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ABSTRACT

This thesisis concernedvith modellingthe liquid lining of the airways, which is transported
towardsthe pharynxby beatingcilia. It is not understoodvhetherthe ciliated epitheliumnor-
mally absorbswater Surfaceareadecreasesnoving up the bronchialtree but the depth of
the periciliary liquid (PCL) remainsconstanthenceif thereis significantflux of PCL up the
bronchi, theremust be absorptionby the epithelium. Theoreticalanalysesof cilia have pre-
viously concludedthat flux of PCL is small, however experimentsappearo show significant
transporiof PCL. In chapterl we review thebiology of themuco-ciliarysystem previousmod-
elling andtheconflictbetweertheoryandexperiment.In chapter2 we present‘tractionlayer’
modelof thefluid flow, assumingio absorptiorby the epithelium,which providesinsightinto
the mechanismsy which efficient mucustransportdoesor doesnot occur Pressurgradients
causedy surfaceandinterfacetensionarecrucialto maintainingefficient transport.Fromjus-
tified parameteralueswe predictmucustransportratesof 40 ym/s, closeto thatobseredin
cultures,andvery smallmeanPCL transport.In chapter3 we discusghe problemof modelling
thecilia asdiscreteobjects.We considerthe PCL asa fluid boundedoy two parallelplatesthe
epitheliumandthe mucusinterface. We extend modelsof cilia in a confineddomainusinga
Stokesletanddipole distribution in the nearfield andan averagedStokesletdistribution in the
farfield, sothata numericalsolutioncanbe found efficiently. We calculatesolutionsthatare
accuraten boththe nearandfarfields. Thereis significantpositive transportof PCL during
therecovery stroke, indicatinghow thetractionlayermodelmaybeimproved. In chapter4 we
modeltracerdispersiorexperimentswith atwo dimensionakdwection-difusionmodelwhich
is solved numerically Steadyandoscillatoryprofilesfrom chapter2, togethemwith othersug-
gestedorofilesareusedfor the advective flux. It is foundthata planeCouetteflow in the PCL
is sufficientto reproducesxperimentakesults, andthatthe profilesof chapter2 produceresults
remarkablycloseto experimenthowever furtherwork is neededo clarify the problemfully.
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Numericalsimulationresultsfor the steadyvelocity profiles depictedin Fig-
ures4.3 and 4.5. Mesh spacingsandtimestepwere ox = 6.67 pum, 6z =
0.125 pm andédt = 0.02 s. All timesin secondsgistancesn ym. . . . .. ..
Numerical simulation resultsfor traction layer numerical oscillatory veloc-
ity profile and diffusion profile D;, shaving that satisfctory corvergenceis
achieved for d(0,t) andd(H,t) with 6z = 1.5 pm, 2z = 0.0625 pm and
ot = 0.002 s. The transportratio will becomerelatvely more accurateas
d(0,t) increasesvith time. All timesin secondsgistancesn ym. . . ... ..
Numericalsimulationresultsfor tractionlayer numericaloscillatory velocity
profile anddiffusion profile D,. The separatiorbetweenthe two pulsesdoes
notsignificantlyincreaseafter5 s. All timesin secondsdistancesn pm.
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CHAPTER 1

INTRODUCTION

1.1 Mucus, cilia and the ciliated epithelium

Theairwaysof thelung areprotectedrom inhaleddust,bacteriaandotherharmful substances
by an extremelythin surfacelayer of liquid (~ 5-20 pm), asshavnin Figurel.1. This liquid
consistof a wateryseroudluid, or ‘periciliary liquid’ (PCL)whichis directly in contactwith
the epithelium,andoverlying highly viscousandnon-Nevtonianmucus. The mucouslayeris
mainly comprisedof waterand glycosylatedmucin proteins,secretedy specialisectells. In
orderto remove harmfulmaterial the mucoudayeris transportedilongthe airwaysandout of
the lungsby the actionof a densemat of microscopiccilia, whereuponit is swallowed or ex-
pectoratedEachmatureciliatedcell mayhave upto 200 cilia, atadensityof 6—8 m~=2 (Sleigh
etal.,1988).Figurel.2shovsaverysimplifieddiagramof theciliatedepithelium,shaving the
main cell types: ciliated and gobletcells. The gobletcells do not protrudesignificantlyfrom
theepitheliumandoccurin proportionl:5 with ciliatedcells(Sleighetal., 1988).

Failure of the muco-ciliaryclearancesystenresultsin harmfulcomplicationssuchasthose
suffered by cystic fibrosis (CF), asthmaand chronic obstructve pulmonarydiseasg(COPD)
patients. In orderfor suchillnessesto be treatedsuccessfullyit is importantthat the fluid

dynamicsof the airway surfaceliquid (ASL) be well understood.However, thereis still con-



troversy over somevery basicaspectof muco-ciliary transport. In particularit is unknovn
whetherthereis significanttransportof PCL alongthe airwaysand consequenabsorptionof
PCL by the epithelium. The velocity profiles predictedby mosttheoreticalanalysesare sig-
nificantly differentfrom thosewhich experimentalisthave recentlyclaimedto have obsered
(Matsuietal., 1998b).This maybedueto thebasicdifficulty in modellinga very large arrayof
bodiesbeatingin a fluid, the non-Nevtoniannatureof the mucus,the problemsof studyingin
vivo ciliated epithelium,the presencef osmoticeffectsandthe complex interactionbetween
thecilia andthemucus—PClinterface.lt is especiallyifficult to obtaindataon the PCL since
thelayeris sothin (~ 5 um). It is alsopossiblethattheinterpretatiorof theexperimentaresults
needdo bereappraisedIn this chapterwe review existing knowledgeof the biology of cilia,
mucusand the muco-ciliary system,relevant mathematicamodelling, and finally the recent
experimentalwork of Matsuiet al. (1998b),which conflictswith mosttheoreticalanalysesf
fluid transporin thelung. We thenbriefly discusswvaysin which experimentalandtheoretical
work maybereconciledandsummarisehe structureof this thesis.

Propulsve cilia were obsered asearly as 1675 on micro-oiganismsby the Dutch micro-
scopistvan Leeuwenhoek.They were first discoseredin higher organismsin the 1830sby
PurkinjeandValentinein the oviduct walls of vertebratesandairway cilia were studiedsoon
afterby Sharpg (Rivera,1962). They canbeobsenedthroughoutmostof theanimalkingdom
in, amongsbthersthedigestive, excretory respiratoryandreproductve systems.

Cilia areknown to have a similar externalandinternalstructureto eukaryoticflagellaand
spermatozoatails (Sleighetal., 1988,see for example).Both arebeatingappendagewith a
‘9+2’ internalstructureof constantengthfibrils. The ‘9’ refersto nine outer‘double fibrils’
which,givenasupplyof ATP, will sliderelatveto eachother bendingthecilium. The'2’ refers
to two centralmicrotutuleswhich arelinked to the otherfibrils by lateral projections. There
alsoexist rotating‘primary cilia’ with a‘9+0’ internalstructurewhich may be responsibldor

symmetry-breakindlows in embryodevelopment(Nonakaet al., 2002). Theterm‘cilium’ as
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Figure1.2: lllustration of the bronchialepithelium,shoving the ASL consistingof the lower
PCL containinga densematof cilia, andthe uppermucouslayer. Two of the maincell types,
areshovn—ciliatedandmucus-secretingobletcells. Penetratiorof the mucouslayer by the
cilia during the forward part of the beatcycle causesa meanforward flow of mucus. The
coordinatesystemusedin this thesisis shavn on the left—the = directionis the direction of
mucustransportthey directionis in thedirectionof themetachronalvavefront(into the paper)
andthe z directionis normalto the epithelium.The actualgapsbetweercellson the epithelial
surface are not as large as shawvn in this illustration, as can be seenin the micrographsof
SandersomandSleigh(1981).



opposedo ‘flagellum’, is generallyusedfor organellesnoving fluid perpendiculato theiraxes,
usuallybeingarrangedn densearrays.It seemdikely thatcilia evolvedfrom flagellabecause
of the hydrodynamicadwantagesf having mary cilia beatingin coordination(Sleigh, 1962;
GueronandLevit-Gurevich, 1999).

The ciliary beatis consideredo have two phases an ‘effective stroke’ during which the
cilium is relatively straight,and rotatesforwards, propelling fluid in the direction of propul-
sion, and a ‘recovery stroke’ in which the cilium bendscloseto the epitheliumand returns
moreslowly to its initial position. In ciliated micro-omganismseachcilium beatsslightly out
of phasewith its neighboursjn sucha way that a ‘metachronalwavefront’ propagateslong
the ciliated surface. In the lungsthe metachronaivave is lesswell-definedand extendsover
shorterdistanceghanin water propelling organisms—thisseemsto be becausehe cilia are
‘clawing along’ a semi-solidlayer of mucus,ratherthan smoothlypropellinglower viscosity
water(SandersomandSleigh,1981).In thelungs,the metachronalave travelsin the opposite
directionto the effective stroke. Thisis known asan‘antiplecticwave’. This hasimportantim-
plicationsfor thetypeof modelsthatmaybeappropriatgBlake,1972).1t is still notunderstood
how metachronisnis initiated,andwhetherciliary beatingis subjectto signallingmechanisms.
GueronandLiron (1992,1993) have shovn that metachronisntanoccur spontaneouslasa
resultof hydrodynamiaoupling. However, thefactthatclearancef fluid is greatlyreducedn
theabsencef mucushasledto thesuggestiothatmuco-ciliaryclearanceannotoccurwithout
signallingbetweersecretoryandciliatedcells(Boucher,1994). This signallingcouldbedueto
calciumwaves,paracrinenessengersr a combinationof thetwo (Salatheetal., 1997).

Theciliary beatfrequengy hasbeenmeasuret betweert and15 Hz in humansthe wide
rangelik ely beingdueto experimentalartifacts,to the presencer absencef mucus,andpos-
sibly becausdeatfrequeng may beregulatedby the autonomicnenoussystemalthoughthis
hasnot beendemonstrateth animalsotherthanthefrog (Salatheetal., 1997).Beatfrequeng

may also be reducedby bacterialinfection (Salatheet al., 1997), certaindrugsor by recent



exposureto tobaccasmole (Rivera,1962).

Mucusis a non-Nevtonianfluid—it doesnot displaya simplelinear relationshipbetween
stressandrateof strain,theconsequenceeingthatthenormallinear Stokesflow equationsised
to modelvery low Reynoldsnumberflow do not apply Many studieshave beenmadeof the
rheologicalpropertiesof mucus,anda brief review is givenin §2.4.2. Extracting,storingand
testingmucussamplesn a way which preseresthein vivo conditionsandprovidesaccurate
informationis a considerabldgask. From the perspectie of modelling transportrates,some
importantpropertiesare viscoelasticity—atime dependentesponséo stress,sheasthinning
(pseudoplasticity)—dependenoé viscosity on shearrate, and spinnability—theability of a
sampleto be drawvn out into a long thread. In §2.4.2 we find that the effective viscosity of
mucusunderoscillationscharacteristiof the muco-ciliary systemis around50 timesthat of
watet

Althoughmostmodellingwork, detailedin §1.3, hastreatedmucusasa very viscousNew-
tonianfluid, Liron and Rozenson(1983) arguedthat consideratiorof the mucouslayer asa
non-Nevtonianfluid wasvital to understandinggs transport.They cited experimentallybased
evidencesuchasthatpublishedoy MeyerandSilberbeg (1980)who, by investigatingransport
on themucus-depleteftog palate foundthatby varyingthe dynamicstoragemodulusof mu-
cusaddedo the palatethey achieveddifferentlevelsof transport.They amguedthat’...a system
which functionsas mucusmustpossesa significantnumberof relaxationmechanisms.. at
least10 timeslargerthanthe periodof theciliary beat... They alsocitedthefactthatthe gel-
lik e natureof themucuswasessentiafor transport. Accordingto ZieglerandFoegeding(1990)
a‘gel’ is'...acontinuousetwork of macroscopi@cimensionsmmersedn aliquid mediumex-
hibiting no steady-statélow’. King (1980)found thatrestorationof transportis achiezed not
only by mucus,but alsoby a guarangel. He found that below the ‘gel point’, no transport
occurred,but asthe consisteng wasincreasedo just above this point, almostfull transport

wasrestored.Silberbeg (1983)gave a mathematicaargumentthat, dueto thetimescaleof tip



penetrationthe behaiour of the mucuson this scalewaseffectively elastic,suggestinghata
realistictip-penetratiormodelcannotsimply modelmucusasa Newtonianfluid.

Certainissuesregardingthe muco-ciliary systemhave beendifficult to resole. The ques-
tion of whetherthetip of thecilium mustpenetratéghe mucoudayerin orderto ensureefficient
transporthaslong beenin doubt. Theoreticalanalysisby Fulford andBlake (1986)suggested
thatpenetrationrwasnot necessargxceptin caseof high ciliary inactvity. Winetetal. (1984)
performedexperimentnfrog epithelialculturesusingfluorescenpolystyrenesphereso mea-
surethe flow profilesin aliquid cultureabove the mucussurface,andalsowith the mucusre-
placedby anRPMI™ controlmedium.They concludedhatcilia penetratiorwasnotnecessary
for positive transportunlesshereweremucusflakes’in contactwith ciliostaticpatchesHow-
ever, micrographstudiesby Sandersorand Sleigh (1981) and Puchelleet al. (1987) provide
evidencethat penetrationof the mucouslayer usually doesoccur Keremet al. (1999) have
suggestedhatthe mucouslayeractsasa ‘resenoir’, absorbingexcesdliquid from the PCL to
ensurethatthe mucouslayer doesnot ‘float off’ thecilia tips. In the studypresentedn chap-
ter 2, we modelthe propulsve interactionof the cilia with the mucouslayer by ‘penetration’,
andproduceresultsthatshow striking parallelswith this experimentalkstudy

It hasalsobeensuggestedhat the classicaltwo-fluid modelshown in Figure 1.2 may be
incorrect.In certainspeciesathin surfactantipid layerhasbeenobsenedbetweerthePCLand
themucoudayer(Yoneda,1976).1t maythereforebeimportantto take into accountnterfacial
effectswhenmodellingflow in the ASL. It hasalsobeensuggestethatthedistinctionbetween
the mucouslayer andthe PCL may not be that clear andthat mucinsform an entangledgel
throughouthe ASL, with high concentrationn the ‘mucouslayer’ andlower concentrationn
the‘seroudayer’, thedilution resultingfrom epithelialion andwatertranspor{Boucher,1994).

The problemthatfirst motivatedthis studyis that of whetherthereare significantosmotic
flows throughthe epithelium.Boucher(1994)suggestedhat flow of waterthroughthe epithe-

lium dueto osmosismay be present,in orderto maintainisotonic conditionsin the ASL, as



explainedin §1.4. Osmoticpressuregradientshave not beena featureof any of the mechani-
cal modelsof ciliary transportandmay make a significantcontritution to the flow in the PCL
(Blake and Gaffney, 2001). As explainedin §1.4, Bouchers teamhave demonstratedgMatsui
etal., 2000)thatthe osmoticpermeabilityof humanairway epitheliais relatively high, consis-
tentwith anisotonicASL, andin (Matsuietal., 1998b)found evidenceof high axial transport
of PCL,whichis stronglysuggestie of significantliquid absorptiorby the epithelium.In this
thesiswe developa modelsin which osmoticflows areneglected,in orderto testwhethersuch
a systemcould producetracertransportresultsconsistentvith the experimentsof Matsuietal.

(1998h).

1.2 Physical parametersof the muco-ciliary system

Below we very briefly review someexperimentalfindings regarding physical parametersof
the mucusandcilia, thatwill be usedin our modellingstudies. InternationalCommissionon
RadiologicalProtectiorandMeasurementg§l994)quotemeanvaluesof 5 pm and6 pm for the
thicknessof themucousandPCL in the bronchugespectrely. Puchelleetal. (1998)estimated
thatthe depthof penetratiorof the cilium into the mucouslayerwas0.5 ym. Toskala(1994),
summarisingexisting researchreporteda cilium diameterof 0.2 xm, correspondingo aradius
of 0.1 um, andacilium lengthof 5-7 ym. Sleighetal. (1988)quoted5—6 pm for cilium length
and6-8 pm~2 for cilium density;this correspondso a cilium spacingof 0.35-0.41 ym. As
discusse@bove, cilia beatfrequeng mayvary from 6—15 Hz.
Basedntheabovedata,andontypical valuespreviouslyusedn theoreticaktudieqFulford
andBlake, 1986; Liron, 1978), Table 1.1 lists valuesof typical parameterghat will be used
in this thesis. Sincethe precisevaluesarelikely to vary betweenindividual cilia, between
differentpartsof thelung, betweerspeciesbetweerndividualsandovertime, it is notpossible
to be exact,andindeedwe have chosercertainparametersor analyticsimplicity, for instance

5.4 = 6x0.9, sothatthepenetratiordepthis 0.1 x thecilium length.In chapter2 weinvestigate



L cilium length 6 pm
h thicknessof PCL 5.4 pm
H thicknessof ASL 10 pm
H — h | thicknessof mucoudayer | 4.6 ym
L — h | depthof cilium penetration 0.6 ym
o cilia beatfrequeng 10 Hz
To cilium radius 0.1 pm
d cilium spacing 0.3 pm

Table 1.1: Characteristidength and timescaledor the muco-ciliary system. Furtherphysi-
cal parametersuchasviscoelasticityand surfacetensionare given and discussedn depthin
chapter2.

the effect of varying certainparametersn orderto modelthe effect of diseaseor drugs,in

particularthroughthe mucoudayerthicknessandthecilia beatfrequeng.

1.3 Previoustheoretical modelsof ciliary transport

Theearliestattemptto modelmuco-ciliaryflow mathematicallyasthatof BartonandRaynor
(1967), modellingthe cilium asa rigid rod which automaticallyshortensduring the recovery
stroke. Theforce exertedby eachrod asit oscillatedwascalculatedoy consideringeachrod to
be composedf infinitesimally shortcylindical sections perpendiculato the epithelium. The
forcecouldthenbefoundusingOseens linearisedequationof motion,which led to ananalyti-
cal solutionfor themeantransporitndmeansheaistress.Thisapproacthadseverallimitations,
in particular themotionof thecilia wasnotaccuratelynodelledandthe metachronalvave was
notincluded(Blake, 1973b).They alsoassumedhatthe effective andrecovery strokeswereof
equalduration,somethinghathasbeenshavn to beuntrueexperimentally however correcting
this would not be difficult. They assumedhatviscosityvariedlinearly from the epitheliumto
the top of the mucouslayer, andthat the mucouslayer could be modelledasa viscousNew-
tonianfluid, two assumptionshey recognisednight not be valid. However, their work wasa
forerunnerof later ‘cilia sublayer' models,andthey calculatedrealistic flow ratesof around

110 pm/s, basedon a beatfrequeng of 100 rad/s. Their characterisationf the cilium asa



rigid rod is exploitedin §2.3.

An alternatve approachwaspursuedndependentiby Ross(1971)andBlake (1971),the
latter modelling fluid transportby waterpropelling organisms. The cilia tips were modelled
asanimpermeabléwavy wall'. These'envelopemodels’were extensionsof work by Taylor
(1951) on the swimming of micro-olganismswith propulsve tails, suchasspermatozoaand
work by Lighthill (1952)on the motion of squirmingnearsphericalorganisms.The ervelope
wasmodelledasa flexible sheetalongwhich propagateainusoidalwaves. The studyof Ross
(1971)tookinto accounthenon-Nevtoniannatureof theuppermucoudayer. He modelledthe
mucusasa nonlinearMaxwell fluid, andsolved the resultingsystemof equationsanalytically
usingFourierseriesandasymptotiexpansionsassuminghattheamplitudeof themetachronal
wave in the sheetwas small comparedvith the mucusdepth. He calculatednucusflow rates
which were of the correctorder of magnitude(25 pm/s), but becauseof the designof his
model,couldnottouchonissuessuchastip penetratioror flow in the PCL. It alsoseem<lear
that the ervelopemodelis not suitablefor lung cilia: it hasbeennoted(Blake, 1972)that at
velocitiesfoundin nature theenvelopemodelis notadequatéor systemsexhibiting antiplectic
metachronismsincethe tips of the cilia may be widely-spacediuring the effective stroke. In
implementingthe modelit is necessaryo enforcea no-slip conditionon the envelope,which
doesnotagreewith experimentalbbsenations(Blake andSleigh,1974).

The ‘cilia sublayer’approachwasdevelopedby Blake (1972),initially for ciliated micro-
organismsgespeciallyto modelsystemavherethe no-slipconditionontheenvelopeis violated.
The epitheliumwastakento be a flat, doubly-infinite plane,andthe metachronalvavefrontto
be a straightline in they direction,moving in the negative = direction. Exploiting slenderness,
the cilia weremodelledby distributionsof point force singularitiesor ‘Stokeslets’alongtheir
centre-lines.Giventhe force distribution alonga cilium, the flow field could be found by in-

tegratingthe force with the appropriateGreens function G, over the lengthof the cilium and
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summingover all of thecilia:

w = S ) / G (%, & (5:8)) (€ (5, 8)) s, (1.1)

m=—00 N=—00

whereg,,,. (s, t) is the positionvectorof the point on a cilium of arc-lengths from the base,
situatedatx = ma, y = nb, attimet.

In orderto find the force distributions, the ‘resistive force theory’ of Gray and Hancock
(1955)wasused,which approximateshe normalandtangentialcomponent®f the force dis-
tribution asbeingproportionatto therelative velocity of the cilium andthefluid. Theconstants
of proportionalitymustbe derived using slenderbody analysis,seefor example Chwangand
Wu (1975). In the original study Blake averagedthe integrandsover time andin the z and
y directions—inFigure 1.2, the direction of mucustransportandthe directioninto the paper
respectrely. This simplifiedthe mathematicsignificantly sothata meanfield velocity could
beobtained.He alsousedaform of Poissons summatiorformulato cornvertthe doubly-infinite
sumof Greens functionsinto anexponentiallydecreasindrouriertransformedrersion,sothat
agoodapproximatiorto the sumcould be foundfrom the leadingorderterm.

Thesetechniquesverethenextendedto muco-ciliarytransportin the lung (Blake, 1973b).
Thesamediscretesublayeranalysisvasused togethemwith thebeatcycle of Parameciunsince
datawerenotavailablefor lungcilia. Theeffectof gravity onathickenedmucoudayerwasalso
includedin themodel,shaving thatangleof inclinationwould have a very significanteffectin
diseasedungswherethe mucoudayerwasanorderof magnitudehickerthanthe PCL. In this
initial study the ASL wasassumedo have constantviscosity andthe Greens functionfor a
semi-infinitefluid wasused.

This approachto modellingcilia hascertainother limitations—in particularit only takes
accounbf theinteractionbetweerthecilium andthe meanflow (Liron andMochon,1976a)—

this is not necessarilya goodapproximationbelov the top of the cilia layer, wherethe oscil-
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lationsin fluid velocity may be large. Blake alsonotedthatthe ciliary beatof Parameciumis

three-dimensionalandthe metachronisnmexhibited is not simply antiplectic—althouglsome
recentresearchassuggestedhatthe ciliary beatin the lung may indeedbe planar(Chilvers
andO’Callaghan2000).In modellingmicro-omganismpropulsion Liron andMochon(1976a)
only averagedn they directionandexploited simplifying periodicity agumentgo reducethe
doubly-infinitesumof forcesandsingularitiesto a finite sumof forcesover onebeatcycle and
an infinite sumof singularitiesthat could be calculatedanalytically They avoidedthe need
to use Gray and Hancocktheory by requiringonly that the velocity at a point on a cilium is

equalto that of the fluid flow. Oncethe velocity of the cilium is calculatedfrom beatcycle
data,this givesanintegral equationfor the force distribution, which canbe solved numerically
usinga quadraturgorocedure.The calculationof the flow field over therestof thefluid is then
straightforvard. This approachs extendedandappliedto themuco-ciliarysystemn chapter3.

For agenuinelyaccuratanodel,the ASL needdo beconsideredsatleasttwo separatéay-

ers,thelowerbeingwateryandnearlyNewtonian,theupperbeingviscousandnon-Nevtonian.
As afirst steptowardsthis analysis,Blake (1975b)appliedthe earlierdiscretesublayemodel
togethemwith atwo-layerNewtonianmodelincludingthe effectsof gravity andinteractionwith

theairflow. The modeldifferedfrom mostin thisfield in thatthecilia wereassumedo be syn-
chronisedatherthanformingametachronalvave, basednthefactthatthecilia in thelungare
very closelypacled, at leaston anindividual cell. Meanandoscillatoryvelocity profileswere
calculatedpf maximummagnitudearound0.050 L, and0.30 L, correspondingo 18 ym/s and
108 pm/s for our parametesetrespectiely. With the aim of modellinga non-Nevtonianmu-
couslayer, adiscussiorwasgivenof how Fourieranalysiscouldbe usedwith alinearMaxwell

modelin orderto producea linear consitutve equationasexploitedin this studyin chapter2.
Penetrationnto the mucoudayerwasnot modelled andtherewasno experimentaldataavail-

ablefor the cilia beatcycle shape. Theselimitations were addressedn Blake (1984), Blake

andFulford (1984)andFulford andBlake (1986),wherethe cilia beatcyclesfound by Sleigh
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(1977)and SandersomndSleigh (1981)wereused,togethemwith Gray andHancock-typee-
sistancecoeficientsfor aslendembody ‘straddling’ theinterfacebetweertwo Newtonianfluids
of differing viscosity Thesecoeficientswere calculatedbasedon continuity of normalstress
at the boundarybetweenthe fluids, neglecting surfacetension. As a secondorder correction
they thencalculatedthe interfaceshapesubjectto surfacetension. They modelledthe effects
of having a large numberof inactive cilia, asin a diseasedung, anddeterminedan optimum
penetratiordepth.A typical velocity profile is givenin Figure 1.3, profile A.

A differentapproacho modellingthecilia sublayemwasdevelopedoy Keller(1975).Known
asthe ‘continuumsublayer’or ‘traction layer model, the actionof the cilia is modelledasa
spatiallycontinuousvolumeforce distribution. Keller appliedthis techniqueto ciliated micro-
organismssuchasParameciumandOpalinawherethemucoudayerdoesnothaveto beconsid-
ered.Exploiting the periodicity of the ciliary beat,hefirst foundthe streamfunctionfor Stokes
flow in termsof the force distribution with Fourier seriesanalysis.He thenusedthe resistve
forcetheoryof Gray andHancocktogethemwith expressiongor the resistanceoeficientsde-
rived by ChwangandWu (1975)for a very slenderellipsoid. Sincethe force exertedby the
cilium depend®n the velocity of the surroundingluid, andvice-versa,it wasnecessaryo use
aniterative algorithm,startingwith zerofluid velocity, calculatingtheforceovertheciliary beat
cycle, calculatingthe resultingvelocity and continuinguntil convergencewasachiezed. This
method whichdiscretisedhecilium asafinite numberof sggmentsjs known asa ‘pigeon-hole
algorithm’. The averagingtechniquehasbeencriticised (Fulford andBlake, 1986)becauset
apparentlydoesnot adequatelygiscriminatebetweerthe effective andrecovery strokes,result-
ing in excessve oscillatoryvelocitiesin the upperlayer. However, replacingthe cilia with a
volumeforceis avery usefulsimplification,andthis ideais usedin chapter2.

Blake andWinet (1980)appliedthetractionlayerapproactto muco-ciliarytransporin the
lung, with the idealisedbeatpatternof Bartonand Raynor(1967)and modellingthe mucous

layer as a Newtonianfluid. They took into accountthe resistanceof the ciliary sublayerby
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modellingit asan‘active porousmedium’,building ontheearlierpaperof Blake (1977).Their
resultssuggestethatslightpenetrationnto themucoudayerby thecilia substantiallyenhanced
transport.

Liron and Rozenson(1983) examinedtip penetrationn a differentway. They modelled
mucusasa non-Newvtonianfluid with thelinearisedOldroyd equationsyalid for smallratesof
shear They assumedhatthe only forcesdriving the fluids werea constantpressuregradient
and a seriesof impulses,representedby Dirac deltafunctions, producedby the cilium tips.
After solvingtheresultingequationsy Fouriertransformghey concludedhatpenetratiorwas
necessaryor transport.However, their approactdid not take into accountheresistancef the
ciliary sublayer(Fulford andBlake, 1986).

RaptisandPerkidis(1973)formulateda mathematicamodelof the pharyngeakpithelium
of the frog, modelling eachcilium asa collectionof infinitesimal cylinders, the cilium being
straight,shorteningduring the recovery stroke, with the effective stroke taking up 1/4 of the
ciliary beatcycle. Summingthe contributionsfrom all the cylinders making up eachcilium
andusingaresistanceoeficient, they foundthetotal force exertedon the mucus'blanket’ per
cilium. By settingthis equalto the gravitationalforce onthe mucus they calculatedatransport
velocitywhichdifferedwith experimentallyobsenedvaluesby only about4%. However, issues
suchastip penetrationPCL velocity and mucusviscoelasticitywere not addressedand the
limitationsof thesimilarwork of BartonandRaynor(1967)alsoapply: In addition,it is difficult
to extendtheir analysigo the bronchiolef thelung, sincebalancinghe propulsveforcewith
gravity is no longerappropriate asdiscussedbove, gravitational force is not significantin
healthyepithelia.

In amorerecentpaper King etal. (1993)formulatedasimpleanalyticalmodelof themuco-
ciliary systemdesignedo testthe effect of mucusviscoelasticity They establishedamongst
otherthings,thatmucustransportincreasessthe shearmodulusof elasticitydecreasegdow-

ever, theirmodelis limited in anumberof ways—theg assumedhattherewasno nettransport
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of PCL in the cilia sublayey somethingwhich our modelsaredesignedo test,they only took
into accountsteadymotion of the PCL, whereasoscillatory motion may prove importantfor
mixing effects(Matsuietal., 1998b),andthattherewasa layerof PCL betweenhetop of the
cilia sublayerandthe mucoudayer, ruling outthe effect of tip penetration.

A morefundamentabpproacho ciliary modellinghasbeendevelopedn the 19905 Gueron
andLiron, 1992,1993). They modelthe internalactionof the cilium thatcausest to bend,as
attemptedby Sleigh (1962) and others,togetherwith a hydrodynamicanalysisbasedon that
suggestedtby Lighthill (1975). Thes€einternal’ modelsdiffer from the discretesublayemodels
describedabove in thatthey actually predictthe existenceof coordinationand metachronism
betweerseveralcilia, ratherthansimply assumet exists.

Their approacho the hydrodynamicss far moreaccuratehanGray and Hancocktheory
andanerrorestimatecanbe derivedrigorously Thiswork is a significantstepin proving that
ciliary coordinationcanresultfrom fluid mechanicakffectsalone,althoughthe computational
costlimited the numberof cilia thatcouldbe simulatedat once.We suggesthattheir approach
may bevery valuableif extendedo problemof the nodalflow in theembryo,wheretherearea
smallnumberof rotatingprimarycilia, andtheir possiblecoordinationis lesswell understood.
Applying their techniquego the muco-ciliarysystemwith vastarraysof cilia andinteractions

with the mucoudayermaybe morechallenging.

1.4 Salt/fluid controversy, cystic fibr osisand meantransport

of PCL

Accuratemodelling of muco-ciliary clearancas importantin thatit may help to improve the
understandingf the pathogenesisind treatmentof respiratorydisease—irparticularcystic
fibrosislung disease CF is a geneticdisorderwhich causesinter alia, chronicbacterialinfec-
tionsof thelung.

