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Abstract

This thesis deals with the problem of finding some substructure within a large graph
or hypergraph. In the case of graphs, we consider the substructures consisting
of fixed subgraphs or families of subgraphs, perfect graph packings and spanning
subgraphs. In the case of hypergraphs we consider the substructure consisting of
a hypergraph whose order is linear in the order of the large hypergraph. T will
show how these problems are extensions of more basic and well-known results in
graph theory. I will give full proofs of three new embedding results, two for graphs
and one for hypergraphs. I will also discuss the regularity lemma for graphs and
hypergraphs, an important tool which underpins these and many similar embedding
results. Finally, I will also discuss graph and hypergraph Ramsey numbers, since
two of the embedding results have important applications to Ramsey numbers which

improve upon previously known results.
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CHAPTER 1

INTRODUCTION

1.1 Graph Packings

1.1.1 Notation and Preliminaries

Throughout this thesis, a graph refers to a simple undirected graph, that is a set V
of distinct vertices and a set E of edges which is a subset of the set of unordered
pairs of vertices in V. No loops or multiple edges are allowed.

Given a graph G = (V, E), we write |G| := |V| for the order of G, and e(G) := |E|
for the number of edges. x(G) denotes the chromatic number of G, i.e. the least
integer ¢ such that there is a partitioning of V(G) into ¢ independent sets (i.e.
sets containing no edges). The minimum degree of G is denoted by 6(G), and the
maximum degree by A(G). For disjoint sets X and Y in G, we write e(X,Y") for the

number of edges of G with one endpoint in X and one in Y, and d(X,Y) := e‘g?(”;)

denotes the density of edges between X and Y. We denote by d(A) := e(A)/("")
the density of A. We write x = a £ b to mean a < z < b.

The degree of a vertex = in G is denoted by dg(x), or by d(x) if this is unam-
biguous. The neighbourhood is denoted by Ng(z) or simply by N(z). For a set of
vertices X the neighbourhood of X is N(X) := (J,.yx N(x). For a subset S C V(G),



the number of neighbours in S of a vertex z is denoted by d(z,S) or by dg(z). If
we have disjoint subsets A, B C G, then we define 6(A, B) := mingca{dp(x)}, i.e.
the minimum degree in B of a vertex in A. We denote by G[A] the subgraph of G
induced by the vertex set A.

By the notation a < b < ¢ we mean that we pick constants from right to left,
and that there are increasing real-valued functions f and g such that our statements
holds provided b < f(c¢) and a < g(b). Hierarchies with more constants are defined
similarly. The necessary functions f and g could be calculated explicitly from the
appropriate proofs, but for simplicity we will not do this. We simply assume that
b is sufficiently small compared to ¢, and a sufficiently small compared to b, for all
our calculations to work.

We usually use n to denote the order of a graph and think of n as very large, or
indeed tending to infinity. Then given a function f, the notation m ~ f(n) means

that m/f(n) == 1.

1.1.2 Forcing Subgraphs

The subject area of this thesis has ultimately grown out of the following question:
Which graph properties force the existence of a certain substructure in the graph?
Alternatively we can ask the contrapositive question: How does forbidding a certain
substructure influence the global properties of a graph? Some of the early results in
this field took as the substructure a particular subgraph. Perhaps the most basic
result in this field is Mantel’s Theorem, which gives a best possible condition on the
number of edges in a graph which does not contain a triangle. Mantel’s Theorem
is generalised by Turan’s Theorem, which concerns the number of edges in a graph
which does not contain a copy of K., the complete graph on r vertices.

More precisely, let T,._;(n) denote the complete (r—1)-partite graph on n vertices,



where the vertex classes have sizes as equal as possible. This is called the Turdn

Graph. See Figure 1.1.

X
‘@

Figure 1.1: The graph Ty(n) (where n =3 mod 4)

Clearly T,._1(n) is K,-free, i.e. it does not contain any copy of K, as a subgraph
(any copy of K, would have to contain at least two vertices from one of the classes).
It is also easy to see that 7,_1(n) has the greatest possible number of edges of any
(r — 1)-partite graph on n vertices. What is slightly harder to prove is that in fact
T,—1(n) contains the largest possible number of edges of any K,-free graph on n
vertices.

Let ex(n, K.) denote the greatest possible number of edges in a graph G subject

to the conditions that |G| = n and that G does not contain a copy of K.

Theorem 1.1 (Turdn, 1941) Let G be a K,.-free graph on n vertices, and suppose
G satisfies e(G) = ex(n, K,). Then G =T,_1(n).

Turan’s theorem essentially says two distinct things. It implies firstly that the
Turdn Graph T,_(n) achieves the maximum possible number of edges of a K,-free
graph on n vertices, and secondly that it is the unique graph which achieves this

upper bound. As a corollary of this theorem we have the following result:

—1—-L asn— .

ex(n,K;)
n r—1

Corollary 1.2

2

We will generally apply Turédn’s Theorem in the following form:

3



Corollary 1.3 For any real number € > 0, there exists an integer ng = ng(e) such

that if G 1s a graph on n > ng vertices satisfying

ri1+g)(g)

e(G) > (1 —

then K, C GG.

An extension of this result from K, to more general graphs H was achieved by
the famous Erdés-Stone-Simonovits Theorem. We define ex(n, H) to be the greatest

possible number of edges in an H-free graph on n vertices.

Theorem 1.4 (Erdds, Stone, 1946, Erdds, Simonovits, 1966) Given a graph
H and a real number € > 0, there is an integer ng = no(H,e) such that any graph

G on n > ng vertices satisfying e( ) > (1— -+ ¢)(3) contains a copy of H.

X(H)

In particular, for any graph H, ( )H) —1—
2

m as n — Q0.

The lower bound in the limit can be deduced from the Turdn graph 7, _1(n),
where r = x(H).

1.1.3 Forcing Graph Packings

One observation which we can make from the Erdds-Stone-Simonovits Theorem is
that it also provides a condition guaranteeing multiple copies of a graph H. For if
we wish to find & disjoint copies of H, we let H' be the graph consisting precisely of
such copies. We can apply the Erdds-Stone-Simonovits theorem to find a copy of H’
in G provided |G| is large enough and the density of G is at least 1 — T H/) T te=
1— =T H) 7 + €. However, the number of copies of H we can find in this way is still

only a bounded number, i.e. it does not depend on the order of G. We now wish to

find a number of disjoint copies of H which cover a large proportion of the vertices

of G.



We define an H -packing in G to be a collection of vertex-disjoint copies of H in
G. A perfect H-packing in G is an H-packing which covers all the vertices of G.
Given € > 0, an almost perfect H-packing in G is an H-packing in G covering at
least (1 — ¢)|G| vertices.

The aim is to find natural conditions on G which guarantee a perfect H-packing.
Certainly we will require |G| to be divisible by |H|. We will also assume from now
on that x(H) > 2 (or equivalently that e(H) > 0) for otherwise all packing results
are trivial.

When we were looking for just one copy of H in GG, Turan’s Theorem and the
Erdés-Stone-Simonovits Theorem gave us reasonable conditions on the number of
edges in GG. Such edge conditions will no longer be useful if we are looking for
a perfect H-packing. For example, G may consist of a complete graph on n — 1
vertices along with one isolated vertex. Clearly such a graph will not contain a
perfect H-packing if H has no isolated vertex, yet it has a very large number of
edges.

To avoid such a situation, we will now be looking at bounds on the minimum

degree of G. We make the following definition:

Definition 1.5 Given a graph H and an integer n divisible by |H|, let §(n, H)
denote the least integer k such that any graph G on n vertices with minimum degree

d(G) > k must contain a perfect H-packing.

It is clear that d(n, H) exists whenever n is divisible by |H]|, since k = n — 1
would be sufficient to guarantee a perfect H-packing, so the set of such k£ is non-
empty. When n is not divisible by |H|, d(n, H) is undefined. Whenever §(n, H) is
mentioned, we assume that n is divisible by |H| without mentioning this explicitly.

To make the link between forcing subgraphs and forcing graph packings more

natural, we also define a corresponding function for the subgraph case:

5



Definition 1.6 Let do(n, H) denote the least integer k such that any graph G onn

vertices with minimum degree §(G) > k contains a copy of H.

The following can easily be deduced from the Turan and Erdés-Stone-Simonovits

Theorems, and by considering the Turan graph:

Proposition 1.7 §y(n, H) ~ (1 — m)n

In particular, 5o(n, K,) ~ (1 — =)n.

r—1

Furthermore, if n is divisible by v — 1, then §(n, K,) = (1 — - )n.

When looking for perfect H-packings, one easy special case is when H = Kj, i.e.
a single edge. In this case, an H-packing is a matching, and a perfect H-packing
is a perfect matching. We can deduce an upper bound on §(n, K3) from Dirac’s

Theorem on Hamilton cycles:

Theorem 1.8 (Dirac, 1962) Any graph G on n wvertices with minimum degree

d(G) > n/2 contains a Hamilton cycle.

In particular, if n is even a Hamilton cycle will naturally guarantee a perfect

matching.
Corollary 1.9 §(n, Ky) <n/2.

On the other hand, for any n = 2k we can easily construct a graph on n vertices
with minimum degree n/2 — 1 which has no perfect matching. Indeed, let G' be a
complete bipartite graph with vertex classes of size k — 1 and £+ 1. See Figure 1.2.

It is easy to see that G satisfies all of the above conditions. This implies that
d(n, K3) >n/2 — 1, and thus:

Proposition 1.10 §(n, K3) = n/2.



Figure 1.2: The extremal graph for Ky

Now suppose we wish to extend this observation to K,. We might look first
for an example of a graph with high minimum degree, but not containing a perfect
K,-packing. One possible example is the complete r-partite graph with r — 2 classes
of size k, one class of size k — 1 and one class of size k + 1, where k = n/r. See
Figure 1.3. (Note that this example can be obtained from the extremal example for
K, by adding on a copy of T,_a(n — 2k) and joining all the new vertices to all the

old ones.)

TT_Q(TL — Qk)

Figure 1.3: The extremal graph for K,

This graph does not contain a perfect K,-packing, and has minimum degree
(1—1/r)n—1. Thus we might guess that the following result should be the correct

one.



Theorem 1.11 (Hajnal, Szemerédi, [36]) For all integers r and all integers n

divisible by v, §(n, K,) = (1 — 1/r)n.

The example above demonstrates that d(n, K,) > (1 — 1/r)n. The case r = 3 of
Theorem 1.11 was first proved by Corrddi and Hajnal [19], and the full theorem was
proved by Hajnal and Szemerédi in 1970. Comparing this with the single subgraph

result which comes from Turan’s Theorem, we have

whenever n is divisible by r — 1 or r respectively. Thus we might hypothesise that
the extension of this result to the perfect packings analogue of the Erdds-Stone-

Simonovits Theorem would be:

Possible Conjecture 1.12 For all graphs H and all integers n divisible by |H]|,

d(n,H)=(1- ﬁ)n

However, this conjecture can easily be seen to be false.

Proposition 1.13 Let H = K33, the complete bipartite graph with two classes of
size 3. Then for each k € N, there is a graph G on n = 6k vertices with minimum

degree n/2 + 1 which does not contain a perfect K s-packing.

Proof. Construct G as follows: The vertex set of G consists of a set A of size
3k +1 and a set B of size 3k — 1. The edges of G will be all the edges between A
and B, along with a cycle on the vertices of A (which is possible as |A| > 4). See
Figure 1.4.

Note that every vertex of G has degree 3k + 1 = n/2 + 1. Furthermore, if G

contained a perfect K3 s-packing, one copy of K33 would have to meet A in at least

8



3k+1 3k—1

Figure 1.4: The extremal graph for K33

4 vertices, and so A would contain vertices from both of the classes of K33. Let X
and Y be the classes of K3 3. Furthermore, since B is independent, B could contain
only vertices from one class. Without loss of generality, B contains only vertices
from Y. And so X would lie completely in A, along with at least one vertex from Y.
This vertex would then have degree 3 in A, which is impossible as A only contains

a cycle. O
However, we might attempt to modify the conjecture slightly.

Possible Conjecture 1.14 For all graphs H and all integers n divisible by |H]|,

d(n,H) ~ (1— ﬁ)n

One of the first partial results towards this conjecture is the following:

Theorem 1.15 (Alon, Yuster [4]) Given any graph H and any real number ¢ >

0, there exists ng = no(H,e) such that for any n > ngy divisible by |H|, if G is a

graph on n wvertices with minimum degree §(G) > (1 — ﬁ + e)n, then G contains

a perfect H-packing. In other words, 6(n, H) < (1 — ﬁ + e)n.

Alon and Yuster conjectured an improvement to this theorem, which was proved

by Komlés, Sarkézy and Szemerédi:



Theorem 1.16 (Komlés, Sarkozy, Szemerédi [48]) Given any graph H there
is a constant C' = C(H) dependent only on H such that for any n divisible by |H|,
1

if G is a graph on n vertices with minimum degree 6(G) > (1 — m)njLC(H), then

G contains a perfect H-packing. In other words 6(n, H) < (1 — ﬁ)n +C(H).
This might suggest that the conjecture is indeed true. However, this is mis-

leading, as in some cases we can improve substantially on this upper bound. For

example, the El Zahar conjecture, proved by Abbasi, states the following:

Theorem 1.17 (Abbasi [1]) Let n =ny +ng+ ...+ ng, and let G be a graph on
n vertices satisfying §(G) > > [n;/2]. Then G contains k vertex disjoint cycles of

orders ny,ng, ..., Nk.

In particular, if n is divisible by &k and if we let n; = ny = ...nx = n/k =: h, then
the vertex disjoint cycles are precisely a perfect Cj-packing. In the case when h is
odd, this means that the minimum degree required to guarantee such a packing is
certainly no more than k(h 4+ 1)/2 = n(h 4+ 1)/2h, which is considerably less (for
h > 5) than the asymptotic value of 2n/3 given by the conjecture. Thus some more
refined theorem is needed.

In order to introduce the desired theorem, we need to make some definitions.
Given a graph H of chromatic number x(H), let o(H) denote the smallest possible

size of a colour class in a x(H )-colouring of H.

Definition 1.18 The critical chromatic number of H is denoted by x.-(H), and is

defined by
X(H) —1 |

= i —o(m

Xer(H)

Note that x(H) — 1 < xe(H) < x(H), and that x..(H) is closer to x(H) — 1
if o(H) is comparatively small. Thus the critical chromatic number in some sense

measures how uneven the colour class sizes are, as well as how many are required.

10



Komlés proved that if we only require an almost perfect packing, then the critical
chromatic number replaces the chromatic number as the relevant parameter in all

cases.

Theorem 1.19 (Komlés, [46]) For any graph H and any e > 0 there is an integer
no = no(H, €) such that if G is a graph onn > ng vertices and if §(G) > (1—XC+(H))TL

then G contains an H -packing covering at least (1 — )n vertices.

1 The result we are aiming towards will state that for some graphs, the appro-

priate minimum degree to guarantee a perfect H-packing is also approximately

(1— Xcrl( H))n. Before we can state the result formally, though, we need some more
definitions.

Let ¢ := x(H). Given an ¢-colouring c of H, let &1 > x9 > ... > x; be the sizes
of the colour classes. Define D(c) = {z; —x;41 | i =1,...,0 —1}. Let D(H) be the
union of all the sets D(c) over all optimal colourings ¢ of H. We define hcf, (H)
to be the highest common factor of the elements of D(H) (or hcfy(H) := oo if
D(H) = {0}). Define hef.(H) to be the highest common factor of the orders of all

the components of H.

Definition 1.20 For any graph H, if x(H) # 2, we say hef(H) =1 if hef, (H) = 1.
If x(H) = 2, we say hef(H) =1 if both hef.(H) =1 and hef,(H) < 2.

This may appear at first sight to be an artificial and unnatural definition, but
I will briefly give a few examples to give some idea why this is an appropriate
definition when attempting to characterise those graphs H for which the critical
chromatic number is the parameter governing perfect H-packings. In particular, for

each of the conditions required on H for hef(H) = 1, if the condition does not hold

In fact, Komlés’ result was much more general than this, and provided asymptotically the
minimum degree condition necessary to guarantee a packing covering an vertices for any z € (0,1).

11



then I will give an example of a graph G of minimum degree §(G) > (1—-1/x(H))n—2
which does not contain a perfect H-packing.

If H is not a bipartite graph, then hcf(H) = 1 if and only if hef,(H) = 1. So
suppose this does not hold. Let ¢ := x(H) and let G be the complete ¢-partite graph
on n = k¢l vertices, where |H| divides k, with £ — 2 classes of size k, one class of size
k + 1 and one of size k — 1. (Note that this is the same graph used in Section 1.1
to show that the bound in the Hajnal-Szemerédi Theorem is best possible.) It is
fairly easy to see that this graph does not contain an H-packing. Roughly, when
taking out copies of H we cannot even out the sizes of a class originally of size k
and a class originally of size k + 1. More precisely, we have a class A of size k and a
class B of size k + 1. Set d = hcf,(H). Then |B| — |A| =1 mod d. Furthermore,
this holds even if we have modified A and B by taking some copies of H from G,
since the difference in the number of vertices taken from each of these sets is always
a multiple of d. Now since d > 1, for any sets A" and B’ obtained in this way
we have |A'| # |B’|. But if a perfect H-packing existed, its removal would leave
A" = B’ = ¢, which is impossible. So no perfect H-packing exists. Yet this graph
satisfies 0(G) = (1 —1/0)n — 1.

Now if H is a bipartite graph, to guarantee hcf(H) = 1 we require the weaker
condition hcf, (H) < 2, but we also need hef.(H) = 1. To see that the first condition
is necessary we suppose it does not hold and we look at the complete bipartite graph
on n = 2k vertices with one set of size k — 1 and one of size k 4+ 1. Now similarly as
in the non-bipartite case no perfect H-packing exists (this time we cannot even out
the the classes of size k—1 and k+ 1 because hef, (H) > 2), and yet 6(G) = n/2—1.

On the other hand, if hef.(H) # 1, we consider the graph G on n = 2k vertices
consisting of the disjoint union of two cliques, one of order k—1 and one of order k+1.

We also choose k to be divisible by |H|. Once again we can show that no perfect

12



H-packing exists. For suppose that ¢y, ca, ..., ¢, are the sizes of the components of
H. Then if it perfect H-packing exists, there are integers aq,ao, ..., a,, such that
Z;’ll a;c; = k + 1 (let a; be the number of times the component of size ¢; appears
in the clique of size k + 1). On the other hand, |H| = ¢; + ¢ + ... + ¢, and so
k=>3",(k/|H|)c;. Therefore

m

1= (a;—k/[H|)c.

=1

But since k/|H]| is also an integer, this shows that hef{ci,...,cn} = hefo(H) =1,
which is a contradiction. Thus no perfect H-packing exists, but still 6(G) = n/2—2.

These examples show that if hef(H) # 1, then 6(n,H) > (1 — 1/x(H))n —
1. Together with Theorem 1.16 this shows that for such graphs, d(n, H) = (1 —
1/x(H))n+0(1). The question of what happens for those graphs H with hef(H) =

1 is answered by the following theorem.

Theorem 1.21 (Kiithn, Osthus [53]) For any graph H

B (1—)@+(H)>n+0(1) if hef(H) = 1,

d(n,H) =
(1 - ﬁ) n+0(1) i hef(H) # 1.

Here the O(1) error term is bounded by a constant depending only on H. Note
that x(H) = x.r(H) would mean that hcf,(H) = oo, and in particular hcf(H) # 1.
So when hef(H) = 1, the value for §(n, H) given by Theorem 1.21 is indeed an
improvement on the upper bound given by Theorem 1.16.

Thus we now have equality in all cases, and so the result is best possible up
to the O(1) error term. The natural next step is to ask when this error term can
be removed entirely. The first of the three main results of this thesis states that

the error term can be removed completely in the case when H = K, the graph
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obtained from K, by removing one edge. The proof of this result will form the
main part of Chapter 2. Observe that x(K, ) = — 1 and that ¢(K,") = 1. Thus

Xer(K7) = "=2 Note also that hef(K) =1 for 7 > 4, and so the result is:

r—1 °

Theorem 2.1 For every integer r > 4 there exists an integer ng = ng(r) such that

every graph G whose order n > nq is divisible by r and whose minimum degree is at

()

least

contains a perfect K, -packing.

This theorem confirms a conjecture of Kawarabayashi [42] for large n. The case
r = 4 of the conjecture (and thus of Theorem 2.1) was proved by Kawarabayashi [42].
By a result of Enomoto, Kaneko and Tuza [25], the conjecture also holds for the
case r = 3 under the additional assumption that G is connected. (Note that K3 is
just a path on 3 vertices and that in this case the required minimum degree equals
n/3.)

The proof of this theorem which appears in Chapter 2 was also given in [16]. In
Section 2.6 I will give a brief sketch of how the proof can be extended to a larger
class of graphs H satisfying certain conditions to remove the error term completely
in these cases. I will also give some examples to show that some of the conditions
are necessary, i.e. that if they do not hold then the O(1) error term in Theorem 1.21
cannot be removed without making the theorem false. Although this is not yet a
complete classification, it goes some way towards a classification of which graphs H

require some error term and which do not.
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1.2 Graph Embeddings

A natural extension of the packings question is the embedding problem. In this case,
we again aim to embed a graph H into a graph G, but now the order of H might
be linear in n = |G| rather than fixed. The extreme of this problem is of course the
case when |H| = |G/, i.e. when H is a spanning subgraph of G.

We could view the problem of finding a perfect H-packing as an embedding
problem: If we let H' be the graph consisting of k& disjoint copies of H, where
k = n/|H|, then |H'| = |G|, and finding a perfect H-packing in G is equivalent
to finding a copy of H' in G. In general, though, we allow H’ to have a much
less regular structure. We do, however, require some constraints on what H can
look like. Typically we seek to bound parameters such as the maximum degree, the

chromatic number or the bandwidth.

Definition 1.22 (bandwidth) Given a graph G and an ordering, L = vy, va, ..., vy
of the vertices of G, we define b(G, L) to be the largest integer k such that for some
i, viviyr € E(G). In other words, b(G, L) is the longest distance in L between two
vertices which are adjacent in G. The bandwidth of G, denoted b(G), is defined as

ming, b(G, L), where the minimum is taken over all possible orderings L.

Perhaps the simplest embedding result is Dirac’s theorem, mentioned earlier,
which allows us to embed a Hamilton cycle into G. (Note that a Hamilton cycle has

bandwidth 2.) A generalisation of this is the Pésa-Seymour conjecture:

Conjecture 1.23 (Seymour, [68]) For any k, if G is a graph on n vertices with

minimum degree satisfying 6(G) > kiﬂn, then G contains the k-th power of a Hamil-

ton cycle.

Here the k-th power of a Hamilton cycle is obtained from a cyclic ordering of the

vertices by joining all those vertices at distance at most & in the ordering. Thus the
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k-th power of a Hamilton cycle has bandwidth 2k. The case k = 2 was originally
conjectured by Pdsa in 1962. Note that this conjecture, if true, would automatically
imply the Hajnal-Szemerédi theorem, and therefore the same example as before
shows that it is best possible. Conjecture 1.23 was proved by Komlés, Sarkozy and
Szemerédi [49] in an approximate form, in which the minimum degree condition of
G had an extra factor of en, and then the same authors proved the conjecture for
large graphs [50].

These results only allowed for a constant sized bandwidth. Bottcher, Schacht and
Taraz proved a result which generalises an approximate form of the Pdsa-Seymour
conjecture. Here the bandwidth is allowed to grow linearly, but the maximum degree

and the chromatic number must still be bounded by a constant.

Theorem 1.24 (Bo6ttcher, Schacht, Taraz [9]) For any real number e > 0, and
any integers v > 2 and A, there is a real number B > 0 and an integer ng such
that the following holds. If G is a graph on n > ngy vertices with minimum degree
0(G) > (1=24¢)n, and if H is a graph also onn vertices with x(H) =r, A(H) < A

and bandwidth at most fn, then G contains a copy of H as a subgraph.

This result was originally conjectured by Bollobas and Komlés. The case r = 2
of, i.e. when H is a bipartite graph, was proved by Abbasi [2]. Béttcher, Schacht
and Taraz [8] proved the case r = 3 before proving the full conjecture for general r.

Bollobés and Eldridge [7] also conjectured the following result:

Conjecture 1.25 (Bollobas, Eldridge) Let G and H be two graphs each on n

vertices, and suppose 6(G) > AA((HI};EI. Then H can be embedded into G.

Note that this conjecture, if true, would also automatically imply the Hajnal-
Szemerédi Theorem if we set H to be the disjoint union of r-cliques. Until recently

only a few special cases of Conjecture 1.25 have been proved (see e.g. [20] for
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more details). Recently Kun has announced a proof of an asymptotic version of
the conjecture, in which there is a small linear error term in the minimum degree
required on G, and also a lower bound on both A(H) and n — §(G).

Further areas of interest arise when we consider the problem of embedding non-
spanning subgraphs H. In particular in this thesis I will be concerned with the case
when H is a tree, i.e. a connected graph with no cycles. We denote by 7, the set
of trees on k + 1 vertices; it is a basic graph theory result that such a tree contains
k edges. We write 7, C G if T'C G for all T' € 7y, i.e. if G contains as a subgraph
every tree on k + 1 vertices. The following result is a trivial application of a greedy

embedding algorithm.
Fact 1.26 6(G) >k —-1=7T, CG.

However, this can be substantially improved upon. Perhaps the most attractive
potential strengthening of this result is the famous Erd6s-Sos conjecture, which
replaces the minimum degree by the average degree. Let d(G) = ‘—61;' > revi(c) Ux)
denote the average degree of a vertex in G.

Note that even in the case when |G| > k, the Erdés-Stone-Simonovits Theorem
(Theorem 1.4) does not provide any useful information about the number of edges
(and therefore also about the average degree) required to guarantee a copy of a
tree. This is because a tree is bipartite and the theorem becomes degenerate, with

the 6(3) error term becoming dominant. However, the following conjecture would

provide an asymptotic condition.

Conjecture 1.27 (Erdds, S6s, 1963) Suppose G is a graph satisfying d(G) >
k—1. Then T, C G.

The conjecture is trivial for stars, since in order to embed a star with k+1 vertices

we need only find a vertex of degree at least k onto which to embed the central point
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and then the k remaining vertices can be embedded among its neighbours; such a
vertex certainly exists if d(G) > k — 1. On the other hand, stars also show that
the bound cannot be improved in general, since we can construct a (k — 1)-regular
graph on n vertices provided that at least one of n and k£ — 1 is even. Then the
average degree is exactly kK —1 and there is no vertex of degree at least k£ onto which
to embed the central point of a star.

Some further special cases of this conjecture have been resolved. For example,
McLennan [56] proved the conjecture when we restrict our attention only to trees
of diameter at most 4 (the class includes stars, the only trees of diameter 2). On
the other hand, Sacle and Wozniak [67] proved the conjecture with the additional
assumption that G does not contain a copy of Cy, the cycle on 4 vertices. Ajtai,
Komlés, Simonovits and Szemerédi have announced a proof of the conjecture in the
case when k is sufficiently large.

The focus of Chapter 3 of this thesis is the Loebl-Koml6s-Sés conjecture, which

replaces the average degree in the Erdds-Sés conjecture with the median degree.

Conjecture 1.28 (Loebl, Komlds, Sés [26]) Given any integers k and n, if G
is a graph on n vertices in which at least n/2 vertices have degree at least k, then G

contains as subgraphs all trees with k edges.

Loebl’s initial conjecture covered only the special case k = n/2, and is sometimes
known as the n/2 — n/2 — n/2 conjecture. Komlds and Sés then extended the
conjecture to all k.

Again, the conjecture is trivially true for stars, and stars show that the degree
condition cannot be relaxed to k — 1. In Chapter 3 we will also see that the number
of vertices of degree k cannot be significantly reduced for large k.

Various partial results towards Conjecture 1.28 have been proved. Dobson [23]

proved the conjecture with the additional assumption that the complement of G
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does not contain a copy of K3, while Soffer [69] proved that the conjecture is true
for graphs G of girth at least 7. There have also been several partial results which
make some additional assumptions about the trees to be embedded into G. Zhao [72]
proved the special case when k = n/2, provided n is sufficiently large. Bazgan, Li
and Wozniak [6] proved the conjecture for paths, i.e. that if a graph G satisfies the
conditions of the conjecture, then it contains the path on k+1 vertices as a subgraph.
In the same paper, they also proved the conjecture in the case when k£ > n—3. Barr
and Johansson [5] and independently Sun [70] proved the conjecture when restricting
attention to trees of diameter 4. Improving on this, Piguet and Stein [62] proved
the Loebl-Komlds-Sés conjecture for trees of diameter at most 5, and in [61] they
proved an approximate version of the full conjecture (with linear error terms in both
the number of vertices with high degree and in the degree of those vertices) for n
sufficiently large and for k& linear in n, i.e. for large, dense graphs. The main theorem

of Chapter 3 is a proof of the exact conjecture for large, dense graphs.

Theorem 3.1 Given a positive C' € R there exists kg € N such that for any integers
k,n € N satisfying kg < k <n < C'k the following holds: Suppose G is a graph on
n vertices in which at least n/2 vertices have degree at least k. Then G contains as

a subgraph every tree with k edges.

The proof of this theorem presented in Chapter 3 also appeared in [15], although
this thesis contains some details which were omitted from that paper. Theorem 3.1
is a partial result in the sense that it only holds for large k and n, and we demand
that k is linear in n. These restrictions come about because the proof makes use of
Szemerédi’s regularity lemma. The same result was also proved independently by
Hladky and Piguet [40].

The Loebl-Komlés-S6s conjecture has a beautiful application to Ramsey numbers

of trees. For a graph H we define the Ramsey number R(H) to be the least integer
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n such that if the edges of K, are 2-coloured then there is a monochromatic copy of
H. Thus the usual Ramsey number R(k) is just R(K}). More generally, for graphs
F, H, we define R(F, H) to be the least integer n such that if the edges of K, are
coloured red and blue then there is a red copy of F' or a blue copy of H.

More generally still, for families of graphs F and H, let R(F,H) denote the
smallest integer n such that if the edges of K,, are coloured red and blue then there
is a red copy of F' for every F' € F or else a blue copy of H for every H € H.

For most graphs H the best known upper bounds on the Ramsey number are
exponential in |H|. For complete graphs H = K}, the lower bound is also exponen-
tial in k, a fact which was first proved by Erdés. However, Conjecture 1.28 would

give the following corollary.
Conjecture 1.29 For any positive integers p and q, R(7,,7,) < p+q.

Since Theorem 3.1 provides a partial version of Conjecture 1.28, it also gives a

partial version of Conjecture 1.29 as a corollary.

Theorem 3.2 For any real number C"” > 1 there exists an integer py such that for
any integers p and q satisfying po < p < q < C"p we have R(7,,7,) < p+q. In

particular, for T, € T, and T, € 1,, R(T,,T,) < p+q.

In general, Ramsey numbers are famously difficult to calculate. However, as we
will see in Chapter 3, Theorem 3.2 is in fact best possible up to an error term of 1
in some cases.

The proof of Theorem 3.2 given Theorem 3.1 is relatively short and simple, and
will be presented in Section 3.1.

In a similar vein, Chvatal, Rodl, Szemerédi and Trotter proved an embedding
result for graphs which, as a corollary, shows that graphs of bounded degree have

linear Ramsey numbers.
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Theorem 1.30 (Chvéatal, R6dl, Szemerédi, Trotter, [12]) For any integer A
there is a real number ¢ > 0 such that if G is any graph on n vertices, and H is any

graph satisfying |V (H)| < cn and A(H) < A, then either H C G or H C G.

Corollary 1.31 For any integer A there is a constant C' = C(A) such that if H is

a graph with mazimum degree satisfying A(H) < A, then R(H) < C|H]|.

The aim of Chapter 4 is to prove an embedding result along the lines of Theo-

rem 1.30, and thus also to generalise Corollary 1.31, for hypergraphs.

1.3 Hypergraph Embeddings

A hypergraph is a generalisation of a graph. While a graph consisted of vertices
and edges, a hypergraph consists of vertices and hyperedges. The hyperedges of a
k-uniform hypergraph are unordered k-tuples of distinct vertices in the vertex set.
Thus a graph is simply a 2-uniform hypergraph. Given a k-uniform hypergraph G,
its set of vertices is usually denoted V or V(G), and its set of hyperedges by F(G)
or Ex(G). We denote by |G| the number of its vertices and write e(G) := |E(G)|.
We say that vertices x,y € G are neighbours if x and y lie in a common hyperedge
of G. Just as in the graph case, the degree of a vertex € V(H) is the number of
neighbours of = in ‘H. The minimum degree and maximum degree of a hypergraph
‘H are then defined in the obvious way.

Broadly speaking, we consider the problem of embedding a hypergraph H into a
larger hypergraph G, i.e. of finding a subhypergraph of G which is isomorphic to H.

The problem is similar to the discussion in the previous section in that the order
of 'H will be linear in the order of G. In order to have any chance of embedding H
into G, we must have some sort of restrictions on what H can look like. In the last

of the three main results of this thesis, we demand that the maximum degree of H is
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bounded. However, the hypergraph case is considerably more complicated than the
graph case, and for this reason embedding results for hypergraphs H whose order
is exactly |G|, or even close to |G|, have been out of reach until very recently. In
Chapter 4 I will present the proof of an embedding result for the case when H has
bounded degree and order ¢|G|, where ¢ is a very small positive constant and where
|G| is large. The bulk of the proof appeared in [18], but I have added some details
which were omitted in that paper.

The complete k-uniform hypergraph on n vertices (i.e. the hypergraph in which
all possible k-tuples form a hyperedge) is denoted Kr(lk), and the Ramsey number of
a hypergraph H is the least integer n such that whenever the hyperedges of KW
are two-coloured then there exists a monochromatic copy of H.

For general H, the best upper bound on R(H) is due to Erdés and Rado [27].

Writing |H| for the number of vertices of H, it implies that for any & > 2

Qck‘H‘

R(H) <2° ,

where the number of 2’s is £ — 1. In the other direction, Erdés and Hajnal (see [33])
showed that if & > 3 and H is a complete k-uniform hypergraph then R(H) is
bounded below by a tower in which the number of 2’s is kK — 2 and the top exponent
is o, |H[*

However, an application of the embedding result in [18] shows that hypergraphs
of bounded degree have linear Ramsey numbers, i.e. a hypergraph analogue of

Corollary 1.31.

Theorem 4.1 For all Ak € N there exists a constant C = C(A, k) such that all

k-uniform hypergraphs H of mazimum degree at most A satisfy R(H) < C|H]|.

This is an improvement on a result of Kostochka and Rédl [52], who showed that
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Ramsey numbers of k-uniform hypergraphs of bounded maximum degree are ‘almost
linear’ in their orders. More precisely, they showed that for all £, A,k > 0 there is
a constant C' such that R(H) < C|H|'*¢ if H has maximum degree at most A.

The case k = 3 of Theorem 4.1 was earlier proved in [17] and also independently
in [57]. Also, Haxell, Luczak, Peng, Rodl, Ruciriski, Simonovits and Skokan [37, 38]
asymptotically determined the Ramsey numbers of 3-uniform tight and loose cycles.
Ramsey numbers of Berge-cycles were considered in [35] and [24].

After the submission of [18], Conlon, Fox and Sudakov [13] obtained a version
of Theorem 4.1 whose proof does not use the hypergraph regularity lemma, and
therefore gives a much better upper bound on the value of C'(A, k). The same
authors [14] also improved the upper and lower bounds of Erdés, Hajnal and Rado
for complete hypergraphs.

The overall strategy of our proof of Theorem 4.1 is related to that of Chvatal,
R6dl, Szemerédi and Trotter [12], which is based on the regularity lemma for graphs.
We apply a version (due to Rodl and Schacht [64]) of the regularity lemma for k-
uniform hypergraphs. Roughly speaking, it guarantees a partition of an arbitrary
dense k-uniform hypergraph into ‘quasi-random’ subhypergraphs. Our main con-
tribution is an embedding result (Theorem 4.2) which guarantees the existence of
a copy of a hypergraph H of bounded maximum degree inside a suitable ‘quasi-
random’ hypergraph G even if the order of H is linear in that of G. In fact, we prove
a stronger embedding result of independent interest (Theorem 4.3). It even counts
the number of copies of such ‘H in G and thus generalises the well-known hypergraph
counting lemma (which only allows for bounded size H).

After the submission of [18], Keevash [43] extended Theorem 4.2 to a hyper-
graph blow-up lemma for embeddings of spanning subhypergraphs H. The case of

3-uniform hypergraphs in Theorem 4.1 was proved recently in [17] and indepen-
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dently by Nagle, Olsen, Rodl and Schacht [57]. Also, Kostochka and Rodl [52]
earlier proved an approximate version of Theorem 4.1: for all e, AJk > 0 there is
a constant C' such that R(H) < C|H|'*® if H has maximum degree at most A.
After [18] was submitted, Conlon, Fox and Sudakov [13] obtained a proof of The-
orem 4.1 which does not rely on hypergraph regularity and gives a better bound
on C. Also, Ishigami [41] independently announced a proof of Theorem 4.1 using a
similar approach to ours. Apart from these, the only previous results on the Ramsey
numbers of sparse hypergraphs are on hypergraph cycles (see e.g. [24, 35, 37, 38]).

It would be desirable to extend Theorem 4.1 to a larger class of hypergraphs.
For instance the graph analogue of Theorem 4.1 is known for so-called p-arrangeable
graphs [11], which include the class of all planar graphs. However, Rédl and Kos-
tochka [52] showed that a natural hypergraph analogue of the famous Burr-Erdds
conjecture on Ramsey numbers of d-degenerate graphs fails for k-uniform hyper-
graphs if & > 3. (A graph is d-degenerate if the maximum average degree over all
its subgraphs is at most d. If a graph is p-arrangeable, then it is also d-degenerate
for some d.) But it may still be possible to generalise the Burr-Erdés conjecture to

hypergraphs in a different way.

1.4 The Regularity Method

The common theme in graph packing, graph embedding and hypergraph embedding
problems is the regularity lemma. Roughly speaking, the regularity lemma states
that any sufficiently large and dense graph or hypergraph can have its vertex set
partitioned into a small number of classes in such a way that the sub(hyper)graphs
induced between the classes look very much like random (hyper)graphs. By applying
the regularity lemma to a graph G or a hypergraph G, we hope to use this pseudo-

randomness to embed H' or ‘H into G or G respectively.
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The regularity lemma for hypergraphs is rather more complicated than that for
graphs, and so I will introduce the two separately. The hypergraph version will be
left until Chapter 4, when it is first needed. In Section 1.4.1 I will introduce the
regularity lemma for graphs, originally proved by Szemerédi [71]. The subsections
following will give a brief idea of the method of proof of most graph embedding
results. One important step in this method uses the blow-up lemma, due to Komlds,

Sarkozy and Szemerédi, which is introduced in Section 1.4.3.

1.4.1 The Regularity Lemma for Graphs

Definition 1.32 (e-regular pair) Givene > 0 and a bipartite graph G with vertex
classes A, B, we say the pair (A, B) is e-regular if for any subsets X C A, Y C B

satisfying | X| > €|Al,|Y| > ¢| B| we have

|d(X,Y) —d(A,B)| <e.

In other words, for all sufficiently large subsets of A and B, the density of edges
between them is roughly the same as the density between the whole of A and B.
More generally, given a graph G and disjoint vertex sets A and B within G (not
necessarily covering all of V' (G)), we say the pair (A, B) is e-regular if they form an
e-regular pair in the bipartite graph induced between them.

Occasionally we need a slightly stronger definition of regularity.

Definition 1.33 ((¢, d)-super-regular pair) We say the pair (A, B) is (g,0)-
super-regular if it is e-reqular, and furthermore each vertex in A has at least 6|B|

neighbours in B, and similarly each vertex in B has at least 0| A| neighbours in A.

Super-regularity ensures that there are no ‘very bad’ vertices, which have almost

no neighbours. It is a basic fact (see e.g. [51]) that in any e-regular pair, at most €| A|

25



vertices in A have degree at most (d(A, B) — €)|B| and vice versa. So by removing
these vertices we can ensure that the pair is (2¢, d — 2¢)-super-regular.

We also sometimes use the notion of (d, £)-regularity:

Definition 1.34 ((d,¢)-regular pair) We say a pair (A, B) is (d, €)-regular if for

any sets X C A, Y C B satisfying | X| > €|A|, |Y| > €| B| we have
|[d(X,Y) —d| <e.

It can easily be seen that this definition is roughly equivalent to the definition of
an e-regular pair given an appropriate choice of d. Indeed, it is exactly equivalent
for d = d(A, B), while for general d any (d,¢)-regular pair is also 2e-regular. Thus
subject to the deletion of a few vertices of low degree, this definition is also very

similar to the definition of an (e, d)-super-regular pair.

Definition 1.35 (e-regular partition) Given a graph G and a partition P of
V(G) into sets Vi, Va, ..., Vi, we say that P is an e-regular partition of G if all

but at most 5(’5) of the pairs (V;,V;) are e-regular.

In other words, almost all pairs are e-regular. Roughly speaking, the regularity
lemma states that any sufficiently large and dense graph has an e-regular partition

into a bounded number of sets of almost equal size.

Theorem 1.36 (Szemerédi’s Regularity Lemma, 1978) Given any integer ky
and a real number € > 0, there are integers ng = ng(ko, ) and Ky = Ko(ko,e) such
that if G is a graph on n > ng vertices, then there is a partition P of V(G) into sets
Vi, Vo, ..., Vi such that

o ky <k <K,

o Vil =1V}l <1 for anyi.j € K]
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e P is an e-reqular partition.

We call the classes V; of the partition P clusters. Note that if we have such a
partition, then the number of edges within clusters is not much more than k(n/k)? =
n?/k, and the number of edges between pairs of clusters that are not e-regular is not
much more than 5(5) (n/k)? <en?®. ! Thus if we know that a graph G on n vertices
has at least cn? edges, for some constant ¢ > 0 and sufficiently large n, then we can
apply the regularity lemma with sufficiently small € and large ky (dependant on ¢)
to ensure that a very large proportion of the edges of G run between e-regular pairs.
We tend to ignore all the remaining edges.

We note also that while the regularity lemma is stated for all graphs, for sparse
graphs it becomes trivial. More precisely, if (G,,) is a sequence of graphs, where G,
has n vertices and o(n?) edges, then asymptotically any partition of G,, into sets of
the appropriate size will satisfy the conditions of the lemma; we could have all edges
being either within a cluster or between non-regular pairs. Some work has been
done towards generalising the regularity lemma to an appropriate sparse version,
but so far only partial results have been proved. See e.g. [30] for for a survey of the
known results in this area.

For these reasons, we usually only apply the regularity to graphs with at least

cn? edges.

1.4.2 The Reduced Graph

One very important concept in many applications of the regularity lemma is that of

the reduced graph, which reflects the rough structure of the original graph.

Definition 1.37 (reduced graph) Given parameters d,e € (0,1), a graph G and

"'We say ‘not much more’ rather than ‘at most’ since we need to take account of the fact that
the clusters do not have size exactly n/k.
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a partition P of V(G), we define the reduced graph R as follows. The vertices of R
are the clusters of the partition P. Two such clusters V; and V; are joined by an

edge in R whenever the pair (V;, V) is e-reqular in G, with density at least d.

We normally define the reduced graph with a parameter d which is small, but
still much larger than €. Then the reduced graph inherits many useful properties
of the original graph G. The aim is to find some relatively simple structure in the
reduced graph, and use this to prove the existence of a more complicated structure

in the original graph.

1.4.3 The Blow-up Lemma

The blow-up lemma is one tool which enables us to transfer structure from the
reduced graph back to G. Each edge of the reduced graph corresponds to an e-
regular pair of clusters in G with reasonably high density. As mentioned before, this
pair can easily be made (y/g,d)-super-regular by deleting a few vertices. Roughly
speaking, the blow-up lemma states that such an (/¢, §)-super-regular pair V;, V; will
contain a copy of any bipartite graph H of bounded degree, provided H is contained
in the complete bipartite graph between V; and V; (i.e. provided the clusters V; and
V; are large enough to contain the vertex classes of H). In particular, this allows
for spanning subgraphs H. More generally, given a subgraph in the reduced graph,
the corresponding clusters in G will contain any blow-up of this subgraph which has

bounded degree.

Theorem 1.38 (Blow-up Lemma [47]) For any real number 6 € (0,1], and in-
tegers A,k > 1 there is a real number € > 0 such that the following holds. Suppose
G is a k-partite graph with vertex classes Vi, Va, ..., Vi such that all pairs V;, V; are

(g, 0)-super-reqular. Let K denote the complete k-partite graph with vertezx classes
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Vi, Va, ..., V. Suppose H is any graph with A(H) < A. If K contains a copy of H,

then G also contains a copy of H.

