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ABSTRACT

This thesisis concernedwith modellingthe liquid lining of theairways,which is transported
towardsthepharynxby beatingcilia. It is not understoodwhethertheciliatedepitheliumnor-
mally absorbswater. Surfaceareadecreasesmoving up the bronchial tree but the depthof
the periciliary liquid (PCL) remainsconstant,henceif thereis significantflux of PCL up the
bronchi, theremustbe absorptionby the epithelium. Theoreticalanalysesof cilia have pre-
viously concludedthat flux of PCL is small, however experimentsappearto show significant
transportof PCL.In chapter1 wereview thebiologyof themuco-ciliarysystem,previousmod-
elling andtheconflictbetweentheoryandexperiment.In chapter2 wepresenta ‘traction layer’
modelof thefluid flow, assumingno absorptionby theepithelium,which providesinsight into
themechanismsby which efficient mucustransportdoesor doesnot occur. Pressuregradients
causedby surfaceandinterfacetensionarecrucialto maintainingefficient transport.Fromjus-
tified parametervalueswe predictmucustransportratesof

���������
	
, closeto thatobservedin

cultures,andverysmallmeanPCLtransport.In chapter3 wediscusstheproblemof modelling
thecilia asdiscreteobjects.WeconsiderthePCL asa fluid boundedby two parallelplates,the
epitheliumandthe mucusinterface. We extendmodelsof cilia in a confineddomainusinga
Stokesletanddipoledistribution in thenear-field andanaveragedStokesletdistribution in the
far-field, so thata numericalsolutioncanbe foundefficiently. We calculatesolutionsthatare
accuratein both the nearandfar-fields. Thereis significantpositive transportof PCL during
therecovery stroke, indicatinghow thetractionlayermodelmaybeimproved. In chapter4 we
modeltracerdispersionexperimentswith a two dimensionaladvection-diffusionmodelwhich
is solvednumerically. Steadyandoscillatoryprofilesfrom chapter2, togetherwith othersug-
gestedprofilesareusedfor theadvective flux. It is foundthata planeCouetteflow in thePCL
is sufficient to reproduceexperimentalresults,andthattheprofilesof chapter2 produceresults
remarkablycloseto experiment,however furtherwork is neededto clarify theproblemfully.
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CHAPTER 1

INTRODUCTION

1.1 Mucus, cilia and the ciliated epithelium

Theairwaysof thelung areprotectedfrom inhaleddust,bacteriaandotherharmfulsubstances

by anextremelythin surfacelayerof liquid ( ¦�§ –̈�©KªS« ), asshown in Figure1.1. This liquid

consistsof a wateryserousfluid, or ‘periciliary liquid’ (PCL) which is directly in contactwith

theepithelium,andoverlying highly viscousandnon-Newtonianmucus.Themucouslayer is

mainly comprisedof waterandglycosylatedmucin proteins,secretedby specialisedcells. In

orderto removeharmfulmaterial,themucouslayeris transportedalongtheairwaysandout of

the lungsby theactionof a densematof microscopiccilia, whereuponit is swallowedor ex-

pectorated.Eachmatureciliatedcell mayhaveupto ¨�©	© cilia, atadensityof ¬ –®ª�«n¯�° (Sleigh

etal.,1988).Figure1.2showsaverysimplifieddiagramof theciliatedepithelium,showing the

main cell types: ciliated andgobletcells. The gobletcells do not protrudesignificantlyfrom

theepitheliumandoccurin proportion1:5with ciliatedcells(Sleighet al., 1988).

Failureof themuco-ciliaryclearancesystemresultsin harmfulcomplicationssuchasthose

suffered by cystic fibrosis (CF), asthmaand chronicobstructive pulmonarydisease(COPD)

patients. In order for suchillnessesto be treatedsuccessfully, it is importantthat the fluid

dynamicsof theairway surfaceliquid (ASL) be well understood.However, thereis still con-
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troversyover somevery basicaspectsof muco-ciliary transport. In particularit is unknown

whetherthereis significanttransportof PCL alongthe airwaysandconsequentabsorptionof

PCL by the epithelium. The velocity profilespredictedby most theoreticalanalysesaresig-

nificantly differentfrom thosewhich experimentalistshave recentlyclaimedto have observed

(Matsuietal.,1998b).Thismaybedueto thebasicdifficulty in modellingavery largearrayof

bodiesbeatingin a fluid, thenon-Newtoniannatureof themucus,theproblemsof studyingin

vivo ciliated epithelium,thepresenceof osmoticeffectsandthecomplex interactionbetween

thecilia andthemucus–PCLinterface.It is especiallydifficult to obtaindataon thePCL since

thelayeris sothin ( ±&²´³Sµ ). It is alsopossiblethattheinterpretationof theexperimentalresults

needsto be reappraised.In this chapterwe review existing knowledgeof thebiology of cilia,

mucusand the muco-ciliarysystem,relevant mathematicalmodelling,andfinally the recent

experimentalwork of Matsuiet al. (1998b),which conflictswith mosttheoreticalanalysesof

fluid transportin thelung. We thenbriefly discusswaysin which experimentalandtheoretical

work maybereconciled,andsummarisethestructureof this thesis.

Propulsive cilia wereobserved asearly as1675on micro-organismsby the Dutch micro-

scopistvan Leeuwenhoek.They were first discoveredin higher organismsin the 1830sby

PurkinjeandValentinein theoviduct walls of vertebrates,andairway cilia werestudiedsoon

afterby Sharpey (Rivera,1962).They canbeobservedthroughoutmostof theanimalkingdom

in, amongstothers,thedigestive,excretory, respiratoryandreproductivesystems.

Cilia areknown to have a similar externalandinternalstructureto eukaryoticflagellaand

spermatozoantails (Sleighet al., 1988,see,for example).Both arebeatingappendageswith a

‘9+2’ internalstructureof constantlengthfibrils. The ‘9’ refersto nine outer‘double fibrils’

which,givenasupplyof ATP, will sliderelativeto eachother, bendingthecilium. The‘2’ refers

to two centralmicrotubuleswhich arelinked to the otherfibrils by lateralprojections.There

alsoexist rotating‘primary cilia’ with a ‘9+0’ internalstructurewhich mayberesponsiblefor

symmetry-breakingflows in embryodevelopment(Nonakaet al., 2002). The term‘cilium’ as
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Figure1.1: Schematicdiagramof thelungs—notto scale.
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containingmucins
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Figure1.2: Illustration of the bronchialepithelium,showing the ASL consistingof the lower
PCL containinga densematof cilia, andtheuppermucouslayer. Two of themaincell types,
areshown—ciliatedandmucus-secretinggobletcells. Penetrationof themucouslayerby the
cilia during the forward part of the beatcycle causesa meanforward flow of mucus. The
coordinatesystemusedin this thesisis shown on the left—the ¶ directionis the directionof
mucustransport,the ¸ directionis in thedirectionof themetachronalwavefront(into thepaper)
andthe · directionis normalto theepithelium.Theactualgapsbetweencellson theepithelial
surfaceare not as large as shown in this illustration, as can be seenin the micrographsof
SandersonandSleigh(1981).
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opposedto ‘flagellum’, is generallyusedfor organellesmovingfluid perpendicularto theiraxes,

usuallybeingarrangedin densearrays.It seemslikely thatcilia evolvedfrom flagellabecause

of the hydrodynamicadvantagesof having many cilia beatingin coordination(Sleigh,1962;

GueronandLevit-Gurevich, 1999).

The ciliary beatis consideredto have two phases- an ‘effective stroke’ during which the

cilium is relatively straight,androtatesforwards,propellingfluid in the directionof propul-

sion, and a ‘recovery stroke’ in which the cilium bendscloseto the epitheliumand returns

moreslowly to its initial position. In ciliated micro-organisms,eachcilium beatsslightly out

of phasewith its neighbours,in sucha way that a ‘metachronalwavefront’ propagatesalong

the ciliated surface. In the lungsthe metachronalwave is lesswell-definedandextendsover

shorterdistancesthan in waterpropellingorganisms—thisseemsto be becausethe cilia are

‘clawing along’ a semi-solidlayer of mucus,ratherthansmoothlypropellinglower viscosity

water(SandersonandSleigh,1981).In thelungs,themetachronalwave travelsin theopposite

directionto theeffectivestroke. This is known asan‘antiplecticwave’. Thishasimportantim-

plicationsfor thetypeof modelsthatmaybeappropriate(Blake,1972).It is still notunderstood

how metachronismis initiated,andwhetherciliary beatingis subjectto signallingmechanisms.

GueronandLiron (1992,1993)have shown that metachronismcanoccurspontaneouslyasa

resultof hydrodynamiccoupling.However, thefactthatclearanceof fluid is greatlyreducedin

theabsenceof mucushasledto thesuggestionthatmuco-ciliaryclearancecannotoccurwithout

signallingbetweensecretoryandciliatedcells(Boucher,1994).Thissignallingcouldbedueto

calciumwaves,paracrinemessengersor acombinationof thetwo (Salatheet al., 1997).

Theciliary beatfrequency hasbeenmeasuredat between¾ and ¿�À7ÁÃÂ in humans,thewide

rangelikely beingdueto experimentalartifacts,to thepresenceor absenceof mucus,andpos-

sibly becausebeatfrequency mayberegulatedby theautonomicnervoussystem,althoughthis

hasnot beendemonstratedin animalsotherthanthefrog (Salatheet al., 1997).Beatfrequency

may also be reducedby bacterialinfection (Salatheet al., 1997), certaindrugsor by recent
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exposureto tobaccosmoke(Rivera,1962).

Mucusis a non-Newtonianfluid—it doesnot displaya simplelinear relationshipbetween

stressandrateof strain,theconsequencebeingthatthenormallinearStokesflow equationsused

to modelvery low Reynoldsnumberflow do not apply. Many studieshave beenmadeof the

rheologicalpropertiesof mucus,anda brief review is given in Ä 2.4.2. Extracting,storingand

testingmucussamplesin a way which preservesthe in vivo conditionsandprovidesaccurate

information is a considerabletask. From the perspective of modelling transportrates,some

importantpropertiesareviscoelasticity—atime dependentresponseto stress,shear-thinning

(pseudoplasticity)—dependenceof viscosityon shearrate,andspinnability—theability of a

sampleto be drawn out into a long thread. In Ä 2.4.2 we find that the effective viscosity of

mucusunderoscillationscharacteristicof the muco-ciliarysystemis around Å�Æ timesthat of

water.

Althoughmostmodellingwork, detailedin Ä 1.3,hastreatedmucusasa veryviscousNew-

tonianfluid, Liron andRozenson(1983)arguedthat considerationof the mucouslayer asa

non-Newtonianfluid wasvital to understandingits transport.They citedexperimentallybased

evidencesuchasthatpublishedby MeyerandSilberberg (1980)who,by investigatingtransport

on themucus-depletedfrog palate,foundthatby varyingthedynamicstoragemodulusof mu-

cusaddedto thepalatethey achieveddifferentlevelsof transport.They arguedthat‘...a system

which functionsasmucusmustpossessa significantnumberof relaxationmechanisms... at

least Ç�Æ timeslarger thantheperiodof theciliary beat...’ They alsocited thefact that thegel-

likenatureof themucuswasessentialfor transport.Accordingto ZieglerandFoegeding(1990)

a ‘gel’ is ‘...a continuousnetwork of macroscopicdimensionsimmersedin a liquid mediumex-

hibiting no steady-stateflow’. King (1980)found that restorationof transportis achievednot

only by mucus,but alsoby a guarangel. He found that below the ‘gel point’, no transport

occurred,but as the consistency was increasedto just above this point, almostfull transport

wasrestored.Silberberg (1983)gave a mathematicalargumentthat,dueto thetimescaleof tip
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penetration,thebehaviour of themucuson this scalewaseffectively elastic,suggestingthata

realistictip-penetrationmodelcannotsimply modelmucusasa Newtonianfluid.

Certainissuesregardingthemuco-ciliarysystemhave beendifficult to resolve. Theques-

tion of whetherthetip of thecilium mustpenetratethemucouslayerin orderto ensureefficient

transporthaslong beenin doubt. Theoreticalanalysisby Fulford andBlake (1986)suggested

thatpenetrationwasnot necessaryexceptin caseof high ciliary inactivity. Winet et al. (1984)

performedexperimentsonfrog epithelialculturesusingfluorescentpolystyrenespheresto mea-

suretheflow profilesin a liquid cultureabove themucussurface,andalsowith themucusre-

placedby an ÈÊÉDËÍÌ�Î controlmedium.They concludedthatcilia penetrationwasnotnecessary

for positivetransport,unlessthereweremucus‘flakes’ in contactwith ciliostaticpatches.How-

ever, micrographstudiesby SandersonandSleigh(1981)andPuchelleet al. (1987)provide

evidencethat penetrationof the mucouslayer usuallydoesoccur. Keremet al. (1999)have

suggestedthat themucouslayeractsasa ‘reservoir’, absorbingexcessliquid from thePCL to

ensurethat themucouslayerdoesnot ‘float off ’ thecilia tips. In thestudypresentedin chap-

ter 2, we modelthepropulsive interactionof thecilia with themucouslayerby ‘penetration’,

andproduceresultsthatshow strikingparallelswith thisexperimentalstudy.

It hasalsobeensuggestedthat the classicaltwo-fluid modelshown in Figure1.2 may be

incorrect.In certainspecies,athinsurfactantlipid layerhasbeenobservedbetweenthePCLand

themucouslayer(Yoneda,1976).It maythereforebeimportantto take into accountinterfacial

effectswhenmodellingflow in theASL. It hasalsobeensuggestedthatthedistinctionbetween

the mucouslayer andthe PCL may not be that clear, andthat mucinsform an entangledgel

throughouttheASL, with high concentrationin the‘mucouslayer’ andlower concentrationin

the‘serouslayer’, thedilution resultingfrom epithelialion andwatertransport(Boucher,1994).

Theproblemthatfirst motivatedthis studyis thatof whethertherearesignificantosmotic

flows throughtheepithelium.Boucher(1994)suggestedthatflow of waterthroughtheepithe-

lium dueto osmosismay be present,in order to maintainisotonicconditionsin the ASL, as
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explainedin Ï 1.4. Osmoticpressuregradientshave not beena featureof any of themechani-

cal modelsof ciliary transport,andmaymake a significantcontribution to theflow in thePCL

(Blake andGaffney, 2001). As explainedin Ï 1.4,Boucher’s teamhave demonstrated(Matsui

et al., 2000)thattheosmoticpermeabilityof humanairway epitheliais relatively high,consis-

tentwith anisotonicASL, andin (Matsuiet al., 1998b)foundevidenceof high axial transport

of PCL,which is stronglysuggestiveof significantliquid absorptionby theepithelium.In this

thesiswedevelopa modelsin which osmoticflows areneglected,in orderto testwhethersuch

a systemcouldproducetracertransportresultsconsistentwith theexperimentsof Matsuiet al.

(1998b).

1.2 Physicalparametersof the muco-ciliary system

Below we very briefly review someexperimentalfindings regardingphysicalparametersof

themucusandcilia, thatwill be usedin our modellingstudies.InternationalCommissionon

RadiologicalProtectionandMeasurements(1994)quotemeanvaluesof ÐUÑSÒ and ÓUÑSÒ for the

thicknessof themucousandPCL in thebronchusrespectively. Puchelleet al. (1998)estimated

that thedepthof penetrationof thecilium into themucouslayerwas Ô�Õ�Ð�ÑSÒ . Toskala(1994),

summarisingexisting researchreportedacilium diameterof Ô	Õ�Ö®ÑSÒ , correspondingto a radius

of Ô�Õ'×´ÑSÒ , andacilium lengthof Ð –ØUÑSÒ . Sleighetal. (1988)quotedÐ –ÓUÑSÒ for cilium length

and Ó –ÙpÑSÒpÚ�Û for cilium density;this correspondsto a cilium spacingof Ô�Õ�Ü	Ð –Ô�Õ�Ý!×KÑSÒ . As

discussedabove,cilia beatfrequency mayvary from Ó – ×�ÐfÞ"ß .
Basedontheabovedata,andontypicalvaluespreviouslyusedin theoreticalstudies(Fulford

andBlake, 1986;Liron, 1978),Table1.1 lists valuesof typical parametersthat will be used

in this thesis. Sincethe precisevaluesare likely to vary betweenindividual cilia, between

differentpartsof thelung,betweenspecies,betweenindividualsandovertime,it is notpossible

to beexact,andindeedwe have chosencertainparametersfor analyticsimplicity, for instance

Ð	Õ�Ýfà&Ó-áqÔ�Õ�â , sothatthepenetrationdepthis Ô	Õ�×�á thecilium length.In chapter2 weinvestigate
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ã
cilium length ä®å�æç

thicknessof PCL è�é�êUåSæë
thicknessof ASL ì�íÊå�æë�î ç

thicknessof mucouslayer ê�é�äUåSæãïî ç
depthof cilium penetration í�é�äUåSæð cilia beatfrequency ì�ífñÃòó�ô cilium radius í�é'ì´åSæõ

cilium spacing í�é�öUåSæ
Table 1.1: Characteristiclength and timescalesfor the muco-ciliary system. Furtherphysi-
cal parameterssuchasviscoelasticityandsurfacetensionaregivenanddiscussedin depthin
chapter2.

the effect of varying certainparametersin order to model the effect of diseaseor drugs, in

particularthroughthemucouslayerthicknessandthecilia beatfrequency.

1.3 Previous theoretical modelsof ciliary transport

Theearliestattemptto modelmuco-ciliaryflow mathematicallywasthatof BartonandRaynor

(1967),modellingthe cilium asa rigid rod which automaticallyshortensduring the recovery

stroke. Theforceexertedby eachrod asit oscillatedwascalculatedby consideringeachrod to

becomposedof infinitesimallyshortcylindical sections,perpendicularto theepithelium.The

forcecouldthenbefoundusingOseen’s linearisedequationof motion,which led to ananalyti-

calsolutionfor themeantransportandmeanshearstress.Thisapproachhadseverallimitations,

in particular, themotionof thecilia wasnotaccuratelymodelledandthemetachronalwavewas

not included(Blake,1973b).They alsoassumedthattheeffectiveandrecoverystrokeswereof

equalduration,somethingthathasbeenshown to beuntrueexperimentally, howevercorrecting

this would not bedifficult. They assumedthatviscosityvariedlinearly from theepitheliumto

the top of the mucouslayer, andthat the mucouslayer could be modelledasa viscousNew-

tonianfluid, two assumptionsthey recognisedmight not bevalid. However, their work wasa

forerunnerof later ‘cilia sublayer’models,and they calculatedrealisticflow ratesof around

ì�ì�íVå�æp÷*ø , basedon a beatfrequency of ì�í	í�ùûú	üý÷�ø . Their characterisationof the cilium asa
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rigid rod is exploitedin þ 2.3.

An alternative approachwaspursuedindependentlyby Ross(1971)andBlake (1971),the

latter modellingfluid transportby water-propellingorganisms.The cilia tips weremodelled

asan impermeable‘wavy wall’. These‘envelopemodels’wereextensionsof work by Taylor

(1951)on the swimmingof micro-organismswith propulsive tails, suchasspermatozoa,and

work by Lighthill (1952)on themotionof squirmingnear-sphericalorganisms.Theenvelope

wasmodelledasa flexible sheetalongwhich propagatedsinusoidalwaves.Thestudyof Ross

(1971)tookinto accountthenon-Newtoniannatureof theuppermucouslayer. Hemodelledthe

mucusasa nonlinearMaxwell fluid, andsolvedtheresultingsystemof equationsanalytically

usingFourierseriesandasymptoticexpansions,assumingthattheamplitudeof themetachronal

wave in thesheetwassmall comparedwith themucusdepth. He calculatedmucusflow rates

which were of the correctorder of magnitude( ÿ��������	� ), but becauseof the designof his

model,couldnot touchon issuessuchastip penetrationor flow in thePCL. It alsoseemsclear

that the envelopemodel is not suitablefor lung cilia: it hasbeennoted(Blake, 1972)that at

velocitiesfoundin nature,theenvelopemodelis notadequatefor systemsexhibiting antiplectic

metachronism,sincethe tips of thecilia maybewidely-spacedduring theeffective stroke. In

implementingthemodelit is necessaryto enforcea no-slipconditionon theenvelope,which

doesnotagreewith experimentalobservations(Blake andSleigh,1974).

The ‘cilia sublayer’approachwasdevelopedby Blake (1972),initially for ciliated micro-

organisms,especiallyto modelsystemswheretheno-slipconditionontheenvelopeis violated.

Theepitheliumwastakento bea flat, doubly-infiniteplane,andthemetachronalwavefront to

beastraightline in the 
 direction,moving in thenegative � direction.Exploiting slenderness,

thecilia weremodelledby distributionsof point forcesingularitiesor ‘Stokeslets’alongtheir

centre-lines.Given the force distribution alonga cilium, the flow field could be found by in-

tegratingtheforcewith theappropriateGreen’s function ���� over thelengthof thecilium and
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summingoverall of thecilia:

����� ������ �
������ �

�
�! ��"$#&%('*) �+� #-,.'0/2101*34"$#5) �+� #-,.'0/210176�, , (1.1)

where ) �(� #-,.'0/21 is the positionvectorof the point on a cilium of arc-length, from the base,

situatedat 8 �:9<; , = �?>7@ , at time / .
In order to find the force distributions, the ‘resistive force theory’ of Gray andHancock

(1955)wasused,which approximatesthenormalandtangentialcomponentsof the forcedis-

tributionasbeingproportionalto therelativevelocityof thecilium andthefluid. Theconstants

of proportionalitymustbe derived usingslenderbody analysis,seefor exampleChwangand

Wu (1975). In the original study, Blake averagedthe integrandsover time and in the 8 and

= directions—inFigure1.2, the directionof mucustransportandthe directioninto the paper

respectively. This simplifiedthemathematicssignificantly, so thata meanfield velocity could

beobtained.Healsousedaform of Poisson’ssummationformulato convert thedoubly-infinite

sumof Green’s functionsinto anexponentiallydecreasingFourier-transformedversion,sothat

agoodapproximationto thesumcouldbefoundfrom theleadingorderterm.

Thesetechniqueswerethenextendedto muco-ciliarytransportin thelung (Blake, 1973b).

Thesamediscretesublayeranalysiswasused,togetherwith thebeatcycleof Parameciumsince

datawerenotavailablefor lungcilia. Theeffectof gravity onathickenedmucouslayerwasalso

includedin themodel,showing thatangleof inclinationwouldhave avery significanteffect in

diseasedlungswherethemucouslayerwasanorderof magnitudethicker thanthePCL.In this

initial study, the ASL wasassumedto have constantviscosity, andthe Green’s function for a

semi-infinitefluid wasused.

This approachto modellingcilia hascertainother limitations—in particularit only takes

accountof theinteractionbetweenthecilium andthemeanflow (Liron andMochon,1976a)—

this is not necessarilya goodapproximationbelow the top of the cilia layer, wherethe oscil-
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lationsin fluid velocity maybe large. Blake alsonotedthat theciliary beatof Parameciumis

three-dimensional,andthe metachronismexhibited is not simply antiplectic—althoughsome

recentresearchhassuggestedthat the ciliary beatin the lung may indeedbe planar(Chilvers

andO’Callaghan,2000).In modellingmicro-organismpropulsion,Liron andMochon(1976a)

only averagedin the A directionandexploitedsimplifying periodicityargumentsto reducethe

doubly-infinitesumof forcesandsingularitiesto a finite sumof forcesoveronebeatcycleand

an infinite sumof singularitiesthat could be calculatedanalytically. They avoided the need

to useGray andHancocktheoryby requiringonly that the velocity at a point on a cilium is

equalto that of the fluid flow. Oncethe velocity of the cilium is calculatedfrom beatcycle

data,this givesanintegral equationfor theforcedistribution,which canbesolvednumerically

usinga quadratureprocedure.Thecalculationof theflow field over therestof thefluid is then

straightforward.Thisapproachis extendedandappliedto themuco-ciliarysystemin chapter3.

For agenuinelyaccuratemodel,theASL needsto beconsideredasat leasttwo separatelay-

ers,thelowerbeingwateryandnearlyNewtonian,theupperbeingviscousandnon-Newtonian.

As a first steptowardsthis analysis,Blake (1975b)appliedtheearlierdiscretesublayermodel

togetherwith atwo-layerNewtonianmodelincludingtheeffectsof gravity andinteractionwith

theairflow. Themodeldifferedfrom mostin this field in thatthecilia wereassumedto besyn-

chronisedratherthanformingametachronalwave,basedonthefactthatthecilia in thelungare

very closelypacked,at leaston anindividual cell. Meanandoscillatoryvelocity profileswere

calculated,of maximummagnitudearoundB�CDB�E�FHG , and BICDJ�FHG , correspondingto KMLON7PRQ�S and

KTB�LUN7PRQ�S for our parametersetrespectively. With theaim of modellinga non-Newtonianmu-

couslayer, adiscussionwasgivenof how Fourieranalysiscouldbeusedwith a linearMaxwell

modelin orderto producea linearconsitutiveequation,asexploitedin this studyin chapter2.

Penetrationinto themucouslayerwasnot modelled,andtherewasno experimentaldataavail-

able for the cilia beatcycle shape.Theselimitations wereaddressedin Blake (1984),Blake

andFulford (1984)andFulford andBlake (1986),wherethecilia beatcyclesfoundby Sleigh
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(1977)andSandersonandSleigh(1981)wereused,togetherwith GrayandHancock-typere-

sistancecoefficientsfor aslenderbody‘straddling’ theinterfacebetweentwo Newtonianfluids

of differing viscosity. Thesecoefficientswerecalculatedbasedon continuityof normalstress

at the boundarybetweenthe fluids, neglectingsurfacetension. As a secondordercorrection

they thencalculatedthe interfaceshapesubjectto surfacetension.They modelledthe effects

of having a large numberof inactive cilia, asin a diseasedlung, anddeterminedan optimum

penetrationdepth.A typical velocityprofile is givenin Figure1.3,profileA.

A differentapproachtomodellingthecilia sublayerwasdevelopedbyKeller(1975).Known

asthe ‘continuumsublayer’or ‘traction layer’ model,the actionof the cilia is modelledasa

spatiallycontinuousvolumeforcedistribution. Keller appliedthis techniqueto ciliatedmicro-

organismssuchasParameciumandOpalinawherethemucouslayerdoesnothaveto beconsid-

ered.Exploiting theperiodicityof theciliary beat,hefirst foundthestreamfunctionfor Stokes

flow in termsof the forcedistribution with Fourier seriesanalysis.He thenusedthe resistive

forcetheoryof GrayandHancocktogetherwith expressionsfor theresistancecoefficientsde-

rived by ChwangandWu (1975)for a very slenderellipsoid. Sincethe force exertedby the

cilium dependson thevelocityof thesurroundingfluid, andvice-versa,it wasnecessaryto use

aniterativealgorithm,startingwith zerofluid velocity, calculatingtheforceovertheciliary beat

cycle, calculatingthe resultingvelocity andcontinuinguntil convergencewasachieved. This

method,whichdiscretisedthecilium asafinite numberof segments,is known asa‘pigeon-hole

algorithm’. Theaveragingtechniquehasbeencriticised(Fulford andBlake, 1986)becauseit

apparentlydoesnot adequatelydiscriminatebetweentheeffectiveandrecoverystrokes,result-

ing in excessive oscillatoryvelocitiesin the upperlayer. However, replacingthe cilia with a

volumeforceis averyusefulsimplification,andthis ideais usedin chapter2.

Blake andWinet (1980)appliedthetractionlayerapproachto muco-ciliarytransportin the

lung, with the idealisedbeatpatternof BartonandRaynor(1967)andmodellingthe mucous

layer asa Newtonianfluid. They took into accountthe resistanceof the ciliary sublayerby
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modellingit asan‘activeporousmedium’,building on theearlierpaperof Blake (1977).Their

resultssuggestedthatslightpenetrationinto themucouslayerby thecilia substantiallyenhanced

transport.

Liron andRozenson(1983)examinedtip penetrationin a differentway. They modelled

mucusasa non-Newtonianfluid with thelinearisedOldroyd equations,valid for smallratesof

shear. They assumedthat the only forcesdriving the fluids werea constantpressuregradient

and a seriesof impulses,representedby Dirac delta functions,producedby the cilium tips.

After solvingtheresultingequationsby Fouriertransformsthey concludedthatpenetrationwas

necessaryfor transport.However, their approachdid not take into accounttheresistanceof the

ciliary sublayer(FulfordandBlake,1986).

RaptisandPerkidis(1973)formulateda mathematicalmodelof thepharyngealepithelium

of the frog, modellingeachcilium asa collectionof infinitesimalcylinders,the cilium being

straight,shorteningduring the recovery stroke, with the effective stroke taking up V4W�X of the

ciliary beatcycle. Summingthe contributions from all the cylindersmakingup eachcilium

andusinga resistancecoefficient, they foundthetotal forceexertedon themucus‘blanket’ per

cilium. By settingthis equalto thegravitationalforceon themucus,they calculateda transport

velocitywhichdifferedwith experimentallyobservedvaluesby only aboutX�Y . However, issues

suchas tip penetration,PCL velocity andmucusviscoelasticitywerenot addressed,and the

limitationsof thesimilarwork of BartonandRaynor(1967)alsoapply. In addition,it is difficult

to extendtheiranalysisto thebronchiolesof thelung,sincebalancingthepropulsiveforcewith

gravity is no longerappropriate- asdiscussedabove, gravitational force is not significantin

healthyepithelia.

In amorerecentpaper, King etal. (1993)formulatedasimpleanalyticalmodelof themuco-

ciliary systemdesignedto testtheeffect of mucusviscoelasticity. They established,amongst

otherthings,thatmucustransportincreasesastheshearmodulusof elasticitydecreases.How-

ever, their modelis limited in a numberof ways—they assumedthattherewasno nettransport
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of PCL in thecilia sublayer, somethingwhich our modelsaredesignedto test,they only took

into accountsteadymotion of the PCL, whereasoscillatorymotion may prove importantfor

mixing effects(Matsuiet al., 1998b),andthattherewasa layerof PCL betweenthetop of the

cilia sublayerandthemucouslayer, ruling out theeffectof tip penetration.

A morefundamentalapproachto ciliary modellinghasbeendevelopedin the1990s(Gueron

andLiron, 1992,1993). They modeltheinternalactionof thecilium thatcausesit to bend,as

attemptedby Sleigh(1962)andothers,togetherwith a hydrodynamicanalysisbasedon that

suggestedby Lighthill (1975).These‘internal’ modelsdiffer from thediscretesublayermodels

describedabove in that they actuallypredict the existenceof coordinationandmetachronism

betweenseveralcilia, ratherthansimplyassumeit exists.

Their approachto thehydrodynamicsis far moreaccuratethanGrayandHancocktheory,

andanerrorestimatecanbederivedrigorously. This work is a significantstepin proving that

ciliary coordinationcanresultfrom fluid mechanicaleffectsalone,althoughthecomputational

costlimited thenumberof cilia thatcouldbesimulatedatonce.Wesuggestthattheirapproach

maybeveryvaluableif extendedto problemof thenodalflow in theembryo,wheretherearea

smallnumberof rotatingprimarycilia, andtheir possiblecoordinationis lesswell understood.

Applying their techniquesto themuco-ciliarysystem,with vastarraysof cilia andinteractions

with themucouslayermaybemorechallenging.

1.4 Salt/fluid controversy, cystic fibr osisand meantransport

of PCL

Accuratemodellingof muco-ciliaryclearanceis importantin that it may help to improve the

understandingof the pathogenesisand treatmentof respiratorydisease—inparticularcystic

fibrosislung disease.CF is a geneticdisorderwhich causes,inter alia, chronicbacterialinfec-

tionsof thelung.

Thesymptomsof CF resultfrom anabnormalityin theproteinCFTR(cystic fibrosistrans-
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membraneregulator)but it is notknown exactlyhow thisabnormalityresultsin lung infections.

The muco-ciliarysystemprotectsthe lungs from infection in several differentways(Salathe

et al., 1997)—itprovidesa mechanicalbarrierto pathogens,trappingandtransportingforeign

materialoutof thelung. It providesabiologicalbarrier, asglycoconjugatesbindto bacteriaand

prevent themfrom adheringto the epithelium. It alsoprovidesa chemicalbarrier, exhibiting

antioxidantpropertieswhichprotectagainstfreeradicals.

Variousexplanationshave beenadvancedfor the pathogenesisof CF: it could be due to

the way CFTR affects airway cells, preventing them from ingestingand killing bacteria. It

could alsobe a resultof abnormalion transportby CFTR.An understandingof this requires

knowledgeof how theASL is regulatedby theepithelium.

One theory, the ‘hypotonic ASL/defensin’hypothesis,describedby Smith et al. (1996),

postulatesthatnormalepitheliaarecoveredby anASL with sufficiently low saltconcentration

(hypotonicity)to activatedefensinsandcreateanantimicrobial‘shield’ onairwaysurfaces.The

epitheliumextractssalt,but notwater, from thePCL.In CFpatients,saltis notextracteddueto

adefectin Z\[^] conductance,renderingdefensinsinactive. Implicit in thishypothesis(Quinton,

1994)is thatPCL is not transportedalongwith the mucusout of the lungs. This mustbe the

casebecausethesurfaceareaof thelungsdecreasesgreatlymoving from thebronchiolesto the

bronchiaandfinally thetrachea,but theASL depthdoesnotgreatlyincrease.

Another theory, the ‘isotonic volume transport/mucusclearance’hypothesis(Boucher,

1994)predictsthat airway epitheliaregulatethe heightof the ASL by isotonicion andwater

transportto optimisemucusclearance.In CF therateof ion andwatertransportis abnormally

high, reducingPCLvolume,concentratinganddehydratingmucus,resultingin pluggingof the

airwaysandinfection.This is consistentwith theideathatPCL is beingtransportedaxially out

of normallungs. If this hypothesisis true,novel treatmentsfor CF shouldfocuson restoring

ASL volume(Matsuietal.,1998b)ratherthanchangingASL tonicity. Thequestionof whether

CFlungdiseaseis causedby saltconcentrationor excessivefluid absorptionhasbeencalledthe
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Figure1.3: Comparingthe velocity profilespredictedby theory(typified by A), shear-driven
flow (B) andthoseapparentlyfoundby experiment(C)—redrawn from Matsuiet al. (1998b).

‘salt/fluid controversy’ (Guggino,2001).

By studying the transportof fluorescenttracer particles in culturesof humantracheo-

bronchialcells,Matsuietal. (1998b)apparentlydemonstratedthatPCLandmucusweretrans-

portedat approximatelythe samerate, with the velocity profile in the PCL increasingvery

rapidly from theepithelium.Furtherexperimentalevidencefor this hypothesiscanbefoundin

Matsuiet al. (1998a).

However, mostof the relevant theoreticalwork predictssmall velocitiesthroughoutmost

of the PCL andhencerelatively low transportof PCL out of the lungs. The PCL shouldbe

almoststationary. It mustbethateitherthetheoreticalwork of Fulford andBlake omitssome

phenomena,or thateithertheexperimentalresultsneedto bereinterpreted.

Furtherinvestigationof in vivoASL hasbeenconductedby Tarranetal. (2001)andJayara-

manet al. (2001).Both groupsfoundthatnormalASL is isotonic,but foundconflictingresults

concerningASL thicknessin murinemodelsof CF. Thepathogenesisof CF maybestill more

complex thansuggestedabove(LandryandEidelman,2001).
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1.5 Towards a resolutionof the paradox

1.5.1 Previous work

In an initial investigationof the conflicting experimentaland theoreticalresults,Blake and

Gaffney (2001)beganto modeltracerdispersionin ASL. Usingasteadyvelocityprofiletypical

of thosefoundin Fulford andBlake (1986),they solveda two dimensionaladvection-diffusion

equationnumericallyusinganalternatingdirectionimplicit method.They foundthattheresults

werenot consistentwith theexperimentalresultsof Matsuiet al., giving differentialtransport

in the two layers. They repeatedthe simulationwith a large ad hoc oscillatory component,

which did not satisfy the continuity equation,but neverthelessprovided insight into whether

oscillatoryeffectscouldproducecotransport.They found lessdifferencein transportbetween

the two layers,but the discrepancy wasstill significant. It may be that the velocity profiles

arenot correct,and they suggestedvariousadditionalphysicaleffects that might have to be

includedin themodel,suchasmechanicalor osmoticpressuregradients.It is possiblethatthe

experimentalsetupmay introduceadditionalphysicaleffects—theculturesexhibited circular

transportof mucus,not uni-directionaltransport. It is necessaryto simulatetracerdispersion

usingvelocity fieldswhich satisfythecontinuityequation.It mayalsobethatthelengthscales

usedin their simulationmayhaveaffectedtheresults—theinitial ‘column’ of tracerwasabout_�`�`ba7c
in width, ratherthanthe d `�`ea7c in the relevant experiments.Finally, it is possible

thatcontinuummodellingof themuco-ciliarysystemis inappropriate,andthatmolecularlevel

effectsassociatedwith theinteractionof cilia andmucusmaybepresent.

Barlow (2000)developedasimpletraction-layermodelof muco-ciliarytransportthatforms

the basisfor the far moredetailedsystempresentedin chapter2. Barlow’s modelproduced

different velocity profiles from thoseof Fulford and Blake, with nearly a shear-driven flow

in the PCL, asdepictedin Figure1.3 profile (B), dueto the fact that sublayerresistancewas

not modelled.Theseprofileswerealsosignificantlydifferentfrom thosesuggestedby Matsui
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et al. (1998b),as illustratedin Figure1.3. The profileswereusedin an advection-diffusion

simulationsimilar to thosedescribedabove. With a steadyvelocity field only, therewas a

significantdifferencein transportbetweenthetwo layers.With anoscillatoryprofile,however,

almostidenticaltransportwasachieved,suggestingthatmuchsmallerPCL transportthanthat

suggestedby Matsuiet al. (1998b)couldresultin cotransport.However, theauthornotedthat

thismayhavebeendueto thefactthatunrealisticallylargediffusioncoefficientshadto beused

to avoid numericalerrors.

1.5.2 Outline of thesis

In chapter2 wegreatlyextendBarlow’soriginalmodelby incorporatingmucusviscoelasticity,

theviscouscouplingbetweenthecilia andfluid in thePCL,pressuregradientsin themucusand

PCL causedby surfaceandinterfacetension,andamodelof thecilia beatcycle thatallows for

the time asymmetryof the effective andrecovery strokes. By modellingthe force exertedon

themucususinga resistancecoefficient,wecancalculatethefluid velocity in aconsistentway.

Our modelshedslight on the importantphysicaleffectsinvolved in efficient mucustransport,

andshowssomeinterestingparallelswith experimentalandclinical results.

In chapter3 we outlinea new discrete-ciliamodelbasedon thework of Liron (1978)and

ChwangandWu (1975)whichmodelsflow in thePCL with greatertemporalandspatialdetail

than the traction layer analysis. Our model improves the convergenceand accuracy of the

solution in the nearfield aroundthe cilium, while still allowing efficient numericalsolution.

Although calculatingthe volume flux remainsdifficult, someinsight into the limitations of

previousanalysesis given.

In chapter4 we apply thetracerdispersionmodelof Blake andGaffney (2001)to thenew

velocity profiles found in chapter2. Basedon the findingsof chapter3 we also investigate

tracerdispersionwherethePCL flux is greaterthanthatpredictedby thetractionlayermodel,

andwheretheeffective diffusionof traceris increaseddueto mixing by thecilia betweenthe
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mucusandPCL.We thensuggestwaysin which theparadoxmayberesolved.

Finally chapter5 containsa summaryanddiscussionof thesignificanceof our results,sug-

gestingdirectionsof futureresearch.
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CHAPTER 2

TRACTION LAYER MODEL—A

PHYSICALLY-BASED PHENOMENOLOGICAL

MODEL OF MUCUS TRANSPORT

2.1 Intr oduction

In this sectionwe describea ‘traction layer’ modelof muco-ciliarytransport.Themodelcon-

siderstheASL asthreefluid layers,thelower layerbeingNewtonian,theremainingtwo being

linearly viscoelastic.Thepropulsive forceproducedby thecilia is modelledby a volumeforce

which actsin theregion—thetractionlayer—wherethecilia penetratethemucus,varyingspa-

tially andtemporallywith themetachronalwave. Theeffect of thebeatingcilia on theflow in

thePCLis modelledusingthe‘activeporousmedium’ideasfirst presentedin Blake(1975a).A

possibleshear-thinningeffect in thetractionlayeris included.By usingFourierseriesanalysis

weexploit periodicityandconvert thesystemof PDEsto asystemof ODEs.Undertheassump-

tionsof lubricationtheory, this systemis decoupledandsolvedanalytically. Thefull systemis

thensolvednumerically, andthetwo approachesarecompared.

This modelwill provide insight into thedifferentpossibleASL velocity profilesdiscussed

in chapter1 andshown in Figure1.3. It will alsoprovide morequalitative informationthan
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haspreviouslybeenavailableinto thenatureof thespatialandtemporalvariationsin themuco-

ciliary flow, which will be useful in the tracerdispersionsimulationsdescribedin chapter4.

