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Abstract

Brauer’s induction theorem states that every irreducible character of a finite group G
can be expressed as an integral linear combination of induced characters from elementary
subgroups.

The goal of this thesis is to develop our own induction theorem inspired by both
Brauer’s induction theorem and Global-Local conjectures. Specifically we replace the set
of elementary subgroups of GG by the set of subgroups of index divisible by the prime
power divisors of the given character’s degree.

We aim to do this by using a reduction theorem to almost simple and quasisimple

groups, using the Classification of Finite Simple Groups to deal with the remaining cases.
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CHAPTER 1

INTRODUCTION

Currently, many open problems in Representation Theory and its modular counterpart
take the form of global-local conjectures and are being tackled by many world renowned
mathematicians. The work of Berger-Knérr [6] on the reduction of Brauer’s Height Zero
conjecture, Conjecture 5.58, to quasisimple groups, highlights both the long-standing
nature of such conjectures and their relevance to current research in representation theory.
However, the motivation for this thesis stems from a paper of Evseev [11], which discusses
another major global-local conjecture, namely the McKay conjecture.

The McKay conjecture was first introduced, in the case p = 2, by J. McKay in [25]
and states the following. We denote by Irr(G) the set of irreducible characters of G over

C and Ity (G) will be the elements of Irr(G) of degree prime to p.

Conjecture 1.1. Let G be a finite group and p be a prime. Let P € Syl,(G). Then
IIrry (G)| = |Irry (Na(P))].

The above conjecture clearly fulfils the criterion of a global-local conjecture relating
directly the representation theory of the global group G to that of its local subgroups,
namely the normaliser of a Sylow p-subgroup. However, we are not only interested in the
statement of such conjectures but also the method by which such things are proved. It is
becoming common practice in representation theory (and in fact group theory) to reduce
problems about arbitrary groups to statements about classes of groups related to simple

group. Specifically we are interested in almost simple (groups whose socle is simple) and
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quasisimple (perfect groups whose quotient by the centre is simple) groups. In order to
achieve what is commonly referred to as a reduction theorem, we use the Classification of
Finite Simple Groups. Much of the proof strategy used in this thesis is based on [19], which
is a reduction theorem of the Alperin-McKay conjecture (a block-theoretic refinement of
the McKay conjecture) to simple groups. However, work of Evseev [11] references the
following refinement of the McKay conjecture, the Isaacs-Navarro conjecture. Following

the notation of [11], we define for a prime p and [ € Z,

M(G) = {x € Irr(G) : x(1) = £l mod p}|.

Conjecture 1.2. [20, Conjecture A| Let G be a finite group and p be a prime. Let
P € Syl(G), then My(G) = M; (Ng(P)) for every l prime to p.

Evseev is however concerned with his own refinement of the Isaacs—Navarro conjecture,
which we now take some time to develop. We introduce the following set of subgroups to
simplify notation. As stated in [11] and found in [2, Chapter I11,§11], the following set is

one of the sets of subgroups which appears in the Green Correspondence, if Ng(P) < H.

Definition 1.3. [11, Definition 1.2] Let G' be a group, P be a p-subgroup of G for a prime
p and H < G such that Ng(P) < H. We define S(G, P, H) by

S(G,PH):={Q<P:Q<"'P forsometcG,t¢ H}.

We also refer the reader to Definition 4.1 for the definition of Z(G, P, S). In brief, it
is a ring of induced characters for subgroups of G whose index is controlled by the Sylow
p-subgroup of G. We are also interested in Definition 2.1 (v) and (vi), which gives the
definition of CP(H). Evseev asks whether the following property holds for a pair (G, H)

where Ng(P) < H < G for P € Syl (G) where p is a prime.



(WIRC-Syl) There is a signed bijection F' : £Irr, (G) — Irr, (H) such that

F(x) = Res$y mod CP(H)+Z(H,P,S(G,P,H)),

for all x € £Irr, (G).

By [11, Proposition 1.7], we see that if the condition (WIRC-Syl) holds for (G, Ng(P))
then the Isaacs-Navarro conjecture holds. It is clear that to verify (WIRC-Syl) for
(G, Ng(P)) we must understand the character ring, Z(H, P,S(G, P, H)), since the set
CP(H) is well understood, given that it has an explicit basis. This is the purpose of this
thesis. We introduce a more general ring of induced characters denoted A,(G), Definition
2.4, which contains the ring introduced by Evseev, and investigate its properties, such
as which irreducible characters belong to the ring. We aim to show that any irreducible
character of degree divisible by p® can expressed as a sum of induced characters from
subgroups of index divisible by p®. The connection with this conjecture and global-local
conjectures can also be seen in its method of proof. Namely, we aim to use a reduction
theorem to reduce the conjecture to almost simple and quasisimple groups.

The attentive reader may have noticed the similarity between the conjecture we are
aiming to prove and an existing classical result in representation theory. As eluded to in
the title of this thesis, Brauer’s induction theorem for characters of finite groups plays a
fundamental role. Despite motivating the connection with global-local conjectures, the

problem can be independently introduced using Brauer’s induction theorem.

Theorem 1.4. [7, Theorem 1] Let G be a finite group. Ewvery character x of G can be
expressed as a linear combination with integral coefficents of characters w*, where w* is a

character of G induced from a linear character of a subgroup of G.

In his paper, Brauer observes that he is able to take the subgroups used in his proof
to be the so-called elementary subgroups. These are subgroups of G which are the direct

product of a cyclic group and a p-group for a prime p. Denoting this class of subgroups



by EI(G), we can alternatively express Brauer’s Induction Theorem as follows. For all
x € Irr(G),
Xx= Y, Indgéw,

E€EI(G)

where ¢(g) is a Z-linear combination of linear characters of £. The theorem was first
conjectured by Artin, but proved by Brauer in [7] in 1947, and the theorem is now asso-
ciated solely to him. For our induction theorem, we aim to replace the set of elementary
subgroups by subgroups of index divisible by the prime power divisors of the character
degree. Moreover, considering the proof of Lemma 4.2, we show the relationship between
S(G, P, H) and our set of subgroups. This problem has in fact been addressed in a pa-
per of [29] for soluble groups. His approach relies heavily on the character theory of
m-separable groups, developed by Isaacs in [18], which restricts the ability to generalise
the result. The reader is directed to Chapter 4 for our new proof for p-soluble groups
which can be generalised more easily.

We now give an overview of each chapter and what we prove in each. In Chapter 2, we
discuss the intimate details of the conjecture we make progress towards in this thesis. In
particular, we aim to prove Conjecture 2.5 by way of its refinement, given by Conjecture
2.6. In Chapter 3, we give some preliminary details used throughout the thesis.

Chapter 4 introduces our ring of induced characters, A, (G, H, N). We prove Conjec-
ture 2.6 for p-soluble groups, Theorem 4.12, which as a consequence relates Conjecture
2.5 to the condition (pRes-Syl), introduced in [11]. Section 4.3 also shows how we are able
to reduce Conjecture 2.5 to p-groups, which gives us a key simplification to the computa-
tional verification of Conjecture 2.11 for sporadic groups, Chapter 9. Chapter 9 provides
the theory used to generate MAGMA code to verify Conjecture 2.11 for classes of almost
simple and quasisimple groups relating to sporadic simple groups.

The focus of Chapter 5 is to develop further properties of the induced character ring,
A,(G,H,N). In particular we show how the ring behaves in symmetric groups and for
wreath products, and generalise the results relating to wreath products to projective

characters of twisted group algebras. We also give an overview of modular representation
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theory, building to Theorem 5.60, essentially excluding characters of height zero in their
block from the verification of Conjecture 2.11.

In Chapter 6, we show the key results of this thesis, Theorems 6.1 and 6.3 which
are reduction theorems to Brauer-good groups in the case when G has trivial centre and
when G satisfies an ”extensibility condition”, see Condition 6.2, respectively. Since we
were unable to obtain a full reduction theorem for arbitrary groups G, the reader can
see that these theorems prove that groups satisfying such conditions are not minimal
counterexamples to Conjecture 2.12. This can hopefully be generalised to a full reduction
theorem and is one area of further research branching from this thesis.

The structure of the induced character ring for small, in terms of rank, abelian p-
groups is the focus of Chapter 7. In Section 7.1.1, we show that even for rank 2 abelian
p-groups, A,(G) is not trivial to understand, in the sense that it is not clear from the
dimension that every irreducible character of degree divisible by p lies in it. Moreover,
we prove Theorem 7.1, which in some sense shows that if the abelianisation of the Sylow
2-subgroup is elementary abelian, then this is the “only” case in which Conjecture 2.5 is
trivial.

Finally in Chapter 8, we prove Conjecture 2.5 for symmetric groups and in specific

cases for alternating groups, see Theorem 8.1, Corollary 8.2 and Theorem 8.6.



CHAPTER 2

THE CONJECTURE

In this chapter we will formulate the conjecture we introduced in the previous chapter.
Informally, we are aiming to show that every irreducible character of a finite group, GG, can
be decomposed as an integral linear combination of characters induced from subgroups of
index divisible by the prime power divisors of the character degree. However we do this
by showing a stronger statement holds. Our approach is to consider each of the highest
prime power divisors of the character degrees, say p®, and show that every irreducible
character of degree divisible by p® can be expressed as an integral lincar combination of
characters induced from subgroups of index divisible by p® containing Z(G). The results
from Chapter 4 can then be used to prove our conjecture. We begin by introducing the
relevant notation to understand the formulation of the conjecture. We remark that all

groups considered will be finite.

Definition 2.1. Let G be a group and R be a ring. We define the following sets of

characters.

(i) CF(G) will denote the set of class functions of G, i.e. functions which are constant

on the conjugacy classes of G;
(i) Trr(G) will denote the set of irreducible characters of G;

(1i) If A C CF(G), then R[A] will denote the R-span of the characters in A, i.e. R[A] =

{ayx:x € Aand a, € R};



(v) C(G) := Z[]Irr(G)];

(v) Irr?(G) will denote the set of irreducible characters of G of degree divisible by p;
(vi) CP(G) := Z[Irr?(G)].
(vii) Cp(G) will denote the set of generalised characters of degree divisible by p.

Note that C(G) can be given a ring structure in a natural way, defining (x; + x2) (9) :=

x1(9) + x2(9) and (x1x2) (9) = x1(9)x2(g) for x1, x2 € Irr(G) and g € G. For the

following definition, the reader is directed to Section 5.3 for further explanation of the

notation used.

Definition 2.2. [22, §1.2]. Let G be a group, K < G, R be a ring and o € H*(G,C*) be
a factor set. Let A := C[G] be the twisted group algebra associated to ov. We define the

following sets of projective a-characters of G.
(i) Trr(A) will denote the set of irreducible projective a-characters of G

(1) If B C Irr(A), then R[B] will denote the R-span of the projective «-characters in
B;

(i1i) C(A) := Z[Irr(A)].

(iv) Given the following decomposition of A, A = P

AIK] = @yer Ar-

gec Ag for A-subspaces Ay, we define

The following definition introduces the set of subgroups that we are required to induce

from.
Definition 2.3. Let G be a group and H < G. Letn € N with n > 1.
(i) We define Z,,(G) to be the set of subgroups of G of index divisible by n;

(i1) We define I,,(G, H) to be the set of subgroups L of G such that n divides |H : LNH]|.



For convenience, we introduce the following ideals of C(G) (see Chapter 4, for further
details). One should note here, the similarities between these sets and the characters
involved in Brauer’s induction theorem (see Chapter 1, Theorem 1.4). Explicitly, we have
replaced the elementary subgroups used by Brauer, by subgroups in Z,,(G) (respectively
Z,(G, H)).

Definition 2.4. Let G be a group, H <G, N 1G and n € N with n > 1. We define the
following ideals of C(G).

(i)

An<G7H7N) = Z Indg,gbK : ¢K€C(K> ;

KeT,(G,H)
N<K

(ii) A,(G,N):= A,(G,G,N);
(iii) A,(G) = A.(G,G,1) = A,(G,1).
We are now in a position to formally introduce the conjecture we are aiming to prove.

Conjecture 2.5. Let G be a group and p be a prime. Let x € Irr(G) and a := v,(x(1),

then x € Ap(G).

Where possible we prove the above conjecture directly, for example in Chapter 8, where
we verify Conjecture 2.6 in the case a = 1 and G = S,,. However, our general approach is

to use an induction argument and in this situation we require a stronger statement.

Conjecture 2.6. Let G be a group and p be a prime. Let x € Irr(G) and a := v,(x(1)),
then x € Ay (G, Z(G)).

Note that it is clear why Conjecture 2.6 is a stronger statement than Conjecture 2.5
and why it in fact yields Conjecture 2.5 as a consequence. It should be noted that imposing
that the subgroups we induce from contain the centre is a purely technical assumption
and therefore should not detract from the direct relationship between Brauer’s Induction

Theorem and Conjecture 2.5.



We will now discuss the approach we are aiming to use to prove Conjecture 2.6, which
will give us the final reformulation of the conjecture. We use a reduction theorem, the
concept of which is introduced in Chapter 1, to prove our conjecture, therefore we define
a collection of subgroups, that we call “Brauer-good” groups, related to the families of
almost simple and quasisimple groups that we assume the conjecture holds for.

As will become apparent in Sections 6.1 and 6.2 and the definition of Brauer-good
groups, we will need to work with characters of twisted group algebras. Therefore we
require analogous definitions of A, (G, H, N) for projective a-characters. Once again, the
reader is directed to Section 5.3 for the terminology we are using regarding twisted group

algebras.

Definition 2.7. Let G be a group, HJG, N<G andn € N withn > 1. Let o € H*(G,C*)
and let A := C*|G| denote its associated twisted group algebra. We define the following
ideals of C(A).

(i)

A, (A H N) := > Indfék : ok € CA[K]) ¢

KeI,(G,H)
N<K

(ii) An(A,N) = A,(A, G, N).

Contrasting Definitions 2.4 and 2.7, it will be clear whether we are considering the
ideals for generalised characters or projective a-characters. The following definitions now
lead up to the definition of Brauer-good groups. First we recall the definitions of almost

simple and quasisimple groups.

Definition 2.8. [31, §2.5.6]. Let S be a non-abelian simple group and G be a group such
that S < G < Aut(S). Then G is called almost simple. We denote by X the collection of

almost simple groups.

Definition 2.9. [17, Chapter 9]. Let G be a perfect group such that G/Z(G) = S where
S is non-abelian and simple. Then G s called quasisimple. We denote by Y the collection

of quasisimple groups.



Definition 2.10. Let H € XUY and let p be a prime. Let S denote the associated simple
group of H. Let o € H*(H,C*) and A := C®[H] be the associated twisted group algebra.

We say H is Brauer-good if one of the following two conditions holds.

(i) H € X, and for every x € Irr(A) of degree divisible by p® such that Reshy €
Irr(A[S]), we have x € Apa(H,S,1);

(ii) H € Y, and for every x € Irt(H) of degree divisible by p®, we have x €
Ay (H, Z(H)).

Finally, we formulate the conjecture. Under some additional assumptions, we prove
the reduction theorems in Chapter 6. The details of these additional assumptions are

discussed in Sections 6.1 and 6.2.
Conjecture 2.11. Let H € X U )Y, then H is Brauer-good.

Conjecture 2.12. Let G be a group and p be a prime. Let x € Irr(G) and a == v,(x(1)).
If Congecture 2.11 holds, then x € Ay (G, Z(G)).
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CHAPTER 3

BACKGROUND MATERIAL AND PRELIMINARY
RESULTS

The purpose of this chapter is to combine all the important background results that we
require for the project. This will also include properties of Z,(G, H). Since the ideal
A,(G,H,N) is the fundamental object of study in this thesis, we dedicate a separate
chapter to its properties. The reader is directed to Chapter 4 for these details.
Moreover, since we can prove independently useful results regarding the structure of
A,(G,H,N) if G is a wreath product, if G is a symmetric group or if we are working
over a twisted group algebra, we dedicate a separate chapter to discuss these theories and
to prove these results. The same applies to an important structural result, that can be
deduced from modular representation theory. The reader should see Chapter 5 and its

relevant sections for these.

3.1 Finite group theory

In this section, we recall some facts, defintions and lemmas regarding the structure of
finite groups that we require throughout the remaining chapters of the project. First we
note that our proof strategy is to assume we have a minimal counterexample and proceed

by induction, hence we will require a strict partial order on subgroups of G.
Definition 3.1. For groups H and K, we say H < K if one of the following holds,

11



(o) |H: Z(H)| <|K : Z(K)]|,
(b) Or|H :Z(H)| = |K: Z(K)| and |H| < |K]|.
Throughout, we will be using left conjugation.

Definition 3.2. Let G be a group. For g € G and x € G, we define the conjugate of x

by g to be 9z = grg~!.

The initial case of the reduction theorem will be to prove the Conjecture 2.6 for p-

soluble groups.
Definition 3.3. [16, 3D]. Let G be a group and p be a prime. A group G is p-soluble if
there exists a subnormal series,

I1=NgdN, Q...9N, =G,

such that N;/N;_1 is either an abelian group or a p'-group.

Remark 3.4. Note that we can refine the above series to be a composition series and in
this situation we yield an equivalent definition namely that a group G is p-soluble if the

non-abelian composition factors of G are p’-groups.

Lemma 3.5. Let G be a p-soluble group and H be a subgroup of G. Then H is p-soluble.
For convenience, we also introduce the following shorthand notation.

Definition 3.6. Let G be a group and n € N, n > 1. Then we define G" := G x --- X G.

We recall the statement of Brauer’s Induction Theorem, from the introduction. We
note the use of elementary subgroups in this theorem and emphasise their importance
to both our reduction theorem and the simplification of our computations for sporadic

simple groups, see Chapter 9.
Definition 3.7. Let G be a group. Let H G and N < @G.

12



(i) We say that a subgroup L < G is p-decomposable, for some prime p, if L =P x Q
where P is a p-group and Q is a p'-group. We define PD(G) to be the set of such

subgroups.

(ii) We say that a subgroup E < G is l-elementary, where l is prime, if E = P xQ where
P is an l-group and Q is a cyclic I'-group. We say that E < G is elementary if it
is l-elementary for some prime . We denote by EI(G) the collection of elementary

subgroups of G.1

(11i) We define PDyax(G) to be the set of maximal p-decomposable subgroups of G. E €
PDoax(G) is mazimal p-decomposable if E < F < G for some F € PD(G) implies
E=F orF=G.

(iv) We define Ely. (G) to be the analagous set of elementary subgroups (c.f. (iii)).

(v) We define EL, (G, H, N) to be the maximal elementary subgroups, E < G such that
p® does not divide |H : EN N H|.

Let G be a group and p be a prime. Suppose that P € Syl (G). Throughout the
project we will regularly encounter the group M := PCg(P). This is because M is an
element of PDy,(G) of index prime to p (c.f. Definition 3.7 (v)). The results of Chapter
4, imply that it is enough to consider the structure of A,(M) to prove Conjecture 2.5 in

the case a = 1.

Lemma 3.8. Let G be a group and p be a prime. If P € Syl,(G), then PCg(P) €
PDax(G).

Proof. By the Schur-Zassenhaus Theorem, Theorem 2.1 in [13], we have that PCq(P) =
P x F for some p'-group F. Since Autpc,p)(P) = P/Z(P) is a p-group, we have that
F must act as p-automorphisms, hence we have that F' must act trivially on P, i.e.

PCu(P)=P x F. 0

"Note that I-elementary subgroups are indeed [-decomposable. In fact, I-elementary subgroups are
p-decomposable for any prime p.
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Moreover, we have the following result which shows the importance of the previous

result.
Lemma 3.9. Let G be a group and let E € EI(G) with R € Syl (E), then E' < RCg(R).

Proof. Since E' € El(G), we have that £ = Rx F' for some p’-group F. Clearly F' < Cs(R)

and the result follows. ]

We will consider in Section 5.2, the properties of A, (G, H, N) when G is a wreath

product. We will use the following lemma to construct an isomorphism of wreath products.

Lemma 3.10. Let G, N and K be groups and ¢ : K — Aut(N) be a homomorphism.
Suppose there exist group homomorphisms o : N — G and f : K — G such that, for all
neN andk € K,

Bk)a(n)B(k)™" = a (L(k)(n)),
then the map ¢ : N xy, K — G, defined by ¢ ((n, k)) = a(n)B(k), is a homomorphism.

Proof. 1t (n, k), (m,l) € N x K, then (n,k)(m,l) = (n(k)(m), kl), by definition. Fur-
thermore,

¢ ((n, k)(m, 1)) = ¢ ((np(k)(m), k1)) = a (nyp(k)(m)) B (k).

Using the condition in the Lemma and that « is a homomorphism, we have a (ny(k)(m))

= a(n)B(k)a(m)B(k)~. Therefore,

¢ ((n,k)(m, 1)) = a(n)B(k)a(m)B(k) " B(k)B(1) = a(n)B(k)a(m)B(1),
and the result follows. O

The problem of solving Conjecture 2.5 when G is a p-group for a prime p, can be
reduced to the study of abelian p-groups through the use of its abelianisation. Here, we

give appropriate definitions and facts related to the abelianisation of a group G.
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Definition 3.11. Let G be a group. We define the derived subgroup of G, denoted G', to

be the subgroup of G generated by commutators of G, namely,

G = {lr,y =2y ey 2,y €G).

We use the fact that G’ is normal and that G’ is the smallest normal subgroup such

that its corresponding quotient group is abelian, to define the following.

Definition 3.12. Let G be a group. The quotient group G /G’ is called the abelianisation
of G.

The following property of the abelianisation of semi-direct products will be used in the
proof to show that the abelianisation of the Sylow 2-subgroups of the symmetric group

are elementary abelian.

Lemma 3.13. (See [3, Page 54]) Let G be a group and suppose G = N x H for groups N
and H. Let L := N/N' x H/H', we have that there exists K < L such that G/G' = L/ K.

Finally, the following lemma shows us that if we take G = Sy, Where 0 < e < p, and
a Sylow p-subgroup of G, say P, then we can view P as a subgroup of 5,15, with 5,15,
embedded as a subgroup of G in the natural way. This lemma is used in the verification

of Conjecture 2.5 for symmetric groups, namely Theorem 8.1.

Lemma 3.14. Let p be a prime and w,e € Z>o with e < p. Let G = Spyte and P €

Syl,(G). For any subgroup Sy 1Sy X Se, we can choose P < S,08,.

Proof. Tt is enough to show |Syutelp = [Sp USwlp, as we can then take P to be a subgroup
of S, 1Sy, without loss of generality, and then P has the desired structure as C, 1 Q) €
Syl,(Sp 1 Sw). Clearly since e < p and vy(ab) = vy(a) + v,(b) for a,b € 7Z, we have
vp((pw +€)!) = v,((pw)!). Moreover, v,((pw)!) = w+v,(w!) asif x € Z, with 1 <z < pw
and p divides z, then x = pi with 1 < ¢ < w. Finally, v,((p!)*w!) = w (vy(p!)) + v,(w!) =

w + v,(w!) and we are done. O
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3.2 Ordinary representation theory

This section consists of preliminary definitions, conventions we follow and properties of
representations and characters over a field of characteristic zero, usually taken to be C.
Definition 3.15. [16] Let G and H be groups and K < G.

(i) If x1 and x2 € CF(G), we define, for g € G, x1-x2 € CF(G), by x1 - x2(9) =

x1(9)x2(9);

(ii) If x1 € CF(G) and x2 € CF(H), we define, for g € G and h € H, x1 X x2 €
CF(G x H) by (x1 x x2) (9. 1) = x1(9)x2(h);

(ii) We denote by 1 € Irr(G), the principal character of G, i.e. for all g € G, 15(g) =
1;

(iv) We denote by pe € C(G), the regular character of G, i.e. pg(l) = |G| and for all
1#g€G, pa(g) =0;

(v) For x € CF(G), we define Res$y € CF(H) by Res$x(h) := x(h), for h € H. This

is the usual restriction map of characters;

(vi) For x € CF(H), we define, for g € G, Ind%x € CF(G) by
1 o _
Indfx(g) == Il > X0 (xgz7t),
el

where,

x(g) ifgeH

X°(g) == :
0 otherwise

This is the usual induction map of characters;
(vii) For x € CF(G), ker(x) :={g € G : x(g9) = x(1)}.

(viti) For x1, x2 € C(QG),

(X1 x2) = ﬁ > xa(g)xa()-

geG
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Given Definition 3.15, the following result is immediate.

Lemma 3.16. Let G and H be groups with K < G, L < H. Leta € C(K) and € C(L).
Then,

nd%a x Ind? 8 = md$ % (a x ).

For the later chapters of the project, we will require more specific maps on C(G).
The following map essentially computes a “projection” of a generalised character onto a
component labelled by an irreducible. This will be useful when considering A, (G, H, N)
in the case when G is p-decomposable and we are solely interested in the properties of

the characters of the p-group.

Definition 3.17. Let G and H be groups. Let 0 € Irr(H). We define the homomorphism
7o : C(G x H) — C(G), by extending Z-linearly the following map on Irr(G x H), namely
for x1 x x2 € Irt(G x H),

_ X1 if x2 =90,
o (X1 X X2) :=
0 otherwise.

Due to the nature of reduction theorems, we will regularly be using the representation
theory of normal subgroups and quotient groups to reduce our question for all finite groups
to that of finite simple groups. In particular, we need to understand how we relate this
representation theory back to our original group. This area of representation theory is

known as Clifford Theory. The standard results that we need to use will be given here,

but a detailed explanation of the topic can be found in [16, Chapter 6]

Definition 3.18. Let G be a group and H < G. Let x € Irr(G) and 6 € Irr(H), then we

say that

(i) x € Irr(G|0) if <Resgx,9> # 0.

(ii) x € Irr(G||0) if Res$x = e for some e € 7.
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Definition 3.19. [16, Lemma 2.22]. Let G be a group and let N <IG. We define Infg/N :
C(G/N) — C(Q) to be the character which takes the value,

(Infg ) (9) = x(gN),

for x € C(G/N). For x € C(G) such that N < ker(x), we define

(Def&/nx) (gN) = x(g).

The map below takes a character to the Z-span of its linear irreducible constituents of
a generalised character. This is used along with the inflation and deflation maps defined
above to reduce the structure of A,.(P) for a p-group P, where p is prime, to that of
its abelianisation, since the derived subgroup P’ of P is a subgroup of the kernel of any

linear character. These properties will be discussed in Chapter 4.

Definition 3.20. Let G be a group and x € C(G). Suppose that x = dehr(g) agl where
ag € Z. We define 7, : C(G) — C(G) by,

%L()O = Z CL@@.

0clrr(Q)
6(1)=1

The following proposition gives us that the induction and inflation maps commute.
Therefore, where applicable, we will be able to consider whether the deflation of an
irreducible character to a quotient group is a sum of suitably induced characters, and if

so, lift (inflate) such an expression back to our original group.

Lemma 3.21. Let G be a group, K < G and N <G with N < K. If x € C(K/N), then
Ind%lnfg/]\,x = Infg/NInd%%x.

Proof. If g € G then,
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IndIG(Infg/NX 9) |K| Z Ian/NX ) (zgz™).

xeG
Now it follows from the definition of x° from Definition 3.15 (vi) that (Infj / Nx)o (xgz™)
= X° (xgz~LN). Moreover, if N = yN, for z, y € G, then x° (zgz~'N) = x° (ygy ' N).

Therefore,

N o _
IndKIan/Nx(g) IK: Z X°(zgz tN) :Ind%]]\\[,X(QN) InfG/NIndzéxx( ).

xNeG/N
[

In Chapter 4, we show that A,(G, H, N) is an ideal of C(G). The key component of

this result is the tensor product formula below.

Proposition 3.22. (See [16, Problem (5.3)]). Let G be a group and H < G. Then for
a € CF(H) and § € CF(G) we have

(Indf[oz) - =Ind§ (o Resflﬁ) .

We now state the key results of Clifford Theory. We begin with the notation of a
conjugate character. Informally, we extend the natural group action on normal subgroups

to a group action on the set of class functions of a normal subgroup.

Definition 3.23. [16, Page 78] Let G be a group. Let N <G, 6 € Trr(N) and g € G.
We define 960, the conjugate character to 6 in G, to be the character of G defined by
90(n) := 0(g *ng) for alln € N.

Given the above definition, it is natural to consider the stabiliser of such an action.

Definition 3.24. [16, Definition 6.10] Let G be a group, N < G and 0 € Trr(N). The

inertia subgroup of 6 in G is defined by,

I (0) ={geG:% =0}
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Moreover, we say that 0 is G-invariant if I(0) = G.
Clifford’s Theorem, which follows, is the key result from which Clifford Theory is built.

Theorem 3.25. (See [16, Theorem 6.2]) Let G be a group. Let N <G and x € Irr(G).
Consider 0 € Trr(N) such that x € Irr(G|0) and let e := (Res§x, 0). Let6;, fori=1,...,t

denote the distinct conjugates of 6§ in G. Then,

t
ResGy = e Z 0;.

i=1
The following definitions allow us to simplify our reduction statement considerably.
Given a particular normal subgroup, N, we are able to reduce to the case that G/N is
nilpotent, which, using in [16, Theorem (6.22)], yields that G is a relative M-group. In

addition if our character x is primitive, we will be able to assume that Res$y € Irr(N).

Definition 3.26. [16, Definition 6.21] Let G be a group, N <G and let x € Irr(G). We

say that

(i) x is a relative M-character (with respect to N ) if there exists a subgroup H, with
N < H <G and ¢ € Irr(H) such that Ind$+p = x and Res{¥e € Irr(N);

(i1) G is a relative M -group (with respect to N ), if every irreducible character of G is a

relative M -character.

Isaacs notes in [16], following Theorem (6.22), that if G/N is nilpotent then G is a

relative M-group with respect to N.

Definition 3.27. [16, Page 66] Let G be a group. A character x € Irr(G) is called
primitive if x # Ind%0 for any H < G and § € C(H).

Finally, we use the following to directly associate the representation theory of G to

that of V.

Lemma 3.28. (See [16, Corollary (6.12)]) Let G be a group and x € Irr(G) that is

primitive. Then for every N < G, there exists On € Irr(N) such that x € Irr(G||0y).

20



A key result which will play a pivotal role in the proofs of this thesis is the following.
We will regularly find ourselves, inflating, inducing or extending,a decomposition for a
character to some overgroup, and then obtaining a decomposition for our irreducible char-
acter by restriction. Since our original decomposition is a linear combination of induced
characters, we need to understand the outcome when a restriction map is applied after
an induction map. The Mackey decomposition formula, or Mackey’s theorem below, de-
scribes this relationship explicitly. In particular, it modifies a decomposition of restricted
induced characters (which we cannot use too effectively) into a decomposition of induced

characters, which is exactly the definition of our A, (G, H, N).

