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Abstract

This thesis concerns two closely related problems. Firstly, we consider Kolmogorov—
Petrovskii-Piscounov (KPP) type models in the presence of an arbitrary cut-off in reaction
rate at concentration u = u,.. For each fixed cut-off value u. € (0, 1), we prove the existence
of a unique permanent form travelling wave with a continuous and monotone decreasing
propagation speed v*(u.). We extend previous asymptotic results in the limit of small w..
and present new asymptotic results in the limit as u. approaches 1, which are obtained
via the systematic use of matched and regular asymptotic expansions, respectively. We
then use the theory of matched asymptotic expansions to obtain a detailed description
of the evolution of the asymptotic structure of the solution where, in particular, we
establish the rate of convergence of the solution onto the permanent form travelling wave
structure in large-time for arbitrary u. € (0,1). Secondly, we consider the impact of
a heterogeneous environment enforced by a background shear flow on such fronts. We
employ a two-scale asymptotic expansion to describe their speed of propagation in the
limit of small Damkoéhler number (corresponding to slow reactions) and finite Péclet

number (corresponding to similar strength of flow and molecular diffusivity).
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CHAPTER 1

INTRODUCTION

This thesis concerns two intimately related problems. The first problem concerns the evo-
lution of wave-front solutions arising in a class of scalar homogeneous reaction—diffusion
equations that are characterised by a cut-off in the reaction. The second problem con-
siders the impact of a heterogeneous environment enforced by a background shear flow
on these fronts. Consequently this introduction is in two parts. The first part (Section
1.1) introduces the homogeneous problem while the second part (Section 1.2) introduces
the heterogeneous problem. Together these parts provide a review of both problems, a

number of outstanding questions addressed in this thesis as well as an outline of the thesis.

1.1 A class of homogeneous wave-fronts

In the first part of the thesis we examine the evolution of travelling wave-fronts in ho-
mogeneous models of reaction—diffusion. These arise in a wide range of applications in
mathematical chemistry, biology, ecology and genetics [13, 23, 43]. They describe the
invasion of biological populations or chemical reactions and are usually established as a

result of the interaction between molecular diffusion, local growth and saturation.



1.1.1 The KPP model

The simplest model that encapsulates this interaction is the KPP (or Fisher-KPP [25,
34]) model, named after the pioneering work by Fisher and Kolmogorov, Petrovskii and
Piscounov. In one spatial dimension, this describes the evolution of the non-negative

dimensional concentration u(z,t) as
1 +
Up = Klge + —f (1), (z,t) e R x R™, (1.1.1a)
T

where the positive parameters 7 and x are the reaction time and molecular diffusivity.

This is typically supplemented with Heaviside initial conditions

us, for xz <0,
u(z,0) = (1.1.1b)

0, forx>0,

and boundary conditions

us, as T — —00,
u(z,t) — (1.1.1c)

0, asx — o0,

for a parameter u; > 0 and with these limits being uniform for ¢ € [0,7] and any 7" > 0.
The function f : R — R is a KPP-type reaction function which satisfies conditions that
f € CYR) with

f(0) = f(us) =0, f(0)>0, f(us) <D0, (1.1.2a)

and in addition

0< f(u) <uf(0) Vue (0,us), fu) <0 Yu € (us,00). (1.1.2b)



We non-dimensionalise the initial-boundary value problem (1.1.1) for the KPP equation

by introducing the following scalings

t, = r, U= —u, f:

f=
TK Ug us f'(0)

f,7(_0> T 0) 1 f. (1.1.3)

In terms of these scalings, the initial-boundary value problem (1.1.1) is reduced to (drop-

ping hats for convenience)

U = Ugy + [(u), (z,t) e R x RT, (1.1.4a)
1, forx <0,

u(z,0) = (1.1.4Db)
0, for x>0,

1, asx — —o0,
u(z,t) — (1.1.4¢)

0, asx — oo,

with these limits being uniform for ¢ € [0,T] and any T' > 0. The function f: R — R is

a normalised KPP-type reaction function which satisfies conditions that f € C'(R) with

f(0)=f(1)=0, f(0)=1, f(1)<0, (1.1.5a)

and in addition

0< f(u)<u Yue(0,1), flu) <0 Yu e (1,00). (1.1.5b)

A prototypical example of such a KPP reaction is the Fisher reaction function [25] given
by
flu) =u(l —u). (1.1.6)

An illustration of f(u) against u is given in Figure 1.1(a).



flud) =1
&

0 1\ u 0 Ue 1\ U

(a) (b)

Figure 1.1: (a) A sketch of a KPP-type reaction function. (b) A sketch of a cut-off
KPP-type reaction function.

Permanent form travelling wave solutions

It is well-known [23, 34, 3, 52] that the initial-boundary value problem (1.1.4) for the KPP
equation supports a one-parameter family of non-negative permanent form travelling wave

solutions of the form

u(z,t) =U(y) =U(z —vt) V(z,t) e Rx R". (1.1.7)

These remain steady in time in a reference frame moving in the positive z-direction with
speed v > 0 to be determined. Their existence and uniqueness (up to translation in

origin) is established for

V> Uy = 2, (1.1.8)



where v,, denotes the minimum speed of propagation. This is achieved by analysing the

following nonlinear boundary value problem, namely,

U"+oU + f(U) =0, —00 < Y < 00, (1.1.9a)

U(y) > 0, —00 < Y < 00, (1.1.9b)

1, asy — —oo,
Uly) — (1.1.9¢)

0, asy — oo,

obtained by inserting (1.1.7) into equation (1.1.4a) and using (1.1.4c). The analysis is
based on examining the existence of a unique heteroclinic orbit connecting the stable fixed
point (U, U’) = (0,0) to the unstable fixed point (U, U’) = (1,0) in the (U, U’) phase plane
of the equivalent two-dimensional dynamical system obtained from (1.1.9). It is also used
to establish that U(y) is monotone decreasing in y € (—o00, 00), giving explicit expressions

of the behaviour of the permanent form travelling wave near the two fixed points as

(Axy + Bso)e™¥, asy — 00,0 = vy, = 2,
Uly) ~ (1.1.10a)

Cooe®®)y, as y — 00,V > U, = 2,

and for all v > v, = 2,
Uly) ~1—A_e", as Yy — —oo, (1.1.10b)
where
a(v):%(—HM) <0, v=(—1+VIFIFO)) >0, (1.1.10¢)

with A(> 0), B, Coo(> 0) and A_o (> 0) being globally determined constants, de-
pendent on the nonlinearity of the boundary value problem (1.1.9) (see, for example,

23, 30]).



Asymptotic solution to the initial-boundary value problem as t — oo

A central question is whether a permanent form travelling wave evolves in the solution
to (1.1.4) at large times and if so what is its speed of propagation. It is well established
[3, 24, 34] that the solution to (1.1.4) converges onto the permanent form travelling wave
solution with minimum propagation speed v = v,, = 2 in the sense that there exists a

function s(t) such that as ¢t — oo, s(t)/t — 2 and
u(y + s(t),t) = U(y), (1.1.11)

uniformly in y. Here, s(t) provides the location in the domain at which u = u,, for
ue € (0,1), specifically, {(s(t),t) C R x R : u(s(t),t) = u.}; a usual choice is u. = 1/2.
A more detailed asymptotic description was provided by McKean [39, 40] and Bramson
[11, 12] who, using a probabilistic approach, obtained that the rate of convergence of
u(y+s(t),t) onto U(y) is algebraically small in ¢ as t — oo, specifically O($(t) —2), where

3
5(t)=2— §t—1 +o(t™), ast— oo, (1.1.12)

with the dot denoting differentiation with respect to t. More recently, the same result
has been established using a range of alternative approaches, based on a point patching
procedure [14, 21], the theory of matched asymptotic expansions [10, 36] and rigorous
bounds [31]. The advantage of the approach in [10, 36] is that the method is flexible and
can be applied to a wider class of reactions.

The mechanism which selects the speed of propagation of the emerging permanent
form travelling wave solution as well as the rate of convergence of the solution to the
KPP equation (1.1.4a) onto the permanent form travelling wave solution is primarily
based on the linearisation of (1.1.4a) at the leading edge of the travelling wave. There, the
concentration u is small and the dynamics are unstable. As a result, any modification of

the dynamics near the leading edge of the travelling wave would invalidate the mechanism



controlling the speed selection as well as the rate of convergence of the solution to the

permanent form travelling wave solution.

1.1.2 The cut-off KPP model

This is precisely the case for the cut-off KPP model that Brunet and Derrida [14] proposed
and considered. Motivated by the discrete nature of chemical and biological phenomena
at the microscopic level, they took a reaction function that is effectively deactivated at
points where the concentration u lies at or below a threshold value u. € (0,1). This case

corresponds to the cut-off KPP equation given by

Up = Ugy + fe(u), (z,t) € R x RY, (1.1.13a)

which is once more supplemented with Heaviside initial conditions

1, for x <0,
u(z,0) = (1.1.13b)

0, forx >0,

and boundary conditions

1, asx — —o0,
u(z,t) — (1.1.13c)

0, asx — oo,

with these limits being uniform for ¢t € [0, 7] and any 7" > 0. The main difference is that
the reaction function f : R — R in the KPP equation (1.1.4) is replaced with a cut-off

reaction function f.: R — R given by

fe(u) = (1.1.13d)



where f(u) satisfies the KPP conditions (1.1.5). An illustration of f.(u) against u is given
in Figure 1.1b, with f = f.(u}). The initial-boundary value problem (1.1.13) is the
focus of the first part of this thesis. We henceforth refer to this initial-boundary value
problem as [IVP].

Brunet and Derrida [14] considered the behaviour of permanent form travelling wave
solutions arising for small values of u,. corresponding to a single particle cut-off for the
specific case when

flu) = u(l —u?). (1.1.14)

Their main result is a prediction for the propagation speed v*(u,) of the unique permanent

form travelling wave given by

7.‘.2

* ~ +
v (ue) NQ—W, as  u. — 0%, (1.1.15)

which they obtained using a point patching procedure. This significant result demon-
strates the strong influence of a cut-off on the value of v*(u.) for small values of wu,.
Subsequently, a more rigorous approach was employed by Dumortier, Popovic and Kaper
[19] who proved the existence and uniqueness of a permanent form travelling wave solution

when u, is small and used matched asymptotics in the phase plane to obtain that

2

s 1
() ~2— —— 10—, .= 0F. 1.1.16
v* () (I u,)? + (HHUC|3) as U, — ( )

All these results have focused in the small u,. limit and the reaction function (1.1.14).
There are no results describing how the solution to [IVP] evolves in time and whether

this converges onto the permanenent form travelling wave solution.

1.1.3 From microscopic interactions to macroscopic kinetics

The cut-off KPP model is important as it attempts to go beyond the limitations of tra-

ditional ‘mean field’ or ‘mass action’ reaction kinetic theories. We here discuss in more



detail the assumptions behind the KPP model and the motivation behind the cut-off KPP
model. This discussion is based on the review by Tesser and Doering [55] (see also [18]).
The ‘mean field’ or ‘mass action’ reaction kinetic theories offer a macroscopic descrip-

tion for the kinetics of the two-body reaction

A+B*™ BB,
(1.1.17)

A+ B Ay 4,

taking place inside a closed volume 2, where A and B are two interacting particles and
ky > k_ > 0 are the rate constants of the reaction. Let N4(¢) and Np(t) denote the total
number of A and B particles in € at time ¢. Then it is clear that the total number of

particles in €2

N = Nu(t) + Np(t), (1.1.18)

is conserved by this reaction.
In the mean field approach, the Law of Mass Action asserts that the rate at which
a two-body reaction proceeds is proportional to the product of the number of reactants.

For the autocatalytic reaction (1.1.17), this implies that

d . (ks —k) _d
ZNa= = NaNp = —— Np. (1.1.19)

It is convenient to consider the proportion of particles of type A. This is given by
U(t) = Na(t)/N. (1.1.20)

In this case (1.1.19) becomes the logistic equation

d 1
“U=-U1-0). (1.1.21)
dt T

where we have defined 77! = (k, — k_)N/Q. Tt is clear that as N — oo and ) — oo, we



need N/ = O(1) for 7 to remain finite.

The main assumption behind the mean field approach is that particles are well mixed
(uniformly distributed) within the volume € at all times so that all A particles have a
chance to interact with B particles at each time. This then means that we may further
assume that particles A and B react at a rate that only depends on the density of reactants
and not on their spatial distribution. When A and B particles move randomly, their
spatial distribution becomes relevant. In this case we need to consider the evolution of
the local proportions of particles of type A and B around position = at time ¢. In one

spatial dimension, these are respectively denoted as u(z,t) and 1 — u(z,t) where

Ut) = /_00 u(z, t)d. (1.1.22)

e}

At the macroscopic level, Fick’s Law [22] describes the random motion as a diffusion
process. Combining reaction (1.1.17) with the process of diffusion leads to the KPP
equation (1.1.1) with Fisher reaction function (1.1.6).

By design the mean field approach ignores chemical and biological fluctuations due
to correlations that occur at the microscopic level. These are captured by considering a
discrete microscopic Markov process. Let p,(t) = Prob(N4(t) = n) where n =0,1,..., N

and p_1 = py+1 = 0. Then, the corresponding Master equation is given by

dp, k k
di =— EJWL(N —n)pn + ﬁ(n — (N —=n+1)p,—1
t h h (1.1.23)
- ﬁ_n(N —n)p, + ﬁ_(n + 1)(N —n—1)pyi1.
Let u = n/N and define the function
P(u,t) = Np,(t), (1.1.24)

which converges onto the probability density function for the variable v with the discrete

nature of the problem represented by ¢ = 1/N. A continuum approximation is obtained
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in the limit of N > 1 in which case individual jumps in N4(t) are small with € < 1. In

the limit of e — 0, equation (1.1.23) becomes

=— —u(l —u)P(u,t) + %(u —€)(1—u+e€)P(u—e,t)

€
ot 152 h (1.1.25)
_ ﬁ_u(l —u)P(u,t) + 6_(71 +e)(1—u—e)P(u+e,t),
which simplifies to
oP(u,t) 0 1 ky+k_ 0O
WO _ 2 L I )| P 0@, (11.26)

with boundary conditions P(0,t) = P(1,f) = 0. Ignoring O(e) terms we obtain the
Fokker-Planck equation. The Fokker-Planck equation is associated to the It6 stochastic

differential equation for U(t)

dU(t) = %Uu ~UVdt + o /T = D)W (1), (1.1.27)

where W (t) is the Wiener process used to represent random fluctuations in U () in terms

of a Gaussian white noise delta-correlated in time:

The noise strength is given by 0% = (ky +k_)/Q. Ase — 0, Q= 0(e!) and o = O(e).
Therefore if U or 1 — U are larger than O(e) = O(N™!), then we recover the deterministic
dynamics given by the logistic equation (1.1.21). However when U or 1 — U are O(¢) =
O(N~1), then both terms are important. Thus noise only matters when the number of A
particles or the number of B particles is small compared to N. Including the process of

diffusion leads to a stochastic version of the KPP equation (with Fisher reaction)

U, = kU, + %U(l —U) 4 U = D)W (x,1), (1.1.28)

11



where W (x,t) is a Gaussian white noise delta-correlated in time and space:

(W(z,)W(y,s)) = d(z — y)o(t — s).

Once again if U or 1—U are larger than O(¢) = O(N™!), then fluctuations are unimportant
and we recover the deterministic KPP equation (1.1.4a). However when U or 1 — U are
O(€) = O(N71), then fluctuations are important and need to be taken into account. One
expects that what happens for U close to 1 does not matter and instead it is the situation
at the leading edge of the solution where U is small that controls the long-time properties
of the solution.

One may now return to the Ito stochastic differential equation (1.1.27) and question
how accurately does this represent the fluctuations that arise due to discreteness at the
microscopic level. The Ito stochastic differential equation (1.1.27) is a continuum approx-
imation. However, discreteness means that U(t) is for all ¢ an integer multiple of 1/N.
Thus, if U(t) is non-zero, it cannot be smaller than 1/N. It was this observation that led
Brunet and Derrida [14] (see also [33]) to replace the classic logistic growth representing

the reaction in equation (1.1.21) by a cut-off at e = 1/N so that

d LU(1—U), U e (e00),
U= (1.1.29)

0, U e (—o0,¢€.

Using similar arguments as above we combine the cut-off reaction (1.1.29) with the process
of diffusion from where we obtain the (non-dimensional) cut-off KPP equation (1.1.13)
with u. = € and Fisher reaction function (1.1.6) where u(x,t) is once more describing the

local proportion of particles of type A.
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1.1.4 Aims and outline in relation to Chapters 2-5

The aim of the first part of this thesis is to investigate the cut-off KPP model and
address the number of fundamental questions that remain. The first question concerns
the existence and uniqueness of a permanent form travelling wave solution for arbitrary
threshold values u, and KPP reaction functions f(u). The second question concerns the
propagation speed of such permanent form travelling wave solutions. The third question is
with regard to the shape of the permanent form travelling wave solution. A final question
concerns the evolution in time to the permanent form travelling wave solution. In this
thesis we address all of these questions.

The outline of the first part of the thesis is as follows. In Chapter 2 we study classical
solutions to [IVP] describing the cut-off KPP problem. We re-formulate [IVP] as a mov-
ing boundary problem. We then make a simple coordinate transformation to consider an
equivalent initial-boundary value problem that we refer to as [QIVP]. In Chapter 3, we
consider a numerical solution to [QIVP] with cut-off Fisher reaction function. The aim is
to indicate whether the solution converges onto a permanent form travelling wave solution
at large times. In Chapter 4, we examine the possibility that [QIVP] supports perma-
nent form travelling wave solutions. We establish that for each cut-off value u. € (0, 1),
[QIVP] supports a unique permanent form travelling wave solution with a continuous and
monotone decreasing propagation speed v*(u.). We extend previous asymptotic results
in the limit of small u. and present new asymptotic results in the limit of large u,. which
are respectively obtained via the systematic use of matched and regular asymptotic ex-
pansions. The asymptotic results are confirmed against numerical results obtained for the
particular case of cut-off Fisher reaction function. In Chapter 5, we adapt the approach
in [36] to obtain the detailed description of the large-t structure of the solution to [QIVP].
In particular, we use the theory of matched asymptotic expansions to establish that for
all u. € (0,1), the solution to [QIVP] converges onto the permanent form travelling wave

solution with propagation speed v = v*(u.) at a rate that is linearly exponentially small
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in t as t — oo, specifically O($(t) — v*(u.)), where

5(t) = v*(u.) + O (ﬂ exp (—}lv*(uc)Qt)) , ast— 0o, (1.1.30)

(with v = —1/2 or —3/2 depending on properties of f.(u)) so that convergence slows down
as u. increases. Thus, introducing an arbitrary cut-off into the reaction function changes
the rate of convergence of the large-time solution onto the permanent form travelling
wave from algebraic (see, for example, [36]) to exponential. To conclude the chapter we

illustrate the theory when applied for the specific case of cut-off Fisher reaction function.

1.2 A class of heterogeneous wave-fronts

In the second part of the thesis we examine the evolution of travelling waves in inho-
mogeneous models of reaction—diffusion. Inhomogeneities occur in many physical and
biological systems, when the reactions take place in fluid or porous environments, with
applications ranging from plankton blooms to combustion to groundwater contamination
[54, 46, 17]. Tt is therefore fundamental to understand how inhomogeneities influence the

evolution and propagation of fronts.

1.2.1 The KPP model

There has been a growing interest in analysing the impact of a background flow on the
propagation of travelling waves. The main focus has been on incompressible periodic flows
with KPP-type reactions. The approach is both theoretical see, for example, [28, 16, 53,
6, 5, 48, 8, 47, 62, 57] and experimental [50, 51, 56, 4].

The simplest model that incorporates the presence of a background heterogeneous flow

is the KPP reaction—diffusion-advection equation

ur+b-Vu = mAu%—lf(u), (z,y,t) € R x [0, 7] x RT, (1.2.1a)
T
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with

b(z,y) = (b(y),0), (1.2.1b)

representing a steady, shear flow with the function b : [0, 7l] — R satisfying b € C*([0, 7l])

and, without loss of generality,

/OM b(y)dy = 0. (1.2.1¢c)

Motivated by experiments, we consider the evolution of equation (1.2.1a) inside a two-
dimensional channel domain. Equation (1.2.1a) is once again supplemented with the usual

Heaviside initial conditions

us, for xz <0,
u(z,y,0) = for all y € [0, /], (1.2.1d)

0, forxz >0,

and Neumann boundary conditions across the walls (i.e., the walls are impermeable) so
that

dyu(z,y,t) =0, at y = 0,7/ for all (z,t) € R x R, (1.2.1e)

as well as

Us, a8 T — —OQ,
u(@,y,t) = (1.2.1f)

0, aszxz— oo,
with these limits being uniform for y € [0,7¢], t € [0,7] and any T' > 0. The function
f R — R is the KPP-type reaction function (see Section 1.1.1).
The initial-boundary value problem (1.2.1) for the KPP reaction—diffusion—advection

equation can be non-dimensionalised by introducing the following scalings

- 1 - 1
t, x=- L = — = — b=—=b 1.2.2
5 £ gw) u usu7 f usf/(()) f7 B ) ( )

k>
I
~|
—_
—_

where B is the maximum flow speed. In terms of these scalings, the initial-boundary

15



value problem (1.2.1) is reduced to (dropping hats for convenience)

u +b-Vu =Pe 'Au+ Daf(u), (z,y,t) € R x [0,71] x RT, (1.2.3a)
b(x,y) = (b(y),0), with b€ C'([0,7]) and / b(y)dy =0, (1.2.3b)
0
1, for x <0,
u(z,y,0) = for all y € [0, 7], (1.2.3c)
0, foraxz >0,
dyu(z,y,t) =0, at y = 0,7 and (z,t) € R x R, (1.2.3d)

1, asx — —o0,
u(z,y,t) — (1.2.3¢)

0, asz — oo,

with these limits being uniform for y € [0,7], ¢t € [0,7] and any 7" > 0. The two non-

dimensional parameters are the Damkohler and Péclet numbers:

_ Ly(0) _ B
Da = ? and Pe= ? (124)

These respectively measure the strength of advection relative to reaction and to diffusion.
Large values of Da and Pe correspond to strong reactions and flow when compared to

diffusion.

Permanent form travelling wave solutions

In the presence of a background shear flow, permanent form travelling wave-front solutions

are defined as solutions of the form

uw(x,y,t) =U(&y) =U(x —ct,y), V(r,y,t) € Rx[0,7] x RT. (1.2.5)

These remain steady in time in a reference frame moving in the positive x-direction with

speed ¢ > 0 to be determined. Berestycki and Nirenberg [9] established their existence
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and uniqueness (up to translation in origin) for

c> Cp, (1.2.6)

where ¢, denotes the minimum speed of propagation. This was achieved by analysing
the nonlinear boundary value problem obtained by inserting (1.2.5) into equation (1.2.3a)

and using (1.2.3c), (1.2.3d) and (1.2.3e). This is given by

Pe 'A¢ U + (¢ — b(y))0:U + Daf(U) = 0, (&,y) € R x[0,7], (1.2.7a)

be CH[0,7]) and /ﬁ b(y)dy = 0, (1.2.7b)
0

Uy) =0,  (§y) e Rx[0,n], (1.2.7¢)

o,U =0, at y =0,7 and £ € R, (1.2.7d)

1, as & — —oo,
U, y) — (1.2.7¢)
0, as& — oo,

with these limits being uniform for y € [0, 7]. If the shear flow b(y) does not have zero
mean then the speed of propagation is changed proportionally by a constant amount,
hence, we take the shear flow to satisfy condition (1.2.7b) without loss of generality.
The analysis can no longer be based on a dynamical systems approach which requires
establishing the existence of a unique heteroclinic orbit in phase space (Gardner’s higher
dimensional dynamical systems approach [27] is limited to constant b). The proof is
intricate. It relies on establishing the precise exponential behaviour of U as & — oo and
£ — —.

The precise value of ¢, depends on the function b(y) as well as the values of Pe and

Da. It can be determined from the principal eigenvalue (that with maximum real part)
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of the linear eigenvalue problem

Pe ' Ay + (b(y)g + Pe ') v = f(q)v,  y€ 0,7, (1.2.8a)

be C'(0,7]) and /7r b(y)dy =0, (1.2.8b)
0

P(y) >0, at y =0, m, (1.2.8¢)

Oy =0, at y =0,m. (1.2.8d)

This is obtained by looking for solutions of the form U(&,y) = e~ (y) for ¢ > 0 and
linearising around the leading edge of the front so that f(U) is replaced by U. The Krein—
Rutman theorem implies that this eigenvalue is unique, real and isolated. The front speed

is then determined from the minimum speed condition

o — inf 119) £ D2
q>0 q

(1.2.9)

The rigorous treatment in [9] confirms this to be the correct speed. The same formula
was obtained by Gértner and Freidlin [28] using an alternative probabilistic approach.
When b(y) = 0, f(q) = Pe '¢?, recovering the classical formula for the speed c,, = v,,, =
2B/Da/Pe = 2./k/7. When b(y) # 0, the eigenvalue problem (1.2.8) cannot be solved
analytically. Numerically, it can be obtained by straightforward discretisation. Explicitly,
it was obtained in the asymptotic limit of large Pe by Haynes and Vanneste [32] for the
distinguished limits ¢ = O(Pe ') and ¢ = O(Pe).

Asymptotic solution to the initial-boundary value problem as t — oo

Freidlin and Gértner [28] and Freidlin [26] were first to show that a permanent form

travelling wave, with minimum propagation speed ¢ = c¢,,, evolves in the solution of
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(1.2.3) (see also [60, 7]) in the sense that

1, if0<c<cp,
u(z — ct,y,t) — as t — 0o, (1.2.10a)

0, ifec>cp,

locally with respect to the points (z,y) € R x [0, 7]. However, we are not aware of results
providing a more detailed asymptotic description of the rate of convergence of u(z—ct, y, t)

onto U(z — ct,y) as t — oo.

1.2.2 The cut-off KPP model

A natural question is what will happen when the KPP-type reaction is replaced by a

cut-off KPP reaction. In this case, the cut-off KPP reaction—diffusion-advection equation

reads as
u; + b - Vu = Pe ' Au + Daf.(u), (z,9,t) € R x [0,71] x RT, (1.2.11a)
b(z,y) = (b(y),0), with be C*([0,7]) and / b(y)dy =0, (1.2.11b)
0

1, forxz <0,

u(z,y,0) = for all y € [0, 7], (1.2.11c)
0, forz >0,

Oyu(z,y,t) =0, at y = 0,7 and (z,t) € R x R, (1.2.11d)

1, asxz — —o0,
u(z,y,t) — (1.2.11e)

0, asx — oo,

with these limits being uniform for y € [0, 7], t € [0,7] and any T" > 0. Here f.: R — R
is given by (1.1.13d). We are not aware of any rigorous results regarding this case. The
initial-boundary value problem (1.2.11) is the focus of the second part of this thesis and is
henceforth referred to as [[VPA]. In their work, Berestycki and Nirenberg [9] consider an

ignition-type reaction (among other reactions) which, similar to the cut-off KPP reaction
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fe, is only switched on when the concentration passes a certain threshold value u.. The
difference between the two reactions is that in the ignition case, the reaction function is
Lipschitz continuous on [0, 1]. This is not the case for the cut-off KPP reaction considered

here.

1.2.3 Aims and outline in relation to Chapters 6-8

The aim of the second part of this thesis is to investigate the cut-off KPP reaction—
diffusion—advection model. Our aim is to examine permanent form travelling wave solu-
tions for arbitrary threshold values u. and KPP reaction functions f(u). We will employ
a formal asymptotic approach to obtain the propagation speed of such permanent form
travelling wave solutions.

