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Abstract

The aim of this thesis is to present efficient (strongly polynomial) methods and algorithms
for problems in max-algebra when certain matrices have special entries or are structured.

First, we describe all solutions to a one-sided parametrised system. Next, we consider
special cases of two-sided systems of equations/inequalities. Usually, we describe a set
of generators of all solutions but sometimes we are satisfied with finding a non-trivial
solution or being able to say something meaningful about a non-trivial solution should
it exist. We look at special cases of the generalised eigenproblem, describing the full
spectrum usually. Finally, we prove some results on 2 x 2 matrix roots and generalise
these results to a class of n x n matrices.

Main results include: a description of all solutions to the two-dimensional gener-
alised eigenproblem; observations about a non-trivial solution (should it exist) to essen-
tial/minimally active two-sided systems of equations; the full spectrum of the generalised
eigenproblem when one of the matrices is an outer-product; the unique candidate for
the generalised eigenproblem when the difference of two matrices is symmetric and has a
saddle point and finally we explicitly say when a 2 x 2 matrix has a kth root for a fixed

positive integer k.
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1. Introduction

When one replaces the operation of addition by maximum and the operation of multi-
plication by addition, one can provide mathematical theory and techniques for solving
classical, non-linear problems which take on the form of linear problems in this setting of

max-algebra.

1.1 Max-algebra

We assume everywhere that m,n > 1 are natural numbers and denote M = {1,...,m}
and N = {1,...,n}; the symbol R stands for R U {—o0o} and the symbol R stands for
R U {+00}. We use the convention max () = —co and min () = +oo.

If a,b € R then we set

a® b= max(a,b)

and

a®b=a-+0b.

Note that by definition

(=00) + (+00) = —00 = (+00) + (=00).

It will also be useful to define the dual operation. For a,b € ﬁ, we set

a @' b= min(a,b)

1



and

a® b=a+b.

Throughout this thesis we denote —oo by € (the neutral element with respect to @)
and for convenience we also denote by the same symbol any vector, whose all components
are —oo, or a matrix whose all entries are —oo. A similar convention is used for 0 vec-
tors or matrices. If @ € R then the symbol a™! stands for —a. The symbol a* (k > 1
integer) stands for the iterated product a ® a ® ... in which the symbol a stands k times
(that is ka in conventional notation). By maz-algebra (also called “tropical linear alge-
bra”) we understand the analogue of linear algebra developed for the pair of operations
(B, ®), extended to matrices and vectors as in conventional linear algebra. That is if
A = (a;;), B = (bj) and C = (¢;;) are matrices of compatible sizes with entries from R,

we write C' = A® B if ¢;; = a;; ® b for all 4,7 and C = A® B if
Cij = @ iy @ by = mkax(aik + byj)
for all i and j. If @ € R then a ® A = (a ® a;).

1.2 Literature overview

Max-algebra has been appearing in books and research papers since the 1960s. The
first paper, perhaps, was that of R. A. Cuninghame-Green [33] in 1960, where his work
in the Sheffield steelworks made it clear that max-algebra could be a powerful tool in
modelling industrial processes or, more generally, interactive processes. Cuninghame-
Green went on to produce other articles, including [34], [35], [36] and [37]. A number of
other, independent articles were also produced. For example: B. A. Carré [26], L. Elsner
[38], G. M. Engel and H. Schneider [39],[40],[60], M. Gondran and M. Minoux [52],[49],[50],
[51], B. Giffler [47], [48] and N. N. Vorobyov [64],[65].



The field of max-algebra has been developed intensively since. In 1979, Cuninghame-
Green’s lecture notes [35] helped to popularise max-algebra and bring it to the attention
of the mathematical community. Another milestone was reached in 1981 when U. Zim-
mermann discussed combinatorial optimisation in ordered algebraic structures [68] - em-
phasising the importance of this area of mathematics. In 1984, there was a breakthrough
in the theory of two-sided systems when a first algorithm for finding a solution was made
by Butkovi¢ and Hegediis [16]. In 1992 Baccelli et al explored the uses of max-algebra
in synchronising dynamical systems [8] - emphasising the applications of max-algebra to
scheduling problems. Binding and Volkmer (2007) explored the generalised eigenproblem
in max-algebra [12] in parallel with Butkovi¢ and Cuninghame-Green [32]. This theoreti-
cal problem has inspired much of the work in this thesis. Butkovi¢’s book [25] (2010) was
important in unifying well-known classical results and modern results.

Interest in max-algebra is partly due to its ability to take non-linear problems in
classical linear algebra and present them in a linear way (discrete event systems [28], [46]
for example). The problems arising in max-algebra are often of a managerial nature,
arising in areas such as: manufacturing [33], [34], transportation [26], traffic light control
[29], allocation of resources [1] and the natural sciences [37]. More recently, there is
a description of how to model the entire Dutch railway system using max-algebra [53].
There are also applications in banking using tropical geometry [54]. See [43] for more
applications.

For formal definitions, refer to chapter 2. We introduce some of the most important
problems related to this thesis with motivating examples and a brief discussion of what

is currently known and what is believed to be unknown.

Example 1.1. Consider m partial products P;, prepared using n machines. Let a;; be

the duration of the work of the jth machine needed to complete the partial product for P;.



Denote by x; the starting time of machine j. Then P; will be ready at time

max (L1 + a1, .-« Ty + Qi) -

If by, ..., b, are target completion times, then we have the system of equations

(Vi) max (x1 + a1, ..., Ty + ai) = b;.

The compact form (using maz-algebraic notation) is

ARz =5

and so the problem is to find a vector x such that A ® x = b.
The matriz A is called the production matriz. A related problem (when we require to

not exceed given target times) is

ARz <b.
The problems
ARw =10 (1.1)
and
ARx <bx#e (1.2)

are examples of scheduling problems and are called one-sided maz-linear systems of equa-
tions (inequalities) respectively.

This model is called the multi-machine interactive production process (MMIPP) and
is the basis for subsequent models.

Systems (1.1) and (1.2) were studied in the first papers on max-algebra in [33], [64]



and the theory has further evolved in the 1960s and 1970s [67], [68], and later [23], [24].
It should be noted that these one-sided max-linear systems can be solved more easily
than their linear-algebraic counterparts. Also, unlike in conventional linear algebra, sys-
tems of inequalities (1.2) always have a solution and the task of finding a solution to (1.1)
is strongly related to the same task for the system of inequalities.
We can describe, in strongly polynomial time, the full set of solutions to systems (1.1)
and (1.2), using algebraic and combinatorial methods.

We explore a generalisation of system (1.1) in chapter 3.

Example 1.2. As part of a wider MMIPP, suppose k other machines produce partial
products for products Q1, ..., Qm and the duration and starting times times are b;; and y;
respectively. The synchronisation problem is to find starting times of all n + k machines
(vectors x and y) so that each pair (P;,Q;) is completed at the same time, yielding the

two-sided maz-linear systems of equations

ARz =B®y,

or

ARx=B®«xz

in the case where starting times x; and y; must be the same.
Another variant is when the starting times are linked (a fized interval between the

starting times x; and y;). This yields a generalised eigenproblem (GEP):

ARr=A® B®u,

where we are required to find a pair X (real number) and starting time vector x.

The systems



ARxr=B®ux,x # e, (1.3)

ARr=BQuy,x#¢€,y#c¢ (1.4)

and

ARr = @Bz, \A#¢ex F#c¢ (1.5)

are synchronisation problems.

Unlike in conventional linear algebra, moving from the task of finding a solution to a
one-sided system (1.1) to finding a solution to a two-sided system (1.3) means a significant
change in difficulty of the problem. Systems (1.4) are studied in [31] and can be easily
transformed to systems (1.3). Two-sided linear systems (1.3) were first studied in [19] -
[22]. We know the solution set of (1.3) is finitely generated [16] and we are reasonably
confident in solving such systems (see the pseudopolynomial Alternating Method in [25]
and [7]).

We do not yet know whether two-sided systems (1.3) are polynomially solvable. Tt
follows from the results in [11] that two-sided systems (1.3) are polynomially equivalent
to mean payoff games, a well known problem in NP N co-NP. Informally, NP is the
set of all decision problems for which “yes instances” have efficiently verifiable proofs
and co-NP is the class of problems for which “no instances” have efficiently verifiable
counterexamples given the appropriate certificate. It is known that P C NP N co-NP and
it is not known whether equality holds. Thus, there is good reason to hope that two-sided
systems are indeed polynomially solvable. There exist algorithms to solve mean payoff
games in polynomial time in special cases [5] and the tropical shadow-vertex algorithm

[6] solves mean payoff games in polynomial time on average subject to some constraints.



The theory of symmetrised semirings yields necessary conditions for the solvability of
(1.3). Chapters 4, 5, 7 and 8 are concerned with solving special cases of such two-sided
systems in polynomial time, in the hope of shedding light on the general case. Chapter 8
may prove to shed some light on the general case. The contents of chapter 8 have been
submitted as a paper to Discrete Applied Mathematics.

It is likely that GEP is much more difficult than the eigenproblem. This is indicated
by the fact that the GEP for a pair of real matrices may have no generalised eigenvalue,
a finite number or a continuum of generalised eigenvalues [32]. It is known [63] that the
union of any system of closed (possibly one-element) intervals is the set of generalised
eigenvalues for suitably taken A and B.

GEP has been studied for the first time in [12] and [32]. The first of these papers
solves the problem completely when the matrices have exactly two rows and special cases
for general sized matrices; the second solves some other special cases. No solution method
seems to be known either for finding a A or an (non-trivial) x satisfying (1.5) for general
real matrices. Obviously, once A is fixed, the GEP reduces to a system of the form (1.3).
We therefore usually concentrate on the task of finding the set of generalised eigenvalues.
The level set method [44] is a pseudopolynomial algorithm for finding the generalised
eigenvalues.

In chapters 6, 9, 10 and 11 we examine some special cases of GEP. Essential parts of
chapters 6, 10 and 11 are the contents of a published paper [17] in the STAM Journal on
Matrix Analysis and Applications.

Other problems are obtained when the MMIPP is considered as a multi-stage process.

Example 1.3. Suppose the machines work in stages, in which all machines simultaneously
produce components necessary for the next stage of some or all other machines. If we
let z; (r) denote the starting time of the rth stage on machine i and let a;; denote the

duration of the operation at which the jth machine prepares a component necessary for



the ith machine at the (r + 1)st stage, then

z(r+1)=A®x(r)

in the maz-algebraic notation. We say the system reaches steady regime if it moves forward

in reqular steps after a certain point. That is, for some \ and ro we have

z(r+1)=A®ax(r) foralr>r.

This happens if and only if for some X\ and r,z () is a solution to

AQRr=)\® .

System (1.6) below is a stability problem and called the eigenproblem, where we are
required to find a pair A (real number) and a starting time vector x. Considering also the

related subeigenvector problem, we have the stability problems

ARr=AQRx,xr#¢€ (1.6)

and

ARz < A®@ux,x #e. (1.7)

The eigenproblem (1.6) is of key importance in max-algebra. It has been studied
since the 1960s [34] in connection with the analysis of the steady-state behaviour of
production systems. All solutions of the eigenproblem, in the case of irreducible matrices,
are described in [35] and [49], see also [9] and [64]. A general spectral theorem for reducible

matrices has appeared in [45], [10] and partly in [27].



A real number ) is an eigenvalue if there exists z € R, 2 # e such that AQz = A\®x
and there are at most n such eigenvalues [25] (where A is an n x n matrix). The full
spectrum of eigenvalues and generators of all eigenvectors can be found in O (n3) time
and so system (1.6) is efficiently solved. The spectrum of eigenvalues can be used to bound
the size of the eigenvalues of an associated non-negative matrix in classical linear algebra
[4]. Also, [58] contains proofs that the max-algebraic roots of a max-algebraic polynomial
can provide a good approximation to the classical eigenvalues of an associated matrix
polynomial. The advantage of using max-algebra here is that the max-algebraic roots can
be calculated in low-order polynomial time, and can then be used as starting points for
algorithms which search for classical roots/eigenvalues.

All finite solutions to (1.7) are described in [62].

1.3 Thesis overview

The aim of this thesis is to present efficient (polynomial) methods and algorithms for
problems in max-algebra when certain matrices have special entries or are structured,
focusing on two-sided systems of equations/inequalities and the generalised eigenproblem.

The work herein can be viewed as a natural progression from our MSci project, which
concentrated on the eigenproblem A ® x = A ® = (refer to chapter 2 for notation), where
the matrix A has special and/or structured forms.

The eigenproblem is polynomially solvable in the most general case, whereas no such
polynomial algorithms seem to be known for the most general cases of two-sided systems
of equations/inequalities and the generalised eigenproblem.

We summarise here the contents of the chapters of this thesis. We also briefly mention
what is already known about the relevant problem (including known complexity results
of any existing algorithms) and what is new in that chapter.

The first type of max-linear systems we consider are one-sided parametrised systems



A ® x = b(a) subject to upper and lower bounds on «. These differ from the known
one-sided systems A ® x = b with the appearance of a parameter « in the right hand side
vector. The regular one-sided systems are well known and can be solved in low order,
strongly polynomial time. In chapter 3, we explicitly describe the full set of « for which
the one-sided parametrised system has a solution. It then follows from known results
that we can describe the full set of solutions for any fixed . Thus, we can describe all
solutions to the one-sided parametrised system in strongly polynomial time.

The next systems we explore are the two-sided systems AQzr < Bz, AQx=B®ux
and A ®r = B®y. We are not aware of any polynomial method for finding a solution
in the most general case for these problems, though the alternating method [25] is a
pseudopolynomial method for systems of two-sided equations for integer matrices. In
chapter 4, we describe a strongly polynomial method for solving the system AQxr < B®x
when B has exactly one finite entry per row. The aggregation method reduces the problem
to the well known subeigenvector problem (so allowing us to describe all finite solutions
in polynomial time). Continuing with the system A®x = B®x, in chapter 5 we consider
the case when A and B each have exactly two finite entries per row, appearing in the
same position. Again, by reducing to the subeigenvector problem, we are able to describe
all finite solutions (after some variables have been trivially set to €).

In chapter 6 we describe all solutions to A ® * = B ® x when matrices A and B each
have exactly two columnns. In the same chapter, we consider another problem, namely
the generalised eigenproblem A ® z = A ® B ® z. Since for fixed A, this is a two-sided
system, the focus is usually on finding the set of A for which there exists a corresponding
eigenvector. To our knowledge, there is no known method for finding even a single \ in
polynomial time in the most general case. In chapter 6 we explicitly describe the full set
of X\ in the two-dimensional case.

In chapter 7 we explore the two-sided system A®x = B®y when B (say) has exactly

10



two columns. By relating this to the one-sided parametrised systems of chapter 3, we can
describe all solutions in polynomial time.

In chapter 8 we demonstrate the pivotal role of the matrix C' = A ® B and its max-
algebraic permanent for solving two-sided linear systems A ® x = B ® x of minimally
active or essential type where A and B are finite square matrices.

In chapter 9 we show the generalised eigenproblem has a unique solution (which we
give explicitly) when the matrices A and B are circulant. Further, we show that the
constant vector is a corresponding eigenvector. In chapter 10, we give the full set of A in
the case when B (say) is an outer-product.

In chapter 11 we show that if the matrix C = A — B (in the classical notation)
is symmetric and has a saddle point, then the value of the saddle point is the unique
candidate for the eigenvalue \ satisfying A® r = A ® B ® z. In the 3 x 3 case we give a
necessary and sufficient condition for the saddle point to be an eigenvalue, we also give a
necessary condition in the n X n case.

Finally, in chapter 12, we consider a separate topic - the problem of finding matrix
roots in max-algebra. In general, this is known to be a hard problem. In the 2 x 2 case
we characterise all matrices for which there exists a matrix root and define the kth root
of a matrix for a positive integer k. We generalise this to identify a class of n X n matrices
for which there exists a kth root (which we give explicitly).

Among the main results of this thesis are:

e A description of all solutions to the two-dimensional generalised eigenproblem in

Section 6.4;

e Lemma 8.3 in Chapter 8 which is crucial for the main results - Theorems 8.6 and
8.29 (which identify active elements of a solution to the minimally active/essential

two-sided system) ;

11



e Theorem 10.7 gives the full spectrum for GEP when B is an outer product;

e Theorem 11.6 identifies the unique candidate for the eigenvalue of GEP in the special
case where the difference of matrices A and B is symmetric and has a saddle point

and finally

e In Chapter 12 we explicitly say when a 2 x 2 real matrix has a kth root (for any
fixed positive integer k) and define the kth root in such cases. We also generalise

to special types of n x n matrices.
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2. Preliminaries

In this section we give the definitions and some basic results which will be used in the
formulations and proofs of the results of this thesis. For the proofs and more information
about max-algebra the reader is referred to [2], [8], [25] and [53].

Let A = (a;;) € R™". We will use the following notation:

M; (A) = {rGM;arj:gé?é(aij}, Jj € N;

Ni(A)={jeN;ie M;(A)}, ielM.

We will also write M;, N; instead of M (A), N; (A) if no confusion can arise. The following

will be useful.

Proposition 2.1. ;. y M; = M if and only if N; # 0 for every i € M.

Proof. Straightforward from definitions. U

Although the use of the symbols ® and @ is common in max-algebra we will apply
the usual convention of not writing the symbol ®. Thus in what follows the symbol ®
will not be used and unless explicitly stated otherwise, all multiplications indicated are
in max-algebra.

When giving examples of matrices which contain many e entries, we may replace these
by a blank space for convenience.

A vector or matrix is called finite if all its entries are real numbers. A square matrix

13



is called diagonal if all its diagonal entries are real numbers and off-diagonal entries are €.
More precisely, if 2 = (z1,...,2,)" € R" then diag (21, ..., 2,) or just diag (z) is the n x n

diagonal matrix

T, € €
g X9 €
1S E .. Xy

The matrix diag (0) is called the unit matriz and denoted I. Obviously, Al = A = A
whenever A and I are of compatible sizes. A matrix obtained from a diagonal matrix
[unit matrix] by permuting the rows and/or columns is called a generalized permutation
matriz [permutation matriz]. Tt is known that in max-algebra, generalized permutation

matrices are the only type of invertible matrices [35], [25]. Clearly,

(diag (x1, ...,x,))"" = diag (z1t, .zt
Remark 2.2. Note that (\)™" has a different meaning on the left hand side (inverse of a

matriz) and right hand side (inverse of a real number) in the above.

The matrix A € R™" is called column (row) R—astic [35] if D,cs @ij € R for every
J €N (if @j;cyaij € R for every i € M), that is, when A has no € column (no € row).
The matrix A is called doubly R—astic if it is both column and row R-astic.

Given a matrix A € R™" and a subset K C M, we denote by A[K] the |K| x n
sub-matrix of A restricted to the rows of the set K. If, in addition, we have the subset
T C N, then denote by A[K : T] € R™™" the matrix A restricted to the rows of K and

columns of 7.

14



Given a 2 x 2 matrix A = (a;;), we define
d (A) = anaggal}la;ll. (21)

The following statement is probably the historically first result in max-algebra [33]

(though the original notation was different); here we denote for A € R and b e R" :
S(Ab)={z eR"; Ar =b}.

Theorem 2.3. [33], [25] If A € R™™" is a matriz with no e columns, b € R™ and
B = (diag (b))~" A then S(A,b) # 0 if and only if Ujen M; (B) = M.

Corollary 2.4. If A € R™"" is a matriz with no € columns, b € R™ and B = (diag (b)) ™" A

then S(A,b) # 0 if and only if N; (B) # 0 for every i € M.

Proposition 2.5. If A € R™™" is a matriz with no e columns, b € R™ s a constant
vector and B = (diag (b)) ™" A, then M; (A) = M; (B) for all j € N and consequently also
N; (A) = N; (B) for alli € M.

Proof. Straightforward from definitions. OJ

Given a matrix A = (a;;) € R™™", the symbol D4 will denote the weighted di-
graph (N, E,w) where E = {(4,7) : a;; > €} and w(i,j) = a;; (or briefly w(ij)). If
m = (i1,...,1p) is a path in Dy, then we denote the weight of 7 by w (7, A) = a;,;, +
Qiyis + -+ a;,_ 5, if p > 1 and eif p = 1. A path (cycle) is positive if it has positive
weight.

Given a matrix A € R™", the symbol A (A) will stand for the mazimum cycle mean
of A, that is:

AA) = max fu (0,A)

15



where the maximisation is taken over all elementary cycles in D (cycles in which there

are no repeated vertices) and
w (o, A)
L)

denotes the mean of a cycle o, where [ (o) is the length (number of edges) of the cycle

(o, A) =

0. Clearly, A (A) always exists since the number of elementary cycles is finite. It follows
that D4 is acyclic if and only if A (4) =e.
Given a matrix A € R™" with no € columns and a vector b € R, solving the one-sided

system (A, b) (see Example 1.1) is the task of finding € R" such that

Az =b. (2.2)

Given a square matrix A € @nxn, finding a solution to the eigenproblem for the
matrix A (see Example 1.3) is the task of finding a A € R (eigenvalue) and z € R",x # €
(eigenvector) such that

Az = Az. (2.3)

Finding a solution to the subeigenproblem for the matrix A (see Example 1.3) is the task

of finding a A € R (subeigenvalue) and z € R" (subeigenvector) such that

Az < x. (2.4)

Given matrices A, B € Emm, the problem of finding a non-trivial solution to the
two-sided max-linear system of equations (A, B) (see Example 1.2) is the task of finding
z € R", x # e such that

Az = Bux. (2.5)

Finding a solution to the two-sided max-linear system of inequalities (A, B) (see Example
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1.2) is the task of finding € R", z # € such that
Az < Bx. (2.6)

If the matrices A and B are finite, then it is easy to see that a non-trivial solution exists
for the two-sided system of equations (A, B) if and only if a finite solution exists. As

such, we restrict our attention to finding finite solutions to (2.5) in this case. We denote
V (A, B) ={z € R"; Av = Br}. (2.7)

Note that some statements remain valid if the finiteness requirement is removed or re-
placed by the condition that there are no € columns. We will remind the reader in each
chapter if the matrices being considered are finite or not.

Suppose that A = (a;;) € R™" and B = (b;) € R™"" are given. Finding a solution
of the generalized eigenproblem for (A, B) (see Example 1.2) is the task of finding x €
R" z # € (generalized eigenvector or just eigenvector) and A € R (generalized eigenvalue
or just eigenvalue) such that

Az = \Bu. (2.8)

Note that the case A = ¢ is trivial and is not discussed here. We denote

V(A,B X ={2eR";Av = \Br,x # ¢},

A(A,B) ={XER;V (A,B,\) # 0}

The set A (A, B) will be called the spectrum of the pair (A, B) . It is easy to see that if the
matrices A and B are finite, then a generalized eigenvector exists if and only if a finite
generalized eigenvector exists.