The symptomsof CF resultfrom anabnormalityin the proteinCFTR (cystic fibrosistrans-
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membraneegulator)but it is notknown exactly how this abnormalityresultsin lunginfections.
The muco-ciliary systemprotectsthe lungs from infection in several differentways (Salathe
etal., 1997)—itprovidesa mechanicabarrierto pathogenstrappingandtransportingforeign

materialout of thelung. It providesabiologicalbarrier asglycoconjugatebsindto bacteriaand
preventthemfrom adheringto the epithelium. It alsoprovidesa chemicalbarriet exhibiting

antioxidantpropertiesvhich protectagainsfreeradicals.

Various explanationshave beenadwancedfor the pathogenesisf CF: it could be dueto
the way CFTR affects airway cells, preventing them from ingestingandkilling bacteria. It
could alsobe a resultof abnormalion transportby CFTR. An understandingf this requires
knowledgeof how the ASL is regulatedby the epithelium.

Onetheory the ‘hypotonic ASL/defensin’ hypothesis,describedby Smith et al. (1996),
postulateghatnormalepitheliaarecoveredby an ASL with sufficiently low saltconcentration
(hypotonicity)to activatedefensinsandcreateanantimicrobial'shield’ onairway surfaces.The
epitheliumextractssalt,but notwater from the PCL. In CF patients saltis not extracteddueto
adefectin CI- conductancerenderingdefensinsnactive. Implicit in this hypothesigQuinton,
1994)is that PCL is not transportedalongwith the mucusout of the lungs. This mustbe the
casebecausehesurfaceareaof thelungsdecreasegreatlymoving from the bronchiolego the
bronchiaandfinally thetracheaput the ASL depthdoesnot greatlyincrease.

Another theory the ‘isotonic volume transport/mucusclearance’hypothesis(Boucher,
1994) predictsthat airway epitheliaregulatethe heightof the ASL by isotonicion andwater
transporto optimisemucusclearanceln CF therateof ion andwatertransportis abnormally
high, reducingPCL volume,concentratinggnddehydratingnucusresultingin pluggingof the
airwaysandinfection. Thisis consistentvith theideathatPCL is beingtransportedaxially out
of normallungs. If this hypothesiss true, novel treatmentdor CF shouldfocuson restoring
ASL volume(Matsuietal., 1998b)ratherthanchangingASL tonicity. Thequestionof whether

CFlungdiseases causedy saltconcentratioror excessve fluid absorptiorhasbeencalledthe
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Figure 1.3: Comparingthe velocity profiles predictedby theory (typified by A), sheardriven
flow (B) andthoseapparentliyfoundby experiment(C)—redravn from Matsuietal. (1998b).

‘salt/fluid controversy’ (Guggino,2001).

By studying the transportof fluorescenttracer particlesin culturesof humantracheo-
bronchialcells,Matsuietal. (1998b)apparentlydemonstratethatPCL andmucusweretrans-
portedat approximatelythe samerate, with the velocity profile in the PCL increasingvery
rapidly from the epithelium.Furtherexperimentalevidencefor this hypothesisanbefoundin
Matsuietal. (1998a).

However, mostof the relevant theoreticalwork predictssmall velocitiesthroughoutmost
of the PCL andhencerelatively low transportof PCL out of the lungs. The PCL shouldbe
almoststationary It mustbe that eitherthe theoreticalwork of Fulford andBlake omits some
phenomenagr thateitherthe experimentakesultsneedto bereinterpreted.

Furtherinvestigationof in vivo ASL hasbeenconductedy Tarranetal. (2001)andJayara-
manetal. (2001).Both groupsfoundthatnormal ASL is isotonic,but found conflictingresults
concerningASL thicknessn murinemodelsof CF. The pathogenesief CF may be still more

comple thansuggestedbove (LandryandEidelman,2001).
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1.5 Towards aresolutionof the paradox

1.5.1 Previouswork

In an initial investigationof the conflicting experimentaland theoreticalresults, Blake and
Gaffney (2001)beganto modeltracerdispersionin ASL. Usinga steadyvelocity profile typical
of thosefoundin Fulford andBlake (1986),they solveda two dimensionakdwection-difusion
equatiomumericallyusinganalternatingdirectionimplicit method.They foundthattheresults
were not consistenwith the experimentalresultsof Matsuiet al., giving differentialtransport
in the two layers. They repeatedhe simulationwith a large ad hoc oscillatory component,
which did not satisfy the continuity equation,but neverthelesgprovided insightinto whether
oscillatoryeffectscould producecotransport.They found lessdifferencein transportbetween
the two layers, but the discrepang was still significant. It may be that the velocity profiles
are not correct,and they suggestedariousadditionalphysicaleffects that might have to be
includedin the model,suchasmechanicabr osmoticpressurayradients It is possiblethatthe
experimentalsetupmay introduceadditional physicaleffects—theculturesexhibited circular
transportof mucus,not uni-directionaltransport. It is necessaryo simulatetracerdispersion
usingvelocity fieldswhich satisfythe continuity equation.lt mayalsobethatthelengthscales
usedin their simulationmay have affectedthe results—thenitial ‘column’ of tracerwasabout
600 pm in width, ratherthanthe 400 pm in the relevant experiments. Finally, it is possible
thatcontinuummodellingof the muco-ciliarysystemis inappropriateandthatmolecularevel
effectsassociateavith the interactionof cilia andmucusmay be present.

Barlow (2000)developeda simpletraction-layemodelof muco-ciliarytransporthatforms
the basisfor the far more detailedsystempresentedn chapter2. Barlow’s model produced
different velocity profiles from thoseof Fulford and Blake, with nearly a sheafdriven flow
in the PCL, asdepictedin Figure 1.3 profile (B), dueto the fact that sublayerresistancevas

not modelled. Theseprofileswerealsosignificantly differentfrom thosesuggestedy Matsui
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et al. (1998b),asillustratedin Figure 1.3. The profileswere usedin an adwection-difusion
simulationsimilar to thosedescribedabove. With a steadyvelocity field only, therewas a
significantdifferencein transportetweerthetwo layers.With anoscillatoryprofile, however,
almostidenticaltransportwasachiesed, suggestinghatmuchsmallerPCL transportthanthat
suggestedby Matsuietal. (1998b)couldresultin cotransport.However, the authornotedthat
this may have beendueto thefactthatunrealisticallylarge diffusioncoeficientshadto be used

to avoid numericalerrors.

1.5.2 Outline of thesis

In chapter2 we greatlyextendBarlow’s original modelby incorporatingmucusviscoelasticity
theviscouscouplingbetweerthecilia andfluid in the PCL, pressurgradientsn themucusand
PCL causedy surfaceandinterfacetension,anda modelof thecilia beatcycle thatallows for
the time asymmetryof the effective andrecovery strokes. By modellingthe force exertedon
themucususingaresistanceoeficient, we cancalculatethefluid velocity in a consistentvay.
Our modelsheddight on theimportantphysicaleffectsinvolvedin efficient mucustransport,
andshows someinterestingparallelswith experimentalandclinical results.

In chapter3 we outline a new discrete-ciliamodelbasedon the work of Liron (1978)and
ChwangandWu (1975)which modelsflow in the PCL with greatertemporalandspatialdetail
than the traction layer analysis. Our model improvesthe corvergenceand accurag of the
solutionin the nearfield aroundthe cilium, while still allowing efficient numericalsolution.
Although calculatingthe volume flux remainsdifficult, someinsight into the limitations of
previousanalysess given.

In chapterd we applythetracerdispersiormodelof Blake and Gafiney (2001)to the new
velocity profilesfound in chapter2. Basedon the findings of chapter3 we also investigate
tracerdispersionwherethe PCL flux is greaterthanthat predictedby the tractionlayer model,

andwherethe effective diffusion of traceris increasedlueto mixing by the cilia betweerthe
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mucusandPCL. We thensuggestvaysin which the paradoxmayberesolhed.
Finally chapter5 containsa summaryanddiscussiorof the significanceof our results sug-

gestingdirectionsof futureresearch.
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CHAPTER 2

TRACTION LAYER MODEL—A
PHY SICALLY-BASED PHENOMENOLOGICAL
MODEL OF MUCUS TRANSPORT

2.1 Intr oduction

In this sectionwe describea ‘traction layer’ modelof muco-ciliarytransport.The modelcon-
sidersthe ASL asthreefluid layers,thelower layer beingNewtonian,the remainingtwo being
linearly viscoelastic.The propulsve force producedy thecilia is modelledby a volumeforce
which actsin the region—thetractionlayer—wherethe cilia penetrateéhe mucus varyingspa-
tially andtemporallywith the metachronalvave. The effect of the beatingcilia on the flow in
thePCL is modelledusingthe‘active porousmedium’ideasfirst presentedh Blake (1975a).A
possiblesheafthinningeffectin thetractionlayeris included.By usingFourier seriesanalysis
we exploit periodicityandcorvertthesystenof PDEsto asystenmof ODEs.Undertheassump-
tions of lubricationtheory this systemis decoupledandsolvedanalytically Thefull systemis
thensolvednumerically andthetwo approachearecompared.

This modelwill provide insightinto the differentpossibleASL velocity profilesdiscussed

in chapterl andshown in Figure 1.3. It will alsoprovide more qualitatve informationthan
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haspreviously beenavailableinto the natureof the spatialandtemporalvariationsin the muco-
ciliary flow, which will be usefulin the tracerdispersionsimulationsdescribedn chapter4.
Finally, the modelallows investigationof how differentphysicalparameterssuchasviscosity
anddifferentphysicaleffects, suchas pressuregradientsand surfacetension,affect transport,

particularlyin diseasedtates.

2.2 Fluid flow equations

We treatthe ASL asthreefluid layersseparatedby flat interfacesatz = h andz = L asshavn
in Figure2.1. This assumptiorseemgeasonablé we examinethe micrographsf Sanderson
and Sleigh (1981), in which the mucus—PClLinterfaceis shavn to be remarkablyflat, even
whentherearelarge undulationsn the epithelium—whichare not presentn the experiments
of Matsuietal. (1998b). The parametel is the depthof the PCL, L is the lengthof thecilia,
H is the depthof the ASL. In this chapterwe considera two dimensionaimodelof the ASL,
asshavn in Figure 2.1. We refer to the direction of transport,the x; direction, asthe = or
‘horizontal’ direction. We refer to the directionnormalto the epithelium,the x5 direction,as
the z or ‘vertical’ direction.

Thelower layer(0 < z < h, representinghe PCL, is modelledby a Newtonianfluid of
viscosity”. Wetake 1” = 0.001 N m~? s, asfor water Thetractionlayerregionh < z < L,
representindhe region in which the cilia penetratehe mucus,is modelledby a Maxwell vis-
coelasticfluid with viscosity ! andrelaxationtime \,. Theupperlayer L < z < H, rep-
resentinghe mucusabove the penetratiorregion, is modelledby a Maxwell fluid of viscosity
M2 andthe samerelaxationtime \;. In generaly™! < ;*? becausenucusis sheasthinning
(Puchelleet al., 1985) and the shearratesin the traction layer will be far larger than above
thetractionlayer Dueto lack of dataregardingthe possiblevariationof elasticitywith shear
rate,we assumehattherelaxationtime in bothmucousregionsis the same however if exper

imentaldatabecomesvailable shaoving thatin generalthe elasticitywill be different, it will
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be straightforvardto repeatour calculationswith differentvalues.It may alsobe noticedthat
addinga strainrelaxationtime asin the Oldroyd model(see for exampleJoseph1990)would
be very mathematicallystraightforvard, however the presentack of experimentaldatamalkes
it difficult to determinethe value of sucha parameterso at this stagewe shall not studythis
effect. We will discusghevaluesof theremainingparametere §2.4.

As discussedn §1.2,the parameter will beapproximatelys.4 ym, L will beabout6 pm,
andH — L dependingnthethicknesof theuppermucoudayermayvary from just) — 2 pm,
correspondingo the terminal bronchi, up to an averageof 15 pm, or morein pathological
conditions,in the trachea.The mucouslayer is still thicker in the pharynxandnasalpassage,
but we will notbeconcernedvith theseregions.

All publishedmathematicaimodellingwork to datehasrepresentedhucustransporiastak-
ing placeon aflat infinite plane whereasnucoudransporiactuallytakesplaceon theinsideof
atube. InternationalCommissionon RadiologicalProtectionand Measurement§1994) state
thatall of the bronchi,the secondo eleventhgeneration®f the bronchialtree,will have diam-
etergreatetthanapproximatelyl mm, whereaghe ASL will notnormallybemorethan25 ym
thick. The planarapproximations thereforevery acceptablevenquite deepinto the bronchial
tree,hencewe shalluseit in this study

Throughmomentumbalance pnecanderive the following form of the Navier—Stokesmo-

mentumequations:

(2.1)

whereo; isthestresgensor f; thebodyforce (forceperunit volume)on thefluid representing
the action of the cilia, p the densityand«; the fluid velocity, with summationover repeated
indices.D /Dt representshe corvective derivative 9/0t + w;0/0x;.

Fromthe parametergivenin Matsuietal. (1998b),we usethescalingl = 40 x 1075 m/s
for velocity. Basedonthecilium dimensionsye usethelengthscaleL = 6 x 10~° m. For the

densityandviscosity of the ASL we usethe densityandviscosityof water p = 1000 kg/m?

23



Mucus M

Tractionlayer

SWi7Zzs

T

>~

ISEEEN
1l

Figure 2.1: Diagramof the 3 layer model. Newtonian PCL, viscosity ., depthh. Traction
layer, viscosityuM!, elasticity )\, depthL — h. Mucuslayer, viscosity;,2, elasticity\,, depth
H— L.

andy = pf = 0.001 Pas. Hencethe ReynoldsnumberpU L/ is 0.00024, sowe neglectthe

corvective term. The nondimensionaparametewpL? /1 will be small sincethe frequeny o

will beof theorderof 60 rad/s,sowe neglectthetime-dependertermdu; /0t andobtain

kL fi=0, (2.2)

in dimensionalariables.In additionto this we requirethe equationof massconsenration. For

anincompressibldluid thisis
(9uj

Givenappropriatdoundaryconditionswe will solve equationg2.2)and(2.3)in thethreefluid

layers.

2.3 Modelling the volume force exertedby the cilia

As discussedbove, we write the force on the fluid asthe sum of a propulsve force in the
tractionlayerandaresistveforcein the PCL, f = f,,,, + fres.

Gravity is ngglectedin this model,asin previous models,basedon the analysisof Blake
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(1973b). Due to the very strongviscouscoupling betweenthe cilia and PCL, we neglectthe

effectof gravity in thePCL—thiscanbeseenby observinghesizeof theresistanceoeficients
vP and~” in §2.3.1. In the mucouslayer, we apply Blake's analysisand obsere thatin the

‘worstcase’of avertical epithelium,the flow of 4 xm thick, 0.05 Pa s viscositymucuswill be

pg(H — L)?/(4pM) = 1000 x 10 x (4 x 107%)2/(4 x 0.05), or 0.8 um/s. As obsered by

Blake (1973b),thisvalueis proportionalto the squareof the mucusdepthandsodeepemucus,
particularlyin the caseof diseasemay be signficantlyaffectedby gravity. In the experiments
of Matsuietal. (1998b),the mucoudayerwassignificantlythickerthan4 pm, but the cultures
werekeptflat.

Our modelincorporateshe mainfeaturesof the system—metachronisrthe periodicity of
theciliary beatandthe spatialvariationsin the propulsve force. It maybe amguedthatthecilia
will have a propulsve effect dueto beatcycle asymmetryasin micro-oiganismmovement.
However, the beatcycle asymmetnyis far lesspronouncedn the muco-ciliarysystem(Sander
sonand Sleigh,1981) andthe propulsie effect dueto the the cilia engagingwith the highly
viscousmucoudayerwill beanorderof magnitudegreaterthanthatin the PCL. Hencein this
chapterwe do notmodelany propulsie effect dueto beatcycle asymmetry

We make theassumptionthatthemucus—PClinterfaceis flat throughouthebeatcycle. The
reasongor this arediscussedn detailin §2.7.4and§2.7.5. A consequencef this assumption
is thatfor thereto be positive propulsion theremustbe penetratiorof the mucoudayerby the
cilia tips. In reality it may be possiblefor cilia to exert force on the mucusby ‘pushingup’
the mucouslayer andproducinga ‘sprocket and chain’ effect, without actually penetratingt.
For all resultsshown in this paper however, we mustassumethat ‘penetration’takes place.
Certainlythe micrographsof Sandersorand Sleighappearto shov a nearlyflat mucus—PCL
interface. In addition, micrographgaken by Puchelleet al. (1998)show cilia penetratinghe

mucoudayer.
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2.3.1 Active porousmedium model of the mat of cilia in the PCL

Thedenseamatof cilia will resisttheflow of fluid, someavhatlik e aporousmedium.In addition,
thecilia oscillate sothatthefluid closeto thesurfaceof acilium will movewith similarvelocity
to thecilium. Thecombinedeffectis thatthe matof cilia will reducethetransportof PCL, but
causesignificantoscillationsthroughoutthe layer The resistve force will be assumedo act
only in the PCL. This is becauseghe cilia only penetratehe mucusfor a very shortportion of
the cycle—atary onetime, mostof the volumeof the mucusin the thin penetratiorayer will
containnocilia.

In modellinga porousmedium,onecanwrite theresistve forceasbeingproportionalto the
fluid velocity, i.e. f.s(z, z,t) = —yu, where~ is a coeficient of resistanceOf coursethecilia
arein motion, sowe actually considerthe relative motion of the fluid andthe field of cilia at

eachpointin spacesotheresistiveforcewill begivenby

fres(z,2,t) = —y(U — Ueia), 0 < 2z <A, (2.4)

following Blake (1975a).
The cilia will have both a horizontaland vertical componento their motion, andin addi-
tion the porousmediumwill be anisotropic—thearrayof cilia will have a differentresistance

coeficientin thex andz directions.For this problem,we use

— Amp
e (1Og(d/700> - (1/2)(d4 — r%)/(d‘i + Té)) 42’ (25)

8T
4r¢ —rg/d? — 3d? + 4d?log(d/ro)’

V2 =

which are the coeficientsfor a concentratedrray of circular cylinders alignedrespectiely
perpendiculaandparallelto the flow. The parametet! is the spacingof thecilia, r theradius

of a cilium, log denoteghe naturallogarithm. This wasderived in Happel(1959),andwas
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found by Happelto comparewell to experimentaldata.
Theresistanceoeficientsareproportionalto thefluid viscosity We usev?, 4 to denote

T

the resistanceoeficientsin the PCL, determinedrom p”, and+2, ™! to denotethe resis-
tancecoeficientin thetractionlayer—which we exploit in orderto modelthe propulsie effect
of cilia penetration—determineidom 1.

Theparametery? is approximately0? x uf/L?, while v is approximatelyr52 x u?' /L2
Onemightanticipatethatthe precisevalueswill notbebe particularlyimportant,sincethrough-
out mostof the PCL,~v” and~” may be large enoughso thatasymptotically u ~ ;.. This
approximationwas exploited in Blake (1975a)andBlake (1977),in which the motion of the
cilia was more accuratelyrepresentedo that propulsiondue to beatcycle asymmetry asis
obseredin micro-oiganismsgcouldbemodelled.However, the existenceof large pressurera-
dientsin the muco-ciliarysystenmmay meanthattheassumption: ~ u.;, IS violated.We shall
seelaterthatthisis thecase.

We requireu.;, asa function of (z, z, t)—we suggesia simplified Fourier seriesmodel
thatcapturesll of theimportantaspect®f the beatcycle—periodicity aneffective stroke only
20% of the durationof the total periodandvelocity increasindinearly with distancefrom the
epithelium.Of coursewe requirefOT Ueia At = 0, 1.e. thereis no netmovementof any point of

thecilium over abeatcycle. Hence we usethefollowing representatioffor the horizontaland

verticalcomponent®f thecilium velocity:

Ueilia(T, 2,t) = vzoC(kx +ot) = VZO'( No cncos[(mv—l—at)no,

n=1

(2.6)
Veilia(Z, 2,1) = vzoD(kx +ot) = vzo (Zgil d, sin|(kz + Ut)n]> :

The parameter is the wavenumber2r /A, where\ is the wavelength,o is the cilia beatfre-

gueng in radiansper second, is the durationof the cilia beatasa fraction of the duration

of the effective stroke. To obtainthe Fourier seriescoeficients,we Fourieranalysedhefunc-

tions C' and D shawn in Figure 2.2, which provide a reasonablenodel of the velocity of the

27



cilium, usingtheideathatit is approximatelya pendulummoving throughanarcof = /3 radi-
ans,with the effective stroke five timesfasterthanthe recovery stroke. The perioddenotedl
representghe cilium beatingforwardsduringthefirst half of the effective stroke, the cilium tip
moving upwardsinto the mucus.Hencethe horizontalvelocity is positive, the vertical velocity
is positive, althoughit falls to zeroasthe cilium tip approachegs ape. The perioddenote®
representshecilium tip duringthe secondhalf of the effective stroke, duringwhich the cilium
tip continuego beatforward, but now hasnegative vertical velocity until it reacheghe endof
theeffective stroke andstops.A satishictoryrepresentatioof this approximatecharacterisation
is given by taking the first 4 and 7 termsof the Fourier seriesrespectrely, asshavn in Fig-
ure2.3. In this studywe shallcalculatethefirst N, = 15 termsof the solution,sincewe require
15 termsin orderto representhe propulsve force, describedn §2.3.2,accurately Hencewe
shallsetcs = ... =c;5 = 0 =dg = ... = dy5. Thevaluesof the Fouriercoeficientsaregiven
in appendixA.

The cilium movesthroughan angleof aboutr /3 radin onefifth of the beatcycle, its tip
coveringadistanceof L7 /3. Assuminganangularfrequeng of 60 rad/s, the durationof the
effective stroke is 27/(60 x 5). The velocity of the cilium tip during the effective stroke is

thereforeapproximately

Lm/3 5oL
L = _— = — 2.7
YO 90760 % 5) 6 2.7)

sothaty = 5/6 is choserin all of theresultspresentedbelon. We assumehattheverticalcom-
ponentof the velocity variesbetweerzeroandone half—sin (7 /6)—of that of the horizontal
velocity. Thepeakin the Fourierrepresentationf thehorizontalcomponents largerthantwice
the peakin theverticalcomponentasshownn in Figure2.3, however the meanof the horizontal

velocity is neverthelesstill twice the peakin the verticalcomponentasrequired.
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Figure2.2: Horizontalandvertical cilium tip velocity—idealisedepresentatiorshaving the
variationwith ¢ = kx + ot. Seetext for furtherdetails.
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Figure 2.3: Horizontal and vertical cilium tip velocity—dimensionaFourier series,with pa-
rametersL = 6 um, x = 27/30 yum™!, o = 60 rad/s, using4 and7 termsrespectiely in the
Fourierexpansiomasdiscussedh text.
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2.3.2 Traction layer forcedueto penetration by cilia

In this sectionwe againmake useof the active porousmediumapproachnow usingthe ‘re-
sistancecoeficients’ v and~v*! to modelthe propulsie force exertedby the cilia asthey
penetratehe mucouslayerandpushit forward. At thelevel of the interface,wheretherewill

be mary cilia bodiesin the mucouslayer, we apply the porousmediummodelandwrite the

forceast, .o, = (fprops 0, Jprop), Wherefy, o, = (forops 0, Gprop)» Where

Fronl@.2 = t) = Lo+ Ty focosl(ie + ot)n]) 12" (u = ),

(2.8)
Gorop(,2 = ht) = ($g0+ 0L, o sinf(z + ot)n] ) A (0 = e

M1 andyM! areresistanceoeficientssuchasthosechoserin thelastsectionandwe choose
Ny = 15.

For mathematicasimplicity, we approximateheinteractionvelocities(u — wu;,) and(v —
Veilia) DY theconstants-Uy,. and—Vi,, andcalculatethevaluesat 2 = h atthemidpointof the
beatcycle x = 0 andt = 0. We thenassumehatthe force profile will decaymonotonically
to zeromoving towardsthe beginning or endof the beatcycle, asrepresentedy the profile in
Figure2.4. Furthermoreat ary pointin time, fewer cilia will reachz > h thanz = h, since
thecilium tip only reacheghetop of the tractionlayerfor a brief fraction of the cycle. Above
z = L, therewill benocilia atall, sothattheviscouscouplingbetweerthe cilia andthemucus
will thereforebe muchwealer. Hencewe assumehat the force exertedby the cilia on the
mucusfalls monotonicallyto zerobetween: = h andz = L. Modelling this variationby the

functionsin(rz/L)/sin(rh/L) we have

Jorop(T,2,1) = ( Jo+ Zn 1 Jn cos|(kx + Ut)”]) HUmt 2IEEZZ§L;’ 2.9)
n(2.0) = = (ou + Sy gusinl (a4 o)) 2V 0T
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Replacinghefunctionsin(rz/L)/sin(wh/L) with alinearfunctionleadsto qualitatvely very
similar results.Theconstants-U;,, and—V,,; aredeterminedasexplainedin §2.9.2.

This approachto modelling the force is not ideal, sincein reality therewill be comple
interactiondetweerthetipsof thepenetratingilia andthemucus—PClinterface.Theinterface
will notbeasmoothflat surface:it will deformin responsé¢o thepenetratiorof thecilia. There
may be surfaceforcescausedy thecilia deformingthe interface,andtheremay be molecular
levelinteractiondetweerthenanoscalécrown’ onthetip of thecilium (FoliguetandPuchelle,
1986)andthe mucuspolymernetwork. We essentiallymodelthe interfaceasmoving closely
with thecilia aty = h, thenmake areasonablestimatefor the forcein therestof thetraction
layer. It is in thisrespecthatthe modelis ‘phenomenological’.

The Fourier coeficients f,,, g, arechosenby Fourieranalysingthe functionsF andG as
depictedin Figure 2.4. The function I’ representgositive propulsionfor 1/5th of the beat
cycle—baseanthedataof SandersomandSleigh(1981)—risinglinearly to amaximumvalue,
thenfalling linearly backto zero. Thefunction G representshevertical velocity of the cilium.
Visualisingthe cilium beatasa simple pendulamotion, we seethat at the apex of the stroke,
the vertical velocity is zero. In front of this point, the velocity is positive, asthe cilium tip is
moving up, behindthis point, the velocity is negative, asthe cilium tip is moving downwards.
The valuesof the coeficientsaregivenin appendixA. We shall seethatthe final resultsalso

exhibit this sharposcillation.

We have assumedhe force to be constantin the direction perpendiculatto the effective
stroke (in Figure2.1this is the directioninto the page),which is not strictly true—infactwe

have averagedvertherow of cilia whichwe assuméo bein phase.Thisremovesinformation
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aboutthe variation of velocity in this direction. A threedimensionalmodel of PCL flow is

developedin chapter3.

2.4 Constitutiverelations

The next stepin solving (2.2) and(2.3) is to determinerelationsbetweerstressandstrain. We

will considerthe NewtonianPCL andnon-Nevtonianmucoudayerseparately

2.4.1 Periciliary layer

Modelling the PCL asa Newtonianfluid, the constitutive equationis

Tik = 2Mdek (210)

;1 IS the deviatoric partof the stresgensor sothato;;, = —pd;; + 7. Thequantityd,,, is the
rateof straintensor(1/2)(u;x +usx, ;). In thischaptemwe shallusethe corventionthatsubscript

commagdenotedifferentiation sothatu; , = du;/0x.

2.4.2 Mucous layer

Mucus is a highly complex polymer gel which exhibits, amongstother behaiours, sheaf
thinning, viscoelasticity spinnabilityand adhesrenesqPuchelleet al., 1987). A detailedre-
view of the compositionmolecularstructureandrheologicpropertiesof mucusmay be found
in Sleighetal. (1988). Thereexistsa plethoraof experimentakesults,with varyingapplicabil-
ity to thein vivo systemdueto differing experimentaimethodsmucuscollectionandstorage
techniquesandvariationwithin andbetweenindividuals. Mucin concentratiorand hydration
of the layer, which arelikely to vary throughoutthe lungsandwith ambientconditions,and
healthwill affectmucusrheology It is alsodifficult to obtainuncontaminatedndundisturbed
mucusfrom therespiratorytract. Nor is it straightforvardto determinéhow experimentshould

beinterpretedsinceonly arathercomplex rheologicalmodel—like thatin Quemadg1984)—
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could be fitted to a whole spectrumof experimentalresults. It alsoseemdikely that, dueto
thevaryingstrainrates,therheologicalpropertieshroughouthe volumeof the mucusarenon
uniformwith, for instance|ower viscositynearthe zoneof ciliary penetration.

Previous experimentalstudieshave concludedthat viscoelasticityis one of the mostcru-
cial elementf the systemfor effective transportto occur Meyer and Silberbeg (1980) ob-
senedthatin experimentson the transportof variousmucussamplesandmucusanalogue®n
the excisedfrog palate,the lossmodulus(associateavith viscosity)wasmuchlessimportant
to determiningefficient transportthanthe storagemodulus(associatedvith elasticity). They
speculatedhat ‘...during the very brief period of the power stroke... the mucouslayer must
reactelastically i.e. with minimum relative slip. Then, over the beginning of the recovery
stroke, a periodof sufficient lengthmustagainbe grantedfor the cilium to releasdtself from
the contactof the mucus... Hencewe modelmucuswith an elasticcomponentwhich allows
it to deformandthenrecoil in responsdo penetration.For analyticsimplicity we choosethe
Maxwell constitutve equation

0Tk

M T = 2uMdp,, (2.11)

with a singlerelaxationtime \; anda steadyflow viscosity ' which will be equalto ;!
or M2 dependingon whetherwe are consideringthe tractionlayer or the force-freemucous
layer Theoperators/dt is atime derivative which is invariantunderchangeof coordinatesit
simplifiesour analysisconsiderablyif § /4§t canbeapproximatedy the partialderivative 9/0t.
Oneexampleof aninvariantrateis the co-rotationalderivative

% 0T, Tji

1
5t = —8t + UiTjk,i — §(Uj,i - Uz’,j)Tik + ?(Uz,k — ’UJ]w') (212)

(Joseph,1990), which translatesandrotateswith materialpointsof thefluid. If we make the

assumptiorthat throughoutmost of the volume of mucus,the adwective (second)term and
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rotational(third andfourth) termswill be small,we recoverthederiative 9/0t, althoughin the
region of penetratiom < z < L, the penetratiorof the cilia will entail large velocity values,
so that this approximationmay not be justified. The linearisedmodelwill however provide
moreinsightinto the time-dependennatureof the flow thanhaspreviously beenavailable—
investigatingheeffectof non-linearitywill bethesubjectof futurework. Ross(1971)examined
a Maxwell modelof mucuswith the co-rotationakime dervative. He foundthat, subjectto the
amplitudeof the ciliary tips beingsmall, the non-lineartermsdid not enterthe leadingthree
termsof his asymptoticsolution.With thelinearisationwe have
OTjk

)\IW_FTjk —= 2N]dek. (213)

In fact(Silberbeg, 1983)mucuswill possesa spectrunof relaxationmechanismspto maybe
60 s, dueto varyinglengthsof polymerchainsanddifferentmechanismby whichthemolecular
network candeform. A more completemodelwould involve a numberof Maxwell elements,
but sincewe will restrict our attentionto very short-lved deformations,we argue that one
mechanismwill provide a good representation.This model doesnot entail behaiours such
assheatthinningandsowe will have to chooseviscosityvaluesappropriateo the shearates
obseredin themuco-ciliarysystem.

