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Abstract

In this thesis, we seek to extend some results of group theory to a new structure in algebra, called
partial groups. Initially, we will prove a number of basic results of partial groups, introducing
the elementary concepts of partial groups as abelian, nilpotent, homomorphism partial groups
and Coprime Action on partial groups and some other ideas. After that, we are going to prove
some results of characteristic p members in partial groups. These results are two uniqueness
theorems of characteristic p members and further uniqueness theorems in partial groups. The
principle result of this work is an extension of the Solvable Signalizer Functor Theorem to
partial groups.
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Chapter 1

Preface

Very often, group theoretic proofs leave one with the impression that they may apply to a more
general class of objects - for example, instances where they are only involved in the consid-
eration of proper subgroups of a group and their normalizers. We will explore this stance
by defining a class of objects termed Partial Groups, which is intended to be a more natural
setting for many group theoretic arguments. This reveals the exciting possibility that many non-
existence results may translate into classification theorems and that interesting algebraic objects
may emerge. In this research our objective is to introduce partial groups as algebraic objects
that inherit local group theoretic properties of groups and provided a framework through which
local group theoretic arguments can be forwarded. We then generalize some group theoretic
results to this more general setting.

This exposition comprises six chapters: Chapter 2 contains preliminary notions, basic defi-
nitions and some important well-known results which will be needed to develop the subject in
the subsequent chapters. Initially, we start with some background information, introducing the
concept of primitive pairs, Coprime Action and some other ideas. Finally, we present proofs of
two special cases of Thompson’s Fixed-point-free Automorphism Theorem, Sylow’s Theorem
for Coprime Action and Burnside’s p%¢P-Theorem. This chapter aims at making the present
research as self-contained as possible. However, basic knowledge of group theory has been
presumed.

Chapter 3 is devoted to the basic study of partial groups. We start this chapter by defining a
partial group as a finite set I such that

1- Each member of I' is a finite group.

2-If X, Y eI, then XNY €I and the binary operation on X NY induced by the binary
operation on X coincides with the binary operation induced by the binary operation on Y.

3- If X € I with X not the trivial group, then there exists N € I" with the property that
whenever H € I with X < H, then NNH = Ny (X).

4- If H € I' and K char H,then K € I

For example, let G be a finite group and I" the collection of all subgroups of G. We notice that
all the conditions from 1 to 4 are satisfied. Hence I" is a partial group. We denote I" by I'(G).
After that, we give some basic definitions and results for partial groups. A partial group I is
called abelian, nilpotent or solvable partial group if every member of I" is abelian, nilpotent or
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solvable respectively. We have shown that a connected partial group (see Definition 3.2.13) that
is abelian or nilpotent has a unique maximal member. However, a connected solvable partial
group may not have a unique maximal member (see Proposition 3.2.24). The set of all maximal
members in a partial group I', denoted by I'*. This set plays an important role in a partial
group I'. For instance, if I'* has only one member G, then I' = I"(G). In Chapter 3 we also
present a number of results on subpartial groups, homomorphisms and primitive pairs of partial
groups. A member of I', M is primitive if for 1 # K char M, then N (K) = M. The set of
all primitive members in a partial group I", denoted by I"**. Since I'* C I'**, I'** has a great
influence on a partial group I" as shown in the next result, called Bender’s Maximal Subgroup
Theorem for Partial groups. This result is a close approximation to Bender’s original Theorem
and concludes that any two distinct members of I"** which are linked in Bender’s sense (see
Definition 2.5.8) are either equal or both have characteristic p for some prime p. Then we
introduce automorphisms of partial groups, and we begin with a definition of a group action on
a partial group I as follows:

let I' be a partial group and A a group. We say that A acts on I if the following hold

(1) A acts on each member of I".

(2) If X, Y € I' with X <Y, then action of A on X coincides with the action of A on Y
restricted to X.

(3) For each B<JA with B # 1, there exists C € I" with the property:
whenever X € I" then CNX = Cx(B).

(4) Foreach BJA and foreachX € I', [X, B| € T.

If in addition each member of I has order coprime to the order of A, then we say that A acts
coprimely on I'. The next result (Thompson’s Fixed-point-free Automorphism Theorem for
partial groups) is about a fixed point free action on a partial group I" that is if A acts fixed point
freely on every member of I'. Our result is a consequence of Thompson’s Fixed-point-free
Automorphism Theorem and one observation on nilpotent partial groups. Next, we will extend
some results on Sylow’s Theorem of Coprime Action to partial groups, and one of these results
is Transitivity Theorem for Partial Groups. This result shows that if we let A be an elementary
abelian group that acts coprimely on a partial group I', and we let Syl I" be denoted to the set
of all maximal p-groups in I, so under certain assumptions on I" such that P;, P, € Syl,I",
then C4(P;) = Ca(P,). We also will extend a result of Solvable Signalizer Functor Theorem to
nilpotent partial groups which tell us that under certain assumptions on a nilpotent partial group
I' such that if the group A that is elementary abelian of rank > 3 acts coprimely on I, then I"
has a unique maximal member.

In the next two chapters, our aim is to generalize the result of Signalizer Functor Theorem
on nilpotent partial groups to solvable partial groups which will be the substantive result of this
thesis.

Chapter 4 offers insights into understanding the members that have characteristic p, for some
primes p in partial groups. In this chapter, we will apply Bender’s Maximal Subgroup Theorem
for Partial Groups, that is an important result of studying characteristic p members of partial
groups. We are going to establish two uniqueness theorems as follows:

Theorem 4.2.1. Assume the group A acts on the partial group I" and that the following hold:

(1) pisaprime.



(2) M, and M, are p-solvable members of I"**,
(3) 0,(My) < M and O,(M>) < M.
(4) M; and M; have characteristic p.
(5) Cr(A) < M;NM;.
Then, M| = M>.

Theorem 4.2.2. Assume the group A acts on the partial group I" and p is a prime. Let M € I"**
and 7 € I'. Assume that

(1) M is p-solvable with characteristic p.
(2) 0,(M) <T <0,(M; A).
Then, Ni-(T) < M.

We recall that the set of A-invariant p-subgroups of G is partially ordered by inclusion. The
set of maximal elements of this set is denoted by

Syl,(G; A).
Moreover,
0,(G; A) =N 8y1,(G: 4),

At the end of this chapter, we will give further uniqueness theorems in the case partial groups
are solvable.

Chapter 5 aims to establish analogue of the Solvable Signalizer Functor Theorem for partial
groups which states that if we let A be an elementary abelian r-group that acts coprimely on the
partial group I", and we suppose that rank(A) > 3, and that every member of I" is solvable, then
I'" possesses a unique maximal member. This theorem will be the principle result of the chapter.
in order to prove this result, we divide our proof into several parts. This chapter will start by
describing the method followed to prove this theorem, thereafter which we will then provide a
definition of certain elements of the group A that acts on the the partial group I", which termed
exceptional elements. Next, we shall provide some result related to these exceptional elements.
Furthermore, we will also prove some results of certain commutators members and the intersec-
tion of certain fitting members in I". Finally, we will employ these sequent results to complete
the poof of the principle result of the chapter.

Chapter 6 deals with a special case of Burnside’s p®gP-Theorem which will be extended to
partial groups. We will start to describe types of maximal members of these partial groups as
follows:

Let M € I'*, then we have

e M has type p if n(F(M)) = {p}.

e M has type q if T(F(M)) = {q}.

e M has type pq if #(F(M)) ={p, q}.

The difficulty here is that there may not be a unique maximal member of I" so || > 2.
However, we are seeking to study these maximal members of different types in I". We will
begin with some basic results which will be used in the subsequent sections. In each type of
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elements in our partial group we have some results to help us understanding how these members
connect to each other. Finally, we give two example theorems to indicate the types of results
we obtain.

Throughout the next two theorems, we assume the following hypothesis

Hypothesis

(1) I' is a partial group.

(2) p and g are distinct primes.

(3) ForallH e I', n(H) C {p, q}.

(4) Every p-group in I is abelian.

(5) Every g-group in I is abelian.

(6) ForallHeTI'if K <H,thenK €I

Theorem 6.6.1. (a) Suppose that M € I'* has type pq and that F(M) < L€ I'*. Then M = L.

(b) Let M, L € I'* and suppose that F(M) < L and M # L. Then one of the following holds.
(1) M has type p, Op(M) € Syl,I", L= 0,(M)04(L), O4(L) € Syl,I" and L = Nr(O4(L)).
(2) M has type g, 04(M) € Syl,I", L= 04(M)0,(L),0,(L) € Syl,L and L = Nr(O,(L)).

Theorem 6.6.3. Let M € I'* and P € Syl,M. Suppose that M has type g.
(a) Suppose that P is non-cyclic. Then P € Syl,I".

(b) Suppose that rank (P) > 3.
(1) Then there exists Z, x Z, = B < P such that Cr-(b) < M for all b € B* and P € Syl,I'.
(2) If P < L € I'* with L+ M, then L = Ny-(P).
(3) If a € P* then Cr(a) < M or Cr(a) < Nr(P).
(4) If P €T isa p-groupand PyNM # 1, then P, < M.

(c) Suppose rank (P) > 3. Let L € I"* and suppose that M N L has non-cyclic Sylow p-subgroups.
Then M = L or L = Nr(P;) for some P; € Syl,M.



Chapter 2

Preliminaries

2.1 Introduction

Let A be a group that acts on a group G. The notation C;(A) refers to the subgroup of fixed
points of A in G. The operator group A acts fixed point freely on G if C5(A) = 1. Often
we consider the semidirect product G X A so that we can apply Sylow’s Theorem and Hall’s
Theorem.

A theorem of Frobenius states that if G is a finite Frobenius group with Frobenius com-
plement H and Frobenius kernel K, then K is a normal subgroup of G. Hence, G is the semidi-
rect product of H and K. An element & € H, h# 1, induces an automorphism of K which leaves
only the identity element fixed. Conversely, a group K is the Frobenius kernel of a Frobenius
group if and only if it possesses a fixed point free automorphism of prime order. In this chapter
we will discuss the Theorem of Thompson that a group admitting a fixed point free automor-
phism of prime order is nilpotent.

We start this chapter with background material on group theory. Presenting this infor-
mation at the beginning is preferable, because it introduces notions and basic results used in the
subsequent chapters. Secondly, in section 2.3 we introduce some results about Coprime Ac-
tion. In the last part of this section we prove two special cases of the Theorem of Thompson on
Fixed-poinit-free Automorphism. After that, in section 2.4 we review some of the basic defini-
tions and facts in representation theory, knowledge of which will be assumed in later chapters.
Finally, some important results have been presented which we shall require for the development
of the subject matter in the present research. We present a simple and short proof of Burnside’s
Theorem that shows a group of order p®q”, where p and ¢ are primes and a, b € NU {0}, is
solvable. In the last part of this section, the concept of a primitive pair is introduced and it is
shown that under certain assumptions on a group G which has a primitive pair, then the primitive
pair has characteristic p.

2.2 Background Material on Group Theory

First we discuss some basic ideas from Group Theory.



Group Actions

Definition 2.2.1. Let G be a group and X a non-empty set. Then G is said to act on X if there
is a function from X x G to X, usually denoted (x, g) — xg, such that x1 = x for all x € X, and
forall g, h € G and x € X, such that x(gh) = (xg)h.

Lemma 2.2.2. Let Gacton X. If x€ X, g € Gand y = xg, thenx=yg~!. If x # X/, then xg # x'g.
Proof. We have y = xg and so yg~! = (xg)g ™' = x(gg™') = x1 =x.
To show x # x" implies xg # x’g, we show the contrapositive: if xg = x’g then applying g~ ! to
both sides gives (xg)g~' = (¥'g)g~ !, sox(gg™') =x'(gg~!), and so x = x'.

Another way to think about an action of a group on a set is that it is a certain homomorphism.

Theorem 2.2.3. An action of a group G on a set X is a group homomorphism from G to Sym(X),
the group of permutations of X.

Proof. Suppose we have an action of G on X. We view xg as a function of x (with g fixed). That
is, for each g € G we have a function ¢, : X — X, given by x¢, = xg. The axiom

x=x1
says ¢ is the identity function on X. The axiom

(xg1)g2 = x(g182)

says @g, 0 @g, = @g,¢, SO composition of functions on X corresponds to multiplication in G.
Moreover, ¢, is an invertible function since @,-1 is an inverse: the composite of @, and @,-1 is
¢1, which is the identity function on X. Therefore ¢, € Sym(X) and g — ¢, is a homomorphism
G — Sym(X).

Conversely, suppose we have a homomorphism 6 : G — Sym(X). For each g € G, we have a
permutation g6 on X, and g;60 02,0 = (g1g2)6. Setting x(g0) = xg defines a group action of
G on X, since the group homomorphism properties of 6 yield defining the properties of a group
action.

From this viewpoint, the set of g € G that acts trivially (xg = x for all x € X) is simply the
kernel of the homomorphism G — Sym(X) associated to the action. Therefore those g that
act trivially on X are said to lie in the kernel of the action. If the kernel equals one, then G acts
faithfully.

Now, let a group G act on a finite set X. Define a binary relation ~g on X, by x; ~¢g xp if
x» = x1g for some g € G. Then ~ is an equivalence relation. An orbit of G on X is an equiv-
alence class of ~¢. Thus the orbits form a partition of X. Consequently we have |X| =Y |Oy|,
O, = {xg : g € G}. Each element x has a corresponding subgroup in G, G, = {g € G : xg = x}.
The conjugate of one subgroup is another G§ = Gy,. Each coset G,g takes x to xg, and distinct
cosets Gyg1 and G,g; take x to distinct values. Thus we have the Orbit- Stabililzer Formula
|G| = |Ox]|Gy].



A finite group G acts on itself by conjugation. Then the index [G:Cg(x)] is equal to the
number of elements in the conjugacy class of x. If we choose a single representative ele-
ment x; from every conjugacy class, we infer from the disjointness of the conjugacy classes
that |G| = Y |G : Cg(x;)|, where Cg(x;) is the centralizer of the element x;. Observing that each
element of Z(G) forms a conjugacy class containing just itself gives rise to the class equation:

Gl =12(G)|+ YL [G : Co(xi)]

where each x; in the sum is non central.

Definition 2.2.4. An action of a group G on a set X is called transitive when the set X is non-
empty and there is exactly one orbit.

Theorem 2.2.5. For X # (0, an action of G on X is transitive if and only if, given x and y in X,
there some g € G such that y = xg.

Proof. Suppose the action is transitive, so there is one orbit. Given any x in X, its orbit must fill
up X, so every element of X has the form xg for some g € G. Suppose that given any x and y
in X, we have y = xg for some g € G. Fix x in X. Since every y in X has the form xg for some
g € G, every y is in the orbit of x. Thus X has only one orbit.

Lemma 2.2.6. (Frattini Argument). Suppose that G contains a normal subgroup N, which
acts transitively on X. Then G = GN for every x € X.

Proof. Let x € X and g € G. The transitivity of N on X gives an element n € N such that
xg = xn. Hence, we have

x(gn~')=x
and so
grf1 € Gy.
This shows that
g € Gun C GiN.

Automorphisms

Let G be a group. The set Aut(G) of all automorphisms of G given by
016, :x — ((x)61)6, (x € G, 61, 6, € Aut(G))

is a group, the automorphism group of G. The identity mapping is the identity of Aut(G), and
the inverse mapping 6! the inverse of 6.

Automorphisms map finite subgroups (respectively elements) to subgroups (respectively ele-
ments) of the same order. For a € G, the mapping

Qs : G — G such that g — g% (= a 'ga)
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is bijection. Since for all g, h € G
(gh)* =a 'gaa 'ha = (a 'ga)(a ' ha) = g,
@, is an automorphism of G, the inner automorphism induced by a. The mapping
¢ :G— Aut(G)
given by a — @, is a homomorphism from G to Aut(G), since g”> =b~'a~'gab = (g*). Hence,

the set of inner automorphism of G,

InnG:={¢, | a € G},

is a subgroup of AutG. Moreover,

Y'Y = @)y (v € Aut(G), a € G)
shows that InnG is a normal subgroup of Aut(G). Then
Kerop ={ge€ G|VaeG, g* =g} =Z(G).
The homomorphism theorem then yields

G/Z(G) = InnG.

Lemma 2.2.7. Let G be a group. Suppose that G/Z(G) is cyclic. Then G is abelian.
Proof. There exists g € G such that G/Z(G) = (gZ(G)) and thus
G =Z(G)(g)-

Since (g) is abelian, all pairs of elements of G commute.

By defining a subgroup N of G is normal if and only if
N*=Nforalla € G.

Thus, a subgroup of G is normal if and only if it is mapped to itself by every inner automor-
phism of G.

Lemma 2.2.8. The automorphism group of a cyclic group is abelian.

Proof. We note that all automorphisms are of the form x — x™, if ¢ : x — x" and ¢ : x — x" are
two automorphisms, then

()(@9) = ((x)9)@ = (") =x"" =x"" = (x")¢ = (x)(¢¢).

Lemma 2.2.9. [13, Lemma 2.2.4]. The automorphism group of a group of order p is cyclic.
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Definition 2.2.10. A subgroup H of a group G is said to be a characteristic subgroup of G if
(H)6 = H for all 8 € Aut(G). We write

H char G
to indicate that H is a characteristic subgroup of G.
Characteristic subgroups are normal in G. Moreover, 1 and G are characteristic subgroups

of G. Another example of a characteristic subgroup is Z(G). Indeed, for x € Z(G), g € G and
0 € AutG, we have

(x)0(g)0 = (xg)6 = (gx)0 = (8)0(x)0,
and since
G={(g)0|g <G},

we get
(x)6 € Z(G).

Now, we show two properties of characteristic subgroups.

Lemma 2.2.11. Let N be a normal subgroup of G and K be a characteristic subgroup of N.
(1) Kisnormal in G.

(2) If N is characteristic in G, then also K is characteristic in G.

Proof. (1) Let a € G and ¥, be the inner automorphism of G induced by a. Then the restriction
of ¥, to N is an automorphism of N since N is normal in G. Hence, K is invariant under ¥, for
all a € G. This means, K is normal in G.

(2) Since N is now characteristic subgroup of G, we can replace ¥, in the above argument
by an arbitrary automorphism of G.
Now, let A be a group and

0 :A— Aut(G)

be a homomorphism from A to Aut(G). Then we say that A acts on G (with respect to ¢@). We
set

and get
(gh)* = g*h® and ()" = g

forall g, he Ganda, b € A.
A subgroup H of G is A-invariant if for all a € A:

H'={h"|heH}=H.
If H is an A-invariant subgroup of G, then A acts on H with respect to the homomorphism A —

Aut(H) induced by ¢.
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Products of Groups

Products of groups are used to construct new groups from given ones (external products). On
the other hand, they can be used to describe the structure of groups(internal products).

Definition 2.2.12. Let H and K be groups. The cartesian product of H and K, is defined by
HxK={(h,k)|heH, k€ K}.
We define a binary operation by declaring

(hy, k1)(h2, ko) = (hiha, kiko)

for all (hy, k1), (h2, ko) € H x K. With respect to this operation, H x K is a group.

This group is the (external) direct product of the group H and K. Obviously, the embedding
¢:H—HXxK
with
h— (h, 1),

is an isomorphism from H to H x 1.
For the subgroups G; = H x 1 and G, = 1 X K of G = H x K, we have the following

(1) G=G1Gy,
(2) G1, G 4G,
3) GiINGy, =1.

Definition 2.2.13. Let G be a group. Two subgroups H and K of G are said to be complemen-
taryif G=HKand HNK = 1.
We note that if H and K are complementary, then |G| = |H||K|.

Definition 2.2.14. Let G be a group, and let H and K be complementary in G with H <G and
K <G. Then G is called the (internal) direct product of the subgroups H and K.

Theorem 2.2.15. Let G be a group and let H and K be subgroups. The following statements
are equivalent.

(1) H and K are complementary in G with H <G and K <G.

(2) Every element of G can be expressed uniquely in the form &k, where h € H and k € K;
and every element of H commutes with every element of K.

Proof. Suppose that (1) holds. Since G = HK, every element of G can be expressed as hk, with
h € H and k € K. We need to show that this representation is unique. This means that, when
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hiky = hoko with hy,hy, € H and ky,k; € K, then necessarily Ay = hy and k; = k;. This follows
from H N K = 1. Indeed, from h1k; = hyk,, we get

kiky' =hi'hy e HNK =1

and so
h] = hz and kl = kz.

It remains to show that any element of H commutes with any element of K. Let 2 € H and
k € K. We need to show that hk = kh, or, equivalently, 7~ 'k 'hk = 1.
Now, since A1k~ 'h € K, we have

h 'k hk e K.

Also, we have
W'k 'hke H.

Then, we have
Wik hke HNK =1

and so
Wk thk =1,

as claimed.

Suppose that (2) holds. Then every element of G can be written in the form hk, where h € H
and k € K and so G = HK. Now, we show that HNK = 1. Letx € HNK. If x # 1, then 1x = x1
are two distinct representation of x € G with 1 € H, x € K and 1 € K, x € H, contrary to the
hypothesis that every element of G, in particular x, can be expressed uniquely in the form hk.
Thus, we get x = 1. This shows that HNK = 1.

Now, we show that H IG. Let g € G = HK. Then g = hk for some h € H and k € K. Let
K € H. Thus, we have

g~ 'h'g = (hk)~"H' (hk)
=k Y "W h)k
=k 'k(h~'W'h) e H

(W € H, h~'h'h € H and k € K commute).
Similarly, we get K <G.

Theorem 2.2.16. Let G be a group and H, K be complementary in G. Assume that H <G,
K<G. ThenG=H x K.

Proof. We define ¢ : H x K — G with
(h, k) —> hk.
First, we show that ¢ is a homomorphism.

((h1, k1) (h2, k2)) @ = (h1ha, kika)@

= hihyk1k
14



= (h1, k1)@ (h2, k2)@.
@ is surjective because G = HK by hypothesis. Now, let (&, k) € Kerg. Then, we have
(h, k)p =1
and so
hk = 1.

Then, we get
h,ke HNK = 1.

Then, we have
(h7 k) = (17 1)

and so

Kergp = {(1, 1)}.

Thus, ¢ is an isomorphism.

Lemma 2.2.17. Let a, b be elements of a finite group G and ab = ba. Let o(a) be the order of
a and o(b) the order of b such that (o(a), o(b)) = 1. Then

(ab) = (a) x (b),

and
o(ab) = o(a)o(b).

Proof. Let m = o(a) and n = o(b). Note that (a, b) is an abelian group, where the subgroups
(a) and (b) are coprime order. Hence,

H = (a, b) = (a) x (b)

is a group of order mn.
Let ¢ = ab € H. The homomorphism

with

is surjective.

Hence, | Im ¢| = n is a divisor of |{c)|. In the same way m is a divisor of |{c}|.
Now, (n, m) = 1 implies that
o(c) =mn= |H|
and so
H = (c).
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Lemma 2.2.18. Let G = H x K. If H and K are characteristic subgroups of G, then Aut(G) =
Aut(H)x Aut(K).

Proof. If oy and o, are automorphisms of H and K respectively, then
(h, k)% = (™, k%)
defines an automorphism of G = H x K,

¢ : Aut(H)x Aut(K) — Aut(G)

with
(al, ) — «

is a homomorphism and injective. Moreover, @ is surjective since H and K are characteristic
subgroups of G.

Now let G be a group, and let H and K be complementary in G. Suppose that K is normal
in G. Then H acts by conjugacy on K. Since the map k — k" for k € K defines an automor-
phism of K, this conjugacy action my be described as a homomorphism H — Aut(K). For
h € H we define the automorphism ¢y, to be the automorphism of K given by conjugation

op:K— K,

on(k) = h~kh.

Proposition 2.2.19. The map H — ¢, is a homomorphism ¢ : H — Aut(K).

Proof. We need to show that ¢, ¢y, = ¢y 5, for hy, hy € H.
For k € K, the left side is

k(Pn, Ony) = (k@n,) P,
= (h1~kh1) g,
= hy "' Ykhy .
The right side is

k@, = (hiho) ' k(hihy)
= hy 'h 'khihs.

Definition 2.2.20. Let H and K be groups, and let ¢ : H — Aut(K) be a homomorphism. The
following group is called a semidirect product of K by H via ¢, written K x¢ H:

e The group operation, is defined as follows

(ki, h1)(ka, hy) = (kik™?, hyho).

e The identity element is (1g, 15).
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e The inverse of (k, h) is given by (k_l)h71¢, hh.

Theorem 2.2.21. Let G be a group and K normal subgroup with complement H in G. Let
¢ : H — Aut(K) be defined by ¢,(k) = k". Then G = K x4 H.

Proof. Every element of G has a unique expression of the form &k, for h € H and k € K,
we have
(k17 hl)(k27 h2) = k]kglhlhz.

We see that the map
(k, h) — kh

is an isomorphism from K x4 H to G.

Proposition 2.2.22. Let G be a group and K normal subgroup with complement H in G. Let
¢ : H — Aut(K) map every element of H to the identity automorphism. Then K xy H =K x H.

Proof. The hypothesis means that k" = k for all 7 € H and k € K. Then the group operation in
K x i) His
(ki, h1)(k2, hy) = (kikz, hihy)

which is the group operation in the direct product.

Sylow’s Theorems

Recall Lagrange’s Theorem says that for any finite group G, if H < G, then |H| divides |G].
The converse of Lagrange’s Theorem is false. If G is a finite group and d | |G|, where d is a
positive integer, then there may not be a subgroup of G with order d. The simplest example
of this is the group A4, of order 12, which has no subgroup of order 6. Cauchy’s Theorem
implies that for any prime divisor p of the order of G, there is a subgroup of G whose order
is p. Then Cauchy’s Theorem is generalized by Sylow’s First Theorem, which implies that
if p" is the maximal power of a prime p dividing the order of G, then G has a subgroup of
order p". We are going to prove Sylow’s theorems, and our proof will involve the action of a p-
group G on a set X and use the fixed point congruence for such actions: |X| = | Fixg(X)| mod p.

We start to prove Lagrange’s Theorem and in order to prove it, we need the following lemma:

Lemma 2.2.23. Let H be a subgroup of a group G, and let a, b € G. Then
(1) aH = bH if and only if b~'a € H.
(2) If aHNbH # ¢, then aH = bH.
(3) |aH| = |H| for alla € G.

Proof. (1) Let aH = bH, then for any h; € H there is h, € H with ahy = bh,. This gives,
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b la= hghf1 €H.Leth la= ho. If x € aH, then x = ah, h € H. Now, we have
x=b(b"'a)h = bhoh € bH
and so
aH C bH.
Similarly, we get bH C aH.
(2) Since aH NbH # @, then there exists x € H with x € aH NbH.

This implies
ahy =x=bhy, hy, hh e H

and so
b la=hh;".

By (1), we get the result.
(3) Let hy, hy € H such that hy # hy. Then ah; # ahy, since otherwise h; = hy. Thus, we

have
laH| = |H]|.

Theorem 2.2.24. (Lagrange’s Theorem). Let H be a subgroup of a finite group G. Then |H|
divides |G].

Proof. Let |G| =n and {a1H, axH,..., a,H} be the family of all cosets of H in G. Then,
we have G =a HUayHU... Ua,H. By (2) of the above lemma for any two cosets a;H and
a;H we have only two possibilities:

aiHﬂaszq) or a,H:ajH.

However, from (3) of the above lemma it follows that all cosets have exactly |H| number of
elements. Therefore, we have
|G| =|H|+... +|H]|,

and so
|G| =d|H]|, d € N.

Corollary 2.2.25. Let G be a finite group and a € G, then the order of a is a divisor of |G|.

Proof. Let H = (a). By Lagrange’s Theorem, |H| divides |G|.
Corollary 2.2.26. Let G be a finite group and |G| = n, then g" = 1 for all g € G.
Proof. Let d be the order of a. By Corollary 2.2.25, d | n, that is,

n=dk
18



for some integer k. Thus, we have

d"=a%%* = (a?)F =1.

Definition 2.2.27. Let G be a finite group and H a subgroup of G. Let the number of right
cosets of H in G be called the index of H in G.

We denote the index of H in G by [G : H|.

Corollary 2.2.28. If G is a finte group, then |G| = |H|[G : H].

Proof. By Lagrange’s Theorem, we have
|G| =d|H|, d € N.
Since d is the number of cosets of H in G, d = [G : H]. Then, we have

|G = |HI[G : H].

Corollary 2.2.29. If p is a prime, then every group G of order p is cyclic.

Proof. Choose a € G with a # 1, and let |H| = (a) be the cyclic subgroup generated by a.

By Lagrange’s Theorem, |H| is a divisor of |G| = p. Since p is a prime and |H| > 1, it follows
|H|=p=1Gl,

and so H = G, as desired.

Theorem 2.2.30. (Cauchy’s Theorem). Let G be a group and p a prime dividing |G|. Then G
contains an element of order p; in particular there exists a cyclic subgroup of order p in G.
Proof. Let

X i={x" 1= (x1, x2,..., xp) | x1, x2,..., xp € Gand x1x3...x, = 1}.

Since the components xi, x2,...x, of x* € X can be chosen independently (after which x,
uniquely determined), we get

1X| =|G]P~' =0 (mod p).

Notice that

xXi1x2...xp =1 <:>x2...xp:x1_1

S x...xpx; =1,
so the cyclic group C, = (a) < G acts on X by
(X1, X205 Xp) —> (x2,...Xp, X1).

Hence,
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| Fix 4y (X)| = [X][ =0 (mod p).