The next two statements [25] provide useful information about the spectrum. Here

17



and in the rest of the thesis (unless said otherwise) we denote

C:A—B:<Cz‘j),

L (C) = max min ¢,
i€M jeN

and
U (C) = min max ¢;;.
i€M jEN

We will write shortly L or U if no confusion can arise.

Proposition 2.6. [25] A (A, B) C [L,U] holds for any A, B € R™*™.

The interval [L, U] will be called the feasibility interval for the generalized eigenprob-
lem.

In [12] it is proved that if A and B are symmetric matrices, then |A (A, B)| < 1.

For clarity, we use the notation € when taking the maximum over a set (max-sum)
and the notation ) | when taking the conventional linear sum.

We have the following Lemma ([25], Lemma 7.4.1) which will be used in examples

throughout this thesis.

Lemma 2.7 (Cancellation Rule). Let v,w,a,b € R,a < b. Then for any real x, we have

v®Dar=wdbx

if and only if

v=w D bx.

Let S CR". The set S is called a maz — algebraic subspace if

au® fv €S
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for every u,v € S and «, B € R. The adjective “max-algebraic” will usually be omitted.
Let D € R™™™ and denote by P, the set of permutations on N. The

max — algebraic permanent of D is

maper (D) = @ ® dio(iy = Héaﬁx dio(i)-
oEPy ieN 7= ieN

The set of optimal solutions to the assignment problem (AP) is given by

ap (D) = {a €P,: ®di,g(i) = maper (D)} :

i€EN

It is known that

ap (D) = ap (diag (v) ® D) (2.9)

for all v € R™. (See [13] for more information on the assignment problem).

Given A € R™™", we define the following series:
At=A Ao Ao...

and

A=Tp At =T A A0 ....

If these series converge to matrices that do not contain +oo, then the matrix A" is
called the weak transitive closure of A and A* is called the strong transitive closure of A.

Note that this happens if and only if A (A) < 0. In this case, we have

At =Ap A2 - - A forallk>n—1
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and

A =TaAp A2@- @ A* for all k > n.

The matrices AT and A* are of fundamental importance in max-algebra. This follows

from the fact that they enable us to efficiently describe all solutions to

Az =Mz, N € R (2.10)

in the case of A", and all finite solutions to

Az <z, e R (2.11)

in the case of A*. Note that in (2.10), for all matrices A there are at most n eigenvalues

and all eigenvalues can be found in O (n?) time. All corresponding eigenspaces also can

be found in O (n?) time [25].
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3. One-sided parametrised systems -

a strongly polynomial algorithm

3.1 Introduction

In this chapter we develop a theory for a generalisation of one-sided max-linear systems
by considering a parametrised version of the problem. Briefly, in addition to constant
entries, the vector b also has some parameter entries. The work of this chapter identifies
the values of the parameter for which a non-trivial solution exists to the one-sided system.

We show that we can identify the full set for the parameter easily and then, using
known methods on one-sided systems, describe all solutions for every such parameter
value. That is, we can describe all solutions in strongly polynomial time. The results here
are interesting in their own right but the real usefulness of these one-sided parametrised
systems is in their ability to find solutions to the seemingly more complicated two-sided

systems appearing in chapters 7 and 10.

3.2 Problem formulation

Remark 3.1 (Motivation). In chapter 7 we explore systems Ax = By, where B has
exactly two columns and in chapter 10 we explore systems Ax = ABx, where B is an

outer product. The one-sided parametrised systems in this chapter will be used there.
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By one-sided systems we mean systems of the form
Az =0, (3.1)

where A € R™" z € R™ and b € R™. Tt is known (see [25] and [35]) that a solution to

(3.1) exists if and only if T is a solution, where

!

(V) Z; == @B (biay;') - (3.2)

ieM

We are interested here in the similar system
Ax =b(a), (3.3)

where the parameter o € [a, @] for some real @ < @ and b is of the form

o
> k
o
b(a) = <
0
m—k
0

That is, (Vi) (1 <@ < k)b, = a and (Vi) (k+1<i<m)b; =0, for some 1 < k < m.

We define K :={1,2,...,k}. Also, define A[K] to be the matrix A restricted to the
rows from K, similarly b[K].

As in the non-parameter version, the vector T defined by (3.2) is key but now 7 = 7 («).
It is still true that system (3.3) has a solution if and only if T («) is a solution. As a result,

a key question now is “for what values of «, if any, in the interval [«, @] is the vector T («)
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a solution to the system Ax = b(a)?” Note it is also known (see [25] and [35]) that

(Va) AT (o) < b(a). (3.4)

Clearly, a necessary condition for the existence of a solution to the parametrised system is

the existence of a solution to the sub-system A [K]x = b[K], or equivalently, the system

AlKlz = (v,a,...,a)". (3.5)

It will be clear in later work why this obvious point is worth mentioning.

Let j € N, then

€M
/ /
=D (aaj) & D (o))
€K iEM\K
/ !/
(o) | & o
ieK iEM\K
For notational purposes, denote
/
(Vj € N)g; = Pay' (3.6)
ieK
and
/
(Vj e N)mj; := @ a;l, (3.7)
i€EM\K
so that
(Vj € N)Z; () = (agy) &' 7. (3.8)



3.3 The subsystem A[K]|z = (a,...,a)

Recall (3.5) and let ¢ € K. Then, by (3.8)

N ((aai;o;) @ (aimj)) - (3.9)

Recall that if we wish to solve the subsystem (3.5), then we require (Az), = « for

1 € K. Note also, since ¢ € K, that for each j € N we have

!/
_ -1
@ij Q5 = Qi @ a,; <0,

ueK

since @ _.a ! <azl) and equality holds if and only if ' a = a_', which holds if
ueK “uj i ueK “uj ij
and only if

P a; = ai;. (3.10)

ueK
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Note that if inequality holds strictly for every j € N, then

(Vj S N) aijqﬁj <0
= (V] c N) ozaij@ <
= (Vj € N) (aa;;¢;) & (ay7;) < a

= @ ((Oéaiijj) @, (aijﬂ-j)) <o

JeEN

= (A7 (o)), < a.

We conclude in this case that no solution to the subsystem (3.5) (and so also to the system

(3.3)) exists. This gives us the following Lemma.

Lemma 3.2. If the subsystem A[K|x = « has a solution, then for each i € K there exists

J € N such that @, auj = aij.

In terms of the set covering problem, the above necessary condition is equivalent to
saying that the column maxima of A (restricted to the rows from K') cover K.
In view of Lemma 3.2, we assume from now on that for each ¢ € K, there exists j € N

such that (3.10) holds. That is, N; is non-empty, where:

(VZGK)Nz = {jEN:aij:@aw},

ueK

so that

(Vi € N:) P aws = a5

ueK

and

(Vi € N\N:)) P a; > a;5.

ueK

Now let i € K be fixed again and let j € N; (we can do this since we are assuming now
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that N; is non-empty). Then aa;;¢; = a by (3.6) and (3.3). Note that if a;;7; > « also,

then (aa;j¢;) @ (aijm;) = o and

o> (AT (), (by (3.4))

- GB ((caugy) @ (aym)) (by (3.9))

teN
> (aai;¢;) @ (ai;m;)

:O{’

so (A7 (o)), = «, as required.

So, we conclude that if there exists j € N; such that a;;m; > a* for some o* € [a, @],
then Z (o) solves the ith equation. Equivalently, if there exists j € N; such that a;;7; > a,
then 7 (o) solves the ith equation for all a € [o, a;;m;] N [a, @] = [, (a;7;) & @.

Conversely, if (Vj € N;) a;;7; < «, then

<a<a <a SiIlCGj g Nz
—
(AT (), = P | (aaijoy) &' (aiym;) | & P (aai¢;) & (aym))
JEN; JEN;
<ado
= O[’

and so no solution exists for the ith equation. We conclude with the following Lemma.

Lemma 3.3. Let i € K. Then there exists a solution to the ith equation if and only if

N; # 0 and there exists j € N; such that a;jm; > a.
A couple of remarks:

Remark 3.4. Suppose j € N; is such that a;;m; < a. Then the quantity (a;jm;) & @ =

aijwj < Q.
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Remark 3.5. If there are multiple j € N; satisfying a;jm; > «, then we want to choose a

J which mazimises the size of the solution interval for .

By combining Remarks 3.4 and 3.5, we see that the set of o for which 7 («) solves the

1th equation is

aae @ (aiﬂj)] -

JEN;
Note that the above interval is empty if and only if (Vj € N;) a;;7; < a, as expected.
Finally, we wish to solve the ith equation for all i € K. We should then see that we

require

sa<ad (@ (aijﬁj)> :

i€k \jeN;
We summarise our results in the following Lemma.

Lemma 3.6. The vector T («) solves the subsystem A[K]x = « if and only if (Vi € K) N; #
0 and

!/
(% S « S @@’ @ (@ (CZUTF]‘)> .
iEK jENi

In fact, since by definition we have max () = € and o < @, we also have

Lemma 3.7. The subsystem A[K|x = « has a solution if and only if

@ (@ (am)) >a

€K \jEN;
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3.4 The subsystem A[M\K|xz =0b[M\K]

Let i € M\ K. Then, by (3.8),

(AT (), = P ((aai;6;) & (aim))) .

JEN

Recall we require (since i € M\ K) that
(AT (o), = 0.

Note also, since i € M\ K and using (3.7), that for each j € N,

!
ApiT5 = Qi al <ajait=0
ijTj = Qij wj S Qijly; =
ue M\K

and that equality holds if and only if a;jl = @'ue MK a;jl, which holds if and only if
Q5 = @ Qo - (311)

Note if inequality holds strictly for each j € N, then
(Vj € N) (eai;¢;) & (aym;) < aym; <0

and so

B ((aaije;) @ (aim;)) < 0.

jEN
In this case, it follows that the ith equation is not solved for any « € [a, @].

As a result, we assume that for each i € M\K there exists j € N such that (3.11)
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holds. That is, N; is non-empty, where
(Vie M\K)N;:=<j€N:a;= P ay
ueM\K

It follows that a necessary condition to solve the ith equation for all 1 € M\ K is that the
column maxima in A (restricted to the rows of M\K') cover M\ K. We state this in a

Lemma.

Lemma 3.8. If the subsystem A[M\K]x = 0 has a solution, then N; # 0 for each

ie M\K.
A
Let i € M\K be fixed again. Note that (Vj € N;)a;; = @ ay; < a;jm; = 0, and
ue M\K

(Vj & Ni) aij < Denn i tuj < aijm; < 0.
Let 5 € N;, then

Clijﬂ'j = 0

Note that if ca;;¢; > a;;m; (= 0) which holds if and only if

-1 /-1
azaij (bj )

then

(Qaij¢;) & (aijm;) = aim; =0

= (A7 (o)), = 0,

as required.
We conclude, if there exists j € N; such that a[j1¢j_1 < o for some a* € [, @], then

T (o) solves the ith equation. Equivalently, if there exists j € IV; such that ai_jlgbj_l <
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@, then T (a) is a solution for the ith equation for all a € [a;jl¢;1,§] N la,a] =
la® (a'¢;7) a.

Conversely, if (Vj € N;) a;;'¢;" > @ (= aa;;jp; < 0), then

<0 by assumption <0 since jgn;
. —— —
(AT (), = @ (aai;¢;) "(aim;) | @ @ (aai¢;) & (aym;)
JEN; JEN;
<0®0
=0

and so no equality holds.
In conclusion, for i € M\K, there exists a € [a, @] such that T («) solves the ith
equation if and only if N; # () and there exists j € N; such that a; 1¢ <a<a We

summarise with the following Lemma.

Lemma 3.9. Let i € M\K. There ezists a solution to the ith equation if and only if

N; # 0 and there exists j € N; such that a;jlqﬁjfl <a.
We have a couple of remarks.
Remark 3.10. Suppose j € N; such that a;; qb >a. Then a@( gbj 1) = ai_jlgbj_l > Q.

Remark 3.11. If there are multiple j € N; such that ai_jlgbj_l < @, then we want to choose

a j which mazimises the size of the solution interval for «.

Combining Remarks 3.10 and 3.11 we see that the set of o for which 7 (a) solves the

1th equation is

a® @ (a'¢;") ,a] .

JEN;

Note that the above interval is empty if and only if (Vj € N;) a;jlgzﬁj’l > a.
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Finally, we want to solve the ith equation for all i € M\ K. We should see that we

require

We summarise our results in the following Lemma.

Lemma 3.12. The vector T («) solves the subsystem A[M\K]z = 0 if and only if
(Vi € M\K)N; £ 0 and

ad P (@ (as;" j1)> <a<a.

ieM\K \jEN;

In fact, since by definition we have max () = ¢ and by assumption a < @, we have the

following.

Lemma 3.13. The subsystem A[M\K|xz =0 has a solution if and only if

D <€B (i ;1)> <a.

iEM\K \jEN;
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3.5 The whole system Ax =0 («)

We are now at the stage where we can solve the entire system by simply taking the

intersection of the intervals from Lemmas 3.7 and 3.13. This intersection is

a® P (@ (afjl%‘l)) ﬂe?’@(@(“iﬂj))
iEM\K \jeN; ieK \jeN;

We summarise with our Theorem.

Theorem 3.14. The parametrised system Az = b(«) has a solution if and only if

ad @ (@ (aijl(ﬁjl)) <a< a@/ @ (@ ((Zijﬂ']’)> ,
ieM\K \jEN; €K \jEN;

which can be checked in O (mn) time.

Example 3.15. Let

21 31 «o

1 3 1 2 o}
xr =

0 2 31 0

1 12 2 0

We have K = {1,2} and M\K = {3,4}. Further, by (3.6) and (3.7), ¢1 = —2,¢9 =

—3,03 = —3,04 = —2,m = —1l,my = —2,m13 = =3 and 7y = —2. We calculate the
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following so we may apply Theorem 3.14:
max,en, (a1;7;) = max (1,0) =1,
max;en, (a2;7;) = max (1,0) = 1,
min ey, (agjl¢j_l) = min (1,0) = 0,
min,ep, (aljlgzﬁj_l) = min (1,0) = 0.
Applying Theorem 3.14 we find Az = b(«) has a solution if and only if max (0,0) <

a <min(1,1) if and only if 0 < a < 1.

3.6 Summary

We have studied the m x n parametrised system Az = b(«) for the finite matrix A and
vector b with a special structure (refer to (3.2)). By considering the two arising subsystems
separately, we are able (in O (mn) time) to explicitly give the set of «, restricted to the
given interval [, @], for which the parametrised system Ax = b («) has a solution. Further,
due to known results on one-sided systems, for any such «, we can describe the full set of

solutions.
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4. Two-sided, homogeneous systems
of inequalities - two strongly polyno-
mial solution methods if B has exactly

one finite entry per row

4.1 Introduction

We present a strongly polynomial method for solving two-sided systems of inequalities
Az < Bux, (4.1)

where A € R™*" and B € R™" has exactly one finite entry per row. Necessarily,
m > n. We give an O (mn + n®) method (based on the sub-eigenvector problem) called
the aggregation method. We will see also that the aggregation method finds a set of
generators for the solution set of (4.1).

The aggregation method essentially takes every inequality and rewrites each as a set of
inequalities, each comparing exactly two variables. The problem therefore is transformed
to a system of dual inequalities, which is essentially the sub-eigenvector problem and a

set of generators for the solution set can be found in strongly polynomial time.
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We note here that we may assume without loss of generality that B has no e columns
(that is, B is column R-astic). To see this, let j € N and suppose B; = ¢, where B;
denotes column j of B. Note now that the z; term in any vector z does not affect the
vector Bz and the vector Az is component-wise non-increasing for decreasing z;. Since
we are looking for x such that Az < Buz, it follows that we can simply choose z; to
be sufficiently small, or even set z; = ¢, effectively removing columns A; and B; from
our system. A consequence of this note is that we also have m > n (this follows by the

pigeonhole principle).

4.2 The strongly polynomial “aggregation method”

for converting to the sub-eigenvector problem

For all j € N define
Rj Z:{iEMibijGR}.

That is, R; is the set of rows ¢ such that b;; is finite.
Note that, by our assumed form of B, that each R; is non-empty and that (J ien By =

M. Let 7 € N, we have
(Vi € Rj) anw1 © -+ ® ain®, < 75 (4.2)

Since all the right-hand sides of (4.2) are the same, we can apply the method of aggregation

35



to realise that (4.2) holds if and only if

@ a1 D -+ D Wiy < T
1ER;

@@ @aitxt <z

iERj teN

& @ @ ayry < ;. (4.3)

teN icR;

We have reduced the system of inequalities A [R;]x < B[R;]x,j € N to asingle inequality
(4.3). It is clear now that the system Az < Bx can be reduced (by considering (4.3) for all
distinct R;) to an equivalent n x n system A’z < B'z. Note that B’ still has the property
that each row contains exactly one finite entry (since B’ is obtained by deleting rows of B)
and, in addition, B’ has the property that every column contains exactly one finite entry.
This new property follows from the reduction of multiple inequalities of the same type
to a single one. The matrix B’ is, by definition, a permutation matrix and so its inverse
B'71 exists. It is now easy to convert system (4.1) to one of the form Cx < z, where
C = B'"'Ais an n x n matrix. We have reduced the system (4.1) to the sub-eigenvector
problem, for which there exist O (n®) methods to find a set of generators of the solution
set [25].

The main step in the reduction process is converting the system of inequalities (4.2)
for i € R; (of size O (m)) to a single inequality (4.3) and repeating this for all j € N
(O (n)), so the reduction process takes O (mn) time. It follows that we can find a set of
generators for (4.1) in O (mn + n?) time.

The following very simple example shows the reduction process working.
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Example 4.1. Consider the system

-6 —2 e 0

The first two inequalities can be combined (both contain an zy term on the right-hand

side). We get the reduced system

0 4 0 ¢
-6 -2 e 0

In this ezample, B’ is already the identity matrixz and we are left with the sub-eigenvector

problem
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5. Two-sided homogeneous systems of
equations - strongly polynomial

method if matrices have exactly two
finite entries per row, appearing in

the same position

5.1 Introduction

We consider here the two-sided system Ax = Bx where A, B € R™™" each have exactly
two finite entries per row, appearing in the same position in A and B.

By making use of the Cancellation Rule (Lemma 2.7), we show that the two-sided
system can be converted to an equivalent sub-eigenvector problem in strongly polynomial
time. It follows that we can find a set of generators for the solution set in strongly

polynomial time.
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5.2 Problem formulation

We consider two-sided systems of equations in max-algebra of the form

Az = Bx (5.1)

for matrices A, B € R™"", each having exactly two finite entries per row according to the
rule (Vi) (Vj) a;; € R if and only if b;; € R. It should be stressed that we aim to find a
non-trivial solution x # € which is not necessarily finite. Indeed, in the method presented

we may set some components x; equal to e. The th equation is

Qi5; T D ik, T, = bijixji @ blkzka (52>

for some j;, k; € N and a;j,, aix,, bij;, bir, € R.

An example illustrates the assumed form of matrices A and B.

Example 5.1.

Solving this small system reveals that the solution set S is given by

S = {(e,e,e,e,c):cé@}

and so no finite solution exists.

We now make some remarks which allow us to remove certain rows and columns of

matrices A and B in (5.1), reducing (5.1) to a desirable special form, from which we can
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find a solution.

5.3 Remarks

We make some important remarks which will allow us to simplify our problem. Recall

the Cancellation Rule 2.7, page 18.

Remark 5.2. If for any equation, the ith equation (5.2), say, there are exactly two can-

cellations (on opposite sides), then (after cancelling) we obtain an equality of the form

QT = blkxk

for some j and k. We may then remove the column k (say) from both sides of (5.1) (that
is, remove column k from both A and B), writing all instances of xj in terms of x; and
incorporating these new coefficients into the j columns of A and B. Having done this we
may also remove row i, as the ith equation (5.2) is now solved by simply re-introducing
xy later. (Note we may now have that some rows of A (and so also B) have less than two

finite entries, this point is addressed later).

Remark 5.3. If for any equation, the ith equation (5.2), say, we have two cancellations

happening on the same side, then (after cancelling) we obtain an equality of the form

;i D aipx = €

for some j and k. It follows (since a;j, ay, are finite) that we set xv; = x, = €. Having
done this, we may remove the ith equation (5.2) as this is now satisfied and remove also
columns j and k from both A and B in (5.1). (Again, some rows of A, and so also of B,

may now have strictly less than two finite entries).

Remark 5.4. If for any equation, the ith equation (5.2), say, we have no cancellations
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happening, then we have

;T D ATy = a;;T; D a;pTk

for some j and k. We then remove the ith equation (5.2) (that is, row i from both A and

B) as this is trivially satisfied.

Remark 5.5. We assume now that matrices A and B in (5.1) have been reduced according
to Remarks 5.2, 5.3 and 5.4. Note that these Remarks only deal with equations in which
none or exactly two cancellations happen. FEquations for which exactly one cancellation
occurs have not yet been mentioned.

As noted in Remarks 5.2 and 5.3, for each i we now have that row i of matriz A (and
so also matriz B) has at most two finite entries in (5.1). (Note that by Remarks 5.2, 5.3
and 5.4, for each © matrices A and B will have exactly the same number of finite entries
in row i, this number may be zero, one or two).

If row i has no finite entries we may simply remove row i, since € = € is trivially
satisfied.

If row i has exactly one finite entry (in both A and B), then the ith equation will read

i = bijr;

for some j. If a;; = b;;, then again we may remove row i (from A and B) since the ith
equation s trivially satisfied. Otherwise, we set x; = € and remove row ¢ and column j
(from A and B).

Finally, if row 1 has exactly two finite entries, then it must be that exactly one cancel-

lation is due to happen here.

Remark 5.6 (conclusion). Based on Remarks 5.2, 5.8, 5.4 and 5.5, we may assume

without loss of generality that (5.1) is a system in which every row of A and B has exactly
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two finite entries appearing in the same position and exactly one cancellation happens per

equation.

An example helps make clear the reduction process.

Example 5.7. Consider the 5 x 4 system

5 1 0 2
2 1 1 1
1 0 r=10 0 T
3 0 2 4
3 4 2 4

In the first equation, we have two cancellations, happening on opposite sides. We have
the equality bxy = 2x9 < 19 = 3x1. Making this substitution throughout and removing the

first equation and second column yields the following system, where columns correspond

to original variables xq,x3, 4.