Theorem 3.29. (See [16, Problem (5.6)]) Let G be a group, with H, K < G. Suppose
G = U;er HtK where T' denotes a complete set of (H, K)-double coset representatives in
G. Then for ¢ € C(H),

ResfIndf () = > Indf; Res. i 1.
teT

Our next steps, will be to prove a series of results, which are similar in nature to those

of Clifford Theory, that we use throughout the thesis.

Lemma 3.30. Let G be a group with K < H < G. Suppose x € Irr(G||0) for 6 € Irr(K).
If o € Irr(H) such that x € Irr(G|¢), then ¢ € Irr(H||9).

Proof. Suppose that Res$y = ¢ + 1 for some ¥ € C(H), where 1 is a non-negative linear
combination of irreducibles of H. Then Res%x = Resi¢ + Restly). On the other hand,

Res%y = ef for some e € Z-, hence Resk(4) = f6 for some f < e. O

Lemma 3.31. Let ' be a group and with A < K <T. If Ay, Ay € Irr(A) are distinct and
x € Irr(D||Ay) and ¢ € Irr(K||Ne), then

(x, Indj ) = 0.

Proof. Suppose for a contradiction that <X,Ind5(qz5> = <R,eslg<x, ¢> £ 0. As <R,eslg<x, qz5> £
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0, we have that <Res£x, Resf@ # 0 also. But,

(Reshx, Resk 6) = (eA, fAa) = ef (A1, \a) = 0,

for e, f € Z~y. n

Proposition 3.32. Let G be a group. Suppose ¢ € Irr(H) where H < G such that
Ind% ¢ := x € Irr(G), then Z(G) < H.

Proof. Suppose that G is a minimal counterexample and define L := HZ(G). If L < G,
then since Ind5¢ € Irr(L) (as induction is linear), we have that Z(L) < H. However,
Z(G) < Z(L) by definition of L, so this is a contradiction and L = G. Moreover,
Ic(¢) = G and Resfyx = |G : H|¢. Since |G : H| = (ResGy, ¢) = {x.Indj¢) = 1, we
have that H = HZ(G) and Z(G) < H. O

We also require the following property of Z,,(G, H) for direct products.

Lemma 3.33. Let G, H be groups with normal subgroups K and L respectively. If
Q € Ly (G,K) with N < @ and R € Ty (H,L) with M < R, then Q X R €
Tportar (G x H, K x L) with N x M <@ x R.

Proof. We clearly need only to prove that p™ ™ divides the index |K x L : (K x L) N
(Q X R)|. However, as (K x L)N(Q x R) = (K NQ) x (LN R), p™ divides |K : K N Q)|

and p® divides |L : L N R|, we are done. O

We also rely on the theory of character triples, which can be found in [16], but we

summarise here.

Definition 3.34. Let N <G and 0 € Irr(N) such that 0 is G-invariant. We say that

(G, N, 0) is a character triple.

Definition 3.35. (See [16, Definition (11.23)]) Let (G, N,0) and (I'; A, \) be character
triples and let 7 : G/N — I'JA be an isomorphism. For N < H < G, let H™ denote

the inverse image in I' of T(H/N). For every such H, suppose there exists a map oy :
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C(H|0) — C(HT|0) such that the following conditions holds for H, K with N < K <
H <G and x,v € C(H|0).

(1) ou (X + %) = ou(x) + or(¥);
(ii) {x;¥) = (ou(x),on());
(iii) o (Resgx) = Resiczon(x);
(iv) o (xB) = ou (x) B7 for B € Irr(H/N).

Let o denote the union of the maps og. Then (1,0) is an isomorphism from (G, N,0) to

(T, A, \).

The following theorem is useful for our purposes to be able to introduce an isomorphic
character triple, essentially replacing our irreducible character (6 above) with a linear

irreducible character \.

Theorem 3.36. (See [16, Theorem (11.28)]) Let (G, N,0) be a character triple and let
(I',m) be a finite central extension of G/N having the projective lifting property. Let
A :=ker(m). Then (G, N,0) is isomorphic to (I', A, \) for some X € Trr(A).
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CHAPTER 4

PROPERTIES OF Ay(G, H, N)

In this chapter we prove a series of important lemmas and propositions regarding the
structure of the ideal A, (G, H, N). As this ideal of the character ideal is the main focus
of the project, there are many technical results in this section and where possible their

uses in the proofs will be described.

4.1 p-soluble groups and current research

We begin by explaining the relationship between this ideal and the underlying motivation
for its study found in [11]. As seen briefly in the introduction, we start with the formal

definition of Z(G, P, S), where we recall the definition of S, from Definition 1.3.

Definition 4.1. [11, Definition 1.3] Let G be a group and p be a prime. Let H < G and
P be a p-subgroup of G. Let S := S(G,P,H). We define Z(G, P,S) to be the integral

span of characters of the form Indggb where ¢ € C(L) where L < G such that,
e LN P eSyl,(L),
e LNPEeS.
We first show directly the relationship between Z(G, P, S) and our ideal A, (G, H, N).

Lemma 4.2. Let G' be a group and p be a prime. Let P € Syl (G). Suppose H < G such
that No(P) < H and let S = S(G, P, H), then Z(G, P, S) C A,(G).
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Proof. Let x € Z(G, P, S), then

X = Indfow),

L<G

where ¢y € C(L), LN P € Syl,(L) and LN P € §. We show p divides |G : L|. Tt is
enough to show p divides |P : LN P|. Since LN P € S, we have LN P < PN'P for some

t € G\H. Since t ¢ Ng(P), PN'P < P and p divides |P : LN P|. O

Definition 4.3. [11, Section 1.1] Let G be a group and p be a prime. Let P € Syl (G)
and H < G such that Ng(P) < H. We say that the pair (G, H) satisfies (pRes-Syl) if,

Res% (CP(G)) CCP(H)+ T (H,P,S(G,P,H)).

Our aim is now to show that if (pRes-Syl) holds for the pair (G, Ng(P)), then Con-
jecture 2.5 holds. This requires some technical lemmas so we determine the properties
of A,(G,H,N) we need to prove this result. First, we see the direct influence Brauer’s

Induction Theorem has on our proof.

Definition 4.4. Let v, : N = N denote the p-adic valuation map, i.e. if m € N such that

m = p*m’ where m’ is prime to p, then v,(m) := a.

Definition 4.5. Let G be a group, H I G, N 4G and E < G and a € Z>y. We define,

a—uv,(|H: ENNH|) ifa>v,(|H: ENNH
N Cart ) ifazu )

0 otherwise.

Proposition 4.6. Let G be a group. Let H <G and N < G. Suppose that x € Irr(G)
such that p* divides x(1). Let E € BElyu(G) and b := b(E,N,H,a). If ResGyx €
Ap(EN,ENNH,N) for all E € Elyax(G), then x € Ap(G,H,N).
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Proof. Without loss of generality, from Brauer’s Induction Theorem we may assume that,

1G = Z Indggb(E),

E€Elnax(G)

where ¢(g) € C(E). Note that this is without loss of generality since if £ € EI(G) such
that £ < F' € El(G), then Indgqﬁ(E) = Indgn(F) where 7 € C(F), hence we can assume
that the sum is taken over maximal elementary subgroups. By transitivity of induction,

we have that there exists (g € C(EN) such that,

le= Y Indfx(n).
E€Elyax(G)

Multiplying by x, we obtain,

X = Z IHdgN (ReSgNXC(E)) )
E€Elhax(G)

using the tensor product formula. From the assumption in the statement of the proposi-

tion, we have that for each E € El..(G),

ResGyx = Z Ind2Y 0x)
K€L ,(EN,HNEN)
N<K

where 0(x) € C(K). Substituting these expressions into the decomposition for x we obtain

= > > Ind% (6(x)Resi ((m)) -
E€Elmax(G) K€L (EN.HNEN)
N<K

Now we fix an I/ € Ely.(G) and K € Zp(EN,H N EN) and consider |H : H N K].
By definition of Z,(EN, H N EN), we have that p® divides |[EN N H : (EN N H) N K],
therefore p* divides |H : HNEN||[HNEN : (HNEN)NK|. Since K < EN, we have p*
divides |[H : HN K|, i.e. x € A.(G,H, N). O
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Corollary 4.7. Let G be a group. Let H <G and N < G. If for all E € El, (G, H,N),
we have that Res@yx € Ap(EN,EN N H,N), then x € Ay(G, H,N) where b is taken

as in Proposition 4.6.

Proof. By Proposition 4.6, this statement holds if we show this for all £ € El,.(G).
However, if we take E' € El,.«(G) with E ¢ EL, ,(G, H, N), then p® divides |H : ENNH],
and hence b = 0. Tt follows trivially from the definition that Res&yx € A (EN, EN N
H,N) since EN € Z;(EN,EN N H). Hence it is sufficient to show this holds for E €
El.(G,H,N). O

From the above, one can see that Brauer’s induction theorem gives us a simplification
to determine whether a given irreducible belongs to A« (G, H, N), namely that we need
only show that for suitable prime powers and subgroups that the restriction of this char-
acter to each of these subgroups is induced from subgroups of index divisible by the prime
powers. In the case that H = G, N = 1 and a = 1, this reduces our problem to restricting
to only one maximal elementary subgroup of index prime to p, as we use regularly in the

latter chapters. Now we show how A, (G, H, N) behaves under restriction.

Lemma 4.8. Let HLG, N <G and K < G with N < K. Let x € A,(G,H,N), then
Res$y € A (K, K N H, N) where m = n/h, where h = (|H : K N H|,n).

Proof. Since x € A, (G, H, N), we suppose

X = Z Indgcb(L),

LeZ, (G,H)
N<L

where ¢y € C(L). Therefore upon restriction and applying the Mackey formula, we have

Resix = D> D dfiocResou.

LeT,(G,H) teT (L)
N<L

First since N < L and N < G, we have that N < 'L for every ¢t € T(L). Moreover by

assumption, N < K, hence N < 'L N K for each L. Secondly, we consider |[H N K :

27



(HNK)N ("L N K)|. For simplicity we define H' := H N K. Since n divides |H : LN H],

we have that n divides |H : 'L N H| as H < G. Hence, n divides
\H:'LNH|'LNH:'LNH|=|H:'LNnH'|

Therefore n divides, |H : H'||H’ : *L N H'|. From the definition of A in the statement of
the lemma we have,
_nl||H:H

L tp
m= |H':'LNH'|

Finally since m and |H : H’|/h are necessarily coprime, we have that m divides |H’ :

‘LN H'|, ie Res$y € An(K,H' N). O

The previous lemma shows us how A, (G, H, N) behaves under restriction, so it is
natural to consider now what happens under induction. However, this is easy to see from

the definition alone. We give a formal proof below.

Lemma 4.9. Let G be a group. Let Z < H < G for Z AG. Suppose that x € Ay (H,Z),
then Ind%x € Ay (G, Z) where a == b+ v,(|G : HJ).

Proof. Since x € Ay (H, Z), we have,

X = Z Indf¢(L)7
LET (H)
Z<L
for ¢y € C(L). Then,
Indfx =Indf; [ > Wdfeéy | = > Indfnd/ew.
LEIpb(H) LEIpb(H)
Z<L Z<L

Recall that a = b+ v, (|G : H|). Since L (H) C L. (G),

= Z Indggb(L) S Ap“' (G7 Z) )

LGIpa (G)
Z<L
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where we take ¢z to be 0, if for some L € Z,.(G), no corresponding ¢y exists. ]

The following lemma shows the behaviour of A, (G, H, N) with regard to direct prod-

ucts.

Lemma 4.10. Let G and H be groups with N QG and M < H. Moreover, let K 1 G
and L < H and suppose (1 € Ay (G,K,N) and (s € Ay (H,L, M), then (; X (3 €
Apartar (G x H K x L, M x N).

Proof. Since (; € Ayei (G, K, N),

G= > Inddéq).

Qezpal (GaK)
N<Q

where ¢y € C(Q). Similarly,

G= Y. Indjvw),
REIP"Q(HvL)
M<R

where 9(r) € C(R). Hence we have that

GxG= Y > dgig (b x b)) -
Q€T a1 (G.K) RET a5 (H,L)
N<Q M<R

Therefore by Proposition 3.33, (1 x (2 € Ayartay (G X H, K x L, M x N). O

The following uses Lemma 3.31. One key step in the reduction theorems and Theorem
4.12 is to reduce to the case that G/N is nilpotent, for some normal subgroup N < G.
We do this by showing that G = EN for an elementary subgroup E € El(G). However
the case when EN < G requires us to refine what we can say about the degree of #, and
to solve this problem we use the theory of isomorphic character triples, see [16, Chapter

11], for details. The following allows us to simplify this section of the proof.
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Lemma 4.11. Let G be a group and A < Z := Z(G). Let x € A,(G,Z) where n € N,

n>1, ie.

X= >, > agndfo,

KeT,(Q) ¢elr(K)
Z<K

for some ay € Z. Suppose that x € Irr(G||\) for A € Irr(A), then

X = Z Z ayInd$ . (4.1)

K€Tn(G) pelir(K||\)
Z<K

Proof. Let ¢ be the sum in Equation (4.1). Moreover we define,

Y= Z Z aﬂndf(gb

KeTI,(GQ) pelrr(K||N)
Z<K XN#Xelrr(A)

so that x = ( + . By Lemma 3.31, we have that 1 = (x,x) = (x,{ +¢) = (x,() and
for any 6 € Irr(G||A) with 6 # x, 0 = (0, x) = (0, + ) = (6,(). A further application
of Lemma 3.31 gives that for p € Irr(G||\) for X' # X € Irr(A), we have 0 = (i, (). Since

A is central, this covers all irreducibles of G and y = (. O]

The final step before proving Proposition 4.21 is to show that Conjecture 2.12 holds for
p-soluble groups. This is often a starting point for reduction theorems in Representation

Theory and its influence on the reduction theorems in Sections 6.1 and 6.2 is notable.

Theorem 4.12. Let p be a prime. Suppose that G is a p-soluble group and x € Irr(G).
Then x € Ay(G, Z(G)) where a == v,(x(1)).

Proof. Assume that (G, x) is a minimal counterexample to Theorem 4.12 with respect to
the partial order on subgroups of G given by Definition 3.1. Therefore we can assume the

following.

Claim 4.13. Without loss of generality, x is primitive.

Proof. Suppose that x is not primitive, i.e. there exists a proper subgroup H of G and

an irreducible character ¢ of H such that y = Indgqb. Note that by Proposition 3.32, we
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have that Z(G) < H. If p* divides |G : H| then, x € A, (G, Z(G)), which contradicts
that G is a minimal counterexample, so we can assume b := v, (|G : H|) < a.

Note that we have p®~° divides ¢(1) and ¢ is irreducible. Since |H : Z(H)| < |G :
Z(G)], H < G. As GG is a minimal counterexample and H is p-soluble by Lemma 3.5,
¢ € Au(H, Z(H)) C Ays (H, Z(G)). Finally we have x € Ay (G, Z(G)) by Lemma
4.9. [

Claim 4.14. G/Z(G) is not simple.

Proof. Suppose therefore that G/Z(G) is simple. Moreover, suppose for a contradiction
that G/Z(@G) is abelian. Since G/Z(G) is simple and abelian, we have that G/Z(G) is
cyclic and hence G is abelian. This contradicts our choice of y, since in this case all
characters would be linear. Therefore G/Z(G) is non-abelian.

Since G is p-soluble, G/Z(G) is a p'-group, by Remark 3.4. Applying [16, Corollary
(11.29)], applied to N = Z(G), we have for any irreducible constituent A € Irr(Z(G)) of
Resg(g)x, that x(1)/A(1) divides |G : Z(G)|. Since A is linear, we have that x(1) divides
|G : Z(@G)|, which by assumption is a p/-group, but this contradicts that p* divides x(1).
Hence G/Z(G) is not simple. O

By Claim 4.14, we assume that N/Z(G) < G/Z(G) is a non-trivial minimal normal
subgroup. By Claim 4.13 and Lemma 3.28, we have that there exists 6 € Irr(N) such
that x € Irr(G||0). We assume that Res§x = efl for e € N, e > 1. We therefore have that

0 satisfies the following.

Claim 4.15. 0 is G-invariant, i.e. I(0) = G.

Proof. Suppose that 6 is not G-invariant, i.c. T := I5(f) < G. We know in this case
there exists a ¢ € Irr(7") such that y = Ind$¢é. However since 1" is a proper subgroup of

(7, this contradicts Claim 4.13. O

We now show that we can assume, without loss, that ef(1) satisfies the following

divisibility conditions.
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Claim 4.16. Without loss of generality, p* divides 6(1).

Proof. Suppose that 0 < v,(0(1)) < a. Therefore 0 < v,(e) < a. We consider the
following character triple, (G, N, #) and we introduce an isomorphic character triple, given
by Theorem 3.36, say (I', A, \), such that (I', 7) is a finite central extension of G/N having
the projective lifting property, A < Z(I') and X is a linear character of Irr(A). Using
Definition 3.35, we denote the isomorphism by (7,0). We show |I': Z(I')| < |G : Z(G)],

so that I' < G and I" satisfies Theorem 4.12. Now,

0 Z(0)| = % <|G:N|<|G:N|IN: Z(G)| = |G : Z(G)|

using '/A = G/N, A< Z(I"), so |Z(') : A| > 1 and that N/Z(G) is non-trivial. Hence
the induction hypothesis can be applied to I' . We define ¢ := g¢(x) and B := v,(¢(1)),
so that ¢ € A (T, Z(I")). We know

and therefore

vp(x(1)) = vp(0(1)) = vp(x(1)) — vp((1/€)x(1)) = vp(e) = vp(1(1)),

since A is linear. By our assumption on §(1), 0 < B < a. Note also that I' is p-soluble
since G is p-soluble and that A < Z(I'). Applying the statement of Theorem 4.12 to ¢

we have

v= > > asxIndie.

KeZ p(I') ¢elrr(K)
K>A

Note that A < K since A < Z(I') < K. Since x € Irr(G||f), we have that Res'y) €

Irr(T'||A). Hence by Lemma 4.11, we have that
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Y= Z Z CL¢7KIDdE(¢.

K€L 5 (I) ¢l (K]||N)
A<K

We are now able to use the bijection (7,6) to obtain a suitable decomposition for x. We
let H < G such that (H/N)™ = K/A, then using the bijection we have that there exists
p € Irr(H||0) such that og(pu) = ¢, for each 6 € Irr(K||A). Using the Correspondence
Theorem, we know |I': K| = |G : H|, so H has index divisible by p’ in G. Furthermore
since N < H and Z(G) < N, we have Z(G) < H. Using [16, Definition 11.23]

oe()= > > apxhndgé= > > a,undy (on(p))

KeZ p(I') ¢elrr(K) HEL p (G) pelrr(H)
K>A H>Z(G)

— Z Z a,.m0¢ (Ind§p) .
HeET p(G) pelrr(H)
H>Z(G)

Moreover since inner products and sums are conserved under og using the definition of

isomorphic character triples, we have

X = Z Z aH,HIndng, (4.2)

HeA p(G) pelrr(H)
2(G)<H

Hence we have an expression for y. Now recall 0 < B < a. We are therefore finished if
B = a, so suppose B < a. Since each p € Irr(H) restricts to a multiple of § and we have
v,(0(1)) = v,(x(1)) — B > a — B, we are able to conclude p*~# divides u(1).

Note that Z(G) = Z(G)NH < Z(H) < H, ie. |H : Z(H)| < |G : Z(G)|. Since
|H| < |G|, G is a minimal counterexample, p € Irr(H) and H is p-soluble (as sub-
groups of p-soluble groups are p-soluble), we can apply Theorem 4.12 to each p, i.e. u €
Ay 5(H, Z(G)). Hence using Lemma 4.9, Ind%u € Ay (G, Z(G)). Hence substituting

these expressions into our expression for x given by (4.2), we have x € A, (G, Z(G)). O

We have that N has the following structure.
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Claim 4.17. N s nilpotent.

Proof. Since G is p-soluble, either N/Z(G) = C} x - -+ x C] for some prime [, or N/Z(G)
is a p/-group. By the proof of Claim 4.14, we have that the former must hold, with [ = p.
If ¢ is a prime with g # p, then |N|, = |Z(G)|,. Hence, for each ¢ # p, there is a unique
Sylow g-subgroup of N and is central. If P € Syl (N), then PZ(G) = N, ie. PN,

therefore N is a direct product of its Sylow subgroups and is therefore nilpotent. ]

By Proposition 4.6, where H = G and N = Z(G), it is sufficient to show that for all
E € EI(G), that Resg, )X € Ay (EZ(G), Z(G)), where b := v, (|G : EZ|). By Claim
4.17, N := N, x N, where N, € Syl,(N). Since 6 € Irr(N), we have that there exist
a € Irr(N,) and § € Irr(N,y) such that § = a x 8. Since x € Irr(G||f) and 6 € Irr(N||«a),

we have x € Irr(G||a). We note also that v, (6(1)) = v, (a(1)).

NP
PAN,

Claim 4.18. v, (

) < b where P € Syl (EZ(G)).

Proof. Note first that PN N, = PN N and therefore we need only consider the p-adic

valuation of [N : PN N|. Note that,
v(IN : PON|) =0,(|G: EZ(G)|) +v,(|[EZ(G) : P|) +v,(|]P: PN N|) —v,(|G : NJ).

Note that v,(|[EZ(G) : P|) = 0 and by the Second Isomorphism Theorem v,(|P : PN
N|) = v,(|PN : N|) < v,(|G : NJ) ie., v,(|]P : PN N|) —v,(|G : N|) < 0. Hence
V(I[N : PN NJ) <b. O

If v is an irreducible constituent of RGS%Zm p, then « is an irreducible constituent of

Indxzmpfy. Hence a(1) < |N, : N, N Plvy(1) and
5,(1(1) = 0(a(1)) = 01Ny s N, N PI) > a— b,

Suppose that ( is an irreducible constituent of Resgzx. Suppose also that ¢ € Irr(N,N

P) is a constituent of Resgr%Np = Res%’; mlt,Res]}(J,pZ ¢. Since x € Irr(G||a)) we have that
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¢ € Irr(EZ||«r) by Lemma 3.30 . Therefore ¢ is a positive integer multiple of an irreducible
constituent of Resximpa. Hence v,(¢(1)) > a — b, and v,(¢(1)) > a —b. We will be done

therefore if we can assume EFZ(G) < G. We note first the following.

Claim 4.19. For Jall E € EI(G), E < G.

Proof. Suppose for a contradiction that £ = G for some E € El(G), namely G is ele-
mentary. Suppose that £ = R x Q where R is a p-group and @ is a p/-group, i.e. E
is p-decomposable. In this case, x = n x u for some 1 € Irr(R) and p € Irr(Q). Since
Q is a p'-group, p® divides n(1). Hence, since n € Irr(R) and R is a p-group, n is not
primitive. Let 7 = Indgn’ for some S < R and 5/ € Trr(S). Therefore, y = Indg:g n' X u,

by definition. This contradicts Claim 4.13. ]
Claim 4.20. FZ(G) < G.

Proof. Suppose that G = EZ(G). Define ¢ : E x Z(G) — G, by ¢(e,z) := ez and
let A := ker(p). Define E := E x Z(G). Hence via the First Isomorphism Theorem,
we have an isomorphism 3 : E/A — G, given by B ((e, z)4) := ¢(e,z) = ez. Define
0 x\ = Infgx € Irr(E). Note that A C ker(f x \) and this is equivalent to saying
0 x X\ € Irr(E||14).

Furthermore, if (e,2) € A, then e = 271 ie. e € ENZ(G) < Z(E). Hence, A <
Z(E)x Z(G) = Z(E). Also, |E : Z(E)| < |E : ENZ(G)| = |[EZ(G) : Z(Q)| = |G : Z(G)],
and by Claim 4.19, |E| < |G|, we have that F < G.

Since E' is p-soluble by Lemma 3.5 and (1) = x(1), we have that 6 € Ay, (E, Z(E)).
Hence by Lemma 4.10, 6 x A € A(E, Z(E) x Z(G)) = Ayn(E,Z(E)), taking A €

A1 (Z(G), Z(G)). Moreover we can use Lemma 4.11 to give,

oxx= > 3 andl,

K€T,a(E) o€lr(K]|14)
Z(E)<K

ie. A <ker(¢), for all ¢ € Irr(K||14). Hence
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X = DefE (0 x ) Z Z ad)DefgIndf;

K€T,a(B) $€lr(K]|[14)
Z(E)SK

> > agInd§ 4Deff ) 46.

K€T,a(E) ¢€lrr(K]|14)
Z(E)<K

Viewing K /A as a subgroup of G, we will clearly have that K/A will be of index
divisible by p® in G. Finally, as B(K/A) > B(Z(E)/A) = Z(E)Z(G) > Z(G), we have
that x € A, (G, Z(Q)). O

Since EZ(G) < G, we can apply Theorem 4.12 to each ¢, i.e. ( € A, (EZ(G), Z(G)).
Therefore Res%.,x € A, +(EZ(G), Z(G)) as claimed. O

We are now in a position to prove Proposition 4.21, which we recall links the work of

Evseev to this thesis.

Proposition 4.21. Let G be a group and P € Syl,(G) for a prime p. Suppose x € Irr(G)
such that p divides x(1). Moreover, suppose (pRes-Syl) holds for the pair (G, Ng(P)).
Then x € A,(G).

Proof. Define H := Ng(P) and S = S(G, P, H). As (pRes-Syl) holds for (G, Ng(P)) we
have Res$y = ¢ + 0 where ¥ € CP(H) and § € Z(H, P,S). Since P € Syl,(G), the proof
of Lemma 4.2 shows that subgroups in S have index divisible by p. Therefore 6 € A,(H).

Since H is p-soluble, we have that for cach irreducible constituent p of ¢, p € A,(H)
using Theorem 4.12. Therefore Res$x € A,(H). Since M := P.Cq(P) < H, we may
apply Lemma 4.8, applied in the case G = H, N = 1 and K = M, to obtain Resf/fx €
A, (M), noting that (|H : M|,p) = 1. Note that for all £ € El,;(G, G, 1), P is conjugate
(in G) to @ € Syl,(F). Hence, E is a subgroup of a conjugate of M in G by Lemma 3.9
and (|]M : E|,p) = 1. Hence Lemma 4.8, gives Res%y € A,(E). The result now follows

from Corollary 4.7. O
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The following lemma shows that in fact (pRes-Syl) is a transitive property, meaning

we can verify the condition in stages.

Lemma 4.22. Let G be a group, H, K be subgroups of G and P € Syl (G) such that
P < K < H <G. Suppose that (pRes-Syl) holds for the pairs (G, H) and (H,K). Then
(pRes-Syl) holds for the pair (G, K).

Proof. Let x € C?(G). Since (pRes-Syl) holds for (G, H) and (H, K) we have

Res% (CP(G)) C CP(H) +Z (H,P,S(G, P, H)), (4.3)

Rest (CP(H)) C CP(K)+ I (K,P,S(H,P,K)). (4.4)

We show Res%x = x1 + x2 where x; € CP(K) and x; € Z (K, P,S(G, P, K)). By (4.3) we
have,

Res%y = RestResSx = Resfy, + Resfyz,

where x, € CP(H) and xz € Z(H, P,S(G, P, H)). Since (4.4) holds,

Resgxp =0, + 07,

where 6, € CP(K) and 07 € T(K,P,S(H, P,K)). For simplicity, we define x; := 6, and
X2 = 07 + Resfxz. We are therefore done provided vy, € Z (K, P,S(G,P,K)). Since
|H : K| is prime to p, we have by [10, Lemma 5.10], that Restyz € Z (K, P,S(H, P, K)).
Moreover, it follows by definition that S(H, P, K) C S(G, P, K) and hence

I(K,P,S(H,P,K))CZ(K,P,S(G, PK)). O

4.2 Other useful lemmas

Lemma 4.23. Let G be a group, H <G and N <G. Letn € N, n > 1. Suppose that
X € A, (G,H,N). Then for all € C(G), x-¢ € A, (G,H,N).
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Proof. Since x € A, (G, H,N), we have

x= Y Indffu,
KeZ,(G,H)
N<K

where 0(x) € C(K) for each K < G. Therefore using Proposition 3.22 we have,

X-o= > (Imd{fu-¢)= > Indf (0 -Resio),

KeT,(G.H) KeT,(G,H)
N<K N<K
hence by definition, x - ¢ € A, (G, H, N). O

Corollary 4.24. Let G be a group, H <G and N I G. Letn € N, n > 1. Then
A (G, H,N) is an ideal of C(G).

Proof. Tt is clear from the definition of A, (G, H, N) that it is an additive subgroup of

C(G). The rest follows from Lemma 4.23. O

Lemma 4.25. Let G be a group, K <G, H ]G and N <G such that N < KN H. If
X € Au(G/N, H/N, K/N) then Infg yx € A (G, H, K).

Proof. If L < G and N < L, we write L for L/N. Assume that y has the following

decomposition,

X = Z Ind%gbf,
LeZ,(G,H)
K<L

where ¢+ € C(L). Tt follows that

Inf%x = Z Inf%lnd%bf: Z Ind{Infror.
LeZ,(G,H) LeZ,(G,H)
K<L K<L

Now clearly K < L and Inff¢r € C(L), so we consider whether n divides |H : LN H|.

However this follows, since n divides |H : LN H|and LN H = LN H. O
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Lemma 4.26. Let G be a group with normal subgroups N <G and K <G such that K < N
and p does not divide |G : N|. Then x € A,(G, K) if and only if x € A,(G, N, K).

Proof. We show that L € Z,(G) if and only if L € Z,(G, N) where in both situations
K < L. Let L. < G such that p divides |G : L|, then p divides |G : L N N|, and p
divides |N : L N N| since p does not divide |G : N|, i.e. L € Z,(G, N). Now suppose that
L € Z,(G,N), then p divides [N : L N N| and hence p divides |G : LN N|. Since N <G,

then Second Isomorphism Theorem yields

which as p does not divide |G : N|, p does not divide |LN : N|, hence p divides |G : L.
Therefore L € Z,(G). The result now follows. O

4.3 Reduction to p-groups

This section is key to simplifying our GAP and MAGMA computations in Chapter 9. We
show that to test Conjecture 2.5 for any group G, it is enough to test whether a certain
generalised character belongs to A,(P/P’) where P € Syl (). This means computation
time for groups where the fusion information between G and P is known is significantly
reduced. As suggested, if the fusion information is not known, it is likely that this
approach actually reduces computation time, however this is not been explicitly verified.

The results in this section also motivate the work carried out in Chapter 7, where
we investigate the structure of A4, (P) for elementary abelian p-groups of small rank. We
reduce to the study of p-groups in this section, but the purpose of Chapter 7 is to show that
even in the simplest of cases, the difference between C?(G) and A,(G) is quite significant,
showing that Conjecture 2.5 is not trivial. First we derive the following result, which is

fundamental for Chapter 7.
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Lemma 4.27. If G is an abelian p-group where p is a prime and rank(G) > 2, then
pC(G) is an ideal of A,(G).