Since 1" = (1,..., 1) € Fix(4)(X), there exists x* = (x1,..., xp) # 1" € Fix(,(X). This shows
thatx; =xy = ... =x, # 1l and x;” = 1.

Theorem 2.2.31. (The First Sylow Theorem). Let G be a finite group and let.\ G| = p"m where
n > 1 and where p does not divide m. Then G contains a subgroup of order p' for each i where
0<ign.

Proof. We will prove there is a subgroup of order p' for 0 < i < n. That is, if |K| = p' and
i < n, we will show there is a p-subgroup K* such that K C K* and [K* : K] = p, so |[K*| = p'*!.
Then, starting with K as the trivial subgroup, we can repeat this process with K* in place of K
to create a rising tower of subgroups

1=Ky CKj...

where |K;| = p', and after n steps we reach Kj,, which is a p-Sylow subgroup of G. Consider the
left multiplication action of K on the set of the left cosets G/K, so by the fixed point congruence
for actions of non-trivial p-groups, we have

|G/K| = | Fixg(G/K)| mod p,

and so
kgK = gK,Vke K <= kg€ gK, Vk e K

— g lkge K, VkecK

— g 'KgCK

— g 'Kg=K

<= g € Ng(K).
Thus, we get

Fixx(G/K) = {gK : g € N¢(K)} = Ng(K) /K,

and so

[G: K] =[Ng(K) : K] mod p.

When |K| = p' and i < n, the index [G : K] is divisible by p, so [Ng(K) : K] is divisible by
p. Then Ng(K) is a group with order divisible by p, so Ng(K) has a subgroup of order p
by Cauchy’s Theorem. All subgroups of Ng(K)/K have the form K*/K, where K* is a sub-
group between K and Ng(K). Therefore, a subgroup of order p in Ng(K)/K is K* /K such that
[K*: K] = p,so|K*| = plK| = p™".

Theorem 2.2.32. (The Second Sylow Theorem). For each prime p, the Sylow p-subgroups of
a finite group G are conjugate.

Proof. Let P; and P, be two Sylow p-subgroups of G. We will show they are conjugate.
Consider the action of P; on G/P, by left multiplication. Since P, is a finite p-group, we have

|G/P2| = | FiXPl (G/P2)| mod P-
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The left side [G : P,], which is non-zero modulo p since P, is a Sylow p-subgroup of G. Thus,
| Fixp, (G/P>)| can not be zero, so there is a fixed point in G/P», say gP>. That is, xgP, = gP»
for all x € P,. Then, xg € gP, for all x € P>, so P; C gP, g_l. Therefore, P = ngg_l, since P
and gP>g~! have the same size.

Theorem 2.2.33. (The Third Sylow Theorem). For each prime p, let n, be the number of
Sylow p-subgroups of a finite group G and |G| = p"m, where n > 1 and p does not divide m.
Then

n, =1mod p and n, | m.

Proof. To show n, = 1 mod p, consider the action of the Sylow p-subgroup P; on the set Syl,G
by conjugation. The size of Syl,G is n,. Since Pj is a finite p-group, we have

n, = |{ fixed points }| mod p.

Fixed points for P acting by conjugation on Syl,G are P, € Syl,,G such that gPg~ ! = P, for
all g € P;. One choice for P, is P;. For any such P», P; C Ng(P»). Also, P, C Ng(P,), so P; and
P, are Sylow p-subgroups in Ng(P;). By the second Sylow Theorem, P; and P, are conjugate
in Ng(P»). Since the only subgroup of Ng(P;) conjugate to P is P>, we have P, = P,. Thus P,
is the only fixed point when Py acts on Syl,G, so n, = 1 mod p.

To show n,, | m, consider the action of G by conjugation on Syl,G. Since all Sylow p-subgroups
of G are conjugate, there is one orbit. A set on which a group acts with one orbit has size divid-
ing the size of the group, so n, | |G|. Since n, = 1 mod p, we have n,, is relatively prime to p,
sonp | m.

Now, we will give a brief explanation of Sylow p-subgroups. Let G be a finite group and p
a prime. A p-subgroup P is called a Sylow p-subgroup of G if no p-subgroup of G contains P
properly. Thus, the Sylow p-subgroups of G are the maximal elements of the set of p-subgroups
of G. We denote the set of Sylow p-subgroups of G by Syl,G.

For example, Syl,G = {1} if p is not a divisor of G (Lagrange’s Theorem); and Syl,G = {G}
if G is a p-group. If G has precisely one Sylow subgroup, then this subgroup is normal. Con-
versely, if a Sylow p-subgroup of G is normal, then there is only one Sylow p-subgroup of G.
Since automorphisms of G map Sylow p-subgroups to Sylow p-subgroups, the subgroup

0,(G):= () P

PeSyl,G

is a characteristic p-subgroup of G. We remark that O, (G), is the largest normal subgroup in
G, whose order |0,(G)| is a power of p.

Definition 2.2.34. Let p be a prime. The group G has characteristic p if C;(0,(G)) < 0,(G).

Lemma 2.2.35. [13, Lemma 3.1.10]. Let p be a prime. Let P be a p-subgroup of a group G
and p be a divisor of |G : P|. Then P < Ng(P).

Lemma 2.2.36. Let N be a normal p-subgroup of G. Then N < O0,,(G).
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Proof Let P € Syl,G. Then NP is a p-subgroup. The maximality of P and P < PN gives
NP

Lemma 2.2.37. Let p be a prime. Let U be a p-subgroup but not a Sylow p-subgroup of G.
Then U < P for every Sylow p-subgroup of Ng(U).

Proof. If P € Syl,G with U < P, then U < Np(U) by Lemma 2.2.35. Hence U is not a maximal
p-subgroup of Ng(U). On the other hand, U is contained in every Sylow p-subgroup of Ng(U)
since U INg(U) and so by Lemma 2.2.37 .

Lemma 2.2.38. (Frattini Argument). Let p be a prime. Let N be a finite normal subgroup of
a group G. Let p be a prime and P € Syl,N. Then G = Ng(P)N.

Proof. Let G act on the set X = Syl,N by conjugation, and the stabilizer of P is Ng(P).
Moreover, by Sylow’s Theorem N is transitive on X. Hence, the claim follows from Lemma
2.2.6.

Lemma 2.2.39. Let G be a group, p a prime and P a p-subgroup of G. Suppose that No,(G) (P) <
P. Then O0,(G) < P.

Proof. Since No,(c) (P) < P, we have

No,(c)p(P) = P.

Then, we get
OP(G)P =P

and so 0,(G) < P.

Composition Series and Chief Series

Every finite group of order greater than one possesses a finite series of subgroups, called a
composition series, such that
I1<H,<...<H <G,

where H; 1 is a maximal normal subgroup of H;. A composition series is therefore a normal
series without repetition whose factors are all simple.
The quotient groups G/Hy, H,/H,...., H, are called composition factors.

A chief series of a group G is a finite collection of normal subgroups N; C G,
I=NoCNCN, C... CN, =G,
such that each quotient group N;;1/N;, fori=1, 2,...,n— 1, is a minimal normal subgroup of

G/N;.
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Proposition 2.2.40. Every finite group possesses a composition series.

Proof. Let G be a finite group. We know at least one subnormal series, namely G > 1. Now,
assume that
G=Gy>G1>Gy>....>G, =1 (%)

be a longest possible subnormal series of G. This certainly exists since G has finitely many
subgroups and so G has only finitely many subnormal series.

We want to show that (x) is a composition series. Suppose that it is not. Then, we have one of
the factors, say G;/G41, is not simple. Then, G;/G;;| possesses a non-trivial proper normal
subgroup and this corresponds to a subgroup N of G with

Git1 <N <G;.
Then, we have
G=Go>G >G2>....>Gi>N>Gjp1>...>G,=1

is a subnormal series in G that is longer than (x). This contradicts our assumption that (x) is
the longest such series. Hence, we get (x) is a composition series of G.

The important thing about composition series is that the composition factors are essentially
unique. This is content of the following theorem.

Theorem 2.2.41. [12, Jordan Holder Theorem]. Let G be a group that has a composition
series. Then any two composition series for G have the same length. Moreover, if

G=Gy>GI>Gy>...>G, =1

and
G=Hy>H >H>...>H,=1

are two composition series for G, there exists a permutation 7 of {0, 1,..., n— 1} such that for
eachi= 0, 1, 2, ey, B — 1, Gl'/Gi+1 = Hf(i)/HT(i)Jrl.

Nilpotent Groups

Definition 2.2.42. A group G is nilpotent if it has a normal series
1=G < <G,=G (+)
with
Git1/Gi < Z(G/G;)

for all i. We call (x) is a central series of G of length n — 1. Non-trivial nilpotent groups have
non-trivial center since G, < Z(G). Conversely, the fact that p-groups have non-trivial center
implies that they are nilpotent.
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Theorem 2.2.43. Every finite p-group is nilpotent.

proof. We will construct a central series of a p-group G from the bottom up. The number-
ing will be reversed: Gy = Z;(G) which are defined as follows, Zy (G) = 1, Z;(G) = Z(G).
Given Z; (G), let Z;11 (G) be the subgroup of G which contains Z; (G) and corresponds to the
center of G/Z; (G), so that Z; (G) /Zx (G) = Z(G/Z; (G)). Since G/Z; (G) is a p-group it
has a non-trivial center, making Z; 1 (G) > Z; (G) unless Z; (G) = G. Since G is finite we must
have Z, (G) = G for some n making G nilpotent of class n or less.

Theorem 2.2.44. ([15, Proposition 18.8]). Let G be a finite group. The following conditions
are equivalent.

1- G 1s nilpotent.
2- Every Sylow subgroup of G is a normal subgroup.
3- G is isomorphic to the direct product of its Sylow subgroups.

Solvable Groups

Definition 2.2.45. A group G is solvable if it has a normal series from 1 = Gy < Gy < .... <
G, = G such that G, /G; is abelian fori = 0,1, ....,.n — 1.

Note that nilpotent groups are solvable since G;y1/G; < Z(G/G;) implies that G;;1/G; is
abelian. It may be not obvious how to find a normal subgroup which satisfies the condition
Gi+1/G; is abelian. However, the commutator subgroup will satisfy that condition.

Recall the commutator is given by, [g, h] = g~ 'h~gh, where g, h € G.

Definition 2.2.46. The commutator subgroup G’ of G is the group generated by all the commu-
tators of the group.

The commutator subgroup G’ = [G, G] is also called the derived subgroup, and denoted G\,
This construction can be iterated:

¢ .=G

GM =[G GV neN.

The groups G®,GO)....., are called the second derived subgroup, third derived subgroup, and
so forth, and the descending normal series G = G > G > ...., is called the derived series.
The descending series of a group G, G = G; > G, > ... > G, where each G, = [G,,G], is
called descending central series.

The group G is solvable if its derived series eventually reaches the trivial subgroup of G, and so
H' # H for all subgroups 1 # H < G.

Lemma 2.2.47. Let 6 be a homomorphism of G. Then
(g, h)6 = [(2)6, (h)6]
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forall g, h € G.

Prof. By the definition of the commutator of G, we have

(Ig.h))0 = (g~ 'n""gh)6

and since 0 is a homomorphism, we get the result.

We note that (G')0 = ((G)0). In particular, G’ is a characteristic subgroup of G. Also the
commutator G” of G’ is characteristic in G.

Theorem 2.2.48. Let G be a group, and let N < G. Then G/N is abelian if and only if G’ is
contained in V.

Proof. Suppose that [h, k] ¢ N, where h, k € G. Then in G/N we have
[AN, kN] = hNkNh™'Nk™'N = [h, k][N # N.

So [AN, kN] # ey, and so AN and kN do not commute. Conversely, if [h, k] € N for all h, k
in G, then [AN, kN| = egy for all i, k in G, and so G/N is abelian.

Corollary 2.2.49. G’ is normal subgroup of G and G/G' is abelian.

Proof. It is clear that G' < G.
As G’ is a normal subgroup of G, G/G’ is a group. Theorem 2.2.48 implies G/G’ is abelian.

Lemma 2.2.50. Let G be a group. If H, K JG then [H, K] <G.

Proof. Let g € G,and let h € H, k € K. Then
[h, k)8 = (b 'k 'hk)® = [hS, k9.

Since H and K are normal, 48 € H and k% € K, and so [h, k|8 € [H, K].
Now suppose that [ € [H, K]. Then

1 =1[h1, ki][ha, ko] ... [hn, knl,
for some hy, hy,..., h, € Hand ky, k..., k, € K. Now
18 = [hy, k1)8[hy, ko)®...[hn, kn|® € [H, K],

as required.

Lemma 2.2.51. [12, Lemma 1.5.4]. For h, k, | € G:

[h, kI] = [h, 0)[h, k]' and [hl, k] = [h, K]'[1, K].
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Lemma 2.2.52. For subgroups H and K of G the subgroup [H, K] is normal in (H, K).

Proof. For h, | € H and k € K Lemma 2.2.51 implies
[h, k' = [nl, K[, k™' € [H, K];

and with a similar argument [i, k]! € [H, K] for [ € K.

Lemma 2.2.53. Let H and K be subgroups of a group G. Then [H, K| < K if and only if
H < Ng(K).

Proof. Suppose that H < Ng(K). Then, we have
ik 'h=K €K,

and so
h ' 'hk=KkeK.

Thus,
[H, K] <K.

Conversely, suppose that [H, K] < K, but H & Ng(K). Then there exist & and k such that
h 1k 1h ¢ K, a contradiction.

Lemma 2.2.54. [16, Three-Subgroups Lemma]. Let H, K, L be subgroups of G. Suppose
that [H, K, L|=[K, L, H| = 1. Then also [L, H, K] = 1.

Lemma 2.2.55. Subgroups and homomorphic images of solvable groups are solvable.

Proof. For subgroups this clear by the definition of solvability. Let 8 be a homomorphism
of the solvable group G. Let 1 # K < (G)0, and let H < G be of minimal order such that
(H)6 = K. By Lemma 2.2.47, we have

(H)0 =K'

Since H' < H the minimality of H gives K’ < K.

Theorem 2.2.56. If G/N and N are solvable. Then G is solvable.

Proof. Let G/N = G. Since G and N are solvable groups, E(a) =1 and N®) =1 for some
positive integers a, b. Because G/N is a homomorphic image of G ( under the natural ho-

momorphism G — G/N ), E(n) =GN /N for every positive integer n. Hence, G < N.
Therefore, Glatb) <N (6) — 1 and G is solvable.
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Lemma 2.2.57. Let H and K be two solvable normal subgroups of the group G. Then the prod-
uct HK is also a solvable subgroup of G.

Proof. Since we have
HK/H=H/HNK,

the result follows from Lemma 2.2.55 and Theorem 2.2.56.

The Fitting Subgroup

The group generated by two nilpotent normal subgroups is nilpotent and normal. The Fitting
subgroup is the subgroup generated by all normal nilpotent subgroups of a group G, denoted
F (G). In particular, F(G) is nilpotent and it is the unique largest nilpotent normal subgroup of
G. F (G) can be described to be the product of the normal subgroups O, (G) for all primes p.

Definition 2.2.58. Let G be a finite group, 7 a set of primes. We define
Fz(G) = 0x(F(G))

= (0p(G) | pem).

Lemma 2.2.59. Suppose G # 1 is solvable. Then F (G) # 1.

Proof. Since G is solvable, G’ #G.
If G =1, then G is abelian. Hence G = F (G) # 1.

If G # 1. Then by induction F(G’) # 1. Now since F(G’) is a characteristic subgroup of the
normal subgroup G , we have F(G') <G, and F(G') < F (G). Hence, F (G) # 1.

Lemma 2.2.60. Let N <G. Then NNF(G) = F(N).

Proof. Certainly, F(N) is nilpotent subgroup of N, and since it is characteristic in N, it is
normal in G. It follows that F(N) C NN F(G). Also, since F(G) is normal subgroup of G, we
know that N N F(G) is normal subgroup of N, and so is nilpotent. Thus it is contained in F (N).

Theorem 2.2.61. If G is a solvable group. Then Cg (F (G)) < F (G).

Proof. Set F = F(G) and C = C;(F(G)) and assume by way of contradiction that C € F, so that

CNF CC. Since C and CNF are each normal in G, we can refine the series ]l CCNF CCCG

toachiefseries 1 =G, C... CG, C Gy =G. If C =Gy and CNF = G4, then s < r. Thus,

we have G, C C. Since F # 1, and F is nilpotent, we also have CNF # 1, whence G,;1 C G,.

Furthermore, G,/G,4 is abelian by Theorem 2.2.48, whence [G,, G,] C G,+; = F. Since

G, C C and C centralizes F, it follows that [G,, G,, G,] = 1. But then G, is nilpotent and so
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G, C F, by the definition of F, as G, < G. Thus G, C CNF = G,41, contrary G,+1 C G,.

Lemma 2.2.62. Let G be a solvable group with 7(G) C {p, ¢} for some primes p, g. Assume
that the Sylow p-subgroups and Sylow g-subgroups of G are abelian. If P < G is a p-group and
0 < G is a g-group of G, then [P, Q] < F(G).

Proof. Since the Sylow p-subgroups of G are abelian, it follows that PO, (G) is abelian. Simi-
larly, so is Q0,(G). Since G is solvable, we have

[P, Q] < C6(0p(G)) NC6(04(G)) < C6(F(G)) < F(G).

Lemma 2.2.63. Let G be a solvable group with 7(G) = {p, ¢} and assume every Sylow sub-
group is abelian. Let P € Syl,G. If Q is a g-subgroup of G with P < Ng(Q), then Q< G. In
particular, Q < O4(G).

Proof. Choose Q* with Q < Q* € Syl,G. Then, we have G = PQ*. Now, P < Ng(Q) by
hypothesis, and Q* < Ng(Q) because Q* is abelian. Thus, Q <G.

Definition 2.2.64. Let p be a prime. A group G is said to be p-solvable if the composition
factors of G are either p-groups or p’-groups.

It is an immediate consequence of the definition that any solvable is p-solvable group.

Remark 2.2.65. [19, p. 845]. Suppose that G is a group and p a prime.
e If G is p-solvable and 0,(G) = 1, then C5(0,/(G)) < O,(G).
e If G is p-solvable and O,/ (G) = 1, then G has characteristic p.

Components and the Generalized Fitting Subgroups
Definition 2.2.66. A group K # 1 is a quasisimple if K is perfect, thatis [K, K] =K and K/Z(K)
is simple. Clearly, for every subnormal subgroup N of a quasisimple group K either

N<Z(K) or N=K.

Definition 2.2.67. Let G be a group. A subgroup K of G is a component of G if K is quasisim-
ple and subnormal in G.

Lemma 2.2.68. Let K be a component of a group G and U a subnormal subgroup of G. Then
K<Uor[U, K]=1.

Proof. Obviously, U = G implies K < U. Moreover, K = G implies either U =K or [U, K| = 1.
Thus, we may assume that there exist proper normal subgroups N, M of G such that
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K<N<GandU <M <G.
In particular
U :=[U,K|]<NNM,
and by applying Lemma 2.2.50, we get
K < Ny(Uy) =Gy

Thus, K is a component of Gy, and U is subnormal (in fact normal) in G. By induction on |G
applied to G, we get

)

[Ul, K] =1 OI‘KgUl.

The first case gives
1=[U, K, K|=K, U, K|,

and then using the Three-Subgroups Lemma, we have
1=[K, K, Ul =[K', U =K, Ul.

The second case gives K < M since U} = [U, K] < M, and the conclusion follows by induction
on |G|, now applied to M.

Corollary 2.2.69. Let K| and K, be components of G. Then either K; = K; or [K;, K>] = 1.
Proof. In the case [K], K| # 1 Lemma 2.2.68 implies K| < K, and by symmetry also K, < Kj.

We now define two characteristic subgroups of G.

E(G) := the subgroup generated by the components of G,
F*(G) :=F(G)E(G).
F*(G) is the generalized Fitting subgroup of G. Notice that by Lemma 2.2.68,

[F(G), E(G)] = 1.

Theorem 2.2.70. [12, Theorem 6.5.8]. Let G be a group. Then Cg(F*(G)) < F*(G).

p-Complements

Throughout this part of the section we assume G is a finite group and p is a prime, and we recall
a group is a p’-group if it has order coprime to p.

Definition 2.2.71. The largest normal p’-group of G is denoted by
0,(G).
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Definition 2.2.72. The smallest normal subgroup of G whose quotient is a p-group is denoted

by
0’ (G).

Definition 2.2.73. A normal p-complement in G is a normal subgroup K of G such that, for
some P €Syl,(G),

G=PKand PNK = 1.

Remark 2.2.74. From the above definition, we have the following:

(1) G=PK and PyNK =1 for all P| € Syl,,(G). This is because P; is conjugate to P and
K <G.

(2) K is a p'-group because |G| = |P||K]|.

(3) Every element of G can be written uniquely in the form ab witha € P and b € K.

Theorem 2.2.75. [13, Burnside’s Normal p-complement Theorem]. Let P € Syl,(G) and
suppose that
P < Z(Ng(P)).

Then G has a normal p-complement.

Corollary 2.2.76. Suppose that a sylow p-subgroup of G is contained in the center of G. Then

G=Px0,(G).
Proof. Since P < Z(G), we have
P < Z(NG (P))
Theorem 2.2.75 implies that
G=PO,(G).

Now 0,/(G) 4G, and P <G because P < Z(G). Also, we have
PNOy(G) =1,

and the proof is complete.

2.3 Coprime Action

Let A be a group that acts on a group G. First we introduce some notation that coincides with
earlier notion if A and G are embedded in their semidirect product.
For H C G, B C A and a € A we have
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C(a)={h € H| h%=h},

and

Cu(B) = ﬂ Cu(b).
beB

Definition 2.3.1. Let A be a group that acts on a group G. The action of A on G is coprime if
(D (1Al 16]) =1,
(2) A or G is solvable.

(1) implies (2) since at least one of the groups A and B has odd order and so Feit-Thompson
Theorem which states that every finite group of odd order is solvable.

Definition 2.3.2. Suppose that the group A acts on the group G. Let p be a prime. The set of
A-invariant p-subgroups of G is partially ordered by inclusion. The set of maximal elements of
this set is denoted by

Syl,(G; A).
Moreover,
0,(G: A) = N Syl,(G: A),
which is the unique maximal AC¢(A)-invariant p-subgroup of G.
Now, the following two lemmas collect some results on Coprime Action. These are well known
and can be found in many different books of group theory, for example in [13]. In this section,

we give a proof for Sylow’s Theorem for Coprime Action and two special cases of Thompson’s
Theorem. We will use these results in the following chapters.

Lemma 2.3.3. [20, Coprime Action page 52] Suppose that A is an elementary abelian p-group
that acts on a p’-group G.

(a) G=Cg(A)[G, A], [G, A] is an A-invariant normal subgroup of G and [G, A] =[G, A, A].

(b) Let N be an A-invariant normal subgroup of G and set G = G/N. Then Cz(A) = Cg(A).

Moreover, if p is a prime then 0,(G;A) < 0,(G; A).

Lemma 2.3.4. [19, Coprime Action page 844] Suppose that A is a non-cyclic abelian p-group
that acts on an abelian p’-group G. Then, we have the following:

(a) G=Cg(A) x [G, A].
(b) G = (Cg(a) | a € A*) = (C5(B) | B € Hyp(A)).
© [G, a] =([C(b), a] | b e A\ (a), a € AY).
Here, Hyp(A) denotes the set of maximal subgroups of A.
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Lemma 2.3.5. Suppose that A is an elementary abelian p-group that acts on a solvable p’-group
G. Then, [G, A] = 1 if and only if [F(G), A] = 1.

Proof. It is clear that if [G, A] = 1, then [F(G), A] = 1. Now we show the converse. Since
[G, F(G)] < F(G), we have

|G, F(G), A]| < [F(G), A]=1

Also, we have

[F(G), A, G]=1.
By applying Lemma 2.2.54, we get

A, G, F(G)]=1.
Since [A, G] =[G, A], we have

[G, A] < CG(F(G)).

Since G is solvable, C6(F(G)) < F(G). Then

G, A, Al =1.

By applying Lemma 2.3.3, we get the result.

Lemma 2.3.6. [12, Lemma 8.1.4]. Let P be a p-subgroup of a group G and N a normal p’'-
subgroup of G. Then
N(PIN/N =Ngx(PN/N).

Lemma 2.3.7. Let 1 # G be a nilpotent group, then [N, G| < N for every non-trivial normal
subgroup N < G.

Proof. Since G is nilpotent, Z(G) # 1. Let G = G/Z(G). By induction on |G| that N = 1
or [N, G| < N. The first case gives N < Z(G) and so [N, G] = 1 < N. In the second case, we
get [N, G] <N.

Lemma 2.3.8. (Thompson’s A x B Lemma). Let A and G be p-groups, B a p’-group and let
A X B be a group of operators for G. If [B, C5(A)] = 1, then [B, G] = 1.

Proof. Cyy(A) < Cy(B) for all A-invariant subgroups U < G. Thus, we may assume by induction
on |G| that [U, B] =1 for all proper A-invariant subgroups of G. As by Lemma 2.3.7, [G, A]is a
proper subgroup of G, we get [G, A, B] = 1. Since [A, B] = 1, we have [A, B, G] = 1. Lemma
2.2.54 gives [B, G, A] = 1. This implies that, [B, G] < Cg(A) < Cg(B), and so [G, B, B] = 1.
Applying Lemma 2.3.3, we get [G, B] = 1.
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Lemma 2.3.9. [8, Theorem 6]. Suppose that A X B acts coprimely on the solvable group G,
where A is a group of order r and B is a {2, r} -group. Assume that [C5(A), B] = 1. Then

|G, B] < F(G).

Lemma 2.3.10. (Goldschmidt’s Lemma). Let G be a p-solvable group and suppose P is a
p-subgroup of G. Then, O,y (Ng(P)) < Oy(G).

Proof. By induction on |G|, set K = O,(G), and first suppose that K # 1. Then induction
yields,
0,/ (Ng/x(PK/K)) < Op(G/K) = 1.

Since Nk (PK/K) = Ng(P)K /K by Lemma 2.3.6, we then obtain
0y (N6(P))K/K < O (N6(P)K/K) = 1.

Hence, we get
OP/(NG(P)) <K,

as required.

We may therefore suppose that K = 1 and hence that 0,(G) = F(G). Set X = 0,(G) and
Q= 0,/(Ng(P)), and observe that Cx (P) < Ng(Q). It follows that [0, Cx(P)] <PNQ =1, we
can apply Theorem 2.3.8 to deduce that [Q, X| = 1. Consequently Q < Cg(X) =Cg(F(G)) <
F(G), and since F(G) is a p-group, we conclude that Q = 1.

Definition 2.3.11. Let a € A we define

(G, a] =([g, a] | g€ G),

la_lga.

where [g, a] is the commutator g~

Lemma 2.3.12. Let b be an element of order r that acts coprimely on the group G. Then
G, b] =[G, (b)].

Proof. It is clear that [G, b] C [G, (b)]. By the above definition, we have
[G, b] = ([g, b]| g€ G)

and so
(G, (b)]=(ls, b]| §€ G, neN,).

Let [g, V"] € [G, (D)]. Then
g, 0" = [g, b"b]

=[g, bllg, b" '[g, "', b] € [G, b].

Thus, we get
[G, b] =G, (b)].
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Lemma 2.3.13. Let b be an element of order r that acts coprimely on the group G. Assume that
[0*(G, b)), b] = 1.
Then [G, b] < 0,2(G).

Proof. Let S be a (b)-invariant Sylow 2-subgroup of [G, b]. Then [G, b] = O*([G, b])S.
Let g € [G, b], so g = hs with h € O*([G, b]) and s € S. Then

[, b] = [hs, b]
= [h, BI'[s, b]
= [s, ]
<S.
Consequently
G, b, b] =g, b] | g €[G, b])
<S.
By Coprime Action and Lemma 2.3.12, we get
|G, b] =[G, b, D] <S.

Since [G, b] <G we conclude that [G, b] < 02(G).

Lemma 2.3.14. [19, Theorem 5.2]. Let (a) be a group of prime order r that acts coprimely on
the solvable group G. Let p be a prime and suppose that P is an (a)Cg(a)-invariant p-subgroup
of G with P = [P, a]. Assume that at least one of the following hold:

(1) p#2.

(2) ris not Fermat.

(3) P is abelian.

4) Cp(a) =1.
Then, P < 0,(G).

Corollary 2.3.15. [19, Corollary 5.3]. Let A be an elementary abelian group that acts coprimely
on the solvable group G. Let p be a prime, a € A* and suppose that P is an ACg(a)-invariant
p-subgroup of G. Suppose also that P = [P, a] and Cp(A) = 1. Then P < 0,(G).

Lemma 2.3.16. [19, Theorem 5.4]. Let (a) be a group of prime order r that acts coprimely on
the solvable group G. Let H be an (a)Cg(a)-invariant subgroup of G. Then,

0,(0*([H, a])) < 02(G).
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Lemma 2.3.17. Suppose B is an r-group that acts on the nilpotent /-group G. Let H < G with
Cc(H) < H. Assume that [H, B] = 1. Then |G, B] = 1.

Proof. Consider first the case that H < G.
Let X be the semi direct product GB. Then we have,

H<X, Cx(H) = BCg(H) = BZ(H).

Now [B, Z(H)] = 1 and B has order coprime to Z(H) and so B is the unique Sylow r-subgroup
of Cx(H). Then B is characteristic in Cx (H) <X and so B <X. Then, we have
(G, B]<GNB=1.

Returning to the general case, we note that Ng(H) is B-invariant and apply induction to |G :
Ng(H)|.

