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ABSTRACT

In this pure mathematics thesis we study realizations of fusion systems on finite groups and
determine minimal right characteristic bisets for infinite families of saturated fusion systems

over 3-groups of maximal nilpotency class.
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CHAPTER 1

INTRODUCTION

A fusion system J on a finite group S is a category whose objects are subgroups of S, and whose
morphisms are injective group homomorphisms, which satisfy a number of other properties [1,
Definition 2.1]. A saturated fusion system is a fusion system which satisfies a further set of
axioms [1, Definition 2.2]. The definitions are modelled on what we call fusion categories,
Fs(G), where G is a finite group containing S. We do not assume, in our definition of fusion
categories, that S is a Sylow-p-subgroup of G. It is well known that fusion categories are
indeed fusion systems. In [7], Sejong Park showed that every saturated fusion systems over a
finite p-group can be realized as a fusion category. Later, Park showed in [10], that this result

holds for general fusion systems. To comment on this further, we start with some definitions.

Let S be a finite group, and write U(S) or simply U to denote the universal fusion system on
S. Let ¢ and y be two morphisms in U. Write Dy and Dy, to denote the domains of ¢ and

Vv respectively. We define

A}, ={(p.p9) | p € Dy},

to be a diagonal subgroup of § xS and write Oy to denote the right coset space (S x S)/quj
in §x 8. This is an S x S-orbit under right multiplication, and any union of these orbits
constructed from a variety of morphisms gives us an § x S-set. We also define

A‘I’
Dy ,

Of = ((Sx$)/Af,)



to be the set of points in Oy fixed by Agw under right multiplication. For any union of these

orbits, Q, constructed from a variety of morphisms, QY is defined similarly.

Let F be a fusion system on S. An S x S-set Q is called a (right) semicharacteristic biset

for F, if and only if, it satisfies the following two properties:
1. Every orbit in Q is of the form Oy for some ¢ in &, and
2. |QY| = Qv | for all v in 7.

This means that we can write our (right) semicharacteristic biset as

Q=|]C(9)0s

ocT

for some integers C(¢) > 0. Evidently, not every value of C(¢) determines that we have a
(right) semicharacteristic biset. The value of the constants C(¢) come from part (2) of the
definition. The key point in part (2) is that the definition has to hold for all morphisms in F.
Usually there will be too many morphisms in any given fusion system, and therefore too many
equations to deal with. In order to circumvent this problem, Park introduced a definition.
Let ¢,¢; € U(S). We say that ¢ and ¢ are S-S-equivalent, and write ¢ ~ ¢y, if there exists

x,y € S such that
(Dg,)* =Dy and  cx|p, 0oy = 9.

The relation is an equivalence relation, and the size of the fixed point set \OK| is independent
of the representatives of the S-S-equivalence classes. In other words, if ¢, @1,y y; € U(S), so

that ¢ ~ ¢; and v ~ yq, then |O;’;\ = |(9:£/1l |. This means we can write

Q=||C(9)0,

¢el’

where I' denotes a set of S-S-equivalence class representatives in . Moreover we only need

to satisfy part (2) of the definition of (right) semicharacteristic biset for S-S-equivalent class



representatives. This will leave us with far fewer calculations to deal with.

Park showed that a finite group G realizing a fusion system & over a finite group S is construc-
ted as the group of all permutations over a (right) semicharacteristic biset Q, which preserves

the left S-action. That is,
G={meSym(Q) | (xo(s1,51))m = ((xo(l,s2))m)o0(s1,1) for all x € Q,s1,s, € S}.

This group G is equal to Csym(Q)(S), when S is identified as a subgroup of G in the following

way:
1:S—=G:(x—x0(l,s)).

Equivalently, G = S1Sym(||/|S|) (See Lemma 4.3.10). A fusion system F on a finite p-group
S is called exotic if it is not equal to F(G) for any finite G with S € Syl ,(G). In [7], Park
introduced the concept of the exoticity index, e(F), of a fusion system F on a finite p-group

S as

min{log,|T : S| | S < T € Syl ,(G) for some finite G with & = F5(G)}.

By definition, a fusion system J on a finite p group S is exotic if and only if e(F) > 0. The
group G that realizes a fusion system F over a finite p-group S using (right) semicharacteristic

bisets gives us an upper bound on the exoticity index as

(91/151~ 1)og, 51+ T [%J

This is likely to give us a very large upper bound, and may not necessarily be anywhere near

the actual value.

In [9], Park explicitly constructed a minimal right characteristic biset for saturated fusion

systems F on extraspecial groups S of odd order p3 and exponent p, with the property that



every subgroup of S of order p? is F-radical. Among these saturated fusion system are the
Ruiz-Viruel exotic fusion systems, [13]. The upper bound on the exoticity index turns out to
be quite large. For example, for the smallest of the three exotic fusion systems, that is when

|Out4(S)| = 48, the upper bound for the exoticity index is given as 425744.

Our thesis is essentially comparable to [9] in the sense that our main aim is to eventually
construct fusion category realizations for a set of infinite families of saturated fusion systems
over 3-groups of maximal nilpotency class, many of which are exotic. The fusion systems,
which we shall call DRV-fusion systems, are described in [5, Theorem 5.9, Table 6]. We ana-
lyse these families quite thoroughly, and construct minimal right characteristic bisets for each
member of these families. The following theorem is the result we obtain for what we call the

DRV-9 fusion system:

Theorem. Let S be a rank two 3-group of maximal nilpotency class, of order 3", r =2k+1 > 5,

and generated by s and sy, with the presentation
3.3 3
S = (5,51,52,,8r—1 | 5i = [si-1,8], [si,51] = 83574152 =57 = 1),

. . [ 1 “
where 2 <i<r—1and 1< j<r—1, assuming that s, = s,11 = 1. Writet = s ' and

7= s%kil. Define the following morphisms:

1

W:S—S:s—s s 575 (an involution of )

N:S—S:stss,s1 s (an involution of )

1

Oo: (s,t) = (s,t) s> 1,15 (an automorphism of an extraspecial subgroup)

Op: (s,t) = (s,t) i s>t t+—>s (an automorphism of an extraspecial subgroup)

1 1

Bo:(s,t) = (s,t) :s—1 tr>s (an automorphism of an extraspecial subgroup)

Define
F= <AUtEF(<S7t>>7AUt?<S)>>



to be a fusion system® over S, such that Outg({s,t)) = GL,(3) and Outs(S) = (@, 7). There

exists a minimal right characteristic biset Q for & given by:

Q= (014, U0 O UOgon) L (Og, U 09&1 U Ogy UOg,) Unk(Oq, U Ogy,, U Oy, Owonm)’

where ny = 3?73 — 1 denotes the number of copies of the corresponding orbits. Moreover,
1Q|/|S| = 4(my — 1)?, for my = 3?2, and the upper bound of e(F), the exoticity index over

F, given by this construction is 2[(4k +3)m2 — (8k — 6)my + (2k + 3)].

From [5, Table 6, Theorem 5.9] we know that the DRV-9 fusion system is not exotic. This
means that its exoticity index is actually zero, and hence the upper bound given by the theorem

is not very precise. This pattern is prevalent throughout all the DRV-fusion systems.

We now summarize each chapter:

e In Chapter 2 we introduce basic ideas in group theory relating to group actions, auto-
morphisms of certain extraspecial groups and some basic definitions and results in the

theory of fusion systems.

e In Chapter 3 we define S-S-equivalence over morphisms of a given fusion system. The
significance of this chapter is to help us later apply results in order to reduce the number

of morphisms in the construction of right characteristic bisets.

e In Chapter 4 our aim is to demonstrate a significant result of Park which shows that fusion
systems over finite groups can be realized as fusion categories of certain permutation
groups. We start by defining bisets, introduce characteristic bisets and finally take a

look at the exoticity index of a fusion system.

e In Chapter 5 we study an infinite family of 3-groups of maximal nilpotency class, whose
members we shall call S. It is this infinite family of groups upon which we shall write

down, what we shall call DRV-fusion systems.

As discussed in [5, Table 6, Theorem 5.9], the fusion system is in fact saturated.



e In Chapter 6 we study the automorphisms of S, and the automorphisms of certain
subgroups of S. Here we also fix notation for a key set of morphisms which will be used

throughout Chapters 7, 8, and Appendices A,B.

e In Chapter 7, which is perhaps the most important chapter in this thesis, the idea is to
introduce, what we call, DRV-fusion systems, over infinite families of groups. Here we
use results from Chapter 3 to reduce the number of morphisms used in the construction
of right characteristic bisets corresponding to DRV-fusion systems. By the end of this
chapter we will have a general construction of right characteristic bisets for each of the

DRV-fusion systems.

e In Chapter 8 we focus on the Main Theorem of our thesis which essentially lists minimal
right characteristic bisets for each of the DRV-fusion systems. We also demonstrate the
proof of one of the DRV-9 fusion system in detail which then can be used as a basis for

understanding the rest of the proofs found in Appendix A.

e In Appendix A we list the remaining proofs of the Main Theorem, from DRV-1 to DRV-16
(except DRV-9).

e In Appendix B we determine the fixed point sizes |O;/||PQ| for all relevant ¢,y and Q <

Dy P < Dy that are needed for the proofs of the Main Theorem.



1.1 Notation

Here we list some of the most common notation used in this thesis. Much of the notation
listed here is related to the group S defined in Chapter 5. Most of them are either elements
of S, subgroup of S, or morphism defined over subgroups of S. Sometimes, it may be the case
that some of the notation identified below is used differently in different contexts. If that is

the case, then that will be clearly stated, at least in that section, if not immediately prior to

its use.

Symbol Description Page

Elements:

t s?’H 64

F4 s%kil 64

ay defined by the recurrence relation a; =, —(a,%f1 —3ax-1+3)anda;=,0 79

by defined by 1* it 79

di the element sl+ ks3 which depends on k 331

dy the element s “s3 which depends on k 331

Groups:

S The group that we are concerned with in this thesis, with the presentation 58
(8,871,850, ey Sr—1 | 8i = [8i—1,8], [si,81] = s3s3+1s1+2 =57 =1), where 2 <
i<r—1,1<j<r—1, assuming that s, =s,+1 =1, r > 5 and odd.

Vi (ss2) 85

E) (ssh,1) 85

Ao (t,2) 64

A (s1,52) 58

Q,(G) (g€ G| g =1) for any finite group G 25

Morphisms:

W automorphism of S, defined by s — s~ !, 51 — s%sz 73



Or
6,
or

Br

él,v
&2y

automorphism of S, defined by s — 5,51 — sfl

automorphism of T, defined by x7 — yr,yr »—>x;1, for T =V, ,E;,A
automorphism of T, defined by xr r—>y;1,yT —xr, for T =V, ,E; A
automorphism of T, defined by x7 — yr,yr — x7, for T =V E; ,A

automorphism of T, defined by x7 r—>y}1,yT »—>x}1, for T =V,,E),A

automorphism of T, defined by x7 — x7,yr »—>y;1, for T=V,,E;,A
automorphism of T, defined by xr |—>x;1,yr —yr, for T =V, ,E; A
automorphism of T, defined by x7 — xr,yr — yr, for T =V E; ,A

automorphism of T, defined by xr n—>x}l,yT »—>y}1, for T =V, ,E),A

morphism from V), to Ag, defined by ss}’ —Z,7— i1
morphism from Vy, to Ao, defined by ss{ — izt
morphism from Vy, to Ao, defined by ss{ — z,z+> ¢

morphism from V,, to Ag, defined by ss}’ — z_l,z 1

morphism from V,, to V_,, defined by ss¥ >z 1,z (ss7") !

morphism from V,, to V_,, defined by ss} +— z,z— 557"

1

morphism from Vy, to V_,,, defined by ss} 27",z — ssl_v

morphism from V, to V_,, defined by ss} > z,z+> (ss7") 7!

morphism from V,, to V_,, defined by ss) — ssl_v,z 2z

morphism from V, to V_,, defined by ss} > (ss;V) "1,z 27!

morphism from Vy, to V_,, defined by ss{ — ssl_v,z 7]

morphism from V, to V_y, defined by ss} s (ss;¥) "1z z

1 1

morphism from Vy, to Vj, defined by ss{ — s,z 2~

morphism from Vy, to Vj, defined by ss{ — 5,2+ 2

73

85
85
85
85

86
86
86
86

87
87
87
87

87
87
87
87

88
88
88
88

88
88



é3,v
é4,v

Es,v
Eo.v
v
Es.v

morphism from Vy, to Vj, defined by ss{ — sz z

morphism from V), to V), defined by ss}’ —s,7 77!

morphism from Vy, to Vp, defined by ss) — z,z+> s

morphism from Vy, to Vj, defined by ss{ — 7z 5!

morphism from Vy, to Vj, defined by ss{ — 2,z — 51

1

morphism from V), to V), defined by ss}’ =z ,2r S

the domain of a morphism ¢

the image of a morphism ¢

the S x S subgroup {(p,p9) | p € P} whenever P < S and ¢ € Hom(P,S)
(S x S)/A¢, the set of right cosets of Ag in SxS

the set {Vy,E;,A| A €{-1,0,1}}

a subset of Ty, associated with a particular fusion system

Set of all nontrivial S conjugacy class representatives in S, chosen so that
D2{Q|Q< {s1).(s2). (157}

The set {(ss?),(z),(ss?,2)} consisting of all nontrivial S-conjugacy
classes in V; defined for A = —1,0,1

The set {(ss?), (), (ss?,2), (t,2), (ss?,1)} consisting of all nontrivial S-
conjugacy classes in E; excluding (z), defined for all A = —1,0,1

Same as D,

Theset {Q<A|Q#1,(tz) or (tz71)}

the set {ld|s,0,n, 00N} % {OT,OT_I,aT,ﬁT}, for T € Ty

the set {ld|s,®,n,mon} x {%v%l")‘w%}v for A =—1,1
the set {ld[s,0,n,@on} x {0 1, 5,051, %2}, for L =—1,1
the set {ld[s, ®,n, 00N} x {81 1,62,832,842}, for A =—1,1
the set {ld[s,®,n,@0on} x {£73,6,3,86:3,6,} for A =—1,1

88
88

88
88
88
88

29
29
29
29
85
89
108

108

108

108
108

329
329
329
329
329



the set {(y,9) € Mz | ¢|go W = c,|p for some g € S}, for T € Ty

the set {(y,9) € My, [ 9|goy = cglp for some g € S}, for A =—1,1

the set {(y,

(v, 9)
(v, 9)

the set {(y,9) € My, | 9|oo ¥ = c¢|p for some g € S}, for A = —1,1
(v,9) € Mg, | #loo W = cglp for some g € S}, for A = —1,1
(v, 9)

the set {(y,¢) € Mgfl | @loo W =cg|p for some g € S}, for A = —1,1

the exoticity index of a fusion system F
x=,yif and only if x =y mod 3k
the set of elements in a group G fixed by an automorphism ¢ of G

the universal fusion system on S

10

329
329
329
329
329

56
78
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CHAPTER 2

PRELIMINARIES

2.1 Fusion systems

We start this section by introducing the theory of fusion systems. For reference we have
used [1] by Aschbacher, Kessar & Oliver; and [8] by Park. Let G be a finite group. For
any g € G, denote by ¢, : G — G, the conjugation map given by (x)c, = g lxg for x € G.
For any H,K < G, such that H¢ < K, we define cg 5 ¢ to be the restricted conjugation map
cg : H— K. When the meaning is clear, we may just write ¢, to denote the conjugation

between the subgroups. We define
Homg(H,K) = {Cg,H,K | HS < K,ge G}

to be the set of group homomorphisms (which are necessarily injective) given by conjugation by
an element in G. We define Isog(H, K) to be the set of maps in Homg(H, K) that are isomorph-
isms of groups. Since G is finite, note that either Isog(H,K) = Homg(H,K) or Isog(H,K) = 0.
We denote Autg(H) =Homg(H,H). We know that Autg(H) = Ng(H)/Cg(H), where Ng(H)
and Cg(H) denote the normaliser and centraliser of H in G respectively.

We write Aut(H) for the full automorphism group. Note that Autg(H) is a subgroup of
Aut(H). The inner automorphism group is defined as Inn(H) = Auty(H) and the outer
automorphism group is the quotient group Out(H) = Aut(H)/Inn(H). Now, we introduce

fusion systems:

11



Definition 2.1.1. Given a finite group S, define a fusion system & on S to be a category whose
objects are the subgroups of S and whose morphisms Homg(P,Q) for P,Q < § are injective

group homomorphisms such that:
(i) Homz(P,Q) 2 Homg(P,Q).
(i) If @ € Homg(P,Q), then the isomorphism ¢ : P — P¢, defined by g g¢, is in Homg(P, P¢).

(iii) If ¢ € Homg(P,Q), then the isomorphism ¢! : Pp — P, defined by g+ q¢~!, is in
Homg(P¢,P).

Definition 2.1.2. Let G be a finite group and S < G. Define a fusion category Fs(G) of G on
S to be the category whose objects are subgroups of S and whose morphisms Homg ) (P,Q)=

Homg (P, Q) for all P,Q < S.

With the additional requirement that S € Syl,(G), with p prime, F5(G) is usually the most
common motivational example of a fusion system stated in the literature. Let J be a fusion
system on a finite group S. We write ¢ € F, if ¢ € Homg(P,S) for some P < S. Recall that all
morphisms in F are injective. Therefore, if |P| = |Q|, for some P,Q < S, then every homorph-
ism in Homg(P,Q) is a group isomorphism. Thus, in such cases, we write Isog(P,Q) in place
of Homg(P,Q). In particular, Homg(P, P )=Isos(P,P¢). We also write Auts(P) in place of

Homg(P,P).

By property (i) of the definition of fusion systems, the fusion category Fs(S) is contained
in F. Moreover, for every P < Q pair of subgroups of S, the category J contains the inclusion
maps P — Q. By properties (i) and (ii) every morphism in F is a composition of an isomorph-

ism in J followed by an inclusion map.

Let U(S), or simply, U, be the category whose objects are subgroups of S and whose morphisms
are all injective group homomorphisms between subgroups of S. Then U is indeed a fusion

system, called the Universal Fusion System. Note that it is unique for a given finite group S.

Let V C U denote a subset of morphisms inside U = U(S). Then, we write (V) to denote
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the fusion system generated by V. Explicitly, the morphisms in (V), are the compositions
of restrictions of morphisms and their inverses in VUInn(S). It can be expressed as the

intersection of all fusion systems over S that contains V.

Definition 2.1.3. Suppose F; and F; are fusion systems over finite groups S| and S, re-
spectively. Then we define & x F, to be the fusion system on S| X S;, generated by the set

of morphisms (¢1,¢2) € Hom(P; x P»,Q; x Q) such that ¢; € Homg. (P, Q;).

Set F=F; xF and S=81 xS>. For PO < S let P, and Q; be the projections into S; of P
and Q respectively. Denote by € the category whose objects are the subgroups of S and whose

morphisms are given by:

Homg(P, Q) = {(])|P ’ (]) = ((Dl,(])z) where ¢i c Homgi(Pi,Qi) and P(P < Q}

For every g = (g1,82) € S with P8 < 0, we necessarily have ¢,, € Homg,(P,,Q;). Thus ¢, =
(€q1,Cqr)|P € Morg (P, Q). It follows that Homg(P,Q) C Morg (P, Q). Moreover, every morphism
is an isomorphism followed by an inclusion. Thus € is a fusion system on S. Every morphism in

€ is a restriction of some morphism in Homg, (P, Q1) x Homg, (P>, 0>). It follows that € =T

Definition 2.1.4. [1, Definition 2.2 & 2.4] Let F be a fusion system on a finite group S.
Then

1. PO < S are called F-conjugate if they are isomorphic as objects of the category F.

Denote by P7, the set of all subgroups of P that are F-conjugate to P.

2. P< S is called fully F-normalized if |[Ns(Q)| < |[Ns(P)| for all Q € P7.

3. P<Sis called fully F-centralized if |Cs(Q)| < |Cs(P)| for all Q € P7.

4. P < S is called fully F-automized if Autg(P) € Syl ,(Autg(P)).

5. P<S is called F-receptive if for each Q € P¥ and ¢ € Isog(Q,P), ¢ extends to ¢ €
Homg(Ny,S) where

Ny ={g € Ns(Q) | (cgl0)? € Autg(P)}.
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By definition, QCs(Q) < Ny < Ns(Q). It can be checked [8, page 4] that Ny is the largest
subgroup of Ng(Q) to which ¢ can extend, that is, if there exists Q < R < Ng(Q) with
v € Hom(R,S) such that y [p= ¢, then R < N.

We finally define saturated fusion systems:

Definition 2.1.5. [1, Definition 2.2 & Proposition 2.5] Let F be a fusion system on a p-group

S. We say that JF is saturated if one of the two equivalent conditions hold:
1. Every F-conjugacy class has a subgroup of S that is F-receptive and fully F-automized.
2. (a) Sylow axiom: If P < S is fully F- normalized, then P is fully F-centralized and fully
F-automized.
(b) Extension axiom: If P < is fully F-centralized, then P is F-receptive.

Definition 2.1.6. Let F be a fusion system on a finite group S. Then we say P is F-centric

if Cs(Q) = Z(Q) for all Q € P7.

We shall shortly see that all saturated fusion systems are generated by the F-automorphisms
of certain specified subgroups called F-essential subgroups. To be more precise, we introduce

a number of definitions:

Definition 2.1.7. Let F be a fusion system on a finite group S. Then we say P is F-radical

if the largest normal p-subgroup of Outg(P) is trivial, that is, O,(Outy(P)) = 1.

Definition 2.1.8. Let F be a fusion system on a finite p-group S. We say that a subgroup P

is F-essential if P is fully normalized, F-centric and there exists finite Q < Outg(P) such that

p|1Q], but for all ¢ € Outs(P)\Q, pf|QNQ?|.

Theorem 2.1.9. [1, Theorem 3.5](Alperin) Let F be a saturated fusion system on a finite
p-group S. Then
F = (Auty(P) | P=S or P is F-essential)

As a direct consequence, we have the following theorem:

Theorem 2.1.10. [1, Theorem 3.6](Alperin-Goldschmidt) Let F be a saturated fusion system

on a finite p-group S. Let ¢ € Homys(P,Q). Then there exists F-essential subgroups P;
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(including the possibility that P;=S), for 1 <i <n, and automorphisms ¢; € Aut(P;), such

that

0= (‘Pl ’Qo) ©...0 (¢H‘Qn71)ﬂ

where, P; > (Q;_1,0;) with Qo =P and Q, = Q.

2.2 Group actions

We start this section by defining a group action:

Definition 2.2.1. Let G be a group. A (right) action of G on a set Q is a map Q x G — Q,

given by (o,g) — - g, suchthat - 1= and (- g)-h=a-(gh), for all g,h € G and a € Q.

By a group action of a group G on Q we will mean a right group action on Q. Let o € Q.
We write G¢ = Stabg (), the subgroup of elements in G which fix @ under the action
on Q. Similarly we write G = Orbg(a), the orbit containing . For any K < G, write

QK ={aecQ|a k=« for all k € K}, the set of points in Q fixed by every element of K.

Lemma 2.2.2. Let G be a finite group with an action on Q. Then for any a € Q and g € G,

we have Gg.g = G,

1

Proof. Note that & € Gg., if and only if (c¢t-g)-h=o-g if and only if ot-ghg™ = « if and

only if h € G, m

Lemma 2.2.3. Let Q be a transitive G-set and H = G for some o € Q. Then for K < G

we have QK £ 0 if and only if K is a subgroup of a G-conjugate to H.

Proof. Let 6 € Q. Write 8 = - g, for some g € G. Note that

a-geQf o aq-gx=a-g forall xek

'—a forall xek

S o-gxg
sgrgleH forall xek

& K< HS
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This completes the proof. O

Lemma 2.2.4. Let Q= G/H, the set of right cosets of H in G. Under the action defined by

right multiplication, QX = 0 if and only if K is a subgroup of a G-conjugate to H.

Proof. Note that in the case Q = G/H, the set of right cosets of H in G, is a transitive G-set
and H = Stabg(H). By Lemma 2.2.3, for K < G, we have (G/H)X # 0 if and only if K is a

subgroup of a G-conjugate to H. [

Lemma 2.2.5. Let Q be a transitive G-set and H = Gy for some oo € Q. Then [Ng(H)/H| =
Q.

Proof. Let 6 € Q. Write 8 = a - g for some g € G. Applying the same argument as in Lemma

2.2.3, we have

a-geQl e o-gh=a-g forall heH

1

So-ghg =a forall heH

& H<H®<geNg(H).

Note also that - g = a - h, for some g,h € G, if and only if Hg = Hh. That is, we have a

bijection: Ng(H)/H — QM given by Hg + o - g. It follows that |Ng(H)/H| = |QH|. O
Lemma 2.2.6. Let Q be a G-set. Let H,K < G. IfK is G-conjugate to H, then |QK| =|Qf|.
Proof. For all g € G, we have a bijection Q7 — QF* given by o+ a - g O

Lemma 2.2.7. Let G be a group with an action on Q. Then we have an isomorphism of
G-sets, given by:

w: || G/Ga—Q:Gagrra-g
ac(Q]

where [Q] is a fixed set of representatives of G-orbits in Q. In particular, the orbit containing

o is isomorphic to G/G¢ as G-sets.

Proof. It is easily seen that 7 is well-defined and is an equivariant map. To see that 7 is

an injection, suppose (Ggg)T = (Ggh)m with a,B € [Q]. Then o -gh™' = . But then
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B € Orb(x) and thus a = B. It follows gh~! € G4 from which we conclude that Gog = Ggh.
To see that 7 is a surjection, note that for any B € Q, there exists g € G such that a-g =

for some o € [Q]. O

Corollary 2.2.8. Let G be a finite group with a G-action on the set Q. Then for all & € Q

and g € G, we have G/Gy = G/G¢, as G-sets. In particular,

Q= |_| ng - (G/K) as G-sets,
Ke[G]
where ng > 0 denotes the number of orbits in Q which corresponds to the coset space (G/K),

and where [G] is any set of representatives of conjugacy classes of subgroups of G.

Proof. Note that by Lemma 2.2.7 and 2.2.2 we have G/Gg = G/Gg.q = Orbg(ot - g) =
Orbg(at) =2 G/Ggy. The second claim follows from Lemma 2.2.7. O

Theorem 2.2.9. [3, Theorem 2.4.5] Let G be a finite group which acts on the sets Q and ©.

Then the G-sets Q and ®© are isomorphic if and only if for all H < G we have |Qf| = |®].

Proof. If ¢ : Q — @ is an isomorphism of G-sets, then ¢ induces a bijection
Qff — @ given by a — () ¢.

Now we prove the converse. Let [G] be some fixed set of representatives of conjugacy classes of
subgroups of G. Let |[G]| =r. Order the representatives Kj, ..., K|ig) in [G] so that |Kj| < |K]
if and only if i < j for all i, j € {1,...,r}. Then by 2.2.8, we have the following isomorphism
of G-sets:
Q| |nk - (G/K;) and @ = | |mg, - (G/K;),
i=1 i=1

for some ng, and mg, copies of (G/K;). Suppose that for all H < G we have |QF | = |®F|.
Then for all K; € [G],

1(”&' - mKi)|(G/Ki)Kj| =0.

r
1=

In this way we obtain an r x r matrix M and a 1 x r vector N with entries M;; = |(G/K;)Xi|

and N;; = (mg, — ng;) respectively. This implies NM = 0, the 1 x r zero vector. By Lemma
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2.2.3, |(G/K;)Xi| # 0 if and only if K| is a subgroup of a G-conjugate of K;. So |(G/K;)Xi| # 0
implies j <i. Also note that for all i € {1,..,r} we have |(G/K;)Xi| = |[Ng(K;)/Ki| > 1, by
Lemma 2.2.5. Thus M is an lower triangular matrix with all diagonal entries nonzero. It
follows that M is a non-singular matrix, and therefore NMM~'=0M"!, thatis, N=0. This
gives us the required solutions ng, = mg, for all i € {1,...,r}. Thus the G-sets Q and ® are

isomorphic. O

Lemma 2.2.10. Assume G is a finite group which acts on sets Q and ®. Let H be a set of
subgroups of G, such that, if H K € 3, then (H,K) € 3. Assume that |Qf| = |@"| for all
H e H. Then

Ly efl=1 U el

HeXH HeX
Proof. First note that Q7 N QK = QHK) clearly holds for any two subgroups H,K of G.
Listing all elements of I as Hy,...,H,, we see that:

!UQH|=

—DMC Y QN nafi)

M: I M:

1<i<n 1<i1 <. <ix<n
n

_ ( 1>k+1( Z |Q iy et Z k+1 Z |@<Hi,7---,Hik>|)

k=1 1<ij<...<ix<n k=1 1<i1<,..<ik§n
n

= Z( l)kH( Z |®Hi1 ﬂ...ﬂ@)H"k\):\ U G)Hi|.

k=1 1<ii <. <ix<n 1<i<n
This proves the lemma. O

Let G be a group which acts on Q. We say that the action on Q is free if for any a € Q,

o-g = o implies g = 1. Otherwise we call the action non-free.

Corollary 2.2.11. Assume G is a finite group which acts on sets Q and ®. Assume that
|QH| = |@| for all 1 # H < G. Then the number of elements in the non-free orbits in  is

equal to the number of elements in non-free orbits in ©.
Proof. Take H ={H < G| H # 1} and apply Lemma 2.2.10. O

Definition 2.2.12. Let H be a finite group. Let Q be a (right) H-set. We say that the action

of H on Q is fixed point free (or semiregular) if for any g,h€ H,w € Q, such that - g=w-h
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then we have g = h. We say that it is transitive, if for any @, @, € Q, there exists g € H such

that m, = w; - g. We say that it is regular if it is both fixed point free and transitive.

For the rest of this subsection, let H be any finite group, and suppose Q is a (right) H-set.

Suppose that H acts semiregularly on Q. Define

G={neSym(Q)| (0 -x)7 = (wn)-x forall wc Q,x € H}.

Identify H as a subgroup of Sym(Q), in the following way:

1:H—=Sym(Q):x— (0+— o-x).

Note that

teGe (w-x)r=(0n) x (for all w € Q,x € H)
& (o)1 = (or)(x1) (for all @ € Q,x € H)
& ()7 = n(xt) (for all x € H)
& 7 € Coymay ((H1)).

Thus G = Csym(q)((H)1). We will write Csym(q)(H) to denote the centralizer of (H)t in
Sym(Q). Suppose that Q is semiregular. Let O be a orbit of Q, and fix a @y € 0. Let w € O.
Then there exists a unique x4 € H such that ® = @y - x,. Note that xg, is dependent on the

choice of ay.

Lemma 2.2.13. Suppose that H acts regularly on Q. Fix @y € Q and let ® € Q. For some

y € H, define the following map:

m, Q= Q, given by, ® — (y-y) - Xe,

where ® = @ - xg. Then Ty € Csypq)(H).

Proof. We first show that 7, is indeed a permutation. To show that 7, is an injection, let
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0,0 €Q. Then ® = ®- x4 and @ = @y - x,y, for some xq,x, € H. Note that

O, = 0' Ty < (0 -y) X9 = (D) Xgy

S X=Xy S0=0.

To show that 7, is a surjection, let @ € Q. Then @ = @y -xe for some xo € H. Define

Xo =Y 'Xg. Then

1

'y = (@y-y) Xy = (@) - (¥ Xo)

=0y X = 0.

It follows that 7, is a permutation. To show that 7, centralizes H, note that for any x € H,

we have
(@-x)7y = (@ X0) -X) 7ty = (@ - (xox)) 7y
= (@0-y) - (xox) = (@0 -y) - Xp) - x
= ((@p - xo)my) -x = (Omy) - x.
Hence 7ty € Csym(q)(H). This completes the proof. O

Lemma 2.2.14. If H acts regularly on Q, then the map

¢ : H — Csym(q)(H), defined by, y — ;-

is a group isomorphism.

Proof. Fix wy € Q, and recall that for any @ € Q, we can write @ = @y - x4 for some x, € H.
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By recalling the definition of m,, note that for any y,y’ € H, we have

o(mymy) = (on,) Ty = (00 -y) - Xe) Ty
= (@0 - (yx0)) 7y = (@0-Y) - (Yxe)

= - (yy) Xo-
Thus, Tty = Ty Using this property, we see that

(yyl)¢ = Tyy)-1 = Ty-1y-1

=1 Ty-1 = (Y¢)(yl¢)

Thus, ¢ is a group homomorphism. Moreover,

ker(¢) ={y € H | y¢ =Ida}
={yeH|m1 =Ido}
={yeH|o=awy xp=(09-y ') xq for all @ € Q}
={yeH|m=apy '}
= {1y}

Thus, ¢ is an injection. Let 7 € Cs @) (H). Then, by regularity, there exists a unique x; € H

such that wyw = @y - x.
T = (Q)O-xw)ﬂ,' = (a)oj'[) “Xp = (a)o.xn) X = wﬁxﬂ'

Thus, © = m,,. This shows that ¢ is a bijection and completes the proof. O]

Lemma 2.2.15. Suppose H acts semiregularly on Q. Then Csypq)(H) = HSym(I), where

I is the set of orbits of Q under the action of H.

Proof. Write Q = U;c;0;, as the union of its orbits. Fix w; € O; for all i € I. Let @ € Q.

Then there exists i € I such that ® = ®; - xq, for some x, € H. Let 6 € Sym(I). Define the
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following maps:

0~ (@-y) xe Iif@€EO;
Ty £ — €, given by,

0— o otherwise
Ts © Q— Q, given by, ® — 0;5) Yo
Define
Bi={my|yeH}, and K={ns|0cSym(l)}.
Then, by definition, note that B;NB;j =1 for i # j, B;NK =1, and Bf" :B(,-G). If
B= HB,-, then we have B x K = HSym(I).
icl

It suffices to show that B x K = Csym(q)(H).
Claim 1: BxK < CSym(Q)(H>'
We show that 7; y, T € Csym(q)(H) for all i€ I,y € H and o € Sym(Q). The map defined

by 7y is the same map as the one in Lemma 2.2.13, when restricted to the action of H to

O;. By Lemma 2.2.13, it follows that 7; , is indeed a permutation and centralizes H, that is,

Ty < CSym(Q) (H)

Let 0,0 € Q. Then ® = w;-xp and @' = @ - x4 for some xg,x,y € Q and i,j € 1. Let

22



o € Sym(I). Then

O = 0' s < (0 X)) Tg = (0] - Xgy ) s
< Blio) Yo = B(jo) Yo/
< Ojo) € Oio)
&0 = jO

Si=j.

Since H acts semiregularly on Q, @;5) X0 = 0js) " Xer, if and only if, xo =xg. Thus
0Tz = 0 7y, if and only if, ® = ®'. It follows that 7 is a permutation. Moreover, for any

x € H, we have

Thus 75 € Csym(q)(H). We have shown that ;y, s € Csym(q)(H) for all i€ I,y € H and

o € Sym(7). Thus Bx K < Csymq)(H)-

Claim 2: CSym(Q)(H) <BxK.

Let T € Csym(q)(H). For any @ € Q, we have ® = @; - x¢ for some i €I and xg € H, in

which case we may write ;7 = O(jc) * Xi for some ¢ € Sym(I) and x; € H. Thus

O = (- Xp)T = (W) - X
= (W(io) " Xi) X0 = (Ojg)  (XiXp))
= (@ (xixe)) o = (@ - Xi) " Xo) o

= (0T 1) 7.

b
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It follows that

w=[[]mix] 7"c €BXK.
icl

This completes the proof of the claim, and hence the proof of the Lemma. n

2.3 Homocyclic p-groups

For any group G, we define
rank(G) = min{|X| | (X) = G,X C G},

the cardinality of the smallest generating set of a group G.

Let p be a prime. A homocyclic p-group P of rank r, is defined to be a finite direct product of r
cyclic groups of order p. That is, P is isomorphic to the additive group Z/p*Z x ... x Z./ p*Z.
When k=1, P is called elementary abelian. In that case, Z/pZ is a finite field of p elements,
and the group P itself can be considered as the r-dimensional vector space over Z/pZ. It
follows that Aut(P) is isomorphic to GL,.(Z/pZ). For general k, Z/p*7Z is the ring of in-
tegers, modulo p*. Therefore, Aut(P) is isomorphic to GL,(Z/p*Z), the group of invertible
r X r matrices over the ring Z/p*Z. Write P = (g1,...,g,). Explicitly, automorphisms can be

represented by

a a
g1—g" g ap... apy

Ay

a
gr—g8y" .8t arl ... dp

Note that we have an automorphism if and only if the determinant is invertible in Z/p*Z.
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Let G be a finite p-group. For n € N, we define
Q,(G)=(geG|g" =1).

We also define ®(G), the Frattini subgroup of G, to be the intersection of all maximal sub-
groups in G. We say that g € G is a non-generator if whenever [ is a generating set of G such
that g €1, then I\{g} is also a generating set of G. By [6, Chapter 5, Theorem 1.1], ®(G)

is the set of all non-generators of G.
Lemma 2.3.1. Let P be a finite group. Then
1. ®(P) is characteristic, and therefore, a normal subgroup of G.

2. IfP is a p-group, then ®(P) contains the commutator subgroup [P, P], and is the smallest

normal subgroup of P such that P/®(P) is elementary abelian.

Proof. Let M be a maximal subgroup of P and let ¢ € Aut(M). Then (M)¢ is also a maximal
subgroup. Thus, (®(P))a = (M maximalM) 0 = Mg maximal(M @) = ®(P), that is, P(P) is
characteristic, and therefore, normal in P. By [6, Chapter 6, Theorem 1.6], we also have

[P,P] < ®(P). O

For any finite group G, we define exponent of G to be the least common multiple of the orders

of elements of G.
Lemma 2.3.2. Let P be a homocyclic group. Define Q = Cpyyp)(P/®P(P)). Then
1. P/O(P)=Q(P).

2. The map Aut(P) — Aut(Q,(P)), defined by y — W|q (p), is a homomorphism with

kernel Q. In particular, Q is normal in Aut(P).

3. Q is a p-group.

Proof. P is a p-group of some rank r and exponent p*. Say, P = (g1,...,g).

1. Note that Q(P) = <g’17k71,..,g£’k71>. Consider the map: ¢ : P — Q(P),g — g .

1

This is a surjective homomorphism, with kernel, ker(¢) = {g € P | g’ = 1}. We
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show ker(¢) = ®(P). Write P, = (g1,..,g,..,g-). Then P; is maximal. Thus, ®(P) <
Niz1,. P = (g}, ...87). Suppose ®(P) < (gV,..,g¥). Then g¥ ¢ M, for some maximal
M < P. Thus, M(g¥) = P. This means g; :g?gfp for some g¢ € M and pta. But then
gi € M, a contradiction. It follows that ker(¢) = ®(P), and by the first isomorphism

theorem, the map ¢ : P/®(P) — Q;(P), defined by g®(P) g” " is an isomorphism.

2. Define the map: y: Aut(P) — Aut(Q(P)) by ¥ ¥|g, (p). Since Q(P) is a char-
acteristic subgroup, the map is well-defined. It is clearly a homomorphism. We show
ker(y) = Q. Suppose y € Q. Let g € Q(P). Then g = th for some hy € P. Now,
gy = (hfk_l)lll = (hy)?"". Since w € Q, hyy = hihy, for some hy € ®(P). Thus,
gy = (hlhz)pkfl = h’fkil =g, that is, ¥ € ker(y). Now suppose ¥ ¢ Q. This means

there exists h € P such that (h®(P))y # h®(P). Under the isomorphism ¢, we have

(h(@(P)y)§ = (hy)D(P))d = (hy)” ' = (W' ")y and (h®(P))§ =h""". It follows
that (W? )y #£1""", and since i € Q;(P), we have, ¥ ¢ ker(Y). Thus, ker(y) = Q.

3. By a Theorem of Burnside [6, Chapter 5, Theorem 1.4] no p’-automorphism of P, other

than the identity map, acts trivially on P/®(P). It follows that Q is a p-group.
O

Lemma 2.3.3. Let F be a saturated fusion system on a finite p-group S. Define Q =

Cau(p)(P/P(P)). If P <S is homocyclic and F-essential, then
1. Auty(P)NQ = Inn(P) = 1.
2. Autg(P) is isomorphic to a subgroup of Aut(P/®(P)).

Proof. We show Auty(P)NQ = Inn(P): Let g € P. Then, by Lemma 2.3.1, for all hd(P) €
P/®(P), we have (h¢(P))$ = h8®(P) = h[h,g|®(P) = h®(P). Hence ¢, € Q. This shows us
Inn(P) < Auty(P)N Q. By Lemma 2.3.2, Q is a normal p-subgroup of Aut(P). This means
Autg(P)NQ < O,(Autg(P)). Since P is F-essential, P is F-radical, that is, O,(Auts(P)) =

Inn(P). It follows that Auty(P)NQ = Inn(P). Since P is abelian, Inn(P) = 1, proving part 1.
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Using the second isomorphism theorem, we have
Auts(P) = Auts(P)/Auts(P) N1 Q = Auts(P)Q/Q < Aut(P)/Q.

By Lemma 2.3.2, Aut(P)/Q is isomorphic to a subgroup of Aut(Q;(P)). This proves part
2. ]

2.4 Extraspecial groups

Let p be an odd prime. Write E :pfz, the extraspecial groups of order p> and exponent p.

As given in [13], we have the following presentation
E=(xyz|@ =y=2=kd=hd=k)z"'=1

and every element of E can be written uniquely in the form x%y?z¢ for some a,b,c € {0,1,...,p—
1}. Every automorphism of E can be uniquely defined by the extension to a homomorphism

of the maps

x x“ybzi

y = x4yl

where ad —bc # 0 (mod p) and a,b,c,i,j € {0,1,....p—1}. It can be checked, that in this
case z maps to z¢="¢. Moreover, every inner automorphism can be given by the extension to

a homomorphism of the maps

x = xz

y =y
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with z, being central in E, mapping to itself. It follows that the elements of the outer

automorphism group of E can be identified as elements in GL,(p) in the following way

x — x%yP a b
}_>
y = x6y4 c d
x> xtyP _ o -
where denotes the coset of inner automorphisms in E, containing the auto-
y = x6y4

morphism generated by the maps x — x*y and y — x°y?. Note that, if the image of z is z/,
the determinant of the corresponding matrix is j. The centre of E is of order p, and thus
Z(E) = (7). The group E contains p+ 1 elementary abelian groups of order p?, all of which
contain the centre of E, and which we denote by Vi = (vg,z), for k=0,..,p. Explicitly, we

can write

xyk fO<k<p-—1
Vi =

y ifk=p

Considering V. as a vector space over a finite field IF, of order p, with its basis elements the

two given generators of Vi, we see that
L
AutgV, = j€F,

Let F be the subgroup of Out(E) with F = SL,(p). Write Fj to be the set of maps in Aut(E)

which correspond to F, that is, Fi/Inn(E) = F. Since every map in Fj fixes z, we see that

L
AutFIng iGF;,jGFp
01
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CHAPTER 3

EQUIVALENT MORPHISMS IN FUSION SYSTEMS

Let S be a finite group, and let ¢ € Hom(P,S) for some P < S. Recall that, if F is a fu-
sion system on S, we say that ¢ is a homomorphism (or either a morphism, or a map) in
F, and write ¢ € F, if ¢ € Homg(P,S). Recall that U(S), or simply U, is the universal fu-

sion system on S. We now introduce some notation which will be useful throughout the thesis.

Let ¢ € U. Then ¢ € Hom(P,S) for some P < S. Define
Dy =Dom(¢) =P and Iy =Im(¢),
the domain and image of ¢ in S respectively. We define
Ap = {(u,()9) | u € P},

a diagonal subgroup of S x S determined by ¢. This can be interpreted as the graph of ¢. By
Oy we denote the right coset space (S x S)/A}b, in the direct product S X S. Let w € U. Then
v € Hom(Q,S) for some Q < S. We also define

OF = ((Sx5)/A%)%,

the set of points in Oy fixed by Ag via right multiplication. We will use the following facts

throughout the upcoming results:
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Lemma 3.0.1. Let ¢ € U(S). Then for any g,h € S, we have (Agp)(g’h) = AE;’);I;(I)O%
8

Proof. By definition

(AD,) 8" = (g7, h)AD, (g,h)

{(s 'pg,h ' (p)h) | p € Dy}
cg_loq)och
(D¢)Cg

A

This completes the proof. O]
Lemma 3.0.2. Let ¢ € U(S). Then H < Ag¢, if and only if, H = A;’)’w and y = 9¢|p,.

Proof. Suppose H < qu). Define X = {x| (x,x¢) € H}. Then H = Aﬁlx, as required. On the
other hand, if H = Agw for some ¥ = ¢|Dw' then by definition H < Agp. This completes the

proof. O

Lemma 3.0.3. Let ¢ € U and x € Dy. Then cx|p, 09 = @ oc(yy).

Proof. For any g € Dy, we have (gcx)¢ = (x"'gx)p = (x¢) "1 (g0)(x¢) = (g¢)c(x¢). O

3.1 Definition and results

Definition 3.1.1. Let ¢,y € U(S). Then we say that ¢ is S-S-equivalent to y, and write

¢ ~ y, if there exists x,y € S such that
(Dy)' =Dy and cx|p,0¢pocy=y.

Writing ¥ and ¢ to denote the restriction of W and ¢ to their domains and images respectively,

the following diagram illustrates the condition:
7
Dy —— Iy
Cx|DV;l Cy|1¢]\

Dy —— Iy
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Given two morphisms ¢ and v in U, we define
Ny.p ={x €S |3y €S with (Dy)* <Dy, and c|p, 0P ocy, =y}

This is not a subgroup in general, and Ny 4 # 0 if and only if ¢|gr ~ y for some R < Dj.

Moreover,

Npg ={x €S|y €S with (Dy)* =Dy, and cx|p, 0 ocy, = ¢}
={x € Ns(Dy) | Iy € Ns(Iy) with cx[p;opocy =9}
= {x € Ns(Dy) | (cx)? € Auts(ly)}

:N¢,

where Ny is the subgroup defined in Section 2.1.

Lemma 3.1.2. Let ¢,y € U(S). Then A&v and Agw are S x S-conjugate, if and only if, ¢

and y are S-S-equivalent.

Proof. Suppose that ¢ and y are S-S-equivalent. Then, there exists x,y € S such that (Dy)* =

Dy and cx]Dwo(pocy = . Thus,

1

(A5, = (", (p9)) | p € Dy}
= {7 (P )99 | p €Dy}
= {(a,((¢")9)" | g € (Dg)*"}
={(9:q¥) | g € Dy}

=A} .
Dy

Now suppose that Ag‘p and AIVJI.,, are § x S-conjugate. This means, there exists x,y € S such that

—1 . —1 H

(A, =AY thatis, {(p*,(p9)") | p € Dy} ={(4,9¥) | g € Dy}. This means p =g*
for some p € Dy, and qy = ((¢*)¢)” for all g € Dy. Thus, (Dy)* =Dy and cx|p, 0P ocy =y,
that is, ¢ and y are S-S-equivalent. [l

Lemma 3.1.3. The relation defined in 3.1.1 on morphisms in U(S) is an equivalence relation.
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Proof. This follows from Lemma 3.1.2 and the fact that conjugation maps between subgroups

of a group is an equivalence relation in the group. O

Let ¢ € F, where F is a fusion system on S. We write [@] to denote the S-S-equivalence class

of morphisms in J containing ¢.

Lemma 3.1.4. Let ¢,y € U(S) be two maps induced by conjugation by elements in S (this

means ¢ = cg|p, and Y = c;|p, for some g,h € S). Suppose Dy is S-conjugate to Dy, Then
o~y

Proof. Let P= Dy and Q = Dy,. Say P* = Q. Define y = h='x"'g. Then cxlpocpocy =cqlp,

as required. N

Lemma 3.1.5. Let Q < S and ¢,y € Aut(Q). If ¢ and y are representatives of the same

element in Out(Q), then ¢ ~ y.
Proof. There exists x € Q such that ¢ = c,|goy. It follows that ¢ ~ y. O

Let O < S and y € Aut(Q). Note that 3.1.5 is not saying that the equivalence class of S-
S-equivalent homomorphisms, [y], containing y is a subset of Aut(Q). It usually never is.
There may be homomorphisms ¢ € U\Aut(Q) such that ¢ ~ y. This will be the case when
Dy or Iy is distinct from Q. For example, if ¥ = cg|p with g € Ng(Q) and ¢ = c;|p with
h ¢ Ng(Q), then 3.1.4 implies v ~ ¢, but we have ¢ ¢ Aut(Q).

Lemma 3.1.6. Let ¢1,¢, € U(S) be two isomorphisms, and suppose that y € Aut(S). Then
L gi~gre o' ~ 0,0,
2. 01~ P Proy~proy.

Proof. Let P| = Dy, and P> = Dy,. Similarly, let Q1 = Iy, and O =I,. We have

01~ ¢ P =P and c|p,0P10cy =P (for some x,y € 5)
< Py =P and cy|on¢flocx: (1)2’1 (for some x,y € S)
S~y
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Similarly,

1~ ¢ P =P and ce|p,oPocy = (for some x,y € 5)
& Py =P and cx|p,odiocyoy=hoy (for some x,y € S)
& Py =P and cxlp o (droy)ociy)=doy (for some x,y € 5)
S ooy~ poy.
This completes the proof. n

Lemma 3.1.7. [12, Lemma 3.10] Let ¢ and y be homomorphism in U(S). Then

|Nw¢|
08| = 25| Cs (1)
* Dyl v

Proof. Let (x,y) € S xS. Note that

1

Ap, () € OF = AL () (g,qw) = Ap, (x'y) forall g€ Dy

-1

& (g,qw) € (ry AD, (x,y) forall g Dy

SAf < (xy AR, (xy)

cxopocy

(Dg)e, 1 (by Lemma 3.0.1)

@A}’)’W <A
& (Dy)* <Dy and ¢x|p, 0pocy =y

& xENyy forsomeyesS

Fix x € Ny 9. Then there exists a corresponding y € S such that CxlDW opocy,=y. Now,

1

y € S with ¢x|p, 0pocy =y = (qy) = (qu) forallge Dy

<y € yCs(Iy).

Thus, the number of elements in § x § whose corresponding right coset in Oy is fixed by Agw
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is [Ny,¢||Cs(Iy)|. This means,

0¥ = NuollCsy)l _ [NyglICshy)l
’ NN Dy

as desired. O

Lemma 3.1.8. Let ¢ and y be morphisms in U(S). Then the size of the fixed point set
|O$| is independent of the representatives of the S-S-equivalent classes. In other words, let

01, y1 € U so that ¢ ~ @1 and y ~ yy. Then

‘NIV7¢ = ’Nllll7¢'1 |'

In particular, |O:£I| = |(9;’,/l1 :
Proof. Let P=Dgy, Py =Dy, Q =Dy and Q| = Dy,. There exists a,b,u,v € S such that P| =
P, Q1 =0%and ¢y =c,10¢00c,, Yy =c,10yoc, Note that |Cs(Q1y1)| = |Cs(Q%y1)| =

ICs((Qw)")| = ICs(Qw)| and |Pi| = |P|. This means |Cs(Iy,)| = [Cs(Iy)| and |Dy,| = [Dy].
Also,

Ny, .6, | ={x € S| Ty € S with Q] < Pi, and ¢«|p, o Procy =y }]
=|{x€S|3IyeSwith O] <P, and ¢,|p, 0c,-1000¢,0¢y =g, 0Wocy}
=|{x €S| 3JyeS with Q‘”“f1 <P, and ¢, -1lgodoc, 1 =y}
=[{xeS|dyeSwith Q" <P and c|gpopoc, =y}

The claim [0 = [04!| now follows from 3.1.7. O

Lemma 3.1.9. Let ¢,y € U(S). Suppose that ¢ extends to some ¢ € Hom(Ny,S). Then,

for all x € S, we have

In particular, if § € Hom(Ns(Dg),S), then Ny ¢ # 0 < |Ny ¢| > |[Ns(Dg)|.

34



Proof. Let P= Dy and Q = Dy,. Note that Ny ¢ # 0 < there exists x,y € S such that " < P

and cy[go@oc, = y. Let a € Cs(Q) and b € Ny < Ns(P). Then Q*? = Q% < P> =P and

Caxb|Q o ¢ Oc(b(ﬁ)*ly = be|Qo¢ OC(qu)*ly
= C)C|Q (¢] ¢ OC(b(ﬁ) OC(b(ﬁ)fly
g CX|Q (@] (p OCy

It follows from above that x € Ny ¢ < Cs(Q)xNy < Ny ¢. O

3.2 Equivalence classes

Let F be a fusion system on a finite p-group S. Let ¢ be a homomorphism in F. Recall that
we write [@] to denote the S-S-equivalence class of morphisms in & containing ¢. We also
write I to denote the set of all S-S-equivalence classes in F. Note that any two morphisms
that share the same class will have domains of equal order. Thus we can define I'; to be a
set of S-S-equivalence classes of morphisms in F with domains of index p’. We can therefore

write,

Recall that Outg(S) is the set of cosets of Inn(S) in Auts(S).
Lemma 3.2.1. Iy can be identified with Outs(S).
Proof. By definition, the elements of I'y are the S-S equivalence classes of morphisms in &

with domains equal to S. Let [¢],[y] € . Then

O~y yY=cropocy for somex,y€S
S Y =00Cp)0Cy (Since ¢ € Aut5(S))

< ¢ and y are in the same coset of Inn(S).
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So ¢ and y correspond to the same element of Outg(S). O

Definition 3.2.2. Let F be a fusion system on a finite p-group S. Let ¢ € F. We say that ¢
is (properly) extendable if there exists a morphism ¢ in F such that Dg > Dy and q3]0¢ =¢.
If there is no such @, then we say that ¢ is non-extendable. We say that ¢ is fully extendable

if we can choose Dj to be equal to S.

Lemma 3.2.3. Let ¢ € TF. Then ¢ is extendable to R > Dy if and only if every morphism

inside [@] is extendable to some S-conjugate of R.

Proof. Let ¢ € [¢]. Let Q =Dy and P = Dgy. Then there exist x,y € S such that ¢ =
cxlpo @ ocy with P = Q. Suppose that ¢ is extendable to R > Q. Then there exist o c
Homs(R,S) such that ¢ = ¢|g. Define T =R 50 and §= cxlrodocy. Then T > P

and (P|P=Cx\PO<5OCy=Cx|pO¢ocy:q) as required. 0

Thus we can write I'; = I' UI'Y, where

[¥ ={[¢] €T | ¢ is extendable }

I = {[¢] €T | ¢ is non-extendable }.

Note that I'y = I.
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CHAPTER 4

PERMUTATION GROUPS WHICH REALIZE FUSION
SYSTEMS

4.1 Bisets

We introduce a number of basic results on bisets, many of which have been implicitly stated

by Sejong Park in [7], though not always proved.
Definition 4.1.1. Let S| and S, be two finite groups. Let Q be a right S»-set via the operation
- and a left S;-set via the operation x. Then Q is an S;-S, biset if and only if

(s1%x) 52 =51 %(x-52),

forall xe Q and 51 € 81,50 €8,. If =8, =95, then Q is an S-S biset.
Where there is no ambiguity, we will remove the brackets and the actions and just write syxs;.

Lemma 4.1.2. For any finite group S, we have the following equivalence between S-S-bisets

and S x S-sets:

1. IfQ is a S-S-biset, via right S action - and a left S-action x, then Q is an S x S-set under

the (right) action:

Qx (SxS) — Q, given by, (x,(s1,52)) > x0(s1,52) = 57" *(x-52).
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2. IfQ is a (right) S x S-set via o, then Q is an S-S-biset under the following right and left

S-actions:

QxS — Q, given by, (x,5)—x-s=x0(1,s).

SxQ — Q, given by, (s,x) Hs*x:xo(s_lal)-

Proof. 1. If Q is an S-S biset, under the left and right actions defined above, then for all

S1,82,t1,tp € S and x € Q, we have

(xo (s1,82))0(t1,) = tfl * ((sf1 x(x-852)) 1)

= (57 5 0) -52) - 12) = 17 (577 ) - (5202)

Ly (sf1 xx)) - (s21) = ((sltl)’l *x) - (s212)

=
= (s101) " # (x+ (s212)) = x0 (511, 202)

=xo((s1,52)(t1,12)).

Since xo (1,1) = 1% (x-1) = 1 xx =x, the claim that Q is an S x S-set now follows.

2. If Qis an (S x S)-set under the action defined above, then for all 51,50 € S and x € Q,

we have

(s1%x) 52 = (s1%x)0(1,52) = (xo (s7",1)) 0o (1,82) =x0(s7",52)

= (xo(l,s2))o0 (sfl, 1)=(x-s7)0 (sfl, 1) =s1%(x-52).
We also have

(x-51) 52 =(x0(1,51))0(1,50) =x0((1,51)(1,52))
=xo(1,s18) =x-(s152)
sp % (s1%x) = (xo(sl_l,l))o(sz_l,l) :xo((sl_l,l)(sz_l,l))

=xo((s351) 71, 1) = (s251) *x.
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Since x-1 =xo(l,1) =x and 1*x=xo0(1,1) =x, we have shown that - and * are
indeed right and left S actions respectively. It follows that Q is an S-S-biset.

]

Lemma 4.1.2 tells us that we can think of S-S-bisets as S x S-sets, and vice versa. We look
at a specific example of the correspondence given in 4.1.2. Given P < S and ¢ € Hom(P,S),

define
SX(pgyS=(SxS)/~ where (s1,52) ~ (sju™ !, (u@)sy) for sy, € S,uc P

Note that ~ is indeed an equivalence relation: It is clearly reflexive. For the symmetric prop-
erty, suppose (s1,52) ~ (s53,54). Then s3 = slufl and sq4 = (u19)sy for some u; € P. Let
uy = ul_l. Then, s; = S3u2_1 and s, = ((u2)9)sy4, that is (s3,54) ~ (s1,52). For the transitivity
property, suppose that (si,s2) ~ (53,54) and (s3,84) ~ (s5,5¢). Then, there exists uj,uy € P
such that s3 = slufl, s4 = (u19)s2, and also s5 = S3u51, s¢ = (up@)s4. Let u3 = upu;. Then
55 = S3I/t2_1 = slul_luz_1 = s1u3_1, and s¢ = (u20)s4 = (u20) (u19)s2 = ((u2u1)9)s2 = (u39)s2,

that is, (S],Sz) ~ (S5,S6).

Let ((s1,52)) denote the ~-equivalence class containing (s1,52). Note that S x(p4)S is an S-
S-biset under the well-defined left and right actions - ((s1,s2)) = ({ts1,52)) and ((s1,s2)) -t =
((s1,s2t)), where t € S. We show this explicitly for the left action: It's well-defined be-
cause, for any different representative of the equivalence class containing (s1,s2), namely
(siu™", (u@)sy) for some u € P, we have t- ({(sju™", (ud)s2)) = ({tsiu=", (ud)s2)) = ({ts1,52)).
Also, for any 71 € S, we have (tt1) - ((s1,s2)) = ({(tt1)s1,52)) = ({t(t151),52)) =1 - ({t151,82)) =

t-(t1-((s1,52))), and 1-((s1,52)) = ({s1,52))-

Equivalently, by Lemma 4.1.2, the S-S-biset under the given left and right action, is an § x S-set

under the action ((s1,s2))(t1,52) = <(tf1s1,szt2>). Recall
A = {(u, (u)¢) |u € P}.
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Ag is a subgroup of S x S. Thus § xS acts on the right cosets of Ag under right multiplication.

Lemma 4.1.3. The S-S-biset S X (pg)S under the action

t-((s1,52)) = ({ts1,52)) and ((s1,52)) -t = ((s1,521))

is equivalent to the (S x S)-set (S x S) /A, defined by right multiplication.

Proof. Take 728X (pg)S — (Sx S)/Ap : {{s1,52)) = Ap(s7",52).
First we show that 7 is well defined. Taking a different representative of the equivalence class

containing (sg,s2), note that

(s1™", (u)ps2)m = A (usy !, () 9s2)
= AD(u, (u)9) (57", 52)

~1
= Ag(sl ,82) = (81,8)T.
Now we check that 7 is an equivariant map:

({{s1,92)) (t1,22)) 7 = ({1 's1,820)) 7
:Aﬁ(sl_ltl,sﬂz)
= Aﬁ(sl_l,SQ)O‘l,tz)

= (((s1,52)))7(t1,12).

It is left to show that it is a bijection. To see that 7 is an injection, note that

(({s1,52))7 = ({(s3.50)))7 = Ap(sy"1s2) = Ap(s3 ', 4)
= (s3',54) = (us; ', (u)9sy) for some uc P
— (53,54) = (spu L, (u)9s2)

= ((51,52)) = ({s3,54)).

Surjectivity holds since for any Aﬁ(sl,sz) € (Sx S)/A¢, we have ({(s7',s2)))m = Aﬁ(sl,sz). O
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Note that the S-S-biset in Lemma 4.1.3 is transitive and is free on the right and also free on

the left if ¢ is injective.

4.2 Characteristic bisets

Let S be a finite p-group. For an S-S biset Q, O < S and ¢ : Q — S an injective group
homomorphism, denote by pQ, the left O-set, the restriction of the left S-action to Q and 4,
the restriction of the left S-action to Q induced by ¢. Explicitly, if x denotes the left S-action

on Q, then the restrictions of the left S-actions to Q are as follows:

0 x 9@ — o, given by, (g,x) — g*x,

0 x Q= 4Q, given by, (¢,x) = q-x = (¢9) *x.

Then oQ and 4Q are Q- bisets. From the perspective of § x S-sets, if o denotes the § x S-

action on Q, then the restrictions of § x S-actions to Q x § are as follows:

0Q X (Q X S) = oQ, given by, (x,(g,s5)) = xo(g,s),

0 Q% (Qx8) = 4Q, given by, (x,(q,s)) — xe(q,s) =x0(q9,s).

Similarly, we define Q¢ and €,: Denote by Qp, the restriction of the right S-action to Q and
Qy, the restriction of the right S-action to Q induced by ¢. Explicitly, if x denotes the right

S-action on Q, then the restrictions of the right S-actions to Q are as follows:

Qo x 0 — Qgp, given by, (x,q) — xx*gq,

Qy x Q — Qy, given by, (x,q) = x-g=xx(q9).
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Then Qp and Q4 are S-Q bisets. From the perspective of § x S-sets, if o denotes the § x §-

action on Q, then the restrictions of the § x S-actions to S x Q are as follows:

Qg x (Qx S) = Qg, given by, (x, (5,)) = xo (5,q),

Qy x (O xS) — Qy, given by, (x,(s,q)) — xe(s,q) =x0(s,q9).

Thus, equivalently, Qp and Qg are § x Q-sets.

Recall that we write Oy = (S x S)/Agp. We may equivalently write Oy = S X (g 4)S, by
Lemma 4.1.3. For any V CU(S), if

Q=[]0 (1)

oV
then, Q is a union of S x S-orbits, as seen in Section 4.1. Note that Q is itself an S-S-biset,
or, equivalently, an S x S-set. In the construction of Q here, we define
¢
Qf = Q%,
. . . - 9! .

whenever it is clear. As another example, if P = Q¢, we write Q9 ' = Q2 . We use a similar
notation for Q x § and S x Q-sets.

Lemma 4.2.1. Let Q be a union of S x S-orbits, of the form Oy, for some ¢ € U(S), as

described in (1). Let ¢ and y € U(S). Write Q = Dy.
1. If Dy < Q, then QY = (pQ)¥ and (,Q)¥ = QO WIP (where P = (Dy)9).
2. If Iy < Q, then QY = (Qgp)Y and (Qy)¥ = QV?.

In particular, (,Q)? = Q"% and (Q¢)Id|D¢ = Q7.

Proof. Denote by o the S x S action, and by e the Q x § action via ¢. We use a similar

notation for S x Q actions.

1. Suppose Dy < Q. Since the domain of y is contained in Q, we have QY = (oQ)¥ by
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definition. Write P = (Dy)¢. Now

0 'wlp

@ 'Wlr — oAy

—{0eQ|wo(p,pd " w) = forall (p,po~"y) €AY VI where p € P}

={weQ|wo(qp,qy) = o for all (q¢,qy) € Al(qu_l"/)") where g € Dy}

={weQ|we(q,qy) = o for all (¢g,qy) € A;’)/W where g € Dy}
= (o)™

= (pQ)".

2. Suppose Iy, < Q. Since the image of y is contained in Q, we have QY = (Qg)¥ by

definition. Now

Qv — oy

={weQ|wo(p,(py)¢) = for all (p,(py)¢) € A}’)ﬂf where p € Dy}
={wcQ|we(p,py)=o forall (p,py) € Agw where p € Dy}

=(Q)Y.

as required. The final claim follows by taking y = ¢ in the first case, and y =Id|p in the

second case. O

Lemma 4.2.2. [9, Lemma 3.2] Let Q be a union of (S x S)-orbits of the form Oy, for some
¢ € U(S). Then Q' £ 0, for some H < S x S, if and only if H is S x S-conjugate to a subgroup

of A%q), for some Agp in Q. In particular, H is of the form Agw for some ¢ € U(S).

Proof. QM +£( if and only if Og # 0 for some orbit Oy in Q. By Lemma 2.2.4, Og # 0 if and
only if H is a subgroup of some S x S-conjugate of qu), that is, for some g,h € S, we have
H< (Agp)(g’h) = qu), where Dy = D‘%; and ¢ =c,-1|p, o9 ocy. The claim now follows from

Lemma 3.0.2. 0

By definition, if Q is a union of (S x §)-orbits of the form Oy for some ¢ € U(S), then we can
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write

where Q; consists of those orbits Oy in Q with |S: Dy| = p'.

Lemma 4.2.3. [9, Lemma 3.2] Let Q be a union of (S x S)-sets of the form Oy for some

¢ € U(S). Let ¢ € U(S) and write p' = |S: Dy|. Then

¢ _ ¢
Q= | | Qf.
0<j<i
Proof. By Lemma 4.2.2, if Qf = () for some integer j > 0, then Ag(p is a subgroup of some
: 14 Vo ; —IA? Vo
S x S-conjugate of A o Where Ap s in Q;. This means |Dy| = ]AD¢\ < ]ADW\ = [Dy/, and

therefore p' = |S: Dy| > |S: Dy| = p/, that is, j <i. O

Definition 4.2.4. [10, Definition 2] Let J be a fusion system on a finite group S. Then an

S-S biset Q is called a right semicharacteristic biset for I if
1. Every (S x S)-orbit in Q is of the form Oy for some ¢ € T,
2. Qp, = Qy as S-Dy-bisets for every ¢ € J.

Q is called a left semicharacteristic biset if instead for the latter condition, we have D¢Q =,Q
as Dy-S-bisets for every ¢ € F. The set Q is called a semicharacteristic biset if it is both a

right semicharacteristic biset and a left semicharacteristic biset.

Definition 4.2.5. Let F be a fusion system on a finite p-group S. Then an S-S biset Q is
called a right characteristic biset for F if it is a right semicharacteristic biset with the property

that |Q|/|S] # 0 mod p.

Note that the definition makes sense since the size of a right semicharacteristic biset Q is
always a multiple of |S].
A left characteristic biset is defined similarly. Q is called a characteristic biset if it is both a

left and right characteristic biset.

Lemma 4.2.6. Let F be a fusion system on a finite p-group S and ¢,y € F.
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1. IfQ is a right semicharacteristic biset, and I, < Dy, we have |QY| = |Q¥?|. In particular,

by taking w = Id|p,, we have |Q?| = Q"0

2. If Q is a left semicharacteristic biset, and Dy < Dy, we have |QY| = |Q(¢_1‘/’)|P|, where

P=(Dy)¢. In particular, by taking y = ¢, we have |Q?| = ]QId‘I‘P |.

Proof. Write Q = Dy. Suppose that Q is a right semicharacteristic biset, and Iy, < Q. Then
by definition Qp = Q,. Using Lemmas 2.2.9 and 4.2.1 we have

QY] = 1(Q0)Y| = 1(2)"| = |Q¥*|.

Similarly, suppose that Q is a left semicharacteristic biset, and Dy < Dy,. Then by definition

0Q = Q. By applying Lemmas 2.2.9 and 4.2.1 again, we see that
Q¥ = [(eD¥] = ()Y | = |2Vl

where P = (Dy)¢. O
Lemma 4.2.7. Let F be a fusion system on a finite group S.
1. An S-S biset Q is a right semicharacteristic biset if and only if

(a) Every orbit in Q is of the form Oy for some ¢ € F
(b) 1Q9] = Q"% | for all ¢ € F.
2. An S-S biset Q is a left semicharacteristic biset if and only if
(a) Every orbit in Q is of the form Oy for some ¢ € F
(b) Q9] = Q" | for all ¢ € F.

Proof. 1. If Q is a right semicharacteristic biset, then by Lemma 4.2.6 the two properties
hold. Conversely, suppose that the two properties holds. Let y € J with Iy, < Dy.

Then,
(Qp,)Y| = QY] = Q1w | = Q0| = |(Q4)Y],
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where the first and last equality is due to Lemma 4.2.1, and where the second and
third equality is a consequence of the second part of the assumption. By Lemma 4.2.2,
Qg(p,Qg # 0 for some H < S x Dy, if and only if H is of the form Agw, for some y € F
and Iy < Dy. It follows that |Qg¢| = |Qg’| for all H < S x Dy. By Burnside's Lemma

2.2.9, we have QD¢ = Q. Thus, Q is a right semicharacteristic biset.

. If Q is a left semicharacteristic biset, then by Lemma 4.2.6 the two properties hold.
Conversely, suppose that the two properties holds. Let y € I with Dy < Dy. Then, by

defining P = (Dy)¢, we have
-1
(D, QY| = Q%] = Q| = |Q0 Vlr| = |(,Q)¥],

where the first and last equality is due to Lemma 4.2.1, and where the second and
third equality is a consequence of the second part of the assumption. By Lemma 4.2.2,
D¢QH,¢QH # 0 for some H < Dy x S, if and only if H is of the form A"'w, for some
v € F and Dy < Dy. It follows that |D¢QH| = |y Q| for all H < Dy x S. By Burnside's
Lemma 2.2.9, we have D¢Q =4€Q. Thus, Qs a left semicharacteristic biset.

]

Lemma 4.2.8. [9, Proposition 4.1] Let F be a fusion system on a finite p-group S. Let Q be

a right (or left) semicharacteristic biset corresponding to F. Then, there is an integer Cy > 0

such that

Qo =Cy |_| O¢.
[¢]€T

If Q is right (or left) characteristic biset for F, then p1Cy.

Proof. Suppose that Q is a right (or left) semicharacteristic biset for . By 4.2.7, Qq is

a disjoint union of orbits of the form Oy for some ¢ € Auts(S). By 4.2.7 and 3.1.8, we

may assume that every orbit Oy in Qg is induced by an S-S-equivalence class representative

¢ € Autg(S). Thus,

Qo= || C(9)0,

[¢]€T
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where C(¢) > 0 are integers to be determined. Note that, for any other [¢] € I,
Qf] = Qf| = C(9)|0g] = C(9)IZ(5)]

where the first, second and third equalities are due to Lemmas 4.2.3, 4.2.2 and 3.1.7. Note that
for any other [y] € Ty, we have |QY| = |Qdls| = |Q?| by Lemma 4.2.6. Thus, C(y)|Z(S)| =
C(9)|Z(S)|, that is, C(y) = C(¢). It follows that we can fix a constant Cy = C(¢9) for every
[¢] € I'p. Now suppose that Q is a right (or left) characteristic biset for F. Note that for any

j>1,1Q;|/|S| is divisible by p. Thus,

/]| = Z(,)|Qj\/|5| = [Qol/[S| = [ ]Z C(¢) =To|Co#0 (mod p)
i= olely

Thus p1Cp, and we are done. O

4.3 Construction of finite groups realizing fusion systems

Definition 4.3.1. A fusion system J on a finite group S is called realizable if there exists a
finite group G and a subgroup Sy of G isomorphic to S, with Sy not necessarily Sylow in G,

such that = I, (G).

Definition 4.3.2. A saturated fusion system F on a finite p-group S is called exotic if F is

not isomorphic to Fg,(G) for any finite group G with Sy € Syl,(G).

Under these definitions, an exotic fusion system J over a finite p-group S may be realizable.
The definition of a realizable fusion system is different to the one found in literature, which
additionally require Sy to be a Sylow p-subgroup in G when defining saturated fusion systems
over p-groups. Under this literature definition many examples of saturated fusion systems exist
which are in fact far from realizable. See, for example, the exotic fusion systems discovered by
Ruiz and Viruel [13]. The aim of this section is to show that every fusion system is realizable
under the definition we have taken on board. The majority of what follows is due to [4] and

[7]. When working with fusion systems over p-groups, this shows that the Sylow condition is

47



quite a strong condition to impose on saturated fusion systems. We state and prove a number
of technical results due to Carles Broto, Ran Levi and Bob Oliver. By way of an example,

however, we begin by showing that every universal fusion system is realizable.
Lemma 4.3.3. Let S be a finite group. Then the universal fusion system U over S is realizable.

Proof. Let G = Sym(S). We identify S in G via s — (a +— as) for all s € S. We show that
G realises the universal fusion system on S. By definition, we have Fg(G) C U. It suffices to
show the converse statement. Let P < S and ¢ : P — S a monomorphism . Let 1,1,,...,#; and
1,2,,....1] be (left) coset representatives of P and P¢ in S respectively. Given o € S, there

exists p, p’ € P such that

o=1p="1;(p'e).

Define a permutation 7, and its inverse, by the following:

m:S—S, givenby a—1(po)

1SS, givenby art;p.

We show 7 is a permutation. Indeed, if am = a'm where @ =t;p,a’ = 1,q, for p,q € P,
then 7j(p@) =1.(q¢). This gives 1 €1/(P). So t; =1;, and thus t; =1, and p =g, as ¢ is a

monomorphism. It follows that o = & and 7 is a permutation. Since an ! = (t/(p¢))n~! =

1

tip=o and an'n = (t;p')n = t'(p'9) = &, we have 7~ is indeed the inverse of 7. Note

that for any ¢ € P we have

a(ger) =t(p'o)nlqn =1;p'qn =1;(p'q)9 = 1;(p'9)(99) = a(q9)

Thus ¢ = cz|p. It follows that U = Fs(G). O

Lemma 4.3.4. Let F be a fusion system on a finite group S. Let H be a set of subgroups of

S closed under F-conjugacy and taking subgroups. Let Qg be an S-set such that for all
P < S with P ¢ H and P' € P7, we have |QyF| = |QOP,]. (%)

Then there exist S-sets Q O Q1 D Qg such that:
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1. Q; consists of multiple copies of €,
2. QF = QF for all P ¢ H; and
3. |QP| = |QF| for all pairs P <S, P' € P7.

Moreover, for all P < S and for all a@ € Homg(P,S), Q considered as a P-set via restriction is

isomorphic to Q as a P-set via o.

Proof. We prove the first three claims by induction on |H| for all S-sets Q satisfying property
(). If H =0, then we can take Q = Q and there is nothing to prove. So assume J # 0.
Let P € H be maximal with respect to inclusion and being in H. Define H' = 3\ P7. Then
H' is closed under F-conjugacy and taking subgroups. Since |H'| > |H|, we may assume that
the result holds for H'. That is, if there exists an S-set Q, such that condition (%) holds
for H’, then we can find Q D Q3 D Q) and a positive integer n such that Q3 =n-Q,; and
QT = QF for all T < S with T ¢ H’; and also |Q7| = |QT'| for all T,T" < S with T" € T7. We
will construct an Q, that satisfies condition (x) for H’ which will then be used to give us the
required Q and Q; for J, by induction.

Assume P is chosen so that |QF| = max{|QF| | R € P7}. For R € P¥ define

_ milRI(1Q5] - [25])
IN5(R)

where m is a constant independent of R chosen to be the smallest positive integer so that ng

is an integer itself. Alternatively, we can define

mi= [T INs(T)l

Te[PY]

where [P7] denotes a fixed set of representative of S-conjugacy classes in P7. In either case

ng is an integer. As |Qf| > |QR|, ng is a non-negative integer. Define

Qr=mp- QLI |_| ng- (S/R)
Re[PY]
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Now let R’ € P¥. By Lemma 2.2.4,

\QI;/\ =m ]lel +nR](S/R)R/| (for some R € [P7] such that R is S-conjugate to R)
= m) |QF| + ng|(S/R)F | (by Lemma 2.2.6)
= m | Q8| +ng|(S/R)| (by Lemma 2.2.6)
= m |Qf| +nr|Ns(R)/R| (by Lemma 2.2.5)
= my |QR| +mi(1QF| — |QF)) (by construction of ng)
= m|Qf|
= Q). (since np =0, and by applying Lemma 2.2.4)

Moreover, for Q ¢ H,
1. Qf =m;-QF (by Lemma 2.2.3).
2. |Qg| = m1]Qg| =m1|Qg/| = |QZQ/| for ' € Q7 (using condition (x) for I).

It follows that for Q ¢ H' and for all Q' € 07 we have ]QZQ,] — |Q%|. We have satisfied

condition (%) for H’. By the induction hypothesis, there exist S-sets Q 2 Q3 D €, such that:
1. Q3 =my-Q, for some positive integer m;.
2. QC=0Qf forall 0<S,0¢ K.
3. 1Q2| = Q¢ for all 0,0’ < 5,0 € 07.

Set Q) = mymy-Qy. Note that Q D Q; D Qp. For O ¢ H, we have
Q2 =0¢ = my-Qf = mym; -QF = Q7

The result now follows for H as desired. The second claim follows by Theorem 2.2.9 and (3)

of the claim that we have just proved. O

Recall that for an S-S-biset Q, Q < § and ¢ € Hom(Q,S), we denote by ¢€, the restriction
of the left S-action to Q and 4, the restriction of the left S-action to Q induced by ¢. Then

0Q and 4Q are O X § bisets.
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Lemma 4.3.5. Let F be a fusion system on a finite group S. Then there exists a semichar-
acteristic biset for § (containing O g as an S X S-orbit), that is, there is a finite S x S-set Q

such that:

1. Every orbit in Q is isomorphic to Oy for some Q < S and ¢ € Homg(Q,S), one of which

is isomorphic to O g
2. The Q-S-bisets pQ and ¢Q are isomorphic for all Q < S and ¢ € Homz(Q,S).
3. The S-Q-bisets Qp and Qg are isomorphic for all Q < S and ¢ € Homs(Q,S).

Proof. Define:

Q= || 9.
[9]€To

where T’y is defined as in Section 3.2. Given g € S and ¢ € Autg(S),
(Sx S)/AS — (5% $)/A, given by AD(u,v) — AS (u,v)
is an isomorphism of (S x §)-sets. It follows that Qg is a well-defined S x S-set. Define:
H={A} | P< S, € Homz(P,5)}.

Note that F x F as defined in Definition 2.1.3 is a fusion system on S x S. Moreover, H is
closed under subgroups and F x F-conjugacy: The former case is clear whereas for the latter

-1
case, if o = (o, @)|,0 is a homomorphism in Fx F, then (Ag)a = Agalwz € H.
P

Let Q < SxS. Suppose x = Ag(u,v) € Qg for some ¢ € Auty(S). Then Q C Stabg,s(x) =
(u_l,v_l)Ag(u,v) = Ag"flq)cv. We show that for all Q,Q" < S x S which are F x F-conjugate
and not in , |Qg\ = \Qg/|. Suppose that Q is not in H and not of the form Aﬁ. If Qg # 0,
then Q < A?, for some ¢ € Auty(S), that is Q € H, a contradiction. It follows that Qg =0.
If Q' is (F x F)-conjugate to Q, then by Lemma 2.2.6, |Qg| =0= ]Qg,|. Now suppose
0= Ag and is (F x F)-conjugate to some @', say, under ot = (a1, 0t2)|g where o; € Auty(S).

1 ,
Then AY (u,v) € Qg for some y € Out5(S), if and only if, Ag‘ Y (woy ,vop) € Qg. Thus
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Q2| =102

We have satisfied condition (x) of Lemma 4.3.4. Therefore, there exists (S x S)-sets Q D
Q) D Q and a positive integer n such that Q; = n-Qo; and |Q2| = |QZ| for any F x F-

conjugate subgroups 0,0’ < S x S; and also Q¢ = Q? for any subgroup Q < § x S not in H.

Let a € Q\Q; and Q = Stabg.s(). If O & K, then o € Q€ = QIQ, a contradiction. So
Q€ H. Say Q =A} for some RS S and y € Homg(R,S). By the orbit-stabilizer theorem

|Orbsys(a)| =[S x S|/|AF| = |(S x S)/A¥|. It follows that the map:

Orbsys(a) — (Sx S)/AY : a-(g1,82) — A} (g1,82)

is an isomorphism of (S x S)-sets. Thus, every orbit inside Q is isomorphic to Oy for some

0 < S and ¢ € Homg(Q,S).

For part (2), define ¢ = (¢,Id) for some ¢ € Homg(Q,S). Then ¢ € Homg,5(Q x S,S xS).

By Lemma 4.3.4, Q as a (Q x S)-set via restriction is isomorphic to Q as a (Q x §)-set via ¢,

i.e. the (Q x §)-sets pQ and 4Q are isomorphic.

For part (3), define ¢ = (Id,¢) for some ¢ € Homg(Q,S). Then ¢ € Homg, 5(S x 0,8 x S).

By Lemma 4.3.4, Q as a (S x Q)-set via restriction is isomorphic to Q as a (S x Q)-set via ¢,
[

i.e. the (§x Q)-sets Qp and Q are isomorphic.

Lemma 4.3.6. Let F be a fusion system on a finite group S and ¢ € Homg(Q,S), a morphism
inF. Let Q be an § X S-set and G the group of all permutations of Q that preserve the right

S-action. That is,
G={meSym(Q) | (xo(s1,82))m = ((xo(s1,1))w)o(1,s2) for all x € Q,s1,s, € S}.
Identify S as a subgroup of G in the following way:

1:S—>G:s— (x—>xo0(s,1)).
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Then ¢ and yQ are isomorphic as Q x S-sets if and only if ¢ is a morphism in Fg(G).

Proof. Write o to denote the Q X § action, and e to denote Q X § action via ¢. If pQ and

¢ are isomorphic, then there exists £ € Sym(Q) such that for all 51,5, € S we have

(xo(s1,82))m = (xo(s1,1)(1,8))m
= (xo(s1,1))me(1,s7)

= (xo(s1,1))mo(1,52), (since 1¢ =1)

that is, m € G. For any s € S, we write s1 to denote the image of s in G. If w = st for some

s €S, we write 71! to denote the preimage of 7 in S. Thus, l_l\(Ql)q)l translates the map

¢ into G, as illustrated below:

1 Hon 01
(v G
LN

1

Q—Q

Q¢

Thus,

0€2 and €2 are isomorphic as Q x S-sets
<= (xo(q,s))w = (xm)e(q,s) forall xe Q,g€ Q,s €S, and some & € G
<= (xo(q,s))w = (xm)o(qd,s) forall x e Q,qg € Q,s €S, and some © € G
< ((xo(g,1))m)o(l,s) = ((xm)o(gp,1))o(l,s) for all x e Q,qg € OQ,s € S, and some T € G
< (xo(q,1))mr = (xm)o(qp,1) for all x € Q,q € Q, and some T € G
— (yr Holg,1))m=yo(gp,1) forallye Q,g€ Q, and some 7 € G
— (yr H(q))m = () ((gp)) for all y e Q,q € Q, and some © € G
< (qt)cz = (qu)1'¢1 for all g € Q, and some 7w € G

1791 € Homgy () ((Q)1, (Q)91).

It follows that l*1|(Ql)¢l € Homg()((Q)1,(Q)¢1) if and only if oQ and 4€ are isomorphic

under some T € G, as Q X S-sets. ]

We have a similar Lemma for the case when we are dealing with isomorphism of S x Q-sets:
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Lemma 4.3.7. Let F be a fusion system on a finite group S and ¢ € Hom4(Q,S), a morphism
inF. Let Q be an § X S-set and G the group of all permutations of Q that preserve the right

S-action. That is,
G={meSym(Q) | (xo(s1,82))m = ((xo(l,s2))m)0(s1,1) for all x € Q,s1,57 € S}.
Identify S as a subgroup of G in the following way:
1:S—>G:s— (x—xo(l,s)).

Then Qg and Qg4 are isomorphic as S x Q-sets if and only if ¢ is a morphism in Fs(G).
Proof. The proof is almost identical to the proof of Lemma 4.3.6. O
Theorem 4.3.8. [7, Theorem 3](Park) Every fusion system F on a finite group S is realizable.

Proof. Let F be a fusion system over a finite group S. By Lemma 4.3.5 there exists a left
semicharacteristic biset Q (containing Oy, as an S x S-orbit) for F. Then for all 0 < S and
¢ € Homg(Q,S), the Q x S-sets pQ and 4Q are isomorphic. Thus, by Lemma 4.3.6, under

the identification given in Lemma 4.3.6, ¢ is a homomorphism in Fg(G), where
G={meSym(Q) | (xo(s1,52))m = ((xo(s1,1))m)o(1,s2) for all x € Q,s1,s, € S}.

This means § C Fs(G). Conversely, suppose that ¢ € Homg)(Q,S). We show that ¢ €
Homs4(Q,S). Note that AISd‘S e 0" Thus Q' # 0. Since pQ and 4Q are isomorphic as
0O x S-sets, we have

%] = [(0Q)°] = |(,2)°] = |"| £ 0.

where the first and third equalities are due to Lemma 4.2.1, and where the second equality is
due to Theorem 2.2.9. Hence, there exists A} (u,v) € Q% such that A} (u,v)(q,q9) = A} (u,v)

for all ¢ € Q. For some p € P this implies (uq,v(q¢)) = (p, py)(u,v) and therefore

g9 =v ' ((uqu™ " Yy)v = gc, 1yey,
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for all g € Q. Since ¥ € F by construction of Q, we have ¢ € F. Hence F = F5(G). O

Similarly, we can use Lemmas 4.3.5 and 4.3.7 on right semicharacteristic bisets (instead of

left) to prove that every fusion system JF on a finite group S is realizable.

Using Lemmas 4.3.5 and 4.3.6, we can deduce that G = S:Sym(|Q|/|S|), the wreath product

of S with the symmetric group Sym(|Q|/|S]), as follows:

Lemma 4.3.9. Let Q = ];,; Oy, be a union of S x S-orbits, for some ¢; € U(S), and some
index set I. Let G be the group of all permutations of Q that preserve the right S-action, that

G={meSym(Q)| (xo(s1,82))m = ((xo(s1,1))m)0(1,s2) for all x € Q,s1,52 € S}.

Then G = §1Sym(|Q]/|S]).

Proof. Define the following action of Son Q, Q xS — Q. given by (x,s) — (xo(1,s)), where o
denotes the S x S-action. We show that S acts semiregularly on Q. (Note that the S x S-action

need not be semiregular). Let s € S and Ag(g,h) € Q. Then

A (8.h)(1,5) = A (g,h) <A%(g, hs) = Ad(g.h)
<(qg,(q9)hs) = (g,h) (for some g € Q)
<qg =g and (q9)hs=h

<s=1.

It follows that S is semiregular. We can also identify S as a subgroup of Sym(Q) in the

following way:

1:S—=Sym(Q):s— (0 — (wo(l,s))).
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Note that

G={meSym(Q) | (xo(s1,8))Tr = ((xo(s1,1))m)o(1,s7) for all x € Q,s1,5, € S}
={meSym(Q) | (xo(1,s))m = (xm)o(1,s) for all x € Q,s € S}
={m € Sym(Q) | (x(s1))w = (xm)(s1) for all x € Q,s € S}
={m e Sym(Q) | (st)m = z(s1) for all s € S}
= Csym(e) (($)1).
By semiregularity, the number of orbits under the action of S'is |Q|/|S|. Thus, by an application
of Lemma 2.2.15, we have G = S:Sym(|Q|/|S]). O

Lemma 4.3.10. Let F be a fusion system on a finite group S. Let G be the finite group in
Theorem 4.3.8 that realizes &, constructed as a permutation group of a left semicharacteristic

biset Q for F. Then G = S Sym(|Q|/|S]).

Proof. By Lemma 4.3.5, there exists a left semicharacteristic biset for the fusion system F,
which is an § x S-set, and which we call Q. We can write Q = |;.; Oy, for some index set .

By Lemma 4.3.9, we can conclude G = S:Sym(|Q|/]S]). O

Definition 4.3.11. We define the exoticity index e(J) as
min{log,|T : S| [ S < T € Syl,(G) for some finite G with I = Fg(G)},

for a fusion system JF over a finite p-group S.

Lemma 4.3.12. Let T € Syl,(G), where G is a finite group in Theorem 4.3.8 that realizes

the fusion system 3 on a finite p-group S. Then

log, T : S| = (121/1S] — 1)log,IS| + ¥ [MJ

l
i=1
where Q denotes a left semicharacteristic biset for F.
Proof. By Lemma 4.3.10, G = S1Sym(|Q|/|S|). This means |G| = |S|I/S!|Sym(|Q|/|S])].
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We have

15]191/1] ¥ (ISym(i€21/1S)))
5]
= (1Q1/1S] = Dlog, |S[ + v, (ISym([€[/[S)])

= (/51 iog, 51+ T ['QLC’S' J

log,|T : S| = log,, (

This completes the proof.
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CHAPTER 5

A FAMILY OF 3-GROUPS OF MAXIMAL
NILPOTENCY CLASS

5.1 Properties

The 3-groups of maximal nilpotency class and order 3! for i >4, were classified by Blackburn
in [2, p.88]. We consider special cases of these groups. Let r > 5 be odd. Define S, to be a

rank two group of maximal nilpotency class, of order 3", with the following presentation:

Sy = (8,851,582, -y Sr—1 | 8i = [si—1,5], [si,51] :s§s§+1sj+2 =5 = 1).

where 2 <i<r—1, 1< j<r—1, assuming that s, =s,.1 = 1. Since there will be no

ambiguity we will just write S to denote the group S,. Since r is odd, we write
r=2k+1,
for some k € N. We state a number of results arising from the structure of S. Write

A= (Si,Sit 1, 8r-1)

and define A = A;.

