second version of Higman’s criterion, V (mq|m)®"f is

D(f)-projective, and by the definition of vertex a conjugate of &, is contained in D(f).

This means D(f) is a conjugate of &, and thus D(f) is a vertex of V(mg|m4)®" f. O

The following corollary gives a quick sanity check on the previous theorem.
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Corollary 5.26. Suppose for A € A(mg|my,n), the signed permutation module N* is

indecomposable. Then its vertex is P(S,).

Proof. Using the notation of the g-Schur superalgebra, then N* =~ V(mg|m;)®"p%,. By
Theorem 5.6, p}, is an idempotent, and the fact that N* is indecomposable, means that

@), must be primitive. Thus the vertex of N* is D(¢} ). Computing this:

D(pan) = B(S) 1 6,) = P(S). u

This gives an alternative proof (given Theorem 3.46) that the vertex of the trivial

module for JZ, is PB(S,), as for A = (n,0,...,0) we have S™ = N> is indecomposable.
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CHAPTER 6

THE HECKE ALGEBRA OF TYPE B

Having explored the notion of vertices for Iwahori-Hecke algebras related to G,,, i.e. the
Weyl group of type A,,_1, a potential further avenue is to explore how many of these results

are applicable for Hecke algebras related to other Weyl groups. In this chapter we focus on

which respects signs, i.e. for w € 290,,, if (i)w = j, then (—i)w = —j, using the shorthand
[i1,...,4s] := (i1,...,%s)(—11,...,—1s). This is generated by elements t, = (—1,1) and
t; =[i,i+ 1] fori =1,...,n — 1. Note that we will think of 20, as the group generated

by ty, and 20, as the trivial group.

Let Q,q € F* and let H,, = H,(Q, q) be the F-algebra generated by Ty, T1,...,T,—1

with relations:

(To +1)(To — Q) = 0,
(T; + 1)(T; —q) =0 for 1 < i < n,
T, = T, for Ji— | = 1,
TohIvTh = ThIvTh 1o,

T Ty =Ty TiTi for 1 <i<n—1.
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We call H,, the Iwahori—-Hecke algebra of type B, (which we will refer to just as the
Hecke algebra of type B). Let e be the quantum characteristic of ¢, and say that H,
is ()-connected if there exists some positive integer s with ) = —¢°. Throughout, as
before, we assume that e is finite, and as the proof of Proposition 1.3 carries over, either
hef(e,p) = 1 and ¢ is a primitive e-th root of unity, or e = p and ¢ = 1. Therefore if we
are (Q-connected, either 0 < s < e, or () = —1 respectively. For a full discussion of the

representation theory of H,, we recommend [10].

We describe parabolic subalgebras of H,, in the following way. A pointed compo-
sition of n is given by A = (Ag; A1, ..., A.) where D7 _ A = n, A\g = 0 and \; > 0 for
1 <i<r. Wewrite A [ n. Given a pointed composition A\, we can associate to it a
parabolic subgroup 27, of 20,, given by

WA =Wi,.onop X Oprostrorral X X Gygrtyyin g oy

i=0 Ni

%m)\OXG)\IX"'XG)\T.

As in Theorem 1.1, H,, has a basis indexed by elements of 20, (see for example [10, §3]),

and we can define parabolic subalgebras:
H}\ :<T’wwew)\>;%>\o®%1®®%\7

Note that here we have H,,) = J7,, so we can invoke our knowledge of the type A case.

As both 7, and H, have structure inherited from the relevant Weyl groups, a lot
of notions carry over happily to 7, most notably from the methods of [25] we get a
Mackey formula, Higman’s criterion, and a definition of vertices for both indecomposable
H,-modules, and indecomposable (H,, H,)-bimodules. Unfortunately, at this point, our
methods become less applicable, in particular the version of the Green correspondence

that follows is not particularly useful.
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To be precise, for a Green correspondence, we would need pointed compositions A and

i, leading to a chain of subgroups as in (2.5):
N, < Nggn (Q;UA) - QITM c2,.

In this necessary situation, the Green correspondence would give a bijection between H ,-
modules and H,,-modules with a particular vertex contained in 20,. We can consider two
cases; either ¢,,_; is not in 2, or it is inside a copy of &,, for some m (assuming that 20,
is a proper subgroup of 20,,). In the first case, (n, —n) lies in the normaliser, and thus to
have a parabolic containing the normaliser, we need all of 20,,. In the second case, consider
Tpm = (n,—n)(n—1,—(n—1))...(n —m, —(n—m)). This is self-inverse, and commutes
with all parts of 20, that are not the final copy of &,,. Fori=n—-m+1,... ., n— 1

tﬂ'n,m

= w;}n[z',z' + s

— (i, =) (i + 1), — (i + 1)) (i, + 1) (=i, — (i + 1)) (G, —i)((i + 1), — (i + 1)),

= (i,i + 1)(—i,— (i + 1)) = t;,

as all the other transpositions involved commute and cancel out. Thus we have showed
that 7., € Nyg, (20,), and again we require all of tg,...,t,_; to create this term. So in
all cases, we can only ever apply the Green correspondence if 20, = 20,,, in which case

the result becomes trivial.

