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ABSTRACT

This thesis is concerned with extremal problems on graphs and similar structures.

We first study degree conditions in uniform hypergraphs that force matchings of various
sizes. Our main result in this area improves bounds of Markstréom and Rucinski on
the minimum d-degree which forces a perfect matching in a k-uniform hypergraph on
n vertices. We also extend bounds of Bollobas, Daykin and Erdds by asymptotically
determining the minimum vertex degree which forces a matching of size t < n/2(k—1) in
a k-uniform hypergraph on n vertices. Further asymptotically tight results on d-degrees
which force large matchings are also obtained. Our approach is to prove fractional versions

of the above results and then translate these into integer versions.

We then study connectivity conditions in tournaments that ensure the existence of parti-
tions of the vertex set that satisfy various properties. In 1982 Thomassen asked whether
there exists an integer f(k,t) such that every strongly f(k,t)-connected tournament 7'
admits a partition of its vertex set into t vertex classes Vi,...,V; such that for all ¢
the subtournament T'[V;] induced on T" by V; is strongly k-connected. Our main result
in this area implies an affirmative answer to this question. In particular we show that
f(k,t) = O(k"t*) suffices. As another application of our main result we give an affirma-

tive answer to a question of Song as to whether, for any integer ¢, there exists an integer



h(t) such that every strongly h(t)-connected tournament has a 1-factor consisting of ¢

vertex-disjoint cycles of prescribed lengths. We show that h(t) = O(¢°) suffices.

Finally we investigate the typical structure of graphs and directed graphs with some for-
bidden subgraphs. Motivated by his work on the classification of countable homogeneous
oriented graphs, Cherlin asked about the typical structure of triangle-free oriented graphs.
We give an answer to this question (which is not quite the predicted one). Our approach
is based on the ‘hypergraph containers’ method, developed independently by Saxton and
Thomason as well as by Balogh, Morris and Samotij. Moreover, our results generalise
to forbidden transitive tournaments and forbidden oriented cycles of any order, and also
apply to digraphs. Along the way we prove several stability results for weighted extremal

digraph problems, which we believe are of independent interest.

We also determine, for all £ > 6, the typical structure of graphs that do not contain an
induced 2k-cycle. This verifies a conjecture of Balogh and Butterfield. Surprisingly, the
typical structure of such graphs is richer than that encountered in related results. The
approach we take also yields an approximate result on the typical structure of graphs

without an induced 8-cycle or without an induced 10-cycle.
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CHAPTER 1

INTRODUCTION

1.1 Extremal graph theory

Extremal graph theory is the study of graphs that are extremal with a certain property,
where ‘extremal’” means maximal or minimal with respect to some graph parameter. It can
be seen as the study of how local properties of a graph affect global structure in that graph,
and vice versa. Indeed, in extremal graph theory many problems are concerned with
finding sufficient conditions on a graph G that force G to have some particular structure,
while many other problems are concerned with determining the structure of graphs that
satisfy some hereditary property, such as not containing a given subgraph. Both of these
ideas are encompassed in Turan’s theorem, which gives the maximum number of edges
that a graph on n vertices can have if it does not contain a k-clique — that is, a subgraph on
k vertices with all possible edges present. Turéan’s theorem also gives an exact description
of the unique edge-maximal graph not containing a k-clique, and forms the cornerstone

of extremal graph theory.



Here we study three such areas in extremal graph theory. We first discuss conditions that
force matchings of various sizes in graphs and hypergraphs. We then consider conditions
on graphs and tournaments that force the existence of partitions of the vertex set that
satisfy some property. Finally we discuss the typical structure of graphs, oriented graphs

and directed graphs that do not contain a given forbidden (induced) subgraph.

1.2 Matchings in graphs and hypergraphs

A matching in a graph G is a set of edges of G, no two of which share a vertex. A perfect
matching in G is a matching such that every vertex of (G is contained in some edge in the
matching. A graph is bipartite if its vertex set can be partitioned into two sets in such a
way that no two vertices in the same edge are in the same partition class. If A is a set
of vertices in a graph G, we let N(A) denote the set of vertices of G that share an edge

with a vertex in A.

The problem of determining which graphs contain a perfect matching has long been well
understood. In particular, a simple characterisation of all bipartite graphs that contain a

perfect matching was proved by Hall as early as 1935.

Theorem 1.2.1 (Hall’s theorem). [38] Let G be a bipartite graph with vertex partition
classes X,Y such that | X| = |Y|. G contains a perfect matching if and only if |[N(A)| >
|A| for every A C X.

In 1947 Tutte characterised all graphs that contain a perfect matching.

Theorem 1.2.2 (Tutte’s theorem). [81] A graph G = (V, E) has a perfect matching
if and only if, for every U C V, the graph G — U has at most |U| components with an odd

number of vertices.



The following corollary of a result of Dirac on Hamilton cycles from 1952, which provides
an easy to check sufficient condition that guarantees a perfect matching in a graph, is also
very useful. The degree of a vertex v in a graph is defined to be d(v) := |[N({v})|, and
the minimum degree of a graph G = (V, E) is defined to be 6(G) := min,cy (d(v)).

Theorem 1.2.3. [26] A graph G with an even number n > 4 of vertices contains a perfect
matching if §(G) = n/2.

Note that this minimum degree condition is best possible, in the sense that there exists
a graph G on an even number of vertices without a perfect matching, such that §(G) =
n/2—1. This can be seen by considering the graph on n vertices consisting of two disjoint
n/2-cliques, where n is equal to 2 mod 4. Note also that Theorem 1.2.3 can also be easily

proved directly, or derived from Tutte’s theorem.

A k-uniform hypergraph is a pair (V, E) where V is a set of vertices and F is a set of
subsets of V', each of size exactly k, which we call edges. Note that 2-uniform hypergraphs
are just graphs. Similarly to the graph case, a matching in a hypergraph is a set of
edges of a hypergraph, no two of which share a vertex, and a perfect matching in a
hypergraph is a matching such that every vertex is contained in some edge in the matching.
While it can be proved that the problem of determining whether a graph contains a
perfect matching is decidable in polynomial time, it has been shown that, for k£ > 3,
the problem of determining whether a k-uniform hypergraph contains a perfect matching
is NP-complete. As such, rather than attempt to completely characterise all k-uniform
hypergraphs that contain a perfect matching, it makes sense to try to determine reasonable
sufficient conditions on a k-uniform hypergraph that force it to contain a perfect matching.
This is the main focus of Chapter 2. Our main result in Chapter 2 can be seen as a
hypergraph analogue of the Dirac type Theorem 1.2.3 above, in the sense that we give

a minimum degree type condition that forces the existence of a perfect matching in a
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k-uniform hypergraph. Though the minimum degree bounds that we give are the best
known, they are unlikely to be best possible. We do however also determine some best
possible minimum degree type conditions that force the existence of matchings of various
other sizes in k-uniform hypergraphs (in particular for matchings that are at most half

the size of a perfect matching).

All results in Chapter 2 are joint work with Kithn and Osthus, and a slightly abridged ver-

sion of Chapter 2 has been published in the European Journal of Combinatorics (see [51]).

1.3 Partitions in graphs and tournaments

Much work has been done on problems relating to partitions of graphs into subgraphs
that inherit some properties of the original graph. For instance, the following result was
proved by Hajnal, and independently Thomassen, in 1983. For a graph G = (V| E) and
a subset A C V we let G[A] denote the subgraph of G with vertex set A and edge set

consisting of all edges in F that are contained in A.

Theorem 1.3.1. [37, 77] For every { there exists k = k({) such that the vertex set of
every graph with minimum degree at least k can be partitioned into sets A and B in such

a way that G[A] and G[A] both have minimum degree at least (.

Later, it was shown by Stiebitz [75] that k = 2¢ + 1 is sufficient, which can be seen to
be best possible by considering the complete graph on 2¢ 4+ 1 vertices. We say G is k-
connected if |V| > k and for any set S C V with |S| < k, G — S is connected. Hajnal,
and independently Thomassen, also proved a similar result to Theorem 1.3.1, but with

the notion of minimum degree replaced by that of connectivity.

Theorem 1.3.2. [37, 77] For every { there exists k = k({) such that the vertex set of
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every k-connected graph can be partitioned into sets A and B in such a way that G[A]

and G[A] are both (-connected.

Another result similar to Theorem 1.3.1 was conjectured by El-Zahar, where this time the
partition guaranteed by the minimum degree condition is a partition into vertex disjoint

cycles of prescribed lengths.

Conjecture 1.3.3. [27] Let G = (V, E) be a graph. Suppose |V| = nq + -+ + ny and
MG) = [n1/2] + -+ + [ng/2] where n; = 3 for every i € {1,...,k}. Then G contains k

disjoint cycles of lengths ny, ..., ng, respectively.

Conjecture 1.3.3 has been proved for all sufficiently large values of |V'| by Abbasi [1].

A tournament is a complete graph (that is, a graph with all possible edges present)
with an orientation assigned to each edge. In Chapter 3 we investigate similar results to
those mentioned here, but for tournaments rather than graphs. In particular we prove
a corresponding result to Theorem 1.3.2 for tournaments, for some analogous notion of
connectivity. This settles a problem set by Thomassen [77] in 1983. We are also able
to use the methods employed to prove a corresponding result to Conjecture 1.3.3 for
tournaments, where the minimum degree condition is replaced by a connectivity condition.

This settles a question of Song [73].

All results in Chapter 3 are joint work with Kithn and Osthus, and have been published

in Combinatorica (see [52]).



1.4 The typical structure of graphs and digraphs with

a given forbidden subgraph

The enumeration and description of the typical structure of graphs with given side con-
straints has become a successful and popular area at the interface of probabilistic, enumer-
ative, and extremal combinatorics (see e.g. [14] for a survey of such work). For example,
the following classical result of Erdés, Kleitman and Rothschild from 1976 asymptotically
determines for every k > 3 the logarithm of the number of graphs on n vertices that do

not contain a k-clique.

Theorem 1.4.1. [32] For every k > 3, the number of graphs on n wvertices that do not

n2
contain a k-clique is 9% (1= 5ty ) +o(n?)

This result was strengthened by Kolaitis, Promel and Rothschild in 1987, who showed
that ‘almost all’ graphs that do not contain a k-clique are (k — 1)-partite, for every k > 3
(the case k = 3 of this was already proved in [32]). More formally, given a class of graphs
A, we let A, denote the set of all graphs in A that have precisely n vertices, and we say

that almost all graphs in A have property B if

lim {G € A, : G has property B}| _

1.
n—o0 |An|

Then the result of Kolaitis, Promel and Rothschild is as follows.

Theorem 1.4.2. [46] For every k > 3, almost all graphs that do not contain a k-clique

are (k — 1)-partite.

There are now many precise results on the number and typical structure of H-free graphs

(that is, graphs that do not contain a fixed graph H as a not necessarily induced subgraph).
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However, the corresponding questions for digraphs and oriented graphs are almost all wide
open. (Briefly, an oriented graph is a graph with an orientation assigned to each edge;
a digraph is similar but also allows two edges to span a pair of vertices - one oriented in
each direction.) In Chapter 4 we investigate such questions. In particular we determine
the typical structure of oriented graphs that do not contain a transitive tournament of
size k, and of oriented graphs that do not contain an oriented cycle of size k, as well
as proving corresponding results for digraphs. This answers a question of Cherlin [21].
The corresponding asymptotic counting results follow immediately from these structural

results.

Given a fixed graph H, a graph is called induced-H-free if it does not contain H as an
induced subgraph. Associated counting and structural questions are equally natural as
in the case of H-free graphs, but seem harder to solve. Thus much less is known about
the typical structure and number of induced-H-free graphs than that of H-free graphs.
In Chapter 5 we determine the typical structure of induced-Coq-free graphs (from which
the corresponding asymptotic counting result again follows immediately). This verifies a

conjecture of Balogh and Butterfield [10].

All results in Chapter 4 are joint work with Kiihn, Osthus and Zhao, while all results in

Chapter 5 are joint work with Kiithn, Osthus and Kim.



CHAPTER 2

FRACTIONAL AND INTEGER MATCHINGS

IN UNIFORM HYPERGRAPHS

2.1 Chapter introduction

2.1.1 Large matchings in hypergraphs with large degrees

A k-uniform hypergraph is a pair G = (V, E) where V is a finite set of vertices and
the edge set F consists of unordered k-tuples of elements of V. A matching (or integer
matching) M in G is a set of disjoint edges of GG. The size of M is the number of edges
in M. We say M is perfect if it has size |V|/k. Given S € (Z), where 0 < d < k—1, let
dega(S) = |{e € E : S C e} be the degree of S in G. Let 04(G) = minSe(g){degG(S)}
be the minimum d-degree of G. When d = 1, we refer to 6,(G) as the minimum vertex

degree of G. Note that do(G) = |E|.

For integers n, k, d, s satisfying 0 < d < k—1 and 0 < s < n/k, we let m$(k, n) denote the

8



minimum integer m such that every k-uniform hypergraph G on n vertices with d4(G) = m
has a matching of size s. We write o(1) to denote some function that tends to 0 as n
tends to infinity. The following degree condition for forcing perfect matchings has been

conjectured in [39, 50] and has received much attention recently.

Conjecture 2.1.1. Letn and 1 < d <k —1 be such that n, d, k, n/k € N. Then
Tk 1 E—1\"" n—d
md/ (k,n) = <max{§,1 - (T) +0o(1) L d)

The first term in the lower bound here is given by the following parity-based construction
from [49]. For any integers n, k, let H' be a k-uniform hypergraph on n vertices with
vertex partition AU B = V(H'), such that ||A| — |B|| < 2 and |A| and n/k have different
parity. Let H’ have edge set consisting of all k-element subsets of V(H') that intersect A
in an odd number of vertices. Observe that H' has no perfect matching, and that for every
1 < d < k—1 we have that d4(H') = (1/2 + o(1))(7~9). The second term in the lower
bound is given by the hypergraph H(n/k) defined as follows. Let H(s) be the k-uniform
hypergraph on n vertices with edge set consisting of all k-element subsets of V(H(s))

intersecting a given (fixed) subset of V(H (s)) of size s — 1, that is H(s) = K& — Kr(fi)sﬂ.

For d = k — 1, mZi kl(k,n) was determined exactly for large n by Rodl, Rucinski and
Szemerédi [69]. This was generalized by Treglown and Zhao [78, 79], who determined
the extremal families for all d > k/2. The extremal constructions are similar to the
parity based one of H' above. This improves asymptotic bounds in [58, 68, 69]. Re-
cently, Keevash, Knox and Mycroft [41] investigated the structure of hypergraphs whose

minimum (k — 1)-degree lies below the threshold and which have no perfect matching.

For d < k/2 less is known. In [5] Conjecture 2.1.1 was proved for k —4 < d < k — 1,

by reducing it to a probabilistic conjecture of Samuels. In particular, this implies Con-
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jecture 2.1.1 for £ < 5. Khan [43], and independently Kiihn, Osthus and Treglown [53],
determined m!*(k, n) exactly for k = 3. Khan [44] also determined m?’*(k, n) exactly for
k = 4. It was shown by Han, Person and Schacht [39] that for £ > 3, 1 < d < k/2 we have

mz/k(k,n) < ((k—ad)/k+ 0(1))(2:2). (The case d = 1 of this is already due to Daykin

and Haggkvist [24].) These bounds were improved by Markstrom and Rucinski [55], using

similar techniques, to

n k—d 1 n—d
md/k(k,n) < (T — W+O(1)) (k‘—d)

The main result in this chapter improves on this bound, using quite different techniques.

Theorem 2.1.2. Let d,k € N with 1 < d < k/2 be fized. Then for all n such that n,

n/k € N,
" k—d k—d—1 n—d
my' (k,n) < ( = +0o(1) L d):

We also consider degree conditions that force smaller matchings. As a consequence of

the results of Kiihn, Osthus and Treglown as well as those of Khan mentioned above,
m$(k,n) is determined exactly whenever s < n/k and k < 4 (for details see the concluding
remarks in [53]). More generally, we propose the following version of Conjecture 2.1.1 for

non-perfect matchings.

Conjecture 2.1.3. For all ¢ > 0 and all integers n, d, k, s with 1 < d < k—1 and

0<s< (1—e)n/k we have
mi(k, n) = (1 - (1 - %)kd + 0(1)> (Z B Z).

In fact it may be that the bound holds for all s < n/k — C, for some C' depending

only on d and k. The lower bound here is given by H(s). The case d = k — 1 of

10



Conjecture 2.1.3 follows easily from the determination of mj_,(k,n) for s close to n/k
in [69]. Bollobés, Daykin and Erdés [15] determined mj(k,n) for small s, i.e. whenever
s < n/2k% For 1 < d < k— 2 we are able to determine m$(k,n) asymptotically for
non-perfect matchings of any size at most n/2(k — d). Note that this proves Conjecture

2.1.3 in the case k/2 < d < k — 2, say.

Theorem 2.1.4. Let ¢ > 0, fix integers k, d with 1 < d < k—2, and fir 0 < a <
min{1/2(k — d), (1 —e)/k}. Then for all n such that n, an € N,

ma™ (k,n) = (1 — (1 —a)**+0(1)) <Z - Z).

2.1.2 Large matchings in hypergraphs with many edges

In proving Theorem 2.1.4 it will be useful for us to consider the following related problem.
A classical theorem of Erdés and Gallai [31] determines the number of edges in a graph
which forces a matching of a given size. In 1965, Erdés [28] made a conjecture which

would generalize this to k-uniform hypergraphs.

Conjecture 2.1.5. Let n, k > 2 and 1 < s < n/k be integers. Then
s ks —1 n n—s+1
mo(k;,n):max{( I )’<k:)_( i )}—i—l.

For k = 3 this conjecture was verified by Frankl [35]. For the case k = 4, Conjecture 2.1.5
was verified asymptotically by Alon, Frankl, Huang, Roédl, Rucinski and Sudakov [5].
Recently, Frankl confirmed the conjecture exactly for s < n/2k, i.e. when the aim is to

cover at most half of the vertices of the hypergraph.

Theorem 2.1.6. [3}] Let n, k, s € N be such that n, k > 2 andn > (2s — 1)k — s+ 1.

11



Then

mi (k. n) = (Z) _ (”_Z“) Y

It is possible to prove a variant of Theorem 2.1.6 that, for small values of k, yields the

result for a larger range of s (see Theorem 2.6.1).

2.1.3 Large fractional matchings

Our approach to proving our results uses the concepts of fractional matchings and frac-
tional vertex covers. A fractional matching in a k-uniform hypergraph G = (V| F) is
a function w : E — [0,1] of weights of edges, such that for each v € V we have
Y ecmwee W(e) < 1. The size of wis Y pw(e). We say w is perfect if it has size
\V|/k. A fractional vertex cover in G is a function w : V' — [0, 1] of weights of vertices,

such that for each e € £ we have ) _ w(v) > 1. The size of wis ) ., w(v).

A key idea (already used e.g. in [5, 68]) is that we can switch between considering the
largest fractional matching and the smallest fractional vertex cover of a hypergraph. The
determination of these quantities are dual linear programming problems, and hence by

the Duality Theorem they have the same size.

For s € R we let fj(k,n) denote the minimum integer m such that every k-uniform
hypergraph G on n vertices with d;(G) > m has a fractional matching of size s. It was
shown in [68] that f,’ / };(k, n) = [n/k|. Recently, Treglown and Zhao have extended their
work in [78, 79] to determine mg/k(k,n) also in the case when d < k/2 and fg/k(k:,n) is

significantly less than (,",)/2 (see [80]).
To prove Theorem 2.1.4, we use Theorem 2.1.6, along with methods similar to those de-
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veloped in [5], to convert the edge-density conditions for the existence of matchings into
corresponding minimum degree conditions for the existence of fractional matchings (see
Proposition 2.4.1). We then use the Weak Hypergraph Regularity Lemma to prove The-
orem 2.1.4 by converting our fractional matchings into integer ones. Note that applying
this method with Theorem 2.6.1 rather than Theorem 2.1.6 yields a variant of Theo-
rem 2.1.4 that, for small values of k, holds for a larger range of a (see Theorem 2.6.2).
Our argument also gives the following theorem which, for 1 < d < k — 2, asymptotically
determines f3(k,n) for fractional matchings of any size up to n/2(k — d). Note that this

determines f5(k,n) asymptotically for all s € (0,n/k) whenever d > k/2.

Theorem 2.1.7. Letn, k > 3, and 1 < d < k—2 be integers and let 0 < a < min{1/2(k—
d),1/k}. Then

an k—d n—d

$'(k,n) = (1—(1—a)"+0(1)) v d)

We prove Theorem 2.1.2 in a similar fashion, via the following two theorems.

Theorem 2.1.8. Letn, k> 2, d > 1 be integers. Then

2 < (H - L) (7))

Theorem 2.1.9. Letn, k>3, 1< d < k—2 be integers. Then

i k—d k—d—1 n—d
d (k,n)<< R + o(1) v d)

The rest of the chapter is organised as follows. In Section 2.2 we lay out some notation,
set out some useful tools, and prove some preliminary results. Section 2.3 is the heart
of the chapter, in which we prove Theorem 2.1.8. In Section 2.4 we derive Theorems
2.1.7 and 2.1.9, and in Section 2.5 we derive Theorems 2.1.2 and 2.1.4. We conclude with

Section 2.6, where we prove variants of Theorems 2.1.4 and 2.1.6, as mentioned above.
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2.2 Notation, tools and preliminary results

2.2.1 Notation

Since in many of the proofs in this chapter we often consider vertex degrees, when S = {v}
is a set containing only one vertex we write dg(v) to denote degs(S) and we refer to dg(v)
as the degree of v (in G). We let e(G) denote the number of edges in a hypergraph G,
and let |G| denote the number of its vertices. For a set V' and a positive integer k we
let (Z) denote the set of all k-element subsets of V. For m € N we let [m] denote the
set {1,...,m}. Whenever we refer to a k-tuple, we assume that it is unordered. Given
a hypergraph G = (V, E) and a set S C V, we refer to the pair (V\S,{e CV :SnNe=
0, eU S € E}) as the neighbourhood hypergraph of S (in G). If S = {v} has just one
element then we may refer to this pair as the neighbourhood hypergraph of v. For U C V
we denote by G[U] the hypergraph induced by U on G, that is the hypergraph with vertex
set U and edge set {e € E:e CU}.

2.2.2 Tools and preliminary results

In proving some of our results we will use the lower bound given by the earlier construction

H(s), for all integers n, d, k, s with k >2and 0 < d < k—1and 0 < s <n/k:

mé(k,n) = fi(k,n) > (1—(1—s/n)""+o(1)) (Z B Z). (22.1)

Now, as mentioned in Section 2.1, a key tool in this chapter is that the determination of the

size of the largest fractional matching of a k-uniform hypergraph is a linear programming
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problem, and its dual problem is to determine the size of the smallest fractional vertex
cover of the hypergraph. The following proposition, which follows by the Duality Theorem,

will be very useful to us.

Proposition 2.2.2. Let k > 2 and let G be a k-uniform hypergraph. The size of the

largest fractional matching of G is equal to the size of the smallest fractional vertex cover

of G.

In the rest of this section we collect some preliminary results.

Proposition 2.2.3. Let G = (V, E) be a hypergraph, E' C E, S C V, and let w be a

fractional vertex cover of G. Then

e(G) <Y > w)+ Y > ww) + [E\E.

ecF vee\S ecE’' veensS

Proof. As w is a fractional vertex cover of G,

e(G)=|E'|+|E\E'| < ) ) w(v) +|E\E

ecl’ veEe
<Y D> w)+ >0 > ww) + [E\E.
e€FE vee\S e€E veensS

The following crude bound will sometimes be useful.

Proposition 2.2.4. Suppose that k > 2 and 0 < a,c < 1 are fired. Then for every e > 0
there exists ng = no(k,e) such that if n = ng and f§"(k,n) < c(}) then f§"(k,n) <
(c+e)(})-

Proof. Suppose G is a k-uniform hypergraph on n vertices with e(G) > (c+¢)(}). Choose

an arbitrary hyperedge e € E(G), and delete all edges incident to any v € e, to form the
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new hypergraph G’. Then

e(G') > e(G) —k(Z:D > (c—l—a)(Z) —k(Z:D >c<Z),

where the last inequality holds as ng is sufficiently large. So by assumption, G’ has a
fractional matching M of size an. Note then that M U {e} is a fractional matching of G.

So indeed G has a fractional matching of size an + 1, as required. 0J

In the next section we will prove Theorem 2.1.8 by induction. For this we will need
Theorem 2.2.5, which will establish the base case of this induction. Theorem 2.2.5 is an

easy consequence of the Erdés-Gallai Theorem from [31].

Theorem 2.2.5. For k=2 and x < 1/3 we have

am(k,n) = (1— (1 —2)" +0(1)) <Z>

The next proposition will also be needed in the proof of Theorem 2.1.8. To prove this

proposition we will need a well-known theorem of Baranyai [13] from 1975.

Theorem 2.2.6 (Baranyai’s Theorem). Ifn € (N then the complete (-uniform hyper-

graph on n vertices decomposes into edge-disjoint perfect matchings.

Proposition 2.2.7. Let n, k, ¢ be integers with k > 2 and 1 < ¢ < k, and let n € [0,1).
Let V be a set of size n. Suppose S C V, with |S| € (N. Then there exists E C {e € (}) :

leNS| = £} such that for every v € S,

{ecE:veel| = {n Qi) (”k__|*:’)J . (2.2.8)

Proof. The cases where £ = 1 or n = 0 are trivial. So suppose that 2 < ¢ < k and
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n € (0,1). Apply Theorem 2.2.6 to find a decomposition of the complete ¢-uniform

hypergraph on S into edge-disjoint perfect matchings M, ..., M(|5\_1).

£—1

We now construct E by adding k-tuples from {e € (Z) : e NS| = ¢} greedily, under the

following constraints:

(i) foralli e {1,..., (‘?‘__11)}, we do not add any k-tuples in {e € (Z) cenNS e M}

unless we have already added all k-tuples in {e € (Z) cenS e M};

fec B vee}| < n(€|f|1> (”{_'?').

It is clear that (i) and (ii) ensure that the set E obtained in this way satisfies (2.2.8) for

(ii) for every v € S,

every v € S. O

2.3 Minimum edge-density conditions for fractional

matchings

We will use the following lemma to prove Theorem 2.1.8 inductively.

Lemma 2.3.1. Let k > 3 be fized. Suppose that a € (0,1/(k + 1)], ¢ € (0,1) and that

there exists ng € N such that for all n > ng we have

Fo/0=0 1 n) < c(k " 1). (2.3.2)

Then for all € > 0 there exists n1 € N such that for all n > ny any k-uniform hypergraph
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G on n vertices with at least an vertices of degree at least

—1
D= (c(l-a)"+(1-1-a)"") +¢) (Z B 1)
has a fractional matching of size an.

Proof. Let ¢ > 0 and choose n; sufficiently large. Consider a k-uniform hypergraph
G = (V, E) on n vertices with at least an vertices of degree at least D. Let Y C V be the
set of [an]| vertices of highest degree. Let w be a fractional vertex cover of G of least size.
Consider the vertex vy € Y with the lowest weight w(vy). Let H be the neighbourhood

hypergraph of vg in G. So

e(H) = da(w) > D = (el =)' + (1= (1 =)' ") +¢) (Z - D

Let H' := H[V\Y]. Since the number of edges in H with at least one vertex in Y is at

most (1 — (1 —a)*~' +0(1))(}~;), it follows that

() > e() — (1= (L= o) (1) 2 (i - a2 22) (1)
> (c+e/3) (/ED

where in the last two inequalities we use that n; was chosen sufficiently large. Note that
|H'| > n/2, so we may assume that |H’'| > ng. Now, (2.3.2) and Proposition 2.2.4 together

imply that H’ has a fractional matching of size

alH'|/(1—a)+1=a(n—[an])/(1 —a)+ 1> an.
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So let M be a fractional matching of H' of size an. Note that for all v € V\Y/,
> M)
e€E(H'):vee

So we have that

D w) >y jw)+ > ) M

veV veY ecE(H') vee

By the minimality of w(vp), this implies that

Zw(v) anw(vy) Z ZM Z Z ZM

veV ecE(H') veEe ecE(H’) ecE(H') vee
= Z M (e) (w(vo) + Zw(v)) > Z M(e) = an.
ecE(H') vEe ecE(H')

The last inequality holds because by definition of H' we have eU{vy} € Eforalle € E(H’),

and so w(vy) + >, w(v) = 1.

Hence the size of w is at least an, so by Proposition 2.2.2 the largest fractional matching

in G has size at least an. O

The proof of Theorem 2.1.8 proceeds as follows. Suppose G has no fractional matching
of size n/(k + d). Then we use Lemma 2.3.1 and induction to show that G contains few
vertices of high degree. Moreover, by duality we show that G has a small fractional vertex
cover. We combine these two facts to show that the number of edges of G does not exceed

the expression stated in Theorem 2.1.8.

Proof of Theorem 2.1.8. The proof will proceed by induction on k. The base step,
k = 2, follows by Theorem 2.2.5, setting = := 1/(2 + d).

19



Now consider some k& > 2 and suppose that the theorem holds for all smaller values of k.
Fix d > 1. Let € > 0 and let ny € N be sufficiently large compared to 1/¢, k and d. For

convenience let us define

E—1 kE—2 k+d—1\"" E+d—1\*"
€= _ — S O O (L e < 1.
k+d—1 (k+d—1)k1 k+d k+d

Consider any k-uniform hypergraph G = (V, E) on n > ng vertices, and suppose that

the largest fractional matching of G is of size less than n/(k + d). Then by Proposition
2.2.2 there exists a fractional vertex cover, w say, of G with size less than n/(k + d). Let

a:=1/(k+d). Soa/(l1 —a)=1/(k+d—1). Let

D SRR et
T k+d—1  (k+d—1)k

- +e/4d.

Then by induction,

n'[(k+d—1 n/
1" )(k—l,n><c(k_1),

for all sufficiently large n’. Thus, as ng is sufficiently large, Lemma 2.3.1 implies that

there are less than n/(k + d) vertices of G with degree at least (£ +¢/2)(17}).

Let S be the set of |S| vertices of G with highest degree, where |S| € k!N is minimal such
that | S| > n/(k+d). Sodg(v) < (é+e/2)(};) forallv € V\S. Foreveryi € {0,...,k} let
Sit={ee (}):]lenS|=i}. Given X C (}), forallv e V let tx(v) == |[{e € X : v € e}|.
Note that for all v € S the value of tg,(v) is the same and tg,(v) = 0. Let £ € {0,...,k}
be maximal such that for any v € S we have Zf:é ts,(v) < 5(2:}) Let E" = (Z) \Sk.

Then for each v € S,

b (v) = (1 _ W + 0(1)) (Z B D > 5(Z B D (2.3.3)
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The final inequality holds here for sufficiently large ng, as it rearranges to d(k+d—1)%"2+
(k—2) +o(1) > 1. This shows that { < k — 1. Let

= (s S Zt()) ()0,

)

So n € [0,1). Apply Proposition 2.2.7 with parameters n, k, £, n to obtain a set E C .Sy

tp(v) = {77 Qi) <nk_—|i|)J '

Let E" := Uf:é S; U E. Then each v € S satisfies

tin(v) = F (Z - DJ . (2.3.4)

We can now give a lower bound on the size of E” as follows: for each vertex v € S

such that for every v € S,

we count the number of k-tuples in E” that contain v, and then adjust for the k-tuples
that contain several vertices of S and were thus counted several times as a result. Since

So C E” this yields
(2.3.4) n—1 n g
512" (1 00) | s - 0 - visi
=1

Note that since E” C E" we only need to consider values of j up to k—1 in the summation,

rather than k. Now, note that

150 —iu— 1)|S)] = (Z) —UZ (Z:i) = (Z) - (kid“(l)) (Z:D

Jj=1
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Hence, as (k — 1)[Sk| = ((k — 1)/(k + d)* 4+ o(1))(}),

|E"| > (£+0(1))(Z:1)$ + (1 - kf_d + (:J:dl)k +0(1)) (Z) (2.3.5)

Now, let E' := EN E”. Also, note that by Proposition 2.2.3,

e(G) <Y D> ww)+ D> ww) + [E\E.

ecE vEe\S ecE' veensS

Recall that dg(v) < (£ +¢/2)(7}) for all v € V\S and that by (2.3.4) the number of

edges in F’ incident to v is at most £(" 1) for all v € S. So
k—1

e(G) < Z(f +¢/2) <Z : 1)10(1)) + |E\E'|.

veV

Now note that |[E\E'| < |(Z) \E"| = (}) — |E"| and recall that the size of w is less than
n/(k+d). So

«©) < (ere(}0 )it () -1
] (g P R )] (i P
(era-arartow) ()

< (eragrar o) ()

The final inequality holds since nyq is sufficiently large. By definition, this shows that

P ) < (- o) (1)

This completes the inductive step and hence the proof. O
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2.4 Minimum degree conditions for fractional match-

ings

The following proposition generalises Proposition 1.1 in [5], with a similar proof idea. Tt

allows us to transform bounds involving edge densities into bounds involving d-degrees.

Proposition 2.4.1. Let € > 0, let k, d, n be integers withn > k > 3,1 < d < k — 2,
and d < (1 —&"¥)n. Leta € [0, (1 —e'?)/k]. Suppose H is a k-uniform hypergraph on n

(H)

vertices, such that for at least (1 — 5)(3) d-tuples of vertices L & (Vd

) we have
degu(L) = fo"(k —d,n — d).

Then H has a fractional matching of size an.

Proof. The outline of the proof goes as follows. We will assume that there is no fractional
matching of size an in a k-uniform hypergraph H = (V, E) on n vertices and then show
that for more than £ (7)) d-tuples of vertices L € (Z), the neighbourhood hypergraph H (L)
of L in H has no fractional matching of size an. This will imply that for more than 5(’;)
d-tuples of vertices L, degy (L) = e(H(L)) < f{™(k — d,n — d). This will prove the result

in contrapositive.

So suppose H = (V| E) is an n-vertex k-uniform hypergraph, with no fractional matching

of size an. Then by Proposition 2.2.2, H has a fractional vertex cover, w say, of size less

E, = {ee (Z) > w(v) > 1},

vee

than an. Let

and let H, := (V, E,,). Since H C H,, we can, without loss of generality, replace H with

H,. Let U C V be the set of [¢'/%n| + d vertices of smallest weights. Let £ := (g) Note
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that

1/d 1/d,,\d d

c) = (LE ZJ —I—d) - (e d!n) :g% 26(71)'
Consider any L € L. Let H, (L) be the neighbourhood hypergraph of L in H,,. We will
show that H, (L) has no fractional matching of size an. Without loss of generality we may
assume that the elements of L all have equal weights, w(L) say. (If not, we could replace
these weights by their average, which would alter neither ) _,, w(v) nor ) ., w(v) for
any e O L. These are the only two quantities involving weights that we will consider in
what follows.) Observe that w(L) < 1/k, else the size of w would be at least

n(1 —et/d)
k

= an.

We now define a new weight function w’(v) on the vertices in V:

w(v) —w(L)

w'(v) ;= min {max {0, w*(v)},1}, where w*(v):= 1= (D)

Note that only for vertices v € U\L can it be that w*(u) < 0. Note also that since
w(v) = 0 for all v € V', we have that w*(u) > —w(L)/(1 — kw(L)) for such vertices u.

Hence,

) . w(L an — nw(L) + "/*nw(L
Uez;w(v) < (;w (v)> +|U\L|1_,£w)(L) < 1<—)k;:;(L) =

ko =)

1 — kw(L)

and for any given e € {¢/ € E,, : ¢ D L} we have that

S w(w) > min{Z”eelq“”_(Z)w_(Lk)w(L), 1} > min {1"“—;‘2@) 1} —1.

Moreover, > -, w'(v) = 0. It follows that the function w’ restricted to V\ L is a fractional
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vertex cover of H, (L) of size less than an, and so by Proposition 2.2.2, H, (L) has no

fractional matching of size an, which completes the proof. [l

We can now derive Theorems 2.1.7 and 2.1.9.

Proof of Theorem 2.1.7. Let k' := k — d and n’ := n — d. Note that Theorem 2.1.6

implies that

mi"(k,n) = (1 — (1 —a)* +o(1)) <Z) (2.4.2)

for all @ < 1/2k. Now Proposition 2.2.4 implies that for all 0 < a < min{1/2(k—d), 1/k},

/
(k= dn—d) = fF"TOK, ) < g”’“(k',n')<mgn’<kcn’>+0<1>(2/)
/

01— o) (2) =0 -t o) (21)

The upper bound in Theorem 2.1.7 follows now from Proposition 2.4.1 applied with ¢ = 0.
The lower bound follows from (2.2.1). O

Proof of Theorem 2.1.9. Let k' ;== k —d and n' := n — d. Then Theorem 2.1.8 and

Proposition 2.2.4 together imply that

K’ K —1 n/
< - / 1
(k’ Ta Grap >> (k)

_ (k;d_’“;glm(n) (Z:j)

So Theorem 2.1.9 follows now from Proposition 2.4.1 applied with ¢ = 0. ([l

The case € > 0 of Proposition 2.4.1 will be used in the next section.
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2.5 Constructing integer matchings from fractional

ones

We will construct integer matchings from fractional ones using the Weak Hypergraph

Regularity Lemma. Before stating this we will need the following definitions.

Given a k-tuple (V4,..., V) of disjoint subsets of the vertices of a k-uniform hypergraph
G = (V, E), we define (V1, ..., Vi) to be the k-partite subhypergraph with vertex classes
Vi,..., Vi induced on G. We let

((‘/17 s Vk>G)
Hie{l k} ’V;|

.....

e
dG(‘/la"'avk’) =

denote the density of (Vi,...,Vi)a.

Definition 2.5.1 (e-regularity). Let ¢ > 0, let G = (V, E) be a k-uniform hypergraph,
and let Vi,..., Vi, €V be disjoint. We say that (V1,...,Vi)g is e-reqular if for every
subhypergraph (V{, ..., Vi) with V! C V; and |V/| = ¢|Vj| for each i € {1,... k}, we
have that

de(Vi, ... Vi) —da(V1, ..., Vi)| <e.

The following result was proved by Chung [23]. The proof follows the lines of that of the

original Regularity Lemma for graphs [76].

Lemma 2.5.2 (Weak Hypergraph Regularity Lemma). For all integersk > 2, Ly >
1, and every € > 0 there exists N = N(e, Lo, k) such that if G = (V, E) is a k-uniform
hypergraph on n > N wvertices, then V' has a partition Vy, ...,V such that the following

properties hold:
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(i) Lo < L < N and |Vp| < en,
(i) Vi == [VL],

(iii) for all but at most E(i) k-tuples {iy,... it} € ([i]), we have that (Vi,,..., Vi, )a is

e-reqular.

We call the partition classes Vi,...,Vy clusters, and V; the exceptional set. For our

purposes we will in fact use the degree form of the Weak Hypergraph Regularity Lemma.

Lemma 2.5.3 (Degree Form of the Weak Hypergraph Regularity Lemma). For
all integers k > 2, Lo > 1 and every e > 0, there is an N = N (g, Lo, k) such that for every
d € 10,1) and for every hypergraph G = (V, E) onn > N wvertices there exists a partition

of V into Vo, Vi, ..., VL and a spanning subhypergraph G’ of G such that the following
properties hold:

(i) Lo < L < N and |Vp| < en,
(i) Vi] =--- = [Vi] = m,
(iil) der(v) > dg(v) — (d+e)n*t for allv €V,

(iv) every edge of G' with more than one vertex in a single cluster V;, for some i €

{1,..., L}, has at least one vertezx in Vj,

(v) for all k-tuples {i1,...,ix} € ([1;;]), we have that (V;,, ..., Vi, )e is e-reqular and has

density either 0 or greater than d.

The proof is very similar to that of the degree form of the Regularity Lemma for graphs,

and will use the following easy proposition.
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Proposition 2.5.4. Let ¢ < p < 1/2. Suppose G is a k-uniform hypergraph and
(Vi,.... V)G is a €' -regular subhypergraph of G with vertex classes V{,..., V), all of size
m. Suppose that there are vertex sets V; C V! with |V;| = pm for alli € {1,...,k}. Then

Vi, ..., Ve is (€'/p)-regular.

Proof. Consider any V;* C V; with |V*| > €'|V;|/p for all i € {1,...,k}. Then |V*| >

(€'/p)pm =e'm. So as (V{,...,V/)g is an '-regular k-tuple, it follows that

|dG(‘/1*7 . ’Vk*) - dG(‘/l/, . 7‘/;4:,)| < 6/.

Similarly, as p > €', we have that

|dG(‘/ivaVk) _dG(Vvlla'-w‘/k:N < 6/'

Hence,

~

£

lda(V, .. V) —da(Vh, .., Vi) < 26" < ;

So by definition, (V4,..., Vi) is an (¢'/p)-regular k-tuple. O

We will use the notation a < b to mean that we can find an increasing function f for

which all of the conditions in the proof are satisfied whenever a < f(b).

Proof of Theorem 2.5.3. Let ¢ > 0, k > 2, Ly € N and d € [0,1). We may assume

that ¢ < 1. We choose further positive constants €', L, satisfying

! '<e,d L1
L67 Y 7L07 k:

By the Weak Hypergraph Regularity Lemma, there exists N’ = N'(¢, L, k) such that if
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we let N :=4N'/e > N' and G = (V, E) is a k-uniform hypergraph on n > N vertices, G

has a partition of its vertices into Vj,..., V], such that:

(a) Ly < L' < N’ and |Vj| < &'n,

() 1Vi] =+ = [V =
(c) for all but at most &’ (Lk/) < &' L* k-tuples {iy, ... i} € ([g]), we have that (V/},..., V] )a
is e’-regular.
We will remove some edges from GG to obtain a graph G’ and a partition Vy, Vi, ...,V of
its vertices, satisfying properties (i)—(v), by carrying out the following steps:
(i) For each k-tuple {iq,..., i} € ([g]), if (V,..., Vi )a is not '-regular, then colour

all edges in (V,..., V] )q red. For any v € V, if there are at least enk~1/10 red

edges incident to v, then we move v to V. Then delete all red edges that do not

have a vertex in V.

After deleting these edges, we observe that the degree of any vertex v € V' is greater than

da(v) —en®1/10.

We have at most &' L’*m’® < &'n* red edges by (c), and so the number of vertices we have

moved to Vj is at most
ke'n*  10ke'n _ en

enkt=1/10 & T 4~

(ii) Next, consider each k-tuple {iq,... iy} € ([g}) such that (V... V! )qg is e’-regular

i1 » Vi

and has density dg(V/,...,V;) < d+¢€'. Colour all edges in these k-tuples blue.

i) Vi
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For each v € V;/ such that there are more than (d+42¢)m* ! edges in (V/,...,V})q
incident to v, mark all but (d + 2&')m/*~! of these edges. Proceed similarly for each
veVy,...,Vi.