Thus if we have a k-clique in the reduced graph, we may discard a small number
of vertices from the corresponding k clusters in GG to ensure that all the (g) pairs
are not just regular but also super-regular. Then if we want to find a copy of H in
G, where H is a k-chromatic graph with bounded maximum degree, we need only
consider whether H is a subgraph of K, the graph obtained from G by turning all
the (g) pairs of clusters into complete bipartite graphs. Equivalently, we need only
consider whether the sizes of the classes of H are small enough to fit into these k
clusters of G.

So roughly the strategy for a proof of the existence of a perfect H-packing is
to find copies of K, () in the reduced graph and expand these using the blow-up
lemma to a large number of disjoint copies of H in GG. There is then some tidying

up to do with those few vertices that are not covered by these copies.

1.4.4 The Regularity Lemma for Hypergraphs

The regularity lemma for k-uniform hypergraphs generalises the Szemerédi’s reg-
ularity lemma for graphs, and similarly aims to describe appropriate “pseudo-
randomness” properties. However, the version of the hypergraph regularity lemma
which we need is rather complicated. For this reason, we leave both the statement

and the explanation of the lemma until Chapter 4, when it will first be required.
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CHAPTER 2

GRAPH PACKINGS

The aim of this chapter is to present the proof of the following theorem.

Theorem 2.1 For every integer r > 4 there exists an integer ng = no(r) such that

every graph G whose order n > nq is divisible by r and whose minimum degree is at

(- i)

least

contains a perfect K~ -packing.

Also in Section 2.6 I will indicate how this proof can be extended to a larger

class of graphs H for which the error term in Theorem 1.21 can be removed entirely.

2.1 Further Notation and Preliminaries

Throughout this chapter we omit floors and ceilings whenever this does not affect
the argument.

For a graph H of chromatic number ¢, define the bottle graph B*(H) of H, to be
the complete ¢-partite graph which has ¢ —1 classes of size |H| — o (H) and one class
of size ({ —1)o(H). (Recall that o(H) is the smallest possible size of a colour class

in an ¢-colouring of H.) Note that given an optimal colouring of H, then |H|—o(H)

30



is the sum of all colour class sizes except the smallest one. Thus by rotating these
¢ — 1 classes and keeping the smallest one fixed, we can see that B*(H) contains a
perfect H-packing consisting of £ —1 copies of H. We will use B* to denote B*(K,)

whenever this is unambiguous.

2.2 Extremal Examples

For completeness, we include the construction which shows that the bound on the

minimum degree in Theorem 2.1 is best possible.

Proposition 2.2 Let r > 4. Then for all k € N there is a graph G on n = kr
vertices whose minimum degree is [(1 — 1/xe-(K,7))n]—1 but which does not contain

a perfect K, -packing.

Proof. We construct G as follows. G is a complete (r —1)-partite graph with vertex
classes Uy, ..., U,_s, where |Uy| = k—1 and the sizes of all other classes are as equal

as possible. It is easy to check that G has the required minimum degree. Indeed,

5(G) =n— [LWOW o [ww

r—2 r—2

zk—(k—ﬂ

:k:(r—l)—[ ——

r2—3r+1

= n—1
r(r—2)
-1ty

= —_ n —
r(r—2)

Moreover, every copy of K in G contains at least one vertex in Uy. Thus we
can find at most |Uy| pairwise disjoint copies of K which therefore cover at most

(k—1)(r — 1) < n —|Uy| vertices of G — Uy. Thus G does not contain a perfect
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K -packing. 0J

Note that Proposition 2.2 extends to every graph H which is obtained from
a K,_1 by adding a new vertex and joining it to at most r — 2 vertices of the K, ;.
Since each such H is a subgraph of K, and since x..(H) = xe (K, ), it follows from
this observation and from Theorem 2.1 that d(n, H) = [(1 — 1/x(H))n] if n is
sufficiently large (where d(n, H) is as defined in Chapter 1).

The following example shows that for a large class of graphs, the O(1)-error term
in Theorem 1.21 cannot be omitted completely. The example is an extension of a

similar construction in [48].

Proposition 2.3 Suppose that H is a complete (-partite graph with ¢ > 3 such that
every vertex class of H, except possibly its smallest class, has at least 3 vertices.
Then there are infinitely many graphs G whose order n is divisible by |H| and whose

minimum degree satisfies §(G) = (1 — %)n but which do not contain a perfect

Xer
H-packing.
Proof. Let o denote the size of the smallest vertex class of H. Given k € N, consider
the complete ¢(-partite graph on n := k(¢ — 1)|H| vertices whose vertex classes
Ay, ... Agsatisty |Aq] = (|[H|—o)k+1, |As| :=k({—1)o—1 and |A;| := (|H|—0)k
for all 1 <7 < ¢. Let G be the graph obtained by adding a perfect matching into A;
or, if |A;] is odd, a matching covering all but 3 vertices and a path of length 2 on
these remaining vertices. Observe that the minimum degree of G is (1 — )(c%(H))n
Consider any copy H' of H in G. Suppose that H' meets A, in at most o — 1
vertices. Then there is a colour class X of H' which meets A, but does not lie
entirely in A,. So some vertex class of G must meet at least two colour classes
of H'. Since H' is complete (-partite, this vertex class must have some edges in it,

and so must be A;. However, A; cannot meet three colour classes of H', since it is

triangle free. Thus every colour class of H' except X lies completely within one A;.
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Furthermore, A; cannot contain two complete colour classes of H', since then G[A,]
would have a vertex of degree 3, a contradiction. So A; meets X as well as another
colour class Y of H'. Furthermore X \ Ay C A; and Y C A;. Let x € X N A;.
Then Y C Ng(x) since Y C Ngs(z). This implies that |Y| < 2 and so 0 = |Y| < 2.
Thus |X| > 3. Since at most o — 1 < 1 vertices of X lie in A, this in turn implies
that | X N A;| > 2. As X N A; lies in the neighbourhood of any vertex from Y, we
must have that | X N A;| = 2. Thus X N A; can only lie in the neighbourhood of one
vertex from Y. Hence 0 = |Y'| = 1. But then X avoids Ay, a contradiction.

So any copy of H in G has at least o vertices in A,. Thus any H-packing in G
consists of less than k(£ —1) copies of H and therefore covers less than k(¢ —1)(|H|—

o) < |G|—|A| vertices of G— Ay. So G does not contain a perfect H-packing. O

Note that the proof of Proposition 2.3 shows that if |H| — o is odd then we only
need that every vertex class of H (except possibly its smallest class) has at least
two vertices. Moreover, it is not hard to see that the conclusion of Proposition 2.3
holds for all graphs H which do not have an optimal colouring with a vertex class of
size 0 + 1. See Section 2.6 for details and for further examples of graphs for which
the error term is necessary.

In the proof of Theorem 2.1 we will use the following observation about packings
in almost complete (¢ + 1)-partite graphs. It follows easily from the blow-up lemma

(see e.g. [45]), but we also sketch how it can be deduced directly from Hall’s theorem.

Proposition 2.4 For all q,r € N there ezists a positive constant 1o = 1o(q,7) =
1/(2(r4+1)77Y) such that the following holds for every 7 < 15 and all k € N. Let H,,
be the complete (q + 1)-partite graph with q vertez classes of size r and one vertex
class of size 1. Let G* be a (q+1)-partite graph with vertex classes Vi, ..., Vi1 such
that |V;| = kr for all i < q and such that |Vyi1| = k. Suppose that for all distinct

i,j < q+1 every vertex x € V; of G* is adjacent to all but at most T|V;| vertices in
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Vj. Then G* has a perfect H,,-packing.

Proof. We proceed by induction on g. If ¢ = 1 then we are looking for a perfect
K, ,-packing. The result can easily be deduced from Hall’s theorem. For we have
|[Vi| = kr and |V3| = k. Let us now replace each vertex of V5 with r new vertices,
each joined to the same neighbours in V; as the original vertex. Now a perfect
matching in the new graph corresponds to a perfect K ,-packing in the original
graph G*, and so we only need to check Hall’s condition in the new graph. Suppose
that Hall’s condition fails for A C V4, i.e. [N(A)| < |A]. Then since 19 = 3 we have
|IN(A)| > kr/2, and so |A| > kr/2. Now V5\N(A) # @ and so [N(Vo\N(A))| > kr/2.
But also N(V5\N(A)) C Vi\A and so has size at most kr — |A| < kr/2, which is a
contradiction as required.

Now suppose that ¢ > 1 and note that 7o(¢q,7) = 7o(¢—1,7)/(r+1) < 1o(¢—1, 7).
As before, we can find a perfect K ,-packing in G*[V, U V41]. Let G’ be the graph
obtained from G* by replacing each copy K of such a K, with one vertex xx and
joining zx toy € V3 U---UV,_; whenever y is adjacent to every vertex of K. Let
Vi,...,V/ be the classes in G'. Then in G’ for all distinct 7, j < g, every vertex in V;
is adjacent to all but at most 79(q,7)/(r + 1)|V]| vertices in V}, and so G" contains
a perfect H,_;,-packing by the induction hypothesis. This corresponds to a perfect
H,,-packing in G*. OJ

2.3 Overview of the Proof

Our main tool is the following result from [53]. It states that in the ‘non-extremal
case’, where the graph G given in Theorem 1.21 satisfies certain conditions, we can
find a perfect packing even if the minimum degree is slightly smaller than required in

Theorem 1.21. The conditions ensure that the graph G does not look too much like

34



one of the extremal examples of graphs whose minimum degree is just a little smaller

than required in Theorem 1.21 but which do not contain a perfect H-packing.

Theorem 2.5 Let H be a graph of chromatic number € > 2 with hcf(H) = 1. Let
21 denote the size of the small class of the bottle graph B*(H), let z denote the size of
one of the large classes, and let § = z1/z. Let 0 < 19 < &, 1=, 1/|B*(H)| be positive
constants. There exists an integer ng such that the following holds. Suppose G is a

graph whose order n > nq is divisible by |B*(H )| and whose minimum degree satisfies

(G) > (1— Xcrl(H) — 0)n. Suppose that G also satisfies the following conditions:

(i) G does not contain a vertex set A of size zn/|B*(H)| such that d(A) < 19.
(ii) If ¢ =2, then G does not contain a vertex set A with d(A,V(G)\ A) < 7.

Then G has a perfect H-packing.

The proof of this result in [53] used the regularity lemma for graphs. In fact, during
the proof of Theorem 2.1 there will be no explicit reference to the regularity lemma,
since it is only needed implicitly whenever we need to apply Theorem 2.5 (which we
will need to do at two separate points in the proof).

Roughly speaking, Theorem 2.5 deals with the case when there is no obvious
structure in G. The regularity lemma helps in this case because it provides some
sort of structure where there didn’t appear to be any. But if the conditions of
Theorem 2.5 do not hold, then we know that we have some structure in GG, and so
we will not need the regularity lemma to provide it.

More precisely, by applying this theorem with H := K, (where r > 4), we
only need to consider the extremal case, when there are large almost independent
sets. (Note that if the order of the graph G given by Theorem 2.1 is not divisible
by |B*(K," )|, we must first greedily remove some copies of K,  before applying

Theorem 2.5. The existence of these copies follows from the Erdés-Stone-Simonovits
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theorem, and since we only need to remove a bounded number of copies, this will
not affect any of the properties required in Theorem 2.5 significantly.)

Suppose that we have ¢ such large almost independent sets. Theorem 2.5 will
deal with the case ¢ = 0, and so we may assume that ¢ > 1. Then we will think
of the remainder of the vertices of G as the (¢ + 1)th set. We will show in Section
2.4 that by taking out a few copies of K and rearranging these ¢ + 1 sets slightly,
we can achieve that these sets will induce an almost complete (g + 1)-partite graph.
Furthermore, the proportion of the size of each of the first ¢ of these modified sets
to the order of the entire graph will be the same as for the large classes of the bottle
graph B*(K, ") defined in Section 2.1.

Let Bf be the subgraph of B*(K ") obtained by deleting ¢ of the large vertex
classes. Ideally, we would like to apply Theorem 2.5 to find a Bj-packing in the
(remaining) subgraph of G induced by the (¢ + 1)th vertex set. In a second step we
would then like to extend this Bj-packing to a B*(K )-packing in G, using the fact
that the (¢ + 1)-partite subgraph of G' between the classes defined above is almost
complete. This would clearly yield a K -packing of G.

However, there are some difficulties. For example, Theorem 2.5 only applies to
graphs H with hef(H) = 1, and this may not be the case for Bj if it is bipartite. So
instead of working with B}, we consider a suitable subgraph B; of B} which does
satisfy hcf(B1) = 1. Moreover, if By is bipartite we may have to take out a few
further carefully chosen copies of K from G to ensure that condition (ii) is also
satisfied before we can apply Theorem 2.5 to the subgraph induced by the (¢ + 1)th

vertex set.
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2.4 Tidying Up the Classes

Let n and ¢ be integers such that n is divisible by r(r — 2) = |B*(K, )| and such

that 1 < ¢ <r — 2. Note that in the case when H := K the set A in condition (i)

r—1
r(r—2)
(q,n)-canonical if |A;] = T(rr__z)n for all i < g and [Agp1| =2+ (r —q —2) T(’"r__IQ)n =

n— .1, ]A;|. Note that in this case the graph K (g,n) obtained from the complete

of Theorem 2.5 has size n. We say that disjoint vertex sets A;,..., A,41 are

graph on Uf;rll A; by making each A; with ¢ < ¢ into an independent set has a perfect
B*(K, )-packing and thus also a perfect K, -packing.

Our aim in the following lemma is to remove a few disjoint copies of K from
our given graph G in order to obtain a graph on n* vertices which looks almost
like K(g,n*). In the next section we will then use this property to show that this

subgraph of G has a perfect K ~-packing.

Lemma 2.6 Letr >4 and 0 < 7 < 1/r. Then there exists an integer ng = no(r, )

such that the following is true. Let G be a graph whose order n > ng is divisible

1
Xer (K7 )

by r and whose minimum degree satisfies §(G) > (1 — )n. Suppose that for

some 1 < g < r — 2 there are q disjoint vertex sets Ai,..., Ay in G such that

|Ai| = [2=5n] and d(A;) < 7 for 1 <i <gq. Set Agy1 :=V(G)\(A,U...UA,).

r(r—2)

Then there exist disjoint vertex sets A, ..., Ay such that the following hold:

(i) If G* == GIU™, A2] and n* = |G*| then r(r — 2) divides n*, and G — G*

1=

contains a perfect K- -packing. Furthermore, n —n* < 7'/3n.

(i) 145] = |43 = ... = | 43| = =4,

r(r—

(iii) For alli,j < q+ 1 with i # j, each vertex in A} has at least (1 — 7'1/5)|Aj|

neighbours in Aj.
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Proof. We first fix integers r > 4 and n divisible by r and a constant 7 such that

O<l/n<T<1/r

Note that if n is divisible by r(r —2) then the sets Ay, ..., A,41 are (¢, n)-canonical.
If n is not divisible by r(r — 2) then we will change the sizes of the A; slightly as
follows. Write n = n’+kr where n’ is divisible by r(r—2) and 0 < k <r—2. If k > ¢
then we do not change the sizes of the A;. If k < ¢ then for each i with k < i < ¢
we move one vertex from A; to A,4;. We still denote the sets thus obtained by

Ay, ..., Ayr1. We may choose the vertices we move in such a way that the density

of each A; with ¢ < ¢ is still at most 7. Note that [r(:«_—12) n| = r(’;__12) n'+k+1. Thus
both in the case when k£ > ¢ and in the case when k < g the sets A;,..., A, can
be obtained from (g, n’)-canonical sets by adding kr new vertices as follows. For
each i < min{k, ¢} we add k + 1 of the new vertices to the ith vertex set, for each
i with min{k, ¢} < ¢ < ¢ we add k new vertices to the ith vertex set and all the
remaining new vertices are added to A,41. Let K be the graph obtained from the
complete graph on Ufill A; by making each A; with ¢ < ¢ into an independent set.
It is easy to see that K(g,n’) can be obtained from K by removing k vertex-disjoint
copies of K .

More precisely for each i < min{k, ¢} we will remove a copy of K. with two
vertices in A;, one vertex in A; for each 7 # j < ¢ and r — 1 — ¢ vertices in Agy.
Furthermore, we remove max{k — ¢,0} copies of K, with one vertex in each A; for
t < q and g —r vertices in A, ;. These copies of K exist, and may be chosen to be
vertex-disjoint, since K is a complete (r — 1)-partite graph, and the graph obtained
by removing them is K(q,n’).

In particular, since K(¢,n’) has a perfect K -packing this shows that K also

has a perfect K, -packing. Note that if £ < ¢ then this would not hold if we had
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not changed the sizes of the A;. Later on we will use that in all cases we have

! '+k:i(n—kr)+k (2.1)

T KA

for all i < ¢, where we set n’ :=n and k := 0 if n is divisible by r(r — 2). Observe

that x. (K, ) = @ and so 0(G) > (1 —

1

( 2))71 Thus the minimum degree
condition on G implies that the neighbours of any vertex might essentially avoid
one of the A;, for ¢ < ¢, but no more.

Now for each index i, call a vertex z € A; i-bad if x has at least 7'/3| A;| neigh-
bours in A;. Note that, for i < ¢, the number of i-bad vertices is at most 7%/3| 4]
since d(A;) < 7 for such i. Call a vertex x € A; i-useless if, for some j # i, x has
at most (1 —71/4)|A;| neighbours in A;. In this case the minimum degree condition
shows that, provided i # r — 1, z must have at least a 7'/3-fraction of the vertices
in its own class as neighbours, i.e. x is i-bad. Thus every vertex that is i-useless
is also 4-bad for i # r — 1. In particular, for each i < ¢, there are at most 7%/3|A4;]|
1-useless vertices.

For i = ¢ + 1 we estimate the number u,; of (¢ + 1)-useless vertices by looking

at the edges between A,y and V(G)\A,+1. We have

e(Agi1, VIG\Agia) = Z{\AI5 )= 2e(4) = Y Al

J#1,5<q

> q(|A] = 1)8(G) — gr|Ai|* = q(g — 1)[A]*.
On the other hand,

e(Agr1, V(G)\Ags1) < ugri{(q — )| A] + (L= 7| A} + (A ]| — ugr1)g|Ax|

= q|A1]|Agi1] — ugrm A
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Combining these inequalities, and using the fact that §(G) — (¢—1)|A1| > [Ag+1] — ¢,

gives

1

Tiugi < qlAgn| + 7] As| - Tl = DAG) —alg - 1) 4 %]
oG
< qlAg| +qr|A| — q(|Aga] — @) + ¢ |f41|)
(G
= ¢ + qr|Ay| + q%
Ay

< ¢+ qr|A| +1q

< 3q7|A4|

and 50 1,1 < 7%3|A441]. So in total the number of vertices which are i-useless for
some i is at most 7%/n.

Given j # i, call a vertex x € A; j-exceptional if z has at most 77/3| 4| neighbours
in A;. Thus every such vertex is also i-useless, and therefore i-bad if ¢ < ¢q. Note
that if ¢ < r — 2 then the minimum degree condition ensures that there are no
(¢ + 1)-exceptional vertices. Furthermore, if i = r — 1, then an exceptional vertex
in A; is also i-bad. So all exceptional vertices are bad.

Now if for some i # j there exists an i-bad vertex x € A; and an i-exceptional
vertex y € A;, then let us swap x and y. (Note that a vertex is not i-exceptional
for more than one i.) Having done this, since there are not too many exceptional
vertices, we will still have that each non-bad vertex in A; has at most 27/3|A;|
neighbours in A;, each non-useless vertex in A; still has at least (1 — 271/4)| A
neighbours in each A; with j # 7 and each non-i-exceptional vertex still has at least
71/3| 4;]/2 neighbours in A;. We will also have that for any 4 for which i-exceptional
vertices exist, there are no i-bad vertices.

We now wish to remove all the exceptional vertices by taking out a few disjoint

copies of K which will cover them. For simplicity, we will split the argument into
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two cases. In both cases we will repeatedly remove r — 2 disjoint copies of K, at a
time. We say that such a collection of  — 2 copies respects the proportions of the A;

if altogether these copies meet each A; with ¢ < ¢ in exactly r — 1 vertices.

Casel. ¢<r—3

In this case the minimum degree condition ensures that no vertex is (¢ + 1)-
exceptional. To deal with the j-exceptional vertices for 7 < ¢ we will need the
fact that we can find a reasonably large number of disjoint copies of K,_;_, in

G[Ag+1]. To prove this fact, observe that

q
r—1
0(GlAg]) = 8(G) = A > [Agia| — )" (2.2)
=1
and
r—1 n 2L r—1 1 1
< < —c(r 2.3
=D Al S -9 TH -2t Srog—2 @

where ¢(r) > 0 is a constant depending only on r. Combining these results gives

1

(6] = (1= g +eln)) [y (2.4

e(r)

r—q—1

Thus we can apply Turan’s theorem repeatedly to find at least | Agt1| disjoint
copies of K,_,_1 in G[A41).

Now for each i < ¢+ 1 in turn, consider the exceptional vertices x € A;. Suppose
that x is j-exceptional. First move z into A;. Note that the minimum degree
condition on GG means that z is joined to almost all vertices in A, for every ¢ # j.
We greedily choose a copy of K covering x and one other vertex in A;, r —q —1

vertices in A,y and one vertex in all other classes, where all vertices other than x

were chosen to be non-useless. (Indeed, to find such a copy of K~ we first choose a
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copy of K,_,_1 in A,41 which lies in the neighbourhood of z and which consists of
non-useless vertices. Then we choose all the remaining vertices.) Remove this copy
of K. Also greedily remove r — 3 further disjoint copies of K~ such that together
all these copies of K~ respect the proportions of the A;. Proceed similarly for all
the exceptional vertices. For each exceptional vertex we are removing r — 2 copies

2/3

of K7, so in total we are removing at most r(r — 2)7%/*n vertices.

Case 2. g=1r—2

In this case, the exceptional vertices in A,_; need special attention since we cannot
simply move them into another class without making A, _; too small. So we proceed
as follows. For each i < r —2, let s; be the number of i-exceptional vertices in A,_;.
Whenever s; > 0 we will find a matching of size s; in G[A4;]. To see that such a
matching exists, consider a maximal matching in A; and let m denote the size of

this matching. Note that

e(A;) < 2mA(4;) < 2m2r'3| Al

since the presence of i-exceptional vertices guarantees that no vertex in A; is i-bad.

Also
1
e(4;) > 5{5(G)|Az‘| — (n— |Ai] = s3)|Ai — 8273|441}

| Ail r—1 1/3

> |~ (1 —

> {] A4 - 2)n—i—sz(l 2777}

@1) [ A.

2 Bl oy - oy

r —

Since k < r — 3 and 7 < 1/r, comparing these two bounds on e(A4;) gives m > s;
whenever s; > 0. So we may pick a matching M; with s; edges in A;, all of whose

vertices are non-useless (since no vertices in A; are bad). Now for each ¢ in turn, we
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will remove the i-exceptional vertices in A,_; using this matching. For each such
vertex z € A,_1, pick an edge yz € M;. Swap x with y; we now no longer consider
x to be exceptional. Then greedily find a copy of K~ which meets A,_; precisely
in y, which meets A; precisely in z and which contains two vertices in some A; with
Jj # 1,7 —1 (such a j exists since r > 4), and one vertex in each other A;. All these
vertices will be chosen to be non-useless, and all (except y and z) will avoid each
M;. Remove this copy of K. Then also greedily take out r — 3 further disjoint
copies of K, avoiding the M; and all useless vertices, in such a way that altogether
they respect the proportions of the A;. Note that we can find these copies greedily
since the (¢ + 1)-partite graph induced by the A; is almost complete. We continue
doing this until no exceptional vertices are left in A, ;. The fact that M; has s;
edges ensures that we will always have an edge left in the appropriate matching for
each exceptional vertex in A, _;.

Now for all other exceptional vertices, proceed using the argument for the case

when ¢ < r — 3. In this way we will remove all the exceptional vertices.

So in both cases we will obtain sets Aj,..., A, not containing any exceptional
vertices. We now want to remove any remaining useless vertices. Before dealing
with the exceptional vertices, each useless but non-exceptional vertex in A; had at
least 7/3|A;|/2 neighbours in A; for each j # i. Also, we had at most 7%/3n useless
vertices, and therefore also at most this many exceptional vertices. So we have taken

out at most r(r — 2)7%/3

n vertices. Thus each remaining vertex x € A} still has at
1 3 / . . / . . . .
least 71/ |A%[/3 neighbours in A’ for each j # 4, which is much larger than the
number of j-useless vertices.
Ideally, for a useless vertex x € A, we would like to pick neighbours in each

other class greedily so that together these vertices form a copy of K,  with, say,

two vertices in A", r — g — 1 vertices in A’ ,, and one vertex in each other A’.. The
1 q+1 J
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problem is that the neighbours of z may avoid a substantial proportion of A,
and so in particular may not include any of the copies of K, _,_; which we know are
contained in A,y (and therefore in A ;).

So instead, we proceed as follows. We first deal with all the vertices which have
too few neighbours in A; ;. Let U be the set of vertices in A} U ... U A which
originally had at most (1 — 71/4)|A, 1| neighbours in A,,;. In particular, all these
vertices are useless. Note that a vertex x € U N A} (where i < ¢) still has at least
71/3| A!|/3 neighbours in A}. For each such vertex x in turn we proceed as follows.
We first move x into A} ;. Then we will greedily find a copy of K~ which avoids =
and meets each A’ with j < ¢ in precisely one vertex. Note that similarly as in (2.4)

one can show that

N O e L 25)

So we may apply the Erdds-Stone-Simonovits theorem to find the necessary copy of
K, ,in A}, avoiding = as well as all the (¢ + 1)-useless vertices. We can extend it
to the desired copy of K, , also avoiding all the useless vertices. Remove this copy
of K. In effect, we have removed two vertices from A/ (one vertex in the copy
of K~ and ), r — g — 1 vertices from A/, and one vertex from each other A’. We
can also find r — 3 further disjoint copies of K~ in such a way that altogether these
copies respect the proportions of the A]. Remove these copies. Repeating this for
each vertex « € U, in total we move or remove at most 7'/2n vertices. We denote by
AY the sets thus obtained from the A’.

The effect of moving the vertices of U and taking out these copies of K is that
all vertices (except those in A7, ) are joined to almost all of A7, ;. The vertices in U

may now be (¢ + 1)-useless, but are certainly non-exceptional.

Now consider any useless vertex = € Aj where i # ¢ + 1. Let A7 be the vertex
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set in which z has the lowest number of neighbours, not including 7 = 7,¢+1. (Note
that such a j exists since if ¢ = 1, a useless vertex = € A; would have been in U,
so we would already have dealt with it.) Pick non-useless neighbours y and z of
x in A7, (Such neighbours exist since  was not j-exceptional.) Recall that each
of z, y and z is joined to almost all of A7, ;. Since Ay, is almost as large as Agq1
it follows that many of the copies of K,_, 1 chosen after (2.4) lie in the common
neighbourhood of z, y and 2, and so form a copy of K,_ ., together with z, y and 2.
Pick such a copy. Now note that the choice of 7 implies that x is joined to at least
|A7|/3 vertices in A} for each £ # i, 7, ¢+ 1. So we can greedily extend this copy of
K, 5 to a copy of K~ in G by picking one non-useless vertex in every other Aj.
We then greedily find » — 3 further disjoint copies of K avoiding all the useless
vertices so that together with the copy just found, these copies of K~ respect the
proportions of the A”. Remove all these copies of K.

For a (q + 1)-useless vertex x, we perform a similar process, except that z is
already in A7, ,, so we find non-useless neighbours y and z of x in A7 and find a

copy of K, ;1 in A7, , which contains z and lies in the common neighbourhood of

y and z. We can do this since (2.5) implies that

" 1 C(r> 1
(Gl 2 (1- g+ ) g

(Note that in particular this bound applies to the degree of x in A7, ,.) So we can
successively pick common non-useless neighbours of x, y and 2 in A}, to construct
the necessary K,_,_; containing x. Together with y and z this forms a copy of
K, ;1 which we extend suitably to a copy of K,". As before we then find further
disjoint copies of K such that together all these copies respect the proportions of

the A7. We can repeat this process until no useless vertices are left. The fact that

there are not too many useless vertices will ensure that all our calculations remain
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valid.

Finally, if £ > 0, we remove k further disjoint copies of K,  to ensure that
the sets Ay,..., A7, thus obtained from the A} are (¢, n*)-canonical where n* :=
|[ATU...UA;,|. This can be done because of our modification of the A; at the
beginning of the proof. Now the A} contain neither exceptional nor useless vertices.
Furthermore, for each exceptional vertex we removed r(r — 2) vertices from G, in
dealing with U we moved or removed at most 7'/?n vertices and then for each
remaining useless vertex we removed a further r(r —2) vertices. Because there were

1/3

at most 27/°n exceptional and useless vertices originally, and because £ < r — 3,

after switching i-exceptional vertices with i-bad ones we have moved or removed at
most 2r(r —2)73n +72n 4+ r(r —3) < 7/4n vertices. Thus each remaining vertex

x € A? satisfies, for each j # ¢,

das(z) > (1 — 27'1/4)|A;k»| — 4y
> (1 — 27" /")| A% — rr'/Y A

> (1-— 71/5)|A;f|.

Furthermore, the Af are (¢, n*)-canonical, and G* = G| ;1:11 A?] was obtained from
G by removing vertex-disjoint copies of K, and so G — G* contains a perfect K -

packing. Thus the A} satisfy all the conditions of the lemma. OJ

2.5 Proof of Theorem 2.1

Recall that B* = B*(K,") denotes the bottle graph of K, . Fix integers r > 4 and

n divisible by r and constants 7y, ..., 7._; such that

<MLK ... L7 L 1.
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Let G be the graph given in Theorem 2.1. Let ¢ < r — 2 be maximal such that
the conditions of Lemma 2.6 are satisfied with 7 := 7,. As already observed in
Section 2.3, by Theorem 2.5 we may assume that ¢ > 1. To prove Theorem 2.1,
we first apply Lemma 2.6 with this choice of ¢ to obtain a subgraph G* of G and a
(¢,|G*[)-canonical partition Aj,..., A7, of V(G*). Our definition of ¢ will ensure
that if ¢ # r — 3 then the graph induced by A7, does not look like one of the
extremal graphs and so we can apply Theorem 2.5 to it in order to find a perfect
Bj-packing, where Bj is the spanning subgraph of B defined below. (Recall that
By is the (r —g—1)-partite subgraph of B* obtained by deleting ¢ of the large vertex
classes.) In the case when ¢ = r — 3 the graph G*[A}, ;] might violate condition (ii)
of Theorem 2.5, i.e. there may exist a set A C A?,; such that d(4, A7, \A) < 7.
| (it would be

If A is a minimal such set, we call it an almost-component of G*[A7,

a component if d(A, A7, \A) = 0). If G*[A?,,] does indeed violate condition (ii) of
Theorem 2.5 then we will apply Theorem 2.5 to the almost-components of G*[A}, ]
instead.

Recall that A7, ..., A7 all have the same size, which is a multiple of r—1 (the size
of a large class of the bottle graph B*). The size of A, is a multiple of |B}|. Our
aim is to find a perfect B;-packing in G*[A;, ], where B is the graph consisting of
q vertex disjoint copies of K,_, 1 together with » — ¢ — 2 vertex disjoint copies of
K, ,. We think of these copies as being arranged into an (r — ¢ — 1)-partite graph
with one vertex set of size r —2 and r — ¢ — 2 vertex sets of size r — 1. Thus B; C BY

and the vertex classes of By have the same sizes as those of Bf. This B;-packing in

G*[A;, ] will then be extended to a perfect K, -packing in G*.

Lemma 2.7 We can take out from G* at most 7'/3n* vertez-disjoint copies of K-
to obtain subsets A7, ..., Ay, of A}, ..., A;, | and a subgraph G° of G* such that the

sets A3, ..., Ag,, are (q,|G°|)-canonical and such that G°[A; ] contains a perfect
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By -packing.

Proof. Note that in the case when ¢ = r — 2 the graph B; just consists of r — 2
isolated vertices, and the existence of a perfect Bj-packing is trivial since r — 2
divides |Af_;|. In the case when ¢ < r — 3 the proof of Lemma 2.7 will invoke the
non-extremal result, Theorem 2.5, with 7,4, playing the role of 7y there. It is for
this reason that we will need the term —f#n in the minimum degree condition in
Theorem 2.5. Finally, note that hef(B;) = 1 (even in the case when B is bipartite,
i.e. when ¢ =r—3). Let s :==r—¢q—1> 2. Thus By is an s-partite graph. Observe
that X (B1) = Xer(B7) = S(Tr_% Using (i) and (ii) of Lemma 2.6, similarly as

in (2.2) and the first inequality in (2.3) one can show that

1 1/4 *
(1 - Xcr(Bl) - 7—q/ > |Aq+1|

((s ~Dr-1-1_ 71/4) Az (2.6)

s(r—1)—1 1

v

0(GlAgl)

So the minimum degree condition of Theorem 2.5 is satisfied with 0 := qu M« Tgt1-

Our choice of ¢ implies that G*[A?

+11] satisfies condition (i) of Theorem 2.5 (with

To := Tg+1). Thus in the case when s > 2 we can apply Theorem 2.5 to find a perfect
Bi-packing in G*[A},].

So we only need to consider the case when s = 2. In this case B is the bipartite
graph consisting of » — 3 disjoint edges and one path of length 2, and we are done
if condition (ii) of Theorem 2.5 holds. So suppose not and we do have some set
Cy C A;,, with d(Cy, A%\ C1) < 7g1. Define Cy := A7, \ C;. Then there is a
vertex € C which has at most 7,41|Cs| < Tq+1|AZ+1| neighbours in C5. Together
with (2.6) this shows that [C1] > 6(G*[A;,]) — Tgr1|Af ] > [A;,,]/3. Similarly,
|Co| > A7, 4]/3. (This property shows that there cannot be more than two of these

almost-components, i.e. we could not split either of these two sets into further
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subsets satisfying the same properties.)

We now aim to show that by moving a few vertices, we can achieve that each
vertex in C has few neighbours in Cy and vice versa. (This in turn will imply that
the graphs induced by both C; and Cj have large minimum degree.) Call a vertex
x € C; useless if it has at most |C;|/3 neighbours in C;. By (2.6) every such z has
at least |C}|/3 neighbours in the other class C;. This is because s = 2 and so (2.6)
gives

(615D 2= (== =) 1l 2 Al 3

Furthermore, the low density between C; and C5 shows that there are at most
Tj ﬁ\A; 41| useless vertices. We move each useless vertex into the other class and
still denote the classes thus obtained by Cy and Cy. Then d(C4,Cy) < 7'; J/j Now
call a vertex x in either class bad if it has at least a qu J/r?—fraction of the vertices in the
other class as neighbours. Clearly there are at most qu 421 | A%, 1| bad vertices. For each
bad vertex z € C; in turn we greedily choose a copy of By in C; containing x such
that these copies are disjoint for distinct bad vertices. (Use that §(G*[Ci]) > |C;|/4
for i = 1,2 and the fact that B consists only of edges and a path of length 2 to see
that such copies can be found.) By removing these copies of B;, we end up with
two sets (] and C which do not contain bad vertices. So each vertex in C] has at
most 27'qlﬁ|C’é| neighbours in C and vice versa. Since |Cj| > |A},,|/4 for i = 1,2

(and thus also |Cj| < 3|A7,,|/4 for i = 1,2) this in turn implies that

e (2:6) 1 1/7) 4|C1] ( 1 ) ,
oGrCc) > (11— — = > 11— ——7]|C. 2.7
( [ z]) - ( Xcr(Bl) 7—qul 3 XCT(BI) | z| ( )

We now aim to take out a few further copies of K, from G* to ensure that
both |C]| and |C}| are divisible by |B;|. As observed at the beginning of this section,

|A;. | is divisible by |B;|. Thus [C]] + |Cy] is also divisible by |B;|. Assume first
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that |C}| = m|B;| — 1 for some m € N. We aim to remove 2(r — 2) disjoint copies
of K from G* in such a way that we remove 2(r — 1) vertices from every A} with
i <r—3,(r—1)4 (r—2) —1 vertices from C] and (r — 1) + (r — 2) + 1 vertices
from C). Then the sizes of the remaining subsets of C] and C} will be divisible
by |Bi|. Moreover, since the Af were (g, |G*|)-canonical, and since altogether we
remove 2((r — 1)+ (r —2)) vertices from A, the remaining subsets will still induce
a canonical partition of the remaining subgraph of G*.

The way we remove the above copies of K is as follows: Greedily find r — 2
disjoint copies of K, with two vertices in C7], two vertices in A} and one vertex in
each A with 1 < j <r—3and j # i. For each of these copies of K~ the index i will
be different except that ¢ = 1 will be chosen twice. Also find r — 4 disjoint copies
of K with two vertices in Cj, two vertices in A} and one vertex in each A} with
1 <j<r—3and j#i. The choices of i will be between 2 and r — 3, and no 7 will
be chosen twice. Finally, find two copies of K, with three vertices in C% and one in
each Af for 1 <¢<r—3.

In the general case (i.e. when |C]| =t mod |B;|), we simply repeat this proce-
dure ¢ times to even out the residues modulo |B;| between |C]| and |C}%|. We denote
the remaining subsets by A{ and C7 and the remaining subgraph by G°. We only
need to perform the above procedure at most |B;| — 1 times, so we are taking out a
bounded number of copies of K, which will not affect any of the vertex degrees sig-
nificantly. Thus each G°[C?] satisfies the minimum degree condition in Theorem 2.5.
Indeed, the first inequality in (2.7) shows that

o o 1 18\ 4IC7| 2 a4l Bl
creen > (1 _ > (2= > 200 (2
5( [C’L ]) - ( Xcr(Bl) Tq-i—l) 3 - 5 Tq—i—l 3 - 100 |C’L | ( 8)

This bound on the minimum degree also shows that each C cannot contain an

almost independent set of size |C7|/2, so condition (i) of Theorem 2.5 is satisfied
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with room to spare. To see that condition (ii) also holds, observe that if CY is
partitioned into S; and Sy, where 0 < |S;| < |C?]/2 < |Sy], then the neighbours
of any vertex in S; cover a significant proportion (at least 1/50) of Sy, and so
d(Sy,S2) > 1/50. So condition (ii) is satisfied too. Thus we can apply Theorem 2.5
to each of the subgraphs of G° induced by C} and C¥ to find perfect B;-packings in
G°[CF] and G°[C35]. Adding back into A7, the vertices in the copies of By which were
removed when dealing with the bad vertices (and letting G° denote the subgraph of

G induced by the modified A7), we still have a perfect Bj-packing in G°[A7

|, and
G — G° consists of those copies of K~ which we removed. Thus G° and the AY are

as required in the lemma. ([l

Our aim now is to extend the perfect Bj-packing in G°[A7,,] to a perfect K-
packing in G°. To do this, we define a (¢ + 1)-partite auxiliary graph .J, whose
vertices are the vertices in AY for all 1 < ¢ < ¢ together with all the copies of B,
in the perfect B;-packing of G° [Ag +1)- There will be an edge between vertices from
the AY’s whenever there was one in GG, and a vertex = € A7 for 1 < ¢ < ¢ will be
joined to a copy of By whenever x was joined to all the vertices of this copy in G.

Let H,,_1 denote the complete (g + 1)-partite graph with ¢ classes of size r — 1
and one class of size 1. We wish to find a perfect H,,_;-packing in J. It is easy to
see that this then yields a perfect K -packing in G° and thus, together with all the
copies of K, chosen earlier, a perfect K, -packing in G.

The existence of such a perfect H,,_;-packing follows immediately from Proposi-
tion 2.4. To see that we can apply this proposition, note that Lemma 2.6(iii) implies
that in G* each vertex is adjacent to almost all vertices in the other vertex classes
and this remains true in GG° since we only deleted a small proportion of the vertices
after applying Lemma 2.6. It follows immediately that every vertex in J is adjacent

to almost all vertices in the other vertex classes of J. Note also that the vertex
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classes of J have the correct sizes since the sets A7, ..., A7, are (¢, |G°|)-canonical.

This completes the proof of Theorem 2.1.

2.6 Generalisation of Theorem 2.1

2.6.1 Definitions and Conditions

The aim of this section is to sketch how the proof of Theorem 2.1 can be extended
to a larger class of graphs H, and so to a proof that for this class, the error term in
Theorem 1.21 can be removed entirely.

Recall that for a graph H we defined o(H) to be the smallest possible size of
a colour class in a x(H)-colouring of H, and the critical chromatic number to be

Yer(H) = 0L )

We now define constants z = z(H) := |H| —o(H) and 2, = z(H) := (x(H) —
1)o(H). Thus z; and z are the sizes of the small and large classes of B*(H) respec-
tively, and y..(H) = z|H|/z0(H).

We call a colouring of H optimal if it uses exactly x(H) colours. In any opti-
mal colouring, we always label the colours with numbers 1,2,..., x(H). We call
a colouring of H appropriate if it is optimal and the class of colour x(H) has
size o(H). Given an appropriate colouring ¢ of a graph H of chromatic num-
ber ¢ > 3, let ;1 > x9 > ... > x, be the sizes of the colour classes. Define
D¥9(c) = {x;—xy1 |i=1,...,0—2}. Let D™ (H) be the union of the sets D%9(c)
over all appropriate colourings ¢ of H. We define hc f;f@g(H ) to be the highest com-
mon factor of the elements of D¥9(H) (or hef*(H) := oo if D*(H) = {0}). Note
that if hefd9(H) = 1 then hefy (H) = 1.

In Section 2.5, we used the fact that hef(B;(K,)) = 1. This may not be the

case for more general H. To make a similar condition slightly easier to satisfy, we
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define, instead of B*(H), a larger graph D*(H). Where the vertex classes of B*(H)
were formed by taking the union over cyclic permutations of the large classes of H,
the vertex classes of D*(H) will be formed by taking the union over all appropriate
colourings, where we distinguish colourings which differ only in the ordering of the
large vertex classes.

More precisely, label all the vertices of H, and consider all appropriate colourings
of H. (We also distinguish two such colourings even if their only difference is a
switch between colours i and j.) Suppose there are k such colourings. Then it is
clear that (¢ — 1)! divides k, since by permuting the first £ — 1 colour classes we
obtain another appropriate colouring. We form D*(H) by adding up the sizes of
the colour classes in each of the k colourings to form ¢ classes, and adding in all
edges between classes. Thus D*(H) will be the complete ¢-partite graph with ¢ — 1
classes of size k(|H| — 0)/(¢ — 1) and one class of size ko. Note that this is simply
a blow-up of B*(H) by a factor of k/(¢ — 1).

On the other hand, we form D(H) by taking the disjoint union of these k copies
of H. We view this graph as being arranged into ¢ classes in such a way that each
one of the k appropriate colourings is induced. Thus D(H) is ‘built up’ from these
k colourings by stacking them together.

For ¢ < £ — 1, define D} (H) to be the (£ — g)-partite graph induced by the last
¢ — q classes of D*(H), and D,(H) is the analogous non-complete graph formed by
taking the union over all k appropriate colourings of the last ¢ — ¢ classes of H.
D,(H) will play the role that By (K ) played in the proof of Theorem 2.1

We now introduce some conditions which will generalise the properties of K~

which we needed in the proof of Theorem 2.1.

Conditions:
(i) H has hef*9(H) = 1.
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(ii) H has a vertex partition into x(H) sets By, ..., By, where { = x(H), such
that B, has size at most 0 — 1, and each B; is an independent set except for By_;.

Furthermore H[B,_1] contains only vertex disjoint edges.

(iii) H has an optimal colouring ¢; with a class of size o + 1.

(iv) hef(Des(H)) = hef(Deo(H)) =1

Note that condition (iv) implies hef(Dy(H)) =1 for 1 < ¢ < ¢ — 2, since D;(H) C

D;(H) for i > j. The generalisation of Theorem 2.1 is now:

Theorem 2.8 Let H be an (-partite graph, where ¢ > 3, satisfying conditions (i) to
(iv). Then there exists an integer ng = no(H) such that every graph G whose order

n > ng is divisible by |H| and whose minimum degree is at least

(1 - XCTEH)) !

contains a perfect H-packing.

