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Appendix A Loss in coplanar waveguides 

The main task of this section is to develop an analytical expression for the conductor loss of a 

CBCPW line, in order to evaluate the loss increment due to the presence of conductor backing. 

The derivation is based on the incremental-inductance method. For completeness, the 

derivation with a CPW line is also presented, which results in the same expression as given by 

Gupta
1
. To begin with, the analytical models to calculate the dielectric loss and conductor loss 

are reviewed. Besides the incremental-inductance method, a current-distribution method is 

also introduced. It should be noted that both methods are originally established for normal 

conductors. For superconductors, some corrections are needed in using these analytical 

methods, which have been mentioned in the text of Chapter 4.   

A.1 Introduction 

For a wave propagating in the z direction, the transmitted power in terms of attenuation 

coefficient α can be expressed as  

z
ePzP

⋅⋅−= α2

0)(  

where P0 is the transmitted power at z=0. The attenuation mainly results from the conductor 

loss αc and the dielectric loss αd. That is   

dc ααα += . 

This can be expressed in terms of the power dissipation per unit length of conductors (Pc) and 

dielectrics (Pd). 

)(2)(2

/)(

zP
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zP

dzzdP dc +
≈−=α  

(α is in nepers per unit length.) So,  

)(2 zP

Pc
c =α  and 

)(2 zP

Pd
d =α , 

or, in dB per unit length 

)(2
686.8

)(2)10ln(

20

zP

P

zP

P cc
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)(2
686.8

zP

Pd
d =α . 

Sometimes, the attenuation is in units of nepers per wavelength rather than the physical length 

in order to include the effect of effective permittivity.  
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A.2 Dielectric Loss 

The loss tangent of a dielectric medium is defined as  

εω

σ

εω

σεω
δ

′
=

′

+′′
= etan  

ε ′′  and ε ′  are the imaginary part and real part of the permittivity of the dielectric. The total 

effective conductivity σe includes two parts: the dielectric damping εω ′′  and the finite 

conductivity of the dielectric medium σ.  

For a transmission line with uniform medium, the attenuation due to the dielectric is (pp. 85-86 

in [1]) 

δ
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where g′  is the shunt conductance per unit length of the transmission line. When the dielectric 

medium is not uniform, an effective loss tangent (tanδ)eff can be introduced. 
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As the conductivity of air σ0 is much smaller than that of the dielectric,  

σσσσ qqqe ≈−+= 0)1(  

where q is the dielectric filling fraction. Also  
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In both cases,  

1

1

−

−
=

r

eff
q

ε

ε
. 

Hence, the dielectric attenuation coefficient can be derived.  
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A.3 Conductor loss 

A.3.1 Current density distribution method  
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If the current distribution in the conductors is known, one can find the ohmic power loss by an 

integration, and the attenuation can be expressed as2   

2

2

02 I

dlJ

Z

R f

c

∫
=

γα  

where I is the total current carried by the transmission line, J the longitudinal current density 

on the line, and γ  is the contour of the conductors for the integration. Rf is the surface 

resistance. Z0 is the characteristic impedance. The current density distribution is not uniform 

and peaks at the edges of the conductors. It can be obtained either analytically by conformal 

mapping or numerically. Here, only analytical methods are summarised.  

Ghione
3
 did extensive studies on the loss of asymmetric coplanar waveguide (ACPW) based 

on conformal mapping, which was originally presented by Owyang
4
. To find the current 

distribution, conductors with finite thickness have to be dealt with. This involves two 

mappings. First, the upper half of the original structure (ζ-plane) with finite thickness 

conductors is transformed via z(ζ) into the upper half z-plane with infinitely thin conductors. 

Then the resultant z-plane structure is transformed via w(z) into the interior of a rectangle in 

w-plane. Following a reversed process of the two-step mapping, the current density in the 

original structure can be expressed by the uniform current density ACPS
I
~

in the w-plane and 

two scale factors |dw/dz| and |dz/dζ| as 

ζ
ς
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dz

dz

dw
IJ

ACPS ⋅=
~

)(  

The detailed deviations are available in the work by Owyang and Ghione. As the symmetric 

version of Ghione’s general formula for ACPW, the attenuation of a CPW can be given by  
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(Note: There is an error or misprint in Owyang’s (21)
4
 by a factor 2. The right expression is 

(21) divided by 2, which is Ghione’s (45)
3
. In addition, the “t” in Owyang’s formulas is half of 

the conductor thickness. In this thesis, “t” denotes the conductor thickness. The “a” and “b” 

used in this thesis is twice the ones used in Owyang’s and Ghione’s work.) 