Let X be the set of vertices in V| having more than (d + 2¢’)m*! incident edges in

(Vii,..., Vi )g. Note that

i17

(d+2¢"Yym™ 1 X]|

/ / o /
(X, Vi V) > S S = d 2
So since (V;},..., V], )a is €’-regular, we have that |X| < &'m’. Similarly for V;,...,V; .
So we mark at most ke'm* edges in (V/,...,V} )a-

We carry out this process for all ¢’-regular k-tuples of clusters with density at most d+¢’.

There are at most (g) such k-tuples, so the total number of edges marked is at most

/
(Z ) ke'm® < e'n”.

(iii) For every vertex v € V, if there are at least en®~1/10 marked edges incident to v,

then move v to Vj and delete all blue edges that do not have a vertex in V.

For every v € V we delete fewer than (d + 2&")m/k~1 (1;::'_—11) +en*71/10 edges incident to v

in this step. We marked at most e'n* edges, so the number of vertices we move to Vj is

at most
ke'n*  10ke'n cen
enkt1/10 & T 4~
(iv) Delete all those edges which for some i € {1,..., L’} have more than one vertex in

V! and which have no vertices in V{.
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For every v € V the number of edges incident to v that we delete in this step is fewer
than

-2
km/ (Z 2) < kmnF2 < knfT L < knP T LY < enfTh/4

(v) Finally, we ensure that all clusters have the same size by splitting each cluster into
smaller subclusters of size [en/(4L')]. Move the vertices that are left over in each
cluster after this process into the exceptional set V. Call this new exceptional set

Vb and the other new clusters Vi,..., Vp.

We now check that the graph, G’ thus obtained, together with the vertex partition
Vo, Vi, ..., Vi, satisfies properties (i)—(v); (i) and (iv) are clear. Let us consider property

(i). We have that

and also
m/ 4L’ 4N’
< —_

n)/(
So we see that Ly < L < N. Using (a) and that we have added at most en/4 vertices to
(

the exceptional set in each of steps (1), (3) and (5), we have that
3
Vol < &'n+ % < en.

So property (i) is satisfied.

For property (iii) we combine our previous observations to see that for every vertex v € V|
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the number of edges incident to v that we have removed is fewer than

L'—1
en* 1 /10 + ((d 4 2¢"ym/*! ( e 1 ) + 8nk1/10) +ent /4

<(d 4 26" 4+ 9¢/20)n* 1 < (d +e)n™ L
Hence, for every v € V' we have that:

dG/(v) > dg(U) — (d + E)Hk_l.

Finally we check that property (v) is satisfied. So consider any k clusters V;,,...,V;,,
(where {i1,... it} € ([i])) Then either (V;,,...,V;,)e has density 0 or it is an induced
subhypergraph of an ¢’-regular subhypergraph (V;,,...,V],)q, of density greater than
d+ ¢, (for some {j1,...,jkx} € ([g])). Let us assume that dg/(V;,,..., Vi) # 0. Since
\Vi,| = -+ = |Vi,| = em’/4, we can apply Proposition 2.5.4 to see that (V,,...,V;, ) is
¢'/(e/4)-regular with density greater than d 4+ ¢’ — ¢’ = d. Together with out choice of &’

this implies that (V;,,..., Vi, )¢ is e-regular and has density greater than d, as required.

O

We now define a type of hypergraph that will be essential in our application of the Weak

Hypergraph Regularity Lemma.

Definition 2.5.5 (Reduced Hypergraph). Let G = (V, E) be a k-uniform hypergraph.
Given parameters € > 0, d € [0,1) and Ly > 1 we define the reduced hypergraph
R = R(e,d, Lg) of G as follows. Apply the degree form of the Weak Hypergraph Reg-
ularity Lemma to G, with parameters €, d, Ly to obtain a spanning subhypergraph G’
and a partition Vg, ..., Vy of V, with exceptional set Vi and clusters Vi,..., V. Then

R has wvertices Vi,...,Vr, and there exists an edge between V;,,...,V;, precisely when
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(Viy, ..o, Vi )er is e-regular with density greater than d.

The following lemma tells us that this reduced hypergraph (almost) inherits the minimum
degree properties of the original hypergraph. The proof is similar to that of the well known

version for graphs, but we include it here for completeness.

Lemma 2.5.6. Suppose ¢ >0, k >2, 1<l <k—1,Lo>1,and 0 <e <d< /64
Let G be a k-uniform hypergraph with §,(G) > c|G|*=*. Let R = R(e, d, Ly) be the reduced
hypergraph of G. Then at least (u;") — d"3(2k)Y|R|* of the (-tuples of vertices of R have
degree at least (c — 4d'/?)|R|F~*.

Proof. Let G' be the spanning subhypergraph of G obtained by applying the degree form
of the Weak Hypergraph Regularity Lemma to G with parameters ¢, d, Lo; let Vi,...,V,

denote the vertices of R, and let m denote the size of these clusters.

First recall that given any vertex z € V(G') we know that dg/(z) > dg(x) — (d+¢)|G|* L.
Note that since |Vp| < €|G|, we have that the number of edges incident to x that contain

a vertex in Vj is at most 5|G|(k|€‘2) < ¢|G|*1. Hence for all v € V(G' — V;), we have that
der—v,(v) > dg(v) — (d + 28)|G|" > dg(v) — 3d|G|".

We call an /-tuple A of vertices of G’ — Vj bad if deggr_v,(A) < degg(A) — 3dY3|G|F~.
So for each v € V(G' — V;) there are at most (§_})d?/?|G|*~* bad (-tuples A with v € A.
(This follows by double-counting the number of pairs (A, e) where A is a bad (-tuple
with v € A and e € E(G)\E(G" — V}) is an edge containing A.) This in turn implies
that in total at most (§_})d*3|G|* of the (-tuples A are bad. Given 1 < s < k and an
s-tuple (V;,,...,V;,) of clusters of R, we say that an s-tuple A of vertices of G’ — V; lies
in (Viy,...,Vi)if [JANV; | =1foral a € {1,...,s}. We call an ¢-tuple (V;,,...,V;,)

of clusters of R nice if there are less than d'/*m! bad ¢-tuples A of vertices of G' — V},
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which lie in (Vj,,...,V},). So less than (§71)dY3|G|*/m < d*/3(2k)*|R|* of the {-tuples of
clusters of R are not nice. Hence it suffices to show that any nice ¢-tuple of clusters of R

has degree at least (c — 4d"/?)|R|*~* in R.

Consider any nice ¢-tuple of clusters of R, say (V;,,...,V;,). Let A denote the set of all
(-tuples A of vertices of G' — Vy which lie in (V;,...,V;

;) and are not bad. So |A| >
(1 — d"/3)m*. Moreover, the number of edges e of G' — V with |[e N V;,| = 1 for all

a € {l,..., 0} is at least

> degar_vy(A) = | Al (c = 3d"3) |GIF = (e — 4d"?) |G]F'm". (2.5.7)
AceA

Now suppose that the degree in R of (Vj,,...,V;,) is less than (c —4d"/?)|R|*~*. Then the

number of (k — ¢)-tuples {j1,...,Jk_¢} € (k[f}é) for which (Vi,, ..., Vi, Vjy,...,Vj,_ e 18
e-regular with density greater than d is less than (c —4d"/?)|R|*~‘. Note that at most m*
edges of G’ — V; lie in such a subhypergraph. So the number of edges e of G' — 1V} with

lenV; |=1forall a € {1,...,¢} is less than
(C— 4d1/3)‘R|k—6mk < (C _ 4d1/3)|G|k_Zm€,

contradicting (2.5.7). This completes the proof. O

The following lemma uses all of the previous results of this section to allow us to convert

our fractional matchings into integer ones.

Lemma 2.5.8. Let k> 2 and 1 < ¢ < k —1 be integers, and let € > 0. Suppose that for
some b,c € (0,1) and some integer ng, any k-uniform hypergraph on n = ny vertices with
at least (1 —¢) (ZL) (-tuples of vertices of degree at least cn*~¢ has a fractional matching of

size (b+ e)n. Then there exists an integer ny such that any k-uniform hypergraph G on
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n = ny vertices with 6,(G) > (c + e)n*=¢ has an (integer) matching of size at least bn.

Proof. Define n{, € N and new constants ¢’ and d such that 0 < 1/n{ < ¢’ < d <
g,¢,1/k,1/ng. Let G be a k-uniform hypergraph on n > ny vertices, with §,(G) >
(c+¢e)nkf~1. Let G’ be the spanning subhypergraph of G obtained by applying the degree
form of the Weak Hypergraph Regularity Lemma to G with parameters €', d, ng. Let
R := R(¢',d,ngy) be the corresponding reduced hypergraph, and let L := |R|. By Lemma

2.5.6 at least (1 —¢) (j;j) (-tuples of vertices of R have degree at least
(c4e—4d®)LFt > eLF .

So by the assumption in the statement of the lemma, R has a fractional matching, I’ say,

of size (b+¢)L.

For each e € E(R), let K, := [(1 — 2¢')F(e)m]|, where m is the size of each of the
clusters of R. Now construct an integer matching, M say, in G' by greedily adding to M
edges of G’ until, for each e = {V},,..., V), } € E(R), M contains precisely K. edges of
(Viys .-,V )er. Note that at each stage of this process the number of vertices in each
V; € V(R) that would be covered by M is at most

L—-1

Y Ko< ) (1=2)F(e)m+1) < (1 -2 )ym + (k .

e:Vi€e e:V;€e

) <(1-¢&)m.
Note also that for every edge e = {V},,...,V},} € E(R), we have that (V,,..., V)¢ is

g’-regular with density d > &’. So indeed, by the definition of &’-regularity, it is possible

to successively add edges to M in order to obtain a matching M as desired.
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Note that the size of M is

Z K. > Z (1-2"YF(eym= (1 -2 Ym(b+e)L > (1 —2")(b+¢)(1 —&)n > bn.
e€E(R) e€E(R)

So indeed G has an (integer) matching of size at least bn. O

We are now in a position to prove Theorem 2.1.4.

Proof of Theorem 2.1.4. Let ¢/ > 0 and let 0 < &” <« &',¢,1/k,1/2(k — d) — a. Let
ng € N be sufficiently large and suppose that n > ngy. Let ¥ := k —d and n’ :==n — d.
Then

K = don —d) = fOR ) < T ) < g (K )

(2.4.2) , 5’ n/
k
< (1 — (]_ — a — 25//) + Z) (k/)

< (1—(1—a)k_d+%/> (Z:Z)

So by Proposition 2.4.1, if H is a k-uniform hypergraph on n vertices such that for at

least (1 —¢&”)(%}) d-tuples of vertices L € (V(dH)) we have

degu(L) > 1= u (_k“_)kc;; T2 s (1 - (1—a) %) (Z _ ;l)’

then H has a fractional matching of size (a + €”)n. So by Lemma 2.5.8, any k-uniform

hypergraph G on n > ny vertices (where nj is sufficiently large) with

54(G) > (1— (1—a)~t+¢) (Z - ;l) . (1 - - kad)d! +e/2 6,,) e

has an (integer) matching of size at least an. This gives the upper bound in Theorem 2.1.4.

The lower bound follows from (2.2.1). O
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We can prove Theorem 2.1.2 in a similar way, but to do so we will need to use the
absorbing technique as introduced by Rodl, Rucinski and Szemerédi [69]. More precisely,
we use the existence of a small and powerful matching M,,s in G which, by ‘absorbing’
vertices, can transform any almost perfect matching into a perfect matching. M,,s has
the property that whenever X is a sufficiently small set of vertices of G not covered by
Mgy (and |X| € kN) there exists a matching in G which covers precisely the vertices
in X UV (Mgys). Since this part of the proof of Theorem 2.1.2 is very similar to the

corresponding part of the proof of Theorem 1.1 in [5], we only sketch it.

Proof of Theorem 2.1.2 (sketch). Let ¢ > 0 and suppose that G is a k-uniform

hypergraph on n vertices with minimum d-degree at least

(k;d_k—kkdl—1+€) (Z:Z)>(%+E> (Z:;l)_ (2.5.9)

(2.5.9) implies that we can use the Strong Absorbing Lemma from [39] to find an absorbing

matching M, in G, and set G’ := G\V (M_s). Using the degree condition, Theorem 2.1.9
gives us a perfect fractional matching in G’ for sufficiently large n. Lemma 2.5.8(ii) then
transforms this into an almost perfect integer matching M, in G'. We then extend

My U Mgy to a perfect matching of G by using the absorbing property of M ;. O

2.6 Variants of Theorems 2.1.4 and 2.1.6

Using a method similar to that employed in proving Theorem 2.1.2 it is possible to prove
a variant of Theorem 2.1.6 that verifies Conjecture 2.1.5 asymptotically for all k,s € N

satisfying £k > 4 and s/n < aj, where a; is the unique solution in (0,1/(k + 1)) to
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gr(x) =1, where
1—(1—2x)k!
gk(‘r) T (1 _ lL‘)k_l )

(see Theorem 2.6.1). For small values of k this allows us to verify Conjecture 2.1.5 asymp-
totically for some values of s not covered by Theorem 2.1.6. For example for k£ = 4 this
allows s to range up to 0.567n/k. This approach also yields a slight improvement, for
small values of k, to the range of matching sizes allowed in Theorem 2.1.4 (see Theo-
rem 2.6.2). But for large & Theorem 2.1.6 gives the better bounds on the matching sizes
allowed (as ay is close to 0.48/k in this case). The purpose of this section is to prove

Theorems 2.6.1 and 2.6.2, below.

Theorem 2.6.1. Letn, k >4 and 0 < a < ai be such that n, k, an € N. The minimum
number of edges in a k-uniform hypergraph on n vertices which forces a matching of size
an 1is

(1—(1—a)+0(1)) (Z)

Theorem 2.6.2. Let ¢ > 0 and let n, k, d be integers with 1 < d < k — 4, and let

0 < a <min{ag_g4, (1 —€)/k} be such that an € N. Then

ma™(k,n) = (1 — (1 —a)** +0(1)) (Z i j).

We first show that the equation gi(x) = 1 does indeed have a unique solution in (0, 1/(k+

1)), as claimed.

Proposition 2.6.3. Let k € N with k > 3. The equation gi(x) = 1 has a unique solution
in (0,1/(k+1)).

Proof. Note that gx(x) is strictly increasing for = € (0,1/(k + 1)) and that gx(0) = 0.
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Also note that

(x>_1—(1 20) (1+2)* ! (14 a)h = (1—a— 227!
9k\T) = (1—x)k1  (1+4xz)k1 (1 — g2kl
(]_ + x)kfl ( C(])k 1 - .

(1 — z2)k1 >4 2) (1 —2)" > 2k — 1)a,

for x € (0,1/2), so g(1/(k+1)) >2(k—1)/(k+1) > 1 for k > 3. So indeed gx(z) =1
has a unique solution in (0,1/(k + 1)). O

Propositions 2.6.4 and 2.6.5 below will allow us to use induction in the subsequent argu-
ments, by establishing the base case and the validity of the inductive step respectively.

For a proof of Proposition 2.6.4 see Corollary 2.1 in [5].

Proposition 2.6.4. For k=4, x < 1/5,

rn n
M (kyn) = (1—(1—2)*+0(1)) (k’)
Proposition 2.6.5. For all k € N with k > 4 we have ax/(1 — a) < ag_1.

Proof. Recall from the proof of Proposition 2.6.3 that gx_;(x) is strictly increasing for = €
(0,1/k). Since ar/(1 —ax) < 1/k, it suffices to show that gr—1(ar/(1 —ax)) < gr—1(ar-1).
As by definition gx_;(ax—1) = 1 = gr(ax), it suffices to show gr_1(ar/(1 — ax)) < gr(ak).
For clarity, we denote a; simply by a for the remainder of this proof. So it suffices to

show that

(1-a)*?—(1-3a)* 2:1—(1—%)k’2<1_(1_2a)k—1
(1 — 2a)k-2 (1 — —)k-2 (1 — )1

l1—a

(2.6.6)
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This in turn is equivalent to s(a) 4 t(a) < 0, where

s(a) == (1—a) (1 —a)?)"? = (1 —20)*2,

t(a) == (1—2a) ((1 - 2(1)2)’“*2 — (1 —a)((1 —a)(1—3a)*2
Now,

(0 = (120 +0)" "~ (1= 20 (1~ )"

- (Z (k ; 2 a® (1 — 2a)k_2_i> —a((1- a)2)k72

i=1

S (li(’“ -2 (f: f) a” (1~ 2a)“”> —a((1-a))
~ (k-2)a? (2 (F %) 2>) (- o)

— (k—2)a® (1-2a+a*)"" —a((1-a)?)""

—a((1=a)®) " (alk —2) — (1 —a)?).

Note that a((1 — a)?)*=3 > 0, that ¢(a) := a(k — 2) — (1 — a)? is increasing in a for

a€ (0,1/(k+1)) and that ¢;(1/(k + 1)) < 0. Hence, s(a) < 0.

Similarly,

ta) = (1-a)(1-da+3a’ +0°)"" — (1-a) (1 - 4a+30a>)"" —a((1-20?)""

< (k) . 2)(1 i a)a2 ((1 . 2@)2)1673 —a ((1 . 2a)2)k72

—a((1=2a)*)" (a(k —2)(1 — a) — (1 — 20)?) .

Note that a((1 —2a)?)k=3 > 0, that ga(a) := a(k — 2)(1 — a) — (1 — 2a)? is increasing in a
for a € (0,1/(k+ 1)) and that ¢2(1/(k + 1)) < 0. Hence, t(a) < 0.
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So s(a) 4+ t(a) < 0 and so (2.6.6) holds. O

Theorem 2.6.7, below, is an analogous result to Theorem 2.1.8 for matchings of size at

most agn, and is proved using a similar inductive argument.

Theorem 2.6.7. Let n, k > 4 be integers and let 0 < a < ag. Then

m(k,n) = (1— (1 —a)* +o(1)) (Z)

Proof. The proof will proceed by induction on k. The base step, k& = 4, follows by
Theorem 2.6.4, (as ay < 1/5 by definition).

Now consider some k& > 4 and suppose that the theorem holds for all smaller values of k.
Let ¢ > 0 and let ng € N be sufficiently large compared to 1/ and k. Fix any a with

0 < a < ay. For convenience let us define

£(a) = (1—(1— ¢ ) )(l—a)k_1+1—(1—a)k_1:1—(1—2a)k_1.

l1—a

Consider any k-uniform hypergraph G = (V| E)) on n > ng vertices, and suppose that the
largest fractional matching of G is of size less than an. Then by Proposition 2.2.2 there

exists a fractional vertex cover, w say, of G with size less than an. By Proposition 2.6.5,

a Qe
< < Qp_1. 2.6.8
1—a 1— Qg -1 ( )

Let c:=1— (1 —a/(1 —a))* ! +¢/2. Then by induction and (2.6.8),
"/(1 n,
a1 ‘“><k—1,n'><c( )

kE—1
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for all sufficiently large n’. So, as ng is sufficiently large, Lemma 2.3.1 implies that there

are less than an vertices of G with degree at least (£(a) +¢) (7).

Let S be the set of [an] — 1 vertices of G with highest degree. Note then that dg(v) <
(&(a) +€)(77)) for all v € V\S. Given X C V\S, for all s € S let tx(s) denote the
number of k-tuples of vertices of G consisting of s and k — 1 vertices from V'\ S such that

at least one of these k — 1 vertices lies in X.

We claim that X C V\S can be chosen such that tx(s) > &(a)(}_)) for all s € S. Indeed,

if we take X to be V\S then for each s € S we have that

= (M) = =) () 2 )).

To see that the final inequality holds for sufficiently large ng, note that

§(a)

Aot = gr(a) < gr(ar) =1, (2.6.9)

by definition of a and ay, and the fact that gx(z) is strictly increasing for = € (0,1/(k+1)).

Choose X C V\S of minimal size with the property that tx(s) > &(a)(}~)) for all s € S.
Note that tx(s) = tx(s) for all s,s' € S and tx(s) < (£(a) +¢)(}7;). (The latter holds

since we may assume that ng is sufficiently large.) Also let
E':={ecE:enS=0}U{ecE:lenS|=1]lenX|>1}.

So
IE\E'| < (Z) — (1= ) +0(1)) (Z) — ¢(a) (Z B D ([an] — 1). (2.6.10)
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Now, note that by Proposition 2.2.3,

e(G) <Y D> ww)+ ) > ww) + [E\E.
e€E vee\S e€E’ veens
Together with the facts that dg(v) < (£(a)+¢)(7~}) for all v € V\S and that the number
of edges in E' incident to s is at most tx(s) < (£(a) +¢)(}~) for all s € S, this implies

that

() < (e +2)() ) Jut + I\E)

veV

Now, recalling that the size of w is less than an and that a < a;, < 1/(k + 1) gives

(@) < () +2)(; 7 Jan+ 10\ < 0= a4 ()

By definition, this shows that f§"(k,n) < (1 — (1 —a)* 4 o(1))(}). This, along with the

lower bound (2.2.1), completes the inductive step and hence the proof. O

Note that the main constraint which restricts the range of a here is given by (2.6.9).

The following lemma tells us that the reduced hypergraph defined in Section 2.5 (almost)
inherits the edge density properties of the original hypergraph. It can be seen as an
analogue of Lemma 2.5.6, with the notion of edge density replacing that of minimum

degree.

Lemma 2.6.11. Suppose ¢ > 0, k > 2, Ly > 1 and 0 < ¢ < d < ¢/4. Let G be a
k-uniform hypergraph with e(G) > c|G|¥. Let R = R(e,d, Ly) be the reduced hypergraph
of G. Then e(R) > (c — 4d)|R|".

Proof. Let G’ be the spanning subhypergraph of G obtained by applying the degree form
of the Weak Hypergraph Regularity Lemma to G with parameters €, d, Lg; let Vi,...,V,

denote the vertices of R, and let m denote the size of these clusters.
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To prove (i), suppose that e(R) < (c—4d)|R|*. So there are less than (c—4d)|R|* k-tuples
{i1,...,ix} € ([i]) such that (Vj,,...,V;, )o has non-zero density. Note that at most m*

edges lie in such a k-tuple. So
e(G' = Vp) < (¢ — 4d)|R[FmF < (¢ — 4d)|G|*.

However, given any vertex z € V(G') we know that dg:(x) > dg(x) — (d+¢)|G|*1. Note
that since |Vy| < |G|, we have that the number of edges incident to x that contain a
vertex in Vj is at most |G| (k‘fg) < ¢|G)* L. Hence for all v € V(G — V}), we have that

der_vy (v) > de(v) — (d+ 2¢)|G]*1. So

2 vev(a—vy) dar—vp (V) < <EveV(G) dG(U)) - (ZUEVO da(v)) — (d+ 22)|GI*
k k '

e(G'=Vp) =

Since |Vp| < |G|, this implies that

(d+ 3¢)|G|*

e(G'—=Vp) > e(G) — .

> (c—4d)|GI%,

a contradiction. This proves (i). O

The next lemma allows us to convert our fractional matchings into integer ones, similarly
to Lemma 2.5.8, but again replacing the notion of minimum degree by that of edge density.
The proof is almost identical to that of Lemma 2.5.8, just using Lemma 2.6.11 instead of

Lemma 2.5.6, and so is omitted here.

Lemma 2.6.12. Let k € N with k > 2, and let ¢ > 0. Suppose that for some b,c € (0,1)
and some integer ng, any k-uniform hypergraph G* on n > ng vertices with e(G*) > cn®
has a fractional matching of size (b + €)n. Then there exists an integer ny such that

any k-uniform hypergraph G on n > nj vertices with e(G) > (c + e)n* has an (integer)
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matching of size at least bn.

We are now in a position to prove Theorems 2.6.1 and 2.6.2. The proof of Theorem 2.6.2
is almost identical to that of Theorem 2.1.4, just using Theorem 2.6.7 instead of Theo-
rem 2.1.6, and so the details are omitted here. Theorem 2.6.1 follows immediately from

Lemma 2.6.12, Theorem 2.6.7 and the lower bound (2.2.1).
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CHAPTER 3

PROOF OF A TOURNAMENT PARTITION
CONJECTURE AND AN APPLICATION TO
1-FACTORS WITH PRESCRIBED CYCLE

LENGTHS

3.1 Chapter introduction

3.1.1 Partitioning tournaments into highly connected subtour-

naments

As discussed in Chapter 1, there is a rich literature of results and questions relating
to partitions of (di)graphs into subgraphs which inherit some properties of the original

(di)graph. Hajnal [37] and Thomassen [77] proved that for every k there exists an integer
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f (k) such that every f(k)-connected graph has a vertex partition into sets S and 7" so that
both S and 7" induce k-connected graphs. In this chapter we investigate a corresponding

question for tournaments.

A tournament is an orientation of a complete graph. A tournament is strongly connected
if for every pair of vertices u,v there exists a directed path from u to v and a directed
path from v to u. For any integer k£ we call a tournament T strongly k-connected if
|[V(T)| > k and the removal of any set of fewer than k vertices results in a strongly
connected tournament. We denote the subtournament induced on a tournament 7" by a

set U C V(T) by T[U].

The following problem was posed by Thomassen (see [65]).

Problem 3.1.1. Letky, ..., k; be positive integers. Does there exist an integer f(ki, ..., k;)
such that every strongly f(ki,...,ki)-connected tournament T admits a partition of its
vertex set into vertex classes Vi, ..., V; such that for alli € {1,... t} the sublournament

T|V;] is strongly k;-connected?

If k; =1 foralli e {2,...,t} then f(ki,..., k) exists and is at most k; + 3t — 3. This
follows by an easy induction on ¢, taking V; to be a set inducing a directed 3-cycle. Chen,
Gould and Li [20] showed that every strongly ¢-connected tournament with at least 8¢
vertices admits a partition into ¢ strongly connected subtournaments. This gives the best
possible connectivity bound in the case ky = -+- = k;, = 1 and |V(T)| > 8t. Until now
even the existence of f(2,2) was open. The main result in this chapter answers all cases

of the above problem of Thomassen in the affirmative.

Theorem 3.1.2. Let T be a tournament on n vertices and let k,t € N with t > 2. If T

is strongly 107k%t3log(kt?)-connected then there exists a partition of V(T) into t vertex
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classes Vi, ..., Vi such that for all i € {1,...,t} the subtournament T[V;] is strongly k-

connected.

The above bound is unlikely to be best possible. It would be interesting to establish the
correct order of magnitude of f(ki,..., k) for all fixed k; and ¢. In fact, we believe a

linear bound may suffice.

Conjecture 3.1.3. There exists a constant ¢ such that the following holds. Let T be a
tournament on n vertices and let k,t € N. If T is strongly ckt-connected then there exists
a partition of V(T) into t vertex classes Vi,...,V; such that for all i € {1,...,t} the

subtournament T'|V;] is strongly k-connected.

It would also be interesting to know whether Theorem 3.1.2 can be generalised to digraphs.
Question 3.1.4. Does there exist, for all k,t € N, a function f(k;,t) such that for every

strongly f(k,t)-connected digraph D there exists a partition of V(D) into t vertex classes
Vi,..., Vi such that for alli € {1,...,t} the subdigraph D[V;] is strongly k-connected?

Recently Kim, Kiithn and Osthus [45] proved a stronger version of the case ¢ = 2 of
Theorem 3.1.2, which ensures that the bipartite digraph T[Vi, V5] is also strongly k-

connected.

Instead of proving Theorem 3.1.2 directly, we first prove the following somewhat stronger
result. It establishes the existence of small but powerful ‘linkage structures’ in tourna-
ments, and Theorem 3.1.2 follows from it as an immediate corollary. These linkage struc-
tures are partly based on ideas of Kiihn, Lapinskas, Osthus and Patel [48], who proved
a conjecture of Thomassen by showing that for every k there exists an integer f (k) such

that every strongly f (k)-connected tournament contains k£ edge-disjoint Hamilton cycles.
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Theorem 3.1.5. Let T be a tournament on n vertices, let k,m,t € N with m >t > 2.
If T is strongly 107kS5t2>m log(ktm)-connected then V(T) contains t disjoint vertex sets
Vi, ..., Vi such that for every j € {1,...,t} the following hold:

(i) V3l <n/m,

(ii) for any set R C V(T)\U:_, Vi such that |V; U R| > k the subtournament T[V; U R]

18 strongly k-connected.

Recently, Pokrovskiy [59] has also used similar linkage structure ideas to prove that every
strongly 452k-connected tournament is k linked. This is an improvement on a result of
Kiihn, Lapinskas, Osthus and Patel [48] that we use here (Theorem 3.2.3), and would
in fact allow us to slightly improve the connectivity bounds in Theorems 3.1.2, 3.1.5,
and 3.1.7. However, we present these Theorems here in their original form to remain

consistent with the published version of this chapter.

3.1.2 Partitioning tournaments into vertex-disjoint cycles

Theorem 3.1.5 also has an application to another problem on tournaments, this time con-
cerning partitioning the vertices of a tournament into vertex-disjoint cycles of prescribed

lengths.

Reid [64] proved that any strongly 2-connected tournament on n > 6 vertices admits a
partition of its vertices into two vertex-disjoint cycles (unless the tournament is isomorphic
to the tournament on 7 vertices which contains no transitive tournament on 4 vertices).
Chen, Gould and Li [20] showed that every strongly ¢-connected tournament with at least

8t vertices admits a partition into t vertex-disjoint cycles. This answered a question of
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Bollobés (see [64]), namely what is the least integer g(t) such that all but a finite number
of strongly ¢(t)-connected tournaments admit a partition into ¢ vertex-disjoint cycles?

Song proved the following strengthening of Reid’s result.

Theorem 3.1.6. [73] Let T' be a tournament on n > 6 vertices and let 3 < L < n — 3.
If T is strongly 2-connected then T' contains two vertex-disjoint cycles of lengths L and
n—L (unless T is isomorphic to the tournament on 7 vertices which contains no transitive

tournament on 4 vertices).

Song [73] also posed a question that generalises the question of Bollobds. Namely, for
any integer t, what is the least integer h(t) such that all but a finite number of strongly
h(t)-connected tournaments admit a partition into ¢ vertex-disjoint cycles of prescribed
lengths? Until now, for ¢ > 3, even the existence of h(t) remained open. The following

consequence of Theorem 3.1.5 settles this question in the affirmative.

Theorem 3.1.7. Let T' be a tournament on n vertices, let t € N with t > 2 and let
Ly,....,L; € N with Ly,..., Ly > 3 and Z;Zl Li = n. If T is strongly 10'°t*logt-

connected then T' contains t vertex-disjoint cycles of lengths Ly, ..., L;.

Camion’s theorem (see [19]) states that every strongly connected tournament contains
a Hamilton cycle. So certainly g(1) = h(1) = 1. Note that Song [73] showed that
g(2) = h(2) = 2. Clearly g(k) < h(k) for all k. Song [73] conjectured that g(k) = h(k) for

all k. Showing that h(k) is linear would already be a very interesting step towards this.

Theorem 3.1.7 has a similar flavour to the El-Zahar conjecture. This determines the
minimum degree which guarantees a partition of a graph into vertex-disjoint cycles of
prescribed lengths and was proved for all large n by Abbasi [1]. A related result to
Theorem 3.1.7 for oriented graphs (where the assumption of connectivity is replaced by

that of high minimum semidegree) was proved by Keevash and Sudakov [42].
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The rest of the chapter is organised as follows. In Section 3.2 we lay out some notation,
set out some useful tools, and prove some preliminary results. Section 3.3 is the heart of

the chapter in which we prove Theorem 3.1.5. In Section 3.4 we deduce Theorem 3.1.7.

3.2 Notation, tools and preliminary results

We write |T'| for the number of vertices in a tournament 7. We denote the in-degree of a
vertex v in a tournament T by d(v), and we denote the out-degree of v in T by df(v).
We say that a set A C V(T') in-dominates a set B C V(T') if for every vertex b € B there
exists a vertex a € A such that there is an edge in T directed from b to a. Similarly, we
say that a set A C V(T') out-dominates a set B C V(T') if for every vertex b € B there
exists a vertex a € A such that there is an edge in T' directed from a to b. We denote the
minimum semidegree of T' (that is, the minimum of the minimum in-degree of 7" and the
minimum out-degree of T') by §°(T). We say that a tournament T is transitive if we may
enumerate its vertices vy, ..., vy, such that there is an edge in T" directed from v; to v; if
and only if ¢ < 7. In this case we call v; the source of T' and v,, the sink of T'. The length
of a path is the number of edges in the path. If P = z; ...z, is a path directed from z
to xy then we denote the set {x1,...,z,}\{x1, 2.} of interior vertices of P by Int(P), and
if 1 <14 < j </ we say that ; is an ancestor of x; in P and that z; is a descendant of
x; in P. We say that an ordered pair of vertices (x,y) is k-connected in a tournament 7'
if the removal of any set S C V(T')\{z,y} of fewer than k vertices from 7T results in a
tournament containing a directed path from x to y. A tournament 7' is called k-linked if
|T| > 2k and whenever xy, ..., 2k, y1,...,yr are 2k distinct vertices in V(G) there exist
vertex-disjoint paths P, ..., P, such that P; is a directed path from z; to y; for each
i € {1,...,k}. For clarity we may sometimes refer to a strongly connected tournament

as a strongly 1-connected tournament. Throughout the chapter we write logx to mean
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log, x.

We now collect some preliminary results that will prove useful to us. The following

proposition follows straightforwardly from the definition of linkedness.

Proposition 3.2.1. Let k € N. Then a tournament T' is k-linked if and only if |T| > 2k
and whenever (x1,v1), ..., (g, yx) are ordered pairs of (not necessarily distinct) vertices
of T, there exist distinct internally vertex-disjoint paths Py, ..., Py such that for all i €

{1,..., k} we have that P; is a directed path from x; to y; and that {x1,..., Tk, Y1, ..., Yk N
V(F) = {z:, ui}-

Proposition 3.2.2. Letk,s € N and let T be a ks-linked tournament. Let (x1,y1), ..., (Tk, yk)
be ordered pairs of (not necessarily distinct) vertices of T'. Then there exist distinct in-
ternally vertex-disjoint paths Py, ..., Py such that for alli € {1,... k} we have that P; is

a directed path from x; to y; with {x1,..., 2, y1,...,ys} NV (B;) = {x;,y;} and such that
|Int(P) U---Ulnt(Py)| < |T/s.

Proof. By Proposition 3.2.1 T contains ks distinct internally vertex-disjoint paths P!, ..., P§
such that for all s € {1,... k} and j € {1,..., s} we have that Pij is a directed path from
z; to y; and that {z1, ..., 2% y1, ...,y } NV(P)) = {z;,y;}. The disjointness of the paths
implies that there is a j € {1,...,s} with |Int(P])U---UInt(P})| < |T|/s. So the result
follows by setting P, := P/ for all i € {1,...,k}. O

We will also use the following theorem from [48] in proving Theorem 3.1.5.

Theorem 3.2.3. [48] For all k € N with k > 2 every strongly 10*k log k-connected tour-

nament is k-linked.

The following lemma, which we will also use in proving Theorem 3.1.5, is very similar

to Lemma 8.3 in [48]. The proof proceeds by greedily choosing vertices v; = v, vy, ..., v;

52



such that the size of their common in-neighbourhood is minimised at each step. We omit

the proof since it is almost identical to the one in [48].

Lemma 3.2.4. Let T be a tournament, let v € V(T) and suppose ¢ € N. Then there

exist disjoint sets A, E C V(T) such that the following properties hold:

(i) 1 < |A| < ¢ and T[A] is a transitive tournament with sink v,
(ii) either E =0 or E is the common in-neighbourhood of all vertices in A,
(iii) A out-dominates V(T)\(AU E),

(iv) |E] < (1/2) dy(v).

The next lemma follows immediately from Lemma 3.2.4 by reversing the orientations of

all edges.

Lemma 3.2.5. Let T' be a tournament, let v € V(T) and suppose ¢ € N. Then there

exist disjoint sets B, E C V(T') such that the following properties hold:

(i) 1 < |B| < ¢ and T[B] is a transitive tournament with source v,
(i) either E =10 or E is the common out-neighbourhood of all vertices in B,
(iii) B in-dominates V(T)\(BU E),

(iv) |E] < (1/2) dp(v).

The following well-known observation will be useful in proving the subsequent technical

lemma, which is essential to the proof of Theorem 3.1.5.
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Proposition 3.2.6. Let k € N and let T' be a tournament. Then T contains less than 2k

vertices of out-degree less than k, and T contains less than 2k vertices of in-degree less

than k.

We call a non-empty tournament @) a backwards-transitive path if we may enumerate the
vertices of @) as qi,...,q)g such that there is an edge in @) from ¢; to ¢; if and only if
either j =i+ 1 or ¢ > j 4+ 2. The following lemma shows that if a tournament 7' can be
split into vertex-disjoint backwards transitive paths then there exist small (not necessarily

disjoint) sets U and W which are ‘quickly reachable in a robust way’.

Lemma 3.2.7. Let k¢ € N and let T be a tournament on vertex set V.= Q,U...UQy,
with |Q;| = k+ 1 for all j € {1,...,0}. Suppose that, for each j € {1,...,(}, T|Q;]
is a backwards-transitive path. Then there exist sets U, W, U', W' satisfying the following

properties:

e UCU CV(T) and W C W' C V(T),
o [U],|W| < 2k(k+1) and |U'|,|W'| = £(k + 1),

o for any set S C V(T) of size at most k—1, and for every vertex v in V(T)\S, there
exists a directed path (possibly of length 0) in T[(U" U{v})\S] from v to a vertex in
U and a directed path in T[(W' U {v})\S] from a vertez in W to v.

Proof. We prove only the existence of U, U’; the existence of W, W’ follows by a symmetric
argument. Let the backwards-transitive paths 7'[Q);] have vertices enumerated qjl», e q}Qj |
such that there is an edge in T'[Q;] from ¢ to qg if and only if either b = a+1 or a > b+2.
Fori € {l,....,k+ 1} let T; := T[{q},...,q,}]. Thus |T;| = £. Let U; C V(T;) be a set
of min{2k, ¢} vertices of lowest out-degree in T, let U' := V(T1) U --- UV (Tj41), and let

U:=U U---UUs1. Then clearly |U| < 2k(k+ 1) and |U’| = ¢(k + 1). Now suppose
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S C V(T) is of size at most k — 1 and v € V(T)\S. We need to show that there exists

a directed path (possibly of length 0) in T'[(U" U {v})\S] from v to a vertex in U. We

consider four cases:

()
(i)

(i)

If v € U then we are clearly done.

Ifv e V(T;)\U for somei € {1,...,k+1} and V(T;)NS = 0, then let u € UNV (T;) =
U;. Since the vertices of each U; were picked to have minimal out-degree in T}, we
have that dj, (u) < df, (v), so there is an edge in T' from either v or one of its out-
neighbours in T; to u. So there is a directed path in T; of length at most two from

v to uw and we are done.

If v e V(T;)\U for some i € {1,...,k+ 1} and V(T;) NS # 0, then first note that
since v € V(T;)\U, it must be that ¢ = |T;| > 2k. Note then that by Proposition
3.2.6 and our choice of U we have that dj, (v) > k. Hence, since |S| < k — 1, there
is at least one j € {1,...,¢} such that qj- is an out-neighbour of v and such that
Q; NS = 0. Also since S| < k — 1, there is some i’ € {1,...,k + 1} such that
V(Ty) NS = 0. Since T[Q,] is a backwards-transitive path, there is a directed path
in T[Q; N U’] from ¢} to ¢!, and by (i), (ii) there is a directed path (possibly of
length 0) in T} from q;»' to a vertex in U. So piecing these paths together gives us a
directed path P in T'[U’\S] from v to U as required. (Indeed, note that P avoids S
since both @); and T}y avoid S.)

If v € V(T)\U’ then note that v = ¢} for some j € {1,...,¢} and some i > k + 1.
Now since T'[@Q;] is a backwards-transitive path, there are edges in T" directed from
v to each of the vertices q}, o ,q;“. Since |S| < k — 1, there is some ¢ € {1,...,k}
such that ¢/ ¢ S. By (i)-(iii) there is a directed path in T'[U"\S] from ¢} to a vertex
in U. So this path together with the edge directed from v to qé is the directed path

required.
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This covers all cases and we are done. [l

3.3 Proof of Theorem 3.1.5

The purpose of this section is to prove Theorem 3.1.5. Very briefly, the proof strategy is
as follows: suppose for simplicity that k£ =t = m = 2. We aim to construct small disjoint
out-dominating sets Ay, ..., Ay (i.e. for every vertex v € V(T') there is an edge from each
A; to v) so that each A; induces a transitive subtournament of 7. Similarly, we aim to
construct small disjoint in-dominating sets B;. Then for each i we find a short path P,

joining the sink of B; to the source of A;, using the assumption of high connectivity. Let

Vi:=DyU Dy and V; := D3 U Dy, where D; := A;UV(P)UB, fori=1,... 4.

Now it is easy to check that Theorem 3.1.5(ii) holds: consider R as in (ii) and delete an
arbitrary vertex s from V; U R to obtain a set W. To prove (ii) we have to show that for
any z,y € W there is a path from x to y in T[W]. To see this note that, without loss
of generality, W still contains all of D; (otherwise we consider D, instead). Since Bj is
in-dominating, there is an edge from z to some b € B;. Similarly, there is an edge from
some a € A; to y. Since A; and B; induce transitive tournaments, we can now find a

path from b to a in T'[D;] by utilizing P; (see Claim 1).

The main problem with this approach is that one cannot quite achieve the above domi-
nation property: for every A; there is a small exceptional set which is not out-dominated
by A; (and similarly for B;). We overcome this obstacle by using the notion of ‘safe’
vertices introduced before Claim 2. With this notion, we can still find a short path from

an exceptional vertex x to B; (rather than a single edge).

Proof of Theorem 3.1.5. Let x1,..., 2 be kt vertices of lowest in-degree in T'. Let
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Y1, ..., Yre be kt vertices in V(T)\{x1, ...,z } whose out-degree in 7" is as small as pos-

sible. Define

5 (T) = dr(v) and 5H(T) = IIllyIll dt(v).

min
vEV(T\{@1,mpe} vV (T\{y1,0 ke }

Let ¢ := [log (32k?tm)]. We may repeatedly apply Lemmas 3.2.4 and 3.2.5 with pa-
rameter ¢ (removing the dominating sets each time) to obtain disjoint sets of vertices
Ay, ..., Ak, By, ..., By and sets of vertices Ea,, ..., Ea,,, Ep,, ..., Ep,, satisfying the fol-

lowing properties for all i € {1,..., kt}, where we write D := [, (4; U B;).

(i) 1 <|A4;| < cand T[A;] is a transitive tournament with sink z;,
(i) 1 < |B;y| < cand T[B;] is a transitive tournament with source y;,
(iii) either E4, = 0 or Ey4, lies in the common in-neighbourhood of all vertices in A;,
(iv) either Ep, = () or Ep, lies in the common out-neighbourhood of all vertices in B;,
(v) T[A;] out-dominates V(T)\(D U Ey,),
(vi) T[B;] in-dominates V(T)\(D U Eg,),
(vid) [Ea,| < (1/2)7107(T),

(vii) |Ep,| < (1/2)"10+(T).