Finally, themodelallows investigationof how differentphysicalparameters,suchasviscosity,

anddifferentphysicaleffects,suchaspressuregradientsandsurfacetension,affect transport,

particularlyin diseasedstates.

2.2 Fluid flow equations

We treattheASL asthreefluid layersseparatedby flat interfacesat fbgih and fegij asshown

in Figure2.1. This assumptionseemsreasonableif we examinethemicrographsof Sanderson

and Sleigh (1981), in which the mucus–PCLinterfaceis shown to be remarkablyflat, even

whentherearelargeundulationsin theepithelium—whicharenot presentin theexperiments

of Matsuiet al. (1998b).Theparameterh is thedepthof thePCL, j is the lengthof thecilia,k
is thedepthof theASL. In this chapterwe considera two dimensionalmodelof theASL,

asshown in Figure2.1. We refer to the directionof transport,the l+m direction,as the l or

‘horizontal’ direction. We refer to thedirectionnormalto theepithelium,the lon direction,as

the f or ‘vertical’ direction.

The lower layer prqsftqsh , representingthe PCL, is modelledby a Newtonianfluid of

viscosityuwv . We take uwvxgypIz{p�po|~}������U� , asfor water. Thetractionlayerregion h�qyf�q�j ,

representingtheregion in which thecilia penetratethemucus,is modelledby a Maxwell vis-

coelasticfluid with viscosity uw� m andrelaxationtime ��m . The upperlayer jiq�f�q k
, rep-

resentingthemucusabove thepenetrationregion, is modelledby a Maxwell fluid of viscosity

u���� andthesamerelaxationtime ��m . In generaluw� m q�uw��� becausemucusis shear-thinning

(Puchelleet al., 1985)and the shearratesin the traction layer will be far larger than above

the tractionlayer. Due to lack of dataregardingthepossiblevariationof elasticitywith shear

rate,we assumethattherelaxationtime in bothmucousregionsis thesame,however if exper-

imentaldatabecomesavailableshowing that in generalthe elasticitywill be different,it will
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bestraightforwardto repeatour calculationswith differentvalues.It mayalsobenoticedthat

addinga strainrelaxationtime asin theOldroyd model(see,for exampleJoseph,1990)would

bevery mathematicallystraightforward,however thepresentlack of experimentaldatamakes

it difficult to determinethe valueof sucha parameter, so at this stagewe shall not studythis

effect. Wewill discussthevaluesof theremainingparametersin � 2.4.

As discussedin � 1.2,theparameter� will beapproximately�I�{���7� , � will beabout ����� ,

and ���<� dependingonthethicknessof theuppermucouslayermayvary from just �7������� ,

correspondingto the terminal bronchi, up to an averageof �M���7� , or more in pathological

conditions,in the trachea.Themucouslayer is still thicker in thepharynxandnasalpassage,

but wewill not beconcernedwith theseregions.

All publishedmathematicalmodellingwork to datehasrepresentedmucustransportastak-

ing placeonaflat infinite plane,whereasmucoustransportactuallytakesplaceon theinsideof

a tube. InternationalCommissionon RadiologicalProtectionandMeasurements(1994)state

thatall of thebronchi,thesecondto eleventhgenerationsof thebronchialtree,will havediam-

etergreaterthanapproximately�~� � , whereastheASL will notnormallybemorethan �������
thick. Theplanarapproximationis thereforeveryacceptableevenquitedeepinto thebronchial

tree,hencewe shalluseit in this study.

Throughmomentumbalance,onecanderive thefollowing form of theNavier–Stokesmo-

mentumequations: ¡w¢I£-¤¡�¥¦¤�§©¨ £�ª¬«®~¯ £~° , (2.1)

where
¢I£-¤

is thestresstensor,
¨ £

thebodyforce(forceperunit volume)onthefluid representing

the actionof the cilia,
«

the densityand
¯ £

the fluid velocity, with summationover repeated

indices.
²±�~°

representstheconvectivederivative
¡ ± ¡ °7§³¯�´ ¡ ± ¡�¥ ´

.

Fromtheparametersgivenin Matsuietal. (1998b),weusethescaling µ ª ���²¶?�M�¸·�¹®� ±�º
for velocity. Basedon thecilium dimensions,weusethelengthscale� ª �b¶¬�T� ·�¹ � . For the

densityandviscosityof theASL we usethedensityandviscosityof water,
«³ª �M�����¼»¾½ ± �e¿
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Figure2.1: Diagramof the 3 layer model. NewtonianPCL, viscosity Î�Ï , depth Ð . Traction
layer, viscosityÎ�Ñ Ò , elasticity Ó Ò , depthÔ�Õ�Ð . Mucuslayer, viscosityÎ�Ñ�Ö , elasticity Ó Ò , depth× Õ©Ô .

and Î©Ø�ÎwÏ?ØÚÙ�ÛDÙ�Ù�Ü Pa s. HencetheReynoldsnumberÝ¦Þ²Ô®ßMÎ is ÙIÛDÙ�Ù�Ù�à�á , sowe neglect the

convective term. The nondimensionalparameterâ$Ý¦Ô�Ö.ßMÎ will be small sincethe frequency â
will beof theorderof ã�Ù rad/s,soweneglectthetime-dependentterm ä�å�æMß�ä�ç andobtain

ä(âIæ-èä�é¦è ê©ë æ�Ø�Ù , (2.2)

in dimensionalvariables.In additionto this we requiretheequationof massconservation. For

anincompressiblefluid this is äìå�æä�é¦æ ØyÙ . (2.3)

Givenappropriateboundaryconditions,wewill solveequations(2.2)and(2.3)in thethreefluid

layers.

2.3 Modelling the volumeforceexertedby the cilia

As discussedabove, we write the force on the fluid as the sumof a propulsive force in the

tractionlayeranda resistive forcein thePCL, í�Øîíðïòñ^óôï ê íðñ5õðö .
Gravity is neglectedin this model,asin previous models,basedon the analysisof Blake
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(1973b). Due to the very strongviscouscouplingbetweenthe cilia andPCL, we neglect the

effectof gravity in thePCL—thiscanbeseenby observingthesizeof theresistancecoefficients

÷�øù and ÷�øú in û 2.3.1. In the mucouslayer, we apply Blake’s analysisandobserve that in the

‘worstcase’of a verticalepithelium,theflow of üþý�ÿ thick, ������� Pa s viscositymucuswill be

���	��
����������� ü4ý�� ����� ������� � ��� � ü�� � �� "! �#����� ü��$���%�"� � , or ���%& ý7ÿ �"' . As observed by

Blake(1973b),thisvalueis proportionalto thesquareof themucusdepthandsodeepermucus,

particularlyin thecaseof disease,maybesignficantlyaffectedby gravity. In theexperiments

of Matsuiet al. (1998b),themucouslayerwassignificantlythicker than ü�ý7ÿ , but thecultures

werekeptflat.

Our modelincorporatesthemainfeaturesof thesystem—metachronism,theperiodicityof

theciliary beatandthespatialvariationsin thepropulsive force. It maybearguedthatthecilia

will have a propulsive effect due to beatcycle asymmetry, as in micro-organismmovement.

However, thebeatcycle asymmetryis far lesspronouncedin themuco-ciliarysystem(Sander-

sonandSleigh,1981)andthe propulsive effect dueto the the cilia engagingwith the highly

viscousmucouslayerwill beanorderof magnitudegreaterthanthatin thePCL.Hencein this

chapter, wedo notmodelany propulsiveeffectdueto beatcycleasymmetry.

Wemaketheassumptionthatthemucus–PCLinterfaceis flat throughoutthebeatcycle. The

reasonsfor this arediscussedin detail in û 2.7.4and û 2.7.5.A consequenceof this assumption

is thatfor thereto bepositivepropulsion,theremustbepenetrationof themucouslayerby the

cilia tips. In reality it may be possiblefor cilia to exert force on the mucusby ‘pushingup’

themucouslayerandproducinga ‘sprocket andchain’ effect, without actuallypenetratingit.

For all resultsshown in this paper, however, we mustassumethat ‘penetration’takesplace.

Certainly the micrographsof SandersonandSleighappearto show a nearlyflat mucus–PCL

interface. In addition,micrographstaken by Puchelleet al. (1998)show cilia penetratingthe

mucouslayer.
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2.3.1 Activeporousmedium modelof the mat of cilia in the PCL

Thedensematof cilia will resisttheflow of fluid, somewhatlikeaporousmedium.In addition,

thecilia oscillate,sothatthefluid closeto thesurfaceof acilium will movewith similarvelocity

to thecilium. Thecombinedeffect is thatthematof cilia will reducethetransportof PCL,but

causesignificantoscillationsthroughoutthe layer. The resistive force will be assumedto act

only in thePCL. This is becausethecilia only penetratethemucusfor a very shortportionof

thecycle—atany onetime, mostof thevolumeof themucusin thethin penetrationlayerwill

containno cilia.

In modellingaporousmedium,onecanwrite theresistiveforceasbeingproportionalto the

fluid velocity, i.e. (*),+.-0/214305�37698;:=<?>A@ , where> is a coefficientof resistance.Of coursethecilia

arein motion, so we actuallyconsiderthe relative motion of the fluid andthe field of cilia at

eachpoint in space,sotheresistive forcewill begivenby

(.),+.-B/�14305�3C698;:D<E>F/*@G<H@JI.KMLMKMN08 , OQPR5QPDS , (2.4)

following Blake (1975a).

The cilia will have both a horizontalandvertical componentto their motion,andin addi-

tion theporousmediumwill beanisotropic—thearrayof cilia will have a differentresistance

coefficient in the 1 and 5 directions.For this problem,weuse

>UT :
VBWJX

/.Y%Z�[\/�]_^a`cb08A<=/edf^"g�8c/�]chi<j` hb 8e^�/�]chikl` hb 878m]�n , (2.5)

>Uo :
p WqX

V ` nb <r` hb ^"]�n;<ts�]cnik V ]�n�Y%Z�[\/�]_^a`cb08 ,

which are the coefficients for a concentratedarray of circular cylindersalignedrespectively

perpendicularandparallelto theflow. Theparameter] is thespacingof thecilia, `cb theradius

of a cilium, YuZ�[ denotesthe naturallogarithm. This wasderived in Happel(1959),andwas
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foundby Happelto comparewell to experimentaldata.

Theresistancecoefficientsareproportionalto thefluid viscosity. We usevqwx , vywz to denote

theresistancecoefficientsin thePCL,determinedfrom { w , and vy|~}x , vy|~}z to denotetheresis-

tancecoefficient in thetractionlayer—whichweexploit in orderto modelthepropulsiveeffect

of cilia penetration—determinedfrom { |~} .
Theparameterv wx is approximately���0����{ w���� � , while v wz is approximately���0�E��{ w	�"� � .

Onemightanticipatethattheprecisevalueswill notbebeparticularlyimportant,sincethrough-

out mostof thePCL, vqwx and vywz maybe largeenoughso thatasymptotically, �$�=�y�.�M�M�M� . This

approximationwasexploited in Blake (1975a)andBlake (1977), in which the motion of the

cilia wasmore accuratelyrepresentedso that propulsiondue to beatcycle asymmetry, as is

observedin micro-organisms,couldbemodelled.However, theexistenceof largepressuregra-

dientsin themuco-ciliarysystemmaymeanthattheassumption�����\�.�M�M�M� is violated.Weshall

seelaterthatthis is thecase.

We require �J�.�M�M�M� asa function of ���4�0���C�9� —we suggesta simplified Fourier seriesmodel

thatcapturesall of theimportantaspectsof thebeatcycle—periodicity, aneffectivestrokeonly
� ��� of thedurationof the total periodandvelocity increasinglinearly with distancefrom the

epithelium.Of coursewerequire �� �\�.�M�M�M�?�"���D� , i.e. thereis no netmovementof any point of

thecilium overa beatcycle. Hence,we usethefollowing representationfor thehorizontaland

verticalcomponentsof thecilium velocity:

�y�.�M�M�M�����4�0���C�9� � ¡¢��£J¤���¥��§¦�£U�9��� ¡¨��£ ©�ª«"¬ }� «;®B¯�°�± ��¥���¦²£U�9��³µ´ ,

¶ �.�M�M�M�·�2�4�0���7�9� � ¡¨��£J¸¹��¥���¦t£U�9�º� ¡¢�"£ ©�ª«"¬ }
» «;°e¼%½4± ��¥���¦t£_�9��³µ´ .

(2.6)

The parameter¥ is the wavenumber
�B¾ ��¿ , where ¿ is the wavelength,£ is the cilia beatfre-

quency in radiansper second,¡ is the durationof the cilia beatasa fraction of the duration

of theeffective stroke. To obtaintheFourierseriescoefficients,we Fourieranalysedthefunc-

tions ¤ and ¸ shown in Figure2.2, which provide a reasonablemodelof the velocity of the
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cilium, usingtheideathat it is approximatelya pendulummoving throughanarcof ÀiÁ"Â radi-

ans,with the effective stroke five timesfasterthanthe recovery stroke. The perioddenotedÃ
representsthecilium beatingforwardsduringthefirst half of theeffectivestroke,thecilium tip

moving upwardsinto themucus.Hencethehorizontalvelocity is positive,theverticalvelocity

is positive,althoughit falls to zeroasthecilium tip approachesits apex. TheperioddenotedÄ
representsthecilium tip duringthesecondhalf of theeffectivestroke,duringwhich thecilium

tip continuesto beatforward,but now hasnegativeverticalvelocity until it reachestheendof

theeffectivestrokeandstops.A satisfactoryrepresentationof thisapproximatecharacterisation

is given by taking the first Å and Æ termsof the Fourier seriesrespectively, asshown in Fig-

ure2.3. In thisstudyweshallcalculatethefirst Ç�ÈÊÉËÃfÌ termsof thesolution,sincewerequire

15 termsin orderto representthepropulsive force,describedin Í 2.3.2,accurately. Hencewe

shallset ÎÐÏÑÉ=ÒBÒ0Ò�É�ÎBÓ,ÏÑÉ�ÔQÉ=ÕcÖÑÉ=ÒBÒ0Ò¢É=Õ_Ó,Ï . Thevaluesof theFouriercoefficientsaregiven

in appendixA.

The cilium movesthroughan angleof about ÀiÁ"Â rad in onefifth of the beatcycle, its tip

coveringa distanceof ×JÀiÁ"Â . Assuminganangularfrequency of Ø�ÔÚÙeÛ�Ü¢Á"Ý , thedurationof the

effective stroke is ÄBÀ�Á�Þ�Ø�Ô§ß²Ì"à . The velocity of the cilium tip during the effective stroke is

thereforeapproximately

á ×iâ É ×�À�Á"Â
ÄfÀiÁ�Þ�Ø"ÔQßlÌ�à É Ì�âJ×

Ø , (2.7)

sothat á ÉãÌ�Á"Ø is chosenin all of theresultspresentedbelow. Weassumethattheverticalcom-

ponentof the velocity variesbetweenzeroandonehalf—Ý7äuåAÞ2ÀiÁ"Ø�à —of that of the horizontal

velocity. Thepeakin theFourierrepresentationof thehorizontalcomponentis largerthantwice

thepeakin theverticalcomponent,asshown in Figure2.3,however themeanof thehorizontal

velocity is neverthelessstill twice thepeakin theverticalcomponent,asrequired.
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Figure2.2: Horizontalandvertical cilium tip velocity—idealisedrepresentation,showing the
variationwith æ~çDè�é�ê�ëUì . Seetext for furtherdetails.
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Figure2.3: Horizontalandvertical cilium tip velocity—dimensionalFourier series,with pa-
rametersíîçðïòñ�ó , èGçõôBöi÷"ø"ùòñµó�ú�û , ë¹çðï�ù~ü7ý�þ�÷"ÿ , using � and � termsrespectively in the
Fourierexpansionasdiscussedin text.
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2.3.2 Traction layer forcedue to penetration by cilia

In this sectionwe againmake useof the active porousmediumapproach,now usingthe ‘re-

sistancecoefficients’ ������ and �����	 to modelthe propulsive force exertedby the cilia asthey

penetratethemucouslayerandpushit forward. At the level of the interface,wheretherewill

be many cilia bodiesin the mucouslayer, we apply the porousmediummodelandwrite the

forceas 
���������������������������� ������"! , where
�������#�$�%��������&�'�&���(�)����"! , where

��������*�,+-�/.��102�435!6� �7 ��8:9 ;=<>(? � � >A@'B(CED ��F&+G9IHJ35!�K=L � ���� �NMGOPM2Q%RTSTRTU'! ,
�(�)����*�,+-�/.V�W0X��35!Y� �7 � 8Z9 ;=<>&? � � >[C)\^]-D ��F&+G9IHJ35!�K=L � ���	 �N_`OP_(Q�RTSTRTU/! . (2.8)

������ and�����	 areresistancecoefficientssuchasthosechosenin thelastsection,andwechoose
a � �cb�d .

For mathematicalsimplicity, weapproximatetheinteractionvelocities �NMeOfM2Q�RTSTRTU'! and �,_#O
_ Q�RTSTRTU/! by theconstantsOVghRTi4j and OVklRTi4j , andcalculatethevaluesat .��m0 at themidpointof the

beatcycle +n�o� and 3`�o� . We thenassumethat the forceprofile will decaymonotonically

to zeromoving towardsthebeginningor endof thebeatcycle, asrepresentedby theprofile in

Figure2.4. Furthermore,at any point in time, fewer cilia will reach .qpr0 than .q�s0 , since

thecilium tip only reachesthetop of thetractionlayer for a brief fractionof thecycle. Above

.��1t , therewill benocilia atall, sothattheviscouscouplingbetweenthecilia andthemucus

will thereforebe muchweaker. Hencewe assumethat the force exertedby the cilia on the

mucusfalls monotonicallyto zerobetween.u�$0 and .u�$t . Modelling this variationby the

function C)\^] �Nvw.&x&tw!�x C)\^] �Nvw02x(t:! wehave

��������*�,+-�/.&��35!6� O �7 ��8[9 ;y<>&? � � >[@'B&CzD ��F&+u9{HJ35!%KyL ������ ghRTi4j C)\^] �Nv:.(x&tw!C�\�] �,v:0Xx&tw! ,
�(������*�,+-�/.&��35!6� O �7 � 8[9 ;y<>&? � � >ZC)\^]-D �%F&+u9IHJ35!�K=L �����	 k|RTi4j C)\^] �Nvw.&x&tw!C)\^] �Nv:0Xx&tw! .

(2.9)
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Replacingthefunction })~^�-�N�:�&�(�:�)�w})~^�-�N�:�X�&�w� with a linearfunctionleadsto qualitatively very

similar results.Theconstants�V�h�T�4� and �V�l�T��� aredeterminedasexplainedin � 2.9.2.

This approachto modelling the force is not ideal, sincein reality therewill be complex

interactionsbetweenthetipsof thepenetratingcilia andthemucus–PCLinterface.Theinterface

will notbeasmooth,flat surface:it will deformin responseto thepenetrationof thecilia. There

maybesurfaceforcescausedby thecilia deformingtheinterface,andtheremaybemolecular

level interactionsbetweenthenanoscale‘crown’ onthetip of thecilium (FoliguetandPuchelle,

1986)andthemucuspolymernetwork. We essentiallymodelthe interfaceasmoving closely

with thecilia at ����� , thenmake a reasonableestimatefor theforcein therestof thetraction

layer. It is in this respectthatthemodelis ‘phenomenological’.

The Fourier coefficients �'� , �(� arechosenby Fourier-analysingthe functions � and � as

depictedin Figure 2.4. The function � representspositive propulsionfor �'� � th of the beat

cycle—basedonthedataof SandersonandSleigh(1981)—risinglinearly to amaximumvalue,

thenfalling linearly backto zero.Thefunction � representstheverticalvelocityof thecilium.

Visualisingthecilium beatasa simplependularmotion,we seethatat theapex of thestroke,

thevertical velocity is zero. In front of this point, thevelocity is positive, asthecilium tip is

moving up, behindthis point, thevelocity is negative,asthecilium tip is moving downwards.

Thevaluesof thecoefficientsaregiven in appendixA. We shall seethat thefinal resultsalso

exhibit this sharposcillation.

We have assumedthe force to be constantin the directionperpendicularto the effective

stroke (in Figure2.1 this is thedirection into thepage),which is not strictly true—in factwe

haveaveragedover therow of cilia whichweassumeto bein phase.This removesinformation
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Figure2.4: Plotsof thefunctions� and � , theidealisedrepresentationsof thevariationsof the
horizontalandverticalpropulsiveforcein ���1�&�G I¡J¢ .
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aboutthe variationof velocity in this direction. A threedimensionalmodelof PCL flow is

developedin chapter3.

2.4 Constituti verelations

Thenext stepin solving(2.2)and(2.3) is to determinerelationsbetweenstressandstrain.We

will considertheNewtonianPCLandnon-Newtonianmucouslayerseparately.

2.4.1 Periciliary layer

Modelling thePCLasaNewtonianfluid, theconstitutiveequationis

·'¸º¹ » ¼'½h¾=¿z¸º¹ . (2.10)

·'¸º¹ is thedeviatoric partof thestresstensor, sothat À ¸�¹V»ÂÁÄÃXÅ)¸�¹ÇÆP·/¸�¹ . Thequantity ¿"¸�¹ is the

rateof straintensorÈ�É'Ê ¼&Ë ÈNÌ ¸ÎÍ ¹hÆ Ì ¹zÍ ¸�Ë . In thischapterweshallusetheconventionthatsubscript

commasdenotedifferentiation,sothat Ì ¸ÎÍ ¹Ï»1Ð Ì ¸ Ê Ð&Ñ2¹ .
2.4.2 Mucous layer

Mucus is a highly complex polymer gel which exhibits, amongstother behaviours, shear-

thinning, viscoelasticity, spinnabilityandadhesiveness(Puchelleet al., 1987). A detailedre-

view of thecomposition,molecularstructureandrheologicpropertiesof mucusmaybefound

in Sleighet al. (1988).Thereexistsa plethoraof experimentalresults,with varyingapplicabil-

ity to the in vivo system,dueto differing experimentalmethods,mucuscollectionandstorage

techniquesandvariationwithin andbetweenindividuals. Mucin concentrationandhydration

of the layer, which are likely to vary throughoutthe lungsandwith ambientconditions,and

healthwill affect mucusrheology. It is alsodifficult to obtainuncontaminatedandundisturbed

mucusfrom therespiratorytract.Nor is it straightforwardto determinehow experimentsshould

beinterpreted,sinceonly a rathercomplex rheologicalmodel—like that in Quemada(1984)—
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could be fitted to a whole spectrumof experimentalresults. It alsoseemslikely that, dueto

thevaryingstrainrates,therheologicalpropertiesthroughoutthevolumeof themucusarenon

uniformwith, for instance,lowerviscositynearthezoneof ciliary penetration.

Previous experimentalstudieshave concludedthat viscoelasticityis oneof the mostcru-

cial elementsof the systemfor effective transportto occur. Meyer andSilberberg (1980)ob-

servedthat in experimentson thetransportof variousmucussamplesandmucusanalogueson

theexcisedfrog palate,the lossmodulus(associatedwith viscosity)wasmuchlessimportant

to determiningefficient transportthanthe storagemodulus(associatedwith elasticity). They

speculatedthat ‘...during the very brief periodof the power stroke... the mucouslayer must

reactelastically, i.e. with minimum relative slip. Then, over the beginning of the recovery

stroke, a periodof sufficient lengthmustagainbegrantedfor thecilium to releaseitself from

the contactof the mucus...’ Hencewe modelmucuswith an elasticcomponentwhich allows

it to deformandthenrecoil in responseto penetration.For analyticsimplicity we choosethe

Maxwell constitutiveequation

Ò�Ó&Ô5Õ'Öº×
Ô5ØsÙ Õ'Öº× Ú Û'ÜhÝGÞzÖº× , (2.11)

with a singlerelaxationtime
Ò�Ó

anda steadyflow viscosity Ü Ý which will be equalto Ü Ý
Ó

or Ü Ýàß dependingon whetherwe areconsideringthe tractionlayer or the force-freemucous

layer. TheoperatorÔ"á&ÔâØ is a time derivativewhich is invariantunderchangeof coordinates.It

simplifiesour analysisconsiderablyif Ô"á&ÔâØ canbeapproximatedby thepartialderivative ã á ã Ø .
Oneexampleof aninvariantrateis theco-rotationalderivative

Ô5Õ'Öº×
Ô5Ø Ú ã Õ'Öº×

ã ØoÙåä�æ Õ'Öº×zç æ¯è
é
Û
ê
ä ÖÎç æëèìä�æ ç Öâí%Õ æ × Ù

Õ/Ö æÛ
ê
ä�æ ç × èPä ×zç æ í (2.12)

(Joseph,1990),which translatesandrotateswith materialpointsof the fluid. If we make the

assumptionthat throughoutmost of the volume of mucus,the advective (second)term and
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rotational(third andfourth) termswill besmall,werecover thederivative î2ï(î�ð , althoughin the

region of penetrationñPòôó¨òsõ , thepenetrationof thecilia will entail largevelocity values,

so that this approximationmay not be justified. The linearisedmodelwill however provide

moreinsight into the time-dependentnatureof the flow thanhaspreviously beenavailable—

investigatingtheeffectof non-linearitywill bethesubjectof futurework. Ross(1971)examined

a Maxwell modelof mucuswith theco-rotationaltime derivative. He foundthat,subjectto the

amplitudeof the ciliary tips beingsmall, the non-lineartermsdid not enterthe leadingthree

termsof hisasymptoticsolution.With thelinearisation,wehave

ö�÷ î&ø/ù�ú
î�ð

û ø'ùºú ü ý'þhÿ��zùºú . (2.13)

In fact(Silberberg, 1983)mucuswill possessaspectrumof relaxationmechanismsupto maybe�����
, dueto varyinglengthsof polymerchainsanddifferentmechanismsbywhichthemolecular

network candeform. A morecompletemodelwould involve a numberof Maxwell elements,

but sincewe will restrict our attentionto very short-lived deformations,we argue that one

mechanismwill provide a good representation.This modeldoesnot entail behaviours such

asshear-thinningandsowe will have to chooseviscosityvaluesappropriateto theshearrates

observedin themuco-ciliarysystem.

Threedifferent classesof experimentshave beenperformedon mucussamples:steady

shearingtests,creeptestsand oscillatory tests. Steadyshearingtestsdo not representthe

dynamicconditionsfound in the lung, and apparentlypermanentlydestroy the structureof

the mucussample(Reid,1973;Davis andDippy, 1969). Creeptestsgive informationon the

time-dependentresponseof mucus,but arelesssuitablefor short timescalebehaviour (Fung,

1993). Oscillatory testingprovides the most useful information. The techniquesusedhave

developedfrom thecone-and-platerheometerusedby Davis andDippy (1969)to lessdestruc-

tive microrheometertechniques,as usedby for exampleKing and Macklem (1977). In the
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cone-and-platerheometer, the sampleis subjectedto a small amplitudeoscillatory straining

motion; in themicrorheometera smallsteelball is oscillatedundera magneticfield. Two con-

stantsarefound: �	� , thestoragemodulus(associatedwith elasticity)and �
� � , thelossmodulus

(associatedwith viscosity). Fung(1993)describeshow theseconstantscanbe relatedto our

constitutive equation.Thestrainon themucuswill be of the form �������������� . For small os-

cillations thestresswill respondsinusiodally, with a phasedifference� : ��������� � �!���#"%$'& . Then

�)(*�+�
�-,�./�
� �102���435� . Noting that 6�7�8.:9;� and 6�<�8.=9;� we cansubstituteinto Maxwell’s

constitutiveequationto show that

�	�+� >
? 9A@�BDCE ,F9 @ B @ C , �
� �+� >

? 9E ,G9 @ B @ C . (2.14)

As discussedabove, a setof valuesfor � � and � � � measuredover a wide rangeof 9 will

leadto a widely varyingsetof valuesfor >
?

and BDC . We cannotfit thesimpleMaxwell model

to a rangeof real experimentalresults. However if we choosea characteristicfrequency of

thesystem,H –
E�I

Hz, we canfind appropriatevaluesfor >
?

and BDC . In this study, we usethe

resultspublishedby Lutz etal. (1973)for caninetrachealmucus.At thefrequency of J%KML%N�O%JQPSR
they reportedvaluesof � � � EUTWV

and � � � � I KMX%N�N%O EYTWV
, which correspondto theparameters

BDC)� I K I%Z N\['] C and >
? � I K I N%^%L`_bac] @ [ . Since >

dfe
> g%hjiMkml e I K I%InE _ac] @ [ , we have

>
? 3 > g%hjiMk#l �fN%^%KML .

2.5 Fourier seriessolution

Dueto theperiodicityof theciliary beat,theforcetermsthatdrive thesystemareperiodic. In

addition,sincewe aretestingthehypotonicdefensin(impermeableepithelium)hypothesis,we

take theboundaryconditionson theepitheliumto beconstant,op�8q . Neglectingairflows, the

boundaryconditionson thesurfacewill alsobehomogeneous.Finally, we neglectany steady

pressuregradient,becausein the circular transportexperimentsof Matsui et al. (1998b),no
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suchpressuregradientscould have beenpresent,dueto the fact that any suchpressuremust

becontinuousmoving aroundonecompletecircle. Hencewe assumethat thesolution r;sut is

periodic.

Writing all variablesasFourierserieswehave for example,

v�w=x y z v{w:x�|:}~ �
�

�%�n� z v�w=x�| � , (2.15)

wherefor �G�+� , z v�w=x�| � y�� � zm� |n�{����� � z=�%� �p��� |�� �p� � z=� |n���M��� � z=�%� ����� |�� , sothateachz v{w:x�| � is~��A� � � -periodicin � ����� ��~{�
. Theterm z v�w=x�|=} is independentof both � and� . It is thenpossible

to equatetermswith periodicityin
~��A� � � (andthetermsconstantin � and� ). By writing

z v�w=x�| � y �*�2� z{�v{w:x�| �¡ '¢ �{£5¤j¥ , (2.16)

hatsbeingusedwith othervariablesanalogously, �	� denotingreal part, we convert from the

‘time domain’to the‘frequency domain’,in whichtheindependentvariable� is replacedby the

frequency � � . This resultsin a linearconstitutiveequation:

�*�2�§¦ �#¨ � � z{�v{w:x�| �§  ¢ ��£�¤ ¥ � �	�©� z��v�w=x�| ��  ¢ �{£5¤ ¥ y ~�ª¬« �	�2� z � w:x�| �¡  ¢ ��£�¤ ¥ , (2.17)

which leadsto

z{�v{w:x�| � y ~{ª « �
� � ¨ � � ¦ � z � w:x�| � , y ~�ª «® � � ¨:¯;� z � w=x�| � , (2.18)

where
® � y � , ¯;� y � � ¦ � .

For thesteadyterm z � y±°%| , wehave theNewtonianconstitutiveequation

z��v�w=x�|:} y ~{ª4« z � w=x�|=} . (2.19)
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2.6 Fluid flow equations

Thesubscriptsareomittedin whatfollows,sothatfor instance²´³ is writtenas ² .

2.6.1 Steadyterms µ'¶f·¹¸´º
In all threelayerswehavetheNewtonianconstitutiveequations»¼{½:¾À¿fÁ�Â »Ã ½:¾ , for Â¬Ä , Â¬ÅÇÆ , Â¬ÅÀÈ .
This leads,with equation(2.2),to thefamiliarStokesflow equations

»É ¿ Â;Ê È »²ÌË »Í�Î
(2.20)

Usingthefactthat »ÉÐÏ »² areconstantin Ñ Æ , wehave

Ò ¿ Â »Ó ÆÕÔ ÖjÖ Ë »× Æ ,
»É Ô Ö ¿ Â »Ó Ö�Ô ÖjÖ Ë »× Ö . (2.21)

Weshallseelaterthattheverticalpressuregradientwill alsobezero.

2.6.2 Unsteadyterms µ/¶ Ø�º
In this sectionweshow how in thefrequency domainthemomentumequationsfor themucous

layerarea complex form of thefamiliar Stokesflow momentumequationsfor eachtermin the

Fourierseriesexpansionsof thevelocity.

Thetransformedmomentumequationsare

»Ù ÆjÆÕÔ Æ Ë�»Ù Æ©Ö�Ô Ö Ë »× Æ ¿ Ò
,

»Ù Ö5ÆÕÔ Æ Ë�»Ù ÖjÖ�Ô Ö Ë »× Ö ¿ Ò
. (2.22)
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which areequivalentto

ÚÜÛÝßÞ à¬á Ûâ àjàÕÞ à4á Ûâ à©ã�Þ ãäá Ûå àçæ è ,

Ûâ ã5àÕÞ à4á Ûâ ãjã�Þ ã ÚéÛÝßÞ ãêá Ûå ã æ è . (2.23)

In themucouslayers,thestressis givenby equation(2.18),sothat

ÚÜÛÝDÞ à´áìë�í¬îðï=ñòáFó:ô*õ/ö à ï Û÷ àjàÕÞ à¬á Û÷ à©ã�Þ ã{õ4á Ûå àøæ è ,

ë{í4îùï=ñòáFó:ô*õ/ö à ï Û÷ ã5àÕÞ à¬á Û÷ ãjã�Þ ã{õ ÚúÛÝDÞ ãAá Ûå ã æ è , (2.24)

which canberewrittenas

ÚÜÛÝDÞ à¬áFí î ïmñûáGó=ôSõ ö à ïmë ÛüWàÕÞ àjà´á ÛüWàÕÞ ãjãAá Ûüßã�Þ à©ã�õ4á Ûå àýæ è ,

í¬îðïmñòáGó:ô*õ/ö à ï Ûüßã�Þ àjà´á ÛüWàÕÞ ã5à¬áþë Ûüßã�Þ ãjã�õ ÚÿÛÝDÞ ãAá Ûå ã æ è . (2.25)

Usingthecontinuityequationthis simplifiesto

ÚÜÛÝDÞ à4áGí4îðï=ñûáFó:ô*õ/ö à ï Ûü àÕÞ àjà´á Ûü àÕÞ ãjã{õ4á Ûå àçæ è ,

í4îðï=ñòáFó:ô*õ/ö à ï ÛüDã�Þ àjà´á ÛüDã�Þ ãjã�õ ÚÿÛÝDÞ ãAá Ûå ã æ è , (2.26)

or, in vectornotation

ÛÝ æ í îñòáGó=ô ��� Û� á Û� , (2.27)

which can be recognisedas the Stokes flow momentumequationwith complex viscosity
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���
	����������� . Similarly, in thePCLwehave

�� � ������� �� � � 
. (2.28)

2.6.3 Forceterms

In orderto simplify the notationwe replace!#" , !%$ , &'" , &($ , )*" and )+$ with ! , , , & , - , ) and .
respectively. As before,weomit subscriptsto denotethetermin theFourierseriesfor theforce,

velocityandpressure.In thePCLtheforcetermsare,for /1032 ,

) � 465 �7 � ! 498 -*:<;>=@?BA*C �D�FE & � :HG � / � ,
. � 465 �I � , 498 -*:<JK=LCNMPO �N��E & � :HG � / � . (2.29)

Writing ! �RQTSVU(�XW!ZY ���[W!]\ �D^ \ =*_a` 7Kb*c+dfe�g , andsimilarly for othervariableswehave

W)hY � 465 �7 �XW!]Y 498 -*:Z;N= � , W)i\ � 465 �7 W!]\ ,
W. \ � 465 �I �+W, \ �j8 -*:<JK= � , W. Y � 465 �I W, Y k A*l 2nmo-nmqp .

(2.30)

In thetractionlayertheforcetermsare

) � 4�r�sut>v�5 � "7 )B=w?BA*C �D��E & � :HG � / � CDMxO
�zy - 	*{|�

CNMPO �}y p 	*{|� ,
. � 4�~�sutNvf5 � "I .*=wCDMxO �D�FE & � :HG � / � CDMxO

�zy - 	*{|�
CDMxO �zy p 	*{|� .

(2.31)

Writing out realandimaginarypartsasabovewehave

W) Y � 4�r�sut>vF5]� "7 )�= CDMxO
�zy - 	*{|�

CNMPO �}y p 	*{|� ,
W) \ � 2 ,

W. \ � ~�sutNv�5]� "I .�= CDMxO
�zy - 	�{��

CNMPO �}y p 	*{|� ,
W. Y � 2 k A�l p
mo-nm { .
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2.7 Field equationsand boundary conditions

2.7.1 Nondimensionalfield equationsin the PCL

We nondimensionaliseasfollows: �������(� , �������B� , �����<�<�%� , �����F�<���K�*�%�F�[� , �����n�]��� ,
� ���z� � �<�*�|� � � . Thescalingfor � ensuresthat thecontinuityequationis balanced.For con-

veniencewe omit the primes. We shall also use � and � to representthe nondimensional

parameters�(�*� and � ��� . Theterms ¡¢ , ¡� arenow £B��¤ -periodicin ¥B¦Z� .

For ¤��R§ ,

§ � � � �
�

¨ �]¡�¨ � �
© � � �

� ¡� ,

� �
�
¨ ¡�¨ � � � � �

�
¨ ��¡�¨ � �

© � � �
� ¡ª , (2.32)

andfor ¤1«¬£ ,

� �
�
 ¡� � � � � �<� £

� �
 �]¡� � �

© £
� �
 �]¡� � �

© � � �
� ¡� ,

� �
�
 ¡� � � � � �Z� �

�
£
� �
 ��¡� � �

© £
� �
 ��¡� � �

© � � �
� ¡ª . (2.33)

For ¤��R§ , wehavesimply
 ¡�#�  �®�o§ , soby thecontinuityequation

 ¡�Z�  ���R§ . As discussed

above, ¡���¯§ on �n�¯§ so ¡�±°¯§ for all � . Sincethezerothtermof theverticalforce ¡ª �²§ , the

secondequationis thensimply
 ¡�%�  ���q§ , andsothepressureis constant.Hence

§ �
¨ � ¡�¨ � �

© ¡� . (2.34)

For ¤1«¬£ , in orderto balancethefirst equationwechoosethepressurescaling� � ��� � �<�]��� .
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Hence

³µ´¶
³*· ¸

¹�º
» º
³ º ´¼
³�· º�½

³ º ´¼
³%¾ º¿½

´À
,

³µ´¶
³(¾ ¸

¹�Á
» Á
³ º ´Â
³�· º ½

¹ º
» º
³ º ´Â
³(¾ º ½

¹
» ´Ã . (2.35)

It mayappearthatit is possibleto applylubricationtheory, by notingthat
¹�ºKÄ » ºÆÅ Ç

. However,

the Fourier seriesrepresentationof ¼ meansthat
´¼ ¸ ÈBÉ¼]Ê ½3Ë É¼]Ì�ÍNÎ ºÐÏBÑ�Ò Ì , so that

³ º ´¼ Ä ³*· º ¸
ÓÕÔBÖ ºØ×Zº ´¼ . Usingthis representation,we canrewrite therealandimaginarypartsof the

×ÚÙ Ç

equationsas

Ó�ÛBÖ × É¶ Ì ¸ Ó�Ü º É¼ Ê ½
Ý º É¼]ÊÝ ¾ º ½ ÉÀ Ê ,

ÛBÖ × É¶ Ê ¸ Ó�Ü º É¼ Ì ½
Ý*º É¼ ÌÝ ¾ º ½ ÉÀ Ì ,

Ý É¶�ÊÝ ¾ ¸ Ó�Ü ºKÞ�º ÉÂ Ê ½ Þ�º
Ý º ÉÂiÊÝ ¾ º ½ Þ ÉÃ Ê ,

Ý É¶�ÌÝ ¾ ¸ Ó�Ü ºKÞ�º ÉÂ Ì ½ Þ�º
Ý º ÉÂHÌÝ ¾ º�½ Þ ÉÃ Ì , (2.36)

where
Þ ¸ ¹�Ä »

and Ü ¸ Û�Ö × Þ . In generalwe do not have Ü º Þ ºàßÅ Ç
. Usingthescalingá�â#ã Ä*¹

for theforcetermsandusingequation(2.30),wehave for
× ¸Rä ,

ä ¸
Ý º É¼ Ê>å ÌÝ ¾ º Óçæ ºÒ É¼ Ê>å Ì , (2.37)
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andfor è1é¬ê ,

ëÕìBí ènîï�ðòñ ëôóöõ÷ îø]ù�ú¬û õ îø ù
û�ü õ

úçýÿþ������ õ÷ ,
ìBí ènîï ù ñ ëôó õ÷ îø ð ú û õ îø ð

û�ü õ ,

û îï ù
û�ü

ñ ëôó õ��� õ î	 ù ú � õ û õ î	 ùû�ü õ ,

û îï ð
û�ü

ñ ëôó õ��� õ î	 ð ú � õ û õ î	 ðû�ü õ
ë � ý ü 
 ��� õ� , (2.38)

wheretheresistanceparametersaredefinedas � õ÷ ñ���÷�� õ���� � , � õ� ñ������� õ���� � , ó õ÷ ñ�� õ ú�� õ÷ ,
ó õ� ñ�� õ ú�� õ� . Notethat � ÷�� � � areindependentof thevalueof theviscosity, andsoalsoapply

in themucouslayer.