Thus the parabolic subgroups of 2J,, are not fine enough to give us results akin to the

type A case. A potentially better system of subgroups is defined as follows.

A pseudo-composition of nis A = (A1, ..., A;) where \; € Z—{0}, and X7, |\;| = n.

This defines a pseudo-parabolic subgroup in the following way:

Q()\QQ(AIX-”XQ[)\S,
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where 2(), = G,, it \; > 0 and A, = 2W_,, it \; < 0. Here the &, parts are generated by
the usual transpositions, and the 20_, parts are generated by f;1, ..., x4z -1 for some

k as well as the element tgtg_1 ...ttt ... tx_1t, which corresponds to (—k, k).

Despite behaving better when taking normalisers, these pseudo-parabolics are no more
useful than regular parabolics for the Green correspondence. In fact they are arguably
worse as there are no corresponding pseudo-parabolic subalgebras, as illustrated in the

following example.

Example 6.1. Consider A = (1,—1). Then A, = {1,s150s1}. We will show that

(1, TYTyTy) is not generally a subalgebra of H,. To see this, consider (TyT,T7)?:

(T, )? = VTYTE T, Ty
= (¢ — VN TWTo Ty + qTh Ty T,
= (¢ — VIYLTTT + q(Q — )TV Ty + qQT7,

= (¢ — 1)’ToWTo Ty + q(qg — VoW + q(Q — VTWVT Ty + qQ(q — DTy + ¢°Q.

As each of these expressions are reduced, we can see that as long as both ¢ and @) are not
equal to 1 (i.e. Hy = F2J,), we have terms that will not disappear. Therefore in most

cases (1, T1ToTy ) is not a subalgebra of Hs.

Despite not having a non-trivial Green correspondence (and thus no Brauer corre-
spondence), there are still things we can say about #,. In the next section we look
at the combinatorics of minimal coset representatives for 27,,, including results on these
pseudo-parabolics, before concluding by (as in Chapter 3) computing the vertex of the

sign module for H,,.

149



6.1 Minimal coset representatives for type B

As with the symmetric group, we can allow 20, to act on tableaux as well. For a pointed
composition A = n, we can define a signed tableau of shape A (note that as A is pointed,
the “0-th” row can be empty) as a tableau of shape A where each of the boxes is assigned
a positive or negative sign, i.e. we have a diagram filled up with entries from {£1, ..., +n}
such that if 7 is in the tableau, —i is not in the tableau. For each A, there are 2"n! = |207,,|
such possible signed tableaux, and we have an action on these signed tableaux of 2J,, by
permuting the boxes. For example ¢, swaps 1 out for —1 and vice-versa, and t; swaps
with ¢ + 1 and —¢ with —(i + 1) (of course only one of i and —i can be in the tableau at

any one time).

For a signed tableau s, we will denote by d(s) the unique element of 2J,, sending the
standard signed tableau s* (which coincides with standard tableau t*) to 5. We say that
a signed tableau is row standard if the entries in each row increase from left to right.
This is illustrated in the following example where A = (3;2,1) and d(s) = [1,—6][3,4, —5]

gives a row standard signed tableau s (even though | — 6| > 2).

1 3 —6 2 4
s=s'd(s)=| 4 | 5 [1.-6][3,4,-5] = —5 | -3
6 -1

Finally, we say that s has a positive 0-th row if all the elements in the first row
(corresponding to Ag) are positive. We will use these tableaux to give a combinatorial de-
scription (for the maximal parabolics an algebraic description is found in [33]) of minimal

right coset representatives for parabolic subgroups akin to that of Proposition 1.4.
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6.1.1 Right cosets

Similar to the type A case, the row standard tableaux are key to finding the minimal

right coset representatives.

Theorem 6.2. Let 290, be a parabolic subgroup of 20,,. Then the following is a complete

set of right coset representatives:

Ry = {d(t) : t is row standard with a positive 0-th row}.

Furthermore, these representatives have minimal length in their coset and for w € Ry and
v E w)\ N
L(vw) = L(v) + L(w).

To prove this, we first need a generalisation of [26, Lemma 1.2, Proposition 1.3 and
Corollary 1.4] which give a way of checking if multiplication by some t; increases or

decreases the length of an element w € 207,,.