Sylow’s Theorem for Coprime Action
Theorem 2.3.18. Let A be an elementary abelian r-group that acts on the r'-group G. Let p be
a prime. Then:

(a) There exist an A-invariant Sylow p-subgroup of G.

(b) Cg(A) acts transitively on the set of A-invariant Sylow p-subgroups of G.

(c) Every A-invariant p-subgroups of G is contained in an A-invariant Sylow p-subgroup of
G.

Proof. (a) Let X be the semi direct product of G with A.

Choose P € Syl,,G. Now, G <X so Lemma 2.2.6 implies X = GNx (P).

Note that A € Syl,.X, because G is an r’-group.

Also, since |X| = |G||Nx(P)|,|G N Nx(P)| it follows that Nx (P) contains a Sylow r-subgroup
of X. Hence there exists g € G such that A$ < Nx(P). Then, we have

A<Nx(PE),
and so, P¢ ' is an A-invariant Sylow p-subgroup of G.

(b) Trivially, Cg(A) acts by conjugation on the set of A-invariant Sylow p-subgroups of G.
We must show this action is transitive.

Suppose that P; and P, are A-invariant Sylow p-subgroups of G. By Sylow’s Theorem (2.2.32),
there exists g € G such that Plg = P>. Then, we have

A8 A < Nx(P,).
In fact, we have

A8, A € Syl,Nx(P,)

and so,
Nx(P,) = ANg(P,).
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Hence there exists ¢ € Ng(P») such that A8 = A°.
Now gc~! € Ng(A), in fact, we get

A, g7 <ANG=1
and so,
~1
gc €Cg(A).

—1 —
Moreover, we have P} = P§ ' = P, because ¢ € Ng(P»).

(c) Let U be a maximal A-invariant p-subgroup of G. We show that U is a Sylow p-subgroup
of G.

Assume that U ¢ Syl,,G. Then U is not a Sylow p-subgroup of Ng(U) by Lemma 2.2.37. As
Ng(U) is A-invariant, there exists an A-invariant T € Syl,Ng(U) by (a). But U < T, which
contradicts the maximality of U.

Corollary 2.3.19. Let A be an elementary abelian r-group that acts on the r/-group G. Let P
and P, be A-invariant Sylow p-subgroups of G. Then, we have

Ca(P1) = Co(Py).

Proof. We work in the semidirect product AG. By part (b) of the above lemma, there exists
¢ € Cg(A) such that P{ = P,. Then, we have

The Solvable Signalizer Functor Theorem

Definition 2.3.20. Let r be a prime and A an elementary abelian r-group. Suppose that A
acts on the group G. An A-Signalizer Functor on G is a mapping 6 which assigns to each
element a € A*, an A-invariant r’-subgroup 6(a) of Cg(a). The following condition must also
be satisfied:

8(a)NCo(b) < B(b),

for all a, b € A*.
We say that 0 is solvable if 6(a) is solvable for all a € A*.
Definition 2.3.21. With the notation above, we say that 8 is complete if there is an A-invariant

¥/ -subgroup K such that
6(a) = Ck(a),

for all a € A*. We say 8 is solvably complete if K is solvable.
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Theorem 2.3.22. [19, The Solvable Signalizer Functor Theorem]. With the notation in Def-
inition 2.3.20 if 6 is svable and rank (A) > 3 then 6 is solvably complete.

Fixed Point Free Automorphism

Theorem 2.3.23. [12, Thompson’s Fixed-point-free Automorphism Theorem]. Every group
admitting a fixed point free automorphism of prime order is nilpotent.

We will prove two special cases of Thompson’s Fixed-point-free Automorphism Theorem.
However, we start with the following lemma:

Lemma 2.3.24. [12, Lemma 8.3.5]. Let G be a Frobenius group with Frobenius complement
H and Frobenius kernel K. Suppose that G acts on a non-trivial abelian group V' such that
(IV|, [K|]) =1and Cy (K) = 1. Then Cy (H) # 1.

Lemma 2.3.25. [13, Lemma 8.1.5]. Let A be a group that acts on the group G. Let K be an
A-invariant composition factor of G that is a p-group. Then [K, O,(A)] = 1.

Theorem 2.3.26. Let G be a solvable group and o € Aut(G) with prime order. Assume that
Cs(a) = 1. Then G is nilpotent.

Proof. Let (o) be a group of prime order p. Let G be a group on which (a) acts fixed point
freely, and that is Cg({ot)) = 1, and p ¢ 7 (G). Thus we have G is p’-group. Assume the result
is false, and we suppose that G is a counterexample of minimal order. Let V be a minimal
a-invariant normal subgroup of G. Then there exist a prime ¢ such that V is an elementary
abelian g-group. o is fixed point free on V so V and G/V are nilpotent but G is not. Thus
V ¢ Z(G), and Cg (V) # G. Also, « is fixed point free on G = G/Cg(V) so G is nilpotent, and
there exists a prime r such that G; = 0,(G) # 1, and Lemma 2.3.25 implies that r # g. More-
over Cy (G) = 1 since Cy (Gy) is an a-invariant normal subgroup of G and Cg (V) # G. Every
non-trivial element of () is a fixed point free on G;. Now, consider the semi direct product
(at)Gj. This is a Frobenius group with Frobenius complement (). But Lemma 2.3.24 shows
that 1 # Cy (&), a contradiction.

Theorem 2.3.27. Let G be a group with every Sylow subgroup abelian and o € Aut(G) with
prime order r. Assume that C; () = 1. Then G is nilpotent.

Proof. Assume the result is false and let G be a minimal counterexample, then G is not nilpo-
tent.

Claim. G does not posses an o-invariant normal subgroup N with 1 # N # G.

Assume false. The minimality of G implies that G/N and N are nilpotent. Therefore, G is
solvale and so nilpotent by Theorem 2.3.26, a contradiction.

If U is an a-invariant subgroup with 1 # U # G, then Ng (U) # G by our Claim. Also Ng (U)
is a-invariant. The minimality of G implies Ng (U) is nilpotent. Let p € 7 (G) and let P be
an ¢-invariant Sylow p-subgroup. By induction, Ng (P) is nilpotent, so Ng (P) has a normal
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p-complement. Theorem 2.2.75 implies that G has a normal p-complement, a contradiction.

2.4 Review of Some Basic Concepts of Representation The-
ory

A linear representation ¢ of a group G is a homomorphism from G to the general linear group
GL(V), where V is a vector space over a field F. If V has dimension n, then GL(V') and GL(n, F)
are isomorphic.

The degree of the representation is equal to the dimension of V. If {0} is the only invariant
proper subspace of V with respect to g, for all g € G, then the representation ¢ is irreducible,
that is, if W C V and w(ggp) € W, forallw € W, g € G implies W = {0}, ¢ is irreducible.

Two representation ¢, @, are equivalent if there exist a fixed invertible matrix A, such that

A~ (gp))A = (g)¢, forall g € G.

We shall be concerned exclusively with representations of finite degree, that is, in finite di-
mensional vector spaces; and these will be vector spaces over a field [F of prime characteristic.
Very often F = GF(p), where p is a prime.

A representation in V can be defined by a homomorphism
¢:G— GL(n, F),

where n is the dimension of V.

Now, we will review some elementary results.

Definition 2.4.1. Let V be a vector space over [F and let G be a group. Then V is an FG-
module if a multiplication vg(v € V, g € G) is defined, satisfying the following conditions for
allu,veV,AcFandg heG:

(1) vgeV,
(2) v(gh) = (vg)h,
(3) vl =v,
4) (Av)g=2A(vg),
(5) (u+v)g=ug+vg.
Note that conditions (1), (4) and (5) in the definition ensure that for all g € G, the function

v—rvg(vev)

is an endomorphism of V.
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Definition 2.4.2. Let V be an FG-module, and let 8 be a basis of V. For each g € G, let [g]g
denote the matrix of endomorphism v — vg of V, relative to the basis f3.

The connection between FG-modules and representations of G over F is described in the fol-
lowing basic result.

Theorem 2.4.3. (1) If ¢ : G — GL(n, F) is a representation of G over I, and V = F", then V
becomes an FG-module if we define the multiplication vg by

vg =v(gp)(veV, g€G).
Moreover, there is a basis 3 of V such that
8¢ =|[g]g forallg € G.
(2) Assume that V is an FG-module and let 8 be a basis of V. Then the function
g—glp (8€G)

is a representation of G over .

Proof. We have already observation that for al u, v € ", A € F and g, h € G, we have

v(gp) € ",
v((gh)e) = (v(g@))(ho),
v(19)) =,

(Av)(gp) = A(v(g9)),
(u+v)(gp) = u(gp) +v(go).
Therefore, " becomes an FG-module if we define
vg =v(gop) forallve F" g€ G.

Moreover, if let B be the basis
(1,0,0,...,0), (0, 1,0,...,0),...(0,0,0,..., 1)
of I, then g¢ = [g]g forall g € G.

(2) Let V be an FG-module with basis . Since v(gh) = (vg)h for all g, h € G and all v in
the basis 8 of V, it follows that

[ghlg = (8] [h]g -
In particular,
[1][3 = [g]ﬁ [gil]ﬁ

for all g € G. Now vl =vforall v eV, so [1] p is the identity matrix. Therefore each matrix
[g] g is a homomorphism from G to GL(n, F) (where n = dimV'), and hence is a representation
of G over FF.

39



Definition 2.4.4. Let V be an FG-module. A subset W of V is said to be an FG-submodule of
V if W is a subspace and wg € W forallw € W and all g € G.
Thus an FG-submodule of V is a subspace which is also an FG-module.

Definition 2.4.5. Let V and W be FFG-modules. A function 0 : V — W is said to be an FG-
homomorphism if 0 is a linear transformation and

(vg)0 = (vO)gforallveV, geG.

Proposition 2.4.6. Let V and W be FG-modules and let 0 : V — W be an FG-homomorphism.
Then Ker0 is an FG-submodule of V, and Im0 is an FG-submodule of W.

Proof. Note that Ker6 is a subspace of V and Im0 is a subspace of W, since 0 is a linear
transformation. Let v € Ker0 and g € G. Then, we have

(vg)0 = (v0)g=0g=0

and so vg € Ker@. Therefore, Ker is an FG-submodule of V. Now let w € Im#, so that w =v0
for somev V.
For all g € G, we have

wg = (v0)g = (vg)O € Im#O,
and so Im®@ is an FG-submodule of W.

Definition 2.4.7. Let V and W be FG-modules. We call a function 6 : V — W an FG-
isomorphism if 8 is an FG-homomorphism and 0 is bijective. If there such an FG-isomorphism,
then we say that V and W are isomorphic FG-module and write V = W.

Theorem 2.4.8. [3, Maschke’s Theorem]. Let G be a finite group and let [ be a field has a
characteristic not dividing |G|. Suppose V is an FG-module of V and that U is an FG-submodule
of V. Then there exist an FG-submodule W of V such that V. =U &W.

Lemma 2.4.9. (Schur’s Lemma). Let V and W be irreducible FG-modules.

(1) If ¥ : V — W is a FG-homomorphism, then either ¥ is a FG-isomorphism, or v = 0 for
allveV.

(2) Assume [ is algebraically closed. If ¥ : V — V is a FG-isomorphism, then ¥ is a scalar
multiple of the identity endomorphism 1,,.

Proof. (1) Suppose that v¥ # 0 for some v € V. Then Im ¢ # {0}. As Im 9 is a FG-
submodule of W, and W is irreducible, we have Im® = W. Also, Ker? is a FG-submodule
of V; as Kertd # V and V is irreducible, Kerdd = {0}. Thus ¥ is a bijection, and hence is a
FG-isomorphism.

(2) The endomorphism ¥ has an eigenvalue A € T, and so Ker (% — A1,) # {0}. Thus Ker
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(¥ — A1,) is a non-zero FG-submodule of V. Since V is irreducible, Ker( —A1,) = V. There-
fore,

v(d—21,)=0 forall veV.
That is, ¥ = A 1,, as required.

Part (2) of Schur’s Lemma has the following converse:

Proposition 2.4.10. Let G be a finite group and let I be a field has characteristic not dividing
|G|. Let V be a non-zero FG-module, and suppose that every FG-homomorphism from V to V
is a scalar multiple of 1,. Then V is irreducible.

Proof. Suppose that V is reducible, so that V has a FG-submodule U not equal to {0} or
V. By Maschke’s Theorem, there is a FG-submodule W of V such that

V=UoDW.

Then the projection w: V — V defined by (u+v)t=uforallu € U, w € W is a FG-homomorphism,
and is not a scalar multiple of 1,, which is a contradiction. Hence, V is irreducible.

Now, we are going to present some other results which will be used in later chapters.

Definition 2.4.11. For § a finite p-group, let
m = max{|A| : A is an abelian subgroup of S},
o (S) ={A < S:Aisabelian and |[A| = m}
and

J(S)=(A:A e (S)).

Lemma 2.4.12. Let p be a prime. Let G be a group that acts on the elementary abelian p-group
V' and suppose that

V ={(Cy(S)|S € Syl,G).
Then,

Op(G/CG(V)> =1L

Proof. Let S €Syl,G. Set
Z:=Cy(S) and C :=Cg(V).
Since all Sylow p-subgroups of G are conjugate, we get
vV =(z9).

Let C < D < G such that D/C = 0,(G/C). Then, we have
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1#DNS e Syl,D,D=C(DNS) and G=CNg(DNS)
by applying Lemma 2.2.6. This gives,
V — <ZNG(DHS)>_
Letn € Ng(DNS). Then
z", DNS| =z, DNS]"
<[Z, DNS]"
=1

since Z = Cy (S). We deduce that
IV, DNS] = L.

Hence, we have
DNS<Ng(V)=C.

and so
D=C.

Now the group
Q(G)={xeG|x=1),

is a characteristic subgroup of G.

Remark 2.4.13. Let p be a prime. The group G has characteristic p (see Definition 2.2.34) if
F*(G) = F(G) = 0,(G)

because the condition C(0,(G)) < O,(G) is equivalent to the above condition.

Lemma 2.4.14. (Thompson Lemma). Let p be a prime and G a group with characteristic p.
Let

V= (Qi(2(9))] S € SyL,0).
Then V < ©(Z(0,(G))), V is an elementary abelian characteristic subgroup of G and

0p(G/Cs(V)) = 1.

Proof. Let S € Syl,G. Since G has characteristic p, we have
Q1(Z(8)) < C6(0,(G)) < 0p(G) < §.

Then V is contained in Q(Z(0,(G))) and Q;(Z(S)) = Cv(S), so the assertion follows from
Lemma 2.4.12.
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Lemma 2.4.15. [13, Stellmacher]. Let p be a prime and P a p-group. Let Vi, V,,..., V, be
elementary abelian normal subgroups of P with V. = (Vi, V,,..., V,). Let ¢ € R and suppose
that

|1B/Cp(Vi)|* < |Vi/Cv,(B)],

forall 1 <i<nandB <P with [V;, B, B = 1. Then,
|B/Cp(V)|? < |V/Cy(B)|,
for all B< P with [V, B, B] = 1.

Proof. Let B =B and for 1 <k < nlet
By =Cs(Vi)N...NCs(Vp).
Then for each k with 1 < k < n, we have
[Bi—1/Bi|” < [Vie/ Cy, (Bi—1).
The map v +— Cy (Bk—1) +v from V; to Cy (Bx)/Cv (Bi—1) has kernal Cy, (Bx—1). Hence
Ve/ Cv(Bi-1)| < |Cv (Bi) /Cv (Bi—1)|-

We deduce that,
|Bi—1/Bk|? < |Cv(Bk)/Cv (B—1)|-

Then, we have
(|Bo/B1l|B1/Ba|. . |Bu—1/Bnl)?

< |Cv(B1)/Cv(Bo)||Cy (B2)/Cv(B1)]...|Cv(By)/Cv(Bu-1).

Hence,
1B/Cp(V)|? < |V/Cv(B)].

Definition 2.4.16. Let G be a group, p a prime, V a faithful GF(p)G-module and let A < G be
an elementary abelian p-group. Then

(1) Ais quadraticon V if [V, A, A] =0.
(2) Aiscubicon Vif [V, A, A, A] =0.
(3) A is nearly quadratic on V if A is cubic on V and
[V, A< [v, Al +Cv (),
forallve V\ ([V, A] +Cy(V)).
(4) Ais a2F-offender for Gon V if A # 1 and
[V/Cv(A4)] < |A/ANO,(G) .

We remark that if A is quadratic on V then it is nearly quadratic on V. Moreover, if A is a
2F-offender for G on V, then A £ 0,,(G).
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Theorem 2.4.17. Suppose that the group A acts coprimely on the group G, that p is a prime and
that V is a GF (p)AG-module. Assume that G is faithful on V and that G is p-solvable. Then
0,(G; A) does not contain any nearly quadratic 2F-offender for G on V.

Proof. This proof in [19, Theorem B] under the assumption that AG acts faithfully on V. Recall
that AG is the semidirect product of A and G. Let N = Cyg(V). Then, we have

NNG=Cg(V) =1,

so |N| divides |A].
Now, A is a Hall subgroup of AG and AN < AG. It follows that AN = A, so N < A. Since
N <AG, we have

[N, G]<ANG=1.

Set A* =A/N. Then A* acts coprimely on G, V is a faithful GF(p)A*G-module and
0,(G; A*) = 0,(G; A).

The conclusion follows from [20, Theorem B].

Theorem 2.4.18. (Stellmacher [20, Theorem 3.3]). Let p be a prime, let G be a p-solvable
group and let V be an elementary abelian p-subgroup of G. Suppose that

(1) G has characteristic p.
(2) 0,(G) normalizes V but V & O,(G).
Then there exists B < O,(G) such that the following hold:
(a) B/Cp(V) is elementary abelian and acts non-trivially and nearly quadratically on V.

(b) |V/Cy(B)| < |B/Cs(V)|.

Theorem 2.4.19. (Thompson’s Replacement Theorem [10, Theorem 1]). Let S be a finite
p-group, and let A € &7 (S).

(a) Suppose x € S and [x, A] is abelian. Let M = [x, A]. Then MCy (M) € </ (S).

(b) Suppose B is an abelian subgroup of S that is normalized by A. If [B, A, A] # 1, there
exists A* € &7 (S) suchthat ANB <A*NB, A* <ABand [A*, A, A] = 1.

2.5 Some Group Theoretic Concepts

Burnside’s p®gP-Theorem
We will prove the Theorem of Burnside that groups of order p%¢P, where p and ¢ are primes

and , P are non-negative integers are solvable. We will use some basic results which have
been presented in the previous section and the following lemma.
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Lemma 2.5.1. [2, Theorem 4.23]. If a group G has a non-identity conjugacy class K such that
|K| = p%, where p is prime and a is a non-negative integer , then G is not simple.

Theorem 2.5.2. (Burnside’s Theorem). Let G be a group of order p%qP, where p, q are primes
and o, 3 are non-negative integers. Then G is solvable.

Proof. If p = q or if either o, B are equals zero, then G is p-group, hence it is a solvable.
We can assume that p and ¢ are distinct primes and ¢, B are positive numbers. There must a
subgroup P of order p*. The center of the subgroup P is non-trivial because P is a p-group.
Let g € Z(P) and g # 1, the order of the conjugacy class g is |G : Cg(g)|. As P C Cg(g),
|G : Cs(g)| = ¢, t # 1. Then, we have a non identity conjugacy class of G of order ¢'. Thus,
by Lemma 2.5.1, G is not simple. By the induction of the order of the group G, G has a normal
subgroup N that is solvable, and G/N also solvable. Hence G is a solvable.

Primitive Pairs

We call a proper subgroup H of G primitive if H = Ng(K) for every non-trivial characteristic
subgroup K of H. Now we define a primitive pair of a group G as follows:

Definition 2.5.3. A primitive pair for a group G is a pair (H;, H;) of distinct subgroups G that
satisfy

e whenever {i, j} = {1, 2} and K char H; with K < H, N H, then Ny, (K) = H| N H,.
Moreover, (H;, H>) has characteristic p if in addition:

e for each i, H; has characteristic p and O,(H,)0,(H;) < H;.

Now, we will present Bender’s Theorem which shows under some certain assumptions that a
primitive pair has characteristic p. We start with the following lemmas:

Lemma 2.5.4. Suppose that (H), H;) is a primitive pair and N is a group with N char H; and
N char H,. Then, N = 1.
Proof. Suppose that N # 1. Since H; and H, is a primitive pair and 1 # N <H|, N < Hi N Hy,

implies that Hy = Ny,(N) = Hi N H,. Thus Hy C H,. Similarly, we get H; C H,. Hence
H; = H,, a contradiction. Then, N = 1.

Lemma 2.5.5. Let H be a subgroup of a group G. Suppose that H = (S) for some S C G. Let
g € G and suppose that s8 € H for all s € S. Then g € Ng (H).

Proof. Let 1 € H. Since H = (S), there exist s1, $2,...5, € SUS™! such that 1 = s155...5,.
Then h8 = s§s} ...s5 € H, and it follows that g € N (H).
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Lemma 2.5.6. Let X be a group, P < X a p-group and Q < X a g-group, and p, g are distinct
primes. Suppose that Cx (F (X)) < F(X), PF(X) and QF (X) are nilpotent. Then [P, Q] = 1.

Proof. The group PF(X) is nilpotent, so subgroups of PF(X) with coprime orders commute.
Note that p # ¢, and hence [P, O,y (F(X))] = 1. Then, we have

P<Cx (Op’(F(X») JX.

Similarly,
0 < Cx (0,(F (X)) <X.

This implies that,
[P, Q] S Cx (O F(X)) NCx (Oy F (X)) < Cx (F(X)) = Z(F(X)).

We claim that Q normalizes PZ(F(X)).
Let g € Pand h € Q. Then,

g, h] € [P, Q] <Z(F(X)).

This implies that,
¢ ' gh e Z(F(xX)

and so,
g 'g" € Z(F(X)).

Hence, we have
g" € gZ(F(X)) C PZ(F(X)).

Thus, the claim follows from Lemma 2.5.5. Similarly, P normalizes QZ(F (X)).
Since QZ(F (X)) is nilpotent, we have

0 < 04(QZ(F(X))).
Now, P normalizes O,(QZ(F(X))), hence [P, Q] is g-group.
Similarly, it is p-group. Then, we have

[P, 0] =1.

Theorem 2.5.7. (Bender’s Theorem). Let G be a group. Let (H;, H;) be a primitive pair of G.
Suppose that F*(H}) < H, and F*(H,) < H}. Then there exist a prime p such that the primitive
pair of (H;, H;) has characteristic p.

Proof. Since F*(H,) <H; and F*(H;) < H, also F*(H,) <H, and F*(H,) < H;, we have
F*(H\)F*(Hy) <H;NH;

and,
F*(H\)F*(Hy) < F*(H NHy). (D)

From (1), if K is a component of H| it is also a component of H; N H;, and so
46



K < F*(H) or [F*(Hy), K] = 1.

If [F*(H,), K] =1, then K < Z(F (H;)). This is a contradiction as K non-abelian.
Thus, we have
K < F*(H).

Note that K I <H| N H, and F*(H,) < H) N H,.
So, K I<F*(H,) <H,. Then K is also a component of H,. This implies that,

E(H,) < E(H>). 2)
Similarly,

E(Hy) < E(Hy). 3)
From (2) and (3), we have

E(H,) =E(H>).

Refer to Lemma 2.5.4. Hence,
E(H))=E(H) =1.

Thus, we have
F*(H1) = F(H]) and F*(Hz) = F(Hz).

Therefore,
Cn, (F(H1)) < F(H))

and,
Ciy (F(Ha)) < F(Hy).

Also, we have
F(H,) < F(H\ NH)

and,
F(Hz) < F(Hl ﬂHz).

Let p € m(F(H,)). Suppose that p ¢ n(F(H,)), so F(H,) is a p’-group, then we have
[0p(H)), F(H2)] =1

and,
1 # O0p(H1) < Cny(F(H2)) < F(H).

This contradicts that F(H,) is a p’-group. We deduce that,
p € n(F(Hy)).

This means that,
n(F(H)) C n(F(Ha)).
By symmetry it follows that,
n(F(H)) = n(F(H)).
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Assume the theorem false, then there exist p, ¢ € n(F(H;)) = n(F(H,)) with p # g. Since
Op(Hl), Oq(Hl) < F(H] ﬂHz) also F(Hz) < F(H] ﬂHz), we have OP(H1>F(H2) and Oq(Hl)F(Hz)
are nilpotent subgroups of H,.

Let h € H,, then OP(Hl)hF(Hz) = (0, (H)F(Hy))" is nilpotent. By Lemma 2.5.6 we have,
[Op(Hl)hv Oq(HZ)] =1
Now, Cx, (04(H1)) < Hi NH,, and then
0,(H)" < HyNH,.
Let I = H; N Hy, then

0,(H) <I""',Vh € H,.

Hence, we have
0,(H)) < () I"<Ha.
heH,

Also,
1 <H

and so,
0,(H1) € 0,(1).

Hence, we have
OP(HI) < Op( ﬂ Ih) < Op(HZ)-
heH,

This implies that,
O, (H1) C O,(Hy).

By symmetry, we get
Op(Hy) = Op(Hy).

Then Lemma 2.5.4 implies that O,(H;) = 1, a contradiction.

Definition 2.5.8. Let M and H are two solvable subgroups of a group G we define
M~ H

to mean there exists X < F (M) with XCr(y)(X) < H.

Theorem 2.5.9. [18, Bender’s Maximal Subgroup Theorem]. Suppose that (M, H) is a prim-
itive pair of solvable groups for the group G and that M ~+ H. Then

(@) Oy(H)NM = 1for all g ¢ n(F(M)).

(b) If H ~» M or O4(H) = 1 for all g ¢ n(F(M)) the there is a prime p such that M and H have
characteristic p.
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Chapter 3

Basic Concepts of Partial Groups

3.1 Introduction

In this chapter we will introduce the concept of a partial group and some basic concepts. We be-
gin with the definition of partial groups with some examples, and then we introduce the notions
of abelian partial groups, nilpotent partial groups and solvable partial groups. In fact, we will
prove that every connected abelian partial group and so nilpotent partial group have a unique
maximal member. We give a counterexample to show that not every connected solvable partial
group has a unique maximal member. In the third section of this chapter, we will introduce
subpartial groups. Also, we give a definition of homomorphisms of partial groups and so ker-
nel of homomorphism partial groups. At the end of this section, we will extend the concept
of primitive pairs of groups to partial groups, and we give an analogue of Bender’s Maximal
Subgroup Theorem (Theorem 2.5.9) for partial groups. In the last section, we provide a notion
of automorphisms of partial groups. We extend the Theorem of Thompson (Theorem 2.3.23)
to partial groups. Also, we extend some results of elementary abelian groups acting on partial
groups. We start to extend a result of Solvable Signalizer Functor Theorem to nilpotent partial
groups. Finally, we extend Transitivity Theorem (Theorem 2.3.18) to partial groups.

3.2 The Partial Group Concept

In the present section, we start by defining partial groups and providing some basic results.

Definition 3.2.1. (Partial Group). A partial group is a finite set I" such that
1- Each member of I" is a finite group.

2-If X, Y eI, then XNY €I and the binary operation on X NY induced by the binary
operation on X coincides with the binary operation induced by the binary operation on Y.

3- If X € I with X not the trivial group, then there exists N € I" with the property:
whenever H € I" with X < H, then NNH = Ny (X).

4- IfHeI'and K char H,then K €T".
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Remark 3.2.2. (Definition of Partial Group).
(a) In(2), X NY is a subgroup of both X and Y.

(b) It follows from (2) and (4) that I" contains a member {1} with the property that 1 = 1y
forallH €T'.

Definition 3.2.3. We define the identity element of a partial group I" to be the identity of each
elementin I".

This definition makes sense because of Remark 3.2.2.

Lemma 3.2.4. Let I" be a partial group and suppose X € I'. Then I" possesses a unique maxi-
mal member N with the following property:
whenever H € I with X < H, then NN H = Ny (X). Moreover, X <N.

Proof. By the definition of a partial group I, there exists N € I'" such that whenever H € I
with 1 £ X < H, then
HNN = Ny(X). (1)

Now, we show that N is unique. Suppose we also have N* € I" such that whenever H € I with
1 #X < H, then
HNN* = Ng(X). (2)

In (1) put H = X, then we have
XNN=Nx(X)=X.

Then, we have
X <N.

Now, put H = N in (1), then we have

N = Ny(X)
and so X < N.
Similarly, we get X <N*.

Now, put H = N* in (1), we have
N*NN = Ny-(X).

Since X <IN*, we have

N*NN =N~*.
Then, we get
N*<N
Similarly, we get
N < N*
Thus, we get
N=N".



Definition 3.2.5. Let I" be a partial group, and suppose X € I'. The group N constructed in
3.2.4 is called the normalizer of X and is denoted by

Nr(X).
The centralizer of X is denoted by

Cr(X) = Crnpx)(X).

Lemma 3.2.6. Assume the notation of Definition 3.2.5. If H € I with X < H, then Cr(X)NH =
Cu(X).

Proof. By Lemma 3.2.4, we have
Nr(X)NH = Ng(X).
Then,
(Cr(X)NNr(X))NH = Cr(X) NNp (X).
Since Cr(X) = Cy,.(x)(X), we get

Cr(X)NH =Cg(X).

Example 3.2.7. (Partial Group).

(1) Let G be a group and I" the set of subgroups of G.
Since each member of I" is subgroup, their intersections are subgroups. Also, if 1 # X
is a subgroup of G in I', there exist a subgroup of G in I" namely N = Ng(X) such that
NNH = Ng(X). The condition of characteristic subgroups is clear. Hence, I" is a partial

group.

