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Abstract

Light is used in many measurement systems. These measurement systems are often limited in precision by the

quantum noise present in all light. This quantum noise is imposed by the Heisenberg uncertainty principle.

The principle governs the total noise on the phase and amplitude, called quadratures, of a light field. The

limit imposed on the precision of measurements by the quantum noise is generally known as the quantum

noise limit (QNL). The noise of one quadrature of a light field can be reduced at the expense of the noise

on the other quadrature, a process known as squeezing. The use of squeezed light can greatly improve the

accuracy of many measurements.

This work introduces the theory behind the generation of squeezed light, both in two mode squeezed states

(TMSSs) and single mode squeezed states (SMSSs). This work explains how the properties of squeezed states

can be described by correlations between quantum fluctuations, and how such properties can be measured

using a homodyne detector, with either a monochromatic or bichromatic local oscillator (MLO or BLO).

This work employs a four-wave mixing (4WM) gain process that to experimentally generate squeezed light.

The 4WM process produces correlations between the quantum fluctuations of a probe and conjugate field,

separated in frequency by approximately 6 GHz, generating a squeezed light state. The thesis investigates

the properties of this squeezed light, through the use of homodyne detection with a BLO. The thesis further

investigates how the squeezed quadrature changes from amplitude to phase over a range of 40 MHz.

The spatial character of the noise on a light field affects its usefulness both for imaging purposes and

for quantum information transport. The reduction of noise, across multiple spatial modes, has long been an

experimental goal within the field of quantum optics. However, attempts to generate such light experimentally

have met with only limited success. Such multi-spatial-mode (MSM) squeezed light can significantly improve

the properties of an imaging system, and can be used for improved resolution imaging, below the QNL.

This work progresses to focus on the direct investigation of the MSM nature of a squeezed light field

generated through the 4WM process. The field is shown to contain at least 75 squeezed spatial modes in the

frequency domain, each squeezed at a level of up to −2.5 dB. The thesis continues to develop techniques to

measure the fluctuations on a light field in the time domain. The fluctuations are calculated over a series of

images. The fluctuations of a coherent light source are measured at the shotnoise level, and the extra noise

introduce through a 4WM gain process is investigated. The technique is shown to be a promising candidate

for investigating the MSM nature of a squeezed light field in the time domain.
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Acronym Meaning
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SQL Standard Quantum Limit
SSM Single Spatial Mode

TMSS Two Mode Squeezed State; here mode refers to the propagation mode
4WM Four Wave Mixing

Table 1: Table of acronyms



CONTENTS

1 Introduction 1

1.1 Layout of Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Quantum Optics and Imaging 7

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Quantum noise and squeezing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.3 Single mode squeezed state generation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.4 Two mode squeezed state generation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.5 Thin and thick gain media . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.6 The relationship between entanglement and squeezing . . . . . . . . . . . . . . . . . . . . . . 17

2.6.1 Mode transformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.6.2 beam splitters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.6.3 Propagation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.6.4 Returning to squeezed light after propagation . . . . . . . . . . . . . . . . . . . . . . . 23

2.7 Applications of squeezed light . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.7.1 Interferometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.7.2 Imaging and super-resolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3 Generation of Squeezed Light with Nonlinear Optics and its Measurement 33

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.2 Nonlinear optics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.3 Parametric down conversion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.4 Four-wave mixing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.5 Four-wave mixing vs parametric down conversion for quantum optics . . . . . . . . . . . . . . 38



3.6 Four-wave mixing phase matching condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.7 Detection of squeezed states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.7.1 Direct detection and unbalanced homodyne detection . . . . . . . . . . . . . . . . . . 42

3.7.2 Balanced detection, shotnoise and entanglement . . . . . . . . . . . . . . . . . . . . . 44

3.7.3 Homodyne detection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.7.4 Sideband picture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.8 Bichromatic squeezing and detection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.9 Summary of experimental requirements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4 Optimisation and characterisation of squeezed light 56

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.2 Experimental setup, and techniques . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.2.1 Gain medium . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.2.2 Initial beam preparation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.2.3 Two mode squeezed state generation and local oscillator generation . . . . . . . . . . 62

4.2.4 Overlapping of the restricted gain regions . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.2.5 Homodyne detection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.2.6 Experimental procedure improvements . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.3 Optimisation and calibration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.3.1 One-photon detuning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.3.2 Local Oscillator power . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.3.3 Temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.3.4 Two-photon detuning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.3.5 Parameter inter-dependence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.3.6 Optimal squeezing and losses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.4 Rotation of the noise ellipse . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.4.2 Invariance of relative phase between local oscillator and squeezed vacuum . . . . . . . 77

4.4.3 Noise ellipse phase rotation measurements . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.5 Multi-spatial-mode characterisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.5.2 Experimental techniques . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87



4.5.3 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5 Imaging squeezed light 95

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.2 Imaging noise at the quantum noise level . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

5.2.1 Background light . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.2.2 Technical noise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.2.3 Pump light contamination . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

5.2.4 Shutter control timing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.3 Image processing and noise analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

5.4 Analysis of a laser field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5.4.1 Blooming . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

5.5 Four-wave mixing spatial bandwidth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

5.6 Measuring quantum noise reduction in time domain . . . . . . . . . . . . . . . . . . . . . . . 116

6 Conclusion 121

Appendix A Derivation of the NEP in terms of the phases of the probe and conjugate

components I

List of References IV



LIST OF FIGURES

2.1 The quadrature picture of light. (a) shows a noiseless coherent state. (b) shows a coherent

state at the QNL with phase noise ∆φ and amplitude noise ∆ |α|. The mean value of the

quadratures are given by

X̂


and

Ŷ
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noise on the Ŷ quadrature reduced, at the expense of excess noise on the X̂ quadrature. . . . 12

2.4 A two channel amplifier, which can be phase sensitive or insensitive dependent on the input.

If the input states are vacuum states then the amplifier produces a pair of entangled fields at

the output. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.5 The evolution of adjacent Gaussian modes within the gain medium. The grey mode is shaded

for clarity, showing the overlap with adjacent modes. (a) An example when the mode waist

is larger than lcoh. Here the modes only slightly overlap at the end of the gain medium. The

modes are not coupled by the medium, and localised squeezing can be measured on these

modes. (b) An example when the mode waist is smaller than lcoh. Here the waist is small

enough that the modes will expand such that they are significantly cross-coupled by the gain

medium, and no squeezing is present in the mode. In this case the mode waist is by definition

lcoh. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.6 A beam splitter, with transmission t and reflectivity r. (a) shows the classical case where each

input light field is split into two outputs. (b) shows the quantum mechanical case with input
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CHAPTER 1

INTRODUCTION

The scientific community is constantly searching for more accurate measurement methods [1]. Some key

areas of progress have been improvements in time measurements with experiments running atomic clocks [2–

4], improved gravity measurements with atom interferometry [5], and the struggle to improve the accuracy

of detectors in an attempt to measure gravitational waves [6–9]. Experiments in many fields rely on complex

imaging systems, with results being limited by the resolution of the system in use. A significant amount of

work has been done in improving these imaging systems with complex optical designs and post-processing

to beat the diffraction limit [10–16]. In fact, the area of imaging with improved resolution is of such interest

and importance that the 2014 Nobel prize for chemistry was awarded to Erik Betzig, Stefan W. Hell and W.

E. Moerner for their work on development of super-resolution fluorescence microscopy [17].

Fundamentally all of these experiments are limited by noise. They are either nearing, or are already at, the

uncertainty limits imposed by quantum mechanics. In 1927 Heisenberg introduced this concept of a quantum

mechanical limit to the minimum level of noise obtainable [18], known as the uncertainty principle. Later

that year Kennard derived the formal inequality [19]. However the inequality only requires that the total

noise on two non-commuting operators (Â, B̂) is larger than half their commutator ∆Â∆B̂ ≥ 1
2

Â, B̂ [20].

This statement theoretically allows the reduction of noise on one observable at the expense of an increased

noise on the other observable, a process known as squeezing [21].

In the case of light, its quadratures are the operators that are confined by the Uncertainty Principle.

When the quadratures are of equal noise, and the inequality is saturated, the light field is said to be at the

quantum noise limit (QNL) [22]. An example of such light is a perfect coherent field, produced by an ideal

laser. In 1976 Kimble [23] and Carmichael [24] independently proposed the idea of photon anti-bunching,

corresponding to a reduction in the time variance of photon number, and in 1977 Kimble experimentally
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demonstrated this phenomenon [25]. The interest in this area continued with Reid proposing the idea of

producing squeezing through atomic coherence in 1985 [26]. Squeezing was experimentally observed shortly

afterwards, using four-wave mixing (4WM) in sodium vapour [27].

As work continued, in 1987 Maeda measured reductions in noise of 4% [28], and Raizen measured improved

reductions at 30% [29]. At a similar time, investigations began into generating squeezed light with parametric

down conversion (PDC). In 1986 Wu et al. saw reductions in quantum mechanical fluctuations of 65% [30].

The majority of squeezed light sources employ nonlinear crystals to achieve PDC following a similar design

to Wu’s experiment. Such systems act as a phase preserving amplifier and produce a pair of twin entangled

light fields with a very low gain. The twin entangled fields can be converted into a single squeezed field by

the use of a beam splitter. The low gain of such sources (section 3.3) means that their use in free space is

confined to the single photon regime.

In order for PDC crystals to be used in the continuous variable regime, the gain must be increased by

the use of a cavity. This increase in gain also increases the entanglement and consequently the squeezing

proportionally. After these early measurements of squeezed light were made, the flood gates opened and

many groups began experimental studies producing squeezing at ever increasing levels, culminating in the

current best squeezing measurements of 12.7dB in light of wavelength 532nm by Eberle [31], and 12.3dB in

1550nm light by Mehment [32].

In the early 1980s there was some discussion on the time fluctuations of interferometric signals. At this

time, it was suggested the interferometric signal could be stabilised by coupling in a squeezed state on the

unused input port to the interferometer [33]. This has been somewhat successful, and is in constant use

in gravitational waves detectors [8, 31, 34, 35]. However the interferometers were found to be limited by

the radiation pressure noise at low frequencies, and by photon shotnoise (SN) at high frequencies [36]. A

conventional quadrature squeezed field reduces the radiation pressure noise at the expense of photon SN, or

vice versa. As such, applying a conventional quadrature squeezed field cannot reduce the noise limit at all

frequencies.

In 1983 Unruh proposed that an interferometer might be made to display reduced quantum noise at many

frequencies [37]. This requires that a squeezing source could be found where the squeezed quadrature changes

with the frequency of the light; the phase noise should be reduced at low frequencies, and the amplitude noise

reduced at high frequencies. The concept of quantum limits on the stability of an interferometry measurement

was further discussed in the 1990s [6, 38]. In 2001 Kimble et al. analysed the effect of using quantum states of

light as inputs to various interferometers [39]. Since then, there have been proposals made by various groups
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based on the use of pre-filtering cavities, as proposed by Kimble [40–42]. In 2013 Horrom et al. demonstrated

an example of frequency dependent phase rotation using EIT [43]. In 2013 Corzo et al. investigated a 4WM

system, inferring the angle of the squeezed noise ellipse generated [44], and indicated a change of squeezed

quadrature with frequency. In this paper, the authors lock the relative phase of a local oscillator (LO) and

a squeezed vacuum field. They then compare the noise measured with locked phases to that with a scanned

LO phase. From this they infer how the squeezed quadrature changes with frequency. In 2014 Chua et al.

produced an in depth discussion, including the direct benefits of using such frequency-dependent squeezing

over frequency-independent squeezing [9].

In the experimental section (section 4.4) of this thesis, I use 4WM to produce a quadrature squeezed state

and directly measure the phase rotation of the frequency components caused by the gain medium. In this

way, I evidence the ability to concurrently measure quantum noise reduction (QNR) on the phase quadrature

at one frequency, whilst measuring QNR on the amplitude quadrature at a different frequency.

At the present time, there are many groups that have created sources of squeezed light. There are even

some groups that have created a compact squeezing source [45–47]. Such squeezing sources can be categorised

as either working in the continuous variable regime, or in the single photon regime. However, so far, the

majority of the generation and use of squeezed light has been in a single-spatial mode (SSM). In such light

any small region within the field will not independently be squeezed. In 1989 Kolobov and Sokolov discussed

the possibility of multi-spatial-mode (MSM) squeezed light [48]. A MSM squeezed field is one where any

point within the field is independently quadrature squeezed. This paper was the start of studies into MSM

squeezed light, where Kolobov and Sokolov continued with further works [49–51].

In 1991 Irani studied super-resolution techniques [52], and found that many of the techniques are not

very effective when high levels of noise are present. This led to a great interest in the use of squeezed light

to reduce this noise, and hence to improve image resolution, and image reconstruction. To be useful for such

imaging purposes, a squeezed state of light must be made up of many independently quadrature squeezed

modes, such as those states proposed by Kolobov and Sokolov.

There are two main types of experiment that have been under significant investigation. The first technique

is useful for imaging faint objects in the photon counting regime, proposed by Kolobov in 1993 using entangled

light from PDC [53]. It relies upon the use of MSM entangled fields at the single photon level, where the

correlations between the two images allow for imaging below the QNL.

In 2004 Sokolov and Kolobov proposed a source of MSM entanglement light suitable for superresolving

microscopy [54]. Since then, there have many reported measurements of such MSM entangled photons. These
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began in 2004 with work by Jedrkiewicz [55], and progressed with many further measurements [56–61].

In 2008 Brambilla proposed a similar scheme for super-resolution [62]. In 2009 and 2010 Brida used this

very scheme to measure correlations using a charge-couple device (CCD) [63, 64], and extended this to show

clearly the improvement of this correlation technique over the use of classical light for imaging [65, 66]. A

second similar method has been proposed theoretically by Lloyd [67] and Tan [68], and also experimentally

investigated by Lopaeva [69]. Further advances have been made in imaging a living cell by Taylor [70], and

Lu [71]. In all these cases, entangled photons are used to image weak objects at low light levels.

The second type of super resolution involves the use of bright MSM quadrature squeezed light. In 1999

Kolobov [51] considered the spatial effects within a single quadrature squeezed field. In 2000 Fabre [72] first

considered the possible use of MSM squeezed light for improving resolution. Later Kolobov and Fabre together

investigated the quantum limits on super-resolution techniques [73]. In 2008 Kolobov published another work

on a similar theme, focusing on the difference between the imaging of the discrete and continuous objects [74].

Since then the interest in the field of improving super-resolution with MSM squeezed light has continued,

with many different studies into these techniques. However, despite the availability of MSM entangled light

sources, at the single photon level, there has previously been no reported MSM quadrature squeezed light

source in the continuous variable regime, where many spatial modes are independently squeezed.

In a PDC system, in order to generate a continuous variable quadrature squeezed state, a cavity is

required to increase the gain. This cavity confines the amplifier to operate on only a single spatial mode.

In theory these cavities can be made degenerate across multiple spatial modes, and used to generate MSM

quadrature squeezed fields. Experimentally this proves difficult, and has only met with limited success. Early

achievements were to operate cavities on both the TEM01 and TEM10 [75–78]. In 2011 Chalopin measured

squeezing on three spatial modes with a self-imaging cavity [79]. However, a PDC source has not been used

to generate continuous variable MSM squeezing, with a large number of modes, and a good level of squeezing.

4WM proves to be a promising alternative to PDC for the production of continuous variable MSM

squeezing on bright fields. The main advantage for 4WM comes from the higher levels of gain. Thus

there is no need to enclose the gain medium in a cavity. 4WM research has continued in a relatively small

number of groups alongside the PDC research. Key achievements have included the initial revival of 4WM

experiments by Mccormick et al. in 2007 [80]. The technique has since been used to demonstrate slow light

propagation [81]. In 2008 the same system was used to produce entangled images, evidencing the MSM

nature of the system [82].

In 2011 Glorieux used a similar system to demonstrate amplitude difference squeezing of 9.2 dB [83],
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proving that this technique can be used to generate squeezing nearing the levels achieve by PDC. Quadrature

squeezing has also been generated, with QNR of 4 dB [44]. In the same group Corzo et al. measured

correlations on a few symmetric spatial modes, leading to a reduced quantum noise [84]. The system has

also been used by Marino et al. to generate twin MSM entangled fields [85] and used for an imaging system

similar to those proposed by Brambilla [62]. These results show 4WM to be a more promising method of

generating bright continuous variable MSM quadrature squeezed light than PDC.

In the experimental section (section 4.5) of this thesis, I use 4WM to produce a quadrature squeezed state

and directly characterise its MSM nature. I prove that it contains many arbitrary spatial modes that are

independently squeezed. The results have also been published [86].

In 2002 Treps investigated a technique of mixing a squeezed vacuum field with a coherent field, and

creating an increased beam pointing stability [87]. In the final chapter of this thesis (chapter 5), I set out

work to measure the quantum noise on light in the time domain, using a CCD camera. This allows for a

similar experiment, investigating the many spatial modes present in the squeezed field. Such an experiment

paves the way for a MSM quadrature squeezed state to be used, in super-resolution systems, to achieve

resolution below the QNL.

1.1 Layout of Thesis

In chapter 2 I will introduce the theory behind the generation of squeezed and entangled light using generic

amplifiers, following examples laid out by Kolobov [88]. I will introduce the relationship between squeezed

and entangled light. I will also introduce the concepts behind the use of squeezed light for improved image

resolution and improved stability of interferometry signals.

Nonlinear optical systems such as PDC and 4WM can be used as the phase preserving amplifiers necessary

to generate entanglement. In chapter 3 I will introduce the theory behind nonlinear optics, and the use of

rubidium as a 4WM gain medium. The 4WM medium generates entanglement across probe and conjugate

fields separated in frequency by 6 GHz, and has an associated phase matching condition. I will also discuss

the complications that arise out of these requirements, and the methods used to detect squeezed light.

In chapter 4 I shall discuss how the squeezed state is produced experimentally, and the optimisation of

the numerous parameters that affect the gain of the 4WM system and the squeezing measured. In section 4.4

I present an experiment that measures how the squeezed quadrature changes with frequency throughout the

squeezing region. In section 4.5 I present an investigation into the MSM character of the squeezed vacuum

field by direct measurement.
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In chapter 5 I discuss the use of a high quantum efficiency camera for imaging the quantum noise. I

introduce the control and noise analysis processes necessary to measure the spatial character of the noise by

direct comparison of a sequence of images, and to create a spatial spectrum analyser.

In chapter 6 I conclude the thesis, discussing the significance of the measured results, and the future

work for the experiment.
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CHAPTER 2

QUANTUM OPTICS AND IMAGING

2.1 Introduction

In this chapter, I will introduce the concepts of quantum optics and squeezed light, further descriptions can

be found in the literature [89]. I will introduce single mode squeezed states (SMSS), also called quadra-

ture squeezed states, and two mode squeezed states (TMSS), also called entangled modes, their theoretical

generation and their relationship. I will also discuss the difference between thin and thick amplifiers and

the implication on the transverse spatial modes of the squeezed states. Finally, I shall elaborate on the use

of SSM quadrature squeezed light for improving the accuracy of interferometric measurements, beyond the

quantum noise limit (QNL), and the use of MSM quadrature squeezed light for improved resolution imaging,

beyond the QNL.

Classically light is treated as electromagnetic waves described by the electric field E, oscillating at a

given frequency ω. Light has both amplitude, A, and phase, φ. Light sources can either be coherent,

eg. a laser, where all light emitted from the source has a single well defined phase, or incoherent, eg. an

incandescent bulb, where light is emitted with many phases. A coherent classical field can be described by

E = A expi(ωt+φ), where t is time. Equally, a classical field can be described by quadrature values, X and Y ,

in the form E = X cosωt+Y sinωt. Light can be split into different modes, such modes can be distinguished

by wavelength, λ, propagation direction, phase, spatial location and polarisation. In this thesis the modes of

the TMSS and SMSS are considered to be primarily defined by spatial location and propagation direction.

As such a SMSS is a state where the squeezing exists at a single spatial location and propagation direction,

and a TMSS is a state where the squeezing exists across two spatial locations and propagation directions.

A single light field, with a single defined propagation direction and spatial location, can also have its
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transverse spatial profile broken down into many spatial modes. There are many equivalent basis sets that

can be used to analyse these transverse spatial modes. In particular in laser optics, where cavities have a

significant role, light is often split into many Gauss-Hermite modes [90]. An alternative break down of the

spatial modes might be into square regions, of a given size, located at a position x, y, such as might be

considered for pixels on a camera. The use of these many transverse spatial modes, within a single light

field, can allow that light field to be used to image a object. It is the local fluctuations within these many

transverse spatial modes that are primarily discussed in this thesis.

Quantum mechanically light is treated as a series of photons. As such, the classical electric field becomes

a quantum mechanical operator, E → Ê. Equivalently In quantum optics the field operator can be replaced

by quadrature operators, X̂ and Ŷ , according to

Ê = X̂ cosωt + Ŷ sinωt. (2.1)

In turn, the quadrature operators can be expressed in terms of photon creation, â†, and annihilation, â,

operators

X̂ =
1

2


â† + â


(2.2)

Ŷ =
i

2


â† − â


. (2.3)

A generalised light field can be represented by its quadrature values on a quadrature diagram, this is also a

quasi-probability distribution [91], as shown in figure 2.1(a). This is similar to representing a classical field

amplitude and phase on an Argand diagram. In general the phase φ is represented by the angle away from

the X̂ axis, and the amplitude |α| is represented by the length of the line.

Since the absolute phase of a field cannot be measured, a choice of a global phase can be made such

that, for a single field,

φ̂


= 0 by definition. This choice maps the X̂ and Ŷ quadratures into amplitude,

Â, and phase, φ̂, quadratures, provided that the field has a large amplitude. These few operators form the

basics of the quantum mechanical description of light. In addition to these operators there are a number of

practical components that are very important for experimental quantum optics. These components include

lenses, used for the manipulation of mode shapes and sizes, mirrors, used for control of field propagation

directions, and, perhaps the most important optical component, beam splitters, which can be used to overlap

and combine different fields. I will introduce the quantum mechanical description of the beam splitter later

in section 2.6.2.
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Figure 2.1: The quadrature picture of light. (a) shows a noiseless coherent state. (b) shows a coherent state
at the QNL with phase noise ∆φ and amplitude noise ∆ |α|. The mean value of the quadratures are given

by

X̂


and

Ŷ


. (c) shows a squeezed coherent state, squeezed on the ∆Ŷ quadrature at the expense of

excess noise on the ∆X̂ quadrature.

In the rest of this chapter, I will use these quantum mechanical operators to describe the quantum noise

on light fields. I will describe the generation of states of light that display reduced quantum noise, and the

generation of correlated states of light. Next I will discuss how the length of the medium controls the MSM

properties of these states. I will then discuss the similarity between the TMSS and SMSS, and methods to

convert one state of light into the other. Finally I will discuss some of the uses of such light, with a particular

focus on interferometry and quantum imaging.

2.2 Quantum noise and squeezing

In general the mean value of any observable described by an operator, eg. n̂ is given by the expectation value

of that operator, eg. 〈n̂〉. All observables also have some intrinsic fluctuations, which can be found with


∆n̂2


=


n̂2


− 〈n̂〉2 . (2.4)

In a similar way the fluctuations on the quadrature operators can be calculated, as


∆X̂2


=

X̂2


−

X̂
2

and


∆Ŷ 2


=

Ŷ 2


−

Ŷ
2

. Here I am interested in the standard deviation rather than the variance,

and for ease of writing I define ∆X̂ =


∆X̂2


.

In quantum mechanics, two observables can only be known at the same time if the operators commute.

The quadrature operators of a light field do not commute and as such the quadratures must obey a Heisenberg

uncertainty relationship, ∆X̂∆Ŷ ≥ 1
4 , causing all states of light to have a minimum quantum noise. When

the inequality is saturated, the state is said to be a minimum uncertainty state. A coherent state is an
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example of such a minimum uncertainty state, where the quadrature uncertainties are equal, ∆X̂ = ∆Ŷ = 1
2 .

Such a state is said to be at the QNL, and the noise on each quadrature is called the shotnoise (SN). A

coherent state, at the QNL, is then represented by a region on the quadrature diagram, of minimum area

1/4, rather than a single point, as shown in figure 2.1(b).

It is possible to improve on the QNL and reduce the noise on one quadrature, say ∆Ŷ < 1/2 at the

expense of an equal increase in noise on the second quadrature ∆X̂ = 1/


4∆Ŷ

> 1/2. In this case, the

Ŷ quadrature is said to display quantum noise reduction (QNR), and the state is said to be squeezed, now

appearing as an ellipse on the quadrature diagram (figure 2.1(c)). This is referred to as the noise ellipse. It

has a phase defined by the minor axis, called the noise ellipse phase (NEP) in this thesis. Here the state

remains a minimum uncertainty state, with the ellipse representing the fluctuations occupying the same area

as that of the coherent state.

The QNR is defined as the ratio between the shotnoise, Nsn, and the noise of the squeezed quadrature,

Nsqu,

QNR =
Nsqu

Nsn
, (2.5)

in general this is reported in logarithmic units (dB), defined as

QNRdB = 10 log10


Nsqu

Nsn


dB. (2.6)

It should be noted that this is not quite the same as the squeezing parameter, s, defined later, due to the

difference between the base of the logarithms. Throughout this thesis, the measured QNR will be reported

in this way as squeezing or relative noise.

Figure 2.2: A single channel phase-sensitive amplifier that can be used to generate squeezed light.
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2.3 Single mode squeezed state generation

Consider a phase sensitive amplifier, with input annihilation and creation operators â and â† and output

annihilation and creation operators b̂ and b̂†, as depicted in figure 2.2. The amplifier performs the operation

b̂ = Uâ + V â†. (2.7)

We choose U = cosh s and V = sinh s to ensure that the operation is unitary, ie. that |U |2 − |V |2 = 1, and s

is real and positive, s > 0.

Phase sensitive amplifier; coherent state input. Consider the case where the input to the amplifier

is a bright coherent state described by 〈â〉 = α. In this case the expectation value at the output from the

amplifier is 
b̂


= α cosh s + α∗ sinh s. (2.8)

When α is real, ie. the phase of the coherent state is 0 or π, and thus α∗ = α, then the intensity on the

output is given by

b̂2 = |cosh s + sinh s|2 |〈â〉|2 (2.9)

= e2s |〈â〉|2 . (2.10)

When α is imaginary, ie. the phase of the coherent state is ±π/2, and thus α∗ = −α, then the intensity on

the output is given by b̂2 = e−2s |〈â〉|2 . (2.11)

Thus phase of the input state controls the amplification, and the amplifier is phase-sensitive.

SMSS generator; vacuum state input. When the input state on the amplifier is a vacuum state, |0〉,

then the system can be characterised by its quadratures

X̂in =
â† + â

2
Ŷin =

i

â† − â


2

(2.12)

X̂out =
b̂† + b̂

2
Ŷout =

i

b̂† − b̂


2

. (2.13)
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Figure 2.3: The states at the input and output of the phase-sensitive amplifier. (a) shows the input vacuum
state, with vacuum fluctuations at the QNL. (b) shows the output squeezed state, with the noise on the Ŷ
quadrature reduced, at the expense of excess noise on the X̂ quadrature.

Using the input/output relationship in equation (2.7), the relationship between X̂in and X̂out can be derived:

X̂out =
Uâ† + V â + Uâ + V â†

2
(2.14)

= UX̂in + V X̂in (2.15)

= esX̂in, (2.16)

and similarly for the Ŷ quadratures,

Ŷout = e−sŶin. (2.17)

From these equations it can be seen the X̂ quadrature of the input state is amplified, whilst the Ŷ quadrature

of the state is deamplified. The fluctuations of the quadrature values are similarly amplified (∆X̂out =

es∆X̂vac) and deamplified (∆Ŷout = e−s∆Ŷvac). Figure 2.3(a) shows the input vacuum state at the QNL

on a quadrature diagram. The output of such an amplifier is a squeezed vacuum state, also called a SMSS

(figure 2.3(b)). In this form, s is defined as the squeezing parameter.