Definition 6.3. Define 77 = {(—i,i) : 1 <i<n}, Ta ={[i,j] : —n <i<j<n,li| <j}
and 7 = T; u T3 (where U denotes disjoint union). Then 7 is the set of reflections of

20,,.

Note that if S = {to,t1,..., 51}, then T =, cop wSw™!, but writing it in this way

helps to avoid double counting.

Definition 6.4. Let w € 2U,, and define:

Ni(w) = {(—i,i) € Ty : (i)w < 0},
No(w) = {[i,j] € Tz : (i)w > (j)w},

N(w) = Ny(w) u Ny(w).
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We move on to generalising [26, Lemma 1.2]. This (and the following corollary) cor-
responds to the more general results in [23, §1.6] about Coxeter groups, but we give a

direct proof for 27,, here.

Lemma 6.5. Let v,w € 20,,. Then:
N(vw) = N(v) ©vN(w)v™ !,
where © denotes the symmetric difference of two sets.

Proof. As N(vw) is the disjoint union of N;(vw) and Ny(vw), it suffices to show that the
result holds for these sets. As in the proof of [26, Lemma 1.2], we only have to show the
result in the case when v = t;, as the general case follows from this by induction on ¢(v)

using associativity of ©, for example when 7 # j:

N(titjw) = N(t;) © t;N(tw)t; ",
= N(t;) © :;(N(t;) © t;N(w)t; )t

= (N(t;) ©t;:N(t;)t; ") ,Otit;N(w)t; ;1

= N(tit;) © (tit;)N(w)(tit;) "

We begin by showing the result holds when i = 0. We consider N;(tow) first. Note
that Ni(tg) = {to}, so we need to show that ty € Ni(tow) if and only if it is not in
toN1(w)tg, and that (j,—j) € Ni(tow) if and only if (j, —j) € toNi(w)ty. For the first,
to € Ni(tow) if and only if (1){pw < 0 which is true if and only if (—1)w < 0, i.e. (1)w > 0.
Thus by the definition, to ¢ N;(w), and as totgty = to, we also have tg ¢ toNy(w)tg. The

same equivalence shows that to ¢ to N1 (w)to implies tg € Ny (tow).

Now suppose j # 1 and (j,—j) € Ni(tow). This is true if and only if (j)tew > 0, i.e.

(7)w > 0 (as (j)to = j) which by definition is equivalent to (j, —j) € Ni(w). Again as
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(7)to = 7, this gives us (j, —j) € toN1(w)to, thus proving the result for N; when ¢ = 0.

Note that No(tg) = &, so we don’t need to worry about the symmetric difference here
and just prove Ny(tow) = toNa(w)tg. Suppose we have [j, k] € Na(tow) with j # +1.
Then by definition, (j)tow > (k)tow i.e. (j)w > (k)w so [j, k] € No(w). Again this then
means that [j, k] € toNao(w)tg. Now if j = +1, then (j)tow > (k)tow, that is (—j)w > (k)w

so [—7,k] € No(w), and after conjugating [7, k| € toNo(w)ty as required.

We now consider when i > 0. Here we have the opposite: Ni(t;) = & now. Show-
ing equality: (j,—j) € Ni(t;w) if and only if (j)t;w < 0. Now as j > 0, then (j)¢;
is positive and ((7)t;)w < 0, therefore ((j)t;,—(j)t;) € Ni(w), and after conjugating,

(4, —7) € t:N1(w)t;.

Our final case is when we are looking at Ny for ¢ > 0. Here again we have Ny(t;) =
{t;}, so we first need to consider t;. If t; € No(t;w), then (i)t;w > (i + 1)t;w, that is

(1 + Dw > (i)w, so t; ¢ Na(w), and after conjugating ¢; ¢ t; No(w)t;.

Now consider [j, k] € No(t;w) with [j, k] # t;. As t; preserves signs, and |j| < k, then
we have |(7)t;| < (k)t; unless j = —i and k = ¢ + 1. If we are not in this case, then
(j)tiw > (k)t;w means that [(j)t;, (k)t;] € No(w), and conjugating gives the result. If
j=—tiand k =i+ 1, then [—i,i + 1] € No(t;w) if and only if (—i)t;w > (i + 1)t;w, so
—(i+ 1)w > (i)w. Thus (—i)w > (i + 1)w, so [—i,i + 1] € No(w). Conjugating preserves

this reflection giving [—i,i + 1] € t; Na(w)t;.

Thus we have shown that for all w, ¢ and for both k = 1,2 that:

Nk(tiw) = Nk(tl) @ tiNk(w)t,-,

and taking the disjoint union of these gives the result. O

153



The proof of [26, Proposition 1.3] follows directly, showing us that:

Nw)={teT : ((tw) < {(w)}, (6.1)

allowing us to get a 20,, version of [26, Corollary 1.4].