The outline of the second part of the thesis is as follows. In Chapter 6 we study classical
solutions to [IVPA] describing the cut-off KPP reaction—diffusion—advection problem. We
re-formulate [[VPA] as a moving boundary problem. We then make a simple coordinate
transformation to consider an equivalent initial-boundary value problem that we refer
to as [QIVPA]. In Chapter 7, we consider a numerical solution to [IVPA] with cut-off
Fisher reaction function. The aim is to determine whether it converges onto a permanent
form travelling wave solution at large times. In Chapter 8, we assume that for each
cut-off value u. € (0,1), [QIVPA] supports a unique permanent form travelling wave
solution with a continuous propagation speed c¢*(u.). We use homogenisation theory to
approximate c*(u.) as a function of u, for Pe = O(1) and PeDa = O(€?) where € = o(1).
The asymptotic results are confirmed against numerical results obtained for the particular

case of cut-off Fisher reaction function.
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CHAPTER 2

FORMULATION OF THE PROBLEM

Due to the discontinuity in f.(u) at u = u,, it is convenient to re-structure [IVP] as a

moving boundary problem. To this end, we introduce the domains:

DY ={(z,t) eRxR": =z <s(t)}, (2.0.1a)
DR ={(z,t) eRx R : x> s(t)}, (2.0.1b)

and the curve
L={(x,t) ERxR": z=s(t)}, (2.0.1¢)

that describes the moving boundary between the two domains. The boundary is expressed
in terms of s(t) which satisfies u(s(t),t) = u., with u > . in D" and u < U in D" In

this context, a classical solution will have v : R x R" 2 Rands:R" — R such that,

weC ((R <« RN\ {(0, 0)}) N CM (R x RY) N C21 (DY U DAY, (2.0.2)
se C(RY)nC' (RY), (2.0.3)
s(0%) = 0. (2.0.4)
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The moving boundary problem is then formulated as follows,

Uy = Ugy + fo(u), (x,t) € D¥U DR,

. =L . =R
u>u.in D, u<u.inD |

(
1, x <0,
u(z,0) =
0, x>0,
\
)
1 as x — —oQ,
u(x,t) — uniformly for ¢ € [0, 77 for all T > 0,
0 as x — 00,

u(s(t),t) =u,, teR"
ux(S(t)+,t) =uy(s(t),t), te R¥,

s(07) =0.

(2.0.5a)

(2.0.5b)

(2.0.5¢)

(2.0.5d)

(2.0.5¢)
(2.0.5¢)

(2.0.5g)

The situation is illustrated in Figure 2.1. It is now convenient to make the simple coor-

dinate transformation (z,t) — (y,t) with y = x — s(t). We then introduce the following

domains:

QF =R~ x RT, Qf =R" x RT,

Withu:Rx@Jr—)Rands:EJr—>]Rsuchthat

uecQRxﬁﬂ\ﬂmerm%waRﬂmcﬂayuQﬂ,

seC(RY)NC(RY).

The equivalent problem to (2.0.5) is then given by
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t DE r = s(t)
U > U =,
£ U < U D
0 x

Figure 2.1: A sketch of the moving boundary problem.

up — $(t)uy = uy, + fo(u), (y,t) € Q¥ UQF, (2.0.8a)
U > U in @L, u < u. in @R, (2.0.8b)
(
1, y <0,
u(y,0) = (2.0.8¢)
0, 520,

1 as Yy — —o0,
u(y,t) — uniformly for ¢ € [0,7] for all T > 0, (2.0.8d)

0 as Yy — 00,

uw(0,t) = u., teR", (2.0.8e)
u,(07,t) = u,(07,t), teR", (2.0.8f)
s(0%) =0, (2.0.8g)

where the dot denotes differentiation with respect to time, t. This initial-boundary value
problem will henceforth be referred to as [QIVP]. On using the classical maximum prin-
ciple and comparison theorem (see, for example, [2] and [23]), together with translational
invariance in y, and the regularity in (2.0.7), we can readily establish the following qual-

itative properties concerning [QIVP], namely,

(R1) 0 <ulyt) <u. Y(yt)eQF,
(R2) ue <uly,t) <1 V(y,t) € Q"
(R3) u(y, t) is strictly monotone decreasing in y € RV ¢t € RT.
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In addition, via the partial differential equation (2.0.8a) and the regularity conditions

(2.0.7), we have

(R4) T, (3,1) = T (ua(y.1) = (0, (5.1)
= —5(t)uy(0,t) VteR"
(R5) lim 1y (y,2) = lim (ua(y, ) = $(8)uy (9, 1) — F(u(y, 1))

y—0~ y—0~

= —5(t)u,(0,t) — f.F vVt e RT,

with the limits in (R4) and (R5) being uniform for ¢ € [to,t;] (for any 0 < ty < t1). It
follows from (R4) and (R5) that

=0t
(R6) [uyy(yvt)}z:of = fI VvteR*,
whilst, (R3), (R5) and the regularity condition (2.0.7) establish

(R7) uy(y,t) <0 V(y,t) € R x RY.

Chapters 3, 4 and 5 concentrate on the analysis of [QIVP].
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CHAPTER 3

NUMERICAL SOLUTION TO [QIVP]

In this chapter we consider a numerical solution to [QIVP]. We present results for the

particular case of the cut-off Fisher reaction function, namely,

u(l —u), U € (U, 00),
Jfelu) = e (o) (3.0.1)

0, u € (—o0, u.l,

for fixed cut-off threshold u. € (0,1). We adopt an explicit finite difference scheme to
examine the large-time behaviour of u(y,t) and s(t), obtained numerically as a function

of u. € (0,1).

3.1 Numerical Method

We approximate u(y, t) and s(t) by piecewise linear functions defined on two evenly spaced

space-time grids given by

where I = {0,1,...,I—1,I4+1,...,2[}and J = {0,1,...,J}, withy; =0and t; =T. We
use U ~ uq(yi,t;) and S7 ~ s4(t;) to approximate u(y;,t;) and s(t;) for i € T and j € J.

We use explicit finite differences to approximate the derivatives in [QIVP] and then solve
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the resulting differential equation. Specifically, we take first order forward differences to
approximate the time derivatives and centred first and second differences to approximate
the first and second space derivatives at all spatial points except at y;_1 and y;1. At
these two points we use first order forward and backward differences to approximate the

first order space derivative. This gives the following approximations,

o . yitt _ i g . Sitl_gi

Ul —t el — (3.1.2)

ot " At ’ ot At

02 . U, —2U) + U

SVl ~ = TYS e {0,217, (3.1.3)
R C A g

%fyz-ﬂézgt% i €I\{0,1—1,1+1,2I}, (3.1.4)

o Ul — Ul o . Ul —U?

8_yU}_1 ~ IA—ylil7 a_yU;-i_l ~ HlA—yI, (315)

for all j € J. On using (2.0.8e) to set U} = u, for j € J\ {0}, these approximations lead

to the following numerical scheme

U = U] = p (Ul — 207 + UL) + v (991 = &9) (U], — U} y)

+ Atf(U)), ieTI\{0,1—-1,I+1,2I}, (3.1.6a)
Ut = Ul = (ue —2U]_ +UL,) + 20 (877 — §9) (u, — UL_))

+ Atf(UL), (3.1.6b)

Ul = Ul = (Ul — 207 +ue) + 20 (ST = 87) (UL, — u.), (3.1.6¢)

for all j € J, with parameters u = At/Ay? and v = 1/2Ay. Using (2.0.8¢) and (2.0.8g),

we take as initial conditions

1, i=0,1,...1—1,
U = S =0, (3.1.6d)

0, i=I+1,...,2I,
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and use (2.0.8d) to set as boundary conditions
Ul=1, U,=0 jel (3.1.6¢)
The two space-time grids are coupled via the following condition
Ul + Ul =2u, jel\{0}, (3.1.6f)

obtained using (2.0.8f). We use the discretised finite difference scheme (3.1.6), consisting
of 21 — 1 linear equations, to solve for the unknowns U? (i € I\ {0,2I}) and S7 for each

fixed j € J\ {0}. For ease of notation we define the 2I — 1 x 1 vector v’ by

ui

Ui
o =1ul,, |- (3.1.7)

J
Usr

SJ

It follows from (3.1.6) that, for each fixed j € J, we obtain the large linear algebraic
system

Av' = Byl 4+ d, (3.1.8)

where A is a large, sparse almost tridiagonal matrix of dimension 21 — 1 x 2] — 1, B is

a large, sparse almost block tridiagonal matrix of dimension 2/ —1 x 2] — 1 and d is a
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21 — 1 x 1 vector. In particular, the vector d is given by

Hs =1,

Hlc, i=1-— ]-7 ]7

.,  i=2I—1,

0, i£1,1—1,1,21—1.

The sparse matrices A and B are given by

[—1th  jth
| 1 0 0 g1 ]
0
A= o S (3.1.9)
0 9%(171)
0 0 1 0
0 0 1 1 0 0 ]
_,D—Fb{ po 0 0 g{ ]
i
I
poopt b§—1 0 911
B = 0 iop e g, (3.1.9¢)
W 0
n G
0 0 u [ 0
0 0
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with parameter 1 = 1 — 2 and vectors

bl=At(1—vl), i=1,....1—1, (3.1.10)
(
_V<U%_1)7 7;:17

—2v(ue —vl_,), i=1-1,

gl —2w(v) — u,), i =1, (3.1.11)

VU1 1)1 i=2(1-1),

vl —vly),  i#FLI-1,1,2(1-1),

for each fixed 7 € J. The large sparse linear algebraic system (3.1.8) is now solved in
an evolutionary manner starting from j7 = 0 using MATLAB’s mldivide algorithm. We
observe that only the entries in the (27 — 1) column of the matrices A and B along with

the leading diagonal of B vary in time.

3.2 Results

In this section we examine results obtained from numerical solution of the discretised
scheme (3.1.6). We choose M to be sufficiently large so that boundary effects imposed
by (3.1.6e) are negligible and we set the time step to be At = 0.4Ay? to ensure the von
Neumann stability of the explicit method. In Table 3.1 we show the percentage difference
between the numerically evaluated approximation to lim;_,o. $(t) = vso(u.) and the values
obtained when the resolution is doubled (by halving Ay) for decreasing values of Ay.
We observe that as we decrease the mesh spacing Ay by a factor of 10, the percentage
difference between the numerically calculated value of v (u.) and that obtained when
the resolution is doubled, also decreases by a factor of 10. This behaviour is evident for
the two values of u. shown (with more values of u. € (0,1) considered but not presented
here). Based on these figures, a mesh spacing of Ay = 1072 was selected to ensure that the

solution is sufficiently well approximated, whilst keeping the computation time required
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| Ay | v | % difference | time (seconds) |

1x1071 | 1.184 2.551 0.5935
5x 1072 | 1.215 1.380 3.518
1x1072 | 1.243 0.2406 372.7
5x 1073 | 1.247 0.1601 3119
(a) ue. = 0.1
| Ay | w. | % difference | time (seconds) |
1 x 1071 | 0.5192 3.207 0.8676
5x 1072 | 0.5364 1.722 5.518
1 x1072 | 0.5518 0.3791 bT7.7
5x 1073 | 0.5539 0.1802 4669
(b) u. = 0.5

Table 3.1: Convergence of the numerical solution $(¢) of [QIVP] to the constant v,
for decreasing Ay. This table shows the percentage difference between the numerically
calculated value of v,, and the value obtained when the spatial resolution is doubled (by
halving Ay). The time, given in seconds, is the calculation time for a typical run. Results
are obtained numerically to four significant figures for (a) u. = 0.1 and (b) u. = 0.5.

to solve the numerical scheme (3.1.6) reasonable. Comparison with results obtained for a
spatial resolution of Ay =5 x 1073 resulted in a less than 0.5% difference in u(y,t).
Figures 3.1 - 3.3 represent the numerical solutions for u(y,t) and s(t), to [QIVP],
respectively, with cut-off value u. = 0.1, u, = 0.5 and u. = 0.9 obtained for selected
values of t. We note that all of the qualitative properties (R1) - (R7) are observed in
these figures. Figure 3.1 indicates that for v, = 0.1, u. = 0.5 and u. = 0.9, a permanent
form travelling wave develops in the large-time structure of the solution to [QIVP], that
is, as t — oo. However, Figure 3.1(c) shows that for u. = 0.9 we have to extend the
period of time over which the solution is evaluated until ¢ ~ 400 to show convergence of
the solution to [QIVP] onto the permanent form travelling wave structure. Moreover, this

permanent form travelling wave will have propagation speed given by the limit of $(¢) as
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Figure 3.1: A plot of the solution u(y,t) to [QIVP] as it evolves over time. Results are
obtained numerically for (a) u. = 0.1, (b) u. = 0.5 and (c¢) u. = 0.9 for ¢t = 0, 0.1, 1,
10 and ¢ = 30 with the arrow pointing in the direction of increasing t. For panel (c),
additional solutions obtained at ¢ = 100, 200, 300, 350 and ¢ = 400 are plotted.
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t

Figure 3.2: A plot of s(¢) obtained numerically for u, = 0.1 (top plot), u. = 0.5 (middle
plot) and u. = 0.9 (bottom plot).

t — oo and in this case, this limit has

¢

1.252,  for u. = 0.1,

lim 5(t) = ¢ 0.5600, for u, = 0.5, (3.2.1)

t—o00

0.1002, for u.=0.9.

\

Additionally, we observe via Figure 3.2 and Figure 3.3 that for u, = 0.1 and u. = 0.9,
$(t) appears to have a (integrable) singularity at ¢ = 07. These features are persistent
for all considered values of u. # 0.5 (not shown). For u. = 0.5, $(¢) is regular in this
limit, tending to 0 from above. Figure 3.4 focusses on two values of u,. close to u, = 0.5.
It shows the sign of $(t) as ¢ — 01 depends upon u,., with $(¢); initially positive when
0 < u, < 0.5 and initially negative when 0.5 < u, < 1. Moreover, when 0 < u, < 0.2,
then $(t) is monotonic decreasing for all £ > 0; when 0.2 < u, < 0.5, then $(¢) decreases
to a minimum value, before increasing to v (u.); and when 0.5 < u, < 1, then §(t) is
monotonic increasing for all ¢ > 0. These situations are illustrated for the specific cut-off
values of u. = 0.1, u. = 0.45, u. = 0.5 and u. = 0.55 in Figures 3.3 and 3.4, respectively.

We conclude that the numerical solution of [QIVP] involves the formation of a per-

manent form travelling wave as ¢ — oo, which has propagation speed $(t) — voo(u.) as
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Figure 3.3: Comparison between 5(t) (solid lines) and veo(u.) (dashed lines). Results are
obtained numerically for u. = 0.1 (top plot), u. = 0.5 (middle plot) and u. = 0.9 (bottom
plot) for (a) small time and (b) large time.

t — 00. The front width, defined as the distance from w; to wy where u(wy,t) = u. and
u(ws, t) = 1 — e for some small parameter € € (0,u,.), is dependent on the specific value
of u.. In particular, the front width is O((1 — u.)™!) in the limit as v, — 1~ and O(1)
otherwise. We will verify this later. A graph of numerically calculated values vo,(u.) for
u. € (0,1) is given in Figure 3.5, which indicates that v (u.) is monotone decreasing with
ue € (0,1). However, we note that there are numerical issues with obtaining the value of
Uso(te) in both limits. As u. — 07, we require at least Ay < u./5 for the front solution
to be sufficiently accurately approximated and as u. — 17, the solution $(¢) does not
converge to v (u.) until very large values of £. The computational time to obtain v (u.)
in both limits is extortionate, nonetheless, we expect that v, (u.) — 2 as u. — 01, whilst,
Voo(te) — 01 as u, — 17. In the limit as u. — 17, the front width increases substantially
as we are approaching the limit of there being no permanent form travelling wave front
(for u, = 1). This is illustrated in Figure 3.1(c) for u. = 0.9. With all this is mind, we

next consider the existence and uniqueness of permanent form travelling waves to [QIVP].
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Figure 3.4: Comparison between $(¢) (solid lines) and ve(u.) (dashed lines). Results are
obtained numerically for u. = 0.45 (top plot) and u. = 0.55 (bottom plot) for (a) small
time and (b) large time.
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Figure 3.5: A plot of v (u.) obtained numerically for selected values of u. € (0,1).
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CHAPTER 4

PERMANENT FORM TRAVELLING WAVE
SOLUTION TO [QIVP]

In this chapter we study permanent form travelling wave solutions to [QIVP].

4.1 Permanent Form Travelling Waves

We anticipate that as ¢ — oo, a permanent form travelling wave solution will develop
in the solution to [QIVP], advancing with a (non-negative) propagation speed, allowing
for the transition between the fully reacted state, u = 1 as y — —o0, to the unreacted
state, u = 0 as y — oo. Therefore, in this section we focus attention on the possibility
of [QIVP] supporting permanent form travelling wave solutions (henceforth referred to as
PTW solutions). We begin by establishing the existence and uniqueness of a PTW to
[QIVP] for each fixed u, € (0,1), denoting the unique propagation speed by v = v*(u,).

We then consider limiting values of v*(u.) as u. — 07 and u, — 17.
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4.2 The Existence and Uniqueness of a PTW Solu-
tion to [QIVP]

A PTW solution to [QIVP], with constant speed of propagation v > 0, is a steady state

solution to [QIVP] with u: R x RT - R and s : R" — R such that

u(y,t) = Ur(y) V(y,t) € R x RT, (4.2.1)

$(t)=v VteR", (4.2.2)

where Ur € CY(R)NC?*(R\ {0}) and v > 0 satisfy the nonlinear boundary value problem,

Ur +oUp + f(Ur) =0,  y€R\{0}, (4.2.3a)
Ur>u. Vy<0, 0<Ur<wu, VYy>0, (4.2.3b)
UT(O) = Ug, (423C)

1, fory— —o0,
Ur(y) — (4.2.3d)

0, fory — oo,

where the dash denotes differentiation with respect to y. The nonlinear boundary value
problem (4.2.3) can be thought of as a nonlinear eigenvalue problem with the eigenvalue
being the propagation speed v > 0.

It is convenient to consider the ordinary differential equation (4.2.3) as the following
equivalent autonomous first-order two-dimensional dynamical system, with o = Ur and
f = Uj, namely,

o =P,
B =—vf— fela),

(4.2.4)

with y € R. We will analyse this dynamical system in the (a, ) phase plane for v > 0.
In particular, it is straightforward to establish that the existence of a solution to (4.2.3)

is equivalent to the existence of a heteroclinic connection in the («, ) phase plane, for
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the dynamical system (4.2.4), which connects the equilibrium point (1,0), as y — —o0,
to the equilibrium point (0,0), as y — oo (the translational invariance is then fixed
by condition (4.2.3c) which requires that «(0) = wu.). From (4.2.3b), this heteroclinic
connection must remain in the a > 0 half plane of the («, ) phase plane, which we
denote by Rt = {(a, ) : (a, 8) € R x R}. We henceforth focus on this region of the
(e, B) phase plane.

However, before we proceed further, it is first worth considering the effect of introduc-
ing the cut-off into the reaction function on the dynamical system (4.2.4). To that end,

we introduce the function @ : R?* — R? where Q(a, 3) is given by

Q(O‘?B) = (ﬁv _Uﬁ - fc(a))a (425)

to represent the vector field generating the dynamical system (4.2.4). We observe that,
in the (a, B) phase plane, the effect of the discontinuity in f.(«) across the line o = u,
is simply to refract the phase paths passing through this line. In particular, for each
B € R, there is exactly one phase path passing through (u., 3), which has tangent vectors,
Qu,,p) = (B,—vB) and Q(ul,B) = (B, —vB — fI). Thus, the refraction vector for the

phase paths which cross the line a = u,. is

R(uc, B) = Q(u;, B) — Q(u,, f)

= (0,—f5). (4.2.6)

We observe that the refraction vector (4.2.6) is independent of (8,v) € R x R" and

depends continuously on u, € (0,1). It follows that
R(ue, ) -0 as wu.— 0, (4.2.7)

uniformly in (8,v) € R x R'. After determining the effect of the discontinuity on the

phase paths of the dynamical system (4.2.4) in R*, we next consider the equilibrium
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points of (4.2.4) in R*. These are readily found to be at locations

eq = (a,0) for each a € [0, u.], (4.2.8a)

e; = (1,0). (4.2.8b)

We begin by examining the local phase portrait in the neighbourhood of the equilibrium
point e;. We find that ey is a hyperbolic equilibrium point. Moreover, e; is a saddle

point with eigenvalues

A (v) = (—vi v2+4|f;(1)|). (4.2.9)

N —

The associated local straight line paths of e; are given by

Bla) = =AL(v)(1 — ), (4.2.10)

where the negative (positive) eigenvalue corresponds to the local stable (unstable) man-
ifold. We denote the phase path which forms the part of the unstable manifold entering
D, ={(a,8) : 0 < a < 1,8 <0} as §. Similarly, we denote S; as the phase path
which forms part of the unstable manifold entering D_ = {(a, 8) : @ > 1,8 > 0}.

We next determine the local phase portrait of the equilibrium points e, for each
a € [0,u]. For a € (0,u.) and v > 0, each of the equilibrium points e, is non-hyperbolic
with a single stable manifold in R given by {(«, ) : f = —v(a—a); 0 < a < u.}. Also,
the equilibrium point eg is non-hyperbolic with a single stable manifold in R* which we
will denote by

So={(a,B) : p=—va; 0 < a<ub (4.2.11)

Finally, the equilibrium point e,,, is again non-hyperbolic, and, for 0 < a < u,., has a
single stable manifold in R given by {(«, ) : f = —v(a—u.); 0 < a < u.}. In fact, the
collection of phase paths of the dynamical system (4.2.4) in the region {(«, 5) : 0 < a <

ue, < 0} is given by the family of curves = ¢ — va, for each ¢ € R. The situation is
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Figure 4.1: The local phase portrait for the equilibrium points of the dynamical system
(4.2.4). The thick black arrows denote the direction of the vector field Q(«, ) along the
line segments Ly, L; and on the boundary of D_.

illustrated in Figure 4.1.

Next, for the line segment {(«, 5) : « =1, > 0}, we observe the following,

Q(a, ) - (1,0) = 5 > 0. (4.2.12)

Similarly, for the line segment {(«, 5) : @« > 1, = 0}, we observe that

Q(a, B) - (0,1) = — f.(a) > 0. (4.2.13)

Together with the local structure at the equilibrium point ey, we conclude from (4.2.12)
and (4.2.13) that the region D_ is a strictly positively invariant region for the dynamical
system (4.2.4). We now examine the line segments Ly = {(a, ) : @« = 1, f < 0} and

Ly ={(o,8) :u. < a < 1, =0}, we observe that

Qa,p) (-1,0)==5>0 VY(a,p) € Ly, (4.2.14)

Q(a, ) (0,—1) = f.(a) >0 Y(a,B) € L. (4.2.15)
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In addition, for v > 0, we observe that for all (o, 8) € R™
V- -Qa,p) =—v <0. (4.2.16)

Thus, for any v > 0, it follows from the Bendixson negative criterion (see, for example,
[59]) that (4.2.4) has no periodic orbits, homoclinic orbits or heteroclinic cycles in R*.
Finally, we observe that at each (o, 3) € Rt \ ({e1} U{eq : 0 < a < u.}) the vector field
Q(«, ) rotates continuously clockwise for increasing v > 0. At the equilibrium point
e1, the unstable manifold S; rotates clockwise for increasing v > 0, as does the stable
manifold Sy at the equilibrium point eq.

As the phase path S; enters D_ on leaving e;, and we have established that D_ is
a strictly positively invariant region for the dynamical system (4.2.4), we conclude that
this cannot correspond to a heteroclinic connection between e; and eqg. Thus, at any
v > 0, the existence of a heteroclinic connection in R™ connecting e;, as y — —o0, to
eo, as iy — 00, is equivalent to the phase path S;, leaving e;, being coincident with the
phase path &y, entering eq. It also follows that, at those v > 0 when such a heteroclinic
connection exists, then it is unique.

We are now in a position to investigate for which values of v > 0, if any, the required
heteroclinic connection exists in RT. When v = 0, it follows directly from (4.2.4) that the

phase path S;" has graph («, 8y(«)) where

Pola) = — (2 /al fc(v)dvy, (4.2.17)

for o € [0, 1]. Thus, Bo(a) is (non-positive) non-decreasing for o € [0, 1] with

Bo(0) = — (2 /ul fc(v)dvf <0, (4.2.18a)
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and, via the vector field (4.2.5) and local straight line paths of e; (4.2.10),

Bi(1) = (—f1(1))? . (4.2.18b)

We denote the phase path S;f|,—¢ as Cy, and note from (4.2.17) that Cy C D" as illustrated
in Figure 4.2. We conclude from (4.2.18a) that when v = 0 no heteroclinic connection
exists from e; to eg. Moreover, it follows from the rotational properties of the vector field

Q(a, ) as discussed earlier, that, for each v > 0, we have

Q(«, fo(a)) - no(a) < 0, (4.2.19)

for all & € [0, 1), where ng(«) is the unit normal to Cy as shown in Figure 4.2. We define
the line segments Ly = {(o, f) : @« =0, 5p(0) < 8 <0}and Ly = {(o, ) : 0 < a < 1, f =
0} and denote the region Qy C D, as that region bounded by 02y = Ly U L3 UCy. We
observe, via the rotational properties of S;” at ey, that for any v > 0, then S|, enters
on leaving e;. Moreover, from (4.2.16), Qq contains no periodic orbits, homoclinic orbits
or heteroclinic cycles. It then follows from (4.2.14), (4.2.15), (4.2.19) and the Poincaré-
Bendixson Theorem (see, for example, [59]), that (recalling that € contains no periodic
or homoclinic orbits, or heteroclinic cycles) S;7|, must leave € through L, (at finite y) or
connect with e, for some a € [0,u.| (as y — o0). For each v > 0, this observation allows
us to classify the behaviour of S; |, by introducing the following function 3 : R" - R,

such that,

S(v) = The distance, measured from the origin of the («, 3) plane,
to the point of intersection of S; |, with L, (measuring

negative distance) or L3 (measuring positive distance).

We have immediately that
(0) = Bp(0) < 0, (4.2.20)

V2l
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Figure 4.2: The phase path Cy = S; |v—o.

and

Bo(0) < 3(v) < ue, (4.2.21)

for all v > 0. Moreover, since Q(a, 3) depends continuously on (a, 5,v) € D, X R \
{(Byue) = B < 0} x R, the refraction vector (4.2.6) for phase paths crossing the line
a = u. in D, is independent of (8,v) € R™ x Ei and () is compact, we may conclude
that

seC[RM). (4.2.22)

In addition, from the rotational properties of the vector field Q(«, 5) in R* with increasing
v > 0, we deduce that

E(Ug) > §(U1> V’UQ > v > 0. (4223)

_ =+ . . . . . .
Therefore, s : R — R is a continuous and strictly monotone increasing function. Next,

take

v > v (ue) = (i sup fc(fy)> : (4.2.24)

uc ’Ye(qul}

Then, with . = —vu,.., we have

Q(Oé, /BC) : (07 1) - U2uc - fc(a)

> sup fe(y) = fe(@) 2 0, (4.2.25)

’YE(UC,”

for all o € (uc, 1], and recall that Sy, is given by 5 = —va for o € [0, u]. It then follows,

42



from (4.2.25), that

5(v) >0 VYo > v(ue). (4.2.26)

We now observe that, at any v > 0, the dynamical system (4.2.4) has a heteroclinic
connection between e; and eg, in Rt (which is unique, and is, in fact, contained in
Qo C R*) if and only if 5(v) = 0. It follows that since s : R" — R is a continuous and
strictly monotone increasing function, which satisfies (4.2.20) and (4.2.26), then, for each

ue € (0,1), there exists a unique v*(u.) > 0 such that

5(v*(ue)) =0, (4.2.27)

whilst,
5(v) <0 VYo e[0,v"(u)), (4.2.284a)
5(v) >0 VYove (v(uc),00). (4.2.28Db)

We conclude that, for each u. € (0,1), [QIVP] has a PTW solution if and only if v =
v*(ue)(> 0) which we write as u = Ur(y), y € R. Moreover, this PTW solution is unique.
In addition, since the associated heteroclinic connection between e; and eq is contained

in 0y, then we conclude that Uy : R — R satisfies:

0<Ur(y) <1, Up(ly) <0  VyeR, (4.2.29a)
with Ur(0) = u,, and
Ur(07) = Up(07) = — ., (4.2.29b)
Ur(y) = uee™ @ vy eR", (4.2.29¢)
Ur(y) ~ 1 — e @@V a5y —c0, (4.2.29d)

for some constant a,, > 0 (depending upon u. € (0,1)), and with the eigenvalue A, (v)
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given in (4.2.9).