5 1 4 1
10 0 0
¥ = '
3 0 2 4
6 4 d 4

From the third equation of the reduced system, we have two cancellations happening on

opposite sides. We have

3r3 = dry & x4 = (—1)ZE3
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Applying the same procedure as in the previous step we now reach the final reduced form

5 0 4 0
1o l|2"=10 0 |2
6 3 5 3

where columns correspond to original variables x1,x3. Notice how each row has exactly
two finite entries and exactly one cancellation occurs in each row. This is our final form,

we assume this form without loss of generality for the remainder of this chapter.

Below is an example of a system in its reduced form, showing that our final form in

general will not necessarily have only two R-astic columns in A and B.

Example 5.8.

5.4 Systems of inequalities and the sub-eigenvector

problem

From this point we assume without loss of generality that (5.1) is a system for which in
each row there are exactly two finite entries in the matrices A and B, appearing in the
same position and with the extra property that exactly one cancellation occurs per row

(per equation).

5.4.1 Algorithm A1l

Algorithm A1l :

Input : Matrices A, B € men, where each row of A and B have exactly two finite
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entries, appearing in the same position. Also, in each row there is exactly one cancellation.
Output : Answer to the question of finite solvability of the system Axr = Bz and a
set of generators of the solution set in the affirmative case.

(I) Define (Vi € N)(Vj € N),i#j
Lij == {k € M : ap;, byi, aj, bi; € R, ar; = by, aj # b}
(IT) Define (Vi € N) (Vj € N),i #j

Cij -= @ (HlaX (akj, bk]) — Clkl') .

kel

(ITI) Define (Vi € N) ¢ := €.

(IV) If A(C) > 0, then identify a positive cycle (ig, i1, ..., i =ig), some r, in C' and
go to (V). Else, A (C) <0 and go to (VI).

(V) Set x;, := € for s = 0,...,r — 1 and update C' by deleting rows/columns iy of
C'. If this deletes all rows/columns of C, then STOP and return “there is no non-trivial
solution”, else, go to (IV).

(VI) STOP and return “z is a solution if and only if x = C*u,u € R™*"”.

Theorem 5.9. The algorithm Al is correct and terminates in O (mn? + n*) time.

Proof. Let A, B € R™" be as in the input of Algorithm Al. Let ¢,57 € N,i # j. Define

Lij == {k € M : ap;, byi, aj, by € R, ar; = by, agj # b}

I;; is the set of equations in which variables ¢ and j appear together with finite coef-
ficients and the cancellation happens with the coefficients of z;.

Now, let k € I;; for some ¢ # j. Then equation k:
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ag;r; D max (agj, ;) vj = k.

Now, equation k is satisfied if and only if

max (axj, byj) v; < agiz;,

which holds if and only if
x; — x; > max (agj, bgj) — k-
Since this is true for all £ € I;;, we have

i —x; > € (max (ak;, by) — ari) = ¢,
kel;;

as defined in Al.
Note that for all ¢, x; — x; > € is trivially satisfied.

The two-sided system Az = Bz is therefore equivalent to
(VZ) (Vj) Ty — Ty Z Cij,
which (in max-algebraic notation) is equivalent to

(Vie N) @ (cij;) < @y,

JjEN

or, in the compact form,

Cr <.

This is the subeigenvector problem for A = 0.
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It is known ([25], Theorem 1.6.18(b)) that if A (C) < 0, then Czx < z,x € R™ if and
only if z = C"u,u € R".

If A(C) > 0, it is then possible to find such a positive cycle in the associated digraph
D¢. Suppose we have the positive cycle (ig, i1, ...,%—1,% = ig), for some r. Then we
have

Lig 2 Cigiy Liy

Tiy 2 CiyiyTiy

(5.3)
L4 > Cip_1igTig -
\

Putting together the inequalities from (5.3) we have

Tiy 2 CigiyCirig - - - Cip_1igTig > Tigs
a contradiction (if one assumes that z;,, z;,,...,x;_, € R). It follows that at least one of
Tigy Tiys - - - Tip_q, SAY T4, 1s equal to e. But then we have that

€= Tiy 2 Cigig1Tigyy = Tigyy = €
and so on. We conclude that z;, = z;, = --- = z;_, = €, and so we may remove these

variables, reducing the size of the matrix C' and eliminating the positive cycle. Repeating
this process we either destroy the matrix C' completely, or reach a matrix C” such that
A(C") <0.

To see the complexity of the algorithm observe the following.

Step (I) defines I;; for all i, j € N,i # j. For every such I;;, we consider each k € M.
Thus, this step takes O (mn?) time. Similarly, it takes O (mn?) time to calculate ¢;; for

all 4,5 € N,i # j. Step (III) is trivial and takes O (1) time.
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There will be at most n repetitions of steps (IV) and (V). In each, we calculate A (C')
(O (n?) time) and identify a positive cycle (O (n?) time). Together, these steps run in
O (n*) time.
Finally, in step (VI) we calculate C* in O (n?) time.
In total, the computational complexity is O (mn?) + O (n*) = O (mn? + n) time.
0

We conclude with a non-trivial example to show that our method works. (Blank spaces

denote ¢).

Example 5.10. Consider the system

1 e 0 2 e 0
1 € 1 1 € 0
1 2 € T = 0 2 € x
3 e 4 D € 4
2 € 6 2 € 4
We calculate
Iy ={1,4},
Is7 = {2},
Iy = {3},
Is = {5}.

For all other i # j, I;; = 0. Note that U#j Iij = M.
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Now,

Ce1 = @ (@ (akh bm) - akG)

k=14

:@(@(1,2)-0,@(3,5)—4)
=P 2-05-4)

= 2.

C37 = @ (ag7,be7) —ag3 =1—1=0.
Cio = @ (as2,b30) —ags =1—2=—1
Cog = @ (ass, bsg) — aze = 6 — 2 = 4.

For all other i # j, ¢;j = €. Also, (Vi) c;y; = e.
We have
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We can check that A\(C) < 0 and so we compute

Ccr =

Now let us choose some vector u, say the zero vector, then

It is easy to check that this is a solution to our original system!

5.5 Summary

By making some natural, simplifying assumptions, we were able to assume without loss
of generality the extra condition that in each row there is exactly one entry in A with

the same value as the corresponding entry in B. This allowed us to use the Cancellation
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Rule - reducing (5.1) to the sub-eigenvector problem, which is easily solved. We finished

with a few examples.
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6. Two-dimensional, two-sided homo-
geneous systems of equations and two-
dimensional GEP - strongly polyno-

mial solution methods

6.1 Introduction

In this chapter all matrices are finite, have exactly two columns and all vectors have
exactly two components.

We approach this chapter in stages. First, we give a complete description of the
solution space for two-dimensional two-sided systems Az = Bx. This will help us to solve
the 2 x 2 generalised eigenproblem Az = ABx, which in turn is used to give the explicit
set of solutions for the two-dimensional generalised eigenproblem. We extensively use the
Cancellation Rule (Lemma 2.7) to obtain our results.

The contents of this chapter have been published in [17].
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6.2 Problem formulation

The case when x; = € reduces the generalized eigenproblem
Ax = A\Bx (6.1)

to the question of whether or not the second columns of A and B are proportional (and
the coefficient of proportionality is then the unique generalized eigenvalue). Similarly for
e = g, so we will restrict our attention to the task of finding finite = satisfying (6.1).
By homogeneity of V (A, B, \) we can assume that z; = 0. We will therefore study the

problem of finding x5 € R such that
a;1 D a;pre = Abj1 B )\bigl'g; 1€ M. (62)

Before we discuss the generalised eigenproblem, we will show in Subsection 6.3 how

to find all solutions of two-sided systems
Azr = Br,z € R? (6.3)

for A, B € R™*? and then in Subsection 6.4 we show how to solve (6.2) for m = 2.
Section 6.5 can be seen as an independent generalisation of the results in [12], where
the set of solutions to (6.2) in the 2 x 2 case is described, to the system (6.2) in the m x 2

case.

6.3 Two-dimensional two-sided systems
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In system (6.3) we can assume without loss of generality x; = 0:
a1 @ aipz = bix ® bipwa; 1 € M. (6.4)
Let us denote
Vi={ry € Rjan © apry = by © bipza}; i€ M

and V = V.
ieM
We will explicitly describe each V;. Let us apply the Cancellation Rule of Lemma 2.7

to (6.4). For every i € M there are either two, or one or no cancellations.

(i) If there is no cancellation then

a;1 = bj1 and a;p = bjo

and so V; = R.
(ii) If there is exactly one cancellation then it can be assumed without loss of generality
to take place on the left-hand side and we consider two cases.

Either a;; < b;; and a0 = b;p so that (6.4) reduces to

@22 = bj1 @ a2

yielding V; = [a;,'b;1, +00).

Or a;; = b;; and a;o < b;p so that (6.4) reduces to

a1 = aj1 D bjoxs

yielding V; = (—00, a;1bs'].

(iii) If there are two cancellations and they take place on the same side then this side
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becomes ¢ yielding V; = (. If the two cancellations take place on different sides then either

a;1 > by and a; < bis so that (6.4) reduces to
a; = bipwy

yielding V; = {ailb[;} or, a;; < b;; and a;o > by yielding similarly V; = {a;bil} :
Since each V; obtained above is a closed interval (including possibly a singleton or
empty set) and can be found in a constant number of operations, the intersection V =

(] Vi is also a closed interval (including possibly a singleton or empty set) and can be
ieM
found in O (m) time.

We conclude:

Proposition 6.1. The solution set to (6.3) is of the form
{a(O,mg)T;a eR, xy € V}

where V' is a closed interval (including possibly a singleton or empty set), which can be

found in O (m) time as described above.

6.4 (eneralized eigenproblem for 2 x 2 matrices

Our aim in this subsection is to describe the whole spectrum for the 2 x 2 generalized

eigenproblem (6.1) which, without loss of generality, can be written

a11 D a12T2 = >\b11 D >\b12$2 (65)

a1 D ars = by @ Abyaxs,

where all a;; and b;; are real numbers.

This is a very special case, already solved in [12] but will be of key importance for
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solving the general two-dimensional case in the next subsection for which we use a different
methodology from that in [12] for solving the general case in Subsection 6.5.

Recall (Proposition 2.6), A (A, B) C [L,U]. Both L and U can easily be found (in
O (mn) time). We will therefore assume that L < U since otherwise we have A (A, B) = ()
(if L > U) or L = U is the unique candidate for a value in A (A, B) and this can be verified
easily for instance using the tools of Subsection 6.3. We will distinguish four cases and

describe the spectrum in each of them. Recall
C= (Cij) = (Clijbi_jl) .
The feasibility interval [L, U] has exactly one of the forms below:

[max (c11, ¢21) , min (c19, ¢22)] ,
[max (¢12, ¢o2) , min (c11, €21)] ,
[max (c11, ¢22) , min (c12, Co1)] ,

[max (C12, 621> s min (Cll, CQQ)] .

Note that the first case can be equivalently described by inequalities c¢11 < ¢q2, o1 <
Co9, similarly the other cases. The first two cases can be transformed to each other by
swapping the variables x; and z,. Similarly the last two cases. So we essentially have only
two cases. In fact we will only deal with the third (and thus also with the fourth) case as
the first (two) will be covered by the discussion in Subsection 6.5.

In what follows we denote

’72 = algaglbﬁlbg;. (66)

Proposition 6.2. If ¢y < c1a,¢00 < 21 and L < U then A (A, B) = {7}, where 7 is the
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unique projection of v onto [L,U], that is

L ify <L,
T=9 v ifve(LU),
U ify=>U.
Proof. Note first that by the assumptions we have L = max (cy1,c22) and U =
min (¢y2, c21) . Let us denote

S =(L,U)NA(A,B).

It is sufficient to prove the following statements:
i) S#0= S5S={},
ii) ye (L,U) =~y €S,

(
(
(iti) v € (L,U) = L,U ¢ A (A, B),
(iv) y < L= A(A,B) = {L} and
(

v) 7> U = A(A,B) = {U}.

In order to prove (i) suppose A € S. Hence we have
C11, C22 < A < 12,01
and thus (using ¢;; = a;;b;;')

air < Abii,  aiz > Abya,

Ao < )\bgg, as > )\bgl.

System (6.5) reduces by the Cancellation Rule (Lemma 2.7) in this case to

1272 = Abyy }
a91 = Abaaxa.
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So 2o = Abi1ajy and zo = A lag by, , from which A = v follows.

(ii) Suppose v € (L,U) and put A = 7. By taking 2o = Abjjay = A lagibyy we see
that A € A (4, B).

(iii) Suppose that v € (L,U) and A = L € A (A, B). If ¢11 < ¢y then

c11 < c2 = A < ¢z,
and thus

air < Abii,  aiz > Abpa,

a2 = Abaa, a1 > Abo.

By cancellations and substituting Abys for age system (6.5) reduces to

a12T9 = Abyy

az1 D Abypxy = )\522@-}

So 25 = Abi1ajy and x5 > A lag by, from which A2 > 2, a contradiction.
A contradiction is obtained in a similar way when ci; > ¢99 Or ¢17 = Coo.
The case of A =U € A (A, B) is dealt with in a similar way.
(iv) Suppose v < L. Due to (i) it is sufficient to prove that L € A (A, B) and U ¢

A (A, B). Let A = L. It is easily verified that x5 is a solution to (6.5) where

1 . )
)\bnalz , if C11 < Co9;
Ty = A_1a21b521, if c11 > c9o and

. — -1 .
any value in [a11a221, allam] if ¢11 = co9.
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Let A = U and suppose c15 < c1. Then A > v and
11, C2 < A =12 < €
and thus

air < Abii, a1z = Abya,

aga < Abga, @z > Abyy.

By cancellations and substituting Abjs for ajs system (6.5) reduces to

a12T2 = Aby1 @ a1272
a91 = /\bggl’g.

So x9 > /\al_21b11 and z9 = /\*1b2_21a12, from which A\? < ~2, a contradiction.
A contradiction can similarlly be obtained when c15 > co1 or ¢15 = 9.

(v) The proof of this part is similar to that of (iv) and is omitted here.

6.5 (eneralized eigenproblem: the two-dimensional

case

As before, due to the finiteness of x and homogeneity we assume that x;y = 0 and we

therefore study system (6.2).

We will distinguish three cases.

Case 1: If ¢;1 = ¢jo for some ¢ € M then by Proposition 2.6 this value is the unique

candidate for the generalized eigenvalue. Using the method of Subsection 6.3 it can be

readily checked whether this is indeed the case.
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Case 2: If ¢;,1 < ¢;2 and ¢;,1 > ¢4,0 for some iy, i9 € M then the 2 x 2 system

a;1 Q4,2 \ bm bm

Qi1 Q3y2 bi21 bi22

has a unique eigenvalue by Proposition 6.2 and is therefore a unique candidate for an
eigenvalue of the whole system. This can easily be checked by the method of Subsection
6.3.

Case 3: If ¢;y < ¢;o for all i € M (the case when ¢;; > ¢;5 for all i € M can be discussed
similarly) then for any ¢ € M the feasibility interval for the i** equation alone is [c;1, ¢jo] .

Suppose A € A (A, B) N (¢1,¢i2) .- Then a;; < Abjy and a;n > Abi and the equation
a;1 D ATy = Abj @ Abjpwo (6.7)

reduces using cancellations to

Q0T — )\bzl .

Hence

Ty = )\bi1&7;_21 (68)

and thus the dependence of x5 on A\ over (¢;1, ¢;2) is expressed by a linear function (with
slope 1). This concludes the case when A is strictly between ¢;; and ¢;s. To finish Case 3
suppose now that A = ¢;; € A (A, B). Then a;; = Ab;y and a;n > Abjy and equation (6.7)
reduces using cancellations to

a;1 D AipTo = a;1.

Hence x9 < a;1a;, . Similarly if A = ¢;p € A (4, B) then x5 > bilb;. Note that

lim )\bila; = aﬂai}l and lim )\bﬂaial = bilbigl
A—cit A—ci2
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T2

—1
bilbiz
= Abjaz
Lo = AD;10Q;9

1
Ai1G;0

L= ailbl-_ll U= aigb; A
Figure 6.1: dependence of x5 on X over [¢;1, ¢;o]

and so the graph of dependence of 25 on A over [¢;1, ¢;2] is a continuous, piece-wise linear
map, see Figure 6.1. This result is consistent with the fact that ailalgl < bilbigl, since this
is equivalent to ¢;1 < ¢;o.

Finally we note that for the whole system we have

(L,U) = ﬂ (cin, cia) -

ieM
Thus if A € A(A,B) N (L,U) then A € A (A, B) N (¢, ¢i2) for every ¢ € M and so x9 is

the common value of all Abjaz,',i € M (6.8). This implies (L,U) C A (A, B). We have

proved:

Proposition 6.3. If A, B € R™? and c;; < cio for every i € M then a generalized
eigenvalue in (L,U) exists if and only if all values in (L,U) are generalized eigenvalues.

This is equivalent to the requirement that all values bﬂai}l fori € M coincide.

If the condition in Proposition 6.3 is satisfied then by continuity also L,U € A (A, B)
and in this case A (A, B) = [L,U]. If not then L,U have to be examined separately for

being generalized eigenvalues. Figures 6.2-6.6 indicate that all possibilities may occur
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-1 '
bi1byy
-1 -1
-1 2 = )\bua = )\bgla
2103, 12 22
’ 1
2
-1 4 i
a11a12 1 |
: i
I 1
. ;
-1 -1 -1 -1
anby!  amby'  anby  asnby A
Figure 6.2: A continuum of solutions: A € [L,U] = [aglbgll,algbl_zl} Ty = Abapy =

-1

(both of L, U, exactly one, or none of them in A (A, B)).
Summarizing all cases we have that if A, B € R™*2 then A (A, B) can be found in
O (m) time and has one of the following forms (the illustrating figures are drawn for

m=2):
e [L,U], see Figure 6.2,
e {L,U}, see Figure 6.3,
e {\}, where A € [L,U], see Case 2 and Figures 6.4 and 6.5,
e (), see Figure 6.6 and Case 1.
In all cases the eigenspace associated with a fixed generalized eigenvalue is described

in Proposition 6.1.

6.6 Summary

We saw that the Cancellation Rule can be a powerful tool. Using it carefully allowed us

to give explicit solutions for two-dimensional two-sided systems and the two-dimensional
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Figure 6.3: Two solutions: (A, zs) = (L:a21b2_117a21b2_11b11a1_21) and (A, x9) = (U =
—1 —1 -1
a12b1y , a12b75 ba1asy )

X2
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Figure 6.4: One solution: (A, x5) = (L = a1by', asibyi biiary)
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Figure 6.5: One solution: (A, 75) = (U = agbyy , assbay b11a75 )
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Figure 6.6: No solutions
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generalised eigenproblem.
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7. Two-sided systems of equations with
separated variables - strongly polyno-
mial solution method if B has exactly

two columns

7.1 Introduction

In this chapter, the matrices A and B are finite and the matrix B (say) has exactly two
columns.

We show that such two-sided systems with separated variables Ax = By can be solved
in strongly polynomial time, in that we can find a finite solution. We do this by considering
this system as a sequence of one-sided parametrised systems, of the form studied in chapter
3. It is possible, by considering different solution types, to fully describe the solution set

for each type.

7.2 Problem formulation

We are concerned here with a special case of the two-sided systems of max-linear equations

with separated variables; namely

Az = By, (7.1)
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where A € R™" B € R™*2 ¢ ¢ @n,y € R®. Our aim is to find a non-trivial solution
if it exists and identify the case when it does not. (We will see that we can in fact look
for a finite solution). Throughout this work we assume (z,y) is a non-trivial solution,
unless otherwise stated. Note that the algorithm in this chapter can be adapted to find
all solutions in polynomial time.

We note that due to the finite nature of A and B, for any solution we have y = ¢ <
x = €, therefore we have a non-trivial solution if and only if we have a solution for which
y is non-trivial. Throughout this work we will therefore assume that y # e.

Note that if y; = €, say, then we can set y, = 0 and then (7.1) is simply equivalent to
a one-sided system of the form Ax = b for some vector b; such systems are easily solved
(see [25]). Similarly if yo = e. That is, we can always start by checking solvability of
Az = By, and Az = Bsys, where B; denotes column j of the matrix B for j = 1,2. For
the rest of this chapter, we assume that these two one-sided systems have been checked
and any solutions that have been found have been added to the solution set. As such, we
assume from now on that y is finite and so, without loss of generality, y; = 0. It follows
now that we may also assume without loss of generality that z is finite.

A preliminary observation simplifies our work. Firstly, we may assume, without loss
of generality, that (Vi) b; = 0 (by scaling rows of the matrices A and B appropriately).
We will also assume without loss of generality, by rearranging rows, that the sequence
b1, baa, . .., bye is non-increasing. It is then possible for us to conveniently partition the
set M according to the values of b;s.

Rigorously, we have

big =" =bro >bpy120="""=Dbpyo > > bkp_1+1,2 == bkp,z. (7.2)
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We denote

Ki={1,... ki} Ky ={ki +1,... ks},...

Ky ={kp1+1,... .k}

(7.3)

So if we let 1 < t < p, then (Vi € K;)bis = bg,e. We then have that the sequence

k2, Ory2, - - -, br,2 18 strictly decreasing, equivalently, the sequence b,;lg,b,;g,...

strictly increasing. Let us also define

so 71 = 0. Note also that (7) is a strictly increasing sequence.

<Vt) Tt = bk12b];127

An example illustrates the partitioning process.

Example 7.1.

-1
—1

2

1

We set Ky = {1}, Ky ={2,3}, K3 = {4}.

01
-2 0
0 0
10

X3

o o o o

n

Y2

-1 .
by o 18

(7.4)

In Example 7.1 above we therefore have v = 1® 171 =0, =1 ® (—1)_1 =2,73 =

1®(—3)"" = 4. Note also in Example 7.1 that for y, € (—o0, —1], our system is equivalent

to

—1

—1

2
1

0
—2
0
1
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a one-sided system which is easily solvable (see chapter 2).

Similarly, if yo € [—1, 1], then our system is equivalent to

—1 01 Q
T
-1 -2 0 0
) = )
2 00 0
Zs
1 10 0

where o € [0,2]. This is a one sided system where b is now a parametrised vector. We
have seen in chapter 3 that such systems, whilst more involved, are also easily solvable.

Again, if y, € [1, 3], then our system is equivalent to

-1 01 «
T
-1 -2 0 a— 2
To = )
2 0 0 a—2
T3
1 1 0 0

where o € [2,4].