Lemma 5.1.1. [5 Lemma A.9, Lemma A.11] Assuming the notation in the definition of S,

we have for alli=1,....r—1:
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1. Aj = (si,si+1) and is abelian.
2. A; is characteristic of order 3" " in S.

3. s; has order 3k_L%J, or equivalently, s,_; has order 3(5. In particular, s and s, each

have order 3*.

Proof. 1. Fix1<i<r—1. Forall 1<j<r—1, we have s sj+2 = 1. Thus, for all

3.3

75+
i+2 < j<r—1,s;can be written as a product of s; and s;11. This means A; = (s;,si11).
Since A; < A, it suffices to prove that A is abelian. Choosing i = 1, we see that for all

1 <j<r—1,s;can be written as a product of s; and 5. Since [s,s1] =1, it follows

that A is abelian.

2. Let a; € A;. Then a; = s{"a;y for some a;11 €A;11. Then

—1 -1

- -1 -1

lai,s) = [s{"air1,8] = a 87 "s 7 s ais = a; [s), slaivy = a; sy aiv1 € Aip.
Note also that s;11 = [s;,s] € [A;,S] and similarly we can see that s;1, € [4;,S]. Thus
Ait1 = [Ai,S]. We show by induction that for all 1 <i<r—1, A; is characteristic in
S. A is the unique abelian subgroup of index 3, because s does not commute with
s1 or sp. Thus A is characteristic in S. Suppose that for some 1 <i—1<r—1, A;

is characteristic. We show that A;y; is characteristic. Let ¢ € Aut(S). Note that

Air1¢0 = ([Ai,S])) ¢ = [Ai9,S¢] = [A;,S] = Aiy1, that is, Ajy| is characteristic.

Let 1 <i<r—1. We show that A; is of order 3"~*. The subgroup A is of index 3
since s3> = 1. Suppose that for some 1 <i<r—1, A; is of order 3’~/. The quotient
group A;/A;41 is of order 3 because 57 = sl.fls;rlz €Ait1. Thus |Air1| = |Ail/|Ai/Aix1]| =

3r7i/3 _ 3r7(i+1)_

3. We prove the claim that s, ; = 3(5 forall 1 <i<r—1. Note that |s,_1| =3, and since
s3_2s2_1 =1, we also have |s,_»| =3, as required. Suppose that, for some 1 <i<r—3,

r

we already know the orders of s,_; and s,_(;;.1). Write m = [4]. Then |s,_;| = 3™ and
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S, —(ip1)| = 3m+8 where

1 if i even

6:
0 ifiodd

Note that m+ (m+8) = [4] 4+ [51] =i+ 1, and from part (1) and (2), |A, (1) =
[(Sy—(i41)5Sr—i) = 32k=(r=(+1)+1 — 3+ This means that no nontrivial power ofsr,(,-ﬂ)

is equal to a nontrivial power of s5,_;. Note that sff(iﬂ) s_3 . Thus s

(H—l) —(i +2)

_3m 73m 1

Sr—(i+1)5r

# 1, and therefore |s 2)| = 3. If |s,_(i12)| = 3" for some u <m, then

3M 3V o . .
by writing v =m — u, we see that s )= (sr_(i+2)) =1, a contradiction. It follows

(H—2

that |s,_ (1) = 3m+l — 3[71, as required.

This completes the proof of the lemma. O

By 5.1.1, we see that A; = Zau X Z3v, where u =k — L%J and v=Fk— L%J In particular,
A g Z3k X Z3k

Fix 1 <i<r—1. Write §=35 and §y = s;_j)4y for all 1 < i <r—i. By 5.1.1 we have
[S7,51] = 1. It follows that §; = [§7_1,5] and [§y,51/] = 3’s3’+1 Sito =5 =1,forall2<i <r—i

and 1 < j <r—i. Thus, we can write
Stra1)—i = (8,4:) <8, =,
forall 1 <i<r—1. Note that
S=A X (s).

This holds because (s) has order 3, A(s) =S, and by 5.1.1, A is normal in S. Define z=1s,_;.

We have Z(S) = (z).

Let G be a group. Set 71(G) =G and ¥,41(G) = [%.(G),G]. Then %(G) are the terms

of the lower central series of G. As stated earlier, S is a group of maximal nilpotency class.
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Explicitly, the lower central series is given by:

S>Ay>A3> .. >A_1=() > 1.

In groups of maximal class, it is known that the upper central series coincides with the lower

central series, but in the opposite direction.
Lemma 5.1.2. Let G be a finite p-group of maximal class. Let H < G of index at least p*.
Then H = v(G) and |G : H| = p' for some i > 2.

Proof. If H is of index p?, then G/H is abelian. This implies H > G’. Since G is of maximal
class, H=G', i.e. H=17(G). Now suppose |G : H| = p' for some i > 2 and that the result

holds for all normal subgroups of S of index p/ for 2 < j < i. Define

K={xeG|x,y] € H for all y € G}.

Translated, K is the preimage of Z(G/H) in G. Since G is nilpotent, Z(G/H) # 1. Thus,
H < K. As K <G and H < K, by the induction hypothesis we have K = ¥;(G) and therefore
H > [v/(G),G] = ¥j+1(G) for some j > 2. Since |¥;(G)/vj+1(G)| = p, we actually have
H =Yj+1(G). Since |G : ¥j+1(G)| = p/™!, we can conclude j+ 1 =i, that is, H = y(G). O
Lemma 5.1.3. Let P < S such that P £ A. Then |P: PNA|=3. In particular, if PNA =1,

then |P| = 3.
Proof. Since s* =1, we have |S:A| =3. Since A<S, we can apply the Second Isomorphism
Theorem: |P:PNA|=|PA:A|=|S:A|=3. O

Lemma 5.1.4. Let P <S. Then rank(P) <2.

Proof. If P <A, then rank(P) <2, since A = (sy,s7) is a direct product of two cyclic groups.
So suppose that P £ A. Let g € P\A. Then, by 5.1.3, P=(ANP)(g). Now ANP JA(g) =S.
By 5.1.2, either ANP is of index p in S or ANP = %(S) where |A: ANP| = p. If the former

case holds, then A =S, a contradiction. So the latter case holds. Then

P'>[ANPP|=[ANPA(g)] = [ANP,S] = %:1(S).
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By 5.1.3, |P: ANP|=3. Since S is of maximal class, [ANP: [ANP,S]| = [%(S) : vi41(S)] = 3.
Therefore |P: [ANP,S]| = 32. It follows that |P: P'| < |P:[ANP,S]| = 32. By Lemma 2.3.1,
the Frattini subgroup Frat(P) > P’. Thus |P: Frat(P)| < 3% and, by [11, Theorem 5.3.2],

rank(P) < 2. O

Lemma 5.1.5. Let x € A be an element of order 3" for some 1 <n <k. Thenx= s‘l"3k7ns§3k7n

for some integers 0 < a,b < 3" — 1 with one of them coprime to 3.

Proof. Write x = s$s4 for some 0 < ¢,d < 3% —1. Now |x| = 3" implies that ¢-3" =0 mod 3
and d-3"=0 mod 3. Thatis, c=a-3*"andd =b-3*" where 0 <a,b<3"—1. If a and

b were both divisible by 3, then = 1, giving us a contradiction. O

Recall, that for n € N, we write
Q,(A)=(geA|g" =1).

Lemma 5.1.6. Q,(A) is characteristic in A and normal in S.

Proof. Group automorphisms preserve the orders of elements. Thus Q,(A) is characteristic in

A. Since A < S, we have Q,(A) IS. O

3k—n 3k—n

Lemma 5.1.7. For all n € {1,..,k}, we have Q,(A) = (s{ ,55 ) =Ar—21 = Ask—n)+1,
isomorphic to Zsn X Zan, containing the centre of S. In particular, Q;(A) = A.

Proof. Let g € A. By 5.1.5, |g| =3" & g = 53 "s23" for 0 < a,b < 3" — 1 with one
coprime to 3. It follows that Q,(A) < (s?kin,sgkﬂ) But \slkfn] = \s§k7n| =3". Hence Q,(A) =
(s?k_n,s%k_"). By 5.1.1, |sy—2n| = |sr—2ne1| = 3". It follows that A, 5, < Q,(A). Since also by

5.1.1, |A,_2,| = 3", we have the desired equality. O

For the calculations in this thesis, we need to determine how elements of S interact with each
other.
Lemma 5.1.8. [5, Lemma A.12] Assuming the notation in the definition of S we have:

3

1. 5] =s152 and s5 = s s2_2; and
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—1 -9 _ —1
2.8 =5 2s21 and 53 :s?sz.

1

Thus every element of S is either of the form sa or s~ a or a where a € A a product of elements

of s1 and 5.

3

Proof. Note that s} =s1[s1,5] = 5152 and 53 = s2[s2,5] = 5253 :sz(sf3s53) =s; sgz. Similarly,

-1 -3 _ _n _ -1 -3 _
we have si”' = (+])" = (s152)" =sis5 = (s152)(5755%) =577 and 531 = (53)° = (5773 =

(s3)73(s3) 72 = (s152) 3 (57755 2) 2 = s3s2, as required. O
We can write S =AUsAUs™'A.
Lemma 5.1.9. Every element in S\A has order 3.

Proof. By 5.1.8, every element in S\A is of the form sa or s~'a for some a € A. Note first

that
(s7'a)? = (s7'a)(ssa) (s la) =d’a® a=d* a'a=(sa)(s"'s'a)(sa) = (sa)’.

Thus, it suffices to show that (sa)3 =1. Write a = s’isé for some 0 <i,j <3*—1. Then
. . R . i—37 i—27 -1 S A R N .
@ = (s)(53)) = (s152) (57572 = 50 s and @™ = (577 )i(s5™) = (57255 Yi(shsa)d =

575y Thus (sa)? = (575, ) (575 ) (s13) = 1 as required. -

Lemma 5.1.10. Suppose P < S is abelian such that P < A. Then P is elementary abelian of

order at most 9. In particular, P < (g,z) for some g € S\A, i.e. P=1,(g), or (g,z).

Proof. Since P is abelian, PNA < Cs((A,P)) =Cs(S) =Z(S). Therefore, |PNA| <3. By 5.1.3,
it follows that |P| < 32. Therefore, P is elementary abelian of order at most 9, containing the

centre of S. O

5.2 Conjugacy classes of subgroups

If F is a fusion system on S, and y a morphism in F, then over its characteristic biset Q, 4.2.7
tells us that the number points fixed by v is equal to the number of points in Q fixed by the

identity map restricted to Dy,. Since we want a right characteristic biset of minimal size, 3.1.8
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implies that it suffices to select orbits Oy for Q with ¢ chosen up to S-S-equivalence. We will
therefore need to classify morphisms up to S-S-equivalence. By definition, if two morphisms
are S-S-equivalent, then their domains are S-conjugate. In particular, this means that we need

to determine conjugacy classes of subgroups of S.

Define 1 = S?H and z = S%IH is the generator of Z(S). Recall that Q;(A) = (r,z) from

Lemma 5.1.7. We also write Ay = (1,z).

Lemma 5.2.1. Let P < A be a cyclic group of order 3' for some 1 <i < k. Write x = s?k_i

and y = sg"*i- Ifi > 2, then up to S-conjugacy
Pe{(x®), (") [0<a<32-1,0<bh<3 -1},

On the other hand, if i =1, then up to S-conjugacy, P € {(t),(z)}.

Proof. First suppose that i =1. By 5.1.7, P < Q(A) = (t,z). So P € {{t),{tz), (tz?),(z)}.
Since * =tz and ¥ = 172, we may assume up to S-conjugacy that P € {{t),(z)}. We now

consider the case when i > 2:

claim 1: If i > 2, then Cg(P) = Ng(P) = A. In particular, the conjugacy class containing
PisPS={pPpP P '},

Proof of claim. Since P # Z(S), Cs(P) < S. Assume for contradiction that Cs(P) < Ns(P).
Since A < Cg(P), this implies, A = Cs(P) and P < S. Since P is cyclic, we have |S: P| >
361 > 32 By 5.1.2, we have P = ¥;(S) for some 2 < j <r. If j<r—2, then P> % _»(S) =
A,—p = (t,2), by 5.1.7. This is an elementary abelian subgroup of order 9, which gives us
a contradiction. So j € {r—1,r}, that is P =Z(S) or P =1, contradicting that i > 2. So

Cs(P) = Ns(P) =A.

claim 2: Let

B ={(x)|0<a<3 -1} and By = {(x") |0< b <3 —1},
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and put B=B;UB;. Then, P € B.

Proof of claim. Let P=(g). By 5.1.5 we can write g = x%y” for 0 < a,b < 3/ — 1 with one of the
two integers coprime to 3. First suppose that a is coprime to 3. Then there exists an n coprime
to 3 such that an =1 mod 3*. Thus P = (g") = (xy*"). Thatis, P € B,. It is left to consider
the case when a is not coprime to 3 but b is coprime to 3. Write g :x3“/yb. By the same
argument, there exists an n coprime to 3 such that bn = 1 mod 3%. Thus P = (g") = (x"*y).

That is, P € B;.

claim 3: Let
Ci={() [0<a<3?—1}and ;= {(xy’) [ 0<b <37 1},

and put C =C{UC;. Then up to S-conjugacy P € C.

Proof of claim. Note that C; C By, C, C By and C C B. We show that every element in C is in
a distinct conjugacy class. Suppose P,Q € C are distinct subgroups S-conjugate by some h € S.
Since A < Cs(P), we may assume that i € {s,s~'}. By redefining Q if necessary, we may write
h=s. Note that P € Cy if and only if Q € Cy. First assume P € C;. Write P = (x*y) and
0 = (x*y). Then there exists an n such that (x%y)’ = (X% y)", that is, x%4~3y%a=2 = yInd'yn

Thus,
9a—3=9nd mod 3’ and 9a—2=n mod 3'.

This implies 9a —3 =94’ (9a —2) mod 3/, that is, 3(a+2d’ —9aa’) = 1 mod 3i. This reveals a
contradiction as 31 1. Now assume P € Cy. Write P = (xy*?) and Q = (xy*"'). We arrive at a
similar contradiction: There exists an n such (xy3?)’ = (xy3”/)”, that is, x!79y1—6b — yny3nb’

Thus,
1-95=nmod 3 and 1—6b=23nb mod 3.

This implies that 1 —6b = 3b'(1 —9b) mod 3, that is, 3(2b+ b’ — 18bb’) = 1 mod 37, again
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a contradiction. Thus, C is a collection of groups that lie in distinct S-conjugacy classes.

We claim that these are all of them. By claim 1, each conjugacy class contains 3 sub-
groups. Thus, |C| =372+43""1 = (3i=14-3%) /3 = |B|/3. Thus, the subgroups in C are all the

conjugacy class representatives of subgroups of S of order 3'. O

Lemma 5.2.2. Let P < A be group of rank 2. Write P=7./3'7 x 7.3/ 7 for some 1 < j < i.

Write x = sfkii andy = s%kii. Ifi— j> 2, then, up to S-conjugacy,

Pc {(xgay,x3i_j>, (xy3b,y3i_j> |0<a<3772-1,0<bh<3771 1}

If on the other hand, i— j =1, then up to S-conjugacy P € {(x,y3), (x>,y)}. Finally, ifi—j=0,
then P = Q;(A) = (x,y).

Proof. First consider the case when i—j=0. By 5.1.7, P = Q;(A) = (x,y).

Now suppose that i — j > 1. In particular, note that i > 2. Write P = (g,h) with |g| = 3!
and || = 3/. We may assume one of the two elements, say g, is the generator of an S-
conjugacy class representative of a cyclic subgroup of order 3. By 5.2.1, g € {x*y,xy** |0 <

a<372-1,0<b<3 1 —1}. Write h = (x“/yb/)yfj, for 0 <d',b' <3/ —1. First suppose

—b3T _ (' —~9ab')31 a3

that g = x%?y for some a. Then hg = xl . We may therefore write h = x
for some a’. Now suppose that g = xy*” for some b. Then hg_“/"“’l;j :y(b,_3b“,)'3ﬂ. In this

case, we may write h = y?"3 7 It follows that
P=(g,h)c {(x9“y,x“,'3i7j>, (xy3b,yb,'3i7j> |0<a< 32_1,0<bh<37-1,0<d b <3/ — 1}.

Note that 3{a’ and 314/, otherwise |h| < 3/. Since there exists n and m, both coprime to 3,
such that a'n =b'm =1 mod 3/, we can choose ¢’ =b' =1. If i—j =1, then we can also

choose a = b = 0. In that case,

Pe{(xy), ()}

Note that these two subgroups are not equal and are not S-conjugate to each other. It fol-
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lows that these two are all the S-conjugacy class representatives of subgroups isomorphic to

7.)37 x 7.]37, when i — j=1.

Now suppose that i — j > 2. In this case we can choose 0 < a <372 —1and 0<b <

3i=J=1 _ 1. Thus,
P={(g,h) € {(xg"y,x3i7'i>, (xy3b,y3i7j> |0<a<3772-1,0<b<37/71 1}

It suffices to show that these are all the S-conjugacy class representatives of subgroups iso-

morphic to Z/3’Z X Z/SJZ. Write
Cr = {2 ) [0<a<3 2~ 1} and G = {(y™ ¥ ) [0 <p <3 1),

and define C = CyUC,. Suppose P = (g1,h1),0 = (g2,hs) € C are S-conjugate by some h € S.

Then there exists integers ¢ and d such that
g5 = gihf.

Since A < Cs(P), we may assume h € {1,s,s7'}. If h=s5"1, then P’ = Q' Therefore, it

suffices to assume h € {1,s}.

case 1: h=1.

First suppose that P,Q € C;. Write P = <x9"y7x3i7j) and Q= (x9“/y,x3i7j> for some a #a’. Now
X0y = (x9ay)(x3" ) = x9ac+d-3ye  Thus ¢ =1 mod 3' and 9ac+d -3/ = 94’ mod 3,
This implies @ —a=d-37772 mod 372, i.e. a=ad, a contradiction.

Now suppose that P,Q € C. Write P = <xy3b,y3';j> and Q = <xy3b/,y3i7j> for some b £ b'.
This implies xy3?" = (xy30)¢(33" ) = x¢y3e+d3™/ Thys, ¢ =1 mod 3 and 3bc+d -3~/ =
30’ mod 3i. This implies that b5—b' =d-377"1 mod 3!, i.e. b="¥, a contradiction.

It is left to consider the case when P € C; and Q € C;. Write P = <x9“y,x3i7j> and Q =

w3 y3 7Y for some a,b. This implies xy? = (x%4)¢(x3 )4 = YJac+d3ye | = 9gc4-d-
Yoy
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37/ mod 3'. This reveals a contradiction, as 31 1.

case 2 h=s.

First suppose P,Q € C;. Write P = (xg"y,x3i_j> and Q = <x9“/y,x3i_j) for some a,a’. Now
(07y)s = (X29y)°(x¥ )4, that is, x9¢3y9%4'~2 = Yactd3ye  Thus 94’ —3 =9ac+d -
3 mod 3" and 9a4'—2=c mod 3. It follows that, 3¢’ —3a(94’ —2)—d-3"/ =1 mod 3/,
a contradiction.

Now suppose P,Q € C,. Write P = <xy3b,y3i7j) and Q = <xy3b/,y3i7j). Now (xy*')s =
(x30)e (3374, that is, x179'y1=68" = yey3betd 3™/ Thys 1 —9p' =cmod 31 and 1-—
6b' = 3bc+d-3'7/ mod 3'. This implies 65’ +3b(1 —9b') +d -3~/ =1 mod 3, a contradic-
tion.

It is left to consider the case when P € C; and Q € C;. Write P = <x9“y,x3i_j) and Q =
(o3P, 3377 Now (xy30) = (x94y)e(x3 /)4, that is, x179%y1 =60 = yactd 3" /yc Thys 1 —6bh=
cmod 3 and 1—9b=9ac+d- -3/ mod 3. This implies, 95 +9a(l —6b) +d -3/ =

1 mod 3!, a contradiction. O

Lemma 5.2.3. Let P < S be a cyclic subgroup such that P < A. Then |P| =3 and up to
S-conjugacy
Pe{{s),(ss1), (ss; )}

Proof. Let C = {s,ss1,ssl_l,s_l,s_lsl,s_lsl_l}.
claim 1: No two elements in C are S-conjugate.
Proof of claim. By definition, Ay = (s;,s3). Since s? € A,, the quotient group § = S/A; is

elementary abelian of order 9, generated by § and s7. It follows that no two elements in S are

S-conjugate. Let g1,g> € C such that g # g». Then g1 # &. If g}l’ = gy for some h € S, then

h

81" = g», a contradiction. Thus, no two elements in C are S-conjugate.

claim 2: Let g € C. Then Ns({(g)) = Cs((g)) = Cs(g) = (g,2).
Proof of claim. We know that (g,z) < Cs(g) = Cs({g)) < Ns({g)). Note that C4s(g) <
Cs(A,g) = Cs(S) =Z(S). Therefore, by 5.1.3, |Cs(g)| = 3|Cs(g) NA| = 3|Ca(g)| < 3|Z(S)| =
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32, It follows that {g,z) = Cs(g). By claim 1, g is not S-conjugate to its inverse. Therefore,

Ns({(g)) =Cs({g)), as required.

Proof of Lemma. By claim 1, the subgroups (s), (ss1) and (ss; '), all of which are of order 3 by
5.1.9, are not S-conjugate to each other. Let g € {s,ss) ,ssl_l}. Then the conjugacy class con-
taining (g), denoted (g)S, has order |(g)S] = [$/Ns((g))] = S/(g,2)| = 3", by claim 2. So
()] 4 |(s51)5| + [ (ss7')S] = 3%, The total number of elements of order 3 in these three con-
jugacy classes is therefore 2-3%. On the other hand, [S\A| = |S| — |A| = 321 — 32k =2.32k
It follows that up to S-conjugacy, (s),(ss1) and (ss;') are the only three subgroups of order

3 not in A. O

Lemma 5.2.4. We have the following S-conjugacy classes for subgroups of order 3 not con-

tained in A:

()5 = {(ssiish) [0 <i <3 0< j <34
(ss1) = {(ss31sh) |0 < i< 3 o< j <34

(ss71)S = {(ss¥ sy [0 <i< 31 0< j <3k}

Proof. Write g = ssl1 for some [ € {—1,0,1}. Write h = s”s‘fslz’ for some n,a,b and n €

{—1,0,1}. Explicitly,
(
ssitlgdbmarl ifp=1

h __ _ g .
§ = ss?b legb =l ifp=—1
ss?bﬂsgb_“ ifn=0

\
Write g = ssll/s’f/. We immediately see that // =1 mod 3. Note that we can vary our choices
for a and b to obtain all possible values of I’ and m’ which satisfy the congruence relation. [
Lemma 5.2.5. Let P < S with rank(P) =2 and P < A. Write x; = s?kii and y; = sgkﬁ. Up to
S-conjugacy

P e {(s,v),(ss1,v), (ss7',v) | v=1x; ory; for some 1 <i<k}.
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If v=x;, then P2 (Zy x Zy) x Z3 and |P| = 3%*1. Otherwise P = (Zyi X Zyi-1) x Z3 and

|P| = 3%,

Proof. claim 1: Fix an element g € {s,ss1,s5,'}. Write B = (g,x;) and C = (g,y;) for some
1 <i<k. Then y; €B, x? € C and Q;_1(A) < B,C. Moreover, B = (Z3i X Z) X Z3 and
C = (Zsi X Lsi1) X Z3.

Proof of claim. Note that xi_le =y, € B and (yizy;g)_1 = x? € C. It follows that x;_; = x? and
yi_1 =Y; are elements of both B and C. By 5.1.7, we therefore have Q; 1(A) = (x;_1,yi—1) <
B, C. For the latter claim, it suffices to note that for P € {B,C} we have PNA < (g,A) =S, and
that every element in B can be written as gle’yi?, for some 0 < a,b < 3 —1,and -1 <1<,
and every element in C can be written as g'x}9y? for some 0 <a <31 -1, 0<bh <3 —1

and —1 <[ <.

claim 2: Up to S-conjugacy P € {(s,v), (ss1,v), (ssfl,v) | v=x; ory; for some 1 <i<k}.
Proof of claim. If P =S, we have P = (s,s1) = (s,x;) as required. So assume P < S. Let
g € P\A. Then 5.1.3 implies that P = (g,PNA). Note that PNA < (g,A) = S. Since P is to
be chosen up to S-conjugacy, we can assume g € {s,ssl,ssl_l} using 5.2.3. Since P is of index
at least 3, PNA is of index at least 32. Therefore, by 5.1.2, we have PNA = }/j(S) =A; for
some j > 2.

First suppose that j is odd. Let i= (r—j)/2. Then 5.1.7 implies that PNA =A; = Q;(A) =
(xi,yi). In this case |[PNA| = 3%. Therefore, by 5.1.3, |P| = 3%*!. Now suppose j is even.
Note that A; | <PNA=A; <Aj;i. Leti=(r—(j+1))/2. By 5.1.7, we have (x;_1,yi—1) =
Qi 1(A) < PNA < Qi(A) = (x;,y1). Now Q;(A) = Q(A)/Qi_1(A) = (7, %i) = Z3 x Z3. There-
fore, PNA € {(x}), %), (xivi), (i2yi) }, that is, PNA € {(Q—1,v) | v € {x;,yi,xivix?yi}}. So
Pe{{g, Qi 1,v)|ve {xi,yi,xiyix?yi}}. Since (xyi1)¢ | =x; and (x?y:)8 = x;!, it follows that

Pe{(g,Qi_1,v)|veE{xi,yi}}. Now claim 1 implies P = (g,x;) or P =(g,y;), as required. [J

Example 5.2.6. We write down a number of S-conjugacy class representatives for small
subgroups of S. We use 5.2.1, 5.2.2, 5.2.3 and 5.2.5. Write x; :s{’kii and y; = s%kii. Then

S-conjugacy class representatives of S of order
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e Five classes of groups of order 3 are:

<S>,<SS1>, <SS1_1>,<Z‘>,<Z>.

e Eight classes of groups of order 9 are:

<S7Z>7 <SS1,Z>, <SSl_1,Z>, <X2>, <y2>’ <x2y§), <X2yg>, <t’Z>'

e Seventeen classes of groups of order 27 are:

<S7t>a <SS1,I>, <SSI_1 ’t>7
<y3>7 <xgy3>7 <x;8y3>7 <)C3>, (x3y§>, <x3yg>a
<x3y2>» <X3)’§2>7 (x3y§5>, <X3Y%8>, (xgy%1 )y <X3Y§4>,

(x2,2), (t,y2).

The following example looks at the case where |S| is small:

Example 5.2.7. We restrict ourselves to the case r = 2, that is, the smallest case in our

family of groups. In this case |S| = 3°. The S-conjugacy class representatives of S of order

e Five classes of groups of order 3 are:

<S>,<SS1>, <SS]_]>,<Z‘>,<Z>.

e Eight classes of groups of order 9 are:

<57Z>?<SS17Z>7 <SS1_17Z>7 <Sl>7 <S2>= <S1Z>, <S122>7 <I7Z>'

e Five classes of groups of order 27 are:

(s,1),(ss1,1), <ssf1,t>, (51,2), (s2,1).
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Note that this is different to the example given in 5.2.6 because here k = 2, and thus

by definition, x;,y; must satisfy 0 <i < 2.

e Four classes of groups of order 81 are

<S7S2>7 <SS1752>, <SS]_17SZ>7 <S17S2>-

72



CHAPTER 6

AUTOMORPHISM GROUPS

6.1 Automorphisms of the full group S

In Chapter 7, we shall define fusion systems whose right characteristic biset we intend to
compute. This calls for the study of morphisms that generate the fusion systems. In this
section, we study properties of certain involutions in Aut(S). The purpose of this section is
to check under which restrictions, to subgroups of S, can these involutions be identified as
conjugation maps. We start by restating a result in [5], where our group S is denoted by

B(3,r;0,0,0) in the lemma.
Lemma 6.1.1. [5, Lemma A.14] Every automorphism of S can be uniquely determined by

sending

/ /!
s > s°s7 85

! 1/
S > s{ sJZC

where e = +1,0< ¢ ,¢", f', f" < 3% —1 and such that 31 f'.

Define w,n € Aut(S) to be group automorphisms of S given by:

1

W: s>5 sle%sz

n: s—s; sl»—>sf1

73



We determine the image of s;:

520 = [s10,50] = [s%sz,s_l] = (sl_zsz_l)s(s%sz)s_1

-2 -1 “\o, g1 -2 —1\/.—2.—-1\2/.3 -3 -2
= (51753 )(s1 )7(s2 ) = (51785 )(s7 75 ) (s152) = 8778~

and,

san = [sim,sn] =[s7 ', s] =s15 sy s

= sl(sﬁ)*1 = sl(slsz)*l = 551.

Note also that i is an involution in Aut(S) and inverts every element of A. Since
(s1)@* = (sis2)@ = (s10)*(s2) @ = (s752)° (5775, °) = s1,

the map @ is also an involution in Aut(S). Let G be a group and ¢ an automorphism of G.
Denote by C(¢), the set of elements in G fixed by ¢.
Lemma 6.1.2. The following holds:
1. Cs(w) = (s}s2).
2. Cs(n) = (s).
3. Cs(womn) = (s152).
In particular, Cs(®w) and Cs(womn) contain the centre of S.

Proof. 1. Suppose for contradiction that Cs(®) £ A. Say g € Cs(®)\A. Write g = s'a for

some i€ {—1,1} and a € A. Then
(gA)o = (sA)w =s"'A=q 'A,
a contradiction. It follows that Cs(®) < A. Write g = s3s5. Then

g = (s152)° (s7°55%) = g,
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that is, (g) € Cs(w). Suppose Cs(®) > (g). Since |g| = 3%, Cs(w) is non-cyclic, and
therefore contains an elementary abelian subgroup of order 3%. Since Q1 (A) is the unique
elementary abelian subgroup of order 3% in A by 5.1.7, Cs(®) > Q(A) = (t,z). But

t®w =1z, a contradiction. We conclude that Cs(®) = (s3s2).

2. If Cs(n) > (s), then by Lemma 5.1.3, Cs(n) NA # 1, a contradiction, as 1 inverts every

element of A. It follows that Cs(n) = (s).

3. Suppose for contradiction that Cs(won) £ A. Let g € Cs(won)\A. Write ¢ = s'a for

some i€ {—1,1} and a€ A. Then
(gA)won = (sA)won =s"'A=q A,

a contradiction. It follows that Cs(womn) < A. Write g = s155. Then gwon =
((s2s2)(s;%s3%2))n = g, that is (g) € Cs(won). By supposing Cs(won) > (g), and
by following the same method as in part (1), we achieve Cs(won) > Q (A). But
twon =tz~', a contradiction. Thus, Cs(@won) = (s1s2).

[]

Lemma 6.1.3. Suppose that 1|g = cglp for some g€ S and Q < S. If Q#1, then Q is

S-conjugate to (s).

Proof. Suppose 1 #Q <.

Claim 1 ONA =1 and |Q] =3.

Proof of claim. Let g € QNA. Then qn =g~ !, that is n normalizes QNA. Since 1 is an
involution, this implies g? centralizes QN A. Since g is 3-element, g centralizes QNA. It

follows that 1 centralizes QN A, and therefore QNA = 1. By 5.1.3, we have |Q| =3.

Proof of Lemma. Write Q = (¢) and ¢ = ss’isé for some 0 <i,j < 3%—1. There exists
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0<m<31_1,0<n<3*—1 such that s¢ = ss%m s5. It follows that

"

ss?ms’gs’ s2 ifgeA
_ —i—J _ .
qn =q% < ssy'sy” = ss?’"szsl 3 ’2 2 if g €sA

kssl 558, 8y ifges A
4

3m~+2i =0 mod 3* ifgecA

= 43m+2i—3j=0mod 3¢ ifgesA

3m—i+3j=0mod 3¢ ifges A

In all cases we see that 3 | i, that is, ¢ = ss1 52 where i = 3¢’ for some 0 < <3k 1_1. That

is, Q is S-conjugate to (s), by 5.2.4. O

Lemma 6.1.4. 1. 0|p = c,|p for some g € S and some Q < S if and only if one of the

following holds:

(a) 0=2(S)=(s3 ') andge€S.
(b) Q< (sis2) and g € A.
(c) O <{sy) and g € sA.

(d) Q< (s}s3) and g € s~'A.

2. (won)|g =cqlg for some g € S and Q < S if and only if one of the following holds:

(a) O < (s1s2) and g € A.

(b) Q < (sis2) and g € sA.

(c) O <(s1) and g € s~'A.
In particular, when w|g or (won)|g is a conjugation map, for some Q < S, then Q <A.
Proof. We first verify that w|p and (womn)|p are conjugation maps for the groups Q and
elements g specified in the lemma. Let g € S. Note that ®|y(5) = cglz(s) by 6.1.2 since

Z(S) < Cs(w). Thus 1(a) holds. Again, by 6.1.2, if g € A, then (0|<S?S2> :Cg|<s§s2> and

@ 0N (5,50) = Cgl(sy55)- Thus 1(b) and 2(a) holds. Since (s2)@ = =575y % and (s2s2)won =
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(s352)* = 57", we have o|(,) = ¢l(s,) and (oon|< ) = Cg|<s§s2> for all g € sA. Thus 1(c)

2
s782

2.1

and (2b) holds. Since (s353)® = (s?s%)fl =5, and (s;)won = ssfl =5, s, , we also have

(D|<S?S%> :Cg‘@%s%) and COOT]’<31> :cgksl) for all gc S_IA. Thus 1(d) and 2(0) holds.
Now suppose that @|p = cg|p for some ¢ € {w,won}, g€ S and Q<S. If ¢ =, we

may assume Q # Z(S).

Claim 1 O <A.
Proof of claim. Suppose that Q £ A. Let g € Q\A and write ¢ = s'a for some i € {—1,1} and

a € A. Also write g = s/b for some j € {—1,0,1} and b € A. Then

(qA)9 = (s'A)p =5~'A

and  (gA)% = (5'A)8 = (s°)'A = (sP)'A = (s(b*) " 'b)'A = 5'A
which is a contradiction. It follows that O <A.

Claim 2 Q is cyclic of order at most 3¥ containing the centre of S.

Proof of claim. It suffices to show that Q is cyclic. Suppose not. Then |Q| > 32 and Q
contains an elementary abelian subgroup of A of order 32. By 5.1.7, Q(A) is the unique
elementary abelian subgroup of A of order 32. Therefore Q;(A) < Q. Note however r® =171z
and zwon = 7!, whereas 18 = = 7' and z8 = z for some i € {=1,0,1}. That is, t® #18

and zwon # 78, revealing a contradiction. We conclude that Q is cyclic.

Proof of Lemma. Since Q < A is abelian we see that c,|p can be identified as one of

ld|g, ¢s|o or c,-1]g. First suppose that ¢ = @. Since (s3s2)® = (s352)'9, (s2)@ = 53 and
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(sish)o = (s?s%)sfl, we have

g =] = (D’QMQ) = Id’Q<S‘%Y2> — Q S <S:]‘js2>

§=8 — w|Q(s2> = Cs’Q<sz> — 0 < (52)

1

— _ 32
g§g=s == a’|Q<s§sg> = Cy1 ’Q(s{@ = Q< (s153)

where the latter implications hold by the application of Claim 2 to Q(s3s2), Q(s2) and Q(s3s3)
respectively. Similarly, when ¢ = @on, we have (s;s2)won = (slsz)'d, (s%sz)a)on = (s%sz)s
and (s;)won = (sl)s_1 which reveal that Q < (s1s2), (s3s2) and (s1) when g = 1,5 and 5!

respectively. O]

6.2 Automorphisms of an abelian subgroup A

We mentioned in Section 6.1 that we needed to study involutions of Aut(S). In Chapter 7, the
fusion systems that we'll define will include those that will be generated by SL»(3) or GL(3)
automorphisms of A. In this section, we study automorphisms of A, the unique maximal
abelian subgroup of S. We construct a number of morphisms and show that they satisfy the
necessary properties, which will be needed to generate our fusion systems. Thus, we explicitly
determine the generators of SL,(3) or GL;(3) automorphisms of A. Recall from Section 2.3
that Aut(4) = GL,(Z/3*Z), the group of invertible 2 x 2 matrices over the ring Z/3*Z. The

maps can be given by,

arl 412

ST > 818, ail an
}_>
§y —> STzlsézlzz ay) ay

For integers x,y, define x =, y < x =y mod 3. Under the identification of automorphisms of

A above, we define the following automorphisms of A:
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where a; =, 0, and for k> 2, we have

1—|—a2
— 2 — k
ax =, —(ak_l —3ak,1 —|—3), and bk =] ak.

Since 3 | ag, by is well-defined. Defining a;_; = ax_; +n3%1, for some fixed az_; and k > 1,

we see that

~(d_y” =3y +3) = —((ag—1 +n3"1)? = 3(a_y +n3k71) 4 3)
=, —(a,%_l —3a;_ +3).

=, —ag

Thus, a; modulo 3, is independent of our choice of our value of a;_;. Note that

ay by —a;, —by by (Clk + 1) - a% agby — ayby,
—(ax+1) —ar| |a+1 a(ap+1) —ag(ag+1) brlag+1)—a;
1 0
01

where the latter equality holds as a consequence of the application of the definition of by.

Thus, we have

—ar  —by
0, =
ar+1 ay
The four automorphisms can be written as
a by
¢=5(9)
—cr(9) —ax
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where 6(¢) € {—1,1} and

ar+1  if ¢ €{64,0,'}

2ap =1 if ¢ €{oa,Pa}

Let g € S. Since |S: A| =3, the conjugation map cg|a, restricted to A, can be identified

as cgn|a for some mg € {—1,0,1}. Let g =sis EA for some 0 <i,j <3%—1. Then

agi—3mgj mei+by,j
g% =5 gjszg ¢/ where

1 if mg #—1 1 if mg # 1
ag = and b,

—2 ifmy=—1 2 ifmg=1.

Under the identification,

Lemma 6.2.1. We have a% =, 2a; — 3.

Proof. We prove this by induction on k. When k=1, we have a] , 2a; —3 =, 0. Suppose
that £k > 1 and that the result holds for the case k— 1, that is, akf1 =, , 2ax—1 — 3. Writing,

a%_] = 2ay_ —3+u-3k! for some u € Z, we have

2 —
Ar_1 = 2ak_] -3

& 3a,%71 =, 6a,_1—9
p=— aiil Ek _2(ak 1 3ak 1+3) 3
& (u-351—a_y)? =, —2(a?_| —3ar_1+3)-3

<[(2ag-1 —3+u- 3k_1) —3a;_1 —|—3]2 =, 2a;,—3
& [a,%_l —3a;_1 —|—3]2 = 2a,—3

& a; = . 2a;—3
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It follows that af =, 2ay —3 for all k € Z. O

The fusion systems that we'll define will include those that will be generated by SL;(3) or
GL,(3) outer automorphisms of A. As mentioned in the introduction of this chapter, in order
to compute characteristic bisets we will need to study the morphisms that generate our fusion
systems. Thus, in Lemma 6.2.2, we explicitly write the generators of SL,(3) or GL,(3) outer

automorphisms of A.

Lemma 6.2.2. We have

<Aut?(A)> _ <9A7C5|A> if Out:;(A) = 5L2(3)

(04, c5la) = (Ba, 0, Ba,cs|a)  if Outg(A) = GLy(3)

where |04| =4 and |ou| = |Ba| = 2.

Proof. Since |S: A| =3, Autg(A) is generated by the conjugation map cg|4. Define H} =
(64,604"), Hy = (B4,¢4]a), and H3 = (0ta,cs]a). We show that H; < H, < H3 and H; = Qg,
H; = SL,(3), Hz = GL,(3). In the proof we will make use of a number of easy-to-check

identities, including

3by =, 2ay.

Claim 1. 67 = —Id. Moreover, |64 =4 and |au| = |Ba| = 2.

Proof of claim. By an application of the definition of by, we have

2
a; —bi(1+a 0
0 a2 —br(1+ay)
2
a; + b (1 —2ay 0
OQ%: k ( ) _ |d2
0 a2 +bi(1 —2ay)
It follows that |64] =4 and |a4| =2. Since B4 = —oq, we also have |B4]| = 2.

Claim 2 H1 = Qg.
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Proof of claim. Note that

" -2 -1 ay bk 1 1 -2 -1 ak—3bk ak—2bk
A.Y: =
3 1 —(ar+1) —a| |-3 -2 3 1 2, — 1  ap—1
—4ap+6br+1 —3ar+4b,+1 1 —ay+bp+1
Sap —9b, — 1 4a; —6b; — 1 —(ak—i—l) —1
Thus,
Ay by 1 by —a; +1
9A091§S:
—(ax+1) —ar| |—(a+1) -1
ag—bi(ap+1) ar(1 —ax +by) — by

—(ax+1) +ar(ax+1) —(ax+1)(1—ax+by) +ax

2—a; by—ap+1

2ak—4 ak—2

—ar+ (ax +1)(1 —ar+by) —br+ar(1 —ax+by)

ar(ar+1) —(ag+ 1) brlag+1) —a

1 b—a+1| | —a b
e T =% 0050 (—1d).

—(ak—i—l) -1 ar+1 a

We have shown that 640 63* = 0;* 064 0 (—Id), that is, 64 and 6;* commute modulo (—Id).

Since 64 and 6y* are distinct, and by the last claim, each of order 4, we have, H; = Qg.

Claim 3 ¢; normalizes Hy, whereas a4 normalizes Hs.

—1
Proof of claim. To show that ¢; normalizes Hj, it suffices to show that 92“ € Hy. Using the
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calculation in the last claim, we have,

-1 1 1 aj bk -2 -1 —1 bk—ak -2 -1
-3 =2 —(ak—i—l) —day 3 1 2—a; 0 3 1

2—ar br—ar+1
= = QAOQX‘Y € H.

Zak—4 ak—2

Now to show that oy normalizes H», it suffices to show that QXA € H, and c¢* € Hy. We have

g _ | W by a by a by
=
1 —2a;, —ayg —(ak + 1) —ay 1—2a;, —a
B a,%—bk(ak—f—l) 0 ay by,
3 a,%—l—bk(l —2ar) | |1 —2ar —ay
-1 0 ay bk —day —bk 1
3 1 1—-2a; —ay ar+1 a

Again using the calculation in the last claim, we also have

2 _ _ 2
C;ZA o — ( ay by 1 1 ) _ ( a, ay—2b; )
1— 2ak —day -3 =2 ai + 1 1

a,% + (ak—i— 1)(ak — Zbk) (1 —ak) (ak - Zbk) ap—?2 (1 —ak) (ak —Zbk)
(1—ax)(ax+1) (ax+1)(ax —2b;) +1 4 —2ay 2—ay

—ak+(ak+l)bk —ak(—ak+bk+l)+bk

4 —2a (ax +1)(—ar+b+1) —ax

—ay —by 1 —ax+by+1
- =0,'005 € Hy.

ar+1 a —a;—1 —1

It follows that ¢¥ = 9;1 o 91? oce1 € Hy. Thus a4 normalizes H,.

Claim 4 64 € H;.
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Proof of claim. Using the calculation in the last claim, note that

e 0 (c®) 0 = ey 0 [(€) o] ocy
-2 -1 ak—2 (1 —ak)(ak—2bk) 1 1
3001 [4—2¢, 2—a 3 2
0 (ak—2)+bk(1 —ak) 1 1 —ay —by g1
prm— prm— prm— A
ap—?2 —1 -3 =2 ar+1 a

It follows that GA_I, and therefore 04, is in Hs.

Proof of Lemma. By claim 2, H; = Qg. By claim 3, ¢y normalizes H;. It follows that,
Hy = (04,c5) = Hy % (c5) = SLp(3). By claim 3 and 4, the involution o4 normalizes, but
does not centralize Hy. Thus, H3 = (aa,cs) = Hy x (oa) = GLp(3). By claim 4, H; =

<9A,6A_1,(xA,BA,cs) and we are done. ]

6.3 Other automorphisms

In the previous sections we studied selected automorphisms of S, and of its abelian subgroup,
A. Here, we describe automorphisms of extraspecial and elementary abelian subgroups of §,
which, as we'll see in Chapter 7, will be used to generate fusion systems. As we shall see in
this section, the automorphisms that we introduce are related to those that we discussed in
Section 6.2. Hence, we move some of the discussion for automorphisms of A to this section.

. k—1 k—1
Recall that we defined ¢ = s? and z = sg

For A = —1,0,1, define E; = <ss%,t>, the extraspecial subgroup of S of exponent 3 and

order 27. Note that

(ss)0 = (so) (s @) = s~ "sitsy = (s})* (s3)*s ™!

= (slsz)z’l (s1_3s2_2)’1s_l = ss’ll.
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Thus, ® normalizes Ej, and since 1 inverts every element of A, 1 fixes Ey but swaps E; with
E_i. LetV, = (ss%,z). Then V) is an elementary abelian subgroup of order 9 in E;. Similarly,

o fixes Vy, and 1 fixes Vp, but swaps V| with V_;. Define
Tfull = {V;L,E;L,A | AE {—1,0, 1}},

a set of seven subgroups of S. The subscript full is used to denote the fact that it is the
collection of all possible subgroups of S which will be used in the construction of our fusion

systems. Let T € Tpy. Let x7,y7r € T = (x7,yr) be defined as follows:

T X T

Va ss{L Z

E, ss{L t

A s1 s?" sg"

where a; and by are defined as in Section 6.2. We define 67, 9T_1, or, Br € Aut(T) for all

T € Ty, to be automorphisms of T as:

. ) —1
Or: xr—yr; YT = Xp

o —1.
T - XT—=>Yp s YrteXr
Or : xp e yr; Yr—xr

Prixr—yrls yrexgl

Note that 9T_1 is indeed the inverse of 7. We check that 64, a4 and 4 as defined in Section

6.2 satisfy the definitions here. Indeed, under the identification Aut(A) — GLy(Z/3*7Z), we

85



have

Ay bk a
5104 = [1 0} = [ak bk} :Slksgk
—(a+1) —a
[ ] ay by
5104 =11 0 = |ax bk} :S?ksgk
- 41— 2ak —day -
[ 7 e b T _
siBa=1|1 0 = |—q —bk] = (s{sy) 7
L I 2a,—1  a L
and
[ ] a by _
SilksgkeA = lay by = {a,%—bk(ak—l—l) O:| = |:—1 O:| :Sll
L Il —(ak+1) —ay
a b [ T ai by [
$1°85 04 = |a;, by = a,%+bk(1—2ak) 0| =11 0] =51
- 41— 2ak —ag -
[ 11 —a  —bk [ _
S Ba = |ay by = |—a?+by(2ar — 1) o} = {—1 0} =57
- - Zak —1 ay -

Thus the two definitions of 84,04 and B4 agree.

We also define éT,éT_l,écT,ﬁT € Aut(T) for all T € Ty, to be automorphisms of T as

follows:

or: XT — XT; yw—)y}]
o1 - —1.

T - XT'—=Xp 5 YTt>)yT
Or * xp = xr; Yr—yr

Br: XT |—>x;1; yr v—)yfl.
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Evidently, &7 = Id|7, which we add for completeness.

We make further definitions. We define a number of morphisms between distinct subgroups of
V, and E; for A = —1,0,1. The reason for this is that in certain fusion systems, as we shall see
in Chapter 7, not every morphism is a composition of restriction of maps in (Auts(S),Auts(T))
for some T € T. It may be the case that there exists 7} € T with 71 # T, such that a morphism
can only be written as a restriction of a composition of restrictions of automorphisms of T

and Tj, other than that of S.
Define ©®, 3 : (ss%,z) — (t,7), for y =1,...,4 and A = —1,0,1 to be a set of maps, as follows:

Oa=0y,001: sstisz zet!
—1 . _
®2,)L:9V)l 091- ss’llr—>z 1; >t

Osp =0, 00,1 sst sz 7ot

O =P 001 sstsz7ly zt Tl

Define ¥, ; : (ss%,z> — (ssf%z), foru=1,..,4and A = —1,1, to be a set of maps, as follows:

Bia=0nom: sstozh Zl—>(ss1_/l)_1
Bha=0y'on: stz zes st
ha=ovon: stz zess?
Oyp=PBvon: sst sz e (ssph)
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Define ﬁu,l : (ss’},z> — <ssf)“,z>, foru=1,..,4and A =—1,1, to be a set of maps, as follows:

Ba=0von: sshsssit ez

A ALl o B
Uyp =0y on: ss’llr—>(ssll) S
U3 =0y, 0on: ss’}»—)ssf’l; gz !

1§4,7L =Pv,on: sst (ssl_)”)_l; 72z
Define (ssh.2) = (s,2), for u=1,...,4 and L = —1,1 to be the set of maps, as follows:
w,A 1

Sia=06v,00,000: ss sy 777!

. .
G2 =0y, 001060 sstos; zz

53.,/1:5%09/10903 ss{“r—m_l; =z
842 =Pv 002060 sstiss;y zz7l

Define &, . : (ss*,z) — (s,2), for u =5,..,8 and A = —1, 1 to be the set of maps, as follows:
u,A 1

Esa=06,001060: sstisz zros

-1 . _ _
Soa =0y, 001060 sst 5z zis ]

S1a=00,00,000: ss sz zrssT!

82 =Pv, 061060 sstrz7ly zos
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CHAPTER 7

DRV-FUSION SYSTEMS

In Chapter 6 we studied properties of certain automorphisms of S, and automorphisms of
specified subgroups of S. The reason for this is that we are going to eventually compute right
characteristic bisets for a number of saturated fusion systems on S, generated by these auto-
morphisms. In this chapter, we list these fusion systems, as given in [5, Theorem 5.9, Table 6],
and, for convenience, we call them DRV-fusion systems. If Q is a right (or left) characteristic
biset for any saturated fusion system F over S, then recall, by definition, Q is a disjoint union
of orbits of the form O, for some morphism ¢ € . However, by Lemma 3.1.8 and Lemma
4.2.7, it suffices to assume that every orbit Oy in  is induced by an S-S-equivalence class
representative ¢ € F. Thus, after this motivation, the aim of this chapter is to determine

morphisms up to S-S equivalence, for each DRV-fusion system.

Recall that Tp,; = {V),Ex,A| A € {—1,0,1}}. For any DRV-fusion system JF, there is a
corresponding T C Ty, the set of F-essential proper subgroups of S, which, along with

Autg(S), generate the fusion system, that is,
F = (Autg(S),Auts(T) | T € T).

Here is the theorem which lists our DRV-fusion systems:

Theorem 7.0.1. [5, Table 6, Theorem 5.9] Let F be a saturated fusion system on S, with at
least one F-essential proper subgroup. Then the outer automorphisms of S and the F-essential

subgroups are as those listed in the table below:
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Name | S Vo |E |E |E. |A T

DRV-1 || (@) SLy(3) {Eo}
DRV-2 | (@) SL>(3)| SLy(3) (E+1}
DRV-3 | (@) SLy(3)| SLy(3)| SL>(3) {Eo,Es1}
DRV-4 (n) SL(3)|| {A}
DRV-5 | (Ro®@) | SLy(3) Vo)
DRV-6 (n,®) GLy(3)| {A}
DRV-7 | (7, ®) SLy(3)| SLa(3) {Ex1}
DRV-8 | (7,®) SLy(3)| SLa(3)| GLy(3)| {Es1,A}
DRV-9 (n, o) GLy(3) {Eo}
DRV-10 | (@, ®) GL,(3) GL(3)| {Eo,A}
DRV-11 | (R, ®) GLy(3)| SLy(3)| SLa(3) {Eo,E+1}
DRV-12 || (7, ®) GLy(3) SLy(3)| SL2(3)| GL2(3)|| {Eo,E+1,A}
DRV-13 | (1,@) | GLy(3) Vo)
DRV-14 | (R,®) | GLy(3) GLy(3)| {Vo,A}
DRV-15 || (7, ®) GLy(3) SLy(3)| SLy(3) {Vo,E+1}
DRV-16 | (7,®) | GL»(3) SLy(3)| SLa(3)| GL(3)| {Vo, E41,A}

Table 7.1: List of saturated fusion systems on S

We make a few remarks. From the table, we can see that V| ¢ T for any saturated fusion
system F. The reason for accommodating V4 ; will become apparent later on in the chapter.
We also note that, if n € Aut4(S) for any saturated fusion system F, then E; € T E_| € 7.
As we will mention later, 1 swaps E; with E_;. Thus, in theory, it suffices to have only one

of the two F-essential subgroups in the construction of such fusion systems.

It is easy to determine, up to S-S-equivalence, morphisms that are restrictions of elements
in Auty(S) in any DRV-fusion system F. We prove this first, and before we move on to Sec-
tion 7.1, we show that for any morphism that is not a restriction of an element in Aut4(S), its

domain (and similarly its image), up to S-conjugacy, is a subgroup of T for some T € T. This
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is slightly helpful in the sense that just by looking at the size of the domain of any morphism
we can consider whether the morphism is generated by a proper F-essential subgroups of S.
In Section 7.1, we determine, up to S-S-equivalence, morphisms that are generated by auto-
morphisms of a single proper subgroup of S, other than S itself, where the bulk of our work

for this chapter lies.

Let F be a DRV-fusion system. Let P,Q < S. By construction, for every ¢ € Homs(P,Q)

we can write

0= (¢1‘P0)o"'o(¢n|1’n71) (I)

with Py =P, P, = Q, and (P_1)¢; < P; and either ¢; € | |;cgAutg(T), in which case T >

(P_1,P), or ¢; € Auty(S). We may assume that ¢; € Aut5(S) whenever i is odd, and ¢; €

LlregAutg(T) otherwise.

Lemma 7.0.2. Let F be a DRV-fusion system. Let ¢ : P — S be a map induced by restriction

of maps in Auty(S). Let Q < S be any S-conjugate to P. Then up to S-S equivalence

4

Id)g, ®|g if F = DRV-1,2,3
) Idlo,nlo if F = DRV-4
: Id)g, (@on)lo if ¥ = DRV-5
\Id|Q,a)\Q,T[|Q or (wom)|lp otherwise

Proof. Since @ and N commute, and depending on the DRV-fusion system F, we may write

¢ = cglpo @ on/ for some i, j € {0,1} such that

(

DRV-1,23 = j=0

F={DRV-4 — i=0

DRV-5 = i=j.

Write y = @' on/ and let & € S such that P& = Q. Then ConlPOW = cglpoWoc ) = Pocqy).
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This means Yl = c¢;-1,-1|g 09 oc(4y), and the result follows. O

Lemma 7.0.3. Let y € {lds,0,n,won} and T € Ty,;. Then, either y fixes T, or, if
y e {n,mwon}, then y permutes E; with E_y, and V| with V_j.

Proof. By Lemma 5.1.1, A is characteristic in S. So, we may suppose T € T,;;\{A}. Upon
calculating, we see that t@ =¢~'z and (ss%)a) = (ss’})’1 for any A € {—1,0,1}. Thus,
Tw=T. We also know that 1 inverts every element of A, and centralizes s. Thus, whenever

y € {n,nowm}, then y fixes Ey and V), but permutes E; with E_j, and V| with V_;. O]

The following, Lemma 7.0.4 is a standard fact.

Lemma 7.0.4. Let F be a DRV-fusion system. If § € Homg(P,Q), for some P,Q < S, is not
a restriction of some element in Auty(S), then P is a subgroup of some S-conjugate of T, for
someT € 7.

Proof. By (I) we may write ¢ = (¢1]|p,)©...0 (¢n|p, ,) with n>2, P=PFy, Q= P,_1¢,,
01 € Aut5(S) and ¢ € Auty(T), for some T € T. Then ¢ = yoc, for some g € S and

v e {ldg,ow,n,won}. Since PP = Py < P < (P, P,) < T, we have,

P = P(yocy) <T & P(yocgoy ') < Ty

@P(gwil) < Tl[/_l

Note that V,V_| ¢ T by Table 7.1. By Lemma 7.0.3, either y preserves elements of T, or,
if additionally 1 € Auts(S) and Ex; € T, ¥ may permute E; with E_;. Setting h = gy~ !,

there exists T} € T such that,

Eq if ne Autg(S), T=E4
T =

T otherwise

with the property P* < T;. This completes the proof of the lemma. O

Corollary 7.0.5. Let F be a DRV-fusion system. If ¢ € Homy(P,Q), for some P,Q < S, is
not a restriction of some element in Auts(S), then P¢ is a subgroup of some S-conjugate of

some element of T, for some T € 7.
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Proof. We may assume that ¢ is an isomorphism. Define ¢ = ¢~!. Then by Lemma 7.0.4

Dy = P¢ is a subgroup of some S-conjugate of T', for some T' € 7. O]

Corollary 7.0.6. Let F be a DRV-fusion system. If ¢ € Homg(P,Q) where |P| > maxrcr|T|,

then ¢ is a restriction of some element in Auts(S).

Proof. If ¢ was not a restriction of some element in Auty(S), then by 7.0.4, P would be
a subgroup of some S-conjugate to T € T, or if N € Aut5(S) and Ex; € T, P would be a
subgroup of some S-conjugate of E1;. Thus, in either case, this contradicts our assumption

on the order of P. O

7.1 F-morphisms generated by automorphisms of S and
a single proper subgroup

Let F be a DRV-fusion system. The aim of this section is to explicitly list the morphisms, up
to S-S-equivalence, that are generated by automorphisms of S and exactly one proper subgroup

T, for some T € T, that is, the fusion subsystem,

(Aut;(S),Aut;(T)).

We do this in two general steps. First we show that for any morphism in the fusion subsystem,
that is not a restriction of an element in Aut#(S), can be chosen, up to S-S-equivalence, to be
restrictions of elements in Autg(7) (with some modifications in the case where 1 € Aut(S)
and T = Ey). Second, we explicitly list those morphisms that are restrictions of elements

Auts(T), as we shall see in Lemma 7.1.8 and thereafter.

Let ¢ € F. In Lemma 7.0.4 we showed that, up to S-conjugacy, Dy, the domain of ¢,
(and similarly, its image Iy) is a subgroup of T for some T € 7, provided that ¢ is not a
restriction of an element in Autg(S). We start this section by making a stronger claim. We
show that, by decomposing the morphism by its generators, we can restrict this 7 to be the

first one in the series of components in the decomposition of ¢. The situation is similar when
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we look at Iy, the image of ¢.

Let F be a DRV-fusion system. If ¢ € Homg(P,Q), then recall that we can write

o= ((pl‘Po)o“o((pn‘Pnﬂ) (I)

with the property that Py = P,P, = Q, and (P,_1)¢; < P, and, if i is even, ¢; € | |ycqAuts(T),

in which case T > (P,_1,P,) or, if i is odd, ¢; € Aut4(S).

Lemma 7.1.1. Let F be a DRV-fusion system. Suppose that ¢ € Homg(P,Q), for some
P,Q < S, is not a restriction of Auty(S). We know that in the decomposition of ¢ in the form

given in (I), one of the following holds:
1. The integer n > 2 is even and ¢, € Auts(T), or
2. The integer n >3 is odd and ¢, € Aut5(T),
for some T € T. Then one of the following holds:
1. P¢ is a subgroup of an S-conjugate of T, or
2. Ifn € Auty(S) and T = E+, then P¢ is a subgroup of an S-conjugate of E .

Proof. If n is even and ¢, € Auty(T), then Pp < P,_ 19, <T, and we are done. It is left to
consider the case when nis odd. Then ¢,,_| € Aut4(T) and ¢, € Aut5(S). Write R=P,_2¢,, |
and @ = ¢,|g. We can write ¢ = y|goc, for some g € S and y € {ldsg,w,n,won}. Note that
R <T. Note also that T # V|,V_; by Table 7.1. Thus, by Lemma 7.0.3, either Rp = RS < T8,
or, if N € Auty(S) and T = E4y, then Rp < Ef|. That is, either RQ is a subgroup of an S-
conjugate of T, or, if N € Autg(S) and T = E1|, R is a subgroup of some S-conjugate of

Eyi. Since P9 <P, 20,10, = R, the same consequence holds for P¢. O

Corollary 7.1.2. Let F be a DRV-fusion system. Suppose that ¢ € Homs(P,Q), for some
P,Q <, is not a restriction of Auts(S). We know that in the decomposition of ¢ in the form
given in (1), n>2, and ¢, € Auty(T) for some T € T. Then

1. P is a subgroup of some S-conjugate of T, or
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2. Ifn € Auts(S) and T = E1, then P is a subgroup of some S-conjugate of E4|.

Proof. We may assume that ¢, along with its components, ¢; for 1 <i < n are isomorphisms.
We may assume n is odd, for otherwise, we may define ¢, | = Id|p,. Define @ =¢ !, @11 ;=
¢! for each 1 <i<nand Q,_;=P_1¢. Write Q =P¢. Then ¢ = (¢1|g,) 0.0 (@alg, ).
The second assumption holds in Lemma 7.1.1 with respect to ¢. It follows that the conclusion

of that lemma holds for Q¢ = P. O

Corollary 7.1.3. Let F be a DRV-fusion system. Suppose that ¢ € Homs(P,Q), for some
P,Q <, is not a restriction of Auty(S). Let T € T and suppose that ¢ € (Aut(S),Auts(T)).

Then
1. P and P¢ are subgroups of some S-conjugates of T, or

2. Ifn € Auty(S) and T = Ey, then P and P¢ are subgroups of some S-conjugates of

Ey.
Proof. This follows from Lemma 7.1.1 and Lemma 7.1.2. ]

Note that it is possible to prove Corollary 7.1.3 directly from Lemma 7.0.4.

From Table 7.1, for any DRV-fusion system &, Outg(E,) for A = —1,0,1, is either SL,(3)
or GL,(3) whenever E; € T. It is possible that there may be certain morphisms between
subgroups of E; that are not restrictions of automorphisms of E;. Lemma 7.1.4 attempts to

address this for certain DRV-fusion systems:

Lemma 7.1.4. Let F be a DRV-fusion system. Suppose that E+; € T and N € Auty(S).
Then

{olp| @ € Aut(E)),P < Ej, A =—1,1} C (Auts(S), Auts(E11)).

Proof. Let A = —1,1 and define u = s%k_z. We begin by mentioning that for any integer i,

(ss’})”i = (ss?)t'7" and (ss’ll)ti = ss?z7". Thus, under the identification Outg(E;) — GLy(3),
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we have

11 _ 0 1
culE, = and, by definition 0 =

01 1 0

Since GL2(3) = ((§1).(90)), we have Out(E;) = (culg,,0z). Thus, for the proof of the
lemma, it suffices to show that oy |p € F for every P < E; (note that oy ¢ Autg(E)) since
Outy(E;) = SLy(3) by Table 7.1 and the fact that det(oy ) = —1). We may assume that
Pe {(ss{‘ti,z), (t,7) | i=—1,0,1}, the set of elementary abelian subgroups of Ej of order 32

(since every subgroup of order 3 is inside one of these). For i = —1,0,1, define
Qi = Cu*it*i’@s/}ﬂ@ °© 61_1 °ono 9,1_1 0C,~ip-i06y.

Then (x;L|<SS,1[,» o = @i and oy |,y = (¢o)~'. This completes the proof. O
10 i~

Lemma 7.1.5. Let F be a DRV-fusion system. Suppose that ¢ € Homg(P,Q), for some
P,Q <SS, is not a restriction of Auts(S). Suppose that ¢ € F| = (Auty(S), Auty(T)) for some

T €T. Then ¢ ~ y|g for
1. y € Auty(T) and R< T for someT €T, or

2. IfT=Ey, and n € Auts(S), then

ve{olp,(@on)|p| @ € Aut(Ey),P < E }U{@,0on | ¢ € Auts(Ey)},

and R < E; for some A = —1,1.
where ~ denotes the S-S-equivalence relation.
Proof. By 7.1.3 there exists g,h € S such that, either
1. P<TE8 and P9 < T" or,

2. If T =E and 1 € Auty(S), then P <E$, and P¢p <E" .
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Assume the first case. Then cgf,,-1 0@ oc,1 is a restriction of a morphism in Auty(T).
It is left to consider the second case. Assume that T = E1; and 1 € Autg(S). Write y=
Cglpg-1090C,1, 0= P and R= (P§)""". Every morphism in (Auts(S),Auts(E;)) maps
(z) to itself. This means that any morphism between subgroups of E; for some A = —1,1, is
a restriction of a morphism in the full automorphism group Aut(E;). Thus, if Q,R < E; for

some A = —1,1, then by Lemma 7.1.4 we have

ve{olp| @ € Aut(E,),P<E}}NT
={olp| @ €Aut(Ey),P S EAINTU{Q | @ € Aut(Ey) I NT

={olp| @ € Aut(Ey),P < E;}U{@ | ¢ € Autg(Ey)}.

If Q<E; and R<E_j for some A = —1,1, then yon brings us into the previous situation.

This means that

vye{olpon| o cAut(E,),P<E;fU{pon | ¢ cAutg(Ey)}.

This completes the proof. n

At the start of this section we mentioned two steps in achieving the aim of this section.
Lemma 7.1.5 completes the first step by showing that for any DRV-fusion system JF, if
¢ € (Autg(S),Auts(T)), for some T € T, and ¢ is not a restriction of an element in Auts(S),
then ¢ can be chosen, up to S-S-equivalence, to be a restriction of an element in Auts(T)
(with some modifications in the case when n € Aut5(S) and T = E;). In the next set of
results, we explicitly list those morphisms that are restrictions of elements in Auts(T), up to

S-S-equivalence.

Let F be a DRV-fusion system. Let ¢ € Autg(T) for some T € T. It turns out that, if
H = Autg(T), then a set of double coset representatives of (H,H) in Outy(T), where H
is the quotient of H by Inn(T), gives us a small set containing all the morphisms up to S-

S-equivalence. This is not to say that the set itself is necessarily a set of S-S-equivalence
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class representatives - it may be the case that, in general, two morphisms in the set are S-
S-equivalent. Nevertheless, when Outg(T) = SL,(3) we get just two morphisms, as opposed
to 24, and when Outg(T) = GL,(3), we get just four morphisms, as opposed to 48. This is

proved in Lemma 7.1.8.

When ¢ is a strict restriction of some morphism in Auts(7T'), then, as seen in Corollary 7.1.9,
it suffices to take restrictions of morphisms found in Lemma 7.1.8. However, we attempt to do
better than this. We cannot use the previous method involving double cosets, fundamentally
because the set Aut4(T') is a group, but restrictions of morphisms do not form a group. Hence,
in such cases we resort to more direct methods, as seen in Lemmas 7.1.10, 7.1.11 and 7.1.12,
for T=E;, T =V, and T = A, respectively. Finally, in Lemma 7.1.13 we collect the results,
and it turns out that we can just choose ¢ to be restrictions of those automorphisms of T
that were already chosen up to S-S-equivalence, but with domains chosen up to S-conjugacy

(other than for the case T =A).

Finally, Corollary 7.1.15 concludes this section by returning to Lemma 7.1.5 and explicitly list-
ing morphisms up to S-S-equivalence in the more general case when ¢ € (Auts(S),Auts(T))

forsome T € 7.

Naturally, there will be subgroups T' € T, \T, not F-essential in F, which also generate
nontrivial automorphism groups. We do not need to explicitly calculate this for all DRV-fusion
systems. However, as we shall see in Section 7.2, we will need this for some DRV-fusion
systems. Thus, alongside the rest of the calculations, we determine, up to S-S-equivalence,
morphisms that are restrictions of Autg(7T") for selected T € Ty,;;\T. We begin by recalling

some details.

Let T € Ty Recall from Section 6.3 that we defined x7,y7 € T as follows:
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T XT yr

Vs SS{L z

E; ss{L t

A s1 si‘k sg"

where A = —1,0,1, and where ay, by are defined in Section 6.2. We also defined 6r, 9{1,

or,Br € Aut(T) as automorphisms of T as follows:

Or: xr—yr; yrexg (%10)
6;': xr vy yresar (?70)
Qr : xr—=>yr; Yrrrxr (16)
Br: xr =yl yreag! (%9

In addition to the above, we also defined 67, éT_l, dr,ﬁr € Aut(T) to be automorphisms of

T as follows:

éT3 XT = XT, VT '—>y}1 ((1)—01>
0" : xr e xpls yresyr (o' 9)
Or : XT — X1, YT +—>YT 1
Br: X xply yre vyt -1

Evidently, &7 = Id|7, which we added for completeness. It turns out that for most of the rest of
the morphisms, namely 67, éfl and [§T, are also restrictions (or S-S-equivalent to restrictions)

of automorphisms of S, as shown in the table below:
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T 67 éT_] ar 3T

Vo Nlv, oy, Id|y, wonly
Vi o|v, Idlv,,

Ey Nk wo1n|g, ld|, ~ 0|,
E+i ld|e.., ~ 0lE.,
A ~wonly | ~oly Id|4 uin

The notation ~ denotes that the corresponding maps are S-S-equivalent, which we will discuss
further in Lemma 7.1.8. However, it turns out that when A = —1,1, then éVA and Bv,l are
not restrictions (or S-S-equivalent to restrictions) of elements in Aut(S). This is because the
only generator in Autg(S) that could invert z is 7. But the problem is that i takes ss{L to
ssf’l. In the case é,l and é/{l for A = —1,1, we will not need these maps, as it turns out the
that determinant for these maps, when identified as elements of GL,(3), is —1, but Outg(Ey)

is always an SL»(3) in every DRV-fusion system.

Recall from Section 2.3 the definitions of Q,(G) and ®(G), for any finite group G. Recall

also, from Lemma 5.1.7 that Q;(A) = Ao = (t,2).
Lemma 7.1.6. Let F be a DRV-fusion system. Then Auts(A) = Auts(Q1(A)).

Proof. Write Q = Cayt(4)(A/®(A)). By Lemma 2.3.2, and by restricting to F-automorphisms,
the map y: Autg(A) — Autg(Q1(A)), via ¥ — Y|q,(a), is @ group homomorphism with kernel
ONAuts(A). Since A is abelian, Lemma 2.3.3 implies QN Aut4(A) = 1, that is, ¥ is injective.
Let ¢ € Autg(Q(A)). Qi(A) is fully F-centralized, and therefore, by 2.1.5, is F-receptive.

Therefore, ¢ extends to Ny > Cs(1(A)) = A, that is, ¥ is surjective. O

Lemma 7.1.7. Let F be a DRV-fusion system. If Ey,A € T, then Outy(Vo) = GL(3). If
E{ 1, A€T, then Outg(V)L) = GL2(3) for all A = —1,1.

Proof. By definition of F, looking at Table 7.1, we have ) € Aut4(S), and by Lemma 7.1.6,
we have Autgy(A) = Auts((t,z)) = GL,(3). Note that for any ¢ € Auts((t,z)) and any A =
—1,0,1, the map defined by 97L|<ss11.z> oo 9{1 € Aut5(V) ). Thus, there is a bijection of sets

between elements Auty((¢,z)) and elements in Autg(Vy). O
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Define the following subgroup of GL,(3):

1 o
H= §e{~1,0,1} p <SLy(3).

Then the double cosets, and their representatives, corresponding to (H,H) in GL(3) are as

those given in the table below:

X HxH Size Contained in
16
1 ’56{—1,0,1} 3 SLy(3)
01
1 &
1 ’56{—1,0,1} 3 SLy(3)
0 -1
0 1 § 1-d¢
§,ec{-1,0,1} 9 SL,(3)
-1 0 —1 €
0 -1 5 Se—1
S,e€{-1,0,1} 9 SL,(3)
1 0 1 £
10 )
5ef-10,1}¢ 3| GL(3)\SLE)
0 -1 0 -1
> X
10 15
‘56{—170,1} 3 GL>(3)\SLa(3)
0 1 0 1
\ Z
0 1 0 oe+1
5,ec{-1,0,1} 9 GLy(3)\SL2(3)
1 0 1 £
0 -1 § —8e—1
(5,86{—1,0,1} 9 GL>(3)\SLa(3)
1 0 1 e

Note that while the eight elements are representatives of the double coset (H,H) in GL,(3),

the first four are representatives of (H,H) in SLy(3).

Recall from Table 7.1, if Eg,A € T, then Vo ¢ T. Similarly, if EL,A €T, then V11 ¢ T. Thus,
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there is no (plausible) contradiction between the two statements in Lemma 7.1.8, below.

Lemma 7.1.8. Let F be a DRV-fusion system, and let T € T,;. Suppose that ¢ € Auts(T)

is not a restriction of Aut(S).

1. If T €7, then up to S-S equivalence

)e {6r,0;'} if Outs(T) = SLy(3)

{QT, 9771,061",[37"} if Outg(T) = GL2(3).

2. IfEgy,AcT and T =V, or, ifEx;,A€T and T =V,, for some A = —1,1, then up to

S-S-equivalence

¢ {9V07 9\%17aV()7ﬁV0} IfE07A S
€
{6v,,6,." v, By, | A =—1,13U{by, . By, [ =—1,1} ifEL,A€T.

Proof. Let ¢,y € Autg(T). Write H = Autg(T) and H = Outg(T). Then,
VEH)H & yecHYH = ¢ ~ .

Since double cosets corresponding to (H,H) in Outg(T) partition the group, it suffices to
find a set of double coset representatives of (H,H) in Outg(T). Under the identification

Outy(T) — GL2(3), we have:

T
I

§e{-1,0,1} b <SLy(3).

Suppose T € T. Then note that Outy(7T) is isomorphic to one of SLy(3) or GL,(3). If

Outg(T) = SL;(3), then for each double coset representative of (H,H) in SL,(3), we have

the following identifications:

102



r 1 —1 (%o) | (979)
Vo Id|y, wonly, | Oy 9_’01
E, | dg |z, [ 6!
AW a6

It follows that 67 and GT_I are all the morphisms up to S-S-equivalence in Auts(T') that are

not restrictions of elements in Autg(S).

If on the other hand Outy(T) = GL(3), then for each double coset representative of (H,H)

in GL»(3), we have the following additional identifications:

T G%) G () (% %)
Yo Nlvy oly, [ Bv,
Eg ules wonlg | O B
A ~won|s | ~ |4 04 ?

We remark that w|4 = (_01 %) and won|s = ((1) j) However, the two maps are in the same

double coset as to the matrices listed in the table above. It follows that 67, QT_], or and Br

are all the morphisms up to S-S-equivalence in Autg(T) that are not restrictions of elements

in Aut:;(S).

Now suppose that Ey,A € T and T =V, or Ex;,A€ T and T =V, for some A = —1,1.

By Lemma 7.1.7, Outy(Vp) = GL2(3) if Ep,A € T, and Outy(V)) = GL,(3) if EL;,A € T.

For each double coset representative of (H,

following identifications:

) in GL,(3), where H = Outg(V}), we have the

T L -1 (%) GF) 60 G Gy (A
Yo |d|Vo O)OT”VO W0 9__0] n|V0 a)’VO [ B_Vo
Vﬂma’ = _17 1 |d|V;L BV/I WA ?_ll éVA (D’V;L aV/l ﬁ‘/—)Ll

103




Thus, when A =0, then OVO,G‘%I,O%,BVO are all the morphisms up to S-S-equivalence in
Autg(Vp) that are not restrictions of elements in Auts(S), as was the case when Vy was
an element of T in the proof of part (1). More notably, however, when A = —1,1, then
Ov, G‘al, ay, , Pv, , and additionally éV/NBV)L are the morphisms up to S-S-equivalence in Aut4(V))

that are not restrictions of Auts(S). O

Corollary 7.1.9. Let F be a DRV-fusion system and let T € Ty,;. Suppose that ¢ is a

restriction of an element in Auts(T), and not a restriction of Auts(S).

1. If T €T, then up to S-S-equivalence,

{6rl0,6; 0| 0 <T} if Outy(T) = SL»(3)

{6rlo. 07 . arlo.Brlo | Q< T}  if Outs(T) = GLy(3).

2. IfEy,AcT and T =V, or, if Ex1,A€ T and T =V, for some A = —1,1, then up to
S-S-equivalence

(

{610, 6y,' 10 o, l0: Brolo | @ < Vol if Ep,A€T

¢ {GVA‘Q’GV_,HQvO‘V;L‘QvﬁVA’Q |Q<V,,A=-1,1}

{6y, l0,Bv, 1o | Q< Vi, A =—1,1} ifE+,A€T.
\

Proof. Write P = Dy and ¢ € Autg(T) such that ¢ = @|p. If T €T, then by 7.1.8, there

exists

{6r, GT_I} if Outy(T) =2 SL,(3)
Ve
{9T76’1jl?aT7ﬁT} if OUtf}'(T)gGLZ(:%)

suchthat o ~ y. If Eg,A€ T and T =V, or, if Ex;,A€ T and T =V,, for some A = —1,1,
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then by Lemma 7.1.8, there exists

we {GV()ve\Z)laanﬁVQ} ifE(),AG‘T

{6v,,6,," o, , By, | A =—1,1} {6y, , By, [A=—1,1} ifEL,A€T.
such that @ ~ y. Under restriction, for either of the two cases, we have @|p ~ y/|¢ for some
S-conjugate Q < T of P. The result now follows. O]

Lemma 7.1.10. Let F be a DRV-fusion system and let T = E; for some A =—1,0,1. Suppose

that one of the following holds:
1. Outy(T) = SLy(3) for A = —1,1, whenever N € Auty(S) and E+y € T, or
Outg(T) = GL2(3) for A = 0.
2. Outy(T) = SL,(3) whenever the first case does not hold.

Let

VW) e {{<z>},{<ss%>},{<r>},{<ss%,z>},{<m>},
{<ss%>,<r>},{<ss%,z>,<r,z>}}.

IF{V,W} # {(2)}, definev €V {ss} t} and w € W {ss},t}. Then, up to S-S-equivalence,
every non-trivial proper restriction of a morphism in Auts(T) is a morphism ¢ € Homs(V,W),

defined by

(

Vs w ifz¢gV

O:qvisw 2z ifzeV,V £ (z)

s 7/ ifV = (z)

\

where i,j € {—1,1}, whenever case (1) holds, and where i € {—1,1},j =1, whenever case

(2) holds.

Proof. By Lemma 7.1.4, we remark that whenever 11 € Auty(S) and E1; € T, every proper

restriction of a morphism that exists in the full automorphism group Aut(Ey), for A = —1,1,
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exists in F. This is the reason why this case is set alongside the case when Out4(7) = GL;(3).

Let y be a non-trivial proper restriction of a morphism in Auts(7). Write P = Dy, and
Q=1y. if P=(z), then zy =7/ where j € {—1,1} whenever case (1) holds, and where j =1
whenever case (2) holds. So suppose P # (z). Then there exists x,y € T, i € {—1,1} and
1 €{—1,0,1} such that

(x) ifz¢ P (y) ifz& Q
P= 0=
(x,z) ifzeP (v,z) ifzeQ
y! ifz¢ P .
(x)y = and (7)y=z7 ifzeP
yizl ifzeP.

where j € {—1,1} whenever case (1) holds, and where j = 1 whenever case (2) holds. If z ¢ P,
then P and Q are S-conjugate to (ss’}) or (t). If on the other hand, z € P, then P and Q
are S-conjugate to (ss?,z) or (¢,z). It follows that there exists g, € S such that P§ =V and

Q" =W for some unordered pair {V,W} specified in the Lemma. Upon redefining generators,

if necessary, we have & € Ng(y,w) and

Ng(x,v) ifz¢ P
ge
Ng(x,vZ") ifzeP

where m is chosen such that mj =1 mod 3. It follows that W = cg|po ¢ oc,-1, where ¢ is the

map described in the lemma. O

Lemma 7.1.11. Let F be a DRV-fusion system and let T =V, for some A = —1,0,1. Suppose
that Auty(T) = SLy(3) or GL,(3). Let

VW) e {{<z>},{<ss%>},{<ss%>,<z>}}.
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Define v € V N {ss*,z} and w € W {ss},z}. Then, up to S-S-equivalence, every non-trivial

proper restriction of a morphism in Auts(T) is a morphism ¢ € Homy(V,W), defined by
Q:vi— w!

where i € {—1,1}.

Proof. Let y be a non-trivial proper restriction of a morphism in Autg(7). Write P = Dy, and

Q =1Iy. Then |P| =|Q|=3. There exists x,y € T such that

P=(x), 0={() and xy=y

for some i € {—1,1}. Note that P and Q are S-conjugate to one of (ss*) and (z). Thus, there
exists g,h € S such that P§ =V and Q" =W for some unordered pair {V,W} specified in the
Lemma. Upon redefining generators, if necessary, we have g € Ng(x,v) and h € Ns(y,w). It

follows that W = c4[po @ oc),-1, where ¢ is the map described in the lemma. O]

Lemma 7.1.12. Let F be a DRV-fusion system, and suppose Outs(A) = SL,(3) or GL,(3).

Let

VW) e {{<z>},{<z>},{<r>,<z>}}.

Define v e VN {t,z} and we Wn{t,z}. Then, up to S-S-equivalence, every non-trivial re-
striction of a morphism in Auty(A) with domain of order 3, is a morphism ¢ € Homy(V, W),

defined by
¢:visw

where i € {—1,1}.

Proof. When a subgroup of A has order 3, then it is inside Q;(A) = (f,z). In the proof of

Lemma 7.1.11, it suffices to replace ss{L with ¢, and Vj with A. The claim now follows. O
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Let T € ‘Ifull- Define

set of nontrivial S-conjugacy class representatives of subgroups of T if T #£A
Dr =

set of all nontrivial subgroups in A not including (¢z) or (tz~!) if T=A.
For our convenience, however, we shall fix D7 in the following way:

(

{<SS/11>7<Z>7<SS%’Z>} if T =V,

Dr = q {(ss2), (1), (ss%,2), (1,2), sk, 1)} T =E;

\{Q§A|Q7£1,(tz> or (tz71)} if T =A.

where A = —1,0,1. For simplicity, we also write D; = Dg,. We also define

Dag = {(2), (1), (1,2} }-

We also define D to be the set of S-conjugacy class representatives in S (not including the
identity). For D, the S-conjugacy class representatives that are not contained in A are easy

to write down, by Lemma 5.2.3 and Lemma 5.2.5. Thus we may fix,
D D {(s), (ss1), (ss71), (s,v), (s51,), (ss7,v) [ v € {s3k s 3 71} where i = 1,...,k}.

For convenience, we may also choose (z),(t), (t,z) € D. This ensures Dy C D for all T # A.

-1

Note that (s2)* = (s3s3), (s2)° = (sis2) and |S|/|Ns({s2))| = 3. This means that the con-

jugacy class containing (s2) is (s2)5 = {(s3s2),(s2), (s355)}. Similarly, the conjugacy class

containing (s1) and (s1s5 ") is {(s152), (s1), (s3s2)} and {(s}s3), (s157 '), (5753)}, respectively.

We may reasonably choose,

Do{Q|0< (s1),(s2), (s15, )}

This means that no subgroup of (s352),(s3s3),(s1s2) or (s7s2) is in D. For the rest of the
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subgroups of A in D we leave them as arbitrary.

Lemma 7.1.13. Let F be a DRV-fusion system and let T € Ty,;. Suppose that ¢ is a

restriction of an element in Auts(T), and is not a restriction of an element in Auts(S).

1. If T €7, then up to S-S-equivalence

{6rlo,6; 'l 1 Q € Dr} if Out3(T) = SLy(3)

{610,057 |0, ar|. Brlo | Q € Dr}  if Outs(T) = GLy(3).

2. IfT=Vyand{Ey,A} CT, or, if T =Viy and {E1;,A} C T, then up to S-S-equivalence

{60, 6y, |0, &, lo: Brolo | @ € Dy} if Eg,A €T

{9V1|Q7 9\7/1] ’Q?aV/1|Q7BV)L|Q | Q S ‘DVA7A = _17 1} U {éV}NBVA} ifE:I:laA e7.

Proof. We split the two claims into three cases: T=A, T =V, or T =E;, for A = —1,0, 1.

It is in the second case, that is, T =V, that we prove the second claim of the Lemma.

Case 1 T =A.
In this case Outs(A) = SLy(3) or GLa(3). If [Dy| > 32, then the result holds by definition
of Ds. So it suffices to consider the case [Dy| = 3. Lemma 7.1.12 gives us the following

morphisms, up to S-S equivalence:

Morphisms Equal to
(t) — (1) t—t Id| )
fst! ulm
(z) = (2) 22 ld| )
771 Nl
) — () tz Oal(r)
t 7! 9;1 )
(&) = () adl 0l
217! 64l
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This completes the proof for this case.

Case 2: T=V,.
In this case, once again, Outg(V)) = SL>(3) or GL2(3). When |Dy| =3, Lemma 7.1.11 gives

the following morphisms, up to S-S equivalence:

Morphisms Equal to
(s57) =+ (ss) | oot s o
st (sst) ™! 0|1y
(2) = (2) 22 )
7z ! Nl
<SS%> — (2) 55% =2z 9V,1|<Ss/11>
sspo 7! 61 it
(2) = (ssT) 2 sst 6y, o
7> (ss’ll)_1 Oy, |<Z>

By using Lemma 7.1.8 for the situation where Dy =V, this completes the proof for this case.
It is here that we have proved the second claim of this lemma, through the application of

Lemma 7.1.8.
Case 3: T =E)j.

Suppose that Outs(Ejy ) 22 SL,(3) for A = —1,0,1. If [Dy| = 3%, then Lemma 7.1.10 gives us

the following 8 morphisms, up to S-S equivalence:
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Morphisms Equal to
(sst,2) = (sst,2) | sst = 55}, 2= 2 (55t 2
sstes (ssh) 7 2 2 w‘@s/},z)
(t,2) — (1,2) t>t, 202 ld];,2)
t—tl 2z Ctlpg o0
(sst.2) = (1,2) | sst ot 2z O (55t
st 1™l 2 2 0 it o
2 = (552 | rorsshzoz % s
t|—>(ss%)_], 4 621¢.2)

When |Dy| =3 Lemma 7.1.10 also gives the following 9 morphisms, up to S-S-equivalence:

Morphisms Equal to

T T

sst s (ss?) 7! w|<ss%>
(t) — (1) t—t Id| )

test ! 1l o
(z) = (2) 72z Id] ;)
sho@ st Ol

ssh 17! 9/1_1|<ssim>
() = (s) £ 55t 0, 'l

£ (ss3)7! 01l (r)

By using Lemma 7.1.8 for the situation when the domain of ¢ is E;, this completes the proof

when Outg(El) = SL2(3)

Now suppose that Outy(Eg) = GLy(3).! If [Dy| = 3% then Lemma 7.1.10 gives us the following

additional 8 morphisms, up to S-S-equivalence:

!Note that for A = —1,1, Outg(E;) % GL2(3) for any DRV-fusion system.
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Morphisms Equal to

1

(s,2) = (s,2) S8, 27 N(s,2)
s sz 77! Oz0M

(t,z) — (t,2) test, 77 Cotlir 0 @ON
tst !z 7! uipe

(s,2) = (t,2) stz 7! ) (5.2)
stz 7! Bols.2)

(t,2) = (s,2) t—s, 7z ! o0l
t—s 27! Bol .

When Outg(Ep) = GL>(3) and |Dy| = 3, we additionally have the following morphism:

Morphisms Equal to

1

(z) = (2) =7 Nl

By using Lemma 7.1.8 for the situation when the domain of ¢ is E;, this completes the proof

for this case. O]

Lemma 7.1.14. Let F be a DRV-fusion system. Suppose that E1; € T and 1 € Aut5(S).
Suppose that ¢ € F is a restriction of an element of the full automorphism group Aut(Ey), for

some A = —1,1, but not a restriction of an element of Autg(S). Then up to S-S-equivalence

{6,,0,' |2 =—1,1} if Dg| = |E; |

9 €9{6210,0; "0, l0:Balo | Q€ Dy, Q#Ey}

TN Dl < |2l

Proof. If Dy = E;,, then by definition ¢ € Auts(Ej ). Now, by applying Lemma 7.1.13 we get
the two listed morphisms up to S-S-equivalence. If |Dy| =32, then Lemma 7.1.10 gives us,
in addition to the SL,(3) ones listed in Case 3 in the proof of Lemma 7.1.13, the following 8

morphisms, up to S-S-equivalence:
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Morphisms Equal to
(ss},2) = (sst,2) | s} = sst, 2 ! b
st (sh) Lz | By,
{t,2) = (1,2) test, g7 ! (wonocs)yy
t 1z ! M)
(sst.2) = (t,2) | sst ot 22! Dalissto
ssh st s 27! e
(t2) = (sst2) | rosst oz ! %l
t|—>(ss%)_1, 7z ! ﬁl’(t@

When |Dy| =3, Lemma 7.1.10 gives, in addition to the SL(3) ones listed in Case 3 in the

proof of Lemma 7.1.13, the following morphism:

Morphisms Equal to

(z) = (2) zz ! Nz)

This completes the proof. O]

Before we move on, we remark that there is no contradiction between Lemma 7.1.13 and
Lemma 7.1.14. In the case where T = E1; and 1 € Aut4(S), the statement in Lemma 7.1.13
is talking of those morphisms that are restrictions of those in Auts (7). However, as Lemma

7.1.14 demonstrates, not every morphism is a restriction of an element in Autg (7).