Proof. Note that by Corollary 4.24, it is enough to show that plg € A,(G), where 14 is
the principal character of G. First we suppose that G = C, x C,. Let Hy,..., H,:q be
the set of maximal subgroups of GG. Consider  := ( 1:11 Indgil H) — p, where p is the
regular character of G. Then 6(z) = p for all z € G. Hence plg = 0 € A,(G), since
p= Indﬁ}l{l}.

Now let G be any abelian p-group of rank at least 3, then there exists N <G such that
G/N = K := C, x C,. By the above, plg € A,(K), hence Inf$plyx = plg € A, (G, N) C
A,(G) by Lemma 4.25. O

We now begin by letting x € Irr(G) such that p divides x(1). We want to know when
X € A,(G), where G is an arbitrary group. By Corollary 4.7, it is enough to show that
ResSx € A,(E), for all E € El,,(G,G,1). Since p does not divide |G : E|, we have that
if P € Syl,(G), then P < E without loss of generality. By an argument used to prove
Proposition 4.21, it is therefore sufficient to show Res$;y € A,(M), where M = PCq(P),
which in turn belongs to PDy,..(G) by Lemma 3.8, i.e. M = P x F where F is a p’-group.

Recall the definition of 7y from Definition 3.17.
Lemma 4.28. Let x € C(M), then x € A, (M) if for all 6 € Irr(F'), wo(x) € A,(P).

Proof. Let x € C(M). Since M = P x F, we have that

x= > (pox9),

Oelrr(F)

where @y € C(P). Note also that for each 6 € Irr(F'), mg(x) = wg by definition. Since
7o(x) € A,(P), we have that

po=To(x) = > Indj (),

Hy€L,(P)

40



where ((u,) € C(Hp). Hence,

X = Z Z IndggC(He) X 0 = Z Z (IndZGC(He) X 9)

Oclrr(F) \ HoeZ,(P) 0clrr(F) Hy€Zy(P)

= > > WmdR e (G x0).

0cIrr(F) Ho€L,(P)

The result now follows as Hy € Z,(P) gives Hyp X F' € T,(M) for each 6 € Irr(F). O

The above lemma therefore reduces our study to A,(FP) where P is a p-group. We
show now that in fact we can go on stage further, and show that we need only study

A,(P) when P is an abelian p-group. Recall the definition of 7, from Definition 3.20.

Lemma 4.29. Let x € C(P). Then x € A,(P) if Defg/P, (7(x)) € Ap(P/P") where P’

is the derived subgroup of P.

Proof. Let x € C(P) and suppose that x = > ey, (p) aofl. Let ¢ := x — 7L(x). Since P
is a p-group, it is an M-group. Therefore every irreducible 6 of P of degree divisible by
p satisfies, 6 = IndZe)\g where \g € Irr(Hy), M\g(1) = 1 and Hy < P. Note that since
Hy < P, we have that p divides |P : Hy|. Since every irreducible constituent of ¢ has

degree divisible by p, we have ¢ € A,(P). Consider

7L(x) = Z agh.

Oclrr(P)
0(1)=1

Recall that P < P. Since P' C ker(f) for every 0 € Irr(P) with 6(1) = 1, we can
deflate 77 (x) to a generalised character of P/P’. However Defﬁ/P, (7L(x)) € A,(P/P").
Therefore, by Lemma 4.25, 7.(x) = Infg/P,Defg/P/ (7L(x)) € Ap(P, P') C A,(P). Hence
X € Ap(P) as required.

[

Therefore we can reduce our study of A,(G) to A,(P) for P an abelian p-group. In

Chapter 7 we do this, focusing on elementary abelian p-groups of small rank.
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CHAPTER 5

REPRESENTATION THEORIES AND
AN(Ga Ha N)

In this chapter we develop some properties of A, (G, H, N), in particular its behaviour
in wreath products and symmetric groups. For our proof of Theorem 8.1, we use many
details from [10]. In this paper, Evseev introduces a ring of characters k,, that we need
to relate to our character ring, A, (G, H, N). Using Lemma 4.2, it suffices to relate x,, to
Z(G, P,S) for suitable groups, GG, P and set of subgroups S.

The representation theory of wreath products is a key tool in our reduction theorems.
Our goal in this chapter is to prove that if x € A, (G, H, N), then an irreducible character
of G5y, X;", belongs to Ayen (GRS, H", N™). In particular, if we can embed our initial
group into a wreath product, then it reduces our problem to understanding the induced
character ring for the base group. However this technique cannot be applied quite so
easily to our reduction theorems. We require a more general statement related to the
representation theory of wreath products over twisted group algebras. We prove the
statement first for the usual group algebra as it clearly highlights the statements from
[10] that need to be generalised to twisted group algebras.

Our focus therefore for this chapter will be to develop the representation theory of
wreath products and the properties that we use in the reduction theorems. In particular
we generalise the above result to projective characters, i.e. characters over twisted group

algebras, see Theorem 5.37.
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Finally, as highlighted in the introduction, we use many techniques from the proofs
of many of the Global-Local conjectures in our reduction theorem. It is therefore not
surprising that Brauer’s Height Zero Conjecture plays a role in our understanding of
A, (G, H,N). We give an overview to modular representation theory to prove that if the
defect group of the block containing our character is abelian, therefore by Brauer’s Height

Zero Conjecture every character has height zero in its block, then Conjecture 2.12 holds.

5.1 Representation theory of symmetric groups

Lemma 5.1. Let G = Sy where p is a prime, w, e € Z>o with e < p. Let P € Syl,(G).
Then
Kw CZ(SptSu, P.S (Sputes P, SpUSy)) -

Proof. Using [10, Theorem 4.1], we have £, C Z (S, Sw, P, S.), where
Se = S (Spwte, P, (Sp 1.Sw) x Se). We are therefore done provided S; C S(Spye, P, Sy
Sw). Let Q € S, then Q < PN'P for some ¢ ¢ (S, 1 Sy) X Se. Then ¢t ¢ 5,15, and we

are done. u

5.2 Representation theory of wreath products

We set Irr(G) == {¢1,...,¢s}. We define n; to be the number of times ¢; appears as a
factor of a particular irreducible, ¢ of G*". Note > .n; = n. Let J; denote the indices
j such that the restriction of ¢ to G; is ¢;, so that |J;| = n;. We denote by ¢ ™, the
character whose j-th factor is ¢; if j € J; and the trivial character of G otherwise. It
is clear that this character is G*"-invariant, as each individual factor is G-invariant, but

g

moreover, ¢ is in fact Sym(J;)-invriant. Therefore one can easily show ¢;™ is G1.S,,.-
invariant. However, one key feature of the character theory of wreath products is that
this character extends to G'¢.S,,,. We work to define the values that this extension takes.

Note that the following definitions and notation correspond to that used in [10].
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Definition 5.2. [10, Section 2.3] A marked cycle in S, is defined to be either a non-
identity cycle in S, or an element of [1,n].

For a marked cycle, o € S,,, we define supp(o) to be the set of points of [1,n] that
are not fized by o if o is a non-identity cycle, and otherwise if 0 = i € [1,n], then

supp (o) = {i}. Moreover, the order of a marked cycle o is defined to be |supp (o) |.

Defining marked cycles in this way, we are able to say that every element o € S,,
decomposes as a product of marked cycles. We note that to multiply such cycles, we
replace occurrences of elements of [1,n] by the identity permutation. We now describe

how to associate to a marked cycle an element of G .S,,.

Definition 5.3. [10, Section 2.3] Let o be a marked cycle, and let j denote the minimal
element of supp(c). Then for g € G, we define y,(g) == (1,...,1,9,1,...,1;0) € GU.S,,

where g occurs in the j-th position.

Let A be a C-algebra, and M be an A-module. Let G < S,,. We define A G :=

A®" @ CG, where the multiplication is defined as follows,

(1@ Qa,®0) (b @ @b, ®T) := (1by-11) @+ @ Apbo-1(n) ® 0T) ,

where a; € A, b; € A and o, 7 € T and extend by linearity. We give M®" the structure

of an A G-module via the following action,

(a1,...,an,0) (M1 & - @My) = a1Me-1(1) @+ * @ ApMig—1(),

where 0 € T, a; € A, m; € M and again extend by linearity. We denote the resulting
module by M @n_We denote the character afforded by this module by X;”. The following

lemma describes the values taken by this character on marked cycles.

Lemma 5.4. [10, Lemma 2.3] Let o1, ...,0, be disjoint marked cycles in S, with
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Y.,0(0))=n. Let g1,...,9- € G. Then for ¢ € CF(G),

O Yoy (1) -+ Yo (90)) = D (1) .- & (90) -

It can be checked that the above formula defines a class function of G S,,, which we
will denote by gb;".

We also require the description of Irr (G¢.S,,). The reader is referred to [21, Section
4.3], for a detailed description of how this theorem is obtained, in particular, the discussion

after Lemma 4.3.33. We use the notation found in [10, §2.3].

Theorem 5.5. (See [21, Theoreom 4.3.34]) Ewvery irreducible character of Irr (G S,),

has the form,

s

GZSn X1 stn,
Ind s ) ]} (<z5 - Infg ) 7
where ¢; € Irr(G) and x; € C(S,,).

We are now in a position to prove our claim.

Theorem 5.6. Suppose ¢ € Ay (G, K, Z(G)), where K G, then
¢ € Apan (G1S,, K™, Z(G)™).

Proof. By [10, Lemma 2.7], it is clearly true when ¢ = Ind%6 for § € C(H). We prove
the theorem in the case when ¢ = Indfhél + Indf12(927 where Hy, Hy, < G, |K : K N H|
is divisible by p® and 6; € C (H;) for i = 1,2. The result will follow by induction on the
number of summands of ¢. Since Indgiezﬂ are class functions and a; = ap = 1, using [10,

Lemma 2.5] we have
Zlnd?éis ars,y) ((Mdf,01) x (ndfy,02) ")

Now using [10, Lemma 2.7],

(Ind§; 0) ™" = a5l (07)
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for any w € N and ¢ = 1, 2. Therefore,

X _ stn ; ] ;(Tl—])
¢Xn - Z Ind(HllsJ)x(HQZSn—J) <61 ! X 62 ) ’
§=0

We clearly have Z(G)™ is contained in each of the subgroups. Finally consider the inter-

section of K™ with ((H10S;) x (H2S,—;)). Now,
(Hi1S;) x (Hy 0 Sp) = (H] x Hy 7) % (S; % Sp),

where an element (o, 7) € S; X S,,_; acts on H x H}™7 via the action of o on H] and 7 on
H;l_j. We view K™ as a subgroup of GUS,, via the embedding (k1, ..., k,) — (ki,..., kn;1).

Therefore viewing K" in this way, it intersects trivially with S,, and,
(H{ x HY™) % (S; % Spey)) NK" = (HNK) x (HNK)"™7.

Hence, |[K": K" N ((H11S;) x (H20S,—5))| = |KJ|K|"/|Hy N KJ?|Hy N K|"9. More-
over, since p® divides the index of |K : H; N K|, we have that p*" divides the index

above. ]

5.3 Representation theory of twisted group algebras

As stated in the introduction to this chapter, we will now develop the representation
theory of twisted group algebras of wreath products. The main issue that we encounter
in the case when G has trivial centre, is that we would like to extend an irreducible
character to its inertia subgroup, which is not necessarily possible. However we are able
to extend an “ordinary” irreducible character to a projective character, i.e. an irreducible
character of some twisted group algebra. Moreover, in the case when G is an arbitrary
group, with no restriction on the centre, we use the outline developed in the trivial centre

case, applied to G/Z(G). This requires a character of G/Z(G) to work with, which not
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only relates back to our original character of G, but this relationship must also behave
well with respect to induction. This is described by Theorem 5.19 and the subsequent
results show that this relationship is indeed well behaved. Moreover, what the reader
should notice is that to achieve such a goal, we again work with twisted group algebras.

Our next problem is that we are now working with the theory of twisted group algebras,
so we need to develop analogous results to those in ordinary representation theory to use
in our proofs. In particular, we need to generalise the notions of induction, Mackey
decomposition and the representation theory of wreath products to modules over twisted
group algebras. This chapter will explicitly give and prove these constructions. We follow

the notation and definitions in [16] to introduce the notion of twisted group algebras.

Definition 5.7. [16, Definition 11.1] A projective C-representation of G is a map X :
G — GL (n,C), where for all g,h € G, there ezists a: G x G — C, called the associated
factor set of X, such that

X (g9) X (h) = alg, )X (gh) .

Definition 5.8. [22, Page 8] Let p be a projective representation. Then x : G — C,

defined via x(g) := Tr(p(g)) is the projective character of G afforded by p.

Note that in both the definitions above we have suppressed the use of the factor set.
Where pertinent, we may refer to the above as projective a-representations/characters if

this is more clear.

Definition 5.9. [16, Definition 11.4] A C*-factor set of G is a function o : G x G — C*
such that,
a(gh, k)a(g, h) = a(g, hk)o(h, k).

A simple check shows us that the associated factor set to a projective representation X

is indeed a C*-factor set. Furthermore, we are able to construct C*-factor sets as follows.

Proposition 5.10. (See [16, Page 178]) Suppose u : G — C* is an arbitrary function.
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Then §(pn) : G x G — C* defined by,

5(1) (g, h) = p(g)pu(h)pu(gh) ",

s a C*-factor set.

It is also worth noting that the set of C*-factor sets of GG form a group under pointwise
multiplication. The resulting group is called the group of 2-cocycles, denoted Z2(G, C*),
and has applications in cohomology theory. Furthermore, ¢ in the above proposition can
be viewed as a homomorphism from the group of all C*-valued functions into the group
of 2-cocycles. The image of ¢ is referred to as the group of 2-coboundaries, denoted
B?(G,C*). This forms a normal subgroup, and the resulting quotient group, M(G) :=
H?(G,C*) is called the Schur multiplier of G. If two elements of Z?(G, C*) differ by an
element of B*(G, C*), i.e. giving rise to the same class in the Schur multiplier, then these
elements are called cohomologous. We note that if GG is a non-abelian simple group then

the Schur multiplier behaves as follows.

Lemma 5.11. (See [4, (8.2) and (8.3)]) If S is a non-abelian simple group and n > 1,
then
M(S™) = M(S) x---x M(S).

J/

n
Let a be a C*-factor set. We let C*|G] be the C-vector space with basis {a, : g € G}.
Define a multiplication on C*[G] via ay - ap = agn(g, h) and extend by linearity. Note
that due to Definition 5.9, we have that the multiplication defined in this way is indeed
associative. We define C*[G] to be the twisted group algebra associated with a. First

we note the following theorem.

Theorem 5.12. Let o, 8 € Z%*(G,C*) be cohomologous and let C*[G] and CP|G] respec-

tively be their associated twisted group algebras. Then C%[G] = CP[G].

Proof. As a and 3 are cohomologous, there exists ¢ : G — C* such that o = (6t) 8 where
for g, h € G, (0t)(g, k) := t(g)t(h)t(gh)~". Define ¥ : C*[G] — CP[G] by ¢ (a,) = t(g)a,
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and extend C-linearly. We simply show that 1 respects the multiplication. If a,, a; are

basis elements of C*[G], then

U (agan) = a(g, h)v (agh) = a(g, h)t(gh)ag, = alg, h)t(gh)B(g, h) agan

t(g)t(h)t(gh) =" Bg, h)t(gh)B(g, h)  agan = t(g)agt(h)an = 1(ag)v(an).
0

Due to Theorem 5.12, when we are discussing the factor set associated to a twisted
group algebra we may therefore consider it as an element of the Schur multiplier, as up to
coboundaries the resulting algebras are isomorphic. The above will also be of importance
to us to show when a twisted group algebra we introduce to guarantee extensibility, is in
fact the original twisted group algebra on our group. We now introduce the notion of a

G-graded algebra and show that twisted group algebras are G-graded.

Definition 5.13. [28, §1] Let G be a group and A be an algebra. Let A =&, ., A, be a

geG

direct sum decomposition of A into subspaces A,. This decomposition is called a G-grading

ingAh Q Agh fOT g, hedq.

Note C*[G] is a G-graded algebra with C*[G] = 3_ ., C*[G],, where C*[G], := Clag]
is a 1-dimensional subspace of C*[G]. Using this, we define for a subset H C G, C*[H] :=
> hen C[Gln, the twisted group algebra of H associated with |y, ;. The next two
lemmas describe the key extensibility condition that we require in the proof when G has
trivial centre. One key issue we encounter is generalising Lemma 5.14 when the group
algebra on NV is not necessarily the usual group algebra. The reader is directed to Chapter

6 for further detail, but in brief we require Condition 6.2 to deal with this issue.

Lemma 5.14. Let G be a group, N I G and 0 € Irr(N) such that 1g(0) = G. Then
there exists a twisted group algebra C*|G| such that C*[N] = CN and the representation

affording 6 can be extended to a projective representation of G.
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Proof. We denote the representation affording 6 by ), then using [16, Theorem 11.2], we
have that there exists a projective representation X of G, such that for all n € N and
g € G, X(n) =% (n), i.e. X is the extension of g to G. In particular if we consider the

factor set, a of X, restricted to N x N, we have for all ny, ny € N,

Y(ninz) = P(n1)Y(n2) = X(n1)X(ng) = a (n1,n2) X (n1na) = a (n1,12) Y (n1na) .

Therefore a(ny,ny) = 1 for all ny, ny € N. Moreover, considering the twisted group

Y

algebra with this factor set defining its multiplication, we have C*[N] = CN. O

Lemma 5.15. Suppose all the conditions of Lemma 5.14 hold and let C*|G] denote the
resulting twisted group algebra. Suppose moreover that 6 is extendible to H, where N <

H < G. Then C*[H] = CH.

Proof. We denote the representation affording 6 by ) and the ordinary representation of
H extending ) by QT) Moreover, we denote the projective representation extending ) by

X. For n € N and h € H, the three conditions in [16, Theorem 11.2] hold since
(a) Y(n) =Y(n), by definition.
(b) D(hn) = Y(h)Y(n) since Y is an ordinary representation.
(c¢) This proof is identical to (b).

Note further that X restricted to H is another projective representation satisfying these
three conditions. Thercfore by [16, Theorem 11.2] we have that there exists p: G — C*
such that, (g) = X(¢)u(g). If hy, ho € H, then

pu(hn) g (he) X (ha) X (h2) = pu(ha) g (he) a (ha, ho) X (hahs)

and

H (hl) H (h2) X (hl) X <h2) =2 (hl) 2 (hQ) =9 (h1h2) =X (hth) K (h1h2) :

(0]



Therefore combining these two equations, we obtain

a (1, ha) = " (he) p=t (7n) pr (Pahsa) .

Therefore by Proposition 5.10, we have that o' is a coboundary. Since the 2-coboundaries
of G form a group, we have that a is a coboundary and we have that C*[H| = CH by
Theorem 5.12.

O

The following result is a generalisation of the above result which we use in the proof

of Theorem 6.3.

Lemma 5.16. Let G be a group and N < G. Suppose that H(N,C*) = 1. Let o €
H?*(N,C*) be G-invariant. Let f € H*(G,C*) and v € H*(G,C*) such that Res$ = a
and Res$y = a. Let 6 € Trr(C*[N]) and suppose that 0 extends to x € Trr(CP[G]) and
Y € Irr(CV[G)) then CP|G] = CV[G].

Proof. By [15, Theorem 2|, we have that the sequence
H?(G/N,C") - H?(G,C*) — H?(N,C*)° — H®(G/N,C"),

is exact. Since a extends to both # and 7, we have 7(8y~!) := Res§(8y~!) = 1, ie.
Byt € ker(r) so by exactness Sy~ € im(l). Therefore fy~! = () = Inf(u) for some
p € H*(G/N,C*). Hence 8 = ~Inf(u). Recall that 6 extends to x’ a projective ~-
character of G' and y a projective yInf(yu)-character of G. Hence by [22, Theorem 3.1],
we have that p is cohomologous to 1 € B?(G/N,C*). Hence, Inf(u) is cohomologous to
Inf(1) = 1 € B*(G,C*) and hence 3 is cohomologous to . Therefore by Theorem 5.12,

the associated twisted group algebras are isomorphic. ]

For the following, up to Lemma 5.20, see Appendix D, which are lecture notes due to
Evseev. We let A denote a twisted G-algebra. From our understanding of twisted group

algebras, we have that A is therefore G-graded. Suppose that 7 : G — G/Z for a normal
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subgroup Z (think Z := Z(G)) of G, denotes the canonical surjection. We can give A a
G/Z-grading, i.e. for each g € G/Z,

Agi= > Ay
)

her—1(g

Writing G := G/Z, we call this algebra A [@] We also introduce the following notation.
Suppose that y € Irr(A) and A € Irr(A[Z]), we say that y lies over A if A is a constituent
of Resﬁ[Z]X, and we denote by Irr(A|\) the set of all irreducible characters of A which lie

over 6. In our case, A = CG and Irr(A|f) coincides with our earlier definition.
Definition 5.17. [Appendix D] Let A € Irr(A[Z]). We define A(X) := Ca (A[Z]) ey.

Definition 5.18. [Appendix D] For y’ € Irr(A),

ev = X(g ")y

geqG

We note that if A is G-invariant then, A()\) can be viewed as a twisted G-algebra, with
the grading inherited from that of A [@} We now state a fundamental theorem, which

helps us change our setting from group algebras to that of twisted group algebras.

Theorem 5.19. [Appendix D] Suppose that \ € Irr(A[Z]) is G-invariant. There is a one-
to-one correspondence between Irr(A|X) and Irr(A(X)), where two characters x € Irr(A|X)

and x' € Irr(A(X)) correspond if and only if e, = e,.

One can also check that the bijection above is given by ¢ : Irr(A(X)) — Irr(A[N),
where ¢ (/) = Resﬁ{gek)\ x x'. Throughout we will use the prime notation, to denote
the image of y € Irr(A|\) under this bijection. Note that we can Z-linearly extend the

map ¢ to elements of C(G) and Z[Irr(A)]. We now prove our first result.

Lemma 5.20. Let Z := Z(G) and N < G such that Z I N I G. Suppose that Resf,x =
0 € Trr(N). Then Resﬁ[ﬁ]x’ =0
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Proof. First note that there exists some A\ € Irr(Z) such that x € Irr(G|\) where X is
G /Z invariant, hence the above theorem can indeed be applied in this case. Furthermore,
from the correspondence theorem above, e, = e, and eg = eg. Note that x’ lies above
¢’ if and only if e, ep # 0. This is clear since e,ey # 0. Moreover since A is linear, the

degrees of ' and ¢ are equal (see ¢ above) and we are done. O

To finish we are need to show that a more general statement holds, namely that the

diagram

Zliee(B [H])] "% Zftee(A[H]|)

Indl lhld (5 1 )

Z[Irr(B)] —2— Z[ir(A[N)]

is commutative. Here, H < G such that Z := Z(G) < H, and A € Irr(Z). Note that
when A := CG, we have that Irr(A|A) = Irr(G|A) and B := A(\) = Cea(CZ)ey = CGe,y

is a twisted G-algebra. We first define induction of modules over twisted group algebras.

Definition 5.21. Let H < G and let M be a C*[H]-module. We define,
Ind% M := C*[G] ®capm M,

to be the induced module C*[G]-module of M.

The following are properties of induction that we will be using but proved for mod-
ules over twisted group algebras. The following can be compared with the statement of

Frobenius reciprocity and is known as the Nakayama relation.

Theorem 5.22. (See [5, Proposition 2.8.3]) Let G be a group and H < G. Let N be a
C*[G]-module and M o C*[H]-module then,

Homga gy (M, ResiN) = Homge g (Ind§; M, N) .
Lemma 5.23. Let A be a semisimple C-algebra and B C A, be a subalgebra. Then for
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an B-module M,
IndpM =Y a® M.

acA

Where coset representatives make sense, this sum can also be made to be the direct
sum over coset representatives of B in A. We now prove our key result regarding the

commutativity of Diagram (5.1).
Lemma 5.24. (5.1) is commutative.

Proof. We prove the result when ¢ € Irr(B [H]) and the result follows from the linearity
of induction and the bijection ¢. We define 6 := ¢(¢'), i.e. 8 = XN x ', where N €
Irr(Z|A) = {A}. Let ' := Indg[ﬁ]e’ € Z[Irr(B)]. Finally let y := o(x)) = X x x/. We
claim that y = Indﬁ[ mb-

Let M be the CZey-module afording X' and N be the B [m -module affording #’. The
claim follows once we show,

CZe\x®cB ~ 7 B
nd(CZei@EB[ﬁ](M ®c N) = M &c¢ IndB[ﬁ]N. (5.2)

If Equation (5.2) holds, then Indﬁ[H]G = Indf‘[H] (N x0)=XNx Indg[ﬁ]e’ =N xx=x

Let T be a left transversal for H in G. Then,
B _ _ _
Indgr N = B @ N = (@tB [E) D N =Dt @ppm V-
teT teT

Moreover,

M ¢ IndfpN = @) (M oc (t @, N)).

teT

For the left hand side of Equation (5.2),

CZe xQcB
nd(CZei@EB[ﬁ] (M ©c N)

= (CZey ®c B) @CZQ@CB[H] (M ®c N)
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— (czeA ®c <€B tB [H] )) D zensen]] M Oc N)

teT

= GB ((CZe,\ ®c t) ®CZ@A®CB[F] (M ®¢ N))

teT

Define f;, for each t € T, by
filla®t) @ (m®n)) =am® (t@n).

This induces a C-vector space isomorphism between each summand of the left and right
hand sides of Equation (5.2). One can also check that the induced map is an isomorphism

of CZe\ ®c B-modules. O

We now look to generalising results from the ordinary representation theory of C, to
modules over twisted group algebras. We begin by proving an analogue to the Mackey

decomposition formula.
Lemma 5.25. Let H, K be subgroups of G and let T denote a complete set of (K, H)-

double coset representatives in G. Let M be a C*[H|-module. Then,

Res{{Indfy M = @5 Indf, - Restn M.

teT

Proof. Note we can write

C*[KgH]= )  C*[KgH],,

reKgH

and by definition G = Uer (KtH). First, we prove that C* [KgH] is a (C* [K],C* [H])-

bimodule. If a, € C* [KgH], ap, € C*[H] and a;, € C*[K] are basis elements, then
(agay) ap = o (k, x) apgarn, = o (k, ) a (kx, h) agayn € C* [KgH].

Furthermore, we have that C* [G] = @, C* [KtH]. We now define a map ¢, for each
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x € G and prove this is an isomorphism between C*[K]| ®copmnk] Res. "M and
C* [KxH]®corm M as C* [K] modules. We define the map ¢, by ¢, (ax ® m) := ax, @m.
Let agzn @ m € C* [KI‘H] ScealH] M. Then,

ahan @ m = (a(kz, b)) age @ anm = b, ((a(kz, R ay, ® apm) .

Now since M is a C* [H]-module, we have aym € M, as a;, € C*[H| and we have that ¢,
is surjective. Let {ki,...,k;} be a set of coset representatives of left K N*H cosets in K,

so therefore {kyx, ..., ka} is a a basis of C* [KxH| as a right C*[H]-module. Hence,
dime ((C* [K2H]) @cafm M) = ldime(M) = dime (C*[K] @coxnem Resa " M)

therefore ¢, is injective. Finally,

C* [G] ®cem M = @ C* [KtH] ®Rceqm M = @D C* [K] @caxrem Resijing M,

teT teT

as C* [K]-modules. O

Next, we generalise Lemma 4.23 to a similar statement for projective characters. Note

that to see how this generalises Lemma 4.23, we take a = 1 and p = 1.

Lemma 5.26. Let G be a group with normal subgroups, H<LG and N<LG. Let A = C**[(]
where o, p € Z*(G,C*), A' = C*[G] and B = C* '[G]. Suppose that x € A,(A, H,N)
and A € C(B), then x - A € A, (A", H,N).

Proof. Since x € A, (A, H, N), we have that

X = Z IndigﬁK,

KeI,(G,H)
N<K
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where ¢x € C(A[K]). Then using [22, Chapter 1, Proposition 9.8] we have that,

X-A= > Indfex-A= Y Ind{ (¢xResg)).

KeZ,(G,H) KeT,(G,H)
N<K N<K

Now ¢ is a projective oy character of K and Res?;)\ is a projective p~! character of K.

Hence their product is a projective a character of K. Therefore x -\ € A, (A", H,N). [

As stated in the introduction to this chapter, our goal is to generalise the results from

Section 5.2 to modules over twisted group algebras and projective characters.

Theorem 5.27. [26, (A4)] Let G < S,,. Every simple A G-module, L, is, up to iso-
morphism, of the form Indg (V ®@c M), where T is the inertia subgroup of M, a simple

A®"-module, in G and V' is a simple CT-module.

We now change our focus to projective characters and further develop the character
theory of twisted group algebras of wreath products. We first address the issue of existence
of such class functions. We aim to define an analogue for QS;” (as in 5.4), for A1 S,
where A is a semisimple C-algebra. We begin with the case A = M,,(C) and then work
towards the general setting. Suppose that ¢ € C[Irr(A)]. We aim to find an element
¢*" € C[lrr(A1 S,,)] such that,

¢*" (Yo (a)) = d(a1) - .. ¢(ar). (5.3)

where if 0 = 07 ---0, and a := (a4, ..., a,) then,

Yo (@) = Yo, (a1) - Yo, (ar).

Note that the only irreducible A-module is V' = C" and using the above definition, we
may obtain a A .S, module denoted V@ Therefore using Theorem 5.27, we have that
{V@)” ®c Z) A F n} is a complete and irredundant set of A S,-modules, where Z* is

the simple CS,,-module labelled by A\. We denote by x the character afforded by V| so
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that ¢ is equal to ¢y for some ¢ € C. Therefore Equation (5.3) says that we are aiming

to prove,

¢ "(yo(a)) = x(a1) ... x(a,),

for any a; € A, where o, are disjoint marked cycles with orders summing to n. From the

above, we have that Irr(A?S,) is given by
Irr(AS,) = {X;” A n} )
where for (a;0) € A1 S,

() (@ o) = (a0 (o).

Therefore as,

(1) ol@) = xar) . (@) ().

and we are required to find d, € C such that,

6" =" dy (X;n ' UA) ;

AFn

evaluating both sides on y,(a), the d) must satisfy

> dax(ar) - x(a)n () = xla) - x(ay).

AFn

Therefore, Y., dxn* (o) = ¢" = @) where I(o) denotes the number of disjoint cycles in
o. Using the notation following [10, Theorem 2.4], we have that #, .(0) = ¢/®), and this
is indeed a class function of S,. Since n* runs over Irr(S,), such dy exist. Therefore, qb;"
is indeed a class function on A .S,.

In general, A = M,,(C) & ... ® M, (C). Supposing that Irr(A) = {x1,..., Xk}, We
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have that ¢ € C[Irr(A)] takes the form, ¢ = S35 | ¢y, for ¢; € C. We will define,

xn .__ ASp n1 %ng
P = Z IndAzSnlx X Sn,, [(01X1) X e X (epXr) ,
’I‘LiZO
n=ni+--+ny,

Xn

where (cx)™" = X;" - Kem, Where for an element, gy € S, of cycle type A, ken(gy) = AW,

We also make the following definition.