For j € {1,...,t} define j* := {(j — Dk +1,...,(j — 1)k + k}, define A7 := [J,c;« A, and
similarly define B} = Uiej* B;. Define By := E4,U---UEy,,, and g :== Ep, U---ULEpR,,.
Finally define F := EF4 U E. Note that

| < kit (%)C_lg‘(T) <— 5, (3.3.1)
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by our choice of c. Similarly, |Eg| < 6 (T)/(16km).

For the remainder of the proof we will assume that |E4| < |Eg|. The case |E4| > |Ep|

follows by a symmetric argument. Note then that

|E| < |Eal + |Ep| < 2|Ep| < 6%(T)/(8km). (3.3.2)

Our aim is to use the dominating sets A;, B; to construct the sets V; required. Roughly
speaking, for each i € {1,...,kt} our aim is to use the high connectivity of 7" in order to
find vertex-disjoint paths P; in T — D directed from the sink of B; to the source of A;.

We will then form disjoint vertex sets Vi,...,V; with

AuBUl VR cy (3.3.3)

ISy

Claim 1: Suppose that j € {1,...,t} and that V; C V(T) satisfies (3.3.3). Then for any
pair of vertices x € V(T)\(D U Eg) and y € V(T)\(D U E,), the ordered pair (x,y) is
k-connected in T[V; U {x,y}].

Indeed, if we delete an arbitrary set S C V;\{z,y} of at most k — 1 vertices then there is
some ¢ € j* such that SN(A;UB;UV(P;)) = 0. So there is an edge from z to some vertex
b € B; (since B; is in-dominating and x ¢ D U Ep,) and an edge from b to the sink of B;
(if b is not the sink of B;); and similarly there is an edge from some vertex a € A; to y
and an edge from the source of A; to a (if a is not the source of A;). Then these at most
four edges together with P, form a directed walk from x to y in T[(V;\S) U {x, y}|, which
we can shorten if necessary to find a directed path from x to y in T[(V;\S) U {z,y}], as

required.

o8



Claim 1 is a step towards constructing sets V; as required in Theorem 3.1.5. However
note that this construction so far ignores the problem of finding paths to or from the
(relatively few) vertices in DU E (in order to satisfy Theorem 3.1.5(ii)), and the problem
of controlling the sizes of the vertex sets Vi,...,V; (in order to satisfy Theorem 3.1.5(i)).
To address the former problem we will introduce the notion of ‘safe’ vertices and will

construct the sets Vi,...,V; (which will eventually satisfy (3.3.3)) in several steps.

We will colour some vertices of V(T') with colours in {1,...,t}, and at each step V; will
consist of all vertices of colour j. At each step we will call a vertex v in V} forwards-safe if
for any set S # v of at most k— 1 vertices, there is a directed path (possibly of length 0) in
T[V;\S] from v to V;\(DU EUS). Similarly we will call a vertex v in V; backwards-safe
if for any set S # v of at most k — 1 vertices, there is a directed path (possibly of length
0) in T[V;\S] to v from V;\(DU E4US). We call a vertex safe if it is both forwards-safe
and backwards-safe. We also call any vertex in V(T')\ (V' U E) safe, where V' := U§'=1 Vj.

Note that the following properties are satisfied at every step:

e all vertices outside D U E are safe,

e all vertices in V' \ (D U Ep) are forwards-safe and all vertices in V' \ (D U E,) are

backwards-safe,

e if v € Vj has at least £ forwards-safe out-neighbours in V; then v itself is forwards-

safe; the analogue holds if v has at least k& backwards-safe in-neighbours in Vj,

e if v € V] is safe and in the next step we enlarge V; by colouring some more (previously

uncoloured) vertices with colour j then v is still safe.

Our aim is to first colour the vertices in D as well as some additional vertices in such a

way as to make all coloured vertices safe (see Claim 3). We will then choose the paths
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P, and colour the vertices on these paths, as well as some additional vertices, in such a
way as to make all coloured vertices safe (see Claim 4). Finally we will colour all those
vertices in E which are not coloured yet, as well as some additional vertices, in such a
way as to make all coloured vertices safe (see Claim 5). The sets Vi, ..., V; thus obtained
will satisfy (3.3.3) and all vertices of 7" will be safe. So the next claim will then imply
that the sets Vi, ..., V; satisfy Theorem 3.1.5(ii). In order to ensure that Theorem 3.1.5(i)

holds as well, we will ensure that in each step we do not colour too many vertices.

Claim 2: Suppose that Vi, ..., V; satisfy (3.3.3) and that 7 € {1,...,t}. Then for any pair
of vertices x,y € V; U(V(T)\V') that are both safe, the ordered pair (x,y) is k-connected
in T[V; U{z, y}].

This is immediate from the definitions and Claim 1.

So our goal is to modify our construction so as to ensure that Vi, ...,V satisfy (3.3.3)
and that every vertex in V(7') is safe. We start with no vertices of 7" coloured, and we
now begin to colour them. We first colour the vertices in D = U;Zl(A}‘ U B}) by giving

every vertex in A7 U B} colour j. We now wish to ensure that every vertex in D is safe.

Claim 3: We can colour some additional vertices of T in such a way that every coloured

vertex is safe, and at most

(k + 1)%(2ktc + 4k*t) (3.3.4)

vertices are coloured in total.

To prove Claim 3 first note that, since T is by assumption strongly 107k5t2m log(ktm)-
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connected, it certainly holds that

§°(T) > 10"k°t*m log(ktm). (3.3.5)
Hence
~ (3.3.1) < (3.3.5)
5 (T)—|Esl > 6 (T)/2>6%T)/2 > 10°%k5*mlog(ktm), (3.3.6)
and similarly
~ (3.3.2) (3.3.5)
ST(T)—|E| > 6H(T)/2>6%T)/2 > 10°k5t*mlog(ktm). (3.3.7)

Since |D| < 2kte, (3.3.5) implies that for each v € {x1,..., Tk, Y1, - - -, Yt } I turn we may
greedily choose k£ uncoloured in-neighbours and k uncoloured out-neighbours, all distinct
from each other, and colour them the same colour as v. Now the number of coloured
vertices is at most 2ktc + 4k%*t. So we may greedily choose, for each coloured vertex v not
in {z1,..., Tk, Y1, .., Yt} in turn, k distinct uncoloured in-neighbours not in E4, and
colour them the same colour as v. Indeed, this is possible since by (3.3.6) the number
of in-neighbours of v outside F4 is at least (k + 1)(2ktc + 4k?t). Now the number of
coloured vertices is at most (k + 1)(2ktc + 4k?t), so by (3.3.7) we may greedily choose,
for each coloured vertex v not in {xy,..., %k, Y1, -, Yre} in turn, k distinct uncoloured
out-neighbours not in F, and colour them the same colour as v. Note that the number of
coloured vertices is now at most (k + 1)2(2ktc + 4k*t) and that every coloured vertex is

safe, by construction.

We now wish to find the paths P; discussed earlier and colour the vertices on these paths
appropriately. For ¢ € {1,...,kt} we define an i-path to be a directed path from the sink

of B; to the source of A;.
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Claim 4: For every j € {1,...,t} and every i € j* there exists an i-path P; in T with
previously uncoloured internal vertices, such that all such paths are vertex-disjoint from
each other. Moreover we can colour the internal vertices of P; with colour j as well as
colouring some additional (previously uncoloured) vertices of T in such a way that every

coloured vertex is safe, and at most

67k*t> logm + n/(2m) (3.3.8)

vertices are coloured in total.

We will prove Claim 4 in a series of subclaims. The paths P; that we construct for
Claim 4 will be either ‘short’ or ‘long’; we deal with these two cases separately. Firstly,
for every j € {1,...,t} and every i € j* in turn we choose, if possible, an i-path of
length at most k£ + 1 with uncoloured internal vertices, vertex-disjoint from all previously
chosen paths. For each ¢ € {1,...,kt} for which we find such a path, let P, be that
path. Let Py be the set of paths P; of length at most k£ + 1 found in this way, let
Tshort = {1 € {1,...,kt} : Psport contains an i-path}, and let Z;n, 1= {1,. .., kit }\Zsnore-
We colour the internal vertices of each i-path in Py, with colour j (where j is such that
i € 7%). Note that since some of these vertices may be in F, it is important that we ensure

that they are safe.

Claim 4.1: We may colour some (previously uncoloured) vertices of T in such a way

that all coloured vertices are safe, and at most

54k*t* log m (3.3.9)

vertices are coloured in total. In particular we can ensure that the internal vertices of all

paths in Pt are safe.
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We do this (similarly to before) as follows. By (3.3.4) the number of coloured vertices
after colouring the short paths is at most (k + 1)(2ktc + 4kt) + k*t, so by (3.3.6) we
may greedily choose, for every path in Py, and every internal vertex v on that path
in turn, £ distinct uncoloured in-neighbours not in £4, and colour them the same colour
as v. (Note that v ¢ {x1,...,24,y1,...,y:} since all the paths in Py had uncoloured
internal vertices when we chose them.) Now the number of coloured vertices is at most
(k +1)%(2ktc + 4k*t) + (k + 1)k*t, so by (3.3.7) we may greedily choose, for every path in
Psnort and every internal vertex v on that path, as well as the k in-neighbours of v just
chosen, in turn, £ distinct uncoloured out-neighbours not in E, and colour them the same

colour as v. Note that the number of coloured vertices is now at most

(k +1)%(2ktc + 4k*t) + (k + 1)*k*t < 54k*t* logm

and that every coloured vertex is safe, by construction.

Now we must find i-paths P; for all i € Zj,,,; note that they will all be of length at least
k + 2. Initially, for every j € {1,...,t} and every i € j* N Z,n, we will in fact seek 13k*¢
distinct internally vertex-disjoint i-paths with uncoloured internal vertices, such that for
every i’ € Ziong\{i}, all i-paths are vertex-disjoint from all i'-paths. We seek so many such
paths because complications later in the proof may require us to colour some vertices in
some of the i-paths with ¢ € 7% N Zjng a colour other than j, so some spare paths are
necessary. It is also important that we control the sizes of these paths so that we are able

to control the sizes of the vertex sets Vi,..., V;.

Claim 4.2: For every ¢ € Zong we can find a set P jong of 13k*t distinct internally vertex-
disjoint i-paths with uncoloured internal vertices, such that for every i’ € Ljn,\{i}, all

paths in Pjong are vertex-disjoint from all paths in Py jong. Moreover, we may choose the
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sets Pjiong such that the total number of internal vertices on the paths in UieIzong Pitong

is at most n/(2m).

Indeed, consider the tournament 7" induced on T by the uncoloured vertices as well as
the sinks of B; and the sources of A;, for every ¢ € Zjon,. By assumption 7' is strongly
107k%¢*m log(ktm)-connected, so by (3.3.9) T" is certainly strongly 2.6 x 105k5t*m log(26k°t*m)-
connected. So by Theorem 3.2.3 T" is 26k°t*m-linked. So since |Zj,,y| < kt, Proposition
3.2.2 implies that we may find, for each i € Zj,,,, the 13k*t i-paths required, and we may
do so in such a way that the total number of internal vertices on these paths is at most

[V(T")|/(2m) < n/(2m), as required.

For each i € 7,4, we obtain from each of the paths in P;on, a possibly shorter path
by deleting from the path any vertex v such that there is an edge in T" directed from an
ancestor of v in the path to a descendant of v in the path. We replace each of the paths
in Pjong by the corresponding shorter path obtained. Note that this ensures that each
of the paths in P; g is now a backwards-transitive path of length at least k + 2. As
before, it is important that we now ensure that the internal vertices on these paths are
coloured in such a way as to be safe, while also colouring them in accordance with the

requirements of Claim 4; we do this as follows.

Claim 4.3: For every j € {1,...,t} and every i € j* N Ljpn, we may colour the internal
vertices of all paths in Pjiong as well as some additional (previously uncoloured) vertices
of T in such a way that every coloured vertex is safe and at least one path P; in P;iong

has all vertices coloured with colour j. Moreover, we can do this so that at most

67k*t*logm + n/(2m) (3.3.10)
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vertices are coloured in total.

Indeed, for each j € {1,...,t} consider the tournament induced on T' by the set of all
interior vertices of all paths in P;jong for all ¢ € j* N Z;,,e. Note that this tournament
satisfies the assumptions of Lemma 3.2.7 (with 13k* - |5* N Zjon,| playing the role of ¢)
since each of the paths in each of the sets P;,ng is a backwards-transitive path of length
at least k+2. So consider the sets U, W each of size at most 2k(k+1) and the sets U, W’
each of size at most 13k°t(k + 1) given by Lemma 3.2.7. Let us call them U;, W}, U;, Wi
respectively. By the properties of U, W;, Uj, W} and the definitions of forwards-safe and
backwards-safe, it is clear that if every vertex in U} is coloured j and every vertex in Uj is
forwards-safe, and every vertex in W]’ is coloured j and every vertex in W; is backwards-
safe, then for all 7 € j* N Ty, every vertex on paths in P; 4, that is coloured j will be
safe. So for each j € {1,...,t} we colour all vertices in U; U W} with colour j, and we
now aim to make every vertex in U; forwards-safe and every vertex in W, backwards-safe;
we accomplish this (similarly to the way we have made vertices safe before) as follows.
By (3.3.9) the number of coloured vertices is at most 54k*t?logm + 26k°t*(k + 1), so by
(3.3.6) we may greedily choose, for every j € {1,...,t} and for each vertex in W in turn,
k distinct uncoloured in-neighbours not in E4, and colour them j. Now, the number of
coloured vertices is at most 54k*t? logm + 26k°t*(k + 1) + 2k(k + 1)t, so by (3.3.7) we
may greedily choose, for every j € {1,...,¢} and for each vertex in U; and each of the
k in-neighbours of each of the vertices in W, just chosen in turn, k distinct uncoloured
out-neighbours not in F, and colour them j. Let Z be the set of all those vertices that
we have just coloured to make all vertices in each U; forwards-safe and all vertices in each

W, backwards-safe. Note that |Z] < 2k*(k + 1)t + k(2k(k + 1)t + 2k*(k + 1)t) < 13k*¢.

Note also that some of the vertices in Z may be contained in some of the paths in P; jong

for some @ € Zjyp4; this is the reason for which we found spare paths. For each i € Z;,,,,
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since |P; jong| = 13k*t, there is at least one path in Pi.1ong that contains no vertices in Z;
let P; be one such path. Colour any uncoloured vertices remaining in paths in the sets
Pi 1ong With colour j, where j is such that ¢ € j*. In particular the vertices of F; all have
colour j. So we have now found our paths P; for all i € 7,4, and every coloured vertex

is safe by construction. Also note that the number of coloured vertices is now at most

54k**logm + 13k +n/(2m) < 67k**logm + n/(2m),

as required for Claim 4.3.

This completes the proof of Claim 4.

Now that we have built all of the structure required, it remains for us to colour the
uncoloured vertices in E in such a way as to ensure that they are safe. This is essential

as, recalling the definition, uncoloured vertices in F are not safe.

Claim 5: We can colour the uncoloured vertices in E as well as some additional (previ-
ously uncoloured) vertices of T in such a way that every coloured vertex is safe, and at

most n/m vertices are coloured in total.

In order to prove Claim 5 we colour all the uncoloured vertices v € E by distinguishing
three cases. We first colour all uncoloured vertices v € E which satisfy the assumptions
of Case 1, then we colour all uncoloured vertices v € F which satisfy the assumptions of
Case 2, and then we colour all uncoloured vertices v € E which satisfy the assumptions

of Case 3.

Case 1: There exist (not necessarily distinct) ji,jo € {1,...,t} such that |{i € 57 : v €
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EAi}

<H{ieyjf:veEg}

and [{i € j3 v € E4,}

>{i€eyj;:veEg}

Note that by (3.3.2) it certainly holds that |E| < n/(8km). So by (3.3.8) the

number of uncoloured vertices not in £ is at least

1 1 3
n(l————) —67k4t210gm2n——n. (3.3.11)
4dm

Either there are k such vertices that are all out-neighbours of v, or there are

not, in which case there must be k such vertices that are all in-neighbours of v.

Case 1.1: If v has k uncoloured out-neighbours not in E, we colour them
and v with colour j7;. This ensures that v is forwards-safe. To see that v is
backwards-safe too, note that if v ¢ E,, then there is an edge in T directed to
v from a (safe) vertex in A;, but similarly that if v € Ep, then there is an edge
in T directed to v from a (safe) vertex in B;. Together with our assumption

that [{i € j} :v € E4,} this ensures that v has k safe

<SHieji:veEp}

in-neighbours of its colour. So v is backwards-safe.

Case 1.2: If v does not have k uncoloured out-neighbours outside F then v
must have k uncoloured in-neighbours not in E; we colour them and v with
colour jo. This ensures that v is backwards-safe. To see that v is forwards-
safe too, note that if v ¢ Ep, then there is an edge in T directed from v to
a (safe) vertex in B;, but similarly that if v € E,, then there is an edge in T
directed from v to a (safe) vertex in A;. Together with our assumption that

H{i € 55 v € Eay}

> |{i € j3 : v € Ep,}| this ensures that v has k safe

out-neighbours of its colour. So v is forwards-safe.

By (3.3.11) we can repeat this process greedily for all vertices v € E which
satisfy the assumptions of Case 1. Note that after this step all coloured vertices

are safe.
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Case 2: For all j € {1,...,t} it holds that |{i € j* : v € Ey4,}

<|{iej*:veEg}

We consider two sub-cases:

Case 2.1: If v has k uncoloured out-neighbours not in £ then colour them

and v with colour 1.

Case 2.2: Otherwise, since (3.3.7) implies that 0+(T) > kt + k + |E|, an
averaging argument shows that there is some j € {1,...,¢} such that v has k
out-neighbours of colour j (recall that all currently coloured vertices are safe),

in which case we colour v with colour j.

In either case it is clear that v is now forwards-safe. A similar argument as in

Case 1.1 shows that v is backwards-safe too.

Case 3: For all j € {1,...,t} it holds that |{i € j* : v € Ey,}

>|{i€ej*:veFEg}

We consider two sub-cases:

Case 3.1: If v has k uncoloured in-neighbours not in E4 then colour them
and v with colour 1. (Note that none of these in-neighbours w can lie in Fp.
Indeed, if w € Ep then w satisfies the assumptions of one of the first two cases
(as w ¢ E, implies |[{i € j* : v € E4,}| = 0) and so w would have already

been coloured.)

Case 3.2: Otherwise, since (3.3.6) implies that 6~ (T) > kt + k + |E4|, an
averaging argument shows that there is some j € {1,...,¢} such that v has k
in-neighbours of colour j (recall that all currently coloured vertices are safe),

in which case we colour v with colour j.

In either case it is clear that v is now backwards-safe. Again, a similar argument

as in Case 1.2 shows that v is forwards-safe too.
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This covers all cases, so we have now coloured all vertices in F in such a way that all
coloured vertices are safe. Note that for each of the at most |E| < n/(8mk) vertices in
E that were uncoloured at the start of the proof of Claim 5 we have coloured at most k
(previously uncoloured) vertices not in £ in this step. So by (3.3.11) the total number of

coloured vertices is at most 3n/(4m) + (k + 1)|E| < n/m, as required.

Now the only uncoloured vertices remaining are not in £ and so they are safe. So all ver-
tices in T are now safe. This completes the construction of the vertex sets required, where
the colour classes of colours 1,...,t correspond to the vertex sets Vi, ..., V, respectively.
Since the number of coloured vertices is at most n/m, the size of each V; is certainly at
most n/m. And since we have ensured that every vertex in T is safe, Claim 2 implies that

the V; satisfy the requirements of Theorem 3.1.5. U

3.4 Partitioning tournaments into vertex-disjoint cy-

cles
The purpose of this section is to derive Theorem 3.1.7 from Theorem 3.1.5.

Proof of Theorem 3.1.7. Note that by averaging there is at least one value j €
{1,...,t} for which L; > n/t. Without loss of generality let L; > n/t. Let J := {j €
{1,...,t}: Ly <n/(2t*)}. For j € J let L, := [n/t¥]. For j € {2,...,¢}\J let L}, := L;.
Let Lj := Ly — Y. _,(L}; — L;). Note that Lj > n/t* and that Y, L} = n.

=2

Since 10'9¢*log t > 1072%¢%(2¢%) log(2t(2t?)), we have by Theorem 3.1.5 that V(T') contains

t disjoint sets of vertices, Vi, ..., V;, such that for every j € {1,...,t} the following hold:
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(1) Vil <n/(28%),

(i) for any set R C V(T)\ U'_, V; the subtournament T[V;U R] is strongly 2-connected.

Construct a partition V/,... V] of the vertices of T, such that for every j € {1,...,t}
it holds that V; C VJ and that |V/| = L}. This is possible, since for every j € {1,...,t}
we have L’ > n/(2t*) > |Vj|. Note that, for every j € {1,...,t}, T[V]] is strongly

2-connected.

Now, since n/t> > 7, we have by Theorem 3.1.6 that for each j € J, T[V]] contains
two vertex-disjoint cycles of lengths L; and L; — L;. The cycle of length L; we call
C; and the cycle of length L) — L; we call C}. Since for every j € J we have that
|C5| = L — L > n/2t> > |Vj], there is at least one vertex in V(C}) N (V/\V;). Call one

such vertex v;. Let R be the set of all vertices v; for j € J.

Now let V" := V] UJ,.;V(C%). Note that [V{"| = L;. Note also that (ii) implies that

jeJ
T[V/ U R] is strongly 2-connected; so certainly it is strongly 1-connected. We now claim
that T[V"] is strongly 1-connected. Indeed, suppose z,y € V{’, and we wish to find a path
directed from z to y in T[V}"]. First note that if z ¢ V/ then x € V/(C7) for some j € J,
so there is a path Q; in T[V(C?)], possibly of length 0, from x to v; € R. Similarly note
that if y ¢ V/ then y € V(C!) for some i € J, so there is a path @/ in T[V(C")], possibly
of length 0, to y from v; € R. Since T[V/ U R] is strongly 1-connected there exists a path
P in T[V{ U R] directed from v; to v;. So Q;PQ} is a walk in T'[V/"] directed from z to y.

So indeed T'[V}'] is strongly 1-connected.

Note also that for every j € {2,...,t}\J we have that T[V]] is strongly 2-connected, so
certainly strongly 1-connected. So by Camion’s theorem T'[V/’] contains a Hamilton cycle,

C, say, and for every j € {2,...,t}\.J we have that T'[V/] contains a Hamilton cycle, C;
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say.

Now the cycles (', ..., C; are vertex-disjoint and are of lengths Ly, ..., L; respectively, so

this completes the proof. U
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CHAPTER 4

ON THE STRUCTURE OF ORIENTED
GRAPHS AND DIGRAPHS WITH

FORBIDDEN TOURNAMENTS OR CYCLES

4.1 Chapter introduction

4.1.1 Oriented graphs and digraphs with forbidden subdigraphs

Recall from Chapter 1 that, while much is known about the number and typical structure
of graphs that do not contain some forbidden subgraph, the corresponding questions for
digraphs and oriented graphs are almost all wide open. Until now the only results of
this type for oriented graphs were proved by Balogh, Bollobds and Morris [8, 9] who
classified the possible ‘growth speeds’ of oriented graphs with a given property. Moreover

Robinson [66, 67], and independently Stanley [74], counted the number of acyclic digraphs.
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In this chapter we determine the typical structure of oriented graphs that do not contain
a transitive tournament of size k, and of oriented graphs that do not contain an oriented

cycle of size k, as well as proving corresponding results for digraphs.

4.1.2 Oriented graphs and digraphs with forbidden tournaments

or cycles

A digraph is a pair (V, E') where V is a set of vertices and E is a set of ordered pairs of
distinct vertices in V' (note that this means that in a digraph we do not allow loops or
multiple edges in the same direction). An oriented graph is a digraph with at most one
edge between two vertices, so may be considered as an orientation of a simple undirected
graph. In this chapter we denote a transitive tournament on k vertices by T}, and a

directed cycle on k vertices by C%. We only consider labelled graphs and digraphs.

Clearly any transitive tournament is Cy-free for any k, and any bipartite digraph is 75-
free. In 1998 Cherlin [21] gave a classification of countable homogeneous oriented graphs.

He remarked that ‘the striking work of [46] does not appear to go over to the directed

case’ and made the following conjectures.!

Conjecture 4.1.1 (Cherlin).

(i) Almost all Ts-free oriented graphs are tripartite.

(i1) Almost all Cs-free oriented graphs are acyclic, i.e. they are subgraphs of transitive

tournaments.

The first main result of this chapter not only verifies part (i) of this conjecture, but shows

Note that oriented graphs are referred to as digraphs in [21].
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for all £ > 2 that almost all T}, 1-free oriented graphs are k-partite. Note that in particular
this shows that in fact almost all T5-free oriented graphs are actually even bipartite. We

also prove the analogous result for digraphs.

Theorem 4.1.2. Let k € N with k > 2. Then the following hold.

(i) Almost all Ty 1-free oriented graphs are k-partite.

(ii) Almost all Ty, 1-free digraphs are k-partite.

Theorem 4.1.2 can be viewed as a directed version of Theorem 1.4.2. Note also that (i)
means that, unlike in related results, the typical structure of a T3-free oriented graph
is not close to that of the extremal T3-free oriented graph: it is easy to see that the
latter is the blow up of a directed triangle (this fact was probably the motivation for

Conjecture 4.1.1(i)).

The next main result of this chapter shows in particular that part (ii) of Conjecture 4.1.1
is in fact false. We actually show something stronger, namely that for all £ > 3 and for
almost all Cy-free oriented graphs on n vertices, the number of edges we must change in
order to get an acyclic oriented graph is Q(n/logn). We also prove an analogous version
of this result for digraphs. However, Conjecture 4.1.1(ii) is not too far from being true,
as we prove also that almost all Cy-free oriented graphs are close to acyclic, in the sense
that we only need to change sub-quadratically many edges in order to obtain an acyclic
oriented graph. In the case when k is even we prove an analogous version of this result

for digraphs too. We also obtain a (less restrictive) structural result for odd k.

In order to state the theorem precisely we need to introduce a little terminology. Given
a labelled digraph or oriented graph G with vertex labels 1,...,n and an ordering o :

[n] = [n], a backwards edge in G with respect to this ordering is any edge directed from a
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vertex labelled 7 to a vertex labelled j, where o(i) > o(j). A transitive-optimal ordering
of G is any ordering of V(G) that minimises the number of backwards edges in G with
respect to the ordering. We say that a directed graph is a transitive-bipartite blow up
if it can be obtained from a transitive tournament by replacing some of its vertices by
complete balanced bipartite digraphs. More formally, a directed graph G = (V, E) is a
transitive-bipartite blow up if V' admits a partition Ay, ..., A; such that for all 7, j € [¢]
with ¢ < 7, the graph induced on G by A; is either a single vertex or a complete balanced
bipartite digraph (with edges in both directions) and the edges in E between A; and A;

are precisely those edges directed from A; to A; (and no others).

Theorem 4.1.3. Let k,n € N with k > 3. There exists ¢ > 0 such that for every a > 0
the following hold.

(i) Almost all Cy-free oriented graphs on n wvertices have between cn/logn and an?

backwards edges in a transitive-optimal ordering.

(i1) Almost all Ck-free digraphs on n vertices have at least cn/logn backwards edges in

a transitive-optimal ordering. Moreover,

(a) if k is even then almost all Cy-free digraphs on n vertices have at most an?

backwards edges in a transitive-optimal ordering,

(b) if k is odd then almost all Cy-free digraphs on n wvertices can be made into a

subgraph of a transitive-bipartite blow up by changing at most an? edges.

We believe that in fact almost all Cy-free oriented graphs have linearly many backwards

edges, and that an analogous result holds for C-free digraphs in the case when k is even.

Conjecture 4.1.4. Let k,n € N with k > 3. Then the following hold.
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(i) Almost all Cy-free oriented graphs on n vertices have ©(n) backwards edges in a

transitive-optimal ordering.

(i) If k is even then almost all Cy-free digraphs on n vertices have ©(n) backwards edges

i a transitive-optimal ordering.

It is not clear to us what to expect in the case when k is odd.

Question 4.1.5. Suppose that k is odd and o > 0. Do almost all C-free digraphs on n

vertices have at most an® backwards edges in a transitive-optimal ordering?

An undirected version of Theorem 4.1.3 for forbidden odd cycles was proved by Lamken
and Rothschild [54], who showed that for odd k, almost all Cy-free graphs are bipartite.
(So the situation for oriented graphs is very different from the undirected one.) For even
k the undirected problem is far more difficult. Despite major recent progress by Morris
and Saxton [56] the problem of counting the number of Cj-free graphs is still open for

even k.

We remark that in Theorem 4.1.2 we actually get exponential bounds on the proportion
of Tjy1-free oriented graphs and digraphs that are not k-partite. We also get similar

exponential bounds in Theorem 4.1.3.

4.1.3 Overview of the chapter
A key tool in our proofs is a recent and very powerful result, due to Saxton and Thoma-

son [70], and independently Balogh, Morris and Samotij [11], which introduces the notion

of hypergraph containers to give an upper bound on the number of independent sets in
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hypergraphs. Briefly, the result states that under suitable conditions on a uniform hy-
pergraph G, there is a small collection C of small subsets (known as containers) of V(G)
such that every independent set of vertices in GG is a subset of some element of C. The
precise statement of this result (Theorem 4.3.2) is deferred until Section 4.3. It should
be noted that the method of hypergraph containers is much more general than this, and
Theorem 4.3.2 is just one of many useful applications of it; in particular other applica-
tions are explored in [11] and [70]. Saxton and Thomason also gave a short proof of a
somewhat weaker version of the result (which would still have been strong enough for our
purposes) in [71]. Roughly speaking, the use of hypergraph containers allows us to reduce

an asymptotic counting problem to an extremal problem.

Our approach to proving the main results of this chapter is as follows. Firstly, in Sec-
tion 4.3 we use the main result of [70] to derive a container result which is applicable
to digraphs. Then in Section 4.4 we apply this digraph containers result in a relatively
standard way to show that almost all T -free oriented graphs, and almost all T}, -free
digraphs, are close to k-partite (see Lemma 4.4.9). In Section 4.5 we combine Lemma 4.4.9
with an inductive argument to prove the results on the exact structure of typical T}, -free

oriented graphs and digraphs given by Theorem 4.1.2.

In Section 4.6 we use the digraph containers result to show that almost all C-free oriented
graphs are close to acyclic, and that the analogous result for digraphs holds in the case
when k is even (see Lemma 4.6.21(i), (ii)). For odd k we show that almost all C-free
digraphs are close to a subgraph of a transitive-bipartite blow up (see Lemma 4.6.21(iii)).
Finally, in Section 4.7 we complete the proof of Theorem 4.1.3 by giving a lower bound
on the number of backwards edges in Cj-free oriented graphs and digraphs, the upper

bounds in Theorem 4.1.3 being given by Lemma 4.6.21.

As part of the proofs in Sections 4.4 and 4.6 we prove several stability results on digraphs
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which are potentially of independent interest:

(i) Suppose k € N and G is a T 1-free digraph on n vertices with e(G) > exy;(n, Tp11)—

o(n?). Then G is close to a complete balanced k-partite digraph. (See Lemma 4.4.3.)

(ii) Suppose k € N with & > 4 and k even, and suppose G is a Cy-free digraph on n
vertices with e(G) > exg;(n, Cy) —o(n?). Then G is close to a transitive tournament.

(See Lemma 4.6.13.)

(iii) Suppose k € N with £ > 3 and k odd, and suppose G is a Cy-free digraph on n
vertices with e(G) > exgi(n,Cy) — o(n?). Then G is close to a transitive-bipartite

blow up. (See Lemma 4.6.17.)

Here exy;(n, H) denotes the maximum number of edges among all H-free digraphs on n
vertices. The corresponding Turan type results which determine exgy;(n, H) for H = T,
and H = Cj, were proved by Brown and Harary [17] and Haggkvist and Thomassen [36] re-
spectively. These stability results are used in the proofs of Theorems 4.1.2(ii) and 4.1.3(ii).
We actually prove ‘weighted’ generalisations of (i) and (ii) which can be used to prove the

assertions about oriented graphs in Theorems 4.1.2(i) and 4.1.3(i).

Before starting on any of this however, we lay out some notation and set out some useful

tools in Section 4.2, below.

4.2 Notation and tools

For a set X we let X denote the set of all (unordered) subsets of X of size r. Recall
that an r-uniform hypergraph, or r-graph, is a pair (V, E) where V is a set of vertices

and E C V0. If G = (V,E) is a graph, digraph, oriented graph or r-graph, we let
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V(GQ) =V, E(G) := E, v(G) := |V(G)], and e(G) := |E(G)|. For a digraph G = (V, E)
define A°(G) as the maximum of d*(v) and d~(v) among all v € V. We write uv for
the edge directed from u to v. For a vertex v € V, define the out-neighbourhood of v
in G to be N} (v) :={u € V : vu € E}, and similarly define the in-neighbourhood of v
in G to be N (v) :={u € V :uv € E}. Given a set U C V, we sometimes also write
N (v) :== NS (v) NU and define N (v) similarly. For disjoint subsets U, U’ C V we let
G[U, U’| denote the subdigraph of G' with vertex set U U U’ whose edge set consists of all
edges between U and U’ in G (in both directions). We let e(U,U’) := e(G[U,U’]). If Q is
a k-partition of [n] with partition classes V; ..., Vi, and G is a (di)graph or oriented graph
with vertex set [n], we say that @ is a k-partition of G if for every ¢ € [k] we have that
E(G) contains no edges uv with u,v € V;. We assume k-partitions to be unordered unless
otherwise stated. For two digraphs G and G’ on vertex set [n], we write G = G’ + en? if
G can be obtained from G’ by changing (i.e. adding, deleting, or changing the orientation
of) at most en? edges. Given an r-graph H = (V, E) and 0 € V@, where 0 < d < r — 1,
let dg(o) :=|{e € E : 0 C e}| be the degree of o in H. We may simply write d(o) for
dy (o) when it is obvious which r-graph H we are working with. The average vertex degree
of H is defined to be (1/|V|)>_, oy da({v}). In this chapter, given an oriented graph H

and a digraph H’,

let f(n, H) denote the number of labelled H-free oriented graphs on n vertices,

let T'(n, k) denote the number of labelled k-partite oriented graphs on n vertices,

let f*(n, H') denote the number of labelled H'-free digraphs on n vertices,

let T*(n, k) denote the number of labelled k-partite digraphs on n vertices.

We will make use of the following conventions throughout this chapter and Chapter 5.

Given a,b € R with 0 < a,b < 1, we will use the notation a < b to mean that we can find

79



an increasing function g for which all of the conditions in the proof are satisfied whenever
a < g(b). We write log xz to mean log, x, and we assume all graphs, oriented graphs, and
digraphs to be labelled unless otherwise stated. We also assume all large numbers to be

integers, so that we may sometimes omit floors and ceilings for the sake of clarity.

We define H(p) := —plog p— (1 —p)log(1—p), the binary entropy function. The following

bound will prove useful to us. Forn > 1 and 0 < p < 1/2,
n Lpn n
= < 2, 4.2.1
(<m) =2 ) 621

In a number of our proofs we shall also use the following Chernoff bound.

Theorem 4.2.2 (Chernoff bound). Let X have binomial distribution and let a > 0.
Then

P(X < E[X] —a) < exp (—215[;0 .

4.3 Digraph containers

Our main tool in this chapter is Theorem 4.3.2 from [70]. Given a hypergraph G satisfying
certain degree conditions, it gives a small set of almost independent sets in G (containers)
which together contain all independent sets of GG. In our applications the vertex set of G
will be the edge set of the complete digraph, and the hyperedges will correspond to copies
of the forbidden subdigraph. To formulate the degree conditions we need the following

definition.

Definition 4.3.1. Let G be an r-graph on n vertices with average vertex degree d. Let
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7>0. Genv € V(G) and 1 < j <rn, let
d9V(v) == max{d(c) : v € 0 CV(G),|o| = j}.
If d > 0 we define 6; = 6;(T) by the equation

67 nd = Z dY9) (v).

veV(Q)

Then the co-degree function 6(G,T) is defined by
5(G,7) =261 5 2 (s,
=2

If d =0 we define 6(G, 1) := 0.

Theorem 4.3.2. [70, Corollary 2.7] Suppose that 0 < € < % and 7 < m. Let G be an

r-graph with vertex set [n] satisfying 0(G,7) < 5. Then there exists a constant ¢ = c(r)

and a collection C of subsets of [n] with the following properties.

(a) For every independent set I of G there exists C € C such that I C C.
(b) e(G[C]) < ee(G) for all C €C.

() Tog[C] < clog(L)nrlog(L).

We will apply Theorem 4.3.2 to prove Theorem 4.3.3 below, which is a digraph analogue
to [70, Theorem 1.3]. To state this we need the following definitions. Given a digraph
G = (V, E), let fi(G) be the number of pairs u,v € V such that exactly one of uv and vu
is an edge of GG, and let f5(G) be the number of pairs u,v € V' such that both uv and vu

are edges of G. The following definition of the weighted size of G will be crucial in this
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chapter. For a € R with a > 1 we define

ea(G) = a- fo(G) + f1(G).

This definition allows for a unified approach to extremal problems on oriented graphs and
digraphs. We will be mainly interested in the cases a = 2 and a = log3. The former
is useful because each digraph G contains 4/2(¢)2/1(@) = 2¢2(®) (labelled) subdigraphs,
and the latter is useful because each digraph G contains 3/2(%)2/1(¢) = 2¢1053(G) (1abelled)
oriented subgraphs. Given a digraph H, define the weighted Turdn number ex,(n, H) as
the maximum e,(G) among all H-free digraphs G on n vertices. (So exa(n, H) equals
exg;(n, H) which was defined in Section 4.1.3.) For A, B C V we will sometimes write

eq(A, B) to denote e,(G[A, B]).
Given an oriented graph H with e(H) > 2, we let

e(H)—1
mH) = e ) =2

Theorem 4.3.3. Let H be an oriented graph with h := v(H) and e(H) > 2, and let
a € R with a > 1. For every € > 0, there exists ¢ > 0 such that for all sufficiently large

N, there ezists a collection C of digraphs on vertex set [N]| with the following properties.

(a) For every H-free digraph I on [N] there exists G € C such that I C G.

(b) Every digraph G € C contains at most eN" copies of H, and e,(G) < ex,(N, H) +
eNZ.

(c) log|C| < eN?V/mU) Jog N,
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Note that in (a), since I, G are labelled digraphs, I C G means that [ is contained in G

in the labelled sense, i.e. the copy of I in G has the same vertex labels as I.

The following corollary is a straightforward consequence of Theorem 4.3.3. We will not
use it elsewhere in the chapter, but we include it to illustrate what one can achieve even
just with a ‘direct’ application of Theorem 4.3.3. It would be interesting to obtain a

version of Corollary 4.3.4 for general forbidden digraphs H.

Corollary 4.3.4. For every oriented graph H with e(H) > 2, we have that f(n,H) =
2ex10g3(n,H)+o(n2) and f*(n’ H) — 2ex2(n,H)+o(n2)‘

Proof. We only prove the first part here; the proof of the second part is almost identical.
Clearly f(n, H) > 2%%0e3(H) By Theorem 4.3.3, for every € > 0 there is a collection C of
digraphs on [n] satisfying properties (a)—(c). We know that every digraph G € C contains

2¢053(%) oriented subgraphs. Since each H-free oriented graph is contained in some G € C,

2—1/m(H)
and |C| < 2en logn’

f(n, H) S Z 2610g3(G) S QQXIOgS(N,H)-‘y—E?ﬂ—i—o(nQ)‘
GeC

We are done by letting ¢ — 0. U

The proof of Theorem 4.3.3 is similar to that of [70, Theorem 1.3]. We first define the
hypergraph D(N, H), which will play the role of G in Theorem 4.3.2.

Definition 4.3.5. Let H be an oriented graph, let v := e(H) and let N € N. The r-graph
D(N, H) has vertex set U = ([N] x [N])\ {(i,4) : i € [N]}, where B € U") is an edge

whenever B, considered as a digraph with vertices in [N], is isomorphic to H.

We wish to apply Theorem 4.3.2 to D(N, H). To do this we require an upper bound on

d(D(N, H), ) for some suitable value of 7. We give one in the following lemma, the proof
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of which is identical to that of [70, Lemma 9.2] and is therefore omitted here.

Lemma 4.3.6. Let H be an oriented graph with r := e(H) > 2, and let v < 1. For N
sufficiently large, § (D(N, H),y ' N~1/mH)) 27 v(H)12y.

We now state a supersaturation result, which we will use to bound the number of edges in
containers. It is the digraph analogue of the well-known supersaturation result of Erdds

and Simonovits [33]. Its proof is almost the same, and is omitted here.

Lemma 4.3.7 (Supersaturation). Let H be a digraph on h vertices, and let a € R with
a>1. For any € > 0, there exists d > 0 such that the following holds for all sufficiently
large n. For any digraph G on n wvertices, if G contains at most én" copies of H, then

ea(G) < exq(n, H) +en?.

We may now apply Theorem 4.3.2 to D(N, H), using Lemmas 4.3.6 and 4.3.7, to obtain
Theorem 4.3.3. The details of this are identical to the proof of Theorem 1.3 in [70] and

are omitted here.

4.4 Rough structure of typical 7}, ,-free oriented graphs

and digraphs

In this section we prove a stability result for T}, -free digraphs. We apply this (together
with Theorem 4.3.3) at the end of this section to determine the ‘rough’ structure of typical

T} 1-free oriented graphs and digraphs.

The Turdn graph Tug(n) is the largest complete k-partite graph on n vertices (thus each
vertex class has |n/k| or [n/k| vertices). Let ty(n) := e(Tug(n)). Let DTi(n) be the

84



digraph obtained from Tug(n) by replacing each edge of Tux(n) by two edges of opposite
directions. Obviously, for all k € N, DTy (n) is Ty 1-free so exq(n, Tiy1) > eq.(DT(n)) = a-
t(n). In Lemma 4.4.1 below we show that DT} (n) is the unique extremal digraph for T} ;.
This result is not needed for any of our proofs, but we believe it is of independent interest,
in addition to being useful for illustrating the general proof method of Lemma 4.4.3. Note

that the case a = 2 of Lemma 4.4.1 is already due to Brown and Harary [17].

Lemma 4.4.1. Let a € R with 3/2 < a < 2 and let k,n € N. Then exq,(n, Tp11) =

a-tg(n), and DTy (n) is the unique extremal Tyy1-free digraph on n vertices.

Proof. Note that DT}, (n) is the unique k-partite digraph D on n vertices which maximises
eq(D). Moreover, e,(DTi(n)) = a - tg(n). Thus, it suffices to show that for every non-k-
partite Ty, 1-free digraph G on n vertices, there exists a k-partite digraph H on the same

vertex set such that e,(G) < e,(H).