2.7.2 Nondimensionalfield equationsin the mucus

After nondimensionalisingwehave for è ñ�� ,

� ñ �! #"
� û õ�$ø

û�ü õ
ú �! #"� $% ,&  

� û $ï
û�ü

ñ �! #"'�! ( û õ)$	
û�ü õ

ú �! #"� $* , (2.39)

andfor è1é¬ê ,
&  (

+ $ï+-, ñ �! #" �. ú0/21
ë43Bí õ è õ( õ $ø ú ê

� õ
+ õ�$ø+ ü õ

ú �! 5"� $% ,

&  
�
+ $ï+ ü

ñ �6 5" � õ(879. ú0/21;:
ë<3Bí õ è õ( õ $	 ú ê

� õ
+ õ=$	+ ü õ

ú �! #"
� $* . (2.40)

Thisappliesin boththetractionlayer, with viscosity�! ?> , andtheforce-freemucouslayer �! õ .
As before,for è ñ@� , $	BAC� sothevelocity canbefoundfrom equation(2.34). For èÚé ê , in
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orderto balancethefirst equationwechoosethepressurescalingDFEHG�I!EKJMLONQP9RTSVU;WYX2Z;[]\ , so

^`_a^�b G c
dfe6gih�g R g
L g

_j W
^ g _j^=k g W�P9UFWlX9Zm\ _n ,

^o_a^Ok G c
dfe g h g R6p
L p

_q W R g
L g
^ g _q^=k g W RTPrU?W0X2Z;\

L
_s . (2.41)

For
h GCt , _a is constant,which maybetakento bezero,so that thefirst equationis solvedto

give
_j , thenthecontinuityequationgives

_qvu t . Decomposingvariablesaspreviouslywenote

thatin termsof nondimensionalvariables,

wn�x G c
R

I E?y J JMR{z6|~}��
nf��� E?y� �

�]� P e k \
�
��� P e{� \ ,

wn)� G�t ,
ws � G R

I E?y J
J�R g
L
� |~}�� s ��� E?y� �

��� P e k \
�
��� P e{� \ ,

ws x G�t . (2.42)

Hencewe have, in thetractionlayer
�5� k �C�

,

t G
� g wj x� k g c

n���� g� z6|~}�� �
�]� P e k \
�
��� P e�� \ , t G

� g wj �� k g ����� h G�t , (2.43)

and

c
� eMh wa � G c��

g wj x W
� g wj x� k g c U

n���� g� z6|~}�� �
�]� P e k \
�
��� P e{� \ ,

� eMh wa x G c��
g wj � W

� g wj �� k g c Z
n���� g� z6|~}�� �

��� P e k \
�
�]� P e{� \ ,� wa x� k G c��

g��2g wq x W �2g
� g wq x� k g c

� Z s ��� g� � |~}�� �
��� P e k \
�
��� P e{� \ ,� wa �� k G c��

g � g wq � W � g
� g wq �� k g W � U s ��� g� � |~}�� �

�]� P e k \
�
��� P e{� \ ���-� h����

. (2.44)

In theforce-freemucouslayer
�`� k ���

, thefluid flow equationsaregivenby replacing
n��

, s � with zeroin equations(2.43)and(2.44).
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2.7.3 Continuity equation

Thecontinuityequation(2.3) takesthesameform in all threelayers.As discussedabove, for

 0¡�¢ , £-¤¦¥�£�§ ¡�¢ , so ¨5© ¢ . For  �ª�« wehave

¬<f®  <¯¤�°)±
² ¯¨�³²Q´ ¡ ¢ ,

f®  <¯¤ ³ ±
² ¯¨ °²Q´ ¡ ¢ . (2.45)

In orderto solve thesystemit will beconvenientto differentiatetheseequationswith respectto
´
,

¬4�®   ² ¯¤ °²Q´ ±
²-µ ¯¨�³²Q´ µ ¡ ¢ ,

f®   ² ¯¤�³²Q´ ±
²-µ ¯¨ °²Q´ µ ¡ ¢ . (2.46)

If we imposetheseconditionsin eachlayer, alongwith theoriginalmassconservationequation

on oneboundaryandbothinterfaces,massconservationwill hold throughoutthefluid.

2.7.4 Surfaceand interface tension

Surfacetensionforceswill act on the mucus-airinterface,and possiblyat the interfacebe-

tweenthe mucusandPCL. By consideringthe surfaceas ¶ ¡¸· ±º¹�»f¼-½f¾9¿-§B±�À�ÁÃÂ andap-

proximatingthecurvatureas Ä ¶�ÅÆÅ)Ä ¡ÈÇ ¾rÉ ® µ ¹�¥-Ê µ Â , andby approximatingthesurfacestressas

Ä Ë!Ì µ ¶-ÍÎ¥-Ï;Ä ¡�Ç ¾ÐË6Ì µ ¹�ÀM¥-Ï�Â , we have thefollowing estimatefor thecapillarynumber, theratio

of themagnitudesof surfacetensionto viscousforces,

Ñ ¡ Ç Ê µ Ë Ì µ À
É ® µ�Ò Ï . (2.47)
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This is similar to the dimensionlessnumberfound by Ross(1971), only with an additional

factorof Ó�Ô6Õ . The parameterÖ denotessurfacetension,while × denotesradianfrequency of

theciliary beat.

Albers et al. (1996)determinedvaluesof surfacetensionof sputumfor patientswith cys-

tic fibrosisandchronicbronchitis,comparingtwo differentexperimentalmethods.The mean

valuesfor eachconditionandeachmethodlay betweenØ�Ù dyneÚ cmand Û�Ü dyneÚ cm,sowees-

timatemucussurfacetensionby Ý-Þ dyneÚ cm,or Þ�ßÐÞ-Ý N Ú m in S.I. units.Usingequation(2.47),

andparametersin S. I. units, ÖáàâÞ�ß�Þ�Ý , ãäàâåYæ�ç�Þ�è�é , ê�àëÜ5æ�ç�Þìè�í , î!ïoÕvàëÞ�ßÐÞ-Ó-Ý-Ù and

×và�å-Þ wefind that ðlàHçfÚñØ-Ü-Þ-Þ . Thisshows thatsurfacetensionforceswill flattenthesurface

onatimescalemuchshorterthantheciliary beatduration,andexplainswhy in themicrographs

of SandersonandSleigh(1981),themucussurfaceis remarkablyflat, despitethe rapidoscil-

lationsin velocity below. It is thereforereasonableto assumethatsurfacetensionflattensboth

the mucussurfaceand the mucus–PCLinterfaceon a timescalemuchfasterthan the ciliary

beat.We shalltake themucus–PCLinterfaceto beaflat surfacegivenby ò4à�ó andthemucus

surfaceto be given by ò0àõô . The systemwill be solved with boundaryconditionsof zero

normalvelocity. This is discussedbriefly in sections2.12.6and2.12.8.

2.7.5 Traction layer mucus–PCLinterface

Becausewedonotexplicitly modeltheactionof interfacetension,it is notpossibleto calculate

the normal stressbalanceon the interface. Insteadwe usethe boundarycondition of zero

verticalvelocity. Togetherwith continuityof tangentialstresswehave, in tensornotation

ö)÷øúù à ö ï øøúù , û ï øù à Þ . (2.48)
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Making thetransformationto thefrequency domainthis becomes

ü!ý�þfÿ��ý � � � � ÿ��ý��� ���	� ü�
 � þ ÿ��
 � � � � ÿ��
��� �� , ÿ��
 �� � � ����� ����� ,
ü ý þfÿ� ý � � � � ÿ� ý��� ���	� ü 
 � þ���� ����� ���! � þfÿ� 
 � � � � ÿ� 
��� �� , ÿ� 
 �� � � ����� �#"%$ .

(2.49)

Nondimensionalisingwehave

ÿ��ý � � � �'&�( ÿ��ý��� � � ) � þ ÿ��
 �� � � �'&�( ÿ��
 ���� � � , ÿ��
 �� � � ����� ����� ,
þ*� ����� � ÿ� ý � � � �'& ( ÿ� ý��� � � ) � þ ÿ� 
 �� � � �'& ( ÿ� 
 ���� � � , ÿ� 
 �� � � ����� �#"%$ .

As discussedabove,for ����� , ÿ� � �+� and ÿ,-�.� . Notingthat / ÿ� �10 /32 = 465 � � ÿ� � , andwriting

� � �7� , � � �'8 asabove,

/ ÿ� ý/:9 � ) � / ÿ� 
 �/:9 , (2.50)

wherewe definethe viscosity ratios ) � and ) ( for ü 
 � 0 ü ý and ü 
 ( 0 ü 
 � respectively. For

�#"%$ ,
þ*� �;�*� � / ÿ� ý/:9 � 465 � �!& ( ÿ8 ý � ) � / ÿ� 
 �/:9 � 465 � �!& ( ÿ8 
 � , ÿ8 
 � � �3< (2.51)

Thereis now only onematchingconditionfor ���.� , which is appropriatesincethevertical

componentof themomentumequationis trivially satisfied.By takingrealandimaginaryparts,

=?>��@ � A�ý= 9 � ) � =?>��@ � A6
 �= 9 , (2.52)
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andfor B#C%D ,
EFHG I?JK�L�MION P QFHG I?JK�R6MISN P T6U BWV*XFHG EYJZ R�M\[ Q]JZ L^M _ I?JK�LS` GION P T6U BaV X JZ Rb` G ,EFHG IcJK�RbMION [ QFHG I?JK�L�MISN [ T6U BaV�XFHG EdJZ L�M P Q]JZ R�M _ I?JK�Rb` GION [ T6U BWV X JZ L�` G ,

JZ L^` G _ e ,
JZ R�` G _ e3f (2.53)

2.7.6 Upper mucous–tractionlayer interface

At
N _ D thereis an‘interface’betweentheshear-thinnedtractionlayersubjectto thepropulsive

forceof thecilia, andtheuppermucouslayerfreefrom volumeforces.Weassumethatthereis

no interfacetensionactingsincethemucusis essentiallyonefluid. This leavesus to consider

continuityof bothtangentialandnormalstress,

g ` GGih _ g ` XGih , P;j ` G [ g ` Ghkh _ Pcj ` X [ g ` Xhkh . (2.54)

We nondimensionalisewith pressurescalingsl ` Gnm ` X _po ` Gnm ` X1qsrutOvxw E [;y Q{z}|W~ . Takingreal

andimaginarypartsfor B _.e ,
I?JK L�` GISN _ F X

I?JK L^` XION ,
I?JK R�` GION _ F X

I?JK Rb` XION , (2.55)
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andfor �#�%� ,
�?����S����O� �p�6� �W��� ��^� ����� � �

�?����^� ��O� �p�6� �W�*� ���� � � ,�?�� � ����O� � �6� �W��� �� ������� � �
�?�� � � ��O� � �6� �a��� �� �S� � , (2.56)

� �� �S��� � � � � �d��^�S����O� � � � � �� �S� � � � � � � �
����^��� ��O� ,

� �� � ��� � � � � �d�� � ����O� � � � � �� � � � � � � � � �
���� � � ��O� . (2.57)

2.7.7 Mucus fr eesurface

Neglecting the viscosity of air, supposingthat the air pressureis constant,and making the

assumptionthat the mucussurfaceis flat, we have for the tangentialstress� ��� � � ��� where

� �����3�6��� ��� . As for themucus–PCLinterfacewe replacethenormalstressbalancewith the

conditionthattheverticalvelocity is zero.Theconditionsaretherefore

  � ��i¡ � � , ¢� � �¡ � � . (2.58)

Thesearetransformedinto, for � ��� ,
£�� � � ¢��� ��n¤ ¡ � ¢��� �¡�¤ � � � � , ¢��� �¡ � � , (2.59)

andfor �#�%� , £ � �¥ ��¦�§ � ¢� � ��n¤ ¡ � ¢� � �¡�¤ � � � � , ¢� � �¡ � � . (2.60)

Nondimensionalisingasaboveandtakingrealandimaginaryparts,for � ��� ,
�?������ ��O� � � , �?�� � � ��O� � � , (2.61)
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andfor ¨#©%ª ,
«?¬�®^¯±°«O² ³'´�µ ¨W¶ ° ¬·^¸ ¯±° ¹ º , «?¬ ¸ ¯±°«O² »7´6µ ¨W¶ ° ¬· ®^¯±° ¹ º ,¬· ®^¯±° ¹ º , ¬· ¸ ¯±° ¹ º . (2.62)

2.7.8 No-slip conditions

As discussedabove, we assumethat thereis no flow throughtheepithelium,so that · ¹¼º on² ¹½º for all ¨ . For viscousflow we have theno-slipboundarycondition  ¹¾º on thesolid

interfaceat
² ¹¼º . Finally, thefluid velocity will becontinuousacrosstheboundaries,so that

�¿ ¹  ¯�À , ·^¿ ¹ · ¯�À on
² ¹.Á and ¯�À ¹  ¯±° , · ¯�À ¹ · ¯±° on

² ¹ ª .
For ¨ ¹.º wehavesix variables,

¬ ® ¿ ,
¬ ¸ ¿ ,

¬ ®�¯�À , ¬ ¸ ¯�À , ¬ ®�¯±° , ¬ ¸ ¯±° , 6 secondorderODEs

from the  componentof themomentumequations,and12boundaryandmatchingconditions.

TheODEsarelinearwith constantcoefficientsandsocanbesolvedanalytically.

For ¨#©%ª wehaveadditionally
¬·^® ¿ ,

¬· ¸ ¿ ,
¬·^®�¯�À , ¬· ¸ ¯�À , ¬·^®�¯±° , ¬· ¸ ¯±° , ¬Â�® ¿ ,

¬Â ¸ ¿ ,
¬Â�®�¯�À , ¬Â ¸ ¯�À ,¬Â3®�¯±° , ¬Â ¸ ¯±° , a total of ª�Ã variables.By countingthe first derivativesof the velocity termsas

variables,we have a total of Ä º . Thereare ª ´ momentumequations,given in sections2.7.1

and2.7.2,and Å equationsfollowing from massconservation, given in 2.7.3. Using the first

derivativesof thevelocity terms,thesecondordermomentumequationscanberewritten as ´�Æ
first orderODEs,giving a total of Ä º . Thereare Æ no-slip boundaryconditions, Ã conditions

for continuity of velocity, ª ´ conditionsfor continuity of stress,given in sections2.7.5,2.7.6

and2.7.7,and Å conditionsto enforceconservationof mass,asdiscussedin section2.7.3.This

givesa total of Ä º boundaryandmatchingconditionsin total,closingthesystem.

2.8 Steadyflow solution for ÇÉÈ Ê
It is now possibleto solve for thesteadytermof thefluid velocityanalytically. It is easilyseen

that
¬ ¸ ¹¼º is thesolutionfor the imaginarypartof themomentumequations.Hence ¹ ¬�® .
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Wehave themomentumequations

ËÍÌuÎÏ6Ð�ÑÓÒÕÔ Î Ð ÑÔOÖ Î × Ø ,
Ô Î Ð�Ù�ÚÔOÖ Î × Ì�ÎÏ�ÛÝÜßÞ�àá�â�ãxäæåèçêé Öìëã�ä}åèçíéïî ë ,Ô Î Ð�Ù ÎÔOÖ Î × Ø , (2.63)

boundaryconditions,

Ð Ñ × Ø ð�ñ Ö ×+Ø , Ô Ð�Ù ÎÔOÖ × Ø ð�ñ Ö ×.ò , (2.64)

andmatchingconditions,

Ð Ñ × Ð�Ù�Ú , Ô Ð ÑÔOÖ × ó Ú Ô
Ð�Ù�Ú
ÔOÖ ð�ñ Ö × î ,

Ð�Ù�Ú × Ð�Ù Î , Ô Ð�Ù�ÚÔOÖ × ó Î Ô
Ð�Ù Î
ÔOÖ ð�ñ Ö ×¼ô .

(2.65)

Theparametersó ÚWõ ×'ö Ù�Úx÷ ö Ñ and ó Î õ ×7ö Ù Î ÷ ö Ù�Ú aretheviscosityratiosbetweenneighbour-

ing layers.Theseareintegratedto give thesolution

Ð�Ñ × Ë Û�ÜßÞà�á�â Ì Ï ó Ú ç ô Ò7ø6ù ãHçíéïî ëxë ã�ä}åSúÝç Ì Ï Öûëé-ãxäæåèçêéïî ë ø�ù ãxú�ç Ì Ï î ë ,

Ð Ù�Ú × Ë ÛÝÜßÞ�à�á�â Ì ÎÏ
é]ã�ä}åèçíéïî ë ó ÚÌ Ï ñ1ð åSúÝç Ì Ï î ë ç ô Ò7ø6ù ãHçíéïî ëxë Ò Ö Ò ãxäæåèçêé Öûëé Ë î Ë ãxäæå�çêéWî ëé ,

Ð Ù Î × Ë ÛÝÜßÞ�à�á�â Ì ÎÏ
é]ã�ä}åèçíéïî ë ó ÚÌ Ï ñ1ð åSúÝç Ì Ï î ë ç ô Ò7ø6ù ãHçíéïî ëxë Ò ô Ë î Ë ãxäæåèçêéWî ëé . (2.66)

TheconstantÛÝÜßÞ�à is determinedin section2.9.2,andthroughthis themeantransportdepends

additionallyon ü Ú and ó Î . Thesolutionis very simplein form—throughouttheregion Ö\ý ô ,
the velocity is constant. In the penetrationregion îÿþ Ö þ ô the velocity is approximately

linear. In the region Ö þ î , the solution is approximatelyproportionalto the exponential
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���������
	��� in a region of size ������������� nearthe interface,andvery closeto zeroelsewhere,for

����� � . Solutionsareshown in Figures2.6(D)to 2.10(D),and2.12(D)to2.16(D).Immediately

we noticesomesimilarity betweenour meanprofilesand that of Fulford andBlake (1986),

asshown in Figure1.3, althoughit shouldbe notedthat Fulford andBlake (1986)predicted

significanttransportof PCL above ���! �"$#�% , whereaswe predictsignificanttransportabove

���& �"$'�(�% .

Recallingthat )*� ���+�-,��.)�/10 23-465-) 3 wherethe ) 3 termsaverageto zero in time, for

����� � wehavePCL flux

�
/ )876� 9 :

;=<?>A@�B /DC 5 ���E0GF+H�IJ�LKNM6���
,�KOI�PRQS�LKNM6� 0G� � 	�� � � , (2.67)

andmucusflux

T
� )U76� 9 :

;V<?>A@�B /
,�KOI�PWQS�$KNM6�

�
, ��� : M6�J�X,�Y : M : �+�Z0 �E0GF�H-ID�$KNM6�

K=[ :
I�PRQS�LKNM6�
K �XY : M\�

0]� � 	 5� . (2.68)

Numericalvaluesfor theflux aregivenin sections2.10.4and2.12.7

2.9 Analytical solution for ^ _

2.9.1 Analysis

By neglectingsurfacetensionat �`�aY andmakingcertainsimplifying assumptions,we may

reducethesystemto onewhichcanbesolvedanalytically. In section2.12wepresentnumerical

resultswithout this simplification,which will provide insight into the importanceof surface

tension,andtheresultingpressuregradients,in themucouslayer.

If surfacetensionis neglected,the correctnormal stressboundarycondition at the free
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surfaceis

bdce�fhgji ck fhglmlonqp , (2.69)

wherewe assumethat the air pressureabove the mucusis constant. Without lossof gener-

ality, we may take this constantto be zero. Proceedingasfor equation2.44 andmakingthe

assumptionthat r�s gutvxwzy , r�s g6tvx{�y aresmall on the mucusfree surface,usingequation(2.57)we

have e fhg n|p on } n�~ . By neglectingtermsof order s g andsetting �z�?�A� n|p (justified in

section2.9.2)in thefield equations,it follows that � e\� �6} nap andso thepressureis constant

andequalto zeroacrosstheforce-freemucouslayer �1��}�� ~ . By proceedingsimilarly, and

neglectingthevertical forcecomponentin the tractionlayer, we deducethat e fO� is alsozero

acrossthe tractionlayer ����}���� . On themucus–PCLinterface,thepresenceof the � and
�

termsmakesit moredifficult to justify settingthepressureto zero. However, by neglecting

termsof order s in the field equations(2.38),we canshow that e�� is constant.This analysis

removessix equations—thereal and imaginarypartsof the } componentsof the momentum

equationsin eachof the threelayers,andfour variables—thereal andimaginarypartsof the

pressurete�w and te�{ in thetwo mucouslayers.In orderto implementour initial analyticalmodel,

weneglectthe r��Z��s g6tv�w and r��Z�Es g6tvx{ termsfrom thestressmatchingconditionsandfreesurface

boundaryconditions,which resultsin the decouplingof � and v . For the numericalsolution

this simplificationwill not be necessary. In order that the systemis fully determinedwe re-

quiresomeadditionalconditionsfor thepressure.Theapproachwe take is to requirethat the

mucus–PCLinterfaceis flat, asdiscussedabove. Thenby consideringconservationof massin

theform

� ���� i � v� } n p , (2.70)

we requirethat �� c�8�6} is constant.Thisconditionallowsusto determinethepressure.

Thesystemthenconsistsof � momentumequationsfor thehorizontalvelocityandpressure,
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and � continuity equationswhich relatethe horizontalandvertical velocity. Rewriting ��* 
¡�¢�¤£E¥�¦ ¢�¤§X¨�©�ª¬«+�®¯§ for simplicity wehave, for °²±´³ , theODEs

µ   ¶¸· ª® ��¤¹º¥´» ª �� ¹
»u¼ ª

¥¾½ ¼-¿ xÀ ª® ,
Á   ¶�Â ª ��ÄÃOÅZ¥ » ª �� ÃOÅ

»6¼ ª
¥¾Æ=Ç?È�É�Ê  ¡.Ë ¥�¦ÍÌ1¨�Î�ÏWÐ

¡$Ñ ¼ ¨
Î�ÏRÐ ¡LÑNÒ ¨

© ª¬«+�®¯§ ,
Á   ¶�Â ª �� Ã ª ¥ » ª �� Ã ª

»6¼ ª , (2.71)

where
µ

is the(° th componentof the)pressuregradient»-Ó\Ô-»�Õ . Theboundaryconditionsare

now

��   Á Ö+× ¼   Á
, » ��

»u¼
  Á Ö+× ¼  qØ , (2.72)

andthematchingconditionsare

¡XË ¥�Ì1¨ » �� ¹
»6¼

  Ù Å » �� ÃOÅ»6¼ , �� ¹   �� ÃOÅ Ö+× ¼   Ò
,

» �� ÃOÅ
»6¼

  Ù ª » �� Ã ª»6¼ , �� ÃOÅ   �� Ã ª Ö+× ¼   ³ .
(2.73)

The momentumequationscan be solved to give �� in termsof the pressure,the vertical

velocity �Ú can then be found from the continuity equationsand finally the pressurecan be

determinedfrom the assumptionthat the mucus–PCLinterfacedoesnot move vertically. In

orderto simplify theanalysis,wefirst find asolution ���Û of theporousmediumequationwith a

constantpressuregradient
µ

¶¸· ª® ¥ » ª �� Û
»6¼ ª

  µ ÜÞÝ�ß °²±´³ , (2.74)

with boundaryconditions ��8  Á
on ¼   Á

,
Ò
. Once �� Û is found,we thendefine ��¤à�  �� ¹ ¶ �� Û
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andsolve theODE

áãâSäåçæ
è ä�éê¤ëè6ì ä í á�îuï�ðxñ¤äå ì-ò ä¬ó ð å¯ô , (2.75)

coupledwith theequationsfor layersõ and ö , with analteredstressmatchingconditionat
ì íq÷ .

Wefind that

éê�ø í
ù ò ä¬ó ð å¯ô
â äå ú�û�ü

ýSþ â å ì�ÿ á��Ná ü
��� ýSþ â å ì-ÿ
ü
��� ýSþ â å ÷ ÿ

þ
ú�û-ü
ýSþ â å ÷ ÿ á�� ÿ . (2.76)

Thestressmatchingconditionat
ì í�÷ thenbecomes

þ�� æ	��
 ÿ
è éê¤ëè6ì æ

è éê øè6ì í � ä
è éê���è6ì , (2.77)

the remainingconditionsfor éê ë are the sameas for éê� . For ��� � we have the following

equationsto solve,for eachtermin theFourierseriesfor ê

á¸â äå éê�ø æ
è ä éê øè6ì ä í á]îuïAð�ñ äå ì-ò ä¬ó ð å¯ô ,

á�� ä éê ��� æ
è ä�éê���è6ì ä í á����������+ðxñ äå þ�� æ �!
 ÿ ü

��� þ#"Nì-ÿ
ü
��� þ$" ÷ ÿ

ò ä¬ó ð å¯ô ,
á�� ä éê � ä æ

è ä�éê� äè6ì ä í %
. (2.78)

Solvingtheseequationsfor thehattedvariables,andthentransformingbackto thetimedomain

weobtainthe & -componentsof thevelocity. Thesolutionsaregivenin appendixB.

2.9.2 Determining the interaction velocity ')(+*-,
Theconstant�.����� is undeterminedin equation(2.78).We do this by thefollowing rationale:in

orderfor thesolutionto beself-consistent,������� shouldbeequalto ê á ê0/ ��1���2 evaluatedat
ì íq÷ .

We imposethe conditionat the midpoint of the effective stroke, õ " & æ4365 í % . By starting
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with aninitial estimateof 7�8�9;: , togetherwith upperandlowerbounds,wecalculatethevelocity

termsfor < =?> from equation(2.8)andthetermsfor < =A@CB-D-D-DEBF@EG from equation(B.4), which

arethensummedto givethehorizontalvelocity H at thepoint IJ=?> , K�=ML , NO=?> . Weevaluate

H PQH0RS8�T�8�U , andadjust 7�8�9�: using interval bisection. The solution is then recalculatedand the

processis continueduntil convergenceis achieved. For example,with our standardparameter

setgiven in section2.10.1,we obtained7.8�9�:�=VP�>WD�>WXZYW[W\W[W] , H^PQHRS8�T�8�U_=`P)>FD�>ZXWYW[W\WaZ\ . We

choosetheFourier seriesrepresentation,given in Figure2.3, to determineH for this purpose.

It may be arguedthat we shouldchooseinsteadthe ‘ideal’ value from Figure 2.2, however

eventhe idealvalueis anapproximaterepresentationof the realbeatcycle, andour choiceof

theFourier seriesvalueis fully consistentwith theflow in thePCL which is governedby the

Fourierseriesrepresentationof H0RS8�T�8�U .

2.10 Analytical resultsand discussion

2.10.1 Standard parameter set

In Figure2.6wepresentsomeprofilesof thesolutionsH andb for thefollowing physiologically

reasonable‘standard’parameterset: cd=e[gfih , j4=e]W>gfih , k = @E>gfih , Ll=mGFD�Ygfnh ,

o = [Z>qp;rWsutZv , jwx= >FD#>W] s, yzwx= [ , y|{}= ~ , ��Q= \Z> , ��= GWtZ[ . The viscosity ratios

yzw and y|{ werechosenso that yzw|y|{�=�YW~ , correspondingto approximatelytheviscosityvalue

f�� = >FD#>WYW~WX���h�� { v found in section2.4. The resistancecoefficient �0� is definedas in

equations(2.6)and(2.38), anddeterminedfrom theparameters��=M>FD#]�fnh for thecilia spacing

and����=l>FD�@ifih for thecilium radius.

Figure2.6(A) shows thehorizontalvelocity profile at five differentpointsalongthewave-

length. The tracefurthestto the right correspondsto the effective stroke. Thereis a large

forward flow of mucuscloseto the point of penetration,decayingexponentiallyto a valueof

over @E>W>�fih�tZv at thetopof themucouslayer. In thePCLthereis approximatelyequalforward

andbackward flow at the top andbottomof the layer, causedby the pressuregradientwhich
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maintainstheinterfaceataconstantheight.It mayappearsurprisingthatsocloseto theepithe-

lium, thefluid velocity is relatively large. This is dueto theeffect of a largepositive pressure

gradientactingto maintainconservationof massin the faceof a large shearingmotion in the

activeporousmedium.If thefluid flowedwith thecilia, it wouldbepropelledrapidly forwards

at this point, leadingto a large positive vertical velocity, deformingthe interface. Sincethe

cilia will bebeating‘forwards’ in this region, it shouldberealisedthatthebackflow is a mean

negative flow if we averagein the � direction(into thepaper).Thefluid will flow backwards

betweenthe cilia, but very nearto the cilium surfacewill be propelledforward. Due to the

strongviscouscouplingbetweenthecilia, thepressuregradientis very largein magnitude,the

term ��� having an absolutevalueof ���W�W� for the standardparameterset. Around the begin-

ning andthe endof the recovery stroke, thereis a smallerforward flow of mucusthroughout

the layer, apparentlydueto themucusbeing‘pulled’ forwardby themucusfurtheraheadand

behindundergoing the effective stroke. During the middle of the recovery stroke the mucus

movesforwardsmuchmoreslowly or actuallyflows backwards. In thePCL, theprofile is the

reverseof thatseenduringtheeffective stroke, only with smallermagnitudedueto theslower

cilia movement.

Figure 2.6(B) shows the vertical velocity component� . Throughoutthe entirePCL, the

velocity is verysmallrelative to thevelocitiesfoundin themucouslayer. It would beexpected

that in reality the vertical movementof the cilia would result in significantvelocitiesin the

PCL, but sincethis level of detailwasnot presentin this simplifiedmodel,it is not borneout

by theresults.Therearehowever largeoscillationsin themucouslayer, particularlyaroundthe

effectivestroke,wheretheverticalvelocityof themucussurfacereaches�Z�W�i�i� /s. Thiswould

causesignificantmovementof the mucussurface,andhenceour assumptionthat the mucus

surfaceis flat is inconsistent.By constrainingthemucussurfaceto beflat dueto surfacetension,

asin thefull numericalsystem,themodelwill beself-consistent.Figure2.11showsthevelocity

field for this parametersetin a differentway, usingarrows to representthevelocity vectorat
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variouspointsin thefluid. Thisshowsveryclearlythedifferencesbetweentheanalyticalresults,

andthenumericalresultsshown in Figure2.17,which exhibit circulationpatternsin thePCL

duringpartof therecoverystroke.

Figure2.6(C)showsthatthemucussurfaceundergoespositivehorizontaltransportthrough-

out thebeatcycle,while themucusaroundthetractionlayerundergoesbothpositiveandnega-

tiveflow, althoughwecanseefrom themeanvelocity traceongraph(D) thattheentiremucous

layer above  ¢¡e£ undergoesthe samemeantransport. We alsoobserve a small phaselag

betweenthepeakvelocityat themucussurfaceandmucus–PCLinterface,dueto theviscoelas-

ticity of the mucus. Interestingly, this phaselag is muchsmallerfor the full modelshown in

Figure2.12(C).

Figure2.6(D) shows that the meantransportthroughoutmostof the PCL is very closeto

zero. This agreessomewhatwith thework of Fulford andBlake (1986),asdepictedin Figure

1.3,andis verydifferentfrom theprofilessuggestedby Matsuietal. (1998b).Weanticipatethis

becausewehavemodelledthesublayerasafield of verystrongviscousresistance,represented

in our modelby thecoefficient ¤0¥�¡§¦W¨ . Thetotal flux of PCL is very muchsmallerthanthe

total flux of mucus.Figure2.6(D) alsodepictstheinstantaneouspeakhorizontalvelocity. We

noticethat in thetractionlayerregion, thepeakvelocity is over tentimesthesizeof themean

velocity. On themucussurface,theratio is closerto threetimes.

2.10.2 Mean mucustransport

Our resultsusing the standardparameterset predict a meanmucusvelocity of ©WªW«�©¬i®�¯Z° .
Salatheet al. (1997)reporta rangeof valuesof betweenªZ±²¬i® /s and ©W©W©�¬i® /s. Theauthors

believed that the first figure, basedon lessinvasive measuringtechniques,is more accurate.

Reviewing theresultsof similar studies,InternationalCommissionon RadiologicalProtection

andMeasurements(1994) reporteda wide rangeof valuesdependingupondisease,ambient

conditionsandotherfactors.For healthysubjects,valuesof ±Z¨�¬i® /s and ¦W³�¬i® /s for tracheal
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transport,and ´Wµn¶i· /s for bronchialtransportwerereported.Finally, thehTBEculturesstudied

by Matsui et al. (1998b)showed a meantransportof ¸W¹Wº�»¼¶i·�½Z¾ , very closeto our predicted

value.

2.10.3 Differ ent parameter sets

Figures2.7to 2.10show correspondingresultswhereoneparameteratatimehasbeenadjusted.

In Figure2.7, theviscosityratiosareadjustedto ¿zÀ�ÁÃÂ�» , ¿|Ä�ÁÅ´ , so that theabsolutemucus

viscosity in ÂÇÆÉÈJÆÉÊ is thesame,but we aresimulatinga smallershear-thinning effect in

the tractionlayer. Sincewe do not appearto have any cleardataon theshear-thinningeffect,

this parameterset is asplausibleas the previous. The profilesarealmostidentical, the only

significantdifferencebeingthat themucustransportis reducedto ¸ZµFº�¹�¶i·�½Z¾ , andthevertical

mucusvelocity is aroundËWµg¶i·�½Z¾ smallerin magnitude.In section2.12.6we investigatethe

effectof theshear-thinningratio onmeanmucusvelocitymoresystematically.

In Figure2.8we simulateslower ciliary beatingwith Ì	ÁA¸ZÍ . Thegraphsarevery similar

to thestandardparameterset,only with smalleramplitudeoscillations,andthetransportspeed

reducedto »Z¸Fº�Ë�¶i·�½Z¾ . A ´WµWÎ reductionin beatfrequency leadsto a ¸WËWº�¸WÎ reductionin trans-

port. We might expecta reductionin Ì to reducethemucusvelocityproportionatelydueto the

velocity scaling ÌÐÏ . Thereductionis not quitesolargesincetheviscoelasticinteractionof the

mucusandcilia is altered.This interactionis discussedin moredetail in Ñ 2.12.5

In Figure 2.9 we reducethe time constantfor relaxationof stressto ÒÀÓÁmµFº#µÔÂ ¾ . The

effect is an increasein transportspeedto ´Z´Fº!Â�¶i·�½Z¾ , togetherwith smallerpeakvaluesfor

thehorizontalandverticalvelocity. It is interestingthat lesselasticmucusleadsto morerapid

transport,andindeedif we set ÒÕÀ�ÁÉµ , we obtaina transportspeedof ËWÖWº�Í�¶i·�½Z¾ . Theprice

thathasto bepaidfor this, however, is that theforceon thecilia tips asthey propelthemucus

is proportionatelyhigher— ×	ØÅÙ�Ú�Û�Ü�Ø�Ý , all elsebeingheldconstant.It might beanticipated

that this would reducetherateof ciliary beating.In addition,a non-Newtonianmucouslayer,
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by permittinglargeroscillationsthana Newtonianone,mayproducebettermixing andhence

bettertransportof contaminants—thiswill bethesubjectof chapter4. Largeroscillationsmay

alsohelpto createacontinuousmucouslayerin thefirst place,asmucusproductionin thelower

reachesof therespiratorytreeis patchy(InternationalCommissionon RadiologicalProtection

andMeasurements,1994). It is alsopossiblethatan elasticmucouslayer will interactdiffer-

ently with thepenetratingcilia thana Newtonianone,althoughinvestigatingthis is beyondthe

scopeof this model.Theprofilesshown areslightly differentfrom theprofilesfor thestandard

parameterset,with the mucussurfacevelocity beingpositive throughoutthe beatcycle, the

vertical oscillationsbeingof smallermagnitude,andtherebeinga muchsmallerlag between

thevelocityat theinterfaceandat Þ�ßáà .
Figure2.10showstheeffectof slightly thickeningthemucouslayerto àEâ�ãiä . Thisdoesnot

haveasignificanteffectbeyondslightly increasingthetransportspeedto åWæWç�è�ãiä , andslightly

increasingtheverticaloscillationson theuppermucussurface.A full discussionof theway in

which differentphysicalparametersaffect mucustranportis givenin é 2.12.

2.10.4 PCL and mucusflux results

For thestandardparameterset, ê�ë�ì;í�ß§î)ïFç#ïWâWðWñ . Usingequation(2.67),we have a nondimen-

sionalPCL flux of ñFç#ðWñgòQàEïôóZõ . This correspondsto a dimensionalvalueof àCç�æuàöãiä)÷zøZù . This

compareswith amucusflux of ñFç#æWæ.òúàEï óZ÷ , correspondingto adimensionalvalueof àEæWû�ãiä ÷ øZù .

2.11 Numerical solution for ü ý
Ratherthanmakingtheassumptionsabove,wemayinsteadsolvethefull ODEsystemdirectly

using the NAG routine D02GAF (NAG, 1993). This approachhasthe advantagesthat both

the surfaceand interfacemay be constrainedto be flat, pressuregradientsin all threelayers

areretained,andverticalvariationsin thepressurearealsopermitted.ThealgorithmD02GAF

startswith an initial approximationcalculatedfrom the boundaryconditionsandestimatesof

60



0 5 10 15 20 25 30 35 40 45
0

2

4

6

8

10

12
A

Distance (µ m) along wavelength/horizontal velocity u (50 µ m/sec)

D
is

ta
nc

e 
fr

om
 e

pi
th

el
iu

m
 z

 (
µ 

m
)

Mucus

PCL

Recovery stroke ESES

0 5 10 15 20 25 30 35 40 45
0

2

4

6

8

10

12
B

Distance (µ m) along wavelength/vertical velocity v (50 µ m/sec)

D
is

ta
nc

e 
fr

om
 e

pi
th

el
iu

m
 z

 (
µ 

m
)

Mucus

PCL

0 5 10 15 20 25 30 35
−200

−100

0

100

200

300

400

Dimensional distance along wavelength x (µ m)

D
im

en
si

on
al

 h
or

iz
on

ta
l v

el
oc

ity
 u

 (
µ 

m
/s

ec
)

C

Mucus
surface

Interface

Cilia tips

−200 −100 0 100 200 300 400
0

2

4

6

8

10

12

Dimensional horzontal velocity u (µ m/sec)

D
im

en
si

on
al

 d
is

ta
nc

e 
ab

ov
e 

ep
ith

el
iu

m
 z

 (µ
 m

)

D

Peak velocity

Mean velocity

36.3

Figure2.6: Tractionlayeranalyticalresults.A—horizontalvelocityprofilesatfivepointsalong
the wavelengthversusdistancefrom epithelium. B—vertical velocity profiles at five points
alongthewavelengthversusdistancefrom epithelium.C—horizontalvelocityat threedifferent
levelsin theASL, themucus–PCLinterface,thecilia tips þ�ÿ�� andthemucussurfaceþ�ÿ�� ,
versusdistancealong the wavelength. D—meanandpeakhorizontalvelocity versusheight
above the epithelium. Dimensionalparametervalues: �?ÿ������ , 	ÿ�
����� , � ÿ�������� ,� ÿ���������� , �^ÿ�������! #"!$ , 	&%�ÿ���'�
 s. Viscosityratios ()%�ÿ*� , (,+ ÿ.- . Sublayerresistance
coefficient /10)ÿ32!� , sublayervelocityscaling 4�ÿ3��"!� .
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Figure2.7: Tractionlayeranalyticalresults—lessshear-thinning. Dimensionalparameterval-
ues: 576.8�9�: , ;<6�=!>?9�: , @A6CB�>�9�: , DE6.F�G�H�9�: , IJ6K8>ML�N!O#P!Q , ;&R?6K>�G�>= s. Viscosity
ratios S)RT6 B�U , S,VW6XH . Sublayerresistancecoefficient Y1Z[6]\> , sublayervelocity scaling^ 6�F�P_8 .
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Figure2.8: Traction layer analyticalresults—slower ciliary beating. Dimensionalparameter
values: `ba�ced�f , ghajikld�f , m a nokld�f , pqa�r�s�ted�f , u�aji!cwv�xy#z_{ , g&|}ajk�s�ki s.
Viscosity ratios ~)|�aAc , ~,��a�� . Sublayerresistancecoefficient ����a��k , sublayervelocity
scaling ��a�r�z!c .
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Figure2.9: Tractionlayeranalyticalresults—lesselasticmucus.Dimensionalparametervalues:�w���?���
, � ����?��� , � �b������� , � ����������� , � ��������!�#�!  , �1¡ �������¢� s. Viscosityratios£ ¡ �3� , £,¤ ��¥ . Sublayerresistancecoefficient ¦ �¨§� , sublayervelocityscaling © �3���_� .
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Figure2.10: Tractionlayeranalyticalresults—deepermucus.Dimensionalparametervalues:ªw«�¬?�®
, ¯ «�°±?�® , ² «b³�´��® , µ «�¶�·�¸��® , ¹ «�¬±�º�»!¼#½!¾ , ¯1¿ «�±�·�±° s. ViscosityratiosÀ ¿ «3¬ , À,Á «�Â . Sublayerresistancecoefficient Ã «¨Ä± , sublayervelocityscaling Å «3¶�½_¬ .
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Figure2.11:Tractionlayeranalyticalresults—quiverplot of thevelocityfield for the‘standard’
parameterset Æ�ÇCÈ�É�Ê , Ë[ÇCÌÍ�É�Ê , Î Ç�ÏoÍ�É�Ê , Ð�Ç�Ñ�Ò�Ó�É�Ê , ÔÕÇ�ÈÍEÖ�×ØÚÙ!Û , Ë&ÜÝÇ�Í�Ò�ÍÌ
s. Viscosityratios Þ)Ü�ÇßÈ , Þ,àáÇßâ . Sublayerresistancecoefficient ã�ä�ÇßåÍ , sublayervelocity
scaling æ�Ç�Ñ�Ù!È .
thesolutionatboundarypointsfor which thereis noboundarycondition.This is thenimproved

usingafinite differencetechniquewith deferredcorrection.

