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ABSTRACT

The aim of this thesis is to investigate the problem of a rigid plate, inclined at an an-
gle a € (O, %ﬂ') to the horizontal, accelerating uniformly from rest into, or away from,
a semi-infinite expanse of inviscid, incompressible fluid. This work generalises that of
Needham, Chamberlain and Billingham [24], by considering the case of negative plate
accelerations. We use the method of matched asymptotic expansions to investigate the
asymptotic structure of the solution to the free surface evolution problem as ¢t — 0T,
paying particular attention to the innermost asymptotic region encompassing the initial

interaction between the fluid free surface and the inclined accelerating plate.
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CHAPTER 1
THE PHYSICAL PROBLEM AND

EQUATIONS OF MOTION

In this chapter we introduce the problem of a rigid plate, inclined at an angle o € (O, %’ﬂ')
to the horizontal, accelerating uniformly from rest into, or away from, a semi-infinite
expanse of inviscid, incompressible fluid. A sketch of this problem is illustrated in Figure
1.1. We begin in §1.1 by detailing the background of the problem, including an outline of
previous studies into similar problems. In §1.2 we formulate the mathematical problem
via the governing hydrodynamic equations along with the associated boundary and initial

conditions, and regularity requirements.

1.1 Review

In this thesis we consider the motion of an inviscid incompressible fluid under the action
of gravity, and bounded above by a free surface. The sudden change in the uniform
motion of the fluid and/or a surface piercing rigid body leads to the localised formation
of a jet-like behaviour in the neighbourhood of the contact point between the free surface
of the fluid and the rigid body as the non-uniform transition takes place. This jet-like

behaviour has significant consequences in practical applications; it can affect the stability



Figure 1.1: Definition sketch.

of a floating and manoeuvring vessel and can cause damage to a rigid body structure, as
in the case of flood defences being attacked by waves.

In modelling such jet-like behaviour, there are two approaches that are widely used;
investigation of scale-model experiments (see [7], [30]) and the construction of a full nu-
merical solution to the set of governing hydrodynamic equations with corresponding initial
and boundary conditions (see [7], [10]). Numerical studies into the behaviour of such jets
must be based upon the spatial resolution needed to accurately model the jet-like be-
haviour. For example, in [14], the jet forming at the initial intersection of the plate and
free surface has thickness O (—t*logt) as t — 07, with ¢ being the time from jet forma-
tion, whilst in [23] the jet forming at the initial intersection of the plate and free surface
has thickness O (t). As discussed by Greenhow [6], when the order of magnitude of the
thickness of such jets is known a priori, then the accuracy and efficiency of numerical
calculation of such flows can be improved. However, as discussed in [9], there can be
considerable difficulty in establishing an estimate for the order of magnitude of thickness
of such jets for a particular problem.

This thesis is a continuation of the work presented in a series of papers by King and



Needham [14], Needham, Billingham and King [23], and finally Needham, Chamberlain
and Billingham [24]. In King and Needham [14] the case of a vertical rigid plate, acceler-
ated uniformly into a stationary, semi-infinite, horizontal strip of inviscid incompressible
fluid is discussed. The authors found that, in a thin region of size O (—t*logt) about
the intersection point of the plate and the free surface, vertical motion was dominant as
it became easier for the fluid to rise towards the low-pressure free surface than to move
horizontally by overcoming the fluids’ inertia. In Needham, Billingham and King [23], this
theme was continued by investigating the situation where the initially stationary vertical
plate is impulsively displaced into the horizontal strip of fluid. In this case it was found
that a significantly more violent jet formed than in the case of a uniformly accelerated
plate, with jet momentum flux of O (t log? t) as opposed to O (t3 log® t) as t — 07 in
[14]. Subsequently Needham, Chamberlain and Billingham [24] generalised the theory in
[14] by investigating the case of a plate inclined at an angle a € (0,17) U (37, 7) to the
horizontal, accelerated uniformly into a semi-infinite, horizontal strip of inviscid incom-
pressible fluid, initially at rest. The details of this paper are omitted here, as they will be
discussed throughout this thesis in comparison with the results formulated within.

In addition to the above mentioned series of papers, there have been a number of
studies (both experimental and numerical) by other authors. Notable works include the
following. Greenhow and Lin [7] performed a series of scale-model experiments involving
the impulsive start of a wavemaker, and the high speed entry of a wedge into calm
water. For the former they found that the fluid free surface rises up the vertical face
of the wavemaker, almost becoming parallel, before a jet is ejected at an angle almost
perpendicular to the wavemaker. In the case of high speed wedge entry they found that a
jet formed on the surface of the wedge at the intersection of the wedge and the fluid free
surface. These jets then separate from the wedge and form the beginning of an ellipse with

the fluid free surface. Yang and Chwang [30] investigated the case of a surface piercing,



vertical plate impulsively accelerated into an expanse of, initially stationary, fluid. Their
scale-model experiments found that water rises up the plate during the initial stages of
plate motion, with good agreements of the numerical solutions found in [29]. Greenhow
6], performed a numerical investigation into the wedge entry problem. He found that a
jet of fluid rises up the side of the wedge and may then separate from the wedge surface,
which agrees qualitatively with the experiments of [7]. This behaviour is not explained
exactly, but it is suggested by the author that there is an introduction of new free surface
particles between the original intersection between the surface of the wedge and the tip
of the jet, with a modified numerical scheme achieving some success in simulating such
flows.

This thesis aims to extend the work of Needham, Chamberlain and Billingham [24] by
considering the case of a plate, inclined at an angle o € (O, %’/T) to the horizontal, accel-
erating uniformly from rest away from a semi-infinite expanse of inviscid, incompressible
fluid. We use the method of matched asymptotic expansions (see, for example, [19]) to
investigate the asymptotic structure of the solution to our problem as t — 0*. We find
that, for dimensionless accelerations o < 0 with a € (0, %7?), we can extend the results of
[24] to encompass all accelerations which satisfy g =1+ otana > 0.

The outline of this thesis is as follows. In §1.2 we consider the motion of an inviscid
incompressible fluid under the action of gravity, and bounded above by a free surface.
We introduce a coordinate system, which is fixed relative to the inclined accelerating
plate, define the fluid velocity potential ¢ (T, y,t) and free surface displacement 7 (Z,t)
and establish that conservation of mass leads to the Laplace equation, and construct the
boundary and initial conditions for the problem that we shall call [T BV P]. Following the
method of matched asymptotic expansions, Chapter 2 contains the construction of the
outer asymptotic region in which (Z,y) = O (1) as t — 07. Here the initial conditions

require that ¢,n = o(1) as t — 07 in the outer asymptotic region and, in particular,



the boundary conditions require that ¢ = O (t) and n = O (t?) as t — 07. We then
introduce the outer region asymptotic expansions and show that, on substitution into
[IBV P] to obtain [OBV PJ, the solution to our governing hydrodynamic equations in the
outer asymptotic region is independent of dimensionless acceleration o, except in sign and
scalar proportionality. We conclude this chapter by showing that the full regularity con-
ditions fail to be satisfied by the outer region asymptotic expansions in a neighbourhood
of the initial point of interaction of the plate and the free surface. In order to capture the
full regularity in such a neighbourhood, in Chapter 3 we introduce an inner asymptotic
region, in which (Z,y) = o(1) as t — 07. Here we introduce scaled inner region coordi-
nates (X,Y) = O (1) as t — 07, and the inner region asymptotic expansions for ¢ and
n. Substitution of the inner region asymptotic expansions into [I BV P] yields a nonlinear
harmonic free boundary problem which is solved exactly to leading order in §3.1. Subse-
quently, in §3.2, we introduce translated inner coordinates (7, 7) and scale the velocity
potential, free surface displacement, and coordinate system in order to achieve the two
linear harmonic boundary value problems termed [BV P]*, both depending only upon «,
with the + sign corresponding to values of o < 0 such that y = 1+otana > 0, and the —
sign corresponding to those o < 0 with u < 0. We are then able to remove the free surface
displacement from our problem to obtain two linear harmonic boundary value problems
[PBV P)*, for 4 (which is related to the velocity potential) alone, depending only upon a.

It is shown that [PBV P]* admits an exact solution when o = o1 (n=1,2,...). The

ntD)
details of the finite difference scheme used to solve [PBV P|* are contained within §3.3.
The results for [PBV P|* are given in §3.4. Subsequently the results for [PBV P|~ are
shown in §3.5. Here we notice that the angles o = of (i = 1,2, ...) separate pairs of near
resonances, with [PBV P]~ having a stationary point at the intersection of the free surface
and inclined plate at these angles. The remaining case, p = 0 (0 = — cot «), is analysed
1

in §3.7.4 when a € (O, %ﬂ']. However the case u = 0, with a € (Zw, %ﬂ'), requires the



introduction of an inner-inner asymptotic region in which (7, 7) =o(l)ast — 0", and
this is discussed in Chapter 4. The resulting boundary value problem [RBV P] is solved
numerically using a boundary integral method (which follows directly the approach given
in [24]), the results of which are contained in §4.1.1. The numerical solution motivates the
examination of the structure of solutions to [RBV P] close to the contact point of the free
surface and the plate, the analysis of which is found in §4.1.2. Finally, in Chapter 5, we
consider whether the problem [/ BV P] is well-posed with respect to perturbations in initial
data in the inner asymptotic region, and further, whether the problem [I BV P] is stable
with respect to perturbations in initial data in the inner asymptotic region. This work is

split into two sections: §5.1 investigating the case (o, p) € (0, %W) x R\ (}lw, %71’) x {0},

and §5.2.3 which considers the remaining case (o, 1) € (37, 17) x G (6), with G (6) being

a o0 (1) neighbourhood of =0 (0 = —cot ) as § — 0.

1.2 Equations of Motion

We consider the case of a semi-infinite expanse of inviscid and incompressible fluid, which
is initially at rest and lies above a plane horizontal bed (which is rigid and impermeable)
located at y = —h, bounded above by a horizontal free surface at y = 0, and bounded
on the left by an inclined rigid plate at y = —xtana, with a € (0, %TF) being the angle
of inclination (exterior to the fluid layer) of the plate with the horizontal. Here (z,y)
denotes the Cartesian coordinate system fixed in space, with x pointing horizontally into
the fluid layer and y pointing vertically upwards, and ¢t > 0 denotes time. From ¢ = 0 the
plate translates in the negative z-direction with constant acceleration a (< 0). The free
surface of the fluid is subsequently located at y = n (z,t), with the contact point between
the free surface of the fluid and the inclined plate denoted by (z,y) = (x, (t),y, (1)),
with y, (t) = n(z, (t),t). In addition the intersection point of the inclined plate and the

rigid bed is denoted by (x,y) = (x4 (t), —h). The situation is illustrated in Figure 1.1.



Since the fluid is initially at rest it follows from Kelvin’s Circulation Theorem (see, for
example, [2]), that the fluid motion for ¢ > 0 remains irrotational, and so there exists
a velocity potential for the flow which we denote by ¢ = ¢ (z,y,t) (see, for example,
[16]). In addition we denote the pressure field of the fluid by p = p(x,y,t) (relative to

atmospheric pressure p,). Dimensionless variables are introduced as follows,

o y:y #:Q
h’ h’ h’
¢ P g a
= =" =t]L, o=-, 1.2.1
¢ R " p (1.2.1)

where ' denotes dimensionless variables and ¢ is the dimensionless acceleration of the
plate. Here h, g and p are the initial height of the free surface, the acceleration due
to gravity, and the density of the fluid, respectively. Hereafter we drop the primes for
convenience.

For ¢ > 0 it is convenient to introduce the coordinates (Z,y), where T = x — s (t), with

su):%aﬂ. (1.2.2)

The origin O’ of the (7, y) Cartesian coordinate system, as shown in Figure 1.1, is now
located on the plate. We define the domain occupied by the fluid in the (Z,y) plane to

be given, for t > 0, by

D(t) =D, () UDs (1), (1.2.3)



with

Dy (t)={(z,y) eR*:7,(t) <TL Ty, —Ttana <y <n(T,t)}, (1.2.4)

Dy(t)={(Z,y) eR*:T>7, —1<y<n(Tt)}; (1.2.5)

where T, (t) = x, (t) — s (t) and T}, = cot o, with y, (t) = n (T, (t),t) = —T, (t) tan « for
t>0.
Conservation of fluid mass within D (¢) (¢t > 0) requires that the fluid velocity potential

is harmonic on D (t) (t > 0) so that,

V3¢ =0, (T,y) €D(t), t >0, (1.2.6)
where V = <a%7 a%) is the two-dimensional gradient operator in the (Z,y) Cartesian
coordinate system. At the rigid, impermeable bed, where y = —1 with T > T,, we must

have the boundary condition
¢py=0,ony=-1, T>m, t>0. (1.2.7)
Similarly, on the impermeable rigid plate, we must have the boundary condition
Vo -n=otsina, ony=—Ttana, T, (1) <T <, t >0, (1.2.8)

with the unit vector normal to the plate (pointing into the fluid) given by n = (sin «, cos «v).

The fluid pressure field is given by the unsteady Bernoulli equation, namely,
1

We are now able to formulate the two boundary conditions on the fluid free surface. The



dynamic boundary condition requires that the fluid pressure vanishes on the free surface

of the fluid, which, via the unsteady Bernoulli equation (1.2.9), requires,
1
@—OWT+TVM2+n:Ommy:ﬂﬂiﬂ,E>EMO,t>0 (1.2.10)

The kinematic boundary condition on the fluid free surface requires that the normal
velocity of the free surface is equal to the normal fluid velocity at the free surface. This

leads to,
m— otz + ¢znz — ¢y =0, ony =n(z,t), T>7,(t), t > 0. (1.2.11)
The far-field boundary conditions require that,

n—0, as T — 00, t >0, (1.2.12)

IVo| — 0, as T — oo, uniformly for —1 <y <n(z,t), t>0. (1.2.13)
In addition, at the contact point between the fluid free surface and the plate, we require,
N+, (t)tana =0 when T =7, (t), ¢t > 0. (1.2.14)

Finally, the initial conditions are

¢(z,y,0) =0, (z,y)€D(0), (1.2.15)

n(z,0)=0, T>0. (1.2.16)

Thus, to summarize, we now have the following initial boundary value problem for ¢



and 7, namely,

V2 =0, (z,y) €D(t), t > 0; (1.2.17)
Vo -n=5(t)sina, y=—Ttana, T,(t) <T < Ty, t>0; (1.2.18)
¢, =0, y=—1,7>Tp t >0 (1.2.19)
ne + ¢z — otz — ¢y =0, y=n(T,t), T>T,(t), t>0; (1.2.20)
¢t—at¢j+%|v¢\2+n:0, y=n(Z,t), T>T, (), t>0. (1.2.21)
N+, (t)tana =0, T=71,(t), t >0, (1.2.22)
n — 0, as T — 00, t >0, (1.2.23)
Vol — 0, as T — oo, uniformly for —1 <y < n(7,t), t >0, (1.2.24)
¢ (z,y,0) =0, (Z,y) €D(0),  (1.2.25)
n(z,0) =0, z = 0. (1.2.26)

The fluid pressure field p is obtained explicitly from the unsteady Bernoulli equation

(1.2.9). It is convenient to write,

P=Dpa—Y, (z,y) €D(t), t>0, (1.2.27)
with pg being the dynamic fluid pressure field, which is given via (1.2.9) as
1 _
Pa= =i+ otz — 5 V|, (@, y)eD(t), t>0. (1.2.28)

Finally the fluid velocity field (non-dimensionalised with the velocity scale \/gh), relative

to the fized origin O, is given by

q= Vg, (z,y) €D(t), t>0. (1.2.29)

10



We will study classical solutions to the initial boundary value problem (1.2.17) -

(1.2.26), hereafter referred to as [IBV P|, which satisfy the following regularity condi-

tions
peC(G)NCH(GUIG)NC?(G), (1.2.30)
neC(H)NnC (H), (1.2.31)

with
G={@yt)eR’: (T,y) €D(t),t € (0,00)}, (1.2.32)
0G ={(@,y,t) eR*: (T,y) e D(t)\D(t),t € (0,00)}, (1.2.33)
H={(7t)eR:T€[T,(t),00),t € (0,00)}. (1.2.34)

The aim of this thesis is to investigate the asymptotic structure of the solution to [/ BV P]
as t — 0T via the method of matched asymptotic expansions (see, for example, [19]), and,
in particular, to extend the theory in [24] to the situation when the plate has negative
acceleration, so that ¢ < 0, with a € (0, %7?) We begin in Chapter 2 by introducing
two asymptotic regions, and investigating the behaviour in an outer region in which
(T,y) € D(t) = O (1) as t — 0F. The associated inner regions with (Z,y) € D (t) = o (1)
are then discussed in Chapters 3 and 4. Finally, the well-posedness and stability of our

problem with respect to perturbations in the innermost asymptotic region is discussed in

Chapter 5.

11



CHAPTER 2
OUTER REGION ASYMPTOTIC
STRUCTURE TO [IBV P] As t — 07 wWITH
aec (0 l7r
)

In this chapter we begin the asymptotic development of the solution to [IBV P], ast — 07,
in an outer asymptotic region in which (7,y) € D (t)\W (t) as t — 0F, with A/ (¢) being
a o (1) neighbourhood of (Z,y) = (0,0) as t — 07. Here the gauge function § (¢) will
be determined in the course of the analysis. A definition sketch of the outer asymptotic
region is shown in Figure 2.1. The initial conditions (1.2.25) and (1.2.26) require that ¢,
n=o(l) ast — 0T in the outer asymptotic region. In particular, boundary conditions
(1.2.18) and (1.2.20) require that ¢ = O(t) and n = O (t?) as t — 0T in the outer
asymptotic region. Therefore, we introduce the outer region asymptotic expansions in

the form,

¢ (T,y,t) = tosinag (T,y) + O (tQ) , (2.0.1)

n(z,t) =)+ 0 (¢%), (2.0.2)

12
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mmm g\,

D(t)\W (t)

Outer Region

Figure 2.1: Definition sketch of the outer asymptotic region

as t — 07 in the outer asymptotic region, with the factor osin« in (2.0.1) included for
algebraic convenience at a later stage. Substituting expansions (2.0.1) and (2.0.2) into
[IBV P| (with the exception of condition (1.2.22), since the application point (Z,y) =
(Tp (1), yp (t)) — (0,0) as t — 07 lies outside the outer asymptotic region), we obtain the

leading order problem in the outer region, for ¢, namely

V=0, (7,9)eD(0); (2.0.3)
Vo-h=1 y=—-Ttane, 0 <T < cota; (2.0.4)
6,=0, y=-1,T>cota; (2.0.5)
6=0, y=0,7>0; (2.0.6)
‘Vq_b‘ — 0 as T — oo, uniformly for — 1 <y <0; (2.0.7)
with 77 given, via (1.2.20), as
N N _
n(T) = josina ¢, (7,0), T=0. (2.0.8)

13



Hence ¢ is the solution to the linear harmonic boundary value problem (2.0.3) - (2.0.7)
henceforth referred to as [OBV P| (which is independent of the dimensionless acceleration
o), and is defined on the fixed, semi-infinite polygonal domain D (0). We require, via

(1.2.30), that the solution to [OBV P] must have regularity given by

¢ € C(D(0))NC (D(0)\{(0,0)}) nC*(D(0)),

|V¢| has, at worst, an integrable singularity at (z,y) = (0,0). (2.0.9)

Although the possibility of allowing |V5| to have an integrable singularity at (Z,y) = (0, 0)
violates the full regularity conditions (1.2.30) on ¢, and (1.2.31) on 7 (via (2.0.8)), it is
necessary to ensure the existence of a solution to [OBV P]. The existence and uniqueness
of a solution to [OBV P] that has regularity required by (2.0.9) is guaranteed by the use of
the Schwarz-Christoffel Conformal Mapping Theorem [5], together with Green’s Theorem
[27]. This approach provides a constructional method for determining the solution to
[OBV P]. However, it is much more illuminative to use direct eigenfunction expansions
(see, for example, [15]) to represent the solution to [O BV P]. With the regularity condition

(2.0.9) it follows that there exist real constants A, B, and C,,, n =0,1,2,..., such that

COS v

S(r0) = S0 S A ()% sin <<n + %) 30) , (2.0.10)
n=0

for 0 < r < cosec a, —a < 6 < 0, where T = rcos# and y = rsin 6, whilst

B (o) = LS5 LS, /) o ( ny ) , (2.0.11)

sin « T —
n=0

for 0<p<1,0< ¢ <7m—a, where T — cota = pcos, and y + 1 = psin, and finally

¢ (T,y) = ; Cre~("12)77 sin <(n + %) Wy) , (2.0.12)

14



Figure 2.2: Sketch showing domains of validity for I (2.0.10), II (2.0.11), III (2.0.12), IV
(2.0.13) and V (2.0.14)

for T > cota, —1 <y < 0. Equation (2.0.8) together with (2.0.10) and (2.0.12) now give

that
_ . 1 I = 1\« —(nt+1)z-1
n(T) = éatana + 503111042 n+tg aAnx 2)a, (2.0.13)
n=0
for 0 < T < cosec «, and
_ 1 - 1 —(n—l—l)wE
n(T) = 29 smaz n+ 3 mCre 2" (2.0.14)
n=0

for T > cosec a.