 

A.3.2 Incremental inductance method 

If the current distribution is difficult to obtain, one can use another technique, the “incremental 

inductance rule” to derive the conductor loss, first published in 1942 by Wheeler
5
 and 

developed by Pucel
6
. In Wheeler’s method, the surface resistance per unit length caused by the 
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skin effect is expressed in terms of the inductance produced by the magnetic field within the 

conductor. Therefore, the accuracy of this method very much depends on the accuracy of the 

inductance. The formulation is based on the fact that the series surface impedance of the 

conductor  

jXRZ s +=  

has a real part R which equals to its imaginary part X, that is
*
   

iLXR ω== , 

where Li is the internal inductance caused by a thin layer of current flow due to the skin effect. 

According to the “incremental inductance rule”, Li can be derived as an increment of the 

external inductance L due to the incremental recessions of all conductive walls by half of the 

skin depth. This rule assumes that the radius of the curvatures and the thickness of the 

conductors exposed to the electromagnetic field are larger than the skin depth, preferably 

several skin depths. The internal inductance can be expressed as  
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Hence, the resistance is  
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where 2, mmmsR δωµ=  is the surface resistance of the conductor wall m. The attenuation 

coefficient can be derived as   
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The external inductance L can be related to the characteristic impedance of the transmission 

line with the dielectric replaced by air. i.e.  

00 / cZL
a=  

where c0 is the velocity of the electromagnetic wave in free space. 

The conductor losses of both CPW and CBCPW will be derived using the incremental 

inductance method.  

 

                                                      
* This relation is not true for superconductors. As discussed in Section 3.2.4, the surface impedance of a 

superconductor is expressed as  
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Figure A.1 Recession of the conductors of CPW for loss calculation using incremental inductance method. 

 

A.3.2.1 Conductor loss of CPW 

As illustrated in Figure A.1, the recessions of the conductor surfaces in CPW are  

nw ∂−=∂ 2  (due to the recession of either edge of the strip),  

ns ∂=∂ 2  (due to the recession of one edge of the strip and one of the in-plane grounds),  

nt ∂−=∂ 2  (due to the recession of the top and bottom of the conductors). 

The attenuation due to conductor loss can be expressed as 
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To calculate the attenuation using the above formula, one must know the effect of conductor 

thickness t on the characteristic impedance. This effect is taken into account by correcting the 

line width and slot width with
1
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The final expression of the attenuation coefficient of CPW can be written as
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Figure A.2 Recession of the conductors of CBCPW for loss calculation using incremental inductance 

method. 

 

A.3.2.2 Loss of CBCPW 

There have not been any formulations of the loss for CBCPW in the literature. In order to find 

the loss increment due to the conductor backing, analytical expressions are developed here 

based on the incremental-inductance method. As illustrated in Figure A.2, the recessions of the 

conductor surfaces considered in CBCPW are  

nw ∂−=∂ 2  (due to the recession of either edge of the strip),  

ns ∂=∂ 2  (due to the recession of one edge of the strip and one of the in-plane grounds),  

nt ∂−=∂ 2  (due to the recession of the top and bottom of the conductors), 

nh ∂=∂  (due to the recession of the bottom of the conductors), 

nh ∂=∂  (due to the recession of the conductor backing). 

As pointed out in [6] when dealing with the ground of the microstrip, it is “on somewhat 

uncertain ground, however, in deciding whether the recession of the bottom surface of the strip 

conductor can be counted towards a recession in t as well as an extension of h”. It is assumed 

so here for the coplanar waveguide as was for microstrip in [6], where a larger value of αc was 

obtained and agrees better with the measured results. 
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The attenuation of the CBCPW can be expressed as 
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where Rf
s
 and Rf

g
 are the surface  resistances on the strip and the conductor-backing. Assume 

Rf
s
=Rf

g
.    

 

I. Narrow coplanar line with h>>w and h>>s 

For the CBCPW used in this work, as the substrate thickness h is much larger than the strip 

width w and slot width s, the conductor backing has little effect on the fringe field of the 

coplanar conductors. Therefore, the similar correction can be adopted for CBCPW as for the 

conventional CPW in [1]. The effective strip and slot widths are defined as 
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The attenuation coefficient of the CBCPW due to conductor loss can be expressed as 
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When the substrate is sufficiently thick, this attenuation approaches the one predicted for a 
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CPW, as expected. 

 

II. Wide coplanar line with w comparable to or larger than h 

When w is comparable or larger than h, the fringe field will be greatly affected by the presence 

of the conductor-backing. The aforementioned correction, only depending on w and t, may not 

be valid. A correction depending on h and t can be used, which was mentioned in [7].   
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The attenuation in this case is expressed as   
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The problem of this correction ( ∆′ ) is its divergence with increasing substrate thickness h. 