Corollary 6.6. Let w e 20,,. Then fori > 1:

lw)+1 if (Hw < (i + 1)w,

lw)—1 if (Hw > (i + 1)w,

and

lw)+1 if (Hw >0,
K(tow) =

fw)—1 if (Dw < 0.

Proof. We prove the case for i = 0, the other case follows similarly from the definition
of N(w). If (1)w < 0, then ¢ty € N(w), and thus by our above characterisation of N(w),
(tow) < l(w), i.e. L(tow) = L(w) — 1. If (1)w > 0, then ¢ty ¢ N(w) and so {(tow) = (w),

thus £(tow) = (w) + 1. O

This gives us a test on whether left-multiplying by a generator of 20,, increases the

length of an element of 20,, or not. We can now use this to prove Theorem 6.2.

Proof of Theorem 6.2. We first show that each of these representatives lie in a distinct
right coset. This can be seen because premultiplying any of these representatives by an
element of 2J, will just swap the positions and signs of the elements in the 0-th row,
and swap the positions of the elements in any other row. Thus we have exactly one

representative from each right coset.

To show that they are minimal, it is enough to show with Corollary 6.6 that we increase

the length by multiplying on the left by any ¢; € 20,.
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Suppose ty € W,. Then as d(t) has a positive O-th row, we will have (1)d(t) > 0. Thus

by Corollary 6.6 we get £(tow) = £(w) + 1 = £(w) + {(t).

Now suppose t; € 20, for ¢ = 1. Then ¢ and 7 + 1 must lie in the same row of A, so
again as t is row standard, we have that (¢)d(t) < (i + 1)d(t). Thus again by Corollary 6.6

we get £(t;w) = l(w) + 1 = L(w) + ((t;).

Therefore we have shown that these elements are minimal in their coset, proving the

required result. O

6.1.2 Double cosets

One of the key components in getting a Brauer correspondence for type A was under-
standing the double cosets given by a maximal parabolic. Here we show that we can
similarly categorise the double cosets of a maximal parabolic in type B. We first de-
scribe these, before showing that they are in fact a complete set of minimal double coset

representatives.
Definition 6.7. Let u = (a;m) I a+m = n. Then for 0 < ¢ < m and for 0 < j <
min{a, m — i} define w; ; to be the element sending s* to the following tableau:

e The first row contains in increasing order: 1,...,a —j,a+it+1,...,a+ 17+ j.

e The second row contains in increasing order: —(a+i),...,—(a+1),a—j+1,...,a,a+

t+7+1,...,a+m

To illustrate we use a = 5,m = 6 in the following example to show the signed tableau

afforded by w9 = [4,8][5,9][6, —7].
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Note that each of these signed tableau are row standard, and the 0-th row contains
positive elements, so w; ; € Ry by Theorem 6.2. Similarly, as each w; ; is the product of
non-intersecting transpositions (we swap +(a —j + k) with £(a + ¢+ k) for 1 <k < j
and +(a + k) with F(a+7+ 1 — k) for 1 < k < i), it is self inverse, and thus is both a
minimal left coset representative, and a minimal double coset representative. Therefore
to show that this gives a complete set of minimal double coset representatives, it suffices

to show that we have found all of them. We do this using the same idea as in Lemma 1.5.

Theorem 6.8. Let = (a;m) e n. Then:

D,y ={wi;:0<1<m,0<j<min{a,m—i}},

is a complete set of minimal double 20,-20,, coset representatives in 20,,.

Proof. We show that every w € 20, lies in 20,w; ;20,, for some i and j. As each w can be
written as tv where ¢ € 2, and v € R7, it suffices to show for each v € R, that v € w; ;20

for some ¢ and j.

We describe the general form of a signed tableau corresponding to these v. The first

row can be split into two parts

ap | ak bl .......... bj

where 1 <oy < - <agy<aanda+1<0b <---<b;j <a+m. Notethat k =a —j.

The second row can be split into four parts,

—cp | —¢; _dl .......... _dg er | e fl .......... fr

where first we have the negative elements coming from the second row {—cy,...,—¢;}
where a + 1 < ¢; < ¢_1 < -+ < ¢1 < a+ m, then negative elements from the top row:

{—dy,...,—d,} where 1 < d, < dyg_qy < --- < di < a. Following this we have positive
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elements from the top row: {ej,...,e,} with 1 < e; < -+ < e, < @ and finally positive
elements originating in the bottom row: {fi,..., f,} witha+1< fi <--- < f, <a+m.
Note that we must have g + h = j, and thus r = m — i — j. We now claim that this lies

in the left coset created by the element w; ;.