We next consider u, € (0,1) as a parameter, regarding v* as a function of ., with
v* : (0,1) = R* such that v* = v*(u.), and associated PTW solution u = Ur(y, u.) for
(y,u.) € Rx(0,1). We recall that the vector field Q(a, 3) is continuously differentiable on
(a, B,v) € (([0,uc) x R) U ((ue, 1] x R)) x R", whilst the refraction vector (4.2.6) depends

on u. € (0,1) and is continuous. It follows that on fixing u? € (0,1), and taking € > 0,

0
c

0
c

then with u. = u? and v = v*(u?) — ¢, we have that 5(v*(u2) — €)]y.—w0 < 0, where we
have used equation (4.2.27). Hence, there exists 6. > 0, which depends on ¢ > 0, such
that for all u, € (u? — 0, ul+06;) = I, then

50" (ug) — €)]yer- <0 (4.2.30)

It follows that v*(u.) > v*(ul) — ¢ for all u. € I-. Similarly, we establish that there exists

6+ > 0, which depends on € > 0, such that for all u, € (u¥ — dF,uY + §F) = I, then

S0 (ug) + €)yerr > 0. (4.2.31)

It follows that v*(u.) < v*(ul) + ¢ for all u, € I*. We now set §. = min(d_, ). Thus,

gr7e

for all u, € (u? — 6.,u® + 4.) = I., then
[v* (1) — v*(ud)] < e. (4.2.32)
We conclude that v* : (0,1) — R is continuous. In addition, we recall that
v*(u.) >0 Yu. € (0,1). (4.2.33)

Next, let u) € (0,1) and consider ;" |(,0,1+(u0))- It follows from the refraction vector (4.2.6)
that there exists 6 > 0, such that on fixing v = v*(u?), then for any u. € (v, u®+4§) = Ps,

the intersection point of S;" | (ue,o* (u0)) With the line o = u, lies above the intersection point
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of the line 8 = —v*(u?)a with the line @ = u,. Consequently, s(v*(u2))|u.cp, > 0, from
which we conclude that v*(u.) < v*(u?) for all u. € Ps. Thus, v* : (0,1) — R is locally
decreasing, and continuous, and so v* : (0,1) — R is strictly monotone decreasing. It
then also follows from (4.2.33) that v*(u.) has a finite non-negative limit as u, — 1.
Hence, v*(u.) — v} as u. — 17, for some v > 0. When (1 — u,) is sufficiently small,

S} can be approximated in the region («, 3) € [u., 1] x R™ by its linearised form at the

equilibrium point eq; it is then readily established that v] = 0, and, moreover, that
Hue) ~ |f(D]2(1 —u) as wue— 1. (4.2.34)

We now investigate v*(u.) as u. — 07. To begin with we consider the dynamical system
(4.2.4) when u. = 0. In this case, the dynamical system (4.2.4) has a (unique) heteroclinic
connection which connects e, as y — —o0, to e, as y — oo, if and only if v € [2, 00),
see for example [34, 3, 35, 45]. Moreover, 5(v)|,—o < 0 for all v € [0,2). From (4.2.6)
and (4.2.7), it follows that S;" depends continuously on wu, > 0. Thus, for € > 0, there
exists 0. > 0 such that for u. € (0,0.), then 5(2 — ¢)|,, < 0. Therefore, from (4.2.27),
we deduce that v*(u.) > 2 — ¢ for all u. € (0,0.). However, it also follows from (4.2.6)
and (4.2.7) that 5(2)|,, > 0 for all u, € (0,1). Thus, v*(u.) < 2 for all u. € (0,1). We
conclude that,

2—e<v(u.) <2 Yu.€(0,0.). (4.2.35)

Since (4.2.35) holds for all € > 0, we conclude immediately that v*(u.) has limit 2 as

ue. — 0. We conclude that v* : (0,1) — R is continuous and monotone decreasing, with

lim v*(u.) =0, lim v*(u.) = 2. (4.2.36)

Ue—1— Ue—01

In the next two sections we consider the structure of the PTW solutions in the limits

u. — 07 and u, — 1~ respectively.
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4.3 Asymptotic Structure of the PTW Solution when
u. — 0T

In this section we investigate the detailed asymptotic form of v*(u.) as u. — 07, in the
small cut-off limit, via the method of matched asymptotic expansions. To that end, we

write u. = £ with 0 < ¢ < 1. It then follows from equation (4.2.36) that we may write,

vi(e) =2 —0(e), (4.3.1)
where now,
() >0 Vee(0,1), (4.3.2)
and
v(e)=o0(1) as e— 0", (4.3.3)

With Ur : R — R being the associated PTW solution, then from (4.2.3),

Uryy + (2 — 0(e))Ury + f(Ur) =0, y <0, (4.3.4a)
Ur(y) >¢ Yy <0, (4.3.4b)
Ur(0) =e, (4.3.4c)
Ur,y(0) = —(2 — 0(e) e, (4.3.4d)
Ur(y) > 1 as y— —oo. (4.3.4e)

It is convenient, in what follows, to make a shift of origin by introducing the coordinate

y via
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where 7. () is chosen so that (4.3.4) becomes,

Urgg + (2 = 0(e))Ury + f(Ur(y)) =0, 7 < 7ele), (4.3.5a)
Ur(g) >e Y7 <u.le), (4.3.5b)
Ur(.(€)) =&, (4.3.5¢)
Ury(5e(€)) = —(2 = v(e))e, (4.3.5d)
Ur(y) =1 as y— —oo, (4.3.5¢)

(4.3.6)

It follows from (4.3.5) and (4.3.6) that

Uo(e) = 400 as e— 07", (4.3.7)

Our objective is now to examine the boundary value problem (4.3.5) and (4.3.6) ase — 07,
and, in particular, to determine the asymptotic structure of v(¢) as e — 07. Anticipating
the requirement of outer regions, we begin in an inner region when y = O(1) and Uy =

O(1) as e = 07, and we label this as region I. In region I we thus expand as

Ur(g;€) = Upn(y) + O(v(e)) as e — 0T, (4.3.8)
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with ¥ = O(1). On substitution from (4.3.8) into (4.3.5) and (4.3.6), and using (4.3.7),

we obtain the leading order problem as

Ungg + 2Upg + f(Un) =0, —00 <y < o0, (4.3.9a)

Un(y) >0, —o0<y< oo, (4.3.9b)

Up(5) — (4.3.9¢)

Up(0) = = (4.3.9d)

The leading order problem is immediately recognised as the boundary value problem
(4.2.3) for the PTW solution to the corresponding KPP problem without cut-off (¢ = 0).
Let U,, : R — R be the unique solution to (4.3.9). For use in what follows, we recall

(1.1.10) with higher order corrections given by

(A + Boo) e 7 + O(i2e™), as §j — oo,
Un(y) = (4.3.10)

1—A_e" + 0(eY), as §j — —00,

where v = —1 4+ /1 +[f(1)] (> 0). On proceeding to O(v(¢)) we observe that the
inner region expansion (4.3.8) becomes non-uniform when |g| > 1, and in particular when
(—=7) = O(v(¢)"2) and § = O(v(e)"2). Therefore, to complete the asymptotic structure
of the solution to (4.3.5) as e — 0™, we must introduce two outer regions, namely region
ITt when § = O(t(¢)"2) and region II- when (—f) = O(v(c)"2). We begin in region

IT~. To formalise region IT~, we introduce the scaled variable,

(4.3.11)

N
I
4]
—~
[©)
S~—
[
<
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so that y = O(1)~ in region IT~ as ¢ — 0. It then follows from (4.3.8) and (4.3.10) that
5(e)" %
Ur(jie) =1—0 (e*v@ ) , (4.3.12)

as ¢ — 07 in region II™. It is then straightforward to develop an exponential expansion
in region IT~, which, after matching (following the Van Dyke matching principle, [58])

with region I, via (4.3.8) and (4.3.10), gives the outer expansion in region II~ as,

N

Ur(iie) =1 = A-scexp [10(2)* (14 O(0(2))) ]

+0 (exp [27@(5)*% (1+0(3(e))) y]) , (4.3.13)

as ¢ — 07 with g = O(1)~. Thus, the solution in region II™ is at this order unaffected
by the cut-off. We now proceed to region II*, where § = O(1)" as ¢ — 07. Tt is
within this region that the conditions at § = ¢.(¢) must be satisfied, which then requires

7e(e) = O(v(e)"2) as € — 0T, which is consistent with (4.3.7). Thus, we write

Ge(e) = () 2Ge(e), (4.3.14)

so that now,

Je.(e) =O(1)" as e— 0", (4.3.15)
In region ITT it follows from (4.3.8) and (4.3.10) that

1

Ur(ie) = O (v(e) 2e ™07

as ¢ — 0T. Again, it is then straightforward to develop an exponential expansion in

region IT*, which, after matching with region I, via (4.3.8) and (4.3.10), gives the outer
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expansion in region IT" as,

Ur(g:€) = (Asct(e) ™3 sin (§(1 + O(0(e)))) + Bus cos (5(1 + O(0(2)))) )
(1+0(u(e))) 9]

+0 (eXp [—2@(5>— (1+0(3(e))) yD , (4.3.16)

M

X exp [—17(6)_

=

as ¢ — 07 with g = O(1)*. It now remains to apply conditions (4.3.5b), (4.3.5¢) and

(4.3.5d) to (4.3.16). In the outer region I, these conditions become,

1\ +
Ur(jie) >¢ YO (1—}(6)7) << 9u(6), (4.3.172)
Ur(ge(e);e) =, (4.3.17b)
urg(e(€);€) = —ev(e)"2(2 — v(e)). (4.3.17¢)

We now turn to conditions (4.3.17b) and (4.3.17c). It is convenient to first eliminate €

explicitly between (4.3.17b) and (4.3.17¢) to give,

~ — —

ury(fe();€) = —0(£) 72 (2 = 8())Un(ie(2); ), (4.3.18)

which replaces (4.3.17c). On substitution from (4.3.16) into (4.3.18) and expanding, using
(4.3.2), (4.3.3) and (4.3.15), we obtain,

=

Aosinw = —0(e)2(Ax + Boo) COS W, w=73.(e)(1 + O(v(2))), (4.3.19)

as ¢ — 07. Following (4.3.15) and (4.3.19), we now expand,

Je(e) = 90+ gloe)® + O(v(e)), (4.3.20)
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as € — 07, with the constants §° (> 0) and g} to be determined. On substitution from

(4.3.20) into (4.3.19), we obtain, at O(1),
A sing? = 0.

Since Ay, > 0, then we must have (recalling §° > 0) §° = kr, for some k € N. However,

condition (4.3.17a), with (4.3.16), then requires k£ = 1, and so
70 =T (4.3.21)

Proceeding to O(#(¢)2), we find that, on using (4.3.21),

1 _ (A + Bx)

gi= (4.3.22)
Thus, via (4.3.20), (4.3.21) and (4.3.22) we have,
A+ Bs) , 1 _
Uele) =7 — (2_—)0(5)2 + O(v(¢)), (4.3.23)

as ¢ — 07. It remains to apply condition (4.3.17b). On using (4.3.16) and (4.3.23),

condition (4.3.17b) becomes

N ((AOO + By)

1 +1In Aoo> + o(1), (4.3.24)

as € = 07. A re-arrangement of (4.3.24) then gives,

72 272 (Ao + Boo) AL +1In Ay) 1
v(e) = = 4.3.2
V&)= e (Ine)? "o ((1115)3) | (4.3.25)
as € — 07. It then follows from (4.3.23) and (4.3.25) that,
o (Ao + Boo)m 1 1
Uele) =7+ i 0 +0 o? ) (4.3.26)
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as ¢ — 0. Finally, via (4.3.1) and (4.3.25), we can construct v*(g) as,

(4.3.27)

2 212 ((As + Boo) A +In Ay) ( 1 )
+o ,

vie) =2~ (Ine)2 (Ine)? (Ing)?

ase — 07. We observe that (4.3.27) is decreasing in € as ¢ — 01, and is in full accord with
the rigorous results established in Section 4.2. We see immediately that the result derived
here, via a rational application of the method of matched asymptotic expansions, agrees in
the first two terms with the results that Brunet and Derrida [14] and Dumortier, Popovic
and Kaper [19] obtained. However, the method of matched asymptotic expansions has
enabled us to obtain the next correction term in (4.3.27), and higher order terms could
be obtained by systematically following this approach. We now consider the asymptotic

structure of the PTW solution to [QIVP] as u. — 1~.

4.4 Asymptotic Structure of the PTW Solution when
u. — 17

In this section we investigate the asymptotic form of v*(u.) in the large cut-off limit
u. — 17. To this end, we write u. = 1 — 9 with 0 < § < 1. Section 4.2 guarantees the
existence and uniqueness of a PTW solution, whose speed v*(d) = o(1) as § — 0*. In this
case, it is most convenient to consider the problem in the («, 3) phase plane corresponding
to the phase path representing the PTW when v, = 1 — § and v = v*(d). Via (4.2.4),
(4.2.9), (4.2.10) and (4.2.11), this is given by the phase path 8 = B(«;0), which satisfies

the boundary value problem

s _ f(@)

T —v*(0) — 5 ae(l—-94,1), (4.4.1a)
Bla;0) ~ =2y (v*(0)(1 —a) as a—17, (4.4.1Db)
B(1—8;0) = —v"(0)(1 —9). (4.4.1c)
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We now examine the boundary value problem (4.4.1) as 6 — 07. Since v*(d) = o(1) as
d — 0%, we expand A (v*(0)), via (4.2.9), which determines that A, (v*()) = O(1) as
d — 07. Tt follows from the boundary condition (4.4.1b), that 8 = O(0) as § — 0F. We

therefore introduce the following re-scalings

B=0Y, a=1-6X, (4.4.2)

with Y, X = O(1) as § — 07. The form of the boundary condition (4.4.1¢) then necessi-

tates that v*(d) = O(6) as § — 0T. Thus, we write

v (8) = SV (8), (4.4.3)

where V(§) = O(1) as 6 — 0. These re-scalings transform the boundary value problem

(4.4.1) into,
day f(1—6X)
Y(X;6) ~ -2 (6V(6)X as X — 0%, (4.4.4D)
Y (1;0) = =V (§)(1 = 9). (4.4.4c)
We now expand Y (X;0) and V(0) according to,
Y(X;6) = Yo(X) 4+ 6Y1(X) +0(5), X €]0,1], (4.4.5a)
V(§) = Vo + 6Vi + o(6), (4.4.5b)

as § — 0%. Substituting the expansions from (4.4.5) into the boundary value problem

(4.4.4) and expanding, at O(1), we obtain the following boundary value problem for
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Yo(X), namely,

v, X
x =y X, (4.4.6a)
Yo(X) ~ —|f/(D)]2X as X — 0", (4.4.6b)
Yo(1) = —Vj. (4.4.6¢)

The general solution to (4.4.6a) is Y2(X) = ¢; — f/(1)X?, for X € [0,1], where ¢; is an
arbitrary constant of integration. Applying the boundary condition (4.4.6b) determines

c¢1 = 0. Therefore,

Yo(X) = —|f' (12X, X €][0,1]. (4.4.7)

Application of the boundary condition (4.4.6¢) then determines

Vo =1 (4.4.8)
At O(9), we obtain the following boundary value problem for Y;(X), namely,
v, v 1., . X?
—_— — X = )=, X 1 4.4.
X v WX =Vt oMy, X e o), (4.4.9a)
1

Vi(X) ~ STX as X =07, (4.4.9b)
Yi(l) =V, — WA (4.4.9¢)

On substituting Yy(X), given by (4.4.7), into equation (4.4.9a) and solving, we find that

the general solution is

1 1 f(1
Yl(X):—VOX——f—()X2+2

i . X €e(0,1], 4.4.10
2 61f(1) X o ( )

where ¢y is an arbitrary constant of integration. From the boundary condition (4.4.9b),

Y1(X) remains bounded as X — 0%. Therefore, we require ¢; = 0. Thus, we obtain the
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solution for Y;(X) as

Yi(X) = é\ FlEx (3— |J;((11)>|X) X €0,1]. (4.4.11)

Finally, an application of the boundary condition (4.4.12) determines

f"()
(3+ 7 (1)|) (4.4.12)

NI

Vi = £lr)

On collecting expressions (4.4.5a), (4.4.7) and (4.4.11), we have established that

V(i) = ~|F WX + ol (3 )

|f'(1)]
+o0(d) as §— 07, (4.4.13)

uniformly for X € [0, 1]. Similarly, on collecting expressions (4.4.5b), (4.4.8) and (4.4.12),

we obtain,

)
|F' ()]

V(o) =|f (1) + (5|f( )|5( + >+0(5) as 6 — 0. (4.4.14)

Using (4.4.3), the propagation speed of the PTW solution to [QIVP] is given by
1 "(1
v*(8) = 8|/ (1)]2 + 652|f’(1)|% (3 + l?é;,) +0(6%) as §—0". (4.4.15)

We use (4.4.2) to express the PTW solution to [QIVP] in terms of the cut-off u. as

L. L 1 f”( ) 2
Q) = —— DI2(1 + ue)(1 — « 1 -
Bla) = =gl (W1 +u) (1 —a) = 61 )|§( )
+o((1—u.)?) as u.— 1", (4.4.16)
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Its speed of propagation is given by

v*(ue) = (1 — Uc)‘f’(l)‘% + %(1 —u W] (3 " |JJCC//,<<11>>’)

+o((1 —u.)?) aswu,— 1. (4.4.17)

In the next section we consider the specific case of cut-off Fisher reaction, determining

v*: (0,1) — R via numerical integration.

4.5 Numerical Example

We here compare our predictions for the PTW solutions Ur(y) and the speed v*(u.)
derived in the limits of small and large cut-off u. with the corresponding values obtained
from the numerical evaluation of (4.2.3) (or (4.3.5) when u, is small) carried out for the

particular case of the cut-off Fisher reaction function, namely,

uw(l—u), u€ (U 00),
fe(u) = ( hoved ) (4.5.1)

0, u € (—00, Ul

where u, € (0, 1).

For our numerical calculations we adopt a shooting method that combines a standard
fourth order Runge-Kutta discretisation scheme with a bisection method. We use (4.2.10)
to approximate the unstable manifold near the unstable fixed point (Ur,Ur) = (1,0),
taking Ur = 1 — ¢ and Uy = —X\,(v)e where ¢ = 107!%. We choose Aa = 107'% to
ensure that the values of Ur(y) (or Ur(y) when u,. is small) and v*(u.) are obtained to
ten decimal places of accuracy.

The asymptotic predictions for the PT'W solutions Ur(y) and the speed v*(u,) obtained
for small values of u, rely on the global constants A, and B, (see equations (4.3.16) and

(4.3.27)) associated with the leading edge behaviour of U,,(y) (see expression (4.3.10)).
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Figure 4.3: (a) Numerical solutions of Ur(7) obtained from (4.3.5) for u. = 0.001,0.01 and
0.1, with the arrow pointing in the direction of increasing u, (thick black lines), and exact
solution derived from (4.2.29¢) (thin black lines). These are plotted against the numerical
solution of U,,(y) (in red) obtained from (4.3.9). (b) Comparison between numerical and
asymptotic results for Ur(y) obtained for § < .(u.) for u, = 1077 (in black) and u. = 107°
(in blue). The numerical results are juxtaposed against the asymptotic expression (4.3.16)
valid for u. — 0% and § > 1 (dashed black and blue lines, respectively). These are
plotted against the numerical solution of U,,(y) (in solid red) and the large-y asymptotic
expression (4.3.10) (dashed red line).

We determine the values of A, and By, from the numerical evaluation of (4.3.9) where we
use the MATLAB solver ode45 carried out for the particular case of the Fisher reaction
function (1.1.6). We use (4.3.10) to approximate the unstable manifold near the unstable
fixed point (U,,,U},) = (1,0), taking U,, = 1 — ¢ and U/, = —ve where ¢ = 1071, We
choose the same resolution as before and use a standard linear least squares fit on U,,e?
for g 2 10 to obtain A, =~ 3.521 and B, =~ —11.15 to four significant figures.

Figure 4.3 is devoted to the structure of U,,(y) and that of Ur(y) obtained for small
cut-off u.. For § < §.(u.) this is numerically determined from (4.3.5). For § > y.(u.) the
solution is exact (see equation (4.2.29¢)). Figure 4.3(a) contrasts the behaviour of Ur(y)
against that of U,,(y). It is clear that when y = O(1), Ur(y) remains close to U,,(7)
while when |y| > 1, Ur(y) approaches 1~ and u. exponentially fast. This behaviour is
consistent with expressions (4.3.8), (4.3.13) and (4.3.16) (with ¢ = u.). Figure 4.3(b)
focuses on the behaviour of U,,(y) and Ur(y) when the value of g is large. It shows that

as long as y 2 5, the numerical solution of U,,(y) and the leading edge asymptotics given
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Figure 4.4: (a) Numerical solutions of Ur(y) obtained from (4.2.3) for u. = 0.4, 0.8, 0.9
and 0.99 (thick lines), with the arrow pointing in the direction of increasing u.., and exact
solution given by (4.2.29¢) (thin lines). (b) Comparison between the numerical solutions
of Ur(y) and the asymptotic expression for u. — 1~ derived from (4.4.16) (dashed black
lines).

by (4.3.10) (with numerical values of A,, and B, given above) are in excellent agreement.

The same figure compares the numerical solution of Ur(y) with the leading edge
asymptotics given by (4.3.16) which applies for g.(u.) > y > 1 (which is the case for
ue > 0.05). It confirms that the asymptotic expression (4.3.16) describing Ur(y) becomes
increasingly accurate as the value of u, decreases.

Figure 4.4 focuses on the structure of Ur(y) obtained for larger cut-off u.. For y <0,
this is numerically determined from (4.2.3); for y > 0 it is exactly given by (4.2.29¢). It is
clear that the asymptotic prediction associated with (4.4.16) is an excellent approximation
of Ur(y) for all values of u. considered (see Figure 4.4(b)).

We now examine the behaviour of the speed v*(u.). Figure 4.5 illustrates that the
numerical results for the speed vy (u.) to [QIVP], obtained in Chapter 3, are in excellent
agreement with the speed of propagation of the PTW with v (u.) = v*(u.). Figure
4.5(a) focuses on speed values v*(u.) obtained for small values of u.. It shows that
expression (1.1.15) of Brunet and Derrida [14] is very good as long as u. < 0.02. Higher

order corrections are captured by the asymptotic expression (4.3.27) which remains good

(though only marginally better than expression (1.1.15)) as long as u, < 0.05 (when

~
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Figure 4.5: Comparison between asymptotic and numerical results of the speed for (a)
small and (b) large cut-off values u.. Numerical solutions of v*(u.) derived from the
boundary value problem (4.2.3) with f. given by (4.5.1) are shown as solid lines. The
dashed lines are the asymptotic predictions (4.3.27) and (4.4.17) of v*(u.). In (a) the
dotted line is expression (1.1.15) of Brunet and Derrida [14] and in (b) the red circles are
the numerical solutions of ve(u.) to [QIVP].

ue. = 0.05, v & 1 associated with expansion (4.3.8) is no longer small).

Figure 4.5(b) shifts the focus to larger values of u.. It shows that the asymptotic
expression (4.4.17) accurately captures the speed v*(u.) for a wide range of values given
by 0.4 S u. < 1 (when u. = 0.4, 6 = 1 —u. = 0.6 associated with expansions (4.4.5) is no
longer small). Our numerical results for the speed v*(u.), obtained for a range of values
of u. € (0,1), combined with the asymptotic expressions (4.2.29¢), (4.3.27) and (4.4.17)
confirms that the the front width of the PTW solution is O((1 — u.)™') in the limit as

ue. — 17 and O(1) otherwise.

4.6 Discussion and Conclusions

In this chapter we have concentrated on examining the existence of PTW solutions to
[QIVP] with propagation speed v > 0, which effect the transition from the unreacted
state u = 0 (ahead of the wave-front) to the fully reacted state u = 1 (at the rear of the

wave-front). We employ a phase plane analysis of the nonlinear boundary value problem
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(4.2.3) to establish that (i) for each u. € (0, 1), then [QIVP] has a unique PTW solution,
with propagation speed v = v*(u.) > 0 and (ii) v* : (0,1) — R* is continuous and
monotone decreasing, with v*(u.) — 07 as u, — 17, and v*(u.) — 27 as u. — 0*. It
should be noted that 2 is the minimum propagation speed of PTW solutions for the related
KPP-type function in the absence of cut-off. Furthermore, we have developed asymptotic
methods to determine the asymptotic forms of v*(u.) as u. — 07 and u, — 17. The first
limit was previously considered by Brunet and Derrida [14] and Dumortier, Popovic and
Kaper [19]. The latter employed matched asymptotic expansions in the phase plane to
determine the order of the error in [14]. We have here used matched asymptotic expansions
on the direct problem (4.2.3) to obtain higher order corrections in a systematic manner.
We show that these are controlled by the detailed structure ahead of the wave-front
solution travelling with speed 2 for the related KPP problem obtained in the absence of
a cut-off. For larger values of u., the asymptotic behaviour is obtained via the use of
regular asymptotic expansions in the phase plane. The front width of the PTW solution
is obtained in both asymptotic limits.

We anticipate that the approach developed in this chapter, for considering PTW solu-
tions to [QIVP], will be readily adaptable to corresponding problems, when the KPP-type
cut-off reaction function is replaced by a broader class of cut-off reaction functions. In
comparing the PTW theory for the cut-offt KPP-type reaction function studied here, and
its associated KPP-type reaction function without cut-off, we make the observation that,
in the absence of cut-off, a PTW solution exists for each propagation speed v € [2,00),
whilst at each fixed cut-off value u, € (0,1), a PTW solution exists only at the single
propagation speed v = v*(u,.), with 0 < v*(u.) < 2. This will have implications for the
development of PTW solutions as large-t structures in [QIVP], with more general classes
of initial data. In the next chapter we consider the evolution problem [QIVP] in more de-
tail. Specifically we establish that, as t — oo, the solution to [QIVP] does indeed involve
the formation of the PTW solution considered in this chapter, and we give the detailed

asymptotic structure of the solution to [QIVP] as t — occ.
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CHAPTER 5

ASYMPTOTIC SOLUTION TO [QIVP]

In this chapter we develop the asymptotic structure of the solution to [QIVP] as ¢t — 07,
as |y| — oo and as t — oco. We begin by examining the asymptotic structure of the

solution to [QIVP] as t — 0.