As in [24] we use the expressions (2.0.10), (2.0.11) and (2.0.12) to obtain numerical approx-
imations for ¢ and hence 7 (via (2.0.13) and (2.0.14). These numerical approximations
are calculated by truncating each of the infinite series’ and equating these partial sums
at a number of points in the intersection of domains of validity (a definition sketch of
the intersection of domains can be seen in Figure 2.2). The system of linear equations
obtained by equating these partial sums is then solved to obtain the constants A,,, B,, and
Cp,forn=0,1,..., N. A value of N = 8 was found to give a sufficient level of convergence
for the numerical results. The coefficient Ay, appearing in (2.0.10) and (2.0.13) (which

depends upon «), is of particular interest at a later stage. An analytical expression for
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0 /8 /4 3/8 /2

Figure 2.3: Coefficient Ay () against a. A solid line shows the analytical expression
(2.0.15), while numerical approximations are shown as dots

Ay, derived in [24], is given by

from which we obtain,

2 Zlo e -1 1 h
AO(@)N_E€“1g<\/€> as a — 07, Ao@é)N(Oé-%) asoz—>(§7r> .

(2.0.16)
A graph of the numerically calculated values of Ag, together with analytical values given
by (2.0.15), is shown in Figure 2.3. The agreement is excellent, giving confidence in
the numerical solution to [OBV P|. Equation (1.2.28), together with the outer region
asymptotic expansion for ¢ in (2.0.1), require that the dynamic fluid pressure field in the

outer asymptotic region must have the outer region asymptotic expansion

pa (T,y,t) =D (T,y) + O (1), (2.0.17)
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X
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Figure 2.4: Contours of ¢ for a selection of angles a. Lines separate regions where (2.0.10),

(2.0.11) and (2.0.12) are used

as t — 07 in the outer asymptotic region, where

p(T,y) = —osinag (z,y), (T,y)€D(0).

Thus, in the outer asymptotic region, the level curves of ¢ correspond, via (2.0.18), to the

leading order isobars of the dynamic pressure field. Finally, we obtain the outer region

asymptotic expansion for the fluid velocity field, via (1.2.29) and (2.0.1), as

q(T,y,t) =tosinaVe (T,y) + O (%),
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a=m/10

0.15
0.1
0.05

T
a=m/6

0.2
0.1

T
a=m/4

0.2

T
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Figure 2.5: Contours of p/o for a selection of angles a. Lines separate regions where

(2.0.10), (2.0.11) and (2.0.12) are used

as t — 0T in the outer asymptotic region. Thus, at leading order in the outer asymptotic
region, the fluid flow has streamlines which are orthogonal to the level curves of ¢.

We now illustrate a selection of numerical results for [OBV P], selecting the angles
a= 15,51 and Z. At each of these angles we plot the level curves of ¢ in Figure 2.4,
p/o in Figure 2.5, and the level curves orthogonal to those of ¢ (the streamlines) in Figure
2.6. We also plot 77/ against T > 0 at each of these angles in Figure 2.7 and note that
all of these graphs are independent of o, except in sign and scalar proportionality.

When ¢ > 0, it is is clear from Figure 2.5 that, for each a considered, there is a build-
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2.5 3 3.5 4

SILSES

Figure 2.6: Orthogonal contours of ¢, which represent streamlines, for a selection of angles
a, with the arrows indicating the direction of V¢

up of dynamic pressure close to the base of the inclined plate. This is typical of all angles
investigated, and it is this that leads to the formation of a jet in the inner asymptotic
region, as discussed in [24]. When o < 0, we see that, for each « plotted, there is a region
of low pressure close to the base of the plate. The effect of this on the free surface, close
to the intersection point of the plate and the free surface will be discussed in Chapter 3.

We see from (2.0.10), (2.0.11), (2.0.13), and (2.0.14), that the leading order terms in
the outer region asymptotic expansions (2.0.1) and (2.0.2) satisfy the required regularity
(1.2.30) and (1.2.31), except in a neighbourhood of the initial location of the intersection

point of the free surface and the plate, at (Z,7) = (0,0) € D (0). Close to (Z,y) = (0,0)
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Figure 2.7: The free surface elevation 7j/o at the angles o = %ﬂ', Z—llw, %7‘(‘ and a =

%ﬂ' represented by dotted, dash-dotted, dashed and solid lines respectively. Red circles
highlight the transitions from (2.0.13) to (2.0.14)

we have, from (2.0.10) and (2.0.13), that

_ in 0 0
B (1,0) = —— + Ay sin T + 0 (7). (2.0.20)
asr — 0%, with —a < 0 <0, and
1 i ™ 3
7 (7) = Sotana + Aomj;no‘f%—l +0 (f%—l) , (2.0.21)

as T — 0. It follows from (2.0.19) and (2.0.20) that
‘Va (r, 9)‘ =seca+ O (7’%’1) , (2.0.22)

as r — 0, with —a < 0 < 0. Equation (2.0.21) reveals a weak singularity in 77/ (7)
as T — 07. Further investigation reveals that this singular behaviour as T — 0% is

compounded in higher-order terms in the outer region asymptotic expansions for 77 in
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(2.0.2), and also, as r — 0, in the outer region asymptotic expansion for ¢ in (2.0.1),
and so the regularity conditions (1.2.30) and (1.2.31) fail to be satisfied by the outer
region asymptotic expansions (2.0.1) and (2.0.2) in a neighbourhood of the initial point
of intersection of the plate and free surface, where (Z,y) = o(1) as t — 07. Therefore
we introduce an inner asymptotic region, in which (Z,y) = o(1) as t — 0T, in order
to capture the full regularity in the neighbourhood of the intersection point of the plate
and the free surface. The inner asymptotic region is now considered in detail in the next

chapter.
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CHAPTER 3
INNER REGION ASYMPTOTIC
STRUCTURE TO [IBV P] As t — 07 wWITH
aec (0 l7r
)

In this chapter we introduce the inner asymptotic region associated with [/ BV P| when
(ZT,y) = o(1) as t — 0T. Specifically, following Chapter 2, we write (Z,y) = O (6 (¢))
with 0 (t) = o(1) as t — 0". Tt then follows from (2.0.2) and (2.0.21) that n = O (t?)
as t — 0T in the inner asymptotic region, and so, to capture the free surface in the
inner asymptotic region, we must take § (t) = O (¢?) as t — 0T; therefore, without loss
of generality, we set ¢ (t) = t?. An examination of (2.0.1) and (2.0.20) then requires that
¢ =0 (t*) ast — 0T in the inner asymptotic region, whilst (2.0.17), (2.0.18) and (2.0.19)
require that p; = O (t*) and q = O (¢) as t — 07 in the inner asymptotic region. Finally,
the intersection point of the free surface and the plate must be captured in the inner
asymptotic region, and so T, (t) = O (¢*) as t — 0T. A sketch of the location of the inner

asymptotic region is illustrated in Figure 3.1.
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Inner Region

Outer Region

Figure 3.1: A sketch of the location of the inner asymptotic region

3.1 Inner Region Problems

Formally we introduce scaled inner region coordinates (X,Y") by
7 =1tX, y=t, (3.1.1)

with (X,Y) = O (1) as t — 0" in the inner asymptotic region. The location of the plate
in the inner asymptotic region is given by Y = — X tan a;, whilst the plate and free surface

intersection point is denoted by (X,Y) = (X, (¢),Y, (t)), with,
T, (1) = BX, 1),y (1) = £, (1), (3.1.2)

and (X, (¢),Y,(t)) = O (1) ast — 07 in the inner asymptotic region. We now write the

free surface and velocity potential in the inner asymptotic region as

n(X,t) =t (X,t), X=X, (), t=>0; (3.1.3)
X > t), —Xtana <Y <n(X,t), t>0; (3.1.4)

gb(X,}/,t):tggb[(X,}/,t), Xp(
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with n; (X, t), ¢ (X,Y,t) = O (1) ast — 07. The inner region asymptotic expansions are

then introduced as,

nr (X,t) =m0 (X) +ta 27 (X) +o(ta?), (3.1.5)

o1 (X, Y, 1) = ¢o (X, Y) +1a 726 (X, Y) 40 (t=7%), (3.1.6)

as t — 0% with (X,Y) = O(1) in the inner asymptotic region. Finally, it follows from
(3.1.1), (3.1.2), (3.1.3) and (3.1.5) that we expand X, (¢) in the form

X, (t) = Xo+ta2X; +o(ta?), (3.1.7)

as t — 0T, with

Y, (t) = —X, (t) tan a. (3.1.8)

The free surface in the inner asymptotic region is located at
Y=n(X,t), X>X,(),t>0, (3.1.9)
whilst the spatial domain in the inner asymptotic region is
Dr(t) ={(X,Y): X >X,(t),-Xtana <Y <n;(X,t)}, (3.1.10)

for ¢ > 0, with closure D; (t). A sketch of the inner asymptotic region geometry is given
in Figure 3.2.

We now write [IBV P| in terms of the inner asymptotic region coordinates (X,Y),
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and the inner asymptotic region variables ¢; and 7, to obtain,

Vg =0, (X,Y)€D;(t), t>0; (3.1.11)
V¢; -t =osina, X>X,(t), Y=—Xtana, t >0; (3.1.12)
tnre+ 201 + [prx —o —2X|nrx — éry =0,

X>X, (1), Y =n(X,1), t >0; (3.1.13)
tors + 30 — (2X +0)prx —2Yory + % ’v@f +nr =0,

XX, (1), Y =g (X)), t >0, (3.1.14)

nr (Xp (t) 1) = =X, (t) tan o, t>0; (3.1.15)

with V = (9/0X,0/9Y). On substituting from (3.1.5), (3.1.6) and (3.1.7) into (3.1.11)
- (3.1.15) we obtain, at leading order, the following nonlinear harmonic free boundary

problem® for ¢ (X,Y), o (X), and X;, namely

Vo =0, X > X, —Xtana <Y <no(X); (3.1.16)
Vo -t =osina, X > Xo, Y =—Xtana; (3.1.17)
200 + [¢o.x — 0 —2X]nox — ¢oy =0, X>X,, Y=n(X); (3.1.18)

1,—
300 — (2X +0) o x —2Y oy + 3 |v¢0}2 +10=0, X>X, Y=n9(X); (3.1.19)

no (Xo) = —Xop tana. (3.1.20)

The problem (3.1.16) - (3.1.20) must be completed by asymptotic matching conditions
between the inner asymptotic region and outer asymptotic region. Following Van Dyke’s

Matching Principle (see, for example, [19]), we obtain

!See Appendix A.1 for derivation
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Figure 3.2: The inner asymptotic region geometry

¢o (R,0) ~octana Rsinf as R — oo, —a <6 <0, (3.1.21)

1
no (X) — 30 tan « as X — oo, (3.1.22)

where R and 6 are polar coordinates given by X = Rcosf, Y = Rsinf. It is readily

established that the exact solution to the leading order problem (3.1.16) - (3.1.22) is

given by
1
o (X) = 50 tana, X = Xo, (3.1.23)
1/1
¢o (X,Y) =octana [Y —3 (5 +atan@)] ,
1
X > Xy, —Xtana<Y < §0tanoz, (3.1.24)
with
1

Xo=—50. (3.1.25)
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This is represented in the inner asymptotic region in Figure 3.3a. We now formulate
the problem at O (tg_Q), where it is convenient to shift the origin in the inner asymp-
totic region coordinates. Following Figure 3.3b, we introduce the translated inner region

coordinates (7, 7) according to,

| R— 1 —
X:—§O'—|—X, Yziatana—i—Y, (3.1.26)
and then write
¢ = Ay (a)osina ¢, (3.1.27)
n= A (a)osina 1, (3.1.28)

with A (o) given in (2.0.15), and the Ay («) osin«v scaling chosen for algebraic conve-

nience. We can now write the problem? at O (tg’Q), for ¢E, 7 and Xy, as

Vé=0, X>0, Xtana<Y <0, (3.1.29)

Vé-n=0, X>0,Y=—Xtana; (3.1.30)

%7—27%—(57:0, X>0 Y =0 (3.1.31)
(1—1—g)q?)—27Ay+(1+atana)ﬁ:O, X>0, Y =0 (3.1.32)
¢ (R,0) = —R™ cos % (@+a)+o <E%> as R — 00, —a < 0 <0; (3.1.33)
1 (X) = ﬁyﬁi +o (7i71> as X — 0. (3.1.34)

Here V = (0/0X,0/0Y), the final conditions (3.1.33) and (3.1.34) are the matching

conditions with the outer asymptotic region, and we have introduced polar coordinates

2See Appendix A.1 for derivation
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X
Y = (X) = otana

oo (X,Y) =octana [Y — % (% —l—atana)]

(a) Solution of [IBV P] at leading order in the inner asymptotic region

(b) Coordinate shift in the inner asymptotic region

Figure 3.3: Sketches in the inner asymptotic region
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(E, 6), given by X = Rcos#, Y = Rsinf. Finally we have
X =—Ap(a)ocosa(0). (3.1.35)

We notice that in the boundary value problem (3.1.29) - (3.1.35), the dimensionless
acceleration ¢ appears only in the dynamic boundary condition (3.1.32) in the form
(1 4+ otanc«). Thus, we set p = 1+ o tan« and, in the case that p # 0, we introduce the

following scalings®
o=IplFy, ==t X=[pX, YV =|uY. (3.1.36)

The corresponding boundary value problem for ()/(\' , ?) and & ()/(\' ) is now independent

of u, and is given by

V=0, X>0, —Xtana<Y <0, (3.1.37)

V- -i=0 X>0,Y=—Xtana, (3.1.38)
gg —2X¢e —vp =0, X >0, Y =0, (3.1.39)
<1+g>¢—2f(¢;{i§:0, X>0 V=0, (3.1.40)
w<§,9) = — R cos%(G—l—oz)—l—O(}A%%) . asR—o00, —a<0<0, (3.1.41)
€ ()?) = iffﬁ_l +o ()A(ﬁ_1> . as X — oo, (3.1.42)

after which,
X; = —Ag (a)ocosa |z €(0). (3.1.43)

Here V = (8/8)?,8/8?), and (}A%, 0) are polar coordinates given by X = Rcos# and

Y = Rsinf. In this boundary value problem, the + sign is taken in (3.1.40) when p > 0,

3See Appendix A.2 for the derivation of these scalings
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and the — sign is taken in (3.1.40) when u < 0. We refer to these two linear harmonic

boundary value problems as [BV P]* and [BV P]~ respectively. We note that « is now

the only parameter remaining in each of [BV P]T and [BV P|

3.2 Analysis of [BV P]*

The full regularity conditions (1.2.30) and (1.2.31) on [I BV P] require the following reg-

ularity conditions on each of [BV P]*, namely,
pel (T)NC*(T), ¢eC'([0,00)), (3.2.1)

with

T:{(§,9>:§>O, —a<9<0}. (3.2.2)

Before considering the solution of [BV P]* in detail, we first examine the structure of
solutions to [BV P|* as X , R—0 and, subsequently, as X , R — oo. We observe that,

from (3.1.40), we have, explicitly,
¢ ()?) — 4 (2)?%? - (1 + f) w) . X>0,V=0 (3.2.3)
a

and thus we can eliminate £ from [BV P|* to obtain [PBV P]* for 1 alone, as,

1 1 ~
Yap + Elﬁﬁ + E?ﬁae =0, R>0, —a<0<0, (3.2.4)
=0, 0=—a, R>0, (3.2.5)
1 s 2 ~ ~ [~
o= <_E (1 + —) )+ 2 <1 + E) Ry — 4R (Rzpﬁ)é) ,
=0, R>0, (3.2.6)
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with the far-field condition,

w<§,9> :—]?Z%COSQL(Q—F@)%-O(Eﬁ) as R — oo for —a<0<0, (3.2.7)

(0%

and regularity condition (3.2.1). To begin, it is readily established that any pair of
functions ¢ = ¥ and £ = ¢ which satisfy (3.2.3) - (3.2.7) must have the asymptotic form,

for some real constants a,, b,, (n =0,1,2,...),

oo

v (fz, 9) -2 ant_r (fz, 9) R cos %” 0+ a)

+ agy? (ﬁ, 9) + by (ng (ﬁ, 9) log R + 17 (1?, 9))

= ~ N\ san MW
+ ; bty (R, 0) R cos o 0+ «), (3.2.8)

as R — 0, uniformly for —a < 6 < 0, after which

) (%) + i (1)
_ (1 + Z) " ()? o) log X + ¢} ¢ X log A}
+ ibn (—1)" [((271 I 1) Un ()?,0) X%
n=1

} , (3.2.9)

as X — 0. Here UVin ﬁ, 9) (n=1,2,...), ¥ (ﬁ, 9), (o (IA%, 9), {0A (ﬁ, 9) are regular

as R — 0, with —a < 0 < 0, are determined uniquely term by term in integral powers of
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Ras R — 0, and satisfy

G (R0) 08 (R 0) .4 (R.0) =1,

(3.2.10)
vt (R.0) =0
as R — 0, uniformly for —a < 6 < 0. Specifically,
e (ﬁ, 9) —1+RF©®)+0 <1§2) , (3.2.11)
as R — 0 for —a < 0 <0, where,
. 1+=
F(9) = :l:M cos(0+a), —a<6<0, (3.2.12)
asin

for [PBV P]" and [PBV P]~ respectively. We conclude from the regularity condition

3.2.1) and the asymptotic form (3.2.8) that any solution to [PBV P]* must have
(3.2.1) ymp y 7

" (fz, 9) ~ ag)) (fz, 0) men (R 0) 2 cos (0 + @), (3.2.13)

(%

as R — 0, uniformly for —a < 6 < 0, and some globally determined real constants, ag, b,

(n=1,2,...) not all zero, and, via (3.2.1) and (3.2.9),

¢ ()?) ~ +ag [— (1 + E) . ()? 0) +2Xu0 ()? o)]

+Zb {[Qn—l ——1]%( ) %’T+2)?%”+1¢M}, (3.2.14)
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as X — 0. Similarly we can establish the asymptotic form,
~ ™ 1\«
G ( ) h® (R ) ( 2)3 )20
an cos (4 2 a(+a)
~ T
+ ag”Yg° (R, 9) R2s cos % 0+ a)

+ ) Y, (ﬁ, 9) B-(n=1)% cog (n - %) g (0+a), (3.2.15)
n=1

as R — oo, uniformly for —a < 6 < 0, for some real constants af® and af°, by (n =

1,2,...), after which

(%)~ L (%) ROV g (%) %5
+ Z e, (X) X-0)i, (3.2.16)
n=1
as X — oo, for some real constants a° and a%°, b (n=1,2,...). Here ), (ﬁ, 9) are

regular as R — 0o with —a < 0 < 0, and are determined uniquely term by term in powers

of B! as R — oo, and satisfy
(i (ﬁ, 9) — 1, as R — 0o, uniformly for —a <6 <0. (3.2.17)

Similarly £5°, ()? ) are regular as X - 0o, and are determined uniquely term by term in

powers of X ~1 and satisfy

~

e ()?) ~1,  asX - oo (3.2.18)
Specifically, we have,

~ | 1
Ve (R, 9) =1+ =P(0)+ =P () +0 (E) : (3.2.19)
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as R — 0o, uniformly for —a < 6 < 0. Here

m  cos(£—-1)(0+a)