This also results in a divergent attenuation, which is physically unreasonable. So the valid 

range of this correction is restricted. It is believed that this correction is only usable when h is 

comparable or smaller than w. In addition, according to [8], this correction overestimates the 

characteristic impedance.   
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It is worth mentioning that the two corrections ∆  and ∆′  were first reported in [9] to consider 

the effect of conductor thickness on the characteristic impedance of a microstrip line, where 

the effective line width is  













≥















++

≤















++

=

.21,
2

ln125.1

,21,
4

ln125.1

π
π

π
π

π

hw
t

ht
w

hw
t

wt
w

we  

The first expression is for narrow microstrip line, while the second is for relatively wider one 

with π21≥hw . 
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Appendix B Conformal mapping for coupled coplanar lines 

This section presents the conformal-mapping formulas used to calculate the even- and odd- 

mode impedances of parallel coupled lines. Figure B.1 shows the cross-section of a pair of 

CBCPW lines with a separation of lx. Ghione
1
 has given some simple formula to evaluate 

these for CPW lines, assuming an infinite substrate thickness. The formulation adopted here 

relies on the work by Cheng
2,3

 and Zhou
4
, which takes the finite substrate thickness into 

account. Two special functions are used in the following derivation. 

(1) Complete elliptic integral of the first kind 
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Figure B.1 Dimensional symbols for the coupled CBCPW lines. The coupled CPW lines have similar 

structure but without the conductor backing. The centre-to-centre separation between the two lines is 

lx=B+C.   

B.1 Ze and Zo of coupled CPW lines 

Assuming the air-dielectric interface in the plane with the slots is perfect magnetic wall as 

shown in Figure B.1, the capacitance of the even- and odd-mode can be considered as a sum 

of the capacitances in the upper region (air) and lower region (air and dielectric). In the 

lower region, the capacitance can be further approximated to a sum of the free-space 

capacitance in absence of the dielectric and the capacitance in the dielectric with a relative 

permittivity of (εr-1). That is    
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Equation B-1 

Once the capacitance is obtained, the characteristic impedance can be written as  
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The coupling coefficient is  
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The symmetric plane in Figure B.1 can be regarded as a magnetic wall for the even-mode or 

an electric wall for the odd-mode. Conformal mapping method is used to calculate the 

capacitances in (B-1). 
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( )hzt 2sinh 2 π=  

                                                         (a)                                                                               (b) 

Figure B.2 Conformal mapping for the even-mode of coupled CPW lines: (a) the lower region of free 

space (infinite thickness); (b) the lower dielectric region with a relative permittivity (εεεεr-1) and thickness h.  

0 ta tctb td

W1

H1

P1

Q1

(P1+Q1)/2magnetic wall

Step 1

Step 2

 

Figure B.3 Conformal mapping from t-plane to rectangular structures for the calculation of the 

capacitance.  

B.1.1 Even mode 

As shown in Figure B.2, the original structures with a magnetic wall are in z-plane and then 

mapped to t-plane. The transformation function t(z) for the lower region of free space  
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(Figure B.2(a)) is different from that for the dielectric region (Figure B.2(b)). However, the 

further transformations required to map into rectangular structures are the same for both 

cases, as shown in Figure B.3. Take the case in Figure B.2(a) as an example. The z-plane to 

t-plane transformation gives 

ta=A
2
, tb=B

2
, tc=C

2
, td=D

2
, 

The first mapping step in Figure B.3 can be expressed as    
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Equation B-3(e) 

For the second mapping step in Figure B.3, a vertical magnetic wall is assumed at the centre 

of the slot, which is only approximate. The capacitance can be expressed as the contributions 

from the two separate parts by 
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where kd and ke can be found using the following process. 
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There have been difficulties in solving kd and ke using numerical method due to poor 

convergence. A close-form approximation given in [5] is adapted to find them explicitly.  

In the case of Figure B.2(b) for the region of the dielectric, take (εr-1) as the relative 

permittivity and let  
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Following the same procedure as Eq. B-3(a)~(i) to solve kd
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So the capacitance of the even mode is 
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Figure B.4 Conformal mapping for the odd-mode of coupled CPW lines. (a) the lower region in free 

space (infinite thickness); (b) the lower dielectric region with a relative permittivity (εεεεr-1).  

B.1.2 Odd mode 

For the odd-mode, the symmetric plane is an electric wall as shown in Figure B.4. In the case 

of Figure B.4(a), the original structure in z-plane is reduced to an asymmetric coplanar 

waveguide in the t-plane. Therefore, the capacitance Co
air(up)

 can be simply expressed as  
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In the case of Figure B.4(b), the structure in t-plane is effectively the same as in Figure B.3. 

So, a similar two-step transformation can be used to find the capacitance. Following the 

same procedure as to find kd and ke in Eq. B-3(a)~(i) and letting  
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the capacitance in the dielectric region can be expressed by 
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So the capacitance of the odd mode is 
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B.2 Ze and Zo of coupled CBCPW lines 

Unlike the CPW, the capacitance of the coupled CBCPW lines can be regarded as the sum of 

the contributions from the upper region of free space and the lower region of the dielectric 

with a relative permittivity of εr. That is  
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Figure B.5 Conformal mapping for the even-mode of coupled CBCPW lines. (a) the lower region in free 

space; (b) the lower dielectric region with a relative permittivity εεεεr.  