We prove this by induction on k. This is trivial for the base case k = 1, as the only T,-free
digraph is the empty graph. Suppose that k£ > 1 and that the claim holds for £ — 1. Let
G = (V, E) be a non-k-partite Ty 1-free digraph on n vertices. Without loss of generality,
suppose that d™(z) = A°(G) for some vertex x € V. Let S := N*(x) and T := V' \ S.
Since G is Tyy1-free we have that G[S] is Ti-free. By induction hypothesis, either (i)
there is a (k — 1)-partite digraph H' on S such that e,(G[S]) < e,(H'), or (ii) G[9] is
(k — 1)-partite and hence there is trivially a (k — 1)-partite digraph H' on S such that
eq(G[S]) = e, (H'). Next we want to replace all the edges inside T" with edges between S
and T as follows. Suppose y,z € T with yz € E. Then there are ¢/, 2’ € S with yy € E
and z'z ¢ E otherwise d*(y) > |S| + 1 or d~(z) > |S| + 1, contradicting the assumption
A%@G) = d(x) = |S|. We now replace yz with yy’ and z’z. By the definition of e,(-),
and since a < 2, the gain of adding the edges yy’ and 2’z is at least 2(a — 1), while the
loss of removing yz is at most one. Thus, since a > 3/2, we have that e,(G) increases

by 2a — 3 > 0. Note that this procedure does not change the in-degree or out-degree of
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any vertex in 1. We repeat this for every edge inside T. At the end we obtain a digraph
G with no edge inside T'. We replace G'[S] = G[S] with the (k — 1)-partite digraph H’
obtained before to obtain a k-partite digraph H. We now consider the two cases (i) and
(ii) discussed previously. If e,(G[S]) < e,(H’) then it is clear that e,(G) < e,(H), and we
are done. Otherwise, G[S] is (k — 1)-partite. In this case, since G is not k-partite, there
must be an edge inside 7', so that there exists y, z as above. Hence e,(G) < e,(G’), and

so clearly e,(G) < e,(H) in this case too, as required. O

We now prove a stability version of Lemma 4.4.1. The proof idea builds on that of
Lemma 4.4.1. The proof will also make use of the following proposition, which can be

proved by a simple but tedious calculation, which we omit here.

Proposition 4.4.2. Let k,n € N withn > k > 2 and let s > 0. Suppose G is a k-partite

graph on n vertices in which some vertex class A satisfies |A —n/k| > s. Then

e(G) < ti(n) — s (g —k:).

Lemma 4.4.3 (Stability). Let a € R with 3/2 < a < 2 and let k € N. For any 8 > 0
there exists v > 0 such that the following holds for all sufficiently large n. If a digraph G

on n vertices is Tyy1-free, and e,(G) > exq(n, Typy1) — yn?, then G = DTy(n) + fn?.

Proof. Choose 7 and ng such that 1/ny < v < (3, and consider any n > ny. We follow
the proof of Lemma 4.4.1, in which we fix a vertex z € V with d™(z) = A% @), and let
S :=N7*(z) and T :=V '\ S, and proceed by induction on k. Again, the base case k =1
is trivial as the only T)-free digraph is the empty graph. Let m; be the number of edges

of G[T], and let my be the number of non-edges between 7" and S (in G).

Let G’ be the digraph obtained from G by replacing each edge inside T with two edges
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between T and S as in the proof of Lemma 4.4.1. Then

ea(G) < e, (G") — (2a — 3)my. (4.4.4)

Since there are ms — 2m; non-edges between 7" and S in G’, and adding any one of them

would increase e,(G’) by at least a — 1 (since a < 2), we have that

eo(G') < |T||S|a+ e.(G[S]) — (mg — 2m4)(a — 1). (4.4.5)

Let
ms = exq(|S], Tk) — eqa(G[S]). (4.4.6)

Then mgs > 0 because G[S] is Ty-free.

Let H be the k-partite digraph obtained from DTy_1(]S|) (on S) by adding the vertex set

T together with all the edges (in both directions) between S and 7. Then

eqo(H) = |T|S|a + exq(|S], Tx). (4.4.7)
Altogether, this gives that
(4.4.4)
ea(G) < e(G) — (2a —3)my
(4

A.5)
< |T||S]a + eo(G[S]) — (ma — 2my)(a — 1) — (2a — 3)my
UL 11810 + exa(|S], Ti) — ms — (ms — 2mi)(a — 1) — (2a — 3)mu

“47 eo(H) —mg — (ma —2my)(a — 1) — (2a — 3)my.

Let s := ||T| — %|. By Proposition 4.4.2 we have that if s > 4k then exq(n,Tpt1) >
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a-tr(n) = eq(H) + as?/4. So if s > 4k then

CL82

eq(G) < exg(n, Tiy1) — o T Ma- (mg —2my)(a— 1) — (2a — 3)my,

and if s < 4k then

eq(G) < exq(n, Try1) —ms — (mg — 2my)(a — 1) — (2a — 3)m.

In either case, since exq(n, Tj+1) —yn® < €,(G) by assumption, we have that m; < 325n?,

2
my < (25 + 2a13)n2, msz < yn?, and s? < 4yn?/a.

Recall that e,(G[S]) = ex,(|S|,Tx) — ms. Hence we have by induction hypothesis that,
since v < 3 and |S| = A%G) is sufficiently large, G[S] = DT},_1(|S]) & (8/2)|S]%. Note
that we can obtain the digraph DTy(n) from G by removing m; edges inside T, adding
msy edges between T and S, changing at most (8/2)n? edges inside S, and changing the

adjacency of at most s vertices. Thus

G = DTy(n) £ (my +mgy + (8/2)n* + 2sn),

and so we have that G = DT}, (n) & n?, as required. O

We also need the Digraph Removal Lemma of Alon and Shapira [6].

Lemma 4.4.8 (Removal Lemma). For any fized digraph H on h vertices, and any
~v > 0 there exists € > 0 such that the following holds for all sufficiently large n. If a
digraph G on n vertices contains at most €'n" copies of H, then G can be made H-free

by deleting at most yn? edges.

We are now ready to combine Theorem 4.3.3 with Lemma 4.4.3 to show that almost all
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T}, 1-free oriented graphs and almost all Ty, -free digraphs are almost k-partite.

Lemma 4.4.9. For every k € N with k > 2 and any o > 0 there exists € > 0 such that

the following holds for all sufficiently large n.

(i) All but at most f(n, Tk+1)2_5”2 Ty 1-free oriented graphs on n vertices can be made

k-partite by changing at most an? edges.

(i) All but at most f*(n,Tii1)2~" Tiy1-free digraphs on n vertices can be made k-

partite by changing at most an? edges.

Proof. We only prove (i) here; the proof of (ii) is almost identical. Let a :=log3. Choose
no € N and €,7,8 > 0 such that 1/ny < e € v < f < a, 1/k. Let &' := 2¢ and n > ny.
By Theorem 4.3.3 (with T}, 1, n and &’ taking the roles of H, N and ¢ respectively) there is
a collection C of digraphs on vertex set [n] satisfying properties (a)—(c). In particular, by
(a), every Tyyq-free oriented graph on vertex set [n] is contained in some digraph G € C.
Let C; be the family of all those G € C for which €jo53(G) > eXjog3(n, Ti+1) — €'n®. Then
the number of (labelled) T} ;-free oriented graphs not contained in some G € C; is at

most

C| 9Xlog 3(1,Tk11) —'n? < 2*sn2f(n, Ti11),

2—¢!

because |C| < 2" °, by (c), and f(n,Tiy1) > 2%es3(Tet1) - Thus it suffices to show

that every digraph G € C; satisfies G = DTy(n) + an?. By (b), each G € C; contains

k+1 copies of Tjyi. Thus by Lemma 4.4.8 we obtain a T} -free digraph G’

at most &'n
after deleting at most yn* edges from G. Then ej,53(G’) > eXjog3(n, Tir1) — (€' + v)n*.
We next apply Lemma 4.4.3 to G’ and derive that G’ = DT} (n) & n?. As a result, the
original digraph G satisfies G = DTy(n) £ (8 + v)n?, and hence G = DT} (n) £+ an® as

required. O
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4.5 Exact structure of typical 7T} -free oriented graphs

and digraphs

From Section 4.4 we know that a typical Ty ;-free oriented graph is almost k-partite (and
similarly for digraphs). In this section we use this information to show inductively that we
can omit the ‘almost’ in this statement (see Lemma 4.5.7 and the proof of Theorem 4.1.2
at the end of this section). Lemma 4.5.7 relies on several simple observations about the
typical structure of almost k-partite oriented graphs and digraphs (see Lemmas 4.5.3, 4.5.5
and 4.5.6).

Recall that t(n) denotes the maximum number of edges in a k-partite (undirected) graph
on n vertices, i.e. the number of edges in the k-partite Turdan graph on n vertices. We
say that a k-partition of vertices is balanced if the sizes of any two partition classes differ
by at most one. Given a k-partition @) of [n] with partition classes Vj,...,V,, and a
graph, oriented graph or digraph G = (V, E) on vertex set [n], and an edge e = uv € E
with u € V; and v € V}, we call e a crossing edge if © # j. In Lemma 4.5.1 below we give
upper and lower bounds on T'(n, k) and T™*(n, k), in terms of t(n) (recall that T'(n, k) and

T*(n, k) were defined in Section 4.2). Lemma 4.5.1 is used in the proof of Theorem 4.1.2.

Lemma 4.5.1. Let k > 2. For sufficiently large n we have the following:

(i) kn3tin) < ﬁ(L%J,.n,r"ﬂj*lJ)Stk(n) <T(n,k) < En3te(n)

2kInk—1

(i) 24"« T (n, k) < krate)

2kInk—1

Proof. We only prove (i) here; the proof of (ii) is similar. For the upper bound note that
k™ counts the number of ordered k-partitions of [n], and that for each such k-partition @

the number of oriented graphs for which every edge is a crossing edge with respect to @)
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is at most 3t

For the lower bound we will count the number of (unordered) balanced k-partitions. Each

such k-partition gives rise to 3% Ek-partite oriented graphs. Since the vertex classes of a

balanced k-partition of [n] have sizes |%],...,|

n+k—1

. J, the number of such k-partitions

is

1))

AL )

We now show that for any given balanced k-partition ¢, almost all k-partite oriented
graphs for which @) is a k-partition have no other possible k-partitions. Given a balanced
k-partition @ of [n] with partition classes Ay, ..., Ay, consider a random oriented graph
where for each potential crossing edge we choose the edge to be either directed one way,
directed the other way, or not present, each with probability 1/3, independently. So each
k-partite oriented graph for which @) is a k-partition is equally likely to be generated.
Given a set of vertices A in a digraph G, we define their common out-neighbourhood
N*(A) :=(Nyea Néi (v). By Theorem 4.2.2 we have that almost all graphs in the proba-

bility space satisfy the following;:

(o) whenever ¢ < k and i € [k] and vq,...,v € V(G) \ A;, we have that

INT({v, ... u}) M A > (n/k)(1/3)7

We now claim that if a k-partite oriented graph G has k-partition ) and satisfies («)
then () is the unique k-partition of GG. Indeed, suppose that @)’ is a k-partition of G with
vertex classes A}, ..., Al.. We will show that @)’ = Q). Consider any k vertices vy, ..., vy
that are such that G[{vy,...,vx}] is a transitive tournament. Such a set of k vertices
exists by (a). Clearly no two of these vertices can be in the same vertex class of @) or

Q’. Without loss of generality let us assume that v; € A; and v; € A} for every i € [k].
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Define N; := N*({vy,..., v} \ {v;}). Since N; is the common out-neighbourhood of
{v1,..., v} \ {v;} it must be that N; is a subset of A; and a subset of A;. Note that @
and @’ agree on all vertices so far assigned to a partition class of (). Now consider any
vertex w not yet assigned to a partition class of @', and suppose w € A; for some j € [k].

For every i € [k] with i # j we have by («) that
N+ () O N = [N ({00, o} \ k) 0 A > (n/B)(1/3)H > 1,

This together with the previous observation that N; C A} implies that w ¢ Aj. Sow € A,
Since w was an arbitrary unassigned vertex we have that A; = A} for every i € [k], and

so Q = @', which implies the claim. This completes the proof of the middle inequality in
Lemma 4.5.1.

To prove the first inequality note that if a; + - - - + a5 = n then (a1 " ak) is maximised by

taking a; := |“H=L| for every j € [k]. This implies that
o 5 () )
a1+~;1kn Ay, ...,0f LEJ goeey L%J

which in turn implies the first inequality in Lemma 4.5.1, and hence completes the proof.

O

For a given oriented graph or digraph G on vertex set [n] we call a k-partition @) of [n]
optimal if the number of non-crossing edges in G' with respect to () is at most the number

of non-crossing edges in G with respect to @’ for every other k-partition @’ of [n].

Given k£ > 2 and n > 0 we define F(n,Ty.1,m) to be the set of all labelled T} ;-free
oriented graphs on m vertices that have at most nn? non-crossing edges in an optimal

k-partition. We define Fy(n,Ty+1,17) € F(n,Tk+1,m) to be the set of all such oriented
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graphs for which @) is an optimal k-partition. Similarly, we define F*(n,Tyy1,7) to be
the set of all labelled T}, -free digraphs on n vertices that have at most nn? non-crossing
edges in an optimal A-partition, and we define Fy(n, Ty.11,7m) © F*(n, Tj11,7) to be the

set of all such digraphs for which @ is an optimal k-partition. Define

f(n,Tk+1777) = |F(n7Tk+17n)‘ and fQ(naTkJrlan) = ‘FQ(naTk+lan)|7

and similarly

f*(n,Tk+1777) = |F*(n7Tk+1777)| and f5<n>Tk+1777) = ’F5<n>Tk+17?7)’

Then Lemma 4.4.9 implies that for every n > 0 there exists ¢’ > 0 such that

f(s Thegn) < (0, Thegn, m) (1 + 275%2) and  f*(n, Ti1) < f5(0, Thpa, ) (1 + 275%2)
(4.5.2)

for all sufficiently large n. (So ¢’ = 2¢, where ¢ is as given by Lemma 4.4.9.)

Given an oriented graph or digraph GG on vertex set V' and disjoint subsets U, U’ C V we
let e&(U, U’) denote the number of edges in E(G) directed from vertices in U to vertices
in U’. For convenience we will sometimes write € (U, U’) for e&(U,U’) if this creates
no ambiguity. Given £ € N, n,u > 0, and a k-partition @ of [n] with vertex classes
Ay, ... Ay, we define Fo(n,n, 1) (respectively Fp(n,n, 1)) to be the set of all labelled
oriented (respectively directed) graphs on n vertices for which @ is an optimal k-partition

and that satisfy the following:

(F1) the number of non-crossing edges with respect to @ is at most nn?,

(F2) whenever U; C A; and U; C A; with |U;|, |U;| > pn for distinct 4,5 € [k], we have
that & (U;, U;), € (U, U;) = |Uil|U;|/6,
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(F3) ||Ai| — n/k| < un for every i € [k].

Note that property (F2) is similar to the property that the bipartite graph on vertex
classes A;, A; whose edges are directed from A; to A; is p-regular of density at least 1/6
(and similarly for edges directed from A; to A;) and that the ‘reduced graph’ R that has
vertex set {A;, ..., Ay} and edges between pairs that are p-regular of density at least 1/6

is a complete digraph.

Define Fg(n, Ty11,1m, ft) to be the set of all oriented graphs in Fy(n,n, ) that are Ty -
free. Similarly define F(n,Tj11,7, 1) to be the set of all digraphs in Fj(n,n, i) that
are Tj,q1-free. Note that Fo(n, Tyy1,m, 1) C F(n, Thgr,m, ). Define fo(n, Tiya,m, 1) :=

|FQ(n7Tk+17n7/“L)| and fc,*g(nv Tk+17777:u’) = |Fé<n7Tk+17777/'L)|‘

The next lemma shows that fo(n,Ti41,m) and fo(n, Tiy1, 1, 1) are asymptotically equal
for any k-partition @ and suitable parameter values, (and similarly for f¢(n, Tj41,7) and
fon, Tiy1,m, 1)

Lemma 4.5.3. Let k > 2 and let 0 < 1, < 1 be such that u* > 24H(n). There exists an

integer ng = no(, k) such that the following hold for all n = ny and for every k-partition

Q of [n]:

2.2

(1> fQ(n7Tk+1777) - fQ(n7 TkJrla 777,“) g 3%(”)—%

u2n2

(H> fé(na Tk+1> 77) - fé(na TkJrla ;s :u) < 4tk(n)7w'
Proof. We only prove (i) here; the proof of (ii) is similar. We choose ng such that 1/ny <

i, 1/k. We wish to count the number of G € Fy(n, Tjt1,1) \ Fo(n, Tit1,n, p). Let Q have

vertex classes Ay, ..., A;. The number of ways that at most nn? non-crossing edges can

n? U2V Sune,
< nn?
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If ||A;| — n/k| > pn for some i € [k] then by Proposition 4.4.2 the number of possible

crossing edges is at most

t(n) = pm (55 = k) < taln) -

We can conclude that the number of G € Fy(n, Tii1,n) \ Fo(n, Tiy1,1, 1) that fail to

satisfy (F3) is at most

9H(mn? gty (n)—p*n?/3

Every G € Fg(n, Tiy1,m)\ Fo(n, Tx11,1, ) that satisfies property (F3) must fail to satisfy
property (F2). For a given choice of at most nn? non-crossing edges, consider the random
oriented graph H where for each possible crossing edge with respect to ) we choose the
edge to be either directed in one direction, directed in the other direction, or not present,
each with probability 1/3, independently. Note that the total number of ways to choose
the crossing edges is at most 3% and each possible configuration of crossing edges is
equally likely. So an upper bound on the number of G € Fp(n, Tiy1,1) \ Fo(n, Tiy1,1, 1)

that fail to satisfy property (F2) is

oMW 3t (MP(H on Ay, ..., Ay, fails to satisfy (F2)).
Note that the number of choices for U; C A; and U; C A; as in property (F2) is at most
(2)% and that E(ez (U, U;)) = |Ui||U;]/3 > p2n?/3. Hence by Theorem 4.2.2 we get that

E(ex (Ui, U
P(H on Ay, ..., Ay fails to satisfy (F2)) < (2")% exp (—M)

2,2
uen
o (15
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So summing these upper bounds gives us that

2n2
fQ(”a Ty, 77) - fQ(n, Tiv1,m, M) < 2H(n)n23tk(n) <3u2"2/3 * 22%%4)

2 2 2 2
tr(n) g—E"— (logs e—logs 2) 92n+1 tp(n)— LT
< 3 k( )3 24 ( g3 g3 )2 < 3 k( ) 100 ,

where we use that p? > 24H(n) and that 1/ny < pu. O

The following proposition allows us to find many disjoint copies of T} in any graph in
F5(n,m, ). Tt will be useful in proving Lemmas 4.5.5 and 4.5.7. We omit the proof,
since it amounts to embedding a small oriented subgraph into the p-regular blow-up
of a complete digraph which can be done greedily (see e.g. [25, Lemma 7.5.2] for the

‘undirected’ argument).

Proposition 4.5.4. Let n,k € N, let n,pu > 0, let Q be a k-partition of [n] with vertex
classes Ay, ..., Ay, and suppose G € Fp(n,n, ). For every i € [k] let B; C A; with
|B;| = 122un. Let o be a permutation of [k]. Then G contains a copy of Ty on vertices
V1, ..., where for all distinct i,j € [k] we have that v; € B; and that there is an edge

from v; to v; if and only if o(i) < o(j).

We now show that in an optimal partition each vertex is contained in only a small number

of non-crossing edges.

Lemma 4.5.5. Let n,k > 2, let n,pu > 0, let Q be a k-partition of [n] with vertez classes
Ay, ..., Ay, and suppose G € Fy(n, Tiy1,m, ). Then for every i € [k] and every v € A;
we have that

NG ()] + N5 ()] < 12 22m.
Proof. Suppose not, so that there exists # € A;, for some i € [k], such that [N (z)| +

96



|N ()] > 12"22pn. Since Q is an optimal k-partition of G, it must be that
NG @)+ [Ng ()] > [N ()] + [N, (2)] > 12722pm
for every j € [k].

For every j € [k] define B; to be Njj () if [N} (2)] > [N, ()], and N, () otherwise.

J

So [Bj| = 12"%un. Let J* be the set of all j € [k] such that B; = Nj (), and let
J~:=[k]\ J*. Fix a permutation o of [k] with the property that o(i) < o(j) whenever
i € J- and j € J*. Now Proposition 4.5.4 implies that G contains a copy of T} on
vertices vy, . .., vr where for all distinct 4, j € [k] we have that v; € B; and that the edge
between v; and v; is directed towards v; if and only if o(i) < o(j). By the definition of

o, x together with this copy of T} forms a copy of Tj,;. This is a contradiction, since

G € F§5(n, Tiy1,m, 1), and so this completes the proof. O

The following result shows that an optimal partition of a graph does not change too much

upon the removal of just two vertices from the graph.

Lemma 4.5.6. Let k > 2, and let 0 < p < 1/(3k*)'? and 0 < n < u?/3. There
exists an integer ng = no(p, k) such that the following holds for all n > ng. Let Q) be
a partition of [n] with vertex classes Ay, ..., A and let x,y be distinct elements of Aj.

3

Then there is a set P of k-partitions of [n]\ {z,y}, with |P| < e**", such that, for every

G € F5(n, Tyy1,m, 1), every optimal k-partition of G — {x,y} is an element of P.

Proof. First note that, for any G € Fg)(n, Ti11,7, 1), we have by definition that the num-
ber of non-crossing edges in G' with respect to () is at most nn?. So certainly the number
of non-crossing edges in G — {x, y} with respect to the partition A; \ {z,y}, As..., Ak is

at most nn?.
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Consider an arbitrary k-partition By, ..., By of [n]\ {z,y}. We claim that if there exists
i € [k] and distinct j, 5 € [k] such that |A; N By|,|A; N B;| > pn, then for any G €
F5(n, Tqa,m, ) the number of non-crossing edges in G — {x,y} with respect to the
partition By, ..., By is larger than nn? (and hence By, ..., By cannot be an optimal k-
partition of G — {z,y}). Indeed, if we find such 4,7, ;" then by (F2) we have that the
number of non-crossing edges in G — {x, y} with respect to the partition By, ..., By is at
least

1
eG(Bz'> > eg(Aj N Bi,Aj/ N Bz) > 2- 6(/,”1)2 > 7]712,

which proves the claim.

We let P be the set of all k-partitions of [n] \ {x,y} for which no such i, j, j* exist. So by
the above claim we have that for every G' € Fj(n, Tiy1,7, it), every optimal k-partition of
G—{z,y} is an element of P. So it remains to show that |P| < ¢***". Consider an element
of P with partition classes By, ..., By. For every i € [k], let S; := {j : [A; N B;| > pn}.
Note that for every ¢ € [k] we have that |S;] < 1, by definition of P. Note also that
|A;| = n/k — un > kun for every j € [k], and thus for every ¢ € [k] we have that |S;| = 1.
Let A} := Ay \ {z,y} and let A, := A; for every i € {2,...,k}. So every element of
P can be obtained by starting with the k-partition Aj,..., A}, applying a permutation
of [k] to the partition class labels, and then for every ordered pair of partition classes
moving at most un elements from the first partition class to the second. Hence, since

|A;| < n/k+ pn < 2n/k, we have that

k—1\ * uny k(k—1) nk?n
!P\<k!<(2”/’“) ) <K (un(z”‘/k) ) < Kl(un)* (i) <o
< pn pn I

as required. 0

Define F)(n, Ty41,7) to be the set of all oriented graphs in Fg(n, Tyy1,7) that have at least
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one non-crossing edge with respect to Q. Define f;(n, Ti11,n) := |[F§(n, Ty1,n)]. Simi-
larly define FC’S/ (n, Th41,m) to be the set of all digraphs in F{(n, Tiy1,7) that have at least
one non-crossing edge with respect to @), and define fél (n, Tx+1,m) = |F5’ (n, Tx+1,m)|. In
the following result we use Lemmas 4.4.9, 4.5.3, 4.5.5 and 4.5.6 to give upper bounds on

fo(n, Tiy1,m) and fé’ (n, Tyy+1,n) for any k-partition ) and suitable parameter values.

Lemma 4.5.7. For all k > 2 there exist n > 0 and C' € N such that for alln € N and
all k-partitions @ of [n] the following hold.

(1) fo(n, Tpr,m) < 3027,
(it) f&(n, Tyr,m) < 40027,

Proof. We only prove (i) here; the proof of (ii) is similar. Choose C,ny € Nand g,n,u >0
such that

1/C<1/ng<e<gn<< pu<kl1/k.
Define Fg(n,Ty4+1) to be the set of all Tjq-free oriented graphs on n vertices for which

(@) is an optimal k-partition, and define fo(n, Tiy1) = [Fo(n, Tri1)]-

The proof proceeds by induction on n. In fact, in addition to (i) we will inductively show
that
fo(n, Tep) < 3% (14 C27™). (4.5.8)

The result holds trivially for n < ng since 1/C' < 1/ng. So let n > ny and let us assume

that for every k-partition @' of [n — 2] we have that

for(n —2,Tryr) < 3502 (1 4 C2710=2), (4.5.9)

Let @ have partition classes Ay, ..., Ap. Define F{(n,Tyy1,m, 1) to be the set of all
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graphs in Fg(n, Tk41,7, 1) that have at least one non-crossing edge with respect to Q.
Define f5(n, Tpy1,m, 1) = |[Fo(n, Tryr,m, 1), We will first find an upper bound for
fo(n, Tiy1,m, ). We will find this bound in four steps. Note that (F3) implies that
fo(n, Tiy1,m, 1) = 0 unless ||A4;| — n/k| < pn, so we may assume that this inequality
holds.

Step 1: Let B; be the number of ways to choose a single non-crossing edge xy with

respect to Q. Then B; < n%. Let A; be the partition class of ) containing = and 7.

Step 2: Let By be the number of ways to choose the edges that do not have an endpoint
in {z,y}. By Lemma 4.5.6 there is a set P of k-partitions of [n]\ {z,y}, with |P| < e***",
such that, for every G € Fgo(n, Ty+1,1, 1t), every optimal k-partition of G — {x,y} is an

element of P. So we have by our inductive hypothesis that

(4.5.9)
By <Y fo(n—2Th) < 302 (1 4 0271002y 3D oen'n,

Q'eP

Step 3: Let B3 be the number of possible ways to construct the edges between x, y and the
vertices outside A;. Let U be the set of edges chosen in Step 2. One can view U as a subset
of the edge set of a graph G in F{,(n, Tyy1,7, p1). Let U’ be the subset of U consisting of
all those edges in U that do not have an endpoint in A;. So U’ can be viewed as the edge
set of a subgraph G’ of G with G’ € F(n —|Ay], 57, 311), where the set of partition classes
of Qis {A1,...,Ax} \ {4;}. By repeatedly applying Proposition 4.5.4 to G’ we can find
at least n/k — pun — 12¥733un vertex-disjoint copies of Tj_; in G’, each with precisely one
vertex in each of the A; for j # i. Consider the 2(k — 1) potential edges between x,y and
the vertices of any such 7). If we wish for our graph to remain T} -free then not all of

the possible 32*~1 sets of such edges are allowed. So since the number of vertices outside
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1/2

A; not contained in one of these Tj_; is at most (k—1)(2un+12¥=33un) < u'/?nlogze/2,

we have that

Bs < (32(k—1) o 1)”/’C 32(u1/2nlog3 e/2) < (32(k—1) (1 - 3—2k))n/k ok in < 32%%7&6#1/%'

Step 4: Let B4 be the number of possible ways to construct the edges between x,y and
the other vertices in A;. Note that by Lemma 4.5.5, 2 and y each have at most 12-22un
neighbours inside A;, and for each of these the edge between them may be oriented in

either direction. So since |A;| < n, we have that

n 2 k—2 2 n 2 k—2 2 k—2 2
By < (212 2,un> < (212 2,un> (212 2,un>
< 12F22un 12k=22/m

12F—24pun,
2e 1/2
< (m) <e

In Steps 1-4 we have considered all possible edges, and so f;,(n, Tyy1,7, 1) < Bi-Ba- B3 By.
Together with the fact that tx(n) > tr(n — 2) + 2((k — 1) /k)(n — 2) this implies that

S, Tieyn,m 1) < 0232 032 D/Kn e 2 g on (9%) (4.5.10)

< Stk(n)ce—n/(%gk) < 3tk(n) ro=3m
Now, note that since Fi(n, Tii1,n, 1), Fo(n, Tey1,m) € Fo(n, Tiy1,m) we have that

fé)(n7Tk+177]) = |Fc,;g(naTk+1a77) N FQ(n7Tk+l)n7M>| + ’Fé)(n7Tk+bn) \ FQ(n7Tk+1)n7M>|
= ‘Fé(naTkJrlannu’)‘ + |Fé(n7Tk+17n) \ FQ(naTkJrlunnu’)‘
< ‘Fé)(naTkJrlanmu)‘ + ‘FQ(naTkJrlan) \ FQ(ankJrlanmu)‘

= f(ly(ank-i-h/r/?H’) + (fQ(naTk-‘rl?n) - fQ(ank‘-‘rlan?H’)) .
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This together with Lemma 4.5.3(i) gives us that
2,2 (4.5.10)
Fo(n Tiesr,n) < fo(n, T, p) + 3400 Ron < gnom,

which proves (i). So it remains to prove (4.5.8).

Note that the number of graphs in F(n, Ty41,7, 1) for which every edge is a crossing edge
with respect to @ is at most 3™ Since fo(n, Thi1,n, 1) — fo(n, Tyy1,m, 1) is precisely

the number of such graphs, we have that
fo(n, Trq1,m, 1) — fé)(n7Tk+17 n, 1) < 3t
This together with (4.5.10) implies that
fo(n, Tipa,m, ) < 3% (14 C27%7)
Together with Lemma 4.5.3(i) this implies that
Fam Tsrsm) < foln, Tisa,m, 1) + 340~ < 3 (1+0272m). (4.5.11)

On the other hand, Lemma 4.4.9(i) implies that

(4.5.2)
f, Tia) = f(n, Thqr,m) < f(n,TkH)Tmz < Qf(”,TkH,??)Tmz
(4.5.11) ,
< 2k730 (14 0272y 27 L g oo,

Now this together with (4.5.11) implies that

fo(n, Te1) < fo(n, Tevr,n) + (f(n, Ter1) — f(n, Terr,m)) < 3% (14 C27™) .
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This completes the proof of (4.5.8). O

We can now finally prove Theorem 4.1.2 using Lemmas 4.5.1 and 4.5.7 together with the
bounds in (4.5.2).

Proof of Theorem 4.1.2. We only prove (i) here; the proof of (ii) is similar. Let n, C'
be given by Lemma 4.5.7 and choose ng and ¢ such that 1/ny < ¢ < n,1/k. Consider

any n > ng and let Q be the set of all k-partitions of [n]. Note that

f/(n7Tk+1777) < Z fé(ank+l>n)'
QeQ

So by Lemma 4.5.7(i) and the fact that |Q| < k" we have that
f'(n, Tysr,n) < k"3tMC27™,
Recall from (4.5.2) that
J (0, Tier) < f (. Tra ) (1 4+2777).

Together with the fact that f(n, Tyi1,m) = f'(n, Ter1,m) + T(n, k) and the upper bound

in Lemma 4.5.1(i), this implies that

f(nv Tk+1) - T(nv k) < f/(n’ Tk-i-lv 77) + f(na Tk-i-la 77)2_6"2
= f/(n7 Tyt1, 77) + (f,(nv Tyt1, 77) + T(TL, k))2_an

< k3o 4 3t (1 4 0272

2

Now the lower bound in Lemma 4.5.1(i) gives us that f(n,Ty+1) — T'(n, k) = o(T(n, k)).
So f(n,Tk+1) = T(n,k)(1 + o(1)), as required. O
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4.6 Rough structure of typical C;-free oriented graphs

and digraphs

In this section we prove several stability results for Cy-free digraphs (Lemmas 4.6.5, 4.6.13
and 4.6.17). These are used (together with Theorem 4.3.3) at the end of the section to

determine the ‘rough’ structure of typical Cy-free oriented graphs and digraphs.

We will make use of the following definitions. For disjoint sets of vertices A, A’, we define
[_(>(A, A’) to be the oriented graph on vertex set A U A" with edge set consisting of all
the |A||A’| edges that are directed from A to A’. Given a digraph G, A C V(G) and
x € V(G)\ A, we say that G[A, {z}] is an in-star if G[A,{z}] = ?(A, {z}), and we say
that G[A, {z}] is an out-star if G[A,{z}] = [_g({x},A) The following proposition will

prove useful to us many times in this section.

Proposition 4.6.1. Let a € R with 1 < a < 2, let k € N with k > 2 and let G be a
Cly1-free digraph. Suppose G contains a copy C of Cy with vertex set A C V(G), and let
x € V(G)\ A. Then the following hold:

(i) ea(A {z}) <k,
(i) of G[A,{z}] is not an in-star or an out-star, then e,(A,{z}) <k —2+a,

(iii) of G[A,{z}] is not an in-star or an out-star, and contains no double edges, then

eo(A {x}) <k —1.

Suppose moreover that for some ¢ € {k —1,k}, G contains a copy C" of Cy with vertex
set A" CV(Q), where AN A" = 0. Then the following hold:
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eqo(A, A" < ke,
if GIA, A ¢ {I?(A,A’),[_()(A’,A)}, then eq(A, A') < kl — 2+ a,

if G[A, A'] ¢ {?(A, A, ?(A’, A)}, and moreover G[A, A'| contains no double edges,
then e, (A, A") < kl — 1.

Proof. Write C' = vjvy ... v For ¢ € [k] let Q; := {v;z, zv;11}, where vpyq := v;. Since

G is Cyy1-free we have that |E(G) N Q;| < 1 for every i € [k]. Hence e(A,{z}) < k. We

can now prove (i)—(vi).

(i)
(i)

(iii)

(iv)
(v)

This follows since e,(A, {z}) < e(A,{z}) < k.

Suppose that G[A,{z}] is not an in-star or an out-star. Note that if for some
j € [k] we have that E(G) N Q; = 0 then, since |[E(G) N Q;| < 1 for all i € [k],
eq(A {z}) <e(A {z}) <k —-1<k—2+a as required. So we may assume that
|E(G) N Q;| =1 for every i € [k]. Since G[A, {z}] is not an in-star or an out-star,
there exists some j € [k] such that E(G)NQ; = {zv;41} and E(G)NQj41 = {vj112};
that is, there exists a double edge in G[A, {z}]. So since e(G[A, {z}]) < k we have

that e, (A, {z}) < k — 2+ a, as required.

Suppose that G[A,{z}] is not an in-star or an out-star, and contains no double
edges. Just as in the proof of (ii), we have that if |E(G) N Q;| = 1 for every i € [k]
then there exists a double edge in G[A, {x}]. So we may assume that for some j € [k]
we have that E(G) N Q; = 0. This implies that e,(A4,{zr}) < e(A4,{z}) <k —1, as

required.

This is immediate from (i).

Suppose that G[A, A'] ¢ {]?(A, A, [?(A’,A)}. We claim that there exists z € A’

such that G[A, {x}] is not an in-star or an out-star. Indeed, suppose not. Then since
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GIA A ¢ {}_()(A, A, ?(A’, A)}, there must exist distinct vertices 3/, 2" € A’ such
that G[A,{y'}] is an in-star and G[A, {z'}] is an out-star. Let P’ be the subpath
of C' from y' to z/. Thus P’ has length s for some 1 < s < k—1. Let y,z € A
be not necessarily distinct vertices such that the subpath P of C' from y to z has
length £ — s — 1. Then yPzy' P2’y is a copy of Cyy1 in G, which contradicts the
assumption that G is Cii;-free. Hence there does exist © € A such that G[A, {z}] is
not an in-star or an out-star. So by (i) and (ii) we have that e,(A, A") <kl —2+a

as required.

(vi) This proof is almost identical to that of (v), just using (iii) instead of (ii), and so is

omitted.

For k € N define 7,/ (up to isomorphism) to be the digraph on vertex set [n] with all
edges ij where ¢ < j and all edges ji where ¢ < j and |(: —1)/k| = [(j —1)/k]. So
if n = sk for some s € N then T:: . 1s obtained from 7, by blowing up each vertex to a
copy of the complete digraph DK}. Note that T;f i 18 Cpyr-free, and for all @ € R with

1 < a <2 we have that

ea(TH,) = (Z) + [%J (S) (a—1)+ (” B ’2‘“ ﬁJ) (a—1). (4.6.2)

We will first show that T;’ . is an extremal digraph for Cjy;. The resulting formula for
ex4(n, Cry1) will be used in the proofs of Lemmas 4.6.5 and 4.6.13, but we will not refer
to T;f . itself again. Note that the case a = 2 of Lemma 4.6.3 corresponds to finding the

digraph Turdn number of Cy, 1, and is already due to Haggkvist and Thomassen [36].
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Lemma 4.6.3. Letac R withl1 <a <2 andletk € N. Then
exq(n, Cryq) = ea(Tn*’k).

Proof. The proof proceeds by induction on k. The case k = 1 is trivial. So suppose G is
a Cy1-free digraph on n vertices for some k > 1. The proof now proceeds by induction
on n. The cases n =1,..., k are trivial. So suppose n > k. Note that if G is also Cj-free

then by our inductive hypothesis on k,

€a(G) < €Ty 1) < ealT).

Otherwise, G contains a copy of Cy, say on vertex set A C V(G). So by Proposi-
tion 4.6.1(i) we have that e, (A, {z}) < k for every x € V(G)\ A. Hence e,(A, V(G)\ A) <
k(n—k). Note that by our inductive hypothesis on n, e,(G[V (G)\A]) < e4(T,"; ;). Hence,

€a(G) = ea(GIV(G)\ A]) + ea(A, V(G) \ A) + ea(G[A])

L ) s
_ (Z) |2 (’;) (a—1)+ <”_ : m)(a— 1) = ea(TH).

So indeed ex4(n, Cry1) = €a(T, ), as required. O

_|_

We will next prove three stability results for Cy,1-free digraphs. The first will cover the
case 1 < a < 2 (where a, as usual, is the parameter in the definition of the weighted size
of a digraph) and will be used to prove a structural result on Cj;-free oriented graphs.
The second covers the case a = 2 and k£ odd, and will be used to prove an analogous
structural result on Cyi-free digraphs for odd k. The third covers the case a = 2 and k

even, and will be used to prove a (less restrictive) structural result on Cj,-free digraphs
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for even k. The proofs of the first two of these stability results will make use of a result
of Chudnovsky, Seymour and Sullivan [22], which we state below. To do so we need to
introduce the following notation. Let S(G) denote the number of backwards edges in
G with respect to a transitive-optimal ordering of G. Let v(G) denote the number of
unordered non-adjacent pairs of vertices in G; that is unordered pairs u, v of vertices such

that wv ¢ E(G) and vu ¢ E(G).

Lemma 4.6.4. [22] Let G be a {Cy, Cs}-free digraph. Then B(G) < v(G).

It is conjectured in [22] that in fact S(G) < v(G)/2 for all {Cy, Cs}-free digraphs G. If

true, this would be best possible.

Lemma 4.6.5 (Stability when a < 2). Let a € R with 1 < a < 2 and let k € N with
k > 2. Then for all € > 0 there exist 6 > 0 and ng € N such that every Clyi1-free digraph

G on n = ng vertices with

satisfies G = T, & en?.

Proof. We prove the lemma via the following claim.

Claim: Let k € N with k > 2 and let € > 0. Suppose that there exist 6' > 0 and nj € N

such that every {Cy, Cyy1 }-free digraph G on n' > ny vertices with
n/
ea(G) = <2) — §'n"

satisfies G = Ty + en?/(2k*). Then there exist 6 > 0 and ny € N such that every

Chy1-free digraph G on n = ng vertices with



satisfies G = T,, & en?.

In order to check that the claim implies the lemma, we proceed by induction on k. For
the base case k = 2 the assumption of the claim is satisfied, since if &' := ¢/(4k?) and if
G is a {Cy, C3}-free digraph on n' vertices with e,(G) > (g) — 0'n? then v(G) < §'n'?,
and so applying Lemma 4.6.4 yields the assumption of the claim. So the conclusion of
the claim holds, which is precisely the statement of the lemma for £ = 2. For k& > 2 the
assumption of the claim is satisfied by the inductive hypothesis (since any {C}, Cj1 }-free
digraph is certainly a Ci-free digraph) and so the conclusion of the claim holds, which is
precisely the statement of the lemma for k. So by induction the lemma holds and we are

done.

Thus it remains to prove the claim. (Note that, apart from in the base case k = 2, in the
above argument it would suffice for the assumption in the statement of the claim to refer
to Cy-free digraphs, rather than {Cy, Cy11}-free digraphs. As such, this claim is stronger
than strictly necessary for our purposes, since the assumption is weaker. However, this
approach allows us to prove the base case at the same time as the inductive step, and so

yields a shorter proof.)

Proof of claim: Choose ¢ and ng such that 1/ny < 0 < 1/k,2—a,d and 1/ny < 1/n{, €.

Let G be a Cyy1-free digraph on n > ny vertices with

ea(G) > (Z) — on2. (4.6.6)

Let ¢t > 0 denote the maximum number of vertex-disjoint copies of C in G. Let C =
{C',...,C"} be a set of t vertex-disjoint copies of Cy in G. Let V; := V(CHU---UV(CY)
and V5 := V(G) \ V4. Let ny := |Vi| and ny := |V5|. Note that G[V4] is Cy-free.
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Note that Proposition 4.6.1(i) implies that e,(V1, V2) < ning, since G is Cyyq-free. Also,

for i = 1,2, since G[V] is Cyy1-free, Lemma 4.6.3 and (4.6.2) together imply that

a(GIVi)) < exa(ns, Copr) = (g) o] (’;) (a-1)+ (” - L%J) (a-1) < (7’;) on?,

(The last inequality holds since 1/ny < 0 < 1/k.) Together with (4.6.6) this implies that

ea(G[Vi]) = €a(G) — ea(V1,V2) — ea(G[V2]) (4.6.7)
() () ) -(5) -
and similarly that
(O = lG) - eV Vi) — e > (5 ) ~2on, (469
and that
alVis V) = €a(G) = eulGIVID) = ealGIVGD) 2 mums =300, (16.9)

We now consider the digraph G’ defined on vertex set [t]U V3 as follows. Firstly, G'[V5] :=
G[Vs). For vertices i,j € [t] we have that ij € E(G') if and only if G[V(C?),V(C?)] =
l_g(V(Ci), V(C7)). For a vertex x € V5 and an element i € [t] we have that iz € E(G') if
and only if G[V(C?),{x}] is an in-star and that zi € E(G’) if and only if G[V (C?), {z}]

1S an out-star.