0) = 3.2.20
p1(0) Tasna cos = (0 +a) ( )
T (£ — 1) cosa cos (£ —2) (6 + )
0) = — 2 2.21
P2 () 240asinasin20r - cos 4= (04 a) (3 )
for —a < 0 < 0, after which
e 1 1 1
£ (X) =14 S0t Q4 0 (ﬁ) : (3.2.22)
as X — oo. Here
(3 — 1)
= - 2.2
= 12actan a’ (3:2:23)
T ) (&2
Q2= (5 - 1) (5 —2) (3.2.24)

360 tan o tan 2o

We may now conclude from (3.2.15) and (3.2.16), that any solution to [PBV P]* must

have,

Y <§, 9) ~ —1g° <J§, 9) R cos 21 0+ a)

«

+ waw (R 9) R ("2)% cos (n - %) T0+a), (3.2.25)

as R — 0o, uniformly for —a < 6 < 0, and some globally determined real constants b2°

(n=1,2,...), with

£ <)A(> ~ ﬁ&?" (A) Xaa=! 4 Z brex X-(m2)at (3.2.26)
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as X — oo, and some globally determined real constants ZAD;’LO (n=1,2,...). Thus both
of [PBV P|* and [PBV P]~ will admit a solution with regularity (3.2.1) as X,R — 0.
Following [24], we observe that both [PBV PJ* admit exact solutions for the angles o =

a, € (O, %ﬂr], where
s

— =1,2,.... 2.2

ay =

For [PBV P]*, we have the exact solution at & = v, (n = 1,2,...) given by,

n+1
P (fz, 6’) = Zapfzp cosp (0 + ), R> 0, —a, <0 <0; (3.2.28)
p=0
with, via (3.2.3),
¢ <X’> =N "a,[2p — (2n + 3)] cos (pan) XP, X = 0; (3.2.29)
p=0

and where, Y T i (
a, = —(3)!(n+1)! [Timpsin (ko)
Pogntloepl(n+ 1 —p)! (n+ 2 - p)! [ ]}, cos (kay,)’

(3.2.30)

for p=0,1,2,...,n, with a,,1 = —1. In this case, the near-field constant, aq in (3.2.13),

for [PBV P| ", is given by

— ()13, sin (ko)

= . 3.2.31
W= gni (n+ ) T cos (kay,) ( )
For [PBV P]~ we have the exact solution at & = o, (n = 1,2,...) given by,
n+1
" <R, 9) =3 ()G R cosp (0 F ), R0, —a, <00 (3.2.32)
p=0

35



with, via (3.2.3),
§ (55) = (—=1)"""a, [2p — (2n + 3)] cos (pan) X7, X >0; (3.2.33)

and the near-field constant for [PBV P|~, ag in (3.2.13), is given by,

ap =

1 n+1
2 sin (kay,)
<2)§ =l (3.2.34)
2

4”4rl ( NI cos (ko)

17 with, from (3.2.28), (3.2.29), and

The simplest case occurs for n =1 when a = a; = ;

(3.2.30), for [PBV P]* we have,

~ 1 2~ T =9 T
1/1(R,6’) = —@—?Rcos («94—1) - R COSQ(G—FZ),
R>0, —% <0 <0, (3.2.35)
. 1 -~ .
¢ (X) -S+X X2 (3.2.36)

whilst, from (3.2.30), (3.2.32), and (3.2.33), for [PBV P]~ we have,

~ 1 ™ 7T
¢<R,Q)——@+—RCOS(Q—I—Z> 082(0—1—1),
R>0, % <0<0, (3.2.37)
. 1 -~ .
¢ <X) -5 +X, K> (3.2.38)

In this case, the near field constant is given by

= ___ 3.2.39
Qo 607 ( )

for both [PBV P]* and [PBV P]".
We now consider the numerical solution of both [PBV P]™ and [PBV P]~ in detail.
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3.3 Numerical Method

In this section we outline the numerical method used to provide a numerical solution to
[PBV PJ*. This is based upon a finite difference approach, with the associated linear
algebraic equations solved using MATLAB® [21].

We first discretise the wedge domain for [PBV P]* using a five-point stencil in polar
coordinates as illustrated in Figure 3.4. The grid is composed of two regions, within
which we employ a uniform grid-spacing (I and I in Figure 3.4a) with azimuthal grid
spacing Af and radial grid spacings of A]f%\l and AEQ respectively. These two regions are
connected across the arc at R = ]:?*, as shown in Figure 3.4a. Such schemes are discussed

in [18].

(a) The discretised wedge

i—1,)

(7"7.7' - 1)

(i41.9)
(b) The five-point stencil in polar co-
ordinates

Figure 3.4: Discretisation of the wedge with a non-uniform grid
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3.3.1 The Grid

The grid, as shown in Figure 3.4a, is discretised as follows:
(a) Azimuthally:

We write,

0=0,=—(G—1)A0, j=12... J+1,

with A6 = 2, and J € N to be chosen.

IR

(b) Radially:
We write,
R =R, =iAR,, i=1,2,...,n
R=R; =R+ (i—n)ARs, i=n+1n+2,.. ., N+1
with

AE—E and AE—M
T T (N+1-n)

where n, N € N (with N > n), R* and R™ are to be chosen.

in 1,

in 11,

(3.3.1)

(3.3.2)

(3.3.3)

(3.3.4)

In what follows we impose the far-field boundary condition (3.2.25) in [PBV P]* at

R = R® (> 1). In addition we impose a near-field boundary condition at R = & (< 1),

the details of which are found in Appendix A.3, which expresses the regularity requirement

(3.2.1) in [PBVP)* as R — 0.

3.3.2 Finite Difference Approximations

With the notation 1;; = ¢ (Ez, 6j> we use the centred finite difference scheme with a

five-point stencil (see Figure 3.4b) to approximate the derivatives in [PBV P]*, giving
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the following discretisations,

8_10 _ Yij—1 — Vi 3_@/} _ VYiv1; — Vic1
90 |, ; 2A0 ’ OR|:; ) ’
32_¢ _ 2 <w@-+1,j — iy iy — wiu) *Y _ g1 = 2%+ i (3.3.5)
oR2|;; 0 AR, AR, C00% ;. AG? 7
where
(1,1), i=12,...,n—1,
0=ARy+AR  and  kl={(1,2) i—n, (3.3.6)
(2,2) i=n+1n+2,...,N+1

\

3.3.3 Linear Algebraic Equations for ;; (i =1,2,...,N +1;
j=12...,J4+1)

As detailed in Appendix A.4, we use the aforementioned finite difference approximations
for partial derivatives (3.3.5) in order to generate N (J + 1) linear algebraic equations
to be solved for the unknowns v¢;; (i =1,2,...,N; j=1,2,...,J+1). We order these
unknowns by grouping along a ray, then incrementing 6 to cover the whole domain. It is
convenient to introduce notation in the following way. First, we introduce the N (J 4 1) x1

vector v by

i U - - (GW -
Uy oy
v=| : with v, = : (3.3.7)
Uy VN1,
e | YNy |

39



After discretisation of the equations and boundary conditions in [PBV P]*, together with
a suitable regularity condition at ]% (see Appendix A.3 for details), we obtain the large,

sparse, linear algebraic system

Av =D. (3.3.8)

Here A is a large, sparse, block tridiagonal matrix of dimension N(J+ 1) x N(J+ 1) and

bisa N (J+1) x 1 vector. In particular b is given by

b,
b,
b=| : |, (3.3.9)
b,
b
with
b; () =0, i=1,2,...,.J+1,j=1,2,...,N—1, (3.3.10)
. (C?V + c’fvc}c\f) Y, =1,
b; (N) = (3.3.11)
Vs i=2,3,...,J+1,

and A is given by

A T 7 (3.3.12)
c, C @ C,
0 C,+C, C
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with C, C} tridiagonal and C,,, C; diagonal matrices all of dimension N x N, given

by

= diag | ¢ — N AN I
' 2AGR, tan 0; + ) b M

cf cf+cf 0
w (0] €
Ca G Ca
C = , (3.3.13)
w (0] €
CN—1 CN-1 CN-1
w (0]
| 0 N N
1 fo 1 fe w
5 v T _gw <C1 +a ) 0
2A61§1 tana 1 2A01§1 tana 1
v el’ ekt
Cy = )
' fw () fo n fe
CN-1CN-1 CN—1CN-1 CN-1CN-1
n fw n fo
i 0 ey ey |
(3.3.14)

where ¢, ¢?, ¢¢, c¥

77771 ) Y ) T

41
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and are given by

~ 2 1
SAR, OR;
~ 1 1
0 = —2R%5* — + = 3.3.16
“ ’ (AezRg +5*>’ (3.3.16)
~ 2 1
cf = R}o" ( + —) (3.3.17)
SAR, R
n S 5*

Ci = Ci = m, (3318)
fori=1,2,..., N with §* = ARkARl, and cZ , 16, c; ", also derived in Appendix A.4,
given by

| sp2 1
v — _omag | BBL _opl (1 . 25) , (3.3.19)
| AR 0 a
~ 2 (4R2  AR?
o= oRk,Ap | (1 + E) Bl el Wl (3.3.20)
@ a/ 0 \AR, AR,
N D2
oo~ _ofng | 2R 4 opt (1 . 23> , (3.3.21)
|OAR, K a

for [PBVP]T (i=1,2,...,N), and finally

2 ~
_omng | _opt (1 L ) (3.3.22)
SAR), ‘0
~ 2 (4R?  AR?
"= 2Ra0 | T (14 2) - S | e+ (3.3.23)
el o/ 0\ AR, AR,
- D2
oo —ofng |2 4 op, (1 - 23) , (3.3.24)
SAR, "o o

for [PBVP]” (i=1,2,...,N). The large sparse system (3.3.8) is now solved using MAT-
LAB’s mldivide algorithm.
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3.4 Numerical Results for [PBV P]*

In this section we examine results obtained by solving [P BV P]™ numerically, as discussed
in §3.3. When solving [PBV P]" numerically, we first set the numerical parameters as
discussed in §3.3.1. We begin by setting R>® = 2.5. This value could be optimised, but
it has proven to be sufficient for achieving the far-field form for ¢ (3.2.19) and ¢ (3.2.22).
This choice of R* is useful in that it allows comparison with the results in [24], and it
is also small enough to allow us to take AR, = Aﬁg, leaving us free to choose R* to be
any suitable value in the range ¢ < R* < R®. For simplicity we let R* = 1. We also
choose € = 1074, as a sufficiently small value to satisfy regularity required by (3.2.1), via

the near-field condition (A.3.2).

Table 3.1: Convergence of the numerical solution to [PBV P]* to the far-field asymptotic
forms (3.2.19) and (3.2.22) for decreasing AR, o = tmand J+ 1 = 30. In this case
Aé]_ = Aég. This table shows the percentage error between numerically calculated
solutions and the far-field asymptotic forms. Time t (given in seconds) is the calculation
time for a typical run

H AR, ‘ Eerror (Y0) ‘ Verror (Y0) ‘ t (seconds) H
5x 1072 19.59 x 1074 | 1.49 x 107° 0.0618
1x107211.92x107*| 5.88 x 1077 0.0812
5x 1072 ] 9.63 x 107° | 1.47 x 1077 0.115
1x1073 193 x107° | 5.86 x 107 0.577
5x107%19.63 x 1075 | 1.46 x 107 1.54
1x107* 193 x 1076 | 5.89 x 1011 24.4
5x107° ] 9.62x 1077 | 1.49 x 10~ ! 91.5
1x107% | 1.86 x 1077 | 1.32 x 1072 2280

In Table 3.1 we show the percentage error between numerically calculated solutions to
[PBV P|* and the far-field asymptotic forms, (3.2.19) and (3.2.22) for ¢ and £ respectively,
for decreasing values of AR;. We can see from Table 3.1 that as we decrease the step-size
Aﬁq by a factor of 10, the percentage error between our numerically calculated solution to

[PBV P|* and the far-field asymptotic forms (3.2.19) and (3.2.22) also drops by a factor of
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Table 3.2: Convergence of the numerical solution to [PBV P]* to the far-field asymptotic
forms (3.2.19) and (3.2.22) for decreasing A, a = 37 and AR; = AR, = 1073, In this

case A}A%l = Aﬁg. This table shows the percentage error between numerically calculated
solutions and the far-field asymptotic forms. Time t (given in seconds) is the calculation

time for a typical run. All values rounded to 3 s.f.

H J+1 \ Af Eerror (%0) \ Yerror (%) \ t (seconds) H
8 1x107' | 254 x107* | 7.71 x 1078 0.171
16 |5x107%2| 6.33x107° | 1.93x 1078 0.305
79 | 1x1072| 259 x 10°% | 7.89 x 10710 1.44
157 | 5x 1073 | 6.57 x 1077 | 2.00 x 1010 3.95
785 | 1x 1073 | 2.63x 1078 | 7.84 x 10712 49.3
1571 | 5x 107* | 6.55 x 1072 | 1.87 x 10712 161
7854 | 1x107*|2.63 x 107101 | 2.74 x 10713 4470

10. However this comes with a run time penalty; it is clear that as we increase the number
of points, the computation time increases considerably. Based on these figures, a radial
grid-spacing of Aﬁl = 1073 was chosen, giving small percentage errors whilst keeping
the time costs of numerically solving [PBV P|* at a reasonable level. Similarly, in Table
3.2 we show the percentage error between numerically calculated solutions to [PBV P|*
and the far-field asymptotic forms, (3.2.19) and (3.2.22) for ¢ and & respectively, for
decreasing values of Af. We see that as we decrease Af the percentage error drops ten
times as quickly as for Aﬁl, and, as before, the run time cost increases with decreasing
Af. We chose a value of Af = 1072 as sufficient here.

To begin, we choose angles o« = }17r and a = %’/T, numerically solve [PBV P]T using
the scheme detailed in §3.3 for each angle, and plot the level curves of ¥ in R > 0,
—a < 0 <0, (Figure 3.5), the vector field @z/J in R > 0, —a < 0 <0, (Figure 3.6) and ¢
in X >0 (Figure 3.7).

The exact solution to [PBV P|* for v, and corresponding exact solution for &, (equa-

tions (3.2.28) and (3.2.29)), are plotted in Figures 3.8, and 3.9 for both o = ;7 and

o = %71’. Comparisons show excellent agreement between these exact solutions and the

numerically calculated solutions. Choosing two more angles, namely o = %7‘(‘ and a = %71’,
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a=m7/4 a=m/6

Figure 3.5: Contours of ¢ for the numerical solution of [PBV P]* with a = 17 and

a = éﬂ'. In each plot a black line shows R>® = 2.5, after which the far-field asymptotic
form (3.2.19) is plotted

a:ﬂ'/4 Oé:ﬂ'/G
0 — 0
SO0 NN
SN0 \ SRR
-05 \\\\ N \\ \\ \\ \'\ -05 N \\\ ‘L\ \ \\
‘\\ N\ \ \ SN N \
N SRR ~
DU SN
-1 AN \ -1 =
D~ \\\ \ S
N
-15 AN -15
-2 -2
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Figure 3.6: The vector field Vi) for the numerical solution of [PBV P]* with o = 17 and

1
06—671'

we plot the level curves of 1 in R> 0, —a < 0 <0, (Figure 3.10), the vector field @1# in
R>0,—a<6<0, (Figure 3.11) and £ in X >0 (Figure 3.12) as before.

Figure 3.13 plots the numerically determined near-field constant ag («), as given in
(3.2.13), for [PBV P]* against « € (0, $7), where the exact values for a = v, in (3.2.31),
are shown as circles. The numerical evidence shows that ag (o) < 0 for all « € (0, %7‘(‘),
with ag (o) — 0 as @ — 07, that ag () is monotonically decreasing as « increases, and
that ag () — —% as a — %W’. We have excellent agreement between the numerically
calculated values and the exact solution (3.2.31). We will denote the numerical solution

to [PBVP]" by ¢ = ¢t <§, 9), with corresponding solution for &, given via (3.2.3),
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Figure 3.7: Graphs of £ for the numerical solution of [PBV P]* with a = 17 and a = .

In each graph a square shows R>® = 2.5, after which the far-field asymptotic form (3.2.22)
is plotted
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Figure 3.8: Contours of ¢ for the exact solution (3.2.28) of [PBV P|* with a = 17 and
=T
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Figure 3.9: Graphs of £ for the exact solution (3.2.29) of [PBV P|* with a = {7 and
a=2im
6
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Figure 3.10: Contours of ¢ for the numerical solution of [PBV P|* with a = 37 and

a = %71'. In each plot a black line shows R>® = 2.5, after which the far-field asymptotic
form (3.2.19) is plotted
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Figure 3.11: The vector field Vi) for the numerical solution of [PBV P]* with o = in

1
and o = g7
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Figure 3.12: Graphs of ¢ for the numerical solution of [PBV P|" with o = 27 and o = &.

In each graph a square shows R>® = 2.5, after which the far-field asymptotic form (3.2.22)
is plotted
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Figure 3.13: Numerical approximation to the near-field constant ag(«) for [PBV P|*
plotted against a. Exact solutions for o = «,, (n =1,2,...,10) (3.2.31) are shown as
circles

which we denote by £ = £ ()/(\' ), and numerical evidence shows that £+ <)? > is monotone
increasing in X > 0. It follows from (3.2.11) - (3.2.14) that,

Pt <§,0> = ap (@) <1+ 7T(1——i_§)]§(:os 0+a)+ 0 <§2)> :

o sin o

as R—0, —a<60<0, (3.4.1)

&t <)?) — (1+g) ap () (1 G Ul S P ()?2)> Las X 0,  (3.4.2)

with ag (o) as given in Figure 3.13.
Figure 3.14 plots £ (0) and &5 (0) against o. We see that as a — 0%, £(0) — 07 and

€5 (0) — 07, whilst as o — 177, £(0) — 5 and &5 (0) — 0™. We notice that £ (0) has

1

17 As before, the angles which have exact solutions are

a maximum value close to a =
shown as circles, with excellent agreement between exact and numerical values.
In Figure 3.15 [V (0,0) | is plotted against o € (0,37). We see that as o — 07,

V4 (0,0) | — 0F, with [V (0,0) | monotonically increasing, and that |V (0,0) | — 1~

as o — %71‘7.
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Figure 3.14: Numerical approximation to £ (0) and {5 (0) for [PBV P]* plotted against

a. Exact values for « = o, (n =1,2,...,10) (via (3.2.29)) are shown as circles
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Figure 3.15: Numerical approximation to |V (0,0)| for [PBV P]* plotted against a.
Exact values for o« = a, (n =1,2,...,10) (via (3.2.28)) are shown as circles
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3.5 Numerical Results for [PBV P|~

In this section we examine the results obtained by solving [PBV P]~ numerically, as
discussed in §3.3. The numerical solution reveals a delicate structure around points o = o,

(n=1,2,...) with o located at

ir<al < im,
! ? (3.5.1)

™ * ™ _
m<an<%, n=23,....

Following the approach used to solve [PBV P]", we first set the numerical parameters
as discussed in §3.3.1. For angles o = o, (n =1,2,...) where we have exact solutions,
we choose R = 10, which must then be increased as we approach a = o (n =1,2,...).
We set Aﬁg = cAﬁl, with ¢ > 0 to be chosen later. As we increase R we increase the
multiplier ¢, in order to keep the run time required to solve [PBV P]~ acceptably small.
As for the solution to [PBV P]*, we choose R* =1 and & = 1074,

Table 3.3: Convergence of the numerical solution to [PBV P]~ to the far-field asymptotic

forms (3.2.19) and (3.2.22) for decreasing ARy, o = im, ¢ =1and J+1=30. In this

case Afil = A}A%g. This table shows the percentage error between numerically calculated
solutions and the far-field asymptotic forms. Time t (given in seconds) is the calculation
time for a typical run.

[ AR ] Eavor (%) [ Vemor (%) [ (seconds) |

1x 107! 49.4 9.89 0.0864
5x 1072 16.2 5.00 0.0912
1 x 1072 0.808 1.01 0.145
5x 1073 0.422 0.505 0.241
1x1073 0.410 0.101 1.46
5x 107 0.428 0.0506 3.66
1x107? 0.445 0.0101 28.3
5x 1075 0.447 0.00506 221

In Table 3.3 we show the percentage error between numerically calculated solutions to

[PBV P]~ and the far-field asymptotic forms, (3.2.19) and (3.2.22) for ¢ and & respectively,

20



Table 3.4: Convergence of the numerical solution to [PBV P]~ to the far-field asymptotic
forms (3.2.19) and (3.2.22) for decreasing Af, a = ;7 and AR, = 1073. In this case
AR, = AR,. This table shows the percentage error between numerically calculated
solutions and the far-field asymptotic forms. Time t (given in seconds) is the calculation
time for a typical run. All values rounded to 3 s.f.