Three different classesof experimentshave beenperformedon mucussamples: steady
shearingtests, creeptestsand oscillatory tests. Steadyshearingtestsdo not representhe
dynamic conditionsfound in the lung, and apparentlypermanentlydestry the structureof
the mucussample(Reid, 1973; Davis and Dippy, 1969). Creeptestsgive informationon the
time-dependentesponsef mucus,but arelesssuitablefor shorttimescalebehaiour (Fung,
1993). Oscillatory testing provides the most useful information. The techniquesusedhave

developedfrom the cone-and-plateheometeusedby Davis andDippy (1969)to lessdestruc-

tive microrheometetechniquesas usedby for exampleKing and Macklem (1977). In the
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cone-and-plateheometerthe sampleis subjectedo a small amplitudeoscillatory straining
motion;in the microrheometea smallsteelball is oscillatedundera magnetidield. Two con-
stantsarefound: GG/, the storagemodulus(associatedvith elasticity)andG”, thelossmodulus
(associatedvith viscosity). Fung (1993)describeshow theseconstantsanbe relatedto our
constitutive equation. The strainon the mucuswill be of the form v = ~ye“t. For small os-
cillationsthe stresswill respondsinusiodally with a phasedifferences: © = r,e!@+%, Then
G* = G’ +iG" := 7/v. Notingthat7 = iwr andy = iw~y we cansubstituteénto Maxwell's

constitutive equationto show that

M, 2 M
prwe A " ww

G’ —, = ——.
1+ w?)? 1+ w2\

(2.14)
As discussedbove, a setof valuesfor G/ and G” measuredver a wide rangeof w will
leadto awidely varyingsetof valuesfor 1 and\;. We cannoffit the simple Maxwell model
to a rangeof real experimentalresults. However if we choosea characteristidrequeng of
the system,5—10 Hz, we canfind appropriatevaluesfor ;* and);. In this study we usethe
resultspublishedby Lutz etal. (1973)for caninetracheamucus.At thefrequeng of 7.2497 Hz
they reportedvaluesof G/ = 1 Pa andG” = 0.64491 Pa, which correspondo the parameters
A = 0.034 s tandp™ = 0.0482 N m~2s. Sincep” ~ p" ~ 0.001 N m~2s, we have

Mﬂl/uwater — 482

2.5 Fourier seriessolution

Dueto the periodicity of the ciliary beat,the force termsthatdrive the systemare periodic. In
addition,sincewe aretestingthe hypotonicdefensin(impermeablepithelium)hypothesisye
take the boundaryconditionson the epitheliumto be constantin = 0. Neglectingairflows, the
boundaryconditionson the surfacewill alsobe homogeneouskFinally, we neglectary steady

pressuregradient,becausen the circular transportexperimentsof Matsui et al. (1998b),no
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suchpressurggradientscould have beenpresentdueto the factthat any suchpressuranust
be continuousmoving aroundone completecircle. Hencewe assumehatthe solutionu, p is
periodic.

Writing all variablesasFourierserieswe have for example,

N
Tk = + ) (T (2.15)

wherefor n > 1, (71), = a,(2) cos|n(kz + ot)| + b, (2) sin[n(kx + ot)|, sothateach(7;),, is
2m /kn-periodicin z + ot /27, Theterm(7;;)o is independendf bothz andt. It is thenpossible

to equateermswith periodicityin 27 /xn (andthetermsconstanin x andt). By writing
(Tjg)n = RI(Fjr)ne™ "}, (2.16)

hatsbeingusedwith othervariablesanalogouslyRI denotingreal part, we cornvert from the
‘time domain’to the ‘frequeng domain’,in whichtheindependentariablet is replacedoy the

frequeny no. Thisresultsin alinearconstitutive equation:
R A ino(75)net} + RY (7)™} = 2u™RI{(dj3)ne™ "}, (2.17)

which leadsto

1 - B 2uM

M o _F (d. 2.18
1+ma/\1(dﬂ‘>”' ¢n+z’¢n(d3’“)"' (2.18)

(Tjk)n = 24

whereg,, = 1, 1, = no ;.

For the steadyterm (n = 0), we have the Newtonianconstitutive equation

(w0 = 2™ (dje)o- (2.19)
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2.6 Fluid flow equations

Thesubscriptareomittedin whatfollows, sothatfor instanceu,, is writtenasu.

2.6.1 Steadyterms (n =0)

In all threelayerswe have the Newtonianconstitutve equations’;;, = 2yudy, for pu?, u™?, M2,

This leadswith equation(2.2),to thefamiliar Stokesflow equations
Vp = pVia+f. (2.20)
Usingthefactthatp, . areconstanin =, we have

0 = pigzs+ f1.

D3 = Mﬂ3,33+f3- (2.21)

We shallseelaterthatthevertical pressuregradientwill alsobezero.

2.6.2 Unsteadyterms (n > 1)

In this sectionwe shav how in thefrequengy domainthe momentumequationdor the mucous
layerarea complex form of the familiar Stokesflow momentumequationdor eachtermin the
Fourierseriesexpansionof thevelocity.

Thetransformednomentumequationsare

o111+ 03+ fi = 0,

0311 + 0333 + fs = 0. (2.22)
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which areequialentto

—Pp1+ T+ Tss+f = 0,

a1+ Tazg —Ds+ fa = 0.
In the mucoudayers,the stresss givenby equation(2.18),sothat

—p1+ 2p™ (¢ + 2.1/))_1(6211,1 + 6213,3) + f1 = 0,

2uM (¢ + W)_l(d31,1 + 6533,3) —p3+ f3 = 0,
which canberewritten as

—p1+ ,LLM(éf’ + Z'T/))fl(%h,n + U335 + U3 13) + fl = 0,

pM (4 i) (g1 + Q31 + 2Ms33) — D3 + fs = 0.
Usingthe continuity equationthis simplifiesto

—p1+ M (S + i) T (A 1y + Ty 33) + fi =0,

Mg+ i) Ntz 11 + Us33) — D3+ fs = 0,

or, in vectornotation

M .
Vp = —V-u+f1,
b= ot

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

which can be recognisedas the Stokes flow momentumequationwith complec viscosity
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pM /(¢ + irp). Similarly, in the PCLwe have

Vp = pfVia+f.

2.6.3 Forceterms

(2.28)

In orderto simplify the notationwe replaceu, us, x1, x5, fi and f3 with u, v, z, z, f andg

respectrely. As before we omit subscriptso denotethetermin the Fourierseriedor theforce,

velocity andpressureln the PCL theforcetermsare,for n > 0,

f = =8 (u—vzoe, cos((kx + at)n),

g = —Fw—vzod,sin((kz + ot)n).

Writing u = RI{(a" + iw’)e™"=+oD ) andsimilarly for othervariableswve have

fro= AP —vzoc,), [ o= —fil,
L= AP0+ vzod,), g = —fur for 0<z<h.

Nl

In thetractionlayertheforcetermsare

111 T2 L
g = —ViuyMlg, sin((kz + ot)n )%

Writing outrealandimaginarypartsasabove we have

. 1 sin(mz/L) -
"= in n_. / 1/17\’ = 0,
/ e, sin(mh/L) /
, L)
g = Vi M1 nSln(ﬂ_z/ ) g- = 0 f h<z<L.
g SE sin(wh/L) g or o
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2.7 Field equationsand boundary conditions

2.7.1 Nondimensionalfield equationsin the PCL

We nondimensionalisasfollows: z = \2/, z = L2/, u = oLu/, v = (6 L?/A\)V, p = PFY,
f = (ufo/L)f'. Thescalingfor v ensureghatthe continuity equationis balanced.For con-
veniencewe omit the primes. We shall alsouseh and H to representhe nondimensional

parameteréd/L and H/L. Thetermsu, p arenow 1/n-periodicin 27z.

Forn =0,
P 2. P
 prod*u opto g
0= 7= T
PP dp pFod?v  uPo
U G R ) 2.32
L dz N dz 1Y (2.32)

andforn > 1,

PP 0p L (1 120\ g
Sor - ok (ﬁaxﬁﬁazz

PP op pwfol? (1 0% 1 0% uPo
7 op T 2.

L 0z A ()\2 Oz? * L? 8z2> * g (2.33)

Forn = 0, we have simply 9u/dz = 0, soby the continuityequatiords/0z = 0. As discussed
above, v = 0onz = 0 sov = 0 for all z. Sincethe zerothtermof theverticalforce g = 0, the

seconcequationis thensimply 9p/0z = 0, andsothe pressurés constantHence

0 = — + 1. (2.34)

Forn > 1, in orderto balancehefirst equationwve choosehepressurescalingP? = o)\ /L.
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Hence

op L?*0*a  0*a

de = No ez )
op LYo%0  120% L.
52~ aoz a2 v (2:39)

It mayappeathatit is possibleto applylubricationtheory by notingthat 2 /A\? < 1. However,
the Fourier seriesrepresentatiomf v meansthata = (u" + u')e*™*, sothat 5?1/0x? =

—472n%4. Usingthis representationye canrewrite the realandimaginarypartsof then > 1

equationsas
—omnpt = —* + 2ﬁr+fr,
e
ong = —Xzai+i; + F
ii = —X2€21§T+62((112;r +ed,
fg = —2%0 + € dzzl+egi, (2.36)

wheree = L/) andy = 27ne. In generawe do nothave %¢*> « 1. Usingthescalingu”o /L
for theforcetermsandusingequation(2.30),we have for n = 0,
d2ar,i

0 = — —ali, (2.37)
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andforn > 1,

d2vr

—2mnp' = —pR" d 5 + vyc, o,
ST ~ 7 d2
2mnp” = -2 2
dpr 2 21 d2@r
dz = G+ e dz?’
dp’ . 42y’

= B2+ €& — evzd,a?, (2.38)

dz dz2

wheretheresistanc@arameteraredefinedasa? = v L2 /uf, o = vP L2 /u®, B2 = x* + o2,
(% = x? + o?. Notethata,, o, areindependenof thevalueof the viscosity andsoalsoapply

in themucoudayer.

2.7.2 Nondimensionalfield equationsin the mucus

After nondimensionalisingve have for n = 0,

Mo %4 N 1y

0 = L sz /s
pr df) M 0#1\1 d2d MMU
T - x a2 ¥ (2:39)

andforn > 1,

’P_M@ Mol —47T2n2ﬂ n i@ . Mo
A Ox ¢+ A2 L? 022 L
M 55 M 72 2 25 M
PUOp _ plol” (—Amnt, 10N | ple, (2.40)

L 0z Ao + i) A2 L2 022

Thisappliesin boththetractionlayer, with viscosity;.*!, andtheforce-freemucoudayer ;2.

As before,for n = 0, v = 0 sothevelocity canbefoundfrom equation(2.34). Forn > 1, in
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orderto balancehefirst equatiorwe choosehepressurescalingP™ = pMo)\/(L[¢ + i1]), SO

9P s S .
8_x ( 22 82)+<¢+“/})f’

op —Ann?Lt L2 0% L(¢ + i) .
9z ( M +)\282>+ 7

(2.41)

Forn = 0, p is constantwhich may betakento be zero,sothatthe first equationis solvedto

give 1, thenthe continuity equationgivest = (. Decomposingariablesaspreviously we note

thatin termsof nondimensionavariables,

- L ..
fro= oLl St N iy,
M sin(mh)’
o L 0L2 sin(7z .
- M1, ) ntgn V= ( ), = 0.
Mo X sin(mh)
Hencewe have,in thetractionlayerh < z < 1,
d*a” sin(7z) A2’
0 = - Utn , 0 = f =0,
dz? foo; “sin(wh) zz "
and
; d*a” sin(7z)
—2 o= = - inf '
o e dz? O fn0 Ui tsm(wh)
) d2
271'71]37" — _X2az 1/1fn a? mt SlIl(T('Z) ’
sin(mh)
dp” 2 257 d%r o sm( )
d“’i d2 ~ 7
r_ €V + €= - + €pgna vatsm( ) for n>1.
dz dz? n(mh)

(2.42)

(2.43)

(2.44)

In the force-freemucouslayer1 < z < H, thefluid flow equationsaregivenby replacing

fns gn With zeroin equationg2.43)and(2.44)
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2.7.3 Continuity equation

The continuity equation(2.3) takesthe sameform in all threelayers. As discussedbove, for

n=0,0u/0x =0,s0v=0.Forn > 1wehave

2 ”’+(W =0

T o =
dvi

o’ + 0 = 0. (2.45)
dz

In orderto solve thesystemit will be corvenientto differentiatetheseequationsvith respecto

<,

duat  d%o"
-2 P + 1z 0,
da  d%o
2mn P + Iz - 0. (2.46)

If weimposetheseconditionsin eachlayer, alongwith theoriginal massconserationequation

ononeboundaryandbothinterfacesmassconserationwill hold throughouthefluid.

2.7.4 Surfaceand interface tension

Surfacetensionforceswill act on the mucus-airinterface, and possibly at the interface be-
tweenthe mucusand PCL. By consideringthe surfaceasn = H + ¢ cos(kz + ot) andap-
proximatingthe cunatureas|n,.| = O(4w%/\?), andby approximatinghe surfacestressas
|20,/ L| = O(u*?ec /L), we have the following estimatefor the capillary number the ratio

of themagnitude®f surfacetensionto viscousforces,

)\2 M'QO.
c = O(M";TL). (2.47)
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This is similar to the dimensionlessiumberfound by Ross(1971), only with an additional
factorof 472. The parametefl denotessurfacetension,while o denotegadianfrequeng of
theciliary beat.

Albers et al. (1996) determinedvaluesof surfacetensionof sputumfor patientswith cys-
tic fibrosisandchronicbronchitis,comparingtwo differentexperimentalmethods.The mean
valuesfor eachconditionandeachmethoday betweerir2 dyne/cmand93 dyne/cm, sowe es-
timatemucussurfacetensionby 80 dyne/cm,or 0.08 N/min S.1. units. Usingequation(2.47),
andparametersn S. I. units,7 = 0.08, L = 6 x 1075, A = 3 x 107°, x™? = 0.0482 and
o = 60 wefind thatC = 1/7300. This shavs thatsurfacetensionforceswill flattenthesurface
onatimescalanuchshorterthantheciliary beatduration,andexplainswhy in themicrographs
of Sandersorand Sleigh(1981),the mucussurfaceis remarkablyflat, despitethe rapid oscil-
lationsin velocity below. It is thereforereasonabléo assumehatsurfacetensionflattensboth
the mucussurfaceand the mucus—PCLinterfaceon a timescalemuchfasterthanthe ciliary
beat.We shalltake the mucus—PClinterfaceto beaflat surfacegivenby z = h andthe mucus
surfaceto be givenby z = H. The systemwill be solved with boundaryconditionsof zero

normalvelocity. Thisis discussedbriefly in sections2.12.6and2.12.8.

2.7.5 Traction layer mucus—PCLinterface

Becauseave do notexplicitly modeltheactionof interfacetensionjt is not possibleto calculate
the normal stressbalanceon the interface. Insteadwe usethe boundarycondition of zero

verticalvelocity. Togethemwith continuity of tangentiaktressve have, in tensomotation

tho— L =, (2.48)
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Making thetransformatiorio thefrequeny domainthis becomes

pP@fy +aly) = pMi(ad +al)), an = 0 for n=0,
WPl +af) = p(6, Fi) N ), @t = 0 for n>1L
(2.49)

Nondimensionalisingve have

(afs + €*ag,) = 04 +ad), At = 0 for n=0,
(6 + i) (als+Eafy) = () +eadl), @l = 0 for n>1.

As discussedborve,for n = 0, i3 = 0 andp = 0. Notingthatdus /0x=2mnits, andwriting

u; = u, uz = v asabove,

a,&P a,a]\/[l

wherewe definethe viscosity ratios ¢, and 6, for ™! /u? and u*? /M respectiely. For

n =1,

a,aMl

0z

~P
(¢ +iv)) (%L + 27rm'62ﬁp> = 0 < + 27rm'62AMl> , oML = 0. (251)
2

Thereis now only onematchingconditionfor n = 0, whichis appropriatesincethevertical

componenbf themomentumequationis trivially satisfied By takingrealandimaginaryparts,

ddr,i P dﬁr,i M1
— 01
dz dz

(2.52)
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andforn > 1,

pda"?  yda'” 2mne , p o p durM? 251 M1
04 0, s 0, (va + Yo ) = P 2Tne“v
¢ d,al P /(/) da?” P 27r7”L62 P i P d/i[/l M1 2~r M1
5 dz + R + 0 (gbv Yo ) = + 2mnev )
,D’l” M1 — 0
FML — . (2.53)

2.7.6 Upper mucous—tractionlayer interface

At z = 1 thereis an‘interface’betweerthesheatthinnedtractionlayersubjecto thepropulsve

forceof thecilia, andthe uppermucoudayerfree from volumeforces.We assumehatthereis

no interfacetensionactingsincethe mucusis essentiallyonefluid. This leavesusto consider
continuity of bothtangentiakndnormalstress,

M1 M2

_ M1 M1
Ti3~ = Ti3°y —p  +

TML . pM2 oM (2.54)

7—33 .

We nondimensionalisaith pressurescalingsp: M2 — ML M2 /(¢ + 41| L). Takingreal

andimaginarypartsfor n = 0,

d,ar M1 d,aT M2 dﬂ/t M1 d,az M2
dz = dz '’ dz 02 dz (2.:59)
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andforn > 1,

dvr]\/fl . dvr]\/[2 o

Udz — o M = 4, ( udz _ 27rn6217‘1‘[2) ’
dvz‘M’l ) dviMQ

l; + 2o M = 9, < ij + 27ne* " MQ) : (2.56)

z z
dor M1 dor M2
_pr M1 +2€2 Ud _ _92251” 1\42+202€2 Ud ,
z z
) dijl M1 ] dﬁz M2
—p M 20— = O+ 25— (2.57)

2.7.7 Mucus freesurface

Neglecting the viscosity of air, supposingthat the air pressures constant,and making the
assumptiorthat the mucussurfaceis flat, we have for the tangentialstresso,n, = 0 where
n = (0,0,1). As for the mucus—PClinterfacewe replacethe normalstressbalancewith the
conditionthattheverticalvelocityis zero. The conditionsaretherefore

M2 M2 = (2.58)

T13

Thesearetransformednto, for n = 0,
P22 4 ad?) = 0, @y = o, (2.59)

andforn > 1,

MMQ (AMZ AMZ)

PEETACE + Uz §

Nondimensionalisingsabore andtakingrealandimaginaryparts,for n = 0,

~M?2
- O, u3

— 0 (2.60)

dar M2 d,al M2

— — 2.61
dz 0, dz 0, ( )
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andforn > 1,

dir M2 - dai M2 /
— 2yt M = 0, + 2mneo" M2 =

dz dz ' (2.62)

M2 =, FM2 .

2.7.8 No-slip conditions

As discusse@bove, we assumehatthereis no flow throughthe epithelium,sothatv = 0 on
z = 0 for all n. For viscousflow we have the no-slip boundaryconditionu = 0 on the solid
interfaceat z = 0. Finally, thefluid velocity will be continuousacrosshe boundariessothat
UP _ uMl’ UP _ UJ\/[l onz=~h andu]\/[l — u]\42' UJ\/[l _ UJ\I2 onz = 1.

Forn = 0 wehavesix variablesg” £, ' £, qm M1, gt M1 g7 M2 i M2 6 seconcbrderODES
from theu componenbdbf the momentumequationsand12 boundaryandmatchingconditions.
The ODEsarelinearwith constantoeficientsandsocanbe solvedanalytically

Forn > 1 we have additionally” P i P ogr ML i M1 e M2 50 M2 i P pi P i M1 ﬁi M1
pr M2, 5t M2 atotal of 18 variables. By countingthe first derivativesof the velocity termsas
variables,we have atotal of 30. Thereare 12 momentumequationsgivenin sections2.7.1
and2.7.2,and6 equationgollowing from massconseration, givenin 2.7.3. Using the first
derivativesof the velocity terms,the secondordermomentumequationsanbe rewritten as24
first order ODEs, giving a total of 30. Thereare4 no-slip boundaryconditions,8 conditions
for continuity of velocity, 12 conditionsfor continuity of stressgivenin sections2.7.5,2.7.6
and2.7.7,and6 conditionsto enforceconserationof massasdiscussedn section2.7.3.This

givesatotal of 30 boundaryandmatchingconditionsin total, closingthe system.

2.8 Steadyflow solutionfor n =0

It is now possibleto solve for the steadyterm of thefluid velocity analytically It is easilyseen

thatu’ = 0 is the solutionfor theimaginarypartof the momentumequations.Henceu = ".
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We have the momentumequations

U o = 0,
d2u Ml 9 sin(mz)
a2 e Uini o sin(wh)’
d2uMZ
2 - 0, (2.63)
boundaryconditions,
M2
uP = 0 at z=0, dz =0 at z2=H, (2.64)
z
andmatchingconditions,
d P d M1
uf = ML dL = 6 Z at z=h,
z z
2.65
A1 Ao duMl du]\m ( )
U = u™s, P = 0, P at z=1

Theparameterg; := Mt /uf andf, := p?/uM* aretheviscosityratiosbetweemeighbour

ing layers.Theseareintegratedto give the solution

uP _ Ui Joaz01 (1 + cos(mh)) sinh(a,2)
B 7 sin(mh) cosh(a,h) ’
- 2 . .
uMt = —LH}JOO[:” {ﬁ tanh(a,h)(1 + cos(mwh)) + z + sin(rz) _ h— sin(mh) } :
wsin(mh) | a, T s
Ut foa? 0 sin(7h)
M2 int) 0%y 1
= —————= ¢ —tanh(ayh)(1 h 1-h——=>. 2.66
u sin(rh) {% anh(azh)(1 + cos(mh)) + - (2.66)

The constantl/;,; is determinedn section2.9.2,andthroughthis the meantransportdepends
additionallyon \; andé,. The solutionis very simplein form—throughoutheregion =z > 1,
the velocity is constant. In the penetratiorregion h < z < 1 the velocity is approximately

linear In theregion z < h, the solutionis approximatelyproportionalto the exponential
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e*=(>=h) in aregion of size O(1/a,) nearthe interface,andvery closeto zeroelsavhere,for
a, > 1. Solutionsareshonvnin Figures2.6(D)to 2.10(D),and2.12(D)to 2.16(D).Immediately
we notice somesimilarity betweenour meanprofiles and that of Fulford and Blake (1986),
asshown in Figure 1.3, althoughit shouldbe notedthat Fulford and Blake (1986) predicted
significanttransportof PCL above z = 0.6L, whereaswe predictsignificanttransportabove
z=0.85L.

Recallingthatu = (1/2)ug + .., u,, wherethe u,, termsaverageto zeroin time, for

a, > 1 we have PCL flux

h
—Ulps fob1 (1 + cos(mh)) ok
dz ~ @), 2.67
/0 was 27 sin(mh) +0 () ( )

andmucusflux

H :
—Unifo |1 1+ cos(mwh)  sin(wh)
dz ~ ———=¢=(1—-h)2H—-h—-1 — H—h
/h e 27 sin(mh) {2( I )+ 72 T ( )

+0 (a7Y). (2.68)
Numericalvaluesfor theflux aregivenin section2.10.4and2.12.7

2.9 Analytical solutionforn > 1

2.9.1 Analysis

By neglectingsurfacetensionat - = H andmakingcertainsimplifying assumptionsywe may
reducethesystemto onewhich canbesolvedanalytically In section2.12we presennhumerical
resultswithout this simplification, which will provide insight into the importanceof surface
tension,andtheresultingpressureyradientsjn the mucoudayer.

If surfacetensionis neglected,the correctnormal stressboundarycondition at the free
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surfaceis

—pM? 4+ 7547 =0, (2.69)

wherewe assumehat the air pressureabove the mucusis constant. Without loss of gener
ality, we may take this constantio be zero. Proceedingasfor equation2.44 and makingthe
assumptiorthat 2¢207/, 220" aresmall on the mucusfree surface,using equation(2.57) we
have p™2 = 0 on z = H. By neglectingtermsof order¢? andsettingV;,, = 0 (justifiedin
section2.9.2)in the field equationsit follows thatdp/dz = 0 andsothe pressurés constant
andequalto zeroacrosgheforce-freemucoudayer1 < z < H. By proceedingimilarly, and
neglectingthe vertical force componenin the tractionlayer, we deducethat p*? is alsozero
acrosghetractionlayerh < z < 1. Onthe mucus—PClinterface,the presencef the ¢ and
1 termsmakesit moredifficult to justify settingthe pressurdo zero. However, by neglecting
termsof ordere in the field equationg2.38), we canshaow thatp” is constant. This analysis
removessix equations—theeal and imaginarypartsof the z componentof the momentum
equationsn eachof the threelayers,andfour variables—theaeal andimaginarypartsof the
pressurgy” andp’ in thetwo mucoudayers.In orderto implementour initial analyticalmodel,
we neglectthe2rne?o™ and2nne?v’ termsfrom the stressmatchingconditionsandfree surface
boundaryconditions,which resultsin the decouplingof » andwv. For the numericalsolution
this simplificationwill not be necessaryIn orderthat the systemis fully determinedwe re-
guire someadditionalconditionsfor the pressure.The approachwe take is to requirethatthe
mucus—PClinterfaceis flat, asdiscussedbove. Thenby consideringconserationof massin

theform

ou Ov
o ta = 0 (2.70)

we requirethatfoh 4 dz is constant.This conditionallows usto determinethe pressure.

Thesystenthenconsistof 6 momentunequationgor thehorizontalvelocity andpressure,
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and 6 continuity equationswhich relatethe horizontaland vertical velocity. Rewriting @ =

(u" + u)e* ™ for simplicity we have, for n > 1, the ODEs

d2AP
n = —p%af + v + vze,al,

dz?

d2gMt sin(7z) :
0 = — 2~M1 Uin - - 27rn:cz'

Xu dz? + Uinef (¢+w)sin(7rh)e
/ 20 M2

L (2.71)

dz

wherell is the (nth componenbf the) pressureggradientdp/dz. The boundaryconditionsare

now
" du
u = 0 at z=0, — = 0 at z=H, (2.72)
dz
andthe matchingconditionsare
dAP dAMl
G+9) 1 = 6o, @ = @M at z=h
z z
daMt daM2 (273)
5 = 0 o oMl = M2 at z=1
V4 Z

The momentumequationscan be solved to give u in termsof the pressurethe vertical
velocity v canthen be found from the continuity equationsand finally the pressurecan be
determinedrom the assumptiorthat the mucus—PClLinterface doesnot move vertically. In
orderto simplify the analysiswe first find a solutiona™ of the porousmediumequatiorwith a
constanpressurgradientl

d?a"

—ﬁ+d% = II for n>1, (2.74)

with boundaryconditionsi, = 0 onz = 0, h. Onced! is found,we thendefinei® = 47 — a1

54



andsolvethe ODE

d2q¢
dz?

—32 + = —vcpaize®™ (2.75)
coupledwith theequationgor layers2 and3, with analteredstressnatchingconditionatz = h.
We find that
I 2mnaxi
al °

= 7 (cosh(ﬁxz) -1-

sinh((,2)
sinh(G,h)

(cosh(G.h) — 1)) : (2.76)

Thestresamatchingconditionat z = h thenbecomes

.C T M1
du du) _ 92du 2.77)

WM(@*@ e

the remainingconditionsfor 4¢ arethe sameasfor . For n > 1 we have the following

equationgo solve, for eachtermin the Fourierseriesfor u

d2 ~T1 ]
_ﬁgﬂﬂ + du2 _ —ycnaizezmm,
z
/ d2 ~M1 : ]
M e = —Unifua(6 + i) —S.méﬂg o2,
z S (7w
/ d2 ~ M2
—2aM? u _— (2.78)
dz?

Solvingtheseequationdor the hattedvariables andthentransformingoackto thetime domain
we obtainthe z-component®f thevelocity. Thesolutionsaregivenin appendixB.
2.9.2 Determining the interaction velocity U,

Theconstant/;,; is undeterminedn equation(2.78). We do this by thefollowing rationale:in
orderfor the solutionto be self-consistent)/;,; shouldbe equalto v — u.;;, evaluatedatz = h.

We imposethe conditionat the midpoint of the effective stroke, 27z + ot = 0. By starting
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with aninitial estimateof U,,,;, togethemwith upperandlowerboundswe calculatethevelocity
termsfor n = 0 from equation(2.8)andthetermsforn = 1, ..., 15 from equationB.4), which
arethensummedo give thehorizontalvelocity v atthepointz = 0, z = h, t = 0. We evaluate
u — Uqia, @andadjustU;,, usinginterval bisection. The solutionis thenrecalculatedand the
processs continueduntil convergenceis achieved. For example,with our standardoarameter
setgivenin section2.10.1,we obtainedl;,; = —0.0246963, u — ucp. = —0.0246979. We
choosethe Fourier seriesrepresentationgivenin Figure2.3, to determineu for this purpose.
It may be arguedthat we shouldchooseinsteadthe ‘ideal’ value from Figure 2.2, however
eventheideal valueis an approximateepresentatioof the real beatcycle, andour choiceof
the Fourier seriesvalueis fully consistenwith the flow in the PCL which is governedby the

Fourierseriesrepresentationf u.;..

2.10 Analytical resultsand discussion

2.10.1 Standard parameter set

In Figure2.6we presensomeprofilesof thesolutionsu andv for thefollowing physiologically
reasonabléstandard’parametesset: L = 6 pym, A = 30 pm, H = 10 pym, h = 5.4 pm,
o = 60 rad/s, Ay = 0.03s,0; = 6,6, = 8, a, = 90, v = 5/6. The viscosity ratios
0, andf, werechosensothatt,6, = 48, correspondingo approximatelythe viscosityvalue
M = 0.0482 N m~2 s foundin section2.4. The resistancecoeficient o, is definedasin
equationg2.6)and(2.38) anddeterminedrom theparameterd = 0.3 pm for thecilia spacing
andry = 0.1 pm for thecilium radius.

Figure2.6(A) shaws the horizontalvelocity profile at five differentpointsalongthe wave-
length. The tracefurthestto the right correspondgo the effective stroke. Thereis a large
forward flow of mucuscloseto the point of penetrationdecayingexponentiallyto a value of
over 100 pm/s atthetop of themucoudayer. In the PCL thereis approximatelyequalforward

andbackward flow at the top andbottomof the layer, causedoy the pressuregradientwhich
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maintaingheinterfaceata constanteight.It mayappearsurprisingthatsocloseto theepithe-
lium, thefluid velocity is relatively large. This is dueto the effect of a large positive pressure
gradientactingto maintainconseration of massin the faceof a large shearingmotionin the
active porousmedium.If thefluid flowedwith thecilia, it would be propelledrapidly forwards
at this point, leadingto a large positive vertical velocity, deformingthe interface. Sincethe
cilia will be beating‘forwards’in thisregion, it shouldbe realisedthatthe backflov is amean
negative flow if we averagein the y direction(into the paper). The fluid will flow backwards
betweenthe cilia, but very nearto the cilium surfacewill be propelledforward. Due to the
strongviscouscouplingbetweenthecilia, the pressuregradientis very large in magnitudethe
termII; having an absolutevalue of 1447 for the standardparameteset. Around the begin-
ning andthe end of the recovery stroke, thereis a smallerforward flow of mucusthroughout
the layer, apparentlydueto the mucusbeing‘pulled’ forward by the mucusfurtheraheadand
behindundepgoing the effective stroke. During the middle of the recovery stroke the mucus
movesforwardsmuchmoreslowly or actuallyflows backwards. In the PCL, the profile is the
reverseof thatseenduring the effective stroke, only with smallermagnitudedueto the slower
cilia movement.

Figure 2.6(B) shaws the vertical velocity componenty. Throughoutthe entire PCL, the
velocity is very smallrelative to the velocitiesfoundin the mucoudayer. It would be expected
thatin reality the vertical movementof the cilia would resultin significantvelocitiesin the
PCL, but sincethis level of detailwasnot presenin this simplified model, it is not borneout
by theresults.Therearehoweverlarge oscillationsin the mucoudayer, particularlyaroundthe
effective stroke, wherethe verticalvelocity of themucussurfacereache250 pm/s. Thiswould
causesignificantmovementof the mucussurface,and henceour assumptiorthat the mucus
surfaceis flatis inconsistentBy constraininghemucussurfaceto beflat dueto surfacetension,
asin thefull numericalsystemthemodelwill beself-consistentFigure2.11shavsthevelocity

field for this parametesetin a differentway, usingarraws to representhe velocity vectorat
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variouspointsin thefluid. Thisshonvsveryclearlythedifferencedbetweerntheanalyticalresults,
andthe numericalresultsshavn in Figure2.17,which exhibit circulationpatternsn the PCL
duringpartof therecovery stroke.