Corollary 7.1.15. Let F be a DRV-fusion system. Suppose that ¢ € Homg(P,Q), for some
P,Q < S, is not a restriction of Auty(S). Suppose that ¢ € (Auty(S),Auts(T)) for some

T € T. Then, up to S-S-equivalence, either

{67l0,6; "0 | 0 € Dr} if Outs(T) = SLy(3)

{610,050, ar|. Brlo | Q € Dy} if Outs(T) = GLy(3).
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or, if T =Ey), and n € Aut5(S), then

(

{6210,6, 01 Q€ Dy, A =—1,1}

0 € {(6rom)lo, (6, oo Qe Dy, A =~1,1}

\{éV;uﬁVpﬁL)u 1§477L}'
Proof. By Lemma 7.1.5,
1. Either ¢ is S-S-equivalent to a restriction of a morphism in Auts(T), or

2. if additionally, T = E1; and 1 € Autg(S), then ¢ is S-S-equivalent to an element in the

set
{§D|Pa((POTI)|P|(PEAUt<E)L)»P§E,17)~:—171}|—|{§D>(POTI | (pGAUt?(El%A:_l?l}'

In the first case it suffices to impose Lemma 7.1.13 and the result follows. For the second case,
we note that, by Lemma 3.1.6, for any y;, y» € Aut(Ej ), we have y ~ yp & yion ~ yron.

Thus, by imposing Lemma 7.1.14, we get the following set of morphisms:

(

{610n',0; 'on' | A =—1,1,i=0,1} if |Dy| =

9 €4 {6algon’, 0 gon',onlgon’, Brloon’ | Q€ Dy, Q #Ey,i=0,1}

U{by, on’, By, om' | i=0,1} if |Dy| < Ej.

However, it turns out that

(Or oM = Baliger 50 (BroMlig =Balis
(0, C’Tl)|<ss1 D OCQL| (ss 2)? (6):1 oMy = 0-alyz
l| (s} 2) (O%O??)Im ) 9:,{|<t,z> = (y, 071)|<t,z>

Ol (o5 5y = (Bromge 0 O-alisy = (Baomlia

Moreover, by definition, éVA on = él% and 3V;L on= 1§47;L. This completes the proof. O
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7.2 F-morphisms generated by automorphisms of S and
multiple proper subgroups

Let F be a DRV-fusion system and let T € T. In Section 7.1, we showed that when ¢ €
(Autg(S),Auts(T)), and is not a restriction of an element in Auts(S), then, up to S-S-
equivalence, ¢ can be chosen to be restrictions of elements in Autg(7T') (with some modifica-

tions in the case when n € Aut4(S) and T = E). However, it may be the case that
{(Autz(S),Auts(T)) [T €T} C 7,

that is, there may be morphisms that are generated by products of automorphisms of mul-
tiple F-essential subgroups of S. In particular this means that for such a DRV-fusion system,
|T| > 2. In this section we address this problem. Let ¢ € F. Lemma 7.2.1 gives us a condition
on Dy under which ¢ & | |7c7(Autg(S),Auts(T)). Intuitively, this is only interesting when D
conjugates into several T € J. Hence Dy is expected to be very small. We use this condi-
tion to determine morphisms, up to S-S-equivalence, for various DRV-fusion systems with the

property that |T| > 2, as seen in Lemma 7.2.3 and Lemma 7.2.4.

Let F be a DRV-fusion system. If ¢ € Homg(P,Q), then recall that we can write

0= (¢1|P0)O"O(¢H‘Pn71) (I)

with the property that Py = P,P, = Q, and (P,_1)¢; < P, and, if i is even, ¢; € | |pcqAuts(T),

in which case T > (P,_1,P,) or, if i is odd, ¢; € Auts(S).

Lemma 7.2.1. Let F be a DRV-fusion system. Suppose that ¢ € Homy(P,Q), for some
P,Q <, is not a restriction of an element in Auts(S). Suppose that either |T| =1, or, if
|T| > 1, then P £ (Ty NTa)y for every y € (Auty(S), Auts(T1)) U (Auts(S), Auts(T2)) and

Ty # T, T1,T, € T. Then, for some T € T, we have ¢ € (Auty(S),Auts(T)).

Proof. By (I) we may write ¢ = (¢1|p,)0..0(@n|p, ,) Wwithn>1, P=PFy and Q=P,_1¢,. If

|T| =1, the claim holds by definition. If T={EL;} and n € Aut#(S), then, since (E;)n =
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E_, the claim also holds. So we assume |T| > 1 with P £ (T} NTz)y for every y €
(Aut5(S),Auts(T1)) U (Autg(S),Auts(T2)), Ty # T» and T1,T, € T. Let Tj € T be defined
such that ¢, € Auty(77). Suppose for contradiction that there exists 4 < i < n, which
we may assume to be the least, such that ¢; € Auty(T>) for some T» € T\{T1}.} Then
¢ = @10 @y where @ = (¢1]p) ..o (9i-1|p_,) and @2 = (¢ilp_,) ©..0 (¢ulp,_,). By con-
struction, @; € (Autg(S),Auts(T7)). By 7.1.3, we have Po; < T§, or, if n € Auts(S) and
T\ = Eyq, then Po; < Eftl, for some g € S. By construction, we also have P@; < T,. Thus
Po; <T{NT, or Po; <ES NT>. By inspection, T NT, =T1NTs € {(t,2),(z)} depending
on the subgroup 71 and T5. Similarly, in the case when 1 € Aut#(S) and T} = E|, we have
E$ N =E_NTh=ENTD € {{t,2),(z)}. It follows that P < (T; N T>)¢; ", contradicting

our assumption. O

Lemma 7.2.2. Let F be a DRV-fusion system. Let ¢,y € Homs(P,Q), for some P,Q < S.

Fixa A,u=—1,0,1. We have the following facts:
1. IfPQO < <ss1,z) then ¢ ~ v, if and only if, § 00; ~ Wo 6.
2. IfPQ< <ss1,z) then ¢ ~ y, if and only if, ¢ 06 06, ~ Y06, 06).
3. IfP < (ss},z) and Q < (t,z), then ¢ ~ , if and only if, ¢ o 6y ~ yo 6.

Proof. 1. Note that Auts(V;) = (c|v,). Thus, when normalizing (ss?,z) by an element
y €S, we may write y = 1. Similarly, note that Auts((t,z)) = (cs|( ). Thus, when

normalizing (¢,z) by an element of y € S, we may write y = s/. By writing j = —i, it

1We can say more. If n € Aut5(S) and Ty = E), then T # E_;. Otherwise that would not be a contradiction,
because, as we know (Auts(S),Auts(E1)) = (Autg(S),Auts(E_1)). Similarly, if n € Autg(S) and T} = E_;
then T 75 E
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follows that C’y|x//1 00, = Cti|v7L 00, = 9/1|<ss%,z) OCe—i = Gl|<ssf‘,z> OCy. Thus,
¢~y Dy =Dy and cx|p, 0 pocy =y (for some x,y € S)
¢ Dy, =Dy and cx|p, 0P ocy0 ), =yob, (for some x,y € S)

< Dy, =Dy and cx[p, 0@ oc,ioB) =yob (for some x € S,i = —1,0,1)
& Dy, =Dy and cx|p, 0 (¢06;)oc,i=yob, (forsomex,€S,i=-1,0,1)
& Dy, =Dy and ci|p, 0 (9o 6))ocy =yoby (for some x,y’ € S)

S @PoB) ~yoo,.

2. Here, when normalizing (ss’ll,z) by an element of y € S, we may write y =¢'. Similarly,

when normalizing (ssﬁt,z) by an element of y' € S, we may write y =¢/. Writing j = —i,
it follows that ¢, |y, ©6; 06y = c;ilv, 0606y = ell(‘csfz) 0Buoci= 9’1’<ss%7z> °Buocy.

Thus,
¢ ~y <& Dy =Dy and cx|p, 0poc, =y (for some x,y € S)
< Dy, =Dy and cx|p, 0@ ocy08;, 06, =yo6, 00, (x,y €9)

& Dy, =Dy and cx|p, 09ocio8y 06, =yob) 06 (xeS,i=—-1,0,1)
& Dy, =Dy and cx|p, 0 (906, 06y)oc,i =yob,00, (x,€S8,i=-1,0,1)
< Dy, =Dy and ¢x|p, 0 (p08;00y)ocy =yob, 00, (x,y €58)

S @PoB) ~yo0,.

3. This case is similar to the previous ones. In this case we let y=s' and y =¢', and we
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see that C}’|<t,z) 00y = Csi|<[7Z> 060y = 90|<,7Z> OCi = 90|<t,z) ocy. Thus,

¢~y & Dy =Dy and cxlp, 0Pocy =y (for some x,y € 5)
& Dy, =Dy and cx|p, 0P ocy0b)=yob (for some x,y € 5)
< Dy, =Dy and cx|p, 0P ocioby=yob (for some x € S,i=—1,0,1)
& Dy, =Dy and cx|p, o (¢pobp)oc;=yob (for somex,€S,i=-1,0,1)
& Dy, =Dy and ¢;|p, o (9o 6)ocy =wyoby (for some x,y’ € S)

& poby~ yohy.

This completes the proof. O
For the next lemma recall morphisms defined in Section 6.3.

Lemma 7.2.3. Let F be a DRV-fusion system. Let ¢ € Hom(P,Q), for some P,Q < S.

Suppose that ¢ ¢ (Auts(S),Auts(T)) for all T € T. We have following facts:

1. Suppose that {Ey,A} CT. If P,Q are subgroups of one of (s,z) or (t,z), then up to
S-S-equivalence

(

{9V0|R79\%1|R7aV0|R7ﬁV0|R |R€®V0} IfP,QS <S,Z>

¢ € 1 {010z, 92.0[r, @308, 040

R|R€®V0} ifP§<S7Z>7Q§<t7Z>

{®ié|R7®£é|R7®;é|Ra®;é|R |R € DAO} if P < <t7Z>7Q < <S7Z>

2. Suppose that {Ey1,A} CT. If P,Q are subgroups of one of (ss’},z> or (t,z), for some

A = —1,1, then up to S-S-equivalence

.

{6v, |r, 6y, [k, 0w, [R: By, |r | R € D, } if P,Q < (ss},2)

{@1 18,072

be Ra®3,k’R7®4,7L’R’R€‘DV;L} I‘fP§<SS%,Z>,Q§<t,Z>
{01705} %, 05 |8, © 3 [k [REDag}  if P < (1,2),0 < (s57,2)

k{191,;L|R7192,/1 ROalR Oaalr |[REDy,}  if P <(ss},2),0 < (ss;,2).
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3. Suppose that T = {Ey,E+}.! If P,Q are subgroups of one of <ss%,z) or (t,z), for some

A =—1,0,1, then up to S-S-equivalence, A = —1,1 and

RIR=(sst),(sst,2)}  if P < (s5},2),Q < (5,2)

{&ialrEaalr E3.0|R Ean

(& AIREo AR &5 IR Gy IR | R = (), (s,2)} if P < (s5,2),0 < (ss},2).

Proof. We prove cases 1 and 2 together. By Lemma 7.1.6, first note that, since A € T
and Auts(A) = GL,(3), we have Autg(A) = Auty((r,2)) = Aut((r,z)) = GL(3). Thus, if
P,Q < (t,z), then ¢ € (Auts(S),Auts(A)), a contradiction. By Lemma 7.1.7, if Ey,A € T, then
Autg(Vp) = GL,(3), and, if E11,A € T, then Autg (Vi) = GLy(3). Thus, if P,Q < (s,z), then
¢ is a restriction of an element in Autg(Vp). Similarly, if P,Q < (ss?,z), for L = —1,1, then ¢
is a restriction of an element in Aut(V, ). By Lemma 7.1.13, if Ey,A € T and ¢ € (Aut5(Vp)),

or, if Ex1,A €T and ¢ € (Auty(Vy)), for A = —1,1, then up to S-S-equivalence

{9V0|R76‘701|R7a‘/0|R7BV0|R|R€DV0} ifE()?AE“T

{OV;L‘Rae‘a1|R7(XV;L|R7ﬁVl‘R|R€DV17;L = _171} ifEilaA €T

where we have excluded év/I and [§V/1 because they lie in (Auts(S),Auts(E,)) for A = —1,1,

by Lemma 7.1.15.

Now, if P < <ss%,z) and Q < (t,z) for some A = —1,0,1, then ¢ = ¢ o 6, for some ¢ €
(Autg(Vy)). Applying Lemma 7.2.2 (1) and by recalling the definitions we have the required

morphisms:

{®10[r, 20

R ®30[r,Os0|r | R € Dy, } if Ep,AcT

(NS
{®1,7L|R7®2,7L|R7®3,/'L‘R7®4,1‘R | R e QVA’A =-1, 1} if Ex1,AeT.

If P<(t,z) and Q < (ss%,z) for some A = —1,0,1, then an application of Lemma 3.1.6 gives

1This is the DRV-11 fusion system.
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us the required result:

{07 4lr,050/r,O30/r, O g|r | R € Dyy} if Ep,AcT

{01707, 0570, ; |k [RE Dy, , A =—1,1} ifEL,A€T.

If P< (ss’},z> and 0 < <ss1*l,z) for some A = —1,1, then, § = @on for some @ € Autg(Vy).

Once again, an application of Lemma 3.1.6 gives the required morphisms:
¢ € {0 4lr, 2alR, D32 R, Vunlr |IRE Dy, ,A =—1,1}  ifEx,A€T.
Now, we prove case 3. By Lemma 7.1.4, we note that
{@lr |9 € Aut(E)),P < Ex, A =—1,1} C (Auty(S), Autg(Ex1)).

We also note that Autg(Ep) = GL(3). Thus, for A = —1,0,1, under the identification

Autg((ss?,z)) — GLa(3), we have

-1 1 -1 1 11
92'|<SS{L7Z> OCsO 62' = ’al|<ss%7z> OCs0O 9/1 fr and Ct71 —
0 1 0 -1 01

Similarly, under the identification Autg((r,z)) — GL,(3), we have

11 I 11
90|(t,z> oc;06) = ,OC()|<;’Z> 0¢-10 90 = and CS|<t,z) =
0 1 0 -1 01

Note that ((§1), (5" 1Y), (G'})) = D1y, a dihedral group of order 12. Let R € {(ss?,2), (t,2) |
A =—1,0,1}. If ¢ € Autg(R), then z¢ € (z). Thus, D12 < Autg(R) < GL1(3). This implies

Auts(R) = Dy;. We use this to make a number of conclusions.

Suppose A = —1,0,1. Then, if P,Q < (ss?,z), then ¢ € (Autg(S),Auts(Ey)), a contradiction.

If PO < (t,7), then ¢ € (Autg(S),Auts(Ep)), a contradiction. If P < (ss*,z) and Q < (t,2),
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then ¢ = @ o6, for some ¢ € (Auts(S),Auts(Ey)), that is, ¢ € (Autg(S),Auts(E,)), a con-

tradiction. The case is similar if P < (t,z) and Q < (ss?,2).

Suppose A =—1,1. If P < (ss%,z> and 0 < (ssf&z), then ¢ = @on for some ¢ € (Auts(S),Auts(E))),
that is, ¢ € (Autg(S),Auts(Ej)), a contradiction. If P < (ss?,z) and Q < (s,2), then ¢ = @o

6o for some ¢ € (Homg((ss?,z), (t,2))). It has already been discussed that (Homg({ss?,z), (t,2))) C
(Aut5(S),Auts(E,)). By Lemma 7.1.15, the morphisms, up to S-S-equivalence, in (Aut(S),Auts(Ey))
that could possibly be S-S-equivalent to morphisms in (Homg({ss?,z), (t,2))), and which are

not restrictions of elements of Autg(S), are as follows:

{GPL|R79)L_1‘R’(97L 077)|R7(9;fl on)‘R | R= <SS%7Z>7<SS%>7A = _171}

={04lr, 0; 'k 0|k Balr | R = (ss,2), (sst)A = —1,1}.

Now, by definition we see that

-1
9”(”% 2) © 90 - ‘S4,7L7 eﬂt ‘(ss% ,2) © 90 = é352’

0 0600=28 1, PBroby=E .

Applying Lemma 7.2.2 (3) gives us the required morphisms in this case, namely

(&R Eonlr Esalr Eanlr | R = (ssT), (ss%,2), A = —1,1}.

If P<(s,z) and Q < (ss’},z}, for some A = —1,1, then an application of Lemma 3.1.6 gives

us the required morphisms, namely

{51_7]1,|R7§2_7}1],|R7€3_7)],|R7§4_7)1’|R |R = <S>7 <S7Z>7}L = _17 1}

This completes the proof. O

Lemma 7.2.4. Let ¢ € Homs(P,Q) be not a restriction of Auty(S). Suppose that for every

TeT, ¢ ¢ (Auty(S),Auty(T)). Then, up to S-S-equivalence, ¢ is one of the following listed
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in the table below:

T Maps up to S-S-conjugacy

Eo,A {606y, avlo. Brlo | Q € Dy}

(DRV-10) || {®1,0]0,020l0,030[0,040l0 | @ € Dy, }

{01010, 4l0:954l0: @ lo | Q € Dy, }

Vo, A {60lo,60l," | Q= (s), (1)}

(DRV-14)

Eip,A {6v,10:6y,' o, aw, 0, By, lo | Q € A € {~1,1}, Dy, }

(DRV-8) | {B1alo,D2alo: D3 aloBanlol A €{-1,1},0 € Dy, }
{01210:02110,03210:042l0 | A €{-1,1},Q € Dy, }
{01110:05310.03310.0;3 10|14 € {-1,1},0 € Dy, }

Eo,E+ {&ialo:81l0,83410,8a0l01 A =—1,1,0 € Dy, }

(DRV-11) | {&ialo:&1lo.65l0:85210:85 2101 A = —1,1,0 € Dy}

Vo,E+1 None

(DRV-15)

Vo, E+1,A All the maps in the cases T = {Vy,A}, T ={EL1,A}, and as well as the following:

(DRV-16) {51,A|<ss%>>§z,x!<ss%>,51_,;{\<s>7§ﬂ|<s> |A=—1,1}

Eo,E11,A || All the maps in the cases T = {Ey,A} and T ={E1;,A} as well as the

(DRV-12) | following:

{S12lo:621l0:83210:842:85110,86.210,87210,882l0 |2 =—1,1,0 € Dy, }
{&iilo:6al0: 810,810 851 0: 86 2l0: &5 4l0 Es lo | A = —1,1,0 € Dy}

Proof. By 7.2.1 we necessarily have P < (T1 NTh)y for some y € (Auty(S),Auts(T7)) U

(Auty(S),Autg(T2)), T1 # T» and T1,T> € T. In particular, this means |T| > 1. We may

assume that Q = P¢@, otherwise ¢ is just an isomorphism, followed by an inclusion map. P

and Q can also be chosen up to S-conjugacy, since ¢ is being defined up to S-S-equivalence.

We prove the Lemma case by case. Note that, by Lemma 7.1.6 and by Table 7.1, whenever

A €T, then Autg(A) = Auty((t,z)) = Aut((r,2)) = GL»(3), and therefore whenever P,Q <
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(t,z), then ¢ € (Autys(A)).

Case 1: T={Ep,A}.
In this case EgNA = (t,z). Then P,Q are subgroups of one of (s,z) or (¢,z). Applying Lemma

7.2.3 gives us the required morphisms.

Case 2: T={Vp,A}.
In this case VoNA = (z). Then up to S-conjugacy P,Q € {(s),(t),(z)}. Since ¢ ¢ (Aut5(S),Auts(Vp))U

(Autg(S),Auts(A)), we have the following possibilities:

Morphisms Equal to
(s) — (1) s>t 9V0]<s>09;1:90]<5>
s ! 9V0|<s>09A:90_1|<s>
(1) = (s) tes 6l ° 6y, =8 'l
trrs! 6 'y 6y, = 6ol

Case 3: T={E.,A}.
In this case ANEy; = EyNE_; = (t,z). Then P,Q are subgroups of one (ss?,z) or (t,z), for

some A = —1,1. Applying Lemma 7.2.3 gives us the required morphisms.

Case 4: T={Ep,E+}.
In this case EyNE+y =E;NE_1 = {t,z). Then P,Q are subgroups of one of (ss’},z) or (t,2)

for some A = —1,0,1. Applying Lemma 7.2.3 gives us the required morphisms.

Case 5: T= {V(),Eil}.
In this case VoNEL; = (z). Then P,Q € {(s),(z)}. In this case ¢ € (Auts(Vp)) = (Aut(Vp)),

a contradiction. So there are no morphisms in this case.

Case 6: T={Vy,E+1,A}.
In this case ANEL =E\NE_; = (t,z) and VoNA=VyNEL; = (z). Then P,Q are either sub-

groups of one of (ss?,z) or (t,z) forsome A = —1,1, or {P,Q} € {{(s), (ss}) }, {(s), ()}, {(s), (&) } |
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A = —1,1}. In the first case, with the application of Lemma 7.2.3, we get the same morph-
isms as in Case 3. It is left to consider the latter case. If {P,Q} = {(s),(z)}, then ¢ €
(Autg(S),Auts(Vo)), a contradiction. If {P,Q} ={(s),(t)}, then ¢ € (Aut4(S),Auts(Vp),Auts(A)),
which gives us the relevant morphisms from Case 2. If {P,Q} = {(s), <ss%>} forsome A =—1,1,

then we get the following possibilities:

Morphisms Equal to
<s)—><ss%> sv—>ss{L 9Vo|<s>091[109,{1:§1,/1|&>1
s (ss3)7! O, 100 ' 261" =&l
(sst) = {s) 587 s 0l ) 00400y = &1l iy
ss% —— 97L|<ss%)09A09V0 = 52,/I|<ss%>

Case 7: T = {Eo,E+1,A)}.

In this case EyNEy; = EgNA=EL1NA = (t,z). Then P,Q are subgroups of one of <ss%,z>
or (t,z) for A =—1,0,1. If P,Q are subgroups of (s,z) or (t,z), then we apply Lemma 7.2.3
to give us the morphisms as in Case 1. If P,Q are subgroups of one of (ss%,z} or (t,7) for
A = —1,1, then again we apply Lemma 7.2.3 to give us the morphisms as in Case 3. It is left
to consider the case where, for A = —1, 1, either P < (ss%,z} and Q < (s,z), or, P < (s,z) and
0 < (ss*,z). In the first case, ¢ = @06 06 for some ¢ € (Auts(V;)). Applying Lemma
7.2.2 (2) gives us the required morphisms. For the second case, it suffices to apply Lemma

3.1.6. O

7.3 General construction of Q

In this section, we collect the results derived from previous sections, and give a general con-

struction of a right characteristic biset Q, for each DRV-fusion system. We first make a
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number of definitions. For each A = —1,0, 1, define

I, = |_| C(9V11|Q)OGV;L\QUC(GV_AI‘Q)OGV;HQl—lc(avx)oavﬂgUC(ﬁVA)OﬁVMQ
<Dy,

U [ €(©11)%,,,UC(0,1)06,,|,/C(03,)00, |, C(©42)0%, |,
<Dy,

—1 -1 -1 -1
U C(@LA)O@;“Q UC(®27A)O®£A|Q uc<®37l)o®;1&‘Q LC(8;)0

@—1‘
471, Qo
26 AO

where C(x) > 0 are some undetermined integer constants. Let F be a DRV-fusion system.
Recall that for each such fusion system, there is a corresponding T, the set of F-essential
subgroups of S which generate the fusion system. We define Q3 =0, if |T| =1 or, if
Outg(S) 2 (@,Mn). Otherwise, we make the following definitions for each of the remaining

DRV-fusion systems, where C(%) > 0 are again some undetermined integer constants:

DRV-8: T ={E.,A}, then

Qg =ITy UIT_

U L] C(81210)0s, ,1,UC(32,410)0s, 1, UC(D5,110) s 1 UC(B4.210) O, ;-
QeDy,

DRV-10: T = {Eo,A}, then Qg =TIlj.

DRV-11: T = {Eo,E:H}, then

Qr= || C&4l0)V%,),UC(&110)0,,,UC(E1l0)0%, ,1,UC(E1l0) Ok, 1,

A=—1,1
Q<Dy,

-1 —1 -1 -1
|_|/l_|_|1 1C(§I7A|Q)O€Li|g uC(ém |Q)O§2*’/{|Q |—|C(§371‘Q)O§3*’i\g |—|C(§47l ’Q)OQDHQ'
0eDy,
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DRV-12: T = {E(),E:H,A}, then

Qyr=Qp, AUQE, A

U L CGialo)0g, 1, HC(E2210)0¢, 51, UC(Es 2l0) Ok, 1o UC(E4210) O, 41
A=—1,1
<Dy,

U L Csal)Oe, 1, U C(E6al0)Og, 1, UC(Er210)0O¢, 1, U C(Es 1 l0) Oty , |
A=—1,1
Q<Dy,

1 -1 -1 -1
UA—I—Il 1C(€17A ’Q)ogi}HQ |—|C(§27;L |Q)O§2jll\Q I_IC(537/1|Q)(9€377/{|Q UC(@M |Q)O§J|Q
0<Dy,

-1 -1 -1 -1
UL C(&s 2 |Q)Ogs—7;|g LC(a |Q)O§6j,{\g '—'C(57,/1|Q)057j;|g LC(S 2 |Q)og8—1|Q-

A=—1,1 "
0€Dy,

DRV-14: T = {Vy,A}, then

Qr=|] C(60l0)0a,UC(6; 'l0)Og 1,
Q:<S>,<t>

DRV-15: T = {V(),E:H}, then Q¢ = 0.

DRV-16: T = {V(),Eil,A}, then

-1
Q= QyaUQpal | [ C(§“7’1|<SS%>)O¢3M‘<SS%> uc(guﬂ‘@))o@liw '
u=1.2 ’

Finally, if Ex1 ¢ T or n ¢ Autg(S), we define Q. n = 0. Otherwise, if n € Auty(S) and

E, €7, then we define

Qi = || C(62°110)06,0ni, HC(6; " 21M0) O 1y,

0€D,
A=—1,1

UL C(évl)oévl uC(ﬁm%Vl LC(D12)08,, UC(D42) 00, .-
A=—1,1

Theorem 7.3.1. Let F be a DRV-fusion system. Let Q be a right characteristic biset for .
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Then

Q= |_| [ /d‘Q O/d‘QUC((O‘Q) wQUC(T’”Q)OnQLIC((DOT”Q)O&,OMQ}

0D

L |_| 9T|Q OQT‘QHC( T ‘Q) 1|Ql—|C(aT‘Q)OaTQuC(BT|Q)OﬁT|Q}
QeDr
TeT

UQEilJ] L Q.

under the conditions that
1. C(*) > 0 are integers,
2. (a) If Outy(S) = (), then C(n|p) =C(wonlg) =0 for all Q € D, and C(Id) =
C(w)>0.
(b) If Outs(S) = (M), then C(w|g) = C(womn|p) =0 for all Q € D, and C(ld) =
C(n)>0.
(c) If Outy(S) = (@om), then C(w|p) = C(n|p) =0 for all Q € D, and C(Id) =
C(womn)>0

(d) If Outs(S) = (®@,7M), then C(ld) = C(w) =C(n) =C(won) >0
3. If Outy(T) = SL,(3), for some T € T, then C(or|g) = C(Br|g) =0 for all Q € Dr.

Proof. By Lemma 4.2.7, Q is a disjoint union of orbits of the form Oy for some morphisms
¢ €F. By Lemma 4.2.7 and Lemma 3.1.8, we may assume that every orbit Oy in Q is induced
by an S-S-equivalence class representative ¢ € F. Write Q = Dy. If ¢ is a restriction of an
element in Auts(S), then Lemma 7.0.2 implies that we can choose Q to be an S-conjugacy

class representative and

(

|d|p,(0|P if F= DRV-1,2,3
ld|p,m|p if ¥ = DRV-4

¢ <
Id|p, (@on)|p if T = DRV-5
ld|g, ®|p,N]g,w|pon  otherwise
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If on that other hand, ¢ is not a restriction of Auts(S), and ¢ € (Auts(S),Auts(T)), for some

T € T, then 7.1.15 implies that either

{6rl0,6; "0 | 0 € Dr} if Outy(T) = SLs(3)

{610,057 |0, ar|. Brlo| Q € Dr}  if Outs(T) = GLy(3)

or, if T =E1; and N € Autg(S), then

(

{6210,0;, "o | Q€ Dy, A =—1,1}
9 €9{(610om)o, (8, oMo |QEDy,A=—1,1}

\{éVJNB\VA?ﬁLl? 7§477L}'

If, finally, ¢ is not a restriction of Auts(S), and ¢ ¢ (Auts(S),Auts(T)), for every T € T, then
Lemma 7.2.4 lists in the table the possible maps for ¢. The latter bits of (2) (for example

C(ld) =C(w) > 0 in 2(a)) holds by Lemma 4.2.8. This completes the proof. O

128



CHAPTER 8

MAIN THEOREM

Theorem 8.0.2. Let S be a rank two 3-group of maximal nilpotency class, of order 3%*! and

generated by s and s, with the presentation
S = (5,51,52,53, .55 | $i = [si_1,8], [si,51] = 835, (S0 =8> = 1)
= 95915925935 -+502k | 91 = [9i—1,9], [9H91] = 99 j419j+2 =95 — 1/,

where 2 <i <2k and 1 < j <2k, assuming that sy, = saxrn2 = 1. Define w,n € Aut(S) to

15 r—>s%s2 and s — s, 51 r—>s1_1. Let F be one of the

be involutions given by the maps s — s~
following sixteen fusion systems generated by the outer automorphisms of S and F-essential

subgroups of S:

Name S Vo Ey Eq E_; A T

DRV-1 | (®) 5L,(3) {Eo}
DRV-2 | (@) SL2(3)| SLa(3) (ELE 1}
DRV-3 | (@) SLy(3)] SLa(3)| SL2(3) {Eo,E\,E_1}
DRV-4 | (7) SL(3)| {A}
DRV-5 | (Ro®) | SL(3) Vo)
DRV-6 | (7, @) GL(3)| {A}
DRV-7 | (1, ®) 5L,(3)] SLa(3) {Eq1}
DRV-8 | (7, @) SL3)| SL3)| 6LG)| {Ear.A}
DRV-9 | (7, @) 6L (3) (Eo}
DRV-10 | (7, @) GL>(3) GL(3)| {Eo0.A}
DRV-11 | (7, @) GLy(3)| SLa(3)| SLa(3) (EoEvr}
DRV-12 | (7, @) GL(3) SLy(3)| SLa(3)| GLa(3)| {Eo,Ex1,A}
DRV-13 | (1,@) | GL(3) (Vo)
DRV-14 | (7,@) | GL.(3) GL 3| {Vo,A}
DRV-15 | (1.@) | GL,(3) SL3)| SL(3) (Vo.Ex1}
DRV-16 || (1,@) | GLa(3) SL(3) SLa3)| GLa(3)| {Vo, Err,A}
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Then for each of the 16 (saturated) fusion systems &, we have the following list of minimal
right characteristic bisets, denoted by Q. Alongside these constructions we write down the
sizes of these right characteristic bisets and the upper bound on the exoticity index of the

fusion systems given by these constructions.

DRV-1: In this case
Q= (019U 00) (06 L0, 1) UGEH 7 = 1) (04, U0y, ).
Moreover, |Q|/|S| = 2(3%2 —1)2, with
e(F) < (32— 1)2(4k +3) — 4k.

DRV-2: In this case

Q= (0gU0e)U | | (ogkuoeil)u(#“—1)(o,d‘< 2, U0 >) ,
}L:—]’] 585792 SS7 2
Moreover, |Q|/|S| = 2[2-3%—* —22.32k=2 1 1] with
e(F) <2[3%* —2.3%72)(4k +3) + 4.
DRV-3: In this case
Q= (O/dl_l Ow)l_l |_| (Og)L Lloeil)l_l(32k73 — 1)(Old|< N >|_|(9w‘< N >) .
S.Yl Iv4 SSl <

A=-10,1
Moreover, |Q|/|S| = 2[3%3 —2.3%=1 1 1], with
e(F) < [3%3 —2.3% 1 (4k +3) + 3.
DRV-4: In this case
Q= [04,1 0y LU[Og, L oeAfl].
Moreover, |Q|/|S| = 23, which is independent of k, with
e(F) < 14k+9.
DRV-5: In this case

Q= [O14, LI Ogon] L [0g,, L O 11U (372 = 1)[04g),, L Oy, -

%o
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Moreover, |Q|/|S| = 2(3%~1 —1)2, with
e(F) < (3T 124k +3)4+2-3% 23 — 1) — (4k+1).
DRV-6: In this case
Q:(&%uowuonuowmﬂﬂoﬁu0%4uo%uomy
Moreover, |Q|/|S| = 2%, which is independent of k, with
e(F) < 30k+21.
DRV-7: In this case

Q g (O[dl_l Oa)u(f)n |_|Oworl)

2k—3
U |_| (3 - 1)[O/d|<m/1 3 U Ow|<”x_z> U Oﬂ\mx 2 U Owon\mz Z>]
A:—]J 1 1 1’ 1’
U L (06, U0p-1]U[Og;0n L0g 1]
A=—1,1
2k—=3r1@ . . . .
U] o3 (04, U0g, UOs LU0, .
A=—1,1
Moreover, |Q|/|S| = 4[2- 3?72 —1]?, with
6349 ifk=2

8-3%K72[32k=2 _1][4k + 3] + (4k+6)  ifk> 3.
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DRV-8: In this case

Q%(O/dUO(guOrlUOwon)
2k—3
U |_| (3 _1)(o/dl 2, B0, UO0g . UOuop| )
A <ssl ,2) (ssl ,2) <ssl ,2) <ss1 2)
=—1.,1
2 Rdk—4
U I_I 273 (O 5, U0, , UOg , UOgon ,x)
P o Pl My o

|_|2(Old‘<t> |_| Ow|<t> |_| On|<t> |—| OCOOT”(,))
L (OQA L (99/;1 U OaA U OBA)

2k—3
U [ 2@3 _1)(09A|<z>uoﬂgl\@UO“A\<Z>UOﬁA\<z>)
A=—1,1

L[] (0, U g1 L0800 U Og-1,y)
A=-1,1

L 2.3%72(0 UO,1, . UO O,
A{_|j|11 ( el‘<ss%> 91 |<SS%> 910n|<m/11> G)L OT‘”(”%>)
2k—2
U |_| 2-3 (OOM@UO@;1|<,>UOGAO17I<,>U(90;‘
A=—1,1
2k—2
|_|/l |_|113 (Ogvll_lo%ll_loavll_lOﬁvl)

2k—2 2k—3
|_|A|_|112.3 (2-3 _1)(o%|<z>uo@y‘;l@UOO‘VM@"'OﬁVN@)

On|<t>)

2k—3 . . . .
u;L |_|1 13 ((‘)evA uoﬁV)L U0y, ,U0g,.)

[ L ‘

LI (O, U0e;, U0g;, U0y )
A=—1,1
(=—1,1

2k—2
L |_| 3 (Oﬁl,k LJ Oﬁll LJ (9193,1 LJ (9194’1).
A=—1.1

Moreover, |Q|/|S| = 23[2%- 365 4-38. 3%—4 _5.32k=2 L 2] ' with

1673177 ifk=2
e(F) << 1545484964 ifk=3
22[2%.36k=5 1 38.3%—4 _5.3%K~2)(4k 4-3) + (28k+19) ifk>4

DRV-9: In this case

Q= (01gU0eUOpUOgon) U (Og,L Ogrt U 0a L Og,) Un- (O, UOw), ., U0, UOwon), ),
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where n; = 3?73 — 1. Moreover, |Q|/|S| = 4(3%*~2 —1)2, with
e(F) < 2[(4k+3)3%* — (8k — 6)3% 2 + (2k +3)].
DRV-10: In this case

Q= (0140 U On L Opon) U [3*77 = 1](O4g),, U0y, WO, LU0, ,)
u34k_4(01d\<s> U O,y U On U Owonlm) L (Old\@ U0, U0y, U O“’°”|<’>)
LJ (OQA L OOXI L OaA u OﬁA)
U32k_2(00v0 L 09‘701 L Oavo U Oﬁvo)
L (g, 0110 U Og,)
L 32k72(90|<s> L oe(;%> LU Oy U Oﬁ0‘<s>> LJ 32k*2((990‘ o U008, U0, U Ogo\m)

L (OG)I,O L (9@2.0 L 0931’0 L O®4,0) L (O®1_(1) L O®2(1) L (9@3(1) L O®4‘(1)).

= 30k—=4 4 20.3%—4 1 13.32%k-2 1 4 with

Moreover,

e(F) < [36k 4 +22.3%4 1 13.3%2](4k + 3) + 6k.

2
DRV-11: In this case

Q g(O/dS L Oa) ] Orl (] Oa)on)

2k—-3
U |_| (3 —1)[ Old\ W |_|Ow| Wi |_|On|YY ZI_IOwomm Z>]
A=-1,0,1

|_|((990|_|(()971|_|(9a0|_|030)
U (06, 10g-1] LU [0g0n U Og1,]
A=—1,1

2k—3
ul |_|l l3 (04, LU0p, WO, , L0, ]

U I_I 32k73[©§1,x U 052,/1 = 053,/1 = 054,1]
A=—1,1

2k— 3

Moreover, |Q|/|S| = 4[3%=2 —2.32k=1 1 1], with

e(F) <2[(3%2—2.3% 1) (4k 4 3) 4 (2k 4 3)].
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DRV-12: In this case

Q%(Oldl_lOwI_IOnLlOwon)
L 32k 3_1 (O |_|(9 o L O gyo
7L|_1|01 ld s e Z>)

|—|34k74((9/d\ ' Owl, UOp, UOwon) )

2 Q4k—4
O[] 2530, 0|y U0 ) U O0an )
A=-1,1

|—|3(Old|<,> U Oa)\<,> U Oﬂ\<z> U O“’On‘@)

U (04, U041 L1Oq, U0, )

LI(17-3%73 — 3)(Og,),, U OOA_I\@ U0, U OB )
L1 (0g, L1010, LI Op,)

3% (g, U Ot 11y Ooliy HOmlt5)
|_|32k*1((990|<,> U O@(;lk,> = an\<z> H Oﬁ0|<t>)

'—'k|_|] ]((99;L UOg 11060 UOg10y)

21
U] o3 Oeﬂ ) L0Og 1|<”A>'—'Oezonl<mx> 09,{1071|<”/1>)
l__l 1 o5 557
21
u L] o3 (Og; 1, L0, 07l U Og,0n]y UOg- 2 onl )
A=—1,1
2%—3 . .
Ul |_|] ]3 (94, UOp, U0y, 105,
U [ 3%7%(0g, U0, 1U0Og, U0, )
O = e =T = By
A=—1,0,1
4k—5 2k—1
U?L |—1|01(17.3 -3 >(OGV/1|<Z>uoe‘alkﬁuoavlkﬁUOEVM@)
- 7L|—_1| 0 1(06?1 - o%z H O@)ﬁ,a H OGﬁ,x)
(=11
LJ I_I 32"_2((‘)19]71|_|(‘)192ﬁl|_|C)193"l|—|01947,1)
A=—1,1
2%k—3
UAZLII 13 (O€€ |_|O§ Auoéé,xuoéfﬁ)
4k—4 2k—3
L |_| 3 +2 3 )(Oél,ﬂ l_logz,/'L'(ml)l_log&l'(ssl)uoé"l'@sl))
A=—1,1 1 1 1
4k—4 2k—3
U?L Itlll G 23 )(oél/ﬂ(s |_|O§“| |_|O§37L| uoé‘”‘ )
2%—2
|JMI_I113 (Oa |_|O§ I_JO%{AI_JO%‘A).
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Moreover, |Q|/|S| = 23[5-3%=3 4-25.3%=3 1 2.32k=1 1 2] "with
e(F) <2%[5-3%73 4.25.3%=3 L 0. 3214k 4 3) +15(2k +1).
DRV-13: In this case
Q= (01gU0eUOpUOgon) U (O@V0 L o%l L Oy, U OﬁVO) L ny, - (Oldl@ L me L O% L Owonl<s>)’
where ny, = 32=2 — 1. Moreover, |Q|/|S| = 4(3%*~1 —1)2, with
e(F) <2(3%1 —1)2(4k +3) — 4k.
DRV-14: In this case

Q20140 0n UOgon) U (3772 = 1)(Og, O, U O LU Ogop),)
L(Og,, U OGV_Ol L Oy, U OIW L (Og, U OQA_I L Oq, U0O,)

U2(090‘<s> U 09(;1|<s)) |_|2(on|<’> U Oe(;l|<f>).

Q|/|S| = 4[3%2 +4.3%1 1 4], with

Moreover,
e(F) <2[3%244.3% 14k +3) +6(5k+3).
DRV-15: In this case

Q g (O[dl_l(‘)a)uo'n |_|Owon)

L |_| (32k_3 — 1)[Old| A |_|Ow| N |_|Om
P (ss752) (ss752) (
2k—2
L (3 — 1)[O/d\<s> L O(O|(s> L Omm L Owonlw]
|_|)L |_| [Ogll_loeiﬂl_l[(‘)elon erilon]
=11

2k—3
u}L|_|1 13 [o% L OBVA U0, , U o%]

Lo
) wor”(ss{L ,z>]

ss{L 2

LJ [OGVO LJ 09%1 L OOCVO LJ OﬁVo]

U108y, U Oﬂv‘o' o Oay, | U OBVol<z>]'
Moreover, |Q|/|S| = 4[13-3%~4 —32k=2 4 1] with

e(F) <2[13-3%* 3% (4k +3) + 4(k +1).
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DRV-16: In this case

Q g(O/du OQ)UOT'I UO(DOT])

L |_| 32k 3_1)((9,d| oy u(‘)w| |_|(9,,|<1>qu0,,|
li_]] SSIJ

|_|(32"*2—1)(O,d| I_IOCO‘ |_|On| Lloa)om )

U] 22-3% 4(Old| iy 2001 g WO o U Oaen )
A=—1,1 1

|_|2(O/d‘<t> - Owl(z) U On|<t> U Owonl@)
L (OQA L OGA_] UOq, U OﬁA)
2k—3
U |_| 2(2-3 - 1)(OGA|(Z> 8 OGA‘W@ U OO‘A‘(z) U OﬁA\<z>)

A=—1,1
U | (06, U04-1L0g,0q L10g-1,)
A=—1.1

2k—2
u L 23 (Oeﬂ ) U0, it uo@xmﬂ(m OG,{lonI(ss;L))
A=—1,1 !
U [ 2:3%7%(0g,), U0g1|, U O6,en), U010y, )
A=—1,1

Ll(OeV I_I(‘)efl Ll(f)av UO[;V)

L |_| 32k Z(OQV |_|(99—1|_|Oav UO/}V)
A=—1,1

43 ~2 2k—2
|_|(3 —2°-3 +1)(09V0|(z)uoe‘%l‘<z> anvo\<z>|—]oﬁv0|<z))

L 2.3%%72(2.3%3 UO,-1, U L
l_|t|1 | 3 ( 3 ) (C)GV}L |(Z> OGV)L] |<Z> OaVA |<z) OﬁVA ‘(Z) )
2k—-3
uo[] 3 (o%uoﬁ L0s  U0y,,)
A=-1,1
U [ (9, U0, U0, L0g; )

A=—1,1
t=—1,1

2k—2
L |_| 3 (Oﬁl,k LJ 0192,/1 LJ 0193,/1 LJ (9194’/1)
A=—1,1

|_|2(090|<s>u(9 71‘ )|_|2(090|<l I_IO 71‘ )

2k—2 2k—2
U |_| 3 23 +1)(O§m| o I—loizﬂm )
A=—1,1

2k—2
ul|_|112 3 (Oéml uow )
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Moreover, |Q|/|S| = 22[47-3%=5 176 - 3%4 4 11.3%72 1 4], with

2399046 ifk=2
e(F) < 2262981344 ifk=3
2047 3% 176 3%=4 1 11.3242](4k +3) + (30k+11)  ifk > 4.

8.1 Proof Example

For each fusion system F, we know that Q, a corresponding mininal right characteristic biset,
is isomorphic to a union of (S x §)-sets of the form O¢, for some ¢ € F, for some unspecified
constants, C(¢) > 0, as given in Theorem 7.3.1. Not every value of the constant determines
that we have a right characteristic biset. Q is a right characteristic biset for F if and only if it
satisfies the conditions in Lemma 4.2.7. For the proof, the idea is to determine under which
values of the constants we have |QY| = |QId|DV’| for every y € F. We will have a number
of simultaneous equations to solve. The constants that we derive, will give us a candidate

minimal solution for Q, which we shall show is minimal.

We use our solution to determine an upper bound on the exoticity index using Lemma 4.3.12.
Note that this is not the actual value of the exoticity index, because our solution is only min-
imal in the sense that it is the minimal solution among all possible right characteristic bisets.
In other words, there may be valid solutions that are derived from other routes than those

involving right (or left) characteristic bisets.

We now give a full proof for a particular example, namely DRV-9. In the proof that fol-
lows we call this fusion system F. The proofs for the rest of the examples will be found in

Appendix A.

General form:

By Theorem 7.3.1, we know that any potential right characteristic biset  has the following
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form:

Q= |_| [ |d‘Q O|d‘Q|_|C((D|Q) wQLlC(T”Q)OnQl_IC((DOT”Q)OwOmQ}
0eD

u

0Dy

C(60|0)Og,|, LC( 0_1|Q)(9901Ql—'C(Otolg)an|QuC(ﬁOIQ)OmQ}

where the constants are non-negative integers and are yet to be determined. Not every choice

of the constant will give us a right characteristic biset.

Equations:
Now, Q is a right characteristic biset, if and only if, by Definition 4.2.5 and Lemma 4.2.7, we

have

1. Every orbit in  is of the form Oy for some ¢ € F,
2. |1QY = |Q'd‘DV| for every y € .
3. |Q]/|S]| is not a multiple of 3.

With the construction of the general form of Q, the first condition has already been satisfied,
irrespective of what the values of the constants corresponding to each orbit are. By Lemma

4.2.8, the third condition is satisfied, if and only if
31C(Id)

where, by the same lemma, we already know that C(ld) = C(®w) =C(n) =C(won) > 0.
Thus, once we have determined the values of each constant, we will be in a position to say
whether the resulting Q satisfies the third condition. Now, a large chunk of the remainder of
the proof is focused in determining C(¢@) for every ¢ € F, so that we can satisfy the second
condition. Denote by V, the set of morphisms ¢ € J such that Oy is an orbit in the general

form of Q. By definition, for any v € F, we have

QY= Y cv)loY].
oV
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By Lemma 3.1.8, it suffices to satisfy the second condition for morphisms v chosen up to
S-S-equivalence. But we already know what the representatives of these classes are - they
are those in the set 'V itself. Explicitly, we can say that v € 'V, where V is the union of the

following two sets:

{ldlg, ®[g,n|g,@onlo | Q € D}

{60l0,6; 0. lo:Bolo | @ € Do}

We shall write down the equations for |QY|, and also |Q'd|DW|, for each y € V. However, we

shall only justify them for v € V., where V is the union of the following two sets:

{ldlg| @ €D}

{6lo | O € Do}

that is, the first column of the presented list V. We have chosen to justify equations for a
smaller but carefully selected set of morphisms V, for the reason that the justifications for the

rest of the equations in 'V are similar to the ones we have in V.1

We justify the equation in v by making use of the Calculations Locator on page 296 in
Appendix B, in order to help us find the relevant fixed point sizes of orbits that we need for
this DRV-9 fusion system. Note that for these equations, calculations are found in the same

page/area in Appendix B, due to the simplicity of this case.?

Here are the equations, which will be very helpful in demonstrating that our candidate solution
is indeed a right characteristic biset (see section on Candidate solution) and that it is minimal

(see section on Minimality). We have split it into two parts:

1This pattern occurs for the remaining DRV-fusion systems as well. It turns out that morphisms occurs in
quadruples just like here. Although for DRV-9 fusion system we shall write the equations for all y €V, for
the remaining DRV-fusion systems, we shall only write equations for a smaller subset, akin to V.

2As we shall see in the calculations of the remaining DRV-fusion systems in Appendix A, the fixed point
sizes calculations can be found all over the place in Appendix B.
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v € {ld|g,®|p,nlg,®on|g| Q € Do}:

Id] (s

Id
l(s.0) ] =0 for all P € D. Moreover, lold\ | for

nlp

Id](5.1)
won|p

Id,,
From page 298: yowf;”y: 0 b =10 !

P €D, is dependent on P, so we leave it as it is. 1

Id Id Id Id
From page 298: |(990|‘<;’ | = |O |<” | = |O%|‘<‘;'>| = |Oﬁ0|‘<;*’>| =0 for all P € Dy. Thus,
Id| .
Qs = Y C(1d]p)|0)g 5" | @
PeD
Similarly,
Q0| = Y C(0]p)|0,, ”>| @2
PeD
s,
Qe =Y c(nlp)o | @;
PeD
(DOT”<S_{) _ won'(&t)
QP Mo =) C(@on[p)|O oy |- @4
PeD
F 208: 01907 | = 10959 = 10! | — 0 for all P D. M 057, f
rom page ] ol | = | nlp | = | wor|p or all P € D. Moreover, | Il |, for

PeD,is dependent on P, so we leave it as it is.

From page 298: | b = |(‘)Id|3Z | =32, and for all P € Dy\{(s,¢)}, we have |O | =
|Old|1‘ | = 0. Moreover, ]O YZ>| = ]Old‘ 9| =0 for all P € Dy. Thus,
Id|(s. -
Q63| = Y C(1d|p)|0,4) "7 | +3%(C(60) +C (6 ). ®
PeD
Similarly,
() 8,2 —
Q0] = ¥ C(alp) |02 | +3°(C(68) +C(65 )] ®»
PeD
Q6o = ¥ C(nlp)|0g |+ F[Clan) +C(Bo)] ®:
PeD
Q0| = Y C(00n]p)|Opon |+ F[C(0t0) +C(Bo)]- ®
PeD
'When we need to know the exact value of |OIdI | for a particular P, we may refer back to Appendix B.
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Id Gl Idf; 2 Idfirz ) -
From page 298: |Ow| ' = |On|I<)'>| = |Owo<n|>p| =0 for all P € D. Moreover, ]Old‘i ' 'is
dependent on P, so we leave it as it is.
Id] . Id Id] . Id] .
From page 298: |oeo"<};\_|oe' | = (01 = 0| =0 for all P € Dy. Thus,
Id]; -
Qe =Y C(|C”P)|o|d|§; I ©1
PeD
Similarly,
s = Y Clolp) |O | ©
PeD
@Nes| = Y c(nlp |O | ©s
PeD
Qwon\<t_z> . C Owonlg,o
| [= ), C(@on[p)|Ogop |- ©4
PeD
AT Id| ) Id| )
From page 298: |(9w| | = |Owomp Il '| and |(9 | for

P €D, is dependent on P, so we leave them as they are.

From page 298: |0, Id‘ | = |O|d|(g>| = |(9IdI | = ](‘)Id‘ | =32, and for all P € Do\{(s,t)}, we
0
have [0 | = \o'd' 1= 0= 04 =0. Thus,
Id] s -
Q5] =Y [C(1d[p)] 01 [ +C(n]p) |0y [] +3%(C(60) + C(6 ") +C () +C(Bo)]. @
PeD
Similarly,

Q019 = ¥ [C0lp)|0g |+ C(@on|p)|Ogon | +3(C(80) +C(65") +Clao) +C(Bo)]
PeD

)

Qe =Y [c (n|P)|o”'<S>|+c(|d|P)|o}L'|§>|]+32[ C(60)+C(6, ") +C(an) +C(Bo)] @s
PeD

0] = B [C@onle)|0 ol | +C (0| 0g ]+ F(C(80) +C(85) +Claw) +C(Bo)].

)y
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I,
From page 298: ]waﬁ\ | |—Ofor all P € D. Moreover, |(9Id| | and |(9w onlp |, for PeD,
is dependent on P, so we leave it as it is.
From page 298: g /| = yo'ed<;>| =04 | = 0] =0 for all P Dy. Thus,
0 IP
Idf,
o)=Y [c ('dIP)!O.d\ [+ C(@0n|p)[0gan, I ®
PeD
Similarly,
ol; ol;
Q| = PZD[c<w|p>|ow;> +Clp)|oy | @
c
nly nly
Q| = PZD [C(@|p)|0 ), [ +C(nlp)|Oy, ] ®s
(S
o won|, won|
j071le = B [Cloonl|og i 1 +Cldl) o I @
v € {60lo. 8y 'lo: lo. Polo | @ € Do}:
From page 301: |(9ICII | = |Ow‘P| = |On|P| = |Owon| | =0 for all P D.

From page 301: |Ogg| =3 and for all P € Do\ {(s,1)}, |(‘)gg|P| = 0. Moreover, |(92°,1‘ | =
o |IP

\O ool ]—\O Bolp | =0 for all P € Dy. Thus,
1Q%| =3C(6)). ®
Similarly,
Q%' | =3c(6;,) ®>
Q% =3C(ap) ®s
] = 3¢(Bo).- ®4
C1alsa Bl Bl qflisa
From page 301: |O|d|p | = \Ow‘P | = |(‘)n| | = |Owon| | =0 for all P D.
From page 301: \Ozg‘“’ﬂ =3 and ](990| | = 32k+1 and for all P € Do\{(s,1), (s,2)}, we
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Bol(s.:
have |0 0| | = 0. Moreover, \O 6o o | = |oa0|P] — ‘Oﬁzlfv” =0 for all P € Dy. Thus,
|QGU|(s.z>| — 32kC(90) —+ 32k+1c<00|<s7z>>' ]
Similarly,
~1
Q% I3 | =3%*C(9, 1) + 3% (8! 5.) ®,
Qlia | = 3%C(ap) + 3% C(ap s.2)) ©;
‘QBO‘(S,Z)‘ = 32kC(ﬁ0) + 32k+1C(B0|(s,z))' 4

6 6 6 6
From page 301: |06 | = |%lea) = jo®lea) — j9®lea | _ ¢ o a1l p e D.

Id|p olp nlp wonlp
From page 301: |(‘)90‘<”Z>| = 3% and |OZO:§”Z>| = 3%+ and for all P € Do\{(s,1),(t,2)} we
have |O ] = 0. Moreover, |O ol ) ] = |OZ(;‘|<;Z>| = |OG0| | =0 for all P € Dy. Thus,
Qe | = 3%C(60) + 3% C(60] 1)) )y
Similarly,
Q% e = 3% (6, 1) + 344 C(65 ') ®;
[Qeelea| = 3%C(an) +3%+! Canl ) ®;
‘Qﬁo|<t,z>| = 32kC([30)+32k+1C([30|<,7Z>). "
From page 301: |O B = |(‘)90‘<S>| = |(990‘<S>| = |(990‘<‘Y> |=0forall PeD
pag Id| olp V7 Mnlp 1T Maon|p! T '
From page 301: |O 90|S>\ = \Oeo‘ ZE: | = |000| \ 32+t IOZE} |—’ 00' ‘—
321 and for all P € Do\ {(s,1), (s,2),(s)}, |OZ§:§: | = |(990‘ | = 0. Moreover, |(‘) 0‘“ | =

| 90‘ ]—OforaIIPEDO Thus,

Q%1 = 3%[C(60) +C(00)] + 3% [C(60] ,2)) + C0]5.5)] + 37 [C (B0 () + C ] )]-
O]
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Similarly,

‘QG&I‘<S>| = 32k[C(90_1) +C(ﬁ0)] + 32k+1 [C(e()_l‘(&z)) +C(ﬁ0’<s,z>)] + 32k+1 [C(e()_l ’(s)) +C(BO‘
s

Q1| = 3%]C(60) + Cl00)] + 3%+ [C(B0] 5.2)) + C(00] 5 )] + 37 [C (B0 1)) + C (] )]

@3
|©@Folr| = 32 [C(85 1) +C(Bo)] + 3% [C(8y | (5.2)) + CBol s.2)] + 3% C(8y ) +C(Bol
Dy
6ol 6ol 6ol 6ol
From page 301: |(‘)|;|<>| = |(‘)a;)|}f>| = |(f)n(ip<>| = |OG;)O<71>IP| =0 forall PeD.
9|t Bolr) 6ol 6ol 9|t 6ol
From page 301: |0g | =104 | = 3%, [0g " | =[0g " | =31, |0 92|<>\—|OB§|<>\:
3%+ and for all P e Do\{(s, t> (t,2), (00, |o§g:P = |oe°‘ = 0. Moreover, [0 1‘P|
0

| 90‘ ]—OforaIIPEDO Thus,

Q%0 | = 3%[C(6)) +C(Bo)] + 3% [C (B0l 1.2y) +C(Bolr.0))] + 3% C (Bl ry) +C(Bolry)]-

O
Similarly,
Q% 0| = 3%[c(8; ") + Claw)) + 3% [C(6y i)+ Cl0] 1.2 +3%HC(05 1)) + Cl )
O
Q%0 | = 3%[C(8") + C(00)] + 3% C(B5 ' 1.2)) + Cl00] 1.2+ 3T C(85 M 1y) + C o 4
O
Pl | = 32K(C(89) + C(Bo)] + 32T [C(B0l 1 1) + C(Bol )] + 3% C(Bol 1)) +C(Boly))-
O
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Candidate solution:

We have the following designated values for the constants:

C(ld)=C(w)=C(n)=C(won) =1
C(60) = C(6; ") = Claw) = C(fo) = 1

(s,2) ) = C(n

C(|d|(s7z)) =C(o <s7z>> =C(wo n|(s,z)) =323 1,
with the rest of the constants set to zero. Writing Q* to denote this solution, we have

QF (Old LOgU OTI (] Oa)on) L (OQO L (990—1 L an L OBO) Unyg - (old‘@gz) L Ow‘@,z) L On|<u> L Owon|<s"z>)

where n; = 3?73 — 1. This is a right characteristic biset for the DRV-9 fusion system. To

check that this is indeed the case it requires us to check that the following equalities hold:!

(@)le] = |(@*)?e| = |(@)e| = |(QF)**Mle| (forall Q € D)

(@) le] = |(@*)le| = (@)% o] = |(@)%lo| = |(@)Ple]. (for all Q € Do)

For this we can use Equations section above or the Calculations Locator on page 296, in
Appendix B. Because the vast majority of the constants in our candidate solution are zero,

this is an easy check. We now demonstrate that this indeed is a right characteristic biset:

When Q € D with |Q] > 33, we have

(@)le| = (0152] = |cs(Q)],  [(Q7)%le| = 08] = C5(Q)),

(@)Me| = 0] = Cs(Q)],  [(Q")**Me| = [0ge| = Cs(Q)].

1For the rest of the DRV-fusion systems found in Appendix A, the candidate solutions will also have the
vast majority of the constants to be zero. Unlike here, in those cases we shall not demonstrate that the
candidate solution is a solution.
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Thus, if |Q] > 33, then the sizes are all equal. When Q = (s,1), then by @;,..,.@, and ®y,.., P4,

we have

(@) o] =

(@) | =

|d\u

054 =3, |(@")@lsa| =[O0 =3

|OZ‘<”>| =3, (@)@ | = 0o o] = 3

* 6 *
(@)% =]0g[=3, [(Q )’ |_|O 1|—3

(@)% = 0% =3, |<s:*>ﬁ°|=|o§g|:3,

Thus, if Q = (s,t), the sizes are all equal. When Q = (s,z), then, by ®),.., ), and ®,®,

we have

Id| (s,
(@) 4l | = 10,47 |+ me|O

(@)@l | = 0% '<”>\+ |0

Id](s.2)
1d] .

Id\

|<”\+[\(990”|+|O N =32 4ng-3242-32 =3%

(@)@ | — \oﬁiﬂ‘“ﬂ 4|0

6 s
|(Q*)90|(s.z>| — |(992‘< ) = 3%,

(QF) %62 = |ogg‘<“>| — 3%

| mZIM (o ”'”mo“’ o =3 3423 = 3

|(Q*)6(;1|<571 | |O 6y ‘sz | :32k

x B |s.z
(@)lea] = o+ = 3,

Thus, if Q = (s,z), then the sizes are all equal. When Q = (r,z), then, by ©,...©4 and

®y,...()4, we have

(@)l =

Id];; . X o,
0,4 “71=3%, |(Q )w|<”z>|:|o|d('>|:32k

|(Q*)T]\<m>| _ ‘On‘<t,z)| _ 32k, |(Q*)a)o'r]\<t’z>| _ |ngz|(m>| — 32k

() ®les | =

(@)l | =

6ol (r.2)
04, "

_ 0!
=3% Q"% ll(t,z>| = |oezl|<m>| — 3%

|O£‘<I’Z)| _ 32k7 |(Q*)ﬁo\<m>| — ‘ng|(t,z>| — 32k.
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Thus, if Q = (t,7), then the sizes are equal. When Q = (s), then, by ..,y and @y,.. D4,

we have!

Id| ) Id]

Id] () Id] Id] () Id] () Id] ()
N+mllOg) 1410y, 7 14 (104, [+105 5| +10g, " [ +104,"

(@) 4| = [log |+ |0y ]

=2.3%4n-2-3342%2.32 =2.3%

w\<s>

(@)@l | = |02 |+|Owo 1+ mlon ”>| 1ol

I+ [|O |+!O |+|an”|+|<9
=2.3%4p-2-3342%2.32 =2.3%

X M) Ns Ns Nls M)
(@)= [0y 7] +]0, ”|]+nk[|<9.d| |+ [0 1+ [IO |+!O V1410 “|+\O 'l

|d|<s.,z>
=2.3%4p-2-3342%2.32 =2.3%

#\ @O o won|s won\

Q)M | = [[Ogon |+ O ”|]+nk[|(9wom |+10, IJ
1

(@)l = |og) ¥ \+roe°' =2.3% \(9*)" =109+ og ] =2.3%

. | s | s . ﬁ\ Bols

(L )“"'“WZ!%”\HO@O”\:2-32", (@)l | = 04 y |+!O0 |=2.3%

Thus, if Q = (s), then the sizes are all equal. When Q = (¢), then, by ®,,...@4 and (j);....(J),.

we have?

Id\ Id|

* * ol ol
|(Q )Id|r>| | | |owo<n :2,32k’ |<Q )(O|(z)| — |Old<>|+|on <>| :2_32k

|(Q*)n|<t>| = |On <t>| + |O77 <z>| _ 2.32k7 |(Q*)w°m<z>| _ |ngzl |_|_ |O(D Nl | —9.32%
’(Q*)QO‘([ ’ ‘OGO| ’+|OGO‘ ’ 2.32/(7 ’(Q*)Q&l‘@’ _ ‘090_1 <,>’+|Oa% |<t>‘ :2_32k

0, ﬁ‘)' 2.3%,

* Al ol * Bol(
(@) %10] = [0g, | +]05 | =2-3%, [(Q)0] = |0 |+|0 | =

1Since Id| 5y = @|(5), 1M(5y = @0 N (5, Bol(s) = ol (5) and 65|15y = Pol(s). it suffices to calculate for (Q*)'dls],

—1
|(Q*)’7‘<S>|, ()%l | and |(©*)% |®|. However we demonstrate it for all of them.

—1
2Since 69|y = Poly and 6(;1|<t> = ao| (. it suffices to calculate for |(@")%l0 | and |(©%)% |</>\, other than
those coming from restrictions of automorphisms of S. However we demonstrate it for all four of them.
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Thus, when Q = (1), the sizes are all equal. When Q = (z), we havel

Id| .,
(JJ‘<

Id| ., |

4|0 d|<f> [ =2. 32322 _ P2

(@) = [0+ |06 N

]+nk[l(9|d| | +104), 1+[10g,

(@)l = (|06 ¥+ |01 )+ k[lO |+|@|d| |]+[|090 |+l0, f]=2-32"“[32"_2—1]2

k nZ nZ Z —
@)1 = 107+ OB |+ nil| 07 |+|oa,om 1+ [10g >|+|o M) =23 EH )
*y@on|. won|, ol wn\ won| won|,
(@) = [|0gn | +07 ]+ Howom 1O, 41100 | +10g 1]

— 2 . 32k+1 [32](—2 o 1]2

Thus, when Q = (z), then the sizes are all equal. It follows that Q* is a right characteristic

biset. Now, we show that our candidate solution is minimal.
Minimality:

We now show that our candidate example is of minimal size for all possible constants in
the general form Q. First we define a few numbers which will be used later on. Let

y € {lds,w,n,won}. Define

V(s.) wlsz wlsZ w\sz
oy =Y C(ylp |O 'l'and & = Y Clvlp \O .

PeD pPeD
P#(s,2)

Now we determine the minimal size of the general form Q, using the section on Equations.
In order to determine minimality, we do not need to determine the minimal value of each
constant. By Lemma A.0.1,2 it suffices to ascertain the minimal value of a sum of a number

of constants which correspond to morphisms with domains of equal size.

By Lemma 4.2.8, we begin by noting that C(ld),C(w),C(n),C(won) > 1

ISince |y = Id|; and @on|y =Nl it suffices to check the cases for |(©)"@ | and |(Q*)’7‘<Z>|.
However, we demonstrate it for all four of them.

2We justify this for each of the two upcoming examples.
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C(60).C(6; '), C(),C(Bo):

|Q|d|(s,t>‘ + ’Qw\m)‘ + ‘Q”‘(s,r)| + ‘Qw°ﬂ|<s,t>‘ = Q%] + ‘_Qeo_] |+ |Q%]| +|QPo|

Id|

— 3[C(Id) + C(@) + C(1) + C(won)] + [0 Ol | gMisa) 4 @ Msny

<”>+0'S >—|—GS >+GS

=3[C(60) +C(6; ') +C () +C (o)),
where we have used @,...@, and ®1,..,Ps.
This implies [C(80) +C(8, ') +C(a) +C(Bo)] > 2. Do
Note that |Dg,| = |D9(;1| = |Dgy| = |Dg,| = 33. Thus, by an application of Lemma A.0.1,

the assignment of values C(6p) = C(8, ') = C(ag) = C(By) = 1, will give us a minimal right

characteristic biset.

C(Id’(s,z>)ac(w

(s,z))»c(n ‘ (s,z))vc(w on ’ <s,z>):

’QId‘<s,z)| + |Qw|<s,z> ’ + |Qn|(s,z> | + |Qwon|<s,z> ’ — ‘QGO|<S.Z>| + |Q9(;1|(s.z>| + |Q0‘0|(s,z> | + |Qﬁ0|<s,z> ’
— 3*[C(1ds) + C(@) +C(1) +C(@0n)] +3°[C(1d| (5.2)) + C(@] (5. ) +C(N(5.2)) +C(@0 75 )]

Id| |
+ [og

09 4 g2l09 4 gl 1 g @M 1 32(0(6p) + C(651) +Cla) +C(Bo)]
=3%[C(60) +C(8y ") +C(at0) +C(Bo)] +3*F[C (B0l (5.2) +C(65 ' [5.5) +C(00li5.2)) +C(Bol5.2)]
= 3[C(Id| 5 5)) +C(@](5.2) +C(M(5.2) +C(@oM 5]
=(3%—2-3%)[C(60) +C(8y ') +C(aw) +C(Bo)]
+3%HC (B0 5.) +C (65 15.9) +C (] 15.9) +C(Bolis.2)]

w|<s

Id . ol
—3%[C(lds) +C(@) +C(n) +C(won)] - [og |<“>+cs VZ>+C7;”<’>+G§0 M)

where we have used ®);,..,)s and ®,- @),

149



Let y € {lds,w,n,won}. Then for all P € D\{(s,z)}, we have

oVlea) _ Ns(ls,2), P)IICs((s,2)) _ 3INs({s,1), P)|ICs({s:1) _ | gvlisn
oY1) = - — oYL,
Yvip |P‘ ‘P’ yip
Id ) o
ThUS, we have [o [ |sz + S|sz +G;7|sz +G§D n|<s,z>]:3[6 | + ;‘)|st +G;7|st +G;O 77|<s,z>].

By using this fact and the substitution from (Dy, we have

33[C(|d|(s,z>) +C(w|(s,z)) +C(n|<s,z>) —I—C((DO n|<s,z>)]

(3% ~2:3) 3[C(1d) + C(0) + C(n) + Cl@om)] + [o5 ) + 65" 4671 465"

+ 32k+1 [C(90!<s,z>) +C(9(;1 |<s,z>) —i—C(aO’(s,z)) ‘|‘C(

)
~F[C(lds) +C(@) +Cn) + Cl@om)] — [o5 7+ 4 og b 4oy

—(3% —3%)[C(Id) + C(@) + C(n) + Cl@o )| + (3% =3[0y ) + a5 ) + o ) 4 o]

4 32k+1 [C(90’<s,z>) +C(9(;1 |<s,z)) +C(O‘0|(s.,z>) +C(BO‘(s,z))]

>(3% - 3%)[C(1ds) + C(@) +C(1) + C(@on)].

This gives us [C(Id|<s,z>) +C<a)|<s,z>) +C(n|<s,z>) —l—C(a)O n|<s,z>)] > 22. (32k_3 - 1)- ®9
Note that |D|d‘<m>| = |Dw‘<w>| = |Dn‘<m>| = |Dwon|( | =32. Thus, by an application of Lemma
A.0.1, the assignment of values C(Id|, .y) = C(®|;y) =C(N|(5)) =C(@oMn | ) = 3231,
will give us a minimal right characteristic biset.

We have therefore shown that our candidate solution is minimal by size. We now use our
candidate solution to determine an upper bound on the exoticity index, and show that it is
minimal by size.

Exoticity:

Note that |Q*|/|S| = 4(3%2 —1)>. We use Lemma 4.3.12 to determine an upper bound
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on the exoticity index for our fusion system. We have,

2k—2 2
w(smerish) = & | 5= |

Let n; = {WJ Now,

i=1 = n=4-3%33%2_2)11
2<i<2%k—2 = n;=4-3%2713%2 9]
i=2k—1 = n=4-3%3_3

Thus,

o (Sym(1Q1/IS1)) —[4- 3332 —2) 4 1] + [2k224.32k—2—i[32k—2_2]]
i=2

%3 =t sdk—d—i
+[4-3 3+ ) 43 1
i—2k

=2.3%4 _4.3272 _ 2k —3).

Let T be a Sylow 3-subgroup inside the group G constructed from Q, realizing our fusion

system. Then
logs|T : S| = 2[(4k +3)3% 4 — (8k — 6)3% 2 + (2k +3)].

Thus, we have an upper bound for our exoticity index.

151



CHAPTER 9

BIBLIOGRAPHY

[1] M. Aschbacher, R. Kessar, B. Oliver. Fusion Systems in Algebra and Topology. Cam-

bridge: Cambridge University Press, 2011.
[2] N. Blackburn. On a special class of p-groups, Acta Math. 100 (1958), 45-92.
[3] S. Bouc. Biset Functors for Finite Groups, Springer-Verlag, Berlin Heidelberg, 2010.

[4] C. Broto, R. Levi, B. Oliver. The homotopy theory of fusion systems, J. Amer. Math.
Soc. 16 (2003), no. 4, 779-856.

[5] A. Diaz, A. Ruiz, A. Viruel. All p-local finite groups of rank two for odd prime. Transac-
tions AMS 359 (2007), 1725-1764.

[6] D. Gorenstein. Finite Groups. Chelsea Publishing Company, New York, second edition,

1980.

[7] S. Park. Realizing a fusion system by a single finite group, Arch. Math. (Basel) 94 (2010),
no. 5, 405-410.

[8] S. Park. Introduction to fusion systems, http://maths.nuigalway.ie/~ park/papers/fusgen.pdf,
2010.

[9] S. Park. Minimal characteristic bisets and finite groups realizing Ruiz-Viruel exotic fusion

systems, J. Algebra 336 (2011), no. 1, 349-369.

152



[10] S. Park. Realizing fusion systems inside finite groups, Proc. Amer. Math. Soc. 144 (2016),
3291-3294.

[11] D. Robinson. A Course in the Theory of Groups, 2nd ed. Springer, 1996.

[12] K. Ragnarsson, R. Stancu. Saturated fusion systems as idempotents in the double Burn-

side ring, Geom. Topol. 17 (2013), no. 2, 839-904.

[13] A. Ruiz, A. Viruel. The classification of p-local finite groups over the extraspecial group

of order p* and exponent p, Math. Z. 248 (2004), no. 1, 45-65.

153



Appendices

154



APPENDIX A

PROOFS OF THE MAIN THEOREM

For each of the DRV-fusion systems, we will split the proofs into five parts. The last two parts,
namely, Minimality and Exoticity, will be presented as separate subsections. In this appendix
the proofs will be presented relatively briefly. We refer the reader to Section 8.1 for a detailed
run through of a particular DRV-9 fusion system, as an example. We structure our proofs in

the following way:

General form:
Here we will use Theorem 7.3.1 to state the general form of the right characteristic biset Q,

that is,

Qx| | C(9)0s

PV
for some V, a set of morphisms in J containing a set of S-S-equivalence class representatives

I" for F. Here C(¢) > 0 are integer constants yet to be determined.

Equations:
Here we will use Appendix B extensively to determine a series of equations. For Q to be a
right characteristic biset we need to ensure that Lemma 4.2.7 holds. This means we need to

ensure
Qv = j¥

holds for all w € F. However, by Lemma 3.1.8, is suffices to ensure that the above equation
holds for a set of morphisms that contain S-S-equivalence class representatives, and they are

those in the set V. Thus the idea is to write down the equations for

Q"o | and QY|
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for all w € V. However, we shall write down the equations for about one fourth of them
because it turns out that many of these morphisms occur in quadruples, and their equations
are similar (though not the same) and the reader can provide the others easily. For example,

if 90,6(;1,&0 and By are all in 'V, we shall only write the equation for |Q%|.

The procedure for calculating equations is as follows. Note that

Q¥|= Y c(9)[0Y].

oeV

This gives us a series of pairs {(y,¢) | ¢ € V}. For each pair (y,¢) we use the Calculations
Locator on Page 296, in Appendix B, to determine the exact page number in which the cal-
culation for |O:’f’| is to be found. Once that has been found we (mostly) replace |O$| in the
equation for |QY|, with the exact value given in Appendix B. Fortunately, in the majority of

the cases, we have |O:£I| = 0. This makes the equation for |QY| significantly simpler.

As has already been mentioned we shall only write down the equations for about one fourth
of the maps. Readers may wish to confirm the calculation for the rest of them if they so wish.
However, in some ways, for many of these equations, their calculations will be embedded in

a series of simultaneous equations found under the section on Minimality. More on that below.

Candidate solution:

Here we will present our candidate minimal right characteristic biset which we shall write as
Q*. Checking to see that a candidate solution is a right characteristic biset is a lot easier than

finding one. To check Q* is a right characteristic biset we have to ensure that
(@) = (@)Y

holds. Checking takes a lot of paper space, so we leave it to the reader to satisfy for themselves
that the equations do indeed hold. The reader may use the Equations section, or more fully,

the Calculations Locator on page 296.

Minimality:

Here we will show that our candidate solution Q* is minimal with respect to size of right char-
acteristic bisets. We will not show that it is uniquely minimal (up to isomorphism), though
that may be the case. We use the Equations section extensively (or more fully the Calcula-
tions Locator on page 296). We will start with Lemma 4.3.5 from which we know that the

constants corresponding to S-S-equivalent class representative of automorphisms of S are non
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zero. For example, if @, 1, 0on € Aut4(S), we will have
C(IdS)vc(w)vc(n)>C<a)on) > 0.

Then for a set of morphisms, say, ¥, 2, y3, Y4, with O = Dy, = Dy, = Dy, = Dy,, we shall

use the following equality
Q12|+ |Q0l0] + Q0] + [QMlo| = Q1|+ QY2 + Q% + Q%]

which comes from Lemma 4.2.7, and where Q is the General form of the right character-
istic biset for the fusion system. This equation will give us minimal values for a sum of
constants, say, C(y1) +C(y2) +C(y3) 4+ C(ys). Then, if this sum is equal to the sum of
the constants coming from the candidate solution Q*, then Lemma A.0.1 (2) tells us that
we do not need to determine the minimal values of C(y1),C(y2),C(y3),C(ya) individually.
Based on this approach, step by step, we calculate minimal values for the rest of the constants.

Throughout the Minimality section we shall use Lemma A.0.1 (2) extensively, which suf-
fices to ascertain the minimal values of a sum of a number of constants (corresponding to
morphisms with domains of equal size). As mentioned earlier, the Equations section only cal-
culates equations for about one fourth of them, as a guide. In order to determine minimality,
we need to know the equations for all four of them. Though they are not all mentioned in the
Equations section, they can be easily derived from the Calculations Locator on page 296, in
Appendix B.

Exoticity:
Here we will determine an upper bound of the exoticity index derived from our candidate
minimal solution Q*. We first determine |Q*|/|S|. We then directly use Lemma 4.3.12 to

determine an upper bound on the exoticity index coming from Q*.

Note that this will be an upper bound, and not necessarily the exact exoticity index, since
there may be other methods of constructing finite groups that realize DRV-fusion systems.
In fact, many of the DRV-fusion systems are not exotic,! meaning that their exoticity indices
will be zero, although our constructions of minimal right characteristic bisets will give us large

upper bounds on exoticity indices.

This completes the structure of the proofs. We now prove Lemma A.0.1:

Lemma A.0.1. Let F be a fusion system. Let C be a set of (or a set that contains) rep-
resentatives of S x S-classes of morphisms in . Let P be a partition of C. Let Q be a right

1See [5, Table 6, Theorem 5.9], which actually lists the groups which realize the non-exotic fusion systems.
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semicharacteristic biset, and write Q = UyceCa(9)0Oy, for constants Cq(¢) > 0 which depend
on Q. For each I € P, write Q1 = UyciCa(9)0y.

1. Suppose that for all I € P, || > M; > 0, where Mj is a constant independent of Q.

Then
Q> ) M.
Ie?

In particular, any right semicharacteristic biset Q that satisfies || = M;, for all I € P,
is minimal.

2. Suppose that for every I € P, we have |Dy,| = |Dy,| whenever ¢1,¢> € 1. Set Dy = |Dy|
for all ¢ € 1. Suppose that ¥.4c;Ca(¢) > N, where Ny is a constant independent of Q.
Then

12l
N

Ni|S|
D;

)

Ie?

In particular, any right semicharacteristic biset Q that satisfies } yc;Ca(¢) = Ny, for all

I € P, is minimal.

Proof- 1. Trivially,

Q=Y |]>) M.

IeP Ie?

Suppose that for some right semicharacteristic biset Q, we have |Q;| = M; for all I € P.

Then Q is minimal because it achieves the minimality of the inequality just proved.

2. Note that
Q1 Y 1 |S|?
o = T a(9)|0g] = ). Ca(9)
ST 181 pces IS gczer — |AD,|
!S! N
= ) Ca(¢ Y Cal®)r
¢eueﬂ> |D¢| pelleP Dy
N y > N1|S|
=Y Cal Z
IefP( q)el VS

Suppose that for some right semicharacteristic biset Q, we have Z¢€1Cg(¢) = Ny for

all I € P. Then Q is minimal because it achieves the minimality of the inequality just

proved.
O
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A.1 DRV-1,2,3

General form:
By Theorem 7.3.1, we know that any potential right characteristic biset Q has the following

form:
@ || |Cdlo)0u, UC(@10)0u | U L] [C(6110)0,,UC(6; 10,
QED QG‘DA
EAG‘I
Equations:
We list the following equations:
ye{Oilp|Q€Dy,4=-1,0,1}:
Provided E; € T, we have
Q% =3C(6,)
Ol 552
Q71| =3%C(6,) + 371 C(0,] i1 )
Q%] = 3%C(62) + 31 C(6]4.2))
621, 2
Q0] = 3%C(6) + (B ) + 351001 )
Q0% =3%C(0,) +3%FC(0,]1.0y) +3%TC (02 1))

vy e{ldlg| Q€ Dy, A=-1,0,1}:

Provided E; € T, we have

m ) Z C |C”P |d|<€Y ‘

PeD
” ; (m 2) "
=Y c(d|p)|O Id|p |+3%[C(62) +C(6; )]
PeD
Idl, .
‘Q|d|<,,z>, — Z C(Id!P)’oldh(? >‘
PeD
” (m .
U= Y c(dlp)0y," |+3%[C(03) +C(8; )]
PeD
Id|;
Q0| = ) C(|C|’P)’old|1<o>’
PeD
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Candidate solution:

We have the following designated values for the constants:

Cc(6,)=C(0; 1) =1 (if E) € T)
C(ld| 4 ) =C(0] 2 ) = 3%=3 1, (if E) € T)

with the rest of the constants equated to 0. Writing Q* to denote this solution, we have

QF = (O|d |_|Oa)) L |_| (OQ}L L O >|_|I’lk(0|d| e |_|Ow| Wi )
E)eT

where ny = 32673 — 1. It is left to show that this solution is minimal, and to determine an

upper bound on the exoticity index.

A.1.1 Minimality

We write down a few definitions. Let v € {ldg,@}. Define:

ll/| | wh vl 2 lI/| )
33 (ss%,2) (557 ,2)
oy =Y Cc(ylp)0,, " and o T = Y C(yle)o,, 7
PeD PeD
P#(sst 2)
Now we determine minimum values of the constants:
By Lemma 4.2.8, we already know that C(lds),C(w) > 1.
C(6,),C(0; ") for A =—1,0,1:
Provided E; € T, we have
Id| vv 1) |(€vl ) 0 0;!
Q 4@ | = Q7| +|Q% |
Id \ ol 1,
ss <A_S _
— 3[C(ld) +C(w)] +[og 1" g oy " =3[c(6,) +C(8;, )] D123

This gives us [C(6;)+C(6,)] > 2, as required.

(Id]ssz) (a)|ss1 ) for A =—1,0,1:
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Provided E; € T, we have

k>|

Id _
|Q |33 Z| |Q (33 |Q A|33%1|+|QGAI|

— 3[C(1d) +C(0)] +3°[Cd], ]Hq‘gd'm%.@+6Sw|<ss%,z>]
+2-32(C(6;) +C(6; )]

=3%(C(8,) +C(6; )] +3*[C(8,]

+C(o|

SS Z> SSZ)

(ss} z)+c(9;1|<ss’11>z>)]
= 3°[C(ld] 2 ) +C(@] 2 )]
=(32k—2'32)[c(9/1)+c( 3 143 C(0 551.) +C(6 153 )]

2 Id ‘ <sx)L ,2) o | (‘vsl ,2)
-3 [C(ld)+C(w)]—[og ' +o0g ']

Let v € {Ids,®}. Then for all P € D\{(ss?,z)}, we have

Wl(ﬂ%-@‘ _ ’NS(<SS/}’Z>’P)"CS(<SS{L’Z>)| _ 3’NS(<SS%7t>vP)"CS(<SS%7I>)’ _

O —
Oy P P

Il - ld],
Thus, [oy + oy ] = 3[oy

from (O, we have

3°[Cdl 1 ) +C(0] gz )]

—(3%-1_2.3) 3[C(Ids)+C(a))]+[G;‘ oy S‘“l’)]

w|( )

P ) 05 )] - ICG) o)~ [ 4y )

SS Z
=(3% = 39)[C(Ids) +C(@)] +3*7[C(Ba] 2 ) +C (67| 2 )]
|d‘ S;Ylt w| SSA’I
_|_(32k—1_32)[GS ( 1*>_}_6S { 1*>]
>(3% ~3%)[C(1ds) +C(o)]
It follows that [C(Id| )+C(a)| )] >2- (3?73 1), as required. @123

We have therefore shown that our candidate solution is of minimal size.

A.1.2 Exoticity

Note that |Q*|/|S| = 2[m(3%~* —2.32%%72) +-1], where m = |TN{E; | A = —1,0,1}|.
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We first consider the DRV-1 fusion system. In that case |Q*|/|S| =2(3%2 —1)2. Thus,

2k—2 2
vs(Sym(1°]/IS1)) = “—”J
=1
1—2.32’<—2)J

_ o (34 :
NG

i=1
Write n; = {2(34]‘_4_" + —12'33,2k_2)J . Now,

1<i<2k—2 = n;=2-3%271[3%2 _7]
i=2k—1 = ny_; =2[3%3 1]

U <i<dk—4 =—>n;=2-3%41_1

Thus,
2%—2 4k—4
(Sym(|Q*|/|S| Z 9. 32k 2— l[32k 2 2]:| |: Z 2_34k—4—i_1
i=1 2k
+2[3%3 1]
= [(3* 2 —2)(3* 2 = )] +[(3* 7 — 1) — (2k—3)]
+2[3%3 1]

= (3% 212 —2k+1

Let T be a Sylow 3-subgroup inside the group G constructed from Q*, realizing our fusion

system. Then

logs|T : S| = [2(3% 2 — 1) — 1](2k+ 1) + (3% 2 —1)? =2k +1
= (322 _1)2(4k +3) — 4k

This is our upper bound for the exoticity index of DRV-1 fusion system.

We now consider the DRV-2 fusion system. In that case |Q*|/|S| = 2[2-3%—4 —22.3%=2 1],
Thus,

i} 34k—4 _ 22 . 32k—2 +1
w(sm(eyis)) = ¥ | 22— :
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4k—4 2k—2
Write n; = {2[2'3 ’321.2'3 +1]J . Now,

i=4k—3 = n;=1

Thus,

4k—4

2k—
V3(SYm(|Q*\/|S\ Z 4. 34k—4_i_8,32k—2—l +[4_32k—3_3]+ Z 4_34k—4—1_1 +1

= 2[3‘”“4 —2-3%7% — (2k-3)

Let T be a Sylow 3-subgroup inside the group G constructed from Q*, realizing the fusion
system. Then

logs|T : S| = (2[2-3% 4 —22.3% 2 L 1] — 1) (2k+ 1) +2[3%* —2.3%72] — (2k - 3)
= 2[3%~4 _2.3%2)(4k +3) 44

This is our upper bound for the exoticity index for the DRV-2 fusion system.

We now consider the DRV-3 fusion system. In that case |Q*|/|S| = 2[34k—3 —.32%=1 4 1].
Thus,

ws(Sm(]/15) = I {

34k—3 2. 32k—1 4 1]
3i

4k—3 _~ 22k—1
Write n; = H“ = +”J. Now,

1§l§2k—1 — ni:2-34k_3_i—4-32k_1_i
i=2k = n;=2-3%3_2

Thus,
2kl . ) 43 _
v3(Sym(1Q*|/|S])) = Z 0. 3%=3—i _ 4 32%k—1-i +[2_32k—3_2]+ Z 5 .34—=3-i _ |
i=l 2k+1

—=3%=3 _p.32%1 ok —1).
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Let T be a Sylow 3-subgroup inside the group G constructed from Q*, realizing our fusion

system. Then

log3|T : 8| = (23% 3 — 2.3 T 1] — 1) (2k+ 1) +3%3 —2.32% 1 _2(k—1)
= [3%=3 _2.3% 4k +3) +3.

This is our upper bound for the exoticity index of DRV-3 fusion system.
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A.4 DRV-4

General form:
By Theorem 7.3.1, we know that any potential right characteristic biset Q has the following

form:

Qx| | C<|d|Q)OId|Q|—|C(n‘Q)O77|Q:|u L |:C(9A|Q)09AI—]C(9A_1|Q)OQA1|Q
QGD QGDA

Equations:

We list the following equations:

yve{ldlg| Qe Dy}

If Q= (1),
Id
QWle] = ¥ C(id]p) 0]
pPeD
Id _ Id
+ Y celnogll+ Y co'n)0g |

PEDA PGDA 4 P

(tz7hy<p (tz2)<P
IF 101 # (1),

Id
Qile] = Y C(id]p) 0]
PeD

V€ {6alp| Q€ Da}:

In any case we have

0
Qo= ¥ C(6alp)|05°|
PEDA
o<pP

Candidate Solution:

We have the following designated values for the solution:

C(lds) =C(n) =1
C(62) =C(6,") =1

Writing Q* to denote this solution, we have

QF [Olds L OT]] U [OQA U OGXI]'
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It is left to show that this solution is minimal, and to determine an upper bound on the

exoticity index.

A.4.1 Minimality

We show that our solution is minimal. Note that, by Lemma 4.2.8, we have C(ld),C(n) > 1.

Now,
Q4] ]| = %] +[% |
= 3%[C(Ids) +C(m)] + 3% [C(1d|a) +C(nla)] = 3%[C(64) +C(6; )]
This gives [C(64) +C(8; )] > 2, as required. Dy

It follows that our candidate solution is a minimal one.

A.4.2 Exoticity

Note that |Q*|/|S| = 23. Thus,

3
w(sm(eris) =L |5 | =2

Let T be a Sylow 3-subgroup inside the group G constructed from QF, realizing our fusion

system. Then
logs|T: S| = (2> —1)(2k+1)+2 = 14k +9

Thus, we have an upper bound for our exoticity index.
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A.5 DRV-5

General form:
By Theorem 7.3.1, we know that any potential right characteristic biset Q has the following

form:

Q=] c<ld|Q>o.dQuc<won|g>owon|g}u | [cwvolQ)oevouc<ev—;rg>oevllg
Q€D Q€Dy, 0

Equations:

We list the following equations:

v e {ldlg| Qe Dy}

Id[(s ¢
’QId‘<Av,z>| — Z C(|d|P)|O|d|i,>’

PeD
]y -
QM= Y Cid]p) [0, +32[C(6y,) +C (63,1
PeD
Il .
Q)= Y cid|p)|0g |
PeD

VS {OVO‘Q ‘ Q¢ DVO}:

Q% | = 32C(6y,)
Q%I | = 3%+ C(6y,) + 3% F2C(8y, | ()
|QQV()|<Z> | — 32k+1c(0V0) + 32k+2c(evo | <Z>)

Candidate solution:

We have the following values for the constants:

c(ld) = C(won) =1
C(by,) = C(6y,') =1
C(ld| i) =C(won|y) =3*72—1,

with the rest of the constants equated to 0. Writing Q* to denote this solution, we have
Q" = [014 U Opon ] U [Ogy, uoev_ol] Liny - [Old\@ uowo%>],

where n; = 3%%72 _ 1. It is left to show that this solution is minimal, and to determine an

upper bound on the exoticity index.
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A.5.1 Minimality

We start by defining a few things. Let v € {ldg,won}.