[J+1] A0 [ Eaor (%) [ Yerror (%) [ ¢ (seconds) |

8 1x10°! 4.18 0.101 0.224
16 |5 x 1072 1.35 0.101 0.382
79 | 1x1072 0.271 0.101 1.75
157 | 5x 1073 | 0.0239 0.101 4.80
785 | 1x 1073 | 0.0409 0.101 25.0
1571 | 5 x 107* 0.415 0.101 188

for decreasing values of AR;. We can see from Table 3.3 that as we decrease the step-size
A]T?l by a factor of 10, the percentage error between our numerically calculated solution
to [PBV P]~ and the far-field asymptotic forms (3.2.19) and (3.2.22) also drops by a
factor of 10, albeit with a run time cost associated as before. However there are two main
differences between the errors in solving [PBV P|* and [PBV P]~. The first is that the
percentage errors are several orders of magnitude higher when solving [PBV P]~ than
[PBV P|*, although they are still acceptably small. The second difference is that once
A]/%l gets small enough, the error in calculating £ begins to increase. We believe this is
due to rounding errors in the numerical solution of (3.2.3) for &, and for this reason we
choose a value of AR; = 1073 for our computations. Similarly, in Table 3.4 we show the
percentage error between numerically calculated solutions to [PBV P]~ and the far-field
asymptotic forms, (3.2.19) and (3.2.22) for ¢ and & respectively, for decreasing values of
Af. We see that as we decrease A# the error in calculating ) does not appear to change,
and, as before we see the same pattern in the error in the calculation of £&. We choose
Af =5 x 1073 to give acceptably small errors while keeping run time costs down.

As with the solution to [PBV P]*, we begin by choosing angles a = 17 and o =

1 LB

1
6

numerically solve [PBV P|~ using the scheme detailed in §3.3 for each angle, and plot the
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Figure 3.16: Contours of ¢ for the numerical solution of [PBV P]~ with @ = 7 and
a = %71'. In each plot a line shows R>® = 10, after which the far-field asymptotic form
(3.2.19) is plotted
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Figure 3.17: The vector field V1 for the numerical solution for [PBV P]~ with o = i
and o = i1
6

level curves of v in R > 0, —a < 0 < 0, (Figure 3.16), the vector field ﬁw in R > 0,
—a < 0 <0, (Figure 3.17) and £ in X >0 (Figure 3.18). It is of interest to examine
the structure of the level curves of i) and the vector field 61/1, in both cases a = }ﬁr and

a = %W, closer to the tip of the wedge. These are shown in Figures 3.19 and 3.20. For

o= ;117T, Figure 3.19a reveals a stationary point (saddle) for ¢) on the boundary 6 = —iﬂ'
when R ~ 0.24. This leads to a reversal in @1/1 on # = —}lﬂ when the stationary point

is crossed, and a consequent weak reversal in @@D -jon # = 0, as can be seen in Figure
3.20a. For a = %71’, Figure 3.19b reveals that there are now two stationary points (both

saddles) for ¢ on the boundary 6 = —%77, when R = 0.054 and R ~ 0.61. Consequently,
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Figure 3.18: Graphs of ¢ for the numerical solution of [PBV P]~ with o = ;7 and o = 7.

In each plot a square shows R>® = 10, after which the far-field asymptotic form (3.2.22)
is plotted
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Figure 3.19: Contours of ¢ for the numerical solution of [PBV P]~ close to the tip of the

wedge with a = iﬂ' and a = %71’. The stationary points are marked with a dot
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Figure 3.20: The vector field Vi for the numerical solution of [PBV P]~ close to the tip

of the wedge with a = %7‘(’ and o = %ﬂ'. The reversal points are marked with a dot

there are now two reversals in @zﬂ on # = —%W, and two associated weak reversals in
@@D -jon 6 =0, as can be seen in Figure 3.20b. An investigation of each of the angles
a=a, (n=1,2,...) where exact solutions are available (given in (3.2.32) and (3.2.33))
reveals that when o = «,, (n =1,2,...), then ¢ has exactly n stationary points (each
saddle points) on § = —a,,, and consequently, there are n reversals in @@/} on 0§ = —ay,
and n associated weak reversals in ﬁw -j on @ = 0. Significantly, each of these reversals
leads to a zero of £ ()?) in X > 0. Thus, when o = o, (n =1,2,...),¢& <)A(> has exactly
n zeros in X > 0, and & (0) has sign (—1)", with ¢ ()?) — 00 as X — co. Since & ()A()

is a polynomial of degree n, then this establishes that & ()/(\' ) has exactly (n — 1) turning
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Figure 3.21: Graphs of £ close to the tip of the wedge for the numerical solution of
[PBVP]~ with a = n/4 and a = /6. In each plot circles highlight the location of zeros
of £
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Figure 3.22: Contours of ¢ for the exact solution (3.2.32) of [PBV P]~ with o = 7 and
1

o = 671'
points in X > 0. This is illustrated in Figure 3.21 which graphs & <)A( > for a = }LW and

a = %ﬂ', close to X = 0. We will return to the implications of these observations at a

later stage.

The exact solutions to [PBV P]~ ((3.2.32) and (3.2.33)), when a = 7 and a = irm

4 6
are plotted in Figures 3.22, and 3.23. Comparison between Figures 3.16, and 3.18, and

Figures 3.22, and 3.23 shows excellent agreement.

1

7 is illustrated in Figures 3.24 - 3.26. As may be anticipated,

The case when a =
Figure 3.24b reveals three stationary points (all saddles) for ¢ on the boundary 6 = —%71’,

when R ~ 0.0218, R~0.123 and R ~ 1.16 respectively, with associated reversals in %@/J
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Figure 3.23: Graphs of ¢ for the exact solution (3.2.33) of [PBV P]~ with @ = {7 and
a=zir
6
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Figure 3.24: Contours of ¢ for the numerical solution of [PBV P]~ with a = éﬂ'. In

Figure 3.24a a line shows R® = 10, after which the far-field asymptotic form (3.2.19) is
plotted. In Figure 3.24b the stationary points are marked with a dot

on f = —%7‘(’, and in ﬁw -jon 6 =0, as can be seen in Figure 3.25b. The graph of & <)?>

in X > 0, Figure 3.26, now has three zeros and two turning points.
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Figure 3.25: The vector field V) for the numerical solution [PBV P]~ close to the tip of
the wedge with o = %71’. In Figure 3.25b the reversal points are marked with a dot

The near-field constant ag («), as given in (3.2.13) for [PBV P]~, is now investigated
for a € (0,47). A careful numerical study shows, in the case of [PBV P|~, that ao () has
a delicate structure, which supports our observations earlier for the cases when a = «,
(n=1,2,...) and the exact polynomial solution is available. Numerical agreement with
the cases @ = a,, (n = 1,2,...) is excellent, and gives us confidence in the determination

of ag () for o € (0, 3). The structure of the graph of ag () for e € (0, 47) is as follows:

1. ap () has a sequence of pairs of near resonances, between which ag («) rapidly
changes sign, vanishing at a sequence of points « = o (n=1,2,...), which are

decreasing in n and approach zero as n — oo. Moreover @« = of (n=1,2,...)
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Figure 3.26: Graphs of ¢ for the numerical solution of [PBV P|~ with a = %’N with
refinements close to X = 0. A square shows R® = 10, after which the far-field asymptotic

form (3.2.22) is plotted. Circles highlight the location of the zeros of &

interlace with a = o, (n = 1,2,...) so that,

T T
_— = n * n—1=— =T, = 2, 3,..., 352
Yt 1) n < 0 < Oy = o n ( )
with o] ~ 1.41. Numerical calculations of o for n = 1,2,...,10 are shown in Table
3.5.
Table 3.5: Numerical calculations of o for n =1,2,...,10
n 1 2 3 4 5 6 7 8 9 10
ar | 1.41 ] 0.739 | 0.493 | 0.378 | 0.303 | 0.251 | 0.214 | 0.186 | 0.163 | 0.146

2. Between the near resonance pairs ag (a) is positive and monotone decreasing for
a € (ozl, ) Subsequently, ag («) is positive, with a single minimum point when
o € (a3,,1,03,) (n=1,2,...), whilst ao () is negative, with a single maximum

point when a € (a3,,05, 1) (n=1,2,...).
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ag (ayl

Figure 3.27: A qualitative sketch of the structure of ag () for a € (0, 37)

A qualitative sketch of ag (@) for a € (0, i) is illustrated in Figure 3.27. Numerical
calculation shows that the consecutive stationary values of ag (), between consecutive
near resonance pairs, approach zero as « — 0%, whilst ag () approaches a finite positive
value as o — %W’. In addition, as each o (n=1,2,...) is crossed, with decreasing «,
the number of stationary points (saddles) of ) on § = —« increases by one, whilst the
number of zeros and turning points of & <)/(\' ) in X > 0 increases by one. At a =« ¢
has a stationary point (saddle) at the tip of the wedge. For o € (ad, af), & ()?) has two
turning points when a € (o, aj) and becomes monotone when o € (a3, f]. Numerical
solution indicates that o lies in the range 1.36 < o} < 1.41. This structure is detailed in
Table 3.6.
For a € (0/{, %7‘(’), © has no stationary points, and & ()/(\' ) has no zeros but has a single
minimum point in X > 0. The numerical solution of [PBV P|~, for angles close to a = o,
(n=1,2,...), required increasingly large values of ﬁoo to achieve suitable accuracy in the
far-field boundary condition. Numerical approximation to ag («), with refinements close
to o = af (n=1,2,3,4), are shown in Figure 3.28, together with graphs of £ (0) and
£5 (0) in Figure 3.29. Finally V¢ (0,0) | is shown in Figure 3.31.

Denoting the solution to [PV BP|™ as ¢ =, (E, 9) and £ =&, ()?), the behaviour
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Table 3.6: The number of zeros and turning points in & ()? ) on X > 0, and the number
of stationary points (saddles) of 1) on 6 = —a, for @ € (a1, a5) (n=1,2,...,6)

a€ (on,,an) fln=1|n=2|n=3|n=4|n=5|n==6
Number of zeros of || 0 1 2 3 4 5 6
(%)

Number of turning || 1 T 1 2 3 4 5
points of & ()?)

Number of stationary | 0 1 2 3 4 D 6
points of 1) on 6 = —«

1
ae L= )
7o (al 27r)

. {2 a € (af,ar),

0 ac(a,all.

close to the tip of the wedge is as follows:

L ae(0,im)\{a;:n=1,2,...}

It follows from (3.2.8) - (3.2.14) that,

Vo (R 9) = ag () (1 - MR\COS B+a)+0 <§2>)

o sin «

as R—0, —a<0<0, (3.5.3)
& ()?) - (1 n g) ao () (1 =Dz 0 ()?2)) as X =0, (3.5.4)

atan o

with ag (o) as given in Figure 3.28.
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Figure 3.28: Numerical approximation to the constant ag («) for [PBV P]~ plotted against
a, with refinements close to o = «f, (n=1,2,3,4). Exact solutions for a = «,

n?

(n=1,2,...,10) (3.2.34) are shown as circles

2. ae{ar:n=12,...}

It follows from (3.2.8) - (3.2.14) that,

U (ﬁz, 9) = by () (ﬁza’% cos al (0 +a)+0 (ﬁz%’%))
as R— 0, —a* <0<0, (3.5.5)
En ()?) = by (o) (1 - al) Xax (1 ) ()?)) as X 50, (3.5.6)

with by (o) (n =1,2,...) being a globally determined real constant.
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Figure 3.29: Numerical approximation to £ (0) and {5 (0) for [PBV P]~ plotted against

a. Exact values for a = a,, (n =1,2,...,10) (via (3.2.33)) are shown as circles
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Figure 3.30: Refinements close to o = o (n = 1,2, 3,4), for the numerical approximation
to £ (0) and {5 (0) for [PBV P|~ plotted against a. Exact values for o = o, (n = 1,2, 3,4)
(via (3.2.33)) are shown as circles
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Figure 3.31: Numerical approximation to |§w (0,0) | for [PBV P|~ plotted against «, with
refinements close to a = o (n=1,2,3,4). Exact values for « = a,, (n=1,2,...,10)
(via (3.2.32)) are shown as circles

3.6 Summary of the Solution Structure to the

Boundary Value Problem (3.1.29) - (3.1.34)

We are now able to summarize the results of the previous three subsections in relation to
the boundary value problem (3.1.29) - (3.1.34). We interpret these results in terms of the

parameters a € (0,17) and 4 € R (with 4 = 1+ o tan ). We have:

1. ,u>0,a€(0,%7r)

A solution exists to the boundary value problem (3.1.29) - (3.1.34) with the required

regularity (3.2.1) at (7, 7) = (0,0), given by

$(§, 0) = payp) (%,9) L, R>0, —a<0<0; (3.6.1)

130 i (5), Ko (362)

with ¢ and £ as given in (3.4.1) and (3.4.2) respectively.
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2. p<0, € (0,3m) \{a :n=1,2,...}

A solution exists to the boundary value problem (3.1.29) - (3.1.34) with the required

regularity (3.2.1) at (X,Y) = (0,0), given by,

6 (R,0) = (—p)* ¢ <%,9) CF>0, —a<0<0; (3.6.3)
7(X) = (m=e (%) , X > 0; (3.6.4)

with ¢, and & as given in (3.5.3) and (3.5.4) respectively.

3. pn<0,ae{al:n=12...}

A solution exists to the boundary value problem (3.1.29) - (3.1.34) with the required

regularity (3.2.1) at (X,Y) = (0,0), given by,

6 (R,0) = (—p)>7 ¥y, (%,e), R>0, —a’ <0<0:; (3.6.5)
_ . X\ -

(X)) =(—p)=i e [——), X >0 6.

1X) = (07 g () X 20 (3.6.6)

with ¢, and &.. as given in (3.5.5) and (3.5.6) respectively.

4. ,uzO,ozE(O,%w)

This case has not been treated as yet. However, it is readily established (and
anticipated by the coordinate scalings within (1) - (3) above) that, in this degenerate
case, the solution to the boundary value problem (3.1.29) - (3.1.34), which has least

singular behaviour at (Y, 7) = (0,0), is simply given by the far-field forms; that is,

5(?, 0) = ~R* cos % (O+a), R>0, —a<0<0; (3.6.7)
— T —T 1 —

n(X)=-—X=> X > 0. 3.6.8

N(X) =12 , 0 (3.6.8)

64



3.7 Reconstructing the Inner Region Asymptotic

Expansions

In this section we reconstruct the inner region asymptotic expansions for the fluid velocity
potential ¢, free surface elevation 7, dynamic fluid pressure field py and fluid velocity field q
in terms of the inner region coordinates X, Y, and then consider the behaviour close to the
intersection point of the fluid free surface and the inclined accelerating plate. We consider
the four cases p > 0 with a € (O,%?T), 1< 0 with o € (0,%7r)\{a: n=12...}, u<0

with o € {af :n=1,2,...}, and p = 0 with o € (0, %W) separately.

3.71 Case 1: p >0 with a € (O, %7?)

It follows from (3.1.7), (3.1.8), (3.1.25), (3.1.26), (3.1.35), and (3.1.36), that the intersec-

tion point of the plate and the fluid free surface is located at (X,Y) = (X, (¢),Y, ()

= (X, (t) +10,Y,(t)— iotana), with

X, (t) = —ta2Ag(a) (u— 1) cota cosa pza ¢ (0) 4o (tg_g) : (3.7.1)

Y, (t) =ta2Ag(a) (u—1)cosa p2a 165 (0) + o (tg_Q) : (3.7.2)

as t — 07. We then have, via (3.1.3), (3.1.5), (3.1.23), (3.1.26), (3.1.28), and (3.1.36),

that

nr (X,t) = %(u — 1) +taAg (@) (n— 1) cos o pra el (;—() +o(t=7?), (373

for X > Yp (), as t — 07. We recall that, in the inner asymptotic region, the fluid free
surface is located at Y = n; (X, t), so that in the shifted coordinates (7, 7), the free
surface is located at

Y =n (X,t) - % (u—1), (3.7.4)
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for X > X, (t). Then, from (3.7.3), the free surface in the inner asymptotic region is

located at
—_ J— S T_9 T 1+ 7 xr_2
YV =Y;(X,t)=ta?Ag(a) (p—1)cosa pza ¢} m +o(t=7?), (3.7.5)

for X > X, (t), as t — 0. We next have, via (3.1.4), (3.1.6), (3.1.24), (3.1.26), (3.1.27),
and (3.1.36), that

1
x w XY ﬁ
+ta2Ag (a) (p— 1) cosa p2arpt (—, —) +o(ta7%), (3.7.6)
wop
for X > 7]0 (t), —Xtana <Y <Y (7, t) as t — 0%. An examination of (1.2.28) and

(3.1.4) requires that we write in the the inner asymptotic region

pa (XY, 1) =¢p (XY, 1), X>X,(t), Xtana<Y <Y;(X,t), t >0, (3.7.7)

after which we have, via (1.2.28), (3.1.4), and (3.7.6), the inner region asymptotic expan-

sion for the dynamic fluid pressure field as,

Pr <X> Y, t) = % (n—1) (1 — 27) +ta 24 (a) (n— 1) cos v pu2a (271#:7? (%; %)
(XY m (XY .
+2V gty (;,;> - (1+ E) + (ﬁ’ ;)) +o (52, (3.7.8)
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as t — 07 with X > X, (¢), —X tana <Y <Y (X,t). Finally, in the inner asymptotic

region, the fluid velocity field is given, via (1.2.29), (3.1.4), and (3.7.6), as,

- — x x XY
a(X,Y,t)=t(p—1)j+to""Ag(a)(p— 1) cosa u2a< ;F,Y (;,;)1
XY .
+ : z_2
== j)+o(t-"7), 3.7.9
a,Y(,u M) ) ( ) ( )

as t — 07 with X > Yp (t), —Xtana <Y <Y (7, t). We now consider the structure
of the inner region asymptotic expansions close to the intersection point of the inclined
plate and the fluid free surface when (7, ?) =0 (p%_1t§_2) as t — 07. We have, via

(3.4.1), (3.4.2), (3.6.1), and (3.6.2), together with (3.7.1) - (3.7.9), that
~ T _o9 m 7 _q T _9

X, (t) =te (1 + E) Ag (a)ag (a) (w— 1) cotacosa pza~' +o(t="2), (3.7.10)
Y, (t) = —ta? <1 + g) Ag (@) ag (@) (p—1)cosa pza 4o (tg_Q) : (3.7.11)

1 (F’ 9,25) =(p=1) {Esine - é (2— U)} + tg_QAO () ag () (p— 1) cosa ,u% (1

7T(1+§)— —=2 T _9
WRCOS(@"‘O()‘FO(R))"‘O(T%‘ ),
for 0 < R < min (1,p), —a <0 <0, (3.7.12)

n (X,t) = % (p—1)—ta? (1 + g) Ao (a)ag (@) (u— 1) cos v p2a (1

—MYJr 9, (Y2>> +o(t57?),

poctan a
for 0 < X < min (1,p), (3.7.13)

pr (R, 0.1) = % (#—1) (1 —2Rsinf) —ta? (1 + g) Ao (@) ag () (p — 1) cos v p2a (1

T(1-2)~ 2 z_2
—WRCOS(Q‘FOC)—'—O(R >>+0(t0‘ ),
for 0 < R < min (1,1), —a <60 <0, (3.7.14)
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q(R,0,t) =t(p—1)j+ tg’lg (1 + g) Ag (@) ag (@) (1 — 1) cosa piza~* (cot ai
=) (1+ 0 (R)) +o(t27).

for 0 < R < min (1,1), —a <60 <0, (3.7.15)

as t — 0% in the inner asymptotic region, with Ag () and ag (a) as given in Figures
2.3 and 3.13 respectively. We observe from (3.7.12) - (3.7.15) that, in this case, each of
the inner region asymptotic expansions remain uniform up to the contact point, where
(X,Y) = O (p2a~'ta=2). Thus the asymptotic structure as ¢ — 0%, of the solution to
[IBV P], is complete in this case. It is worth noting at this stage that, in this case, the
expansions close to the contact point, (3.7.12) - (3.7.15), require (X,Y) = O (p2a'ta—?)
and 0 < X, Y < min (1, x). This requires the following qualification on the asymptotic

structure of [IBV P] as t — 07 in this case, namely,

0<t<<min (1, (), (), (3.7.16)
where
(-75)
A () = p a2, (3.7.17)
2-75)
Az () = p (&2 (3.7.18)
in pu > 0.