Figure2.6(C)shownvsthatthe mucussurfaceundegoespositive horizontaltransporthrough-
outthebeatcycle, while the mucusaroundthetractionlayerundegoesbothpositve andnega-
tive flow, althoughwe canseefrom the meanvelocity traceon graph(D) thatthe entiremucous
layer above z = L undepoesthe samemeantransport. We also obsene a small phaselag
betweerthe peakvelocity atthemucussurfaceandmucus—PClinterface,dueto theviscoelas-
ticity of the mucus. Interestingly this phaselag is muchsmallerfor the full modelshavn in
Figure2.12(C).

Figure 2.6(D) shaws that the meantransportthroughoutmostof the PCL is very closeto
zero. This agreessomeavhatwith the work of Fulford andBlake (1986),asdepictedin Figure
1.3,andis verydifferentfrom theprofilessuggestety Matsuietal. (1998b).We anticipatethis
becauseave have modelledthe sublayerasa field of very strongviscousresistancerepresented
in our modelby the coeficient a, = 90. Thetotal flux of PCL is very muchsmallerthanthe
total flux of mucus.Figure2.6(D) alsodepictsthe instantaneoupeakhorizontalvelocity. We
noticethatin thetractionlayerregion, the peakvelocity is over tentimesthe sizeof the mean

velocity. Onthemucussurface,theratiois closerto threetimes.

2.10.2 Mean mucustransport

Our resultsusing the standardparameteiset predicta meanmucusvelocity of 36.3 pm/s.

Salatheet al. (1997)reporta rangeof valuesof between67 pm/s and333 pm/s. The authors
believed that the first figure, basedon lessinvasive measuringtechniquesjs more accurate.
Reviewing theresultsof similar studies InternationalCommissionon RadiologicalProtection
and Measurement$1994) reporteda wide rangeof valuesdependingupondiseaseambient

conditionsandotherfactors.For healthysubjectsyaluesof 70 pm/s and92 pm/s for tracheal
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transportand40 pm/sfor bronchialtransporwerereported Finally, thehTBE culturesstudied
by Matsui et al. (1998b)shaved a meantransportof 39.2 um/s, very closeto our predicted

value.

2.10.3 Differ ent parameter sets

Figures2.7to 2.10show correspondingesultswhereoneparameteatatime hasbeenadjusted.
In Figure2.7,the viscosityratiosareadjustedo 0, = 12, 6§, = 4, sothatthe absolutemucus
viscosityin 1 < z < H is the same,but we aresimulatinga smallersheasthinning effect in
thetractionlayer Sincewe do not appearto have ary cleardataon the sheasthinning effect,
this parametessetis asplausibleasthe previous. The profilesare almostidentical, the only
significantdifferencebeingthatthe mucustransportis reducedo 30.9 um/s, andthevertical
mucusvelocity is around50 pm/s smallerin magnitude.In section2.12.6we investigatethe
effect of the shearthinningratio on meanmucusvelocity moresystematically

In Figure 2.8 we simulateslower ciliary beatingwith o = 36. The graphsarevery similar
to the standardbarameteset,only with smalleramplitudeoscillations,andthetransporispeed
reducedo 23.5 um/s. A 40% reductionin beatfrequeny leadsto a 35.3% reductionin trans-
port. We might expectareductionin ¢ to reducethe mucusvelocity proportionatelydueto the
velocity scalingo L. Thereductionis not quite solarge sincethe viscoelastidnteractionof the
mucusandocilia is altered.This interactionis discussedn moredetailin §2.12.5

In Figure 2.9 we reducethe time constantfor relaxationof stressto A; = 0.01 s. The
effect is an increasen transportspeedto 44.1 um/s, togetherwith smallerpeakvaluesfor
the horizontalandverticalvelocity. It is interestingthatlesselasticmucusleadsto morerapid
transport,andindeedif we set\; = 0, we obtaina transportspeedof 57.6 um/s. The price
thathasto be paidfor this, however, is thatthe force on thecilia tips asthey propelthe mucus
is proportionatelyhigher—f « Uy o u, all elsebeingheld constant.Ilt might be anticipated

thatthis would reducetherate of ciliary beating.In addition,a non-Nevtonianmucouslayer,
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by permittinglarger oscillationsthana Newtonianone, may producebettermixing andhence
bettertransportof contaminants—thisill be the subjectof chapter4. Largeroscillationsmay
alsohelpto createacontinuousnucoudayerin thefirst place asmucusproductionin thelower
reacheof therespiratorytreeis patchy(InternationalCommissionon RadiologicalProtection
andMeasurementsl994). It is alsopossiblethat an elasticmucouslayer will interactdiffer-
ently with the penetratingilia thana Newtonianone,althoughinvestigatinghis is beyondthe
scopeof thismodel. The profilesshown areslightly differentfrom the profilesfor the standard
parameteset, with the mucussurfacevelocity being positive throughoutthe beatcycle, the
vertical oscillationsbeing of smallermagnitude andtherebeinga muchsmallerlag between
thevelocity attheinterfaceandat z = 1.
Figure2.10shawvstheeffectof slightly thickeningthemucoudayerto 12 ym. Thisdoesnot
have a significanteffect beyondslightly increasinghetransportspeedo 36.8 pm, andslightly
increasinghe vertical oscillationson the uppermucussurface. A full discussiorof theway in

which differentphysicalparameteraffect mucustranportis givenin §2.12.

2.10.4 PCL and mucusflux results

For the standarcparameteset, U, = —0.0247. Using equation(2.67),we have a nondimen-
sionalPCL flux of 7.47 x 10~*. This correspondso a dimensionavalueof 1.61 pm?/s. This

comparesvith amucusflux of 7.66 x 102, correspondingo adimensionalalueof 165 ym?/s.

2.11 Numerical solutionforn > 1

Ratherthanmakingtheassumptionsbove, we mayinsteadsolve thefull ODE systemdirectly
using the NAG routine DO2GAF (NAG, 1993). This approachhasthe advantageghat both
the surfaceand interfacemay be constrainedo be flat, pressuregradientsin all threelayers
areretained andverticalvariationsin the pressurarealsopermitted. The algorithmD0O2GAF

startswith aninitial approximationcalculatedirom the boundaryconditionsand estimatef
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coeficienta, = 90, sublayewelocity scalingy = 5/6.
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the solutionatboundarypointsfor whichthereis no boundarycondition. Thisis thenimproved

usingafinite differencetechniquewith deferredcorrection.

2.11.1 Transforming the domain

In orderto solve the systemnumericallyit mustberewrittenin theform

Y/ = E(X,H,...,Ygo), (279)

2

fori =1,...,30,andsolvedonadomain) < X < 1. We make thefollowing transformations:

In the PCL,
d 1d
= — = —— =0... =0...1. 2.80
z hX, o i 0...h, X=0...1 (2.80)
In thetractionlayer,
d -1 d
z = 1-(1-nX, — = z=h...1, X=1...0. (2.81)
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In theforce-freemucoudayer,

z = 1+ (H-1)X, — = ——— z=1...H, X=0...1. (2.82)

2.11.2 Variablesof the ODE system

We now definethevariablesyi, . . ., Y3 in orderto write theboundaryandmatchingconditions

intheformY, =0atX =0orX = 1.

Y, =up Yip = dp — Uy,
Yo = b Yig = dp — Uy
Y; =% Yiz = 0p — U3y
Y, = 1% Yig = 0p — V3
Ys = —2mnub + 05 /h Y15 = —2mnil,, — 05, /(1 = h)

Ys = 2mndly + 0% /h

Y7 = ¢u/h — pulh /b — 2mne* (¢pvh + i — 6104,,) + 010, /(1 — h)
Yy = ¢uih/h + /b — 2mne (Yih — v + 010%,,) + O1uk,, /(1 — h)
Yy = pp

Yio = P

Yi6 = 2mnay,; — Q7?\,41/(1 —h)

Yiz = =ty /(1 = h) = 2mne*vy,, — Oxtypy/ (H — 1) + 2mnb6y€2 0y,
Yig = =il /(1 = h) + 2mne*0yyy — Oyt /(H — 1) — 2106260y

Yig = =Py — 26051 /(1 — 1) + Ooplyyy — 202€* 0375/ (H — 1)

Yoo = =Py — 2600, /(1 = h) + 0oy — 26026035/ (H — 1)
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Yor = @y — o Yo = 2mndiy, + 77?\/42/(1'[ —1)

Yoo = Wy — Uy Yor = o/ (H — 1) — 2mne* vy,
Yas = Uy — Ui Yo = Ulips/(H — 1) + 2mne* Ty
Yoy = Uiy — Vi Y29 = Dz
Yo5 = —27m11§\42 + Uppa/(H — 1) Y30 = 1521\42-

The boundaryconditionstake theform Y; = 0 on X = 0for: = 1,...,6, 17, ..., 26, and
Y;=00nX =1fori=3,4,i=7,8,i=11,...,16,7 = 23, 24,27, 28. Thereareno boundary
conditionsfor thepressurégy, Yi,, Yag andYs,, but two boundaryconditionsfor Y3, Yy, Ya3 and
Ya4, sothatthereare 30 boundaryconditionsfor 30 variables.Writing the systemof 18 ODEs

in termsof thesevariableswve have
h(¢? + %) (=2mnY10 + (82 + x*)Y1 — vXhe,a? — 27neYs)

= QY7 + YUYy + 010Y (7 + 01050 57 + 010V + 01055

h(¢? +¢%)(2mnYy + (82 + x*)Ys + 2mne’Ys)
= OY{ — BYF — 019Y; — 0.0:6Y3; + 010y + 010263,

(¢* +¥?)(Yg + (x* + B2)e*hY3)
= 2mnhe*[pYs — Y7 — 01917 — 010290 Yo7 + 01¢Y1s + 01029 Yas]

(6% + ¥2)(Yip + (X* + B2)e*hY)
= —27T7’Lh62 [(ﬁY} + 1/)1/8 + 01(?3/17 + 9192¢}/27 + 91¢Y18 + 0192@0}/28]
—vh*d,o?e(¢* + v X
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—27n[—Ya0 + 2€°Y16 + 02Y30) — 2x%02(Y1 — Y11 — Ya1) + 47nb2€°Yog
= —4x3(Yy — Y1) — (Y7 + 0,Y)) /(1 — h) + 2mne?Yig
— ¢ fna2Upy sin(m(1 — (1 — h) X))/ sin(wh)

21n[—Yig + 2€2Y15 + 0oYog] — 2X305(Ys — Yio — Ya3) — 47nbec®Yas
= —4x3(Yy — Y1) — (Vg + 0:Y)5) /(1 — h) — 27ne*Y5
— fra2Upy sin(m(1 — (1 — h) X))/ sin(h)

Yllg — 471'7162(}/2/ — }/'1/2) — 02Y2/9 — 4’/T716292(Yé — }/12 — }/22) = (1 — h)
(—2x2€2(Y3 — Y13) + 27n(Yig + 02Yog) — g a? Vi sin(w(1 — (1 — h) X))/ sin(wh))

)/;0 + 47(77/62(}/1/ — }/1/1) — 923/:3/0 + 47Tn6202(Y1 — Y11 — }/'21) = (1 — h)
(—2x2€%(Yy — Y1) — 2mn (Y17 + 02Ya7) + €dgna?Vipe sin(m(1 — (1 — h) X))/ sin(wh))

Y =0

Yis=0

Y, = (H — 1)(2x3(Y1 — Y11 — Ya1) — 2mne®Yas — 2mnYsg)
Yis = (H — 1)(2x3(Ya — Yi2 — Ya2) + 27ne*Yos + 2mnYag)
Yo = (H — 1)(—2x3(Ys — Y13 — Ya3) + 27ne?Yog)

Vio = (H = 1)(=2x*(Ya — Y14 — Yau) — 2mne*Yyr)

Yo =0

Y3 = 0.

In additionwe have 12 equationghatfollow from the definitionsof the Y;s,
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hYs = —2mnYoh + Yy
WY, = 2mnYih + V!
Vo = (8/h+ 00/(1 — W)Y — 26V — (/)Y — 2nnetasY;
—01Y!, /(1 — h) + 27ne®0, (Yy — Yi4)

= (¢/h+01/(1 = h))Y; + 2mne*oY; + (¥/h)Y] — 2mne*yY;
0/ (1~ h) — 2une0,(Y; — Yio)
Vis(1 — h) = —2mn(¥s — Yin)(1 — ) — (¥{ — V1)

Yig(1 = h) = 2mn(Yy = Vi) (1 = h) = (V] = V],

Vir(1 = h) =Y, = Y] = 2ane®(Ya = Y1a)(1 — h) — 6o(Y/ = Y}, = Y3))(1 = h)/(H — 1)

Yis(1 = h) =Yy = Y5 + 2mne®(Ys — Yis)(1 — h) — O2(Y; — Y5 = Y5)(1 — h)/(H — 1)

h) =
) =
)
+2mnbse*(Yy — Yig — Yz4)(1 — h)
)
(

—271nbye?(Yy — Y1z — Ya3)(1 — h)

Yo5 = —=2mn(Yy — Yio — Yao) + (Y5 — V{5 — ¥35)/(H — 1)
Yoo = 2mn (Y1 — Yii — Yau) + (V) = Y, — Y5,) /(H — 1)
Yor = —2mne®(Yy — Yig — You) + (V] = Y/, = Y5,)/(H — 1)
Yog = 2mne?(Ys — Yig — Yag) + (Y5 = Vi, — Ya) /(H — 1),

This canbe rearrangedo give a systemof 30 first orderequationghat canbe solved nu-

merically, asgivenin appendixC.

2.12 Numerical resultsand discussion

2.12.1 Comparing the numerical and analytical profiles

In Figures2.12—-2.16 we presenigraphsof the numericalresults,correspondindo the graphs

givenfor the analyticalresultsin Figures2.6—2.10.Again, the ‘standard’parametesetwhich

we usefor references L = 6 ym, A\ = 30 pm, H = 10 ym, h = 5.4 pm, 0 = 60 rad/s,

A1 = 0.03s,0; = 6,0, = 8, a, = 90 andfor the numericalmodelonly, o, = 75.
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Figure2.14: Tractionlayer numericalresults—slaver ciliary beating. Dimensionalparameter
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Viscosityratiosf; = 6, f; = 8. Sublayeresistanceoeficientsa, = 90, a, = 75, sublayer
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ComparingFigure2.12(A) to 2.6(A), certainfeaturesare sharedby the solutions,particu-
larly the shapeof the first, fourth andfifth profilesin the PCL, andthe large peakflow at the
point of penetration.lIt is certainlylikely that therewill be similarities given that the active
porousmedium tractionlayerforcesandinterfaceboundaryconditionsareidentical. However,
theinclusionof pressurgradientsn themucoudayer, andtheconstrainthatthemucussurface
is flat resultin a numberof significantdifferences.During the effective stroke, the numerical
modelpredictsslightly largerforwardandbackwardflow in the PCL, but a significantlysmaller
‘peak’ in thetractionlayer. For thenumericalmodelthereis positive transporin theupperpart
of the mucoudayer, exceptat the midpointof the effective stroke wherethe mucusis actually
flowing backwards. This is dueto the pressurggradientenforcingmassconseration between
z = 1 andz = H—ary additionalforward oscillationin the lower part of the layer mustbe
balancedby a reducedforward flow in the upperpart of the layer. Corversely asthe mucus
is pulled back during the recovery stroke, the pressuregradientallows mucusto flow more
rapidly in theupperpartof thelayerto counterbalancthis. The numericalresultsalsodifferin
thatthe pressuregradientin the PCL variesduring the recovery stroke, so thatthe profilesfor

x = 12 andz = 18 differ from the analyticalpredictions,shoving smallermagnitudeflow in
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the oppositedirections.

ComparingFigures2.12(B)and2.6(B), it appearghatthe magnitudeof the vertical oscil-
lationsis far smallerfor the numericalmodel,dueto the constrainthatthe vertical velocity is
zeroon boththeinterfaceandthe surface. The peaksin the vertical velocity for the analytical
modelareof the orderof 250 pm/s, whereasn Figure2.12(B)the vertical velocity is zeroon
thesurface,asrequiredby our boundaryconditions.

Examiningthe restof the beatcycle, thereare otherdifferencesetweenthe two models.
The numericalmodel predictsrathercomplex variationsin the flow field during the effective
stroke, whereaghe analyticalmodelpredictsthatthe profile will be rathermoreuniform. Un-
expectedly the numericalmodel predictsthat for abouthalf of the recovery stroke, whenthe
cilia aremoving backwards,thereis neverthelesa large forwardflux in thetractionlayer. The
analyticalmodelhowever predictsa negative velocity at the interfacethroughoutthe recovery
stoke. Also sincethe numericalmodelincludesthe effect of the vertical componenbf the ac-
tive porousmediumterm, thereare somerelatively small vertical oscillationsin the PCL not
presentin the analyticalmodel. As for the analyticalmodel, we also presenta ‘quiver plot’
of the velocity field, in Figure2.17. This graphshonvs more clearly the predictionof the nu-
merical model that the mucusabove z = L flows nearly uniformly and steadilythroughout
mostof thebeatcycle, exceptfor thetime of penetrationwhereaghe analyticalmodelpredicts
slow moving mucusexceptjust before,duringandafterthetime of penetrationywhenit moves
rapidly forwards.lt is alsoclearfrom this graphthattherearesomecirculationpatterngresent
in boththe PCL duringthe recorery stroke, andthe mucouslayer, duringthe recovery stroke.
Possiblythesepatternsareresponsibldor a certainamountof mixing which canassistwith the
removal of foreign particles.In particular any flow responsibldor moving particlesfrom the
PCL, which doesnot exhibit significantmeantransportto the mucoudayermayassisin their
removal.

Figure2.12(C)shaws the variationsin horizontalvelocity alongthe beatcycle for the nu-
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mericalmodel. The mucusvelocity at the level of thecilia tips is positive throughoutmostof
the beatcycle, althoughof smallermagnitudethanfor the analyticalmodel,andnot showving
thelarge phasdag. Thefluid ontheinterfacehasavery similar peakvelocity for thenumerical
model, is negative beforeand after the effective stroke, but unlike the analyticalmodel also
shows a forward velocity halfway duringtherecovery stroke. We alsoobsene the brief period
duringwhichthe mucussurfaceactuallymovesbackwards,althoughfor mostof the beatcycle
it hassignificantpositive velocity.

Figure2.12(D)shovsthemeanandpeakvelocity profile for thenumericaimodel. Themean
profile, whichis givenby equation(2.66)is of the sameshapeasfor the analyticalmodel,but
with slightly greatermucustransport. The peakvelocity is actually smallerfor the numerical
modelhalfway up thetractionlayer, anddueto aslightly largerlag betweerthecilium velocity
andthe mucusvelocity at the interface,wherethe constantl/;,; is calculatedthereis slightly

strongermpropulsionof mucusby the cilium.

2.12.2 The relative importance of pressue gradients in the mucus and
PCL

Togethemwith theabove we have investigateda similarmodel(notshovn) with no pressureyra-
dientsarywherein thefluid. We calculatednly avery smallmeanmucusvelocity—1.63 pm/s
for the standardoarameteset. The analyticalmodelwith pressuran the PCL only predicted
very similar mucustransporto the modelpresentedhere. This suggestshatit is the actionof
pressureggradientsan the PCL, ratherthanthe mucoudayer, thatareessentiato ensuringpos-
itive transportof mucus. This callsinto questionthe earliersuggestiorof Sleighetal. (1988)

thatthereis no significantinterfacetensionbetweerthe PCL andmucus.

2.12.3 Profilesfor differ ent parameter sets

Figure 2.13 shows the profilesfor the numericalmodelwith a reducedsheasthinning effect.

The total mucusviscosity #,6, remainsthe sameas for the standardparameteiset, but the
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sheatthinningratio 6, is reducedo 4. The profilesarenot greatlyaltered,with the exception
of therebeingsmalleroscillationsin thetractionlayerdueto theincreasediscosity asmaller
peakvelocity at the point of penetrationandsmallervertical oscillationsthroughoutthe PCL.
It is apparentfrom examining the horizontalprofilesat x = 6 andx = 24 that the larger
value of 6; resultsin the cilia having lessinfluenceon the tractionlayer during the recovery
stroke, andthe smallervalueof 6, resultingin the tractionlayer having moreinfluenceon the
uppermucoudayer. The meantransportspeeds slightly reducedo 36.2 pm/s—the comple
interactionscausingthis arediscussedhn §2.12.5.

Figure 2.14 shaws the resultsfor slower ciliary beating(c = 36). As for the analytical
model,the meantransportand oscillationsare of smallermagnitude which is expectedsince
velocity is scaledwith respecto o .. However, unlike theanalyticalmodel,slowing therateof
ciliary beatingresultsin profilesthatlook very different. Almostall of themucoudayermoves
backwardsduringthe effective stroke, andatthelevel of thecilia tips, z = 1, theflow oscillates
rapidly duringtherecovery stroke, asshovnin Figure2.14(C).Thesmallervaluefor o interacts
with the viscoelastidimescale); to producea rapidly oscillatingpressureggradientandhence
very differentresults.

Figure 2.15 shows the rathererratic profiles producedwhenthe time constantis reduced
to 0.01 s, reducingthe elasticity of the mucus. Again, the interactionbetweenthe forcing
frequeny andthe viscoelasticelementresultsin rapidly oscillating pressuregradients. The
meanmucustransportis increasedsincethe mucusdoesnot deformlocally asreadily when
penetratioroccurs,andsomucusis ‘draggedalong’ morestrongly

Figure 2.16 shows the effect of increasingthe ASL depthto 12 um. Sincethe mucus
surfaceis furtherfrom thetractionlayer, it hasa smallerinfluenceon propulsion.The effect of
theflat mucussurface,which assistaith transportjs reducedandsothe meanmucusvelocity
is slightly reducedratherthanslightly increasedor the analyticmodel. The sizeof this effect

is, however, only around5%.
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Parameters | Analytical velocity (um/s) | Numericalvelocity (um/s) |

Standard 36.3 38.3
01 =12, 6, =14 30.9 (| 14.9%) 36.2 (| 5.48%)
o = 36 sec™ ! 23.5 (] 35.3%) 22.2 (| 42.0%)
A1 = 0.01 sec 44.1 (1 21.5%) 47.2 (1 23.2%)
A1 = 0.04 sec 35.4 (| 2.48%) 44.9 (7 23.7%)
H =12 um 36.8 (1 1.38%) 36.4 (1 4.96%)

Table2.1: Mucustransportvaluesfrom the numericalmodelfor variousparametesets.

2.12.4 Mean mucustransport

Our simulationusingthe standarcharametesetpredictsa meanmucusvelocity of 38.3 pm/s,
slightly greatetthanthatpredictedfor the analyticalmodel(36.3 pm/s), andcloseto thevalue
of 39.2 ym/s foundby Matsuietal. (1998b).

Table2.1 summariseshe effecton mucustransportof differentparametesets.Decreasing
the rate of ciliary beatingwithin the experimentallyobsered range(Salatheet al., 1997) by
40% to 36 rad/s resultsin an approximatelyproportionatereductionin transport.Increasing
the mucus'stiffness’ by reducingthe relaxationtime to 0.01 s significantlyincreasesnucus
transporty 23%, andsurprisinglyincreasingherelaxationtime to 0.04 s alsoresultsin anin-
creasean transporof around23%. Thicker (deepermucus(H = 12 pm) leadsto only slightly
slower mucustransport,provided that suchparameterss the ciliary beatfrequeny andthe
mucusviscosityremainthe same Dueto thethickenedayer, thecilia areactuallypropellinga
considerablyargervolumeof mucus.Thissuggestshatif athickermucoudayeris obsenedin
patientswith impairedmucustransportjt maynotbethethicknesgersethatcausesheimpair-
ment,but ratherit maysimply beaconsequencef reducedransport.Corversely this provides
insightinto how the body adaptsto a thickeningmucouslayer moving from the bronchioles
to the trachea—thesilia do not needto beatsignificantlyfasterto transporta greatervolume
of mucus. A greatlydepletedput still continuousmucouslayerrepresentetty H = 6.5 um

shavs transporincreasedignificantlyby 54.6%.
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It is clearfrom Table2.1thattheanalyticmodelpredictscertainqualitatve responsesf the
systemwell, only failing to predictthe effect of raising # and )\,. It would be expectedthat
moving the free surfacewould have a very differenteffect when surfacetensionis presentat
thatsurface. The effect of changing)\; is moresubtle,it is dueto the factthata changen )\,
resultsin achangeo the pressuregradientin the mucus,which is not presenin the analytical
model.A moredetaileddiscussiorof theinteractionbetweerdifferentparameterandphysical

effectsis givenin §2.12.5andFigure2.20.

2.12.5 Understanding the effects of different physical parameters on
transport

Examiningequation(2.66)we seethattherearevariouswaysin which mucustransportcanbe
altered. The mucusvelocity ©? is proportionalto the interactionvelocity —U;,, andthefirst
termin bracesis proportionalto the tractionlayer viscosity ;. Simply alteringthe value of
thebeatfrequeng o, all elsebeingequal,will have a proportionatesffect on mucustransport.
In addition,all of the parameterinteractin a nonlinearway to affect —U,,;, which we explore
below.

For brevity we write thefluid velocity attheapex of the effective stroke asu,e, = u (27 +
ot = 0,2 = h). SinCe—Uypyy = Ucitia — Upen it IS Clearthatreducingthe value of u,e, will
increase—U,,; andhencethe meanmucusvelocity. In generalphysicaleffectsthatresistthe
sharpforward flow of mucusin responseo penetratiorwill tendto decrease,., andhence
increaseransport.The effect of a positive instantaneoupressurgradientdp/0x is to actasa
resistancdorceto theforwardflow of liquid, ascanbe seenfrom equation(2.35). At the point
of penetrationthis resultsin areductionin u,., andhenceanincreasean —U;,, andhencethe
meantransport.

Hence theresultsin Table2.1 canbe understooghysically Reducingthe relaxationtime

of the mucusto 0.01 s effectively reduceshow readily the mucuswill deform elasticallyin
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responsdo penetration. The value of u,., is hencesmallerandso —U,, is increasedand
hencethe meantransportincreasingherelaxationtimeto 0.04 s increasesheelasticityof the
mucus,and at the sametime increaseghe positive pressuregradientin the upperpart of the
PCL from approximatelys3 Pa/um to 65 Pa/pm. This hasthe overall effect of reducingu e,
and henceincreasingthe mucustransport. Decreasinghe depthof the mucouslayer greatly
increaseghe effect of the mucusfree surface and henceincreaseghe pressuregradientby
about50%, decreasing:,., andhenceincreasingransport.A schematiaiagramshoving the

effectson transportspeedf the variousphysicalparameterss givenin Figure2.20.

2.12.6 Shearthinning ratio

We were not ableto determineparameterdor the sheasthinning ratio, so we have produced
resultsfor a spectrumof valuesof 6; and 6, correspondingo a fixed free mucusviscosity
of pM?2 = 0,0, = 48. The effect on meanmucustransportis shavn in Figure2.18. For the
numericalystemfor valuesof 6; closeto 3, asharpspike occurg(notshowvn). Thisis dueto the
factthatthe pressureggradientin the PCL enforcingu(z = h) = 0 becomedarge andnegative,
forcing v to befartoo largefor theinterationto corverge. In reality, theinterfacewould simply
deformunderthis pressurgyradient,andour modelassumptionsvould breakdown. Sincethe
interfacedoesnot appearto deformsignificantlyin the micrographsof Sandersorand Sleigh
(1981),it is likely thatthe viscosity of the tractionlayer doesnot approactthis value,at least
in theconditionsthey obsened. For thestandargparameteset,thejumpin normalstressatthe
mucus—PClinterfaceis no largerthan100 N m 2. For 6, = 2.995, thejump in normalstress
reached000 N m~2. In orderto balancethis, thesurfacetensionforcemustbetentimeslarger,
which correspond$o the curvatureof theinterfacebeingtentimeslarger Again estimatinghe
surfacetensionto be0.08 Nm ™, the curvaturemustincreaseérom 1250 m~' to 12500 m~". If
we makethesimpleassumptiorthattheinterfacehastheform n = 7+ cos(kx+ot), for some

small perturbatione, the curvaturecanbe approximatedy |7,.| = ex?. If the wavenumber
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k = 27/3.0 x 107° m~!, thene mustincreaserom 2.8 x 102 um to 0.28 um, a significant
disturbancen the scaleof the muco-ciliarysystem.

Evenignoring this point, the relationshipbetweentransportand 6, is still nonlinear with
transportbeinggreatestat ; = 1, andalsobeinggreaterat §;, = 48 than#;, = 6. We can
understandhis by notingthatat the point of penetrationthe pressurgradientsn the PCL and
theforce freemucoudayeractto ‘pull back’the forwardflow of fluid, andhenceincreasehe
relative velocity U, of the mucusandcilium andhencethe meanflow. Examiningboundary
condition(2.53),we notethatwhen#, = 1, we seethat,ignoringthe verticalvelocity compo-
nentwhich will be zero,the gradientdu/dz mustbe the sameabove andbelow the interface.
In generalthe gradientis greaterin the PCL thanthetractionlayer, andsothis corresponds$o
theflow in the PCL ‘pulling back’ thefluid in thetractionlayer, andcanbe seenby comparing
figures2.12(A)and2.13(A). Thisresultsin reducedractionlayermucusvelocity andhencean
increasedialueof U, andincreasedneantransport.Cornversely for ¢, = 48 we have 6, = 1.
Examiningboundarycondition(2.56) we seethat, ignoring the vertical componenbf the ve-
locity, thegradientdu/dz mustnow bethe sameabove andbelow theinterfaceaty = 1. Since
thegradientis in generalessin y > 1 thanh < y < 1 thismeanghattheflow in theforcefree
mucouslayerwill now ‘pull back’ the tractionlayer mucusmore effectively, henceincreasing
Ui« andhencethe meantransport. For the analyticalmodel, transportdoesnot significantly
increaseast, isincreasedowards48. Thisis dueto thefactthattheforcefreemucoudayeris
not subjectto any adwersepressuragyradientandsowill notactto resisttheforwardflow of the

tractionlayer, regardlesof thevaluesof #; andd,.

2.12.7 PCL and mucusflux results

For the standarcparameteset,U;,, = —0.026017. Fromequation(2.67),the nondimensional
PCL flux is 7.87 x 1074, correspondingo a dimensionavalueof 1.70 um?/s. Thiscompares

with amucusflux of 8.07 x 1072, correspondingo adimensionalalueof 174 ym?/s. Theflux
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Figure2.18: Meanmucustransporiagainstractionlayerviscosityd; for fixedmucusviscosity
010, = 48, for numericaland analyticalmodel. Sublayerresistancecoeficientsa, = 90,
a, = 75, sublayervelocity scalingr = 5/6. Numericalmodelassumptionsverenot justified
for 6, ~ 3, in thisregion noresultsaregiven.

of mucusis over 100 timesgreaterthanthatof PCL, dueto the viscousresistanc®f thecilia.