Note that K, itself does indeed satisfy all of the above conditions (for » > 4). To
see that there are other graphs satisfying the conditions, pick any integer o > 2, and
any ¢ > 3. (Note that our construction will demand that o(H) > 2, but alternative
constructions would allow o(H) = 1, as in the case of K, .) We construct an (-
partite graph H as follows: One class will have size o, one class will have size o + 1,
one will have size o0 +2 and the remaining ¢ — 3 classes will have whatever size we like
(but always at least o). The classes of size 0+2, 0+1 and ¢ will be called X, Y and Z
respectively. Note that although we haven’t yet added in any edges, these sizes will
ensure that conditions (i) and (iii) are satisfied. Now to ensure that (ii) is satisfied,
pick a vertex z € Z and give it exactly one neighbour y € Y. (z will have neighbours

in the other classes of H.) Then the vertex partition required by (ii) is obtained
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from the present colouring by moving z into Y. To ensure that condition (iv) is
satisfied, we also demand that y has no other neighbours in Z, and that we have
further distinct vertices, ¢/, y” € Y and 2’ € Z such that Nz(y') = Nz(y") = {#'}
and Ny (z') = {y',y"}. In other words, these 5 vertices induce an edge and a path of
length 2 and are connected to no other vertices within Y and Z. It is fairly simple
to check that these restrictions guarantee that condition (iv) is satisfied. Finally,
apart from all of these restrictions, we make H a complete ¢-partite graph with the
vertex classes already given. Figure 2.1 gives a picture of such graphs in the case

when x(H) = 3. It is easy to check that as well as conditions (i) to (iv), H also

X | X|=0+2

Y]=0+1 [Z|=0¢
Figure 2.1: The graphs H for x(H) = 3.

satisfies hef(H) =1 and o(H) = 0.
Thus there are clearly many graphs which satisfy all the necessary conditions,

including K", and so Theorem 2.8 is genuinely an extension of Theorem 2.1.
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2.6.2 Procedural Lemmas

Recall that by applying Theorem 2.5 we were able to assume that G had large almost
independent sets, Ay, ..., A,, and one remaining set A,;. We view G as an almost
complete (¢ + 1)-partite graph (with some extra edges in A,11).

In the proof of Theorem 2.1 for the graph K,” we repeatedly took out some
copies of K in order to make these sets as nice as we would like them to be. In
this subsection I aim to indicate how we can use the conditions on H required in
Theorem 2.8 to do something similar in the more general case.

In particular, we will often want to ‘fine-tune’ the sizes of the vertex sets A;.
The following preliminary lemmas will give us the tools we need to do this. Since
we are concerned only with the possible ways in which we can arrange copies of H
to adjust the sizes of the A;, I will assume for simplicity that ¢ = ¢ — 1, and that
G is a complete (-partite graph whose vertex classes are sufficiently large. (In the
more general case, A, will not be empty and will play the role of the last £ — ¢
vertex classes, while the copies of H in G would be chosen greedily avoiding any
bad vertices as in Section 2.4.)

Since the arguments for general H are rather abstract, I will also show how these
lemmas correspond to the case when H = K, when it will be possible to give an
explicit construction of the particular arrangement of copies of K~ which we need.
In the main part of the proof of Theorem 2.1 this construction would have been
stated just for the special case, without reference to the more general lemma.

In the following lemmas I will often refer to a bounded number of copies of H.
This means that there is some constant C' = C(H ), dependent only on H, which we
regard as being fixed at the very beginning of the argument and a bounded number

of copies of H will mean at most C' copies.

Lemma 2.9 For any distinct 1 < i,5 < ¢ — 1 we can find a bounded number of
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copies of H which meet Ay in cz vertices, meet A; in cz 4 1 vertices, meet A; in
cz — 1 wvertices and meet each other Ay in cz vertices. Here ¢ < C/({ — 1) is some

integer dependent on H. In this case we say that we move a residue from A; to A;.

The idea is that by removing these copies of H we effectively shift a vertex from
A; into A;. In the case H = K we would find two copies of K~ which meet A; in
exactly two vertices and each other Aj in one vertex, and then foreach 1 < s < /—1,
s # 1,J, a copy of K, which meets Ay in two vertices and every other Aj; in one
vertex.

Note that we will be removing ¢(¢ — 1) copies of H meeting A, in a total of
cz1 = ¢(f — 1)o vertices. Since G is complete (-partite, it follows that each of these
copies of H must meet A, in exactly o vertices. This observation will be used in

Lemma 2.10 below.

Proof. Let d € D¥(H). Then there is a colouring of H with colour class sizes
1, %2, ...,2T, = o such that for some s,t < ¢ — 1 we have x; = x, + d. Without loss
of generality we may assume that s =1,t = j.

We consider all non-trivial rotations of the ¢ — 1 large colour classes, forming

copies of H with colour class sizes

Loy, X3y .oy Ty—1,T1,Ty
X3y Lgyenny, Lp—1,T1,T2, Ty
Lp—1,L1, X2y ...,Tp—2,Ty.
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We also consider the colouring obtained by switching colours 7 and j.

Liseeos Tim1s Ljs Lip Ly + o o5 Ljm1y Liy Ljh1y + -+ 5 L

(Note that in this last line we have implicitly assumed i < j, which may not be
the case. The proof in the case ¢ > j is identical.) By taking all these colouring
arrangements (not including the initial one) together we will obtain ¢ — 1 copies of
H which meet A, in z; vertices, A; in z 4 d vertices, A; in z — d vertices and each
other Aj in z vertices.

Now using the fact that hcf(D%9(H)) = 1, we can repeat this process with
appropriate choices of d (note that we could have d being negative) to achieve the

desired copies of H. ([l

In the proof of Theorem 2.1 we had to deal with i-exceptional vertices in A;. We
did this by moving such a vertex into A;. However, we then have too many vertices
in A; and too few in A;. It is Lemma 2.9 which enables us to balance out the sizes
even for the more general H in Theorem 2.8.

We also have to deal with f-exceptional vertices, or vertices which are useless
because they have too few neighbours in A,. Once again, in the proof of Theorem 2.8
we move such a vertex from its own class, A;, into A,. However, we then have too
many vertices in A, and not enough in A;. The following lemma allows us to transfer

the excess back, and ensure that we have the correct class sizes again.

Lemma 2.10 For any 1 <5 </{—1, we can find a bounded number of copies of H
which meet Ay in cz; + 1 vertices, meet A; in cz — 1 vertices and meet each other
A; in cz vertices. Here ¢ < C/(€ — 1) is some integer dependent on H. In this case

we say that we move a residue from A, to A, .

Once again, the idea is to effectively move a vertex from A, into A;. In the case
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H = K, we would find one copy of K, which has two vertices in A, and one vertex
in all other classes, and for each 1 < s </ —1 where s # j a copy of K with two

vertices in A, and one in every other class.

Proof. By condition (iii) we can find a copy of H which meets A, in o + 1 vertices,
and so meets all the other classes in a total of |H| — o — 1 vertices. Finding ¢ — 2
further copies of H which intersect the vertex classes in any arbitrary way, except
that they all have o vertices in A,, we obtain ¢ — 1 copies of H which meet A, in
21 + 1 vertices, and so meet all the other vertex classes in a total of ({ — 1)z — 1
vertices. By Lemma 2.9 we can then find further copies of H such that each meets
Ay in o vertices, and we move residues between the other classes until the sizes are
as equal as possible. In particular, these copies of H will meet ¢ — 2 classes in ¢z
vertices and one, A; say, in ¢’z — 1 vertices. If ¢ # j, apply Lemma 2.9 once more to

move a residue from A; to A;, and we have the desired copies of H. OJ

Lemma 2.11 Let h:= hef(|H|— 0,0 —1). We can find ¢ of copies of H, for some
integer ¢ which depends only on H and which satisfies cz = h mod ¢ — 1, such
that these copies of H meet Ay in co vertices, A; in [cz/(£ — 1)] wvertices for each
1 < i < h and each other A; in |cz/(¢ — 1)| vertices. In this case we say that we

remove a residue from the first A classes.

This lemma will be used to overcome the problem that although the order of G
will always be divisible by |H|, it may not be divisible by |B*(H)|, and so we may
not be able to arrange the vertices of G neatly into a bottle shape.

In the case H = K

ro

we have h = 1, and the arrangement we are looking for
consists of a single copy of K, with two vertices in A; and one vertex in every other
A;.

Proof.  There is some positive integer ¢ < ¢ — 2 such that J(|H| — o) = h
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mod ¢ — 1. Pick ¢ copies of H which meet the A; in any way we like (except that
they must all meet A, in o vertices). Then choose further copies of H to move
residues between classes until the classes are as even as possible. Note that when
applying Lemma 2.9, the number ¢ of additional copies of H that we take out is
automatically divisible by ¢ — 1, and so the total number we have taken out is still
congruent to h mod ¢ — 1. Let k := (" + )(|H| — o)/(¢{ — 1). Then we will be
removing [k] vertices from h of the large classes, |k| vertices from the remaining
¢ — 1 — hlarge classes and kz1/z = (¢’ 4 ¢)o vertices from A,.

Now by applying Lemma 2.9 at most h times more, we can ensure that we remove

the extra vertices from the A; for 1 <+¢ < h. These copies of H are then as desired.

O

Note that in the same way we can remove extra vertices from any h of the £ — 1
large classes. In the proof of Theorem 2.8 we apply this lemma repeatedly until
the size of the remaining subgraph of G is divisible by |B*(H)|. The fact that the
copies of H guaranteed by the lemma meet each A; in about the correct number of
vertices means that once we have a graph divisible by |B*| the vertex classes will
form a canonical partition - i.e. they have the correct sizes as a proportion of the

whole graph.

2.6.3 Sketch of the Proof of Theorem 2.8

With the help of the three procedural lemmas, we can now sketch the proof of
Theorem 2.8. In essence it is exactly the same as the proof in the case H = K.
At various points in that argument we used the specific structure of K. At these
points, the lemmas above will allow us to do something similar for more general H.

So as before, in the nonextremal case, when there are no large almost independent

sets, we simply invoke Theorem 2.5 to guarantee a perfect H-packing. Therefore
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we may assume that G does have large almost independent sets, Ay, ..., A,, along
with the remaining set A,.;. As before we tidy up the classes by moving/removing
exceptional and useless vertices. It is here that the procedural lemmas will be
needed.

For an i-exceptional vertex x € A; we move z into A; and use Lemma 2.9 to
remove some copies of H and in so doing effectively transfer the extra vertex back
from A; to A;.

Condition (ii) will be used when ¢ = ¢ and we have i-exceptional vertices in
Ay. Recall that we were able to find a large matching in A; whenever i-exceptional
vertices exist. So we aim to move the exceptional vertex from A, to A;, and then
use condition (ii) to remove a copy of H with only o — 1 vertices in Ay, thus making
sure Ay is not too small.

To deal with the useless vertices we again use a procedure similar to the case H =
K. This time we apply the Erdés-Stone-Simonovits theorem to find a large number
of copies of K;,_,(s) in Ayq1, where s > |H|. For a useless but non-exceptional
vertex, we pick the correct number of neighbours in the class in which it has the
fewest neighbours and extend this to a copy of H. Once again we may need to deal
separately with those vertices which have few neighbours in A,.;, but just as in the
case when H = K we move these into A, before using Lemma 2.10 to even out
the class sizes again. Then we proceed as before.

Once the classes have been tidied up, we aim to find a perfect D, -packing in
Agt1. Once again the argument is essentially the same as the case when H = K.
It is for this section of the argument that we require condition (iv), since we will
want to apply Theorem 2.5 for D, to the ‘almost-components’ within A7, ;. In the
more general case there may be more than 2 of these ‘almost-components’, but the

same arguments as before generalise fairly naturally.
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Having found a perfect D,-packing in A7, we extend it to a perfect D-packing
(and therefore also a perfect H-packing) in G* by applying Lemma 2.4. Together
with the copies of H which have already been removed, this forms a perfect H-

packing in G, as required.

2.6.4 Extremal Examples

In this section, I will discuss the importance of the conditions imposed on H, in-
cluding which are necessary, and which could possibly be weakened without making

Theorem 2.8 false.

The following proposition shows that condition (iii) is necessary in Theorem 2.8.

Proposition 2.12 Suppose H is an {-partite graph which does not satisfy condition

(#ii). Then for each n divisible by |B*(H)| there is a graph G on n wvertices, with

1

minimum degree (1 — Xer (H)

)n, which does not contain a perfect H-packing.

Proof. Let n = k|B*(H)| = k(¢ — 1)|H| for some integer k. Construct a graph G
on n vertices as follows. G will be a complete ¢-partite graph with one class, Ay, of
size kz; + 1, one of size kz — 1, and ¢ — 2 of size kz. Then G has minimum degree

[H| —o(H) L
06 =0k (1= ) = 0=

as required.

Suppose there is a perfect H-packing in . Then this packing must contain
k(¢ — 1) copies of H, and so there must be at least one copy with more than o
vertices in Ay. Since there is no colouring of H with a class of size o + 1, this copy
must contain at least o 4 2 vertices in A,. But then, removing this copy, we are left
with at most (k(¢ — 1) — 1)o — 1 vertices in Ay, and since each of the other copies

of H meets A, in at least o vertices, there are at most k(¢ — 1) — 2 further copies of
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H, and so in total there were fewer than k(¢ — 1) copies of H, and the packing was

not perfect, a contradiction. Thus no perfect H-packing exists in G. U

Condition (ii) is almost necessary. The following slightly weaker condition is
certainly necessary, as the proposition below shows.

(i') H has a vertex partition into y(H) sets By, ..., By such that B, has size
at most ¢ — 1, and each B; is an independent set except for B, ;. Furthermore
H[By_1] contains only vertex disjoint edges if |H|— o is odd, and at most one vertex

of degree 2 and no vertices of degree greater than 2 if |H| — o is even.

Proposition 2.13 Suppose H is an {-partite graph which does not satisfy condition
(it'). Then for each n = k|B*(H)|, where k is an odd integer, there is a graph G
on n vertices, with minimum degree (1 — )(C%(H))n, which does not contain a perfect

H -packing.

Proof.

Case 1: z = |H| — 0 is odd.

We construct G as follows: Let G have ¢ — 2 classes of size kz, one class, A,_q, of
size kz+ 1 and one class, Ay, of size kz; — 1. In order to satisfy the minimum degree
condition, we add a perfect matching into A,_;. (This is possible since k and z are
odd, and so kz+1 is even.) Apart from this matching, let G be a complete ¢-partite
graph with these vertex classes. Once again, G has minimum degree

\H| - o(H) 1
96 =n ke (=G5 )= 0 "

as required.
Now suppose that G contains a perfect H-packing. Then this packing would
contain k(¢ — 1) copies of H. Since A, has size kz; —1 = k(¢ — 1)o — 1, one of these

copies of H must meet A, in at most o — 1 vertices. Let By, ..., By be the vertex
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classes of H induced by this copy in G. Since Ay, ..., Ay o and A, are independent,
so are By, ..., By and By. But then, since condition (ii’) does not hold, H[B,_1]
must contain a vertex of degree at least 2. But G[A,_;] does not contain such a

vertex — a contradiction. So G' does not contain a perfect H-packing.

Case 2: z = |H| — 0 is even.

Once again, let G have ¢ — 2 classes of size kz, one class, A, 1, of size kz + 1
and one class, Ay, of size kz; — 1. Now A,_; has odd size, and in order to satisfy
the minimum degree condition we add into A, ; a path covering 3 vertices, and a
matching covering all the remaining vertices. By the same calculation as in Case 1,
G does satisfy the minimum degree condition.

Now just as in the case when z was odd, we assume that a perfect H-packing
exists, and we obtain By, ..., By where once again B, has size at most ¢ — 1, and
all apart from By_; are independent. But now the fact that condition (ii’) is not
satisfied guarantees either two vertices of degree 2 or a vertex of degree at least 3 in
H[By_1]. This is a contradiction since G[A,_;] only contains one vertex of degree 2

and none of degree greater than 2, and so no perfect matching exists. 0

Unfortunately, condition (ii’) is not quite enough to make the proof work. The
problem is that we might be able to adapt the extremal example above in Case 2,
when |H|—o is even. If we no longer demand that n = |G| is divisible by | B*(H )| but
only by |H|, then we start with a graph with one class of size on/|H|, and all other
classes as equal as possible. Now some of the large classes have size |n/x..(H)],
and some have size |n/xq-(H)] + 1. We move one vertex from the small class into a
class of size |n/x(H)]. We make this graph complete ¢-partite, and if |n/x..(H) |
is odd, then we can add a matching into the sets of size |n/x..(H)| + 1 to ensure
that the minimum degree condition is satisfied. Now similarly to case 2, we cannot

guarantee a perfect H-packing unless we have some modification of condition (ii’)

64



which allows for a vertex partition with several sets with only disjoint edges in them.

However, this problem only arises if there is such an n with |n/x..(H)| odd,
which is not always the case. Therefore a condition which is both necessary and
sufficient for the proof to work would have to consider several different possible
cases. Such conditions turn out to be very complicated, and so I will not consider
them here.

We have seen that condition (iii) is certainly necessary, and condition (ii) is
almost necessary, so let us consider conditions (i) and (iv).

The importance of condition (i) is that it allows us to prove the three procedu-
ral lemmas, each of which is vital to the argument. However, consideration of an
extremal example indicates how (i) might be weakened slightly.

We would like to consider a complete x(H)-partite graph G on n = k|B*(H)|
vertices, with one class of size on/|H|, one class of size k(|H| — o) + 1, one class of
size k(|H| — o) — 1 and all other classes of size k(|H| — o). By arguments similar
to those used in Section 1.1.3, it is impossible to even out classes of size k(|H| — o)
and k(|H| — o) + 1 by removing copies of H unless hefi(H) = 1.

The problem is that a vertex in the class of size k(|H|— o)+ 1 does not meet the
required degree condition; we would have to add some edges into this class to ensure
that all of its vertices have the correct degree. So we might look for a condition
similar to condition (ii), guaranteeing a partition in which only one class has any
edges, and at most one vertex in this class has degree 2. If the sizes of classes of
this partition worked together nicely with the colour class sizes of the appropriate
colourings, then we might be able to use this property to take out one copy of H
before evening out the class sizes of G.

However such a condition would already be quite complicated to state, and the

situation is complicated still further by the case x(H) = 3. Informally we ignore the
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small classes of H and G and look for a perfect packing of a bipartite graph H' in G'.
So we might look for a condition guaranteeing hcf(H') = 1. Since H' is bipartite,
we might guess that this condition should be something like: hcf%(H) = 1 and
hefde9(H) < 2. (Note that hef{*(H) has not been defined, but it is the extension
of hefo(H) in the same way that hef®(H) is the extension of hef, (H).) However,
to make the condition best possible, we would once again have to consider the
possibility of having vertex partitions with just one non-independent class, which
itself has few edges. I believe that by the time all of this has been taken into account,
any such conditions would be too complicated to be useful.

In summary, condition (i) could indeed be weakened, and Theorem 2.8 therefore
strengthened, but not without sacrificing simplicity. Let us now consider condition
(iv).

Condition (iv) automatically implies that hef.(De—2(H)) = 1, and that hef(Dy)
=1lifqg=1,2,...,0-3.

This condition could also be weakened slightly, but again this would make it
much more complicated. The problem is that the last £ — q classes of an appropriate
colouring do not always induce the same subgraph of H. D, itself is the union of
all the possible such subgraphs (with multiplicity). Our aim is to find a perfect D,-
packing in A, 1, but it might be possible to find a perfect H-packing in G which does
not induce a perfect D, packing in A, if we do not demand that each colouring
of H must be used an equal number of times. However, this complicates the issue
considerably, and I believe any condition designed to take this into account would
again be too complicated to be useful.

In short, while Theorem 2.8 is not as strong as it could be, any substantial
strengthening seems to involve very technical conditions on H, so I have not studied

this problem further.
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CHAPTER 3

EMBEDDINGS OF TREES

The main objective in this chapter is to prove Theorem 3.1.

Theorem 3.1 Given a positive C' € R there exists kg € N such that for any integers
k,n € N satisfying kg < k <n < C'k the following holds: Suppose G is a graph on
n vertices in which at least n/2 vertices have degree at least k. Then G contains as

a subgraph every tree with k edges.

Our proof of Theorem 3.1 follows the general strategy of Zhao’s proof in [72] of
the special case when k = n/2, but substantial additional difficulties arise in the
more general case. The proof will be split into two main parts. In Section 3.5 we will
prove that the theorem holds provided that G does not look too similar to certain
extremal graphs - graphs which are close to satisfying the conditions of Theorem 3.1,
but which fail to contain some tree T" with k£ edges. We call this the non-extremal
case. In that section we will use regularity arguments to embed any T' € 7} into G.

In Section 3.6 we will show that in the extremal case, i.e. when G is similar to
some extremal graph, we have sufficient structure in GG to be able to embed any tree
T € 7, directly. Before all this, in Section 3.4 we will prove Theorem 3.1 when G
satisfies a certain special case. This is considerably shorter than either the extremal

case or the non-extremal case, and will be needed in the proof of the non-extremal
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case.

3.1 Ramsey numbers of trees

Before going on to prove Theorem 3.1, we show how it can be used to prove Theo-

rem 3.2 as a corollary.

Theorem 3.2 For any real number C"” > 1 there exists an integer py such that for
any integers p and q satisfying po < p < q¢ < C"p we have R(7,,7,) < p+q. In

particular, for T, € T, and T, € 1,, R(T,,T,) < p+q.

Proof. Given C”, let ¢ = C" 41, and let kg be the integer given by Theorem 3.1.
We set pg = ko, and let p,q be any integers such that py < p < ¢ < C"p. Suppose
we have a colouring of the edges of K,,, where n = p + ¢, with two colours, red and
blue. Let G,q denote the monochromatic red subgraph. Suppose that at least n/2
vertices have degree at least p in G,.4. Then the conditions of Theorem 3.1 hold in
Gred, where k = p. Thus 7, C G,q as required.

On the other hand, suppose that fewer than n/2 vertices have degree at least p
in G. Let Gy be the monochromatic blue subgraph of K, i.e. the complement
of Geq. We have at least n/2 vertices in G,.q with degree at most p — 1, and so in
Gpue We have at least n/2 vertices with degree at least n —1 — (p—1) = ¢. Thus in
Gye the conditions of Theorem 3.1 hold with k£ = ¢, and so 7, C Gy, as required.
Thus R(7,,7,) <p+q. O

We observe that this result is close to best possible. For example, if S, and S,

are stars with p and ¢ edges respectively, then we have

p+q—1 if p,qare even,
R(Spv SQ> =

p+q otherwise.
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The lower bound is seen easily by constructing a (p — 1)-regular graph on p+ ¢ — 1
vertices, whose complement is (¢ — 1)-regular. This is not possible when p and ¢ are
both even, since then p—1 and p+¢—1 are both odd, leading to the case distinction
above. Thus the upper bound in Theorem 3.2 is best possible up to an error of 1.
On the other hand, if P,, denotes a path with m edges, then R(P,,, P,,) = [(3m+
1)/2], as proved in [29].! Thus for some specific trees the bound in Theorem 3.2 is

a long way from best possible.

3.2 Notation, Definitions and Preliminaries

We first introduce some more notation and definitions. Some of these definitions
will be recalled later, when they are first needed. We introduce them all together
here so that they can be easily found and referred to if necessary.

For a set S we write S = A + B to mean that A and B form a partition of S,
ie. that AUB =S and AN B = 0.

Recall from Chapter 1 that for a disjoint pair of subsets X,Y C V(G), e(X,Y)
denotes the number of edges with one endpoint in X and one endpoint in Y. Then
d(X,Y) = e‘g(x”;) denotes the density of the pair.

While it is certainly true that e(X,Y) = e(Y, X)), we will occasionally distinguish

between the two in order to indicate how our value or bound has been calculated. For
example, if there are constants dx, dy such that for all x € X we have d(z,Y’) > dx
and for all y € Y we have d(y, X) < dy, then we say that e(X,Y) > dx|X| and
that e(Y, X) < dy|Y|. Thus the order of X and Y indicates that we calculate the
bound based on some property of vertices in the first set listed.

In this chapter we will also need to consider weighted graphs, in which each edge

!Note that this notation may be different to other conventions, when P,, may denote a path
with m vertices rather than m edges.
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is assigned a weight. Then for a vertex x we will denote by d(x) the weighted degree
of z, i.e. the sum of the weights of all the edges incident to x. Then for a set of
vertices S, dg(z) is defined analogously to the unweighted case. Also for two vertex
sets X and Y we will denote by e(X,Y) the sum of the weights of all the edges with
one endvertex in X and the other in Y.

For graphs H and G we write H — G to mean that H can be embedded into
G, i.e. that G contains a copy of H as a subgraph. We also use this notation for a
subset S C V(G). Then H — S means that H — G[S]. In this case, the graph G
is implicitly understood, and it will be obvious from the context what G should be.

Given a tree T rooted at a vertex r, we define 7,44 to be the set of vertices of
T whose distance from r is odd. Similarly we define T,,.,. We consider the root
to be at the top of the tree, with all other vertices hanging below it. Then for a
vertex x # r the parent P(x) of x is the neighbour immediately above x in the tree.
In other words, P(x) is the neighbour of x on the unique path in 7" from x to r.
Similarly for a set of vertices X C V(T') — r we define P(X) := {P(x) : = € X}.
The children of x are all the neighbours immediately below z, i.e. those vertices y
such that x = P(y). We define T'(x) to be the subtree below x, i.e. the subgraph
of T induced by all those vertices y for which the (unique) path between y and the
root r includes the vertex z. Note that z € V(T'(z)).

A skew-partition of a tree T is a partition of V(7T') into sets U; and U, such that
|U1| < |Us| and U, is independent. (Note that in particular, T,4; and T.,e, form a
skew-partition in some order.) The gap of a skew-partition is g(Uy, Us) := |Usz|—|U4 .
The gap of T is defined to be g(T) := ||Toaa| — |Tevenl|-

We define the ratio of a tree T' to be ratio(T') := |Tpaa|/|T|. Given a real number
c € (0,1/2) we say that a tree T is c-balanced, or simply balanced, if ratio(T) €

(c,1 —c¢). We will generally use this concept for ¢ < 1.
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We call vertices of a graph G which have degree at least k large vertices, and
vertices of degree less than k are called small vertices. We denote by L(G) the set
of vertices in G which are large, and S(G) denotes the set of small vertices. Thus
for the graph G which we consider in Theorem 3.1 we have |L(G)| > |G|/2.

In many places during the proof, we will observe that if we have a vertex b in T
which is adjacent to a leaf ¢, and if b has been embedded onto a vertex y in L(G),
then we can always embed the leaf ¢ onto a neighbour of y greedily after performing
any other necessary embedding. This is because y has at least k neighbours, and T’
has k + 1 vertices. Therefore if all the vertices of T except for ¢ have already been
embedded, and b has been embedded onto y, at most k£ — 1 neighbours of y have
already been used in the embedding, and so at least one neighbour remains onto
which we can embed c. From now on, if such a situation occurs, we will simply state
that we can embed the appropriate leaves greedily at the end.

Throughout our proof we will omit floors and ceilings where these do not affect

the argument significantly.

3.3 Outline of the Proof

We now fix various constants that we will need during our proof. First of all let
C' be the constant given in the statement of Theorem 3.1. We now pick kg to be
sufficiently large, and let £ and n be the integers given in Theorem 3.1. We define
C :=n/k, and note that 1 < C < ' <« k.

Throughout the rest of the chapter we fix further constants satisfying the fol-

lowing hierarchy.

1
O<k_<<€<<5<<d<<91<<92<<"'<<9LCJ+4
0
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1
<<r<<r’<<9{<<...<<9{CJ+2<<1/<<c<<u<<5.

Note that if we chose kg to be sufficiently large compared to C” then it is possible
to find these constants. Note also that we have 0 < 1/n < 1/k < 1/ky.

We will also have some further constants which are not fixed, since we will need
to apply the appropriate lemmas with different values of these constants. Most
importantly, the statement of the theorem which covers the non-extremal case uses
constants oy and «s. The theorem will be applied with a; depending on 6;,; and
ap on ; for some i. We will also have another similar situation for «; depending on
03,. In either case we will therefore have d < s < a1 < V' < v < 1/C’". We then

define further constants to satisfy:
K< NKPKp<Ka.

We observe that we may make a few preliminary assumptions about the structure
of the graph G. Firstly, the conditions of Theorem 3.1 remain true if we delete any
edges between small vertices. If in this modified graph we can find a copy of a tree
T, then we can certainly find a copy of T" in the original graph. We therefore assume
that S(G) is an independent set. More generally, we assume that G is edge-minimal
subject to satisfying the conditions of Theorem 3.1. In particular, if there are at
least n/2 + 2 vertices of degree at least k, then we could remove any edge from the
graph and still leave at least n/2 vertices with degree at least k. So we may assume
that n/2 < |L(G)| < n/2+ 2.

As well as edge-minimality, we will also assume that G is vertex-minimal subject
to satisfying the conditions of Theorem 3.1. So we note that if there exists a set
S" C S(G) with the property that |[N(S")| < |S'|/2, then we could delete S” and

move some vertices of N(S’) into S(G) if necessary (i.e. if they were large but
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now have degree less than k). This gives a new graph G’ with |G'| = |G| — |9
and |L(G")| > |L(G)| — |S’|/2 > |G’|/2. In particular, L(G’) is non-empty and so
|G'| > k+ 1. So G’ also satisfies the conditions of Theorem 3.1, and by repeating
the argument as often as possible, we may assume that there does not exist a set
S" C S(G) such that |[N(S")| < [5']/2.

Recall that in Section 3.2 we assumed that there is no set S’ C S(G) such that
IN(S")| < |S|/2. Slightly more generally than this, suppose that there is a set
S" C S(G), and a set L' C L(G) such that |L'| < (2/5)|5|, |S’| > k/4 and such that
e(S", L(G)\L') < 7k* where 7 is the constant defined in the hierarchy above. We
may assume that L’ is minimal given S’, and in particular that every vertex of L’ has
at least one neighbour in S’. Then deleting S” and moving vertices of L into S(G)
if necessary, we obtain a new graph G with the following property. Observe that
T 7T <v<landlet L*(GT,G) = {v € V(G) : dgt(v) > (1 — 7')k and dg(v) >
k}. Then we can see that |L*(GT,G)| > (1 + v)|GT|/2. For if not, then in V(GT)
we have at least |S’]/10 — v|GT|/2 > k/41 vertices which lie in L(G)\L' but not in
L*(G7, @), and therefore have degree at most (1 — 7/)k in G'. They must therefore

have degree at least 7'k in S’, and so

e(S, L(G)\L') > (7'k)(k/41) > Tk?

which is a contradiction.
Thus we have a new subset of the large vertices, and although they don’t quite
have degree k in GT, there are substantially more than |G'|/2 of them. This will

enable us to embed 7" into G.
Theorem 3.3 Let 0 < 7 < 7' < v and suppose that we have subgraphs Gt C G* C
G. Let L* = L*(GT,G*) = {v € V(G") : dgi(v) > (1 — )k and dg-(v) > k}.

Suppose furthermore that
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o G* was obtained from G by removing some edges between V(G)\V(GT) and
V(GY\L* (and in particular, V(G*) = V(G));

® co (V(GT),V(G*)\V(GT)) < 7k?;
o |L*| > (14 v)|GT]/2.
Then T, C G.

In order to apply Theorem 3.3 given sets S’ and L’ as above we define G* to
be the graph obtained from G by removing all edges between S’ and L', and define
Gf == G — 5. We just need to check that, with L* defined as in Theorem 3.3,
L' N L* = () and therefore that G* has the form described above. But recall that
originally G was edge-minimal subject to satisfying the conditions of Theorem 3.1.
Therefore since any vertex x in L' had a neighbour y in S’ then = had degree exactly
k, since dg(z) > k but if dg(x) > k+1 then we could have deleted xy from G without
violating the conditions of Theorem 3.1. Therefore once the edges between L' and
S’ are deleted, every vertex in L’ has degree at most £ — 1 in G* and so cannot lie
in L*, as required.

In our proof we will generally identify G with G*, since if we can prove 7, C G*
then certainly 7, C G. Note that it is not true that at least n/2 vertices in G* have
degree at least k, but we will not use this assumption in the proof of Theorem 3.3.
However, it is also not necessarily true that G* satisfies some of the assumptions
that we made on G regarding edge or vertex minimality. In particular there may
be a set S” C S(G*) such that |[Ng«(S")| < |S”|/2, which is not the case in G. We
will need this assumption on G in Section 3.6.2 and so in that section we will once
again distinguish between G* and G.

As mentioned in Section 4.1, the proof of Theorem 3.1 proceeds in two main

steps, which will constitute Sections 3.5 (which covers the non-extremal case) and 3.6
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(which covers the extremal case). In this section we introduce the main results of
these two sections, as well as giving an outline of how they will be proved. In both
sections we will further distinguish whether or not the conditions of Theorem 3.3
hold. Thus in both Sections 3.5 and 3.6 we will essentially have two subcases, one
where the conditions of Theorem 3.3 hold, and one where they do not and thus there
are no sets S’ and L' as defined above. In the non-extremal case, this will lead us to
two separate theorems, one of which will be required to prove Theorem 3.3, and one
in which we will need to apply Theorem 3.3. Although the statements are distinct,
the two proofs are, until the very end, essentially identical, and so we will prove
them together. In the extremal case in Section 3.6 the two proofs will be slightly
more distinct. It will be here that we need the constants HZ-T , which play a similar
role to the constants 8;. However we need to introduce these different constants so

that 7 and 7" have the correct place in the hierarchy for the proof to work.

3.3.1 The Non-Extremal Case

Let us first define an extremal graph. As mentioned at the beginning of this chapter,
this is a graph which is close to satisfying the conditions of Theorem 3.1, but which
does not contain some tree T" with k edges. In fact, the graph which we define will
not contain any tree with k£ edges. The construction is an extension of one given

in [72].

Definition. The half-complete graph on k wvertices is a graph Hj; on vertex set
V =V + V5 where |Vi| = [k/2] and |V,| = |k/2], and with edge set consisting of

all pairs within V; and all pairs between V; and V5.

Definition. Let G..(n) be the graph consisting of |C'| disjoint copies of Hy together

with further copy of H,_|cx (recall that C' = n/k).
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Now G..(n) does not contain any tree with k& edges (k + 1 vertices), since its com-
ponents all have size at most k. However, when C' is very close to an integer, we
can also see that almost n/2 vertices have degree almost k (at least n/2 if k di-
vides n exactly). G..(n) therefore comes very close to satisfying the conditions of
Theorem 3.1, but nevertheless fails to satisfy the conclusion. In this sense it is an
extremal graph.

Gex(n) shows that we cannot weaken the conditions in Theorem 3.1 to demand
at least n/2 vertices of degree k — 1. A slight modification of G.,(n) shows that
we also cannot substantially decrease the n/2 bound, i.e. we cannot get away with

substantially fewer than n/2 vertices of degree k.

Definition. We define Hj, to be the graph on vertex set V' = V/ + VJ where
Vil =[(k+1)/2] =1 and |V5| = [(k+1)/2] + 1, and with edge set consisting of

all pairs within V; and all pairs between V; and V5.

Definition. Let G.,(n) be the graph consisting of |n/(k+1)| disjoint copies of H},
together with further copy of H] _ L0/ (e 1) (k1)

Note that G.L,(n) has |n/(k + 1)|(|(k + 1)/2] — 1) vertices of degree k. In
particular, if 0 < 1/k,1/n < ¢ < 1 then G, (n) has at least (1 — &)n/2 vertices
of degree k. However, note that G’_(n) does not contain a copy of Py, the path on
k + 1 vertices, since such a copy of P, would have to lie within a copy of H}, and
so would have to contain at least | (k4 1)/2]| vertices within V{, which is impossible
since V{ is not large enough.

G, (n) is very similar to G.,(n), and could be considered to be an approximation
of Gex(n). In fact, it turns out that in some sense G..(n) is the unique extremal

graph.! This fact is captured by the Stability Theorem which will be introduced

LOf course we could modify G, (n) by making each copy of Hy, complete. However, the resulting
graph would clearly contradict our assumption that there are no edges between small vertices and
that there are at most n/2 + 1 large vertices.
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in Section 3.3.2. However, I will not explicitly prove the Stability Theorem in this
thesis - it is simply an implicit consequence of the proof of Theorem 3.1.

The extremal case partly describes the structure of the extremal graph. We
denote the extremal case by FC or EC(«), where o < 1 will be some appropriate

parameter:

Definition 3.4 EC(«a): G contains a set of vertices A of size k such that e(A,V(G)\A) <

ak?.

However, we will need to be slightly more careful than this, and so we define

EC; for 1 < j < [C]. Recall that §; < 6, < ... < 0¢) < 1.

Definition 3.5 EC;: G contains disjoint sets of vertices Vi, ...,V each of size k
such that e(V;, V(G)\V;) < 0;k* for 1 <i < j.

For the proof of Theorem 3.3 we will need a similar condition, but with 6,

replaced by 0}.

Definition 3.6 EC]T : GV contains disjoint sets of vertices Vi,...,V; each of size k

such that e+ (Vi, V(GN\V;) < 6’;1432 for1 <i<j.

Definition 3.7 If a graph G does not satisfy EC; for any 1 < j < |C], we say that

we are in the non-extremal case.

Then it turns out that G is sufficiently different from G, (n) that we can embed T
into GG even if we relax the degree conditions of Theorem 3.1 slightly. As mentioned
before, we will need two versions of the non-extremal theorem. Theorem 3.9 will
be required for the proof of Theorem 3.3 which in turn is required to guarantee the
conditions of Theorem 3.8. However, since it is only towards the end of the proofs
that the two differ significantly, we go through most of the proof for both results

together.
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Theorem 3.8 Suppose we have constants satisfying 0 < as € oy K 7K 1/C" < 1,
and an integer ko satisfying 0 < 1/kg < ao. Then for any integers k,n € N
satisfying kg < k < n < C'k the following holds: Let G be a graph on n vertices, let

G' C G be an induced subgraph on n’ < n wvertices, and let

L=LG,G):={veV(G): :da) > (1—a)k and dg(v) > k}.

Suppose that |L] > (1 — aq)n’/2, that eq(V(G'),V(G)\V(G")) < a2k? and that G’
does not satisfy EC(ay). Suppose furthermore that there do not exist sets 8" C S :=
V(G)\L and L' C L such that |S'| > k/4, |L'| < (2/5)]S] and e(S', L\L') < Tk?.
Then T, C G.

Theorem 3.9 Suppose that we have constants satisfying

lh<m<wu<a<g<r<l1/C'<1

and integers k,n € N such that kg < k <n < C'k. Let Gt C G* C G be subgraphs
as in the statement of Theorem 3.3, and let G' C G be a further subgraph on n'

vertices. Let

L=L(G GG = {ve LG, G) : de(v) > (1 — ay)k}.

Suppose that |L| > (1 4+ v/2)n'/2, that ec:(V(G'), V(GH\V(G")) < a2k? and that
G’ does not satisfy EC(c). Then T, C G.

The crucial difference between these two theorems is that in Theorem 3.8 we have
the condition that there are no sets S’ C S(G) and L' C L(G) which would have
led to the existence of G, while in Theorem 3.9 we assume that GT exists, and

thus we have the extra condition that L* covers substantially more than half of the
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vertices of GT. This in turn leads to the condition that L covers more than half of
the vertices of G', as in the statement of Theorem 3.9. To enable us to go through
most of the proof of both together, we will not use either of these extra conditions
until near the end of the proof. Although oy and ay appear in both Theorems, they
will not be the same (as mentioned before, they will be chosen later to depend either
on 6; or on (93 ). However, we use the same notation because they will play similar
roles in the two theorems, and by using the same notation we can go through both
proofs together.

The interdependence of the main results in this chapter is shown in Figure 3.1.

We distinguish two cases based on whether there is a set S’ with the properties

7, CG
(Theorem 3.3)

Theorenﬁ 39 | —

Does there exist : 7 ‘
aset §7 P Theorem 3.1

Theoreni 38 | — | 7, C G

- Non-extremal case Extremal case

Section 3.5 Section 3.6

Figure 3.1: The interdependence of the main results.

described in Theorem 3.8, i.e. a set of small vertices whose neighbourhood, apart

from very few edges which we ignore, lies within a set L’ of large vertices where
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|L'| < (2/5)]S"]. If there is such a set S’, then we remove it. A few large vertices
(in L') may now become small, but nevertheless we now have significantly more
large vertices than small ones, and the conditions of Theorem 3.3 are satisfied. In
this situation if we need to apply the non-extremal case, then the conditions of
Theorem 3.9 will be satisfied and so this theorem, proved in Section 3.5, will be the
non-extremal theorem corresponding to Theorem 3.3. We then go on to complete
the proof of Theorem 3.3 in Section 3.6.2, and so in this case 7, C G.

On the other hand if there is no such set S’, then the non-extremal case will be
covered by Theorem 3.8, which will also be proved in Section 3.5. We then go on
to complete the proof in the extremal case of this situation, and therefore complete
the proof of Theorem 3.1, in Section 3.6.

Although it is natural to think of the argument as composed of two parallel
situations which together cover the whole proof, as shown in Figure 3.1, we can also
think of it as a linear argument. Since we aim ultimately to prove Theorem 3.1 by
contradiction, Theorem 3.3 can be interpreted as stating that the conditions of the
theorem are impossible under the assumption that 7, ¢ G, and so ultimately there
is no set S’ which would have given rise to those conditions, as indicated by the
dashed arrow in Figure 3.1.

In both situations, the extremal case will use the corresponding non-extremal
theorem. Roughly, if Vi,...,V; are sets as in the definition of the extremal case,
then we look to apply the appropriate non-extremal theorem to G[Vp], where V, =
V(G)\U_, V;. This will ensure either that 7, C G, in which case we are done,
or that the conditions of the non-extremal theorem do not hold and so Vi,..., V]
satisfy certain conditions which will be useful to us in the extremal case.

More precisely, note that if G does not satisfy EC, then G’ = G will satisfy the

conditions of Theorem 3.8 (or similarly if GT does not satisfy EC, then G’ = GT will

80



satisfy the conditions of Theorem 3.9). However, we need the stronger statement
here because in our proof of Theorem 3.1 (or Theorem 3.3) we will consider the
maximal j for which EC; (or correspondingly ECJT) holds in G (in GT). We will
then apply Theorem 3.8 (Theorem 3.9) to G' = G —J_, Vi (or G' = Gt = J_, V).
Since we assumed that j was maximal, EC(6;41) (or EC’(Q}H)) will not hold in
G', and we will show that the remaining conditions of the theorem also hold unless
j =1C| = |n/k] (or j = ||GT]|/k]). Thus we may assume that G (or G') splits
completely into “almost components” of size k and one leftover set of size less than
k. In Section 3.6 we will go on to use this structure to embed 7' directly into G.
The proof of Theorems 3.8 and 3.9 will make use of Szemerédi’s regularity lemma.
Using the standard fact that various properties of the original graph are inherited
by the reduced graph, we will be able to prove a structure lemma (Lemma 3.16).
This will give us two adjacent clusters A and B in the reduced graph, together with
a matching M into which both A and B have appropriately high degree. We will
then split the tree 7" into a (small) number of sub-trees in an appropriate way. (To
recover T', we re-connect the roots of these trees to their original parent vertices in
T.) The roots and the parent vertices will be embedded into A and B, while the

remaining vertices will be embedded into M.

3.3.2 The Extremal Case

In the extremal case we need to be more careful, since G may be close to a graph
which does not contain some T' € 7, and using the regularity lemma would remove
some edges.

Instead, we use the structure which we already know we have in G. Recall that
we could assume that G splits completely into |C'| almost components of size k and

one leftover set of size at most k. We can show first that this left-over set has size
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almost k or almost zero (relative to k). For the proof of Theorem 3.3 this will already
be enough. Secondly, we prove that in fact we may assume that a stronger version
of the extremal case holds, which we call EC’. We delay the precise definition of
EC" until Section 3.6.1. Roughly it guarantees that in addition to the properties of
EC, we may also assume that every vertex of L NV, has almost all its neighbours
in V;. We will then use this stronger structure to embed the tree T directly into G
(with most of T" generally being embedded into just one of the V).

Together with Theorem 3.8, this gives us the following Stability Theorem (c.f.
Theorem 1.9 in [72]).

Theorem 3.10 (Stability Theorem) For every p > 0 and C > 1 there exist
e >0 and ko € N such that for any kg < k < n < Ck the following holds: Suppose
that G is a graph on n vertices with |L(G)| > (1 —e)n/2. Suppose furthermore that
no proper subgraph G' C G satisfies L(G') > (1 — ¢)|G’|/2, and that G does not
contain some T € Ty,. Then G can be transformed into G..(|C|k) or G..([Ck) by
adding or deleting at most pk vertices and at most pk* edges.

In particular either C — |C] < p or [C] = C < p.

I will not prove this theorem explicitly in this thesis. However, it is an implicit
consequence of the proof of Theorem 3.1.

Theorem 3.10 roughly says that Gey(n) is the only extremal graph when the
bound on the number of large vertices is decreased by a small amount. The same
cannot be said if we decrease the degree of the large vertices. For example, suppose
we demand that at least n/2 vertices of G have degree at least (1 —¢)k. We will
assume for now that n is even. Then we partition V(G) into V; and Vi, where
[Vi] = |Va| = n/2 and construct a random [(1 — ¢)k/2]-regular graph within V}
and a random [(1 — €)k/2]-regular bipartite graph between V; and V5. Note that

the maximum degree of G is (1 — )k, and so G does not contain the star Sy on
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k + 1 vertices. So with high probability G will satisfy analogous conditions to
Theorem 3.10 while the n/2 vertices of V; have degree (1 —¢)k. However, with high
probability G' will not look like G.,(n); in fact G will be an expander. We omit the

proof of these assertions. The case when n is odd is similar.