We can now draw the following conclusions concerning the free surface, the fluid

velocity field and the dynamic pressure field in the inner asymptotic region:

(a) The contact point is located at

(@, y) = % (= 1) (—cotan 1) + 0 (£5) | (3.7.19)

68



as t — 07 (see (3.1.2), (3.1.7), (3.1.8), and (3.1.25)).

(b) The free surface slope at the contact point is given by,

= a2l (1 - 7T—) Ag (@) ag (@) (n— 1) cot o cosar pza 2

+o(ta?), (3.7.20)

ast — 07 (see (3.4.2) and (3.7.3)). We see that the free surface slope is positive when
(a, ) € (0,37) x (0,1) and negative when (a, n) € (0, 37) x (1,00). A contour plot
of 1z (yp (1) ,t) t>=a, as t — 0%, in the (o, ) plane (with (o, ) € (O, %7r) x (0,00))

is shown in Figure 3.32.

(¢) The free surface n (X,t) is given by

n(X,t) = % (=112 +taAg(a) (u—1) p2ateosa & (i—() +o (ﬁ) , (3.7.21)

as t — 0% for X > X, () (see (3.1.3), and (3.7.3)). It follows from (3.7.21) that
n (X,t) is monotone increasing in X > X, (£) when (o, p) € (0,47) x (0,1), whilst

n (X,t) is monotone decreasing in X > X, (t) when (a, ) € (0, 37) x (1,00).

When g > 1 (0 > 0) examination of (3.7.7) and (3.7.14) reveals that, to leading order
in the inner asymptotic region, the acceleration of the inclined plate induces a constant
dynamic pressure gradient of ¢? (y — 1) j, which drives a vertical jet close to the inter-
section point of the free surface and the plate of height %tQ (u—1). When 0 < p < 1
(—cota < o <0) we see from (3.7.7) and (3.7.14) that, to leading order in the inner
asymptotic region, the acceleration of the inclined plate induces a constant negative dy-

namic pressure gradient of 2 (u — 1) j, which causes the free surface, close to the inter-
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Figure 3.32: Contour plot of t>~an; (Yp (t) ,t) as t — 0% on the (o, 1) plane, in the case
>0

section point of the free surface and the plate, to collapse to a height of %tQ (n—1).

3.7.2 Case 2: ;<0 with o€ (0,37)\{a}:n=1,2,...}

It follows from (3.1.7), (3.1.8), (3.1.25), (3.1.26), (3.1.35), and (3.1.36), that the inter-
section point of the plate and the free surface is located at (X,Y) = (X, (t),Y,(t))

= (X, (t) + 30,Y, (t) — 3otana), with

X, (t) = —ta 249 () (u—1)cota cosa (—p)2 & (0)+o0 (t="?), (3.7.22)
Y

Y, (t) = ta 2Ag (a) (u — 1) cosa (—p)? ' (0) + o (t572), (3.7.23)

as t — 07. We then have, via (3.1.3), (3.1.5), (3.1.23), (3.1.26), (3.1.28), and (3.1.36),
that
— 1
nr (X, t) = S=1)
T_2 sa 1 ¢— X T2
+to A () (p— 1) cosa (—p)2e &, (m) +o(ta7?), (3.7.24)
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for X > X, (t), as t — 07. We now have, from (3.7.4) and (3.7.24), that in the shifted

coordinates (7, 7), the free surface in the inner asymptotic region is located at

Y=Y (X,t) =ta A (a) (n— 1) cosa (—p)2a e (%) +o(ta7?), (3.7.25)

for X > X, (t), as t — 0. We next have, via (3.1.4), (3.1.6), (3.1.24), (3.1.26), (3.1.27),
and (3.1.36), that

¢r (X,Y,t) = (n—1) {Y—é@—u)}

+ta 24y (a) (u— 1) cosa (—/L)i W (&7 &) +o (tg—z) . (3.7.26)

for X > X, (t), —Xtana <Y <Y} (7, t) as t — 07. The inner region asymptotic
expansion for the dynamic fluid pressure field is given, via (1.2.28), (3.1.4), (3.7.7), and
(3.7.26), as

~(1+%)va (% %)) +o(ta7%), (3.7.27)

ast — 07 with X > X, (t), —Xtana <Y <Y} (7, t). Finally, in the inner asymptotic

region, the fluid velocity field is given, via (1.2.29), (3.1.4), and (3.7.26), as

™

q(X,Y,t) =t(u—1)j+t="4g(a) (u—1)cosa (—p)> (@D;X (
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as t — 01 with X > 71, (t), —Xtana <Y <Y (7, t). We now consider the structure
of the inner region asymptotic expansions close to the intersection point of the inclined
plate and the fluid free surface when (7, 7) =0 <(—,u)%_1 t§_2> as t — 0. We have,
via (3.5.3), (3.5.4), (3.6.3), and (3.6.4), together with (3.7.22) - (3.7.28), that

X, () = =72 (14 2) Ay (@) ao (a) (= D cotarcosa (—p) =" + o0 (+572),
(3.7.29)
Y, (t) = 52 (1 + g) A (@) ag () (1 — 1) cosa (—p)3' +0(t572),  (3.7.30)
61 (R.0,0) = (u— 1) | Rt — 5.2 )

+ta 2 Ay (@) ag (@) (— 1) cosav (—p)2a (1

7T(].+§)— —2 x_9
+mRCOS(9+O&)+O<R )>+O(tf¥ ),
for 0 < R < min (1, —p), —a <60 <0, (3.7.31)

i (1 + g) Ao (@) a0 (@) (1 — 1) cosa (—p)3a" (1

m0-Dx 0 (Y2)> Fo(tEY),

patan o
for 0 < X < min (1, —pu), (3.7.32)
pr (R.6.1) = 5 (u—1) (1~ 2Rsin6)
m_9 7T %
—t (1 + E) Ag () ag (o) (u—1)cosa (—p) (1

_Mﬁcos 0+ a)+ 0O (E2>> +o0 (t§_2) ,

Jhr sin o

for 0 < R < min (1, —p), —a <6 <0, (3.7.33)
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qa(R,0,t) =t(p—1)j+ tgflg <1 + g) Ag (@) ag (@) (p— 1) cos o (—p)2a " (cot ai
—) (1+O0(R)) +o(t="),

for 0 < R < min (1, —pu), —a <6 <0, (3.7.34)

ast — 07 in the inner asymptotic region, with Ag (o) and ag («) as given in Figures 2.3 and
3.28 respectively. We observe from (3.7.31) - (3.7.34) that in this case, each of the inner
region asymptotic expansions remain uniform up to the contact point, where (7, 7) =
@) ((—,u)%_l t§_2>. Thus the asymptotic structure, as t — 07, of the solution to [ BV P],
is complete in this case. It is worth noting at this stage that in this case the expansions
close to the contact point, (3.7.31) - (3.7.34), require (X,Y) = O <(—,u)%*lt§_2> and
0 < X,Y < min(1,—p). This requires the following qualification on the asymptotic

structure of [[BV P] as t — 07 in this case, namely,

0<t<<min (1, (), (), (3.7.35)
where
(1;%)
A (p) = (=p) &2, (3.7.36)
(2;%)
Ao (p) = (—p) &2, (3.7.37)
in pu < 0.

Also, we have, in particular,

(a) The contact point is located at

@,y) = % (- 1) (—cota,1) + O () | (3.7.38)
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(b)

as t — 07 (see (3.1.2), (3.1.7), (3.1.8), and (3.1.25)).
The free surface slope at the contact point is given by,

Nz (Xp (t) 7t) =Nrx (yp (t) ,t) ;

s T 7T2 T
= ta*ZE (1 — @) Ag () ag (@) (p—1)cotar cosar (—p)2a >

+o(ta?), (3.7.39)

as t — 07 (see (3.5.4) and (3.7.24)). We see that the free surface slope is positive
when (o, p) € (a3,,03, 1) X (—00,0) (n=1,2,...) and negative when (a,p) €
(03,11, 03,) X (—00,0) (n=1,2,...) and (a, p) € (o, 17) X (—00,0). A contour plot
of nz (X, (t),t) t*7a, as t — 0T, in the (a, p) plane (with (a, p) € (0,47) x (—00,0))

is shown in Figure 3.33.

The free surface n (7, t) is given by

D) =5 o= 1)+ 50 (0) - Deosa (E 7 (25) +o (),

(3.7.40)

ast — 07 for X > X, (¢) (see (3.1.3), and (3.7.24)). It follows from (3.7.40) that
n (7, t) is initially decreasing with a single turning point for a € (off, %7‘(‘) For
a€ (o, af),n (7, t) is initially increasing, with two turning points. For o € (a3, o],
n (7, t) is monotone increasing. For a € (a§n+1, Ozzn) n=1,2,...)n (7, t) 1s ini-
tially decreasing and has (2n — 1) turning points. Finally, for o € (a3,, 03, ;)

(n=2,3,...)n (7, t) is initially increasing, and has (2n — 2) turning points.

When 1 < 0 (0 < —coter) with a € (0,37)\{a},:n=1,2,...}, examination of

(3.7.7) and (3.7.33) reveals that, to leading order in the inner asymptotic region, the
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acceleration of the inclined plate induces a constant negative dynamic pressure gradient
of t2(; — 1) j, which causes the free surface, close to the intersection point of the free

surface and the plate, to collapse to a height of %tQ (p—1).

3.7.3 Case 3: p<0Owithae{a:n=12 ...}

It follows from (3.1.7), (3.1.8), (3.1.25), (3.1.26), (3.1.35), and (3.1.36), that the inter-
section point of the plate and the free surface is located at (X,Y) = (X, (t),Y,(t))

= (X, (t) +10,Y, (t) - iotana}), with

X, (t) = —ta 24y (a}) (n— 1) cot oy cosay, (—p)=n & (0) +o(ta2),  (3.7.41)

Y, (1) = 1524 (a) (11— 1) cos o, (—p) 5 €5, (0) +0 (+5°2), (3.7.42)
as t — 07. We then have, via (3.1.3), (3.1.5), (3.1.23), (3.1.26), (3.1.28), and (3.1.36),
that
- . (X

o (Fot) = 5 0= 1)+ 050 (03) (- Deosa, (05" 6, (25

+o (ﬁ ‘2) , (3.7.43)

for X > X, (t), as t — 07. We now have, from (3.7.4) and (3.7.43), that in the shifted

coordinates (7, 7), the free surface in the inner asymptotic region is located at

= ton Ay (o) (u— 1) cosaly (—p)=n e ((f(—u)> +o0 (tﬁ*z) , (3.7.44)
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for X > X, (t), as t — 0. We next have, via (3.1.4), (3.1.6), (3.1.24), (3.1.26), (3.1.27),
and (3.1.36), that

0 a) o ) cosar, () v (B2 ) o (157).

(3.7.45)
for X > X, (t), —Xtana’ <Y <Y (7, t) as t — 0T. The inner region asymptotic

expansion for the dynamic fluid pressure field is given, via (1.2.28), (3.1.4), (3.7.7), and
(3.7.45), as

pr (X, Y1) =%(,u—1) (1-27)

_ (1 1 al) Vo (%, %)) +o (zﬁ”) : (3.7.46)

ast — 0" with X > X, (t), —X tana, <Y <Y (X,t). Finally, in the inner asymptotic

region, the fluid velocity field is given, via (1.2.29), (3.1.4), and (3.7.45), as

o e (X T
Q (€.70) = = D345 o f0d) (= Deosa, () (v, 1 (2o s )

ULy ((j(T) %) j) +o (t%*) , (3.7.47)

ast — 07 with X > X, (t), —X tano, <Y <Y (X,t). We now consider the structure
of the inner region asymptotic expansions close to the intersection point of the inclined

plate and the fluid free surface when (7, 7) =0 ((—u)ﬁ_l t%_2> ast — 07. We have,
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via (3.5.5), (3.5.6), (3.6.5), and (3.6.6), together with (3.7.41) - (3.7.47), that

X, () =0 (tﬁ*) , (3.7.48)
Y, (t) =o (tﬁ”) , (3.7.49)

¢4§aﬂzqu_np%me_é@_m}

457240 () by (0}) (0 — 1) cos () 5 (R cos — (0 +a})

ay,

+0 (BF)) 40 (t572),

for 0 < R < min (1, —p), —af <60 <0, (3.7.50)

m (Xot) = 5 (= 1)

__T_

+ton A, (aX) by (af) (n— 1) cosa (—p) 25 Xon (1+0 (X))
+o(ta7?),
for 0 < X < min (1, —p), (3.7.51)

pr (R,6,t) = %(u —1) (1 - 2Rsin0)

L (ai - 1) Ao (@) b (o) (0 = 1 cosa, (—a) 5 (

— T i —-T+1 ™ _
Rew cos;(@—l—a)—l—O (R”‘n+ >) +o(ta7?),

n

for 0 < R < min (1, —p), —a <60 <0, (3.7.52)

*
n
s

q(R,0,t) =t(p—1)j+ t%A%AO (@) by (o) (u—1)cosa) (—p) 2% (cosa)i
—sinalj) (F%_l +0 <E$>> +0 <tﬁ_1> :

for 0 < R < min (1, —pu), —a <0 <0, (3.7.53)

n

as t — 07 in the inner asymptotic region, with Ag («) as given in Figure 2.3, and by (o)
a globally determined real constant. We observe from (3.7.50) - (3.7.53) that, in this

case, each of the inner region asymptotic expansions remain uniform up to the contact
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point, where (7, ?) =0 ((—u)ﬁ_l t%_Q) Thus the asymptotic structure, as ¢t — 0T,

of the solution to [I BV P] is complete in this case. It is worth noting at this stage that,

in this case, the expansions close to the contact point require (7, 7) =0 (t%_2> and

0 < X, Y < min(1,—px). This requires the following qualification on the asymptotic

structure of [IBV P] as t — 07 in this case, namely,

0 <t << min (1, (1)),

where

in p<0.

Also, we have, in particular,

(a) The contact point is located at

(@,y) = l(ﬂ —1)#*(=cotar, 1)+ O <tﬁ) ’

2

as t — 07 (see (3.1.2), (3.1.7), (3.1.8), and (3.1.25)).

(b) The free surface slope at the contact point is given by,

e (X, (0).1) = e (X, (8).1) =0 (17577)

as t — 07 (see (3.5.4) and (3.7.43)).
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(¢) The free surface n (X, t) is given by

D) = 5 o= 1) 65 4 (03) - Deosar, (=07 (25

+o <F) , (3.7.58)

ast — 0T for X > X, (t) (see (3.1.3), and (3.7.43)).

When p < 0 (0 < —cota) with a € {o : n=1,2,...}, examination of (3.7.7) and
(3.7.52) reveals that, to leading order in the inner asymptotic region, the acceleration of
the inclined plate induces a constant negative dynamic pressure gradient of 2 (u — 1) j,
which causes the free surface, close to the intersection point of the free surface and the

plate, to collapse to a height of %tQ (np—1).

3.74 Case 4: =0 with a € (O, %7?)

This case has not been treated as yet. However, as discussed in §3.6, it is readily estab-
lished that in this degenerate case, the solution to the boundary value problem (3.1.29)
- (3.1.34), which has least singular behaviour at (7, 7) = (0,0), is simply given by the

far-field forms. In this case we have, via (3.6.7) and (3.6.8), that

X,(t)=o(ta"?), (3.7.59)
Y, (t)=o(ta"?), (3.7.60)
— — 1 T — ™
o1 (R,0,t) = — <Rsin9 — 5) +ta 2 Ag (a) cosa R** cos % (0+a)+o(t="?),
for R >0, —a <0 <0, (3.7.61)
- — ]_ 1 T _9 T =X -1 T _9
nI(X,t):YI(X,t)—E:—§—ta Ap (a) cos a —aXzo‘ —i—o(ta ),
for X > 0, (3.7.62)
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for R >0, —a <0 <0, (3.7.63)
= T 5_11 Sae—1 . _l .
q(R,0,t) =—tj—t 20/10 (o) cosa R? (sm (1 2a> 0i
—cos (1= 5-)63) (1+ 0 (R)) +0 (1),
for R >0, —a <0 <0, (3.7.64)

as t — 07 in the inner asymptotic region. In this case we observe, from (3.7.61) - (3.7.64),

that each of the inner region asymptotic expansions remain uniform up to the contact

point, when (7, 7) = o(tg’Q) provided 0 < a < }Lﬂ. However, for }NT < a< %W, a

weak nonuniformity in derivatives (771,?’ @gb]) persists close to the contact point and, in

(5-2)

particular, when X, Y = O (tQ(l‘ o )) as t — 0T. In this case an inner-inner asymptotic

(5-2)

region will be required when X, Y = O <t2(14%)) as t — 0T in order to correctly capture
the behaviour of the free surface at the contact point.
When 0 < a < }171', we can draw the following conclusions concerning the free surface,

the fluid velocity field, and the dynamic pressure field in the inner asymptotic region:

(a) The contact point is located at
_ L, =
(T, y) = —§t (—cota, 1)+ o (t=), (3.7.65)

ast — 0T,

(b) The free surface slope at the contact point is given by

_ _ o(ta"?), 0<a<im,
Nz (Xp () 7t) =M x (Xp (t) ’t) = (1 (3.7.66)
_%ﬂ +o (t2) y = leﬂ-a
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ast — 0t.

(¢) The free surface n (X,¢) is given by

1 (X,) =~ — 15 Ag (o) cosar 1= X5 4 0(t), (3.7.67)

«

ast — 0% for X > X, (¢) (see (3.1.3), and (3.7.62)).

When }17 < a< %7?, we consider the inner-inner asymptotic region, where X,Y =

(&-2)
@, (tQ(l‘fﬂ)) as t — 07, in the next chapter.
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CHAPTER 4
INNER-INNER REGION ASYMPTOTIC

STRUCTURE TO [IBVP] As t — 0T

In this chapter we introduce the inner-inner asymptotic region associated with [/ BV P]
when (7, 7) =o(l)ast — 07, for p = 0 with « € (%7?, %7?) Specifically, following
Chapter 3, we write (X,Y) = O (A (t)) with A () = 0(1) as ¢ — 0 in the inner-inner
asymptotic region. It then follows from (3.7.62) that Y; = % +n =0 (tg’QA (t)%fl)

as t — 07 in the inner-inner asymptotic region. The free surface must be captured in the

inner-inner asymptotic region. This requires

At)y=0(t"), with I'= 2%%21)) (4.0.1)

ast — 0. A sketch of the location of the inner-inner asymptotic region is illustrated in

Figure 4.1.
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4.1 Inner-Inner Region Asymptotic Structure for

@ =0 with a € (%ﬂ', %77)

Formally we introduce scaled inner-inner asymptotic region coordinates (Z, ) by
X=t'z, Y=ty (4.1.1)

with (Z,9) = O (1) as t — 07 in the inner-inner asymptotic region. The location of the
plate in the inner-inner asymptotic region is given by y = — tan «, whilst the plate and

the free surface intersection point is denoted by (Z,4) = (%, (t), 9, (t)), with,
X, (1) = 75, (1), V() =175, (1), (112)

and (Z, (t), 9, (t)) = O(1) as t — 0T in the inner-inner asymptotic region. An examina-
tion of (3.7.61) and (3.7.62) reveals that 7, = —1 + O (') and ¢; = § — "5+ O (t*) as
t — 07 in the inner-inner asymptotic region. We now write the free surface and velocity

potential in the inner-inner asymptotic region as

1
nr (Z,t) = 5 tInrr (3,1), T>3,(), t=0; (4.1.3)
. 1 _ L
¢I (ﬂf,y,t) = g - tpy +t2F¢II (I,y,t),
T>23,(), —Ttana < g < (T,t), t > 0; (4.1.4)
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with n77 (2,t), ¢r7 (2,9,t) = O (1) as t — 0F. The inner-inner region asymptotic expan-

sions are then introduced as,

i (Z,8) = 7o () + 0(1) (4.1.5)

Qb[[ (jagat) :¢0 (jag)+0<1)> (416)

as t — 0% with (2,9) = O (1) in the inner-inner asymptotic region. Finally, it follows

from (4.1.1) - (4.1.3), and (4.1.5) that we expand Z, (¢) in the form

Tp(t) = To +o0(1), (4.1.7)

as t — 0T, with

Up (t) = —, (t) tan a. (4.1.8)

The free surface in the inner-inner asymptotic region is located at

g:nff (jat)v j>fp <t>7 t>O, (419)

whilst the spatial domain in the inner-inner asymptotic region is

Di(t)={(z,9): 2 >7,(), —Ttana < g < (T,1)}, (4.1.10)

for t > 0, with closure D;; (t). A sketch of the inner-inner asymptotic region geometry is
given in Figure 4.2.