2.4 Two mode squeezed state generation

Classically, the state of all objects can be described independently. Quantum mechanically, it is possible

to introduce correlations to a pair, or a group, of objects such that the quantum state of no individual

member of the group can be described independently. This pair, or group, of particles can then be said to

be entangled. It is possible to entangle the positions, the time of generation, and the polarisation of photons
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Figure 2.4: A two channel amplifier, which can be phase sensitive or insensitive dependent on the input. If
the input states are vacuum states then the amplifier produces a pair of entangled fields at the output.

or electric fields. In our case we shall consider a system whereby continuous variable entanglement of a pair

of light fields is produced. Experimentally this can be evidenced by correlation counting of photon pairs or

by intensity correlations in bright fields.

An entangled state can be generated using an amplifier similar to the squeezed state generator (figure 2.2).

Such an amplifier must have two input modes and two output modes, as shown in figure 2.4. This amplifier

will have a pair of input annihilation operators â1 and â2 and a pair of output annihilation operators b̂1 and

b̂2. The amplifier must cross couple the outputs, and perform the operation

b̂1 = U1â1 + V1â
†
2 (2.18)

b̂2 = U2â2 + V2â
†
1. (2.19)

Again the operation must be unitary, which now requires that |Ui|2−|Vi|2 = 1, and U1V2 = U2V1. We choose

U1 = U2 = U = cosh s and V1 = V2 = V = sinh s to meet this requirement. Again s is real and positive,

s > 0.

Phase insensitive amplifier; one coherent state input, one vacuum state input. Consider the case

where the input on channel 1 is a coherent state 〈â1〉 = α, and the input on channel 2 is a vacuum state,

|â2〉 = |0〉. The output from the amplifier is given by


b̂1


= α cosh s (2.20)

b̂2


= α∗ sinh s, (2.21)

and the intensities on the output are given by

b̂12 = α2 cosh2 s = Gα2 (2.22)b̂22 = α2 sinh2 s = (G− 1)α2, (2.23)
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where we have defined the gain, G, as a function of the squeezing parameter given by G = cosh2 s.

In this case the amplifier is phase insensitive, and the outputs have different intensities given by i− =b̂12 − b̂22 = α2. This difference is due to seeding the process on only one input. In the limit of large

gain, this difference becomes negligible compared to the overall intensity in each field.

The output fields here will also display intensity difference squeezing. In this case the total power in the

output fields is given by (2G − 1)α2, leading to a SN of (2G − 1)Nα. The intensity difference i− will be

given by 〈∆i−〉 = Nα, where Nα is the input SN. Thus the output signals will show an intensity difference

squeezing given by

QNR =
Nα

(2G− 1)Nα

=
1

2G− 1
. (2.24)

Phase sensitive amplifier; coherent state at both inputs. In the case where the same coherent state

is applied to both input channels, 〈â1〉 = 〈â2〉 = α, the output fields are also equal and are given by


b̂1


=


b̂2


= α cosh s + α∗ sinh s. (2.25)

Both outputs now take the same form as in equation (2.10) and the phase-sensitive nature of the amplifier is

regained [92].

TMSS generator; vacuum state at both inputs. When both input states to the amplifier are vacuum

states, |0〉, once again we describe the system by the quadrature operators,

X̂j,in =
â†j + âj

2
Ŷj,in =

i

â†j − âj


2

(2.26)

X̂j,out =
b̂†j + b̂j

2
Ŷj,out =

i

b̂†j − b̂j


2

, (2.27)

where j ∈ 1, 2. Using the input/output relationship in equations (2.18) and (2.19), with U1 = U1 = U and

V1 = V2 = V , the relationship between X̂in and X̂out can be derived:

X̂j,out =
U

â†j + âj


+ V


âk + â†k


2

, (2.28)
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Similarly for the Ŷ ,

Ŷj,out =
iU


â†j − âj


− iV


â†k − âk


2

, (2.29)

where k ∈ 1, 2, and k 6= j. Entanglement can be evidenced by correlations between these operators, or

reduced noise on their combinations. The sum and difference of the output quadratures can be calculated as

X̂−,out = X̂1,out − X̂2,out =
(U − V )


â1 − â2 + â†1 − â†2


2

(2.30)

Ŷ−,out = Ŷ1,out − Ŷ2,out =
i (U + V )


â†1 − â†2 − â1 + â2


2

(2.31)

X̂+,out = X̂1,out + X̂2,out =
(U + V )


â1 + â2 + â†1 + â†2


2

(2.32)

Ŷ+,out = Ŷ1,out + Ŷ2,out =
i (U − V )


â1 + â2 − â†1 − â†2


2

. (2.33)

The noise on these joint quadrature operators can then be calculated, following equation (2.4), as

∆X̂−,out =
e−s

√
2

(2.34)

∆Ŷ−,out =
es√

2
(2.35)

∆X̂+,out =
es√

2
(2.36)

∆Ŷ+,out =
e−s

√
2
. (2.37)

In order for the noise reductions apparent in X̂−,out to occur, then, when X̂1 is higher than the mean value,

X̂2 must be lower than the mean value. Similarly for the Ŷ−,out to show an increased noise, then, whilst Ŷ1

is larger than average, then Ŷ2 must also be larger than average. As such this output state is entangled [93].

In the case of the joint quadrature operators Ŷ± and X̂∓ commute, and so can exhibit simultaneous QNR,

whilst Ŷ± and X̂± do not commute and so are constrained by the uncertainty principle [20].

2.5 Thin and thick gain media

A MSM squeezed field is defined as one where many different spatial regions of the field are independently

squeezed. An infinitely thin gain medium will produce a MSM-squeezed field where any region, of the size

of the wavelength, within the field would independently display squeezing.
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Figure 2.5: The evolution of adjacent Gaussian modes within the gain medium. The grey mode is shaded
for clarity, showing the overlap with adjacent modes. (a) An example when the mode waist is larger than
lcoh. Here the modes only slightly overlap at the end of the gain medium. The modes are not coupled by the
medium, and localised squeezing can be measured on these modes. (b) An example when the mode waist is
smaller than lcoh. Here the waist is small enough that the modes will expand such that they are significantly
cross-coupled by the gain medium, and no squeezing is present in the mode. In this case the mode waist is
by definition lcoh.

Experimentally no amplifier can truly be thought of as a thin medium. Instead the amplifier must have

some defined length. Any Gaussian mode will expand as it travels through a thick gain medium. This

expansion means that adjacent modes will have some overlap at either end of the medium (figure 2.5(a)).

These modes then become coupled by the medium. The smaller the waist size of a Gaussian mode, the

quicker it will expand. Thus there exists a smallest mode size where independent local squeezing can be

observed, called the coherence length lcoh.

The coherence area is defined as the mode size where there is no longer any measurable squeezing [94].

An estimate of the coherence area can be calculated by considering the packing of Gaussian modes within

the gain medium. The coherence length is the size of a mode waist where the width expands to be a factor

of
√

2 larger at each end of the cell, compared to its waist, in the centre of the gain medium. Modes of

this size can be cross-coupled by the gain medium (figure 2.5(b)), and, as such, these modes cannot support

squeezing. This expansion is exactly that which occurs over the Rayleigh distance, given by Zr = πω2 (0) /λ,

where ω (0) is the waist size of the Gaussian mode [95]. Thus, the coherence length, lcoh, is the waist size of a

Gaussian mode with a Rayleigh distance equal to the length of the gain medium, lg. This limit has also been

described theoretically by Lopez et al. [96] using mode decomposition and an interaction kernel, resulting in

the same coherence length of

lcoh =


λlg
πns

, (2.38)

where λ is the wavelength of the light, lg is the length of the gain region, and ns is the index of refraction
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of the medium. The coherence length accurately derived by Lopez et al. is exactly that estimated using the

expansion of Gaussian modes.

The ratio of the coherence area to a given pump size can be used to calculate a theoretical maximum

number of independent modes for which squeezing could be observed:

number of modes =
ω2
p

l2coh

=
ω2
pπns

λlg
, (2.39)

where ωp is the pump waist size. This theoretical limit can only be reached if the whole of the emission

spectrum of the gain medium is collected.

The number of modes produced can be further restricted. In continuous variable PDC systems a cavity

is required to increase the gain of the system, such that strong quadrature squeezing can be produced. In

general these cavities operate on only one transverse spatial mode. As such, only a single spatial mode of

quadrature squeezed light can be generated. There have been some experiments where this limit has been

increased up to three spatial modes, by the use of confocal cavities [75, 78, 79, 97].

To achieve a large number of spatial modes the system must be operated in free space with only a

single pass gain. This configuration requires a much larger single pass gain to generate strong quadrature

squeezing. The gain in a 4WM process in hot atomic vapours can reach this level. Previously Corzo et al.

have measured multi-mode squeezing on an estimated 12 symmetric modes using hot rubidium vapour as

the gain medium [84]. We have also generated and characterised a highly multimode squeezed vacuum field,

containing 75 modes [86], which will be discussed later in this thesis.

2.6 The relationship between entanglement and squeezing

Entanglement and squeezing are intrinsically linked, as can be seen from the similarities between equa-

tions (2.16)-(2.17) and (2.34)-(2.37). In fact the processes of generating entanglement and squeezing are

entirely equivalent. Two fields are said to be entangled when correlations exist within the joint quadratures

such that one has reduced fluctuations at the expense of the other eg. X̂− < 1/2 and Ŷ− > 1/2. In a squeezed

field these correlations exist within a single propagation mode. As such, the entanglement and squeezing can

be said to be identical, with only a change of mode definition. As an extension of this, propagation, causing

a change of mode, can be used to transform a squeezed state into an entangled state. In this section, I will
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first describe the necessary mode transformation between entanglement and squeezing theoretically. I will

then introduce the beam splitter and its quantum mechanical operation, and show that this operation will

transform between SMSS and TMSS. I will also show how propagation can perform the same transformation.

I will explain how they are related to the experimental generation of squeezed light as undertaken in this

thesis.

2.6.1 Mode transformation

Consider the process of a two mode amplifier as used for generating entanglement, and described in equa-

tions (2.18) and(2.19). If we apply the mode transformations

â+
′ =

1√
2

(â1 + â2) â−
′ =

1√
2

(â1 − â2) (2.40)

b̂+
′

=
1√
2


b̂1 + b̂2


b̂−

′
=

1√
2


b̂1 − b̂2


, (2.41)

the system, described by equations (2.18) and (2.19), can be described by

b̂+
′

= Uâ+
′ + V â+

′† b̂−
′

= Uâ−
′ − V â−

′†, (2.42)

where the mode associated with b̂+
′

takes exactly the form resulting from the single mode amplifier, which

generates squeezing as described in equation (2.7). The mode associated with b̂−
′

also takes the same form,

but where the sign of the squeezing parameter is switched, s → −s. This mode transformation highlights

the equivalence between squeezed states and entangled states. For this reason, an entangled state is often

referred to as a two mode squeezed state (TMSS).

In experimental quantum optics it is natural to define a set of modes by the position and/or direction

of propagation of a state. This leads to an experimental distinction between a TMSS and a single mode

squeezed state (SMSS). Fortunately there are some experimental techniques which allow the conversion

between a TMSS and a SMSS. In this section I will describe the use of beam splitters and propagation to

achieve this conversion.

2.6.2 beam splitters

When placed in a single field, a beam splitter transmits some light, and reflects the rest. Consider a beam

splitter, such as that shown in figure 2.6, with transmittance t and reflectance r. Classically (figure 2.6(a))
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Figure 2.6: A beam splitter, with transmission t and reflectivity r. (a) shows the classical case where each
input light field is split into two outputs. (b) shows the quantum mechanical case with input annihilation op-

erators â1 and â2, and output operators b̂1 and b̂2. The operator transformations are given in equations (2.43)
and (2.44).

each incident field is split according to the transmittance and reflectance. Quantum mechanically (fig-

ure 2.6(a)) incident field operators â1 and â2, transform into the output fields operators b̂1 and b̂2 according

to the reversible transformations

b̂1 ↔ tâ1 + râ2 (2.43)

b̂2 ↔ tâ2 − râ1. (2.44)

Conservation of energy at the beam splitter requires that t2+r2 = 1. When two fields are interfered, normally

a 50:50 beam splitter is used, where t = r = 1/
√

2.

It is also instructive to consider the quadrature operators. These are defined on the input and output as

X̂j,in =
â†j + âj

2
Ŷj,in =

i

â†j − âj


2

(2.45)

X̂j,out =
b̂†j + b̂j

2
Ŷj,out =

i

b̂†j − b̂j


2

(2.46)

where j ∈ 1, 2. Using these definitions, and the operator transformations given in equations (2.43) and (2.44),

and taking t and r to be real, we can determine that

X̂1,out = tX̂1,in + rX̂2,in Ŷ1,out = tŶ1,in + rŶ2,in (2.47)

X̂2,out = tX̂1,in − rX̂2,in Ŷ2,out = tŶ1,in − rŶ2,in, (2.48)

The mode transformations that allow the TMSS amplifier (section 2.4) to be treated as a SMSS amplifier
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Figure 2.7: A beam splitter, with an TMSS on the inputs produces a pair of individually SMSS on the
outputs. The blue double arrow on the input symbolises the entanglement between the two modes that make
up the TMSS on the input, and the red double arrows on the output symbolise the two independent squeezed
states. This convention is retained throughout this thesis.

(section 2.3) can be exactly reproduced by a 50:50 beam splitter where the input/output mode relationship

(equations (2.43) and (2.44)) becomes

b̂1 ↔ 1√
2

(â1 + â2) (2.49)

b̂2 ↔ 1√
2

(â2 − â1) . (2.50)

These transformations implicitly assume that input modes, with associated operators â1 and â2, are perfectly

overlapped. As such, in experimental optics a great deal of care needs to be taken to ensure that any modes

are perfectly overlapped on any beam splitters.

In this configuration the beam splitter defines precisely the mode transformation needed to convert be-

tween a TMSS and two SMSSs undertaken in equations (2.41) and (2.40). Consider the case where one half

of a TMSS is on each input of a 50:50 beam splitter (figure 2.7). The variances of the quadratures on the

output fields of the beam splitter can be derived

∆X̂1,out =
1√
2

∆

X̂1,in + X̂2,in


=

es

2
(2.51)

∆Ŷ1,out =
1√
2

∆

Ŷ1,in + Ŷ2,in


=

e−s

2
(2.52)

∆X̂2,out =
1√
2

∆

X̂1,in − X̂2,in


=

e−s

2
(2.53)

∆Ŷ2,out =
1√
2

∆

Ŷ1,in − Ŷ2,in


=

es

2
. (2.54)

Thus each of the two outputs from the beam splitter will show reduced noise on one quadrature and increased

noise on the other. Thus, here, the incident entanglement is converted into squeezing. As with all beam

splitter processes this is entirely reversible, and a beam splitter can also be used to convert squeezed light
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into entangled light.

These derivations are assuming a SSM system, where the two modes of the TMSS perfectly overlapped

on the beam splitter. In an experiment such precise alignment is difficult to achieve. Any deviation from the

perfect alignment will mean a lower level of QNR in the output squeezed state.

2.6.3 Propagation

In sections 2.3 and 2.4 I described the operation of an amplifier on a given mode structure before and after the

gain medium. In these examples the mode structure is taken immediately after the gain medium, without any

propagation considered. In order to use the squeezed state outputs from these gain media for any practical

use the states must be allowed to propagate in space. In particular, if the squeezed state is to be used for

quantum imaging, the state must propagate in space and be brought onto the object being imaged. As such

it is very important to consider how these states change when propagating in free space. Under this free

space propagation the momentum of the SMSS, produced from an amplifier as discussed in section 2.4, is

converted into position. Thus the propagation performs a unitary mode transformation, converting the SMSS

in the near field into a TMSS in the far field. In this section I investigate this free space propagation of such

a squeezed state.

Consider an amplifier that generates a single mode squeezed state, b̂′+, in the near field. This state can

be treated as that generated by the two-mode amplifier as described in equations (2.18) and (2.19), where

in the near field, modes b̂1 and b̂2 are perfectly overlapped. As the field propagates to the far field its near-

field operators, b̂1 (x) and b̂2 (x), where x defines the near-field position, transform according to the Fourier

transforms,

b̂1 (q) = F

b̂1 (x)


(2.55)

b̂2 (q) = F

b̂2 (x)


(2.56)

b̂†1 (q) = F

b̂†1 (−x)


(2.57)

b̂†2 (q) = F

b̂†2 (−x)


, (2.58)

where b̂i (q) and b̂†i (q) are the corresponding far-field operators. q is the Fourier conjugate variable of x, and
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describes the position in the far-field. From this we can calculate the quadrature operators in the far field,

X̂j (q) =
b̂†j (q) + b̂j (q)

2
(2.59)

=
1

2
F

b̂†j (−x) + b̂j (x)


(2.60)

Ŷj (q) =
i

b̂†j (q) − b̂j (q)


2

(2.61)

=
i

2
F

b̂†j (−x) − b̂j (x)


. (2.62)

Note that these far-field quadrature operators are not the simple Fourier transforms of the near-field quadra-

ture operators. This difference between the propagation of the field operators and the quadrature operators

gives rise to an interesting property. Consider the far-field joint quadrature operators between symmetric

modes located at q and −q. These can be derived in terms of the near-field operators as

X̂− (q) = X̂1 (q) − X̂2 (−q)

=
1

2
F

b̂†1 (−x) + b̂1 (x) − b̂†2 (−x) − b̂2 (x)


=

1

2
F

X̂−(x) + X̂−(−x)


(2.63)

Ŷ− (q) = Ŷ1 (q) − Ŷ2 (−q)

=
i

2
F

b̂†1 (−x) − b̂1 (x) − b̂†2 (−x) + b̂2 (x)


=

i

2
F

Ŷ−(x) + Ŷ−(−x)


(2.64)

X̂+ (q) = X̂1 (q) + X̂2 (−q)

=
1

2
F

b̂†1 (−x) + b̂1 (x) + b̂†2 (−x) + b̂2 (x)


=

1

2
F

X̂+(x) + X̂+(−x)


(2.65)

Ŷ+ (q) = Ŷ1 (q) + Ŷ2 (−q)

=
i

2
F

b̂†1 (−x) − b̂1 (x) + b̂†2 (−x) − b̂2 (x)


=

i

2
F

Ŷ+(x) + Ŷ+(−x)


. (2.66)

Each of these symmetric mode joint quadrature operators are formed from the Fourier transform of a

superposition of two near-field quadrature operators. In each case both near-field quadratures have the same

reduced or increased quantum noise. This leads to each far-field joint quadrature being similarly squeezed
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Figure 2.8: A gain system creating squeezing in the near field, as correlations between two modes, depicted
by red loops. (a) Shows the transformation into squeezing on symmetric modes where the modes propagate
along the same direction. (b) Shows the transformation to entanglement in the far field, where the two modes
propagate at a small angle ±θ to the pump axis. In both cases the state is a SMSS in the near field and a
TMSS in the far field.

or anti-squeezed. Thus it can be seen that, with propagation, the field changes from being a SMSS into a

TMSS, exhibiting correlations symmetrically about the central propagation axis.

When the twin entangled modes are rigorously co-propagating, the two modes of the TMSS, formed in

the far field, fully overlap each other (figure 2.8(a)). As with all squeezed states, reductions in quantum noise

fluctuations can only be measured within a given mode structure. In this case the squeezing can be measured

in radially symmetric modes about the pump axis. A similar system has been previously investigated by

Corzo et al. [84], who measured squeezing on up to 12 symmetric modes.

In some situations the gain medium can impose a phase matching condition, which requires that the

two near-field modes b̂1 and b̂2 propagate along slightly different directions separated by a small angle 2θ

(figure 2.8(b)). Again the SMSS, that is present in the near field, transforms into a TMSS in the far field.

However, in this case, the two modes of the TMSS are spatially separated. Theoretically, these regions from

an annulus around the pump axis. Experimentally, due to the horizontal overlap process, the regions are

restricted to two areas located on the horizontal axis, shown in green in figure 2.9. These two distinct far-field

gain regions are referred to as the restricted gain regions (RGRs) [86].

In both the case where the RGRs propagate with a small angle, and where the RGRs are rigorously

co-propagating, the propagation transforms the SMSS in the near field to a TMSS in the far field.

2.6.4 Returning to squeezed light after propagation

The beam splitter transformations are entirely reversible, and as such it is relatively trivial to convert from

a SMSS to a TMSS and back. In principal propagation is entirely reversible, and indeed an imaging system

can be used to image the near field, and regain the SMSS in the image plane.

The far-field gain spectrum also imposes limits on which spatial frequencies might be squeezed. In the case
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Figure 2.9: The gain of the system, with modes shown in the near field, and far field. (a) shows the
translation and flipping required to investigate the squeezing in the far field. (b) shows the translation used
for investigating the near-field squeezing properties. The black circles represent the conical emission of the
amplifier. The green regions represent restricted gain regions (RGRs) that are overlapped in the experiment.

of overlapped co-propagating RGRs (figure 2.8(a)), this limit is in the form of a maximum spatial frequency

that can be squeezed, corresponding to the near-field coherence length. Thus such an imaging system can be

used to convert back to a squeezed state, with only a limit on the maximum spatial frequency that can be

squeezed. However, in the case of the RGRs propagating at a small angle (figure 2.8(b)), the far field gain

spectrum has a region at low spatial frequencies with low gain. This area cannot be used for squeezed light,

both due to low gain and to the strong pump causing contamination on this axis. In a three dimensional

picture, this results in a gain annulus as shown in figure 2.9. This imposes both a lower and upper limit to

the spatial frequencies that can be squeezed. In the near field, this corresponds to both a lower and upper

limit on the size of the features a mode can have, if it is to be squeezed. This results in any mode containing

large bright regions not being squeezed. As such, the SMSS will have a complicated mode structure.

To avoid using this strange mode structure, we can use the knowledge that entangled states can be

transformed into squeezed states using a beam splitter (section 2.6). As such, it is possible to convert

between TMSS and SMSS in the far field.

The pairs of correlated modes must be perfectly overlapped on the beam splitter for a successful conversion

without a loss of squeezing. This must be achieved for all spatial modes present in the field. In the context

of figure 2.8(b) this corresponds to overlapping the two ends of each blue arrow. Geometrically, in a three-

dimensional system, this involves one of the RGRs being flipped both horizontally and vertically with respect

to the other, as shown in figure 2.9(a). In practice, even with this manipulation, the two modes of the TMSS

are likely to have expanded slightly differently, due to differing Kerr lensing affects in the gain medium,

or slight differences in propagation path. Consequently, precise control of the mode shape would be very
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difficult in such an experiment. Nonetheless, previously our group has measured some squeezing using this

method [98].

Instead it is possible to combine the two methods, and investigate the squeezing in the near field. The

RGRs can be overlapped in the far field, removing the hole in the spatial frequency spectrum. The combined

field will then form a rigorously co-propagating TMSS, exactly as that of the TMSS in figure2.8(a). It can

then be imaged as a SMSS in the near field. In this experiment, the overlap process is equivalent to a

translation in the Fourier plane, and is shown in figure 2.9(b).

To verify that the squeezing is retained when overlapping in the far field and measuring in the near field

the translation, by ±q0, must be added to the far-field operators. They become

b̂′1 (q) = b̂1 (q + q0) (2.67)

b̂′2 (q) = b̂2 (q − q0) . (2.68)

When these operators are transformed back into the near field, using the reverse of the transformations

in equations (2.55)-(2.58), the translation becomes equivalent to an additional phase in the near field as

described by

b̂′1 (x) = b̂1 (x) e−iθ (2.69)

b̂′2 (x) = b̂2 (x) e+iθ, (2.70)

where θ = q0.x. Similarly the transformation of the creation operators can be calculated as

b̂†′1 (x) = b̂†1 (x) eiθ (2.71)

b̂†′2 (x) = b̂†2 (x) e−iθ. (2.72)

Using these transformations and retaining the TMSS description, even after overlapping the correlated fields,
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we can calculate the new quadrature operators as,

X̂ ′
1(x) = X̂1(x) cos θ + Ŷ1(x) sin θ (2.73)

Ŷ ′
1(x) = Ŷ1(x) cos θ − X̂1(x) sin θ (2.74)

X̂ ′
2(x) = X̂2(x) cos θ − Ŷ2(x) sin θ (2.75)

Ŷ ′
2(x) = Ŷ2(x) cos θ + X̂2(x) sin θ. (2.76)

The modified joint quadrature operators can be calculated in terms of the original joint quadrature operators,

X̂ ′
−(x) = X̂−(x) cos θ + Ŷ+(x) sin θ (2.77)

Ŷ ′
−(x) = Ŷ−(x) cos θ − X̂+(x) sin θ (2.78)

X̂ ′
+(x) = X̂+(x) sin θ + Ŷ−(x) cos θ (2.79)

Ŷ ′
+(x) = Ŷ+(x) cos θ − X̂−(x) sin θ. (2.80)

Since the linear superposition of two squeezed quantities is also a squeezed quantity we can confirm that the

squeezing in X̂− and Ŷ+ is retained through the translation process. Similarly the anti-squeezing, in X̂+ and

Ŷ−, is retained. As such, overlapping in the far field, and detecting in the near field will accurately investigate

the nature of the squeezed light. This method has the advantage of being able to control accurately, and to

image, the mode shape of the squeezed field being measured.

2.7 Applications of squeezed light

Squeezed light is fundamentally a reduction of the quantum noise of either phase or amplitude (or any

quadrature in between), at the expense of excess noise on the other. In many experiments where light is

used as a measurement tool, the accuracy of the measurement is limited by the SN on either the amplitude

or the phase of the light. The signal-to-noise ratio in such systems can be improved by using more powerful

light. However, the intensity required to achieve sufficiently accurate measurements may damage the systems

being measured. It is here that squeezed light can help. The reduced level of the quantum noise improves

the signal-to-noise ratio of measurement without changing the overall light power. Thus, the measurement

accuracy is improved without risking any damage to the sample.

TMSS, or entangled states, can be used for secure communication in quantum key distribution schemes [99,

26



Figure 2.10: An interferometer as might be used for detection of gravitation waves. This interferometer has
two bounces at each end mirror, this is parametrised in b = 2. The two arms (1,2) have optical path length
z1 and z2 with an optical path length difference z = z1 − z2.

100], and state teleportation [101]. SMSS, or quadrature squeezed states, squeezed on a single spatial mode,

can be used to increase the information capacity in communication schemes [102–104], improve accuracy

in measuring absorption, scattering and modulated signals [105–108], and improve interferometric accu-

racy [33], including in gravitational wave detection [8, 34]. MSM-squeezed states can enhance many imaging

systems [62, 65, 66, 69–71, 87]. This can be done in the photon counting regime or in bright field quantum

imaging.

The results of this thesis are of particular interest in the fields of interferometric measurements and bright

field quantum imaging. In the next sections, I will expand further on the quantum noise limit (QNL) of these

systems, and how squeezed light can improve the limit. I will highlight some interesting requirements on the

squeezed light, in order for the optimum improvement of these measurements to be achieved.

2.7.1 Interferometry

Interferometry is used in many different fields from the detection of gravitational waves [109] to precision

metrology measurements [110]. In each case the interferometer measures an optical path length difference

between the two arms, z = z1 − z2 (figure 2.10). This can arise either out of a physical difference in the

length of the arms, or some phase retarding medium placed in one of the arms. As with all systems an

interferometry detection scheme has some minimum quantum noise. This standard quantum limit (SQL)
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results in an error on z of

(∆z)SQL =


2~τ
m

, (2.81)

where m is the mass of each end mirror, and τ is the duration of the measurement [33].