2.11.1 Transforming the domain

In orderto solve thesystemnumericallyit mustberewritten in theform

çéèê Ç ë ê,ìîíJï ç Ü ï ÒðÒñÒ ï çóòõôñö , (2.79)

for ÷øÇùÏ ï ÒñÒñÒ ï ÌÍ , andsolvedonadomainÍeú í ú�Ï . Wemakethefollowing transformations:

In thePCL,

û Ç Ð í ,
Ø
Ø û Ç Ï

Ð
Ø
Ø í , û Ç¨ÍøÒðÒñÒðÐ , í Ç3ÍüÒñÒñÒ!Ï . (2.80)

In thetractionlayer,

û Ç Ï�ý ì ÏþýÿÐ ö í ,
Ø
Ø û Ç ý�Ï

Ï�ýÿÐ
Ø
Ø í , û Ç�Ð�ÒðÒñÒÏ , í ÇßÏ ÒñÒðÒoÍ . (2.81)
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In theforce-freemucouslayer,

� � �����	��
���	� ,
�
� � � �

��
��
�
� � , ������������ , ������������� . (2.82)

2.11.2 Variablesof the ODE system

Wenow definethevariables����� ����� ���! #" in orderto write theboundaryandmatchingconditions

in theform �%$ ��� at �&�'� or �(��� .

��� �*)+-,.
�!/ �*)+ $.
�! �0)1%,.
�!2 �0)1 $.
�!3 ��
�4�576�)+ $. �8)1 ,:9.<;>=

�-�#� �*)+-,.?
@)+-,A �
�-�B/ �*)+ $. 
@)+ $A �
�-�B �0)1%,. 
C)1%,A �
�-�B2 �0)1 $. 
C)1 $A �
�-�B3 ��
�4�576�)+ $A � 
C)1 ,:9A � ; �D�E
 = �

�!F �G4H576I)+-,. �J)1 $ 9.�;>=
��K ��LM)+ ,:9.N;>= 
POQ)+ $ 9.N;�= 
R4�576�S / �TLU)1 $. �VOW)1 $ 9. 
YX � )1 $A � ���RX � )+ ,:9A � ; �D��
 = �
�!Z ��LM)+ $ 9.N;>= �[OQ)+�,	9.\;>= 
R4H576ES / �]OW)1 $. 
RL^)1 $ 9. �RX � )1%,A � ���RX � )+ $ 9A � ; ���E
 = �
�!_ �`)a ,.
���B" �`)a $.
���BF ��4H576I)+-,A � 
C)1 $ 9A � ; ���E
 = �
���#K �G
b)+ ,:9A � ; ����
 = �c
R4�5�6ES / )1 $A � 
YX / )+ ,	9A / ; �	��
�����d4�576�X / S / )1 $A /
���BZ �G
b)+ $ 9A � ; ����
 = ���e4�576ES / )1f,A � 
YX / )+ $ 9A / ; �T�g
��H�c
d4�576�X / S / )1%,A /
���B_ �G
h)ai,A � 
R4jS / )1%,:9A � ; �D��
 = ���dX / )ai,A / 
d4jX / S / )1%,:9A / ; �T�@
G�H�
�!/#" �G
h)a $A � 
R4jS / )1 $ 9A � ; �D��
 = ���dX / )a $A / 
d4jX / S / )1 $ 9A / ; �T�@
G�H�
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k!lmEnpoq-rs m�t oq-rs l
k!l#lunpoq-vs m�t oq-vs l
k!l#wunxoy rs mct oy rs l
k!l#zunxoy vs mct oy vs l
k!l#{un t�|�}7~ oq vs l^� oy r	�s l����	� t��H�

kil#��n |H}7~ oq-rs l � oy v �s l ���T� tG�H�
kil�<n*oq r:�s l ���	� t��H�ctd|H}7~E� l oy%vs l
kil#��n*oq v �s l ���	� t��H� � |�}7~E� l oy rs l
kil#��n`o� rs l
kiw#��n`o� vs l .

The boundaryconditionstake the form
k v np�

on � n*�
for � n �������������

,
�H�j����������|��

, and
k v n�� on � n �

for � nG� ��� , � n �j��� , � n �>�����������>�H�
, � n | � ��|>�j�H|>�j��|>� . Therearenoboundary

conditionsfor thepressure
ki�

,
k-mB�

,
k!l#�

and
kiw#�

, but two boundaryconditionsfor
k!w

,
k!z

,
kil#w

and
kil#z

, sothat thereare
�>�

boundaryconditionsfor
�>�

variables.Writing thesystemof
�H�

ODEs

in termsof thesevariableswehave

� �	� l �V� l � � t�|�}7~ k-mB� ���¡  l¢ �R£
l � k�m tY¤ � �¦¥¨§!©

l
¢ tR|�}7~��

l ki� �
n � k �� �[� k �� �Rª m � k �m#� �dª m ª l � k �l� �Rª m � k �mB� �Rª m ª l � k �l#�

� �	� l �V� l � � |�}7~ k!� �G�¡  l¢ �R£
l � kil � |�}7~�� l ki{ �

n � k �� t � k �� t ª m � k �m#� t ª m ª l � k �l� �Rª m � k �mB� �Rª m ª l � k �l#�

�	� l �V� l � � k �� ���	£ l �[  l« ���
l � k!w �

n |�}�~ � � l!¬ � ki� t � k-� t ª m � k-m#� t ª m ª l � kil� �dª m � k-mB� �Rª m ª l � kil#��

�	� l �V� l � � k �mB� ���	£ l �[  l« ���
l � k!z �

n t�|�}7~ � � l ¬ � k-� �[� k!� �dª m � k-m#� �dª m ª l � kil� �Rª m � k�mB� �Rª m ª l � kil#��
t®¤ � l°¯ §i© l« � �	�

l �[� l � �
k �{ nG�

k �� nG�
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±I²H³7´¶µ·±®¸i¹#º�»d²j¼ ¹ ¸-½B¾<»R¿À¹Á¸iÂ#º�Ãj±R²jÄ ¹ ¿À¹!ÅT¸�½�±Y¸-½#½c±Y¸i¹½DÆ�»eÇ�³7´E¿À¹Á¼ ¹ ¸!¹#¾
È ±�ÇjÄ ¹ Å	¸-½�±Y¸�½#½DÆc±�ÅT¸�É½#Ê »d¿À¹Á¸ËÉ¹Ê Æ�Ì�Å�Í�±YÎ�Æ�»d²H³7´E¼ ¹ ¸-½B¾
±®Ï-Ð�Ñ!Ò ¹Ó�ÔcÕ×Ö¨ØfÙDÚ�Û Å]³uÅ�ÍE±�ÅDÍ�±YÎÜÆTÝÞÆ�Æ�Ì Ù�Ú�Û Å¡³<Î�Æ

²�³7´ßµà±I¸�½Bá�»d²>¼ ¹ ¸�½Bâ<»d¿À¹Á¸!¹#á�Ã>±R²jÄ ¹ ¿À¹!Å	¸i¹�±Y¸�½B¹�±Y¸i¹#¹�Æc±RÇ�³7´�¿À¹Á¼ ¹ ¸!¹#â
È ±�ÇjÄ ¹ Å	¸i¹�±Y¸�½B¹�Æc±�ÅT¸ É½Bã »d¿À¹Á¸ É¹#ã Æ�Ì�Å�Í�±YÎ�Æc±R²�³7´�¼ ¹ ¸-½Bâ
±¶äËÐ�Ñ!Ò ¹Ó>Ô�Õ×ÖDØ�ÙDÚ�Û Å¡³uÅDÍ<±�ÅDÍE±RÎ�Æ	ÝÞÆDÆÀÌ Ù�Ú�Û Å¡³EÎÜÆ

¸�É½Bá ±RÇ�³�´E¼ ¹ ÅT¸�É¹ ±Y¸�É½B¹ Æc±Y¿À¹Á¸�É¹#á ±RÇ�³�´E¼ ¹ ¿À¹!ÅT¸!¹�±R¸-½B¹U±d¸!¹#¹�Æ È ÅDÍE±RÎ�ÆÀå
Å	±�²jÄ ¹ ¼ ¹ Å	¸iÂ�±R¸-½BÂ�Æ�»d²�³7´ßÅ	¸-½Bã<»R¿À¹Á¸i¹#ã�Æc±Y¼	ä�æ>Ñ!Ò ¹ç�èiÕ×Ö¨ØfÙ�Ú�Û Å¡³¶Å�Í�±�Å�ÍE±YÎ�Æ	ÝéÆ�ÆÀÌ ÙDÚ�Û Å¡³<Î�Æ�Æ

¸ É¹#º »eÇ�³7´E¼ ¹ Å	¸ É½ ±R¸ É½#½ Æc±R¿À¹Á¸ ÉÂ#º »eÇ�³7´�¼ ¹ ¿À¹iÅ	¸-½c±R¸�½#½c±R¸i¹½�Æ È Å�ÍE±RÎ�Æ�å
Å	±�²jÄ ¹ ¼ ¹ Å	¸iê�±R¸-½Bê�Æc±d²�³7´ßÅ	¸-½#Êc»d¿À¹�¸!¹Ê�Æ�»d¼ÀÏ!æ�Ñ!Ò ¹ç�èiÕ×ÖDØ%Ù�Ú�Û Å¡³uÅDÍ�±�Å�ÍE±RÎ�Æ	ÝéÆ�ÆÀÌ ÙDÚ�Û Å]³<Î�Æ�Æ

¸ É½Bâ È�ë

¸�É½B¾ È�ë

¸ É¹Ê È ÅTì�±�ÍHÆ�Åí²jÄ ¹ Å	¸-½�±R¸�½#½c±R¸i¹½�Æc±R²�³7´�¼ ¹ ¸i¹#¾U±d²H³7´E¸iÂ#º�Æ

¸ É¹#ã È ÅTì�±�ÍHÆ�Åí²jÄ ¹ Å	¸i¹�±R¸�½B¹^±R¸i¹#¹�Æ�»d²�³�´E¼ ¹ ¸i¹#â<»d²�³7´�¸!¹#á�Æ

¸ É¹#á È ÅTì�±�ÍHÆ�ÅT±I²jÄ ¹ ÅT¸!Â�±Y¸-½BÂ�±Y¸!¹#Â�Æ�»e²�³7´�¼ ¹ ¸!¹#ã�Æ

¸ ÉÂ#º È ÅTì�±�ÍHÆ�ÅT±I²jÄ ¹ ÅT¸!ê�±Y¸-½Bê�±Y¸!¹#ê�Æc±R²H³7´E¼ ¹ ¸i¹ÊDÆ

¸ É¹#â È�ë

¸ É¹#¾ È�ë .

In additionwehave ÍH² equationsthatfollow from thedefinitionsof the ¸%î s,
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ïÜð!ñuòGó�ô�õ7ö�ð!÷ÁïIøRð�ùú
ïÜð!ûuò�ô�õ�öEð-ü�ïýøRð ùþ
ð�ÿEò������>ïIø��Áü��	��
�óYï	��Àð ùü ódô�õ7ö�� ÷ ��ð þ ó������>ï	�Àð ù÷ óRôHõ7ö�� ÷ �Ëð ú
ó��ÁüÀð ùü#ü �	��
�óYï���øeô�õ7ö�� ÷ �Áü��	ð þ óYð�ü þ �
ð��uò������>ïIø��Áü��	��
�óYï	��Àð ù÷ ødô�õ7ö�� ÷ ��ð ú ø�������ï���ð ùü óRô�õ7ö�� ÷ �Ëð þ
ó��ÁüÀð ùüB÷ �	��
�óYï��cóRôHõ7ö�� ÷ �Áü��	ð ú óRð-ü ú �
ð�üBñ��
EóYï	��ò�óIôHõ7ö��Tð!÷^óRð-üB÷����
�óYï	�có��Tð ùú óYð ùü ú �
ð�üBû��
EóYï	��ò'ô�õ7ö��	ð-ücóYð-ü#ü�� �
EóRï	� ó��	ð ùþ óYð ùü þ �
ð�ü#ÿ!�
EóYï	��ò�ð ùü#ü óRð ùü óeô�õ7ö�� ÷ �	ð þ óYð-ü þ � �
EóYï	�có"�À÷#�	ð ùü óYð ùü#ü óYð ù÷ü ���
EóYï	���$�&%gó�
'�
ø�ô�õ7ö��À÷(� ÷ �	ð þ ódð�ü þ óRði÷ þ ���
�óYï	�
ð�ü)���
EóYï	��ò�ð ùüB÷ óRð ù÷ øeô�õ7ö�� ÷ �	ð ú óRð�ü ú � �
�óYï	�có"�À÷��	ð ù÷ óYð ùüB÷ óRð ù÷#÷ ����
EóYï���	�&%gó�
*�
óIôHõ7ö��À÷(� ÷ �Tð ú óYð-ü ú óYð!÷ ú � �
EóYï	�
ð!÷#ñuòGó�ô�õ7ö��	ði÷UóYð-üB÷�óYð!÷#÷!��ø��	ð ùú óRð ùü ú óRð ù÷ ú ���	��%gó�
'�
ð!÷#ûuò�ôHõ7ö��Tð�ücóRð-ü#ü óRði÷ü��ø��Tð ùþ óYð ùü þ óYð ù÷ þ ��	�&%�ó�
*�
ð!÷ÿEòGó�ô�õ7ö�� ÷ �	ð þ óRð�ü þ óYði÷ þ ��ø��Tð ùü óRð ùü#ü óRð ù÷ü ���$�&%gó�
'�
ð!÷+�uò�ôHõ7ö�� ÷ �Tð ú óYð-ü ú óYð!÷ ú ��ø,�	ðËù÷ óYðuùüB÷ óYð�ù÷#÷ ���	��%gó�
'�

.

This canbe rearrangedto give a systemof -/. first orderequationsthat canbe solvednu-

merically, asgivenin appendixC.

2.12 Numerical resultsand discussion

2.12.1 Comparing the numerical and analytical profiles

In Figures2.12–2.16,we presentgraphsof thenumericalresults,correspondingto thegraphs

givenfor theanalyticalresultsin Figures2.6–2.10.Again, the ‘standard’parametersetwhich

we usefor referenceis 0 ò2143�5
, 6 ò -/. 3�5

,
% ò7
 . 3�5

,
ï ò28�9�:;3�5

, < ò21 .>=?A@ �AB ,
6 üEò . 9 ./- s,

�ÁüEò,1
,
�À÷ËòDC

, EGF òDH . andfor thenumericalmodelonly, EGI ò,J/8
.
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Figure 2.12: Traction layer numericalresults. A—horizontal velocity profilesat five points
along the wavelengthversusdistancefrom epithelium. B—vertical velocity profiles at five
pointsalongthewavelengthversusdistancefrom epithelium. C—horizontalvelocity at three
differentlevelsin theASL, themucus–PCLinterface,thecilia tips KML,N andthemucussurface
KOLQP , versusdistancealongthe wavelength.D—meanandpeakhorizontalvelocity versus
heightabove theepithelium.Dimensionalparametervalues: NRLTS�U�V , WXLZY/[�U�V , P\LQ]'[
U�V , ^RL\_/`ba4U�V , cdLe_�fgS , hiLeSA[kj�l/m	fAn , WGopL\[/`b[/Y s. Viscosity ratios q(orL\S , q�stL\u .
Sublayerresistancecoefficients vGw;L,x/[ , vGyzLD{/_ .
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Figure 2.13: Traction layer numericalresults—lessshear-thinning. Dimensionalparameter
values: |d}�~���� , ��}��A����� , �2}��'����� , ��}���������� , ��}����A~ , �X}�~/����A�	�A� , �G��}������/�
s. Viscosityratios �(��}��'� , ���z},� . Sublayerresistancecoefficient � �4}D¡/� , � ¢�},£/� .

72



0 5 10 15 20 25 30 35 40 45
0

2

4

6

8

10

12
A

Distance (µ m) along wavelength/horizontal velocity u (50 µ m/sec)

D
is

ta
nc

e 
fr

om
 e

pi
th

el
iu

m
 z

 (
µ 

m
)

Mucus

PCL

Recovery stroke ESES

0 5 10 15 20 25 30 35 40 45
0

2

4

6

8

10

12
B

Distance (µ m) along wavelength/vertical velocity v (50 µ m/sec)

D
is

ta
nc

e 
fr

om
 e

pi
th

el
iu

m
 z

 (
µ 

m
)

Mucus

PCL

0 5 10 15 20 25 30 35
−200

−100

0

100

200

300

400

Dimensional distance along wavelength x (µ m)

D
im

en
si

on
al

 h
or

iz
on

ta
l v

el
oc

ity
 u

 (
µ 

m
/s

ec
)

C

Mucus
surface

Interface

Cilia tips

−200 0   200 400 
0

2

4

6

8

10

12

Dimensional horizontal velocity u (µ m/sec)

D
im

en
si

on
al

 d
is

ta
nc

e 
ab

ov
e 

ep
ith

el
iu

m
 z

 (µ
 m

)

D

Peak velocity

Mean velocity

22.2

Figure2.14: Tractionlayernumericalresults—slower ciliary beating.Dimensionalparameter
values: ¤d¥�¦�§�¨ , ©�¥�ªA«�§�¨ , ¬2¥�'«�§�¨ , ®�¥�¯�°�±�§�¨ , ²�¥�¯�³A¦ , ´X¥�ª/¦�µ¶A·	³A¸ , ©G¹�¥�«�°�«/ª
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Figure2.15: Tractionlayernumericalresults—lesselasticmucus.Dimensionalparameterval-
ues: ÃRÄ�Å�Æ�Ç , ÈtÄ�É/Ê�Æ�Ç , Ë\ÄÍÌ'Ê�Æ�Ç , ÎtÄZÏ/ÐbÑ�Æ�Ç , Ò�Ä�Ï�ÓAÅ , Ô>Ä�Å/ÊrÕÖ/×$ÓAØ , È�Ù�ÄZÊ/ÐbÊ�Ì s.
Viscosityratios Ú(Ù�Ä,Å , Ú�Û¼Ä,Ü . Sublayerresistancecoefficient ÝXÄ,Þ/Ê , ÝGßzÄDà/Ï .
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Figure2.16:Tractionlayerresults—deepermucus.Dimensionalparametervalues: áãâ�ä�å�æ ,ç âZè/é�å�æ , êëâÍì'í�å�æ , îtâZï�ðbñ�å�æ , òóâTï�ôgä , õ>âTä/érö�÷/ø	ôAù , ç�ú âTé�ð�é/è s. Viscosityratiosû ú âDä ,
û�ü â,ý . Sublayerresistancecoefficient þÿâ��/é , þ��¼â��Aï .
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Figure2.17:Tractionlayernumericalresults—quiverplot of thevelocityfield for the‘standard’
parameterset ���
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velocity scaling A7�B� ,�	 .

ComparingFigure2.12(A) to 2.6(A), certainfeaturesaresharedby thesolutions,particu-

larly theshapesof thefirst, fourth andfifth profilesin thePCL, andthe largepeakflow at the

point of penetration.It is certainly likely that therewill be similaritiesgiven that the active

porousmedium,tractionlayerforcesandinterfaceboundaryconditionsareidentical.However,

theinclusionof pressuregradientsin themucouslayer, andtheconstraintthatthemucussurface

is flat result in a numberof significantdifferences.During theeffective stroke, thenumerical

modelpredictsslightly largerforwardandbackwardflow in thePCL,but asignificantlysmaller

‘peak’ in thetractionlayer. For thenumericalmodelthereis positivetransportin theupperpart

of themucouslayer, exceptat themidpointof theeffective stroke wherethemucusis actually

flowing backwards.This is dueto thepressuregradientenforcingmassconservationbetween

C �D� and C ��� —any additionalforward oscillationin the lower part of the layer mustbe

balancedby a reducedforward flow in the upperpart of the layer. Conversely, asthe mucus

is pulled back during the recovery stroke, the pressuregradientallows mucusto flow more

rapidly in theupperpartof thelayerto counterbalancethis. Thenumericalresultsalsodiffer in

that thepressuregradientin thePCL variesduring therecovery stroke, so that theprofilesfor

E ����F and E �G��8 differ from theanalyticalpredictions,showing smallermagnitudeflow in
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theoppositedirections.

ComparingFigures2.12(B)and2.6(B), it appearsthat themagnitudeof theverticaloscil-

lationsis far smallerfor thenumericalmodel,dueto theconstraintthat theverticalvelocity is

zeroon both theinterfaceandthesurface.Thepeaksin theverticalvelocity for theanalytical

modelareof theorderof H�I&J�K�L /s, whereasin Figure2.12(B)theverticalvelocity is zeroon

thesurface,asrequiredby our boundaryconditions.

Examiningthe restof the beatcycle, thereareotherdifferencesbetweenthe two models.

The numericalmodelpredictsrathercomplex variationsin the flow field during the effective

stroke,whereastheanalyticalmodelpredictsthat theprofile will berathermoreuniform. Un-

expectedly, the numericalmodelpredictsthat for abouthalf of the recovery stroke, whenthe

cilia aremoving backwards,thereis neverthelessa largeforwardflux in thetractionlayer. The

analyticalmodelhowever predictsa negative velocity at the interfacethroughouttherecovery

stoke. Also sincethenumericalmodelincludestheeffect of theverticalcomponentof theac-

tive porousmediumterm, therearesomerelatively small vertical oscillationsin the PCL not

presentin the analyticalmodel. As for the analyticalmodel,we alsopresenta ‘quiver plot’

of the velocity field, in Figure2.17. This graphshows moreclearly the predictionof the nu-

mericalmodel that the mucusabove MONDP flows nearlyuniformly andsteadilythroughout

mostof thebeatcycle,exceptfor thetimeof penetration,whereastheanalyticalmodelpredicts

slow moving mucusexceptjust before,duringandafterthetimeof penetration,whenit moves

rapidly forwards.It is alsoclearfrom thisgraphthattherearesomecirculationpatternspresent

in both thePCL during therecovery stroke, andthemucouslayer, during therecovery stroke.

Possiblythesepatternsareresponsiblefor acertainamountof mixing whichcanassistwith the

removal of foreignparticles.In particular, any flow responsiblefor moving particlesfrom the

PCL,which doesnot exhibit significantmeantransport,to themucouslayermayassistin their

removal.

Figure2.12(C)shows thevariationsin horizontalvelocity alongthebeatcycle for thenu-
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mericalmodel. Themucusvelocity at the level of thecilia tips is positive throughoutmostof

the beatcycle, althoughof smallermagnitudethanfor the analyticalmodel,andnot showing

thelargephaselag. Thefluid on theinterfacehasaverysimilarpeakvelocity for thenumerical

model, is negative beforeandafter the effective stroke, but unlike the analyticalmodelalso

shows a forwardvelocity halfway duringtherecovery stroke. We alsoobserve thebrief period

duringwhich themucussurfaceactuallymovesbackwards,althoughfor mostof thebeatcycle

it hassignificantpositivevelocity.

Figure2.12(D)showsthemeanandpeakvelocityprofilefor thenumericalmodel.Themean

profile, which is givenby equation(2.66)is of thesameshapeasfor theanalyticalmodel,but

with slightly greatermucustransport.Thepeakvelocity is actuallysmallerfor thenumerical

modelhalfwayupthetractionlayer, anddueto aslightly largerlagbetweenthecilium velocity

andthemucusvelocity at the interface,wheretheconstantQSRUTWV is calculated,thereis slightly

strongerpropulsionof mucusby thecilium.

2.12.2 The relative importance of pressure gradients in the mucus and

PCL

Togetherwith theabovewehaveinvestigatedasimilarmodel(notshown) with nopressuregra-

dientsanywherein thefluid. Wecalculatedonly averysmallmeanmucusvelocity—XZY\[&]_^�`(a�b
for thestandardparameterset. Theanalyticalmodelwith pressurein thePCL only predicted

very similar mucustransportto themodelpresentedhere.This suggeststhat it is theactionof

pressuregradientsin thePCL, ratherthanthemucouslayer, thatareessentialto ensuringpos-

itive transportof mucus.This calls into questiontheearliersuggestionof Sleighet al. (1988)

thatthereis nosignificantinterfacetensionbetweenthePCL andmucus.

2.12.3 Profilesfor differ ent parameter sets

Figure2.13shows the profilesfor the numericalmodelwith a reducedshear-thinning effect.

The total mucusviscosity c2d6c6e remainsthe sameas for the standardparameterset, but the
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shear-thinningratio f6g is reducedto h . Theprofilesarenot greatlyaltered,with theexception

of therebeingsmalleroscillationsin thetractionlayerdueto theincreasedviscosity, a smaller

peakvelocity at thepoint of penetration,andsmallerverticaloscillationsthroughoutthePCL.

It is apparentfrom examining the horizontalprofiles at ikj l and ikj m&h that the larger

valueof f2n resultsin the cilia having lessinfluenceon the tractionlayer during the recovery

stroke, andthesmallervalueof f6g resultingin thetractionlayerhaving moreinfluenceon the

uppermucouslayer. Themeantransportspeedis slightly reducedto o�l p"m�q�r(s�t —thecomplex

interactionscausingthis arediscussedin u 2.12.5.

Figure2.14 shows the resultsfor slower ciliary beating( vwjxo&l ). As for the analytical

model,themeantransportandoscillationsareof smallermagnitude,which is expectedsince

velocity is scaledwith respectto vzy . However, unlike theanalyticalmodel,slowing therateof

ciliary beatingresultsin profilesthatlook verydifferent.Almostall of themucouslayermoves

backwardsduringtheeffectivestroke,andat thelevel of thecilia tips, {|j%} , theflow oscillates

rapidlyduringtherecoverystroke,asshown in Figure2.14(C).Thesmallervaluefor v interacts

with theviscoelastictimescale~�n to producea rapidly oscillatingpressuregradientandhence

verydifferentresults.

Figure2.15 shows the rathererraticprofilesproducedwhenthe time constantis reduced

to � p\��} s, reducingthe elasticity of the mucus. Again, the interactionbetweenthe forcing

frequency and the viscoelasticelementresultsin rapidly oscillatingpressuregradients. The

meanmucustransportis increased,sincethe mucusdoesnot deformlocally asreadily when

penetrationoccurs,andsomucusis ‘draggedalong’morestrongly.

Figure 2.16 shows the effect of increasingthe ASL depthto }�mOq�r . Sincethe mucus

surfaceis furtherfrom thetractionlayer, it hasa smallerinfluenceon propulsion.Theeffect of

theflat mucussurface,which assistswith transport,is reducedandsothemeanmucusvelocity

is slightly reducedratherthanslightly increasedfor theanalyticmodel. Thesizeof this effect

is, however, only around�&� .
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Parameters Analytical velocity (��� /s) Numericalvelocity (��� /s)

Standard �&� �\� ��� �"��2���%��� ���6����� �&� �\����� ��� �"���(� �&� � � ����� � � �&�7�  � ���¢¡W£Z¤¦¥
� � � �\�����¢��� �"���(� �&� � � ��� �&� �\�&�7�§ ��� � �\� � ¡*£Z¤ �&� � � ��¨ �©� �"���(� �&ª � � ��¨ � � � � �7�§ ��� � �\� � ¡*£Z¤ �&� � � ��� � � � ���(� �&� �\�«��¨ � � � ª �7�¬ �%��� ��� �&� �\����¨ � �"�&���(� �&� � � ��� � �\�&�&�7�

Table2.1: Mucustransportvaluesfrom thenumericalmodelfor variousparametersets.

2.12.4 Mean mucustransport

Our simulationusingthestandardparametersetpredictsa meanmucusvelocityof �&�&�"�����(�¡ ,
slightly greaterthanthatpredictedfor theanalyticalmodel( �&� �\�����(�¡ ), andcloseto thevalue

of �&� � � ���(�¡ foundby Matsuiet al. (1998b).

Table2.1summarisestheeffecton mucustransportof differentparametersets.Decreasing

the rateof ciliary beatingwithin the experimentallyobserved range(Salatheet al., 1997)by
� �&� to �&��®*¯�°©�¡ resultsin an approximatelyproportionatereductionin transport. Increasing

the mucus‘stif fness’by reducingthe relaxationtime to �&�"� � ¡ significantly increasesmucus

transportby
� �&� , andsurprisinglyincreasingtherelaxationtime to � �\� � ¡ alsoresultsin anin-

creasein transportof around
� �&� . Thicker (deeper)mucus(

¬ �±��� ��� ) leadsto only slightly

slower mucustransport,provided that suchparametersas the ciliary beatfrequency and the

mucusviscosityremainthesame.Dueto thethickenedlayer, thecilia areactuallypropellinga

considerablylargervolumeof mucus.Thissuggeststhatif athickermucouslayeris observedin

patientswith impairedmucustransport,it maynotbethethicknesspersethatcausestheimpair-

ment,but ratherit maysimplybeaconsequenceof reducedtransport.Conversely, thisprovides

insight into how the body adaptsto a thickeningmucouslayer moving from the bronchioles

to the trachea—thecilia do not needto beatsignificantlyfasterto transporta greatervolume

of mucus.A greatlydepleted,but still continuous,mucouslayer representedby
¬ � �&�"�²���

shows transportincreasedsignificantlyby � � �\�&� .
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It is clearfrom Table2.1thattheanalyticmodelpredictscertainqualitativeresponsesof the

systemwell, only failing to predict the effect of raising ³ and ´0µ . It would be expectedthat

moving the free surfacewould have a very differenteffect whensurfacetensionis presentat

thatsurface.Theeffect of changinǵ�µ is moresubtle,it is dueto the fact thata changein ´�µ
resultsin a changeto thepressuregradientin themucus,which is not presentin theanalytical

model.A moredetaileddiscussionof theinteractionbetweendifferentparametersandphysical

effectsis givenin ¶ 2.12.5andFigure2.20.

2.12.5 Understanding the effects of differ ent physical parameters on

transport

Examiningequation(2.66)weseethattherearevariouswaysin which mucustransportcanbe

altered.Themucusvelocity ·0¸3¹ is proportionalto the interactionvelocity º|»S¼U½¿¾ andthefirst

term in bracesis proportionalto the traction layer viscosity À2µ . Simply alteringthe valueof

thebeatfrequency Á , all elsebeingequal,will have a proportionateeffect on mucustransport.

In addition,all of theparametersinteractin a nonlinearway to affect º¢»S¼U½W¾ , which we explore

below.

For brevity wewrite thefluid velocityat theapex of theeffectivestrokeas·�ÂÄÃÅ½�ÆÇ·_È�ÉZÊ�Ë7Ì
ÁÎÍÏÆÑÐ Ò¦ÓÔÆÖÕ©× . Since º¢»S¼U½W¾(Æk·�Ø�¼UÙU¼UÚ�ºÛ·�Â�ÃÅ½ it is clear that reducingthe valueof ·0ÂÄÃÅ½ will

increaseº¢»S¼U½W¾ andhencethemeanmucusvelocity. In general,physicaleffectsthat resistthe

sharpforward flow of mucusin responseto penetrationwill tendto decrease·�ÂÄÃ�½ andhence

increasetransport.Theeffect of a positive instantaneouspressuregradientÜ Ý©Þ&Ü&Ë is to actasa

resistanceforceto theforwardflow of liquid, ascanbeseenfrom equation(2.35).At thepoint

of penetration,this resultsin a reductionin ·�ÂÄÃÅ½ andhenceanincreasein º¢»ß¼U½¿¾ andhencethe

meantransport.

Hence,theresultsin Table2.1canbeunderstoodphysically. Reducingtherelaxationtime

of the mucusto Ð à\Ð�á�â effectively reduceshow readily the mucuswill deformelasticallyin
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responseto penetration. The valueof ã�ä�åÅæ is hencesmallerand so ç¢èßéUæ¿ê is increased,and

hencethemeantransport.Increasingtherelaxationtime to ë ì\ë&í�î increasestheelasticityof the

mucus,andat the sametime increasesthe positive pressuregradientin the upperpart of the

PCL from approximatelyï&ð²ñóò ô�õ�ö to ÷&ï|ñóòøô�õ�ö . This hastheoverall effect of reducingã�ä�åÅæ
andhenceincreasingthe mucustransport.Decreasingthe depthof the mucouslayer greatly

increasesthe effect of the mucusfree surfaceand henceincreasesthe pressuregradientby

about ï&ë&ù , decreasingã0äÄåÅæ andhenceincreasingtransport.A schematicdiagramshowing the

effectson transportspeedof thevariousphysicalparametersis givenin Figure2.20.

2.12.6 Shear-thinning ratio

We werenot ableto determineparametersfor the shear-thinning ratio, so we have produced

resultsfor a spectrumof valuesof ú2û and ú6ü correspondingto a fixed free mucusviscosity

of õSý üÏþ ú2û6ú6ü þ í&ÿ . The effect on meanmucustransportis shown in Figure2.18. For the

numericalsystem,for valuesof ú2û closeto ð , asharpspikeoccurs(notshown). Thisis dueto the

fact thatthepressuregradientin thePCL enforcing� ��� þ����_þ ë becomeslargeandnegative,

forcing ã to befar too largefor theinterationto converge. In reality, theinterfacewouldsimply

deformunderthis pressuregradient,andour modelassumptionswould breakdown. Sincethe

interfacedoesnot appearto deformsignificantlyin themicrographsof SandersonandSleigh

(1981),it is likely that theviscosityof the tractionlayerdoesnot approachthis value,at least

in theconditionsthey observed.For thestandardparameterset,thejump in normalstressat the

mucus–PCLinterfaceis no larger than ��ë&ë
	 ö�� ü . For ú2û þ� ì����&ï , thejump in normalstress

reaches��ë�ë&ë�	 ö � ü . In orderto balancethis,thesurfacetensionforcemustbetentimeslarger,

whichcorrespondsto thecurvatureof theinterfacebeingtentimeslarger. Againestimatingthe

surfacetensionto be ë ì\ë&ÿ�	�ö � û , thecurvaturemustincreasefrom �  ï�ë|ö � û to �  ï&ë&ë�ö � û . If

wemakethesimpleassumptionthattheinterfacehastheform � þ ������������î ����� ���! � , for some

small perturbation� , the curvaturecanbe approximatedby " ��#$#�" þ � � ü . If the wavenumber

82



%'&)(�*,+.-0/�1325461�7.8:9�7�; , then < mustincreasefrom (0/�=
2>4?1�7.@BA,9 to 1�/C(�=DA,9 , a significant

disturbanceon thescaleof themuco-ciliarysystem.

Even ignoring this point, the relationshipbetweentransportand E ; is still nonlinear, with

transportbeinggreatestat E ; & 4 , andalsobeinggreaterat E ; &GF�= than E ; &IH . We can

understandthis by notingthatat thepointof penetration,thepressuregradientsin thePCL and

theforcefreemucouslayeract to ‘pull back’ theforwardflow of fluid, andhenceincreasethe

relative velocity JLKNMPO of themucusandcilium andhencethemeanflow. Examiningboundary

condition(2.53),we notethatwhen E ; &Q4 , we seethat,ignoringtheverticalvelocity compo-

nentwhich will bezero,thegradientRTS + R�U mustbe thesameabove andbelow the interface.

In general,thegradientis greaterin thePCL thanthetractionlayer, andsothis correspondsto

theflow in thePCL ‘pulling back’ thefluid in thetractionlayer, andcanbeseenby comparing

figures2.12(A)and2.13(A).This resultsin reducedtractionlayermucusvelocityandhencean

increasedvalueof JLKNMVO , andincreasedmeantransport.Conversely, for E ; &WF�= wehave E @ &)4 .
Examiningboundarycondition(2.56)we seethat, ignoring thevertical componentof the ve-

locity, thegradientR.S + R�U mustnow bethesameaboveandbelow theinterfaceat X &Y4 . Since

thegradientis in generallessin X[Z 4 than \^]_X`] 4 thismeansthattheflow in theforcefree

mucouslayerwill now ‘pull back’ thetractionlayermucusmoreeffectively, henceincreasing

JLKNMVO andhencethe meantransport. For the analyticalmodel, transportdoesnot significantly

increaseas E ; is increasedtowardsF�= . This is dueto thefactthattheforcefreemucouslayeris

not subjectto any adversepressuregradientandsowill notactto resisttheforwardflow of the

tractionlayer, regardlessof thevaluesof E ; and E @ .
2.12.7 PCL and mucusflux results

For thestandardparameterset, JLKNMPO &)a�10/�1�(�H�1b4?c . Fromequation(2.67),thenondimensional

PCL flux is c0/C=.c32d461�7.e , correspondingto a dimensionalvalueof 4�/�c�1fA,9�@g+.h . This compares

with amucusflux of =�/C1�ci2j4?1�7.@ , correspondingto adimensionalvalueof 46c�FkA,9�@l+Th . Theflux
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Figure2.18:Meanmucustransportagainsttractionlayerviscosity mgn for fixedmucusviscositymgnomop_q r�s , for numericaland analyticalmodel. Sublayerresistancecoefficients tvuwq x�y ,tvz:qY{�| , sublayervelocity scaling }jqY|0~T� . Numericalmodelassumptionswerenot justified
for mgn��W� , in this regionno resultsaregiven.

of mucusis over �6y�y timesgreaterthanthatof PCL,dueto theviscousresistanceof thecilia.

2.12.8 Modelling diseasedstates

Ourmodelis moresuitablefor comparisonwith diseasessuchaschronicobstructivepulmonary

disease(COPD)or asthma,in whichthedistinctPCLandmucouslayersandinterfacearemore

clearly preserved, thandiseasessuchascystic fibrosis, in which mucinsmay be found in the

PCL, and in which the PCL may be significantly depleted. Detailedcomparisonsof these

conditionsmaybefoundin Rogers(2004)andBoucheret al. (2000). In Table2.2 we present

someresultsproviding a tentative simulationof various‘diseased’statesof the muco-ciliary

system.As onemight expect,our modelpredictsthat if the ciliary beatfrequency is greatly

reducedfrom ��y����.��~.� by s���� to �6y�������~.� , mucustransportis reducedalmostproportionately.

Henceonelikely causeof impairedclearanceis reducedciliary beating.Surprisingly, altered

rheologicalparameterssuchasmuchmoreviscous( mgn
qGmop'q���y ), or muchmore‘watery’
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mucus( �����W� , �g�����o�f��� ), or moreelasticor Newtonianmucus( �������0�C�.� , �����W� ), donot

seemto significantlyimpair mucusclearancewhencomparedwith our initial parameterset. It

is possible,however, thatmoreviscousor lesselasticmucusmayhave a moresubtleeffect by

impairingciliary beating.

The resultsappearto show thatmucusis importantto transportby producingan interface

whichsupportspressuregradientsin thePCL.Thepressuregradientsneedhavenomeaneffect,

but they neverthelessallow thecilia to interactwith theupperlayerefficiently. Theviscoelastic

interactionof mucusandcilia itself appearsnot to bethe importantmechanism.Nevertheless,

it is alsopossiblethatmucuselasticityis importantin the interactionof thecilium tip andthe

mucouslayer. Experimentalobservation andmathematicalmodellingof this interactionwill

provide furtherinsight.

To simulatethe effect of excessive fluid secretion,we chosetheparameters� �Q������� ,

�g��� � , �o�¡� � , representinga deep,lessviscousmucouslayer. The effect was to reduce

velocity to ¢.£0�C£B�,�¥¤.¦ , which althoughsignificantlylessthanthestandardparameters,wasnot

thevirtual cessationof transportonemightexpect.However, asfoundby Blake(1973b),avery

deepmucouslayerwill besubjectto significantgravitational force,which wasnot includedin

ourmodel.In addition,deepermucusmayresultin ‘plugging’ of airways,anddisruptionof the

normalsurfaceandinterfaceproperties.It shouldalsobe notedthat for a deepmucouslayer

or a very narrow airway, curvaturein the § direction,asdepictedin Figure2.19will no longer

benegligible (Rogers,2004),andmay leadto importantpressuregradientscausedby surface

tension.