3.4 The Special Case

We first consider the following special case.
e SC: e(L(G)) < vk?.

We will show that in this case we can embed the tree T into G directly, and thus we
may assume that SC' does not hold. We need this assumption in the non-extremal
case, and therefore the following lemma has a similar form to Theorems 3.8 and 3.9,
in that we have a graph G/ which was obtained from G or G' by removing “almost

components” of size k.

Lemma 3.11 Suppose we have constants such that0 < 1/ky < V' < v < 1/C" <1
and integers k,n € N satisfying ko < k <n < C'k. Let G be a graph on n vertices,
let G' C G be a graph on n' < n vertices, and let L = L(G',G) := {v € V(G) :
de/(v) > (1 = vV")k and dg(v) > k}. Suppose |L| > (1 — v")n’/2. Suppose further
that e(L) < vk%. Then Tp, C G.

We will use kg,v and C”" as defined in our hierarchy, while v may be chosen as
required later. Observe that 1/k < V" < v « 1/C, where C' = n/k < (" as
before. For the proof we will need the following simple fact, which appears in [72]

as Fact 5.13.

Fact 3.12 If the vertex set of a tree T s partitioned into two subsets Uy and U,
such that Uy is an independent set, then Uy contains at least |Us| — |Uy| + 1 leaves

of T. OJ
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Proof of Lemma 3.11. Let S := V(G’)\L. Note that since e(L) < vk?, there
are at most 2/vk vertices of L with more than \/vk neighbours in L. Removing
such vertices, we obtain L' with 6(L,S) > (1 —v" — v)k > (1 — 2/v)k, and
L' > (1 —=v")n'/2 = 2y/vk > (1 —3/v)n/2. Let S" C S be the set of vertices with

at least (1 — v'/)k neighbours in L'. Now

ear(I,8) > (1= 20/0)(1 = 3v/)kn'j2 > (1 — 5y/0)kn’ /2.
Conversely, since no vertex in S has degree more than k in G,

e (S, L) < |S'|k+|S\S'|(1 — v*5)k
<|S'k+ [(L+ "' /2 — |1 — vMP)k

= VK|S + (1 — Y2 (1 + v kn' /2.

Combining these two inequalities gives

MBS > (1= 53— (1— )1+ )2
> (WP (1 + ") — 6y/v)n' /2
> YA((1+ "' /2 — VPk)

> 1/1/5(|S| . V1/5]{])

and thus we have at most v*/°k vertices in S which have fewer than (1 — v'/%)k
neighbours in I’. Removing these, we obtain a bipartite subgraph G” C G[L' U 5]
with minimum degree at least (1 — v'/%)k.

Now T is also bipartite with classes U; and Us,, where without loss of generality
|U1| < |Us|. Suppose |Uy| > k/3. Then since |U;| < |Uy| < 2k/3 4+ 1, by the

minimum degree of G we can embed T greedily. On the other hand if |U;| < k/3
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then by Fact 3.12, U, contains at least |Us| — |U;|+1 > k/3 leaves. Removing these
leaves gives a set Uj of size at most 2k/3 4+ 1. So we can embed U; and Uj greedily
into L' and S’ respectively. Then since vertices of U; were embedded into L', whose
vertices are large in G, we can embed the remaining leaves of U, greedily. In either

case, we embed 7' into G as required. U

3.5 The Non-Extremal Case

We now aim to prove Theorems 3.8 and 3.9. Since the proofs are almost identical,
for most of this section we will go through both together. Only towards the end
of the argument will we distinguish the two proofs. The main tool that we use is

Szemerédi’s regularity lemma

3.5.1 The regularity lemma

In this section we will introduce another version of regularity lemma which is slightly
different from the version given in the introduction, as well as defining the reduced
graph again. Some of the notation here is slightly different to the notation used
in the Chapters 1 and 2; this is to ensure that the notation is consistent with [15].
We will also state some standard properties of both the regularised graph and the
reduced graph. Recall that given a bipartite graph with vertex classes X and Y,
and given € > 0, we say that the pair (X,Y) is e-regular if for all subsets X' C X
and Y C Y which satisfy | X'| > ¢|X| and |Y’| > ¢|Y| we have

d(X',Y") = d(X,Y) £e.

The version of the regularity lemma which we use is the degree form (see e.g. [51]).
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Lemma 3.13 (Regularity Lemma (degree form)) For every e > 0 there is an
Ny = No(e) and an ng = ng(e) such that for any d € [0,1] and for any graph G' on
n' > ng vertices, there is a partition of V(G') into Vo, Vi, ..., VN and a subgraph G"
of G’ such that the following holds:

e N <Ny

o |V <en/

o Vil =[Va| =...=|Vy| < [er']
e ¢(G"[Vi]) =0 for0<i< N

All pairs (V;,V;) for 1 <i < j < N are e-regular in G", with density either 0

or at least d.

der(v) > der(v) — (d + €)n for every vertex v € V(G'). O

The V; are usually called clusters. We apply the regularity lemma to the graph G’
in Theorems 3.8 and 3.9, with constants d and ¢ as given in the hierarchy at the
start of Section 3.3. (Note that since we had 1/k < ¢, and since n’ 2 k, we will
have n’ > ng.) We thus obtain a regularised graph G”, which is simply G’ with some
edges removed. (The edges that have been removed are the edges within clusters
Vi, edges between clusters (V;,V;) forming a non-e-regular pair and edges between
clusters (V;, V) forming a regular pair of density less than d.) V; is the exceptional
set. We generally ignore Vj, removing it from the graph G”, but still denote the
“pure” graph thus obtained by G”. Note that now in G” we still have that for each
vertex v in V(G")\Vj,

der(v) > dg(v) — (d+e)n — V| > da(v) — (d+ 2e)n > dg(v) — 2dn.
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As in Chapter 1 we also obtain a reduced graph H on N vertices (where N < Ny(¢)).
The vertices of H will be the clusters Vi, ..., Vy. There will be an edge in H between
two such clusters if they form an e-regular pair of density at least d in G”. (This
is equivalent to saying that there is at least one edge between these two clusters in
G")

Note that each cluster contains approximately n’/N vertices of G'. For simplic-
ity, we will assume that each cluster contains exactly M := n’/N vertices (and in
particular we assume that n’/N is an integer). This assumption does not affect any
calculations significantly.

When appropriate, we will consider H to be a weighted graph. It will be clear
from the context when this is intended. We define the weight of an edge XY in the
reduced graph to be d(X,Y) := Mdg(X,Y) = eqn(X,Y)/M. Thus the weight of
an edge is the average number of neighbours in one cluster of a vertex in the other.
If XY is not an edge then we define d(X,Y') := 0. Recall from Section 3.2 that the
weighted degree d(X) of a cluster X in the reduced graph is defined to be the sum
of the weights of all edges incident to that cluster, i.e. d(X) = >y ) x d(X,Y).

Suppose that we have an e-regular pair (A, B) with density d’. Then we say that
a vertex x € A is typical with respect to B if dg(x)/M € (d' —e,d +¢). By the
definition of an e-regular pair, all but at most 2e M vertices of A are typical with
respect to B. More generally, if we have a cluster set B = {By, B, ..., B;} and each
pair (A, B;) is e-regular with density d;, then we say that a vertex = € A is typical
with respect to B if for all but /es of the clusters B;, dp,(z)/M € (d; — e,d; + ¢)
(i.e. x is typical with respect to B;). Then that at most 2,/ M vertices of A are
not typical with respect to B (for each ¢ there are at most 2e M vertices atypical
to B;, giving at most 2e M's pairs (z, B;) of vertices x and sets B; with respect to

which z is atypical). Even more generally, suppose we have subsets B; C B; for
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i=1,...,s, and we define b; := |B}|/M. Let B' = {B{, B}, ..., B.}. Then we say
that a vertex « € A is typical with respect to B’ if for all but /es of the sets B,
dp/(z)/(b:M) € (d; — €,d; + €). If b; > ¢ for each i, then it is easy to see that all

but at most £'/3M vertices of A are typical with respect to B'.

3.5.2 Outline of the non-extremal case

In this section we present a short overview of the main ideas in the non-extremal case.
Since the proofs of Theorem 3.8 and 3.9 are very similar, we will go through both
proofs together until near the end of the argument when we need to distinguish
them. The proof proceeds by contradiction and therefore we assume that there
is some tree T € 7 such that T ¢ G. From this assumption we will go on to
prove several properties of the tree T" and the graph G, and eventually derive a
contradiction.

We will apply the regularity lemma to the graph G’ defined in Theorem 3.8
or 3.9 to obtain a reduced graph H. In H we define £ to be the set of clusters which
contain many vertices of L, and S := V(H)\L. We think of £ as being the “large”
clusters of H, and indeed £ inherits many of the properties of L.

We will then prove a Structure Lemma (Lemma 3.16) and apply it to H to find
two adjacent clusters A and B and a cluster matching M such that da(A) and
d(B) are appropriately large (recall that dy(A) denotes the total weight of edges
between A and V(M)). Our aim will be to embed 7" primarily into AU B U M.

In order to help us to do this, in Section 3.5.3 we split the tree T" into smaller
subtrees, giving us a forest in which each tree has its own root. These roots will be
embedded into A or B, while the remaining vertices of a subtree will be embedded
into an edge e of M. Since all trees are bipartite, and since the subtrees are small,

we will be able to use standard regularity arguments to perform this embedding.
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Thus any particular subtree can be embedded easily, but we need to work to show
that we can embed all of the subtrees without re-using any vertices.

The Structure Lemma in fact gives two cases, which we deal with separately.
Case 1: dy(A),dy(B) ~ k.

In this case we can almost embed the whole tree straight away, with standard
regularity arguments, but small error terms mean we fall just short of a complete
embedding. Thus more work is needed.

We first show that the weighted neighbourhood of A is essentially the same as
that of B, i.e. that for almost all edges e € M, d.(A) ~ d.(B) (Corollary 3.21).

We then show that for almost every vertex X in the the cluster matching M,
d(A,X)~0ord(A,X)~1. (Claim 3.24).

Thirdly, we show that for almost every edge e = (X,Y) € M, either d.(A)/M
~ 0 or d.(A)/M ~ 2 (recall that M is the number of vertices in a cluster given by
the regularity lemma). In other words, we do not have d(A, X) ~ 0 and d(A,Y) ~ 1
or vice versa (Claim 3.25).

We now consider those edges e € M such that d.(A) ~ d.(B) ~ 2M. The
vertices in these edges form a set of size approximately k/M, which we call V. The
corresponding vertices in G’ form a set V; of size approximately k. We set V, :=
V(G")\ Vi, and Vs := V(H)\V;. Now since G’ does not satisfy the conditions of the
extremal case, we know that eq (V1, V3) is reasonably large, and so correspondingly
we deduce that ey (Vi, Va) > p(k/M)>.

On the other hand, we will split V; into disjoint cluster sets £; and Sy, and show
that e(S1,V2) and e(Lq,V,) are both small (Claims 3.29 and 3.30). This will give

us the required contradiction.

Case 2: dy(A) ~ k and dyum(B) ~ k/2. Furthermore, every edge of M has
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at most one endvertex in the neighbourhood of A.

In this case we will first use the properties of £ to construct a matching M,
attached to Np\a(B). Using this matching to augment the original matching M,
we show that we can embed T unless M, is very small. Since the former would
give us the required contradiction, we can assume that M, is very small. We will
use this to show that dg\a(B) is very small and therefore dy(B) ~ k/2.

We then observe that under the conditions of Theorem 3.9, we would actually
obtain something even stronger than this. In particular, we can prove that d(B)
is significantly larger than k/2, and this will allow us to complete the proof of
Theorem 3.9 easily, and we turn our attention to the proof of Theorem 3.8.

From here we use arguments similar to those in Case 1 to show that for almost
all edges e € M, either d.(B)/M ~ 0 or d.(B)/M =~ 2 (Claims 3.32 and 3.33).

We now consider the set of clusters in those edges e € M such that d.(B)/M ~ 2,
and we split the clusters in these edges into two sets, Sp and L£,. We also consider
Ro := Nu(B)\(L U M) (see Figure 3.2). Our bounds on the degree in H of B,
together with the previous results, will show that altogether V, := Ry U Sy U Ly has
size approximately k/M, and that |Lo| >~ k/(4M).

Next we prove that there is no large matching between Sy and V(H)\Vy
(Claim 3.34), and no large matching between Ry and V(H)\V, (Claim 3.36). This
will also imply that Ry U Sy is made up almost entirely of clusters from S (Corol-
lary 3.35).

But then by considering the clusters of Ry U Sy which are also in & and which
lie outside a maximum matching between Ry U Sy and V(H)\V,, we obtain a set
S) € Ry U Sy of size approximately 3k/(4M), and whose neighbourhood outside V,
lies only among the other endpoints of the maximum matching. Thus we can show

that Ny (Sy) lies essentially within £y, and so has size less than 7|S;]|/20.
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Figure 3.2: The structure of H in Case 2

However, we can show that in G’ this gives rise to a set S’ C S of size approxi-
mately 3k/4 and a set L' C L of size at most 2|.S’|/5 such that eq/(S’, L\L’) is very
small. We then denote the current G’ by GT before deleting S’, and moving some
vertices of L to S if necessary, to obtain a new G’ which satisfies the conditions of
Theorem 3.9, which we have already proved. Thus the proof of Theorem 3.8 will

also be complete.

3.5.3 Preparing the tree T

We will be attempting to embed the tree T" into G using the regularity lemma. In
order to help us do this, we first split T up into smaller trees.

A tree T rooted at a vertex r’ is called an e M -tree if it has at least e M vertices,
but if every tree in the forest 7" — r’ has fewer than €M vertices. Now if T is
rooted at r and has at least eM vertices, then there must be some vertex ' such
that T'(r') is an eM-tree (for consider the lowest 7/, i.e. furthest from the root r
of T, such that T'(r") has at least e M vertices). As long as T still has more than

eM vertices, we remove such an e M-tree. This process gives us a sequence of trees
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Ty, T, ..., T, with roots r1,79,...,7, where each T; (except possibly T;) is an e M-
tree. Let p; := P(r;) (or if r; = r, then we do not define p;). We denote the resulting
forest by F :=T) U...UT;, and we can recover T from F' by connecting r; to p; for
each 7. Note that the p; are not necessarily distinct.

We now perform some extra splitting to ensure that the forest F' has the sort of
structure that we will need. For ¢ > j we call the two roots r; and r; close roots
if p; € T;. (This is equivalent to saying that two roots are close if the unique path
between them in 7" contains no other roots.) It will be useful later on to have the
property that any two close roots are either at even distance in T' or are in fact
adjacent in T' (i.e. are at distance 1). Therefore if ; and r; are close roots, with
1 > j, and if they are at an odd distance greater than 1, we will split the forest F'
still further by turning p; into a root in its own right, and deleting the edge between
p; and P(p;). Note that since p; and r; have even distance, this process does not
create any new pairs of close roots at odd distance greater than 1. We need therefore
perform the process at most once for each of the original roots. Thus in total we
increase the number of roots by at most a factor of 2, and so the number of roots is
still relatively small. This will be important later on.

We now no longer have that F' is composed almost entirely of e M-trees. Instead,
F' is composed of eM-trees and trees with fewer than eM vertices. For simplicity
we will generally refer to e M-trees, even though the trees may have fewer than e M
vertices.

We now redefine ¢t to be the number of trees we have after this extra splitting,
and we re-enumerate the roots r; in an appropriate way; in particular we require
that if r; € T'(r;), then j <i. Then as before we define p; :== P(r;) (unless r; is the

root r of the whole tree T'). Thus we obtain a sequence of trees Ty, Ty, ..., T, with
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roots 71,79, ..., 1, Where

t<2(k+1)/(eM)=2(k+1)N/(en') <2N/e < f(e) < k,dM. (3.1)

Here f is some function arising from the regularity lemma.

We will always start embedding at the root r of T', and so will embed the 7} in
reverse order. In this way, whenever we come to embed a vertex x of T, the only
neighbour of = already embedded is P(x), i.e. none of the children of z will be
embedded before . Therefore we will only need to find an image vertex for x in the
neighbourhood of one vertex of G, namely the vertex chosen for P(z). Sometimes
we appear to embed the trees of F' in some other order. However, in such cases
we will actually only pick some trees, reserve some clusters of H into which we will
embed them and show that they can be embedded at the appropriate time. We will
always be able perform the actual embedding in reverse order of T;, although we
will not mention this explicitly from now on.

We will be attempting to embed T into clusters A and B, which are adjacent
in the reduced graph, and a matching M in the reduced graph into which both
A and B have appropriately high degree. The roots r; will be embedded into A
and B, while the remaining vertices will be embedded into the clusters of M. It
is important therefore to observe that as stated in (3.1) the number of roots and
parents t is considerably smaller than M, the size of the clusters A and B.

During the non-extremal case, to ease notation we will sometimes abuse notation
by writing, for example, A U M, where A is a cluster and M is a cluster matching.
In this case we mean {A} U V(M).

We also split F'into F, and Fy. If the root r; of T; has an odd distance from the

root r of T', we put T; into F,,. Otherwise we put T; into F}. By moving the root of
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T to a neighbour of r if necessary! we may assume that |F,| > |F,|. As mentioned
before, we intend to embed the roots of F'into A and B. More specifically, the roots
of F, will be embedded into A, and the roots of Fj into B. It is for this reason that
we required that any close roots were either at even distance or at distance 1.

For if r; and r; are close roots, where j < i, then P(r;) € T;. If for example
r; € F,, then T; —r; will be embedded into some regular pair (X, Y") which intersects
the neighbourhood of A in H, but may not intersect the neighbourhood of B. Then
if r; € Fy,, we will embed r; into A, which will be possible because P(r;) € F, will
be embedded into (X,Y) which intersects Ny(A). On the other hand, if r; € Fp,
then we will want to embed P(r;) into a cluster which is adjacent to B in H, which
may not be the case for X or Y. But since r; must be at odd distance from r;, with
our additional assumption we know that in fact P(r;) = r;. Therefore P(r;) has
already been embedded into A, which will be a neighbour of B in H as required.

Observe from (3.1) that ¢ < dM. Note therefore that if we have embedded a
parent p; of a root r; € I, and if p; has been embedded onto a vertex x in a cluster
D adjacent to A, then provided z is typical with respect to A we have at least
(d—e)M —t > dM /2 neighbours of x still available for the embedding of r;. In fact,
we will embed roots into a subset A’ C A of size at least v/dM, which will be defined
later. Provided z is typical with respect to A, at least d*/2M /2 neighbours of x in
A" will be available. Furthermore at most /eM vertices of D will not be typical
with respect to A’, and since removing these vertices will not affect any calculations
significantly, we may demand that all vertices of F, are embedded onto vertices of
G" which are typical with respect to A’. Similarly, we will assume that vertices of F}

are embedded onto vertices of G” which are typical with respect to a subset B’ C B

of size at least VdM.

"When moving the root we may have to re-order some of the trees of F to ensure that if
rj € T'(r;) then j <.
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Meanwhile, vertices of A and B onto which we embed roots may need to be
typical with respect to some clusters of H, or some subsets of these clusters. These
subsets of clusters will always have size at least vdM, and since d > ¢, as observed
when we defined typical vertices, at most /M vertices of A or B will not be
typical with respect to such subsets as we require. On the other hand, a parent
vertex whose child should be a root in A will be typical with respect to A, and
thus have at least dM/2 available neighbours in A, and thus at least dM/3 available
and typical neighbours. Thus we will always have appropriate unused neighbours
remaining. By an identical argument, the same is true for roots to be embedded
into B. Thus we will be able to perform any embedding of roots greedily, and we
need only concentrate on the embedding of the remainder of F. From now on, and
for the rest of the chapter, we will assume implicitly that the roots of F' can always
be embedded appropriately.

Let R = {ry,...,r:} denote the set of roots of F'. We now define Level;(F'), for
any integer ¢ > 0, to be the set of vertices at distance ¢ from a root in F. Thus

Levely(F) is exactly R, Level;(F') = Np(R) etc.

3.5.4 Proof of Theorems 3.8 and 3.9

As mentioned before, most of the proofs of Theorems 3.8 and 3.9 will be presented
together. It is only at the end of the argument, when the two proofs become signif-
icantly different, that we distinguish between them.

Let us first observe that under the conditions of Theorems 3.8 and 3.9, § :=
V(G")\ L contains few edges. To see this we will give the argument under the condi-
tions of Theorem 3.8; the other case is similar.  For observe that since
e(V(G"),V(G)\V(G") < a2k?, at most ask vertices in V(G') have at least ask
neighbours in V(G)\V(G’), and so at most ask vertices lie both in L(G) and in S.
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Thus e(S) < agkn < \/axk?. But then, since G’ does not satisfy EC(ay), even if we
remove all edges within S, G' does not satisfy EC(a; — (/a). Since ap < a; the
Vs error term will not affect calculations significantly, and so we will assume that
S is an independent set. We will find it convenient to prove Theorems 3.8 and 3.9
by contradiction. Thus we assume that we have some fixed tree T' € 7}, such that
T ¢ G. From this assumption we will go on to prove certain properties that the
tree T" and the graph G must satisfy, and eventually derive a contradiction.

We begin with a claim which corresponds to Claim 5.14 in [72]. Recall that the
ratio of a tree T" is defined to be ratio(T") := |T.,|/|T'|. Let £ := 12¢ and let
F?:={T" € F : ¢ < ratio(T') < 1 — c¢}. In other words, F? is the set of balanced

trees in F.

Claim 3.14 |V(F?)| > ck.

Proof. Suppose |V(F?)| < ck. Let F' := F — F? = {T" € F : ratio(T) ¢
(¢c,1—c)}. Then |[V(FY] > (1 —c)k.

For each T" € F!' either T/ — [T penl = (1 = 20)|T"| or |Tgql — [T pen] <
—(1 —2¢)|T"|. In either case by Fact 3.12 7" contains at least (1 — 2¢)|7”| leaves.
Thus F! contains at least (1 —2¢)(1 — )k = (1 — 3¢)k + 2¢*k leaves. Now by (3.1),
F contains at most f(g) trees, so F' has at most 2f () more leaves than 7. Since
2¢%k > 2f(e) + 1, T contains at least (1 — 3¢)k + 1 leaves, and at most 3ck = £k/4
non-leaf vertices.

Since in both Theorems we have 1/k < as < v we may apply Lemma 3.11 to
G’ with v = as. Thus we may assume that SC' does not hold in G’, and observing
that v > C&, we have e(L) > vk? > £Ck?, and so d(G'[L]) > 2¢k. Therefore there
is an induced subgraph G* of G’ with V(G*) C L and with §(G*) > k. We can
embed the non-leaf vertices of T"into G* greedily, and since each vertex embedded is

large in GG, we can embed the leaves greedily, proving that T" C G, which contradicts
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our initial assumption. 0

Claim 3.14 states that a reasonable proportion of the vertices of F' are contained
in balanced trees.

Let us now consider some properties of the reduced graph H. Let

L:={AeV(H):|ANL| > VdM}.

From our comments immediately after the statement of the regularity lemma, all
vertices in L still have degree at least (1 — 2d)k in G”. Thus any cluster A of £
contains at least v/dM /2 typical (with respect to V(H) — A) vertices of degree at
least (1 — 2d)k in G”. We pick one such vertex, . Then for all but /N clusters
B € V(H) — A we have dy(A, B) > dgv(x, B) — M, and therefore the weighted

degree of A in H is

dyi(A) = den(z) — (eM)N — (VEN)M
> (1 —2d)k — 2/en’

> (1—3d)k.

In other words, the vertices of £ are in some sense large in H (or equivalently are
large clusters in G”). It is also easy to see that at least (1 — 2ay)N/2 vertices of H

are in L, for otherwise

|L| < (1 —2a3)MN/2+ VAMN + en’

< (1= ag)n'/2

which is a contradiction. For the proof of Theorem 3.9 a similar calculation shows

that in this case [£| > (14+/2/)N/2. Finally, a cluster A ¢ £ has at most v/dM large
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vertices, and so most of its vertices will have degree less than k in G (and therefore
also in G”). We therefore have at least M/2 typical (with respect to V(H) — A)
vertices in A of degree less than & in G', and so dy(A) < k+ (eM)N + (y/eN)M <
(1+d)k.

We note here that when we embed the roots of the forest F', we will embed them
onto vertices of A and B which are not only typical with respect to V(H)\{A4, B},
but also typical with respect to the sets of large vertices in clusters of £. More
precisely, for V; € L, let L; := LNV;. Then let B := {L; : V; € L}. We will
demand that roots of F' are embedded onto vertices of A and B which are typical
with respect to B. Since |L;| > v/dM for each V; € L, as observed in Section 3.5.1,
almost all vertices of A and B are typical with respect to B, and so making this
restriction will not affect calculations significantly.

Let S := V(H)\L. Note that two clusters A and B of S each have subsets A’, B/
of size greater than M /2 which consist entirely of vertices from S, and so have no
edges between them. Thus dgv(A’, B') = 0, and therefore dgv(A, B) = 0, which
means that A and B are non-adjacent in H. Thus § is an independent set in H.

Note also that if there is a set S’ C S of size at least k/(3M) such that | Ny (S")| <
7|8’|/20, then the small vertices in the clusters of S’ give a set S” of size at least
(M — /dM)|S'| > k/4 such that the neighbourhood of S’ in G” is contained in the
clusters belonging to Ny (S') together with the large vertices of §’. Thus | Ng» (S”)] <
TM|S'|/20 +dM|S'| + |Vo| < 2|5|/5. This gives us a set L' C L, and for the proof

of Theorem 3.8 we have

ec(S', INL') = eqr(S', I\L') < d|S'||I\L| < dn? < 7k

which leads us as before to the conditions of Theorem 3.3. Thus unless we are in

the case when L is substantially larger than n’/2, i.e. in the proof of Theorem 3.9,
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we may assume that no such set S exists.

Using these properties of £ and & we will find an appropriate structure in H
into which we will be able to embed T'.

We will make use of the Gallai-Edmonds decomposition (see for example [22]).
We say that a graph G* is 1-factor-critical if for any x € V(G*), G* — x has a perfect

matching.

Theorem 3.15 FEvery graph H contains a set U C V(H) such that each component
of H— U 1is 1-factor-critical, and such that there is a matching which covers U and

which matches the vertices of U to different components of H — U. U

Using this theorem, we obtain the following lemma which will give us the ap-

propriate structure in H. The lemma and its proof are very similar to Lemma 7

in [61].

Lemma 3.16 (Structure Lemma) Let H be a weighted graph on N wvertices, in
which d(A, B) < M for all pairs of distinct vertices (A, B). Let k € N, and let
d, ag,m, vV be positive real numbers satisfying 0 < d € ay < n K<V < k/(MN).

Suppose there is a set L C V(H) such that
o forallz e L, d(x) > (1 —3d)k
o forallz ¢ L,d(zx) < (1+d)k
o L] > (1—2a5)N/2
o S =V(H)\L is independent
e ¢(L)>0.

Then there are two adjacent vertices A, B € L and a matching M in H such that

one of the following holds:
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1. M covers N(A) U N(B) except for at most baaN vertices.
2. M covers N(A) and dgom(B) > (1 —n)k/2. Moreover, each edge in M has at
most one endvertex in N(A). Furthermore, if in fact |£| > (1 +/V')N/2, then we

even have dpopm(B) > (1+vV)k/2.

The “furthermore” in case 2 will allow us to prove Theorem 3.9, and therefore
also Theorem 3.3. Because the additional assumption in this case gives us a strictly
stronger condition in the conclusion, for most of the proof of Theorems 3.8 and 3.9
we will ignore it and use only the weaker bound for case 2. This will allow us to go
through both proofs together. We will use the stronger bound only towards the end

of the proof, when we need to distinguish the proofs of Theorems 3.8 and 3.9.

Proof. We apply Theorem 3.15 to (the unweighted version of) H to find a set U
and a matching M’. We fix U and choose M’ to contain the maximal number of
vertices of S. Let M consist of M’ together with a maximal matching of V (H)—M'.
Now let £' := L\U. If there are adjacent vertices A, B € L', then they are in the
same component of H — U, and since this component is 1-factor-critical, at most
one vertex of it is not covered by M. Since all of U is covered by M, at most one
vertex of N(A) U N(B) is not covered by M, so Case 1 holds.

We may therefore assume that £’ is independent. Since S\U is also independent,
every component of H — U is bipartite. But then since every component is also 1-
factor-critical, each component is in fact a single vertex, and we have M = M’.

Now let £L* := N(L')N L C U. Suppose first that £* = (). Then either £ = (),
in which case U = £ (and so |U| > (1 — 2a9)N/2) !, or else for every A € L',

N(A) CUNS. (See Figure 3.3.)

!'Note that UNS = ), for otherwise, M’ would match each vertex A € UNS to a vertex outside
U. But vertices outside U are also in S, and § is independent, which is a contradiction.
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L U S\U

e o IV N
U/
X
E*
N v i
L= L\U X = S\M

U:=0UnS§S L :=NL)NU

Figure 3.3: The structure of H.

In this latter case e(L,UNS) > (1-3d)k|L'| and e(UNS, L) < (1+d)k|UNS].

Combining the two gives |£'| < £ |U N S|. Thus

14d
| —Uns| < [ —
1—3d

—1)|Uﬁ8|§ N < 5dN.

1—3d

Also |S] — |£]| < 4ayN, and thus
IS\U| = |LNnU| =S| — L]+ |£'| - |[UNS| <4asN + 5dN < 5a,N.

In both cases we have £LNU matched with S\U, and any vertices of N (L) uncovered
by M are in S\U. Since |S\U| — |[LNU| < 5ayN, at most bayN vertices in N(L)
are uncovered. Since e(L£) > 0 by assumption, £ N U contains an edge AB and the
end-vertices A and B together with the matching M will satisfy Case 1.

Therefore we may assume that £* # (). Let X := S\V(M). Now if there exists
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B € L* such that dy_x(B) > (1 — n)k/2, then B together with any neighbour
A € L satisfy Case 2 without the “furthermore” part, which will be proved at the
end.

So we assume that dy_x(B) < (1 — n)k/2 for every B € L*. So dx(B) >
(14+n—3d)k/2 for all B € L£*, and therefore

e(L",X) = (L+1 - 3d)(k/2)| L.

On the other hand
e(X, L") < (14 d)k|X|

and thus |£*] < Q(Hd | X
Let U':=UNS. Then e(L*UU' L") < (1 —n)k|L*|/2+ (1 + d)k|U’|. But for
all A € El, dL*UU’(A) = dH(A) Z (]_ - 3d)k’ So

e(L, LU > (1 - 3d)k|L].

Thus |£'| < 755 ‘E L+ L.

S is an independent set, and so M matches U' C S to £'. Thus |L'| > |U'| +
|L\M|. Therefore

, —n L 14d,.,  1-n 1+d 1+d ,
<
UM< 550 R I e e A wr Il
So
14+d
< 1—n)|X < (1-=n)X
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which we express as

L] = |£AM] < (1—n)(S| = SN M])+5dS N M.

Thus

ILAM|—|SNM|>|L]—(1—n)|S|—5d|SNM|—nSNM,|

> |L] = (L —n7)]S].

To see the last line, observe that |S| — |[SN M| = |X| > dx(B)/M > k/(2M) for
B e £*. Thus [S| — SN M| >2nN > 21|S].
Now since |£]| > (1 — 2a2)N/2 and |S| < (1 + 2a2)N/2, we have |S| < 11222| (]|,

1—2a2
So
1 + 20(2
1-— 20[2

[LAM|=ISOM|=|L] = (1) 1£]>0.

Thus M must contain two adjacent vertices of £, A and B say. Assume without
loss of generality that A € L', B € L*. Now B has a neighbour D € X. But then
replacing AB with BD in M gives a matching covering more vertices of S than
M = M’ does, contradicting the choice of M.

To see the “furthermore” in case 2, suppose that |£| > (14++v/2/)N/2, and suppose
that dy_x(B) < (14 v')k/2 for every B € L* (otherwise the conditions would be
satisfied immediately). The argument is similar to the previous argument in the
case when £* # (), and we simply alter the calculations from that case.

Let X = S\V(M) and let U’ = U N'S be defined as before. We have dx(B) >
(1 —v' —3d)k/2 for all B € L£*, and therefore

e(L7, X) > (1— v/ —3d)(k/2)|L7.
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On the other hand
e(X, L") < (14 d)k|X|

« 2(14+d
and thus |£*] < 1_(V,+_§d\X|.

Now e(L*UU, L) < (14 )k|L*|/2+(1+d)k|U'|. But forall A € £/, dz-uur(A) =
dy(A) > (1 —3d)k, and so

e(L, L7 UU") > (1 - 3d)k|L].

v |L*
Thus |£'| < ﬁ‘ 2‘ + =L U7).
S is an independent set, and so M matches U’ C S to £'. Thus |[£'| > |U'| +

|L\M|. Therefore

1+ L 1+d 1+v  1+d 1+d

! < /< X o /.
U+ IEWM < 5 + 55l = T 313K+ 7 =34l Y]
So
14+ 1+d 4d
< X < (1 X d
(EM| < 7 X [+ 7= U < (14 31X + 5d]|S N M|,

which we express as

1] — LN M| < (1+3V)(S] — |SNM|)+5d|S N M|.

Thus

ILAM|—[SAM| > L] — (1+3)[S] - 5d|S N M| +3/|S N M|

> L] - (14+ V)8
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Now since |£| > (1 ++/V/)N/2 we have |£] — |S| > VV/N > v/1/|S|, and so

ILAM|—|SNnM|>0.

Thus M must contain two adjacent vertices of £, A and B say. Assume without
loss of generality that A € £'/B € L£L*. Now B has a neighbour D € X. But
then replacing AB with BD in M gives a matching covering more vertices of &
than M = M’ does, contradicting the choice of M’. This therefore completes the
proof of the “furthermore” part of case 2, and therefore also completes the proof of

Lemma 3.16. 0J

We now make a remark based on the proof of Lemma 3.16 which will be required
later on. We define M?(A) to be the set of edges of M with both end-vertices lying
in N(A).

Remark 3.17 Case 1 can arise in one of three ways:

o A: If L' is not independent, then A lies in some component of H — U and
at most one vertex of this component is uncovered by M. Furthermore at
most one vertex lying in M?(A) does not lie in the same component as A. In
particular, all but at most one of the large vertices of M?(A) could be used as

a vertex for B.
e B: If L is independent and L* = (), then the conclusion of A holds.

o C: If L is independent and L* =0, then |M| > (1/2 — 10aa)N and any two

adjacent clusters of L can play the same roles as A and B.

Lemma 3.16 gives us two possible cases. We will deal with these cases separately.
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3.5.5 Casel

We now have adjacent clusters A and B and a cluster matching M in G” — {A, B}

satisfying

dpi(A), du(B) > (1 — 3d)k — 5aoNM — 4M > (1 — )k

(the —4M term appears because we may have to delete edges from M incident to A
and B), and furthermore A, B € L, so they contain many vertices of L. The proof
in this case will be very similar to the proof in [72] for £ = n/2. We will assume
that dy(A) = dy(B) = (1 —n)k.!

Recall that we split our tree T into eM-trees to obtain forests F,, Fy, and
parent vertices pi,...,p; (not necessarily distinct) where ¢ < f(e) < M. Let
fo == |Ful, fo := |Fp| and recall that we assume without loss of generality that
fa > fo. Since fo+ fy <E+1, f < (k+1)/2.

We quote two important embedding results from [72]. The first is a simple
consequence of Corollary 5.7 and Lemma 5.9 Part 1 in that paper, while the second

appears as Lemma 5.11.

Lemma 3.18 Let A and B be two adjacent clusters in H. If there are disjoint
cluster matchings M, and My in H — {A, B} such that

fo < d(A,M,) —5ven and f, < d(B, M) —5Ven (3.2)

then T can be embedded with F, — AU M,, F, — BU Mj. O

'We can ensure that (1—n)k < da(A),da(B) < (1—n)k+ M simply by deleting some regular
bipartite graphs between A or B and V(M). Since M is comparatively small, the error term will
not affect calculations significantly.
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Lemma 3.19 Let A and B be two adjacent clusters, and let M be a cluster match-
ing in H—{A, B}. If a tree T satisfies

IT| < min{d(4, M),d(B, M)} — 12\/en

then T — {A, B} U M. O

Using Lemma 3.19 we can embed into AU B U M a subtree T" of T' of size
(1 — 2n)k. Our aim now is to show that we can do slightly better than this, and
embed the whole tree T'.

Roughly speaking, Lemma 3.19 is proved from Lemma 3.18 in [72] simply by
splitting the matching M into M, and My, where an edge e of M will generally
be placed into M, if A has a greater neighbourhood within this edge than B, i.e.
if de(A) > d.(B). (Here d.(A) = d(A, X)+d(A,Y), where e = XY.) Using this
construction, we only lose in N(B) at most what we need in N(A), and in particular
d(B, M) =d(B, M) —d(B, M,) is almost large enough to embed Fy.

However, if d.(B) is substantially less than d.(A), then we do not lose as much
as we assumed. If this happens in many edges, then we may gain enough room to

embed Fj. This is formalised in the following claim (c.f. Claim 5.15 in [72]).

Claim 3.20 If f, > 0"k, then 3.\, |d(A,e) — d(B,e)| < n'/?k.

Proof. Suppose not. We will partition M into M, and M, such that (3.2) holds.

Then by Lemma 3.18, T" — G which is a contradiction. We define

M ={ee M:d(A,e) >d(B,e)};
M2 =M - MY
a(l) = d(A, MZ) for 1 = 1, 2,

b® = d(B, M) for i = 1,2.
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Since a® + a® = bM) 4+ @ = (1 — n)k, we have that

aV —pM =p@ — ¢ = % > ld(A,e) —d(B,e)| = 'k /2.
eeM

Without loss of generality! we assume that a®) < b®). Then
b — b0 = (5 — g 4 (a® — 5D} > 0+ 513%2.
Also b® + b)) = (1 — )k, and so

b > —((1—n)k+n"%k/2) > f, + 5/en

N | —

where the second inequality follows since f, < (k+1)/2. Now there exists M, C M?
such that

fo+5Ven <d(B, M) < fo +5ven +2M

and furthermore

d(B, M;) — d(A, M)
d(B, My)

- d(B, M?) — d(A, M?) S n'/3k
- d(B, M?2) = 207

This is because we can order the edges of M? as e, es,. .., e, in such a way that,

setting a; := d(B,e;) — d(A,e;) and b; := d(B,¢;) we have a;/b; > a;1/bi1 for

ijlai > %}1%. We then simply pick
i=1"7

i=1% b

s’ to be minimum such that Zf/:l b; =d(B, M) > f, + 5y/en.

1 <i<s—1. Then for any s’ < s we have

IStrictly speaking this is not completely without loss of generality, because edges to which A
and B had the same density were put into M'. However, such edges do not affect the relevant
calculations.
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Now M, certainly satisfies (3.2). Also

1/3]{3
2k

771/3]{3

n
e =

d(B, M) — d(A, M) > d(B, M,) > 0?3k /2.

Now let M, := M — M,. Then

d(A, M,) = d(A, M) —d(A,M,)
= d(A, M) + (d(B, My) — d(A, M,)) — d(B, M)
> (1= n)k +n*%k/2 — (fy + 5v/en + 2M)

> fo 4 5v/en.

Thus M, and M, satisfy (3.2), as required. O

Corollary 3.21 If f, > n'/3k, then except for at most n'/%k/M edges, all edges in
M satisfy |d(A,e) —d(B,e)| <n'/5M. O

We now define a new constant 3 such that n < < ay. The following claim (c.f.
Claim 5.16 in [72]) is the crucial point of the argument. It says that if somewhere
within the matching we can embed slightly more of the forest F' than we expected
to, then we gain enough room that we can embed the rest of F' into the rest of the

matching.

Claim 3.22 Let My € M be a matching of size at most k/(4M). Suppose that
we have a subforest F, C F, with |F,| > d(A, My) + Bk, and suppose that for any
embedding of Root(ﬁ’a), the set of Toots of F,, to vertices of A typical with respect to
Mo, we can extend this to an embedding of F, into My U (V(H)\(M U B)). Then

T — G. The corresponding result holds for a subforest Fy, C F,.
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Since both the result and the proof are essentially the same as the corresponding
claim and proof in [72] we will only give an outline of the proof here.

We will partition M into M, and M, in such a way that My C M,,
d(A, M\ M,) will be slightly greater than |F,\F,|, and d(B, M,) will be slightly
greater than f,. The fact that |F,| is greater than d(A4, M), together with Corol-
lary 3.21, will ensure that we can find such M,\ M, and M,,. These will then satisfy
Lemma 3.18, and so we can embed T\F’a into M,\ M, and M, using this lemma.

In the case when f, < n'/3k we must be slightly more careful because Corol-
lary 3.21 does not apply. However, in this case f, is small enough that we can find
any appropriate M, similarly to the method in the proof of Claim 3.20, and remov-
ing this M, will not subtract too much from d(A, M), and so we will still be able
to embed Fa\ﬁ’a into M,\ (Mo U M,) as required.

From now on we will assume that such M, and F’a or Fb do not exist. Note
also that when we perform our embedding, we can embed R = Root(F') into large
typical vertices of A and B, and so any adjacent leaf can be embedded greedily at
the end. So apart from at most ¢ parent vertices, we may assume that all vertices in
Level;(F') have at least one child. Thus almost every tree in F'\ R contains at least
two vertices.

We now define some notation. Suppose that we have a graph H’ which we want
to embed into G”. Suppose that we also have an assignment of the vertices of H’
to clusters of the reduced graph H, i.e. for each vertex of H' we have already
determined into which cluster we would like to embed it. We say H' —— G” if there
is an embedding algorithm which embeds H’ into G” one vertex at a time, which
respects the pre-determined assignment, and in which we always have at least ¢
choices in G” for where to embed each vertex of H'. We also write H' —5 G if

such an embedding exists in which for each vertex of H' we can pick all but ¢ of
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the vertices in the appropriate cluster of G” which have not yet been used in the
embedding. More generally for a subset S C V(G”), we write H —— S to mean
H' - G"[S], and similarly for H' —% S.

Let €’ be a new constant such that ¢ < ¢’ < §. We quote another result from [72]

(c.f. Lemma 5.3 in that paper). In fact, Part 1 was proved in [3].

Lemma 3.23 Let (X,Y) be an e-regular pair with | X| = |Y| = M and d(X,Y)
> d. Let A be a third cluster and let d, == d(A,X), d, == d(A,Y). Let F be an
ordered forest consisting of € M -trees, and with at most e M roots.

1. If |F| < (dy+dy,—€")M, then there is an embedding algorithm with x EMEIR

eM+1
—

A for x € R = Root(F) and x XUY forz ¢ R.

2. Suppose furthermore that every tree in F has ratio between ¢ and 1 — ¢ for
some 0 < ¢ < 1/2 and that d, < d,. Then the conclusion of 1 holds provided
|F| < (2d, — &')M + {=(d, — d,) M.

3. Suppose that for some 0 < A < 1/2 we have A < d,,d, < (1 —X), and that

every tree in F' — Root(F) contains at least 2 vertices. Then the conclusion of 1

holds provided that |F| < (d, +d, + X —€")M. O

Note that |F'| denotes the number of vertices in F', and not the number of trees.
Note also that since ¢t < f(¢) < M, F does indeed have at most M roots. For
part 2, observe that ——(d, —d,) + 2d, — &' > d, + d, + ¢(d, — d,) — ¢’. We also

observe that since F' consists of e M-trees, we can find a subforest F’ such that

(dy +dy + c(dy —d,) — ' —e)M < |F'| < (d, +dy + c(d, — d,) — ") M.

Therefore provided we can find F” such that it also consists of balanced trees, then
by Lemma 3.23 part 2 we will be able to embed a subforest of size at least (d, +
dy+c(dy —d,) —€' —e)M.
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We define M; = M;(A) = {(X,Y) € M : dg(A,X) € |31 — Y3 or
dar(A,Y) € [BY3,1— 3]}, The following result roughly corresponds to Claim 5.18

in [72].

Claim 3.24 |[M,| < 2/3k/M.

Proof. Suppose |[M;| > 2v/Bk/M. Let My C M; be a matching of size 21/3k/M.
Now for almost every edge e = (X,Y) € My we can apply Lemma 3.23 to embed
a subforest of F,\R as large as possible. We assume without loss of generality that
dy = dgr(A,X) < dgr(AY) =: d,. Recall that by Claim 3.14 |V(F?)| > ck.
Therefore we also assume that |F, N F?| > ck/2. We may do this without loss of
generality here because we will not need the fact that |F,| > |Fp|.

If d, — d, > 3/3/2, we will apply Lemma 3.23 Part 2. We therefore set
C=dy+dy,+c(d,—d,) — & >do(A) /M + ¢332 — &' > d (A)/M + /5.

Otherwise note that $Y/3/2 < d, < d, < 1 — /3/2, and we will apply

Lemma 3.23 Part 3 with A = 3'/3/2. In this case we set
(=d,+dy+ 5Y3)2 = > d.(A)/M + /5.