Definition 5.28. Let a € C[Irr(A S;)] and 5 € C[Irr(A 1 Sy)]. We define,

AS
ao f:=Ind 45, s, (@ B).

Note that this definition will also be used in the setting where we drop the algebra
and simply perform induction in the symmetric group. We now prove some preliminary

results using the new definitions from above.

Lemma 5.29. Let o € ClIrr(5;)], 5 € Cllrr(S,,—;)] and x € Irr(A) then

<X;j . a) o (X?(n—j) .5> =" (o B).

Proof. Suppose first that o € Irr(S;) and 5 € Irr(S,—;). Let M be the simple A-module
affording x, Vi, be the simple CS;-module affording o and V3 be the simple CS,,_;-module

affording 5. We therefore are required to show that,
IndAqug )% (A1Snj) ((M ® ®c VO‘) De (Mé(n_j) ©c Vs )) =

M @ (Indr,g, | (Va @ V3)) (5.4)

We define a map,

¢((tr, -t T) @ (M1 ® - @My ® Ve @M1 ® -+ @ My @ Vg)) 1=
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(t1m7—1(1) XX tan—l(n)) X (T X Vo @ U/@) ,

fort; € A, 7€ S5, my € M, v, €V, and vg € V3. Note we view the left hand side of

Equation (5.4) as,
Z t® ((M@? ®(C Va> ®(C (M@(n—ﬁ ®(C VB)) ,
te AlSn

and similarly for the induced module on the right hand side of Equation (5.4). We
show that ¢ is indeed a module homomorphism. Let a := (ai,...,a,;0) € AV S,,

ti=(t,...,ty;m)and m:= (M @ - @Mj @V @Mj11 @ -+ @my, @vg). Then,
a-(te@m)= (alta—l(l), o Ante1(n); 07) @ m.
Hence,
dla-(t@m)) = ((Ilt(,fl(l)m(aﬂfl(l), . ,ant(,fl(n)m(w)fl(n)) ® (0T ® vy R vg) .
Moreover,
a-¢(t®@m)= (alta—l(l)mT—lo——l(l), . ,a/ntg—l(n)mT—lg—l(n)) ® (0T ® v, ® vg) .

Hence ¢ is indeed a module homomorphism. Extending C-linearly, we obtain a vector

space homomorphism, so we construct an inverse map. Define,
P (M & @my,) @ (TR U, Qug)) 1=

L L) ® (Mea) @ - @ M) @ Va @ Mr(ign) @+ @ M) ® V3) -

We claim that 1 is indeed a module homomorphism. Using the definition of a above,
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tr=(m ®...0m,) ® (T v, @ vg),
a-t= (a1m0-1(1), R ,a/nma—l(n)) ® (UT R Vo & U,B)?

therefore,

Yla-t)=(1,...,1;,07)®
(GoryMr(t) @ -+ @ Qor(jyMr(j) @ Vo @ Aor(j41)Mr(j41) D * ** O Uor(n)Mr(n) © Vg) -

Moreover,
a-P(t) = (a1, an; 07) @ (Mr(1) @ -+ @ My(s) @ Vo @ Mer(jy1) @ -+ @ M) @ Vg)

and the result follows since (ai,...,an;07) = (1,...,1;07) (aor(1), - - -, Gor(n)). Finally,

we show that the maps are indeed inverses. Defining ¢ := (¢1,...,t,;7) and
m:=m; Q- Qm;Q Vo @ Mjp1 Q- My @ ug,
we have
Y(pteom)) = ((tim, 11y @ @ tymr1()) @ (T @ Vs @ vg))

=(,....57)® (tT(l)ml R Qtr( )My @ Vo A Lr(j11)Mjr1 @ -+ Q tr(nyMyy X Uﬁ)
= ((1,...,1;7‘)(@-(1),...,tT(n))) Qm =1t m.

Therefore the result indeed holds in the case of irreducible o and . Using this
we now consider the general case. We denote Irr(S;) := {aq,..., o} and Irr(S,_;) =
{B1,...,0}. We suppose that o = Zle fia; and 8 = 22:1 g;B3; for f; € C and g; € C.
Then,

k
XXj'OéZZfi (Xxj'Oéz),
i=1
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and similarly for X;("’_j) - B. Moreover,

MN

(X;j . a) % (Xi(n—j) .3) Zk:

i=1 g

fi9; (( f.ai) X (Xi(n—j) .@.))'

1

Therefore, by linearity of induction, we have,

(x;j _ a) o (Xim—j) . 5) Zzl:f (( X3, ai) o (Xi(n—j) .5j>) _

=1 j=1

Now applying the irreducible case,

Lemma 5.30. Y 7 (Kci© Kapni = Ketdn-

Proof. Let g\ € S, be of cycle type A := (A1,...,\.) b n. Define [n] := {1,...,n} for
n € N. For each j € [r], let o; be the set of elements i € [n] such that i is in the cycle
of length ;. Clearly for each j, we associate a distinct cycle of gy. Also for each I C [r],
define o7 := Uje] o; and Sp:= S,,. Moreover, Sre := S0, -

First, we note that if gy € S; x Syc and I C [r] with I # J such that |o;| = |o|, then
there exists x € S, where x is a transposition and = ¢ S; x Sye (the stabiliser in S,, of

07), such that zgyz~! € S; x Sr.. Therefore we have the following,

Zlnds s, (Fei X Kan_i) Z Z (Kei X Kan—i) (xgra™")

TESH
xgrx~1E€S; xSpn_s

M= =3 " Mg = Z () d ™ = (c+d)" = Keran(gr).
=0 JC

Clr] IC[r] i=0
lor|=1
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Lemma 5.31. If x € Irr(B) and ¢ € ClIrr(S,,)], then
dgs: (- 0) = (IndgZc) v

Proof. First we suppose that ¢ € Irr(S,) and use this to prove the general case. In this
setting we denote the simple CS,-module affording @ by V and the simple B-module

affording y by M. We therefore prove that,
ndg (M @c V) = (Indfg M) @c V.

We define the following maps and state without proof that they are vector space isomor-

phisms. Define,

1+ IndjiS (M@‘ R v) s AD @ e (MQ%" D¢ V) ,

via
o1 (7))@ (M) :=b® (1;7)m ® Tv.
Moreover,
P9 - A®n X gen (Mén Re V) — (A(Xm X pen M®n> Rc V,
since
(a® (M) =(a®@m)Rwv.
Finally,
3 : (A®” D gon M®n) ®cV — (Indgg; M®”) 20V,
as

w3 ((a@m)®@v) = ((a;1) @m) @ v.

We define ¢ := p3p92p1, a vector space isomorphism, and we show that it is compatible
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with the module structure. We remark that,
o ((b;7) @ (M) :=((b;7) @m) @ Tv.
Let (a;0) € AUS,. Then,
(a;0) - ((b;7) @ (m @ v)) = (a(b);07) © (M D v),

6 (a(t");0m) @ (m ®v)) = ((a(b"); 07) © m) @ orv.
Moreover,

(a;0) - (((b;7) @ m) @ Tv) = ((a;0)(b; 7) ® m) © o7V,

and we are therefore done. Now consider the general case. Suppose that Irr(S,) =
{¢, ..., G yand ¢ = > | ¢;¢; where ¢; € C. Then,

s (7 w) = > (magd (- 6))

i=1

=3 e ((magn™) ) = (mafi) v
=1

O
Recall that Sy; := 5; X S,_;.
Lemma 5.32. Resg’; Kem = Kej X Kep—j-
J
Proof. Let o € Sy;, i.e. 0 =0y X 0y with 1 € S; and 09 € S,,_;. Hence
Kei X Keni) (01 X 03) = ke i(01)Ken_i(09) = VM2 = dlo)tiloz) — M),
c,J c,n—j 1 2 c,j\Y1)ven—j3\V2

O

64



Lemma 5.33. Let x € Irr(ASy;) and o € C[Irr(S,)], then

(Indﬁﬁ?ix) cp = Indﬁg’;j (X . (Resg’;j w>> )

J

Proof. Suppose first that ¢ is irreducible and suppose that V' is a simple CS,,-module

affording 1. Moreover let M denote the A?S);,-module affording x. We will show that,
(s M) we v =mdjid (M ecResd; V).
J J J

Define ¢ as follows, ¢ (((a;7) @ m) @ v) == (a;7) ® (m @ 7 'v). We claim that ¢ is a
module homomorphism and then construct an inverse, ¢*. First note that the left hand

side can be expressed as

Y ((LoyeM)eV,

€T

where T' is a left transversal for Sy, in S,,. If (a;0) € A0S, then
(a;0) (((1;7) @ m) ®v) = ((a;07) ® M) ® o0,
and therefore,
¢ ((a;0) ((1;7) @m) @) = (a;07) ® (M@ T 0 'ov) = (g;07) ® (M@ T ).
Moreover,
(a;0)p (LT)@m)®@0v) = (a;0) (1;7) @ (M T ) = (¢;07) ® (MR T ).

Define ¢* ((a;7) ® (m ® v)) := ((a; 7) ® m) ® Tv. One can check that ¢* is also a module

homomorphism and the inverse of ¢. Hence the isomorphism indeed holds. Suppose that
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Irr(S,) = {x1, -, Xx}, and ¢ = zle cixi where ¢; € C. Using the previous case,
k
AWy xn _ AWSy, xn
(IndAZSAjXX ) ’ 1/’ — Z <Ci (IndAZSAjXX ) : X?)

k
=Zci1nd’3§§” (XX" RebS” X,-) Ind‘gsg’; (XX” RebS" zb)

Lemma 5.34. Let x € Cllrr(A)], then,

.

xn

X *Ren = (CX

Proof. 1f x € Irr(A) and ¢,d € C, then,
(dX);n . KJC — X;n . /fcl‘{/d — X;n . chd — (CdX);TL

Suppose that x = dx; + exe where x1, x2 € Irr(A) and d, e € C. Then,

n

(dx1 + ex2) " - Kem = > ((Indﬁgzj ((dm);j X (eXQ);(n_j))) : /@,n)

J=0

3

= Indﬁg‘g’;j (((dxl);j X (€X2);(n_j)) .Ress” Ke n) )

5=0
using the Tensor Product Formula. Now using Lemma 5.32 and the previous case, we

have,

(dx1 + exa)™" Zlndﬁié" (@) ke x (ex2) " o)

3

=Y " (edy1) o (cexa) " = (c(dyr + ex2)) "
=0

Using these facts and induction on the number of irreducible constituents of y, the
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general case holds. ]

We now work towards generalising the results from [10] to arbitrary class functions

for twisted group algebras.

Lemma 5.35. Let @1, @5 € C[Irr(A)]. Then,
(p1492) " =D 9l 0y,
=0

Proof. We begin by showing that equality holds when ¢; = ¢;x and ¢ = cox for y €
Irr(A). The left hand side becomes,

= ((Cl + CQ)X)Xn = X><n *Repdea,ns

);n

(c1x + 2

by definition. For a fixed j on the right hand side,

(e1x) 0 (eax) ") = (XXj : /fq,j) o (xx(”‘j) : ffcz,n—j) :

Now using Lemma 5.29 we have

(X;j : F"/clvj) © (X;(n_j) : Kcz,n—j) = Xxn : (501,1' © ’fcz,n—j) .

Taking the sum over all j,

n

n
Z (61X) o (CQX)X(n_j) = Xxn ' (Z Key,j © ’%cz,n—j> s
=0

=0

which by Lemma 5.30 yields the result. Now considering the general case, where we

denote Irr(A) = {x1,...,Xm}- Suppose @1 = > " ¢;x; and oo = Y " dix;. Then by

definition,

(prte)™ = > ((t+d)a)™ oo ((a+ddn) ™)

n; >0
n=ni-+...+ng
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= Z ((Clxl);ﬂq o (dlxl);ni o...0 (Cka);nk o (dek);n;”> 7

n=ni+n)+...+ng+nj

using the first case considered in the proof. Since o is commutative, we can re-arrange

the above formula and obtain

(o1 +02)" = Z ((01X1)an o...o(crxr) ™o (lel)xn/1 ©...0 (dek)XNk)

n;>0,n,>0
n=n1+n}+...+np+n}

=3 (bl 0w ™).

Theorem 5.36. If x € Cllrr(B)]| where B C A then,
Indgg’; "= (Indgx) -

Proof. Similar to the previous proof, we prove the result in the case when y = c¢ where

c € C and ¢ € Irr(B). We have,

dAZSn

Xn ASy, xn
In BWS, (Cgp)x = IndelSn (WX : ’fc,n) .

Using Lemma 5.31, we have,
df: (677 o) = (Ind ™) -

Using [10, Lemma 2.8],

(Indggz gpin) e ((Indggo) Xn) “Ken-
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Finally using Lemma 5.34,
<(Ind’§gp) ;n) “Ken = (cIndgcp);n = (Indgx) x .

In general, suppose that Irr(B) = {x1,..., xx} and x = Zle cixi with ¢; € C. Then,

Xn
Indjpg: (Zc»@) =Indzg Y (ea) oo (crxe) ™

AZSn Alsnl ;nl AzSnk ;T’L
= X ...x Ind c k
Z IndAz(Snlx...xSnk) (IndeSnl (c1x1) stnk,( 5 Xk)

'I‘LiZO
n=ni-+...+ng

_ Z ((Indgclxl) X 0...0 (Indgckxk) Xnk) = (Ind‘gx) xn ,

n=ni+...4ny,

using the previously considered case and Lemma 5.35. ]
Finally we obtain the desired generalisation of Theorem 5.6 to projective characters.

Theorem 5.37. Let A be a twisted G-algebra and let x € Ay(A, K, Z(G)) where K < G.
Then " € Ayan (A1 Sy, K™, Z(G)™).

Proof. We suppose that y = Indﬁ[ o +Indﬁ[ 1,02 where [y, Hy < G and p” divides the
index of these subgroups in G, |H; : KN H;| is divisible by p® and 0; € C(A[H;]) for i = 1,
2. The result will follow by induction on the number of summands of y. By Lemma 5.35

we have that
n

X;n = Z (Indﬁ[Hl]el) xJ (] (Indﬁ[HQ]Qg)X(n_]) .

=0

Moreover, by Theorem 5.36, defining A; := A[H,],

n

=3 (1025, 05) o (1na 5. 507

J=0
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Hence, by definition of o,

= o %j o gX(n=i)
X = Zlnd(mxsjmmzzsn_j) <917 x 0, ) _
=0

The proof of Theorem 5.6, gives us that the subgroups satisfy the divisibility condition,

hence the result follows. ]

5.4 Modular representation theory

In this section we develop some results from Modular Representation Theory, focusing in
particular on block theory and vertices of modules. In all previous chapters, we have seen
that our goal is to reduce Conjecture 2.6 to Brauer-good subgroups. An understanding
of vertices of modules and other aspects of block theory leads to a simplification which
means that we do not have to verify Conjecture 2.6 for an ordinary irreducible character
of G if the index in G of the defect group of the block that the character lies in is divisible
by the highest power of p dividing character degree. We aim to build up the theory to
understand the statement of [30, Theorem 3.4 |, phrased using the terminology of [11,
Theorem 2.3], and then use this theorem to deduce our simplification. We will then
discuss the verification of Conjecture 2.6 for the case, G = Ji, and p = 2.

The study of modular representation theory arises when you deviate from the group
algebra over F where I has characteristic 0 as is most commonly studied. In this situation,
we have due to Maschke that modules over the group algebra are semisimple [1, Corollary
12.8] i.e., they have direct sum decompositions into simple modules. This is due to the
fact that the characteristic of the field does not divide the group order. However, if we
change the characteristic of the field then the semisimplicity of these modules wil no
longer hold. Due to this we introduce the notion of indecomposability. To this end, we
let k be a field of characteristic p where p divides the group order and we denote by A a

finite dimensional k-algebra.
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Definition 5.38. [2, §4] An A-module is called indecomposable if it does not have a

non-trivial direct sum decomposition into submodules'.

The following, the Krull-Schmidt Theorem, gives us the reason for introducing the

notion of indecomposability.

Theorem 5.39. (Sce [2, Theorem 4.3]) Every A-module M has a unique direct sum

decomposition into indecomposable modules, up to isomorphism.

Therefore, just as the simple modules were the object of study in the characteristic 0
setting, the indecomposable modules are the equivalent in this setting. It is important to
note that for the purposes of this project, there exists a notion of induction for kG-modules

in this setting.

Definition 5.40. [2, §8] Let H < G. Let M and V be kG-modules and N be a kH -
submodule of M. We say that M is relatively H-free if any kH-module homomorphism

¢: N =V, extends uniquely to a kG-module homomorphism, qz~> M —V.

Remark 5.41. We note here that if H = 1 then we recover a characterisation of free
modules, where by a free module we mean one which is isomorphic to the direct sum of

a number of copies of its underlying algebra, viewed as a module over itself.

The point of introducing such a notion is that these relatively free modules have a
description in terms of tensor products. The usual construction yields a quotient space
kEG®Rpg M of kGRM , where M is a kH-module, spanned by the elements (kh@m—k®hm)
for k € kG, h € H and m € M. We give the structure of a kG-module to this quotient
space, where for g € kG and k @ m € kG ® M, g(k @ m) := gk ® m. One can check that
this determines a bilinear action.

As is conventional, we denote this module by IndgM . In particular, we have that
IndgM is relatively H-free and all the “usual” properties (i.e. Nakayama relations,

Mackey formula) hold for this definition of induction (See [2, Lemma 8.4] and [2, Lemmas

"Note that every A-module trivially decomposes into the direct sum of itself and 0.
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8.5]). The main reason for our study into modular representation theory is that of the
vertices of a module and their relationship with defect groups of blocks of kG. We now

work towards this goal.

Definition 5.42. [2, Definition 9.1] Let H < G and let M be a kG-module. M is called

relatively H-projective if M is a direct summand of a relatively H-free module.

Remark 5.43. An alternative definition one could use is that M is a direct summand of
Ind$ (Reng ). Note that this definition implies our definition above, as Ind% (Reng )

is indeed a relatively H-free module.

We now introduce the notion of vertices and sources of a module. Vertices are essen-
tially subgroups of G which in some sense control when a module is relatively H-projective
for H < G. In particular the smaller the vertex (in terms of order), the closer a module

is to being projective, i.e. a direct summand of a free module.

Theorem 5.44. (See [2, Theorem 9.4]) Let M be an indecomposable kG-module and
H < G. Then,

(a) There exists a p-subgroup Q < G, called a vertex of M, which is unique up to G-
conjugacy such that M is relatively H-projective if and only if there exists a g € G
such that 9Q) < H.

(b) Let QQ denote a vertex of M. There exists an indecomposable kQ-module S, which

is unique up to Ng(Q)-conjugacy, such that M is a direct summand of Inng.

We are now in a position to look in detail at the blocks of A and in particular, we
specialise to the case when A = kG, and in this setting define the defect group of a block
of kG. First we have that every algebra A has a unique decomposition into a direct sum of
indecomposable subalgebras. Note that by indecomposable algebra, we mean one which

cannot be decomposed as a sum of non-trivial subalgebras.

Definition 5.45. If A = A + --- + A, where A; are indecomposable subalgebras called
blocks, then we say an A-module M lies in A; if AiM = M and A;M =0 for all j # 1.
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From the decomposition in the above definition, we are also able to obtain idempotents
e; € A;, called block idempotents, such that 1 = e; +---+e,. If M lies in A; then e; acts
trivially on M and cach e;, j # ¢ annihilates M, namely e;,M = M and e;M = 0 for all

j # i. The importance of the notion of blocks is given by the following Proposition.

Proposition 5.46. (Sce [2, Proposition 13.2]) If M is an A-module and A = Ay +- - -+ A,
with A; indecomposable, then M = My @ --- & M, (uniquely) where each M; lies in the
block A;.

Therefore understanding A-modules reduces to understanding A;-modules. We now
specialise to the case when A = kG. The first question which naturally arises is what are
the blocks of kG?

To see this, we view kG as a k[G x G]-module. For a € kG and g, h € G, we define the
action of k[G x G| on kG to be, (g,h)a := gah™' and extend by linearity. In particular
using the proposition above, we have that kG decomposes into indecomposable k[G x G-
submodules of kG and in fact, the k|G x GJ-submodules of kG are ideals of kG and these
are the blocks of kG. We have now developed sufficient theory to discuss the defect groups
of a block of kG.

Theorem 5.47. (Sce [2, Theorem 13.4]) Let 6 : G — G x G be a group homomorphism
defined by 6(g) = (g,9). If B is a block of kG, then B has a vertez (viewed as a k|G x G]-
module) of the form 0D for a p-subgroup D < G.

The subgroup D, given by the above theorem is called a defect group of B. The
use of “a” here is important as the defect groups are in fact a G-conjugacy class of p-
subgroups. This is because the vertex of a module is defined up to conjugacy and if for
H, K < @, such that 0H is (G x G)-conjugate to 0K, then by projection onto the first
(or second) component, we can see that H is G-conjugate to K.

The next question which arises is, why do we need the defect groups of a block? To
answer this, we require an understanding of the relationship between the modules lying

in a block and the defect groups of said block.
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Theorem 5.48. (See [5, Proposition 6.1.2]) Suppose that B is a block of kG with defect

group D(B), then every kG-module lying in B is relatively D(B)-projective.

Definition 5.56 (see [27]) shows that provided we know that the blocks that each of
the ordinary characters of G lie in, then we can compute the defect of the block and hence
know some details about |G : D(B)|. Proposition 5.48, as well as Theorem 5.60, will give
us our simplification.

The question which first arises however is what do we mean by blocks of the ordinary
characters, given that all the results stated were over characteristic p > 0 fields? We
introduce the notions of a discrete valuation ring and some of its basic features, as well as
that of a p-modular system and an OG-lattice, which will explain why we can talk about

defect groups and vertices in the characteristic 0 setting.
Definition 5.49. [9, §4C] The following are definitions regarding valuations.
(1) A valuation on a field K is a map ¢ : K — Rxq such that for all a,b € K,

(a) ¢(a) =0 if and only if a = 0.
(b) @ is multiplicative.
(c) pla+0b) < pla)+p(b).
(ii) ¢ is called non-archimedean if p satisfies p(a + b) < max(p(a) + (b))
(1i) o is called a discrete valuation if its value group {¢(a) : a € K\{0}} is an infinite
cyclic group.

To each valuation we may now associate a metric on K and hence the topology induced
by said metric. Two valuations are said to be equivalent if they give rise to the same
topology on K and we define a prime of K to be an equivalence class of valuations of K

under this relation.

"Note that this is satisfied, this implies condition (c) above.
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Definition 5.50. [9, §4C] Let ¢ be a non-archimedean prime on K. Then we define the
valuation ring of ¢ to be,

O:={aeK:pl)<1}.

Note that O has a unique maximal ideal denoted P = {a € K : ¢(a) < 1}. The
residue class field of O is the quotient by this maximal ideal. If ¢ is a discrete valuation

then O is called a discrete valuation ring.

Definition 5.51. [9, §16A] A p-modular system (K, O, k) consists of a d.v.r., O, whose

field of fractions is given by K, and whose residue class field is k of characteristic p.

The reason for the introduction of p-modular systems, is that within every K G-module,
we have the existence of a OG-lattice, which affords the same representation (character)

as the K G-module.

Definition 5.52. [11, Section 1.2] A OG-lattice is a left OG-module which is free as a
O-module.

Definition 5.53. [9, Theorem (16.11)] Let V' be a finitely generated left KG-module. A
full OG-lattice M in'V is an OG-lattice M contained in'V such thatV = KM = K®Qo M.

The following two results, explain why every irreducible character over C can be
afforded by an OG-lattice. The first states that for a p-modular system, if we can find
a full OG-lattice then each representation over K can be realised over O and the second
result is an existence result, saying that for a p-modular system we can always find such

an OG-lattice.

Lemma 5.54. (See [9, Corollary (16.14)]) Ewvery representation over G of K is K-

equivalent to a representation of G over O.

Proposition 5.55. (See [9, Proposition (16.15)]) Every finitely generated KG-module

contains full OG-lattices.

Therefore we can now see that discussing blocks in the characteristic 0 setting is indeed

sensible and hence the following definition from [27] can be applied.
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Definition 5.56. [27, Definition (3.15)] Define A := v,(|G|). If B is a p-block of G then

we define the defect d(B) of the block, as the integer satisfying
pA74B) — min {p”p("(l)) CX € Irr(B)} ,

where Irr(B) = Irr(G) N B.
In addition to this definition we may introduce the notion of the height of a character.

Definition 5.57. [27, Definition (3.15)] Let A := v,(|G]). Let B is a p-block of G and

X € Irr(B). The height of x in B is the non-negative integer h, such that
0,(x(1) = A= d(B) + h.

We now briefly deviate from the current discussion about the computational simpli-
fication to discuss Brauer’s height zero conjecture, as this will also yield a simplification

for our conjecture. Brauer’s height zero conjecture states the following.

Conjecture 5.58. Let p be a prime, B be a p-block of G and x € Irr(B). Then x has

height zero if and only if the defect groups of B are abelian.

Due to Kessar and Malle, [23], we have that if the defect group of B is abelian, then
X has height zero. We see later how this yields a simplification. We now show that if we

can calculate the defect of a block, then we are able to determine the order of the defect

group.

Theorem 5.59. [27, Theorem (4.6)] If D(B) denotes the defect group of a block B then,
|D(B)| = p™B), where d(B) denotes the defect of the block.

Recall Proposition 5.48 also. These facts are beneficial to us, and lead to a simpli-
fication due to the following result of Willems, [30]. We will state the Theorem in the
terminology used by Evseev in [11, Theorem 2.3|, but as we require a more specific result

we will reprove it here.
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Theorem 5.60. [30, Theorem 3.4] Let Q be a p-subgroup of G and define a := v,(|G : Q).
Suppose that M is a Q-projective OG-lattice. Suppose also that p does not divide |Z(G)|.
If x is the character afforded by M then x € A,.(G, Z(G))T.

Proof. We first prove the result when G is a p-decomposable, namely G = G}, x G,.
where ) < G,. Note that since Z(G) = Z(G,) x Z(G,) and p does not divide |Z(G)],
we have Z(G) = 1 x Z(G,). Following the proof of [11, Theorem 2.3], we have that
M = Indggp,N where N is an indecomposable OQG,-lattice and x € Z(G, Q, A(Q)).
Note Z(G) = Z(Gy) < QG and since A(Q) consists of all subgroups of ¢ and p®
divides |G : Q|. we have x € A,.(G,Z(G)). We now let G be arbitrary. By Brauer’s

Induction Theorem we have,

lg = Z Z aﬂnd%qﬁ.

E€El(G) ¢pelrr(E)

Moreover, without loss of generality, we can assume that this sum is taken over maximal
p-decomposable subgroups of G (since elementary subgroups are p-decomposable). Recall
that every p-decomposable subgroup is a direct product of a p-group and a p’-group for a

fixed prime p. Then using the Tensor Product Formula we have,

X = Z Z a¢1ndg ((Resgx) gz’>) :

E€PDmax(G) ¢pelrr(E)

Defining r = r(E, g) = v, (|E : QN E|) for g € G, we follow the proof in [11] and the
above to show that for each F, (Resgx) pe Ay (E,Z(E)), iec.

(Resgx) o= > > byInd}6.

LeZ,r (E) 0chir(L)
Z(E)<L

Now let L < FE where E is a maximal p-decomposable subgroup such that Z(F) < L.
We claim that Z(G) < L. We clearly have that Z(G) N E < Z(E) < L, so we show that

"Note that if we ignore the centre and consider whether y belongs to A,(G), then the proof of
Theorem 5.60 gives an analogous result for arbitrary groups.
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Z(G) < E. Since E is a p-decomposable subgroup of G, E = P x F for p-group P and
p/-group F'. In particular, F' < Cg(P). Since Z(G) < Cq(P), FZ < Cq(P).

Hence £ = P x F < P x FZ. Since p does not divide |Z(G)|, FZ is a p'-group and
P x FZ is p-decomposable. Since F is a maximal p-decomposable subgroup F'Z = F,
ie. Z(G) < F < E. Hence Z(G) = ENZ(G) < Z(FE) < L. Therefore substituting
the expressions for (Resgx) ¢ and using transitivity of induction, we have that x €

Apr+vp(|G:E\) (G7 Z(G)) = .Apa,(G7 Z(G)) ]

Moreover, the following lemma shows us that we need only to consider characters of

G that lie in blocks of maximal defect.

Lemma 5.61. Let p be a prime and G be a group and x € Irr(G). Suppose x lies in a
block B of Irr(G). If the defect group of B, D = D(B), is not mazximal, i.e. D ¢ Syl (G),

then x € A,(G).

Proof. Suppose P € Syl,(G) such that D < P. Denote by &, the set of elementary

subgroups of G whose p-part is a subgroup of D. Using [30, Corollary 3.5], we have

X = Z Indg)\(E),

Fex

where Ag € C(E) whose irreducible constituents are linear. Let £ € X, then v,(|G : E|) >

v,(|G : D|) > v,(|G : P|) = 0. Hence p divides |G : E| and x € A,(G), by definition. [

We are now in a position to discuss the simplification. Suppose that G is an almost
simple group, i.e. there exists a non-abelian simple group S such that S < G < Aut(S).
Note that Z(G) = 1. Let x € Irr(B) for some p-block B, with defect group D(B). Let M
be a OG-lattice affording x. Note that by Proposition 5.48, we have that M is relatively
D(B)-projective. Moreover, suppose that a := v, (x(1)) = v, (|G : D(B)|), i.e. x is of

height zero in BT. Hence by Theorem 5.60, we have that x € A, (G, 1).

TRecall we always have that v,(x(1)) > v,(|G : D(B)|) and the difference between these values is the
height of x in B.
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If we look at Definition 2.10 and Conjecture 2.11, then this is indeed what we would
like to prove for almost simple groups. Therefore we can eliminate the verification of
certain cases, if the degree of the character divides the index of the defect group of the

block it lies in. We proceed by giving an example.

Example 5.62. We consider the case when G = J; and p = 2. Note that v, (|G|) = 3.

We denote the irreducible characters of G, by

Irr(G) :== {x1, X2, - - - s X15} »

with character degree set, {1, 56,56, 76,76, 77,77,77,120, 120, 120, 133, 133, 133, 209}. We
use GAP to obtain the character table of GG, using the command CharacterTable(G), and
we obtain the 2-blocks of G via PrimeBlocks(CharacterTable(G),2). This command
yields seven blocks. The following list shows the distribution of these characters into each

block, and the order of the defect group of each block.

(1) By := {x1, X65 X75 X85 X12, X135 X14, X15}- This is the principal block and the defect
group of the principal block is always a Sylow p-subgroup, for the given prime p,

ie. [D(By)| = 8.