B.2.1 Even mode 

Figure B.5(a, b) shows the conformal mapping of the even mode. The t-planes in both cases 

can be mapped to rectangular structures as in Figure B.3. In the case of Figure B.5(a), let 

ta=A
2
, tb=B

2
, tc=C

2
, td=D

2
, and follow Eq. B-3(a)~(i) to solve kd and ke. One has 
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In the case of Figure B.5(b), repeat the above process with  
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Substitute the solved kd and ke into  
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So, the capacitance of the even mode can be found as  
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Figure B.6 Conformal mapping for the odd-mode of coupled CBCPW lines: (a) the lower region in free 

space; (b) the lower dielectric region with a relative permittivity εεεεr. 

B.2.2 Odd mode 

Figure B.6(a, b) shows the conformal mapping of the odd mode. In both cases, the t-plane 

structures can be regarded as asymmetric coplanar waveguides. The capacitance can be 

expressed as  
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Appendix C Admittance matrix method 

A 2-port 6-node meander line as shown in Figure C.1(a) is taken here as an example to 

introduce how to construct the admittance matrix and calculate the S parameters.  

          

1

2 3

4 5

6

l

ls

1 2 3

                        

1

2 3

4

1 2

 

                                                            (a)                                                         (b) 

Figure C.1 (a) A 2-port 6-node meander line. l is the coupled length and ls is the length of the connection 

line.  The corners of the bends are disregarded. (b) A pair of coupled lines. 

 

For a pair of coupled lines as shown in Figure C.1(b), there are four independent terms in its 

admittance matrix: self-admittance Y1, and transfer-admittances Y2, Y3, and Y4, given by
1
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Equation C-1

 

where Ye and Yo are the even- and odd-mode admittances normalised to the port admittance 

of Y0=1/Z0=1/(50Ω). The phases are ee fl υπθ 2= , oo fl υπθ 2=  with eeffe c ,0 ευ = , 

oeffo c ,0 ευ = . The corresponding admittance matrix for the coupled line pair is 
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In a meander structure, the coupling exists between adjacent parallel lines (line-1 and 2, line-

2 and 3) and non-adjacent parallel lines (line-1 and 3) as well. In the admittance matrix 

model, these are simply regarded as coupled line pairs with different separations. The 

admittance elements for the adjacent coupled lines are labelled as Y1 through Y4 as given by 

(C-1), whereas only elements related to cross coupling are considered for the non-adjacent 

coupled lines. They are Y3′ and Y4′, given by 
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Equation C-3 

The connections between the coupled line pairs are treated as single transmission lines, with 

a normalised admittance of 
00 YYY ss = , a phase of 

02 υπθ ss fl= , and a velocity of 

effc ευ 00 = . The two independent matrix elements are the self-admittance  

( )sss jYY θcot1 −=                                      Equation C-4 

and the transmission-admittance  

( )sss jYY θcsc2 =                                      Equation C-5 

All the normalised admittances, phases, and velocities are calculated using analytical 

formulas based on conformal mapping, as discussed in Appendix B.    

 

The admittance matrix of the meander line contains both non-coupling-related elements and 

coupling-related elements. The non-coupling-related elements are the self-admittances (Y1, 

Ys1) and transmission-admittances (Y2, Ys2). The coupling-related elements are Y3, Y4, Y3′ and 

Y4′. The Y-matrix of the 2-port 6-node meander line can be expressed as    
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The first matrix contains the elements related to non-coupling contributions, the second 

contains those related to the coupling between both adjacent and non-adjacent lines. It should 

be noted that the self-admittance Y11 in the above matrix (Y11=Y1, Y1 is defined in (C-1)) is 

slightly different from Swanson’s general coupling model (GCM)
2

 and Chen’s multi-

conductor model
3
. In Swanson’s model, the self-admittance Y11 is assumed to be unaffected 

by the cross coupling. So, the self-admittance of a single line is used. That is  

( )θcot11 sjYY −=                                       Equation C-7 

In Chen’s model, the cross-coupling effect on the self-admittance of the node in the i-th line 

is considered by  
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where the number M determines the cut-off distance of the cross coupling and n is the total 

number of parallel lines. )(

11

i
Y  is the self-admittance of a single line (i-th line) in the form of 

(C-7). ),(

11

ji
Y  is the self-admittance with cross-coupling present between the i-th and j-th lines. 

The treatment used here assumes that only the adjacent coupling affects the self-admittance. 

This means M equals 1. So  
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             Equation C-9 

 

To find the S parameters of the 2-port meander line, the 6×6 admittance matrix given by (C-

6) should be reduced to 2×2, using an impedance-matrix approach. Firstly, the 6×6 

admittance matrix is transformed into 6×6 impedance matrix by  

1−= YZ .                                               Equation C-10 

Since the meander line is a 2-port network, only two external currents I1 and I6 are non-zero 

as in the following matrix form.    