Define wy € 20, by d, — —d,. This lies in 20, as we can map any of the first a

numbers to their minus signs.

Define w;, € 20, by:

+a, — *x,
+b, — t(a+ i+ x),
te, = ta+i+1—2),
tdy — +(a—j + ),

te, — +(a—h + x),

+fo— t(a+i+j+a).

By definition, wy € 20,: if |k| < a, then |(k)w| < a, and if |k| > a, then |[(k)w| > a.

Furthermore, wy preserves signs.

Now we consider the action of w; and wy on s#v. First of all the tableau corresponding
to vw; simply swaps the signs of the negative elements on the bottom row that were less
than or equal to a. The tableau corresponding to vw;w, now has the elements 1,...,a—7

at the beginning of the first row, followed by a +¢ + 1,...,a + 7 + 7. In the second

row we begin with have —(a + 4),--- — (a + 1) followed by a — 7 + 1,...,a and then
a+1+j+1,...,a+m. Thus we have that sfvw,w, = s*w;;, so vwywe = w;; and
v = w; jwy 'wy . Therefore v € w; ;2T,, as needed. O

As a corollary of this description, we can see what happens when we conjugate 20, by

a double coset representative, and then intersect with itself.
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Corollary 6.9. Let i = (a;m) IE n and w;; € D,,. Then the pointed composition v; ;
defined by:

W, , = W AW,

Vi,j

18 giv@n by Vij = (a_j7jal7.]7m_2_j)

Thus we can mimic the set-up of Section 3.1, even if we cannot generalise those results.

6.1.3 Right cosets for pseudo-parabolics

Despite the fact that pseudo-parabolic subgroups are not useful for our purposes, we can
still generalise the preceding results to give a characterisation of a nice set of right coset
representatives for these subgroups. Before doing this, we say a signed tableau s is in
parity with pseudo-composition A if for each ¢ with \; < 0, then all entries in the i-th

row of s are positive.
Proposition 6.10. Let A\ be a pseudo-composition of n. Then a complete set of right
coset representatives of Ay in W, is given by:

Ry = {d(s) : s is in parity with \}.

Proof. This is similar to the proof of Theorem 6.2, except we can now have multiple rows

not containing negative numbers, instead of just the first row. O]

Note that we have not made any claims of minimality here. As a corollary to (6.1),
we have for w € Ry that ((tw) > f(w) for all reflections t € 2J,. However we no
longer have the (arguably more useful) minimality property that for any of our right

coset representatives w and t € 20, that {(tw) = £(t) + {(w).
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6.2 Sign modules in type B

We can define the sign module sgn,, for #,, as a one-dimensional module (§) where each
of the T; act on £ via multiplication by —1. This is a ‘H,,-module by the defining relations

of H,,. Similarly for a parabolic subalgebra H,, we can define
sgn, 1= sgn,, ®S(1A1) R ® 5(1”)7

where S is the sign module for J¢; seen previously. In type A, the sign module had
the largest possible vertex of any 7,-module. We hope that the sign module for H,, may
behave similarly, and thus give evidence towards a version of the Dipper—-Du conjecture

for Hecke algebras of type B.

6.2.1 Restricting and inducing

In line with the definition of relative projectivity, to find the vertex of the sign module,
we begin by asking when sgn, | sgn,, ®, H, for some X |k n. Note that sgn, =~ sgn, as
‘H-modules, so we can induce sgn, up to H,, instead, and then look for a copy of sgn,,.
To do this, we will first find a submodule of sgn, ®y, H,, isomorphic to sgn, for any A,

show it is unique, and then use this submodule to find the vertex of sgn,,.

Before stating the main result of this section, we need the following definition. Let
lo(w) be the number of times ¢, appears in a reduced expression for w. Note that this is
well-defined as we can get from any reduced expression to any other reduced expression
for w only by using the braid relations, and these preserve the number of occurrences of

to.

Theorem 6.11. Let A | n, and for w € Ry define b, = (—1/Q)%)(—1/q)tw)=to(w)),
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Then if:
Bi= D bul®T,,

weRA

we get BT; = —f for all i, and thus the one-dimensional H,-submodule of sgny @, Hn

generated by [ is isomorphic to sgn,,.

The 20, version of Lemma 1.6 is key to the proof of this theorem. Although the original
proof worked in the generality of any Coxeter group, we can now give an elementary proof
of this using signed tableaux. This illustrates how signed tableaux fill a similar role for

2, to that of tableaux for &,,.

Lemma 6.12. Let A\ [En, and w € Ry. If wt; ¢ Ry, then {(wt;) > €(w), and there exists

iy € QBA with wt; = tpw.