(2) By := {x2}. Since vy (x2(1)) = 3, we have that the defect of B; is 0, and hence
|D(By)| = 1.

(3) By := {x3}. Since vy (x3(1)) = 3, we have that the defect of By is 0, and hence
|D(B;)| = 1.

(4) Bs := {x4, x5} Since vy (x4(1)) = v2 (x5(1)) = 2, we have that the defect of Bj is
1, and hence |D(Bj3)| = 2.

(5) By := {xo}. Since vy (x9(1)) = 3, we have that the defect of By is 0, and hence
|D(By)| = 1.
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(6) Bs := {x10}. Since vz (x10(1)) = 3, we have that the defect of Bs is 0, and hence
|D(Bs)| = 1.

(7) Bg := {x11}. Since vy (x11(1)) = 3, we have that the defect of Bg is 0, and hence
|D(Bg)| = 1.

From the list of character degrees, we see that all characters of degree divisible by some
power of 2, lie outside of the principal block. For the characters x2, X3, X9, X10 and xi1,
as the defect groups are trivial, we trivially have that the character degree divides the
index of the defect group of the block in G. For the remaining characters, y4 and s, the
index |G : D(Bs)| = 87780 is divisible by 4 also. Therefore the simplification we have

illustrated means that for p = 2, we do not have to verify any characters of J;.

As stated after Conjecture 5.58, we have that if the defect group of the block is abelian,
then the irreducibles in that block necessarily have height zero due to [23]. Note that in
the above example, the defect groups D(B;) for i = 1,...,6 are all abelian and therefore

each character in the block has height zero, and our simplification is immediate.
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CHAPTER 6

THE REDUCTION THEOREMS

In this chapter we prove the two key results of this thesis. We recall from the Introduction
and Chapter 2, that we are aiming to prove Conjecture 2.12. From the formulation of
Conjecture 2.12, we see that this is a reduction theorem to Brauer-good groups. However
we are unable to obtain a full reduction theorem without additional assumptions on the

initial group G. In Section 6.1, we prove the following theorem.

Theorem 6.1. Let G be a group. Suppose Conjecture 2.11 holds and Z(G) = 1, then G

is not a minimal counterexample to Conjecture 2.12.

The above theorem essentially tells us that provided Conjecture 2.12 is true for Brauer-
good groups, then the minimal counterexample cannot have trivial centre. The proof of
this theorem gives us an outline for how the full reduction theorem should proceed. As
support, of this claim, we are able to generalise the proof of Theorem 6.1, to give us
the proof of the following theorem. Before its statement however we must introduce an

“extensibility” condition that G must satisfy.

Condition 6.2. Let G be an almost simple group and S be its socle. If o € H*(S,C*)
then o extends to G, i.e. there exists f € H?*(G,C*) such that B(s,t) = a(s,t) for all

s,tesS.

Suppose that G is a subgroup of a group of the form M S,,. For each 1 <7 < n, we
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define

L; = {lz € M:E'UGSn,J(i) =40y, L1, licq, .. 1, € M with (ll,...,ln;O') GG}
(6.1)

We are now in a position to state the theorem we prove in Section 6.2.

Theorem 6.3. Let G be a group. Suppose that Conjecture 2.11 holds and Condition 6.2
holds for any almost simple group, then G is not a minimal counterexample to Conjecture

2.12.

We will see that in the proof of Theorem 6.1, that if G has trivial centre, Condition

6.2 is satisfied for Ly, hence Theorem 6.3 is a true generalisation of Theorem 6.1.

6.1 A reduction theorem for groups with trivial cen-
tre

We now prove Theorem 6.1. We make an initial note that some results we state here hold
for G, when G does not necessarily have trivial centre. These will be used in the proof of
Theorem 6.3, hence the results will be stated in their full generality. Let GG be a group
with irreducible character y such that p® divides x(1), where p is a prime, such that (G, x)
is a minimal counterexample to Conjecture 2.12 with respect to the partial order < given
in Definition 3.1. Note that we are implicitly assuming that G is non-abelian, as if G were
abelian then no non-linear characters would exist and there would be nothing to prove.
In particular, Z := Z(G) # G. If G/Z were simple then we would invoke Conjecture 2.11

provided G were perfect, so we show the following.

Lemma 6.4. Let G be a group such that G/Z is simple. Suppose that (G, x) is a minimal

counterexample to Conjecture 2.12 with respect to <, then G is perfect, i.e. G' = G.

Proof. Suppose that G’ < G. Then as G’ G and Z <G, we have that G'Z <G. Suppose
that G'Z # G. Then G'Z/Z <G/ Z, however since G/Z is simple and G'Z # G, G'Z = Z,
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i.e. G' < Z. In this case, G/Z would be simple and abelian as the derived subgroup is
the smallest subgroup such that the quotient is abelian, i.e. cyclic and hence G would be
abelian, which is a contradiction. Therefore we may assume that G'Z = G.

We claim now that Z(G') = G'NZ. Clearly G'NZ < Z(G'). So to this end let
x € Z(G') and we need to show that x € Z. Let g € G, then g = hz for h € G’ and
z € Z. Then zg = x(hz) = h(zz) = (hz)x = gz, since x € Z(G') and z € Z, hence
Z(G") = G'N Z. Using this we have the following,

G Gz, & &
Z  Z  anzZ Z(G)

Since |G'| < |G|, we have that the induction hypothesis holds for G’, in other words
G’ < G. Now we define H := G' x Z and define a map ¢ : H — G by ¢(g,z2) := gz.
Defining A := ker(¢) = {(g9,2) € H : g = z~'}, this induces an isomorphism p : H/A —
G, using the First Isomorphism Theorem, given by @ ((g, 2)A) := ¢(g, z) = g=.

Since x € Irr(G), we may form Inf‘g/Ax = 0x A\ € Irr(H) where 0 € Irr(G'), X € Irr(2)
and A C ker(f x A\). Moreover, (0 x A\)(1) = O(1)\(1) = 6(1) = x(1). Hence since
G’ satisfies Conjecture 2.12, we have that 6 € A,(G',Z(G’)) . Moreover, § x A €
Ay (H x Z,Z(G') x Z). Note that Z(H) = Z(G') x Z.

We claim now that A C Z(H). Let (¢g,2z) € A, namely g = z=!. Then g € G’ and
g=z1€Z sogeGNZ=LZ(G). Therefore (¢9,2) € Z(G') x Z = Z(H). We know
that A C ker(# x A) if and only if  x A\ € Irr(H||14). Hence using Lemma 4.11, we are

able to assume that

Oxx= > > andfe,

KeZ,a(H) ¢lrr(K|[14)
Z(H)<K

namely that for each ¢ in the decomposition, A C ker(¢). Hence we are able to deflate
each ¢ in the above expression. Deflating the expression, where we set K = K/A,

Z = Z(H)/A, Defsg =: ¢ € Irr(K), ag := ag, and using that deflation is a Z-linear
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operation and applying Lemma 3.21, we can show

x = Def& (6 x \) Z Z a¢1ndG .

K%IP%(G) ¢ehr(K)
Finally, Z = Z(H)/A = 3(Z(H)A) = ¢(Z(H)) = ¢(Z(G") x Z) = Z(G"\Z > Z, hence
X € Ae(G, Z). O

Using Lemma 6.4 we have that G is perfect and hence quasi-simple. As this case is
assumed to be true by Conjecture 2.11, we may continue under the assumption that G/Z
is not simple. Therefore, we introduce a minimal normal subgroup, say N/Z, of G/Z, as
in other reduction arguments of this type. We are able to deduce by [14, Proposition 3.2],
that N/Z = S x --- x S, i.e. isomorphic to the direct product of isomorphic copies of a
simple group S. We now look to the proof of Theorem 4.12. Note that Claim 4.13 holds
for G (as we do not need the assumption that G is p-solvable). We let 6 € Irr(N) be
such that y € Irr(G||#), which exists as x is primitive [16, Corollary 6.12]. We therefore
assume that Res$y = ef for some e € Z. Moreover Claim 4.15 holds (again as G being
p-solvable doesn’t change the proof), namely I;(f) = G. In addition to this Claim 4.16
holds (as this property is independent of G being p-solvable), namely p® divides 6(1). The

following corollary gives us that it is sufficient to restrict to EN.

Claim 6.5. Let E € EI(G). Define by :== b(E,N,G,a) and by := b(E, Z,G,a). Suppose
Resyx € Ay (EN, Z). Then Res§,x € Ay, (EZ, 7).

Proof. Tf Res&yx € A (EN, Z) then by Lemma 4.8, applied in the case H = G and
N = Z, we have Res%,y = ResEVRes§yx € A,(EZ,Z), where m = (p") /h, and
h:= (|[EN : EZ|,p"). Therefore we have

V(|[EN : EZ|) =v,(|G: EZ|) — v, (|G: EN|) =a—by—a+ b = b — by < by,

since by > 0. Hence h = p**~*2 and m = p®. ]
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Claim 6.6. Without loss of generality, G = EN, for some E € EI(G).

Proof. Suppose that EN < G for all E € El(G). For an arbitrary F € El(G), define
by := b(E,N,G,a) and ¢ be an irreducible constituent of Resng. Using Lemma 3.30,
we have ¢ € Irr(EN||6) and therefore ((1) is divisible by p®. Therefore using that G
is a minimal counterexample, noting that EN < G since Z < Z(EN), Conjecture 2.12
holds for each such ¢, i.e. ¢ € Ay (EN,Z(EN)). By using the decomposition of Res%x
into irreducibles we have ResGyx € Ay (EN, Z). Since by < a, we have that Res%yx €
A, (EN,Z). By Corollary 6.5, Res%,x € Ay, (EZ, Z) where by := b(E, Z, G, a). Since
E is arbitrary, we have that by Proposition 4.6 that y € A,(G, Z)t, which contradicts
the fact that G is a minimal counterexample, hence we may assume that G = EN for

some E € El(G). O

We now assume that N/Z = C; x --- x () for some prime [, i.e. that S is a cyclic
group. We note that in this situation we have that N is nilpotent. If N/Z were a p/-group
then using [16, Corollary 11.2,] we have, that for each irreducible constituent \ € Irr(2)
of Res) 6, that 6(1)/A(1) = 6(1) divides |N : Z|, which by Claim 4.16, namely that p
divides #(1), we have a contradiction. Therefore we may assume that [ = p.

We prove Theorem 6.1 in this case, using Proposition 4.6. We let E' be an arbitrary
elementary subgroup. Defining b := v, (|G : EZ]), then by Proposition 4.6, it is enough
to show that, Resh,x € Ay (EZ,Z). Recall that by Claim 6.6, G = EN. Let P €
Syl, (EZ). Since N is nilpotent, we have N = N, x N, where N, € Syl,(N). Since
6 € Irr(N), we have that there exist o € Irr(V,) and § € Irr(N,) such that § = a x 5.
Since x € Irr(G||f) and 6 € Trr(N||«), we have y € Irr(G||a). We note also that
0, (6(1)) = v, (a(1)).

If v € Irr(N, N P) is an irreducible constituent of Res%im pa, then « is an irreducible

TWe note that in the statement of Proposition 4.6, b(E, Z,G) = a — v,(|G : EZNG|) = a — v,(|G :
EZ|) = b.
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constituent of Ind.” ~. Hence a(1) < |N, : N, N P|y(1) and by Claim 4.18,
N,NP piVp
up(7(1)) > vp(a(l)) — vp(INp : Ny N P|) > a—b. (6.2)

Suppose therefore that ¢ is an irreducible constituent of Res%,x. Suppose also that ¢
is an irreducible constituent of Res5Z n, G then ¢ s an irreducible constituent of
Res%imPRes]%fg. Since x € Irr(G||a) we have that ¢ € Irr(EZ||a) by Lemma 3.30.
Therefore ¢ is is a positive integer multiple of an irreducible constituent of Resﬁl,zm pQ by
Equation (6.2). Hence v,(¢(1)) > a — b, and v,(¢(1)) > a —b. Since EZ < G, by Claims
4.19 and 4.20 (which both do not require that G is p-solvable), we can apply Conjecture
2.12 to each ¢, i.e. ¢ € Apv(EZ,Z). Therefore Res@,y € Aps(EZ,Z) as claimed.
Therefore we now assume that S is a non-abelian simple group. The following corollaries

are now clear from Claim 6.6.
Claim 6.7. G/N is nilpotent.

Proof. Use Claim 6.6, the Second Isomorphism Theorem and that quotients of nilpotent

groups are nilpotent. n
Claim 6.8. Res§y = 6.

Proof. Using the note following Definition 3.26 and Claim 6.7, we have that G is a relative
M-group with respect to N. In particular, we have that yx is a relative M-character, with
respect to N. From Definition 3.26, this is a contradiction to Claim 4.13, unless the

subgroup H = GG. The result then follows. ]

From this point on we will be using the assumption that Z(G) = 1. We define

C := Cg(N). Firstly, using Theorem 4.12, we are able to show the following.
Claim 6.9. C' = 1.

Proof. Suppose that C' # 1. Since Z(IN) =1, C' N N = 1. Therefore,

C=~(C/1=C/(CNN)=NC/N,
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via the Second Isomorphism Theorem. Hence C' is isomorphic to a subgroup of G/N
which is nilpotent by Claim 6.7. Hence C' is nilpotent.

If C' were a minimal normal subgroup of (G, we may replace our choice of N by C'
and apply our proof of Theorem 4.12 (and the case where S is cyclic), to give us that
X € Aye(G,1). If C' were not minimal, then there exists a minimal normal subgroup, say
M, of G, such that M < C. Since M is also nilpotent the above argument applies also.

Hence without loss, we may assume that C' = 1. [

Using Claim 6.9, we have that G embeds into Aut(N) = Aut(S)1.S,. We define
M := Aut(S) and K := G N M". Note that € can be identified with 6; x --- x 6#,, where
0; € Irr(S) for each i. Recall the definition of L;, Equation (6.1). Using this, we define
G =G (L1 X ...x Ly). The following lemma shows that é, is in fact a well-defined

subgroup. Moreover, Lemma 6.11 gives some useful properties of G.
Lemma 6.10. G < Ny, (L X -+ X Ly).

Proof. Let g = (g1,92,...,9n;7) € G, with 7(i) = j, for some ¢ and 7, and let (kq, ..., k,)

€Ly X...X Ly Asg=1(g1,...,92) (1,...,1;7),

g (k’l, RN kn) = (gll{?T—l(l), oo kT—l(]—), Lo kT_l(’n,)) .

We show that 9% k; € L;. Since k; € L;, we have that there exists ly,...,li—1,liy1,...,ln €

M and o € S, with o(i) = i such that,
him (o bty bl L o) € G
In particular, we have ghg~! € G. Moreover,
ghg™' = (9117—1(1), e kI ;s 7'07'_1) ,

where as 7(i) = j, k; gets permuted from the i-th position to the j-th. Hence as

o7 (j) = j, we have that %k; € L; by definition. O
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Lemma 6.11. The following hold;
(1) GAM™ =Ly X -+ X Ly,.
(2) Ly x--x L, <G.

Proof. (1) We have that as G < M 1S, the elements take the form (my,...,my;0)
for m; € M for all i, and ¢ € S,,. Clearly the elements of M" satisty ¢ = 1.

Hence we have that elements of G N M " have the above form for ¢ = 1. Since,

G=0G (Ly X -+ x Ly,), we have that,

(my,...omp; 1) = (g1, gn; 1) (I, ..., 13 1),

for g; € M and Il; € L;. However by definition of L;, we have that (g1,...,9,) €
Ly x---x L, Hence m; = g;l; € L;, and G N M" < L; x---x L,. The reverse

containment is clear from the definitions of L; < M and G.

(2) Note M™ < M S, therefore GNM"<G by standard results from group theory.

The result follows from part (1).

Define an action of G on {1,...,n} as follows. We set g i = j if 95® = S0,
Lemma 6.12. Without loss of generality, G acts transitively on {1,...,n}.

Proof. Suppose for a contradiction that G does not act transitively. Then there exists
some subset Y of {1,...n}, of size k, 1 < k < n, on which G acts transitively. As
G < Aut(5)1 S, we are able to assume that in fact G < Aut(S)? (Sy X S,_x), where the
copy of S acts on the indices belonging to Y. However if this holds, then S x --- x S|
k
when identified as a subgroup of S™ in G, is normal in . This contradicts the minimality

of S™. ]
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We now consider the natural projection of M S,, — S,,, denoted II. Denote by H the
image of G under II. Note that ker(IT) = M™. We adopt the notation that for W < MS,,,

II|,; is the restriction of IT to W.
Lemma 6.13. The following hold;
(1) G/K = H.
(2) G/ (Ly x ...x L,) = H.
Proof. (1) Note that by the First Isomorphism Theorem we have that

G
ker (11| )

Il

H.

We claim that ker (II|,) = K. We have that K = GNM" < ker (II| ;), by definition
of I|,. Now let g == (g1,...,9n;0) € ker(II|,), i.e. (g1,...,90;0) € G. Since
|, ((91,---,9n;0)) = lifand only if 0 = 1, we have g € M™. Hence g € GNM" =
K.

(2) Note first that as II(G) = H, we have G < M H, and as Ly x ... x L, < M*"
G < M1 H. Denote by II#) the natural projection M ! H — H. We determine
im (H(H)‘é) and ker (H(H)|C~;).
By definition, im (H(H)|é) < H. Now let 0 € H. Since H = im (1I|,), we have
that there exists g; € M such that (g1,...,9,;0) € G < é, and therefore o €
im (H(H) ‘é) An identical proof to (1), using Lemma 6.11, gives that ker (H(H) |é) =

Ly x- - xL,.
O

Now note that as G acts transitively on {1,...,n} we have that H acts transi-
tively on {1,...,n}. We denote by o; a fixed element of H that maps 1 to i and
wi = (i1, -, Gin;0:) € G with gij € M. For a group GG, we denote by G the

group, 1 X -+ Xx 1 x G x 1 x --- x 1, where GG appears in the i-th component. We
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denote by c,, : Lgl) — Lgi) conjugation by w;. Note that the image of this map does
indeed yield an element of LZ@. Forl e Ly, c,, (I,1,...,1) = (1,...,1,9% 1,...,1). As
Lgl) < Ly X -+ x L, we have by Lemma 6.11 (2), “ (I,1,...,1) € Ly X -+ X Ly, i.e.
gill € L.

It is easy to see that the c,, are in fact isomorphisms. Furthermore, define ¢; ; : Lz@ —
L;j ) by ¢ij = cy,; 0 c;z_l. Moreover, define T; : Lgi) — L; to be the natural projection map.
Finally, define ¢; ; : Ly — L; by t;; := mj 0 ¢;; o, '. Since the ¢; ; and m; are clearly
isomorphisms, we have that L; = L; for any 1 <14, j < n. Noting this, our goal is to find
a complement to Ly X --- X L, in G , which we denote by H.

To do so, let a € G and let I1(H) (o) := 0 € H. We aim to find ky, ..., k, with k; € L;
such that for o := a (ky, ..., ky; 1) we have ca/|L§i) = Gio(i), Where for g € G, [ GG
denotes conjugation by g. Moreover for [ € M, we denote by I := (1,...,1,1,1,...,1) €
MO,

Lemma 6.14. If g € é, and ngi) = Lgi), for some i, then g = (ly,...,l,;0) € MU H,

where o(i) =1, l; € L; and cg|L§i) = G-

Proof. We have that g = (I1,...,l,;0) with [; € M for all i and o € H. Let

(1,...,1,0,1,...,1) ELZ@. Then 9 (1,...,1,1,1,...,1) can be expressed as

(oo L) (1 o) (L, L0 ) (L, oY) (0 0

=(l,.., L) (L LG ) () = (1. e ) (6.3)

As (1,...,1,0,1,...,1) € Ly X -+- X L, and g € é, Lemma 6.11 (2) and Equation 6.3

give us that =@ (1) € L,(;. Furthermore, we have shown that ng@ = Lg?g)); however by

(W _

assumption /L .7, and hence o(i) = i. It follows from this and Equation 6.3 that

Cql ) = c,iy. We are left to show that [; € L;.

Notetha,tasgGé,gzglggforgl €Gand gy € Ly x---xL,. Let g = (hq,...,hy;0)

for h; € M and go = (k1,...,ky) € L1 X -+ X Ly,. In particular, [; = hik,-1(;, for every i.
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However as 0 !(i) = i, k; € L; and we only need to show that h; € L;. As o(i) =i and

g1 € G, we have that h; € L; by definition. Hence [; € L; as claimed.

As stated before Lemma 6.14, we now aim to determine k;. We find k; such that
o Co/|L1<_i> = Ca—llL%» © Pio(i)- (6.4)
The left hand side of Equation 6.4, simplifies to
clo Co/|LZ(i) = Ca—la/|L§i> = Clht,ha) [ 10 = -
The right hand side of Equation 6.4 simplifies to

Ca—llL@E(;)) © ¢i,a(i) = Ca1 0 Cy,; © Cwi_l = Cg|L§i) )

A

for some g € é, explicitly, g = a‘lwa(i)w; 1 We claim that gLEi) = Lgi). To prove this
—1 . .

we simply need that “ Lg‘?l(.;)) = LZ@. Using the argument used in the proof of Lemma

6.14, we obtain this result. Therefore by Lemma 6.14, we know that g = (I1,...,l,;7)

where [; € Ly, [; € M, j # i, 7(i) = i and most importantly, ¢,| » = ¢;». Hence taking

i

Ll
k; = l;, Equation 6.4 holds. Finally from Equation 6.4, we are able to deduce that for

this definition of o/, cor = ¢ o(;). Furthermore we take our complement H to be

H = {g €q: g = (ly,...,l,;0) such that Vi, cglL@ = @70@)}.

Lemma 6.15. H is a complement to Ly X -+ X L, in G.

Proof. By the construction of H above, we have that H maps surjectively onto H, under
the restriction of II#) to H. We consider the kernel of this map. By the proof of Lemma
6.13 (2) we see that ker (D] 2) = HN (L; x -+ x Ly,).

Suppose that g := (l1,...,1l,;0) € fIO(Ll X o+ X Ly). Since Ly X -+» X L, < M™,
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we have that o is the identity permutation and that [; € L; for each i. Furthermore,
Cg|L§i) =6 = bio(iy = id. Since Z(L;) = 1 for each i, as the L; are almost simple we
have that I; = 1 for every i and hence H N (Ly X -+ X L,) = 1. Therefore H = H.

Since L; X --- x L, < (~?, by Lemma 6.11 (2) we have that H (Ly x -+ x L) < G and

equality follows from Lemma 6.13 (2). O
Lemma 6.16. G = L H.

Proof. Wedeﬁnea:le‘.‘xLlﬁéby

a (l17 cee 7ln) = (¢1,1(11)7 s 71/}1,n(ln)) .

Moreover, we define 5 : H — G by,

B(o) = (M) (o).

Note that by Lemma 6.15, we have that (H(H))_l (0) € H. If 0 € H and (y,...,1,) €

Ly x -+ x Ly, then
Blo)a (Ui, ... 1) B(o) ™" = e (Yr1a(la), - - Yralln)) (6.5)

== CB(U) (Qle(Zl), 1, ey 1) e C/B(O') (1, ey 1, wl,n(ln))
= CB(o) (71—1_1 o wl»l(ll)) -+ CB(0) (71-7;1 © Q/jl,n(ln))
= cp(o) (P11 071 (1)) - co(e) (S1m 01 ' (1)) -

Now by the definition of IA{T, as f(o) € fl, we have Cﬁ(d)|L("> = 0 (;)- Hence,

B(J)Q (117 s 7ln) B(U)_l = (¢1,0(1) o ¢1,1 o 71-1_1(11)) s (gbn,a(n) o ¢1,n o Wfl(ln)) .

. - _ ~1 -1
Now for 1 <i < n, ¢ ) 0 ¢1, = Cug(iy © Cloy © Cu; © €

_ -1 _ .
w1 = Cupg © €y = P10(3:)- Hence
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5(0-)0“/ (lh R >ln) /8(0)_1 = (¢1,0(1) © 7'('1_1([1)) s (¢1,U(n) ° Trl_l(l'n))
- (bl,a(l) (lla 17 R 1) s (bl,cr(n) (ln7 ]-7 sy ]-) ’

where for 1 <i <n, ¢1,4) (l;,1,...,1) € ng))' Hence the o(i)-th co-ordinate of (6.5) is

To(i) © Plo(i) © () = V1,03 (l;). Hence,

ﬁ(O')Oé (llv s 7ln> ﬁ(o-)_l = (¢1,1 (la—l(l)) 3o 7¢1,n (la—l(n)))
= (10—1(1), ey lU—l(n)) .

Therefore by Lemma 3.10, there exists a homomorphism ¢ : L1 ! H — é, given by
oy, o) =a(ly,...,1l,) B(c). Weshow that o is an isomorphism. Let (I1,...,[,;0)
€ ker(p). We clearly must have that 0 = 1 and therefore since conjugation is bijective it
follows that I; =1 for 1 <7 <n.

For surjectivity, we show that every element of é, takes the form (ly,...,1,)h for some
h € H and I; € L;. Since by Claim 6.15, His a complement to Ly X --- X L, in é, for
g€ CNJ, g=(li,...,l,)h (in which case we are done) or g = h(ly,...,l,). Supposing that

() (h) = o the result follows since

g=h(l,.... L)W th=cp(ly, ..., L)k = (cp (I, 1,...,1) . .en (1,...,1,1,)) h.

Since h € H , we have ¢, = ¢i0(:)- Hence,

Lt

9= (1o, 1) o Gpom (L, 1,1)) b

= (¢170(1) o 7T1_1(l1) - ¢n,a(n) o W;l(ln)) h.

Similar to above, we have that for 1 <4 < n, the o(¢)-th co-ordinate of g is 7,(;) 0 ¢; »(;) ©
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7 (1) = Yio(i)(li) € Logi). Hence,

g = (wa_l(l),l (la_l(l)) oo 7¢a_1(n),n (la_l(n))) h7

which takes the desired form. Surjectivity of ¢ now follows from the definition. O

Using this isomorphism, we identify G < G with its image G' < L1 H < 11 65,.
Moreover S™ < G maps to S < L} < Ly ! H, where the latter group is simply n copies
of the first copy of S in G. We now show that in this setting each of the components of

# coincide.
Lemma 6.17. 6, =0y = --- =0, = v € Irr(9).

Proof. First we show that 6, x --- x 6,, is L ! H-invariant. We do this by showing that
Oy x---x0,is G-invariant. Since 0 x - -+ x 0, is G-invariant by Claim 4.15, it is sufficient
to show that 0y x -+ x 0,18 Ly X -+ X Ly-invariant. Let (I1,...,l,) € L1 X --- x L,. By
the definition of the L;, for each ¢ there exists l;1,...,l; = l;,...,l;p € M and o; € S,

such that k; := (L1, ..., L, ..., lin;0;) € G and 0;(i) = i. Therefore for each 1,
M@y x - x 0,) =0 X --- X 0,

Let t; = SZ@ € S". Evaluating the i-th equation at t; we have, ' (0;(s;)) = 6;(s;).
Therefore for (sq,...,s,) € S™,
CHED) ((91 X oo X (9”) (81, Ce ,Sn) = Hh@l(s,) = HQZ(SZ)
i=1 i=1
=01 X+ x0,)(S1,-..,n).
Hence 0y x --- x 60, is L; X --- X L,-invariant. Moreover, we have that #; x --- x 0,, is

Ly ! H-invariant. Suppose @ < j and let 7 := (1,...,1;0) € L1 1 H, with o(i) = j. It
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follows that
Or XX x o x o x O, =T (0 XX Ol x < ,,)

=0 X X0 X X0 % X0, (6.6)

Evaluating both sides of (6.6) on s € S"; for every s € S we have that 6; = ;. The

result follows since H acts transitively on {1,...,n} by Lemma 6.12. O

Since G’ = G, x can be viewed as an irreducible of G'. Moreover, Resg;n x ="
By Lemma 5.14, there exists o € H?(L;y,C*) such that for A := C®[L,], A[S] = CS.
This shows that in this case the “extensibility” condition, Condition 6.2, is satisfied for
Ly. Moreover there exists ¢ € Irr(A) such that Resglg = ~. Moreover since L, is almost
simple, Conjecture 2.11 applies and gives us that ( € A,c(A4, S, 1), where a = nc.

Using the results in Section 5.3, (X" € Irr(AQ S,) and Resé}fS"C;" = ReségCX" = "
Define B := AQS,,. Since the restriction to S*" is irreducible, we have that Resé}lsng xn ¢
Irr(B[G]), extending v*™. Hence by Lemma 5.15, B[G'] = CG’'. Moreover, by the
proof of Lemma 5.16, we see that the factor set associated to B[G’| is Inf(u) where
p € B*(G'/S*",C*). Hence from [22, Chapter 2], using the remarks following Theo-
rem 1.1 (taking the obstruction cocycle to be u) and Theorem 3.3, we have that since
Resé}w"g;“ € Irr(B[G']) restricts (irreducibly) to v*™, if we define (' := Reséys"(;",
then x = C’Infg: JgxnA, where A is a (linear) projective p~t-character of G’/S*™. Hence
by Lemma 5.26, the result follows provided (" € A,.(B[G']). By Theorem 5.37, since
C e Ay (A, S, 1), we have that (™ € Aya (A0S, S™,17).

Lemma 6.18. (' € A,.(B[G"]).

Proof. Since (*" € Apa (A2S,,, 5™, 1) we can assume

¢ = >, Indz"™" (),

HETya (L125n,5%™)
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where ¢y € C (B[H]). By Lemma 5.25, we have

C= Y et

HET,a (L11Sn,S%™) teT(H)

where T'(H) denotes a set of (H,G’)-double coset representatives in L; ¢ .S,. Hence we
are done provided p* divides |G’ : *H N G'|. Since p* divides |S*™ : H N S*"|, p* divides
|S7m  TH N S*™| as S*™ <9 L1 S,. Moreover,

|G = S*"|

G PHN G| = |thG':thSm||an:than|'

Hence p* divides |G’ : "H N G'| provided the quotient is an integer. Note that ("H N G’)N

S*m J'H N G’ and therefore by the Second Isomorphism Theorem,

"HNG'| ["HNG |(tHNG")S*"

|tH N S*n| - |(tH NG N Sxn| - |S>n|

Due to this, the quotient simplifies to |G’ : (*H N G") S*"|. Since S**AG', *H N G') S*"
< @' so the index is indeed in Z. Therefore p* divides |G’ : 'H N G'| for all H €
ZTpe (L10S,,S™™) and t € T(H). Therefore (' € A,«(B[G']). O

Formally Theorem 6.1 now follows by applying the isomorphism given in Lemma 6.16.