2.12.8 Modelling diseasedstates

Ourmodelis moresuitablefor comparisorwith diseasesuchaschronicobstructve pulmonary
diseas€COPD)or asthmajn whichthedistinctPCL andmucoudayersandinterfacearemore

clearly presered, thandiseasesuchascystic fibrosis, in which mucinsmay be foundin the

PCL, andin which the PCL may be significantly depleted. Detailed comparisonsf these
conditionsmay be foundin Rogers(2004)andBoucheret al. (2000). In Table2.2 we present
someresultsproviding a tentatve simulationof various‘diseased’statesof the muco-ciliary
system. As one might expect, our model predictsthatif the ciliary beatfrequeng is greatly
reducedrom 60 rad /s by 83% to 10 rad/s, mucustransportis reducedalmostproportionately
Henceonelik ely causeof impairedclearances reducedciliary beating. Surprisingly altered

rheologicalparametersuchas muchmoreviscous(d, = 6, = 30), or muchmore ‘watery’
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mucus(A\; = 0, #; = 6, = 1), or moreelasticor Newtonianmucus(\; = 0.04, \; = 0), donot
seemto significantlyimpair mucusclearancavhencomparedwvith our initial parameteset. It
is possible however, thatmoreviscousor lesselasticmucusmay have a moresubtleeffect by
impairingciliary beating.

Theresultsappearto shav that mucusis importantto transportby producingan interface
which supportpressurgradientsn thePCL. The pressurgradientsneedhave no meaneffect,
but they neverthelesallow thecilia to interactwith theupperlayerefficiently. Theviscoelastic
interactionof mucusandcilia itself appearsot to be the importantmechanismNevertheless,
it is alsopossiblethat mucuselasticityis importantin the interactionof the cilium tip andthe
mucouslayer Experimentalobsenation and mathematicamodelling of this interactionwill
provide furtherinsight.

To simulatethe effect of excessve fluid secretionwe chosethe parameters? = 40 um,
0, = 8, 6, = 1, representinga deep,lessviscousmucouslayer. The effect wasto reduce
velocity to 26.6 /s, which althoughsignificantlylessthanthe standardparametersyasnot
thevirtual cessatiorof transporionemight expect. However, asfoundby Blake (1973b),avery
deepmucouslayerwill be subjectto significantgravitationalforce,which wasnotincludedin
ourmodel.In addition,deepemucusmayresultin ‘plugging’ of airways,anddisruptionof the
normalsurfaceandinterfaceproperties.It shouldalsobe notedthatfor a deepmucouslayer
or avery narrav airway, curvaturein they direction,asdepictedin Figure2.19will nolonger
be ngyligible (Rogers,2004),andmay leadto importantpressuregradientscausedy surface
tension.

In summarynothingshortof a cessatiorof normalciliary beatingappearsufficientto in-
teruptmuco-ciliary functioningin our model. However, the fact that transportis so impaired
by thelack of a pressurgyradientin the PCL causedy interfacetensionsuggeststronglythat
mucus—PClinteractionis importantfor maintainingefficienttransport.For instancegxcessve

surfactantmay; by loweringinterfacetension,impair the system.Our ‘interface’is anidealisa-
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Figure2.19: As the mucouslayer thickensor in narraver airways,curvaturein they direction
becomesmportant.

Meanmucusvelocity(pm/s)

Parameters Analytical | Numerical
Standard 36.3 38.3
Very slow ciliary beatinge = 10 rad/sec 8.43 (| 76.8%) | 7.33 (] 80.9%
Veryviscousmucusf; = 30, 0, = 30 53.3(7 46.8%) | 56.8 (1 48.3%
‘Watery' mucus); =0, 6; =1, 6, =1 68.8(T 89.5%)

)
( )
58.8 (1 53.5%)
Elastic,'watery’ mucusA; = 0.03s, 6; =1, 6, =1 | 65.5 (1 80.4%) | 58.6 (T 53.0%)
DeeperlessviscousmucusH = 40 pum, 0; = 8, 0, = 1 | 28.5 (| 21.5%) | 26.6 (] 30.5%)
Doubleviscosityf; = 12, 6, =8 34.1 (] 6.06%) | 39.1 (1 2.08%)

Table 2.2: Mucustransportvaluesfrom the numericalmodelfor variouspossible‘diseased’
states.

tion of therealsystemwhichis known to deformin orderto allow ciliary penetratior{Puchelle

etal., 1998).Futuremodellingwork shouldinvestigatetherole of this region further.

2.12.9 Comparision with experimental studies

Our simulationsof diseasestates,which suggesthat low mucusviscosity and elasticity do
not harm, andindeedbenefittransport,andthat ciliary beatfrequeng is the mostimportant
determinanbf normalfunctioning,shav someinterestingparallelswith experimentalstudies,

thoughthesemustbe qualifiedby thefactthatwe have currentlyonly consideredanimperme-
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Figure2.20: Schematiof theinfluenceof physicalparametersn meanmucusvelocity. Work-
ing from the right, increasesn interactionvelocity U,,, tractionlayer viscosity ¢; and beat
frequeny o all directly increaseneanmucusvelocity, asshavn in equation(2.66). Interac-
tion velocity U;,;, maybeincreasedy ‘stiffer’ mucus,by increasing®CL andmucuspressure
gradients,and by increasingthe effect of thosepressuregradients. Theseeffectsarein turn
causedoy variouschangedo the parametersfor instanceincreasesn relaxationtime A\; and
mucoudayerviscosityd, 0, bothcauseanincreasen mucusandPCL pressurgradients Most
parametersio not have a simple effect; for instanceincreasingthe depthof the ASL H leads
to ‘stiffer’ mucus,increasingl;,;, hencetendingto increaseneanmucusvelocity. However,
increasingH will alsorenderthe pressuregradientin the mucouslayer lesseffective, which
tendsto have the oppositeeffect. The overall effect of increasingH from 10 gm to 40 pm is
shovn in Table2.2,a30.5% decrease. 87



ableepithelium.

A studyof patientswith pseudohypoaldosteronisi@HA) (Keremetal., 1999)shavedthat
noliquid is absorbedrom the ASL by the epithelium,andconsequengreatlyenhanceanucus
transport. They suggestedhat excessfluid is absorbedoy the mucouslayer, ensuringthat
the mucusdoesnot ‘float off’ the cilia tips, and that the rheologicalpropertiesof mucusare
improved by the increasedvatercontent. Our resultsshaoving enhancedransportfor ‘watery
mucus’ supportthe hypothesighat increasedvater contentof ASL, even beyond the normal
level, is beneficialto transport. Shibuya et al. (2003) useda bovine tracheamodelto testthe
effectof bothosmolalityandliquid depletiononviscosityandtransport Adding sodiumcaused
a highly significantincreasein transport,whereasiso-osmolalremoval of liquid resultedin
approximatelya doublingof ‘viscoelasticity’, anda nonsignificanincreasen transport. This
is qualitatively similar to our resultspredictinga very modestincreasan transportof 2% for
doubledmucusviscosity

Mucolytic drugs,designedo reducemucusviscosity have beenstudiedin an attemptto
improve muco-ciliarytransporandhencealleviatemuco-ciliarydisfunction.However, (Salathe
etal.,1996;Rogers2005)mucolyticshave tendedo beineffective for improving muco-ciliary
transportin vivo. Symptomsof chronicbronchitisandchronicobstructve pulmonarydisease
have beenslightly improved by the useof oral mucolytics(Pooleand Black, 2001), but this
modestbenefitmaybedueto mechanismstherthanimproving muco-ciliarytransportsuchas
antioxidantpropertieg Ekbeg-Janssoetal., 2001),anti-inflammatorypropertiedGibbsetal.,
1999) or throughincreasingthe water contentof the ASL (Rochatet al., 2004). Our results
shaving thatmucusviscositydoesnot have ary cleareffect on transportandindeedthatvery
viscousmucusmay betransportednoreefficiently, areconsistentvith thesefindings.

Finally, 5,-adrenegic agentsuchassallutamolandsalmeterohave beenshovnto enhance
ciliary beatfrequeny (Devaliaetal., 1992)andsalmeterohasbeenshown to slightly enhance

muco-ciliaryclearancen patientswith asthmgHasanietal., 2003). Corverselythe 3-blocking
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drug propanololdepressemuco-ciliary clearancesignificantly (Pavia et al., 1986),consistent

with ourfindings.

2.13 Conclusionsand futur e work

In this chapterwe presenteé modelof mucustransportwhich representethe propulsive and
resistive forcesof the cilia by physically-basegpphenomenologicalolume forces,andrepre-
sentednucusasa linearisedMaxwell fluid. Our modelincorporatedhe mainfeaturesof the
system—metachronisrthe periodicity of the ciliary beat,resistancef thecilia sublayeyspa-
tial variationsin the propulsve force, viscoelasticityof the mucouslayer and surfaceandin-
terfacetension. By exploiting the periodicity of the beatcycle, we corvertedthe fluid flow
eguationgnto a systemof coupledordinarydifferentialequations.By neglectingsurfaceten-
sion and pressuregradientsin the mucouslayer, we were ableto decouplethe equationsand
find an analyticalsolution. We then calculatednumericalsolutions,with no suchsimplifying
assumptionsheyond assuminghatthe surfaceandinterfacewereflat. The numericalandan-
alytical solutionsshoved somesuperficialresemblencehut differedsignificantlyin the shape
of the horizontalprofiles,the magnitudeof the vertical profiles,andthe response$o changed
parameters.The analyticalsolutiondid however provide insight into the relatve importance
of the surfaceandinterfacein ensuringefficient transport,and assistedwith identifying and
understandingvhich physicaleffectscausedertainresponses.

Subjectto the assumptiorof no-flux throughthe epitheliumandconsistentvith the hypo-
tonic defensinhypothesisthe time-avzeragedhorizontal profile is qualitatvely similar to the
resultsof Fulford andBlake (1986),andthe earlierwork of Blake andWinet (1980),although
with positive transportof PCL only occurringvery closeto the interface. Our resultsarevery
differentfrom thosepredictedby Matsuietal. (1998b).Thisdemonstratethata detailedmodel
consistentvith thehypotonicdefensirhypothesigproduces? CL flux inconsistentvith the con-

clusionsof Matsui et al. (1998b),even with the novel incorporationof mucusviscoelasticity
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surfacetensionandpressuregradients.Clearly; it will be of considerablénterestto determine
whethermodelsincorporatingosmoticflow, andthusconsistenwith the isotonicvolume hy-
pothesis producesignificantly differentresults. In additionwe obsered large oscillationsin
the PCL relative to the netmucustransportandcirculationpatternan the PCL thatmay assist
in themixing andremoval of tracerparticlesor contaminants.

Our modelspredictedphysiologicallyreasonablealuesfor mucustransportfrom physio-
logically justified parametesets.Our numericalresultspredictedseveralinterestingoroperties
of themuco-ciliarysystem.The dependencef transporton the choiceof physicalparameters
wasnonlinear It emegedthattransportwasonly significantly disruptedby a reductionin o.
The systemwas remarkablyrobust to changesn other parametersalthoughthis is notwith-
standingthe assumptiorthatthe mucus—PClinterfaceandmucussurfaceremainflat, andthat
the ASL doesnot becomeso thick that gravity is important. It might be expectedthat the
muco-ciliarysystemhasevolvedto functionefficiently evenwhensubjectedo variouschanges
in physicalproperties.Pressurgyradientswith zeromean,broughtaboutby the interfaceand
surfacetensionwerecrucialto ensuringefficientinteractionbetweerthe mucusandcilia. Con-
sistentwith recentexperimentalfindings, ciliary beatfrequeng wasa crucial determinantof
efficienttransportand‘watery’ mucuswastransportednoreefficiently thannormalmucus.

Thereare a numberof waysthatthe modelcould be developed. The cilium-mucusinter-
actionis difficult to representn a simpleway. Therearemary cilium bodiespenetratinghe
mucus,at differentangles,in the presencef surfaceforces,with possiblemolecularlevel in-
teractionstaking place. The role of surfactantin allowing cilia tips to deformand penetrate
the mucusmay be very interestingto investigate.In orderto modelfurtherthe way in which
differentphysicalparametersnteract,it would be necessaryo modelthe internalmechanics
and enegy consumptiornof the cilia, ashasbeendoneby GueronandLiron (1992), so that
for instancewe could testwhetherincreasingviscositywould affect beatfrequeng; however

extendingtheir modelto the two layer systemwith large numbersof cilia would be very chal-

90



lenging. It is alsoknown that the presenceof mucusprovidesa stimulusfor ciliary beating
(Sleighetal., 1988)—irvestigatingpossiblemechanismsor this couplingmaybeilluminating.
It might alsobe usefulto modelsmall deformationsof the surfaceandinterface,andthe sur
facetensionforcesthiswould produce Integrationof moredetailedmodelsof mucusrheology
suchasthatof Quemadd1984)with thefluid flow equationsnay provide still moreinsight,as
would consideringpossiblenon-Nevtonianeffectsin the PCL (Boucher,2003). Integratinga
Maxwell elemenfor the PCL into this modelwould bevery straightforward.

As discussedabove, our resultsmake for an interestingparallel with the study of PHA
patientsby Keremet al. (1999), which concludesthat the greatermucustransportobsered
indicatesthatthethicknessof the PCL is maintainedsothatthe cilia cancontinueto penetrate
the mucus. An extensionof this modelwould be to considerhow the cilia canpropelmucus
in the casewherethe PCL is greatlythickenedso that penetrationis not possible,andto test
whethersucha systemresultsin efficient transport. However, in light of our findings that
‘watery’ mucusis propelledvery efficiently, their explanationseemamostlikely. It may also
beinterestingto usethe framavork presentedhereto investigataolesof beatcycle asymmetry
andmetachronatoordinationandto examinehow viscoelasticitymay assiswith transporting
fluid over non-ciliatedregions.

Finally, our modelof the behaiour of the‘active porousmedium’is only anapproximation
of the beatingcilia. In particular thereis a gap betweenthe tips of the cilia andthe mucus
interfacethroughoutthe recovery stroke, which wasnot a featureof our model. In chapter3
we developa singularitymodelof thefield of cilia in orderto modeltheflow in the PCL more

accurately
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CHAPTER 3

A NEW DISCRETE-CILIA MODEL FOR THE
FLOW IN THE PERICILIARY LAYER

3.1 Intr oduction

In chapter2 we modelledthe actionof thecilia by spatiallycontinuousvolumeforces. In this
chaptemwe modelthecilia asdiscreteslendembodies.Thisis in orderto gainmoreinformation
regardingthe detail of the threedimensionaflow of periciliary liquid aroundthe cilia, andto
malke progresgowardscalculatingmoreaccuratadataregardingtheflux in this layer, although
dueto computationatonsiderationsve do notyet have definitive resultsfor the cilium spacing
foundin thelung. We begin by discussinghow a slenderbodyin Stokesflow conditionsmay
be modelledby line distributionsof singularitysolutions.A singlecilium moving in aninfinite
fluid is modelledusingtechniqueslevelopedby Hancock(1953),Lighthill (1975)andChwang
andWu (1975). Techniquedor modellinglarge fields of cilia arereviewed, including those
first presentedy Blake (1972)andLiron andMochon(1976a). We thenpresenta modelfor
thecilia sublayerin the lung, which usesthe Stokesletfor a point forcein afluid betweerntwo
no-slipboundariegivenby Liron andMochon(1976b)andthedipoledistributionfor aslender

ellipsoidfrom ChwangandWu (1975). Thelowerboundaryrepresenttheepithelium theupper
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boundaryrepresentshe highly viscousmucusinterface,moving horizontallyaccordingto the
tractionlayermodelof chapter2. An extensionof thetechniqueof Liron andMochon,using
theideasdevelopedfor asinglecilium, is presentedTheresultingintegral equationsresolved
usinga simplequadraturdormula,asusedby Liron andMochon(1976a),but with additional
refinementpointsto improve corvergenceand ensurethat the solutionis correctin both the
nearandfar-fields. Our approachis particularlyusefulsinceit doesnot involve extendingthe

discrete-ciliamodelto multiple non-Nevtonianlayers.

3.2 Representinga singlecilium

As in the work of Blake, Liron andMochonwe begin by defining&, the curve describingthe

time-dependendhapeof the centreline of a cilium whosebases fixedat the origin.

£ = (51(8:t)7£2(57t)7£3(87t))’ (31)

wheres is thearclengthalongthe cilium, varyingbetweer) and L, andt is time. Thecilium
shapewill beperiodicin time,sothat&(s,t) = &(s,t + T'), whereT is the periodof theciliary
beatcycle. Dueto the smallsizeof the ASL comparedvith the sizeof the cultureor bronchial
tube,the epitheliumis modelledasa doubly-infiniteflat planegivenby z3 = 0.
Onecouldattemptto modeltheinternalmechanic®f thecilia, andfor simplersystemghis
hasbeendone(GueronandLiron, 1992,1993)but, dueto the computationatostthat would
resultfrom modellingindividual cilia in the comple liquid mediumof thelung, this would be
ratherdifficult to applyto our problem.In this studywe will be concernedvith calculatingthe
fluid flow for a specifiedbeatpattern.We follow Blake (1972)andrepresentheciliary beatby

afinite Fourierseries:
mi

£(s,t) = Y _[an(s) cos(not) + by(s) sin(not)],

n=1
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Figure 3.1: Computerreconstructionof the beatcycle from Sandersorand Sleigh (1981).
Wavenumber: = 0.42. Axesscaledwith respecto cilium length.

a,(s) = Y Aums™,  bu(s) = > Bu,s™, (3.2)

m=1

whereo is theangularfrequeng in rad/s. For this simulationwe usethe coeficientsA,,,,, and
B,.. givenby Fulford andBlake (1986),which produceghebeatcycle depictedn Figure3.1.
The valuesfor m; andm, are6 and3 respectiely. Thesecoeficientswereobtainedby least
squareditting to photographidmagesof culturesof cilia producedby Sandersorand Sleigh

(1981).

3.3 Singularity solutions

The StokesletS;,(x, y) for the velocity at x dueto a point force aty is givenby the solution

Skt = (Sik, Sak, S3i) of the Stokesflow equations

—Vpr + MV2Sk +ed(x—y) = 0,

V.S, = 0. (3.3)

0 denoteghethreedimensionabDirac deltadistribution. e, denoteghe cartesiarunit vectorin
the k£ direction. The velocity field resultingfrom a force f is thengivenby u; = Sj; fx. Here
andin whatfollows we usethe summatiorcorvention.

In aninfinite fluid, the Stokesletis givenby S5 = (d;i/r + r;7%/r°) /(87 ). Thepotential
sourcedipole,or doublet,is ahigherordersingularitygivenby K i, = (8;1/r*—3r;ry./r")/(4x).

This singularitydecaysmuchmorerapidly, andwill have afarlesssignificanteffect onthefar-

94



field whencomparedvith the Stokeslet.However, in the nearfield it maybeimportant.
For ournew sublayemodel,wewill usetheStokesletderivedby Liron andMochon(1976b)
for apointforcein thedomain—co < x; < 00, —00 < 5 < oo and0 < z3 < L, asshavn

in Figure3.6,anddenotedoy Sjc,;, andthe summedandaveragedorm of this, denotedDjC}g. In

summaryhave
J7 Stokesletfor pointforcein infinite domain,
S;,j/g Stokesletfor pointforcein semi-infinitedomainz; > 0,
Sﬂ Stokesletfor pointforcein confineddomain0 < z3 < L,
DS = Y /OO SS(@1, w2, 23, &1 + gmoa, 0, &) das,
Kk q;(;;ntialsourcedipolein infinite domain,

andthesymbolS;,, for agenericStokeslet. Theterm chk resultsfrom consideringarectangular
arrayof pointforceswith spacingnya in thez; direction,wherema is themetachronaave-
length,andspacingp in the z, direction. The expressionis found from averaging(integrating)
overnb < xs < (n+ 1)b, thensummingoverthedoublearray Thisis explainedin moredetail

in §3.6.1.

3.4 Usingsingularity solutionsto representthe cilium

The singularity approachexploits the linearity of the Stokesflow equationsdy summingsin-
gularity solutionsof thefield equationsn orderto satisfythe boundaryconditions. Sincethe
cilium is a slenderbody, we requirethattherewill bea constantvelocity on ary circle around
the surface. In addition,we requirethatfor ary givenmotionof the cilium 0¢/0t, thereexists
a distribution of singularitiesthatwill give riseto afluid flow u thatis equalto 9¢/0t on the
whole of the surfaceof thecilium.

A boundaryintegral formulationwould typically involve distributing StokesletsandStress-
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letsovertheentireboundarysurface,whichin this casewould bethe surfaceof thecilium. This
would be very computationallyexpensve, due to the large numberof node points required.
Insteadwe pursuea solutionbasedon distributionsof singularitiesalongthe axesof thecilia.
This approachwasfirst pursuedby Hancock(1953), for the modelling of organismssuchas
nematodevormsandspermatozoa.

We comparehreedifferentdistributionsof singularitiesto determinewhich givesthe most

satishctoryrepresentationlo begin with, we will work in the infinite domain.

3.4.1 Stokesletdistrib ution

The simplestway to representthe moving cilium is with a line distribution of Stokeslets
S5 (x,&(s, 1)), of strengthf (§(s, 1)) for 0 < s < L, the approactusedby Hancock(1953).

At ary timet > 0, thevelocityfield is thengivenby

/ o0 (x, £(s, 1)) ful€(s. 1)) ds. (3.9)

Hereandin whatfollows, we usethe summatiorcorventionfor thedirectionalindex k. Apply-

ing this equationon thecilium, u;(&(s,t)) = 0¢;(s. t)/0t andso

a¢;

G = [ STE 0. € i) ds 35)

Hence we have a Fredholm integral equationof the first kind for the force distribution
fr(&(s,t)). Inwhatfollows,we nondimensionaliseith L asthelengthscaley L atthevelocity
scale,o ! asthetime scaleand.o L? astheforcescale(sothatthe scalingfor f;, is uoL).

A simpleway to solve this equationwould beto replacetheintegral with a quadraturdor-
mula, suchasthe midpointrule, andsolve theresultingintegral equationasusedby Liron and
Mochon(1976a).However, S5 variesvery rapidly closeto the singularity causingunaccept-

ableoscillationsin the solutionbetweemmeshpointsA moresatistctoryapproachs to divide
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the cilium into the sgments((i — 1)/N,i/N) with midpointss; = (i — 0.5)/N, andassume
that the force distribution f,.(£(s, t)) canbe approximatedy the midpointvalue f;(&(s;, t)).
This leadsto

9&; . i o
D sp.t) = i;ﬁqms(si,t» /( S5 (E(se 1) €(5.1) ds
q/N

+ (€50, ))/ PS5 (&(sq, 1) + rom, &(s, 1)) ds, (3.6)

(¢=1)/N

wheren = (n;,0,n3) is the normalto the cilium axis in the planein which the cilia beat.
We canthenapply the midpointrule with @) pointsto eachintegral, usingthe midpointss;; =

(i—1)/N+ (I —0.5)/(QN). Hencewe have

% (spt) = — ) S (¢ t t
Bt Gol) = Q—:Z D HSEE (s ). €lsa ) fulE(s:.1)
Zusﬁi Soot) +ron, E (s D) ful€(s ). (B7)

The +ryn termmovesthe point of evaluationoff the cilium axisandontoapointonits surface
to ensurethat the Stokesletis large, but finite. Equation(3.7) canberearrangednto a matrix

eguation

N

¢

—2(s0t) = D Apfi(€(snt), 1<j<3, 1<g<N, (3.8)
=1
where A is givenby
)
. Q—NZMSJOE(€<SQ*t)*E(SZl*t)) if 7éq’
Al = 7 (3.9)

1
S > nS(E(s t) +on E(s 1) i i=gq.
QNZ_ZI k 0 1
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This presents systemof 3V equationgor 3N unknowns,the fi(&(s;,t)) fori =1,..., N
andk = 1,2, 3, which canbe solved numericallywith the FO4AAF NAG library routine. The
solutionfor the velocity field canthenbe calculatedusingthe discretisedversionof equation

(3.4),
N Q
u; —LNZZus;z<x,s<sﬂ,t>>fk<s<si,t>>ds. (3.10)

When solving integral equationsof the first kind variousdifficulties may be encountered.
One such problemis the existenceof non-trivial solutions f to the homogeneougquation
0= fo ) ds whenthe kernel S is not everywherepositve—this meansthat the in-
homogeneouproblemwill not have a uniquesolutionandnumericalresultsmaybeincorrect.
We have testedthe algorithmwith 9¢ /0t setto zero,but the only solutionobtainedfor f was
the zerosolution. It is importantfor this type of integral equationthatthe matrix A is not sin-
gular or severelyill-conditioned, otherwisethe solutionis likely to be wildly oscillating. The
kernel S5y is large at pointswhere: = ¢ andj = k, which is usefulbecauseét ensureshe
diagonaklementof thematrix.4 arerelatively large comparedvith theotherelementssothat
the solutionis stable.

Oncetheforcedistribution is found, the algorithmcanbe checledfor consisteng by eval-
uatingthe velocity on the cilium surface.Usingn = (n4, 0, n3) andb = (0, 1, 0) to denotethe
unit normalandbinormalto the cilium centreline, we apply two tests:is the velocity on the
line &£(s,t) + ron onthecilium surfaceequalto the cilium velocity 9¢ /0t, andis the velocity
constanbnthecircle (s, t) + 7o cos n + ry sin b, onthecilium surfacefor 0 < 6 < 277?

Someresultsareshavn in Figure3.2. In graph(A), thereis anexcellentfit to theboundary
conditionsexceptfor nearthe cilium tip, wherethe calculatedvelocity divergessignificantly
from thecilium velocity, andnearthe basewherethereis asmalldivergencefrom theexpected
zerovelocity. Graph(B) shaws a variationof around10% in the velocity moving aroundthe

cylinder. We now considerrefinedapproaches orderto representhecilium moreaccurately
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Figure3.2: A—Profile alongcilium for Stokesletcode truecilium velocity atnodepointsgiven
by . ParametersV = 10, Q = 11, ro = 0.1/6. B—Profilearoundcilium ats = 0.5.

3.4.2 Stokesletand dipole distrib ution—the cylinder

Following onfrom theideasof Hancock Lighthill (1975)suggestethatcilia andflagellacould

betterbe modelledby consideringhe combinedactionof Stokesletsanddipolesdistributedon

their axes. In Childress(1981)it is shovn how the flow at x = 0 arounda straightcircular
cylinder of radius A, lying on the z—axisbetween: = —B andx = C (A,B,C > 0, A <

B, C) is given by a distribution of Stokesletsof strengthf anddipolesof strengthA%f" /4.,

wheref™ is the componenbf f normalto the cilium axis. Sinceit is necessaryo assumehat
A < B, C, thisresultmaybreakdown neartheendsof thecilium. Thecylindrical cilium shape
isillustratedin Figure3.4(A).

With A = r, thisleadsto thefollowing integral equation:

W0 = [ uSEE 0, €60 (€. 0) ds
+20 [ Rlelsn 0. 605, 0) (0.0 s (3.11)

Thesingularity K ;;, is thepotentialsourcedipoledefinedabore, " is the projectionof theforce
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f ontotheplanenormalto thecilium atthepoint&(s, t). Thenormalcomponenbf theforceis
definedto bef” = (f - n)n + (f - b)b.

Usingthe samediscretisatiorasin §3.4,we have

0¢; A
ot o Gat) = Q—Ni:%qgusjk(é(SQ7t):§(3ilat))fk(é(si,t))
r2 N Q
+4Q0N Z ZKjk(g(SQ’ )as(szla ))fk (E(S“ ))
i:l,i;«éq =1

ZMS;’?;’ £) + rom, £(s, £)) fi(€ (54, 1))

4@]\/2 §(sq, 1) +rom, E(sq, 1)) 5 (€54, 1)). (3.12)

This canagainberearrangednto theform (3.8) WhereA is givenby

Q r,2
QLN Z {TKJP(£<5q’ t)? 5(31'1, t)) (npnk + 5p25k’2)

| +uS;z<s<sq,t>,s<sﬂ,t>>] it ita
A

2

Q
LN Z {_0 ) + rom, &(sit 1)) (npni + 0p20k2)

+MS;?/2(£(SQ: t) +ron, &(sq, t))} if =g,
(3.13)

wherep = 1, 2, 3 is asummatiorindex. Thevelocity field canthenbe computedrom

wt) = [ S 60 (€ 0) ds+ 2 [ K € D)€ 0) ds

(3.14)

and the solution f;.(&(s;,t)) canbe testedas beforeby replacingx with £(s,,t) + ron and
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Figure 3.3: A—Profile alongcilium for cylinder algorithmwith N = 10, @ = 11, ro = 0.1/6.
B—Profilearoundcilium ats = 0.5.

In Figure3.3 we presensomecalculationdor the cylinder algorithm. Graph(A) is signif-
icantly worsethanFigure3.2(A), sincenearthe endsof the cilium, thedipole correctionis not
valid. Graph(B), however, shavs a rathermoresatisfictoryprofile moving aroundthe cilium.

In §3.4.3we usearefinemento thedipoledistribution which givesmoresatisfctoryresults.

3.4.3 Stokesletand dipole distrib ution—the ellipsoid

Anotherapproachs to modelthecilium asaslendetellipsoid. ChwangandWu (1975)shoved
that the flow arounda prolate spheroidz?/3* + (y* + 2%)/r2 = 1, 3 > rq is givenby a
distribution of Stokesletswith strengthf anddipoleswith strength(i> — z2)r2/23*f. Thefocal
lengthis 21, sothat! = (4% — r2)*/2. In nondimensionalinits, wherethe cilium lengthis 1, we
choose = 1/2, ry = 0.1/6, s03? = I> + r2 = 0.2503. Thearclengthparameteis givenby
s = x + 1/2 andsothesingularitystrengthis s(1 — s)r2 /0.5006.

This leadsto the expression

%“*”5) = /o“ TH(E(s™, 1), (s, 1)) [ (&(s,1)) ds
*m / s(1— 5)Kj(&(s", 1), €(5, 1)) fu(€&(s, 1)) ds,  (3.15)
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0.6

Figure3.4: Notionalcilium shapegor the‘cylindrical’ and‘ellipsoidal’ models.A—cylindrical
cilium. B—ellipsoidalcilium.

which differsfrom equation(3.11)in thatthe dipole strengthis calculatedrom f;. ratherthan

thenormalcomponentf;’. Thisis thendiscretised,

9¢; _
E(Sqa t) -

N O sl = K ). (s ) u(E(si. 1)

ST S (0, £) + rom, €5, ) filE (50, 1))

Q
+ 0 2 ZSQ(l - SQ)Kjk(E(Smt) +rOnag(Sqlat))fk(€<5qat))'
(3.16)
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Figure 3.5: A—Profile along cilium for slenderellipsoid algorithm. ParametersV = 10,

Qzll,’l"ozo.

1/6. B—Profilearoundcilium ats = 0.5.

againleadingto a matrix equationof the form (3.8),

¢

ik _
qu -

\

1 Q
o Z [H S (E(sq, 1), &(si,1))

’]"(2) . .
+781(1 — SL)K (£(Sqa t)t S(SL *t)):| if 7& @
1 DERRE: g : (3.17)
Q—Nz[ﬁ‘ T (E(sq. 1) + rom, E(s, 1))
=1
r

+ (1 —s9) K (&(sq. t) + 1o, &(s 4, t))} if 1=gq.

1/2 + 21278

In Figure3.5(A) thereis averysignificantimprovemenin thefit betweerthecilium velocity

andthecalculatedvelocity atthe cilium tip andbase.Figure3.5(B) shovs thatthevariationsin

velocity aroundthe cilium arestill small,comparableavith theresultsfor the otheralgorithms.