(2) Let X and Y be two groups with X NY = 1. Let I" = {subgroups of X } U {subgroups of
Y}. Then I' is a partial group.

(3) Suppose that I'7 and I; are partial groups with X NY =1,VX €I andY € I5. Then [1UI;
is a partial group.

Definition 3.2.8. Let I" be a partial group and

(a) M is a maximal member of I" if whenever H € I" with M < H, then M = H. The set of
maximal members of I" is denoted by
r*.
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(b) M is a primitive member of I" if whenever 1 # X char M, then M = N (X). The set of
primitive members of I is denoted by

.

It is clear from the definition of a partial group I that I"*, I"** C I", but I"* and I"** may not be
partial groups.

Lemma 3.2.9. Let I be a partial group and A, M € I'. Then
(1) f1 #A<IM, then M < Np(A).
(2) f 1 A<M €I'*, then M = Nr(A).

Proof. (1) M = Ny (A) < N (A).

(2) we have M < Nr-(A) by (1). Since M is a maximal element in I, we get M = Nr-(A).

Lemma 3.2.10. Let I" be a partial group. Then, I'* C [™**

Proof. Let M € I'* and suppose that K char M. Then Np(K) = M and so M is a primitive
member of I'. Thus, I'* C I'**.

Lemma 3.2.11. Let I" be a partial group. Let H; and H, be two members of I" with H{ N H, # 1.
Then NF(Hl) ﬂNF(Hz) < NF(HI ﬂHz).

Proof. Since I is a partial group, we have Hy <N (H;) € I' and H, <Nr-(H) € I'. Then
H NHy < NF(Hl) ﬂNF(HQ) el

Lethe€ HiNH, andn € N (H;) NN (Hy). Then h € Hy, n € Ni-(H)) and so A" € H;. Similarly,
we get h'* € Hp. Thus, we get
W'e HHNH,

and so
H NH, S]NF(Hl)ﬁNF(Hz).

Then, we have
Nr(Hi) NN (Ha) = Nyp (1) rvp (a1) (H1 N Hb)

= NF(HI) ﬂNF(Hz) ﬂNF(Hl ﬂHz)
- NF(Hl ﬂHz).

Now, we know the set of all subgroups of a group G provides a partial group. But the proper
subgroups of G might not be a partial group. However, if we consider I is a partial group of
proper subgroups of G. What does G look like?.

52



Proposition 3.2.12. Let G be a group, I" the collection of proper subgroups of G and suppose
I' is a partial group. Then G has one of the following holds:

(1) G is simple.
(2) G possesses an elementary abelian normal g-subgroup K such that G/K is cyclic.

(3) G possesses a characteristically simple subgroup K with Cg(K) = 1 and G/K cyclic.

Proof. (1) If G is simple, then the intersection condition of I" is satisfied. Now, let P and H are
in I" such that 1 # P < H. We define N[ (P) = Ng(P) which is a proper subgroup in I" and so
NF(P> NH = NH(P)

We may assume for the rest of the proof that G is not simple, since otherwise (1) holds.

We claim that if 1 # K <G then G/K is cyclic.
Assume false and let N = N-(K). Let g € G. Since G/K is not cyclic, then K(g) # G. Now, we
have

K(g) = Nk (K)NN

=K(g)NN.

This implies that g € N. Then, G =N € I, a contradiction. Hence the claim holds.

Let K be a minimal normal subgroup of G. Then either K is an elementary abelian g-subgroup
of G for some prime g or K is the direct product of isomorphic non-abelian simple groups
permuted transitively by G.

In the first case, (2) holds. Suppose the second case. Note that Z(K) = 1.

So, we have
Ce(K)NK =1.

Suppose that Cg(K) # 1. Now Cg(K) <G and so G/Cg(K) is cyclic. As Cg(K)NK =1, we
see that K is isomorphic to its image in G/Cg(K) and so K is cyclic, a contradiction. Hence,
Cs(K) =1 and so (3) holds.

The graph of a partial group

A partial group I" determines a graph as follows:
1- The vertices of the graph are the non-identity members of I".

2- Two distinct vertices are joined by an edge if they have non-trivial intersection.

Definition 3.2.13. (Connected Partial Group). We say that a partial group is connected if its
graph is connected.

We note that the partial group in (1) of Example 3.2.7 is a connected partial groups. An example
of a disconnected partial group is the set of proper subgroups of S3.
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Theorem 3.2.14. Every partial group is a disjoint union of connected partial groups.

Proof. Let I] be a connected component of I". We claim that I is a partial group. Axioms 1,
2 and 4 hold trivially. To verify Axiom 3, suppose that P € I7 with P # 1. Since I is a partial
group, there exists N € I" such that wherever P < H € I then NNH = Ny (P). Now, P < N and
P € I so since I is a connected component of I, we have N € I7.

Recall that every graph is the disjoint union of its connected components. Hence, the partial
group I is a disjoint union of connected partial groups.

Now, we give some important definitions and results of abelian partial groups, nilpotent par-
tial groups and solvable partial groups as follows:

Abelian Partial Groups

Definition 3.2.15. A partial group called an abelian partial group if each member of the partial
group is abelian.

Theorem 3.2.16. Every connected abelian partial group has a unique maximal member.

Proof. Let I be a connected partial group in which every member is abelian.
Let A and B be maximal members of I".
First, we suppose that ANB # 1. Let N = N (AN B). Then we have,

NNA=N4(ANB)

=A.

Therefore, A < N. But A is a maximal member of ', so A = N.
Similarly, B= N. Hence, A = B.

Now, we suppose that AN B = 1. Since I' is a connected partial group, there exist maximal
members Cy, C3,....,C, such that

ANC; #1,CiNCiy1 #1and C,NB # 1,
forall i < n.

By what we have just proved, A = Cy, C; = C;j;1 and C, = B, for all i < n. Hence, A = B.

Nilpotent Partial Groups

Now we will extend the definition of abelian partial groups to nilpotent partial groups as fol-
lows:

Definition 3.2.17. A partial group is called nilpotent partial group if each member of the partial
group is nilpotent.
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Proposition 3.2.18. Every abelian partial group is a nilpotent partial group.

Proof. Let I'" be an abelian partial group. Since every member of I is an abelian group,
and we know that every abelian group is nilpotent, so I" is a nilpotent partial group.

Theorem 3.2.19. Let I be a finite connected nilpotent partial group. Then I" has a unique
maximal element.

Proof. We claim that if A and B are maximal elements of I with ANB # 1 then A = B.
Assume false and choose a counter example A, B with |A N B| as large as possible.
Such a choice is possible since |I'| is finite.

Let N = NI (AN B). Then since A is nilpotent, we have
NNA=N4yANB)>ANB.
Choose a maximal element M € I" with N < M. Then
MNA> NNA>ANB.

The choice of A, B forces M = A.
Similarly, M = B, whence A = B, a contradiction.

Finally we conclude, as in the abelian case that I contains a unique maximal element.

p-Partial Groups

Definition 3.2.20. A partial group I" is called p-partial group if every member of I" is a p-group.
We denote the set of all p-groups of a partial group I" by I, and the set of all maximal p-
groups in I" by Syl, I'".

Proposition 3.2.21. Let I" be a partial group. Then I, may not be a partial group.

Here an example.

Let I be the set of all subgroups of Ss. Then I'},—, is not a partial group. Let P = ((12)), A =
P x ((34)) and B =P x ((45)) are in I". suppose that I'},_ is a partial group and let N = N (P
and so N is a 2-group.

Now, we have ((34)) C Na(P) C N and ((45)) C Ng(P) C N. But (34)(45) = (354), which is
of order 3, a contradiction.

Corollary 3.2.22. Every connected p-partial group has a unique maximal member.

Proof. Since every p-partial group is a nilpotent partial group and so it has a unique maxi-
mal member.
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Solvable Partial Groups

Definition 3.2.23. A partial group I is called a solvable partial group if each member of I" is
solvable.

It is clear from the above definition that abelian and nilpotent partial groups are solvable but the
converse is not true.

Proposition 3.2.24. There exists a connected partial group with more than one maximal mem-
ber.

Proof. Here is an example.

Let I = {the set of all proper subgroups of As}.

Since As is a simple group, the collection of the proper subgroups of As is a partial group by
Proposition 3.2.12 as every proper subgroup of As is solvable. It remains to show that As is
connected. As has three classes of maximal subgroups which are the normalizer of Sylow 5-
subgroups of order 10, the normalizer of Sylow 3-subgroups of order 6 and the group A4 that
contains Sylow 2-subgroups. Let H = A4 < As, |As : H| = 5. Any maximal subgroup of As has
non-trivial intersection with H. Let 1 # P < As and choose a maximal subgroup M of A5 with
P < M. Then there is a path between P and H and so P is in the same connected component of
H. Thus, the graph of the partial group I is connected and so I is connected.

3.3 Subpartial Groups and Homomorphism of Partial Groups

Subpartial Groups
Definition 3.3.1. Let I be a partial group and we call I] C I" a subpartial group if I is also a

partial group.

Definition 3.3.2. We call a partial group I is a trivial if it contains one member only which is
the identity member.

Example 3.3.3. Let G be a simple group, I' = {{1g}, {G}} and I] = {1}. Then I is a trivial
subpartial group.

Definition 3.3.4. We call a partial group I" disjoint if M| "M, = 1 for all My, M, € I'* with
M, # M,.

Proposition 3.3.5. Let I" be a non-trivial partial group. The union of two disjoint subpartial
groups of I is also a partial group.

Proof. This follows from the definition of a disjoint partial group.
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Partial Groups Homomorphism
Definition 3.3.6. Let I] and I be partial groups. A partial group homomorphism from I to I
is a collection ® = {64 | A € I} such that

1- YA € I3, 6,4 is a homomorphism with domain A and codomain 64(A) € I5.

2- VA, B €13, we have 04|anp = 0B|ans-

3- If A € I, then Ker0, € I;.

Definition 3.3.7. The kernel of a partial group homomorphism ® : I} — I, is defined as
Ker6 = { Kerfy |A €I }.

Theorem 3.3.8. Let ® : ] — I be a partial group homomorphism. Then Ker® is a subpartial
group.

In order to prove the above theorem, we need to prove the following Lemma:

Lemma 3.3.9. Let I, and I be two partial groups, and ® : I{ — I3 a partial group homomor-
phism.

(1) Let A, B € I;. Then Ker64N Ker0g = Ker643.
(2) Let A, B €Ii. Then AN Ker6p = Ker04~p = Ker64 N B.
3) If M € Ker®, then Ker6y; = M.

Proof. (1) Let Ker6y, Kerfp € Ker®, with A, B € I]. Now, consider AN B € I} and the map
O0anB € O. Let g € Kerf4np and so QAQB(g) = 1. But also g € A and eAﬂB’AﬁB = 9A|AQB.
Therefore,

0anB = 04 anB-

Then, we get
1= 6an5(g) = 6a(8),
and so
g € Ker6,.
Similarly, we get
g € Ker0p.

Thus, we have
Ker84np C Ker64N Ker6p.

Conversely, suppose that g € Ker64M Kerfp. Now, g € ANB and 64~ = 04|ans- Then

OanB(g) = 0a(g) = 1,

and so,
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g € Kerfnp.
Thus, we get
Ker04N 6 C KerOyqp.
Then, we have

Ker64np = Ker64N Ker6p.

(2) By the definition of partial groups homomorphism, we have
Ker84 NB C Ker6p
and so
Ker64 "B C Kerfg NA.
Also, we have
Ker0gNA C Ker64 N B.
Therefore, we have
Ker64 N B = Ker6g NA.
By applying the above, we get
Ker64 N B C KerfBg and Ker64, N B C A.
Then
Ker64 N B C Ker04N Kerfg = Kerf4p.
Conversely, we have

KerOBsnp = Kerf4qp N (A N B)
=KerO4~gNB
C Ker6p
CB.

Similarly, we have
KerO4np C Ker6y.
Therefore, we get

Ker84np C Ker64 NB.

(3) Let M € Ker®. Then, we have
M = Ker6y

for some A € I.

Now, Ker6yy NA = MN Kery = M NM = M. Therefore, we get
M C Ker0y,.
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Also, we have Ker0y; C M and so we get Ker6y; = M.

Proof Theorem 3.3.8. From the above lemma, we have the intersection condition of Ker®
1s satisfied.

Let P and M € Ker® such that P < M, so P = Ker6y for some A € I]. Let N; = Nf; (P). Now,
M € I and so Ny "M = Ny (P). We need to construct the normalizer of P in Ker®. Let N =
Kerfy, € Ker®. Then, we have

NNM = Kerby, "M
= NN Ker6y,
=N NM
= Ny (P).

Thus, we have N is the normalizer of P in Ker®.

Subpartial Groups of Normal Subgroups in I"

Recall that given a group G, the kernels of homomorphisms with domain G coincide with the
normal subgroups of G. Note that kernels are defined externally since we need another group
to be the image of a homomorphism. Whereas, normal subgroups are defined internally to G.
A natural question to ask is “Can we characterize the kernels of partial group homomorphisms
internally to the partial group?”’. We have not been able to answer this question, but here is
some progress.

Hypothesis:

Let I be a partial group such that
1- ForeachA €I ANy with Ny <<Aand N4y €1
2- Forall A, BeI', Ny\NB < Np.

Theorem 3.3.10. Assume the above hypothesis. Let I7 C I" such that I;] = {Ns | A € I'}. Then
I is a partial group in I".

In order to prove the above theorem, we need to start with the following lemma:

Lemma 3.3.11. Assume the hypothesis. Suppose that I7 C I" such that IT = {Ny | A € T'}.
Then, we have the following:

(1) N\NB=ANNg, forallA, BeTI.
(2) NN\NB=N4yNNpg,forallA, BT
(3) Nanp = NoANNp.

Proof. (1) From our hypothesis, we have

NsNB C Np.
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This implies
AN(NsNB) CANNg

and so,
NsNB CANNg.

Similarly, we have
ANNg C NysNB.
Hence, we get

NsNB=ANNg.

(2) Now, we have
NysNNg CNsNB.

Also,
NsNB C Ng,

and so
NysNB C NsNNg.

Thus, we have
NsNB=N4NNg.

(3) SinceAand BeI',thenANB € I'. Now, we have
NaN(ANB) C Nang,
and so
NisNB C Nygp.-

In particular,
NANNg € Apnp.

Also,
NanpMNA C Ny.

This implies that
Nanp N (AﬂB) C NaNB,

and so
Narng € NANB.
Then, we get
Nanp € NgaNB = N4gNNp.
‘We deduce that,

Nanp = NoNNp.

Proof Theorem 3.3.10. By the above lemma, we have the intersection of two members in I is
alsoin I.

60



Now, let P € I] and define N* by
]\]>|< :NNF(P) S l—i

Now suppose that M € I'1 and P < M. Choose A € I" such that M = N4. Then
MﬂN* :NA ﬂNNF(P)

= NsNNr(P)
=MNNr(P)
— N (P).

Thus, we have the normalizer of P in I7 is N*.

Question:

Is there a partial group homomorphism ® from a partial group I" to another partial group X such
that Ker® =17 CT'?.

Primitive Pairs of Partial Groups

We will extend the concept of primitive pairs of a group to a partial group as shown in the fol-

lowing definition and results.

Definition 3.3.12. Let I be a partial group and let M and M, be two distinct members of I".
We call (M, M,) is a primitive pair of I" if the following hold:

1- If 1 £ K char M| and K < M| N Mj, then NMZ(K) =M NM,.
2- If 1 # K char M, and K < M| N M, then Ny, (K) = My NM,.

Lemma 3.3.13. Let M and M> be two distinct maximal members of a partial group I'. Then
(M1, M>) is a primitive pair of I".

Proof. Let 1 £ A char M| and A < M| N M;, we have

Ny, (A) < NF(A).

Then, we have
M; < Nr(A).

Since M is a maximal member of I, we have

and so
NF(A)ﬂM2 =M NM,.



Then, we have
NMz(A) =M NM,.

Similarly, if 1 # A char M, and A < M| N M>, then

Ny, (A) =M NM,.

Corollary 3.3.14. Let I be a partial group and M| # M, € I'*. Suppose that N char M| and N
char M, where N € I'. Then N = 1.

Proof. By the above lemma, we have (M, M;) is a primitive pair and so by Lemma 2.5.4,
we have N =1

Corollary 3.3.15. Let I" be a partial group and M|, M, € I'*. Suppose that N char M; and N
char M;, where 1 2N € I'. Then M| = M,.

Proof. Since I is a partial group and N <M, N <M,, we have M| = N (N) = M,.

Now we are extending Bender’s Theorems (Theorem 2.5.7) for partial groups. In the following
result we will apply the second part of Definition 2.5.3 for partial groups.

Theorem 3.3.16. Let I" be a partial group and M, M, € I'* with M; # M,. Suppose that

F*(My) < My and F*(M;) < M;. Then (M}, M;) has a characteristic p for some prime p.

Proof. Since M| and M, are maximal members in I", (M}, M) a primitive pair in I". By
applying Theorem 2.5.7, we get the result.

Bender’s Maximal Subgroup Theorem for Partial Groups

We will establish an analogue of Theorem 2.5.9 for partial groups. We start to extend Definition
2.5.8 for partial groups as follows:

Definition 3.3.17. Let I" be a partial group and M, L € I". We write
M~ L

and say that M is linked to L if there exists X € I'" with

Note that [E(M), F(M)] = 1 (see page 29) implies that E(M) < L.
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Theorem 3.3.18. (Bender’s Maximal Subgroup Theorem for Partial Groups). Let I be a
partial group and M, L € I'**. Let 1 = n(F(M)). Assume that

M~ L.

Then the following hold:
(a) MNFy(L)=1.
(b) M has characteristic p for some prime p or Fr(L) < M.

(c) Suppose that
L~M

or
Fp(L)=1land E(L) <M,

then M = L or there is a prime p such that M and L both have characteristic p.
Proof. (a) Set Q = F(L)NM and P = F(M)NL. Then
[P, Q] < F(M)NFy(L)=1.
Now consider Q acting on F(M). Since M ~~ L, we have
Cron)(P) < P.

Coprime Action implies

[F(M), Q] =1.
The note after the definition of M ~~ L implies that

EM)<L
and so
EM)<EMNL).

Since Q = F/(L) N M, we have

Q< FMNL).

Now, we have
[E(MNL), FIMNL)] =1

and so

[E(M), Q] =
We deduce that

[F*(M), Q] =
and so

Q< Z(F(M)).

Since F (M) is a m-group and Q is a 7'-group, we have Q = 1.

(b) Assume M does not have characteristic p for any prime p. Let p € 1. Now M ~~» L so

EM)Z(F(M)) < L.
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Let P=0,(Z(F(M))) and Q = E(M)O,y(Z(F(M))). Now, we have
Co,)(P) <M

S0

Co,m)(P) < Op(MNL).
Also,

0<MNL

S0

Q<EMNL)O(MNL).
Now, we have

[0p(MNL), EMNL)O,(MNL)| =1
SO
[Co,w)(P), Q] = 1.

Since [P, Q] = 1 and since Q = O”(Q), Lemma 2.3.8 implies that

[0,(L), Q] =1.
Now M does not have characteristic p so Q # 1. Then,
Hence,
O,(L) <M.
(c) First, we claim that
n(F(L)) € n(F(M)). (1)

If F/(L) = 1, then this clear. Suppose that L ~~ M, then Z(F (L)) < M and (1) follows from part
(a).

Assume the result false, then |7(F(M))| > 2. Let p, g € n(F(M)) with p#q. Set Z=Z(F (M)).
As M ~ L, we have Z < L.

Now consider the action of O,(Z) x O4(Z) on O,(L). Since (M, L) is a primitive pair, we have
NL(OP(Z)) <M.
Thus,
[Co,(1)(Op(Z)), 0g(Z)] < Op(L)N0y(Z) = 1.

By Lemma 2.3.8, we get
[OP(L)» Oq(z)] =1

and so
O0p(L) < Nu(04(2)) < M. 2)

From (1) it follows that F (L) < M and then L ~» M. In particular, there is symmetry between
M and L. Hence,
n(F(L)) = 7 (F(M)).
Since w(F(L)) = n(F(M)) and L ~~ M, we get F(M) < L. Then, we get F*(L) < M and
F*(M) < L. Theorem 2.5.7 implies that M = L.
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3.4 Automorphisms of Partial Groups

Fixed Point Free Automorphism on Partial Groups

In this part of the section we start defining an action on partial groups, and we extend Thomp-
son’s Theorem (Theorem 2.3.23) to partial groups. In the second part of this section we will
prove an analogue of the Solvable Signalizer Functor Theorem for nilpotent partial groups.

Now we start to extend Theorem (2.3.23 to partial groups. In order to prove this result for
partial group we need to begin with the following definitions:

Definition 3.4.1. Let I" be a partial group and A a group. We say that A acts on I if the
following hold:

(1) A acts on each member of I".

2) If X, Y € I' with X <Y, then action of A on X coincides with the action of A on Y
restricted to X.

(3) For each B <A with B # 1, there exists C € I" with the property:
whenever X € I' then CNX = Cx(B).

(4) Foreach B<JA and foreachX €T, [X, B] €T.

If in addition each member of I has order coprime to the order of A, then we say that A acts
coprimely on I".

The following example illustrates how the action of one group on another gives us a partial
group.

Example 3.4.2. (Partial Group Action). Let A be a group that acts as a group of automor-
phisms on a simple group G. Let I' = {H | H is a proper A-invariant subgroup of G }. Then I"
is a partial group.

Proof. Let Hy and H; € I and so H; and H, are A-invariant proper subgroups of G. By applying
Lemma 3.2.11, we have H; N H; is also A-invariant proper subgroup of G and so Hi NH € I
Now, let 1 # P and H € I" such that P < H. We define Nr(P) = Ng(P) and because of the nor-
malizer of A-invariant subgroup of G is A-invariant, we have Ni-(P) and Ny (P) are A-invariant
subgroups of G. Then Ni-(P) and Ny (P) € I" and so N (P) NH = Ny (P).

Definition 3.4.3. Let I be a partial group and A a group. We say that A acts fixed point freely
on I' if A acts fixed point freely on every member of I".

Theorem 3.4.4. (Thompson’s Theorem for Partial Groups). Suppose that I" is a connected
partial group that possesses a fixed point free automorphism of prime order. Then I has a
unique maximal element.
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Proof. Let A is a group acts a fixed point free automorphism of prime order on a partial group
I'. Then A acts a fixed point free automorphism on every member of I". By applying Theorem
2.3.23, we get I 1s a connected nilpotent partial group. Theorem 3.2.19 implies that I" has a
unique maximal member.

Lemma 3.4.5. Let I" be a partial group and suppose that the group A acts on I". Let 1 # B <A.
Then there exists a unique C € I with the property: whenever X € I" then CNX = Cx(B).
Moreover, B acts trivially on C.

Proof. By Definition 3.4.1, there exists C € I" such that whenever X € I", then CNX = Cx(B).
Now we show that C is unique in I". Suppose we also have C* such that C* N X = Cx(B). Then,

CNC* =Cc+(B).
Similarly, we get
CNC* =C¢(B).

Then
Cc(B) = Cc+(B).

As B acts on C, we have
[C,B|]CCNB=1

and so
C =C¢(B).
Similarly, we get
C* = Cc+(B).
Then
c=C"

so B acts trivially on C.

Definition 3.4.6. Let I" be a partial group and suppose that the group A actson I". Let 1 # B<A.
The centralizer of B in the group C is the group C constructed in Lemma 3.4.5 and denoted by

Cr(B).
If B = (b) for some b, then we also use the notation

Cr(b).

Lemma 3.4.7. Let I be a partial group and suppose that the group A acts on I".
(a) Suppose 1 # By, By JA with B; < B;. Then

Cr(B1) 2 Cr(By).
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(b) Suppose 1 # By, B, <A. Then

CF(Ble) = CF(Bl) ﬂCF(Bz).

Proof. (a) By Lemma 3.4.5, we have
CF(Bl) NX = Cx(Bl),

whenever X € I'.
Put X = Cr(B;). Then, we get

CF(Bl) ﬂCF(Bz) = CCF(Bz)<Bl)'
Similarly, we get

Cr(B1)NCr(B2) = Cep(s,)(B2)-
Then, we have
Cer(8,)(B2) = Cep(8,)(B1).
As By < By, we have
Cer(8,)(B1) =Cr(B2)

and so
CF(BI) D) CF(Bz).
(b) By applying part (a), we have
CF(Ble) < CF(Bl) and CF(Bl) ﬂCF(Bz).

Also, we have
CF(Bl) ﬂCF<Bz) < CF(Ble).

Then, we get
CF(Ble) = CF(Bl) ﬂCF(Bz).

Lemma 3.4.8. Let A be a non-cyclic elementary abelian group that acts coprimely on the partial
group I". Suppose that M € I with the property

Cr(a) <M,
for all « € A*. Then M is the unique maximal member in I".
Proof. Let H € I'. By Coprime Action, we have
H = (Cy(a) | a € A%).

Then,
H<M.
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Lemma 3.4.9. Let A be a non-cyclic elementary abelian group that acts coprimely on the partial
group I'. Let
Io={H e '~ {1} | Cr(A) <Nr(H)}U{1}.

Then the following hold:
(a) Iy is a partial group and A acts coprimely on I
(b) Cry(A) =Cr(A) and Cr; (A) < Np(H) foreach H € I" . {1}.

(c) I' possesses a unique maximal member if and only if Iy possesses a unique maximal
member.

Proof. (a) If H, and H; € Iy, then H; and H; are Cr-(A)-invariant groups in I". Since I is a par-
tial group and the group A acts coprimely on each member of I', H NH; € I is Cr-(A)-invariant
group and so by Lemma 3.2.11 Hy N H, € I.

Now, let K < H € I). Then K € I'. Let N = Ni-(K). Since A acts coprimely on I" and Iy C I
so A acts coprimely on I). Then, A actson N and C-(A) < N. Thus, N € Iy and NNH = Ny (K).

(b) Since Iy C I'', Cr;(A) € Cr(A). On the other hand, by the definition of Iy, Cr(A) € I
then Cr(A) € Iy. This implies that Cr-(A) C Cr; (A). Then

Cr(A) =Cr(A)
and so Cry(A) < Nr(H) forall H e I" \ {1}.

(c) Suppose that I has a unique maximal member H. Then,
Cr(A) =Cg(A)

and so
Cr (61) <H,

for all a € A. By applying Lemma 3.4.8, I" has a unique maximal member.

Suppose I" has a unique maximal member M. Since Cr;(A) = Cr(A), I" has a unique max-
imal member of Cr; (A)-invariant subgroup of M. As every member of I is Cr;(A)-invariant
subgroup of M, I has a unique maximal member.

Elementary Abelian Groups Acting on Partial Groups

Let r be a prime and A an elementary abelian r-group that acts on the 7/-group G. Assume that
A is non-cyclic. Then

G=(Cg(a) | ac A¥),

so we expect the centralizer Cg(a), a € A* to influence the structure of G. One example is the
Solvable Signalizer Functor Theorem:
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Theorem 3.4.10. Let r be a prime and A an elementary abelian r-group that acts on the /-group
G. Suppose rank (A) > 3 and that Cg(a) is solvable for all a € A*. Then G is solvable.

Proof. For each a € A" we set
0(a) =Cg(a).

Note if a, b € A*, then
6(a) NCg(b) < Cg(b) = 0(b).

Thus 6 is solvable A-Signalizer Functor on G. Theorem 2.3.22 implies that 6 is solvably com-
plete and so there exists a solvable A-invariant subgroup K such that

6(a) = Ck(a),
for all a € A*. Using Coprime Action, we have
G = (Cg(a) | a € A*) <K,

and so,
G=K.
We conclude that G is solvable.
In fact, using the Classification of Finite Simple Groups, the hypothesis can be weakened to
rank (A) > 2. We would like to extend these results to partial groups. We will succeed for

nilpotent partial groups and we shall make some progress towards extending it for solvable par-
tial groups. As a starting point we will consider the following hypothesis:

Hypothesis (x)
e ris aprime and A is an elementary abelian r-group that acts on the partial group I".
e Each element of I" is an r/-group.

e Foreach H € I', every A-invariant subgroup of H is contained in I".

Example 3.4.11. Let r be a prime and A an elementary abelian r-group that acts on the /-group
G. Assume that G is characteristically simple and that A acts faithfully on G. Let I" be the set
of proper A-invariant subgroups of G. Then the Hypothesis (x) is satisfied.

A related example as follows:

Example 3.4.12. Let r be a prime and A an elementary abelian r-group that acts on the /-group
G. Let I' be the set of A-invariant subgroups of G. Then our hypothesis is satisfied.

Note that in the Example 3.4.12, I has a unique maximal member; namely G. The following is
our first result attempt at generalizing Theorem 3.4.10 to partial groups.
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Theorem 3.4.13. Assume Hypothesis (), that rank(A) > 3 and that I is nilpotent. Then I" has
a unique maximal element.

The conclusion asserts that I is one of the examples constructed in Example 3.4.12.
Proof. We recall that Theorem 3.2.19 tells us

ifM, LeT"" withMNL=#1then M =L. (1)

We also need the following result about Coprime Action. Suppose that A acts on an r’-group X
then
X = (Cx(B) | B< A; rank (B) =rank (A) —1). (2)

Now choose M € I'*. By (2) we may choose B < A with rank (B) = rank (A) — 1 such that
Cu(B) # 1. Let b € B* and choose L with

Cr(b)<LerI™.
Then, we have
1#Cu(B) <MNL.
Thus, (1) forces

We deduce that

for all b € B*.
Finally, let L € I'*. Now rank (A) > 3 and so rank (B) > 2 and hence

L={(C.(b)|beB").
Then, we have
CL(b) < Cr(b) <M.