6.2 Generalisations of the reduction theorem

In this section we prove Theorem 6.3 using the framework obtained in the previous section
that proved Theorem 6.1. Theorem 6.3 removes the restriction that Z(G) = 1 and
to follow the framework developed in Section 6.1, we apply this to G := G/Z where
Z := Z(@). Also the use of Condition 6.2 will be used to generalise the results following
Lemma 6.17, where, as we are working with G instead of G, we will be working not with
the group algebra on G but a twisted group algebra on G, hence the extensibility of the

irreducibles of the minimal normal subgroup to L; is not guaranteed. A discussion of this
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condition follows this section.

We begin the proof by letting G be a group with an irreducible character x of degree
divisible by p* where p is a prime. Suppose that (G, x) is a minimal counterexample to
Conjecture 2.12 with respect to the partial order given in Definition 3.1. Suppose also that
Conjecture 2.11 holds. Again we are implicitly assuming that G is non-abelian and that
by Lemma 6.4, G is not simple. We let N := N/Z be a minimal normal subgroup of G.
Following the proof of Theorem 6.1, Claim 4.13 holds for G and we let § € Irr(V) such that
x € Irr(G||6). Moreover Claim 4.15, Corollary 6.5, Claim 6.6, Claim 6.7, Claim 6.8 and
the details in between all hold. Therefore Theorem 5.19 (where we take A in the theorem
to be CG), we obtain a character ' € Irr(A) (where A now denotes A(6), a twisted G
algebra) such that e, = e,,. Moreover, by Lemma 5.20, we have that Resf‘m X =46 By
Theorem 4.12 and its proof N & S x --- x S where S is a non-abelian simple group and
Claim 6.9 can easily be generalised to to show that C' := Cg (N) = 1. Hence G embeds
as a subgroup of Aut(5)¢S,. Again set M := Aut(S). Recall the definition of L; from
Equation (6.1). We generalise this definition to our purposes, replacing any use of the
group G, by G. Due to this one can see the details of Condition 6.2 in practice.

Since N2 Sx---xS5, A [m = A[S x---x S]. Suppose that A has factor set . Since
A[S™"] is a twisted S*"-algebra and M (S*™) = M(S)*", &|gxnygxn = 01 X -+ X @, and
A[S*"] 2 B1®---® B, where B; are twisted S-algebras with S-factor sets a; respectively.
Moreover, ¢ = 0y x --- x 0, where 6; € Irr(B;). Since ¢’ is extendible to A, we have that
¢ is G-invariant. Again we define G = G (Ly x -+- x L,) and note that its properties
from Lemma 6.10 to the details before Lemma 6.17 all hold, replacing occurrences of G
by G, as they are simply properties of the group that are independent of the fact that G

has trivial centre.
Lemma 6.19. Without loss of generality, ay = ag = -+ - = o, € H*(S, C*).

Proof. We define B := By ® --- ® B,. We denote by {ug S @} the basis of A which
gives rise to the factor set a. We denote by {u, : s € S} the basis of By induced by B.

We choose ;... 1) = 1 without loss of generality. First we note that for 1 <4 < n and

»»»»
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le,i(s(l)) = Cy; © wal(s(l)) = Wiwl_l(s(l))wlwi_l-

We now define a new basis of B. For s € S, set
Vg(1) = Ug(1),

R -1 -1 _
Vg(i) = uwiuwl u$(1)uw1uwi = asyiu%’i(s(l)),

where a,; € C. Note that we are using the fact that ug_1 = a(g, g )u,1 above, to
simplify the expression where the additional constants are incorporated into the term a ;.
For (s1,...,8,) € 5™, V(s,,..00) 1= CRORRRUNOR Based on the definitions,
{v(sh“ﬁn) c(S1,...,8,) € SX"} is a C-basis of B. We claim that for j < i, Usgi)vs§j) =
Vi) U0

First note that since u, ;) = 1, we have that u; = 1 in B;. Since, for s € 9,
usu; = (s, 1)us, we have that ay(s,1) = ag(1,s) = 1. Moreover, this argument holds

for a;(s,1) = a;(1,s) for 1 <i <n. For 1 <i <n, we define m; := ¢1,(s;,1,...,1), then

,USEL‘) US§j) = asi,ia’Sj ,jum,;umj .

Since m; € Ll@ and m; € Lg.j),

V)V G) = g, s, (mi(ms), 1) o (1, 75(m)) Uy, = s, Qs Uy,
i J

= ;s Um; Umn; = Usgj)”sj.”‘

By repeated application of this result, for (s1,...,s,), (t1,...,t,) € S™",

U(s1y0es80) V(t1yeostn) — ’Usgm e Usglnw,fgl) s Uy = Usglﬂitgl) s U Uy
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If 1 <i<n, then

—1 -1, -1 -1 -1 -1
V@V, = U, Upgy U (1) Ugy Uy U, Uy Uy (0 Uy Uy, = Q1 (S5, 13U Uy Uy (1) Uiy Uy,
T T 1 1 T

= (Sz'7 ti)’l}sit(_i) .

Therefore,
n n
V(styonnysn)Vltr,otn) = H ar(si, ti)v, o = HO&(Sz’, ) V(sytr,ssntn)-
i=1 ' i=1
Therefore the new basis has factor set a; X --- X ay. Since we have simply changed a

basis the resulting twisted group algebras are isomorphic and we can assume a; = ag =

= O

Let B:=a; =ay =+ =, € H*S,C*), so that B; & B, & ... = B, =~ CP[S] and
A[S*"] = CP""[S*"]. The following lemma shows us that 3*™ appears in the natural long

exact sequence in cohomology, the details of which can be found in [15].
Lemma 6.20. 3*" is G-invariant.
Proof. Let p be the *"-representation affording ¢’. Since p is extendible to A, we have

that p is G-invariant, i.e. 9p = p for all g € G. Let x, y € S*",

Ip(x)p(y) = p (9 2g) p (97 yg) = B (9 xg, 9 yg) plzy) =2 (B*") (z,y)?p(xy).

However, due to G-invariance, we also have

‘() p(y) = p(x)p(y) = 67" (z, y)p(zy) = 87" (x,y)"p(xy).
Since 9p(xy) is invertible, we have that 9 (5*")(z,y) = £*"(x,y). Finally since z, y are
arbitrary, we have that 9 (*") = 8*", i.e. B*" is G-invariant. ]

We finally prove two lemmas which show the use of Condition 6.2 in the proof of
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Theorem 6.3. The reader is referred to Lemma 6.17 and the subsequent proof to see how

Condition 6.2 generalises the case of trivial centre.
Lemma 6.21. 6, = --- =0, = n € Irr(CP[9)).

Proof. Recall that due to extensibility, @ = 6; x - -- x 6, is G-invariant. We aim to show
that @ is G-invariant. Let (ly,...,1,) € Ly x --- x L, and fix 1 < i < n. By definition
of L;, there exists l;1,...,l; = l;y...,li;y € M and o; € S, with 0;(i) = ¢, such that
ki == (li1,...,lin;05) € G. Since @' is G-invariant, ¢ = ¢'. Let t; := sl@ € S*" then

ki0'(t;) = 0'(t;), in particular 6;(s;) = 0;(s;). Hence for (s1,...,s,) € S*",

Therefore 6’ is indeed (Ly X --- x L,)-invariant and is therefore G-invariant. Applying
the isomorphism in Lemma 6.16, we have that 6" is Ly ! H-invariant. Let 1 < i < j < n,

and 7:=(1,...,1;0) € Ly { H such that o(¢) = j, then
O X -+ X0, ="0"=0; x -+ x0; X X0 X X0,

By evaluating both sides of the above equation on ¢; € S*™, we obtain 0;(s;) = 6;(s;),
and hence 0; = 6;. Moreover, since H acts transitively on {1,...,n}, we have the desired

result. O]

Lemma 6.22. 7 is extendible to an irreducible character ( of a twisted group algebra on

L.

Proof. By Condition 6.2, we have that there exists v € H?(L;,C*) such that Resélfy = 0.
By [22, Theorem 3.1] we have that there exists some ¢ € Irr(C°[L,]), where § = yInf(w) =

~vInf(wr, (n)), such that Resglg =. O

We now follow the proof of Theorem 6.1. We denote by G’ the image under ¢ in

Lemma 6.16 of G and view \’ as an irreducible character of G’. We also note that A can
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be viewed as a twisted G’-algebra under ¢. Define R := C°[L;]. Since L, is almost simple,
we can use Conjecture 2.11 to give us that ¢ € A, (R, S, 1) where a = nc, implicitly using
Lemma 6.21. The results of Chapter 5.3, give us a character (*" € Irr(R 1 S,,) such that
Resi}f "C Xn — ¢*". Define B := R.S,,. Since the restriction of ( XN g6 §X g irreducible,
we have that (' := Resé}ZS”C xn ¢ Irr(B|G']) extending n*™. Denote by ¢’ the factor
set associated to B[G']. We show that under these assumptions we recover our original
twisted group algebra.

By Lemma 6.20, 8*" is G-invariant. Moreover we have that 1n*™ extends to both
X' € Irr(A) and ¢’ € Irr(B[G"]). Finally since H'(N,C*) = 1, as H(S,C*) = 1, Lemma
5.16 applies and A = B[G’|. Note moreover that by the proof of Lemma 5.16 we see that
8" = alnf(u) where p € B*(G'/S*", C*)

Hence from [22, Chapter 2|, using the remarks following Theorem 1.1 (taking the
obstruction cocycle to be ) and Theorem 3.3, we have that since Resgi™"¢*" € Irr(B[G'))
restricts (irreducibly) to v*™, then ' = (’ Infg: JgxnA, where A is a (linear) projective T
character of G'/S*". Hence by Lemma 5.26, the result follows provided (" € A,.(B[G"]).
However, by Theorem 5.37, Lemma 6.18 and its proof, we obtain that (' € A, (B[G']).

Hence x’ € A, (A). Hence by Lemma 5.24, we have x € A (G, Z).

6.3 A discussion of Condition 6.2

We now discuss the restrictions of Condition 6.2. First we prove a corollary that follows

from Lemma 6.20. Note the reader is required to read Section 6.2 for the relevant notation.
Corollary 6.23. 3 is Li-invariant.

Proof. 1f | € Ly, then by definition there exists o € S,, such that o(1) =1 and lo,...,[, €
M such that g := (I,1a,...,l,;0) € G. Let (s,1,...,1) and (¢,1,...,1) € S*". By Lemma
6.20 and that o(1) =1,

()7 ((s,1,..., 1), (1, 1,..., 1)) = (s, 1,..., 1), (£, 1,..., 1)).
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Hence,

/8)(7’7, ((l87 ]_7 ey ]_) , (lt7 ]_7 e 1)) — /B(ZS’lt) — /8(37t).
Therefore 5!(s,t) = (s, t) and we are done since s, t are arbitrary. 0

Now, by [15, Theorem 2], we have that the following sequence
H?(L,/S,C) - H?(L,,C*) — H*(S,C)™ - H?(L,/S,C*) — ...,

is exact and by Corollary 6.23, 3 € H?%(S,C*)1. To complete the proof we require
v € H?(Ly,C*) such that r(y) = Resi'y = 3. By exactness this is equivalent to show-
ing t(8) = 1, i.e. B € ker(t). By considering the simplest example, namely the case
Li/S = Cy, say Ly = My, S = Ag, we have that H?*(L,/S,C*) = 1, H*(L,,C*) = Cs,
H?(S,C*) < Cg and H*(L,/S,C*) = Cs. Hence the sequence becomes,

1703—)06?02—%--.

Note that since im(r) is isomorphic to C3, we know that C3 < H%(S,C*) < Cs. More-
over, clearly the factor set of order 2 is fixed by the action of Mjy (as the conjugate
factor set wuld also have order 2), hence Cy < H?(S,C*)X and H?(S,C*)t = Cg. Since
B € H%(S,C*)F we have that it extends if the order of 3 is 3 (or as in the previous case,
if it is the trivial factor set), but does not necessarily extend otherwise (i.e., the factor
sets of order 2 or 6). Hence the Condition 6.2 cannot obviously be removed. It is the case
that it may extend to L; for another reason, however from the above sequence alone it
is not guaranteed. Therefore the removal of Condition 6.2 is an ongoing problem to be

solved in the future.
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CHAPTER 7

RING STRUCTURE AND DIMENSION

From this point we consider the case when a in Conjecture 2.5 is 1 i.e., we will be consid-
ering the structure of A,(G). Recall that in Section 4.3, we have seen that it is enough
to consider the structure of A,(P) for an abelian p-group P. In this chapter, we will
focus on the structure of A,(P) when P is an elementary abelian p-group of small rank,
explictly C,, x C,. Moreover, we focus more in depth on p = 2 for generic rank,, as in this

case we will prove the following theorem.

Theorem 7.1. Let G be a group and P € Syl,(G). Define M := PCg(P) = P x F for
some p'-group F. Let x € Irt(G) such that 2 divides 79 (Res§;x) (1) for all § € Trr(F). If

P/ P’ is elementary abelian, then x € As(G).

Remark 7.2. Note that in Theorem 7.1, if PC(P) = P then F' = 1, and the condition
on x becomes Res$y(1) is divisible by 2, which holds for any irreducible character of G

of even degree.

Using the above remark, we simplify the verification of many simple groups for the

prime p = 2, in particular all the sporadic simple groups, see Chapter 9.
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7.1 Dimension of the induced character ring for p-
groups

We suppose now that P is an elementary abelian p-group and consider the structure of
A,(P). Suppose first that P = C,. Here the description of A,(P) is simple, namely
A,(P) = Z[pp|, where pp is the regular character of P. Hence dim(A,(P)) = 1 as a
Z-module.

Hence, we continue under the assumption that rank(P) := n > 2. Several of these
results hold for generic n, however the main structual result is only known for n = 2.
Therefore we split into two cases later in this section, one to complete the proof of n = 2
and the other to show some computational evidence for n > 2. Note that by Lemma
4.27, we have that pC(P) C A,(P) C C(P). We denote by A := C(P)/(p.C(P)). Setting
Z, = ZJpZ, we also define B := Z,[x1, ..., x,)/(2], ... 2P).

Proposition 7.3. There exists an Z,-algebra isomorphism 0 : A — B.

Proof. Since P is elementary abelian, we have a group isomorphism between Irr(P) and P,
sending A x -+ X A to (¢g™,...,g™), where 1p # X € Irr(C,) and C, = (g). Extending
Z-linearly, we obtain a ring isomorphism between C(P) and Z[P]. This then induces an
Z,-algebra homomorphism, 6;, between A and Z,[P].

We define g; :== (1,...,1,¢9,1,...,1) where g appears in the i-th component. We
have that B is isomorphic as a Z,-algebra to Z,[P] sending 2% - -z + (2, ..., 2%) to
(gr — 1) ---(go — 1) and extending Z,-linearly. We define this map to be 6. Hence

defining 6 := 6, o 0, we have the desired isomorphism. ]
Remark 7.4. Note that for g:= X1 x -+« x Xn € A, O(u) = (1 + 1) ... (z, + 1)

We define K := (zy,...,2,) C Zy[x1,...,2,). Note that since C(G) has an inner
product (-,-) : C(G) x C(G) — Z, it induces a symmetric non-degenerate Z,-valued
bilinear form on A namely, (-,-), : AxA — Z,, given by (a,b),, := (a,b) mod p. Therefore,
using Proposition 7.3, we have (-,-) : B x B — Z, defined by (a,b) := (67'(a),671(b))

P
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Moreover the conjugation map = : A — A sending A to X induces an automorphism

x: B — B.
p—2

Lemma 7.5. z] = Z ()it
k=0

Proof. Define A\; :=1x - x1xAx1x---x1where A # 1p € Irr(C,) appears in the

1-th component. Then,

i =0 (9—1(@)) =0\ -1 =0\N""=1)=0\)"" —1=(z; + 1) — 1,

and hence the result follows. ]

Lemma 7.6. Let a, b and ¢ € B, then (ab, c) = (a,b*c).

Proof. Note that 0-1(b) = 0~'(b*). Hence,

(ab,c) = (67 (a)87 (1), 687 (c)) = <9—1(a),9—1(b)9—1(c)>p

= (07Y(a), 07} (b*c)) = (a,b%).
]

Using the above, we have that for a,b € B, (a,b) = (1,a*b). Note also that if b = 0,
(a,b) = 0. Now suppose that a and b are homogeneous of degree | and m respectively,
then if [+m > n(p—1), a*b = 0 mod («},...,zP). This is since if a has degree [, Lemma
7.5 shows that each term of a* has degree at least [, hence each term of a*b has degree at
least [ + m which implies that in each term of a*b, there exists some 1 <7 < n such that
x; appears with degree at least p, i.e. is 0 mod (2%, ..., zP).

Hence, (a,b) = (1,a*b) = 0, since any a and b € B are sums of homogenous polyno-
mials. Define I to be the ideal of B generated by all monomials of degree p — 1, and J
to be the ideal of B generated by all monomials of degree at least (n —1)p — (n —2). We
define T :=T/(a%,...,aP) for an ideal T of Z,[x1,. .., z,].

Lemma 7.7. TL = J.
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Proof. Let a = #' ... € Tand b = 27" ...ai» € J. Since Y.} ix + jr > np —
(n—1) > np —n, we have that (a,b) = 0. Now dimg, (1) is the number of z{' ... 2% with
11+...+i, > p—1. We note that this is the same number as the number of vectors 7 € Z;’,
i = (ir,. .., 0,) with 377 i; > p— 1. Defining C == {i € Zy : 0 < iy + ... +1in, < p — 2},
then the number of such vectors is p" — |C|.

Define Cy = {z €Ly = k} Then we have |Cy| = (*7"]"). Using that C is

the disjoint union of Cy with 0 < k < p — 2 we have

|C|:§(k—;ﬁzl> _ (((p—2)+nn—1)+1> _ (n+5—2>_

k=0

Hence dimy, (I) = p" — ("7 ~?). For the dimension of J, we note that i € Zy satisfies
0 < >k < p—2if and only if for j € Z7, with j, := (p — 1) — i, j satisfies
(n—=1p—(n—2) <> 1 jx <n(p—1). Using the correspondence above, relating the
dimension to the number of such vectors, we have that the number of such 7 determines the

dimension of J, namely dimg, (J) = |C|. Hence dimy, (I) +dimgz, (J) =p" —|C|+|C| =

p" = dimg, (B). O

Recall the definition of K, the maximal ideal of Z,[z1, ..., z,]. Clearly we have that
B is a local ring, hence B has a unique maximal ideal, J(B), the Jacobson Radical.
However since B/K 2 Z,,, we have that K is maximal and hence K = J(B). Note also

(n—1)p—(n—2

that T= K"  and J = K ), Moreover, by Lemma 7.7, we have that K and

B0 e orthogonal complements. We now consider L := #~*(K). Note that L

—(n— n— L -
is a maximal ideal of A and (L( D 2)) =TI" 1.

Remark 7.8. Here by T?, we are denoting the ideal 17/(2?, ... aP) or I9/pC(P) depending

on which ring we are working in.
Lemma 7.9. L=M :=(lp —p: pu € Irr(P)), -

Proof. Since L = J(A) and A is a local ring, this follows if we show that M is maximal
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also. We define ¢ : A — Z, by
Ylarxs+ -+ apmxp) =a1+ -+ apn.
We claim that M = ker(1)). We assume without loss that y; = 1p. Note that
ker(v)) ={x € A: a1 = —(ag + -+ + ayn) mod p}.
Hence if x € ker(¢)) and x = a1x1 + - - - + apnXpn, we have that
X = —az(X1 = X2) T+ + —ap (X1 — Xpr) mod pC(P) € M.

The reverse inclusion is clear and moreover 1 is clearly surjective. [
Lemma 7.10. A4,(P) C i

Proof. Define m := (n—1)p— (n—2). Let « € L', then o = @ . ... ayy, with o, € L. Let
H < P be a maximal subgroup, namely H = C'~'. Then Resbha = Reshay ... Reshay,.
Let My be the unique maximal ideal of C(H)/pC(H), isomorphic to (z1,...,2p-1)/
(x’f7 oo 71‘7;_1). Moreover, Lemma 7.9 can now be generalised to show that My =

(1 —p:pchr(H)). Henceif a € L = M, Res,o; € My, since Rest; (Irr(P)) C Irr(H)

(as P is abelian) and Res$a € M. We claim that M} = 0. Note that,

n—1
m o __ il i’n—l . >
Mg =\2y.. 2,7 : E y=m|.
J=1

We choose an arbitrary generator and suppose for a contradiction that forall 1 < j <mn—1,
i; <p—1. Then 272—11 ij < (n—1)(p—1). Suppose additionally that (n—1)(p—1) > m,
then (n—1)(p—1)>nm—-Dp-1)+n—-1)—(n—-2)=(n—-1)(p—1)+ 1 which is
a contradiction. Hence (n — 1)(p — 1) < m which contradicts Z’;ll i; = m. Hence there
exists 1 < j <n — 1 such that i; > p and :L’Zf . xf{b = 0. Moreover, Mz = 0.

Therefore ResGa = 0. If x := Ind$\ € A,(P), where A € Irr(H) and H < G is a
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maximal subgroup, then

(x,0) = (A, Resa) = (A, 0) = 0.

Therefore since A,(P) is spanned by such y, by linearity of induction and the inner
product, every element of L is orthogonal to every element of A,(P), hence L" C

Ap(P)L, and therefore A,(P) C (Em)L =T O

Definition 7.11. S := A,(P)+ L".

Lemma 7.12. The inner product {.,.)s on S/L", defined by {(a,b)s := (a,b), fora, b€ S
is well-defined.

Proof. If ay, az, 8 € S such that a; + L = as+ L, then a; = o + for some v € L.

We show that (o, 8)g = (a2, 8)g. We have that

<a1,5>3 = <a275>5 + <77ﬁ>5

We claim that (v, 3)s = 0. Note that

(v, B)s = (1. 8), = (0(2),0(6)) -

Now as 8 € S C fp_l, we have that 0(5) € 6 <Zp_1) — K", hence has degree at
least p — 1. Similarly, 8(7) € K, hence has degree at least m. Since (p — 1) +m =
np—(n—1)=np—n+1=n(p—1)+1>n(p—1), we have that (6(v),0(5)) =0. O

- -2
Lemma 7.13. dimg, (Zp l/fm> =" —2 (n—i—p >
n
Proof. We can see that a basis for r /L™ are the polynomials z!' ... zi» where p—1 <
> -1 < m — 1. By the proof of Lemma 7.7, we can see that there are p" — 2|C'| such

polynomials, hence yielding the result. ]
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7.1.1 Specific case

We now specify the case n = 2. Here we have m = p.
Lemma 7.14. 5/ L' =177 T".

Proof. We have by Lemma 7.10, that the left hand side is contained in the right hand
side. By Lemma 7.13, since n = 2, we have that dimy, (fp_l/ fp) = p*—2(}) = p. Using
Lemma 7.12, we have a well-defined inner product on S/ L". Consider the following set

of characters.

7= {Indjjlg +pC(P) : 1 < H < Pis maximal} C A,(P).
By abuse of notation, we will identify Ind5 1 with its corresponding coset. We have

—m —m 0 lf H1 - H27
(Indfy, Ly, + L, Indfy, 1y, + L) = (Indy, Ly, Indfy, 1s, ) =
1 if Hy # H,.

If H, = Hy, = H then <Ind§1 H, Indgl H>p is the rank of the permutation representation
on cosets of H, which in turn is the number of orbits of the stabiliser of a point i.e. equals

p. Hence modulo p this is 0. If H; # H,, then H; N Hy = {1} and

1 1
(Indfy, 1, Indfy, 1p,) = mIndj?h1H1(1)Ind§21H2(1) — EpQ =1 mod p.

Therefore the Gram matrix of Z, G € GL,;1(Z,), corresponding to this inner product is

given by,
011 ... 11
101 ... 11
G —
111 ... 10

Let the characteristic polynomial corresponding to G be denoted by xg(t). Moreover let

109



A:=t+1and 1 :=(a;;) with a;; =1 for 1 <i,57 <p+ 1. We therefore have
xc(t) =det (G —tI)=det (1 — I —tI) =det(1 — (t+ 1)I) =det(1 — X\I) =

— i) = (A= p— DN = (= p)(t + 1) = t(t + )"

Hence rank(G) = p and p = dimg, (Z) < dimg, (S/ fp). Therefore the result follows since

p < dimg, (S/ T') < dimg, (T /T") = p.

-1

Lemma 7.15. A,(P) =L"

Proof. We have by Lemma 7.14 that S = Z” . Hence A,(P)+T" = ' Now treating
I'" as an A-module, J(I'') = J(A)T"' = I*. Hence by Nakayama’s Lemma, [24,
Lemma 4.2, A,(P) = ) O

Theorem 7.16. A,(P) = K~ 1.

Proof. By Lemma 7.15, the Correspondence Theorem and the fact that 6 is an isomor-

phism, we obtain the above result. O
Corollary 7.17. dim(C(P)/A,(P)) = (5) =p(p — 1)/2 as an Z,-vector space.

Proof. From the previous theorem, we have that dim(C(P)/A,(P)) =
dim(Zy[z1,. .., x,)/KP™1). Since K= , by the Third Isomorphism Theorem we have
dim(C(P)/A,(P) = dim(B/ I). Since T = J, dim(B/ I) = dim(J) and the result follows

from the proof of Lemma 7.7. ]

7.1.2 Induced character ring for elementary abelian 2-groups

Recall the definition of Co(G) from Definition 2.1(vii). In this section we give an alternative

proof that dim(C'(P)/A,(P)) = 1 when P is an elementary abelian 2-group, i.e. Co(P) =
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Ay(P) for such P. Using this fact, combined with the results from the previous section

we prove Theorem 7.1. Let P := Cy X --- x (s, where n > 2. We note that the proof
—_———

strategy we apply in this section is cons&uctive, in the sense that it can be generalised
to produce a GAP code to determine the invariant factors of C(P)/A,(P) for arbitrary
elementary abelian p-groups.

We denote Irr(P) = {xx : 1 < k < 2"}. Note that there are 2" — 1 maximal subgroups
of P, each of which is isomorphic to C3~*. We denote these subgroups by H; with
i € {1,...,2" — 1}. Moreover, for j € {0,...,2""! — 1}, we denote by 6,;, the j-th

irreducible of H;. For any appropriate ¢ and j, we have
<Ind§z(9w,lnd§z(9m> = <(9ij7 RGSZzIHdZZQU> = <6ij7 2‘9”> = 2.

Therefore every induced character is a sum of two irreducibles of G. Let m = 2",
Form the matrix A = (a), where am_1)i4j% = (Indj 0i;, xx). Note that A has (2" —
HEe ) = (22") rows. Therefore the rows of A are all permutations of (1,1,0,...,0).
Denote by b, s, the permutation of (1,1,0,...,0) which has 1 in the r-th and s-th position.
Note that by, ..., bm—1.m, is clearly a set of linearly independent rows of A. Moreover,
for any s # m, ¢.s == —brs + bpy + b5 = (0,...,0,2). Therefore we can choose
a basis of C(G)/A3(G) to be the induced characters (modulo Ay(G)) corresponding to
bimy -y bm—1m,Crs for a fixed r and s, with s # m.

Furthermore, the matrix consisting of these rows is in Smith Normal Form, there-
fore the diagonal entries correspond to the invariant factors from the structure theo-
rem for finitely generated modules over Z, [24, Chapter 3, Section 7], hence we have
that C(G)/Ay(G) = Z/27 (since the matrix has a single 2 on the diagonal). Note that
As(G) C Co(G) C C(G). Since Co(G) # C(G), we therefore have that Ay(G) = Co(G),
however this also holds since an Fo-basis of C(G)/Ca(G) is {C2(G), 1 + Co(G) }.
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7.1.3 Proof of Theorem 7.1

Now the proof of Theorem 7.1 is immediate. By the proof of Proposition 4.21, it is
sufficient to show Res$;x € Az(M). By Lemmas 4.28 and 4.29, we need to show that
for all 6 € Trr(F), ¢y := Deffi,/P, (71 (7o (Res§;(X)))) € A2(G). Since for all § € Irr(F),
2 divides 7y (Res§x) (1), 2 divides (1) for all 6 € Irr(F). Since ¢y € Co(G) for all
0 € Irr(F), vy € A2(G) by the final paragraph of Section 7.1.2 and we are done.

7.1.4 Computational evidence for n > 2
Here we simply list some computational evidence that the rank of C(P)/A,(P) is ("?7?)
in the case n > 2, p > 2. The algorithm we use is detailed in the proof used in the case
p = 2, previous section. The code for this algorithm can be found in Appendix A.

For p = 3, the code for the function CPModApP shows us that the rank of C(P)/A3(P)
is 4, 5 and 6, for n = 3, n = 4 and n = 5 respectively.

For p = 5, the code for the function CPModApP shows us that the rank of C(P)/A5(P)
is 20 for n = 3.

For p = 7, the code for the function CPModApP shows us that the rank of C(P)/A;(P)

is 56 for n = 3.
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CHAPTER 8

RESULTS FOR SYMMETRIC GROUPS

In this chapter, we continue with the assumption that a = 1 and prove that Conjecture
2.5 holds for the symmetric groups in this case. The necessary results for this proof can

be found in Section 5.1 and [10].

Theorem 8.1. Suppose G = S,, with n € N. If x € Irr(G) such that p divides x(1),

where p is prime, then x € A,(G).

Proof. We proceed by induction on n, namely if x € Irr(S,) such that p divides x(1), then
X € Ay(S,). Clearly the base case, n = 1, is trivial. Assume the inductive hypothesis
holds for any & < n. Let w, e € Z>( with e < p be such that n = pw + e.

As y € Irr(G), we have x = x* for some partition A - pw + e. We denote by B the
block of Irr(G) containing x. Recall B = B, , is labelled by a p-weight, w’, and a p-core,
p, with |p| = €’. This follows from [21, Theorem 6.1.21]. Note p here is the p-core of \.

Using Lemma 5.61, we may assume, without loss of generality, that D := D(B), the
defect group of the block B, is a Sylow p-subgroup of G, i.e. B is a block of maximal
defect. Moreover, using Lemma 3.14, we may assume P < Ng(P) < 5,15, x S, < G.
We define L = S, 1.S,,. We now claim A has p-weight w' = w, and [p| =€’ =e.

Suppose for a contradiction that w’ < w. Then by [21, Theorem 6.2.45], D is isomor-
phic to the Sylow p-subgroup of S,,,. However, v,((pw')!) = w' + v,(w'l) < w + v,(w!),
which contradicts B having maximal defect. Now suppose w’ > w. Since pw+e = pw'+¢€/,

we have ¢ = p(w —w') + e < 0 as e < p. Hence w' = w and since pw + e = pw' + ¢ =
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pw + €', we have ¢’ = e. Note now by the proof of Proposition 4.21, we need only show
Resg.CG(P)x € A,(G). Furthermore using Lemma 4.8, applied in the case G = L x S,
H =G, K = PCg(P) and N = 1, this follows if we show Res¥, g x € A, (L x S,).