Note that by Proposition 4.6.1(iv), e,(G[V(C"), V(CY)]) < k? (for all ¢ # j). Moreover,
Proposition 4.6.1(v) implies that if 4, j € [t] and ij, ji ¢ E(G'[[t]]) then e,(G[V (C?), V(C)])
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<k —2+a Let s:= (%) — ea(G[[t])) = (%) — e(G'[[t]]). Then

(T;) 252 < e(GIV]) = 37 €l GIV(E), VIE) + 3 el GIVICH]146.10)
i,j<€j[t] i€t

< @) — 52— a) +t(§) (a—1).

Thus s(2 — a) < 3dn?, i.e.

@) > (5) - 22

Similarly, Proposition 4.6.1(ii) implies that if ¢ € [t] and = € V, and iz, xi ¢ E(G'[[t])
then e,(G[V(C"),{z}]) < k — 2+ a. So we have that

, (4.6.9) 30n?
@I V)) > tna =

_a‘

So recalling that e,(G'[V2]) = eq.(G[V2]) we have that

(4.6.8) [t 8n?
( +"2) _ oo (4.6.11)

€a(G') = ea(G[[t]]) + ea(G'[V2]) + ea(G[[1], V) > 5 5o

Since t + ny > n/k we have that t + ny > nf, and that 8n?/(2 — a) < §'(t + n»)?, and

hence by (4.6.11) that
t+ N9

ea(G) 2 ( )

) — 't +ny)? (4.6.12)

We now claim that G’ must be {Cy, Cyi1}-free. Indeed, suppose not. If G’ contains
a copy of Ckyq then it is clear that G also contains a copy of Cj., contradicting our
assumption. So we may assume that G’ contains a copy of Ci. Since G'[Va] = G[V3] is
C-free by construction, the vertex set of any copy of C in G’ must contain some i € [t].
But then G would clearly contain a copy of Cy1 using two of the vertices in V(C?), again

contradicting our assumption that G is Cyii1-free. So G’ is {Cy, Cry1 }-free, as claimed.
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Thus by (4.6.12) and the assumption in the statement of the claim we have that G’ =
Tyin, Te(t+n2)?/(2k%). Together with the definition of G’ this implies that G = T, +en?,
as required. This completes the proof of the claim, and hence completes the proof of the

lemma. O

The rough strategy of the next proof is similar to that of Lemma 4.6.5.

Lemma 4.6.13 (Stability when « =2 and £ is odd). Let k € N with k > 3 and k
odd. Then for all € > 0 there exist 6 > 0 and ng € N such that every Cy.1-free digraph G

on n = ng vertices with

e(G) = (Z) — on?

satisfies G = T, & en?.

Proof. We prove the lemma via the following claim.

Claim: Let k € N with k > 3 and k odd, and let € > 0. Suppose that there exist 6’ > 0

and n{, € N such that every {Cy_1, Cy }-free digraph G on n' > ny vertices with
n/
e(G) > (2> — §'n"

satisfies G = Ty 4 en?/(2k*). Then there exist 6 > 0 and ny € N such that every

Cri1-free digraph G on n > ng vertices with

satisfies G = T, & en?.

In order to check that the claim implies the lemma, we proceed by induction on ¢ :=

(k + 1)/2. The argument is similar to that in the proof of Lemma 4.6.5. (As before,
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Lemma 4.6.4 implies that in the base case £ = 2 of the induction, the assumption of the

claim holds.)

Proof of claim: Choose 0 and ng such that 1/ny < 6 < 1/k,d and 1/ny < 1/n{, €.

Let G be a Cyyq-free digraph on n > ny vertices with

e(G) > (“) — on?. (4.6.14)

Let ¢ > 0 denote the maximum number of vertex-disjoint copies of C in G. Let C =
{C',...,C"} be a set of ¢ vertex-disjoint copies of C, in G. Let V; := V(CHU---UV(C?)
and ny := |V]. Now let t* > 0 denote the maximum number of vertex-disjoint copies of
Cp_1 in GV \ V4. Let C* = {C},...,C"} be a set of t* vertex-disjoint copies of Cj,_; in
GV \Vi]. Let Vo :=V(CHU---UV(CY) and ny := |V5]. Let V3 := V(G)\ (V, UV,) and
ns = |V5]. Note that G[V, U V5] is Cy-free and that G[V5] is {Cy—1, Cy }-free.

Proposition 4.6.1(i) implies that e(V,V5) < niny and that e(Vy,V3) < nyng, since G is
Cry1-free, and that e(Va, V3) < ngng, since G[V, U V3] is Cy-free. Also, similarly to the
proof of Lemma 4.6.5 we use Lemma 4.6.3 to get that e(G[V;]) < (') 4+ dn? for i = 1,2, 3.

Together with (4.6.14) this implies that

e(G[Vi]) = e(G) — e(V1,V2) — e(V1, V3) — e(V2, V3) — e(G[Va]) — e(G[V3))

() o) o (3) ) ((2) 29
()

and similarly that e(G[V2]) = ("2) — 36n?, and that e(G[V3]) > (') — 36n?, and that
e(Vi,V;) = ninj — 46n? for all i,j € {1,2,3}, i # j.
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We now consider the digraph G’ defined on vertex set ([t] x {0}) U ([t*] x {1}) U V3 as
follows. Firstly, for every vertex v € V(G’) define f(v) to be {v} if v € V3, to be V(C?) if
v = (1,0) € [t] x {0}, and to be V(C%) if v = (i,1) € [t*] x {1}. Now let G'[V3] := G[V3]
and for vertices u,v € V(G') with [{u,v} N V5] < 1 define uv € E(G’) if and only if

Glf(u), f(0)] = K (f(u), f)).

Note that by the K&vari-Sés-Turan theorem, G contains at most dn? double edges,
since G is Cyyi-free and k + 1 is even, and 1/ny < § < 1/k. Note also that by
Proposition 4.6.1(iv), if u,v € [t] x {0} then e(G[f(u), f(v)]) < k?. If, moreover,
wo,vu ¢ E(G'[[t] x {0}]) and G[f(u), f(v)] contains no double edge, then by Proposi-
tion 4.6.1(vi) we have that e(G[f(u), f(v)]) < k* — 1. Using that e(G[V4]) = (}}) — 30n?

one can now argue similarly as in (4.6.10) to see that

(@[] x {0}]) > @ — 50n2.

Also, Proposition 4.6.1(iv) implies that if u € [t]x{0} and v € [t*]x{1} then e(G[f(u), f(v)])
< k(k—1). If, moreover, uv,vu ¢ E(G'[[t] x {0}, [t*] x {1}]) and G[f(u), f(v)] contains no
double edge, then by Proposition 4.6.1(vi) we have that e(G[f(u), f(v)]) < k(k —1) — 1.

Using that e(Vy, Va) > nyny — 46n? one can again argue similarly as in (4.6.10) to see that

e(G/[[t] x {0}, [t7] = {1}]) > #t* — 5on”.

Furthermore, Proposition 4.6.1(i) implies that if u € [t]x{0} and v € V5 then e(G[f (u), f(v)])
< k. If, moreover, uwv,vu ¢ E(G'[[t] x {0}, V3]) and G[f(u), f(v)] contains no double
edge, then by Proposition 4.6.1(iii) we have that e(G[f(u), f(v)]) < k — 1. Using that

e(V1,V3) = nyns — 46n? one can again argue similarly as in (4.6.10) to see that
e(G'[[t] x {0}, V5]) = tns — 50n.
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Using that G[VoU V3] is Cy-free, in a similar way we get that e(G'[[t*] x {1}]) > (g) —5n?
and that e(G'[[t*] x {1},V5]) = t*n3 — 5dn®  So recalling that e(G'[V3]) = e(G[V3]) >

("23) — 30n? we have that

e(G') = e(G[[t] x {0}]) + e(G'[[t"] x {1}]) + e(G"[Va]) (4.6.15)
+e(G[[t] x {0}, [t7] x {1}]) + e(G'[[t] x {0}, Va]) + e(G'[[t"] > {1}], V3)

Z (t * t2+ n3> — 286n>.

Since ¢ + t* + ng > n/k, we have that t + t* + nz > n{, and that 286n? < §'(t + ¢* + n3)?,
and hence by (4.6.15) that

t+t*+n3

e(G') > ( 5 ) — &' (t+ "+ n3)? (4.6.16)

We now claim that G" must be {Cy_1, Cy}-free. Indeed, suppose not. If G’ contains a
copy of Cj then since G'[V3] = G[V3] is Cy-free by construction, the vertex set of such a
copy of Cy in G’ must contain some u € ([t] x {0})U([t*] x {1}). But then G would clearly
contain a copy of Cyyq using two of the vertices in f(u), contradicting our assumption
that G is Cgyi-free. Similarly, if G’ contains a copy of Cy_; then since G[V5] is Cy_1-
free by construction, the vertex set of such a copy of Cy_; in G’ must contain some
uw € ([t] x {0}) U ([t*] x {1}). If there exists such a u € [t] x {0} then G would clearly
contain a copy of Cj1 using three of the vertices in f(u), since |f(u)| = k > 3. Otherwise,
there exists u € [t*] x {1} and a copy of Cj_; in G’ that uses u but no vertices in [t] x {0}.
But then G[V, U V3] would clearly contain a copy of Cy using two of the vertices in f(u),

contradicting our previous observation that G[Va U V3] is Cy-free.

So G" is {C_1, Ck }-free, as claimed. Thus by (4.6.16) and the assumption in the statement
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of the claim we have that G’ = Ty s, te(t+t*+n3)?/(2k?). Together with the definition
of G’ this implies that G = T, & en?, as required. This completes the proof of the claim,

and hence completes the proof of the lemma. U

We now prove a digraph stability result for forbidden odd cycles. Here both the Turan
and the stability results allow for a richer structure than in the previous two lemmas: For
even k, a near extremal graph can be obtained from a transitive tournament by blowing
up some of its vertices into complete bipartite graphs of arbitrary size (see Section 4.1 for

the precise definition). This makes the proof more difficult than the previous two.

Lemma 4.6.17 (Stability when « = 2 and k is even). Let k € N be even. Then for
all € > 0 there exist 6 > 0 and ng € N such that every Cyyq-free digraph G on n > ng

vertices with

e(G) > (Z) — on? (4.6.18)

can be made into a transitive-bipartite blow up by changing at most en* edges.

To give an idea of the proof, consider the triangle-free case £k = 2. In this case, we
first consider a maximal collection A of disjoint double edges in G. It is easy to see
that for almost all pairs of (double) edges ujug, vive € A, either (i) G[{uy,usz,v1,vs}]
is a complete balanced bipartite digraph or (ii) G contains all four possible edges from
{uy,us} to {vy,v2} (or vice versa). We consider the following auxiliary ‘semi-oriented
graph’ G" whose vertex set is A. In case (i), we include an (undirected) red edge between
uyugy and v1ve in G'. In case (ii), we include a blue edge directed from wujuy to vivy in
G’ (or vice versa). One can now show that the red edges induce a set of disjoint almost
complete graphs R in G’. We then contract each such red almost complete graph R into
a vertex vg to obtain an oriented graph J (vertices of G’ which are not involved in any

of these R are also retained in J). So all edges of J are blue. Crucially, it turns out that
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J is close to a transitive tournament. Moreover, in G each vg corresponds to an almost
complete bipartite digraph, so altogether this shows that the subgraph of G induced by
the edges in A is close to a transitive-bipartite blow up. One can generalize this argument
to incorporate the vertices of G not covered by edges in A (these will only be incident to

blue edges in G’ and J and not to any red ones).

To formalize the above argument, we make use of the following definitions. A semi-
oriented graph is obtained from an undirected graph by first colouring each of the edges
either red or blue and then giving an orientation to each of the blue edges. So a semi-
oriented graph is a pair G = (V, E'), where V is a set of vertices and F is a set of coloured
edges, some of which are red and undirected and the rest of which are blue and directed.
We define basic notions such as induced subgraphs of G in the obvious way. Given a
vertex v € V we denote the set of all vertices x € V' for which there is a blue directed
edge ve € E by NJ (v). We call the vertices in NJ (v) blue out-neighbours of v. We define
the sets Ng (v) of blue in-neighbours of v and NE(v) of red neighbours of v in a similar

way. If z € NZ (v) U Ng (v) we say that z is a blue neighbour of v.

We denote the complete bipartite digraph (with edges in both directions) with vertex
classes of sizes a and b by DK, ;. The following simple proposition will also be used in

the proof of Lemma 4.6.17.

Proposition 4.6.19. Let k € N be even and let G be a Cyy1-free digraph. Suppose G

contains a copy of DKy s 12 with vertex classes A, B. Then the following hold.

(i) Suppose x € V(G)\ (AU B). Then e(G[{z}, AU B]) < k, with equality only if
G[{x}, AUB] = K ({«}, AUB) or G[{z}, AUB] = K (AUB, {z}) or G[{z}UAUB] =
DKk:/2+1,k;/2-

(ii) Suppose G contains another copy of DKya 2 with vertex classes C, D such that
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(CuD)N(AUB) = 0. Then e(G[C UD,AU B|) < k?, with equality only if
G|[CUD,AU B =?(OUD,AUB) or G[CUD,AU B] :?(AUB,CUD) or
G[CUDUAUB| = DK

Proof. (i) Note that if there is an edge in G[{z}, A U B| from a vertex in A to x

then there cannot be an edge in G[{z}, A U B] directed from z to a vertex in B,
or else G[{z}, AU B] would clearly contain a copy of Cj,; that uses these two
edges, contradicting the fact that G is Cyyq-free. Similarly, if there is an edge in
G[{z}, AU B] directed from a vertex in B to x then there cannot be an edge in

G[{z}, AU B] from x to a vertex in A, and the result now follows.

The fact that e(G[C' U D, AU B]) < k? follows immediately from (i). Now let us
suppose that e(G[CUD, AUB]) = k*. So (i) implies that, for every x € CUD, either
G[{x}, AUB] = K ({z}, AUB) or G[{z}, AUB] = K (AUB, {z}) or G[{z}UAUB] =

DKyjo41%/2- We consider cases.

Case 1: There exists v € C U D with G[{z},AU B] = l_g({x},A U B). In this
case, consider a vertex y € AU B. Without loss of generality we may assume
that z € C and y € A. By (i) (applied with C' U D playing the role of A U B
and y playing the role of ) we have that either G[{y},C U D] = I_g({y},C’ U D)
or Gl{y},C U D] = K(CUD,{y}) or Gl{y} UC U D] = DKyjpsrpj. But if
Gl{y},CuUD] = ?({y}, C'U D) then there is an edge directed from y to a vertex in
D and an edge directed from x € C' to y, and as in the proof of (i) this implies that
G contains a copy of Ci1, which is a contradiction. If G[{y} UCUD] = DKj/2411/2
then either G[{y}, C] = DKy, in which case there is an edge directed from z to
a vertex in B and an edge directed from y € A to z, or else G[{y}, D] = DK /2, in
which case there is an edge directed from y to a vertex in D and an edge directed
from € C to y. In either case there must be a copy of Cy; in G, as in the proof of

(i), which is a contradiction. Hence it must be that G[{y}, CUD] = ?(C’U D, {y}).
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Since y € AU B was arbitrary, G[{y'},CUD] = ]?(C’UD, {y'}) for every v/ € AUB,
which implies that G[C'U D, AU B] = K(C U D, AU B).

Case 2: There exists x € C' U D with G[{z}, AU B] = }_(>(A U B,{z}). In this
case it follows by a symmetric argument to that of Case 1 that G|[C U D, AU B] =
K(AUB,CUD).

Case 3: G[{z}UAUB| = DK} 2412 for allz € CUD. In this case, suppose that
there exist y, z € C with G[{y}, A] = DK, 2 and G[{z}, B] = DK />. (i) implies
that y # z. There is a path P in G[CUD)] of length k—2 from y to z, so for any a € A
and b € B we have that yPzbay is a copy of Cj,; in GG, which is a contradiction. So
we may assume that G[{y}, A] = DK, for all y € C. It now easily follows that
G[{z}, B] = DKy ) for all z € D and thus G[C UDU AU B] = DKy,

We have now considered all cases, and so this completes the proof of (ii).

Proof of Lemma 4.6.17. Choose nyg, d, €1, ey such that 1/ng < § € 1 € g9 < 1/k,¢.

Let G be a Cy1-free digraph on n > ng vertices which satisfies (4.6.18).

Let ¢ > 0 denote the maximum number of vertex-disjoint copies of DKj, 9 /2 in G. Let
A= {A',..., A"} be a collection of vertex sets of ¢ vertex-disjoint copies of DK} a2 in
G. Let Vi := A'U---UA" and let V5 := V(G) \ Vi. Note that G[Va] is DKy ok o-free,

and hence by the Kévari-Sés-Turdn theorem G[V5] contains at most dn? double edges.

Claim 1: For each i € [t] there are at most 66/2n vertices v € Vy for which G[A'U{z}] =

DKyjorja41-
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Indeed, suppose that there exists a set X of more than 65/?n such vertices. Proposi-
tion 4.6.19(ii) and the fact that 1/ng < §, 1/k together imply that e(G[V;]) < (“;ﬂ) +0n?.
Moreover, e(Vy, Vo) < |V1]|Va| by Proposition 4.6.19(i). Together with (4.6.18) this implies
that e(G[V3]) > (";2‘) —20n?. This together with our previous observation that G[V3] con-
tains at most dn? double edges implies that G[V3] contains at most 3dn? pairs of vertices
with no edge between them. Hence e(G[X]) > (';ﬂ) — 30n?. But this means that there
are z,y € X such that zy € F(G) and such that both x and y are joined with double
edges to the same vertex class of G[A’] = DK} /2, which contradicts the fact that G is

Cy1-free.

Let G* be the digraph obtained from G by deleting the at most dn? double edges in
G[V5] and deleting the double edges between A* and all the vertices z € V5 for which
G[A'U{z}] = DK}/ 241 (for each i € [t]). By Claim 1, for each i € [t], the number of
the latter double edges is at most 65%/%n - k/2 = 3k§'/?n. Thus

(4.6.18)
e(G*) > e(G) — 2 <5n2 + % : 3/«5“%) > (Z) — 75Y2n?, (4.6.20)

Consider the semi-oriented graph G’ = (V’, E') where V' := AUV, and the edge set £’
is defined as follows. Firstly, for every vertex v € V' define f(v) to be v if v € A, and
to be {v} if v € V5. If u,v € V' then there is a blue edge in E’ directed from u to v if
Glf(u), f(v)] = l?(f(u), f(v)). If u,v € A then there is a red edge in E’ between u and
v i G[f(u) U ()] = DKy s So G'V] = G*[Va].

Note that, since G is Cy,i-free, G’ cannot contain any copy of Cy,; which contains at
least one blue edge and in which all the blue edges are oriented consistently (as any such

copy of Cyy1 in G' would correspond to a Cyy1 in G).
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Let Vj denote the set of all vertices v € V” for which there are at least 0'/4n vertices u € V'

such that G’ does not contain an edge between v and u. Note that Proposition 4.6.19
together with (4.6.20) implies that |E'| > (“g') — 76Y2n%, Hence |VJ| < 156'*n. Let
G =G -V, V":=V"\Vj and " := E(G").

Claim 2:

(a) For every vertex v € V" there are at most 6/*n vertices u € V" such that G does

not contain an edge between v and u.

(b) G” does not contain a triangle uvw such that both uv and vw are red edges and wu

1s a blue edge.

(¢) G" does not contain a triangle vow such that uv is a red edge and both vw and wu

are (directed) blue edges.

Indeed, (a) is clear from the definition of G”, while (b) and (c) follow easily from the fact

that G is Cy1-free.

Given q,¢' € N, we say that U C V" is a red (q, ¢')-clique if [U| > ¢’ and |U \ N5 (u)] < g

forall u € U.

Claim 3: Suppose that R is a red (6'/*n,en)-clique. Then the following hold.

(a) G"[R] does not contain a blue edge.
(b) No vertex v € V' \ R has both a red and a blue neighbour in R.

(¢) No vertexv € V" \ R has both a blue in-neighbour and a blue out-neighbour in R.
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Suppose that R’ is another red (§'/*n, e\n)-clique such that RNR' = (). Then the following
hold.

(d) G” cannot contain both a red edge and a blue edge between R and R'.

(e) G” cannot contain both a directed blue edge from some vertex in R to some vertex

in R and a directed blue edge from some vertex in R’ to some vertex in R.

First note that (a) follows immediately from Claim 2(b) and the definition of a red
(61/4n, e1n)-clique. To prove (b), suppose that some vertex v € V" \ R has both a red
and a blue neighbour in R. Claim 2(a) and the fact that |R| > e;n imply that either v
has at least £;n/3 red neighbours in R or at least £1n/3 blue neighbours in R (or both).
Suppose that the former holds (the argument for the latter is similar). Let u € R be a
blue neighbour of v. Since R is a red (§'/*n, e n)-clique, all but at most 6'/*n < g,n/3
vertices of R are red neighbours of u. So there exists a red neighbour v’ € R of u which is
also a red neighbour of v. Then the triangle uu’v contradicts Claim 2(b). This proves (b).
The argument for (c) is similar. (d) follows from (b) and Claim 2(a), while (e) follows

from (b), (c) and Claim 2(a).

Claim 4: There exists a collection R of pairwise disjoint red (6*n, e1n)-cliques such that,
writing Vi for the set of all those vertices in V" covered by these red (6'/*n, e1n)-cliques,

the following holds:

(a) For every R € R and every v € R all red neighbours of v lie in R.

(b) Everywv € V"\ Vg has less than eyn red neighbours (and all of these lie in V" \ Vg ).

To prove Claim 4, let R be a collection of pairwise disjoint red (6/*n,e1n)-cliques such
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that the set Vi of all those vertices in V" covered by these red (6/*n,ein)-cliques is
maximal and, subject to this condition, such that |R| is minimal. We will show that R

is as required in Claim 4.

To prove that Claim 4(a) holds, suppose first that there is some vertex x € V" \ Vz
that has a red neighbour in some R € R. Then Claims 2(a) and 3(b) together imply
that [(RU {z}) \ N&d(z)| < §Y*n. Moreover, by Claims 2(a) and 3(a),(b) we have that
(RU {z}) \ N&d(v)| < 6Y4n for every v € R. So RU {x} is a red (§/*n,e1n)-clique,

contradicting our choice of R.

Suppose next that there are distinct R, R' € R such that G” contains a red edge between
R and R'. Then Claims 3(a),(d) imply that G”"[R U R'| does not contain a blue edge.
Together with Claim 2(a) this implies that R U R’ is a red (6'/%n,en)-clique, again

contradicting our choice of R. Altogether this proves Claim 4(a).

To check Claim 4(b), suppose that some v € V" \ Vi has at least e;n red neighbours.
Claim 2(b) implies that G”[N&<(v)] cannot contain a blue edge. Together with Claim 2(a)
this implies that G”[N&d(v)] is a red (6Y/4n,e1n)-clique. But Claim 4(a) implies that

Ngd(v) C V" \ Vg, contradicting our choice of R. This completes the proof of Claim 4.

Let G” be the semi-oriented graph obtained from G” by deleting all the red edges which
are not covered by some R € R. Note that by Claim 4(b) at most ;n? red edges are
deleted. Let J be the oriented graph obtained from G" by contracting each R € R into
a single vertex vg. So V(J) consists of all these vertices vg as well as all the vertices in
V'"\ Vg. Let Jy := J[V"\Vg] = G"[V"\ Vg] and let J; := J -V (J;). Claims 3(c),(e) and
Claim 4(a) together imply that J is indeed an oriented graph. Moreover, by Claim 2(a)
Ji is a tournament and J[V'(J;), V(J3)] is a bipartite tournament (i.e. for all vy € V(J;)

and v € V (J) either vgv or vug is a directed edge of J).
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Claim 5:

(a) J does not contain a copy of C3 having at least one vertex in V(Jy).
(b) Ji is a transitive tournament.

c) J can be made into a transitive tournament by changing at most ean? edges in E(J5).
) ging g

Suppose that (a) does not hold and let xyvr be a copy of C3 in J. We only consider
the case when z € V(J;) and y € V(J3); the other cases are similar. So let R" € R be
such that © = vp. Claim 2(a) and the definition of J together imply that R’ contains
a blue in-neighbour 2z’ of y (in G”). Moreover, Claims 2(a) and 3(c),(e) imply that
IR\ Ng.(2)] < 6Y4n and |R\ N2, (y)| < 6Y*n. Together with the fact that R is a red
(61/4n, e1n)-clique this implies that R contains a path P = u...v of length k — 2 where
u € NS, (y) and v € N5, (2'). So Pz'y is a Cryy in G” in which all the blue edges are
oriented consistently. Using the fact that the edge vz’ is blue, it is now easy to see that
Pz'y corresponds to a Ciy in G, a contradiction. This proves (a). (b) follows from (a)

and our previous observation that J; is a tournament.

It remains to prove (c). Note that e(.Jy) > ("gﬂ) —2e1n? by Claim 2(a) and the definition of
J (and of G"). Moreover, Jy, = G"”[V"\Vg] is a Ck,1-free oriented graph. So Lemma 4.6.5
implies that Jo = T}, £ eon® Let oy : V(J2) — [|2]] be a transitive-optimal ordering
of the vertices of Jo. Let r := |J;| = |R| and let vg,,...vg, be the unique transitive
ordering of the vertices of J;. We claim that for every vertex x € V(Jy) there exists an
index i, € [r] such that all the vg, with ¢ < i, are in-neighbours of z in J while all the
vg, with ¢ > i, are out-neighbours of x in J. (Indeed, suppose not. Since J[V (J1), V(J2)]
is a bipartite tournament this implies that there are indices ¢ < j such that vg, is an

out-neighbour of z in J and vy, is an in-neighbour of x in J. But then zvg,vg; is a copy
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of C5 contradicting (a).) For each i € [r] let X; := {x € V(J3) : i, = i}. Note that there
are no indices ¢ < j such that J contains a directed edge from some vertex z € X; to some
vertex 2’ € X; (otherwise z2'vg,,, would be a copy of Cs contradicting (a)). Consider the
vertex ordering o obtained from vg,,...,vg, by including all the vertices in X; between

vg, and vg,,, in the ordering induced by o3 (for each i € [r]). This vertex ordering shows

that (c) holds.

Recall that for each R € R the set | R is a subset of V(G) of size k|R|.

Claim 6: Each red (6"/*n,e1n)-cliqgue R € R satisfies G[|J R] = DK|gjx/2, k2 £ 61/°n%.

To prove Claim 6, pick v € R and write N&i(v) N R = {v1,...,vs}. Recall that v
corresponds to a copy of DK} /s 5/ in G, and let A and B denote the vertex classes of this
copy. Similarly, each v; corresponds to a copy of DK} 952 in G. Let A; and B; denote
its vertex classes. Recall from the definition of G” that G[AU A; U BU B;] = DK} ;. By
swapping A; and B; if necessary, we may assume that the vertex classes of this copy of
DKy, are AUA; and BUB;. Since G is Ci;-free, neither G[A,U- - -UA | nor G[B1U- - -UBy]
contains an edge. Thus whenever v;v; is a red edge in G” then G[A;UA;UB;UB;] is a copy
of DK}, with vertex classes A;UA; and B; U B;. But since R is a red (6140, 1n)-clique,
for each i € [s] all but at most §'/*n vertices in {v1,...,v,} are red neighbours of v; and

IR\ {v1,...,v5}| <8Y4n. Thus G[U R] = DK|gjk/2,rjk/2 £ 6'/°n?, as required.

Using Claims 5(c) and 6 it is now straightforward to check that G can be made into a

transitive-bipartite blow up by changing at most en? edges. O

We now have all the tools we need to show that almost all Cj-free oriented graphs are

close to acyclic, and that for all even k£ almost all Ci-free digraphs are close to acyclic,
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and that for all odd k almost all C-free digraphs are close to a transitive-bipartite blow
up. The proof of Lemma 4.6.21 is almost identical to that of Lemma 4.4.9, using Lem-

mas 4.6.5, 4.6.13 and 4.6.17 instead of Lemma 4.4.3, and so is omitted here.

Lemma 4.6.21. For every k € N with k > 3 and any o« > 0 there exists € > 0 such that

the following holds for all sufficiently large n.

(i) All but at most f(n, Cy,)2="* Cy-free oriented graphs on n vertices can be made into

subgraphs of T,, by changing at most an® edges.

(i) If k is even then all but at most f*(n,Cy)2~"" Cy-free digraphs on n vertices can

be made into subgraphs of T), by changing at most an? edges.

(iii) If k is odd then all but at most f*(n,Cy)2 " Cy-free digraphs on n vertices can
be made into a subgraph of a transitive-bipartite blow up by changing at most an?

edges.

4.7 'Typical Cj-free oriented graphs and digraphs are

not acyclic

Let O, be the set of all labelled Cj-free oriented graphs on n vertices and let O, ;. be
the set of all labelled C-free digraphs on n vertices. We show that almost all graphs in
O, and almost all graphs in O} , have at least cn/logn backwards edges in a transitive-
optimal ordering, for some constant ¢ > 0. Let O, ;, be the set of all labelled Cj-free

oriented graphs on n vertices with exactly r backwards edges in a transitive-optimal

*

e and

ordering. Let O, <, 1= UZ.e 01,17} O,.1,i, and define the digraph analogues O

k< I & similar way.
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Lemma 4.7.1. Let k > 3 and let n € N be sufficiently large. Then

(1) ‘On,k,n/213‘ = 2n/214‘On,k,én/@l‘llogn)‘;

.. 14
(11) |O’TL,/{I,TL/213| 2 2"/ |O:<L,k,<n/(214logn)|'

Note that Lemma 4.7.1 together with Lemma 4.6.21 immediately yields Theorem 4.1.3.

Proof of Lemma 4.7.1. We only prove the case & = 3 of (i) here; the proofs for
(ii) and the case k > 3 are very similar. Let my := |[n/2'%]|. Fix m; € Z with 0 <
my; < me/(2logn). For every oriented graph G fix some transitive-optimal ordering

oc: V(G) = [n].

Consider an auxiliary bipartite graph H with vertex classes O, 3, and O,, 30 whose edge
set is defined as follows. Let there be an edge in H between A € O, 3,,, and B € O, 3 if
the graph B can be obtained from the graph A by deleting the m; backwards edges with
respect to o4. Note that every graph generated in this way from a graph A € O, 3m,

belongs to O, 30, so A certainly has at least one neighbour in O, 3.

We claim that, in H, a graph B € O, 30 has at most (";/1 2) 2™ mneighbours in O, 3, .
Indeed, any graph in O,, 3,,, that can generate B in the described way can be obtained
from B by choosing exactly m; of the at most n?/2 pairs of vertices that have no edge
between them in B, and then adding edges between them with some orientations (for

which there are 2™ possibilities).
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Together with our previous observation that, in H, every graph A € O, 3,,, has at least

one neighbour in O, 3, this implies that

n2/2
Oaml < Y do,A)= T don,g,m1<B><|0n,3,o|< /)2’”1. (4.7.2)

my
Aeon,S,ml Beon,S,O

For a graph G € O, 30 we define a flippable 4-set in G to be any set of 4 vertices, with

labels w, x,y, z say, satisfying the following:

e the vertices w, z, y, z are consecutive in the ordering og; that is og(w)+3 = og(z) +

2=o0¢(y) +1=0¢(2),

e 0g(w) — 1 is divisible by 4.

Note that every graph in O,, 50 has [n/4] flippable 4-sets.

Now consider an auxiliary bipartite graph H' with vertex classes O,, 30 and O,, 3 ,,, whose
edge set is defined as follows. Let there be an edge in H' between B € O, 3, and
C € O, 3m, if the graph C' can be obtained from the graph B by choosing exactly msy
flippable 4-sets in B with respect to op and, for each flippable 4-set w,x,y, z chosen,
deleting all edges between the vertices w, x,y, z and then adding the edges of a 4-cycle
wxyz. Note that every graph generated in this way from a graph B € O,, 3 belongs to

On,3,m2 .

We claim that, in H', a graph B € O,, 5 has exactly (L:Lr{jj) neighbours in O,, 3 ,,. Indeed,
the neighbours of B are precisely those graphs generated by choosing exactly mqy of the
exactly |n/4] flippable 4-sets in B with respect to op, and then changing the edges
between pairs of vertices in these flippable 4-sets in the described way. Each choice of ms

flippable 4-sets generates a different graph. So the claim holds.
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We claim also that, in H', a graph C' € O,, 3., has at most 2°™2 neighbours in O, 3.
Indeed, first note that any graph in O, 3,,, with at least one neighbour in O, 3 contains
exactly mq induced 4-cycles. Any graph in O, 30 that can generate C' in the described
way can be obtained from C' by choosing for each of the msy induced 4-cycles an ordering of
the 4 vertices respecting the order of the 4-cycle (of which there are 4), and then changing
the edges between pairs of vertices in these 4-cycles to some transitive configuration with
respect to the chosen ordering (for which there are 2° possibilities). So indeed the claim

holds.

So using these degree bounds gives us that

n/4
|0n,3,o|(“ J): S dops (B)= Y donyo(C) < [OnamlZ (473)

m
2 BEO, 50 CEOm 3.m,

Now (4.7.2) and (4.7.3) together imply that

Ousnsl - (212)
O3, | = (n2/2) 9m198ma |
mi

8mo

ma2
Since n is sufficiently large we have that (LZ{;”) > (L> and ("fn/l 2) 2m1 < p?™ . Hence

the right hand side of (4.7.4) is at least

n 2 9 n 2 _m2 mo log<7n )— ™2 Jogm
ni mi 2 n Togn — 2 211m2 logn 2 2m2'

21y, 2y,

So this together with (4.7.4) gives us that |Op 3m,| = 2™%|On3.m,| for any integer 0 <

my < my/(2logn). So since n is sufficiently large,

2m2
n

|On,3,m2| > |On,3,<m2/(2logn)| = 2n/214|On,3,<m2/(2logn)|,
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as required.
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CHAPTER 5

FORBIDDING INDUCED EVEN CYCLES IN
A GRAPH: TYPICAL STRUCTURE AND

COUNTING

5.1 Chapter introduction

5.1.1 Graphs with forbidden induced graphs

Recall that, given a fixed graph H, a graph is called induced-H-free if it does not con-
tain H as an induced subgraph. As mentioned in Chapter 1, much less is known about
the typical structure and number of induced-H-free graphs than that of H-free graphs,
though considerable work has been done in this area (see, e.g. [3, 10, 40, 61, 62, 63]). In
particular, Promel and Steger [63] obtained an asymptotic counting result for the num-
ber of induced-H-free graphs on n vertices, showing that the logarithm of this number

is essentially determined by the so-called colouring number of H. This was generalised
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to arbitrary hereditary properties independently by Alekseev [2] as well as Bollobés and
Thomason [16]. The recent exciting developments on Hypergraph Containers in [11, 70]
that we utilised in Chapter 4 have also opened up the opportunity to replace count-
ing results on induced-H-free graphs by more precise results which identify the typical

asymptotic structure.

In this chapter we determine the typical structure of induced-Coy-free graphs (from which
the corresponding asymptotic counting result follows immediately). The key difficulty we
encounter is that the typical structure turns out to be more complex than encountered
in previous results on forbidden induced subgraphs. This requires new ideas and a more
intricate analysis when ‘excluding’ classes of graphs which might be candidates for typical

induced-Cy-free graphs.

5.1.2 Graphs with forbidden induced cycles

Given graphs Hy,..., H,,, we say G can be covered by Hi,...,Hy,, if V(G) admits a

partition A;U---UA,, = V(G) such that G[A;] is isomorphic to H; for every i € {1,...,m}.

Promel and Steger proved in [61] that almost all induced-Cjy-free graphs can be covered
by a clique and an independent set, and in [60] characterised the structure of almost all
induced-Cs-free graphs too. More recently, Balogh and Butterfield [10] determined the
typical structure of induced-H-free graphs for a wide class of graphs H. In particular
they proved that almost all induced-Cr-free graphs can be covered by either three cliques
or two cliques and an independent set, and that for k£ > 4 almost all induced-Cs;, 1-free
graphs can be covered by k cliques. They also conjectured that for £ > 6 almost all
induced-Cy-free graphs can be covered by k — 2 cliques and a graph whose complement is

a disjoint union of stars and triangles. The main result of this chapter completely verifies
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this conjecture.

Theorem 5.1.1. For k > 6, almost all induced-Coy-free graphs can be covered by k — 2

cliques and a graph whose complement is a disjoint union of stars and triangles.

Theorem 5.1.1 together with the discussed results in [10, 32, 60, 61] implies that the
typical structure of induced-Cj-free graphs is determined for every k € N apart from
k € {6,8,10}. For the cases k = 8 and k& = 10 the methods we use to prove Theorem 5.1.1
allow us to also prove an approximate result on the typical structure of induced-Cj-free

graphs. In order to state this result we require the following definitions.

Given 1 > 0 and graphs G and G’ on the same vertex set, we say G’ is n-close to G if G’
can be made into G by changing (i.e. adding or deleting) at most n|G|* edges. We say a
graph G is a sun if either G consists of a single vertex or V(G) can be partitioned into
sets A, B such that E(G) = {uv : |[{u,v} N B| < 1}. We call A the body of the sun and
B the side of the sun. Note that all stars and cliques (including triangles) are suns, and

that we consider a single vertex to be both a star of order one and a clique of order one.

Theorem 5.1.2.

(i) For everyn > 0, almost all induced Cyg-free graphs are n-close to graphs that can be

covered by three cliques and a graph whose complement is a disjoint union of cliques.

(ii) For every n > 0, almost all induced Cys-free graphs are n-close to graphs that can be

covered by two cliques and a graph whose complement is a disjoint union of suns.

We remark that in Theorems 5.1.1 and 5.1.2 we get exponential bounds on the proportion
of induced-Cy;-free graphs that do not satisfy the relevant structural description. Our

proofs also show that the k — 2 cliques in the covering have size close to n/(k — 1) in
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Theorem 5.1.1, with analogous bounds in Theorem 5.1.2. Theorem 5.1.1 also strengthens
a result by Kang, McDiarmid, Reed and Scott [40] showing that almost all induced-Co-
free graphs have a linear sized homogeneous set. (Their results were motivated by the

Erdés-Hajnal conjecture, and actually apply to a large class of forbidden graphs H.)

It would of course be interesting to determine the typical structure of induced-Cg-free

graphs.

Question 5.1.3. What is the typical structure of induced-Cg-free graphs?

It seems likely that almost all induced-Cg-free graphs can be covered by one clique and
one cograph, where a cograph is a graph not containing an induced copy of P;. Another
natural question is that of the typical structure of induced- H-free graphs of a given density.
In particular, an intriguing question is whether their typical structure exhibits a non-
trivial ‘phase transition’ as found for triangle-free graphs [57] and more generally K,-free

graphs [12].

5.1.3 Overview of the chapter

A key tool in our proofs is the hypergraph container method of Balogh, Morris and
Samotij [11], and independently Saxton and Thomason [70], that we utilised in Chapter 4.

The precise statement of the application used here is deferred until Section 5.3.

Given a graph G and a set A C V(G), we denote by G[A] the graph induced on G by
A, and we denote the complement of G by G. For k € N and a set V of vertices we
define an ordered k-partition of V to be a k-partition of V such that one partition class

is labelled and the rest are unlabelled. If () is an ordered k-partition with labelled class
Qo and unlabelled classes Q1, ..., Qr_1 then we write Q@ = (Qo, {Q1,...,Qr_1}).
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For k > 4, we say that a graph G is a k-template if V/(G) has an ordered (k — 1)-partition
Q = (Qo,{Q1,...,Qxr_2}) such that G[Q;] is a clique for all i € [k — 2] and one of the

following holds.

e k=4 and G[Qy] is a disjoint union of suns.
e k=5 and G[Qy] is a disjoint union of stars and cliques.

e k> 6 and G[Q] is a disjoint union of stars and triangles.

Clearly every k-template is induced-Cyi-free. If V(G) has such an ordered (k—1)-partition
Q, we say that G is a k-template on Q, or G has ordered (k — 1)-partition Q. If Q)" is the
(unordered) (k — 1)-partition with the same partition classes as ), we may also say that

G is a k-template on @)'. Thus Theorem 5.1.1 can be reformulated as:

‘For k > 6, almost all induced Csy-free graphs are k-templates.’

Theorem 5.1.2 can be similarly reformulated in terms of 4- and 5-templates. As mentioned
earlier, the main difficulty in proving Theorem 5.1.1 (compared to related results) is that
typically G[Qo] is close to, but not quite, a complete graph. This makes it very difficult
to rule out other similar classes of graphs as typical structures. To overcome this we use
tools such as Ramsey’s theorem to classify the graphs according to the neighbourhoods

of certain vertices.

More precisely, our approach to proving the main result of this chapter is as follows.
Firstly, in Section 5.3 we use the hypergraph containers result discussed above to show
that almost all induced-Csy-free graphs are close to being a k-template, for every k& > 4

(see Lemma 5.3.1). Note that Lemma 5.3.1 immediately implies Theorem 5.1.2.
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In Section 5.4 we prove upper and lower bounds on the number of k-templates on n
vertices (see Lemmas 5.4.4 and 5.4.7). In Section 5.5 we prove some preliminary results

about graphs that are close to being a k-template.

In Section 5.6 we state a key result which is a version of Theorem 5.1.1 with respect to a
given ordered (k — 1)-partition (see Lemma 5.6.1) and use it together with Lemma 5.4.7
to derive Theorem 5.1.1. The remainder of the chapter is devoted to proving Lemma 5.6.1
via an inductive argument, which we introduce at the end of Section 5.6. This argument
involves partitioning the class of graphs considered in Lemma 5.6.1 into three ‘bad’ classes
of graphs, and in each of Sections 5.7, 5.8 and 5.9 we use Lemma 5.4.4 and the results in
Section 5.5 to prove an upper bound on the number of graphs in a different one of these
classes (see Lemmas 5.7.3, 5.8.9 and 5.9.15). In particular, Lemmas 5.7.3 and 5.8.9 already
show that almost all induced-Csi-free graphs are ‘extremely close’ to being k-templates
(see Proposition 5.9.1). In Section 5.10 we use Lemmas 5.3.1, 5.7.3, 5.8.9 and 5.9.15 to
complete the inductive argument set up in Section 5.6 and so prove Lemma 5.6.1. The
final section of the chapter, Section 5.11, consists of the proof of a specialised version of
the Removal Lemma that we state and use in Section 5.3. Before starting on any of this

however, we lay out some notation and set out some useful tools in Section 5.2, below.

5.2 Notation and tools

Given a graph G, a vertex x, and an ordered (k — 1)-partition @ = (Qo, {Q1,...,Qr_2})
of V(G), we let N(x), N(x) denote the set of neighbours and non-neighbours of z in G,
respectively. We also let Ng, (), Ng,(z) denote the set of neighbours of z in Q; and non-

neighbours of z in Q;, respectively. We sometimes use the notation dg’Q(aj) = |Ng, ()|

and c_lz;,Q(x) = |Ng, ()| when we want to emphasise which graph we are working with.
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For a set A of vertices in G, we define

N(A):=[(N(@), N(A):=[)N(),

veEA vEA
NQZ(A) = ﬂ NQi(U)’ NQL(A) = ﬂ NQi(U)‘
vEA veEA
If it does not generate any ambiguity, we may write N;(z), N;(x), N;(A) and N;(A) for
No,(z), Ng,(z), Ng,(A), and Ng,(A) respectively. Given A, B C V(G), we define

N*(A,B) = N(A)nN(B), N:(A,B) := N,(A) N N,(B).