We deduce that L < M. Thus M is the unique maximal element in I".

On Sylow’s Theorem of Coprime Action for Partial Groups

An important result in the proof of the Solvable Signalizer Functor Theorem is the Transitivity
Theorem. In what follows, we will prove an analogue of the Transitivity Theorem for partial
groups, Theorem 3.4.14. Thus we suspect that we may be able to modify the proof of the Solv-
able Signalizer Functor Theorem to prove an analogue of Theorem 3.4.10.

We would like to extend Sylow’s Theorem for Coprime Action to Hypothesis (x). Since all
elements of I are A-invariant, trivially part (a) of Theorem 2.3.18 holds. The difficulty (see
Theorem 2.3.18) in extending part (b) is that there is no conjugation in a partial group. How-
ever, Corollary 2.3.19 does. Using an idea similar to the one used in Theorem 2.3.18. We can
establish an analogue of Corollary 2.3.19.
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Theorem 3.4.14. (Transitivity Theorem for partial groups). Assume Hypothesis (x). Let
P, P e SylpF.

(a) If NP, # 1, then CA(Pl) = CA(Pz).
(b) If rank A > 3, then C4(P)) = Ca(P>).

Proof. (a) Let 71 = Npl (P] ﬂpz) and N = Np (P] ﬂPz) € I'. Then, we have
Cp, (Tl) < Cp1 (Pl ﬂPz) <T.

Lemma 2.3.17 implies that,
CA(Tl) < CA(Pl).

Trivially, we have
CA<P1) < CA(Tl).

Then,
Ca(Ty) =Ca(Py).
Let > = Np,(Pi N Py) € I'. Similarly, we get

CA(TZ) =Cy (Pz).

Now, choose Q; with T} < Q; € Syl,(N; A) and Q" with Q1 < 01" € Syl,I". We have
PNP <P N0 <PNO™.
Then by induction, we get
Ca(P1) =Ca(Q17)
=Ca(Q1)-

Next, we choose O, with T, < O, € Syl,,(N; A) and Q," with O < 0y € Syl,I'. Similarly,
we have
Ca(Py) = Ca(Q2).

Corollary 2.3.19 implies that
Ca(Q1) = Ca(Q2).

Hence,
Cy (Pl) =Cy (Pg).

(b) Since rank A > 3 there exists B < A with rank B =rank A — 1 and Cp, (B) # 1.
Let b € B*. Choose Q; € Syl,Cr(b) with Cp (B) < Q; and Q; A-invariant.
Now, choose Q1" € Syl,,I" with Q1 < Q1*. We have, Py N Q1" # 1 and so (a) implies that

Ca(P1) =Ca(Q17) < C4(01)

and so Corollary 2.3.19 implies that C4(P;) centralizes every A-invariant p-subgroup of Cr(b).
In particular, C4 (P;) centralizes Cp, (b). Now, we have

P = <Cp2(b) | be B#>
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and so, we have
CA(Pl) < CA(Pz).

By applying symmetry, we get
Ca(P,) < Ca(Py).

Thus,
Cy (Pl) =Cy (Pz).

Theorem 3.4.15. Let A be an elementary abelian group that acts coprimely on the partial group
I'. Let p be a prime, let 1 # P € I" be a p-group and let M = Ni-(P). Let a € A* and suppose
that a centralizers a Sylow p-subgroup of M. Let H € I'" and assume that:

(@) HNP#1,or

(b) rank(A) > 3.
Then a centralizes every member of Syl,(H; A). Moreover, if H is p-solvable then [H, a] <
Oy (H).
We remark that; when M € I'*, p € n(F(M)) and P = O,(M), then P € I" and M = N (P).

Now, in order to prove the above theorem, we need the following lemma:

Lemma 3.4.16. Let A be an elementary abelian group that acts coprimely on the group M. Let
p be aprime and a € A. Suppose that a centralizes a Sylow p-subgroup of M. Then a centralizes
every member of Syl,(M; A).

Proof. Let P be a Sylow p-subgroup of M that is centralized by a. By Coprime Action, Cys(a)
acts transitively by conjugation on the set of a-invariant Sylow p-subgroups. Therefore, a cen-
tralizes every a-invariant Sylow p-subgroup of M.

Now, we start proving Theorem 3.4.15.

Proof Theorem 3.4.15. Assume (a) holds. Let Q = HNP. We proceed by induction on
|P: Q|. Set N = Nr(Q). We claim that a centralizes every member of Syl,(N; A).
If |[P: Q] =1, then
N=M,

and the claim holds by hypothesis and Lemma 3.4.16.
If |P: Q| > 1, then

Q <Np(Q)
and so

P:NAQ|<|P: Q).

and the claim follows from the inductive hypothesis.

Choose S with Q < S € Syl,,(H;A). Then Ng(Q) is an A-invariant p-subgroup of N so the claim
implies

[NS(Q)v a] =L
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Coprime Action forces
S, al=1,

completing the proof in this case.
Assume that (b) holds. Let S € Syl,(H; A). By Corime Action there exists B € Hyp(A) with
Ch(B) #1.
Now, rank(A) > 3 so rank(B) > 2 and Coprime Action also gives
§=(Cs(b) | b € BY). (*)

Let b € B*. We have, A is abelian so Cs(b) is an A-invariant p-subgroup of Cr(b). Then, we
have
1 # Cp(B) < PNCr(b)

so (a) implies that
[Cs(D), a] = 1.

Then (x) implies that
[S, a] =1.

Finally, suppose that H is p-solvable. Set H = H/O,,(H). Then
CH(OP(E)) < OP(E)'

Now O,(H) < S, so

[0p(H), a] =1
Coprime Action implies B
[H,a] =1
Then,
[H, a] <0y, (H).
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Chapter 4

On Characteristic p in Partial Groups

4.1 Introduction

Previously, we have proved Bender’s Maximal Subgroup Theorem (Theorem 2.5.9) for partial
groups, which leads to the existence of groups of characteristic p in partial groups, for some
primes p. In the present chapter, we seek to study the members that have characteristic p in
partial groups. In particular, we are going to establish two uniqueness theorems and further
uniqueness theorems which will be used in the next chapter. We begin with two uniqueness
theorems as shown in the following results:

Theorem 4.2.1. Assume the group A acts coprimely on the partial group I" and that the follow-
ing hold:

(1) pisaprime.
(2) M, and M, are p-sovable members of I"**.
(3) 0,(My) < M and O,(M,) < M;.
(4) M, and M, have characteristic p.
(5) Cr(A) < MNM,.
Then, M| = M>.

Theorem 4.2.2. Assume the group A acts coprimely on the partial group I" and p is a prime.
Let M eI and T € I'. Assume that

(1) M is p-solvable with characteristic p.
(2) 0,(M)<T <O0,(M; A).
Then, N (T) < M.

At the end of this chapter, we focus on solvable partial groups in which every member is Cr-(A)-
invariant, and we give further uniqueness theorems.
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4.2 Characteristic p Uniqueness Theorems

In this section, we will prove the two uniqueness theorem. We start with the following hypoth-
esis:

Hypothesis (A)

e The group A acts coprimely on the partial group I".

e pis aprime.

The following result and its proof is a minor modification of [19, Theorem A], which in turn is
based on an argument of Stellmacher [22].

Theorem 4.2.1. Assume the Hypothesis (A) and that the following hold:
(1) M, and M, are p-solvable members of I"**.
(2) 0,(My) < M and O,(M>) < M.
(3) M, and M, have characteristic p.
4) Cr(A) <M NM,.
Then, M| = M,.

Proof. For each i, set
Vi={Q(Z(9)) | S € Syl,(M;)).

Lemma 2.4.14 implies that V; < Q(Z(0,(M;))), Vi is an elementary abelian characteristic sub-
group of M;, and
0p(Mi/Cy;(Vi)) = 1.

Let
W = <V2AW(M1)) char M,
W, = (VlAm(MZ)> char M,,
and

P=0,(M)0,(M,).

Note that P is a p-group because O,(M;) and O,(M,) are normal p-subgroups of M; N M.
Moreover, P is Cr-(A)-invariant as Cr(A) < M} N M,, whence

by applying the second part of Definition 2.3.2.

Now, we are going to split our proof into several steps which lead to completion of the proof.

Step 1. We show that V; <0, (M>) and Vo, <0, (M,).
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Proof. Note that V| < O,(M;) < M, Vi <M; and O,(M>) < M;. Then O,(M,) normal-
izes Vi. Suppose that V; £ O,(M,). Theorem 2.4.18 implies there exists B < O, (M) such that
B/Cp(V)) is elementary abelian and acts non-trivially and nearly quadratically on V. Moreover,

Vi /Cv, (B)| < |B/Cp(Vi)I.

Let M* =M, /Cy, (V1). We regard Vi as GF (p)AM;*-module. Since O,(M;*) = 1 by Lemma
2.4.14 and |V} /Cy, (B*)| < |B*|* it follows that B* is a nearly quadratic 2F-offender for M;* on

V1. Now, we have
B<PK OP(Ml; A)

so using Coprime Action, we have
B* < 0,(My; A)* < 0,(M;™; A).
Theorem 2.4.17 supplies a contradiction. Hence, V| < O, (M,). Since O,(M,) < M;, we have
V1 <0,(M>).

Similarly, we have
V2 <0, (M).

Step 2. Let i € {1, 2} and suppose that B < P acts non-trivially and quadratically on V;. Then,

[B/Ca(Vi)|* < |Vi/Cvi(B)].

Proof. Let M;* = M;/Cp;,(V;). Assume the conclusion to be false, so
Vi/Cvi(B*)| < |B"|.
Since O,(M;*) = 1, it follows that B* is a nearly quadratic 2F -offender for M;* on V;. However,
B" < Op(My; A)" < Op(M;™; A),
then Theorem 2.4.17 supplies a contradiction.

Step 3. We claim that J(P) acts trivially on V| and V,.

Proof. Note that V; <P so J(P) does indeed act on V. Suppose that [V}, J(P)] # 1. Now,
V) is elementary abelian so Theorem 2.4.19 implies there exists B € <7 (P) such that B acts
non-trivially and quadratically on V;. Since B € <7 (P), we have

|B| = |Cs(Vi)V1]

and so
|B/Cs(V1)| = [Vi/VinCg(V1)| = [Vi/Cy, (B)].

Step 2 supplies a contradiction. The claim follows.
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Step 4. We claim that W; and W, are elementary abelian.

Proof. Suppose that x € Aut(M;) and [V, V»¥] # 1. Since Vi, Vo < O,(M;), we have
V2, V', W < W, W' =1,

so V" acts quadratically on V5.

Step 2 implies
V2" [Cypr(V2)| < [V2/ Gy (V7).

Also, we have
—1
V", Vo] #1

and so » L
V5t (V)] < Va/Ci (V).

Conjugating the second inequality by x gives a contradiction to the first inequality, and com-
pletes the claim.

Now, we define Q to be the inverse image of O,(M;/Cy, (W1)) in My, s0 Q < M.
Step 5. We show that PN Q < 0,(M).

Proof. Note that 1 # V, char M, so as M, € I'* we have My, = Ni-(V3).
In particular,
Cu, (Vg) <M NM,.

Now, we have
P= OP(Ml)Op(Mz) <M NM,

and so Cy, (V2) normalizes P.

Since Vo, < W; and W is elementary abelian, we have
Cu, (W) < Cy, (V2)

so Cy, (W1) normalizes PN Q.
Choose S with PN Q < S € Syl,Q so that Q = Cy, (W;)S. Then, we have

(PNQ)Y) <SS

whence PNQ < 0,(0) < 0,(My).
Step 6. Let i € {1, 2} and suppose B < O,(M;) acts quadratically on W;. Then,

B/Cs(W:)|* < [Wi/Cwi(B)|.

Proof. Without loss of generality, i = 1. Recall that W; = (V,A“M1)) Let x € Aut(M;) and sup-
pose D < O,(M;) acts quadratically on V,*. Then D' < O,(M;) and D" acts quadratically

on V,. Step 2 implies
1 2 1
DY /Cpet (V)] < [V2/Cry (D).
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Then, we have
2
ID/Co (V") < V5" /Cuys (D)),

the assertion follows from Lemma 2.4.15.
Step 7. Let B € o7 (P) and suppose B < Q. Then [W;, B] = 1.

Proof. Using Step 5 we have
B<O0,(M;) <P

Then,
B <J(0p(My)) <J(P).

Step 3 implies that
V2, J(Op(M1))] = 1.

Since W; = (Vo244 M1)) we have
(Wi, J(Op(M1))] =1,

SO
Wi, B] = 1.

Step 8. We claim that [W;, J(P)] = 1.

Proof. Assume false. Theorem 2.4.19 implies that there exists B € <7 (P) such that B acts
non-trivially and quadratically on W;. Put

Bo=BNQ.
By Step 5, Bo = BN O,(M;) and Cg(W;) < O,(M,), so
Cg(Wp) = Cg,(W1).

Step 6 implies that

[Bo/Ca,y (W) > < W1 /Ci, (Bo). (*)

As B € o/ (P), we have
|B| = |Ca(W1)Wi|

and so
|1B/Cp(W1)| = [W1/Cw, (B)]. (+%)
Squaring (%), dividing by (*) and using Cg(W;) = Cg, (W) yields
2
|B/Bo|” = [W1/Cw, (B)||Cw, (Bo)/Cw, (B)]|
= [W1/Cw, (B)|.
Let Mi* = M, /Cy, (W)), so that Q* = O,(M;*). Then,

B /B N0,(M1")* = W1 /Cy, (B")).
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Now B acts non-trivially on W so B* is a nearly quadratic 2F -offender for M;* on W;. However,
B<P<O,(M; A)

and so
B* < 0,(M"; A),

Theorem 2.4.17 supplies a contradiction, and the claim follows.

We can now complete the proof by using the previous steps.

Now by Step 8 and Step 5, we have
J(P) < PNCy, (W) <PNQ <KL O,(M;) <P

This forces
J(P) =J(Op(M1)).

Then, we have
J(P) € I" and M} = Nr(J(P)).

Similarly, we get
M, = Nr(J(P)),

SO M1 :Mz.

Theorem 4.2.2. Assume Hypothesis (A). Let p be a prime, M € I'** and T € I". Assume that
(1) M is p-solvable with characteristic p.
(2) 0,(M)<T <O0,(M; A).

Then, N (T) < M.

Proof. Let

N=Nr(T)andV = (Q(Z(S)) | S € Syl,M)

Thompson’s Lemma implies that V' is an elementary abelian p-subgroup, that V char M and that
0,(M/Cu(V)) = 1.

Now, we split the proof into some steps which lead to completion of the proof

Step 1. Let B < T and suppose that B/Cg(V) is non-trivial and elementary abelian. Suppose
that B acts nearly quadratically on V. Then,

[B/Cs(V)* <|V/Cy(B)].
Proof. Let M* = M /Cy(V). Then B* # 1, and we have
B* <T*<0,(M; A)* < 0,(M*; A).

Theorem 2.4.17 implies that B* is not a nearly quadratic 2F -offender for M* on V. Since
O0,(M*) =1, we have
B < IV/Cu(BY),
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completing proof Step 1.

In the next step we remark that the symbol nm has no meaning. We are using V™" as an
abbreviation for (V")™.

Step 2. Let n € Aut(T') and m € Aut(M).
(@) V'<0,(M).

(b) If B < 0,(M) acts non-trivially and quadratically on V", then

[B/Cs(V"™)* < [V /Cym(B)|.

Proof. (a) We have V <T so V" JT. In particular, O,(M) normalizes V". Suppose that
V" & O,(M). Theorem 2.4.17 implies there exists B < O, (M) such that B/Cg(V") is non-
trivial, elementary abelian and acts nearly quadratically on V". Moreover,

[B/Cs(V")]? = V" /Cyn(B)].
Now B" < T so Step 1 supplies a contradiction.

(b) Conjugating B by m~!, and we may suppose that m = 1. Apply Step 1 with B" ' in the
role of B and then conjugate by n, and the proof of part (b) is complete.

Next, we define two characteristic subgroups of M as follows:
For each n € Aut(T). Set

W, = Vihut(M) char M
and
W = (W, |ne€ Aut(T)) char M.

Then each W,, and W are members of I".

Step 3. We show the following:
(a) W is an elementary abelian normal subgroup of M.

(b) If B < O,(M) acts quadratically on W, then
2
1B/Cs(W)[” < [W/Cw(B)|.
Proof. Let ny, ny € Aut(T) and my, my € Aut(M). Step 2 implies that V1" V"2"2 J0,(M).
Assume that [V V272] £ 1. Now, we have
[anml’ VanZ’ Vn2m2] < [Vn2m2’ Vn2m2] — 1
and so Step 2 part (b) implies
|V12M2 [ Cymymy (V) | < [V [Cynymy (V112112
By symmetry, we get

[V Gy (VI272)] < V7272 [y (V).
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These inequalities are contradictory. We deduce that
[yrmm iy — .,
Hence, (a) follows and (b) follows from Step 2 and Lemma 2.4.15.
Now, we define
P={(0,(M)" |n€N).
Then P < T and P I N. In particular P < M.

Step 4. We show that Cj(W) normalizes P.

Proof. Set
Wo = (V" | n€Aut(T)).

Then, we have Wy char T, Wy € I" and Wy < W.
Moreover,
P<T <N<Nr(W).

Since Cpr (W) < Cpr(Wp) it suffices to prove that Cys (W) normalizes P.
Since N < Np(Wp) it follows that N normalizes Cr(Wy). As V char M, we have V € I" and
M = Nr(V). Then,

CF(WO) < NF(V) =M

and so
CF(W()) = CM(W()).

Hence, N normalizes Cy(Wp).

Now, since Cy(Wy) normalizes O,(M) it follows that Cp;(Wp) normalizes O,(M)" for each
n € N. The conclusion follows.

Let
Q = 0,(M mod Cy(W)) char M.

Step 5. We show that PNQ < 0,(M).

Proof. Choose S € Syl,Q with PN Q < S. Then,
Q=Cy(W)S.

By Step 4, we get
CM(W) < NM(Pﬂ Q)

and so
(PNQ)®) < 5.

Then, we have
PNQ < 0,(Q) < 0,(M).
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Step 6 We claim that [W, J(P)] = 1.

Proof. Assume false. Theorem 2.4.19 implies there exists B € <7 (P) with B acting non-trivially
and quadratically on W. Since B € ./ (P) and W < O,(M) < P, we have

|B/Cs(W)| > [W /Cw (B)|. ()
Let Bo = BN Q. Step 5 implies By < O,(M) so Step 3(b) yields
[Bo/Cry(W)[* < W /Ci (Bo). (+%)

Note that Cg(W) < Q. Then,
Cp(W) =Cp,(W).

Squaring (x) and dividing by (xx) gives
[B/Bo|?

> |W/Cw(B)||Cw (Bo)/Cw (B))|
> |

W /Cw(B)|.
Let M* =M /Cy(W), so Q* = O,(M*) and By* = B*N Q*. Then,

[B*/B*N0p(M")|* > W /Cw (B)].

Since B* # 1, we see that B* is a nearly quadratic 2F -offender for M* on W. On the other hand,
B* <P*<T*<0,(M, A)* < O,(M*; A), so Theorem 2.4.17 supplies a contradiction, and the
claim follows.

We are now in a position to complete the proof.

Step 6 and Step 5 imply J(P) < O,(M).
Now O, (M) < P whence
J(P) =J(0p(M)).

Since J(O,(M)) char M, we have J(0O,(M))) € I" and Nr(J(O,(M))) = M. Then, we get
J(P) € " and N-(J(P)) = M.
Also, P<T <N €I and P<N. Then, we have
J(P)<IN

and so
N<Nr(J(P)) =M.

The proof is complete.

4.3 Further Uniqueness Theorems

In this section, we continue to show further uniqueness theorems in the case that partial groups
are solvable. We begin with the following hypothesis:
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Hypothesis (B)

(1) The group A acts coprimely on the partial group I".
(2) Each member of I is solvable.
(3) Cr(A) < Np(X) forall X e I" ~ {1}.

We remark that (3) implies Cr-(A) < M for all M € I"**.

Lemma 4.3.1. Assume Hypothesis (B). Let M, L € I"** and suppose that M and L have char-
acteristic p for some prime p. Suppose also that O,(M) < L. Then M = L.

Proof. Let H = M NL. Since Cr(A) < H, we have
0p(M) < Op(H) < 0)(M: A).

Theorem 4.2.2 implies that
Nr(O,(H)) <M.

Then, we have
NOP(L)(OP(H)) < MﬂOp(L) < OP(H)'

Lemma 2.2.39 forces
0p(L) < Op(H) <M.

By hypothesis, O,(M) < L and Theorem 4.2.1 implies M = L.

Lemma 4.3.2. Assume Hypothesis (B). Let M € I"** and suppose that M has characteristic p
for some prime p. Assume further that .# is a non-empty subset of I "** such that for each
L € Z, the following hold:

(1) L has characteristic p.
2) 0,(M)NL# 1.
(3) There exists N € .Z with Nr(0O,(MNL)) <N.
Then ¥ = {M}.
Proof. Assume false and choose L € .~ {M} with O,(M)NL maximal. Let H =MNL,

so that
1# OP(M) NL < Op(H).

Choose N € . with Nr(O,(H)) < N. Then
O,(M)NL < O,(M)NN.
Suppose that O,(M) "L = O,(M)NN. Then
No,m)(0p(H)) < Op(M)NN = 0,(M)NL < Oy(H).

Lemma 2.2.39 forces



and so Lemma 4.3.1 implies, M = L, a contradiction. We deduce that O,(M)NL < O,(M)NN.

The choice of L implies that N = M. Then,
No,)(Op(H)) SMNOp(L) < Op(H).

Lemma 2.2.39 forces
0p(L) < Op(H) <M.

Lemma 4.3.1 , with the role of M and L interchanged, implies M = L, again a contradiction.

Lemma 4.3.3. Assume Hypothesis (B). Suppose that a € Z(A) has prime order. Then there
exists M with the following properties:

(a) Cr(a) <M eTI™.
(b) Whenever L € I'** with Cr(a) < Land M ~~ L, then M = L.

Proof. Since Cr-(a) € I', we may choose M with Cr(a) < M € I'**. If possible, choose M with
Co,)(a) = 1, for some p € n(F(M)). Let & = 7(F(M)) and
L ={LeI'™|Cr(a)<Land M ~~ L}.

We claim that if L € £, then F/(L) = 1. Assume this to be false. Then there exists g €
m(F (L))~ . Theorem 2.5.9 implies that

MNOy(L)=1.
Since Cr(a) < M this implies that

Co,w)(a)=1.
The choice of M implies there exists p € w(F(M)) with Cp r)(a) = 1. Let Z = Z(0,(M)).

Since M ~~ L, we have
Z < L.

Moreover, since Cy(a) < Cr(a) < M it follows that Z is Cp(a)-invariant. Since Cp y)(a) = 1,
we get

Cz(a) =1.
Coprime Action implies

Z=1Z, a].
Lemma 2.3.14 forces

Z < 0p(L).

Now, Z char M so N[ (Z) = M. As p # g, we have
0,(L) <Nr(Z) <M.
However, M N Oy (L) = 1, a contradiction. Hence, Fr/(L) = 1 as claimed.

Suppose that || > 2. Theorem 3.3.18 implies that £ = {M}. Suppose that &£ = {p} for some
prime p. We claim the hypothesis of Lemma 4.3.2 are satisfied. Let L € .Z. Since Fp(L) =1
and L is solvable, we have F*(L) = O,(L) so L has characteristic P. Since M ~ L, we have

1 #2(0,(M)) < 0,(M)NL.
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Note that O,(M)NL < O,(MNL) hence we may choose N with
Nr(0,(MNL)))<NeT*

and so N € I'**. Now we have
Cr(a) <MNL<N.

Since M ~ L there exists X € I with 1 # X < Op(M) and XCp () (X) < L. Then
XCo, ) (X) <MNLN
and so M ~» N. Then, N € .Z. Lemma 4.3.2 implies that
Z ={M},
and hence (b) holds.
Choose M* with M < M* € I'*. Since I'* C I'**, we have M* € .Z so
M =M,

whence M € I'* and (a) holds.

85



Chapter 5

An Analogue of The Solvable Signalizer
Functor Theorem for Partial Groups

5.1 Introduction

The main object of this chapter is to prove the Solvable Signalizer Functor Theorem (Theorem
2.3.22) for partial groups which will be the main result of this chapter.

Theorem 5.1.1. (Signalizer Functor Theorem for Partial Groups). Let A be an elementary
abelian r-group that acts coprimely on the partial group I". Suppose that rank(A) > 3 and that
every member of I is solvable. Then I" possesses a unique maximal member.

We will use a proof by contradiction to prove this result. We start with the counterexample,
and then we are going to prove some results which will be used to complete the proof of our
main result.

5.2 The Counterexample

In this section we will begin the study of a counterexample to Theorem 2.3.22 for Partial
Groups. Henceforth we assume Theorem 5.1.1 to be false. Thus we have a partial group I
and an elementary abelian r-group A of rank at least three that acts on I" such that the following
hold:

e Each member of I is a solvable #'-group.
o | >2.
Using Coprime Action and Lemma 3.4.9 we may assume that
e rank (A) =3.
e Cr(A)<Nr(H)foralll£#H €.
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Theorem 5.2.1. There exists a family {M, | a € A*} such that for each a € A* the following
hold:

(a) Cr(a) < M, € T*.
(b) If &’ € A and (d') = (a) then M, = M,,.
Let L € I'** and suppose that M, ~ L. Let &1 = n(F (M,)).

(¢c) If Cr(a) < L, then M, = L. In particular, if X € I" satisfies 1 # X < F(M,) and X is
Cr(a)-invariant, then Nr(X) < M,.

(d) MyNOy(L) = 1.
(e) If |m| > 2, then Fr(L) < M,.

(f) Suppose that || > 2 and at least one of the following holds:

(1) L~~M,, or
(2) Fp(L) =1.
Then M = L.

Proof. Let a € A* and let M,, denote the subgroup M in the conclusion of Lemma 4.3.3. For
each @’ € (a)" define My = M,. Since (d') = (a) we have

CF (a') = CF (a)

Then (a) and (b) hold. Lemma 4.3.3 implies (c) and the remaining assertions follow from The-
orem 3.3.18.

Henceforth we let
{M, | ac A"},

be the family constructed in Theorem 5.2.1.

We recall that Hyp(A) denotes the set of maximal subgroups of A.

Lemma 5.2.2. (a) Let B € Hyp(A). Then

{My, | becB"}| >2.

(b) [{M, | a € A*}| > 3.
(c) Let a € A*. Then C,(M,) is cyclic.
Proof. (a) Assume that {M, | b € B*} = {M} for some M € I'". Let X € I". Coprime Ac-

tion implies
X = (Cx(b) | be B*) <(XNM, |bec B <M.

Then I'* = {M}, contrary to |[["*| > 2. Thus (a) holds.
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(b) Assume that {M, | a € A*} = {M, L} for some M, L € I'. Now I'* # {L} so there ex-
ists X € I' with X £ L. By Coprime Action there exists B € Hyp(A) with Cx(B) £ L. Then for
each b € B, we have

Cx(B) <Cr(b) <My

so My, # L and then M;, = M. This contradicts (a) and completes the proof.

(©)Ifb e Cy (Ma)# then since M, € I'*, we have
Ma < CF(b) < Mb

and so

Apply (a).

Lemma 5.2.3. (a) Suppose that P € I is a non-trivial p-group for some prime p. Let L € I" and
suppose that PN L # 1. Then
Oy (Nr(P))NL< Oy(L).
(b) Let a € A* and L € I. Suppose that O,(M,) NL # 1. Then
O(M,)NL<O(L).
Proof. (a) Let D = O,/(Nr(P)). First we claim that if Q € I' with 1 # Q < P, then D <

O, (Nr(Q)). Let N = Nr(Q). We proceed by induction on |P: Q|. If |[P: Q| =1, then P = Q
and the claim follows.

Assume that Q < P. Let Q1 = Np(Q) so Q < Q1 € I'. By induction, D < O,/(Nr(Q1)). Note
that D < Cr(P) < N (Q) = N and that Q; < N. Using Lemma 2.3.10, we have

D < Op’<NF(Ql)) NN < Op’(NN<Ql)) < Op’(N)-

The claim is established.

Let Q = PN L. Using the claim, we have
DNL K Op/(NF(Q)) NL < OPI(NL(Q)).

The Lemma 2.3.10 implies
DNL<Oy(L).

(b) Since M, € I'* and O(M,) # 1, we have
M, =Nr(02(M,)).

The conclusion follows from (a).
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Lemma 5.2.4. Suppose B € Hyp(A) and X € I' satisfy
X< O(Mb)7

forall b € B*. Let H € I'. Then

XNH<O(H).
Prof. Let H = H/O(H). Let b € B*. Then

(XN H, Co,m)(b)] < O(Mp) NHNO2(H) = 1.
Since B is non-cyclic, Coprime Action implies
O2(H) = (Co, ) (b) | b € BY)

and so
XNH, OQ(H)] =1.

Since O(H) = 1 and H is solvable, we have
C(0:(11)) < 02D,
Now X has odd order, whence X "H = 1. Then

XNH<O(H).

5.3 Exceptional Elements

We start this section with the following definition.

Definition 5.3.1. An element a € A" is exceptional if
My, a] < 02(M,) and O(M,) # 1.

We let
AEXC

denote the set of exceptional elements of A.