In either case we can find a subforest F, (which consists of trees in F,, i.e. we
do not split up the trees of F,) of size (M —eM < |F.| < (M, and so |F,| >
d.(A) +2y/BM/3. For the former case we also choose F, from trees of F, N F? and
then we can apply the appropriate part of Lemma 3.23 to embed F, into AUe. We
can do this in all but at most /| M| edges if Root(F') is mapped to large vertices

in A which are typical with respect to M. Then in total we have embedded a union
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of subforests F, with

[Fal = d(A, Mo) + [ Mo|(2/BM/3) — 2M /2 M|
> d(A, M) + (24/Bk/M)(2y/BM/3) — (2M /) (2+/ Bk /M)
= d(A, My) +40k/3 — 4/ 3k
> d(A, Mo) + Bk.

So M, and F), satisfy the conditions of Claim 3.22, which contradicts our assumption

that no such M, and F,, exist. O
Similarly we define My = My(A) == {(X,Y) € M\M; : den(A, X) < /3 and

dG//(A, Y) > (1 — ﬁl/g)}.

Claim 3.25 |[M,| < /Bk/M.

Proof. Suppose instead that there is some My C My of size /Bk/M. Recall
that F? = {T € F : Ratio(T) € [c,1 — |}, and that by Claim 3.14, |V (F?)| > ck.
Let F? := F?>NF, and F? := F? N F,. We will assume that |F?| > ck/2; the other
case (when |F?| > ck/2) is similar. Suppose Root(F,) has been mapped into large
vertices of A typical with respect to M. For all but at most /| M| edges e € M,

we can apply Lemma 3.23 Part 2 to embed at least
d(A,e) +c(dy —d,)M —e'M —eM > d(A,e) + cM/2
vertices of F? into e. Thus in M, we embed a forest F, of size

|F,| > d(A, Mg) + [MoleM /2 — 2M /2| M|

> d(A, My) + (¢/2)\/Bk — 2/ Bk
> d(A4, Mo) + Bk.
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So My and F, satisfy the conditions of Claim 3.22, which is a contradiction once

again. 0

We now define M3 = M3(A) := {e € M\(M;UM,):d(4,e) < 23/°M} and
set M': = M — M; — My — Maj, ie.

M’ — {(X, Y) - M : dG”(AaX);dG”(A,Y) >1— 51/3}.

By Claims 3.24 and 3.25, | M| + | M| < 3y/Bk/M, and since A has low degree to
vertices in M3, M’ carries most of the weight of d(A). More precisely, note that by
the definition of M, d(A, M3) < BY/3MN. Thus

d(A, M) > (1 —n)k — 3/ B(k/M)2M — 3Y2MN > (1 — ¥k

and so |[M'| > (1 — 3%)k/(2M). Furthermore since for any edge e = (X,Y) € M’
we have d(4, X),d(A,Y) > (1 — BY3)M, we also have

(2 =28 )MIM'| < d(A, M) = (1 = n)k

and so

) 1—-n k
M| < ﬁm < (1+ 7M)k/(2M).

Recall that M?(A4) = {(X,Y) e M : XY € N(A)}. Thus M’ C M?(A). For
any real number a € [0,1], let N,(J) :={X e V(H): d(J,X) > a}.

Remark 3.26 If two clusters J and K can play the same roles as A and B, then
all but at most 3v/Bk/M wvertices of Ngiys(J) in M are contained in M?(J).

This is because we can simply follow all of the above arguments with A and

B replaced by J and K. We obtain sets M;(J), Ma(J) and Mj(J), but observe
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that Ms(.J) N Ngiys(J) = 0. Then every edge of M which contains a vertex of
Ngis(J) but does not lie in M?(.J) must lie in M;(J) U M;(J). But we also have
(M ()] + [Ma(J)| < 3v/Bk/M as required.

Now if f, > n'/2k, then we let M;, = M, (4, B) == {e = (X,Y) € M :
|d(A,e) —d(B,e)| < M} and M,y := M — M;,. Let Vi := V(M,,) and V, =
V(H) — V;. By Corollary 3.21,

(A, M;,) > d(A, M) = 2Mn" 1k /M > (1 =267k

and so |Vi| > (1 — 26%M)k/M. Also

d(B, My) > d(A, M) = 2Mn' Ok /M — BMN > (1 - 26°7)k.

On the other hand, if f, < 1n'/3k, then we observe that since we are in Case 1,
we could without loss of generality have switched A and B at the start of the
argument. Then we would have obtained a submatching M'(B) C M of size at
least (1 —(3%7)k/M. We pick a further submatching My C M’(B) of size n'/3k/M.
Then

d(B, Mo) > (2= 26"*)Mn'Pk/M > 1'/*k +5/en > f, + 5y/en.

Therefore we can embed Fj into B U M, by Lemma 3.18. We now set M,,, =
M (A) == M'(A)\M,. Note that

d(A, M) > (1= Y3k — 2M| M| > (1 — 26%7)k.

As before we set M,y := M — M, and V) := V(My,), Vo :=V(H) — V. Thus in
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either case we have |V;| > (1 — 28%7)k/M, and

d(A, My,) > (1 —28%7)k. (3.3)

In the first case we also have

d(B, My,) > (1 —26%")k. (3.4)

In the second case we have already embedded F, outside M,,. In order to go
through the proof of both cases together, we will sometimes refer to embedding
some subforest Fy C F' in M;,. It should be understood that some of these vertices
may already have been embedded outside M, in the case when Fj is small, and we
do not attempt to rearrange this embedding. Rather, we embed only Fp\ Fp in M,,.

In both cases we also have |Vi| < 2|M'| < (1 + 8%7)k/M. We define a new
constant p such that f < p < ay. Recall that «; is the constant used in EC' (i.e.
we assume that FC(a;) does not hold).

We first remove all edges between regular pairs which run between V; and Vs, with
density less than 5'/3, and denote by H' the (unweighted) graph which we obtain
from H by deleting the corresponding edges. Let W, denote the set of vertices of G

contained in the clusters of V; for i = 1,2 (and we also put Vj into W5). Suppose
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first that ey (V1, Vo) < p(k/M)?. Then

ea(Wh, Wa) < eqn(Wy, Wo\Vo) + en” + [Vo[n

< Z dy(X,Y)M? + 2en?

Xev,YeV,
<em V1, VQ)M2 + 51/3M2‘V1HV2‘ + 2en?
< pk? + BY3MPN? + 2en?

< (p+ BYHE.

So eq(W1, W) < 2pk?, and even after moving a few vertices to ensure that || = k,
we have eq(Wy, Wy) < 3pk? < apk?. But this would imply that EC(ay) holds, which
is a contradiction. Thus we may assume that ex: (Vy,Vs) > p(k/M)?.

We need to quote one more result from [72] (c.f. Lemma 5.8 part 2 in that

paper). We call a forest consisting of e M-trees an €M -forest.

Lemma 3.27 Given a cluster matching M, a cluster set C outside V(M) and a
cluster A ¢ V(M) UC, let 67 := mingee [{(X,Y) € M : d(C,X) >0 ord(C,Y) >
0}.

If F is an eM-forest with |V (F)| < (1 —&')0; M and |Level, (F)| < d(A,C) —
2\/eM|C|, then F can be embedded (in any order of the trees) into AUC UM with
Root(F) — A and Level,(F) — C. O

Note that the result in [72] actually requires §] := mingec [{(X,Y) € M : d(C, X) >
0 and d(C,Y) > 0}|. However, the proof in that paper does not use this stronger
assumption, and we require the result in the stated form.

We define Fy := {T" € F,\Root(F,) : |V(T)| > 3}. The following claim corre-

sponds to Claim 5.19 in [72].

Claim 3.28 |Fj| < 16y/Bk.
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Proof. Suppose instead that |F3| > 161/8k. Now since eg:(Vi, Vo) > p(k/M)? >
24+/BN?, V, contains at least 8/BN clusters which have at least 161/3N neighbours
in Vs.

We now claim that there is a set of at least 7v/BN clusters in V; which have
at least 144/BN neighbours in M,,;. This comes from any of the three cases in
Remark 3.17.

In case C of that remark, when M covers all but at most 10as N vertices of
H, this is trivial, since each one of the 8/BN vertices we have already chosen has
at least 164/3N neighbours in Vs, at most 10N of which are not covered by M.
(Recall that as < 3.)

In cases A and B we need to be a bit more careful. However, we observe that
each of our 8y/BN clusters lies in V(M?(A)), and so all but at most one of them
lies in the same component as A. Therefore for all but one of these clusters, all but
one of its neighbours lies in M, and the result follows.

From the set of at least 7v/BN clusters, we pick a set of 38N clusters which
lie in different edges of M, and we call this set C. Let My := {(X,Y) € M, :
{X,Y}NC # 0}. Then |[Mo| = |C| and so d(A, M) < 2M3+/BN. Observe also
that since each vertex C' € C has at least 14\/3N neighbours in M,,; there are at
least 7/BN edges e = (X,Y) such that d(C, X) > 0 or d(C,Y) > 0.

Now let F, C F, with FN’a\Root(Fa) C F3 be the largest subset of the trees of F,

which we can embed into A UC U M, with Root(F,) — A, Level,(F,) — C. By
Lemma 3.27 with 6, = 7+/BN, either |V (F,)| > (1 —&)7V/BNM > d(A, M) + Gk,
or else |Level;(F,)| > d(A,C) — 24/2|C|M. In the latter case, since each tree in Fy
has at least three vertices, we have |E,| > 3|Levely(F,)| > 3d(A,C) — 6/2|C|M >
d(A, M) + Bk.

In cither case, we have F, and M satisfying the conditions of Claim 3.22, which
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is a contradiction. O

Recall that R denotes the set of roots of F'. Thus we may assume that most
vertices in F,,\ R are contained in trees with at most 2 vertices, and since we already
assumed that (apart from a few parent vertices) all are contained in trees with at
least two vertices, we may in fact assume that almost all vertices of F, are covered
by root-2-paths, where a root-2-path is a path of length two with one endvertex in
R. Furthermore, these root-2-paths are disjoint except for the vertices in R.

We define §; :={Y :3X € L, (X,Y) € M;,,}, and £, := V;\S;. Note that all
small clusters of V; are contained in S&; and that £; € £. We will aim to bound

both eg:(S1,Vs) and ey (L1, Vs) from above and thus obtain a contradiction.

Claim 3.29 ey/(S;, Vs) < 163/4N2.

Proof. Suppose not. By Claim 3.28 we can pick 334k root-2-paths in F, which
contain no parent vertices. We denote the set of non-root vertices in these paths
by Z, so |Z| = 63Y*k. Note that because Z contains no parent vertices, it can be
embedded at any time.

From our assumption it is easy to see that there are at least 834N clusters in
S, each with at least 834N neighbours in V,. For suppose not. Then ey (S, Vs) <
8BYAN - N + (1 — 834 N - 88Y*N < 168Y*N?, which is a contradiction. Pick
43Y4k /M such clusters which belong to different edges of Mj,. Denote this set by
Sp and the submatching containing it by M. Let Lo := V(M)\Sp C L.

As dy,(J) > 8BYAN > |8y for all J € Sy, we can form a new matching of size
Sy between Sy and Vs, and replace My in M, by this new matching. Now by
Lemma 3.19 we can embed F\Z into M, since [V(F)\Z| < (1 — 68Y4)k/M and

by (3.3), even after our rearrangement of M, we have

d(A, M) > (1 —26%1)k — 464 (k/M)M > (1 — 66V k + 12en
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and similarly for d(B, M;,).

The clusters in £, have not been used yet. Each such cluster J has at least v/dM
large vertices, and at least (1—+/¢)M vertices typical with respect to V (H)—.J, which
have degree at least (1 — 5d)k in G”. Furthermore, if we have already embedded
a parent vertex in A (recall that Z C F,), then at most 23Y/3M are not in the
neighbourhood of this vertex of A. We map the midpoints of paths of Z to typical
vertices or large vertices in clusters of Ly, using large vertices wherever possible.
Note that (1 —e—23"3)M45"4k/M > 33'/*k, so we always have available vertices.
Note also that since £, C £, at least VdM |Lo| = V4[4 vertices of L are large.
Furthermore, since the roots of the paths in Z have been embedded onto vertices
typical with respect to the subsets of large vertices in Ly, each such vertex has at
least (1 — 3'/3 — €)v/dM large neighbours in all but \/g|Lo| clusters of £o. Thus by

a simple greedy argument, we can use at least

(1 —VE)|Lo|(1 = Y2 —e)VdM > d*Pk

large vertices for midpoints of Z.

We now pick 6dk such large midpoints, set these aside and consider the remaining
(33'/* — 6d)k midpoints. Since they are either large or typical, they all have degree
at least (1 —5d)k in G”, and since 6dk endpoints have been kept aside and have not
yet been embedded, we can greedily find neighbours in G” onto which to embed the
endpoints of these (33'/* — 6d)k midpoints.

We now have just 6dk midpoints remaining, each of which is embedded onto a
large vertex of G. Thus we can greedily find neighbours of these vertices for the

endpoints of these root-2-paths, and thus complete the embedding of T. 0

Let 3, := BY'°. We have the following final claim to complete Case 1 (c.f.

120



Claim 5.21 in [72]).

Claim 3.30 €H/(£1,V2) < 16ﬁ1N2

Proof. Suppose not. From the definition the clusters in £; are large and belong
to different edges in M, the other end of each edge being a small cluster. Choose
Ly C Ly of size 841 N such that dg: (X, V) > 80, N for each X € Ly. This is possible
for otherwise eg: (L1, Va) < (881 N)|Va| + |L£1|(851]V2]) < 168, N? which contradicts
our initial assumption. Let o :={Y : (X,Y) € M;,, X € Lo}, s0 Sp C S;. We will
show that eg(Sp, Vo) > 163"/ N?, contradicting Claim 3.29.

Consider X € Ly. As in Remark 3.17, since X is large and X € M?(A), unless
X is a vertex in U matched to the component of H — U to which A belongs (which
can only be the case for at most one X, by the initial construction of M), X and
A can play the roles of A and B respectively.

Let us now delete any regular pairs which still have density less than /2. Recall
that we had already deleted such regular pairs between V; and V,, and so this
deletion will not affect dp/ (X, Vs) or en:(Sy, Vo) at all.

Since we have deleted regular pairs of density less than 3'/3, Remark 3.26 implies
that all but at most 31/3k/M neighbours of X are contained in M?(X), and so make
up edges of M. We pick one large cluster from each of these edges in M,,; to form
a set N(X) of size at least (861N — 3v/Bk/M)/2 > 381k/M. Now since X also lies
in the component of H — U containing A, by Remark 3.17 it is still true that for all
but at most one Y € N(X), Y and X can play the roles of A and B respectively.
Thus all but at most 3v/Bk/M neighbours of Y in V; make up edges of M. So
|d(Y, L) — d(Y,So)| < 3v/Bk/M. (Note that these degrees are unweighted.)

Let N := Uxer, N(X). Consider the (unweighted) bipartite subgraph H” C H'
induced on (Lo, V). Let N consist of those vertices of degree at least e(H”)/(2|N]).

Then e(H") < LN = ING|) + ING] Lol < e(H")/2 + ING]|Lol. Thus ING][£o| >
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e(H")/2. So
e(H”) > 5H//(£0,N)

>
ol = 2|Lo| — 2

> gﬁlk’/M

and for all Y € N,

e(H") 1
1) 2 18T 2 3]

_ L 2 2 5/2
= 7 208/ = 5

801(k/M)30:(k/M)

Thus ds,(Y) > 3, k/M — 3y/Bk/M > L3k /M for all Y € N. Therefore

(NG, o) > 3 (/M) (/M) = 35772 (k/00)?

= %ﬁw(k/Mf > 165" N?.

Which is a contradiction, as required. ([l

Now Claims 3.29 and 3.30 together show that
ew(Vi, Vo) = e (81, V) + enr(L£1,V2) < 166N + 165,N? < p(k/M)*.

But we already assumed that eg: (Vi,Vs) > p(k/M)?, which is a contradiction.

This therefore completes the proof of the non-extremal theorems in Case 1.

3.5.6 Case 2

Recall that we have adjacent vertices A, B € £ and a matching M such that M
covers N(A) and dyum(B) > (1 —n)k/2. In the case when |£| > (1 + VV/)N/2,
i.e. in the proof of Theorem 3.9 we even have dyym(B) > (1 + v/)k/2. Moreover,
in both cases each edge in M has at most one endpoint in N(A). Recall also that
by Claim 3.14, |V (F?)| > ck, where F? = {T € F : ¢ < ratio(T) <1 — c}.
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Roughly speaking, we will attempt to embed F' (and therefore T') as follows. Split
Iy into Fb(M), of size approximately d(B), and Fb(ﬁ). We embed Fb(M) into M, an
appropriate sub-matching of M intersecting N(B). For each vertex J € N(B)NL,
pick a neighbour to form a fractional matching (which we will define later) Mg,
and embed Fb(ﬁ) into M. Finally, we embed F, into M,, which will consist of the
unused part of M.

Of course, we cannot necessarily do this immediately, since dy(A) and dzom(B)
are not quite large enough.

We use the same hierarchy of constants as we had in Case 1, so in particular we
have ay < n < < ;. (We will not need the constant p for this case.) We split

the proof further into two cases.
o Case a: |[Fy| < (1 —p)k/2
e Case b: |F| > (1 - 0)k/2.

In fact, almost all of the same problems that arise in Case a will also arise in Case b,
but we concentrate first on the easier Case a for the sake of clarity.

In both cases we will assume that dy(A) = (1 — n)k and dyum(B) = (1 —
n)k/2, or else dpup(B) = (14 )k/2 if |£] > (1 4+ VV)N/2, (i.e. for the proof of

Theorem 3.9)." We will not need this stronger assumption in Case a.

Case a

Now if dp(B) > f, + 5y/en, then by Lemma 3.18 (in a degenerate form, since we

ignore M, and F},), we can embed F}, into B U M easily.

LAs in Case 1, we can ensure that the true values are within M by deleting some regular pairs
as appropriate. As in that case, M is comparatively small, and so will not affect the relevant
calculations significantly.
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Otherwise we find a subforest Fb(M) such that
duy(B) —5v/en —eM < |F™| < dy(B) — 5v/en.

We can do this because F' consists of eM-trees. Now Fb(M) and M satisfy the
degenerate conditions of Lemma 3.18, and so we can embed Fb(M) into B U M.

Then if F\“) := B,\F™, we have

dem(B) = (1= n)k/2 — du(B)
> (1—n)k/2—|F™M| = 5ven —eM

> |FE| + 52k

We define a fractional matching to be a set of edges, each with a positive weight,
such that the sum of the weights of the edges incident to any vertex is at most 1.
(Thus a matching is just a fractional matching in which every edge has weight 1.)
For our purposes we will also allow loops in a fractional matching. Our convention
is that when calculating the weighted degree of a vertex with a loop attached to it,
the weight of the loop is counted only once. We will define a fractional matching
which will prescribe where we embed the remainder of F,. The weight of an edge

)

will indicate approximately how many vertices of Fb(ﬁ we will embed into that edge.

For any D € N(B) N (L\M), we have d(D) > (1 — n)k. We now define the

fractional matching M, into which we intend to embed Fb(ﬁ).

Firstly for every
cluster K of M, if M’ vertices of Fb(M) have been embedded into K we add a loop
of weight M'/M to K. We do this to take account of vertices which have already
been chosen for the embedding of Fb(M), and are therefore forbidden for Fb(ﬁ).

We would like to end up with a fractional matching in which the total weight

of the edges is at least (1 — 3%)k/(2M). We first delete any edges between B and
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D € N(B) N (L\M) which satisfy d(B, D) < n?M. Note that we still have
duoc(B) = (1= n)k/2 = > MN > (1 — 2n)k/2.

Let N := N(B) N (L\M). For each cluster D € N we also temporarily add in a
loop of weight d(B, D). These loops will ensure that we do not match the clusters
of N together. This is not strictly necessary for Case a, but we will want to use
the same construction in Case b later, and so we prove the existence of a stronger
structure than we need at the moment.

Now for each cluster D of N in turn we will delete the loop attached to it and
find neighbours Dy, Dy, ..., Dsof D in H—{A, B} such that each D; has a weight of
at most 1 —n? in the fractional matching so far, and such that the total weight of all
the D; is at most s —d(B, D)/M. We will assume that s is minimal such that these
properties hold. Then we add edges (D, D;) to the fractional matching such that
the weight of each D; (except possibly D) is 1, and the total weight of these new
edges is d(B, D)/M. We continue doing this until we reach a D for which we can no
longer find the appropriate D;. Suppose that at this stage the total weight of edges
in the fractional matching, not including the loops of N, is less than (1—3?)k/(2M).
Then since dzum(B) > (1 —2n)k/2, and since the set of loops in M carried a total
weight of |Fb(M)|/M > dm(B)/M — 6+/en/M, we have a total weight on the non-
loop edges attached to N of at most (1 — 3?)k/(2M) — dp(B)/M + 6/en/M <
dy(B)/M — 3?k/(4M). Thus in particular, there must be some D € N which is not
yet used, and this must be because we could not find the appropriate D;. However,
since D € N C £ we have dy_ga,5(D) > (1 —3d)k —2M > (1 — n)k. The total

weight of edges in the fractional matching, now including the loops of N, is

[FY /M + dy (B)/M < du(B)/M — 5v/En/M +dy(B)/M < (1 - n)k/(2M).
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Thus the total weight of all the vertices in the fractional matching is at most (1 —
n)k/(2M) + (1 — 3*)k/(2M). But since we could not find the appropriate D; for D

we have

du—(a8(D)/M < (L —n)k/(2M) + (1 — §*)k/(2M) + n*N + d(B, D)/M
< (L—n)k/M — 3*k/(2M) + >N + 1

< (1 —=mn)k/M.

But this is clearly a contradiction. Therefore the process of replacing loops by
matching edges does not stop until we have a weight of at least (1 —3%)k/(2M), not
including loops of N. Now let M/ be the resulting fractional matching obtained by
removing all loops of both M and N.

For each edge e = (X,Y) in the fractional matching we choose subsets X, C X
and Y, CY of size w(e)M, where w(e) is the weight of e in the fractional matching.
If X is incident to more than one edge e, we choose the subsets X, to be disjoint,
and to avoid any vertices of Fb(M) that have already been embedded. This is possible
since with the loops of M which we initially included, we had a fractional matching
and so the total weight of any cluster was not more than 1. We now note that
since the weight of any edge is at least n?, each of these subsets has size at least
n?M. By standard regularity arguments it is easy to see that each edge therefore
still corresponds to an (g/n?)-regular pair, and /7% < /e, so we may say that
each edge of M, represents a y/e-regular pair. Since |Fb(£)| < dpwm(B) — %k <
da, (B) — 5e'/*n, we can embed F\) into M by Lemma 3.18.

We now aim to embed F, in M, while avoiding vertices which have already
been used for the embedding of F,. We will define a new matching M,: For each
edge of M we choose subsets of the two clusters which have equal size, and where

the subsets are chosen to be as large as possible without including any previously
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embedded vertices. However, if this size is less than 72M, then we will ignore the
edge entirely. This leaves us with a matching M,, in which every cluster has size
at least 2 M. Thus each edge is still (¢/n?)-regular, and therefore also \/z-regular.

Now from the definition of M,, da,(4) > (1 —n)k — fy — *MN > f, — 2nk.
However, this is not quite enough to embed F,, and so we will either need to gain
some extra room while embedding F,, or else show that we have already gained room
during the embedding of Fy, and thus we have a better bound on d 4, (A) than the
one above. This leads to a case distinction based on whether we have a reasonably
large number of balanced trees in F, or in F}, (recall that by Claim 3.14, we have a
reasonably large number of balanced trees in total). Roughly, if F, contains many
balanced trees, then since each edge of M, C M has only one cluster in N(A), we
will be able to apply Lemma 3.23 part 2 to embed F,. On the other hand, if Fj
contains many balanced trees then whenever we embed a balanced tree T”, at most
a (1 —c)-proportion of the vertices of 7" will be embedded into a cluster D € V(M).
The remaining vertices will be embedded either in the partner of D in M or outside
M. When we come to define M, we consider subsets of the clusters such that the
endclusters of each edge still contain the same number of vertices. Since we have
often embedded vertices either outside M or into vertices in partner clusters, we
will need to remove from M significantly less than 2| Fy| vertices of G”. In particular
this will mean that dy,(A) > dy(A) — | Fp|, and indeed we will gain an extra term
which will be enough to allow us to embed F, into M,.

More precisely, since |V (F?)| > ck, either |V (F2)| > ck/2 or |V(F?)| > ck/2 (or
both). We first assume the former.

Suppose therefore that |F2| > ck/2. Then since every edge in M has at most one
endvertex in N(A), when we come to embed the trees in F? we will embed at least a

¢ proportion of them into clusters not lying in N(A). In particular, by Lemma 3.23
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part 2 (with d, = 0), we will be able to embed in such an edge e = (X, Y") a subforest
of size (1+c¢)d.(A) —e’'M —eM. Thus overall we will be able to find a sub-matching
M, and a subforest F, C F? such that F, — AUM, and |F,| > d,; (A) +*k. So

d i, (A) = du, (A) —dyy, (A)
> fa - an - d/\;la(A)
> |F,| — 20k — |F,| + ¢k

> | F,\Fy| + 5e4n

and thus by Lemma 3.18 we can embed F,\F, into AU (M\M,) as required.
Suppose instead that |F?| > ck/2. Again, since every edge in M has at most
one endvertex in N(A), when we embedded a tree T” of F? we embedded at most
(1 — ¢)|T"| vertices into a cluster D € N(A), and also at most (1 — ¢)|T”| vertices
onto its partner. We modify the clusters by taking away at most (1 — ¢)|T”| vertices
from both classes, including all embedded vertices of T, and keeping the sizes the
same. Repeating this for every 7" € F?, and then deleting any clusters which now

have size at most n>M, we obtain a matching M, with

A, (A) = (L =)k — [F|(1 =) = (f — [F)]) =’ MN

= fu+ k)2 —nk — 0P’ > fo + 5et/n.

Thus by Lemma 3.18 we will be able to embed F, into M, as required. So we may

assume that we are in Case b.

Case b

Recall that in Case b, |Fy| > (1 — 3)k/2. We now need to make ourselves some

extra room for Fj as well as for F,. However, the extra room for F, will be gained
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similarly as in Case a, so we will not repeat the argument here, focussing instead
only on embedding F} in a similar way to before. We can therefore observe that for
the proof of Theorem 3.9, i.e. if we are in the case where |£] > (1 +/V/)n'/2, we
have dzum(B) = (1 4+ v/)k/2, and since v/ > (3, the extra weighted degree that we
have attached to B will allow us to complete the embedding in the same way as in
Case a. More precisely, we will embed within M, C M a subforest Fb(M) of F}, of
size at least dy(B) — 5y/en — eM. We will then find a fractional matching M,
attached to N(B) N (L\M) of weight at least

dpo(B) — 8%k > dpom(B) — |FMY| = 5y/en — eM — 32k

> |F\FM |+ Vk/2 — 5yv/eEn — eM — 3%k > [F\F™M | + 6n

and since all the edges in the fractional matching will be /z-regular, we will be
able to embed F,\FM into M, by Lemma 3.18. Thus the proof of Theorem 3.9 is
complete, and we turn our attention to the proof of Theorem 3.8. We may assume
that |£| < (1 ++/¥/)n//2, which as observed in the paragraph before Theorem 3.15
means that we may assume that there are no sets &’ C S and £ C L such that
k/(10M),|L'| < (7/20)|S’| and N(S") C £'. This will be important later on.

Note that the condition for Case b means that F,, and F, have approximately
the same size. In some cases it will be convenient to switch them around in order to
complete the embedding. To ensure that we lose no generality doing this switching,
we will assume for the rest of this proof that f, = f, = (14 3)k/2. We can ensure
this simply by adding some extra leaves adjacent to roots of trees in F;, and F;,. Note
that this does not affect the fact that the trees of F' are e M-trees. It may affect
whether trees are balanced, but by choosing to add the new vertices in such a way
that they are all adjacent to just one root of F, or one root of Fy, only at most 2

trees can become unbalanced, and this will not affect calculations significantly.
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We may therefore assume without loss of generality that |V (F2)| > ck/2, for if
not we simply switch F, and Fj,.

Now suppose first that dpa(B) > #Y3k. Then as in Case a we embed a
subforest Fb(M) C F, into M, where dy(B)—5y/en—eM < |Fb(M)| < dm(B)—5+/en.
We also choose F, b(M) in such a way that F| b(ﬁ) = F\F, b(M) contains as many balanced

trees as possible. Now
B2 2 By = du(B) +5vEn = dyuc(B) + ik /24 0k/2 = du(B) +5Ven = %

The equality holds since we assumed that |F,| = (1 + §)k/2 and that dpuc(B) =
(1 —n)k/2. Since f < ¢ we may assume that Fb(ﬁ) contains at least 33k vertices
which lie in balanced trees. We also have |Fb(ﬁ)| < dgwm(B)+8k/24+nk/245\/en+
eM < dpwm(B) + Bk. Since each edge e of M is y/e-regular, and since only one
endvertex of e lies in N(B), we may use Lemma 3.23 part 2 to embed at least
(1+¢)de(B) —e'M —eM > (14 ¢/2)d.(B) vertices into B U e. Thus taking a sub-
matching Mo C M such that d(B, M) = $/3k/2, we can embed into BU M a
subforest F}, C Fb(ﬁ) of size at least (1 + ¢/2)3Y3k/2 > d(B, M) + 3'/?k. Thus

|FYN\F| > d(B, M \Mo) — Bk + 8%k

> d(B, M\ M) + fn

and therefore we can embed Fb‘:\ﬁ’b into M\ M using Lemma 3.18.

We now note also that when embedding Fy, at least ¢|F}| vertices were embedded
into those endvertices of My which lie in N(B) N (£\M), and so in particular at
least c(1 + ¢)3Y3k/3 > B2k vertices of [}, have been embedded outside M. Thus

when we come to define M, (including removing those edges where the clusters now
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have size less than n?M) we now have
d(A,Mo) > (1 =)k = |Ey| + 82k =’ MN > |F,| + fn

and since the pairs in M, are still y/z-regular, we can embed F, into M, by
Lemma 3.18 as required.
So we may assume that dg\y(B) < B3k, Thus da(B) > (1 — 8Y4)k/2. The

following claim is similar to Claim 3.22.

Claim 3.31 Let My C M be a matching of size at most k/(4M). Suppose F, C F,
with |Fy| > d(B, M) + 8Y5k can be embedded into V(M) U (V(H)\(V(M) U A))

after we map Root(Fy) to any vertices of B typical with respect to My. ThenT — G.

Proof. The proof is essentially similar to that of Claim 3.22, and so we only sketch
it here. Similarly to that proof, since we have embedded more than we expected
into My, Fb\ﬁ’b is now small enough that we can embed it into M\ M,. Note also
that since many trees in Fj are balanced, when we define M, we gain room for F,
automatically: For if we have embedded balanced trees into some edge e = CD,
where C' € N(A), and if in total we have used up ¢’ M vertices in C' U D (where
c € 10,2]) then we have used at most (1 — ¢)¢’ M in both C' and D, which means
that what we have lost for M, in each cluster has size at most (1 — ¢)c’M. Note
in particular that this is significantly better than the worst case scenario, in which
everything would be embedded into one of the clusters and we would have had to
delete just as many vertices in the other cluster to maintain equal size. Then we
would have deleted ¢’ M vertices from both clusters, whereas in this case we only
have to delete at most (1 — ¢)’ M vertices from each cluster. It is this that allows
us to gain the extra room we need.

Summing up over all the balanced trees in Fj,, we find that d(A, M) —d (A4, M,)
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is significantly smaller than |F},|, and thus we also gain enough room to embed F,,
even after deleting edges in which the clusters now have size at most n?M. The
details are very similar to those given for the case when d(B, L\M) > 33k before

the Claim, and we do not repeat them here. 0

Similarly to Case 1, we define M; := {(X,Y) € M : dg(B,X) € [/, 1 —
BY12) or dgn(B,Y) € [pY/12,1—3Y12]}. The following claim is similar to Claim 3.24.

Claim 3.32 | M| < gY'2k/M.

Proof.  Suppose not, and let My C M; be a matching of size 3/*2k/M. For
almost every edge e = XY € M, we apply Lemma 3.23 Part 3 to embed a subforest
of Fy with at least d(B, e) —&'M + 3Y'2M —eM vertices into X UY. We can do this
in all but /N edges of My, since the roots of Fj have been embedded into vertices
of B typical with respect to V(H) — B. We denote the union of such subforests by

F}, and observe that

|Fy| > d(B, Mg) — 2M+/eN + (BY2M — &' M — eM)(|My| — v/2N)
Z d(B,MO) _81/3k+/31/11M/31/11k/M

> d(B, M) + k.

So F, and M, satisfy the conditions of Claim 3.31. So T — G, which is a contra-

diction. O

We also define My := {(X,Y) € M\M, : dgn(B, X) < Y12 and dgv(B,Y) >
(1 — BY12)}, and the following claim corresponds to Claim 3.25 in Case 1.
Claim 3.33 |My| < B2k /M.

Proof. Suppose not, and let My C My be a matching of size 3%/2k/M. For all

but at most /N edges e in My we can apply Lemma 3.23 part 2 to embed at least
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d.(B) + c(1 = 28Y12)M — &'M — eM > d.(B) + cM /2 vertices of F?. Thus in M,

we embed a forest ﬁ’b with

|Fy| > d(B, Mo) — 2M+/EN + (|Mo| — vEN)cM/2
> d(B, Mo) + (eM/2)|Mo| — v/eMN(2 + ¢/2)
> d(B, M) + 2(c/2)k — '3k

> d(B, M) + k.

So F, and M, satisfy the conditions of Claim 3.31, and therefore T — G, which is

a contradiction. O

Let M3 == {(X,Y) € M : dg(B,X),den(B,Y) < B2} and let M’ =
M —M1 —Mz - M3. Then

d(B, M) = (L—n)k/2—dem(B) — 28 (k/M)M
—2ﬁ1/12(k3/M)M . Bl/lQMN

> (1-—8YY)k/2.

Thus |M'| > (1 — BY¥)k/(4M). Furthermore, since d(B,e) > (1 — 3Y/'2)2M for
any e € M', and since d(B, M') < d(B,M) <d(B,LUM) = (1—n)k/2, we have

M| < 2((11__5"3/@/)2M < (1+ BY9)k/(4M).

Now let Sy == {Y : (X,Y) € M', X € L}, and let £, := {Y : (X,Y) €
M X € 8§} = V(M) —Sp. Observe that Ly C L, since the vertices of Ly are
matched to vertices of § which is independent, but it is not necessarily true that

Sy CS.
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Lemma 3.34 There is no matching between Sy and V(H)\V(M') of size
BYE J(2M).

Proof. Suppose there is such a matching, and let S be the intersection of
this matching with Sy. Now let £{ be the partners of S} in M’ which do not
themselves lie in Sj. Then since the vertices of £, are large, 0(Ly, V(H)\V (M) >
(1—n)k/M — (14 BY*)k/(2M) > k/(3M), and so we can also match £} to a subset
of V(H)\V(M’) avoiding the previous matching. We call these two matchings
together M.

But now replacing Mj = {(X,Y) e M': X € S or Y € §} with M, in M/,
we can embed Fy. For recall that |V (F2)| > ck/2, so by Lemma 3.23 part 2 we can
embed a subforest of size (1 + ¢)(1 — BY12)M|Mq| — eM|Mo| > (1 + ¢/2)3/*k >
d(B, M}) + ¢3"/*°k/2 into My. Let F, be this subforest. Then

d(B, M'\M,) = (1 —n)k/2 — d(B, Mg) — dpm(B)
> |Fy| — Bk — nk/2 — d(B, M) — Bk
> | \Fy| — Bk — nk/2 + ¢V k — g3k

> |F\Fy| + 5Ven

and so we can apply Lemma 3.18 to embed Fb\ﬁ’b. Note that we still have plenty of

room for F,, and so we can embed 1" into G, which is a contradiction. 0

Corollary 3.35 At most |[M'| + 3Y/3°k/(2M) clusters of M’ lie in L.

Proof. If not, then at least 3'/3°k/(2M) vertices of Sy are large, and therefore we
could easily find a matching between these vertices and V (H)\V (M), contradicting
Lemma 3.34 O

Now let Rg := {X € N(B)\M':d(B, X) > 3/M}.
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Lemma 3.36 There is no matching between Ry and V(H)\(V(M’) URy) of size
UL/ (20),

Proof. Suppose there were such a matching M*, and let R, be the intersection
of this matching with Ry. Since d(B,e) > 5/5M for each edge e of this matching,

we have d(B, M*) > gYONMBY30k /(2M) = 3Y/?°k. Thus

d(B, M'UM") > (1= )k/2 4 3"k > |F| + 5v/en

and so by Lemma 3.18 we can embed F} into B U M’ U M*. Once again, we still
have plenty of room for F,, and so T — (G, which is a contradiction. O

Lemmas 3.34 and 3.36 together give the following.

Lemma 3.37 Suppose M" is a matching from SoU Ry into V(H)\Vy, where Vy :=
V(MY UTRy. Then |IM"| <28Y3k/M. O

However, recall that dpm(B) < 82k, that [M,|, M| < 8Y12k/M, and that
d(B, M3) < BY2MN. Therefore

d(B,V,) > (1 —n)k/2 — 26Y 2k — 262k — gY/12n — B3k > (1 — ¢)k/2.

Recall that |[M’| < (14 BY)k/(4M) and thus |Lo| < (1+ BY15)k/(8M), therefore

ISo URe| > (1 —c)k/(2M) — (1 + YY)/ (8M)

> (3/8 — 2¢)k/M.

By Lemma 3.37 there is a set S; C Sy U Ry of size |Sy U Ro| — 28Y/%°k/M whose
neighbourhood outside V, has size at most 23Y/3°k/M. For consider a maximum

matching M” between Sy URy and V(H)\Vy, and let S; := Sy UR\V (M”). Then
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the neighbourhood of S; outside V lies within V (M")\Vy, and therefore has size at
most |V (M")| < BY30k /M

Note also that Lemma 3.37 implies that |(Syp U Ro) N L] < 28Y3°k/M, and so
there is a set S} C S of size |SyURy| — 433k /M consisting only of small clusters.

Now

IN(S)| < [VIM)NL|+ |RoN L] + 233k /(2M)
< M|+ Y30k ) (2M) + B30k ) (2M) + 25Y°0k ) (2M)

< (1+ BO)k/(AM) < T|S}1/20

where the last line follows since |S}| > |M'| +|Ro| — Y4k /M > (3/4— 3k /M.
But observing that S] C S, this contradicts our assumption at the start of the Case
b that no such set exists, which gives a contradiction. This completes the proof of
Theorem 3.8, and since the proof of Theorem 3.9 was completed earlier, this also

completes the non-extremal case. 0

3.6 The Extremal Case

3.6.1 Outline and main results

As in the non-extremal case, we will prove the extremal case by contradiction, i.e.
we will assume that there is some tree T" on k + 1 vertices that is not contained as a
subgraph of G, and show that this leads to a contradiction. We therefore consider
the tree T' to be fixed. Since the proof holds for any choice of T', this contradiction
then shows that 7, C G. In this section, we will present statements of the main
results for the extremal case without proof. This will give an extended outline of the

main ideas. The results will then be proved in Section 3.6.3. Before this, though,
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in Section 3.6.2 we will complete the proof of Theorem 3.3. The proof uses some
of the results of this section, and includes some of the ideas needed for the proof
of the extremal case of Theorem 3.1 while being considerably shorter and easier.
Thus it serves as a useful introduction to the main proof. It is here that we use the
constants 0! instead of 6;.

The results in this section often take the form of saying that if some property P
holds in G (or in T') then T C G. Since we assumed that 77 ¢ G, in context this
amounts to saying that P does not hold.

Recall that we have constants
0<h<th<... <<9Ln/kJ+4 < 1/C.

Let j be maximal such that there are pairwise disjoint vertex sets Vi,...,V; in G
satisfying |Vi| = ... = |V;| = k, and e(V,, V(G)\V;) < 6;k* for 1 < i < j. (In
Section 3.6.2 for the proof of Theorem 3.3 we will use a similar condition with 0,
replaced by 9;) Let Vy == V(G)\(U_, Vi), and for each i we define L; := V; N L
and S; :=V; N S. With j defined to be maximal in this way, we say that we are in
EC;. Throughout this section we assume that G satisfies £C; for some j > 1. We
also define a slightly stronger condition with parameter «, which we call EC".
EC'(«a): There are pairwise disjoint sets Vo, Vi, ..., V; CV(Q), where j = |n/k|

such that

Vil =k fori=1,...,7,

(1—a)k/2<|L)| <(14+a)k/2 fori=1,...,7,

e(Vi, VIG\Vi) < ak? fori=0,1,...,5 and

for all x € V; N L we have d(z,V(G)\V;) < ak fori=0,...,7.
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Our proof of the extremal case will proceed as follows. We will first show that
either we can continue applying the non-extremal case to split the vertex set of G
essentially completely into “almost components” of size k, i.e. that j = [n/k], or
we find some “almost component” of size k with significantly more than k/2 large
vertices. In the latter case we will prove that 7, C G directly using the following

proposition. Let 0; < pu; < 0,41 for each 1.

Proposition 3.38 Suppose j < |n/k|. Then there is some 1 < i < j such that

L > (1/2 + k.

This proposition will be proved by contradiction; if the conclusion does not hold
then Vg will satisfy the conditions of Theorem 3.8, and so T' C G, which we already
assumed was not the case. We will also have a similar argument in Section 3.6.2 for
the proof of Theorem 3.3, but we will not need to present it as a separate proposition
in that case.

Once we know that there such an ¢, we assume without loss of generality that it

is ¢ = 1, and obtain 7' C G by the following lemma.

Lemma 3.39 Suppose we have a set Vi C V(G) of size k such that e(V1, V(G)\V})

< ak? and |Ly| > (1/2 4 ag)k, where 0 < a; < ag < 1. Then T C G.
We will also need a result very similar to this for the proof of Theorem 3.3.

Lemma 3.40 Suppose we have constants satisfying

O<l/kgTg T <o <ag,v<1/C

and suppose we have subgraphs G C G* C G as in Theorem 3.3. Suppose further-
more that we have a set Vi C V(GT) of size k such that eg-(Vy, V(G*)\V1) < ark?
and |Lq1| > (1/2 + ag)k, where Ly = L*N'Vy. Then T C G.
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Let us note that in the case when we have Gt as in Theorem 3.3, we will obtain
such a set V) even if j = |n/k], and therefore the proof of Theorem 3.3 will be
complete. A more precise argument for this is given in Section 3.6.2. We will prove
Lemma 3.39 in Section 3.6.3 and then note that Lemma 3.40 can be proved in an
almost identical way.

Lemma 3.39 and Proposition 3.38 together give the following.
Theorem 3.41 If j < |n/k], then T C G. O

The proof of Lemma 3.39 and Lemma 3.40 is rather involved, and requires some
preliminary results (Claims 3.42 and 3.43 and Lemma 3.44). We define a path
segment of the tree T to be a subgraph of T" which forms a path, and furthermore
each vertex of this subgraph has degree 2 in T (thus the only neighbours of the

internal vertices of such a path also lie on the path).

Claim 3.42 Let q be a positive integer and let ~y1,7vs be real numbers such that
1/k < v1,72 < 1/q. Suppose T contains at most y1k leaves. Then T contains at

least yok vertez-disjoint path-segments on q vertices.

Observe that we do not require any relation between v; and 7.

Claim 3.43 Let A C V(G) and suppose that |ANL| > k/2 and |A] > (1 — a)k,
for some 0 < o < 1/C. Consider in G a mazimal set P' of vertex-disjoint paths

of length between 2 and 6 which have their end-points in AN L and their internal
vertices in V(G)\A. Then |AUV(P")| >k — 1.

These two claims are designed to complement each other. One guarantees paths
in 7', and the other guarantees paths in G. Naturally, we will aim to embed the
paths of T" onto the paths in G. This, and much more, is the aim of the following

technical embedding lemma.
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Lemma 3.44 Let 0 < 71 < v < 1. Suppose that we have a tree T' on at most
k — 1 wvertices such that V(T") = Uy + Uy where

e U; and Us are independent sets;
o There exists a set P of vk disjoint path-segments of length 8 in T'.

Suppose also that we have a bipartite graph G' with vertex classes Ly and Sy, and
further partitions S; = C1+ Dy and Ly = L] + LY such that the following conditions

hold:

hd |L1| = |Ui], |S1| = |U2|;

(LY, S1) > |S1] — mk;

d(Ch, Ly) > |Ly| — mk;

|Dy1| < mk;

St is independent;

o (&' contains a set P’ of disjoint paths of even length between 2 and 6 covering
Dy, L} and 2|P’'| vertices of LY, disjoint from Cy and whose endpoints lie in

LY.
Then T" can be embedded into G', with Uy embedded in L, and Uy embedded in S;.