5.1 Asymptotic Solution to [QIVP] as t — 0%

We develop the asymptotic structure to [QIVP] as ¢ — 0 via the method of matched
asymptotic coordinate expansions. We anticipate that the structure of the solution to
[QIVP] as t — 01 will have two asymptotic regions in y < 0, and two asymptotic regions
in y > 0. An examination of the leading order balances in equation (2.0.8a), together with
the initial condition (2.0.8c) and the connection conditions (2.0.8e), (2.0.8f) determine the

asymptotic structure as:

region Iy, 1 y = O(t%) <0 withu=0(1) ast — 07, (5.1.1a)
region I :  y = O(t%) >0 with u=0(1) as t — 07, (5.1.1b)
region I, :  y=0(1) <O withu=1-0(1) ast — 07, (5.1.1c)
region ITg :  y=0(1) > 0 with u =o(1) as t — 07. (5.1.1d)
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The situation is illustrated in Figure 5.1. For any variable A\, we will henceforth write
A=0(1) >0as A= 0O(1)", and correspondingly, A = O(1) < 0 as A = O(1)~. It
follows from the small-time asymptotic structure (5.1.1) of [QIVP], that we anticipate an

asymptotic expansion for s(t) of the form
s(t) = sot” + s1t” +o(t’) as t— 0%, (5.1.2)

where the constants sg, s1, @ and (> «) are to be found. The initial condition (2.0.8g),

together with a leading order balance in equation (2.0.8a) determines

(5.1.3)

1
o= —.
2
We begin in region Iy, following (5.1.1a), where we introduce the coordinate n = yt_% =

O(1)” as t — 0" with u(n,t) = u(y,t) and where u(n, t) satisfies

1 s(t 1
ut__ﬂuﬁ_%un: ;um]—i—f(u), n < 0. (5.1.4)
2

We expand u(n,t) in the form,

u(n,t) = uro(n) + or(B)uri(n) + o(or(t)) as t— 07T, (5.1.5)

with n = O(1)” and ¢ (t) = o(1) as t — 0T to be determined. As we are interested in the
small-time solution our gauge function ¢; depends only on the small-t. On substituting
from expansions (5.1.2) and (5.1.5) into equation (5.1.4), we obtain at leading order as
t— 0T,

1
ufo + 50+ so)ug =0, 1 <0, (5.1.6a)

which must be solved subject to the boundary condition (2.0.8e) at n = 0, together with
the matching condition with region Ily, as n — —oo. Using (5.1.1c) and (5.1.5), these

conditions require,
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u=1-o0(1) u=0(1) u=o(1)
y=0()" = Qt%f y=0)*
IIL, I Ir IIr Y

Figure 5.1: A sketch of the structure of the solution to [QIVP] as ¢t — 0.

uro(0) = e, (5.1.6b)

uro(n) -1 as n— —oo. (5.1.6¢)

Due to the coupling condition (2.0.8f) at n = 0, it is necessary now to consider region
Ig, in which, via (5.1.1b), n = O(1)" and v = O(1) as t — 0" with u(n,t) = u(y,t) and
where u(n, t) satisfies

17 $(t) 1
ut — ;5”77 — t—%un = ;um?? 77 > 0 (517)

We expand u(n,t) in the form,

u(n, t) = uro(n) + Sr(t)uni(n) + o(¢r(t)) as t— 07, (5.1.8)

with n = O(1)* as t — 0%. Here ¢p = o(1) as t — 07, and is to be determined. Now,
substituting from expansions (5.1.2) and (5.1.8) into equation (5.1.7), we obtain at leading

order as t — 0,

1
Upo + 5(77 +80)URy =0, 1 >0, (5.1.9a)

which must be solved subject to the boundary condition (2.0.8¢) at n = 0, together with

the matching condition with region IIg as n — oo, which requires,

upro(0) = ue, (5.1.9b)

upo(n) — 0 as 1 — oo. (5.1.9¢)
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Finally, the boundary value problems (5.1.6) and (5.1.9) must be solved subject to the

coupling condition (2.0.8f) across n = 0, which requires

wy0(0) = gy (0). (5.1.10)

The solutions to (5.1.6) and (5.1.9) respectively, are readily obtained as

Ug er n+so —er n+so er S0
uro(n) = (Lt erfl 2(126rf(;())2 )+ elld) n <0, (5.1.11a)
" . (1 — erf(£2))
RO(T]) c (1—61‘f(830)) )

n>0. (5.1.11b)

Finally, an application of condition (5.1.10) to (5.1.11) determines
so = 2erf (1 — 2u,), (5.1.12)

and thus, the leading order solutions in region Iy, and region Ir, respectively, are given

by

uro(n) = {1 —erf <g +erf (1 — 2uc)> } , n <0, (5.1.13a)

| = DN =

uro(n) = {1 —erf (g +erf (1 — 2uc)> ] , n>0. (5.1.13b)

We now proceed to the correction terms in expansions (5.1.2), (5.1.5) and (5.1.8). A
balancing of terms requires ¢ (t) = ¢r(t) = O(t) as t — 07 and B = 2. Thus, we set
or(t) = ¢r(t) = t, without loss of generality. On substitution from expansions (5.1.2),

(5.1.5) and (5.1.8) into equations (5.1.4) and (5.1.7), we obtain the coupled problem for

ur1(n)(n <0), uri(n)(n > 0) and s, namely,

1 3

uy, + 5(77 + So)upy — UL = —QSW’LO — f(uro(n)), n <O, (5.1.14a)
1 3

gy + 50+ $0)upy = um = =51, 1 >0, (5.1.14b)
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subject to the coupling conditions

uLl(O) = URl(O) = 0, (51140)

ug1(0) = gy (0), (5.1.14d)

and the matching conditions to region IIy, and to region Ilgr, respectively, which are

readily obtained as,

uri(n) =0 as n— —oo, (5.1.14e)

ug1(n) =0 as n— oo. (5.1.14f)

In considering the coupled problem (5.1.14), we first observe that 1 + (1 + so)? is a
solution to the homogeneous part of both (5.1.14a) and (5.1.14b). With this observation,
together with the methods of reduction of order and variation of parameters, we can write

the general solutions to (5.1.14a) and (5.1.14b) as,

2/ 2
= . < S1 N+ So ?
ugr1(n) = dyu(n) + dou(n) — exp (— ( ) ) , n>0, (5.1.15b)

ura(n) = dia(n) + dyu(n) — iexp <— (77 + 50) > +up(n), n<0, (5.1.15a)

2/ 2

where d;, ds, d; and d are arbitrary constants to be determined and the particular solution

up2(n) is given by
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with functions

a(n) = /1 <1 + (77+—2S°)2> orf (”J;SO) + (0 + s0) exp (— (";50)2> . (5.1.17a)

u(n) =1+ 0+ o) (5.1.17b)

i = oo ( (152) Yutnstussto (5.1170)

nan) = exp (5 3“)2)a<n>f<um<n>>. (5.1.174)

As an aside we remark that on fixing n = O(1)~ and varying u., we find
up(n) =0(1) as wu.— 0" and up(n) =o(l) as u.— 1. (5.1.18)

This illustrates how wuz(n) dominates the solution in region Iy, for large u. with wupy(n),
and therefore uy;(n), having an increasingly significant impact as u, decreases. Returning
to our analysis of the boundary value problem (5.1.14), for arbitrary u. € (0,1), an

application of condition (5.1.14c) determines

_SO2
_ (5L et %0
dQ = (ﬁ 2d180> (302 i 2) dlﬁerf ( 9 > y (5119)
2

_ 20
5= (2L _ogs ) =~ 5o
dy = (ﬁ 2d150) oy~ GvAet (5)- (5.1.20)

Moreover, applying the matching conditions (5.1.14e) and (5.1.14f) determines

S1 7& (802 + 2) A
d, = (ELer B T (52t
<\/7_T(802 +2) (erf (%0) + 1) + 2806_%> <ﬁ 2 ) ( )

dy = — ! — [ie—s‘i ] (5.1.22)
(ﬁ(soz +2) (1 —erf (2)) - 2806_T>

—_
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with the constant d, given by

dy = (ﬁ/_o Il()\)d)mt/_o IQ()\)d)\>. (5.1.23)

As u;5(0) = 0, an application of the coupling condition (5.1.14d) determines d; = d, (and

thus dy = dy) which finally requires that

51 = i (\/7?(502 +2) (1 —arf (%)) et — 230) d. (5.1.24)

Thus, we have determined that the two-term expansions for u(n,t) in region Iy, and

region Ig are given by

u(n,t) = %[1 e (’7;30)}

+t (dla(n) + doti() — 231% exp {— (";80)2} +up2(n)> +o(t), (5.1.25a)

as t — 0" with n = O(1)~, and

u(n,o:%[l_erf (”;So)]

+t (dla(n) + doii(n) — 231% exp { - (" J; 50)2 D +o(t), (5.1.25h)

as t — 07 with n = O(1)"; we have also deduced the following two-term expansion for

s(t)

s(t) = Sot? + sit? + o(t2), (5.1.26)

ast — 0". Here the constants dy, do, s and s are given by (5.1.21), (5.1.19), (5.1.12) and
(5.1.24), respectively, and the functions u,2(n), u(n), u(n), I1(A) and I5(\) are given by
(5.1.16) and (5.1.17), respectively. It is worth noting that we have obtained the two term
small-time expansion for s(t) without needing to know the precise asymptotic structure

of the solution in regions ITy, and IIg. Their leading order form described by (5.1.1c) and
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(5.1.1d), respectively, was sufficient. The asymptotic expansion in regions Iy, and IIg
are obtained for completeness of the small-time regime. From (5.1.25a) and (5.1.25b), we

observe that for (—n) > 1,

u(n,t) ~ 1

_ %mexp<— (”z%)?)u — O((n+ s0)72)), (5.1.27)

ast — 0%, and for n > 1,

w(ig,t) ~ % L (— <’723°)2>(1 —O((n+ 50)°2)), (5.1.28)

(n+ s0)

as t — 0.
Now, as n — —oo we move out of region Iy, and into region Ily,, in which, via (5.1.1c),
y=0(1)" and u(y,t) =1 —o0(1) as t — 0F. The structure of the expansion in region I,

for (—n) > 1, (given by (5.1.27)) suggests that in region IIy, we write
H(y.
u(y,t)=1—e "t | (5.1.29)
and expand in the form,
H(y,t) = Hol(y) +t2 Hy(y) + t n t Hy(y) + tHs(y) + o(t), (5.1.30)

ast — 0% with y = O(1)~ and Hy(y) > 0. We substitute expansions (5.1.29) and (5.1.30)

into equation (2.0.8a) to obtain (on solving at each order of ¢ in turn)

1-2D D, 1
—D21nt—(( 2)1n| + Dyl + 2 1
2 (y+Dy)?
D 1
4Dy} Fo(1) ], 5.1.31
D) o<>> (5.0.31)

as t — 0%, with y = O(1)™, and where Dy, Dy, Dy and Ds are arbitrary constants to
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be determined. It remains to match expansion (5.1.31) in region Iy, (as y — 07) with
expansion (5.1.27) in region Iy, (as 7 — —o00). On applying Van Dyke’s matching principle

[58], we readily obtain that

1 1 2
Dy=0, Dy=0, Dy=-=,  Dy=-Inr+->. (5.1.32)
2 2 4
Thus, the expansion in region Ily, is given by
2
y*  yso 1
H=1- — “Int
u(y,t) exp( % o + 5 1In
1 802
— (In(—y) + 3 Inm+ o)t o(1) ], (5.1.33)

as t — 0" and with y = O(1)~. Furthermore, this expansion remains uniform for (—y) >
last—07.

Next, as 7 — oo, we move out of region Ig and into region Ilg, in which, via (5.1.1d),
y=0(1)" and u(y,t) = o(1) as t — 0. The structure of the expansion in region Ig, for

n > 1, (given by (5.1.28)) suggests that in region IIg we write
i
u(y,t) =e ¢ | (5.1.34)

and expand in the form,

H(y,t) = Holy) +t2 Hy(y) + tIntHy(y) + tHs(y) + o(t), (5.1.35)

as t — 0% with y = O(1)* and Hy(y) > 0. Substitution of (5.1.34) and (5.1.35) into
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equation (2.0.8a) gives (on solving at each order of ¢ in turn)

N|=

u(y,t):exp<_1(y"‘DO)Z_il(@( + Do) + Dy (y + Dy)

)

t 2 t2 \ 2
_ 1-2D _ D 1
_D21nt_(¥ln‘y+l)o|+so2l —
(v + Do)*
D? 1 _ )
4+ ————+D3) +0(1) ], 5.1.36

as t — 0%, with y = O(1)*, and where Dy, D;, Dy and D3 are arbitrary constants to
be determined. It remains to match expansion (5.1.36) in region IIg (as y — 07) with
expansion (5.1.28) in region Ig (as 7 — 00). On applying Van Dyke’s matching principle

[58], we readily obtain that

2

1
Dy=0, Di=0, Dy=-—3, D3:§1m+%. (5.1.37)

Thus, the expansion in region Ilg is given by

2

2 1 1
u(y,t) = exp (— % - % + Elnt— (lny+ §1n7r+ %) —l—o(l)), (5.1.38)

as t — 0% and with y = O(1)". Furthermore, this expansion remains uniform for y > 1
ast — 0.

The asymptotic structure as ¢ — 0 is now complete with the expansions in regions
IT;, I, Ig and IIg providing a uniform approximation to the solution of [QIVP] as
t — 07. We next use this information to enable us to develop the asymptotic structure
of the solution to [QIVP] as |y| — oo with t = O(1). However, before proceeding to this,
it is of interest to examine the form of §(¢) in the small-time regime for all u. € (0,1). It

follows from the expression (5.1.26) that

1 3
5(t) ~ ésot_% 581t% as t— 07, (5.1.39)
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with so and s; given by equations (5.1.12) and (5.1.24) respectively. In particular, we

observe from (5.1.12) that sy is monotonic decreasing in u,. with
+ 1 -
Sg—> 00 as u. — 0", sg=0 when Ue =3 and sy — —oo as u, — 17. (5.1.40)

Thus, the leading term in (5.1.39) reveals that $(¢) has an integrable singularity as ¢t — 07,
with

5(t) = +o00 as t— 0T, (5.1.41)

when u, € (0,1/2), whilst,

5(t) = —o0 as t— 07, (5.1.42)

when u, € (1/2,1). When u, = 1/2, there is a transition, and in this case, we determine

$1 = é\/%e /_Oooef [1 — erf? @)]
x (ﬁ (1 n ;) <1 +erf (%)) + Aef>dA, (5.1.43)

via (5.1.24). Additionally, we observe that the integrand is positive for all A < 0, and,

N

therefore, s; > 0. On asymptotic expansion of the error function, we determine s; ap-
proaches zero from above exponentially slowly as A — —oo. Thus, in this transition
case,

5(t) - 07 as t—0". (5.1.44)

We observe that (5.1.41), (5.1.42) and (5.1.44) above confirm the numerical solutions for

[QIVP] obtained in Section 3.2, as illustrated in Figure 3.2.

5.2 Asymptotic Solution to [QIVP] as |y| — oo

We now develop the structure of the solution to [QIVP] as |y| — oo with t = O(1). We

begin in region IIly,, where y — —oo with ¢ = O(1). The structure of the expansion in
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region IIy, for (—y) > 1, (given by (5.1.33)) suggests that in region IIIy, we write

u(y,t) =1— e ¥ 20, (5.2.1)
and expand in the form,

_ 1 In(—y)
D(y,t) = Po(t) + y<1>1(t> T

Dy (t) + %cbg(t) +o(y?), (5.2.2)

as y — —oo with ¢ = O(1) and ®(t) > 0. On substitution of expansions (5.2.1) and
(5.2.2) into equation (2.0.8a) we obtain a system of equations at successive orders of y

which we solve in turn to give:

_ 1 ~ (2s(t) + Ch) B
Do (t) = @+ Co) 1(t) = TG4 Gy Dy(t) = Oy, (5.2.3a)
a0 (B0 £ (M8,

with ¢ = O(1), and where Cy, C;, C and the constant associated with integrating equa-
tion (5.2.3b) (Cs) are arbitrary constants to be determined. Note that ®,(t) and ®3(¢)
both depend on the function s(¢) which is unknown when ¢ = O(1). We now match the
expansion in region ITIy,, given by substituting expressions (5.2.3) and (5.2.2) into (5.2.1)
(ast — 07), with expansion (5.1.33) in region IIy, (as y — —o0). On applying Van Dyke’s

matching principle [58] we find

1
CO = 0, Cl = 0, CQ = 1, Cg = 511171’. (524)
Thus, the expansion in region IIly, is given by
2
y- _ s(t)
—1- 2 (=
u(y,t) exp ( Yy —in(=y)
s(t)? 1 , 1
— ——Int— f'(1 =1 1 2.

(4t 2nt f()t—i—2n7r +o(1) |, (5.2.5)
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as y — —oo with ¢ = O(1). Furthermore, we note that the uniformity of expansion (5.2.5)
when ¢ > 1 as y — —oo is dependent on the order of s(t) when ¢t > 1. This will be
discussed further in Section 5.3 when we investigate the asymptotic solution to [QIVP]
as t — oo.

We next consider the corresponding region IIIg where we investigate the structure of
the solution to [QIVP] as y — oo with ¢ = O(1). The structure of the expansion in region

IIg, for y > 1, (given by (5.1.38)) suggests that in region IIIg we write

u(y,t) = e VW, (5.2.6)
and expand in the form,
- - 1= Iny - 1= 9
P(y,t) = Po(t) + ;‘I’l(t) + ?q’z(t) + ?(P?,(t) +o(y™?), (5.2.7)

as y — oo with t = O(1) and ®¢(t) > 0. On substitution of expansions (5.2.6) and (5.2.7)
into equation (2.0.8a) we obtain a system of equations at successive orders of y which we

solve in turn to give:

- 1 _ (2s(t) + Cy) -

<I>0(t):m, O (t) = TN By(t) = Oy, (5.2.8)
s (25t + O (2-4Cy)  [(2s() +Cr ]
P5(t) _S(t>( At + Cy )+ (4t + Co) _( 4t + Cy ) ’ (5.2.8b)

with ¢t = O(1), and where Cy, C;, Cs and the constant associated with integrating equa-
tion (5.2.8b) (C3) are arbitrary constants to be determined. As in region IIIy,, we note
that ®,(¢) and ®3(t) both depend on the function s(t) which is unknown when ¢ = O(1).
We now match the expansion in region IIlg, given by substituting expressions (5.2.8)
and (5.2.7) into (5.2.6) (as t — 07), with expansion (5.1.38) in region IIg (as y — 00).

On applying Van Dyke’s matching principle [58] we find

Co = 0, Cl = 0, CQ = 1, Cg = —Inm. (529)



Thus, the expansion in region IIlg is given by

u(y,t) = exp (— y_2 — yﬂ —Iny — (S(t)Q — 1lnt + 11n7r) + 0(1)), (5.2.10)

At 2t 4t 2 2

as y — oo with ¢ = O(1). As before, the uniformity of expansion (5.2.10) when ¢ > 1 as

y — 00 is dependent on the order of s(t) when ¢ > 1.

5.3 Asymptotic Solution to [QIVP] as t — oo

We now develop the structure of the solution to [QIVP] as t — oo. Guided by the

numerical results in Section 3.2, we anticipate that
3
s(t) = cgi(t) + o(¢s(t)) as t— oo, (5.3.1)
=0

where ¢g(t) = t, ¢1(t), ¢2(t) = 1 and ¢3(t) are a gauge sequence as t — oo, and the
constants ¢y, ¢y, ¢, c3 are to be determined, with ¢g > 0. We begin by developing
the structure of the solution to [QIVP] as t — oo at leading order, uniform for y € R.
We anticipate that the structure of the solution to [QIVP] as ¢ — oo will have two
principal asymptotic regions in y < 0, and two principal asymptotic regions in y > 0.
An examination of the leading order balances in the exponent of expansions (5.2.5) and
(5.2.10) when ¢ > 1 (via (5.3.1)), together with the connection conditions (2.0.8e) and

(2.0.8f) determine the principal asymptotic structure as:

region IV, :  y=0(t)” withu=1-0(1) as t — o0, (5.3.2a)
region IVR :  y = O(t)" with u = o(1) as t — oo, (5.3.2b)
region Vi, :  y = 0(1)" with u = O(1) as t — oo, (5.3.2¢)
region Vg :  y=0(1)" with u = O(1) as t — oco. (5.3.2d)
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The expansion (5.2.5) in region ITIy, will remain uniform for ¢ > 1 provided that (—y) > t,
but fails when y = O(t) as t — oo. Hence, we begin in region IVy, in which, via (5.3.2a),
we introduce the scaled coordinate w = % = O(1)~ as t — oo with u(w,t) = u(y,t) and

t

where u(w, t) satisfies
tPu; —t (w + o+ 101 + 303 + 0(@3;;)) Uy = Uy + 12 f (1), w < 0. (5.3.3)

The structure of the expansion in region Iy, for ¢ > 1, (given by (5.2.5)) suggests that

in region I'Vy,, at leading order, we write
u(w,t) =1 —exp ( —t (Go(w) + o(1)) ), (5.3.4)

as t — oo with w = O(1)~ and Gp(w) > 0. On substitution of expansion (5.3.4) into

equation (5.3.3), we obtain the following boundary value problem, namely,

(GL)? = (w=+ )Gy + Go = —f'(1), w <0, (5.3.5a)
Go(w) >0 Yw <0, (5.3.5b)
Gol(w) ~ (w—|2—00> — (1) as w— —oo, (5.3.5¢)
Go(w) =0(w) as w—0". (5.3.5d)

Here condition (5.3.5¢) represents the matching condition between expansion (5.3.4) in
region IVy, when (—w) > 1, and expansion (5.2.5) in region ITIy, when ¢ > 1 whilst
condition (5.3.5d) represents the matching condition between expansion (5.3.4) in region
IVy when w = O(t71)~, and region Vi, when y = O(¢)~ via (5.3.2¢). Equation (5.3.5a)

has a family of linear solutions

Go(w) = a1(w+co—ay) — f'(1) Yw <0, (5.3.6)
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for any a; € R, and an envelope solution

Golw) = (w ; CO)Q —F(1) V<o (5.3.7)

It is also possible for a combination of (5.3.6) and (5.3.7) to represent ‘envelope-linear’
solutions to equation (5.3.5a), which also remain continuous and differentiable. Applying
the matching conditions (5.3.5¢) and (5.3.5d) determines that for each ¢y > 0, the solution

to the boundary value problem (5.3.5) is given by the ‘envelope-linear’ solution

(wte)? — f(1), w < =/ —4f(1),

Gl — - (5.3.8)
(CO‘—VCQZ‘”(”> w,  —/@—4f(1)<w<0.

A sketch of Gy(w), for a fixed ¢y > 0, is given in Figure 5.2. For completeness we

note that although Go(w) and Gj(w) are continuous, Gjj(w) is discontinuous at the point

w = —/c2—4f'(1). Therefore, a thin transition region must exist about the point
w = —4/c2 — 4f'(1) where second derivatives are retained at leading order to smooth out

this discontinuity. Moreover, region IV, will then be replaced by three regions; region
IV2, with —0o < w < —/c3 — 4f'(1) — o(1); region Ty, a thin transition region about
the point w = —/c2 — 4f/(1); region TVE, with —/c2 —4f'(1) + o(1) < w < 0. We are
only interested in the leading order structure in each expansion for now and will return
to consider these regions in more detail later.

Now, as w — 0~ we move out of region IVy, and into region Vp,, in which, via (5.3.2¢),

u=0(1) and y = O(1)” as t — oo. In this region we therefore expand as

u(y,t) =uro(y) + O(WL(t)) as t— oo, (5.3.9)

with y = O(1)7, uro(y) > 0 and where 91 (t) = o(1) as t — oco. On substitution from

expansions (5.3.1) and (5.3.9) into equation (2.0.8a), we obtain at leading order as ¢ — oo,
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Figure 5.2: A sketch of Gy(w).

Uy + cotlpg + flige) =0 Yy <0, (5.3.10a)

which must be solved subject to the boundary condition (2.0.8e) at y = 0, together with
the matching condition with region IV, as y — —oo. Using (5.3.8) and (5.3.9), these

conditions require,

ﬂLo(O_) = U, (5310b)

to(y) > 1 as y— —oo. (5.3.10c¢)

Due to the coupling condition (2.0.8f) across y = 0, it is necessary now to formulate the
leading order problem in the corresponding regions when y > 0 as t — co.

The expansion (5.2.10) in region IIIg will remain uniform for ¢ > 1 provided that
y > t, but fails when y = O(t) as t — oo. Hence, we now consider region IVg, in
which, via (5.3.2b), we introduce the scaled coordinate w = 4 = O(1)* as t — oo with

u(w,t) = u(y,t) and where u(w, t) satisfies

tzut —t (w + Co + Clél + Cgég + O(¢3)> Uy = Uy, W > 0. (5311)
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The structure of the expansion in region IIIg, for ¢t > 1, (given by (5.2.10)) suggests that

in region I'VR, at leading order, we write

u(w, t) = exp ( — ¢ (Go(w) + 0(1)) ), (5.3.12)

as t — oo with w = O(1)T and Go(w) > 0. On substitution of expansion (5.3.12) into

equation (5.3.11), we obtain the following boundary value problem, namely,

(@6)2 —(w+co)Gy+Go=0, w>0, (5.3.13a)
Go(w) >0 Yw >0, (5.3.13b)
= w+ ¢ 2

Go(w) ~ ( 5 0) as  w — 0o, (5.3.13c¢)
Go(w) = O(w) as w — 0%, (5.3.13d)

Here condition (5.3.13c) represents the matching condition between expansion (5.3.12)
in region IVg when w > 1, and expansion (5.2.10) in region IIIg when ¢ > 1 whilst
condition (5.3.13d) represents the matching condition between expansion (5.3.12) in region
IVR when w = O(t7!)T, and region Vg when y = O(t)" via (5.3.2d). For each ¢y > 0,

the boundary value problem (5.3.13) has the unique solution

(m)ga w > Co,
Go(w) = (5.3.14)

CoWw, 0<w < c.

A sketch of Go(w) for a fixed ¢y > 0 is given in Figure 5.3. For completeness we note that
although Go(w) and Gj(w) are continuous for all w = O(1)*, Gfj(w) is discontinuous at
the point w = ¢g. Hence, a thin transition region about the point w = ¢y is required in
which the second derivatives are retained at leading order to smooth out the discontinuity.
This requires that region IVg is replaced by three regions; region IV%, with ¢y + o(1) <

w < oo; region T, a thin transition region about the point w = c¢y; region IVY, with
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Figure 5.3: A sketch of Go(w).

0 <w < cy—o(l). As before, we will consider these regions in more detail later.

Now, as w — 07 we move out of region IVg and into region Vg, in which, via (5.3.2d),

u=0(1) and y = O(1)" as t — oo. In this region we must therefore expand as

u(y,t) = tro(y) + O(Wr(t)) as t— oo,

(5.3.15)

with y = O(1)", tge(y) > 0 and ¥g(t) = o(1) as t — oo. On substitution from expansions

(5.3.1) and (5.3.15) into equation (2.0.8a), we obtain at leading order as ¢t — oo,

W+ colly =0 Wy > 0, (5.3.16a)

which must be solved subject to the boundary condition (2.0.8e) at y = 0, together with

the matching condition with region IVg as y — oco. Using (5.3.14) and (5.3.15), these
conditions require,

im0 (07) = e, (5.3.16b)
Upo(y) = 0 as y— oo. (5.3.16¢)

Finally, the boundary value problems (5.3.10) and (5.3.16) must be solved subject to the
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coupling condition (2.0.8f) across y = 0, which requires

The coupled nonlinear boundary value problem, given by (5.3.10), (5.3.16) and (5.3.17),
across regions Vi, and VR is precisely the nonlinear boundary value problem (4.2.3) with

v replaced by c¢g. Thus, we immediately conclude that

Uro(y) = Ur(y), y =0, (5.3.18a)

turo(y) = Ur(y), y <O, (5.3.18b)

and that ¢y is now determined as,

co = v (ue), (5.3.18c¢)

where Uy : R — R is the PTW solution to [QIVP] at cut-off u. € (0,1), which has
propagation speed v*(u.). In Section 4.2, an exact expression for the PTW solution for
non-negative y was given by equation (4.2.29¢c) with its asymptotic form in the limit of
y — —oo given by (4.2.29d). This completes the asymptotic structure of the solution to
[QIVP] as t — oo at leading order.

To develop the solution to [QIVP] to higher order we must first return to region
Tg, the localised transition region in which w = v*(u.) + o(1) as t — oo. It follows
from the leading order term in the expansion in region IVg (given by (5.3.14)) that to
examine region Tr we must introduce the scaled coordinate ¢ = (w — v*(u,))t? with

u(C,t) = u(w, t) and where u((,t) satisfies
1 N 1. . . .
tut —t2 (2?) (Uc) + §Ct 2 + Cl¢1 + C3¢3 + 0(¢3)) U¢ = Ug¢e, C > 0. (5319)
We expand u((,t) in the form

u(¢,t) = (Fo(¢) + o(1)) exp ( — tv*(ue)? — t%Cv*(uc)), (5.3.20)
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as t — oo with ¢ = O(1) and Fy(¢) > 0. On substitution of expansion (5.3.20) into

equation (5.3.19) we obtain
td) (t) (v*(ue)er Fo) + (—%gﬁ}; — Fg’) +0(1) = 0. (5.3.21)
The only non-trivial dominant balance requires that we set, without loss of generality
¢1(t) = Int. (5.3.22)
Thus, the leading order equation in region Tg is given by
F + %CF(; —vFy =0, —00 < ( < 00, (5.3.23)

with 7 = v*(u.)e;. To obtain the full boundary value problem for Fy(¢) we require
matching conditions as ( — —oo with region IVE and as ¢ — oo with region IV%.
Therefore, we next return to region IVR. The structure of the expansion in region Vg,
for y > 1, (given by (5.3.15), (5.3.18a) and (4.2.29¢)) dictates that in region IVE we

expand in the form

w(w, 1) = exp <—t (v*(uc)w - %G(m +o G))) , (5.3.24)

as t — oo with O(t™!) < w < v*(ue) — O(t"2). We substitute expansion (5.3.24) into

equation (5.3.11) to obtain (on solving at each order of ¢ in turn)

u(w,t) = exp ( — tv* (ue)w + v*(ue)er In (v (ue) — w) +d+o0(1) ) : (5.3.25)

as t — oo with O(t™) < w < v*(u.) — O(t~2) and where the constants ¢; and d are to
be determined. On matching expansion (5.3.25) in region IVY (as w — v*(u.)”) with

expansion (5.3.20) in region Tr (as ( — —o0), via Van Dyke’s matching principle [58],
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we readily obtain that

1 =0, (5.3.26)

after which we must have
) =e¢'+0(1) as (— —oc. (5.3.27)

To determine d we next match expansion (5.3.25) (with (5.3.26)) in region IVR (as w —
07) with expansion (4.2.29¢) in region Vg (as y — 00). On applying Van Dyke’s matching
principle [58], we require that

d = Inu,. (5.3.28)

Thus, via (5.3.25), (5.3.26) and (5.3.28), the expansion in region IV is given by
u(w,t) = exp ( — tv* (ue)w + Inwu, + 0(1)>, (5.3.29)

as t — oo with O(t™1) < w < v*(u.) — O(t~2). In addition (5.3.27) becomes

Fo(¢) =uc+o0(1) as (¢ — —o0. (5.3.30)

We next consider region IVg. The structure of the expansion in region Illg, for ¢t > 1,
(given by (5.2.10)) and the form of s(t) as t — oo (given by (5.3.1) with ¢; now determined

by (5.3.26)), suggests that in region IV we write

u(w,t) = e 716, (5.3.31)
and expand in the form,
2
_ *(u, Int - 1 -
Gw, 1) = (%“‘)) 22 G () + Galw) +oft7), (5.3.32)

as t — oo with w > v*(u,)+O(t"2). On substitution of (5.3.31) and (5.3.32) into equation
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(5.3.11) we obtain a series of boundary value problems which we solve at each order of ¢

in turn to obtain

w(w, £) = exp ( iy (%W)Z - %mt — Golw) + 0(1)>, (5.3.33)

as t — oo with w > v*(u.) + O(t"2) and where the function Gs(w) is indeterminate,
being globally dependent on the evolution at earlier stages when ¢t = O(1) and y = O(1).