Proof. As in the proof of Lemma 1.6, it follows in the same way that if {(wt;) < ¢(w),

then wt; € Ry. Taking the contrapositive says that if wt; ¢ R, then {(wt;) > {(w).

We now want to show that if wt; ¢ R, there exists some t;, € 20, with wt; = t,w.
Here we use our row standard signed tableaux. As w € Ry, and wt; ¢ Ry, then s*w is
row standard with a positive zero row, while s*wt; is not. We first consider the case when
¢ = 0. Then swapping 1 for —1 after applying w keeps us row standard, so we cannot any
longer have a positive zero row. Thus we must have 1 in the first box of the first row, so
we have tg € 2J,. Thus this box is unchanged by the effect of w, and we can either swap
it for —1 before or after applying w with no difference. That is wty = tyw and the lemma

is proven.

Next suppose ¢ > 0. For s*wt; not to be row standard, we must be in one of the
following settings. Either ¢ and ¢ + 1 are in the same row, or —(i + 1) and —i are in the
same row (all other possibilities on +i and +(i + 1) stay row standard after applying ;).
In the first case, suppose 7 is in the box afforded by &k in . Then i + 1 must be in the

box to the right, i.e. afforded by k£ + 1, so swapping k and k + 1, then applying w is the
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same as applying w, then swapping ¢ and 7 + 1, that is t,w = wt;. As k and k£ + 1 lie in
the same row of %, then t, € 20, as required. Similarly, in the second case, let —(i + 1)
lie in the box afforded by k, and then again we get t,w = wt;, and t, € 0, completing

the proof. 0

Now to prove that 8T; = —f for all ¢, we use Lemma 6.12 to write 8 = ;1 + B;2

where:

Bi= ), buf®Ty, Ba= D but®T,.

wERY Wi, ERY wWERY Wt gRY

We consider both of these sums separately.

Lemma 6.13. For any i, 51T, = —fBi1.

Proof. We will only prove this for i = 0, to prove for ¢ > 0, just replace @) with ¢. Let

w € Ry with wtg € Ry and ¢(w) < {(wty). Then:

(bwf ® Tw + bwtog ® tho)TO = bwg ® tho + (Q - 1)bwt0§ ®tho + watog ® Twa

= watof ® Tw + (bw + (Q - 1)bwto)£ ® tho-

Now by the definition of b,, we have by, = (—Q) by, i.e. by, = —Qbyy,, which when

combined with the above shows us that
(bw£ ® Tw + bwtog ® tho)TO = _<bw€ ® Tw + bwt0§ ® th())-

As we can split the sum for f§y; into terms of this form (corresponding to pairing up w

and wty), the result follows. O

Lemma 6.14. For any i, ;21 = —fi2.

Proof. Again we show for ¢ = 0 only. Let w € Ry with wtg ¢ R,. Then from before, there
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exists ¢, € 20, with wtg = t,w. Thus:
bwf ® TwTO = bwf & tho = bwé ® TkTw = bwak ® Tw = _bwf & Tun

as Ty, = 11T\, by Lemma 6.12 and the fact that w is a minimal right coset representative.

Summing again gives the required result. O

Combining these two lemmas gives a proof of Theorem 6.11.

6.2.2 Uniqueness

We next want to see if this is the only copy of sgn,, sitting inside this induced module.
If so, then this helps us with our relative projectivity as there will be a unique inclusion
map, which coupled with the unique #H,-module homomorphism from sgn, ®j,H, to
sgn,, (given by E®h — £h), gives us an easy way of checking if this submodule is a direct

summand (and hence is 20 -projective or not). The following shows that this is true.

Theorem 6.15. For A |= n, there is a unique submodule of sgn, @y, H,, which is isomor-

phic to sgn,,.

Proof. First suppose v € sgn, ®y, H, generates a copy of sgn,,, i.e. yI; = —v for each ¢,

n’

and write:

Y= Z wa®Tw-

wER)\
We will show the following relationship has to hold between the coefficients. If w, wt; € R,
and /(w) > f(wt;), then:
5+ ifi=0,

Cy =

Cwt

—= if 7> 0.
q

This will prove the result, as when we write a reduced expression for w, we can multiply
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by the corresponding ¢; in reverse order to get a chain of coset representatives with this
property ending at the identity element. This means every ¢, is determined by the choice
of ¢1, and thus we get a unique generator of the submodule (up to scalar). To show this

relationship consider:

( > cw§®Tw> T, =— > cl®T, (6.2)

weR/\ we’R)\

and look at the coefficient of £ ® T, on both sides of (6.2). We do this for i > 0, the case
when i = 0 follows similarly. On the right-hand side of (6.2), the coefficient of £ ® T, is
—Cy. On the left-hand side, by Lemma 6.12 either both w and ws; occur in the sum, or
only w does and T, commutes with 7T; to give a minus sign. As the latter only appears
when ¢(wt;) > {(w), and we are only considering w where ¢(w) > ¢(wt;), we are in the

prior case. Thus £ ® T}, can only appear in the expression
ng ® TwT; + thig ®thi,-ri = thig ®Tw + (q - 1)Cw€ ® Tw + chg ® th,—~

Collecting and comparing the coefficients of £ ® T,,, we get that —c,, = c,(q — 1) + Cu;,

giving the result after simplifying. m

Hence we've shown there is a unique submodule of sgny, ®4, H,, which is isomorphic
to sgn, as H,-modules, and by Theorem 6.11 it is generated by 5. This gives a unique
(up to scalar) inclusion map sgn, — sgn, ®s, H, generated by  — (. Therefore to see
if this is a direct summand, we have to check if the composition of this inclusion with
the unique surjection ¢ : sgny, ®, H, — sgn, given by £ ® h — &h (for h € H,,) gives a
non-zero multiple of the identity map. That is, we need to see if 1) sends  to a non-zero

multiple of £.

Lemma 6.16. Let Py(z,y) := ZweR’; ylow) ptw)=bw) e Pz y]. Then:

(B)¢ = Pa(1/q,1/Q)E.
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Proof. We show directly:

B = D bul®Ty |0,

wERY
= > bulT,
wWER )
— Z (—1)“®@)p,¢,
wWER )
= 3 (CD(1/Q) (1) -,
WER A
= 2, QP A/g e,
WER
= PA(1/g,1/Q)¢. O

As in Chapter 3, we notice that once again the relative projectivity of the sign module
depends on a polynomial evaluated at the reciprocal of our parameters. Furthermore,

using the more general definition of Poincaré polynomial from [33]:

Po(a,y) = ), atfoltyfow),
weWy,

we get the following corollary:

Corollary 6.17. Let A = n a pointed composition. Then sgn,, is relatively 20 \-projective

iof and only if
Pa(1/4,1/Q)

Pijg1/q) ~ W/a1/Q)# 0.

Thus as in Proposition 3.28, once more relative projectivity of the sign module comes

down to zeroes of Poincaré polynomials, which we begin to compute in the next subsection.
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6.2.3 Vertices for sign modules

We begin by assuming that p = 0 or p > 0 and hef(e, p) = 1.

From [33, Corollary 8|, we have that:

P,(x,y) = ﬁ(l +yr Nl +z+--- 427 = <ﬁ(1 + yxll)> Ps,, (2),

=1

where Ps, () is the Poincaré polynomial for &,,. Using what we know about the Poincaré

polynomial for &,, from (3.2), we have the following consequences.

Proposition 6.18. sgn, is ,,_1-projective if and only if:

L+ (1/QA/9" A+ (L/g) + -+ (1/g)"") #0.

Thus sgn,, is W, 1 projective unless e | n, or if e | n + s — 1 in the case where H,, is

Q-connected.

Proof. Dividing P,(1/q,1/Q) by P,_1(1/q,1/Q) gives the above expression. The second
factor can only be zero if e | n, whereas the first factor is zero if and only if —Q = (1/¢)" 1,

i.e. we must be Q-connected. Thus here, if Q = —¢*, then we get that e | s+n—1. O

Proposition 6.19. sgn,, is &,-projective if and only if [[;_,(1 + (1/Q)(1/¢)"" ") # 0.
That is sgn,, is &, -projective if and only if H, is not QQ-connected or H,, is )-connected

andn+s—1<e.

Proof. Again we get that expression by dividing through by the Poincaré polynomial for

S,,, before noticing that this can only be non-zero in the cases described above. O

Corollary 6.20. If H,, is not Q-connected, then the vertex of sgn, as a H,-module is the
maximal e-p-parabolic subgroup of &,,. If H,, is QQ-connected withn +s—1 < e, then the

vertex 1s 0.
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Proof. This follows from the previous proposition, transitivity of vertices, and the previ-

ously found vertex for the sign module of &,,. [

So when computing vertices, we can assume that we are in the ()-connected case, and
either e | n or e | n+ s —1, as otherwise we can use transitivity of the vertex and consider

sgn, _, for H,,—;. We will show that for these n, that sgn, will in fact have vertex 20,,.