Vs, Vis.2) w5
oy =Y Cylp)|O0, 7 and og V' =) C(ylp)|O,,"]
pPeD PeD
P#(s)

Now, we determine the minimal values of the constants:

By Lemma 4.2.8, we already know that C(lds),C(®),C(n),C(won) > 1

C(8y,),C(6y,'),C o). C(By,):

Q10|+ [@0onles | = [0 + [0 |

won‘ (s,2)

— 32[C(1ds) + C(won)] + [or ) + o ] =3%[C(6y,) +C(6y,)]

This gives us [C(6y,) +C(9‘701)] > 22 as required. D5

949 4102k | = [ Q%] 1 |% 19
— 32(C(Idg) + C(@om)] +3°[C(1d| ) + Cl@on]| )] + o + oo ™) +2.32[C(6y,) +C(6;; )]
=32+1C(6y,) +C(6y, )] + 372 [C(By, | 15)) + C Byl )]
= 3[C(Id| () + C(@on| ()]
= (31 —2.3%)[C(6y,) +C(6;, )]+ 32 [C(By, | (5)) + C Oy | 5))]
—3[C(Ids) +C(@on)] — [0y )

won| (5

v)+

Let w € {lds,won}. Then, for all P € D\{(s)}, we have

oYl [Ns((s,2), P)[|Cs((s,2)| _ [Ns({s), P)[|Cs((s))]

vl
v P = P =10y, I

vlp
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Id o Id o
Thus, by definition, we have oy o '+o ;) sy _ =0y s2) —i—G;) Mz . By using this property, and

by substituting in (1), we see that

3C(Id] 1)) +C(won ()]
won‘ (s,2)

—(3%1 - 2)|32[C(Id) + C(@om)] + [og 7 + o 0]

Id| ) won\

322081, ) + CBui )] ~ FICU1dg) + Clwom)] ~ o5 ¥ 405"
(341 = 3)[C(lds) + C(@o )] +3*42(C( Byl )+ ClBygl )] + (3" =3) g 0”74
> (3% = 3)[C(ldg) + Claon)

It follows that [C(Id () +C(@on|y)] >2- (3%k=2 1), as required. @s

A.5.2 Exoticity

We have |Q*|/|S| =2(3%~! —1)2. Thus,
. 32k 1 1 2
w(sym(erl/Ish) = L | 2557
i=1

4h=2—i 1—-2.3%1
232 )

[y

~.

Write n; = {2(34]‘_2_" + #)J . Now,

1<i<2k—1 = n;=2-3%"1"1]3%"1_7)
i=2k = ny =2-3%2_2

Thus
2%—1 4k=2 .
wsmiaryis) - [ F 2o g« [ 5 ey
i=1 i=2k+1
+(2.3%2 )
= [(32k71 _2)(32k71 _ 1)] + [(32k72 B 1) . (2](—2)]
+(2-3%2-2)

— 32]{72[32](4’1 _ 8] _ (2k _ 1)
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Let T be a Sylow 3-subgroup inside the group G constructed from Q*, realizing our fusion

system. Then

logs|T : S| = [2(3% 1 — 1) — 1](2k + 1) +- 3% 232+ —8] — (2k — 1)
= (3% )24k +3)+2-3%2(3%% 1) — (dk+1).

This is our upper bound for our exoticity index on our DRV-5 fusion system.
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A.6 DRV-6

General form:

By Theorem 7.3.1, we know that any potential right characteristic biset Q has the following

form:
Qx| | [C(lde)O|d|QUC(w\Q)Ow|Q '—'C(le)OnIQUC(a’OTHQ)OwonQ}
0eD
UL [ (6al0)06,, IC(6; '0)0, 1Q'—'C(OCA\Q)OaA|QUC(ﬁA!Q)OﬁMQ}
0€Dy
Equations:

We list the following equations:

Y e {|d|Q | Qe @A}Z

If Q= (r),

Id Id
e = 3 C(idlp)| Ol +Cl@onlr)|0gs
PeD

Id Id Id Id
+ Y C(0alp)|0g 2+ C(Balp)|0g 2|+ Y C <wwobwaawo@
PE'DA PE@A
(tz"hy<p (tz72)<P

1

If |Q] >3 and Q < (s1),(s}), (s} ),

Id Id
Qo] = Y c(1d|p)|0) 'QHC(“’O”‘P)‘OCOLQfﬂPl
PeD

1

If either Q = (2), or |Q] > 3 with Q < (s2), (s3),(s5 ),

d Id
QUle] = Y C(id]p) (0] +C(@]p) |0 °]
PeD

If 0] >3 and Q < (d1), (d}), (d} ),

Id Id
Q| = ¥ cdlpiogel+ Y CBil)Iog]
PeD PeDy
Q8<PN(dy)

If |0 >3 and Q < (da),(d3),(d3 ),

Id Id
Qo] = ¥ cldlp) 02+ Y. Cloulp)0g)
pPeD PeDy
Q8 <PN(da)
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If Q satisfies none of the above properties, then

Id
@il = Y c(1d]p) 03
pPeD

Vv € {6alp| Q€ Da}:

Define

D; = {(Q,P) € Da x Da |Q] >3 and Q < (s1) NP, ()’ NP, (ds)* NP {s1) NP, (s1)* NP}
Dy ={(Q,P) € Do xDa |0 >3 and Q< (s2)° NP, (d1) NP(da)* NP (s2)" NP, (s2) NP}

If Q =),
0
|Q9A|Q| — Z (GA’P>’O A‘Q’+C(aA‘P)|OaAA||§|
PeDy
o<P
If 0= (2),

0 2]
Q%o = ¥ c(6alp) |08+ CBilION]
PeDy
0<P

If Q] >3 and Q < (s1), (s}), (s} ), (). (a5 ),

Q%o = ¥ C(6a]p)| 05 2| +Claalp)| 05
PeDy
(QvP)G]Dl

If Q] >3 and Q < (s2),(s3),(s3 ), {d} ), (d3),

0 [?)
Q%o = Y C(8a]p) 05 2| +C(Balr) 0O 2]

PGDA
(QvP)EIDZ
If Q= (dy),
Q%] = X C(P)I0, 1+ T ClealrIOg,
- (,OOT” AP GA‘p
PeD
Q<P
If Q= (d),
9 [°)
Qo] = Z c(P A|Q Z C(9A|P)|Oeﬂg’
pPeD PE'DA
o<rp
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If Q is none of the above,

?)
Q%o = ¥ C(64]p)|0G1°]
PeDy
o<pP

Candidate solution:

We have the following designated values for the constants:

C(lds) = C(w) =C(n) = C(won) =1
C(64) =C(6; ") =Claa) =C(Ba) = 1,

with every other constant equated to 0. Writing Q* to denote this solution, we have
Q" = (0143 U0 UOp UOgon) L (Og, L OGXI UOg, LU0, ).

It is left to show that this solution is minimal, and to determine an upper bound on the

exoticity index.

A.6.1 Minimality

We determine the minimal values of the constants. Note that C(ld),C(®),C(n),C(won) > 1.

Now,

9190 40 Q|+ Q0| = Q%+ Q|+ Q%+ @]
— 3%#[C(Ids) + C(w) +C(n) + C(won)] + 3% [C(Id[4) + C(@]4) + C(N]a) + C(@on|4)]
=3%[C(64) +C(6; ") +C(0n) +C(Ba)]

This gives [C(64) +C(8; ") +C(au) +C(Ba)] > 22, as required. Ds

It follows that our candidate solution is a minimal one.

A.6.2 Exoticity

Note that |Q*|/|S| = 2% Thus,

4
w(Eme /s =X |5 | =

~
—
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Let T be a Sylow 3-subgroup inside the group G constructed from Q*, realizing our fusion

system. Then
log3|T : S| = (2* —1)(2k+1) + 6 = 30k +21

Thus, we have an upper bound for our exoticity index.
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A.7 DRV-7

General form:
By Theorem 7.3.1, we know that any potential right characteristic biset Q has the following

form:
Q= | | C(ld|g)Oyq), UC(@]0) 0w, UC(N]0)On), UC(@0N|0)Opon),
0eD
= |_| C9,1|Q)(991|Q|_|C( 2 ‘Q) o
0eD,
A=—1,1
U |_| C Oﬂ,ole>Oe)LOT”Q|—|C( On|Q>Oe)LOT”Q
0eD,
A=—1,1
UL C(évz)%vA UC(ﬁvA)O;;VA UC(D12)05 , UC(D42)05,
A=—1,1 '
Equations:

We list the following equations:

ye{ldlp| Q€ Dy, A=—11}:

b = | | c(idlp)| |d|m1 |
pPeD
m <S‘S 1
PeD
| .
Qs | — | | C(|d|P)|O|d|1<>' l
pPcD

wh = | | c(id|p)| |d|<“ | +3%[C(6,) +C(6; )] +3°C(6,)

PeD
Id;
Q40 = | ] [COdp) |0 | +C@onr) 0y, ]
PeD
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ve{bulolQeDy,A=—11}

Q%] =3C(6,)
|Q9/l| 19| =3%C(6,) +3%C(6, (sst.2))
QO | = 3%C(02) +3%11C(62]¢1.0))
Q™ = 34(C(0) + €0, om)] + 34 [C(B1 )+ C(8; o m] s )]

+32k+1[C(9/1|<ss%>) +C(6; oM (55y)]
Q0% 0| = 3%[C(6,) +C(6_3 0m)] + 3% [C(B2]11.5) +C(O_1 0M1.))]
+3%HC(0] 1)) +C(0_5 01| ()]

ve{Bonlp|QeDy,A =11}

IQ"A""! =3C(6,0m)
0, T]\

Q7 Tt = 3%C(63 0m) + 3 C(B oM )
|Qﬂx°n| t,2) ’ — 32kC(91 OT]) +32k+1C(91 o n‘(t,z>)
620, 2 -
I8 ( 1>|:32k[C(9,lon)—|—C(9/l1)]+32k+1[C(9/1or”(ss{ﬂz))—}_c( | (ss} z)]

+ 32k+1 [C(eﬂt © 77|<ssilt>) +C(9,1_1 |<ss/}>)]
QM0 | = 3%[C(0;,0m) +C(6_2)] + 3% [C(81 0M|110) +C(0_2]11)]
+3%4 (010 1y) +C(0_2]11)]

/AS {éVA7B\V171§1,2,71§4,2, |A = _171}:

Q% | =3%C(by,)
04| =33 (By,)
Q14| = 33C(d, )
Q4| = 33C (3, )

Candidate solution:

We have the following designated values for the constants:



for all A = —1,1. We equate the rest of the constants to be zero. Writing Q* to denote this

solution, we have

UL« 32"3—1)[O,d‘ 7 U0, U0
)v_ill S.S Z
LJ |_| Ogll_lO ] [Oglonuoeil
A=—1,1

2k—37 . . R .
ul |_|] ]3 [oe,v}L uoﬁvA U0, uom].

Uo

n |(ss]k 2) wen |(.fsiL 2) ]

o]

It is left to show that this solution is minimal, and to determine an upper bound on the

exoticity index.

A.7.1 Minimality
We start by defining a few things. Let y € {Ids,®,n,won}. Then, we define

vl 2 vl 2 vl 1
(ss t) (ss7 1) (s ,2) s
o =Y clplon ] and op T = ¥ cinlon )
PED,P#£S peD
P#S,(ss1.2)

Now we determine the minimal values of the constants:

We already know by Lemma 4.2.8 that C(lds),C(w),C(n),C(won) > 1

C(62),C(8;"),C(8, 0n),C(8; " om) for A =—1,1

_ _ Id
|Qel|+|QBA]’+|QO}LOT’|+|QOAIO”‘:|Q |<ss%t>|+|Qw‘<ss%,t>|+‘Qn|<ss%,l>’+|g
= 3[C(6,)+C(6; ) +C(010m)+C(6; ' o)
Id 2, (0|< A 71\ 1

ss75t) (ss7 )

—3[C(Idg) + C(@) +C(n) +C(won)] +[og 1" + o + 0 +o

won\< ) |

SS9t

wo n|“/1,>]

This gives us [C(6,) +C(6; )+C(9;Lon)+C( Lon)] > 22, as required. @,
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C(éV;L)7C(BVA)vc(él,l)ac(é{l) for A = —1,1

) B 3 3 0,
|Q9V},’_|_|QﬁVl‘+|Qﬁll‘+’Q04yl’:‘ ‘YS z|+‘Qk yq |+‘Ql n|” Z‘

— 3[C(by,) +C(8;,") +C (D 1) +C(Dy x)]
=3%[C(6,) +C(0; ") +C(61,0m)+C(6; ' om)]
3%+ C (97L|ss z>+C< ]SS z)+C( ,1077|<SS/117Z>)+C(9 On|ssl,z>)]

Thus, [C(by,) +C(8;,") +C(D12) +C(B42)] > 2%-3%73, as required.

C(d[ (52 ), C(@] 52 ), C(M g2 ), C(@0M| g2 ) for A = —1,1
Using substitution from (1); we have

ldl n| on|
Q" et 410" M|+|sz oot | 1@ Mt

0|
:|Q A(ss’}-z)‘_F’Q l <SS%Z>‘_}_’Q O r”ss ,2) ’+|Q r”ssl |

— 3[C(Ids) +C(w) +C(1) +C(won)]
+3[C(1d] i ) +C (@l ) +C(M i ) +Cl@on] 2 )]
+2-3%[C(6,) +C(6; 1) +C(8; 0n) +C(6;  on))]
A 71|<”7L 2 wonl 2
+o, 7+ 0o +o, T
=3*[C(6;) +C(6; 1) +C (6, 0m) +C(6; ' on)]
+ 3% (61 41 ) +C (6, 42 ) +C (B oM (2 ) +C(8;  oml 2 )]
= 3°[C(ld| iz ) +C(0] Z)+C(n|ss Z)+C(a>on!ss 2

SSZ

ld] 2 o2,

=(3*"1-2.3)|3[C(lds) + C(@) +C(n) + C(won)|+[og " + 0y

32+ (97L|ss z)+C( |ss Z)+C(9,lo17|ss Z)-i-C(t9 On|ssl,z))]

2 |<YY w|(‘vs}”.z> n'(vsl.ﬁ
—37[(Clds) +C(w) +C(n) +C(won)] — [og +GS M4og T
=(3%* =3%)[C(Ids) + C (@) +C(1) + C(won)]
+3NC(6 (2 ) +C(0; i1 ) +C (B oM (2 ) +C(6; om] 2 )]
Id‘ssl ‘s; n'ss’lt we T”ss
—|—(32k—1—2-3)[05 1+ _|_ : <1 +GS< >+GS <1 ]
Id|ss ,2) w‘(ssl.@ 1ﬂl|<ss7L ,2) wo T”ss 2)

Let v € {lds,®,n,won}. Then for all P.€ D\{(ss?), (ss},2)}, we have

3|Ns((ss1,1), P)IICs((ss1,1))| _ INs((ss1,2), P)[[Cs({sst.2))| _
1P| 1P|

vl 2
(ssl 1) .
310y, " 1=
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Vf\z

$§1

Wl

This implies o - 30 . Thus,

3°[C(ld] (2 ) +C(] g ) +C(N 2 ) +C(@on] )]

:(32k—33)[C(Id5)+C( ®)+C(n)+C(won)]
FIC(0, ] )+ 07 g Z)+c(elon!ss ) HCO; ol )

Id[, 2 | A, nl, .2 77| 2
_ (ss7 1) (ss (ss7 1) 33 1)
(32k ! 32)[05' : CS v :S 1 S ]

> (3% —3%)[C(lds) + C(w) +C(n) +C(won)]

Thus, [C(Id[ o ) +C(] 0 ) +C(M o ) +C(@on]q )] 222 (3% 1), @;

SSZ

Thus, our candidate solution that we have chosen is minimal.

A.7.2 Exoticity

Note that |Q*|/|S| = 4[2-3%~2 —1]?. Thus,

2k—2 2
vs(Sym(12°]/IS])) 2{ 2 ”J

i=1

2k—2 2
Write n; = {WJ . Now,

i=1 = n=16-3*33%2_1)+1
2<i<2k—2 = n;=16-3%271(3%=2_1)
i=2%k—1= n=16-3%3_¢
i=2k = n;j=16-3%"%_2
2k4+1<i<4k—4 = n;=16-3%47_1 (k> 3)
DTSN AL
5 ifk>3
i=4k—2 = nj=1
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Then, when k£ > 3,

vy (Sym(1Q|/IS]) =[16-3%3(3%2 — 1) 4 1] + {2"2‘216 3222
=2

+[16-3%73 —6] +[16-3%4 2]

4k—4 ‘
+ ¥ 16~34k4l—1}+6
i=2k+1

=8.3%72(32%2_ 1) — (2k—3)

Let T be a Sylow 3-subgroup inside the group G constructed from QF, realizing our fusion

system. Then

[4-(3%2-1)2—1)(2k+1) +[8-3%2[3%k2 1] - (2k—2)] ifk=2

logs|T : S| = - B 3 .
[4-(3%2-1)2—1)(2k+1) +[8-3%, 2322 1] - (2k—3)] ifk>3

6349 if k=2
8-3%2[3%k=2 _ [][4k +3] + (4k+6) if k> 3.

Thus, we have an upper bound on our exoticity index.
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A.8 DRV-8

General form:
By Theorem 7.3.1, we know that any potential right characteristic biset Q has the following

form:

Q= | | C(ld|g)Oyq), UC(@]0) 0w, UC(1]0) O, UC(@0N|0)Opon),
0eD

U || C(64lg)9g,, UC(9XI\Q)09;1|Q LIC(0tal) Oy, UC(Balo)Op, ),
0€Dy

0eD;
A=—1,1
¢=0,1

u | céy) (ﬁv;t) LC(D,, )03, (UC(D42)04,
A=—1,1

U C(GV;L|Q)OGVAI—lc(exal‘Q)Oe‘jlI—lc(aVl|Q)OaVA|QUC(ﬁVle)OﬁVMQ
<Dy, A
A=—1.1

U || €(©12)0,,UC(0,,)0,,C(0;,)0,, UC(04;)06,,
A=—1,1

U || €(®;;)0,,UC(0;;)06,, UC(O;5;)0,, IC(O]})0e,,
A=—1,1

U ] C(2)00,, UC(8,2)0,, UC(832)0s, , UC(042)0, ,
A=—1.1

Note that there is a difference between the construction in Theorem 7.3.1 and the one above.
The difference is that we have excluded orbits induced by morphisms @, ;|p, ¥, 2]o for
0 < (ss?,z), and ®;,1)L‘Q for 0 < (t,z), forall u=1,..,4 and A = —1,1. This is because all

of these morphisms are restrictions of those from the set
{9T7 eflaaTaﬁT ‘ T= VAJA?A‘ = _17 1}7

which are already included in the the general construction.

Equations:

We list the following equations:

ye{ldlp|0e€DaUDy,A =—1,1}:

When Q € Da\{(z)}, then the equations are the same as those for DRV-6. When Q €
D \{(ss?),(£),(z)}, for A = —1,1, then the equations are the same as those for DRV-7. So,
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it suffices to consider the case Q € {(ss?),(z) |A = —1,1}:

Q0 = X a0+ 21c(6;) + (6

PeD
+3%[C(6y,) +C(6;,") +C(av, ) +C(By, )] +3°C(by,)
34k+2
Q9] = Y [C(d]p) 07| +C(0lp)0g U1+ Y T [C(01) +C(6; " |p)]
PeD PeD,; (z)<P | ’
A=—1,1

+ Y 3% 4) +C(Dy )]
A=—1,1

V€ {64]g| Q€ Dy}

When Q € Da\{(t),(z)}, then the equations are the same as those for DRV-6. So, we
consider the cases when Q € {(t),(2)}:

Bal() |
oulp

Q%0] = ¥ C(041p)| 0|+ Clanlp)]0
PE'DA

43kl [C(®2—/11) + c(@—l )]+ 34k—1 [C(@‘l_l) + C(®3_71_,1)]

0 6,
%05 = ¥ C(6alp)|Of. " [+ ClBale) 0|
PGDA

+ 34k—1 [C(®l,l) +C(®4,7L)] + 34k71 [C(@L_)L) + C(®4,—/’L)]

ve{0lo|0eDy,A=—1,1}

When Q € D;\{(ss?),(t),(z)}, for A = —1,1, then the equations are the same as those
for DRV-7. So, we consider the cases when Q € {(ss}), () |A = —1,1}:

6/1|<

Q7| =3H[C(62) +C(6; o)+ 37 C(Ba 2 ) +C(6;  oml a )]

+3%71[C(62] ) +C(6; om] i 2)]

+32k[C(®1A)+C(®2A)+C(®31)+C(®4A)]
Q%0 | = 3%(C(8,) +C(62} o))+ 3% [C (63 ]1.0)) +C (073 0N 1))

+3%H[C(62] () +C(673 oMl ()]

+3%*[c(e; ;L)+C(®M)+C(®3 ) +CO;7)]

ve{Bonlp|QeDy,A =11}

When Q € Dy \{(ss?),(t),(z)}, for A = —1,1, then the equations are the same as those
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for DRV-7. So, we consider the cases when Q € {(ss}), () |A = —1,1}:

%ol — 3(C(8;, 0m) + C(8; )] + 3% [C(8 01| ,)+C(8; |t )
+3%H[C(B 0 5 2)) +C(67 1))
+3%[C(0 1) +C(0,2) +C(©33) +C(0y3)]
QM| = 3]C(6; 0m) +C(6-3)] +3%[C(62 0N (19) +C (B4l (1))]
+3%F1C(8; 0m| 1) +C(0_2]1)]
+3%[C(0, ) +C(0,1,) +C(05})+C(6] )

|Q

/8S {évlaﬁvlaél,lvéél,l |A = _171}:

In this case the equations are the same as those for DRV-7.

y e {OV;LlQ ‘ (OAS DV}UA' = _171}:

Q%2 | =32C(6y,)
|QGV,1|<SS/II>| _ 32k+1 [C(QV,1> +C( )] +32k+2[C(9V | )+C(OCVA|<SS,11>)]

+3%71C(0,2) +C(031)]

7

+35HC(022) +C(V42)]

Q%10 | = 321 [C(y, ) + C(By, )] + 32(C(By,,, )+ ClBry )
+3%4[0(05}) +C(0, )
(

+ 35O (0, 2) +C(D5,-2)]

ye(®,A=—11}

Q%14 =3%C(@, ;)

ye{0; |A=—11}%

ol
Q%14 =3%*C(0] /1)

we{ﬁl,l|}t’:_171}:

Q12| = 32C(9) )

Candidate solution:
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We have the following designated valued for the constants:

= C(a|

|<55%>) - C(CO|(ssiL

=C(6, ")

A

(ss1.2
) =C(M ) = Cl@on]y)
ld|)) = C(@lyy) = C(TI|<SS%>) =C(won|y) =2
=C(aa) =C(Ba) =1
Ouliy) = C(0; 1) = Cloul ) = C(Baly) =2(3* 2 —1)
=C(6;')=C(6,0m)=C(6; ' on) =1

=C(8; ') = C(O0m 1)) = C(6; T om| ) =235
=C(6; ")) =C(6r0mly
C(Bv,)

=C(n)=C(won) =1
>) = C(n|<ss%7z>) = C(won|<ss%7z>) _32%-3_4

)=

_ 2. g4k—4

C(0; ' ony) =2-3%72

32k72

) = 32%-2(32%-2 _9)
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(for A =—1,1)
(for A =—1,1)

(for A =—1,1)
(for A =—1,1)
(for A =—1,1)
(for A =—1,1)
(for A =—1,1)
(for A = —1,1)
(for A =—1,1)
(for A =—1,1)
(for A =—1,1)



with the rest of the constants equated to 0. Writing Q* to denote this solution, we have

Q" =(01gU0eUOp UOgon)
U ] G*P=1)(04 , UOg , U0y
A=—1,1 fost2) (o5 2) (

2 Adk—4
U |_| 273 (O|d| 2 HO0| , UOg  UOgop) /1)
A=—11 <SS| ) <SS1 ) <351 ) <SS| )

U2(0u), YO, U Oy U Owon )

4o
) won| (s 2 )

ss{L 2 752

U (Og, L OGXI UOq, U0Og,)

U 2(2-3%7 1)(OBA|<Z> U OeA*l|<z> U O], U OﬁA|<z>)
A=——1,1

U [ (0g,U g1 08,00 U Og-1,)
A=—1,1

L |_| 2‘32](—2(
A=—1,1

2k—2

L |_| 2-3 (Oeﬂ(t)l—lo@/{l\@UOGAOTT‘@)UO@,{I

A=—1,1
2k—2
|_|}b |_|1 13 (OGV;L L 09‘/;1 UO(XVA uOBV;L)

WO, UOgen|,, U0

O
91'@3%) On‘(ss{L On|<m/11>)

| (ss%)

On\<,>)

2k—2 2k—3
|—|7L|_|1 12‘3 23 - 1)(09‘//1'(3) H OGV_AIR@ - O“VU<Z> H OBV/1|<Z>)

2k-3 /@ . R . R
Ux |_|l l3 (04, U0, U0y, U0 )

U L L L
Ll (96, 00y, W06, W06,

A=—1,1
=11
2k—2
U |_| 3 (0191,/1 U Oﬁz,/l U 0193.1 L 0194./1)
A=——1,1

It is left to show that this solution is minimal, and to determine an upper bound on the

exoticity index.
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A.8.1 Minimality

We write down a few definitions. Let v € {ldg,®,n,won}. For A = —1,1, define

vl 2
(ss7) S8 )
o= Y ctwnlon
PeD
P+ (ss{L ), (ss% ,2),S
vl 2
o= ¥ oy +Icvonlnlont
PeD
P#(v#,z) S,u=—1,1
= ) C(¢lp) |O¢I‘P|+C(¢2|P>|O |+ Z C(¢3lp) |O¢3‘ |+C(¢4|p)|o¢4|P|
PEDA
(tz7 1y <P (tz><P
where

(9A75A70‘A, ) ify=1ds

’9_ 9 if =
(01,02,03,04) = <aA1 1B, 64) !ll/ )
(0, ", 04,04, PB4 if y=n
L (

)
Ba,0a, 04,0, ") ify=won

Similarly, for v € {GA,GA_l,aA,BA}, define

o/ = ¥ cylploh | +clylp)ol]

PEDA
P#A
vl vl
or = Y C(ylp)on 1+ Clyalp)|ob) |
PG@A
P#£(z),A
where
4 (
oq  if P =064 Ba i =064
Ba ifo=06;" oy if¢g=0;"
Y| = 4 and Y, = A
Or ifo=ou Or  ifP =P
\eA—l if ¢ =Py \GA_I if ¢ = oy

Now we determine minimal values of the constants. Note that, by Lemma 4.2.8, we have
C(ld),C(w),C(n),C(won) > 1

C(64),C(68,1),C(00),C(Bn):

By Mg, we have [C(6,) +C(9A_1) +C(ay) +C(By)] > 2. Ds
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C(6,),C(6;1),C(8; 0m),C(68; " om) for A = —1,1

By @y, we have [C(8;)+C(6,")+C(6, 0n)+C(6; ' on)] > 22 @

A

C(ev;t)7C(BV,1)7C(191,7L>7C(1§471) for A = _171

By @), we have [C(év,l) +C(BAV,1) +C(1§M) +C(1§4,/1)] > 02.32%3 3

Cd] 2 ). C(@] 2 ).l ). C(Bl gz ) For A =—1,1

By @7, we have [C(Id] 1 ). C(0] 1 ). CM s ) CBli )] 2 22 (3 = 1) @

C(6y,),C(8y,"),C(aw,),C(By,) for 2 = —1,1

1 71
|Q9Vx|+|Q9V/1|+|QO‘VA|+|Q13VA|:| ’1|Mz|_{_|g |u’11z|_i_|g’1mulz|_|_|g n'(u’}z|
— 3°[C(6w, )+C(917;)+C(06vx)+c(l3vl)]
=3%[C(62) +C(8; 1) +C(61.0m) +C(6; ' om)]

_|_32k+1[ (0l| +C( —{—C(QAOTHSS Z)+C( n|ssl7z )] @8

SSZ) ’SSZ)

Thus, by using @7, we have [C(6y, ) +C(9V_,1])+C(O‘Vx) +C(By,)] >2%-3%72, as required.

C(012),C(0,,),C(03,),C(O4,) for A =—1,1

0 0, !
|Q®17x|_|_|Q®2,l|+‘Q®3,l‘+|Q®4J| =0 M(SS{L,Z>|+‘Q A <ss;1,z>’+‘Q O ’7|m 2) |+]Q 2 ”|ss 2) |

— 3%[C(01,2) +C(0,,3) +C(©3,2) +C(04 )]
=3%(C(6;) +C(6; ") +C(63,0m) +C(6; o))
+32k+1[ (Gl|ss Z)—f—C( |ss z)+C(elon|ss Z)+C(9 On|ssl7z>)] @8

Thus, by using @7, we have [C(0; )+ C(©,,)+C(O®3,)+C(0,)] > 22, as required.
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C(0,4),C(0,}),C(05}),C(8 ) for A =—1,1

000 +]0%4 | + 0% | +]0%4 | = |Qfla |+ Q% o] 40N ka | 1 |0 M)
— 3%[C(0];) +C(0;,) +C(05;) +C(® )

=3%[C(62) +C(6; ") +C(62,0m) +C(6;  om)]

+3HC(8, ) +C(8; i) +C(03 0Ml) +C(8; o) @

Thus, by using @, we have [C(@ )—i—C(@z)L)—i—C(('D3 /1) +C(0, )] > 22, as required.

C(%11),C(D22),C(032),C(Vy3) for A = —

) 6,
QP14 | 4 |QP24 | 4+ Q34| 4 Q%2 | = |Q l|<ss%,z>|+,Q A <m/},z>‘+m O20ml i b4 ‘Q ’7|m =l

= 32[C(011) +C (1) +C(V32) +C(V42)]
—3%[C(6,) +C(6; ") +C(6;,0m) +C(6; " om)]
3%+ (91|ss z)+C( |ss z)+C(9/1°n|ss Z)+C((9 o77|ssl7z>)] ®s

Thus, by using @7, we have [C(8 3) +C(02) +C(V32) +C(V4)] > 2%-3%72, as required.
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C(92,|<SS/}>)7C(9)TI‘<SS%>),C(0}/ on|<ss,11>),C(9/{1 On’<ss/}>) for A = —1,1

71\ 1

0 9,1|<m,11)|+|9 ) |_|99Vz‘uf 419 b, |,
— 3%[C(6,) +C(6; ") +C(61,0m) +C(6; ' o)]
+ 3% C(O 1 1) +C(8; i ) +C (B2 0] 1) +C(8; oMl )]
4 3%+ (91|<Ss%>)+c( N |<SS,11>)+C(9,1017!<SS%>) c(e," on!@s@)l
+2:3%[C(0)1) +C(0,2) +C(®3 1) +C(Oy4 2]
—3+C(ay,) +C(9‘a‘) +C(ay,) +C(By,)]
1 3%2[c(ay, |52y )+C(6;"| (ssty) (0w |gay) +C (B, [ 542y)]
+3%H[C(0)1) +C(02,4) +C(O31) +C(04 )]
3% C(o, k) +C (V1) +C(834) +C(V42)]
— OO ) +C(8; ] ) +C(02.0M ) +C(B1 oM 2,)]
(
[

331)|

—3%+11C 6y, ) +C(6y, )—i—C(OCVA)"f‘C(ﬁVA)]
+3%52[C(By, | 1)) +C(6y, | y) +Clw, | 529) +C By [ 2]
+3%[C(O12) +C(@22) +C(O32) +C(O4 )]
+3HHC(B) 1) +C(92) +C(B3.2) +C(Dy 1))
—3%[C(6,) +C(6;, ) +C(B; 0m) +C(6;  om)]
_32k+1[c(91| i) HC(6] y sst) HCBL oM )+C(9)fl oM (552 )]

Thus, by using substitution from (B, we have

3OO (20) +C(8; ] 52) +C (B2 0] (1 20) +C(6;  oml(a)]
=(3%* —3%)[C(6y,) +C(6y,") +Clav,) +C(By,)]
+32k+2[C(9vA|<ss§>)+C(9vl [(ss2y) FC(0w [ 29) +C(Byy [ 552))]
+3%[C(012) +C(©3) +C(032) +C(O4 )]
+37HC(0) 2) +C(2,2) +C(B32) +C(V3.1)]
>(3%*1 —=3%)[C(6y,) +C(6;,") +Clav,) +C(By,)]
+3%[C(12) +C(©3) +C(@32) +C(O4 )]
+3%HC(0) 2) + C(D2,0) +C(B32) +C(Vy 1))
222[(32k+1 _32> L 32k=2 4 32k 4 32k+1 _32k72] _ 93,341 ON

It follows that [C(9/1|<ss%)) +C(9;1|<sslg>) +C(6,, on|<ss,]1>) —|—C(9/{1 on)] >23-3%2 as re-
quired.
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C(ld’(ss@),c(w‘(ss%))ac(n|<SS/11>),C(a)on]<ss%>) for A =—1,1

Id ® M on|
0 '<“‘>|+|sz el

on| n\
_j@% e 1% b 4 1@ M 4 % e

— 3[C(lds) +C(0) +C(n) +C(0on)
+ 30| 3 )+ C@] 5 )+ € s ) +Cl@OM] 5 )]
+33C(d] y3)) + C@] 30+ € i) +Cl@0M] )]

|d|< of 2y 71|<”/1> wonI (ssh)
+ [og +GS "+ o + 0y ]

+2-3%[C(6,) +C(6; 1) +C(6; 0m) +C(6;  on)]
+2:3[C(6v,) +C(8,1) +Clav,) +C(By,)]
2'32[(7(191/1)+C(1927L)+C(193/1)+C(194/1)]
+33C(by,) +C(By,) +C(D) ) +C(Dy )]
=2-3%[C(6,) +C(6; ") +C(62,01m) +C(6; ' o1)]
+2-3%HC(0,] (2 ) +C(8; g2 ) +C (02 0m] ) +C (0, om )]
+2:3%1C(83 1) + (67| 1) + (81 0N 0) +C(6; 01 )]
+22-3%[C(0 1) +C(@,,) +C(O5 1) + C(O42)]
= 3’[C(ld] 1) +C(@] ;) +C(M 2 )+C(won!<ssﬁ>)]
:2-32"[C(9;L) c(6, )+C<elon>+C( fon)]
+2- 35 [C(O | 2 )+ €07 g ) +C(O 0y ) +C(O7 om0 )]
+2- 35 [C(O2 | y2)) +C(O; ] 2+ C(03 01 1 2)) +C (07 om 2))]
+2%-3%[C(0 1) +C(@32) +C(©3 ) +C(0y2)]
—32[C(Ids)+C( ®)+C(n)+C(won)]

=3[C(d] 3 )+ C(@] 2 ) +C(M 1)) +C(@0M 3 )]

Id], W) |
[GS + 0y

—2-3%[C(62) +C(6; ') +C(60m) +C(6; ' on)]
—2:3%[C(6y,) +C(8,1) +C(aw,) +C(By,)]
—2-3%[C(% )+C(192/1)+C(193;L)+C(194/1)]
—3%[C(bv,) + C(By,) +C(D 1) +C(D42)]

SS Z)

(s5h) ulp (s5h) won| (s5h)
+ 0y + 0oy ]
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By using substitution from 2, ®%, ®s and @), we have

3°[C(ld] i) +C(@] i 2)) +C(n] x>)+C(won|M>>]
=2-3%[C(6,)+C(6; ") +C(6r0m) +C(6; ' on)]

42.3%HC (921|ss Z)+C( |ss Z)+C(0;L 17|SS Z)+C(9 : 77|ss z)]
+2-3%HC (0 ) +C(0; [ 42)) + C (B oM (1 2)) +C(8;  oml i 2)]

+27-13%C(62) +C(6; ') +C(0.0m) +C(6; " om)]

132+ (91|ss z)+C( |ss z)+C(9,loT]|ss Z)JrC(G On|ss z))]

—3%[C(Ids) + C(@) +C(n) + C(won)]

-3°[c (|d|ss Z)+C(w! (55 Z)+C(n|ss o) TC(@onfa )]

—2~32[C(9,1)+C(9,1 )+C(630M)+C(6; ' on)]

—2. {32"[C(0;L)+C(6 D +C(80m)+C(6;  om)]
3%+ (91|ss Z)+C( |ss Z)+C(9/l°n|ss Z)+C(t9 on|ss Z>)]}

—2. [32k[C(91)+C(9 N+C(60m)+C(6; ' on)]

S8752

+32k+1[ (GQL’ s Z)+C( ’“ Z)_|_C(9)Lo'r” (ss Z)+C(9;101ﬂ< 2 >)]1
— {32"[C(9;L)+C(9/11)+C(91077)+C(9/1lon)]

+ 3OOy ) +C(O7 Z)+C<9A<>’7|sslz>)+c( ol Z”]
:(32"—2-32)[C(6;L)+C(9 D)+ C(63.0m)+C(8; " om)]

FINCO ] )+ CO; 4 ) +COL o] o )+ €0 ol )]

+2- 3% [C (B4 1)) +C (65 1)) +C (81 01 10) +C(6;  om] ))]

—3[C(Ids) + C(®) +C(n) +C(won)]

=3%[C(1d[ i ) +C(] gz ) +C(M| 2 ) +Cl@on] 2 )]
Id|ss> a)|

2 Ml 2 won\

ssl) +GS ssl>]

Let € {lds,®,n,won}. Then for all P € D\{(ss?)}, we have

0"t _ INsClssh) PIICs(sst DI Ws(hast, 2 PIICs(Ussh ] _ it
P P e
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Wl 2 ""(m]l)

557 ,2)

This implies oy "~ '™ = 0 . Using substitution from (1); and (3);, and then by applying
the equality, we have

3°[C(ld] (i 2)) +C(@] 1 2)) +C (M 20) + C(@OM] 1 2]

=(3%71 —2.3)|3[C(Ids) + C(®) +C(n) +C(won)]

A ml(ss)L 1) n'(ssx 1) worll(ss% t)]

tlog "oy oy Y 4o
+ 3% e (825t ) +C(6; |Ss ) FCO 0ml 2 ) +C(8; 1On|ss 2]
+2:35 OO ) (8 o)+ (B2 0 M i) +C(6 011
—3%[C(lds) + C(0) +C(n) + C(won))]

— | (3% = 3%)[C(lds) + C(w) + C(n) + C(won)]

+32k+1[ (G)L|ss z> C( 1| )+C(0}1«on’5‘s Z)+C( Onl YS 7Z )]

ld 2 of, 2 nl, .2 won\ w
(32](71_2,3)[65‘ l't +6S ( 1’l>_|_GS ( lt>_|_GS { 1’l>]

SS‘Z

ssl 2)
Id[, 2 ol, 2 Nl won|, 2
log P oy (s57) <
=2 32k+1[C(9)L| )+C(9;1|<Ss%>) +C(6y 0 77’<SS/11>) +C(9,1_1 o 77|<SS/11>)]
Id],

| 2 Nl A
vr ,2) (ss752) (ss7,2) (ss7,2)
+[og + 0y +oy T +og T
[os2 of Ay ulnws won|, 2

o A
331> 51 1
— o + 0Oy + 0y + 0y

=23+ [C(97L|<SS{L>) +C(9;L_1 |<ss§t>) +C(6;, 0 77|<ss/11>) +C(9,1_1 S Tl|<ss/ll>)]

Thus, by @, we have [CUdl ) +C(0] 2 ) +C(l ) +Cl@on] iz )] > 04344 4g

required. 8
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C(9V7L|(z>)7 ( 1| ) (OCV7L| ) (ﬁVkl )fOI’)uZ—l,l

Q% 0] 4 % 9] = Qa4 Qo)
= 3% [C(6y,) +C(6y,") + Clow, ) +C(By,)]
+32k+2[C(9m<z>)+C( N +C(aw, ) +C By, | )]
+3%H[C(0,}) +C(0,) +C(05}) +C(6;)]
+32k+1[C(1917_/1)+C(1927_;L)—|—C(193’_/1)+C(194,—/1)]
=3 [C(Ids) + C(0) +C(n) + C(@on)]

+ Z 34k ldl )+C((1)| ss z)+c(rl|ss Z)+C(mon|ss Z)]
A=—1,1

Id| .,

+[og +S|]

+ Y [3%C(6) +C(6, ) +C(6uon) +C(6, " on)]

u=-1,1
+ 3% [C(Ou gt ) +C(O gy )+ C(Bu oM ) +C(8 o] )]
—|—34k[C(9u\<t7Z>)—|—C( 1’ (t,2) )—|—C(9u0n] (t,2) )+C( OT” (t,2) )]
+34k+1[C(9u|<z>)+C(97 l(9)) FC(Buon|iy) +C(6, " onlyy)]

+ Y 3%[C(by,) +C(Br,) +C(B1p) +C(Bay)]
u=-1,1

= 3208y, 1) + C(8, i)+ Claw | 19) +ClBry )
=3%*1[C(lds) + C(w) +C(n) + C(won))]

+ Z 34k ldl )+C((1)| ss z)+c(n|ss Z)—|—C(0)On|ss ZH
A=—1,1
+log @ +ap )

+ Y 34k-1[c:(9u)+c(9;1)+C(9uon)+C(9;1on)]
u=-1,1

+34k[c(9u‘<ss Z>)+C( ’ss Z)+C(9“on|ss Z)+C(9 onlss Z>)]
+3%[C(Oul1r.0)) +C(8; ! 11.0) +C(Bu oM 1y) +C(8, 0n(r1))]
+34k“[C(9u|<z>)+C(97 l(2)) FC(Buon|iy) +C(6, " onlyy)]

+ Y 3%[C(by,) +C(By,) +C(B1p) +C(Bay)]
u=-—1,1

—3**C(6y,) +C(6;,") +C(aw, ) +C(By,)]
—3%HC(0,])+C(0;) +C(05 ) +C(0; )]
_32k+1[c(1917_,1)—|—C(1927_;L)+C(193,—,1)+C(194,—/1)]
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By using substitution from ®g, Mg and @), note that

32k+2[c(9V;L|(z))+C(GV_;Ll|< ) +C(aw, | z) +C(By; )]
=3%+1[C(1dg) + C(0) +C(n) +C(won)]

+ Y 300 )+ C(@l 4 ) +C )+ Cl@0M (5 )]
kf—ll

"‘[Gs +GS‘ ]

+ Y, |3%C(6)) +C(68, ") +C(Buon) +C(6, ' om)]
u=-1,1
30Ol ) +C6 |ssz>+c<euon|ssz>+C<9‘1onl<ss¢7z>>1

+3%[C(Bul(r.0) +C(6; ' |1.0)) +C(Buomly ) +C (6 ol )]

SSZ

+3%[C(Bul ) +C(8; ' |() + C(Buom] ) +C(6, Onl@)]}

+ Y 3%C(By,) +C(By,) +C(D1 ) +C(Day)]
u=—1,1

g% {32k[c(9,1) +C(6;,1)+C(6;,0m)+C(8;, ' om)]

+ 3% [C(O] 1 )+ C(8; |t o)) +C(B2 0T Z>+C<951°’7’<ss%vz>>]]
_3{32k[c(el)+c(9 ) +C(610m)+C(6; ' on)]
+3%1C(0] 1) +C (65 1)) +C(B1 oM .) +C(6; On|tz)]}
_32;{_1[3%[(;(9 2)+C(07;)+C(6_50m)+C(6 0on)]

PO g )+ CO o ) +CO2 0T )+ OO oM )]

=3%+1C(1dg) + C(@) +C(n) +C(won)]

+ Z 34k Id|ss Z)+C((I)| ss z)+C(n|ss Z)—{—C(O)OT”(“{L@)]
l——ll

"‘[Gs +GS‘ ]

+ ), [3%1C(6ul0) +C(0; 1) +C(Buonlz) +C(6; onl )]
u=-1,1

+ 3% (C(Bu] 1)) + (07 ) +C(Buon| 1) +C (8 ol )]
— 3410 (68,) +C(6; 1) +C(8;,0m) +C(6; o))
-3 <e\m>+c< v ) €80 M) +C(6; " o)

+ Y 3%[C(8y,) +C(By,) +C(D1 p) +C(Da )]
u=-1,1
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By using substitution from (17, note that

3HF2C(6y, () +C (63, 1) +Claw, | ) +C(Bry i)
=3**1C(Ids) + C(@) +C(n) + C(@on))]
+ Y 3HCUd] ) +Col g ) +CMla ) +Cl@on]a )]

A=—1,1
Id
+[og @ '+o s‘ ]
+ Z {3‘”{ eli lZ>)+C( l|tz)+C(9#Omtz)+C( On|ll)]
u=-1,1

+ 3% [C(0, ] 1) +C(6, (1)) +C(Buon|) +C(6;  onliy)]

\d | (ssA

_ [32k+1[C(|dS)+C(w)+c(n)—|—C(a)on)]+32k[gs e

w‘(ss

2 ﬂlmx 9 won|, 2
—I—G + < +GS

<331 ,Z>]

30O ]) +C(8y )+ C0r 0 M) +C03 oMl )]

+ X e, ) C(By,) +C(D ) +C( D))
p=—
Z 34k Id|ss Z)+C(CO| ss z>+c<n|ss Z)—l—C((D nlss Z)]
A=—1,1
Id ‘ “)L t (1)| ss}‘ St n' ssl ot COOT]| SS)LJ
R A B e A R SR S

+ X |3%1Cul ) +C(8; i) +C(Buon 1) +C(6; 0nl ()]
u=-1,1

+3%C(Oul 1) +C(8, 1) +C(Buon ) +C(8;  omliy)]

_32k+2[ c(6, |m)+c( |”)+C(9,lon|,z) (6/1_1077|<t.,z))]

+ Y 3%[C(8y,) +C(By,) +C(Dr p) +C(Da )]

u=-1,1
> ¥ 3%Cd| ) +C(of i ) +C ) +Cloon] )]
A=—1,1

s Ml |d|<Mr> I”,l, nl, wha) nlﬂfx,>
+[og ¥ +0g ¥ —3%[o, T+ o +GS + 0oy ]

+ Y. 3%(C(6y,) +C(By,) +C (D) +C(Dap)]
u=-1,1

Let v € {lds,w,n,@on}. For all P € D, note that
Vo, qveele _ 2INs((2), P)IICs((2))]
0 P |+’owow\p |= |P|

_ 23 Ns (55?0, P)C(Gss? 1)
- P

ll/ow'(m% 1)

v 2
2y e sk
=3 HO |+‘oy/ow|P H

ylp
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It follows that GS Vi > oy

llf\/1> ‘l/w|/1

(ss71)

+ o . Thus

33’1

3HP2C(By, | () +C(6y,' 1) +Claw, |, ) +C(Br, | )]

> Z 34k

A=—1,1

+ Y 3%

u=-1,1

C(id] Z>+c<w\<ss%,z>>+c<n|<ss o) FC@on] )]

B,) +C(By,) +C(D1u) +C(Dap)]

223.34k(32k—3_1)+23 34k 32k 3 23[2 36k 3 34k]

Thus, [C(@V/l ’<Z>) +C(9

‘Z’Ll ’<Z>) + C(aV;L ‘<z>> + C(BV}b ’<Z>)] > 23 [2 345 32k—2]_
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C(6al),C(6, 1)) Claal (). C(Balr)):

|QOA|<Z>| + |Q9A_]|(z)| — |Q'd\<z>|+ |Qn|(z)|
= 3%71[C(64) +C(8; ") +Clow) +C(Ba)]

+3%(C(04] () +C(03 V] ) +Claul ) + CBal )] + [0 + 6" o)
+ ¥ {34k—1 [C(O1,4) +C (@) +C(O3,) +C(O4 )]
u=-1,1

=3%*1C(lds) + C(@) +C(n) +C(won))]

+A;ll34k[C(|d< o) +C(o,

Y [34’” (6)+C(0;") + C(Bu 0m) +C(8; o)
u=-11

+3%[C(8l,

st 2) FCM g )+ Cl@om] >]+[o;d'< o)

ss z>+C< |sr Z)—l—C(@“OT”ss z)+c(9 On‘ss Z>)]
+3%[C(Bul(1.5) +C (6 ) +C(Bu oMl 2y) +C (6 oMy )]

+34k+1[c(9u|<z>) —f—C(Ou_ |<z>) +C(6y OT”(Z)) +C(0H_] On|(z>>]

+ Y 3%[C(by,) +C(By,) +C(B1u) +C (B )]
u=-1,1
ol

= 3%[C (6] 1)) +C(0; 1) +C(aual () +C(Bal )] + [GA '+o,t ]
=3**1[C(1ds) +C<w> +C(n) +C(won)]

+ Y 3¥Cld ) +C(o],
A=—1,1

Id|, nle
sst.2) TCM g2 ) +C(@en| 2 )] +[og 9t oy ]

+ Y 3% C(8) +C(6; ") +C(Bu0om) +C (8, om)]
u=-1,1

+3%[C(6u| () +C(6;

SSZ

st ) +C(Ou oM ) +C(6;  om g )]
+3%[C(Bul1.2) +C(6, ' [(1.0)) +C(Buomly ) +C (8 omly )]

+3%HC(0,] ) +C(0 ! |(2) +C(Buon|12) +C(O; o))

+ Y 3%[C(by,) +C(By,) +C(Dp) +C(D )]
u=-1,1
—3%HC(04) +C(0, )+ C(ata) +C(Ba)]

Z} 134](_1[(?(@17#) +C(O2) +C(O34) +C(O4 )]
p==1,
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By using substitution from (Dg and ®)g, we have

3H[C(6al () +C(6, ' 12)) +Claml ) +C(Bal )] + [e| +GA ]
=32+ [C(1ds) + C(@) +C(n) +C(@on)]

+ Y 3%c(d
A=—1,1

ot ) FC@] ) € ) +Cl@om] s ]+ [og 4oy )

+ ) 3HTC(8L) +C(0; ") +C(Buom) +C(6; ' om)]
u=-1,1

+34k[C(9u|<ss i) +C(6, |ss o)+ C(Buomn] g Z)+C(9’lon|<ssﬂ;¢>)]
+3%[C(Bul (1)) +C (6 1)) +C(Bu oMy ) +C(B; oMy )]

+ 3% (C(Bul ) +C (8 () +C(Buonl ) +C(6; ol

+ Y, 3%[C(6y,) +C(B,) +C (D) +C (D1 )]
u=-1,1

_ {32k+1 [C(lds) +C(@) +C(n) +C(won)]+3*2[C(Id|4) + C(®]s) + C(N]a) + C(@on|4)]

- X [34k_1[0(9u)+c(9 D+ C(Bu0m) +C(0; " on)]
p=—1,1
+34k[C(9ﬂ|<ss Z>)+C( |SS Z)+C(9”on|ss z)+C(9 OT” ss Z))]:|

= Y 3¥c(d
A=—1,1

+ X {3% (Bulr)) +C(6, 1) +C(Buonl) +C(6; omley))]
u=-1,1

Id|(z) Nl
st ) FO(@] o ) +C(l iz ) +Cl@on| a0 )+ o5 +og ]

+34k+1[C(9u’<z>) +C(971|(z)) +C(Buonlyy) +C(9[1 o n\<z>)]}

+ Y 3%[C(by,) +C(By,) +C(D1 p) +C(D )]
u=-1,1
_ 3% (Id\A) C(®]4) +C(M|a)+C(won|a)]
> Y 3%C(d g ) +C(ol g ) +CNl e ) +Cl@on|a )]
A=—1,1
+ Y 34k[C(év”)+C(3Vy)+C(1§1,u)+c(1§l,u)]
u=-1,1

223 . 34k(2 . 32/(—3 _ 1)

Thus,

- o, Z 0 Z _
3HC(B4l ) + (63 () +Cloul ) +CBalig)] + o7 + 0y 9] >23.3%(2-3%3 1),

(*)
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Recall that

64l /. 0l Bal(
o= Y C(Oulp)|0gy | +C(Balp)Og) |

PEDA
P#£(z),A
Oaliy _ co-11160% 1011 o 0% o
GA - Z ( A ‘P)‘ G_I‘P + (aA|P)| aA'P |
PeDy A
P#(z),A
Write
N = {6A|P;9,;1|P7aA‘PaﬁA’P ‘ Pe ®A?P7é <Z>7A}7
N =NU{6al9,05 |19, 0l Bal i }-
Note that N is defined to be those morphisms that come from the definitions of G:A|<Z> and

0! ) o .
GAA |<z>. Let Q* be our candidate characteristic biset. This means

Car (Bal(5) = Car (8, ') = CarClau| ) = Car (Bal(y) =2(2-3% 7 —1).
and for all ¢ € N, Cq+(¢) =0. That is,

Y Co-(4)[04] = 23.3%(2. 323 ).
oeN

Let Q' be any minimal characteristic biset with the condition that

Cor(6aly) +CQ,(9A—1|<Z>) +Co(0l(y) +Co(Baly) =n where 0<n< 23(2-3%3 1),
(%%)

We show that Q* is the optimal choice. From the rest of the calculations in this subsection

and from Lemma A.0.1, whenever ¢ ¢]V, we may assume
Car(0) = Car (9). (s5%)

Moreover, there exists @ # I C N such that for all ¢ € I we have CQ/(¢)|O¢VI|<Z>| > 0 and by (%)

and (xx) we have

Y Cor(9)08"9] > [23(2-3%3 — 1) —n] - 3%, (k%K)
ocl
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where y € {64, 9;1}. From calculations in Appendix B, for each ¢ € I, we have

34k+1
1Dyl

vl
|O¢<>’:

Thus, by (x**%) we have

Y Cor(9)|009] > [23(2-3% 3 — 1) —n]. 3%
oel
34k+1
= Y Co(9) +n-3% > 23(2.3%3 —1)].3% (by definition of N)
pEN Dy
4k+2
— Z CQ/( ) +n- 34k+1 Z [23(2 32](73 . 1)] . 34k+l
PEN Dy
= [Car(6al () 0g, | +Car (6; 2 DNOg 11, 1+ Car(@al()[Oa, | +Car(Bal()|0p,, |
+ Y Co(9)]0y] > [2°(2-3%73 —1)] . 3%+ (by (%*) and definition of [O4])
opeN
= Y Co(9)]0g| > [2°(2-3%77 —1)] . 3%+, (by definition of )
peN

Using this property, we have

Q19> ), Car(9)0] = Y. Ca+(9)[0y)]
¢€N ¢€N
2[23(2 . 32/(—3 . 1)] . 34k+1 o [23(2 . 32](—3 o 1)] . 34/( > 07

where the first inequality is due to (*x*). It follows that Q* is indeed minimal (if the minim-

ality of the rest of the constants in this subsection are demonstrated).

Thus, we can choose [C(84](;)) = C(9A_1|<Z>) =C(0aly) = C(Baly)] = 2(2-3%3 1), @8
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C(0]())-C(0; (1)), C(65 0M|(),C(8;,  omlyy) for A =—1,1

|Qeﬂ<z>|+ |Q9{l|<r>| + |Q9)L|(t)°n| + |QG{'OTI\<I>| — |QQA|(1)|+ |QGA_]‘<I>|+ |QaA\<z>|+ |Qﬁ[]\<z>|
= ) 3%[C(6,)+C(6,")+C(6u0m)+C(6, ' on)]

u=-1,1

n Z 32k+1[C(9u|(t,z))+C( 1’11)+C<9uon|tz)+c( On‘tz)]
u=-1,1

n Z 32k+1[C(9“|<t>)+C(9“_1|<z>)+C(9uOn|<t>)+c(9!:1On|<’>)]
u=-1,1

+ Y 23%[0(07 1) +C(03}) +C(O5 ) + (6] 1)]

u=-1,1

—1 1
=231 [C(6)) +C(6; 1)+ Claw) + C(Ba)] + [0, + 0 1+ 4 g 1]

+ Y 2:3%cOr])+C(0;,)+C(O5)) +C(0,)]
u=-1,1

= Y 3C(Ou () +C(6, 1)) +C(Ouon| ) +C(6;  omlyy)]
u=-1,1

231 [C(80) + C(0; )+ Clan) + C(B)) + [0 4 6% 10 1 g%l 4 Py

+ Y 23" =3)[c(er,)+C(0;,)+C(05,)+C(0, )]

u=-1,1
— Y 3y +C(6, ) +C(8u0m)+C(6, " om)]
u=-1,1
Zl 132k+1[c(6#|<t,z>)+c( 1’ (tz) TC(Buon|y )+C( On‘ t2)]
p=—1,

By using substitution from (75, we have

Y 3FHC(Oul i) +C(68, 1) +C(Buom ) +C(8, on )]

u=-1,1
1
:2'32k+1[C(GA)+C(Q;1)+C(aA)+C<BA)]+[GfAlw+GA +GAA|<t>+GAA‘ ]

- 21 ]2(34’<—1 —3"[C(®7,) +C(©5,)+C(05 ) +C(6, )]

”:_ )

1 132k[C(®;L)+C(®;L)+C(® W) +CO )]
l’L:_ )

:2-32k+1[C(9A)+C(9A_1)+C(aA)+C([3A)]+[GAA|<>+GAA |<>+GA Al +cf’* )

+ u_zl 1(2 3 _32Hhc(e,) +C(0,,,) +C(05,) +C(0; )]
~03.32k+1 | o4 3kl 3 32k+l _ 4 gkl

Thus, ¥y 1 1[C(8uliy) +C(6, 1)) +C(Bu o)) +C (6, om ()] > 24322, 13)
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C(ld|iy),C(@] ), C(M ), C(@on|y):

Q%10 4 1Q% 10| = |QMlo| 4+ |Q@ln|
= 3%[C(lds) + C(@) +C(n) + C(won)]

- Id|, ’
3% [C(Id| ) + C(@] ) +C( )+ Cl@0m] )] + o + 0]
+2-3%C(64) + C(8; ) + Clau) +C(Ba)] +[oy  + 0,17

—3HHC(0,) + C(8; ) + Clan) + C(Ba)] + [0, + cff“”]

n Z 341 [C(®illl) +C(®£L) —I—C(@g:‘ll) +C(®‘;lll)]
u=-—1,1

- Id 13 1
= 3%71C(1d| ) +C(@] ) +C(nl ) + C(@0M|))] + [0 Ut

gy oy
+o, " +0, "]

—3%(C(64) +C(6; ) + Clan) + C(Br)] + [0 + Gt )

+ H; 13‘”‘—1 [C(®1,,)+C(0,,)+C(85,)+C(O, )]

—3%[C(Ids) + C(0) +C(n) + C(@on))

By using substitution from (Dg, we have

| Id]

_ Id|, . ‘
3%1C(1d| ) + C(@ ) + Cn ) + Cl@0m| )] + [on @ + 05 + oy + 7]

—3%(C(64) + C(8; ) +Clan) +C(BY)] + oy + o 1]

+ H; 13‘”‘—1 [C(©1,)+C(®,,)+C(85,)+C(O, )]

— [3%#[C(64) +C(8; 1)+ C(oua) +C(Ba)] —3* T C(Id|a) + C(@]a) + C(M]a) + C(@on|4)]

04/, eqt
:32k+l[C(|d|A)_|_C(a)|A)—|—C(TI|A)—|—C((I)OT[|A)]+[GAA|(>+GAA |<>]
+ Y 3% (@) +C(0;)) + (05 ) +Ce; L)

u=-1,1
> Y 3 lcer))+c(e,,)+C(05,)+C(0;),)]
u=-1,1
>2&3Mﬁy
Thus,
34—170(1d C C C Id] ) ol Id[ (1) ol > 93 . 341
[C(Id|(y) +C(@] ) +C(N|y) +C(@on|y)] +[og "' +og " +04 " +0, "] > ;

(%)
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We demonstrate that [C(Id| ) +C (@] ) +C(n] ) +C(@on| )] = 3 is the optimum choice.

Recall the following definitions:

Id\ Id]
= ) Idlp)!O,d‘ |+C(Mlp)0y,|
PeD
P#S, (1)
ol
0 = ¥ C(oln)|0%" |+ C(@on|n)|0l |
PeD
P#S, (1)
dlgy Id] Id] |(r 1 |d|(r
o= ¥ C@lnIo I+ CBANOpL+ T ClanlnlOn ]+ Ce; oy |
PEDA PGDA
(tz7 1) <PP#£A (1z)<PP#A
ol ol ol ol ol
o, "= Y C(9A|P)|(99A|<,f|+C(I3A|P)|(93Ai,z|+ ) C(OCA|P)|(9aA<|,>,|+C( p )|O ” R
PEDA PGDA
(tz)<P,P#A (tz7 1 <PP#A
Write
= {ld|p,0|p,n|p,won|p | P € D,P#S,(t),(ss}), (ss],2),A = —1,1},
= {9A|P7 ;l‘p,(XA’p ﬁA|P ’ PeDy,P#A, and l‘Zﬁ ePortze P},
= {Id|p,®|p,n|p,@0n|p | P= (ss}),(sst,2),A = —1,1},
N=NUN,
N =NU{ld| ), 04y, My, @0 M|}
Note that NLINj3 is the set of morphisms which come from the definitions of O';d‘@ , G;D|<’> , Gl‘d|<t>
and G:)|<’>. Let Q" be our candidate characteristic biset. Under Q* we have

Co+(Id|(y) = Ca+ (0] ) = Cas (M| 1)) = Ca(@on] ) =

and for all ¢ € N, we have Co+(¢) =0. When ¢ € N3, Co+(¢) > 0, and is the reason why we
have stopped short of including N3 in N. Thus,

Z CQ* |O¢| =8. 34k+1
(])EN

Suppose that Q' is a minimal right characteristic biset with the condition that
CQ/(ld’<[>) —|—CQ/((D‘<t>) +C91(T’|<t>) +CQ/(a)O T[’<[>) =n where 0<n<S8. (**)

From the rest of the calculations in this subsection and from Lemma A.0.1, we may assume
for all ¢ ¢ N that

Ca(9) = Ca(9). (xx%)
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Moreover, there exists @ # I C N such that for all ¢ € I, we have CQ/(¢)|O;I|<t>| >0 and by
(%) and (x*) we have

Y Ca(9) ]Ow | > (8—n) 3%, (k)
oel

where y € {ld,w}. We show that Q* is minimal by size. In other words we have to show
that Q'] > |Q*|. From results in Appendix B, it can be checked that for each ¢ € I and
y € {ld, ®}, we have

o V’|(r)| _ 34k 34k+1'
Dol " Dyl
Suppose that for every ¢ €1, |O;j|<t)| = |3D—‘:|. Then, by (x**x),

Y Co(9)|0)1"] = (8—n)-3%!

oel
34k
— Z Co () +n-3%"1 > g. 341 (by definition of I and N)
pEN Dy
442
— ZCQ’( ) —}—n-34k+128-34k+1
PEN Dy
— Cor(Id|))[01q) , [+ Car (@] (1)) O, |+ Car (M 11) )| Oy, |+ Car (@0 1)) [Opon) |
+ Z Ca(9)|0gp] > 8- 3+ (by (%*) and definition of |Oy|)
oeN
— Z Cor(9)]0p| > 8-3%F1, (by definition of N)
oeN

Thus

¢€N oeN

where the first inequality is due to (xx*). It follows that Q* is minimal (if the minimality of

the rest of the constants in this subsection are demonstrated).

34k+l
1Dy
in Appendix B, this only occurs when ¢ € Ny and (t,z) < Dy. Thus, for all u =1,..,4 and

It is left to consider the case when there exists ¢ € I such that \OZ' | = From results
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A =—1,1, we have

Q%] = |Q¥lis |
4k+1

Dy

— 32"0((9;3) =3%C(y) + C(9) + [extra. ]

2k+1

— C(© ])ZC(W)+WC<¢) > C(y)+3C(¢) >4 (as ¢ €1)

uA

where the second last inequality is because [Dy| < 3%%. Note that, Cg*(@ﬁl/l) = 1. However,

CQ/(@u’;L) > 4. Now

Q| =197 =[Cor (Id] ) [O1g] , | + Car (@] (1)) O, | +Car (M) [ Oy | + Car (@0 N 11| Oy ]

+ Y [Ca(©73)[06-1|+Car(©;3)|0g 1 [ +Car(05)|0g1 | +Car(© )01 ]
A=—1,1 ’ ‘ ’ ’

= [Co- (1d[11)) 014, [+ Cax (@] 1)) O , | + Car (M) O, [+ Car (@M (1)) [Opon) , |

= B 6o (01001 | +Car(03))100;1 | +Car (051001 | +Car (011001 |
=11 " " " ’

>n'34k+]+8'4‘34k—8'34k+]—8'34k

=n- 34k+1 Z 0

It follows that Q* is minimal (if the minimality of the rest of the constants in this subsection

are demonstrated).

So we may assume C(Id|)) = C(®])) = C(n|y) =C(@only) =2. 8

With the minimality of each of the non-zero constants of Q* demonstrated, we have therefore

shown that it is minimal by size.

A.8.2 Exoticity
Note that |Q*|/|S| = 23[2*30k=5 438 .3%~4 _5.32k=2 1. 2], Thus,

. 23 24'36k_5—|—38'34k_4—5'32k—2—|—2
w(symiier/ish) = X | = ] |

i=1
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3i

. 374 26k—5 4k—4 5 22k—2
Write n; — {2 [24.36k-5138.3 53 +2]J_ Now,

i=1

i=2
3<i<2k-2
i=2k—1

i =2k

i=2k+1

2k+2<i<4k—4
i=4k—3
i=4k—2
i=4k—1

i =4k

i=d4k+1

4k+2<i<6k—5

i=6k—4

i=6k—3

i=06k—-2

i=6k—1

rrrr o rel

I

!

—

nj = 128-3%764 304.3%=> _40.3%3 45
ni =128-3%77 41 304.3%6 _40.3%4 1|

n; = 12830k 4 304 3841 _4(. 32k-2

n;=128-3%4 1 304.3%3 _ 14
n = 128-3%3 1 304.3%4 _5

1251

128 -3%=6 1.304.3%> _2
n; =128 3%371 1 304.3%—4-1_
n; = 128324101
n;=128-3%3433
n;=128-3%4% 411

n; =

46 if k=2
n; =

128 .3%5 43 ifk>3

15 if k=2
n; =

128-3%641 ifk>3
n; = 12830k

46 ifk=2
ni=1<43 ifk=3

42 ifk>4

15 ifk=2
n; =

14 ifk>3

5 ifk=2
n; =

4 ifk>3
n,-:1

Thus, by summing over the range 1 <i < 6k— 1, we have

152102

v3(Sym(|Q7/1S])) =

103032323

22[24.36k=5 1 38.3%4 _5.32%2 1 1] 2k
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Let T be Sylow 3-subgroup inside the group G constructed from Q*, realizing our fusion

system. Then

p

[1Q*|/|S] —1] -5+ 152102 if k=2
logs|T = S| = ¢ [|Q*|/|S| — 1] -7+ 103032323 if k=3
L[19°/1S] = 1] 2k + 1)+ [22[2%- 3% 438 . 3%4 5322 p 1] —24]  if k>4

(1673177 if k=2

= { 1545484964 if k=3

\22 [24.36k=5 1. 38.3%~4 _5.326"2](4k + 3) + (28k+19) if k>4

Thus, we have an upper bound on our exoticity index.
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A.9 DRV-9

For this refer to the proof given in Section 8.1.
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A.10 DRV-10

General form:
By Theorem 7.3.1, we know that any potential right characteristic biset Q has the following

form:

Q= | | C(ld|g)Oyq), UC(@]0) 0w, UC(N]0)On), UC(@0N|0)Opon),
0eD

U L C(64l0) 04,1, UC(8; ' 10) O, 11, HC(@al0) Oy UC(Balo) Oy,
0€Dy

UL C(90|Q)(990|QUC(961|Q)090—1|Q|—|C(060|Q)(9a0|QUC(l30|Q)@ﬁO\Q
0€Dg,

U L C6wlo) O, |, U (65, 10)0g;11, UC(010) Oy | U C (B |0) Oy o
QEDVO

L [C(®170>O®1,0 LI C(@270) 092,0 L C(®3’0)O@370 L C(®470) OF)
L [C(®;7(1))o®ié L C(®£5)o®£5 uC(®;5)o®;é LUC(B40)0¢

m

o
Note that there is a difference between the construction in Theorem 7.3.1 and the one above.
The difference is that we have excluded orbits induced by morphisms © oo, for Q < (s,z), and
®;710]Q for Q < (t,z), for all u =1,..,4. This is because all of these morphisms are restrictions
of those from the set

{9T7 eflvaTaﬁT | T= V()?A}a

which are already included in the general construction.

Equations:

We list the following equations:

Yy e {|d|Q | QEDUﬁA}i

If Q € Do\ Dy,, then the equations are the same as those for DRV-6.

If 0 € D\(DaUDy), then

Id
Qldle] = Y C(ldlp) 0]
PeD
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Now for the rest of Q:

Id] s
|Q|d|<m>| — Z C(ldP)|OId|1<o l

PeD
Id 5,2 -
Q09| = ¥ Cldlp)|0yg, |+ 3C(B0) + (6 )

PeD

Qles| = ¥ Cd]p)] 0|
PeD

91401 = B (€0l 00 1+ COnlm| 0y, | +3C () + €05 )+ Clow) + €l
Pe

+3%[C(6y, )+C(9v0)+C(avo)+C(ﬁvo)]
Qo= Y [c (ldlp)|0|d| |+C(won|p)|0wom,,l]

PeD
Id| dl; Id| Id] ¢,
+ Y [C(6alp)|Og, |P|+C([3A|P)|Oﬁ \(P)|]+ Y [co )|O i »l TC0ulp )IOaAi,iH
PEDA PEDY
(tz_ y<p (tz)<P

il 34k+2

Q"o | = Y [c (|d|P)\O|d| '|+C(wlp )|O |] Y W[C(GO\P)JFC(GEI\P)]

pPeD PeDy
P>(z)

Ve {Go‘Q | 0e @0}:

Q%] =3C(6)
Q| = 3%C(6y) + 3% T1C (8] 5..))
Q%o | = 3%C(8y) + 3% (ol (,.0))
Q%] = 3%[C(60) +C ()] + 3 (B0l s 2)) + (@0 5.2)] + 3% [C(ol ) +C (00l )]
+3%#[C(019) +C(@2) +C(®3) +C(Oap)]
Q%10 = 3%C(60) +C(Bo)] +3%+ [C(B0l 1.) +CBolr)] + 37 C (60l ) +C(Bol )]
+3%[C(07 ) +C(®39) +C(O59) +C(Oy )]

)

V€ {balo| Q€ Dy}

If O € Ds\Dy,, then the equations are the same as those for DRV-6. If Q € Dy,, we
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determine the cases below:

Q%] = ¥ C(6ulp)|0g" 1)

PeDy ulr
AR Oal (s
Q40| = Y [C(6alp)| O |+ Cloulp)| O
PeDy
+3%1[c(034) +C(03))]
0 0 |Z 0 ‘z
Q%6 | = Y C(QA‘P)‘OBih(o)‘+C(ﬁA’P)’OBi\;>’

PEDA
+3% (@) +C(O4)]

VAS {OVolQ ‘ Q¢ ®V0}:

Q%] =3°C(6y,)
Q%le | = 3%+ [C(By,) + Clan)] + 32 [C(BY, | 5)) + C 0ty )]
+ 3% C(@1 ) +C(®3)]
Q%] = 31 (8y,) + C(By,)] + 3 [C(Ov, | ) + C (B | 2))]
+3%41C(0,0) +C(O)]

‘Q®1’0‘<S‘Z>| — 32kC(®1,0)

Q%10] = 3%*C(0 )
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Candidate solution:

We have the following designated values for the constants:

&
I
Q
&
I

( C(n)=C(won) =1
( 59) =C(M0) =Clwon|,,y) =3%7—1
(Id|5)) = C(@l(5)) =C(Ml(s)) = )—34]‘74
(Id[) = C(@[(y) =C(M(y) =C(won|y) =
(64) =C(6; ") = Cloa) =C(Ba) = 1
C(6y,) = C(y,') = C(aw,) = C(By,) = 3%

(

(

(

(

(

C(womn|

)
) = C(Bol5)) = 3%

C(60l()) =C(6; ' 15)) = Clawls)
C(60l () = C(Bol(ry) = C(al ) = C(Bolysy) = 3%2
c(O,,

with the rest of the constants equated to 0. Writing Q* to denote this solution, we have

0= (04 U0 U0y U0uon) U~ 1](04,, U0y, U0y, UOpun,.)
|_|34k*4((9|d|<s> U O]y U On U Owon|y) U (O, U Ool, U Oq, UOwon),,)
U (Og, UOg1U0q, U0g,)
|_|32k—2((f)9V0 L (‘)9—1 U Og, U Oﬁvo)
U (08U 0g1 L0y UOR,)
3% 2(90\<s>uoeall<s>L'anlmUoﬁol<s>)U32k_2(Oe°'f =0y Y ety U Ol

L (06110 L] O®2’0 L O®3,0 LJ 0@4’0) UJ ((9@1_(1) LJ (962—(1J LJ (‘)@3_(1) LJ O )

4()

It is left to show that this solution is minimal, and to determine an upper bound on the

exoticity index.

A.10.1 Minimality

We now show that our candidate example is of minimal size for all possible constants in

the general construction Q. First we define a few things which will be used later on. Let
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y € {ldg,o,n,mon}. Then, we define

Vs V(s
s =Y Clwlp)|0,,|

PeD
P#S

lI/|sz

PcD
P#S,(s,2)

w\ Vs
o= ¥ Cwlp)|0y | +C(9r]p) O |
P#£S,(s,2),(s)

l¢
o) = Y [Cwlpo) | +Clalp) 0]
PeD
P#S,(t)

Where ¢, @, are chosen such that yo¢@; =1 and yo @ = won. We also define:

Id]; Id]; Id]; Idl; Id];
o, "= ), C(6alp)|Og, )| +C(Balr)|Op, 0|+ Y C(6; "I )0 i o HCalp )10, |

PeDy PeDy
iz hy<p (=P
o P4A
o, B ol olq
o= Y 6 1PI0g " |+ Clanl|Of 1+ X C(alr)|0g 11+ C(Balr)|0f, )
PeD, A PeDy
(tz1)<p Wz <P
P-LA da
04l Oaly
ol = ¥ (8, |p)|o |+C(aA|p)|Oai||<,f|
PeDy
P2A
e_llt |l ]|t
10— Y e 1|P)|(9A <>|+C(ﬁA|P)|O[;i‘P<>|
PeDy
P#A

Now we determine the minimal size of Q.

We begin by noting that C(ld),C(w),C(n),C(won) > 1 from Lemma 4.2.8.

C<90>7C(60_1)7C<a0)7c<ﬁ0):

1Q%| + |990_‘ |+ |Q%| + Q| = |Q|d\<s,r>| + |Qw\<s,z>|+ |Qn|<s,z) |+ |Qw°m<s,z)|
— 3[C(60) +C(6, ') +C(aw) +C(Bo)]

=3[C(Id) + C(@) + C(n) + Clwon)] + [0 * + o5 + gg

®on |
+ople 1 odl60 4 oM @y

This gives us [C(6p) +C (6, ') +C(an) +C(Bo)] > 22, as required.
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C(64),C(6,"),C(00),C(Bn):

Q8 +1Q% |+ Q%] +]QP1| = Q4] + Q@M | + QN | 4 |Q@ol4|
—> 3%[C(64) +C(6; ") +C(o) +C(Ba)]
=3%C(1d) + C() +C(n) +C(won)]
+3%H[C(1d[a) + C(@]a) +C(n]a) + C(@on|4)] @1

This gives us that [C(04) +C(8, ") +C(aa) +C(Ba)] > 22, as required.

C(6v,),C(6y,"),Claw,),C(By,):

0

’QBVOH_|Q9x701|+‘9av0’+|gl3v0| _ |QOO|<.V,1>’+|Qe(;1|<s,z>’_|_|Qa0‘<s,z>|_|_|QB0|<s.z)|

= 32[C(6y,) +C(6y,") +C(a,) +C(Bvy )]
=3%C(80) +C(8, ") +Ca0) +C(Bo)]
4 3%+ [C(90|<s7z>) +C(0()_l|<s7z>> —I—C(OC()|<S,Z>) +C(ﬁ0|<s’z>)] o

Using the result derived from (Do, this gives us [C(6y,) +C(9\Z)])+C(O‘Vo) +C(By,)] >

22.32k=2 o9 required.

C(@L()),C(@zp),C(®370),C(®470)2

|Q®1,o| + |Q®2,0| + |Q®3,o| + |Q®4,o| _ |QBO\<S,Z>|+ |Q90*1‘<S,z>|_|_ |Qa0|<s,z)| + |Qﬁ0|(x,z>|

— 32/‘[C(®1’0) +C(0,2,0) +C(030) +C(O40)]
=3%[C(60) +C(8, ") +C(at) +C(Bo)]
4 32k+1 [C(90‘<s,z>> +C(9()_1|(s,z>) —|—C((X0‘(s,z)) +C(ﬁ0’<s’z>)] @0

Using the result derived from (D, this gives us [C(® ) +C(@20) +C(O30) +C(O40)] > 22,

as required.

C(017),C(03),C(057),C(0):

[2°10] +] Q%0 + Q%8|+ [2%0] = [@%lea] [0 oo |+ jQ%les | 4 [l
— 3%[C(07 4) +C(0;) + C(O5,9) +C(O )]
=3[C(60) +C(85 ") +C(00) +C(Bo)]
+ 3% C(00]1.2)) +C (0 Mir.0)) + C( 0] r.2)) + C(Bol s 2))] ®io
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Using the result derived from D0, this gives us [C(®] ) +C(®, ) +C(®; ) +C(®, )] > 22,
as required.

C(Id’(s,z))ac(wks,z))?C(n‘(s,z))vc(w © T”(s,z)):

Using substitution from (Do, we have

|Q|d‘<s,z> | + |Qw|<s,z> ’ + |Qn|<x,z> | + |Qwon|<s,z) ’ — ‘Q90|(sﬁz>| + |Q0071|(sﬁz>| + |Qa0|<sz> | + |Qﬁ0|<s,z> ’
= 32[C(Id> —l—C((l)) +C(71) +C(a) o 77)] + 33[C(Id|(s,z>) +C(w’(s z)) +C(T”<s,z)) —I—C((J)O T”(s,z})]
Id o
+2-32[(80) + C(65) +Cleto) + C(Bo)] + 0 9 + 6510 4 g9 1 g

=3%[C(60) +C(6; ") + C(t) +C(Bo)] + 3% [C (B0l (5,)) +C (8 (5. +C(l5.29) + C(Bol s )]
= 33[C(Id|(s,z)) +C(w|(s,z>) +C(n’(s,z>) +C(0) © T”(s,z))]

=—3%[C(ld) + C(w) +C(n) + C(won)] + (3% —2.3) [3[C<Id> +C(0)+C(N) +C(won)]
_’_[GngdI(” _’_Gs\br)_i_ N (s) +G;> nl<u>]]

4 32+l [C(90| (5. )+C(90_1| (5.2) )+C<OC0|<S72>)+C(B0|(s,z))]

Id|<s,z> ‘ n|(sz wo T”

:(32k—33)[C(|d)+C( ®)+C(n)+C(won)]
+(32k—1_2.3)[ Id] (s + S|(At +(75Tv’|”—|— S°n|at]

+ 32k+1 [C(90| (5.2) ) _|_C(90 I | s7z>> -|-C(OC0|<S7Z>) +C(B0|(s,z))]

|d| n|(sz

(s,2) ‘ (s,2) (DOTIRS’Z)
—[og " +og " +og Y+ 0 ]

Let v € {lds,®,n,won}. Then for all P € D\{(s), (s,z),S}, we have

|O‘I/|<S~,z>| _ ’NS(<S7Z>7P)HCS(<SvZ>)‘ _ 3|NS(<S71>7P)|‘CS(<S7I>)’

. W (s.)
i P - P =310,

vlp

w‘st

Vs, _365

This implies o . Thus,

[ (Id|(sz))+c(w|sz))+c(n|sz)+c(won|sz)]
=(3%=3%)[C(id) + C(@) +C(1) + C(@on)]
+3%HC(B0](5.2) +C(65 M (5,2)) +C (@ (5,2)) +C(Bols.z))]
(322 32)[ Id[ (5,0 . | Mlisr) won |, 4
)+

+G +G
>(3% =3%)[C(1d) + C(w ( )+C(won)] ®10
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Thus, [C(Id|(s,z)) +C(w|<s,z>) +C(n‘(s,z)) +C(wo n|(s,z>)] >2%. (32](73 —1), as required.

C<90|(s>)7c<90_1 ’(s})?C(a()|<s>)7C<BO|<s>):

Q%I ] 4 % 9] = |l | 4 [Q% |
= 3%7HC(6y,) +C(8y, ) +C ) +C(Byy )]
+3%F2[C(By, | (5)) +C (6, |(5) + C 0 (5)) + C Byl 5))]
+3%H1C(@10) +C(@20) +C(@3) +C(O40)]
=3%[C(60) +C(8;, 1) +C(an) +C(Bo)]
+3%H(C(B0](5.1) +C(8) M (5.2)) +C (0] 15.2)) +C(Bolis.z))]
+ 321 [C(B0] () +C(65 ' |1s)) + C(] ) + C(Bolis))]
+2-3%[C(@1,0) + C(@2,0) + C(O30) +C(Ou)]
= 3% [C(69] () +C(8y ' 1s)) + Cl0] () +C(Bol )]
3%+ [C(6y,) +C(6; Ve N+ Clay,) +C(By,)]
+3%42(C(By, | ) +C(0, 1) + Claty i) +CBuois)]
+3%[C(©1,0) + C(@2) + C(O3,0) +C (@4 0)]
—3%[C(60) +C(6, ") +C(00) +C(Bo)]
_32k+1[C(90‘SZ>+C(901ySZ)+C(a0\sZ)+C(50!sZ)]

Note that,

Q€10 4 [Q©20] +]Q®30| 4- [QO40] = Q%5 | 4- Q% 52| 4- [ Q%liso | 4- [Plsa |
— 3%[C(©10) +C(@20) +C(O3) +C(Oy4)]
=3%[C(60) +C (6, ") +C(aw) +C(Bo)]
+3%HC(B0] (5.) +C (65 [ 15.9) +C (] (5.) +C(Bols.)] Do
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Thus, by applying @);(, we have

3H#HC (B0l () +C (65 ' (5)) +C(a0l () +C(Bol )]
=3%*H1C(6y,) +C(6y,") + Clow,) + C(By,)]
+32k+2[c<9‘/0|s)+c(9‘/01| )+C<OCV0|< )+C(BVO|<S>)]

=32=1132[C(6y) +C(6; ) +C(0) +C(Bo)]

+3HC(B0l59) +C(6 i) + € 5) + C(Bol )]
+ 32k+2[C(9V0|<S>) ( |<S>) + (a\/0’<s>) +C(BV0|(S))]
=3%=1[C(6p) +C (8, ") +C(a0) +C(Bo)]
+34k[ (60|sz))+c( 0 |sz)+c(a0|sz) (ﬁ0|sz>]
)

+3%2(C(Bhy | ) + C (85 1)) + Clawg i) + C(Buo )] ®o
>3%=1(C(60) +C(6, ) + C () +C(Bo)]

Thus, [C(80|<S>)—|—C(90_]]<S>)—|—C((Xo|<s>)+C([30|<s>)] > 22.3%=2 35 required.
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C(Id|(y)),C(@|5),C(N(5)), C(@o M| (5)):

Q1] +[@20] = [ @%bl + 0% ]
— 3%[C(1d) + C(@) +C(n) +C(@on)]
+3[C(Id| (5 ) + C(@(5.2)) + C(N(52) + Cl@0N| (5]
[C(Id] ()
[C
[

I
+3°[C(Id|
(
(6

32

+C(@]()) +C(nliy) +C(@on|iy)]
+C(6; ) +C(aw) +C(Bo)]
+2-3C(B,) +C(07") +Clawy) + C(Bry)] + oo 407
=3%[C(60) +C (65 ")+ C(0w) +C(Bo)]
+3%FC(B0](5.2)) +C (65 | (5.2)) +C (@l 5.)) +C(Bol s )]
+3%HC(B0] ) +C (65 [ 15)) + C 0 (5)) +C(Bols))]
+2-3%[C(01) + C(@20) +C(O30) +C(O4)]
— 3°[C(Id| () +C(@] () +C(N](5)) +C(@on] )]
=(3%—2-3)[C(60) +C(6, ') +C(a0) +C(Bo)]
+3%HC(60] (5,2)) +C (8 M (5,2)) +C (0l 55) + C(Bolis.z))]
+3%41C(60l () +C (65 () +C e (5)) +C(Bol )]
+2-3%[C(01 ) +C(@20) +C(O30) +C(O4)]
—32[C(ld) +C(w)+C(n) +C(won)]
—3°[C(ld|(5,2)) + C(@(5.2)) +C (N (5,2)) +C(@ 0N 5.2))]

_2'32[C(9V0)+C(9‘%1)-|—C((XV0)+C(BV0)] ;d|( 6§0|<s>

o)
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Applying ®10,.®10, @10 and @), we have

3C(Id] () + C(@] () +C(N(5)) + C(@0n|(5))]
=(3%—2-3%)[C(60) +C(6; ') + C(a0) +C(Bo)]

+3%HC (B0 (5.) +C (65 15.2) +C (Al (5.) +C(Bolis.2)]

¥ [34k-1[c<eo>+c<eo-l>+c<ao>+c<ﬁo>]

+3%[C(80](5.2)) +C(8y N (5,9) +C (0l (s.2)) + C(Bol(s )]

+3%F2[C(Byy | (5)) +C (0, 15)) + Clay | (5)) + C(Bvo|<s>>]]
+2 [3”‘[0(90) +C(6, 1) +C(0og) +C(Bo)]

4 32+l [C(90|<s,z>) —|—C(90_1 |<s,z)) + C(OCQ|<S7Z>) +C(B0|(s,z>)]}
—3%[C(Id) + C(®) +C(1) + C(won)]
_ {(3% —3%)[C(Id) + C(@) + C(n) + C(won)]

+ 32k+1 [C(90|(s,z>) +C(9(;l|<s,z>) + C(Oﬂo|<s7z>) —|—C<ﬁ0|(s,z>)]

\ O (s.s N5 on| (s

Id| s
+(3% 2 =30y 40y M +og " +ag ]]

—2 {32’( [C(60) +C(6, ") +C(00) +C(Bo)]

_ Id] ol
+3%F1[C(y)5.0)) +C(6 1|<s,z>>+c<ao|<s,z>>+c<ﬁor<s,z>>1} —og ' —og "

=(2-32-3%)[C(Id) + C(w) + C(n) + C(won)]
(34714 3% —2.3%)[C(80) +C(8 ) + Clto) +C(By)]
+ 34k[C(90|<S,Z>) +C(9()_1|(s,z>) +C(a0|<s,z>) +C(B0|(s,z>)]
+ 32k+2[C(9V0|<s>) +C(0‘%1 |<s>) —}—C(OCV0|<S>) +C(BVO|<S>)]

2 A2k=2vr Nl |50y N (s,) N (51 Id] ) 0|
+ (37 =3"")[og " +og " +0og " +og | -0y ¥ —og

Let v € {lds,w,n,@on}. Let ¢ be defined such that wo¢; =n. Then for all P €
D\{(s), (s,2),S}, we have

!O;{:fl _ |o¢",’1‘|<;>y _ INs(<S>,1|’I)JI‘ICs(<S>)I _ 3|Ns(<sat>7’11’3)|||Cs(<s7t>)! :3|OK:§J>,
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Id|

w ;) 0) S &) wo £
Thus, oy Iy |(s,t Nl N

O 4 g0l — gl 5@l g1l |
S s s s s
substituting in (Do, we have

. Thus, by using this fact, and by

3C(Id] 1)) +C (@] 1) +C(M]15) +C(@on| ()]
>(2-3%=3)[C(ld) + C(0) +C(n) + C(won)]

(3% 3% —2.3%)[C(60) +C(6; ) + C( ) +C(Bo)]

+ (32 _32k72)[6;d|<&,t> +G§"<s,t) +G;7|<H> +G;oorl|<s,t)] . G;dks} . Gw|(€>

S
=(2-3*=3")[C(ld) + C(w) +C(n) + C(won)]
(382 4 3% 5 3) [3[c<ld> T C(@)+Cn)+Clwon)]

Id ‘ (st

), Ol
+ [og + 0y

<s,z>_|_o_;1<s,r>+6;00n|<s,z>]}

Id] (.0 st st ON (st Id] s

+ (32— 3% 2oy |<s,>+G;°\<,>+G;7|<,>+G§’ ’7|<,>]_GS I _G;’|<>
=3¥71C(d) + C(@) +C(n) +C(won)]
(J)‘<

+(3%2 0. 322 +3)[6;d|<s.,> + ol +6;7|<sﬁr> +G§’°n\<s,r>]_6;d\<s> _G;’|<s>
>3%1[C(1d) + C(@) +C(1) + C(@on)]

Thus, we have [C(ld|)) +C(@] () +C(N](5)) +C(@on|)] > 2.3%=4 as required. @)

C(60l (1)), C(65 1), C (] 1)) C(Bolir)):

Q00| 4 108% 'o| = Q%0 4 Q% 0|
— 3%C(60) +C (65 ") +C(aw) +C(Bo)] 3% [C(80l 1) +C(65 1) +C00ly.) + C(Bolys)]
| 32k (C(60]1y) + C(90—1 l(1y) +C (o)) +C(Bol )]
+2-3%[C(O7})) + C(03)) +C(O5 ) + C(O; )]
—3241(C(64) +C(8; 1) +Cl) + C(Ba)] +3% 1 [C(O] ) +C(©3) +C(O5 ) +C(©; )]

971
L) Lo )

+o
— 32k+1[C(90|<,>) +C(0()_1|<t>) +C((X0|<t>) +C(ﬁ0|(t>)]
=3%1C(64) +C(6; ) +Clan) + C(Ba)] + (37" —2-3%)[C(O7 ) + C(© ) +C(03 ) +C (O )]

Oalty |, 6a 'l
+0,"" + 0,

—3%[C(80) +C(6; ") +C(aw) +C(Bo)] = 3 C (60l (1.)) +C (6 ' 1.29) + C(0]r.)) +C(Bolie.z))]

220



Note that

[Q910] +[2%20] +[Q%50] +Q%0] = [ Q6] 4% o2 |0l | + ol |
= 3%[C(©75) +C(©35) +C(O35) +C(Oy )]
=3%[C(60) +C(6, ") +C(a0) +C(Bo)]
+ 32480 1.2)) +C (8 i) +C(0l1.) +ClBol )] 19,

Thus, by substituting in 10, we have

3*HC(60l () +C(0y ' iry) +C( 0l y) + C(Bol )]

=324 [C(64) +C(8; 1) +Claa) +C(B)] + (3% ~2) {32"[c<eo> +C(8 1) +Ca0) +C(Bo)]

71‘

+ 32k+1 [C(90|<tz>> +C<90 1 |<I7Z>) +C(O‘O|<t7z>) +C(B0|<t,z>)]:| + GA + GA

—3%[C(60) +C(6; ") +C(a) +C(Bo)] — 3 [C (60| 4.) +C (65 y) + C(ol s ) +C(Bol s )]
=321C(04) +C(0,) +Caa) +C(Ba)] + (22 - 3% 1 —22.3%F ) [C(By) + C(6, 1) + Cat0) +C (o))

- al () 0l
+(34k_32k+2)[c(90’<t,z))+c(901|(l,z))+C(a0|(t,z))+c(ﬁ0’<t7z))]+GA g

Substituting in D} and @);(, we have

3#HC(00] 1)) +C(0y 1)) +C () +C(Bol )]

_32k+1 [[C(Id) +C(@)+C(n)+C(won)]+3[C(ld|4) +C(w|s) +C(N]a) + C(wo 77|A)]1

+(22‘34k72_22.32k) |:3[C<Id)+c(w)+C(n)+c(won)] [ |(?f +G;U| +GS ‘ (s,t) +6;)On<s,l)]:|

+ (3% =3 [C(60l(r..)) +C(6 71|(I,z))+C<a0|(t,z))+c(ﬁ()’<t,z))]+GA| + o,
=3*"1c(id) +c(@)+C(n )+C(6007‘I)]+32k+2[C(|dIA)+C(w|A)+C(TI|A)+C(wOTHA)]
+ (3% =3 [C(80](1.0)) +C (6 1. +C (%l r.2)) +C(Bolir.))]