In summary, nothingshortof a cessationof normalciliary beatingappearssufficient to in-

teruptmuco-ciliaryfunctioningin our model. However, the fact that transportis so impaired

by thelackof apressuregradientin thePCL causedby interfacetensionsuggestsstronglythat

mucus–PCLinteractionis importantfor maintainingefficient transport.For instance,excessive

surfactantmay, by loweringinterfacetension,impair thesystem.Our ‘interface’is anidealisa-
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Figure2.19: As themucouslayer thickensor in narrower airways,curvaturein the ¨ direction
becomesimportant.

Parameters
Meanmucusvelocity©�ª,«¥¬.P®
Analytical Numerical

Standard ¯�°�±C¯ ¯�²0±�¯
Veryslow ciliary beating³�´�µ6¶D·�¸�¹�¬T�º�» ²0±�¼�¯�©�½�¾�°0±�²�¿
® ¾�±C¯�¯�©À½D²�¶�±CÁ�¿
®

VeryviscousmucusÂgÃ�´�¯.¶0ÄÅÂoÆf´�¯.¶ Ç�¯0±�¯b©ÀÈ�¼.°0±C².¿¥® Ç.°0±C²�©ÀÈD¼�²�±C¯�¿
®
‘Watery’ mucusÉ�Ã,´W¶0ÄÅÂgÃ,´)µ�ÄÅÂoÆf´�µ °�²0±�²b©ÀÈ�².Á0±CÇ.¿¥® Ç.²0±C²�©ÀÈDÇ�¯�±CÇ�¿
®

Elastic,‘watery’ mucusÉ�Ã�´>¶0±C¶.¯D�ÄBÂgÃ�´Yµ�ÄÅÂoÆB´Yµ °�Ç0±�Ç�©�È�²�¶0±�¼�¿
® Ç.²0±C°�©ÀÈDÇ�¯�±C¶�¿
®
Deeper, lessviscousmucusÊQ´W¼�¶kª,«¥ÄËÂgÃ�´W²�ÄËÂoÆË´)µ Ì�²0±�Ç�©�½�Ìbµ�±�Ç�¿
® Ì.°0±C°�©À½D¯�¶�±CÇ�¿
®

Doubleviscosity ÂgÃ�´)µ6Ì0ÄkÂoÆB´W² ¯�¼0±�µ�©�½�°0±C¶.°�¿
® ¯.Á0±Íµ�©ÀÈDÌ0±�¶�²�¿
®
Table2.2: Mucus transportvaluesfrom the numericalmodel for variouspossible‘diseased’
states.

tion of therealsystem,which is known to deformin orderto allow ciliary penetration(Puchelle

et al., 1998).Futuremodellingwork shouldinvestigatetherole of this region further.

2.12.9 Comparision with experimental studies

Our simulationsof diseasestates,which suggestthat low mucusviscosity and elasticity do

not harm,and indeedbenefittransport,andthat ciliary beatfrequency is the most important

determinantof normalfunctioning,show someinterestingparallelswith experimentalstudies,

thoughthesemustbequalifiedby thefact thatwe havecurrentlyonly consideredanimperme-

86



mean

mucus

velocity

ÎgÏ

Ðmucuspressure

gradient

moreeffective

mucusand

PCL

pressuregradients

parametershaving

a directeffecton

meanmucusvelocity

parametershaving

anindirecteffecton

meanmucusvelocity

physicaleffects

Ñ0Ò
Ó Ò ÓÕÔ

gradient

moreeffective

PCLpressure

Ñ0Ò
Ó Ò

ÓÕÔ
‘stif fer’ mucus Ö

× ØÚÙ

Û
Ü

Ó Ò

Ü
ÓÕÔ

Figure2.20:Schematicof theinfluenceof physicalparametersonmeanmucusvelocity. Work-
ing from the right, increasesin interactionvelocity ÝLÞNßVà , traction layer viscosity

ÎgÏ
andbeat

frequency Ð all directly increasemeanmucusvelocity, asshown in equation(2.66). Interac-
tion velocity ÝLÞNßVà maybeincreasedby ‘stif fer’ mucus,by increasingPCL andmucuspressure
gradients,andby increasingthe effect of thosepressuregradients.Theseeffectsare in turn
causedby variouschangesto the parameters,for instanceincreasesin relaxationtime á Ï and
mucouslayerviscosity

ÎgÏoÎoâ
bothcauseanincreasein mucusandPCLpressuregradients.Most

parametersdo not have a simpleeffect; for instanceincreasingthe depthof theASL ã leads
to ‘stif fer’ mucus,increasingÝLÞNßVà , hencetendingto increasemeanmucusvelocity. However,
increasingã will alsorenderthe pressuregradientin the mucouslayer lesseffective, which
tendsto have theoppositeeffect. Theoverall effect of increasingã from ä6å:æ�ç to è�åéæ,ç is
shown in Table2.2,a ê�å0ë�ì�í decrease. 87



ableepithelium.

A studyof patientswith pseudohypoaldosteronism(PHA) (Keremet al.,1999)showedthat

no liquid is absorbedfrom theASL by theepithelium,andconsequentgreatlyenhancedmucus

transport. They suggestedthat excessfluid is absorbedby the mucouslayer, ensuringthat

the mucusdoesnot ‘float off ’ the cilia tips, andthat the rheologicalpropertiesof mucusare

improvedby the increasedwatercontent.Our resultsshowing enhancedtransportfor ‘watery

mucus’supportthe hypothesisthat increasedwatercontentof ASL, even beyond the normal

level, is beneficialto transport.Shibuya et al. (2003)useda bovine tracheamodelto testthe

effectof bothosmolalityandliquid depletiononviscosityandtransport.Addingsodiumcaused

a highly significant increasein transport,whereasiso-osmolalremoval of liquid resultedin

approximatelya doublingof ‘viscoelasticity’,anda nonsignificantincreasein transport.This

is qualitatively similar to our resultspredictinga very modestincreasein transportof î�ï for

doubledmucusviscosity.

Mucolytic drugs,designedto reducemucusviscosity, have beenstudiedin an attemptto

improvemuco-ciliarytransportandhencealleviatemuco-ciliarydisfunction.However, (Salathe

etal.,1996;Rogers,2005)mucolyticshavetendedto beineffectivefor improving muco-ciliary

transportin vivo. Symptomsof chronicbronchitisandchronicobstructive pulmonarydisease

have beenslightly improved by the useof oral mucolytics(PooleandBlack, 2001),but this

modestbenefitmaybedueto mechanismsotherthanimproving muco-ciliarytransport,suchas

antioxidantproperties(Ekberg-Janssonetal.,2001),anti-inflammatoryproperties(Gibbsetal.,

1999)or throughincreasingthe watercontentof the ASL (Rochatet al., 2004). Our results

showing thatmucusviscositydoesnot have any cleareffect on transport,andindeedthatvery

viscousmucusmaybetransportedmoreefficiently, areconsistentwith thesefindings.

Finally, ðbñ -adrenergic agentssuchassalbutamolandsalmeterolhavebeenshownto enhance

ciliary beatfrequency (Devalia et al., 1992)andsalmeterolhasbeenshown to slightly enhance

muco-ciliaryclearancein patientswith asthma(Hasanietal.,2003).Converselythe ð -blocking
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drugpropanololdepressesmuco-ciliaryclearancesignificantly(Pavia et al., 1986),consistent

with our findings.

2.13 Conclusionsand futur ework

In this chapterwe presenteda modelof mucustransportwhich representedthepropulsiveand

resistive forcesof the cilia by physically-basedphenomenologicalvolumeforces,andrepre-

sentedmucusasa linearisedMaxwell fluid. Our modelincorporatedthemain featuresof the

system—metachronism,theperiodicityof theciliary beat,resistanceof thecilia sublayer, spa-

tial variationsin the propulsive force, viscoelasticityof the mucouslayer andsurfaceandin-

terfacetension. By exploiting the periodicity of the beatcycle, we convertedthe fluid flow

equationsinto a systemof coupledordinarydifferentialequations.By neglectingsurfaceten-

sion andpressuregradientsin the mucouslayer, we wereableto decouplethe equationsand

find an analyticalsolution. We thencalculatednumericalsolutions,with no suchsimplifying

assumptions,beyondassumingthat thesurfaceandinterfacewereflat. Thenumericalandan-

alytical solutionsshowedsomesuperficialresemblence,but differedsignificantlyin theshape

of thehorizontalprofiles,themagnitudeof theverticalprofiles,andthe responsesto changed

parameters.The analyticalsolutiondid however provide insight into the relative importance

of the surfaceand interfacein ensuringefficient transport,andassistedwith identifying and

understandingwhich physicaleffectscausedcertainresponses.

Subjectto theassumptionof no-flux throughtheepitheliumandconsistentwith thehypo-

tonic defensinhypothesis,the time-averagedhorizontalprofile is qualitatively similar to the

resultsof Fulford andBlake (1986),andtheearlierwork of Blake andWinet (1980),although

with positive transportof PCL only occurringvery closeto the interface.Our resultsarevery

differentfrom thosepredictedby Matsuietal. (1998b).Thisdemonstratesthatadetailedmodel

consistentwith thehypotonicdefensinhypothesisproducesPCLflux inconsistentwith thecon-

clusionsof Matsui et al. (1998b),even with the novel incorporationof mucusviscoelasticity,
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surfacetensionandpressuregradients.Clearly, it will beof considerableinterestto determine

whethermodelsincorporatingosmoticflow, andthusconsistentwith the isotonicvolumehy-

pothesis,producesignificantlydifferentresults. In additionwe observed large oscillationsin

thePCL relative to thenetmucustransport,andcirculationpatternsin thePCL thatmayassist

in themixing andremoval of tracerparticlesor contaminants.

Our modelspredictedphysiologicallyreasonablevaluesfor mucustransport,from physio-

logically justifiedparametersets.Ournumericalresultspredictedseveralinterestingproperties

of themuco-ciliarysystem.Thedependenceof transporton thechoiceof physicalparameters

wasnonlinear. It emergedthat transportwasonly significantlydisruptedby a reductionin ò .

The systemwasremarkablyrobust to changesin otherparameters,althoughthis is notwith-

standingtheassumptionthatthemucus–PCLinterfaceandmucussurfaceremainflat, andthat

the ASL doesnot becomeso thick that gravity is important. It might be expectedthat the

muco-ciliarysystemhasevolvedto functionefficiently evenwhensubjectedto variouschanges

in physicalproperties.Pressuregradientswith zeromean,broughtaboutby the interfaceand

surfacetensionwerecrucialto ensuringefficient interactionbetweenthemucusandcilia. Con-

sistentwith recentexperimentalfindings,ciliary beatfrequency wasa crucial determinantof

efficient transport,and‘watery’mucuswastransportedmoreefficiently thannormalmucus.

Therearea numberof waysthat the modelcould be developed.The cilium-mucusinter-

actionis difficult to representin a simpleway. Therearemany cilium bodiespenetratingthe

mucus,at differentangles,in thepresenceof surfaceforces,with possiblemolecularlevel in-

teractionstaking place. The role of surfactantin allowing cilia tips to deformandpenetrate

the mucusmay bevery interestingto investigate.In orderto modelfurther theway in which

differentphysicalparametersinteract,it would be necessaryto model the internalmechanics

andenergy consumptionof the cilia, ashasbeendoneby GueronandLiron (1992),so that

for instancewe could testwhetherincreasingviscositywould affect beatfrequency; however

extendingtheir modelto thetwo layersystemwith largenumbersof cilia would bevery chal-
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lenging. It is alsoknown that the presenceof mucusprovidesa stimulusfor ciliary beating

(Sleighetal.,1988)—investigatingpossiblemechanismsfor thiscouplingmaybeilluminating.

It might alsobe usefulto modelsmall deformationsof the surfaceandinterface,andthe sur-

facetensionforcesthiswouldproduce.Integrationof moredetailedmodelsof mucusrheology,

suchasthatof Quemada(1984)with thefluid flow equationsmayprovidestill moreinsight,as

would consideringpossiblenon-Newtonianeffectsin thePCL (Boucher,2003). Integratinga

Maxwell elementfor thePCL into this modelwouldbeverystraightforward.

As discussedabove, our resultsmake for an interestingparallel with the study of PHA

patientsby Keremet al. (1999), which concludesthat the greatermucustransportobserved

indicatesthat thethicknessof thePCL is maintainedsothatthecilia cancontinueto penetrate

the mucus. An extensionof this modelwould be to considerhow the cilia canpropelmucus

in the casewherethe PCL is greatlythickenedso that penetrationis not possible,andto test

whethersucha systemresultsin efficient transport. However, in light of our findings that

‘watery’ mucusis propelledvery efficiently, their explanationseemsmostlikely. It may also

beinterestingto usetheframework presentedhereto investigaterolesof beatcycleasymmetry

andmetachronalcoordination,andto examinehow viscoelasticitymayassistwith transporting

fluid overnon-ciliatedregions.

Finally, ourmodelof thebehaviour of the‘activeporousmedium’is only anapproximation

of the beatingcilia. In particular, thereis a gapbetweenthe tips of the cilia andthe mucus

interfacethroughoutthe recovery stroke, which wasnot a featureof our model. In chapter3

we developa singularitymodelof thefield of cilia in orderto modeltheflow in thePCL more

accurately.
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CHAPTER 3

A NEW DISCRETE-CILIA MODEL FOR THE

FLOW IN THE PERICILIARY LAYER

3.1 Intr oduction

In chapter2 we modelledtheactionof thecilia by spatiallycontinuousvolumeforces.In this

chapterwe modelthecilia asdiscreteslenderbodies.This is in orderto gainmoreinformation

regardingthedetail of the threedimensionalflow of periciliary liquid aroundthecilia, andto

makeprogresstowardscalculatingmoreaccuratedataregardingtheflux in this layer, although

dueto computationalconsiderationswedonotyethavedefinitiveresultsfor thecilium spacing

found in the lung. We begin by discussinghow a slenderbody in Stokesflow conditionsmay

bemodelledby line distributionsof singularitysolutions.A singlecilium moving in aninfinite

fluid is modelledusingtechniquesdevelopedby Hancock(1953),Lighthill (1975)andChwang

andWu (1975). Techniquesfor modelling large fields of cilia arereviewed, including those

first presentedby Blake (1972)andLiron andMochon(1976a).We thenpresenta modelfor

thecilia sublayerin thelung,which usestheStokesletfor a point forcein a fluid betweentwo

no-slipboundariesgivenby Liron andMochon(1976b)andthedipoledistributionfor aslender

ellipsoidfromChwangandWu(1975).Thelowerboundaryrepresentstheepithelium,theupper
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boundaryrepresentsthehighly viscousmucusinterface,moving horizontallyaccordingto the

tractionlayermodelof chapter2. An extensionof thetechniquesof Liron andMochon,using

theideasdevelopedfor asinglecilium, is presented.Theresultingintegralequationsaresolved

usinga simplequadratureformula,asusedby Liron andMochon(1976a),but with additional

refinementpoints to improve convergenceandensurethat the solution is correctin both the

nearandfar-fields. Our approachis particularlyusefulsinceit doesnot involve extendingthe

discrete-ciliamodelto multiplenon-Newtonianlayers.

3.2 Representinga singlecilium

As in thework of Blake, Liron andMochonwe begin by defining ó , thecurve describingthe

time-dependentshapeof thecentreline of acilium whosebaseis fixedat theorigin.

ó ô õ�ö�÷�õ�øgùPúüûoùVöþý�õÀøÿùVúüûoùPö��0õ�øgùPúüûPû , (3.1)

where ø is thearc lengthalongthecilium, varyingbetween
�

and � , and ú is time. Thecilium

shapewill beperiodicin time,sothat ó õ�øgùPúüû�ô ó,õÀøgùPú����éû , where� is theperiodof theciliary

beatcycle. Dueto thesmallsizeof theASL comparedwith thesizeof thecultureor bronchial

tube,theepitheliumis modelledasadoubly-infiniteflat planegivenby �	�Bô �
.

Onecouldattemptto modeltheinternalmechanicsof thecilia, andfor simplersystemsthis

hasbeendone(GueronandLiron, 1992,1993)but, dueto the computationalcostthat would

resultfrom modellingindividual cilia in thecomplex liquid mediumof thelung, this would be

ratherdifficult to applyto our problem.In this studywe will beconcernedwith calculatingthe

fluid flow for aspecifiedbeatpattern.We follow Blake (1972)andrepresenttheciliary beatby

afinite Fourierseries:

ó�õÀøÿùVúüûIô

��
�� ÷

� �  õ�ølû������lõ����!úüû����  õ�ølû�� �"! õ#�$�!úüû % ,
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Figure 3.1: Computerreconstructionof the beatcycle from Sandersonand Sleigh (1981).
Wavenumber&('*),+#-�. . Axesscaledwith respectto cilium length.
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whereA is theangularfrequency in B C�D�EGF . For thissimulationweusethecoefficients
=

8
0 and

@
8
0 givenby Fulford andBlake (1986),which producesthebeatcycledepictedin Figure3.1.

Thevaluesfor H < and HJI are K and L respectively. Thesecoefficientswereobtainedby least

squaresfitting to photographicimagesof culturesof cilia producedby SandersonandSleigh

(1981).

3.3 Singularity solutions

TheStokeslet M�NPO 2RQTSVUW6 for thevelocity at Q dueto a point forceat U is givenby thesolution
X OY' 2 M < O

S MZI[O S MZ\[O 6 of theStokesflow equations

] ^ O`_badc I X O`_�e�O�f 2RQ ] UW6 ' ) ,

g X O ' ) . (3.3)

f denotesthethreedimensionalDirac deltadistribution. e�O denotesthecartesianunit vectorin

the h direction. Thevelocity field resultingfrom a force i is thengivenby j3Nk'lM�N5OGm�O . Here

andin whatfollowsweusethesummationconvention.

In aninfinite fluid, theStokesletis givenby M:nNPO ' 2 f N5OGEVoY_bopNqopOGE�o \ 6 E 2sr�t a 6 . Thepotential

sourcedipole,ordoublet,is ahigherordersingularitygivenby uvNPOw' 2 fxNPOyE�o \ ] L�opNqopO�EVo�z 6 E 2 - t�6 .
Thissingularitydecaysmuchmorerapidly, andwill havea far lesssignificanteffecton thefar-
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field whencomparedwith theStokeslet.However, in thenear-field it maybeimportant.

For ournew sublayermodel,wewill usetheStokesletderivedbyLiron andMochon(1976b)

for a point force in thedomain {k| }*~W��}�| , {�| }�~	��}�| and ��}*~	��}�� , asshown

in Figure3.6,anddenotedby ����5� , andthesummedandaveragedform of this,denoted����P� . In

summaryhave

����5� Stokesletfor point forcein infinite domain,

� ��� ��5� Stokesletfor point forcein semi-infinitedomain~	����� ,

� ��5� Stokesletfor point forcein confineddomain����~	����� ,

� ��5� ��� �
����� �

�
� �

� ��P� � ~W��¡x~	�¢¡x~	�p¡x£¤�¦¥¨§ª©J«7¬¤¡���¡x£¢�¢�®G~	� ,
¯ �5� potentialsourcedipolein infinite domain,

andthesymbol � �5� for agenericStokeslet.Theterm ����P� resultsfrom consideringarectangular

arrayof point forceswith spacing©J«7¬ in the ~W� direction,where©J«7¬ is themetachronalwave-

length,andspacing° in the ~	� direction.Theexpressionis foundfrom averaging(integrating)

over ±�°�}�~	��} � ±²¥�³V�° , thensummingover thedoublearray. This is explainedin moredetail

in ´ 3.6.1.

3.4 Using singularity solutionsto representthe cilium

The singularityapproachexploits the linearity of the Stokesflow equationsby summingsin-

gularity solutionsof thefield equationsin orderto satisfytheboundaryconditions.Sincethe

cilium is a slenderbody, we requirethat therewill bea constantvelocity on any circle around

thesurface.In addition,we requirethatfor any givenmotionof thecilium µ1¶¸·�µ�¹ , thereexists

a distribution of singularitiesthatwill give rise to a fluid flow º that is equalto µ¤¶�·�µ�¹ on the

wholeof thesurfaceof thecilium.

A boundaryintegral formulationwould typically involvedistributingStokesletsandStress-

95



letsovertheentireboundarysurface,which in thiscasewouldbethesurfaceof thecilium. This

would be very computationallyexpensive, due to the large numberof nodepoints required.

Insteadwe pursuea solutionbasedon distributionsof singularitiesalongtheaxesof thecilia.

This approachwasfirst pursuedby Hancock(1953), for the modellingof organismssuchas

nematodewormsandspermatozoa.

Wecomparethreedifferentdistributionsof singularities,to determinewhichgivesthemost

satisfactoryrepresentation.To begin with, wewill work in theinfinite domain.

3.4.1 Stokesletdistrib ution

The simplestway to representthe moving cilium is with a line distribution of Stokeslets
»�¼½5¾¦¿ÁÀTÂ�Ã$¿ÅÄpÂxÆªÇ Ç , of strengthÈ ¾ ¿"Ã�¿5ÄpÂxÆªÇxÇ for ÉËÊ Ä ÊÍÌ , theapproachusedby Hancock(1953).

At any time Æ�Î É , thevelocityfield is thengivenby

Ï ½ ¿ÁÀTÂxÆªÇÑÐ
Ò

Ó
» ¼½P¾ ¿ÁÀTÂ�ÃÔ¿5ÄpÂxÆªÇ Ç È ¾ ¿�Ã$¿ÅÄpÂxÆªÇ ÇdÕ�Ä . (3.4)

Hereandin whatfollows,weusethesummationconventionfor thedirectionalindex Ö . Apply-

ing this equationon thecilium, Ï ½ ¿�ÃÔ¿5ÄpÂxÆªÇxÇ�Ð�×�Ø ½ ¿5ÄpÂxÆªÇ�Ù�×,Æ andso

×ZØ ½
×,Æ ¿5ÄyÚ ÂxÆªÇÑÐ

Ò
Ó

» ¼½P¾ ¿�Ã$¿ÅÄyÚ ÂxÆªÇ�Â Ã�¿5ÄpÂxÆªÇxÇ È ¾ ¿�Ã$¿5ÄpÂxÆªÇ Ç�ÕZÄyÛ (3.5)

Hence we have a Fredholm integral equationof the first kind for the force distribution

È ¾ ¿"Ã$¿5ÄpÂxÆªÇxÇ . In whatfollows,wenondimensionalisewith Ì asthelengthscale,Ü¦Ì atthevelocity

scale,Ü�Ý�Þ asthetimescaleandßdÜ¦Ì�à astheforcescale(sothatthescalingfor È ¾ is ßdÜ¸Ì ).

A simpleway to solve this equationwould beto replacetheintegral with a quadraturefor-

mula,suchasthemidpointrule,andsolve theresultingintegralequation,asusedby Liron and

Mochon(1976a).However,
»�¼½P¾ variesvery rapidly closeto thesingularity, causingunaccept-

ableoscillationsin thesolutionbetweenmeshpoints.A moresatisfactoryapproachis to divide
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thecilium into thesegments á á�âdãåä�æ ç¢è²éêâëç¢èìæ with midpoints íªî`ïðá�âdã�ñ,ò#ó�æ�ç�è , andassume

that the force distribution ô�õZá"ö$áÅíyéê÷ªæ æ canbe approximatedby the midpoint value ô�õøá"ö�á5íªîPéê÷ªæ æ .
This leadsto

ùZú7û
ù ÷ áÅíVü�éx÷ªæÑï

ý

îRþ�ÿ�� î �þ�ü ô�õZá"ö$á5íªî5éx÷ªæ æ
î�� ý
� î���ÿ	�
� ý ����

û õ á�ö�áÅíVü�éx÷ªæ�é ö$á5ípéx÷ªæxæ���í
� ô�õ á�ö�áÅíªü�éx÷ªæxæ

ü�� ý
� ü���ÿ	��� ý �����

û õ á�öÔá5íªü�éê÷ªæ ������� é�ö$áÅípéx÷ªæ æ���ípé (3.6)

where
� ï á���ÿ�é�ñ,é��! ¢æ is the normal to the cilium axis in the planein which the cilia beat.

We canthenapply themidpoint rule with " pointsto eachintegral, usingthemidpoints íVî�#$ï
á�âTã ä�æ�ç�è � á%$ ã ñ,ò#ó�æ�ç�á&"�èìæ . Hencewehave

ùZú7û
ù ÷ á5íªü�éê÷ªæðï ä

"�è
ý

îRþ�ÿ�� î �þ�ü
'
#�þ�ÿ

��� �û õ á�ö$áÅíªü�éx÷ªæ é�ö$áÅíVî�#Åéê÷ªæ æ�ô�õZá"ö$á5íªî5éx÷ªæ æ

� ä
"�è

'
#�þ�ÿ

�����û õ á"ö�á5íªü�éê÷ªæ �����(� é�ö�áÅíªü�#séx÷ªæ æ ô�õ á�ö�áÅíVü�éx÷ªæ æ . (3.7)

The
�)���*�

termmovesthepointof evaluationoff thecilium axisandontoapointon its surface

to ensurethat theStokesletis large,but finite. Equation(3.7) canberearrangedinto a matrix

equation

ùZú7û
ù ÷ á5íªü�éê÷ªæ ï

ý
îRþ�ÿ

+ î õü û ô�õZá"ö�á5íªî5éx÷ªæ æ , ä-,/.0,21 , ä3,546,�è , (3.8)

where
+ î õü û is givenby

+ î õü û ï
ä
"kè

'
# þ�ÿ

�����û õ á�ö$á5íªü�éx÷ªæ é�ö$áÅíªî7#séx÷ªæ æ if â-8ï94 ,
ä
"kè

'
# þ�ÿ

�����û õ á�ö$á5íªü�éx÷ªæ �:���(� é�ö�áÅíVü;#Réx÷ªæ æ if â:ï94 .
(3.9)
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Thispresentsasystemof <>= equationsfor <?= unknowns,the @(ACBEDB%FHG;IKJHLML for N�OQP�ISRSRSR*IS=
and TUOVP(I�W?I�< , which canbesolvednumericallywith theF04AAF NAG library routine. The

solutionfor the velocity field canthenbe calculatedusingthe discretisedversionof equation

(3.4),

XZY B�[\IKJHL�O P] =
^
G�_a`

b
c _a`

d�e�fY A Bg[\I�DB&F*G c I�JHLMLM@�AhBEDB%FHG%I�JHLMLiaFjR (3.10)

Whensolving integral equationsof the first kind variousdifficulties may be encountered.

One suchproblemis the existenceof non-trivial solutions @ to the homogeneousequation
k O `l @B&FjL e B%F�LmiaF when the kernel e is not everywherepositive—thismeansthat the in-

homogeneousproblemwill not have a uniquesolutionandnumericalresultsmaybeincorrect.

We have testedthealgorithmwith noDqp>n>J setto zero,but theonly solutionobtainedfor @ was

thezerosolution. It is importantfor this typeof integral equationthat thematrix r is not sin-

gularor severely ill-conditioned,otherwisethesolutionis likely to be wildly oscillating. The

kernel e fY A is large at pointswhere NmOts and uvOtT , which is usefulbecauseit ensuresthe

diagonalelementsof thematrix r arerelatively largecomparedwith theotherelements,sothat

thesolutionis stable.

Oncetheforcedistribution is found,thealgorithmcanbecheckedfor consistency by eval-

uatingthevelocityon thecilium surface.Using w�OxB�y`MI k I�y!zSL and {�OxB k I>P�I k L to denotethe

unit normalandbinormalto the cilium centreline, we apply two tests: is the velocity on the

line D|B&F}IKJHL�~�� l w on thecilium surfaceequalto thecilium velocity noD�p>n>J , andis thevelocity

constanton thecircle DB%FjI�JHLq~:� l����>��� w�~�� l��M�E��� { , on thecilium surfacefor
k�� � � W�� ?

Someresultsareshown in Figure3.2. In graph(A), thereis anexcellentfit to theboundary

conditionsexcept for nearthe cilium tip, wherethe calculatedvelocity divergessignificantly

from thecilium velocity, andnearthebase,wherethereis asmalldivergencefrom theexpected

zerovelocity. Graph(B) shows a variationof around P k>� in the velocity moving aroundthe

cylinder. We now considerrefinedapproachesin orderto representthecilium moreaccurately.
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Figure3.2: A—Profilealongcilium for Stokesletcode,truecilium velocityatnodepointsgiven
by � . Parameters�����(� , �����>� , �����9�?�;�(� � . B—Profilearoundcilium at ¡3�9�?�E¢ .

3.4.2 Stokesletand dipole distrib ution—the cylinder

Following onfrom theideasof Hancock,Lighthill (1975)suggestedthatcilia andflagellacould

betterbemodelledby consideringthecombinedactionof Stokesletsanddipolesdistributedon

their axes. In Childress(1981) it is shown how the flow at £¤�¥� arounda straightcircular

cylinder of radius ¦ , lying on the £ –axisbetween£5�V§�¨ and £5�V© ( ¦3ª�¨«ªS©V¬� , ¦¯®
¨°ªS© ) is given by a distribution of Stokesletsof strength± anddipolesof strength¦�²(±*³´� µ�¶ ,

where ± ³ is thecomponentof ± normalto thecilium axis. Sinceit is necessaryto assumethat

¦·® ¨«ªS© , thisresultmaybreakdown neartheendsof thecilium. Thecylindrical cilium shape

is illustratedin Figure3.4(A).

With ¦¸�¹��� , this leadsto thefollowing integralequation:

ºa»S¼
º>½¿¾ ¡}ÀMª ½HÁ �

Â
� ¶�Ã�Ä¼%Å ¾ÇÆ�¾ ¡}ÀMª ½HÁ ª Æ¾ ¡}ª ½HÁMÁ�È(Å ¾EÆ¾ ¡jª ½HÁ�ÁÉ ¡
Ê � ²�
µ

Â
�
Ë ¼;Å ¾ÇÆ|¾ ¡ À ª ½HÁ ª Æ�¾ ¡jª ½HÁ�Á�È ³Å ¾ÇÆ|¾ ¡jª ½HÁMÁÉ ¡ , (3.11)

Thesingularity
Ë ¼;Å

is thepotentialsourcedipoledefinedabove, ± ³ is theprojectionof theforce
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Ì
ontotheplanenormalto thecilium at thepoint Í�Î%ÏjÐ�ÑHÒ . Thenormalcomponentof theforceis

definedto be
ÌHÓ«Ô Î ÌÖÕØ× Ò ×¿Ù Î ÌÖÕØÚ Ò Ú .

Usingthesamediscretisationasin Û 3.4,wehave

ÜhÝ�Þ
Ü Ñ Î&Ï*ß(Ð�ÑHÒ

Ô àá�â
ã

ä�åaæ�ç ä�èå ß
é
ê åaæqë

ì�íÞ;î ÎÇÍ|Î%ÏHß�Ð�ÑHÒMÐ�Í|Î&Ï ä ê Ð�ÑHÒMÒMï î ÎÇÍÎ&Ï ä Ð�ÑHÒMÒ
Ù ðØñòó á�â

ã
ä�åaæ�ç ä�èå ß

é
ê åaæ

ô Þ%î ÎEÍ|Î%ÏHß(Ð�ÑHÒ�Ð�Í�Î%Ï ä ê Ð�ÑHÒ�Ò�ï Óî ÎÇÍ�Î%Ï ä Ð�ÑHÒ�Ò
Ù àá6â

é
ê åaæ�ë

ì�íÞ%î ÎEÍÎ%ÏHß*Ð�ÑHÒ Ù ð ò × Ð�Í�Î%ÏHß ê Ð�ÑHÒ�Ò�ï î ÎÇÍ�Î%ÏHß�Ð�ÑHÒ�Ò
Ù ð ñòó á�â

é
ê åaæ

ô Þ;î ÎÇÍ�Î%ÏHß�Ð�ÑHÒ Ù ð ò × Ð�ÍÎ&Ï*ß ê ÐKÑHÒMÒ�ï Óî ÎEÍÎ%ÏHß(Ð�ÑHÒMÒ . (3.12)

Thiscanagainberearrangedinto theform (3.8)whereõ ä
î
ß Þ is givenby

õ ä
î
ß Þ Ô

àá�â
é
ê åaæ

ðØñòó ô Þ%ö ÎÇÍ|Î%ÏHß(ÐKÑHÒ�Ð�ÍÎ&Ï ä ê Ð�ÑHÒMÒ\Î7÷ ö ÷ î Ù¸ø ö ñ ø î ñ Ò
Ù
ë
ì íÞ;î ÎÇÍ|Î%ÏHß�Ð�ÑHÒMÐ�Í|Î&Ï ä ê Ð�ÑHÒMÒ ùEú ûýüÔ¤þ

,

àá�â
é
ê åaæ

ðØñòó ô Þ%ö ÎÇÍ|Î%ÏHß(ÐKÑHÒ Ù ð ò × Ð�Í|Î&Ï ä ê Ð�ÑHÒMÒ\Îÿ÷ ö ÷ î Ù¹ø ö ñ ø î ñ Ò
Ù
ë
ì íÞ;î ÎÇÍ|Î%ÏHß�Ð�ÑHÒ Ù ð ò × Ð�ÍÎ&Ï ä ê ÐKÑHÒMÒ ùEú û Ô¤þ

,

(3.13)

where� Ô à Ð��?Ð�� is asummationindex. Thevelocityfield canthenbecomputedfrom

� Þ Î��\Ð�ÑHÒ Ô æ
ò ë

ì�íÞ%î Î��\Ð�ÍÎ&Ï}ÐKÑHÒMÒ�ï î ÎEÍÎ%ÏjÐ�ÑHÒ�Ò��aÏ Ù2ð ñòó
æ
ò ô Þ%î Î��\Ð�Í�Î%ÏjÐ�ÑHÒMÒMï Óî ÎÇÍÎ&ÏjÐ�ÑHÒMÒ��aÏ ,

(3.14)

and the solution ï î ÎÇÍÎ&Ï ä Ð�ÑHÒ�Ò can be testedas beforeby replacing � with ÍÎ%ÏHß(Ð�ÑHÒ Ù ð ò × and

� Þ Î	��Ð�ÑHÒ with
Ü>Ý�Þ�
>Ü Ñ .
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Figure3.3: A—Profile alongcilium for cylinder algorithmwith ������ , ������ , ������������! .
B—Profilearoundcilium at "#$���&% .

In Figure3.3we presentsomecalculationsfor thecylinder algorithm.Graph(A) is signif-

icantly worsethanFigure3.2(A), sinceneartheendsof thecilium, thedipolecorrectionis not

valid. Graph(B), however, shows a rathermoresatisfactoryprofile moving aroundthecilium.

In ' 3.4.3we usea refinementto thedipoledistributionwhichgivesmoresatisfactoryresults.

3.4.3 Stokesletand dipole distrib ution—the ellipsoid

Anotherapproachis to modelthecilium asaslenderellipsoid.ChwangandWu (1975)showed

that the flow arounda prolatespheroid(*)+��,-)/.10324)/.65�)�78���9)�  � , ,;:<��� is given by a

distributionof Stokesletswith strength= anddipoleswith strength0�> )�? ( ) 7@� )� �!A�, ) = . Thefocal

lengthis A�> , sothat >BC03, )D? � )� 78E�F ) . In nondimensionalunits,wherethecilium lengthis � , we

choose>G1���!A , �H�I6�������! , so ,J)KL>3)M.N�!)� L���&A�%���O . Thearc lengthparameteris givenby

"PQ(R.$���!A andsothesingularitystrengthis "S0T� ? "�7��9)� �!���U%��!�� .
This leadsto theexpression

VXWHY
V�Z 0@"\[8] Z 7^ E

�`_
acbYed 0gfG0�"\[T] Z 7T]8fG0@"\] Z 7T78h d 0UfG0�"+] Z 7i7Djk"

. �9)�
���!Al.mA�� )�

E
� "S0T� ? "�78n Yed 0gf�0@" [ ] Z 78]TfG0�"+] Z 7i78h d 0gfo0�"+] Z 7i7cjX" , (3.15)
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Figure3.4: Notionalcilium shapesfor the‘cylindrical’ and‘ellipsoidal’ models.A—cylindrical
cilium. B—ellipsoidalcilium.

which differs from equation(3.11)in that thedipolestrengthis calculatedfrom p�q ratherthan

thenormalcomponentpXrq . This is thendiscretised,

sXt�u
s�vRw�xzy�{ vz|~} ��K�

�
���k��� �	�� y

�
� �k���

�c�u q wg��w@xzy�{ vz| {8�Gw@x � � { vz|T| p�q wU�Gw�x � { vz|T|

� �9���K� w ���!� � � � �� |
�

�	�k��� �	�� y
�
� �k� x � w �D� x �

|8�Iu q wU�Gw@x�y�{ vz| {T��w�x � � { vz|i| p�q wg�Gw�x � { vz|i|

� ��K�
�
� �k���

�c�u q wU��w�xzy�{ vz| � � ��� {8��w@xzy � { vz|T| p�q wg�Gw@xzy�{ vz|i|

� � ���K� w ���!� � � � �� |
�
� �k� x�y!w ��� xzy

|T�Iu q wU��w�xzy�{ vz| � � ��� {8��w@xzy � { vz|T| p�q wg��w@x�y�{ vz|T| ,
(3.16)
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Figure 3.5: A—Profile along cilium for slenderellipsoid algorithm. Parameters� � ��� ,� �L��� , �� #�$��¡���¢!£ . B—Profilearoundcilium at ¤¥�¦��¡U§ .
againleadingto amatrixequationof theform (3.8),

¨ª©¬«¯® �

�� �
°
±g²k³ ´

µc¶® «B·U¸�· ¤ �¹»ºz¼8¹ ¸o· ¤ © ± ¹iºz¼T¼
½ �9¾ 
��¢!¿ ½ ¿�� ¾  ¤ © · ��ÀÁ¤ © ¼8ÂK® « ·g¸o· ¤ �¹iºz¼T¹ ¸G· ¤ © ± ¹iºz¼T¼ ÃUÄ Å�Æ�ÈÇ ,

�� �
°
±g²k³ ´

µc¶® « ·U¸�· ¤ �¹»ºz¼ ½ �� �É ¹ ¸�· ¤  ± ¹iºz¼T¼
½ � ¾ 
��¢!¿ ½ ¿�� ¾  ¤  · ��À`¤ �¼TÂI® « ·g¸G· ¤ �¹iºz¼

½ �� �É ¹ ¸�· ¤  ± ¹»ºz¼T¼ ÃUÄ Å �ÈÇ .

(3.17)

In Figure3.5(A) thereis averysignificantimprovementin thefit betweenthecilium velocity

andthecalculatedvelocityat thecilium tip andbase.Figure3.5(B)showsthatthevariationsin

velocityaroundthecilium arestill small,comparablewith theresultsfor theotheralgorithms.

3.5 Singularity distrib utions for the confineddomain

Sincewewishto modelacilium beatingin aconfineddomain,wenow repeattheabovecalcula-

tionswith theconfineddomainStokeslet,
µ�Ê® « , whichsatisfies

µ-Ê® « ·&Ë*Ì �¦� ¼ �¦�Í� µ�Ê® « ·&Ë*Ì �C� ¼ ,
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Figure3.7: A—Profile alongcilium for Stokesletcode,confineddomain.ParametersÝ�Þ Ò�Ó
,ß Þ Ò�Ò

, à�á#Þ Ó�â�Ò�ã!ä
. B—Profilearoundcilium at å¥Þ Ó�âUæ

.

asdepictedin Figure3.6.Weshallnotmodify thedipole,dueto its higher-orderdecay.

In Figure3.7 for the Stokesletonly, thereis againsignificantdivergencebetweenthe ex-

pectedcilium tip velocityandthecalculatedvelocity. Theresultsmoving aroundthecilium are

similar to theinfinite domainresults,with a rangeof approximately
Ó�â&Ó*Ò�Ò

. In Figure3.8for the

ellipsoidalrepresentation,the profile alongthe lengthof the cilium is againvery satisfactory.

Thevariationsin velocity moving aroundthecilium areapproximately
Ó�â&Ó�Ó�ç

, which is an im-

provementon theStokesletonly results.Basedonthecalculationspresentedhere,weconclude

thattheslenderellipsoidis thebestrepresentationfor thecilium, andwill usethis for ourmodel
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Figure3.8: A—Profile alongcilium for slenderellipsoid code,confineddomain. Parametersè1éCê�ë
, ì éCê�ê

, í�î é$ë�ï�ê�ð!ñ
. B—Profilearoundcilium at ò é¦ë�ï&ó

.

in ô 3.7.

3.6 Representinginfinite arrays of cilia

Thenext stepin modellingthesublayeris to take into accountthe largenumberof cilia. The

approachtaken by Blake (1973b)was to consideran evenly spaceddoubly-infinite array of

cilia, andto make the simplifying assumptionthat the metachronalwave extendsthroughout

thecilia in the õJö direction,andthatthecilia arein phasein the õ*÷ direction.Theperiodicityof

thewave andthesymmetryin the õ*÷ directioncanthenbeexploited. This setupis depictedin

Figure3.9.