The overall noise has two major contributions; photon counting noise (∆z)pc and radiation pressure noise

(∆z)rp. The photon counting noise arises from the fluctuating number of photons. The radiation noise arises

from the fluctuating radiation pressure of the photons pushing on the end mirrors. Caves derived the noise

contributions from these two sources in the case of a coherent state input on port 1 of amplitude β, and a

squeezed light input on port 2 of squeezing parameter s [36]. These contributions take the form

(∆z)pc =
c

2bω |β|
e−s (2.82)

(∆z)rp =
b~ωτ |β|

mc
es, (2.83)

where ω is the frequency of the light, b is the number of reflections on each end mirror, τ is the measurement

time, m is the mass of each of the end mirrors, and c is the speed of light. In these equations the sign of

s describes which quadrature is squeezed. When no squeezing is present the squeezing parameter becomes

zero, s = 0. The total noise on the output signal is given by a sum of these two contributions as

∆z =


(∆z)
2
pc + (∆z)

2
rp


. (2.84)

It is important to note that these noise contributions have very different dependencies on frequency. (∆z)pc

decreases with increased signal frequency, whilst (∆z)rp noise increases with increased signal frequency. The

minimum noise of (∆z)SQL is given when these two contributions are balanced. The noise at a frequency

just below this point is dominated by (∆z)pc, and can be reduced with amplitude squeezing (s < 0). The

noise at a frequency just above this point is dominated by (∆z)rp, and can be reduced with phase squeezing

(s > 0). This means that, for squeezed light to introduce the best improvement in the interferometric noise

over a wide frequency range, the vacuum’s squeezed quadrature, or NEP, must rotate by 90 degrees around

50 Hz [111].

It is this effect that Unruh noticed in 1983 when he proposed that the quantum noise in an interferometer

could be reduced on many frequencies if a source of squeezed light could be found that produces amplitude

squeezed light at low frequencies and phase at high frequencies [9, 112].

Since then there have been proposals made by various groups based around the use of pre-filtering cavities
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Figure 2.11: (a) a 4f imaging system, with magnification f2/f1. (b) The intensity profile of the image of a
point source given the finite size of the lenses.

as first proposed by Kimble [39–42]. In 2013 Horrom demonstrated an example of frequency dependent phase

rotation using EIT [43]. In 2013 Corzo et al. directly investigated a 4WM system, inferred the noise ellipse

phase (NEP) of the squeezed light generated [44], and showed a frequency dependent rotation of the NEP.

Such a squeezed state of light should allow an interferometer to make measurements below the SQL for a

wide range of frequencies.

In the experimental section (section 4.4) of this thesis, I produce a quadrature squeezed state and directly

measure the phase rotation of the frequency components caused by the gain medium. In this way, I evidence

the ability to concurrently measure QNR on the phase quadrature at one frequency, whilst measuring QNR

on the amplitude quadrature at a different frequency.

2.7.2 Imaging and super-resolution

There are many types of optical imaging systems from microscopes, for looking at very small objects up close,

to telescopes, used for looking at very large objects far away. Fundamentally all imaging systems are very

similar, comprising of a series of lenses of a given transverse size and focal length. If all lenses are considered

to be perfect thin lenses, with no aberrations, then the resolution of any system will be limited by the finite

size of the apertures that the light travels through. This is called the diffraction limit.

Consider a two lens imaging system, where the lenses are separated by the sum of their focal lengths,

f1 + f2. The source of light is placed one focal length, f1, before the first lens and the image forms one focal

length, f2, after the second lens. Any amplification is given by the ratio between the focal lengths of the

lenses M = f2/f1. Such an imaging system is shown for a point source in figure 2.11(a). A finite size lens

can be treated as an infinite lens with a slit placed behind it. As such the effect of the lens’ finite size acts

in a similar way to a single slit often described in the literature [113]. The result of the diffraction is that

the spot size of the image is broadened, as shown in figure 2.11(b). For a point source, the intensity profile
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Figure 2.12: A simple 4f imaging system, with object, Fourier, and image planes. There is a central aperture
that restricts the transmitted spatial frequencies, leading to a distorted image. Super-resolution analytically
extends the Fourier spectrum of the image with the aim of improving the representation of the object. Here
the lenses are treated as infinite, with their size restrictions being replaced with an aperture in the centre.
The grey regions are the regions discarded by this aperture.

in the image plane is described by

I(x) = I0


sinβ

β

2

, (2.85)

where β = kax/f2, k = 2π
λ is the wavevector of the light, a is the smallest transverse diameter in the system,

and x is the transverse co-ordinate in the image plane. I0 is the fraction of light that makes passes through

the imaging system, defined by the solid angle subtended by the slit at the point source.

The diffraction broadening of the point source object leads to a minimum separation where two point

objects would be resolvable. There are a number of different exact definitions of when two objects are

resolvable. Perhaps the most famous is the Rayleigh criterion [114], which takes two objects to be just

resolvable where one image peak lies exactly at the first minimum of the next, and, for a circular aperture,

is given by

R = 1.22
fλ

a
, (2.86)

where R is the minimum resolvable separation, f is the focal length of the lens, λ is the wavelength of the

light, and a is the smallest transverse diameter in the optical system. This can be provided by either the size

of a finite lens or an aperture. Under this criterion the exact location of a point source is only known to this

accuracy.

The finite size of these lenses can be thought of as an aperture in the Fourier plane in the middle of the
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imaging system, which removes the high-order spatial modes of the system. This is easily demonstrated by

considering a single sharp sided object, of diameter d, imaged through the system (figure 2.12). Restricting

the discussion to only 1 dimension such a slit can be described by

A(x) =

 1 where − d
2 < x < d

2

0 otherwise
. (2.87)

In this case the full Fourier spectrum is given by A(q) = F (A (x)) = A0


sin kdq
kdq


, where A0 is the peak

amplitude. This is restricted, in the far field, by the aperture, representing the size of the lens, and so the

function becomes

A(q) =

 A0


sin kdq
kdq


where − a

2 < x < a
2

0 otherwise
, (2.88)

where a is the size of the aperture. The final image is then given by the Fourier transform of this function

A′(x) = F−1 (A (q)). In this example the loss of high order spatial frequencies can be seen in the image plane

as the sharp edges to the slit are poorly represented (figure 2.12).

The resolution of such optical system can be improved by some post-processing techniques. Images

are said to be super-resolved if features smaller than the resolution limit can be measured. A simplified

post-processing super-resolution technique is to extend the Fourier spectrum of an image to recreate the

missing high order components. In practice this means that the Fourier transform of the final image is

taken, giving the information in equation (2.88). The finite transverse size of the imaging system means that

information outside of −a
2 < x < a

2 is lost. The Fourier transform can then be extrapolated to recover this

lost information. In theory this allows the high order information to be retrieved and allows the sharp edges

of the slit to be regained in the post-processed image.

In practice, since the extrapolation is an ill-posed problem [115, 116], the analytical reconstruction is

very sensitive to noise. As such even a small amount of noise will place a limit on the achievable level of

super-resolution. As we have seen, light always has a certain level of quantum noise. This leads to a standard

quantum limit (SQL) for the achievable level of super-resolution. In the case of a slit as described above,

the image can be deconstructed on a set of prolate spheroidal functions as the eigenvectors [117, 118]. From

this deconstruction the eigenvalue corresponding to the smallest spatial feature can be derived by setting the

signal-to-noise ratio to be unity [73]. This eigenvalue is given by

λQ ≈ e−2s

4 〈n〉
, (2.89)
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where 〈n〉 is the total number of photons in the field illuminating the object, and s is the squeezing parameter.

If the light used is a coherent laser field then s = 0, if the light is amplitude squeezed then s > 0. Either by

numerical calculation, or by using tables of eigenvalues [118], the index Q of the eigenvalue λQ can be found.

Using this, it is possible to estimate the resolution length as [73]

D =
λf

a


〈n〉

Q + 1


. (2.90)

Thus to improve the achievable resolution either 〈n〉 must be increased, or s must be increased, which results

in a decrease in Q. In the case of classical light s = 0, and so to increase resolution only 〈n〉 can be increased,

achieved by increasing the light power. However, particularly in biological imaging, some objects are sensitive

to light, and may be destroyed if exposed to very intense light power, placing an upper limit to the number

of incident photons 〈n〉.

Alternatively a squeezed light source can be used, giving s > 0. If this light source was a SSM squeezed

state, then only a single spatial frequency would have a reduced noise, and as such the Fourier reconstruction

would still be significantly hindered by the quantum noise in other spatial modes that are not squeezed.

Instead MSM squeezed light must be utilised [115].

Currently MSM squeezed light sources are in their infancy, with some MSM sources being investigated.

However in all cases there have been significant limitations on these states. Many PDC systems have been

used in pulsed regime [55, 62, 119]. In the area of bright field quadrature squeezing PDC has been used

to produce few-spatial-mode squeezed states with the use of confocal cavities. However, this method is

experimentally challenging, and produces only low levels of squeezing [75–79]. 4WM has previous been used

to produce a larger 12 spatial-mode squeezed state [84], where, in this case all the modes were symmetric.

It is in the area of generating such MSM squeezed light that this thesis is focused. In the experimental

section (section 4.5) of this thesis, I present the production and characterisation of a 75 spatial-mode quadra-

ture squeezed state. In this experiment, the only restriction placed on the squeezed modes is that they are

larger than the coherence area. In chapter 5, I discuss the initial work towards imaging such MSM squeezed

light, and measuring reduced quantum fluctuations between images.
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CHAPTER 3

GENERATION OF SQUEEZED LIGHT WITH NONLINEAR

OPTICS AND ITS MEASUREMENT

3.1 Introduction

Amplifiers such as those described in section 2.4 can be created using nonlinear media, such as parametric

down conversion (PDC) in crystals and four wave mixing (4WM) in hot atomic vapours. In this chapter,

I will introduce the concept of nonlinear optics, and discuss how it can be used to generate entangled and

squeezed fields. I will discuss PDC, and why it is challenging to use PDC for the generation of MSM squeezed

fields. I will move on to discuss 4WM and how this is more readily suited to the generation of MSM squeezed

fields. I will also discuss the many complications arising from the use of 4WM in hot rubidium vapours, and

how these challenges can be overcome.

3.2 Nonlinear optics

In this section I discuss the interactions between light and dielectric media. I begin with discussing the case

of linear media, and move on to discussing nonlinear optics. Here I include a brief description of the relevant

linear and nonlinear optics, more detailed treatments can be found in the literature [95, 120, 121].

A light field incident on a dielectric medium induces a dipole moment in the media, which acts as an

additional light source. In general the dipole moment per unit volume, or polarization, ℘, of a system can

be written as

℘ = ε0χE, (3.1)
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where ε0 is the permittivity of free space, and E is the electric field. χ is a property of the dielectric medium

called the susceptibility. The dipole moment causes a change to the electric field in the media according to

dE

dt
=

ik

2ε0
℘, (3.2)

where k is the wave vector of the light.

In linear optics the first order susceptibility is used, χ = χ(1), and the polarization becomes

℘L = ε0χ
(1)E. (3.3)

The first order susceptibility is responsible for the index of refraction, n, of a medium and its optical absorp-

tion, α. This are described by the real and imaginary parts of the susceptibility respectively,

n = Re

χ(1)


, (3.4)

α = Im

χ(1)


. (3.5)

In nonlinear media there is an additional nonlinear component to the polarisation ℘NL, making the total

polarisation ℘ = ℘L + ℘NL, where

℘NL = ε0


χ(2)E2 + χ(3)E3 + ...


(3.6)

In the majority of media, the susceptibilities become increasingly small with increasing order, due to the

increased numbers of photons involved in each interaction. In most media these susceptibilities are negligible,

these are the linear media. However, in some media, these coefficients can be larger than normal, causing

the nonlinear polarisation to be of a comparable magnitude to the linear polarisation. In some crystals the

χ(2) coefficient becomes large. These media can then support PDC. In hot atomic vapours, due to their

centro-symmetry, the even order susceptibilities become zero. Thus, since χ(2) = 0, the χ(3) coefficients are

the leading order nonlinearity, creating 4WM interactions.
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Figure 3.1: The energy level systems for a χ(2) medium. (a) when two photons at frequency ω are frequency
doubled to a single photon at frequency 2ω. (b) the reverse process where PDC is used to convert a single
pump photon at frequency 2ω to a pair of signal and idler photons at frequency ω. (c) the case of non-
degenerate PDC, with a frequency splitting of 2∆sb between the signal and idler photons.

3.3 Parametric down conversion

Consider two electric fields, oscillating on the same frequency, E = 2E0 (cosωt), that are propagating in a

χ(2) medium. The polarisation of the system is

℘NL =ε0


χ(1)2E0 (cosωt) + χ(2)4E2

0 cos2 ωt


(3.7)

=ε0χ
(1)2E0 cosωt + ε0χ

(2)2E2
0 (cos 2ωt + 1) (3.8)

The polarisation now contains the additional frequencies of 2ω and a DC field, as well as the original

frequency ω. If the χ(2) coefficient is non-zero, then the medium converts some of the incident light from

frequency ω to 2ω. In this way, nonlinear processes in optics can be used to double the frequency of a field.

Similar χ(2) processes can be used for PDC, and sum and difference frequency generation [122]. The atomic

energy scheme as used for converting pairs of photons at ω into single photons at 2ω, and the reverse process,

of PDC, are shown in figure 3.1.

The process of PDC, whereby one pump photon is taken and split into a signal and an idler photon, can be

thought of as a photon pair generator. As such, the process inherently produces photon pairs. The photons

will have correlated momenta and frequency, due to conservation of momentum and energy. In this form,

PDC in a χ(2) medium creates a two mode amplifier, which can be used to generate squeezing as explained

in section 2.4. The intrinsic gain of the PDC process is very low, due to the process involving only a virtual

intermediate state, far detuned from any atomic resonance.
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Figure 3.2: The 85Rb D1 level diagram, as used for 4WM. Exact transition frequencies can be found in [123].

3.4 Four-wave mixing

The 4WM process is a nonlinear process using the χ(3) nonlinearity. This susceptibility couples four separate

fields, instead of the three fields used in PDC. In our case the additional field is a second pump field. In

practice the two pump photons can be taken from a single pump laser field. Conservation of energy requires

that the total energy of the absorbed pump photons must equal the total energy of the emitted probe and

conjugate photons. The 4WM process is, like PDC, a parametric process, which means that after the 4WM

cycle the atom returns to the very same state that it was in before the 4WM cycle. The double lambda level

structure of our medium, rubidium 85, which is shown in figure 3.2, leads to a strong χ(3) coefficient. This

is explored further in our paper [124], where the gain of the 4WM process is mapped, as a function of angle

and two-photon detuning.

The presence of the strong pump fields initially prepares the atomic vapour in the upper ground state,

due to the larger detuning of pump transition from this state to the excited state, compared to that of the

lower ground state. This is the start point of the 4WM cycle. It starts with a two photon transition into

the lower ground state, where one pump photon is absorbed, and one conjugate photon is emitted. When

in the lower ground state, the atom is immediately pumped back into the upper ground state through a two

photon transition, absorbing a pump photon, and emitting a probe photon. This process can be thought of

as near instantaneous, due to the ratio between the detunings of the intermediary excited states.

A full mathematical treatment of the 4WM system in a double lambda system has been published by

Lukin [125]. He calculates susceptibilities by considering the density matrix equations of the double lambda
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level structure. These susceptibilities are then used with Maxwell’s equations, as defined in equation (3.2),

to give propagation equations, for the probe and conjugate fields, in the medium. A brief outline of the

pertinent points of this description follows.

Mathematically the 4WM gain process is described by the system of equations

∂

∂z
Ep =

ikp
2ε0

℘p(ωp) (3.9)

∂

∂z
Ec =

ikc
2ε0

℘c(ωc), (3.10)

where

℘p(ωp) = ε0χpp(ωp)Ep + ε0χpc(ωp)E†
c e

i∆k·r (3.11)

℘c(ωc) = ε0χcc(ωc)Ec + ε0χcp(ωc)E†
pe

i∆k·r. (3.12)

Ep and Ec are the fields of the probe and conjugate respectively. The term ∆k ·r is the geometric phase term.

The terms χpp(ωp) and χcc(ωc) are referred to as direct terms. These are the linear susceptibilities of the

atomic medium to the probe and conjugate fields respectively. Here they are responsible for absorption (the

real part) and for dephasing (imaginary parts), with the probe term being much stronger than the conjugate

χpp(ωp) � χcc(ωc). The χpc(ωp) and χcp(ωc) are referred to as cross terms, and arise from the full 4WM

process whereby a pair of two photon transitions happen simultaneously, and two pump photons are converted

into a pair of twin probe and conjugate photons. These describe the response of the χ3 susceptibilities in

the dressed 4WM system [125]. We have published an extensive study on the meanings of the different

susceptibilities [124]. Combining these expressions gives

∂

∂z
Ep =

ikp
2

χpp(ωp)Ep +
ikp
2

χpc(ωp)ei∆k·rE∗
c (3.13)

∂

∂z
Ec =

ikc
2

χcc(ωc)Ec +
ikc
2

χcp(ωc)e
i∆k·rE∗

p . (3.14)

These equations can be simplified by considering just the full 4WM process, and thus taking the direct terms

(χpp and χcc) to zero, and using χcp(ωc) = χ†
pc(ωp). The term ∆k · r is the geometric phase term, containing

only the vacuum wave vectors, and can be absorbed as E ′
p,c = Ep,ce−i∆k·r/2. The probe and conjugate can be

assumed to have similar wave vectors kc

kp
≈ 1. Finally, with the substitution s

L =
ikp

2 χpc(ωp), these equations
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simplify as

∂

∂z
Ep =

s

L
E∗
c (3.15)

∂

∂z
Ec =

s

L
E∗
p . (3.16)

Solving these equations with input states Ec (0), and Ep (0), a solution for the output states, after a length

L, becomes

Ep (L) = Ep(0) cosh s + E∗
c (0) sinh s (3.17)

Ec (L) = E∗
p (0) sinh s + Ec(0) cosh s. (3.18)

These equations are exactly those of the phase-insensitive TMSS amplifier, of length L, described in equa-

tions (2.18) and (2.19). Thus the 4WM can be used to produce exactly the two-mode squeezed state that we

saw in section 2.4. This 4WM process has a high intrinsic gain, due to it operating near atomic resonance.

3.5 Four-wave mixing vs parametric down conversion for quantum

optics

PDC currently holds the record for the largest QNR in a quadrature squeezed state at -12dB [31, 32].

However, in order to achieve this level of QNR, the process requires a large intensity gain, of the order of

5. To achieve this, the low intrinsic single pass gain of PDC is increased by the use of a cavity. However,

a cavity restricts the spatial modes on which the process can operate. Normally a cavity will only support

a single transverse spatial mode at a given frequency. Thus any squeezed light produced with this method

can only be squeezed on a single transverse spatial mode. It has been possible to use spatially degenerate

cavities, such as confocal, or self-imaging cavities, to extend the useful number of spatial modes up to 3, but

only with a relatively weak level of squeezing [79, 126].

By contrast, 4WM is intrinsically a high gain process for which a hot atomic medium is often used. The

high single pass gain of the 4WM process means that no cavities are needed to generate strong squeezing.

This allows the process to generate localised squeezing on multiple independent transverse spatial modes.

However, the 4WM process to date has only produced -4 dB [44] of squeezing and it can also introduce

further complications.
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Figure 3.3: The phase matching condition in free space and in the atomic medium. (a) The fulfilment
of the geometric phase-matching condition (∆kz = 0), where the process happens in free space. (b) The
phase-matching condition in the 4WM medium, where the index of refraction of the probe is increased by
the medium. (c) The geometric phase mismatch ∆kz > 0, in the case of a small angle between fields.

Where PDC can be tuned to produce two entangled fields with very similar frequencies, the 4WM process,

that we use, entangles two frequencies that are separated by 6 GHz. Thus, when these fields are used to

generate quadrature squeezing in a single mode, it is also across distant sidebands. In the coming sections, I

will discuss the implications that this has on the detection of the squeezed state.

Due to conservation of momentum, the 4WM system also has a phase matching condition (figure 3.3),

which, in the case of a strong pump field, causes a gap in the far field gain spectrum (as seen below). Thus,

the twin entangled fields, of the TMSS, propagate in slightly different directions. In the next section, I will

discuss this phase matching condition further.

Overall, 4WM in hot atomic vapours presents a promising medium for the generation of continuous

variable MSM quadrature squeezed light. This is despite PDC currently achieving significantly stronger

squeezing than 4WM on a single spatial mode and the additional complications of 4WM. The suitability of

4WM for MSM squeezed light generation is due to the 4WM process not requiring the use of a cavity to

produce strong quadrature squeezing.

3.6 Four-wave mixing phase matching condition

Due to the fundamental requirements of energy and momentum conservation, there is a phase matching

condition associated with the 4WM process. The total momentum of the two pump photons must be matched

by that of the probe and conjugate photons. In free space, the phase matching condition simply requires that
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Figure 3.4: Figure from our phase matching paper [124], showing the experimental and theoretical results.
The data is fitted for small angles both for the probe gain gp (a) and the conjugate gain gc (b). The thick
black lines show the theoretical model; the thin red lines show the data. The fit is of good quality except
for the smallest angle, where the probe and conjugate power measurements are polluted by pump leakage
through the output polariser. For θ > 0.5◦, the model predicts gains much larger than those measured.

the fields are all rigorously co-propagating (figure 3.3(a)). However, because most of the atoms are in the

upper ground state, the probe field is close to the atomic resonance in the gain medium, which increases the

refractive index. This modifies the effective phase matching condition, as shown in figure 3.3(b). This can be

thought of as the equivalent of requiring a small geometric phase mismatch ∆kz in free space (figure 3.3(c)).

Meeting the modified phase matching condition requires a small angle θ to be introduced between the probe

and pump, and correspondingly between the conjugate and pump. Previously this feature has been studied,

initially by Boyer et al. working within NIST [127], and later more thoroughly in our own group [124]. In this

paper the 4WM gain feature, as described by equations (3.13) and (3.14), was explored both theoretically

and experimentally. The susceptibilities, and their variation with one-photon detuning ∆, were also studied

in this paper. The gain was mapped, with changing two-photon detunings, δ, and angles between the probe

and pump fields, θ. The results are plotted both experimentally and theoretically in figure 3.4.

The modified phase matching condition results in reduction in the far field gain near to the pump field

(figure 3.5). Additionally, there is a technical limitation due to the inability to fully filter out the pump light,

resulting in some pump light leakage leaving a region around the central pump axis where squeezing cannot

be observed. This creates effective restricted gain regions (RGRs) for the probe and conjugate fields that

travel along different propagation axes. This means that the 4WM system produces the far field entanglement

shown in figure 2.8(b) not figure 2.8(a). Thus, the complications arising in generating the squeezed field are

those explained in section 2.6.4. In order to ensure that the two entangled fields, of the TMSS, propagate

along a new shared axis they are brought on top of each other with a set of mirrors, and combined on a beam

splitter, completing the action shown in figure 2.9(b).
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Figure 3.5: The near-field gain spectrum from the 4WM process, as measured as a function of angle, θ, in
the far field. The angle is converted into a transverse wavevector, taken perpendicular to the pump.

3.7 Detection of squeezed states

The intensity of the light field can be described by the operator Î ∝ Ê(−)Ê(+) [128], where E(+) ∝ â, and

E(−) ∝ â† [129]. Neglecting the constants of proportionality the mean value of the intensity can be found as

the expectation value

I =

â†â


. (3.19)

The fluctuations in the intensity of the light field are given by

∆Î =


Î2

−


Î
2

(3.20)

=


〈â†ââ†â〉 − 〈â†â〉2. (3.21)

A perfect photodetector converts the intensity Î from the light field into a photocurrent îp as îp = Î = â†â,

again neglecting the constants of proportionality. In reality all photodetectors have some finite quantum

efficiency η < 1. This quantum efficiency can be treated as a beam splitter placed before a perfect detector,

as shown in figure 3.6 An imperfect photodetector can be described by the operator î = â†ηâη, where

âη =
√
ηâ +


1 − ηv̂, (3.22)
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Figure 3.6: An imperfect photodetector (white detector) as modelled as a perfect photodetector (orange
detector) with an additional beam splitter used to model the losses.

and v̂ is the creation operator on the side of the beam splitter where a vacuum state will be applied. The

mean value, and fluctuations of the imperfect photodetector are

〈i〉 = η

â†â


(3.23)

∆î2


= η2


∆î2p


+ η (1 − η)


îp


, (3.24)

where the term η2


∆î2p


is the contribution from the field fluctuations, and η (1 − η)


îp


is an extra term

due to the imperfect quantum efficiency [130]. In practice η can rise up to near unity, in the case of our

detector this is 0.95. To simplify the theoretical derivations, throughout this chapter, this term will be

assumed to be unity.

Losses on a signal field, for example from imperfect reflectivity on mirror surfaces, can be modelled in

a similar fashion, with the inclusion of a beam splitter in the optical path. In such a model, the input

operator â is modified by the loss to âη according to equation (3.22), and the noise modified according to

equation (3.24).

In this section, I shall discuss in more detail the detection of squeezed light. I shall begin by discussing

the direct detection of squeezed light, using a photodiode, and the limitations of this method, and then move

on to discuss the different configurations of homodyne detection, and their limitations.

3.7.1 Direct detection and unbalanced homodyne detection

Consider the measurement of a light field, this field usually has an amplitude and a phase which fluctuate

with time. This noise will be made up of two components, the classical noise, arising from factors such

as fluctuating laser power, and the quantum noise, which, ultimately, is due to the light being made up of
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Figure 3.7: (a) An unbalanced homodyne detection system, where a signal is transmitted through a beam
splitter with transmission t, and LO is reflected with reflectivity r. (b) The resultant QNR measured as a
function of the beam splitter transmission and the initial QNR in the signal.

photons. In classical physics, the light can be split into smaller and smaller parts. As this happens the

classical noise is split in the same proportion as the intensity of the light field. Whilst the classical noise is

proportional to the intensity of a field, the quantum noise is proportional to the amplitude of the field. As

such, when a light field is attenuated, the quantum noise will be reduced proportionally to the amplitude

of the field. Consequently, when a field is attenuated the classical noise is reduced more than the quantum

noise, and so the field is brought closer to the QNL. In general, the classical noise on a light field will be

larger than the quantum noise.

A quadrature squeezed vacuum signal has too little power to be detected directly with a photodiode.

Instead, one can first amplify the quadrature squeezed signal with a local oscillator (LO). To achieve this,

the fields are overlapped on a beam splitter (figure 3.7(a)), which has a high transmission of the signal field

t =
√

1 − ε, and a low reflection of the LO,
√
ε. The second output from the beam splitter is ignored.

Assuming that the quadrature squeezed field, called the signal field, is generated as discussed in section 2.3,

it can be described by the operator

âs = â cosh s + â† sinh s. (3.25)

The LO field can be described by the operator b, where 〈b〉 = |β| eiφLO . |β| is the amplitude of the LO field

and φLO is the phase of the field.
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With these LO and signal inputs, the field at the output of the beam splitter is given by

âout =
√

1 − εâs +
√
εb̂

=
√

1 − ε

â cosh s + â† sinh s


+

√
εb̂. (3.26)

The combined field, after the beam splitter, will be a bright quadrature squeezed field. The quantum noise

reduction (QNR) of the resultant field will depend on the initial level of squeezing in the signal field and

the splitting ratio of the beam splitter. The fluctuations on the resulting photocurrent can be found, using

equation (3.21), to be


∆Î2out


= (1 − ε)

2


∆Î2s


+ ε4


∆Î2LO


+ β2ε (1 − ε)


e2s cos2 φLO + e−2s sin2 φLO


, (3.27)

where,


∆Î2s


and


∆Î2LO


are respectively the signal and LO intensity fluctuations. In the limit of a

strong LO, the signal fluctuations,


∆Î2s


, are small compared to the other terms. In the ideal case, the LO

fluctuations,


∆Î2LO


, would be at the SN level NSN , but are likely to be limited by some classical noise.