We now write [I BV P] in terms of the inner-inner asymptotic region coordinates (z, 9),
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Inner-Inner Region

-----------

Figure 4.1: A sketch of the location of the inner-inner asymptotic region for p = 0, with

o ¢ (ir. 1)

Figure 4.2: The inner-inner asymptotic region geometry for u = 0, with o € (%ﬂ', %ﬂ')
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and the inner-inner asymptotic region variables ¢;; and 7,7, to obtain,

V261 (%) =0, (#,9) €Diyr (t), t>0;  (4.1.11)
Vi -t =0, P>, (t), j=—ftana, t>0; (4.1.12)
(' +2) 0 + (@11 — (I +2) & i1z — rrg + tnirg = 0,

F>0,(1), G=nu (@), t >0, (4.1.13)
2 +3) ¢rr — (I' + 2) (Zbrrz + Go115) + %Qﬁm + %Qﬁz,g + 1oy =0,

T>3,(t), g=nr(2,t), t>0; (4.1.14)

nir (T, (1) ,t) = —I, (t) tan o, t>0; (4.1.15)

with V = (9/0%,8/87). On substituting from (4.1.5) - (4.1.7) into (4.1.11) - (4.1.15)

we obtain, at leading order, the following nonlinear harmonic free boundary problem for

¢0 (fa g)v 770 (‘%)7 and i107 namely

V3¢, = 0, &> dy, —itana < § < i (%); (4.1.16)
Vo -1 =0, i >, §=—dtana; (4.1.17)
Yo + [ﬁgo,;% - 75} floz — dog =0, T >, y=10(7); (4.1.18)

~ - o~ 1~ 1~ L
(2y=1)¢o — v (l’%,fi + y¢0,g) + 5@%,5; + 5@%,@ =0, T >To, §=10(T); (4.1.19)

o (To) = —F tan o (4.1.20)

with

y=T+2= (4.1.21)

The problem (4.1.16) - (4.1.20) must be completed by asymptotic matching conditions

between the inner-inner asymptotic region and the inner asymptotic region. Following
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Van Dyke’s Matching Principle (see, for example, [19]), we obtain,

o (7,0) = Ay (a) cos v 72a 00821(0+a) + o (72

) as 7 — o0, —a<0<0, (4.1.22)
a

o (T) = —Ap () cos a ff%_l +o (f%_l) as T — 00, (4.1.23)
a

where 7 and 6 are polar coordinates given by & = 7cosf, § = 7sinf. To remove Ay («)

from the problem, we introduce the following scalings,

I =KL, Y=kKy, T=KkKF I9= Ko, (4.1.24)
with, recalling that Ag («) < 0 for o € (41177 §7r),
1
k= (—Ap () cosa)?”, (4.1.25)

illustrated in Figure 4.3. The corresponding boundary problem for @/Z)\ and E is dependent

only upon « and is given by

V2 =0, &>y, —dtana < § <E(d);  (4.1.26)
Vi b =0, &> g, = —dtana; (4.1.27)
vE+ @—w]g}—&@:o, B> 2y, §=E(3):  (41.28)
(27 — 1)@—7(:@@+3§%) +%$§+%$§ =0, &>y §=E,(2); (4.1.29)
€ () = — i tan o; (4.1.30)
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Figure 4.3: Graph of k («) against « calculated exactly via (2.0.15) and (4.1.25)

£(2) = 41:%%_1 +o (32 as T — o0 (4.1.31)
a
b (7,0) = —F cos 21 (0 + ) + o (72) as T — 00, —a <0 <0 (4.1.32)
a

where V is now defined by V = (9/02,0/09), and (7,6) are polar coordinates given
by & = rcosf, y = rsinf. This boundary value problem is similar to that studied by
Needham et al [24] for o € (%7‘(‘, 7T). We will now outline the method used to construct
numerical solutions to this boundary value problem. We begin by defining the position
of the free boundary parametrically in terms of arc length s, with s = 0 at the contact
point of the plate and the free boundary and s increasing as we move away from the plate

along the free boundary, giving
T=z(s), y=y9(s), E:E(s), for s > 0, (4.1.33)

along the free boundary ¢y = § (z) for & > Zy. The free boundary conditions (4.1.28) and
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(4.1.29) become

Vi -n=r~ (29— 2y), on (Z,9)=(2(s),y5(s)) with s>0. (4.1.34)
1
S®% =7 (@88 + ) @ + (27 = 1) @ — o7 (i — #9')” =0,

on (z,9)=(z(s),y(s)) with s>0. (4.1.35)

Here ' denotes d/ds, n = (=9 (s), 2’ (s)) is the unit normal on the free boundary point-
ing out of the fluid and ® = ¢ (2 (s), 9 (s)). Additionally, we also have the arc-length
condition given by

~12

+y

~12
xT

=1, s>0. (4.1.36)

It is convenient at this stage to introduce a rotated (z,y)' coordinate system oriented so
that the y-axis lies parallel to (and points up) the plate, with the x-axis pointing into the
fluid. A sketch of the rotated coordinate system is given in Figure 4.4. The associated

coordinate transformation is

x = Tsina + g cos a, y = —Tcosa+ ysina, (4.1.37)

with the free boundary now located at y = € () (z > 0) and, in parametric form, at
(z,y) = (X (s),Y (s)) (s =0), and the plate located at © = 0 (—oco <y < o0). The
boundary value problem (4.1.26) - (4.1.29) may now be written (invoking symmetry in

the y-axis, via (4.1.27), as,

~

V2 =0, —o0o<r <00, —o0o<y<Y(s), (seR); (4.1.38)

ﬁ-@izy(yx’—xy’), r=X(s), y=Y(s), (s €R); (4.1.39)

! This notation should not be confused with the original coordinate system used in Chapter 1
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Figure 4.4: The inner-inner asymptotic region rotated coordinate system for u = 0, with
11
a € (Zﬂ', 57?)

2

]_ ! ! i ! 1 ! !
§<I>2—7<XX +YY><I> +(27—1)<I>—§72(XY—XY) =0,

r=X(s), y=Y(s), (s e R); (4.1.40)

X?24+v?=1, r=X(s), y=Y (s), (se€R); (4.1.41)
X (s)=s4+0(s) as |s| — oo; (4.1.42)
Y (s) = —cota|X (s)] + m X (s)|2 "+ o0 (]X (3)\i71>

as |s| — oo; (4.1.43)

7:5(7“,@) = —r2a cos% (5—1— %W) +o (rﬁ)

1 - 1
as 1 — 00, —Oé—§7T<9<Oé—§7T; (4.1.44)

where i = (=Y (s),X (s)), and (r,0)* are polar coordinates given by z = rcosb,
= rsinf. The boundary value problem (4.1.38) - (4.1.44), henceforth referred to as

[RBV P], can now be solved numerically using a boundary integral method, which follows

2These should not be confused with the outer region polar coordinates used in Chapter 2
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directly the approach given in [24], and so further details are not reproduced here.

4.1.1 Numerical Results for [RBV P]

Numerical solutions to [RBV P], rotated back so as to be presented in terms of (Z,7), are
plotted in Figures 4.5 - 4.11. The numerical solution demonstrates that the free surface
= E(f) is monotone increasing in & > I, for all angles a € (}LW, %71’), with the gradient
of the free surface at the contact point Ex (Zo) decreasing with increasing « € (%ﬂr, %W),
and approaching zero as a — %7‘(‘. In Figure 4.5 we demonstrate the good agreement of
the numerical solution with the far-field asymptotic form in [RBV P] (4.1.31). In Figure

4.6 we present the free surface E () against & for the numerical solution of [RBV P], for

1

a selection of angles a € (iw, §7T). Figure 4.8 plots ‘E(io)‘ cosec «, the distance from the

origin of the (Z,7) coordinate system to the contact point of the free surface and the plate,

against o € (iﬂ, %7), whilst Figure 4.7 shows the numerical approximations to Z, E (Zo),
with correspondingly Zo and 7 (Zo) shown in Figures 4.9 and 4.10 respectively. In Figure
4.7¢ & (Zo) is plotted against a € (37, 37). Finally Figure 4.11 shows the behaviour of
the free surface € (z) — £ (0) against z, presented in the rotated (x,y) coordinate system,
very close to the plate for a typical angle a = 1.56.

We see in Figure 4.7b that g(:ﬁo) has a minimum at o ~ 1.22, where £ (&) ~ 0.392,
and that 5 (Tg) — % as a — %ﬂ*, which agrees with the findings of Needham et al
[24]. We notice that the free surface meets the plate with a constant angle of 3, for all
a € (iﬂ, %7‘(‘), a condition which we investigate in detail in §4.1.2. It follows from this

that the gradient of the free surface at the contact point must be given by

& (i) = tan (%w = a) . (4.1.45)

In Figure 4.7c we plot the numerical approximation to the gradient of the free surface

17?), and compare this with tan (17 — a).

3@ (Zo) at the contact point, against o € (}177, 5 5
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We notice the introduction of some noise into our solutions as o — }ﬂr, this is due to the
difficulty in obtaining converging solutions as o — }lﬁ. Finally, as shown in Figure 4.11,
the numerical solution indicates that E (%) oscillates very rapidly very close to the contact
point & = Zy. The amplitude of the oscillations is very small, decreasing to zero at the
contact point, whilst the frequency of the oscillations increases, becoming unbounded as

the contact point is approached. This structure is verified in the following section.

alpha = 1.56
alpha=1.5

alpha=1.4 —
alpha=13
alpha=1.2
alpha=1.1 =
alpha=1 LR
alpha=0.9

Figure 4.5: Graph of E () against &, showing agreement with the far-field asymptotic
form (4.1.31), for the numerical solution of [RBV P] with a = (0.9, $7). For each angle
a square shows s = 250, after which the far-field asymptotic form (4.1.31) is plotted
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alpha = 1.56
alpha=1.5
alpha=1.4
alpha=1.3
alpha=1.2
alpha=1.1
alpha=1
alpha=0.9

0.6

alpha = 1.56 ‘
alpha=1.5
alpha=1.4
0.55 alpha=1.3
alpha=1.2
alpha=1.1
</€:2\ 0.5
2w
‘™ 0451 %
0.4f
0.35 Il Il Il Il Il
-0.25 -0.2 -0.15 -0.1 -0.05 0 0.05
T
(b) a > 1.1

Figure 4.6: Graphs of £ (#) against 2 for the numerical solution of [RBV P]. Figure 4.6a
plots solutions with « € (0.97 %71’), while Figure 4.6b plots solutions with o € (1.1, %7?)
for clarity. For each angle a black line shows the location of the plate
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/4 3n/8 /2
o

(a) &p against «

/4 371"/8 /2
(6

(b) E(fco) against «

T/4 3n/8 /2
«

~

(c) & (Z0) against «

-~

Figure 4.7: Numerical approximations to &g («), & (Zo () and Ex
t

~

plotted against a € (3, 37). In Figure 4.7c the line & (2o (o)) =
in red

(2o (v)) for [RBV P]

0
a (%7‘[‘ — a) is plotted
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0 L
w/4 3m/8 /2
[0

Figure 4.8: Graph showing the distance in the (z,7) coordinate system from the origin of
the (Z,y) coordinate system to the contact point of the free surface and the plate against

o € (47, 47), as determined by the numerical solution of [RBV P]

-0.01} .
-0.02} .
-0.03} .

S —0.04f .
-0.05} .
-0.06 .

-0.07 b

-0.08 :
/4 31/8 /2
(0]

Figure 4.9: Graph of & () against « calculated numerically
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Figure 4.10: Graph of 7o (Zo () = —Z¢ () tan o against « calculated numerically
1076
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05 |
S
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I 0 B
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—1p | | | | | ]
0 0.5 1 1.5 2 2.5 3
t 1072

Figure 4.11: Graph of & (z) — £ (0) against z for the numerical solution of [RBV P] close
to the plate for a typical angle a = 1.56, with coordinates rotated so that the plate is
located at x =0
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4.1.2 Analysis of [RBV P] as x — 0, Close to the Contact Point
of the Free Surface and the Plate

Motivated by the numerical solution in Section 4.1.1, we examine the structure of solutions
to [RBV P] close to the contact point of the free surface and the plate, as (z,9) —
<£o,é\ (:i“o)>. It is convenient to work in the rotated coordinate system (x,y), and the
corresponding limit is then (z,y) — (0, 5(0)> In terms of the rotated coordinates (x,y)
[RBV P] is given by

V24 =0, >0, —00<y<E(x); (4.1.46)
by =0, =0, 0o <y<E(0); (4.1.47)
vE+ [z@c—w} & — 1y =0, >0, y=E@);  (4.1.48)
- 1~ 1~ .
@y =1 =7 (2t +€0,) + 5024502 =0, w>0,y=E@).  (4149)
The free surface in the inner-inner asymptotic region is located at y = 5 (), z > 0,
and the contact point is given by (z,y) = (O,§0>, with & = £(0). A ) — (O, §0>,
(4.1.46) - (4.1.49) admit the asymptotic forms
£(x) ~ & as x — 0, (4.1.50)
N o (2=37) -
~ - +1 4.1.51
Ta) @ (S ks 1) +abr s D)= 0.0, (4Ls)

where we have written y =y — éo, and éo remains a globally determined constant, which
has been determined by the numerical solution in Section 4.1.1, and is illustrated in Figure

4.12. We observe that & > 0 for each a € ( , ;ﬂ')
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0
/4

o /2

Figure 4.12: Graph of & for the numerical solution of [RBV P] plotted against @ €

1 l)
(47T’27T

We now consider the correction terms to € (z) and ¢ (z,7) as (z,7) — (0,0). We write

{(x) =& +&(2), (4.1.52)
b (@,7) =18 (% n 1) €7+ T (2,7). (4.1.59)

with & (z) = o (1) and s (z,7) = o(x,7) as (z,y) — (0,0). Substitution of (4.1.52) and

(4.1.53) into (4.1.46) - (4.1.49), leads to the linear harmonic problem for Vs (x,7), namely,

Vo, =0, 2>0,5<0, (41.54)
o =0, x=0,7<0, (4.1.55)
(v—=1) 50122@ +(2y-1) [122 - 9012290] + ’71172152@1 =0, y=0, x>0, (4.1.56)

with 1y (2,7) = o (x,7) as (x,7) — (0,0). Thereafter & (z) is given by

@)= - [y = 1)t (2,0) = qwthas (1,0)] . w20,  (4157)
vy =1

with & (z) = 0(1) as © — 0. To analyse the harmonic problem (4.1.54) - (4.1.56) it is
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convenient to introduce the complex variable z = x + iy, after which we write
Uy (2,7) = Re (f(2)),  z€D, (4.1.58)

with D being the quadrant > 0, 7 < 0, and f : D — C being analytic in D and
continuous in D, which guarantees that (x,7) is harmonic in D. Condition (4.1.55)

then requires that
Re (f' (1)) = 0, 7 <0, (4.1.59)
and, condition (4.1.56) is satisfied when,
Re |va®f" (x)+ |i(y—1)& — 2y —Da| f () +(2y—1) f(z)| =0, >0, (4.1.60)

which is a second order linear ordinary differential equation for f (z) with z > 0, and has
an irregular singular point at x = 0. We require a solution to (4.1.60) with f (z) = o (1)
and f’ (x) bounded as  — 0. The WKB-type structure (see, for example, [15]) of (4.1.60)

as £ — 0 leads us to look for a solution in the form

f(z) =exp(g(z)), x>0, (4.1.61)

with,

g(x) =ker '+ klogr+o(l) as x—0, (4.1.62)

with ko, k1 € C being constants. Substitution of (4.1.61) and (4.1.62), into (4.1.60), gives

1\ - 1
ko =i (1 - —) f, h=4-—-. (4.1.63)
ot ot
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Thus f () satisfies the regularity conditions as  — 0 (since y > 2 for a € (37, i7)). We

thus take,

f(z)=Aexp {2 (1 — %) 502 + (4 - %) log = + 0(1)} , z€D, (4.1.64)

as |z| — 0 with A € C an arbitrary constant. It remains to apply condition (4.1.59). This

is satisfied in taking arg (A) = 37 <4 - %), after which we have

I -1 1 1 1 =
f(z)ZBexp{z (1—;)50;%—(4—;)108;2-!—57? (4—;) +0(1)}, ze€D

(4.1.65)
as |z| — 0, with B € R a globally determined constant. Substitution of (4.1.65) into
(4.1.58) then gives

~ _ 1 1\ -~ _ 1\ -~ —_
Wy (T, 0) ~ BF* 7 exp { <1 — —) &7 Lsin 9} cos {(1 — —) &7t cosf
Y Y

+ (4 _ %) (9+ %w)] | (4.1.66)

as T — 0, uniformly for § € [—1x,0], with 7 = |z] and § = arg(z). We observe
that QZQ (F, 5) = 0(1) as 7 — 0, uniformly for 6 € [—%7?,0}, as required (since & >0
and (1 — %) > 0 for a € (%ﬁ,%ﬂ)). Also, since < — %) > 0 for a € (iﬂ', %7‘(’), then
WZQ (F, 5) — 0 as 7 — 0, uniformly for 6 € [—%7?,0}. Finally, substitution of (4.1.66)
into (4.1.57), gives

& () ~ B%xS—i sin [(1 - %) f;—’o% + %w (4 - %)} , (4.1.67)

as r — 0, and thus

gr - gl,r ~ _B(,y _2 1)501‘11_% COos |:(1 - l) 501 + lﬂ- (4 - 1>:| ’ (4168>
gl v/ w2 gl
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Figure 4.13: The correction term to the free surface & (z) (4.1.67) plotted against x close
to the contact point of the free surface and the plate, with a = 1.56 and B = 0.08 for
comparison with Figure 4.11

as * — 0. We note that, since <1 — %) > 0 for a € ({m, 37), then & (z) = o(1) and
€10 (¥) = 0 as  — 0. In particular, we have, via (4.1.68), that &, (z) — 0 as = — 0, and
so the contact angle between the free surface and the plate is %71' for all a € (%ﬁr, %W),
which is in agreement with the numerically calculated solutions in Figure 4.6. Finally
Figure 4.13 plots the free surface correction term 51 (x) against x close to the plate, with
a = 1.56 and B = 0.08, for comparison with the numerical solution shown in Figure 4.11.
We see very good agreement between the asymptotic form of & () and the numerically

calculated form of € (z) — £ (0), confirming the structure of the free surface close to the

contact point of the free surface and the plate.
4.1.3 Reconstructing the Inner-Inner Region Asymptotic

Expansions

In this section we reconstruct the inner-inner region asymptotic expansions for the fluid
velocity potential ¢, free surface elevation 7, dynamic fluid pressure field p; and fluid
velocity field q in terms of the inner-inner region variables z, 3, and then consider the be-

haviour close to the intersection point of the fluid free surface and the inclined accelerating
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plate.
It follows from (4.1.7), (4.1.8), (4.1.24) and (4.1.25), that the intersection point of the

plate and the fluid free surface is located at (Z,9) = (Z, (t), g, (t)), with

[N

T, (t) = (—Ao () cos )" g () + 0(1), (4.1.69)

Up (1) = — (—Ap (a) cos oz)%7 tana Zo (@) +0(1), (4.1.70)

as t — 0%. We then have, via (4.1.3), (4.1.5), (4.1.24) and (4.1.25), that the free surface

in the inner-inner asymptotic region is located at

T

§(2,8) = np1 (3,1) = (—Ag (a) cosa)%WE( ) +o(1), (4.1.71)

K (a)

for & > 7, (t), as t — 07. We next have, via (4.1.4), (4.1.6), (4.1.24) and (4.1.25), that

¢r1 (Z,7,t) = (—Ap (a) cos 04)715 (%, %) +o0(1), (4.1.72)

(cv

for & > 7, (t), —Ttana < § < 1y (Z,t) as t — 07. An examination of (1.2.28), (3.1.4)

and (4.1.4), requires that we write in the inner-inner asymptotic region

1 N - o
pa (Z,9,t) = —§t2 + G+t ?pr (7,7, 1),

T>23,(), —Ttana < g <y (2,t), t >0, (4.1.73)

after which we have, via (1.2.28) and (4.1.72), the inner-inner asymptotic expansions for
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the dynamic fluid pressure field as,

ast — 0%, with © > 7, (t), —Ztana < § < 7 (Z,¢). Finally, in the inner-inner asymp-
totic region, the fluid velocity field is given, via (1.2.29), (3.1.4), (4.1.4), and (4.1.72),

as,

+3; (L L) j) Lo(®Y, (4.1.75)

k(@) s (a)

as t — 0% with & > , (t), —Ztana < § < 1y (2, 1).
We can now draw the following conclusions concerning the free surface, the fluid

velocity field, and the dynamic pressure field in the inner-inner asymptotic region:

(a) The contact point is located at

1
(fu y) = _§t2 (_ cot a, 1)

—t7 (—Ap (a) cos 04)%7 tana o () (—cota, 1) +0(t7), (4.1.76)

as t — 07 (see (4.1.2), (4.1.7), (4.1.8), (4.1.24), and (4.1.25)).
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(b) The free surface slope at the contact point is given by, following (4.1.45),

e (T () 1) = nira (3, (1), 1),

_ tan <l7r - a) +o(1), (4.1.77)

ast — 0T,

(c) The free surface n (Z,t) is given by,

0 (7,1) = —%ﬂ 7 (—Ag () cos @) € (ﬁ) +o(t), (4.1.78)

as t — 0% for & > &, (t) (see (3.1.3), (4.1.3), and (4.1.71)). It follows from (4.1.78)

that 7 (Z,¢) is monotone increasing in & > &, (¢) for all o € (37, 27).