3.5 Singularity distrib utions for the confineddomain

Sincewewishto modelacilium beatingin aconfineddomainwe now repeatheabove calcula-

tionswith the confineddomainStokeslet,S§,, which satisfiesS§, (z3 = 0) = 0 = 5§ (25 = 1),
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Figure3.7: A—Profile alongcilium for Stokesletcode,confineddomain.ParametersV = 10,
Q = 11, ro = 0.1/6. B—Profilearoundcilium ats = 0.5.
asdepictedn Figure3.6. We shallnot modify thedipole,dueto its higherorderdecay

In Figure 3.7 for the Stokesletonly, thereis againsignificantdivergencebetweenthe ex-
pectedcilium tip velocity andthe calculatedvelocity. Theresultsmoving aroundthe cilium are
similarto theinfinite domainresults with arangeof approximately).011. In Figure3.8for the
ellipsoidalrepresentationthe profile alongthe lengthof the cilium is againvery satishctory
The variationsin velocity moving aroundthe cilium areapproximately).007, which is anim-
provementonthe Stokesletonly results.Basedonthe calculationgresentedhere,we conclude

thattheslendetrellipsoidis thebestrepresentatiofor thecilium, andwill usethisfor ourmodel
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in §3.7.

3.6 Representinginfinite arrays of cilia

The next stepin modellingthe sublayeris to take into accountthe large numberof cilia. The
approachtaken by Blake (1973b)wasto consideran evenly spaceddoubly-infinite array of
cilia, andto make the simplifying assumptiorthat the metachronalvave extendsthroughout
thecilia in thez; direction,andthatthecilia arein phasan thex, direction. The periodicity of
thewave andthe symmetryin the x, directioncanthenbe exploited. This setupis depictedin

Figure3.9.

3.6.1 Metachronal wave

We assumeantiplecticmetachronismthatis the metachronalvavefrontpropagates thenega-
tive z; direction,themucusbeingtransportedn the positive x; direction.With thisassumption,
acilium whosebasess fixedatx; = x will bedescribedy (z,0,0)+&(s, kx/o+1),0 < s < 1,
wherex is thewavenumberr /A, o /27 is thefrequeny andc = o/x is thewavespeed.The

plus sign beforethe ¢ indicatesantiplecticmetachronism.If we assumehatthe cilia have a
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Figure 3.9: The doubly-infinite array of cilia, with spacinga in the z; directionandb in the
x5 direction. In the x; direction,every myth cilium is in phasedueto periodicity. In the
direction,every cilium is assumedo bein phase.

spacingz in the z; directionandb in thez, directionthenthecilium at (ma, nb, 0) is described

by
Emn(sv t) = (ma’ + 51(57 Tm)a nb + 52(57 Tm)v 63(57 Tm))’ (318)

where

Tm = Kmaj/o +t, m,n=0,+1,£2 ... (3.19)

Blake, (1972;1973b;1975b;1984),Fulford andBlake (1986),Liron andMochon(1976a)and
Liron (1978)all modelledthe cilia asline distributionsof StokesletsS;;, only. Summingover

thedoubly-infinitearraywe have
o] o] 1
wx )= Y 3 [ (s OMSelxEnls.1) d, (3.20)
n=—oo m=—0o0 0

wherej = 1, 2, 3. It is not possibleto solve this integral equationimmediatelybut thereare
variouswaysto rearrangdt into a moretractableform. Supposehereare m, cilia in one

wavelength,sothatfor all integersm we canwrite m = ¢mg + r, where0) < r < my — 1 and
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q=0,%1,+£2,.... By definition,

E(s,7m) = &(s,mokaq/o + kar/o +t),
= &(s.2mq/o + kar/o + 1),

= &(s,kar/o +1t), (3.21)

thelastline following by periodicityof €. Wewrite &(s, kar/o+t) as§" (s, t). By makingsome
furtherperiodicityassumptionsn f, givenin equation(3.26)we canshow that f, (" (s, t)) =

fr(&,..(s,1)). Hencewe canrewrite theabove as

mo—1 1 o] [ele]
wixt) =Y [ AEEN) Y D uSu bl s @:22)
r=0 Y0

q=—00 N=—00

asgivenin Sleighand Blake (1975), Liron and Mochon (1976a). In the following sections
we review the approachesevelopedby Blake, Fulford, Liron andcoworkersto solving equa-
tion 3.22. In §3.7 we then presentan improved modelwhich is an extensionof the work of

Liron andMochon.

3.6.2 Poissonsummationformula

It would be usefulif the doubly-infinite sum could be approximatedoy the first few terms,
howeverit is notclearthatthiswould bevery accurateBlake (1972)usedaform of the Poisson
summatiorformula(Lighthill, 1958)to corvertthis suminto anexponentiallydecreasingeries
involving the Fouriertransformedstokeslet. Thisis especiallyusefulsincefinding the solution
for aparticulardomainwill involvefirst finding the Fouriertransformedrersion.Indeedt may
notin practicebe possibleto invertthetransform.

For thesemi-infiniteStoIesIetS;,‘j/Q, takingonly the zerothtermof thedoubleseries Blake
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foundthat

Z Z Soo/Q 0;10k1 +5J25k2 K(2y,65) + O moab ’ (3.23)
B mopab L?
wherethekernel K is definedby
X3 if T3 < 53,
K(z3,&) = (3.24)

&3 if & <as,

asgivenin Blake (1972),andwith the error estimatein Blake (1999). An averagewasthen
takenin thex; andz, directionsandin time, sothatthe meanvelocity profile U(xz3) couldbe

found. In orderto solve for the forces,a Gray and Hancock(1955) type approximationwas
used. The tangentialcomponenbf the force on a cilium wasassumedo be proportionalto

the tangentialcomponenbf the interactionvelocity of the cilium with the meanflow, sothat
0Fp = Cr[(0€/0t — U + V) - t|tds, whereU is themeanvelocity of thefluid, V is themean
velocity dueto the cilium in questionandt is the unit tangent. The normalcomponentwas
definedsimilarly, with constanbf proportionalityC'y. Thevaluesfor C, C'y weredetermined

from slendembodyanalysesFor the1972study Blake used
2mp

Cr = : Cy = 7Cr, 3.25
r IOg(L/To) + kl N T ( )

where~ is definedin termsof an asymptoticexpansionin r,/L andk; is a constanof O(1).
Choosingappropriatevaluesfor C'y and C; dependson the particularshapeof the slender
body For example,ChwangandWu (1975) gave valuesbasedon a slenderellipsoid model.
Thisledto apairof coupledintegral equationdor U andV, whichweresolvediteratively. The
resultingvelocity profilescanbefoundin Blake (1972).

This approachwasextendedfurtherin a seriesof papergBlake, 1984;Blake andFulford,
1984; Fulford andBlake, 1986)which presented far moredetailedmodelof the cilia beating
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in atwo layerfluid. By takingthe mucus—PClinterfaceto beflat, to afirst approximationand
assuminghatthe correctboundaryconditionswere continuity of normalandtangentialstress
togetherwith velocity, Greens functionscould be derived for point forcesin boththe mucus
and PCL. The rearrangemen{3.22) was used,togetherwith the first order approximationto
the arrayof Greens functions. The force dueto a slenderbody ‘straddling’ the interfacewas
calculatedasanasympoticexpansionandmeanvelocity profileswerecalculatedor the cases
wherethecilia do or do not penetratehe mucoudayer. Surfacetensionwasconsideredo bea
secondordereffect, andapproximateshapef the interfacewere calculated.Their numerical
resultssuggestedhat penetrationwvas not necessaryor positive propulsionin normallungs,

althoughthis maybea consequencef the way theinterfacialboundarywasmodelled.

3.6.3 Exploiting periodicity

At presentwe areconcernedvith obtainingmore detail regardingthe flow in the PCL. Liron
andMochon (1976a)andLiron (1978)avoidedthe needto usetime averagingand Gray and
Hancocktype approximationsand producedan integral equationfor the force distribution as
follows: they assumedhat therewasno variationof f;, with x5, andthat f; variedwith the

metachronalvave, sothat

Jil&mn(s.8)) = fi(&no(s: 1)),
Je(n(s:1) = frl&niin(st —Ka/o)). (3.26)

Fromthisit followsthat fi(€,,,,.(s, 1)) = fu(&(s,t + kma/o)) = fr(€E(s, Tm))-
They aguedthat,becaus¢éherewasno phasdifferencan thexz, direction,it waslegitimate

to averageout the velocity in this direction. Using the symbol S;;, for a genericStokeslet,this
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gave themeanvelocity

wlovaat) = 3 [ 330 [ (€S x b (s.t) ds

m=—00 N=—00

=33 [ atetsma) ([ Sttt dn) as @20

m=—0oQ

thelastline following sinceS;(x, £) dependon z, and&, only throughtheir difference.Ap-

plying the periodicityassumptiorabove this reducedo

ﬂj(xlax&t) = %ZO/O fk(gr(svt)) ( Z /Oousjk(xagqmo-i-r,o(svt)) dx?) ds,

g=—00 "

mo—1

1
:5;

/ Jo(€ (5, )uDyelr — ra, 2, €(s, 1)) ds, (3.28)
0

wherethekernel D;;, mustbe calculatedfor the appropriatedomainfrom S;;, asin Liron and
Mochon(1976a)andLiron (1978).
3.6.4 Pressuegradient

Liron (1978)obseredthat, dueto the periodicboundaryconditionsresultingfrom the above
analysisthe solutionwasnon-unique—ararbitraryconstanpressureyradientcouldbe added.
In the circulartransportexperimentsof Matsuiet al. (1998b),no pressuregradientcould have
beenpresentdueto thefactthatany suchpressurenustbe continuousaswe move aroundthe
culture.For now, we shallnot considerthe effect of a pressuregradient,althoughit is certainly

possiblethatin vivo onemaybe present.

3.7 Improveddiscretecilia model

3.7.1 Impr oving the near field resolution

Liron (1996)amguedthattakinganaveragen thez, directionis by no meansaccuratesincethe
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variationsof Sj;(x, §,,0(s,t)) in x5 for x closeto §,,,(s, ) aresignificant. The doubly-infinite
sumsof the Stokesletsverecalculatedanalyticallyasaremedyfor this, howevertheexpressions
are very lengthy and computationallyexpensve. Insteadwe will proceedby performingthe
averagingin the farfield only, usingthe exactform of the Stokesletin the nearfield. By not
averagingin the nearfield we alsocancheckthat the boundaryconditiondiscussedn §3.4.1
is satisfiedby the solution. We shallwork in the confineddomain,usingthe StolesletSjCk. As

beforewe startwith the doubly-infinitefield of cilia:

Gy =3 3 / JiEmn(5, ) SG (X, €5 1)) s, (3.29)

n=—0o0 MmM=—00

and assumewithout loss of generalitythat the point x lies closeto the cilium with baseat
(m*a,0), givenby &,..,(s,t). Adding a field of dipolesto representhe nearestilium asa

slenderellipsoidandseparatingput nearandfar-field contributions,we have

wixt) = 3% / Sl € (5 1)) 1S5 (3, €y (5.)) dls

n=—0o00 MmM=—00

- / S (5, )G, Eprng(s.£)) dls
T / Fe€n(5, ) S5 (%, €00 (5. 1)) dis

—l—/o 1/2T7—E27"§S<1 - S)fk(ﬁm*o(sat))[(j (x,&,,50(5,1)) ds,  (3.30)

wherethe sumof the first two termswill notvary rapidly with z,. Usingthe periodicity argu-
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mentasfor (3.22)we have

mo—1

Z/ fk St Z Z M kxgqmo+rn(8 t))d

q=—00 N=—00

‘/o T (&meos ) S35, € (s, 1)) s
n / Jil€ o5, ) BSG(X, €, (5.1)) ds

1 2
+/O 1/27“7%8(1 — 8) [i(& o (8, 1)) Kji(x, &0 (5, 1)) ds. (3.31)

We thenaveragethefirst two termsin thex, direction:
mo—1

b/2
uj(x,t) = 1/ deZ/ fr(&"(s,1)) Z Z S (X, Emosrn(s: 1)) ds

b/2 q=—00N=—00

b/2
_% /b/2 dx2/0 TGl D)%, &neo (5, 1)) ds

1
+ / S (5, D) S (%, &g (5. 1)) dls

+/0 ﬁ S(1 = 8) fi(&neo (8, D)) K k(X §peo(s, 1)) ds, (3.32)

andagain,sinceuS].C,; depend®n z, and&, only throughtheir differencewe have

uj(X7 t) = b Z / fk mn S t (Z / /J“Sjcl; X €qm0+r0(8 t)) dl‘2> ds

1 b/2 .
_5/(; fk<€m*0(57t)) (/;b/grusjk(xa Em*O(Svt)) dI?) ds
1
T / FiEo (5. £)) 1SS, €y (5. 1)) dis
0

* /0 ﬁ (1 = 8) [ (&meo(8, 1)) Kk (X, &g (s, 1)) ds. (3.33)

TheStolesletaveragedetweenr, = —b/2 andzy, = b/2is denoted§fk. For computationthis
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may be calculatednumerically for examplewith an efficient adaptve grid method. By using
thedefinitionsof &, .,.0(5,t), Tgmo+r, thefactthatthe singularitiesonly dependon =, §; and
T2, & throughtheir respectie differencesandthe definition of the kerneIDJk, onecanrewrite

thesummedandaveragedStokesletasfollows

> [ S enalont) @

q=—00

= Z / pSGe (1, @2, 3, (gm0 + 1)@ + E0(S, Tymo ) €2(8: Tamor ) €(8, Tamor)) A

g=—00
= Z / MS]k ra,x2,$3,qm0a+§1(s,t+/{:ra/a),gg,fg) dx2

g=—00" ™
= Z / ,LLSJk —ra,Ta, 3, gmoa + £ (s, ), E5(s, 1), £5(s, 1)) dao

q=—00
= MDjk(Il_Taax3agi(svt)a§§(svt))' (334)

Thelastline following by definition of D%. By periodicity,

Sﬁg(xa Em*O(S,t» = Sjcl’g<x1 - m*a, xz,a:?),f{”*(s,t),{;”*(s,t),ggn*(s,t)) (335)

andwe have alreadyshawvn that f;, (€, (s, 1)) = fx(€™ (s, t)). Hencewe have

mol

wt) = o Z / Jl€ (s, 0) DS (1 — ra, 25, €](5.1), €(5.1)) ds

__/ fk(gm* (Sat)>ﬂgﬁg(x1 - m*a}xg’ggn*(s’t),fgn* (Sat» dS

/ Fel€ (5, ) SS (1 — m*a, 32, 70, € (5,1), €17 (5, 1), €57 (5,1)) ds

e m*
+/0 m s(1—s)fr(&™ (s,1))
Kjp(z1 — m*a, s, xg,ﬂ"‘*(s, t),f;”*(s, t),fgn*(s, t)) ds. (3.36)
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Figure 3.10: A representationf the summedand averagedsingularity Dﬁc. Eachsingularity

is equivalentto a line of point forcesin the x, direction, repeatedevery mga unitsin the z;
direction.

Applying thisonthecilium sothatx = (" + m*a, &5, £5) we have

HeEm” mo—1 .1
s = 532 [ et
PDGE" (5,0) + (m — ), & (", 1), 6 (5.1). (5. 1) d

-3 (€™ (5,)) S5 (€™ (s7,1), €™ (s,1)) ds

+ [ fo(€ (5. 0)nST(E™ (5,1), €™ (s, 1)) ds

0

+/o 20/82(1_2;2)1016(5 (5,0)) K (€™ (s%,1),€™ (s,t)) ds.  (3.37)

ThekernelsDS, and DS, — S5, aredepictedin Figures3.10and3.11. The abose equation
can be solved as beforeto give the force distribution f,(£™(s;,t)), on every node point of
every oneof them, cilia, atafixedtime ¢. By periodicity, we have f.(§™(s;,t + kna/o)) =
fe(€7(s4, 1)), soif we calculatethe force distribution attime ¢t = 0, thenwe have the force
distributionatthediscretepointsin timekna/o,n = 0, 1,...,mo—1, ... If therearesuficiently
mary cilia so that a is small, then by calculatingthe force distribution att = 0 we have a
significantamountof informationaboutthe progressof the force distribution, and hencethe

velocity field.
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Figure 3.11: A representatiorof the kernel Dﬁ — SJC,; This is the summedand averaged
singularity DS, with thenearfield contritution 5§, removed.

3.7.2 Cilia betweentwo flat plates

Variousforms of the Stokeslethave beenemployed for modelling lung cilia. As discussed
above,Blake (1973b)beganwith thesemi-infiniteStokeslet,andaftersomemanipulatiorfound
the representatiorn’(z3, &;) definedin equation(3.24) for the doubly-infinite field. Blake
(1975b)useda finite sequenceof image singularitiesto approximatethe Stokesletfor a fi-
nite depthfluid above a planeno-slipboundarywhich is appropriatef the ASL is considered
asa fluid of constantviscosity asmay be the casein the distal airwaysand nearthe alveoli,
wherethe mucoudayeris notyet establishedFulford andBlake (1986)usedtheleadingorder
termfor therathermorecomplex Stokesletin atwo layer Newtoniansystem We shallproceed
differently; usingthe conceptof a fluid betweentwo parallelplatesto representhe PCL. The
mucusboundarywhichremaingelatively flat andis almostsolid comparedo thePCL is hence
modelledasa flat no-slipboundary We arguethatthisis legitimatebecauseé...cilia encounter
mucusasasolid... (Salatheetal., 1997)and"...the responsef the mucoudayerlying ontop
of thebedof beatingcilia is thatof asemi-solidsheet...(MeyerandSilberbeg, 1980).In order
to accommodatéhe movementof the mucoudayerwe againexploit thelinearity of the Stokes
flow equationby addinga time-dependengheardrivenflow givenby thetractionlayer model.
Our discretecilia model canbe considereda higherorder correctionto the two-dimensional

phenomenologicahodelof chapter2, to gainmoredetailregardingthethree-dimensiondlow
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patternsn the PCL.

Theciliated plate,representinghe epithelium,is at 3 = 0, the moving plate,representing
themucoudayer, isatz; = 1. Wesplitthetotal velocityu, into two parts,u; = uj-hearJruj‘iS“ete,
whereu;ihear is the solutionof the Stokesflow equationswvith a moving boundarydiscussedn
§3.7.3,andu{"'* is theflow dueto thediscretearrayof cilia.

To calculatetheflow dueto cilia beatingin adomainboundedy two flat plates,asa model
for flow in the ductusefferentesof the malereproductve tract, Blake (1973a)proposedaking
the single plate solution he had developedin Blake (1972) neareachplate, then connecting
the solutionswith a flat or parabolicprofile. Liron and Mochon (1976b)derived the exact
form for a Stokesletin sucha domainusingthe techniqueof doubleFouriertransforms.They
did not give a simpleclosed-formsolution, but insteadgave solutionsin termsof both Hankel
transformsand exponentiallydecreasingnfinite series the latter beingespeciallysuitablefor
numericalcomputation. Liron (1978) found the summedand averagedform Dﬁ, givenin
appendixD, and usedthis togetherwith the integral equationapproachdescribedin §3.6.3
to calculateinstantaneoudlow fields, averagedin the z, direction, for a field of 7 cilia per
wavelength.

At presentwe assumethat the epitheliumis impermeable consistentwith the hypotonic

defensinhypothesisThis correspond$o the boundaryconditionthatu = v = 0 onxzz = 0.

3.7.3 Sheakrdrivenflow

We now needto derive the sheardriven componemuj.heaf, representingtokesflow in the ab-
senceof resistancdorcesdueto the moving boundaryat = = 1. For simplicity we usethe

notationu, v for the z; andx3 componentof the velocity v andus***, andz, z for x4,

15
n=0

x3. Following chapter2 we write the solutionasa finite Fourier seriesu = > °  u,, make
the transformationu,, = RI{(u” + 7} )e™**+o)} and nondimensionalise, v, z, z, p With

scalingso L, cL?/\, A\, L, uo A/ L respectiely. In whatfollows we omit the subscripts.
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For n = 0 we have

d?u
— = 0, 3.38
P (3.38)
andforn > 1
2T 21
—2mnpt = —x*u" + du : 2mnp” = —x*ul + ' :
dz? . d=2 (3.39)
dp” 20257 2(1217” dp’ 20250 4 QdQTﬂ )
= — € € y = — € € y
dz X dz? dz X dz?
alongwith thedifferentiateccontinuity equations
2 du’ + o 0 2 da’ + il 0 (3.40)
— 4T — y mn = , .
dz dz2 dz dz2

wheree = L/ andy = 2mnL/\.

Theflow is determinedy theboundaryconditionsonz = 0 andz = 1. Onz = 0, assuming
the epitheliumis impermeableve have v = v = 0. On z = 1 we usethe interfacevelocity
calculatedfrom the numericalmodelin chapter2, with horizontaland vertical components
wa (1) = SO0 { (i, + iy, )oY andva(z, 1) = S0 {(0h, + i)y, ) et}

For n = 0 assumingno steadypressurggradientasin chapter2, we have the sheardriven

flow solution

u(z) = ugoz. (3.41)

Forn > 1, we rewrite this asa systemof 10 first orderODEs—from the six equationsabove

andfour definitionequations—inl 0 variables.Primesdenotedifferentiationwith respecto z.
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Z1=1u"
Zo =10
Ty — "
g ="
Zs ="

Zs =1

Zr = —2mnill + "
Ty = —2mnat + o
ZQ — 11”./

Z10 =",

Thefield equationsarethenwritten as

7! = Zy
74 = Zig

2y = 2mnZy + Zy

Zzll = —27TTL21 —|— Zg

ZL = —x? 73 + 2mne* Zy

ZE = =X 7y — 2mne® Zy
Zr =0

Zg =10

Zh = X*7y — 2nnZg

Z{O = X2Z2 —I— 27T7’LZ5.

Theboundaryconditionsarewritten as

Zl = a:ln
22 = aéln
Z3 = T}:ln
Z4 = ,Dgln

Z; =0
Zy =10
Z3 =10
Zy=0
Z7 =10

ZgZO at z=0.

As in chapter2, theequations?, = (0 = Z; togetherwith the boundaryconditionsZ,; =

0 = Zg ensurethat Z; = 0 = Zs, sothatthe continuity equationholdsthroughoutthe fluid.

This systemis solved numericallyusingthe NAG routineD02GBFE
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Figure3.12: Fluid velocity vectorsfor the sheardrivenflow only. Positionscaledwith respect
to cilium length L, velocity scaledwith respecto o L.

3.7.4 Modelling the flow in the periciliary layer
Combiningthe sheardrivenflow andtheflow dueto the cilia andusingthe analysisfrom §3.7

we have

mo—1

1
uj(x,t) = 3 Z
r=0

e : . ' '
_5/0 fk(ém (S,t))[tSﬁ(xl _m*aax&g;n (S:t)vfgn (Svt)) ds

1
/0 Fol€ (5, ) DS (1 — ra, 9, (5. 8), €(5.8) d

1
T / Fol€ (5, ) USS 1 — . g, w0, € (5. 8), 657 (5, 1), €1 (5,1)) ds
1

2
T

[ g = (€ (5.0)
'Kjk(xl - m*a, T, T3, gin* (57 t): ggn*(s’ t): gén* (37 t)) ds

+u§llear(X7 t), (342)

J
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for the velocity nearthe m*th cilium. Discretisingwe have

85771* mo—1

o ol = bN 2 Zf" (80,8

r=0,r#m* i=1

DG(E (5. 8) + (M — 1)a, &5 (54, 1), €] (s1,1), E5(s4. 1))

N Q
—bQ% > Z Fu(€™ (5:,8)) pSG(E™ (84, 1), €™ (501, 1))

fk(gm* (5i7 t))ﬂsﬁg(sm* (8(17 t)a Em* (Sila t))

+
O

=l-
\.MZ -
[M]e

24225 Sq(1 = 5q) [i(€™ (51, 1)) Kjn(€™ (5q,1), €™ (501, 1))
+uS (€ (sy, 1), 1). (3.43)

J

Note thatfor the cilia » # m*, we do not performthe refinementin the integral in orderto

reducecomputationatime. This leadsto the matrix equation

aé-m mo—1 N
S (5, 1) = uPNE (s ) 1) = Y Y A fel€ (s 1), (3.44)
r=0 i=1
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wherethe coeﬂmentsA;’j’;n aregivenby

(

b/;\/ jk(gl (SQa t) + (m - T)CL, fgn(SQat)agiq(Sht)ﬁgg(Si? t)) it m 7& Ty

QNEZP%”slapxgwmwfﬂ%wfﬂ%w>

F1SGE™ (50 1). € (501, 1)) = £ SG(E (50:0),€ (s01,1)

Aikr = 2 ian jk(ﬁm(sq;t),ﬁr(sqz,t))] if m=r, i#q,

QLN Z |:%DC (gl (qu t) + r0n17£§n(5q7 t) + Trons, 51(87 t)v 55(87 t))
=1

+uSG(E" (s, t) + on, & (501, 1)) — E3C (6™ (s4,1) + ron, £ (s, 1))

bk
TQS,L' 1 — S; m - ‘ '
WKM(& (84,1) +1om, & (sql,t))] i me=r, i=q.
\ 0

Oncetheforcedistributions f; (¢"(s;,t)) fori =1,...,N,r =0,...,mg—1l andk = 1,2, 3
have beenfound, the fluid velocity can be calculatedas before. For a point x suchthat the

nearestilium is them*th, andwithoutlossof generality—b/2 < o < b/2, we have

mo—1

:_Z/ﬂ (s, 0)nDu(ar = ra, x,€{(s,), &5(5.1)) ds

__/ fk St /’LSjk( m*a,x3,§T*(s,t),§§”*(S,t)) ds
/ Fu(€ (s, 4)) S5 — m*a, ma, w3, &7 (5,1), €57 (5,1), &5 (5, ) ds

T m*
+Amﬁﬁ<sm@@m
'Kjk(xl —m" a, Tz, T3, fin* (Sa t)a g;n*(s./ t)a g;n* (37 t)) ds

_}_ushear(X’ t) (345)

J
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3.8 Results

In Figures3.13and 3.14 we presentvelocity field solutionsfor our model at differentpoints
alongtheciliary beatattimet = 0, for 50 cilia perwavelength.Thebeatcycle of Sandersoand
Sleigh(1981)wasused ascalculatedy FulfordandBlake (1986)anddepictedn Figure3.1. It
wasnecessaryo choosehe metachronalavelengthto bemga = 15L = 90 pm, ratherlonger
thanthevalueof 30 ym quotedby FulfordandBlake (1986). This lengthwaschoserto prevent
thecilia from ‘intersecting’.In reality, thecilia would belik ely to slip pasteachotherascanbe
obsenedin themicrographf SandersomandSleigh(1981),however our slendebody model
is notdesignedor thesituationin which thecilia actuallyapproachFigure3.15shonsthatthe
boundaryconditionson the cilium with baseatthe origin areapproximatelysatisfied although
dueto thegreatercilium densitytheresultsarenotasaccurateasthesinglecilium modelshavn
in Figure3.8. The spacingoetweertilium centress 1.8 um, in thelungsthe spacingwill beof
the orderof 0.3 um, however our modelprovidesa goodindicationof the flow fieldslikely to
arise.

Figure3.14 shaws ‘close up’ graphsof eachvelocity profile, to reveal moredetail. Com-
paringthe resultswith Figure 3.12it is notablethat the cilia do not have a significanteffect
on theflow field exceptvery nearthe cilium axis. Theflow is dominatedoy sheardriven flow
originatingin the mucouslayer. This is even more clearfrom the plot in Figure 3.16. It is
possiblethatin amorebiologically accuratanodelwith acilium spacingof around).3 pm, the
flow field will appearatherdifferent.

Figure3.17shownstheflow profile in theregion betweerthecilia tips andthe mucoudayer.
It is interestingto notethatthe backward movementof thecilia tips doesnot causea backward
flow of fluid, but ratherthe PCL flows forwardswith the mucouslayer. The gapbetweenthe
cilia tips andthe mucusinterfacewas not modelledin chapter2, which predictedvery small

transportof PCL. Our resultsheresuggesthat therecould be substantiatransportof PCL in
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thisgap.More detailedmodellingof the PCL flux mayhelpto resolethecontroversyregarding

thenormaltransporiof PCL.

3.9 Discussion

Thetheorypresentedbove represents new, mathematicalljtractablemodelfor the velocity
profilein the PCL, providing anew level of detailabouttheflow. Our modelis very acceptably
consistenwith the boundaryconditions,andincludesthe effect of viscoelasticnucusmove-
ment, using the resultsof chapter2. Thereis a significantforward flow of PCL in the gap
betweerthe cilium tips andthe mucusinterface.lt wasnot possibleto make definitive conclu-
sionsregardingthe meanflux of PCL dueto thefactthatintegratingthe errorsin thesingularity
distributionsover the fluid volumewould not be acceptablyaccurate.It will be necessaryo
carry out simulationswith a decreasedilium spacingin orderto make definitive conclusions
regardingthe flow in the PCL. In particular it will be very interestingto find out whetherthe
PCL flux for avery denseamatof cilia is indeedassmallaswasestimatedn chapter2. It would
beinterestingo extendthis modelto includetheeffect of osmoticflowsthroughtheepithelium,
althoughthis would lik ely be a substantiatask.

This model suggestghat the tractionlayer model of chapter2 may be extendedandim-
proved by alteringthe actve porousmediumregion z < h to allow for a region betweerthe
cilia tips andtheinterfacesuchthatduringtherecovery stroke, fluid canflow forwardswithout
thepresencef thedensematof cilia. This mayleadto amoreaccurateestimationof themean
PCL transport. This would agreewith the resultsof Fulford andBlake (1986),which shoved
significanttransporiof PCL in athin layercloseto the mucusinterface.

Theboundaryconditionswerenot satisfiedasaccuratelyfor thedensdield of 50 cilia, com-
paredwith the singlecilium case.Johnson(1980)useduniformly valid asymptoticexpansions
to representa slenderbody with finite curvaturein aninfinite domain,finding a representa-

tion in termsof Stokesletsand higherorder singularities. This was extendedby Barthaand
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Figure3.13:Plotof thefluid velocity vectorscalculatedndifferentgridsin thefluid, or equva-
lently atdifferenttimesduringthebeatcycle. mq, = 50 cilia, N = 10 nodes() = 11 refinement
points. Resultscalculatedusingequation(3.45). Close-upprofilesaregivenin Figure3.14.
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Figure 3.14: Close-upplots of the fluid velocity vectorsfrom Figure 3.13. m, = 50 cilia,
N = 10 nodes = 11 refinemenpoints. Resultscalculatedusingequation(3.45)
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Figure3.15: Checkingtheboundaryconditionsonthecilium attheorigin for theresultsshavn
in Figure3.13. A—Profile alongcilium. N = 10,Q = 11,r, = 0.1/6. B—Profile around
cilium ats = 0.5. Velocity scaledwith respecto o L. Resultscalculatedusingequation(3.45)

Figure3.16: Fluid velocity vectorsontheline z; = £(0.5,0), 0 < x5 < b/2, x3 = £3(0.5,0)
duringtherecovery stroke. Thecilium reversegheflow in aregion of radius0.18 pm.
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Figure3.17: Positve fluid transportin the region betweerthe cilia tips andthe mucouslayer
duringtherecovery stroke. Theforward componentf thevelocity u; hasa peakvalueof over
110 pm/s.
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Liron (1988a)for aslenderbodyin the presencef ano-slipboundaryandin BarthaandLiron
(1988b)for two closeslenderbodieswith or without a wall. Onecould extendthe modelde-
scribedhereby proceedingsimilarly, allowing for finite curvature andfor interactionswith two
or severaladjacentilia. Thistype of modelwould, however, requireaniterative solution,and
sowould notbeascomputationallyefficient.