The QNR of this field, assuming that the LO is at the QNL, is shown in figure 3.7(b), and is similar to the

effect of losses on the squeezed field.

The combined bright quadrature squeezed field can then be detected, using a photodetector. This de-

tection method, involving mixing a signal field with a bright LO on an unbalanced beam splitter, is called

unbalanced homodyne detection. To maximise the measured squeezing, the beam splitter should be chosen

to transmit the vast majority of the squeezed light, and a minimal amount of the LO. However, the beam

splitter should also be chosen such that the mean intensity of the output is still dominated by the LO in-

tensity. This method of unbalanced homodyne detection is very effective in the case of a LO field that is at

the QNL. However, in practice, any bright laser field is liable to contain a relatively large level of classical

noise. In this case, the classical noise will dominate over the quantum noise in the detection, which makes

measuring the quantum noise very difficult through this detection method.

3.7.2 Balanced detection, shotnoise and entanglement

Any classical noise on a field can be removed from detection by splitting a field equally on a 50:50 beam

splitter, and aligning each output path to be incident on two detectors. The photocurrents from these

detectors can be subtracted i− = i1 − i2. This is called a differential detector and is shown in figure 3.8(a).

Consider this detection scheme with only a bright field. Classically, half the light is incident on each side of
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Figure 3.8: (a) A laser split into half at a beam splitter, with each half incident on one side of a differential
detector. Each photon (depicted as black dots) can only be detected on one side of the differential detector,
resulting in the shot noise. Any classical noise on the LO will be split equally at the beam splitter, and thus
will be cancelled out on detection. (b) Two entangled fields, each incident on one side of the differential
detector. The photons arrive at the detector in pairs, so that there is no noise measured on the subtracted
photocurrent i−.

the differential detector, and thus the measured photocurrent will be zero. This 50:50 splitting also extends

to any classical noise on the coherent field. As such this detection scheme has perfect common mode rejection

of the classical noise.

Quantum mechanically, each photon that reaches the beam splitter can only be measured at one of the two

detectors. Consequently, quantum noise will still be present on the subtracted photocurrent (figure 3.8(a)).

This noise will be the SN of the bright field.

Now consider a pair of perfectly entangled fields. The number of photons at any point in one field will

be the same as the number present in the other field at the correlated position. If the correlated fields

are aligned to be incident on opposite sides of the differential detector (figure 3.8(b)), then each detector

will necessarily see the same number of photons at any given moment in time. Hence, in the case of perfect

entanglement, the subtracted photo current will have no noise. In this configuration the noise on the detector,

compared to that of a coherent field with the same total intensity, will show the intensity difference squeezing

between the entangled fields. The same detection scheme extends to the measurement of continuous variable

entanglement, such as that produced by a 4WM system. In practice, in order to generate bright entangled

fields, the 4WM process needs to be seeded, on either the probe or conjugate frequencies. As such there will

be a power imbalance, resulting in imperfect intensity difference squeezing. The level of intensity difference

squeezing in the seeded case is given in equation 2.24.

3.7.3 Homodyne detection

Consider the case where a bright field is split on a 50:50 beam splitter with each output incident on a

differential detector as in figure 3.8(a). Following the principles of section 3.7.1 and figure 3.7(a), a squeezed

vacuum field can be introduced on the open port of the beam splitter, as shown in figure 3.9. Here the

bright coherent field, called the LO, amplifies the vacuum fluctuations, called the signal, (either squeezed or
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Figure 3.9: A typical homodyne detection setup. A LO is mixed with a signal field on a 50:50 beam splitter.
The LO amplifies the noise of the signal field, whilst any classical noise on the LO is removed by the balanced
detection.

otherwise) by beating against the vacuum field. The noise of the signal field is thus measured in the detection

scheme. This detection method is balanced homodyne detection, and is often referred to as just homodyne

detection.

It can be shown that balanced homodyne detection removes any noise contributions from the LO, whether

they are classical or quantum [131]. Again, the LO field ÊLO can be described by the operator b̂, where

〈b〉 = |β| eiφLO , and |β| is the amplitude of the LO field and φLO is the phase of the field. Let’s assume, once

more, that the signal field is the output field from the squeezed light source discussed in section 2.3, and

defined in equation (2.7). This field is referred to as the signal field and is described by

âs = â cosh s + â† sinh s, (3.28)

fed by a vacuum state. This field is a vacuum field if s = 0, and is a squeezed vacuum field otherwise. When

these fields are combined on a beam splitter, and set incident on a pair of detectors as shown in figure 3.9

the resultant field at each detector is

âd1 =
b̂ + â cosh s + â† sinh s√

2
(3.29)

âd2 =
b̂− â cosh s− â† sinh s√

2
(3.30)

The subtracted photocurrent is given by

î− = â†d1âd1 − â†d2âd2 (3.31)

=

â†b̂ + b̂†â


cosh s +


âb̂ + b̂†â†


sinh s. (3.32)
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Figure 3.10: The noise of a squeezed state, as measured by a local oscillator of amplitude β, as the relative
phase between the LO and signal field is scanned. (a) shows the noise power in units of β2 for the SN in
blue, and the squeezed state in green. (b) shows the squeezing QNRdB , as defined in equation (2.6).

The noise on this photocurrent is thus


∆î−

2


=

i2−


− 〈i−〉2 (3.33)

∆î−

2
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= β2

e2s cos2 φLO + e−2s sin2 φLO


(3.34)

= 4β2


∆X̂2
s


cos2 φLO +


∆Ŷ 2

s


sin2 φLO


. (3.35)

The homodyne detection method amplifies the signal field, by a factor 4 |β|2, ie. the intensity of the LO. The

homodyne detector can be set to measure either the X̂ or Ŷ quadratures of the signal field, or indeed any

quadrature in between, by setting the phase of the LO, φLO, with respect to the signal field. The homodyne

detection method forms the main analytical technique used in this thesis, and is used to characterise the

squeezed states that are generated experimentally in this thesis.

Consider the case of a theoretical quadrature squeezed light generator, such as that described in section 2.3,

with a gain of 4. The full noise ellipse of the squeezed vacuum state can be mapped by rotating the LO

phase φLO. When φLO is an integer multiple of π (nπ)


∆X̂2
s


is measured, and when φLO is a half-integer

multiple of π ((n + 1/2)π)


∆Ŷ 2
s


is measured. In this case, assuming s > 0, the noise measurement of the

squeezed state, found using a homodyne detector would produce results as shown in figure 3.10. The top
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Figure 3.11: The sideband picture. The central frequency is marked in green, and would be the frequency of
the LO necessary to measure the correlations. (a) Shows the situation where the sidebands are completely
degenerate. QNR can be measured at an analysing frequency ∆a = 0 (b) Shows the correlated sidebands
with a frequency separation 2∆sb with each still assumed to be a single frequency. QNR can be measured at
an analysing frequency ∆a = ∆sb (c) Shows the sidebands over a correlated spectrum of frequencies. QNR
can be measured at an analysing frequency in the range ∆sb− δs < ∆a < ∆sb + δs. The red arrows represent
the correlations.

graph shows the absolute noise values in units of |β|2, and the bottom graph shows relative noise between

the squeezed state and the shot noise in dB, corresponding to the QNR according to equation 2.6. It is this

QNR that will be investigated throughout this thesis.

3.7.4 Sideband picture

All squeezing can be seen as the correlations of fluctuations on a pair of sidebands. In a homodyne detection

process, the total measured fluctuation, from the mean value, is the vector sum of the fluctuations on

sidebands offset by the chosen analysing frequency, ∆a, from the central frequency, ω0, given by the LO.

In order to complete a homodyne detection measurement the LO must be placed at the average frequency

of these sidebands. In this thesis, the separation between sidebands generated in a gain process, such as

4WM, is given by 2∆sb, with each sideband located at ω0 ± ∆sb. In a coherent state, the fluctuations on

opposite sidebands are independent. However, in a squeezed state, the fluctuations on symmetric sidebands

are correlated. The noise is increased on a quadrature if the fluctuations are in phase on this quadrature, or

correlated. If fluctuations are out of phase on a quadrature, or anti-correlated, then reduced noise will be

measured. In this way, the sideband picture can be used to describe the origins of squeezing.

The correlated sidebands can be localised to the same position, forming a SMSS, as in the near field in

figure 2.8. Equally the sidebands could be in separate positions, as in a TMSS, the far field in figure 2.8(b).

In either case the LO used to measure the squeezing must have an appropriate mode structure, matched to

the mode structure of the squeezed state.

Up to this point the derivations in this thesis have excluded any reference to the frequency of the light. As
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Figure 3.12: The sideband explanation of squeezing. Each sideband fluctuates around a mean value, zero in
the case of vacuum fields. In (a) and (c) two fluctuations are shown, being a measure of the field quadra-
tures at a given moment in time. The blue fluctuations are taken along the correlated quadrature, giving
increased noise, whilst the red fluctuations are along the anti-correlated quadrature, giving QNR. (a) shows
the fluctuations on the sidebands, being correlated in amplitude, and hence adding. The fluctuations are
thus anti-correlated in phase, and subtract, giving phase squeezing, corresponding to φLO = 0, π and 2π in
figure 3.10. (b) shows the corresponding quadrature picture. (c) shows the fluctuations on the sidebands
being correlated in phase, and anti-correlated in amplitude, giving amplitude squeezing, corresponding to
φLO = π

2 and 3π
2 in figure 3.10. (d) shows the corresponding quadrature picture. The difference between (a)

and (c) is a rotation of the LO by π/2.

such, they have implicitly assumed that all fields have the same frequency. This corresponds to a completely

degenerate amplifier, ie. where the frequency detuning between the correlated modes is zero, 2∆sb = 0.

Thus, in this case, both sidebands have the same frequency, which is also the frequency of the LO, ω0.

The derivations have also implicitly assumed that the gain process has an infinitely small bandwidth of the

process. In this case, the squeezed region becomes a delta function (figure 3.11(a)). In such a situation, the

analysing frequency must be set to zero, ∆a = 0, to measure any QNR. When departing from this theoretical

system it is instructive to consider the sideband picture.

In a realistic system, technical noise means that the noise cannot be analysed at DC ie. ∆a 6= 0. In general

the sidebands are non-degenerate fields, with some small separation, 2∆sb (figure 3.11(b)). Additionally the

squeezed region usually has some finite frequency bandwidth, δs, as represented in figure 3.11(c).

Consider measuring the noise of such systems, with distant sidebands, through homodyne detection with a

single frequency LO. In this case the LO frequency must be set to the average of the two sideband frequencies

and the noise analysed at ∆a ≈ ∆sb. This places a requirement on the detector’s electronic bandwidth, δd,

that δd > ∆sb.

When the frequency requirements are met, squeezing can be measured using homodyne detection, with

a monochromatic local oscillator (MLO), centred at a frequency halfway between the correlated sidebands,

at frequency ω0. A spectrum analyser can be used to investigate the fluctuations in the frequency range

∆sb − δs < ∆a < ∆sb + δs. The two sidebands at a given analysing frequency, ∆a, will rotate at frequency
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ω0±∆a. Taking the central LO frequency as a reference, and working in the rotating frame, at this frequency

(ω0), the two sidebands can be seen to rotate in opposite directions at ±∆a.

Consider the case where the global phase is set such that the LO phase remains constant, φLO = π/2. If

the fluctuations on the sidebands are initially correlated in the Ŷ quadrature, then an excess noise will be

measurable on the amplitude quadrature, as measured by a photodetector. Correspondingly, the fluctuations

will be anti-correlated on the X̂ quadrature, allowing squeezing to be measured on the phase quadrature.

The measured states are shown in (figure 3.12(a) and (b)). The excess noise can be brought onto the

phase quadrature, and correspondingly the squeezing can be translated onto the amplitude quadrature by

rotating the LO phase, and hence the global phase, through π/2 with respect to the signal fields, as shown

in figure 3.12(c) and (d).

In systems such as those generated by PDC these requirement can be easily met, and there have been

many experiments measuring squeezing in such systems [30–32, 63, 64, 69]. Squeezing across nearly degenerate

sidebands can also be created in 4WM, and squeezing has been measured in such a system by Corzo et al. [84].

3.8 Bichromatic squeezing and detection

In principle MLOs, as described above, will always work. However, if ∆sb is large, then the required detector

bandwidth, δd, can be difficult to achieve, whilst retaining the necessary low technical noise and high gain

of the detector. In the case of the 4WM system operated using 85Rb, as is under investigation in this

thesis (figure 3.2), the correlated sidebands, labelled probe and conjugate, are separated by 6 GHz. Thus,

measurement with a single frequency LO would require a very fast photodetector δd > 3GHz, with low noise,

and a spectrum analyser able to analyse at ∆a ≈ 3 GHz.

In order to reduce these technical requirements, a bichromatic local oscillator (BLO) can be employed, as

has previously been proposed by Marino et al. [132]. This technique trades a single frequency LO at ω0, with

noise analysis at ∆a = ∆sb (figure 3.13(a)), for a LO made up of two frequency components, one to beat

with each frequency sideband (figure 3.13(b)). Initially let us retain the assumption that the system has no

technical noise, and thus measurements at a DC analysing frequency are possible (∆a = 0).

Following a similar derivation to Marino et al. [132], this method of using the BLO can be shown to

be exactly equivalent to that of the single frequency LO (equation (3.34)), with some additional numerical

factor. In order to complete this derivation, we must return to the description of the light field produced by

the TMSS amplifier, described by equations (2.18) and 2.19. In the present case, with two colours, we must

take care to keep track of the frequencies of the sidebands. When the entangled twin fields, of the TMSS,
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Figure 3.13: The sideband picture for (a) a single frequency LO with ∆a = ∆sb, and (b) a bichromatic LO
with ∆a = 0. In the two cases the measured squeezing is identical.

are mixed on a beam splitter the squeezed signal fields at the output are described by

âs1 =
1√
2


U

â1e

−iω1t + â2e
−iω2t


+ V


â†2e
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(3.36)

âs2 =
1√
2


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
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
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, (3.37)

where the labels ω1 and ω2 are taken with respect to the central frequency ω0, such that ω1 = −ω2 = ∆sb,

leading to ωc,p = ω0 + ω1,2, and U = cosh s, V = sinh s as before. The BLO field is similarly described by

b̂BLO =
1√
2


b̂1e

−iω1t + b̂2e
−iω2t


, (3.38)

where 〈bj〉 = |βj | eiφj , with j ∈ {1, 2}. φj are the phases of the two LO frequency components, and |βj | are

their amplitudes. Taking only one squeezed signal field, from one output port, âs1, as is done experimentally,

the combined fields at each side of the differential detector, in a homodyne detection scheme, are given by

âd1 =
b̂BLO + âs1√

2
(3.39)
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Figure 3.14: The frequency components of the squeezed field in blue, and BLO components ωlp,lc, with the
probe frequency in red and conjugate frequency in yellow. The squeezing spectrum is analysed in object
bands, ωop,oc, marked with the solid black lines and the image bands, ωvp,vc, marked with the black dashed
lines. In the text the form of the detected noise is derived for ∆a = 0, and later quoted for ∆a 6= 0.

As before, the subtracted photocurrent can be calculated as

î− =â†d1âd1 − â†d2âd2 (3.43)
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Terms of the form e±2iω1t, e±2iω2t and ei(ω1t−ω2t) oscillate quickly, and as such average out to zero. Thus

the noise on the photocurrent can be calculated as


∆î−
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
− 〈i−〉2 (3.46)
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where I have assumed that the power of the two frequency components of the LO field are identical, |β1| =

|β2| =
 β√

2

. This result can be directly compared with that in equation (3.34), and can be seen to be

equivalent with the transformation φLO → φ1+φ2

2 .

The equivalence between bichromatic homodyne detection and monochromatic homodyne detection is

critical for the experiment, since it allows for the measurement of squeezing, where the correlated sidebands

are separated by large frequency gaps.

In reality there are some additional complications. Firstly technical noise limits the detection, meaning

that no noise measurement can be made at a DC value, ie. there is a requirement for ∆a > 0. It is important

to remember that the field fluctuation at a given frequency, is given by the vector sum of the field fluctuations

of the symmetric sidebands, ωlp±∆a, ωlc∓∆a. As such, the fluctuations of two bands get measured at each

of the probe and conjugate frequencies. These bands are the object band (at frequencies ωop = ωlp −∆a and
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ωoc = ωlc + ∆a with squeezing parameter so) and an additional image band (at frequencies ωvp = ωlp + ∆a

and ωvc = ωlc − ∆a with squeezing parameter sv), as shown in figure 3.14. If the probe and conjugate LO

components are placed symmetrically about the pump frequency, at the centre of the squeezing spectrum,

and if the analysing frequency is less than the squeezing bandwidth ∆a < δs, then squeezing will be present

in both the object and image bands. Such conditions can easily be met if the BLO components are generated

through the use of a 4WM amplifier.

A second imperfection arises from the method of generation of the BLO field. By using the 4WM process,

and seeding at only the probe frequency, the probe component of the BLO necessarily has a greater intensity

than the conjugate component β2 > β1.

The derivation with these assumptions lifted is more complicated and has previously been published by

Marino et al. [132], where they derive the fluctuations on the photocurrent to be
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where χp and χc are the relative phase difference between each LO component and its corresponding signal

component, and δβ = β2 − β1. There is a factor of 4 difference in normalisation due to the input states

considered. This result shows that if only the first order of δβ/ |β1| is taken squeezing can still be measured

with a BLO, in exactly the same way as a single frequency LO.

The use of this measurement makes the assumption that δβ/ |β1| << 1. However, in the experiment, the

BLO is formed through a seeded 4WM process. This means that β1 =


(G− 1)αs and β2 =
√
Gαs, where

αs is the seed amplitude, and G is the 4WM intensity gain. Let us assume that G = 4, a realistic estimate of

the gain given the experimental 4WM parameters, and for simplicity that so = sv = cosh−1
√
G ≈ 1.3. With

these assumptions


δβ

|β1|


=

√
G−

√
G− 1√

G− 1
(3.49)

= 0.15, (3.50)
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and the QNR on the photocurrent can be calculated, using equation (3.48), as

QNRdB =

 −8.45 dB where χp + χc = θs

11.42 dB where χp + χc = θs + π.
(3.51)

The level of QNR can be compared to that if the two components had exactly the same power, ie. δβ = 0,

when

QNRdB =

 −11.44 dB where χp + χc = θs

11.44 dB where χp + χc = θs + π.
(3.52)

As such it can be seen that, at a 4WM gain of 4, the method of using a BLO generated through a second

4WM process reduces the measurable QNR by roughly 3 dB.

This level of squeezing can be compared to the intensity difference squeezing produced, as given by

equation (2.24). When the gain is 4, and both the object and image bands are considered, the intensity

difference squeezing is -11.46dB. Thus, it can be seen that, the intensity difference squeezing and amplitude

quadrature squeezing are comparable. It should be noted that when using a bichromatic homodyne detector,

and a BLO formed through a separate 4WM process, there is some significant reduction in the measurable

level of squeezing, associated with the power imbalance in the BLO frequency components. This reduction

is dependent on both the BLO power imbalance and the initial level of squeezing. The effect of this loss on

the experiment presented in this thesis, is discussed later in section 4.3.6.

3.9 Summary of experimental requirements

In this chapter, I have introduced nonlinear optics and discussed the 4WM process used to generate entangled

fields. I have then outlined the complications arising from the use of non-degenerate 4WM, and the implica-

tions that it has for generating squeezing. Together all of these considerations generate a set of experimental

requirements.

In order to create a pair of entangled fields, there must be a pump field of sufficient power tuned to a

resonant frequency in a nonlinear medium. It must be possible to extract the remains of the pump light

before performing any measurement on the twin fields, either by spatial separation, or polarisation, or a

combination of the two. To generate squeezing the twin entangled fields must be well overlapped on a beam

splitter. The resultant squeezed field can then be detected using a LO in a homodyne detection system. In

the case of degenerate 4WM, if the squeezing is SSM, then the LO must be mode matched with that squeezed
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mode. If the signal field is a MSM squeezed field, then this condition is relaxed. In the case of nondegenerate

4WM, with distant sidebands, the LO should be bichromatic, and each frequency component must match the

mode shape and frequency of the corresponding component in the squeezed signal field. If the signal field is

SSM, then both frequency components of the LO and signal field must be rigorously overlapped. If the signal

field is a MSM squeezed field, then the two frequency components of the LO field must be overlapped in

exactly the same way as the two frequency components of the signal field. That is to say they have to abide

by the phase conjugation condition. In the case of all fields having flat wavefronts, as assumed by Lugiato and

Grangier [133], this corresponds to a geometrical alignment between the frequency components. When flat

wavefronts cannot be assumed, the phase conjugation condition is more complicated, and separately applies

to all locations within the transverse spatial profile of the fields.
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CHAPTER 4

OPTIMISATION AND CHARACTERISATION OF SQUEEZED

LIGHT

4.1 Introduction

The main aim of the experiment is to generate and characterise a MSM squeezed state, suitable for quantum

imaging with direct illumination. For a MSM squeezed state to be suitable for quantum imaging with direct

illumination, the squeezed state must contain many localised regions that are independently squeezed, each

of a size much smaller than the size of the whole of the squeezed state. With the 4WM gain medium under

investigation in this thesis, this requires that the spatial separated modes of the far field TMSS must first be

overlapped, using a beam splitter, to generate a squeezed state propagating along a single direction. The many

components of the experiment are laid out as a block diagram in figure 4.1. They consist of a gain medium,

acting as a near-field MSM SMSS source, propagation of this squeezed light to entangled fields, or TMSS, in

the far field. Combining the entangled fields on a beam splitter, to recover a MSM SMSS. The generation of

a BLO, imaging of the mode shape, and finally a homodyne detection stage to measure the squeezed field.

Each of the blocks in the experiment contains a number of difficulties that the experimental design has to

overcome. In this chapter, I describe the design of the experiment to meet these requirements, which were

laid out in the previous chapter, and summarised in section 3.9. I will end the chapter by discussing the

experiments completed to measure the phase rotation of the squeezed vacuum state, also referred to as the

rotation of the noise ellipse phase (NEP), and the MSM nature of the generated squeezed field.
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Figure 4.1: The block diagram of the experimental system used to generate and measure squeezing. In this
diagram, NF references the near field, and FF references the far field. A single laser source is used, operating
at the pump frequency. The majority of the field is used to generate two pump fields operating two separate
4WM gain processes, one to generate a squeezed vacuum field, and one to generate the BLO field. The
remaining small portion of the main source field is separated off for the seed fields, and is frequency shifted
using an AOM. This is re-sized and aligned into the 4WM medium used to generate the BLO. A portion
of this field can also be directed into the 4WM medium used for squeezed state generation for alignment
purposes. After the 4WM gain processes, the squeezed vacuum probe and conjugate field are overlapped,
and separately the BLO components are overlapped. This process generates a squeezed state propagating
in a single direction, and a suitable BLO to measure it, thus making the squeezed field suitable for using
in direct illumination quantum imaging. The SMSS field is then measured in a homodyne detector using a
BLO, and the investigated mode imaged.

4.2 Experimental setup, and techniques

The system was initially designed by Mat Turnbull, the previous PhD student on the experiment. Details of

the original design, alignment procedure and initial experiments can be found in his thesis [98]. Since he has

completed his studies, I have continued to work using the same base setup. I have made some improvements

to the setup, and streamlined the alignment procedure, detailed in section 4.2.6, which has allowed me to

progress the experimental work, and measure new results.

The full experimental setup is shown in figure 4.2, and fundamentally consists of the same parts as the

block diagram in figure 4.1. It is designed to allow the full control necessary to generate and characterise a

MSM squeezed field using a BLO. In the remainder of this section I shall proceed to describe the important

aspects of the setup, and the alignment procedure.

All fields within the experimental setup are derived from a single continuous wave Titanium:Sapphire

laser (M Squared SolsTis), which is pumped with a green pump laser (Coherent Verdi). The Ti:Sapph laser

is tunable across a wide frequency range. The software provides two separate locks to keep the laser stable

and at the desired frequency. The laser control is shown in figure 4.3. An etalon in the laser cavity can be

tuned and then locked to provide coarse wavelength adjustment. This is used to tune the laser to the correct
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Figure 4.2: A full experimental diagram of the setup. The black dashed lines depict the vacuum fields,
which at all points contain both the probe and conjugate frequencies. The solid lines depict bright fields.
The red and yellow represent probe and conjugate LO frequencies respectively. The green represents the
BLO, and the purple the pump field. The magenta lines show the mask object and images positions. Where
the vacuum and LO fields are slightly offset in the diagram they are actually separated vertically in the
experiment. Nonetheless we use a single beam splitter for both of them in the overlapping stage.
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Figure 4.3: The computer software user interface used to control the laser frequency and locking. Note that
the wavelength readout has a significant offset compared to that read with a separate wavelength meter.

frequency as read on a separate wavelength meter (Advantest TQ8325). The laser frequency can be locked

to a reference cavity, and the cavity length tuned to provide further fine adjustment of the laser frequency.

This control is used to scan through the 4WM gain feature and is left locked close to the frequency that

provides the highest 4WM gain.

4.2.1 Gain medium

The gain medium used to generate the localised squeezing, in the near field, is a hot rubidium 85 vapour. The

rubidium is contained within a vapour cell (Triad Technology, purity >98%), which is heated to approximately

110◦C to achieve the correct vapour pressure, and hence good 4WM gain. The 4WM gain is very sensitive

to atomic density fluctuations. The temperature of the vapour cell is kept constant using a peltier controlled

by a temperature controller system (Thorlabs, TED200C) as a feedback loop from a thermistor. Full details

can be found in Mat’s thesis [98]. The thermistor can be read to find an approximate vapour temperature.

In general temperature gradients in air give rise to convection currents. Such air currents can cause phase

fluctuations, and beam deflections, within the squeezed field, and as such reduce any squeezing. In order to

remove these air currents the vapour cell and heating system are contained within a vacuum chamber. The
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Figure 4.4: The preparation of all the pump and seed fields, at the probe frequency, before the 4WM cell.
Where, on the diagram, the signal and LO fields are slightly separated, they are split vertically in the
experiment.

vacuum chamber does not need to be under high vacuum, as such the chamber is not constantly pumped

whilst in use. Instead the chamber is evacuated once every few months and then sealed with a valve.

4.2.2 Initial beam preparation

All fields are derived from the same source laser, operating at 794.975 nm, which ensures relative phase

stability between the different fields. The preparation of all of the necessary fields is shown in figure 4.4.

The main laser field is re-sized and collimated, with the majority of the laser power being used to generate

the 4WM pump beams. At this stage a small portion is taken to be used to generate the seed field at the

probe frequency. The seed is generated using an acousto-optic modulator (AOM) operated in a double-pass

arrangement.

The majority of the laser field, after a small portion has been extracted for the seed field, is passed through

a second telescope (f1 = 100 mm, f2 = 150 nm), passing through a pin hole (150 µm), at the focus, to clean

the mode shape. This field is then split in half to generate the two pump fields, one used for the generation

of the signal, and the other for the generation of the BLO. Both pumps have a waist size (1/e2 radius) of

approximately 1 mm in the centre of the 4WM cell. This waist size, along with the length of the rubidium
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Figure 4.5: The lens system re-sizing the seed field between the fibre and 4WM cell. The field is first expanded
to allow for easy use of a detailed mask. The mask is subsequently imaged in the centre of the 4WM cell at
a smaller size.

vapour cell (12.5 mm) provide the dimensions for the 4WM gain region in the experiment.