(d) The fluid velocity field at the contact point q (%, (t), g, () ,t) is given by,

Q(Tp (1), p (1) 1) = Vo (2 (1), 4y (1) 1 1) ,

= —tj+ 7 (=4 (o) cos @)

N|=

v (} (20 (@), — & (@) tan @) i

+ @//J\y (%o (), =20 (@) tan a)j) +o (tv_l) , (4.1.79)
as t — 07 (see (3.1.4), (4.1.4), (4.1.69), (4.1.70), and (4.1.72)).

4.2 Discussion

At this stage we have completed the asymptotic structure to [[BV P] as t — 07 for each
pair (a, 1) € (O, %7‘1’) X R, where = 1+ o tan a. We began in an outer asymptotic region
in which (Z,y) = O (1) as t — 0. As discussed in Chapter 2 the leading order terms in
the outer region asymptotic expansions for ¢ and 7 satisfy the required regularity except

in a neighbourhood of the initial location of the intersection point of the free surface
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and the plate, at (Z,y) = (0,0) € D(0). In order to capture the full regularity in the
neighbourhood of the intersection point of the plate and the free surface we introduced an
inner asymptotic region in which (Z,y) = O (t*) as t — 0". The structure of the solution

to [/ BV P] in the inner asymptotic region is as follows:

(a) (a,p) € (0,3m) x (0,00)

In the inner asymptotic region we have solved [PBV P]T numerically for each pair
(a,p) € (07 %7?) x (0,00). As discussed in Section 3.7.1 we have drawn the following
conclusions concerning the free surface, fluid velocity field, and dynamic pressure field

in the inner asymptotic region:

(i) The contact point is located at
— 1 2 ™
(Z,y) = §t (p—1)(=cota,1)+ O (ta) , (4.2.1)

ast — 0T,

(ii) The free surface slope at the contact point is given by,

2
e (X, (1), 1) = t§—2g (1 - %) Ag (@) ag (@) (n— 1) cota cosav puza 2
+o(ta?), (4.2.2)

as t — 07, with Ag () given in (2.0.15) and plotted in Figure 2.3, and ag («)
plotted in Figure 3.13. We see that the slope of the free surface is positive for
those pairs (a, u) € (0,17) x (0, 1), and negative when (o, 1) € (0, 27) x (1, 00).

(iii) The free surface n (7, t) is given by

n(X,t) = %t2 (1 —1)+taAg (@) (u—1)p2e L cosa &F (%) +o(te), (4.2.3)
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ast — 0T for X > X, (t), with

X, (t) =ta"? (1 + g) Ag (@) ag (@) (n— 1) cot avcos a et + o (t§’2) :
(4.2.4)
Numerical solution of [PBV P|*, after which we obtain £, indicates that n (X, t)
is monotone increasing in X > X, (t) when (o, p) € (0,37) x (0,1), and is

monotone decreasing in X > X, (t) when (o, p1) € (0,17) x (1, 00).

(iv) The fluid velocity field at the contact point q (Yp t),Y, () ,t) is given by

+¢a —(1+§) Ao (@) a0 (@) (1

—1)cosa pzat(cotai—j)+o (tg_l) , (4.2.5)

as t — 0" in the inner asymptotic region.

When g > 1 the acceleration of the inclined plate, to leading order in the inner asymp-
totic region, induces a positive constant dynamic pressure gradient of % (u — 1)j,
which drives a jet close to the intersection point of the free surface and the plate, and
directed up the plate, of height $¢* (1 —1). When 0 < g < 1, to leading order in
the inner asymptotic region, the acceleration of the inclined plate induces a constant
negative dynamic pressure gradient of ¢ (u — 1) j, which causes the free surface, close
to the intersection point of the free surface and the plate, to collapse down the plate

to a height of 3¢ (u — 1).
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(b) (a,pm) € {(0,37) \{af :n=1,2,...}} x (—00,0)

In the inner asymptotic region we have solved [PBV P]~ numerically for each pair
(a,p) € {(0,37) \{a; : n=1,2,...}} x (—00,0). Pairs of near resonances occur in
a small neighbourhood of @ = o (n =1,2,...). Away from the near resonance pairs,
we draw the following conclusions regarding the free surface, fluid velocity field, and

dynamic pressure field in the inner asymptotic region, namely:

(i) The contact point is located at
1 x
(T.y) = 5t* (0= 1) (~cota, 1) + O (t7), (4.2.6)

ast — 0T,

(ii) The free surface slope at the contact point is given by,

e (X, () ,t) = pa—2l (1 - 7r—) Ag (@) ag (o) (n — 1) cot v cos ar puza 2
a

us

+o(ta?), (4.2.7)
as t — 07, with Ag () given in (2.0.15) and plotted in Figure 2.3, and a («)
plotted in Figure 3.28. The slope of the free surface at the contact point is
positive for those pairs (o, p) € (a3,,08, 1) X (—00,0) (n=1,2,...), and

negative when (o, p1) € (a3,,1,03,) x (=00,0) (n=1,2,...) and (a,u) €

(a7, i7) x (—00,0).
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(iii)

The free surface n (7, t) is given by

D) = 5 o= 1)+ 65240 (@) o= D cosa (- & (205 ) 0 t9),

(4.2.8)

ast — 0T, for X > X, (¢), with

X, (t) = —ta~? (1 + g) A (@) ag (@) (p — 1) cot avcos o (—p)2a ' + 0 (t§_2) :
(4.2.9)
Numerical solution of [PBV P|~, after which £, is obtained via (3.2.3), shows
that 7 is initially decreasing with a single turning point for those pairs («, 1) €
(a7, 47) x (—00,0). For those pairs (a, p) € (af,a}) x (—00,0), 1 is initially
increasing with two turning points. For those pairs (a, ) € (a3, ] x (=00, 0),
7 is monotone increasing. For those pairs (o, p) € (a§n+1,a§n) X (—00,0)
(n=1,2,...) n is initially decreasing with (2n — 1) turning points. Finally, for
those pairs (a, 1) € (a3,,a3,_1) X (—00,0) (n =1,2,...) nis initially increasing

with (2n — 2) turning points.

The fluid velocity field at the contact point q (X, (t),Y, (¢),t) is given by

A (%, (1.5, (8),8) =t (1= D+ 2 (14+2) Ao (@) a () (1

™

—1)cosa(—p)2 " (cota i —j) +o (ta=), (4.2.10)

as t — 07 in the inner asymptotic region.

Finally, for pairs (a,p) € {(0,27)\{a} :n=1,2,...}} x (—00,0), we see that, to

leading order in the inner asymptotic region, the acceleration of the inclined plate

induces a constant negative dynamic pressure gradient of ¢ (u — 1)j, which, close
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to the intersection point of the free surface and the plate, causes the free surface to

collapse to a height of 1¢% (1 — 1).

(a,pu) €{al :n=1,2...} X (—00,0)

Here, in the inner asymptotic region, [PBV P]~ has a stationary point at the intersec-
tion point of the free surface and the inclined accelerating plate. Each angle a = o,
(n=1,2,...) separates the two near resonances in each near resonance pair. At these
near resonance pairs, we draw the following conclusions regarding the free surface,

fluid velocity field, and dynamic pressure field in the inner asymptotic region, namely:

(i) The contact point is located at
= 1 2 * I
(@,y) = 5t* (= 1) (—cota, 1) +o0 (77 ) (4.2.11)

ast — 0T,

(ii) The free surface slope at the contact point is given by,

ne (X, (1) .1) = o0 (ﬁ”) , (4.2.12)

ast — 0T,

(iii) The free surface 1 (X,t) is given by

D) =5 (= 1)+ 5 A 0 (= eoser, (05 6, ()

+o (F) , (4.2.13)

ast — 0F for X > X, (¢), with X, (t) = o (t%_Q), and A (o) given in (2.0.15)

and plotted in Figure 2.3.
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(iv) The fluid velocity field at the contact point q (X, (t),Y, (t),t) is given by

Q(X, (1), Y,(t),) =t(u—1)j+o (t%”) , (4.2.14)

ast — 0T,

Finally, to leading order in the inner asymptotic region, we have that the accelera-
tion of the inclined plate induces a constant negative dynamic pressure gradient of
t? (u — 1) j, which causes the free surface, close to the intersection point of the free

surface and the plate, to collapse to a height of %tQ (n—1).

(d) (a,p) € (3, im) x {0}

In this degenerate case, the solution to the boundary value problem (3.1.29) - (3.1.34)
in the inner asymptotic region which has least singular behaviour at the contact point

(7, ?) = (0,0) is simply given by the far-field forms. This requires the introduction

of an inner-inner asymptotic region, in which (7, ?) =o0 (tp), with ' = 22;’_?% as
1o

t — 0%, in order to capture the full regularity at the contact point.

From Section 4.1 we are able to draw the following conclusions regarding the free
surface, fluid velocity field, and dynamic pressure field in the inner-inner asymptotic

region, namely:
(i) The contact point is located at

1
(T7 y) = _étz (_ cot a, 1)

—t7 (—Ap (a) cos a)%7 tana o () (—cota, 1) +0(t7), (4.2.15)

ast — 0%, withy = I'+2 = —, Ag () given in (2.0.15) and plotted in Figure

T
1 e

2.3, and 2y («) plotted in Figure 4.7a.
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(ii) The free surface slope at the contact point is given by

nz (T, (t),t) = tan (%7‘(‘ - a> +o(1), (4.2.16)
as t — 0.
(iii) The free surface 1 (Z,t) is given by
_ Lo 1L~ T
= —— —A 27 K 4.2.1
n(Z,t) 2t +t7 (—Ap () cos ) {(K(@))—I—O(t), ( 7)

ast — 07 in & > 7, (t), where 7, (t) = k%, (a)40 (1), with k (a) = (—Ap () cos a)%v

plotted in Figure 4.3.

(iv) The fluid velocity field at the contact point q (Z, (t), g, (t),t) is given by

[N

q (‘%p (t) 7gp (t) 7t) = _tj + tv_l (_AO (a) COS 04) 7 ({Z}\” (io (Oé) s —Zo (Oz) tan a) i

+ QZg (Zo (), —Zp (o) tan a)j) +o0 (t”‘l) , (4.2.18)

ast — 0T,

Finally, we see that the acceleration of the inclined plate induces a constant nega-
tive dynamic pressure gradient of —t7j, which causes the free surface, close to the

intersection point of the free surface and the plate, to collapse to a height of —%t2.

(e) (a,p) € (0, Zlﬁ] x {0}

In this degenerate case, the solution to the boundary value problem (3.1.29) - (3.1.34)
in the inner asymptotic region is simply given by the far-field forms, which remain
uniform up to the contact point of the free surface and the inclined accelerating plate.
Here, we draw the following conclusions concerning the free surface, fluid velocity field,

and the dynamic pressure field in the inner asymptotic region:
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(i) The contact point is located at
_ L, =
(T,y) = =5 (= cota, 1) +o (t7) | (4.2.19)

ast — 0T,

(ii) The free surface slope at the contact point is given by

_ o(ta"?), 0<a<im,
e (X, (1), 1) = so(d) (4.2.20)
——5 o), a=gm,

as t — 07, with Ay (a) given in (2.0.15) and plotted in Figure 2.3.

iii) The free surface n (X,t) is given by
(i) U
— 1, = T —Z -1 x
n(X,t) = _it —taAp () cosa 4—X2" +o(t=), (4.2.21)
!

ast — 0t for X > yp (t), with yp (t) = 0( %*2)_

(iv) The fluid velocity field at the contact point q (X, (t),Y, (t),t) is given by
a(X,®),Y,®),t)=—~ti+o(t"""), (4.2.22)

ast — 0T,

Finally, we see that the acceleration of the inclined plate induces a constant nega-
tive dynamic pressure gradient of —t2j, which causes the free surface, close to the

intersection point of the free surface and the plate, to collapse to a height of —%tQ.
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The delicate structure in the inner region, particularly when p < 0, leads us to ask the

following two related questions:

(I) Is the problem [I BV P] well-posed with respect to perturbations in initial data in

the inner asymptotic region?
and, when the answer to question [I] is positive,

(IT) Is the problem [IBV P| stable with respect to perturbations in initial data in

the inner asymptotic region?

We consider these two questions in detail in the next Chapter.
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CHAPTER 5
WELL-POSEDNESS AND STABILITY OF

PROBLEM [/ BV P]

To analyse the well-posedness and stability of the problem [I BV P] with respect to per-
turbations in initial data in the innermost asymptotic region, we introduce a perturbation
to the trivial initial data in [/ BV P] in the following form, adjusting the initial conditions
in [/BV P] to

¢ (7,y,0) =0, >0, —Ttana <y < n(z,0), (5.0.1)

with 0 < d <« 1 and

Mo (A) = (5.0.3)
0, A> 1,

where 77, (1), 7 (1) = 0, and 7, continuous with continuous derivatives. We wish to con-
sider the interaction of the initial perturbation in the free surface with the structure of
[IBV P] in the innermost region as t — 0%, and r > 0 will be chosen to achieve this. The

problem [/ BV P] will be referred to as well-posed when the solution to the perturbed prob-
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lem approaches the solution to [[BV P] as § — 0, uniformly on Sy = |J D () x {t},
te[0,T

for each 7' > 0. In addition, when [IBV P] is well-posed, we refer to [ BV P] as stable

when the solution to the perturbed problem approaches the solution to [I BV P| as t — oo,

uniformly in D (t); otherwise [I BV P] is said to be unstable.

5.1 The Case ((a,p) € (0,47) x R)\ ((3m,i7) x {0})
Following an examination of (3.1.1) along with (3.1.3), (3.1.5), and (3.1.23), we require

ta ~ ¢ and 2 ~ 8", which, as § — 0, requires

t=0(57), (5.1.1)
with
2c
r=— (5.1.2)

In what follows, we will refer to the initially perturbed modification of [I BV P] (equations
(1.2.17) - (1.2.26)) as [IBV P]', and we will address [[BVP] as § — 0 with t = O (67).
Thus we write

t =45, (5.1.3)

with 7 = O (1) as § — 0. We can now write [[BV P|" in terms of T, y, ¢, n, 7 and ¢,

which becomes,

Vi =0, (Z,y) € D(1), T>0; (5.1.4)
Vé-n=6=7(u—1)cosa, y=—Ttana, T,(T) <T <Tp, 7> 0; (5.1.5)
¢y =0, y=—1,T>T 7>0; (5.1.6)

2a

N+ [07¢g — 077 (u—1)cota|ng — 07, =0,

y=n(T,7), T>T, (1), T>0; (5.1.7)
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2c a]. [e]
¢r =077 (pu—1)cota %—1—5?5 IVo|* + 71 =0,

y=n(x,7), T>T,(1), T>0; (5.1.8)
n+7Z,(7)tana =0, T=7,(1), T>0; (5.1.9)
n—0, as T — o0, 7> 0; (5.1.10)
V| — 0, as T — oo, uniformly for —1 <y <n(z,7), 7> 0; (5.1.11)
¢ (,y,0) =0, (T,y) € D(0);  (5.1.12)
1 (z,0) = dno (5—%“5) , T>0;  (5.1.13)

with 79 : R — R as given by (5.0.3).
The structure of the solution to [IBV P] as t — 07 indicates that there will be two
asymptotic regions in the solution to [/BV P]" as § — 0 with 7 = O (1). In the outer

asymptotic region we have (Z,y) € D(7) = O(1) as § — 0 with 7 = O (1), and we

consider this first.

5.1.1 Outer Asymptotic Region

In this section we begin the asymptotic development of the solution to [IBV P|’, as 6 — 0
with 7 = O (1), in an outer asymptotic region in which (z,y) € D (1) \N (1) as § — 0,
with AV (7) being a O (v (§)) neighbourhood of (Z,y) = (0,0), such that v (§) = o (1) as
d — 0. Here the gauge function v (§) will be determined in the course of the analysis.
The initial conditions (5.1.12) and (5.1.13) require that ¢, n = 0 (1) as 6 — 0 in the outer
asymptotic region. In particular, the plate boundary condition (5.1.5) and kinematic
boundary condition (5.1.7) require that ¢ = O (6=) and n = O (527&) as 6 — 0 in the
outer asymptotic region. A definition sketch of the outer asymptotic region is shown in

Figure 5.1.
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D(r)\W (1)

Outer Region

Figure 5.1: Definition sketch of the outer asymptotic region for the case

(a, ) € (0,37) x R\ (37, i7) x {0}

We now introduce the outer region asymptotic expansions in the form,

¢ (T, y,7) =67 (n—1)cosa qg(f,y,T) +0 <527a> , (5.1.14)

0 (F,7) = 655 (z,7) + O (5*) (5.1.15)

as 0 — 0 in the outer asymptotic region, with the factor (1 — 1) cos v in (5.1.14) included
for algebraic convenience at a later stage. Substituting expansions (5.1.14) and (5.1.15)
into [I BV P]" (with the exception of condition (5.1.9) since the application point (7, y) =
(Tp (7),yp (7)) lies outside the outer asymptotic region), we obtain the leading order

problem in the outer asymptotic region for 4/5, namely

V=0, (z,y)€D(0), 7> 0; (5.1.16)
V(/ﬁfl:ﬂ y=—Ttana, 0 <T <cota, 7> 0; (5.1.17)
gEy:o, y=-1,7>0, 7>0; (5.1.18)
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b, =0, y=0,T>0, 7>0; (5.1.19)
‘V(E‘ — 0 asT — oo, uniformly for —1 <y <0, 7> 0; (5.1.20)

-~

¢ (T,y,0) =0, (7,y) € D(0); (5.1.21)
with 7 given, via (5.1.7), (5.1.13), and (5.1.15), by

~

1 ~
n (T, 7) = 5 (p—1)cosa ¢, (T, T), 20, 7>0 (5.1.22)

8|

1n(z,0) =0, > 0. (5.1.23)

We next introduce ¢ (7, %) and 7 (Z) by writing

o (T,y,7) =70 (T,y), (5.1.24)

n(T,7)=77(7). (5.1.25)

The resulting problem for ¢ and 7, obtained after substituting (5.1.24) and (5.1.25) into
(5.1.16) - (5.1.21) is the same as [OBV P], which was solved and discussed in Chap-

ter 2. We thus have that ¢ and 7 are given, for some real constants A,, B, and C,

(n=0,1,2,...), by

o (r,0) = rsinf + i Anr("Jr%)g sin ((n + 1) ZQ) , (5.1.26)
n=0

CoSs & 2) «

for 0 < r < cosec a, —a < 6 <0, where T = rcosf and y = rsin #, whilst

sin « T —Q

5p.0) = LS S B cos (7)), (5.1.27)
n=0
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for 0<p<1,0< ¥ <7m—a, where T — cota = pcos, and y + 1 = psine, and finally

b (7,y) = i O, e~ (m+3)7% iy ((n n %) Wy) , (5.1.28)

for 0 < T < cosec a, and

7(T) = % (n—1) cosozz (n + %) 7Che(2)77 (5.1.30)

for T > cosec a. It follows from (5.1.26) and (5.1.29) that, as (Z,y) — (0,0), we have

™ 0 -
+ Ap () r2e sing—a +0 <r§7> :
as r— 0", with —a<6<0;  (5.1.31)
7 (7 7T 1 8
1 () :—(H—1)+A0(Oé)4—(,u—1)cosa T 2a +O<xza >7
a

as T — 07, (5.1.32)

where r and 6 are polar coordinates given by T = rcosf, y = rsinf, and A («) as given
in (2.0.15) and displayed in Figure 2.3.