Appendix C Admittance matrix method 

 190 





















































=



























6

1

66656261

56555251

26252221

16151211

6

5

4

3

2

1

0

0

0

0

I

I

ZZZZ

ZZZZ

ZZZZ

ZZZZ

V

V

V

V

V

V

LL

LL

MMONMM

MMNOMM

LL

LL

                  Equation C-11 

So the Z matrix can be reduced to  
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                                       Equation C-12

 

relating the voltages V1 and V6 to the currents I1 and I6 on the two ports (node-1 and node-6).

 
The corresponding scattering matrix can be calculated by  

( ) ( )22

1

222 rrr YUYUS −⋅+=
−

,                             Equation C-13 

where U2 is a unit matrix, and Yr2=Z r2
-1

. S11 and S21 of the meander line are  

( )11,211 log20 rSS ⋅= , ( )21,221 log20 rSS ⋅= .                  Equation C-14 

Admittance matrix method is a fast approach to analyse a structure with multiple coupled 

lines. However, as it employs a network model rather than electromagnetic model, there are 

some limitations. First, the coupling-related admittances (Y3, Y4, Y3′, Y4′) for the adjacent or 

non-adjacent lines are obtained as if they are pairs of isolated coupled lines, although they 

are interconnected with each other through the short connection lines. Second, the corners in 

the bend structures are disregarded. In addition, the accuracy of this method may be lost as 

the coupled length is close to half of a wavelength according to [2].  
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Appendix D Microwave cables and connectors 

Microwave coaxial cables and connectors/adaptors are essential parts in the measurements of 

HTS delay lines. A coaxial cable itself is also a conventional transmission media for a delay 

line. Some general information about the cables used in this work is given. Table D-1 and 

Table D-2 summarises the typical mechanical and electrical parameters of different cables. 

Figure D.1 shows the comparison of their attenuations, which can be a reference as they are 

used as delay lines. The mateability issue among different connectors is also briefed.   

D.1 Microwave Coaxial Cables 

The attenuation, operational frequency range and packaging size (limited by the bending 

radius) are important parameters of microwave coaxial cables concerned here. There are 

several simple formulas for the coaxial cables. The impedance of the cable only depends on 

the ratio of the dielectric diameter D and the inner conductor diameter d. 

d

D
Z

r

ln
60

0
ε

=                                               Equation D-1 

The signal delay is  

)/(33.3 mnst rε=                                            Equation D-2 

The maximum operation frequency is defined by 

)(
)(

2
Hz

dD

c
f

r

cutoff
+

⋅
=

επ
                                  Equation D-3 

Above this frequency, higher order modes will occur.  

Table D-1 Technical specifications of RG405 and RG402 semi-rigid cables approved by MIL C-17 

standard. (Dielectric: PTFE; signal delay: 4.8 ns/m; operating temperature: -40°C to +125°C)  

Type RG402/U RG405/U 

Centre conductor diameter 0·92mm 0·51mm 

Outer conductor diameter 3·58mm 2·20mm 

Max. operating frequency 20GHz 20GHz 

Attenuation (per 1m) at 1GHz 

                                       10GHz 

                                       20GHz 

0·36dB 

1·37dB 

2·13dB 

0·67dB 

2·43dB 

3·21dB 

Weight 479g/m 202g/m 
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According to their formability, microwave coaxial cables can be classified into: semi-rigid, 

handformable and flexible.  

Semi-rigid cable is also called form-stable cable, which can be bent to and then maintain the 

finished shape. The most used semi-rigid cables are RG405 and RG402. Their technical 

specifications are in Table D-1.  

Handformable cable is an alternative to semi-rigid cable. They have a tin-soaked copper 

braid for the outer conductor, giving outstanding hand-formability. According to 

Huber+Suhner, the SUCOFORM-250 cable in this category is especially suitable for delay 

line due to the high phase stability over every production run. 

Flexible microwave cable assemblies offer superior electrical and mechanical performance, 

where stringent electrical requirements - in particular stability and low loss - are important. 

This type of cable is ideally suited for test and measurement applications as test leads. 

Parameters of several cables in these categories are listed in Table D-2. They are compiled 

from the product data of Huber+Suhner. Their attenuations as a function of frequency are 

fitted to the form  

(dB/m)   ,fbfa ⋅+                                               Equation D-4 

The coefficient b is much smaller than a, so it is close to an f
0.5

 relationship. The attenuations 

of different coaxial cables are plotted in Figure D.1. Generally, the attenuation is inversely 

proportional to the dimension d and D of the coaxial, so the thinner the cable is, the more 

loss it has.   

Table D-2 Typical parameters of several microwave cables. (Source: http://www.hubersuhner.com) 

Model+ Type 

Max. 

freq. 