The pump and probe fields have a large frequency separation of approximately 3 GHz. This leads to a

required AOM frequency of approximately 1.5 GHz in a double pass arrangement to shift the field to the

probe frequency. The AOM (Brimrose TEF-1520-100-795) is driven with a radio frequency (RF) taken from

signal generator (HP 8642M) and amplified up to 1 W (see Mat’s thesis [98] for details). The RF generator

is used to set the two-photon detuning, and is normally set to a frequency of 1.52 GHz, corresponding to

a two-photon detuning of δ = 4 MHz. The two-photon detuning is calculated by comparing the frequency

detuning between the pump and seed field to that between the two ground levels of the double lambda system.

The high operational frequency of the AOM leads to both a large asymmetry in the shape of the shifted

field, and a low conversion efficiency. Additionally the AOM setup is very sensitive to alignment and is

relatively unstable. To remove the asymmetry in the field, and to decouple the 4WM alignment from

the AOM alignment, the shifted probe field is passed through a single-mode fibre (Thorlabs, polarisation

maintaining single mode, P3-780PM-FC-2). There is a limit to the power that the AOM can support of

≤ 40 mW, which coupled with a single pass AOM efficiency of approximately 10% and a fibre coupling

efficiency of approximately 40%, leads to a maximum seed power of approximately 150 µW. The fibre defines

the seed mode into the 4WM process, both propagation direction, by alignment, and size by the slection of

fibre coupler (Thorlabs, 75 mm waist, F240FC-780). This means that different frequencies can be coupled

into the fibre and the same seed alignment retained.

After the fibre, the seed field is overlapped with the pump field in the 4WM cell. In order to accurately

control the mode shape of a bright field after the 4WM process, the mode shape of the seed must be controlled.

This is achieved with a mask placed in the input beam and imaged into the cell. In order to control the

sharpness of this image, high spatial frequencies can be removed in the Fourier plane with an iris. To make
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Figure 4.6: The seeding process. The seed field is mixed with the pump field on a large polarising beam
splitter, at a small angle θ. The pump field is deflected and removed after the 4WM process by polarisation
filtering using a Glan-Thompson polariser.

the application of a mask easier, the seed field is first expanded to a diameter of 5 mm.

In order for the seed field to be uniformly amplified by the 4WM system, it is important that the size of

the seed field in the cell is small compared to the pump size. This is due to the Gaussian beam profile of the

pump. Thus, after the masking point, the seed field is shrunk and imaged in the centre of the 4WM cell at

a waist size (1/e2 radius) of 0.4 mm. The unfolded imaging system is shown in figure 4.5. The field is split

after the last lens in the imaging system. All optical path lengths to the rubidium cell are kept equal, to

ensure that the object plane is imaged into the cell for all paths. One seed field remains permanently aligned

as the seed signal (this field is blocked for squeezed vacuum generation) The second field can be directed

either into the signal 4WM process, to aid with alignment, or to be the seed for the BLO generation.

4.2.3 Two mode squeezed state generation and local oscillator generation

The 4WM process requires that the pump and the twin beams are all linearly polarised, with the twin beams

perpendicularly polarised to the pump beam. In our case the pump is vertically polarised and the twin beams

are horizontally polarised. The pump and seed fields are combined using a beam splitter before the 4WM

cell. The seed fields are used to produce bright twin beams, a BLO, or to introduce seed fields for alignment

purposes.

The pump power (approximately 1 W) is much larger than the BLO seed (limited to approximately

150 µW), thus the pump field, and any scattered light from the field, need to be diverted before any mea-

surements of the squeezed field can be made. This is achieved using a Glan-Thompson polariser (extinction

ratio 10−5) after the 4WM process which deflects the pump beam, allowing it to be easily dumped into a

beam block (figure 4.6). The pump fields are also passed through a Glan-Thompson polariser before comb-

ing them with the seed fields, to maximise the pump polarisation purity. This is important to ensure the

efficient extraction of the pump after the cell. In the rest of the thesis the Glan-Thompson polarisers will be

represented as beam splitters to aid with clarity.
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The 4WM phase matching condition (as discussed in section 3.6) means that the probe and conjugate

fields propagate at a small angle θ ≈ 5 mrad to the pump field. This angle allows any remaining light, which

is not diverted by the polariser, to be physically blocked.

When the 4WM process is seeded, a pair of bright twin entangled fields are generated. These fields show

intensity correlations; that is the noise on the difference in their intensities is lower than the SN of a coherent

field of their combined intensity. In our experiment measurements of up to −6 dB of intensity difference

squeezing have previously been measured [98]. In a similar experiment intensity difference squeezing has

been measured at up to −9.2 dB [83]. The seeded gain process can alternatively be used to generate the two

frequency components necessary to form the BLO.

4.2.4 Overlapping of the restricted gain regions

In section 2.6.3 I discussed how a gain process can produce a SMSS in the near field, and how on propagation

that SMSS can transform into a TMSS in the far field. I also discussed how the two modes of the TMSS

do not have to propagate along the same direction, but instead can propagate separated by a small angle,

as in the case in the 4WM process investigated in this thesis. In section 2.6.4 I discussed how a SMSS can

be recovered from this TMSS in the far field, with the process shown in figure 2.9(b). In this section, I will

discuss some of the alignment requirements for recovering the SMSS, through the process in figure 2.9(b).

Here I explain the requirements by taking the view that the 4WM is an entanglement source, producing a

TMSS in the far field, and that the recombination of this TMSS on a beam splitter gives a SMSS. In order

to simplify the discussion, I will consider only 2 pairs of twin modes.

The main requirements in this section all arise from the symmetry of the 4WM process. The theoretical

description of the TMSS amplifier in section 2.4 defines the two modes of the TMSS associated with b̂1 and b̂2.

In this section the operators are re-labelled as b̂1 → b̂p and b̂2 → b̂c for the probe and conjugate frequencies

of the 4WM system. In the theoretical picture, one pair of correlated modes is considered. In this description

the mode associated with b̂1 (or b̂p) is defined to travel along the upper path, and that associated with b̂2

(or b̂c) to travel along the lower path. In this section these paths are denoted “Left” and “Right”, and the

operators written b̂pL and b̂cR, to include the path information (figure 4.7). The description in the theoretical

sections (section 2.4 and section 2.6.3) corresponds to a breaking of symmetry, since each of the frequency

modes, associated with b̂p,c, is only considered to be produced in one direction. In the real system there is

no break in the symmetry of the 4WM process.

Experimentally a TMSS amplifier such as that in section 2.4 generates two pairs of correlated modes, a
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Figure 4.7: The interferometer used to overlap the signal fields. Seed beams are used for alignment of the
squeezed vacuum as shown. Once the system is aligned, the seed fields are blocked to obtain the squeezed
vacuum. The vacuum fields will form two separate TMSSs, one with probe in the left arm, of length L1, and
conjugate in the right, of length L2, and a second with probe in the right arm and conjugate in the left.

total of four modes, with associated operators b̂pL, b̂cR, b̂pR and b̂cL. These four modes can be considered as

two pairs of correlated modes, with each pair forming an independent TMSS. The first TMSS, TMSS1, has

the probe sideband propagating in the “left” path, with associated operator b̂pL, and the conjugate sideband

propagating in the “right” path, with associated operator b̂cR. The second TMSS, TMSS2, has the conjugate

sideband propagating in the “left” path, with associated operator b̂cL, and the probe sideband propagating

in the “right” path, with associated operator b̂pR. Thus, the probe propagates in both the left and right

restricted gain regions (RGRs) (b̂pL,R) and the conjugate propagates in both right and left RGRs (b̂cR,L)

(figure 4.7). The output of the 4WM system is also a TMSS, TMSS4WM, which is a superposition of the two

independent squeezed states, TMSS1 and TMSS2.

These two independent TMSSs can be interfered on a beam splitter and converted into two independent

SMSSs, SMSS1 and SMSS2, following the same conversion as described in section 2.6.2. Thus the SMSS

produced by the 4WM and recovered by interfering the “left” and “right” paths on a beamsplitter, SMSS4WM,

can then be written as a superposition of these two independent squeezed states, SMSS1 and SMSS2. Each

of the states SMSS1 and SMSS2 will, in general, have a different phase. Since the states are overlapped fully,

and have the same polarisation and frequency components, they cannot be separated experimentally.

Consider a noise measurement preformed on the SMSSs, using homodyne detection and a MLO. If each

SMSS were to be measured independently, the noise measured would be described by equation (3.34). How-

ever, since the states cannot be separated, the noise measured must be considered for the superimposed

state,


(∆SMSS4WM )
2


. The fluctuations corresponding to the superimposed state,


(∆SMSS4WM )
2


, as
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measured with a MLO, can be written as,


(∆SMSS4WM )

2


= 4β2

e2s cos2 φ1 + e−2s sin2 φ1


+ 4β2


e2s cos2 φ2 + e−2s sin2 φ2


= 4β2


e2s


cos2 φ1 + cos2 φ2


+ e−2s


sin2 φ1 + sin2 φ2


, (4.1)

where s is the squeezing parameter for each SMSS, |β| is the amplitude of the MLO used to measure the

SMSS fields, and φ1,2 are the relative phases of the squeezing ellipse for the two SMSSs, with respect to the

LO phase. They replace φLO in equation (3.34).

The phases are made up of two contributions, φ = φ4WM + φ∆L. The first, φ4WM , is the phase arising

from the 4WM amplification process, and solely depends on the pump and the chosen two-photon detuning.

Thus φ4WM is the same for TMSS1 and TMSS2. The second, φ∆L, arises from the path length difference

∆L = L1 − L2 between the paths that the two modes of the TMSS travel before the beam splitter. As such

the phases for the two SMSSs are

φ∆L1 =
2π

c
(ωpL1 − ωcL2) (4.2)

φ∆L2 =
2π

c
(ωpL2 − ωcL1) , (4.3)

where L1,2 are the path lengths of the two paths to the beam splitter, and ωp,c are the frequencies of the

probe and conjugate fields.

In order to maximise the measurable squeezing it is required that φ1 = φ2. This can only be achieved

if L1 = L2. As such there is a requirement that there is no path length difference between the two paths

to the beam splitter, ∆L = 0. This process can be seen as rotating the two SMSS noise ellipses such that

they are aligned, as shown in figure 4.8(b). Experimentally, this can be achieved using a bichromatic Mach

Zehnder interferometer, where the 4WM process is treated as the first beam splitter. In this process the two

symmetric RGRs are simultaneously stimulated each with a seed field at the probe frequency. This forms one

interferometer at the probe frequency, and a second at the conjugate frequency. The visibility at the output

of the bichromatic interferometer is maximised, which can only be achieved when the fringes of the probe

and conjugate interferometers coincide. When this is achieved the interferometer is said to be a “white light”

interferometer, and the fringes formed with light at any frequency will coincide. Typically a bichromatic

fringe visibility of 99% can be achieved. This process minimises the path length difference between the two

arms of the interferometer. Additionally optimum visibility is only achieved when the fields in the two arms
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Figure 4.8: The effect of phase difference between the two SMSSs. The top row shows the orientation of the
noise ellipses for each SMSS. The bottom row shows the noise of the two ellipses, in red and blue, along with
the noise of the combined state in green, all plotted relative to the shotnoise of the LO used for homodyne
detection. The graphs are the theoretical noise of a system with a 4WM gain of 4. (a) The phase delay is
π/6, where the minimum noise of the combined state is at the QNL. (b) There is no phase difference between
the two squeezed states. (c) The phase delay is π/2 and the combined state only shows noise significantly
above the SN.

are optimally overlapped on the beam splitter. Thus this also serves as a method to ensure that the modes

of the TMSSs are well overlapped on the beam splitter.

After the interferometer is aligned, the seed fields are blocked, such that each of the output ports of this

beam splitter will be a squeezed vacuum state. The squeezed state from only one of the output ports of the

beam splitter is investigated experimentally. This stage of the alignment proves to be the most critical for

the generation and characterisation of a strong quadrature squeezed state.

4.2.5 Homodyne detection

The homodyne detection stage presents a further alignment challenge. In order to measure a good level

of squeezing the probe and conjugate LO fields must be overlapped in exactly the same way as the signal

RGRs. This forms the correct BLO to analyse the squeezed vacuum field that has been generated. When

the squeezing is SSM, the BLO RGR must be geometrically overlapped with the signal RGR. When the

squeezing is MSM, the BLO can be varied and moved across the signal RGR (see section 4.5). This can be

achieved by using two separate interferometers. Firstly, one to overlap the probe LO on top of the probe in
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Figure 4.9: The homodyne detection stage. The LO is aligned to the signal field using visibility of interfer-
ometers independently for the probe (using mirrors A and B, and a beam block at position 1) and conjugate
frequencies (using mirrors C and D, and a beam block at position 2). Where, on the diagram, the signal and
LO fields are slightly separated, they are split vertically in the experiment.

the signal field, achieved using mirrors A and B, and the beam block in position 1 in the figure 4.9. Secondly,

an interferometer to overlap the conjugate LO on top of the conjugate in the signal field, achieved using

mirrors C and D, and the beam block in position 2 in the figure 4.9.

A spectrum analyser (HP 8560E) is used to measure the noise on the subtracted photocurrent from the

homodyne detector. In section 2.2, I discussed the need to scan the relative phase between the LO and

the signal field to achieve a complete measurement of the noise ellipse of the squeezed field. In practice

this is achieved using a piezo-actuated mirror, driven by two stacked peizos. The piezos are driven with a

triangular ramp with a period of 700 ms. More details on the setup of this can be found in Mat’s thesis [98].

The spectrum analyser is set to a zero frequency span at 1 MHz, and a sweep rate of 0.9 s. The resolution

bandwidth of the spectrum analyser is set to 100 kHz and the video bandwidth is 30 Hz. The spectrum

analyser is set to trigger each scan from the waveform generator, such that the squeezing scan always appears

at the same point on the screen.

The process of evaluating the SMSS starts with measuring the shot noise. This can be found by blocking

the squeezed vacuum field input to the homodyne detector stage, at the point labelled “signal” in figure 4.9.

Next the noise of the squeezed vacuum field should be measured, whilst the phase difference between the

signal and LO is scanned. This ensures that the full squeezing ellipse is measured. The scanning can be

achieved by changing the optical path length difference between the LO and signal field using a piezo actuated

mirror, shown in figure 4.9. A typical experimental squeezing scan is shown in figure 4.10. This graph is a

direct comparison to figure 3.10, where the same result is plotted theoretically.

The theoretical graph is plotted with the same 4WM gain, 4, as is measured in the experiment. However
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Figure 4.10: A typical squeezing scan. The phase of the signal is scanned, such that the noise of the different
quadratures is measured. (a) shows the raw data, with the SN in blue, and the signal in green. (b) shows
the relative noise between the squeezed field and a vacuum field.

in the experimental graph there are some factors, including imperfect alignment, that limit the minimum

noise that can be measured. The skew in the shape of the experimental graph is partially due to the slight

phase instability of the experiment, caused by vibrations on the table and air currents, and partially due to

the nonlinear nature of the piezo scan. The level of squeezing can be extracted by subtracting the SN from

the signal. In this case, it can be seen that squeezing of −3 dB has been achieved, corresponding to a noise

reduction of a factor 2. This is the measure of QNR, as such this is the value extracted and plotted in all

optimisations and squeezing experiments reported in this thesis.

This noise also incorporates all the technical and electronic noise from the detector and spectrum analyser.

As such, the choice of detector is very important for measuring the best levels of squeezing. If the SN of

the LO is equal to the electronic noise floor in the detection system then the minimum measurable noise is

3 dB below SN. As such, a direct measurement of a noiseless state would show only −3 dB of squeezing.

Any measurement of a more realistic squeezed state will similarly show weaker squeezing than is present in

the field. For example, if the 4WM process reduces the quantum noise of the field by 50%, or −3 dB, then

the noise of this field will be half the level of the electronic noise floor. As such, the results, as displayed on

the spectrum analyser, will show a total noise 1.8 dB above the noise floor. In other words, a real QNR of

−3 dB will be reduced down to a measured −1.2 dB.

In order to arrive at an accurate measurement for the QNR, the noise of the squeezed field should remain
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(a) Detector B. (b) Detector C.

Figure 4.11: The background noise levels of the two detectors used in the experiment. Each detector is a
detector with low electronic noise. a) Shows the data for detector B, which has lower gain, but a larger
bandwidth. b) shows the data for detector C, which has higher gain, but a lower bandwidth. In each case
the blue line is the noise floor, of the detector and spectrum analyser system, measured by blocking all light
incident on the detector. The green line is the noise of the residual pump light that reaches the detector,
measured by blocking the seed field. The red line is the SN, measured by blocking the squeezed signal field,
and the grey line is the signal noise, measured as its phase is scanned. Its minima are plotted with blue
circles. The noise peak close to DC is the technical noise.

at least an order of magnitude larger than the electronic noise floor, corresponding to 10 dB. Since intensity

difference squeezing of up to 6 dB has been measured in this system, it is reasonable to require that the SN

of the LO should be at least 16 dB above the technical noise floor. This requirement is best met by the use

of a detector with both a high gain and a low technical and electronic noise.

The effect of a high noise floor can be seen in figure 4.11, where one detector, labelled B (figure 4.11(a)),

measures less squeezing than a second detector, labelled C, with a higher gain (figure 4.11(b)). As can be

seen from the graphs, changing from B to C sees the difference between SN and the noise floor rise from

around 10 dB to around 17 dB, at 1 MHz. Thus, at this level of gain, subtracting the electronic noise floor

should make only a minimal correction to the raw measured QNR. In view of this, detector C is used in

the experiments with higher amplification at low intensities. The trade-off is that detector C has a smaller

bandwidth. Additionally detector C also has a lower saturation intensity.

4.2.6 Experimental procedure improvements

The original alignment process involved starting each day with optimising the angle between the probe and

pump (θ), for the optimum production of intensity difference squeezing. In order to move on to the next

step, the system was required to produce at least −5 dB of intensity difference squeezing. This was originally

achieved using removable magnetic mirror mounts, which have poor stability when taken in and out of the

system.
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Figure 4.12: The creation of ghosting. For each input (red and green) a ghost is created (the light dashed
lines) at the non-reflective side of the beam splitter. (a) shows an ordinary beam splitter, where the ghost
image can reach the detectors. (b) shows where a wedged beam splitter is used, and the ghost propagates
away from the main light field, and as such does not reach the detectors.

After taking over the setup from the previous PhD student, I made some small changes, exchanging some

mirror mounts to improve the control over some beams, and the day to day experimental stability. I updated

the system, such that the key mirrors defining the initial alignment were all static rather than removable.

Whilst making these changes, I gained an improved understanding of the experimental system, and which

stages of the alignment are critical to achieve strong squeezing.

From experimental observations, it transpired that the production of strong quadrature squeezing does

not depend as strongly on the angle θ as intensity difference squeezing does. Thus optimising θ for maximum

intensity difference squeezing, measured on the entangled fields, is not critical for achieving strong quadrature

squeezing. The exact cause of this remains uncertain, however its observation led to the removal of this first

tricky alignment stage. Instead the critical stage in the alignment comes primarily from the optimisation

of the bichromatic interferometer. The critical first step to this alignment is that the seed fields in each

RGR are propagating along coupled directions, ie. each probe is rigorously co-propagating with the other’s

conjugate. Additionally, it is critical that the two probe and conjugate fields are overlapped with each other

and the centre of the pump field, in the centre of the vapour cell, the near field. This ensures that the probe

and conjugate field have the maximal geometric overlap with each other and the pump field throughout the

gain medium.

A further problem that needed resolving was the impact of the thickness of beam splitters. The beam

splitters necessarily have two surfaces, one being the partially reflective surface, and the other nominally trans-

missive. In reality the transmissive surface produces a low power reflection, called ghosting (figure 4.12(a)).

If this ghost is coupled into the detector, then its presence will reduce the measurable level of squeezing. Con-

sequently removing such ghosting ensures better measurements. In order to achieve this, I have introduced
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wedged beam splitters to ensure that any ghosting propagates away from the main beam path (figure 4.12(b)).

This ensures that the ghost image does not reach the detectors, and hence improves results.

With these improvements, I have been able to progress the experiment from the state of measuring

usable squeezing on an occasional basis to measuring a reasonable level of squeezing on a daily basis, at

approximately −3 dB. This progression has allowed me to develop experiments to measure the effects of the

NEP rotation using the BLO, and to directly measure the MSM nature of the squeezed light generated in the

experiment. A discussion of these experiments and the results obtained will follow in sections 4.4 and 4.5.

4.3 Optimisation and calibration

There are a number of factors, beyond the alignment, that will affect the 4WM gain, and hence the level of

squeezing it can generate. These include the frequency of the main pump beam, called one-photon detuning,

∆, the detuning between the pump and the probe frequency, called two-photon detuning, δ, and the rubidium

temperature. Although previous work has been done investigating these parameters for optimum 4WM

gain [124], and for optimum amplitude correlation measurements [98], it is still important to perform some

measurements to ensure that the optimum parameters for SMSS squeezing remain the same as those for gain

and TMSS generation. To achieve this optimisation, as each parameter is scanned, a graph such as that

shown in figure 4.10 is taken for each value of the parameter, and the squeezing is extracted as the lowest

relative noise level. This corresponds to the normalised size of the minor axis of the squeezing ellipse. The

value of the parameter can then be chosen to be that which generates the optimum squeezing.

4.3.1 One-photon detuning

The one-photon detuning, ∆, is a measure of the main laser frequency, as a detuning from the rubidium 85 D1

line 5S1/2, F = 2 → 5P1/2 transition (figure 3.2). The laser frequency is scanned using the computer control of

the Ti:Sapph laser. The peak gain occurs at a detuning of approximately 800 MHz from the rubidium-85 D1

line 52S1/2 (F = 2) → 52P1/2 transition. Previous calibrations both with the use of a saturation spectroscopy

setup, and the use of a wavelength meter, have shown that a change in tuning of 1% of the full cavity tuning

range corresponds to a change in frequency of 1.5 ± 0.3 GHz. There is no absolute calibration for the laser

frequency presently available. This is because each time the laser is locked the system locks to the nearest

cavity peak, irrespective of the previous lock point.

As the laser frequency is scanned through the 4WM gain region, the gain, and hence the squeezing,

71



(a) One-photon detuning. The rubidium vapour cell tem-
perature is held at 112◦C, and the two-photon detuning is
set as δ = 4 MHz. The peak gain and squeezing corre-
spond to a detuning of approximately 800 MHz from the
rubidium-85 D1 line 52S1/2 (F = 2) → 52P1/2 transition.

(b) LO power. The rubidium vapour cell temperature is
held at 112◦C, and the two-photon detuning is set as δ =
4 MHz.

Figure 4.13: The change of squeezing with experimental parameters. (a) The 4WM gain, measured as a
ratio of output probe intensity to seed intensity (red) and squeezing (green) as a function of laser frequency
(or one-photon detuning ∆). The horizontal axis is labelled both as the cavity detuning accessible from the
laser control system, and as the change of frequency, inferred through previous calibrations. The vertical
line passes through the highest gain and the strongest recorded squeezing. (b) The squeezing is plotted as
the LO power is changed. Whilst the LO power does not directly affect the squeezing level, lower LO power
means that the results are affected more by the noise floor of the detector.

changes. Initially, as ∆ is decreased the gain increases due to approaching the 4WM resonance, and hence

more probable 4WM. When ∆ is reduced further, such that the probe frequency becomes too close to the

atomic resonance, absorption of the probe starts to dominate, which both reduces gain and, to an even greater

extent, squeezing. The resultant effect on the 4WM gain, measured by comparing the input and output powers

of the probe field, and squeezing levels are displayed in figure 4.13(a). The scale in figure 4.13(a) has an

arbitrary offset, due to the lack of absolute calibration.

Since the laser is turned off overnight, the one-photon detuning needs to be reset daily. A wavelength

meter is used for coarse adjustment of the laser frequency, until the wavelength is within the 4WM gain region,

and the fine tuning is adjusted such that the largest 4WM gain is achieved. Figure 4.13(a) demonstrates that

tuning to the largest 4WM gain also tunes to the highest levels of squeezing. Thus tuning for optimum 4MW

gain is a viable method to ensure that the laser frequency is at the best position for optimum squeezing.

4.3.2 Local Oscillator power

In theory the level of squeezing measurable should not be affected by the LO power used. However, in

practice, as discussed in section 4.2.5, the minimum noise that can be measured is limited by the ratio of

72



(a) 85Rb vapour temperature. The two-photon detuning is
set as δ = 4 MHz.

(b) Two-photon detuning. The rubidium vapour cell tem-
perature is held at 112◦C.

Figure 4.14: The change of squeezing with experimental parameters. (a) The squeezing level (green) and
4WM gain (red) are plotted as the temperature of the 4WM cell is changed. The temperature is reported
both as the TEC readout, and the corresponding temperature from the thermistor data sheet. (b) The graph
shows how the two-photon detuning affects the measured squeezing. The red data shows the gain, the green
data shows the squeezing, and the blue data shows the fractional difference between probe and conjugate
powers in the LO.

the SN of the LO to the electronic noise floor. It is important to check that the LO power is high enough

such that the electronic noise floor does not limit the measured QNR. In order to check this, the LO power

is scanned, by adjusting the seed power using a waveplate and polarising beam splitter. The squeezing level

is measured for each power, and plotted in figure 4.13(b). The graph shows the power of the seed at the

input to the 4WM cell. With the usual gain of 4 this corresponds to a quarter of the final BLO power. The

measurable noise clearly saturates at approximately −3 dB for large LO powers, and remains near this level

for LO powers down to a seed power of roughly 50 µW, corresponding to approximately half the maximum

seed power. This demonstrates that the squeezing measurements with a strong LO are not limited by the

LO power.

4.3.3 Temperature

The effect of changing temperature, and hence rubidium vapour pressure, is shown in figure 4.14(a), where

the temperature is measured by the thermistor used for the temperature control loop. This thermistor is

placed near what should be the coldest point on the vapour cell, and thus gives an approximate vapour

temperature for the rubidium. However, it should be noted that this measure is not accurate due to the

inexact location of the thermistor.

As the temperature is increased the vapour pressure of rubidium is increased, which leads to more rubidium

atoms being present in the gain region. This leads to a higher gain, and as such one would expect more
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squeezing. However, increasing the temperature also increases the number of collisions occurring within the

atomic vapour. These collisions are responsible for inducing a decoherence in the atomic medium which makes

the absorption increase faster than the gain. This effect is mainly seen on the probe, due to its frequency

being much closer to the atomic resonance compared to that of the conjugate. As such, one part of the

correlated twin beam side-bands is absorbed, leading to reduced correlations, and eventually to an overall

increase in quantum noise, when the absorption is high enough.

4.3.4 Two-photon detuning

The two-photon detuning, δ, set by the frequency of the seed field, demonstrates a similar effect to that of

the temperature. The increased gain from being closer to the atomic resonance competes with the associated

increased absorption. The effects of changing the two-photon detuning are shown in figure 4.14(b). In the

most simplistic view, one would expect a gain profile to be roughly Gaussian, with the gain dropping off to

either side of some ideal value, defined by the atomic transition frequency and line-width. In reality, the

medium becomes opaque as the two-photon detuning is reduced, as can be seen by the gain reducing to

zero (red circles in figure 4.14(b)). However, this thesis is concerned with the level of squeezing that can

be measured (green circles in figure 4.14(b)). The level of squeezing is effected by the competition between

the processes of gain and loss within the atomic medium. As the two-photon detuning is reduced, the loss

increases faster than the gain, reducing the squeezing [124]. Indeed, at small δ, absorption leads to increased

noise rather than reduced noise. The blue data in figure 4.14(b) shows the fractional difference between the

probe and conjugate powers, within the LO, taken as (Ip − Ic)/(Ip + Ic). When the probe power is equal to

the conjugate power, Ip = Ic, the 4WM system absorbs as much probe power as is present in the initial seed

beam. As such this point represents strong absorption, and results in a loss of squeezing near this point.