Roughly speaking, we prove Lemma 3.39 and Lemma 3.40 by first discarding any
large vertices which do not have almost all of V} as neighbours. We then discard
any small vertices which do not have almost all of L; as neighbours. We may now
have |V1| < k, but we will still have |L;| > k/2 and so we apply Claim 3.43 to find
paths with which to extend V. Then if T" has few leaves, Claim 3.42 will give us the

paths in T" which will complete the conditions of Lemma 3.44. On the other hand,
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if T" has many leaves then we can show that in fact U; contains many leaves, where
U, is the larger of the two bipartition classes of T'. Deleting these leaves will give us
sets that are sufficiently small that we could embed them into L; and C; greedily.
Furthermore, neighbours of deleted leaves will be embedded onto large vertices and
so we can add the remaining leaves greedily at the end.

In the case when j = |n/k|, the following two theorems will prove Theorem 3.1.

Theorem 3.45 EC|, ) = either EC”((‘)fn/kHz) holds or T, C G.

Theorem 3.46 EC'(6?

/) = Tn € G-

Theorem 3.45 is proved using two main propositions. The first implies that we
may assume large vertices have almost all of their neighbours in one class. It is very

similar to Proposition 6.12 in [72].

Proposition 3.47 If some vy € L has at least gl

ik neighbours in both Vi, and Vi,

We can then show that in fact almost all large vertices are already in the class
in which they have most of their neighbours. For those few that remain, we move
them into the appropriate class. This tidies up the large vertices so that they have

the properties required for FC’. Thus we have the following proposition.

Proposition 3.48 If the condition of Proposition 3.47 does not hold, then we can

rearrange the sets V; to ensure that EC'(63,,) holds.

This will complete the proof of Theorem 3.45. Theorem 3.46 is harder to prove.
We first rearrange any small vertices which do not have appropriately high degree
in their own class such that they now belong to the class in which they have the

most neighbours. After this rearrangement, we no longer have sets of size exactly
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k. However, we can now prove the following proposition, which is very similar to
Proposition 3.47. In Section 3.6.3 we will define what we mean by “good” and
“bad” vertices. Roughly speaking, a vertex x in .9; is good if it has almost all of L;
as neighbours, and bad otherwise. We define good and bad vertices of L; similarly,

although by the time we need such a definition all large vertices will be good.

Proposition 3.49 No small vertex has more than (1/2 + 26;,3)k neighbours. In
particular, no good small vertex in V; has more than 30,3k neighbours outside V;,

and no bad small vertex in V; has more than (1/44 6;43)k neighbours in any Vy for

i

The “in particular” will follow very easily from the first statement later on, once we
have properly defined what it means for a vertex to be good or bad.

This proposition will be required for the proof of the following lemma. Since at
least half of the vertices of G are large, there must be some ¢ such that |L;| > |Vi|/2.
Without loss of generality we will assume that this holds for ¢ = 1, and we will do

most of our embedding in V;. For each i = 0,...,j let m; := k — |V;|.

Lemma 3.50 Let q1,q2, ..., qs be positive integers such that q == >, ¢ < 2(my +
1)/3, and let Cy,...,Cs C Ly be (not necessarily distinct or disjoint) sets of size

(1/2 —20;14)k. Then there are
o ¢ disjoint (1/0;14)-stars in V\Vi with midpoints yi, ..., Yy;
e distinct vertices x1,...,xs € L1 and
e a partition of the set of stars into QQq, ..., Qs
such that for each i =1,...,s we have
o 1, €
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e [Qi| =¢q and
e M(Q;) € N(x;)

where M(Q;) denotes the set of midpoints of the stars in Q;. Furthermore, all

endpoints of stars are good vertices.

Let us note here that if we set ¢; := k/2—|L;| then by assumption we have ¢; < my/2,
and therefore

for all non-negative integers m;.

The idea of this lemma is that we will be able to use a midpoint of a star to
embed a vertex y of T', and the endpoints of the star to embed the children of y.
Then the remainder of T'(y) will be embedded outside V;. This enables us to gain
room within Vj if V] has size less than k, and is therefore not large enough to contain
T.

The proof of Theorem 3.46 will be split into two cases.

Case 1: T contains at least 360,414k leaves.

Recall that a skew-partition of 7" is an ordered partition V(7') = U; + U, such
that |U;| < |Us| and U, is an independent set. We say that a skew-partition is ideal
if both U; and Us contain at least 56, /x|44k leaves. The following two propositions

prove Theorem 3.46 in Case 1. (In both propositions we implicitly assume that

EC"(07, /1) +,) holds.)

Proposition 3.51 If T has an ideal skew-partition, then T C G.
Proposition 3.52 If T' contains at least 360, )14k leaves, then either T C G or

T has an ideal skew-partition.
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Case 2: T contains at most 360, /x|4+4k leaves.

In this case we will apply Claim 3.42 to find path segments in 7. We will also
apply Lemma 3.50 to find 2-paths in G with one endpoint in L; and the other being
a good endpoint outside V;. We will then join up these endpoints using bounded
length paths to create a situation in which we can apply Lemma 3.44 to obtain

T C G, as required. This will complete the proof of the extremal case.

3.6.2 Proof of Theorem 3.3

We can now complete the proof of Theorem 3.3. We assume for now that Lemma 3.40
holds, although we will delay the proof of this fact until Section 3.6.3, so that we
can combine it with the proof of Lemma 3.39.

In G' we have L* = L*(G',G*) := {v € V(G") : dgi(v) > (1 — 7)k and
dg+(v) >k}, and |L*| > (1 +v)|GT|/2.

We define j to be maximal such that there exist disjoint sets Vi,...,V; C V(GT)
of size k and such that e(V;, V(GM)\V;) < 9}]{2 for i = 1,...,4. If for some i we
have |[L* NV;| > (1 + v/2)k/2, we assume without loss of generality that this holds
for i = 1. Then we recall that eg-(V(GT), V\V(G')) < 7k%, and so eq«(V;, V\V;) <
(1 + 6’;)%2 < 26’;1{:2, and so we can apply Lemma 3.40 with oy = 26’; and ag = v/2
to obtain T' C G.

But if this does not hold for any i, then let V; := V(GH)\ (U, Vi), and observe
that |L* N V| > (1 4+ v)|Vy|/2. We also have

e (Vo, V\Vi) < JOIR + k2 <\ [01R.

Therefore at most (0})1/ 4k vertices have more than (0})1/ “L neighbours outside Vj.
Thus in G[Vp] at least (1 + v/2)|Vy|/2 vertices have degree at least (1 — (77 +
@Dk > (1 — 2(60)Y/*)k. Therefore if [Vp| > k, we can apply Theorem 3.9
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with oy = ]T-H and ay = 2((9T-)1/4 to find T C G, which is a contradiction.

k< Vol < (1-6

We must therefore have |Vg| < k. Suppose that 6] i1

J+1

)k. Then

|L* N Vo >9jJrl

neighbours in G* which lie outside Vj, and so eg«(Vo, VA\Vh) > (( J+1) [2)k?* >

k/2, and each vertex of L* NV must have at least k — |Vy| > 9j+1k
ﬁkQ, which is also a contradiction. So either |Vy| > (1 — HTH)I{; or [Vp] < 6’j+1k‘.
Now if V] <0

Jﬂk then trivially |L* N V;| < 01k, and so

J+1
IL*| < j(1+v/2)k/2+ 00,k < j(1+v)k/2 < (1+v)|GT|/2 < |L7|

which is clearly a contradiction.

On the other hand, if [Vp| > (1 — 6!

o)k, then [L*N Vo] > (1+v)(1— Hl)k‘/Q >

(1+v/2)k/2. By moving at most 6’»+1k‘ small vertices' into Vj, we can ensure that

|Vo| = k, and we now have eg-(Vy, V\Vp) < \/7/’{2 + k@T k<200, k2, and we can

J+1

apply Lemma 3.40 once again with a; = 26’j+1 and g = /2 to obtain T' C G. This
completes the proof of Theorem 3.3, except for Lemma 3.40, which will be proved

along with Lemma 3.39 later.

3.6.3 Proof of Theorem 3.1
Proof of Theorem 3.41

We assume that j < [n/k|. Recall that Theorem 3.41 followed immediately from
Proposition 3.38 and from Lemma 3.39, which in turn required Claims 3.42 and 3.43
and Lemma 3.44. Recall that we define a new constant p; such that 0; < p; < 6;41.
Proof of Proposition 3.38.  Suppose the conclusion of Proposition 3.38 does
not hold. Recall that Vy = V(G)\(L_, V;) and so we have |Vy| > k and |Lo| >

=1
n/2—J(1/2+ )k = Vol /2= jiusk > (1= /i) Vol /2. Now since e(V, V(G)\Vh) <

!These small vertices exist in GT since |L;| < (1 + v/2)k/2 and therefore |S;| > (1 — v/2)k/2
fori=1,...,7.
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JO;k* < \/97%2, at most p;k vertices of Ly have at least pjk neighbours outside V5,
and so at least (1 — 2,/11;)|Vo[/2 vertices of Lo have at least (1 — u;)k neighbours
in V5. Since we also chose j to be maximal, the conditions of Theorem 3.8 hold
with G’ = G[Vy] and with oy = 0;1 and ay = 2,/p5, and so T' C G, which is a

contradiction. O

Proof of Claim 3.42. Let L(T) denote the set of leaves in T" and let {(T) :=

|L(T)|. Note that >y (d(z) —2) = 2e(T) — 2|T| = —2. Thus

(d(z) —2) =0T) — 2 < k.
2eV(T), d(x)>2
and so there are at most 1k vertices of degree more than 2. We remove vertices
which have degree more than 2 and all leaves. Removing a vertex x from 7" increases
the number of components by at most d(z) — 1, and so we obtain a forest F’ with at
most Y. v 1), a@)>2(d(z) —1) < 271k components. Now the remaining components
are in fact path-segments, as are any sub-paths. Let P be a maximal set of vertex-
disjoint paths on ¢ vertices in F’. Suppose |P| < ~k. Then P covers at most
g2k vertices. Let F” be the graph obtained by removing P. Then F” has at

most 291k + 1 + ok components, and at least (1 — 2y, — g7y2)k vertices. But then

1-2v1—qv2

I 3
some component of F” contains at least ATy

> q vertices, and so we can find
another path on ¢ vertices in F” C F’, contradicting the maximality of P. Thus

Proof of Claim 3.43. Suppose that |[AUV(P’)| <k —2. Let Ly := ANL, let

'w = LaNV(P'), the set of endpoints of P, and L’} := Ls\V(P’). We will try to
find an additional path with end-vertices in L'}, thus contradicting the maximality
of P'. Note that |[V(P)\La|] < k —2 — |A] < ak. Thus, since each path in

P’ has exactly two vertices in L’y and at least one vertex in V(P")\L;, we have
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|Ly| < 2|V(P)\La| < 2ak, and so |Lj| > k/2 — 2ak. Let A" = AUV(P’). Then
since |A'| < k — 2, each vertex of L’} has at least three neighbours outside A’.
Furthermore, by the maximality of P’, no such neighbour is adjacent to more than
one vertex of L. We thus obtain disjoint sets Ni, Ny and N3, each of size |L')],
such that there is a perfect matching between L’} and N; for each i.

Now observe that for any two vertices in IV; their neighbourhoods outside A" are
disjoint, by the maximality of P’. So suppose that there is a set of ak large vertices
in V;. Each one has at most one neighbour in L'}, and |A"\L}| < k — (k/2 — 2ak),
and so certainly each one of these vertices has at least k/3 neighbours outside A’.
But these are all distinct, since otherwise we would have a path of length 4 which
contradicts the maximality of P’, and so we have a set of at least ak(k/3) > n
distinct vertices in GG, which is impossible. Thus at most ak vertices of N; are large
for each i, and so we obtain sets N/ C N; of size |L'j| — ak > k/2 — 4ak consisting
entirely of small vertices.

Now consider a maximal matching M; between N/ and V(G)\A'. Observe that
since the N/ consist of small vertices, N/ is an independent set, and furthermore
any neighbours of a vertex in N/ are large. Suppose |M;| > ak. Then V(M;)\ N/
is a set of at least ak large vertices, each of which has at most one neighbour in
L") (otherwise we have a path of length 2, contradicting the choice of P’) and at
most k/2 + 3ak neighbours in A’\L’}, and whose neighbourhoods outside A’ are
disjoint (otherwise we have a path of length 6, contradicting the choice of P’). Thus
as before we obtain a set of at least ak(k/3) > n distinct vertices in G, which is
impossible and therefore |M;| < ak.

Let N = V(M;) N N/, @Q; == V(M;)\N/ and N/ := N/\N}. Then |N/| >
|N/| — ak > |L}| — 2ak. Furthermore, |Q;] < ak and N/ has neighbours only in

Q; U A’ by the maximality of the matching M;. Thus since N/ consists of small
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vertices, N/ has no neighbours in S N A, and so has neighbours only in @;, L’
and V(P’). Now let S" := N/ U NJ U NJ. Then 5 is a set of small vertices, and
N(S') C QUQUQ3ULYUV(P). Thus |[N(S)| < 3ak + |L)| + ak. Also
|S7| > 3(|L4| — 2ak). Altogether,

, , 3(| L] — 2ak)
S'N/IN(SH > —2 7
[S1/IN(S)] = |L4| + 4ak

since |L4| > (1/2 —2a)k. But initially in Section 3.2 we assumed that there was no

such set S C S. This is a contradiction, and completes the proof of the claim. ([l

Proof of Lemma 3.44. We have a set P of 2k vertex-disjoint path-segments of
length 8 in 7" and a set P’ of paths in G’ which cover D; and L}. For each path P’
in P’, we pick a path P of P. This is possible because |P'| < y1k < 49k = |P|. Thus
we can pick a distinct P for each P’. We then pick a subpath P* of P such that
| P*| = | P'| and P* has both its endpoints in U;. This is possible since |P| > |P’|+1,
and because the vertices of P alternate between U; and U,;. We can also pick the
subpath P* so that it does not include the vertex of P nearest the root. We then
embed P* onto P’ in the obvious way. Let us observe that because the endpoints
of P* are in U; while the endpoints of P’ are in L;, and because L; and S; are
independent sets, we have embedded vertices of P* N U; into L; and vertices of
P*N U, into S;.

Note also that because we avoided the vertices of P closest to the root of T', the
vertices of the paths P* nearest the root are always at distance at least 3 from each
other, and so do not have a common neighbour. This will be important later on.

We also have sufficiently many paths in P left over to find v,k /3 paths of length
2 with midpoints in U; and ~,k/3 paths of length 2 with midpoints in U,. Indeed

we can also choose these paths sufficiently far from the ends of paths in P that the
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endpoints have distance at least three from any other paths. We construct a forest
T* from T" by deleting the midpoints of these paths. Observe that we now have
Uf=U;NnV(T*) and Uy NV (T*) with

\UT| = |Ur| = 72k /3 < 0(Ch, Ly)

\Us| = |Ua| — 72k /3 < 0(Ly, Ch)

Now let z1,...,x, be the endpoints closest to the root of the paths of P chosen to
cover P’ and let y; := P(x;), z; := P(y;). (Recall that P(z) denotes the parent
of x, i.e. the vertex directly above x in the rooted tree T.) Note that because the
x; all have distance at least 3 from each other, the y; are distinct. We embed the
remainder of T% greedily, starting at the root of T" and placing vertices of U; into
L1 and vertices of U; into S;. To see that we can do this, observe that when z; has

been embedded to u; and z; to w;, then u;, w; € L, and we have

[N(u;) N N(w;) NCi| = |Ch| = 2mk > [Us]

and so there is always a free common neighbour v; available for y;. It is important
here that the y; are distinct, although the z; may not be. Therefore when embedding
this parent, we only need to find a common neighbourhood of two vertices that have
already been embedded (the vertex of the path and its grandparent).

It remains only to embed the midpoints of the paths of length 2 which were
deleted. We begin with those midpoints which were in U;. Note that v9k/3 vertices
of LY remain free. Let b;, ¢; denote the vertices of C} which were chosen as endpoints
of such paths.

We construct a bipartite auxiliary graph H. One class of H will consist of pairs

(bi, ¢;) and the other class will consist of the y2k /3 free vertices in L. Such a vertex

149



will be joined to a pair (b;, ¢;) if it is adjacent to both of these vertices in G’. Note
that dy((b;,c;)) > v2k/3 — 2v1k > ~k/4, since 0(Cy, Ly) > |Li| — yk, while for
x € LY, at most y1k pairs (b;, ¢;) are not adjacent to x, since 6(LY, S1) > |Si| — 1k.
Thus dy(x) > vk/3 — 1k > vk/4. Thus §(H) > 72k/4. It is now easy to see
that Hall’s condition is satisfied. For we have a bipartite graph on classes A and
B, where |A| = |B| the minimum degree is at least |A|/2 = |B|/2. Suppose that
there exists a set S C A such that Hall’s condition is violated, i.e. |N(S)| < [5].
Then since |N(S)| > 0(H) > |A|/2 we have |S| > |A|/2. Let S’ = B\N(S). Then
S" # () and therefore |[N(S")| > §(H) > |A/2|. On the other hand N(S’) C A\S
and so |[N(S")| < |A] = |S| < |A]/2, which is a contradiction. Thus Hall’s condition
is satisfied, and so a perfect matching exists. This corresponds to finding suitable
vertices of L; onto which to embed the U;-midpoints of the paths of length 2.

By an identical argument we can also find a perfect matching in a bipartite
auxiliary graph, with one vertex class consisting of unused vertices in C and the
other consisting of pairs of vertices in L; onto which the endpoints of some 2-path
have been embedded. This allows us to embed the midpoints which lie in U,. Thus

we can embed the whole of T” as required. 0

Proof of Lemma 3.39. We will first tidy up the set V; to ensure that all vertices
have an appropriately high minimum degree. Note that at most |/a;k vertices in
Ly have at least /ajk neighbours outside V;. We remove these vertices from Lj.
Now by relocating some vertices of Ly to Sy, and by removing some vertices from
S1, we may assume that |Li| = (1/2 + ay/2)k, and that |S;| = (1/2 — 3as/4)k. Tt
is still true, however, that each large vertex has at least |V;| — /aik neighbours in

Vi. Thus
e(L1, 1) > |Li[(|S1] = vaik) > [L|[Si] — vark?.

Thus at most a)/*k vertices of S; have fewer than |Li| — ik neighbours in Lj.
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We remove these vertices from S; (and thus also from V;). We also remove a few
more vertices from S to obtain |S;| = (1/2 — ag)k.

We still denote the sets thus obtained by L;, S; and V. We now have that
Vil = (1/2 — aa/2)k, that every vertex in L; has at least |Vi| — \/oqk neighbours
in V; (and thus at least |L| — \/aik neighbours in L; and at least |Si| — /aik
neighbours in S7) and that every vertex in S; has at least |Lq| — ai*k neighbours
in L. Note that we may treat a vertex of L; as a vertex of 57 if necessary. This is
why it is useful that L, is larger than actually required. However, as we will see V;
may now not be large enough, which will present some technical difficulties.

We consider a bipartition of the tree 7" into independent sets U; and Us, where
|Uz| < |Usl. If |Uy| = |Us|, we will choose U, to be the set with the greater number
of leaves. Now by Fact 3.12, U, contains at least |Uy| — |Uy| + 1 leaves. So U,
contains at least two leaves except when |U;| = |Us| and T contains only two leaves
in total, i.e. T is a path. In this special case, we will move the leaf in U; into Us,, and
move its parent into U;. Now U contains exactly one edge. Since we will usually
be embedding U; into L;, this will not be a problem. Indeed, this case will be so
similar to the more general case when U; and U, are independent that we will not
mention it any further, noting only that the proof can be trivially adapted to resolve
it.

Thus we assume that U, contains at least two leaves, and all leaves in U, are
adjacent to vertices in U;. Since we will be embedding U; into L, which consists of
large vertices, we may embed any leaves in U; greedily at the end of the embedding
process. So we delete any leaves from U;. We still denote this set by Us, and the
tree by T. Now |T'| < k — 1. Suppose in fact that |T| < k — 2a0k /3 = |V1| — azk/6.
Since |Uy] < (k4 1)/2 < |Ly|, we move vertices from L; to S; to ensure that

|L1| = |Uy|+ agk/12. Then we also have |S;| > |Us|+ agk/12. The minimum degree
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conditions between L; and S; ensure that we can complete the embedding greedily.

Now suppose instead that |T| > k — 2ask/3. This means that originally U,
contained at most 2ask /341 leaves, and thus by Fact 3.12, originally |Us|—|U;|+1 <
2a2k/3 + 1. Since also |Uy| + |Us| = k + 1, we have |Us| < k/2 4+ azk/3 +1/2 <
|L1| — aok/7. Thus if U; contains at least ask leaves we can perform the same
process as before, now removing leaves of U; and embedding U, into L;.

Thus in total we may assume that 7" contains at most 2ask leaves. We may
therefore apply Claim 3.42 with v, = 2a5 and v = a3, where ap, < a3 < 1, to find
a set of agk vertex-disjoint path-segments of length 8 in 7. We will use these to
help us embed T by using some extra vertices which are not in V.

Now by Claim 3.43 applied to V; we have a set of vertex-disjoint paths P’ of
length at most 6, each of which has its endpoints in L; and its internal vertices, of
which there is at least one for each path, outside V; and such that V{ := V; UV (P’)
has size at least k — 1 > |T'| (recall that we have removed all leaves from U,). If
V]| > |T| + 5, we simply remove some paths from P’ to ensure that V/ is not
substantially bigger than we need it to be, i.e. that |V]| < |T'|+4. This ensures that
[V(P")| < 3ask. If we still have |V]| > |T|, we simply discard some small vertices
(not in V/(P")), or large vertices if no small vertices are left, to ensure that |V/| = |T'|.
Now for each path in P’ of odd length, we find a neighbour in L} := L;\V (P’) of
one of the end-vertices, and add this to the path. This ensures that all paths in P’
have even length, and means that we will be able to use the endpoints for vertices in
U, while still respecting the bipartition of T. We rearrange the vertices of the paths
of P’ to ensure that they alternate between L; and S;, with the endpoints lying in
Ly.

We now note that by moving some vertices of L; into S; (and deleting any

edges which now lie within S; and L;), the conditions of Lemma 3.44 are satisfied,
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where Dy U L) consists of the internal vertices of paths in P’ C} consists of any
remaining vertices of S; and LY consists of any remaining vertices of Ly, and where
11 = max(|P'|/k, /a1) < as, and 7, = a3. So we can apply that lemma to embed
the tree T" into Vj and since |U;| vertices will be embedded into L; C L, we can also

embed the remaining leaves of T" greedily, and thus 7' C G, as required. U

Proof of Lemma 3.40. It is in this proof that we finally need to use the full
strength of the conditions on G rather than G*.

At first we remain in G* and we go through exactly the same proof as the
one for Lemma 3.39 to obtain V; = L; 4+ S; such that |L;| = (1/2 + a2/2)k and
|S1] = (1/2 — ap)k. We also have that each vertex in L, has at least |Vi| — \/aik
neighbours in V; and each vertex in S; has at least |L;| — (a;)/*k neighbours in L.

We now transfer to G and continue to go through the same proof as the one for
Lemma 3.39. Note that we needed to apply Claim 3.43 for that proof. In order to
see that this is still permissible, we must observe that L* C L. Note also that in
the proof of Claim 3.43 we needed to use the fact that G is edge-minimal subject
to satisfying the conditions of Theorem 3.1, and in particular that there is no set
S" C S such that |[N(S")| < ]5’|/2. This is not necessarily true in G* and this is the

reason that we need to use G instead. O

Note that with the proof of Lemma 3.40 we have finally completed the proof of
Theorem 3.3, and therefore also the proof of Theorem 3.8.
Now Proposition 3.38 and Lemma 3.39 (with oy = 6; and ay = p;) prove Theo-

rem 3.41, and so we move on to proving Theorems 3.45 and 3.46.

3.6.4 Proof of Theorem 3.45

We now know that j = [n/k]. Let us define 0 and 67 such that §; < 0 < 0] <

0j41. We also know that for each i > 0, |L;| < (1/2 + 0})k (from Lemma 3.39). We

153



begin the proof of Theorem 3.45 with two simple claims.
Claim 3.53 Either |Vo| < 07k or [Vo| > (1 — 07)k.

Note that although we did not state it as a numbered result, a similar argument

appeared in Section 3.6.2 for the proof of Theorem 3.3.

Proof. Suppose instead that |[Vo| € (07k, (1 — 07)k). Then

Vo L > n/2 — i(l +O)k/2 = (n— jk)/2 — j0k/2

i=1

= |Vol/2 = jbik/2 > 07k /4.

But e(Vo, V(G)\Vo) < S0, 60;k% < 95/3/’{2. So at most 9;/3/’{ vertices of Vj have
degree at least 0]1-/ ® outside Vj. But this does not cover all the large vertices in Vj,

and so there must still be some vertices with degree at least (1 — (9]1»/ Yk in Vg, So

Vol > (1 — 6’]1-/3)143 > (1 —07)k, which is a contradiction. O

Note in particular that if |Lo| > (1/2 + 6;41)k, then we could move a few small

vertices into Vj to ensure that |Vy| = k. Then we have

J

e(Vo, V(G)\Vo) < ) 0,k + 07k> < 207k

i=1
and we can apply Lemma 3.39 with a; = 29;-’ and ay = 0;4; to obtain 7" C G. Thus
we may assume that |Lo| < (1/2+6,41)k. Thus for every 4, including ¢ = 0, we have
|Li| < (1/2+0;11)k.
Claim 3.54 For all i 7£ 0, |Lz| > (1/2 — \/Hjﬂ)k.

Proof. Suppose not. Then since no vertex class has substantially more than half

its vertices being large (including V) there cannot possibly be a total of n/2 large
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vertices in the classes of G. More precisely

L] < [Lol + (1= v/0312)k/2+ (5 = (1 + 0;541)k/2

< |Lo| = 20/Fr1k/2 4 (n — |Vi)) /2

and so

Lol > [Val/2 + 2y/Br1k/2.

In particular [Vo| > (1 —07)k, and so [Lo| > (1/2+6;41)k. But we already assumed

that this is not the case, which is a contradiction O

Note that by a similar argument we have either [Vo| < 07k or [Lo| > (1/2 —

0j41)k.

In general, if [Vy| < 07k we can ignore it, and if [V > (1 — 07)k we can, if
necessary depending on whether we intend to embed into V{, add in a few vertices
from some other class to increase the size to k. This doesn’t affect calculations
significantly, so for the remainder of the proof of Theorem 3.45 we will assume for
simplicity that Vo = 0, or [V = k, in which case we will call it V;;; and increase
J. In either case we now have that e(V;, V\V;) < ,;k* for i = 1,..., 7. In the proof
of Theorem 3.46 we will need to consider the case when n is not divisible by k& (and
therefore 0 < |Vp| < k) and deal with it more carefully.

Let us observe that since we are in EC;, we have e(V;, V\V;) < 6;k* for each
1 <4 < 7. Thus at most \/@k vertices of L; have more than \/@k neighbours
outside V;. Thus at least |L;| — \/0;k vertices of L; have at least (1 — \/6;)k
neighbours in V;, and so in particular have at least |S;| — \/@k neighbours in S;.
Thus e(L;, S;) > (|Li| — \/0;k)(|Si| —/0;k) > |Si|(|Li] —6j+1k). This last inequality
holds since (1/2—/0,11)k < |Li|,|Si] < (1/2+/0;11)k. Therefore at most /0, 1k
vertices of S; have fewer than |L;| — \/9]?% neighbours in L;. Thus we obtain sets
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L C L; and S} C S; such that

5(L;7 L;), 5([’;7 Sz/)7 5(527 L;) > (1/2 -2 V 9]+1)k (35)

We call the vertices of S;\\S! bad vertices, and denote this set by B;.
We now aim to prove Proposition 3.47. In the proof we will use two simple facts

from [72] (Fact 6.2 Part 1 and Fact 6.8 in that paper).

Fact 3.55 Suppose G' is a graph with V(G') = C + D, and T" a tree. Suppose
also that V(T") = Uy + Us,, where |Uy| < |Us| and Uy is an independent set, and
that G' satisfies 6(C,C),6(D,C) > |Uy| and 6(C, D) > |Us|. Then T" C G' with Uy
embedded into C' and Uy into D. O

Recall that ¢(T") denotes the number of leaves of T

Fact 3.56 1. For any positive integer q < k + 1 there is a vertex x of T, and some
children yy,ya, ...,y of © such that ¢/2 < |T(z)\(U'_, T(:))| < ¢.
2. For any positive integer ¢ < ((T) there is a vertex x of T, and some children

Y1, Y2, -y of @ such that T(x)\(U'_, T(v:)) contains [q/2,q) leaves of T. O

We also need the following simple result, which is very similar to Claim 6.6 in [72].
Recall that a skew-partition is an ordered vertex partition V(T') = U; + Uy such
that |Uy| < |Us| and U, is an independent set. Recall also that we call g(Uy, Us) :=

|Us| — |Uy| the gap of the partition, and that g(T") := g(Toad, Teven) is the gap of T.

Remark 3.57 If T has a skew-partition with g(Uy,Usz) > 51/0;41k, then T C G.

Proof. By Fact 3.12, Uy contains at least |Us| — |U;| 4+ 1 leaves. Deleting these
leaves gives two vertex sets Uy, Uj each of size at most (k+ 1)/2 — 5,/0;11k/2 <
(1/2 —24/0;1+1)k. Now the minimum degree conditions of (3.5) ensure that for any

i we can embed U into L and Uj into S! greedily, starting at the root. Now the
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remaining vertices of U, are leaves adjacent to vertices of Uj. Since vertices of Uy

were embedded onto large vertices, we can embed these remaining leaves greedily.

O

Given a partition Uy, Us of the vertices of T and a subtree T”, flipping T’ means

moving the vertices of 7" that lie in U; into U, and vice versa.

Corollary 3.58 k/2 — 0,0k < |Toqd|, |Teven| < k/2 + 8;10k. Furthermore, for any
subtree T" C T, of the form T' = T(x)\U;_, T(v:), where x € V(T') and y1,...,ys

are children of x, we have
‘T/ M Todd| — |T/ M Teven| I~ (_39j+2k7 39j+2k>

orelseT C G.

Proof. The first part is immediate from Remark 3.57. For the second, suppose
that [T"NToga| — |T" N Teyen| > 36,42k. Then we start with Uy = Togq, Uz = Teyen, and
we flip 7" (except for x if x lies in Uy). Together with the bound in the first part,
this gives a skew-partition with a gap of size at least 30,2k — 1 — 20,15 > 5\/%,
and thus by Remark 3.57 we could embed 7" in G. A similar argument shows that
T" N Toga| = [T" N Teven| > —30;42k. O

Proof of Proposition 3.47. Let I := {i : d(v, Vi) > Hjlflk} and note that by
assumption |I| > 2. By relabelling if necessary, we may assume that I = {1,...,s}.

We also assume without loss of generality that for 1 < iy < iy < s,
d(U07 ‘/;1) S d(?}o, ‘/;2) (36)

We will follow the proof of Proposition 6.12 in [72] with some minor modifications.
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Recall that we have sets L, C L; and S, C S; satisfying (3.5). By Remark 3.57
we may assume that T has no skew-partition with a large gap.

Now by Fact 3.56 we can find a vertex x in T" and some children yq, ...,y such
that setting 7' = T'(z)\(UL_, T(y)) we have |T"| € [0 1k/4,0}/1k/2).

Now dpi(x) < 673k/2, and dpyus;(vo) > 03,5k — 4/8;1k > 01/1k/2. So we
embed z onto vy, and 7" into L} U S} greedily (note that (L} U S]) > |T7]).

Now let F' := T\T" be the forest consisting of T\T(x), T (y1),T(y2), ..., T (ys)-
Since any isolated vertices of F' are neighbours of x, and since vy € L, we can embed
these greedily at the end. So we assume that F' contains no isolated vertices. Thus
the number of roots in F'is at most |F'|/2 < (1—9;441/4)143/2. Let Vi := ;e (L;US)).
Then

d(vo, VI\VA) > k — j0;\ K — 453/0; 1k — d(vo, L U S7).

If s > 3 then by (3.6) we have d(vo, L} US]) < 2d(vo, V7), and so d(vo, VI\Vi) > k/2,
which will be enough for our purposes. If s = 2, however, we need to be more
careful. (The following argument also works for s > 3, although in that case it is

substantially more complicated than necessary, as indicated by the easy argument

above.) We have
J
1
d(vo, | J LU S]) 2 k/2 = 45/Bjak = (1~ 0,1/ Dk
i=2

so we can embed the roots of F' greedily into | J_, L} U S..

For 2 < i < j, let F, F? denote the subforests of F' with roots in L., S/ re-
spectively. Let U = (F)even U (F)oaar and UP = (F)oaa U (F?)even. 1f
|UZ-(1)\, \Ui@)\ < (1/2 — 24/6;41)k for each i, then the conditions of (3.5) ensure that
we can complete the embedding using the greedy algorithm. (We embed Ui(l) into

L} and UZ@) into S!.) Note also that since [Gjlflk /4, H;fflk /2) vertices have already
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been embedded into Vi, only at most one ¢ can fail to satisfy this condition. We will

show in this case that T" has a skew-partition (U, Usy) with gap at least 5\/%/{3.
If |Ui(2)\ > (1/2 = 24/0;41)k, we put UZ-(2) into Us. We place x into Uy along with

the smaller half of the bipartition of 7". We place the larger part of 7" into U,, and

any remaining vertices of 7" into U;. Then U, is indeed an independent set, and

Us| > (1/2 = 2/0;00)k + 0,3 k/8 — 1 > (1/2+ 61,1 /10)k.

Thus |Uh] < (1/2 — ]1441/10)143 and so |Us| — |Uy| > 0;ﬁk:/5 > 5./0;11k, and Uy, Us
is a skew-partition with a large gap, which by Remark 3.57 we assumed earlier was
not the case, and so we have a contradiction.

If on the other hand |UZ-(1)| > (1/2 — 24/0;41)k, the process is similar. Now
Ul-(l) goes into U, along with the larger part of 7", except for x. The rest of T,

including z, goes into U;. The calculations are the same and again yield the desired

contradiction. This completes the proof of Proposition 3.47. 0

Proof of Proposition 3.48. For each i € [1,7], let Lf := {x € L : d(z,V;) >

]lflk} Since the conditions of Proposition 3.47 do not hold, the L} are pairwise
disjoint. Furthermore, for x € Lf, d(z,V;) > k — j@jﬁk > (1 - Hjlf)l)k Since

e(Vi, V(G)\V;) < 6,k?, we have |L}\V;| < /0;k.
We move each L} into V;, and move some small vertices to rebalance the sizes of

the V;. We have moved at most 27 \/Ek: vertices, and thus!

e(Vi, V(G)\V;) < 0,k + (\/0;5) (3031 1k) + (5/0:K) (01,1K) + (/O5k)k < 63,52,

IThe four terms in the central expression come from the original number of edges, the edges
coming off those vertices of L} which we had to move into V;, those edges coming off large vertices
moved out of V; and those edges coming off small vertices which were moved either into or out of
V.
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Furthermore, each vertex in L; still has at least

(1= 640k = 253/0;k > (1 —63.,)k

neighbours in V;, and at most 0,1k 4 2j./0;k < 65, ,k neighbours outside. Thus

the conditions of EC’(67,,) are now satisfied. O

This therefore also completes the proof of Theorem 3.45.

3.6.5 Proof of Theorem 3.46

We have now tidied up the large vertices in each of the classes to ensure that
EC’ (9]3 ,,) holds. Note that every class has approximately half its vertices in L.
We would like to say now that there is some class which has at least k/2 large ver-

tices. However, this may not be the case if (1 — 9]1-/ *

)k < |Vo| < k. Then Vj may
have more than half its vertices lying in L, but nevertheless |Lg| < k/2. Therefore
if all the remaining vertices have very slightly less than half their vertices lying in
L, we have no class for which |L;| > k/2. This will cause some difficulty later on.!

The proof in the case when there is some ¢ with |L;| > k/2 is substantially easier.
However, since the harder case would rely on many very similar results, we prove
the two together. This involves stating and proving certain results in considerably
more generality than we would require for the easier case.

We begin by rearranging some small vertices. Recall that for each ¢ = 1,...,J
we have |L;| > (1/2 — 63, ,)k, and that for cach = € L;, dy,(x) > (1 — 63, ,)k. This
means that e(Lg, S;) > |Lq|(|Si] — 603,9k) > [Si|(|Li| — 267, ,k). (Note that this also

holds for i = 0 in the case when [Vg| > (1 —67)k.) Thus at most \/59%22|SZ-\ vertices

'We don’t have the same problem if |Vg| < 9;/ 4, since then by Proposition 3.47 we could move
any large vertex of V4 to the (unique) class in which it has almost k neighbours, effectively leaving
Lo=0.
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of S; have fewer than |L;| — \/59?422143 neighbours in L;. We call such vertices bad,
and we move them into the class V; in which they have most neighbours. Note that
since all bad vertices are small, and because the set of small vertices is independent,
this rearrangement is well-defined. We still call those vertices bad, and denote by
B; the set of bad vertices in V;. Because we are moving fewer than 39%2271 vertices

in total, we still have sets V; with the following properties:

o (1=02)k < |Vi] < (1+0j42)k;

(1/2 - 9j+2)k S ‘LZ‘ S (1/2+9j+2)/€;

e(Vi, VIG)\Vi) < 0542k

For each x € L;, d(z, V(G)\V;) < 8;.2k;

Recall that in the proof of Theorem 3.45 we ignored the set Vj if its size was
small, or called it V;;; and increased j if it had size almost k. It did not affect
calculations significantly to assume that either [Vy| = 0 or [Vy| = k. Now, however,
we no longer need to make such assumptions, because we no longer demand that
Vil = k. If originally Vo was small (ie. [Vo| < 07k < 0;41k), then its vertices
will now be distributed among the other V;, each vertex being placed into the class
in which it has most neighbours. Since 0;;1 < 8;9, this does not affect the above
conditions significantly. If it had size almost k, then because we treated it as a set of
size k we have already performed all the same rearrangements as we have performed
for all the other classes, and therefore Vj will satisfy the above conditions just like
all the other V;.

We note also that for 0 < i < j we have |S;| > (1 — 8;42)k — (1/2 + 0,40)k >

(1/2 —260,42)k, and each = € L; has at least k — 6,42k > |V;| — 260,42k neighbours in
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Vi, so (with the bound for §(S;\B;, L;) which we had before) we have

5([4“ SZ\BZ) Z (1/2 - 29j+2)k - 9j+2k - 29j+2k - (1/2 - 59j+2)k
(S(LZ, Lz) Z (1/2 - 9j+2)k - 29j+2k - (1/2 - 39j+2)k (37)

We can now prove Proposition 3.49.

Proof of Proposition 3.49 First of all, to see how the “in particular” follows from
the first statement, recall that a good small vertex in V; has at least (1/2 — 6,43)k
neighbours in V;, and so has at most (1/2 + 26,.3)k — (1/2 — 0,43)k = 30,3k
neighbours outside V;. On the other hand a bad small vertex in V; has at least as
many neighbours in V; as in any other V;;. Therefore if it has more than (1/446,,3)k
neighbours in Vj, it also has at least (1/4 + 6,,3)k neighbours in V;, and so has at
least (1/2 + 26;43)k neighbours in total, which is a contradiction.

Therefore we need only show that any small vertex has at most (1/2 + 26;,3)k
neighbours. Suppose instead that we have some vertex vy € S; with at least (1/2 +
20,;43)k neighbours. Then since |L;| < (1/246;42)k, v has at least 6,3k neighbours
outside V;, and since vy is small these neighbours must be large vertices.

By Corollary 3.58 we may assume that |Tog|, |Teven| < (1/2 + 6;42)k. Thus
d(vo) > (1/2 + 20;43)k > |Toaa|, |Teven|- In particular, d(vy) > A(T).

As in the proof of Proposition 3.47, by Fact 3.56 we can find a vertex z and
some children yy,...,y; in T such that 7" := T(2)\(U'_, T(v:)) satisfies |T'| €
0;43k/2,0;13k).

Note that by Corollary 3.58 we have |T"NTepen|, |T" NTpad| > 0j13k/4—30,12k >
6;+3k/5. Thus

|Todd\T/|> |Teven\T/| < (1/2 + 0j+2)k7 - 0j+3k7/5 < (1/2 - 0j+3/6)k'
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We now embed z onto vy and N(x)NT" greedily onto neighbours of vy in V\V;. This
is possible since |T"] < 6,13k < d(vo, V\V;). Now since v is small its neighbours
must be large, and the minimum degree conditions of (3.7) (applied with 7' instead
of i) ensure that we can easily embed the remainder of 7" greedily into V'\(V; U B),
where B = J},_, By

We now embed T\7T" into V' greedily with x as the root. If vy is good, then it
has at least (1/2 — 50;19)k > |Toaa\T"|, |Teven\T"'| neighbours in its own class, and
so we can embed T\T" into L; U (S;\B;) greedily, using the minimum degree of at
least (1/2 — 56;42)k between these two sets.

On the other hand, if vy is bad then it contains at least as many neighbours
in its own class as in any other. We order the remaining neighbours yy1,..., 9y
of z in such a way that |T'(y,1)| > |T(yeso)| > ... > |T(yy)|. Then if we begin
by embedding the y,, in order, first embedding as many as possible into V;, then
we will eventually embed at least (1 — 6,43)k/C vertices into V;. Since we have
already embedded at least 6, 3k/2 vertices into V\V;, this ensures that we never
attempt to embed too many vertices (i.e. (1 —206;;2)k) into any one class. Note
that 77 = T'(x)\ <U:Zl T(y;) U Uf/:m/ﬂ T(yi)> is balanced by Corollary 3.58, and
so T” — x, which we intend to embed in Vj/, is also balanced. Thus the minimum
degree conditions of (3.7) between the L; and the S;\B;y ensure that we can do
the remainder of the embedding greedily. But since we assumed that T cannot be

embedded into GG this is a contradiction, as required. 0

We now note that since in total half the vertices of GG are large, there must be
some set V; for which |L;] > |S;]. Without loss of generality, we will assume that
this set is V3. We will do most of the embedding in V;, although it may be too small
to embed all of T, and a few vertices will be embedded into other classes. This is

the purpose of Lemma 3.50, which we will prove shortly.
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Recall that T is rooted at r. We may assume without loss of generality that
|Teven| < |Toaa| (otherwise we move the root to one of its neighbours). Recall that
we define the gap of T to be g(T') = |Toaa| — |Teven|- Note in particular that by
Remark 3.57 we may assume that g(T) < 51/0;41k, and so k/2 — 0;42k < [Tepen| <

|Toaq| < k/2+ 6, 40k. We split the proof further into two cases:
o Case 1: T has at least 360; 4k leaves,
o Case 2: T has fewer than 360, 4k leaves.

Recall that m; := k — |V;]. If a vertex is not bad, then we call it good. Note that
this includes all large vertices. Recall Lemma 3.50 which we will need in both cases,
although its full strength is only needed in Case 1.

Lemma 3.50. Let q1,qo, ..., qs be positive integers such that ¢ == > ;¢ <

2(mq+1)/3, and let C1,...,Cs C Ly be (not necessarily distinct or disjoint) sets of

size (1/2 — 20,.4)k. Then there are
o ¢ disjoint (1/0;14)-stars in V\Vy with midpoints yi, ..., Yy;
e distinct vertices x1,...,Ts € L1 and
e a partition of the set of stars into Qq, ..., Qs
such that for each i =1,...,s we have
e 1, €
 |Qi| =g and
o M(Q;) € N(x:)

where M(Q;) denotes the set of midpoints of the stars in Q;. Furthermore, all

endpoints of stars are good vertices.
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Proof. We prove the lemma inductively on s. For s = 0, there is nothing to prove,
so we assume that s > 1 and that we have a set () of appropriate stars for integers
qi,---,qs—1, along with vertices xy,..., x5 1.

Now let P be the set of vertices outside V; with fewer than (m; +1)/60;14 neigh-
bours in their own class and let C” := C;\{z1,...,25_1}. Now if any vertex in C
has at least ¢s neighbours in V\(V; U PUV(Q)), then we call this vertex x5 and we
can greedily pick g, neighbours v, ...,y,, and (1/6;:+4) further neighbours for each
y; to find the required further stars to form @, and so the proof is complete. (Note
that if y; is bad, then it is small and all its neighbours are large and therefore good.
On the other hand, if y; is good, then by (3.7) there are plenty of good neighbours
to choose from. So we can ensure that all the endpoints are good.) Thus we may
assume that any vertex in C” has fewer than ¢y neighbours in V\(V; U P U V(Q)).
This means that

e(C5, VAU PUV(Q))) < gs|CY- (3.8)

Note also that since any vertex in End(Q) := V(Q)\M(Q) (the set of endpoints
of the stars in @) is good, it has at most 36,43k neighbours in C, by Proposition 3.49.