3.6.1 Metachronal wave

Weassumeantiplecticmetachronism,thatis themetachronalwavefrontpropagatesin thenega-

tive õJö direction,themucusbeingtransportedin thepositive õJö direction.With thisassumption,

acilium whosebaseis fixedat õJö é õ will bedescribedby ø3õ-ù ë ù ë!ú\ûýü ø@ò\ù�þ�õ ð!ÿDû��zú , ë�� ò �Lê
,

where þ is thewavenumber��� ð�� ,
ÿBð ��� is thefrequency and � é ÿ�ð þ is thewavespeed.The

plus sign beforethe
ÿ

indicatesantiplecticmetachronism.If we assumethat the cilia have a
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Figure3.9: The doubly-infinitearrayof cilia, with spacing� in the 
� directionand
	

in the
�� direction. In the 
� direction,every ��� th cilium is in phasedueto periodicity. In the 
��
direction,everycilium is assumedto bein phase.

spacing� in the 
� directionand
	

in the 
�� directionthenthecilium at � ������� 	 ����� is described

by ���� �"! �$#%�'& � ���)(+*, �"! �$- � �.�$� 	 (+*�� �"! �$- � �.�$*�/ �"! �$- � �0� , (3.18)

where

- � &21����43�56(�# , ���$��&2�,��798���7;:,��<=<=< (3.19)

Blake,(1972;1973b;1975b;1984),FulfordandBlake(1986),Liron andMochon(1976a)and

Liron (1978)all modelledthecilia asline distributionsof Stokeslets>@?"A only. Summingover

thedoubly-infinitearraywe have

B ?C�ED �$#%�'& F �G@H
F

F�IG@H
F


�KJ AL� � �� �"! �$#%�$�"M >@?"AN�ED � � �O �"! �$#%�0�'P ! , (3.20)

whereQ &R8 , : , S . It is not possibleto solve this integral equationimmediatelybut thereare

variousways to rearrangeit into a more tractableform. Supposethereare ��� cilia in one

wavelength,sothatfor all integers� we canwrite �T&VU%���I(XW , where �ZY[W9Y[���]\V8 and
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^`_ba,c=dfe�c=dhg,c=i=i�i . By definition,

jlk"m c$n�oqpR_ jlk"m c$r�s�t�u4^wv�xzy{t|u=}�v�xzy+~%p ,
_ jlk"m c�g��'^Cv�xZy{t|u=}�v�xzy+~%p ,
_ jlk"m c=t�u=}Lv�xzy�~%p , (3.21)

thelastline followingby periodicityof
j

. Wewrite
j�k�m c�t|u=}�v�x�yh~%p as

jL��k"m c$~%p . By makingsome

furtherperiodicityassumptionson ��� , givenin equation(3.26)wecanshow that ��� k�j � k"m c$~%p$p'_
��� k�j oO� k"m c$~%p$p . Hencewecanrewrite theaboveas

��� kE� c$~%p�_ o'���@�
��� s

�
s ��� k�j � k"m c$~%p0p �� � � �

�� � � �
���@� � k�� c j � o ��� ��� � k�m c�~%p0p�� m , (3.22)

asgiven in Sleigh andBlake (1975), Liron andMochon (1976a). In the following sections

we review theapproachesdevelopedby Blake, Fulford, Liron andcoworkersto solvingequa-

tion 3.22. In � 3.7 we thenpresentan improved modelwhich is an extensionof the work of

Liron andMochon.

3.6.2 Poissonsummation formula

It would be useful if the doubly-infinite sum could be approximatedby the first few terms,

howeverit is notclearthatthiswouldbeveryaccurate.Blake(1972)usedaform of thePoisson

summationformula(Lighthill, 1958)to convert thissuminto anexponentiallydecreasingseries

involving theFourier-transformedStokeslet.This is especiallyusefulsincefinding thesolution

for aparticulardomainwill involvefirst findingtheFourier-transformedversion.Indeed,it may

not in practicebepossibleto invert thetransform.

For thesemi-infiniteStokeslet� � ���� � , takingonly thezerothtermof thedoubleseries,Blake
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foundthat  
¡�¢@£  

 
¤�¢@£  ¦¥

 �§�¨©"ª «¬ ©0® ¬ ª=®°¯ ¬ © ¨ ¬ ª ¨±�².³�´�µ ¶¸·º¹�»�¼$½�»=¾ ¯À¿ ±�²�´4µÁ ¨ , (3.23)

wherethekernel ¶ is definedby

¶¸·º¹�»�¼$½�»�¾ « ¹�» if ¹�»`ÂÃ½�» ,
½�» if ½=»ÄÂÃ¹�» ,

(3.24)

asgiven in Blake (1972),andwith the error estimatein Blake (1999). An averagewasthen

takenin the ¹ ® and ¹ ¨ directionsandin time,sothat themeanvelocity profile Å ·º¹�»Æ¾ couldbe

found. In order to solve for the forces,a Gray andHancock(1955) type approximationwas

used. The tangentialcomponentof the force on a cilium wasassumedto be proportionalto

the tangentialcomponentof the interactionvelocity of the cilium with the meanflow, so that

¬=ÇIÈ «2É È'Ê ·�Ë�ÌÎÍ�Ë�Ï�Ð Å ¯¸Ñ ¾ÓÒwÔ�ÕºÔ ¬wÖ , whereÅ is themeanvelocityof thefluid, Ñ is themean

velocity dueto the cilium in questionand Ô is the unit tangent. The normalcomponentwas

definedsimilarly, with constantof proportionalityÉ�× . Thevaluesfor É È , É�× weredetermined

from slenderbodyanalyses.For the1972study, Blakeused

É È « Ø�Ù ³Ú�Û�Ü · Á Í�Ý ² ¾ ¯ÀÞ�® , É�× « ßlÉ È , (3.25)

whereß is definedin termsof anasymptoticexpansionin Ý ² Í Á and Þ�® is a constantof ¿ ·$à�¾ .
Choosingappropriatevaluesfor É�× and É È dependson the particularshapeof the slender

body. For example,ChwangandWu (1975)gave valuesbasedon a slenderellipsoid model.

This ledto apairof coupledintegralequationsfor Å and Ñ , whichweresolvediteratively. The

resultingvelocityprofilescanbefoundin Blake (1972).

This approachwasextendedfurther in a seriesof papers(Blake, 1984;Blake andFulford,

1984;Fulford andBlake, 1986)which presenteda far moredetailedmodelof thecilia beating
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in a two layerfluid. By takingthemucus–PCLinterfaceto beflat, to afirst approximation,and

assumingthat thecorrectboundaryconditionswerecontinuityof normalandtangentialstress

togetherwith velocity, Green’s functionscould be derived for point forcesin both the mucus

andPCL. The rearrangement(3.22)wasused,togetherwith the first orderapproximationto

thearrayof Green’s functions. The forcedueto a slenderbody ‘straddling’ the interfacewas

calculatedasanasympoticexpansion,andmeanvelocityprofileswerecalculatedfor thecases

wherethecilia door donotpenetratethemucouslayer. Surfacetensionwasconsideredto bea

secondordereffect, andapproximateshapesof theinterfacewerecalculated.Their numerical

resultssuggestedthat penetrationwasnot necessaryfor positive propulsionin normal lungs,

althoughthis maybeaconsequenceof theway theinterfacialboundarywasmodelled.

3.6.3 Exploiting periodicity

At presentwe areconcernedwith obtainingmoredetail regardingthe flow in the PCL. Liron

andMochon(1976a)andLiron (1978)avoidedthe needto usetime averagingandGray and

Hancocktype approximationsandproducedan integral equationfor the force distribution as

follows: they assumedthat therewasno variationof á�â with ã�ä , andthat á�â variedwith the

metachronalwave,sothat

á�âNå�æLçOè�å"é�ê$ë%ì0ìRí á�âLå�æ�çïî�å"é�ê$ë%ì0ì ,
á�âNå�æLçOè�å"é�ê$ë%ì0ìRí á�âLå�æ�çIð@ñóò èÓå"é�ê$ë�ôöõ�÷4ø�ùÎì$ì . (3.26)

Fromthis it follows that á�â�å�æ ç�è å"é�ê$ë%ì$ì'í2á�â�å�æ î�î å"é�ê$ë�úÀõ�û�÷4ø�ùÎì0ì'íüá�âLå�æ�å"é�ê$ý ç ì0ì .
They arguedthat,becausetherewasnophasedifferencein the ã�ä direction,it waslegitimate

to averageout thevelocity in this direction.Usingthesymbol þ@ÿ"â for a genericStokeslet,this
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gave themeanvelocity

��������	��
����
������ ��
�
��� ��� �

���! �
�

"#�! �

�
�%$'& �)(*�,+-
�. � ���0/21!� & �435
�( �5" �,+-
����6� � + ,

� �� �
���! �

�
�%$7& �)(8�0+-
�. � ��� � �

/21!� & �435
�( � � �0+-
������ � ��� � + , (3.27)

thelast line following since 1!� & �935
�(:� dependson ��� and ; � only throughtheir difference.Ap-

plying theperiodicityassumptionabove this reducedto

��:���<�	��
=���
������ ��
�2>= �
?@� �

�
�A$'& �)( ? �0+-
������ �

B@�! �
� �
/21!� & �93C
�( BD�2>=E#?=F � �,+�
=���6� � ��� � + ,

� ��
�2>= �
?@� �

�
�A$'& �)( ? �0+-
������0/2GH� & ���	�5IKJMLN
����
�( ? �0+-
������ � + , (3.28)

wherethekernel GH� & mustbecalculatedfor theappropriatedomainfrom 1!� & , asin Liron and

Mochon(1976a)andLiron (1978).

3.6.4 Pressuregradient

Liron (1978)observed that,dueto the periodicboundaryconditionsresultingfrom the above

analysis,thesolutionwasnon-unique—anarbitraryconstantpressuregradientcouldbeadded.

In thecircular transportexperimentsof Matsuiet al. (1998b),no pressuregradientcouldhave

beenpresent,dueto thefactthatany suchpressuremustbecontinuousaswe movearoundthe

culture.For now, weshallnot considertheeffectof apressuregradient,althoughit is certainly

possiblethat in vivoonemaybepresent.

3.7 Impr oveddiscretecilia model

3.7.1 Impr oving the near field resolution

Liron (1996)arguedthattakinganaveragein the ��� directionis by nomeansaccurate,sincethe
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variationsof O!P0QMR4S5T�UWV5XYR,Z�T=[�\6\ in ]�^ for S closeto U_V5XYR,Z-T�[�\ aresignificant.Thedoubly-infinite

sumsof theStokesletswerecalculatedanalyticallyasaremedyfor this,howevertheexpressions

arevery lengthyandcomputationallyexpensive. Insteadwe will proceedby performingthe

averagingin the far-field only, usingthe exact form of the Stokesletin the near-field. By not

averagingin the near-field we alsocancheckthat the boundaryconditiondiscussedin ` 3.4.1

is satisfiedby thesolution.We shallwork in theconfineddomain,usingtheStokeslet OCaP0Q . As

beforewe startwith thedoubly-infinitefield of cilia:

b P�R4S5T�[�\2c
d

egf!h!d
d

V f!h!d
i
X
j Q_R)U V e R0Z-T�[�\�\0k2O aP0Q R4S5T�U V e R0Z-T�[�\6\2l!Z , (3.29)

and assumewithout loss of generalitythat the point S lies closeto the cilium with baseat

R�mon�pNT'q#\ , given by U VsrDX R,Z�T=[�\ . Adding a field of dipolesto representthe nearestcilium asa

slenderellipsoidandseparatingoutnearandfar-field contributions,wehave

b P�R9S5T�[�\�c
d

egf!h!d
d

V f!h!d
i
X
j Q_RtU V e R,Z�T=[�\6\0k*O aPuQ R9S5T�U V e R0Z-T�[�\�\2l!Z

v
i
X
j Q_RtU V	rwX R,Z-T�[�\6\,k2O aPuQ R9SCT�U V	rxX R0Z-T�[�\6\2l!Z

y i
X
j QMR)U V	rwX R0Z-T�[�\�\0k2O aP0Q R4S5T�U V	rDX R0Z-T�[�\�\*l!Z

y i
X

z ^X{'|g} y } z ^X ZWR
{ v Z-\ j QWR)U V	rDX R0Z-T�[�\�\�~�P0QYR9S5T�U VsrDX R0Z-T�[�\�\*l!Z , (3.30)

wherethesumof thefirst two termswill not vary rapidly with ]�^ . Usingtheperiodicityargu-

111



mentasfor (3.22)wehave
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We thenaveragethefirst two termsin the ¦   direction:
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andagain,since�2� �� � dependson ¦   and«   only throughtheirdifference,wehave
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TheStokesletaveragedbetween¦   � � § £¡¤ and¦   � § £g¤
is denoted¬� �� � . For computation,this

112



maybe calculatednumerically, for examplewith anefficient adaptive grid method.By using

thedefinitionsof _®u¯ª°x±#²=³ ´¶µ0·-¸�¹�º , » ®D¯ ° ±#² , thefactthatthesingularitiesonly dependon ¼	½�¸=¾N½ and

¼�¿-¸=¾À¿ throughtheir respectivedifferences,andthedefinitionof thekernel Á�ÂÃ0Ä , onecanrewrite

thesummedandaveragedStokesletasfollows

Å
®@Æ!Ç Å

Å
Ç ÅÉÈ

Ê ÂÃuÄ µ9Ë5¸6 ®D¯2°=±#²=³ ´ µ0·-¸�¹�º�º*Ìg¼�¿
Í Å

®@Æ!Ç Å
Å
Ç Å È

Ê ÂÃuÄ µ<¼	½6¸=¼�¿-¸�¼�Î-¸¶µ0Ï@Ð ´2ÑoÒ º�Ó Ñ ¾N½'µ0·-¸�» ®D¯ª°=±#² º�¸�¾'¿¶µ,·�¸=» ®D¯2°=±#² º6¸�¾ÀÎ¶µ0·-¸�» ®D¯ª°=±#² º6º2Ìg¼�¿
Í Å

®@Æ!Ç Å
Å
Ç Å È

Ê ÂÃuÄ µ<¼	½CÔ Ò ÓY¸=¼�¿-¸�¼�Î�¸ÀÏ@Ð ´ Ó Ñ ¾N½Àµ,·�¸=¹ ÑÖÕ¡Ò ÓN×#Ø:º�¸�¾'¿À¸�¾'ÎÀº2Ìg¼�¿
Í Å

®@Æ!Ç Å
Å
Ç Å È

Ê ÂÃuÄ µ<¼	½CÔ Ò ÓY¸=¼�¿-¸�¼�Î�¸ÀÏ@Ð ´ Ó Ñ ¾ ² ½ µ0·-¸�¹�º�¸=¾ ²¿ µ0·-¸�¹�º�¸=¾ ²Î µ0·-¸�¹�º6º*Ì¡¼�¿
Í È Á ÂÃuÄ µ�¼	½5Ô Ò ÓN¸�¼�Î�¸�¾ ²½ µ,·�¸=¹�º�¸�¾ ²Î µ,·�¸=¹�º6º�Ù (3.34)

Thelastline following by definitionof Á ÂÃuÄ . By periodicity,

Ê ÂÃuÄ µ9Ë5¸� ¯sÚw´ µ,·�¸=¹�º6º Í Ê ÂÃ0Ä µ�¼	½5ÔKÐoÛ�ÓN¸�¼�¿�¸=¼�Î-¸�¾ ¯ Ú½ µ0·-¸�¹�º6¸�¾ ¯ Ú¿ µ0·-¸�¹�º6¸�¾ ¯ ÚÎ µ,·�¸=¹�º6º (3.35)

andwehavealreadyshown that Ü Ä µt ¯	Úw´ µ,·-¸�¹�º6º Í Ü Ä µt ¯ Ú µ0·-¸�¹�º6º . Hencewehave

Ý Ã µ9ËC¸�¹�º Í Þß
¯ª°=Ç ½
²�Æg´

½
´ Ü Ä µ) ² µ0·-¸�¹�º�º È Á ÂÃuÄ µ�¼	½5Ô Ò ÓN¸�¼�Î�¸�¾ ²½ µ,·�¸=¹�º�¸�¾ ²Î µ,·�¸=¹�º6º2Ì!·

Ô Þß ½
´ Ü Ä µ) ¯ Ú µ,·�¸=¹�º6º È

àÊ ÂÃuÄ µ<¼	½áÔKÐoÛ�ÓN¸�¼�Î-¸�¾ ¯ Ú½ µ,·�¸=¹�º�¸�¾ ¯ ÚÎ µ,·�¸=¹�º6º*Ì!·
Ñ ½

´ Ü Ä µ) ¯ Ú µ,·�¸=¹�º6º È
Ê ÂÃuÄ µ<¼	½CÔKÐoÛ�ÓN¸�¼�¿�¸�¼�Î-¸�¾ ¯ Ú½ µ,·-¸�¹�º�¸�¾ ¯ Ú¿ µ0·-¸�¹�º�¸=¾ ¯ ÚÎ µ0·-¸�¹�º�ºªÌ_·

Ñ ½
´

Ò ¿´
Þ ×¡â Ñ â Ò ¿´ ·Yµ Þ Ô�·�º�Ü Ä µt ¯ Ú µ,·-¸�¹�º6º

ãåä ÃuÄ µ<¼	½CÔKÐ Û ÓN¸�¼�¿-¸�¼�Î�¸�¾ ¯ Ú½ µ,·-¸�¹�º�¸�¾ ¯ Ú¿ µ0·-¸�¹�º�¸=¾ ¯ ÚÎ µ0·-¸�¹�º6º*Ì_·�Ù (3.36)
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Figure3.10: A representationof the summedandaveragedsingularity õ÷öøuù . Eachsingularity
is equivalentto a line of point forcesin the ú�û direction, repeatedevery üþý-ÿ units in the ú��
direction.

Applying this on thecilium sothat ��� ���	��
� � ü�6ÿ�� �	��
û � �	��
��� wehave
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Thekernelsõ÷öøuù and õ÷öøuù * 02 öøuù aredepictedin Figures3.10and3.11. Theabove equation

can be solved as beforeto give the force distribution
! ù �/" � ���=< � � �%� , on every nodepoint of

every oneof the üþý cilia, at a fixedtime
�
. By periodicity, we have

! ù �#" � ���=< � � �?>�@ ÿ 5BA �%� �
! ù �/" �DC�E ���=< � � �%� , so if we calculatetheforcedistribution at time

� �GF , thenwe have the force

distributionatthediscretepointsin time H @ ÿ 5�A , @ �?F	� � � :6:I: �=üþý * � � :I:6: If therearesufficiently

many cilia so that ÿ is small, then by calculatingthe force distribution at
� �JF we have a

significantamountof informationaboutthe progressof the force distribution, andhencethe

velocity field.
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Figure 3.11: A representationof the kernel ]_^`badc ef ^`�a . This is the summedand averaged
singularity ] ^`ba with thenear-field contribution ef ^`�a removed.

3.7.2 Cilia betweentwo flat plates

Variousforms of the Stokeslethave beenemployed for modelling lung cilia. As discussed

above,Blake(1973b)beganwith thesemi-infiniteStokeslet,andaftersomemanipulationfound

the representationgih)jSk;lnm6kIo definedin equation(3.24) for the doubly-infinite field. Blake

(1975b)useda finite sequenceof imagesingularitiesto approximatethe Stokeslet for a fi-

nite depthfluid above a planeno-slipboundary, which is appropriateif theASL is considered

asa fluid of constantviscosity, asmay be the casein the distal airwaysandnearthe alveoli,

wherethemucouslayeris notyet established.Fulford andBlake (1986)usedtheleadingorder

termfor therathermorecomplex Stokesletin a two layerNewtoniansystem.Weshallproceed

differently, usingtheconceptof a fluid betweentwo parallelplatesto representthePCL. The

mucusboundary, whichremainsrelatively flat andis almostsolidcomparedto thePCLis hence

modelledasa flat no-slipboundary. We arguethat this is legitimatebecause‘...cilia encounter

mucusasa solid...’ (Salatheet al., 1997)and‘...the responseof themucouslayer lying on top

of thebedof beatingcilia is thatof asemi-solidsheet...’ (MeyerandSilberberg, 1980).In order

to accommodatethemovementof themucouslayerweagainexploit thelinearityof theStokes

flow equationby addinga time-dependentshear-drivenflow givenby thetractionlayermodel.

Our discretecilia modelcanbe considereda higherordercorrectionto the two-dimensional

phenomenologicalmodelof chapter2, to gainmoredetailregardingthethree-dimensionalflow
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patternsin thePCL.

Theciliatedplate,representingtheepithelium,is at pSqWrts , themoving plate,representing

themucouslayer, is at pSqurwv . Wesplit thetotalvelocity xzy into two parts,x{y|r}x�~��%�$���y � x{�%��~��������/�y ,

wherex�~#�������y is thesolutionof theStokesflow equationswith a moving boundary, discussedin
�
3.7.3,andx ����~����#�$�/�y is theflow dueto thediscretearrayof cilia.

To calculatetheflow dueto cilia beatingin adomainboundedby two flat plates,asamodel

for flow in theductusefferentesof themalereproductive tract,Blake (1973a)proposedtaking

the singleplatesolutionhe haddevelopedin Blake (1972) neareachplate, thenconnecting

the solutionswith a flat or parabolicprofile. Liron and Mochon (1976b)derived the exact

form for a Stokesletin sucha domainusingthetechniqueof doubleFourier transforms.They

did not give a simpleclosed-formsolution,but insteadgave solutionsin termsof bothHankel

transformsandexponentiallydecreasinginfinite series,the latterbeingespeciallysuitablefor

numericalcomputation. Liron (1978) found the summedand averagedform �_�yb� , given in

appendixD, and usedthis togetherwith the integral equationapproachdescribedin
�
3.6.3

to calculateinstantaneousflow fields, averagedin the pS� direction, for a field of � cilia per

wavelength.

At presentwe assumethat the epitheliumis impermeable,consistentwith the hypotonic

defensinhypothesis.Thiscorrespondsto theboundaryconditionthat x�r���r�s on pSqur�s .

3.7.3 Shear-dri ven flow

We now needto derive theshear-drivencomponentx ~#�������y , representingStokesflow in theab-

senceof resistanceforcesdueto the moving boundaryat ��r v . For simplicity we usethe

notation x , � for the p�� and pSq componentsof the velocity x�~��������� and x�~��������q , and p , � for p�� ,
pSq . Following chapter2 we write the solutionasa finite Fourier seriesx�r ������B [x � , make

the transformationx � r¢¡¤£�¥S¦I§xz¨� ��© §x{ª��«%¬ ª ��(®Y¯;°�±Y²�³�´ , andnondimensionalisex , � , p , � , µ with

scalings¶¸· , ¶¸· �;¹�º , º , · , »�¶ º�¹ · respectively. In whatfollowsweomit thesubscripts.
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For ¼¾½�¿ wehave

À�Á�Â
ÀÄÃ Á ½ ¿ , (3.38)

andfor ¼ÅGÆ

ÇÉÈ6Ê ¼ÌËÍ�Î ½ ÇÐÏ Á ËÂ{Ñ3Ò ÀBÁ ËÂzÑÀ[Ã Á , È6Ê ¼_ËÍ Ñ ½ ÇÓÏ Á ËÂ Î Ò
À�Á ËÂ ÎÀÄÃ Á ,À ËÍ ÑÀÄÃ ½ ÇÐÏ Á;ÔbÁ ËÕ Ñ3Ò�ÔbÁ À Á ËÕ ÑÀ[Ã Á ,

À ËÍ ÎÀ[Ã ½ ÇÓÏ Á;ÔbÁ ËÕÖÎ Ò×ÔbÁ À Á ËÕ ÎÀÄÃ Á ,
(3.39)

alongwith thedifferentiatedcontinuityequations

ÇÉÈ6Ê ¼
À ËÂ ÎÀ[Ã Ò À Á ËÕ ÑÀ[Ã Á ½ ¿ , È6Ê ¼

À ËÂ ÑÀ[Ã Ò À Á ËÕ ÎÀ[Ã Á ½ ¿ , (3.40)

where
Ô ½�ØÚÙBÛ and Ï ½ È6Ê ¼ÜØ�Ù�Û .

Theflow is determinedby theboundaryconditionson
Ã ½�¿ and

Ã ½wÆ . On
Ã ½?¿ , assuming

the epitheliumis impermeablewe have
Â ½ Õ ½Ý¿ . On

Ã ½ÞÆ we usethe interfacevelocity

calculatedfrom the numericalmodel in chapter2, with horizontaland vertical components
Â�ß/àâá)ãåä�æ=ç ½ è�éê�ëBì;í á ËÂ Ñß/à ê Ò¾î ËÂ Îß/à ê çnï Î êBðòñ=ó;ô�õYö�÷�ø andÕ ß/à�á)ãåänæ=ç ½ è�éê�ëBìPí á ËÕ Ñß/à ê Òî ËÕ Îß/à ê ç%ï Î ê�ð(ñYó;ô�õYö�÷�ø .

For ¼×½�¿ assumingno steadypressuregradientasin chapter2, we have theshear-driven

flow solution

Âùá$ÃBç ½ Â�ß#à ì Ã�ú (3.41)

For ¼×ÅûÆ , we rewrite this asa systemof Æü¿ first orderODEs—from thesix equationsabove

andfour definitionequations—inÆü¿ variables.Primesdenotedifferentiationwith respectto
Ã
.
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ý|þ.ÿ�����
ý��¤ÿ�����
ý��¤ÿ	�
 �
ý��¤ÿ	�
 �
ý��¤ÿ�� ���

ý��uÿ��� �
ý���ÿ��������������� �
 ���
ý� uÿ����������� � � �
 ���
ý�!uÿ"�� ���
ýDþ$# ÿ��� � � .

Thefield equationsarethenwrittenas

ý �þ ÿ�ý�!
ý �� ÿ�ýDþ$#
ý �� ÿ%�&���.ý�� � ý��
ý �� ÿ'�������Üý|þ � ý� 
ý �� ÿ'�)( �+*�� ý�� � ����� *�� ý|þ$#

ý �� ÿ��)( � * � ý����,�&��� * � ý�!
ý �� ÿ'-
ý � ÿ'-
ý �! ÿ�( � ýDþ��.�����Üý��
ý �þ$# ÿ'( � ý�� � �����Üý��

.

Theboundaryconditionsarewrittenas

ý|þ.ÿ��� �/1032
ý��¤ÿ�����/1032
ý��¤ÿ	�
 �/1042
ý��¤ÿ	�
 �/1042 5&6 7 ÿ98

,

ýDþ�ÿ'-
ý��uÿ'-
ý��uÿ'-
ý��uÿ'-
ý���ÿ'-
ý� uÿ'- 5&6 7 ÿ'-

.

As in chapter2, theequations
ý �� ÿ:- ÿ ý � togetherwith theboundaryconditions

ý;�Éÿ
- ÿÝý� 

ensurethat
ý��=<�-><ûý� 

, so that the continuity equationholdsthroughoutthe fluid.

Thissystemis solvednumericallyusingtheNAG routineD02GBF.
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Figure3.12: Fluid velocity vectorsfor theshear-drivenflow only. Positionscaledwith respect
to cilium length ? , velocity scaledwith respectto @�? .

3.7.4 Modelling the flow in the periciliary layer

Combiningtheshear-drivenflow andtheflow dueto thecilia andusingtheanalysisfrom A 3.7

wehave

B�CEDGF�HJI4KML NO
PRQTSVU
WYX[Z

U
Z \�] D_^ W Da`+HJI4KJKabdcfeC ] Dhg U�ikjml HJgonpHJq WU Dr`EHTI4KYHJq Wn Dr`EHTI4KsKdtV`

i NO U
Z \&] D_^ Pvu Dr`EHTI4KsKabxwy eC ] Dzg U{ik|~}Yl HJgon+HJq P uU Dr`EHTI4KYHJq P un Dr`EHTI4KsK�tV`

� U
Z \&] D_^ Pvu Dr`EHTI4KsKab y eC ] Dzg U�ik| } l HJgo�pHJgon+HJq PvuU Dr`+HJI4KYHJq Pvu� Da`+HJI4KYHTq P�un Da`+HJI4KJKRt�`

� U
Z

j �Z
N���� � � j �Z `�D N i `pK \&] D1^ P u Dr`+HJI4KsK

�$� C ] Dzg U�ik| } l HJgo�+HJgonpHJq P uU Dr`+HJI4KYHJq P u� Da`+HJI4KYHTq P un Da`+HJI4KsK�t�`
� B��_�Y�����C DGF�HJI4K , (3.42)
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for thevelocitynearthe �~� th cilium. Discretising,wehave

�����v�����M�r���&� �4�M�  ¡4¢
�d£T¤V¥

¦3§[¨&© ¦3ª§ � �
«
¬ § ¥

&® �1¯ ¦ �r� ¬ � �4�s�
°²±d³f´� ® � � ���¥ �a�4�&� �4�{µ � � ��¶k· �Y¸ � � �v�¹ �r�4��� �4� � � ¦ ¥ �a� ¬ � �4� � � ¦¹ �r� ¬ � �4�s�
µ  ¡4º=¢

«
¬ § ¥

»
¼ § ¥

�® �_¯ � � �a� ¬ � �4�s�
°²±d³ ´� ® � � � �¥ �a�4�&� �4� � � � �¹ �a�4��� �4� � � � �¥ �a� ¬ ¼ � �4� � � � �¹ �r� ¬ ¼ � �4�s�
¶  ¡4º=¢

«
¬ § ¥

»
¼ § ¥

�® �_¯ ��� �a� ¬ � �4�J� ±x½¾ ´� ® �_¯ ��� �a�4��� �4� �Y¯ �v� �a� ¬ ¼ � �4�J�
µ  º)¢

«
¬ § ¥

»
¼ § ¥

�® �_¯ � � �r� ¬ � �4�s� ± ¾ ´� ® �_¯ � � �r���&� �4� �s¯ � � �r� ¬ ¼ � �4�s�
µ ·�¿¨ �À[Á µ Á · ¿¨ �4�[�   ¶ �4� � &® �1¯ � � �a� ¬ � �4�J�YÂ � ® �_¯ � � �a�4��� �4� �Y¯ � � �a� ¬ ¼ � �4�J�
µÄÃÆÅ$ÇYÈ�É�Ê� �_¯��r�4��� �4� � �4�YË (3.43)

Note that for the cilia ·ÍÌ� �~� , we do not performthe refinementin the integral in order to

reducecomputationaltime. This leadsto thematrixequation

�������Î� �r�4��� �4� ¶ Ã Å$ÇsÈrÉ�Ê� �_¯ � �r�4��� �4� � �4�Ï� � £ ¤V¥
¦3§[¨

«
¬ § ¥

Ð ¬ ® ¦� � � �® �1¯ � �a� ¬ � �4�s� , (3.44)
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wherethecoefficientsÑÓÒÕÔYÖ×ÙØaÚ aregivenby

ÑÓÒÕÔYÖ×ÙØaÚ Û

ÜÝ�Þ.ßfàØ Ô áhâ Ú ã áaä ×&åJæ4ç{è áhé:ê~ë çYìíå â Úî árä ×�åJæ4çså â Ö ã áaä Ò åTæ4çYå â Öî árä Ò åJæ4çsç ï1ð é ñÛ ë
,òó Þ

ô
õ$ö ã

Ü Ý ßfàØ Ô ázâ Ú ã árä ×�åJæ4çså â Úî árä ×&åJæ4çYå â Ö ã áaä Ò åJæ4çså â Öî áaä Ò åJæ4çsç
è Ü�÷ àØ Ô á_ø Ú áaä ×&åJæ4çYå ø Ö árä × õ åTæ4çsç ê

Ü Ý�ù÷ àØ Ô á1ø Ú áaä ×�åTæ4çYå ø Ö áaä × õ åJæ4çJç
è ë�úû ä × á ò êüä ×4çò&ý[þ è þ ë úû ÿ Ø Ô á_ø Ú áaä ×&åJæ4çYå ø Ö árä × õ åJæ4çsç ï1ð é Û ë

,
� ñÛ�� ,

òó Þ
ô
õ$ö ã

Ü Ý{ßfàØ Ô ázâ Ú ã árä ×�åJæ4ç{è ë û��
ã å â Úî áaä ×�åJæ4ç{è ë û�� î å â Ö ã áaä Ò åJæ4çYå â Öî árä Ò åJæ4çJç

è Ü�÷ àØ Ô á_ø Ú áaä ×&åJæ4ç{è ë û�� å ø Ö áaä × õ åJæ4çJç ê
Ü Ý ù÷ àØ Ô á1ø Ú áaä ×�åJæ4ç{è ë û	� å ø Ö áaä × õ åJæ4çsç

è ë�úû ä Ò á ò êüä Ò çò&ý[þ è þ ë úû ÿ Ø Ô á_ø Ú áaä ×&åJæ4ç{è ë û�� å ø Ö áaä × õ åJæ4çJç ï1ð é Û ë
,
� Û�� .

Oncetheforcedistributions
 Ô á1ø Ö árä Ò åJæ4çsç for
� Û ò å������å Þ ,

ë Û�� å������å é û ê ò and � Û ò å þ å�
have beenfound, the fluid velocity canbe calculatedasbefore. For a point � suchthat the

nearestcilium is the
é��

th, andwithout lossof generality
ê Ý ý[þ���� ú � Ý ý[þ

, wehave

� Ø á � åJæ4ç Û òÝ
Ú���� ã

Ö ö û
ã
û 
 Ô á_ø Ö áaä åJæ4çJç Ü ß àØ Ô á �

ã êkë ìíå � î å â Ö ã árä åTæ4çYå â Öî árä åTæ4çsç�� ä
ê òÝ

ã
û 
 Ô á_ø Ú! árä åTæ4çsç Ü ù÷ àØ Ô á �

ã êké � ìíå � î å â Ú  ã árä åTæ4çYå â Ú  î árä åTæ4çsç"� ä
è

ã
û 
 Ô á_ø Ú! árä åTæ4çsç Ü�÷ àØ Ô á �

ã êké � ìíå � ú å � î å â Ú! ã árä åJæ4çYå â Ú! ú áaä åJæ4çYå â Ú# î áaä åJæ4çJç�� ä
è

ã
û

ë úûò�ý�þ è þ ë úû ä�á ò êüä ç 
 Ô á1ø Ú  árä åJæ4çsç
$ ÿ Ø Ô á � ã êké � ìíå � ú å � î å â Ú  ã árä åJæ4çYå â Ú  ú áaä åJæ4çYå â Ú  î áaä åJæ4çsç"� ä
è �&%('�)+*-,Ø á � åJæ4ç�� (3.45)
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3.8 Results

In Figures3.13and3.14we presentvelocity field solutionsfor our modelat differentpoints

alongtheciliary beatat time .0/21 , for 341 cilia perwavelength.Thebeatcycleof Sandersonand

Sleigh(1981)wasused,ascalculatedby FulfordandBlake(1986)anddepictedin Figure3.1. It

wasnecessaryto choosethemetachronalwavelengthto be 57698�/;:	3=<>/�?41A@CB , ratherlonger

thanthevalueof D41E@"B quotedby FulfordandBlake(1986).This lengthwaschosento prevent

thecilia from ‘intersecting’.In reality, thecilia wouldbelikely to slip pasteachotherascanbe

observedin themicrographsof SandersonandSleigh(1981),howeverour slenderbodymodel

is notdesignedfor thesituationin which thecilia actuallyapproach.Figure3.15showsthatthe

boundaryconditionson thecilium with baseat theorigin areapproximatelysatisfied,although

dueto thegreatercilium densitytheresultsarenotasaccurateasthesinglecilium modelshown

in Figure3.8.Thespacingbetweencilium centresis :FHGI@"B , in thelungsthespacingwill beof

theorderof 1=FJDE@"B , however our modelprovidesa goodindicationof theflow fieldslikely to

arise.

Figure3.14shows ‘close up’ graphsof eachvelocity profile, to revealmoredetail. Com-

paring the resultswith Figure3.12 it is notablethat the cilia do not have a significanteffect

on theflow field exceptvery nearthecilium axis. Theflow is dominatedby shear-drivenflow

originating in the mucouslayer. This is even moreclear from the plot in Figure3.16. It is

possiblethatin amorebiologicallyaccuratemodelwith acilium spacingof around1=FHD�@CB , the

flow field will appearratherdifferent.

Figure3.17showstheflow profile in theregionbetweenthecilia tipsandthemucouslayer.

It is interestingto notethatthebackwardmovementof thecilia tips doesnot causeabackward

flow of fluid, but ratherthePCL flows forwardswith the mucouslayer. The gapbetweenthe

cilia tips andthe mucusinterfacewasnot modelledin chapter2, which predictedvery small

transportof PCL. Our resultsheresuggestthat therecouldbe substantialtransportof PCL in
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thisgap.Moredetailedmodellingof thePCLflux mayhelpto resolvethecontroversyregarding

thenormaltransportof PCL.

3.9 Discussion

The theorypresentedabove representsa new, mathematicallytractablemodelfor thevelocity

profile in thePCL,providing anew level of detailabouttheflow. Ourmodelis veryacceptably

consistentwith the boundaryconditions,andincludesthe effect of viscoelasticmucusmove-

ment, using the resultsof chapter2. Thereis a significantforward flow of PCL in the gap

betweenthecilium tips andthemucusinterface.It wasnot possibleto make definitiveconclu-

sionsregardingthemeanflux of PCLdueto thefactthatintegratingtheerrorsin thesingularity

distributionsover the fluid volumewould not be acceptablyaccurate.It will be necessaryto

carryout simulationswith a decreasedcilium spacingin orderto make definitive conclusions

regardingtheflow in thePCL. In particular, it will bevery interestingto find out whetherthe

PCLflux for averydensematof cilia is indeedassmallaswasestimatedin chapter2. It would

beinterestingto extendthismodelto includetheeffectof osmoticflowsthroughtheepithelium,

althoughthis would likely beasubstantialtask.

This modelsuggeststhat the traction layer modelof chapter2 may be extendedand im-

provedby alteringthe active porousmediumregion KMLON to allow for a region betweenthe

cilia tips andtheinterfacesuchthatduringtherecoverystroke,fluid canflow forwardswithout

thepresenceof thedensematof cilia. Thismayleadto amoreaccurateestimationof themean

PCL transport.This would agreewith theresultsof Fulford andBlake (1986),which showed

significanttransportof PCL in a thin layercloseto themucusinterface.

Theboundaryconditionswerenotsatisfiedasaccuratelyfor thedensefield of P4Q cilia, com-

paredwith thesinglecilium case.Johnson(1980)useduniformly valid asymptoticexpansions

to representa slenderbody with finite curvaturein an infinite domain,finding a representa-

tion in termsof Stokesletsandhigherordersingularities. This wasextendedby Barthaand
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Figure3.13:Plotof thefluid velocityvectorscalculatedondifferentgridsin thefluid, or equiva-
lently atdifferenttimesduringthebeatcycle. R7SUT2V4W cilia, XYT;Z	W nodes,[\T]Z^Z refinement
points.Resultscalculatedusingequation(3.45).Close-upprofilesaregivenin Figure3.14.

124



−1 −0.5 0 0.5−0.1

0

0.1

0

0.2

0.4

0.6

0.8

1

1.5 2 2.5 3−0.1
0

0.1

0

0.2

0.4

0.6

0.8

1

4 4.5 5 5.5−0.1

0

0.1

0

0.2

0.4

0.6

0.8

1

6.5 7 7.5 8−0.1
0

0.1

0

0.2

0.4

0.6

0.8

1

9 9.5 10 10.5−0.1
0

0.1

0

0.2

0.4

0.6

0.8

1

11.5 12 12.5 13−0.1
0

0.1

0

0.2

0.4

0.6

0.8

1

Figure 3.14: Close-upplots of the fluid velocity vectorsfrom Figure 3.13. _7`badc4e cilia,f a]g�e nodes,h�a]g4g refinementpoints.Resultscalculatedusingequation(3.45).
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Figure3.15:Checkingtheboundaryconditionsonthecilium at theorigin for theresultsshown
in Figure3.13. A—Profile alongcilium. i jdk	l=m�nojdk4kmqpsrtjol4uvkwyx . B—Profile around
cilium at z{j2l=uJ| . Velocity scaledwith respectto }�~ . Resultscalculatedusingequation(3.45).
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Figure3.16: Fluid velocity vectorson the line �#��j2�����+l=uH|=ml4� , l��������;��w^� , ����j2�����l4uJ|=m	l4�
duringtherecoverystroke. Thecilium reversestheflow in a regionof radiusl=uvk��I�"� .
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Figure3.17: Positive fluid transportin the region betweenthe cilia tips andthemucouslayer
duringtherecoverystroke. Theforwardcomponentof thevelocity �!� hasa peakvalueof over
k^k	lE�"��w^� .
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Liron (1988a)for aslenderbodyin thepresenceof ano-slipboundary, andin BarthaandLiron

(1988b)for two closeslenderbodieswith or without a wall. Onecouldextendthemodelde-

scribedhereby proceedingsimilarly, allowing for finite curvature,andfor interactionswith two

or severaladjacentcilia. This typeof modelwould,however, requireaniterativesolution,and

sowouldnotbeascomputationallyefficient.