Consider the following,

Resgpu,xSeX = Z Ca X Xav (81)

ote

where (, € C(S,w) and x7 € Irr(S,), for each o - e. Upon restriction to L x S, we obtain,

from (8.1),
Res?, SX = Resi’;“’sise (Z Co X X”)
oke
— Z <(Resipr0> X X") + <(Resipw('p) X X”) ) (8.2)
oke
a#p

We begin by considering the term labelled by p. Using the notation of 7,, F}, . , and
Irr,i(L) introduced in [10], we have by (8.1) that 7, (ResgpwX SeX> = (,. We denote by

0 := F,up(X) € Irrpyi(L). Using [10, Theorem 3.7] we have,

0= Resi”“’@, mod K.

Using Lemma 4.2 and Lemma 5.1, we have k,, € Z(L,P,S(G,P, L)) C A,(L). Hence
0= Resi”wcp + 1, where ¢ € A,(L). Moreover, using [10, Proposition 3.10], the signed
bijection F,,, , preserves heights. Therefore since ht(x) > 0, we have that ht(f) > 0 and

therefore (1) = 0 mod p. Hence

(RGS%‘”C/J) x X" =(0xx")— (¥ xx"), (8.3)

where ¢ x x* € A, (L x S.) and 6 x x” € Irr?(L x S.).
We now consider 6 € Irr”(L), and show that § € A,(L). Given a partition 7 F w, by

Sp1S: we denote the subgroup [, S, ¢S:,, where 7; denotes the i-th part of 7. Using [21,
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Theorem 4.3.34] we have that § decomposes as

S lSw ;Ti SPzST'
%

where ¢; € Irr(S,), o; € Irr(S;,) and 7+ w. We may assume p does not divide |S,, : S;|,
as otherwise # € A,(L). Since p divides 0(1), there exists an 4 such that p divides the
degree of 6; := gbf” . Infgf js” Q.

By Lemma 3.16 and transitivity of induction, we have 0 € A,(L) if 6; € A,(S,1.S5,).

Hence, without loss of generality, we may assume 7 = (w) and
== Inf§ a,

where ¢ € Irr(S,) and « € Irr(S,,). Now by [27, Theorem (9.26)], we have that the block
B’ of L containing 6 covers a block 0 of S with defect group C;, since by Lemma 5.61

we can assume B’ has maximal defect. Hence by [27, Theorem (9.2)], ¢**, the irreducible

L

constituent of ReSwa
P

6 lies in b'. Hence ¢ lies in a block of S, of maximal defect, i.e.
the principal block of S, and hence has degree prime to p. Hence since p divides 6(1), p
divides a(1). Moreover, it is enough to show o € A,(S,,), by Lemma 4.25 and Corollary
4.24.

However since w < pw + e = n', we may apply the inductive hypothesis to o € Sy,
namely o € A,(S,,). Thercfore § € A,(L) by the above considerations. Morcover, using
(8.3), we have (Resi’”"{p) x x" € Ap(L x Se).

Now we consider the terms in (8.2) labelled by ¢ F e, 0 # p. Recall that Ng(P) <
L x S,, therefore the Brauer correspondent of B is defined. Let b be the block of Irr(L x S,)
such that b¢ = B (see [27, Problem (4.3)]). Moreover, we have b = ¢ ® d for some block ¢
of L and d of S.. Note that since b has defect group P (this follows from the bijection given

by Brauer’s First Main Theorem) and S, is a p’-group that ¢ is a block of L of maximal

defect. Therefore ¢ = ¢y, the principal block of Irr(L), by the proof of [10, Theorem 1.3].

tAsif w =0, S, = S, would have no characters of degree divisible by p.
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Furthermore, by Nakayama’s Conjecture (see [21, 6.1.21]) we have that blocks of S,
are labelled by their p-cores and p-weights. Since e < p, each o F e is a p-core partition
of p-weight 0, i.e. d = d, for some o - e. Since x has p-core p, we have b = ¢y ® d, 0.
Moreover, as the Brauer Correspondence is a bijection, for any other block e of L x S,,
with e # b, we have that e¢“ # B. Let e be a block of L x S, with ¢ = ¢ ® dy Where

ot e, 0 # p. Using the map Proj,, as defined in [11, Section 2.2], we have from (8.2)
Proj.(Res?, ¢ x) = (Resi"wQ,) x x.
Finally by [11, Proposition 2.11 (i)], we have
Proj, (Resf, g, x) € T(L x Se, P,S(G,P,L x S.)) € A,(L x S,).

Combining our results we have Res?, ¢ x € A,(L x S.) and we are done. O

8.1 Alternating groups

In this section we discuss the progress that we have made towards the verification of
Conjecture 2.11 for alternating groups. We have that for odd primes the conjecture follows
from Theorem 8.1 provided the partition labelling the character of A,, is not self-conjugate
and for p = 2, Conjecture 2.5 holds as the abelianisations of the Sylow 2-subgroups of A,
are elementary abelian.

By [21, Theorem 2.5.7], we have that if {X’\ A E n} is the labelling of the irreducible
characters of S,,, and if A # X, i.e. A is not a self-conjugate partition then Resi:‘lx’\ €

Irr(A,).

Corollary 8.2. Suppose that A\ & n such that X # XN and p divides x*(1) where p is odd,
then Res x* € A,(4,).

Proof. By Theorem 8.1, we have that x* € A,(S,). Define H := S, and K := A, then
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by Lemma 4.8, applied in the case H = S,,, K = A, and N = 1, Res7" x* € Apn(Ar)

n

where h = (|S,, : Anl,p) = 1. O

We now show that the Sylow 2-subgroups of A, for n > 4 have elementary abelian,
abelianisations. This will be proved in two steps, first showing this holds for the Sylow

2-subgroups of S,, for n > 2.
Proposition 8.3. Let P € Syl,(S,) with n > 2, then P/P' is elementary abelian.

Proof. By [21, 4.1.20] and [21, 4.1.22], P is isomorphic to the direct product of elementary
abelian 2-groups with wreath products of cyclic 2-groups. Hence since the abelianisation
of a direct product is the direct product of the abelianisations, we need only consider the

abelianisations of iterated wreath products. Suppose that P := Qg 1C5 -1 Cy where

¢ > 1. Clearly this holds when ¢ = 1. Hence we consider the wreath product of i copies

of (5. Note that this follows by induction and Lemma 3.13 since,

Co1 0ot 20 = (G2 -+ 1 Cy) %C,
% 7;‘_’1

using that direct products and quotients of elementary abelian groups are elementary

abelian. O]
Proposition 8.4. If Q € Syly(A,,) with n > 4, then Q/Q" is elementary abelian.

Proof. Let m € Zso. First, by [21, 4.1.20] and [21, 4.1.22], if P € Syly(Syms1) or P €
Syly(S4ma3) then P can be viewed as a Sylow 2-subgroup of Sy, or Sy, respectively.
Hence this holds also for Sylow 2-subgroups of A,,. Suppose that @) € Syl,(Ayy,i2). Since

Sum can be viewed as a subgroup of Ay, and

|A4m+2 . S4m| = (2m + 1)(4m + 1),

is odd, @ € Syly(Ssm) and the result follows from Proposition 8.3. Hence we are reduced

117



to considering @) € Syly(Ayy,). Consider the subgroup

SQ ¢ ng = <(12), cee (4m —1 4m)) A ng S S4m.

Since vy ((4m)!) = vy (22™(2m)!), we have |Syy, : S2 0 Sam| is odd. Hence we may take Q
to be the index 2 subgroup S3™ ! x R where R € Syly(Ss,,). The result now follows from

Lemma 3.13 and Proposition 8.3. O

We now prove a further lemma required to show that Conjecture 2.5 holds for A,,

n >4 and p = 2.
Lemma 8.5. Let G = A,, where n > 4. If Q € Syly(G), then QCq(Q) = Q.

Proof. Suppose that x € Cg(Q) is an element odd prime order, say p. Let a be the
number of p-cycles in z and b be such that n = ap + b. We show that Cs (x) is not
contained in A,, as this gives us that Cg (x) is not a subgroup of @, which gives that
x ¢ Cs, (Q). Moreover this gives is that @ ¢ Cg(Q). We do this by showing that Cg, (x)
contains an odd element of S,,. Note first that Cg, () = C, 1S, X Sp.

If a > 2, i.c. z has at least two p-cycles, then there is an odd transposition, o,
of S, swapping these cycles, so that ¢ € Cg, (z). Hence without loss of generality,
a = 1. Moreover if b > 2, then S, contains an odd permutation, so 0 < b < 1. Hence

Ca,.,(x) =2 C, < Apip. Note that |A,4y 0 Cp| is even provided p > 5 for b =0 and p > 3

p+b
for b = 1. However this holds since n > 4.
However, due to our assumption Q@ < Cg(z), hence |G : Cu(z)| = [Apts : Cp| is odd,

which yields our contradiction. Hence C(Q) is a 2-group and QCx(Q) = Q. ]
Theorem 8.6. Let G = A,, wheren > 5. If x € Irr(G) and x(1) is even, then x € As(G).

Proof. Using Theorem 7.1, Remark 7.2, Proposition 8.4 and Lemma 8.5, the result is

immediate. [
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CHAPTER 9

SPORADIC GROUPS, THEIR AUTOMORPHISM
GROUPS AND THEIR CENTRAL EXTENSIONS

From the definition of Brauer-good groups, we must check Definition 2.10 for groups G
which are quasisimple or almost simple. In particular, we consider when G/Z(G) = S or
S < G < Aut(S) where S is a non-abelian sporadic simple group. For these 26 cases,
we use both GAP and Magma programs to verify Definition 2.10. We divide this section
into the verification for the underlying simple groups, then the almost simple groups and
finally the central extensions of sporadic simple groups as we have different approaches

in each case.

9.1 Simple sporadic groups

We work on simplifying the number of cases we are required to verify. First we use the
reduction to p-groups found in Section 4.3 and in particular Theorem 7.1, to show we can

exclude the case p = 2. First we address Remark 7.2.

Proposition 9.1. Let S be a sporadic group and let P € Syl (S), for a prime p, be
non-abelian. Then unless S = J4 and p =3, PCs(P) = P.

Proof. We aim to show that Cg(P) is a p-group. First, we list the orders of Cg(P) that

can be verified using MAGMA for odd primes.
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S p | Cs(P) S p | |Cs(P)
Mg | 3 3 Suz | 3 9
Jy |3 3 ON | 7 7
HS |5 5 Cos | 3 3
My | 3 3 Coz | 5 5
McL | 3 3 Cos | 3 3
McL | 5 5 Coy | 5 5
He |3 3 Figp | 3 3
He |7 7 Figy | 3 3
Ru |3 3 Co; | 3 3
Ru | 5 5 Coy | 5

Second we note that for all z € P, Cg(P) < Cs(z). Hence it is sufficient to find a
conjugacy class of p-elements whose centraliser is a p-group. We verify this using the

Atlas and display the results below. We denote by C's the desired conjugacy class of S, if

one exists.
S |p| Cs | |Cs(z)| for € Cs
Js | 3] 94 27
HN | 3| 94 27
HN | 5| 254 25
Ly | 5| 254 25
Th | 3| 274 27
Fij, | 3| 274 81
B |3|274 27
5| 254 25
M |3]|27B 243

For the following cases, we use the fact that x € Cg(P) if and only if P < Cg(z).
Therefore, if ¢ # p is prime and z is a g-element such that P is not a subgroup of Cg(x)
then © ¢ Cg(P). As an example, we consider Ly and p = 3. We note that if z is a
9A-clement, then |Cg(x)| = 54. We show that no clements in Cs(P) have order 2, namely
2 cannot divide |Cs(P)[, hence |Cg(P)| divides 27.

Suppose for a contradiction that there exists € Cs(P) where o(x) = 2. Therefore
by the above, P < Cg(x). However, z is a 2A-element and vz (|Cs(x)|) = 4, hence P is
not a subgroup of Cg(z), which is a contradiction. The below table displays the group

S, the prime p, the class of p elements we are interested in (i.e. the 9A class in the Ly
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example), the centraliser order of the class, the primes, ¢, we are trying to rule out, the
set of possible p-adic valuations of the centraliser orders of the classes of ¢ elements(i.e.

the 2A class in Ly example) and the p-adic valuation is must be less than.

Th | 3|94 | 54 {2} {4y |10
Th | 5 | 54 | 3000 | {23} | {01} | 3
Fib, | 7 | 7B | 2058 | {2,3} | {0,1}
M | 5254 250 | {2} | {4,6}
M | 7| 7B | 84707 | {2,3,5} | {1,2,3}
M |13 |13B | 52728 | {23} | {1}

= W o o w

ON| 3| 34 | 3240 | {25} | {2}

Jo (11| 11B | 242 | {2} {1y |3

Using the above techniques, we now exhibit the results for p = 2.

S Cs | |Cs(z)] for z € Cy Suz | 8C 32
My, | 8A 8 He | 84 16
My | 84 8 HN | 8B 64
M,y | 84 8 Fig | 164 | 32
Moy | 8A 8 Fiss | 164 | 32
My, | 84 16 Fi}, | 164 | 32
HS | 84 16 B | 16G | 256
Jo 8A 8 M | 16C | 8192
Co; | 16A 64 ON | 84 32
Coy | 164 32 J; | 84 8
Coz | 8C 32 Ru | 8C 32
McL | 84 8 Js | 16A | 32

For the remaining cases, one can verify in MAGMA that if P € Syl,(J;) then |Cq(P)| = 8,
for Th one can check that if z is an 8B-element that |Cq(x)] = 96, but P cannot be

contained in the centraliser of any 3-element and similarly for Ly. ]

The above shows that in particular for p = 2, that if P € Syl,(5) for a sporadic simple
group S, then Theorem 7.1 holds provided P/P’ is elementary abelian. The following

result gives us this.
Lemma 9.2. Let S be a sporadic simple group and P € Syl,(S). Then P’ = ®&(P).

Proof. The first table in Appendix C, shows that we have verified in MAGMA that the

derived subgroup coincides with the Frattini subgroup of P. ]
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As stated prior to Lemma 9.2, using Theorem 7.1 and Remark 7.2, Proposition 9.1
and the above give us that Definition 2.10 holds for sporadic simple groups and p = 2.

Using the above result, we now have that to verify Definition 2.10 for simple sporadic
groups and odd primes. For now we exclude the case when S = J4 and p = 3. By the
proof of Proposition 4.21 and Proposition 9.1, we need only restrict characters of degree
divisible by p to the Sylow p-subgroup. We use the function ExTestCharacter (P, chi,M)
from Appendix A.

This function takes inputs P, which will be a Sylow p-subgroup of S, chi which is the
restriction of an irreducible character from P to .S of degree divisible by p, and M which is
any set of subgroups of P of index divisible by p. We take M to be MaximalSubgroups(P),
but to save computational time we could take a different set here. The code works as
follows.

Given the list of subgroups M, we take each subgroup and add to the list L2, all the
induced characters from these subgroups. We also introduce a counter, j which counts
the total number of induced characters. The variable c, in this loop can be altered to
improve computation time. The value currently assigned to c allows the for loop to run
over all irreducible characters of each subgroup in M, however this value could be changed.

We then produce the array MR = (my;), where m,; is the inner product of the i-th
induced charactert, with the j-th irreducible character of P. M1 is then the corresponding
matrix described by the array MR.

In a similar fashion, we produce the 1-dimensional array v = (v;), where v; is the inner
product of chi, with the i-th irreducible of P. v1 is therefore the corresponding vector
described by the array v. sol, then computes whether the system M1z = v1 has a solution
x, i.e. whether our vector v is in the Z-span of the rowspace of the matrix M1. As we have
forced the matrices to be computed over Z = Z, sol should be a vector in Z also. Since

the vector v1 is non-zero, we also have that if a solution is outputted it will be non-zero.

tThe order here is with respect to the default ordering of the subgroups in M and its irreducible
characters by MAGMA, this may obviously differ per person, but this simply leads to a permutation of
the rows.
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Falses is an array which will count the number of entries of sol which are not integers,
just to check that the computation is as I have claimed above, outputting true if all entries
arc integral and false otherwise.

We now must simply create a simple for loop which runs over all irreducible characters
of the group S. However the highlighted boxes in the table of results, Appendix C, shows
that the computation is not always this simple. Problems occur when the character table
of the group S cannot be constructed in MAGMA. In this case, we build the restricted
character of the Sylow p-subgroup independently, but to do this we must compute how
the conjugacy classes of S split on restriction to P.

Note moreover that the results from Chapter 7 tell us that we can reduce the problem
to one on the abelianisation of P. Clearly, we are able still able to run ExTestCharacter
on inputs P/P" and M where M is now the list of maximal subgroups of P/P’, however
we must express our restricted character y, as x1 + x2 where every irreducible consituent
of x1 is linear, and then deflate this generalised character to P/P’ to input this into
ExTestCharacter.

To do so, we need only use the LiftCharacter function in MAGMA and extend
this Z-linearly to determine the deflation of x; to P/P’. This procedure is one that we
use to test the function as it makes a significant difference to the computation time, in
comparison to the other suggestions made above.

For the remaining case, G = J4 and p = 3, we simply run ExTestCharacter over
all characters of degree divisible by 3 and the other inputs are taken to be PCq(P) and
M is a list of subgroups, maximal subject to the condition that 3 divides their index in
S. One can check that there are 44 such characters. Clearly |PCq(P)| = 54 and one
finds that the elements in T are 2A, 3A, 6A and 6B elements. From here it is sufficient
to build a character of PCq(P) directly to reduce computation time. Our results can
be summarized by the following theorem. Note that M and p = 3 is not necessarily a
counterexample. The current code requires further refinement to reduce computation cost

(in time and memory) before we can succesfully verify the group.
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Theorem 9.3. Let S be a simple sporadic group and x € Irr(S) of degree divisible by p,

a prime then, unless S = M and p =3, x € A,(G).

Proof. The results of the computation are displayed in Table 1 of Appendix C. ]

9.1.1 Computing the splitting of conjugacy classes

We now discuss the procedure to determine the splitting of the conjugacy classes between
S and P. We will do this through a series of examples. First we describe the computation
for the Baby Monster, B, and p = 5. We use the representation of B as a group of
4370 x 4370 matrices over GF(2) using the online Atlas generators. We begin by reducing
computation time by constructing a maximal subgroup of B which contains P € Syl,(.5).
We choose H := 542174 A, 4. We determine a list, XH5 of conjugacy class representatives
of order 5 and 25.

Then for each representative x in XH5, we determine which representatives of P are
conjugate to x in H, i.e., determining the splitting of the conjugacy classes between H and
P. Our task now is to build a representation of P, hence we must must use the Atlas
and this requires us to determine distinguishing propertics between the conjugacy classes
of elements of order 5 and 25 in S. Considering the 5A and 5B elements of S, we note
that elements of S of order 70 power into 5A, hence we take a random element y of S of
order 70 and consider the dimension of the fixed space (1-eigenspace) of y**. For 5A the
dimension of the fixed space is 890. For B, since there are only 2 classes of elements of
order 5 and there exists an element of GG of order 5 where dimension of the fixed space is
870, i.e. distinct from 890, we are able to say that the dimension of the fixed space of 5B
elements is 870. Note we are using that the dimension of the fixed spaces of conjugate
(similar) matrices is the same. We discuss after this example how we deal with the case
when these have no obvious distinguishing properties. Since there is only one class of
elements of order 25 it is clear which value the classes of 25 elements take.

Finally, now this has been computed we are able to determine the splitting of the

124



conjugacy classes between S and P so we are able to run over the list of values of rep-
resentations of S on the identity, 5A, 5B and 25A classes and build characters of P
with these values using the ClassFunctionSpace(S) function in MAGMA. Note that we
compute the list of values using the stored tables in GAP (for simplicity). We can then
implement the procedure described above for ExTestCharacter.

Now we discuss the procedure we use when we aren’t able to distinguish the two
classes obviously. This in practice rarely happens, so for example take the case of the
Monster, M and p = 7. We note that another problem to discuss arises here given that
we are not able to build M to test the fixed space dimensions, but this will be discussed
following this. We take H to be the maximal subgroup, 7'™* : (3 x 25;). We note that
H has 7 classes of elements of order 7, which we need to determine which are 7A and
7B. We run over all possible assignments of these 7 classes as 7A and 7B elements and
check whether the assignment is correct by building the character of P € Syl.(S) and
testing whether it is an actual character, i.e. the inner product with each irreducible is a
non-negative integer. In practice this only occurs for one possible combination of the 7A
and 7B elements. Hence we have the splitting of the conjugacy classes.

For the Monster since we arc only able to build maximal subgroups, we have to use the
assignment procedure described above since we are not necessarily able to find elements
of the group of certain orders to determine distinguishing factors between the conjugacy
classes. This in practice causes an (obvious) increase in computation time and this is
why in the table (Appendix C), the Monster and p = 3 is not complete as this code
is still being checked. In Appendix B, I give the fusion information for the conjugacy
classes of p-elements I was required to compute. In most cases this will be a list of unique

distinguishing features of these classes in S.
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9.2 Almost simple sporadic groups

Let S < G < Aut(S), where S is a sporadic simple group. Note that from the Atlas,
since S is sporadic, |G : S| = 2. We therefore begin by considering what happens for
odd primes p. To this end, let p be an odd prime and P € Syl (G). Let x € Irr(G) such
that p divides x(1). Using Corollary 4.7, we need to show that for all £ € El,,(G, S, 1),
that Res$x € A,(F,E N S,1). To save computing all such elementary subgroups, we
determine another set of subgroups, which is easier to construct, to which we restrict.
Consider E € El,;(G, S, 1) and recall that p does not divide |S : ENS|. Let R €
Syl,(E). By Lemma 3.9, E < T := R.Cg(R). Moreover, by Lemma 4.8, if ResSy €
A (T, TN S, 1) then ResGx € Ay n(E, EN S, 1), where h:== (|TNS: ENS|,p). Since p
does not divide |S : ENS| we have that h = 1. This shows that that in order to determine
whether Res$y € A,(E, EN S, 1), we need only restrict to R.C(R) for some p-group R.
We determine which p-group we require. Note that the following lemma also determines

which groups we require for p = 2.

Lemma 9.4. Let G be almost simple with underlying sporadic simple group S. Let E €
El, (G, 5, 1) and Q € Syl,(S) < P € Syl,(G), where p is prime. Let R € Syl,(E). Then,

(i) If p is even then, Q* < R < P" for some s € S and h € G.
(i1) If p is odd then, R = P* for some s € S.

Proof. Let L € Syl,(S N E) such that L < R. Since p does not divide |S : S N EJ, there
exists some s € S such that L = Q*. Since F < G, there exists h € G such that R < P".
Therefore, Q* < R < P", proving (i). For (ii), since p is odd, p does not divide |P" : Q?|,
hence Q* = R = P". Finally since P = () for odd p, R = P*. ]

Using the above, we have that for odd primes we need only verify the conjecture for
the restriction of our irreducible characters to P*Cg(P*) =2 PCq(P). We now show that
under this assumption, the result for odd primes follows from the results from the previous

section on the underlying simple group.
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Theorem 9.5. Let N be a normal subgroup of a group G such that p does not divide
|G : N|. Let P € Syl,(N). Suppose that Conjecture 2.6 holds for N. If x € Irr(G) with

x(1) divisible by p, then ResSx € A,(P).

Proof. Let # € Irr(N) be an irreducible constituent of Res$y. Denote the conjugates of

0 in G by 0 =6,,...,0, where t = |G : I5(0)|. By Clifford’s Theorem we have,

¢
Res§x = e Z 0;.

i=1

Since e divides |G : N|, we have that p does not divide e. Moreover, x(1) = etf;(1).
Suppose for a contradiction that p divides ¢t. Since N < [5(0) we have that p divides
|G : N|, which is a contradiction. Hence (¢,p) = 1. Hence we must have that p divides
6;(1) for all . Since Conjecture 2.6 holds for N, 6, € A,(N,Z(N)) C A,(N) for all i.
Therefore Res$x € A,(N). Finally, we have that Res%x € A,,(P) by Lemma 4.8, taking
G=P,H=N,N=1, K =P, where h= (|N : P|,p) = 1. Hence Res%y € A,(P). O

Corollary 9.6. Let S < G < Aut(S) where S is a sporadic simple group and P € Syl (S)
for an odd prime p. Suppose that T := P.Cq(P) = P. Then Res$y € A, (T, TNS,1).

Proof. Recall that |G : S| = 2. Hence for an odd prime p, p does not divide |G : S|, namely
P € Syl,(S). Moreover, using Appendix C, we have that Conjecture 2.6 holds for S. Hence
using Theorem 9.5 and that A,(T,7NS,1) = A,(P,PNS,1) = A,(P,P,1) = A,(P), we

are done. u

Now we see that the condition PCq(P) = P is not too restrictive for almost sim-
ple sporadic groups, namely we note that there is one exception to the condition that

PCq(P) = P, that being He : 2 and the prime p = 3, as in this case P < P.Cg(P).

Proposition 9.7. Let S < G < Aut(S) and p be a prime such that p* divides |G|. Let
P € Syl (G), then unless G = He : 2 and p =3, PC(P) = P.
Proof. This can be checked using MAGMA or the Atlas using the techniques in Proposi-

tion 9.1. ]
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The above two results show that for odd primes and G # He : 2, we are done. However
we are required to test Conjecture 2.6 for He : 2. Recall that we are required to show for
x € Trr(He : 2), such that 3 divides x(1), that Res$x € A, (T, TN S, 1). Since S <G,

T TS

[ S

s S

)

nl QA

so p does not divide |T : T'N S|. Therefore using Lemma 4.26, we need only show that
ResSy € A,(T'). Before we prove our key result on odd primes, namely Theorem 9.9, we
note that in Proposition 9.7, we do not consider what happens when v,(|G|) < 2, i.e. the

Sylow p-subgroup is abelian. We show that this case follows from Theorem 5.60.

Corollary 9.8. Let S < G < Aut(S) where S is sporadic. Let p be an odd prime, and p
divide x(1) for x € Irr(B) for some block B. Suppose that D(B), the defect group of B,
is abelian. Then x € A,(G, S, 1).

Proof. Note that as p does not divide |G : S|, then by Lemma 4.26, we need to show

x € A,(G). However, this follows from Theorem 5.60. O
Hence we have our first main result.

Theorem 9.9. Let S < G < Aut(S) where S is sporadic and let p be an odd prime. Let

X € Irt(G) such that p divides x(1), then x € A,(G, S, 1).

Proof. From all the previous discussion, we only need to show for p = 3 and G = He : 2,
for all x € Irr(G) such that 3 divides x(1), that Res$y € As(T). This can be verified
using a refined version of ExTestCharacter in MAGMA. One can check that there are

27 such characters. O

Now we consider what happens if p = 2. From Lemma 9.4, we must restrict the
irreducibles of even degree to both PCq(P) and QCq(Q) where Q € Syl,(S) and P €
Syly(G).

Lemma 9.10. Let S < G < Aut(S) and Q € Syl,(S). Suppose that QCq(Q) = Q. Then
R,esgx € A,(Q,QN S, 1) = Ay(Q).
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Proof. Recall the definition of C2(Q) from Definition 2.1. Moreover since () € Syl,(S) we

have by Lemma 9.2 that Q/Q is elementary abelian, hence by Theorem 7.1 and Remark

7.2, Resgx € C(Q) = Ax(Q). O

Now we see that the condition QCq(Q) = @ is not restrictive. Our aim in the proof

of Lemma 9.12 is to show that if G = S : 2, the outer automorphism (of order 2) cannot

centralise a subgroup of the Sylow 2-subgroup of S. The proof will simply give a list of

subgroups which, using the following facts, are sufficient to prove this claim.

Remark 9.11. Let G =5 : 2 and K be a complement to S in GG. Then,

(1)

(iii)

Suppose there exists H < S such that H is an abelian 2-group, then if K’ < Cq(H),
HK is abelian. If there exists a subgroup of S containing an abelian 2-subgroup H

such that HK is non-abelian then K is not a subgroup of Ce(H).

In addition to (i), if there exists a quotient of a subgroup H < S, which is an
abelian 2-group such that QK is non-abelian then K is not a subgroup of Cg(H),

as if L € Syl,(H) and K < Cg(H) then K centralises any quotient of L.

If there are 2 (or more) conjugacy classes of 2-elements of S that fuse in G, then
K cannot centralise these elements. Let x, y € S be representatives of distinct
conjugacy classes which fuse in G, namely 92 = y for some g € G. Since G = SK,
we have that g = sk for some s € S and k € K. If K < Cg(z) then y = %z = *z,

which is a contradiction to the choice of z and y. Hence K cannot centralise z.

Lemma 9.12. If S < G < Aut(S) where S is a sporadic group and QQ € Syl,(S). Then
QCe(Q) = Q.

Proof. The subgroups we state here are from the Atlas, [8].
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Define G := Mjy : 2. Let K denote the complement to M, in G. Suppose that
K < Cg(Q). Using [8], there exists a maximal subgroup of M;s isomorphic to
Ay x S3. Note that K N @Q = {1} and that (A4 x S3) K = Sy x S3 is a maximal
subgroup of G.

In particular for Cy x Cy < Ay, (Cy x Cy) K < Sy, By assumption, K << Cg(Q) <
Cg(Cy x C) and (Cy x Cy) K is abelian. Moreover, (Cy x Cy) K € Syly(S,) but
Dg € Syl,(Sy) is non-abelian. Therefore using Remark 9.11 (i), we have a contra-

diction. The remaining cases will follow the same proof so will be less explicit.

For My, @ 2, we use (i), applied to Cy x Cy < Ly(11) in S which becomes Dg <

L»(11): 2 in G.
For HS : 2, we use (i), applied to My in S which becomes My, : 2 (above) in G.
For J, : 2, we use (i), applied to Cy x Cy < As in S which becomes Dg < S5 in G.

For McL : 2, we use (ii) applied to 2.A4g in S which becomes 2.Sg in G. Note that
one can verify that QCq(Q) = @ in MAGMA for @ € Syl,(As) and G = Sg to

deduce that K cannot centralise ().

For Suz : 2, we use (ii) and (i), applied to 2278 (A5 x S3) in S which becomes

22%8 (S5 x S3) in G, noting that A5 becomes S5 as a subgroup of the quotient.
For He : 2, we use (ii) and (i), applied to 5? : 444 in S which becomes 5% : 454 in G.

For HN : 2, we use (ii) and (i), applied to 3'7* : 445 in S which becomes 3'™ : 455
in G.

For Fig @ 2, we use (i), applied to Mjy in S which becomes Mys : 2 in G using the

above case on Mjs.

For Fiy, : 2, we use (i) applied to (A4 x OF(2):3) : 2 in S which becomes
(S4x OF(2)) : S5in G.
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e For ON : 2, we use (iii) and the fact there are 4 classes of 16 elements in S but only

2 in G, giving that these classes must fuse in G.

e For J;: 2, we use (i) and (i), applied to 2'™* : A5 in S which becomes 2 : S5 in

G.