—i—GA‘ —I—GA o +G;d‘”>

>3%1c(1d) + C(@) +C(n) + C(won)]

It follows that [C(80|() +C(6y ' )) +C (0] ) +C(Bolyy)] > 223272, as required. @10
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C(Id| (), C(@] (), C(N] 1)), C(@oM|ip)):

Q10 | 4 (@@l | = (@8l | 1 Q8% 0|

= 3%#[C(Id) + C(0) +C (1) + C(won)]+2-3%[C(64) +C(0, ') + C(ot4) + C(Ba)]
| | |

ol

+3%1C(d] ) + Cl@l ) +C(Nl i)+ C(@o )] + G;d " +o,
=3%H1C(64) +C(6;, ) +Clon) +C(Ba)] + 3% [C(O] ) + C(O5) +C(O54) +C (O )]

O 4 c;) O 4 G:‘d

—1
+G§A|<z>+G:A le)
_ Id|; ol; Id|; ol
= 3% 1C(ld|)) + C(@l ) +Cnly) +Cl@on|y)] + o5 " +o5  +o, " +0y "

=3%[C(64) +C (6, 1) +C(an) +C(Ba)] + 3% 1[C(O ) + C(O5,9) +C(®3 ) +C(O )]

-1
4ol 4 g% 0 _ 32K (1d) + C(@) +C(1) + C(won)]

Thus, by applying D9, @0 and 10, we have

ol

B Id|,, ) Id|,,
3%1C(1d| ) + C(@] ) +Cnliy) + Cl@on| )] + o5 oy +0y “ +

=32[C(64) +C(6; ") +Claa) +C(Ba)] + 3% [32"[C<eo> +C(6, ") +C(a0) +C(Bo)]

-1
<’>+c;f“‘ L)

B e}
+ 32k+1 [C(GORI@) _|_C(90 1’<[72>) —}—C(O{0’<,7Z>) +C(ﬁ0’(t,z>>]} + O-AA

—3%[C(Id) +C(@) +C(n) + C(won)]
=3%C(64) +C(85 ") +C(an) +C(Ba)] +3%1[C(60) +C(65 ') + C(aw) +C(Bo)]

0 G}I%

+3%1C(B0] ) + C (85 M i02y) +Cl00] ) + C(Bol )] + 6
—3%*(C(1d) + C(0) +C(n) + C(@on)]

=3% [[C(Id) +C(w) +C(N) +Clwon)]+3[C(Id|4) + C(@]a) + C(1 ) +C(won>]]

#3%°2 3iC(4) + (@) + C(m) + Cl@om)] + o]

w‘(s,r

S, S, (DO S
<,z>_|_GS >+G;”<’t>+0's n<,r>]}

0, '

l¢r) to,

+3%C(Bo 12)) +C(67 1)) + C(t0] ) + C(Bol )] + 6"
C(0) +C(n) +C(won)]
C(®) +C(n) +C(won)] + 3 [C(ld|a) +C(@]4) +C(Mla) + C(@0n]4)

+3%C(Bo] 12)) + €05 129 + (0] 1)) + CBol 1)) + 5"
>3%-1C(Id) + C(w) +C(n) +C(won)]

+

+
97]

(0 +on L)

[0} Id [0)
<r>+GS|<r>+GA |<’>+0A|<’>] > 02341

(%)

_ Id
3%NC(d] () + C(@]4y) + C( ) +Cl@o )] + [Og
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We demonstrate that [C(Id| ) +C (@] ) +C(n] ) +C(@on| )] = 2 is the optimum choice.

Recall the following definitions:

Id\ Id]
= ¥ Clldlp)[og!|+Cnlp)oy|
PeD
P#S,(t)
ol
ol = ¥ C(0ln)|0"|+Clwon|nol |
PeD
P#S,(t)
dlgy (6 Id] Id] |(r 1 |d|(r
o= Y a0+ CBINIOp I+ Y ClaulnlOn+C(6;n)0 |
PEDA PGDA
(tz1)<PP#A (1) <P,P#A
ol ol ol ol ol
o, "= Y C(9A|P)|(99A|<,f|+C(I3A|P)|(93Ai,z|+ ) C(OCA|P)|(9aA<|,>,|+C( p )|O ” R
PEDA PGDA
(tz)<P,P#A (tz7 1 <PP#A
Write
= {Id‘va’Pan’P7won‘P ’ Pe ‘D7P7é S7 <t>7 <S>’ <S,Z>},
Ny = {GA’P,Ggl‘P,(XA’p,ﬁMP ’ PeDy,P#A, and l‘Zﬁl e€Portze P},
N3 = {Id|Pva)’Pan|P’won|P | P= <S>7 <S,Z>},
N=NUN,
N =NU{Id|4), @), M, @0 N }-
Note that NLINj3 is the set of morphisms which come from the definitions of O';d‘@ , G;D|<’> , Gl‘d|<t>
and G:)|<'>. Let Q" be our candidate characteristic biset. Under Q* we have

Co+(Id| () = Ca+ (0] ) = Cas (M| 1)) = Ca(@on|yy) =

and for all ¢ € N, we have Co+(¢) =0. When ¢ € N3, Co+(¢) > 0, and is the reason why we
have stopped short of including N3 in N. Thus,

Z CQ* |O¢| —4. 34k+1
(])EN

Suppose that Q' is a minimal right characteristic biset with the condition that
CQ/(ldk,)) —|—CQ/((D‘<t>) +C91(T’|<t>) +CQ/(a)O T[’<[>) =n where 0 S n<4. (**)

From the rest of the calculations in this subsection and from Lemma A.0.1, we may assume
for all ¢ ¢ N that

Ca(9) = Cax(9). (xx%)
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Moreover, there exists @ # I C N such that for all ¢ € I, we have CQ/(¢)|O;I|<t>| >0 and by
(%) and (x*) we have

ZCQ’ ]Ow | > (4—n)- 3= (% Hk)
oel
where y € {ld,w}. We show that Q* is minimal by size. In other words we have to show
that Q'] > |Q*|. From results in Appendix B, it can be checked that for each ¢ € I and
y € {ld, ®}, we have

o V’|(r)| _ 34k 34k+1'
Dol " Dyl
Suppose that for every ¢ €1, |O;j|<t)| = |3D—‘:|. Then, by (x**x),

Y Co(®)|0)1"] = (4—n). 3%

oel
34k
— Z Co () +n-3%"1 > 4. 341 (by definition of I and N)
pEN Dy
442
— ZCQ’( ) +n_34k+124_34k+1
PEN Dy
= Cor(Id[())[Oq) , | + Car (@] () [O ), | +Car (19O, | + Cr (@0 N[ 11))| O o, |
+ Z Cor(9)]0g] > 4- 3%+ (by (%*) and definition of |Oy|)
oeN
— Z Cor(9)]0g| > 4-3%+1, (by definition of N)
oeN

Thus

Q- |Q > ZCQ’ )|0s| — ZCQ* )0g| > 4- 3L g 34kt
peN peN

where the first inequality is due to (xx*). It follows that Q* is minimal (if the minimality of

the rest of the constants in this subsection are demonstrated).

34k+1

Dyl From results in

It is left to consider the case when there exists ¢ € I such that ]O
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Appendix B, this only occurs when ¢ € Ny and (t,z) < Dy. Thus, for all p =1,..,4, we have

|Q®;,lo| — |Qw\<f,z>|
4+ 1

2k —1y\ __ R2k
= 3%C(0,}) =3%*C(y) + Byl

C(¢)+ [extra. ]
2k+1

Dy

— C(0,() > C(y)+

100 C(¢) > C(y)+3C(¢9) >4 (as ¢ €1)

where the second last inequality is because [Dy| < 3%¢. Note that, Cg*(@ﬁl/l) = 1. However,

CQ’(®M,0> > 4. Now
Q'] = Q7] >[Car (1d] ()| O1gy,, | + Car (@] )| Oy, |+ Cer (M) | O, |+ Car (@01 i) | Oy, |
+[Car(©79)[0g1| +Car (€3) O3 | +Car(050) 01| +Car (€ 9)| O 1]
— [Car (1d[ ()01, |+ Car (@] ()| O, | + Ca (1)1 O |+ Car (@01 1) O, ]
_ [Cﬂ*@ié)m@[é' +Co (®i5)‘o®gé‘ +CQ*(®3*’$)|O®;’(1)| +CQ*(®;(1))|O®;(1)”
>p 3% L 4.4.3% g 301 g g%

=n- 34k+1 > ()

It follows that Q* is minimal (if the minimality of the rest of the constants in this subsection

are demonstrated).

So we may assume C(Id| ) = C(®|y) =C(nl(y) =C(won]y) = 1. 12,,

Thus, our candidate solution that we have chosen is minimal.

A.10.2 Exoticity

Note that |Q*|/|S| = 304 4-22.3%~41.13.3%k=2 1 4 We use Lemma 4.3.12 to determine

an upper bound on the exoticity index for our fusion system. We have

{3“—4 +22.3%4 4 13.3%2 +4J

vs(Sym(l2/Is1) = ¥ 3

i=1
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. Now,

Write n; = {36k—4+22-34’<—{‘+13~32"—2+4
3!

| I

i=1 = n,-:36k—5+22.34k—5_|_13.32k—3+1
2<i<2k—2 = n; =341 400 304y 3. 322
i=2%—1 = n=3%3422.3%k3 14
i=2k = n; =3%41020.3%k4
Yt 1 <i<dk—4 —s py = 30k—4—i 4 0p. 3tk
i=4k—3 = n;=3%""147
i=dk—2 = n;=3%242
4k —1<i<6k—4 = n; =3k
Thus,
v3(Sym(|Q*|/|S])) =[3% 7 +22.3% 3 1 13.3% 3 1] + [2k2_236k—4—i+22,34k—4—i+ 13.3%2_;
i=2

+ [34/{—4 + 22. 32/(—4 + 1] + [34/(—3 + 270. 32k—3 +4]

4k—4
+[ Z 36k—4—l+22'34k—4—l:| +[32k—1+7]
i=2k+1

6k—2 Ot sk—dei
+[3% 4214+ ) 3
dl—1

1
25[36/(—4 4 22. 34k—4 + 13- 32/(—2 . 6]

Let T be a Sylow 3-subgroup inside the group G constructed from QF, realizing our fusion
system. Then

1
logs|T : S| = 5[36’<—4 422-3%=4 1 13.3%72](4k + 3) 4 6k.

This is our upper bound for our exoticity index.
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A.11 DRV-11

General form:

By Theorem 7.3.1, we know that any potential right characteristic biset Q has the following

form:
Q= | | C(ld|g)0yg, UC(@]0) O, UC(M]@)Oni, UC(@0N|0)Ogon|,
0eD
U] C(80l0) 0y, C (85 '10) O, 11, L C(@0) Oyl L C(Bol0) Oy
0eDy
L LJ(X@pnqdowmﬂgucw;%nﬂ@o%me
0€D;
A=—1,1
—0,1
UL C(évl)oévl'—'C(ﬁvl)ogvl'—'C(1§1,x)01§1‘l'—'C(1§4,)L)Ol§“
A=—1,1 ' ’
UL Cialo)O¢, 1, U C(Eal0)0%, ,1,UC(E1l0) 0%, 1, U C(Eanl0) Ok, 1,
Q<Dy,
A=—1.1
—1 —1 —1 -1
U C(§17/1|Q)Oglj|QUC(§2,1|Q)O§£/{|Q|—|C(§37;L‘Q)O§3jll\g'—'C(§47;L’Q)O§4T/{|Q
€Dy,
A=—1,1
Equations:

We list the following equations:

ye{ldp|Q€eDy,A=-1,01}:

If Q€ D)\{(z)} for L = —1,1, then the equations are the same as those for DRV-7.

0 € Do\{(2)}, then the equations are the same as those for DRV-9.

veE{bilo| Q€ Dy, A=—11}

If Q€ D) \{(z)}, for A = —1,1, then the equations are the same as those for DRV-7.

Ve {Go‘Q | 0e @0}:

If O € Do\{(z)}, then the equations are the same as those for DRV-9.

ve{bonlp|QeDy,A =11}

If 0 € Dy;\{(z)}, for A = —1,1, then the equations are the same as those for DRV-7.
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V&S {évpﬁv,w@l,xaﬁu A =-1,1}:

In these cases, the equations are the same as those for DRV-7.

ve{€ialol0eDy, A =—1,1}

Q54 =3°C(&) 1)
07 = B(C(E ) + CE)] + FC(E Al ) + CEstl o))

Ve (Eitlo] Q& Dy h =11}

Q54| =3%C(E)
Q54 = B[C(E10) + C(E )]+ 3C(E Al ty) + CEsal o))

Candidate solution:

We have the following designated values for the constants:

C(lds) =C(w) =C(n) =C(won) =1

Cldl ) =C(@] (2 1) =C(Nl i ) =Clwon|a ) =3*7~1 (for A=
C(60) =C(6y ') = C(aw) =C(Bo) = 1

C(61) =C(6; ') =C(60m) =C(6; ' om) = (for 2 =
C(By,) = C(Br,) = C(D12) = C(By2) =3 (for 2 =
C(&12) =C(&a) = C(&34) = C(E40) =377 (
C(&;3) =C(6,2) =C(&5,) =C(&, 1) =3%7 (for
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with the rest of the constants equated to 0. Writing Q* to denote this solution, we have

OF gO|dS LUOeU On U Owon

L |_| 32k 3—1 Old| o UO(D‘ e |_|(9n|ss ZI_IO(DOT”

A=—-1,0,1

|_|(f)30|_|(9971|_|oaol_|olgo

LJ |_| ngl_l(f) ] [Oglonuoel—lon]
A=—1,1

b 3% 3[0 05, U0, U0 ]
A=—1,1 ’ ’
8 I_l 32](_3[051,/1 U Oiz,z U 0531 U o@m]
A=—1,1

2k—3
U)L_It|113 [oéliuo%uo%uo%]

ss 2)

It is left to show that this solution is minimal, and to determine an upper bound on the

exoticity index.

A.11.1 Minimality

We now determine minimal values of the constants:

We already know, by Lemma 4.2.8, that C(lds),C(w),C(n),C(won)>1

C(67),C(6;1),C(6;0m),C(6; ' om) for A = —

By Dy, we get [C(6;) +C(8; ') +C(8; 0m) +C(6; ' om)] > 2%

C(60),C(6y"),C(a0),C(Bo):

By Do, we get [C(60) +C(6, ') +C(aw) +C(fo)] > 2*.

Clld] ) C(0] 3 )-C i ) Cl@ 0] ) for A =—1,0,1

By @7, we get [C(ld| (2 ) +C(@] 1) +C(N (i ) +C(@on|
for A = —1,1. Similarly, by 2y, we get[ (Id| M)—FC( [(5,2)) +C (M52

2%. (3% —1).

C(Bv,),C(By,),C(82),C (V) for A =—1,1
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By @y, we get [C(6y,) +C(By,) +C(D 2) +C(Dy )] > 22-3%3. @

C(&1,1),C(822),C(E32),C (&4 5) for A =—1,1

n|9v Z“i_’Q n'wz’

)

|_Q§1)L‘_|_’Qézl‘+’g§%l‘+’g§4l|—|Q o) | 4 |QG’Z1 SEIESTe)
= 3[C(§2)C(E1) +C(E3.2) +C(E42)]
=3[C(6,)+C(6; ) +C (6, 0m)+C(6, ' om)]

+32k+1[ (GM _|_C( —I—C(Q/IOT”N Z)+C( n|ss17z )]

SSZ) |SSZ)

Thus, by using @y, [C(§1.2) +C(&2) +C(83.4) +C(E40)] > 2%-3%73, as required.  ®)y

C(§1):C(6,2),C(8;53),C (&, ) for 2 =—1,1

|Q§f,i‘ + 195{,;{‘ + ’Q%fi‘ + |Qé4fi| = Q%16 | 1 (Q% 'l | 4 [Q®lsa | 4 [QPolisa) |
= 3’[C(§,3) +C(&; 1) +C(&52) +C(& )]
=3%1C(60) +C(6; ') +C(00) +C(Bo)] + 3 [C (0l (s.2)) +C(8y ') +C

{s,z)) + C(B()l (5,2) )]

Thus, by using @y, we have [C(éfi) +C(§{/{) +C(§3j){) +C(E, ] > 22.3%3, OM

A.11.2 Exoticity

Note that |Q*|/|S| = 4[3% 2 —2.3%~1 4 1]. Thus,

i 34k—2_2.32k—1+1
w(sym(rl/is) = L |

Write }’Ll‘ g \‘4[34k_2§;_32k_1+1]J . NOW,
=1 = ni:4.34k*3_8.32k72+1
2<i<2%k—1 = n; =43k 17321 _9)
i =2k — ni:4'32k72_3
2k+1<i<4k—-2 = nl-:4.34k_2—i_1

i=dk—1 — n=1
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Thus,

2k—1
v3(Sym(1Q*(/|S])) =[4-3%7 —8.3% 2 4 1]+ { Y 4.(3% -2 -32"—1—"]
i=2

a2 4k—2
+[4-3 A+ )
i=2k+1

—0.3%=2_ 92 341 _ (9 _3)

43820 1} +1

Let T be a Sylow 3-subgroup inside the group G constructed from Q*, realizing our fusion

system. Then

logs|T : S| = (|Q|/|S| — 1)(2k+1) 4 [2-3%2 —22. 3%~ _ (2% — 3)]
=2[(3%2 —2.3% ") 4k +3) + (2k + 3)].

Thus, we have an upper bound for our exoticity index.
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A.12 DRV-12

General form:
By Theorem 7.3.1, we know that any potential right characteristic biset Q has the following

form:

Q= | | C(ld|g)O), UC(@]0) 0w, UC(N]0)Op), UC(@ 0N o) Ogon),
0eD

U | C(64l0) 00,1, UC(8; '10)Og 1), LC(al0) Oayl, UC(Bal0) O,
0cDy

U || C(60lo)Ogy, LIC(6y ' 10)Ogy), LIC(a0l0)Ogy), LIC(Bolo) Ogy),
QeDy

¢ -1 y4
€D,
A=—1,1
0=0,1

U L €(8r,)05, UC(B,)05, UC(314)0;5,, UC(852)0;,,
A=—1,1

UL C(6y,l0)0a, LIC(8y,'10)0g 1 UC(av,0)Oay, |, UC(Br,10)Op, |,
<Dy, A
A=—1,0,1

U || €(©14)0,,UC(0,,)06,, IC(0;,)06,, UC(04,)00,,
A=—1,0,1
U | €(®;;)0,,UC(O;;)0%,,UC(05;)06,, UC(O,;)0,,
A=—1,0,1
UL C(812)00,, UC(8:2)0s,, UC(032)0, , UC(342)00, ,
A=—1,1
U L Cial)Ve,),UC(E110)0,,1, U C(Eal0) O, , 1, UC(Eaal0) O, , 1,

gzzz(ss%>,(ss%,z>
A=—1,1

U |_| C(éf}HQ)OgD{\Q '—]C(éz_,hQ)ngwQ UC(%}HQ)O@J“Q UC(&;)”Q)Oga

0= <S>7<S7Z>
A=-1,1

UL CEs)0g, UC(E62)0g, , UC(E7.2) 0, , UC(&s2)0¢, ,
PR

-1 -1 -1 -1
U C(Es2) 01 UC(Eg )01 IC(§73)0¢ 1 IC(S53) 0
A=—1,1 ’ ' ’ 7

lo

As already explained in the case for DRV-8 and DRV-10, there is a difference between the
construction in Theorem 7.3.1 and the one above. The difference here is that we have excluded

orbits induced by the following morphisms:
1. ®y 1] for Q< (ss},2), A=-1,0,1,and p=1,..,4.
2. @;}MQ for Q< (t,z), A=—1,0,1and p=1,..,4.
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3. Yyl for 0 < (ssh,2), A=—1,1,and p = 1,..,4.
4. Eualofor0< <ss%,z>, A=—1,1and u=1,..,8 (excluding 5#%‘(&;%) foru=1,2,3,4).
5. éu_MQ for Q< (s,z), A=—1,1and u=1,..,8 (excluding 5;;“@) for u=1,2,3,4)
This is because all of these morphisms are restrictions of those from the set
{6r,6; ' ar,Br | T =V;,A, A = —1,0,1},

which are already included in the the general construction.

Equations:

We list the following equations:

[/AS {|d|Q | QeDy,UDG A= —1,0,1}:

If 0 € Da\{(z)}, then the equations are the same as those for DRV-8. If Q € D;\{(z)}
for A = —1,1, then the equations are the same as those for DRV-8. If O € Dy\{(z)}, then
the equations are the same as those for DRV-10. So suppose Q = (z). Then

Id| Id| ) Id| ) 3He2 1
Q€| = ZC(ld|P)IO|d|P|+C( |)|O | Y W[C(QMP)‘FC(QA )]
PED PED; (z)<P
A=-1,0,1
+ Y 3™[C(d2)+C(Dy0)]
/1—711
+ Y, %G +CE)I+ Y, 3HC(E ) +C(E )]
A=—1,1 A=—1,1

v E{0alg| Q€ Dy}

If O € Ds\{(r),(z)}, then the equations are the same as those for DRV-8 (or equivalently
DRV-6 or DRV-10). So suppose Q € {(t),(z)}. Then

Q06| = Y [C(6a]p) 05 " +Claulp) O |
PeDy
+)L Y, 3%C(0;5;)+C(O5)]
=—1,0,1

|z 0al,
Q%6 = Y [C(6alp)|0g. 7 | +C(Balp) O 7]
PeDy

+ Y 3*C(0 1) +C(O4,)]
A=—1,0,1
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ve{0,]p|0cDy,A=-1,0,1}:

If 0 € D3 \{(z)}, for A =—1,1, then the equations are the same as DRV-8. If O € Do\ {(2)},
then the equations are the same as those for DRV-10. If O = (z), then 6, |p = Id|p, for all
A=-1,0,1.

ye{6on|QeDy,A=—1,1}

If Q€ D)\{(z)}, for L = —1,1, then the equations are the same as DRV-8. If Q = (z),
then 6, on|p =n|p, forall A = —1,1.

w{by,, B, D1, %up [ A =—1,1}:

In this case, the equations are the same as those for DRV-8.

Y e {lelQ ‘ QE ka,l = —1,0,1}

When Q = (ss%,z> for A = —1,1, then the equations are the same as those for DRV-8. If O =
(s,z), then the equation is the same as that for DRV-12. First suppose that Q € {(ss*), (z)},
for A—1,1. Then

by, |
o Vi <m/11>| _ 32k+1[C(9V,1) —|—C(OCV,1)] +32k+2[C(9V/1|<ss’}>) +C(OCV,1|<SS’11>)]
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Now, suppose Q € {(s),(z)} and A =0. Then

Q%% | = 3% [C(8y, ) + Caw,)] +3F2(C(By | ) + Clotwy |15))]
+3%C(@1 ) +C(®3)]

+ Y, 3FHC(E ) +C(5 )]
A=—1,1

Q%% | =321 [C(By, ) + C(Byy)] + 3% T2[C(Bv, | 1)) + C(Bu )]
+ 3% C(@4) +C(O; )]

+ Y 3C(E ) +C(E)]
A=—1,1

ye{0;,|A=-101}

If A = —1,1, then the equations are the same as those for DRV-8. If A =0, then the
equations is the same as that for DRV-10.

ye{0;[A=-1,01}:

If A = —1,1, then the equations are the same as those for DRV-8. If A =0, then the
equations is the same as that for DRV-10.

ve Bl A=—11}

In this case the equations are the same as those for DRV-8.

/AS {élﬂlQ | Qc {<SS%>, <SSIA7Z>}’A =-1, 1}:

Q14| = 3°C(&; 1)

7 = 308 2) + CE )]+ PUCE AL gy) + CEsal )

ve{éilolQe{(s) (5,9} A=—1,1}

-1
Q14| = 3%C(E; )

‘Qélﬂ@‘ — 33[C(§f’/{) —i—C(éii)] +33[C(§1T;H<s)) +C(§3j){‘<3>)]

ye{SsalA=—11}

Q554 | = 3%C(&s )
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ye{&ilA=—11})

’Q?is,x’ — 32C(§5_7i)

Candidate solution:

We have the following designated valued for the constants:

C(lds) = C(w) =C(n) =C(won) =

Cdl ) =C(@f 12 1) =C(Nla ) = Cl@on|a ) =3%7~1 (for A=-1,0,1)

C(ld|(y) = C(](5)) = C(n|() = C(@on]| () = 3%

C(ld[(y2y) = C(@f52)) = CM (1)) = (won!<ssf>>=22-34"’4 (for A =—1,1)

C(ld[ir)) = C(@]() = C(M ;) = Cl@on|y) =3

C(64) =C(6; ") =C(an) =C(Ba) = 1

C(6al () =C(6, 1)) = Claual () = C(Bal () = 17-3%7 =3

C(60) = C (8, ') = Clon) = C(Bo) = 1

C(60l(5)) = C(6y | 15)) = Clatol () = C(Bol () = 3!

C(60]11y) = C(6y ' 11y) = C(tl ) = C(Bolyyy) = 3%

C(61) =C(6; ") =C(60m) =C(6; ' on) = 1 (for A = —1,1)

C(9,1|<ss;t>):C(Q/{l!(ss%):C(Olon]@s%):C( On|<m) L (for A =—1,1)

C(01]() =C(6; (1)) = C(Bx oM (y) =C(8; ' omlpy) =3 (for A =—1,1)

C(évl)=C(3vl)=C(191,;L)—C(194/1)=32k_3 (for A = —1,1)

C(By,) = C(6y,) = C(aw,) = C(By,) = 32 (for A = —1,0,1)

C(6v,|1)) = C(6v,|(y) = Clow, | ) = C(By, | ) = 17-3% =321 (for A =—-1,0,1)

C(012)=C(0,y3) =C(03,) =C(04,) =1 (for A =—1,1)

C(©;;) =C(0,;)=C(8;;)=C(0,;)=1 (for A = —1,1)

C(D12) =C(@y,) =C(5,) =C(y ) =372, (for A =—1,1)

C(&12) =C(&a) =C(& ) =C(&4p) =357 (for A = —1,1)

C(éfi)zc(éii)zc(iﬁ) (5471):32]{ : (for A =—1,1)

Cialiy) =Caalisny) = CGaalny) = CEaal i) = 3% +2.3%7
(for A =—1,1)

CEalw) =Cal) =Cl& 1) = CElyy) =3% 44233 (for A =—1,1)

C(&52) =C(&sp) =C(&r2) =C(&p) =3%7 (for A =—1,1)

C(&51) :C@;i) :C(éﬁ) :C(ég,{) =3%2 (for A = —1,1)
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with the rest of constants equated to 0. Writing Q* to denote this solution, we have

Q* g(ow l_l Ow l_l (911 l_, O(gon)

u o[ @ P-1 (O|d| e UOw\ '—'On|m Owen| ;

A=—10,1 ? o

|—'34]€74((9|d| 10, UOn|, UOwon|,,)

L |_| 22 34k 4(Old| l |—|Ow| |_|OT” . |—|Oa)o1ﬂ A )
A=—1,1 {ss7) o)

|—|3<O|d\<t> U O00|<r> U On|<t> U owonI@)
L (O, U0y 1 L0, LiOg,)

2k—3
L(17-3 —3)(OGA\ '—'O R aA|<z>uoﬁA|<z>)

u(oeouoealuoaouoﬁo)
2k—1
L3 (090\<s> U OOO“|<S> U anl@ U O, l(s))
2k—1
U3 (090\@ U OG(;I|<,> U an|<t> U Oﬁo\@)
U L (06, W0g11106,0q U 0g-1,y)
A=—1,1
2k—1
U o3 (Oeu(“ SO
A=—1,1 1
U [ 3%7(0g,), W01, U060, LU Og-
A=—1,1
2k=3 (@ . . . .
U] o3 (o%uo%uomuom)
A=-1,1
UL 3%7%(0a, L0, 110, U0, )
A=-1,0,1

R4k—5 _ 2k—1
U/l_|_1|01 (17-3 3 )(o%\<z>'—'oev’;l<z>

LOg LO,-1 )
AOn‘<SS%> el or"(ss%)

011\<z>)

Cl‘/zi |(Z>
( ®€.l OGZ,A O 3,& O fll )

A=—1,0,1
(=—1,1

U |_| 32k_2<ol91.1 U Oﬂz,x 8 Oﬁs,x 8 0194,/1)
A=—1,1

L |_| 32k 3((951211_“962[&[_“965&'_“9&4&)
Af=—1,1

4k—4 2k—3
L |_| 3 +2 3 )(051 7L| l_l 062ﬁ1‘<551> U 0537A‘<ssl> H oé4‘“<”l>)
A=—1,1 1 1 1

4k—4 2k—3
|—|/1_|j|11 (3 +2-3 >(O§M| I_IOéM‘ Uoéax‘ |_|O§“|<s>)

2k—2
|_|/l[|_|_113 <O§[ uO%{i}LuOéséll_lo%SA)
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It is left to show that this solution is minimal, and to determine an upper bound on the

exoticity index.

A.12.1 Minimality

We write down a few definitions. Let y € {lds,w,n,won}. For A = —1,1, define

s57°) S8 )
o= Y cuplon)
PeD
P#(ss}) (s ,2),S
of V=Y clnloy+IC(wonln)|oy
PeD
P#(ssf,z) S,u=-1,0,1
417 41
= Y C@lnIOn 1+ C@aln)0n 1+ X Closlp)Of | +C(oalp)On |
PGDA PE'DA
(tz71y<P (rz)<P
where

(9A=5A70‘A7 L) if y=1ds

9 17 9 f =
(01,02, 03,04) = (0, 1A Ba,64) | V=0
(0, ", 04,04, B4 if y=n
(

Ba,64,04,0, ify=won

)
h
Similarly, for v € {GA,GA_I,OCA,BA}, define

417 41
o/ = Y Clylp)|on | +Clylp)on |

PEDA
P#A
o= ¥ Cwlp)0h ] +Clyalp) 0% |
PGDA
P#£(z),A
where
( (
(07 if¢:6A ﬁA If(P:QA
Bs ifo=06," oy ifop=0;"
v = A and y, = A
s ifo=o0y O ifO=pa
ﬁ;l if ¢ =Py \eA—l if ¢ = oy

Now we determine minimal values of the constants. By Lemma 4.2.8, we already know that
C(lds),C(w),C(n),C(won) = 1
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C(64),C(6;1),C(0ta),C(Ba):

By g, we have [C(84) +C(8, ") +C(aa) +C(Ba)] > 22.

C(60),C(6,"),C(a0),C(Bo)

By D10, we have [C(8) +C(6, ) +C(0) +C(Bo)] > 22.

C(G;L),C(G/l_l),c(el On),C(GA_l on) for A = —1,1

By @s, we have [C(8;)+C(8; ) +C(6; 0m)+C(6; ' on)] > 22,

A

C(6v,),C(Bv,),C(D2),C(Dy ) for & =—1,1

A 3 3 2%-3
By @), we have [C(6y,) +C(Bv,) +C (D1 2) +C(Dy2)] = 22-3%3.

C(|d|<s7z>)ac(w|(s7z))7c(n|(s7z))>c(wO n|(s7z>):

> 22 . 32k—3 _
By @10v we have [C(Id|(s,z)) +C(w’(s,z>) +C(n‘(s,z)) —l—C((O © r”(s,z))] = [

=—1,1
Clld] ) C(O] 1 4)- C 3 ). Cl@ 0T 5 ) For A

SS Z)

By@g [ (Id|35 Z)+C(w’ SS Z)—J'_C(nlss Z)+C(O) n‘ss Z)]222.[32k—3_1]_

C(6y,),C(8y,'),Claw,), C(By,):

By By, we have [C(6y,) +C(6y,") +Clawy) +C(Byy)] > 22-3%2.

C(6y,),C(6;,1),C(a,),C(By,) for A = —

By B, we have [C(6y,) +C(9V;1)+C(0‘Vx) +C(By,)] > 22322,

C(01,0),C(020),C(030),C(O4):

2
By @, we have [C(0])+C(020) +C(O3,) +C(O4p)] > 2°.

C(011),C(0,,),C(03,),C(04,) for A =—1,1

239

1].

D1z

@12

®12

@12

®12

®12

@12

12

@12



By ®s, we have [C(8)3) +C(@2) +C(03 ) +C(042)] > 2%. 19,

C(077),C(057),C(054),C(O5):

By ®)10, we have [C(®] () +C(05) +C(05 4) +C (0, )] > 2% aD,,

C(©;),C(0,,),C(05;),C(8,;) for L =—1,1:

By @, we have [C(©})+C(05)+C(05})+C(,)] > 2% 12),,

C(912),C(924),C(V31),C(Vy ) for A = —1,1:

By @) we have [C(0h1) +C(D5,0) +C(D5.0) +C(D )] > 22322 (EN

C(&1,1),C(821),C(82,2),C (&4 5) for A = —1,1:

0 _
9512 +[084 ] +]53] + Q5] = [0% | +1077 | +10% | + QM|
— BC(E12)+ Cl&) +CE 2) +C(E)] = FIC(By, ) + C(6y,1) + Cla,) +C(By,)

Thus, by ®2, we have [C(&;3) +C(&2) +C(&32) +C(&y0)] > 2% 3%, 14),,

C(§1):C(8;2),C(8,2):C (&) for A = —1,1:

_ - - - 0 _
54| Q54| + Q52| + Q%4 | = Q%] +1Q |+ |Q%)] + Q%
= 3[C(&; 1) +C(&; ) +C(&; ) +C(E; )] = 32[C(8y,) +C(6y, 1) +Clay,) +C(By,)]

Thus, by @)1, we have [C(él_i) —|—C(§2_/{) +C(§3_7/{)+C(§4_771L)] >22.32k=3, @12

C(&5,1),C(86.2.),C(E7,2),C (&g ) for A = —1,1:

0 _
952 +]0%2| + 05| +10%4] = [Q% +]Q5 | +10% |+
— (C(Es) + ClBo )+ CE2) +ClEs )] = 3C(By,) + C(B, 1)+ Claw,) +C (B, )

Thus, by ®)2, we have [C(&s5 2) +C(&61) +C(E72) +C(&s2)] > 2% - 3% 2. 6,
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C(E51),C(E 1) C (&, 1),C(Eg 1) for A = —1,1:

- - - - 6 _
05| 4504 | + Q52| +]Q54| = Q%] +1Q |+ |Q%)] + [
= 3[C(&; ;) +C (65 1) +C(&;2) +C(Eg 1) = 32[C(6y,) +C(6y, 1) +Clo,) +C(By,)]

Thus, by @15, we have [C(ES_/{) —l—C(é;i) —|—C(§7_7/{) —f—C(ég_i)] >22.32k2 @12

C(Id|(y)),C(@|5)),C(N(5)), C(@o M| (5)):

By ®10, we have [C(Id|(5))c(®@](5)) +C(N]iy) +C@on]yy)] > 22 3%, 8,

C(ld|<Ss1l>),C((D|<SS{L>),C(TI|<Ss/ll>),C((UOn’<ssil>) for A =—1,1:

By 8, we have [C(Id|<ss%>)c(a)]<ss%>)+C(n\<ss%>) +C(‘°O’7|<ss%>)] > 4. 34—4 12

C(60l(5),C (65 1)), C (] (5)) . C(Bol(s)):
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By using @, we have

Thus, [C(60]

<s>)—|—C

|QGO|(X)| + |Q961|<s>| _ |Q0V0|(s>| + |Q9\%1‘<s>’

— 3%[C(60) +C(6; ") +C(a0) + C(Bo)]

| 32kt [C(80| <s,z>) +C(6y| <S7Z>) + C(Oco|<s,z>) +C(Bo (s7z))]
+ 321 [C(B0] 1)) + C (0] 1)) + C(0t0] 1)) + C(Bol )]
+2-3%[C(®10) + C(@20) +C(®3) +C(O4)]
—32%+1[C(8y,) + C(e‘%l) +C(ow,) +C(Bw,)]
+32%+42[C(gy, | )+ C(e‘%l () +C(ayl 1)) +C(Bryls))]
432+ [C(@®1,0) +C(020)+C(O30)+C(B4)]

N Z 32k+1[c(55—771t)+C(§J)+C(§{/{)+C(5§/{>]
A=—1,1

= 3% [C(B0] () +C(8y 1)) + 00| 15)) +C(Bolis))]

P18y, )+ CO )+ Cloty i)+ C Bl
+3%C(01,0) +C(@20) +C(@30) +C(O49)]

+AZ 3HHC(E5 1) +C(&6 1) +C(E3) +C(& )]
=—1,1

(

=3**1[C(6y,) +C (6, ") + C (o) + C(By,)]
[
€

—3%[C(60) +C(68; ") +Claw) +C(Bo)]
—3%1C(Bp] 5.29) +C(B0] (s.2)) + C (] (5.2)) + C(Bol15.9)]
—2-3%[C(®1 9) +C(@20) +C(O30) +C(B4)]
:32k+1[C(9V0)+C(9%1)+C(av0)+C(l3vo)]
+32k+2[c(evo|<s>)+C(9%1\<s>)+C(av0\<s>)+C(ﬁV0!<s>)]

n Z 32k+1[C<§5*’i)—|—C(§6ji)+c(€7j,ll)+c(§€;/{)]
A=—1,1

>3%*[C(6y,) +C(6y,") +Clow,) +C(By,)]
+ Y FHCE ) +CE D +CE D +CE D

A=—1,1
222 . 32k+1 . 32k—2 + 23 . 32k+1 . 32k—2 — 22 . 34k

(961’(s>)+C(O‘O‘<s))+c(ﬂ0’(s>)] >22.3%1 a5 required.
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C(92,|<SS/}>)7C(9)TI‘<SS%>),C(0}/ on|<ss,11>),C(9/{1 OTI!MQ for A = —-1,1

71\ 1

Q") 1" “1|—|99V““%|+|9V‘
— 3%[C(6,) +C(6; ") +C(6; 0m) +C(6; ' o)]
+ 3% C(O 1 1) +C(8; i ) +C (B2 0] 1) +C(8; oMl )]
4 3%+ (91|<Ss%>)+c( N |<SS,11>)+C(9,1017!<SS%>) c(e;’ on!@s@)l
+2-3%[C(©1 1) +C(032) +C(O31) +C(Oy41)]
—3+C(ay,) +C(9‘a‘) +C(ay,) +C(By,)]
+ 352000, | 19) + €O )+ C(, | )+ C(Br, | )]
(©12)+C(072)+C(03,)+C(Oy ;)]

331)|

32k+1

€
+3%HC(9) 1)+ C(90) +C(D3 1) +C(Dy )]
+3%HC(Es.2) +C(86,1) +C(E7.2) +C (&5 2)]
= 3% [C(B1] 42)) + C(0; [ 43 +C(Br oM 2)) + C(O 07 1))
=3**1[C(6y,) +C(6y,") +Claw,) +C (B, )]
+3H2(C(6y, [ (1)) +C (67, 1 2)) +Claw, | ) +C(Br, | 2]
+32k[C(®1/1)+C(®22L)+C(®3/1)+C(®4x)]
+3%HC(Dy 1) + C(D0) +C(D32) +C(B42)]
+3%HC (&5 2) +C(86,1) +C(E7.2) +C (&5 2)]
—3%[C(62) +C(6; ) +C(610m) +C(6; ' om)]
=3HC(B2 551 ) +C(0; (i ) +C(Br oM (12 ) +C(8;  om] 2 )]
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Thus, by using substitution from (B, we have

3HC(BA] y52)) + C(0; ' 42) + C(Bx oMy 20) +C(0;  om] 21)]
=(3%* —3%)[C(6y,) +C(6;,") +Clav,) +C(By,)]

+3%+2[C(oy, Yy +C(6;," [(ss2y) T C(@; | (5529) + C(Bry | 452)]

+3%[C(0, 1) +C(0,2) +C(©3,) +C(0y3)]

+3%HC(9) 1) + C(22) +C(D3 1) +C(Vy )]

+3%FC(Es 1) +C(E 1) +C(E72) +C(Es 2]
>(3%* —3%)[C(6v,) +C(6y,") +Claw,) +C(By,)]

+3%[C(012) +C(022) +C(032) +C(04 )]

+3%HC(0) 1) +C(92) +C(52) +C(By.2)]

432K+ [C(Es.2) +C(E2) +C(E7.2) +C(Es 1))
>02[(32 1 32).32k=2 4 32k | 32kFT 322 4 32kHL 32k-2) 92 gk

It follows that [C<9"L‘<ss%>)+C(9/1_1|<ss;1>)+c(9)t °n|<ss/}>)+c(9,1_1 On|<ss'}>)] >92.32%1 56

required. @12
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C(6vl (), C(6y, 1) C @y ), C(Bvp | 2):

Q%o+ j%ol| = Qo+ @1l
= 3**1[C(6y,) +C(6y,") + C(aw,) +C(By, )]
_|_32k+2[ (GV‘ ) ( ‘ )+C(OCV0|<Z>)+C([;VO‘<Z))]

+ 3%+ [c(e7 0) +C(0F 0) + C(@gé) + C(@Z,(l))]

+ Y 3FC(Es u) +C(Eop) +C(Er ) +C(Es )]
u=—1,1
=32+ [C(Ids) + C(@) +C(n) + C(@on)]

+ ), 3¥C(d] g ) +Clof i) +C(nl,
u=-1,0,1

d| )

D405 + g ]

y) +C(won| + 0y

SSZ SSZ SSZ

+{34k—1[c(e)+C(e ) +C(0) +C(Po)]

34k[C(90’ (s,2) ) (90 1‘ (s,2) )+C(O€0| ) (ﬁo‘ (s,2) )]
+3%[C(B0l (1) +C (65 (e, +C 0] 2) +C(Bol )]

+3%1 (69| ) +C (85 | 12)) +Cl00] ) +C (ol . )]]

X [ lc@ @) e em+oie o)
u=-1,1
+3%C(Oul g ) + €O +C(Buom| ) +C(O ol )]

+3%[C(6a11.2)) +C(6: 1.0)) +C(Buomly ) +C (8 ol )]

|S$ Z)

+34k+1[C(9u|<z>) +C(8 ') +C(Bu oMl () +C(B;  omly))]

+ X 3*[C(By,) +C(By,) +C(D ) + C( D))
u=-1,1
+ Y 3M[C(E ) +CEL) +C(EL ) +C(EL )]
”762_171
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This means,

= 3220 (By, | 1)) +C(6y 1)) + Cla|i2)) +C (B )]
=3%+1[C(1dg) + C(@) +C(n) +C(won)]

+ Y 3%C(d] ) +C(@] ) +C(n),
p=—-1,0,1

+{34k1[c(9)+c(9 N +C(ao) +C(Bo)]

Id]. e
IRRCCEL TN EEC A

SSZ SSZ

+ 34k[C(60|<s,z>) + C(e()_1|(s,z)) +C(a0|<s,z>) + C(B0|(s,z>)]
+3%[C (80l 1r.0)) +C (65 [ 1.0)) +C (] 29) +C(Bolyr.z))]

35180l ) +C(65 | ig) +Clol ) +Clfol )

+ Y {3“1[c<eu>+c<eu1>+c<euon>+C<9ulon>1
u=-1,1

34k[C(9u|(ss i) +C(6, ’ss 2) (ss™ 2) )+C(9’10n\<ss¢,z>)]
+34k[ (9),|(t,z))+c( l‘tz>+c(eﬂon’tz>+c( Or”tz)]

+C(9u071\

+34k+1[c(9“|<z>)+c(9* | @) )+C(9u071| ) )+C(9‘j on|<z>)]}

+ Y 3%[C(by,) +C(Br,) +C(B1p) +C(Bay)]
u=-1,1
+ Y 3MC(E W) +C(&u) +C(Es ) +C(EL )]
ul=—1,1

_32k+1[c(ev)+c(9 N+ C(ay,) +C(By,)]
_ 32K+l [C(®1,0) + C(®2,o) + C(®3,0) +C(®47(1))]

Y 3HHC(Es )+ C(Eop) +C(Er ) +C(Es )]
p=—1,1
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Using substitution from 39, &), and by using 12 and (B together, we have
3HE2[C(6y, | 1)) +C(0y, 1)) + Clawy | 2y) +C(Buol )]
=3%*1C(1ds) + C(@) +C(n) +C(won)]

Nl
+ Z 34k[ (Id|ss z)+C(w| sv z)+C<n|ss Z)—I—C((DOTHSS Z)]+[GS +GS ]
u=—1,0,1

+ [34’<1[c(90) +C(6, ") +C(a0) +C(Bo)]
+3%[C (60| (5.29) + C(8y Mi5.9)) + (0] (5.2)) + C(Bols.)]
+34k[C(90|<tZ)+C(901|;Z)+C(050| 1) +C(Bolr.))]

+34k+1[C(90|<Z)) +C(9()_1|(z>) —}—C(OC()’@) +C(BO|<Z))]

£ L3060+ C6; )+ C(Buom) + (6 o)
u=-1,1

34k[c(9u‘<ss i) +C(6, ’ss o) FC(Ouon| Z)+C(9’lon\<ssﬁ;,z>)]
+34k[ (el’<z,z))+c( l\rz)+C(9u0n|m)+C( on[,z)]

4 34K+ [C(el.t|(z>) _|_C(97 |<z)) —i—C(Qu o rl|<z>) —|—C(9ﬁ o rl|(Z>)]}

+ Y 3%[C(by,) +C(Br,) +C(B1p) +C(Bay)]
u=-1,1

+ Y 3O ) +C(E ) +C(E ) +CE )
#7€:_171

_ 32%k-1 {32k[c(90) +C(6, ") +C(a) +C(Bo)]
+3%7C(60]5,0) +C(8 (59 +Clw](5)) +C(/3°|<“>)]]
—3{32’<[C(60)+C(6 ') +C(a0) +C(Bo)]

+ 3 [C (B 1) +C (6 1|<r,z>>+C<“0|<nz>>+C(ﬁ°'<fﬂ>”]

)y, 3 [32k[c<eu)+c<e,:1>+c<euon>+c<9;1on)]
u=—1,1

+32k+1[c<9“|<m uy)+C(6, |ss Z)+C(9”o17|ss ) €6, Or’|ss z>)]]
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By Simplifying, we have

3HE2[C(6y, | 1)) +C(6y, () + Clawy | 2y) +C(Buol )]
=3%*1C(Ids) +C(@) +C(n) + C(won))]

+ Y 3% C(ld[ (g ) +C(@] g ) +C (M g0
pu=—1,0,1

+ l34k[C(90!<z,z>) +C (85 11.2)) +C (0] 1) +C(Bol )]

) HC@on| ) +log @+ g ]

+34’<“[c<eo|<z>>+c<eo—l|<z>>+c<ao|<z>>+c<ﬁo|<z>>1]
+ Z [ 6M|(tz)+c( |tz>+c(euon|tz))+c( on|tz)]

u=-1,1

+34k+1[C(eﬂ|<z )—|—C(9_1| @ )+C(9“o77| (2) )"‘C(eﬁl orl|<Z>)]}

+ Y 3%[C(by,) +C(Br,) +C(B1p) +C(Bay)]
u=—1,1

+ Y 3O ) +C(E ) +C(E ) +CE )
I'L7€:_171

— 3%+ 1C(09) +C(8, 1) +C(0) +C(Bo)]
=321 (00l (1.5)) +C(6 ' |i1.59) +C(@.2)) +C(Bole.z))]
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By using substitution from (D, we have

3HE2[C(6y, | 1)) +C(6y, () + Clawy | 2y) +C(Buol )]
=3%*1C(Ids) +C(@) +C(n) + C(won))]

+ Y 3% C(ld[ (g ) +C(@] g ) +C (M g0
pu=—1,0,1

+ l34k[C(90!<z,z>) +C (85 11.2)) +C (0] 1) +C(Bol )]

) HC@on| ) +log @+ g ]

+34’<“[c<eo|<z>>+c<eo—l|<z>>+c<ao|<z>>+c<ﬁo|<z>>1]
+ Z [ 6M|(tz)+c( |tz>+c(euon|tz))+c( on|tz)]

u=-1,1

+34k+1[C(9#|<z>) —|—C(9“_1 |<Z>) —|—C(9“ o n|<z>) +C(9,L:1 e} Tl|<Z>)]}

+ Y 3%[C(by,) +C(Br,) +C(B1p) +C(Bay)]
u=—1,1

+ gZ 3HIC(EL ) +C(E3,) +C(ES ) +C(EL )]
I'L7 :_171

—3%13[C(lds) +C(w) +C(n) +C(wom)]

Id |(At ‘ nlm

+og " 4oy 4 oy Moy

o
+ O

. 32k+2[c<90|<t7z>) + C(OO—I |(t,z>) + C(a0|(t,z>) + C(ﬁ0|<t7z>)]
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Simplifying, we get,

3HE2[C (B, | ) + C (6, () + Cl0wg | 1)) + C Byl )]

N 210134k[ (|d|ss Z>+C( |<Ss Z>)+C(n|ss Z)—I—C((DOT”SS Z)]
pu=-1,0,

+ [34k[C(90\<t7z>)+C( | (t.2)) T C(@l(.2)) +C(Bolr,2)]
+34k+‘[C(90|<Z>)+C(90‘1|<z>)+C(Oéo|<z>)+C(l30|<z>)]]

; 2“[34k[ceu 1) + €8 izy) +C(Bu o ry) +C6; 011l 1))
L

+34k+1[C(6”|<z>)+C(9;71|<z>)+C(eﬂon|<Z>)+C(eﬁl 077|<z>)]}

+ Y 3%[C(by,) +C(By,) +C(B1 ) +C(Dap)]
p=—1,1
+ Y 34"[C(¢§f,u>+C(5f,u)+c(5f,u)+C(€f,u)]
uﬁ:—ll

ld ) (s,t) OMN | (st
+[Gs +Gs‘ |- 32k[5| +6§°“ +c§” +o—§’"‘<*>]

—3%2[C(B0l (1)) +C(6y ' li19)) +C 0l 1.2) +C(Bol s )]
> ), 3¥IC3d| ) +C(@] ) +CM g ) +Cl@on] g )]

pu=-1,0,1
+ Y 3%[C(By,) +C(By,) +C(B1 ) +C(Da )]
u=-—1.1
+ Y 3*[C(E ) +C(E ) +C(E ) +CE )]
yj:fll
I t .&l At s,
+[GS —|—GS‘ | —3%*[oy s +o S‘ '+ oy s +o Swm g
Let w € {lds,w,n,won}. For all P € D, note that
vl yowlyy, 2|Ns((z),P)||Cs((z))]
|Owlp |+|Owow|p |= |P|
- P ) O
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Sy ow S
It follows that oy = 67 4+ 6" Thus

3HE2[C (B, | ) +C (6, () + Cl0mg | 12)) + C Byl )]

> Z 34k[ (|d|ss z)+C( |<ss z>)+C(n|ss z)+ ((x)OT[|SS z)]
u=-1,0,1

+ Y 3%c6y,) +C(I§Vu) +C(D1p) +C(Dg )]
u=-1,1

+ ZZ 3RIC(ES ) +C(E3,) +C (&3 ) +C(EL )]
ul=—1,1

>3 . 22 . 34]((32]{73 _ 1) _|_ 23 . 34k . 32](73 _|_ 24 . 34k . 32/(72
:22[17 . 36/(*3 _ 34k+1]

Thus, [C(6v () +C(6y,' 1)) +Clawy| ) +C (B z))] > 2%[17-3%5 —32k~1], @),
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C(9V7L|(z>)7 ( 1| ) (OCV7L| ) (ﬁVkl )fOI’)uZ—l,l

0% 6] +[0% 9] = |00 | 4 Qe

— 3% [C(6y,) +C(6;,') +Clav,) +C(By,)]
+3%2[C(By,,,) +C(6y, | 15) +Claw, ) +C(Br, | )]
+3%*[c(e7 ;) +C(0; ,L)+C(®3,L)+C(® ]
+3HC(0 )+ C(Dy,-2) +C(B5 1) +C(B4 _1)]
+3HHC(Es 1) +C (s 1) +C(&7 ) +C(& )]

=3**1[C(lds) + C(@) +C(n) +C(won)]

Id| ) nlZ
+ ) 3HC(d] ) +C0f ) +C g ) +Cl@on | p )]+ (o5 + o ]
u=-10,1

+[34k—1[cw>+c<e )+C(00) +C(Bo)]
+3%[C (60| 5.09) +C(8y N 15.)) + (ol (5.9) + C(Bols.0))]
+3%[C(60] 1) +C (85 11.2y) + C( ol . 5) +C(Bol s )]

+3%1 (69| ) +C (8, | 2)) +Cl0t0] ) +C (ol . )]]

+ X [ lc@ e+ em+ote o)
u=-1,1

310 g )+ C (O g ) +C (B oM g ) +C(8 oMl )]
+3%C(62] 1)) + C (O [1r) +C(Bu oM 1)) +C (6 oM 1)

+34k+1[C(9u|<z>) +C(8 ') +C(Bu oMl () +C(B;  omly))]

+ Y, 3%C(By,) +C(Br) +C (D) +C(Dap)]
u=—1,1
+ Y 3%[C(E ) +CEL) +C(EL ) +C(EL )]
“762_171
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This means,

yhﬂKXGmR@)+Cxqa|H)+CXmﬁ\)%%Xﬁm| )]
=3%+H1C(1dg) + C(@) +C(n) +C(won)]

+ ), 3¥[cd| ) +C(a|
A=—1,0,1

+{34k—1[c(90)+q9 )+C(00) +C(Bo)]

+3%[C (60 5.09) +C(8y N 15.)) + (ol (5.2)) + C(Bols.0))]
+3%[C(60] 1) +C (65 1.0y) +C( ol ) +C(Bol s )]

+ 34k+1 [C(GO‘(Z)) +C(9(;l|(z>) —|—C(OC()|<Z>) +C<BO‘<Z>)]:|

Id|, Nl
+C(n| +C(@on| g ) +og ¥ +og ]

SSZ) SSZ) SSZ

Ly [34’<—1[c<eu>+c<egl>+c<eﬂon>+c<e,:1on)]
u=-—1,1

+3¥%[C(Bul yyn ) +C(6 +HC(Ou oM ) +C (6 onl g )]
+3¥%[C(Bul i) +C (6 ie)) +C(Ou oM ) +C(O; oMl )]

|SS Z)

.+3“+WCUhR@)+CX9_|z)+{xeuon|z)+(xeﬁlonhdﬂ

+ Y 3*[C(By,) +C(By,) +C(D ) +C(Dap)]
u=—1,1

+ Y 3O W)+ O ) +CE ) +C(E )]
ul=—11

—3**[C(6v,) +C(6,") +C(aw,) +C(By;)]
—3%41C(0] ;) +C(85;) +C(05;) +C(0, )]

= 3HHC(0y 2) +C(Dy,2) +C(052) +C(V4 )]
= 3HC(E5 ) +C (g 1) +C(&; ) +C (& )]
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By using substitution from &), Mg, @), and also by using 3);y and @12 together, note that

32k+2[C(9VA|<Z>)+C(9\a1‘< ) +C(av, [)) +C(Bv, )]
=3*1C(lds) + C(w) +C(n) +C(womn)]

+ Y., 3%cqd|,
A=-1,0,1

Id|, Nl
D C(@] )+ € ) +Cl@on] g )]+ lo5 9 4oy )

SSZ SSZ

+ {34"_1[C(60)+C(9Q1) +C(0) +C(Bo)]

+34k[c(00‘(s7z ) (90 1| (8,2) )+C(OC0’ ) (B0| (8,2) )]
+3%[C(60]1.2)) +C(6y (1.0 +C 0l (1)) +CBoliz))]

+3%+C(60] ) +C (6! |<z>)+C<a0’<z>)+c(ﬁ0|<z>)]}

+ Y [3‘* 'C(6u) +C(0, 1) +C(Bu o) +C(6, " om)]

u=-1,1

+3H[C(Bul gy 1)) +C(OL gy ) +C(Bu oM ) +C (6 omln )]

+3%C(Oul 1)) + €O, (1) +C(Bu oM 1.9) +C(8 " oM (1)
+ 3% C(Oul () + C(8, 1) + C(Ouomliy) +C(B " omliy)]

+ Y, 3%[C(By,) +C(By,) +C(B1p) +C(Da )]
u=-1,1

+ Y 3% )+, +CEL) +CE )]

i
— 3% 1{32"[C(6,1)+C(9 N+C(6,,0m)+C(6; ' on)]
+3%+1C(0, R eCy |ss o) T C6om|2 ) +C(6; n|ss Z)]}
—3[32"[C(9;L)+C(9 )+C(630m)+C(6; ' o)
FIHIC8,) + OB, )+ 03 0Mlg) +C0; o)
—32’”[32"[0( 2)+C(0-3)+C(6_30m)+C(6-; on)]

F I3 )+ OOl )+ O30 )+ €O o] )]

321 {32k[c(eo) +C(6; ") +C(0w) +C(o)]

+3%1C(60] (52)) + C(85 | (0)) +C(Wl 5.) +CBolis.)]
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By simplifying, we get,

32k+2[C<9 )+C(9 )+C(avl)+C(l3vl)]
=3**+1C(1ds) +C(w) +C(1) +C(@on))]

+ )., 3%cqd|,
A=-1,0,1

+ |:34k[c(60|<t7z>>+C(90_1|(t7z>) +C(aol¢z) +C(Bolyz)]

Id|, Nl
st ) FC(O] i )+ CM ) +C(@0n] )] +[og 7+ ]

+3%H1[C(60] () +C(65 | 1z)) + C(0] ) +C(ﬁ0|<z>)]:|

L [P+ €0 ) o)+ €005 o)
u=-1,1

+ 3% C(Oul ) +C(8; () +C(Buomly) +C(8; on!<z>)]}

—3%F1C(0,) +C(6;") +C(6;, 0m) +C(6; om)]
—3%2[C(62]11.5) +C(6; 1)) +C (B 0Mir2y) +C(6; 0 Mr)]

+ Y 3%C(8y,) +C(Br,) + C(D1 ) +C(Dap)]
u=-1,1

+ /2113‘”{ él,u +C(§2u)+c(é3u)+c(§4u)]
U l=—
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By using substitution from (17, note that

3HF2C(6y, () +C (63, 1) +Claw, | ) +C(Bry i)
=3**1C(Ids) + C(@) +C(n) + C(@on))]

Id\ \
+ ¥ 3%C0d| g ) +C(@] i )+ Cl )+ C@on] )] +[og + g
A=—1,0,1

T [34k[c<eo\<t,z>> 005 )+ C(0lol )+ CBol )]
+3%4C(00] 1)) +C (65 | 2)) + Claw] ) +C(ﬁ0|<z>)]:|

+ Z {3‘”{ 9#|tz>)+c( 1|tz)+c(6#°n’tz)+c( On|f2)]
u=-1,1

+34k+1[C(9,u’(z>) ‘f‘C(eu_ll(z)) —f—C(Gu OT]|<Z>) —1—C(9ﬁ1 or”(z))]]

2 of, 2 M

Id|ss ' ‘SS '
- [ ctes) + o) + e+ cwon))+ oy oy o] o

—3%*2[C (e|,z)+c( i) +C(00M)42)+C(0;  only)]

+ Y 3%[C(by,) +C(By,) +C(D1u) +C(D4p)]
u=-1,1

+ ZZ 3HC(ET u) +C(83) +C(E3 ) +C ()]
ul=—1,1

= Y 3%[C0d| g )+ Col ) +CM ) +C(@on] )]
A=—1,0,1

Id

‘ 2k+1 ‘ wl 1) w'(m}” 1) n|<vs)' we n'(ﬂ}” 1)
—I—GS -3 (o +og ' +og + 0oy ]

+ [34k[C(90|<r,z>) +C (65 (1.2)) +C (0] 1 2) +C(Bol )]

+[og

+34k+1 [C(90|<z>) +C(90_1 |<z>) +C(OC()|<Z>) +C(ﬁ0|<z>)]]

.y [3“ (Bul 1) + €O ) + C(Bu 01 ) + €O 0]
u=-1,1

+34k+1[C(GM|<z>) _{_C(e'Jll(Z)) —i—C(Ou On|(z)) "‘C(eu_l on|<2>)]:|

_32k+2[ (el|tz)+c( —1|tz)—l,-C(910n|tz) C(Q;lonkt,Z))]

+ Y 3%[C(8y,) +C(By,) +C (D1 p) +C(Da )]
p=—1,1

+ EZ 3RIC(ES ) +C (&) +C(E ) +C(EL )]
u, :_171
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Thus,

32k+2[C(GVA |(z>) +C(6V71| )—1—C(OCV“ z )+C(BVA| )

> Yy 3% (Id] g2 ) +C(@f g2 ) +CM g2 ) +C(@0M| (2 )]

A=-1,0,1
|S.§ w| SSAZ T”Mll‘ wOn|SSAl
+[GS +Gs‘ ] 32k[ (ssh) +GS< >+Gs 1>+Gs <1,>]
+ Y 3%[C(by,) +C(By,) +C(B1p) +C(Dap)]
u=-1,1
+ Y 3%C(E ) +C(E ) +C(Es ) +CE )]
ul=—11

Let v € {lds,®,n,won}. For all P € D, note that

|OW‘<1>|+ |O‘I/°w\<z>| _ 2’NS(<Z>7P)HCS(<Z>)‘
vlp yoolp | |P|
> 2'32k‘NS(<SS%7t>7P)HCS(<SS/’1L7I>)| _ 32k[|ow<m%,t>| + |owow|(”%-f>|]
Z 1P| - vlp yowlp
vl 2 Yool
It follows that oy @ = o5 1 +o; 1. Thus

32k+2[C(9V‘ )+C(6‘71\Z)+C(O‘VAI )—FC(BV;L‘ )]
> Y 300l o) +Cl0l g )+ Clig ) +Cl@0n] (3 )]

A=-1,0,1
+ Y 3%[C(8y,) +C(By,) +C(Drp) +C(Day)]
u=-—1.1
+ (Zlg“k (&) +C(EL ) +C(EL) +CE ]
i

23_22_34k(32k—3 )_|_23 34k 32k 3+24 34k 32k 2 22[17 36k 3 34k+1]

Thus, [C(6y, |(5) +C(6y,'[ 1) +Claw,|,) +C(By, |i5)] > 27[17-3%73 —321], @3,
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C(6al),C(6, 1)) Claal (). C(Balr)):

K}%Ra|+_ulﬁqk@|:4gy®@”4_“2an
= 3%71[C(64) +C(8; ") +Clow) +C(Ba)]

al

+3%[C(6al 1)) +C(6, [ (2y) +C(@al () +C(Bal ()] + [GA +GA ]

Ly {3%—1 (C(®1,4) +C(@2,) +C(®3,4) +C(Os)]
f=—1,0,1

=321C(ldg) + C(w) +C(n) +C(won)]

T Y 3% )+ C@] )+l )+ C@on] g )] oy +op )
A=—1.1

+ Y l34’<1 (6u)+C(6, ") +C(Buon)+C(6, " on)]

u=-1,1

+34k[ (e,ulss Z)+C( |sy Z>+C(9“On|ss Z)+C(9 On‘ss Z>)]
+3%[C(Bul (1) +C(8 ! 1.2)) +C (B oM (y.2) +C (6 ol )]

+34k+1[c(9u|<z>) —f—C(Ou_ |<z>) +C(6y OT”(Z)) +C(0H_] On|(z>>]

+ Y, 3%[C(6y,) +C(By,) + C(D1u) +C(Ba )]

u=-1,1

+ Y [CE ) +C(E ) +C(E ) +CE )

uéf—ll
:>34k[C(9A\<z>)+C(9/Il\<z>)+C(OCA!<Z>)+C([3A|<Z>)]+[GA +GA e ]
=321C(Idg) + C(0) +C(N) + C(won)]

+l_21134’<[c:(|d<‘ o) +C(o,

nl]

)€ ) +C@on] 1 )] +log 9 4o

S‘SZ SS'Z

+ Y 3% ceu)+c(6, ) +C(Bu0on)+C(6, o)
u=-1,1

+3%[c C(Oul gt ) +C (6 |ss o) HCOuon| g ) +C(6, on|<ss i)l
+3%[C(Oul () +C(8,  11.2) +C(Ouon | ) +C(6;  omly )]

—|—34k+1[c(9u|<z)) _}_C(Q‘ |<Z>) —}—C(Q'u On|<z>) +C(9l~i_ on|(z>>]

+ Y 3%C(by,) +C(Br,) +C(B1 ) +C(Day)]
u=—1,1
+ Y [CE ) +C(E ) +CE ) +C(EL )]
ué_—ll

_ 32k+1 [C(64) +C(9 ) +C(ota) +C(Ba)]

Y, 3%C(O14) + C(O24) +C(O3 ) +C(O4 )]
u=-1,1
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By using substitution from (Dg and ®)g, we have

3H[C(6al () +C(6, ' 12)) +Claml ) +C(Bal )] + [e| +GA ]
=32+ [C(1ds) + C(@) +C(n) +C(@on)]

+ Y 3%c(d
A=—1,1

ot ) FC@] ) € ) +Cl@om] s ]+ [og 4oy )

+ Y 3% ceu) +C(8,) +C(6uom)+C(6, o)
u=-—1.1

+34k[C(9u|<ss i) +C(6, |ss o)+ C(Buomn] g Z)+C(9’lon|<ssﬂ;¢>)]
+3%[C(Bul (1)) +C (6 1)) +C(Bu oMy ) +C(B; oMy )]

+ 3% (C(Bul ) +C (8 () +C(Buonl ) +C(6; ol

+ Y 3%[C(8y,) +C(By,) +C(D1 p) +C(Da )]
u=-1,1

+ Y [CE ) +C(E ) +C(E ) +CE )]

ul=—1,1

_ {32k+1 [C(Ids) +C(@) +C (M) +C(won)] +3*F2[C(Id|4) + C(@]4) +C(M]a) + Cl@on|4)]

_ Z [34k—1[c(9ﬂ)+c(9 )+C(9“on)+C(9 on)
u=-1,1

+3H[C(Bul gy 1)) +C(O gy ) +C(Buom g ) +C (8 ol >]}

Id| Nl
:A 21134k[C(|d<ss Z>)+C(co| (557 Z)+C(nyss Z)+C(a)on\<ss%7z>)]—|—[os <>+Gs @

Py [3“ (Oul) +C (0 1)+ C(Op oM 1) +C(8 o111
u=-1,1

+3%C(0ul () +C(6, 1)) +C(Bu oM () +C(6, 017|<z>)]}
+ Y 3%[C(8v,) +C(By,) +C(Dry) +C(Day)]
u=-1,1

+ Y [C(& ) +C(E,) +C(E5 ) +C (& )]

ul=—1,1
—3*F21C(Id|4) + C(@[a) + C(N]a) + C(@o1]|a)]
Z Z 34k[c(|d >)-|—C((D| ss z) C<n|(ss%,z>) (0)01’”“] )]

A=—1,1

+ Y 3%[C(8y,) +C(By,) +C(B1 p) +C(Dap)]
u=-1,1

+ KZ élu +C(€2u)+c(€3u)+c(§4u)]
ul=—1,1
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Thus,

—1
30 (64] () + C(07 Y () + Clanl i) + CBalio)] + [0 + Gt 9] > 22[17. 3063 _ 3441,

(*)
Recall that
Oaly Bal2) 6alz)
o =) C(6alp)|Og,, |+ C(Balp)Og, 7.
PeDy
P#(z),A
Oaly clo-! 09X1\<z> C 09X1|<z>
o' = ¥ (6 1p)10g 1+ Cloulp) 0 .
PE'DA A
P#(z),A
Write
N ={64lp,0; ' p,calp.Balp | P € D4, P # (z),A},
N =NU{6al (3,605 1), 0l iy Bal iy }-
Note that N is defined to be those morphisms that come from the definitions of GfA|<Z> and
—1
G:A |<Z>. Let Q* be our candidate characteristic biset. This means

Car(0al(s) = Ca-(6; ') = Ca-Claul ) = Car (Bal(y) = [17-3% —3].
and for all § € N, Co+(¢) =0. That is,

Y Co:(9)]04| =27[17- 3073 —3%+1],
peN

Let Q' be any minimal characteristic biset with the condition that

CQ/(6A|<Z>) +CQ/(9A_1 |<Z>) +CQ/(OCA|<Z>) +CQ/(BA|<Z>) =n where 0<n< 22[17 3%k 3].
()

From the rest of the calculations in this subsection and from Lemma A.0.1, whenever ¢ ¢ N,

we may assume

Car(9) = Car(9)- (% %)
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Moreover, there exists @ # I C N such that for all ¢ € I we have CQ/(¢)|O:£/|<Z>| >0 and by (%)

and (%*) we have

Y Co(9) \Ow | > [2%[17-3%73 —3] —n] - 3%, (k)
oel

where v € {64, BA_I}. From calculations in Appendix B, for each ¢ €1, we have

34k+1

|O‘V‘<z>’ _ .
Dy

¢

Thus, by (x**%) we have

Y Ca(®)|0)] > [2217.3%3 — 3] —p] . 3%

pel
4k+1
= Y Co(9) +n-3% > 22[17.3%3 _3].3% (by definition of N)
PEN Dy
4k+2
— Z CQ’((Z)) +n_34k+1 222[17_32](—3_3].34/(4-1
PEN Dy |
= [Car(6al ()| Og, | +Car (6; 12 NOg.11, 1+ Car(@al()]0a, | +Car(Bali)|0p, |
+ Z Cor(9)]|0g] >22[17-3%73 3] 3%+ (by (%*) and definition of |Oy|)
peN
= Z Cor(9)]0p] >27[17-3%73 3] . 3%+, (by definition of N)
N

Using this property, we have
Q= 1Q7] = ) Car(9)|0g] = Y Ca+(9)[04|
oeN peN

222[17 . 32k—3 o 3] . 34k+1 . 22[17 . 32k—3 . 3] . 34k > O,

where the first inequality is due to (*x*). It follows that Q* is indeed minimal (if the minim-

ality of the rest of the constants in this subsection are demonstrated).

Thus, we can choose [C(6 1)) = C(6;[() = C(aul(y) = C(Bal ()] = [17-3% 7 ~3].29),,
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C(80l()),C(85 1), C (] 1)), C(Bolir)):

Q00| 108 0| = |QO%I0| 4 Qo 0|

— 3%[C(60) +C(6; 1) +C (o) +C(Bo)]
432+ [C(8ols2) + C(G(jl!(,,Z)) +C(a0l ¢ zy) +C(Bolr,z))]
+3%FC (80l 1) +C (6 1)) +C 0] 1) + C(Bol )]
+2-3%[C(01 ) +C(0,) +C(O54) +C(O; )]

\ 9A_1|(I)]

=3%H1[C(04) +C(0; 1)+ Clan) + C(Ba)] + [0 + 0

+ zi’o 13‘”‘—1 [C(©1,,)+C(0,,)+C(0;,)+C(,,)]
p=-1,0,

_ 32K+ (C (60| ) +C(90_1 liy) +C(aolpy) +C(Boliy)]
9A_l|<t>]

—32%HC(0y) + C(0; ) + () + C(Ba)] + [0, + 0
+ (3% —2.3%)[C(07) +C(05) +C (O3 ) +C (0] )]

+ Y 3%C(er,)+C(0;,)+C(05,)+C(6, )]
u=-1,1

—3%[C(6) +C(6, ") +C(a0) +C(Bo)]
— 3% C(B0]1.0)) +C (85 ir.0y) + C(0] r.2)) + C(Bol s zy)]

Applying ®);(, we have

3*HC(60l () +C(0y 1))+ C(l ) + C(Bol )]

—32%41[C(0,) +C(8; ) + Cla) + C(Ba)] + [0+ 64 1]
+ (3% —2.3%)[C(07) + C(05) +C(03) +C(0 )]
+ Y 3% c(er,)+C(0,,,)+C(05,)+C(0;,)]
u=-1,1
—3%[C(O7) +C(05,) +C(O5) +C(O)]
—3HHC(0,) + C(8; 1) + Clan) + C(Ba)] + [0, + off“”]
+ (3% =32 (07 ) +C(05) +C(O5,4) +C(O; )]

+ H_ZI 13‘”‘—1 [C(®1,)+C(®,,)+C(85,)+C(O, )]
>22 . 32k+1 + 22 X (34/(—1 . 32k+1) + 23 X 34/{—1 — 22 . 34—k

Thus, [C(90]<,>)+C(90_]|<,>)+C(Oc0|<,>)—|—C(B0|<,>)] > 22.32k=1 35 required.
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C(0]())-C(0; (1)), C(65 0M|(),C(8;,  omlyy) for A =—1,1

|Qeﬂ<z>|+ |Q9{l|<r>| + |Q9)L|(t)°n| + |QG{'OTI\<I>| — |QQA|(1)|+ |QGA_]‘<I>|+ |QaA\<z>|+ |Qﬁ[]\<z>|
= ) 3%[C(6,)+C(6,")+C(6u0m)+C(6, ' on)]

u=-1,1

n Z 32k+1[C(9u|(t,z))+C( 1’11)+C<9uon|tz)+c( On‘tz)]
u=-1,1

n Z 32k+1[C(9“|<t>)+C(9“_1|<z>)+C(9uOn|<t>)+c(9!:1On|<’>)]
u=-1,1

+ Y 23%[0(07 1) +C(03}) +C(O5 ) + (6] 1)]

u=-1,1

—1 1
=231 [C(6)) +C(6; 1)+ Claw) + C(Ba)] + [0, + 0 1+ 4 g 1]

+ Y 2:3%Mcer,)+C(0,,)+C(05,)+C(0;),)]
u=—1,0.1

= Y 3C(Ou () +C(6, 1)) +C(Ouon|y) +C(6;  omlyy)]
u=-—1.1
71 1
=2-3%H1[C(64) +C(8, ") +C(0a) +C(Ba)] + [6‘ +cA o +cA‘ +cff" ]
+2-3%71[C(O79) + C(O5) +C(O5) +C(0, )]

+ Y 23" =3)c(er,)+C(0;,)+C(05,)+C(0,,)]

u=-1,1

— Y 3%*[C(6y) +C(8;") +C(Buom) +C(6; o)

u=-1,1

Y 3FNC(Oulir) +C(0  z) +C(Buoni1) +C (6 o)
u=-1,1

By using substitution from (7)g, we have

Y 3HC(Oul ) +C(0, ) +C(Bu o) +C(6,  onliy)]
u=-1,1

2.3 C(8) - C(8; ) + Clow) + C(B)] + [V 4 6 10y 20 4 oPr 'l

+2-3%71[C(07 () +C(O54) +C(O5) +C(O )]
+”_Zl 12(34’<—1 —3°9[C(O1,,)+C(0;,)+C(0;,)+C(0, )]
— ug 132k [C(©7,,)+C(0,,)+C(0;,)+C(0, )]

=2 3%H1[C(68) +C(6; 1) +C(an) +C(B)] + [0

+2-3%71 (07 4) +C(05,9) +C(O5) + C(O; )]

Y (2-3%- 1_32k+1)[C(@1#)+C(®2’u)+C(®§’L)+C(®;L)]
u=-1,1

223 i 32k+1 + 23 . 34k—1 _|_24 . 34k—1 . 23 . 32k+1 _ 23 X 34k

1
t)+GA | +GA|t)+GAA‘]
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Thus, Y1 1C(0uli) +C(0: 1) +C(Bu o) +C(8  omyy)] > 23-3%1 (25,

C(ld| ), C(@[ ), C(N ), C(@on|y):

Q00 |18 0| = |QM0| 1 |Q@ln |
= 3%[C(Ids) + C(@) +C(n) + C(@on)]
3% C(d] )+ C(@] )+ Clgy) + Cl@o )] + (o5 + a5 ]
+2-3%C(8,) +C(6; 1) +Clowm) +C(B)] + [0 @ + 6]
=3%H1[C(64) +C(0,") +C(o) +C(Ba)] + [0, ke '+o,t 1'<’>]

Ly s [C(@)l_,il) + C(G)z_,L) + C(G)M) + C(®47u)]
u=-10,1

_ Id|, ' ‘
— 3%1C(Id| ) + C(@] ) + C(N| ) + Cl@0m| )] + [on  + 05 + 6y + 6]

—3%(C(64) +C(8; ) + Clan) + C(Ba)] + [0 + g 1]

+y g [C(G)l_,;li) + C(@);ﬁ) + C(®37#) + C(®47L)]
u=—1,0,1

—3%[C(1ds) + C(@) +C(n) + C(won)]
By using substitution from (Dg, we have

3%1[C(1d] ) + C(@] 1) +C(M )+ C(@on| )] + o + 08 + 6, 4+ G0

=3%[C(64) +C(0, ") +Clan) +C(Ba)] + [of““” + oA i 1
+ Y 3 cer))+c(e;,)+C(0;5,)+C(0;),)]
u=—1,0,1
— [3%[C(62) +C(6; 1) +Cl0ta) +C(Ba)] — 3 [C(Id|4) + C(@]a) +C(1]a) + C(@1N4)]

—1
al i) )

=34 [C(ldly) + C(]) +Cn 1) + Cl@on]a)] + [0y + oyt ]

+ 2110134"1[C(®LL)+C(®27L)+C(®37L)+C(®4,u)]
[J.:— Yy

> Y 3% lc(er,,)+C(0;,)+C(05,)+C(0 )]
u=—1,,1

>3.92 . 34k—1 _ n2 34k
Thus,

_ Id| ol d|,
3%l () + C(@] ) +C(N ) +Clwon| )] +[og ' +og " + 0, "+o,
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We demonstrate that [C(ld|() +C(®]4y) +C (1) + C(@oN|iy)] =223 is an optimum

choice. Recall the following definitions:

Id\ Id] )
= ¥ Cldip)|0g!|+Cnln)|0]|
PeD
P#S,(t)
o[y
o) = ¥ Clalp)]0! ] +Cl@on|p)|on |
PeD
P#S,(t)
Id|, Id|, Id|, Id|, Id|,
o, "= Y C6alp)|0g, [ +C(Balp)|Og, 01+ Y Cloulp)|O,, )| +C(8;|p )IO iy "
PEDA PGDA
(tz 1 <PP#A (tz)<PP#A
ol ol ol ol ol
o, "= Y C6alp)|0g, )| +C(BalP)|Og 1+ Y Claalp)|O,, | +C(8;|p )0 i
PeDy PeDy
(tz)<PP#A (tz7"Y<P,P#A
Write
= {ld‘P7w|P;Tl’P70)OT”P ’ Pe ‘D,P#S, <t>7<ssll> <SS1 7Z> A= 17071}7
= {GA’p, XI‘P,OCA’p,ﬁMP ’ PeDy,P#A, and lZi eEPortze P},
{Id|va|Parl|P’won|P|P <SS1> <Ss1 ,Z> A= 1’071}7
N=NUN,
N =Nu{ld]y, @[y, 1|, @04}
Note that N LINj3 is the set of morphisms which come from the definitions of G;d‘<’>,cg)|<’>,c7[!‘d|<’>
and G:)|<'>. Let Q" be our candidate characteristic biset. This means

Co+(Id| () = Cas (0] ) = Cas(N| 1)) = Ca(@on] ) =

and for all ¢ € N, we have Co+(¢) =0. When ¢ € N3, Co+(¢) > 0, and is the reason why we
have stopped short of including N3 in N. Thus,

Z CQ* |O¢| —4. 34k+2
(])EN

Suppose that Q' is a minimal right characteristic biset with the condition that
CQ/(|d‘<t>) —I—CQ/((O|<,>) —{—CQ/(T”@) +CQ/((DO T]‘<t>) =n where 0<n<12. (**)

From the rest of the calculations in this subsection and from Lemma A.0.1, we may assume
for all ¢ ¢ N that

Ca(9) = Ca(9). (xx%)
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Moreover, there exists @ # I C N such that for all ¢ € I, we have CQ/(¢)|O;I|<t>| >0 and by
(%) and (x*) we have

ZCQ/ \Ow | > (12 —n) - 3% (k% Hk)
oel

where y € {Id,w}. We show that Q* is minimal by size. From results in Appendix B, it can
be checked that for each ¢ € I and y € {Id,w}, we have

34/( 34k+1

— Or .
IDy| — |Dy|

V|
|O¢ <t>| =

Suppose that for every ¢ €I, |O D¢|

Then, by (x**x),

) CQ/(d’)IOII@I > (12— n) - 3%

pel
34k
= Y Co(9)—+n-3% 1 >4.3% (by definition of I and N)
PEN Dy |
4k+2
— ZCQ/( ) +n'34k+124'34k+2
PEN Dy |
:CQ’(ICH )‘Old| “"CQ’((U’ )’Ow|(t>|+CQ’(n|<t>)‘on\<,>|+CQ’(won|<t))|Owon\<,>|
+ Y Co(9)]0y] > 4-3%F2 (by (%*) and definition of |O4])
HEN
— Z Cor(9)]0p| > 4-3%+2, (by definition of )
deN

Thus

‘Q/| |Q*| > Z CQ’ ’Oq)l Z CQ* |O¢| > 4 34k+2 4 34k+2 O7
peN N

where the first inequality is due to (xx*). It follows that Q* is minimal (if the minimality of

the rest of the constants in this subsection are demonstrated).

|<t>‘ _ gaktl
— Dy
in Appendix B, this only occurs when ¢ € Ny and (t,z) < Dy. Thus, for all u =1,..,4 and

It is left to consider the case when there exists ¢ € I such that |(9:£I From results
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A =—1,0,1, we have

Q%] = |Q¥lis |
4k+1
— 32kC(® 1) = 3% (y) + Dy C(¢)+ [extra..]
9
2k+1
= C(0,5)>C(y) + Wc@) > C(w)+3C(¢) > 4 (as ¢ €1)

where the second last inequality is because [Dy| < 3%%. Note that, Cg*(@ﬁl/l) = 1. However,

CQ/(@u’;L) > 4. Now

|Q'/|_|Q*|Z[CQ’(Id| )|old| |+CQ’(w|<t>>|O(o|<,>|+CQ’(n|<t>)|on|<,>|+CQ’(won|<t>)|owon\<,>H

+ Z [Cor( 1,1’(9 ""CQ’(@;L)‘O@;}I‘+CQ’(®;}1)|O®;}1|"’CQ’(@;,II)’O@;/{H
A=-1,0,1 7 , ,

= [Co- (1d[11)) 014, |+ Cax (@] )0, | + Car (M) O, [+ Car (@M (1)) [Opon) |

— L [Ca(©7,)0g 1]+Ca:(©;})]0g 1] +Car (©5})|0 1|+Co(® 12)106:1 |
A=—1,0,1 ' " 7

Zn'34k+] + 12434k_ 12.34]{4—] —~12. 34k
=n- 34k+1 Z 0.

It follows that Q* is minimal (if the minimality of the rest of the constants in this subsection

are demonstrated).

So we may assume C(Id|)) = C(®])) = C(n|y) =C(@only) =3. 12
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C(& 2l C(&5 2110 C(&5 3110 C&4 1 l(sy) for A = —1,1:

1512169 4 195416 = |8l | 4 1Q% ||
= 30 ) +C(E ) +C(&2) +CE )]
+3C(E 1 11) +C (65l 1) +CE5 1l 1) +C (&4l )]
=3%*1[C(By,) +C(8y,") + Clowy) +C(By )]
+3%H2(C(8v, | 15)) +C (05, 15)) + Clowy |5)) + C(Buo )]
+3%C(01,0) +C(@20) + C(O3) + C(O4 )]

+ Y, 3C(E ) +C(6h) +C(&7 1) +C(Es )]
u=—1,1

= 3°[C(&2115)) +C(&5 L) +C (&2l 15) +C (&4 A Lis))]
=3%+11C(6y,) +C(6y,") +C(aw,) +C(By,)]
+3%210(By, | 1)) + C(8y, 1) + 0wy ) + C(Bui )]
+ 3% C(O10) + C(@20) + C(O30) + C(O4 )]

+ Y 3FTC(E ) +C(Eg ) +C(E ) +C(E )]
u=-1,1

=3 CE ) +C(E) +C (& ) +C(E )]
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By using substitution from @12, we have

3[C(E A li9) +C (&5 lw) +C(E5 1) +C (& l)]

=3%*1C(6y,) +C(6y,") + Claw,) +C(By,)]

+3%F2[C(Oy | ) +C (65, 15)) + Cay]15)) + C Byl (5))]
+3%C(@1 ) + C(@20) + C(@30) +C(O40)]

n 21 132k+1 [C(Es ) +C(Eg ) +C(E ) +C(E D]
u=T1,

—3%[C(8y,) +C(6‘%1) +C(aw,) +C(By,)]

:(32k+1 _ 32) [C(By,) + C(e‘%l) +C(ay,) +C(Bv,)]
I 32k+2[C(9V0’<S>) + C(Q‘%l | <S>) + C(av0|<s>) +C(l3v0|<s>)]
4 32k+1 [C(®1,0) + C(®270) + C(®3,0) + C(®4,0)]

+ Y 3 ) e ) HCE ) +CE D)
u=-1,1

> (3% —3%)[C(6y,) +C(6y,) +C(awy) +C(By, )]
+3%HC(@19) +C(@20) +C(®30) +C(BO40)]

+ Y 3O ) +C(E ) +C(& ) +C &g )]
u=-1,1

222 . (32k+1 _ 32) . 32](72 + 22 . 32k+1 + 23 . 32k+1 . 32](72

_03.32% 4 2 3%

Thus, [C(& 3 11s) +C(&; 3 11s) +C(&5 3 115) +C&4 5 ()] = 2°[3% 3 2327, @),
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C(gl,)t|<ssil>):c<§2,/l|<ss%>)ac(§3,l‘(ss%>)ac(§4,/l|<ssfll>) for A =—1,1

Q512 | 4+ Q522 | = |Q9Vl‘ st

b+ 0™ o)
= B[C(§1 1) +C (&) +C(E32) +C (&)
+3°[C(¢, M ss2y) T C (G2, (g51y) +C(Ea.al 1)) +C(Eanl552))]
=3**1[c(6y,)+C(6, 1) +C(a,) +C(By; )]
+3%2[C(y, | o )+C(9v11!“ )+ C(0w, | 2y) +C(Bry [ 42y)]

[
[c(® )+C(®zz)+C(®3a)+C(®4x)]
D) +C(D20) +C(B32) +C(B4 )]

= 3[C(&12 4 )+C(§zx|ss )+C(§3z| )+C(547/1|<sslz>)]

=32+ (gy, l) C(6, )+C(ocvl)+C([5v;L)]

+3%2C(8y, |, ])+C(9V,l sst) - COalg55)) + CPra Lty

(6,
+3%7[C(0)2) +C(0,,) +C(O32) +C(O41)]
+3HC(B) 1) +C(92) +C(052) +C(D 1))
+3%HC(E50) +C(&6,0) +C(E12) +C(Es )]

—3%C(&12) +C(62) +C(&32) +C (& 2)]
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Thus, by using substitution from 12, we have

3°C (&1 sty) +C Gl (iy) +C(Es al o) +C(Eanligs)]
=3**1[C(6y, >+C<9 1)+C(ay, ) +C(By,)]

3226y, |, >>+C< Vi L) CCam 50+ CBral )

+3%H[C(©12) +C(0,2) +C(O3,1) +C(O42)]
+37HC(0) ) +C(92,2) +C(B32) +C(V41)]
+3%HC(Es ) +C (&) +C(E70) +C(Es 1))

—3%[C(6y,) +C(6y,) +C(av,) +C(By,)]

=(3%*1 =3%)[C(6v,) +C(8, 1) + C(aw, ) +C(By,)]
+3H2(C(6y, [ 112)) +C (67, 1 2y) +Claw, | 2)) +C(Br |12
+3%*c(e,, )+C(®2A)+C(®3x)+c(®4x)]
+3%HC(0) 1) + C(D22) +C(D31) +C(Dy )]
+3%HC(E50) +C(86,0) +C(E1.2) +C(Es.2))

>(3%+1 _32)[C C(6y,)+C(0, )—f—C(OCvl)—FC(ﬁVA)]
432+ [C(®),)+ C(®2,/l) +C(032) +C(042)]
+32HC(0) ) +C(.2) +C(D32) +C(V42)]

A)
+3%HC(E5,0) +C(86,0) +C(&.2) +C(&s.2)]
222 . (32k+1 _ ) . 32k—2 _|_ 22 . 32k+1 _|_ 22 . 32k+1 . 32k—2 _|_ 22 . 32k+1 . 32/(—2

:22 [34k +2. 32k]

Thus, [C(&1 4] iy) + CEnal i)+ ClEnal )+ ClEualg))] > 22343 +2:3%3), as re-

quired. 12

Thus, our candidate solution that we have chosen is minimal.