(GHz) 

Temp. 

range (oC) 

Attenu. 

(dB/m) 

@18GHz, 
25oC 

Delay 

(ns/m) 

Static 

bending 

radius 
(mm) 

Weight 

(kg/100

m) 

Typical 

applications 

EZ 250-TP/M17 Semi-rigid 18 -40 ~ +90 1.5 4.8 19.00 15.8 

EZ 118-TP Semi-rigid 40 -40 ~ +125 1.8 4.17 9.53 3.4 

EZ141-TP/M17 
(RG402) 

Semi-rigid 20 -40 ~ +125 2.09 4.8 6.35 5.22 

Static 

connections 

SUCOFORM 250 Handformable 18 -65 ~ +165 1.45 4.7 30 12.4 Delay lines 

SUCOFLEX 104 Flexible 26.5 -55 ~ +165 1.1 4.3 16 8.4 Test leads 

SUCOFLEX 
104P 

High flexible 26.5 -55 ~ +165 1.6 4.3 16 6.9 
Dynamic 

applications 
+ M17: MIL C-17 standard; TP: tin plated; AL: aluminium (If aluminum is used for the outer conductor, the 

weight and size could be reduced but it brings slightly higher loss).  
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Figure D.1 Attenuation as a function of frequency for the coaxial cables listed in Table D-2. 

 

The system for the cryogenic measurements in this thesis has semi-rigid RG405 and flexible 

SUCOFLEX 104. Semi-rigid cables are used as the connections inside the cryostat. They 

work at temperatures as low as 13K and in the vacuum. Although commercially available 

coaxial cables are not designed for the cryogenic conditions, experiences show that they can 

operate beyond the specified lower temperature limit (around -40
 o

C) without obvious 

problems. Flexible cables are used as connections between the network analyser and the 

cryostat. These cables offer high stability in terms of phase, attenuation and matching.  

D.2 Connectors and Adaptors 

In selecting the connectors/adaptors used in a microwave system, the most important criteria 

are the maximum operational frequency and their mateability with other connectors or 

adaptors. Table D-3 lists the mateability between three types of connectors. SMA is one of 

the most commonly used connectors. It has a PTFE dielectric. It is intended for infrequent 

connections. Unlike SMA, 3.5 mm and 2.92mm (“K”) connectors have air as their 

dielectrics. They are connectors of higher performance, and can tolerate more interconnect 

cycles.  

SMA can mate with 3.5mm and 2.92mm. But as they have different dielectric materials 

(PTFE versus air), their connection interface is discontinuous. There is also a problem of 

possible damaging when a male SMA is inserted into 3.5mm or 2.92mm connectors. This is 
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often caused by the pin of SMA, which is not well gauged. So, special care must be taken in 

connecting male SMA with 3.5mm or 2.92mm connectors.  

In some circumstances, right-angle connectors or adaptors are needed to facilitate assembly. 

It should be noted that non-straight connectors normally have a lower operating frequency 

than their straight version in the same series. For instance, a right-angle SMA has a 

maximum operating frequency of 12.4 GHz rather than 18 GHz which is for a straight SMA.  

Table D-3 Mateability among some microwave connectors.
1
  

Connector Type SMAa 3.5 mmb 2.92mmc & Kd 

SMA To 18 GHz 
To 18 GHz  

Usable to 24 GHz  
* Note: possible damage 

To 18 GHz 

Usable to 24 GHz  
* Note: possible damage 

3.5 mm 
To 18 GHz  

Usable to 24 GHz 
* Note: possible damage 

To 34 GHz To 34 GHz 

2.92 mm & K 
To 18 GHz  

Usable to 24 GHz 
* Note: possible damage 

To 34 GHz To 46 GHz 

Some manufacturers of the different type of connectors.  
a
 M/A-COM SMA 

b Agilent 3.5mm 
c 
Pasternack 2.9mm  

d
 Anritsu K-connector

  

                                                
1 More information may be found from http://www.wa1mba.org/rfconn.htm. 
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Appendix E Attenuation calculated from resonator Q 

measurements of a delay line 

 

C C

Z0 Z0

γ=α+jβ, Z0, l

 

Figure E.1 Equivalent circuit of a delay line resonator. 

The deduction in this section was first proposed by Dr. F. Huang.
1
 It is dedicated to study the 

effect of the dispersion on the acquisition of attenuation from measured Q, which has not 

been addressed before. The commonly used derivation in the textbook always assumes a 

dispersionless resonator.   

 

As shown in Figure E.1, the input and output of the resonator are capacitively coupled to a 

delay line with a total length of l. The characteristic impedance of the delay line is the same 

as the port impedance in this derivation, which is Z0. The propagation constant is γ. The loss 

of the delay line is assumed to be small, so that  

1<<lα , and le
l αα +≈1 . 

This is a good approximation provided the frequency is not too high. The approximation 

( ) 1sin <<lβ  (in the proximity of a resonance peak) is used throughout the derivation.  