In the case when A and B both have size one, containing vertices a, b respectively, we

may write N*(a,b) for N*(A, B) and N/ (a,b) for N}(A, B).

Given a (k — 1)-partition @ of [n] with partition classes Qo, ..., Qr_2, and a graph G =
(V, E) on vertex set [n], and an edge or non-edge e = uv with u € @; and v € Q);, we call

e internal if 1 = j.

We denote a path on m vertices by P,,. Given a path P = p;...p, and a sequence
Ay, ..., A, of sets of vertices, we say that P has type Aq,..., A, if p, € A, for every
¢ € [m]. We call a graph a linear forest if it is a forest such that all components are paths

or isolated vertices.

Given /,t € N we let R,(t) denote the f-colour Ramsey number for monochromatic t-
cliques, i.e. Ry(t) is the smallest N € N such that every ¢-colouring of the edges of Ky

yields a monochromatic copy of Kj.
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We define

In a number of the proofs in this chapter we shall use the following formulation of Chernoff

bounds.

Lemma 5.2.1 (Chernoff bound). Let X have binomial distribution and let 0 < a <

E[X]. Then

We define £(p) := —3p(logp)/2. The following bounds will prove useful to us. For n > 1

and 3logn/n < p < 1071,

[pn] pn
n n en
= § < — ) 28l 5.2.2
(< pn) : (2> P (pn) ’ (5.22)

and

3 (N _ 5,
£(p)<§p<—> <p/t (5.2.3)

5.3 Approximate structure of typical induced-Cy;-free

graphs

The main result of this section is Lemma 5.3.1, which approximately determines the

typical structure of induced-Csy-free graphs. As mentioned earlier, we make use of a
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‘containers theorem’ which reduces the proof of Lemma 5.3.1 to an extremal problem

involving induced-Cy-free graphs. More precisely, the argument is structured as follows.

We first introduce a number of tools (see Subsection 5.3.1): a ‘containers theorem’ (The-
orem 5.3.2), a Stability theorem (Theorem 5.3.3), and two Removal Lemmas (Theo-
rem 5.3.4, Lemma 5.3.5). In Subsection 5.3.2 we use Theorem 5.3.3 to derive a Stability
result involving induced-Cyy-free graphs (Lemma 5.3.7). Similarly we use Theorem 5.3.4
to derive another specialised version of the Removal Lemma (Lemma 5.3.9). In Subsec-
tion 5.3.3 we use Theorem 5.3.2 together with Lemmas 5.3.5, 5.3.7 and 5.3.9 to determine

the approximate structure of typical induced-Cy,-free graphs.

We denote the number of (labelled) induced-Coy-free graphs on n vertices by F(n, k).

Lemma 5.3.1. Let k > 4. For every n > 0 there exists € > 0 such that the following
holds for all sufficiently large n. All but at most F(n, 16)2_5”2 induced-Co-free graphs on

n vertices can be made into a k-template by changing at most nmn? edges.

Note that Lemma 5.3.1 immediately implies Theorem 5.1.2.

5.3.1 Tools: containers, stability and removal lemmas

The key tool in this section is Theorem 5.3.2, which is an application of the more gen-
eral theory of Hypergraph Containers developed in [11, 70]. We use the formulation of

Theorem 1.5 in [70]. We require the following definitions in order to state it.

A 2-coloured multigraph G on vertex set [N] is a pair of edge sets Gr,Gp C [N]®,
which we call the red and blue edge sets respectively. If H is a fixed graph on vertex

set [h], a copy of H in G is an injection f : [h] — [N] such that for every edge uv of H,
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f(u)f(v) € Gg, and for every non-edge v'v' of H, f(u')f(v') € Gg. We write H C G if G
contains a copy of H, and we say that G is H-free if there are no copies of H in G. We
say that G is complete if Gr U Gp = [N]®. We denote by G the graph on vertex set
[N] and edge set Gp.

Theorem 5.3.2. Let H be a fized graph with h = |V (H)|. For every ¢ > 0, there
exists ¢ > 0 such that for all sufficiently large N, there exists a collection C of complete

2-coloured multigraphs on vertex set [N] with the following properties.

(a) For every graph I on [N] that contains no induced copy of H, there exists G € C such
that I C G.

(b) Every G € C contains at most eN" copies of H.

(c) log|C| < N2~ (h=2)/((3)-1) log N.

Another tool that we will use is the following classical Stability theorem of Erdds and
Simonovits (see e.g. [29, 30, 72]). By Tug(n) we denote the Turdn graph, the largest
complete k-partite graph on n vertices, and we define tx(n) := e(Tug(n)). Given a family
H of fixed graphs, we say a graph G is H-free if G does not contain any H € ‘H as a (not
necessarily induced) subgraph, and we say G is induced-H-free if G does not contain any

H € H as an induced subgraph.

Theorem 5.3.3. Let H = {Hy,...,H,} be a family of fixed graphs, and define k :=
min;<;<p X(H;). For every § > 0 there exists € > 0 such that the following holds for all
sufficiently large n. If a graph G on n vertices is H-free and e(G) = tx_1(n) — en?, then

G can be obtained from Tuy_1(n) by changing at most dn? edges.

The final tools that we introduce in this subsection are the following two Removal Lemmas.

The first is an extension of the Induced Removal Lemma to families of forbidden graphs,
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and is due to Alon and Shapira [7]. The original statement of this theorem also applies
to infinite families of forbidden graphs, but the version for finite families is sufficient for
our purposes. The second is a version of the Removal Lemma applicable to complete 2-
coloured multigraphs. The proof of this is similar to that of the standard Removal Lemma,
and quite long, so we defer it until the end of the chapter (see Section 5.11). For two sets
A, B, we denote their symmetric difference by AAB. For 2-coloured multigraphs G, G’

on the same vertex set we define their distance by dist(G,G’) := |GrRAGY| + |G AGY|.

Theorem 5.3.4. [7] For every finite family of fized graphs H and every € > 0, there
exists 0 > 0 such that the following holds for all sufficiently large n. If a graph G on n
vertices contains at most on" induced copies of each graph H € H on h vertices, then G

can be made induced-H-free by adding or deleting at most en® edges.

Theorem 5.3.5. For every fixed graph H on { vertices, and every € > 0, there exists
0 > 0 such that the following holds for all sufficiently large n. If a complete 2-coloured
multigraph G on n vertices contains at most dn® copies of H, then there exists a complete

2-coloured multigraph G on vertex set V(G) such that G is H-free and dist(G, é) < en?.

5.3.2 Stability and removal lemmas for even cycles

Suppose H is a complete 2-coloured multigraph on m vertices with Hgr N Hg = (. If
m = 3 and |Hg| < 1 we call H a mostly blue triangle. For k € {4,5,6}, if m = 4 and
|Hp| > 6 — k and HP contains a copy of P then we call H a k-good tetrahedron. The

following technical proposition will be useful in proving Lemmas 5.3.7 and 5.3.9.

Proposition 5.3.6. Let k > 4 and let G be a complete 2-coloured multigraph on 2k
vertices. If G satisfies one of the following properties then G contains a copy of Co.

Below, r; always denotes a red edge.
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(E1) GRAGE is a set of at most k disjoint (red or blue) edges.
(E2) GRAGE is the edge set of two vertex disjoint copies of a blue K.

. . . . . 1 2
3 s 1y ey -3
(E3) GrAGHS is the edge set of a union of disjoint graphs K5, K5, r ry_3, where each

K% is a mostly blue triangle.

E4) GrAGpg is the edge set of a union of disjoint graphs K}, r1,...,rs_a, where K} is
4 4

a 4-good tetrahedron.

(E5) k > 5 and GRAGp is the edge set of a union of disjoint graphs K}, r1,... T o,

where K} is a 5-good tetrahedron.

(E6) k > 6 and GRAGp is the edge set of a union of disjoint graphs K}, 1, ... Tk o,

where K} is a 6-good tetrahedron.

Proof. Let V(G) = {vy,...,v9}. Let C = ¢y ...co be a2k-cycle. Note that if there exists
a permutation o of [2k] such that for every edge c;c; € E(C) we have v,()v,(;) € Gr and
such that for every non-edge cyc; ¢ E(C) we have v, (1) Vo) € Gp, then vy . .. Vo (2r)
is a copy of Uy in G. We call such a permutation o a covering permutation from C
to G. For ease of reading, we will write a permutation o on [2k] using the notation
o= (0(1),...,0(2k)). If o restricted to {m,m + 1,...,2k} is the identity permutation,
we may simply write o = {o(1),...,0(m — 1)} instead. So for example if o = (1, 3,4, 2)

is a covering permutation from C to G, then viv3v40905 . . . Vo is a copy of Cyy in G.

We now show that each of the properties (E1),...,(E6) imply that there exists a covering

permutation from C' to G, and hence that G contains a copy of Cy.

(E1) There exists b,r € NU{0} with b+ < k such that, by relabelling vertices if neces-

sary, Gp\Gpr = {v1v2, ..., V1V } and Gr\Gp = {Vap11V2m42, - - -, V2(btr)—1V2(b4r) } -
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Depending on the value of b we find the following covering permutations ¢ from C
to G, as required.
e If b =0 then o is the identity permutation.
e If b =1 then o = (1,3,4,2).
e If b>2theno=(1,3,...,2b—1,2,4,...,2b).
(E2) Let {v1,..., vk}, {vks1,- .., vk} be the respective vertex sets of the two copies of a

blue Kj in GRAGg. Theno = (1,k+1,2,k+2,...,k,2k) is a covering permutation

from C' to G, as required.

(E3) Let V(K3) = {v1,ve,v3}, V(KZ) = {vs4,vs5,v6} and V(r;) = {vaiss5, v2i16} for every
i € [k — 3]. Depending on the colour of the edges in K3, K2 we find the following
covering permutations ¢ from C' to G, as required.

e If K1, K2 both contain no red edges, then o = (1,4,2,5,3,6).

e If K contains exactly one red edge v;v, and K2 contains no red edges, then
o=(4,1,2,5,3,6).
e If K3 contains exactly one red edge v1vy and K3 contains exactly one red edge

v5vg, then o = (1,2,4,3,5,6).

(E4) Let V(K}) = {v1,v2,v3,v4} and V(r;) = {vaiy3,v9:,4} for every i € [k — 2]. De-
pending on the configuration of red edges in K} we find the following covering

permutations o from C' to G, as required.

o If K i contains exactly three red edges viv9, vov3, V304, then o is the identity
permutation.
e If K contains exactly two red edges v1vq, vovs, then o = (1,2,3,5,6,4).

e If K contains exactly two red edges v1vs, v3v4, then o = (1,2,5,6,3,4).
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(E5) We may assume that K contains exactly one red edge, since that is the only case
not covered by (E4). Let V(K}) = {vi,vq,v3,v4} and V(r;) = {va;13,v944} for
every i € [k — 2], and let v;vy be the red edge in K. Then o = (1,2,5,6,3,7,8,4)

is a covering permutation from C to G, as required.

(E6) We may assume that K} contains no red edges, since that is the only case not
covered by (E5). Let V(K}) = {vi,ve,v3,v4} and V(r;) = {vg;y3,v944} for every
i €[k—2]. Then o = (1,5,6,2,7,8,3,9,10,4) is a covering permutation from C' to

G, as required.

We now use Theorem 5.3.3 and Proposition 5.3.6 to prove the following more specialised

Stability result involving Cy-free 2-coloured multigraphs.

Lemma 5.3.7. Let k > 4. For every § > 0 there exists € > 0 such that the following
holds for all sufficiently large n. If a complete 2-coloured multigraph G on vertez set [n]
is Cop-free and |Gr N Gp| = ty_1(n) —en?, then the graph ([n], GrR N Gg) can be obtained

from Tux_1(n) by changing at most on? edges.

Proof. Choose ng € N and € > 0 such that 1/ny < ¢ < §. Let n > ng. Since G is
Coi-free, we know by Proposition 5.3.6 that no 2k vertices of G induce on G a 2-coloured
multigraph G’ that satisfies (E1). So, since G is complete, the graph ([n], Ggr N Gp) must
be Tuy(2k)-free. Note that x(Tux(2k)) = k. By Theorem 5.3.3, this together with the
fact that |GrNGp| > t_1(n) —en? implies that the graph ([n], GRNGpg) can be obtained

from Tuy;_;(n) by changing at most dn? edges. O

The following proposition characterises the structure of graphs without k-good tetrahe-

drons. It will be useful in proving Lemma 5.3.9. The proof is fairly straightforward so we
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give only a sketch of it here.

Proposition 5.3.8. Let G be a 2-coloured multigraph with Gr N Gg = (.

(i) If G does not contain a 6-good tetrahedron then G® is a disjoint union of stars and

triangles.

(ii) If G does not contain a 5-good tetrahedron then G® is a disjoint union of stars and

cliques.

(iii) If G does not contain a 4-good tetrahedron then G® is a disjoint union of suns.

Proof. (i) follows immediately from the fact that if G is 6-good tetrahedron-free then G*

does not contain a Pj.

To see (ii), note that if G is 5-good tetrahedron-free and P is a copy of P, in GP, then
GB[V(P)] = K4. So every component H of GP is either a star or a triangle or contains a

K,4. But in the latter case it is easy to check that H is actually a clique.

It remains to prove (iii). If G is 4-good tetrahedron-free and P is a copy of P, in G5,
then GB[V(P)] is either a K, or a copy of the graph K, obtained from K, by deleting
one edge. So every component H of GP is either a star or a clique or contains an induced
copy of K, . Using induction on |H]|, it is not hard to show that in the latter case H must

be a sun. 0

We now use Theorem 5.3.4 together with Propositions 5.3.6 and 5.3.8 to prove the fol-

lowing more specialised Removal Lemma involving even cycles.

Lemma 5.3.9. For every k > 4 and every > 0 there exists € > 0 such that the following

holds for all sufficiently large n. Suppose G is a complete 2-coloured multigraph on n
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vertices such that Gg N Gp = E(Tup_1(n)). Let Q be the unique (k — 1)-partition of the
vertices of G such that no partition class induces an edge in GgNGp. Suppose further that
G contains at most en®* copies of Co. Then there exists a k-template T = (V(G), ET)
on Q such that |GRAET| < dn?.

Proof. We first prove the lemma in the case k > 6. Choose ng € N and ¢,v > 0 such that

1/ng < e<y<6,1/k Let n =ngandlet Q = (Q1,...,Q_1). Let ¢ :=¢e'/3,

We claim that for no two distinct ¢, j € [k — 1] do G[Q;] and G[Q;] both contain at least

k

en® copies of a blue K. Indeed, if they do then there are at least ¢?n?*

> en?t sets
of 2k vertices that each induce on G a 2-coloured multigraph G’ that satisfies (E2). By
Proposition 5.3.6 each such G’ contains a copy of Cs;. This contradicts the assumption

that G contains at most en?* copies of Csy, which proves the claim.

Thus there exists J C [k — 1] with |J| < 1 such that for all i € [k — 1] with ¢ ¢ J, G[Q]
contains fewer than cn® copies of a blue K. Together with Theorem 5.3.4 (applied to
GB[Q;]) this implies that G[Q;] can be made free of blue cliques of size k by changing the
colour of at most yn? edges inside Q;. So by Turdn’s Theorem, for all ¢ € [k — 1] with

i ¢ J, G[Q;] must have at least

w0 (M) e g

red edges.
Claim 1: There is at most one index i € [k — 1] such that G[Q;] contains at least cn®

mostly blue triangles. Moreover, if there is such an indez i then J C {i}, and if there is

no such index then J = .

Indeed, suppose for a contradiction that there exist distinct ¢, j € [k — 1] such that Q;, Q;
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both contain at least cn® mostly blue triangles. Note that any class that contains at least
cn® copies of a blue K}, must contain at least en® mostly blue triangles. So we may assume
that J C {7,7}. Thus for every index ¢ # 7,7, G[Q,] contains at least n?/(4(k — 1)?) red
edges. Thus there are at least 2en?* sets of 2k vertices that each induce on G a 2-coloured
multigraph G’ that satisfies (E3). (To see this, note that to choose such a set of 2k vertices
we may choose, for both indices i, j, the vertices of any one of the at least cn® mostly blue
triangles in G[Q;], G|Q,] respectively, and then choose, for each index ¢ # i, j, any one of
the at least n?/(4(k —1)3) red edges in @,.) By Proposition 5.3.6 each such G’ contains a
copy of Cy,. This contradicts the assumption that G contains at most en?* copies of Coy,

which proves the claim.

Let J' consist of the index jo € [k — 1] such that G[Qj,] contains at least cn® mostly blue
triangles, if such an index exists. Otherwise let J' := (). Thus J C J'. For all i € [k — 1]
with 7 ¢ J', Claim 1 together with Theorem 5.3.4 (applied to GP[Q;]) implies that G[Q;]
can be made free of mostly blue triangles by changing the colour of at most yn? edges
inside ();. This implies that the blue edges inside Q); after such a change form a matching.

Hence G[Q;] contains at most 2yn? blue edges.

If J/ = 0 then G[Q;] contains at most 2yn? blue edges for all i € [k — 1], and hence
|GB\GRr| < on? (since v < 6,1/k). In this case we are done by setting T' to be K.
Otherwise, J" = {jo} and it suffices to show that the blue edges in G[Qj,] can be made
into the edge set of a disjoint collection of stars and triangles by changing the colour of
at most yn? edges inside Q;,, since then we are done by setting 7' to be K,, minus this

disjoint collection of stars and triangles.

Claim 2(a): G[Q;,] contains fewer than cn* 6-good tetrahedrons.
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122k geots of 2k vertices that each induce on G a 2-

Indeed, otherwise there are at least
coloured multigraph G’ that satisfies (E6). (To see this, note that to choose such a set of 2k
vertices we may first choose the vertices of any one of the at least en* 6-good tetrahedrons,
and then choose, for each other class Q;, any one of the at least n?/(4(k — 1)3) red edges
in @;.) By Proposition 5.3.6 each such G’ contains a copy of Cy. This contradicts the

assumption that G contains at most en?* copies of Oy, which proves the claim.

Claim 2(a) together with Theorem 5.3.4 (applied to G?[Q;,]) implies that G[Q;,] can be
made free of 6-good tetrahedrons by changing the colour of at most yn? edges inside Q.
Proposition 5.3.8(i) implies that after such a change, all blue edges inside @), form a
disjoint collection of stars and triangles, as required. This completes the proof in the case

k > 6.

For the case k = 5, the proof is almost identical to the case k > 6, except that instead of

Claim 2(a) we prove the following weaker claim, which follows in a similar way.

Claim 2(b): G[Qj,] contains fewer than cn* 5-good tetrahedrons.

Claim 2(b) together with Theorem 5.3.4 (applied to G?[Q,,]) implies that G[Q;,] can be
made free of 5-good tetrahedrons by changing the colour of at most yn? edges inside Q.
Proposition 5.3.8(ii) implies that after such a change, all blue edges inside @;, form a
disjoint collection of stars and cliques. We are now done by setting 7" to be K,, minus

this disjoint collection of stars and cliques.

For the case k = 4, the proof is again almost identical to the case k > 6, except that
instead of Claim 2(a) we prove the following even weaker claim, which follows in a similar

way.
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Claim 2(c): G[Q,,] contains fewer than cn* 4-good tetrahedrons.

Claim 2(c) together with Theorem 5.3.4 (applied to GP[Q;,]) implies that G[Q;,] can be
made free of 4-good tetrahedrons by changing the colour of at most yn? edges inside Q.
Proposition 5.3.8(iii) implies that after such a change, all blue edges inside @;, form a
disjoint collection of suns. We are now done by setting 7" to be K, minus this disjoint

collection of suns. O

5.3.3 Approximate structure of typical induced Cy;-free graphs

We are now in a position to prove the main result of this section.

Proof of Lemma 5.3.1. Choose ng € N and ¢€,0,7,8 > 0 such that 1/n) € ¢ € § <€
v < B < 1/k. Let ¢ := 2 and n > ng. First we claim that F(n, k) > 2%, To see
this, first note that any graph G that contains m is induced-Coy-free (since for any
set of 2k vertices on G, 3 of them must form a triangle). Moreover, there are precisely

2tx-1(") guch graphs for any given labelling of the vertices, which proves the claim.

By Theorem 5.3.2 (with Co;,n and €’ taking the roles of H, N and ¢ respectively) there
is a collection C of complete 2-coloured multigraphs on vertex set [n] satisfying properties
(a)—(c). In particular, by (a), every induced-Coq-free graph on vertex set [n] is contained in
some G € C. Let C; be the family of all those G € C for which [GrRNGg| = ti_1(n) —e'n.
Then the number of (labelled) induced-Cy-free graphs not contained in some G € C; is
at most

(€] 210 < o-en P, ),

2—¢!

because |C| < 2" °, by (c), and F(n,k) > 2% We claim that for every G € C,
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there exists a complete 2-coloured multigraph G and a k-template 7' on partition Q =

{Qo, @1, ..., Qr_2} such that
GrnQ® = E(TQ]) and GrnGpnQ? =0

for every i € {0,1,...,k — 2}, and dist(G,G) < nn?. (Note that this claim implies that
every induced-Csy-free graph contained in G can be made into a k-template by changing
a total of at most nn? edges within the vertex classes @Q;.) Indeed, by (b), each G € C;
contains at most £'n?* copies of Cy;. Thus by Theorem 5.3.5 there exists a complete 2-
coloured multigraph G’ on the same vertex set that is Coi-free, such that dist(G, G') < dn?.
Then |G N G| = tx_1(n) — (¢' + §)n®. Thus by Lemma 5.3.7 there exists a complete
2-coloured multigraph G” on the same vertex set, with G’ NG, = E(Tug_1(n)) and such
that dist(G’,G”) < yn?. Note that G” can contain at most yn?* copies of Coy, since
G’ is Cy-free. Let Q = {Qo,@Q1,...,Qr—2} be the unique (k — 1)-partition of V(G")
such that no partition class induces an edge in G, N G%5. Thus by Lemma 5.3.9, there
exists a k-template T = (V(G), ET) on Q such that |G%AET| < n?. Define G to be
the 2-coloured multigraph with Gr N Gg = G, N G and GrNQ; = E(T[Q;]) for every
i€{0,1,...,k—2}. Then dist(G,G) < (6 +~+ B)n? < nn?, and G satisfies the required

properties. This proves the claim and thus the lemma. 0
5.4 The number of k-templates

For k > 4 we denote the set of all k-templates on n vertices by T'(n, k). Let Tg(n,k)
denote the set of all k-templates on n vertices for which @ is an ordered (k — 1)-partition.
The aim of this section is to estimate |T(n, k)| and |T'(n, k)| (see Lemmas 5.4.4 and 5.4.7

respectively). Before we start with this we need to introduce some more notation. A
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k-sun is defined as follows.

e If k =4, a k-sun is any sun (as defined in Section 5.3.3).
e If k=5, a k-sun is a star or a clique.

o If £ > 6, a k-sun is a star or a triangle.

Note that the results of this section are only needed for Theorem 5.1.1 (and not Theo-
rem 5.1.2) and so we would only need to consider the case k > 6. However, including the
cases k = 4,5 makes little difference to the proofs, and are also interesting in their own

right, so we work with all £ > 4 throughout this section.

Let Fi(n) denote the set of all n-vertex graphs whose complement is a disjoint union of

k-suns. Define fi(n) := |Fi(n)|. A pair of vertices x,y is called a twin pairif N(z)\{y} =

N(y)\{z}.

The following two lemmas give some estimates of the value of f(n). Note that we do not
make use of the upper bound in Lemma 5.4.1 anywhere, but we include it for its intrinsic
interest. It would not be difficult to obtain more accurate bounds, though an asymptotic

formula would probably require more work.

Lemma 5.4.1. For alln € N and k > 4,

2n10gnfen10glogn < fk(n) < 2nlognfn10glogn+n.

Proof. Let P(n) denote the number of partitions of an n element set. It is well known

(see e.g. [18]) that

2n10gn—enloglogn < P(n) < 2n10gn—nlog10gn‘
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We will count the number fi(n) of graphs G € Fi(n). Note that fi(n) > P(n) follows by
considering each partition class as the vertex set of a star in G. This then immediately
yields the lower bound in Lemma 5.4.1. Now note that if we choose a partition of [n] into
the vertex sets of disjoint suns in G (for which there are at most 2nlegn—nloglogn chojces),
and then for every vertex choose whether the vertex will be in the body of its sun or side
of its sun (for which there are a total of 2" choices), we can generate every possible graph
G € Fi(n) (note that some such graphs can be generated by multiple different choices).

This yields the upper bound in Lemma 5.4.1. 0

Lemma 5.4.2. Fork >4 andn > s > 107,

fr(n) 2

85/2 < fk(n> and < n

= fe(n —s) fr(n—1)

Proof. By Lemma 5.4.1,

fk(n) 2 fk(s)fk(n o S) 2 Qslogs—esloglogka(n o S) 2 2slogs/2fk(n o 8),
which gives us the lower bound in the statement of the lemma.

For the upper bound, note that every graph in Fi(n) has a twin pair. For any twin pair
i,j € [n] the number of graphs in Fy(n) for which 7, are twins is at most 2fx(n — 1),
since every such graph can be obtained from a graph in Fj(n — 1) on vertex set [n] \ {i}
by adding the vertex ¢ and choosing whether to add the edge ij (note that all other edges

incident to i are prescribed, since i, j are twins). Thus

)< DY Y 2fn—1) <nPfi(n—1),

0<is<n—li<j<n

as required. O
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The following proposition can be proved by a simple but tedious calculation, which we
omit here. Note that (i) was already stated in Chapter 2 (Proposition 4.4.2), but we state

it again here for convenience.

Proposition 5.4.3. Let k,n € N withn >k > 2 and let 0 < s < n.

(i) Suppose G is a k-partite graph on n vertices in which some vertex class A satisfies
|A—n/k| >s. Then

e(GQ) < th(n) — s (g - k) .
(ii) tp_1(n) = te1(n—s)+sn(k —2)/(k—1) — s(k — 2) — tp_1(s).

Lemma 5.4.4. Let k > 4. There exists ng € N such that for every n = ny and every

ordered (k — 1)-partition Q) of [n], the number of k-templates on Q) satisfies
[T (n, k)| < 2808 gt £y ()

where we recall that ng := [n/(k —1)].

Proof. Denote the classes of Q by Qo,Q1,...,Qr—2 and let b := ||Qo| — [*7]]. Then by

Proposition 5.4.3(i) the number of k-templates on this partition is at most

fk(|QODQZo<i<j<k—z|Qz‘||Qj\ < fi (ng, +b) 9tk—1(n)=b(b/2—(k—1))

Let h(b) := fi(ny, + b)2t-1W=00/2=(;=1) Then by Lemma 5.4.2,

h(b+1) n 2 (k-
< h49| 9-(@+1)/2=(k=1))
h(b) (k—1+ " )

Thus h(b) is a decreasing function for b > 3logn. This together with Lemma 5.4.2 gives
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us that the number of k-templates on () is at most

h(b) < fx (nx + 3logn) otk-1(n) < (n2)31°g”2t’“*1(”)fk (ng)

— 26(105")22tk—1(n)fk_ ()

as required. O

We call a component of a graph non-trivial if it contains at least 2 vertices. The proof of

Lemma 5.4.7 will make use of the following proposition.

Proposition 5.4.5. Let k > 4. There exists ng € N such that the following holds for
every n = ng. Let Q be a balanced ordered (k — 1)-partition of [n]. The proportion of
k-templates G on Q that are such that G[Qo] has at most one non-trivial component is at

most 27™.

Proof. Since @ is balanced, the number of k-templates on @ is at least 21 fi (| 2 ]).

We can generate all possible edge sets for G[Qo] such that G[Qo] has at most one non-
trivial component in the following way. Note that for every such G[Qq], G[Qq] contains at
most one disjoint sun S of order at least two. For every vertex in )y we choose whether
it will belong to the body of S, the side of S, or neither (for which there are a total of at
most 3" choices). Hence the number of k-templates G on @ that are such that G[Q,] has

at most one non-trivial component is at most 372-1(")

Since we have by Lemma 5.4.1 that fi,(m) > 2mlesm—emlogloem {41 a]l m € N, the result

follows (with some room to spare). O

154



The following trivial observation will be useful in the proof of Lemma 5.4.7.
If a graph G is a disjoint union of suns then G contains no induced 4-cycles.  (5.4.6)

Lemma 5.4.7. For every k > 4 there exists ng € N such that the following holds for all
n > ng, where we recall that ny, := [n/(k —1)]. The number of k-templates on vertez set

[n] satisfies
(k—1)"

T >

21 fi (ny,)

Proof. Choose ng such that 1/ny < 1/k, and let n > ny. Given a k-template G on vertex
set [n] and an ordered (k — 1)-partition @ = (Qo, {Q1, ..., Qr—2}) of [n], we say that G is

@-compatible if G is a k-template on () and the following hold:

(o) Whenever ¢ < 2k and 0 < i< k—2 and vy,vy,...,0 € V(G) \ Q;, we have that

. n
|NQ1.({U1,U2, e ,Ug})| 2 m

(B) G[Qo] has at least 2 non-trivial components.

Claim 1: Given a balanced ordered (k — 1)-partition Q = (Qo,{@1, ..., Qr—2}) of [n], the

number of Q-compatible k-templates G on vertex set [n] is at least 2171 f, (ng) /n?.

Indeed, consider a random graph G where for each potential crossing edge with respect to
@ we choose the edge to be present or not, each with probability 1/2, independently; we
let G[Qo] be one of the fr(|Qo|) graphs in Fi(|Qol|), chosen uniformly at random; and we
choose all edges to be present inside @); for every ¢ > 0. So each k-template on () is equally
likely to be generated. Note that the number of potential crossing edges with respect to

Q is 21" This together with Lemma 5.4.2 implies that the number of graphs in the
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probability space is at least 2t-1( f; (n;)/n?. By Lemma 5.2.1(ii) and Proposition 5.4.5
respectively, we have that at least half of all graphs G in the probability space satisfy («)

and (), which proves the claim.

Claim 2: Given two balanced ordered (k — 1)-partitions Q = (Qo,{Q1,...,Qr—2}) and
Q' = (Q4,{Q,....Q\_5}) of [n], and a k-template G on [n] that is Q-compatible and Q'-
compatible, there exist k vertices ug, vg, v1, . . ., Vp_o € [n] such that G[{ug, vo,v1, ...,k 2}]

contains exactly one edge ugvy and uy € Qo N Q) and v; € Q; N Q' for all i > 0.

To show this, we first choose a set U = {uq 1, wo 1, Uo 2, Wo2, U1, W1, . .., Ug—2, Wg_o} of 2k

vertices such that ug 1, wp 1, uo2, wo2 € Qo and w;, w; € Q; for every 7 > 0 and

E(G[UD = {U0,1u0,27 Up,2Wo,1, Wo,1Wo,2, Wp,2U0,1, U1 W1, - - - 7Uk_2wk_2}.

This is possible since G satisfies («), (5) with respect to ). Now if there exist distinct
i,7 > 0 such that u;, w;, u;,w; € Q) then G[Q}] contains the induced 4-cycle u;ujw;w;,
which by (5.4.6) contradicts the fact that G is a k-template on @’. So, by relabelling
vertices if necessary, we may assume that ug,...,uxg—o ¢ Q). If w1, w1 ¢ @ then
by the pigeon-hole principle there must exist ¢ > 0 such that @) contains at least 2
elements of {ug 1, wo 1, us, ..., up_2}, contradicting the assumption that G[Q)}] is a clique.
So, by relabelling vertices if necessary, we may assume that ug; € Qf, and similarly that
g2 € Q. Now if uy, w; € Qf then G[Q)] contains the induced 4-cycle ug uyug 2wy, which
by (5.4.6) contradicts the fact that G is a k-template on Q). So, by relabelling vertices if
necessary, we may assume that u; ¢ @, and thus uy,...,ux_o ¢ Q. Recall that for all
i >0, G[Q!] is a clique, so @ can contain at most one vertex in {us, ..., u;_o}. Thus we
may assume, by relabelling indices if necessary, that ug 1, up2 € Qo N QG and u; € Q; N Q;

for every ¢ > 0. So setting ug = ug1,v0 := up2 and v; := u; for all ¢ > 0 yields the
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required set of vertices.

Claim 3: If there exist balanced ordered (k — 1)-partitions Q@ = (Qo, {Q1,- .., Qx_2}) and
Q = (Q,{QL, ..., Q. _5}) of [n], and a k-template G on [n] that is both Q-compatible
and Q'-compatible, then Q = @Q'.

Consider any k vertices ug, vg, . . ., Vx_2 € V(G) that are such that G[{ug, vo, v1, ...,V 2}]
contains exactly one edge uyvy and uy € Qo N Qp and v; € Q; N Q; for all i > 0. Such

vertices exist by Claim 2. For ¢ > 0 define

NZ' = NQZ.({U,Q, Vo, - . - ,Uk_g} \ {Ul})

Nz = NQ;({U,Q, Vo, - . - ,Uk_g} \ {Ul})

Since both N; and N, are subsets of the common non-neighbourhood of {ug, vo, v1 . . ., vk_a}\
{vi}, neither can intersect @Q; or @, for j ¢ {0,4}. Note that all vertices in N; are adjacent.
Thus |N; N Qj| < 1, since otherwise G[Q}] contains an induced 4-cycle on ug, v together
with 2 vertices from N;, which by (5.4.6) contradicts the fact that G is a k-template on

Q'. Similarly, [N, N Qo| < 1. Define
Ny = (NUN)\ (QoU@Qp).
Then N! C Q,N Q..

Now we consider any vertex w € Qy. Since G satisfies («) with respect to @), we have
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that for every i > 0,

Ny (w)| = [Nw) NN | = [N(w) N, -1 5.4.8
Q; i

. n
= |NQ,L.({'LL0,’U0,...,U]€_2,U]}\{UZ'})’ -1 2 m -1 2 1.

Thus w must belong to Qj, since G[Q’] is a clique for every ¢ > 0. Hence Qy C Q). In
0 7 0

the same way we can show that Qf C @Qy. Thus Qo = Q.

Now we consider any vertex w € Q;, for j > 0. Since G satisfies () with respect to @,

we have (similarly to (5.4.8)) that for every i # j with i > 0,
Nor(w)] > [N(w) W] > 1

Thus w € Qy U Q). Together with the fact that Qo = @ this implies that w € Q). Thus
Q; € Q) for all j > 0.

Hence (Q = @', which proves the claim.

We now count the number of balanced ordered (k — 1)-partitions. Since the vertex classes

of a balanced ordered (k — 1)-partition of [n] have sizes [2], [2=1],..., [22E2], the

number of such (k — 1)-partitions is

(k—12)! ((ﬁk (%17?---, (”E—TW)

This together with Claims 1 and 3 implies that

n ; n te—1(n) £ ()
T(n, k)] > 2(,6_2)!“2((%},(%L_“Wﬂﬂ)z flme), (5.4.9)
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n—j+1‘|

Now note that if a1+ - -+a,_1 = n, then ( " ) is maximized by taking a; := [*7%5

a1,02,..-,0k—1

for every j. This implies that

n n
kE—1)" = <nk_2< ),
( ) Z (a17a27"'aak—1) I_&-I) I—nT_i}?; I’%k—{-?

a1+-tag_1=n

which together with (5.4.9) implies the result. O

5.5 Properties of near-k-templates

In this section we collect some properties of graphs which are close to being k-templates.
In particular, when k£ > 6, this means we consider graphs GG which have a vertex partition
such that each vertex class induces on G an almost complete graph. (As in the previous
section, we will need the results of this section for the main results of this chapter only
for the case k > 6, but we prove the results for all £ > 4 since it makes little difference
to the proofs.) More formally, given k > 4, a graph G on vertex set [n], and an ordered
(k — 1)-partition @ of [n] we define

k—2

WQ.G) =) |EGQ).

=0

We say @ is an optimal ordered (k — 1)-partition of G if h(Q,G) is the minimum value
h(Q', G) takes over all partitions @’ of [n]. Note that if h(Q,G) = 0 then G is a k-template

on (), and that the following also holds.
If k£ > 6 then every k-template G’ on Q satisfies h(Q,G’) < n. (5.5.1)

Note that (5.5.1) does not hold for k € {4,5}. We will require the following definitions in

what follows.
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e Recall that F(n, k) denotes the set of all labelled induced-Cyy-free graphs on vertex

set [n].

e Given n € N, k > 4, and n > 0, we define F'(n,k,n) C F(n,k) to be the set of all
graphs in F'(n, k) such that h(Q, G) < nn? for some optimal ordered (k—1)-partition
Q of G.

e Given further an ordered (k—1)-partition @ = (Qo, {Q1,. .., Qr—2}) of [n] we define
Fo(n, k) C F(n, k) to be the set of all graphs in F'(n, k) for which @) is an optimal

ordered (k — 1)-partition

e Similarly we define Fy(n,k,n) C F(n,k,n) to be the set of all graphs in F(n, k,n)

for which @ is an optimal ordered (k — 1)-partition.

Recall that, given a graph G on vertex set [n] and an index i € {0,1,...,k — 2}, we let
“.0 (x),EiGQ () denote the number of neighbours and non-neighbours of = in @), respec-

tively. The following proposition follows immediately from the definition of optimality.

Proposition 5.5.2. Let k > 4, let n > 0, let Q = (Qo,{Q1,...,Qr_2}) be an ordered
(k — 1)-partition of [n], and let G € Fg(n,k,n). For any two distinct indices i,j €

{0,1,...,k — 2} every vertex x € QQ; satisfies EQVQ(x) > c_lZGQ(x)
Next we show that for most graphs which are close to being k-templates, the bipartite

graphs between the partition classes are quasirandom.

Given k > 4, v = v(n) > 0 and an ordered (k — 1)-partition @ = (Qo,{@1,...,Qx—2})
of [n], we define the following properties that a graph on vertex set [n] may satisfy with

respect to Q.
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(F1), If U; € Q; and U; C Q; with |U;||]U;| = v*n? for distinct 0 < 4,7 < k — 2, then

le(Us,UDI 3
[UillU] = 4°

1
_< 1

4

(F2), ||Qi| — ﬁ\ <wvn forevery 0 <@ < k— 2.

Given n, u > 0 we define F(n, k, 1, i) to be the set of all graphs in F(n, k,n) that satisfy
(F1), and (F2), with respect to Q.

Lemma 5.5.3. Letn >k >4, let 0 <n <1, let 6k/n < v =v(n) <1, let 6logn <
m =m(n) < 1072, and let Q = (Qo,{Q1,-..,Qr_2}) be an ordered (k — 1)-partition
of [n]. Then the following hold (recall that {(p) was defined at the end of Section 5.2).

(i) The number of graphs G in Fg(n, k,n) that fail to satisfy (F1), with respect to Q) and

have at most m internal non-edges is at most 2ts-1(+EM/M2nZ Q241 oy (22 /39

(ii) The number of graphs G in Fg(n,k,n) that fail to satisfy (F2), with respect to @

and have at most m internal non-edges is at most 21+ oy (1202 /6.

Proof. For both (i) and (ii) we consider constructing such a graph G. By (5.2.2) there

are at most (ffn) < 28(m/ n)n? hoices for the internal edges of G.

We first prove (i). For a given choice of internal edges, consider the random graph H
where for each possible crossing edge with respect to ) we choose the edge to be present
or not, with probability 1/2, independently. Note that the total number of ways to choose
the crossing edges is at most 2%-1(") and each possible configuration of crossing edges is
equally likely. So an upper bound on the number of graphs G € Fy(n, k,n) that fail to

satisfy property (F1), with respect to ) and that have at most m internal non-edges is

Q-1 (MFHEm/m )’ P FT fails to satisfy (F1), with respect to Q). (5.5.4)
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Note that the number of choices for U; C Q,;,U; C Q. with |U;||U;| > v*n? is at most 22"
y Y J J

and that E(e(U;, U;)) = |U;||U;|/2 = v*n?/2. Hence by Lemma 5.2.1,

2,2
P(H fails to satisfy (F1), with respect to Q) < 2*"*!exp <_ Vgg ) ‘

This together with (5.5.4) yields the result.

We now prove (ii). If ||Q;| — 5| > vn for some 0 < 7 < k—2, then by Proposition 5.4.3(i)

the number of crossing edges in G is at most

vin?

tk,l(n) — 3

We can conclude that the number of G € F(n, k,n) that fail to satisfy (F2), with respect

to ( and that have at most m internal non-edges is at most

V202

9€(m/n)n? oty (n)— 5 th—1(n)+€(m/n?)n? vin®
3 K2 exp | — 5 ,

as required. ([l

We will apply the following special case of Lemma 5.5.3 in Section 5.10 in the proof of
Lemma 5.6.1.

Corollary 5.5.5. Let k > 4 and let 0 < n,pu < 1071 be such that p?* > 24&(n). There

exists an integer ng = no(p, k) such that for all n = ng and every ordered (k —1)-partition

Q of [n],

2,2

|Fo(n, k,n) \ Fo(n, k,n, p)] < 201000

Proof. We choose ng such that 1/ny < n,u,1/k. Applying Lemma 5.5.3 with u,nn?
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playing the roles of v, m respectively yields that

H22 2.2

|Fo(n,k,n) \ Fo(n, k,n, p)| < otk—1(n)+&(m)n? 92n+1 (6”26"2 + es?) < thﬂ(n)*%,

as required. O

The next proposition follows immediately from [10, Lemma 2.22]. We will use it to find
induced copies of Co;. (Usually T will be a suitable induced subgraph of Cy and the
A;, B; will be the intersection of (non-)neighbourhoods of vertices that we have already

embedded.)

Proposition 5.5.6. Let ng,k € N and n,u > 0 be chosen such that k > 4 and 1/ny <
n < u <K 1/k. Then the following holds for all n € N with n > ng. Let Q =
(Qo, {Q1,- .., Qr—2}) be an ordered (k—1)-partition of [n] and suppose G € Fg(n,k,n, ).
Let I C{0,1,... . k—2}. Foreveryi € I let A;, B; C Q; be disjoint with |A;], |B;| > pu'/?n.
Let T be a 2|I|-vertex graph with a perfect matching whose edges are vyu; for every i € 1.
Then there exists an injection f : V(T) — V(G) such that f(v;) € A, f(u;) € B; for
every i € I, and f(V(T)) induces on G a copy of T

Finally we show that if G is close to being a k-template then removing a small number

of vertices from G does not alter its optimal ordered (k — 1)-partition very much.