In our modelwe evaluatedthe singularity at an arbitrarily chosenpoint on the surfaceof
thecilium, € + ron. A morerigorousapproactwould beto derive ananalogousersionof the
Lighthill-Gueron—Lirontheorem(Liron, 2001)for the confineddomain,which doesnot have
thisdravback. Alternatively, in orderto determinghe PCL flux accuratelyonecouldpursuean
exactboundaryintegral model (Pozrikidis,1992),in which the centreline integral is replaced
by integralsoverthe entiresurfaceof thecilia. Thiswould allow anaccurateanodelof closely-
spacectilia interacting,andcould provide a solutionsufficiently accuratehatthe flux may be
determinedby performinganintegral over the volume (or, usingincompressibility a surface)

of thefluid, althoughthis would be very computationallydemandingat present.
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CHAPTER 4

TRACER DISPERSION MODELLING

4.1 Intr oduction

To testtheamountof axial PCL transportin the normallung, Matsuiet al. (1998b)carriedout
experimentswith humantracheobronchiagpithelial (hTBE) cultures. By trackingthe move-
mentof photoactvatedtracer‘columns’ they concludedthat meanPCL velocity wascloseto
that of the mucouslayer, contraryto previous fluid mechanicaimodelling work, and hence
theremustbe significantabsorptiorof fluid by the ASL. In this chaptemwe extendthe work of
Blake and Gaffney (2001)andBarlow (2000)by applyinga two dimensionakdwectiondiffu-
sion modelto the dispersionof tracer usingthe velocity profilesfrom chapter2, with the aim

of reconcilingfluid mechanicamodellingwith the obseredresults.

4.2 Tracer dispersionexperimentsof Matsui et al. (1998b)

In suitablemediathe culturesproduceda mucouslayeraround25 pm in depthandin around
a quarterof caseghe culturesexhibited spontaneousirculartransport.The ASL waslabelled
with cagedfluorescein-detran, which wasthenphotoactatedin 400 pm width columns. It

was found that over periodsof around20 s, the photoactvatedregions moved at the same

speedin both the PCL andthe mucus. Averagecircular transportspeed=f 39.2 um/s were
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reported,with highervaluesat the outer edgeof the rotating mucus. Matsui et al. (1998b),
Figure3 shavs a fluorescentegion initially andafter20 s. Thereis no smearingoetweerthe
two images,as might be expectedif the PCL had not beentransportedvith the samespeed
asthe mucus(Matsui et al., 1998b), and the pulsesare of similar size. Furthermoreusing
confocalmicroscop, vertical sectionsof ASL were visualised. Therewas no differencein
transportof fluorescenparticleswith heightabove the epithelium. Using this techniquethey
foundestimategor thediffusioncoeficientsof dextranin mucusandPCL: 3.6 ym? s~! and160
pm? s~! respectiely. The diffusion coefcientswereestimatedrom non cilio-active cultures,

andsorepresenspreadingf tracerdueto diffusiononly andnot dueto adwective transport.

0
(0

Mucus

PCL

Fluid velocity

Figure4.1: A simplified representationf the cotransporphenomenotriound by Matsuiet al.
(1998b).

At first sighttheseresultsappeato shawv thattracerparticlesin the PCL areadwectedalong
atthesamespeedastracerparticlesin themucoudayer, implying thatthefluid velocityin both
layersis approximatelyequal. However, diffusionis alsopresentin the system,and vertical
diffusionmaybeparticularlyimportantsincethelayeris sothin. To testthis, Blake andGaffney
(2001)andBarlow (2000)formulateda continuumadvection-difusionmodel,asdescribedn

theintroduction.Below we briefly describethe modelandour implementation.
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4.3 Two dimensionaladvection-diffusion model

Using c¢(x, t) to denoteconcentratiorof tracer in the presencef afluid flow field u, the ad-
vective flux of traceris cu. UsingFick’s law, thediffusive flux will be — DV?2c. Hencethetotal
flux of tracerwill begivenby J = cu — DV c. It is possiblethatothereffectsbesidesadwection
anddiffusion may be presentin the system suchasadhesiorof tracerparticlesto the mucus,
but theseare beyond the scopeof this study Using consenration of tracerandthe divergence

theoremwe canderive

Oc

% V - (DVc¢ — cu). (4.1)

Thediffusioncoeficient D will dependnly onthepropertiesof thefluid. Sincethe PCL occu-
piesO < z < h andthemucoudayerh < z < H wehave D = D(z). Fromincompressibility

thevelocity field u satisfiesV - u = 0, leadingto the simpification

dc , dDdc
i DVchag—u-Vc. (4.2)

Theinitial conditionsmustrepresené pulseof photoactvatedtracerof width about400 pm.

We choosearoundedpeak’ for thetracerpulseof the form

150 x 4 2
cpeak(x) = exp <— [m (fL’ — 11733):| > y (43)
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with a smoothtransitionto zeroin anarrav region aroundthe peak,sothat

(o (z < 960),
Cpeak(1066.7) sin (g | 3(1066'870_ ©)/ 4_) (960 < = < 1066.7),
c(2,2,0) = Cpear() _ _ (1066.7 < z < 1258.7),
Cpeak(1258.7) sin (g | 3(1066‘870_ x)/4_) (1258.7 < = < 1365.3),
K _ > 1365.3)

(4.4)
wherezx is measuredn ym. Thisis illustratedin Figure4.2,with white denotingzeroconcen-
tration,blackmaximumconcentratior{c = 1).

For boundaryconditions,we assumehatthe flux of traceris zeroasx — +oo—solving
numericallyon a finite domainwe mustapproximatehis by dc/dx = 0 attheedges: = 0 and
x = X, usingthe notationof appendixE.1. We alsoassumehatno traceris absorbedy the
epithelium,sothatdc/dz = 0 on z = 0, andthatthereis no flux throughthe free surface. For
aflat freesurface thisis simply 9c/0z = 0onz = H.

As discussedhborve, the diffusion coeficient in the PCL wasfound to be aroundDp =
160 pm? /s, in themucoudayerto be D,; = 3.6 um?/s. To begin with, we modelthevariation

of D(z) in the ASL by thefunction

1

Di(z) = 5 ((Dp — Dyy) tanh (40 {h ; ZD + Dp+ DM> : (4.5)

whereh = 0.9 pym, L = 6 pm. Thisis equalto Dp throughoutmostof theregion(0 < z < h
andto D, throughoutmostof theregion h < z < H, with a smoothtransitionin a region
of width approximately0.8 pm. The smoothtransitionmeansthatthe term dD/dz may be

determinedn equation(4.2). Thediffusionprofile is shovn in Figure4.3(A).
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Figure4.2: Initial conditions—aracerpulsewith width approximatelyl00 pm.
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4.3.1 Advective and diffusivetimescales

In Barlow (2000) and Blake and Gaffney (2001)it wasshawn thatthe tracertransportin the
PCL wasfar largerthanmightbe predictedrom consideringadvectiononly. Thisis essentially
thephenomenoknown as‘Taylor Disperson(Taylor,1953). Despitethefactthatthefluid flux
in thePCL is two ordersof magnitudesmallerthanin themucoudayer, thedifferencen tracer
transportmay be lessthana factorof 2. This occursbecausehe vertical diffusionaltimescale
is no longerthanthe adwective timescale,so that differencesn tracerconcentratiommay be
‘smoothedout’ by diffusion. The vertical componenof the diffusive flux is —D0dc/0z. As
the pulsesbegin to separat@ver a very shortverticallengthscalethe gradientdc/0z becomes
large andhencethe diffusive termmay balancethe adwective horizontalflux cu.

Making estimatesof X = 400 um (the width of the tracerpulse)andU = 40 um/s,
the horizontaladwective timescaleis X/U = 10 s. The vertical diffusive timescalemay be
estimatedrom the depthof the PCL L. = 6 pm andthe diffusion coeficient D. Mattersare
rathercomplicatedoy thefactthat D variesby two ordersof magnitudeacrosgshe ASL. Taking
D to bethevaluein the PCL, 160 um?/s, we have atimescaleof 62/160 = 0.225 s, andhence
diffusion would be dominant. Taking the valuefor the mucouslayer, we have 6*/3 = 12 s.
In this case,the timescaledor adwectionand diffusion would be comparableandthe result
unclear Also, the effect of the large oscillationsfound in the traction layer model are not
entirelyclear We arethereforemotivatedto seeka numericalsolution. An initial investigation
usinganad hocoscillatoryprofile waspresentedby Blake andGaffney (2001);we extendthis

by usingthe modelresultsfrom chapter2, anda moreaccurateadvective scheme.

4.3.2 Numerical solution

An extensionof the alternatingdirectionimplicit algorithmis usedto solve equation(4.2), as
first usedfor this problemby Blake and Gaffney (2001). The ADI algorithmis a relatively

efficient methodof solution, since eachtimestepinvolvesonly the solution of a setof tridi-
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agonalor pentadiagonatnatrix equations.A detaileddescriptionof the algorithmis givenin
appendixE.1. In orderto discretisethe adwective terms,Blake and Gaffney (2001) usedfirst
orderupwind discretisation.This methodis more stablethancentraldifferencing,but hasthe
disadwantage®f beingonly first orderaccurateandintroducingnumericaldiffusion. Sincead-
ditional diffusion would have the effect of reducingthe separatiorbetweenthe tracerpulses
in themucusandPCL, this could producemisleadingresults.Insteadwe shallusethe QUICK
schemgLeonard1979).For 1D problemsQUICK is stable formally third orderaccuratecon-
senative anddoesnot introducenumericaldiffusion. The schemedoesnot have theseformal
propertiesn 2D, but ourresultsshowv greatlyimprovedspatialcorvergenceandvery acceptably
accurateconserationof c. Implementations very straightforvard, sinceat eachtimestepit is
necessaryo solve a systemof pentadiagonatquationswhich canbe donewith comparable
efficiengy to atridiagonalsystem.

To compareandinterprettheresultsof differentsimulationsquantitatvely, we calculatethe

distancanovedby the centroidof thetracerpulseat differentlevelsin thefluid:

fxoi—oo 'CCC('/L'; Z;t) d.T
foo C(I,Z, t) dz ’

T=—00

d(z,t) = (4.6)

We then definethe transportratio r(¢t) = d(H,t)/d(0,t), the ratio of the tracertransportat
the top of the mucouslayer to the bottom of the PCL. Due to the fact that vertical diffusion
actson a timescaleof up to 12 s, it is expectedthatr(¢) will not ‘converge’ to a final value
until a simulationhasbeenperformedfor a similar time period. Unfortunately this meanghat
simulationswill necessarilype computationallyintensve, andthreedimensionakimulationis
not feasibleat this stage.Cotransporbver the timescaleof the experimentwill berepresented

ideallyby r(t) ~ 1 for t = O(20) s.
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touwt | O 0z ot d(0, tous) d(25,tout) T (tout)
30 6.6667 | 0.1250 | 0.02 703.34 1068.7 1.5194
30 3.3333 | 0.1250 | 0.02 703.32 1068.6 1.5194
30 6.6667 | 0.0625 | 0.02 705.60 1068.9 1.5150
30 6.6667 | 0.1250 | 0.01 703.36 1068.7 1.5194

Table4.1: Numericalsimulationresultsfor tractionlayer steadyvelocity profile anddiffusion
profile Dy, shaving thatcornvergenceof r to 2 decimalplacess achievedwith z = 6.67 um,
0z = 0.125 pm anddt = 0.02 s. All timesin secondsdistancesn pm.

4.4 Steadytransport results

4.4.1 Steadyprofile of chapter 2

We begin by presentingresultsfor the steadyvelocity u = (u(z),0) field givenin equa-
tion (2.66),andwith the diffusion profile D;(z). Thediffusionandvelocity profilesareshovn
togetherin Figure 4.3, for comparison.We useda domainof width 0 < = < 4000 pm and
height0 < z < 25 um. The ASL heightwaschoserto matchthe hTBE experimentsput does
not appearo be critical to the results. To verify the meshspacingsandtimestepchosenwe
repeatthe simulationwith eachof theseparameterfalved, asshovn in Table4.1. It is clear
thatcorvergencean x andt is very acceptablyaccurateandcorvergencen z is alsoacceptable,
with the choiceof 6x = 6.67 um, 6z = 0.125 pm anddt = 0.02 s giving valuesof the trans-
portratior(¢) thatareaccurateo 2 decimalplaces.We seethatr(30) ~ 1.52, meaningthatthe
tracercentroidin the mucoudayerhasbeentransported2% fartherthanthetracercentroidin
the PCL. In the hTBE experimentsthis would meanthatthe tracerpulsewould smearalong,
asviewedfrom above,whichis notwhatwasobsened. As foundby Blake andGaffney (2001)
andBarlow (2000),tracertransporin the PCL s still muchlargerthanwould beestimatedrom
adwectionalone,dueto vertical diffusion. By examiningthe resultsfor 5-30 sin Table4.2, it
is clearthatvertical diffusion takesat least30 s in orderto take full effect, sincethe distance

betweerthe peakscontinuego increasevery 10 s.
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Figure4.3: Diffusionprofile D, (z). Meanhorizontalvelocity u versusheightabove epithelium
for theresultsof chapter2 with the standarcgarameteset.

tout d(O, tout) d(257 tout) r(tout)
5 74.920 191.28 2.5531
10 182.28 380.19 2.0858
20 431.19 736.86 1.7089
30 703.34 1068.7 1.5194

Table 4.2: Numericalsimulationresultsfor traction layer steadyvelocity profile (low mean
PCL transport)anddiffusion profile D;. The separatiorbetweerthe pulsesin the mucusand
PCL continuego increaseover the courseof the simulation.Meshspacingsandtimestepwvere
0x = 6.67 pm, 6z = 0.125 pm anddt = 0.02 s. All timesin secondsglistancesn pm.

The shapeof thetracerdistribution is shovn asa surfacein threedimensionsn Figure4.4,
andtheprofilesatz = 0 andz = H areshawn in thetop graphof Figure4.6. In whatfollows,

we shall displaythe simulationresultsusingthe latter format, sinceit more clearly shows the

differencebetweenthetracerpulsesat thetop of the mucoudayerandthe bottomof the PCL.

4.4.2 Other steadyvelocity profiles

In Table4.3, we give resultsfor the othermeanvelocity profilesdepictedin Figure1.3. The
‘plane Couette’flow, definedby u(z) o z is the profile calculatedfrom the mucouslayer
L < z < H moving with constantvelocity, with no sublayerresistancer pressuregradients,

similar to theresultsof the simplemodelof Barlow (2000). Thead hoc ‘boundarylayer’ flow,
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Figure4.4: Tracerdispersiorresults—tractiorayer steadyprofile (low meanPCL transport),
time duration30 secondsThesurfacerepresents asafunctionof x, distancealongthe epithe-
lium, and z heightabove the epithelium,measuredn pm. The upperpeakshons the pulsein
themucoudayer, thelower peakshavs themorediffusepulsein the PCL, whichis transported
moreslowly.
which we represenby u o« 2z'/% — 2=%/%  is basedon the profile suggestedy Matsui et al.
(1998b)in orderto explain their experimentakesults.Plotsof the exactprofilesusedaregiven
in Figure4.5. The simulationresultsare depictedin Figure4.6. As might be expected,the
planeCouetteandboundarylayer profiles causesuccessiely greatertransportof tracerin the
PCL, with the boundarylayer flow causingthe pulsesalmostto matchin sizeandposition. It
is interestingto notethatfor thelow meanPCL transportresults thetracerin themucoudayer
hasan enlagedtail, shaving the exchangeof tracerbetweenthe two layers. The pulsein the
PCL is very diffuse,dueto the effect of vertical diffusion combinedwith shearingof the two
layers. In the Couetteandboundarylayer graphsthe tracerpulsein the PCL is narraver, due
to thefactthatthe pulsesn thetwo layersaremuchmorecloselyassociated.

Quantitatve measuresf theresultsareshovn in Table4.3. Overthe 30 s simulationperiod,

only the ‘boundarylayer’ flow providesa likely matchwith experimentalresults,the distance

betweerthetracercentroidsbeingonly 23.7 um. Thisis very muchatvariancewith theresults
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Figure4.5: Meanvelocity profilesfor ‘sheardriven’ or planeCouetteflow, andthe ‘boundary
layer’ flow, usedfor simulation.Profilesweretakenfrom Figure1.3(B) and(C) respectiely.

tout | Profiletype | d(0,tout) | d(25, tout)| 7(tout)
30 | Steadytractionlayer | 703.34 1068.7 1.5194
30 | SteadyplaneCouette | 898.73 1103.6 1.2280
30 | SteadyMatsuietal. 1119.1 1142.8 1.0212

Table4.3: Numericalsimulationresultsfor the steadyvelocity profilesdepictedin Figures4.3
and4.5. Meshspacingsandtimestepweredzr = 6.67 um, 6z = 0.125 pm anddot = 0.02 s. All
timesin secondsdistancesn pm.

of our mechanicaimodelling—aconsiderablgressuregradientwould be necessaryo drive

sucha large flux of PCL throughthe densefield of cilia. In the next section,we examinethe

effectsof introducinghorizontalandvertical oscillation,andof alteringthe diffusionprofile D.

4.5 Oscillatory transport results

4.5.1 Oscillatory numerical traction layer profile

Simulationausingoscillatoryprofilescalculatechumericallyfrom the Fourierseriesn chapter2
anddepictedin Figure2.12arerathermorecomputationallyexpensve, sincea significantpart
of the algorithminvolves calculatingmatrix coeficientsfrom the series>"'”  u,,. To obtain

resultsmore efficiently we restrictthe domainto 0 < = < 1800 um and0 < z < 10 um,
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PCL transport).Time duration30 seconds.
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and simulatedispersionfor a shortertime period. We have confirmedfrom simulationswith

the steadyprofile that the domainheightdoesnot have a significanteffect. Efficiency is also
greatlyimproved by employing an algorithmthat exploits the periodicity of the ciliary beat,
so that velocity valuesneedonly be calculatedon a meshcovering one wavelength. For the
oscillatoryprofilesthe peakvalue of the velocity is of the orderof 10 timesthatfor the steady
flow, sothatthe solutionrequiresa finer spatialmesh. The timestepmustalsobe reducedby

afactorof tenin orderto capturethe detail of the ciliary beatcycle. As shavn in Table4.4,a
goodestimateof the transportratio canbe determinedusingdz = 1.5 um, 6z = 0.0625 um

andét = 0.002 s. As the simulationprogressesthe size of d(0,t) will increaserelative to

d(10,t), andtheaccurag of theestimateof r(t) = d(10,¢)/d(0, ¢) will improve.

In Blake andGaffney (2001)it wasshown thatan ad hoc oscillatorycomponentsubstan-
tially increasedracertransporin the PCL, althoughby how muchwasnot givenquantitatvely.
Table4.5shavsthetransportratiosfor ¢t = 5, 10 and20 s for our physicallyderivedoscillatory
profile. After 20 s, thetransportatiois only 1.18, whereador the steadyprofilewas1.70. The
additionof anoscillatorycomponenhencemakesavery significantdifference It wasshovn by
Taylor (1953)thatshearingn thevelocityfield 0u /0= effectively increasedhediffusivity of c.
Theoscillatorytermsintroducelargetransientvaluesof 0u/9z in theregionh < z < L, which
greatlyenhancdiffusionbetweerthe mucoudayerandPCL, hencereducingthe timescaleof

diffusive mixing. The ad hoc oscillatorycomponenusedby Blake and Gaffney (2001) simi-

larly possessed sharpgradientfor z closeto h, beingproportionalto \/4(z/h)(1 — z/h). It is
interestingo notethatthe distanceseparatinghe peaksdoesnot significantlyincreaseoetween
5 and 10 s, increasingfrom 54.6 pm to 56.2 pm. The presencedf oscillatory mixing hence
reduceshe effective vertical diffusive timescaleo lessthan5 s, which is ratherdifferentfrom
the steadytransportresultsof Table4.2. Theinclusionof oscillationshasbroughtus consider
ably closerto the experimentallyobsenedresults.In the following sectionsve examineother

effectswhichincreasamixing further.
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tout | 0T 0z ot d(0,tous) | d(10,tout)
0.5 1.5 0.0625 | 0.002 2.8246 18.561
0.5 |0.75 0.0625 | 0.002 2.7208 18.526
0.5 | 0.375 0.0625 | 0.002 2.7000 18.521
0.5 1.5 0.03125 0.002 2.8232 18.562
0.5 | 1.5 0.0625 | 0.001 2.8139 18.557

Table4.4: Numericalsimulationresultsfor tractionlayer numericaloscillatory velocity pro-
file anddiffusion profile D,, shaving that satishctory corvergenceis achiezedfor d(0, ¢t) and
d(H,t) with 6z = 1.5 pm, 6z = 0.0625 pm anddt = 0.002 s. Thetransportatio will become
relatively moreaccurateasd(0, t) increasesvith time. All timesin secondsgistancesn pun.

tout ‘ oz ‘ 0z ‘ ot ‘ d(ovtout) ‘ d(lovtout)‘ r(tout)
) 1.5 0.0625 | 0.002 | 67.983 122.61 1.8035
10 1.5 0.0625 | 0.002 151.95 208.19 1.3702
20 1.5 0.0625 | 0.002 | 320.75 377.04 1.1755

Table4.5: Numericalsimulationresultsfor tractionlayer numericaloscillatoryvelocity profile
anddiffusionprofile D;. Theseparatiorbetweerthetwo pulsesdoesnot significantlyincrease
after5 s. All timesin secondsdistancesn pm.

4.5.2 Altering the diffusion profile

Thediffusionprofile D; choserfor the above simulationsdecreasedbruptlyfrom 160 zm?/s
to 3.6 um? /s atthe mucus-PClinterfacey = h. However, it is likely thatvertical mixing due
to penetratiorof the mucoudayerby cilia, which wasnot a featureof thetractionlayermodel,
may substantiallyenhancevertical ‘dif fusion’. A simple phenomenologicainodelof this ad-
vective mixing is to increasehe diffusioncoeficientin this region by moving thetransitionin

D(z) furtherupinto the mucoudayer, andsmoothingthetransition,sothat

Do(z) = % ((Dp — Dyy) tanh <20 [L; ZD + Dp + DM) . (4.7)

The velocity profile and diffusion profile Dy(z) areshavn in Figure4.7. Theresultsof 20 s
simulationare shovn in Table4.6 andFigure4.9, middle graph. The pulsesseparatédy just

35.9 pum after20 s,a10.7% ratio comparedvith the 17.6% ratio obsenedfor D;.
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Figure4.7: Adjusteddiffusion profile D, (z). Meanhorizontalvelocity u versusheightabove
epitheliumfor theresultsof chapter2.

4.5.3 Mean profile of Fulford and Blake (1986)with oscillations

As discussedn chapter2, althoughthe tractionlayer model producesa meanprofile superfi-
cially very similar to the resultsof Fulford and Blake (1986),they predictedsignificantfluid
transportin the upperpart of the PCL, likely dueto the fact that the cilia bendcloserto the
epitheliumduring the recovery stroke andso do not resistthe flow of fluid. Our discretecilia
resultsin chapter3 confirmthis—theres continuougositive fluid transporiabove thecilia tips
during the recovery part of the beatcycle. A qualitative representatiomf this type of profile
may be obtainedby settingh = 0.8L for the steadyvelocity componenbf the tractionlayer
model.We thenhave the profile shovn in Figure4.8, with the standardractionlayerprofile for

comparison.

Examiningthe numericalsimulationresultsfor this profile, shovn in Table4.6,the separa
tion after20 sis 51.6 pum, alittle lessthanthe 56.3 um obsenedfor the standardrofile, with
r(20) = 1.14. Combininga Fulford andBlake (1986)type profile with the diffusioncoeficient

D, producesstill lessseparation-33.0 pm, with (20) = 1.09.
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Figure 4.8: (Solid line) traction layer meanprofile with » = 0.8L, representatie of mean
velocity from Fulford andBlake (1986),shawving greateffluid transporin the upperpartof the
PCL. (Dottedline) meanvelocity with » = 0.9L for comparison.

4.5.4 Ad hoc ‘plane Couette’ oscillatory profile

In orderto examinethe effect of greaterPCL transportwith physically realistic oscillations,
we combinethe plane Couetteprofile shovn in Figure 4.5 with the time-dependenterms
uy, ..., u;s from the tractionlayer model. We simulateddispersionwith the adjusteddiffu-
sionprofile Dy(z), againtheresultsareshavn in Table4.6 andFigure4.9,bottomgraph.After
20 s, the separatiorbetweerthe two layersis just 3.9%. Thisis likely to be consistentvith the
resultsof Matsui et al. (1998b),sincea 3.9% separatiorbetweenthe pulsesis unlikely to be
apparenin the imagesproduced.Hencewe seethatthe Matsui et al. profile 1.3(C)is nota
necessargonsequencef their obsenations—only50% PCL transportis necessaryo give ap-
parentcotransporof tracerbetweerthelayers.It shouldberealisedthatthis doesnot disprove
the suggestegbrofile of Matsui et al. (1998b),andindeedin the presencef osmoticpressure
gradientsjt hasnot beenshowvn thatsuchaflow couldnotoccut
Thetracerpulsespredictedby thetractionlayerandCouettesimulationsareshown in Fig-

ure 4.9. As for Figure4.6, it is interestingto note that whenthe pulsesseparatedy less,the
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20

tout | D(z) | Velocityfield u d(0, tout) | d(10, tous)| 7(tout)

20 | Di(z)| Tractionlayer 320.75 | 377.04 | 1.1755

20 | Do(2)| Tractionlayer 334.98 | 370.90 1.1072

20 | D;(z)| OscillatoryFulfordandBlake | 359.76 | 411.37 | 1.1435

20 | Dy(z)| OscillatoryFulfordandBlake | 372.84 | 405.82 | 1.0885

20 | D4(z)| OscillatoryCouette 520.04 | 540.48 1.0393
Dy (z)

OscillatoryMatsuietal. 728.13 732.00 1.0053

Table4.6: Numericalsimulationresultsfor variousoscillatoryprofilesanddiffusioncoeficients
D;(z) andDy(z). All timesin secondsdistancesn pm.

horizontaldiffusionis reducedn bothlayers.The moststriking comparisionis betweerthetop
andmiddle graphs,which depictresultsdiffering only in the diffusion coeficient D(z). The
middle graph,correspondingo greaterdiffusion at the level of the interface,actually showns
lesshorizontalspreadthanthe top graph. This is dueto the fact that increasedseparatiorof
the tracerpulsein the D, simulationresultsin non-zerogradientsdc/dz over a wider region
andhencegreatervertical diffusion betweenrthe layers. This resultsin apparengreaterhori-
zontaldiffusion,eventhoughD; < D,. We remarkthatthe effect of vertical diffusioncausing
increasedhorizontalspreadings similar to the mechanisnresponsibldor Taylor disperson.
Thefactthatin experimentgherewasnot significanthorizontalspreadingf the tracerpulses
certainlyarguesfor ary separatiorbetweerthetwo layersbeingsmall.

Finally, we notethatfor the suggestegrofile of Matsuietal., whencombinedwith oscilla-

tions,leadsto a separatiorof just0.5%, asmight be expected.

4.6 Conclusions

It is now easierto reconcilethe experimentalresultsof Matsui et al. (1998b)with theoretical
modellingwork, evenwithout consideringlow dueto osmoticpressurgradients By including
the mechanicallyderived oscillatoryflow of chapter2, evenwith very low meantransportof
PCL, we predictedresultswith relatively little ‘smearing’of the tracerpulses.Adding a diffu-

sive termto representiliary mixing at the interfaceleadsto even closertracertransportwith
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the tracercentroidsseparatingy only 10.7% after20 s. Increasingransportin the upperpart
of the PCL reduceghe separatiorfurtherto 8.85%, andrefining our fluid dynamicalmodelof
the PCL in orderto quantifythis effect shouldbe a subjectfor futureresearch.

However, we notedfrom our simulationsthat even a very small separatiorbetweenthe
pulseswould resultin considerablyincreasecdhorizontaldiffusion, unlike that which was ob-
senedby Matsuiet al. (1998b). We candeducefrom this thatthe tracerpulsesin the experi-
mentmusthave beenvery closelyassociatedHenceit appeardik ely thatthereis bothgreater
fluid transporthanpredictedby thetractionlayermodel,andadditionaleffectssuchasvertical
mixing nearthe interface. Futurework shouldaddressoth of theseissuesfor instanceby
extendingthetractionlayermodel.

Finally, it is clearthatthe meanfluid transportin the PCL neednot be arywherenearas
largeassuggestethy Matsuietal. (1998b).The simulationwith the planeCouettemeanprofile
togetherwith oscillationspredictedonly 3.9% separatiorbetweenthe pulses,hencewe con-
cludedthat PCL transportneednot be ary largerthan’50% of thatof mucus. It remainsto be
determinedvhetherosmoticflows could producesuchlarge PCL transportandthis too should

be a subjectfor future work.
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CHAPTER 5

SUMMARY AND FUTURE WORK

5.1 Summary

In chapterl we describedhe biology of the muco-ciliary system,previous modelling work
relatedto cilia andmucus,andthendiscussedhe salt/fluid controversyandthe experimentsof
Matsui et al., which provided the main motivationfor carryingout our research.In chapter2
we extendedanddevelopedatwo dimensionatractionlayermodelof muco-ciliarytransporto
includesublayeresistancdjnearviscoelasticitythe spatialandtemporalvariationsin the beat
cycle, a possiblesheatthinning effect at the interfaceandthe effect of very strongsurfaceand
interfacetension.We solvedthesemodelsanalyticallyandnumerically producingprofilesthat
were qualitatively similar to the meanprofiles obtainedby Fulford and Blake (1986), subject
to the assumptiorof no-flux throughthe epithelium. Our resultsprovided novel insightinto
the importanceof interfacetensionin ensuringefficient transport,and we were able to pro-
vide explanationsof the physicalmechanismshat ensureefficient transportin a wide variety
of conditions,in particularparallellingthe experimentalresultthat a dilute mucouslayer may
betransportednoreefficiently thana ‘normal’ one. In chapter3 we formulateda new discrete
sublayemodelfor theflow in the PCL basedn Liron’s 1978analysistogethemwith therepre-

sentatiorof the mucusmovementfrom chapter2. We obtainedmoreaccuratevelocity profiles
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on the cilia thanhave previously beenpossible togethemwith threedimensionaflow patterns
for afield of 50 cilia perwavelength. It wasinterestingto notethatin the region betweerthe
cilia tipsduringtherecovery stroke andthe mucus-PClinterface therewassignificantforward
flux of PCL. Thisstronglysuggestshatthe PCL transporis greatethanthatpredictedoy chap-
ter 2, andcloserto thatpredictedoy Fulford andBlake (1986),pointingto anareain whichthe
tractionlayermodelcouldbe developedfurther In chapterd we describedhetracerdispersion
simulationsof Barlow (2000) and Blake and Gaffney (2001),andby usingthe samealternat-
ing directionimplicit algorithmwere ableto testthe profilesobtainedin chapter2, aswell as
profilesexhibiting greaterPCL transport.We alsomodelledthe effect of verticalmixing atthe
mucus-PClLinterfaceby increasedliffusion. We found that even a small separatiorbetween
the tracercentroidsin the two layersleadto significanthorizontaldiffusion, which was not
obsenedin experiment,sothatthe tracercentroidsmustbe very closelyassociated\We con-
firmedthatthe presencef oscillationssignificantlyincreasedracertransporin thePCL, asdid
increasedliffusion at the mucus-PClLinterface. It emegedthatcombininga ‘plane Couette’
meanprofile with anoscillatoryflow leadto resultsthat were consistentvith the experiments
of Matsuietal. (1998b),andthattheir suggestedlow profile, shovn in Figure1.3(C)wasnota
necessargonsequencef their results.We alsoconcludedhatincluding verticalmixing atthe
interface,andmodellingincreased®CL transporin theupperpartof the PCL will benecessary

to improve thetractionlayermodel.

5.2 Futurework

Thereare mary ways in which this researchmay be extendedto gain more understanding.