However, to match with expansion ITIg (when ¢ > 1) as w — 0o, we require

_ “(u, 1
Go(w) ~ ¢ (%(u)) +Inw + §ln7r as  w — 00. (5.3.34)

In addition, the structure of the expansion in region T, as given by (5.3.20), requires,

for matching to be possible, that,

Go(w) ~arIn (w—v*(u)) + @ as w — v*(ue), (5.3.35)

for some constants @y, as to be determined. We now match in detail the expansion in
region IV4, given by (5.3.33) and (5.3.35) (as w — v*(u.)"), with expansion (5.3.20) in

region Tr (as ¢ — o0). On applying Van Dyke’s matching principle [58] we find that
a =1, (5.3.36)

after which,

2
s

Fo(Q)=a¢te T (1+0(1)) as ¢ — oo, (5.3.37)

where & = e~®2. Hence, on collecting (5.3.23), (5.3.26), (5.3.30) and (5.3.37) we obtain
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the boundary value problem in region Tg for Fy(¢) as,

F + %gﬁg =0, —00 < ( < o0, (5.3.38a)
Fo(¢) > 0, —00 < ( < 00, (5.3.38b)
Fo(¢) = ag—le—§ (14+0(1)) as (¢ — oo, (5.3.38c¢)
Fo(Q) =ue+o0(1) as ¢ — —oo. (5.3.38d)

This boundary value problem has a solution only when

5= 5.3.39
= (5339
with the solution being unique, and given by,
_ 1 C
Fy(¢) = Sl erfc 5 ) —00 < ( < o0. (5.3.40)
It follows from (5.3.39) that
Gy = —In < (5.3.41)

i
It is now instructive to summarise the structure in regions IV&, Tgr and IVE. The

expansion in region IV% is given by (5.3.33) together with the asymptotic conditions

_ In (w — U*(UC) —In u:r7 as  w — U*(u0)7
ot~ ( ) —In % (5.3.42)
Cs (’w'f"l);(uc)) _I_ lnw —+ %lnﬂ', as w — 0,

whilst in region Tg

w(C,t) = (%u erfc (g) + 0(1)) exp ( bt (u)? — t%gv*(uc)>, (5.3.43)
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as t — oo with ¢ = O(1), and in region IV%
u(w,t) = exp ( — tv* (ue)w + Inwu,. + 0(1)) : (5.3.44)

as t — oo with O(t™1) < w < v*(u,) — O(t™2).
We next consider the structure of the expansion in region Tgr in closer detail. Via

(5.3.43), we observe that for (—¢) > 1,

u(C,t) ~ exp (—tv*(uc)2 — tév*(uc)g +Inwu, — %%e‘f) : (5.3.45)

as t — oo, which demands that in region IVE, to continue the expansion in (5.3.44), we

must write

* 1 = t * c 2
u(w, t) = uee ) 1172 T(w, t) exp (— (w —Hjl (1)) ) ) (5.3.46)

as t — oo with O(t™!) < w < v*(u.) — O(t~2) and T(w,t) = O(1) as t — oco. On

substituting from expansion (5.3.46) into equation (5.3.11), and simplifying, we obtain

T, =t T
=0 (tégbg(t) exp (—t (wv*(uc) - W))) : (5.3.47)

as t — oo with O(t7!) < w < v*(u,) — O(t~2). We will later verify that the right-hand
side of equation (5.3.47) is exponentially small as t — oo in this region. Hence, to obtain

a structured balance in (5.3.47), we must expand T'(w,t) in the form

T(w,t) =To(w) +t ' Ti(w) +o (t7), (5.3.48)

as t — oo with O(t™) < w < v*(u.) —O(¢~2) and on substitution into (5.3.47) we obtain
the leading order equation

TV + Ty =0, (5.3.49)
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with O(t™) < w < v*(u,) — O(t"2). We conclude that Ty(w) is indeterminate and
represents a further globally determined function. Therefore, the expansion in region

IVY is developed to,

u(w, t) = u.e ™ (ue)

+ 72 Ty(w) (1 + Ot 1)) exp (_t(“’ i Z*(”CW) , (5.3.50)

as t — oo with O(t™!) < w < v*(u.) — O(t~2). We now match the expansion (5.3.50)
in region IVE (as w — v*(u.)”), with expansion (5.3.45) in region Tgr (as ( — —o0), in

detail. On applying Van Dyke’s matching principle [58] we obtain the condition

— UC

To(w) = _ﬁ

(w—v*(u))  +o(w —v*(u))™ as w— v (u) . (5.3.51)

We next return to region Vg. First, a balance between expansion (5.3.9) in region Vi,

and expansion (5.3.15) in region Vg, across the connection at y = 0, gives

Yr(t) = Yr(t) = ¥(1), (5.3.52)

where ¢(t) = o(1) as ¢ — co. In order for the expansion in region Vg (as y — 00) to

match with the expansion in region IVE (as w — 01), via (5.3.50), we require

W(t) = O (t”e_w) , (5.3.53)

as t — oo and with constant v to be determined. Thus, without loss of generality we set

W) = e (5.3.54)
Hence, in region Vgr we develop expansion (5.3.15) in the form
v*(uc)Qt
u(y,t) =Ur(y) +t7e” 1wy (y)(1 + o(1)), (5.3.55)

86



as t — oo with y = O(1)*. On substitution of expansion (5.3.55) into equation (2.0.8a),

and cancelling at leading order, we obtain

1
— Zv*(uc)Qul — v*(ue)uj — uf + o(1)

v* (ue)?t

= 0" (up)csuee ™ TG (e T (5.3.56)
as t — oo with y = O(1)". The non-trivial balance in (5.3.56) requires that we set,
without loss of generality

_ vt (ue)t

P5(t) =te” 1, (5.3.57)
and we note that this now confirms that the right-hand side of equation (5.3.47) is expo-
nentially small as ¢ — oo. The problem for u;(y) is then given by

1
uf + v (ue)uf + ZU*(UC)Qul =—cUr(y), y>0, (5.3.58a)

u (01) =0, (5.3.58b)

where the condition (5.3.58b) is obtained from the boundary condition (2.0.8e¢). The
boundary value problem for w;(y) must be solved subject to the matching condition
with region IVE, however, before formulating this matching condition, we consider the
asymptotic solution in regions IV2 T, IV? and Vy,. We begin in region IV2.

The structure of the expansion in region ITIy, for ¢ > 1 (given by (5.2.5)), the structure
of s(t) as t — oo (with ¢y and ¢; given by (5.3.18¢) and (5.3.26) respectively) and the
leading order behaviour in regions IVZ and IVP (given by (5.3.8)), suggests that in region
IV} we write

u(w,t) =1 — e t¢WH, (5.3.59)
and expand in the form,

w + v*

G(w,t) = (%) — )+ h“th:l(m + %Gg(w) +o(t™), (5.3.60)
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as t — oo with w < —y/v*(u.)? —4f/(1) — O(t~2). On substitution of (5.3.59) and
expansion (5.3.60) into equation (5.3.3) we obtain a series of boundary value problems

which we solve at each order of ¢ in turn to obtain

u(w,t) =1 —exp (—t ((%) — f’(l)) — %lnt — Go(w) + 0(1)), (5.3.61)

as t — oo with w < —y/v*(u.)? —4f'(1) — O(t~2), and where the function Ga(w) is
indeterminate, being globally dependent on the evolution at earlier stages when ¢t = O(1)
and y = O(1). However, to match with expansion ITIy, (when ¢ > 1) as w — —o0, we
require

w + v*(ue)

Go(w) ~ ¢y ( 5 ) + In(—w) + % Inm as w— —o0. (5.3.62)

We next examine region Tp,. It follows from the structure of the expansion in region IV{,

asw — (—/v*(ue)? — 4f'(1))7, that in region Ty, we must introduce the scaled coordinate

(= <w + /v (ue)? — 4f’(1)> tz, with u(¢,t) = u(w, t) and where u(C,t) satisfies

t2 (v*(uc) — Vo (ue)? — 4f'(1) + c33 + 0(gz§3)> + %C ue = uee +tf(u), (5.3.63)

tut -

with ¢ < 0. We expand u((,t) in the form

u(C1) = 1= (Fp(Q) +o(1)) exp (- t( (“*Wc) - Jv*2<uc>2 - 4f’(1)>

- f’(1)> — 15¢ (U*(u°> - W*z(%)g - 4f’<1)> ) (5.3.64)

as t — oo with ¢ = O(1). On substitution of expansion (5.3.64) into equation (5.3.63) we

obtain at leading order

1
Fy 4+ 5CFy =0, —co<( <o (5.3.65)
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To obtain the full boundary value problem for F(¢) we require matching conditions as
¢ — £o0. To that end, the structure of the expansion in region Ty, as given by (5.3.64),

requires, for matching to be possible, that,

Ga(w) ~ ay In ‘ (w o) — 4f/(1)) ‘ + as, (5.3.66)

as w — (—+/v*(uc)? —4f'(1))~ for some real constants aj,as to be determined. We

now match in detail the expansion in region IV}, given by (5.3.61) and (5.3.66), as

w — (—y/v*(ue)? — 4f'(1))”, with expansion (5.3.64) in region Ty, as ( — —oo. On

applying Van Dyke’s matching principle [58], it immediately follows that
ar =1, (5.3.67)

after which we must have

2

Fo(Q) =oC e T (1+0(1)) as ¢ — —o0, (5.3.68)

where 0 = e~*2. We next consider the matching condition as ( — oco. The structure
of the expansion in region Vi, for (—y) > 1, (given by (5.3.9), (5.3.18b) and (4.2.29d))

dictates that in region IV® we must expand in the form

w(0,8) = 1 — exp (_t (v*(ua — Vo (w)? = 4f’(1)> .

2

+ G(w) + 0(1)) , (5.3.69)

as t — oo with —/v*(u.)? — 4f/(1) + O(t2) < w < O(t™')~. We substitute expansion

(5.3.69) into equation (5.3.3) to obtain (on solving at each order of ¢ in turn)

u(w, t) =1 — exp <—t (U*(UC) VA U 4f/<1)> w+d+o (1)) , (5.3.70)

2
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as t — oo with —/v*(u.)? — 4f/(1) + O(t™2) < w < O(t™*)~ and where the constant d
is to be determined. On matching expansion (5.3.70) in region IVP (as w — 07) with
expansion (5.3.18b) in region Vi, (as y — —o0), via Van Dyke’s matching principle [58],
we readily obtain that

d=1nay, (5.3.71)

where, for fixed u, € (0,1), a is the global constant associated with the leading edge
behaviour of Ur(y) (see equation (4.2.29d)). Thus, via (5.3.70) and (5.3.71), the expansion

in region ITVP is given by

u(w,t) =1 —exp (—t (U*(uc) — \/v*2(uc)2 — 4f/(1)> w+Ina, +o (1)) . (5.3.72)

as t — oo with —y/v*(u.)2 —4f'(1) + O(t™2) < w < O(t™1)~. On matching expansion

(5.3.72) in region IV® (as w — (—+/v*(u.)2 — 4f'(1))~) with expansion (5.3.64) in region

Ty, (as ( = o), we obtain the condition

Fo(€) = ano +0(1) as ( — oo. (5.3.73)

Hence, on collecting (5.3.65), (5.3.68) and (5.3.73) we obtain the boundary value problem

in region Ty, for Fy(C) as,

FY %gFé =0, —00 < ( < 00, (5.3.74a)
() >0, —oo<(<oo, (5.3.74b)
Fo(¢) = ac—le—§ (1+0(1)) as (¢ — —oo, (5.3.74c)
Fo(¢) = aoe +0(1) as ¢ — oo. (5.3.74d)

(5.3.75)



with the solution being unique, and given by,

1
Fo(C) = oo (1 + erf (g)) ., —o00< (< o0 (5.3.76)
It follows from (5.3.75) that
Qoo

It is again instructive to summarise the structure in regions IV2 Ty, and IVR. The

expansion in region IV} is given by (5.3.61) together with the asymptotic conditions

Gor(w), asw — (—w}*(uc)? - 4f’(1))_ ,

Go(w) ~ (5.3.78a)
Gaa(w), asw — —o0,
with
Gor(w) = Injw| + /v*(ue)? — 4f/(1)| — In “—\;‘%
Gaa(w) = o <%(uc)> + Injw| + %11171’ (5.3.78b)
whilst in region Ty,
w(C,t) = 1— (%aoo (1 +orf (g)) 4 0(1)>
<o <_t<(v*<uc> SO f,m)
-y (v*<uc> ~ VT 4f’(1))> | (5.3.79)
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Figure 5.4: A schematic representation of the location and thickness of the asymptotic re-
gions in the solution to [QIVP] as t — oco. Here the exponents Go(w) and Gy(w) are given
by (5.3.8) and (5.3.14), and there are thin transition regions at w = —/v*(u.)2 — 4f/(1)
and at w = v*(u,..), respectively. Note that regions ITI}, and ITIg are far field regions for
|lw| > 1 as t — oo.

as t — oo with ¢ = O(1), and in region TV

u(w,t) =1 —exp <_ t (U*(UC) - \/U*<Uc)2 — 4f’(1)>

2

+Inay + 0(1)> , (5.3.80)

as t — oo with —y/v*(u.)? — 4f'(1) +O(t72) <w < O(t™1)~. A schematic representation
of the location and thickness of the asymptotic regions as t — oo is given in Figure 5.4.

We next consider the structure of the expansion in region Ty, in closer detail. Via

(5.3.79), we observe that for ¢ > 1,

U(C,t) ~1— exp —t( (U*(UC) — \/U;(UC)Q - 4f/(1)> . f/(l))

. t;§<v*<uc> ~ T 4f’(1))

11 _¢
+lnaw — —- _i) ) (5.3.81)

Ve

as t — oo, which demands that in region IVP, to continue the expansion in (5.3.80), we
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must write

B v*(ue) — /v*(ue)? — 4f'(1)
u(w,t)—l—(zooexp[—t< 5 )w]

7T (w, t)etH®), (5.3.82)

as t — oo with —y/v*(u.)? —4f/(1) + Ot2) < w < Ot and T(w,t) = O(1) as

t — o0o. Here B is a constant to be determined and

H(w) > (U*(uc) — Vo (u)? — 4 f’(l)) w, (5.3.83)

for all —y/v*(u.)? —4f(1) < w < 0. On substituting from expansion (5.3.82) with

(5.3.83) into equation (5.3.3) we obtain

T (H, — (w+v*(u;)Hy + H+ f'(1)) + Ot ™)

=0 (ﬂ-ﬁ-B exp (—t <(U*(u0) — \/U*Q(HC)Z — 4f/(1>> w

o )? - H(w)))) , (5.3.84)

as t — oo with —/v*(u.)? — 4f'(1) + O(t™2) < w < O(t™*)~. To obtain a non-trivial
balance at leading order as t — oo, we suppose that the function H(w) is such that the
right-hand side of equation (5.3.84) is exponentially small as t — oo, and we will later
verify this as consistent. Thus, at leading order, we obtain the following boundary value

problem in region IV? for H(w),

H? — (w+v*(ue))Hy + H+ f'(1) =0, (5.3.85a)

0< H(w) — % (v*(uc) — Vo (u)? — 4f’(1)) w < %v*(uc)2, (5.3.85b)
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with —+/v*(u.)? — 4f'(1) < w < 0 and which must be solved subject to

H(w) — iv*(uc)2 as w— 07, (5.3.85¢)
H(w N (U*(UC) B \/ ( ) 4f< ) (uc)> \/U*(UC)2 _4f/<1)
( (uo)? = 4771 )> (w + /v (ue)? — 4f’(1))
i w+ Vo (u)? 4f’(1)>2, (5.3.85d)

as w — (—+/v*(u.)? —4f'(1))". Here the lower bound of inequality (5.3.85b) follows
from (5.3.83), whilst the upper bound ensures the right-hand side of equation (5.3.84) is
exponentially small as t — oo. Condition (5.3.85¢) is required so that the correction term
in expansion (5.3.82) is of the appropriate order to enable matching of (5.3.82) in region
IV? (as w — 07) with expansion (5.3.9), (5.3.18b), (4.2.29d), (5.3.52) and (5.3.54), in

region Vi, (as y — —oo). Condition (5.3.85d) represents the matching condition between

the expansion in region IVP as w — (—y/v*(u.)? — 4f'(1))* (given by (5.3.82)) and the
expansion in region Ty, as ( — oo (given by (5.3.81)). Recalling that for each u. € (0,1)

then v*(u,.) € (0,2), the boundary value problem (5.3.85) has the unique solution

Hpi(w), —\/U (ue)? ) <w < —24/—f'(1

H(w) = (5.3.86)

HLQ(U]), —24/ —f/<1) <w <0,

with
1 2 /
Hia() = S 07 ()~ 10,
Hyo(w) = 30" (ue)? + (%v*(uc) - f’(l)) w, (5.3.87)
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and where we also determine, via asymptotic matching, that

B==z (5.3.88)

for —/v*(u.)? — 4 /(1) +O(t72) < w < —24/—f'(1)—O(t"2). A sketch of the exponents
in expansions (5.3.33) and (5.3.44), (5.3.61) and (5.3.80) in regions IV&,IVE, IV2 and

IV2 respectively, is given in Figure 5.5. We note that although H(w) and H'(w) are

continuous for all —y/v*(u.)2 — 4f'(1) < w < 0, the second derivative H”(w) is discon-
tinuous at the point w = —2\/T(1). Hence, a thin transition region about the point
w = —24/—f(1) is required in which the second derivatives are retained to leading order
to smooth out the discontinuity. However, this region is passive, and for brevity will
not be considered here. It remains to determine T'(w,t) in region IV2. To that end, we

expand T'(w,t) in the form

T(w,t) = Toy(w) + t Ty (w) + o (t7), (5.3.89)

ast — oo with —y/v*(u.)? — Af(1)+0(t"2) < w < O(t™") and substitute from expansion

(5.3.82) (with (5.3.86) and (5.3.89)) into equation (2.0.8a). When —/v*(u.)? — 4 /(1) <
w < —24/—f"(1), we find A = 1 and obtain at leading order

TV +T, = 0. (5.3.90)

Therefore, Ty(w) is indeterminate when —y/v*(u.)? —4f/(1) < w < —24/—f'(1) and
represents a further globally determined function. However, when —2./— f'(1) < w < 0,

we obtain at leading order

(w+2¢i?ﬁﬂzg=—5%, (5.3.91)
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%(w + U*(UC))Q - f/(l/)/

a b —v*(ue) 0 v*(ue) w

Figure 5.5: Sketches of the exponent in expansions (5.3.61) and (5.3.80), in regions IV}
and IV® respectively, in brown; sketches of the exponent in expansions (5.3.33) and
(5.3.44), in regions IV% and IVR, respectively in blue; and sketches of the exponential
corrections in regions IV®? (a < w < O) and IVR 0<w< v*(uc)), respectively, in red.
We have used the notation a = —/v*(u (1) and b = —f(1).

which gives, on integration,

( —f/( )> Ap
To(w) = = (5.3.92)
(w + 2«/—f’(l))

with —24/—f"(1) < w < 0 and where A;, # 0 is a globally determined constant. Therefore,

the expansion in region IV® is developed to,

w(w,t) =1 — as exp ( —t (v*(uc) VA U 4f,(1)) w) + u(w, t), (5.3.93)

2

as t — oo. Here

i(w,t) =t (Ty(w) + o(1)) exp (—t G (w + v (u))? — f’(l)) ) , (5.3.94)

when —y/v*(u.)? — 4f'(1) + O(t~ 2) < w < —2y/—f(1) — O(t"2), with

To(w) ~ a—\;’% (w + VU (ue)? — 4f’(1)>_1 as w — (—v/v*(ue)2 — 4f/(1)),  (5.3.95)
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and

N —

pr=5. (5.3.96)

However,

B2
— AL
w(w,t) = <2 d (1)> t%(1+0(1))

= (w L 2\/T(1)> B
X exp (—t (}lv*(ucf + (%v*(uc) L/ f’(l)) w>) (5.3.97)

when —2,/—f(1) + O(t™2) < w < O(t™!)~, and with S, undetermined at this stage.

It is important to note that the change in structure of @(w,t) across w = —2\/7(1)
is accommodated in a transition region when w = —2,/—f/(1) + O(t™2). This region is
passive and its details may be omitted here.

We can now return to region V. It follows from (5.3.9) with (5.3.18b), (4.2.29d),

(5.3.52) and (5.3.54), that in region Vi, we must develop expansion (5.3.9) in the form

u(y,t) = Ur(y) + 7 exp <—%lv*(uc)2t> ur(y)(1+o(1)), (5.3.98)

as t — oo with y = O(1)~. On substituting from expansions (5.3.1) and (5.3.98) into
equation (2.0.8a), and cancelling at leading order, we obtain
1
uf + v (ue)uy + (ZU*(UC)2 + f’(UT(y))) u = —c3Up(y), vy <0, (5.3.99a)
u1(07) =0, (5.3.99Db)

where the condition (5.3.99b) is obtained from the boundary condition (2.0.8¢). It remains
to match expansion (5.3.98) in region Vi, (as y — —o0o) with expansion (5.3.93) in region

IV? (as w — 07). On applying Van Dyke’s matching principle [58], we readily obtain
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this matching condition as

1
u(y) ~ Ar exp (( —f(1) - 50*(%)) y) as  y — —oo, (5.3.99¢)
with Sy now determined as
Ba = —7. (5.3.100)

On collecting the boundary value problems (5.3.58) and (5.3.99), in addition to the deriva-

tive continuity condition (2.0.8f) at y = 0, we obtain the following boundary value problem

for uy(y),
uy + v (ue)ul + iv*(uc)Qul = —c3Ur(y), y >0, (5.3.101a)
uf + v* (ue)uy + (iv*(uc)z - f’(UT(y))> u = —csUR(y), y <0, (5.3.101Db)
ui () ~ Ay exp (( — (1) - %v*(u6)> y) 85y — —00, (5.3.101¢)
wi(07) = ur (0%) = 0, (5.3.101d)
4 (07) = o, (01), (5.3.101¢)

which must be solved subject to the matching condition on u;(y) (as y — oo) with ex-
pansion (5.3.50) in region IVE (as w — 07). We begin in y < 0, with the inhomogeneous
linear equation (5.3.101b). It follows from equation (4.2.3a) for Ur(y) that a particular
integral for (5.3.101b) is readily deduced to be proportional to Uk(y). Moreover, the

general solution to (5.3.101b) may be written as

uily) = oo+ (y) + Fro-(y) — 455 Un (W), 0 <0, (5.3.102)

with ¢, (y),¢_(y) : (—o0,0] — R basis functions for the homogeneous part of equation
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(5.3.101b) chosen so that

b4(y) ~ exp (( —) - %v*@)) y), (5.3.103a)
o-) ~ o (= (VI + 5o ). (5.3.103)

as y — —oo, whilst Ey and FE; are arbitrary real constants to be determined. It follows

from (4.2.29d), (5.3.103) and an application of condition (5.3.101c), that we must have
Ey=A4;,, E =0. (5.3.104)

Moreover, on applying condition (5.3.101d) (where we have evaluated U/ (0) via (4.2.29¢)),

we obtain

cy = —AL”*(Z;W*(O). (5.3.105)

Thus, on collecting expressions (5.3.102), (5.3.104) and (5.3.105) we have

uy (y) = Ardy(y) + ffi—ﬁ%(y), y <0. (5.3.106)

We next consider u;(y) with y > 0. The general solution to the inhomogeneous linear

equation (5.3.101a) (using equations (4.2.29¢) and (5.3.105)) is readily found to be
ui(y) = (B3 + Egy) e 2" MW — A (0)e™ W,y >0, (5.3.107)

with arbitrary real constants E3 and Ej determined, via application of the coupling con-

ditions (5.3.101d) and (5.3.101e), as

Es = Ao (0), (5.3.108)

B, = A, (qs;(o) 1 64(0) (11)*(%) _ S >) | (5.3.100)

2 V* (U ) U

with Ay, # 0. Finally, we match the expansion in region Vg (as y — oo) with the
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expansion in region IVE (as w — 07). Now, when E; = 0, we obtain the matching

condition
Go(w) ~ App(0) as w— 0%, (5.3.110)
and
1
y=—5(=—h). (5.3.111)

However, when E, # 0, we obtain the matching condition

Go(w) ~ Bqw as w — 07, (5.3.112)
and
3
1= —2(= ). (5.3.113)

Also, it follows from expression (5.3.105) (since A, # 0) that ¢3 = 0 if and only if

¢+ (0) = 0. Therefore, we have the following cases. Firstly,

¢+(0) # 0. (@
In this case
C3 7£ O,
and
. 1 _ 3
Ly = 0 with v = —5(: —fB2) or Ey# 0 withy= —§(= —3a).
Secondly,
¢.(0) =0. (I1)
In this case ¢, (0) # 0 and
C3 = O,
whilst £y # 0, and so
3
v = —5(— —fa).
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We next consider the basis function ¢, : (—o00,0] — R. For fixed u. € (0,1) the initial
value problem for ¢, : (—o00,0] — R is given by

{0+ PO ) 02 =0,y <0, (531162

o1~ exp (VP - 50w ) o) as g o (5.3.116b)

We reduce (5.3.116) to normal form by setting ¢ (y) = ¥ (y)exp (—5v*(uc)y) with

¥y (—00,0] = R now satisfying the initial value problem

Y4+ f(Ur(y)vy =0, y<0, (5.3.117a)

Vi (y) ~ exp (\/ —f’(l)y) as Yy — —00. (5.3.117b)

This can now be solved numerically to find ¢, (0) and ¢, (0) which we then use to obtain
¢4(0) and ¢/, (0), after which the occurrence of case (I) or case (II) is determined.

The asymptotic structure of the solution to [QIVP] as t — oo is now complete with the
expansions in regions IV2 T, IV, Vi, Vg, IVR, Tgr and IV providing a uniform
approximation to the solution of [QIVP] as ¢ — oo. On collecting expressions (5.3.1),

(5.3.18¢), (5.3.22), (5.3.26) and (5.3.57) we have obtained, in particular, that

5(t) = v (ue) + cst” exp (- %v*(u6)2t>

1
+o <t7 exp ( — ZU*(UC)Qt)) as t— 00, (5.3.118)

where the constants c¢3 and v depend upon whether case (I) or case (II) is pertaining for
the given KPP reaction function and the cut-off value u. € (0,1). Hence, via the method
of matched asymptotic coordinate expansions, we have been able to obtain the correction
term to the asymptotic propagation speed v*(u,) of the developing PTW structure in the
solution to [QIVP] as t — oco. In addition, with u : R x [0, 00) — R being the solution to

[QIVP], it follows from expansions (5.3.33), (5.3.42), (5.3.43), (5.3.50), (5.3.55), (5.3.61),
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(5.3.78a), (5.3.79), (5.3.93), (5.3.98) in regions IV2 IVP Iva IVE Ty Tg, Vi and
VR that,
u(y,t) = Ur(y) + E(y, 1), (5.3.119)

as t — oo for y € R, with E(y,t) linearly exponentially small in t as t — oo, uniformly

for y € R. In particular, on any closed bounded interval I,
E(y,t)=0 (t”e’i”ﬂ(“c)t> , (5.3.120)

as t — oo uniformly for y € I. A significant point to note here, is that, for KPP reaction
functions satisfying (1.1.5), in the absence of cut-off, the corresponding correction terms
in (5.3.118), (5.3.119) and (5.3.120) are only algebraically small in t as ¢ — oo, being of
O(t™1) (see, for example, Leach and Needham [36]).