Given m,n € N and an ordered (k — 1)-partition @ of [n], we define P(Q, m) to be the
collection of all ordered (k — 1)-partitions of [n] that can be obtained from ) by moving
at most m vertices between partition classes, and possibly choosing a different partition

class to be the labelled one. Then it is easy to see that

En\™ 2
P(Q,m)| < k(;) K<k (ﬂ) < gmles(ek®n/m), (5.5.7)

m
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Given an ordered (k — 1)-partition @ of [n] and a set S C [n], let @ — S denote the
ordered (k — 1)-partition (possibly with some empty classes) obtained from @) by deleting

all elements of S from their partition classes.

Lemma 5.5.8. Let k > 4, let 0 < n,u < 1/k3, let 0 < v = v(n) < 1/k%, and let
0 < m = m(n) < n? with v> > 4m/n? for all n € N. There exists ng € N such that
the following holds for all n = ng. Let Q = (Qo,{Q1,-..,Qk_2}) be an ordered (k — 1)-
partition of [n] and let S C [n] with |S| < n/k*. Then for every G € Fo(n,k,n, ) that
satisfies (F1), with respect to QQ and that has at most m internal non-edges, every optimal

ordered (k — 1)-partition of G — S is an element of P(Q — S, k*v*n).

Proof. Let G € Fg(n,k,n, ) have at most m internal non-edges and satisfy (F1), with
respect to @, and let Q' = (@}, {Q},...,Q}_5}) be an optimal ordered (k — 1)-partition
of G — S. By optimality of @' it must be that G — S has at most m internal non-edges

with respect to @)'.

For every i € {0,1,...,k—2}, since |Q; — S| = n/(k—1) — un —n/k?* > n/k, the pigeon-
hole principle implies that there exists j € {0,1,...,k — 2} such that [Q; N Q)] > n/k2.
We define a function o by setting o(i) to be an index in {0,1,...,k — 2} that satisfies
|Q: N Q;(i)] > n/k?, for every i € {0,1,...,k—2}. Suppose for a contradiction that there
exists ' € {0,1,...,k — 2} with ¢ # ¢’ such that [Qy N Q| = k*v*n. Then since G
satisfies (F'1), with respect to () we have that the number of internal non-edges in G — S
with respect to Q' is at least |Q; N Q) ;[|Qy N Q,;]/4 = v*n?/4 > m. This contradicts
our previous observation that G — S has at most m internal non-edges with respect to

@'. Hence o is a permutation on {0,1,...,k — 2}. Moreover |Q; N Q| < k*v*n for all

je{0,1,... k—2} with j # a(i).

Let P be the set of all ordered (k — 1)-partitions of [n]\S for which such a permutation

exists. So by the above we have that for every G € Fyp(n,k,n) that satisfies (F1), with
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respect to @ and that has at most m internal non-edges, every optimal ordered (k — 1)-
partition of G — S is an element of P. So it remains to show that P C P(Q — S, k*v?n).
This follows from the observation that every element of P can be obtained by starting
with the (labelled) (k — 1)-partition Qo \ S, @1\ S, ..., Qk—2\ S, applying a permutation
of {0,1,...,k — 2} to the partition class labels, then for every ordered pair of partition
classes moving at most k%v%n elements from the first partition class to the second, and

finally unlabelling all but one of the resulting partition classes. 0

The following is an immediate corollary of Lemma 5.5.8, applied with u, nn? playing the

roles of v, m, respectively.

Corollary 5.5.9. Let k > 4 and 0 < n,u < 1/k3 with p? > 4n. There exists ng € N
such that the following holds for all n > ng. Let Q = (Qo,{Q1,-..,Qk_2}) be an ordered
(k—1)-partition of [n] and let S C [n] with |S| < n/k*. Then for every G € Fgo(n, k,n, 1),

every optimal ordered (k — 1)-partition of G — S is an element of P(Q — S, k*u*n).

5.6 Derivation of Theorem 5.1.1 from the main lemma

The following lemma is the key result in our proof of Theorem 5.1.1. Together with
Lemma 5.4.4 it implies that, for £ > 6, almost all induced-Cy-free graphs G with a given
optimal ordered (k — 1)-partition are k-templates. Recall that ny := [n/(k — 1)], that
fr(n) and Typ(n, k) were defined at the beginning of Section 5.4, and that Fy(n, k) was

defined at the beginning of Section 5.5.

Lemma 5.6.1. For every n,k € N with k > 6 there exists C' € N such that the following

holds. For every ordered (k — 1)-partition @ of [n],

[Fo(n. )] < [To(n. k)] + 50277 /% i (ny) 2.
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Lemma 5.6.1 will be proved in the remaining sections of this chapter. We will now use it

to derive Theorem 5.1.1.

Proof of Theorem 5.1.1. Let nyg € N be as in Lemma 5.4.7, let C' € N be as in
Lemma 5.6.1, let n; € N satisfy 1/ny < 1/k, let n € N with n > max{ng,n;}, and
let Q be the set of all ordered (k — 1)-partitions of [n]. Since T'(n,k) C F(n,k) and

To(n, k) C Fg(n, k) for every @ € Q, Lemma 5.6.1 implies that

|[F(n, k)| = T(n, k)| = [F(n, K\T(n, k)| < Y [Fa(n, k) \ To(n, k)|

Qe
= 5" (IFo(n, k)| — [ To(n, k)]) < 5C(k — 1)"27"3 /3 fy ()21
QeQ
< szni?/4 (k — 1)n fk(nk)2tk,1(n)

2(k — 2)Ink

This together with Lemma 5.4.7 implies that
oz
F(n, B) = [T(n, k)| < C2" AT (n, )] = o(|T(n, K))),

where we use the little o notation with respect to n. So |F(n, k)| = (14 0(1))|T(n, k)|, as

required. O

Sections 5.7-5.10 are devoted to proving Lemma 5.6.1 by an inductive argument. Through-
out Sections 5.7-5.10 we fix constants C, k,ny € N with £ > 6 and ¢, n, u, v, 5, > 0 such

that

1 1 1
5<<n—<<6<<77<<,u<<7<<6<<a<<g. (5.6.2)
0

We also set M := ng,g([ﬂ) + 1, fix an arbitrary integer n > ng, and fix an arbitrary

ordered (k — 1)-partition @ = (Qo, {Q1,-..,Qr_2}) of [n].
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We make the following inductive assumption in Sections 5.7, 5.8 and 5.9: for every n’ <

n — 1, and every ordered (k — 1)-partition Q" = (Qp,{@%, ..., @\_o}) of ['],
T /
[For(n', k) \ To(n', k)| < 5C270* 2 fy () 202,
Note that this together with Lemma 5.4.4 implies that
|For(n', k)| < 60250087 f () 2b-1(0), (5.6.3)
We now give a number of definitions that will be used in Sections 5.7-5.10. Given an

index i € {0,1,...,k — 2}, we call a vertex = of a graph G i-light if at least one of the

following holds.

(A1) d o(x) < an.
(A2) dj () < an.
(A3) There exists z € V(G) such that [N/ (z, 2)| + |N/ (2, z)| < an.

(Intuitively, the neighbourhood in @; of an i-light vertex is ‘atypical’, and this is unlikely

to happen.)

Given ¢ > 0 and an index i € {0,1,...,k—2}, we call {x,y1,v2,y3} C V(G) a (k,x,i,)-

configuration if it satisfies the following.

(C1) Gl{z,v1,y2,y3}] is a linear forest.

(C2) di; () > 13- 65¢n for all j € {0,1,...,k — 2} \ {i}.
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(C3) There exists i’ # i such that dé,Q(x) > 13-6%yn for all j € {0,1,..., k—2}\ {i,i'}.

(C4) min{d o (y;). ds o (y;)} < ¥?n for all j € [3].

(Intuitively, (C1)—(C3) of the definition of (k, z, 1,1 )-configurations are useful for ‘build-
ing’ induced copies of Cy, so the existence of a (k,x,1,1)-configuration in an induced-
Cor-free graph G severely constrains the choices for the remaining edge set of G. The
bounds arising from this are still not sufficiently strong though; we also need (C4), which

gives further constraints on the choices for the remaining edge set of G.)

We partition Fq(n, k, 7, 1) into the sets Ty, F, F§, Fy, defined as follows.

(FO) Ty :=Tp(n, k)N Fo(n, k,n, ).

(F1) Fcl2 C Fg(n, k,n, 1)\ Ty is the set of all remaining graphs G which satisfy one of the

following.

(i) G contains a (k,x,1,1)-configuration for some i € {0,1,... k — 2}, some

r € V(G) and some v € {32, 3%},
(ii) G contains a vertex z which is both i-light and j-light for some distinct indices

i,je{0,1,... k—2}

(F2) F3 C Fo(n,k,n,u) \ (To U F}) is the set of all remaining graphs that for some

i€{0,1,...,k—2} contain a vertex = € @); that satisfies EZGQ(ZB), dgy () = pn.

(F3) F§ = Fo(n,k,n,pu) \ (Tq U FS U F3) is the set of all remaining graphs.

Sections 5.7, 5.8 and 5.9 are devoted to proving upper bounds on |F}|,|F3| and |Fj)]

respectively. As mentioned earlier, it turns out that Fé is the class of induced-Coyy-
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free graphs which are ‘extremely close’ to being k-templates (see Proposition 5.9.1). In

Section 5.10 we will use these bounds to complete the proof of Lemma 5.6.1.

5.7 Estimation of |F))

To estimate |Fj| we will bound the number of graphs satisfying (F1)(i) and (F1)(ii)
separately. The main difficulty is in estimating those satisfying (F1)(i), i.e. the ones
containing a (k,x,i,)-configuration. The idea here is that a (k,z,1,)-configuration
has many potential extensions into an induced copy of Cy,. More precisely, given a
(k,x,i,1)-configuration H we can find many disjoint ‘skeleton’ graphs L with the same
number of components as H such that H U L is a linear forest on 2k vertices (i.e. HUL
has a potential extension into an induced Cy). Thus each skeleton induces a restriction
on further edges that can be added. Since the skeletons are disjoint we obtain many
edge restrictions in total, and thus a good bound on the number of graphs containing a
(k,x,1i,1)-configuration. The next two propositions are used to formalise the notion of
extendibility into an induced Cy. (Roughly, in these propositions one can consider L; as

a (k,x,i,1)-configuration and Ly as an associated skeleton.)

Proposition 5.7.1. Let c > 1 and let Ly, Ly be disjoint linear forests, each with exactly c
components, such that |V (L1)|+|V (Lg)| = 2k. Then there exists a set E' of edges between
V(Ly) and V (Lg) such that the graph (V (L) UV (Ls), E' U E(Ly) U E(L2)) is isomorphic
to Cyy,.

The proof of Proposition 5.7.1 is trivial, and is omitted. Proposition 5.7.2 follows from

an easy application of Proposition 5.7.1, and we give only a brief sketch of the proof.

Proposition 5.7.2. Let ¢ > 1 and let Ly, Ly be linear forests that satisfy the following.
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V(L) NV (Ly) = {x}.

[V (Ly)], [V(Lg)| > 1.

dLl (J?) + dL2<I> = 2.

Ly and Ly — {x} both have exactly ¢ components.

V(L) UV (Ly)| = 2.

Then there exists a set E' of edges between V (L1)\{x} and V (L2)\{x} such that the graph
(V(L1) UV (Ly), E'"U E(Ly) U E(Lg)) is isomorphic to Cay.

Proof. 1f dr,(x) = 0 we apply Proposition 5.7.1 to Ly — x, Lo; if dp,(x) = 0 we apply
Proposition 5.7.1 to Ly, Ly — x. If dp, () = dp,(z) = 1 one can easily find E’ directly.
[

277,
Lemma 5.7.3. ]Fé] < 02_%&(”]{)2%71(@‘

Proof. Let Fy, ;) denote the set of all graphs in I, that satisfy (F1)(i). Similarly let £,

denote the set of all graphs in Fj that satisfy (F1)(ii). Clearly,
|Fclg| < |F¢13,(i)| + |Fé(”)| (5.7.4)

We will first estimate the number of graphs in F(}?’(i). Any graph G € F(}?’(i) can be
constructed as follows. We first choose ¢ € {32, 3%/2}, and then perform the following

steps.

e We choose an index ¢ € {0,1,...,k — 2}, a set of three (labelled) vertices ¥ =
{y1,y2,9y3} in [n], a vertex x € [n]\Y, and a set E of edges between these four

vertices such that Y U {z} spans a linear forest. Let b; denote the number of
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such choices. The choices in the next steps will be made such that Y U {z} is a

(k,x,1,1)-configuration in G.

e Next we choose the graph G’ on vertex set [n]\Y such that G[[n]\Y] = G’. Let by

denote the number of possibilities for G'.

e Next we choose the set E' of edges in G between Y and @Q;\(Y U{z}) such that E’
is compatible with our previous choices. Let b3 denote the number of possibilities

for E'.

e Finally we choose the set E” of edges in G between Y and [n)\(Q; UY U {z})
such that E” is compatible with our previous choices. Let b4 denote the number of

possibilities for £”.

Hence,

FLo1<2 by - ba byl v
150, we{rgﬁi/q{bl by - b3 - by} (5.7.5)

We then estimate the number of graphs in Fclg,(z‘z‘)- Any graph G € F(}?’(Z.Z.) can be con-

structed as follows.

e We first choose a single vertex x from [n] and distinct indices 4, j € {0,1,...,k—2}.
Let ¢; denote the number of such choices. The choices in the next steps will be

made such that x is both i-light and j-light in G.

e Next we choose the graph G’ on vertex set [n]\{x} such that G[[n]\{z}] = G’. Let

¢o denote the number of possibilities for G'.

e Next we choose the set £ of edges in G between {z} and (Q; U Q;)\{z} such that
E is compatible with our previous choices. Let c3 denote the number of possibilities

for E.
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e Finally we choose the set E’ of edges in G between {z} and [n|\(Q; U Q; U {z}).

Let ¢4 denote the number of possibilities for E’.

Hence,

|F(197(”)| < C1+Cy-C3-Cy. (576)

The following series of claims will give upper bounds for the quantities by, ..., by, ¢, ..., 4.
Claims 1 and 5 are trivial, while the proof of Claim 6 is almost identical to that of Claim 2;

we give proofs of Claims 2,3,4,7 and 8.

Claim 1: b; < 25kn*.

1/2

Claim 2: b, < O2# ”fk(nk)th_l(n—S)'

Indeed, note that for every graph G € Fclg,(iy Corollary 5.5.9 together with (5.5.7) implies
that every optimal ordered (k — 1)-partition of G[[n]\Y] is contained in some set P of size
at most 2*". Since G[[n|\Y] is clearly induced-Cyy-free, this together with (5.6.3) implies

that

b2 < Z ’FQ/(TL — 37 k;)| < 602#%26(logn)2fk(|'(n . 3)/(]{3 . 1)-|>2tk,1(n—3)
Q'eP

< C2M1/2nfk(nk)2tk_l(n_3);
as required.
Claim 3: by < 24",

Indeed, for every graph G € Fqlz,(i) for which {z,y1, y2,ys3} is a (k, x, 7, ¢)-configuration we
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have that min{d"éQ(yj),ang(yj)} < Y?n for all j € [3]. So by < H?Zl h(j) where h(j)
denotes the number of possibilities for a set of edges between {y;} and Q;\(Y U{z}) such
that either di o(y;) < ¥*n or dgo(y;) < ¥*n. Note that by (5.2.2), h(j) < 2(_h,) <

26@WHn+1 Hence,

2 (5.2.3) 3/2
25 P n+1> g 24¢ n’

E]w

<.
Il
—

as required.

Claim 4: b, < 23(k=2n/(k=1)ou'*no—¥n/11*

Indeed, first define L to be the graph on vertex set Y U {z} that satisfies F(L) = E.

We say an induced subgraph H of G’ — x is an L-compatible skeleton if it satisfies the

following.
o |V(H)| =2k—4.
e G'|[V(H)U{x}] is a linear forest.

e In G/, x has 2 — dp(x) neighbours in V(H).

L and H have the same number of components.

Given an L-compatible skeleton H, note that Proposition 5.7.2, applied with L, G'[V (H)U
{z}] playing the roles of Ly, L respectively, implies that there exists a set £, g of possible
edges between Y and V(H) such that (Y U{z} UV (H),EUE(H)U Ef g) is isomorphic

to Cgk.

We will show that there exist a large number of disjoint L-compatible skeletons in G’ — x.

Since there is a limited number of ways to choose edges between Y and each of these
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L-compatible skeletons so as not to create an induced copy of Cy, this will imply the

claim.

For every index j # i, let Nj(z), N7(z) € Ng,(z) be disjoint with |Nj(x),|N;(z)|

J J

WV

|4 Ng, (x)|]. Similarly, let N;(x), N;(z) € Ng,(z) be disjoint with [N, (z)|, |V (z)| >

[3INg, (@)I].

Note that we may assume that there exists an index i € {0,1,...,k — 2}\{¢} such that
in G, [Ng,(z)| > 12 - 6*¢n for all j € {0,1,...,k — 2}\{i} and |Ng,(z)| > 12 - 6*yn
for all j € {0,1,...,k —2}\{4,7'}, since otherwise {z,y1,y2,ys} cannot be a (k,z,i,1)-
configuration. Define ¢1,...,0;_o such that {¢,..., 0,2} = {0,1,...,k — 2}\{i} and
l;_o = 1'. Thus the following hold.

-1 -2 .
(a) NG, (@), INZ ()], [Ny, ()], [Ny, ()] > 6 6"¢n for all j € {1,.... k= 3}.

(b) [Ny, (@)], [Ny, (2)] > 6-6"¢n.

We now show that G’ — x contains at least 5 - 6¥yn disjoint L-compatible skeletons.
Define t to be the number of components of L, and define s := dy(z). Then 1 <t < 4
and 0 < s < 2. Note that t + s > 2, since a 4-vertex linear forest with one component
contains no isolated vertices. We consider two cases. In each case we will describe the
length and type of ¢ path components, P!, ..., P!, each with an even number of vertices.
Proposition 5.5.6 (applied repeatedly) together with (a),(b) will then imply that G’ — «
contains at least 5 - 6¥¢n disjoint L-compatible skeletons, each consisting exactly of t
components isomorphic to P!, ..., P'. (We can apply Proposition 5.5.6 here since in each

case P! U---U P! will contain a perfect matching.)

Case 1: s =2.
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e For 1 <r<t—1, P"is a K of type N;T(x),ﬁjr(x).

o Plis a Py,_o9 o of type

1 1 -2

— —2 —1 —2 —
Ngt (I’), Nét (l‘)7 N€t+1 (m)7 N€t+1 (x)’ et ka_z ('T)’ ka 2 (x)

Case 2: Fither s=1ors=0,t > 1.

e For 1 <r<1—s, P isa Kj of type N£1T<I>,N2($).

o P27%is a Py,_y_5 of type

—9 —1 —2 ——1 -2
N}Q,s <I>7 NEQ,S (I‘), NZ3,S (I)7 NZP,,S (x)7 R Nzk,t,S (x)7 ka t—s (I‘)

o Fork—t—s+1<r<k—2, Pisa K, of type N;(x),ﬁjr(x)

Since t + s > 2, this covers all cases. Now fix a set SK of 5 - 6¥¢yn disjoint L-compatible
skeletons in G — z, and let H € SK. Let hy denote the number of possibilities for a set
E* of edges between Y and V(H). Note that such a set E* cannot equal Ef, p, since G
needs to be induced-Cyg-free. Thus hy < 2¥IWVEI — 1 = 26¢=2) _ 1. Note that by (F2),
the number of vertices outside (); that are not contained in some graph H € SK is at

most (k —2)n/(k — 1) + un — 10(k — 2)6*n. Hence,

by < 23(k—2)n/(k—l)—30(k—2)6kwn+3;m H hy
HeSK

< 93(k=2)n/(k—1)=30(k—2)6*¢n+3un (26(k72) (1 . 276(#2)))5'6%"

< 23(k—2)n/(kz—1)23une—5~6k¢n/(26<k*2>) < 23(k—2)n/(k—1)2u1/2n2—wn/11k’

as required.
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Claim 5: ¢; < k%n.
Claim 6: ¢, < C24"°7 f(ny,) 201 (=1,

Claim 7: ¢y < 27,

Indeed, for every graph G € Fo L for which z is both i-light and j-light, we have that, for

Q,(i1)

every ¢ € {i,j}, either min{|No, ()|, |Ng,(x)|} < an or else there exists a vertex z # x
such that |Nj(z, z)| + [N/ (z,2z)| < an.

For ¢ € {i,j}, let h(¢, 1) denote the number possibilities for a set of edges in G between {z}
and Q/\{z} such that min{|Ng,(z)|,|Ng,(z)|} < an. Then h({,1) < 2(<2n) < 28+l
For ¢ € {i,j}, let h(¢,2) denote the number possibilities for a set of edges between {z}
and Q/\{x} such that there exists a vertex z # x such that |N/(x, z)| + |N/(z,2)| < an.
Then h(¢,2) < (‘NQZ( )\) (|NQZ(Z)|) < 236,

<an <an

Hence
c3 < (h(i, 1) 4+ h(i,2))(R(j, 1) + h(5,2)) < (25@n+1 4 93e(@Im)2 < gTé(ain
as required.

Claim 8: ¢, < 2(k=3)n/(k=1)92un

Indeed, since the number of possible edges between {z} and [n|\(Q; UQ;U{x}) is at most
(k —3)n/(k — 1) 4 2un, we have that cq < 2(-=3)7/(k=1)+2un a5 required.
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Now (5.7.5) together with Claims 1-4 and Proposition 5.4.3(ii) implies that

17 (5.7.7)

9 max {26kn4 O, (ny) 20-1(7=3) . /2 o 2En 2N1/2n2—f1—’;}
ve{p?,8'/2}

N

— n n 271/
< max {ka(nk)2t’“—1(”_3)+43(2—? 2_;@7} < ka(nk)thﬂ(n)Q_f?,
pe{B2,81/2}

Similarly, (5.7.6) together with Claims 5-8 and Proposition 5.4.3(ii) implies that

(k=

| F iy < KPn- C2471 £y (ny) 21 (=1 L 9TE@In o 1 g2 (5.7.8)

< 02u1/3nfk(nk)thfl(n—1)+7(kk__21)"2‘&27&&)” < C fo(ng) 21 M2~k
Now (5.7.4) together with (5.7.7) and (5.7.8) implies that
2, n 2n
FS| < C fi(my)2s1 (2 + 2) < O fi(ng)21 275k

as required. O

5.8 Estimation of |Fj

Given G € F3UFS andi € {0,1,...,k—2}, let AL := {z € Q; : dgy (), di; o(x) > Bn}.
The key result of this section (Lemma 5.8.6) states that A% has bounded size. To prepare
for this, we will classify the pairs of vertices in A%, according to their (non-)neighbourhood
intersection pattern. The fact that G ¢ Fclg allows us to observe some restrictions on these
patterns (see Propositions 5.8.4 and 5.8.5). In the proof of Lemma 5.8.6 we use a Ramsey
argument to restrict our view to one abundant type of pattern. This quickly leads to a

contradiction if |Af| is large. Using the fact that G ¢ Fj we show that the remainder
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of each class (i.e. G[Q;\AL]) induces a very simple structure (Proposition 5.8.2). We
translate this structural information into a sufficiently strong bound on the number of

graphs in F2, in Lemma 5.8.9.

Let £ denote the collection of all 4-vertex linear forests. The following proposition is
an analogue of Proposition 5.3.8(i) that can be applied to graphs rather than 2-coloured

multigraphs. It follows immediately from Proposition 5.3.8(i).

Proposition 5.8.1. Let G be a graph such that for every H € L, G is induced H-free.

Then G is a disjoint union of stars and triangles.

Proposition 5.8.2. Let G € FG U F) and i € {0,1,....k —2}. Then G[Q; \ AY] is a

disjoint union of stars and triangles.

Proof. Suppose for a contradiction that G[Q;\ A%] is not a disjoint union of stars and tri-
angles. Then Proposition 5.8.1 implies that G[Q;\ A%] contains an induced copy of a graph
in £, with vertex set {x, y1,y,y3} say. We will show that {x,y1,v2, 43} is a (k, z, i, 31/?)-
configuration, which contradicts the fact that G ¢ Fj,. Note that G[{z,y1,v2,ys}] is a
linear forest, and so {x,y1, s, y3} satisfies (C1). By the definition of A% we have that
min{diGQ(yj),c_ié’Q(yj)} < fn for all j € [3], and so {x,y1,y2,ys} satisfies (C4). Since
G ¢ F}, x is j-light for at most one index j € {0,1,...,k — 2}. Since z € Q; \ AL, = is
i-light. Thus for every j € {0,1,...,k — 2} with ¢ # j we have that x is not j-light, and
hence djé,Q(z),ajé’Q(z) > an > 13-6%- 8/2n, and so {z,y1, yo, y3} satisfies (C2) and (C3).

Therefore {z,y1,y2,y3} is a (k, x4, 3'/2)-configuration, as required. O

The following definitions will be useful in order to show that |A%L| is small. Suppose S is
a star or triangle. If S is a star on at least three vertices, we call the unique vertex in .S
of degree greater than one the centre of S. Otherwise we call the vertex of S with the

smallest label the centre of S.
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Let G € FGUFg and i,j € {0,1,...,k — 2} and let z,y € Af.

e We say z,y are j-irregular if |[N;({z,y})| < yn.

o We say x,y are j-asymmetric if N7 (z,y)|+| N7 (y, z)| > 3yn and either [N} (x,y)| <
ynoor [N} (y,z)| < yn.

e We say z,y are j-identical if [N} (x,y)| + [N} (y,z)| < 3yn.

Roughly speaking, if one of the above holds then the neighbourhoods of z, y do not behave
in a ‘random’ like way (thus constraining the number of possibilities for choosing the
neighbourhoods). The following statement follows immediately from the above definitions

and the fact that v < a.
If 2,y are j-identical then x,y are both j-light. (5.8.3)

Proposition 5.8.4. Let G € F5U F} and i € {0,1,...,k — 2} and let z,y € Ay. Then

x,y are j-identical for at most one indezx j € {0,1,... k—2}.

Proof. Suppose z,y are j-identical for some j € {0,1,...,k — 2} and suppose j' €
{0,1,...,k—2} with j' # j. It suffices to show that z, y are not j’-identical. Note that x is
j-light by (5.8.3). Since G ¢ Fp, x is j”-light for at most one index j” € {0,1,...,k—2}.

Thus z is not j'-light, and hence by (5.8.3) z, y are not j’-identical, as required. O

Proposition 5.8.5. Let G € F5U F} and i € {0,1,...,k — 2} and let v,y € Ay. Then
there exists an index j € {0,1,...,k — 2} such that x,y are j-irregular or j-asymmetric

(or both).

Proof. Suppose for a contradiction that for every index ¢ € {0,1,...,k — 2}, z,y are

neither /-irregular nor /-asymmetric. Since, by Proposition 5.8.4, z,y are j-identical for
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at most one index j, and k > 6, we may assume without loss of generality that x,y are

not (-identical for ¢ € {1,2,3}. We consider the following two cases.

Case 1: x,y are adjacent.

In this case we define sets Ay, B, for £ € {0,1,...,k — 2} as follows. We will use these

sets to extend x,y into an induced copy of Csyy.

o Let Ay := Nj(x,y) and By := N,({z,y}).
o Let Ay := Nj(y,x) and By := No({z,y}).

e Forevery £ € {0,1,...,k—2}\{1,2}, let A;, B, C N,({z,y}) be disjoint and satisfy
[Adl, [Bel > [INo({z,y})]/2].

Since for every ¢ € {0,1,...,k — 2} z,y are neither (-irregular nor f-asymmetric, and
for every ¢ € {1,2} x,y are not (-identical, we have that |Ay|,|B¢| = yn/3 for every
¢ € {0,1,...,k — 2}. This together with Proposition 5.5.6 and the fact that pu < -~

implies that there exists in G' an induced copy of Ps;_s of type

Ah Bla A07 BO) A37 B37 s 7Ak727 Bk727 BQ, AQ'

By the definition of the sets Ay, By, the vertices of this Py together with z,y induce on

G a copy of Cy. This contradicts the fact that G € Fyp(n, k).

Case 2: x,y are not adjacent.

In this case we define sets Ay, By for £ € {0,1,...,k — 2} as follows. Similarly to the

previous case, we will find an induced Cy, which contains x,y together with exactly one
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vertex from each of these sets.

Let Ay := N{(x,y) and By := N{(y, z).

Let Ay := Nj(z,y) and By := Ny({z,y}).

Let Az := Nj(y,r) and Bs := N3({x,y}).

For every ¢ € {0,1,....k — 2}\{1,2,3}, let A;, B C N,({x,y}) be disjoint and

satisty [Adl, [Be| = [[Ne({z, y})|/2].

Since for every ¢ € {0,1,...,k — 2} x,y are neither (-irregular nor f-asymmetric, and
for every ¢ € {1,2,3} x,y are not (-identical, we have that |A,|,|B¢| > yn/3 for every
¢ €{0,1,...,k —2}. As before, this together with Proposition 5.5.6 implies that there

exists in G an induced copy of the graph H that consists of the following two components:

o One Py_y4 of type Ay, By, Ay, By, A4, B, ..., Ap—2, Bi_9, B3, As.

e One K of type Ay, By.

By the definition of the sets A,, By, the vertices of H together with z,y induce on G a

copy of Cy. This contradicts the fact that G € Fy(n, k).

This covers all cases, and hence completes the proof. 0

Recall from Section 5.6 that M := Ry o([2]) + 1.

Lemma 5.8.6. Let G € FGUF) andi € {0,1,...,k —2}. Then |Ag| < M.
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Proof. Suppose for a contradiction that |AL| > M. Consider an auxiliary complete
graph H; with V(H;) = A,. We define a (2k — 2)-edge-colouring C of H; with colours

{ag, by, ay,b1,...,ax_2,bp_o} as follows.

e Forevery j € {0,1,...,k—2}, anedge xy € E(H) is coloured q; if z, y are j-irregular

and for every j' € {0,1,...,k — 2} with j' < j, x,y are not j'-irregular.

e An edge zy € E(H) that was not coloured in the previous step is coloured b; if
x,y are j-asymmetric, and for every j' € {0,1,...,k — 2} with j' < j, x,y are not

j'-asymmetric.

Note that by Proposition 5.8.5, every edge is coloured by a unique colour in C.

Now since M > Ror_2([1/7]), H; contains a monochromatic clique of size at least 1/~. Let
X = {w1,22,...,211/9} be the vertex set of such a monochromatic clique. We consider

the following two cases.

Case 1: X has colour a; for some j € {0,1,..., k—2}.

In this case every pair of vertices in X is j-irregular, by definition of C. Let X’ :=
{@1,29,. .., 28/291} and suppose z,2" € X'. By the definition of j-irregularity, IN;(2) N
N;(2")| < yn. Note also that |N;(z)| > Bn by Proposition 5.5.2 and the fact that z € AL,

J

So by the inclusion-exclusion principle,

2n/(k = 1) 2 n/(k=1) +un > |Q;l = Y IN;(:)| = Y [Nj(z) N N,(=))|

z#2!
> B[B/2vIn = [52/(4*)1n = B*n/5y > 2n/(k — 1),
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where the last inequality follows from the fact that v < 5. This is a contradiction.

Case 2: X has colour b; for some j € {0,1,..., k—2}.

In this case every pair of vertices in X is j-asymmetric, by definition of C. Suppose
0,0 € [[1/~]] are distinct. By the definition of j-asymmetry, exactly one of the following
holds.

(a) [N} (wp, 2e)] < yn and [N} (zp, z0)| > 29n.

(b) [N (ze,ze)] < yn and [N} (e, 2)| > 291,

Consider the auxiliary tournament 7" with V(T") = X and E(T) = {z,xs : (, ' satisty (a)}.
By Redei’s theorem every tournament contains a directed Hamilton path. So, by re-

labelling the indices if necessary, we may assume that z,x,; € E(T) for every ¢ €

[[1/~] — 1]. Thus for every ¢ € [[1/v] — 1],

INj(@ee)l = | (Nj(@e) \ N} (@1, 20)) U N (20, )| < [Nj(@0)| = 29m+ym

< INj(zo)| = n.

which is a contradiction.

This covers all cases, and hence completes the proof. ([l

Suppose G € Fé and i € {0,1,...,k — 2}. By Proposition 5.8.2, G[Q; \ A%] is a disjoint
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union of stars and triangles. Let S be the set of components of G[Q; \ AL] with the largest
number of vertices. Let S° be the component in S whose centre ¢ has the smallest label.
Define Y; = Y;(G, Q) to be the set of all isolated vertices in G[Q; \ A%] together with all
vertices in V' (5°)\{c}.

Lemma 5.8.7. Let G € F§ and i € {0,1,...,k —2}. Then |Y;| > 10n/logn.

Proof. Define s := [10n/logn]|. Suppose for a contradiction that |Y;| < s. Since G € F3,
there exists an index i’ € {0,1,...,k — 2} such that |A%| > 0. Let z € A%. The
definition of A% together with Proposition 5.5.2 implies that |NQ](x)| > fpn for every
j € {0,1,...,k — 2}. This together with Lemma 5.8.6 implies that [Ng,(z) \ AL| >
Bn — M > 2s. Also, since |Y;| < s, at most s components in G[Q; \ A%] are isolated
vertices and every component in G[Q; \ A%] has order at most s. Thus there are at least

two non-trivial components S, 5" of G[Q; \ A%] that each contain a non-neighbour of z.

Since S is a non-trivial component of G[Q; \ AL] there exist vertices y,3’ € S such that
xy,yy ¢ E(G[Q;]). Let y”" € S’ be such that zy” ¢ E(G[Q;]). Since y” belongs to a
different component of G[Q; \ AL] to y and ¥/, it follows that yy”, y'y" € E(G[Q;]). Thus,

E(Gzy. 9, y" ) € Loy" v'y" Az w0y} (5.8.8)

Claim: {z,y,y,y"} is a (k,z,1, 8%)-configuration.

Indeed, by (5.8.8), G[{z,y,y’,y"}] is a linear forest and so {x,y,y,y"} satisfies (C1).
As observed above, E]'QQ(J?) > fn > 13- 683%n for every j € {0,1,...,k — 2}, and so
{z,y,y,y"} satisfies (C2). Since G ¢ Fé, there do not exist distinct j, 7/ € {0,1,...,k—2}
such that x is both j-light and j’-light. So there exists j € {0,1,...,k — 2} such that for

every j' € {0,1,...,k — 2} with j' # j, dele(:);) > an > 13- 6%3%n, and so {z,y,y,y"}
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satisfies (C3). Since S,S’ each contain at most s vertices, y,7/,y” each have at most s
non-neighbours in G[Q; \ A%]. This together with Lemma 5.8.6 implies that y, ', y” each
have at most s + M < 3*n non-neighbours in G[Q;], and so {z,y,y,y"} satisfies (C4).

Hence {x,y,y,vy"} is a (k, x, 1, 3?)-configuration, as required.

The above claim contradicts the fact that G ¢ Fg), and hence completes the proof. 0J

Lemma 5.8.7 guarantees a large set of vertices in each class @); (namely Y;) with an

extremely restricted (non-)neighbourhood. This is the key idea in our estimation of |F3.

Lemma 5.8.9. |F3] < C27" fi(ny ) 21"

Proof. Define s := [10n/logn]|. Since by Lemma 5.8.7 |Y;(G,Q)| > s for every graph

G e Fé, any graph G € Fé can be constructed as follows.

e First we choose sets S; C Q) such that |Sy| = s, for every £ € {0,1,... k—2}. Let

by denote the number of such choices.

-----

= (. Let by denote the number of possibilities for G'.

e Next we choose the set E’ of internal edges of GG that are incident to at least
one vertex in Uee{o,l,...,kq} Sy in such a way that the resulting graph G will satisfy
Se CYi(G,Q) forevery £ € {0,1,...,k—2}. Let b3 denote the number of possibilities
for E'.

e Finally we choose the set E” of crossing edges of GG that are incident to at least one

vertex in Uée{o,l,...,k—z} Sy. Let by denote the number of possibilities for E”.
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Hence,

|F3| < by by bs- by (5.8.10)

The following series of claims will give upper bounds for the quantities by,...,bs. The
proof of Claim 2 is almost identical to that of Claim 2 in Lemma 5.7.3; we give proofs of

the others.

Claim 1: b; < 2"

Indeed,

n \*! elogn AN
blgqllﬂp <(< 10 ) ) <2,
ogn

as required.
Claim 2: by < C2/*" ([ (k — 1) — T2t

Claim 3: b3 < 2",

Indeed, for every graph G* € Fé for which S, C Y,(G*, Q) for every ¢ € {0,1,...,k—2},
let G, := G*[Q/\AL.]. Then each S, consists of isolated vertices in Gp, as well as non-
centre vertices of a single component C' of G4 (Note that C is a star or triangle in GBos

with some centre u € Q, \ (A%5. U S;).) By Lemma 5.8.6, we also have that |A%.

<M.

Hence b3 < ]e:(? H?Zl h(£,7), where the quantities h(¢,j) are defined as follows. Let
h(¢,1) denote the number of ways to choose a set A* C Q,\S; of size at most M. (In
what follows A’ will play the role of A%.) Then h(f,1) < n™. Given such a set A’,
let h(¢,2) denote the number of ways to choose C. Then h(f,2) < n2l5 4 n? < n2s+,

(Indeed, if C is a star we have at most n choices for the centre u, and for every vertex
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v € S, we can choose whether v is adjacent to uw or not; if C' is a triangle we have at
most n? choices for its vertices.) Given a set A’ as above, let h(¢,3) denote the number

of possible sets of edges between Sy and A¢. Then h(¢, 3) < 2154 < 925M  Hence

k=2 3

by < [T R(t5) < (R - m2ett - 2oM)Et Com)

(=0 j=1

as required.

Claim 4: by < 20=2sn=(55")s*

Indeed, note that, for a fixed index ¢ € {0, 1,...,k—2}, the number h, of possible crossing
edges in G that are incident to a vertex in Sy is at most s(n — |Q¢|). Also, the number of

possible crossing edges in G that are incident to two vertices in J, (0.1, k—2} Sy is exactly

(k;) s2. Hence,

by < 2500 heg=(*31)* ¢ glh=2en—(*3")s"

)

as required.

Note that t;_1(s(k — 1)) = (*;')s? and that by Lemma 5.4.2, fy(ny) > s*2fi([n/(k —
1) —s]) =2 fi([n/(k — 1) — s]). These observations together with (5.8.10), Claims 1-4

and Proposition 5.4.3(ii) imply that

|F2] <20 C24 fi([n/ (k — 1) — )21 (= (D) L gn glk=Don—("51)?

< 023n2—4nfk (nk)2tk_1(n—(k—l)s)+(k—2)sn—s(k—1)(k—2)—tk_1(s(k—l))

<27 fir(me) 201,

as required. O
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5.9 Estimation of |F)|

The information we have gained so far allows us to easily deduce that every G &€ Fé is
extremely close to being a k-template (see Proposition 5.9.1). One advantage of this is that

it allows us to use more precise estimates when applying induction (see Corollary 5.9.3).

Proposition 5.9.1. Let G € Fé and i € {0,1,...,k—2}. Then the following hold.

(i) G[Qi] is a disjoint union of stars and triangles.
(ii) G contains at most n internal non-edges.
(i) Every vertexr x € Q); satisfies EZQ(J[:) < fn.

Proof. (i) Since G ¢ F§, every vertex x € @Q; satisfies min{dg’Q(x),EiGQ(x)} < fn.
Thus A%, = @, and so by Proposition 5.8.2, G[Q;] is a disjoint union of stars and

triangles.
(ii) This follows immediately from (i).

iii) Let z € Q,;. Let us first show that d, ,(x) > Bn. Suppose not. en d T) =
iii) L L fi h hat dg g S Then dg g
Qi| — dio(x) =1 > |Qi| —fn —1 > n/(k—1) — un — fn — 1. Thus for every
j€40,1,..., k— 2} with j # i, Proposition 5.5.2 implies that

dy; o(7) = Q5] = dgo(x) < 1Qs] — dg ()
n n
<<k_1+un) <k—1 un — Bn ) Bn+2un +1 < an,

where the last inequality follows from the fact that u, 5 < . Thus z is both i-light
and j-light, which contradicts the fact that G ¢ F). Thus di o(z) > fn. This
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together with the fact (observed in the proof of (i), above) that AL = () implies that

327Q(x) < fn, as required.

Recall the definition of property (F1), in Section 5.5. We define T (n, k) C F§ to be
the set of all (labelled) graphs in Fg that satisfy property (F1)o,10gn)1/2/n With respect
to Q. Proposition 5.9.1(ii) together with Lemma 5.5.3(i) applied with (40nlogn)'/?/n,n

playing the roles of v, m respectively implies that

|F5\ T5(n, k)| < 21 (m)mniean/s, (5.9.2)

So (5.9.2) allows us to restrict our attention to the class T5(n, k). In particular, this
allows us to apply property (F1), to much smaller vertex sets than in the preceding
sections. This in turn gives us a much better bound on the number of partitions that
may arise after deleting a small number of vertices. More precisely, Lemma 5.5.8 applied

with (40nlogn)'/? /n,n playing the roles of v, m respectively implies the following result.

Recall that P(Q, s) was defined before (5.5.7).

Corollary 5.9.3. Let S C [n] with |S| < n/k*. Then for every G € Tp(n, k), every
optimal ordered (k — 1)-partition of G — S is an element of P(Q — S,40k*logn).

In order to estimate |T})(n, k)| (and thus |Fj|) we will further split T} (n, k) into four
classes Aq,..., As. To define these classes we require some further notation. We say
that G contains a (6,3)-forest with respect to @ if there exist distinct indices i,j €
{0,1,...,k — 2} such that there exist six vertices in (); U @); that induce on G a linear

forest with at most three components. A (6, 3)-forest has potential extensions into an
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induced Cyy, so its existence in every G € Aj (see below) constrains the possible edge sets
for G (and thus the number of choices for G). To obtain a significant constraint on the
possible edge sets however, we first need to exclude the situations that arise in the classes
A; and As,, described below. These involve the structure of the stars of the complement
graph inside the vertex classes, so to describe these classes of graphs recall that the centres
of stars and triangles were defined before Proposition 5.8.4. Given a graph G € Fgé and

an index i € {0,1,...,k — 2} we define the following sets.

e C'(G,Q) is the set of all centres of triangles and non-trivial stars in G[Q;].
o Chion(G, Q) is the set of all centres of stars in G[Q;] of order at least n1*$/200k2.

e Bj,,1(G,Q) is the set of all vertices in @; which have a non-neighbour in Cj, .

i
low

less than n'~ 27 /2002,

(G, Q) is the set of all centres of triangles and non-trivial stars in G[Q;] of order

i

e Bj (G,Q) is the set of all vertices in @; which have a non-neighbour in Cj, .

e C}(G,Q) is the set of all isolated vertices in G[Q;].

We may sometimes write C* for C*(G, Q) when the graph G and ordered (k — 1)-partition
Bliouﬂ Cé) °

Q we consider are clear from the context (and similarly for Cj, ., Bjion: Clow:

Note that Proposition 5.9.1(i) implies that C}, 1., Bhign: Clow» Biow, Cg form a partition of

Q;. Given a subset B C B!, we denote by C(B) the set of all vertices in that have

)
low> low

a non-neighbour in B.