Thesearebriefly summarisedbelow.

e Thetractionlayermodelof chapter2 providesa suitableframenork for examiningmary
more physicaleffects. Adding further Maxwell elementsn orderbetterto describeex-

perimentalresultsmay be useful,andwould be relatively straightforvardto implement.
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It would alsobe straightforvardto introducePCL viscoelasticityoncedatais available.
By alteringtheform of the active porousmediumvelocity, the problemof transportover
regionswith inactie cilia could be investigated.The modelcould easilybe extendedto
considerseveral wavelengths so that active, inactive and non-ciliatedregions could be
modelled.In particulartherole of viscoelasticityin assistingwith flow over suchregions
may beelucidated Onemightalsovery theform of the propulsve force used,sothatthe
role of thetemporalasymmetryof theciliary beatcycle maybeinvestigatedAs discussed
above, perhapghe mostilluminating improvementto the modelwould be to modelthe
sublayerresistanceeffect more precisely by introducingan additionalthin layerin the
PCL, modellingtheregion above thecilia tips duringtherecovery stroke, wherethefluid
may slip past.Verticalmixing effectsdueto thecilia penetratingandleaving the mucous

layershouldalsobe modelled.

A moreambitiousprojectwould beto extendthespectrabnalysigo thecaseof non-linear
viscoelasticity investigatingthe effect of someor all of the non-lineartermsresulting
from aninvarianttime derivative. The non-Nevtonianbehaiour of mucouswould also
bebetterrepresentedy themorephysicallybasednodelof Quemad€1984). Thiswould

likely requiredirect numericalsolution of the full PDE system. One might also model
the surfaceand interface movementand consequentensionforcesexplicitly, although
dataregardingthe interfacetensionmay be difficult to obtain. Asymptotic analysisin

the surfaceandinterfaceheight,similar to that pursuedby Ross(1971) may be the best

approach.

Accordingto theisotonicvolumehypothesigxplainedin chapterl, therewill beabsorp-
tion of fluid by the epithelium.lt is thereforemportantto modelpossibleosmoticflows,
in orderto determinewhetherthey canleadto greateraxial transportof PCL. A useful

studyin determiningthe parameterandtimescaleghat may be relevantis thein vitro
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andin vivo studiesof Jayaramaretal. (2001). They determinedhormalconcentrationsf
Na™ andCl1~, anddeterminedhe time courseof responseso additionsof bothsaltand
saline.By addingthe sodiumchanneblocker amiloride,they wereableto testhow much

of thetransepitheliaflow wasdueto sodiumtransportalone.

e Thediscretesublayemodelof chapter3 usedthetwo dimensionatesultsof the mucous
layer flow from chapter2 togetherwith a morerefinedthreedimensionaimodelfor the
flow aroundthecilia. This may beimprovedfurther by taking the force distribution on
the cilia calculatedfrom chapter3, cornverting to a spatially continuousbut still fully
threedimensionalrepresentatiorand henceformulating a more accuratetraction layer
model. Suchahybrid modelwould have theadwantagdhatinteractiondetweerphysical
parametersould betested asfor the tractionlayer model,but usingmoreaccuratedata

for thevolumeforce.

e It would be very illuminating to modelthe two-way interactionbetweenciliary beating
andmucus.In the studyof chapter2, we assumedhe form andfrequeng of the ciliary
beatandmodellectheeffectonmucusflow. However, it islik ely thatsomerepresentation
of the effect of the mucuspropertieson the ciliary beatwill be necessaryo understand
theimportanceof mucuselasticity andto testthetheoryof MeyerandSilberbeg (1980)
guotedin §2.4.2. One could attemptto combinea finite elementrepresentatiomf the
mucusand PCL, a model of the moving contactline causedby the penetratingecilium,
andamodelof theinternalmechanic®f thecilium. Thiswould bevery computationally
expensve, and it may only be possibleto model one or several cilia, possiblyin the
presencef abackgroundlow. Onemightevenattemptto couplethis with thenanoscale
interactionbetweenglycoproteinchainsandthe cilium ‘crown’. Therole of a possible

surfactantlipid layerin allowing penetratiormight alsobe explained.

e Forthediscretecilia modelin chapte3 onecancalculatehevolumeflux withoutneeding
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to performary simulations—oncé¢he dipoleis negglected,Liron (1978)shovedthatthe
volumeflux dueto a Stokesletbetweertwo no-slipboundariess zero. Our ‘centreline’

representationf the cilia is satishctoryfor calculatingflow fields, but uponintegrating
overasurfacein theflow, theerrorbecomesignificant.It followsthatthe precisebound-
ary integral formulationis necessaryo determinethe correctflux, althoughthis would
belikely to bevery computationallyexpensvefor afield of 50—100 cilia. Calculatingthe

flow dueto oneor severaldenselypaclkedcilia may provide usefulinsight.

The modelof chapter3 requiredthatthe cilia shouldnot be placedtoo closelytogethey
sincethe cilia might approachvery closely The caseof cilia actuallysliding pasteach
otheris ratherdifficult to model,andis anavenuefor furtherresearchpossiblyusingthe

boundaryintegral representatiofor two or severalcilia.

It wasonly possibleo performatwo dimensionasimulationof tracerdispersionywhereas
we have showvn in chapter3 that the flow field in the PCL shaws significantvariation
in the =, direction, which may be responsiblefor additionalmixing. Implementinga
threedimensionakimulationwould requireparallel processingandthe ADI algorithm
extendedo threedimensionsvouldbeanaturalchoice.Neglectingtheeffectof theedges
of thetracerpulseby assumingperiodicityin the z, direction,the numberof grid points
neednot be excessve. The accurag of the algorithmmay alsobe improved by usinga
higherorderdiscretisatiorfor the adwective termssuchasthatgivenby Leonard(1979),
althoughthe oscillatoryprofilesnecessitatarelatively fine grid dueto theinherentsmall
scaleof thevariationsin theflow. Investigatingananalyticor semi-analyti@approactihat
would reducetheamountof computatiomecessarynayalsobevaluable andwould bea
usefultechniquéor investigatingchemicalgradientsn therelatedproblemof symmetry-

breakingin the embryonicnode,seefor exampleCartwrightetal. (2004).
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In summarywe have elucidatedcertainaspect®f the muco-ciliarysystemparticularlythe
oscillatorynatureof thefluid flow andthephysicalinteractiongakingplacethatensureefficient
transport. In additionto this we have provided a framework for future investigation,in that
bothfluid dynamicalmodelsarevery suitablefor introducingfurtherrefinementandphysical
effects. Thetracerdispersiorstudyof chapte” hasprovidedinsightinto how the experimental
work in Matsuiet al. (1998b)may be interpreted and provided stimulusfor improvementso
thefluid dynamicalmodelling. Furtherwork, lik ely involving osmoticmodelling,is necessary
beforeall of the detailsof the muco-ciliary flow are fully understoodput we hopethat this

thesishasprovideda significantstepforward.
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APPENDIX A

A.1 Forcecoefficientsf,, g,

FOURIER COEFFICIENTS

The coeficients f,, andg,, definingthe propulsve forcefor thetractionlayermodelof chapter

2:

f(] =0.2

f1=0.11456
fs = 0.01094
f12 = 0.00486

go — 0.0

g1 = —0.10565
gs = 0.01363
g12 = 0.00855

fi =0.19351
f5 = 0.08106
fo = 0.00239
f13 = 0.00785
g1 = —0.04905
g5 = —0.08488
go = 0.03101
g13 = —0.00785

fo = 0.17503
fo = 0.05091
fio = 0.0

fia = 0.00935
ga = —0.08745
g6 = —0.05195
g10 = 0.03396
g1s = —0.01900

fy = 0.14737
fr = 0.02707
fi1 = 0.00160
f15 = 0.00901
g5 = —0.10731
gr = —0.01611
g1 = 0.02469
g15 = —0.02183

A.2 Active porousmedium motion coefficientsc,, d,

Theactive porousmediumcoeficientsc,, d,, definingu.; anduv:
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co =0 c1 = 046775 co = 0.37843 cs = 0.25228

¢y = 0.1169 ca =00 (n>5)

dop =10 d; = 0.09217 do = —0.19211 ds = —0.23553
dy = —0.23148 ds = —0.18536 dg = —0.11252 d7 = —0.03354
d,=0 (n>38)
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APPENDIX B

TRACTION LAYER ANALYTICAL SOLUTION

B.1 Horizontal velocity profiles

In orderto write thesolutionsdown succinctly we definethefollowing constantandfunctions:

Xn = 2mnL/A
B = aend
Vi = cosh(x,)sinh(y,)(1 —6,)
+ tanh(x, H) (63 cosh?(x,,) — sinh?(x,,)))

Vo = 14 (1 —6y)sinh?(x,) — sinh(x,) tanh(x, H) cosh(x,)(1 — 6,) (B.1)
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~ 5 ~ ® =5 = =

=~

cosh(y,z) — tanh(y, H) sinh(x,2)

cosh(xnz) — (V1/V2) sinh(xnz)

7(¢nb1 tanh(8,h) xn cosh(xnh) /Va = (¢ — 17) B sinh(x,h))O1(1)
+Xn(@n 01 tanh(Buh) cos(mh) — (65, — 15) B, sin(rh))
(=26, By sinh (X h) + 1,01 tanh(8,h) xn cosh(xnh) /V2)O1(1)
+Xn (¥, 701 tanh(S, h) cos(mh) — 2¢,1,, 5, sin(mwh))
GnBn(cosh(xnh) — (V1/V2) sinh(xnh)) — 01 tanh(8, H)O5(h)
Wn0; tanh(3,h)O)(h)

S2 417

PoS, + QuT,

QnS, — P,T,

PnSn + UnT,

%Sn - ¢nTn

—W,,(cosh(B,h) —1)*Oa(h) 1 [2(cosh(B,h) — 1) L
F,.32 sinh(5,h) cosh(5,h) * 32 ( B,sinh(B,h) )

Y, (cosh(B,h) — 1)?O4(h)

F, 32 sinh(5,,h) cosh(5,h)

(cosh(B,h) — 1) {—Uintfnaitbn(h)

B, sinh(8,h) Xn (X3 + 72)
#1 (3 UB) B,y - 202 (v 2) |
(cosh(Bph) — 1) [ —Uni frna2®,(h)
By sinh(8,h) { Xn (X5 + 72
_”‘;0‘5 (h - tanhﬁ(ﬂ”m) %@g(h)} (8.2)
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®,(2) = mh,sinh(x,2)01(1)/Va + ¢nxnsin(nz) + Oa(2) R,/ F,
U(2) = 7, sinh(x,2)01(1)/ V2 + Yuxnsin(rz) + Oa(2) 1,/ F
Qn = mnsinh(xn)01(1)/(O2(1)V2) + Rn/F,
Ap = mnsinh(x,)01(1)/(02(1)V2) + I/ F,
I = —(K,On+ L,Jy)/(J2 + K2)

Thesolutionsonly dependbn = andt throughé = 27x + ot, Sowe canwrite

P sinh (8,2)
sinh (5,h)

_Uintfnﬂi — sin(én
.{Xn(X?L+7T2)Sin(7rh) (Pn(h) cos(€n) — Wy (h) sin(én))

+ucna§ (h - tanh(ﬁnh)) (% cos(én) — Y sin(gn)) O, (h)

/Bn ﬁ"l Fn Fn
(I Wy, = TLY,) cos(§n) — (T, Y, + T, W) sin(én))
Fy
cosh(B,h) — 1 ven,alh
(ot ) 040 =5 costen |
" cos(én) — I sin(én) (‘sinh(3,2) + sinh(8,(h — 2)) ]
" 7 ( Sinh(3,) )
VCT;;“%Z cos(én) (B.4)
WM = —UiniJnas {®,.(2) cos(én) — T, (z) sin(én)}

Xn(X2 + 72) sin(mh)

+”Cgai <h = tan}gﬁ"h)> (? cos(én) — 12 sin(gn)) 0, (2)

— (T W, — TI%Y,,) cos(én) — (1Y, + TIL W, ) sin(én))
(cosh(B,h) — 1)

"B, cosh(B,h) ©:2(2) (B.5)
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B _Uintfna:?: ]
S — (Xn(X% ) s {€,, cos(én) — A, sin(én) }

+choz3; (h B tanhﬁﬂ) {I;/” cos(én) — % Sin(f”)})
O1(1)

(B.6)

B.2 Vertical velocity components

Herewe givethecorrespondingermsv?, ™!, v42 for the Fourierseriesrepresentationsf the
velocity componenin the vertical (z) direction. Startingwith the continuity equation(2.70),
we candifferentiatetheexpression¢B.4), (B.5) and (B.6) with respecto z to find 0v/0z, then
integratewith respecto = to find v. We againusethe boundaryconditionthatv = 0 onz = 0,
andmatchthe verticalvelocitiesat theinterfacesbetweerthethreeregions.

For n = 0, thevelocitiesu areindependentf z, sothatou/dx = dv/dz = 0, andhence

v = 0. Forn > 1 we have thefollowing:

p  2nm(cosh(B,z) —1)
ST Gusih(Buh)
—Uni fna? [ ®n(h)sin(én) + W, (h) cos(En)
oo S )
ve,a? tanh(5,h) )
p— 22\l
"5, ( b
: (% sin(én) + % cos({“n)) Oz (h)
(T W,, — I, Y,,) sin(én) + (I11Y, + I, W,) cos(én))
F,
cosh(B,h) — 1 ve,aih
. (—5” cosh(G.7) ) Oy(h) — 7 sm(fn)}
IT7 sin(én) + II%, cos(én)
! 7
cosh(f,2) — 1 4 cosh(B,(h — z)) — cosh(8,h)
' ( By, sinh(G,h) a z)

sin(én) (B.7)

+27

VInC, a2 2?

32
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SML —2Uemn fr
 Xa(X2 + 72) sin(7h)
- (sin(én) Uit h* @, (27) dz2”™ + cos(En)Uinh* ¥, (2") dz¥)

—10U;mne,a? B tanh(5,h )) (% i & )
+ B, (h 3, sin(én) + —- cos(én)

F, E,
-int; Oq(2%) dz*

—2an{(II" W,, — I\ Y,,) sin(én) + (1Y, + 1L W,,) cos(én) }

. (COSh(ﬁnh) B 1) . z Z* Z* U( ) 5=
F.5, cosh (3,h) Umth*©(2%) dz* +vW(z = h) (B.8)
M2 = 27m (1) { Uit n (€2, sin(én) + A, cos(én))
O1(1) IXR(X: + 72) sin(mh)

ve,al tanh( 6n w,,
(A (V) )

—{Irw, —114Y, )sm(fn (I"Y,, + ' W,,) cos(én) }
(cosh(Bh) = 1)
F,.3, cosh(B,h)

} Unth*01(2) dz* + vP (2 = 1) (B.9)
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APPENDIX C

TRACTION LAYER NUMERICAL ODE
SYSTEM

Thesystemof 30 ODEsin theform Y/ = f(X, Y1, ..., Y5) is asfollows:

Y] = (h/(¢2 + ¢2))(¢Y7 + YYs + 010:0Yor + 010Y17 + 01020 Yos + 011Y13)
+2mnelhY,

Yy = (h/(¢* + ¥?))(dYs — Y7 — 01020 Yay — 0190Y17 + 0102005 + 010Y15)
—2mne’hYs

Y] = hYs + 2mnhY,

Y, = hYs — 2mnhY;

Y = —2mnh¢Yiy — 2mnha)Ye + (82 + x?)(¢Y1 — ¥Ya)h — v X h2c,da?
—0:(1 —h) <27T7"L(—Y20 +2e¢?Y16 + 02Y50) + 2x202(Y1 — Y11 — Yaq)
—47nBye?Yos — 4X3 (Y1 — Y11) + 2mne®Yig

— @ fna2Usy sin(m(1 — (1 — h)X))/sin(wh)) — 2mne*(pYs + YYs)h
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Y{ = 2mnhoYy — 2mnhibYig + (52 + X2)(6Y2 + ¥Y1)h — vXh2 el
—0:(1—h) <—27m(—Y19 + 2€%Y15 + 02Ya9) + 2x202(Yo — Yia — Yao)
—4’/Tn9262Y25 — 4X2(Y2 — Y12> — 271")7,62}/15

— ) fna2Up sin(m(1 — (1 — h) X))/ sin(wh)) + 2mne*(¢Ys — Ys)h

Yy = 2mne’h(¢Ys — Y7 — 019Y17 — 010:0Y57 + 01015 + 0100,Yas) + (57 4 x*)he’Ys
Yiy = —2mne*h(¢Y7 + YYs + 016Y17 + 010207 + 01015 4 01029 Y5g)

— (82 + x*)he*Y, — vehd,ai X

Vii = (h/(¢* +0?) (@Y7 + Y5 + 0100Ya7 + 010Y17 + 01050 Yos + 010 Y1g)

+(1 = h)(02Yor + Yi7) + 27nhe?Yy + 2mne?(1 — h)(Yy — Yiu)

Yy = (h/(¢* + 1?))(¢Ys — VY7 — 01020 Yo7 — 01Y17 + 01020 Yo + 010Y13)

+(1 — h) (02Y28 + Yig) — 27T?’Lh€2Y3 — 27Tn62(1 — h)(Yg — Ylg)

Y{; = Yi5(1 — h) — 27nYia(1 — h) + hY5 + 27nY,

Y/, = Yis(1 — h) + 27nY11(1 — h) + hYs — 2mnY;

Yl =0

Y =0

Y1/7 = 2X202(2 — h — H)(}/l — Y11 — }/21) + 27T7’L02((H — h)}/go + 62(H — 3 + Zh)}/gﬁ)
—27n(1 — h)Yaq + 6mne?(1 — h)Yig — 4x*(1 — h) (Y7 — Y11)

—(1 = h)ofraiUpsin(r(l — (1 — h) X))/ sin(wh)

Y]_IS = 2X292(2 — h — H)(ng — Y12 — ngz) — 27T7’L02((H — h)YQg + 62(H — 3 + 2h)Y25)
+271n(1 — h)Yy9 — 6mne?(1 — h)Yis — 4x%(1 — h)(Yy — Yio)

—(1 = W)Y f,a2Usy sin(m(1 — (1 — h) X))/ sin(wh)
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Yy = —2mne?((1 — h)(Yig + 02Yas) — 3(H — 1)02Y25)

—4x*(H — 1)05(Ys — Y13 — Ya3) — (1 — h)ethgnag Vie sin(n (1 — (1 — h) X))/ sin(wh)
Yy = 2mne*((1 — h)(Yir + 62Yar) + 3(H — 1)02Y2r)

+4x*(H — 1)05(Yy — Y1y — Yau) + (1 — h)edgna Vigesin(n(1 — (1 — h) X))/ sin(mh)
Y3 = —Yi7(1 = h) — 2mne?(1 — h)(Yy — Yiu) — 2mne®(H — 1)(Yy — Yig — Yay)

[H = 14 63(1— )Yar

Yy = =Yis(1 — h) 4 2mne* (1 — h)(Ys — Yi3) + 2mne’(H — 1)(Ys — Yiz — Ya3)

—[H = 14051 — h)]Yas

Yoy = —(H — 1)[Yo5 + 2mn (Y2 — Yi2 — Yao)| — (1 — h)[Y15 + 27 (Y2 — Y1o)]

Vi, = —(H — 1)[Yao — 27n(Ys — Yar — Vo)l — (1~ W)[¥ig — 2un(¥i — Y2y

Yo =0

Y36 =0

Yy = (H — 1)[—2mnY3y — 2mne*Yog + 2x* (Y1 — Y11 — Yoy )]
Yie = (H — 1)[27nYag + 2mne?Yos + 2x*(Ya — Yia — Yao)]
Yoo = (H — 1)(27”1623/28 - 2X2€2(Y3 — Yi3 — Ya3))

Yio = (H — 1)(—2mne?Yar — 2x%€*(Ya — Yis — Ya4))
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APPENDIX D

SINGULARITIES FOR STOKES FLOW IN A
CONFINED DOMAIN

Below we repeatthe expressiongyiven for SJC,; and DJC; in the notationof chapter3, givenin
Liron andMochon (1976b)andLiron (1978)respectiely. They were expressedn the form
of exponentiallydecreasingnfinite series,for more efficient computation. The singularities
correspondo respectiely a point force anda doubly-infinite array of point forcesfor Stokes

flow in theconfineddomain0 < z3 < H. For chapter3, H = 1.
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D.1 Sﬁ, the point forcesingularity

Following Liron and Mochon (1976b),for simplicity we write SJC,; as SJ’?, which makesthe

solutionslightly easierto expressFora, 5 =1, 2,

1 0 rymw = [Pz 1 &z . 132
S = e H Y (—m> — sinh 2>~ sinh n
@ Arporg p H m{ n; ! H Zm S TS Ty
+% cosh x?}_jm sinh f:s;lm + % cosh f?flm sinh gc?};m

— 1 z s+ & sinh $8%m sinh L8 %m Eéz
(1+z,2n)1/2—1 " H H H HH™

§3— 23 ., T3+ &3 2 \1/2 T3+ &3
. (cosh i Zm + Zm sinh Am (1+2;,)"* cosh o Am

1 0 Tox= 4
+—_T_ Z —sin s sin s K, <n7rp>
~nm

H H H

1 4 = . nwés . mmgKO (nﬂ'p)

m H 2 Sin H Sin H H
H 6x3&3 z3 &3 0 Ta
Adrp H H (1 H) (1 H ) 0rg \ p? ’ (B.1)
00 1)
3 L orgm 2y (p2m/H) [ &5 3
) — _—__I =z
O3 drpp H mzzl (1+2)2—1|HH"

Zm L Zm cosh

(sinh 3 ]; & 3 :I & Zm F (1 + zﬁz)lﬂ sinh T3 T o3 :I & zm)

+2pm, (% cosh I?;m sinh 7 i 7 cosh =

. &3%m . T3Zm (&3 — T3 2 \1/2 T3+ &3
+ sinh i sinh i Vi (1+4z;,) /" £ T—l . (D.2)

§3%m &3 sinh T32m <h f:szm)

Theuppersignsarefor S¢, thelower signsfor S3.
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¢ - _ L {f’;zmHé”(pzm/H)

dnpH (1+22)172— 1

m=1

: {[(1 +20) 2+ 1] <% sinh &Zm cosh Z22m & sinh 225 cost Ea%m

q % 7 cosh =
Lo 32m o Zm€3 SED
——sinh sinh —
Zm H H HH
: ((1 + 231)1/2 cosh =2 ; < Zm + cosh 3 ;[ & Zm — Zm sinh % ;LI & 2m>
— 2, T3+ & sinh $8%m sinh 23m 1 L (D.3)
H H H

The functionsK,, and H'Y arethe nth order modified Besselfunction of the first kind and

Hanlkel functionrespectiely.
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D.2 chk, the summedand integrated form of Sﬁ

The singularity D, (1, 23, &1,&3) = Yoo [oo SG (21, 22, 23,& + ¢),0,&3) da,. Then

writing Dj for D$; andusingx for thewavenumberi /),

Dl(x1,25,8) = % {(5j1 + 5]-2)53(}[7};5”3) — 36:163(H — &3)z3(H — z3)/ H®
—|—(1 + 5j2) i COS(?]Kq) Sinh(fgﬁq) Sinh(]—] _ xs)lﬁ)q

g kqsinh(Hkq)

+(0j1 — dj3) Z cos(nkq) d {Sinh(fst) sinh(H — x3)t
q=1

dt sinh(Ht)

t=rq
+(0;1 + dj3) i kg cos(nkq)xsH cosh(zskq) sinh(€3kq)

—r3&3 sinh(};/:lq) cosh(H — x5 — &3)kq + HEs sinh(z3kq) cosh(Ekq)
— H? sinh(23kq) sinh(&3kq) coth( Hkq)]/[sinh® (Hkq) — (Hkq)?]
+(01 — 0j3) i H(rq)* cos(nrq)[x3€5 cosh(zs — &3)kg

+H (z3 + fg)qs:i;h(fgnq) sinh(z3kq)

—H coth(H kq) (3 sinh(€3kq) cosh(zskg) + &3 sinh(x3kq) cosh(E3kq)
7 sinl ) s (G il () sink F ) — ()]

=123 n=z1—-&, and & < ;. (D.4)
For z3 < &3, replacers by H — x3 andn by —n.

D} = D? = D? = D} =0, (D.5)
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D;f = ﬁ{(l&g —&3) Z sin(nkq) sinh(&3kq) sinh(H — 23)kq/ sinh(Hkq)

g=1

+ Z kqsin(nkq)|LxsH sinh(z3kq) sinh(&3kq) + 323k H sinh(xs — &3)kg
q=1

ta3&3sinh(Hkq) sinh(H — &3 — x3)kq F H(H — &3) sinh(x3kq) sinh(&3kq)
+H?kq(w3sinh(&kq) sinh(H — 23) kg
—&3sinh(xskq) sinh(H — &)kq)/ sinh(H kq)]/[sinh?(Hkq) — (H/{q)2]}

n=ux1—¢&, and & <uzs. (D.6)

The uppersignsareto be usedfor D} andthe lower signsfor D3. For z3 < &; replacers by
H — x3, & by H — &3, andn by —n.

Evaluatingthe singularitiesnumericallyis relatively efficient, sincethe seriesareexponen-
tially decreasingHowever, it is necessaryo usean algorithmwhich monitorsthe sizeof the
termsin eachsum, sincecorvergenceof the seriesvariessignificantlywith the parameters;,
r3 and&s. It is alsonecessaryo approximatecertainpartsof the formulain orderto avoid

overflow errors:for instanceit is necessaryo approximatesinh(H xq) with %eH 1 for largeq.
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APPENDIX E

AN ADAPTATION OF THE ALTERNATING
DIRECTION IMPLICIT (ADI) ALGORITHM

E.1 Intr oduction

An extensionof the ADI algorithm,is usedin chapter4 to solve the advectiondiffusiontracer
dispersionequation. Following the presentatiorof DouglasJr. and Kim (1999), we briefly
derive thealgorithm.We have to solve the adwection-difusionequation

dc &?c 0 dc

— = —+—(D=) —ue, — :

ot Ox? * 0z ( 82) e = v, ED
onthedomain0 < = < X, 0 < z < Z for thetime period0 < ¢t < T. Thisis discretised
asx; = 0z, z; = joz andt,, = ndt, with éx = X/Nx, 6z = Z/N, andét = T'/N, sothat
the domainconsistof (Nx + 1)(Nz + 1) grid pointsandthereare N, timestepsWe usethe

standardhotationc}; = c(idz, joz, ndt).
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E.2 ADI algorithm for diffusiveterms

Applying a centraldifferencingschemeaboutt = (n + 1/2)dt for thetime discretisationwe

have

5t [ _92ett 29 [ _de\"T  a [, 0c\"
n+l _ n _ e i e i
¢ ¢ (D Ox? b Ox? * 0z (Dﬁz) * 0z (Dé?z)

» —

—uc™ —uc? — vt — v + O(5t2)> : (E.2)

Using the notationof DouglasJr. and Kim (1999), the differential operators4; and A, are
definedby
Aic = —(Dcp)y = —Dcgy, Ase = —(Dc,)., (E.3)

andwe write theadwective termsas
Asc = ucy, A = wve,. (E.4)

TheoperatorA; is approximatedy taking centraldifferences,

Aicly = —(ci1y — 2¢i5 + ¢i1;) [ (62)* + O(62°), (E.5)

1)

againthe errortermis found by applying Taylor’s theorem.In orderto discretisethe outer z

derivative, we apply centraldifferencesabouty = jdz, sothat

8 aC 1 (9ci,,»+1/2 (9ci,~_1/2
& (D@) = g (Dj+1/2 JZ — D]‘_l/g jz + 0(522) (E6)

The diffusionterms D, ,» and D;_, , may be approximatedy (D;;1 + D;)/2 and (D; +

D;_,)/2 respectiely. Theremainingderivativesmay againbe approximatedy centraldiffer-
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encedo give

0 oc 1
% (Da—z> = 5552 Cig1(Dirr + Dj) = ¢3j(Djpr + 2D + Dja) + cij—1(Dj1 + Dj))
+0(522). (E.7)

E.3 QUICK discretisationfor advectiveterms

It remainsto calculatethe adwective terms. One could againusecentraldifferencesso that
¢ = (Ciy1,; — ci—1)/20x + O(d2*), but this approachmayintroduceunacceptablescillations
into the solutionif thereis insufficient diffusion. An alternatve approachusedby Blake and
Gaffney (2001)is first orderupwind discretisationjn which the derivative is calculatedfrom
the‘upwind’ or ‘upstream’cell, sothatfor u < 0 weapproximate:, = (c¢;y1,;—c;;)/dz. Thisis
now numericallystablebut only first orderaccurateand,asexplainedin Leonard(1979),intro-
ducesartificial numericaldiffusion. Sincediffusionwill increasehetendeng of the pulsesto
‘cotransport’in our problem,this maygive misleadingresults.Insteadwve shallusethe QUICK
(QuadraticUpstreaminterpolationfor Convective Kinematics)schemeantroducedby Leonard

(1979),definedby

u((1/8)ci,27j — (7/8)05,173' + (3/8)CU + (3/8)Ci+1’j)/5$ if u<0
Ay = (E.8)

u(—=(3/8)ery — (3/8)ci; + (1/8)cusry — (1/8)eusa) [0z i >0,

andanalogouslyfor A,. Thepropertiesof this schemearebriefly discussedhn §4.3.2.
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E.4 Solution

Writing By, = dt Ay /2 for concisenesaye have thefinite differenceequation

(I 4+ By + By + By + By)c"™ = (I — By — By — B3 — By)c" + O(0t(6x + 6z + 6t%)),

(E.9)

which mustbesolvedfor eachtimestep:, . . ., ¢V7, startingfrom theinitial conditionsc®. After
integratingover N timestepsthesolutionwill beaccurateo O(§z+4dz+4t?). At ary timestep,
the valueson theright handsidewill be known, the valueson theright to be determined.For
a 1D problem,only the operatorsB; and B; would be present,andthe left handside could
be expressedn termsof a pentadiagonamatrix, leadingto an efficient solution. However,
sinceadditionally the terms B, and B, are present,direct solutionwill requireiteration. A
more efficient approachfirst proposedoy Douglas,Peacemamnd Rachfordto solve the heat
equationjs the ADI method(DouglasJr. andPeaceman] 955),extendednhereto make useof

the QUICK method.

Adding (B; + Bs)(Bs + By)c"*! to bothsidesandomitting thediscretisatiorerrorwe have

(I 4+ B+ B3)(I +By+ By)c"™ = (I — By — Bs)(I — By — By)c"

+(B1 + B3)(By + By) (" — ") (E.10)

By neglectingtheterm (B, + B3) (B, + By) (¢ — ¢), we cansolve equation(E.10)usingthe

two stepscheme
I+ By + B;)c"tY/2 = (I — By — By)c", T — sweep
1+ B+ By) I=Bp=B)er o)
(I 4+ By + Byt = (I — By — B3)™™/2. (2 — sweep)

For the nth timestep¢™ is known. For thefirst partof thetimestepthe*z-sweep’,we find the
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intermediatesolution¢”+1/2 by inverting the pentadiagonamatrix arisingfrom I + B; + Bs
for eachj = 1,...,Nz. Oncec"*'/? is known, we performthe ‘ z-sweep’ by solving the

pentadiagonahatrix arisingfrom I + B, + B, for eachi = 1, ..., Nx to determine:"*!.

E.5 No-flux boundary conditions

Theno-fluxboundaryconditionsdc/dx = ( anddc/dz = 0 arediscretiseddy ¢7, , ; = ¢j; and
by ci'; 11 = ¢y Thisresultsin ¢, beingreplaceddy ¢}y, ¢}y, ,, beingreplacedy cjy,, cj ;

beingreplacedy ¢y ; andcy,, ., ; beingreplacedy %, ; whereverthey occurin thediscretised

system.
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