Theorem 6.21. Suppose QQ = —q°, and eithere | n ore | n+s—1. Then sgn, has vertex
20,

Proof. We proceed by showing that for any pointed composition A = (m;n — m) for
0 < m < n (so A corresponds to a maximal parabolic), that P,/Py is still zero when

evaluated at 1/Q and 1/q. Note that if we define R” (z,y) = [[—, ., (1 + yz'~!), then:

i=m-+1

Ps, (2)
P@m (x)Panm (l’) '

(Po/Px)(,y) = By, (2,y)

We first consider the case whene |n+s—1,i.e.n+s—1=0 mod e. Here, we have

that (1 + ya™ ') is a factor of R"

m?

and when evaluated at 1/Q) and 1/q this gives zero,
thus P,/P\(1/q,1/Q) = 0 as well. Now let us suppose that n = de and n+s—1=k
mod e, for 0 < k < e. Furthermore we can assume that n — m < e, otherwise we have

(1 + ya’~1) divides R™ for some j =1 — s mod e and again we get zero.

In this case, we have that R (1/q,1/Q) # 0, so to see if (P,/P\)(1/¢,1/Q) is zero or
not, we have to consider the zeroes of Ps, and Ps, x Ps, . at 1/q, which we have done
previously. As n —m < e, and Pg, is the smallest Poincaré polynomial to have a zero

here, Ps,_ . has no zeroes at 1/g. Thus we are just comparing the zeroes of Ps  with Pgs,

at 1/q.

Let

n = ape +aep+ -+ aqep’,
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be the e-p-adic expansion of n. Then from Theorem 3.34, we have that:

2(Ps,) = ap + Zal((l + 1)pt —Iph).
=1

First of all assume that ay > 0, so we have an e-p-adic expansion for m given by m =
(e—(n—m))+(ap—1)e+arep+...aep”. Theorem 3.34 gives us that 2(Ps,,) = 2(Ps, ) —1,

and thus Ps,/Ps,.(1/q) = 0.

Now let’s assume that ag = 0, and suppose that i is the smallest index with a; > 0,

SO:
r

2(Ps,) = Zal((l +1)p = Ipth).

I=i
Suppose k = ep’ — (n —m) has e-p-adic expansion k = b_; + bge + ...b;_1ep'~!. Then as
the sign module for ./, has full vertex, we know that z(Ps,) < #(Ps, ;). Now we can

write out an e-p-adic expansion for m as:
m=b_1+boe+ - +b_1ep " + (a; — ep’ + ajrep™ + -+ apep’,

allowing us to show z(Pg,,) < 2(Ps,) and thus Ps, /Ps, (1/q) = 0.

2(Ps,,) = 2(Ps,) + (a; — 1)((i + 1)p' —ip"™") + ( i a((l+1)p — lpl—1)> 7

l=i+1

< 2(Ps,) + (ai = (i + 1pf —ip ™) + (Z a1+ 1) zpl-1>> ,

l=i+1

=+ 0p' = ip" "+ (= D@+ Dp' —ip) + ( 3 et + 1) - lpll)> ,

l=i+1

= ai((i+ 1)p' —ip"™") + < Z a((l+ 1)p' — lpl‘1>> :

l=i+1

Dia(l+ D =1ph),
=1

Z(P@n).
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To show that 20, is the vertex, suppose we have a vertex 20, with 7 # (n). Then 20,
is contained within some maximal parabolic 20y, and thus sgn,, is also Q\-projective by
transitivity. As a result P,/Py\(1/q,1/Q) # 0, which gives us the required contradiction.

0

When e = p and ¢ = 1 by the calculation in Proposition 6.19, sgn,, is relatively &,-
projective if and only if H,, is not Q)-connected. In this case, similarly, we use our &,
knowledge to get PB(S,) as our vertex. When #H,, is Q-connected, then as ¢ = 1 (so
() = —1) we have for any maximal parabolic 20, corresponding to some (m;n —m), that
P,/PA(Q,1) = R(Q,1)("). As R (—1,1) = 0 for all m, this quotient is always zero,
meaning that the vertex of sgn, as a H,-module is all of 2J,,. One can think about this

situation as H,, is @)-connected with all s sufficing.

We summarise these results in the following theorem.

Theorem 6.22. The vertex of sgn,, as a H,-module is given by:

e The maximal e-p-parabolic subgroup of &,, if H, is not (Q-connected,

o W, where k < n is the largest integer such that either e | k ore | k+ s— 1, when

H,, is Q-connected and hef(e, p) = 1.

e 20, when H, is QQ-connected and e = p.

Given the role the sign module plays in vertices for type A (i.e. being the .7,-module
with the largest possible vertex), we conjecture the following version of the Dipper—Du

conjecture for Hecke algebras of type B.

Conjecture 6.23. If H, is not QQ-connected, then the vertices of indecomposable H, -
modules are e-p-parabolic subgroups of &,,. If H, is Q-connected, then vertices of inde-
composable H,,-modules are of the form Wy, x P, where P is an e-p-parabolic subgroup of

S,, and if hef(e,p) = 1, eithere |k ore|k+s—1.
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