We recall that for a group G that 7(G) is the set of all prime divisors of order G.

Hypothesis E

® acC Ay
e When Hypothesis E holds we define 7 := n(F(M,)), and my = w ~ {2}.

Lemma 5.3.2. Let a € A*. Suppose that
89



[Fy (M), a] = 1, 0,(0*([M,, a])) =1 and O(M,) # 1.

Then a € Agyc.

Proof. Let F = F(0%*([M,, a])) <M,. Now O2(0*([M,, a]) = 1 so F is a 2’-group. In particular
F < Fy(M,) and then
[F, a] = 1.

Since 0?([M,, a]) is solvable, Coprime Action implies that a centralizes O*([M,, a]). Le S €
Syly(My; a). Then [M,, a] = O*([M,, a])S so

Mg, al = [M,, a, a] =S, 4.

Then [M,, a] is a 2-group and as [M,, a] is normal subgroup of M, we have [M,, a] < O2(M,).
By assumption O(M,) # 1. Thus, a € Aexe.

Lemma 5.3.3. Assume Hypothesis E. Let X € I". Then
X, a] < Ogy(X).

In particular, if p € @y then a centralizes every A-invariant p-subgroup of X.

Proof. Let p € my. We have a centralizes a Sylow p-subgroup of M,. Since X is solvable
we may apply Theorem 3.4.15 to get

X, a] < 0,(X).

Hence,
[XJ a] < OEO’(X)‘

Lemma 5.3.4. Let a, b € A,y and suppose that
Fy (M) 1 Fy (My) # 1.
Then M, = M,
Proof. Choose p # 2 such that P := 0,(M,) N O,(M}) # 1. Let N = Nr(P) and B = (a, b).

Lemma 5.3.3 implies that
[0,(M,), B] =1.

Then,
[Ma, B] < Ca,(0p(Ma)) < N.

Also by applying Lemma 3.4.7, we have
Cr(B) =Cr(a)NCr(B),

and so
Cr(B) < M,NM, <N.
By Coprime Action M, = Cy,(B)[M,, B], so M, < N. Since M, € I'*, we have

M, =N.
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Similarly, we get

SO

Lemma 5.3.5. Assume Hypothesis E, that p € m, that P € I" and that 1 # P < O,(M,). Choose
N with Nr(P) < N € I'. Then

N = (MyNN)Fp(N), MuNFp(N) =1, Cp_vy(a) =1

and
[N, a] = [0,(M,) NN, a]Fy(N).

Moreover, if X < [N, d] is A-invariant then

X = ([02(M) NN, a] NX)(F(N) N X).

Proof. By Coprime Action, N = Cy(a)[N, a]. Let K = [N, a], so that K is an A-invariant normal
subgroup of N. Lemma 5.3.3 implies that K is a 7y’-group. Also

Cn(a) <Cr(a) <M,

SO
N=(M,NN)K. (1)

Since a € Ay, we have
[Op(Ma)v al < OP(Ma) NO02(M,) = 1.

Let Z=Z7(0,(M,)) < Nr(P) < N. We consider the action of (a) x Z on K. Note that Cx(a) <
M, and Z <{M,. Then
[Ck(a), ZI<KKNZ=1, 2)

since K is a my’-group and p € my. Theorem 2.3.9 implies that [K, Z] is nilpotent. Now [K, Z] <
K and K is a normal 7y’-subgroup of N. Hence,

K.Z] < F(K) < Fay (N). )
By Coprime Action, K = Cx(Z)[K, Z|. As Z char M,, we have Ni-(Z) = M, and so
K =(M,NN)[K, Z).
Combining this with (1) and (3) yields
N = (MyNN)Fyy(N). 4)
Since P < O0,(M,) and Nr-(P) < N, we have M, ~ N. Suppose that 2 ¢ . Then 7y = 7 so (4)

implies that
N=(M,NN)Fy(N).
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Suppose that 2 € . Then {2, p} C wso |x| > 2 as p € my. Theorem 5.2.1 implies Fz(N) < M,.
Since Fr/(N) = O2(N)Fy(N) and 2 € 7, it follows from (4) that

N = (M,N\N)Fy(N),

in this case also.
As M, ~» N, Theorem 5.2.1 implies

MyNFy(N)=1.

Then Cp,(v)(a) = 1 because Cr(a) < M,. Coprime Action implies Fr/(N) = [Fy(N), a] so as
Fy(N) char N it follows that

[N, a] = [M,NN, a]Fy(N). 5)
Since a € Ay, we have [M, NN, a] < 02(M,) N N. Using Coprime Action, we have
[M,NN,a] = [M,;NN, a, a] < [02(M;)NN, al.

Hene,
[N7 a] = [OZ(Ma>mN7 a]Fﬂ’(N)' (6)

Next, suppose that X is an A-invariant subgroup of [N, a]. Suppose that 2 ¢ 7. Then O,(M,) =
150 [N, a] = Fy(N) and X = X N Fy(N).

Suppose that 2 € . Let S = [02(M,) NN, a]. Then
[N, a] = SFy(N),

and S is an (a)-invariant Sylow 2-subgroup of [N, al. Since Cp,(y)(a) = 1 it follows that S is
the only (a)-invariant Sylow 2-subgroup of [N, a]. Consequently S contains an (a)-invariant
Sylow 2-subgroup of X. It follows that

X =(8NX)(Fy(N)NX).

Lemma 5.3.6. Assume Hypothesis E, let L € I and suppose that F>/(M,) "L # 1. Then
L= (M,NL)Fy(L).

Moreover, if X < L is a-invariant and has odd order then

(X, a] < Fy(L).
Proof. By Coprime Action, L = Cr(a)[L, a]. Let K = [L, a] so that K is an A-invariant normal
subgroup of L. Lemma 5.3.3 implies that K is a my’-group. Since Cr(a) < M,, we have

L=(M,NL)K. (1)
Choose p € 7y such that P := O,(M,) "L # 1. Let N = Ni(P). Now a € Ay SO

[P, a] <PNOy(M,) =1
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and we may consider the action of (a) x P on K. Since Cg(a) < M, and P < O,(M,), we have
(Cx(a), P <KNO,(M,) =1. )

Theorem 2.3.9 implies that [K, P] is nilpotent so [K, P] < F(K) and then Coprime Action
implies that
K = Cx(P)F(K).

Since K = [L, a] we have K = [K, a] and as F(K) char K it follows that
K = [Ck(P), a]F (K). (3)
Let Y = [Ck(P), a]. Lemma 5.3.5 implies that
Y = (02(Ma) NY)(F(N)NY). 4)

Since [Ck(a), P] =1 it follows that Y and Fy(N) are Ck(a)-invariant. Then so is F/(N)NY.
Lemma 5.3.5 implies that

Cr,wny(a) =1
and then Lemma 2.3.14 forces F/(N) NY < F(K). Combining this with (3) and (4) gives

K =(0,(M,)NK)F (K). (5)
Since K is a normal 7y’-subgroup of L, we have F(K) < Fyy. Then (1) and (5) yield
L= (M,NL)Fg (L), (6)

which is the first conclusion.

Suppose that X < L is a-invariant and has odd order. Now,
X, a] <K = (02(M,) NK)F (K)

whence [X, a] < F(K) < Fo(L).

Lemma 5.3.7. The following is impossible.
(1) B={a, b) € Hyp(A).
(2) a € Agxe-
(3) Ny, (P) < M, for some 1 # P < O,(M,) with P € I" and p # 2.
(4) My =M, forall b’ € B~ (a).

Proof. Assume false. Let H € I'*. We shall show that H € {M,, M;}. By Coprime Action
[H, a] = ([Cu(b'), a] | b € B~ (a))

< [Mp, d]. (1
Let 7 = n(F(M,)). Lemma 5.3.5, with M, in the role of N implies

My = (MaNMp)F(Mp), Cp,(m,)(a) =1 (2)
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and that
[H, a] = (02(Ma) N [H, a])(Fy(Mp)N[H, a]). 3)

LetV = Fu(Mp)NH €I'. Then
Cv(a) < Cr(my)(a) =1

so Coprime Action implies
V=1V, ad <[H, a].

Hence,
V= FTC/(Mb) N [H7 Cl].

If 2 € &, then (3) implies V = O*([H,d]). If 2 ¢ &, then O2(M,) = 1 and V = [H, a]. In both
cases, V<H.

Suppose that V # 1. Then Np (V) = H. Let I = N, i,) (V). As Cr_, () (a) = 1, we have
[=1I, a) < Fy(My)N[H, a] =V.

We deduce that V = F;/(M},). Then
H = Nr (V) = Nr(Fp(Mp)) = Mp.

Suppose that V = 1. Then (3) implies [H, a] < O2(M,). Now Cy(a) < M, so Coprime Action

gives
HZCH(CZ)[H, a] <M,

and hence H = M,.
We have shown that {M, | c € A*} = {M,, M}, }. Lemma 5.2.2 supplies a contradiction.

5.4 Commutators

The aim of this section is to prove the following result and explore some of its consequences.

Theorem 5.4.1. Let a € A*. Then
[O(M,), a] = 1.

First we need some preliminary results.

Lemma 5.4.2. Let a € A*, let F = F»(M,) and let H € I'**. Suppose that Cr(a) # 1 and that
Cu, (Cp(a)) <H.

Then, M, = H or a € Agyc.

Proof. We may suppose that a ¢ A,y.. Let

7= n(F(Ma)), £ = {L €™ | Cu,(Crla) <L},
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U = 0,(0*([M,, a))) and V = Cr(Cr(a)).

We must show that & = {M,}. Let L € Z. Since V < L we have M, ~» L. Also, Cr(a) # 1 so
7 contains an odd prime.
Suppose that [V, a] = 1. Coprime Action implies that [F, a] = 1. Then

Mg, a] <Cy,(F) <L.

Now [M,, d] is Cr(a)-invariant so Lemma 2.3.16 implies that U < Oz(L). As a ¢ Ay and
[F, a] = 1, Lemma 5.3.2 implies that U # 1. Then 2 € 7w so 7| > 2.
Also U <M, so M, = Np(U). Then

Ney(U) < M,

o)
L~M,.

Since M, ~ L, Theorem 3.3.18 implies that M, = L. Hence we may assume that [V, a] # 1.
Since Cr(a) < M, it follows that [V, a] is Cr(a)-invariant and then Theorem 5.2.1 implies that
Nr([V, a]) < M,. By Lemma 2.3.14, [V, a]| < F(L) so

Npy([V, a]) < M, and L ~ M,

Recall that M, ~~ L. If |z| > 2, then M, = L by Theorem 3.3.18. Hence we may assume that
= {p} for some prime p. In particular, M, has characteristic p.

We will show that . satisfies the hypothesis of Lemma 4.3.2. Recall that L is an arbitrary
member of .. We have shown that M, ~~ L and that L ~~ M,. Theorem 3.3.18 implies that L
has characteristic p. Now

1#[V,a] < 0,(My)NO,(L) < 0p(MsNL).
Choose N with N (0,(M,NL)) <N €TI*. Then
CMQ(CF((I)) <M,NL <K NF(OP(Ma ﬂL)) <N.

Consequently, N € .. Lemma 4.3.2 implies that £ = {M,}. The proof is complete.

Corollary 5.4.3. Let a € A*, let p be an odd prime and let P € I". Suppose that
1#P<Co,m, @)
Then N[ (P) < M, or a € Agye.
Proof. Choose N with N[ (P) < N € I'*. Let F = Fy(M,). Then
P < Cr(a)

"’ Cim,(Cr(a)) <Np(P) <N.

The conclusion follows from Lemma 5.4.2.
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Proof of Theorem 5.4.1. Assume false. By Coprime Action [F(O(M,)), a] # 1 so there exists
p # 2 with [0,(M,), a] # 1. By Coprime Action there exists B € Hyp(A) with

P:=1[Co,(m,)(B), a] # 1.

We claim that if b € B* then
P < Co, ) (b)-
Indeed O,(M,) "M, is Cy, (a)-invariant so Lemma 2.3.14 implies that

[OP(Ma) NMp, a] < Op(Mb)

Now
Co,m,)(B) < 0p(Ma) N M),
SO
P < 0,(My).
As

the claim follows.

Let
Bexc =B ﬁAexc and Bnorm = B# N Bexc-

Suppose that b, ¢ € Byym. Then P < COp(Mc) (¢) so Corollary 5.4.3 implies N[ (P) < M.
Also P < Cp (u,)(D). Let F = Fy(Mp). Then

CMb(CF(b)) < NF(P) < M.

Lemma 5.4.2 implies that

M, = M,.
On the other hand, if b, ¢ € Bey, then as P < 0,(Mp) N Op(M.), Lemma 5.3.4 implies that
My, = M..

Using Lemma 5.2.2 it follows that By, # B* and that B, =+ B*. Choose b € B,y and
e € Boy. Again, Lemma 5.2.2 implies that M), # M,. Also B = (b, e) since B € Hyp(A) and
rank(A) = 3.

We will show that the hypothesis of Lemma 5.3.7 are satisfied. Note that P < O,(M,) by
the claim and that N-(P) < M,, since b € Byopm.
Let ' € B~ (e). Suppose that b’ € B,y. Since P < O,(My) we have O,(My) # 1. Lemma
5.3.3 implies that

[0p(Me), b'] = 1.

Since e € By, we also have [0,(M,), e] = 1. Now b € B= (V' ¢) so [0,(M,), b] = 1. Then
[Mev b] < CM«(OP(MJ) < NMe(P) < M.

By Coprime Action, M, = Cy,(b)[M,, b] < M}, so M, = M, a contradiction.
We deduce that " € By,,,,. Consequently,

My = My,

for all ¥’ € B\ (e). Lemma 5.3.7 supplies a contradiction.
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Corollary 5.4.4. Let a € A* \ A, and suppose that O(M,) # 1. Then

[02(M,), a] # 1.

Proof. Suppose [02(M,), a] = 1. Then Theorem 5.4.1 implies that [F(M,), a] = 1 and then
[M,, a] = 1 by Coprime Action. This is not the case since a ¢ Ayc.

Corollary 5.4.5. Leta € A A, let p be an odd prime and let P € I". Suppose that
1#P<0,(M,).

Then Ni-(P) < M,.

Proof. By Theorem 5.4.1, [Op(Ma), a] = 1 so P < Cp,,u,)(a). Apply Corollary 5.4.3.

Corollary 5.4.6. Suppose that a, b € A* \ A, and that
Fy (M) O\ Fy (M) £ 1.

Then M, = M,,.

Proof. Choose an odd prime p such that
P:=0,(M,)NO,(Mp) # 1.
Corollary 5.4.5 implies that Nr-(P) < M,. Then
M, ~ M,
Similarly, we get

My~ M,.

Corollary 5.4.4 implies 2 € n(F(M,)), whence {2, p} C n(F(M,)). Theorem 5.2.1 forces
M, = M,

Corollary 5.4.7. Let B= (b, ¢) € Hyp(A) and suppose that M;y = M}, for all b’ € B~ (e). Then
[O(Mb)a A] =1, OZ(Mb) 7& 1 and O(Mb) < O(Ma)

for all a € A*.

Proof. Theorem 5.4.1 implies that
O(M,), '] =1,

for all ¥’ € B~ (e). Then [O(M,), B] = 1 and in particular, [O(M}), e] = 1, and so O(M},) < M,.
If O2(Mp) = 1, then [F(M},), B] = 1 so Coprime Action implies [Mp,, B] = 1 and so B < C4(M}),
contrary to Lemma 5.2.2. We deduce that O,(M}) # 1.
Let ¢ € A#. By Coprime Action

97



[Me, e] = ([Cm. ('), e] | ' € B (e))
< [M},, e].

Since [O(Mj), e] =1, we have
[O(My), My, e]] = 1.

In particular,
[O(Mp), [Mc, e]] =1

If [M,, e] # 1 then as [M,, e] <M, we have O(M,) < Nr([M,, e]) = M,.

If M., e] =1 then M, = M,. We have shown that O(M,) < M, so O(Mp) < O(M,) in this
case also.

Choose D € Hyp(A) with Cp,(y,) (D) # 1. If d € D* then Oy(M,,) "M, # 1 so by Lemma 5.2.3

we have
O(Mp) = O(Mp) "My < O(My).

Then Lemma 5.2.4 implies that O(M},) < O(M,,) for all a € A*. Finally, Theorem 5.4.1 forces

5.5 Fitting Intersections

In this section we are going to prove the following result.

Theorem 5.5.1. Let a, b € A* and suppose that
Fo (M) N (My) # 1.
Then M, = M,

Proof. Assume false, so that M, # M. Choose an odd prime p such that
P:=0,(M,)NO,(Mp) # 1.
Using Lemma 5.3.4 and Corollary 5.4.6 we may suppose that

a€Apeand b ¢ Agpe.

Corollary 5.4.5 implies that
Nr(P) <M,

and so M, ~~ M,
Let

Py = Nop(Ma)(P) <My,
Claim 1. [P, b] # 1.

Proof. Assume false. Coprime Action implies [O,(M,), b] = 1. Then

[Mm b] < CMa(Op(Ma)) gNF(P) <Mb
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By Coprime Action, we have
M, = Cy,(b) M, b] < Mp,
so M, = M}, a contradiction. We deduce that [Py, b] # 1.

Let
t=n(F(M,)).

Claim 2. The following hold.
(a) [Py, b] acts non-trivially on O (M}).
(b) 2¢ mwand [M,, a| = 1.
©) [Mp, a] < Fp(Mp).

(d) a acts fixed point freely on O(Mj,).

Proof. Lemma 5.3.5 implies that M;, = (M, N M,,) F;(M;,) and that a acts fixed point freely on
Fr (Mb>
Let X = (Ma ﬂMb)OFﬂ, (Mb> Then M), = XOZ(Mb). As Py < Op(Ma) we have Py < O(X)
Suppose that [Py, b] acts trivially on Oz(X). As M, = X 01(M,) it follows that [Py, b] < O(Mj).
Using Coprime Action and Theorem 5.4.1, we have

[P07 b] = [P07 b, b] < [O(Mb)ab] =1,

contrary to Claim 1, so (a) holds.

Suppose that 2 € . Then {2, p} C 7 so as M, ~» M, Theorem 5.2.1 implies that O, (M) < M,.
As Py < 0,(M,) and Py < M, we have

[Po, O2(Mp)] < Op(Ma) NO2(Mp) =1,
contrary to (a). We deduce that 2 ¢ 7, so O2(M,) = 1. As a € A,y we have
(Mg, a] < O2(M,) = 1.
Thus (b) holds.
As My, = (M, NMp)Fp (Mp) and [M,, a] = 1 we have
My, a] < Fp(Mp),
so (c¢) holds.

Finally (d) holds because 2 ¢ & and a acts fixed point freely on F/(M})., and this completes the
proof.

Let
B = (a, b).
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Claim 3. Let ¢ € B~ (a). Then M, = M},

Proof. Theorem 5.4.1 implies that [0,(M,), a| =1, so as B = (a, c) it follow that

[P07 C]:[P()v b]#l

In particular, [Py, c| acts non-trivially on O,(M;). Lemma 2.3.14, with [Py, ¢]O2(M,) in the
role of G, implies that Cp, y,)(c) # 1. Hence

02(Mb) NM, 7é 1.

Theorem 5.4.1 implies that
[P, B]=1,

whence P < O(Mp) N"M,. Lemma 5.2.3 implies that P < O(M,). Then
03(M.) < Np(P) < M,,.

By Claim 2, 2 ¢ m so Lemma 5.3.6 implies that
M. = (MyO\M,)Ey (M,).

As [M,, a] =1 this yields
M., a] < Fp(M.). (%)

Recall that Oy(M,) < Mp,. Let
V = No,(m,)(02(M,)) < M,.
Using the fact that a acts fixed point freely on O,(M}), Coprime Action and (*) we have
V=[V,a <0,(M,).

Lemma 4.3.1 implies that
02(Mp) < O2(M,).

Since a acts fixed point freely on O,(M}) we have
02(Mp) < [02(M,), a].
By Claim (c) we have
[Mba (1] < Fy (Mb)

As 02(M,) < M, this gives
[02(Mc), a] < O2(Mp).

‘We deduce that
02(Mp) = [02(M,), a].

As M. = (M,NMp)Fp(M,) and [M,, a] = 1, we have [O2(M,), a] IM,. Then
M. = Nr([02(Mc), a] = Np(02(My)) = My,
and this completes the proof of the claim.

Lemma 5.3.7 supplies a contradiction which completes the proof.
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5.6 More on Exceptional Elements (1)

This the first of three sections on exceptional elements that will almost culminate in proving
their nonexistence.

Hypothesis E (1)

® ac Ay

o 1=mn(F(M,)) and mp = . {2}.
e peEm.

e a € B Hyp(A).

e P:= COp(Ma)(B) 7£ 1.

The main result of this subsection is the following :

Theorem 5.6.1. Assume Hypothesis E (1) .
(a) Let ¢ € A* and suppose that [O(M,.), a] # 1. Then there exists b € B* with M. = M,
(b) Let b € B* and suppose that [O(M},), a] # 1. Then b € Ay, and [O(M,), b] = 1.
(c) Let b, b’ € B¥ and suppose that

[O(Mb)a (l] 7£ 1 7£ [O(Mb’)7 (1].

Then (b) = (b').
(d) [O(Ma)7 B] =1lor OZ(Ma) =1

Part (d) gives a dichotomy, each case of which will be handled in the following two sections.

Now we start with some results.

Lemma 5.6.2. Let a € A* and set
B ={bc A*| Co,(m,)(b) =1, 0r
Mg, b] < 02(M,), or
Mg, b] < 02(M, mod Cy,(02(M,)))}.
Suppose that O(M,;) # 1 and a € (#). Then a € Ay..

Proof. Let M = M, and M = M /Cy(O,(M)). Let b € B. We claim that [M, b] < 0,(M).
This is clear if b satisfies the second and third criteria in the definition of %. Suppose that
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Co,my(b) = 1. Let p be an odd prime and choose P € Syl,(M; A). Lemma 2.3.14, with
O>(M)[P, b] in the role of G, implies that

[02(M), [P, b]] = 1.

This implies that

[P7 b]:T,

and so P < Cy7(b). We deduce that |M : C3;(b)| is a power of 2.
Choose 3_6 Sylo(M; A). Then M = Cy7(b)S and it follows from commutator identities that
[M, b] <S. Since [M, b] IM we deduce that [M, b] < O2(M). The claim is established.

The previous paragraph implies that (%) centralizes M/O,(M). Since a € (%) we have
[M, a] < 02(M).

Then
0*(IM, a]) < Cy(02(M)).

Theorem 5.4.1 implies that
[FZ’(M)v 61] =1

and so
M, a] < Cy(Fy(M)).

Using the fact that M is solvable we have
O*([M, a]) < Cu(F (M) < F(M).
Since O%([M, a)) is generated by elements of odd order we have
O*([M, a]) < Fy(M).

Then
[0*(M, a]), a] = 1.

Let p be an odd prime and choose P € Syl,(M; A). By Coprime Action we have
[P7 Cl] = [P7 a, a] < [02<[M7 Cl]), Cl] =1.

We deduce that |M : Cy(a)| is a power of 2.
Choose S € Sylp(M; A). Then M = Cy(a)S and so [M, a] < S. Now [M, a] <M whence
M, a] < 02(M). By assumption O(M) # 150 a € Aexe.

Lemma 5.6.3. Assume Hypothesis E (1). Let b € B¥. Then
My = (M, My)Fry(Mp).
Moreover if X € I" has odd order and X < M), then
X, a] < Fy(M,).

Proof. We have
1#P= COp(Ma)<B) < Op(Ma) ﬂCF(b) < Fz/(Ma) NM,,.
Apply Lemma 5.3.6.
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Lemma 5.6.4. Assume Hypothesis E (1). Let ¢ € A* and suppose that [O(M,), a] # 1. Then
there exists b € B such that M, = M,,.

Proof. Let F = Fy(M,) = F(O(M,)). Since O(M,) is solvable we have [F, a] # 1. By Co-
prime Action there exists » € B with

[Cr(b), a] # 1.
Note that Cr(b) < Mp,. Using Lemma 5.6.3 we obtain
1 # [Cr(b), a] < Foy (M) N Fy (Mp).

Theorem 5.5.1 forces M. = M,,.

Lemma 5.6.5. Assume Hypothesis E (1). Let b € B* and suppose that [O(M}), a] # 1. Then
b € Ay

Proof. Let F = Fy(M,). Since O(M,) is solvable we have [F, a] # 1. By Coprime Action
there exists D € Hyp(A) with [Cr(D), a] # 1. Now [F, b] = 1 by Theorem 5.4.1 so we may
choose D with b € D.
Let

Dy = {d € D*| Co,(u,)(d) = 1}

and
Dy = {d € D*| Co,ua)(d) # 1}.

Suppose that d € D;. Then O(Mp,) "My # so using Lemma 5.2.3 we have
1#[Cr(D), a] < O(M,) "My < O(Mg).
Then [O(My), a] # 1. Lemma 5.6.4 implies
My =My
for some b’ € B*. By Theorem 5.4.1, [F, b] = 1 and [O(My), b'] = 1. Since My; = M), we have
[[Cr(D), a], b'] = 1.

In particular,
(b, ') < Cp([Cr(D), a)).

Now « is not contained in this centralizer, a € B* and rank(B) = 2. It follows that the centralizer
is cyclic and then that (b) = (b'). We deduce that

My =M,
for all d € D;. Lemma 5.2.2 implies that D¥ # Dy and so Dy # 0.

Suppose that b ¢ A,.. Lemma 5.6.2 implies b ¢ (Do) so as b € D and rank(D) = 2 it fol-
lows that (Dy) is cyclic. Let e be a generator for (Dg). Then D = (b, ) and My; = M, for
all d € D~ (e). Corollary 5.4.7 implies that [O(M,), a] = 1, contrary to [O(M}), a] # 1. We
deduce that b € A,y
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Lemma 5.6.6. Assume Hypothesis E (1). Let b, b’ € B¥ and suppose that
[O(Mb)a a] 7& 1 7& [O(Mb’>7 a]'
Then (b) = (b').

Proof. Assume false. As rank (B) =2 we have B = (b, b'). As [O(M), '] =1anda € B it
follows that

[0My), b] # 1. (+)

Lemma 5.6.5 implies that b € Aexc. Choose D with b € D € Hyp(A) and V := [Cr, (,) (D), a] #
1. Note that [Fy (M}), a] # 1 since [O(Mj), a] # 1 so such choice is possible. Then Hypothesis
E (1) is satisfied with (b, D) in the role of (a, B). Then (*) and Lemma 5.6.4 imply that there
exists d € D* with M,y = M. Now

V <Cr(D) < My,
so V < M. Lemma 5.6.3 forces
V < Fy(My) N Fy (My).
Theorem 5.5.1 implies M, = M,;,. But then
[0(My), b] =[0(M}), b] = 1,

a contradiction.

Lemma 5.6.7. Assume hypothesis E (1). Let b € B¥ and suppose that [O(M},), a] # 1. Then
[O(M,), b] = 1.

Proof. Choose D with b € D € Hyp(A) and V := [Cp,y,)(D), a] # 1. Lemma 5.6.5 im-
plies that b € A, so we may apply Lemma 5.6.4 with Zb, D) in the role of (a, B). Suppose
that [O(M,), b] # 1. Then there exists d € D* with

M, =M.

Then V < M,,. However, a € Ay s0 [My, a] is a 2-group and 1 #V = [V, d] is a 2'-group. This
is a contradiction, and we deduce that [O(M,), b] = 1.

Lemma 5.6.8. Assume Hypothesis E (1). Then
[O(M,), Bl =1o0r O,(M,) = 1.

Proof. Assume that [O(M,), B] # 1. Let b € B~ (a) so that B = (a, b). Since [O(M,), a] =1
we have
[0(Ma), b] # 1.

Lemma 5.6.7 implies that
[O(Mp), a] =1,

so O(My) < M,. As [O(Mp), b] = 1, we have

M, # M.
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Also
[0(My), B] =1,

so as C4(Mp) is cyclic it follows that O>(M;) # 1. Suppose that O,(M,) N M), # 1. Recall the
subgroup P in Hypothesis E (1). Lemma 5.2.3 implies that P < O(M,). Since O(M,) < M, and
P < 0,(M,) we have

P < 0,(0(My)) = 0,(M5)

and so
P < OP(Ma) N OI,(Mb).

Theorem 5.5.1 forces M, = M, a contradiction. Hence
Or(My) M, = 1.

We deduce that
Co,m,) (D) =1,

forall b € B\ (a).
By Coprime Action, we have

[02(Ma), a] = ([Co,(m,)(b), a] [ b € BN (a)) = 1.

Since [O(M,), a] = 1 we have
[F(My), a] =1

S0
Mg, a] =1.

Suppose that O, (M,) # 1. Let b € B~ (a). Since [M,, a] = 1, Theorem 3.4.15 implies that
[02(M}), a] = 1.

Then
02(Mp,) < M,.

We have previously shown that O(M},) # 1 and that O>(M,) "M, = 1. However,
1 # Noy(m,) (02(Mp)) < 02(Ma) N M,
a contradiction. We deduce that O,(M,) = 1.

Proof of Theorem 5.6.1. (a) is Lemma 5.6.4, (b) is Lemma 5.6.5 and Lemma 5.6.7, (c) is
Lemma 5.6.6 and (d) is Lemma 5.6.8.

5.7 More on Exceptional Elements (2)

The aim of this section is to prove the following:

Theorem 5.7.1. Suppose that a € A,y and that [M,, a] = 1. Then

(@) O2(M,) =1.
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(b) [X, a] < O0y(X) foreachX €T".
(¢) If ¢ € Agxe and [M,, c] = 1 then (c) = (a).