We partition 7¢)(n, k) into the sets Ay, ..., A, defined as follows.
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C(N({y1,y2,y3}) N Bi,)

n
Y2
Y3

Bi

low

Qi @y
Figure 1: An illustration of G for G € Ay. Note that _
(5.9.4) implies that at most one of xy1,xys is an edge in G.

o A, is the set of all graphs G € Tj(n, k) for which there exist distinct indices 4,5 €
{0,1,...,k—2} such that | B}, | > n/2k? and there exist distinct vertices y1, y2, y3 €

Q; that satisfy |N({y1,y2,y3}) N B}, | < n/200k2.

o Aj is the set of all graphs G € Tj5(n, k) \ A; for which there exist distinct indices
i,j € {0,1,...,k — 2} such that |B} | > n/2k* and there exist distinct vertices

Y1,Y2,y3 € Q; with y1, 42 ¢ C?(G, Q) that satisfy

C(N({y1,y2,y3}) N B,,) N N({y1,50}) = 0. (5.9.4)

(See Figure 1.)

e Ajis the set of all graphs G € T¢)(n, k) \ (A1UAz) such that G contains a (6, 3)-forest

with respect to Q).

o Ay :=Tj(n, k) \ (A U Ay U A3) is the set of all remaining graphs.

We will estimate the sizes of Ay, ..., A4 separately. Lemma 5.9.5 below gives a bound
on |A;]. The idea of the proof of Lemma 5.9.5 is that in this case the neighbourhoods of
Y1, Y2,y are ‘atypical’, and hence a Chernoff estimate (see Claim 4) shows that graphs in

A, are rare.
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Lemma 5.9.5. |A;| < 027/ f (n,)2ts-1(n),

Proof. Any graph G € A; can be constructed as follows.

e First we choose distinct indices 7,5 € {0,1,...,k — 2}, distinct vertices y1,y2,y3 €
Qj, and a set F of edges between y1, y2, y3. Let by denote the number of such choices.

The choices in the next steps will be made such that G satisfies | B}, | = n/2k* and

IN({y1, 42, y5}) N BL,,| < n/200k2.

e Next we choose the graph G’ on vertex set [n]\{y1, y2, y3} such that G[[n]\{y1, y2, y3}]

= (’'. Let by denote the number of possibilities for G’.

e Next we choose the set E' of edges in G between {y1, y2, y3} and Q;\{y1, y2, y3}. Let

bs denote the number of possibilities for £

e Finally we choose the set E” of edges in G between {y1, 2, ys} and [n]\Q; such that

E" is compatible with our previous choices. Let by denote the number of possibilities

for E”.
Hence,
|Ai| < by by bs-by. (5.9.6)
The following series of claims will give upper bounds for the quantities by, ..., bs. Claim 1

is trivial; we give proofs of the others.

Claim 1: b; < 23k%n3.

aim 2: by < € 3knk -
Cl 2: by < 220081 f) () 2tk-1(n=3)

Indeed, note that for every graph G € A;, Corollary 5.9.3 together with (5.5.7) implies
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that every optimal ordered (k — 1)-partition of G[[n]\{y1, y2, ys}] is contained in some set
P of size at most 20°¢™)°  Since G[[n]\{y1, 2, y3}] is clearly induced-Cyy-free, this together
with (5.6.3) implies that

by < Y [For(n—3,k) < 6020 250" £ ([(n — 3) /(I — 1)]) 241"
Q'eP

< CQZ(IOgn)gfk(nk>2tk71(”*3),

as required.

Claim 3: by < 230,

Indeed, for every graph G € A; and every ( € [3], Proposition 5.9.1(iii) implies that
EéVQ(yg) < fBn. Thus

3
n
by < < 93¢(B)n
3 (< 671) )

as required.

Claim 4: b, < 23((k72)n/(k71)+;m)fn/128k2‘

Consider the graph obtained by starting with the graph (|n|, E(G')UE’) and adding edges
between {y1, 2, y3} and [n]\@; randomly, independently, with probability 1/2. Note that
the number of graphs that this process can generate is at most 23((k=2n/(k=1)+un) " ith
each such graph equally likely to be generated. So an upper bound on by is given by

by < 23((B=2n/ (k=1 tum)p ( N NB | < L) .
4 I ({yb Y2, 3/3}) l0w| 20()]{2

Since G’ was chosen such that |Bj, | > n/2k? we have that E(|N({y1,v2,y3}) N BL,|) =

low
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n/16k% So Lemma 5.2.1(ii) implies that

n

1282

P (‘N({yhy%y:a}) N Bliow| < ﬁ) < exp ( ) < 9~ Tosk?

Hence by < 23((k=2)n/(k=1)tpum)=n/128k* " 4q required.

Now (5.9.6) together with Claims 1-4 and Proposition 5.4.3(ii) implies that

|A1| < 93123 . C22(logn)3fk(nk)ztk_l(n—S) . 93BN, 23((k:—2)n/(k:—1)+;m)—n/128k2

< C2—n/150k2fk(nk)2tk_1(n—3)+3(k—2)n/(k—1)—3(k—2)—3

< Oz—n/150k2 fk (nk)2tk,1(n) :

as required. 0

Lemma 5.9.7. |As| < 0277/ /3 f, (ny)2te1(0).

Proof. Note that for every G € Ay and every s € {0,1,...,k — 2} the definition of
C*(G, Q) implies that Q\C*(G, Q) = |Qs|/2. So any graph G € Ay can be constructed
as follows. We first choose a € N such that n/ 2k? < a < n, and then perform the following

steps.

e We choose distinct indices i,5 € {0,1,...,k — 2}, aset W = {y1,y2} U{w; : £ €
2],s € {0,1,...,k — 2}\{j}} of vertices satisfying y1,y» € @Q; and wj,wj € Qs
for every s € {0,1,....k — 2}\{j}, a vertex y3 € Q;\W, and a set E of edges
between the vertices in W U {y3}. Let b; denote the number of such choices. The
choices in this step and the next steps will be made such that yi,y» ¢ C/(G,Q)
and wi,wy ¢ C*(G,Q) for every s € {0,1,...,k — 2}\{j}, and |B},,| = a and
CY) NN ({ys, 1) = 0, where ¥ i= N ({1, g2, s}) N By (G, Q).
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e Next we choose the graph G’ on vertex set [n]\W such that G[[n]\W] = G'. Let by

denote the number of possibilities for G'.

e Next we choose the set E’ of internal edges in G with exactly one endpoint in W
such that E’ is compatible with our previous choices. Let b3 denote the number of

possibilities for E’.

e Next we choose the set E” of crossing edges in G between W and Bj,, \W such that

E" is compatible with our previous choices. Let by denote the number of possibilities

for E”.

e Finally we choose the set E” of crossing edges in G between W and [n]\(W U B}, )

such that £"” is compatible with our previous choices. Let b5 denote the number of

possibilities for E".

Hence

|A2‘ <n max {bl . bg . b3 : b4 : b5} (598)

n/2k?<a<n
The main idea of the proof is that since Y is large for G € A,, it follows that C(Y') is
also large. So the assumption that every element of C'(Y') has at least one neighbour in
{y1, 92} places a significant restriction on the number of choices for G. The role of the w;

is to ‘balance out’ the vertex classes, i.e. in the proof of Claim 5 it will be useful that W

contains two vertices from each vertex class.

The following series of claims will give upper bounds for the quantities by, ..., b5. Claims 1
and 4 are trivial, and the proof of Claim 2 proceeds in an almost identical way to that of

Claim 2 in the proof of Lemma 5.9.5; we give proofs of Claims 3 and 5.

Claim 1: b, < k2n2-120"%"),
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Claim 2: by < 0220087 f, ()21 (1= (2k=2))

Claim 3: by < nt—1),

Indeed, for every graph G € A, such that y1,9, ¢ C/(G, Q) and wi, w ¢ C*(G, Q) for
every s € {0,1,...,k —2}\{j}, Proposition 5.9.1(i) implies that ag,Q(y@,ag,Q(w;) <2

for every ¢ € [2] and every s € {0,1,...,k —2}\{j}. Thus
by < n2W < A1),

as required.
Claim 4: b, < 2Zk—4Ya

Claim 5: b5 < 2(2k’—4)(n—a)2_2n1/2k2/5.

Indeed, suppose G satisfies C(Y)N N ({y1,%2}) = 0. Since we choose G such that |B;, | =
a > n/2k? the fact that G ¢ A; implies that Y| > n/200k*. Now the definitions of
Ci ., Bl imply that

low

200K2[Y] _ 4o
CY)| = i 2T

So since in G every vertex in C'(Y') must have at least one neighbour in {y;,ys},

by < 922 25€{0,1,.. k—2}\ {5} \[n]\(QsUBfwﬂ22|[n]\(QjUBzimuUC(Y)N3\C(Y)\ (5‘9'9>

< 2(2k—4)(n—a)2—2n1/2k2/5’

as required. The second inequality of (5.9.9) is where it is important that W contains two

vertices from each vertex class.
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Now (5.9.8) together with Claims 1-5 and Proposition 5.4.3(ii) implies that

o] < k212057 L 092008 f (1, oin (1=(h-2)

CpA=1) o {2(2k—4)a.2(2k—4)(n_a)2_2n1/2k2/5}
n/2k2<a<n

< CTnl/sz/gfk(nk) . otk 1(n—(2k=2))+(2k—2) (k—2)n/ (k—1)—(2k—2) (k—2) ~t5 1 (2k—2)

< 02_n1/2k2/3fk(nk)2tk—l(n),

as required. O

As mentioned earlier, a (6, 3)-forest (with edge set E say) is a useful building block for
constructing many induced copies of (. More precisely, in Lemma 5.9.10 we will show
that there are many ‘F-compatible’ linear forests H, which play a similar role to that of
the skeletons in the proof of Lemma 5.7.3. Each such E U E(H) gives us a non-trivial

restriction on the remaining edge set, resulting in an adequate bound on |Aj|.

Lemma 5.9.10. | As| < C27 31 f; (ny,) 2010

Proof. Any graph G € Ajz can be constructed as follows.

e First we choose distinct indices i,5 € {0,1,...,k — 2}, aset X C Q; U Q; of six
vertices, and a set E of edges between vertices in X such that the graph (X, E)
is a linear forest with at most three components (so E will be the edge set of a

(6,3)-forest in ). Let by denote the number of such choices.

e Next we choose a graph G’ on vertex set [n]\X such that G[[n]\X] = G'. Let by

denote the number of possibilities for G'.

e Next we choose the set E’ of internal edges in G with exactly one endpoint in X.

Let b3 denote the number of possibilities for F’.
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e Finally we choose the set E” of crossing edges in G between X and [n]\ X such that

E" is compatible with our previous choices. Let b,y denote the number of possibilities

for E".
Hence,
| As| < by by - bs - by (5.9.11)
The following series of claims will give upper bounds for the quantities by, ..., bs. Claim 1

is trivial, and the proofs of Claims 2 and 3 follow in an almost identical way to those of

Claims 2 and 3 in the proof of Lemma 5.9.5, so we give only a proof of Claim 4.

Claim 1: b; < 2%k%nS.

Claim 2: by < 022(10gn)3fk(nk)gtk_l(n—a)‘

Claim 3: by < 2660,

6(k—2)n

Claim 4: by <2 &1 20'/*ng=5mw

Indeed, we define an E-compatible forest to be a linear forest H on 2k — 6 vertices, with
the same number of components as (X, E), such that V(H) N Q; induces a clique on two
vertices for every s € {0,1,...,k—2}\{4,j}. Note that an E-compatible forest exists since
2k—6 > 2-3 and (X, E) has at most three components. Moreover, an E-compatible forest
contains a perfect matching, so Proposition 5.5.6 implies that for every graph G e As,

the number of disjoint E-compatible forests in G is at least

n/(k—1) — pn —2u'*n > LA Vo
2 2(k—1)
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Hence G’ contains at least n/2(k — 1) — 3u'/?n disjoint E-compatible forests. Now fix
a set CF of n/2(k — 1) — 3u!/?n disjoint E-compatible forests in G’, and let H € CF.
Let hy denote the number of possibilities for a set E* of edges between X and V(H).
By Proposition 5.7.1 there exists at least one set E of edges between X and V(H) such
that the graph (X UV(H),E U E(H) U E) is isomorphic to Cy. So since G' must be
induced-Cy-free, we must have that E* # E, and hence hy < 2XIVUDI_ 1 = 912(k=3) _ 1
Note that the number of vertices outside ); U (), that are not contained in some graph
H € CF is at most (k — 3)n/(k — 1) + 2un — (2k — 6)(n/2(k — 1) — 3u!/?n) < 6ku'/?n.

Hence,

b4 < 26 max{|Q;l, |Q3\}26 614:“1/2 H hH
HeCF

< 96(n/ (k=1)+1n) 96 (6kp*/*n) (212(k73) (1 _ 2712(1673)))”/(2(’“*1))*3#”2"

6(k—2)n 2)n 172 _n/(2(k=1)) 6(k—2)n _n
<2 k= 240/w/ne 212(k=3) L Q7 k-1 on'/*no 213k

as required.

Now (5.9.11) together with Claims 1-4 and Proposition 5.4.3(ii) implies that

|A3| < 2151{:2716 . 022(10gn)3fk(nk)th_l(n_G) 265(6)71 2 71 2/L n2—21%

< O 5 fy () 2tk (n=6) 652/ (+=1)=6(k—2)~t1c1 (6

< 02_21%]01@ (nk)2tk—1(n),

as required. O

The next proposition shows that for every G € Ay, the small stars and triangles in G[Q]

do not cover too many vertices.
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Proposition 5.9.12. For every G € Ay and indexi € {0,1,....k—2}, |Bi | < n/2k*.

low

Proof. Suppose for a contradiction that there exists a graph G € Ay such that |Bj, | >
n/2k?* for some index i € {0,1,...,k—2}. Since G € Ay C Fé, (G is not a k-template. This
fact together with Proposition 5.9.1(i) implies that there exists an index j € {0,1,...,k—
2}\{i} and a non-edge y1y3 inside @Q;. At most one of y;,y3 can be in C? (by definition
of C7), and so without loss of generality we assume that y; ¢ C?. So Proposition 5.9.1(i)
implies that EéQ(yl) < 2. This together with the observation that |Q;\C?| > |Q,|/2 (by

definition of C7) implies that there exists a vertex yo € @7 \ C7 that is a neighbour of y;.

Define Y := N({y1,%2,93}) N B,,,. Since |Bi | = n/2k? and G ¢ A, |Y| > n/200k2.

low* low

Since |B}, | = n/2k* and G ¢ Ay, C(Y) contains a vertex x3 € N({y1,2}). Since x3 €
C(Y') there exists a vertex x1 € Y that is a non-neighbour of x3. By Proposition 5.9.1(iii),
31‘G7Q(x1),32’Q(x3) < Bn. So since |Y| > n/200k? > 2f8n, there exists a vertex xy €

YN N({l’l, 1‘3})

Then E(G[{w1, 72,73, y1,Y2,y3}]) = {2122, 2223, y192} U B’ with E' C {yy3, ysxs}. Thus
the set {x1, 2, 3, 91,92, y3} € @Q; U Q; induces on G a linear forest with at most three
components, and so G contains a (6, 3)-forest with respect to (). This contradicts the fact

that G ¢ Aj, and hence completes the proof. O

We now have sufficient information about the set A, of remaining graphs to count them
directly (i.e. A4 is the only class for which we do not use induction in our estimates). In
particular, we now know that in G every vertex class is the union of triangles and stars,
where crucially the number of triangles and small stars is not too large (see Proposi-

tion 5.9.12). This allows us to show by a direct counting argument that |.44| is negligible.

nlogn )

Lemma 5.9.13. ’A4| < 273Tfk<nk)2tk—1(n ]
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Proof. Any graph G € A4 can be constructed as follows.

e First we choose a partition of @; into five sets, Cj, B}, Ci, Bi, C*, for every i €

{0,1,...,k —2}. Let b; denote the number of such choices.

e Next we choose the set E of crossing edges in G with respect to (). Let by denote

the number of possibilities for F.

e Finally we choose the set E’ of internal edges in G with respect to ) such that G

: i _ i i _ pi i _ i i _ pi
satisies Cy = Cj,.p, Bj, = Bjign, Cp = B, = B

low> low?

and C! = C{ for every

i€{0,1,...,k—2}. Let by denote the number of possibilities for £’

Hence

|As| < by - by - bs. (5.9.14)

The following series of claims will give upper bounds for the quantities by, by, bs. Claims 1

and 2 are trivial; we give only a proof of Claim 3.

Claim 1: b; < 5™

Claim 2: b, < 2t-1(n)

(k—1/2)nlogn
2

Claim 3: b3 < 2 k

For any given i € {0,1,...,k — 2} and any vertex z € B}wgh, the number of possibilities

for the unique non-neighbour of = in C}, , (namely the centre of the star in G containing

x)is |C}

igh

i
low>

7

low* and

Now consider x € B Then z has a unique non-neighbour y in

z'gh"

has the possibility of either being part of a triangle in G or a star in G. Note also that
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| B} .| <n/2k? by Proposition 5.9.12, and that by definition of C}

low igh’

: 200%2
|Chignl < T/z; < 200670/
n

Hence,

(k— l)n logn

Cl o Bhian! < Hn (200k2)" (n3? )" = 2

(200%%)"k

k—2
H 2|C’ Blow|
=0

(k—=1/2)nlogn
<2

as required.

Now (5.9.14) together with Claims 1-3 and Lemma 5.4.1 implies that
(k—=1/2)nlogn

|A4| < 57 2tk—1(n) .9 %2

nlogn

< 57127 k2 2nk10gnk enkloglognernkloglognkztk 1(n) < T fk(nk>2tk 1(n ),

as required. O

Recall that F§ = (FE\T5(n, k))UA; UA,UAsU Ay The following bound on [F§| follows
immediately from this observation together with (5.9.2) and Lemmas 5.9.5, 5.9.7, 5.9.10
and 5.9.13.

Lemma 5.9.15. |F3| < 2027 ne /3 f(ng)2te—1(,

5.10 Proof of Lemma 5.6.1
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Proof of Lemma 5.6.1. Recall from Section 5.6 that we prove Lemma 5.6.1 by induction
on n and that we choose constants satisfying (5.6.2). The fact that 1/C < 1/ng, 1/k
implies that the statement of Lemma 5.6.1 holds for all n < ng. So suppose that n > ng
and that the statement holds for all n” < n. Then we obtain the bounds in Lemmas 5.7.3,
5.8.9 and 5.9.15. These bounds together with the fact that Fy(n,k,n,u) = To U Fj) U

F4 U Fy and T C Tg(n, k) imply that

Fo(n,k,n,m)\ To(n, k)| < C (2714 L o7n 9. 9722 3 £ (n)2h-1(0)
Q n, K Q

1
< 302" /3fk(nk)2t’“*1(").
This together with Corollary 5.5.5 implies that

|FQ<n7 k?ﬁ) \TQ(n= k)| < ‘FQ(H,]{?,U) \ FQ(TL?k?nau)’ + |FQ(TL,/{J,77,,M) \ TQ(”? k)|
(5.10.1)

1

< (2“353 + 302"W/3fk(nk)) 2tk ()

_1_
< 402_n2k2 /3fk (nk)Zt’“—l(”) .

Note that Lemma 5.3.1 (applied with 1/2 playing the role of 1) together with (5.5.1)
implies that
IF(n, K)\ P,k m)| < 27| F(n, )| (5.10.2)
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Let Q denote the set of all ordered (k — 1)-partitions of [n], and recall that our choice of
Q € Q was arbitrary. Now (5.10.1) together with (5.10.2) and Lemma 5.4.4 implies that

‘F(nJ{:) \ F(n7 k?”)’ < 2_En2 Z (’FQ’<n7 k?ﬁ)\TQ'<n7 k)| + |TQ’(n7 k)‘)
Q'eQ

2

_1_
< 9—en (k’ . 1)n (402—n2k2 /3 + 26(logn)2) fk(nk)2tk_1(n)

< 0272 fi ()21,
Now this together with (5.10.1) implies that

[Fo(n, k)| < [Fo(n, k,n)| + [F(n, k) \ F(n, k,n)|
< |TQ<nv k)| + |FQ(nvkvn) \TQ(na k>| + |F(n’ k) \ F(n7 k777)|

< |TQ<TL, kj)| —+ (4 . 2—nm/3 _|_ 2—67’12/2) Ofk(nk>2tk_1(n)

1
< |To(n, k)| 4+ 502772 /3 f (ng,) 2%,

which completes the inductive step, and hence the proof. 0

5.11 The Removal Lemma for complete 2-coloured

multigraphs

This section is devoted to proving Theorem 5.3.5. The proof is similar to that of the
Induced Removal Lemma, and we follow its proof as given in [4]. We begin with the

following definitions.

For every two nonempty disjoint vertex sets A, B of a graph G we define e(A, B) to be
the number of edges of G between A and B. The edge density of the pair is defined by
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d%(A, B) = e(A, B)/|A||B|. We say that the pair A, B is vy-regular in G if for any two
subsets A’ C A and B’ C B satisfying |A’| > v|A| and |B’| > ~|B|, their edge density
satisfies |d%(A’, B') — d“(A, B)| < 7.

If ¢ is an edge-colouring of G with colours ¢y, ..., ¢, we define e, (A, B) to be the number
of edges of colour ¢; between A and B. Then we define the c¢;-edge density of A, B by
d% (A, B) = e,(A,B)/|A||B|. We say that the pair A, B is (v, c)-regular if for any two
subsets A’ C A and B’ C B satistying |A'| > v|A| and |B’| > v|B|, their ¢;-edge density
satisfies |dS (A, B') — dS (A, B)| < v for every 0 < < L.

If G’ is a 2-coloured multigraph we define e,.q(A, B), epue(A, B) to be the number of
edges between A and B that are in G', G respectively. Then we define the red-edge
density of A, B by dS (A, B) = e.ea(A, B)/|A||B|, and we define the blue-edge density

red
s

blue
A" C A and B' C B satisfying |A’| > v|A| and |B’| > ~|B|, their red-edge density
satisfies |[d%,(A’, B') —dS.

red
s

blue

(A, B) similarly. We say that the pair A, B is y-regular in G' if for any two subsets

(A, B)| < 7 and their blue-edge density satisfies |5, (A, B') —
(4, B)[ <.

We will sometimes write simply d(A, B) for d“(A, B) when it is clear what graph we are
working with (and similarly for dg(A, B),d% (A, B),dS (A, B)).

» Yred

One simple but useful property of regularity is that it is somewhat preserved when passing

to subsets, as the following trivial proposition shows.

Proposition 5.11.1. Let 6 > 0 ande > v > 0. If A, B is a y-regular pair with density o
and A’ C A and B' C B satisfy |A'| > €|A| and |B'| > €|B|, then A’, B’ is a ymax{2,e~'}-

reqular pair with edge density at least § — v and at most § + .

The following lemma shows how the existence of regular pairs implies the existence of
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many induced copies of a given fixed subgraph. For a proof see e.g. [4, Lemma 3.2].

Lemma 5.11.2. For every 0 < n < 1 and k € N there exist d,y > 0 such that the
following holds. Suppose that H is a fixed graph with vertices vy, ..., v and that Vi, ...,V
are disjoint vertex sets of a graph G such that for every 0 < i < ' < k the pair V;, Vi
15 y-reqular with edge density at least n if v;vy is an edge of H, and with edge density at
most 1 —n if vyuy is not an edge of H. Then at least § Hle \Vi| of the k-tuples wy, ..., wg
with wy € Vi,...,w, € Vi span induced copies of H in G, where w; plays the role of v;

for every 0 < i < k.

The next lemma is an analogue of Lemma 5.11.2 for complete 2-coloured multigraphs.
Note that in order to keep track of, and easily refer to, the large amount of constants in
this section we sometimes define constants with a subscript that denotes the number of

the result with which they are associated, as seen below.

Lemma 5.11.3. For every 0 < n < 1 and k € N there exist 0 = 6i11.3)(n, k) and
Y = Y13 (0, k) > 0 such that the following holds. Suppose that H is a fized graph with
vertices vi,...,v, and that Vi,..., Vi are disjoint vertex sets of a complete 2-coloured
multigraph G such that for every 0 < i < i’ < k the pair Vi, Vi is y-reqular with red-
edge density at least n if v;vy is an edge of H, and with blue-edge density at least n
if v;vy is not an edge of H. Then at least 5Hf:1 \Vi| of the k-tuples wy, ..., wy with
wy € Vi,...,wx € Vi span copies of H in G, where w; plays the role of v; for every

0<i<k.

Proof. We first define E to be the set obtained from Gx by removing every edge e €
Gr N Gp between sets V;, Vi, that are such that v;v; is not an edge of H. Now define
the graph G’ := (V(G), E). Then the assumptions of Lemma 5.11.2 (with G’ playing the
role of ) are satisfied. In particular note that for non-edges v;v; of H, the pair V;, Vi is

~-regular in G’ since for any two subsets A C V; and B C Vjs satisfying |A’| > ~|V;| and
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|B'| = ~|Vi|, we have that

A (A, B) = d (Vi, Vi) | = [d7 (A, B) = d(Vi, Vi)| = |dfj, (A, B) — df]

blue blue

(Vi, Vi)l <7

Thus at least 0 Hle |Vi| of the k-tuples wy, . .., wg with wy € Vi, ..., wy € Vj span induced
copies of H in G’, where w; plays the role of v; for every 0 < ¢ < k. Now the way G’
was constructed from G implies that each of these at least § Hle |Vi| k-tuples wy, . .., wg
span copies of H in GG, where w; plays the role of v; for every 0 < i < k. This completes

the proof. ([l

We say that a partition A = {V; : 1 < ¢ < k} of the vertex set of a graph is balanced if
every pair of partition classes differ in size by at most one. A refinement of a balanced
partition A is a balanced partition of the form B = {V;; : 1 <i < k,1 < j < £} such that
Vij CViforevery 1 <i<kand1<j</{ The index of A with respect to a graph G is

defined by

nd®(A4) = 5 3 (@ V),

1<i<i’'<k

Note that since d“(V;, Vir) = (X1 d%(Vij, Vs y1))/ €%, Jansen’s inequality implies that
ind“(B) > ind“(A). (5.11.4)

For an edge-colouring ¢ of G with colours ¢y, ..., ¢y, the colour-index of A with respect

to a graph G and a colouring ¢ is defined by

inch(A)zé ) (Vi Vi)

1<l 1<i<i’'<k

The following is a formulation of the ‘many colours’ version of Szemerédi’s regularity
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lemma, one version of which is detailed in [47, Theorem 1.18]. It follows by an almost
identical proof to that of the original regularity lemma, just replacing the notion of the

index ind“(A) with that of the colour-index ind%(A).

Theorem 5.11.5. For everym,t € N and e > 0 there exists an integer T = Ti511.5(m, €, 1)
such that the following holds. If G is a graph with n > T wvertices, ¢ an edge-colouring of
G with t colours, and A a balanced partition of the vertex set of G with at most m vertex
classes, then there exists a refinement B of A with k vertex classes, where m < k < T,

for which all but at most e(g) pairs of partition classes of B are (e, c)-regular.

Note that the original formulation of the above lemma allows also for a set of up to en
exceptional vertices outside of this balanced partition, but one can first apply the original
formulation with a somewhat smaller parameter in place of €, and then evenly distribute

these exceptional vertices among the sets of the partition to obtain Theorem 5.11.5.

Note that the function 7511 .5) (m,e,t) detailed in Theorem 5.11.5 may be assumed to be
monotone increasing in m and ¢ and monotone decreasing in €. We also assume similar
monotonicity properties for other functions appearing here, and assume that the number

of vertices n of the graph is sufficiently large, even when we do not explicitly mention it.

We define a bijection f between complete 2-coloured multigraphs and complete graphs
with a edge colouring using only colours R, B, P, as follows. Given a complete graph G
and an edge colouring ¢ of G using only colours R, B, P, we set f(G) to be the complete

2-coloured multigraph on vertex set V(G) with edge sets G5, G’ defined as follows.

o G;\G' is the set of edges of G coloured R by c.

o G5\GY, is the set of edges of G coloured B by c.

208



o G’ N G’ is the set of edges of G coloured P by c.

The following proposition allows us to easily pass from regular pairs in such an edge-

coloured graph G to regular pairs in the corresponding complete 2-coloured multigraph
f(G).

Proposition 5.11.6. Let v > 0, let G be a complete graph, let ¢ be an edge colouring
of G with colours R, B, P, let UV C V(G) be disjoint and let U' C U and V' C V. If
S (U, V) —dS (U, V")| < for every £ € {R, B, P} then |d'C (U, V') —d’'O(U, V)| < 2¢

and \df(G)(U’, V') — dl{l(ui)(U, V)| < 2v. In particular, if U,V is a (v, ¢)-regular pair in G

blue

then U,V is a 2vy-regular pair in f(G).

Proof. By the triangle inequality,

W VY = d UV = |G V) + dG U VY = (dS(U, V) + dE(U, V)

red

and similarly for blue. U

The following theorem is another analogue of Szemerédi’s regularity lemma, this time

applicable to complete 2-coloured multigraphs.

Theorem 5.11.7. For every m € N and € > 0 there exists an integer T such that the
following holds. If G is a complete 2-coloured multigraph with n > T vertices and A is a
balanced partition of the vertex set of G with at most m vertex classes, then there exists
a refinement B of A with k vertex classes, where m < k < T, for which all but at most

6(’;) pairs of partition classes of B are e-reqular.

Theorem 5.11.7 follows immediately from Theorem 5.11.5 (applied with f~!(G), e/2 play-

ing the roles of G, e respectively) and Proposition 5.11.6.
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The following corollary to Theorem 5.11.7 is useful to what follows. We omit the proof as
it consists of an almost identical Ramsey argument to that in the proof of the analogous
result for graphs (see [4, Corollary 3.4]), simply using Theorem 5.11.7 instead of the usual

regularity lemma.

Corollary 5.11.8. For every { € N and vy > 0 there exists 6 = d(5.11.8)(¢,y) such that for
every complete 2-coloured multigraph G with n > 6! wertices there ewist disjoint vertex

sets Wi, ..., Wy, C V(Q) satisfying the following.

o |W;| = dn for every 1 <i < (.
o Wi, W; is y-reqular for all 1 <i < j < /.

o Either dyeq(Wi, W;) = 1/2 for all 1 < i < j <L, or else dpue(Wi, W;) = 1/2 for all
1<i<j<{, (orboth).

Returning briefly to (uncoloured) graphs, the following lemma shows that if the index of
a balanced partition A is not much smaller than the index of its refinement B then most
of the pairs of partition classes of B have densities that are close to the densities of the

corresponding pairs of A. For a proof see [4, Lemma 3.7].

Lemma 5.11.9. Let ¢ > 0 and k,¢ € N. Suppose that a balanced partition A = {V; :
1 < i <k} of a graph G and its refinement B = {V;; : 1 <1 < k,1 < j < {} satisfy
ind” (B) — ind”(A) < €*/64, and that the number of vertices of G is n > 512 ~*kl. Then
all but at most 8(];) pairs 1 < i < i’ < k are such that all but at most e€? pairs 1 < j,5' < /{

satisfy |d(V;;, Vi 1) — d(V;, Vi) <e.

The following lemma is a ‘many colours’ analogue of Lemma 5.11.9.
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Lemma 5.11.10. Let € > 0 and k,{,t € N. Let G be a graph and let ¢ be an edge-
colouring of G with colours ¢y, ..., c¢;. Suppose that a balanced partition A ={V;:1 <i <
k} of G and its refinement B = {V;; : 1 <i <k, 1< j < () satisfy ind (B) — indS (A) <
e1/64, and that the number of vertices of G is n > 512e*kl. Then all but at most
ts(g) pairs 1 < i < i’ < k are such that all but at most tel?® pairs 1 < j,5" < £ satisfy
\de, (Vig, Virjr) — de,(Vi, Vir)| < € for every 1 < g < t.

Proof. For every 1 < ¢ < t and all pairs 1 < ¢ < i’ < k, let Jy(i,7") be the set of all
pairs 1 < j,j" < £ that satisfy ]dG (Vi Viryr) — dS ' (Vi, Vir)| = e. Let I, be the set of all
pairs 1 < i < ¢ < k for which |J,(¢,7')] > ef?. For every 1 < ¢ < t, define G, to be
the (uncoloured) graph on vertex set V(G) with edge set equal to the set of g-coloured
edges of G. Note that |d%(V;;, Vi) — d%(Vi, V)| = |dG(VH,V/ ) — dg(Vi,V;/)| for
all 1 < i < i < kand1l < 5,7 < /¢ Forevery l < g <t (511.4) implies that
ind%(B) — ind“(A) < ind¥(B) — ind%(A) < £*/64, and so we can apply Lemma 5.11.9

to Gy to obtain that |I,| < (5).

For all pairs 1 < i < i’ < k, let J(i,7") be the set of all pairs 1 < j, 5’ < ¢ that satisfy
|dG(V”,V/ ) — dCGq(V;,Vi/)| > ¢ for some 1 < ¢ < t. Let I be the set of all pairs

1 <i < <k for which |J(i,4')] > tel?.

Now suppose for a contradiction that (i,i") € I but that for every 1 < g <'t, (4,7') ¢ 1.
By definition of I, this means that |J,(i,7')] < ef* for every 1 < ¢ < t. So |J(i,7')] <
D icqet | g1, 0)| < tef?. But then (4,4') ¢ I by definition; a contradiction. Hence I C

Ui<g<t Is- Now the union bound yields that |I| <>, , [1,] < t&?(g), as required. O

The following lemma is a variant of the many colours regularity lemma more suited to
our purposes. We omit its proof since it is almost identical to that of the analogous result

for graphs (see [4, Lemma 4.1]), just using Theorem 5.11.5 and Lemma 5.11.10 instead of
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the corresponding graph results.

Lemma 5.11.11. For every m € N, every t € N, and every function 0 < E(r) < 1
there exists an integer S such that the following holds. If G is a graph with n > S
vertices and c is an edge-colouring of G with colours cy, ..., c; then for some k > m and
¢ < S/k there exists a balanced partition A = {V; : 1 < i < k} of G and a refinement

B=A{V,;:1<i<k,1<j <t} of A that satisfy the following.

o For all but at most 8(0)(’;) pairs 1 <i <i' <k, the pair Vi, Vi is (£(0), ¢)-regular.

o All pairs 1 < i < i’ < k are such that for all but at most E(k) (ﬁ) pairs 1 < j, 5" < /L,

the pair V; ;, Vi jr is (E(k), c)-regular.

o All but at most t€(0) (g) pairs 1 < i < i’ < k are such that all but at most t€(0)(?

pairs 1 < 5,5 < € satisfy |de, (Vi, Vo)) = de, (Vi, V)| < £(0) for every 1 < q <t

In what follows we need the following corollary to Lemma 5.11.11. We omit its proof
since it is almost identical to that of the analogous result for graphs (see [4, Lemma 4.2]),
just using Lemma 5.11.11 (applied with £(r)/t playing the role of £(r)) instead of the

corresponding graph result.

Corollary 5.11.12. For every m € N, every t € N, and every function 0 < E(r) < 1
there exists an integer S and a real number & such that the following holds. If G is a
graph with n > S wvertices and c is an edge-colouring of G' with colours ¢y, ..., c; then for
some m < k < S there exists a balanced partition A = {V; : 1 <i < k} of G and an
induced subgraph G' of G with a balanced partition A" = {V! : 1 <i < k} that satisfy the

following.

o foralll<i<k, V! CV,and|V/| > in.
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o For all pairs 1 < i < i’ < k the pair V],V is (E(k), c)-regular.

o All but at most £(0)(5) pairs 1 <i < i' < k satisfy |de,(Vi, Vi) — do, (V! V2)| < E(0)

R

for every 1 < g < t.

The following lemma is an analogue of Corollary 5.11.12 applicable to complete 2-coloured

multigraphs.

Lemma 5.11.13. For every integer m and real O < ¢ < 1 there exists an integer S =
Siaris)(m,e) and a real number 6 = 611.13)(m,€) such that the following holds. If
G is a complete 2-coloured multigraph with n > S wvertices then for some m < k < .S
there exists a balanced partition A = {V; : 1 < i < k} of V(G) and a balanced partition
A =A{V! 1 < i <k} of a subset of V(G) that induces on G a complete 2-coloured

submultigraph G’ that satisfy the following.

e forall1<i<k, V! CV;and|V!| = in.

o For all pairs 1 < i <i' < k the pair V!,V is e-regular.

7

e All but at most 5(5) pairs 1 < i <i' < k satisfy |dyea(Vi, Vi) — dvea(VY, V)| < € and

| dptue (Viy Vir) — diue (V7 V)| < €.
Lemma 5.11.13 follows immediately from Corollary 5.11.12 (applied with f~!(G) and
the constant function that takes value £/2 everywhere playing the roles of G and &£(r)
respectively) and Proposition 5.11.6. The key point of Lemma 5.11.13 is that in the
partition A’, the pair V/, V) is £(k)-regular for all pairs 1 < i < ¢ < k, rather than just

i

for most of them.

For two sets A, B, we denote their symmetric difference by AAB. For 2-coloured multi-

graphs G, G’ we define their distance by dist(G,G") := |GrAGR| + |G AG].
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We are now in a position to prove Theorem 5.3.5.

Proof of Theorem 5.3.5. We prove the contrapositive; that is we assume that every
H-free complete 2-coloured multigraph G on vertex set V(G) satisfies dist(G, CA}) > en?,

and we show that this implies that G contains more than dn’ copies of H.

We assume ¢ < 1 and define m := 25/¢ and 52‘5.11_3) = 0511.3)(¢/24, ) and Vsars) =
Y5.11.3)(€/24, 0). We set

. € ¢
5= s (B (momin{ =, a}))
with o= min{e/ 24, 375 1.} and 5 1= 8 (7

We apply Lemma 5.11.13 to G to find m < k < S(s.11.13)(m, min{e/24,a}) and A = {V; :

i <k}, G"and A" = {V/ : 1 <i <k} that satisfy |V/| > §(5.11.13)(m, min{e /24, a})n,
ensuring also that all pairs of partition classes of A’ are in particular a-regular, and that
the red-edge densities and blue-edge densities of all but at most E(S) /24 of them differ

from those of the corresponding pairs of A by at most e/24.

Now for each 1 < ¢ < k we use Corollary 5.11.8 on G[V/] to obtain vertex sets W ; that

satisfy the following.

(W1) [Wiy| > BIV]] for every 1< j < (.
(W2) Wiz, Wiy is (5 41 5y regular for all 1 < j < j' < £

(W3) Either dycq(W;;, W; ;1) = 1/2 for all 1 < j < j' < £, or else dyjue(Wi;, Wijr) = 1/2

4,59

for all 1 < j < 7' <4, (or both).
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Note that by Proposition 5.11.1, for all 1 < i < i < k and 1 < j,7' < ¥, the pair

Wi, Wiy is 72*5_11.3)—regular, and its red-edge density and blue-edge density both differ

from those of V/, V;; by at most ¢/24.

We define G to be the complete 2-coloured multigraph obtained from G by making the

following changes to the sets Gg, Gp.

(i)

(iii)

For all 1 < i < i’ < k for which either |[d%,(V;, Vi) — dS,(V/, V)| > €/24 or
|5 (Vi V) —

blue blue

(VI V)| = €/24, for all v € V; and v' € V;; we ensure that

w' € Gp\Gp if |dS,(V/,V})| < 1/2, and we ensure that vo' € Gr\Gp otherwise.
Since there are at most s(g) /24 such pairs 1 < ¢ < ¢ < k, these changes can be
made so as to add at most 2¢ (Z) /24 edges to each of Gg,Gp and remove at most

2e (g) /24 edges from each of G, G, for sufficiently large n.

For all 1 < ¢ < ¢ < k for which (i) does not apply and that are such that
S (V] V)| < 2¢/24, for all v € V; and v/ € Vi we ensure that vv' € Gp\Gp.
Similarly, for all 1 < ¢ < 4" < k for which (i) does not apply and that are such that
S (V! V)| < 2e/24, for all v € V; and v/ € Vy we ensure that vv' € G\Gp.

These changes can be made so as to add at most 3¢ (72’) /24 edges to each of Ggr,Gp

and remove at most 3¢ (g) /24 edges from each of Gg, Gp.

For each fixed 1 < 7 < k, if all red-edge densities of pairs from W;,...,W;, are
at least 1/2 then for all distinct v,v" € V; we ensure that v’ € G R\é 5. Otherwise
(W3) implies that all blue-edge densities of pairs from W 1, ..., W, are at least 1/2
in which case for all distinct v, v’ € V; we ensure that vv’ € G B\GY r. By the choice of
m these changes can be made so as to add at most e(g) /24 edges to each of Gg,Gp

and remove at most a(g) /24 edges from each of Gg, Gp.

Thus dist(G, G) < 4(2¢ (5) +32(5) +e(5))/24 < en?. So by assumption G contains a copy
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of H. Denote the vertices of this copy vy, ..., v, and choose i1, ..., i, such that v; € V;,
for every 1 < j < . Now suppose that v;v; corresponds to an edge in H. Then v;v; is a
red edge in G. We claim that the pair Wi, Wi, g has red-edge density at least €/24 in

G. To show this we consider three cases.

Case 1: i; = ij.

Wi

In this case (iii) together with the fact that v;v; is a red edge in G implies that 1. i

7-],

has red-edge density at least 1/2 > /24 in G, as required.

Case 2: i; # iy and either |d,,(Vi,, Vi) — dred(V’,Vl’,)] £/24 or else |dg, . (Vi;, Vi) —
49, (VL VL )| > e/21.

blue

In this case (i) together with the fact that v;v; is a red edge in G implies that dred(V’ V’ ) =
1/2, and hence W;, ;, W, , ; has red-edge density at least 1/2 —¢/24 > £/24 in G, as re-

quired.

Case 3: Z] % 2-7/ and |d7‘€d(‘/’J’V ) dred(vl V/ )l < 8/24 and |dblue<v V ) dblue(vl V, )‘

159

< eg/24.

In this case (i) together with the fact that v;v; is a red edge in G implies that dred(V’ Vi) >

7’L/

2¢/24, and hence Wi, ;, W, » has red-edge density at least 2¢/24 —¢/24 = ¢/24 in G, as

required.

This covers all cases and so proves the claim.

Similarly we can show that if v;v; corresponds to a non-edge in H then the pair W, ;, W, ,

216



has blue-edge density at least £/24 in G. So recalling that we observed that for all
1 <4, <kand 1l < j < j < { the pair W, ;, Wy s is 72‘5.11.3)—regu1ar in G, we see
that Wi, 1,..., W, satisfy the regularity and density conditions (over &) required for

Lemma 5.11.3 to ensure the existence of at least

* (W1) " . < J4
0(5.11.3) H (Wil 2 0Gais <ﬁ5(5~11~13) (m,m1n{2—4,a}> n) = on’

1<j<t

copies of H in G. U
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