Finally, if y, € [3, 00], then our system is equivalent to

-1 01 Q
T
-1 -2 0 a— 2
To = )
2 0 0 a—2
T3
1 1 0 a—4

where a € [4,00).
There is a pattern emerging and we summarise it in the following Lemma. The reader

should refer to the definitions and results of chapter 3 and also to (7.2), (7.3) and (7.4)
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for definitions of terms used in the following Lemma.

Lemma 7.2. Consider the system Ax = By for finite matrices A and B, where B has

exactly two columns.

1. For ys € (—oo,b,;lQ], (7.1) is equivalent to Ax = 0, a one-sided maz-linear system

of equations.

2. Fory, € [b,;pg, oo), (7.1) is equivalent to Az = b(«), where

(V1 <t<p)(Vie K)b =ay ' ac ).

3. Foralll <r <p-—1, fory, € [b,;IQ, b,;IHQ} , (7.1) is equivalent to Az = b(«), where

V1<t<r)(Vie K)bj=ay, ', (vr+1<t<p) (Vi€ Kb =0,a € [y, Yrs1]-

Proof. The proof is in three parts.

1. First assume y; € (00,b,5]. It follows (V1 <t < p) (Vi € K,;) that
—00 < by < bigb,;f? < kaQb,;lQ =0 = bay1, (biz < bg,o due to the monotonicity of
the column vector By). It follows that (Vi € M) by @ bioys = bj1y; = 0, the result

follows.

2. Next, assume that y, € [b,;pg,oo). Let 1 <t <pandi € K,, When y, = b,;p12
we have that bpy, = bthb,;:Q = (bkﬂb,;pl?) (bk12b,;12)_1 = 7% " > 0 (due to the
sequence () being strictly increasing).

It follows that b1 @ bisy2 > VpY; Land equality holds if and only if y, = b,;:Q. The

result follows.
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3. Now let 1 <r < p—1and let y, € [b,;IQ,b,;lJrlQ] Let 1 <t <randi € K;. Then
firstly, bioyo = by,0y2 > bthbI;}Q =YY L and equality holds if and only if y, = b,;lg.
(Note also the inequality v, > 0).

Secondly, bioys = bi,2y2 < bktgb,:rlz = Y+17V: L and equality holds if and only if

_1—1
Y2 = bkrﬂg-

It follows that b; = a~y; ', where a € [,., Yrs1]-
Now let r +1 <t < pand i € K;. Then bjys = by,212 < bmb,;lﬂz < 0 (due to
monotonicity of column vector By and since t > r + 1). It follows that

biryr @ bisys = 0 @ bisys = 0. The result follows.

7.3 Outline of work

The following is a brief outline of how the work in this chapter will continue. In the above
we have shown that the two-sided system (7.1) with separated variables can be viewed
as a sequence of one-sided systems of the form Azr = b(«a), where a € [, @] for some
a,@ € R. In fact, the first system, i.e. for y, € (—oo, b,;l?}, is a one-sided system without
a parameter, which we will call Sy. It is easy to find all solutions (if any) to Sy since it
is essentially a one-sided system. We are now left with p < m one-sided parametrised
systems. The system corresponding to the case ys € [b,:pg,oo) will be called S, and
(Vr) (1 <r <p—1) the system corresponding to the case ys € [b,;lz, bk, ,12] will be called
Sy

7.4 Theory

Consider the one-sided parametrised system S, for some r > 1. By scaling the equations
appropriately we may assume without loss of generality that S, is of the form discussed in

chapter 3. As a consequence, the results there are available to us here. The system S, has
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a very distinct form. More precisely, it can be split into two parts: the top half (where
the parameter a appears in the vector b); and the bottom half (where the parameter does
not appear in b). In the language of chapter 3, we call the top half K and the bottom
half M\K. Define for all 7, K| := J,,, Ki. An important result for cutting down the

complexity time for a solution is the following.

Lemma 7.3. Consider the system S, for some 1 < r < p — 1. If there does not exist
a € [, Yri1] such that T («) solves S, restricted to K, namely the system

A[K]]x =b[K]], then there is no non-trivial solution to S, for any r’ > r.

Proof. This possibly surprising result is essentially a consequence of the homogeneity
of our system.

Let 1 < r < p—1 and consider the system S,. Let 1 <t < r and 7 € K,;. Before
we continue, note that the vector T depends not only on « but also the system we are
considering. So in system S, we denote Z (o) by (") (o). We aim to show that if there
does not exist a € [7,,7,11] such that T (a) solves the ith equation in S,, then for all
' > 7, there does not exist o € [y, v41] such that Z'") (a) solves the ith equation in
Sy

So, assume that for all & € [v,,7,11], we have
(AT(T) (), < ay; .

Here we have used the fact that (Vi) (A7 («)), < (By), and we are assuming in this case
that equality does not hold. Also, we saw in Lemma 7.2 the form of the right hand side.

Now let ' > r. Let .. € [V, 11| and s € [y, Vw11] be fixed. We have that

(A2 (), = B (aiﬁﬁ-’") (Oér)>

JEN
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and

- P (07 0)

JEN

(47" (o))

)

We wish to examine the change in these two quantities, in order to do that, we must
examine the change in the quantities Z () and ") (a,+). In particular, we wish to
find the maximum possible size of the increase from the quantity ") () to the quantity
70 (ap).

Let j € N. Then (by (3.2))

!/

7 () = P (biay,")
ieM
/ / /

. -1 -1 / —1 / —1
= @ (v tay') @ @ (a') ® @ (a;3)
’iEUlgtngt ieur-klgtgr’Kt iEU'r‘/-HStSPKt
/ ! /

o, P Gilah)e B @hHe P (@)

iGUlgtngt ieur+l§t§r’Kt ieur’«klgtprt

Define

!/

o -1 -1
a:= O @ (7 %’)
1€U1<t<r Kt

!

b= B (@)

iEU’I‘+1§t§’I‘/Kt

!/

iEUT/+1§t§pKt

so that 35” () =a® b c.
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Similarly,

/
!
fy) (ar’> =0yt @ (Vgla;jl)
€U << Kt
/
oo D (nlay)
ieur+1§t§r’Kt
/
o D ()

ieur’-&-lStSpKt

Define

!/

/. -1 -1
i=ar P (')
€U <<, Kt

/

/o -1 -1
b= @ (% %‘)
iGU,.JrlStST/Kt

!/

‘= D ).

iEUT/+1§t§pKt

so that EE.T/) () =ad & aub & .

Notice that ' = (a ;1) a and so the size of the increase from a to a’ is a,va; ! Also,

¢ = ¢ and so there is no increase here. Examining the increase from b to b’ is where the

difficulty lies, this is due to the 7; ' term appearing in &'. Note that here r +1 <t < ¢/

and that 0 > v}, > 7.~ +12 > > 7;1 due to the monotonicity of 7. As a result, there is

r+

actually a decrease from the quantity b to b'. We are trying to maximise increase and so

equivalently, we are trying to minimise decrease. This happens when the minimum in b

is attained for ¢ = r + 1 and so the smallest decrease possible is 7,;;. It follows that the
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maximum possible increase from b to a0 is .7y, ;. But
< —1 5 -1 -1 < -1
Qr S Vrgl = Q" 2 Yoyl = Qg S Q.

We conclude that the maximum possible increase from 7™ () to Z") (), given by

70 (o) () (o)) s

-1

2 (a,) (2 (0) " = (@' & (a,) & ) (a @/ b )"

< ((a (o) & (b (awa ")) @' ¢) (a& b o)

< apa; .

It follows, finally, that since the maximum possible increase from Z) (a,.) to ) () is
aa ) that the maximum possible increase from

(Af(r) (Oér))i to (AE(T/) (ar/)) is !

7

We have examined the left hand side of the ¢th equation in systems S, and S,,; and seen
that the increase is no more than a,-a;"!. We now examine the corresponding right hand
sides.

Recall © € K;, where 1 <t <r. So
(Af(r) (O‘r))i = ar%f_l

and

(AE(T/) (ar’>>, = apy;

)

It is clear that the increase from a,v; * to a7y, ' is exactly apa; !,

We now have everything we need.
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We start with the strict inequality in system S,
(Af(r) (ar)), < oy .

From S, to S,/, the left hand side increases by at most a,-a ! and the right hand side
increases by exactly a o, !. Tt follows that the inequality still holds strictly! Since this
argument is true for any a, € [V, v,11] and any «,» € [y, Yy1], it follows that for all

a € [, Yr11], the vector T (a) does not solve the ith equation. O

We now have everything we need to create an algorithm for finding a solution (z,y) for
the system Ax = By; we proceed as follows. Refer to (7.2), (7.3) and (7.4) for definitions

of quantities used.

7.5 Algorithm A2

Algorithm A2:

Input: Finite matrices A and B where B has exactly two columns.

Output: Answer to the question of solvability of the system Az = By. A non-trivial
solution if one exists.

(I) Identify sets Ki, Ko, ..., K, and quantities 1,72, ..., 7.

(IT) Identify one-sided parametrised systems S, Si,...,S, and scale each so of the
form in previous Section.

(ITI) Solve the system Sy. If there is a solution, then return it and terminate algorithm.
If not, go to (IV).

(IV)r:=1.

(V) Consider the system S,. Find the interval from Theorem 3.14. If the interval is
non-empty, then we have found a solution (there is a one-to-one correspondence between

a and ;). Return the solution and terminate the algorithm. If the interval is empty and
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r < p—1, go to (VI). If the interval is empty and r = p; then terminate the algorithm,
no solution exists.

(VI) Check the inequality from Lemma 3.7. If the interval is non-empty, then r := r+1
and go back to (V). If the interval is empty, then terminate the algorithm as all the

subsequent systems have no solution (Lemma 7.3).

Theorem 7.4. The algorithm A2 is correct and terminates in O (m?*n) time.

Proof. Correctness follows immediately from the work in this chapter.

To see the complexity, observe the following.

In step (I), the quantities K; and +; are found in O (m) time.

In step (II) we identify O (m) parametrised systems and scale each (where each such
system has O (m) equations). This takes O (m?) time.

Finding the principal solution for the system Sy takes O (mn) time - this is the com-
plexity for step (III).

Steps (V) and (VI) iterate O (m) times. For each iteration, the interval in (V) is
found in O (mn) time, the inequality in (VI) is checked in the same time. These iterations
therefore take O (m?n) time.

In total, we conclude the algorithm A2 runs in O (m?n) time. O

Example 7.5. Recall Example 7.1. Let us apply the algorithm to that example. We had

-1 01 0
T1
-1 -2 0 0
510 ) = )
2 00 0
Zs3
1 10 0

but here the principal solution T = (—2, —1, —1)T is not a solution and so we consider S;.
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Recall

-1 0 1 Q
T
-1 -2 0 0
Sl : To = )
2 00 0
Zs3
1 10 0

where o € [0,2]. Applying Theorem 3.14 we see that the unique solution is a« = 1. Making

the substitution we obtain the one-sided system

—1 01 1
T
-1 -2 0 0
X9 -
2 0 0 0
I3
1 1 0 0

with principal solution T = (—2, —1, O)T. Relating back to the original system

—1 01 0 1
x1

-1 -2 0 0 —1 U1
) =

2 00 0 —1 s
T3

1 10 0 -3

we get the corresponding solution © = (=2, —1, O)T,y = (0, O)T.

7.6 Summary

We saw that we could consider the two-sided system with separated variables as a sequence
of one-sided parametrised systems, as studied in chapter 3. We could construct a strongly
polynomial algorithm for finding a solution in an iterative process. Further, the algorithm
could be modified depending if the user wishes to find a solution or describe all solutions.

This follows since we can partition the problem into a set of parametrised systems, for
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each of which we can describe the full solution set as in chapter 3.
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8. Two-sided systems of homogeneous
equations - minimally active and es-

sential systems

8.1 Introduction

The focus in this chapter is in demonstrating a pivotal role of the matrix A @® B (denoted
C' throughout this chapter) and its max-algebraic permanent for solving two-sided linear
systems Ax = Bx where A and B are finite, square matrices. Note that the results of
this chapter can be extended to the non-finite case, provided that the permanent of C' is
finite. We study only the finite case here.
We study two special types of the system Az = Bz. The first type, called

minimally active, is defined by the requirement that for every non-trivial solution x, the
maximum on each side of every equation is attained exactly once (see Definition 8.4).
For the second type, called essential systems, we require that every component of any
non-trivial solution is active on at least one side of at least one equation. By active
component z; we mean that there exists ¢ € M such that in the matrix A, say, we have
@te N QT = a;jz;. So “active” essentially means “attains a maximum”. Equivalently,
all non-trivial solutions are finite (see Definition 8.17).

We prove that in every solvable two-sided max-linear system of minimally active or
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essential type, all positions in C' := A & B active in any optimal permutation for the
assignment problem for C', are also active for some non-trivial solution (any non-trivial
solution in the minimally active case). This enables us to deduce conditions on a solution
x for which it is possible in some cases to find = in polynomial time. It is also proved
that any essential system can be transformed to a minimally active system in polynomial
time. Theorem 8.6 is the key theorem of this chapter.

The contents of this chapter have been submitted to the journal Discrete Applied

Mathematics.

8.2 Notes

—mX

Let D = (dj;) € R"" and z € R". Then

A(x,D) = {(z’,j) € M x N :djzx; = @dit:rt} , (8.1)

teN

where “A” is for “active”. Let 7,5 € N and = € V (A, B) (see (2.7)). If (i,j) € A(x, A)
((i,7) € A(x,B)), then we say (i,j) is  — active in A (B). It follows that A (z, A)
(A (z, B)) is the set of positions which are x — active in A (in B).

Let i € M and define
avyp (1) :={k € N: (i,k) € A(z,D)}, (8.2)

where “av” stands for “active variable” .

Finally, let 7 € N and define
aexp (j) :={t € M : (i,j) € Az, D)}, (8.3)

where “ae” stands for “active equation”.
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Suppose that A = (a;) € R and B = (b;) € R™"" are given. The problem
of solving the two-sided linear system (A, B) is the task of finding z € R,z # € (a

non-trivial solution) such that

Az = Bx. (8.4)

Due to the finiteness of A and B, it can be shown (see chapter 2) that a non-trivial
solution exists if and only if a finite solution exists. As such, we restrict our attention to
finding finite solutions to (8.4).

Recall

V(A,B)={x €R": Ax = Bz} . (8.5)

We will assume in the rest of this section that m = n and C := A @ B. Recall from
Chapter 2, page 19 that ap (C) = ap (diag (v) C) for all v € R™.

Note that

(Ve € V (A, B)) (Vi) @ Ty = @ bz, = @ CitTy. (8.6)

teN teN teN

Hence A(z,C) = A(z,A) U A(z, B) and for all ¢ we have av, ¢ (i) = avya (i) U
av, g (7).

For x € V(A,B) and i € N, we have (3ji,j2) such that (i,7;) € A(x, A) and
(1,72) € A(z, B). Note that j; and j, are not necessarily distinct.

We have (Vz € V (A, B)) (Vi) |ave a (i) |, |avy g (i) | > 1.

It is easily shown that if V' (A, B) # 0, then there exists x € V (A, B) such that for
all j,ae,c (j) # 0. As such, we define

V(A,B)={x e V(A DB): (Vj)ae,c(j) #0}. (8.7)

In the rest of this chapter, we are interested in finding solutions z € V (A, B).

Definition 8.1. Let 2 € V (A, B) and let o € ap(C), o is called “c — optimal” if
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(Vi) (i, 0 (i) € A(x, O).

Example 8.2.

3 8 2 5 5 5 5 8 5
A=171 4|, B=13 4 5|, C=|7 4 5|=A@8B.

05 3 5 3 2 5 5 3

Note that
ap (C) - {<17 2) (3) ) (17 2, 3)} .

Let x = (0,—1,2)". Then, o = (1,2) (3) € ap (C) is z-optimal since
(1,2),(2,1),(3,3) € A(x).
Similarly, o' = (1,2,3) € ap (C) is x-optimal since (1,2),(2,3),(3,1) € A(x).

Lemma 8.3. If (EI:U cV (A,B)) (Jo € ap (C)) o is © — optimal, then

(Vo' € ap (C)) o’ is x — optimal.

Proof. Let 0 € ap(C) be x — optimal, so that (Vi) ¢; o) To@) = Dyen Cittr- Now
consider ¢’ € ap (C), 0" # 0.

Define I :={i € N : 0’ (i) =0 (i)}, := N\I.

Clearly, (Vi € I) (i,0' (i)) € A (x), since (i,0' (1)) = (i,0 (i)). If for all i € I,
Ciio'(i)To' (i) = Cio(i)To(s), then (W € 7) (1,0' (1)) € A(x). It follows in this case that o’ is

x — optimal. So suppose there exists i € I such that
Cio! (i) Vo' (i) 7 Ciro(i)To(i)- (8.8)

Now note that o,0” € ap (C), which implies o,0” € ap (C,). Therefore

Z Cio'(i)Lo! (i) = Z Cio(i)Lo (i) (8-9>

iEN 1EN
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which is equivalent to

Z Ci,o! (i) To (3) T Z Ci,o! (i) o (3) = Z Ci.o(i)To(i) T Z Ci,o(i)To(i)- (8.10)

el iel i€l iel

Hence

Z Cio'(i)Lo! (i) = Z Cio(i)Lo(i)- (8'11>

iel i€l
It follows from (8.8) and (8.11) that (Elu € 7) Cuo' (u) o' (u) > Cuo(u)To(u), PUL this contra-

dicts the assumption that (u,o (u)) € A (z). We conclude that o' is x — optimal. O

8.3 Minimally active systems

Definition 8.4. The system (A, B) is called minimally active if
(Ve € V (A, B)) (Vi € N)avea (i) | = Javes (i) | = 1.
Interestingly, we have the following property for minimally active systems. Recall (2.7)

and (8.7) for the defnitions of V (A4, B) and V (A, B) respectively.
Lemma 8.5. Let (A, B) be a minimally active system. Then V (A, B) =V (A, B).

Proof. We only need to show that for the minimally active system (A, B), we have
V(A,B) CV (4, B).

Suppose for a contradiction that <EII € V(A B)\V (A4, B)) Let j € N such that
ae; () = 0. We increase x; until x; becomes active in some equation ¢ (this will happen
due to the finiteness of A and B), producing a new solution z’. But, since |av, 4 (i) | =
lav, g ()| = 1, it follows that, say, |av, 4 (i)| = 2, contradicting the assumption of

minimal activity. U

It is known ([25], Lemma 7.1.1) that V is a subspace. Lemma 8.5 confirms that V is a
subspace also when (A, B) is minimally active. Note that in the remainder of the section,

we will always have V = V.
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We state now the main result of this section.

Theorem 8.6. Let (A, B) be a minimally active system. Then V (A, B) # 0 if and only
if (3r e V(A,B)) (Vo €ap(A® B))o is x — optimal.

This Theorem may be very useful. Such a result would allow us to deduce important
information about a solution, without any a priori knowledge of what such a solution
might be. Further, this information is obtained by finding ap (C'), something which is

easily done (in polynomial time) with the help of, say, the Hungarian algorithm [56].

Remark 8.7. The ‘if’ statement of Theorem 8.6 is trivial, we need the proof of the ‘only
if " part only. Also, due to Lemma 8.3, we only need to show there exists x € V (A, B)

such that o is © — optimal for some sigma € ap (C).

Note that we have not given any way to check that a system is minimally active in
general. Example 8.8, however, is easily shown to be minimally active. To see this, first

apply the Cancellation Rule, yielding the system

(

8272 = 51’1 D 5373

7$1 = 41’2 D 51‘3

511 = dxy B 3x3.
\
Equivalently,

(

g = (—=3)x1 B (—3) x3

Ty = (—3) To D (—2) T3

xr1 = T9 D (-2) 3.
\

Without loss of generality, x; = 0. We see also that x; > x5 > (—3) x2. Therefore,

1 = (—2) x3 and so x3 = 2. It follows that 25 = (—3) & (—1) = —1. We have then, after
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scaling, the unique solution is z7 = (0, —1,2). Note that for x as defined above we have
(Vi =1,2,3)|avsa (i) | = |avy g (B) | = 1.

Before the proof of Theorem 8.6, we give some examples to show the power of the
theorem. Example 8.9 is not minimally active but the application of Theorem 8.6 still

yields a solution - we will see why in Section 8.4.

Example 8.8.

38 2 55 5 5 (8 5
A=l 714 |, B=|345 ]| C=|() 4
05 3 53 2 B 5 (3

We see that maper (C) = 18 and ap (C) = {(1,2) (3),(1,2,3)}. So if V (A, B) # 0, then
(Jz € V(A,B))(1,2),(2,1),(3,3),(2,3),(3,1) € A(x), in which case we have

(

81’2 = 51’1 D 5I3

71’1 = 51‘3
5x1 = 3x3.
We set without loss of generality x1 = 0 and deduce 3 = 2 = x5 = —1, hence 27 =

(0,—1,2). Indeed, z* = (0,—1,2) is a solution.

Example 8.9.
-4 30 2 0 2 6 1 0 3 6 2
A= 5 -1 6 3|, B=[3 507, C=|5 567
7 30 4 2 12 6 3 7 12 6 4

By simply repeating the last rows, we can convert this to an equivalent (identical solution
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set) square system as follows.

4 30 2 0 26 1 0 36 2
VI Bl VI E RIS R R
7 30 4 2 12 6 3 712 6 4
7 30 4 2 12 6 3 712 6 4

We apply the Hungarian method for finding ap (C).

0 36 2 —6 -3 0 —4
5 56 7 2 -2 -1 0
C' = —

712 6 4 -5 0 -6 -8

712 6 4 -5 0 —6 -8

—4 -3 0 —4 —4 6 (0) —4

0 -2 -1 0 0 -5 -1

— — @

-3 0 —6 -8 0 (0 -3 -5
-3 0 —6 -8 0) (0) -3 -5

We have highlighted the elements of all optimal permutations from ap (C"). In the original

matriz C' (before Hungarian method is applied), this corresponds to

Now, without loss of generality x1 = 0. From the third (fourth) row: Tx; = 12x9 = 19 =

—5. From the first row: 6x3 = (0x1) ® (3x2) & (224) = 0B (224) = 23 = —6 D (—4) 24.
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(Note we are using the Cancellation Rule by no longer distinguishing between matrices A
and B, considering only entries of the matriz C' as possible active entries).

From row two: Txy = 5x1 ® bxy P 623 =5 2x4. So Tx4 =5 & 14 = —2.

Then, x3 = —6® (—4 —2) = —6.