Lemma 5.7.2. Let a € A* and suppose that [0(M,), A] = 1. Then 02(M,) # 1 and O(M,) <
O(M,) for all ¢ € A*,

Proof. By Lemma 5.2.2, C4(M,) is cyclic so as M, is solvable we have [F(M,), A] # 1.
Now Fy(M,) < O(M,) so as [O(M,), A] =1 we must have [0,(M,), A] # 1. In particular,
02(M,) # 1. Choose B € Hyp(A) such that Cp, (y,)(B) # 1. Lemma 5.2.3 implies that

O(M,) < O(M,),

for all b € B*. The conclusion follows from Lemma 5.2.4.

Lemma 5.7.3. Suppose that a € A,,.. Then
O(M,), A] # 1.

Proof. Assume false, so [O(M,), A] = 1. Since a € A, we have O(M,) # 1. Lemma 5.7.2
implies that
Oo(M,) < O(M,),

for all ¢ € A*.
Let ¢ € A* and suppose that [0(M,), a] = 1. Then O(M,) < O(M,) < M, whence O(M,) <
O(M,) and 1 # Fy(M,) < Fy(Mp). Theorem 5.5.1 implies that M, = M,.

Choose B with a € B € Hyp(A). Now [F»(M,), B] = 1 so Hypothesis E (1) is satisfied. By
Lemma 5.2.3 there exists b € B with M, # M. The previous paragraph implies that

[O(Mb)v a] 7£ 1.
Let c € A*. If [0(M,), a] = 1 then M, = M_.. Suppose that [O(M,), a] # 1. Theorem 5.6.1 (a)
and (b) imply M, = Mj,. Then M, € {M,, M},}. Lemma 5.2.3 supplies a contradiction.

Proof Theorem 5.7.1. Since a € A, we have O(M,) # 1 so there exists an odd prime p
with 0, (M,) # 1. By Coprime Action we may choose B € Hyp(A) with Co,(s,)(B) # 1. Then
Hypothesis E (1) is satisfied. Recall that

n=mn(F(M,)) and mp = . {2}.

Let
Bo={be B"[[0(M)), a| =1}

and
By = {be B | [0(Mp), a] #1}.

Theorem 5.6.1 implies that (By) is cyclic.
(a) Suppose that O,(M,) # 1. Now [M,, a] = 1 so Theorem 3.4.15 implies that

[02(X), a] =1,
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forallX €T'.
Let b € By. Then [Fy(My), a] = 1 by the definition of By and so [F(M}), a] = 1, Coprime
Action implies that

[Mb, a] =1.

‘We deduce that
Mb - Ma»

for all b € By. Now By = B* \ By and (B} ) is cyclic. Corollary 5.4.7 implies that
[O(M,), A] =1,
contrary to Lemma 5.7.3. We deduce that O(M,) = 1.
(b) Let b € B~ (a) and suppose that [O(M},), a] # 1. Theorem 5.6.1 implies that [O(M,), b] = 1.

But F(M,) < O(M,) by (a) so [M,, b] = 1. By Hypothesis [M,, a] =1 so (a, b) < Cs(M,).
This is a contradiction since C4(M,) is cyclic. We deduce that

[O(Mp),a]=1.

Now M), = (M, N My)F; /(M) by Lemma 5.6.3 so as [M,, a] =1 it follows that [M;, a] <

02(My). '
Now let X € I'. Using Coprime Action and the above, we have

X, a] = ([Cx(b), a] | b € B~ (a)
(XNMy, a] | b e B~ (a))
(XN Oy (Mp) | beB~(a))
02(X; A).

)
)
<
<

In particular, [X, a] is a 2-group. Since [X, a] <X we have [X, a] < O2(X), completing the
proof.

(c) By (a), with ¢ in the role of a, we have Oy(M,) = 1. Then (b) implies that [M,, a] =1,
so M. < Cr(a) < M, and then M, = M,. Now, we have

Mg, al = M., c]=1

SO

Since C4(M,,) is cyclic, this forces (c¢) = (a).

5.8 More on Exceptional Elements (3)

The aim of this section is to prove the following result.

Theorem 5.8.1. Let a € A,,.. Then
Mg, a] = 1.

We begin with the following hypothesis.
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Hypothesis E (2)

o ac Ay

Mg, a] # 1.

B =Cs(0(Ma)).
By={beB"|[0(M,), a] = 1}.
Bi={be B*|[0(Mp), a] # 1}.

Lemma 5.8.2. Assume Hypothesis E (2).
(@) [02(Mq), a] # 1.
(b) a € B € Hyp(A).
(c) (By) is cyclic.
(d) Let b € By. Then
My, = (M,NMy)02 (M), [Mp, a] < 02(M,), [O(M,), Bl =1 and O(Mp) # 1.
(e) Letb, b’ € By. If O(M,) NO(Myy) # 1 then My, = M.
(f) Letb, b’ € By. If O(M,) # 1 and O,(Mp,) "M,y # 1 then M, = M.

Proof. (a) Since [M,, a] # 1 we have [F(M,), a] # 1. Now [F»(M,), a] = 1 because [O(M,), a] =
1. Hence [02(M,), a] # 1.

(b) Since a € A.. we have Fy(M,) # 1 so there exists an odd prime p with O,(M,) # 1.
Choose C € Hyp(A) with Cp 3,)C # 1 and a € C. Then (a, C) satisfies Hypothesis E (1).
Since O,(M,) # 1, Theorem 5.6.1 implies that

[OMy), C]=1,

so C < B. On the other hand, [O(M,), A] # 1 by Lemma 5.7.3 so as B# A. As C € Hyp(A), we
obtain C = B, whence B € Hyp(A). Also, [O(M,), a] =1soa € B.

(c) This is Theorem 5.6.1 (c).

(d) By Lemma 5.6.3 M}, = (M, N M,)F(M,). Since [O(M}), a] = 1 we obtain
My, = (M, M,)02(Mp).
Now a € Ay so [My, a] < 02(M,). Then
M, "My, a] < O2(M,;NM,),

and it follows that [M},, a] < O, (M,).
If (b) = (a) then M;, = M, so [O(M},), B] = 1 by the definition of B.

Suppose that (b) # (a). Then B = (a, b). The definition of By implies that [O(M}), a] = 1 and
Theorem 5.4.1 implies that [O(M,), b] = 1. Thus [O(M}), B] = 1 in this case also.
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Now suppose that O>(M;) = 1. Then [M;, a] = 1 so M, = M, and then [M,, a] = 1, a contra-
diction since [M,, a] # 1 by Hypothesis E (2).

(e) By (d), O(M;) and O(M;,,) are normal subgroups of Cr-(B). If O(M,) NO(M,) # 1 then
1 #£F(O(Mp) NO(My)) < For(Mp) N Fy (My).

Theorem 5.5.1 forces My, = M,,.

() By (c), O(M}p) < Cr(B) < My. Since O(Mp) "My # 1. Lemma 5.2.3 implies
O(M,) < O(My).

Then (e) forces M, = My, .

Lemma 5.8.3. Assume Hypothesis E (2).
(a) There exists b € By such that M, # M,,.
(b) [Ma, B] < 02(M,).
(©) Coym,)(B) =1.

Proof. Suppose that M, = M,, for all b € By. Since (B;) is cyclic, Corollary 5.4.7 implies that
[0Ma), A] =1,
contrary to Lemma 5.7.3 . Hence we may choose b € By with
M, # M,.
This proves (a). Lemma 5.8.2 implies that O,(M,) "M, = 1. In particular, we have

Co,m,) (D) = 1.
This proves (c¢). The argument in the proof of Lemma 5.6.2 forces
Mg, b] < 02(M, mod Cu,(02(My)).
As [O(M,), b] =1, we have
[Mm b] < CMa (O(Ma)) < M,

0*([My, b)) < Cu, (0(My)).

Then, we have
0 ([Mq, b]) < F(My).

Since O%([M,, b]) is generated by elements of odd order, we have
0*([My, b)) < Fa(M,).
By using Coprime Action, we get

(0%([Ma, b)), b] = 1.
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Lemma 2.3.13 implies that
[Maa b] g OZ(Ma)

Since a € Ay we have [M,, a] < 02(M,) so as B = (a, b) we deduce that
M, B] < 02(M,),

which proves (b).

Lemma 5.8.4. Assume Hypothesis E (2). Let b € By. Then
Mb = CF(B)Oz(Mb) and COZ(Mb)(B) =1.

Proof. By Lemma 5.6.3 and since [O(M}), a] = 1 we have
My, = (Ma ﬂMb)Oz(Mb).

Lemma 5.8.3 implies that
[Ma N My, B] < OQ(Ma ﬂMb),

and it follows that [M}, B] < 02(M,). By Coprime Action, we have
My, = MyCpu,(B)[Mp,, Bl = Cp,(B)O2(Mp).

Now Cr(B) < Cr(b) < M, so Cy,(B) = Cr(B) and the first assertion holds.

Suppose that T := Cp,(u,)(B) # 1. Let N = Np(T). Since B = C4(0(M,)) we have O(M,) <
M. Also T < Cr(a) < M, so

[O(M,), T] < O(M,)NO2(Mp) = 1.
Then O(M,) < N. Since T < M,, we have
1 7é NOZ(Mu)(T) < Oz(Ma) ﬁN

Lemma 5.2.3 implies that O(M,;) < O(N). Since 1 # T < O2(M,) N M,, another application of
Lemma 5.2.3 gives
O(M,) < O(N) M.

Lemma 5.8.2 forces M, = Mj,. But Cp,(5y,)(B) = 1 by Lemma 5.8.3, a contradiction. We deduce
that

Co,(m,)(B) =1,

and the proof is complete.

Lemma 5.8.5. Assume Hypothesis E (2). There exists @’ € By~ (a) such that M, = M,,. More-
overd € Agye.

Proof. Suppose not. Using Lemma 5.8.2 we have

CO(Ma) (a/) < 02(Ma> ﬂMa/ =1
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for each @’ € By~ (a).

If By = 0 then Cp, () (') = 1 for all &’ € B (a) and Coprime Action implies [02(M,), a] = 1
contrary to Lemma 5.8.2. Thus By # 0.

Now by Coprime Action, we have

[02(My), a] = (Co,m,)(c), d] | c € Bi).
By Lemma 5.8.2 (c), (By) is cyclic. Let e be a generator. Then
[02(Ma), a] = [Co,m,)(€); a] < Cc, yy1(0)(@) < M.
By Lemma 5.8.3, Co, u,) (A) = 1 so Corollary 2.3.15 implies that
[02(Ma), a] < O2(M,).
Using Theorem 5.2.1 we have
O(M.) < Nr([02(Mo), a]) < M.

Then
1 7é [O(Me)a a] < [Mm a] < OZ(Ma)a

a contradiction since O(M,) has odd order.

Lemma 5.8.6. Assume Hypothesis E (2). Suppose that e € B;. Then [M,, ¢| =1, 0,(M,) =1
and [M,, B] < Fy/(M,).

Proof. Suppose that O>(M,) # 1. Since e € B; we have O(M,) # 1. By Lemma 5.6.5, ¢ € A,y
Then Hypothesis E (2) is satisfied with e in the role of a. Let D = C4(O(M,)). Lemma 5.8.2
implies that e € D € Hyp(A). By the definition of By we have [O(M,), a] # 1 so B # D and
then BND = (e). Lemma 5.8.5 implies there exists ¢’ € D \ (e) with M, = M, and €' € A,,..
Since B = C4(O(M,)) we have [O(M,), €] # 1.

Now M, = M, so D = C4(O(M,/) and Lemma 5.6.4 implies there exists d € D¥ with M, = M.
Then

O(M,) < Cr(d) < My =M,

and so
1#[0(M.), a] < [Ma, a] < 02(My).

This is a contradiction since O(M,) has odd order. We deduce that O, (M, ) = 1.

Lemma 5.6.3 implies that M, = (M, N\ M,)Fy/(M,). Since O»(M,) = 1 we have M, = (M, N
M,)Fy(M,). Let Q = [M,NM,, a]. Then Q < O2(M,) and so Cy(A) =1 by Lemma 5.8.3. Now
Cum,(a) < My;NM, so Q is Cy,(a)-invariant. Corollary 2.3.15 implies that Q < O2(M,). Then
Q = 1 and we deduce that [M,, a| < F/(M,).

By Lemma 5.8.5 there exists ' € B\ (a) with My = M, and @’ € A,,.. Then B=C4(0O(M,))
and again M, = (M, NM,)F»(M,). Then [M,, a'| < Fy(M,). Since B = (a, d’) we have
M,, B] < Fy(M,).
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Lemma 5.8.7. Assume Hypothesis E (2). Let Q € I' and suppose that Q is a 2-group with

0 = [0, B]. Then
Co(B)=1.

Proof. By Coprime Action

Co(B) = (Cicy(r), 5(B) | b € BY).
If b € By then using Lemma 5.8.4 we have [Co(b), B] < 02(M,) and then Cic,, ), p)(B) = 1.

If b € B; then using Lemma 5.8.6 we have [Cp(b), B] < Fy(M}) so [Co(b), B] =1since Qis a
2-group. The conclusion follows.

Lemma 5.8.8. Assume Hypothesis E (2) . Suppose that T € I" with 1 # T < O,(M,). Then

Nr(T) < M,.

Proof. Choose N with N (T) < N € I'*. Then M, ~» N. Let Z = Z(0,(M,)). Then [Z, a] <
O,(N). By Lemma 5.8.5 there exists @’ € By \ (a) with M, = M, and @’ € A,. Then
[Z, a'] < O02(N). Since B = (a, d') and Cp,(y,)(B) = 1, we deduce that Z < O»(N). Then
N ~~ M, and Theorem 5.2.1 implies that N = M,, so Np(T) < M,.

Now we are going to prove Theorem 5.8.1.

Proof of Theorem 5.8.1. Assume false. Then Hypothesis E (2) holds. By Lemma 5.8.3 there
exists b € By with M, # M;,. Now O>(M;) # 1 by Lemma 5.8.2 so Coprime Action implies
there exists D € Hyp(A) with Co,(y,)(D) # 1.
Let d € D* and set

Q = (Co,(m,) (D), Coymy)(d))-

Note that Q is a 2-group since it is contained in O>(Cr(d); A). By Lemma 5.8.4, B has no fixed
points on the generating subgroups of Q so Coprime Action implies that Q = [Q, B].

Let Qo = QN M,. Then 1 # Cp,(p,) (D) < Qo. By Lemma 5.8.7 Co(B) = 1 so Cg,(B) = 1.
Using Coprime Action and Lemma 5.8.3 we have

Qo = [Qo, B] < 02(M,).

Using Lemma 5.8.8 we have
No(Qo) < QNM, = Qy,
and it follows that Q = Qg < 0,(M,). We deduce that
Co,(my) (d) < 02(Ma),

for all d € D*.

Since D is non-cyclic, Coprime Action implies that Oy (M},) < O2(M,). Then O2(M,) "My, # 1
and Lemma 5.8.2 forces M, = M},. This contradiction completes the proof.
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5.9 Proof of the Solvable Signalizer Functor Theorem for Par-
tial Groups

First we collect together some previous results. Recall that 7 = 7n(F (M,)) and mp = 7w~ {2}.

Lemma 5.9.1. (a) Let a € A*. Then [0O(M,), a] = 1.
(b) (Aexc) is cyclic.
(c)If e € Agye then [M,, e] =1, O2(M,) =1 and [H, ¢] < Oy(H) forall H € I'.

(d) Let @ € A\ A,y and suppose that O(M,) # 1. Then 0,(M,) # 1, 02(02([Ma, al)) # 1
and M, = Nr-(02(0*([M,, a)))). Moreover if [M,, a] < H € I' then 02( 2([My, a])) < O2(H).

(e) Let a € A\ Ay and let p be an odd prime. Suppose that P € I" with 1 # P < 0,(M,).
Then Nr-(P) < M,.

Proof. (a) is Theorem 5.4.1, (b) and (c) follow from Theorem 5.7.1 and Theorem 5.8.1.

(d) Suppose that O2(M,) = 1. Now [O(M,), a] =1 by (a) and so [F(M,), a] = 1. This im-
plies that
Mg, a] = 1< 0,(M,).

As 02(M,) = 1, we have F»/(M,) # 1 50 a € Ay, a contradiction. Hence O,(M,) # 1.
Suppose that O,(0*([M,, a])) = 1. Now we have
[02(My), O%([My, a])] < 02(My) N O*([My, a))

< 02(0%([Ma, a))) = 1.
Since [O(M,), a] = 1, [M,, a] centralizes O(M,). Then

O*([Ma, a]) < Cy, (F (My))

< F(Ma).
As O*([M,, a)) is generated by elements of odd order, we have
O (Mg, a]) < Fy(Ma).
By using Coprime Action and Lemma 2.3.13, we get
(Mg, a] < 02(My),
by applying (a). Thus a € A, a contradiction. Finally, we have [M,, a] < [H, a] < Oz (H).

Then
02(0*([Ma, a])) < O2(H).
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(e) is Corollary 5.4.4, and the proof is complete.

Now, let e be a generator for (A,,.). Note that e = 1 if Aoy = ¢.

Lemma 5.9.2. Forall a € A\ Ay,
o(M,) =1.

Proof. Assume false and choose a counterexample with O(M,) maximal. Let p be an odd prime
with O,(M,) # 1. By Coprime Action, there exists B € Hyp(A)
with
P:=Co,m,)(B) # 1.
Since [O(M,),a ] = 1, we may suppose that a € B.
Let

% ={b e B" | Co,,)(b) =10r [My, b] < 02(My)}.

Suppose that b € B~ Z. We claim that M, = M;,. Now P < O(M,) N M}, and the definition of
2 implies that

1% Co,m,)(b) < 02(Ma) N M.
Lemma 5.2.3 forces P < O(M}). Using Lemma 5.9.1 (a) and (e) we have

My, b] < Cu,(0(My)) < Nr(P) < Mg.

Since b ¢ 9 we also have [M,, b] % 0,(M,) so Lemma 5.9.1 (c) and (d) implies that b ¢ Ay,
and then that
1 # 0,(0*([My, b)) < 02(M,,).

Then
O(M,) < Nr(02(0%([Mj, b)) = My,

and then Lemma 5.2.3 implies that O(M,;) < O(M}). Since b € A \ A,y the choice of a implies
that O(M,) = O(M,) and so M, = M. The claim is established.

Since a ¢ Aexe, Lemma 5.6.2 implies that a ¢ (%). Now a € B € Hyp(A) so it follows that (%)
is cyclic. The claim and Corollary 5.4.7 imply that

O(Ma) < O(My),

for all d € A*.

By Lemma 5.9.1, (A.x) is cyclic so we may choose D € Hyp(A) with DNA,. = 0. Let
d € D*. Thend € A~ Agy and O(M,) < O(My). The choice of a forces O(M,) = O(M}) and
so M, = M. Lemma 5.2.2 supplies a contradiction.

Lemma 5.9.3. Suppose that P € I" is a non-trivial 2-group. Then O(Nr(P)) = 1.

Proof. Assume false and let P be a maximal counterexample. Let N = Ni-(P), so that O(N) # 1.
Now P < O(N) so using Lemma 5.2.3 we have O(N) < O(Nr(0O>(N))). The choice of P im-
plies that
P=0,(N).
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By Coprime Action there exists B € Hyp(A) with Cp(B) # 1. Let b € B~ (e). Now 1 # Cp(B) <
PN M, so using Lemma 5.2.3 and Lemma 5.9.2 we have

Cow)(b) <O(N)NM, < O(Mp) = 1.
Since O(N) # 1 and B is non-cyclic, it follows from Coprime Action that 1 # ¢ € B and that
[O(N), e] =1.
By Coprime Action,
[P, e] = ([Cp(C), €] | C € Hyp(A)).

The previous paragraph implies that whenever C € Hyp(A) and Cp(C) # 1 then e € C, and hence
[Cp(C), e] = 1. We deduce that [P, ¢] = 1. Now P = O»(N) and [O(N), e] =150 [F(N), e] =1
and Coprime Action forces [N, e] = 1. In particular, e centralizes a Sylow 2-subgroup of N.

Finally choose a € A\ A,y.. Lemma 5.9.2 implies that F(M,) = O»(M,) # 1. The previous
paragraph and Theorem 3.4.15 imply that [O>(M,,), e] = 1. Coprime Action forces [M,, e] =1
and so M, = M,. However, O;(M,) = 1 by Lemma 5.9.1. This contradiction complete the proof.

Let
% ={Nr(P) | P €I is a non-trivial 2-group}.

Then . is partially ordered by inclusion and we let
4"

denote the set of maximal members of .%.

Lemma 5.94. %" C I'**.

Proof. We will show that every member of .45 is primitive in I". Let N € .%4", so O(N) =1
by Lemma 5.9.3. Now suppose that 1 # X char N. Since F*(X) < F*(N) and F* = O,(N) by
Lemma 5.9.3, it follow that F*(X) = O,(X). Also 1 # O,(X) char N so

N <Nr(0:(X)) € 2.

Since N € %", we get
N = Nr(0,(X)).

As Nr(X) < Nr(02(X)), we deduce that
Nr(X)=N

and then that N € I"**.

Lemma 5.9.5. Let M € 5" If H € 4" with Oo(M)NH # 1 then M = H.

Proof. We will apply Lemma 4.3.2. Let

Z={Le b | O2(M)NL#1}.
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Let L € Z. Then L € I'** by Lemma 5.9.4, and Lemma 5.9.3 implies that L has characteristic
2. Now N (02(M)NL) € % so we may choose N with

N]"(Oz(M) ﬂL) <Ne % .

Then
1+# OZ(M) NL < OZ(M) NN

so N € Z. Lemma 4.3.2 implies that ¥ = {M} and the proof is complete.

We may now complete proof of the theorem. First note that if a € A \ Ay then M, € 5.
Choose a € A\ Ay, so that F(M,;) = O2(M,) # 1. We claim that there exists B € Hyp(A) with
C02(M0)<B) %1 and BNA = 0.

If Aexe = 0 then this follows from Coprime Action.

Suppose that A,y # 0, so that (A.) = (e). Now O2(M,) # 1 and Or(M,) = 1 so M, # M,.
Then [M,, e] # 1 so as F(M,) = O»(M,), Coprime Action implies that

[02(Ma), €] # 1.

By Coprime Action there exists B € Hyp(A) with [Co,(s,)(B), €] # 1. Then e ¢ B s0 BNAgye =
0.

Let b € Bf. Then
beANAu

SO
and
Lemma 5.9.5 implies that

M, = M,
Since B € Hyp(A), Lemma 5.2.2 supplies a contradiction.
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Chapter 6

Special Case of Burnside’s p®g”-Theorem
for Partial Groups

6.1 Introduction

Recall Burnside’s p®gP-Theorem for groups which asserts that every group of order p%qP,
where p and ¢ are primes, is solvable. We would like to establish an analogue of Burnside’s
Theorem for partial groups.We do not know yet what the final answer should look like. It is
quite easy to prove Burnside’s Theorem for groups in which every Sylow subgroup is abelian.
So a good place to start with partial groups is to impose the assumption that every group in the
partial group with prime power order is abelian. Even with this additional assumption, matters
are much more complex than for groups.

We will study a partial group I" in which every element H of I satisfies 7(H) C {p, ¢}
for a fixed pair of primes p, g and in which every group in I" with prime power order is abelian.
In particular, we will study the maximal elements of I".

6.2 The Main Hypothesis

Throughout the remainder of this chapter, we assume the following:

Hypothesis A

(1) I' is a partial group.

(2) p and q are distinct primes.

(3) ForallH e I', n(H) C {p, q}.

(4) Every p-group in I is abelian.

(5) Every g-group in I is abelian.

(6) ForalHe I'if K <H,thenK €1I".

117



The elements of I'* divide into three types as in the following definition.

Definition 6.2.1. Let M € I'*, then we have

e M has type p if n(F(M)) = {p}.
e M has type g if 1(F(M)) = {q}.

e M has type pq if n(F(M)) = {p, q}.

Here are some examples and basic results.

Example 6.2.2. Let I" be the set of all subgroups of Z, x Z3. Then I" satisfies Hypothesis A.
(1) Itis clear that I" is a partial group.
(2) 2 and 3 are distinct primes.
(3) Forall H e I', m(H) C {2, 3}.
(3) Every 2-group is abelian.
(4) Every 3-group is abelian.
(5) ForallHel'if 1 #K < H,thenK €T.

Example 6.2.3. Let I" be the set of all proper subgroups of S3 . Then I" satisfies Hypothesis A
and is disconnected.

Example 6.2.4. Let I" be the set of all proper subgroups of As. Then I" satisfies Hypothesis A
and is connected.

Proposition 6.2.5. There exists a connected partial group that satisfies Hypothesis A and has
more than one maximal member.

Proof. We can use Example 6.2.4 as an example.

Now, we begin with some elementary observations. We recall that Syl, I'" denotes the set
of all maximal p-groups in I".

Lemma 6.2.6. Let M € I'* and suppose that O,(M) # 1. If P € Syl,M, then P € Syl,I".

Proof. Let P; be a p-group with P < P; € Syl,I'. Since the p-groups in I" are abelian, we
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have

Now, we have

as

Then, we have P = P;.

Lemma 6.2.7. Let M € I'* and suppose that O,(M) # 1. If Q € Syl,M, then Q € Syl I".

Proof. Same as the proof of the above lemma.

Proposition 6.2.8. Let M and L € I'* have type r € {p, g}. Suppose that Q € Syl,M and P €
Syl,M . Then

(1) If r = p, then M = QO,(M) and C-(0,(M)) = 0,(M).
(2) If r = g, then M = PO, (M) and Cr-(0,(M)) = O,(M).
(3) f F(M)<Land F(L) <M, then M = L.

Proof. (1) Let P € Syl,M and Q € Syl,M, so M = PQ since n(M) C {p, q}. Since M has type
p and P is abelian, we have
P < CM(OP(M)) < OP(M)

and so,
P=0,M).

Thus, we have
M= Q0,(M).
Also,as M € I'* and O,(M) # 1, we have

CF(OP(M>) <NF(OP(M)) =M
and so,
CF(OP(M>) = CM(OP(M)) = OP(M)'
(2) The proof is similar to (1).

(3) In the case r = p, we know F (M) = O,(M) and F(L) = O,(L). Also, we have
0,(M) € Syl,M
and so,

O,(L) €Syl,L.
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This implies that
and
Then, we have

and so,
M = Nr(0p(M)) =Nr(0p(L)) =L

In the case r = g, we get the same result by the same argument.

Lemma 6.2.9. Suppose that M € I'* has type pg and that F(M) < L € I'*. Then M = L.

Proof. We have M = Nr(0O,(M)). Then N.(O,(M)) =MNL. But O,(M) <M NL and by
applying Lemma 2.3.10, we get

1 # 04(M) < O4(NL(Op(M))) < O4(L). ()
We have used the fact that if 7(X) C {p, g}, then O, (X) = O,(X). The Sylow g-subgroups of
L are abelian and O,(M)O,(L) is a g-subgroup of L so

04(L) < Cr(0,(M)) <M.

Similarly, we get O, (L) < M. Then, we have

F(L) <M.

Interchanging M and L, (x) becomes
1 # 0y(L) < 0y(M). (%)

From (x) and (), we get

and so,

Corollary 6.2.10. Suppose that M € I'* has type pg and 1 # a € F(M). Then Cr(a) < M.

Proof. Note that (a) € I" by the part (6) of Hypothesis A. Now, we have F (M) = Cy(F(M)) <
Cr(a). Let L € I'* with Cr(a) < L. Then

F(M)<L
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and so by the above lemma, we get

Lemma 6.2.11. Let M, L € I'* and suppose that F(M) < L and M # L. Then one of the fol-
lowing holds.

(a) M hastype p, 0,(M) € Syl,I', L= 0,(M)O4(L), Oy4(L) € Syl I" and L = Nr(Oy4(L)).
(b) M has type g, 0,(M) € Syl,I", L= 04M)0,(L),0,(L) € Syl,L and L = Nr(O,(L)).

Proof. (a) Lemma 6.2.9 implies M does not have type pq.
Suppose that M has type p. Choose Qp € Syl,(M NL) and Q with Qp < Q € Syl,M. By apply-
ing Proposition 6.2.8, we have

M = QOP(M) and CM<0P(M)) = OP(M)

and so,
[Qo, O0p(M)] < Op(M).
Next we claim that [Qp, O,(M)] <M.

Now O,(M) normalizes [Qg, O,(M)]. Also Qp < Q and Q is abelian so Q normalizes Q.
Trivially Q normalizes O,(M), hence Q normalizes [Qy, O,(M)]. Since M = QO,(M), the
claim follows.

Also Lemma 2.2.62 implies that

[Qo, Op(M)] < F(L).
Then
[QOy Op<M)] < Op(L)-
Suppose that Qg # 1. Then, since Cy(0,(M)) = O,(M) we have,
1 £ [0, 0p(M)] C O,(L).
Since [Qo, O,(M)] IM, we have

Nr ([Qo, Op(M)]) =M.

Then, we get
F(L) <M.
Proposition 6.2.8 implies that L has type p and so F(L) = O,(L) € Syl,L C Syl,I".
Also we have,
0,(L) <M.
This implies that
0,(L) €Syl,M.

Now, since M has type p, we have O,(L) = O,(M) and so L = M, a contradiction. We deduce
that
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Qo = 1and so MNLis a p-group.

Now, we have O,(M) < MNL, O,(M) € Syl,M C Syl,I" and so MNL = 0,(M), O,(M)
Syl,L and so Ni((0,(M)) =M.