4.3.5 Parameter inter-dependence

All of these parameters contribute to the efficiency of the 4WM process, and they all effect the squeezing

level that can be measured. These parameters also interact, such that the optimum tuning of one parameter

may depend on a second parameter. One such example is the dependence of the squeezing level on the

combination of two-photon detuning and the temperature of the rubidium vapour. Figure 4.15 shows how

the squeezing changes with two-photon detuning at a variety of rubidium temperatures. Indeed, it can be

seen that the optimum two-photon detuning for QNR changes with the temperature. This is because the

temperature sets the vapour pressure and hence the 4WM gain, whilst at the same time changing the rate
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Figure 4.15: The graph shows how the squeezing level changes with two-photon detuning and temperature.
Each colour shows the data taken at a different temperature. The temperatures are converted from the
resistance read across the thermistor.

at which light is absorbed. The competition between these two factors leads to a change in the optimum

two-photon detuning for generating squeezed light as the temperature is changed.

4.3.6 Optimal squeezing and losses

Using the optimum parameters, found through the scans in this section, I have managed to achieve a maximum

squeezing level of −3.7 dB, as seen in Figure 4.16. When corrected for the remaining noise floor this reveals

an underlying level of squeezing of −3.8 dB. These results are taken with the LO and signal pumps balanced

at about 900 mW, the AOM operating at 1.52 GHz, corresponding to a two photon detuning of δ = 4 MHz.

The LO seed power is set to greater than 100 µW, after a gain 4 in the 4WM process and splitting this

corresponds to 350 µW. The rubidium vapour cell temperature is held at 112◦C.

In these results, the excess noise on the anti-squeezed quadrature is close to 10 dB. For a pure Gaussian

state, the level of QNR should be at this same level, since such a state is a minimum uncertainty state.

However, the losses and imperfections throughout the experiment prevent this from being the case. The

combined loss, through imperfect mirrors (13 with a reflection of 99.8 %), beam splitters (2 with an absorp-

tion of 0.2 %), vapour and vacuum chamber windows (2 with a transmission of 98 %), and the imperfect

photodectors (2 with a quantum efficiency of 95 %) is close to 20 %. The effect of these losses on the measur-
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Figure 4.16: A typical squeezing graph, generated by scanning the phase difference between BLO and signal
fields. For this data the LO pump power is 900 mW, the signal pump power is 950 mW and the gain is
around 4. The electronic noise floor can also be subtracted, revealing a squeezing level of -3.8 dB.

able squeezing level can be modelled using ideal beam splitters (section 3.7). Specifically, equation (3.24) can

be used, with


∆î2p


being the noise of the input state, and


îp


being the extra noise introduced from the

background vacuum field. Using this model it can be seen that losses at this level would reduce the squeezing

from −10 dB to −6.3 dB.

Imperfect mode matching of entangled modes on the beam splitter is a more tricky issue. Typically a

visibility of 99 % can be reached, corresponding to a 1 % mismatch. However, the extra 1 % of light will

have excess noise,

îp


, at 10 dB above the QNL. Again, using the beam splitter model, this 1 % mismatch

can be calculated to correspond to a loss of squeezing from −10 dB to −7 dB.

Finally, there is an error through the overlap of the LO to the squeezed field. Once again this mismatch

is close to 1 % and mixes in light with an excess noise 10 dB above SN. Correspondingly, this results in a

loss of squeezing from −7 dB to −5.3 dB.

In total, including the losses and imperfect alignments in correct order, these losses add up to a total drop

from −10 dB of squeezing at the point of generation to −3.6 dB at the point of measurement. Thus, within

the system, the maximum level of squeezing that could be expected with the present parameters would be

−3.6 dB. On top of this, there is an additional loss from the imbalance of powers in the LO, as explained at

the end of section 3.8. The inclusion of this loss results in a final expected squeezing measurement of −3.5 dB.

As such, the level of squeezing measured (figure 4.16) is consistent with the expected best measurement. The
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biggest single effect in the reduction of the measurable level of QNR is the slight mismatch of entangled

modes. As such, to generate stronger squeezing the mode matching must be improved.

4.4 Rotation of the noise ellipse

4.4.1 Introduction

In section 2.7.1, I discussed the use of squeezed light in an interferometer and the limitations to the accuracy

of the interferometer from both phase and amplitude noise. I explained the nature of the squeezed field

required to make measurements below the QNL over a large range of frequencies, and how at low frequencies

amplitude squeezing is required, whilst at high frequencies phase squeezing is required. In this section, I

investigate the properties of the squeezed vacuum field that I have generated using a 4WM process, with a

particular view to its use in such an interferometer. This experiment serves as a proof-of-principle of the

generation of a squeezed field with similar quadrature properties as those required for improved gravitational

waves detection [9].

In this section, I treat the squeezed field as a single spatial mode and investigate how the noise ellipse

phase (NEP) rotates as the two-photon detuning is changed. I use the BLO field to investigate this rotation

of the NEP. First, I verify that the BLO phase tracks the NEP in the present experiment. Then I investigate

the phases of the BLO frequency components as evidence for the NEP. Finally, I discuss the relevance of the

results to improving the sensitivity of interferometers.

4.4.2 Invariance of relative phase between local oscillator and squeezed vacuum

The phases of the correlations in the vacuum twin fields, used to generate the squeezed field, are only

dependent on the two-photon detuning and the phase of the pump field. When the twin beams are mixed

on the beam splitter, to produce a SMSS, and that SMSS is measured using a beam splitter, the result is a

noise ellipse, defined by equation (3.47). The NEP, (φ1 + φ2)/2, is the average of the phase of the probe, φ2,

and conjugate, φ1. The phase of both components changes as the two-photon detuning is changed. The two-

photon detuning, δ, is chosen by the frequency of the LO used in the homodyne detector and the analysing

frequency, ∆a, of the spectrum analyser.

Consider a measurement made with a MLO, formed by an independent laser field, at the central pump

frequency. Here, the noise is measured as a sum of the two sidebands separated from the MLO field by the

analysing frequency, ∆a (section 3.7.4). The choice of ∆a, set on the spectrum analyser, determines the
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Figure 4.17: The quadrature diagrams where a squeezed state (blue) is mixed with a LO (green). The top
panel shows the measured noise of the squeezed state as the phase is changed. as defined by equation (3.47).
The bottom panel shows this same noise as represented by an ellipse on a quadrature diagram. (a) shows the
measurement made at a two-photon detuning δ1. (b) and (c) show the case when the two-photon detuning
is changed to δ2. The black line shows the state at δ1 for comparison. In (b) the LO is derived from an
independent laser, so changing δ does not change the LO phase. In (c) the LO is a BLO generated through
4WM such that changing δ changes the BLO phase. In (a) both LO sources produce the same results. In (c)
the red dotted line shows the state as it would be measured by a MLO at δ2, as shown in (b). In each case
the ellipse outline colours in the bottom panel relate to the colours in the top panel.

two-photon detuning of the measured bands. Since changing the two-photon detuning changes the NEP, one

might expect that such a change would result in a relative phase shift. Indeed, such a relative phase change,

between the LO and the squeezed vacuum field, does occur and results in a translation of the squeezing

spectrum along the horizontal axis as represented in figure 4.17(b).

However, in the present experiment a BLO is used, which is also generated using 4WM. In this case,

two sidebands are measured for each frequency component of the BLO (section 3.8). Here, the analysing

frequency, ∆a, sets the separation of these sidebands from the BLO components. The analysing frequency is

chosen to be small, such that the two bands can be treated as both being at the same two-photon detuning.

The two-photon detuning is, in turn, determined by the frequencies of the BLO components, defined by the

frequency of the seed used to generate the BLO. When the BLO seed frequency is changed, the phase of the

BLO will rotate, due to the 4WM process. This will happen at the same rate as the NEP of the squeezed

vacuum field rotates. Thus, the relative phase between the BLO and squeezed vacuum will remain constant

as the two-photon detuning is changed (figure 4.17(c)). Since it is only the relative phase between the BLO

and SMSS components that appear in the homodyne detection signal (equation (3.48)) there should be no

translation of the squeezing spectrum as measured with the spectrum analyser.

In order to verify this experimentally, the squeezing needs to be measured at different two-photon detun-
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Figure 4.18: The block diagram for an experiment where the two-photon detuning of the BLO is modulated.
The BLO two-photon detuning defines which parts of the squeezed vacuum field are measured. Here ωlp1,lc1

are the frequencies of the BLO components at the first two-photon detuning δ1, and ωlp2,lc2 are the frequencies
of the BLO components at the second two-photon detuning δ2. Here ∆sb is again the detuning between the
sidebands, in the case of the 4WM process under investigation this is approximately 3 GHz. Throughout this
experiment the analysing frequency, ∆a, is kept constant at 1 MHz.

ings δ, and the phase compared. The simplest implementation of such an experiment would be to measure

squeezing twice in succession, and compare the phases. However, there are phase instabilities in the exper-

iment, in part due to the experiment having a large footprint, and there being many vibrations in the lab,

and in part due to the non-uniformity of successive piezo scans. This means that the phase of the squeezing

spectrum is not stable. Thus to accurately determine any change in the phase, the squeezing at two different

two-photon detunings must be measured quasi-concurrently.

Practically, the concurrent measurement of the squeezing at two different two-photon detunings is achieved

by modulating δ much faster than the piezo scans one wavelength of the squeezed vacuum path length. To
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Figure 4.19: The process of extracting the squeezing data for a pair of two-photon detunings. The top panel
shows the raw data as δ is modulated, the blue data being the squeezing signal, and the green the SN. There
is a phase offset between the signal and local oscillator traces. The bottom panel shows the same data with
the squeezing and SN signals split into the separate two-photon detunings. The blue and green data show
the squeezing and SN signals for δ = −2 MHz. The cyan and red data show the squeezing and SN signals
for δ = 4 MHz.

achieve this, I used two RF generators (HP 8642M and Rohde Schwarz SML02), operating at different

frequencies, and an RF switch (Mini-Circuits ZASWA-2-50DR+), controlled with a square pulse generator

to switch between the two frequencies. The block diagram of the process is shown in figure 4.18.

The modulation frequency of the two-photon detuning was set to 30 Hz, and thus necessitated the increase

of the video bandwidth on the spectrum analyser to 100 Hz. This experimental setup can be used to check the

phase delay, in the squeezing spectrum, between any pair of two-photon detunings within the squeezed region,

extending over 40 MHz. The raw data clearly shows the effect of switching between the two frequencies on

the usual noise scan, seen in the top panel in figure 4.19. As the two-photon detuning is changed, the power

of the LO changes as well as the level of squeezing changing. This is evident in the level of the SN which is

solely dependent on the LO power. The change occurs both due to the changing efficiency of the AOM as δ

is changed, and due to the change in gain with δ seen in (figure 4.14(b)).

Since the spectrum analyser records data points faster than the switching speed of the RF, the raw data

includes some points during the shifts, which should be removed. Then, the data can be split into two sets,

one for each two-photon detuning. This process is shown in figure 4.19. Once the different frequencies are

separated the relevant SN can be subtracted from the signal noise in the usual way to re-produce the usual
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(a) Two-photon detunings of 4 MHz (green) and 10 MHz
(blue).

(b) Two-photon detunings of −2 MHz (blue) and 4 MHz
(green).

Figure 4.20: The processed data, showing two squeezing signals, as the RF frequency is modulated, here
plotted relative to SN. The data shows that the minimum noise occurs at the same phase within the scan at
both frequencies.

squeezing graph for each frequency. These results are shown in figure 4.20(a), for the case of two-photon

detunings of 10 MHz, in blue, and 4 MHz, in green. By inspection of the graph it is evident that the phase

shift between the two measured squeezing spectra is insignificant. This means that, although both the phase

of the BLO and the NEP rotate as the two-photon detuning changes, they do so at the same rate. Thus,

there is no phase drift between the phase of the BLO and the NEP, and it can be concluded that the phase

delay of the BLO is a valid witness to the phase rotation of the noise ellipse.

In order to ensure that the assumption that BLO phase change and NEP rotation occur at the same rate

across the whole squeezing bandwidth, I have completed this same measurement with a number of different

frequency separations. Across the whole squeezing region of −16 MHz to 24 MHz (figure 4.15) there is no

evident change in relative phase between the noise ellipse and BLO phase. Here I only include two pairs of

two-photon detunings shown in figure 4.20, comparing results on either side of the central frequency 4 MHz.

The first example is for the case of two-photon detunings of 10 MHz and 4 MHz in figure 4.20(a). The second

example is for the case of two-photon detunings of −2 MHz, in blue, and 4 MHz, in green in figure 4.20(b).

It is worth noting that across the squeezing bandwidth, both the gain and squeezing do change (as previous

shown in figure 4.14(b)).

This experiment has confirmed that the phase of the BLO tracks the rotation of the noise ellipse across

the whole squeezing bandwidth. This means that the bright field components of the BLO can be used to

provide all the information about the phase of the noise ellipse of the squeezed vacuum field. The experiment

with bright fields is much simpler than any experiment with the vacuum fields due to the ease of measurement

of bright fields. This is due to the clear definition of phase for a bright field.
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Figure 4.21: The simplified phase delay experimental setup. The change from the standard experimental
setup (figure 4.2) occurs before the fibre input, where the seed fields created from two separate AOMs, driven
at two different frequencies, are combined on a 50:50 beam splitter. The inset shows the beat notes. The blue
shows the conjugate beat note after the cell, the red data shows the probe beat after the cell, and the yellow
data shows the calibration beat taken before the cell, with the conjugate run, and the green data behind it
shows the calibration for the probe run. The two-photon detuning for this graph is −14 MHz, hence the
probe is being absorbed, and thus the amplitude of the conjugate beat note is larger than that of the probe
beat note.

4.4.3 Noise ellipse phase rotation measurements

A experiment can now be performed to measure the phase delay due to 4WM using the bright field probe

and conjugate components of the BLO. Again, this experiment requires the comparison of simultaneous

results for two different two-photon detunings. The experimental setup is shown in figure 4.21. In this setup,

two separate double pass AOM systems are used to create two seed fields with different frequencies. The

two AOMs are driven by the two different RF generators. One is left at a fixed frequency, whilst the other

frequency is changed. The two seed fields are combined on a 50:50 beam splitter before being coupled into the

same single mode fibre. The passage through the same seed fibre ensures that the two frequencies propagate

in exactly the same mode through the 4WM system. The overlapping of these two frequencies, on a beam

splitter, generates a beat note at their frequency difference. If the phase of the field at one frequency is

delayed with respect to the phase of other, then the phase of the beat note will be changed.

The interest in the experiment lies in the delay caused by the 4WM process. As such, the beat note is
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Figure 4.22: The phase of the probe (blue) and conjugate (green) frequency components, as extracted from
graphs such as that in the inset in figure 4.21. One RF generator is kept at a constant frequency of 1520 MHz,
whilst the other is changed. Here the frequency is represented as the two-photon detuning.

measured concurrently both before and after the 4WM process. The comparison between the reference beat

note, taken before the 4WM process, and the beat note measured after the process provides a measure of the

phase delay caused by the 4WM process. This experiment can be repeated measuring each of the probe and

conjugate beat notes, for each different AOM frequency. In both the probe and conjugate case, the reference

phase must come from the seed beat note at the probe frequency. The beat notes are recorded, and fitted

with a sinusoid, as shown in the inset in figure 4.21. The phases of the sinusoid fits are extracted both before

and after the 4WM. The phase delay due to 4WM is calculated by taking the difference between the phases of

the signal before and after the 4WM cell. The data from the inset in figure 4.21 shows the how the individual

phases of the probe and conjugate field advance. The phase delays are plotted in figure 4.22.

In the experiment, the probe and conjugate fields travel approximately 1 m between being measured

before and after the 4WM cell. As such, due to the change in wavelength as the the two-photon detuning,

δ, is changed (figure 3.2), the phase delay will change. In this case, it can be inferred that, for larger δ, the

probe phase is advanced, and the conjugate phase must correspondingly be delayed. This phase change, due

to the change in wavelength, corresponds to approximately π/8 rad delay over a frequency change of 40 MHz.

However, the change in wavelength is not the sole contributor to the phase delay. Inside the vapour cell there

is a slow light effect, which increases this phase delay due to propagation, and further effects from the 4WM

process itself.
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Figure 4.23: The phase rotation of the noise ellipse, as calculated by combining the phase changes of the probe
and conjugate frequency components in figure 4.22. The phase rotation is measured relative to δ = 4 MHz,
as such this point is taken to have a phase of 0 by definition.

Ultimately, we are interested in how the NEP advances, which arises out of these phase changes. In

order to calculate the NEP we must take the average of these phases as derived in appendix A. (Note that

the derivation in appendix A is the same as that shown in section 3.8, only with a different reference for

the phase.) Thus, any phase delay due to a change in wavelength will exactly cancel out, whether it be

in free space propagation or propagation through a slow light medium. However, the phase change from

the 4WM process itself will remain, and this will effect a change in NEP. The calculated NEP is shown in

figure 4.23, where the phase of the squeezed vacuum noise ellipse can be seen to rotate from π/4 to −π/4 as

the two-photon detuning is varied.

In both the measurements of the phase delay of the probe and conjugate components, and the NEP

rotation, there is an unknown factor caused by the optical path length between the detectors measuring the

beat note before and after the 4WM process. This corresponds to a global phase, and is small due to the

small path length. From figure 4.22 it can be seen to be approximately π/4. The exact value of the phase

delay is insignificant as any adjustment can be corrected with the correct choice of LO phase.

In an interferometer, the error on the measured phase difference between the two paths depends on light

power as well as squeezing parameter. In order to improve the overall SQL, a bright squeezed field can be

used (see section 2.7.1). A bright squeezed field can be formed by mixing a coherent LO with a squeezed

field. This can be done on the input mirror of the interferometer (see figure 2.10). The squeezed quadrature
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of the resultant field within the interferometer is defined by both the NEP in the squeezed signal and the

relative phase between the LO and the signal field.

Thus, with the correct choice of LO phase the squeezed field investigated in figure 4.23 could be set to have

a minimum amplitude noise at a detuning of δ = −16 MHz. At the same time, due to the rotation of the NEP

caused by the 4WM process, the field would have a minimum phase noise at a detuning of δ = 24 MHz. As

such, the 4WM process can be used to generate a field that is amplitude squeezed at low analysing frequencies

and phase squeezed at high analysing frequencies. However, when a BLO is used, and the components are

tuned to the centre of the squeezed region, then at large analysing frequencies one pair of correlated sidebands

will show amplitude squeezing, and the other pair will show phase squeezing. As such, if a BLO is used,

the mixing of four sidebands effectively removes squeezing (section 3.8). Alternatively, if the BLO is centred

outside the squeezed region, then, at best, the homodyne detection process will measure one pair of correlated

sidebands, and one pair of uncorrelated sidebands at the QNL. At worst in this case, the homodyne detection

process will measure one pair of correlated sidebands, and one pair of uncorrelated sidebands far above the

QNL. Again the mixing of the four sidebands at best significantly reduces the measurable level of squeezing.

As such, a MLO would be needed to make significant use of the NEP rotation, where squeezing would then

occur at an analysing frequency close to 3 GHz.

Despite the complications, covered in this section, I have shown that the BLO can effectively characterise

the phase of the correlations across the squeezing spectrum. This phase characterisation is in addition to the

characterisation of the squeezing spectrum as a function of frequency, and as such the BLO can be seen to be

a complete characterisation tool for the squeezing spectrum, when combined with the spatial characterisation

shown in the next chapter.

4.5 Multi-spatial-mode characterisation

4.5.1 Introduction

Fundamentally, a squeezed state is made up of correlations within a certain mode, or set of modes. Homodyne

detection can be thought of most simply as a process whereby the LO amplifies the noise on the signal beam

(equation (3.34)). In the homodyne detection process, the mode of the LO specifies the mode of the squeezed

vacuum field that is measured. In the case of using an LO to measure the noise of a single-spatial-mode

quadrature-squeezed state, the measurable level of squeezing is strongly dependent on the overlap between

the LO and the signal field.
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Figure 4.24: The mixing of a bright LO (green) with a squeezed vacuum field (dotted). (a) shows the case
where the LO does not fully fill the mode of the squeezed vacuum field. This causes a reduction in the
measured squeezing due to only including part of some of the correlations, eg. the point indicated by the red
arrow. (b) shows the case where the LO extends beyond the squeezed vacuum mode. This causes a loss of
measurable squeezing due to the inclusion of additional vacuum fields, which are at the QNL.

The effect can be explained by considering the noise reductions as correlations between frequency side-

bands, within the squeezed mode. These correlations mean that when one part of the squeezed vacuum mode

has an positive fluctuation in a particular quadrature, the rest of the field must have a negative fluctuation

in the same quadrature. In this picture, if the LO is smaller than the squeezed mode, causing a mode

mismatch, then some of these correlations are broken. This means that excess noise will then be mixed in

(figure 4.24(a)). Similarly if the LO extends beyond the squeezed state (figure 4.24(b)), then the LO will also

amplify some of the vacuum state around the squeezed state. This will lead to an additional contribution at

the QNL being measured in the homodyne detector. This additional vacuum noise will reduce the measurable

level of squeezing.

In actuality, these two cases of poor mode matching between the LO and squeezed mode are two mani-

festations of the same effect. Any mode-mismatch can be seen as mixing in additional spatial modes, with

vacuum fluctuations at the shot noise level, thus corresponds to a loss of squeezing. Thus, in the single mode

case, the LO must match exactly the shape of the squeezed mode if the optimum squeezing is to be measured.

The concept of MSM squeezing, corresponding to perfectly local squeezing was proposed by Kolobov [48].

In the case of perfect MSM squeezing, all correlations are confined to point locations within the transverse

spatial profile. Any LO mode that remains within the spatial extent of a MSM squeezed field will measure

squeezing at the same level. Figure 4.25(a) shows the alignment where squeezing can be measured in the

single mode case. Figure 4.25(b) and (c) respectively show the freedom of choice for positional alignment

and mode shape of the LO allowed for measuring a MSM quadrature squeezed state. In practice, with a

thick medium, the squeezing cannot be fully local as explained previously in section 2.5. Furthermore, whilst

there is a freedom of choice in the position at which to measure the squeezing, the phase of the BLO is still
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Figure 4.25: The homodyne detector with a variety of inputs. (a) a SSM squeezed state, with the necessary
mode matched LO. (b) a MSM squeezed vacuum input and the LO mode input with freedom to select
position. (c) a MSM squeezed vacuum input and the LO mode input with freedom to select shape.

restricted. For example, if, at every location within the squeezed field, the same quadrature is squeezed, then

the LO must have a flat wavefront. Conversely, if the quadrature that is squeezed rotates across the squeezed

region, then so too must the LO phase.

In section 2.7.2, I discussed how MSM squeezed light could be used to improve the resolution of an imaging

system. In section 2.5, I discussed how a thin gain medium can generates a MSM squeezed field, and how

a realistic thick medium places a limit on the number of modes. In section 3.5, I elaborated on how the

cavities required to generate strong quadrature squeezing using PDC remove this MSM nature from the field.

Since the gain medium in the present experiment is a resonant 4WM process, with large gain, no cavities are

required to obtain strong squeezing. As such, the spatial structure of the squeezed field remains limited only

by the thickness of the gain medium. In this section, I present an experimental investigation to characterise

the MSM nature of the squeezed field. I will calculate the number of squeezed modes measured and compare

it to the theoretical number of squeezed modes present. This experimental result has been published [86].

4.5.2 Experimental techniques

The spatial character of the quadrature squeezed vacuum field can be investigated by probing it on a scale

much smaller than its total size. Throughout this thesis I have been working in the near field. As such, it is

the near field mode structure that is under investigation. The mode of the squeezed vacuum that is measured

depends solely on the mode of the LO used. Thus, to select a mode, the LO field must be appropriately

shaped in the near field.

The simplest way to shape a beam is to use a mask which blocks part of the seed field. Necessarily such a

mask will have sharp edges, which will introduce high order spatial frequencies. However, the 4WM system

has a finite spatial bandwidth, and as such cannot support high order modes. Consequently, any such high
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Figure 4.26: The experimental diagram for investigating differing spatial modes. (a) shows the full experi-
mental setup. (b) shows the beam profile for a LO at numbered positions in the beam path. In this diagram
a hypothetical “+” shaped mask is used to shape the LO, and some higher order spatial modes are filtered
using the iris in the Fourier plane. In the experiment, the LO and signal optical paths and 4WM processes
are separated vertically. Here they are shown as mirror images, with the LO path being at the top of the
diagram and the signal path at the bottom. The unused mirrors in each case are faded out for clarity.
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order modes instead contribute additional noise, at or above the SN, to the final detection. Thus, an iris is

placed in the Fourier plane of the mask to remove the high order spatial frequencies.

The use of a mask and imaging system to control of the near-field shape has already been discussed in

section 4.2.2. The simplified experimental diagram for this experiment is shown in figure 4.26(a), with the

profile of a hypothetical LO as it progresses through the experiment shown in figure 4.26(b). In the seed

image (2) the shape of the seed after the mask is shown. Image (3) shows the field after propagation to

the Fourier plane, corresponding to the far field. Image (4) shows the field after the spatial filtering iris is

applied. The final image, (5), shows the new mode shape with the high order spatial modes removed.

The aim of the experiment is to measure the maximum number of squeezed modes generated by the

4WM system. To do this the same squeezed vacuum field should be probed with a number of independent

LO modes, and the number of these that are squeezed should be counted. Mathematically, this is a process

known as tiling, where a number of orthogonal modes are fitted into a particular region [134]. In order to

achieve the highest number of squeezed modes, one would like to reduce the LO to its smallest possible size

in the near field. The simplest mode would be a Gaussian mode. This can be created by using an iris as a

mask. However, as the mode size is reduced, by closing the iris, the power in the seed field drops significantly.

As the seed power drops, so does the level of squeezing that can be measured, due to the electronic noise

(figure 4.13(b)). This results in measurements with mode sizes larger than the coherence area showing no

QNR despite the signal field being squeezed.

A slit, rather than an iris, makes a better mask for this experiment. The slit still reduces the LO field in

one direction down to a small size, whilst also retaining more of the beam power due to the LO still retaining

its full extent in the perpendicular direction. This rectangular LO can then be used to count the number of

modes along a certain direction, by translating it in the direction of its narrow dimension. To acquire a full

two dimensional mode count this process is undertaken on two perpendicular directions.

The initial concept was to move the mask within the seed field to change the mode selected in the

detection. At the mask point the LO has a Gaussian shape. As such, an off-centre mask allows less power

transmission than an on-centre mask. When the mask is at the edge of the field, the final LO power is

sufficiently low to limit the level of QNR that can be measured. Instead, to ensure the highest possible power

LO, the mask was placed in the centre of the seed field. The seed field can then be translated across the

near field using a pair of mirrors, labelled A and B in figure 4.26. In this setup it is important that the angle

between the seed and pump field is kept constant. This can be achieved by ensuring that the LO does not

move in the far field. That is to say that the seed propagation direction of the LO remains constant.
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(a) The analysis with a horizontal slit, giving 6 squeezed
modes at this mode size.

(b) The analysis with a vertical slit, giving 4 squeezed
modes at this mode size.

Figure 4.27: MSM squeezing in a single field analysed in the vertical (a) and horizontal (b) directions. The
images show the shape and position of the LO field, corresponding to the mode measured. The graphs show
the squeezing level measured at each BLO position.

In order to measure the position of each mode, the near field is imaged on a CCD camera. At each

different LO position, and hence probing mode, the QNR is measured, with homodyne detection, and an

image of the mode is recorded, with a CCD camera. Throughout the experiment only the alignment of the

LO field is changed, with the squeezed field remaining constant, and the imaging system and camera also

remaining constant. This ensures that the reported MSM nature is that of a single field, not that of many

fields.