   

The ABCD matrix of the delay line resonator is    
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                          Equation E-1 

where ( ) ( ) ( )lsltCjZ γγω sinh,cosh,1 === . 

From ABCD matrix, the insertion loss S21 can be found by 

                                                
1 F. Huang, private communication, EDT Group, EECE, The University of Birmingham, Notes, 16th Dec. 2003. 
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( ) ( ) ( )lZZeZZ

DCZZBA
S

l γγ sinh12
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21
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=

                               Equation E-2 

 

E.1 Weakly coupled resonator 

If the resonator is weakly coupled at the input and output, |Z|
2
 can be much larger than |Z0|

2
 

so that one has  

( ) ( ) ( ) l
eZZlZZ

γγ 0

2

0

2 12sinh +>>                                     Equation E-3 

which requires 









+⋅>>
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12
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Z
l
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Since 0ZZ >> , one has 20 >>⋅ lZZ α . 

In this case, the first term in the denominator of (E-2) can be dropped, so 
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==                               Equation E-4 

The measurable resonance curve is the magnitude of S21 as a function of frequency, which 

can be written as   

( ) lll
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                             Equation E-5 

In the proximity of the resonance peak, the attenuation α and reactance Z are not sensitive to 

frequency. So it is l
e

γ21 −−  that contributes to the rapid change of S21 with frequency.  

 

At the resonant frequency, let nββ =  and nωω = . |S21| gains the maximum, so 

...) 2, 1,(n  ,22 == nln πβ                                          Equation E-6  

Using αl<<1, one has 
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lee
l

peak

l ααγ 211 22 ≈−=− −−
                                      Equation E-7 

 

To estimate the 3dB-Q, the 3dB bandwidth ω∆  is needed. At the -3dB points, let 

( )2βββ ∆+= n
 and ( )2ωωω ∆+= n

, this gives  
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                             Equation E-8 

 

Since 
peakdB

SS 21321 5.0=
−

, by using (E-5), (E-7) and (E-8), one has  
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                                    Equation E-9 

Hence, the attenuation is correlated with the measured Q and group velocity υg by 

( )
ngn
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                                          Equation E-10 

For a dispersionless transmission-line resonator with pg υυ = , (E-10) becomes the 

commonly used equation in textbooks
1
. That is   

( )
nnnpn QfQ λ

π

υ

π
α ==                                       Equation E-11 

From the above deduction, it can be seen that (E-10) is the general form for an attenuation-Q 

relation, using the group velocity rather than phase velocity. This is particularly important as 

far as the dispersion is concerned. It should also be noted that Qn in (E-10) and (E-11) 

approximates the unloaded Q0, as a weak external coupling is assumed.  
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E.2 Strongly coupled resonator 

If the external coupling is strong, (E-2) cannot be simplified to (E-4), instead 
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                             Equation E-12 

|Z|
2
>>|Z0|

2
 is still assumed although (E-3) is no longer valid. Let  

( ) 2

021 θjerZZ =+                                             Equation E-13 

where ZZZZr 0

2

0 4,41 ≈+= θ  (since Z is imaginary and |Z|
2
>>|Z0|

2
).   

 

The magnitude of S21 becomes   
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=                                       Equation E-14 

A procedure similar to (E-6)~(E-10) is followed. At the resonant frequency,  

θπβ += nln 22  (n=1, 2, …)                                Equation E-15  
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                                Equation E-17 

Applying the approximation lee
ll ααγ +≈= 1 , one has  
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While at the -3dB points, 
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Z
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                       Equation E-19 

A derivation similar to (E-8)~(E-10) leads to  
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( ) ( )
ngnn

fQSl υ

π

α

α
=

+− 2111
.                               Equation E-20 

Here Qn is the loaded (measured) quality factor and |S21|n is the insertion loss at the n-th 

resonant frequency. For a symmetrically coupled resonator, the unloaded Q0 can be 

expressed as  

n

n

S

Q
Q

21

0
1−

=                                              Equation E-21 

If αl is much smaller than 1, (E-20) can be reduced to the same form as (E-10): 

( )
ng fQ υ

π
α

0

=                                            Equation E-22 

If α is in the unit of dB/m rather than neper/m as in (E-22), a multiplicative factor 8.68 is 

needed, that is    

( )
ng fQ υ

π
α

0

68.8
=                                            Equation E-23 

 

                                                
1 D. M. Pozar, Microwave engineering, Addison-Wesley, 1990, pp. 338. 
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Appendix F Fractal delay lines 

F.1 Space-filling fractal structure 

Among a large family of fractal structures, only the “space-filling curve” is considered here, 

as it can be easily adapted to a transmission line and makes a good use of substrate area. 

Figure F.1 (a) and (b) are two such fractal structures, with input/output lines added. Many 

more space-filling structures have been demonstrated in a book about space-filling curves
1
. 