Now choose Q; € Syl,L and so L = Q10,(M). Then by Lemma 2.2.62, we have
[Q1, Op(M)] < F(L).

This implies that

F(L)O,(M)<L
In particular,
0,(L)0,(L)0,(M) <L
Since O,(L) C O0,(M), we have
04(L)0p(M) L

By Lemma 2.2.6, we get
L= 04(L)Op(M)NL(Op(M)).

Also, we have
Op(M)NL(Op(M)) < MNL=0,(M).

Then, we get
L= Oq(L)Op(M>-
Since M # L, O4(L) # 1, O4(L) € Syl,I" and L = Nr(Qq4(L)).

(b) By the same argument in part (a), we get the result.

6.3 Elements of Type pqg

Throughout this part of the section we assume the following:

Hypothesis B

e M €I has type pq.
e O0,(M) is non-cyclic.

Lemma 6.3.1. Suppose Q € I' is a g-group with O,(M) < Nr(Q). Then Q < M.

Proof. Since O,(M) is a non-cyclic abelian group that acts on Q, by Lemma 2.3.4 (b), we
have

Q= (Cola) | 1 #ac Oy(M)).
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By Corollary 6.2.10, we get

Lemma 6.3.2. Let P € Syl,M and P< L I*. Then M =L or L= Nr(P).

Proof. By Lemma 6.3.1, we have
O4(L) <M.
Also by Lemma 6.2.6, we get P € Syl,,I". By assumption P < L so P €Syl,L. Then, we have
O,(L)<P<M.

Therefore,
F(L)< M.

Suppose 7(F (L)) = {p} then L has type p, P<<L and L = Nr-(P).

Suppose m(F(L)) = {g}. By Lemma 6.3.1, we have O,(L) < M. By assumption O,(M)
P < L, hence [O4(L), 0,(M)] < O04(L)NO,(M) = 1. This implies that O,(M) < Cr(04(L))
Oy(L), a contradiction.

A

If ®(F(L)) ={p, q}, then Lemma 6.2.9 implies that M = L.

Lemma 6.3.3. Let P € Syl,(M) and P, € I is a p-group. Suppose that PN\ P; # 1. Then Py < M.

Proof. We have,
P < CF(PQPI).

Also,

P<LCr(PNP).

Choose L € I'* such that Cr (PN Py) < L then P, P < L. Now, we have
P € Syl,(M)

and so,
P <L

Then we have,
M =LorNr(P)=L.
Suppose that M = L. Then P; < M. (Because P; < L).

Suppose that N-(P) = L. Now, P € Syl,M and so P € Syl,I", hence P € Syl,L. As P<L,
it follows that P; < P. Then P < M.
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Corollary 6.3.4. Let P €Syl,M and x € P*. Then Cr(x) < M or Cr(x) < Nr(P).

Proof. Choose L € I'* with Cr(x) < L. Since x € P*, we have
P<LCr (x) < L.

By Lemma 6.3.2, we get

L=M or L= Nr(P).
If L= M, then Cr(x) < M. If L = N;(P), then Cr(x) < Nr(P). This completes the proof.

Proposition 6.3.5. Let L € I'*. Suppose that M N L has order divisible by p. Then we have the
following:

(1) If L has type pq, then M = L.
(2) If L has type g, then M N L has cyclic Sylow p-subgroups.
(3) If L has type p, then L = N (P) for some P € Syl,M.

Proof. (1) Choose Py € Syl,(MNL). Then Py # 1.
Now choose Py and P, with Py < Py € Syl,M and Py < P, € Syl,L. Then, we have

PINP,#1

and so by Lemma 6.3.3, we get
P <M.

Now, we have O,(L) # 1 so P, € Syl,I" and so P, € Syl,M. In particular, we have
0,(M) < P.

As P, < L and by Lemma 6.3.2, we get

M=LorL :NF(Pz).
If M = L, there is nothing further to prove.
Assume that L = Nr(P»), P, = O,(L). Now, we have
[P, O4(L)] < PNOy(L)=1.

As O,(M) < P, we have
Then, we have

and so by Lemma 6.2.9, we get



(2) Suppose that M N L has a non-cyclic Sylow p-subgroups. Since |[M NL|, # 1, there exists a
Py € Syl,L with Py M # 1. Then Lemma 6.3.3 implies that

Py<M.

Choose P with Py < P € Syl,M. Also, since L has type g, we have L = PyO,(L).
Consider the action of Py on O4(L). By Coprime Action, we have

[04(L), o] = {[Co,1)(x), Po] | x € Ff).
Letx € Pg)# and so by Corollary 6.3.4, we have

CF(X) < M or CF(X) < NF(P).

In the first case, we have [Co_()(x), o] < M.
In the second case, we have [Co,_ 1)(x), Po] < O4(L)NP =1 < M. We deduce that,

[04(L), Po)) <M.

Since M has type pg and so by applying Coprime Action and Lemma 2.2.62, we have
[04(L), Po] = [04(L), Fo, Po] < F(M).
Since [Oy4(L), P is a g-group, L has type g and Py # 1, we have
1# [Oq(L)a Po] < Oq(M>-
Recall L = PyO,(L) so [Py, O4(L)] <L. Then, we have
04(M) < Nr([04(L), o) = L.

Since L = PyO,(L), L has only one Sylow g-subgroup, O,(L). Hence,

0y(M) < O4(L).
Now, by Hypothesis B, M has type pg so

0,(M) #1
and
N (04(M)) = M.
Then, we have
0,(L) <M.

But, L = PyO,(L) < M and so M = L. This is a contradiction because M has type pg and L has
type g. We deduce that M N L has cyclic Sylow p-subgroups.

(3) By Lemma 6.2.6, we have O,(L) € Syl,I". Since O,(L) is the only Sylow p-subgroup
of L, we get
O,(L)NM # 1.
Then by Lemma 6.3.3, we have
0,(L) <M.

Since O,(L) € Syl,I" and O, (L) < M, we get
125



O0,(L) € Syl,M.
As L has type p we get L =Nr(O,(L)). Put P = O,(L).

Corollary 6.3.6. Suppose L € I'* has type ¢ and that [M NL|, # 1. Then, there exists Py €
Syl,(LNM) with L = PyO4(L), Py is cyclic and MN Oy (L) = 1.

Proof. By Proposition 6.3.5 (2), we can choose Py € Syl,(M NL) which is a cyclic p-subgroup
of MNL. Then, we have Py < M and F, is cyclic. Now, choose P with Py < P; € Syl,L. Then,
we have

MNP #1,

and so
PﬂPl 7£ 17

for some P € Syl,M. By applying Lemma 6.3.3, we get
P <M.

Thus, we have
Ph<P<MNL

so as Py € Syl,(MNL), we get
Py =P, € SylpL.
As L has type g, we have
L=PyOy(L).

Now, suppose that M N O, (L) # 1. Then, we have O,4(L) < M and so F(L) <M. Lemma 6.2.11
implies that M has type ¢, a contradiction.

6.4 Elements of Type ¢

Every result of this part of the section can be applied to elements of type p.

Lemma 6.4.1. Let M € I"* have type ¢ and suppose that P € Syl,M is non-cyclic. Then P €
Syl,I".

Proof. We have P € Syl,M and so M = PO,(M) and O,(M) € Syl,I" by Lemma 6.2.7. Since
P is non-cyclic, we have

1#[04(M), Pl = ([Co, ) (¥), Py € P).

Choose y € P* with V := [Co, ) (), Pl # 1.
Choose H with Cr(y) < H € I'*. Then, we have

V<H.
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Also, by Lemma 2.2.62 and Coprime Action, we have
V=I[V, P|<F(H).
Since V is a g-group, we have
V=1V, P|<O4H).
Now, M = PO,(M) and O4(M) is abelian, so V = [Cp,_ar)(y), P] <M. Then, we have
Nr(V)=M.

Thus, we have
F(H)< M.

Lemma 6.2.11 implies that O,(H) = 1 and so H has type q. Now, O,(H) € Syl,I" and so
0,(H) € Syl,M. Note that since M has type g, it has exactly one Sylow g-subgroup, O,(M).
Then, we have

and so we get

Therefore,
Cr (y) <M.

Choose P* with P < P* € Syl,I". This implies that
P*<Cr (y) <M.

Thus, we have

P<P'<M
and so,
P =P
Then, we have
P e Syl,I',

which completes the proof.

Lemma 6.4.2. Let M € I'* and suppose that M has type q. Let P € Syl,M and suppose that
rank (P) > 3.

(1) Then there exists Z, x Z, = B < P such that Cr(b) < M for all b € Bfand P € Syl,I".
(2) If P <L eTI'* with L # M, then L = Nr-(P).

(3) If a € P* then Cr(a) < M or Cr(a) < Nr(P).

(4) If P €T isa p-groupand PyNM # 1, then P, < M.

Proof. (1) Since M has type g we have M = PO, (M) with P € Syl,M and O,(M) € Syl,I".
Also by Coprime Action we have,
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04(M) = (Co,(m) (B) | B< P, B elementary abelian subgroup and rank (B) = 2).

Now, [P, O4(M)] # 1 and so there exists B < P with B=Z, X Zp and 1 # [P, Cp, s (B)] <M.
Note the commutator is normal of M because M = PO,(M) and O,(M) is abelian. Let b € B*
and choose N with Cr-(b) < N € I'*. Then

L# [P, Co,m)(B)] < Oy(N).

This implies that

F(N) <Nr ([P, Co,m)(B)]) =M.

If N has type pq, then N =M and so Cr(b) < M.

Suppose N does not have type pg. Now, O,(N) # 1 and so N has type g. Then O4(N) €
Syl,I" and so Oy4(N) € Syl,M. Since M has type g, we have O,(N) = O4(M). Then, we have

N=M
and so,
Cr (b) <M.
We deduce that
Cr(b) <M

for all b € B*.
(2) The result follows from part (1) and Lemma 6.3.2.

(3) Now, we have P < L € I'* with
L#M.

Let B denote the subgroup whose existence was proved in (1). Now, by Coprime Action we
have
04(L) = (Co,1)(b) | b € BY) <M.

Then, we get

0,(L) < 04(M).

If O4(L) # 1, then O4(M) < N (O4(L)) = L, then M = PO, (M) < L, a contradiction. Thus, we
have O,(L) =1 and so O,(L) € Syl,L, P=0,(L) € Syl,I" and L = Nr(P).

(4) Now, let P; € I" be a p-group and suppose that Py "M # 1. With out loss of generality
PiNM < P and so P, < Cr(PiNM). Choose N with Cr(PLNM) < N € I'*. If N = M, then
P <M.

If not, then N = Nr(P) by (2). But P € Syl,N. Then P; < P < M. Thus, we have if Py "M # 1
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with Py a p-subgroup, then P; < M.

Lemma 6.4.3. Let M € I'* and suppose M has type g. Let P € Syl,M and suppose
rank (P) > 3. Let L € I'* and suppose that M N L has non-cyclic Sylow p-subgroups. Then
M =L or L= Nr(P) for some P; € Syl,M.

Proof. Assume that M # L.
Choose Py € Syl, (MNL)and P, with Py < Py € Syl,L. Now, 1 # Py < PN M so Lemma 6.4.2
(4) implies P; < M. Hence, we have

PhP<P <MNL
so as Py € Syl,(MNL), we get
Py=P € SylpL.

Without loss of generality P; < P.
Suppose that O, (L) # 1. Then, we have

and so
P< Np(Op(L)) =L

Then Lemma 6.4.2 (2) implies
L=Nr(P).

This is the desired outcome. Hence we may assume that O,(L) = 1. Then L has type gq.
Since L has type g, we have
L=0y4(L)P

and
[OQ(L)7 Pl] 7£ L.

Since M M L has non-cyclic Sylow p-subgroups, P; is non-cyclic so Coprime Action gives
[04(L), Pi] = ([Co,r)(a), P |acPf]).
Leta € P!, If Cr(a) < Nr(P), then
[Coq(L) (a), PI| < PNOyL)=1.

Then (3) implies
[Oq(l‘)a Pl] <M.

Also P; < M so using Coprime Action and Lemma 2.2.62, we get
1 #[04(L), Pi]) =1[04(L), P, Pi] < F(M).
Since [O4(L), P1] is a g-group, we get
1#[04(L), Pi] < Og(M).
Also, as [0O4(L), Pi] <O4(L)P, = L, we have

L= Nr([04(L), P1]).
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As O,4(M) is abelian, we get
As L = O4(L)P; this implies

Also,
O4(L) < Nr(04(M)) =M,
€

and again as M has type ¢, we have O,(M) € Syl,M and so O4(L) < O4(M). Then
04(L) = 04(M)

and so
L= Np(0,(L)) = Nr(0g(M)) = M.

We assumed M # L, so this contradiction complete the proof.

6.5 g-Groups Normalized By O,(M) When M Has Type p

Throughout this section we assume the following

Hypothesis C
e M €I and M has type p.

e 0,(M) is elementary abelian and rank (0,(M)) > 3.

In what follows we let P = O, (M). We will study g-groups in I" that are normalized by P.

Definition 6.5.1. We define
Q(P)={Q€TI |Qisagqg-groupand P < Nr(Q)}.

We denote Q*(P) to be the set of maximal elements of Q(P).

Now, we begin with the following elementary results.

Lemma 6.5.2. Assume Hypothesis C. Suppose that Q € Q(P). Then
() oNM =1.
2) Co(P) =1.
3) g=|[0, P|.

Proof. (1) We have,
[P, ONM]<PNQ=1.
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Then
[P, ONM] = 1.

Note that P = O,(M), n(F(M)) = {p} so Cy(P) = P. Then
ONM < Cy(P)=P.

Thus, we get
oNnM=1

because Q is a g-group.

(2) We have,

By (1), we get

(3) Since P < Nr-(Q), Coprime Action implies
0 =[0Q, P|Co(P).

By applying part (1), we get
0=[0, P

Lemma 6.5.3. Assume Hypothesis C. Suppose that Q;, Q> € Q*(P) and that Q; N Oy # 1.
Then Q) = 0>.

Proof. Note we can prove this lemma without the hypothesis that the g-groups in I" are
abelian. Assume false and choose a counterexample Q;, O, with |Q N Q3| as large as pos-
sible. Note that I" is a finite partial group so this choice is possible. Let N = N-(Q1 N Q»). Let
Q7 = Np,(Q1 N Q2). Then, we have

Q01> 01NQs.

Now, we have
Co;(P) < Co,(P) = 1.

Coprime Action implies that

07 =01, P.
By applying Lemma 2.2.62, we get
and so

Since P < N, we have

Choose T with



Then, we have
01N <O <Q1NOyN) < 01NT.
The choice of Q1 and Q, implies that

Or=T
Similarly, we get

O,=T
Hence, we have

01 =0y,

a contradiction.

Lemma 6.5.4. Assume Hypothesis C. Then Q(P) has a unique maximal element.

Proof. Choose Q € Q*(P). Since rank (P) > 3, Coprime Action implies
Q ={Cp(B) | B< P, and rank (B) > 2}.

Hence, we may choose B < P with rank (B) > 2 and

Co(B) # 1.
Now, choose 0* € Q*(P). Since rank (B) > 2, we have
Q" = (Co:(b) | b € BY),
so there exists b € B such that
Co+(b) # 1.

Let C = Cr(b). Then, we have
14 Cy:(b) <C

and
1#Co(B) <Cp(b) <C.
Since b € P and P is abelian, we have
P <C.
Now, we have
Co-(b) € Q(P),
and so Lemma 6.5.2 implies that
Co+(b) < 04(C).
Also, we have
Co(B) < 04(C) € Q(P).
Choose 0** with O,(C) < Q** € Q*(P). Then, we have
1#Co-(b) <O"NQO™,
and so Lemma 6.5.3 implies that
Also, we have

1 #Co(B) <QNQ™
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and so Lemma 6.5.3 implies that

Q Q**.

Thus, we get

S
I
<

Lemma 6.5.5. Assume Hypothesis C. Let Q*(P) = Q. Then N-(Q) € I'*.

Proof. Choose L with Ni-(Q) < L € I'*. Then
P, Q<L
By applying Lemma 6.5.2 (2) and Lemma 2.2.62, we have
Q=[0, P]<F(L).

Then

Thus, we have

and so

04(L) < Q
Then, we get

Q= 04(L)
and so

Lemma 6.5.6. Assume Hypothesis C. Let Q € Q(P) and suppose that P < L € I'*. Then either
L=MorL=Nr(Q).

Proof. Since P € Syl,,I", P € Syl,L.
If O4(L) =1, then L has type p and so P is the only Sylow p-subgroup of L. Then

L=Nr(P)=M.

If O4(L) # 1, then

O4(L) < Q€ Q(P).
Thus, we have

O <Nr(04(L)) =L.
Also, we have

Q=I[P, Q] <O4(L) < 0.

Then, we get

Oq(L) =0
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and so
L=Nr(Q).

Corollary 6.5.7. Assume Hypothesis C. Let Q € Q(P). Let x € P*. Then either
Cr(x) <M or Cr(x) < Nr(Q).

Proof. Choose H with Cr(x) < H € I'*. Then
P<Cr(x)<H.

Then the above lemma implies that

H=M or H=Nr(Q).

Lemma 6.5.8. Assume Hypothesis C. Let Q € Q(P) and L € I'*. Suppose that LN M contains
a p-subgroup B < P of rank > 2. The either

L=Nr(Q) or L=Np(P,),
for some Py € Syl,Nr(Q).

Proof. Suppose that O (L) # 1. Then
[04(L), Bl = ([Co,1(b), B] | b € BY).

Let b € B*. Then by Corollary 6.5.7, we have
Cr(b) <M or Cr(b) < NF(Q)
If Cr(b) < M, then we have

[COq(L)u B] < Oq(L) ﬂOp(M) =1

since B P =0,(M).
If Cr-(b) < Nr(Q), then by Lemma 2.3.10, we have

[Co,(1)(b), B] < Og(Nr(Q)).

We deduce that
[04(L), B] < Q.
Now, we claim that [O4(L), B] <L.
We have,
[04(L), Bl < 04(L) < 07,
for O* € Syl L. Then
O* < Nr ([04(L), B)).
Now, choose P* with B < P* € Syl,,L. Since P* is abelian, it normalize B and hence [O,(L), B.
Since L has type pq we have
L= P*Q".
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Then, we have
[OQ(L)a B] S] L.

Case(1). Assume that [O,(L), B] = 1. Then, we have
B<0,(L)
and so (F (L)) = {p, q}. Then Lemma 6.2.9 implies that
Nr(B) <L
and so
P <L
By applying Lemma 6.5.6, we get
L=M or L=Nr(Q).

If L = M, then we get
L=Nr(P),

for some Py € Syl,Nr(Q), namely P; = P.
Case(2). Assume that [O4(L), B] # 1. Then, we have

O <Nr ([04(L), B)) =L
and so

[0, B] < O4(L).

Then, we have

Also,
[OQ(L)’ B] = [Oq(L)v B, B] < [Qv B]'

We deduce that
[Q, B] = [04(L), B].
Note that [Q, B] <N (Q) because Q = O, (Nr(Q)). Then

Nr(Q) =Nr ([Q, B]).
Since L = Nr ([O4(L), B]), we get
L=Nr(Q).

Now, suppose that O,(L) = 1. Then L has type p so O,(L) is the unique Sylow p-subgroup of
L. Then, we have
B<0,(L).

Corollary 6.5.7 implies that
CF(B) < M or CF(B) < NF(Q)
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Assume Cr(B) < M, then

Op(L) <M
and so
0,(L) <P
Since O, (L) € Syl,I", we get
0,(L) =P
and so
L=M.

Hence we may suppose that L ## M. Then, we have

Cr(B) < Nr(Q).

Then, we get
O,(L) <Nr(Q).

Since O, (L) € Syl,I'", O,(L) € Syl,Nr(Q). Thus, we have
L=Nr(P),

for some O, (L) = P; € Syl,Nr(Q).

Lemma 6.5.9. Let T € I be a p-group and suppose that TN P # 1. Then T < Nr(Q).

Proof. Since T "M # 1, we have
(T, P)<Cr(TNP)<HET™

Then, we get
P<H.

By applying Lemma 6.5.6, we have
H =M or H=Nr(Q).
Note that P is the only Sylow p-subgroup of M, hence

T < Nr(Q).

Now we study the case that O,(Nr(Q)) # 1, and we begin with the following hypothesis.

Hypothesis D

e McT™.

e M has type pgq.

e PeSyl,M.

e P is elementary abelian and rank (P) > 3.
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Lemma 6.5.10. Assume Hypothesis D. Let T € I" be a g-group and P < Np(T). Then T < M.

Proof. Choose B < P with rank (B) =2 and Cp,_)(B) # 1.
Let V = Cp, (s)(B). Then, we have

V < F(M) and z(F(M)) = {p, q}.

Lemma 6.2.9 implies that
Nr(V)< M.

Then, we have
0,(M) < 0, (NF(V)).

Next, let b € B¥ and choose H with Cr(b) < H € I'*. As b € P, then we have
PV <H.

Then, we get
and so

because O,(H) is abelian. Also, we have
04(H) < Cr(0p(H)) < Cr(0p(M)) < M.

Then
F(H)< M.

Suppose that 7(F(H)) = {p, ¢q}. Then by applying Lemma 6.2.9, we get
H=M.
Suppose that ©(F(H)) = {p}. Then, we have
0,(H) € Syl,I
and so
O,(H) € Syl,M.
Also, we have

PeSyl,Mand P < O,(H).

Then, we get

P = Op(H )
and so

H = Nr(P).
We deduce that

Cr(b) <M or Cr(b) < NF(P),
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for all b € B¥. Now, T is a g-group. Then, we have
T = (Cr(b)| b € BY)

and so
T < Nr(P).

Let b € B*. By the above Cr(b) < M or Cr(b) < Nr(P). Suppose that Cr(b) < Nr-(P). Then,
we have
[Cr(b), PISTNP=1

and so
Cr(b) <Cr(P) <Cr(0p(M)) <M.

Suppose that Cr-(b) < M. Then, we get

‘We deduce that

Proposition 6.5.11. Assume Hypothesis D. Suppose that P < L € I'™*. Then L=M or L =
Nr(P) and &(F(L)) = {p}.

Proof. By applying the above lemma, we get
O4(L) <M.
Suppose that w(F (L)) = {p, q}. Then, we have
O,(L)<SP<M.

Thus, we get
By applying Lemma 6.2.9, we get

Suppose that 7(F (L)) = {p}. Then, we get
L=Nr(P).
Suppose that 7(F (L)) = {q}. Then, we have
0,(L) € Syl,I
and so
Oy4(L) € Syl M.
Also, we have
P e Syl,I"

and so
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P € Syl,L.

Then, we get
L= POq(L) =M.

In what follows let Q be defined by
Q*(P) ={0Q}.

Again assume Hypothesis C and P = O,(M). If O,(Nr(Q)) # 1, then we can apply the above
proposition as follows.

Corollary 6.5.12. Let L € I'* with O,(L) # 1. Let N = Nr(Q) with O,(N) # 1. Suppose that
IMNL|,# 1. Then M = L or L has type p and O,(M), O,(L) € Syl,N.

Proof. Since [MNL|, # 1 and P is the unique Syl,M, we have
PNP #1,
for some Py € Syl,L. By Lemma 6.5.9, we have
P <N.
Since P; € Syl,I', P € Syl,N. By applying proposition 6.5.11, we get the result.

Now, we assume that O,(Nr(Q)) = 1. Then Nr(Q) has type ¢ with the maximal element
Qand so Q = O,(Nr(Q)) € Syl,I'.

Can Q normalize a non-trivial p-subgroup?. In order to answer this question, we begin with
the following definition.

Definition 6.5.13. We define
Q(Q)={T eI |Tisap-group and Q < Np(T)}.
We denote Q*(Q) to be the set of maximal elements of Q(Q).

Lemma 6.5.14. Q is elementary abelian and rank (Q) > 3.

Proof. Consider the semidirect product of P and Q. Then, P = Aut(Q). As P is elementary
abelian of rank > 3, Q is non-cyclic.

Now, assume that rank (Q) = 2.

Since Cp(P) = 1, P is faithful on Q(Q) which is isomorphic to Z, x Z,. Then

B<P,B=7,xZ,

and

Co(g)(B) # 1.
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Then, we have
and so

But, B is faithful on Q(Q), a contradiction. Thus, we get rank (Q) > 3.

Lemma 6.5.15. Q can not normalize a non-trivial p-subgroup in I".

Proof. Suppose that T € Q*(Q). Let 1 # B < P with Co(B) # 1. Let x € Co(B") and sup-
pose that Cr(x) # 1. Then, we have

0, Cr(x), BLCr(x) <LeTI™.

By applying Lemma 6.5.6, we get
L= NF(Q) orL= NF(T).

Suppose that L = Np(T'). Then
B, T]<TNQ=1

and so
T < Cr(B).

By corollary 6.5.7, we get
Cr(B) <M or Cr(B) < Nr(0Q).
Then, we have
T<MorT <Nr(Q).
If T < M, then T < P because M has type {p}. Then
[T, 0]<QNT =1,

a contradiction since Ni-(Q) has type q.

If T < Nr(Q), then we have

[T, 0] =1,
a contradiction. Then
L=Nr(Q)
and so
Cr(x) <Nr(Q).
Then, we get

[Cr(x), Q] <TNQO=1,

a contradiction.
We deduce that whenever 1 # B < P and x € Cp(B*), then Cr(x) = 1. Then, we get

Co(B) is cyclic.
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Choose B < P with rank (B) =2 and Cp(B) # 1. Then

Q =Co(B)[Q, BJ.
Consider the action of B on [Q, B]. There exists b € B¥ with

Cig, 5(b) # 1.
Then, we have
Co(b) = Co(B) x Cip, p(b).
Thus, we get Co(b) is non-cyclic. Apply the above with (b) in place of B gives a contradiction.

6.6 Conclusion

In this chapter we have proved many results of Special Case of Burnside’s Theorem for Partial
Groups, which we summarize in the following theorems.
Theorem 6.6.1. (a) Suppose that M € I'* has type pg and that F(M) < L € I'*. Then M = L.

(b) Let M, L € I'* and suppose that F(M) < L and M # L. Then one of the following holds.
(1) M has type p, O,(M) € Syl,I", L= 0,(M)O4(L), O4(L) € Syl,I" and L = Nr-(O4(L)).
(2) M has type g, Oy(M) € Syl,I", L= 04(M)0O,(L),0,(L) € Syl,L and L = Nr-(O,(L)).

Proof. (a) is Lemma 6.2.9 and (b) is Lemma 6.2.11.

Theorem 6.6.2. Assume Hypothesis B.

(a) Suppose Q € I' is a g-group with O,(M) < Nr(Q). Then Q < M.

(b) Let P € Syl,M and P < L e I'*. Then M = L or L= Nr(P).

(c) Let P € Syl,(M) and Py € I' is a p-group. Suppose that PN P; # 1. Then P; < M.
(d) Let P €Syl,M and x € P¥. Then Cr(x) < M or Cr(x) < Nr(P).

(e) Suppose that M M L has order divisible by p. Then we have the following:
(1) If L has type pq, then M = L.
(2) If L has type g, then M N L has cyclic Sylow p-subgroups.
(3) If L has type p, then L = N (P) for some P € Syl,M.

Proof. (a) is Lemma 6.3.1, (b) is Lemma 6.3.2, (c) is Lemma 6.3.3, (d) is Corollary 6.3.4 and
(e) is Proposition 6.3.5.
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Theorem 6.6.3. Let M € I'* and P € Syl,M. Suppose that M has type gq.
(a) Suppose that P is non-cyclic. Then P € Syl,I".

(b) Suppose that rank (P) > 3.
(1) Then there exists Z, x Z, = B < P such that Cr-(b) < M for all b € B* and P € Syl,I".
(2) If P < L € I'* with L # M, then L = N (P).
(3) If a € P* then Cr(a) < M or Cr(a) < Nr(P).
(4) If P, €T isa p-groupand PyNM # 1, then P, < M.

(c) Suppose rank (P) > 3. Let L € I"* and suppose that M N L has non-cyclic Sylow p-subgroups.
Then M = L or L = Nr(P;) for some P; € Syl,M.

Proof. (a) is Lemma 6.4.1, (b) is Lemma 6.4.2 and (c) is Lemma 6.4.3.

Theorem 6.6.4. Assume Hypothesis C. Let P = 0, (M).
(a) Q(P) has a unique maximal element.
(b) Let Q € Q(P). Then Nr(P) € I'*.

(c) Let Q € Q(P). Suppose that P < L € I'*. Then either
L=M or L=Nr(Q).
(d) Let Q € Q(P). Let x € P¥. Then either
Cr(x) <M or Cr(x) < Nr(Q).
(e) Let L € I'* and suppose that LN M contains a p-subgroup B < P of rank > 2. The either
L=Nr(Q) or L= Nr(P),
for some P € Syl,Nr(Q).

(f) Let Q € Q(P), and let T be a p-group. Suppose that T NP # 1. Then T < Ni(Q).

Proof. (a) is Lemma 6.2.8, (b) is Lemma 6.5.5, (c) is Lemma 6.5.6, (d) is Corollary 6.5.7,
(e) is Lemma 6.5.8 and (f) is Lemma 6.5.9.

Theorem 6.6.5. Assume Hypothesis D.

(a)Let T €I be ag-group and P < Np(T). Then T < M.

(b) Suppose that P < L € I'*. Then L=M or L= Nr(P) and n(F(L)) = {p}.

Proof. (a) is Lemma 6.5.10 and (b) is Proposition 6.5.11.
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