4.5.3 Results and discussion

The experiment is completed using a slit as a mask, generating a long and narrow LO field. This field is then

translated across the near field in the direction of its small dimension using the alignment mirrors. Initially,

the obvious choice for these directions would be to use the horizontal and vertical, and indeed this method

does produce a measurement of the MSM nature of the squeezed vacuum field. The initial results using this

method are shown in figure 4.27.

These results show a large asymmetry in the number of squeezed modes available in the horizontal and

vertical directions. There are two main effects that result in asymmetries of this sort. Firstly, the spatial

emission spectrum of the 4WM, and the overlap of the two RGRs causes an asymmetry. When overlapping

the RGRs horizontally, there is a larger area of overlap in the vertical direction as compared to the horizontal

direction, see figure 2.9. This results in a different number of accepted modes in the horizontal and vertical

direction.

Secondly, there are asymmetries due to the space available for each field on the optics. Fourier optics

tells us that a small size in the near field corresponds to a large diffracted size in the far field. This effect
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presents a practical problem with the edges of the field potentially being clipped by the finite size of the

optics used. In our case one inch optics are used. In the horizontal direction the size available for each beam

splitter is further reduced by its thickness and the relatively acute angle needed to achieve a 50:50 splitting

on the beam splitters. In the vertical direction, which is used to separate the BLO and the signal fields, both

the signal and LO fields must pass through the same optics, halving the size available for each field. Where

the BLO field is clipped by the optics, so too is the signal field. This clipping corresponds to the difficulty of

collecting the full RGR, and as such the number of squeezed modes is reduced.

For greater symmetry in mode number between the two perpendicular directions, I chose to use the

diagonal directions for the further development of the experiment and main results. In this case, each beam

is masked to reduce the near-field size along one diagonal, leading to far-field expansion along this same

diagonal. Each perpendicular diagonal then fits equally well into the RGRs and through the space available

in the optics.

Using diagonal slits as masks for the LO, and with the usual parameters, corresponding to a 4WM gain

of 4 it is possible to measure squeezing over a wide range of BLO positions, shown in green in figure 4.28(a)

and (d). The corresponding BLO mode images are shown in figure 4.28(b) and (e) respectively. In this case

the BLO mode waist dimensions are 0.45 mm by 0.61 mm. A better set of parameters can be chosen for the

4WM process, whereby the power of the signal pump is reduced and the two-photon detuning is reduced.

The new parameters reduce the gain to 2. With the reduction of gain the maximum level of squeezing is

reduced, as can be seen in the blue data in figure 4.28(a) and (d). However, the spatial bandwidth of the

squeezing process is increased in this case. Additionally, the BLO mode dimensions can be reduced down to

0.31 mm by 0.58 mm (figure 4.28(c) and (f)). These new parameters allow QNR to be evidenced on a larger

number of spatial modes, seen in the blue data in figure 4.28(a) and (d).

The images in figure 4.28 clearly show that the BLO size, given by the slit width, are different in the case

of the two data sets, with the smaller mode size corresponding to a lower reduction in the quantum noise.

It is important to note that this is indeed a general trend, that the squeezing reduces with the mode size, as

explained in section 2.5. This occurs due to the reduction in mode size causing a greater coupling between

adjacent modes in the gain medium.

A calculation of the maximum number of squeezed modes requires a knowledge of the size of the coherence

area, lcoh defined as the mode size where the level of QNR begins to drop significantly. In the context of this

particular experiment, the coherence length can be found by measuring the level of squeezing as the slit size

is reduced, and hence the mode size within the cell is reduced. In order to accurately measure the size of
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Figure 4.28: MSM squeezing analysed in diagonal directions. (a) shows squeezing as a function of BLO
position as it is moved along the x = y direction, (b) and (c) show images of the BLO mode, corresponding
to the green and blue data respectively. The images show the mode of the squeezed field that is measured,
and the BLO position within the squeezed field is extracted for (a). (d) shows squeezing as a function of
BLO position as it is moved along the x = −y direction, again (e) and (f) show the images of the modes
measured in the green and blue data respectively. The black lines indicate the QNL, the green squares show
the data for parameters resulting in a gain of 4, with BLO mode waist dimensions of 0.45 mm by 0.61 mm,
and the blue circles show the data for parameters resulting in a gain of 2, with BLO mode waist dimensions
of 0.31 mm by 0.58 mm. All the results are corrected for the electronic noise floor (at -13 dB). The scale bar
labelled lcoh indicates the size of the coherence area.

the LO in the near-field it is imaged on a camera, and measured using a Gaussian fit. The level of squeezing

is plotted as the mode size is reduced in figure 4.29. The graph shows that, with a mode size of 0.18 mm,

a small level of QNR can still be measured. This size is taken to be the coherence area, and is indicated as

lcoh in figure 4.28 for comparison purposes.

A lower bound for the number of squeezed modes in the field can be calculated from the size of the

coherence area (extracted from figure 4.29), and the squeezed region (extracted from figure 4.28). The size

of the squeezing region can be extracted from figure 4.28 as l = 3.1 mm in both the x = y and x = −y

directions. Using these values, and the coherence area, the number of squeezed modes can be calculated
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Figure 4.29: How the squeezing level changes as a slit, imaged in the centre of the 4WM cell, is closed within
the beam path. The widths are extracted from a series of images where the near field, in the centre of the
cell, is imaged on a camera. The coherence area can be extracted as the point where the level of squeezing
begins to drop significantly.

using equation (2.39) as

Nexp = l2/4l2coh

= 75. (4.4)

Given that the cell length is 12.5 mm, and using equation (2.39), we can calculate the theoretical maximum

number of modes as

Ntheo = 315. (4.5)

The theoretical number of spatial modes is thus much larger than the experimentally measured value. This

is primarily due to geometric constraints. In the experiment, only part of the conical emission spectrum is

collected. This is shown as the RGRs in figure 2.9. However, in the theoretical calculation the full conical

emission spectrum is considered. Furthermore there is a slight ambiguity as to the exact definition of the

coherence area. Theoretically, the coherence area is the length where the level of squeezing starts to drop

significantly. This corresponds to the point where, in the far-field, a significant proportion of the probe region

lies outside the RGR. Experimentally this is extracted by measuring the change in the level of squeezing with

the local oscillator size, as in figure 4.29. However, the exact point where squeezing starts to drop significantly
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is subjective, and as such may lead to some inaccuracies in the measured mode number.

I have been able to generate a MSM squeezed field, and directly measure its MSM character. The

field proves to contain at least 75 squeezed modes, showing significant improvement over previous published

measurements. Previous direct measurements, of MSM squeezed light, produced using PDC systems have

been limited to only a few spatial modes [79, 126]. This result also offers significant improvement over the

inferred 12 symmetric spatial modes produced using a 4WM process [84]. It also lifts the restriction that

the squeezed modes must be symmetric (section 2.6.3). Thus, the presented system currently offers the best

potential source of squeezed light, for the use of direct illumination quantum imaging.
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CHAPTER 5

IMAGING SQUEEZED LIGHT

5.1 Introduction

In this thesis, I have presented the use of a 4WM gain process to generate MSM squeezed light (section 4.5). I

discussed the potential application of such MSM squeezed light in quantum imaging (section 2.7), to achieve

resolution below the QNL. Throughout this thesis, the characterisation of the squeezed light has been in the

frequency domain. This shows that the total intensity fluctuates less than the QNL at some frequencies. In a

super-resolution imaging system, using direct illumination with bright light, the measurements are made as

a snapshot taken with a camera. Such a snapshot is a representation of the intensity of the field, integrated

over a small period in time. Such measurements are in the time domain. For the resolution to be improved

below the QNL, the bright light, in an imaging system, must be replaced with a bright quadrature squeezed

field. The reduction of noise, in this field, must be observable in the time domain.

The goal of the experiment presented in this chapter is ultimately to perform a direct measurement of the

QNR in the time domain. Previously, no technique has been developed to analyse the spatial nature of the

quantum noise in the time domain. Thus, to investigate the MSM nature of the QNR in the time domain,

such a technique must first be devised. The proposed method is to achieve this by imaging a bright squeezed

field on a CCD camera. The reduced quantum noise will be evidenced by reduced intensity fluctuations

across a series of images taken as snapshots in time. These snapshots will show the transverse spatial profile

of the field. The spatial information of the image allows the MSM nature of the quantum noise to be directly

analysed. This can be achieved by selecting regions, or modes, of the field, by analysing the fluctuations over

a given set of pixels. This chapter focuses on my work to measure the spatial quantum noise of a field in the

time domain, by developing such techniques.
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Figure 5.1: The simplest use of the camera to image a laser field. (a) shows the experimental setup, where
the laser field is pulsed using an AOM, set to expose at the same time as the camera through a shared trigger.
(b) shows a set of images measured experimentally.

5.2 Imaging noise at the quantum noise level

The aim of the experiment is to image the quantum noise of a laser field. This is achieved by using a high

quantum efficiency camera with a low technical noise. The most simple setup for imaging the noise on a laser

field is shown in figure 5.1(a). The laser field should be pulsed such that it only reaches the camera whilst

the camera is exposing. This requires that there is an AOM (or other fast switching mechanism) in the beam

path, and that the camera and AOM are triggered by the same input. A sample set of images is shown

in figure 5.1(b), these images are taken using the camera’s “kinetics” mode, as explained in section 5.2.2.

The quantum noise on the images shown will be extracted by investigating how these images differ from an

average intensity profile (section 5.3).

There are a number of noise sources that produce classical noise at a level above the QNL. The additional

classical noise makes imaging the quantum noise experimentally difficult. To measure the quantum noise,

the classical noise must first be significantly reduced, or removed entirely. In the frequency domain the effect

of the classical noise sources was significantly reduced by the use of balanced detection (section 3.7.2). To

prove the usefulness of the squeezed light, for quantum imaging, the squeezing must be measured on a single

bright field. As such, only direct detection of a single bright signal beam is used, in the time domain. Thus,

there is no common mode rejection of any classical noise, and, consequently, the classical noise sources have

a much more significant effect. In this section, I will discuss the classical noise sources and how the effects

can be mitigated in the time domain.

96



Figure 5.2: The PIXIS camera, with the attached long lens tube, used to reduce the angle of acception for
the camera, and hence reduce the background light.

5.2.1 Background light

The first classical noise source is background light. This can come from any light source within the lab, such

as the room lighting, or screens on instruments and computers. In the frequency domain, such background

light was not important due to the use of a bright LO to amplify the noise in the selected mode, defining

both the spatial mode and the frequency measured, and the small size of a photodetector. This background

light becomes a problem in the time domain due to the large size of the CCD chip. Here, the bright signal

beam must be expanded over a large number of pixels of the CCD, reducing the power incident on each pixel.

The background light has no such reduction in the intensity, making it more significant on the CCD than on

the photodetector.

The experiment, and especially the camera, must be shielded from any background light to minimise its

effect on the results. To achieve this, a long lens tube is attached to the front of the camera (figure 5.2), which

reduces the acceptance angle for the background light. The detection part of the experiment is placed away

from the powerful pump beams. The camera, and immediate surrounding optics, are boxed up to further

reduce incident stray light. Finally, the whole experiment is surrounded by blackout curtains. Despite all of

this light protection, the effect of the background light can still be seen on long exposure images. This light

could be further reduced using optical filters. However, any filter that sufficiently attenuates the background

light will also absorb some of the signal light, which will act as a loss, thus making the quantum noise harder

to measure.

5.2.2 Technical noise

Any detection system will add noise to the signal that it is measuring. In the case of a homodyne detector

and spectrum analyser system, this is the electronic noise floor, introduced by imperfect electronics. The
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noise floor was discussed in section 4.2.5, and shown in figure 4.11. This noise floor was the reason for the use

of detector C, for the balanced homodyne detection measurements, throughout this thesis. The same care

must be taken to choose a camera with low noise. The technical noise on measurements with a CCD chip is

made up of two factors. The first source of noise is the dark current. This is the rate at which charge builds

up in each pixel when there is no light incident on the CCD chip. The second noise source is conversion

noise, arising from the process where the charge in each pixel well is converted into a digital signal. In order

for a camera to achieve a low noise floor, both of these noise sources must be small.

A low quantum efficiency can be treated as a loss. Such a loss will reduce the level of squeezing that could

be measurable with the camera (see section 3.7.1). Thus the camera must have a high quantum efficiency

for converting incident photons into electrons in the pixel wells. The CCD camera chosen to meet these

requirements is the Princeton Instruments PIXIS-1024BR eXcelon, and its relevant specifications can be

found in table 5.1.

Item Specification
Shutter open/close time 8 ms
Operating temperature −70◦C

Frame size 1024×1024
Pixel Size 13 µm

Analogue to Digital conversion rate, fast readout 2 MHz
Analogue to Digital conversion rate, slow readout 100 KHz
Analogue to Digital conversion noise, fast read out 9 e− per pixel
Analogue to Digital conversion noise, slow read out 3 e− per pixel

Dark Current 0.02 e− per pixel per second
Quantum efficiency @λ =795 nm 99%

Vertical shift rate 3.2 µS per row

Table 5.1: The specifications of the PIXIS high quantum efficiency camera

In addition to the measurement noise, the bright field will have some classical noise due to fluctuations

in the laser power and from vibrations on mirrors within the optical setup. The 4WM gain can fluctuate due

to changing pump power, or temperature of the rubidium vapour, which will add further classical noise to

the bright field. In balanced homodyne detection, this classical noise is removed by common mode rejection.

Direct detection of a single beam has no such common mode rejection. Thus, the classical noise on the bright

field becomes very important. The fluctuations are low frequency fluctuations and as such become more

evident with longer time frames. This is a typical characteristic of technical noise, where the noise roughly

falls as 1/f . Thus, this noise is minimised by minimising the time elapsed between subsequent images.

There is an inverse relationship between the speed of readout from the CCD chip and the level of noise

introduced in the readout process. Thus, the minimisation of the CCD chip readout noise, required to

98



Figure 5.3: The kinetics mode of the PIXIS camera. The first column shows a schematic of the data on the
CCD chip before each slice is exposed, the second shows the data on the CCD chip after the exposure, and
the third graph shows the data after the shift. The first, second, seventh and eighth exposures are shown for
a frame containing 8 slices. Each image is shown in red, with the lightest shade depicting the first image to
be exposed, and the darkest the last.

minimise the measurement noise, increases the readout time. Additionally, the majority of cameras including

the PIXIS camera have a slow shutter speed, taking around 8 ms to open or to close. Together the readout

time and shutter speed create an upper limit to the image repetition rate. This repetition rate limit means

that any noise measurement is limited by the classical noise.

The slow frame repetition rate can be overcome by using a camera with a “kinetics” mode. In “kinetics”

mode only a small region of the CCD chip, called here a slice, is used. After each exposure the camera
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Figure 5.4: The use of the camera to image a light field generated in the 4WM process. The red line is the
probe field. The yellow line is the conjugate field, which is ignored at present. The purple line is the pump
field, and the purple cones represent the scattered pump light. Here the near field is imaged onto the camera,
with an imaging system represented by a single lens.

shifts data up the CCD chip. This prepares the same region of the chip for subsequent exposures without

superimposing over the original picture. Thus, multiple slices can be taken in each readout cycle. The size

of the slices can be chosen in the camera control. Each full CCD readout cycle is referred to as a frame. The

operation of this mode is shown in figure 5.3. Using this mode allows a much faster slice repetition rate than

either the readout speed or the shutter speed would allow.

With CCD technology there is no way to electronically mask a region of the chip. This means that at all

times, when the shutter is open, the whole frame is reading photons, even during the shifting process. Thus,

to use this mode effectively, the bright field incident on the chip must be pulsed such that there is no incident

signal whilst the camera is shifting data. This is achieved by using an AOM in the present experiment.

5.2.3 Pump light contamination

The 4WM gain process requires a strong pump field to be used. In order to achieve optimum gain, this pump

field must propagate at only a small angle to the signal field. In the earlier experiments in this thesis, the

pump field has been removed using polarisation selection. Even so, it can be seen that a small amount of

pump light still reaches the detection stage (figure 4.11(b)). A large pump leakage can significantly reduce

the measurable level of squeezing. To include the pump field effects but keep the simplest possible setup, we

can return to the 4WM system, and only investigate the seeded probe field, as shown in figure 5.4. Since we

are interested in the near field we also need an imaging system, here this is represented by a single lens.
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When the laser frequency is tuned to the 4WM resonance, the pump field is tuned close to a rubidium

transition. This means that the pump field produces a significant amount of scattered light, represented in

figure 5.4 by a purple cone. However, the optics are required to be large in order to gather the full RGR.

If the optics are small, then they act as a spatial filter, removing high spatial frequencies, and making the

fluctuations impossible to measure at these larger spatial frequencies. This forms a cone of emission, limited

in part due to the size of the optics used. When the near field in the cell is imaged on the camera, so is

the scattered pump light. This leaves a relatively intense region of pump light, centred entirely around the

investigated seed field. This pump noise is further increased from scattering off the glass walls of the vapour

cell and vacuum chamber.

The noise from the pump leakage light can be made insignificant by increasing the power of the bright

signal field relative to that of the pump field. In the case of balanced homodyne detection with photodetectors,

this was easily achieved, due to the relatively high saturation threshold of the photodetector. However, each

pixel in the CCD chip has a significantly lower saturation limit, which limits the incident bright signal power

per pixel to a relatively low power.

This limit can be addressed by expanding the signal over a large number of pixels. The expansion reduces

both the leaked pump power and the bright signal power incident on each pixel. The signal power can then

be increased, such that the new signal power per pixel is once again close to the saturation threshold. The

overall result is an increase in the relative intensity of the signal to pump. Thus, the noise resulting from

pump contamination is minimised by expanding the signal field in all directions.

As explained in the previous section, the camera operates in “kinetics” mode for the best results. As such,

the area available for each slice is reduced in the vertical direction. Thus, the natural shape available for the

each image slice has a large aspect ratio. To accommodate this, the bright signal field should be expanded

in the horizontal direction much more than the vertical. This requires the use of a pair of cylindrical lens

imaging systems, one for the horizontal and one for the vertical. These imaging systems, and the resulting

images are shown in figure 5.5.

Since we want to measure the fluctuations in the near-field, located within the 4WM cell, it is necessary

to image the near field on the camera. The imaging systems shown in figure 5.5 are designed to achieve this

both in the horizontal and vertical axes. In addition the cylindrical lenses are kept large, such that they do

not act as spatial filters.

As already discussed, it is important that the images are close together, and that the pump light is very

weak compared to the signal light. A further method to help meet both of these requirements is to reduce the
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Figure 5.5: The imaging system for the camera. (a) Shows the imaging system, including vertically focussing
cylindrical lenses, and how the beam size changes in the vertical direction, (b) shows the imaging system,
including horizontally focussing cylindrical lenses, and how the beam size changes in the vertical direction.
(c) Shows the final beam shape, with the colour scale given in (d). The magenta lines show the object and
image planes.

exposure time. This will reduce the amount of pump light. The bright signal power can again be increased

to compensate the loss of light to the signal field. In the current arrangement the exposure time is set to

1 µs. A total of 16 slices are taken for each frame, which results in slice dimensions of 1024 × 64 pixels. The

shift time required to move the images up the CCD chip between each exposure is 210 µs.

It is legitimate to consider whether the pump can be frequency filtered, to reduce the power incident

on the camera, or pulsed, to reduce the time that it is incident on the camera. Filtering of the pump is

difficult, due to its proximity to the probe and conjugate frequencies, and applying a filter to remove the

pump frequency, but not the probe or conjugate, is not practical. The pump has a high power, and as such

any pulsing method must be able to handle this large power. In order to achieve the fast switching speeds

required, an AOM would be used, and this switching AOM must be able to support the high pump power.

Furthermore, the 4WM process requires some initial pumping of the rubidium before the 4WM can occur.

Due to the short lifetime of the upper state (approximately 25 ns [123]) this process should be relatively

quick. Thus, some improvement should be achievable using pump pulsing, however, this has not yet been

implemented. Thus the ratio of exposure time to shift time results in a significantly longer pump exposure

compared to the signal exposure. This still results in some significant pump leakage. The Glan-Thompson

polarisers caused a significant amount of scattered light when used on the pump beams at approximately

1 W. To reduce this, the pump light must first be spatially separated from the bright signal field, physically

blocked, and finally the polariser only used on the remaining light, caused by the scattering of the pump
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(a) A frame with only the pump beam leakage light incident
on the camera.

(b) A frame with the signal light incident on the camera.

Figure 5.6: Some typical frames taken from the camera, with 16 slices, 12 of which are usable.

light. This allows the pump noise to be reduced to a level shown in figure 5.6(a), with 16 slices and the

exposure time set to 1 µs, and the shift taking 210 µs per exposure. The image, and that with the signal

field in figure 5.6(b), are is the average of the 200 frames that would be used for noise analysis in a single

data run. The centre of the field is deliberately located off centre in each slice. This allows for the right hand

side of the image to be used to measure the background light reaching each image, as shown in figure 5.3.

5.2.4 Shutter control timing

As can be seen in figure 5.6 the first and last two slices in each frame are overexposed. The slices are

synchronised to expose when the AOM pulses from a trigger input to the camera. The shutter speed (8 ms)

corresponds to the time taken for 38 AOM pulses (each of 211 µs). Thus, the first and last slices in the frame

are always overexposed, from imaging 38 pulses instead of the usual single pulse. The penultimate slice is

harmed by the leakage from the final slice, both from the signal field, and from the remaining pump light

that bleeds across the final slice during its long exposure. The shutter time does not take exactly the same

time on each run. On occasion this can lead to the second slice containing two AOM pulses, instead of the

desired single pulse. Hence the increased brightness of this slice in figure 5.6(b).

These problems can be resolved with a better timing sequence as shown in figure 5.7. The top panel shows

the speed of the camera shutter, and the middle panel shows a continually repeated trigger signal controlling

the AOM and camera exposures. The bottom panel shows the improved trigger signal. In this improved

trigger sequence the first trigger pulse tells the camera to start the exposure of each slice. In reality this

corresponds to telling the camera to open the shutter. The subsequent 15 pulses are those required to expose
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Figure 5.7: A schematic of the control signals for the camera. The camera shutter and the trigger signal,
used for both camera and AOM, are shown. The bottom panel shows the form of an improved trigger control
sequence to remove the effect of overexposure of the first and last images.

the remaining slices. The delay between the first and second trigger pulse allows the camera shutter sufficient

time to open before continuing. This delay removes the over exposed first image, and the timing issues with

the second image. The AOM will then stop pulsing after the final image, which will remove the excess signal

field from the final overexposed image. However, the extra pump light and noise will still remain present in

these final 2 images since the pump is not separately pulsed. Furthermore a physical block could be placed

directly in front of the CCD chip, such that only the desired region of the chip can be exposed at any one

time.

The modified trigger sequence was due to be controlled by an FPGA. After the shutter closes at the

end of each frame the FPGA would wait for a signal from the camera to say that the readout process has

finished. Once this signal is received the FPGA would start the sequence for the acquisition of the next

frame. Unfortunately the use of the FPGA has not been simple, and has not yet been implemented due to

the requirements of matching the FPGA output signal to the required camera input trigger.

5.3 Image processing and noise analysis

Previously, in the frequency domain, a spectrum analyser was used to measure the noise of the light. The

equivalent for a series of images taken with a camera is an analysis process. The spectrum analyser calculates

the fluctuations on the total intensity of the field over time. To perform exactly the same calculation, with

image analysis, the sum of all pixel values can be taken. This gives the total intensity of the field and the
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Figure 5.8: The image analysis process. In this case only 8 slices are shown in each frame. In all the
experiments 16 slices have been used, with the first pair and the last pair being cut due to contamination.
The small grey areas in the images are the areas used to calculate the background for subtraction.

variance of this total intensity is the equivalent of the noise measured with the spectrum analyser. However

the measurements of this mode in the time domain are strongly restricted by technical noise. The image

analysis can be improved by making use of the spatial information provided by the many pixels on the camera.

The Fourier spectrum of the images can be taken, as a decomposition of harmonic waves, and the noise can

be computed at all spatial frequencies. This gives an analysis of the spatial character of the noise of the light

field.

The full analysis process is more complicated, and is shown in schematic form in figure 5.8. Each frame

must be prepared; the first pair and last pair of slices are cut, due to the over exposure in these images (see

figure 5.6(b)). Each usable slice is then cropped into an area around the centre of the signal field. Usually,

a region of 32 × 512 pixels is used. The background, due to an offset in the digitisation process, must then

be removed. The level of this background light is measured for each slice by taking an unexposed region to
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the right hand side of the image, and subtracting the average pixel value within this region from all pixels

within the cropped image. The region used for the background calculation is shown in grey in figure 5.8.

After the images are cropped, and the backgrounds removed, they are all normalised to be the same total

energy, by equalising the sum of the pixel values in each frame. This is to remove the effects of drifting

power in the main laser beam, drifting AOM efficiency, and drifting 4WM gain. After this preparation the

fluctuations in the images can finally be analysed. The Fourier transform of each image is then taken, in the

x direction, using a fast Fourier transform technique. This results in a series of coefficients defined by

Ak (y) =
n−1
x=0

p (x, y) e−2πi xk
n , (5.1)

where n is the number of pixels in the x direction, p (x, y) is the pixel value at position (x, y), and k ∈

(0, 1, ..., n − 1) is the spatial frequency per pixel. For a given mode the spatial frequency can be converted

into units of mm−1 using

sf =
k

0.013n
, (5.2)

where 0.013 mm is the pixel size. Finally the variance, taken as the sum of the variances of the real and

imaginary parts, across the images’ Fourier transform coefficients, Ak (y), is taken to calculate the noise, and

plotted against their spatial frequency, sf .

The noise can be calculated on a single frame of 16 slices. This provides 12 slices over which to compute

the fluctuations. As such, the analysis on a single frame has poor statistics. To improve on the statistics, a

number of frames can be taken. However, due to the slow readout of the CCD chip subsequent frames will

be subject to some significant delay. This means that between frames classical noise will dominate.

To benefit from the better statistics of a many frame data set, and not be limited by classical noise between

frames, the fluctuations can be calculated in a batch process. That is, the fluctuations are calculated between

the slices in a frame, for many frames. This process is similar to the effect of the video bandwidth on a

spectrum analyser, where the video bandwidth sets the number of samples over which the spectrum analyser

will average the signal. These fluctuations, across each frame, can then be averaged over a number of frames,

to take advantage of the better statistics. To further improve the statistics, instead of only computing the

noise in a frame by taking fluctuations of the whole slice,

y

Ak (y), the noise can be calculated separately

for each row in the slices, Ak (y). This results in better statistics, and thus better results. The variation

in fluctuations across the frames allows for an error on the measured noise to be calculated. It should be

noted that a single row in the y direction will be smaller than the coherence length, and as such it will be
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impossible to measure squeezing with sampling each row separately.

The resulting fluctuations must then be compared to the SN, in order to extract any QNR. The SN is

calculated from the total energy collected in each image. It is white noise, and, as such, is at the same level

for all spatial frequencies. Since noise powers are considered here, the SN is equal to this total energy in

each image. In the case of balanced homodyne detection, a direct measurement of the QNL, with any given

LO, was taken. In the case of the camera, the SN is an absolute calibration, taken by calculating the total

intensity of the prepared images, and using this to calculate the QNL. This form of absolute calibration

does not account for any technical noise offsets caused by the measurement technique. This is because the

technical noise will be measured in the signal data, but not included in the calibration calculation.

These calculations in principal will calculate the fluctuations that occur on any time scale. However, in

practice, each slice is exposed to the field for 1 µs, and as such any fluctuations faster 1 MHz will be averaged

out. Similarly, a whole frame, including shifting processes, takes 3.166 ms to gather the information. Due to

the discarding of the first and last pairs of slices, this reduces to 2.322 ms. As such any fluctuations slower

than 430 Hz will equally not be measured.