To illustrate these results we consider a simple example of KPP reaction function

f: R — R which satisfies (1.1.5), and has

F) = M1—u), u> % <1 . ) , (5.3.121)

with A > 0 fixed. With the cut-off value

" € B (1 + (1iA)> ,1) , (5.3.122)

then, in this example, f.: R — R is given by

0, u € (—00, u,

fuolu) = (5.3.123)
A1 —w), u € (U, 00),

and

F) ==X fF=x1-wu) (5.3.124)
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For this example, we can readily obtain the PTW explicitly with Uy : R — R given by

1—(1—u.)exp
Ur(y) =

with propagation speed

v (U, :\/—(1—11@)'
(ue) = VA N

Now, via (5.3.116), the basis function ¢, : (—o0,0] — R satisfies

/! * / 1 *
o+ (o -3 ) o=,y <o,

¢+ (y) ~ exp ((\/X - %v*(uc)) y> as Y — —00,

which has solution

¢+ (y) = exp ((ﬁ — %v*(uc)> y) . y<o.

Thus, via (5.3.128), we obtain

and so,

Ey= AVl = ug) #0.

V¥ (ue)2+4A—v* (ue
(ETEw),) e

(5.3.125)

(5.3.126)

(5.3.127a)

(5.3.127b)

(5.3.128)

(5.3.129)

(5.3.130)

Therefore, the particular reaction function (5.3.123) falls into case (I) which has

5(t) = o (ue) + st~ exp ( _ iv*(uc)2t>

-2 1 * 2
+o(t 2exp — 7Y (ue)“t as t— 0o,

(5.3.131)

with ¢ # 0, and v*(u.) given by (5.3.126). Similarly, in this example, both (5.3.119) and
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(5.3.120) have v = —3/2.

5.4 Comparison with KPP asymptotics

In this section we contrast our asymptotic results obtained for the cut-off KPP model
to those obtained for the KPP model (1.1.4) (with no cut-off). Although similar results
have been obtained by Leach and Needham [36], these have focused on slightly different
compact initial conditions. To enable a direct comparison, we work with the KPP model

translated so that u(0,t) = u. where u. € (0, 1) is some arbitrary value of u.

5.4.1 Formulation of the Problem

On taking y = = — s(t) the moving boundary problem for the KPP model is then formu-

lated as follows,

up — $()uy = uyy, + f(u), (y,t) € R x RY, (5.4.1a)
u > U in @L, u < U in @R, (5.4.1Db)
(
1, y <0,
u(y,0) = (5.4.1c)
0, y=0,
)
1, as Yy — —o0o,
u(y,t) — uniformly for ¢t € [0,T] for all 7> 0,  (5.4.1d)
0, as Yy — 00,
\
u(0,t) =u., teRT, (5.4.1e)
u,(07,¢) = u,(07,¢), teRT, (5.4.1f)
s(07) = 0. (5.4.1g)
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This initial-boundary value problem will henceforth be referred to as [MIVP]. Clearly, the
difference between [QIVP] and [MIVP] is that

y=0T

(M1) [uyy(y.1)] - =0 VteR",
and of course, like before, it is easy to establish that
(M2) uy(y,t) <0 V(y,t) € R x RT.

The crucial point with regards to comparison of asymptotic solutions to [QIVP], is that

for all right regions (where y > 0), the governing equation for [MIVP] includes a reaction

term f(u).

5.4.2 Asymptotic Solution as t — 0T

An examination of the leading order balances in [MIVP] determine the asymptotic struc-
ture of solution as t — 07 to be the same as that in the solution to [QIVP] as ¢t — 0%.
That is, we observe the same two principal asymptotic regions in y < 0 and the same two
principal asymptotic regions in y > 0. For KPP reaction, the leading order solutions in
regions Iy, and I are not affected as the reaction function appears at second order in t.

At second order, a particular solution

~

up1(n) = @ /077 Ii(A)dA — @ /077 LA, n >0, (5.4.3)

(of the same form as the particular solution (5.1.16) for uz,(n) with the limits of integra-
tion reversed) is introduced into the expansion for ugi(n) and, therefore, di, ds and s; in
the expansions for ur;(n), ugi(n) and s(t) are altered. As these are constants that only
appear at lower order, we will not present them here.

In regions IIg and IIj, the reaction function f(u) is of lower order and, hence, the

105



structure of the expansions in these regions is not affected. We perform asymptotic
matching with regions Ig and Iy, respectively, to leading order, hence, the asymptotic

expansions in regions IIg and Ily, do not change.

5.4.3 Asymptotic Solution as |y| — oo

In region IIIy, the governing equation is the same for [MIVP] as for [QIVP], hence,
we obtain the same asymptotic solution in this region. It follows from the unchanged
expansion in region IIr, that the general structure of the solution in region IIly is again
given by the expansion (5.2.2). However, the introduction of the reaction function at
lower order in y in the governing equation (5.4.1a), adds a t term into the solution as

follows,

2 t t)? 1 1
u(y,t):exp(—%—y%_lny—(SER) —§lnt—|—§lnﬂ'—t>+0(1)>, (5.4.4)

with ¢ = O(1).

5.4.4 Asymptotic Solution as t — oo

The principal asymptotic structure of the solution u(y,t) and s(¢) to [MIVP] is again
given by (5.3.2) and (5.3.1) as obtained for [QIVP]. As before we begin by developing
the structure of the solution to [MIVP] to leading order, uniform for y € R. While the
additional ¢ term is of lower order in region IIlg (as t = O(1)), it impacts the leading
order problem in region IVR (as ¢t > 1). In region IVg for [QIVP], the leading order
exponent is given by the ‘envelope-linear’ solution (5.3.14), however, for [MIVP] a linear
solution is also possible. We will return to this later. There is no change in the governing
equation for y < 0, hence, the ‘envelope-linear’ solution is again taken in region I'Vy,.
Furthermore, we obtain a PTW solution at leading order in regions Vi and Vg with

speed ¢y. For [QIVP] there exists a unique PTW solution with propagation speed v*(u.),
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thus fixing o, whereas, for [MIVP] there exists a continuum of PTW solutions with
propagation speed ¢q € [2,00) which may be selected. The asymptotic form of the PTW
in the limit as y — oo, is dependent on whether ¢y = 2 or ¢y > 2 and is given by (1.1.10a).
On performing asymptotic matching between regions IVg and Vg, we find that it is the
PTW solution with minimum speed ¢y = 2 that is selected and with the leading order
exponent in region IVy given by

Golw) = % (w+4), w= % — O(1)*. (5.4.5)

In contrast with the ‘envelope-linear’ solution (5.3.14), the linear solution (5.4.5) tends
to zero as we approach region Vi (as w — 07) and, hence, no additional subregions are
required and the solution to [MIVP] at leading order as t — oo is complete. As was the
case for [QIVP], the full large-time solution is complex, we will skip the finer details here
and merely illustrate how the well established result of McKean and Bramson (1.1.12) is
obtained as well as state how the asymptotic expansions in each region are affected.

The asymptotic structure in region IVP is guided by the asymptotic form of U(y) as
y — —oo which is described by (1.1.10b) (and crucially does not contain a factor of y in
front of the exponent). Therefore, a balance at second order in region IV sets ¢, (t) = Int.
We can now consider the exponent in region IVg up to O(1) and on performing rigorous
asymptotic matching with region Vg, we find that ¢; = —3/2. Moreover,

S(t) = 2 — % +o(t™Y), (5.4.6)

with the rate of convergence of the PTW solution (with y € R) onto the solution to
[MIVP] being O(t~') (as obtained by Leach and Needham [36]), in contrast to the linearly
exponential convergence obtained for [QIVP].

For completeness we summarise the rest of our findings in the large-time regime as
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follows. In region IVg

w(w, 1) = exp ( - itw(w ) — (3%“ + 1) Int + Fy(w) + o (1) ) (5.4.7)

with w > 0 and where Fj(w) ~ In Aw as w — 07, In region IV2

w(w, £) = 1 — exp (—t ((wT”)Z - f’(l)) 4 (3%” 4 1) Int — Fy(w) —|—0(1)>, (5.4.8)

with w < —24/1 — f’(1) and where Fy(w) ~ In(—w) —3(w/2+1)/2+1In7/2 as w — —o0.

In region TV

u(w,t)zl—exp(—t<1—m>w
_3 (1_ 1—f’(1)> In (“’”V 1‘“”) +1nB+0(1)), (5.4.9)

2 2y/1—=f'(1)

with —%/W < w < 0. On comparison with the appropriate expansions for [QIVP],
the main difference is the introduction of a logarithmic term in the exponent of each expan-
sion due to ¢; being non-zero. There is a transition region Ty, about w = —2m
where second order derivatives are retained but as it was not required to obtain the

two-term expression (5.4.6), we do not consider that here.

5.5 Numerical Example

In this section we present a comparison between numerical determined solution and the
asymptotic expressions which together provide a uniform approximation to the solution of
[QIVP] ast — 01 and as t — oo. No numerical comparison is provided for the asymptotic
expansions in the solution of [QIVP] as |y| — oo as these regions are passive and their
asymptotic form is dependent on the unknown global function s(t) = O(1) with ¢t = O(1).

We focus on the particular case of the cut-off Fisher reaction function (3.0.1) for fixed
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Figure 5.6: Comparison between numerical solutions of $(¢) (solid lines) and the asymp-
totic expression (5.1.39) valid in small-time to leading order (dot-dashed lines) and to
second order (dashed lines). Results are obtained for u, = 0.1 (in black), u. = 0.5 (in
red) and u, = 0.9 (in blue).

cut-off threshold u. € (0,1). Numerical results are obtained via numerical solution of the

discretised scheme (3.1.6) described in detail in Section 3.1. We begin with the small time

solution to [QIVP].

5.5.1 Small time

Figure 5.6 is devoted to the structure of $(¢). It contrasts the leading order and two-term
behaviour of the asymptotic expression $(¢) given by (5.1.39) against the numerically
determined solution to (3.1.6) for a selection of cut-off values in small-time. It is clear
that the two-term expansion (5.1.39) provides an excellent approximation to s(t), for
each u. value checked, with the agreement remaining good for ¢ ~ 1. In Figure 5.7 we
examine the structure of u(y,t) in small-time. In particular, in Figure 5.7 we present
results for the specific cut-off values v, = 0.1, u. = 0.5 and u, = 0.9 at three fixed
values of ¢, respectively. Taken together the asymptotic expressions (5.1.25), (5.1.33) and
(5.1.38) valid for arbitrary u. become increasingly accurate as time decreases. At ¢t ~ 1,
our small-time approximations are no longer as accurate. We note that this behaviour is

consistent for other cut-off values checked.
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(¢) u. =0.9 Y

Figure 5.7: Comparison between numerical solutions of u(y, t) (solid lines) and the asymp-
totic expressions (5.1.25), (5.1.33) and (5.1.38) valid in small-time (dashed lines). Results
are obtained at time t = 0.01, ¢t = 0.1 and ¢t = 1 for (a) u. = 0.1, (b) u. = 0.5 and (c)
u. = 0.9

5.5.2 Large time

We next consider the solution of [QIVP] as t — oo. For each fixed u, € (0,1), the
large-time asymptotic structure of u(y,t) and $(¢) relies on the value of the parameters
v, ¢+(0), ¢/.(0), @oo, Az and v*(u.) which must be determined for the particular case of
cut-off Fisher reaction function (3.0.1) before we can proceed. Now, via (5.3.117), the

function ¢, : (=00, 0] — R satisfies

T4+ (1—-2U0r(y)) ¢y =0, y<O, (5.5.1a)
y(y) ~e¥ as y— —oo. (5.5.1Db)
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Figure 5.8: Comparison between numerical solutions of $(¢) (solid lines) and the two-term
asymptotic expression (5.3.118) valid in large-time. Results are obtained for u. = 0.1 (in
black), u. = 0.5 (in red) and u, = 0.9 (in blue).

We adopt a fourth order Runge-Kutta discretisation scheme to numerically evaluate the

equivalent autonomous first-order two-dimensional dynamical system with

61(0) =:(0), 4(0) = ¥, (0) — 0" (we)ih. (0). (5.5.2)

For a range of values of u. € (0,1) considered, we find ¢(0) # 0. Thus the particular
reaction function (3.0.1) falls into case (I) where ¢3 # 0, v = —3/2 and with $(t) satisfying

the asymptotic expression

Apv* (u6)¢+ (0)
4u,.

5(t) ~ v*(ue) — 72 exp < — iv*(UC)Qt) as t — oo. (5.5.3)
The global constant a., is associated with the leading edge behaviour of the PTW solution
Ur(y) (see expression (4.2.29d)). For each u. € (0,1), we determine the values of ay
and v*(u.) from the numerical evaluation of (4.2.3) via the shooting method described
in Section 4.5. For each u, € (0,1), the value of the global constant A; can now be
determined from numerical calculation of expression (5.5.3).

We now present our numerical results for the large-time solution to [QIVP] with Figure

5.8 devoted to the structure of §(¢). It contrasts the two-term behaviour of the asymptotic
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Figure 5.9: Comparison between numerical solutions of u(y,t) (black solid lines), numer-
ical solutions of the PTW solution Ur(y) (red solid lines) and the asymptotic expressions
(5.3.33), (5.3.43), (5.3.50), (5.3.61), (5.3.79) and (5.3.93) valid in large-time (dashed lines).
(a) Results are obtained at time ¢t = 1 and ¢ = 5 for u. = 0.1, (b) at time ¢t = 1 and ¢ = 10
for u. = 0.5 and (c) at time ¢ = 10 and t = 50 for u. = 0.9.
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expression $(t) given by (5.5.3) against the numerically determined solution to (3.1.6) for
a selection of cut-off values in large-time. It is clear that the two-term expansion (5.5.3)
provides an excellent approximation to $(t), in large-time, for each u, value checked. The
smaller the value of u., the better the agreement as we decrease ¢ from large-time. In
Figure 5.9 we examine the structure of u(y, t) in large-time. In particular, we contrast the
two-term asymptotic expression against the numerically determined solution to (3.1.6) and
the numerically determined PTW profile Ur(y) (obtained in Section 4.5) for a range of cut-
off values. In Figure 5.9 we present results for the specific cut-off values v, = 0.1, u. = 0.5
and u., = 0.9 at three fixed values of ¢, respectively. Taken together the asymptotic
expressions (5.3.33), (5.3.43), (5.3.50), (5.3.61), (5.3.79) and (5.3.93), valid for arbitrary

U, become increasingly accurate as time increases.

5.6 Discussion and Conclusions

In this chapter we examine the solution to [QIVP]. In particular, we use the method
of matched asymptotic expansions to develop the detailed asymptotic structure of the
small-time, large-space and large-time solutions to [QIVP] for arbitrary u. € (0, 1). First,
we focus on the small-time regime where we determine that, the asymptotic structure of
u(y,t) will have two asymptotic regions in y < 0, and two asymptotic regions in y > 0.
The two-term expression for the function s(¢) can be determined from the inner left and
inner right regions, where y = o(1)~ and y = o(1)" respectively, in addition to the leading
order matching conditions as |y| increases to O(1). The asymptotic structure of 5(t) as
t — 07 reveals an integrable singularity which depends on the cut-off threshold value.
Here $(t) — 400 when u. € (0,1/2), whilst, $(t) - —oo when u. € (1/2,1) with a
transition case where $(t) — 07 when u. = 1/2. The outer left and outer right small
time regions, where y = O(1)~ and y = O(1)*, provide uniform expansions for (—y) > 1
and y > 1 respectively. We next examine the asymptotic structure of the solution to

[QIVP] for |y| — oo with ¢t = O(1). Guided by the asymptotic structure of the solution
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in the small-time outer regions, we determine that the large-space solution u(y,t) will
have one asymptotic region as y — oo and one asymptotic region as y — —oo with
t = O(1). Both expansions remain uniform for ¢ > 1 provided |y| > ¢. Finally, we
focus on the asymptotic structure of the solution to [QIVP] as t — oo with |y| = O(1).
Guided by an examination of the leading order balances in the asymptotic structure of the
solution in the large-space regions together with the connection conditions about y = 0,
we determine that the asymptotic structure of u(y, t) will have two principal asymptotic
regions in y < 0, and two principal asymptotic regions in y > 0. We determine the
asymptotic structure of the expansion in each of these regions. This systematic approach
allows the correction to the propagation speed and the rate of convergence of the solution
to [QIVP] onto the PTW structure with propagation speed v = v*(u,) to be determined.
This convergence occurs at a rate that is linearly exponentially small in ¢, specifically

O(s(t) — v*(u.)), where

5(t) = v*(u) + O (t'y exp <—}LU*(UC)%)> | ast— oo, (5.6.1)

(with v = —1/2 or —3/2 depending on properties of f.(u)) so that convergence slows down
as u, increases. All asymptotic results have excellent agreement with results obtained via
numerical evaluation of [QIVP] in Chapter 3.

In comparing the theory for the cut-off KPP-type reaction function studied here,
and its associated KPP-type reaction function without cut-off, we make the observation
that, in the absence of cut-off, a PTW solution exists for each propagation speed v €
[2,00). However, it is the unique PTW with minimum speed (v = 2) that the solution
to the corresponding initial-boundary value problem (to [QIVP] in the absence of cut-
off) approaches in large-time. Moreover, it has been established that the corresponding
corrections are only algebraically small in ¢ in large-time (see, for example, Leach and
Needham [36]). Hence, the rate of convergence onto the PTW structure is much faster

in comparison with the solution to [QIVP]. We anticipate that the approach developed
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in this thesis, for considering large-time solutions to [QIVP], will be readily adaptable to
corresponding problems, when the KPP-type cut-off reaction function is replaced by a
broader class of cut-off reaction functions.

This concludes our analysis of [QIVP]. We next consider the the initial-boundary value
problem (1.2.11) with a particular focus on how the introduction of a background shear

flow influences the profile and propagation of travelling front solutions.
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CHAPTER 6

FORMULATION OF THE PROBLEM

Due to the discontinuity in f.(u) at v = u,, it is convenient to re-structure (1.2.11) as a

moving boundary problem. To this end, we introduce the domains:

DY = {(z,y,t) ERx (0,m) x R : x < s(y, 1)}, (6.0.1a)
DR = {(z,y,t) eR x (0,7) x R* : = > s(y,1)}, (6.0.1b)

and the curve
L={(r,y,t) eRx (0,m) x RY : z=s(y,t)}, (6.0.1c)

that describes the moving boundary between the two domains. The boundary is assumed
to be sufficiently smooth, that is, it does not possess any corners, and can be expressed
in terms of s(y,t) which satisfies u(s(y,t),y,t) = ue, with u > w, in D" and u < w. in

D", The situation is illustrated in Figure 6.1. In this context, a classical solution will
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U > Ue

0 T

Figure 6.1: A sketch of the moving boundary problem at a fixed time t¢.

have u : R x [0, 7] X@Jr—)Rands:[O,ﬂ] x R" — R such that,

we O (R x 0,7 xR\ ({0} x [0,7] x {0}))
NCYY (R x [0,7] x RY) nC2*L (DL u DR |
s e CH([0,7] x RY) nC>! ((0,7) x RY),

s(y,0") = 0.
The moving boundary problem is then formulated as follows,

uy + b(y)u, = Pe ' Au + Daf.(u), (x,t) € D* U D,

be C'([0,7]) and /Oﬂb(y)dy:(),

uZucinEL, ugucinER,
(
1, x <0,
u(x,0) = < Yy €0,
0, x>0,
\
(
1, as T — —o0,

u(x, t) —

0, as T — 00,

117

(6.0.2a)
(6.0.2b)

(6.0.2¢)

(6.0.3a)

(6.0.3b)

(6.0.3¢)

(6.0.3)
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uniformly for (y,t) € [0, 7] x [0, 7] for all T' > 0,

uy(z,0,t) = uy(x,m,t) =0, (z,t) € Rx R, (6.0.3f)
u(s(y,t),y,t) = ue, (y,t) €[0,7] x RY, (6.0.3g)
Ontt] x+ = Optt| 2-, (6.0.3h)
s(y,07) =0, yelo,n] (6.0.31)

Here we use the notation 0,, = n - V where n is the unit normal vector to the zero-level

curve r — s(y,t) = 0 orientated towards D and

X ={(z,y,t) +nh e R x (0,7) x R : 2 = s(y, 1),

n = (1,-s,)/|(L, —s,)| and h € R}, (6.0.4)

describes the curves which have been translated in the normal direction, orientated to-
wards D to the boundary, with

Xt =lim X, X = lim X. (6.0.5)
h—0+ h—0—

This initial-boundary value problem will henceforth be referred to as [IVPA]. On using
the classical maximum principle and comparison theorem (see also for ignition, Berestycki
and Hamel [6] or Xin [61], Section 3.3, and the references therein) together with transla-
tional invariance in y, and the regularity in (6.0.2), we can readily establish the following

qualitative properties concerning [I[VPA], namely,

(A1) 0 <u(x,t) <u. VY(x,t) € DE,
(A2) u. < u(x,t) <1 Y(x,t) € DY,
(A3) u(a, t) is strictly monotone decreasing in x € R

for fixed y € [0, 7] for all t € RT.
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U > U

U < Ue

0 ¢
Figure 6.2: A sketch of the moving boundary problem at a fixed time t¢.

In addition, via the regularity results in [29], the regularity conditions (6.0.2) and the

partial differential equation (6.0.3a), we deduce that
(A4) [0%u]Y = PeDaf.

It is now convenient to make the coordinate transformation (z,y,t) — (£,y,t) with £ =

x — So(t) where so(t) = s(0,t). To that end, we introduce the domains:

QF ={(&,y,t) e R x (0,m) x RT : &€ < s(y,t) — so(t)}, (6.0.7a)
QFE={(&,y,t) eR x (0,7) x RT: € > s(y,t) — so(t)}, (6.0.7b)

and the curve
Q={(&y,t) eRx (0,m) x R : & =s(y,t) —so(t)}, (6.0.7¢)

that describes the moving boundary between the two domains. The boundary is expressed
in terms of s(y,t) — so(t) which satisfies u(s(y,t) — so(t),y,t) = u., with u > u, in @L

and v < u, in @R. The situation is illustrated in Figure 6.2. A classical solution will have
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u:]Rx[O,W]XR+—>Rands—soz[O,ﬁ]XEJF—HRsuChthat,

we O ((Rx [0,7] x RY)\ ({0} x [0,7] x {0}))
NCYM (R x [0,7] x RT) nC>> (QFu R,

s sp€ OV ([0, 7] x RY) N C> ((0,7) x RY).
The equivalent problem to [IVPA] is then given by

up + (b(y) — S0(t)) ue = Pe " (uge +uyy) + Dafe(u), (§,y,1) € Q"UQT,

be Cl([0,x]) and /Ow b(y)dy — 0,

. —=L . =R
u>u.in @, u<u.in Q

1, £ <0,
u(§,y,0) = 4 Yy e 0,7,
0, £=0,
.
1, as & — —oo,
u( y,t) =
0, as & — o0,

uniformly for (y,t) € [0, 7] x [0, 7] for all T' > 0,

uy(f,O,t)zuy(f,w,t) :07 (gat) GRXR+7
U(S(y,t) - 80<t>a yat) = Uc, (yat) € [Oa 7T] X R+>
anu’P+ = an”‘?*a

S(ya O+) - SO(OJr) = 07 y e [07 W]a
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(6.0.94)
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where the dot denotes differentiation with respect to time, t. Here m is the unit normal

vector to the zero-level curve & — s(y,t) + so(t) = 0 orientated towards QF and

P={&yt)+nheRx (0,7) x R : £=s(y,t) — so(t),

n=(1,-s,)/|(1,—s,)| and h € R}, (6.0.10)

describes the curves which have been translated in the normal direction, orientated to-
wards Q*, to the boundary, with

Pt = lim P, P = lim P. (6.0.11)

h—0t+ h—0—

This initial-boundary value problem will henceforth be referred to as [QIVPA]. On us-
ing the classical maximum principle and comparison theorem, together with translational
invariance in y, and the regularity in (6.0.8), we can readily establish the following qual-

itative properties concerning [QIVPA], namely,

(Q1) 0<u(éyt) <u. V(Eyt)eQh,
(Q2) ue <u(€y,t) <1 V(§y,t) € QY
(Q3) u(&,y,t) is strictly monotone decreasing in £ € R

for fixed y € [0, 7] for all t € RY.

In addition, via the regularity results in [29], the regularity conditions (6.0.8) and the

partial differential equation (6.0.9a), we deduce that

(Q4) [02u]7" = PeDaf;.

These problems are equivalent but, for ease of numerical simulation, Chapter 7 concen-

trates on the analysis of [[VPA] with Chapter 8 concentrating on the analysis of [QIVPA].
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CHAPTER 7

NUMERICAL SOLUTION TO [IVPA]

In this chapter we consider a numerical solution to [IVPA]. We present results for the
particular case of the cut-off Fisher reaction function (3.0.1) for fixed cut-off threshold u, €
(0,1). All our previous results for initial-boundary value problems of reaction—diffusion
type have been based on finite difference methods, however, on adding a background flow
we must introduce the concept of finite volume methods. Finite volume methods appear
similar to finite difference methods, however, their derivation is not as intuitive and will

be detailed here.

7.1 Numerical Method

We discretise [IVPA] for the specific case of shear flow using a fractional-step method (also
referred to as a time-splitting method) which splits the problem into subproblems that
can be solved independently. Fractional step methods were first introduced by Chorin to
obtain approximations to the incompressible Navier-Stokes equation [15]. The advantage
of this method, is that it is easy and comparatively numerically inexpensive to combine

a high resolution finite volume method for the advection equation

ur + b(y)u, = 0, (7.1.1a)
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with an explicit method for the diffusion equation

u; = Pe™ ' Au, (7.1.1b)

and an exact solution for the reaction equation

u = Dafo(u), (7.1.1¢c)

in an alternating manner. If the order in which we solve equations (7.1.1a), (7.1.1b) and
(7.1.1c) does not impact the final solution, the subproblems are said to commute and
there is no associated error from performing such a splitting. That is not the case here.
The size of the splitting error is dependent on the particular method used to solve each
subproblem as well as the associated boundary conditions. The fractional-step method
we take is known as the Godunov splitting and is first order accurate (see, for example,
Leveque [37] for further details). The reason we use such a numerical method is that it
is possible to adapt this technique for more complicated flows where monotonicity in x is
not necessarily preserved over one time step.

We first define the evenly spaced numerical grid as

x;=—M+iAzx, i€l (7.1.2a)
y; =jAy, jel, (7.1.2b)
ty = kAt, keK, (7.1.2¢)

wherel = {0,1,...,7,...,2[},J={0,1,..., Jtand K ={0,1,..., K}, witha; =0, y; =
7 and tg = T. We approximate u(z,y,t) and b(y) by piecewise linear functions defined
on the evenly spaced grid (7.1.2) and we use Uik:j ~ uq(xi, yj,tx) and B; to approximate
u(x;, y;,t) and b(y;) for alli € I, j € J and k € K. We solve (7.1.1) in an evolutionary
manner starting from k£ = 0. At each time step, the solution to (7.1.1a) is an intermediate

solution which we use to obtain a second intermediate solution on solving (7.1.1b), and
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from this we obtain the full solution at the next time step on solving (7.1.1c). We illustrate

this procedure for arbitrary fixed k£ € K. First, we consider the advection equation.

7.1.1 The Advection Equation

We derive a finite volume method for the general two-dimensional advection equation

where b = (b(x,y),a(x,y)). We introduce the fundamental concepts behind finite volume
methods with a specific focus on first order accurate upwind methods, which we then

implement for the case of shear flow given by (7.1.1a).