Finally then, we have 27 = (0, =5, —6,—2) , which we can confirm is a solution.

It is not at all obvious that we will always have enough information about z to find
it exactly, as we did in Examples 8.8 and 8.9 (since finding ap (C') does not necessarily
highlight all elements of A (x)). This leads to some interesting open questions, which we

discuss in Section 8.6. For now though, we focus on the task of proving Theorem 8.6.

Lemma 8.10. If for some x € V (A, B), there exists a permutation o € P, such that for

all i € N we have (i,0(i)) € A(x), then o € ap (A @ B). Further, o is x — optimal.

Proof. We prove this by showing o € ap (diag (x) C'), by contradiction.
Suppose not, then (i € N) ¢; o()To) < @,en Cit®s, Which contradicts
(1,0 (i) € A(z).

Further, o is © — optimal by definition. O

Our task is clear. As a consequence of Lemma 8.10, it suffices to show that if
V (A, B) # (), then there exists x € V (A, B) such that the elements of A (z) admit
a permutation o, in which case o € ap (C') by Lemma 8.10. Theorem 8.6 then follows as
a result of Lemma 8.3. See also Remark 8.7.

The problem of finding a permutation is equivalent to the 1-factor problem in bipartite
graphs, which in turn is equivalent to the problem of finding a perfect matching in a
corresponding bipartite graph.

For clarity of exposition, we will use different symbols for row/column indices.

Definition 8.11. Let A, B € R™" such that V (A,B) # 0. Let x € V (A,B) and

define the bipartite graph G, (A, B) (or simply G, when it is clear to which system of
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matrices we are referring) with vertex sets S, and T, as follows. S, = {s1,...,$n},Tp =
{t1,...tn},(Vs; € S) (Vt; € T) sit; € E(Gy) if and only if (i,j) € A(x), (effectively,
Sy, =T, = N). We also define a 3 — colouring of the edges of G, as follows:

(

cr,if (i,7) € Az, A)\A(z, B)

c(sitj) = 4 co,if (i,§) € Az, B)\A(z, A)

cs,if (i,7) € Az, A)N A(x,B).

We call ¢ the activity colouring. We denote by ¢ (G;) the graph G, edge-coloured with c.
Definition 8.12. e Fors e S,, define N (s) :={teT,:st € E(G,)}.

o forse S, forre{1,2,3}, define
N, (s)={teT,:te N(s) and c(st) =c}.

o For S' CS,, define N (S') := Usesr N ().
o forteT,, define N(t):={seS,:st e E(G,)}.
o For T CT,, define N (T") := Uer N (t).

Remark 8.13. We may refer to vertex sets S orI' when there is no ambiguity for which
vector x we are considering.

FEssentially,

N, (s) = avg 4 (s) \avs 5 () ,
N, (s) = avy g (s) \avg a (),

Ne,y (8) = avy 4 (s) Navy g (s).
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For x € V (A, B), vertex s; € S, corresponds to equation i in the system Axr = Bz
and so we may talk about i € S, without any confusion. Similarly, t; € T, corresponds to

xj, so we may talk about j € T,, or even x; € T,.

From now we assume that V (A, B) # 0. Our goal then, is to show there is an
x € V (A, B) such that G, has a perfect matching. Equivalently, we show there is an
x € V (A, B) such that the size of the minimum vertex cover in G, is n, due to the

following Lemma, which follows from Kénig-Egervary Theorem [55].

Lemma 8.14. Let G, be a bipartite graph with vertex sets S, T such that |S| = |T| = n.
For any x, a perfect matching in G, exists if and only if the size of a minimum vertex

cover 18 n.

We are ready now for the proof of the main result, Theorem 8.6. We complete the

proof via the following equivalent Lemma.

Lemma 8.15. If (A, B) is minimally active, then (3x € V (A, B)) such that the size of

the minimum vertex cover in G, is n.

Proof. Let (A, B) be minimally active and x € V (A, B). Consider the activity
colouring; ¢(G,). Note that S, covers all edges in G, and so the size of the minimum
vertex cover is always less than or equal to n. Let W be a minimum vertex covering of
Gy. If |W] = n, then we are done, so suppose |W| <n — 1.

Also note that (Va' € V (A, B)) (Vs € Sp) 1 < |N (s)| <2,duetoa’ € V (A, B) (> 1)
and the minimal activity property (< 2). Note | N (s) | = 2 corresponds to the case when
|Ne, (8)] = [Ney (s)| = 1 and [N, (s)| = 0. Also, |N (s)| = 1 corresponds to the case
when |N,, (s)| = |Ng, (s)| =0 and [N, (s)| = 1.

Define Wy := W N S, Wy := WNT. Define Wy := S\WS,WT = T\Wy. If we have

[Wr| < |Wg]|, then it follows that |W| > n, a contradiction. So |Wr| > |[Wsl.
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Since (Vs € S;)|IN(s)| > 1 (x € V(A,B)) and (Vt € T)|N (t)| > 1 (definition of
V (A, B) and V =V due to (A4, B) being minimally active), it follows that |[Ws|, [Wr| > 1.

In fact, from the definition of W, we have that
(Vj € Wr) (3s € Ws) (s,j) € E(G,).

Every s € Wy has a neighbour in Wy (else N (s) covered by Wy and by removing s
from W we obtain a smaller vertex cover). Also, for every s € W, s has no neighbours
in Wr (by definition of W). It follows that N (WT) C Wg. In fact, it follows that
N (WT) = Wg, though we only need that N (WT) C Ws. Now:

If (Vs € N (Wr)) |Ne, (s) N Wr| = [N, (s) N Wr| =1 (recall then that
(Vs € N (T)) N (s) N Wy = 0), then we can define the solution z’ by:

axg, if x, € Wrp
T =

Tk, otherwise,

where

{8 (@)oo

iews | jewy L \ten
The vector 2’ is a solution to equations corresponding to Wy since
(Vj € WT) (Vi € WS) (i,7) € A(x). The constant « is defined so that the variables of W
are increased to exactly the first point where (u,t) becomes x — active for some u € Wy
and some t € Wr.

It follows that 2/ € V (A, B) and we then have that (Ju € Wg) at least one of the

following holds:

o |avy 4 (u) Navy g (u)| > 2;
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o |avy 4 (u)| >2;

o |avy p(u)| > 2; or
o |avy 4 (u) Navy g (u)| =1 and |avy 4 (u) | + |avy g (u) | > 1.

In any case, we contradict the assumption that (A, B) is minimally active.

It follows then that (for original solution x) (Elsl e N (WT) = WS) with exactly one
neighbour in Wy (say t1, with ¢ (s1t1) = ¢.,,71 € {1,2,3}), and at most one neighbour in
Wr (no such neighbour in the case r; = 3, exactly one such neighbour otherwise).

Consider now Wr\ {t,}. Note that
0 N (W {t1}) € W\ {1}

As before, if
(Vs € N (Wr\{t:})) [N, (s) 0 (Wr\{t:}) | = [Ne, (s) N (Wr\ {t:}) | = 1, then we can
define a solution 2z’ which contradicts the assumption of minimal activity of (A, B).

Again then, we conclude (332 eN (WT\ {tl}) C Ws\ {31}) with exactly one neigh-
bour in Wr\ {t;} (say t, with ¢ (sqty) = ¢y, 72 € {1,2,3}), and at most one neighbour in
T\ (W7\{t.}).

We continue in this way, pairing off elements of Wg and Wy. Eventually, since |Wr| >
|Ws|, we run out of vertices in Wgy. We have defined t1,...,tjwy and s1,..., s, Let
T = Wr\ {t1,... . tjwg } # 0. It follows that N (T") € Ws\ {s1,..., 5w} = 0. This
contradicts the assumption that (V¢ € T) [N (¢) | > 1.

We conclude that it was our initial assumption, namely that |[Wz| > [Ws|, which was
wrong. It follows that for our original x, the size of the minimum vertex cover in G, is n.

In fact, since x € V (A, B) was arbitrary, the result holds true for all z € V' (A, B). O
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In fact, we proved a stronger result than Theorem 8.6. To be exact, we showed that

the conditions of Theorem 8.6 hold for all solutions, not just one.

Theorem 8.16. Let (A, B) be a minimally active system. Then V (A, B) # 0 if and only
if Ve € V(A,B)) (Vo € ap(A® B)) o is x — optimal.

8.4 Essential systems

In this section we show that we can generalise the results of Section 8.3 to a wider class

of systems, which we call essential systems.

Definition 8.17. Let A, B € R™". We say that (A, B) is essential if V (A, B) =
V (A,B) # 0, where the sets V (A, B) and V (A, B) are defined in (2.7) and (8.7) re-

spectively.

We use the term essential for the following reason. If V (A, B) # V (A, B), then there
exists © € V (A, B) \f/ (A, B),z # ¢, such that Az = Bz. By definition of V and v,
there exists j € N such that z; = e. It follows that the system (A’, B') (where A" and B’
are obtained from A and B respectively by removing column j) has a non-trivial solution.
Variable j is inessential in the original system.

It can be shown that (A, B) in Example 8.28 is an essential system which is not
minimally active. To see that (A, B) is not minimally active, consider the solution z? =
(1,0,2). To see that the system is essential, note that it is equivalent to show fori = 1,2, 3
that there is no non-trivial solution x for which x; = €. It is easy to check that no such
solution exists. As an example, suppose for a contradiction there exists x € En,ml =

€,x # € such that Ax = Bz. After applying the Cancellation Rule, it follows that
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p

31’3 = 5.’172 © 3333

31‘2 = 13173

€ = 4xy P 223,
\

contradicting = # .

For the remainder of this Section, (A, B) is an essential system. As in Section 8.3,
we will only use the notation V' (A, B) (or simply V' where no confusion can arise) but it
should be remembered that V = V.

We generalise the results of Section 8.3 by showing that essential systems are related
to minimally active systems. The following Lemma is key to showing that this can be

done.

Lemma 8.18. Let A, B € R™" such that (A, B) is essential and not minimally active.
Let z € V (A, B),r € N such that, say, |av, a(r)| > 2 (the case for |av, g (r)| > 2 is
similar). Let s € av, a(r). Then there exists 0* > 0 sufficiently small such that for all

0 < & < 6* the matrices A®), BO) defined by

a0 L, if u=r,v=s
20 —
uv

Ayp, O0.W.

BY =B

satisfy the following:
1. zeV (AD, BO).

2. av, Ae) (T) = aVz A (7") \ {5}

93



3. 0#£V (A® BW) CV (A B).

4. (Vo € V (AD,BD)) (Vi € N)av, 40 (i) C avga (i),

av, e (1) C avep (i).
5. Forallz € V (AY,BO) (r,s) ¢ A(z,AY).
0. (A((S),B(‘S)) 18 essential.
Before we prove Lemma 8.18, we have some comments.

Remark 8.19. For x € V(A,B),i € N and s; € S,, consider the activity colouring

c(Gy). Then for s;, at least one of the following holds:
e s; is incident with an edge of colour c3;
e s; is incident with an edge of colour ¢; and an edge of colour cs.

Note that if s; is incident with only one edge, then that edge is coloured cs (the converse

is not true in general).

Definition 8.20. If for all 31, jo € T, there is a path from ji to js in G, then we say G,

1s variable connected.

Remark 8.21. Since for all s € S,|N (s)| > 1, it follows that G, is variable connected
if and only if G s connected. From now, we say only connected.
Clearly, if © = ax’ for some z,2’ € V(A,B),a € R, then G, = Gy. In the next

Lemma we show that the converse is also true (that this cannot happen otherwise).

Lemma 8.22. If G € G is connected, then for all x,z' € V (A, B) such that G, = G =
G, there exists a € R such that @' = ax. That is, G corresponds to exactly one solution

(up to scaling).
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Proof. Let G € G be connected and let x € V (A, B) such that G, = G. Let
t1,ty € Tty # ty and let P be a path from ¢; to £y in G,. Using the definition of F (G,),

we see that x;, 2, is a fixed constant. That is

(Vo € V (A, B)) (Vt1, t2) my, 27, = Ay, 4, (constant).

Since tq,ty were arbitrary, the result follows.

Note that it doesn’t matter which path we choose if many are available. If path P; yields

xtlxtzl = «aq, and path P, yields xtlxt_gl = ag,q # o, then z € V (A, B), a contradiction.
OJ

Definition 8.23. z € V (A, B) is called a connected solution if G, is connected.

Definition 8.24. Let x € V (A, B). Denote by com (x) the number of components of G.

The following Lemma is given without proof but it should be noted that the ideas of

the proof are similar to those used in the proof of Lemma 8.15.

Lemma 8.25. Let x € V (A, B),x not connected and consider a component of G, with
the set of nodes X. Define 8" := X NS and T' := X NT. Then for all s € S" we have at

least one of the following (by Remark 8.19):
o [N, (s)NT'| > 1, or
o [N, (s)NT'|,|N,, (s)NT'| > 1.

Define a new vector x' using
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and

ATk, Zfﬂ?k eT’
/
T =

T, Zf T g T

Then ' € V (A, B) and com (x') < com (z).

Let z € V (A, B),x not connected. By applying Lemma 8.25 repeatedly, we can
transform x to a vector T such that T is connected and T € V' (A, B).

Note T may not be unique (the connected solution Z depends on which component we
use in Lemma 8.25). We denote by connect (x) the set of connected T € V (A, B) that
can be obtained from x in this way.

We are now ready for the proof of Lemma 8.18.

Proof. [Proof of Lemma 8.18] We are essentially reducing exactly one element in the
system (A, B). Let z € V (A, B). Immediately, we can see that for all § > 0, = €
V (A(‘S), B(5)) (property (1)), which in turn means V/ (A(‘S), B(‘S)) # () (first part of property

(3)). It is also clear for all § > 0 that av, 4 (i) = av 4 (i) \ {j} (property (2)).

e We show next that for all § > 0 sufficiently small V (A, B®)) C V (A, B) (second
part of property (3)). First note that if a;; = b;; = ¢;;, then this follows immediately.
To see this, let § > 0 and let
reV (A(5),B(5)) \V (A, B). It follows that a;z; > @,cy bur: > bijr; = ajz;, a
contradiction. So assume a;; # b;;.

Let us start with a fixed §g > 0. If V (A(‘SO), B(JO)) C V (A, B), then we are done,
SO suppose not.

Let I (6) be the set of connected solutions in V (A, BO)\V (A, B) for any § > 0.
Since the number of connected bipartite graphs with the set of nodes S, 7T is finite
and each corresponds to only one solution (up to multiples), it follows that I" (dg) is

finite (up to multiples).
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Now, let w € T" (dp). We have (Vu)u # i, a,w = b,w, and so a;w # b;w. Also, since
(Vo # j)aggo) = ajy, it follows that a;;w; > byw and @,y aww; = a;jw;. (Recall
that b; denotes row i of B).
We have then that

CLE?O)U)J‘ < bzw = CL,‘j(SO_l’lUj < bzw

ai; W5 > b,w.

Therefore, (35,) 0 < ) < dy such that a,; (8)) " w; = baw, thus for any 6,0 < & <
d(, we have
(61)

a:

ij Wy > blw

and sow €V (A(51), B(‘sl)) \V (4, B). Note then that we also have for all multiples
of w, namely aw,« € R, that aw & V (A(‘sl), B(al)) \V (4, B).

Let 6, = 307 (for instance). Define 6 (w) := &;, and define § (w’) in the same way
for all w’ € T (dp). Since I' (dp) is finite (up to multiples) and for all w’ € I' (d), for
all @ € R we have ¢ (w') = d (aw’), we can define

0" := min 0 (w) > 0.
w€r(50)

We see that T" (6*) = 0.

We now show that 0* is sufficiently small so that V' (A(‘s*), B(‘s*)) C V(A B), as
desired.

Let 0* be as defined and suppose for a contradiction that there exists

w eV (AP, BU)\V (4, B).

Vector w is not connected because T'(0*) = ) and since w ¢ V (A, B), we have
a;jw; > byw. Let X; be the set of nodes of the component of G, that contains w;

and define S’ := X; NS, 7" = X; NT. Note that N (7") = S’. Since w is not
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connected it follows that (Yu € N (T") = ') either:

— | N, (w) VT, | Ne, () 0T’ > 15 or

— N, ()N T| > 1.

As such, we may increase wy, k € T (similarly as in the proof of Lemma 8.15) by =,
say, until there is a new edge between 7" and S\S’. Call this new solution w’. We
have a;;wi = ajjw;y1 > bwyr > bw', and so w’ € V (A(‘S*),B(‘S*)) \V (4, B) also.
Repeat the procedure with the component of GG, containing w’, until we obtain a

connected solution w € V (A®"), B®))\V (A, B), contradicting I (6*) = 0.
e Note that property (6) follows immediately from property (3).

e Next, we show property (4) holds. Let z € V (4®"), B®)) C V (A, B) and let u €
N,u # i. Then av, g¢+ (u) = ave . (v) and av, p (u) = av,,p (u), since ! = a,
and b = b,. Also, since ayz; < by (vt) and b\ = by, it follows that av, 4 (i) C

ave A (1) and av, g (1) = avep (4).

e Finally, property (5). We show that for all 2/ € V(A(‘S*),B(‘S*)) we have j &
avy 40 (i). Suppose for a contradiction (32 € V (A, BCY)) j € avy a0 (3),
that is

(5*)x/ = b@*)l‘/ = Qg5 (5*>_1 l’/' — bix/-

azg J 1 J

But then a;;2; > b;z’, and so 2’ € V (A, B), a contradiction since
V (AY), B@) C V (A, B) (property (3)). (The entry az(?*) has essentially become

a “dead element”).

Remark 8.26. Property (6) of Lemma 8.18 should serve to clarify that we are safe to

refer only to V' in the statement of Lemma 8.18 and that for both systems in the statement
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of Lemma 8.18, we still have V =V .

The following Theorem is the final step to convert an essential system to a minimally

active one.

Theorem 8.27. Let A, B € R"*" (A, B) essential and not minimally active. Then there

is a sequence of systems (A, B), (A(l), B(l)) e (A(k), B(k)), such that
D4V (A(k),B('“)) cV (A(/f—l)’B(k—l)) c...CV (A(l),B(l)) CV (A B),

and (A(k), B(k)) 18 minimally active, for some k € N,

Proof.

We construct a sequence of systems by repeated use of Lemma 8.18. We call this
process “reduction”. It is not clear immediately that reduction terminates in finite time
but if it does terminate in a finite number of steps with system (A(k), B(k)), then, since

reduction has terminated, we have
(Ve eV (A(k), B(k))) (Vi € N) |av, 40 (i) | = |av, pw (1) | =1

and so (A®, B®) is minimally active by definition. Then, from repeated use of Lemma

8.18, property (3), we have
04V (A(k),B(k)) cV (A(k_l),B(k_l)) cC...CV (A(l),B(l)) CV(A,B).

It remains to show that reduction does indeed terminate in a finite number of steps. In
fact, we will show that reduction terminates in less than 2n? iterations.

Suppose not for a contradiction and so we define systems

(A0, BV) ., (A®7), BE)) using Lemma 8.18. Define (A0, B®) := (4, B). Now,
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(Vr)1 < r < 2n? the transition from (A(T_l) B(r_l)) to (A(T),B(’“)) is based on the

Y

reduction of exactly one entry of A or B. That is, either a;; or b;; for some 7, j. We define
(i (r),5(r) = (i)

Consider (i (s),j(s)), some 1 < s < 2n? — 1. By Lemma 8.18, property (5), we have
(Vz e V (AW, B®)) (i(s),j(s)) & A(z,A®)). Now, let s +1 < r < 2n? and let 2/ €
V (A, BM). We claim that (i(s),j(s)) & A(2/,A")). To see this, note that (by

repeated use of Lemma 8.18, property (4))

avy a0 (1(5)) € avy 40-1) (i (8)) C -+ C avy a0 (i (8)).

We have essentially shown that once we reduce an element in the matrix A (in the
matrix B) in the reduction process, then that element is now a “dead element” for all
subsequent systems in the reduction process. Since there are n? elements in matrix A (in
matrix B), there are a total of 2n? elements in total which may be eliminated. This, with
the fact that every system in the reduction process has non-empty solution set (Lemma
8.18, property (3)), leads us to conclude that reduction must terminate in at most 2n?

iterations. L]

We give here an example of the process of reduction.

4 0 3 0 5 3
Example 8.28. Let A = 03 01|,B= 1 0 1 and consider the system
300 0 4 2

Ax = Bux.
It is easily checked that the unique solution (after scaling and making the smallest

component equal to zero) is 7 = (1,0,2). Note also that x is a connected solution and
s0 V(A B) = {a(l,O,Z)T = R}.

Now, av, 4 (1) = {1,3} and so we reduce, say, component ay3. Reducing a3 by 1 is
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4 0 2 05 3
sufficient since then A’ =1 0 3 0 |, B=| 1 0 1 and we have:

300 0 4 2
1. 2 €V (A, B) =V (A, B)+0.

2. avy 4 (1) = {1} = {1, 3} \ {3} = av. 4 (1) \ {3}.

3. 1t is easily checked that x7 = (1,0,2) is the unique solution for the system A’z = B'x
and so indeed we have V (A', B') = {a (1,0,2) :a € R} CV (A, B).

4. It is clear that (Vu € N) avy a (u) C avy 4 (u) and av, g (u) C av, g (u).
5. The entry (1,3) is not (x, A") — active.

Now, note that av, g (1) = {2,3} and so we reduce, say, component byy. Reducing bio

4 0 2 0 4 3
by 1 is sufficient, since then A” =1 0 3 o0 | ,B"=| 1 0 1 and we have
3 00 0 4 2

1. x € V (A", B") = V (A", B") # 0.

2. avypr (1) = {3} = {2,3}\ {2} = ave p (1) \ {2}

3. 1t is easily checked that x7 = (1,0,2) is the unique solution for the system A"z =
B’z and so indeed we have V (A", B") ={a(1,0,2) :a € R} CV (A", B').

4. It is clear that (Vu € N)avy ar (u) C avy 4 (u) and avy pr (1) C avy, pr (u).

©r

The entry (1,2) is not (x, B") — active.

Now, note that av, g (3) = {2,3} and so we reduce, say, component bss. Reducing bss

4 0 2 0 4 3
by 1 is sufficient, since then A” =1 o 3 o0 | .B”"=| 1 0 1 and we have
3 00 0 4 1
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1. T E V (Al//’ B///) = V (A//l’ Bl/l) # @

2. avy prr (3) = {2} = {2,3} \ {3} = avepr (3) \ {3}

3. 1t is easily checked that 7 = (1,0,2) is the unique solution for the system A"z =
B"x and so indeed we have V (A", B") = {a(1,0,2) : a € R} CV (A", B").