5.4 Analysis of a laser field

In the previous section I explained an image analysis process, whereby the fluctuations across a series of

images can be calculated, in many spatial modes. This analysis technique allows the noise of a laser field to

be analysed in the time domain, using a camera. Furthermore, this technique allows the spatial nature of

the noise on field to be analysed.

If the camera and image analysis is to be used to measure QNR on a light field, it must first be shown

that the technique can indeed measure noise on the light field at the QNL. The simplest demonstration of the

use of this noise analysis technique, to measure noise at the QNL, is to measure the noise of a field directly

produced from a laser. An ideal single-mode laser would produce a perfect coherent state, entirely within

a single spatial mode, and all surrounding modes would be in the vacuum state. In this case, the spatial

spectrum should be at the QNL at all spatial frequencies. In any realistic experiment, there will be some

classical technical noise on any laser field, introduced through the detection with the camera. In addition,

the camera will have an imperfect quantum efficiency, which will introduce further white noise.

To form the series of images of the beam, the laser must be pulsed. The image slices must be triggered

to expose whilst the laser field is “on”. In the experiment, this is most easily achieved by passing the laser

field through an AOM. The RF drive signal for the AOM can then be switched at the same time as sending
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Figure 5.9: The modified setup for the use of the camera to measure the noise of a light field with no gain.
The setup is slightly complicated by parts of the system left in place for the 4WM experiments. The lenses
are cylindrical and are labelled “H” if they focus in the horizontal direction, and “V” if they focus in the
vertical direction.

a trigger signal to the camera, telling it to acquire each slice. The experimental setup used is shown in

figure 5.9, and is slightly complicated by the arrangement left in place for future 4WM experiments.

Figure 5.10 shows a typical result after such an experiment imaging the noise on a laser field, using the

fast readout mode on the camera. The technical noise is evident at low spatial frequencies, as would be

expected, due to each pixel being readout sequential. However, it can also be seen that the noise quickly

drops close to the shot noise level, at a spatial frequency of 2 − 3 mm−1. At very large spatial frequencies

the raw data can be seen to drop below the SN level. Clearly this is a measurement error, since the field is

a coherent field, and as such cannot exhibit QNR. This effect is explored further in the following section.

5.4.1 Blooming

The drop below SN in figure 5.10 is due to the effect of blooming. This is where the photons received in

one quantum well, or pixel, on the CCD chip “blooms” across to the next pixel. This can occur during the

image exposure, especially if the pixel wells begin to become saturated. It can also occur during the readout

process, due to the incomplete readout of one pixel well leaving some electrons to be added to the value of

the next pixel well. In either case, the blooming can be thought of as a blurring effect on the images. The

effect of blooming can be shown through using simulated data.

Data at the SN level can be simulated by allowing each pixel, within a given transverse intensity profile, to

be a random value following the poissonian distribution. This simulated data is shown in purple in figure 5.11

for an intensity profile taken to be the average profile from the raw data. Here, the sample displays a noise
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Figure 5.10: The noise extracted from a set of images, plotted against the spatial frequency of that noise.
The graph shows the noise dropping down to the SN level at large spatial frequencies. The drop below the
SN at extremely large spatial frequencies, and the general shape beyond a spatial frequency of approximately
5 mm−1 are due to a measurement error, explored in section 5.4.1.

above the SN due to not subtracting the background before applying the simulated noise. This simulated

SN data can be allowed to “bloom”, such that any given pixel value, p(x, y), is given by

p(x, y) = p(x, y) + bx × p(x± 1, y) + by × p(x, y ± 1), (5.3)

where p(x, y) is the value of the pixel at position (x, y) and bx,y are the fractions of blooming in the x

and y directions. Whilst this transformation does not conserve current, this is unimportant as the data is

renormalised as part of the analysis process. If the pixel values are allowed to bloom in the x direction,

bx > 0, the noise at low spatial frequencies is increased whilst that at high spatial frequencies it is reduced.

An example of this is shown for bx = 0.045 and by = 0 as the blue data in figure 5.11. This level of blooming

corresponds almost exactly to that seen on the raw data, as evidenced by the shape of the noise at large

spatial frequencies. Any blooming introduced in the y direction, by > 0 does not affect the noise calculation,

due to the noise only being analysed along the x direction. This can be seen in the yellow and cyan data,

where blooming in the y direction of by = 0.045 is allowed on top of blooming in the x direction of bx = 0.045

and bx = 0 respectively.

The noise measured experimentally can be corrected for this blooming, by appropriately adjusting the
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Figure 5.11: The effect of pixel blooming on the simulated data. The purple line is the simulated shot noise
data, the yellow is the data with by = 0.045 and bx = 0, the cyan data is with bx = 0.045 and by = 0, finally
the red data is with bx = by = 0.045.

SN noise. This is shown in figure 5.12, where the red data shows the data corrected for the blooming effect.

Here, the added (and reduced) noise due to blooming, included in the x direction at 4.5% (the cyan data),

is subtracted from the raw data (the purple data). The subtraction is undertaken in Fourier space, with the

result being the red data. The data shows that it is possible to image a light field and measure its fluctuations

down to levels close to the SN level. This provides promise for the intention of imaging a bright amplitude

squeezed light field.

In this case, the blooming arises during the process of reading the data off the CCD chip. As such, if

the camera is operated with the slow readout mode, then the effect of the blooming is removed, shown in

the yellow data in figure 5.12. The down side of the slow readout mode is simply the long time elapsed for

an experimental run, during which time all other parameters must be held constant. It is therefore useful

to note that, despite the drop off due to blooming effects at larger frequencies, any additional low frequency

noise features can still be seen with the fast readout mode.

5.5 Four-wave mixing spatial bandwidth

The first significant step, in the use of a camera, to measure the QNR of a squeezed light field, is to

demonstrate that the quantum noise of a light field can be measured. This was demonstrated in the previous
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Figure 5.12: The noise extracted from a set of images, plotted against the spatial frequency of that noise.
The graph shows the noise dropping down to the SN level at large spatial frequencies. The purple data is
raw experimental data, with a fast readout speed. The cyan data is a model system, with the same intensity
profile as the experimental data, with 4.5% blooming in the x direction. The red data is the experimental
data corrected for this blooming. The yellow data is the raw data with a slow readout speed.

section with measurements made at the SN level. However, it is evident from figure 5.12 that, at low spatial

frequencies, the noise is limited by the technical noise. This technical noise presents a lower limit to the

spatial frequency where any squeezing will be measurable of aprroximately 0.5 mm−1. Thus, in order to

progress to measuring squeezing with such a system, it must be demonstrated that the squeezing spatial

bandwidth is larger than this technical noise bandwidth.

Thus, the next step towards measuring squeezing with this method is to ascertain the spatial bandwidth of

the squeezing process. In the previous chapter, I demonstrated that the squeezing process has a finite spatial

bandwidth through the demonstration that it contains a number of spatial modes. I showed the results of

an experiment to measure the coherence area of the squeezed field (figure 4.29). These results show that the

coherence length is given by lcoh ≈ 0.2 mm in the near field. The imaging system, from the 4WM cell to

the camera, magnifies the near field horizontally by a factor of 4. This means that the coherence length, as

imaged on the camera would be 0.8 mm, corresponding to a spatial frequency of approximately 2.5 mm−1,

given by 2/lcoh. This value suggests that measuring the squeezing could be possible.

Whilst using the previously measured coherence area provides a good estimate of the squeezing spatial

bandwidth, it can also be directly measured. The squeezing spatial bandwidth is defined by the spatial
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Figure 5.13: The modified use of the camera to image a light field generated in the 4WM process. The red
line is light at the probe frequency. The yellow line is light at the conjugate frequency, which is ignored at
present. The purple line is pump light. The lenses are cylindrical and are labelled “H” if they focus in the
horizontal direction, and “V” if they focus in the vertical direction.

bandwidth of the 4WM gain process. Further, it is well known that a light field cannot be amplified without

adding excess noise in the process [135, 136]. This allows the squeezing spatial bandwidth to be directly

measured, by measuring the excess noise introduced by 4WM gain. In order to complete this observation, a

single bright probe beam is imaged on the camera. The probe passes through the 4WM system on the way

to the camera (figure 5.13). A comparison is then made between when the gain is applied to the probe field,

and when there is no gain.

The gain can crudely be controlled by removing the 4WM cell, or by blocking the pump field. Both of

these methods have the potential to significantly affect the noise results due to reduced scattering of pump

light off the glass walls of the 4WM cell. Instead, the gain can be controlled by changing the laser frequency

(one-photon detuning) between the 4WM resonance, causing amplification of the seed beam, and a frequency

far detuned from the 4WM resonance, where there will be no gain to the seed field. The noise measured in

the two cases can be compared. To keep all other external conditions as similar as possible the pump should

be present in both cases, and the final probe power should be similar, ie. a lower initial probe power should

be used to compensate for the gain.

The results of this preliminary measurement are shown in figure 5.14. The excess noise from gain is

measured both at δ = 4 MHz (figure 5.14(a)) and at δ = −4 MHz (figure 5.14(b)). In these measurements

the amplified field has a higher noise level than the unamplified field, up to a given spatial frequency. The

noise difference between the two measurements is shown in red. These sets of results both show a significant

increase in noise when the laser frequency is tuned to resonance, as compared to the far detuned case, at low
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(a) δ = 4 MHz. (b) δ = −4 MHz.

Figure 5.14: In both graphs the noise is plotted against the spatial frequency for two cases. The noise is
scaled relative to the SN, calculated from the total intensity in each frame. Each graph shows a different
two-photon detuning, δ, with a) showing the data taken with δ = 4 MHz, and b) showing the data taken at
δ = −4 MHz. The purple data shows the noise when the laser frequency is set such that the system is on
4WM resonance, ie. with gain. In this case the pump power is set to give a gain of 4. The cyan data shows
the noise when the laser frequency is far detuned from the 4MW resonance, ie. no gain. The red data shows
the difference between these two sets of noise, ie. the excess noise caused by gain.

spatial frequencies.

When δ = 4 MHz the gain in the system was measured to be approximately 5. Using the noise figure,

the initial expected excess noise can be calculated to be approximately 9.5 dB [135]. When the two-photon

detuning is changed to δ = −4 MHz, the gain is roughly doubled (figure 4.14(b)) and, as such, the expected

excess noise would be 12.7 dB. With the lower two-photon detuning, the spatial bandwidth of the 4WM

is also expected to be wider, as can be seen from the theory and data in our paper discussing the phase

matching condition [124] (also shown in figure 3.4).

The slight increase in spatial bandwidth, with the change from δ = 4 MHz to δ = −4 MHz, suggests that

the measured increase in noise may indeed be that caused by the 4WM gain. However, if this were the case,

then a significant change in the level of the excess noise might be expected. It is also worth noting that,

whilst the gain increases with the change from δ = 4 MHz to δ = −4 MHz, so does the absorption, which

will also effect the excess noise.

The increase in noise, between off-resonant and on-resonant, cases may also be due to the change in

the scattering rate of the pump in the rubidium vapour, between on resonant and off resonant one-photon

detunings. This leads to a change in the pump noise, which can be significant despite all attempts to

keep experimental parameters as similar as possible between the gain and no-gain cases. The pump noise

is particularly significant because it arises from incoherent fluorescence. Thus, it is super poissonian, and

produces a large noise contribution, despite being a very small amount of light. As such, a more detailed

investigation needs to be undertaken, and the pump noise needs to be reduced if at all possible.
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Figure 5.15: The noise is plotted against the spatial frequency for two cases. The purple data shows the
noise when the laser frequency is set such that the system is on 4WM resonance, ie. with gain. In this case
the pump power is set to give a gain of 5. The cyan data shows the noise when the laser frequency is far
detuned from the 4MW resonance, ie. no gain. The red data shows the difference between these two sets of
noise, ie. the excess noise caused by gain.

In these measurements, and in the previous chapters in this thesis, including the coherence area measure-

ment, the seed is roughly half the size of the pump beam. If the seed size is increased to a size comparable

to the pump beam size within the 4WM cell, roughly doubling its size, then the number of squeezed modes

within the bright signal field will be increased. If the expanded seed is then imaged to the same size on

the CCD, thus enlarging it only by a factor of 2 horizontally, then the coherence area on the camera would

become 0.4 mm. Note that the coherence area is still the same size in the 4WM gain medium, in the near

field, and it is just the change in imaging system that changes the imaged size of the coherence area on

the CCD camera. As such, the spatial bandwidth of the 4WM gain will be roughly doubled, to 5 mm−1,

as measured in the camera image. This broadens the region where any squeezing could be expected to be

measured.

With the enlarged seed beam, at the 4WM cell, the post cell imaging system must be changed. It now

images the larger seeded area within the 4WM cell on the same area on the CCD chip. Consequently there

is a larger region of the pump also imaged onto the same size on the CCD chip, leading to an increase

pump noise per pixel. The experiment for measuring excess noise can be repeated as before. The results

are shown in figure 5.15, again with a gain of approximately 5. Initially these results seem promising, with
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(a) Far detuned from resonance. (b) On 4WM resonance.

Figure 5.16: The absolute noise, taken as a varience, with an arbitrary offset, arising from different sources.
Here the noise is not normalised to the shotnoise of the light. The noise is plotted both in the case of the
laser frequency is far detuned from 4WM resonance (a) and when it is tuned to 4WM resonance (b). The
purple data is the background noise, taken with the laser beam blocked. The cyan data is noise on the seed
field, with the pump field blocked before the 4WM medium. The red data is the pump noise, and the yellow
data is the noise with both seed and pump.

some increased noise from the 4WM gain. However, this is less than the 9.5 dB of excess noise that would

be expected from a gain of 5.

A closer inspection of the noise sources is preformed by blocking each of the fields in turn. The results

(figure 5.16) reveal the effect of the pump noise (red data). In both the detuned case (figure 5.16(a)), and the

on-resonance case (figure 5.16(b)), the noise of the seed field, taken with the pump field blocked, is plotted

(cyan data) and can be compared to the pump noise, taken when the seed field is blocked, (red data) and

the noise measured when both the seed and the scattered pump light are incident on the camera (yellow

data). The noise of the seed and scattered pump together is that plotted in figure 5.15. In the ideal case

the pump noise would be significantly lower than the other noise sources. For a noiseless amplifier, the noise

measured when both the pump and seed are incident in the cell should be the sum of the pump noise and

probe noise. However, the 4WM process is not noiseless, but instead introduces excess noise. As such the

amplified signal should have significantly larger noise than the unamplified signal. It can be seen that, at

low frequencies, in the on-resonance case the pump noise (red data) is larger than the seed noise (cyan data),

and as such dominates the measured noise (yellow data). This suggests that at least a reasonable proportion

of the increased noise, from the 4WM gain, is in fact due to the increased noise from scattered pump light.

As such, more work needs to be done to further reduce the pump noise, before any significant results can be

recorded.
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Figure 5.17: The change in detection setup from balanced homodyne detection in (a), through unbalanced
homodyne detection using a photodetector in (b), finally to unbalanced homodyne detection in the time
domain with a CCD camera in (c). In (c) the LO is pulsed using an AOM, triggered by the same source as
the camera slice exposures. When a BLO is used it can be pulsed using the AOM that is used to generate
the seed frequency.

5.6 Measuring quantum noise reduction in time domain

The initial testing of the camera revealed that the technical noise drops quickly with increasing spatial

frequency. The preliminary results and calculations suggest that this drop-off occurs faster than the drop-off

of excess noise from 4WM gain. Fundamentally, the squeezing process and the amplification process are the

same. Thus, the spatial bandwidth of the squeezing should be comparable to that of the excess noise from

gain. As such, the results of the preliminary experiments are indications that it will be possible to investigate

the spatial structure of the squeezed light using this method. The methods presented here should be sufficient

for an initial measurement, even so, some further development will be necessary. The most significant work

required will be in the further reduction of the pump noise. The biggest change to improve this would be

the replacement of the AOM with an AOM that can handle a higher power. This would allow for a much

larger seed power, and hence allow for shorter exposure times. Additionally, it may be possible to employ a

pumping scheme to reduce the scattering rate of pump light, in the rubidium vapour, and hence reduce the

pump noise.
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Theoretically, the change from measuring squeezing in the frequency domain to the time domain is

relatively simple. A bright quadrature squeezed field is formed by mixing a bright coherent field with a

squeezed vacuum field on a beam splitter. In effect, to achieve this, balanced homodyne detector is exchanged

for an unbalanced homodyne detector, and the photodetectors are exchanged for a camera. The different

measurement systems are shown in figure 5.17, with (a) showing the balanced homodyne detection used in

the earlier chapters of this thesis. Figure 5.17(b) shows an unbalanced homodyne method of measuring the

noise on a light field, where the 50:50 beam splitter is exchanged for one with a higher transmission. This

beam splitter forms a single bright quadrature squeezed field, which is then subsequently detected.

As discussed in section 3.7.1, the beam splitter acts as a source of loss on the squeezing. The higher the

transmission of the beam splitter, the more squeezing will be present at the camera, and hence the better

the measurement. However, the higher the transmission the lower the reflection must be, and hence the less

the squeezed vacuum field will be amplified by the LO. As such, the beam splitter transmission is limited

by the input power of the seed light used to generate the BLO through the 4WM process. As explained in

section 4.2.2, the BLO power is limited by the seed power that can be obtained with the AOM and fibre

system. Ideally, the BLO should be strong enough to employ a 99:1 beam splitter. With such a beam

splitter, the squeezed signal is more faithfully transmitted with a 99% transmission, thus, it retains most of

its squeezed character. The BLO field is also attenuated to 1% of its original power. This attenuation helps

to limit any classical noise on the BLO field, and bring it closer to the QNL.

Figure 5.17(c) shows the unbalanced homodyne detection method with a CCD camera in place of the

photodetector. In this case, the near-field bright quadrature squeezed field should be imaged onto the camera.

The asymmetric imaging setup should be used as previously explained. To control the exposure on the camera,

the LO needs to be pulsed. The pulsing of the LO field is controlled by an AOM. The AOM and camera

must be synchronised with a shared trigger, such that the AOM is only “on” when the camera is exposing.

In the present experiment, this is achieved using the AOM that shifts the frequency of the seed field to the

probe frequency.

In the MSM characterisation of the squeezed field, in the frequency domain (section 4.5), the spatial

mode under investigation was defined by the mode of the LO. As such, the method for investigating the

MSM character of the squeezed light was to use a small LO, translated to many positions across the squeezed

field. In the time domain, using the camera, the noise can be investigated on many different modes within the

squeezed field. This means that a single LO field must cover all the transverse spatial modes in the squeezed

field. As such, the LO field needs to be expanded to the largest possible mode size, in the near field. This
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Figure 5.18: The modified block diagram for a squeezing experiment aiming to image the noise of a signal field
at the quantum level. The generation of the BLO and signal fields have been contracted, and the detection
method using the camera expanded.

has already been completed for the measurements in figure 5.15 and figure 5.16.

The BLO and the signal field can both still be produced using the 4WM process, and aligned using a

bichromatic interferometer, as has been done earlier in this thesis (section 4.3). The change of detection will

only affect the homodyne detection stage in the block diagram, shown in figure 4.1. The new block diagram

with the introduction of the camera is shown figure 5.18. Here, the early stages of BLO production and

squeezed vacuum production are simplified, and the detection stage is expanded. The full updated experi-

mental setup, for making QNR measurements with the camera in the time domain, is shown in figure 5.19.

When performing measurements in the frequency domain, it was important to scan the LO phase to

measure the full noise ellipse of the squeezed field. The phase relation between the LO and NEP of the

squeezed vacuum field is still important when measuring squeezing in the time domain using a camera. In

this case, it becomes difficult to scan the LO phase, since each slice must be taken at the same phase. Instead,

there are two alternative options. The first is to employ a phase locking technique, whereby the phase of the

LO is held constant, with respect to the NEP, such that it always amplifies the squeezed quadrature. The

second alternative is to slightly misalign the LO and squeezed field in the vertical direction. This will cause

a phase difference gradient to form on the camera, between the LO and the squeezed field. The result will be

that different pixel rows on the camera measure different quadratures of the NEP, and hence the squeezing

spectrum should be recovered.

These changes to the experimental setup and alignment procedures, to change from measuring in the

frequency domain to measuring in the time domain, are complicated and have not yet been fully realised.

This is left as future work for the continuing PhD student.
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Figure 5.19: The experimental setup, as modified to include the CCD Camera, for the imaging of the QNR.
Where, on the diagram, the signal and LO fields are slightly separated, they are split vertically in the
experiment.
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Ultimately, this work will result in the generation and characterisation, in the time domain, of a bright

multi-spatial-mode quadrature squeezed field. Such a field can be used in imaging techniques (see sec-

tion 2.7.2) to achieve optical measurement accurate beyond the standard quantum limit. The ability to

improve the accuracy of such measurements allows a significant improvement of understanding in numerous

scientific fields.
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CHAPTER 6

CONCLUSION

In this thesis, I have introduced and explained how TMSSs and SMSSs can be generated using amplifiers.

I have explained the effect of propagation on the squeezed states, and the methods of converting between

the two different types of squeezed state. I have introduced theoretically the use of a bichromatic LO for

homodyne detection of squeezed states with distant sidebands, and how such a BLO might be generated. I

discussed the use of a 4WM process in hot rubidium vapour to generate squeezed light and have implemented

such a source experimentally. I have manipulated the TMSS into a SMSS and have generated and used a

BLO to experimentally measure squeezed light produced from this source.

I introduced the concept of using squeezed light for improving the accuracy of an interferometer below

the SQL. I discussed the type of squeezed state required to improve the accuracy at both low and high

frequencies, and the theoretical state required to increase the accuracy across a broad frequency range. I

characterised the frequency dependence of the squeezed state produced using 4WM, and have shown that

the amplitude can be squeezed at one frequency, whilst simultaneously the phase is squeezed at a different

frequency. I discussed how, with the correct LO phase, the SMSS generated experimentally could be used to

increase the accuracy of an interferometer, below the SQL, across a broad frequency range.

I discussed the spatial mode structure of squeezed light, and the difference between a SSM and MSM

quadrature squeezed state. I also introduced the limitations of many current implementations of PDC for

MSM squeezed light sources, and discussed how 4WM in hot vapours can improve upon these limitations. I

investigated the MSM nature of the squeezed light generated through a 4WM gain medium. I directly evi-

denced the presence of squeezing on multiple independent spatial modes within a single squeezed field. I found

there to be 75 separate squeezed spatial modes within the present implementation, significantly improving

on previous measurements. I explained how this source differs from previous experimental implementations,
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by improving on mode number, and removing restrictions on the mode shape.

I explained the potential use of the MSM squeezed light to improve super-resolution imaging, below the

QNL, with a direct illumination method. I discussed how such measurements must be made in the time

domain, and introduced the concept of imaging squeezed light. I have investigated the use of a high quantum

efficiency, low noise camera, and the use of a “kinetics” mode to investigate the intensity fluctuations within

a light field. I have designed and implemented an image analysis technique, equivalent to a spatial spectrum

analyser. I have used this image analysis to measure the noise on a sequence of images at the quantum

noise level, in the time domain. I have used this technique to investigate the spatial bandwidth of the

4WM process, and hence the potential squeezing bandwidth. I have shown strong indications that this noise

analysis is suitable for further use to investigate the MSM quadrature squeezed light in the time domain, and

to investigate its spatial nature.

I have discussed the requirements on the phase of the LO and NEP of the squeezed field to measure

squeezing in the time domain. I have introduced two potential methods to achieve such a squeezing measure-

ment, namely relative phase locking, and use of a vertical phase gradient. This thesis leaves, as future work,

the generation of a bright quadrature squeezed field, and the full characterisation of its spatial properties in

the time domain.

Once a bright quadrature squeezed field has been generated and fully characterised this field can be

used for direct quantum imaging. The field can be used, along with super-resolution analysis techniques

to demonstrate the improved super-resolution beyond the standard quantum limit. Ultimately this bright

quadrature squeezed light could improve the accuracy of many multi-spatial-mode optical measurement

techniques.
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APPENDIX A

DERIVATION OF THE NEP IN TERMS OF THE PHASES OF

THE PROBE AND CONJUGATE COMPONENTS

In section 4.4, I investigated the phase delay caused by the 4WM process, and how this changes for the

probe and conjugate frequencies with changing two-photon detuning. In order to convert these phase delays,

on individual frequencies, into the NEP of the combined squeezed vacuum, we must first derive the relation.

Consider a 4WM system that produces entangled operators,

b̂p = Uâ1e
−iω1t + V â†2e

iω2t (A.1)

b̂c = Uâ2e
−iω2t + V â†1e

iω1t, (A.2)

where U = cosh s and V = sinh s, and ω1 = ω0−ωp and ω2 = ω0−ωc are the probe and conjugate frequencies

with respect to the pump frequency. Here â1 and â2 are vacuum photon annihilation operators, and so are

frequency independent. This is exactly that field produced by the TMSS amplifier discussed in 2.4.

If we work in the rotating wave approximation, at the pump frequency, ω0, we can make use of the

conservation of energy required within the 4WM system to know that ω1 = −ω2 = ∆sb, as in section 3.8. As

such, we can re-write the entangled operators as

b̂p = Uâ1e
−i∆sbt + V â†2e

−i∆sbt (A.3)

b̂c = Uâ2e
i∆sbt + V â†1e

i∆sbt. (A.4)

Here it is clear the b̂p is the probe and b̂c is the conjugate.

When the two-photon detuning in the 4WM system is changed, the probe and conjugate experience

different phase delays given by θp and θc respectively. As such when these phase delays are introduced the

I



entangled operators become described by

b̂p = Uâ1e
−i∆sbt+iθp + V â†2e

−i∆sbt+iθp (A.5)

b̂c = Uâ2e
i∆sbt+iθc + V â†1e

i∆sbt+iθc . (A.6)

These fields are then interfered on a beam splitter to produce a squeezed field given by

âsqu =
Ue−i∆sbt+iφp â1 + V e−i∆sbt+iφp â†2 + Uei∆sbt+iφc â2 + V ei∆sb+iφc â†1√

2
, (A.7)

where it is assumed that the phase delay introduced from different path lengths of the entangled fields is

zero, as is ensured by the alignment in section 4.2.4.

To investigate this squeezed field a BLO is required that, in the case of this experiment, is generated by

a second similar 4WM system. The BLO would have the form

âBLO =
âbpe

−i∆sbt + âbce
i∆sbt

√
2

, (A.8)

where âbp and âbc are the annihilation operators for bright probe and conjugate fields, with expectation values

〈âbp〉 = βeiφp and 〈âbc〉 = βeiφc . When such a BLO is used to measure this squeezed field, in a homodyne

detection scheme, the detection operators, at each of the two photodetectors, will be given by

Êd1 =
âBLO + âsqu√

2
(A.9)

Êd2 =
âBLO − âsqu√

2
, (A.10)

as in section 3.7.3.

The subtracted signal from the homodyne detector will be given by î = Êd†1Êd1 − Êd†2Êd2, with fluctu-

ations given by


∆î


= β2e2s cos2


φp + φc − θp + θc

2


+ β2e−2s sin2


φp + φc − θp + θc

2


. (A.11)

This can be re-written with a single phase for the BLO and a phase of the NEP of the squeezed vacuum

field as

〈∆i〉 = β2e2s cos2 (φ− θ) + β2e−2s sin2 (φ− θ). (A.12)

II



Thus the overall phase of the BLO is given by φ =
φp+φc

2 , and more importantly the NEP of the squeezed

vacuum field is given by θNEP =
φp+φc

2 . As such we can convert the phase delay of the two frequency

components of the squeezed vacuum into the phase delay of the NEP by taking their average.

It is also worth noting that the phases of the BLO and NEP in equation (A.12) are always subtracted.

These means that any phase delay change common to the BLO and NEP, such as changing the two-photon

detuning in the 4WM system, is cancelled. This is indeed the reason that the phase of the BLO tracks the

phase of the NEP, as found in section 4.4.2.
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