This type of fractal structure is superior in its uniform routing density. Geometrically, it has a 

self-similarity
1
 but no periodicity. For a microwave circuit, this is useful to eliminate the 

bandgap due to periodicity. Three space-filling curves are considered: Hilbert curve (Figure 

F.1(a)), Moore curve (Figure F.1(b)), and Peano curve (Figure F.4(a)). These curves can be 

mathematically produced using recursion process
1
. The iterations of the recursion determine 

the order of generation of a fractal structure, which is the number after the name, such as 

Hilbert-4. The total length of the structure increases exponentially with the order of 

generation. Several simulation examples are presented towards the application as delay lines.   

(A) Hilbert-4 (B) Moore-4 (C) Meander (D) Modified Peano  

Figure F.1 Four microstrip-type layouts used in Sonnet simulations. The microstrip line width is 0.085 

mm, the inter-line distance (centre to centre) is 0.255 mm, the gap between microstrip lines is 0.17 mm.  

 

F.2 Fractal delay lines 

Figure F.1 shows four microstrip layouts used in simulations. The first two are space-filling 

fractal structures. Figure F.1(d) is based on a Peano fractal, which is modified in order to 

match the length of the other 3 structures. Simulation results in Figure F.2 show that all four 

structures have transmission notches above 10 GHz.  
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Figure F.2 Sonnet simulation results of the layouts shown in Figure F.1. 

 

It is worth mentioning that Figure F.1(d) is similar to the structure used in Fenzi’s HTS delay 

line
2
 shown in Figure 2.6. Figure F.3 shows three microstrip lines with different routing 

structures, but all based on a unit-cell similar to Fenzi’s delay line
2
. In Figure F.3, (A) is a 

Peano fractal, (B) is wound into a double spiral, and (C) is wound into a meander as Fenzi’s 

delay line
2
 does. Again, all have transmission notches above 10 GHz (Figure F.4). Among 

these three structures, the Peano-3 gives the best performance between 10 and 20 GHz.   

(A) Peano-3

(B) Modified Peano (Double-spiral)

(C) Modified Peano (Meander)  

Figure F.3 Three microstrip lines with different routing structures but based on similar unit-cell. The 

microstrip line width is 0.085 mm, the inter-line distance is 0.255 mm, the gap between microstrip lines is 

0.17 mm. 
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Figure F.4 Sonnet simulation results of the layouts shown in Figure F.3. 

 

Coplanar-type fractal delay lines as shown in Figure F.5 are also simulated. In Figure F.6, 

each of the simulation results is compared with a microstrip line of the same structure and 

similar circuit size. Due to stronger cross coupling between microstrip lines, the microstrip 

structure has much wider transmission notches than the corresponding coplanar structure. 

For the CPW fractal line, highly uneven current distribution is observed on the in-plane 

grounds. It is believed that the in-plane grounds in fractal coplanar lines present particularly 

serious problem, as many of them are trapped in between the circuitous signal line without 

direct connections with the ground patch. Therefore, quarter-wavelength or half-wavelength 

resonances can be easily induced on the in-plane grounds. In addition, seen from Figure 

F.5(B), the in-plane grounds effectively turn into a patch network, which may cause some 

radiation loss.    

(A) Hilbert-3 (B) Hilbert-4 (C) Peano-2
 

Figure F.5 Coplanar-type layouts with Hilbert-3, Hilbert-4, and Peano-2 structures. 
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(c) 

Figure F.6 Sonnet simulation results of (a) Hilbert-3, (b) Hilbert-4, and (c) Peano-2 structures of both 

coplanar-type (Figure F.5) and microstrip-type. The line width of the CPW is 0.02 mm, slot width is 0.04 

mm, and the inter-line distance is 0.2 mm. The microstrip has the same dimensions as the layouts in 

Figure F.1. Excluding the in-plane ground patch, the CPW circuits occupy slightly smaller area than the 

microstrip ones of the same structure.   

 

In summary, delay lines with space-filing fractal structures can have an efficient occupancy 

of the substrate area, with a uniform routing density. But the circuitous structure is an 

obstacle to achieving wide bandwidth. It is believed that more reflective resonances occur in 

fractal transmission lines due to the various bends. For a microstrip line, the coupling should 

be another concern. For a coplanar line, the unbalanced in-plane ground is a big problem. A 

large number of crossover interconnections may be needed in order to achieve a wide 

resonance-free passband. 

 

                                                
1
 H. Sagan, Space-filling curves, New York: Springer-Verlag, 1994. 

2
 N. Fenzi, D. Aidnik, D. Skoglund, S. Rohlfing, “Development of high temperature superconducting 100 

nanosecond delay line”, in High-Tc microwave superconductors and applications, Robert B. Hammond, 

Richard S. Withers, Editors, Proc. SPIE 2156, pp. 143-151, 1994. 
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