4. It is clear that (Vu € N) avg am (u) C avy v (u) and

avg g (1) C avg gr (u).
5. The entry (3,3) is not (x, B") — active.
We see that (A", B") is minimally active.

Now that we have shown that every essential system can be reduced to a minimally
active system, we are able to show that Theorem 8.6 from Section 8.3 for minimally active
systems, holds also for essential systems. (Note that the stronger result of Theorem 8.16

from Section 8.3 does not hold).

Theorem 8.29. Let A, B € R"*" such that (A, B) is an essential system. ThenV (A, B) #
0 if and only if (3z € V (A, B)) (Vo € ap (C)) o is x — optimal.

Proof. If (A, B) is minimally active then the result follows immediately from Theorem
8.6. So suppose (A, B) is not minimally active. We have seen in Lemma 8.18 and Theorem

8.27 that there is a sequence of systems

(4, B), (A, BOY .| (A®), B®), such that
O£V (A(k),B(k)) cV (A(k_l),B(k_l)) cC...CV (A(l),B(l)) C V(A B),

and (A%, B®) is minimally active, for some k& € N. Define C = A" @ B and
let = € V(A® B®). We have seen in Lemma 8.15 that (Vo € ap (C))) o is z —

optimal for the system (A(k),B(k)). That is to say, there is a perfect matching M in
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G, (AW, B®)). In moving from (A®, B®) to (A*~Y B*=D) we are not losing any
edges in G, (A(k), B(k)). That is to say F (Gx (A(k), B(k))) CFE (G’z (A(kfl),B(kfl))) :
(To see this, recall by construction of (A(k), B(k)) that we reduced exactly one element in
the system (A*~, B®=D)). It follows that M is a perfect matching in G, (A*~1, B*=1)
also. Continuing, we see that M is a perfect matching in G, (A, B), as desired.

It follows that (3x € V (A, B)) (Vo € ap (C)) o is x — optimal.

8.5 Next steps

The ideas in this section allow us to take a square, finite and essential system (A, B) and
find, for each equation, an active entry (in A without loss of generality). It is known that
when the system (A, B) is regular (that is to say (Vi) (Vj)a;; # bi;), then if (A, B) is
solvable, then |ap (C)| > 2 and so it follows that for some equations we know multiple
active entries (not necessarily any in B though). We have obtained important information
about a solution but we have not completed the job of finding a solution to the two-sided

system.

8.5.1 Minimally active systems

Let (A, B) be minimally active. Then, without loss of generality, by finding ap (C'), we
identify active entries in A and B. Note that maper (C') = 0 without loss of generality.

In the following, blocks with 0 entries denote a block containing a zero cycle.
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0

Due to the minimal activity property, there will be no other active entries in A and
the zero cycles/loops identified in B will be non-intersecting - yielding the block-diagonal
form shown above.

Now, denote by K the set of indices which do not lie on a zero cycle in B. For k € K,

we have the substitution

T — @ CrtLt.

tEN, t£k

With these substitutions, we can reduce to a necessary system of size
(n —|K|) x (n — |K|) which is essentially a system of dual inequalities (since for each
equation we have identified exactly one active entry in each of A, B). In fact, the set of
solutions to the necessary system of dual inequalities is of the form Gu, where G € R™" r
is the number of zero cycles in B. By backtracking our substitutions, we may convert our
original system to a an r-dimensional two-sided system, with |K| equations - that is, a

TSLS of size | K| x r.

8.5.2 Other cases

One important special case to consider is when maper (A) = maper (B) = maper (C),
since in this case our methods will identify at least one active element in both A and

B for every equation - thus making the two-sided system essentially a system of dual
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inequalities (solvable in polynomial time). In general though, this will not be the case.

One interesting possibility is to notice the necessary condition
(Vi € R) ajx; = @ Cit Ty,
t#i

where R := {r € N : a,, # b, } . Such a subsitution allows us to eliminate variables until
we are left with a system of dual inequalities (importantly with strictly less variables
than the original system). We can solve such systems in polynomial time but this set of
solutions to the reduced system of dual inequalities would only lead to a superset of the

set of solutions to the original system.

Remark 8.30. The ideas of this section work also when instead of finite systems (A, B),

we take A and B over R, with the condition that maper (C) is finite.

8.6 Open questions

Question 1 How can we recognise if a square system is essential?
Question 2 How can we recognise if a square system is minimally active?
Question 2 Can the ideas of this section be adapted for the case of non-square systems?

Question 4 What can we say about two-sided systems for which there is no finite permutation

in C?

8.7 Summary

We have shown that under reasonable assumptions (the matrices A and B are square
and finite and every variable is finite in a non-trivial solution to (8.4)), two-sided systems
(8.4) have a strong connection with the assignment problem. Further, if a solution exists,

then by solving the assignment problem we identify active elements of a solution. The
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drawbacks, of course, are that it is not clear how to identify such systems (though an easily
identifiable subset of such systems has been discussed here) and that after identifying
active elements, it is not always clear how we can ‘fill in the gaps” to identify the rest of

the active elements.
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9. The generalised eigenproblem -
strongly polynomial algorithm if ma-

trices are circulant

9.1 Problem formulation

We begin with a definition.

Definition 9.1 (Circulant Matrix). A Circulant matriz, denoted C, is a matriz in which
each column is a circular shift of its preceding column.

In this chapter A and B are finite, circulant matrices. We are interested in the gen-

eralised eigenproblem for such matrices

Az = \Bx. (9.1)

9.2 The strongly polynomial “aggregation method”

By using the method of aggregation we deduce some necessary conditions on the value of
the (unique) generalised eigenvalue. Specifically, if the spectrum is non-empty, then the
unique eigenvalue is the value of the greatest entry in A, less the value of the greatest

entry in B. The result is that the generalised eigenproblem for circulant matrices is easily
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converted to the problem of solving two-sided systems for circulant matrices.

to th—1 ... t2 131
ty to th ty
T = : t to - I (9.2)
_— SR
th1 tho ... ti to

Let A, B € R™" be circulant matrices. Then C' = A — B is circulant too. Con-
sider the generalised eigenproblem (9.1) and the feasible interval [L,U], where L :=
max; min; ¢;; and U := min; max; ¢;;. Since C is circulant, (Vi) min; ¢;; = miny, ¢5. Simi-

larly, (Vi) max; ¢;; = maxy t, and so we have
[L,U] = [mkm tk,ml?xtk]. (9.3)

Clearly the feasible interval is non-empty.

Suppose that (A; z) is a solution for some A € [L,U] and z € R",z # ¢. Then we have

agxq D Ap—1T2 D---D a1y = /\bo[L‘l D /\bn_lxg DD /\bll'n

a121 D agTa O - - - D asxy = )\blazl @& )\bol‘Q - b )\ngn

Ap—171 D Ap2Ty @ -+ - D ATy = Aby_171 D Abp_272 @ -+ - D AbpT,.

\
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By aggregation using max-plus we then have that

5 () -8(@m)

=0 j=1 =0
n—1 n n—1 n
i=0 j=1 =0 j=1
n n—1 n n—1
é@xj@ai = )\@.ﬁlf]@bz
Jj=1 i=0 j=1 i=0
n—1 n—1
=0 =0
=\ = @ai (@b@)_l .

In fact, it is not too hard to show that this choice of A with the vector x = 0 is always a
solution for circulant matrices! A less than obvious corollary of this is that this choice of

A must always lie within the feasible interval.

Corollary 9.2. Let A, B be circulant matrices. Then

!/

D @t) = D (Dh) =P et

9.3 Summary

By a simple application of the method of aggregation, we showed that the unique eigen-
value can be described as the greatest entry in A, less the greatest entry in B, if A and B
are circulant matrices. This also allowed us to deduce an inequality for circulant matrices

which is not obvious at first sight.
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10. The generalized eigenproblem -
strongly polynomial algorithm if B is

an outer-product

10.1 Introduction

In this chapter, B (say) is the max-algebraic outer-product of two vectors and we consider

the generalised eigenproblem

Az = \Bz. (10.1)

We show that without loss of generality we can assume B is the all zeros matrix.

By using the one-sided parametrised systems from chapter 3, we convert (10.1) to
an equivalent one-sided parametrised system. The one-sided systems appearing here are
slightly different to those in chapter 3 but are easily converted. It follows that we can
describe all solutions to (10.1) in strongly polynomial time.

The contents of this chapter have been published in [17]
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10.2 Converting to a one-sided parametrised system

Let us consider the generalized eigenproblem (10.1) where B is an outer product of two

vectors, say v = (v1,...,un)" € R™ and w = (w1, ..., w,)" € R™. Thus we can write
B = (b)) = vw” = (v; + w;).
Let V = diag (v) and W = diag (w) . Then (10.1) reads
Az = how'

and is equivalent to

V~'Az = \V !Bz,

or,

V3Az =) : | vz
0

Set 2 = W™y, where y = (y1,...,y)" and we obtain

VI3IAW ly=x| ¢ oy . oy).

Here the right-hand side is actually equal to
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and so in the system (10.1) with B being an outer product, it can be assumed without
loss of generality that B is a zero matrix (a matrix with all entries equal to 0). In such
a system the right-hand side of each equation is A (x; ® 22 ® ... ® x,,) and so an = # ¢

satisfying Ax = AOx exists if and only if there is a z € R satisfying
: (10.2)

where A’ is obtained from A by adding an extra row whose every entry is A, that is

Clearly, A’ is an (m + 1) x n matrix. Theorem 2.3 and Proposition 2.5 enable us to solve

such systems and we use them in the next two propositions. It will be useful to denote

M =MU{m+1},
M; = {7" € M'sa,; = grelja‘?,(a;j} , JEN
and
N/={jeNyieM}, ieM.
Proposition 10.1. Let A € R™*™. Then A € A(A,0) if and only if UjeN M]' = M'.

Proof. Follows straightforwardly from the previous discussion, Theorem 2.3 and Propo-

sition 2.5. m
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Proposition 10.2. A (A4,0) C [Ag, \1] holds for every A = (a;;) € R™ ", where

Ao = mi ij 10.3
and
A = Max Max a;;. (10.4)

Proof. A real number X is in A (A4, 0) if and only if the system (10.2) has a solution for
some 2z € R. This is a one-sided system whose solvability does not depend on z because
the right-hand side is a constant vector. The solvability criterion is given in Theorem 2.3.
We apply this condition to A" using Proposition 2.5, separately to the first m rows and
to the last row:

(Vi e M) (3j € N)(Vr € M)ay; > a,; & A (10.5)

and

(3j e N)(Vie M)A > a,;. (10.6)
The latter is equivalent to A > min;e y max;eas a;5, which proves the lower bound. The
first is equivalent to the requirement that for every ¢ € M there is a j € N satisfying

a;; > maxa,; O .
reM

Since

maxa,; ® A > maxa,; > a;;
reM Y ~em 7T Y

it follows that

a;; = maxa,; B\ = maxa,;
Yo em Y reM Y

and A < max,ep ar; < max;ey Max;en @45, which proves the upper bound. O
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Proposition 10.2 does not provide any tool for checking whether A (A, 0) is non-empty.

We give this answer next.

Proposition 10.3. The following statements are equivalent for every A = (a;;) € R™*":
(a) A(A,0) #0,
(0) Ujen M; = M,
(¢) N;(A)# 0D for everyi € M and

(d) Mo € A(A,0).

Proof. The equivalence of (b) and (c) has been shown in Proposition 2.1. We prove (b)

= (d) = (a) = (b). Suppose (b) is true. There is an index k € N such that

\g = < g
holds for every j € N. Hence for A = A\g and for every j € N we have M; C M and

m+ 1 € M. It follows that

UmoMu{m+1}=MUu{m+1} =M

jEN JjEN
thus

o= ar

jJEN
and so (10.2) has a solution for A = )¢, which proves (d) by Proposition 10.1.
The second implication is trivial, so suppose now that A € A (A,0). Hence (10.2) has
a solution with this value of A and thus (J;cy Mj = M'. Let i € M then i € M; for some
J € N and therefore also i € M; because for any j € N the set M; either coincides with

M; oris M; U {m + 1} or is just {m + 1}. Statement (b) now follows. O
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Corollary 10.4. If A € R™" is symmetric then A (A,0) is either empty or {\o} .

Proposition 10.3 shows that the lower bound for the spectrum specified in Proposition
10.2 is tight for every matrix with non-empty spectrum. In general this is not true about

the upper bound. For instance if

then C' = A is symmetric and so A (A, B) = {1} by Proposition 10.3 and Corollary 10.4.
However, A\ =2 > 1.
In order to give exact bounds we now introduce the following:

A = minmin a;;
i€M jEN;

and

A = min max a;;.
i€eM jEN;

Proposition 10.5. A = Ay for any A € R™*"™.

Proof. There exist r € M and s € N such that

Ap = minmax a;; = mMax @;s = Q.
0 GEN e 1 e 18 TS
So a,s is the smallest column maximum in A. Let k € M. The quantity

mingey, ag is the smallest of all column maxima appearing in row k of A (recall that this
value is +oo if Ny, = (). Hence miney, ar > a,s and therefore also

A = mingep Mingen, dg > ars = Ao.

On the other hand A\ = mingey minen, ap < mingey, ay = ars = Ao. O
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Proposition 10.6. A(A,0) C [AA] holds for every A = (a;;) € R™" and {\, A} C
A (A,0) whenever A (A,0) # 0.

Proof. The lower bounds in Propositions 10.2 and 10.6 coincide by Proposition 10.5 so
we only need to prove the upper bound and its tightness. Suppose without loss of gener-
ality that A (A,0) # 0 and so N; # () for every i € M. Let A = X\ = min;cps max;cy, a;;.
Then A = max;ecps a;s for some s € N and thus m + 1 € M. At the same time if r € M
then maxjen, a,; > miney maxjen, a;; = A. Therefore r € M} for some j € N,. This
shows that A € A (4,0) by Proposition 10.1.

Suppose now that A > A. Then A\ > maxjcy, a;; for some i € M. Hence A\ > a;; for
all j € N; and so i ¢ M for all j € N;. Since also i ¢ M; for all j ¢ N; and M; C M;
for every j € N; we have that ¢ ¢ M, for all j € N, thus A ¢ A(A,0) by Proposition
10.3. 0

Theorem 10.7. A (A,0) = [\, A] holds for every A = (a;;) € R™*™.

Proof. If A(A,0) = () then by Proposition 10.3 N; = () for some i € M and so A = —o0,
A = 400 and [A,X] = 0.

Suppose now A (4,0) # (). Due to Proposition 10.6 we may also assume that A\ < A
and we only need to prove that (A,X) C A(A,0). Let X € (A,X). If i € M, then
A < A < maxjen, ai; = ay for some t € N;. Hence i € My = M, and so i € U]EN M.
On the other hand A > A > a,s, where r € M,s € N,, hence A = max;cpp aj,, thus

m + 1€ M. We conclude that |,y Mj = M" and so A € A (A, 0) by Proposition 10.1.
O

10.3 Summary

The results of this chapter show a connection between two-sided systems and the set-

covering problem if B (say) is an outer-product. In this case, GEP can be solved in
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O (max (m,n)”) time (the whole spectrum can be found). To see the complexity, we
assume we know the vectors v and w such that B = vw”, then it takes O (max (m, n)?’)
time to calculate V1AW =1, Once the conversion has happened (B is the zero matrix), we
calculate A and X in O (mn) time. In total, the complexity is O (max (m, n)3) +0O (mn) =

O (max (m, n)g) time.
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11. The generalized eigenproblem -
unique candidate if difference of ma-
trices is symmetric and has a saddle

point

11.1 Introduction

In this chapter the matrices A and B are square and finite and the matrix C':= A — B is
symmetric with a saddle point.

We show that the value of the saddle point in C' is the unique candidate for a gener-
alised eigenvalue. We give necessary conditions for the saddle point to be an eigenvalue
in the general n x n case.

The results on the saddle point being the unique candidate for the eigenvalue can be

found in [17].

11.2 Saddle point and unique generalised eigenvalue

Definition 11.1. The position (r, s) is a saddle point of a matriz C if ¢, is both a column

maximum and row minimum.
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Note that C' is a symmetric matrix if we have the stronger assumption that both A

and B are symmetric matrices. The following [12] is given as a reminder.
Proposition 11.2. If A, B € R™™ are symmetric matrices, then |A (A, B)| < 1.

Note that in general even if the premise of Proposition 11.2 is satisfied, it is not clear
what the unique candidate for the generalized eigenvalue is and even if such a candidate
is known it is not clear how to check in polynomial time whether it is such an eigenvalue.

Recall from chapter 2 that given a matrix C,

L(C)= in c;;
and

U (C) = minmax ¢;;.
i€M jeN

In game theory, the following quantities are known as the gain-floor and loss-ceiling
functions respectively:

v1 (C') = maxminc;;
(©) ieM jeN 7’

9 (C') = min maxc;,.
(©) jEN ieM "

It is known that C has a saddle point if and only if vy (C') = vy (C).
Let C € R™™ be any matrix. Clearly, L (C) coincides with v, (C). Although in
general U (C) is different from v, (C), we observe that for C7 = (¢;;) = (c};) we have
U (C) = min max ¢;;
i€M jeN

= min max cj;
JEM iEN

= min max c; :
JEM ieEN

= Uy (C’T) .
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Hence L (C) = vy (C) and U (C) = vy (C) if C'is symmetric, in particular when C' = A—B
and both A and B are symmetric. Thus if C' is symmetric and has a saddle point, say
(r,s), then L(C) = a,s = L(C) and so either a,s is the unique generalized eigenvalue
or there is no such eigenvalue, see Proposition 2.6. The next two examples confirm that

both cases are possible.

Example 11.3. If

then C' = A is symmetric and has saddle point (1,2) of value 1, which is therefore the
unique candidate for a generalized eigenvalue. If there is an associated eigenvector x =
(;El,xg)T, we may assume without loss of generality x1 = 0 and the individual terms in

Ax and \Bx are as described in the following matrices:

2 1429 1 142

1 i) 1 1+$2

The first equation implies 1 + xo > 2 and the second 1+ xo < 1, thus A (A, B) = 0.

Example 11.4. If

A:

then C' is the same as in the previous example and so A = 1 is the unique candidate for a

. . T . . .
generalized eigenvalue. Now the zero vector x = (0,0)" is an associated eigenvector and

thus A (A, B) = {1}.

The following example shows that A (A, B) may be non-empty even if C' is symmetric

and has no saddle point.
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Example 11.5. If

1 2 1 0
A= ,B =
3 1 10
then
0 2
C =
2 1

15 a symmetric matriz without a saddle point but A = 2 is a generalized eigenvalue with

associated eigenvector x = (0,1)" .

We summarize:

Theorem 11.6. If A, B € R™*", C' = A — B is a symmetric matriz with a saddle point

(r,s) and A (A, B) # 0 then c,s is the unique generalized eigenvalue for (A, B).

The author is not aware of any polynomial method for checking that the saddle point
value of A — B is a generalized eigenvalue of (A, B). In the next two sections we address

conditions under which a saddle point is actually an eigenvalue.

11.3 Necessary condition for the saddle point to be

an eigenvalue for square matrices
Definition 11.7. Let C € R™*". We say ¢y is a strict saddle point of C' if (Vi) cx > ¢y

and (Vj) e < ci;.

For the remainder of this chapter we use the notation A, to denote the 2 x 2 sub-
matrix of A obtained by taking the rows and columns k and [ of A. Recall also (2.1),

page 15.

Theorem 11.8. Let C = A — B € R™"™ where C is symmetric and has a strict saddle

point (k,1) for some k # 1. Then A (A, B) = {cu} = d(An) < cu—ci. That is, the above
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s a necessary condition for the unique candidate ¢y to be a solution to the max-algebraic

generalised eigenproblem Ax = A\Bx.
Proof. Let A = (a;;) € R and C = (¢;;) € ™", that is ¢;; = ¢;; for all 1,57 € N.
Let B = (b;;) € R™" satisty A — B = C, that is b;; = a;; — ¢;; for all 4, j € N. Let (k, 1),
k #£ 1 be a strict saddle point of C'. Now ¢y is a strict column maxima and so

(\V/Z 7& k’) c — ¢y > 0. (111)

Similarly, since ¢y is a strict row minima we have

(Vj # l) Ckl — Crj < 0. (112)

We wish to solve the system Ax = ¢y Bz, that is, Ax = B’z where B’ = (b;j) =
(a;; + ci — ¢;j). In what follows x, = 0 without loss of generality. Consider equation k

of this system:

max(akl—|—x1,...,akl+xl,...,akn+xn)

=max (ag1 + Cht — Ch1 + L1, -+, G+ Cot — Cot + T, -+, Qpn + Clt — Clon + T -

By inequality (11.2) and the Cancellation Rule, the right hand side becomes ay; + x;. In

particular, then, we must have

ap; + x; Z Ak + T = k.- (113)

Similarly, if we consider equation [ of the system, we obtain
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max (aj + T1, ..., Qg + Thy - -+, Ay + Tp,)

=max (apn + g —cn + T1y o, Qg+ C — Clg F Thy ooy A+ Clg — Cip + T, -

Equivalently, using the symmetry of C, we have

max (aj + T1, ..., Qg + Thy o - o, Ay + Tp,)

=max (ap + g — Ccu+ T1, oo, Qg+ Clp — Cht F Thoy « o, Qi+ Clg — Cot + Ty, -

By inequality (11.1) and the Cancellation Rule, the left hand side becomes a;; + x = ay.

In particular, then, we must have

i, = ag + C — ¢y + Xy, (11.4)

From (11.3) and (11.4), we have the system

Ty 2 Qg — Qg (115)

x < ay —ay+ e — C.

The system (11.5) is solvable if and only if

Qi — Qg < ag, — ay + ¢ — Cg,

which holds if and only if

Qg + ay — ag — aig < ¢ — Cpy.
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Equivalently, (11.5) is solvable if and only if

d(A [{k, l} . {k,l}]) S Cip — Cgl.

11.4 Summary

By making use of the connections with Game Theory, we have been able to identify
the unique candidate for the eigenvalue when C' = A — B is a symmetric matrix with
a saddle point and we were able to give necessary conditions for the unique candidate
to be an eigenvalue. In general, it is not clear whether or not the candidate is indeed
an eigenvalue. It would be interesting to study the resulting special class of two-sided

systems of equations in order to answer this question (see chapter 13).
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12. Matrix roots

12.1 Introduction

We define positive integer roots of finite matrices in the 2 x 2 case. Where possible, we try
to generalise results to finite n x n matrices. Note that it was shown in [57] that finding
kth roots of Boolean matrices (equivalently kth roots of digraphs) for any fixed positive

integer £ > 2 is NP-complete.