Finite Volume Methods

First, we split up the two-dimensional spatial domain into grid cells and calculate the
average concentration of u(x,y,t) in each grid cell at a given time. Assuming a uniformly
spaced grid, we denote each grid cell centred about (z;,y;) by Qi; = [i—1/2, Tit1/2] ¥
[Yi—1/2: Yj+1/2] With Az = 21170 — 2212 and Ay = y;41/2 — yj—1/2. We approximate the

average concentration of u(x,y,t) over the grid cell €, ; at time ¢ as

1
P ty)dxd 1.4
%, AJ]Ay /(;i’j U(l’,y, k) ray, (7 )

and we approximate the background flow by the piecewise linear functions B; ; ~ b(z;, y;)
and A;; ~ a(z;,y;). In each time step we modify the values (7.1.4) based on the flux
through the grid cell boundaries at y = y;_1/2, ¥ = Yj41/2, © = Tj_1/2 and x = T;;1/2. The
advantage of working with finite volumes as opposed to finite differences is that it is easier
to derive a numerical method which implements important properties of the conservation
law. The integral form of a conservation law states, in a finite domain if a substance

can neither be created or destroyed, then the rate of change of mass of this substance is
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entirely due to fluxes across the domain boundaries. The integral form of the conservation

law applied here gives

d Tit1/2

Tit1/2
at u(z,y, t)dzdy :/ g(u(z,yj—1/2,t))dx —/ 9(u(z, Yji1/2, 1)) dx
Qi i—1/2 Ti-1/2

Yj+1/2 Yj+1/2
+ / 9oy, £))dy — / o(u(zis1nry,1))dy, (T.15)

Yj—1/2 Yj—1/2

where g(u(, yj-1/2: 1)), —g(u(z,yj11/2, 1)), g(w(Tiz1/2,y,t)) and —g(u(zit12,y, 1)) are the
flux coming into the grid cell through y = y;_1/2, ¥ = Yjr1/2, T = ®i_1/2 and & = ;419

respectively. Integrating equation (7.1.5) in time over ¢ € [ty, tx41] and rearranging yields

1 1
Aviy / ‘u(w,y,tkﬂ)dydx = AAy / .U(x,y,tk)dydm

te+1 z+1/2
AI‘Ay (/ /2 s JT y Yj+1/25 t)) - g(U(:v, yj_1/2,t))>da:dt>

tht1 y3+1/2
AxAy (/ /y] b u(Tit1/2,Y,t)) _g(u<$i_1/g,y,t)))dydt> . (7.1.6)

We cannot evaluate the time integrals in equation (7.1.6) exactly, however, this leads us

to take a numerical method of the form

At

‘Filil/Q,j - Fiuz,j) T Ay (F}I,Cjﬂ/g — F;%j,l/g), (7.1.7)

Qk+1 _ At (

Az

where F* 172, and F i ja1/2 Are numerical approximations to the average flux entering the

grid cell §; ; through = 241/, and ¥ = y;41/9,

© tht1 yj+1/2

Fiil/%‘ ~ AtAy/ / o xzﬁ:l/%ya t))dydt, (7.1.8a)
& tht1 i+1/2

Ejei & m/t / b g(u(z, yjxr1/2,t))dzxdt. (7.1.8b)

When applied to the numerical method (7.1.7), the sum }_, . Qk“ approximates the

integral of u over the entire domain and only changes due to flux at the domain boundaries.
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Hence, the conservation law is satisfied. The main goal in applying a finite volume method

is to determine numerical flux functions that approximate the true flux as accurately as

desired.
If we take
1_ 1~ At
k k k 2 k k
Fie; = 5By (QFry + Qi) — B A, (@1 — Qi)
1 _ At
_ ZAi+1’jBi+1’jA_y ( §€+1,j+1 + Q?,jJrl - erl,jfl - fyjfl) > (719&)
1_ 1 -, At
k _ k k 2 k k
Fitappy = 5B (@i + Qilry) — Piing (@ — Qivy)
1o = At k k k
— ZAL]BZ’JA_LZ/ (Qi,j—i-l + Qi—l,j—i—l - ij—1 7;_17]-_1) 5 (719b)
1 - 1 - At
k k k k k
Fijrge = §Ai,j+1 (QF ;1 + Q1) — §Aij+1A—y (QF ;41— Q7)) (7.1.9¢)
1 1., At
k _ k k 2 k k
Fi,j*1/2 - §Aij ( ij T Qz‘,jfl) ) i’jA_y ( ij i,jq) ) (7.1.9d)

the numerical method (7.1.7) is second order accurate in space but is dispersive near the
leading and trailing edges of the front (where the concentration is no longer bounded
between 0 and 1) as illustrated in Figure 7.1(a). Instead we consider upwind methods
which are conditionally numerically stable provided the CFL condition (see, for example,

Leveque [37]) is satisfied, namely,

L (7.1.10)

For the advection equation, information propagates as waves moving along characteristics
which have a constant speed, an upwind method uses information obtained from the

direction from which this information should be coming. A first order upwind method for
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Figure 7.1: The solution u(z,y,t) to (7.1.3) approximated numerically for shear flow
b = (sin(2y),0) at time ¢t = 2 for (a) a second order accurate flux function (7.1.9) and (b)
a first order upwind flux function (7.1.11).

the advection equation (7.1.3) is given by (7.1.7) with

Fliipy = (B Qo + B Q) + |Bz+1j| (Qir, — Q) (7.1.11a)
12 = (BHQ'“ +BQi1,) + _|Bij| (@ —QF ;). (7.1.11b)
w+1/2 - ( i,j+1 w+1 + Aszrle, ) |Azg+1| ( i1 T fj) , (7.1.11c)
zJ 1/2 = (Azka +A+ zj 1)+ §|A2]|( f,j— ij_l); (7.1.11d)
where we define
Gy = max(Cy;,0), C;; = min(Cy;,0), (7.1.12)

for any matrix C'. The numerical method is only first order accurate but is no longer
dispersive as illustrated in Figure 7.1(b). Next we derive a high resolution numerical
method to solve the advection equation which we implement for the specific case of shear

flow, described by equation (7.1.1a).

127



Implementation for Shear Flow

It follows from the numerical method (7.1.7), that we approximate the average concen-

tration of u(x,y,t), for the specific case of shear flow, over the grid cell €, ; at time ¢

as

At
k+1 _ Ak k k
Qi =Qi; — E(Fiﬂ/zj - ‘Fz'—1/2,j))

(7.1.13)

for i € I\ {0,2/} and j € J. We take the numerical approximation to the average flux

entering €2; ; through x = x; 1,/ and v = z;_1 /5 as

_ 1 At
Fﬁ&/g,j = <Bj Qf_;_u + B;_Qf;j) + §|Bj| (] - E|BJ|> 5i+1/2,j(a17a2)7

_ 1 At
Ek—l/Q,j (Bj ij + B;FQ?—LJ') + §|Bj| (I - A_x|BJ|) 51-,1/27]-(@1,&2),

where d;11/,j(a1,a2) and 0;_1/9 ;(as, as) are upwind minmod limiters

aq, if ‘Cll‘ < ]a2|, aijag > O,
Oir1/2,4(a1,as) = as, if |ay| > |as|, ajas > 0,

0, otherwise,

as, if |CL3‘ < |CL4|, asay > 0,

8i—1/2,5(as, as) = ag, if |ag| > |a4l, azas > 0,

0, otherwise,

. _ Nk k — Ok k
with a; = QH‘L] - Qi,ja asz = i, ¥i—1,5 and

(

k k :
Qi+2,j - Qi+1,j> if B; <0,

a9 =
k k .
i — Wio1j if Bj > 0,
\
(
k k .
i+l — Wi if B; <0,
ay =

k k :
i1, — Qiaj, 1 B;>0,
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(7.1.14b)

(7.1.14c)

(7.1.14d)

(7.1.14e)

(7.1.14f)



for each k£ € K. We take as initial conditions

0
i’j

_ jeld, (7.1.14g)
0, i=1I+1,...,2I

and boundary conditions

Qlil,j = Q’S,j = Qlf,jv Q§1+1,j = le,j = QIQCI—LJ'» JEed, (7-1-14h)

for fixed k € K. There are stability issues associated with taking the ghost cells (imme-
diately outside our numerical grid) €2_;; and €741 ; to have constant value due to the
flux across the domain boundaries. Given Heaviside initial conditions (6.0.3d), replacing
the travelling wave boundary conditions (6.0.3¢e), with zero-order extrapolation boundary
conditions (7.1.14h), introduces only negligible errors provided the numerical grid in the
z-direction is sufficiently large. The numerical flux functions (7.1.14a) and (7.1.14b) can
be thought of as an upwind flux term (the first term) with a correction term (the second
term) to account for second order corrections. We have applied a limiter that modifies
the magnitude of the correction term to take into account how the solution is behaving in
the neighbouring grid cells (from the direction information is flowing). We next solve the
diffusion equation (7.1.1b). To that end, we make the assumption that the concentration
in each cell €2, ; is uniform across the whole cell for all 7 € I, j € J and k € K. As the
solution to the advection equation (7.1.1a) is only an intermediate solution to (7.1.1),
at time step k € K, we take Ufj = QN as the initial value of the concentration when

/[/7.]

solving the diffusion equation (7.1.1b).

7.1.2 The Diffusion Equation

We use finite differences to approximate the derivatives in (7.1.1b) with our choice of

finite difference method determined by the location of the level curve u = u,. at each
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time step. If Ui’fj > U (Ui’fj < u,), then the concentration at this grid point at next time
step must be calculated from other concentrations Ufj such that U{E > U (U{fj < Up).
Any implicit method, such as an alternating direction implicit method which is often
used for multidimensional diffusion problems (see, for example, Tzella and Vanneste [57]
with the method described in detail in Chapter 3 of Morton and Mayers [41]), relies on
a discretisation at the current time step where the location of the level curve u = wu,
is yet to be determined and, therefore, cannot be used here. Instead, we use explicit
finite differences to approximate the derivatives in equation (7.1.1b) and then solve the

resulting differential equation. We use first order forward differences to approximate the

time derivative, namely,

0 k Ui]?—‘i_l - Uz’f . .
atUi’j Y #, iel, jel, (7.1.15)

for all £ € K. In order to accurately approximate the space derivatives we must first
locate the level curve u = u, for each k € K. It follows from the monotonicity property
(A3) that, for fixed y € [0,7] and t > 0, there exists a unique value of x such that
u(z,y,t) = u.. On returning to our discretised problem, we denote the horizontal pair of
grid points which the level curve u = u, is located between as (H(j) — 1,7) — (H(j),J)
for all j € J. Using linear interpolation, we find the horizontal distance from U f{( -1, to

)

u = u., which we refer to as ag(j), via

UC - UZ(

k k
Ui — Ukg)-14

adﬂzAm( 9L ). (7.1.16)

The situation is illustrated in Figure 7.2. We use centred second differences to approximate
the second space derivative in the x-direction for i € I\ {0,271} and adapt the method

when i = H(j) — 1, H(j) for all j € J to ensure the level curve u = u, is not crossed. To
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Az — ao(j),
ao(j)

Figure 7.2: A sketch to illustrate which discrete mesh points are horizontally adjacent to
the level curve u = wu,.

j+1le ° o(i,j+1) .

] e °
j-1e .
j—2 e s(i—1,7—2) . .

i —2 i—1 ) i+1

Figure 7.3: A sketch to illustrate which discrete mesh points are vertically adjacent to
the level curve u = u,.

that end, we obtain the following first-order accurate approximations

82 k U’Lﬁ»l,j - 2U2k’;] + Ul]il,j . . .
552V ~ N , 1€I\{0,H(j)—1,H(j),2I}, (7.1.17a)
a—QU’“ N 2Azu. — 2(ag(j) + Am)UI’fI(j)_Lj + 2a0(j)U1’§I(j)_2,j (7.1.17h)
a2 M7 ao(j)Az(ao(j) + Ax) ’ -
a_QUk N Q(Aa:—ao(j))UI’}(j)HJ —2(2A5L’—ao(j))UI]fl(j)7j—|—2Aa:uc (7.1.170)
O M (Az —ao(j)) Az(28z — ao(j)) ’ -
for all j € J and k € K.
We next locate all vertical pairs of grid points the level curve u = wu,. is located
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between. Motivated by results for related problems where the reaction nonlinearity is of
ignition-type [6], for fixed x, we do not expect that the solution u(z,y,t) to [[VPA] will be
monotonic in y at time ¢ > 0, due to the impact of the shear flow. For fixed z € [-M, M|
and t > 0, there could exist multiple values, a unique value or zero values of y such that
u(z,y,t) = u.. On returning to our discretised problem, we must find all vertical pairs
of grid points (i, j) — (i,j + 1) such that UF; > u. with U};,, < u. or U}; < u, with
UF;i1 > ue for each fixed k € K. These situations are illustrated in Figure 7.3. To that

end, we make the following definitions:

Gy ={(ir, 1) €I x (J\{0,J}): UF > e and Ut .y Uk < u,,

11,J1—

or, U, <ucand UF ;UL . > ucl, (7.1.18a)

11,71

Gy ={(iz, j2) € Ix (J\{0,J}): UL ,, <uwcand U, | > ue,

or, UF . > u.and U} o1 < uct \ G, (7.1.18b)

12,72

for each fixed k& € K. Using linear interpolation, we find the following vertical distances:

from U} 1 up to u = u, which we refer to as a;(j;), from U ji—1 up to u = u, which we

refer to as a(j1) and from Uf . up to u = u. which we refer to as as(jz), via

U — UF
a1(j1) = Ay LA ) (7.1.19a)
(Ul]i7.]l+1 UZl»]l
ai(j1) = Ay ( LAl ) (7.1.19b)
Ulkl,]l - Ulli J1—1
Uk:
as(j2) = Ay (Uk [} . (7.1.19¢)
i2,J2+1 12,72

The situation is illustrated in Figure 7.4. We use centred second differences to approx-
imate the second space derivative in the y-direction for j € J\ {0, J} and adapt the
method when (7, j) = (i1, j1), (i1,71 £ 1), (i2,72) and (ia, jo + 1) to ensure that the finite

difference approximation does not take values from both sides of the level curve u = wu..
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j+1e .

Ay — ai(j1)

Il(]‘l)
j—1e ° .
Aya2j2‘
j—2 e l . .
i—2 i—1 7 1+1

Figure 7.4: A sketch of the discrete mesh points that are part of the set G (circled in red)
with (i1, 1) = (4,7) and part of the set Go (circled in blue) with (i, jo) = (i — 1,7 — 2).

To that end, we obtain the following first-order accurate approximations

0 Uk, —2UF + U,

—_ A LI ! i
e U Ay , (7.1.20a)
2 2(AY — a; (W) UF - 0 — 220y — a1 (j;))UF 2Ayu,
a—zUZﬁ a1 By~ (1) Ui s . 28y — a1(Gu))U;, i + 2800 ., (7.1.20b)
dy? " (Ay — a1(j1)) Ay(2Ay — a1(j1))
2 Uk
8_2 i 2 (e~ Ui : (7.1.20¢)
0y ’ 611(31) (AZ/ - al(]l))
2 2Ayu, — 2(a1 (1) + Ay)UF + 2a Uk
8_2 UE yu (ali (JQ yUE 5+ 2a.(j1)Uf 2 (7.1.20d)
oy? a1 (j1)Ay(ay(j1) + Ay)
2 2 (Ay — Uk 2(2Ay — j U 2Ayu,
a_QUZ];; gl R s ( y a'Q(JQ)) 12 ]2+2 ( y 0’2(]2)) i2,j2+1 + yu ’ (71206)
dy? ™ (Ay — ax(j)) Ay(2Ay — az(j2))
0_2 k . ZAyU’C - 2(@2(j2) + Ay)Uzkz ,J2 + 20’2(32)U12 Ja—1 (7 1 20f)
oy? "7 as(j2)Ay(az(j2) + Ay) ’ o

for all (i,7) € Ix (J\ {0, J})\ (G1UG2), (i1, 1) € G1 and (iz, jo) € G, respectively, and
for fixed k € K.

133



These approximations lead to the following numerical scheme

At [Ub, ;=208 + UL, Uk, —20% + UF
Ut =Ul+ o | =52+ (x| (112
’ ’ e x Y

wrote for convenience when the values of i, j and k place Ui’fj away from the level curve u =
.. When Ui’fj is evaluated at a mesh point directly next to the boundary, the discretised
second spatial derivative approximations in the square brackets must be replaced by the

appropriate version of (7.1.17) and (7.1.20) respectively. We have
k S . k - .
Uiy >ue, 1=0,1,...,H(j)—1, Uiy <te, i=H(j),...,21, (7.1.21b)
for all j € J and k£ € K. Using (6.0.3f), we set absorbing boundary conditions

U'ITO = Ui]?b UiIfJ—i—l = UITJ? i el (7.1.210)

K3 3

and, similarly, impose absorbing boundary conditions

Ué{,j - Uﬁj? UQkI,j = U§1—1,j7 Jjed, (7.1.21d)

for consistency with the boundary conditions (7.1.14h) in the advective scheme for each
fixed k € K. The continuity of first spatial derivative is explicitly used to find the precise
location of level curve u = w, via linear interpolation in the z-direction (7.1.16) and in
y-direction (7.1.19), respectively. The explicit finite difference scheme (7.1.21) consists
of 2I — 1 x J — 1 linear equations and 21 — 1 x .J — 1 unknowns U}, (i € I\ {0,21} ;
j € J\{0,J}). As the solution to the diffusion equation (7.1.1b) is only an intermediate

solution to (7.1.1), at time step k € K, we set Uf; = Ufj*l.
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7.1.3 The Reaction Equation

We next consider the reaction equation (7.1.1c) which can be solved exactly over [tg, tx41].
On integrating directly we find

k DaAt
Um-e

] k
1-UF, (1—eDast)’ if UF, > ue,

k+1 _
U/L’] -

Uikj , otherwise,

forallv e, j €Jand k € K.

7.1.4 Further Details

This completes our numerical approximation to the concentration Uf;rl at this time step
but before moving on to examine the next time step there are a few matters left to consider.
The level curve u(s(y,t),y,t) = u. uniquely determines the numerical scheme employed
in sections 7.1.2 - 7.1.3 and, as such, is of paramount importance to this problem. We
approximate s(y,t) by the piecewise linear function S]’? ~ S4a(yj, ) defined on the evenly
spaced numerical grid (7.1.2). As in the diffusive step, we obtain the value of SJI?Jrl using
linear interpolation for each j € J.

Additionally, if the concentration at z = (M — 1)7 becomes larger than ¢ = 1072,
we modify the computational domain by eliminating the mesh points with —M7 < x <
(=M + 1)m, far behind the boundary where the concentration is approximately 1, and
add new mesh points with M7 <z < (M + 1)7, well in advance of the boundary where
we set the concentration to be equal to 0. Results are not sensitive to the precise value of
e provided € < 1 with this cut-domain procedure allowing us track the evolution of Ufj
and S;?“ for large-time. We repeat the procedure illustrated in Sections 7.1.1 - 7.1.4 for
each value of £ € K in an evolutionary manner. For k; € K such that the profile of Sj’?
remains approximately constant in time for all £ > ki, we calculate its speed based on
a linear fitting obtained for such values k£ > k;. Results for the speed are not sensitive

to the particular level curve chosen to track, with the speed of the level curve u = a the
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same for each a € (0,1). Hence, this speed corresponds to the speed of propagation of

the solution Ufj in the positive z-direction.

7.2 Results

In this section we examine results obtained from numerical solution of [[VPA] for shear
flow b = (sin(2y), 0) using the fractional step method described in detail in Section 7.1.
We choose artificial domain boundary M to be sufficiently large so that boundary effects
imposed by the absorbing boundary conditions (7.1.14h) and (7.1.21d) are negligible. We
set spatial resolution to be equal in both directions Az = Ay = A and we set the time
step to be

At = min <%A2, A) : (7.2.1)

to ensure the von Neumann stability of the explicit method for diffusion and that the
upwind scheme for advection satisfies the CFL condition (see, for example, [37]).

In Table 7.1 we show the percentage difference between the numerically evaluated
approximation to lim;_,. s¢(y,?) and that obtained when the resolution is doubled (by
halving A) for decreasing values of A. The results are not sensitive to the precise value of
y with comparison for results obtained with any fixed y € [0, 7] resulting in less than 0.05%
difference in lim;_,, $¢(y, t), hence, without loss of generality we consider results for y = 0.
It is evident from Figure 7.5 that lim; . So(t) is linear in ¢, thus, lim,_, ., $o(t) converges to
a constant value c,,. The particular value of ¢, is dependent on the parameters u., Pe and
Da, however, we write ¢ (u,.) for ease of notation as we are mainly interested in how our
solution for fixed Pe and Da changes as we vary u, € (0,1). We observe that as we decrease
the mesh spacing A by a factor of 2, the percentage difference between the numerically
calculated value of ¢, (u.) and that obtained when the resolution is doubled, also decreases
by a factor of 2. This behaviour is evident for the two values of u,. shown for Pe = 4
and Da = 1/64 (with more values of Pe, Da and u, € (0,1) considered but not presented

here). Based on these figures, a mesh spacing of A = 7/200 was selected to ensure
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| A [ecx(0.1) | % difference | time (seconds) |

7/50 | 0.2117 | 3.713 x 10! 69.91
7/100 | 0.2125 | 1.851 x 107! 744.6
/150 | 0.2127 | 1.399 x 10~! 3,392
7/200 | 0.2129 | 7.088 x 1072 6,798
7/250 | 0.2129 | 4.694 x 102 13,014
(a) ue = 0.1
I A | ¢(05) | % difference | time (seconds) ||
7/50 | 7.636 x 10 2 | 5.852 x 101 124.1
7/100 | 7.681 x 1072 | 3.020 x 1071 1,245
7/150 | 7.698 x 1072 | 1.958 x 10! 4,949
7/200 | 7.704 x 1072 | 1.585 x 107! 12,880
7/250 | 7.706 x 1072 | 1.361 x 107! 24,130
(b) u. = 0.5

Table 7.1: Convergence of the numerical approximation to $q(t) of [[VPA] onto the con-
stant ¢ (u.) for decreasing A. This table shows the percentage difference between the
numerically calculated value of ¢ (u.) and the value obtained when the spatial resolution
is doubled. The time, given in seconds, is the calculation time for a typical run. Re-
sults are obtained numerically to four significant figures for Pe = 4, Da = 1/64 with (a)
u. = 0.1 and (b) u. = 0.5.

that the solution is sufficiently well approximated for a large range of parameter values
whilst keeping the computation time required to solve the numerical scheme in Section
7.1 reasonable. Comparison with results obtained for a spatial resolution of A = /300
resulted in a less than 0.5% difference in u(z,y,t).

Figures 7.5 - 7.11 represent the numerical solutions for u(x,y,t) and s(y, t), to [IVPA],
respectively, with cut-off value u. = 0.1, 0.5 and 0.9 and parameter values Pe = 50
and Da = 50, 1 and 1/50 obtained at selected values of t. They indicate that for all
combinations of parameter values, a permanent form travelling wave-front develops in the
large-time structure of the solution to [IVPA], that is, as t — oco. We first consider s(y, t)
for Pe fixed as we vary u, and Da. Figure 7.5(c) shows that extremely large values of
t are required to observe the linear behaviour of lim;_,, So(t) for small-Da and large-Pe

and u.. This point is further illustrated by Figures 7.7(c) and 7.8(c), which show that for

ue. = 0.9, with Da = 1 and 1/50 respectively, we have to extend the period of time over
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Figure 7.5: Numerical approximation of so(t) as it evolves over time for u. = 0.1 (top
plot), u. = 0.5 (middle plot) and u. = 0.9 (bottom plot). Results are obtained for Pe = 50
with (a) Da = 50, (b) Da =1 and (c) Da = 1/50.
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> 72+
0 |
27w - 0 T
8(y7 t) - SO(t)
(a) u. = 0.1
T
> 72+
0 |
27 -7 0 T
S<y7t) - SO(t)
(b) u. = 0.5
T T
> 72+ .
O | | | |
-10 7 87 6w -4 2w 0 2w
S<y7 t) - 80<t)
(¢) ue =0.9

Figure 7.6: Numerical approximation of the profile of the moving boundary s(y,t) as it
evolves over time for Pe = 50 and Da = 50. Results are obtained for (a) u. = 0.1, (b)
u. = 0.5 and (¢) u. = 0.9 for t =0, ¢t = 0.1, 1, 5, 10, 20 and ¢ = 30 with the arrow
pointing in the direction of increasing ¢. For panel (c), the axes have been increased so
convergence can be observed.
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Figure 7.7: Numerical approximation of the profile of the moving boundary s(y,t) as it
evolves over time for Pe = 50 and Da = 1. Results are obtained for (a) u. = 0.1, (b)
ue. = 0.5 and (c¢) u. = 0.9 for t =0, 0.1, 1, 10, 20, 30 and ¢ = 50 with the arrow pointing
in the direction of increasing ¢. For panel (c), additional solutions obtained at ¢ = 100,
150, 200 and ¢ = 250 are plotted and the axes have been increased so convergence can be

observed.
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Figure 7.8: Numerical approximation of the profile of the moving boundary s(y,t) as it
evolves over time for Pe = 50 and Da = 1/50. Results are obtained for (a) u. = 0.1, (b)
u. = 0.5 and (¢) u. = 0.9 for t = 0, t = 1, 10, 100, 200, 300, 400 and ¢ = 500 with the
arrow pointing in the direction of increasing t.
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Figure 7.9: Numerical approximation of the large—time solution wu(z,y,t) to [IVPA] for
Pe = 50 and Da = 50. Results are obtained for (a) u. = 0.1 and (b) u. = 0.5.
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Figure 7.10: Numerical approximation of the large-time solution u(zx,y,t) to [IVPA] for
Pe = 50 and Da = 1. Results are obtained for (a) u. = 0.1 and (b) u. = 0.5.

which the solution is evaluated to show convergence of s(y,t) — so(t) onto a permanent
form structure which we will refer to as lim;_,o[s(y,t) — so(t)] = ¢(y). For Figure
7.7(c), we have to extend the period of time until ¢ ~ 250, whereas, for Figure 7.8(c),
it is not possible to observe convergence onto the permanent form structure ¢ (y) for
any reasonable value of ¢ as the computational time required becomes far too expensive.
Based on comparison of results for u, = 0.5 and u, = 0.9 in Figure 7.6 for Da = 50 and
in Figure 7.7 for Da = 1, we expect that for fixed Pe and Da that the width of ¢ (y) for

u. = 0.9 to be approximately 5 times as large as the width of ¢ (y) for u, = 0.5. This
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Figure 7.11: Numerical approximation of the large-time solution u(z,y,t) to [IVPA] for
Pe =50 and Da = 1/50. Results are obtained for (a) u. = 0.1 and (b) u. = 0.5.

illustrates how far away convergence is from occurring for Da = 1/50 and u. = 0.9. For
parameter values such that convergence onto a permanent form travelling wave-front has
occurred, the profile of ¢ (y) appears similar in shape, however, it is stretched based on
the values of Pe, Da and wu,.

Figures 7.9 - 7.11 illustrate the large-time form of u(z — so(t),y,t). We find this is
time-independent and, hence, introduce the notation lim; . u(x — so(t),y,t) = (&, y)
with & = o — s¢(t). We consider how the width of u. (&, y), which we define as maximum
distance from 1y (£,9) = 1 — € t0 ux(&,y) = € for e = 1072, is affected as we vary
Da and u,. for Pe fixed. For fixed u., we observe that the transition from u,, ~ 1 to
Uso = 0 occurs quickly for larger values of Da with the width of uy (€, y) being closely
related to the width of ¢ (y). The transition is much more gradual for small values of
Da. Furthermore, we note that the width of the level curve u(§,y) = a is narrower
for u, < a < 1 and 0 < a < wu, in comparison to when a = u,.. This is due to the
cut-off having a reduced impact in these regions. These features are independent of the
particular value of £ chosen provided ¢ <« 1. All Figures 7.6 - 7.11 focus on the regime
of large-Pe, which corresponds to strong advection relative to diffusion, to illustrate the
impact introducing a background shear flow has on the formation of permanent form

travelling front solutions considered in Chapters 2 - 5. Stronger advection usually means
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| co(ue) | Da |
| we | 50 [ 1 ] 1/50 |
0.1 [ 2.195 [ 1.086 | 0.6670
0.5 || 1.482 ]0.9455 [ 0.4375
09 [[0.9703]0.6142 -

Table 7.2: A table of numerically obtained values for co(u.) for Pe = 50.

the concentration u(x,y,t) is transported faster in the direction of the flow and, hence,
the cut-domain technique described in Section 7.1.4 is needed for such problems.