In our modelwe evaluatedthe singularityat an arbitrarily chosenpoint on the surfaceof

thecilium, �����s�� . A morerigorousapproachwould beto deriveananalogousversionof the

Lighthill–Gueron–Lirontheorem(Liron, 2001)for theconfineddomain,which doesnot have

thisdrawback.Alternatively, in orderto determinethePCLflux accurately, onecouldpursuean

exactboundaryintegral model(Pozrikidis,1992),in which thecentreline integral is replaced

by integralsover theentiresurfaceof thecilia. Thiswouldallow anaccuratemodelof closely-

spacedcilia interacting,andcouldprovide a solutionsufficiently accuratethattheflux maybe

determinedby performingan integral over thevolume(or, usingincompressibility, a surface)

of thefluid, althoughthis wouldbeverycomputationallydemandingat present.
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CHAPTER 4

TRACER DISPERSION MODELLING

4.1 Intr oduction

To testtheamountof axial PCL transportin thenormallung,Matsuiet al. (1998b)carriedout

experimentswith humantracheobronchialepithelial(hTBE) cultures. By trackingthe move-

mentof photoactivatedtracer‘columns’ they concludedthatmeanPCL velocity wascloseto

that of the mucouslayer, contraryto previous fluid mechanicalmodelling work, and hence

theremustbesignificantabsorptionof fluid by theASL. In this chapterwe extendthework of

Blake andGaffney (2001)andBarlow (2000)by applyinga two dimensionaladvectiondiffu-

sionmodelto thedispersionof tracer, usingthevelocity profilesfrom chapter2, with theaim

of reconcilingfluid mechanicalmodellingwith theobservedresults.

4.2 Tracer dispersionexperimentsof Matsui et al. (1998b)

In suitablemediatheculturesproduceda mucouslayeraround�4�A� m in depthandin around

a quarterof casestheculturesexhibitedspontaneouscirculartransport.TheASL waslabelled

with cagedfluorescein-dextran,which wasthenphotoactivatedin  4¡4¡¢�"£ width columns. It

was found that over periodsof around �4¡ s, the photoactivatedregions moved at the same

speedin both the PCL andthe mucus. Averagecircular transportspeedsof ¤4¥=¦H�§�"£ /s were
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reported,with higher valuesat the outeredgeof the rotatingmucus. Matsui et al. (1998b),

Figure3 shows a fluorescentregion initially andafter ¨4© s. Thereis no smearingbetweenthe

two images,asmight be expectedif the PCL hadnot beentransportedwith the samespeed

as the mucus(Matsui et al., 1998b),and the pulsesare of similar size. Furthermore,using

confocalmicroscopy, vertical sectionsof ASL were visualised. Therewas no differencein

transportof fluorescentparticleswith heightabove the epithelium. Using this techniquethey

foundestimatesfor thediffusioncoefficientsof dextranin mucusandPCL: ª=«H¬!"®°¯"±�²´³ and µ	¬4©
C® ¯ ± ²´³ respectively. Thediffusioncoeffcientswereestimatedfrom noncilio-active cultures,

andsorepresentspreadingof tracerdueto diffusiononly andnot dueto advective transport.

Mucus

PCL

Fluid velocity

?

Figure4.1: A simplified representationof thecotransportphenomenonfoundby Matsuiet al.
(1998b).

At first sighttheseresultsappearto show thattracerparticlesin thePCLareadvectedalong

at thesamespeedastracerparticlesin themucouslayer, implying thatthefluid velocity in both

layersis approximatelyequal. However, diffusion is alsopresentin the system,andvertical

diffusionmaybeparticularlyimportantsincethelayeris sothin. To testthis,BlakeandGaffney

(2001)andBarlow (2000)formulateda continuumadvection-diffusionmodel,asdescribedin

theintroduction.Below webriefly describethemodelandour implementation.
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4.3 Two dimensionaladvection-diffusion model

Using ¶^·¹¸»ºq¼�½ to denoteconcentrationof tracer, in the presenceof a fluid flow field ¾ , thead-

vectiveflux of traceris ¶�¾ . UsingFick’s law, thediffusiveflux will be ¿§ÀÂÁ§Ãs¶ . Hencethetotal

flux of tracerwill begivenby ÄtÅ�¶�¾Æ¿ÇÀ ¶ . It is possiblethatothereffectsbesidesadvection

anddiffusionmaybepresentin thesystem,suchasadhesionof tracerparticlesto themucus,

but thesearebeyond thescopeof this study. Using conservationof tracerandthedivergence

theorem,wecanderive

È ¶È ¼ Å É�·ÊÀ ¶C¿Ë¶Ì¾!½ . (4.1)

Thediffusioncoefficient À will dependonly onthepropertiesof thefluid. SincethePCLoccu-

pies Í§Î�Ï�Î\Ð andthemucouslayer ÐÑÎ\Ï�Î�Ò we have À]ÅÓÀM·�Ï^½ . Fromincompressibility,

thevelocityfield Ô satisfies ÉÕ¾ÇÅ\Í , leadingto thesimpification

È ¶È ¼ Å ÀÖÁ Ã ¶!×
Ø ÀØ Ï

È ¶È ÏÚÙ ¾ÚÉ ¶ . (4.2)

Theinitial conditionsmustrepresentapulseof photoactivatedtracerof width aboutÛ4Í^Í�ÜCÝ .

Wechoosea rounded‘peak’ for thetracerpulseof theform

¶�Þ�ß+à-á´·ãâä½åÅ æ�ç&è Ù
é	ê Í§ë�Û
Û4Í4Í4Í§ë�ì4Û ·ãâ Ù

é^é	í ì=îHì4½ Ã , (4.3)
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with asmoothtransitionto zeroin anarrow regionaroundthepeak,sothat

ïyðHñ»ò�ó4ò	ô4õåö

ô ðãñM÷2ø^ù4ô4õ ,
ï�ú�û+ü-ýþð�ÿ	ô4ù^ù�� � õ������ 	 
 ÿ��  ðqÿ	ô4ù4ù�� � ��ñäõ����� ô ð�ø4ù^ô§÷ ñM÷ ÿ�ô4ù4ù�� � õ ,
ï�ú�û+ü-ýþðHñäõ ð�ÿ	ô^ù4ù�� � ÷ ñM÷ ÿ 
�� � � � õ ,
ï�ú�û+ü-ýþð�ÿ 
�� � � � õ������ 	 
 ÿ��  ðqÿ	ô4ù4ù�� � ��ñäõ����� ô ð�ÿ 
�� � � � ÷ ñM÷ ÿ  ù � �  õ ,
ô ðãñ�� ÿ  ù � �  õ .

(4.4)

whereñ is measuredin ��� . This is illustratedin Figure4.2,with white denotingzeroconcen-

tration,blackmaximumconcentration( ï ö;ÿ ).
For boundaryconditions,we assumethat the flux of traceris zeroas ñ�� ��� —solving

numericallyonafinite domainwemustapproximatethisby � ï�� � ñ ö�ô at theedgesñ ö\ô and

ñ�ö! , usingthenotationof appendixE.1. We alsoassumethatno traceris absorbedby the

epithelium,sothat � ï"� � ó�ö ô on óÆö ô , andthatthereis no flux throughthefreesurface.For

aflat freesurface,this is simply � ï"� � ó�ö\ô on ó ö$# .

As discussedabove, the diffusion coefficient in the PCL was found to be around %'& ö
ÿ�ù4ô ���'( ��� , in themucouslayerto be %') ö  �Hù ���'( ��� . To begin with, wemodelthevariation

of % ðÊóyõ in theASL by thefunction

%+* ð�ó^õ ö ÿ
 ð %�& � %') õ�,.-��0/ �^ô 1 �Ëó2 34%'&534%') , (4.5)

where 1 ö ô��Hø ��� ,
2 ö ù ��� . This is equalto %'& throughoutmostof theregion ô�÷ ó�÷ 1

andto %') throughoutmostof the region 1 ÷oó>÷6# , with a smoothtransitionin a region

of width approximatelyô�� � ��� . The smoothtransitionmeansthat the term 70% � 7 ó may be

determinedin equation(4.2).Thediffusionprofile is shown in Figure4.3(A).
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Figure4.2: Initial conditions—atracerpulsewith width approximately8�9�9;:�< .
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4.3.1 Advectiveand diffusive timescales

In Barlow (2000)andBlake andGaffney (2001) it wasshown that the tracertransportin the

PCLwasfar largerthanmightbepredictedfrom consideringadvectiononly. This is essentially

thephenomenonknown as‘TaylorDisperson’(Taylor,1953).Despitethefactthatthefluid flux

in thePCL is two ordersof magnitudesmallerthanin themucouslayer, thedifferencein tracer

transportmaybelessthana factorof 2. This occursbecausetheverticaldiffusionaltimescale

is no longer than the advective timescale,so that differencesin tracerconcentrationmay be

‘smoothedout’ by diffusion. The vertical componentof the diffusive flux is =?>5@BA"C�@BD . As

thepulsesbegin to separateovera very shortverticallengthscale,thegradient@BA"C�@BD becomes

largeandhencethediffusive termmaybalancetheadvectivehorizontalflux AFE .

Making estimatesof G H I�J�JLK�M (the width of the tracerpulse)and N H I�JOK�M+C�P ,
the horizontaladvective timescaleis GQC�NRH S�JTP . The vertical diffusive timescalemay be

estimatedfrom the depthof the PCL U$HWVXK�M andthediffusioncoefficient > . Mattersare

rathercomplicatedby thefactthat > variesby two ordersof magnitudeacrosstheASL. Taking

> to bethevaluein thePCL, S"V�JYK�M�Z.C�P , wehavea timescaleof V.Z[C�S"V�J'H\J�]�^�^�_'P , andhence

diffusion would be dominant. Taking the valuefor the mucouslayer, we have V Z C�`aHbS�^aP .
In this case,the timescalesfor advectionanddiffusion would be comparable,and the result

unclear. Also, the effect of the large oscillationsfound in the traction layer model are not

entirelyclear. We arethereforemotivatedto seeka numericalsolution.An initial investigation

usinganad hocoscillatoryprofile waspresentedby Blake andGaffney (2001);we extendthis

by usingthemodelresultsfrom chapter2, andamoreaccurateadvectivescheme.

4.3.2 Numerical solution

An extensionof thealternatingdirectionimplicit algorithmis usedto solve equation(4.2), as

first usedfor this problemby Blake andGaffney (2001). The ADI algorithm is a relatively

efficient methodof solution,sinceeachtimestepinvolvesonly the solutionof a setof tridi-
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agonalor pentadiagonalmatrix equations.A detaileddescriptionof the algorithmis given in

appendixE.1. In orderto discretisethe advective terms,Blake andGaffney (2001)usedfirst

orderupwinddiscretisation.This methodis morestablethancentraldifferencing,but hasthe

disadvantagesof beingonly first orderaccurateandintroducingnumericaldiffusion.Sincead-

ditional diffusion would have the effect of reducingthe separationbetweenthe tracerpulses

in themucusandPCL, this couldproducemisleadingresults.Insteadwe shallusetheQUICK

scheme(Leonard,1979).For 1Dproblems,QUICK is stable,formally third orderaccurate,con-

servative anddoesnot introducenumericaldiffusion. Theschemedoesnot have theseformal

propertiesin 2D,but ourresultsshow greatlyimprovedspatialconvergenceandveryacceptably

accurateconservationof c . Implementationis very straightforward,sinceat eachtimestepit is

necessaryto solve a systemof pentadiagonalequations,which canbe donewith comparable

efficiency to a tridiagonalsystem.

To compareandinterprettheresultsof differentsimulationsquantitatively, wecalculatethe

distancemovedby thecentroidof thetracerpulseatdifferentlevelsin thefluid:

dfehg�ikjmlonqp rsut�v r
w c e w i.g�ikjmlyx w

rsut�v r c
e w i.g�ikjmlox w{z (4.6)

We then definethe transportratio | e}jml~pbdfeh��i�jml���dfe���ikjml
, the ratio of the tracertransportat

the top of the mucouslayer to the bottomof the PCL. Due to the fact that vertical diffusion

actson a timescaleof up to �"��� , it is expectedthat | e}jml will not ‘converge’ to a final value

until a simulationhasbeenperformedfor a similar time period.Unfortunately, this meansthat

simulationswill necessarilybecomputationallyintensive,andthreedimensionalsimulationis

not feasibleat this stage.Cotransportover thetimescaleof theexperimentwill berepresented

ideallyby | e�jmlo� � for
j�p\�5e � ��l � .
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Table4.1: Numericalsimulationresultsfor tractionlayersteadyvelocity profile anddiffusion
profile +® , showing thatconvergenceof

¡
to 2 decimalplacesis achievedwith

���a¯°¤�¥�¤�¦²±�³
,���'¯$��¥h§��� ;±�³

and
����¯$��¥����'´

. All timesin seconds,distancesin
±�³

.

4.4 Steadytransport results

4.4.1 Steadyprofile of chapter 2

We begin by presentingresultsfor the steadyvelocity µ ¯ �}¶��h�����«���
field given in equa-

tion (2.66),andwith thediffusionprofile X® �h��� . Thediffusionandvelocityprofilesareshown

togetherin Figure4.3, for comparison.We useda domainof width
�¸·¹�$· © �����5±�³

and

height
�º·\�»·!�� ¼±�³

. TheASL heightwaschosento matchthehTBE experiments,but does

not appearto be critical to the results. To verify the meshspacingsandtimestepchosen,we

repeatthe simulationwith eachof theseparametershalved,asshown in Table4.1. It is clear

thatconvergencein
�

and
�

is veryacceptablyaccurate,andconvergencein
�

is alsoacceptable,

with thechoiceof
�m�T¯½¤�¥�¤�¦�±�³

,
�¾�+¯¿��¥¨§"�� À±�³

and
�m�²¯¿��¥����+´

giving valuesof thetrans-

port ratio
¡Á���m�

thatareaccurateto 2 decimalplaces.Weseethat
¡¢� £ ����Â¹§«¥� ��

, meaningthatthe

tracercentroidin themucouslayerhasbeentransported
 ���Ã

fartherthanthetracercentroidin

thePCL. In thehTBE experiments,this would meanthat the tracerpulsewould smearalong,

asviewedfrom above,which is notwhatwasobserved.As foundby BlakeandGaffney (2001)

andBarlow (2000),tracertransportin thePCLis still muchlargerthanwouldbeestimatedfrom

advectionalone,dueto verticaldiffusion. By examiningtheresultsfor
 
–
£ �

s in Table4.2, it

is clearthat verticaldiffusion takesat least
£ �

s in orderto take full effect, sincethedistance

betweenthepeakscontinuesto increaseevery
§��

s.
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Figure4.3: Dif fusionprofile Ä+Å.Æ�Ç�È . Meanhorizontalvelocity É versusheightaboveepithelium
for theresultsof chapter2 with thestandardparameterset.

Ê�ËFÌ�Í Î Æ�Ï�Ð Ê�ËFÌ�Í È Î Æ�Ñ�Ò�Ð Ê�ËFÌ�Í È Ó¢Æ Ê�ËFÌ�Í È
Ò Ô�Õ�Ö�×�Ñ�Ï Ø"×BØ«Ö�Ñ�Ù Ñ�Ö�Ò�Ò�ÚBØ
Ø"Ï Ø"Ù�Ñ�Ö�Ñ�Ù Ú�Ù�Ï�ÖhØ�× Ñ�Ö�Ï�Ù�Ò�Ù
Ñ�Ï Õ�ÚBØ«ÖhØ�× Ô�Ú�Û�Ö�Ù�Û Ø«Ö�Ô�Ï�Ù�×
Ú�Ï Ô�Ï�Ú�Ö�Ú�Õ Ø"Ï�Û�Ù�Ö�Ô Ø«Ö�Ò�Ø�×�Õ

Table 4.2: Numericalsimulationresultsfor traction layer steadyvelocity profile (low mean
PCL transport)anddiffusionprofile Ä+Å . Theseparationbetweenthepulsesin themucusand
PCL continuesto increaseover thecourseof thesimulation.MeshspacingsandtimestepwereÜ�ÝßÞ Û�Ö�Û�Ôáà�â ,

Ü Ç Þ Ï�ÖhØ�Ñ�Òãà�â and
Ü Ê Þ Ï�Ö�Ï�Ñ?ä . All timesin seconds,distancesin à�â .

Theshapeof thetracerdistribution is shown asa surfacein threedimensionsin Figure4.4,

andtheprofilesat Ç Þ Ï and Ç Þæå
areshown in thetop graphof Figure4.6. In whatfollows,

we shall displaythesimulationresultsusingthe latter format,sinceit moreclearlyshows the

differencebetweenthetracerpulsesat thetopof themucouslayerandthebottomof thePCL.

4.4.2 Other steadyvelocity profiles

In Table4.3, we give resultsfor the othermeanvelocity profilesdepictedin Figure1.3. The

‘plane Couette’flow, definedby É�ÆhÇ¾ÈOç Ç is the profile calculatedfrom the mucouslayer
è�é Ç é å

moving with constantvelocity, with no sublayerresistanceor pressuregradients,

similar to theresultsof thesimplemodelof Barlow (2000).Thead hoc ‘boundarylayer’ flow,
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Figure4.4: Tracerdispersionresults—tractionlayersteadyprofile (low meanPCL transport),
timedurationê�ë seconds.Thesurfacerepresentsì asafunctionof í , distancealongtheepithe-
lium, and î heightabove theepithelium,measuredin ï�ð . Theupperpeakshows thepulsein
themucouslayer, thelowerpeakshowsthemorediffusepulsein thePCL,which is transported
moreslowly.

which we representby ñóòõô�î�öø÷úùüû\î�ý�þ�÷úù , is basedon the profile suggestedby Matsui et al.

(1998b)in orderto explain their experimentalresults.Plotsof theexactprofilesusedaregiven

in Figure4.5. The simulationresultsaredepictedin Figure4.6. As might be expected,the

planeCouetteandboundarylayerprofilescausesuccessively greatertransportof tracerin the

PCL, with theboundarylayerflow causingthepulsesalmostto matchin sizeandposition. It

is interestingto notethatfor thelow meanPCLtransportresults,thetracerin themucouslayer

hasanenlargedtail, showing theexchangeof tracerbetweenthe two layers. Thepulsein the

PCL is very diffuse,dueto theeffect of verticaldiffusioncombinedwith shearingof the two

layers.In theCouetteandboundarylayergraphs,thetracerpulsein thePCL is narrower, due

to thefactthatthepulsesin thetwo layersaremuchmorecloselyassociated.

Quantitativemeasuresof theresultsareshown in Table4.3.Overthe ê�ë'ÿ simulationperiod,

only the ‘boundarylayer’ flow providesa likely matchwith experimentalresults,thedistance

betweenthetracercentroidsbeingonly ô�ê�� � ï�ð . This is verymuchatvariancewith theresults
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Figure4.5: Meanvelocity profilesfor ‘sheardriven’ or planeCouetteflow, andthe ‘boundary
layer’ flow, usedfor simulation.Profilesweretakenfrom Figure1.3(B)and(C) respectively.

�����	�
Profiletype 
����� �����	��� 
�������� �����	��� � � �����	����  Steadytractionlayer �� ������� � ���� � � ��� � �! ���  SteadyplaneCouette �  � � � � ���  ��� � ��� �������  SteadyMatsuiet al.

�����! ��"� ���!� � � � ��� �� � �

Table4.3: Numericalsimulationresultsfor thesteadyvelocity profilesdepictedin Figures4.3
and4.5.Meshspacingsandtimestepwere #%$'&(� � ���*),+ , #.-/&0 �"� ���*),+ and # � &0 � ��/1 . All
timesin seconds,distancesin ),+ .

of our mechanicalmodelling—aconsiderablepressuregradientwould be necessaryto drive

sucha largeflux of PCL throughthedensefield of cilia. In thenext section,we examinethe

effectsof introducinghorizontalandverticaloscillation,andof alteringthediffusionprofile 2 .

4.5 Oscillatory transport results

4.5.1 Oscillatory numerical traction layer profile

Simulationsusingoscillatoryprofilescalculatednumericallyfrom theFourierseriesin chapter2

anddepictedin Figure2.12arerathermorecomputationallyexpensive,sincea significantpart

of the algorithminvolvescalculatingmatrix coefficientsfrom the series 3546�7�8:9 6 . To obtain

resultsmoreefficiently we restrict the domainto <;=$>; � ���?),+ and <;@-<; � A)B+ ,
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Figure4.6: Tracerdispersionresults—steadyprofileswith diffusionprofile CED . Top—steady
tractionlayervelocity (low meanPCL transport),asshown in Figure1.3(A). Middle—steady
sheardrivenvelocity (planeCouetteflow), asshown in Figure1.3(B).Bottom—steady‘bound-
ary layer’ profile aspredictedby Matsuiet al. (1998b)andshown in Figure1.3(C)(high mean
PCL transport).TimedurationF�G seconds.
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andsimulatedispersionfor a shortertime period. We have confirmedfrom simulationswith

the steadyprofile that the domainheightdoesnot have a significanteffect. Efficiency is also

greatly improved by employing an algorithmthat exploits the periodicity of the ciliary beat,

so that velocity valuesneedonly be calculatedon a meshcovering onewavelength. For the

oscillatoryprofilesthepeakvalueof thevelocity is of theorderof H!I timesthatfor thesteady

flow, so that thesolutionrequiresa finer spatialmesh.The timestepmustalsobe reducedby

a factorof ten in orderto capturethedetailof theciliary beatcycle. As shown in Table4.4,a

goodestimateof the transportratio canbedeterminedusing J%KML@H!NPORQ,S , J.T?L=I�N�I�U�V�OWQBS
and JYXALZI�NPI�I�V\[ . As the simulationprogresses,the sizeof ]�^_I�`�XYa will increaserelative to

]�^�H!I�`�XYa , andtheaccuracy of theestimateof b:^�XYacL0]d^�H!I�`�XYafe�]�^_I�`gXYa will improve.

In Blake andGaffney (2001)it wasshown thatan ad hoc oscillatorycomponentsubstan-

tially increasedtracertransportin thePCL,althoughby how muchwasnotgivenquantitatively.

Table4.5showsthetransportratiosfor XhLiO , H!I and V�Ij[ for ourphysicallyderivedoscillatory

profile. After V�I s, thetransportratio is only H�NkHml , whereasfor thesteadyprofilewas H!NPn�I . The

additionof anoscillatorycomponenthencemakesaverysignificantdifference.It wasshownby

Taylor (1953)thatshearingin thevelocityfield o�pqe�orT effectively increasedthediffusivity of s .
Theoscillatorytermsintroducelargetransientvaluesof o�pte�o�T in theregion uwviTjvix , which

greatlyenhancediffusionbetweenthemucouslayerandPCL,hencereducingthetimescaleof

diffusive mixing. Thead hoc oscillatorycomponentusedby Blake andGaffney (2001)simi-

larly possessedasharpgradientfor T closeto u , beingproportionalto yr^"T�e�uza{^fH,|MT�e�uza . It is

interestingto notethatthedistanceseparatingthepeaksdoesnotsignificantlyincreasebetween

O and H!I s, increasingfrom O�y�N�U}Q,S to O�U�N�V}Q,S . The presenceof oscillatorymixing hence

reducestheeffective verticaldiffusive timescaleto lessthan O s,which is ratherdifferentfrom

thesteadytransportresultsof Table4.2. Theinclusionof oscillationshasbroughtusconsider-

ably closerto theexperimentallyobservedresults.In thefollowing sectionswe examineother

effectswhich increasemixing further.
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~����	� �%� ��� �%~ �d������~����	�g� �d���!����~����f�g�
����� �!�P� ���P������� ���P����� ���P������� �!�������r�
����� ���P��� ���P������� ���P����� ���P������� �!���������
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����� �!�P� ���P���z�!��� ���P����� ���P������� �!���������
����� �!�P� ���P������� ���P���z� ���P�z�!��� �!���������

Table4.4: Numericalsimulationresultsfor traction layer numericaloscillatoryvelocity pro-
file anddiffusionprofile ��� , showing thatsatisfactoryconvergenceis achievedfor

���_����~Y�
and���_�w��~Y�

with
�%�����������B�

,
�����i���P���������B�

and
�%~ �¡���P������¢

. Thetransportratio will become
relatively moreaccurateas

���_���g~Y�
increaseswith time. All timesin seconds,distancesin

�,�
.

~����	� �%� ��� �%~ �d������~����	�g� �d���!����~����f�g� £¤�¥~����	���
� ����� ���P������� ���P����� ����������� �!�������r� ���P�������
�!� ����� ���P������� ���P����� �!�r������� �������"�!� ���P�������
��� ����� ���P������� ���P����� ����������� ����������� ���k�m�����

Table4.5: Numericalsimulationresultsfor tractionlayernumericaloscillatoryvelocity profile
anddiffusionprofile �E� . Theseparationbetweenthetwo pulsesdoesnotsignificantlyincrease
after

�
s. All timesin seconds,distancesin

�,�
.

4.5.2 Altering the diffusion profile

Thediffusionprofile �E� chosenfor theabovesimulationsdecreasedabruptlyfrom
�!���¦�,�/§{¨�¢

to
���P�©�,�/§{¨.¢

at themucus-PCLinterfaceª �¬«
. However, it is likely thatverticalmixing due

to penetrationof themucouslayerby cilia, whichwasnota featureof thetractionlayermodel,

maysubstantiallyenhancevertical ‘dif fusion’. A simplephenomenologicalmodelof this ad-

vectivemixing is to increasethediffusioncoefficient in this region by moving thetransitionin

� �"��� furtherup into themucouslayer, andsmoothingthetransition,sothat

� § �_���� �
� � �j®?¯M�/° ��±³²�´¶µ ��� · ¯ �

·
¸ �/® ¸ �/° . (4.7)

The velocity profile anddiffusion profile � § �_��� areshown in Figure4.7. The resultsof
���

s

simulationareshown in Table4.6 andFigure4.9, middle graph. The pulsesseparateby just
�����P�*�,�

after
���

s,a
�!������¹

ratio comparedwith the
�!������¹

ratioobservedfor ��� .
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Figure4.7: Adjusteddiffusionprofile º¼»¾½"¿.À . Meanhorizontalvelocity Á versusheightabove
epitheliumfor theresultsof chapter2.

4.5.3 Mean profile of Fulford and Blake (1986)with oscillations

As discussedin chapter2, althoughthe tractionlayer modelproducesa meanprofile superfi-

cially very similar to the resultsof Fulford andBlake (1986),they predictedsignificantfluid

transportin the upperpart of the PCL, likely dueto the fact that the cilia bendcloserto the

epitheliumduring therecovery stroke andsodo not resisttheflow of fluid. Our discretecilia

resultsin chapter3 confirmthis—thereis continuouspositivefluid transportabovethecilia tips

during the recovery part of the beatcycle. A qualitative representationof this type of profile

may be obtainedby setting Â\ÃÅÄ�Æ�Ç�È for the steadyvelocity componentof the tractionlayer

model.Wethenhavetheprofileshown in Figure4.8,with thestandardtractionlayerprofile for

comparison.

Examiningthenumericalsimulationresultsfor this profile,shown in Table4.6,thesepara-

tion after É�Ä s is ÊzË�ÆPÌ©ÍBÎ , a little lessthanthe Ê�Ì�Æ�Ï©Í,Î observedfor thestandardprofile, with

Ð ½_É�Ä�À,ÃÑË�Æ"Ë!Ò . CombiningaFulfordandBlake(1986)typeprofilewith thediffusioncoefficient

º¼» producesstill lessseparation—Ï�Ï�Æ�Ä Í,Î , with Ð ½_É�Ä�À,ÃÑË�Æ�Ä�Ó .
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Figure 4.8: (Solid line) traction layer meanprofile with ÔÖÕ ×�Ø�Ù�Ú , representative of mean
velocity from Fulford andBlake (1986),showing greaterfluid transportin theupperpartof the
PCL.(Dottedline) meanvelocitywith Ô�Õ0×�ØPÛ�Ú for comparison.

4.5.4 Ad hoc ‘plane Couette’ oscillatory profile

In order to examinethe effect of greaterPCL transportwith physically realisticoscillations,

we combinethe plane Couetteprofile shown in Figure 4.5 with the time-dependentterms

Ü,Ý	Þ Ø³Ø�Ø ÞmÜ,Ý5ß from the traction layer model. We simulateddispersionwith the adjusteddiffu-

sionprofile à/á�â"ã�ä , againtheresultsareshown in Table4.6andFigure4.9,bottomgraph.After
å × s, theseparationbetweenthetwo layersis just æ�ØPÛ�ç . This is likely to beconsistentwith the

resultsof Matsui et al. (1998b),sincea æ�ØPÛ�ç separationbetweenthe pulsesis unlikely to be

apparentin the imagesproduced.Hencewe seethat the Matsui et al. profile 1.3(C) is not a

necessaryconsequenceof theirobservations—onlyè�×�ç PCLtransportis necessaryto giveap-

parentcotransportof tracerbetweenthelayers.It shouldberealisedthatthis doesnot disprove

thesuggestedprofile of Matsuiet al. (1998b),andindeedin thepresenceof osmoticpressure

gradients,it hasnotbeenshown thatsuchaflow couldnotoccur.

Thetracerpulsespredictedby thetractionlayerandCouettesimulationsareshown in Fig-

ure 4.9. As for Figure4.6, it is interestingto notethat whenthe pulsesseparateby less,the
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é�ê�ë	ì í'î"ï�ð
Velocity field ñ ò î�ó�ô�é�ê�ë	ì�ð ò î�õ!ó�ô�é�ê�ëfì�ð ö¤î¥é�ê�ë	ì�ð÷ ó íEø{î_ï�ð
Tractionlayer ù ÷ ó�ú�û�ü ù û�û�ú�ó�ý õ�úkõmû�ü�ü

÷ ó í¼þ¾î_ï�ð
Tractionlayer ù�ù ý�ú�ÿ�� ù û�ó�ú�ÿ�ó õ�úkõmó�û ÷

÷ ó íEø{î_ï�ð
OscillatoryFulfordandBlake ù ü�ÿ�ú�û�� ýrõ�õ�ú ù û õ�úkõmý ù ü÷ ó í¼þ¾î_ï�ð
OscillatoryFulfordandBlake ù û ÷ ú���ý ý�ó�ü�ú�� ÷ õ�úPó�����ü

÷ ó í¼þ¾î_ï�ð
OscillatoryCouette

ü ÷ ó�ú�ó�ý ü�ý�ó�ú�ý�� õ�úPó ù ÿ ù÷ ó íEø{î_ï�ð
OscillatoryMatsuiet al.

û ÷ ��ú"õ ù û ù ÷ ú�ó�ó õ�úPó�ó�ü ù

Table4.6: Numericalsimulationresultsfor variousoscillatoryprofilesanddiffusioncoefficientsíEø{î_ï�ð
and

í¼þ î_ï�ð
. All timesin seconds,distancesin ��� .

horizontaldiffusionis reducedin bothlayers.Themoststrikingcomparisionis betweenthetop

andmiddle graphs,which depictresultsdiffering only in the diffusion coefficient
í�î"ï�ð

. The

middle graph,correspondingto greaterdiffusion at the level of the interface,actuallyshows

lesshorizontalspreadthanthe top graph. This is dueto the fact that increasedseparationof

the tracerpulsein the
íEø

simulationresultsin non-zerogradients�
	���� ï over a wider region

andhencegreatervertical diffusion betweenthe layers. This resultsin apparentgreaterhori-

zontaldiffusion,eventhough
íEø�ií¼þ

. We remarkthattheeffect of verticaldiffusioncausing

increasedhorizontalspreadingis similar to the mechanismresponsiblefor Taylor disperson.

Thefact that in experimentstherewasnot significanthorizontalspreadingof the tracerpulses

certainlyarguesfor any separationbetweenthetwo layersbeingsmall.

Finally, wenotethatfor thesuggestedprofileof Matsuiet al.,whencombinedwith oscilla-

tions,leadsto aseparationof just
ó�ú�ü��

, asmightbeexpected.

4.6 Conclusions

It is now easierto reconcilethe experimentalresultsof Matsui et al. (1998b)with theoretical

modellingwork, evenwithoutconsideringflow dueto osmoticpressuregradients.By including

the mechanicallyderived oscillatoryflow of chapter2, even with very low meantransportof

PCL,we predictedresultswith relatively little ‘smearing’of thetracerpulses.Adding a diffu-

sive termto representciliary mixing at the interfaceleadsto evenclosertracertransport,with
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Figure4.9: Numericalsimulationresults—oscillatoryprofiles. Top—oscillatorytractionlayer
velocity (low meanPCL transport),with diffusion ��������� . Middle—oscillatorytractionlayer
velocity (low meanPCLtransport),with diffusion ��������� . Bottom—adhocoscillatoryvelocity
with planeCouettesteadyflow (mediummeanPCLtransport)anddiffusion ��������� . Thebottom
profile shows greatertransportthanthe othertwo dueto the greaterfluid flux in the velocity
term.Whencomparingthepulsesizewith Figure4.6,notethealtered� scaling.Timeduration�� 
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the tracercentroidsseparatingby only !�"$#�%�& after '�" s. Increasingtransportin theupperpart

of thePCL reducestheseparationfurtherto ($#�(�)�& , andrefiningour fluid dynamicalmodelof

thePCL in orderto quantifythis effect shouldbeasubjectfor futureresearch.

However, we notedfrom our simulationsthat even a very small separationbetweenthe

pulseswould result in considerablyincreasedhorizontaldiffusion,unlike that which wasob-

servedby Matsuiet al. (1998b). We candeducefrom this that the tracerpulsesin theexperi-

mentmusthave beenvery closelyassociated.Henceit appearslikely that thereis bothgreater

fluid transportthanpredictedby thetractionlayermodel,andadditionaleffectssuchasvertical

mixing nearthe interface. Futurework shouldaddressboth of theseissues,for instanceby

extendingthetractionlayermodel.

Finally, it is clearthat the meanfluid transportin the PCL neednot be anywherenearas

largeassuggestedby Matsuietal. (1998b).Thesimulationwith theplaneCouettemeanprofile

togetherwith oscillationspredictedonly *$#,+�& separationbetweenthe pulses,hencewe con-

cludedthatPCL transportneednot beany larger than )�"�& of thatof mucus.It remainsto be

determinedwhetherosmoticflowscouldproducesuchlargePCLtransport,andthis tooshould

beasubjectfor futurework.
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CHAPTER 5

SUMMARY AND FUTURE WORK

5.1 Summary

In chapter1 we describedthe biology of the muco-ciliarysystem,previous modellingwork

relatedto cilia andmucus,andthendiscussedthesalt/fluidcontroversyandtheexperimentsof

Matsuiet al., which provided themain motivationfor carryingout our research.In chapter2

weextendedanddevelopedatwo dimensionaltractionlayermodelof muco-ciliarytransportto

includesublayerresistance,linearviscoelasticity, thespatialandtemporalvariationsin thebeat

cycle,a possibleshear-thinningeffect at theinterfaceandtheeffect of very strongsurfaceand

interfacetension.Wesolvedthesemodelsanalyticallyandnumerically, producingprofilesthat

werequalitatively similar to the meanprofilesobtainedby Fulford andBlake (1986),subject

to the assumptionof no-flux throughthe epithelium. Our resultsprovided novel insight into

the importanceof interfacetensionin ensuringefficient transport,andwe wereable to pro-

vide explanationsof the physicalmechanismsthatensureefficient transportin a wide variety

of conditions,in particularparallellingtheexperimentalresultthata dilute mucouslayermay

betransportedmoreefficiently thana ‘normal’ one.In chapter3 we formulateda new discrete

sublayermodelfor theflow in thePCL basedon Liron’s1978analysistogetherwith therepre-

sentationof themucusmovementfrom chapter2. We obtainedmoreaccuratevelocity profiles
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on thecilia thanhave previously beenpossible,togetherwith threedimensionalflow patterns

for a field of -�. cilia perwavelength.It wasinterestingto notethat in theregion betweenthe

cilia tipsduringtherecoverystrokeandthemucus-PCLinterface,therewassignificantforward

flux of PCL.ThisstronglysuggeststhatthePCLtransportis greaterthanthatpredictedby chap-

ter2, andcloserto thatpredictedby Fulford andBlake (1986),pointingto anareain which the

tractionlayermodelcouldbedevelopedfurther. In chapter4 wedescribedthetracerdispersion

simulationsof Barlow (2000)andBlake andGaffney (2001),andby usingthesamealternat-

ing directionimplicit algorithmwereableto testtheprofilesobtainedin chapter2, aswell as

profilesexhibiting greaterPCL transport.We alsomodelledtheeffect of verticalmixing at the

mucus-PCLinterfaceby increaseddiffusion. We found that even a small separationbetween

the tracercentroidsin the two layerslead to significanthorizontaldiffusion, which wasnot

observed in experiment,so that the tracercentroidsmustbevery closelyassociated.We con-

firmedthatthepresenceof oscillationssignificantlyincreasedtracertransportin thePCL,asdid

increaseddiffusion at the mucus-PCLinterface. It emergedthat combininga ‘plane Couette’

meanprofile with anoscillatoryflow leadto resultsthatwereconsistentwith theexperiments

of Matsuietal. (1998b),andthattheirsuggestedflow profile,shown in Figure1.3(C)wasnota

necessaryconsequenceof their results.We alsoconcludedthatincludingverticalmixing at the

interface,andmodellingincreasedPCLtransportin theupperpartof thePCLwill benecessary

to improvethetractionlayermodel.

5.2 Futur ework

Thereare many ways in which this researchmay be extendedto gain more understanding.

Thesearebriefly summarisedbelow.

/ Thetractionlayermodelof chapter2 providesasuitableframework for examiningmany

morephysicaleffects. Adding further Maxwell elementsin orderbetterto describeex-

perimentalresultsmaybeuseful,andwould berelatively straightforwardto implement.

148



It would alsobestraightforwardto introducePCL viscoelasticity, oncedatais available.

By alteringtheform of theactiveporousmediumvelocity, theproblemof transportover

regionswith inactive cilia couldbeinvestigated.Themodelcouldeasilybeextendedto

considerseveral wavelengths,so that active, inactive andnon-ciliatedregionscould be

modelled.In particulartherole of viscoelasticityin assistingwith flow oversuchregions

maybeelucidated.Onemightalsovery theform of thepropulsiveforceused,sothatthe

roleof thetemporalasymmetryof theciliary beatcyclemaybeinvestigated.As discussed

above, perhapsthemostilluminating improvementto themodelwould be to modelthe

sublayerresistanceeffect moreprecisely, by introducingan additionalthin layer in the

PCL,modellingtheregionabovethecilia tipsduringtherecoverystroke,wherethefluid

mayslip past.Verticalmixing effectsdueto thecilia penetratingandleaving themucous

layershouldalsobemodelled.

0 A moreambitiousprojectwouldbeto extendthespectralanalysisto thecaseof non-linear

viscoelasticity, investigatingthe effect of someor all of the non-lineartermsresulting

from an invarianttime derivative. Thenon-Newtonianbehaviour of mucouswould also

bebetterrepresentedby themorephysicallybasedmodelof Quemada(1984).Thiswould

likely requiredirect numericalsolutionof the full PDE system.Onemight alsomodel

the surfaceand interfacemovementandconsequenttensionforcesexplicitly, although

dataregardingthe interfacetensionmay be difficult to obtain. Asymptoticanalysisin

thesurfaceandinterfaceheight,similar to thatpursuedby Ross(1971)maybethebest

approach.

0 Accordingto theisotonicvolumehypothesisexplainedin chapter1, therewill beabsorp-

tion of fluid by theepithelium.It is thereforeimportantto modelpossibleosmoticflows,

in orderto determinewhetherthey canleadto greateraxial transportof PCL. A useful

study in determiningthe parametersandtimescalesthat may be relevant is the in vitro
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andin vivostudiesof Jayaramanetal. (2001).They determinednormalconcentrationsof132�4
and 5�687 , anddeterminedthetime courseof responsesto additionsof bothsaltand

saline.By addingthesodiumchannelblockeramiloride,they wereableto testhow much

of thetransepithelialflow wasdueto sodiumtransportalone.

9 Thediscretesublayermodelof chapter3 usedthetwo dimensionalresultsof themucous

layerflow from chapter2 togetherwith a morerefinedthreedimensionalmodelfor the

flow aroundthecilia. This maybe improvedfurther by taking the forcedistribution on

the cilia calculatedfrom chapter3, converting to a spatially continuousbut still fully

threedimensionalrepresentationandhenceformulatinga moreaccuratetraction layer

model.Suchahybridmodelwouldhavetheadvantagethatinteractionsbetweenphysical

parameterscouldbetested,asfor thetractionlayermodel,but usingmoreaccuratedata

for thevolumeforce.