12.2 Finite 2 x 2 matrices

Let A = (a;;) € R**2%. We define the max discriminant of A to be the quantity
d (A) = ananap ay

(see (2.1), page 15). Similarly for d(B). Also, define the maz trace of A to be the
quantity

tr(A) :=a;; ® ags.

Similarly for ¢r (B). We use the shorthand a = tr (A) and b = tr (B). Note that y/a for
a € R should be taken to mean § in the classical linear notation, while A for a matrix A

should be taken in the usual sense of matrix roots.

Theorem 12.1. Let A € R**2. Then there exists B € R**? such that B?> = A if and only
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if d(A) > 0. Moreover, if d(A) > 0, the matriz B* defined by

\/a11 alz\/ﬁ_l
a1 \/5_1 V@22

B =

is such that (B*)* = A.

Proof. First, we suppose d(A) < 0 and suppose, for a contradiction, that there exists

B = (b;;) € R**? such that B> = A. Then

b3, @ biabay b12b

= A. (12.1)
ba1b b%Z @ b12b2y
Case 1 Suppose a7 < age, S0 that a = ags. Then
b%l ) blgbgl < b%Q ) blgbgl = b%Q (12.2)
since the inequality yields
b1aba; < b§2 (12.3)

by cancellation. In particular, by (12.2), b?, < b3,, which gives

bi1 < baa. (12.4)

It follows from (12.1), (12.3) and (12.4) that

Ao b%1 @ bi2ba1  Diabaa ' (12.5)

b21 b22 b%g
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Clearly then,

b = VVaz. (12.6)

By (12.5) and (12.6) we have then

bio = axz (\/a22)_1

(12.7)
-1
ba1 = ag (\/@22)
By (12.5) and (12.7) it follows that
ayy = b, @ ayzasiagy
implying that
ap > a12a21a5,
contradicting d (A) < 0.
Case 2 The case where a1 > aqy is similar and omitted here.
Case 3 Suppose a1; = age = a. Then
b%l @ b12b21 - bgz EB blgbgl. (128)
It follows by (12.8) that
bi2ba1 > b%l < bigby > ng (129)
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Assume both inequalties in (12.9) hold, then by (12.1)
-1
d(A) = (biabn)* b1 b [(0)]

-1
= biaba [(b)’]
It follows by (12.9) that bysbyy > (b)?, which gives
—1
(0] = biyby

Into (12.10), this yields

-1

0> blgbgl [(b)2]
> biobaibiy by

=0,

(12.10)

(12.11)

a contradiction. It follows that neither inequality in (12.9) holds. That is, b3, =

b%Q =b > blgbgl and

B _ b%l bi2b
ba1b b§2
Then we have
bir = by = V/a

biz = aiz (\/5)_1
bo1 = ag (\/5)71 .
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Define C' = B?. Then, by (12.12)

® ! o
oo a D a12a210 ms (Va) ~va (12.13)

Aoy (\/5)_1 Va a®apaga?
| o ® azan (a)il 412 _ (12.14)

ao1 Q22 D a12a91 (a)_l

Clearly, C' = A if and only if

(12021 (a)_l <a

<d(A) >0,

a contradiction.

Having considered all cases, we conclude that there does not exist a matrix B € R?*?2

such that B? = A.
Conversely now, suppose d (A) > 0. It suffices to show that the matrix B* given by

B Vai aiz (va) (12.15)

an (Va)~ ' Jaxn

is such that (B*)* = A.
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We can see that

(B")? = a1 @ apania”!  ap (Va) o (Va) (12.16)

a21 (\/5)_1 (Va) ax ® apana?

_ ail b ajza (a)_l a2 ' (12.17)
a1 sy @ aizas; (a)
Now, since d (A) > 0, we have ay; > a12a21a5, , Which implies
a1 > aasa . (12.18)
Similarly,
(22 = 12021 (&)_1 . (12.19)
By (12.17), (12.18) and (12.19) we sce (B*)> = A. O

We now discuss matters of uniqueness in an attempt to define the quantity /A.

Suppose d (A) > 0 and B = (b;;) € R?*? such that B? = A. Define C' := B2 Then

b%l @ bi1obay b19b
ba1b b§2 P b1209y

We proceed by considering cases on the diagonal elements of C'.
e [t is easy to see that if

e =04

Co2 = b%Qa

then B = B*. Indeed, in this case by; = /ai; and by = /as;. Then b = /a. Tt

follows that bys = alg\/a_l and, similarly, by; = agl\/a_l.
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e Suppose

c11 = biaboy > b3
(12.20)
Cog = b3y > biobyy.

It follows that byy > by1, SO

b12 b21 b12b22

b21 622 bgz

We then have that

¢

bi < Vaisazagz,
) bas = /a2

bia = axz (\/G_m)_l
\521 = a1 (\/@)71

It follows that ayp = b12b21 = algaglagzl, which 1mphes d(A) = 0. SO, bn S

\/a12a21a2_21 if and only if by < \/aq;.

We see in this case that B* is the component-wise maximum over all matrices B

satisfying B = A.

e Similarly, if

c11 = b3 > biaby

C22 = b1gby1 > b3y,
then d (A) = 0 and B* is the component-wise maximum over all matrices B satis-

fying B? = A.

e Finally then, if

2 2
c11 = biabar = o9 > by @ b3y,
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then
bi2ba1  bi2b

b21b b12b21

One can show in this case that

- / —1
VvV A12021Q 1 12091 G

B =
—1 \/7,1
\ a21a12 a 1209214
It follows that
—1
B2 _ 120216~ D a (D)
Q21 appasa ®a

and so B? = A if and only if ajsas;a™! < a if and only if d (A) > 0, which holds.

Interestingly then in this final case, there are exactly two matrices B satisfying

B? = A. Namely

Va a2 (va) ™' . Vapana™  /apay'a
a9 (\/5)71 V22 \/ aglalea Va0

Note that
d(By)=d(A)>0,d(By) = d! (A) <0.

It follows that there does not exist a matrix D such that D? = By, but we know
there exists a matrix £ such that £* = A. This inconsistency with the matrix By

leads to us to suggest that B; = B* is the natural choice for v/A.

Having considered all cases, we conclude that B* is the “natural choice” for v/4, in
that (B*)2 = A and B* is consistent with the properties that we would expect of the

square root of a matrix.
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Definition 12.2. Let A € R**?. [fd(A) >0, then

\/Z L \/a'_ll 12 (\/a)_
an (Va)  Jaxn

In order to better understand matrix roots, we look here to better understand matrix
powers.

Let B = (b;;) € R**2. Denote b := by @' by and recall b = by; @ byy. Note that

bbbyt < d(B) < bPbiy byt (12.21)

Our aim is to give explicit formulas for natural powers of the 2 x 2 matrix B. We consider

three cases:
1 b?b5 byt <0
2 Db byt < 0 < 00y by
3 0 < bbby

Case 1
b1 bia

b21 b22

b3, @ biaboy b120
b21b 532 D blgbgl

b12b21 b12b

b21b b12b21
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b12b21 ble bll bl2
leb leb21 b21 b22

11012021 @ b12ba1b b1 (D121 P baob)
bay (bnb @ b12ba1)  b12b21b B bioborboo

b12b21b b%2b21

b%1b12 lebZIb

Now, let P (I) be the statement:

O R
bhybis'b  biybhy

Clearly, P (1) holds. Now suppose P (I) holds for some [ > 1. Then

B2(l+1) — BZZBQ

bbb, bLbhith bioboy  biob
bhibis b blybhy botb  biraba

bbb, (brobyy @ b?) bbb b @ b5 0h b
BELBLLb @ BETBLLb BB, (B2 @ bysbay)

I+170+1 I+171
bl? b21 b12 b21b

I+171 I+1704+1
b21 leb b12 b21

and so P (I + 1) holds. By induction, P (1) holds for all [ € N.
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Corollary 12.3. Let B = (b;;) € R¥? such that b%b, by < 0. Let 1 € N. Then

d (B*) = biaba1b™* > 0.

Let @ (1) be the statement:

Lol I+171
g2+l _ bigbyi b by by
b1 by biabhyb

Clearly, @ (1) holds. Suppose now that @ (1) holds for some [ > 1. Then

B2(l+1)+1 — B2H—1B2

B bh,bh, b blﬁlblm biobar  biob
PN ) borb  bioboy

[ b e B B, (b @ 87) | [ BETRTE bl
i e (b ©07) B G A

and so @ (I + 1) holds. It follows by induction that @ (1) holds for all [ € N.

Corollary 12.4. Let B = (b;;) € R¥? such that b*b,by! < 0. Let 1l € N. Then

d (B*) = bbby, < 0.

Case 2 Recall

Vi by <0 < Bbiy by,
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Without loss of generality, assume b = by; < bgg = b. (The case by > by is similar).

Now,

bi1 bia
boy b

b3, @ biaby bi2b
ba1b b* & biaboy

612b21 leb

borb b

B b12ba1  b12b b1 bio
b21b b2 b21 b
122y (b1 © D)  bio (baboy @ b?)

b21 (bllb @D b2) b12b21b D b3

bioba1b  biob?
bo1 b? b

Let P (I) be the statement:

«gl — biabarb' ™2 byobt™? .

b21b1—1 bl

Clearly P (2) and P (3) hold. Suppose now that P (I) holds for some [ > 2. Then
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B+ _ b12barb! ™2 bpobt Tt bii b

by b1 b byy b

b12021 (51_2511 D bl_l) b12b' 2 (b1zba & b?)
b1 bt (b1 ® D) ' (bigboy @ b?)

biobarb! ™1 byob!

b21bl bl+1
and so P (1) holds. Tt follows that P () holds for all [ € N.

Simﬂarly, if bll Z bgg, then

Bl B bl b12bl—1
bo1b' ™! biobor b2

Corollary 12.5. Let B = (b;) € R>? such that b’bi;by < 0 < b?biyby'. Let

l € N. Then

Case 3 Recall

0 < b*byy by

Assume without loss of generality b = by; < bag = b. (The case by; > byy is similar).
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b3, @ biaby bi2b
ba1b b? & byaboy

b2, buob

borb b

B3 . b%1 b12b bll b12
leb b2 b21 b
B b3, @ biaborh  bio (b2, ®V?) B b3, @ bioborh  byob?
bgl (bnb ) bz) blgbglb D b3 b21b2 b3

Let P (I) be the statement

- by @ biaborb' ™2 bygbt ™t

2

b21bl—1 bl

Clearly P (2) and P (3) hold. Suppose P (1) holds for some { > 2. Then
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VY1 @ braborb'™2 bab'! bii b
b21bl—1 bl b21 b

blﬁl @ b12b2y (511bl_1 S bl_l) bio (blll ® bl?b?lbl_z) @ biab!
bo1b110' ! B by b biobarb' !t & 07

VL @ bioboi b1 byobt

by, b b

and so P (I + 1) holds. Tt follows by induction that P (I) holds for all [ € N.

Simﬂarly, if bll Z bgg, then

Bl bl b12bl_1

bo B by @ byoby b2

Lemma 12.6. Let B = (b;;) € R¥? such that b°b;y by > 0. Let 1 € N. Then

d(B') > 0.

Proof. Without loss of generality assume by; < bgy (the case byy > by is similar).

Now,

d (Bl) — blllblbl—21b2—11b2—2l D b12b21bl—2blb1—21b2—11b2—2l
= blan_lbﬁlbil @0

> 0.
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12.2.1 0Odd roots

Let A = (a;;) € R**2. Let k € N. We wish to find B = (b;;) € R**? such that B**! = A.

e d(A) <0

It follows from Corollaries 12.4, 12.5 and Lemma 12.6 that if there exists B such

that B%+1 = A, then b?b;; by < 0.

It follows that

Diyb5 b b3
D bYy bbb

So,

(
— _ 4 — Kk pk

_ pk+lpk
az = byy b3

_ pktlpk
\&21 = by 0y
This is a system of three linear equations in three unknowns and can be solved easily

(by Gaussian elimination, say). The unique solution is

(
b=a (a12a21)ﬁ

k.
bia = a12 (a12a91) 1

_—k_
ba1 = a9 (a12a21) 1 .

\

It follows that
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—k
B = (a12a21)m )

where A & p = a.

In particular, the component-wise maximum over all such B is given by

_ a a
B* = (a1pa9:) %1 2 (12.22)

e d(A)>0

It follows from Corollaries 12.4, 12.5 and Lemma 12.6 that b°b;5 by > 0. Let us
assume first that by; < bey (the case by > byg is similar). Now, if there exists B

such that B! = A, then

s b%lfﬂ D bioba1 b?F 1 byob?*

2k 2k+1
ba1b b3

We have then

( 1 —2k
__2k+1 __ 2k+1
b22 = Cl22 = (122(12

—2k

_ 2k+1
bio = 12099

—2k
_ 2k+1
b21 = Q21099 .

\

Note that
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—2k —2k 2k—1

2k—1 __ 2k+1 2k+1  2k+1
b12b210 = Q12099 A2109y Qg
—(2k+1)
— 2k+1
= (12021099
_ -1
= 120421099
< a11-
We then have
2k+1 T
— _ 2k+1
To conclude,
B = (b;)
1 —2k
2k+1 2k+1
ar 12099
= —2k 1
2k+1 2k+1
Q21099 )
—2k —2k
2k+1 2k+1
a1101 12029
= —2k —2k
2k+1 2k+1
Q21099 22099

2k
= (az‘j (@i @ @jj)z’““> :

Similarly, if bll > 1922, then
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e d(A)=0

It follows from Corollaries 12.4, 12.5 and Lemma 12.6 that either

= Vi by <0 < BPbiyby; or

— bbbyt > 0.

Firstly, we consider bb15 by < 0 < b?b5by,'. Let us assume that by < by (the case

b11 > by is similar). We have then that

gL _ biobo b2 1 bl2b%]2€

le b2k b2k+1

We have then

( 1 —2k
2k+1 2k+1
b= b22 = Qo9 = Q2209

—2k
. 2k+1
bio = 12099

—2k
o 2k+1
by = 21099

\

Note that
b3, < biaboy

2k—1 2k—1
bll S b22 :

Together, these imply
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2k+1 2%h—1
b11 " < biobar by

—2k —2k 2k—1
. 2k+1 2k+1 2k+1
—(2k+1)
o 2k+1
= 12021099
_ -1
= 12421099
= ai1.

We then have

1 —2k
2k+1 __ 2k+1

a1
Conversely, if b1; = af;™", then it follows that

2 _

b1, = b12bay
2%k—1 _ 12k—1
bii =by .

It follows that by = byy and

l_7zb1_21 2_11 = (B) = b2b1_21b2_11 = 0.

We can show in this case that B?**1 is indeed equal to A, showing that the inequality

1
b1 < af} is the tightest possible.

We conclude that

—2k —2k
2k+1 2k+1
B =
- —2k —2k )
2k+1 2k+1
2104 22099
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where A < aj;. It follows that the component-wise maximum over all such B is

given by

B* = (bij)

—2k —2k
2k+1 2k+1
a110q 12099

—2k —2k
2k+1 2k+1
a21G99 22099

ok
= <az‘j (aii © ajj)%“) :

Similarly, when b1 > by we find

B = (by) = (aij (ai; ® ajj)%> '

Next, consider 0 < b?by; by, Again, let us suppose by, < by (the same results are

obtained in the case by; > bgs). In this case we have

b?’f“ @ bioby b1 byob?*

leka b2k:+1

This yields

( 1 —2k
— 2kl 2k+1

—2k

_ 2k+1
bia = A12099

—2k
o 2k+1
by = 21099

\

Note that
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72]6 —2k 2k—1

2k—1 2k+1  2k+1
blgbzlb =a 2(122 a21a22 A9o
—2k—1
. 2k+1
= (12021095
_ -1
= 12021099
= a11.
It follows that
—2k —2k
2k+1 2k+1
Aaqq (12055
B —
- —2k —2k )
2k+1 2k+1

Q21099 Q22099

where A < aq;.

The component-wise maximum over all such B is given by

*
B* = (by)

—2k —2k
2k+1 2k+1

a11G1; A12G99
= —2k 2k
2k+1 2k+1

21099 22099

—2k
= (az‘j (@i @ ajj)m> :

Similarly, if by; > bes, then we find

B* = (bz]) - <azj (am D aJJ)inﬁ) .
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12.2.2 Even roots
Let A = (a;;) € R*2. Let k € N. We wish to find B = (b;;) € R**? such that B* = A.
e d(A) <0

By Corollaries 12.3, 12.5 and Lemma 12.6 we see that there does not exist B such

that B% = A.

e d(A)>0

Suppose that b;; < bgg, the results for by; > byy are similar. By Corollaries 12.3,

12.5 and Lemma 12.6 we see that

B2k _ b2 D biobabay > biobds !

2%k—1 2%k
ba1 055 bas
From this we have

(
1 —2k+1

_ 42k __ 2k
bao = a3; = Q209

—2k+1
— 2k
bio = 12099

—2k+1
_ 2k
by = A21 099

\

Note that
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oo —2k+1 —2k+1  2k—2
—Z4 __ 2k 2k 2k
b12ba1b3s © = a12a997"  a21095°" g5

—2k

_ 2k
= (120421095
_ -1
= 120421099
< a11-
It follows that
2k
biy = an
1 —2k+1

_ 2k __ 2k
<:>b11 = aq{; = a11014

To conclude,

B = (b;)
—2k+1 —2k+1
2k 2k
a11G17 A12Q99
= —2k+1 —2k+1

Similarly, if we have by; > bao, then we obtain

—2k+1
B= <%‘ (@i ® aj;) > :
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e d(A)=0

By Corollaries 12.3, 12.5 and Lemma 12.6 we have two possible cases, namely:

= Vi by <0 < Bbiyby; or

— 0 < bbby

First, let us consider b%b5 by < 0 < b2b5by!. Suppose by < by, the results are

similar for by; > bye. We have

2k—2 2k—1
B% o b12b21b22 b12b22

2k—1 2k
ba1b3s ba3

It follows that

1 —2k+1
I 2k __ 2k
bao = a3; = Q209

—2k+1
— 2k
9 bio = 12099

—2k+1
J— 2k
by = A21 099

Note

%2 —2k+1 —2k+1 2k—2
—4 2k 2k 2k
b12bo1b3s = = @12a997"  @21095°" g5

—2k
— 2k
= Q12021095

-1
= 12021099

= ai.

We have then that
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In conclusion,

—2k+1
2k

—2k+1 —2k+1 )
2k 2k
21099 22099

where

—2k+1
2k
A S a110qq

The component-wise maximum over all such B is given by

*
B* = (by)
2kl —2kt1
2k 2%
a11aqq 12099
= —2k+1 —2k+1

ok 2k
21099 22099

—2k+1
(%‘ (ai @ aj;) " * )

Similarly, if b;; > bgg, then

% —2k+1
B* = <%‘ (@i © aj;) > ) :
Next, consider 0 < szﬁlb;ll. Suppose by; < bag, the results are similar for by > bas.

We have

Bk _ ) b12521b§§_2 512535_1

2k—1 2k
b21 b22 b22
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Note that

It follows that

and so

We have

To conclude,

BQk‘

/

\

0=d(A)

= b11b3; by by @ 0.

2k 2k—2
biT = biabanbyy 7,

2k 2k—1
bif  biabis
2k—1 2k
ba1b39 by3
1 —2k+1

_ 42k __ 2k
by = ayy = a110q1

1 2kl
2k 2k
by = Qoo = Q22099

—2k+1
— 2k
bio = 12099

—2k41
_ 2%
by = Qoo

151



B = (bi)

—2k+1 —2k+1
2k 2k
1104, Q12099

—2k41 —2k41
2k 2k
A21099 A22099

—2k+1
= (% (@i ® aj;) 2 )

Similarly, when by; > bso, we obtain

—2k+1
B = (az‘j (@i ® aj;) 2" > :
We summarise our results with some Theorems.

Theorem 12.7. Let A = (a;;) € R**? such that d (A) > 0. Let k € N. Define

B = {B:B"=A}.

Then

B = (b)) = (%‘ (aii ® ajj)%> :

Corollary 12.8. Let A = (a;;) € R**? such that d(A) > 0. In addition, suppose that
a1 = agpy =: a. Let k € N. Then
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B* = (bij)

1-k
= a’ija k

1—Fk

—a* A
1—k

= (a2 ) a12a21) AL

Theorem 12.9. Let A = (a;;) € R**? such that d (A) < 0.

o If k is even, then there does not exist B such that B¥ = A.

o Ifk is odd, then there exists B such that B¥ = A if and only if a1, = as. Moreover,

Zf a11 = Aa929, then

where

1-k
o = (CL12G21) 2k,

Note that

1—k 1—k

lim (algagl) 2k =q k.
d(A)—0

Corollary 12.10. Let A = (a;;) € R**? such that d (A) < 0. In addition, suppose that

a11 = agy =: a. Let k € N such that k is odd. Then B* = A, where
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1—k

B = (CL126L21)W A

= (a2 ©® &12a21) = A.

To conclude:

Theorem 12.11. Let A = (a;;) € R**? such that a1y = ax = a. Let k € N. Then there

exists B such that B* = A if and only if (B*)k = A, where

B* = (a2 &) a12a21)% A

1—k

= perm (A) % A

and this is true when k is odd.

Remark 12.12. Note that B* in Theorem 12.11 is always a kth root of a 2 X 2 matrix

when k is odd. The result does not generalise to larger matrices, as in the following

example.

Example 12.13. Let

Then
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and so

We can then show that

(BY = -1 0 -1 |#4

12.3 A generalisation to special types of n X n matri-

ces

In this Section, A € R™™" is a matrix such that
(Vi) (V5) (V) T # 4,55 aijan > anay. (12.23)

Let £ > 1 be fixed and for the remainder of this section define

1-k
B = (by) = (aij (a; ® ajj) * > ; (12.24)
SO
(Vi) by = a% (12.25)

Theorem 12.14.

1= 1) B = (b)) = (ay (@i @ i) 7 ).

The following lemma may be useful in the proof of Theorem 12.14.
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Lemma 12.15. Let a,b € R and suppose r,s > 0. Then

(a®b)™ > a"b’.

Proof. [Proof of Lemma 12.15] We complete the proof with the use of classical notation,

as follows.

(a®b) ™ = (r + s)max (a, b)
= rmax (a,b) + smax (a, b)
> ra -+ sb

=a"b°.