Thus we have

e(CY, End(Q)) < 3043k End(Q)| = 30;13k(q — ¢5)/0;1a- (3.9)

Now we also have that any vertex in M (Q) has at most (1/4 + 6,.3)k neighbours

outside its own class (by Proposition 3.49) and so

e(C5, M(Q)) < (1/4 4 0543)kIM(Q) = (1/4 4 0;43)k(q — gs)- (3.10)

Note also that the vertices of P are bad, and so have at most as many neighbours

in V; as they have in their own class, and therefore certainly at most as many
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neighbours as they have in V\V;, which itself is at most (m + 1)/6;,4 neighbours.

Thus, since |P| < |B| < 0;19n,

e(CL, P) < ((my +1)/0;14)|P] < ((ma +1)/044)0512n < (my + 1)0;,3k. (3.11)

Finally we note that each vertex in C’ has at least k — |[V;| +1 = m; + 1 neighbours
in V\Vj, and so
e(CL,VA\VL) > (mq + 1)|C1|. (3.12)

Now (3.8), (3.9), (3.10) and (3.11) together give

6(0;, V\‘/l) S QS‘C;‘ + 3<q - qs>k9j+3/9j+4

+(1/440,43)k(q — q5) + (mq1 + 1)0,,3k

IN

4s|Cel + k(g — qs)/3 + (m1 + 1)045k

IN

IN

A\

(my + 1)|Cy

which contradicts (3.12). O

We will need a slightly different version of Lemma 3.50 later on, for which we

make the following remark.

Remark 3.59 In the proof of Lemma 3.50, we did not need any properties of L1\C;.
In particular, we did not use the fact that vertices of L1\C; had degree at least k.

Therefore the Lemma remains true even if we had already deleted some set of vertices

Case 1: T contains at least 360, 4k leaves.
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Recall that we call a skew-partition ideal if both U; and U, contain at least
50;14k leaves. Instead of Proposition 3.51, which states that if 7" has an ideal skew-
partition then it can be embedded into G, we will prove a very slightly stronger
result which also allows for the possibility that |U;| = k/2 + 1 (so |Us| = k/2). We

will need this extra possibility later on.

Proposition 3.60 Let V(T') = Uy + Uy where Uy is an independent set and |Uy| <
k/2+4 1 if k is even and |Uy| < (k+1)/2 if k is odd. Suppose that both Uy and U,

contain at least 50; 4k leaves of T'. Then T C G.

Proof. Let W, be the set of leaves in U;. Let W1 be the set of leaves in U; whose
parent is in Us. (Note that the corresponding Wg would just be Wy.) If W1 < 40,44k,
we can move at least 0,4k leaves from U; to Us, thus giving a new skew-partition
with gap at least 20,4k > 120,5k, and we can apply Remark 3.57. So we assume
that [W,| > 46, 4k.

Let W/ := {v € W, : v is the only leaf among the children of P(v)}. Note that
POW))] = [W1].

Case 1.1: |W{| < 20, 4k.
Let W} := W;\W/, and flip the subforest on P(W/)UW/'. Note that any new edges
within a class come from the vertices of P(W/'), which now lie in Uy, so Us is still

independent. Also, since |P(W]")| < |[W{'|/2 and |W]'| > 20,4k, we now have
U] < kf2 41— (W] — [POVI)]) < k/2 = 0544k/2 < (12— 0;,0))

and therefore we can apply Remark 3.57 to obtain T' C G.

Case 1.2: |W{| > 20,,4k.

This case is considerably harder. Recall that if |L;| < k/2, then my > 2(k/2—|Lq|) >
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0. We pick a set W{" C W/ of size 20;.4k. Let W{' = {c1,¢a,..., .}, let P(W]) =
{b1,bg, ..., b} and let P(P(W))) ={ay,aq,...,ay} (where t’ <t =20, 4k).

Now we would like to use Lemma 3.50 to find a set of at least 2(my + 1)/3 stars
with (1/60;14) endpoints outside V; and vertices z1,...,z, in Ly such that we can
embed some of the a; onto x;, the b; onto the midpoints of stars (which we call
y;) and ¢; and any remaining neighbours onto the endpoints of stars. Since these
endpoints are good, we could embed whatever remains of T" below these neighbours
into the appropriate classes greedily using the minimum degree conditions of (3.7).
We would then have embedded at least 2(my + 1)/3 vertices of U; (namely the ¢;)
outside V7, and this would give us enough room in V; to embed the remainder of
the tree greedily.

However, performing this process naively may fail for any one of three reasons.

(1) When attempting to embed the trees T'(b;) outside of Vi, we may inadver-
tently end up attempting to embed almost all of the tree in some other V;, thus
merely moving our problems to a different class.

(2) Some of the b; may have degree greater than 1/6;.4, and so the stars guaran-
teed by Lemma 3.50 are not large enough to fit in all of the neighbours as we would
wish to.

(3) Some of the a; may be at distance two from each other. Thus when we
attempt to embed what remains of the tree into V; greedily, we may be looking for
common neighbours of a large number of vertices. The minimum degree conditions
may not be sufficient to guarantee that we can find this.

The first two problems are easy to deal with, but the third is harder, and it is
to solve this problem that we introduced the candidate sets C; in Lemma 3.50.

We define the weight of a vertex z to be |T'(z)| (and r has weight |T'| = k + 1).

To deal with problem (1), we first note that if some child 7’ of the the root r of T’
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satisfies |T'(r")| > (k + 2)/2, then we can move the root to 7’. Since this can only
happen for at most one 7/, and since with this new root we have |T'(r)| < k/2, we
can continue with this process until no child of the root r carries more than half the
weight of the tree. In order to ensure that we have not switched 7,4 and T.,., we
then move the root to a neighbour once more arbitrarily if necessary. Now at most
one child and no grandchild of the root carries at least half the weight of the tree.

Thus in particular, unless b; is the root or this one special child (which can only
happen for at most two b;) |T(b;)| < (k + 1)/2. By removing at most two b; from
consideration, we assume that every b; satisfies this property. Since |W7| is large,
removing two vertices will not affect matters significantly. Now if ||, T'(b;)| > 3k/4,
we will simply take a subset of the b; such that together they carry a weight of
between k/4 and 3k/4 (successively remove vertices b; from consideration until the
combined weight is at most 3k/4, and since the last vertex to be removed had weight
at most (k + 1)/2, the remaining weight is at least k/4).

To deal with problem (2) we note that |[P(W]")| = |W/| = 20,.4k, and if at
least 6;14k + 1 of these vertices have degree more than 1/6;,4, then |T| > (6;44k +
1)/6;+4 > k41 which is a contradiction. So we can take a set W[” C W/ such that
|W{"| = 044k and the vertices of P(WW]") all have degree at most 1/6;,4. Without
loss of generality we will assume that W{" = {ci,..., ¢y}, PW{") = {b1,..., b2}
and P(P(W{")) ={a1,...,aw}.

We now turn our attention to problem (3). Instead of embedding the a;, b; and
¢; straight away, we will first embed some preliminary vertices. Let P, C V(T be
the set of vertices which are parents of more than one a;. Inductively we then define
P; to be the set of vertices which are parents of more than one vertex of P,_;. We
observe that |P;| < |P;—1|/2 (where we may define P, to be P(P(W]")), the set of a;),

and so P := J;5, P satisfies |P| < |P(P(W}"))| < 0;14k. In particular, the process
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must terminate at some ¢ = p, say. We now greedily embed P into V; starting with
P, and embedding each F; in order of decreasing ¢. Furthermore, if a vertex is in
U; we will embed it into Lq, and if it is in Uy we will embed it into S;\B;. The
fact that |P| < 6,;4k means that the minimum degree conditions of (3.7) applied
with 4 = 1 will be more than sufficient. Let P denote the set in Vi onto which P is
embedded.

We now show that we can apply Lemma 3.50. If a vertex a; of P(P(W{")) is not
a child of any vertex of P;, then the candidate set C; for the corresponding x; will
be L1\15. If on the other hand a; is a child of a vertex d; in P;, then let a?z be the
vertex in V1\B; onto which d; is embedded. The candidate set C; in this case will
be (L, N N(d;))\P. Observe that the minimum degree condition of (3.7) ensures
that |C;| > (1/2 —20;42)k — |P| > (1/2 — 26;,4)k. Thus we may apply Lemma 3.50
to find appropriate x; and y; onto which to embed the a; and b;. Since the b; have
degree at most 1/6;,4, we may embed the children of the b; onto endpoints of the
stars. Since ||, T'(b;)| < 3k/4 and |J, T'(b;) is “well-balanced” (by Corollary 3.58
applied to 7" = {z} U |J, T'(b;) it has a gap of size at most 46,2k + 1), and since
the endpoints of stars were good, we may then embed the remainder of the 7'(b;)
greedily outside V.

We now embed what is left of 7" into V;. Observe that at least 2(m; +1)/3 >
m1/2 > k/2 — |Ly| vertices of U; have been embedded outside L;. This ensures
that L; is now big enough to hold the remainder of U; (even in the case when
|U1| = k/2 + 1 since then k is even and at least k/2 — |L;| 4+ 1 vertices of U; have
been embedded outside L).

Since no vertices of P; (including Py = P(P(W]"))) are leaves, any leaves that
have been embedded have been embedded outside V;. We delete any remaining

leaves from U, and from WY, and since we have at most (1/2 — 6;,4)k vertices
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remaining in each of U; and U, (because |W{'| > 20,4k and because U, had at
least 50,44k leaves, but g(Uy,Us) < 120,19k < 0;14k), we may embed U into L,
and Uy into S;\B; greedily. To do this we start at the root and work down the
tree, observing that any already embedded vertices have different parents, and so
we will only ever have to find an image vertex in the common neighbourhood of
at most two vertices during the embedding process (one vertex embedded before
the greedy algorithm began, and its grandparent). The minimum degree conditions
of (3.7) ensure that the common neighbourhood of two good vertices has size at
least (1/2 — 76;42)k, which is larger than the number of vertices already embedded,
so we can always find an appropriate vertex for the final embedding.

It now remains only to embed those leaves which we deleted. We begin with
the leaves deleted from W/, which we call U], and observe that there are at least
as many unused vertices in L; as there are leaves in Uj. In fact, there are also at
least 6;44k/2 unused vertices of L;, although there may be fewer leaves. We take
a subset X of size t := max(0;4k/2,|Uj|) of unused vertices in L;. We also take a
subset Y of ¢ vertices from S;\B; consisting of the parents of unembedded leaves in
Ui and some extra vertices chosen arbitrarily if necessary (i.e. if |U{| < 0;14k/2).

We now consider the bipartite subgraph between X and Y, and observe that it
has minimum degree at least | X| — 0,0k = |Y| — 0.0k > | X|/2 = |Y|/2. So Hall’s
condition holds, and therefore we can find a perfect matching between X and Y. In
particular we can find a matching between the vertices chosen for the parents of U
and unused vertices of Li. This allows us to embed U] into Lq, as required.

Finally recall that the leaves deleted from U, were adjacent to vertices of Uy,
which have been embedded into L;. Since these vertices are large, we may embed

the remaining leaves greedily. This completes the proof of Case 1.2. U

Proof of Proposition 3.52. Recall that we want to prove that if T contains
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at least 360, 4k leaves then either 7" C G or T has an ideal skew-partition. Let
9 = |Toad| — | Teven| > 0 without loss of generality. We start with the skew-partition
given by Uy = T,ye,, and Us = T,44. Note that by Remark 3.57 we may assume that
g <20 14k.

Let W, be the set of leaves of T" in T,44, and similarly let W, be the set of leaves
of T in Topen. Let w, := |W,| and w, := |W,|. Thus by the assumption of Case 1,

W, + we > 360,14k, We now split into three further cases:
o Case A: w,, w, > 501 4k;
e Case B: w, < 50;14k;

e Case C: w, < 50;44k.

Case A: w,,we > 50;14k. In this case, (Ttyen,Toda) is already an ideal skew-

partition, as required.

Case B: w, < 50;4k. So we > 310;,4k.

Case B (i): |P(W.)| < 150;44k. We flip P(W,) and W,. Since we originally
chose Uy = Tipen, Us = Tpaq, then with this flip |Us| increases by at least 316,44k —
150,44k, and so the gap of the partition increases by at least 160;,4k. Thus we can
apply Remark 3.57 to obtain 7' C G.

Case B (ii): |P(W.)| > 156,,4k. We choose 50,4k vertices of P(W.) (in Us)
and flip these along with those children which are leaves. There are at least 56; 4k
such children, so now U, has at least 50; 4k leaves. But at least 100;, 4k vertices of
P(W,) remained unflipped, and so at least 106, 4k leaves of W, remain in U;. Note

also that |U;| < |Us|, and so we have an ideal skew-partition as required.

Case C: w. < 50;44k. So w, > 310, 4k.
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We apply Fact 3.56 to find a subtree 7" of 7" which contains [126;,4k, 2460, 4k)
leaves of T', rooted at a vertex z. Let d = |[V(T") N Toaa| — |V (T") N Topen.

Case C(i): d > g/2, x € Tepen-

Let Uy = Tewen, Ui = T,oqq and then flip 7". Since d > ¢/2, we now have
|U1| < |Us|. Since z € Ty, and x was flipped, Us is independent, and U; has only
edges coming from z (to P(z) and y1,...,ys).

Now U, contains at least 120,14k — 50,14k = 70,4k leaves, and U; contains at
least 310; 4k — 240, 4k = 70,4k leaves. Thus (Uy, Us) is an ideal skew-partition.

Case C(ii): d < ¢g/2 and = € Tyyq.

Let Uy = Toven, Uy = T,qq and flip T”. Similarly to case C(i) this gives an ideal
skew-partition.

Case C(iii): d < g/2—1 and = € Tppep.

Let Uy = Toven, Us = T,qq and flip T"\{x} to obtain an ideal skew-partition.

Case C(iv): d > g/2+ 1 and = € Tpyq.

Let Uy = Tyaq, Us = Teven and flip T"\{x} to obtain an ideal skew-partition.

We now only have two special cases left, and these only when g (and therefore
|T| =k +1) is odd.

Case C(v): d=(g—1)/2 and = € Tppen.

Case C(vi): d=(g+1)/2 and z € T,44.

In either case we start with U; = T,4q,Us = Topen. In Case (v) we flip 77 and
in Case (vi) we flip 7"\{z}. In either case we obtain (letting W; denote the set of

leaves in U;)
o |Ui|=k/241,|Us] =Ek/2;
e Uy, U, are independent except for some edges in Uy;

° |W2 N T,| > 129j+4k — 59j+4k = 79j+4k;
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o |W1 N (T\T’)| > 319j+4k — 249j+4k = 79j+4k'
But then (U, Us) satisfies the conditions of Proposition 3.60, and so 7' C G. O

Case 2: T contains at most 360, 4k leaves.

Our aim is to “cover” the bad vertices of V] first so that we can then apply
Lemma 3.44. Consider a maximal set P of disjoint 2-paths in G with their midpoints
in By and their endpoints in L;. Now if any vertices of B; remain uncovered by
these paths, then each is adjacent to at most one uncovered vertex of L;. We delete
such vertices from G. Now let L] consist of the uncovered neighbours of such deleted
vertices in L together with the vertices of L; already used as endpoints of 2-paths.
The fact that each deleted vertex had only at most one uncovered neighbour in
Ly means that |L}| < 2|B;| < 20,,0k. Therefore setting L] := L;\L; we have
|LY| > |L1| — 042k > (1/2 — 044)k. Thus LY is certainly large enough to be used
as a set C; in Lemma 3.50, which we will want to apply. Note that since we may
have deleted some vertices from Bj, some vertices in L; may now have degree less
than k. However, all such vertices lie in L), and it is for this reason that we made
Remark 3.59 after the proof of Lemma 3.50.

We split Case 2 further into two subcases:

Case (a): my; > 6C. Thus my/2 + C < 2my/3.

In this case we use Claim 3.42 to find a set of at least m160;43/6,2 disjoint path-
segments of length 10 in 7. (Note that my < 6,42k, and so m160;43/0;42 < 0;43k.)
In particular, we can take sub-paths of length 8 and ensure that both endpoints of
any path-segment are in Uy, and furthermore such that we avoid the vertices of the
paths closest to the root. As before, this ensures that for the paths which we choose,
the vertices closest to the root do not have a common neighbour.

Now in G, using Proposition 3.50 we can find a set P’ of at least |2(mq+1)/3] >

2my /3 disjoint paths of length 2 each with one endvertex in LY, the other endvertex
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being a good vertex of V\V; and with midpoint also outside V;. Our candidate
sets C; will all just be L{. Whenever we have two paths of P’ with endpoints in
the same V;, we can use the fact that these endpoints are good, together with the
minimum degree conditions within V;, to join them together using vertices in V; to
create a path of length 6 with endpoints in L;. As long as we have at least C' such
paths available, we can always find two with their endpoints in the same class. Since
2my/3 > my /24 C we can connect at least my/2 of the paths and we obtain a set of
m /4 paths of length 6 in G whose endpoints lie in L;, and for which the rest of the
vertices lie outside Li. Now if |S;| < |Usl|, then we move some (unused) vertices of
Ly to Sy to ensure that |S]| = |Uy|. We also delete some (unused) vertices from L;
if necessary to ensure that |L;| = |U;|. For those original 2-paths whose midpoints
were in Bj, we move the endpoints from L) into L7. Finally we delete all edges
within S7 and L;. It is then simple to check that the conditions of Lemma 3.44 hold
with v = my /(4k) and v = m10;13/(0j12k) > 71, and so we have T' C G.

Finally, we consider:

Case (b): m; <6C.

In this case we use Claim 3.42 to find 0,4k disjoint paths on 20C' vertices in
T. We first consider one such path and by taking a subpath P of length 15C, we
may assume that both endpoints lie in U;. Removing the internal vertices of this
path splits the tree T" into 7 and T,. Without loss of generality we assume that
|T1| > |T3|. Let v =V (P)NT; € Uy, and let w be the neighbour of v on P.

Now any vertex « € L; has a neighbour y in some other class V; (wlog in 3). We
embed v onto z and w onto y. Now if y is small it must have at least one neighbour
z in V5 as well, and we embed the other neighbour of w onto z, which must be large.

We now note that both 7} and 75 are “well-balanced” by Corollary 3.58, i.e.

T, N UL, | To N Us| < |T5|/2 + 26,40k < k/3. Thus we can easily embed the rest of
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the path P and 75 into V5 using the minimum degree conditions between L, and
S\ Bs.

Also, we have now embedded all but one vertex of P outside V;, and so we have
embedded at least 7C' > my vertices of both U; and U, outside V;. Together with
the 2-paths in P which we found earlier to cover By, this ensures that the conditions
of Lemma 3.44 hold, and so we can embed T into G as required. This completes

the proof of Theorem 3.46, and therefore also completes the proof of Theorem 3.1.
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CHAPTER 4

HYPERGRAPH EMBEDDINGS

4.1 Introduction

The main aim of this chapter is to prove the following.

Theorem 4.1 For all A,k € N there exists a constant C = C(A, k) such that all

k-uniform hypergraphs H of mazimum degree at most A satisfy R(H) < C|H]|.

The proof given in this chapter also appeared in [18], although here I have added
some extra details which were omitted in that paper.

This chapter is organised as follows. In Section 4.2 we give an overview of the
proof of Theorem 4.1 and we state the embedding theorem (Theorem 4.2) mentioned
above. Our proof of Theorem 4.2 relies on a more general version (Lemma 4.4) of
the well-known counting lemma for hypergraphs as well as an ‘extension lemma’
(Lemma 4.5), whose proofs are postponed until Sections 4.7 and 4.8. We introduce
these lemmas, along with further tools, in Section 4.3. We then prove a strength-
ened version (Theorem 4.3) of Theorem 4.2 in Section 4.4. The regularity lemma for
k-uniform hypergraphs is introduced in Section 4.5. In Section 4.6 we deduce The-
orem 4.1 from the regularity lemma and Theorem 4.2. In Section 4.7 we derive our

version of the counting lemma (Lemma 4.4) from that in [65]. Finally, in Section 4.8
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we use it to deduce the extension lemma (Lemma 4.5).

4.2 Overview of the proof of Theorem 4.1 and

statement of the embedding theorem

4.2.1 Overview of the proof of Theorem 4.1

The proof in [12] that graphs of bounded degree have linear Ramsey numbers pro-
ceeds roughly as follows: Let H be a graph of maximum degree A. Take a complete
graph K, where n is a sufficiently large integer. Colour the edges of K, with red and
blue, and apply the graph regularity lemma to the denser of the two monochromatic
graphs, G,.q say, to obtain a partition of the vertex set into a bounded number of
clusters. Since almost all pairs of clusters are regular or ‘quasi-random’, by Turan’s
theorem there will be a set of r clusters, where r := R(Ka41), in which each pair of
clusters is regular. A pair of clusters will be coloured red if its density in G,.q is at
least 1/2, and blue otherwise. By the definition of r, there must be a set of A + 1
clusters such that all the pairs have the same colour. If this colour is red, then one
can apply the so-called embedding or key lemma for graphs to find a (red) copy
of H in the subgraph of G,..4 spanned by these A + 1 clusters. This is possible since
X(H) < A+ 1. If all the pairs of clusters are coloured blue we apply the embedding
theorem in the blue subgraph Gy of K, to find a blue copy of H. It turns out
that in this proof we only needed n > C|H|, where C is a constant dependent only
on A. Thus R(H) < C|H|.

We will generalise this approach to k-uniform hypergraphs. As mentioned in
Section 4.1, the main obstacle is the proof of an embedding theorem for k-uniform
hypergraphs (Theorem 4.2 below), which allows us to embed a k-uniform hyper-

graph H within a suitable ‘quasi-random’ k-uniform hypergraph G, where the order
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of H might be linear in the order of G. Our proof uses ideas from [17].

4.2.2 Notation and statement of the embedding theorem

Before we can state the embedding theorem, we first have to say what we mean by
a regular or ‘quasi-random’ hypergraph. In the setup below, this will involve the
relationship between certain i-uniform hypergraphs and (i — 1)-uniform hypergraphs
on the same vertex set. Given a hypergraph G, we write E(G) for the set of its
hyperedges and define e(G) := |E(G)|. We write Ki(j) for the complete j-uniform
hypergraph on ¢ vertices. Given a j-uniform hypergraph G and j < i, we write
ICi(G) for the set of i-sets of vertices of G which form a copy of K i(j )in G. Given an
i-partite ¢-uniform hypergraph G;, and an i-partite (i — 1)-uniform hypergraph G; ;

on the same vertex set, we define the density of G; with respect to G;_1 to be

IKi(Gi-1) N E(G)]

AGlGi) = — G )

if [/C;i(Gi—1)| > 0, and d(G;|G;—1) = 0 otherwise. More generally, if Q =
(Q(1),Q(2),...,Q(r)) is a collection of r subhypergraphs of G;_1, we define K;(Q) :=

Ui, Ki(Q(j)) and
K:(Q) N E(G))]
1Ki(Q)]

if |[K;(Q)] > 0, and d(G;|Q) := 0 otherwise. We sometimes write |KZ-(i_1)\Q instead

of [IK;(Q)].

d(Gi|Q) =

We say that G; is (d;, d, r)-reqular with respect to G;_1 if every r-tuple Q with
IKi(Q)| > |Ki(Gi—1)| satisfies
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Given ¢ > i > 3, an (-partite i-uniform hypergraph G; and an f-partite (i — 1)-
uniform hypergraph G;_; on the same vertex set, we say that G; is (d;, 0, 7)-regular
with respect to G;_ if for every i-tuple K of vertex classes, either G;[K] is (d;, d,r)-
regular with respect to G;_1[K] or d(G;[K]|G;—1[K]) = 0 (but the latter should not
hold for all K). Instead of (d;, d, 1)-regularity we sometimes refer to (d;, §)-reqularity.

Recall from Chapter 1 that the density of a bipartite graph G with vertex
classes A and B is defined by d(A, B) := e(A, B)/|A||B| and G is (d, §)-regular if for
all sets X C Aand Y C B with |X| > §|A| and |Y| > §|B| we have d(X,Y) = d+4.
We say that an (-partite graph G, is (dy, 0)-regular if each of the (s) bipartite sub-
graphs forming it is either (ds, §)-regular or has density 0 (and if for at least one of
them the former holds).

Suppose that we have ¢ > k vertex classes Vi,...,V,, and that for each i =
2,...,k we are given an (-partite 7-uniform hypergraph G; with these vertex classes.
Suppose also that H is an (-partite k-uniform hypergraph with vertex classes
X1,...,Xy,. We will aim to embed H into Gi, and in particular to embed X; into V;
for each j =1,...,¢. So we make the following definition: We say that (G, ..., Gs)
respects the partition of ‘H if whenever H contains a hyperedge with vertices in

X

Jio

X, , then there is a hyperedge of G, with vertices in Vj,, ..., V], which also
forms a copy of K,gi) in G, foreacht=2,... . k—1.

The following is our main tool in the proof of Theorem 4.1. It states that
provided an ¢-partite hypergraph G satisfies certain suitable regularity conditions,
then we can embed in G any bounded degree (-partite hypergraph H, provided that

the partition classes of H are not too large compared with those of G. In particular,

we allow for the classes of H to have up to a small linear size compared with those

of G.
Theorem 4.2 (Embedding theorem for hypergraphs) Let A k, ¢, r,ng be pos-
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itive integers with k < £ and let ¢,ds, ds, . .., dy, 0,0, be positive constants such that

1/dl e N,

1/710 < 1/7’,5 < min{ék,dQ,...,dk_l} < 519 < dk,l/A,l/f

and

C<<d2,...,dk,1/A,1/£.

Then the following holds for all integers n > ngy. Suppose that H is an (-partite
k-uniform hypergraph of mazimum degree at most A with vertex classes Xy, ..., Xy
such that |X;| < en for all i = 1,...,0. Suppose that for each i = 2,... k, G;
1s an L-partite i-uniform hypergraph with vertex classes Vi, ..., V,, which all have
size n. Suppose also that Gy, is (dy, O, 7)-reqular with respect to Gi_1, that for each
i=3,....k—1, G is (d;, d)-reqular with respect to G;_1, that Gy is (da,d)-regular,

and that (Gy, . .., Gs) respects the partition of H. Then Gy contains a copy of H.

4.3 Further notation and tools

4.3.1 Embedding theorem for complexes

Instead of Theorem 4.2, we will prove a considerably stronger version which appears
as Theorem 4.3 below. It allows the embedding of hypergraphs which are not nec-
essarily uniform and gives a lower bound on the number of such embeddings. This
enables us to prove the lemma by induction on [H|. Before we can state Theorem 4.3,
we need to make the following definitions.

A complex 'H on a vertex set V is a collection of subsets of V', each of size at
least 2, such that if B € H, and if A C B has size at least 2, then A € H. (So if

we add each vertex in V' as a singleton into a complex, we obtain a downset.) A
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k-complex is a complex in which no member has size greater than k. The members
of size ¢ > 2 are called the i-edges of ‘H and the elements of V' are called the vertices
of H. We write E;(H) for the set of all i-edges of H and set e;(H) := |E;(H)|. We
also write |H| := |V| for the order of H. Note that a k-uniform hypergraph can
be turned into a k-complex by making every hyperedge into a complete i-uniform
hypergraph K ,gi), for each 2 < i < k. (In a more general k-complex we may have
i-edges which do not lie within an (i + 1)-edge.) Given k < ¢, a (k,{)-complex is an
(-partite k-complex. Given a k-complex H, for each i = 2,..., k we denote by H;
the underlying i-uniform hypergraph of H. So the vertices of H; are those of H and
the hyperedges of H; are the i-edges of H.

Two vertices x and y in a k-complex are neighbours if they are joined by a 2-edge.
(Note that if  and y lie in a common i-edge for some 2 < ¢ < k, then they are
joined by a 2-edge.) The degree d(x) of a vertex x is the maximum (over 2 < i < k)
of the number of i-edges containing x. Thus x has at most d(x) neighbours. The
maximum degree of the complex H is the greatest degree of any vertex. Note that
if ‘H is a k-uniform hypergraph of maximum degree A, the maximum degree of
the corresponding k-complex is crudely at most A2, The distance between two
vertices x and y in a k-complex H is the length of the shortest path between z and y
in the underlying 2-graph Hy of H. The components of H are the subcomplexes
induced by the components of H.

We say that a k-complex G is (dy, . . ., dg, O, 9, r)-regular if Gy, is (dg, 0y, r)-regular
with respect to Gi_1, if G; is (d;, )-regular with respect to G;_; foreach i =3,... k—
1, and if Gy is (dg, d)-regular. We denote (dg,...,ds) by d and refer to (d, &, d,7)-
regularity.

Suppose that G is a (k, £)-complex with vertex classes Vi,..., V;, which all have

size n. Suppose also that H is a (k, £)-complex with vertex classes Xi, ..., X, of size
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at most n. Similarly as for hypergraphs we say that G respects the partition of H if
whenever H contains an i-edge with vertices in Xj,,..., X, then there is an ¢-edge

of G with vertices in V;

s+ -5 V. On the other hand, we say that a labelled copy of H

in G is partition-respecting if for each ¢ = 1, ..., ¢ the vertices corresponding to those
in X; lie within V;. We denote by |H|g the number of labelled, partition-respecting

copies of H in G.

Theorem 4.3 (Embedding theorem for complexes) Let Ak, ¢, r,ng be posi-

tive integers and let ¢, o, da, . . ., dy, 0,0y be positive constants such that 1/d; € N,
1/ng < 1/r,6 < min{dy,ds,...,dp1} <0 K @ L d, 1/A,1/¢

and

C<<Oé,d2,...,dk.

Then the following holds for all integers n > ng. Suppose that H is a (k,£)-complex
of mazimum degree at most A with vertex classes X1, ..., X, such that | X;| < cn
foralli=1,..., 0. Suppose also that G is a (d, Ok, 9, r)-reqular (k,()-complex with
vertex classes Vi, ..., Vy, all of size n, which respects the partition of H. Then for

every vertex h of H we have that

k
Hlg > (1—a)n (H df““““”“) Hlg,
1=2

where Hy, denotes the induced subcomplex of H obtained by removing h. In partic-

ular, G contains at least ((1 — a)n) ™[], d; ) labelled partition-respecting copies

of H.

As discussed in the next subsection, Theorem 4.3 is a generalization of the hyper-

graph counting lemma (which counts subcomplexes H of bounded order) to subcom-
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plexes H of bounded degree and linear order. Note that the bound relating |H|g
to |Hp|g in Theorem 4.3 is close to what one would get with high probability if G
were a random complex!. This also shows that the bound is close to best possible.
Theorem 4.3 will be proved in Section 4.4. In the proof we will need two lemmas on
embeddings of complexes of bounded order, which are stated in the next subsection.

Recall that if the maximum degree of a k-uniform hypergraph H is at most A
then the maximum degree of the corresponding k-complex is at most A2, So it is

easy to see that Theorem 4.3 does indeed imply Theorem 4.2.

4.3.2 Counting lemma and extension lemma

We will need a variant (Lemma 4.4) of the counting lemma for k-unifom hyper-
graphs due to Rédl and Schacht [65, Thm 9]. (A similar result was proved earlier
by Gowers [31] as well as Nagle, Rédl and Schacht [60].) It states that if |H] is
bounded and G is suitably regular, then the number of copies of H in G is as large
as one would expect if G were random. The main difference to the result in [65]
is that Lemma 4.4 counts copies of k-complexes H instead of copies of k-uniform
hypergraphs H and also includes an upper bound on the number of these copies.

We will derive Lemma 4.4 from the result in [65] in Section 4.7.

Lemma 4.4 (Counting lemma) Let k,{,r,t,ng be positive integers and let

e,dy, ..., dy, 0,0k be positive constants such that 1/d; € N and

1/ng < 1/r,6 < min{dy,ds, ... ,dp_1} < O < €,dg, 1/¢,1/t.

Then the following holds for all integers n > ngy. Suppose that H is a (k,{)-complex

on t vertices with vertex classes Xi,...,X,. Suppose also that G is a (d,d,d,7)-

!That is, Gy is an ¢-partite random graph with density ds, each triangle of G, is an edge of G3
with probability ds etc.
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reqular (k,()-complex with vertex classes Vi, ..., Vy, all of size n, which respects the

partition of H. Then

k
Hlg = (L= e)n! T a7
=2

The main difference between the counting lemma and Theorem 4.3 is that the
counting lemma only allows for complexes H of bounded order. We will apply
the counting lemma to embed complexes of order < f(A, k) for some appropriate
function f. Note that the upper and lower bounds of the counting lemma imply
Theorem 4.3 for the case when |H| is bounded. A formal proof of this (which settles
the base case for the induction in the proof of Theorem 4.3) can be found at the
beginning of Section 4.4.

In the induction step of the proof of Theorem 4.3 we will also need the following
extension lemma, which states that if H' is a complex of bounded order, H C H' is
an induced subcomplex and G is suitably regular, then almost all copies of H in G
can be extended to about the ‘right’ number of copies of H’, where the ‘right’ number
is the number one would expect if G were random. We will derive Lemma 4.5 from

Lemma 4.4 in Section 4.8.

Lemma 4.5 (Extension lemma) Let k, 0, r t,t', ng be positive integers, where t <

t', and let 3,ds, . .., dy, 0,0k be positive constants such that 1/d; € N and
1/ng < 1/r,0 < min{dg,da, ... ,dp_1} < 0 < B,dg, 1/0,1/¢.

Then the following holds for all integers n > ng. Suppose that H' is a (k,£)-complex
on t' wvertices with vertex classes Xi,...,X, and let H be an induced subcomplex
of H' on t vertices. Suppose also that G is a (d, 0k, 6, r)-reqular (k, £)-complex with

vertex classes Vi,...,Vy, all of size n, which respects the partition of H'. Then all
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but at most $|H|g labelled partition-respecting copies of H in G are extendible to
k
/— ei(H')—ei(H)
1+ Bn" "]
=2

labelled partition-respecting copies of H' in G.

As well as these versions of the counting lemma and extension lemma, we will
need to be able to apply versions of these lemmas to underlying (k — 1)-complexes.
In this case, we have that the regularity constant ¢ is much smaller than all the
densities ds, . ..,di_1, but on the other hand we have no r in the highest level and
thus we cannot apply Lemmas 4.4 and 4.5. So instead of Lemma 4.4 we will use the

following variant of a result of Kohayakawa, Rédl and Skokan [44, Cor. 6.11].

Lemma 4.6 (Dense counting lemma) Let k,(,t,ng be positive integers and let

€,da, ..., dg_1,0 be positive constants such that
1/ng <6 <e<dy,. .., dp1,1/0,1/t.

Then the following holds for all integers n > ngy. Suppose that H is a (k — 1,0)-
complex on t wvertices with vertex classes Xi,...,X,. Suppose also that G is a
(dr—1,...,ds, 9,8, 1)-reqular (k — 1,¢)-complex with vertex classes Vi,...,V,, all of

size n, which respects the partition of H. Then

k—1
Hlg = (1= e)n! T a7

1=2

In Section 4.7 we will show how Lemma 4.6 can be deduced from the result
in [44]. The following dense version of the extension lemma can be deduced from

the dense counting lemma (see Section 4.8).
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Lemma 4.7 (Dense extension lemma) Let k,¢,t,1' ng be positive integers and

let B,ds,...,dx_1,0 be positive constants such that
1/”0 LK P Kdy,. .. dy_1, 1/6, 1/t,.

Then the following holds for all integers n > ng. Suppose that H' is a (k — 1,0)-
complex on t' vertices with vertex classes Xy, ..., X, and let H be an induced sub-
complex of H' on t vertices. Suppose also that G is a (dy_1,...,ds, 9,0, 1)-reqular
(k — 1,¢)-complex with vertex classes Vi,...,Vy, all of size n, which respects the
partition of H'. Then all but at most B|H|g labelled partition-respecting copies of H

in G can be extended into
o117 T ges)—estr0
(1+3)n 11 d
labelled partition-respecting copies of H' in G.

An overview of how all these lemmas are used in the proof of Theorem 4.1 is shown

in Figure 4.1.

Thm. 4.13 [65]— L. 414 — L. 44 \ Thm. 4.9 [64]\

L.45 —
Thm. 4.3 — Thm. 4.2 — Thm. 4.1

Lo412 (4] — - L.46 — /
l Prop. 4.10
L. 47

L. 438

Figure 4.1: Proof of Theorem 4.1 - Flowchart

Another auxiliary result that we will use in the proof of Lemma 4.4 as well as
in the proof of Theorem 4.1 is the slicing lemma. Roughly speaking, this says that
in a regular complex G, we can partition the edge set £;(G) of the jth level into an

arbitrary number of parts so that each part is still regular with respect to G;_; with
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the appropriate density, at the expense of a larger regularity constant. This can be

proved using a simple application of a Chernoff bound.

Lemma 4.8 (Slicing lemma [64]) Let j > 2 and so,v > 1 be integers and let
do,dy and po be positive real numbers. Then there is an integer ng = no(7J, so, 7, do,
do, po) such that the following holds. Let n > ny and let G; be a j-partite j-uniform
hypergraph with vertex classes Vi, ..., V; which all have size n. Also let G;_1 be a j-
partite (j —1)-uniform hypergraph with the same vertex classes and assume that each
j-set of vertices that spans a hyperedge in G; also spans a Kj(»j_l) in Gj_1. Suppose

that
G-D/m j
1K (Gj)| > n//Inn and
2. G; is (d,0,r)-regular with respect to G;_1, where d > dy > 26 > 26y.

Then for any positive integer s < so and all positive reals pi,...,ps > po with
S5 pi < 1 there exists a partition of E(G;) into s + 1 parts E©(G;), EV(G)), ...,
E®)(G;) such that if G;(i) denotes the spanning subhypergraph of G; whose edge set is
EW(G;), then G;(i) is (pid, 30, 7)-regular with respect to G;_ for everyi=1,...,s.

Moreover, G;(0) is ((1—37_,pi)d,306,7)-reqular with respect to G, and
EO(G) =0 if 37 pi=1.

4.4 Proof of the embedding theorem for complexes

(Theorem 4.3)

Throughout the rest of the chapter, whenever we talk about a copy of a complex H
in G we mean that this copy is labelled and partition-respecting, without mentioning
this explicitly. We prove Theorem 4.3 by induction on |H|. [17] contains a sketch

of the argument for the graph case which gives a good idea of the proof. We first
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suppose that the connected component of H which contains the vertex h has order
less than A®. In this case we will use the counting lemma to prove the embedding
theorem. So let C be the component of H containing h, and let D :='H — C. Also,
let Cp, := C — h. We may assume that both C;, and D are non-empty. (If D is empty
then the result follows from Lemma 4.5, and if Cp, is empty then A is an isolated
vertex and the result is trivial.) Note that a copy of H consists of disjoint copies of C
and D, while H;, consists of disjoint copies of C;, and D. Copies of these complexes
in G will be denoted by C, D and Cj,.

Choose a new constant ( such that ¢, 0, < f < a. Now note that |H|g =
> pcg IClg-p, and by applying the upper and lower bounds of the counting lemma
(Lemma 4.4) to copies of C in G and G — D respectively, we obtain |Clg_p >
(=979l > (1 - 36) Clg. So

(1+8)

Hlg > > (1-33)[Clg = (1 - 38)[Clg|D]g. (4.1)

Dcg

On the other hand, by a similar argument using the upper and lower bounds from

the counting lemma in G for Cp, and C respectively,

1 +ﬁ IClg|Dlg
ﬁ H Qdez C) ez(ch)

[Hnlg < |Chlg|Dlg <

Combining (4.1) and (4.2) gives the desired result.

Thus we may assume that the component of H containing h has order at least A®.
This deals with the base case of the inductive argument, and it also means that the
fourth neighbourhood of A in ‘H will be non-empty, which will be convenient later

on in the proof as we will only be counting complexes which are non-empty.
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We pick new constants ¢ and €;,_; satisfying the following hierarchies:
<L Er-1 K d27d37 SRR dk7 1/A7

C, 0k, €1 K g L .

Let A, be the subcomplex of H induced by the neighbours of i, and let B be the
subcomplex of H induced by h and the neighbours of A. Then any copy of H in G
extending a copy N, of N}, can be obtained by first extending NN}, into a copy of H},
and then extending N, into a copy of B, where the vertex chosen for h has to be

distinct from all the vertices chosen for H;. In particular,

Hlg = Y Ny — Hul(IN), — B| — cn). (4.3)
NpCG
We now introduce some more notation. Given k-complexes H' C H” such that H’
is induced, and a copy H' of H' in G, we define |H" — H"| to be the number of ways

in which H' can be extended to a copy of H” in G. We also define

[H — H"| = I 1=1H] ﬁ d?i(HN)*ei(H/).
=2
Thus m is roughly the expected number of ways H’ could be extended to a
copy of H" if G were a random complex.

We define a copy Ny of NV, to be typical if it has about the correct number of
extensions into B, ie. if [N, — B| = (1 £ )N, — B|. An application of the
extension lemma (Lemma 4.5) shows that at most ;| Np,|g copies of NV, in G are not
typical. We denote the set of typical copies of NV}, by typ, and the set of all atypical
copies by atyp.

Now observe that if all of the copies of N}, were typical, the proof would be
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complete, since then

4.3
Hlg > Y |Ny — Hal(|Ny — B| — cn)

N, CG
> (1= 0N = Bl —en) 3 [Ny — Hyl
NrCG
> (1 = )Ny — B|[Halg = (1 — a)[Hy — H|[Halg- (4.4)

The third inequality follows since ¢ < a, ds, ..., dy, and e < a.

However, we also need to take account of the atypical copies of NV},. The propor-
tion of these is about €, which may be larger than some d;. It will turn out that
this is too large for our purposes, and so we will need to consider the atypical copies
more carefully.

We define, instead of |H' — H”|, the expression |H’ py H"|, where H' C H"
are induced subcomplexes of H and H' is a copy of H' in G. We consider the
underlying (k — 1)-complexes in each case, and define |H’ iy H"| to be the number
of ways in which the underlying (k — 1)-complex of H' can be extended to the
underlying (k — 1)-complex of H” within (the underlying (k — 1)-complex of) G.
Clearly |H' i H'| > |H — H"|. We also define

- k-1
[ 5 ] = P T a0,

1=2

Thus |H’ g | is roughly the expected value of |H’ gy v | if G were a random

complex. Also,
% k=1 H'| = [H — H//‘/de(H”)*ek(H/) > |H — H"|.

We define N}f to be the subcomplex of H induced by the vertices at distance 3
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from h. We also define F to be the subcomplex of H induced by the vertices at
distance 1,2 or 3 from h, i.e. the subcomplex induced by N, N} and the vertices

in between (see Figure 4.2).

| P 1 .

4 )

H; |
B I Hy, |

Figure 4.2: The complex H

Given copies N, of N}, and N;: of N}, we say that the pair Ny, N is useful if N,
and N; are disjoint and if the pair has about the expected number of extensions

into copies of F as (k — 1)-complexes, i.e. if

INJUN; 'S Fl = (12 e ) NVW UNG 'S 7).

We use Lemmas 4.4, 4.6 and 4.7 applied to N, U N} to show that at most
VEi—1INilgINji|g disjoint pairs Ny, Ny are not useful. Let |V, U/\/}ﬂ(gk_l) denote the
number of copies of the underlying (k — 1)-complex of A}, UN;* in G. Then Lem-
mas 4.4 and 4.6 together imply that [N}, UN! (gk_l) < (142¢4) [Ny, UN,;‘|g/de(NhUN;).
Moreover, the dense extension lemma (Lemma 4.7) shows that all but at most
ek—1lNp U N,ﬂ(gk*l) copies of the underlying (k — 1)-complex of A}, UN}* in G are

useful. Altogether this shows that all but at most

* er (N UNG * *
enm1(1+260) [N UNG | /i "N < BT ING UMl < VEINlg VGG (4.5)
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disjoint pairs of copies of N}, and N are useful. Note that if we had chosen N} to
be the subcomplex of H induced by the vertices at distance 2 from h (instead of 3),
then we could not have applied Lemma 4.6, since N}, UN;* would not be an induced
subcomplex of F. Together with the fact that only comparatively few of the pairs
Ny, Ny will intersect, this shows that at most 2,/6,_1|N4|g|Nji|g pairs Ny, N} are
not useful. Hence at most 5,1/_4 1|Nilg copies of N}, form a non-useful pair together
with more than 26119/741|./\/’;|g copies of N}f. We call all other copies of N}, useful and

let Usef denote the set of all these copies. Then
[Nig — [Uset| < &% [Nio. (4.6)

We denote by Usef*(NN},) the set of all N} which form a useful pair together with Nj.

Claim. Any useful copy Ny, of N, satisfies

10 ‘Hh‘g

N Hy < — 17—
0Tl = G

Note that Dy |Nn — Hu| = [Halg, so [Halg/|Nulg is the average value of [N; —
Hp,| over all copies N, of NV}, Later on, we will apply the claim to show that only a

small fraction of copies of H contain a useful but atypical copy of N,.