0
We are therefore left to show that for T := PCq(P), that Res$y € A, (T, T NS, 1).

Corollary 9.13. Let S < G < Aut(S) for a sporadic group S and P € Syl,(G), then
PCu(P) = P.

Proof. This follows directly from Lemma 9.12; since for Q@ € Syl,(S) such that Q < P,
Cq(P) < Ce(Q) is a 2-group. O

Therefore using this we must show that ResGy € Ay(P,P N S,1). Choosing Q €
Syl,(S) such that @ < P, we have that Q = PN S. Hence we must show that ResGy €
Ay(P,Q,1). We need to determine the subgroups L < P which are maximal subject to

the condition that 2 divides |@ : Q N L.

Lemma 9.14. Let G = Aut(S) where S is a sporadic simple group, @ € Syly(S) and
P € Syl,(G) such that Q < P. If L < P is such that Q N L is mazimal in Q) then either

e L is a maximal subgroup of P,
e L is a mazimal subgroup of Q.

Proof. Since @ N L is maximal in @), we have that |Q : Q N L| = 2. So either L < @, in
which case L is maximal in @, or L is not a subgroup of @, so |L: LNQ| =|LQ : Q| =2

and therefore |P : L| = 2, i.e. L is maximal in P. O

Therefore we obtain our second key result. Note that Fij, : 2 is not necessarily a
counterexample, but the current computation cost (in time and memory) to verify it is

too large and requires refinement before running.
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Theorem 9.15. Let S < G < Aut(S) where S is sporadic. If x € Irr(G) is of even
degree, then unless G = Fiy, : 2, x € A3(G, S, 1).

Proof. The reader is referred to the second table in Appendix C for the verification using

the MAGMA function BrauerAlmostSimple(G). O

9.3 Central extensions of sporadic groups

In this section, we consider the results of testing Conjecture 2.12 for quasisimple groups
where the related simple group is sporadic. First we note that by Theorem 5.60, we have
that if p does not divide the order of Z = Z(G) then we are done in the case of abelian
defect. These results can be seen in the third table in Appendix C denoted by AD. We

also note the following generalisation of Theorem 7.1 to rule out certain groups for p = 2.

Proposition 9.16. Let G be a group and Z := Z(G). Let P € Syly(G). If the following
conditions hold then x € As(G, Z).

(i) PCg(P) = P.
(ii) Z < P
(iii) ®(P) = P’, i.e. the abelianisation of P is elementary abelian.

Proof. Using Corollary 4.7, we need to show that for all £ € Ely1(G, G, Z) that Res%, €
Ap(EZ,EZ NG, Z). First note that b = b(E,Z,G) = 1 — vy(|G : EZ]|). Since FE €
El1(G,G, Z) we have that 2 does not divide |G : EZ|, hence b = 1. Therefore we are
required to show that Res%,x € Ay(EZ, Z).

Recall that if E' € Ely (G, G, Z) then E = R x () where R is a 2-group and @ is a
2’-group. Hence since Z is a 2-group, EZ = RZ x () and moreover as |G : EZ| is odd,
there exists ¢ € G such that RZ = P9. Therefore, we can assume EZ < PCg(P) = P

without loss. Hence we show that Res&y € Ay(P, Z).
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Using Lemma 4.25, taking H = P and K = P’, we see that if Defg/P, (71 (Resgx)) €
Ay(P/P"), then 7y, (Resfx) € Ax(P, P'). In addition to this, since Z < P, 7, (ResZy) €
Ay (P, Z). Since P/P' is elementary abelian and 2 divides 7 (Res$x) (1), we may use the
results of Section 7.1.2 to give us that indeed 7, (Res§y) € Ax(P/P).

Finally, using Proposition 3.32 and the proof of Lemma 4.29, setting ( := ResIG;X —
71, (Resx), we have ( € Ax(P, Z) since Z < Z(P) < H,, for each irreducible constituent

6 of Res$y of even degree. ]

The characters that are verified using this approach are denoted by 9.16 in the table
in Appendix C. We also note that this yields a computational simplification for primes
other than 2, for groups satisfying these three conditions, for example 3Fi,, and p = 3.

For the remaining characters, we use the function BrauerQuasisimple(G,p) found
in Appendix A. The results of this function can be found also in the third table in
Appendix C, where the number denotes the number of irreducible characters of G of
degree divisible by p. We note that the exceptions to the theorem do not occur as
they are counterexamples, simply because the code requires further refinement to reduce
the memory cost and computation time to verify these groups. We denote by Z =
{(6Fig,2), (6Fian, 3), (3Fiy,, 2), (3Fiy,, 3), (3Fiy,, 7), (2B, 2), (2B, 3), (2B, 5)} to be the set
of such unverified cases. Note that 2B has not been verified since [§] (online) does not

provide generators for it.

Theorem 9.17. Let G be a group such that G is quasisimple and G/Z is a sporadic simple
group. Let x € Irr(G) of degree divisible by p, a prime. If (G,p) ¢ Z then x € A,(G, Z).

Proof. The reader is referred to the third table in Appendix C for the verification using
the MAGMA function BrauerQuasisimple(G,p). O
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APPENDIX A

CODE

First we exhibit the code for the function ExTestCharacter.

ExTestCharacter:=function(P,chi,M)
local XP,b,i,m,j,Sub,Xm,c,L2,theta,psi,v,MR,R,M1,v1,s0l,num,M4,7;
num:=0;
R:=[];
Z:=IntegerRing();
MR:=[];
L2:=[1;
XP:=CharacterTable(P) ;
b:=#XP;
j:=0;
for m in M do
Sub:=m‘subgroup;
Xm:=CharacterTable(Sub) ;
c:=#Xm;
for i in [1..c] do
Ji=j+1;

Append ("L2, Induction(Xm[i],P));
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end for;
end for;
for theta in L2 do
for psi in XP do
Append ("R, InnerProduct (theta,psi));
end for;
Append ("MR,R) ;
R:=[];
end for;
M1:=Matrix(Z,j,b,MR);
vi=[1;
for psi in XP do
Append (“v, InnerProduct(chi,psi));
end for;
vl:=Matrix(Z,1,b,v);
sol:=[1;
sol:=Solution(M1,v1);
Falses:=[];
for i in [1..NumberOfColumns(sol)] do
if not sol[1][i] in Z then
Append(“Falses,1);
end if;
end for;
if #Falses eq O then
return true;
else
return false;

end if;
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end function;;

Second, we exhibit the code used to verify Theorem 9.15.

BrauerAlmostSimple:=function(G)
local S,Q,P,x,M,M2,m1,Chars,XG,DG,1, j,k,ResChars,L,T;
S:=MinimalNormalSubgroups(G) [1];
P:=SylowSubgroup(G,2) ;
Q:=P meet S;
if Index(P,Q) eq 2 then
M:=MaximalSubgroups(P) ;

M2:=MaximalSubgroups(Q) ;

M1:=[1;
L:=0;
for i in [1..#M] do
T:=Q meet M[i] ‘subgroup;
if 2 in Divisors(Index(Q,T)) then
Append ("M1,M[i]);
else
L:=L+1;
end if;
end for;
if L gt O then
for i in [1..#M2] do
Append ("M1,M2[i]);
end for;
end if;
Chars:=[];
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XG:=CharacterTable(G) ;
DG:=CharacterDegrees(G) ;
1:=0;
for j in [1..#DG] do
k:=DG[j][2];

for 1 in [1..k] do

i:=1+1;
if 2 in Divisors(DG[j][1]) then
Append (“Chars,XG[i]);
end if;

end for;

end for;

ResChars:=[];
for i in [1..#Chars] do
Append (“ResChars,Restriction(Chars[i],P));
end for;

print (#ResChars) ;
for chi in ResChars do
ExTestCharacter (P,chi,M);
end for;

else

print ("Index False");

end if;

return true;

end function;;

The following is code used in Section 9.3 to verify the quasisimple cases.
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BrauerQuasisimple:=function(G,p)
local P,CGP,T,Chars,XG,DG,1i,]j,k,1,ResChars,M1,Z,M2,M,Subs,M3,Results;
P:=SylowSubgroup(G,p);
CGP:=centraliser(G,P);
T:=ProductSubgroups(G,P,CGP) ;
Chars:=[];
XG:=CharacterTable(G) ;
DG:=CharacterDegrees(G) ;
i:=0;
for j in [1..#DG] do
k:=DG[j][2];

for 1 in [1..k] do

i:=i+1;
if p in Divisors(DG[j][1]) then
Append (“Chars,XG[i]);
end if;

end for;

end for;
ResChars:=[];
for i in [1..#Chars] do
Append ("ResChars,Restriction(Chars[i],T));
end for;
print (#ResChars) ;
M1:=MaximalSubgroups(T) ;
Z:=Center(G);
M2:=[];
for i in [1..#M1] do

if Z subset M1[i] ‘subgroup then
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Append ("M2,M1[i]);
end if;

end for;

for i in [1..#M2] do
if p in Divisors(Index(T,M2[i] ‘subgroup)) then
Append ("M,M2[i]);
else
Append ("M3,M2[1]);
end if;
end for;
while #M3 gt O do
for i in [1..#M3] do
M1:=MaximalSubgroups (M3 [i] ‘subgroup) ;
for i in [1..#M1] do

Append (~Subs,M1[i]);

end for;
end for;
M3:=[];
if p in Divisors(Index(T,Subs[i] ‘subgroup)) then
Append ("M, Subs [i]) ;
else
Append ("M3,Subs[1]);
end if;
end while;
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Results:=[];
for chi in ResChars do
Append ("Results,ExTestCharacter(T,chi,M));
end for;

return Results;

end function;;

The next code exhibited relates to Section 7.1.4, for computing the rank of C(P)/A,(P).
The code outputs the dimension of the described matrix, which will be in the form p",

where r is the required rank. We also note that the following function is a GAP code.

CPModApP:=function(p,n)
local H,i,G,L,S,Q,theta,T,M,chi,M1,R,N,m,psi,XH;
H:=CyclicGroup(p);
m:=n-1;
for i in [1..m] do
G:=DirectProduct (H,CyclicGroup(p));
H:=G;
od;
L:=MaximalSubgroups (H) ;
S:=[1;
XH:=CharacterTable (H) ;
for Q in L do
for theta in Irr(CharacterTable(Q)) do
Add (S, InducedClassFunction(theta,XH));
od;

od;
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for psi in S do
for chi in Irr(XH) do
Add(T,ScalarProduct(psi,chi));
od;
Add(M,T);
T:=[1;
od;
M1:=HermiteNormalFormIntegerMat (M) ;
M:=[1;
for R in M1 do
if ForAll(R,IsZero) = false then
Add(M,R);
else
continue;
fi;
od;
N:=SmithNormalFormIntegerMat (M) ;
PrintFactorsInt (Determinant (N)) ;

end; ;
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APPENDIX B

CONJUGACY CLASS FUSION IN SYLOW
P-SUBGROUPS OF SPORADIC GROUPS

In this appendix, we detail distinguishing features of the conjugacy classes of p-elements of
sporadic simple groups G. This is used in Chapter 9 to build the restriction of irreducible
characters of G to P € Syl,(G) without having to build the character table of G itself. The
information will be presented in tables, giving the name of the group, the representation
of it that we use, the desired prime and the classes of p-elements corresponding to said
prime and where possible a distinguishing feature of that class. Note that in some cases the
classes are very hard to distinguish, so in the computation we would run the assignment
procedure that we described for the Monster over the remaining classes.

If we are using a matrix representation for GG, then a number in the box related to
a conjugacy class refers to the dimension of the l-eigenspace of an element from the

designated conjugacy class.

Group | Prime Matrix Representation 3A | 3B | 94
HN 3 132 x 132 matrices over GF(4) | 48 | 42 | 14
Group | Prime Matrix Representation 5A | 5B | 5C | 5D | 5E | 25A | 258

HN 5 132 x 132 matrices over GF(4) | 20 | 32 | * | * | 28 | 6 6

For the above group, we note that the 5C' and 5D classes both have dimension 26. However
running the following code gives the eigenvalues, E'G, over GF(16) which distinguishes

the 2 classes. It is not clear however which class is which. Hence if we use this information
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we must assume it is one of the two classes and see which yields a contradiction. Note also
that for our purposes, it does not matter which class is 25A or 25B, since all characters

of HN of degree divisible by 5 take the same value on these classes.

for v in GF(16) do
Append ("t ,v);

end for;

v:=t[3];

EG:={<v"3,29>,<v"12,29>,<v"6,24>,<1,26>,<v"9,24>};

Group | Prime Matrix Representation 3A | 3B | 9A
Ly 3 111 x 111 matrices over GF(5) | 21 | 39 | 13
Group | Prime Matrix Representation 5A | bB | 25A
Ly 5 111 x 111 matrices over GF(5) | 25 | 23 | 5
Group | Prime Matrix Representation 3A | 3B |3C |9A | 9B |9C | 27TA | 27B | 27C
Th 5 248 x 248 matrices over GF(2) | 92 | 86 | 80 | 32 | 26 | 30 | 10 8 8

Above, we note again that since the values of the characters of degree divisible by 3 are

the same on the 278 and 27C classes, we need no further information for our purposes.

Group | Prime Matrix Representation 11A | 11B

Ja 11 112 x 112 matrices over GF(2) | 2 12

For Fiy, (below) and p = 3, we use the representation of Fij, as a subgroup of Sspso3-
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Class Cycle Structure
3A [< 3,101232 >, < 1,3240 >|
3B [< 3,101817 >, < 1, 1485 >|
3C [< 3,102186 >, < 1,378 >|
3D [< 3,102258 >, < 1,162 >|
3B [< 3,102312 >]
9A [<9,33939 > < 3,486 >, < 1,27 >]
9B [<9,33939 > < 3,480 >, < 1,45 >]
9C [<9,33939 > < 3,483 >, < 1,36 >]
9D [< 9,33939 >, < 3,495 >]
9F [<9,33939 >, < 3,492 > < 1,9 >]
9F [<9,34086 >, < 3,52 >, < 1,6 >]
2TA | [« 27,11313 >,< 9,162 >,< 3,8 >, < 1,3 >]
27B [<27,11313 >, < 9,165 >|
27C [<27,11313 >, < 9,165 >|
Group | Prime Matrix Representation 3A | 3B | 9A | 9B | 27A
B 3 4370 x 4370 matrices over GF(2) | 1508 | 1454 | 482 | 488 | *

Clearly, for the above the elements of 27A are distinguished by the fact they have order

27.

Group

Prime

Matrix Representation

5A

5B

25A

B

4370 x 4370 matrices over GF(2)

890

870

Clearly, for the above the elements of 25A are distinguished by the fact they have order
25. For HN : 2, below, taking p = 2, we use its representation as 133 x 133 matrices over

GF(5). We take the maximal subgroup H := 28 (A5 x A5).2.2. We denote by E;, the

1-eigenspace of an element from the corresponding conjugacy class.
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Class Feature

24 dim(E,) = 77
2B dim(E) = 69
20 dim(E,) = 70
4A dim(Ey) = 37
4B dim(E;) = 39
AC dim(E;) = 33
4D dim(E;) = 56
AE dim(E,) = 40
AF dim(E,) = 34
8A dim(F;) =19 and |Cy(z)| = 32

8B | dim(E;) =19 and |Cy(z)| € {64,128}

8C dim(E,) = 22
8D dim(E;) = 18
8E dim(E;) = 20
8F dim(E,) = 16

For G := Fiyy : 2, below, taking p = 2, we use the representation of G as a subgroup
of S3510. We define C),(0) to be the number of n-cycles in the cycle decomposition of o.
We define p;5 to be the representation afforded by the G-module constructed using the
generators of Figy : 2 as 78 x 78 matrices over GF(7) and pyo9 to be the representation
afforded by the G-module constructed using the generators of Figy : 2 as 429 x 429 matrices

over GF(7). We denote by x7s and X429 their corresponding characters.
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Class Feature

24 Cy(z) = 1408
2B Cy(z) = 1664
20 Cy(z) = 1728
2D Co(x) = 1575
°F Cy(z) = 1719
2F Cy(z) = 1723
4A Co(x) = T2
4B Cu(z) = 76
4C Cy(x) =88
4D Co(x) =24
AE Cy(z) = 84
AF Cy(z) = 55
4G Co(x) =T1
AH Cs(z) = 83
AT Cy(z) = 87
4J Co(x) =27

8A | Not 8C, 8D, 8G, 8H and y7s(x) = 2 and y429(z) =1

8B | Not 8C, 8D, 8G, 8H and xrs(x) = 3 and y429(x) =1

8C Cs(z) = 416 and Cy(x) =2

8D Cs(z) = 438 and Cy(x) = 2

8FE | Not 8C, 8D, 8G, 8H and x7s(x) = 2 and Y429(z) = 3

8F | Not 8C, 8D, 8G, 8H and xrs(x) = 3 and x499(x) = 3

8G Cs(z) = 416 and Cy(x) = 2
8H Cs(x) = 432 and Cy(z) =3
16A *
168 *

Again we do not need to distinguish between the 16-classes for our purposes. For G :=

146



Fi’24 : 2, below, taking p = 2, we use the representation of G as a subgroup of S3pg936. We

take the maximal subgroup H := 2'2.M,,.

Class Feature

2A | Cy(x) = 151712

2B | Cy(x) = 153216

2C | Cy(x) = 137632

2D CQ T

4A CQ(QZ) =192

AB | Cy(x) = 1724

AC | Cy(z) = 248

AD | Cy(x) = 1576

AE | Cy(x) = 1720

AF | Cy(z) = 232

AG | Cy(z) = 252

8A | |Crlz)| = 4608

8E | |Cy(z)| = 9216

8F | Cylz) = 2

16A *

168 *

Again we do not need to distinguish between the 16-classes for our purposes. For the
8B and 8F classes, we must use the random assignment procedure (as described for the
Monster) to determine these classes. However, as there are only two classes of P not

belonging to the other classes, this is relatively simple.
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APPENDIX C

SPORADIC GROUPS VERIFICATION

The following are the tables of results relating to the results from Section 9.1, in particular
Theorems 9.3, 9.15 and 9.17.

For the first table, any prime p > 17, the defect groups for these primes are abelian,
so therefore the result is true using Theorem 5.60, since Z(S) = 1, for S non-abelian
simple. The table is therefore restricted in size but this is not important. We denote by
® := ®(P) where P is the Sylow 2-subgroup of G, to be the Frattini subgroup of P. The
first column shows that we have checked whether ®(P) = P'.

Any cell containing a number refers to the number of height zero characters that we
were required to verify, if we used GAP, or the number of characters of degree divisi-
ble by p that we verified, if we used MAGMA, as in MAGMA the code does not work
out the distribution of the irreducible characters into blocks, however this can easily be

implemented.
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S\ p

11

13

17

19

23

29

M,
J1
Mo
Jo
Mas
HS
Js3
Moy
McL

Ru
Suz
O'N
Cosy
Coq
Fiay
HN
Ly
Th
Figs
Co,
Ja

<!
Fiy,

=P
=P
=P
=
=p
=P
=P
=P
=P
=P
= P/
=P
=P
= P/
=p
=P
=P
=P
=P
=P
= P/
=P
=P
= 2
=P
o=

AD

AD
AD

AD

AD
12

157

AD
AD
AD
AD
AD
AD

AD
AD

AD
16
AD
AD
22
40
AD
34
28
26
AD
75
AD
AD
159
114

AD
N/A
AD
AD
AD
AD
AD
N/A
AD
AD

AD
AD
10
AD
AD
AD
AD
AD
AD
AD
AD
AD
68
AD
145

AD
AD
AD
AD

N/A
AD
AD

N/A
AD
AD

N/A

N/A
AD
AD
AD
AD
AD
AD
AD

N/A
AD
AD

18
AD
AD
AD

N/A
N/A
N/A
N/A
N/A
N/A
N/A
N/A
N/A
N/A
N/A
AD
AD
N/A
N/A
N/A
AD
N/A
N/A
AD
AD
AD
N/A
AD
AD
139

N/A
N/A
N/A
N/A
N/A
N/A
N/A
AD
N/A
N/A
AD
N/A
N/A
N/A
N/A
N/A
N/A
N/A
N/A
N/A
AD
N/A
N/A
AD
AD
AD

N/A
N/A
AD
N/A
N/A
N/A
N/A
AD
N/A
N/A
N/A
N/A
N/A
AD
N/A
N/A
N/A
AD
N/A
N/A
N/A
N/A
N/A
N/A
AD
AD

N/A
N/A
N/A
N/A
N/A
AD
N/A
N/A
AD
N/A
N/A
N/A
N/A
N/A
AD
AD
N/A
N/A
N/A
N/A
AD
AD
AD
AD
N/A
N/A

N/A
N/A
N/A
N/A
N/A
N/A
N/A
N/A
N/A
N/A
N/A
AD
N/A
N/A
N/A
N/A
N/A
N/A
N/A
N/A
N/A
N/A
AD
AD
N/A
N/A
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The following is the table of results relating to Theorem 9.15. The second column here
represents the number of irreducible characters of G we are required to verify the result

for.

G #x € Irr(G)
Mg : 2 13
Moy : 2 5)

Jo: 2 19
HS:2 23
Jg 12 22
McL : 2 25
He: 2 37
Suz : 2 52
ON:2 37
Figy : 2 80
HN : 2 62
Fib, : 2 *
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The following is the table of results relating to Section 9.3, in particular Theorem 9.17.
This table follows the same structure as the first table in Appendix C. Here we also note

that 9.16, states that for p = 2, we use Proposition 9.16 to verify the result.

G\p 2 3 ) 7 11 13 17 19 23 29

2My, | 18 | 8 | AD|N/A| AD | N/A | N/A | N/A | N/A | N/A
2My, | 15 | AD | AD| AD | AD | N/A | N/A | N/A | N/A | N/A
3My, | 10 | 28 | AD| AD | AD | N/A | N/A | N/A | N/A | N/A
AMa, | 31 | 31 |AD| AD | AD | N/A | N/A | N/A | N/A | N/A
6My, | 41 | 53 | AD| AD | AD | N/A | N/A | N/A | N/A | N/A
12My, | 85 | 85 |AD | AD | AD | N/A | N/A [ N/A | N/A | N/A
2J, | 30 | 20 | AD| AD | N/A | N/A | N/A | N/A | N/A | N/A
2HS | 34 |AD| 16 | AD | AD | N/A | N/A | N/A | N/A | N/A
3J; | 31 | 46 | AD | NJA | N/A | N/A | AD | AD | N/A | N/A
3McL | 42 | 54 | 27 | AD | AD | N/A | N/A | N/A | N/A | N/A
2Ru | 53 | 43 | 21 | AD | N/A| AD | N/A |N/A | N/A | AD
2Suz | 60 | 40 | AD | AD | AD | AD | NJA | N/A | N/A | N/A
3Suz | 71 | 101 | AD | AD | AD | AD | N/A | N/A | N/A | N/A
6Suz | 162 | 174 | AD | AD | AD | AD | NJA | N/A | N/A | N/A
30N | 56 | 62 | AD| 20 | AD | N/A |N/A | AD | N/A | N/A
2Fiy | 9.16 | 78 | AD | AD | AD | AD | N/A | N/A | N/A | N/A
3Fiy | 117 | 147 | AD | AD | AD | AD | N/A | N/A | N/A | N/A
6Fip, | * | = |AD| AD | AD | AD | N/JA | N/A | N/A | N/A
2Co; [9.16 | 74 | 76 | AD | AD | AD | N/A [ N/A | AD | N/A
3Fi,, | « | = |AD| % | AD | AD | AD | AD | AD | N/A
2B | « | = | = | AD | AD | AD | AD | AD | AD | N/A
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APPENDIX D

EVSEEV’'S NOTES ON TWISTED GROUP
ALGEBRAS

The following are lecture notes for a study group written by Evseev on twisted group
algebras. We will not write up the entire series of notes, just the relevant chapter on
subalgebras and centralisers of twisted group algebras. Let I' be a group. Let A be a
twisted I' algebra over C that has characteristic 0 and is "large enough”, i.e. such that
A[H] is split semisimple for every H < I'. We will be interested in the case A = CT.
Let Z be a normal subgroup of I" and define G :=T1'/Z. Let n: I' — G be the canonical

surjection. We turn A into a G-graded algebra by setting,
A= ) A
oen~'(g)

for each g € G. We denote this G-graded algebra by A[G]. Clearly, A[G] is a crossed
product of G' with identity component A[Z]. If y € Irr(A) and X € Irr(A[Z]), we say that

X lies over A, if A is an irreducible constituent of Resﬁ[z]x. We write,
Irr(A|N) = {x € Irr(A) : x lies over A} .

If A is the usual group algebra of I' over C, we have Irr(A|\) = Irr(T'|A). The subalgebra
Ca(A[Z]) of A is a G-graded algebra with identity component Z(A[Z]). The algebra

A[Z] is a direct sum of matrix algebras, with components corresponding to irreducible
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characters of A[Z], and for each A € Irr(A[Z]), we denote by e, the identity elements of
the component corresponding to A. Then the idempotents ey, for A € Irr(A[Z]), form a

basis of Z(A[Z]). Moreover, we have,

1= Z €,

Aelrr(A[Z])
and this leads to the decomposition
Ca(AlZ)) = B Ca(AlZ))ex
Aelrr(A[Z])

as G-graded algebras. For A € Irr(A[Z]), define A()) := C4(A[Z])ex. For each x € Irr(A)
let e, be the corresponding primitive central idempotent of A. It is not difficult to show
that x lies over A € Irr(A[Z]) if and only if eyey # 0. One can show that G acts on
the idempotents ey, and hence on Irr(A[Z]), with the action given by M(a) = A(ugauy ")
where u, is a graded unit of A[G] of degree g. One can therefore generalise Clifford theory
to this situation, considering the inertia group of each A € Irr(A[Z]). However, we will

assume (for now, at least) that A is G-invariant. Our aim is to prove the following result.
Theorem D.1. Suppose \ € Irr(A[Z]) is G-invariant. Then

(1) A(N) is a twisted G-algebra, with the grading inherited from that of A|G].

(ii) A(N)[H] is split semisimple for every subgroup H < G.
(iii) There is a natural bijection between Irr(A|X) and Irr(A(N)).

Evseev then proves a series of Lemma’s to prove this result, however we are interested

in (iii) of the above Theorem. This result is summarised by the following proposition.

Proposition D.2. Suppose A € Trr(A[Z]) is G-invariant. Then Z(A)ex = Z(A(N)).
Hence, there is a one-to-one correspondence between Irr(A|N) and Irr(A(N)): two charac-

ters x € Irr(A|X) and X' € Irr(A(X)) correspond if and only if e, = e,.
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Moreover, we have that Aey, = A[Z]ey ®c A()), because A[Z]e, is isomorphic to a
matrix algebra and contains the identity element of Aey, whereas A()\) is the centraliser

of A[Z]ey in Aey. So the bijection above may be described as

X = N x Y,

where x’ € Trr(A(X)) and X is the restriction of A to A[Z]e,.

154



LIST OF REFERENCES

[1] J.L. Alperin and Rowen B. Bell. Groups and Representations. (Springer-Verlag, New
York, 1995.)

[2] J.L. Alperin. Local Representation Theory. (Cambridge University Press, 1993.)

[3] C.S. Aravinda, F.T. Farrell, J.F. Lafont. Geometry, Topology, and Dynamics in
Negative Curvature (Cambridge University Press, 2016.)

[4] M. Aschbacher. Finite Group Theory. (Cambridge University Press, 2000).

[5] D.J. Benson Representations and Cohomology Volume I. (Cambridge University
Press, 1995.)

[6] T.R. Berger and R. Knorr. On Brauer’s height 0 conjecture. Nagoya Math. J. 109
(1988), 109-116.

[7] R. Brauer. On Artin’s L-series with general group characters. Ann. of Math (48)
(1947), 502-514; Collected Papers I, 539-551.

[8] J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker, R.A. Wilson. Atlas of Finite
Groups. (Oxford: Clarendon Press, 1985).

[9] C.W. Curtis and I. Reiner. Methods of representation theory, vol 1. (John Wiley &
Sons, New York,1981.)

[10] A. Evseev. Character Correspondences for symmetric groups and wreath products.
Forum Mathematicum, 29(3), 581. (2012).

[11] A. Evseev. The McKay Conjecture and Brauer’s Induction Theorem. Proc. Lond.
Math. Soc. (106) 6 (2013), 1248-1290.

155



[12]

[13]

[14]

[15]

[17]

[18]

[19]

[21]

[22]

23]

[24]

[25]

W. Feit. The Representation Theory of Finite Groups. (North-Holland Publishing
Company, Amsterdam, 1982).

D. Gorenstein. Finite Groups. (Chelsea Publishing Company, New York, 1980).

D. Gorenstein, R. Lyons and R. Solomon. The Classification of Finite Simple
Groups. (American Mathematical Society, Rhode Island, 2000).

G. Hochschild and J.P. Serre. Cohomology of Group Extensions. Trans. Amer. Math.
Soc. 74 (1953), 110-134

[. M. Isaacs. Character Theory of Finite Groups. (Dover Publications, Inc., New
York, 1994.)

. M. Isaacs. Finite Group Theory. (American Mathematical Society, Rhode Island,
2008).

[. M. Isaacs. Characters of m-Separable Groups. Journal of Algebra (86) (1984),
98-128.

I. M. Isaacs and G. Malle and G. Navarro. New refinements of the McKay conjecture
for arbitrary finite groups. Ann. Of Math. (2) 156 (2002), 333-344.

[.LM. Isaacs and G. Navarro. New refinements of the McKay conjecture for arbitrary
finite groups. Ann. Math. (2) 156 (2002), 333-344.

G. James and A. Kerber. The Representation Theory of the Symmetric Group.
(Addison-Wesley Publishing Comapny, Inc., Massachusettes, 1981).

G. Karpilovsky. Group Representations Volume 3. (North-Holland Mathematics
Studies, Amsterdam, 1994).

R. Kessar and G. Malle. Quasi-isolated blocks and Brauer’s height zero conjecture.
Annals of Math. 178 (2013), 321-384.

S. Lang. Algebra. (Springer-Verlag, New York, 2002.)

J. McKay. Irreducible representations of odd degree. J. Algebra 20 (1972), 416-418.

156



[26] I.G. Macdonald. Polynomial Functors and Wreath Products. Journal of Pure and
Applied Algebra. 18 (1980).

[27] G. Navarro. Characters and Blocks of Finite Groups. (London Mathematical Society
Lecture Note Series (250), 1998.)

[28] S.K. Sehgal and M.V. Zaicev. Graded Identities and induced gradings on group
algebras. Y. Bathurin (ed.), Groups, Rings, Lie and Hopf Algebras (2003), 211-219.

[29] T. Wilde. A note on Brauer’s Induction Theorem in a soluble group. Communica-
tions in Algebra (34) (2006), 1927-1929.

[30] W. Willems. A note on Brauer’s Induction Theorem. Journal of Algebra (58) (1979),
523-526.

[31] R. Wilson. The Finite Simple Groups. (Springer-Verlag, London, 2009.)

157