Proof. [Proof of Theorem 12.14]

Let P (1) be the statement
“B' = <bf§)) = (aij (ai; © ajj>%> 7

for | < k.
Clearly, P (1) holds.

Let 1 <1 <k —1 and suppose P (I) holds, that is

1—k
(Vi) (V1) b = ai; (ais @ aj) * .
So

We show that P (I 4 1) holds also.
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(1) Let ¢ € N. Then

bg+1) _ @ bg)bm
teN
=b3 b @& €D 0 b
t£i

-k 1-k

=a;; (a; ® ai;) * ai (a; S ay) F

=k

¥ @ @it (@i B ay) * ay (o S ai;) *

t#i

H—Tl 1+1—2k
=a; D @ apag; (g ® ay)  F
t4i

Let t # ¢ be fixed. We claim that

lJrTl 1+1—2k
a;F > apay (ai; ®ay) F

To see this, first observe

Sy > Ay,
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which holds.

It follows
E51 _
bz('§+1) — az’zk = Q;; (aii D OJ”)H_% . ,
as required.
(2) Let i,5 € N,i # j. Fist observe
L 1 -1

aj; & ak (ai; ® a]J)T =

We then have

z+1 @ bzt b

teN

=bby; @ b b @ €D by by
t#1i,7

z 1-k

—k 1
=aja;j (a; © ajj) @ a;; (ai; © a]] g 5 D ED bzt bi;

l

=(aii®ag;)k by

€l
(ai @ aj;)* .

(12.27)

Ve

1—k

kL1 71
=a;j (a; @ a;j) * [aiki @ afj (ai; @ ajj) * } D @ bue btj

I+1—k
=y (au ©® CL]]) D @ At am D att)

t#4,j

Let t # i, j be fixed. We claim that

+1-k

aij (@i ® az;) * > ai (@i © ay)

To see this, first observe
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3

-k

Foay (e B ag) F

1-k
ay; (an B ajj) * .

(12.27)

(12.28)



+1-k k-1 k—

1
(aii @ a,tt) (att @ a]j) k 2 Q. (1229)

(ai; © ajj)

This follows since

I+1—k k—1 E—1 I+1—k k=I=-1 1 k=1
(aii @ aj5) * (ai @ aw) ¥ (aw Daj;) ¥ > (as ©ag) * ay* afa
41—k k=l=1
= (@i ®aj;) * a; " ay

41—k k—=I1-1 41—k k—=I1-1
k k k k
= Qy Qj; a D aj; Qj; it
+1—k k—1-1
k k
=ayDaj;" a; " ag
> g,

where the first inequality holds by two uses of Lemma 12.15 (note that k—I—1 > 0).

We can now show (12.28) holds, as follows.

I+1—k -k 1-k

aij (s B aj;) > ay (ay @ ay) F ay (ap © aj;) *
)
!

>ay by (12.29

A

~

L1k Bl [
Sag; (ai; © ajy) (@i ®ay) F (an @ aj;) = > apay
Sy 2> QG
which holds.
Therefore
1+1 +1-k
bt = ay; (0 @ ay)
We conclude P (I + 1) holds and the result follows by induction. O
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Corollary 12.16.

BF=A
Proof.
k—k
B* = (bgj)> = (aij (ai @ ajj) * > = (a;) = A
O
1 01
Example 12.17. A = 1 2 2 satisfies the condition of Theorem 12.14. For k =3
0 01
we have
1 _4 1
3 3 3
_2
B:(bij):<alj(aii@aﬁ) 3>= -1z 2
2 _4 1
3 3 3
We then see that
1 4 1 4 1
3 73 3 3 3 3
B2—=| _1 2 2 1 2 2
3 3 3 3 3 3
2 _4 1 _2 _4 1
3 3 3 3 3 3
2 _2 2
3 3 3
_ 1 4 4
3 3 3
1 _2 2
3 3 3

and
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2 2 2 1 4 1
3 3 3 3 3 3
B? = 14 4 12 2
3 3 3 3 3 3
L _2 2 —2 _4 1
3 3 3 3 3 3
1 01
=1 2 2
0 01
— A,
as expected.
1 01
Example 12.18. A = 1 2 2 does not satisfy the conditions of Theorem 12.14
1 11
since as1asz < a93as .
If we define
B = (b;)
_2
= (az‘j (aii © ay) 3)
1 4 1
3 3 3
— 1 2
~3 3 3 |
1 11
3 3 3
then
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1 _4 1 1 _4 1
3 3 3 3 3 3
B2=| _1 2 2 1 2 2
3 3 3 3 3 3
1 _1 1 1 _1 1
3 3 3 3 73 3
2 2
303
= 4 4
133
2 1 2
3 3 3
and
2 2 1 4 1
303 3 3 3
B =] 1 4 4 _1 2 2
3 3 3 3 3
2 1 2 1 1 1
3 3 3 3 T3 3
2
131
=1 3
322
1 11
# A.

Interestingly, the matrix B3 is “off” in exactly two positions. We can also check that
the matrix A violates exactly two of the conditions of Theorem 12.14. In particular,
ag1a33 < ao3a3; and ajsass < ajsass. All other conditions are satisfied. We have the
following remark.

Remark 12.19. In the proof of Theorem 12.14, we fix i,j and then prove bgj-) 1S as ex-

=k

pected. Not all conditions of the theorem are used however. To prove bg) = a;;j (ai; B aj;) *
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we require

(Vt 7é Z,]) Q5 Z Qi Qg - (1230)

We call (12.30) the root constraints for (i,j). We summarise with the following corol-

lary.

Corollary 12.20. Let A € R™™"™ and k > 2 an integer. Define the matrix
1-k
B = (by) = (a,-j (ai @ aj;) * ) :

If
(Vt 7& Z7j> QA > Qi Ay,

then

1—

=k
k

(VI > 1)b) = a4y (aq @ ajy)

It follows that if a matrix A € R™*" satisfies the root constraints for (i,j) for most

pairs 4, j, then B may serve as a good approximation (in some sense) to a kth root of A.

12.4 Summary

We defined kth roots (for integer k) for 2 x 2, finite matrices (when such roots exist). We
also explicitly described when such roots do and do not exist. We were able to generalise
the formula for the kth root of a matrix to the general n x n case, provided the matrix
satisfied some conditions on some of its 2 x 2 sub-matrices. Corollary 12.20 motivated a
question about approximations of matrix roots - which may be useful considering finding

exact roots for n x n matrices is NP-complete in the Boolean case.
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13. Thesis conclusions and further re-

search

We give here a brief summary of the most important results of the thesis and some
questions arising.

In chapter 3 we studied the finite, m x n parametrised system Az = b(a). By de-
scribing the full solution set we developed a tool for finding non-trivial solutions to other
systems. In particular, in chapter 7 we showed that the two-sided system Ax = By, for
A € R™™ and B € R™*2, can be viewed as a sequence of one-sided parametrised systems.
In chapter 10 we showed that GEP can be viewed as a one-sided parametrised system if
B (say) is an outer-product.

Question: Is it possible to increase the number of parameters in the right-hand side and
still describe the whole set of solutions?

In chapter 4 we presented a strongly polynomial method for solving the two-sided
system of inequalities Az < Bx for A € R™"™ and B € R™" where B has exactly
one finite entry per row. This is in contrast to the problem in which we replace “ <7
with “ = 7. In making this small change we move from being able to describe the set
of generators of all finite solutions in strongly polynomial time to having no obvious way
of finding even one solution in strongly polynomial time. This problem is suggesting,
then, that two-sided systems of inequalities are, probably, more tractable than two-sided

systems of equations.
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Question: Is it possible to solve such systems in strongly polynomial time if B has exactly
two finite entries per row?

In chapter 5 we have
Question: Can we find a solution to the two-sided system Ax = Bx in polynomial time
when A and B have exactly two finite entries per row but not necessarily in the same
position?

In chapter 6 we saw that the Cancellation Rule can be a powerful tool. Using it
carefully allowed us to give explicit solutions for the two-dimensional two-sided system
Ax = Bx for A, B € R™*? and the two-dimensional generalised eigenproblem Az = A\Bx
for A, B € R™*2,

Question: Can we give similar explicit solutions for the three-dimensional counterparts?

In chapter 7 we have
Question: Can we increase the number of columns in B to three and still solve the two-
sided system Az = By?

In chapter 8 we showed a potentially useful connection between square, finite two-sided
systems Ax = Bz and the assignment problem. This connection can help to find “partial
solutions”, or even full solutions in some cases, in strongly polynomial time.

Question: Can we identify minimally active systems easily?

Question: Can we identify essential systems easily?

Question: Can we generalise the results to non-square systems?

Question: Can we say anything useful for non-finite, square matrices when there is no
finite permutation in C'?

In chapter 9
Question: Can we perform a similar analysis for other structured matrices? For example,
Toeplitz or Hankel matrices.

In chapter 11 we found a new connection between the generalised eigenproblem Ax =
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ABz and Game Theory when the matrix C' = A — B is finite, symmetric and has a saddle
point. We showed that the value of this saddle point is the unique candidate for the
generalised eigenvalue and gave some necessary conditions for checking if it is indeed an
eigenvalue. In the 3 x 3 case we were able to give necessary and sufficient conditions.
Question: Can we find a necessary and sufficient condition for when the unique candidate
for the generalised eigenvalue is indeed an eigenvalue?

Question: In the positive case, can we find a corresponding eigenvector?

Finally, in chapter 12, we defined kth roots (for integer k) for 2 x 2, finite matrices
(when such roots exist). We also explicitly described when such roots do and do not
exist. We were able to generalise the formula for the kth root of a matrix to the general
n x n case provided the matrix satisfied some Monge-type conditions on some of its 2 x 2
sub-matrices.

Question: Is the following statement true: “The matrix A € R™™ has a kth root (some
fixed k > 2) if and only if B¥ = A (where B is as given in Theorem (12.14))”?
Question: Is B a good approximation to the kth root when A does not satisfy the condi-

tions of Theorem 12.147

166



13. Bibliography

[1] B. Addad, S. Amari, J. J. Lesage, Networked conflicting timed event graphs represen-
tation in (Maz,+) algebra, Discrete Event Dynamic Systems, 22 (4), 2012 Automatic
Control, AC-30: pp. 210-220, 1985.

[2] M. Akian, R. B. Bapat and S. Gaubert, Maz-plus algebras, in Handbook of Lin-
ear Algebra (Discrete Mathematics and Its Applications), L. Hogben, ed.,Vol. 39,
Chapman & Hall/CRC, pp. 25/1-25/17, 2006.

[3] M. Akian, S. Gaubert and A. Guterman, Tropical polyhedra are equivalent to mean
payoff games, International of Algebra and Computation, 22 (1):125001 (43 pages),
2012.

[4] M. Akian, S. Gaubert, A. Marchesini, Tropical bounds for eigenvalues of matrices,
Linear Algebra and its Applications, 446: pp. 281-303, 2014.

[5] X. Allamigeon, P. Benchimol, S. Gaubert and M. Joswig, Combinatorial simplex
algorithms can solve mean payoff games, SIAM Journal on Optimization, 24 (4), pp.
2096-2117, 2014.

[6] X. Allamigeon, P. Benchimol, and S. Gaubert, The tropical shadow-vertex algorithm
solves mean payoff games in polynomial time on average, Proceedings of the 41st In-
ternational Colloquium on Automata, Languages, and Programming (ICALP), num-
ber 8572 in Lecture Notes in Computer Science, pp. 89100. Springer, 2014.

[7] X. Allamigeon, S. Gaubert and E. Goubault, Computing the vertices of tropical poly-
hedra using directed hypergraphs, Discrete Comput. Geom. 49 (2), pp. 247-279, 2013.

[8] F. L. Baccelli, G. Cohen, G. J. Olsder and J. P. Quadrat, Synchronization and
Linearity, John Wiley, Chichester, New York, 1992.

9] R. B. Bapat and T. E. S. Raghaven, Nonnegative matrices and applications, Cam-
bridge: Cambridge University Press, 1997.

[10] R. B. Bapat, D. Stanford and P. van den Driessche, The eigenproblem in maz-algebra,
(DMS-631-IR). University of Victoria, British Colombia, 1993.

167



[11]

[12]

[13]

[14]

[15]

[16]

[17]

M. Bezem, R. Nieuwenhuis and E. Rodriguez-Carbonell, Hard problems in max-

algebra, control theory, hypergraphs and other areas. Information Processing Letters
110 (4): pp. 133-138, 2010.

P. A. Binding and H. Volkmer, A generalized eigenvalue problem in the maz algebra.
Linear Algebra and Its Applications 422: pp. 360-371, 2007.

R. Burkard, M. Dell’Amico and S. Martello, Assignment Problems, Society for In-
dustrial and Applied Mathematics, Philadelphia, 2012.

P. Butkovi¢, R. A. Cuninghame-Green and S. Gaubert, Reducible spectral theory
with applications to the robustness of matrices in maz-algebra, SIAM J. Matrix Anal.
Appl. 31 (3), pp. 1412-1431, 2009.

P. Butkovic¢ and S. Gaubert, Sign-non-singular matrices and matrices with unbalanced
determinant in symmetrised semirings, Linear Algebra and Appl., 301, pp. 195-201,
1999.

P. Butkovi¢ and G. Hegediis, An elimination method for finding all solutions of the
system of linear equations over an extremal algebra, Ekon. — Mat. Obzor 20, pp.
203-214, 1984.

P. Butkovi¢ and D. Jones, On special cases of the generalized maz-Plus eigenproblem,
SIAM J. Matrix Anal. Appl. Vol. 37, No. 3, pp. 1002-1021, 2016.

P. Butkovi¢ and H. Schneider, Applications of max-algebra to diagonal scaling of
matrices, Electronic Journal of Linear Algebra, 13, pp. 262-273, 2005.

P. Butkovi¢, On certain properties of the systems of linear extremal equations, Ekon.
— Mat. Obzor 14, pp. 72-78, 1978.

P. Butkovic, Solution of systems of linear extremal equations, Ekon. — Mat. Obzor
17, pp. 402-416, 1981.

P. Butkovi¢, On properties of solution sets of extremal linear programs, Ann. Discrete
Math. 19, pp. 41-54, 1984.

P. Butkovic, Necessary solvability conditions of systems of linear extremal equations,
Discrete Applied Mathematics 10, pp. 19-26, 1985.

P. Butkovi¢, Strong regularity of matrices - a survey of results, Discrete Applied
Mathematics, 48, pp. 45-68, 1994.

P. Butkovi¢, Maz-algebra: the linear algebra of combinatorics?, Linear Algebra and
Its Applications, 367, pp. 313-335, 2003.

P. Butkovi¢, Mazx-linear Systems: Theory and Algorithms, Springer Monographs in
Mathematics, Springer-Verlag, London, 2010.

168



[20]

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

B. A. Carré, An algebra for network routing problems, Journal of the Institute of
Mathematics and Its Applications, 7 (3), pp. 273-294, 1971.

W. Chen, X. Qi and S. Deng, The eigenproblem and period analysis of the discrete
event systems, Systems Science and Mathematical Sciences, 3 (3), pp. 243-260, 1990.

G. Cohen, D. Dubois, J. P. Quadrat, M. Viot, A linear system-theoretic view of
discrete event processes and its use for performance evaluation in manufacturing,
IEEE Transactions on Automatic Control, AC-30: pp. 210-220, 1985.

G. Cohen, S. Gaubert, E. Mancinelli, J.P. Quadrat and E. Rofman, On traffic light
control of regular towns, Mathematicae Notae, Boletin del Instituto de Matemat-
ica "Beppo Levi”, Ano XLIII, pp. 51-62, Universidad Nacional de Rosario Editora,
Rosario, Argentina, 2005.

G. Cohen, S. Gaubert and J. P. Quadrat, Maz-plus algebra and system theory: where
we are and where to go now, Annual Reviews in Control, vol. 23, pp 207-219, 1999.

R.A. Cuninghame-Green and P. Butkovi¢, The equation Az=By over (max, +), The-
oretical Computer Science 293, pp. 3-12, 2003.

R. A. Cuninghame-Green and P. Butkovic¢, Generalised eigenproblem in max algebra,
IEEE Xplore, Discrete Event Systems (2008), 9th International Workshop WODES,
pp. 236-241, 2008.

R. A. Cuninghame-Green, Process synchronisation in a steelworks - a problem of
feasibility, in Proc 2nd Int Conf on Operational Research, Banbury and Maitland,
eds., English University Press, pp. 323-328, 1960.

R. A. Cuninghame-Green, Describing industrial processes with interference and ap-
proximating their steady-state behaviour, Oper. Res. Quart. 13, pp. 95-100, 1962.

R. A. Cuninghame-Green, Minimaz Algebra, Lecture Notes in Economics and Math-
ematical Systems 166, Berlin, Springer, pp. 251-267, 1979.

R. A. Cuninghame-Green, Minimax algebra and applications, Fuzzy Sets and Sys-
tems, 41, pp. 251-267, 1991.

R. A. Cuninghame-Green, Advances in imaging and electron physics, Minimax alge-
bra and applications (Vol. 90), New York: Academic Press, 1995.

L. Elsner and P. van den Driessche, On the power method in max-algebra, Linear
Algebra and Its Applications, 302/303, pp.17-32, 1999.

G. M. Engel and H. Schneider, Cyclic and diagonal products on a matriz, Linear
Algebra and Its Applications, 7, pp. 301-335, 1973.

169



[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

G. M. Engel and H. Schneider, Diagonal similarity and equivalence for matrices over
groups with 0, Czechoslovak Mathematical Journal, 25, pp. 389-403, 1975.

S. Gaubert, L. Grigori and M. Sharify, Solution of the optimal assignment problem
by diagonal scaling algorithms, arXiv:1104.3830, 2011.

S. Gaubert, R. D. Katz and S. Sergeev, Tropical linear-fractional programming and
parametric mean-payoff games, Journal of Symbolic Computation 47, pp. 1447-1478,
2012.

S. Gaubert and M. Plus, Methods and applications of maz-plus linear algebra, Pro-
ceedings of the 14th Annual Symposium on Theoretical Aspects of Computer Science
Lubeck, Germany February 27 - March 1, 1997 (STACS’97), pp. 261-282, LNCS 1200,
Springer, 1997.

S. Gaubert and S. Sergeev, The level set method for the two-sided maz-plus eigen-
problem, Discrete Event Dyn Syst, 23: pp. 105-134, 2013.

S. Gaubert, Théorie des systemes linéaires dans les dioides, These, Ecole des Mines
de Paris, 1992 (in French).

S. Gaubert, Nonlinear Perron-Frobenius theory and discrete event systems, Actes du
colloque Modélisation de Systmes Ractifs (MSR’05), JESA vol. 39, pp. 175-190, 2005.

B. Giffler, Scheduling general production systems using schedule algebra, Naval Re-
search Logistics Quarterly, 10, pp. 237-255, 1963.

B. Giffler, Schedule algebra: a progress report, Naval Research Logistics Quarterly,
15, pp. 255-280, 1968.

M. Gondran and M. Minoux, Valeurs propres et vecteur propres dans les dioides
et leur interprétation en théorie des graphes, Bulletin de la Direction Etudes et
Recherches, Série C, Mathematiques et Informatiques 2, pp. 25-41, 1977 (in French).

M. Gondran gnd M. Minoux, L’Indépendance linéaire dans les dioides, Bulletin de
la Direction Etudes et Recherches. EDF, Série C, 1, , pp. 67-90, 1978 (in French).

M. Gondran and M. Minoux, Linear algebra of dioides, a survey of recent results,
Annals of Discrete Mathematics, 19, pp. 147-163, 1984.

M. Gondran, Path algebra and algorithms. In B. Roy (Ed.), NATO advanced study
inst. ser., ser. C: Math. and phys. sci.: Vol. 19. Combinatorial programming: methods
and applications (pp. 137-148), Reidel: Dordrecht. (Proc NATO Advanced Study
Inst, Versailles, 1974).

B. Heidergott, G. J. Olsder and J. van der Woude, Maz Plus at Work: Modeling
and Analysis of Synchronized Systems, A Course on Max-Plus Algebra, Princeton
University Press, 2005.

170



[54]

[55]

[56]

[57]

[58]

[59]
[60]

P. Klemperer, The product-mix auction: a new auction design for differentiated goods,
Journal of the European Economic Association 8, pp. 526-536, 2010.

D. Konig, Grdfok és madtrizok, Matematikai és Fizikai Lapok, 38, pp. 116-119, 1931
(in Hungarian).

H. W. Kuhn, The Hungarian method for the Assignment Problem, Naval Reserach
Logistics Quarterly, 3, pp. 253-258, 1956.

M. Kutz, The complexity of Boolean matrix root computation, Theoretical Computer
Science 325, pp. 373-390, 2004.

V. Noferini, M. Sharify and F. Tisseur, Tropical roots as approximations to eigen-
values of matriz polynomials, STAM. J. Matrix Anal. and Appl., 36(1), pp. 138-157,
2015.

G. Owen, Game Theory, 3rd ed., Academic Press, 1995.

H. Schneider and M. H. Schneider, Maz-balancing weighted directed graphs and matriz
scaling, Mathematics of Operations Research, 16(1), pp. 208-222, 1991.

H. Schneider, The influence of the marked reduced graph of a nonnegative matriz
on the Jordan form and on related properties: a survey, Linear Algebra and Its
Applications, pp. 161-189, 1988.

S. Sergeev, H. Schneider and P. Butkovi¢, On visualisation scaling, subeigenvectors
and Kleene stars in mazx algebra, Linear Algebra and its Applications 431, pp. 2395-
2406, 2009.

S. Sergeev, On the system Ax = ABx in mazx algebra: every system of intervals is a
spectrum, Kybernetika, Volume 47, no. 5, pp. 715-721, 2011.

N. N. Vorobyov, Eztremal algebra of positive matrices, Elektronische Datenverar-
beitung und Kybernetik, 3, pp. 39-71, 1967 (in Russian).

N. N. Vorobyov, Eztremal algebra of non-negative matrices, Elektronisch Informa-
tionsverarbeitung und Kybernetik, 6, pp. 302-312, 1970 (in Russian).

E. A. Walkup and G. Boriello, A general linear maz-plus solution technique, In:
Gunawardena J. (ed) Idempotency, Cambridge, pp. 406-415, 1988.

K. Zimmermann, Eztremdlni algebra, Vyzkumnd publikace Ekonomicko - matemat-
ické laboratore pii Ekonomickém tstavée CSAV, 46, Praha, 1976 (in Czech).

U. Zimmermann, Linear and combinatorial optimisation in ordered algebraic struc-
tures, Annals of Discrete Mathematics: Vol. 10, Amsterdam, North Holland, 1981.

171