Proof of Claim. Fix a useful copy Ny, of N},. Put H; := Hp, — (F — N). We aim
to extend N}, to a copy of H,, by first picking a copy N; of N}, then extending this
to a copy of Hj and also extending N, U N; to a copy of 7. We must also make
sure that no vertices are used more than once. However, since we are only looking

for an upper bound on |N, — Hj|, and ignoring this restriction can only increase
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the number of extensions we find, we may ignore this difficulty. Thus

Ny =M < > |Nw U Ny — FIIN; — Hj|
Nj€Usef* (Ny)
+ > INJUN; = FIN; — H;l. (4.7)
N ¢Uset* (Np,)

We bound the two sums separately. To bound the first sum, we need to bound
IN, U N —  F| in the case when the pair N, N; is useful. But clearly

IN, UN; — F| < [N, UN; "= 7, and

(1 —|—€/§_1)|./\/’hU./\[g< — f|

o) e Nn)—er(V)
k

NV UN; S F < (4 e )N UN; S 7l =

whenever N € Usef*(N,,). So the first sum in (4.7) is bounded by

1+ek

dek(]:)_ek(Nh)_ek(N;:)
k

2
Ny, UNF — Fl|Hplg < th UN; — FllH; |- (4.8)
k

To see the bound of A% on the number of k-edges which we used in the final inequal-
ity, note that |F — N} — N;| < A% and that the number of k-edges each of these
vertices lies in is at most A. We now want to express the bound in (4.8) in terms
of |H; |g, where H, := Hj; — Nj,. By the induction hypothesis applied |H, | — |H}]|

times,

k
[Milg < (1 — a)n)~ (=D (H d; (“(”“‘“(“h”> Mg
=2
Hk ei(Hn)—ei(H; ) —ei(Nn)

=2 "1 -

<9 H o
Ny UNT — F| 1o

In the last line we used that e;(Hy) = e;(H;)+ei(F)—e;(N;) and | F|—|Ny|—|N}f| =
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|H, | — |H;| (see Figure 4.2). We also used that (1—a)~ (" I="D < 2. So we obtain

ez(Hh —ei(H, )—ei(Np)

4
> INNUN; = FIIN; — H;| < oo e My lg- (4.9)
k

Ny€Usef*(Ny,)

To bound the second sum in (4.7), we define Hj, := Hj; — N;}, and observe that
trivially any copy N; of N satisfies |N;: — H;| < |H},|g. Note that H}, is nonempty.

On the other hand, by the induction hypothesis applied |H, | — |H},| times,

Hlg < ((1— ”'”(Hde*” e >|H E

2[Hy lg
= B 2AT T
(Hi:2 di) nlHn =11

Since at most 25k LNl < 25k/ nVil copies of Ny do not lie in Usef(Ny,), the

second sum in (4.7) is bounded by

Y INWUN; — FIIN; — Hj|
Ny ¢Usef (Np,)

< 26/ nNVi I F1=Wal -1 20ty 1c
i=2
e _ AMyle (4.10)
( k 2di>2A4
< <Hi€ 2dlez(Hh) ei(H ;)*ei(./\/'h)> |H];|g

= 2¢

The last inequality follows since €1 < do,ds, ..., dx, 1/A. Substituting (4.9) and
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(4.10) into (4.7) we obtain

k
4 ei(Hp)—ei(H, )—ei(N; _
|IN, — Hyu| < (1+dA3) (I |di( wmeT )l h)> M lg
k i=2

< >|Hh|g. (4.11)

— A3
dk

It now remains only to relate |H; |g to [Hnlg/|Nalg. Once again we apply the

induction hypothesis |Hy,| — |H,, | times to obtain

k
_HT e (Hp)—e; (H, _
Hilg > (1 — a)n) el TT a7 =) 13, .

1=2

On the other hand, the counting lemma implies that

k
Walg < (1+a) (H d?‘w“) nel.
=2
Putting these two bounds together, we obtain

_ - €5 Hh —e; H, —
[Halg > (1 = c)n)Ptel =] <Hf:2 di e h)> H |
|Nh|g - (1 +a) <Hk dei(Nh)) Nl

=2 """

k

1 ei(Hn)—ei(H;, ) —ei(Np) -

; (Hdz h h ") M g (4.12)
i=2

v

Together with (4.11), this shows that

5.2 Hulg
d2’ [Nalg’

|Ny, — Hp| <

which completes the proof of the claim. 0

Using the claim we now go on to prove the induction step. Given a copy Hj, of Hy,
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we denote by Ny, (H},) the induced copy of A,. We have

Hlg = > |Hy—H|

H,CG
> Z (INn(Hp) — B[ — cn)
H,CG
= Z |Ni, — Hp||Np — B| — en|Hp|g
NCG
> (L—ex)Nu—= Bl [ D INu—Hul= DY [Ny — Hal | — cn|Halg.

N, CG Np¢typ

(4.13)

We want to show that the term in this expression which comes from the atypical
copies of NV}, does not affect the calculations too much, and so we aim to bound the

contribution from atypical copies of NV}. We have

Z |Nh—>Hh| = Z |Nh—>Hh|+ Z |Nh—>Hh|. (414)

Ny é¢typ Np¢typ, Ny, €Usef Np¢typ, Ny, ¢Usef

Now the claim implies that we can bound the first sum in (4.14) by

10 [Hplg
Z |Nh — Hh| S Z dkA3 |Nh‘g

Np¢typ,Np EUsef Np ¢typ,NpEUsef
< J|at < verHnlg. 4.15

Meanwhile we can also bound the second sum by

o INMi— M < > IHile

Npé¢typ,Ny, ¢Usef Ny ¢typ,Nj ¢Usef
(4.12) 2 [Halg
< Nl — |Usef
(| |g | |) f:ldz‘AQ |Nh|g
(4.6)
< &\ Mulg. (4.16)
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Combining (4.14), (4.15) and (4.16), we have

Y 1Ny — Hal < 2VEHalg

Np¢typ

and combining this with (4.13), we obtain

[Hlg = (1~ ex)INw — Bl ([Halg — 2v/EkHalg) — enlHalg

(1—epn (H d; e ) (1= 2v/ER)|Halg — en|Halg

> (1—a)n (H dfi(H)_ei(Hh)> Halg,
1=2

as required. This completes the proof of Theorem 4.3.

4.5 The regularity lemma for k-uniform hyper-

graphs

4.5.1 Preliminary definitions and statement

In this section we state the version of the regularity lemma for k-uniform hypergraphs
due to R6dl and Schacht [64], which we use in the proof of Theorem 4.1 in the next
section. To prepare for this we will first need some notation. We follow [64]. Given a
finite set V of vertices, we will define a family P = {PM, ..., P*~D} where each PV)
is a partition of certain j-subsets of V. These partitions will satisfy properties which
we will describe below. We denote by [V]? the set of all j-subsets of V. Suppose
that we are given a partition PM) = {Vi, ..., Vipay } of [V]' = V. We will call the V;
clusters. We denote by Cross; = Cross;(P(1)) the set of all those j-subsets of V that

meet each part of P(M) in at most 1 element. Each PY) will be a partition of Cross;.
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Moreover, any two j-sets that belong to the same part of P will meet the same j
clusters. This means that each part of PU) can be viewed as a j-partite j-uniform
hypergraph whose vertex classes are these clusters. In particular, the parts of P
can be thought of as bipartite subgraphs between two of the clusters. Moreover, for
each part A of P® there will be 3 clusters and 3 bipartite graphs belonging to P
between these clusters such that all the 3-sets in A form triangles in the union of
these 3 bipartite graphs.

More generally, suppose that we have already defined partitions P, ... PO~
and are about to define P, Given i < j and I € Cross;, we let P®)(I) denote the
part of P® the set I belongs to. Given J € Cross;, the polyad 15(]'*1)((]) of J is
defined by

PO = J{PUD(1) : Te[JP').

Thus PU=1(.J) is the unique collection of j parts of PU~1 in which .J spans a copy
)

of the complete (7 — 1)-uniform hypergraph K J(.j Y on 7 vertices. Moreover, note
that PU=D(J) can be viewed as a j-partite (j — 1)-uniform hypergraph whose vertex

classes are the j clusters containing the vertices of J. We set
PU-D .= {PUD(]): J € Cross;}.

Note that the polyads PU=D(J) and PU=D(J') need not be distinct for differ-
ent J,J' € [V}). However, if these polyads are distinct then K;(PU=D(J)) N
K;(PU=D(J")) = 0. (Recall that K;(PY=1(J)) is the set of all j-sets of vertices
which form a K](-jfl) in PU=Y(.J). So in particular, K;(PYU=1(.J)) contains J.) This
implies that {IC]-(]AD(]'*”) . PU-D ¢ 75(3'*1)} is a partition of Cross;. The property
of PU) which we require is that it refines {/;(PU~1): PU-D ¢ PU-D ie. cach

part of PU) has to be contained in some ICj(fD(jfl)).
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We also need a notion which generalises that of a polyad: given J € Cross; and
1 < j we set

POy = J{PO(I): Te )}

Then the properties of our partitions imply that Uf:_ll P(i)(J) isa (j—1,j)-complex.
Altogether, given a = (ay,...,a, 1) € N*7! we say that P(k—1,a) = {PW, ...,

PE=DY is a family of partitions on V if
1. PW is a partition of V into a; clusters.

2. Forall j =2,...,k—1, PY is a partition of Cross; such that for each part
there is a polyad PU—Y € PU-D g0 that the part is contained in ICj(fD(j*l)).
Moreover, for each polyad PU=1 € PU=D the set K;(PY~Y) is the union of a;

parts of PU).

We say that P = P(k — 1,a) is t-bounded if ay,...,ar_1 < t. Suppose that a;
divides |V|. Then P = P(k — 1, a) is called (7, d, a)-equitable if

1. PW is a partition of V into a; clusters of equal size;
k VIy.
2. |[V]¥\ Crossy| < n(|k|),

3. for every K € Crossy, the (k—1, k)-complex i~ P(K) is (d, 4,8, 1)-regular,
where d = (1/ag_1,...,1/as).

In particular, the second condition implies that 1/a; is small compared to 7.

Let 6 > 0 and r € N. Suppose that G is a k-uniform hypergraph on V' and
P = P(k — 1,a) is a family of partitions on V. Recall that we can view each
polyad PH=D ¢ Pl a5 g (k — 1)-uniform k-partite hypergraph. G is called

(8x, ) -regular with respect to P#= if G is (d, 8, r)-regular with respect to P*~1
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for some d. Setting
Irreg(G) := {P*D € PE=1 . G is not (0, r)-regular with respect to P*~1},

we say that G is (O, r)-regular with respect to P if

U KePE )| < alVIs
P(k=1) clrreg(G)
This means that not much more than a Ji-fraction of the k-subsets of V form
a K ng—1) that lies within a polyad with respect to which G is not regular.
Now, we are ready to state the regularity lemma, which we are going to use in

the proof of Theorem 4.1.

Theorem 4.9 (R6dl and Schacht [64]) Let k > 2 be a fized integer. For all
positive constants 1 and 6, and all functions r : N1 — N and ¢ : N*=1 — (0, 1],
there are integers t and mq such that the following holds for all m > mg which are
divisible by t!. Suppose that G is a k-uniform hypergraph of order m. Then there
ezists an a € N*~1 and a family of partitions P = P(k — 1,a) of the vertex set V

of G such that

1. P is (n,0(a), a)-equitable and t-bounded and
2. G is (0, r(a))-reqular with respect to P.

The advantage of this regularity lemma compared to the one proved earlier by Rodl
and Skokan [66] is that it uses only two regularity constants § and d; instead of k—1
different ones. The regularity constants ds, . .., dx produced by the regularity lemma
in [66] might satisfy J < 1/ay < 03 < 1/ag < -+ < 1/ag_1 < O, which
would make the proof of the corresponding embedding theorem more technical in

appearance.
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Note that the constants in Theorem 4.9 can be chosen such that they satisfy the

following hierarchy:

1 1 1
— =
mg r r(a

),5 =d0(a) < min{dg,n,1/a1,1/as, ..., 1/ar_1}. (4.17)

4.5.2 The reduced hypergraph

In the proof of Theorem 4.1 that follows in the next section, we will use the so-called
reduced hypergraph. If P = {PW . . PFE=D} is the partition of the vertex set of G
given by the regularity lemma, the reduced hypergraph R = R(G,P) is a k-uniform
hypergraph whose vertices are the clusters, i.e. the parts of P(!). To define the set of
hyperedges we need the following notion. We say that a k-tuple of clusters is fruitful
if G is (0, 7)-regular with respect to all but at most a \/dp-fraction of all those
polyads P*~1 which are induced on these k clusters. The set of hyperedges of R
consists of precisely those k-tuples that are fruitful. In the proof of Theorem 4.1, we
shall need an estimate on the number of these hyperedges. In particular, we need

to show that R is very dense. This is conveyed in the following proposition.

Proposition 4.10 All but at most 2v/dra% of the k-tuples of clusters are fruitful.

Proof. By the dense counting lemma (Lemma 4.6) each polyad in P contains

fﬁmay:%(ggkif(%)@

2

at least

copies of K,gkil). Since G is (dy, r)-regular with respect to P, the number of polyads
in P*1 with respect to which G is not (8, r)-regular is at most

k
omkF 2HEJJ k e
= = 1 5km = 25k a,; Y. (418)

i=
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k
We call these polyads bad. Now, each k-tuple of clusters induces Hf:zl ai(i) polyads
in P*=1_ Thus if there were more than 2¢/0rak k-tuples of clusters each inducing

k
more than /0 Hf:_; a(i) bad polyads, the total number of bad polyads would exceed

i

the bound given in (4.18), yielding a contradiction. O

4.6 Proof of Theorem 4.1

We now give a brief outline of the proof of Theorem 4.1: consider any red/blue
colouring of the hyperedges of Ky(,lf), where m = C|H| and C is a large constant
depending only on k£ and the maximum degree of H. We apply the hypergraph
regularity lemma to the red subhypergraph §,.,; to obtain a reduced hypergraph R

which is very dense. Thus the following fact will show that R contains a copy of K ék)

with ¢ := R(K®).
Fact 4.11 For all (. k € N with ¢ > k, every k-uniform hypergraph R on t > {
k

vertices with e(R) > (1 — (2)71> (t) contains a copy of Kék).

Proof. Let R be as in the statement of the fact. Assume for the sake of contra-
diction that R is Kék)—free. Then for each ¢-subset S of V(R), we have e(R[S]) <

(f;) — 1. But note that

¢(R) = (Z B ’;) B ES: ¢(R[S]).

Thus e(R) < (z:’l‘i)_l(z) ((;) —1). Now the observation that (z:i)_l(z) (5) =

yields the required contradiction. ([l

The copy of K, ék) in R involves ¢ clusters and for each k-tuple of them the red

hypergraph G,.q is regular with respect to almost all of the polyads induced on it.
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We will then show that we can find a (k—1, ¢)-complex S on these clusters such that
for each j = 2,...,k — 1 the restriction of its underlying j-uniform hypergraph S;
to any (j + 1)-tuple of clusters is a polyad. Moreover, G,.q will be regular with
respect to Sg_1. By combining E(G,cq) N Kr(Sk—1) with S, we will obtain a regular
k-complex S,.q. Similarly we obtain a k-complex Sy, which also turns out to be
regular. We then consider the following red/blue colouring of K ék). We colour a hy-
peredge red if G,.q has density at least 1/2 with respect to the corresponding polyad
in S,_1 and blue otherwise. By the definition of ¢, we can find a monochromatic
K likA) If it is red, then we can apply the embedding lemma to S,.q4 to find a red copy
of H. This can be done since A(H) < A implies that the chromatic number of H
is at most (k — 1)A + 1 < kA. If our monochromatic copy of K,gkA) is blue, then we

can apply the embedding theorem to Sy and obtain a blue copy of H.

Proof of Theorem 4.1. Given A and k, we choose C' to be a sufficiently large
constant. We will describe the bounds that C has to satisfy at the end of the proof.
Let m := C|H| and consider any red/blue colouring of the hyperedges of K®,
Let G,eq be the red and Gy, be the blue subhypergraph on V' = V(Kr(,]f)). We may
assume without loss of generality that e(G,eq) > €(Gpue). We apply the hypergraph
regularity lemma to G,..q with constants 7, 0, < 1/A, 1/k as well as functions r and §
satisfying the hierarchy in (4.17). This gives us clusters V1, ..., V,,, each of size n say,
together with a t-bounded (7, d, a)-equitable family of partitions P = P(k — 1, a)
on V where a = (ay,...,a,_1). (Note that by deleting some vertices of G,eq if
necessary we may assume that m = |G,.q| is divisible by ¢!.) Since n < 1/A,1/k,
condition (2) in the definition of an (7, d, a)-equitable family of partitions implies

that the a; which we obtain from the regularity lemma satisfies
ay > RIKR)) = ¢.
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Note that the definition of ¢ involves a hypergraph Ramsey number whose value is
unknown. However, for the argument below all we need is that this number exists.

Let R denote the reduced hypergraph, defined in the previous section. Propo-
sition 4.10 implies that R has at least (1 —¢)(') hyperedges, where € := 4/;k!.
Since 0, < 1/A,1/k, we may assume that e(R) > (1 — 5)(‘75‘) > (1 — (i)%) (‘713‘).
Since |R| = a; > ¢, this means that we can apply Fact 4.11 to R to obtain a copy
of K ék) in R. Without loss of generality we may assume that the vertices of this
copy are the clusters Vi,..., V,.

As mentioned above, we now want to find a (k—1, ¢)-complex S on these clusters
such that for each j = 2,..., k—1 its underlying j-uniform hypergraph &; is a union
of parts of PU) and G,.q is regular with respect to S,_;. We construct S inductively
starting from the lower levels. To begin with, for each pair (V;,V;) (1 <i < j <)
independently, we choose with probability 1/ay one of the parts of P induced on
(Vi, V}). S, will be the union of these parts. Now suppose that we have chosen S;_;
such that its restriction to any j-tuple of clusters forms a polyad (clearly this is the
case for Sy). Now, if PG is such a polyad, we choose a part of PY) uniformly
at random among the a; parts of PU) that form ICj(ﬁ(j ~1), independently for each
j-tuple of clusters. We let S be the (k — 1, ¢)-complex thus obtained.

We will show that there is some choice of § such that for every k-tuple among
the clusters Vi,...,V; the hypergraph G,.; is (0, r)-regular with respect to the
restriction of Sg_; to this k-tuple. Note that S, _; restricted to any particular k-tuple
of clusters is in fact a polyad selected uniformly at random among all polyads pk=1)

induced by these k clusters. Therefore, since all the k-tuples of clusters are fruitful,

the definition of a fruitful k-tuple implies that the probability that G,., has the
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necessary regularity is at least
l 1
1 —+/¢ > —.

The final inequality holds since we may assume that ¢ is sufficiently small com-
pared to 1/¢. This shows the existence of a (k — 1,¢)-complex & with the required
properties. In what follows, Ps will always denote a (k — 1)-uniform subhypergraph
of § induced by k of the clusters Vi,...,V,. So each such Ps is a polyad and to
each hyperedge of the subhypergraph of R induced by the clusters Vi, ..., V, there
corresponds such a polyad Ps.

We now use the densities of G,..; with respect to Sx_1 to define a red/blue colour-
ing of the Kék) which we found in R: we colour a hyperedge of this Kék) red if the
polyad Ps corresponding to this hyperedge satisfies d(G,.q|Ps) > 1/2; otherwise we
colour it blue. Since ¢ = R(KI(CIZ)), we find a monochromatic copy K of K,gkA) in
our K ék). We now greedily assign the vertices of H to the clusters that form the
vertex set of K in such a way that if k vertices of H form a hyperedge, then they are
assigned to k different clusters. (We may think of this as a (kA)-vertex-colouring
of H.) We now need to show that with this assignment we can apply the embed-
ding lemma to find a monochromatic copy of H in either the subhypergraph of G,.4
induced by the kA clusters in K or the subhypergraph of G, induced by these
clusters.

First suppose that K is red, so we want to apply the embedding theorem to
the k-complex formed by G,.q and S (induced on the kA clusters in K'). However,
the embedding theorem requires all the densities involved to be equal and of the
from 1/a for a € N, whereas all we know is that for every polyad Ps corresponding
to a hyperedge of K, we have d(G,.q| Ps) > 1/2. This minor obstacle can be overcome

by choosing a subhypergraph G/ _, C G,.q such that G/ _, is (1/2, 36y, r)-regular with

red
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/
red

respect to each polyad Ps. The existence of such a G’ _, follows immediately from

the slicing lemma (Lemma 4.8). We then add E(G/_,;) NKk(Sk-1) to the subcomplex

red

of § induced by the clusters in K to obtain a regular (k, kA)-complex S,.q and we

!/

! ed, and

apply the embedding theorem (Theorem 4.2) there to find a copy of H in G
therefore also in G, 4.

On the other hand, if K is blue, we need to prove that Gy, is regular with
respect to all chosen polyads Ps. So suppose Q = (Q(1),...,Q(r)) is an r-tuple of
subhypergraphs of one of these polyads Ps, satisfying |Kr(Q)| > 0x|/Cr(Ps)|. Let d

be such that G,.q4 is (d, ok, r)-regular with respect to Ps. Then

(1= d) = d(Gerel Q)| = [d = (1 = d(Gerue|Q))| = |d = d(Grea| Q)| < I

Thus Gpue is (1 — d, dx, r)-regular with respect to Ps (note that §; < 1/2 <1 —d).
Following the same argument as in the previous case, we add E(Gy,;,.) N KCk(Sk-1)
to the subcomplex of S induced by the clusters in K to derive the regular (k, kA)-
complex Sy to which we can apply the embedding theorem to obtain a copy of H
in Gplye-

It remains to check that we can choose C' to be a constant depending only on A
and k. Note that the constants and functions 7, d;x, 7 and 0 we defined at the
beginning of the proof all depend only on A and k. So this is also true for the
integers mo and t and the vector @ = (aq,...,a,_1) which we then obtained from
the regularity lemma. Note that in order to be able to apply the regularity lemma
t0 Greq we needed m > mg, where m = C|H|. This is certainly true if we set C' > my.
The embedding theorem allows us to embed subcomplexes of size at most cn, where
n is the cluster size and where ¢ satisfies ¢ < 1/ag,,...,1/ag_1,dk, 1/(kA) (recall
that dy, = 1/2 and d; = 1/a; for all ¢ = 2,... k — 1). Thus ¢ too depends only

on A and k. In order to apply the embedding theorem we needed that n > ny,
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where ng as defined in the embedding theorem depends only on A and k. Since the
number of clusters is at most ¢, this is satisfied if m > tng, which in turn is certainly
true if C' > tng. When we applied the embedding lemma to H, we needed that
|H| < en. Since n = m/ay = C|H|/a1 > C|H|/t, it suffices to choose C' > t/c for
this. Altogether, this shows that we can define the constant C' in Theorem 4.1 by

C' := max{my, tng, t/c}. O

4.7 Deriving Lemmas 4.4 and 4.6 from earlier work

First, we deduce Lemma 4.6 from [44, Cor. 6.11]. The difference between the two
is that the latter result only counts complete hypergraphs but on the other hand
it allows for different densities within each level. We need a few definitions that
make this notion precise. Let G be a (k,t)-complex. Recall that G; denotes the
underlying i-uniform hypergraph of G. For each 3 < ¢ < k, we say that G, is
(> d;, 6;)-regular with respect to G;_y, if for every i-tuple A; of vertex classes of G
the induced hypergraph G;[A;] is (da,, d;)-regular with respect to G;_1[A;], for some
dy, > d;. Similarly we define when Gy, is (> dy, O, 7)-regular with respect to G, and
when Gy is (> dg, 62)-reqular. Let d := (dy, ...,ds). We say that a (k,t)-complex G

is (> d, g, 0, 7)-reqular if
o Gy is (> dg, Oy, r)-regular with respect to Gi_1;
e G, is (> d;, 0)-regular with respect to G;_; for each 3 < i < k;
e Gy is (> dy, §)-regular.

Lemma 4.12 (Dense counting lemma for complete complexes [44]) Let k,

t,ng be positive integers and let €,ds, ..., di_1,0 be positive constants such that

1/710 I IKekK dg,...,dk,hl/t.
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Then the following holds for all integers n > ng. Suppose that G is a (> (dg_1, - .., ds),

9,90, 1)-reqular (k — 1,t)-complex with vertex classes Vi, ..., V;, all of size n. Then

k—1
(K" Vlg =@ e T[T] da.-

i=2 Ay

where the second product is taken over all i-tuples A; of vertex classes of G.

We now show how to deduce Lemma 4.6 from this.

Proof of Lemma 4.6. First we prove the lemma for the case when ¢ = ¢, i.e. when
each of the vertex classes X, ..., X; of H consists of exactly one vertex, say X; :=
{h;}. Given such an H and a complex G as in Lemma 4.6, we construct a complex G’
from G as follows: Starting with ¢ = 2, for all + with 2 < i < k — 1 in turn,
we successively consider each i-tuple A; = (V},,...,V},) of vertex classes of G. If
hj,, ..., h;, forms an i-edge of H we let G/[A;] = G;[A;]. If hj,, ..., hj, does not form
an i-edge we make each copy of KZ-(i_l) in G/_,[A;] into an i-edge of G/. Thus in the
latter case the density of G/[A;] with respect to G/_;[A;] will be 1. (If i = 2, this means
that we let G/[A;] be the complete bipartite graph with vertex classes V;, and V,.)
Using that H is a complex, it is easy to see that G’ is also (> (dy_1,...,dz),6,0,1)-
regular. Clearly, there is a bijection between the copies of H in G and the copies
of K*Ving'. So |H|g = |K§k_1) |g'. The result now follows if we apply Lemma 4.12
to G'.

It now remains to deduce Lemma 4.6 for arbitrary ¢-partite complexes H from
the result for the above case. For this, we use a simple argument that was also used
in [17] to obtain Lemma 4.4 in the case k = 3. We define a complex G* from G
by making |X;| copies V!, ..., Vilxi| of each vertex class V; in such a way that for
any selection of indices i1,...,4,; the complex G*[V/*, ..., Vi*] is isomorphic to G.

Note that G* is |H|-partite. Also, we can turn H into an |H|-partite complex H* by
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viewing each vertex as a single vertex class. Note that different copies of H in G give

rise to different copies of H* in G*. Thus |H|g < |H*

g~. Conversely, the only case
where a copy of H* in G* does not correspond to a copy of H in G is when there is
some ¢ and indices j; # jo such that the vertices that are used by H* in Vij " and Vl-j2
correspond to the same vertex of V;. It is easy to see that the number of such copies
is comparatively small. Thus the desired bounds on |H|g immediately follow from

the bounds on |H*

¢~ which we obtained in the previous paragraph. U

We now prove Lemma 4.4. Its proof is based on the following version of the
counting lemma that accompanies the hypergraph regularity lemma (Theorem 4.9)
from [64]. Theorem 4.13 gives a lower bound on the number of complete com-

)

plexes Kt(k in a regular (k,t)-complex G, under less restrictive assumptions on the

regularity constants than those in Lemma 4.12.

Theorem 4.13 (Counting lemma for complete complexes [65]) Let k,r,t,
ng be positive integers and let €, ds, . . ., dy, 0, 0y be positive constants such that 1/d; €

N fori=2,...,k—1 and
1/710 < 1/’/’,5 < min{ék,dg,...,dk_l} <o K 6,dk,1/t.

Then the following holds for all integers n > ngy. Suppose that G is a (d, oy, ,7)-
reqular (k,t)-complex with vertezx classes Vi,...,V;, all of size n, which respects the

partition of Kt(k). Then

i )
KM|g > (1 —e)n' [ di”.

=2

Lemma 4.4 is more general in the sense that it counts copies of complexes that may

not be complete, and also gives an upper bound on their number. We will deduce
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Lemma 4.4 from Theorem 4.13 in several steps. The first (and main) step is to
deduce a counting lemma which gives the number of copies of complete complexes,
but now in a (k,t)-complex G where the density of G;[A;] with respect to G;_1[A;]

might be different for different i-tuples A; of vertex classes of G.

Lemma 4.14 (Counting lemma for complete complexes —
different densities)
Let k,r,t,ng be positive integers and let €,ds, ..., d, 68,0, be positive constants

such that
1/ng < 1/r,6 < min{dy,ds,...,dp_1} < O < &,dy, 1/1.

Then the following holds for all integers n > ng. Suppose G is a (> d, o, d,r)-reqular
(k,t)-complex with vertex classes Vi, ..., Vi, all of size n, such that for all 2 < 1 < k
and all i-tuples \; of vertex classes of G the hypergraph G;[A\;] is (dy,, §)-reqular with
respect to G;_1[A\;] where dy, can be written as dy, = pa,/qa, such that pa,,qa, € N
and 1/qn, > d;. Suppose that the analogue holds for all the dy, and all the dy,.

Then
k
(KMg > (1 —e)n' TT ] da..

i=2 A,

where the second product is taken over all i-tuples A; of vertex classes of G.

Proof. We will prove this lemma by an inductive argument, in which we allow for
different densities in the top levels but not in the lower levels, and show that we
can always move down another level, until we allow different densities in all levels.
This leads to the following definition. For any 2 < j < k, we say that a complex G

is (> dg,...,>dj,dj_q,...,da, 0, 0,r)-reqular if
o Gy is (> dg, Oy, r)-regular with respect to Gi_1;

e G, is (> d;,0)-regular with respect to G;_; for each j <i <k — 1,
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e G, is (d;, 0)-regular with respect to G; 1 for each 3 <1i < j—1;
e Gy is (dg, §)-regular.

Choose new constants n;, §;, €; and integers r; satisfying

I/ng <0 =58 < K& <min{dy, dy, ..., dp 1} SO =12 < - K Moy

Lep KL - Keg=¢,dy, 1/t

and 1/ng < 1/r =1/ry < -+ < 1/r, € min{dy, ds,...,dx_1}. Then the following

claim immediately implies the lemma:

Claim. Let 2 < j < k. Suppose that G satisfies the conditions of Lemma 4.14 but
s (> di,...,> dj,dj_q,...,da,n;, &, ri)-reqular instead of (> d,0dy,0,r)-reqular if
j > 2, where 1/d; € N for alli=2,...,j —1. Then

‘K ‘Q (I—¢jn (Hd’L(:>HHdAz

i

We prove this claim by backward induction on j as follows: given a t-partite com-
plex G which is (> dy,...,> d;,dj_1,...,d2,n;,&;,7;)-regular, we will partition the
hyperedges of G; to obtain several (> dy, ..., > djy1, dj, dj 1, .., do, M1, §v1, Ti1)-
regular complexes for some d;. We will then apply the lower bound from the induc-
tion hypothesis to each of these complexes. Summing over all of them will give the
lower bound in the claim.

We first consider the case j = k. We will apply the slicing lemma (Lemma 4.8) to
split the kth level G, of the complex G to obtain regular complexes whose densities
within the kth level are the same. Set dj := 1/[],, qa,. The slicing lemma implies
that for all Ay there is a partition P(Ay) of the set E(Gi[Ax]) of k-edges induced
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on Ay such that each part is (d}, nk+1, 7)-regular with respect to Gx_1[Ax]. So for
each Ay, P(Ay) has dy, /d), parts. Now for each Ay, choose one part from P(Ay)
and let C;, denote the resulting k-uniform t-partite hypergraph. Let G denote the

k-complex obtained from G by replacing G, with C,. Then
K =D 15" |ge.
Ck

Here the summation is over all possible choices of parts from each of the (2) parti-
tions P(Ay). So the number of summands is [, da,/d}, = d’;(’“) [14, da,. More-

over, by Theorem 4.13 each summand in the above sum can be bounded below:

k—1 ‘ ‘
I (H df”) .
=2

Altogether, this implies the claim for j = k.

Now suppose that 7 < k and that the claim holds for j+1. To apply the induction
hypothesis, we now need to get equal densities in the jth level. We will achieve this
by applying the slicing lemma (Lemma 4.8) to this level. Set dj := 1/T], qa,- So
1/d; € N. The slicing lemma implies that for every j-tuple A; of vertex classes of G
there is a partition P(A;) of the set E(G;[A,]) of j-edges induced on A; such that each
part is (d}, §;1)-regular with respect to G; ;[A;]. For each Aj, the corresponding
partition P(A;) will have ay; := dy,/d; parts. Now for each Aj;, choose one part
from P(A;) and let C; denote the resulting j-uniform ¢-partite hypergraph. We
let G% denote the (k,t)-complex obtained from G as follows: we replace G; by C,
and for each j < i < k we replace G; with the subhypergraph whose i-edges are all
those i-sets of vertices that span a Ki(j ) in C;. Thus gff is (d}, &jq1)-regular with
respect to G;_1 = ]Ci .- However, to apply the induction hypothesis this is not

enough. We also need to prove the following more general assertion.
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For all i = j,...,k and any A; the following holds. If i = j then gfj [Ai]

is (d}, &j41)-regular with respect to gfjl[AZ-]. If j < i < k then gff [A]

is (da,,&;j+1)-regular with respect to gffl[A]. If i = k then gfﬂf Al (%)

is (da;, Mjt+1,7j+1)-regular with respect to gz 1[A;] for all but at most

N HA]- ap, hypergraphs C;.

We will prove (%) by induction on i. If i = j then we already know that the
assertion is true. So suppose that ¢ > j and that the claim holds for + — 1. We
will first consider the case when ¢ < k. The induction hypothesis together with the

dense counting lemma for complete complexes (Lemma 4.12) implies that

1 ) i i—1
\Kf@"”|gic % '(hd )d’§j> IT II da.- (4.19)

s=j+1AsCA;

Similarly, the assumptions on G in the claim together with Lemma 4.12 imply

‘K(z 1)

2

G < 20 (Hd )H I da.- (4.20)

s=7 AsCA;

If we combine these inequalities and use the fact that §; < §;11 < d;, 1/k, we obtain

i—1) (i—1) 5 i—1)
K ge g 2 VERIE Mo 2 25K Vlomg. - (421)

In other words, a &;;-proportion of copies of KZA(Fl) in Qfﬁl[/\l-] gives rise to a &;-
proportion of copies in G;_1[A;]. Moreover, IC(Q-CZ ADNEGI[A]) = Ki(G7 AN
E(Gi[A;]) by the definition of G% and so d(G; [ ]|QZ JA]) = d(gi[Angfjl[Ai]) =
da, £ & by (4.21) and the (dy,,§;)-regularity of G;[A;] with respect to G;_1[A].
Thus the (da,, §;+1)-regularity of gfj [A;] with respect to gfjl[Ai] follows from the

(dy,, &j)-regularity of G;[A;] with respect to G;_1[A;].
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But if ¢ = £, this might not be true, as 7,41 may not be small compared to d;.
However, given a k-tuple Ay of vertex classes of G, it is true for most complexes
GC[Ag]. To see this, given Ay, let B be a (k, k)-complex obtained as follows: For
each A; C Ay, choose one part from P(A;) and let B; denote the resulting j-uniform
k-partite hypergraph. To obtain B from G[A], we replace G;[A;] by B, and for each
Jj < i < k we replace G;[Ag] with the subhypergraph whose i-edges are all those

)

i-sets of vertices which span a Ki(j in B;. Thus there are HAchk a; =: Ap, such

k
complexes B. (Recall that ay; = dy,/d; was the number of parts of the partition
P(A;).) Using that (*) holds for all 7 < k, similarly as in (4.19)-(4.21) one can show
that

dl(l;) ‘Klgkil)‘gk—l[/\k]

KEDL S j D) _
| k |Bk—1 - 4HAJ-CA,€ dA]-| k |gk71[Ak] 4AAk

(4.22)

We will now prove the following:

The underlying k-uniform hypergraph By, is not (da,,n;+41,7+1)-regular

()

with respect to Bj_; for less than n;,1Ax, of the complexes B.

If (xx) is false then we can find T := n; 1Ay, /2 such complexes B!, ..., BT, such
that each Bf has a Q° = (Q¥, ..., f,Hl) satisfying Q¢ C B, forall s=1,...,7r;,,

and \K,gkil)\Qz > 77j+1\K,gk71)\B£71, but either d(Bg|QY) > da, + nj+1 for each ¢ or
d(B.|QY) < dp, —n;41 for each £. We will assume the latter — the proof in the former

case is similar. But then let Q = (Q', Q?%,..., Q7). Thus Q is a Tr;j1-tuple and

T
(4.22)
k—1 k—1 k-1
K Ve =Y B Vs = il K e -
/=1

Since we may assume that Tr;;; < r; our assumption on the regularity of Gi[Ay]
with respect to Gi_1[Ag] implies that d(Gx[Ax]|Q) > da, — n;. On the other hand,
the definition of B implies that d(BL|Qf) = d(Gr[A]|QY). Thus d(Gi[Ak]|Q) <
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max; << d(Gr[Ar]|QF) = maxi<p<7 d(B;|QF) < da, — n;11. This is a contradiction,
and so () holds.

Note that () implies that for all but at most (;)nj41]] A, @a; hypergraphs C;
the hypergraph Q,Sj is (da,, Nj+1, rj+1)-regular with respect to g,fil — we call these
C; nice. Since 1,41 < 1/t, this completes the proof of (x).

We are now ready to finish the proof of the induction step of the claim. The

induction

K®, > 3 K9 e, > (1—01) G <JHdi(3)> dxj(é) IT I

nice C; nice C; =2

The summation is over all possible choices of nice C;. So the number of summands is
at least (1—,/mj11) HAj ap, and for each A; we have aAjd;» = dy,;. Since 141,641 <

€j, the claim follows and hence the lower bound in Lemma 4.14 as well. O

Instead of making use of the parameter r in the proof of (x) we could have also
used the fact that the partitions guaranteed by the slicing lemma are obtained by
considering random partitions.

It is straightforward to obtain a corresponding upper bound from the lower bound

in Lemma 4.14.

Lemma 4.15 (Counting lemma for complete complexes — upper bound)

Under the conditions of Lemma 4.14,

k
1Kl = (1 £e)n' T[] da.-

i=2 Ay

Proof. Clearly, all we have to prove is the upper bound. The proof is based on an
argument that was used in [58] and later in [17] to derive a similar upper bound in
the case of 3-complexes. Let [t]* denote the set of all k-subsets of [t] = {1,...,t}.

Given S C [t]*, we let G° denote the (k,t)-complex obtained from G as follows: for
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each {iy,... i} € S we replace the set Ej(G[Ax]) of all k-edges of G induced on
Ap = {Viy, ..., Vi, } by Ki(Gro1[A&]) \ Ex(G[Ax]). Thus the density of G [Ag] with

respect to G |[Ax] is now 1 — d,,. Moreover,

‘Kt(kil)‘gkfl = Z ‘Kt(k)‘gs

SC[t*

Observe that |Kt(k)\g = |Kt(k)\gm and hence

k k—1 k
KMg = 1K Vg, = Y0 1K gs.
SC[t]k, 520

Thus, to obtain an upper bound on |Kt(k)|g all we have to do now is to obtain an
upper bound on |K§k_1) |lg,_, and a lower bound on |Kt(k)|gs, for every non-empty S.

But the former follows from the dense counting lemma (Lemma 4.6) and the
latter follows from Lemma 4.14 above. (This is why in Lemma 4.14 we need to
allow more general densities than just 1/a, for a € N.)

We first fix a constant ¢’ such that §, < ¢’ < ¢,d;,1/t. Note that if ¢’ replaces
¢, this hierarchy is more restrictive than that which is required by Lemma 4.6, and
so we can apply Lemma 4.6 with &’ playing the role of €.

One technical difficulty in these calculations is that we wish to apply Lemma 4.14
to a new hypergraph G°. However, the k-tuples of G° corresponding to hyperedges
in S now have density roughly 1 — d., which may not be greater than d;. Indeed,
if d,(S) denotes the density of the k-tuple corresponding to the hyperedge e in G°
(so d.(S) = d. if e ¢ S and d.(S) = 1 — d. otherwise), there may not be any
dj, = d;.(S) > 6 such that d.(S) > dj, for every e.

To overcome this difficulty, we first consider the set Ej. of all those hyperedges

e € E,(H) for which 1 —d, < ¢’. We would like to be able to apply Lemma 4.14 to
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obtain the lower bound of

(1= &)dea(H)n' ] del

ecEy (H)

for [H|gs for any D # ¢, where dy_1(H) = [[2, dfi(H). However as indicated
above, this is not possible. Instead, we use the trivial lower bound |H|gs > 0, and

we observe that if SN E} # ¢, then

(1 —¢&")dp_+( H do(S) < €'dy_(H)n'
GEEk )
SO
‘H|gs > 0 > (1 — 8 dk 1 H d — Eldk,l(’}'l)nt.
eEEk(H)

since d.(S) < ¢ for some e € Ej(H). So by adding on an error term of
o) e <Hf:_21 dfi(H)) n', we may assume that for each S, G% is (d,,dy_1,...,ds,
dk, 0, 7)-regular, where dj, = min{dg,<'}. (The term 92(t) is the number of possi-
ble sets S, a trivial upper bound on the number of S’s satisfying S N E} # ¢.) We
will now make this assumption and compensate for this by adding the above error
term at the end of the argument.

Note that replacing ¢, d with €', d},, we still have constants satisfying the hier-
archy of Lemma 4.6.

Recall that

Hlg=[H*Vg— > [Hgs.
SCEL(H),S#¢

By the dense counting lemma for (k£ — 1)-complexes,
H* g < (1+¢ (H e ) ‘
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Furthermore, by Lemma 4.14, for each S # ¢,

H|gs > (1—¢) (Hd“m’) IT .

ecEy(H)

Now

> I[ ) =1- ] d

SCEr(H),S#¢  ecER(H) e€Ey(H)

and so

Hlg=[H*Vg— > [Hlgs
SCEL(H),S#¢

<da(Hn' [ 1+ —(1-)a—- ][] do)
e€ by (H)

S dk_l(H)nt 28/ + H

e€ by (H)

Hence we obtain

Hlg < dia () (1+VE) [] de.

e€E,(H)
Now it only remains to add back in the error term which we obtained from our
assumption that each G was (d},, dy_1, . . ., da, 0;, 5, 7)-regular. Observe that 2’ <

Ve I1.c Fi(H) d.. Thus the upper bound on the number of copies of ‘H in G becomes

Mg < 1+ 2V dea(Hn! [ de < A+ e)dia(H)n ] de

e€EL(H) e€EL(H)

as required. O

Lemma 4.4 now follows from Lemma 4.14 in exactly the same way as Lemma 4.6

followed from Lemma 4.12.
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4.8 Proof of the Extension Lemmas 4.5 and 4.7

We now use Lemma 4.4 to derive Lemma 4.5 (Lemma 4.7 can be derived in the
same way from Lemma 4.6). The proof idea is similar to that of [65, Cor. 14], [32,
Lemma 6.6] and [17, Lemma 5|. Pick a copy H of H in G uniformly at random,
and define X := |H — H'|. Then X is a random variable. We have E(X) =
ﬁ Yoneg|H — H'| = [H'|g/|H|g. (Here the sum ), , is over all copies of H
in G.) We pick some constant ¢ satisfying J;, < ¢ < (. By applying the upper
bound of the counting lemma (Lemma 4.4) to H and the lower bound to H' we
obtain a lower bound for E(X). Similarly we obtain an upper bound. In this way

we can easily deduce that

E(X) = (1+e)|H — H|. (4.23)
Now consider E(X?). We aim to show that its value is approximately mQ,
and so X has a low variance. Using Chebyshev’s inequality, this will then imply
that X is concentrated around its mean. In other words, only a few copies of H do
not extend to the correct number of copies of H' in G.

Observe that E(X?) = ﬁ > meg |H — H'|?. We view |[H — H'|* as the number
of pairs H{, H), of copies of H' which extend H. Here the pairs are allowed to overlap,
but we first obtain a rough estimate by insisting that they intersect precisely in H.
So let H* be the (k, £)-complex obtained from two disjoint copies of H’ by identifying
them on H. Thus any copy of H* in G extending H corresponds to a pair Hj, Hj.
However, we will later need to take account of those pairs H{, H) which do not arise
from a copy of H*. These pairs are exactly those whose intersection is strictly larger

than H.

By applying the counting lemma (Lemma 4.4) to ‘H* and to H, as before we
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obtain

1 S — 9
Tl o [ = 1Y = (1 VI = ] = (1 VAT — ]
Heg

On the other hand, the number of pairs H{, H} which do not arise from a copy of H*
is at most (¢ — )22 =01 < ¢((T[* d?"(Hl)_ei(H))n’f/_t)2 =¢|H — H’|2. Thus

=2

SOH - HP = (1 £2VE)H - HT.

Heg

1
—_— 4.24
Hlg (4.24)

Putting (4.23) and (4.24) together, we obtain
var(X) = B(X?) — (E(X))? < 5VelH = HT.

Now recall Chebyshev’s inequality: P(|X —E(X)| > t) < var(X)/t?. We apply this
inequality with t := Bm This implies that the probability that a randomly
chosen copy of H in G does not satisfy the conclusion of the extension lemma is at
most var(X)/52m2 < 5y/e/% < 3, and so at most (B|H|g copies of H do

not satisfy the conclusion, as required.
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