A.12.2 Exoticity

Note that |Q*|/|S| = 23[5-3%=3 425.3%=3 1 2.3%~1 4 o] Thus,

vs(Sym(lQ"|/181)) = ).

i=1

\‘23[5.3616—3_‘_25_34k—3_|_2.32k—1+2]J
3i

271



3!

) 3(c 26k—3 | 15 24k—3 | q2k—1
Write 1, — Lz [5:303425.3%3 9.3 +21J. Now.

i=1
i=2
3<i<2k—1

i =2k

i=2k+1
2k+2<i<4k—3
i=d4k—2
i=dk—1

i = 4k

i=dk+1
i=4k+2
4k+3<i<6k—3
i=6k—2
i=6k—1

i = 6k

R

AR

n; = 40-3%4 1 256.3% 41 16.3%k2 1 5
n; = 40-3%5 1 256.3%5 1 16.32k3 11
n; = 40 . 36/(7371' + 256 . 34/(7371' + 16 . 32/(7171'

n; =40-3%31256.3%3 15
nj =40-3%"4 1 256.3%4 |
ni =40-3%7371 4256 3%
n; =40.3%-1 485
nj =40-3%-2 428
ni=40-3%7349
nj=40-3%*"413

)4 if k=2
"0 1 k>3
ni =40-3%737
n; =13
ni=4
n=1

Thus, by summing over the range 1 <i < 6k, we have

vs(Sym(Q°|/|S)) = 22[5 3% 12343 5. 3%,

(k>3)

(k>3)

Let T be a Sylow 3-subgroup inside the group G constructed from Q*, realizing our fusion

system. Then

logs|T = S| = [|Q*|/|S] — 1](2k + 1) +2%[5-30%73 .25 .3%=3 1 5. 3%~
=22[5.3%73 1 29.3%3 1 2. 3% 14k 4 3) + 152k + 1).

Thus, we have an upper bound on our exoticity index.
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A.13 DRV-13

General form:

By Theorem 7.3.1, we know that any potential right characteristic biset Q has the following

form:
2 | ] |Cl110)01, UC(010)001, UCMIo)0y1, LC(0 o) el
QeD
UL { (8r510) Oy, o U C(6y;'0) O 1|QUC(O%|Q)OaVOQUC(ﬁVo!Q)OBvogl
Q€Dy,
Equations:

We list the following equations:

Ve {|d|Q | Qe DVO}:

’Qw\sz | = Z C(Id|p) ‘Old| ‘
PeD

Q9 = Y [C(1d]p) 0,5 |+ Cnlp) Oy ] +32(C(6y,) + C(By,1) +Clay) +C(By,)
PeD

Id] .
|Qld|<z>| — Z [C(|d|P)|O|d‘§,>|+C( P )|Ow\P I
PeD

4SS {GVO‘Q ‘ Q¢ DVO}:

|QGVO‘ = 32C(9V0)
%l | = 3T C(By,) + Claw, )]+ 32 C(BY, | () +Cla |is)]
%l | = 3 C(By,) + C(Byy)] + 37 [C (v | 15)) + C(Brp )

Candidate solution:

We have the following designated values for the constants:

C(lds) =C(w) =C(n) =C(won) =1
C(8y,) = C(6y,') = Clawy) = C(By;) = 1
C(ld| () = C(nl(y) = C(@] 1)) = C(won|y) =3*2—1

with the rest of the constants equated to 0. Writing Q* to denote this solution, we have

Q" = (0140 UO7 UOgon) U (O, U O%l U Oy, U OBVO) Ung- (O, WO, UOp U Owomw),
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where n; = 3%%72 _ 1. It is left to show that this solution is minimal, and to determine an

upper bound on the exoticity index.

A.13.1 Minimality

We start by defining a few things. Let v € {lds,®,n,@on}. Then define

Vs Vs,
o5 =Y Cylp)|oy,
PeD

P+£S
V(s V(s V(s
Oy W= Z C(‘I/‘P)‘ow|;>‘+C(‘P‘P)‘O¢\;>|-
PeD
P#S.(s)

where ¢ € {ldg,w,n,won} is defined so that yo @ =n. Now, we determine the minimal

size of Q, by looking at the smallest possible values of the constants.
By Lemma 4.2.8, note that C(ld),C(w),C(n),C(won) > 1.

C<9V0)7C(9%1)7C(avo)>C<BVo):

—1
’QId‘<s,z)|+‘Qw‘<s,z>|+|Qn|<s,z>’+|gwon‘<s,z>| _ ‘Q9v0’+|99v0 |+‘Qav0|+|gﬁv0|

— 32[C(Ids) +C(®) + C(n) + C(won)] + [or

=32[C(By,) +C(6y,") + Clow,) + C(By,)]

(s,2) o (5,2) n |(s,z> womn |(s,z>
+og " +og T +0og ]

This gives us [C(6y,) +C(9‘2)1) +C(ay,) +C(By,)] > 22, as required. D13

C(ld|5)),C(@]15),C(Mlis)), C(@oM|(5)):

/1] 4 Q21| = [Q%ls1] + Q% ¢
— 3%[C(lds) + C(@) +C(n) + C(®0n)] +3°[C(1d| () + C(@] () +C (N () +C(@ 0] )]
1oy + 6010 6010 4 609 4 2. 32(C(6y,) +C(6y,") +Claw,) + C(Byy)
=3%*1[C(6y,) +C(6y,") +C(ow,) +C(B, )]
+3%F2(C(By, | 1)) + C (O | 15)) +C( @yl 5)) + C(Bry )]
— 3°[C(1d|(5)) +C (@] () +C(Nl () +C(@o1N|5))]
=(3%* —2.3%)[C(6y,) +C(6y,") + Claw,) + C(By)]
+3%F2(C(By, | 15)) + C(Oyy | 15)) + C g | (5)) + C(Br )

= 32(C(Ids) + C(@) +C(m) +Clwom)] ~[og * + 00 40§ ¥ 407"
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Let y € {lds,w,n,won}. Then, for all P € D\{(s)}, we have

[Ns((s,2),P)||Cs((s,2))| _ [Ns((s),P)[|Cs((s))]
T B T = loy = oy

‘ O‘V‘(s,z) | _

vle ¢|P 'l

where ¢ € {lds,®w,n,won} is defined such that yo¢ =n. Thus, by definition, we have
Id S S Id 5,2, 5,2
R L

tuting in (D3, we see that

. By using this property, and by substi-

3C(Id] 1)) +C(@] () +C(M]15)) +C(@on| ()]

=(3%1-2) [3[C(1ds) +C(@) +C(m) + C(@om)] +[og 7 + 0 + 60 4 60

+ 32421081y | 1)) + CBry | 1)) + Cay | (5)) +C By )
—32[C(1ds) +C(w) +C(n) + C(wom)]

_[gél,d|<">+ Slg JFGSI +G;oon\<s>]

—(3%F1 _33)[C(Idg) + C(w) +C(n) + C(@on)]

+32"+2[C(9vO|<s>)+C(9vO| )+C(0%|< )+ CPnl)
won|(s.;
7]

—|—GS

+(32k-1—3)[asldl<s’z>+ oy >+GS
>(3%*1 —3%)[C(1ds) + C(@) +C(n) + C(won)]

It follows that [C(|d<s>) —|—C(CO’<S>) —I—C(T)RS)) —I—C((Don‘@)] >22. (32k—2 —1). @13

We have shown that our candidate solution is of minimal size.

A.13.2 Exoticity

Note that |Q*|/|S| = 4(3%~!1 —1)2. Thus,
. 32k 1 1)2
s (Sym(12°]/I3)) =ZL—J

) 1_2.32/{—]
— 434k—2—l e
Lo =)
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Write n; = {4(34]‘_2_" + #)J . Now,

i=1 = n =4-3%3_8.32k2 1
2<i<2k—1 = n;=4-3H17[3%"1 _9
i=2k = ny=4-32_3
Qk+1<i<dk—2 = mj=4-3%271_1

i=4k—1 = n4j—1 =1
Thus

2k—1 4k—2
V3(Sym(]Q*\/|S|)) — Z 4_32k—1—z[32k—1_2]} + |: Z 4_34k—2—1_1
i=2 i=2k+1

+(4.34k73_8.32k72+1)+(4.34k72_3)+1
=23 =) P - )]+ 2% - 1) - (2k-2)]
+(4_34k—3_4.32k—2_1)

=203 1) —2k+1

Let T be a Sylow 3-subgroup inside the group G constructed from QF, realizing our fusion

system. Then

logs|T : 8| = [4(3% 1 —1)2 —1](2k+ 1) +2(3%* 1 —1)2 -2k +1
=2(3%1 —1)2(4k +3) — 4k.

This is our upper bound for our exoticity index on our DRV-13 fusion system.
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A.14 DRV-14

General form:

By Theorem 7.3.1, we know that any potential right characteristic biset Q has the following

form:
Q= | | C(ld|g)O), UC(@]0) 0w, UC(N]0)Op), UC(@ 0N o) Opon),
QeD
L |_| C(eAlQ)OGA\QuC(GXI‘Q)OeA*HQUC(aA’Q)OaMQUC(ﬁA‘Q)OBA\Q
0eDy
U L C(Brlo)0a, UC(By,'10)0 11, LC(0r510) Oy LIC(Bryl0)Opy,
Q<Dy, 0
U |_| C(90|Q)090\Q UC<90_1|Q)OQ(;1|Q
0e{(s),(t)}
Equations:

We list the following equations:

Yy e {|d|Q | 0e ®AU®V0}:

When Q € Dy, then the equations are the same as those for DRV-6. Similarly, when Q € Dy,
then the equations are the same as those for DRV-13.

V€ {6alp| Q€ Da}:

In this case, the equations are the same as those for DRV-6.

AS {OVO‘Q ‘ Q¢ DVO}:

In this case, the equations are the same as those for DRV-13.

Ve {blo Q= (), (1)}

j@%lo| = 3*+1c(6yl )
Q% | = 3218y )
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Candidate solution:

We have the following designated values for the constants:

(Ids) = C(w) =C(n) =C(womn) =1

( C(0|) =C(M|y) =Clwon|y) =3*"7—1
C(64) =C(6;, ") =C(au) =C(Ba) =1

(

(

(

o
==
=}
=
S~—

L
I

C(6y,') = Claw,) = C(By,) = 1
) =C(6 5) =2
C(60l(ry) = C(6; '1ry) = 2,

with the rest of the constants equated to 0. Writing Q* to denote this solution, we have

Q" 2(0g O U Oy LU Ogon) U (3272 — 1)(Oug),, U O, L O L O )
L(Ogy, U O%l L Oy, U Oﬁvo) U (Og, U OeAfl UOg, UOg,)

)

|_|2(O90|<s> L 090—1 ‘<S>> |_|2((990‘<l> L 090_1|<r>

It is left to show that this solution is minimal, and to determine an upper bound on the
exoticity index.

A.14.1 Minimality

We start by first making a definition. Let y € {64,60,'}. Then define

vl vl vl
oy "= Y Cwlp)0,"|+Clylp) 0, ]|
PeDy
(1)<PP#A
where

oy if w=0,

v = |
Pa ify=06,

Now we determine the minimal values of the constants.
By Lemma 4.2.8, we already know that C(lds),C(w),C(n),C(won) > 1.

C(64),C(6:"),C (), C(Ba):

By W, we have [C(64) +C(6, ') +C(au) +C(Ba)] > 2% D14
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C(8y,),C(6y,'),C o). C(By,):

By D13, we have [C(6r,) +C(6y,") +Clavy) +C(Bry)) = 2. @1

0

C(Id|(5)),C(@|(5)),C(M(5)), C(@0 M (5)):

By @13, we have [C(6y,) +C(6y,") +C(aw,) +C(By,)] = 22+ (3% 72— 1). N

C(60l(5)),C (65 | (5)):

Q0| 1% | = Q0% | 4 | % )
— 3%H1[C(60](5)) +C(65 ' (5))]
:32k+l[C(9VO)+C(9‘%1)+C((Xvo)+c(BVo)]
+32k+2[c(evo‘<s>)_'_C(G%lk )_|_C(OCV0| )+C(BVO‘ )]
C(

>3%+1C(6y,) +C(6y,") + Claw,) +C(Byy )]
>02 . 32+l

Thus, [C(60](5)) +C(6y '] (s))] > 2%, as required. @14

C(60l())C(6; ' |s)):

|QQO|<t)| + |Q961|<z = |QQA| 0]+ ’Q951|<t>|
= 3% [C(60] () +C(6; )]

=3 C(00) +C(0; ) +Clow) + C(B)] + [0+t 1)
>3%41[C(64) +C(6; ) +C(0a) +C(Ba)]
>02 . 32%+1

Thus, [C(60l(y) +C(6; | 1y)] > 22, as required. ®s

It follows that our candidate solution is minimal.
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A.14.2 Exoticity

Note that |Q*|/|S| = 4[3%2 +4.3%~1 1-4]. Thus,

. A[3%2 4 4.3%1 44
va(Sym(1°]/IS])) z{ . |

. 41342 4.32k—1 4 4
Write n; = { 3 +3i3 +4] . Now,

i=1 = n=4-3%3416.3%24+5
i=2 = n=4-3%%416.3%3 41
3<i<2k—1 = n;=4-3% 2711 16.3%k 1~
i:2k:>ni:4.32k*2+5
i=2%k+1 = n=4-3%311
2k +2<i<dk—2 = n;=4.3% 2
i=4k—1 = n;=1

Thus,
v3(Sym(|Q*|/IS])) =[4-3%3 +16.3% 2 5]+ [4-3% 4 116323 1 1]

2k—1
_|_ |: Z 4_34k—2—l+16_32k—1—l:| +[4'32k—2+5]

4k—2
+[4~32“+1]+[ ) 4-3‘”‘2’}“
i=2k+2
—0.3%-2 4 g.32%1_ 3

Let T be a Sylow 3-subgroup inside the group G constructed from QF, realizing our fusion

system. Then

logs|T : S| =[4(3% 2 +4-3%1 1 4) —1][2k+ 1]+ 3% 2 +8.3%1 13

Thus, we have our upper bound on our exoticity index.
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A.15 DRV-15

General form:

By Theorem 7.3.1, we know that any potential right characteristic biset Q has the following

form:
Q= | | C(Id])014, UC(@]0) ), UC(M|0) Oy, UC(@0M]0)Ogon),
PeD
UL C(9V0|Q)09VO|QUC(G‘Z,1|Q)@9V—OI'—'C(OCV0|Q)@aVO\Q'—'C(ﬁV0|Q)@ﬁVO|Q
Q<Dy,
UL C(QAOn£|Q)oeloné|QUC(9,1_lOn(g’Q)oeilomQ
QECD;L
A=—1,1
1=0,1
U [ C(8v,)00, UC(Br;,)06, UC(D12)00, LC(D4,)00,
A=—1,1
Equations:

We list the following equations:

Ve {|d|Q RS DAUDVO,/'L =—1,1}:

If 0 € Dy for A =—1,1, then the equations are the same as those for DRV-7. If Q € Dy,

then the equations are the same as those for DRV-13.

ve{lp|0eDy,A=—1,1}

In this case the equations are the same as those for DRV-7.

ve{bonlp|QeDy,A =11}

In this case the equations are the same as those for DRV-7.

Ve {éV;pBVlvél,lvéQl}:

In this case the equations are the same as those for DRV-7.

v €{bylo | Q € Dy }:

In this case the equations are the same as those for DRV-13.
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Candidate solution:

We have the following designated values for the constants:

with the rest of the constants equated to 0. Writing Q* to denote this solution, we have

Q* g (O|d |_| Oa) |_| On |_| O(DOT])

2%—3
S UG _1)[o'd‘< 2 >uo‘”'< A >UO”|< 2 >uowonl< 2 >]
A,:fl’l S‘Yl V4 SSl 4 S‘Yl ¥4 S‘Yl Z

2%k—2
L3 - 1)[O|d|(s) = OQ)'(&) s OTT\<S> U Owon|<x>]

U [ ] [0e,U 0g-1]L[06,0n O

67101"]
A=—1.1 *

2k—3

u L] 3 [o% uoﬁvl U0, uo%]
A=-1,1

L[Og,, U O%l L Oy, U O,;VO]

U108y, Oev_ol|(z) U O0uy, ]y H OBy -

It is left to show that this solution is minimal, and to determine an upper bound on the

exoticity index.

A.15.1 Minimality

We start by defining a few things. Let v € {ldg,®,n,@on}. Then, we define

G;/‘<s,z) _ Z C(W|P>|OW|<5,Z>| and

= ylp
PZs

W‘ . 1I/| . V’Oa)' z
og '= Y [Cylp0,,[+C(yoolp)0,.,,]
PeD
P#S,(ss’},z),l:—Ll
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We also define

Id| . Id| ) Id| )
o, 7= )Y C(62]p)|0g, | +C(6; 1IP)\O !
PEDA
P#(sst 1)

Nl

o, = Z (e/lon‘P)‘og on|PH’C( OT” )‘O
PeD,,
P#(ss’},t}

9 OT”P

Now, we determine the minimal values of the constants:

By Lemma 4.2.8, note that C(lds),C(w),C(n),C(won) > 1

C(62),C(6;1),C(620m),C(6; ' om):

By Dy, we get C(6;) +C(6; ') +C(6, 0m) +C(6; ' om) > 22 Drs

By @1, we get C(y,) +C(By,) +C(Dy 1) +C(Dy 1) > 2%-3%3, @5

C(d[ (542 ), C(@] 2 ), C(M g2 ), C(@ oM (42 ) ):

By @, we get C(Id| +C((D| (ss* 2) )+C(Tl| +C(a)on| (552 ) > 02, (3%3 _q),

as required. s

SSZ) ssz)

C(8y,),C(6y,'),C o). C(By,):

By @13, we get C(GV )+C(9 )+C((XV0) +C(ﬁV0) > 22 @15

C(ld5), C(@]1)),C(M(5)), C(Bls)):

By @3, we get C(Id|5)) +C(@|(5)) +C(nl5)) +Cl@on|yy) >22- (3% -1). ®is

C(By, (), C(6y,' |12 Camy | 2)): C(B | ) ):
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Using substitution from (D;3, we have

%o+ joy, 19| = 4le] + jaro
= 3%H[C(6y,) +C(6y,") +Clay,) +C(By,)]
+3%2[C(Ovy | (2)) +C (65, () + Clawy| ) + C Byl )]
=3**+1C(1ds) +C(@) +C(1) +C(@on)]

+3‘”‘lZ [Cld] 2 ) +C(@] g2 ) +CM 2 ) +Cl@0M] o Z)]+[GS '+ o]

=—1,1

+3%1 Y [C(6,) +C(6; ) +C(80m) +C(67 om)]+ Y [0y P+ oy ]
A=—1,1 A=-1,1

— 32k+2[c<evo|<z>) +C(9\%1‘<Z>) +C(aVo|(z>) +C(ﬁV0’(z>)]
=3%F1C(Ids) + C(@) + C(n) +C(won))]

+34klz [C(ld] g1 ) +C(@f 42 ) +CM 2 ) +C(@0M (2 )]+[GS oy
=-1,1

+3%1 Y [C(0;)+C(0; ) +C(8,0m) +C(O7 om)]+ Y [op @ 4679
A=—1,1 A=—1,1

_32k—1 32[C(|d5‘)+C((0)+C(n)—|—C((D n)] [ |d| _|_ S‘ —|—C7;:”” +G;)On|(s.z>]
Id|¢

: Nl
—3‘”(12 Cld ) +C(@] 2 ) +CM ) +Cl@om]a ] +[os ¥ +og ]
=11
+3%1 Y [0(0;)+C(0; ) +C(8,0m) +C(07 om)]+ Y [op @ 467 )]
A=-1,1 A=—1,1
Id|
_32/(—1[65‘ +G§O|” +G;7|sz _|_G;O n|51]
Let v € {lds,w,n,@on}. Then for any P € D, we have
32k71|o‘l’|(s,z>|_32k71|NS(<S72>»P)||CS(<S7Z>)|<|NS(<Z>7P)||CS(<Z>>| o¥le)
vlp T P = |P| W\P'
It follows that 3%~ [ay 9 1 o109 4 G109 1 g@M0d) < (610 4 6110] Thys,
3% [C(6y, !<>)+C(9*1|<>)+C(O€vo|< ) +C(Bvl )]
>3% N [C(d| iz ) +C(o] gz ) +C(N iz ) +Cl@on] )]

A=—1,1

+34“,LZ (C(6,)+C(6; ) +C(6,0m)+C(6; o)
11

223 . 34/((32/{—3 _ 1) +23 . 34k—1 — 23 i 34/{—1 (32/(—2 o 1)

This gives us [C(By, () +C(6y,'|5) + Clawy| ) + C(Bup ()] = 22 -3%3(3% 2~ 2), as re-
quired. ©®)5
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A.15.2 Exoticity

Note that |Q*|/|S| = 4[13-3%*—* —32%=2 1 1]. Thus,

L4[13-34’<—4—32’<—2+ 1]J

vs(Sym(l21/1s) = ¥ 7

i=1

i 40N R4k—4 __22k—2 1
erten,-:{[33 3i3 +1] . Now,

i=1 — n;=52.3%5 _4.32%3
2<i<2k—2 = n;=52. 3441 4. 32%-2
i=2%—1 = n=52.3%3_2
2 <i<dk—4 = n;=52.3%4"1_q
i—dk—3 — n=17
i=4k—2 = n=5
i—4k—1 = n=1

Then, by summing over 1 <i<4k— 1, we have
v3(Sym(|Q*|/|S])) = 26-3%~* —2.32%%72 _ (2k —1).

Let T be a Sylow 3-subgroup inside the group G constructed from Q*, realizing our fusion

system. Then

logs |7+ S| = [|27|/IS| — 1] (2k + 1) + v3(Sym(|Q7[/|S]))
=2[13-3%* - 3% 2] (4k +3) +4(k + 1).

Thus, we have an upper bound on our exoticity index.
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A.16 DRV-16

General form:
By Theorem 7.3.1, we know that any potential right characteristic biset Q has the following

form:

Q= | | C(ld|g)Oyq4), UC(@]0) 0|, UC(N0) Oy, UC(@ 0N |0) Ogon),

0eD
UL C(9A|Q)(99A\Q'—'C(HXI\Q)OG/;HQUC(OCA!Q)OaA|QUC(ﬁA\Q)OﬁA\Q
0€Dy
U |_| C eﬂLOTI )OQ onzl—lc( on ) Tont
0€D,,
A=—1,1
0=0,1
U L C(by)04, UC(By,)0g UC(D2)05, , UC(D42)05,
A=—1,1 ’
L I_I C<9V1’Q)OGVAuC(Q\a1|Q)OQ‘71uC(aVA'Q)OOtvﬂgUC(ﬁVA|Q)OﬁV;L\Q
€Dy, g
A=-1,0,1
U | €(®11)06,,UC(0,,)00,, 1C(05;)00,, IC(0,;)0,,
A=—1,1
U || €(®;;)0%,,UC(0;;)0,, UC(O5;)0,, UC(O;})0e,,
A=—1,1
U ] C(12)00,, UC(8,2)0,, UC(832)0s, , UC(042)00, ,
A=—1,1
UL C(QOIQ)OGQ\Q'—'C(GO_I\Q)OG(;HQ
Q€{<><>}
-1 -1
(52011 ) D C(22l(551)) 011 g, W1 Al 9) Oty U (G221 9) Oy
A=—1,1 :

As already explained in the case for DRV-8, DRV-10, and DRV-12, there is a difference between
the construction in Theorem 7.3.1 and the one above. The difference is that we have excluded
orbits induced by morphisms @, ;[o, ¥, 2]p for O < (ss*,z), and ®;,I/I|Q for QO < (t,z), for
all u=1,..,4 and A = —1,1. This is because all of these morphisms are restrictions of those

from the set

9T79717aT7 T T:VA,A,AI—I,I 5
T

which are already included in the the general construction.

Equations:

We list the following equations:
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{|d‘Q ‘ Qe @AUDAUDVO,A = —1,1}:

When Q € Dy, then equations are the same as those for DRV-8. When Q € Dy \{(2)},
then the equations are the same as those for DRV-14. Similarly, when Q € D, for A = —1,1,

then the equations are the same as those for DRV-8.

Y € {6alo | Q € D4}

In this case the equations are the same as those for DRV-8.

ve{blp|0eDy,A=—1,1}:

In this case the equations are the same as those for DRV-8.

ve{0onlp|0eDy,A=—1,1}

In this case the equations are the same as those for DRV-8.

y e {évlaévkaél,lvé&l |}L = _171}:

In this case the equations are the same as those for DRV-8.

v e {By,lol Qe Dy, | A=—1,0,1}:

If A = —1,1, then the equations are the same as those for DRV-8. If A =0, then the

equations are the same as those for DRV-14.

ye{®,|A=—11}

In this case the equations are the same as those for DRV-8.

ye{O; |A=—11}

In this case the equations are the same as those for DRV-8.

ye{d|A=—11F

In this case the equations are the same as those for DRV-8.
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v € {bolo Q= (s),(1)}:

In this case the equations are the same as those for DRV-14.

/AS {517A|<ss/}> |A=—1,1}:

Sial, 2
Q) = 3(E 4 0,)

ye{&lylA=—11}%

-1
Q5121 = 3°C(E 1)

Candidate solution:

We have the following desgnated values for the constants: We have the same non-zero values
as those for DRV-8 and the same non-zero values as those for DRV-14. We have the following

additional values:

C(Sia <ss/11>) = C(gz,/'t‘(ss{l}) =3%"2(2.3%2 1) (for A =—1,1)
C(& ali) =C(&y4l1s)) =2-3%72 (for A = —1,1)
C(9V0’(1>) = C(ex%l |<z>) = C(OCVOI@) = C(ﬁvof@) =343 _ 92 32%k=2 +1,
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with the rest of the constants equated to 0. Writing Q* to denote this solution, we have

Q* E(ij LJ Oa) LJ On LJ OCOOT])

2k—3
u |l G ~ DO, U0, U0y
A=—1,1 v e
L (3272 —1)(Og),, UOg, LUO,  LIO )

ls) o5 Nl won |

2 Adk—4
U |_| 273 (O'd|<xs/1>uo“"mhuo’ﬂmhUO“"””<SS/1>)
A——11 1 1 1 1
U2(O|d|<t> = OCO|<;> U Oﬂ\m U Oon”(t))

4o
) won| (s 2 )

ss{L 2 752

U(OQA |_|OGA—1 L Ogq, UOBA)

2k-3
U [ 22357 = 1)(0g,1, U0,
A=—1,1
U L (06,U04-1U0g,0q L10g-1,,)
A=—1,1

2k—-2
(] |_| 2-3 (OOM
A=—1,1

2k—2
u L] 23 (06,14 HOp1y,, W Op;0m), U O
A=—1,1
L (Og,, L O%l L Oy, U0, )

= U0, |—'OﬁA|<z>)

LO,-
2 0,

(55

Uo UOg-1
o el =0 o”|<s-v’}>)

lon\<z>)

2k—2
ul|_|1 13 (Ogy, U Og;.1 HOur, L0Og, )

43 2 A2k—2
L (3 —-2°-3 + 1)(09%‘(1) = 09‘7()1|(z> H Oav()l@ - Oﬁvo‘@)

U2 A2k—3
UL 2-3%7%2e3 —1)(09v,1|<z>'—'09\7'\<z>uo"“’ﬂ<z>uoﬁm|<z>)
A=—1,1 ’
U3/ A . )
U |_| 3 (OWAuOﬁVAUOﬁl,foOW,A)
A=—1.1
5 L (O, U0, 106, U0 )
A=11
(=—1.1
L |_| 32]{72(01911,1 = Oﬁm U Oﬁm U 0194.,1)
A=—1,1
L2(Ogp)y Oy 1)) U 20| L Og; 1))

L |_| 321<_2<2,32k—2+1)(06“ll ) uoéul ,1)
A=—1,1 #Hsst) A ssT)

L 2.32%2(9. 0O,
A—|_|1 1 . <O§1,7H<5> O§27i|<s))

It is left to show that this solution is minimal, and to determine an upper bound on the

exoticity index.
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A.16.1 Minimality

Now we determine the minimal values of the constants.

We already know, by Lemma 4.2.8, that C(lds),C(®),C(n),C(won) > 1

C(64),C(6;"),C(0ta),C(Ba):

By g, we have [C(64) +C(68, ") +C(aa) +C(Ba)] > 22. D6

C(62),C(8;"),C(8, 0n),C(8; " om) for A =—1,1

By @, we have [C(6;) +C(6; ") +C(8; 0m) +C(6; ' om)] > 2% @16

A

C(Bv,),C(By,).C(D 2),C(Dy ) for A =—1,1

By Bs, we have [C(6y,) +C(By,) +C(D1 1) +C(Dy2)] > 22 3%, @6

(Id’SS Z> (0)‘ (ss? z) (n’<ss{°7z>)’ ((001’” )forl——

By @s, we have [C(Id] s ). C(@] 2 1).C( ). Cl@on] 2 )] 222 (3% —1). @

C(GV;L)7C(9\/;1)7C(05V,L),C(ﬁvl) for A =—

By ®s, we have [C(6y,) +C(6; '

0 ) +C(an) +C(ﬁVx)] > 2%.3%2 ®16

C(0;,),C(0,,),C(03,),C(O4,) for A =—1,1

By ®s, we have [C(©; ) +C(0,,,) +C(O3,) +C(04,)] > 2% ®:16

By @, we have [C(O]}) +C(;}) +C(5}) +C(6;})] > 2% Dis

C(ﬁl,l)7c(ﬁ2,l>7C(ﬁ3,l)ac(19'4’/1) for A = —

By @, we have [C(8 1) +C (1) +C(852) +C(Dy2)] > 223272, @

C(92,|<SS/}>)7C(9)TI‘<SS%>)’C(0}/ 077|<SS/11>)7C(9,{1 On’<ss/11>) for A = —1,1
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By @8: [C(9k|<ss/ll>) +C(9,1_1|<ss’}>) +C(91 °n|<ss%>) +C(9,1_1 °n|<ss11>)] > 23 : 32k72- @16

C(1d] ). €] 13- C ). C@0 | 1) for A =11

By 8, we have [C(Id|<ss%>) +C(a)|<ss,11>) +C(n|<ss,11>) +C(a)on|<ss,11>)] > 4. 344 16

C(9V7L|<z>)7c(evl—1|(z)) C(aV,1| ) (BV,1| ) for A = —

By @& [C(GV)L ‘(z)) +C(9V{1 ’<Z>) + C(aV;L ‘( ) +C(ﬁV1’ )] > 2} (2 L3S 32k_2)' @16

C(Oal2),C(6, 1)) Claal (). C(Bal)):

By (12)y, we have [C(64]() +C(6; ' |i) +Clouly) +C(Bal ()] = 2(2-3% 3 1), (124

C(01]())-C(0; (1)), C(81 0M|1)),C(8; T om () for A =—1,1

By (13);, we have Y11 1[C(83 ) +C(6; ' |y) +C (65 0m| ) +C(6;  omlyy)] > 24342,

C(ld|iy),C(@]y),C(M ), C(@ oM |yy):

By 8, we can choose so that [C(Id|()) +C(®|)) +C(N|y) +C(@on|py)] > 23. 16

C(9V0)7C(9\%) (aVo) (.BV())

By @4, we have [C(6y,) +C(9 )—I—C(avo)—i—C(Bvo)] > 22, @16

C(Id|(y)),C(@](5),C(M](5)), C(@0 M| (5))

By @14, we have [C(Id](5)) +C(@]15)) +C(n|(5)) +C(@on| )] > 22(3%* 2 1). 16),

C(60l(5))-C(6y ' (s)):

By @14, we have [C(Q()l(s)) —I—C(G(;l‘(s))] > 22, ®16

C(60l()),C(6; r)):

By ®14, we have [C(6o|;y) +C(6y )] > 22 18),
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C(@l,)t|<ssil>)ac(§2,/l|<ss%>) for A =—1,1

o 51/1| 2 ‘32/1|<ss/11>| o 62 71| x|

S +1Q RN
= 301 a5y +CE22l (1))
=3%(C(62) +C(6; o) +3%H[C(O] 12 ) +C(6;  oml i )]
+3%7C(62 ] 2)) +C(6;  oml 1 2)]
+3%[C(012) +C(022) + C(03,2) +C(O4,1)]
>2. 32k_|_22 32k 2 32k+1+22 32/( 2. 32k+1+22 34k 1

Thus, [C(él,l|<ss;1))+C(§2,ﬂ|<ss{t>)] >2.3%=2422.3%=4 35 required. 16

C(§17JH<S>)7C(5£;{|<S>) for A =—1,1

Q50| 4 |@%alo| = |l | + Q% |
= 3*[C(& 1) +C (&5 l)]
=3*11C(00/ 1)) +C (65 )]
>22 _32k+1

Thus, [C(él_,ilt|<5>)+c<§2_,i|@>)] >22.3%72 a5 required. 16

C(6vl (), C (63, 112) C @y () C(Bvp | ):

Let A =—1,1. Then

Q006 @l | = (@0 + [ o]
6v,) +C(6y,") +Claw,) +C(Bv, )]
+ 3520 (Oy|()) +C(By, () +Clmy| ) +C By )]
+C(OCV,1)+C(L3V,1)]
[(2)) +C(6y, |(5)) +Clow, | ) +C(By, )]
e, }1)+C(®M)+C(®M)+C(® )
C(D1,-2) +C(B,-2) +C(3,-2) + C(Dy )]
502322 321 | 92 3220322 9y 3242 4 02 32kl | 92 322 32k
0232+ (33 92 322 )
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Thus, [C(6y,]1)) +C(6y,' ) +Claw5) + C(Byl )] = 22 - [3%3 —22.3%72 4 1], as re-

quired. @]6

We have shown that our candidate solution is of minimal size.

A.16.2 Exoticity

Note that |Q*|/|S| = 22[47-3%%=5 476 -3%~4 4. 11.3%2 1 4], Thus,

vi(Sym(1Q*|/1s) =Y

i=1

{22 [47 3075 - 76. 3% 4 4 11.3%2 +4]J
3i

. 22[47-3%F54.76.3% 44 11.3% 244
erteni:{ [ + 3 + +4] . Now,

i=1=— n;=188-3%761304.3%5 1 44.3%3 15
=2 = n; = ]88.36k77+304.34]{*6_1_44.32](74_’_1
3<i<2k—2 = n; = 188371 1 304 . 3% 41 1 44.3% 21 (k> 3)

16154 if k=2
i=2%—1 = n =
188-3%44304-3% 3114 ifk>3
5384 ifk=2

i=2k = n; =
188-3%54304-3%%44+5 ifk>3

1795 if k=2

i=2%k+1 = n =
188-3%64304.3%%54+5 ifk>3

2k+2<i<dk—4 = n; = 1883071 1 304 . 3% 4
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Moreover,

i=4k—3

i=4k-2

i=4k—1

i =4k

i=4k+1

4k+2<i<6k—5
i=06k—4
i=6k—3
i =6k—2
i=6k—1

I

!

!

Ll

1795 if k=2
n; =

188-3%=2 1101 ifk>3

597 if k=2
n, =
C | 1883% 3134 ifk>3

n; = 188344411

66 if k=2
n; =
188-32k543 ifk>3

]2 if k=2
") s 3% 041 k>3
n; = 188 . 30k
n; =062
n; =20
n==6
n=2

Thus, by summing over the range 1 <i < 6k— 1, we have

218091
v3(Sym(|Q7[/1S])) = { 150865415
2[47-3%75 4+ 76.3%4 4+ 11.3%2 7]

if k=2
if k=3
if k>4

Let T be a Sylow 3-subgroup inside the group G constructed from Q*, realizing our fusion

system. Then

logs|7": S| = [|Q7/1S] — 1](2k + 1) + v3(Sym(|Q"[/|S]))

2399046
= { 2262981344

2[47 -3 + 76 3%=4 1 11-32F=2](4k 4+ 3) 4 (30k + 11)

Thus, we have an upper bound on our exoticity index.
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APPENDIX B

CALCULATIONS FOR THE FIXED POINT SIZES,

Vo
‘O‘MP |

If Q is a right characteristic biset for any saturated fusion system JF over S, then by definition,

Q is a disjoint union of orbits of the form Oy for some morphism ¢ € F. Thus, we can write

Q=1|]c(¢)04

o

for some C(¢) > 0. Not every value of C(¢) determines that we have a right characteristic

biset. This Q, by Lemma 4.2.7, is a right characteristic biset if and only if satisfies
QY| = |Q"Pv| for all y € 7,

other than the additional property that p 1 (|Q|/|S|). This condition will help us to determine
possible values of C(¢). Since

Q¥ = Y (@)oY,

0T

the aim of this appendix is to determine the fixed point sizes |O(‘;)/] for each relevant pair
(y,0). Fortunately, by Lemma 3.1.8, we only need to determine these sizes for morphisms
¢ and v up to S-S-equivalence in F. For each DRV-fusion system, we have already listed all
such morphims, which can be seen in Lemma 7.2.4, or more fully, in Theorem 7.3.1. In order

to calculate |O$ , we use Lemma 3.1.7, which states that

[Ny ol
08| = 25 Cs ()],
* Dyl Y

where
Ny.p ={x €S |3y €S with (Dy)* <Dy, and c|p, 0P ocy, =y}
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Usually, |Cs(Zy)| will be easy to determine, and |Dy| will be evident from the definition of
¢ itself. Thus, the focus will be primarily on calculating [Ny ¢|. In order to determine this,
we will generally suppose Ny ¢ 7 0, in which case there exists x € Ny g € Ns(Dy,Dy). This
means that

g € Dy = Jye S with (¢°)¢)" = qv, (%)

for all g € Dy with ¢g* € Dy. From this we will either derive a contradiction, or determine some
conditions under which the above holds. We will usually do so in the following way. Write
p=¢q*. We will be able to write (*) as

) 1)
(plp(¢))y _ qlq(‘l/),

where, unless specified, we will have

6,(6) = 1 iqu):pl_l and 8,(¢) = 1 ?qu):ql_l
—1 if p¢ =p; -1 ifqgp=gq;" .

(9) (v)

. . . i, . 1) . 1) i .
This will tell us under which conditions is p;”*"’ S-conjugate to ¢,”"’. The condition will

usually involve the vaules of §,(¢) and &,(y).
Nevertheless, at times we will use different methods.

Calculations Locator:

The following two tables are there to help us locate a page of a particular result, and its

corresponding proof.

Label name || Set of Morphisms Set of Domains Conditions

M1 lds,w,n,w0on D None

M2 6r,0; ", ar, Br Dr T € Ttu

M3 Ou,v Dy, u=1,..,4v=-101
M4 0, Dy u=1,..,4,v=-1,0,1
M5 (& TRY Dy, u=1,..4v=—1,1
M6 Euv Dy, u=1,.8v=-1,1
M7 " Dy, u=1,..8v=-1,1
M8 6yon,0,on Dy v=-1,1

M9 bv,. 0y o, By, Dy, v=—1,1

M10 By Dy, p=1,..4v=-1,1

Table B.1: Calculations Locator. Table 1 of 2.
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14

PagZ)'rPefs. M1 M2 M3 M4 M5 M6 M7 M8 M9 M10

¢ | M1 || 298,344| 301,352| 308,381| 310,388| 312,394| 314,400| 318,412| 321,423| 324,429| 326,436
M2 || 298,345| 301,353| 308,381 310,388| 312,394| 314,400| 318,412| 321,423| 324,430| 326,436
M3 || 299,348| 303,367| 308,383 310,389| 312,395| 315,402| 318,414| 322,424| 324,431| 326,438
M4 || 299,348 304,369| 309,384| 310,390| 312,396| 315,403| 318,415| 322,425| 324,432| 326,438
M5 209,348| 304,371| 309,384| 311,390| 313,396| 315,404 319,416| 322,426| 324,432| 326,438
M6 || 299,349 305,372| 309,385 311,391| 313,397| 315,405| 319,417| 322,426| 325,432| 327,439
M7 || 299,350/ 305,375| 309,386 311,392| 313,398| 317,408| 319,418| 323,427| 325,433| 327,440
M8 || 299,350| 306,377| 310,387 312,393| 314,399| 317,409| 321,421 323,428| 325,434| 327,440
M9 | 300,350| 307,379| 310,387| 312,393| 314,399| 317,410| 321,422| 323,428| 325,435| 327,441
M10 || 300,352| 307,380| 310,387| 312,393| 314,399| 317,411| 321,422| 323,428| 325,436| 327,441

Table B.2: Calculations Locator. Table 2 of 2.

Search example: Finding the value of |Og

90|<z)|
0,1 !

In this case y = 6y and ¢ = ©g ;. The first table tells us that we need to look at the
pair (M2,M3) in the second table. This second table give us the pair (303,367). This means
that the result is located in page 303, and proof starts in page 367. From the page 303, we

Oliy| _ a2k
see that |Og /| =3
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B.1 Results

B.1.1 vyec{lds,o,n,won} and Q€D

1. Let ¢ € {ld|s,w,n,won} and P € D. Then

(|N. P)||C .
‘ S(Q7 |;’|‘ S(Q)‘ |fQ§S;1//o¢):|d|S
or < (s2);yod=0w
‘OW‘Q’_
ol or Q< (s);yop=n
or Q< (s1);yop=won
\0 otherwise

2. Let ¢ €{6r,0; " ,0r,Br | T € Ty} and P € Dr.
Suppose T =V, for A = —1,0,1. Then, either |OW|Q\ =0, or

2 = SSl
( )G{'ds,(x)} {GV/I’GV 1’OCVpﬁV;L} — OWQ{ IfQ <SS1> P—< 17z>

otherwise

(v,9) € {n,won} x {6y, by, o, B, } = ’Oq)\,, =

otherwise

Vio| _ {32 if Q= (s),P=(s2),A=0

Suppose T =E,, for A = —1,0,1. Then, either \OW‘Q] =0, or, if

32 if Q€ {(ss?), (ss},2)},P = (ss},1)

34k+2

P ifQ:<Z>>P€{<Z>><th>v<SS/ll’Z>’<SS{L>t>}

0 otherwise

(w.9) € {lds, @} x {62,6;'} = |0]| =

2 if — A

(.0) € {ids,0) x (g, By} — [o¥e)= > T@= (i) P=lssfr)
otherwise

32 if Qe {(s),(s,2)},P=(5,2),A=0
otherwise

32 if Q= (s),P=(s5,2),A =0

34k+2

b 0= ()P e {2, (1.2 (s5F2), o5t 1)

0 otherwise

(v,9) € {m, 00} x {6;,0,'} = ro""Q|—

(w.0) € (n.won} x {ay, B} = 04| =

/—/—xf—/h\/—/hx/—/_\
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Suppose T =A. Then

o= ~1
(w,0) € {(Ids,64), (®,04), (1,6, 1), (w0, ﬁA>}jo‘”Q{” Fo=uhba <P
0 otherwise
3 e
<w,¢>e{<lds,eA1>,<w,ﬁA>,<n,eA>,<won,aA>}:»o;f’,?—{ om0 <P
0 otherwise
ik .
(v.6) € {(1ds, 04). (@,62), (1. B, (@07, 671)} —> o‘”Q{ | FOF<PRid)ges
0 otherwise
ik .
(v.6) € {(1ds. Ba). (0.6, ). (m.0w). (@01, 04)} = [0})] = { mo TSPl es
0 otherwise

Let$=©,, and PEDy, for p=1,...4 and v =—1,0,1. Then |o""Q| —
Let 9 =0} and PE Dy, for p=1,..4 and v=—1,0,1. Then [0}/| =0.

. Let ¢ =0y v and P€ Dy, for u=1,..,4 and v=—1,1. Then, elther|(‘) |Q|—O or, if

2 if v
(W7¢) € {n,worl} X {1917\/,1927\/,1937\;,1947‘,} _— |O:;)/“PQ| _ {3 | Q <SS1> <SSI,Z>

0 otherwise

. Let 9 =&,y and Pe Dy, for u=1,..,8 and v =—1,1. Then either |OW|Q| =0, or, if

(w,9) € {lds,0} x {&v,8av}

34k+2

0 otherwise

U{n,won} x{&1v,5v} = OWQ—{

. Let ¢ = §”vand P € Dy, for p=1,..,8 and v=—1,1. Then either ]OWQ\_O or, if

(v.9) € {lds, 0} x {&51. &}

34k+2

u{n,@on} x{&,.5,} = o"’Q_{ o o=@ <P

0 otherwise
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8. Let ¢ = Gfl on for A = —1,1. Then, either \OW‘Q] =0, or, if

32 ifQE{(ss1>(ss1,Z>}P <ss1,t>
(v.0) € (oo} x (871 om} — 040 = { 32 if 0 () P {(2), 1,2 (s5h, ), (s}

0 otherwise

9. Let ¢ € {évpé\alﬁ%,ﬁvl} for A =—1,1. Then, either ]OW|Q| =0, or, if

(W?‘P) € {(|d7éV,1)v(w73V;L>} — |o¢|P

0 otherwise

WQ_{33 f 0= (s5%),P € {{ss), (s5%,2)}
(33 ifQ:<ss%>,P€{(ss’}>,(ss’},z>}

or Q=P = (ss},z)
34k+2

- if0=(2),Pe{(), (sst,2)}

0 otherwise

(v.9) € {(1d.8;,"). (0. av,)} = |04]| =

\

(II/,‘P)G{W@OTI}X{@VMBV@}
if 0= (2),P €{(z), (ss,2)}

34k+2
U{(1ds, 6,1, (@,6y,)} = |o""Q\ -
otherwise

10. Let ¢ = 19 aforu=1,.,4and A =—1,1. Then, e|ther\(f) ‘Q]—O or, if

S ss ss?
(v,9) € {(n,D1v,), (@on, Duy,)} = |Oq'l)/||PQ|_ {3 fQ=(ss}),Pe{(ss}), (sst,2)}

0 otherwise
(33 i Q= (ssh),Pe {{ss), (ss%,2)}

. or Q:P:<ssl,z>
(w,0) € {(n. Doy, (@om. Bay)} = (0419 =1 ., !
" ’ B2 Q= (2P e ({2, (55,2}

0 otherwise

(v, 9) € {lds, 0} x {D1v,, D4y, }

if 0= (2),P € {(2),(ss7,2)}

otherwise
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B.1.2 ye{6r,0;",ar,Br} and Q € Dr, for T € Ty

1. Let ¢ € {ldg,w,n,won} and P € D.
Suppose T =V, for A = —1,0,1. Then |OW|Q\ =

Suppose T =E, for A = —1,0,1. Then, either |OW|Q| =0, or, if

P2 ifo=
(v, 0) €{6,,0;, '} x {lds, 0} => o‘VQ{ . fQ=()<P
0

ole otherwise

34k+2

if 0= (z) <PA=0

otherwise

(v.0) € {0, Bo} x {n. won}:»o"’Q{

Suppose T'=A. Then, either |OW‘Q]—O or, if

NP
(v, 0) € {(aa,lds), (64, ), (Ba. ), (6, ', won)} = ]OWQ] { [P fld) <Q

otherwise

vi 3%|Ng(Q.P)| if (d) <0
(v,9) € {(Ba,1ds), (6, ", @), (au, ), (64, 00m)} = |05 2] =4 " -
otherwise

2. Let ¢ € {GTI,Gﬂl,aTl,ﬁTl} and Ty € Ty
Suppose that T} # T. Then, either \(9 ‘Q| 0, or, if

(w,9) €{62.,6; '} x{6,,,6, '}

S 0= (0,Pe{(2), (1,2 (55t 2), (st o),
U{egBa} % {og. By} = 0}1°] = A+
0 otherwise.
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Suppose that T} =T =V, for some A = —1,0,1. Then

w0 e { (B0, 1051 B} | — 10311 =

[v.0}e {{GVA,ﬁVA}y{Qxal,OCVA}} — [o%le =

{l//,(P} € {{GVMGVAI}a{OWWﬁV/I}} - ’OW|Q| —

v=0 = |0l =

Suppose T} =T = E;, for A = —1,0,1. Then

(vob e { (6 ond 6 1) p — Io}fel-
(vob e { (6B (6, o) b — [0}l -

(v} e {{9179,{1}7{0%[3/1}} — [0%l2 =

y=0 = |0} =
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( 32k+3
F @R e lsh) s h.2)
\(Z) otherwise
(32k+3
LI R R )
\Q) otherwise
32k+3
T if (Q,P) € {(ss1)} x {(ss}), (ss},2)}
or (Q,P) € {(2)} x {(z), (ss},2)}
32 if Q=P = (ss},2)
\(/) otherwise
( 32k+3
T if (Q,P) € {(s)} x{(s,2),(s,1)}
3L i Q=P = (s)
\O otherwise
( 32k+3
F TP LD, dsshn)
3L ifQ=P=(1)
\O otherwise
(32 i (0.P) € (9}  {(3). (1.2,
(sst,2), (sst,0)}
\0 otherwise
(32k+3
Fr P E (. (5.2} x (5.2 (s5}.0)
or (Q,P) € {(1), (t,2)} x {(1,2), (ss},0)}
3L if Q=P e {{ss},1), (1)}
Sor iF(Q,P) € (@)} x {(2), (1,2),
<Ss1’ >»<5317 )}
3 if Q=P = (ss},1)
0 otherwise




Suppose T} =T =A. Then

(34k .
7 if 0 € {(s1)NP,(d)NP,(d5 ') NP}
or Qe {(s}) NP (s Y NP,
w0y {{or.arhio; ' pr) | — [o}jeI- 0+ )
34k+1 .
7 ifQ=()<P
\0 otherwise
(34k 1
7l if 0 € {(s3)NP(d] )NP(d5)NP}
or Q€ {(s2) NP5, (s5 YNP '},
(vob e { (o pr. (67" ar) b — I}l - 04
34k+1 .
7] ifQ=(z) <P
k0 otherwise
(v.o} e {{eT,eT—l},{aT,ﬁT}} — |0¥% =0
(34k
@ if 0 Z{(1),(z)},0<P
v=9 = [0} = % f Qe () ()nP
0 otherwise

3. Let ¢ =0y, forsome u=1,..,4 and v=—1,0,1.
If T =V, for A =—1,0,1, then, either ]OW|Q| =0, or, if

(W7¢) S {GVMO‘V;L} X {®1,V7®3,V}

2k+3 .

3|P7‘L if Q= <SS/’1L>,P S {<SSY>7 <SSY7Z>}7
{6y, By, } % (@2, 04} = |04] = A=v

0 otherwise

If T =E, for A=—1,0,1, then

|O¢|P
0 otherwise

WQ{32/< if 0= (ss?),P=(ss},2),A =V
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If T =A, then, either |OZJ||PQ\ =0, or, if

(v,0) €{64,B4} x{O1,04y}

34k+1

: B i 0= (), P e ({2 ]2}
I—l{GA 17 aA} X {@27\/,@37\/} — |O‘(;|/J7Q| = |P| 1
0 otherwise

4. Let ¢ :®;}v, for some u=1,..,4 and v=-1,0,1.
If T =V, for A =—1,0,1, then, either ]O;’;‘lPQ| =0, or, if

(w,0) € {6y, By, } x{05,,0,}
32k+3 .
_ _ _ IfQ:<Z>,P€{<Z>,<I,Z>},AZV
u{ey! o} x {07),051} = |0g2| =4 I |
0 otherwise

If T =E, for A =—1,0,1, then

vlo 3% 9=(1),P=(1,2),A=vV

|O¢|P‘:

0 otherwise
If T = A, then, either [0%°| =0, or, if

(w,9) €{6a,04} x {0,053}
34k+l .
_ o if Q= (t),P e {(t),(t,2)}
L{6; ", Ba} x {(”)1,1”@47%/} = ’O;’;\‘f’ = .
0 otherwise

5. Let ¢ =0y forsome u=1,...4and v=—1,1.
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If T =V) for A =—1,0,1, then, either, \OW‘Q|—O or, if

(W7¢) € {GV;L?(XV;L} X {192,V7194,V}

S if0=(ssh),Pe {(ss)), (ss},2)},
{6y, B} X {B10, 5.0} = [042] = A=V #0
0 otherwise
(W7¢) S {evluﬁvk} X {192,V7193,V}
2k+3 .
Sor 0= ()P {(){ss1,2)},
L0y o, } x (D Day} = (019 = A=—v#0
0 otherwise
IfT = B3, for A = —1,0,1, then |0%°| = 0.
If T =4, then |04 =0
6. Let 9 =&,y foru=1,..,8and v=—1,1.
If T =V, for A= ~1,0,1, then, either, [0}%| =0, or, if
(W?‘P) € {GV}J(XV)L} X {55,V7§7,V}
B0 = (k)P e ((ss)), (s5},2) ),
{6y, By, } % {Eov. Bsw} = (00 = A=v#0
0 otherwise
(W?q)) € {9\%17(1‘/0} X {éiwé&v}
32k+3 . v
if Q = <Z>7P € {<Z>7 <SS17Z>}>l =0
L{vy, By} % {So,v Erv} = \O;]‘f! =q _
0 otherwise

If T =E; for some A =—1,0,1, then, either |(9 ‘Q]—O or, if

(W7¢) € {91761_1} X {53,v;§4,v}

{00 B} x {1 Ean} =[OV -
otherwise

u {3“;“ if 0= (z),P €{(z), (ss},2)}

If T = A, then |0%°| =0,

7. Let ¢ :éu’{, foru=1,...,8and v=—1,1.
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If T =V, for A =—1,0,1, then, either, |(9W‘Q|—O or, if

(v, 9) € {6y, 0} x {&5 7. &}

32k+3

. T0=1(s),Pe{(s),(52},A=0

otherwise

U{evo 7ﬁVo} {§6v7é7 v} = ‘OW'Q‘ {
(v, 9) {6, o, } x {&50.67

32k+3 . - S _
{0, By } > (€ dav} = 10511 = { 0= (2Pl s} A=v#0

otherwise

If T =E; for A =—1,0,1, then, either |OW|Q| =0, or, if

(v,0) €{62,6; '} x{& .60}

34k+2

if 0= (2),P € {{2), (s57,2)}

otherwise

l—'{alvﬁl} X {51 vaéz v} = |OW‘Q| - {

If 7= A, then 0}/ =0.

. Let ¢ = GJ—Llon, for some v=—1,1.

If T =V, for A =—1,0,1, then |OW|Q|_
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If T =E) for A =—1,0,1, then, either ]OW|Q| =0, or, if

(ll/aq)) E{(OQ,G;I On)7(ﬁl79von)}

(it Qe ((ssh). (551,00} P € {{ss}.2) dss}ar) }. A = v £0
or Q€ {{1).(1.2)}.P € {{1.2). (ss.0)} A = —v £0
=>!O""Q|— AL ifQ=P=(ss}),A=v#0

orQ=P=(),A=—-v#0

\0 otherwise
(w,9) €{(62,6, " on),(6;,(6, ' om))}
32k+3

W IfQ:<SSIA> PG{(SS¥7Z>7<SS¥7I>},A:V7£O
:>’OW|Q|_ 32kt ifo=P= <ss1> =v#0

0 otherwise
(w,9) €{(6,6v0n),(6;',6, ' on)}
32k+3

T if Q= (t),P € {(t,2),(ssV,)},A=—Vv#0
= |O:;i/\|,?|: PET Q=P (1A= v £0

0 otherwise

If 7= A, then |0}/ =0.

9. Let ¢ € {éVwéV_Vl?&Vv?[;Vv} forv=—1,1.
If T =V, for A =—1,0,1, then |OW|Q| =

If T =E) for A =—1,0,1, then, either ]OW|Q| =0, or, if

(w.0) €{6,,6; '} x {6, &, }

34k+2

if Q= (z),P € {(z),(ssV,2)}

otherwise

U{og, Ba} x {6w,, Br,} = IOWQI {

If T = A, then |0}]%] =0.

10. Let ¢ = 19VW foru=1,..,4and v=—1,1.

If T =V, for A =—1,0,1, then |01 =0.
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If T =E) for A =—1,0,1, then, either ]OW|Q| =0, or, if

(W7¢) € {915 9;1} X {§17V71§4,V}

34k+2

U{ep B} x {Boy, Dy} = (042 ={ T it 0 = (2),P € {(z), (ss,2)}

0 otherwise

If 7= A, then |0}/ =0.

B.1.3 y=0,yand Q€ Dy, for u=1,...4and v=—-1,0,1
1. Let ¢ € {lds,,n,@on} and P& D. Then [0}°| = 0.

2. Let ¢ € {67,007, Br} and P € Dy, for T € Tpu1.
If T =V, for A =—1,0,1, then, either ]OW|Q| =0, or, if

(Wa‘l’) € {®1.,V>®3,V} X {9\/,1,0%}

2k+3 .
L iF Q= (ss}),P € {{ssh) (5,2},
{21,041} x {6y, B} = |0}1°] = V=A#0

0 otherwise
If T = Ey for A= —1,0,1, then [0} =0
If T =A, then, either OW‘Q] =0, or, if,
(W?‘P) € {®2,V7®3,V} X {9;17aA}

34k+1 .

if Q = <Z>, <Z> < P,P € DA
|—|{®1V7®4V}X{9A7BA} = IOW‘Q|_ i
0 otherwise
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3. Let ¢ =0y, v, for py =1,..,4, vi = —1,0,1. Then, either \OW‘Q| =0, or, if

(W? (P) S {(®1,V7®4,V1)7 (®2,V7®3,V1)7

34k+1 . o vy
(@47\/,@]7\/1),(@37\/,@27‘,1)} — |OW|Q‘ — ‘P| |fQ_<Z>7P€{<Z>7<SS1 7Z>}
0 otherwise
(W? (P) € { (®1,V7 ®3,V1 )7 (®2,V7 ®4,V1 )7
)
32‘;3 if Q= (ss"),P € {(ss]"),(ss,",2)},
(®3,V7®1,V1)7 (®4,V7®2,v1)} - |OW|Q‘ = V=yv
\O otherwise
(
Sor i 0= (2),P e {(2){sst")
2k+3 .
3‘;| if Q= (ssV);P e {{ss}"), (ss}",2)},
y=0 =0} = v=w

32k if Q=P=(ss,2),v=w

]

otherwise

4 Let 9 =0, for =14, v =~1,0,1. Then [0}]°| =0

5. Let ¢ = Uy, v, for uy =1,..,4, vi = —1,1. Then, either ]OW‘Q| =0, or, if

(v,9) E{@)l,w@)lv} X {1927\/1 ) 1947v1}

e 0= (sst),Pe{(ss)"), (ss1',2)},
{@21,@4y} X (D1, 5.} = |O}°] = v=v
0 otherwise
6. Let ¢ =&y, v, for uy =1,..,8, vi = —1,1. Then, either |OW|Q| =0, or, if
(Waq)) €{®1,V7®3,V} X {€5,V17€7,V1}
3T;+|3 if Q= (ss}),Pe{(ss{"),(ss,",2)},
L{®2,v,O4,v} x {&6,v,, 88,0} = \Omfl = v=v #0
0 otherwise
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10.

B.14 vy-= @;’1\, and Q€ Dy, for u=1,..,

1.

2.

3.

Let ¢ = éu’l}vl for uy =1,..,8, vi = —1,1. Then, either ]OW|Q| =0, or, if

(w,9) €{010,030} x {&5 .57}

32k+3

|P]
{®20,040} x (&) Eql ) = |0L1°] =

CLet 9 =6 om for vi = —1,1. Then [0}/%] =0.

it Q= (ss}), P e {(ss}"), (557", 9},
v=0

otherwise

. Letg e {évvl,év—vj,&vvl,ﬁvvl}, for vi = —1,1. Then |owQ| —o

Let ¢ = By, for 1 =1,...4 and vi = —1,1. Then [0%°| = 0.

Let ¢ € {lds, 0,7, @0n} and P& D. Then |0}/ =0.

Let ¢ € {GT,GT_ ,or,Br} and P € D, for T € Ty
If T =V, for A =—1,0,1, then, either, |(‘)W‘Q| =0, or, if

(v,9) €{07,,05 .} x {6, ', an, }

32k+3
v
l—l{®2v7®4v} {OVMﬁVA} — |O ‘Q|— 0|P|
If T = Ey, for 2 = ~1,0,1, then [0%°| = 0.
If T = A, then, either, |OW‘Q|—O or, if
(v,0) € {05,053, } x {64, 04}
SOy 0uy < {6y B} = 10771 = 4 T

4and v=-1,0,1

if 0= (2),P € {{z). (ss},2)},v=2

otherwise

it 0= (1), () < P.P € Dy

otherwise

Let ¢ :®H1~,V1 for = 17'_’4' vi=—1 O 1. Then |OII/‘Q| —=0.
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4. Let g = 07!

for H1 = 1,..,4, Vi =

Ui,vi

(v,0) € {(@lv,%l) @051 ).

(v.0) € {(@;L@;LJ»(@;L,@;%)»

(v

(9,

(9,

32k+3
(051:011,): (01,05, >} — |oY?| = O'P
( 34kt
[P
32k+3
_ Vg _ ) AT
V=0 = |O¢‘P|_ 2%
0
\
5. Let ¢ =V, v, for gy =1,..,4 and vi = —1,0,1. Then
7(])) € {®1_,b7®37\1;} X {192,V17193,V1}
32k+3
P
(@3}, 0,1} X {B1y,. By} = (0] =
0
6. Let 9 =&y, v, for py=1,..,8, vi =—1,1. Then
¥) {00050, } X {&svi»Gs.m }
32k+3
v Pl
—1 g1
L{0500, s} x {861, 67,v } = |O¢\f| =
0
7. Let ¢ = éu’l}vl for yy =1,..,8, vi =—1,1. Then
) €{07,05,, } x {&5,: 670,
14 1,v—3,v) 5,v1? 27, vy
32k+3
v .
—1g-1 —1 g—1
u{®2,v®4,v>} X {56,v17§8,v1} - |O¢|f| =
0

4.v? 3,v?

(©;4.075). (051,07 Vl)} — yo""Q|_

—1,0,1. Then, either

34k+1
P

-
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0¥ =0, or, if

if Q= (1),Pe{(1),(t,2)}
otherwise
if 0= (2),P € {(z),(t,2)},v=w
otherwise
it Q=(n),Pe{{n),(r,2)}
if 0= (2),P € {(z),(t,2)},v=w
ifQ=P={(t,z),v=v,
otherwise
if 0= (2),P € {(2),(s5)",2),
V=—-V]

otherwise

if 0= (z),P€{(z),(ss)",2)},
vi=0

otherwise

if 0= (z),Pe{(2),(s,2)},
v=v;#0

otherwise



8. Let ¢ =65 ' on for v =—1,1. Then |O:;/||Q| =0.
9. Let ¢ € {dy, 8y, By, }, for vi =—1,1. Then ove|=o.

10. Let ¢ = 1§M17V1 for up =1,..,4 and vi = —1,1. Then |O:;’||Q| =0.

B.1.5 y=d9,yand Q€ Dy, foru=1,..,4and v=—1,1
1. Let ¢ € {lds,0,n,@0on} and P € D. Then |OW‘Q|—

2. Let ¢ € {97",97? ,OCT,ﬁT} and Pe Dy, for T € ‘Tfull-
If T =V, for L =—1,0,1, then, either ]OW|Q| =0, or, if

(W?‘P) € {192,vﬂ94,v} X {GV;NO‘V;L}

S 0= (ss)),P € {(ss}), (s5},2)},
{01y, B30} x {6y, B, } = |OZ>/\‘PQ|: V=A#0
0 otherwise
(¥,0) € {Say, B3} x {6, o, }
e f0=(),Pe{((ssh.2)},
{B1v. Dy} x {8y, By, } = |0}/°| = v=-A#0
0 otherwise

If T = Ey for A= ~1,0,1, then [0}/ =0

If T =4, then |0%°| =0,

3. Let ¢ =@y, v, for = 1,...4,v1 = 1,0, 1. Then, either [0} =0, o, if

<W7¢) € {61,V719'3,V} X {®2,V17®4,V1}

2k+3 .
3‘;' |fQ:<ss}’>,P€{(ss;’l},(ss;/l,z)},
|—|{192V7194V} {®1 V1;®3V1} — |OW|Q‘_ V=V
0 otherwise.
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4. Let g =07, for uy=1,..,4,vi =—1,0,1. Then, either |OW|Q\ =0, or, if

Ui,vi

(v, )6{192v719‘3v} {®1v1 ®3771’1}

2k+3 .
o if0=(@,Pe{(@, (1)},
U{ﬁlv»&tv} {G)zvl ®4v1} - |OW|Q|— V=-=V
0 otherwise
5. Let ¢ = y forup =1, — en, either =0, or, i
L By, | .4, vi =—1,1. Then, either [0}°| =0, or, if
<W7¢) € {(1317\/7133,V1)7(192,V7194,V1)7
Sor 0= (ss)),P € {{ss)"), (ss7", )},
(Ba0, 91 ), (Ba 0201) | — [0] = _—
0 otherwise
(:9) € { (911: 040, (On, 00
2k+3 .
N B A S
7 - 7 o 0 otherwise
)
Sor 0= (ss)),P € {(ss)), (ss{",0)},v =Wy
or Q= (z),P e {(z),{ss;",2)},v =
l'1,24):>|(():ll5/||§|: 32 ; _p_ \% _1
if Q=P=(ss{,2),v=v
0 otherwise

6. Let ¢ =&y, v, for uy =1,..,8, vi = —1,1. Then, either ]OW|Q| =0, or, if

(Wvd)) 6{1927V7 194,V} X {65,V17§77V1}

2k+3 .

S 0= (ssY) P e {(ss)), (s} 20},
(D13, B30} % {Eow Esm} = 042 = v=v

0 otherwise
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7. Let ¢ = éu’l}vl for uy =1,..,8, vi = —1,1. Then, either ]OW|Q| =0, or, if

(v,0) e{trv, v} x {és,vlaélvl}

2k+3 .

e if0=(2,Pe{(),(s,2)},
l—l{ﬁl,V; 194,v} X {66,V17€8,V1} - |OW|Q| = V=-—V
0 otherwise

8. Let ¢ =65 'on for vi =—1,1. Then ]OW|Q| =
9. Let ¢ € {By,,, 0!, 0w, By, . for vi = —1,1. Then |o""Qy =

10. Let ¢ = By, v, for = 1,..,4 and vi = —1,1. Then |0}]°| =0

B.1.6 y=¢,yand 0Dy, foru=1,..,8and v=—-1,1

1. Let ¢ € {Ids,®,1,@on} and P € D. Then either [0}]%| =0, or, if

(v,0) € {&v, 84 v} x {lds, 0}

34k+2 .
o— 0= <P
&G} x (n.@om) — [oYfo={ 7T OIS
0 otherwise
2. Let ¢ € {0r,6;",07,Br} and P € Dy, for T € Ty
If T =V,, then, either |(9 ‘Q]—O or, if
(W?‘P) S Q{éS,V757} X {GVMOCV;L}
3% v Ay (oot
if Q= (ssY),Pe{(ss7),(ss7,2)},v=A#0
|—|{€6V3§8} {QVAI,BVA} :>‘O‘I’\Q’_ |P| 0 < 1> {< 1>< 1 >} 7’é
0 otherwise

(w,9) € 0{&s,v. &} x {6y, oy}

32k+3 | _ : _
U{561V’§7}X{9V07BV0}:>O;II?_{OP fO=(2),Pe{(2),(5,2)},A =0

otherwise
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If T =E) for A =—1,0,1, then, either, \OW‘Q|—O or, if

(v.9) € {& v, Eav} x {62.6,'}

34k+2

&1y, Sov} x{ap, B} = |(91I/|Q| BZE if Q=

If 7= A, then |0}/ =0.

3. Let ¢ :®‘ul,vl for ‘IJ,] - 17..74,‘/1

(v,0) €{&sv,67v} x{O14,,03,}

32k+3

|P|
|—|{§6,v»§8,v} X {®2,v] ,®4,vl} — |OW|Q| =

4. let 9 =0, , foru=1,..,4,v

Hl Vi
(W?‘P) 6{65,v»§8,v} X {G)]_’(1)7®3‘_,(1)}

32k+3

UG- Erv} x {070.0,0) = 0419 = OP

5. Let ¢ =V, v, for uy =1,..,4,vi =

(v, 9) 6{55,v»§7,v} X {192,v1;194,v1}

L{S6,v:Ss.v} X {D1vy, B30, } = ’O;I\|Q| -

6. Let ¢ = 5”17\;1 for uyy =1,..,8,vi =—1,1.
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< > P€{< > <SS1= >,<Z,Z>,<SS%,Z>}

0 otherwise

—1,0,1. Then, either |OW|Q\ =0, or, if

if Q= (ss}),P € {(ss)"), (s5)",2)},
V=V

otherwise

—1,0,1. Then, either |(‘)W|Q| =0, or, if

if 0= <Z>7P€ {<Z>,<Z,Z>},V1 =0

otherwise

—1,1. Then, either |(9W‘Q]—O or, if

if Q= (ssy),P € {(ss)"), (s5,",2)}
V=V

otherwise



Suppose 1 < i,y < 4. Then, either ]OW‘Q| =0, or, if

(W? (P) S {(gl,w 53.,V1)7 (52,V7 54,V1)7

33

<@M&MM@M@Mﬁ — [o%le =

<wm6{@u@um@u@um

34k+2
<@m@M»@M@wg}:$K%g: 7

y=0 = |0)°|=

Suppose 5 < u, 1y < 8. Then, either, |OW|Q\ =0, or, if

<wme{@m&wxgwgﬂx

32k+3
P
(§7,v,§5,v),(58,v1,56,v1)} e \OW|Q|—
0
(v:0) & { Esar00). G )
32k+3
(E8,v,85.v), (57,v1,§6,v1)} |OW|Q| = {
(32k+3
P
y=0 = [0} =
32
0
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if Q=

(ssy), P € {(ssy"), (s53,2) },

V=1V

otherwise

if 0= (2),P €{(z), (ss)",2)}

otherwise

if Q= (ss)),P e {(ss{"), (s}, 2)},
V=V

or Q=P =(ss],z),V=V|

if 0= (2),P <€ {(z),(s5),2)}

otherwise.

if Q= (ss}),P € {(ss"), (ss7",2)},
V=yv]

otherwise

if Q= (2),P € {(2) (ss1",2)}

otherwise

if Q= (ss}),P € {(ss"), (557", 2},
V=yv]

or Q= (z),P € {(z),(ss".2)}

if 0=P=(ss{,2),v=vi

otherwise.



Suppose 1 < u <4 and 5 < pu; <8. Then,

\OW‘Q] _ 32 if Q= {(ss}),P=(ss)",2),v=V
olp 0 otherwise.

Suppose 5<pu<8and 1 <u; <4. Then |OW|Q| =

7. Let ¢ = éu’l}v] for uy =1,..,8,vi = —1,1. Then, either |OWQ| =0, or, if

(v, 0) € {&1v,6v} X {51_7\11752_7\11}

34k+2

U{Es &an} x (&0 &Ly = |0Y/°] = oP iftthl(z>,P€{(z>»<s,z>}
otherwise.

8. Letq):O‘j—L]loT[ for vi = —1,1. Then, either |O ‘Q|—0 or, if

34k+2

TPl ifQ:<Z>>P€{<Z>><t7Z>7
|P|
(V.0) € {E1sEan} x {8 om0 0m} —> 01| = (55t ), (st 1)

0 otherwise
9. Let ¢ € {évv],é;vll,dvvl ,3vvl} for vi = —1,1. Then, either |OW‘Q| =0, or, if

(v.9) € {&1v,8v} x {éVv1 7[§Vv1}

34k+2

L{& v, Eav} X {Qvl P |OV’|Q| _J 1P if Q= (z),P€{(2),(t,2), (ss,",2), (s5,",8)}

0 otherwise

10. Let ¢ = 1%2’\/1 for up =1,..,4 and vi = —1,1. Then, either |OW|Q| =0, or, if

(Wa‘])) € {él,wéZ,v} X {éz,vlﬂ%,vl}

34k+2

U{&gv §4V}X{1§1V 194" } :>|OW|Q|__ 7] IO <Z>’PE{<Z>7<l7Z>7<SS¥1?Z>7<SS\1/17t>}
v ’ sV s V1
o 0 otherwise
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B.1.7 y=¢,, and Qe Dy, for u=1,..8 and v=—1,1
1. Let ¢ € {lds,0,n,0on} and P € D. Then either |OW|Q|—O or, if

(¥,0) € {&y,8v} x {Ids, @}

34k+2

. fQ=(<P

otherwise

U{EL Y x (oo} = (04| =

2. Let ¢ € {GT,GEI,GT,ﬁT} and P€ Dy, for T € Tfull-

If T =V, for A =—1,0,1, then, either ]OW|Q| =0, or, if

(w,0) € {8y, &y } x {6y, 0}

32k+3 .

1o - if 0= (s),P€{(s),(s,9},A=0

e b &by (07 B} = [0Y10] = { il |
otherwise

(v,0) € {&1.&0 1 x {6, o, }

32k+3

o FO= ss? =
(&g ) Ead} % {6y, Br } = |04 = OP| fO=(2),Pe{(z),(ssh,2)},v=2A#0

otherwise

If T =E; for A =—1,0,1, then, either |O |Q| 0, or, if

(v.9) €{&,.80y ) x (62,6, "}

4k+2

W& G x{o. Bt = (02| =4 T
0 otherwise

If 7= A, then |0}/ =0.

3. Let ¢ =@y, ., for y = 1,..,4,v; = —1,0,1. Then, either |o""Q\—o or, if

(¥,0) €{&5. 850} X {©10,030}

S P
u{§6_,\}7§7_,\}} v {@2’0,@)4’0} — |O:;)/\|PQ| — { |P| if Q= (s),P€{(s),(s,2)},V1

0 otherwise
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. Let ¢ =03, for uy =1,..,4,v; = —1,0,1. Then, either |OW|Q\ =0, or, if

Ui,vi

( )E{‘SSV7‘S7V} {®1 K 6571’1}

2k+3 .

o f0=(),Pe{(2), (1,2},
U{ig\},‘ég}l} {®2 V1) 4v1} = |OW‘Q’ = V=yv

0 otherwise

Let =Dy, y, for = 1,...4,v1 = —1,1. Then, either [0%/°| =0, o, if

(w,9) €{&5 0,60} ¥ {Bav, B30, }

2k+3 .
% |fQ:<Z>7P€{<Z>7<SSYI7Z>}7
& Gauk X {0 Bam} = 10)1°] = v=-v
0 otherwise
. Let ¢ =&y, v, for uy =1,..,8,v =—1,1. Then, either \OW‘Q] =0, or, if
(v, 9) € {glj\ivgzj\}} X {51,V17§27V1}
34k+2 . \
1 e if Q= (2),P€{(z),(s5,,2)}
U{E L % (G, Gan} = (040 =¢ T | !
0 otherwise.

Clet 9 =&, 1, for puy =1,.,8,vy =—1,1.
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Suppose 1 < i,y < 4. Then, either ]OW‘Q| =0, or, if

(v,0) € {(5;3,5;31>,<553,§4j&,>,
3 ifo= (s),Pe{(s),(s,2)},v=v

0 otherwise

<€1J,€La>mé4;,éza>} <9WQ{

(v,0) € {(51,3,52,3.>,<&2,3,&1,3,>,

Gb bl i) b = 1oy

otherwise

= o f0=(2,Pe{(2).(5,2)
0
r33 Q=(s),Pc{(s),{s,2)},v=v
orQ=P= (S,Z>,V =
3442

|P| ifQ:<Z>7PE{<Z>7<S7Z>}

otherwise.

y=0 = |0} =

o

\

Suppose 5 < u, iy < 8. Then, either, |OW|Q| =0, or, if

(v.0) € {(és‘,é,és‘,&)a(éév‘»éfv‘ﬁv

Eob i Gl gl | = loge

otherwise

| = {32]1(:3 if Q= (s).P € {(s):(s,2)}
0

(v.9) € {(égba—,&l),(ég&,ég&l),

<57‘,¢,55iv‘1>,<58f$,é;31>} o;’f{:?” t0=(a),Pel{ (sa}v=w

otherwise

. FQ=(s),Pe{(s), (52}
v = ¢ — |OW|Q‘— OrQ:<Z>7PE{<Z>7<37Z>}>V:V1
32 if Q=P=(s,2),v=v

0 otherwise.

Suppose 1 < u <4 and 5 < pu; <8. Then,

‘O¢|P .
0 otherwise.

le{SZ 0= (5),P=(s.2),v=w

Suppose 5< 1 <8 and 1 < 11; < 4. Then ]o‘*"Q\ -
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8. Let ¢ = 9villon for vi = —1,1. Then, either ]OW‘Q| =0, or, if

34k+2

. 10=1(2),Pe{(2),(2),
(v.0) € {& v &0} x {0y 0m. 0, on} = IOI\‘f! = (ss1,2), (ss7",1)}

0 otherwise
9. Let ¢ € {évvl,é‘,:ll,&vvl,ﬁvvl} for vi = —1,1. Then, either ]OW‘Q| =0, or, if

(v, 9) € {&1 060} x {6w, . B, }
34k+2

EELEN) < (07 o, ) — folle = ) PT T O= @ Pl () )

0 otherwise

10. Let ¢ = By, v, for iy =1,...4 and v; = —1,1. Then, either [0} =0, or, if

(w,0) € {& 0. &0} x {Dav, Bav )

34k+2

G &) > B Buy, ) = folfey = 4 T 1O EhPEA 00, bl o)

0 otherwise

B.1.8 y=6f'onand Qc Dy, for v=—1,1

L. Let ¢ € {Ids, @1, @on} and P& D. Then, either [0} =0, or, if

34k+2

P fQ= (<P

0 otherwise

(w.¢) € {8y0m.6, on} x {n.0on} = |09 =

2. Let ¢ € {67,007, Br} and P € Dy, for T € Ty,

If T =V, for A =—1,0,1. Then |OW|Q|_
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If T =E) then

(Waq)) E{(Gvon7ﬁl)v(9v_l 07770%)}

( 32k+3

o fQE{(ssh) (ssh.2)) P e {{ss).0). (s 0)} A = v £ 0
or Qe {(1),(t,2)},Pe{(t,z),(ss},1)},A=—-v#0

— !O;’)"|Q|_ 3%HL fQ=P=(ss") A=V #£0

orQ=P=(t),A=—-V#0

L0 otherwise

(v,9) €{(6,'01n,6,),(6,0m,6, ")}

% if 0= (ss’}) Pe {(ssY,2),(ss},1)},A=V#£0

|O‘V|Q|_< U if Q=P = (s5h), A = v £0

\0 otherwise
(w,9) €{(6y01,6,),(6, ' 00,6, ")}
’32k+3

P ifQ:<t>’P€{<t7z>><55¥,l>},l:—v7£()
= yo‘l’|Q|_ 3 Q=P=(1),A=—-V£0

\O otherwise

If 7= A, then |0}]° =0.

3. Let ¢ =0y, v, for uyy =1.,,4 and v = —1,0,1. Then

|OW|Q

| {32k if Q= (ss}),P=(ss}",2),v=v; #0
olp | =

0 otherwise

4. Let ¢ = ®“1 v, for gy =1.,,4 and vi = —1,0,1. Then

|OW|Q

| {32k if O = (1),P(t,2),v = —vi £0
olp !

0 otherwise

5. Let ¢ =¥y, v, for iy =1,..,4 and vi = —1,1. Then |OW|Q| =
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6.

10.

Let ¢ =&y, v, for iy =1,..,4 and vi = —1,1. Then, either |OW|Q| =0, or, if

34k+2

o f0=(),Pe{(2),Pe(ss)',2)}

(V,0) € {8y0m, 6, om} x {1 Eo, ) — 0119] = |
0 otherewise

Let ¢ zgu—lfv] for uy =1,..,4 and vi = —1, 1. Then, either |OW|Q| =0, or, if

34k+2 .
|fQ: <Z>7P€{<Z>7P€ <S7Z>}
(w,9) € {6y0on,6, " on} x x {&;. \}1 ézvl} — OWQ{ P _
otherewise
Let ¢ = 9villon for vi = —1,1. Then
{w,0} €{(6y0n,6,' 0n),(6," 0N, 6y 0n)}
( ~4k+2 .
S iF(Q,P) € (@)} x {(2),(1,2),
— |04°| = (s5V1,2), (s}, 1)}, v = i #0
\O otherwise

{v.0} €{(6y01m,6y,0n),(6,"'0n,6, ' on)}
f32k+3
if (Q,P) €{(ssy),(ssy,2)} x {(ss)",2), (ss{",0)},v=vi #0

1P|
or (Q,P) € {(t),(t,2)} x {{,2),{ss)",0)},v =v1 #0

’o(n;f'|g| _ )3 ifo=Pe{(ssV,1), ()}, v=Vv £0
S (QP) € (@ x ({12 (a8} 2 (ss ) Ly = i £ 0
3 if Q=P=(ss{,1),v=vi #0
0 otherwise

Let ¢ € {évvl,é;vll,dvvl ,3Vvl} for vi = —1,1. Then, either ](‘)W‘Q| =0, or if,

34k+2

(w,9) € {6y0on,6, " on} x{by,, ﬁVVI}:>|OW|Q‘ {T if 0=(2),P€{(z),(ss]",2)}

0 otherwise

Let ¢ = 7§u1,vl for uy =1,..,4 and vi = —1,1. Then, either ]OW|Q| =0, or, if

34k+2

I if Q= (z),P€{(z),(ss",2)}

0 otherwise

(¥, 9) € {6yom, 6, on} x {192v17193v1}:>|OW|Q| {
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B']"g IIIE {éVV7éV_V17&VV7B\Vv} and Q - DVV’ for VvV = —1’1
1. Let ¢ € {lds,w,n,won} and P € D. Then, either |(‘) ‘Q|_O or, if

A N 33 if ss
(w,9) € {(By,.1ds), (By,.0)} = [0} = Q=({ssy)<P

0 otherwise

3 ifoe{(s)), (ss,9},0<P
(v, 9) € {(6w,,Ids), (8, >}:|O‘”'Q|— 2 ifQ={()<P

|P|
0 otherwise
(W?‘P) S {évvﬁvv} X {n,a)on}
34k+2 .
~ co_ _p
(85, ), (6w, )} = JoYle) = { 7T TS
0 otherwise

2. Let ¢ € {6r,6;",07,Br} and P € Dy, for T € Ty
If T =V, for A =—1,0,1, then

vlo 32 if Q= (ss}),P=(ss?,2),A=v#0

’OQ)\P =

0 otherwise

If T =E; for A =—1,0,1, then, either |OW|Q| =0, or, if

(W?‘P) € {éVv7[§Vv} X {alaﬂl}
32 ifQ:(ss}’>,P:(ss%,t),v:)u%o
{07 g} x (02,651} = 10921 = 32 if Q= (2).P € {{2), (1.2), (ss,2), (ss?,

otherwise

o

(W7¢) S {éVwﬁVv} X {9179;1}

At 32 if Q= (ssV),P=(sst,1),v=A4#0

{05! 6} x {o, Br} = 04 = 1 !
0  otherwise

If 7= A, then 0] =0.
3. Let ¢ =@y, y, for iy = 1,..,4 and v; = —1,0,1. Then [0}/ =0,
4 Let =0, for uy=1,..4and vi =—1,0,1. Then [0}/?| =0,
5. Let ¢ =¥y, v, for iy =1,..,4 and vi = —1,1. Then |OW|Q|
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. Let 9 =&y, v, for u=1,..,8 and vi = —1,1. Then, either |OW|Q\ =0, or, if

(v, 0) € {by,,Bv,} x {E1v,, E2v, }

34k+2

- ifQ=(z),P n
(01,00} % (v i) — [l = T O PElRL o)
0 otherwise

. Let ¢ :éu’l}vl for yy =1,..,8 and vi = —1,1. Then, either |OW|Q| =0, or, if

(Wa(z)) S {éVvvﬁAVv} X {51_7\1172::2_7\}1}

34k+2

Al A _ _ ifQ:<Z>7P€{<Z>7<S7Z>}
{0y, o} x (&0 &l = oy ={ T |
0 otherwise
. Let ¢ = G\flon for vi = —1,1. Then
(v.9) € {65," . Bv} x {6y, 0m, 6, om}
4k+2 .
. jo¥ley = )P FO= @ P L@ {n2) (st ), dsst' 1))
ole 0 otherwise

. Let ¢ € {éVvlvév:ll?&VvlaﬁAVvl} for vi = —1,1. Then, either ]OW‘Q| =0, or, if

(lV?(P) e {(évwdvvl)?(&vv’évvl)?
(85, B ) (B B = Yo = "= R P e )
! g 0  otherwise

(W?q)) € {(éVvaB\Vvl)a (3Vv7éVv1>7

34k+2

A—1 A A A— v P
(0, 01,), (04,6} = \om‘PQy: 7]

if Q= (2),Pe{(z),(ss)",2)}

otherwise

()

(v.9) € {(6v,.6y,). (6,".6,.)),
33 if Q=P =(ss}),v=v

(B ), (B B )y — 000 =, O twip b P4 2w
1P| |fQ:<Z>7P€{<Z>7<SS117Z>}

otherwise

]
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10. Let ¢ = éﬂuvl for uy =1,..,4 and vi = —1,1. Then, either ]OW‘Q| =0, or, if

(W?‘P) € {éV\nBVv} X {1§2,V171§3,V1}

34k+2

by, 0 if 0= (2),P € {(z), (ss1",2)}
I‘I{GV\}’(va} {191 V17194 Vl} — |OW|Q| = OP o . 1
otherwise

B.1.10 y=13,,and Q€ Dy, for u=1,.,4 and v=—1,1
L. Let ¢ € {Ids,@,1,@0n} and P& D. Then, either [0} =0, or, if
3 ifQ={(ss}) <P

(¥.6) € {(D1v,.M). (Ba,, @0m)} = [04] =
0 otherwise

33 if Q€ {(ss}),(ss},2)},Q<P
(v.9) € {(B3,,m), (B, 00m)} = 050 = {302 if Q= () <P

0 otherwise
(v,9) € {1y, Dy, } x {Ids, 0}
34k+2 .
. ifQ=(z) <P
U{(Daom). (B @0m)} = |04 ={ 7
0 otherwise

2. Let ¢ € {GT,GY?],(XT,ﬁT} and P€ Dy, for T € ‘Ifull-
If T=V,, for A =—1,0,1, then |OW‘Q|—
If T =E, for A =—1,0,1, then, either ]OW|Q| =0, or, if

(v, 0) € {B1,y, D4y} x {6,,0;, '}

34k+2

P] ifQ:<Z>7P€{<Z>7<taz>’<ss%7z>7<ss/ll7t>}

0 otherwise

(Do, Bav} x {0, B} = 042 =

If 7= A, then |0}]%] =0.
3. Let ¢ =6y, ,y, for yy =1,..,4 and vi = —1,0,1. Then ]OW‘Q| =

4. Let ¢ = for uy =1,..,4 and vi = —1,0,1. Then |OW‘Q| =

Hl V1
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. Let ¢ =y, v, for uyy=1,..,4and vi = —1,1. Then

32 ifQ={(ss}),P=(s5,",2),v=V; £0

0 otherwise

vig) _
’OWP

. Let 9 =&y, for up=1,..,8 and vi = —1,1. Then, either |OW|Q| =0, or, if

(ll/,(P) € {ﬁl,vﬂ%,v} X {53,v1,§4,v1}

34k+2

N N A if — 7P c , Vl,
U{Bay, D3y} % {E1vy, Eay ) = |o(';’||;2\ - oP i thQ .<z> {(2), (ss)",2)}
otherwise

. Let ¢ :éli_lfvl for uy =1,..,8 and vi = —1,1. Then, either |OW|Q| =0, or, if

(v,0) € (D1, Duy} x {&0 &0

34k+2

St 0= (2P {2 (5,2))
0 otherwise

U{By. s} x {&L .60} = o)) =

. Let ¢ =6 on for vi = —1,1. Then, either ]OW‘Q|—0 or, if

34k+2 . \% \

o A TPl 'fQ:<Z>7P€{<Z>7<t’Z>’<SS 1,Z>,<SS 17t>}
(v.0) € {Bry s} = JOf2] =< T L

ole 0 otherwise

. Let ¢ € {évv],é‘;ll,écvvl,ﬁvvl} for vi = —1,1. Then, either |OW‘Q| =0, or, if

(W7¢) S {él,V71§4,V} X {6‘7‘/37&‘/\/1}
34k+2

U{ Doy, D50} x {by, ﬁv}:>yo‘*’|9|_ o ifQ=(2),PE{(2),(ss7,2)}

0 otherwise
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10. Let ¢ = ﬁum’l for uy =1,..,4 and vi = —1,1. Then, either ]OW‘Q| =0, or, if

(W?‘P) € {(él,va é?),w)a (1§3,V71§1,V1)’
3 ifo= (ssY),Pe {(ss}"% <ss¥1,z)},v =V

(B2, D). (Bavs Do)} = [041°] = _
0 otherwise

(W?¢) S {(él,w l§4,v1), <é4,V7 1§1~,V1)’

34k+2

if 0= (2),P € {(), (ss1".2)}

otherwise

<1§2,V71§‘3,V1)7(1§3,V7 V])} == |OW‘Q| - {

(W,‘P) € {(él,V;617V1)7(1§2,V71§2,V1)7

(33 ifo=P=(ss}),v=v,

A A A S 1 ) V, P = VIa V=1V
(Byo. Byur). (B, B )} — \Omf’ 1 ir Q_ {(ss7), (ssy Z>}v1 (ss1',2) 1
P] if Q= (z2),P€{(z),(ssy",2)}

0 otherwise
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B.2 Proofs

Before we prove the results in Section B.1, we state, and prove a few lemmas. We first start

with a series of definitions.