9 It would be very illuminating to modelthe two-way interactionbetweenciliary beating

andmucus.In thestudyof chapter2, we assumedtheform andfrequency of theciliary

beat,andmodelledtheeffectonmucusflow. However, it is likely thatsomerepresentation

of theeffect of themucuspropertieson theciliary beatwill benecessaryto understand

theimportanceof mucuselasticity, andto testthetheoryof MeyerandSilberberg (1980)

quotedin : 2.4.2. Onecould attemptto combinea finite elementrepresentationof the

mucusandPCL, a modelof the moving contactline causedby the penetratingcilium,

andamodelof theinternalmechanicsof thecilium. Thiswouldbeverycomputationally

expensive, and it may only be possibleto model one or several cilia, possibly in the

presenceof abackgroundflow. Onemightevenattemptto couplethiswith thenanoscale

interactionbetweenglycoproteinchainsandthe cilium ‘crown’. The role of a possible

surfactantlipid layerin allowing penetrationmightalsobeexplained.

9 For thediscretecilia modelin chapter3 onecancalculatethevolumeflux withoutneeding
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to performany simulations—oncethedipole is neglected,Liron (1978)showedthat the

volumeflux dueto a Stokesletbetweentwo no-slipboundariesis zero.Our ‘centreline’

representationof thecilia is satisfactoryfor calculatingflow fields,but uponintegrating

overasurfacein theflow, theerrorbecomessignificant.It followsthattheprecisebound-

ary integral formulationis necessaryto determinethe correctflux, althoughthis would

belikely to beverycomputationallyexpensivefor afield of ;�< – =�<�< cilia. Calculatingthe

flow dueto oneor severaldenselypackedcilia mayprovideusefulinsight.

> Themodelof chapter3 requiredthat thecilia shouldnot beplacedtoo closelytogether,

sincethe cilia might approachvery closely. The caseof cilia actuallysliding pasteach

otheris ratherdifficult to model,andis anavenuefor furtherresearch,possiblyusingthe

boundaryintegral representationfor two or severalcilia.

> It wasonlypossibleto performatwodimensionalsimulationof tracerdispersion,whereas

we have shown in chapter3 that the flow field in the PCL shows significantvariation

in the ?
@ direction,which may be responsiblefor additionalmixing. Implementinga

threedimensionalsimulationwould requireparallelprocessing,andthe ADI algorithm

extendedto threedimensionswouldbeanaturalchoice.Neglectingtheeffectof theedges

of thetracerpulseby assumingperiodicity in the ?
@ direction,thenumberof grid points

neednot beexcessive. Theaccuracy of thealgorithmmayalsobe improvedby usinga

higher-orderdiscretisationfor theadvective termssuchasthatgivenby Leonard(1979),

althoughtheoscillatoryprofilesnecessitatearelatively finegrid dueto theinherentsmall

scaleof thevariationsin theflow. Investigatingananalyticor semi-analyticapproachthat

wouldreducetheamountof computationnecessarymayalsobevaluable,andwouldbea

usefultechniquefor investigatingchemicalgradientsin therelatedproblemof symmetry-

breakingin theembryonicnode,seefor exampleCartwrightet al. (2004).
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In summary, wehaveelucidatedcertainaspectsof themuco-ciliarysystem,particularlythe

oscillatorynatureof thefluid flow andthephysicalinteractionstakingplacethatensureefficient

transport. In addition to this we have provided a framework for future investigation,in that

bothfluid dynamicalmodelsarevery suitablefor introducingfurtherrefinementsandphysical

effects.Thetracerdispersionstudyof chapter4 hasprovidedinsightinto how theexperimental

work in Matsuiet al. (1998b)maybe interpreted,andprovidedstimulusfor improvementsto

thefluid dynamicalmodelling.Furtherwork, likely involving osmoticmodelling,is necessary

beforeall of the detailsof the muco-ciliaryflow are fully understood,but we hopethat this

thesishasprovidedasignificantstepforward.
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APPENDIX A

FOURIER COEFFICIENTS

A.1 ForcecoefficientsA�B , CDB
Thecoefficients E�F and G�F definingthepropulsive forcefor thetractionlayermodelof chapter

2:

E�HJILK$M�N
E�OJILK$M�P�P�Q�R�S
E�TJILK$M�K
P�K�U�Q
E�VXWJIYK$M�K�K�Q�Z�S

E�V[ILK$M�P�U�\�R
P
E�]^ILK$M�K�Z
P_K�S
E�`^ILK$M�K�K�N�\�U
E�VXa^ILK$M�K�K�b�Z�R

E�WJIYK$M�P�b�R�K�\
E�cJIYK$M�K�R�K�U
P
E�VXHJIYK$M�K
E�VXOJIYK$M�K�K�U�\�R

E�aJILK�MdP�Q�b�\�b
E�efILK�M,K�N�b�K�b
E�VgVfIYK$M�K�K
P_S�K
E�VX]JIYK$M�K�K�U�K
P

G�HJILK�M,K
G�OJIYhiK$M�P�K�R�S�R
G�TJILK�M,K
P_\�S�\
GjVXWJILK�M,K�K�Z�R�R

GkV[IlhiK$M�K�Q�U�K�R
G�]^IlhiK$M�K�Z�Q�Z�Z
G�`^IYK�M,K�\jP�K
P
GkVXa^IlhiK$M�K�K�b�Z�R

G�W^ILhmK$M�K�Z�b�Q�R
G�c^ILhmK$M�K�R
P_U�R
GkVXH^IYK�M,K�\�\�U�S
GkVXO^IlhiK$M�K
P�U�K�K

G�aJIYhmK$M�P�K�b�\
P
GkefIYhmK$M�K
P�SjP�P
GkVgV[InK$M,K�N�Q�S�U
GkVX]^ILhmK$M�K�N
P_Z�\

A.2 Activeporousmedium motion coefficientso B , p B
Theactiveporousmediumcoefficients qrF , stF defininguwvyx{z and|�vyx{z :
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APPENDIX B

TRACTION LAYER ANALYTICAL SOLUTION

B.1 Horizontal velocity profiles

In orderto write thesolutionsdown succinctly, wedefinethefollowing constantsandfunctions:

¡
¢ £ ¤¦¥¨§�©«ª�¬
¯®¢ £ ° ®±�² ¡ ® ¢
³µ´ £ ¶¦·�¸r¹»º�¡
¢�¼j¸¾½,¿k¹Dº�¡
¢�¼�ºrÀ[ÁÃÂ ® ¼

²ÅÄ�Æ ¿k¹»º�¡
¢ÈÇÉ¼�º�Â ® ¶¦·�¸¾¹ ® º�¡w¢�¼»ÁÊ¸¾½,¿k¹ ® º�¡
¢�¼r¼¾¼
³ ® £ À ² ºrÀ[ÁËÂ ® ¼j¸r½Ì¿Í¹ ® º�¡
¢�¼»ÁÃ¸¾½,¿k¹Dº�¡
¢�¼ Ä�Æ ¿Í¹»º�¡
¢�ÇÉ¼j¶¦·�¸r¹»º�¡
¢�¼�ºrÀ[ÁÃÂ ® ¼ (B.1)
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ÎÐÏ�Ñ�Ò�ÓÕÔ Ö�×�Ø¾ÙDÑ�Ú
ÛÈÒ�ÓDÜ�Ý�Þ�ßkÙ»Ñ�ÚwÛ�àÉÓjØráÌßkÙâÑ�Ú
ÛÈÒ�Ó
Î�ã�Ñ�Ò�ÓÕÔ Ö�×�Ø¾ÙDÑ�Ú
ÛÈÒ�ÓDÜäÑ�åµÏ¾æ�å�ã�ÓjØráÌßÍÙ»Ñ�Ú
Û�Ò�Ó

ç Û Ô è�Ñ�éÍÛ�êtÏ�Ý�Þ�ßÍÙ»Ñ�ëwÛ�ìjÓíÚ
ÛîÖ¦×�Ø¾ÙDÑ�Ú
Û�ìjÓíæ�å�ã«ÜäÑ�é ãÛ Ü�ï ãÛ Ó�ëwÛðØráÌßÍÙDÑ�Ú
ÛÈìjÓrÓ¾ÎÐÏ�Ñ¾ñ�Ó
ò Ú
ÛóÑ�éÍÛ�è[êtÏ�Ý�Þ�ßkÙ»Ñ�ëwÛ�ìjÓjÖ¦×�Ø�Ñ�è[ìjÓ»ÜlÑ�é ãÛ Üôï ãÛ Ó�ëwÛîØ¾á,ßDÑ�è[ìjÓrÓ

õ^Û Ô è�Ñ�Üiö$éÍÛ�ïfÛtëwÛðØ¾á,ßkÙDÑ�ÚwÛ�ìjÓ ò ï�ÛÍêtÏ�Ý�Þ�ßÍÙ»Ñ�ëwÛ�ìjÓíÚ
ÛîÖ¦×�Ø¾ÙDÑ�Ú
Û�ìjÓíæ�å�ã�Ó¾ÎÐÏ�Ñrñ�Ó
ò Ú
ÛóÑ�ïfÛtè[êtÏ�Ý�Þ�ßÍÙ»Ñ�ëwÛ�ìjÓjÖ¦×�Ø�Ñ�è[ìjÓ»ÜÊö$éÈÛtï�ÛtëwÛîØráÌßâÑ�è[ìjÓ¾Ó

÷jÛ Ô éÈÛtëwÛóÑ�Ö�×�Ø¾ÙDÑ�Ú
ÛÈìjÓ»ÜäÑ�åóÏ¾æ�å�ã�ÓjØráÌßkÙâÑ�Ú
ÛÍìjÓ¾Ó»ÜÃêtÏ�Ý�Þ�ßkÙ»Ñ�ëwÛÈàÉÓrÎ�øã Ñ�ìjÓ
ù Û Ô ï�ÛÍêtÏ�Ý�Þ�ßkÙ»Ñ�ëwÛ�ìjÓ¾Î øã Ñ�ìjÓ
ú Û Ô ÷ ãÛ ò ù ãÛ
û Û Ô ç ÛÈ÷jÛ ò õJÛ ù Û
ü Û Ô õJÛÍ÷jÛ3Ü ç Û ù Û
ý Û Ô éÈÛÈ÷jÛ ò ïfÛ ù Û
þ Û Ô ï�ÛÍ÷jÛÿÜÃéÍÛ ù Û
� Û Ô Ü ý Û¨Ñ�Ö�×�Ø¾ÙDÑ�ëwÛÈìjÓ»Ülñ_Ó ã Î�ã�Ñ�ìjÓú Ûtë ãÛ Ø¾á,ßkÙDÑ�ëwÛÈìjÓjÖ¦×�Ø¾ÙDÑ�ëwÛ�ìjÓ ò ñë ãÛ ö
ÑyÖ¦×�ØrÙ»Ñ�ëwÛ�ìjÓDÜlñ�ÓëwÛ«Ø¾á,ßkÙDÑ�ëwÛ�ìjÓ ÜËì
� Û Ô þ ÛwÑ�Ö�×�Ø¾ÙDÑ�ëwÛÈìjÓ»Üäñ�Ó ã Î�ã�Ñ�ìjÓú Ûtë ãÛ Ø¾á,ßkÙDÑ�ëwÛ�ìjÓjÖ¦×�ØrÙ»Ñ�ëwÛ�ìjÓ
� Û Ô ÑyÖ¦×�ØrÙDÑ�ëwÛ�ìjÓ»Üäñ�ÓëwÛ«Ø¾á,ßkÙDÑ�ëwÛ�ìjÓ Ü������
	��¦Û� ã��� ÛóÑ�ìjÓÚ
ÛµÑ�Ú ãÛ ò è ã Ó

ò���� Û� ã�ëwÛ ì�Ü Ý�Þ�ßÍÙ»Ñ�ëwÛ�ìjÓëwÛ ý Ûú Û Î�ã�Ñ�ìjÓ»Ü ��� Û� ã�ë ãÛ ì ò ì ã æ�ö
��Û Ô ÑyÖ¦×�ØrÙDÑ�ëwÛ�ìjÓ»Üäñ�ÓëwÛ«Ø¾á,ßkÙDÑ�ëwÛ�ìjÓ Ü������
	��¦Û� ã��� ÛóÑ�ìjÓÚ
ÛóÑ�Ú ãÛ ò è ã Ó

Ü ��� Û� ã�ëwÛ ì�Ü Ý�Þ�ßkÙ»Ñ�ëwÛÈìjÓëwÛ þ Ûú Û ÎJã$Ñ�ìjÓ (B.2)
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����� ��!#" $�%��'&�(*)�+,�.-/����!�0213�546!5798�:�;<%���-=�'&5(>)��?$��@!,;A0B:C� ��!5DE��7�F��
GH�I� ��!#" $KJL�M&5(>)�+,�.-=����!�0N13��46!O7�8�:�;PJL��-/�M&�(*),�Q$���!R;A0H:��.��!OS���7�F��

T � " $�%��'&�(*)�+,�.-/��!�0N13��46!O7��.0B:U��46!O8C:V!R;WDM��79FI�
X � " $KJL�M&5(>)�+,�.-=�C!5021V��46!O7��.0B:C�54Y!O8C:V!R;WS���79FI�
ZE[� " \]� ^2��_`�a;<b���c9�C!O7�� c :� ;W^ :� !
ZEd� " �.c9��_`�a\Wb���^N�U!57e� c :� ;<^ :� !Of

(B.3)

Thesolutionsonly dependon g andh throughi "kjl$ g ;Wm h , sowecanwrite

n�o " &5(>)�+2�?p=����!&�(*)�+N�Qp=��qe!
r \�sRt�u�v�wl��x :y

-=�I� - :� ;z$ : !e&�(*)��Q$�qe! �.���I� qe!e{l|�&}� i@~ !R\WGH�I� qe!e&5(>)�� i@~ !�!
;���� ��x :y

p=� q2\��3� )�+��?p=��qe!p=� ���F�� {6|9&3� i�~ !�\�� �F�� &�(*),� i�~ ! 0B:�� qe!
\ �5� Z [� ���a\ Z d� � �C!e{l|9&V� i@~ !R\�� Z [� � �a; Z d� ���C!e&5(>)�� i�~ !�!F��
r {l|�&5+,�?p=��qe!�\�4p=�M{l|�&5+,�?p=��qe! 0B:C� qe!�\ ��� ��x :y qp :� {6|9&}� i�~ !
; Z [� {l|�&}� i@~ !R\ Z d� &5(>),� i@~ !p :� &5(>)�+,�?p=����!�;<&�(*)�+,�Qp=���.qN\W�@!5!&5(>)�+��?p=��qe! \�4
; ��� ��x :y �p :� {6|9&}� i@~ !

(B.4)

nI� 1 " \�sRt�u�v�wl��x :y
-=�I� - :� ;z$ : !e&�(*),�Q$�qe!�� �����.��!e{l|�&}� i@~ !�\WGH�=� ��!e&�(*),� i�~ !5�
; ��� ��x :y

p=� qN\ �3� )�+��?p=��qe!p=� ���F�� {6|9&3� i�~ !�\ � �F�� &�(*),� i�~ ! 0B:C� �@!
\���� ZE[� ����\ ZEd� � �C!e{l|�&3� i@~ !�\�� ZE[� � ��; ZEd� ����!e&�(*),� i�~ !�!
r �.{6|9&5+R�?p=��q/!�\�4Y!FI�3p=�'{l|9&�+,�?p=��q/! 0B:C� �@!

(B.5)
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�I��� � �������
���l��� ��� �I  � � �a¡z¢ �V£e¤5¥>¦   ¢�§ £L¨9© �Mªl« ¤  ?¬@ £ �W®L� ¤5¥>¦  ?¬@ £O¯
¡ °�± ��� ��² � § � ³3´ ¦�µ   ² � § £² �

¶ �· � ªl« ¤  ?¬� £ � ¸ �· � ¤5¥>¦  ?¬� £
¹
º2»   ¼ £ º �  5½ £º2»  5½ £ ¾ (B.6)

B.2 Vertical velocity components

Herewegivethecorrespondingterms¿�ÀÂÁ�¿ � » Á�¿ ��� for theFourierseriesrepresentationsof the

velocity componentin the vertical ( ¼ ) direction. Startingwith the continuity equation(2.70),

wecandifferentiatetheexpressions(B.4), (B.5) and (B.6) with respectto Ã to find Ä9¿IÅ9Ä ¼ , then

integratewith respectto ¼ to find ¿ . We againusetheboundaryconditionthat ¿ ��Æ on ¼ ��Æ ,

andmatchtheverticalvelocitiesat theinterfacesbetweenthethreeregions.

For  �ÇÆ , thevelocities� areindependentof Ã , so that Ä � Å9Ä9Ã � Ä9¿�Å�Ä ¼ �ÈÆ , andhence

¿ �ÉÆ . For ËÊÌ½ wehave thefollowing:

¿ À � Í  ¢  .ª6« ¤5µ   ² ��¼ £ ��½ £² � ¤5¥>¦�µ   ² � § £
¹ �2�R���
�5�6��� ��� �I  � � � ¡z¢ � £

Î ��  § £e¤5¥>¦  Q¬� £ ¡AÏ ��  § £ ª6« ¤  Q¬� £¤�¥*¦   ¢�§ £
¡ °�± ��� ��² � § � ³3´ ¦�µ   ² � § £² �¹ ¶ �· � ¤5¥>¦  ?¬� £ ¡

¸ �· � ªl« ¤  ?¬@ £ º �   § £
�  5 ÑÐEÒ� ¶ ���<ÐMÓ� ¸ � £e¤5¥>¦  ?¬@ £ ¡  ÑÐEÒ� ¸ � ¡ ÐEÓ� ¶ � £ ª6« ¤  Q¬� £�£· �¹ ªl« ¤�µ   ² � § £ �k½² �Ôªl« ¤�µ   ² � § £ º �   § £ � °�± ��� �� §² �� ¤�¥*¦  Q¬� £
¡ Í ¢  Ð Ò� ¤5¥>¦  ?¬� £ ¡ Ð Ó� ªl« ¤  ?¬@ £² ��¹ ªl« ¤�µ   ² ��¼ £ ��½ ¡ ªl« ¤5µ   ² �I  § �W¼ £�£ �Wª6« ¤5µ   ² � § £² � ¤5¥>¦�µ   ² � § £ �W¼
¡ ° ¢  ± ��� �� ¼ �² �� ¤5¥>¦  ?¬� £ (B.7)
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Õ�ÖØ×ÚÙ ÛÝÜUÞRß�à�áÑâKãLälå�æIçèé å�ê é ç åaë â çlìeí5î>ï ê?â�ð ìñ ê í5î>ï ê?ò�ã ì ÞRß�à
á�ðCóVô�åIê õUö ìÔ÷ õUö ë<ø6ù í ê?ò@ã ì Þ�ß�à
á
ðCóVú�åIê õ9ö ì�÷ õ9ö ì
ë Û�ûYüUÞRß�à�áýâKãLþ�å�æ çèé å}ÿ=å ðNÛ ��� ï � ê?ÿ=å�ð ìÿ=å

� å� å í�î*ï êQò�ã ì ë
� å� å ølù í ê?ò�ã ì

ñ î>ï � ó� � ç ê.õUö ìÔ÷ õ9ö
ÛÝÜlâKã 	 ê�
�å � åaÛ�
�å � å ìeí5î>ï ê?ò@ã ì ë ê�
��å � å ë 
��å � å ì ølù í ê?ò�ã ì��
ñ ê ølù í � ê?ÿ=å�ð ì Û�û ì� åVÿ=å ølù í � ê?ÿ=å�ð ì Þ�ß�à
á�ð ó � ç ê.õ ö ì�÷ õ ö ë Õ��*×�� ê õ Ù ð ì (B.8)

Õ�Ö ç Ù ÜlâKã � ç ê5û ì� × ê5û ì Û�ÞRß�à�á5älå�æ çèé ç å ê é ç å ë â ç ìeí5î>ï êQâ�ð ì ê���å í�î*ï êQò�ã ì ë�� å ølù í ê?ò�ã ì5ì
ë � þ
å�æ=çèÿ=å ðNÛ ��� ï � êQÿ=å�ð ìÿ=å

� å� å ølù í ê?ò@ã ì ë
� å� å í5î>ï ê?ò@ã ì

Û 	 ê�
�å � å�Û�
� å � å ìeí5î>ï êQò�ã ì ë ê�
��å � å ë 
�å � å ì ølù í ê?ò�ã ì��
ñ ê ølù í � ê?ÿ=å�ð ì Û�û ì� åVÿ=å ølù í � ê?ÿ=å�ð ì ÞRß�à
á5ð ó � × ê õ ö ì'÷ õ ö ë Õ�� ç � ê.õ Ù û ì (B.9)
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APPENDIX C

TRACTION LAYER NUMERICAL ODE
SYSTEM

Thesystemof ��� ODEsin theform  "!#%$'&)(+*-,  /. ,�010102,  43�5�6 is asfollows:

 !. $7(�8:9;(=<?>A@CB�> 6D6 (�<  /E @CB  4F @�G . G > <  > E @�G . <  �.�E @�G . G > B  > F @�G . B  �.HF�6
@%IKJML)N=>O8  4P
 "!> $7(�8:9;(=< > @CB > 6D6 (�<  4FRQ B  /ESQ G . G > B  > ETQ G . B  /.�E @�G . G > <  > F @�G . <  /.HF�6
Q IUJML)NV>O8  43
 !3 $'8  4W @XIKJMLY8  >
 !P $'8  4ZRQ IUJML)8  /.
 "!W $ �
 !Z $ �
 !E $ Q IKJMLY8:<  �.H5[Q IKJ�L)8�B  4\ @'(+]^>_ @�`a> 6 (=<  �.bQ B  > 6 8 Q�c *d8e>OfDgh<�i:>_
Q G . (Dj Q 8 6 IKJ�Lk( Ql > 5 @XIeNV>  /.HZ @�G >  h3�5K6 @�Ie`m>OG > (  /.bQ� /.�.TQ� > .n6
Qlo JML)G > N >  > ZRQ�o ` > (  /.SQ� �.�.n6 @XIKJMLYN >  /.HZ
Q </&Kghi/>_qpSrtsvuxwDy2z (+J{(nj Q (Dj Q 8 6 * 6n6 9 wny1z (|JA8 6 Q IKJML)N=>h(=<  4Z @}B  hWK6 8
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APPENDIX D

SINGULARITIES FOR STOKES FLOW IN A

CONFINED DOMAIN

Below we repeattheexpressionsgiven for ðSñò=ó and ôõñò=ó , in thenotationof chapter3, given in

Liron andMochon(1976b)andLiron (1978)respectively. They wereexpressedin the form

of exponentiallydecreasinginfinite series,for more efficient computation. The singularities

correspondto respectively a point forceanda doubly-infinitearrayof point forcesfor Stokes

flow in theconfineddomainöl÷Xøaù"÷�ú . For chapter3, úüûºý .
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D.1 þdÿ��� , the point forcesingularity

Following Liron and Mochon (1976b), for simplicity we write ������ as � �� , which makes the

solutionslightly easierto express.For 	 , 
��� , � ,

���� � �����
�

���
�
� ��

�
��� � � !

"$#&%
')( % *% �,+ "� + ".-

/1032)465 + "� -
/1032)785 + "�

9 785�;:�< -
2=785 + "� -

/1032)465 + "� 9 4�5�>:�< -
2)465 + "� -

/1032=785 + "�
? @  9 +BA"DC %FE A ?  + " 785 9 465� -

/G0H2=4�5 + "� -
/G032I785 + "� 9 785� 465� + "

J :�< -
2 4�5 ? 785� + " 9 + " -

/1032 785 9 4�5� + " ? @  9 + A"DC %FE A :�< -
2 785 9 4�5� + "

9 ���K�
�

���
�

� �� !
LM#&%

�
N � -

/10 N � 465� -
/10 N � 785� O % N � ��

9 ���K�QP � �
�
� !

L�#&% -
/10 N � 465� -

/G0 N � 785� ODR N � ��
? �

���K�
S 785� 465�  ? 785�  ? 4�5�

�
���

�
� ��TA U (D.1)

� �WV 55 V � � ? ���K�
� ��

�
�.� � !

"$#&%
+ " 'Q( % *% @ �,+ "YX � C@  9 + A" C %FE A ? 

4�5� 785� + " J

-
/G0H2 785 ? 465� + "�Z + " :B< -

2 785 9 465� + "�[ @  9 + A" C %FE A -
/G032 785 9 465� + "

9 + " 785� :B< -
2 785 + "� -

/G0H2 4�5 + "� ? 465� -
/G032 785 + "� :B< -

2 4�5 + "�
9 -

/1032 465 + "� -
/G0H2 785 + "� 465 ? 785� @  9 + A" C %FE A Z 785 9 465� ?  U (D.2)

Theuppersignsarefor � �5 , thelowersignsfor � 5� .
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l iYmQn k oprqts l iYu ewv
q ayx lBzi v kF{ z ` a

| } q ayx l zi v kF{ z x~a�� � ]e����1�3�
� ] l ie ������� � ] l ie x � ]e����1�3� � ] l ie �B�����

� ] l ie
`

a
l i ���G�H� � ] l ie ���1�3� l i � ]e `

� ]e � ]e l i
| q ayx l zi v kF{ z �B����� � ] x � ]e l i x �B����� � ] ` � ]e l i ` l i ���1�3� � ] x � ]e l i
` l i � ] x � ]e ���1�3�

� ] l ie ���1�3� � ] l ie � (D.3)

The functions �Y� and m)n k o� are the � th order modified Besselfunction of the first kind and

Hankel functionrespectively.
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D.2 ����H� , the summedand integrated form of ����H�
The singularity ��������t� �¢¡£�8¤¥¡�¦T�£¡�¦6¤6§w¨G© ª«¬&® ª ª® ª

¯ ������t� ��¡��8°¥¡��8¤¥¡�¦±�³²µ´·¶¸¡B¹±¡�¦6¤B§»ºM�8° . Then

writing � �� for � ��¼� andusing ½ for thewavenumber¾�¿ ¶ ,

� ����t� �¢¡��8¤¥¡¢À,§Á© ½Â�ÃKÄ �ÆÅ � �K².Å � °�§ ¦6¤±�¼Ç�ÈÉ�8¤Ê§
Ç È.Ë±Å � �Æ¦�¤T�¼ÇÌÈÉ¦�¤6§¼�8¤T�ÆÇÌÈÉ�8¤6§ ¿ Ç ¤

²Í� ¾ ²ÎÅ � °6§ ª
«¢¬ ��ÏBÐ�Ñ �ÓÒ ½ ´¥§ Ñ

Ô1Õ3Ö �Ó¦6¤ ½ ´¥§ Ñ
Ô1Õ3Ö �¼ÇÌÈÉ�8¤6§ ½ ´

½ ´ Ñ
ÔGÕ3Ö �ÆÇ ½ ´·§

²Í�¼Å � �^È×Å � ¤�§ ª
«¬ � Ï�Ð�Ñ �tÒ ½ ´¥§ º

ºÙØ Ñ
Ô1Õ3Ö �Ó¦6¤�ØÚ§ Ñ

ÔGÕ3Ö �ÆÇÌÈÛ�8¤Ê§¼Ø
Ñ
Ô1Õ3Ö �¼ÇÜØÚ§ Ý ¬�Þ�«

²Í�¼Å � �K²ÎÅ � ¤6§ ª
«¬ � ½ ´ Ï�ÐMÑ �tÒ ½ ´·§6ß �8¤¥Ç ÏBÐ�Ñ

Ö �Ó�8¤ ½ ´·§ Ñ
ÔGÕ3Ö �t¦6¤ ½ ´¥§

ÈD�8¤¢¦�¤ Ñ
Ô1Õ3Ö �¼Ç ½ ´¥§ Ï�Ð�Ñ

Ö �¼Ç�ÈÉ�8¤$ÈÉ¦6¤�§ ½ ´³²ÎÇÜ¦6¤ Ñ
Ô1Õ3Ö �Ó�8¤ ½ ´¥§ Ï�ÐMÑ

Ö �Ó¦6¤ ½ ´¥§
ÈàÇ °

Ñ
ÔGÕHÖ �t�8¤ ½ ´·§ Ñ

ÔGÕHÖ �t¦�¤ ½ ´·§ ÏBÐ
á Ö �ÆÇ ½ ´·§�â ¿ ß Ñ

ÔGÕ3Ö ° �¼Ç ½ ´¥§^Èã�¼Ç ½ ´¥§ ° â
²Í�¼Å � �^È×Å � ¤�§ ª

«¬ � Çä� ½ ´¥§ ° Ï�ÐMÑ �tÒ ½ ´·§6ß �8¤�¦�¤ Ï�Ð�Ñ
Ö �t�8¤$ÈÛ¦6¤6§ ½ ´

²=Çä�t�8¤å²Û¦�¤6§ Ñ
Ô1Õ3Ö �Ó¦6¤ ½ ´¥§ Ñ

Ô1Õ3Ö �t�8¤ ½ ´¥§
ÈàÇ ÏBÐ

á Ö �ÆÇ ½ ´·§6�t�8¤ Ñ
Ô1Õ3Ö �Ó¦6¤ ½ ´¥§ Ï�Ð�Ñ

Ö �t�8¤ ½ ´¥§^²Û¦6¤ Ñ
ÔGÕ3Ö �t�8¤ ½ ´·§ ÏBÐ�Ñ

Ö �Ó¦6¤ ½ ´¥§
²=Ç °

Ñ
Ô1Õ3Ö �t�8¤ ½ ´¥§ Ñ

Ô1Õ3Ö �t¦�¤ ½ ´·§ ¿ Ñ
Ô1Õ3Ö ° �ÆÇ ½ ´·§�â ¿ ß Ñ

Ô1Õ3Ö ° �ÆÇ ½ ´·§�Èæ�¼Ç ½ ´¥§ ° â ,

� © ¾ ¡ Â ¡�Ë±¡ Òç©.� ��ÈÛ¦±�¢¡ è Õ º ¦6¤Yé��8¤¥ê (D.4)

For �8¤ëé�¦6¤ , replace�8¤ by Ç�ÈÉ�8¤ andÒ by ÈìÒ .

� �° © � ° � © � °¤ © � ¤° ©æ¹ , (D.5)
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íçîðï ññBï îóò ôõ�öK÷ øtù ñ$úÉû6ñ6ü
ý
þÿ î

����� ø�� ô � ü ���	��
 ø û6ñ ô � ü ���	��
 ø� ú ù ñ6ü ô ��� ���	��
 ø�� ô � ü
� ý

þ¢ÿ î ô � ����� ø�� ô � ü���� ù ñ � ������
 øtù ñ ô � ü ������
 ø û�ñ ô � ü � û6ñ ù ñ ô � � ���	��
 øtù ñ$úÉû6ñ6ü ô �
� ù ñÚû�ñ ���	��
 ø� ô � ü ���	��
 ø�� úÛû6ñ$ú ù ñÊü ô ��� ��ø� úÉû6ñ�ü ���	��
 øtù ñ ô � ü ���	��
 ø û6ñ ô � ü� ��� ô � øtù ñ ���	��
 ø û�ñ ô � ü ������
 ø� ú ù ñÊü ô �
úìû6ñ ���	��
 øtù ñ ô � ü ���	��
 ø� úÉû�ñ6ü ô � ü � ���	��
 ø�� ô � ü�� � � ������
 � ø� ô � ü^ú ø� ô � ü � �
� ò ù î�úÉûTî�� � ��� û6ñ � ù ñ"! (D.6)

Theuppersignsareto beusedfor
í îñ andthe lower signsfor

í ñ î . For ù ñ#�~û6ñ replaceù ñ by

� ú ù ñ , û�ñ by � úÉû6ñ , and� by ú � .

Evaluatingthesingularitiesnumericallyis relatively efficient,sincetheseriesareexponen-

tially decreasing.However, it is necessaryto useanalgorithmwhich monitorsthesizeof the

termsin eachsum,sinceconvergenceof the seriesvariessignificantlywith the parameters� ,

ù ñ and û6ñ . It is alsonecessaryto approximatecertainpartsof the formula in order to avoid

overflow errors:for instanceit is necessaryto approximate������
 ø�� ô � ü with
î
�%$
&(' þ

for large � .
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APPENDIX E

AN ADAPTATION OF THE ALTERNATING

DIRECTION IMPLICIT (ADI) ALGORITHM

E.1 Intr oduction

An extensionof theADI algorithm,is usedin chapter4 to solve theadvectiondiffusiontracer

dispersionequation. Following the presentationof DouglasJr. andKim (1999),we briefly

derive thealgorithm.Wehave to solve theadvection-diffusionequation

)+*
)-, .

)-/"*
)10 /32

)
)54 6

)+*
)54 798 *�: 7<; *>= , (E.1)

on the domain ?A@ 0 @CB , ?D@ 4 @FE for the time period ?A@ , @HG . This is discretised

as
0JI .LKNM 0 ,

4PO .LQ%M 4 and
,>R .LSTM , , with M 0 . BVUXWZY , M 4 . E[U\WZ] and M , . G^U\W`_ , so that

thedomainconsistsof aWZY 2cbed aW`] 2cbfd grid pointsandthereare W`_ timesteps.We usethe

standardnotation
* RIgO . * a KPM 0ih Q%M 4jh STM , d .
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E.2 ADI algorithm for diffusive terms

Applying a centraldifferencingschemeaboutkmlon�pDqsrXtju1v�wxk for the time discretisation,we

have

y>z1{}|�~�y�z l wxk
u

���-� y z1{}|
�1� � q ���-� y z�1� � q

�
�5�

��� y
�5�

z1{}| q �
�5�

��� y
�5�

z

~��(y z1{}|� ~9�(y z� ~9��y z1{}|� ~9��y z� q���nwPk � v � (E.2)

Using the notationof DouglasJr. andKim (1999), the differentialoperators� | and � � are

definedby

� | y l ~ n � y � v � l ~ � y �P� , � � y l ~ n � y � v � , (E.3)

andwewrite theadvective termsas

��� y l �(y � , ��� y l ��y � � (E.4)

Theoperator� | is approximatedby takingcentraldifferences,

� | y>z�g� l ~ n y � {}|�� � ~ u y ��� q y ��� |�� � vNt}n�w � v � q���n�w � � v , (E.5)

againthe error term is foundby applyingTaylor’s theorem.In orderto discretisethe outer �
derivative,weapplycentraldifferencesabout� l�¡%w � , sothat

�
�J�

� � y
�J� l r

w �
� � {}|£¢ � �

y � � � {}|£¢ ��5� ~ � ��� |£¢ � �
y � � �N� |£¢ ��J� q���nw � � v�� (E.6)

The diffusion terms
� � {}|£¢ � and

� �N� |£¢ � may be approximatedby n � � {}| q � � vNtju and n � � q
� ��� | vNtju respectively. Theremainingderivativesmayagainbeapproximatedby centraldiffer-
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encesto give

¤
¤5¥ ¦

¤i§
¤5¥ ¨

©
ª1« ¥X¬3 §>®°¯ ±�²}³ ¦ ±�²}³�´ ¦ ±xµi¶�§>®°¯ ± ¦ ±�²}³�´ ª ¦ ±(´ ¦ ±�·}³�µ�´�§>®°¯ ±�·}³ ¦ ±N·}³�´ ¦ ±fµ�µ
´m¸  « ¥ ¬ µN¹ (E.7)

E.3 QUICK discretisation for advectiveterms

It remainsto calculatethe advective terms. Onecould againusecentraldifferences,so that§>º ¨C §>®�²}³�¯ ±�¶»§�®�·}³�¯ ±Pµ�¼ ª-«P½ ´9¸  «P½ ¬ µ , but thisapproachmayintroduceunacceptableoscillations

into thesolutionif thereis insufficient diffusion. An alternative approach,usedby Blake and

Gaffney (2001)is first orderupwind discretisation,in which the derivative is calculatedfrom

the‘upwind’ or ‘upstream’cell, sothatfor ¾A¿ÁÀ weapproximate
§�º ¨Â §�®£²}³�¯ ±1¶ §�®�±fµ�¼ «x½ . This is

now numericallystablebut only first orderaccurateand,asexplainedin Leonard(1979),intro-

ducesartificial numericaldiffusion. Sincediffusionwill increasethetendency of thepulsesto

‘cotransport’in ourproblem,thismaygivemisleadingresults.InsteadweshallusetheQUICK

(QuadraticUpstreamInterpolationfor Convective Kinematics)schemeintroducedby Leonard

(1979),definedby

Ã�Ä ¨ ¾ � © ¼jÅ1µ�§�®�· ¬ ¯ ±i¶ �Æ ¼jÅ1µN§>®�·}³�¯ ±+´ °Ç ¼jÅ1µ�§�®g±i´ °Ç ¼jÅ1µ�§�®�²}³�¯ ±Pµ�¼ «x½ if ¾D¿ÁÀ
¾  ¶ �Ç ¼�Å1µN§>®�·5¯ ±i¶ �Ç ¼jÅjµN§>®g±(´ �Æ ¼jÅjµN§>®�²}³�¯ ±(¶  © ¼jÅ1µ�§�®£² ¬ ¯ ±NµN¼ «P½ if ¾DÈÁÀ ,

(E.8)

andanalogouslyfor
Ã�É

. Thepropertiesof this schemearebriefly discussedin Ê 4.3.2.
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E.4 Solution

Writing Ë[ÌÎÍÐÏxÑfÒ�ÌjÓjÔ for conciseness,wehave thefinite differenceequation

ÕÖ�× ËÎØ × Ë[Ù × Ë[Ú × Ë[Û\Ü�Ý�Þjß Ø Í ÕÖZà ËÎØ à Ë�Ù à Ë�Ú à Ë[ÛXÜNÝ>Þ ×�á�Õ ÏPÑ Õ ÏPâ × Ï�ã × ÏPÑ Ù Ü�Ü ,
(E.9)

whichmustbesolvedfor eachtimestepÝ ØNä\å\å\åfä Ý>æ�ç , startingfrom theinitial conditionsÝ>è . After

integratingover éZê timesteps,thesolutionwill beaccurateto
á�Õ ÏPâ × Ïëã × ÏPÑ Ù Ü . At any timestep,

thevalueson theright handsidewill beknown, thevalueson theright to bedetermined.For

a 1D problem,only the operatorsË^Ø and Ë[Ú would be present,andthe left handsidecould

be expressedin termsof a pentadiagonalmatrix, leadingto an efficient solution. However,

sinceadditionally the terms Ë[Ù and Ë[Û arepresent,direct solutionwill requireiteration. A

moreefficient approach,first proposedby Douglas,PeacemanandRachfordto solve theheat

equation,is theADI method(DouglasJr. andPeaceman,1955),extendedhereto make useof

theQUICK method.

Adding
Õ Ë^Ø × Ë[Ú�Ü Õ Ë[Ù × Ë�Û�ÜNÝ Þ1ß Ø to bothsidesandomitting thediscretisationerrorwehave

ÕÖ × Ë^Ø × Ë�Ú�Ü ÕÖ × Ë[Ù × Ë�Û\ÜNÝ>Þ1ß Ø Í ÕÖ`à Ë^Ø à Ë[Ú\Ü ÕÖZà Ë�Ù à Ë�Û�ÜNÝ>Þ
×#Õ Ë^Ø × Ë�Ú\Ü Õ Ë[Ù × Ë[Û\Ü Õ Ý>Þ1ß Ø à Ý�ÞìÜ å (E.10)

By neglectingtheterm
Õ Ë^Ø × Ë[Ú�Ü Õ Ë[Ù × Ë[Û\Ü Õ Ý Þjß Ø à Ý Þ Ü , wecansolveequation(E.10)usingthe

two stepscheme

ÕÖ × Ë^Ø × Ë[Ú�Ü�Ý Þjß Ø£íîÙ Í ÕÖZà Ë�Ù à Ë�Û\ÜNÝ Þ , Õ â àðï°ñÎòeòXó ÜÕÖ × Ë[Ù × Ë[Û�Ü�Ý Þjß Ø Í ÕÖZà ËÎØ à Ë�Ú\ÜNÝ Þ1ß Ø£íîÙ å Õ ã à�ï°ñÎòeòXó Ü (E.11)

For the ô th timestep,Ý Þ is known. For thefirst partof thetimestep,the‘ â -sweep’,we find the
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intermediatesolution õ>ö1÷}ø£ùîú by inverting the pentadiagonalmatrix arisingfrom ûýüÿþ ø üLþ��
for each

��� ���	�	���
�	��
. Once õ öj÷}ø£ùîú is known, we perform the ‘ � -sweep’by solving the

pentadiagonalmatrixarisingfrom û`ü�þ ú üðþ�� for each� ���
�	�	�	���	���
to determineõ�öj÷}ø .

E.5 No-flux boundary conditions

Theno-flux boundaryconditions�5õ
����� ���
and �5õ������ ���

arediscretisedby õ>ö� ÷}ø � ! � õ�ö� ! and

by õ>ö� � !N÷}ø � õ�ö� ! . This resultsin õ>ö� � "}ø beingreplacedby õ�ö� � # , õ>ö� � $&%�÷}ø beingreplacedby õ�ö� $'% , õ>ö#
� !
beingreplacedby õ ö ø � ! and õ ö$)(�÷}ø � ! beingreplacedby õ ö$)(*! whereverthey occurin thediscretised

system.
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