Values of the speed of propagation c.(u.) of the travelling front solution are given in
Table 7.2 for the parameter values considered above. However, we note that there are
numerical issues with obtaining the value of ¢y (u.). As u. — 07, we require at least
A < u./5 for the front solution to be sufficiently accurately approximated. We observe
that increasing the value of u. € (0,1) has the effect of increasing the width of s (y)
and means the value of $y(¢) does not converge onto the speed c(u.) until very large
values of ¢, these results are especially evident as u. — 17. Hence, in this limit, a much
larger domain in the z-direction is necessary and we would have to significantly extend
the period of time over which the solution is evaluated to show convergence of the solution
to [IVPA] onto the travelling front structure u..(§,y). Similar behaviour to the large u,
limit is observed for smaller values of Da. As Da — 0", a much larger domain is necessary
and we have to extend the period of time over which the solution is evaluated in order
to observe convergence of the solution. This corresponds to the computational time to
obtain ¢y (u.) in the combined limit of u, — 17 and Da — 0 being extremely extensive
and beyond the scope of this thesis. The limits of small Da and large u,. correspond to a
weaker reaction and we expect it is the strength of this reaction that drives the evolution
of u(x,y,t) and s(y,t) — so(t) onto their permanent form structures in large-time.

We conclude that the numerical solution of [[VPA], and hence, [QIVPA], involves the
formation of a permanent form travelling wave-front as ¢t — oo, which has propagation
speed $o(t) — coo(ue) as t — 0o0. A graph of numerically calculated values of co(u.)

for selected values of Pe, Da and u. € (0.05,0.8) is given in Figure 7.12 which indicates
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Figure 7.12: A plot of ¢ (u.) obtained numerically for selected values of u. € (0.05,0.8).
Results for Pe = 1 and Da = 1/25 are shown in black, Pe = Da = 1/10 are shown in red
and Pe = 1/25 and Da = 1 are shown in blue.

that for fixed Pe and Da, ¢ (u.) is monotone decreasing with u. € (0.05,0.8). We expect
that this monotonicity property will hold for all u. € (0,1). With this is mind, the next
chapter focuses on the asymptotic solution to [QIVPA] in a homogenisation limit where

asymptotic results follow from the solution to [QIVP].
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CHAPTER 8

TRAVELLING WAVE-FRONT SOLUTIONS TO
(QIVPA]

In this chapter we study permanent form travelling wave-front solutions to [QIVPA].

8.1 Travelling Wave-Fronts

We anticipate that as t — 0o, a permanent form travelling wave-front solution will develop
in the solution to [QIVPA], advancing with a (non-negative) propagation speed, allowing
for the transition between the fully reacted state, u = 1 as £ — —oo, to the unreacted
state, u = 0 as £ — oo. Therefore, in this section we focus attention on the possibility of
[QIVPA] supporting permanent form travelling wave-front solutions (henceforth referred
to as PTWF solutions). To establish the existence and uniqueness of a permanent form
travelling wave solution to [QIVP], we considered the equivalent dynamical system and
proved the existence of a heteroclinic connection orbit in phase space. Such an approach
is not possible in higher dimensions when we have space-dependent coefficients. Instead,
guided by numerical simulations and results for closely related problems where the reaction
function is of ignition type (see, for example, Berestycki and Hamel [6]), we will assume
the existence and uniqueness of a PTWF solution to [QIVPA] for each fixed u. € (0,1),
denoting the unique propagation speed by ¢*(u.).

A PTWEF solution to [QIVPA], with constant speed of propagation ¢*(u.) > 0, is a

146



steady state solution to [QIVPA] with u: QxR - R, so: R — Rand ¢ : [0,7] — R

such that

u(& y,t) =UEy) V(Eyt) € QxR (8.1.1)
s0(t) = c*(u.) VteR", (8.1.2)
s(y,t) = so(t) = ¢ly) ¥ (y,t) € [0, 7] x RT, (8.1.3)

for domain Q = R x (0,7). Here U € CY(Q) N C?*(Q\ S), ¢*(u.) > 0 and ¢ € C*([0, 7])

satisfy the nonlinear boundary value problem,

O _ pe-t (62—[] v aQ—U) +Daf(U), (Ey)eQ\S,  (8.14a)

E3 o> o€

1, as & — —oo,
U&,y) — uniformly for y € [0, 7], (8.1.4b)

0, as & — oo,
oU oU
8_y<€’0) = a—y(fﬂf) =0, £eR, (8.1.4c)
U(&,y) > ue for £ <oy), U(&y) <ue for £2>¢(y), ye0,7], (8.1.4d)
U(p(y),y) = ue, y€[0,7], (8.1.4¢)
Ul w) = OnUlgw) -, ¥ € (0,m), (8.1.4f)

where b(y) is a shear flow that satisfies

be CH[0,7]) and /07r b(y)dy = 0. (8.1.5)

The set of points which form the level curve U = u, is given by

S={y) eRx[0,7]: £=o(y)}, (8.1.6)

with ¢(0) = 0 fixed through our choice of coordinate £ = x — so(t) and with the following
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unit normal vector to the zero-level curve £ — ¢(y)=0,

-t (1, —2—9 . (8.1.7)

8.2 Homogenisation Limit

In this chapter we focus on flows that vary on a much faster scale than the width of the
PTWF. In this case, one can upscale the faster scale to obtain an effective wave-front.
This is achieved by the method of homogenisation (see, for example, Lions et al [1] and
Pavliotis and Stuart [49]). Heinze, Papanicolaou and Stevens [53] were the first to employ
this method in the context of wave-fronts and describe the effective wave-front for a large
class of reactions for which a unique PTWF solution exists. However, all of their reaction
functions considered are Lipschitz continuous on [0, 1]. We begin by re-scaling

£ —s % (8.2.1)

for some small parameter € which represents the ratio between characteristic length scale
of the background flow and the largest length scale of the problem. To emphasize this
re-scaling we let U¢(€,y) = U(&/e,y) with this choice of re-scaling meaning the effective

speed of propagation of the PTWEF solution is re-scaled as follows,

(ue) — ¢ = ec*(ue). (8.2.2)
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The re-scaled field U¢ € C1(Q) N C%*(Q\ &) and speed c*(u.) > 0 satisfy the boundary

value problem

0*Ue  ,0°U* . oue
Oy? Te €2 + Pee (ec”(uc) — b(y)) ¢

be CY([0,7]) and /Owb(y)dy:0,

1, as & — —o0,

U(€,y) — vy e |0,
0, as & — oo,

U« _oU*

(57 0) -

Ue <€¢ (y) 7y) = U, () S [O? 77]7
On<U(cs)9) = OnUl(co)-w)» Y € (0,7),

¢(0) =0,
where the set of points which form the level curve U¢ = u, is given by
S ={(&y) eRx[0,7]: £ =ep(y)},

and with unit normal vector to the zero-level curve £ — ep(y) = 0,

n® = L 1_d¢
= ’Edy’

2
d¢

+ PeDaf.(U) =0, (§,y) € 2\ S, (8.2.3a)

(8.2.3b)

(8.2.3¢)

(8.2.3d)

(8.2.3¢)
(8.2.3f)
(8.2.3g)

(8.2.3h)

(8.2.4)

(8.2.5)

We now use a multiple scales approach to obtain an effective medium equation for the

boundary value problem (8.2.3). This relies on two scales, one slow (macroscopic) scale

and one fast (microscopic) scale. It is clear, for € = o(1), that the variable y changes

rapidly in comparison to the variable £ and therefore, £ represents the slow scale and y

the fast scale. We treat the variables as independent. This is one of the fundamental

assumptions of homogenisation theory (see, for example, Pavliotis and Stuart [49]).
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In multiple scales form, U¢ € C(Q) N C?(Q\ S) where the set of points which form

the level curve U¢ = u, is simply

S ={(0,y) : y € x[0,7]}. (8.2.6)
Thus
U« 1 0*Ue
U(ed(y) ™ y) = U(07,y) + eg(y) ae 07w+ 562¢2(y)a—52(0+,y) +0(e%), (82.7)
and therefore,
. 1, [do\? oU* do U
OneU*|(eo() ) = [1 -3¢ (d—y) +o(e”) (86 (edy)"sy) — e (6¢(y)+,y)>
= LU(0",y), (8.2.8a)
where the operator £ is given by
L= £0 + €£1 + 62[,2 + 0(63), (828b)
with
0
Lo =3¢ (8.2.8¢)
0%  dp 0
L= ¢(y)a—§2 T Ay oy (8.2.8d)
1, P do 9 1 (dp\° 9
Lr=5¢ (y)a_gg ay (y)ayag 2 \ay ) 7 (8.2.8¢)
Therefore, in multiple scales form, equations (8.2.3f) and (8.2.3g) become
. U«
U (0? y) + €¢(y)_(07 y) + 0(6) =Ue, YE [07 7T]7 (829)

U3
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and

LU(0%,y) = LU(0",y), yel0,n] (8.2.10)

Hence, the boundary value problem (8.2.3) becomes

8;5; + 628825: + Pee (ec*(ue) — b(y)) 88[? + PeDaf.(U°) =0, (&,y) € 2\ S, (8.2.11a)
be C([0,7]) and / b(y)dy =0, (8.2.11b)
0
1, as & — —oo,
Ue&,y) — vy e 0,7, (8.2.11¢)
0, as & — o0,

ouUe ouU«

o (§,0) = oy (§m =0, (€eR, (8.2.11d)
Us(&,y) > ue for £ <0, U(Ey) <wu. for £>0, ye0,mr], (8.2.11e)
(0, y) + e¢<y)aa—l§(o,y> +ole) =y € 0,7, (82.11f)
LU0",y) = LU0 ,y), y€0,7], (8.2.11g)
»(0) =0, (8.2.11h)

where the set of points which form the level curve U¢ = u, is simply

S ={(0,y) : y € x[0,7]}. (8.2.12)

8.2.1 Asymptotic solution for Pe = O(1) and Da = O(€?)

We examine the boundary value problem (8.2.11) for the specific regime of Pe and Da

where Pe = O(1) and Da = O(€?), where, without loss of generality, we set

Da = ve?, (8.2.13)
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with parameter v = O(1). The boundary value problem for (¢*(u.), U¢) in this regime is

given by
0*Ue U«
0?Ue U« ~
+é ( e + PeC*(UC)a—§ + Pe’Vfc(Uﬁ)) =0, (§y) e\S,

be C'([0,7]) and /Owb(y)dy:(),

1, as & — —oo,

U(&y) — vy €07,
0, as & — oo,

U« oU*

ay (570) - ay (5771—) - 07 5 € R

Ue(’fay) Z Ue fOI‘ 5 S 07 UE(ij) S Ue fOI‘ 5 Z 07 Y € [077T]7

0
U(0,y) + €9(y) o€
LU0",y) = LU0 ,y), y € (0,7),

$(0) = 0.

€

(0,y) +o(e) =u., ye€lomn],

We take power series asymptotic expansions of the form

UE(§7 y) - UO(é.a y) + €U1(§7 y) + €2U2(§7 y) + 0(63)7 (67 y) S g)
" (ue) = co(uc) + O(e),

o(y) = do(y) + epr(y) + O(€*), y € [0, ],

(8.2.14a)

(8.2.14b)

(8.2.14c)

(8.2.14d)

(8.2.14¢)

(8.2.14f)

(8.2.14g)

(8.2.14h)

(8.2.15a)
(8.2.15b)

(8.2.15¢)

which we substitute into the boundary value problem (8.2.14) to obtain a sequence of

problems at three successive orders of € which we solve in turn. We take the shear flow

b(y) to satsify the conditions (8.2.14b) at each order. The leading order problem is given
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02U, ~
= Q

e 0, (§&y)eN\S,
1, as & — —oo,

UO(gay) — V Yy € [Ovﬂ-])
0, as & — oo,

ol ol

— = = R

5, (0 =F2(Em =0, (eR

UO(gay) Z Ue fOI' 5 S 07 UO(gay) S Ue fOI‘ 5 Z 07 Yy S [Oaﬂ-]a
U0(07y) = U, Yy € [0777-]7

£0U0(0+7 y) = £0U0<077 y)? Yy S (077‘-)'

(8.2.16a)

(8.2.16b)

(8.2.16¢)

(8.2.16d)
(8.2.16¢)

(8.2.16f)

In equation (8.2.16a), y is a variable and ¢ is just a parameter. Hence, we conclude that

there exists a solution Uy = Uy(§) to (8.2.16) such that

1, as & — —oo,
Uo(§) —
0, as & — 00,

Up(§) > ue for £ <0, Up(&) <u, for £>0,

U()(O) = U,
ot

dU

— =0

dé ’

0-
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(8.2.17¢)
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which will be uniquely determined by the problem at O(e?). At O(e), we obtain the

boundary value problem

0*U, dUy

G =P ge Ey) e, (8.2.18a)
Ui(,y) >0 as & — +oo, ye€ [0, (8.2.18Db)
8U1(£, 0) = aUl(é, m) =0, {€R, (8.2.18c)
Ui(€,y) = —do(y) d(é (&) for € <0, yel0,n] (8.2.184)
Ua(6.0) < ~on(s) 2(6) for €20, y e oo, (82180
d
G(0.) = ~6ul) G20), v € 0,7, (8.2181)
(0*y) ot
o &2
a%l =— o<y>%° .y €07, (8.2.18g)
(0=,y) 0-
¢o(0) = 0. (8.2.18h)

On applying the Fredholm Alternative, we find this is a well-posed problem, admitting a
unique solution which can be determined once the right-hand side of equation (8.2.18a)
is known. Equation (8.2.18a) allows us to compute the function U;(§,y) in terms of the
function Uy(). As there are only derivatives of U;(€,y) with respect to y present, we

conclude U; (€, y) must be separable and we seek a solution to (8.2.18) of the form

UrE.y) = x <>dd%+g<f> (6.y) €0 (3.2.19)

On substitution of (8.2.19) into (8.2.18), we obtain the following boundary value problem

for the function y;(y),

&
d;“ = Peb(y), y e [0,7], (8.2.20a)
dx1 dx1

AL — A = 2.2
5 0= Tm =0, (32:20b)

154



where we take the function to have zero mean value without loss of generality,

/07r x1(y)dy =0, (8.2.20¢)

to ensure uniqueness of the solution x;(y). In homogenisation theory this is referred to

as the first cell problem. Moreover, we obtain the boundary ¢g(y) as

do(y) = x1(0) — x1(y), y € [0, 7], (8.2.21)

and, in addition, the function g(§) must satisfy the conditions

9(§) = 0 as § — £o0, (8.2.22a)
dUO dUO
9(§) > —xl(O)d—g(g) for £€<0, g(¢&) < —XI(O)d—f(g) for £ >0, (8.2.22Db)
9(0) = —m(@%@% (8.2.22¢)
dg|” v, |
g _ 0
i N = —x1(0) ie . (8.2.22d)
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At O(e?), we obtain

0*U, ou,  d*U

d N
ayz = Peb(y)a_f + == d€2 + PecO(“c) CZO + Peﬁch<U0)> (67 y) € Q \ 87
Uy(&y) >0 as & — +oo, Vye|0,m],
TLE0=F2Em =0, (eR
oU 1 d2U,
Ua(§:y) = =uly) 5 (6:9) = 5884) 5 (©)
d
— 61(y) CZO(@’ for £ <0, yel0,n],
oU 42U,
Ua(€,y) < —o(y) g (&y) — ¢0< )WO@
d
— & (y) [?(g), for € >0, yel0,n],
(0t,y) o+ (0%,y)
Uy d2U, 1 d3U0 o2U,
e = —¢1(y) - —¢ ( ) - ¢0(y>—
o (0-) 4e* |- 4, e (0-y)
¢1(0> =0.
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(8.2.23a)

(8.2.23b)

(8.2.23¢)

(8.2.23d)

(8.2.23¢)

(8.2.23f)

(8.2.23g)



On substitution of the expansion (8.2.19) and equation (8.2.21) into the boundary value

problem (8.2.23), we obtain

62UQ d2U0 dg
T = pebt) (et + 57 )
+ ddgo + Peco(uc)cz_(éo + Pe’ch(UOL (gay) € Q \ S, (8224&)
Uy(&,y) >0 as & — +oo, Vye|0,m], (8.2.24b)
aUz(g 0) = aUQ(g, ) =0, €€R, (8.2.24c)
Ua(6.0) 2 5 (60 ~ X1 0) 6)
dg U,
+ () = a0) ZO - a2, for £<0. yelor, (8221
Us(€,y) < % (xi(y) — xi(0)) dd—go(f)
+0al) — () Zg(ﬁ) o) GO, for >0, yeloa,  (82210)
(0*.) ) arr |07
o - —asl(y)ddgo T 5080) = 3 0) i
+0al) ~ (0 >>j§§ Cveb] (8.2211)
¢1(0) = 0. (8.2.24g)

Let us assume that the equation (8.2.24a) is well posed, and therefore possess a unique
solution. As there are only derivatives of Uy (&, y) with respect to y present in equation
(8.2.24a), we require Us (€, y) to be separable and specifically of the form,

22U, dg

e x2(y) + d_£X1

Us(é,y) = v)., (&y) eQ\S. (8.2.25)
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On substitution of the expansion (8.2.25) into (8.2.24), we find that the function x2(y)

satisfies the second cell problem

d2

—d;; = Ao — 1+ Peb(y)xi(y), ye€l[0,7], (8.2.26a)

dx2 dxz

——0)=—~=(7) = 2.2
i (0) i (m) =0, (8.2.26b)

/ X2(y)dy = 0, (8.2.26¢)
0

where the constant Aj represents the homogenised diffusion coefficient and we take the
zero mean value condition (8.2.26¢) to hold, without loss of generality, to ensure unique-
ness of the solution x5(y). The right-hand side of equation (8.2.24a) has zero average over
y € [0,7], and thus, there exists a unique solution to (8.2.24), provided Uy(&) satisfies
homogenised travelling wave problem

2
00 4 pecy®0 4 peyf.(Uy) =0, £€R\ {0}, (8.2.27)

Aoger ié

It then follows from the already established properties of Uy(€), given by (8.2.17), that

on taking the scalings

co =1/ AP—ZYU*(UC), §=\ /%({E — v (u)t), (8.2.28)

and letting Uy(§) = Ur(x — v*(u.)t), we can relate the leading order solution to (8.2.14)
to the PTW solution to [QIVP]. On integrating equation (8.2.26a) once, we obtain the

homogenised diffusion coefficient as

Pe (7
R e (8.2.20)

™ Jo

which, via the first cell problem (8.2.20), simplifies to

1 [ (dxi\°
A0:1+—/ (£> dy. (8.2.30)
T Jo dy
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It follows from equation (8.2.24f) and (8.2.24g) that

d3Uq 0"
@@wz—(m@»—mw»+§uﬂm—xﬁwo S yelal, (3231

d?Uq

e | -

and, in addition, we obtain an expression for the jump discontinuity at second order in

g9(§) as

0t 0t

: (8.2.32)

0—

@y
de?

XQ(O) dSUg
x1(0) dg?

-
provided x1(0) # 0.

In summary, on collecting expressions (8.2.15a), (8.2.19), and (8.2.25), we have estab-
lished that

dUy

(€ =Unl6) + ¢ (gt +9)) +

d*U, d
dfzo X2(y) + d—gxl(y)> +O0(€%), (8.2.33)

with Up(§) = Ur(z — v*(u.)t) and € = o(1). Similarly, on collecting expressions (8.2.15¢),
(8.2.21) and (8.2.31), we have deduced

o(y) = x1(0) = x1(y) — ¢ <Xz(y) —x2(0) + % [x3(0) — x%(y)]) % +O(€), (8.2.34)
de? |-

for y € [0,7]. Finally, on collecting expressions (8.2.15b) and (8.2.28), we obtain the

speed of propagation of the PTWF solution to (8.2.3) as

c*(ue) =4/ %v*(uc) + O(e). (8.2.35)

The asymptotic expression (8.2.35) can be explicitly stated in the limits of small and large
cut-off u,., via the asymptotic predictions (4.3.27) and (4.4.17) of v*(u.), with numerical
predictions for obtained in Section 4.5 for all u. € (0,1), for the specific case of cut-off

Fisher reaction function (3.0.1).
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8.2.2 Numerical Example

In this section we compare asymptotic predictions of ¢y(y) and ¢*(u.) against the corre-
sponding values ¢o.(y) and coo(u.) obtained from the numerical evaluation of [[VPA] in
the homogenisation limit of small Da and Pe = O(1). We focus on the particular case of
the cut-off Fisher reaction function (3.0.1) for fixed cut-off threshold u. € (0,1) and shear
flow

b(y) = sin(2y). (8.2.36)

It follows from the boundary value problem (8.2.20), that

w) =5 (v-gftsmel). ye b (827
therefore,
oo(y) = —%Pe {y - %Sin(Qy)} , Yy €07 (8.2.38)

The asymptotic structure of ¢*(u.) relies on the constant Ay which we determine for the
particular shear flow (8.2.36) as

3
Ag =1+ gPe?, (8.2.39)

and thus, via the scaling (8.2.2), our asymptotic prediction for the propagation speed

c*(u.) of the PTWEF solution to (8.1.4) is given by

c(ue) ~ (1+—§PGQ)U*(UC)\/D_8L, (8.2.40)

as Da — 07. Numerical results are obtained via numerical solution of the fractional-step
method described in detail in Section 7.1.

In Figure 8.1 we compare asymptotic and numerical predictions for the profile of
the level curve U = u.. We observe that (8.2.40) strongly agrees with the numerically
determined value of ¢o.(y) in the large-time solution of [IVPA] obtained for u., = 0.1,

Pe = 1 and two values of Da. In Figure 8.2 we contrast the behaviour of the asymptotic
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Figure 8.1: Comparison between asymptotic and numerical results of the boundary ¢q(y)
for v, = 0.1 and Pe = 1. Numerical solutions derived from the large-time solution to
[IVPA] are shown as solid lines with dashed lines representing the asymptotic prediction
(8.2.38). Results are obtained for (a) Da = 1/25 and (b) Da = 1/50.

expression (8.2.40), based on the numerical evaluation of v*(u,.) for u. € (0,1), obtained
in Section 4.5, against the numerically determined solution ¢y (u.) to [[VPA] in large-time
for a selection of cut-off values. It is clear that the expansion (8.2.40) provides an excellent

approximation to the asymptotic speed of propagation for arbitrary wu..

8.3 Discussion and Conclusions

In chapters 6 - 8 of this thesis we have considered an evolution problem for a reaction—
diffusion process in the presence of a shear flow and where the reaction function is of
cut-off KPP-type for arbitrary fixed cut-off u. € (0,1). In Chapter 6 we formulated this
evolution problem in terms of an initial moving boundary problem [I[VPA] and, equiva-
lently, [QIVPA]. In Chapter 7 we obtain a numerical solution to [[VPA] for the particular
case of the cut-off Fisher reaction function (3.0.1) for arbitrary u. € (0,1), Pe and Da.
Focussing on the specific case of a shear flow (8.2.36), we illustrate the formation of a
PTWF in the large-time solution. We observe that the rate of convergence of the solution
onto the permanent form travelling wave solution was strongly influenced by the values of

Pe, Da and u.. In particular, we find that the rate of convergence decreases considerably
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Figure 8.2: Comparison between asymptotic and numerical results of the speed for selected
cut-off values u, € (0,1) and Pe = 1. Numerical solutions of ¢, (u.) derived from the large-
time solution to [IVPA] are shown as circles with dashed lines representing the asymptotic
prediction (8.2.40) of ¢*(u.). The top plot is obtained for parameters Da = 1/25 and the
bottom plot for Da = 1/50.

as u, increases and Da decreases. In Chapter 8 we have developed the asymptotic struc-
ture of the PTWF for the specific case of Pe = O(1), small Da and arbitrary u. € (0, 1).
It would be interesting to extend the analysis in Section 8.2 to obtain explicit results for
the PTWF solution for a wider range of parameters Pe and Da. Chapter 7 showed that
the behaviour of the PTWF can drastically vary depending on whether PeDa is small or
large.

Exploration of a wider range of parameter values would be facilitated by a more
straight forward way to obtain the large-time solution to [IVPA]. Alternatively, since
we are interested in PTWF solutions we may focus on determining the solution to the
nonlinear boundary value problem (8.1.4) numerically.

We could extend the analysis in Chapter 8 further by considering the effect of different
types of shear flow on PTWF solutions. For example plane Couette flow b(y) = y and
plane Poiseuille flow b(y) = 72/3 — 3.

Finally, in comparing the theory for the two-dimensional reaction—diffusion—advection
problem with shear flow, and the associated one-dimensional reaction—diffusion problem,

we make the observation that, in the absence of flow, the rate of convergence onto the
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PTW solution is linearly exponentially slow in ¢ with the leading order exponent given by
—v*(u.)?*t /4. Guided by numerical solutions and asymptotic predictions for the speed, we
expect that the rate of convergence of the solution to [I[VPA] onto the PTWF solution will
be exponentially slow with the leading order exponent —Ac*(u.)%*t, where A is dependent

on a combination of Pe and Da.
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CHAPTER 9

FUTURE WORK

In this thesis we have studied two intimately related problems. The first problem concerns
the evolution of PTW solutions arising in a class of scalar homogeneous reaction—diffusion
equations that are characterised by an arbitrary cut-off u. € (0,1) in a KPP-type reac-
tion function. The second problem considers the impact of a heterogeneous environment
enforced by a background shear flow on these PTW structures. With regards to the
first problem, there are a number of closely related problems which would provide com-
pelling extensions. Firstly, it would be interesting to contrast the results presented here
against those obtained when an arbitrary cut-off u. € (0, 1) is introduced into other types
of reaction—diffusion models, such as the Nagumo model [44] with a bistable reaction
function given by

fu) =u(l —u)(u—0), (9.0.1)

with parameter # € (0,1). The initial-boundary value problem (1.1.4) for the Nagumo
equation has a unique permanent form travelling wave solution which propagates with
speed v = \% — v/26. The existence and uniqueness of a front solution when a Heaviside
cut-off is introduced into the reaction function was established by Dumortier, Popovié
and Kaper [20] via a rigorous phase plane type analysis. Furthermore, for 6 € (0,1/2)
(corresponding to positive speed values when u, = 0), Dumortier, Popovié¢ and Kaper [20]

find that the speed of propagation tends to the speed of propagation in the absence of

a cut-off algebraically as u. — 07 (the exact form depending on the value of §). This is
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significantly faster than for the cut-off KPP-type reaction function. It remains an open
problem to establish the existence and uniqueness of a PT'W solution and its propagation
speed for arbitrary u. € (0,1). Moreover, it would be interesting to examine the rate of
convergence of the solution onto a PTW structure.

Another interesting topic of future work concerns the stochastic randomly perturbed
KPP equation, whose dimensional form was given by equation (1.1.28) for the specific
case of a Fisher reaction. Results regarding the large-time solution to (1.1.28) have
recently been obtained by Mueller, Mytnik and Quastel [42] who proved that the speed

of propagation is given by

w2 In|In .|
0(t.) = 2— ——+ 0 —nrou e — 07 9.0.2
o(dc) [ (mae (\lnac\3 ﬂ s e (5:02)

The difference between the non-dimensional speed (i) = /7/# f/(0)d (i) obtained from
this model and v*(u.) obtained from the deterministic cut-off model [QIVP], on taking
. ~ u., only arises in the order of the error as both wu. and @, — 07. The two models
behave very differently when u. and . can no longer be regarded as small, as might be
anticipated. In this case, Doering, Mueller and Smereka [18] conjectured that the speed of
propagation is given by 0(t@.) ~ 2/, as 4. — 0o. The behaviour in this limit should be
contrasted against expression (4.4.17) obtained for u, — 17. A comparison suggests that
. and u. may in this case be related according to @, ~ 2/(1 — u.) as u. — 1~. However,
it remains to determine how the asymptotic structure of the solution to (1.1.28) evolves in
time and, in particular, what is the rate of convergence onto the travelling front solution
in large-time.

With regards to the second problem, the effect of introducing a background flow on
PTW solutions to reaction—diffusion models with cut-off type reaction functions is a new
topic and, as such, there are many questions that remain to be investigated. To begin, a
rigorous proof of the existence and uniqueness of a PTWF solution in the presence of a

background shear flow is required. We have already mentioned the need to investigate a
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wider range of parameter values and shear flows as an immediate extension to Chapter 8.
Furthermore, it would be interesting to examine the rate of convergence of the solution
onto the PTWF.

Advection by a shear flow is the simplest example of the impact of a heterogeneous
environment on a PTW solution to a homogeneous reaction—diffusion equation. We antic-
ipate that the approach developed in this thesis will be readily adaptable when the shear
flow is replaced by more complicated spatially periodic flow such as the ones considered
in the review by Majda and Kramer [38]. For such periodic flows, we have to replace the
notion of PTWF solutions by pulsating front solutions which change periodically with
respect to time. It would be very interesting to examine this in the context of a cut-off

reaction function.
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