For any T € Tp,, we write My = {lds,0,n,@on} x {OT,GT_I,OCT,BT}, and for any 0 < §

define

Mr(Q) ={(y,9) € M7 | ¢[go ¥ = cg for some g € S}.

We also write MVA ={ld|s,o,n,mon} x {9‘7/1, 9‘7;1’&‘71’[5‘7/1}’ and for any Q < <ss’},z>, define

My, (Q) ={(v,9) € My,

®loo Y =c,|p for some g € S}.

We also write My, = {ld|s,0,n,@0on} x {0 5,9 ,%4,%} and for any 0 < (ss?,2),

define
My, (@) ={(v,9) € My, | ploo W = cglg for some g € S}.

We also write Mél = {|d|S;CO,777wOn} X {61,/’\,752,1763@764@}’ and for any Q < <SS%7Z>'
define

Mg, (Q) = {(v,9) € Mg, [ ¢go W = c4|g for some g € S}

- - o 1 og—1 g—1 g1 <
Finally, we also write Mgll {ld|s,0,n,@0on} x {5171,5271,5371,5471}, and for O < (s,z2),
we define

‘Mé,(l(Q) ={(y,9) € Mé{l | |g oW = cglp for some g € S}
We use these definitions in a number of proofs.

Lemma B.2.1. Let v € {ldjs,0,n,w0on} and ¢ € {6r,6; " ar,Br} for some T € Tpy.
Then ¢plgoy =cglp for some 1 # Q < S and g € S if and only if Q <P and g € C, where
(P;C) is the pair listed in the table corresponding to maps (¢, ).
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v ld|s [0) n won
¢
O, (527 1)s 5,2 (s2)i(s,z) | (s2)ids ) | (s2)is,zp!
9%1 (s2); (s, 2t (sz71);(s,2) | (s2);(s,2) (sz7 1) (s,2)t
av, (sz);(s,z (sz71Y: (5,201 (s2): (s, 20t 7| (527 1)1 (s,2)
B, (577 ")5(s,2) | (s2); (s, 20t "] (sz71)s(s,2)1] (s2)3(s,2)
When A = —1,1
5 v ld|s [0) n won
o, 55z itost o2t | (sstaitosta) | 0 0
6‘,;1 (sshz); (sst 2071 | (sshz 1) (sst2) | 0 0
ay, (sstz); (ss?,2) (sshz7 1) (ssh,2)t | O 0
B o5tz itosty2) | (sstaitostoair ! | 0 0
T =E,:
When A =0. Let u= s%kiz. In this case, for all £ € {—1,0,1}, we have:
v ld|s 0] n won
¢
6o (st712)s (s, t)u 't (st,2); (s, t)ut (st7120) (st 1 2) e =8| (st2t); (st,2)e 0
or (z);S or (z);S
6, (st,2); (s, t)ut™! (st71.2) s (s, 0)u 1t | (sezt); (st,2)e 1t (st 120y (st~ 1 20t
or (z);8 or (z);S
0 (st (st,z)r 17t (st 120 (st 200 | (st,2)5 (s, ) ur ™! (st7 1 2)s (s, u~ 1!
or (z);S or (z);S
Bo (st 120y (st 2010 | (stzt)s (st 20t (st71,2): (s,0)u=t (st,2);(s,t)u
or (z);S or (z);S

When A = —1,1: As before, let u = s§k72 and ¢ € {—1,0,1}. Then:
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o v ld|s ) i won
0, (ssht=1 2); (st t)u 't (ss?t,2); (ss?,t)ut 0 0
or (z);S or (z);S
9/1_] (ssht,2); (ss? ) ™! (ssh=1 2)s (st w7 | 0 0
or (z);S or (z);S
o, (sshtzly; (sste, )1 (ssh7 10 (sshe~ 1 et | (2);S (z);S
By, (sshe 120y (st e 17t (sshezl)s (sste, 2yt (2);8 (2);8
Tr=A
v ld|s [0) n won
¢
N (tz7 15714 (d);s71A (t7);sA (d);s71A
6, (tz);sA (d);s71A (tz71);s71A (d);s71A
o (dy);A (tz71);sA (di);A (tz);A
Ba (di);A (tz);A (dp);A (tz71);5A

1 5— . . .
where d| = s1+a"s%, dr = 5, “"S% and where ay, is defined recursively as follows:

a1 =0 mod 3 and a = —(ai_; —3a;_; +3) mod 3*.
Proof. We prove the lemma case by case.

Case 1: T=V,.

Let 0 < S and g € S. We have (ss?)¢ oy = z*! and z¢ o y = (ss?) ™. However, (ss})*! is
not S-conjugate to z=!. It follows that ss?,z ¢ Q. Thus, Q = ((ss?)iz/) for some i, j € {—1,1}.
Since ((ss{“)"zj)2 = (ss%)*iz*j, we may write Q = (ss{“zj). Define

1 if (sshyesa 1 ifz¢ = sst
5(y) = if (sst)yes and 5(6) = if z¢ = 557
1 if (sshHyeslA 1 ifz¢ = (ss})7!
Note that
, JA if 6(¢)o(y) =1
(ss?‘z])d)o e § if 6(¢)6(y)
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Since no element of sA is S-conjugate to an element of s~ A, we have

PN B RN
—1 i 8(9)8(w) =1

That is,

o< st F80)3(y) =1
C st i 8(9)8(y) = —1.

Note that, if A #0, and y € {n,won}, then (ss%zj)(]) oy eV_,N(S\A). However, no ele-
ment of V3 N(S\A) is S-conjugate to an element of V_; N(S\A). Thus, in that case, there is
no such subgroup Q. After determining the values of §(¢) and 8(y) for all maps ¢ and y we
can fill in the values of P in the table. Choose a P from the table and write N = Ng(P,P¢ o y).
Note that, for all P, Ng(P) = (s,z). In order to determine C, it suffices to find one element
g €N, since N = Ng(P)g = (s,z)g, and we are done.

Case 2: T =E;.

Let 0 < S and g€ S. We have (ss?)pow € r*!(z) and t¢ oy € s*1A. However, no ele-
ment of A is S-conjugate to an element lying outside of A. It follows that ss%,t ¢ Q. Thus
0< ((ss’ll)itj,z> for some i, j € {—1,1}. Since

((ssT)e)2 = (ssF) (DYt € (s5h) 7 (1(2)) 1 = (ss}) 7177 2),

it suffices to write Q < (ss?/,z). Define

51(y) = 1 if (ssh )y € sA 51(6) = 1 ift(}):ss’ll
—1 if(sHyesla —1 ifrg = (ss)7!
and
1 if zy = 1 if zp =
YRS SRR YRS S
—1 ifzy=z" —1 ifzg=z"
Then
IFU CLR L TOC T R I CRNL L ORTRS
sTA i 81(9)d1(y) = —1 ' if &(9)8(y) = -1
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Since no element of sA is S-conjugate to an element of s~ A, we have

L if6i(9)6i(y) =1
=1 if&(¢)di(y)=—1

Similarly, z is not S-conjugate to z~'. We conclude,

< )
(ss’llt_l,z> if — 01 (
(sshizl), 0 € {~1,0,1}  if 81(9)81(w) = —5(9)82(y) =1
| (557712, 0 € {=1,0,1} i —581(9)81(y) = —8:2(0)82(w) = 1.

Note also that, if A # 0 and w € {n,won}, then (sstt/z')p oy € E_; N(S\A). However,
by 5.2.3 and 5.2.4, no element of E; N(S\A) is S-conjugate to an element in E_; N(S\A).
Thus, in that case there is no such subgroup Q, other than (z). After determining the values
of 81(9),61(y),02(9) and & (y) for all maps ¢ and y we can fill in the values for P in the
table as required. Finally, choose a P from the table and write N = Ng(P,P¢ o ). In order to
determine C, it suffices to find Ng(P) and one element g € N.

Case 3: T =A.
For this case we will need to recall definitions and results from Section 6.2. Note that for

n=0,1, we have

n -1 n
Opow"on =0, ocw
6, ow"on =6s00"
oo on = Pyom"

Baow@"on = oy 00"

Thus, for this case, it suffices to determine Q and g for the first two columns of the table.
Since A is abelian of index 3 it suffices to assume that g = s™¢ for some my € {—1,0,1}.

ik Jk

Suppose g = s sz. € Q, where, as we recall, k > 2 is the fixed integer which determines the

size of S. If there is no ambiguity, we'll write iy =i and j; = j. If v =Idg, then under the
identification Aut(A) — GLy(Z/3%*7Z), we have

ol s@a som ] g a0 m
w0 =qi j [—a<¢>ck'2¢> —6<¢>§J =l [—3mg bg]

where ay, b, 6(¢),ck(9),a, and b, are as defined in Section 6.2. This equality holds if and
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only if the following two congruences are satisfied:

6(0)(ari —ci(9)Jj) =, agi—3myj
and  8(9)(bxi —arj) =, mgi+by).

Similarly, if v = @, then

e .| 6(@ax 8@ | |2 1| . | ag  mg
(@0 = < i ] [—6<¢>ck<¢> —6<¢>ak] [—3 —2] =l [—3mg bg]

which holds if and only if the two congruences are satisfied:

6(¢)[(2ar —3br)i — (2ck(¢) —3ar) j| =, agi —3my
and  6(9)[(ax —2bk)i — (ck(¢) — 2ax) j] =, mgi+ by .

For simplicity, we write a = ag,b = by, and m = my,, where there is no ambiguity. Explicitly,

we have the following table:

(0,v) ai—3mj =, mi+bj=,

(64,1ds) agi— (ap+1)j byi —ayj

(6, ',1ds) | —aki+(a+1)) —bi + ayj

(0, 1ds) agi — 2a—1)j bii—ayj

(Ba, Ids) —ari+ (2ay—1)j —bpi+ayj

(64, @) (2ax —3b)i+ (ar—2)j | (ax—2bp)i+ (ax—1)j
(6, 0) —(2ay —3by)i— (ax—2)j | —(ax—2by)i—(ax—1)j
(0, @) (2ax —3bi)i—(ax—2)j | (ax—2by)i+j

(Ba, ®) —(2ar —3by)i+ (ax —2)j | —(ax —2bi)i—j

Define oy =, a,%_l —2ax—1 +3. By Lemma 6.2.1, we have oy = _, 0. We also have g; =,
—(a —ag_1). It follows that

ay =, , ax—1 and by =, | by_;.
Thus, the equations in the above table satisfy
ik =, ,ix—1 and jir =, | jk-1-
We solve the equations in the table by dividing them to various cases:

Case 3.1:
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Suppose that for each pair (¢,y), and for two fixed elements m € {—1,0,1} (which, as
we'll see, is chosen to depend on the pair (¢,y)), we have it =, | jr_1 =, , 0. Thatis
ik =, 351y and ji =, 3k=1y for some integers u,v. We show iy =, jk =, 0. Substituting
in these congruences into those in the table above gives us the following ones,! reduced to

modulo 3:
(¢,v) au =, mu+byv =
(64,1ds) —v u
(8,1, 1ds) v —u
(o4, Idy) % u
(Ba,1ds) —v —u
(64, W) —2v —2u—v
Gl 2v 2u+v
(ap, o) 2v —2u+v
(Ba, @) —2v 2u—v

We substitute in two values of m for each pair (@, ), including their corresponding values for
a and b.2 We do not substitute in the corresponding third value of m for the pair of maps,
which we'll discuss in the later cases, for the reason that they will not provide us with any

meaningful result.

1For example, if (¢, ¥) = (aa, Ids), then ai; —3m i =, arix— (2a; — 1) ji implies 3% Lau—3kmy =, 3*lgu—
351 (2a, — 1)v, that is, au—3mv =, apu— (2a—1)v. Since 3 | a, this is equivalent to saying au =, v. Similarly,
miy +bji =, briy — ai ji gives mu~+bv =, u.

2For example, if (¢,y) = (aa,lds) and m = —1, then a= —2 and b=1. Thus, au =, v gives —2u =, v,
and mu~+bv =, u gives —u-+v =, u, as seen in the table.
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(¢,v) m=—1 m=0 m=
(64,1ds) - U=, —v; U=, —v;
V= u u—2v=u
(Ogl,ldg) —2u=, v U=, v, -
—Uu+tv= —u V=, —u
(o, Ids) —2u=, v - u=,v;
—uU+v=u u—2v=u
(Ba,Ids) —2u=, —v; - u=, —v,
—uU+v= —u u—2v= —u
(64, 0) - u=, —2v; u=, —2v,
v=, —2u—v u—2v= —2u—v
Gl - u=,2v, u=,2v;
v=2u+v u—2v=2u+v
(o, o) —2u =, 2v, u=, 2y -
—u+v=2u—v |v= —2u+v
(Ba, ) —2u=, -2, - u=, —2v;
—u+v=2u—v u—2v=2u—v

Each corresponding pair of congruences deduce u =, v=, 0. It follows that i} =, jix =, 0.
Now, when we force k = 1, the equations for pairs of maps, are as exactly those in the table
above (resulting in without the reduction). It follows, by induction, that for all kK > 1, we have
ik =, jx =, 0, for the selected cases of m. This means, for the cases considered here, O = 1.

It is left to consider the cases of m not considered here.

Case 3.2:

Suppose that for each of the following pairs (¢, ) € {(64,1ds), (8, ,1ds), (0, @), (Ba, @)},
and that for the third m not considered in the previous case, we have 3i;_; =, 3jkx—1 =,_, 0.
3k=2 We show

3ix =, 3jx =, 0. Substituting in these congruences into the table on page 334 gives us the

It follows that there exists integers u,v such that i =, u and ji =, 3k=2y,

following ones, reduced to modulo 3:
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(0,v) m

(6A7|ds> _1 6I/t_7V EZ —2u+3v f— MEZ —y
4u—6v52 —u—+v 3u52 3v520

(Ojl,lds) 1 —6u+7v=,u—3v =  u=,v
—4u+6v=,u—2v 3u=,3v=,0

(04, @) 1 —4v=,u—73v —  u=, v
—2u+v=,u—2v 3u=,3v=,0

(Ba, @) 0 du=,u —  u=,v
2u—v=,v 3u=,3v=,0

Each corresponding pair gives us 3u =, 3v =, 0. This means 3i, =, 3/, =, 0. If (¢,y) €
{(64,1ds), (04, @)}, we also have iy =, —ji, thatis, @ < (tz71). If (¢, y) € {(6;',1ds), (Ba, @)},
then iy =, ji, that is, Q < (tz). Now, when k = 2, the equations for pairs of maps are ex-
actly as those in the table above, without the reduction. It follows, by induction, that for
all k>2, we have Q < (tz!) whenever (¢, y) € {(04,Ids), (o4, @)}, and Q < (tz) whenever

(6, w) € {(6;".1ds), (B, w)}.

Case 3.3:

We have a small number of cases left to consider. In this case, we do not use induction, but
direct calculation. Given a pair (¢,y) and m € {—1,0,1}, we label the two corresponding
congruences, given in the table on page 334, as m; and m,, after rearranging them to make
one side equivalent to 0 mod 3%, It turns out that it suffices to consider only one of them, as
shown in the table below. We attempt to spell out the first example as an illustration:

When (¢, y) = (o4, lds) and m =0, then we have the two congruence relations:

izkaki—(Zak—l)j and ijki—akj
= (x—1)i—(2ax—1)j=,0 and byi—(ax+1)j=,0

Let m) = (ax — 1)i — (2ax — 1)j and mp = byi— (ax+1)j. Now, since m; =, 0, we have

(ai+1)m =, 0 (which we can multiply since 3 | ax)
Slap—1)(ai+1)i—ap—1)(af+1)=,0
S(ar—1)2ar—2)i— (2ar—1)(2ar—2)j =, 0 (since a3 =, 2a; —3)
&(2a7 —dag +2)i —2(2a; —3ar+1)j =, 0

& —4i—2(ar—5)j=,0 (since a =, 2a; —3)
©2i+ (ap—5)j =, 0.

Similarly, ; =, 0 & (ax+1)(ar—1)m =, 0 2i+ (ax—5)j =, 0, as shown in the table below.
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Here are the full set of examples which were left to consider:

(¢.y) m
(a,lds) 0 (ar+1)(ax—1)m=,0
& (axk+1)(ax—1)[bri— (ax+1)j] =, 0
& (ap—1) (a2 +1)i— (ax—1)(ar+1)?j=,0
& 2i+(ar—5)j =, 0.
Similarly, (a7 +1)m =, 0 < 2i+ (ax—5)j =, 0.
(Ba, 1ds) 0 (ar+1)(ar—1)m =, 0
& (ag+1)(ax—1)[=bri+ (ax—1)j] =, 0
& —(ar—1) (a3 + )i+ (@ — D)} ax +1)j=,0
& 2i—(ar+1)j=, 0.
Similarly, by(axy—1)m =, 0 2i— (e +1)j =, 0.
(64, 0) —1 (ar+1)m=,0
& (ar+ D)[(ax —2br+ )i+ (ar —2)j] =, 0
& [(ar+1)*=2(a3 +1)]i+ (ax —2)(ax +1)j =, 0
& 2i+(aq—5)j =, 0.
Similarly, m; =, 0 & 2i+ (a,—5)j =, 0.
6, ) —1 (g +1)m =, 0
& (ar+ D)[(—2ax +3bx +2)i— (ap+1)j] =, 0
S 201 —a)(ag+1)+3(@+1)]i— (ax+1)%j=,0
& 2ar+2)i— (4ar—2)j=, 0
S 2a+1)i— (g +1)2j=,0
& 2i—(ar+1)j=, 0.
Similarly, 1 =, 0 & 2i— (ar+1)j =, 0.

This means that

((P?ll/) € {(aAvldS)v(eAvw)} — 2i = (5

—ay)j

(0,¥) € {(Ba,lds), (6, ', @)} = 2i=, (ax+1)j.

This completes the proof.

Lemma B.2.2. Let y € {lds,w,n,w0on}.

1. If ¢ :®i]/l foru=1,.4 and AL =—1,0,1, then for all 1 #Q < S, ¢|po Y is never a

conjugation map.

2. lf¢ =70y, foru=1,..,4 and A = —1,1, then ¢|goy = c,|p for some 1 #Q < S and
g€ S ifand only if Q < P and g € C, where (P;C) is the pair listed in the table below,

corresponding to the maps (¢, V).
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v Ids [0 n won
¢
o 0 0| iz Dlhar | stasiesha)
By 0 0 (sshz)s(sst 2070 | (st (sst,2)
V3, 0 0 (sshz); (ss?,2) (sshz71Y; (ssh,2)t
S 0 |0 |tz bt | sstaleshar !

3. Let¢ zgﬁ foru=1,..8and A =—1,1. Ifu=5,...8, then forall 1 #Q <, p|goy
is never a conjugation map. If L =1,..,4, then ¢|go W = cg|p for some 1 # Q < S and
g€ S ifand only if Q < P and g € C, where (P;C) is the pair listed in the table below,
corresponding to the maps (¢, V).

) v Idg ) n won
¥ 0 0 (2):8 (z);S
&a 0 0 ():8 ();8
& (2);8 (2);8 0 0
Exl (z);8 (z);8 0 0

Proof. We prove the lemma case by case:

Case 1 Suppose ¢ = @il foru=1,..,4and A =—1,0,1.

First suppose ¢ = ®u,/l- Let 0 < S and g€ S. We have (ss%)(]ﬁoy/:zill//: 7t and
ooy =ty e rF1(z). However ss’} is not S-conjugate to z*!, nor does z conjugate into
t*1(z). So sst,z¢ Q. We may assume Q = (ss}7') for i = —1,1. However, (ss}z))¢p oy =

(zH1F Dy =175 Since ss’}zi is not S-conjugate to any element of (¢,z), Q= 1.

Now suppose ¢ = ®;1A Let 0 <Sand g€ S. We have (19)y = zj.El and (z9)y (ss]i’l)jEl
Since z is central in S, we have t,z ¢ Q. We may assume Q = (tz') for i = —1,1. However,
(tz)poy =7+ (sslﬂ)jEl Since (t,z) is normal in S, we have tz' ¢ Q. So Q = 1.

Case 2 Suppose ¢ =¥, 3 for u=1,..,4and A = —1,1.
Let 0 <Sand g€S. We have sst¢poy =z y =z and zg oy = (ss7)F y = (ss7
A. Thus ss*,z ¢ Q. So assume Q = (ss*7') for i=—1,1. Define

l)ilwgé

1 SY=s 1 20 = ssf)“

5(y) = . 6(9)=
—1 sy=s"1 —1 20 = (ss; %)
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We have

1 (g51)0(0)8(w)i if =

. . Z5 (ss i , @0

(st oy = (s = {7 7000 Ty =eon
Zil(ss;l)8(¢)5(l/f)z if y=Idg,®

Thus, if n = Ids, , then ss*z' ¢ Q. If, on the other hand y =1, ®on, then §(y¥)8(¢9) =1,

thereby giving us the results in the table. The set C can be calculated easily.

Case 3 Suppose ¢ = ﬁlﬂ foru=1,...4and A =—1,1.

First suppose that ¢ =&, 1. Let Q <Sand g€ S. Fori=—1,0,1, we have (ss%zi)q)owe (5,2)
for i = —1,0,1. However ss%zi is not S-conjugate to any element of (s,z). So ss%zi ¢ 0. It
follows that Q = (z). If u =5,..,8, then z¢ oy = s*!. Thus, in this case z ¢ Q. We are left
with the case u =1,..,4 and Q = (z). Define

1 if zy =2 1 if zp =z
6(y) = 6(9) =
—1 ifzy=z1 —1 ifzg=z""

Then

2 if8(9)d(y) =1

poy =
wev 1 if8(9)8(yw) =1

Note that z is not S-cojugate to its inverse. Thus, u=1,...,4, 0 = (z) and 8(¢)S(y) = 1.
After determining the values of §(y) and 6(¢) we can fill in the values of P in the table.

Since z is central in S, we have C = S.

When ¢ = éu_}l then again, we have sz ¢ Q for all i = —1,0, 1, since in that case, (sz')¢p oy
is not S-conjugate of sz'. We therefore have Q = (z) which occurs only when 6(¢)0(y) = 1.
Hence the values of P and C are the same as in the case for ¢ =&, ;.

0

Lemma B.2.3. Let y € {lds,w,n,w0on}. Let ¢ € {éVwéVw&VmﬁVx} for A =—1,1. Then
poy =c,lg forsome1# Q< S and g€ S if and only if Q < P and g € C, where (P;C) is
the pair listed in the table below, corresponding to the maps (¢, y).
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v ld|s [0) n won
¢
b, (sstal); (st 2)e 7| 0 @S | (2);8
i=-—1,0,1
%, (2):5 (sha)ilssta) [0 [0
(z);S
Oty (sst,2)s(sst,2) | (@3S 0 0
(z);S
v, 0 (sspal)i(sst 2" | (a)iS | (o):S
i=-1,0,1
Proof. Define
&(w){l fos=si' W){l f (s5%) = s
-1 if (ss{l)l,l/:(ssf—q)*1 —1 i (ss?)p = (ssH) !
5 () = {1 i (ss7)y = (s57)*!
—1 if (sshHy = (ssl_’l)il

-1 ifzy=z -1 ifzg=z 1
Note that
ss’}zil if 5’ (W) =1,8,(v)8(¢) =1
ssidypoy = d BT TR W) =LawH(0) =1
88 lzil if & (II/) 1,61(1//)61((])) 1
\(ssl Ay=lEL i 8, () = —1,6,()8,(0) = —1
and

- {z i 6.(9)5.(0) = 1
oy =

z otherwise

It follows that

||
§?”
<
~—
NG
—~
=
~—
I
\:—‘
g
=
N
=

I

[

0< <ss%,z) if 8, (y) :
B <SS%Zj>7j:_17071 if 6/(W): ,51(1,”)51@)):1751(1[/)52((15):—1

After determining the values of &y (), 8, (¢),8; (¥),0.(w) and &,(¢) we can fill in the values
for all P. The set C can be calculated easily. O]
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Lemma B.2.4. Let Q<S. Defineu=s3 ~ and let A = —1,0,1,i € {1,2}. Then

t~{sst,z) i Q= (sst)

0 otherwise

1. If Q € D, then Ns(Q, (sslz V) =

_ . Wt (ssh ) if Q = (ss?)
2. IFQED and j € {~1,0,1}, then Ns(Q, (ssh1zJ)) = 1 1

0 otherwise

UjE{—l.,O.,l}uitj<ss/’1Lti7Z> ’fQ € {<Sslk>7 <SS%7Z>}
3. IfQ €D, then Ns(Q, (ss}t',2)) =4 § if Q= (2)

0 otherwise

_ sIA if QY < (d;)
4. IfQ€ Dy and j € {—1,0,1}, then Ns(Q,(d;)) =

0 otherwise
s'AifFQ=(t)

0 otherwise

5. If Q € Dy, then Ns(Q, (t7')) =

Proof. 1. Write N = Ns(Q, (ss}2)). If N # @, then it is immediate that |Q| < 3 and
Q £ A, since A is normal in S. Moreover ss{L is not S-conjugate to ssl for u # A and
pw=—1,0,1. Thus Q = (ss?). Now we calculate N = Ns((ss}), (ss?z))). We have

17" € N. Thus N = Ng(ss},ss72) = t7Cs(sst ) = t7Cs(ss}) = 17 (ss?,2).

2. Write N = Ns(Q, (ss?'z/)). If N # 0, then it is immediate that |Q| <3 and Q £ A since A
is normal in S. Moreover ssiltizj is not S-conjugate to ssl foru#Aand ue{-1,0,1}.
Thus Q = (ss?). We calculate N = Ng({ss?), (ss?tz/)) for this case. It is easily verified

that u't" =/ € N. Thus N = 't ICs((ss}1'2/)) = u't =i Cs(ss}t") = u't™ (ss?t' ).

3. Write N = Ng(0Q, (ss’}tﬂz}). Suppose N # 0. Then it is immediate that |Q| < 3% and
0 ﬁA (other than (z)) since A is normal in S. Moreover, ss%ti is not S-conjugate to
ss for w2 and u € {—1,0,1}. It follows that Q € {(z), (ss?), (ss},2)}. We calculate
N for these cases. If Q = (z), then N =5. So suppose Q € {(ss}),(ss?,2)}. Rewrite
N:NS(<ss%>,<ss%tj,z)). Since z is central in S, we have NS((ss%,z%(ss%tj,z)) =N.

Thus it suffices to calculate N. Since

NS(<SS%>,<SS%ZJ.,Z>)= |_| Ng( ssl sslt ))

=—1,0,1
= |_| Wt (st 2)
j:_17071

by the previous result.
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4. Write N = Ng(Q, {(d;)). Suppose g € N. We may assume g = s/ for some j € {—1,0,1}.
Thus s/A < Ns(Q, (s1s5)). If also s"A < Ns(Q, (d;)) for some j #n € {—1,0,1}, then
0 < (d;))* "N {d;))*" =1, by definition of d;, a contradiction. It follows that

No(Q. (@) =44 OIS

0 otherwise

5. Write N = Ng(Q, (tz')). If N # 0, then |Q] <3 and Q <A. This leaves () and (z)
as possible cases for Q. However, only (¢) is S-conjugate to (tz'). Now we calculate
N = Ns({t),(t7')). We have s' € N. Thus, N = Ns(t,t7') = s'Cs(t7') = s'Cs(t) = s'A.

[

If y is a restriction of some morphism ¥ in Aut(S), with Q < Dy, then note that Cs(Qvy) =
Cs(QW) = (Cs(Q))y, where the latter equality holds because

g €Cs(QV) < (qW)* = (qW) (for all g € Q)

S (@7 ) =qy (for all g € Q)

@qg"_ﬂ =q (for all g € Q)

This means [Cs(Qvy)| = |Cs(Q)|. Thus, in this case,

’NII/‘Q7¢|PHCS(QW)‘ . ’NIII\Q,WPHCS(Q)’
|P| |P| ’

Vo
’O¢|P

for any morphism ¢ such that P < Dy. Thus, when v is a restriction of an element in Aut(S),

then in determining |(‘):;)/|‘PQ|, it suffices to determine |N,, | and |Cs(Q)].

|Q7¢|P
Throughout the following set of proofs, we may use the following equivalence. Given x €
Nyio.01p for some morphism ¢ and domain P, and some automorphisms ¥ € Auty(S), there
exists y € S such that

cxlgodlpocy =Vlo & 9lor = crmtlgroyoc,
<~ (P’QX = Cx—l(yy)~! |Qx oy
<~ ¢|onl//:Cx71(yq/)71|Qx

where the last equivalence is because V¥ is either the identity map or an involution. By Lemma

B.2.1 and B.2.2 we already know under which circumstances will ¢|p« oy will be a conjugation
W\Q’

and hence |(9¢|P

map. Using this, and Lemma B.2.4, we can determine Nw\Q.,qblp
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We may in some cases define the following: Suppose that for some morphism y with x €
Dy <, we have (xy) =y or y~!. Then define

y
—1 i () =y~

The proof will have the following structure. Let ¥ and ¢ be two maps with Q < Dy < § and

P <Dy <S. We suppose that NV,‘Q,¢|P =0, in which case there exists x € N,,,|Q7¢|P C Ns(Q,P).

This means that

g€ Q = JyecSwith (¢)9) =qy

for all g € Q with ¢* € P. From this we will either derive a contradiction, or determine some

conditions under which the above holds. We now list our proofs:

B.2.1 wye{lds,0,n,won}and Q€D

1. Let ¢ € {lds,w,n,won} and P € D.

Let x € Ny Then, for some y € S, we have

‘Q7¢|P'

cxlgoPocy =Wlo & cypp)lood = Vo
& Cxy)lo = Vlgod

where the latter equivalence holds since ¢ is an automorphism of order at most 2. Recall
that D is the set of S-conjugacy class representatives in S, containing (s), (s1) and (s;).
Thus, if Q £ (s2) and yop =, or if Q £ (s) and yo¢p =n, or if O £ (s1) and
yo¢ =won, then by 6.1.3 and 6.1.4, y|po ¢ cannot be equal to a restriction of a

conjugation map. Therefore, in these cases, |N, | =0. In the rest of the cases, if

W‘Q7¢|P
we define y, which are permitted to do, so that

p

1 if wo¢ =Idg

s if Q< (s2);¥o0p=0

s ifQ<(shyoop=n

s if Q<(s1);yop=won
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then 6.1.3 and 6.1.4 implies y|go ¢ is indeed a conjugation map. This means |N,,
INs(Q,P)|. Thus,

p9lol =

.
\NS(QJ|’1)D|||CS(Q)\ if 0<S,wo=ldg
or Q< (s),yodp =0

IOZ]',?\— or Q< (s),yop =1
or Q< (s1),yop=won
0 otherwise

2. Let ¢ € {67,007, Br} and P € Dy, for T € Ty
Suppose T =V, for A =—1,0,1.

Let x € NIV By Lemma B.2.1, we have

lo:9lp-
CENS(Q,(s5}d)) and (w,0) € My, ((s5}2).

for some i = —1,1. By Lemma B.2.4, if Q # (ss}), then N5(Q, (ss7z')) =0, and thus
.,,|Q7¢‘P = (. So suppose Q = (ss]) We have

(ss’},t) if P= <SS%,Z>
Ns(Q,P) = (ss%,z> if P= <ss%)
0 if P=(z)

By applying B.2.4 again, we see that

t7i(sst,z) if P=(ss},2),0 = (ss})

0 otherwise

Ns(Q,P)NNs(Q, (ss12)) =

Collecting the data,

32 if P=(ss},2),0= (ssl)(IV,(Z))EMVA((ss]z)forl——l,l

INylp.0lp| =
Vie:dlr 0 otherwise
Thus,
\OW“Q]_ 32 ifP={(ss},2),0= <ss1>(l//,(p)ele((sslz)forz— 1,1
olp

0 otherwise
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Suppose T =E; for A = —1,0,1.

Let x € Ny By Lemma B.2.1, we have

‘Q7¢|P'

x ENs(Q, (ss}1',2)) and  (w,9) € My ((sst2)), or
x ENs(Q, <ss%t’ )) and (‘I’a‘i’)GMz((SS%tizj))

for some i = —1,1 and j = —1,0,1. By B.2.4, if Q ¢ {(2), (ss?), (ss?,2)} and (y,9) €
My, ({ss?,2)), then Ns(Q, (ss?t!,z)) =0, that is, | Ny|p,01p| = 0. Similarly, if O # (ss?)
and (,9) € M, ((ss{t'z/)), then Ns(Q,(ss}riz/)) = 0, that is, [Ny, 0),| =0. We
study both cases separately. First suppose that Q € {(z), (ss}), (ss?,2)} and (y,9) €
My, ({ss?t',2)). Define u —s2 . We have

<ss%,z) fQ=P= (ssl)

<SS%J> ifQ€{<SS1> <SS1=Z>} P = <SS1,Z>
Ns(Q,P) = <ssf“,u> ifQE{(ss’iL) (ssl, 2}, P= (ssl,t)
s if Q= (2),P € {(2).(1,2), (ss1,2), (s51,1)}
0

otherwise

By B.2.4, we see that

33 if Qe {(ss}), (ssh,2)}, P = (sst,1)
INS(Q, (5511, 2)) ONS(Q,P)| = 4 S if Q= (2),P € {(2), (1.2}, (ss},2). fss 1))

0 otherwise

Collecting the data,

33 if Q€ {(ssh), (ss?,2)},P = (ssh,1), (w,9) € My ({ss?t!,2)) fori=—1,1
Nylpolrl = 32 if Q= (2),P € {(2), {t,2), (ss%,2), (5,10}, (W, 0) € M ({ss71i,2)),i = —1,1

0 otherwise

Thus,

32 if Q€ {(ss?), (ss},2)},P = (ssh,1), (w,9) € My ({ss}1!,2)) fori=—1,1
O521= 3 250 i 0= (@.PE{{),(1,2),(s5h,2) (5500}, (w,0) € My (s}, ) i= — 1,1

0 otherwise

Now suppose that Q = (ss?) and (y,9) € M; ((ss}#'z/)) fori=—1,1and j = —1,0,1.
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We have

Ns(Q,P) =

0 otherwise

which is similar to the previous situation. By B.2.4, we see that

INs(Q, (sst12/)) N Ns(Q, P)| = if Q= (ss1),P = (ss}.1)
0 otherwise

By Lemma B.2.1 we have M; ((ss*t'z/)) = Mj, ({ss}t'z")) for all £ =—1,0,1. By collect-
ing the data,

(Z£e{71,0,1} ’NS(Qv <ss’11t’zé>)ﬁNS(Q,P)\ if Q= <SS1> P = <SS%,I>,
(. 9) € My ((ss1'e)),

Nylp,00pl =
Viedlr fori=—1,1,j=—1,0,1
\O otherwise
33 if Q= (ss?),P = (ss},1),(w,0) € M ((ssttiz])) for i=—1,1,j=—1,0,1
0  otherwise
Thus,
0Ve| = 32 if Q= (ss}),P = (ss},1),(w,9) € My ((ss}t'el)) for i=—1,1,j=—1,0,1
ole 0 otherwise
Suppose T = A.
Let x € Nylo.01p- By Lemma B.2.1, we have
x €Ns(Q,(d;)) and (y,9) € Mu((d;)), or
x €Ns(Q, (1)) and  (v,9) € Mu((12/)).

for somei=1,2 and j=—1,1. We have

s"A if 0" < P for some m=—1,0,1
Ns(Q,P) >

0 otherwise
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First suppose that x € Ns(Q, (d;)) and (y,9) € Ma((d;)) for some i =1,2. By B.2.4,

we have

s"A if 0" < PN (d;) for some m = —1,0,1
Ns(Q,P)NNs(Q,(di)) = _
0 otherwise

Similarly, if we suppose that x € N5(Q, (tz')) and (w,9) € M4 ({tz/)), for some j=—1,1,
then by B.2.4, we have

, s"Aif Q" < PN {tz/) for some m = —1,0, 1
Ns(Q,P)NNs(Q, (tz')) = _
] otherwise

Collecting the data,

325 if (v, 0) € Ma((dy)), 0% < PN {d;) for some g € S

Nylo.61p| = or (y,9) € Ma((12)),0% < PN (1z') for some g€ S
0 otherwise
Thus,
% if (W,9) € Ma((d;)),0% <PN{d;) for some g€ S,i=1,2
\O;/“f] - or (y,9) € Ma((tz/)), 08 < PN (1z/) for some g€ S, j=—1,1

0 otherwise
. Let $ =04y and P € Dy, for u=1,..,4, v=-1,0,1.

Let x € N‘I/‘Q7¢|P'
Nyiool] =0.

By Lemma B.2.2, ¢|po Wy is never a conjugation map, that is,
|Q7¢‘P

. Let ¢ =@, ), and P € Dy, for u=1,..,4, v=—1,0,1.

Let x € Ny, By Lemma B.2.2, ¢|proy is never a conjugation map, that is,

‘Q7¢|P'
[Nyg.01s] =0

. Let ¢ =0y and PE Dy, for p=1,..,.4and v=—1,1.

Let x € Ny, By Lemma B.2.2

lo:9lp
x € Ng(Q, (ssi7')) and (y,0) € My((ss(Z'))

fori=—1,1. By Lemma B.2.4, if Q # (ss}), then Ns(Q, (ss}z')) =0, that is, [Nylo.00p| =
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0. So suppose Q = (ss{). We have

(ssY,t) if P=(ss},2)
Ns(Q,P) = (ssY,z) if P=(ss))
0 P=(z)

By applying Lemma B.2.4 again, we see that

ti(ssY,z) if P=(ss{,z),0 = (ss))

0 otherwise

Ns(Q,P)NNs(Q, <ss%zi>) = {

Collecting the data,

P it P = (s5V,2),0 = (ss¥), (w,0) € My ((ss¥2) for i = 1,1

[Nylp.01s| =
Viedlr 0 otherwise
Thus,
vlo 32 ifP:<ss}’,z>,Qz<ss}’),(l]/,¢)GJ\/[M(SS}’z"}) fori=—1,1
|O¢|P = :
0 otherwise

. Let ¢ :guyv and PGDV fOr ‘LL: 1,..,8, V:—l,l

Let x € NW By Lemma B.2.2, we have

lo,®lp-

xeNs(Q,(z)) and (y,0) € Me((2)-

Thus, if Q # (z), then Ng(Q,(z)) =0, that is, Ny, = 0. So suppose Q = (z). Note

that

|Q7¢‘P

No(O.F) = {S if Q=(z) <P

0 otherwise

Since Ng(Q,P) NNs(Q, (z)) = Ns(Q,P), we can conclude

0 otherwise

. {s if 0= () < P.(y.9) € Me((2))
Vip.9lp —
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Thus,

34k+2

. T0=1(29) <P (v, 0) e Me((2))

0 otherwise

Vig| _
‘O‘P\P =

. Let 9 =&,y and Pe Dy, foru=1,..,8 and v=—1,1.

Since, in this case (y,¢9) € Mg1(R) & (v 1,0) € Mg(R) for all 1 #R <, the argu-
ment is exactly the same as the previous case. Thus,

34k+2

o fO=1() <P(v,9) € M1 ((2)

0 otherwise

Vo
’O¢|P

. Let g =0;"on for A =—1,1.

Let x € Ny For any y € S, we have

‘Q7¢|P'

cxlgodlpocy =Wl cxlgodilponoc,=wylg for ¢ €{6;.6; '}
& cxlgodilponocyon =ylgon
<:>CX‘QO(P1|pOC(yn) = l//|QOTI

Thus, it suffices to look at the case when yon € {lds,w,n,won} and ¢, € {6, 9/1_1}.

. Let ¢ € {évx,é\aladeﬁvl} for A =—1,1.

Let x € N!If By Lemma B.2.3, we have

‘Q7¢|P'

x ENS(Q,(s51.2)) and  (w,0) € My, ((ss?2))
xEN5(Q, (ss+)) and  (y.9) € My, ({ss}2))
xENs(Q,()) and  (w,0) € My, ((2))

forsomei=—1,0,1. When (v, ¢) GMVA(<ss’},z>), then (y,9) € {(Idg,dvl),(a),é‘/;l)},

and we know by definition that &y, = Id]<ss,117z> and é‘al = a)]< o S0 it suffices to use

ss{‘ ,
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corresponding results, from which we get

(

3 Q= (sst),Pe {(ss]),(ss1.2)}
or Q=P = (ss%,2)
if Q= (z),P€{(2),(ss7,2)}

0 otherwise

Vo) _
|O¢‘|P| \

34k+2
Pl

\

By Lemma B.2.4, if Q # (ss) and (y,¢) € x((ss] Z')), then Ns(Q, (ss?z')) = 0, that
is, [Ny]y.61s] = 0. So suppose Q = (ss?) and (y,9) € Vﬁ((sslz)) Note that

(ssh,z) if P=(ss})
Ng(Q,P) = (ss’},t) if P= <ss1,z>

0 otherwise
Note that
t~i(sstz)  if Q= (ss?),P = (ss},2)
Ns(Q, (sst2')) NNs(Q,P) = or Q=P =(ss}),i=0

0 otherwise

Collecting the data,

Zlf—l 0.1INs(Q, (sst2)) NNs(Q,P)|  if Q= (ss1),P = (ss},2)
[Nyig.0p| = § [Ns(Q, (ss})) NNs(Q, P)] if Q=P = (ss})

0 otherwise
\

(

32 ifQ=P=(ss})
=133 if Q= (ss}),P=(ss},2)

0 otherwise
\

Thus,

oV¥lo 33 if Q= (ss}),P e {(ss}), (ss?,2)}

1041, | =
olp 0 otherwise
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Now suppose Q = (z) and (v, ¢) € My, ((z)). Note that

S ifPe{(2), <ss1,z>}

0 otherwise

Ns(Q,P) =

Since Ng(Q,P) < Ns(Q,(z)), it follows that

3L if P e {(z),(ss},2)}

INylo.0lp| =
Viedlr 0 otherwise
Thus,
4k+2 .
oviel L [B0 Fe=@Pe (i (sha)
ol 0 otherwise

10. Let g =D, 5 forp=1,...4and A =—1,1

Let x € Ny For any y € S, we have

‘Qa¢'|P'

CX|QO¢|POCy W|Q<:>CX|QO¢1|POTIOC)’_ l//|Q for (Pl S {0‘/,176%b 7O‘V/17BV;L}
& cxlgodilponocy,on =ylgon

& cxlpodilpocyn) = Wlgon

Thus, it suffices to look at the case when won € {lds, w,n,won} and ¢; € {évl, é‘al,&vl,ﬁ’vl}.

B.2.2 we{67,0; ', ar,fr} and Q € Dr for T € Ty

1. Let ¢ € {ldg,0,n,00on} and P € D.
Suppose T =V, for A = —1,0,1.

By Lemma B.2.1, the only time when y|po ¢ is a conjugation map is when Q < <sslz)
for some i = —1,1. However (ssz') ¢ Dy,. Thus, |N, vlg.olp| = 0.

Suppose T =E; for A = —1,0,1.

By Lemma B.2.1, w|po¢ is a conjugation map when Q < (ss}t',z) and (¢,y) €
My, ({sst,2)) for i = —1,1, or when Q < (ss?tiz/) and (@,y) € My ({ssttiz/)) for
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i=—1,1,j=—1,0,1. In the latter case, (ss{ttizj> ¢ Dy, which implies [Ny, | =0.

|Q7¢‘P
In the former case, the only subgroup Q in (ss}#',z) that lies in D is ().

Let O = (z) and (¢,y) € M, ((z)). Let x € Ny, 4|,- Then, by choosing any value

of y €S, we see that c,(,4)l0 = Y[go . Collecting the data,

Ns(Q,P) if Q= (2),(¢,¥) € My((z))

N. =
Viedlr 0 otherwise
Thus,
34k+2 .
o¥ley = ) TP if Q=(z) <P (9, ¥) € M;((2))
olr 0 otherwise
Suppose T = A.

By Lemma B.2.1, y|po ¢ is a conjugation map when Q < (d;) and (¢, y) € M4 ((d;))
for i =1,2, or when Q < (tz/) and (¢, y) € Ma((tz/)) for j = —1,1. In the latter case

(tz/) ¢ Da, which implies |N

W\Q,¢|p| = (0. We consider the former case.

Let O < (d;) and (9,y) € Ma({(di)). Suppose x € Ny, |-
element y € S such that x(y¢) = 1, we see that c¢,(,¢)lo = W|go¢. Collecting the data,

By choosing a suitable

Ns(Q,P) if <d,> < Q,((P,l}/) c MA(<dl>) fori= 1,2

N p—
Viedlr 0 otherwise
Thus,
vioy | IO g (4 < 0.6, y) € Ma((d) for i=1,2
’Omp | = .
0 otherwise

. Let ¢ € {GTI,Gil,OCTI,ﬁTI} and P € @Tl, for Ty € Tfull-
First suppose that 77 # T.

Suppose (T, T1) = (Vj,Vyu) for some A # u. let x € Ny, Note that ss* ¢ Q since

|Q7¢‘P'
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ss{L is not S-conjugate to any element of P. For some y € S, we have

€0 = (20) =zy
— ((ssh)%0)yy = (557) %)

= A = U, a contradiction.
Thus, |0%12] =0,
olp

Suppose (T,Ti) = (Ej,Ey) for some A # p. Let x € Ny, 4,- Note that sst ¢ Q
A

since ss7 is not S-conjugate to any element of P. If t € O, then ' = t7 for some
i=—1,0,1. Thus, for some y € S, we have

reQ = (()¢) =1y
— ((Ssﬁl)5z(¢)z5z(¢))y: (ssh)& W)
—> A = u, a contradiction.

z€Q = ((&)9) =zy
— (Z5z(¢))y _ O(y)

— 6.(y)o:(9) = 1.

Collecting the data,

Ns(Q,P) if Q=(2),8:(y)d.(9) = 1

N =
Viedlr 0 otherwise
_JS it0={,Peilz) ), (ss1.2), (ssi,0)}, 8. (w)6.(9) =1
0 otherwise
Thus,
ovle_ | T 0= (P e (.2 (s3] (s )} (W) 89) =
olr 0 otherwise

Suppose (T,T1) = (V,,A) and let x € Nyj,.9p- Note that s ¢ Q, since ss’ll is not S-

conjugate to any element of A. For some y € S, we have

— (,&((P))y = (ss%)‘sz("’), a contradiction.
Vg, _
Thus, |(‘)¢|P | =0.
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Suppose (T,Ti) = (A,V,) and let x € Ny, 4|,- Since A is normal in S, the only ele-
ments that could S-conjugate into P are in ANV, = (z). For some y € S, we have

z€Q = ((2)9) =
— ((ss})* (¢))y — %) 3 contradiction.

Thus, [032] =0
Suppose (T,T1) = (E3,A) and let x € Ny, 4|,- Note that ss* & Q, since ss? is not
S-conjugate to any element of A. If r € Q, then t* =tz' for some i = —1,0,1. For some
y €S, we have
teQ = ((1)9) =1y
— (2050 — (554)%WV) | 3 contradiction.
2€Q = (20) =zy
— (1% =%V 3 contradiction.

Thus, 0119 =0

Suppose (T,T1) = (A,E)) and let X € Ny, 0|p- Since A is normal in S, the only elements
that could S-conjugate into P are in ANE, = (t,z). If t € Q, then t* =tz for some

=—1,0,1. For some y € §, we have

teQ = ((12)9) =1y

— ((s57)%(9)7%0)yy — 8(¥) 5 contradiction
2€Q = (20) =zy

— (%)) =%V 3 contradiction.

Thus, [01]%] =0

Suppose (T.,Ti) = (Vu,E;) and let x € Ny, 9. If ssi € Q, then =y and (ss})* =
ssit'z/ for some i, j=—1,0,1. Thus, for some y € S, we have

(ss11'2))9)" = (ss))w
1900) (55})10r(0) 2100y = 2&(¥) 3 contradiction.

0y = (ssﬁ‘)‘sz("’) a contradiction.



Thus, 0] =0.

Suppose (T,T1) = (E3,Vu) and let x € Ny, 4|,. Note that 7 ¢ Q, since it is not -
conjugate to any element of P. If ss’l1 € Q, then A = u and (ss%) = sslz for some

= —1,0,1. Thus, for some y € §, we have

Thus, [01]°] =0

Suppose T =T; =V, for A = —1,0,1.

Let x € Ny, If ss{L € Q, then (ss%) = sslz for some i = —1,0,1. For some

lo:#[p-
y €S, we have
sst €0 = ((sst)9) = (sst)y = (229 (ss}) %0y = V)
¢)=1
2€0 = (20) =zy = ((ss})*O) = (s5})%W)
= 6(y)6:(¢) =1

— =0 and 5,1(1[/)31(

Collecting the data,

;

Ns(Q.P)N(sst.z) if Q= (ss7),82(¥)82(9) =1
or Q= (ss1,2), 8 (¥)8:(9) = &.(w)5.(¢) = 1
Ns(Q,P) if Q= (2),6:(¥)d:.(¢9) =1

0 otherwise

<SS;1L7Z> . (Q P) E{<Ssll>}X{<Ssll>7<SSIA?Z>}731(W)51(¢):1
or Q= P= (55,2, 8, ()8,(9) = 8.()8.(9) = 1

S if (Q,P) € {(2)} x{(2), (ss},2)},8.(w)8.(9) = 1

0 otherwise

Nylo.0lp =
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Thus,

({557
‘( 1,Z>HCS((Q)W)| if (Q)P)E{(SS%)}X{“ > <SS1, >} 5/1( ) (¢):1

P
o) or Q= P = (s5,2),8, (¥)5,(9) = 8.(4)8.(6) 1
' w F(0.P) € {(2)} x {(2). (s51,2)}, 8.(w)8.(0) = 1
\(Z) otherwise
f32k+3

P if (Q,P) € {{ss1)} x {(ss1), (557,20}, 82 (W), () = 1
— or (Q,P) € {(2)} x {(2), (s5},2)}, &:()8.(¢) = 1
32 if Q=P = (s51.2),8,(¥)82(9) = &:()5:(9) = 1

\(0 otherwise

Suppose T =T; =E; for A =—1,0,1.

Let x € Ny, 9. If ss?L € Q, then (ss%)x = ss%tizj, for some i,j = —1,0,1, and if

t € Q, then * =1t7! for some i =—1,0,1. For some y € S, we have

sst € 0 = ((sst'z)9) = (ss)y = (%19 (ss})@(0)%0) )y = 2 (W)
—> i=0and 6,(y)8,(¢) =
reQ = ((t2)p) =1y = ((ss)3(9)7D))y — (5513 (V)
— & (y¥)6(9) =
2€0 = ((2)9) =2y = %0 = %)
— 6:(y)6:(¢) =1

Collecting the data,

((ss2,0) ANS(Q,P)  if Q= (s5%), 8 (w)8,(6) =
or 0= (s5%,2), 8, (¥)3,(9) = 8.(y)8.(9) = 1
or Q= (ssh,1),8, ()3, (9) = &(¥)8(9) = 1
Nyigole = { Ns(Q,P) it 0= (1),8,()5,(9)
or 0= (1,2),8,()8,(0) = 8.(w)8.(9) = 1
or 0= (2), 8.(¥)8.(9) = 1

0 otherwise
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That is,

Nylo.0lp =

Thus,

vig) _
‘O¢|P =

(ss7,1)

<SS1 7Z>

if (Q,P) € {(ss1)} x {(s5},2), (s51,1)}, 84 (W) 8 (9) =
or (Q,P) € {(sst,2)} x {(ss1,2), (ss},0)}, 82 (W) 8 () = 8.(w)8:(¢) = 1
orQ=P= <Ss1, ), 61(‘/’)5&(¢> =0 (y)0;(9) =1

if Q=P =(ss1),80(¥)82(9) =

if (Q,P) € {(1)} x {(1.2),(ss1,0)}, & ()& (9) = 1

or (Q,P) € {{t.2)} x {(t.2).(ss7.0)}, &(w)&(¢) = &:(w)8 ()—1
or (Q,P) € {{)} x {{2), 1, ><SS1 2), {sst,1)}, 8:(w)8:(9) =

);
if Q=P=(t),6(y)5(¢) =

otherwise

(st lICs(QY) i (Q,P) € {{ss})} x {{sst,2), (ss?,)}, 8, ()61 (9) = 1

or (Q,P) € {(ss},2)} x {(ss1,2), (ss1,1)},
62 (¥)62.(9) = 6.(y)6:(9) =1
orQ=P= <5317 ), 02 (W) (9) = 6,(y)6.(¢) =1

SSA .
Lo AUV i 9 — p = (557), 8, (v)8,.(9) = 1

BUGEAVIL i (0,P) € {()} < {(1,2), (ss}.1) 1,8 (W), (9) = 1
or (Q.P) € {(t,2)} x {{1.2), (ss.1)},8, (W) 8(9) = 8.(¥)8.(¢ >—1
or (0,P) € {(2)} x {(a), (1, ><ss1 2 (st} 8. (v)8.(9) =
BIGLOWL - if 0= P=(1),8,(y)8(9) =
\ otherwise
(5o i (Q.P) € {{ssh)} x {(s5.2), (s5h0) ), 83 () 8,(9) = 1
or (0. P) € {(sst,2)} x {(sst.2), (ss}.0) 1, & (W) 82 (9) = 8. (w)8.(9) = 1
or (Q.P) € {(t)} x {(1,2), (ss}.1)}, 8, (w)&,(9) = 1
or (Q.P) € {(t,2)} x {(1,2), (ss}.1)}, &, (¥)&(9) = 8.(w)3:(9) = 1
30 orQ=P={ss}.,8(¥)&(9) = 8.(w)8.(9) =1
P Q=P = (ss}), (V) (9) =1
or Q=P={(1),6(y)(¢9) =1
e or (Q.P) e {0} x (@), (1,2), (ssT,2), (ssF.0)}, () 8.(9) = 1
0 otherwise
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Suppose T =T; = A.

Let x € Ny, Then there exists y € S such that cc|po ¢ ocy = y|g. Since P,Q <A,

|Q7¢|P'
we may assume x = s and y = 5" for some my,my, = —1,0,1. Under the identification

Aut(A) — GLy(Z/3*Z), recall, from Section 6.2, that

cIA:[ ax m] and ‘P:[ Or(Q)ax— 01(0)bx
X —3my by —51((]))ck(¢) _6l(¢)ak

for some 01(¢) € {—1,1} and

ck(9) =

ar+1  if ¢ €{64,0,"}
2, —1 if ¢ G{OCA,ﬁA}

where, for g = x,y, we have
1 if mg # —1 1 if mg # 1
ag = and b, =
-2 ifmy=-1

Define

gy | OO WO {6a,6;"}
61(9) if ¢ € {ou,Bat

Explicitly, from the definitions of the morphisms, we get

5(6) — 1 ff¢e{eA_,laA} . 1 ffe{el;l’om}
—1 ifope{6;" B} —1 if ¢ €{64,Ba}

We also define

§={ie{l,2}|&(y)=26(9)}

This means,

’

0 if (0,w) € {{64,6,"}.{ota, Ba}}
{1} if (9,y) € {{6a,B4},{60; ", ca}}
{2} if(9,w) € {{6a, 04}, {6, " Ba}}
{12} ifo=w.

In particular, note that we have the following properties of the morphisms:
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() 04 6, o Ba
(61(9),62(9)) (1,-1) (—1,1) (1,1) (—1,-1)

Now that we have set the stage, by making a number of definitions, we begin our
calculations. Let g = s’l"sé" € Q for some iy, ji € {1,..,3X —1}. If there is no ambiguity,

we'll write iy =i and jiz = j. Note that, (g)cxo ¢ ocy = (¢q)y if and only if

[i j] [ 4y mx] [ 01(0)ay 51(¢)bk] [ ay my]
|—=3myx bx| [—61(9)ck(9) —b1(P)ax| | —3my by

:[i J.] S (War  Si1(y)bx
—01(W)er(y) =1 (W)ax

which holds, if and only if, the following two congruences are satisfied:

ay[61(¢)ax(axi — 3me) 61()ck(9)(myi+ by j)
—3my[61(9)b(axi — 3myj) — 61(@)ax(myi+ by j)
(¢)( )
Ja( )

61 (y)axi — 61(W)ck(y) )
my[61( ) k(axl_3mx]) ( ) Ck ¢) myi+ by j

]
]
]
+by[61(9)by(axi —3myj) — 01(¢ ]

@ )ay(myi+byj ( )bkl 61(W>akj

where =, denotes modulo 3k We split our calculations into three cases as follows,

depending on the values of nm,,my, and . The reason for this will become apparent later

on.
0
0 {1} {2} {1,2}
My
0 Case 2 Case 1 Case 1 Case 3
#0 Case 3 Case 2 Case 2 Case 2
Case 1

In this case we have (¢ (9),ck(W)) € {(ar+1,2a,—1),(2a,— 1,a,+ 1) }. First suppose

that (Ck<¢),ck(l[/)) = (ak—i— 1,2ak— 1), that is, ((I),l//) € {GA,GA_l} X {OCA,ﬁA}. The
following table solves the two congruences for i and j; and thus determines Q for

different values of (my,m,).
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(mx,my) | (cx(@),cr(y)) = (1+ay, 1 —2a)

(0,0) 81(@)ari+62(¢)(ar+1)j=; 81 (W)ari+ & (w)(1-2a)
61(9)bri—51(¢)arj=; 61(y)bri—81 (W)ar
If 5={1}, then j=,0. If follows that 0<(s)

If 5={2}, then 2i= 3j. It follows that 0<(s3s3)=(s2)*

(0,1) [ax81(9)i+62(9) (ax+1)j]-3(81(9)bri—81 (@)ar j]=, 1 (W)ari+8 (y)(1-2ax) j
[61(9)ari+62(9)(ar+1) j]—2[81(9)bri—81(9)ar j1=, 61 (W) bri— 61 (W)ay
If ={1}, then ayi=, (1-2ay)j

Since i=,a;—5 and j=,a;—3 satisfy this congruence, we have Q<(s{t “s5t °)=(d)*
If §={2}, then (ay—by)i=, j, that is, (ax—1)i=, (ax-+1);

Since i=, —(14a;) and j=, (1—ay) satisfy this congruence, we have Qg(slflf“ks;aﬂz(dz)s

(0.-1) —~2(81(9)axi+82(9) (ax+1)j1+3(81 (9)bxi— 81 (9)ax 1=, 8 (W)axi+ & (w) (1-21)j
—[81(®)agi+82(9) (ax+1) j1+[81 (9)bri—81 (9)ar j1=, 81 (W) bri—81 (W)arj
If 8={1}, then azi= (1+ax);

Since 24 ak73>:<d2>s_l-

i=,2ay—4 and j=, a;—3 satisfies this congruence, we have 0<(s; 5y

If ={2}, then (—ay+3by)i= 3(ax—1)j and (—ay+2by)i=, (ax—1)j

= qi= 3(ax—1)j and (ax—1)i=, 2(ax—2)j
Since i= 4—2q; and j=, a;—1 satisfy these congruences, we have QS(S?_zaks;_ak):Ml)S_]
(1,0) 01(9)ar(i=3))+62(¢) (ax+1)(i—2j)=, 81 (W) axi+6 (y)(1-2ax) j

01(9)(i—3/)br—01(9)ar(i—2)=, 61 (W)bri—01(W)ay j
If 5={1}, then i=, j. It follows that Q<(sys2)=(s1)*

If 5={2}, then i=, 3. It follows that QS(s?s2)=<s2)“’71

(—1,0) 01(9)ar(—2i+3))+62(9)(ax+1)(—i+j)=, 81 (W) ari+& (y)(1-2ax) j
01(9)(—243))bk—81(9)ar(—i+ )=, 61 (w)bri—81 (W)ay
If 5={1}, then i=, 2j. It follows that Q< (s2s,)=(s;) '

If 5={2}, then i=, 0. It follows that Q<(s2)

In the case when (c(¢),ck(W)) = (2ax—1,a,+1), we have (¢, y) € {ou, Ba} x {64,6,'}.
Write P= Q" and p=¢" for some g€ Q and x € Nylo.00p- Then, there exists y € S such
that (g)cxo @ ocy = (q)y, which holds if and only if, (p)¢ = (p)c,-10yoc, 1. Note that
(W, 9) € {64,0, "} x {aa, Ba} and (cx(W),cr(9)) = (1+ax,2a,—1). Thus, with y and
¢ switched, iy and j; satisfy the congruences listed in the table above, corresponding
to the pair (qu,myq) = (—my,—my). This means P <R, and therefore Q0 < Rxfl, for
some subgroup R, as described in the table below:
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(mm1)| (memy) | (@) cr(W) = (1 —2ay, 1 +ay)

(0,0) (0,0) If §={1}, then P<(s;). So Q<(s;). If 8={2} then P<((s2)*. So Q<(s»)’

(0,1) (0,1) If §={1}, then P<(d;)*. So Q<(d;)*. If §={2}, then P<(dy)*. So Q<(d>)*

(0,-1) (0,-1) If 5={1}, then P<(d>)’ . So Q<(d>)* . If §={2}, then P<(d;)* '. So Q<(d;)* .

(1,0) (—=1,0) If ={1}, then P<{s)*. So Qg<s1>°"1. If §={2}, then Pg<sz>f1. So 0<(s,)*

(—1,0) (1,0) If 5={1}, then P<(s;) . So Q<(s1)*. If §={2}, then P<(s»). So Q<(s2)* '
Case 2

Unlike the previous case, we prove this case by induction on k. Suppose that k = 1.

Then the two congruences simplify to

ay82(9) (myi+ by j) =, & ()
my & (@) (myi+ by j) +axby61(9)i =, 61 (y)i

We choose k = 1, instead of k = 2 as our base case for induction, because the corres-

ponding congruences are simpler. This is despite the fact that we do not need to find the

solution to the congruences when k=1, as k > 2, in the construction of our DRV-fusion

systems. The following table lists the congruences for i; and jj, identified as u and v

respectively. The blank cells represent those instances from cases 1 and 3.

(mn) | 5=0 §=1{1} 5=1{2) §=1{1,2)
(0,0) —v=,v
—u=u
(0,1) —Vv=v
tv+2u=u
0,=1) | 2v=v
E2v—u=u
(1,0) —(u=2v)=v
—u=u
(1,1) u=20=v —(u—=2v)=1v (u=2v)=v
+(—utv)+2u= u +(u—2v)—2u=u +(u—2v)-2u=u
(1,-1) —2(u=2v)=,v 2(—utv)=v —2(u—2v)=,v
+(u—2v)—u=,u +(u—2v)+u=,u +(u—2v) —2u=, u
(—1,0) —(—utv)=v
2u=u

(—utv)=v

+(—utv)—du=u

—(—utv)=v

+(—utv)+du= u

(—utv)=v

*(—utv)+du= u

=2(—utv)=v

E(—utv)+2u=u

2(—utv)=v

E(—utv)—2u=u

=2(—utv)=v
E(—utv)=2u=u
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The unique property of this case is that each pair of the simplified congruences listed
in the table above evaluate to ij =, j; =, 0. Now suppose that k > 2 and assume for

by_1, we have
3k—1

induction that i,y =,_, jki-1 =,_, 0. Since ay =_, ax—1 and by
3k—1

k-1

ik =, ik—1 and jx =, | jk—1. By induction, i =, u and ji =, v for some

u,v € Z. We can now reduce the congruences to modulo 3, as follows:

ayG2(¢) (mau—+by) =, &(y)v
my (@) (Mot +byv) 4 axby 61 (@)u =, 81(y)u

Switching u and v with i, and j; respectively, these congruences are those in the calcu-
lation for k = 1. It follows that u =, v=, 0, that is, iy =, jix =, 0, as required.

Case 3
We prove this case also by induction on k. Suppose that k =2. Since 760,(¢9) =,
—01(@)ck(¢), we have the congruences simplified to

ay [661 (0)(axi —3myj) +702(9)(myi+ by j)

]
—3m,[481(9)ai] =, 661 (y)i+ 78 (w)j

my[661 (@) (axi —3myj) +78() (mai + by j)]
+by[461 () (axi = 3myj) — 661 () (myi+ by j)] =, 461 (W)i — 681 (y) )

The following tables solves the congruences for i, and j, and thus determine Q for
different values of (my,my). First suppose that m,m, # 0 and 6 = 0:
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(mxamy) 6=0

(L,1) (661 (9) (u=3v)+78(9) (u=2v)| = 1281 (9 )u=, 66 (y)u+78(y)v
(661 () (u—3v)+78(¢) (u—2v)]-2[481(9) (u—3v) =68, (9) (u—2v)|=, 461 (y) —681 (V)
If 3,(¢)#61(9), then u=,v=,0
(

If (¢

)
)#01(9) then 3u=,3v=,0 and v=,u. It follows that 0<(rz).
(9) (u=3v)+78,(9) (u=2v)[+128; (¢ )u=, 681 (¥)u+78, ()
—[661(9)(u=3v)+78,(9) (u—2v)|+[461 (9) (u—3v) =661 (¢) (u—2v)|=, 481 (y)—651 (V)
If 8(¢)=51(¢) then 3u=,3v=,0 and v=u. It follows that Q<(rz).

If 8,(9)#61(9) then u=,v=,0

(1,—1) ~2[65;

(=L1) (681 (9)(—2u+3v)+78(¢) (—u+v)|+2481(9)u=, 661 (y)u+78,(y)v
(661 () (—2u+3v)+78(¢) (—u+v)]|—2[481 () (—2u+3v) =661 () (—u+v)|=, 481 (¥)u—68 (y)v
If 8,(¢)=61(¢) then 3u=,3v=,0 and v=, —u. It follows that Q<(rz"")
02(9)#61(9), then u=,v=,0.

(=1,-1) —2[681(¢)(—2u+3v)+782(9) (—u+v)| =246, (9)u=, 66, (y)u+78(y)v
—[681(9)(—2u+3v)+78,(9) (—u+v)]+[481 (¢)(—2u+3v) =681 (@) (—u+v)|=, 461 (W)u—68; (y)v
If 32(¢)#61(9), then u=,v=,0.

If 8,(¢)=61(¢), then 3u=,3v=,0 and v=,—u. It follows that Q<(rz"")

Now suppose that m,m, =0 and 6 = {1,2}:

(myg,my) | 6 ={1,2}

(0.1) (681 (9)u+78,(9)v]—1281 (9)u=,681 (y)u+78(w)
(661 (9)u+782(9)v|—2[461(9)—681 (¢)v]=,481 (¥)u—68 (y)v

= 3u=,v=,0. It follows that Q<(r)

(0,-1) —2[681(9)u+78,(9)v]+1281(9)u=, 68 (y)u+78(y)v
—[661(9)u+78,(9)v|+[461(9)u—681(9)v]=,481 (y)u—681(y)

= 3u=,v=,0. It follows that 0<(z).

(1,0) (661 (¢)(u—3v)+78,(¢) (u—2v)]=,681 (¥)u+78(y)v
[461(9) (u—3v) =66 (¢) (u—2v)|=,481 (¥)u—68 (y)v

= u=,3v=,0. It follows that 0<(z).

(—=1,0) (681 (9)(—2u+3v)+78(9) (—utv)|=, 681 (W)u+78(y)v
[461(9)(—2u+3v) =681 (9) (—u+v)]=,48; (y)u—68 (y)v

= u=,3v=,0. It follows that 0<(z).

Now fix (my,my) and & € {0,{1,2}} and suppose k > 3. We may assume for induction
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3ir—1 =, , 3jk—1 =,_, 0 and one of the following:

i = T if i, =, J,
i =0 — T if i, =, J,
i =, J-1=,,0 if ih=,7,=0
ii-1=,,0 if i,=,0
Jo1 =, 0 if J,=,0

Since ay, ax—1 and by =, | by_1, we have iy =, | iy and ji =, | jk—1. By the

_ 3k 2 _ 3k—2

k-1

induction assumption i;_; = V' for some u’,v' € Z. We can write

ik:3k2 _3k2

and ]k 1=

u and ji v for some u,v € Z satisfying u = u' +3u” and v =1v'+3V".

We can now reduce the congruences to modulo 9, as follows

ay[601(9) (axu —3myw) +702(¢) (myeu+ byv)
—3my[40)(¢)axu

my[601 (@) (axu —3myv) +762(¢) (myu+ byv
+b,[401(9)(axu — 3myw) — 6681 (¢) (myu+ byv

]
| =, 661 (W)u+76(y)v
]
]

~—  —

=, 401(y)i— 66, (y)v

Switching u and v with i and j, respectively, these congruences are the same as those
in the calculation for k = 2. Note 3i; =, 3% 1y and 3 =, 31y and

i =, jx+3u—v) if le—1 =y Jk—1

i =, —jk+32u+v) if =1 =, —Jk—1

iy =, 3 uand ji =, 32 if =1 = Ji-1=,, 0
i =, 3 %u if h-1=,0
J=,3"u if Jk-1=,,0

Using these facts, the following tables list the solutions to the congruences and determine

Q for varying values of (my,my).
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(1,1) If 52(¢)=61(9), then u=,v=,0. It follows that i, =, j, =, 0.
If 5,(9)#01(9), then 3u=,3=,0 and v=,u. It follows that i;=, j, and Q<(rz).
(1,-1) If 52(¢)=61(9), then 3u=,3v=,0 and v=,u. It follows that i;=, ji and Q<(tz)
If 32(¢)#61(¢) then u=,v=,0. It follows that K=, jx=,0
(=1,1) If 5,(¢)=61(¢) then 3u=,3v=,0 and v=, —u. It follows that i;=, —ji and 0<(tz7 1.
If 32(¢)#61(9), then u=,v=,0. It follows that = Jk=,0
(=1,-1) If 52(9)#61(9), then u=,v=,0. It follows that i;=, jz=,0
If 5,(¢)=51(9), then 3u=,3v=,0 and v=, —u. It follows that i;=, —ji and 0<(tz™1).

(my,my) || 6 ={1,2}

(0,1) 3u=,v=,0. It follows that 3i;=, jx=,0 and Q<(r)
(0,—1) 3u=,v=,0. It follows that 3i,=, jx=,0 and Q<(r)
(1,0) u=,3v=,0. It follows that 3i;=, jr=,0 and 0<(z)
(=1,0) u=,3v=,0. It follows that i;=,3i=,0 and 0<(z)

Collecting the data from the three cases,

(3*|ANNs(Q,P)]

1

if Q< (s1),(d1)’,(d2)"

|P|
3%|sANNs(Q,P)| _ S
{v,0} € {{64, 4}, {01, Bs} = ‘oW‘Q’ _ |P] if Q< (s1)
) ) »y1YA olp 32k|s—1AﬂNs(Q,P)| 0 < =
1P| if Q< (s1)
2k+1
3241 ANNs(Q,P) _—
. |P|
(34k -
W if Q< (s1)NP(d1)*NP{d)* NP
- OrQ§<Sl>sﬂpsil7<sl>silmps
34k+1
e ifQ=(r)<P
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{v,0} € {0484}, {65 ou}} = |04 7]

[V, 0} € ({6467} (@, Ba}} — 042 =0

(3%5|ANNs(Q,P)|

(32K|ANNs(Q,P)|

if Q< (), (d1)* ', (do)*

|P|
32KIsSANNg(Q, P i
‘S ?P|S(Qﬂ )‘ |f Q S <S2>S
2| o—1

3 ‘S A’(;?VS(Qapﬂ IfQ§<S2>

3%|Ns(Q, P) Lo
S fo=a
( 34k -,

W if 0 < <S2>SﬂP, <d1>s NP, <d2>s NP

or Q< ()" NP ()P

34k+1

— fQO= <P
Wz if Q= (z) <

if Q¢ {{1),{x)}

|P|
2k+1
AR e
3%|Ns(Q, P)| .
= f0=()
(34/(
Il ifo¢{{t),(x}0<P
= 34l+1
i feeln.@rsp

3. Suppose ¢ =0y for p=1,...4and v=—1,0

Suppose T =V, for A = —1,0,1.

A
1

Let x € Ny, gp- If 557 € Q, then v =2 and

(ss?)¥ = ss?7 for some i=—1,0,1. For some y € S, we have

ssh €0 = ((ssV2)9) = (sst)y = (H(9)%(0)iyy
— i=0

2€0 = (20) =2y = 19 = (s57)% V),
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and &, (y) = dv(9)

a contradiction.



Collecting the data,

. {<ss1,z>mNs<QP> if Q= (s57), 8, (W) = 8,(9),v = A
Vipg,9lp —

0 otherwise

0 otherwise

B {(SS%’@ ifQ:<SS{L>,PE{<SS%>,<SS%,Z>},5A(1[/):5\,((])),V:/FL

Thus,

otle| - bSO i 0 = (s, P& {(s5]), (5t 2) 1,1 (W) = 8,(0),v = 2
0 othersiwise

{3— if Q= (sst),P € {(ss}), (551, 91, &2 (W) = 8v(9),v = A

0 othersiwise

Suppose that T = Ej. Let x € Ny, 4/,- If ss’ll € Q, then A = v, and (ss’ll) = ss’}z’
for some i = —1,0,1. Since ¢ is not S-conjugate to any element of P, r ¢ Q. For some

y €S, we have

SS]A €0 — ((Ss}lzi)(]))y = (SS%)W —_— (Z5v(¢)t51(¢)i)y :té/l(lll)

= i6,(9)0y(y) =
7€ 0 = (()¢) =zy = (t‘sl(‘p))y = 7%¥) 3 contradiction.

Note that in the case when ss? € Q, if i = 1, we have x € Ng({ss?), (ss?2)) = (ss?,2)r .
Otherwise, if i = —1, we have x € Ns((ss}), (ss?z71)) = (ss?,2)z. Collecting the data,

I
\:—‘
>

I
<

(50,2t ' NNS(Q.P) i Q = (ss3),8.(9) 8, (w)
Nylpol =4 (ss% 20 ONS(Q.P) i Q= (s57),6.(9)8; (W) = ~1,A = v
0 otherwise

(57, if Q= (s51).P = (s5}.2).8.(0) 8 (w) = 1.
= sk i Q= (ssh), P = (ss),2),8.(9) 8 ()

0 otherwise

I
|
- 0>
=
N <
<
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Thus,

2 .
’OW\Q| _ {3 |CL|S1E(>|Q—W)| if 0= (Ss%%P: (ss7,2),A =V
olp! T

otherwise

0 otherwise

{32k if Q= (ss}),P=(ss},2),A =V

Suppose that T = A. Let x € Ny, Since A is normal in S, the only elements that

P 9lo
could S-conjugate into P are in AN (ss’ll,z> = (z). For some y € S, we have

160 = ((2)9) =2y — (O =W
— 5.()5.(9) = 1.

Collecting the data,

Ns(Q,P) if Q= (z),8.(y)d:(9) =1

NwQ’mP N {@ otherwise
{s if Q= (2),P € {(ss},2),(2)}, 8.(¥)8.(¢) = 1

0 otherwise.

Thus,

|OW‘Q

u {w if 0= (z2),P€{(ss},2),(2)},8:(y)0.(¢) = 1
olp !

0 otherwise

0 otherwise

) {@ if 0= (2),P € {(ss},2), (2)}, 8.(¥)8.(9) = 1

4. Let ¢ =0, foru=1,..,4and v=—1,0,1.

Suppose that T =V, for some A = —1,0,1. Let x € Ny, Note that ss{L ¢ Q0.

‘Q7¢|P'
For some y € S, we have

2€0 = ((z9)9) =2y = (ss})%9) = (s57)%V)
= A=vand §(9)5(y)=1
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Collecting the data,

0 otherwise

T {Ns<Q,P> 0= (2, 6.0)8.(y) = LA = v
Vig9lp —

_{S FO=(2).Pe{(2)(6.9}.6.(0)8.(w) = LA=v

® otherwise

Thus,

|0

Ig{ﬁ 0= (2),P e {(2). () }.8.0)8.(y) = 1A = v

0 otherwise.

Suppose that E;. Let x € Nylo.0lp- Note that ss’} ¢ Q. If t € Q, then t¥ =z’ for some
i=—1,0,1. Thus, for some y € §, we have

reQ = ((1)9) =1y
— (229 (5s}) %01 = (55}) V)
= A=vandib(9)4(y)=1,

€0 = () =zy
— ((ss}) %@y = 2%¥) a3 contradiction.

Collecting the data,

I
\‘D—\
>

I
<

(ANNs(Q.P) 0= (1).5.(0)8(w)
Nylgols = 3 s TANNS(Q.P)  if Q= (1),8.(0)8,(y) = —1,A = v

\0 otherwise

0 otherwise.

(s iFO=(),P=(1,2),5.(0)8,(w) = 1,A = v
=51 0= ()P = (1,2),8.(0)8(w) = —1,2 =V
\(0 otherwise
Thus,
2k H _ _ _
O;ff{3 f 0= (1),P=(1,2),A = v

Let T=A. Let x € Nylo.00p- The only elements that could conjugate into P are in

ANP < {t,z). Ift € Q, then t* =17 for some i = —1,0,1. Thus, for some y € S, we
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have

te€Q = ((12)9) =1y
— (Z5z(¢)(ssy)5z(¢)i)y — %)
— i=0and &(¢)5(y) =1
2€Q = (20) =zy
— ((ss})%9)) = 1%W¥) 3 contradiction.

Collecting the data,

0 otherwise

N {”%@ﬂ it Q= (1).8(¢)8(y) =1
Vip.9lp —

0 otherwise

Fﬂkwfﬂ@%M@WMWJ

Thus,

|OW|Q

_ {34’1‘)+1 if Q= (t),Pe{(t),(t,2)},0(9)5(y) =1
olp '

0 otherwise.
. Let¢g =9,y foru=1,.,4and v=—1,1.

Suppose that T =V, for A = —1,0,1. Let x € N,

some y € S, we have

o.0lp- If 55T € O then 2 =v 3£ 0. For

st = ((s1e)9) = (ssh)y = ) (s57)%0) = W)
= i=0and 8 (y)o,(9) =1
2€0 = (()9) =2y = ((s5)*0) = (ss1) >V

= v=—-A#0and 5, (y)o,(¢)=1.
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Collecting the data,

Nylo.0lp =

Thus,

|0

Suppose that T = Ej for A = —1,0,1. Let x € Ny,

V0o, _

olp

(

\

\

Ns(Q,P)N(sst,z) if Q= (ss1), 81 (W)8v(9) = 1,LA=V#0
Ns(Q,P) if 0= (2),8:(¥)8.(9) = 1,A=—v #0

0

otherwise

(ss%,2)  if Q= (ss),P € {{ss}). (s}, 201, 8 (W)3u(9) = LA =V £0

N if 0= <Z>7P € {<Z>7 <SSY7Z>}76Z(W)6Z(¢) = lvl =V 7£ 0

0 otherwise

S 0= (ssh), P e {{ss)), (51,0} 8, (W8 (9) = 1A =V £0
or Q= (z),P €{(z),(ss7,2)},6:(¥)6:(¢) =1,A =—v#0

0 otherwise

l0:01p- Note that 7 is not S-conjugate

Ayx

to any element of P. Thus, t ¢ Q. If ss{L € Q, then (ss7)' = sslz ' for some i = —1,0, 1.

Thus, for some y € S, we have

ss’llEQ:> ((s

/1l o) = (ssl)l;/ — (ZSV(¢)(SSI_V)51(¢))y = %) 3 contradiction.

z€Q = ((2)¢9) =2y = ((ssl_v)‘SZ(‘P))y = %) 3 contradiction.

Thus, [01]°] =0

Suppose that T =A. Let x € N,

Wlo.0lp- Since A is normal in S, every element that

conjugates into P is in AN (ss},z) = (z). For some y € S, we have

7€ 0 = (()9) =zy = ((ssl_v)‘SZ(‘p))y = 1%(¥)_ 3 contradiction.

Thus, [0%/2] =0

cLetg =&y foru=1,..,8and v=—1,1.

Suppose that 7=V, for A =—1,0,1. If ss’iL € Qthen A =v#0and (ss%)x = (ss%)x =

sslz for some i = —

1,0,1.
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First suppose that 1 < u <4. For some y € S,

((ss72)9) = (ss])y

— (S6V(¢)Zi51(¢))y :ZSA(W), a contradiction
(
(

— (7 z(¢))y = (ss%)@(l”), a contradiction.

Thus, ]O;ﬂf\ =0. Now, suppose that 5 < u < 8. For some y € S, we have

SS% €0 — ((sslvzi)¢)y = (ss’ll)l,l/
— (Z5v(¢)si5z(¢))y — (W)
= i=0and 3, (y)d,(¢) =1

2€0 = (9) =zy
— (s%0)) = (557)%V)

— A =0and &.(y)5.(9) = 1

Collecting the data,

p

NS<Q7P)m <SS%7Z> if Q= <SS%>767L(V/)6V(¢) =1L,A=v #0
Nylg.0lp = § Ns(Q,P) if 0=1(2),0,(y)8,(9)=1,1=0
\(/) otherwise
((s5h,2)  if Q= (ssh),P € {(ss), (s51,2)}, 8 (¥)8y (9) = 1,A = v £0
=4S if 0= (2),P € {(z),(s57,2)},6:(v)8.(¢) = 1,4 =0
\(Z) otherwise
Thus,
S i Q= (ss}),Pe {(ss)), (551,21, 1 (W)8u(9) = LA =V #£0
oue| = or 0= (2),P € {(2), (ss7, )}, 8.(¥)8.(¢) = 1,4 =0
0 otherwise

Suppose that T = E; for A = —1,0,1. If ss{L €Q, then A =v #0 and (ss%)x = ss77
for some i = —1,0, 1. Note also that t ¢ Q.
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First suppose that 1 < u <4. For some y € S, we have

sst €0 = ((ss12)9) = (ss}) v
e (SSV((p)ZiSZ(q)))y :tsl(q/), a contradiction.

Collecting the data,

Ns(Q,P) if Q= (z),8.(y)d:(9) =1

N =
Vie dlr 0 otherwise
_ )8 f0=(),Pe{{z),{ss7,2)}.6:(y¥)d(9) =1
0 otherwise
Thus,
34k+2 . v
ovle _ | Q=@ PR (919} 8.(1)3(0) =
olp ! 0 .
otherwise.

Now suppose 5 < u < 8. For some y € §,

(ss12)9) = (sst)w

(
E (26V(¢)si61(¢))y :tsl(y/), a contradiction.
(
(

Suppose that T = A. In this cases, the only elements of Q that could conjugate into P
are in AN (ssy,z) = (2).

First suppose that 1 < u <4. For some y € S, we have

2€Q = (2¢) =zy
— (%)) =%V 3 contradiction.
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Thus, |(9;I||PQ| =0. Now, suppose 5 < u < 8. For some y €S, we have

z€Q = (z¢) =zy
— (5% = %¥) 3 contradiction.

Ve _
Thus, |O¢|P | =0.

. Let q):éuj{, foru=1,..,8and v=—1,1.

Suppose that T =V, for some A = —1,0,1. If ss{L € Q, then A =0 and s = s7
fori=-—1,0,1.

First suppose 1 < u <4. For some y € Q, we have

s€Q = ((s2)9) =sy

— ((s5))%(9)7%(0))y — 8(¥) " 3 contradiction.
2€Q = (20) =zy

— (%)) = (s57)%W¥) | a contradiction.

Thus, |O;’;/||PQ| =0. Now, suppose 5 < u < 8. For some y € S, we have

s€Q = ((s2)9) =sy
— (5(0) (ss)) 090y = (W)
= i =0 and &(y)d(¢9) = 1.
2€Q = (2¢) =zy
= ((ss})*>@) = (ss)

— A=v#0and 6,(y)5,(¢)=1.

a:(y)

Collecting the data,

Ns(Q,P)N(s,z) if Q=(s),6:(y)ds(¢)=1,4=0
Nyjg.01» = Ns(Q,P) if 0= (2),8:(¥)8:(9) = 1,A=v #0

0 otherwise

0 otherwise.
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Thus,

32k+3

o i Q=().Pe{(s),(52)}.8(¥)8(#)=1,1=0
|O¢l’)’||f\ = or Q=(2),P€{(2),(s,2)},0,(v)5,(¢) =1,A=Vv#0
0 otherwise.

Suppose that T =E; for A = —1,0,1. If ss{l € Q then A =0 and s° = sz’ for some
= —1,0,1. Note also that ¢ ¢ Q.

First suppose 1 < u <4. For some y € S, we have

s7)9) = sy
ss))%(9)7700)yy — t3(¥) 3 contradiction.

Collecting the data,

Ns(Q,P) if Q= (z),8,(y)d:(9) =1

ng’mp N {(/) otherwise
{s if 0= (2),P € {(2), (5,2}, 8.(¥)8.(9) = 1

0 otherwise

Thus,

|OIV‘Q

. {ﬁ? if 0= (2),Pe{(2),(52)},8(¥)8.0) = 1
olp !

0 otherwise

Now suppose 5 < u < 8. For some y € S, we have

s€Q = ((s2)9) =sy

= (29 (ss ) %(0))y = t5(¥) 3 contradiction.
7€ 0 = (z¢) =

= ((ss))*! )y = %) 3 contradiction.

Thus, [01]°] =0
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Suppose T = A. Since A is normal in S, the only elements in Q that could conjug-
ate into S are in AN (s,2) = (2).

First suppose 1 < u <4. For some y € S, we have

2€Q = (2¢) =zy
— (%)) = %) 3 contradiction.

Thus, |O;I||PQ| = 0. Now suppose that 5 < u < 8. For some y € S, we have

€0 = (20) =zy
— ((ss})%9)) = %W¥) 3 contradiction.

vl
Thus, |O¢|PQ| =0.
. Let ¢ =6 on, for some v =—1,1.

Suppose that T =V, for A = —1,0,1. Let x € Nyjpop I ss{“ €Q, then A =v

and (ss%)x = ss%t"zj fori,j=—1,0,1. For some y € S, we have

st €Q = ((ssr')9) = (ss})w
— (1) (5577)i0(9)778%(0))y — 2 (V) 5 contradiction.
(
(

— (Z z(¢))y = (Ssl )62(1//), a Contradiction.
Vi) _

Suppose T = E; for A = —1,0,1. Let x € Nylo.6)p- If ss’l1 € Q, then A = v and
A

(ssh)* = sstt'z/ for some i, j=—1,0,1. If t € Q, then * =1z’ for some £ = —1,0, 1.
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For some y € S, we have

st €0 = ((ssVr'))p) = (ssh)w
s (150(0) (55978 0) )y — (W)
— i=0and & (y)8,(9) =1

teQ = ((t")9) =ty
= ((SSI—V)@(¢)Z£&(¢))y - (ss%)‘sf(‘lf)

— A=—-vand &(y)&(¢) =

€0 = (29) =zy
_— (Z62(¢))y — ZSZ(W)

= 0(y)o:(9) = 1.

Collecting the data,

;

(ssh.0)NS(Q.P)  if Q= (s51), 8, ()8 (9) = 1,A = v
or 0 = (s5%,2), 8, (¥)3(9) = 5.(¥)3.(9) = LA =v

(
Ny|o.0lp = § Ns(Q,P) if Q= (t),6(y)&(¢) =11 =—v
or 0 = (1,2),8()&(9) = 8:()8.(9) = 1,2 = —v
0 otherwise

<5571L7Z> ifQ=pP= <551> S(v)ov(9)=1,A=vVv
<SS%,I> if Q= <ssl> P e {<Ssl 7Z> <SSY7I>}75/’L(W>5V(¢) =1L,A=v
or Q= (ss},2),P € {{ss),2), (ss},0)}, 82 (W)dv(9) = 8.(w)8.(¢) = 1,

_ and A =v#0
)a ifQ=P={1),8(y)5(¢)=1,A=—v
S it Q=(1),Pe{(t,2),(ss],0)},8(¥)6(9) =1,4 =—v
or 0= (1,2),P € {(1,2), (s57,1) 1, 5(w)8(9) = 8.(w)8.(9) = 1,4 = —v
0 otherwise
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Thus,

( 32k+3

1P| if Q= <SS%>7P S {(SS}/7Z>7 <SS¥7I>}751(W)6V(¢) =1L,A=v #0
or Q= (ss7,2),P € {{ss7,2), (s5,1)}, 8 () 8v(9) = 8:(y)&.(9) = 1,

andA=Vv#0
jo¥le| = or Q=(1),P € {(t,2),(ss7,0)},6:(¥) 6 (9) = 1,4 = —v
v or 0= (1,2),P € {(1,2), (55,101, 6, (W)8,(9) = 8-(¥)8.(0) = 1,4 = —v

3L i Q=P = (ss7),8,(¥)(9) =1,A =V #0
or Q=P=(1),6(y)5(9) =14 =—v

0 otherwise

\

Let T =A. Let x € Nylo.01p- Note that the only elements that could be in Q are in

AN (ssY,z) = (t,z). If t € Q, then t* =1z’ for some i = —1,0,1. For some y € S,

SS¥)6’(¢)ZiSZ(¢))y = 7z%Y)_ 3 contradiction.

Thus, [0%2] =0.
. Let ¢ € {évv,é‘/;l,dvv,ﬁvv} forv=—1,1.

Suppose T =V, for L = —1,0,1. Let x € Ny, If ss{L € Q then A = v and

|Q7¢‘P'
(ss{“) —sslz for i=—1,0,1. For some y € S, we have
A v_i y A
ss7 € Q = ((s572)9)" = (ss7) ¥
— ((ss)) %9700y — V) 5 contradiction
2€Q = (2¢) =zy
— (%)) = (557)%W¥) 2 contradiction
Thus, [01]%] =0

Suppose T = E; for A = —1,0,1. Let x € Ny Note that r ¢ Q. If ssil €0,

|Q>¢|P'
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then A = v and (ss?)* = ss*z' for i = —1,0,1. For some y € S, we have

Collecting the data,

Ns(Q,P) Q= (2),8,(y¥)d(¢) =1

N pu—
Vieglr 0 otherwise
_JS 0={,Pe{lz) (ss1.2)} 6:(v)o(0) =1
0 otherwise
Thus,
vio ) Fpr Q= (@Pe{(@)(ss},2)}, 8:(y)8:(9) = 1
Og)p | = -
0 otherwise

Suppose T =A. Since A is normal, the only elements that lie Q are in AN (ss},z) = (2).
Thus, for some y € S,

2€Q = (2¢) =zy
— (%)) = %) 3 contradiction.

Vip|
Thus, |O¢|P|—O.
clet g =93y foru=1,.4and v=—1,1.

Suppose T =V, for L = —1,0,1. Let x € Ny, If ss{L € Q then A = v and

(ss’})x = ss’}zi for i=—1,0,1. For some y € S, We|Qf;z‘\1/)e
ss’l1 €0 = ((ss12)9) = (SS%)‘V
— ((s57")%(9)7%0))y — 2% ¥) 3 contradiction.
z€Q = (z¢0) =zy
— (Z'éz((b))y = (ss’ll)sz("’), a contradiction.

vig| _
Thus, |O¢|P |=0.
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Suppose T = E; for A = —1,0,1. Let x € Nylo.0lp- Note that r ¢ Q. If ssjl €0,
then A = v and (ss?)* = ss?z' for i=—1,0,1. For some y € S, we have

v(9)710:(0))y — t%(V) 3 contradiction.

Collecting the data,

NS(QaP) 0= <Z>75z(‘/’)51(¢) =1

N p—
Viedlr 0 otherwise
_JS 0={,Pe{{z), (51,2} 6(y)d(0) =1
0 otherwise
Thus,
S 0=(2),Pe{().(ss7,2)}.8(w)8.(9) = 1
o¥le| _ JTT LT 58152755 0:\Y) 0\ Q) =
ole 0 otherwise

Suppose T =A. Since A is normal, the only elements that lie Q are in AN (ss{,z) = (z).
Thus, for some y € S,

€0 = (2¢) =zy
— (%0 =%V 3 contradiction.

vig| _
Thus, |O¢|P |=0.

B.23 y=0,yand Qc Dy, foru=1,...4and v=-1,0,1

1. Let ¢ € {lds,0,n,00on} and P € D.

By Lemma B.2.2, y|go ¢ is never a conjugation map. It follows that |N,, =0.

‘Qv¢'|P|

2. Let ¢ € {67,6;",07,Br} and P € D, for T € Ty

Suppose that 7=V, for A = —1,0,1. Let x € Ny, If ss € Q, then v =1 and

‘Q7¢|P'
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(ss})* =ssYz' fori=—1,0,1. For some y € S, we have

s €0 = ((s}2)0) = (ss))y — (@) (s} @y = D)

— i=0and & (¥)5,(¢) = L.

72€Q = (z¢0) =zy = (ss’ll)@(‘p) =1%¥) 3 contradiction.

Collecting the data,

0 otherwise

o {NS<Q,P>m<ss¥,z> 0= (), 3u(W)3(9) = L,y =2 £0
Vig9lp —

_ {<ssr,z> if Q= (ss}),P € {(ss}), (s5%,2)}, 8y (¥)8(9) = 1,V = A £0

0 otherwise.
Thus,
2k+3 .
V| S FO=(sst),Pe{(ss]), (551,21 8 (W)S(9) = L,y =2 #0
ole 0 otherwise.

If ss{ € Q, then, A =V and

Suppose T =Ej for A = —1,0,1. Let x € Ny, 9,-
(ssV)* = ss}’tiz-i for some i, j = —1,0,1. For some y € S, we have
s} €0 = ((ss11'2)9) = (ssY)y

(

— (19 (9) (5572 (9)iz00)7 )y — (W) 5 contradiction.
(
(

vig, _
Thus, |0} 2| =0.

Suppose T =A. Let x € Nylo.0lp- In this case, the only elements in Q that could

S-conjugate into P are in (z). Thus, for some y € S, we have

7€ = ((Zx)¢)y =y — (t(sz(‘p))y :t5z(l//)
— &.(y)6:(9) =1.
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Thus,

Ns(Q,P) if Q= (z),8:(¢)5:(v) =1

N. —
vlp,9 )
o0l 0 otherwise

{S if Q= (2),(c) C PP € D, 8.(0)8(y) = 1

0 otherwise

It follows that

2k+1 .
ove| = {% if 0= (2),(z) S PP € Da,8(¥)8(9) = 1

otherwise

= {34kT+1 if Q=1(2),(z) CP,PEDy,8,(v)5,(¢) =1

0 otherwise
. Let 9 =0y, y, for yy=1,..,4and v = —-1,0,1.

Let x € Ny, 9p,- If 557 € O, then v =v; and (ss})* = ss}z' for some i = —1,0, 1.

Thus, for some y € S, we have

ssV €0 = ((ssY2)9) = (ss))y = (D1(®)&@)iyy — 8v(y)
= i=0 and 8, (y) = dy,(9)
260 = (()9) =2y = (150 = &V
= &,(y) = 6.(9)

Collecting the data, we have

((ssV,2) INS(Q,P)  if @ = (551):8(¥) = 8y,(9):v = v,
R L it 0= (2):8.(y) = 8.(9)
(s5),2) INS(Q.P)  if Q= (s5},2): 80 (W), (9) = 8.(W)8.(9) = 15V =Wy
0 otherwise
((ss).2) i Q= {ss})P e {{ss}"). s}, 2) }: 8u(W)Bu, (9) = Liv = vy
s it 0= (2);P € {(2), (s5)1,2)}: 8.(¥) = 8.(9)
(s5,2) i Q=P = (s5},2):8v(¥)B0, (9) = 8.(¥)8.(0) = 1sv =
0 otherwise
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Thus,

(|(ssV, .
(b SOV i 0 = (ss))iP e {{ss)), (s5)',2) 118 (W) S, (9) = 1sv = vy

o%ie| = j"ffé?"’” £ Q= ()P e {(2).fss)",2)}: 8:(w) = 8.(0)
IFDICS@UL i 0 = P = (ss],2): 8 ()8, (9) = 8(¥)8:(9) = Liv = vy
\O otherwise
f32k+3

i Q=(ssV)iP e {{ss)"), (s5)",2) 1 v (W) Sy, (9) = iy = v,
3 fo=(Pe (D) ()0} 8.w) = 5(9)
P if Q=P = (s5),2): 80 (¥)8,(9) = 8.(W)8.(9) = 1V = vy

\O otherwise

4. Let =0/, for uy=1,..,4 and v; = —1,0,1.

Let x € Ny, Note that ss{ ¢ Q. For some y € S,

lo,0lp-

2€Q = ((z)¢) =zy
— ((ss}") %0y = %W 3 contradiction.

Vi) _
Thus, |(‘)¢|P | =0.
5. Let ¢ =0y, v, for yy =1,..,4 and vi = —1,1.

Let x € N‘I/\Q7¢|P'

Thus, for some y € S, we have

If ssY € Q, then v =v; and (ss})* = ss}z' for some i = —1,0,1.

ssY €0 — ((SSYZi)fz’)y = (ss}/)‘l’ - (Z6V1 (¢)(SSIV1)SZ(¢)i)y :ZSV(W)
— 1=0 and 6\/(¢) — 5V1(1I/>

z€0 = ((£)9) =zy = ((ssl_vl)‘SZ(‘p))y = %) 3 contradiction.

Collecting the data,

{<ss]v,z> ANS(Q,P)  if Q= (ss)): 80 (W)Sv, (0) = L;v = vy
NV/\Q7¢|P =

0 otherwise

- {<ss1v,z> if Q= (ss¥):P € {{ss]), sV, 20 }: 8 (W) By, (0) = Liv = vy

0 otherwise
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Thus,

oL ZSOVLif 0 = (sst)iP € {{ss)), (55, 21 v (W)3, (9) = Liv =y

|o;’||PQ| _ [P] |
0 otherwise
I o= (ssiP e {(ss)), (s),2) 1 8 (¥)8n, (0) = v = vy
0 otherwise

. Suppose ¢ =&, v, for yy=1,..,8 and v = —1,1.

Let x € Ny, If ssY € Q, then v =v; and (ss7)* = ss}’zi for some i = —1,0,1.

lo,¢lp-

Suppose 1 < u; < 4. For some y € S, we have

ss) €0 = ((s5'2)9)" = (ss))y

5O (‘P)z’a(‘p))y = 7% 3 contradiction.
29) =
o,

0y —t3 (V) a contradiction.

—

7€ 0 =

~—~~

—

Thus, |OW|Q| = 0. Suppose 5 < u < 8. For some y € S,we have

sl €0 = ((ss}')0) = (V)
— (Z5v(¢)sl5g(¢))y — ()
= i=0and o, (y)dy,(¢) =1

2€Q = (20) =zy
— (5% = %¥) 3 contradiction.

Collecting the data,

Ns(Q.P)N{ss}.2)  if Q= (ss7), 8 (w)Sy (9) = L,v = vy
0 otherwise
(ssY,2) if Q= (ssy), P € {{ss)"), (551", 2)},

= 5v(¥)8y, (9) = 1,v =¥,

0 otherwise.

Nylo.0lp =
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Thus,

\ 3TI;>+|3 if Q= (ss}),P € {(ss}"), (s5,",2)},
Og 1= 8y ()8, (9) = 1,v =,
0 otherwise.

7. Suppose ¢ = é.u_l}vl for yy =1,..,8 and vi = —1,1.

Let x € Ny, If ss{ € Q, then v =0 and s* = sz’ for i = —1,0, 1.

‘Qa¢'|P'

Suppose 1 < u; < 4. For some y € S, we have

seQ = ((

— ((ssY‘)‘S‘"(‘P)ziéZ("’))y = z%(¥)| 3 contradiction.
z€Q0 = (z¢) =zy

— (%9)) =%V 3 contradiction.

Thus, |OW|Q| = 0. Suppose 5 < u; < 8. For some y € S, we have

S€EQ = ((s9)9) = sy
—> (500 (ss)1)1EW) = 5(V)
= i=0and &(y)&(¢) = 1.

2€Q = (2¢9) =zy
= ((ss}’l)‘sz(q)))y — 1%¥) 3 contradiction.

Collecting the data,

otherwise

- {N5<Q,P>n<s,z> if Q = (5), 8,(W)8,(¢) = 1,v =0
vlp.0lp — 0

(s,2) Q= (s),Pe{(s), (5,9},
= (y)ds(¢) =1,v=0

0 otherwise.
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Thus,

32k+3

‘p‘ ifQ:<S>,PE{<S>,<S,Z>},
042 = 5,(¥)8,(9) = 1,v =0
0 otherwise.

8. Let ¢ = 65" on for vi = —1,1.

Let x € Nyj,.9),- If ss € Q then v.=v; and (ss7)* = ssy't'z/ for i, j=—1,0,1. Thus,
for some y € §, we have

ss{ €0 = ((s57'1'2))9) = (SS1)II/
— (t5V1 (ssfvl)’s’( ¢))y (V) a3 contradiction.
2€Q = (2¢) =zy
— (%)) = %) 3 contradiction.
Thus, 0] =0.

9. Let ¢ € {éVVl’é‘Zrll’&v"NBVﬁ} for vi=-1,1.
Let x € Nyppp- If ssY € Q, then v =v; and (ss})* = ssY7z for i = —1,0,1. Then,

for some y € S, we have

—> (

— ((s5)")%(9)7%(0)y — (V) 3 contradiction.
z€Q = (29) =zy

— (%)) =%V 3 contradiction.
Thus, [0%2] =0

10. Let ¢ = 19“17\/1 for uyy =1,..,4 and vy = —1,1.

Let x € Ny, 9/, If ssY € O, then v = vy and (ss7)* = ssyz' for i = —1,0,1. Then,
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for some y € S, we have

ss| €0 = ((s5)'2)9)" = (ss))w
— ((ss7 ") (9)7%(0)yy — (W) 3 contradiction.
2€Q = (20) =zy
— (%)) =%V 3 contradiction.

vig, _
Thus, [031%] = 0.

B.24 y=0,) and Qe Dy, for u=1,.4 and v=—1,0,1.

1. Let ¢ € {ldg,w,n,won} and P € D.

By Lemma B.2.2, y[go ¢ is never a conjugation map. It follows that [Ny, 4|,/ = 0.

2. Let ¢ € {9T797?],O£T,[3T} and P€ D, for T € ‘Ifull-

Suppose T =V, for A = —1,0,1. Let x €N,

we have

0.0/p- Note that 7 ¢ Q. For some y €S,

2€0 = (()0) =zy = ((ss7)%O)) = (s5))%(¥)
— v—=1 and 8.(6)8.(y) = 1.

Collecting the data,

Ns(Q.P) if Q= (2),8.(¥)3.(9) = 1,v =4

0 otherwise

S ifO=1(2),Pe{(@ (s, 0} 8(v)&(9)=1,v=2

0 otherwise

NW'Qv‘MP =

Thus,

Vo
|O¢\P

{%ﬁ if 0= (2),P € {(2), (55,9}, 8.(w)8.(9) = 1,v = A

otherwise.

Suppose T = E; for A = —1,0,1. Let x € Nylo.0/p- If r € Q, then * = t7' for some
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= —1,0,1. Thus, for some y € §, we have

teQ = ((12)9) =1y

— ((ss7)%(9)00)yy — 2&(¥) 5 contradiction
2€Q = (20) =zy

— (%)) = (s57)%¥) | a contradiction.

Thus, 0119 =0

Suppose T =A. Let x € N

vlp.op- If 1 € Q then ¢* =t7' for some i = —1,0,1. Thus, for

some y € S, we have

1€Q = (()9) =
_— ( ((P)ISZ( )i )y — Z6 (W)

— i=0and §(9)5(y) =1

7€Q = (20) =zy
. (t5z(¢))y = (ssf)‘sz(‘/’), a contradiction.

Collecting the data,

Ns(Q,P)NA if Q= (1),6(y)6(9) =

N, —
Vig:dle {@ otherwise
{A if Q= (1), (1) <P.P €Dy, 8(w)5(9) =1

0 otherwise

Thus,

‘OW‘Q

| {37 0= (1).(0) < PP e Da8 ()5 (9) -
olp | =

0 otherwise
3. Let ¢ =0y, v, for yy =1,..,4 and vi = —1,0,1.

Let x € Ny, Note that t ¢ Q. For some y € S, we have

‘Q7¢|P'

z€Q = (()9) =
— (%)Y = (ss1 )%(¥) 3 contradiction

Thus, [032] =0
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4. Let ¢ =@y, for uy =1,...4 and v{ = —1,0, 1.

Ui, vi

If t € Q, then t* =t7' for some i = —1,0,1. Thus, for some yeS, we

Let x € NW|Q,¢\P'
have
teQ = ((tz)¢) =ty
— (Z5’(¢)(SS‘1/1)6Z(¢)i)y — ()
— =0 and 6t(¢) = 6;(1[/)
z€Q = ((2)¢9) =zy
— ((ssi’l)Sz(M)y = (ss})%W)
= v=v; and &,(¢) = &(y)
Thus,
(ANNS(Q.P) i 0= (1), 8,(0)8(v) =
Ns(Q,P) if 0=(2),6:(9)5.(y)=1,v=wv,
NW|Q7¢\P =

ANNs(Q,P)  if Q= 1(1,2),5,(0)5(y) = &(9)a(v) = L,v=w

0 otherwise

(4 ifQ=()Pe{ln),(1,9},8(0)8(y) =1

]S ifo=(0,Pe{(@), ()} 8(9)8(w) = Ly =,
A ifQ=P=(,2),6,(0)0.(v) =(0)&(y)=1,v=v
0 otherwise

It follows that

TG if 9 = (1), P € {{1). (1.}, 8:(9)8(y) = 1
vio, ) TG it 9= (), P e {(2),(1,2)},8.(0)8.(w) = 1,V = v

O - 2k , ’
xa <iﬂ%@ﬂl if Q=P =(1,2),8.(0)8:(y) = 8,(9)8(y) = L,y =v;
\0 otherwise
(200 i Q= (2),P € {(2). (D). 8,(0)8,(v) = 1
)3 o=@ Pe (D, (12},8(9)8.(w) = LV =,
P ifQ=P=(1,2).5.(0)8.(w) = &(9)(w) = 1v =,

0 otherwise
\

5. Let ¢ =0y, v, for yy =1,..,4 and vi = —1,1.
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Let x € Ny Note that t ¢ Q. For some y € S, we have

‘Qa¢'|P'

2€0 = ()9) =zy = ((ss;")*O)Y = (s5})%V)
— v=—v; and 5.(9) = 6.(v)

Thus,

I {Ns<Q,P> 0= (2).8.00) = 8.(w),v = —v
vig.0lp —

0 otherwise

_ {s 0= ()P e {{2).(s5}".2)}.8:(0) = &:(y).v = v

0 otherwise

It follows that,

‘OWP
0 otherwise

W‘Q’ = {w if Q - <Z>’P S {<Z>7 <SS¥17Z>}752(¢) = 5z(llf),v =—V]

_{322‘:3 0= (2).P e (). s5).2)},8.00) = B.(w).v =W

0 otherwise
6. Suppose ¢ =&y, v, for uyy=1,..,8 and vi = —1, 1.

Let x € Ny, Note that # ¢ Q.

‘Q7¢|P'

Suppose 1 < uy < 4. For some y € S, we have

z€Q = (z0) =zy
— (Z5z(¢))y — (ss}’)az("’), a contradiction.

Thus, |(9qu;||5| = 0. Suppose 5 < u; < 8. For some y € S, we have

€0 = (9) =zy
— (s%0)) = (s5))%(¥)

—> v=0and ,(v)5,(9) =1
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Collecting the data,

W [nser) o=@ mse) =1y =0
Vie dlr 0 otherwise
S ifQ=(z),Pe{(z),(ss}",2)},
= 0, (y)6.(¢)=1,v=0
® otherwise
Thus,
Ser i Q=(2),Pe{(2)(ss}", )},
09 = 5.(¥)8.(9) = 1,v =0

0 otherwise

. Suppose ¢ = é‘jl}vl for uyy=1,..,8 and vi = —1, 1.

Let x € Ny, Note that # ¢ Q.

‘Q7¢|P'

Suppose 1 < u; < 4. For some y € S, we have

€0 = (z¢) =zy
— (Z5z(¢))y — (ss}’)Sz(V’), a contradiction.

Thus, |O(IPV||PQ| = 0. Suppose 5 < u; < 8. For some y € S, we have

2€Q = (z¢) =zy
— ((ss))ED) = (s57)%W)

= v=vj and o, (y)é,(y) = 1.

Collecting the data,

N —
Vo, )
lo0lr 0 otherwise

{NS<Q,P> if Q= (2),8.(y)8.(9) = 1,v =vi £0

S ifQ=(2),Pe{(z),(52)]},
= 6. (v)d.(¢)=1,v=v; #0

0 otherwise.
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10.

Thus,

32“’;*‘3 if 0=(2),Pe{(2),(s,2)},
031 = 5.(W)8.(9) = 1.V = Vi £0
0 otherwise.

. Let ¢ =65 on for vi =—1,1.

Let x € N‘I/|Q7¢‘P'

we have

teQ = ((1Z)¢) =1ty

— ((s5,")*(9)%0)y = 26W) 5 contradiction.
2€Q = (20) =zvy

— (2%9)) = (s57)%¥) | a contradiction.

Vo) _
Thus, |O¢|P |=0.

A A_l A A
. ¢ - {val,evvl,avvl,ﬁvvl} for Vi = —1,1.

Let x € Nq, Note that r ¢ Q. For some y € S, we have

lo,¢lp-

2€Q = (20) =zy
— (%)) = (557)%¥) 3 contradiction.

vig, _
Thus, 02| =0.

¢ =By, v, for uy =1,...4 and v; = —1, 1.

Let x € NW Note that ¢ ¢ Q. For some y € S, we have

lo,®lp-

2€Q = (z¢) =zy
— (Z5z(¢))y - (ss}’)‘sz(‘/’), a contradiction.

Thus, |0Y/] = 0.
olp
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B.25 y=d9,yvand QcDy, foru=1,.4and v=—1,1

1. Let ¢ € {ldg,w,n,won} and P € D.

By B.2.2, the only time when y|po¢ is a conjugation map is when Q < (ss}7!) for
some i = —1,1. However, (ss*z) ¢ Dy,. Thus, [Nyp.01s] =0

2. Let ¢ € {67,6;",07,Br} and P € D, for T € Ty

Suppose T =V, for A = —1,0,1. Let x € Nylpp- If ssy € Q, then v =21 # 0 and
(ss})* =ssYz' fori=—1,0,1. For some y € S, we have

ss) €Q = ((ss72)9) = (ss})w
— (ZSA((I)) (ss%)éz(q))i)y — Zév(ll/)
— i=0and 8,(y)d,(¢) =
2€Q = ((z)9) =zy
— ((ss%)‘szw’))y = (SS;V)SZ(W)

— &(¥)&(9) =1,v=—A

Collecting the data,

(NS(Q.P) N (ss}.2)  if Q= {s}). 8, (¥)1(9) = 1.V = A 0
Nyio.61» = § Ns(Q,P) if Q= (z2),6,(y)d,(¢)=1,v=—1#0
\(Z) otherwise
((ssf,z) if Q= (ss}),P € {(ss}), (ss%,2)}, 8, (w)S1(9) = 1,v =21 #0
=4S if 0= (z),Pe{(z),(s57,2)},8.(¥)&(¢) = 1,v=—2 #0
\(0 otherwise
Thus,
e 0= (ss),P e {{ssh), (55,21, 8 (W) (9) = 1,V =4 £0
oy1e| = or Q= (3),P € {(2).{s5-,2)}, 8.(y)8.(9) = 1,y = ~A £0
0 otherwise.

Suppose T = Ej for A = —1,0,1. Let x € Ny, If ss} € Q, then v =24 # 0 and

|Q7¢‘P'
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(ss})* = ss{t'z/ for some i, j = —1,0,1. Thus, for some y € S, we have

ss} €0 = ((SS%I Zj)¢)y = (ss7)y

— (té,l(q))(ssil)ét(tp)iz&((l))j)y :Z‘S"("’), a contradiction.
(")) =zy
s 5(9) = (ssl_v)‘SZ("’), a contradiction.

7€ 0 =

Thus, [01]%] =0

Suppose T = A. Since A is normal in S, the elements in Q that S-conjugate into P

are in (z). Thus, for some y € S, we have
2€0 = ()Y =2y = (*9Py = (ssl_v)‘SZ("’), a contradiction.

Thus, [01]%] =0

. Let (p :®’ul’vl for I.Ll — 1,..,4 and vl — _1,1

Let x € Ny If ssY € Q, then v =v; and (ss})* = ss}z' for some i = —1,0,1.

lo:0lp
Thus, for some y € §, we have

ssY €Q = ((ss)'2)9)) = (ss}))y = (P (9)%(0)i)y — 7ov(0)
— l: 0 and 6\/(1’/) — 6v1<¢)

z2€0 = (()9) =zy = (t53(¢))y = (ssl_v‘)‘sz("’), a contradiction.
Collecting the data,

Ns(Q,P)N(ssy,2)  if Q= (ss57),6v(¥)dy, (@) =1,v =V,

N, -
Viotlr 0 otherwise
(ssY,2) if Q= (ss\),Pe{(ss)"),(s5",2)},
- 84 (W)81,(9) = 1,v = v,
0 otherwise
Thus,
3T;+|3 if Q= (ss}),Pe{(ss{"),(s5,",2)},
v
041, 1= 8(W)8, () =1,v=w
0 otherwise.
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4. Let g =@y, for uy=1,...4 and vi = —1,1.

Ui, vi

Let x € Ny, Note that ss} ¢ Q. For some y € S, we have

‘Q7¢|P'

z€Q = (()9) =zy = ((ssrl)ézw))y _ (SS;V)SZ(V/)
— v=—Viand §(¢)5(y) =1.

Collecting the data,

N {NS<Q,P> £ 0= (2),P € {(2), (1,001, 8.(9)8.(y) = 1,v = —v,
Vig.9lp —

0 otherwise

0 otherwise

. {S if 0= ()P e {(2), (,2)},8.0)8.(w) = 1,v = —v,

Thus,

|OW‘Q _

{32;(:3 ifQ:<Z>7P€{<Z>7<I7Z>}752<¢)62(l[/):1,V:—v1
olp !

0 otherwise
5. Let ¢ =0y, v, for gy =1,..,4 and vi = —1,1.

Let x € Ny, 9p- Suppose that ss; € Q. Then v =v; and (ss])" = ssY‘zi for some

i=—1,0,1. Then for some y € S, we have

ssY €0 = ((ss12)9)" = (ss1)y = (22105, *)> 0y = 3V
= i=0and 8, (y)dy,(9) =1
260 = (()9Y =2y = ((s57") D) = (s57%)2W)
—> v=vyand &,(y)6,(¢) = 1.
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Collecting the data,

(ss7,2) "Ns(Q,P)  if Q= (ss7),0v(¥)dy, (¢) =1,v =W
Ny o = or Q= (ss7,2),6v(¥)dv,(9) = &:(y)5:(9) = 1,v =
Ns(Q,P) it 0 =(2),6:(¥)6:(¢) =1,v=v
\(D otherwise
(ss7.2) i Q= {ss}), P {{ss}"). 5}, 2)}. 8 ()80, (9) = Lv = vy
B or Q=P = (ss1,2),6v(¥)dy, (@) = &(¥)5(¢) = 1,v =,
s it 0= (2),P € {(2),(s5),2)}, 8:(W)8:(9) = 1,v = vy
\(D otherwise
Thus,
(LI if 0 = (ss)), P € {{ss}"), (55}, 20}, 8y ()8, (0) = 1,v = Wy
IO;',]'PQI s com or Q=P = (ss7,2),6/ (V) v, (9) = 8.(y)6:(9) = 1,v =,
it Q= (2P e {0 (s, 9}, 8:(W)&(9) = 1v =V,
\(0 otherwise
(32k+3

[P] if Q= <SS¥>,P = {(SS¥1>, <SS¥17Z>}76V(W)5V1(¢) =lLv=wv
or 0= (z),P € {(z),(ssy",2)},&(y)8:.(9) = L,v = vy
3 if Q=P ={ss5{,2),8/(¥)0y () = &(¥)3.(¢) = L,v = vy

0 otherwise

6. Suppose ¢ =&y, v, for uy=1,..,8 and v = —1,1.

Let x € Ny, g/, If ssY € Q, then v = vy and (ss})* = ss{7’ for i = —1,0, 1.

Suppose 1 < u; < 4. For some y € S, we have

s} €0 = ((s5'2)9) = (ss))y
— (s9)%0))y — ;0(¥) 5 contradiction
7€0 = (z0) =zy
— (Z5z(¢))y = (ssl“’)‘sz(“’), a contradiction.
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Thus, |OW|Q| = 0. Suppose 5 < u; < 8. For some y € S, we have

55| €0 = ((ss}/lz’)(]))y = (ss))y
:> (Z6V1 (¢)Slaz(¢))y — ZSV(W)
— l:O and 5V(W)6V1(¢):1

2€Q = (9) =zy
— (5% = (SSI—V)5z(W)

— v =0, a contradiction.

Collecting the data,

Ns(Q,P)N (ssY,z) if Q= (ss)),8v(¥)0v,(¢)=1,v=v,
0 otherwise
(ssY,z) if Q= (ss)),P € {(ssfl), (ssrl,z>},

- (W), (9) = 1,v = v,

Nylo.0lp =

0 otherwise.
Thus,
2k+3 .
S i Q = {ss}), P € {{ss]), (55}, 20}
v
04101 = Sv(¥)dy, (9) =1,v=v
0 otherwise.

7. Suppose ¢ = éu_l}vl for yy =1,..,8 and vi = —1,1.

Let x € Ny, Note that ss) ¢ Q.

lo,0lp-

Suppose 1 < uy < 4. For some y € S, we have

2€0 = (29) =zy
s (Z5z(¢))y = (ssl_v)‘sz("’), a contradiction.

Thus, |OW|Q| = 0. Suppose 5 < u; < 8. For some y € S, we have,

2€Q = (20) =zy
— ((ss}/‘)Sz(‘P))y = (ssl_v)5z("’)

= v=—vjand &,(y)5,(¢) =1.
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Collecting the data,

Ns(Q,P) if Q=(2),8:(¥)8:(9) = 1,v=—w

N p—
Viodlr 0 otherwise
S ifQ=(2),Pe{{z),(s,2)},
- 5.(w)8.(9) = 1,v = v,
0 otherwise.
Thus,
3T"T*|3 if Q= (2),P€{(2),(s,2)},
v
Oy | = 8.(W)&.(9) = 1,v =~
0 otherwise.

8. Let ¢ = 6! o for py = —1,1.

Let x € N‘I/|Q»¢|P'

for some y € §, we have

—> ((ss)'1'2))9)" = (ss))w
— (t5z(¢)(szv)i@(wzf‘sz(‘f’))y :Z‘sv("’), a contradiction.
7€ Q = (z¢) =zy
— (Z5z(¢))y = (ssl_v)‘sz("’)7 a contradiction.
Vip,
Thus [0 "] = 0.

9. Let ¢ € {évvl,év—vj,avvl B, } for vi=—1,1.

Let x € NW|Q7¢|P'

for some y € §, we have

ssf €Q = ((ss7'2)9) = (ss})y
— ((s5)")%(9)7%(0)yy — (V) 5 contradiction.
2€Q = (9) =zy
— (2%9)) = (s577)%¥) a contradiction.

10. Let ¢ = Oy, v, for uy =1,..,4 and vy = —1, 1.
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If ss{ € Q then v =v; and (ss})* = s}z for i = —1,0,1.

If ss} € Q then v =v; and (ss))* = ssYt'z/ for i, j=—1,0,1. Thus,

Thus,



Let x € Ny Then for some y € S, we have

‘Qa¢'|P'

cxlgodlpocy = Ylg < cxlgodilponocy = yi|gon
& cxlpodilponocyon =wyilg

& cxlgodilpocyn) = wilo

where y; € {Ovv,ev_vl,avv,ﬁvv} and ¢, € {val,egvll,dvvl 7BVv1 }. It follows that we can
apply this case.

B.26 y=¢,yand 0Dy, foru=1,.8and v=-1,1

1. Let ¢ € {lds,0,n,00on} and P€ D.

By Lemma B.2.2, y|go¢ is a conjugation map only when Q = (z) and (¢, y) € M¢((2)).
Let O = (z). Suppose x € Ny,.0p- Then, by choosing any y € S, we see that Cx(yo)lo =
y|po¢. Collecting the data,

Ns(Q,P) if Q= (2),(9,¥) € Me((z))

N, —
Viedlr 0 otherwise
Thus,
34k+2 .
ove L [T Fe=@<PO.W €M)
olp | - .
0 otherwise

2. Let ¢ € {67,6;",07,Br} and P € D, for T € Ty

Suppose T =V, for some A = —1,0,1. If ss} € Q, then v =21 %0 and (ss})* = ss}7'

for some i =—1,0,1.

First suppose 1 < u <4. For some y € S, we have

ssY €0 = ((ss})9) = (ss))w

— (% (9) (551)i%(0) )y — O (V)

— A =0 = v =0, a contradiction.

€0 = (9) =zy
— ((ss7) %)y = %W¥) 3 contradiction.
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Thus, |(9;I||PQ| =0. Now, suppose 5 < u < 8. For some y €S, we have

sV €0 = ((s512)9) = (ss))y
— (% (9) (551)%(0) )y — O (V)
= i=0and &, (y)5 (¢) =1.
2€Q = (:9) =zy
— ((SS{L)&((P))y — ¢&(¥)

= A =0and 6,(y)5,(¢) = 1.

Collecting the data,

(

Ns(Q.P)N(ss¥,2) if Q= (ss!),8,(¥)51(9) =1,v =2 #0
N‘/"Qa‘mP = NS(Q7P) if Q = <Z>762(W)52(¢) = 17l =0
\Q) otherwise
(ss7.2)  if Q= {ss}). P € {(ss), (557,20}, 8, (¥)8(9) = L,y = A £0
=15 if 0= (2),P € {{z).(ss},2)},8.()8.(9) = 1,A =0
\(Z) otherwise
Thus,
S 0= (ss}).P e {(ssh). (55,2 1,8 (W) 8(9) = Ly = A £ 0
03121= or Q= (2).P € {{2). {s54.2)}. 8:()8.(9) = 1A =0
0 otherwise

Suppose T =E; for A =—1,0,1. If ss} € Q, then v =21 #0 and (ss})* = ss\t'z/ for
some i,j=—1,0,1.

First suppose 1 < u < 4. For some y € S, we have
ssf €0 = ((sstt'z)9) = (ss))y
— (19(9) (557 )10(9) 718:(0) )y — gOv(¥)

—> A =0, a contradiction.

2€Q = (z¢0) =zy
_— (Zaz(q’))y — ZSZ(W)

= 6:(¥)d,(¢) =1
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Collecting the data,

Ns(Q,P)  if 0= (2),8.(y)3.(6) = 1

N, —
Viedlr 0 otherwise
_ ) fo={),Peila), (sst.,2),(t,2), (ss}.1)}, 8.(9)8.(9) = 1
® otherwise
Thus,
el [ 0= (P el sh2 (02 (st} w30 =1
olp 0 otherwise

Now, suppose 5 < u < 8. For some y € S, we have

(sst'2))9) = (ss})w

= (

— (16 ( )l5r( ) 770 (¢))y V("’), a contradiction.
€0 = (z¢ )y_ (zy)

= (

< ( )y = (Ssl)éz("’), a contradiction.

ss] €0

Thus, [032] =0

Suppose T = A. Since A is normal, the only elements in Q that S-conjugate into P
are in AN (ssy,z) = (z).

Suppose 1 < u <4. For some y € S, we have

2€Q = (2¢) =zy
— (1% = %) 5 contradiction.

Thus, |OW|Q| = 0. Suppose 5 < 1 < 8. For some y € S, we have

z€Q = (20) =zy
_— (151(‘1’)))’ — S(SZ(IV)

Thus, 0119 =0

. Suppose ¢ = O, y, for u; =1,..,4,vi = —1,0,1.

Let x € Ny, If ssY € Q, then v =v; and (ss7)* = ss}’zi fori=—1,0,1.

lo,¢lp-
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Suppose that 1 < u <4. For some y € S, we have

W eo = <<ss“zl> = o)y
— (M (0)%0)yy — (V) 5 contradiction.
z€Q = (z¢ )
— (1%0)) —z5 (V) 3 contradiction.

Thus, |OW|Q| = 0. Suppose that 5 < u < 8. For some y € S, we have

ss) €0 = ((sslvlz’)¢)y=( ¥)ll/
= (PO =
= i =0 and &y( )5\,1( o) =

z€Q = (z0) =zy
— (1% = %) 3 contradiction.

Collecting the data,

Ns(Q.P)N (ss}.3)  if Q= (ss}),8u (¥)8 (9) = 1.V = v,

N =
Viedlr 0 otherwise

s 0= (). 8, (W8 (0) = Lv =,

0 otherwise.
Thus,
| ST;T if Q= (ss}),Pe{(ss{"),(ss,",2)},
v
1041, 1= 8u(W)du, (9) =1,v=v;
0 otherwise.

4. Suppose ¢ =0, for uyy=1,...4,vi=-1,0,1.

IJ1 Vi

Let x € Ny, Note that ss) ¢ Q.

lo,®lp-

Suppose that 1 < u <4. For some y € S, we have

2€Q = (0) =zy
— ((ss)1) %Oy = 2%V) " 3 contradiction.
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Thus, |(9;I||PQ| = 0. Suppose that 5 < u < 8. For some y € S, we have

z€Q0 = (z¢) =zy
— ((Sslvl>5z(¢))y — %)

= vi=0and &,(y)6(¢) =1

Collecting the data,

{NS(Q,P) 0= (), 8.(¥)8.(9) = 1,v =0
NW\Q1¢|P: .
0 otherwise
S ifQ=(2),Pc{{z),{t,2)},
= 6:(y)0:(¢) =1,vi =0
0 otherwise
Thus,
37;*‘3 if 0=(z),P€{(2),(t,2)},
oye| = 8(¥)8:(¢) =1,v1 =0
0 otherwise

5. Suppose ¢ = Uy, v, for yy =1,..,4 and vi = —1,1.

Let x € Ny, If ssY € Q, then v =v; #£0 and (ss7)* = ss}’zi fori=—1,0,1.

lo,0lp-

Suppose 1 < u < 4. For some y € S, we have

ss| €0 = ((s5)'2)9)" = (ss)) v
— (% (¢)(ss1—"1)i5z(¢))y — (Sv(w)
= v =v; =0, a contradiction.
€0 = (2¢) =zy
— (557 ") %0 = %) 3 contradiction.
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Thus, |OW|Q| = 0. Suppose 5 < u < 8. For some y €S, we have

ss) € Q = ((s5)'2)0)" = (ss7)y

— (% (¢)(ssfv' )i3:(9))y = 7Bv(¥)

— i=0and §,(y¥)by,(9) =

2€Q = (20) =zy

Collecting the data,

Ny,

Thus,

Qa¢‘P

Ng
0

f— (Ssl_v1)62(¢) — SSZ(W)

— v; =0, a contradiction.

6. Suppose ¢ =&y, v, for uyy=1,..,8 and vi = —1, 1.

Let x ENV,

‘Q7¢|P'

(Q.P) N (s5}.2)  iF Q= (55}, u(W)S (9) = 1v = vy
otherwise
(ssY,z) if Q= (ss)),P€ {(ssfl), (ssrl,z>},
SV(W)SW (¢) = 17 V=YV
0 otherwise
S i Q= (ss)),Pe {(ss)), (s5)',2)},
v
ol | = 8y (W)8u, (9) = 1,v =v;
0 otherwise
If ss{ € Q, then v =y and (ss})* = ss\z' for i =—1,0,1.

Suppose 1 < u,u; < 4. For some y € S, we have

ssY €0 = ((55,'2)9) = (ss))y

7€ Q = (z0)
0 (

— (s5v1 (¢)2151(¢))y — (W)

= 5v(‘l/)5\/1(¢) =1

— (% )

)
= & )5(¢)
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Collecting the data,

;

Ns(Q,P) if Q= (ss)),0v(¥)dy,(9) = 1,v =W
Moo= or 0 = (2).8,(1)3:(6) = 1
or Q= (ss7,2), 6y (W) 0y, (¥) = 8:(y)6:(9) = 1,v =

0 otherwise
(ss).2) i Q=P ={ss}),8, ()8, () = 1.V =V,

(ssY,1) if Q= (ss)),P = (ss]",2),8v(y¥)8v,(9) = L,v =,

- or Q=P = {s),2), 8, ()8, () = &.(y)8.(9) = 1,V =,
S if 0= (2),P €{(z),(s5)",2)}, 8:(y)8:(9) = 1
\(D otherwise
Thus,

(3 o= (s Pe (] (7,01 8(W)8, (0) = Ly =
o=, T Q=P= AW ) - 5.15.0) = 1.y =
2 0= ()P (10} 8(v)E(0) = 1

0 otherwise

Suppose 5 < u,u; < 8. For some y € S, we have
ss} €0 = ((ss}'2)9) = (ss))yw
:> (Z8V1 (¢)S151(¢))y :Z(SV(W)
— l: O and 5\/(1’/)6\/1 (¢) = 1

z€Q = (z0) =zy
_— (SSZ((P))y — S6z(llf)

— 6.(y)o:(9) = 1.
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Collecting the data,

Ns(Q,P)N(ssY,z) if Q= (ss)),8v(w)dy,(¢) =1,v=v
N - or Q= (ssY,2),8v(¥)y, (v) = 8.(¥)8.(9) = 1,v =
Vip.dlp — i
Ns(Q,P) if 0= (2),5.(y)d.(9) =1
\(D otherwise
((ssV,2)  if Q= (ssV),P € {(ss}'), (s5),2)}, S (W), (9) = L,V =y
_ or Q=P = (ssY,2), 0y (W), (v) = 8, (¥)5.(9) = 1,v =,
S if Q= (2),P e {(z),(s5,",2)}, 6. (w)&,(¢) =1
\@ otherwise
Thus,
'ﬁf;f if Q= (ss}),P e {(ss\"), (ss}",2)}, & (W), (§) = 1,V =,
’OW|Q| _ or Q=(z),P€ {<Z>7<551v'72>}75z(‘l/)5z(¢) =1
B 0 =P = (ss,2), 80 (W), (W) = B.(W)B.(0) = 1,v = v,
0 otherwise

Suppose 1 < u <4 and 5 < pu; <8. For some y € S, we have

ss} €0 = ((ss)'2)9) = (ssY)y
— (™ (¢)S15z(¢))y _ (Sv(y)
= i#0 and idy(y)d.(¢) =1
z€Q = (z¢) =zy
= (s%0)y =z%¥)_ 3 contradiction

Collecting the data,

4

Ns(Q,P)N (ssY,z)t‘l if Q= (ss7),00(V)0.(¢)=i=1,v=v
Nyjo.6lp = § Ns(Q,P) N (ssy,z)t if Q= (ss)),0v(¥)6;
0 otherwise

<ss}’,z>t*1 if Q= (ssy),P= <ss¥1,z), ov(v)o.(¢)=i=1,v=yv
= (st i Q= (ssV),P = (s}, 2,y (W)(9) =i = —1,v = v,

0 otherwise

&
<
I
I
I
—
<
|
=

\
(

\
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Thus,

|O¢|P )
0 otherwise.

v, _ {32 0= (ss).P = (s5},2), 8, (W)8.(0) £ 0,v = vy

Suppose S < u <8 and 1 < pu; <4. For some y € S, we have
ss| €0 = (Ssvlzl) )y_(ssl)‘lf

8\/]

s %(0))y = (W) 3 contradiction.

z¢ )y—zw

2500y = §%(¥) 5 contradiction.

(
= (
z€0Q = (
= (
Thus, [032] =0.

. Suppose ¢ = 6.‘1_17"1 for uyy =1,..,8 and v = —1,1.

Let x € Ny, Note that ss] ¢ Q.

lo,¢lp-

Suppose 1 < u,u; <4. For some y € S, we have
2€Q = (z0) =zy
— <Z5Z(¢))y — %)

= &(y)d:(¢) = 1.

Collecting the data,

Ns(Q,P) if 0= (z),8.(y)d.(9) =1

N —
vlp,0 )
lo0lp {@ otherwise

§ ifQ=(2),Pe{(2), (52} 8(y)5(¢) =1

0 otherwise.

Thus,

|0

vy _ {3“2” 0= (9. e {(2) (5.2} 8()8.(0) = 1

otherwise.
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Suppose 5 < u,u; < 8. For some y € S, we have

€0 = (9) =zy
= ((ss}" )3%(9))y — §%(9) 5 contradiction.

Thus, |OW|Q| =0. Suppose 1 < <4 and 5< pu; <8. For some y €S, we have,

2€Q = (20) =zy
= ((ss}")@(‘p))y = %) 3 contradiction.

Thus, |OW|Q| =0. Suppose 5 < u <8 and 1< u; <4. For some y € S, we have,

2€0Q0 = (2¢) =zy
— (Z5z(¢))y = %) 3 contradiction.

Thus, [01]°] =0

8. Let ¢ =65 "' on for vi =—1,1.

Y

Let x € Nyjp.00p- If ssY € Q, then v =v; and (ss})* = ss}t'z/ for i, j=—1,0,1.

Suppose 1 < u <4. For some y € S, we have

ss} € Q = ((ss}'1'e)9) = (ss}" )y
(t5V1 ( )’Sf("))zﬁzw))y :s5V(V'), a contradiction.

z€Q = (z¢ )y—zl//
)y_z5(ll/)

= (&
= &,(y)5,(¢) = 1.

Collecting the data,

Ns(Q,P) if Q= (z),0,(y)d(¢) =1

0 otherwise

S if Q=(2),P€{(z),(t,2),(s5{",2), (s51",1) }, 8:(w) () = |

0 otherwise

Nylo.dlp =
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olr 0 otherwise

o¥le| {3431” 0= (@),P € {{2).(1,2), (s5)",2). ss1.0) 1, 8u(y)8u(9) = 1

Suppose 5 < u < 8. For some y € S, we have

(ssy'1'2)9)" = (ss7)y

(

= (t‘SVl(q))(ssfv')isf("))zjazw))y = %) a contradiction.
(
(

— (7% ¢))Y = 352(‘”), a contradiction.

Thus, [0} =0

9. Let ¢ € {évvl,é‘zlll,&vvl,ﬁvvl} for vi=-1,1.
Let x € Ny, 9pp- I ssy € Q, then v = vy and (ss])* :ss}’zi fori=—1,0,1.

Suppose 1 < u; < 4. For some y € S, we have

M
—
50’2
@-
QO
s
=
~—
<
I

s%W) 3 contradiction.

Collecting the data,

N = {NS(Q’P) if Q= (z),0:(y)6:(¢) =1
Vig:9lp — 0

otherwise

- {s if Q= (2),P e {(2), (ss}",2)}, 8.(w)8.(9) = 1

0 otherwise

Thus,

|O‘V|Q

= {342“ £ 0= (2),P € {(2), 551", 8.(w)8.(9) =
olp !

0 otherwise
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Suppose 5 < u < 8. For some y € S, we have

1)
A
=
SN—
500
—
<
-
N&-
>
<
-
N——
~<
]
>
<
<
=
QL
]
o
>
+
=
o9
=5
8]
=
o
>

V0o, _
Thus, |09 = 0.

10. Let ¢ =By, v, for uy =1,..,4 and v; = —1,1.

Let x € Ny, If ssY € Q, then v =v; and (ss7)* = ss}’zi fori=—1,0,1.

lo,¢lp-

Suppose 1 < u < 4. For some y € S, we have

ss1'2)) = (ss{)w
ssl_vl)ﬁ"l (9)770:(0)yy — ¢&(¥) " 5 contradiction.

Collecting the data,

N = {NS(Q’P) if 0= (2),6:(y)d.(9) =1
Vip.0lp —

0 otherwise

0 otherwise

) {s if 0= (2),Pe{(2),(ss),2)},8,(w)8.(9) = 1

Thus,

ole otherwise

o¥le| _ {342“ 0= ()P € {(: (s5}",2)}, 8.¥)8:(9) = 1
0
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Suppose 5 < u < 8. For some y € S, we have

ss| €0 = ((s5)'2)9)" = (ss))w
— ((ss7 ") (9)7%(0)yy — (W) 3 contradiction.
2€Q = (20) =zy
— (%)) = ¢*¥) 3 contradiction.

vig, _
Thus, |09 =0.

B.2.7 y=¢, | and Qe Dy, for p=1,.8 and v=—1,1
1. Let ¢ € {ldg,w,n,won} and P € D.
By Lemma B.2.2, y|go ¢ is a conjugation map when O = (z) and (¢, y) € Ms-1((z)).

Let Q = (z). Suppose x € N,
V|po¢. Collecting the data,

0.0+ Then, by choosing any y € S, we see that Cx(yp)lo =

N B {Ns<Q,P) if 0= (z),(¢,¥) € Me-1((z))
v|0.0lp —

0 otherwise

Thus,

v - {37 if Q= () <P(0,w) € Mg 1((2))

0 otherwise

2. Let ¢ € {GT,GY?],(XT,[;T} and Pe Dy, for T € Tfull-
Suppose T =V;. If s€ Q, then A =0 and s* = s7' for i = —1,0, 1.
First suppose 1 < u < 4. For some y € S, we have

s€EQ = ((s7)9) =sy
— (Z&(¢)Si82(¢))y _ (ssy)év(v/)

— v =0, a contradiction.

z€Q0 = (z¢) =zy
— ((ss1) %0y = %W 3 contradiction.
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Thus, |OW|Q| =0. Now, suppose 5 < u < 8. Thus, for some y € S, we have

s€Q = ((SZ)W sy

= (& @y =

— z—()and5( V)4, ( )=1.
2€Q = (z¢) =zy

= ((ss7) 40 = (s57) V)

= v=A1+#0and 6,(y)o,(¢) = 1.

Collecting the data,

Ns(Q,P)N(s,z) if Q={s),0(y)ds(¢)=1,4=0

NW\Qa¢|P: NS(QaP) ifQ:<Z>75z(l//)6z(¢):1=VZ)L7'£0

0 otherwise

<57Z> ifQ:<S>7P€{<S>7<S7Z>}75~Y(W)5S(¢):171:0
=4S 0= (. Pe{(D(s5h D)} EW)E(0) = L,y =A#£0

\(D otherwise.
Thus,
B2 Q=(s),Pe (). (5.2} 8 (¥)8(0) = 1,4 =0
05} = or Q= (), € {{2) {551, )}, B.(W)8.(9) = 1Ly = & £0
0 otherwise.

Suppose T =E; for A= —1,0,1. If s€ Q, then A =0 and s* = sz’ for i = —1,0,1.
First suppose 1 < u <4. For some y € S, we have

s€Q = ((s7)9) =sv
— (150)7%0)) — (557)%W) 3 contradiction.
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Collecting the data,

Ns(Q,P)  if 0= (2),8.(y)3.(6) = 1

N, —
Viedlr 0 otherwise
_ ) fo={),Peila), (sst.,2),(t,2), (ss}.1)}, 8.(9)8.(9) = 1
® otherwise
Thus,
el [ 0= (P el sh2 (02 (st} w30 =1
olp 0 otherwise

Now, suppose 5 < u < 8. For some y € S, we have

Thus, [032] =0

Suppose T = A. Since A is normal in S, the only elements in Q that could conjug-
ate in P are in AN (s,z) = (2).

First suppose 1 < u <4. For some y € S, we have

2€Q = (2¢) =zy
— (1% = %) 5 contradiction.

Thus, |OW|Q| = 0. Now, suppose 5 < u < 8. For some y € S, we have

2€Q = (z¢) =zy
— (1%0)) = (5s7)%W¥) a contradiction.

Thus, 0119 =0

. Suppose ¢ = Oy, y, for gy =1,..,4 and v{ = —1,0,1.

Let x € Ny If s € Q, then v{ =0 and s* = sz’ for i = —1,0, 1.

lo,¢lp-
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Suppose 1 < u <4. For some y € S, we have

€0 = ((9)0) =sv

— (200 — (557)%(W) 3 contradiction.
2€0 = (z0)’ =zy

— (1%9))y = 2%¥) 3 contradiction.

Thus, |O:£/||f| =0. Suppose 5 < u <8. For some y € S, we have

s€Q = ((s2)9) = sy
— (Zas'(¢)ti5z(¢)>y — ZSS(W)

— i=0and &(y)8(9) = 1.

z€Q = (20) =zy
s (t62(¢))y = (ss}’)‘sz("’), a contradiction.

Collecting the data,

0 otherwise

. {NS<Q,P>m<s,z> 0= ().8,(¥)8,(0) = 1.V =0
Vg9l —

(s,z) it Q= {(s),Pe{(s),(s,2)},
8 (¥)ds(9) =1,vi =0

0 otherwise
Thus,
B2 0= (5P e (9. (59},
V|
0411 = 5 (¥)os(¢) =1,vi =0
0 otherwise

4. Suppose ¢ =@; !, for uy=1,..,4 and v; = —1,0, 1.

Hi,V1

Let x € Ny, Note that s ¢ Q.

‘Q7¢|P'
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Suppose 1 < u < 4. For some y € S, we have

2€Q = (0) =zy

— ((ss)1) %Oy = 2%V) " 3 contradiction.
Thus, |O:£/||PQ| = 0. Suppose that 5 < u <8. For some y € S, we have

2€Q = (2¢) =zy
— ((Ssrl)@((b))y — (Ss¥)5z(llf)

= v=vj and 6,(y) = 5.(9).

Collecting the data,

. _JNs(Q.P) if Q= (2),8(¥)8 () = L,vi =W
Vio0lr 0 otherwise
S ifQ:<Z>7P€{<Z>><t7Z>}7
= 6.(¥)o:.(¢) =1,v=v
0 otherwise.
Thus,
37;3 if Q= (z),P€{(z),(t,2)},
ove| = 8.(¥)8.(¢) =1,v =V

0 otherwise.

5. Let ¢ = 0#1,\’1 for uyy =1,..,4 and vy = —1,1.

Let x € Ny, Note that s ¢ Q.

‘Q7¢|P'

Suppose 1 < u <4. For some y € S, we have

2€Q = (2¢0) =zy
— ((ss7 )% = 2%V) | 3 contradiction.
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Thus, |(9;I||PQ| = 0. Suppose 5 < u <8. For some y€ S,

€0 = (29) =zy
— ((SSI*VI)5Z(¢))y - (sslv)az(V’)

— v=—v; and &(y)d.(9) =1

Collecting the data,

N, — NS(Q’P) if Q= <Z>752(W)52(¢) =1,v=—v
Vol 0 otherwise
S ifQ=(2),Pec{{2),(ss)",2)},
= 6. (v)o:(9) =1

0 otherwise.

V=—Vi1

Thus,
S i 0= (),Pe{() (st}
v
o] = 5.(v)8.(9) = 1,v = v,
0 otherwise.

6. Suppose ¢ =&y, v, for uy =1,..,8 and vi = —1, 1.

Let x € Ny, Note that s ¢ Q.

‘Qa¢'|P'

Suppose 1 < u,u; <4. For some y € S, we have

2€Q = (20) =zy

= &(¥)d:(¢) = 1.

Collecting the data,

Ns(Q,P) if Q=(z),6.(y)5,(9) =1

NW‘Q7¢|P B {(Z) otherwise
{S if 0= (2),P € {(2),(s5",2)}, 6.(¥)8.(9) = 1

0 otherwise.

417



Thus,

34k+2

o i 0=(2),Pe{(). (557, 0)},8:(y)8:(0) =1

0 otherwise.

Vo
|O¢|P

Suppose 5 < u, iy < 8. For some y € S, we have

z€Q = (z¢) =zy

— (S5z(¢))y — (ss}’)‘sz("’), a contradiction.

Thus, |(‘)qu;||5| =0. Suppose 1 < u <4 and 5 < u; <8. Forsomey€eS, we have,

2€Q = (20) =zy
— (S5z(¢))y = Z&(w)’ a contradiction.

Thus, |O:£I||PQ\ =0. Suppose 5 <u <8 and 1< u; <4. For some y € S, we have,

z€Q = (2¢) =zy

— (Z61(¢))y — (ss}’)‘sz("’), a contradiction.

vig| _
Thus, |09 =0.

. Suppose ¢ = é‘jl}vl for yp=1,..,8 and vi = —1, 1.

Let x € Ny, If s € Q, then s¥ = sz’ fori=—1,0,1.

‘Q7¢|P'

Suppose 1 < u,u; < 4. For some y € S, we have

s€Q = ((s2)9) =sy
= ((ss}) 3OO = (s57) W)
= v=v; and &(y)5(9) =1
2€Q = (2¢) =zy
— (ZSZ(fP))y — %)

— 6.(y)o:(9) = 1.
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Collecting the data,

/

NS(Q.P) if Q= (s),8.(y)8:(0) = 1,v = v,
N or Q= (2),8.()8.() = 1
Viotlr or 0= (5,2), 8,(W)8.(9) = 8.(W)&.(0) = Ly = v,

0 otherwise

(s,2)  iFQ=P=(s),8(y)6(¢) =1,v=W,

(s;1) ifQ=(s),P=(s5,2),8(¥)8s(9) =1,v =

= or Q=P =(s,2),0(y¥)8(9) = 6.(y¥)5.(9) = L,v =
S if Q= (z2),P € {(2),(5,2)},6:(y) () =1

0 otherwise.

Thus,

P 0 =(s),Pe{(s), (52} 8(¥)8(0) =1,V =V
ovle| or Q=P = (5,2),8,()8,(9) = 8.()8.(9) = 1,v =V,
P fo=(.Pe {052} 8(w)8(9) =1

0 otherwise.

Suppose 5 < u,u; < 8. For some y € S, we have

s€Q = ((s7)9) = sy
= (Z55(¢) (SSYI )i5z(¢))y — Zss(‘lf)

— i=0and &(y)8,(¢) =1

2€Q = (29) =zy
= ((ss}’l)‘sz(q’))y = (SSY)(SZ(W)

—> v=vjand &,(y)6,(¢) = 1.
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Collecting the data,

(N5(Q.P)N(s,2)  if Q= (s),8,(w)&u(9) = 1
or 0 = (5,2),8,(9)8:(y) = &.(¥)8.(0) = 1,v = v,
NS(Q7P) ifQ:<Z>75Z(II/)61(¢):lvv:‘/l

] otherwise

(s,2) if Q= (s),6,(y)d(9)
or Q= <S7Z>758(¢)5S(W)

Nylp.0lp =

1
= 5.(y)3.(0) = 1,v =¥,

S if 0=(2),6,(y)d,(¢) =1,v=w
otherwise.
\
Thus,
(S i 0=(s),6()8(0)=1
‘OW‘Q’: or Q=(2),6,(y)6.(9) =1,v=v
)3 or 0= (5,2).8,(0)8.(w) = 8.(¥)8.(0) = 1V =,

k0 otherwise.

Suppose 1 < u <4 and 5 < u; <8. For some y € S, we have,

s€Q = ((s2)9) =sy

— (Zés(q))(”fl)i@((b))y — (SSY)SS(W)

= v=viandi#0 and i6,(¢)4(y) =1
€0 = (2¢) =zy

— ((s5)")%9)) = %) 3 contradiction.

Collecting the data,

/

Ns(Q,P)N (5,20t if Q= (s),8,(W)&(¢) =i=1,v=w
Nyjo.0lp = | Ns(Q,P) N (s,2)t if Q= (s),6:(y)8,(¢) =i=—-1L,v=w

\(/) otherwise
4

(5,200 if Q= (s),P=(s5,2),8(w)5.(¢) =i=1,v =
=9 (s,2)t if Q= (s),P=(5,2),0(y)5,(9) =i=—-1,v=v,

0 otherwise.

\
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Thus,

|O¢|P
0 otherwise.

w{32 if Q= (5),P = (5,2),8,(y)8:(9) #0,v =V,

Suppose S<u <8 and 1 < u; <4. For some y € S, we have

s€Q = ((s2)9) =sy

— ((ss)1)B(0)78%(0)yy — 2&(V) 5 contradiction
2€Q = (20) =zy

— (%)) = (ss7)%Y) | a contradiction.

vig| _
Thus, |O¢|P |=0.

. Let (Z):GJ—Lllon for vi=—1,1.

Let x € Ny, Note that s ¢ Q.

lo,¢lp-

Suppose 1 < u < 4. For some y € S, we have

2€Q = (20) =zy
= SZ(W)SZ((P) =1.

Collecting the data,

0 otherwise

N {NS<Q,P> iF 0= (2),8.(y)8.(9) = 1
v]o,0lp —

_ {S if Q= (2),P€{(2),(t,2),(s5,",2), (s5,",1)}, 6.(y)8,(9) = 1

0 otherwise

Thus,

|OW‘Q

= {3411” f 0= (2).P e {(2). (1.2). (s51.2). (s5]1.0)} 8:(w)B.(9) = |
olp !

0 otherwise

Suppose 5 < u < 8. For some y € S, we have

z2€Q = (z0) =zy
— (Z5z(¢))y — (ss}’)‘sz("’), a contradiction.
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10.

Thus, |0%12] =0,
olp

. Let ¢ € {év"l’é‘z/j’&v"l ’B‘/vl} for vi=—1,1.

Let x € Ny, Note that s ¢ Q.

‘Qa¢'|P'

Suppose 1 < u; < 4. For some y € S, we have

2€Q = (20) =zy

= &(y)d:(¢) = 1.

Collecting the data,

Ns(Q,P) if Q=(z),6.(y)5,(9) =1

N pu—
Vigle 0 otherwise
s if Q= (z),P e {(ss;",2),(2)},6.(w)5.(¢) = 1
0 otherwise
Thus,
ST if0=(2),Pe{(ss).2),(2)}.8(w)8(9) =1
oVley = T e = RN P eSS 2, (2] (W) %:(0) =
olp 0 otherwise

Suppose 5 < u < 8. For some y € S, we have

€0 = (z2¢) =zy

— (Z81(¢))y - (ss}’)‘sz(‘/’), a contradiction.
Thus, |0Y/] = 0.
olp

Let ¢ = éuhv] for uyy =1,..,4 and vy = —1,1.

Let x € Ny, Note that s ¢ Q.

‘Q7¢|P'
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Suppose 1 < u < 4. For some y € S, we have

Collecting the data,

0 otherwise

N {NS<Q,P> if Q= (2),8.(¥)8.(9) = 1
Vig.9lp —

0 otherwise

{s if Q= (2),P € {(ss)1,2), (&)}, 8.(w)3.(9) = 1

Thus,

34k+2

o ifO=1(2),P€{(ss]",2),(0)},8:(w)0.(9) = |

0 otherwise

Vo
|O¢|P

Suppose 5 < u < 8. For some y € S, we have

2€Q = (20) =zy
— (Z5z(¢))y — (ss}’)Sz(V’), a contradiction.

Vi) _
Thus, |O¢|P |=0.

B.28 y=6;'onand Qc Dy, for v=—1,1

1. Let ¢ € {ldg,0,n,0w0on} and P€ D.

Let x € Ny For any y € S, we have

‘Q7¢|P'

cxlogodlpocy =Wlg < cxlpodlpocy =yi|gon for y; € {9,1,9/{1}
< crgodlpocyon =wilg
& cxlgodlponocyy) = Wil

Thus, it suffices to look at the case when ¢on € {lds,®,n,0on} and y; € {6, 9/{1}.

2. Let ¢ € {6r,6;",07,Br} and P € Dy, for T € Ty
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Suppose that T =V, for A = —1,0,1. Let x € Nyj,.0/p- Note that ¢ Q. If ss{ €0,
then v = A and (ss})* = ss*2’ for i = —1,0,1. For some y € S, we have

ssY €0 = ((ss12)9) = (ss})y
— (26’1((}))( )’5 (4’)) = %) 3 contradiction.
€0 = (z9) —zw
= ((ss ) )y:z‘SZ("’), a contradiction.

Thus, [01]°] =0
Suppose T =Ej for A=—1,0,1. Let x € Ny|,,9/p- Then for some y € S, we have

cxlpodlpocy=Wlp < cxlgodlpocyon =yilgon (for yy =6, 1)
& crgodlpocyon =wilg
& cxlgo(Plpon)ocyn) = il

Thus |OW|Q| = |(9qgl% i |, which we have already calculated in another section. Although

in the calculation of |OV$L% Jip |, § on is limited to Bitl on for A = —1,1, the proof is
the same when ¢ on € {0, 01],97L_1 on,oyomn,Bron|A=-—1,0,1}, though the proof
gives us slightly different results.

Suppose T =A. Let x € Ny, 4,- Note that ss{ ¢ Q. If 1 € O then r* = t7 for

=—1,0,1. For some y € S, we have

Thus, [032] =0

3. Let 9 =0y, vy, for yy=1,..,4and vi = —1,1.

Let x € Ny, ¢, Note that 1 ¢ Q. If ss{ € Q, then v =v; and (ss])" = ssYz' for

424



= —1,0,1. Thus, for some y € §, we have

ssf €0 = ((s5)'2)9)” = (ss)) ¥
_— (Z6V1(¢)[ z(¢))y :tsv(ll/)
= i0y(V)6,(9) =1
2€Q = (20) =zy
— (1% = %) 5 contradiction.

Collecting the data,

p

Ns(Q,P)N <SSY,Z>Z‘_1 if Q= (ss7),0v(y)d.(¢)=1,i=1,v=v
Nylo.0lp = | Ns(Q,P) N (ss],2)t if Q= (ss7),0v(W¥)5:(9) =—Li=—-1,v=v
0 otherwise

<ss1v,z>t*1 if Q= (ss}),P= (ssrl,z>,5v(l[/)3z(
—Lslar IO = {ssyh P = (s572), 8 (W)8(0) = —1i= —1,v =

\
(

<
|
\:—‘
|
\'H
<
|
=

\(Z) otherwise
Thus,
|OW|Q| _ 32k if Q <Ssl> <SS¥1 7Z>7 V=V
olr 0 otherwise
. Let ¢ = ®u1 v, for gy =1,..,4and vi = —1,0,1.
Let x € Ny, ¢|,- Note that ssy ¢ Q. If r € Q, then 1 =1z’ for i = —1,0,1. Thus,

for some y € §, we have

reQ = ((1)9) =1y

— (Z&(¢)(Sslvl)i5z(¢))y _ (ssl"’)‘g’("’)

= v=—v;#0and i&(y)5,(¢) =1
2€Q = (20) =zy

— ((ss7")%9)) = %) 3 contradiction.
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Collecting the data, we have

;

Ns(Q,P)NsA  if Q=(1),8(y)0.(¢) = Li=1,v=—v; #0
Nyipolr = S Ns(Q,P)Ns™'A if Q= (1), 8,(w)8.(¢) = —1,i=—1,v == £0
0 otherwise

A ifQ={),P=(1,2),8(y)5(9)=1,i=1,v=—v; £0
=954 ifQ=(1),P=(1,2),8(¥)8,(9) = —1,i=—1,v=—v; £0

0 otherwise

\

\

Thus,

vo, )3 Q=) P=(1,2),v=-V#0

’o¢|P | =

0 otherwise
. Let ¢ =By, v, for yy=1,..,4and vi = —1,0,1.

Let x € Ny, 4, Note that ¢ Q. If ss{ € Q, then v =v; and (ss])" = ssYz for

some i = —1,0,1. Then, for some y € S, we have

(s57'2)9)" = (ss})w

2210 (557 V1)00))y = (V) 3 contradiction.
z20) =zy

(ss7"1)%@)) = 2%¥) 3 contradiction.

o~ o~ o~ o~

Thus, [0%2] = 0.

cLet g =&y, foryy=1,...,8and vi =—1,1.

Let X € NW‘Q:¢|P'

some i=—1,0,1.

Note that r ¢ Q. If ss} € O, then v = v and (ss])* = ss{zi for

Suppose 1 < u; < 4. For some y € S, we have

sy €Q = ((ss)" ‘) )y— (ss7)v
— (s (97800 — (3(¥) " 5 contradiction.

z€Q = (z(P)y—zl//
)y_z5(ll/)

= (&
= 0.(y)d.(9) = 1.
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Collecting the data, we have

0 otherwise

_ {NS<Q,P> 0= (2),6.(y)3(9) = 1
vip.9lp —

_ {S if Q= (2),P € {(ss)",2),(2)},8.(w)5.(9) = I

0 otherwise

Thus,

’o¢|P
0 otherwise

v _ {3“2“ 0= ()P e (51,2, 2], 8.v)8(0) = 1

Suppose that 5 < u; < 8. For some y € S, we have

ss| €Q = ((Ssvlzl)) (ss7)w
— (M 0)g%0)yy — (V) 3 contradiction.
z2€0 = (z¢ )
— (%)) —z5 2(¥) 3 contradiction

Thus, [032] =0

. Let ¢ :éﬂ_l}vl forup=1,..,8 and v = —1, 1.

Suppose x € Ny, Note that ¢ ¢ Q and ss] ¢ Q.

|Q7¢‘P'

Suppose 1 < u; <4. For some y € S,

2€Q = (20) =zy
— (Z5z(¢))y — ;%(¥)

= &(¥)d:(¢) = 1.

Collecting the data,

Ns(Q,P) if Q=(z),8:(y)5,(¢) =1

N. —
9 )
Vieglr 0 otherwise

{s if Q= (2),P € {{s,2), ()}, 8,()8.(9) = 1

0 otherwise
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Thus,

34k+2

oVle| = ) TP if 0= (2),P€{(s5,2),(2)},62(y)b.(9) = 1
olp !

] otherwise
8. Let ¢ = G\j—ilor[ forv=-—1,1.
Let x € Ny, ¢|,- Then for some y € S, we have

cxlpodlpocy =Wl cxlgodilponocy =yilgon for yy =6, ¢, =6
& cxlgodilponocyon =wyilg
& cxlgodilpociyn) = Wilo

It follows that we can apply the case when (yi,¢;) = (9\%1,6;—:1).

9. Let ¢ € {éVVl’é‘Z/II’&V"l’BVVI} for vi=—1,1.

Let x € Ny, ¢, Note that 1 ¢ Q. If ss{ € Q, then v =v; and (ss])" = ssYz for
some i = —1,0,1. Thus, for some y € §, we have
ss) € Q = ((55)'2)0)" = (ss)y
= ((ss, )5V1 (9)77%:(0)yy — 1(¥) 3 contradiction.

z€Q = (z¢ )
(Z )y_zﬁ(w)

— 5.(y)5.(9) = 1.

Collecting the data,

Ns(Q,P) if Q=(z),6:(y)6,(9) =1

N p—
Vio-0le 0 otherwise
s if 0= (z),Pe{(ss;",2),(2)},6:(v)8.(¢) =1
0 otherwise
Thus,
S 0= (2),Pe{{ss).,2),(2)},8.(¥)8.(9) =1
’OW|Q|: P] | = \Z/ 881°,2)582) 5,0\ Z¢_
ole 0 otherwise

10. Let ¢ =By, v, for uy =1,..,4 and v; = —1,1.
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Let x € NW Then for some y € S, we have

lg,¢lp-

crlgo@lpocy =Wlo < cxlgodilponoc, =yilgon for yi =6, ¢ € {évvl,é‘/}]l,&vvl,ﬁvvl}
& cxlgodilponocyon =wig

& exlgodilpocyn) = wilo

_ ptl A A-1 A A
It follows that we can apply the case when y; = 6, and ¢; € {val , GVvl , Qw,, ,,val }.

B.29 vyc {évv,év_vl,écvv,ﬁvv} and Q € Dy,, for v=—-1,1

1. Let ¢ € {lds,0,n,00on} and P € D.

By Lemma B.2.3, y|po ¢ is a conjugation map when

(ss*Z')  and ((]),l//)EMVA((z))fori:—l,O,l, or
() and (9,y) €My, ((z)), or
<(ss},2) and (¢, )€ My, ((ss1,2)).

Q
Q
Q

In the first case, (ss?z') & Dy, for i=—1,1. So suppose i =0. Let x € Ny Then

-1

|Q7¢‘P'

by defining y =x"", we see that c,(,4)/0 = Y[go @. It follows that

Ns(Q.P) if Q= (ss})

N —
Viedlr 0 otherwise
Thus,
|OW‘Q|= 3 ifo= (st <P
dlp

0 otherwise

For the second case, let x € NI,,
It follows that

0.0p- Then forany y €S, we see that c,(,9)l0 = ¥]go 9.

Ns(Q,P) ifQ=(z)

N. —
0
Vieglr 0 otherwise
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Thus,

4k+2 .
|OW|Q|— 3|T‘ 'fQ:<Z>§P
Ple 0 otherwise
For the final case, note that (¢,y) € {(ldS’&VA)v(@év_l])}- Since Gy, = Id\ (s5%.2) ) and

O‘a = a)] , we apply results from another section to get
3 ifQe{(st) (st} 0<P

y| 4k+2 .
ogel={ 3t ifo=() <P

0 otherwise

2. Let ¢ € {6r,6;",07,Br} and P € Dy, for T € Ty

Let T=V) for A =—1,0,1. Let x€ N,
for i=—1,0,1. Thus, for some y € §,

0.0l If 557 €0, then v =2 and (ss7)" = ssYz!

ss) €0 = ((s512)9)" = (ss))w
— (9(9) (557) 180D )y = (g5} )W)
= i6y(y)8:(9) = 1.
7€ 0 = (z¢) =

— ((ss})%@)) = %) 3 contradiction.

Collecting the data,

(

Ns(Q,P)N17 (ssl.2)  if 0= (ss}).i=1,8,(y)8.(9) = 1A = v
Nyigole = Ns(Q.P)Ni(sstz) i Q= (ss{),i = —1,8,(w)8.(9) = ~1,A =

K0) otherwise

(Z‘il(SSY,Z) if 0= <SS¥> P = <SS%7Z>7i = 135\/(1[/)52((])) = 1,}, =V
= q t(ss},2) if Q= (ss}),P=(ss},2),i=—1,8,(y)8,(¢)=—1,A=v

0 otherwise

\

Thus,

|OW‘Q|_ 3? ifQ:<SS¥>7P:<SS%7Z>7l:V
olp 0 otherwise
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Suppose T =E) for A = —1,0,1. Let x € Ny, If ss{ € Q, then v =24 and (ss])* =

‘Qaq)lP'
ss}’tizj fori,j =—1,0,1. For some y € S, we have
ss] €0 = ((ss tzJ) )y— (ssY)w
— (19 (9) (557)70(0) 730D )y — (55V )W)

— i8,(w)5(9) = 1.

Ns(Q,P)Nu(ssy,t) if Q= (ss7),i=1,6,(y)&(¢)=1
Ns(Q,P)Nu(ssY,t) if Q= (ss\),i=—1,8,(y)&(9)=—1
N5(Q.P) 0= (2),8:(w).(9) = 1

0 otherwise

NW\Q7¢|P =

u(ssy,t) if Q= (ss}),P=(ss},1),i=1,8,(y)&(9)=1,A=v
uN(ssY 1) if Q= (ssV),P=(ssh,1),i=—1,8,(v)§(¢)=—1,A =V
S if Q= (2),P € {(2), (r,2), {s51,2) (s51.1)}, 8:(w)&:(9) = 1

0 otherwise

where u = s2 . Thus,

32 if Q= (ss}),P=(ss,1),A=v
‘OHPQ’_ % if 0= (2),P € {(2),(t,2), (ss1,2), (s1.1)}, 8:(y)8:(9) = 1

0 otherwise

Suppose T =A. Let x € Nylo.00p- Note that ss} ¢ Q. For some y € S, we have

z€Q = (z0) =zy
— (1% = %) 5 contradiction.

Thus, [01]%] =0

. Let ¢ =0y, y, for uy=1,..,4and vi = —-1,0,1.

Let x € Ny, If ss} € Q, then (ss})* =ss}z' and v =v;. Thus, for some y € S, we

|Q7¢‘P'
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have

= ((ss7'€)9)" = (ss))w

— (5 (9)i%:0)yy — (55V)% (W) 3 contradiction.
=

=

Thus, |01 =0

4. ¢ = ®u1 v, for up=1,..,4 and vi = —1,0,1. Note that ss} ¢ Q. Thus for some y € S,
we have

2€Q = (0) =zy
— ((ss))%9) = %¥) 3 contradiction.

Thus, [01]°] =0

5. Let ¢ = ﬁul,v] for uy=1,..,4and vi = —1,1.

If ss7 € Q then (ss)* = ss}“zi and v =v;. Thus, for some y € S,

Let x € NW|Q7¢\P'
we have
ss) €Q = ((s51'2)9)" = (ss)) v
— (Z82(¢)(SS1_V1)i5z(¢))y = (ss))% W)
=—> V = —Vj, a contradiction.
€0 = (9) =zy

= ((ssfv')81(¢))y — %) a contradiction.

Thus, |OW|Q| =

6. Let 9 =&y, v, for gy =1,..,8and v=—1,1.

Let x € Ny, If ssY € Q, then v =v; and (ss})* = ss|'z’ for some i = —1,0, 1.

‘Q7¢|P'
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Suppose 1 < u; < 4. For some y € S, we have

Vll

0 = (e =iy
— (s (9% — (55V)% W) 3 contradiction.

z€Q = (z¢ )y—zl//
)y_Z5(lI/)

= (&
= 0.(y)d.(9) =1

Collecting the data,

N. —
Vi, )
o0lp 0 otherwise

S if Q=(2),P€{(z),(s5)",2)},8:(w)5:(¢) = 1

0 otherwise

{NS<Q,P> if Q= (2),8.(y)8.(9) = 1

Thus,

olp

)

otherwise

oVl {3“2“ 0= (0).P e [{2),{s],2), 8.(¥)8.(9) = 1

Suppose 5 < u; < 8. For some y € S, we have

ss] €0 = ((ssv'zl) )y— (ss))y
— (P (0)gi%(0)yy — (55V)%(¥) 3 contradiction.
€0 = (z¢ )y—Z‘lf
— (%)) = %) 3 contradiction.
Thus, 049 =0.

. Let ¢ zﬁu_hv] for uy =1,..,4 and vi = —1,1.

Let x € Ny, Note that ss) ¢ Q.

lo,0lp-

Suppose 1 < u; < 4. For some y € S, we have
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Collecting the data,

N {NS<Q,P> if 0= (), 5.(w)5.(0) = 1
Vig,0lp —

0 otherwise

{s if Q= (2),P € {(t,2),(2)}, 8.(W)8.(9) = 1

0 otherwise

Thus,

‘O‘I/|Q

¢|P|:

{% if Q= (2),P € {(1.3), (2)},8.(¥)8.(9) = 1

0 otherwise

Suppose 5 < u; < 8. For some y € S, we have

2€Q = (2¢) =zvy

— ((ss})%9) = %W) 3 contradiction.

V|
Thus, |o¢|PQ\=o.
. Let ¢ =65 om for vi =—1,1.

Let x € Ny, 91, If ssY € Q, the v =v| and (ss))* = ss{t'z/ for i, j=—1,0,1. Thus,

for some y € S, we have

ss) €Q = ((s5)'1'2)9)” = (ss7)y
s (19 (9) (55 V1)i0(9) 780Dy — (VB (¥)
—> V = —Vj, a contradiction.
72€0 = (z¢) =zy
— 6.(y)6,(¢9) = 1.

Collecting the data,

0 otherwise

N {NS<Q,P> if 0= (), 8.(w)5.(0) = 1
Vig,0lp —

_ {S if Q= <Z>,P S {<SS¥17t>; <SS¥]7Z>7 (t,Z>,<Z>},5Z(l//)6Z(¢) =1

® otherwise
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Thus,

olr 0 otherwise

o¥le| {3431” 0= (2),P e {(s}',0), (551,20, (1.2), (2D} 8:(¥)8:(9) = 1

9. Let ¢ € {évvl,év;ll,&vvl,ﬁvl} for v = —1,1.

Let x € Ny, )~ If 557 € O, then v =V and (ss7)" = ssYz' for i=—1,0,1. Thus,

for some y € S, we have

ss| €0 = ((s5)'2)9) = (ss})y

— ((SSYI)SVI (¢)Zi5z(¢))y — (SSY)SV(W)
= 6\’(‘//)5v1 (‘P) - 1

2€Q = (2¢) =zy
— (Z5z(¢))y {7

= 0,(¥)6.(¢) = 1.

Collecting the data,

(

Ns(Q,P) if Q= (ss7),0v(¥)dy () = 1,v =
or Q= (z),6:(y)0,(¢) =1
or O = (ss},2),8v(y)8y,(9) = 8:(v)8:(9) =1
] otherwise
(ss5,2)  if Q=P =(ss7),8v(y¥)0,(¢) = L,v =i
(ss,1)  if Q= (ss}),P=(ss1",2),8v(¥)0y, (9) = L,V =W
= or Q= (ss7,2),0v(¥)0y,(9) = &:(¥)8:(9) = L,v =V,

Nylp.01r = 3

S if Q= (2),6,(y)d,(9) =1
\(Z) otherwise
Thus,
(33 if Q=P =(ssV),8,(¥)d,(9)=1,v=v,
or Q= (ss\),P = (ss",2),8,(¥)8y,(9) = 1,v=v,
DHE or 0 = (s5V.2), 84 ()8, (0) = 8.(w)8.(0) = Lv =

S 0=(2).8.(y)8(9) =1

0 otherwise
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10. Let ¢ =By, v, for w1 =1,..,.4 and v; = —1, 1.

Let x € Ny,9p- If ss} € Q then v =v; and (ss})* = ss}z’ for i=—1,0,1. Thus,

for some y € S, we have

ss} €0 = ((ss)'2)9) = (ssY)y
_— ((SSI—V1>5z(¢)Zi5z(¢))y — (ssi/)ﬁv(y/)

— V = —Vj, a contradiction.

Collecting the data,

N, _JNs(QP) ifQ=(2),8(v)8(¢) =1
Vioow 0 otherwise

§ i 0=(2),8(y)o(¢) =1

0 otherwise

Thus,

ole 0 otherwise

ovle| {37 0= (2).5.(1)5.(9) = |
B.2.10 w=19,,and Q€ Dy, for u=1,.,4and v=—1,1

1. Let ¢ € {ldg,0,n,0w0on} and P€ D.

Let x € Ny For any y € S, we have

‘Q7¢|P'

crloodlpocy =Ylo & cilgodlpoc, = wilgon for yi € {0y, 6", av, . By, }
& cxlpodoocyon =wyilg
& crlgodlponocyy = wilo

Thus, it suffices to look at the case when ¢gon € {ldg, w,n,won} and y; € {éV}L?éV;l’&VA7ﬁAV)L}-

2. Let ¢ € {67,0;",07,Br} and T € D, for T € Ty
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Suppose T =V, for A = —1,0,1. Let x € Nylo.00p-
(ss})*=ssYz fori=—1,0,1. For some y € S, we have

If ssY € Q, then v =2 and

s} €0 = ((s512)9) = (ss])y
— (Z5z(¢)(ss%)i5z(¢))y — (ssIV)Sv(w)
— v = —A, a contradiction.
2€Q = (2¢) =zy
— ((ss})%9) = %W) 3 contradiction.

Thus [0412] =0
Suppose T = E;L for A = —1,0,1. Let x € Nylo.61p- If ss{ € Q, then v =24 and
(ssy)* =ssyt'z/ for i, j=—1,0,1. For some y € S, we have

Y €0 = ((s512)9)” = (ss))y
— (19(9) (557 )10(9)770(0) )y — (STV)SV(W)

— Vv = —A, a contradiction.

z€0 = (z¢) =zy
— (20 = (V)

— 6:(¥)d,(¢) = 1.

Collecting the data,

0 otherwise

B {NS<Q,P> if 0= (2),8.(¥)8.0) = 1
Vl:9lp —

_ {S if Q= (2),P € {(2),(1,2), (ss1,2), (s57,1)}, (W) &:(¢) = 1

0 otherwise

Thus,

OIQ|_{3‘“‘T“ 0= (2),P € {2 (1,2), (552, st} 8.(w)8.(0) = 1

0 otherwise

Suppose T =A. Let x €Ny, Note that ss} ¢ Q. For some y € S, we have

lo,0lp-

2€Q = (2¢) =zy
— (1% = %) 5 contradiction.
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Thus, 0] =0.

. Let ¢ =0y, y, for uy=1,..,4 and vi = —1,0,1.

Let x € NII’\Q7¢|P'

for some y € S, we have

(s5)'2)9)" = (ss})y
2 0%y — (557V) (V) 3 contradiction.

Thus, [032] =0
. Let ¢ = ®u1 v, foru=1,..,4and vi = —1,0,1.
Let x € Ny, ¢|p- Note that ss{ ¢ Q. For some y € S, we have
2€Q = (20) =zy
— ((s57")%9)) = %) 3 contradiction.
Thus, |01 =0

. Let ¢ =y, for up=1,..,4and vi = —1,1.

Let x c N‘V‘Q7¢|P'

for some y € §, we have

ss| €0 = ((s5)'2)9)" = (ss))w
_ (Z5v1 (¢)<Ssl_vl)i5z(¢))y — (SSIV)&’(W)
— i6y(y)o:(9) = 1.
€0 = (9) =zy
— ((ss7") %)) = %) 3 contradiction.
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If ssY € Q, then v =v; and (ss})* = ss}z’ for i = —1,0,1.

If ss{ € Q, then v =v; and (ss7)" = ss}’zi for i = —1,0,1.

Thus,

Thus,



Collecting the data,

/

Ns(Q,P)N{ssY, 20t~ if Q= (ss)),i=1,8, ()& (¢)=1,v=v,
Nyjo.9lp =  Ns(Q,P) N {ssy,2)t if Q= (ss7),i=—1,6/(y):(9) =—1,v=v

\(Z) otherwise

(

(ST 0= (sst), P = {ss¥2)i= 18, (W)8.(0) = Ly = v,
- <SS¥7Z>I if 0= <SS¥>7P: <SSY7Z>7Z.:_175V(W)6Z(¢) =-Lv=yv

0 otherwise

\

Thus,

‘OWP

W\Q’ _ 32 if Q= (ss}),P=(ss;",2),v=
0 otherwise

cLet g =&y, v, foruyp=1,...,8and vi =—1,1.

Let x € Ny, If ss{ € Q then v =v; and (ss))* = ss'z' fori=—1,0,1.

‘Q7¢|P'

Suppose 1 < uy < 4. For some y € S, we have

—> ((ss)'2)9)" = (ss})y

— (S5v1(¢)zi5z(¢))y = (ssfv)Sv(W), a contradiction.
= (

=

Collecting the data,

0 otherwise

M {NS<Q,P> it 0= (2),P e {(ss].2), ()}, &:(¥)8:(9) = 1
vig.9lp —

_ {S if Q= (2),P € {(ss]",2),(2)},8.(w)8.(9) = |

0 otherwise

Thus,

|0

Ylo| {3 if Q= ().P € {(ss",2), ()}, 8:(w)8.(9) = 1

[P
0 otherwise
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Suppose 5 < u; < 8. For some y € S, we have

ss| €0 = (Sslvl l) )y_ (ss))y

(
— (g (0)50%(0))y — (ssl_")‘SV("’), a contradiction.
z€Q = (z¢) =

= (

5%(0)yy —25 (W) a contradiction.
Thus, [01]%] =0

7. Let ¢ zgu—m for yy =1,..,8 and vi = —1,1.

Let x € Ny, Since v # 0, note that ss{ ¢ Q.

lo,¢lp-

Suppose 1 < u; < 4. For some y € S, we have

Collecting the data,

_ {NS@,P) 0= (9,8.(y)8.0) = 1
Vig.olp — 0

otherwise

0 otherwise

{s if Q= (2),P € {(2),(5,2)},8.(y)8.(9) = 1
Thus,

ol 0 otherwise

oVl _ {3— 0= (0P € {(2) 59}, 8.(¥)8.(9) = 1

Suppose 5 < u; < 8. For some y € S, we have

z€Q0 = (z¢) =zy
— ((ss)")%9)) = %) 3 contradiction.

Thus, |OW|Q| =

8. Let ¢ = 6" om.
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Let x € Ny Then for some y € S, we have

‘Qa¢'|P'

cxlgodlpocy = lo < crlgodilponoc, =wilgon for o1 =67 yi € {by,,," o, By, }
& cxlgodilponocyon =wyilg

& cxlgodilpocyn) =wilo

It follows that we can apply the case when ¢; = 63?1 and y; € {évv, év_vl,dvv,ﬁvv}.

9. Let ¢ € {évvl,év;ll,&vvl By, } for vi =—1,1.

Let x € Ny, 90~ If 557 € O, then v =V, and (ss7)" = ssYz' for i=—1,0,1. Thus,

for some y € S, we have

ss) €0 = ((ssrlzi)q))y = (ss))y
— ((ssrl)‘SVl (9)77%:(0)yy — (SSI—V)EZ(W)
=—> V = —Vj, a contradiction.

2€Q = (20) =zy
_— (Z6z(¢))y — Zéz(l//)

== SZ(W)SZ(Q)) =1

Collecting the data,

Ns(Q,P) if Q=(z),6.(y)5,(9) =1

Nyjo.0p =
Viedle 0 otherwise
s if Q= (2),P€{(2),(ss\",2)},8.(¥)8.(¢) = 1
0 otherwise
Thus,
S f0=(2),Pe{(z) (ss),2)},8.(v)5(9) = 1
|OW|Q|: |P‘ | = (<), ZaSS17Z 7ZIII Z(P_
olp 0 otherwise

10. Let ¢ =By, v, for w1 =1,..,4 and v; = —1, 1.
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Let x € Ny Then for some y € S, we have

‘Qa¢'|P'

cxlgodlpocy = Ylg < cxlgodilponocy = yi|gon
& cxlpodilponocyon =wyilg

& cxlgodilpocyn) = wilo

where y; € {OVV,OVV ,ay, By, } and ¢; € {val,evvl,avvl 7BVv1 }. It follows that we can
apply these cases.
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