As before, (5.1.32) reveals a weak singularity in 7 () as T — 0". This singular
behaviour as T — 0% is compounded in higher-order terms in the outer region asymptotic
expansion for 7 in (5.1.15), and also, as r — 0, in the outer region asymptotic expansion
for ¢ in (5.1.14), and so the regularity conditions (1.2.30) and (1.2.31) fail to be satisfied
by the outer region asymptotic expansions (5.1.14) and (5.1.15) in a neighbourhood of

the initial point of intersection of the plate and free surface, where (Z,y) = o (1) as 6 — 0.

120



Therefore, in order to capture the full regularity in the neighbourhood of the intersection
point of the plate and the free surface, we introduce an inner asymptotic region, in which
(T,y) = o(1) as 6 — 0. The structure of the inner asymptotic region is now considered

in detail in the next section.

5.1.2 Inner Asymptotic Region

In this section we introduce the inner asymptotic region associated with [I/BV P]" when
(Z,y) = o(1) as § — 0. Specifically, following Section 5.1.1 we write (Z,y) = O (v (§))
with v (J) = o(1) as 6 — 0. It then follows from (5.1.15), (5.1.25) and (5.1.32) that
n=0 ((527&) as 0 — 0 in the inner asymptotic region, and so, to capture the free surface

in the inner asymptotic region, we must take v (J) = O (527&> as 0 — 0; therefore,

2

without loss of generality, we set v (d) = 0= . An examination of (5.1.14), (5.1.24) and
(5.1.31) then requires that ¢ = O (557&> as 0 — 0 in the inner asymptotic region. Finally,
the intersection point of the free surface and the plate must be captured in the inner
asymptotic region, and so, 7, (1) = O <(52?a> as 6 — 0. A sketch of the location of the

inner asymptotic region is illustrated in Figure 5.2.

Formally we introduce scaled inner region coordinates (X,Y") by

2a 2

T=067X, y=07Y, (5.1.33)

with (X,Y) = O (1) as 0 — 0 in the inner asymptotic region. The location of the plate in
the inner asymptotic region is given by Y = —X tan «, whilst the plate and free surface

intersection point is denoted by (X,Y) = (X, (7),Y, (7)), with,
Ty (1) =67 X, (1), (1) =67 Y, (1), (5.1.34)

and (X, (7),Y, (7)) = O (1) as 6 — 0 in the inner asymptotic region. We now write the
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free surface and velocity potential in the inner asymptotic region as

n(X,7r)=0"n(X,7), X>=X,(r), 7>0 (5.1.35)
O(X,Y,T)=67¢;(X,Y,7), X>=X,(r), —Xtana <Y < (X,7), 7> 0;
(5.1.36)

with 07 (X, 7),¢0; (X, Y,7) = O (1) as § — 0. The inner region asymptotic expansions are

then introduced as,

m (X,7) =0 (X, 7) 4+ 67 % (X,7) 40 (8777 (5.1.37)

61 (X,Y,7) = 6o (X,Y,7) + 05" %1 (X,Y,7) + 0 (51*2?“) , (5.1.38)

as 0 — 0 with (X,Y) = O (1) in the inner asymptotic region. Finally, it follows from
(5.1.33), (5.1.34), (5.1.35) and (5.1.37) that we expand X, (7) in the form

X, (1) = Xo (1) + 6% X, (1) + 0 (51—’%‘) , (5.1.39)

as 0 — 0, with

Y, (1) = =X, () tan a. (5.1.40)

The free surface in the inner asymptotic region is located at
Y=nX7), X>X,(r), 720, (5.1.41)
whilst the spatio-temporal domain in the inner asymptotic region is

Dr(1)={(X,Y): X>X,(1),-Xtana <Y <n; (X,7)}, (5.1.42)
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Outer Region

Figure 5.2: A sketch of the location of the inner asymptotic region for the case
(a,p) € (0,37) x R\ (47, 37) x {0}

for 7 > 0, with closure D; (7). A sketch of the inner asymptotic region geometry is given
in Figure 5.3.
We now write [[BV P|" in terms of the inner asymptotic region coordinates (X,Y),

and 7, and the inner asymptotic region variables ¢, 7y, and X, to obtain,

Vs =0, (X,Y) €D (r), 7>0;  (5.1.43)
Vo -n=r(u—1)cosa, X>X,(1), Y=—Xtana, 7> 0; (5.1.44)
N+ [brx —7(p—1)cota]nrx — ¢ry =0,

X>X, (1), Y=n(X,7), 7>0; (5.1.45)
b1, —7(n—1)cota ¢rx + % ‘6(]51’2 +n=0,

X>X, (1), Y=n(X,7), 7>0; (5.1.46)

nr (X, (1), 7) ==X, (7) tan a, T > 0; (5.1.47)
o1 (X,Y,0) =0, X >Xo(0), —Xtana <Y <77 (X,0);  (5.1.48)
n(X,0) =8 F (X)), X>Xo(0);  (5.1.49)
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(Xp (7)

Figure 5.3: The inner asymptotic region geometry as 6 — 0 for the case («, ) € (O, %W) X
R\ (%7?, %7?) x {0}

with V = (9/0X,8/0Y). On substituting from (5.1.37) - (5.1.39) into (5.1.43) - (5.1.49)
we obtain, at leading order, the following nonlinear harmonic evolution free boundary

problem for ¢ (X,Y,7), 10 (X, 7), and X, (7), namely

V2o =0, X > Xo(r), —Xtana <Y < (X,7), 7>0; (5.1.50)
Veo-h=r1(u—1)cosa, X>Xo(1), Y=—Xtana, 7> 0; (5.1.51)
Mo,r + [ng,x — 7 (u— 1) cot Oé] flo.x — doy =0,

X>Xo(r), Y=m(X,7), 7>0; (5.1.52)

~ R NPT
¢0,T—T(u—1)cotoz¢o,x+§‘V(ﬁo + 10 =0,

X>Xo(r), Y =1 (X,7), 7>0; (5.1.53)

¢o (X,Y,0) =0, X >0, —Xtana <Y <0; (5.1.54)
o (X, 0) =0, X >0; (5.1.55)
flo (Xo (1), 7) = —Xo (1) tan e, 7>0. (5.1.56)
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The problem (5.1.50) - (5.1.56) must be completed by asymptotic matching conditions
between the inner asymptotic region and outer asymptotic region. Following Van Dyke’s

Matching Principle (see, for example, [28]), we obtain

¢o(R,0,7) ~7(u—1)Rsinf as R— o0, —a<0<0, 7>0; (5.1.57)
1
o (X, 7) ~ 572 (n—1) as X — o0, T >0, (5.1.58)

where R and 0 are polar coordinates given by X = Rcosf, Y = Rsinf. Although
the problem (5.1.50) - (5.1.56) is nonlinear, the simple nature of the matching conditions
mean that it is readily established that the exact solution to the leading order problem is

given by

1
o (X,7) = 572 (n—1), X>Xo(r), 7=0, (5.1.59)

B0 (XYom) =7 (0= )Y + 57 (1= ) (2= 1),

1
X >Xo(1), —Xtana <Y < 57'2 (u—1), 7>0, (5.1.60)
with
1
Xo (1) = —572 (e —1)cota, 72> 0. (5.1.61)

This is represented in the inner asymptotic region in Figure 5.4a. We now formulate
the problem at O <(51’27a), where it is convenient to introduce the coordinates (7, 7),

according to

1 — 1 —
X:—§7'2 (p—1)cota+ X, Y:§7'2 (n—1)+Y, (5.1.62)

as shown in Figure 5.4b. We obtain the following linear, harmonic evolution problem for
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(a) Solution of [[BV P]" at leading order in the inner asymptotic region

(X,Y) = (

(b) (Y7 ?) coordinate system in the inner asymptotic region

Figure 5.4: Sketches in the inner asymptotic region for 7 > 0, as 6 — 0, for the case
(a,p) € (0,37) x R\ (37, 37) x {0}
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b1 (7, Y, 7'), m (7, 7') and X7 (7), namely,

Vi, =0, X>0, Xtana<Y <0, >0, (51.63)
Véy -h =0, X>0,Y=—Xtana, 7>0; (5.1.64)
e — b1y =0, X>0,Y=07>0; (51.65)
Grr + pip =0, X>0,Y=0 7>0 (51.66)

b1 (R.0,7) = —TAg (@) (n — 1) cos R* cos % 0+ a)+o (ﬁﬁ> :
as R—o00, —a<0<0,7>0; (51.67)
i (X, 7) =774 (@) i (u—1)cosa X= 4o <7ﬁ_1> :
as X — oo, 7>0; (5.1.68)

¢ (X,Y,0) =0, X >0, —Xtana<Y <0; (5.1.69)

:
—
—~
s
@)
SN—
Il
)
(=)
—~
<
SN—
>

>0. (5.1.70)

Here V = (0/0X,0/9Y), (5.1.67) and (5.1.68) are the matching conditions with the outer
asymptotic region, and we have introduced polar coordinates (}_%, 9), given by X = R cos¥,

Y = Rsinf. Finally we have

X (1) = —m1(0,7) cot a, 7> 0. (5.1.71)

It is now convenient to write

i (X.7) =i (Xor) | +6 (o). (5.1.72)

5 (X, V.7) = (XY, 7) ‘0 +0 (X.Y,7), (5.1.73)

where 7;| and ¢;| are the solution to (5.1.63) - (5.1.68) in the case of zero initial data,
0 0

as discussed in Chapter 3. Rewriting the problem (5.1.63) - (5.1.70) in terms of £ and v,
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we obtain

V=0 X>0, —Xtana<Y <0, 7>0; (5.1.74)

V¢ -n =0, X >0, Y=—Xtana, 7 >0; (5.1.75)

& -y =0, X>0,Y=0,7>0; (5.1.76)

U +pué=0, X >0 Y=0,7>0; (5.1.77)

v (R,0,7) >0 as R—o0, —a<0<0,7>0; (5.1.78)
é(Y, 7') —0 as X — o0, T>0; (5.1.79)

¢ (X,Y,00=0, X>0, —Xtana <Y <0; (5.1.80)
¢(X,0)=n (X), X=>0. (5.1.81)

We begin our investigation of the problem (5.1.74) - (5.1.81) in the case (av, p) € (0, 37) x
(R\ {0}). We seek solutions of the form

Y (X,Y,7)

¢(X,7)

e MY (X,Y), (5.1.82)

e (X)), (5.1.83)

with A € C, which leads to the linear harmonic boundary value problem for 1, given by

Vi =0, X >0, —Xtana <Y <0; (5.1.84)
Vi-n=0 X>0 Y=—-Xtana; (5.1.85)

vy —kp =0, X>0,Y =0 (5.1.86)
1, V1) bounded as R — oo, uniformly for —a < 8 < 0; (5.1.87)
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with k = —A2/p (for p # 0), after which we obtain & from

£ (X) = gw (X.0), X>o0 (5.1.88)

Here, according to the regularity conditions (1.2.30) and (1.2.31), we require that solutions
to (5.1.84) - (5.1.87), ¥ : Goo — C, have regularity

¥ €C (Gu) NC? (Gc) (5.1.89)
with
Goo = {(X,Y): —Xtana <Y <0, X >0}. (5.1.90)

The linear harmonic problem (5.1.84) - (5.1.87) is a spectral problem with spectral pa-
rameter k € C, which we refer to as [SP (k)]. It is clear that [SP (k)] has the trivial
solution for each k € C. Further, let ¢, : Goo — C be a nontrivial solution to [SP (k)],

then it is straight forward to establish the following:

(i) ke RT

(T ik R cos 0 —ikR cos 6 kRsin@
wk (R’g) — (Ckel cos +dk€ itk R cos >6’ sin

1 s 1

as R — oo uniformly for —a < 0 < 0. Here, ¢, dg, ap € C are non-zero constants.

(i) k=0

- 1 1
Vo (R,0) = ag + by— cos 9+ 0 (_—) ) (5.1.92)

- o7

Ra (6% Ra

as R — oo uniformly for —a < 6 < 0. Here ag, by € C are non-zero constants.
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(iii) & € C\ (R* U {0})

— 1 1

as R — oo uniformly for —a < 6 < 0. Here, a; € C is a non-zero constant.

Our object now is to classify the spectrum of [SP (k)]. We define the spectrum of
[SP (k)] to be S, where

S ={k € C:[SP (k)] has a non-trivial solution} . (5.1.94)
The set of eigenvalues of [SP (k)] is S, where
S? = {k € C : 3 a non-trivial solution to [SP (k)] with ) = 0as R — oo}, (5.1.95)
and the continuous spectrum of [SP (k)] is S¢, where
S¢ = {k € C : 3 a non-trivial solution to [SP (k)] with ¢ - 0 as R — oo}, (5.1.96)
with the limits as R — oo considered as uniform for —a < 6 < 0. We observe that
S =S°us” (5.1.97)

Following Needham [25], together with the use of (5.1.91) - (5.1.93) above we can establish
that,!

S¢ = R*, S = g, (5.1.98)

1See Appendix A.5 for the details of the classification of the spectrum of [SP (k)]
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and so

S, =R™. (5.1.99)
We now introduce S, C C, where
Sx={AeC: XN =—puk, keS}. (5.1.100)
Following (5.1.99), for u > 0, we have,
SA:Sj:{AeC:)\:ii\/ﬁk%, keR*}, (5.1.101)
whilst, for u < 0, we have
SA:S;:{/\EC:)\::IEMI@%, keR+}:R. (5.1.102)

Now, the linear evolution problem (5.1.74) - (5.1.81) is:
(a) Well-posed and stable when Re (\) > 0 for all A € S,.

(b) Well-posed and unstable when there exists M € R such that Re(\) > M for all

A € S,, and there exists A* € Sy such that Re (A*) < 0.

(c) Tll-posed when there exists a sequence {\,} with A\, € S, for all n € N, such that

neN?

Re (\,) = —o0 as n — 0.

It now follows directly from (5.1.101) and (5.1.102) that the linear evolution problem
(5.1.74) - (5.1.81) is

(I) Well-posed and stable when p > 0.

(IT) Il-posed when u < 0.
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We conclude that [IBV P] is well-posed and stable when (a, ) € (0,47) x RT, whilst

[/BV P] is ill-posed when (c, p1) € (0,47) x R™.

We next consider the problem (5.1.74) - (5.1.81) in the case (o, p) € (0,17] x {0},

where we obtain, from (5.1.74) - (5.1.81), the linear harmonic evolution problem for

given by

V=0,
Vi -h =0,

v, =0,

Y (R,0,7) =0
¥ (X,Y,0) =0,

after which we obtain £ from

& = ¢y (X,0,7), X >0, 7>0,

>

X >0, Y=—Xtana, 7 >0;

X>0,Y=0 7>0;

as R =00, —a<6<0, 7>0;

720, —7tana<7<0;

E(X,0)=n(X), X=>0.

>0,—Xtana <Y <0, 7> 0;

(5.1.103)
(5.1.104)
(5.1.105)
(5.1.106)

(5.1.107)

(5.1.108)

(5.1.109)

It is straightforward to show that the only solution to the problem (5.1.103) - (5.1.109)

is given by the initial conditions,

Y (X.Y,7) =0,

§(X.r) =m (X)),

X >0, —Xtana<Y <0, 7>0,

720,7}0,

(5.1.110)

(5.1.111)

and thus the linear evolution problem (5.1.74) - (5.1.81) is well-posed and stable for all

pairs (o, p1) € (0,17] x {0}. We conclude that [IBV P] is well-posed and stable when

(a, ) € (0, 7] x {0}.
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We now consider the well-posedness and stability of [/ BV P| for those pairs (a, p) €
(37, 17) x G (8), with G (6) being a o (1) neighbourhood of =0 as § — 0.

4702

5.2 The Case: (o, pu) € (3, 5m) X G (6)

470 2
In this section we investigate the well-posedness and stability of the problem [/BV P]
1

with respect to perturbations in initial data for those pairs (o, p) € (ZTF, %71’) X G (6), with

G (0) being a o (1) neighbourhood of ;1 =0 as § — 0. We write

w=v(9)m, (5.2.1)

where i = O (1) and v (6) = o(1) as 6 — 0. Here the gauge function v () will be
determined in the course of the analysis.
Following an examination of (4.1.1) and (4.1.3), we require ¢t” ~ § and t7 ~ ", which,

as 6 — 0, requires

t=0 (8", (5.2.2)

where v = 1% with

RIS
4o

r=1. (5.2.3)

In what follows, we will refer to the initially perturbed modification of [ BV P] as [ BV P]",

and we will address [[BV P]" as § — 0 with ¢ = O (6'/7). Thus we write
t =06, (5.2.4)

with 7 = O (1) as § — 0. We can now write [/BV P]” in terms of Z, y, ¢, n, 7 and ¢,

133



which becomes,

V2 =0, (Z,y) €D(r), 7>0;  (5.2.5)
Vé-t=6""7(v(6)F—1)cosa, y=-—Ttana, T,(T) <T <Tp, 7>0; (5.2.6)
¢, =0, y=—-1,T>m, 7>0; (5.2.7)
nr + [51/7% — 0?7 (v (0) T — 1) cot o]z — ¢, =0,

y=n(,7), T>T, (1), T>0; (5.2.8)
@—6”%04@ﬁ—1ﬁ%a¢7+&M%WM2+&”n:Q

y=n(,7), T>T,(7), 7>0; (5.2.9)

n+7Z, (7)tana = 0, T=7,(r), 7>0; (5.2.10)
n—0, as T— oo, 7>0; (5.2.11)
Vo] — 0, as T — oo, uniformly for —1 <y <n(Z,7), 7>0; (5.2.12)
¢ (T,y,0) =0, (,y) € D(0); (5.2.13)
n(z,0) =dno (67'T), T>0; (5.2.14)

with 79 : R — R as given by (5.0.3).
The structure of the solution to [/BV P] as t — 0% indicates that there will be three
asymptotic regions in the solution to [[BVP]” as § — 0 with 7 = O (1). In the outer

asymptotic region we have (Z,y) € D(r) = O(1) as 6 — 0 with 7 = O (1), and we

consider this first.

5.2.1 Outer Asymptotic Region

In this section we begin the asymptotic development of the solution to [IBV P]", as § — 0
with 7 = O (1), in an outer asymptotic region in which (z,y) € D (1) \N (1) as § — 0,
with N (1) being a O (¥ (9)) neighbourhood of (Z,y) = (0,0), such that 7(§) = o (1) as
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D(r)\W (1)

Outer Region

Figure 5.5: Definition sketch of the outer asymptotic region for the case

(v, 1) € (37, 37) x G ()

9 — 0. Here the gauge function 7 (§) will be determined in the course of the analysis.
The initial conditions (5.2.13) and (5.2.14) require that ¢, n = 0(1) as 6 — 0 in the outer
asymptotic region. In particular, the plate boundary condition (5.2.6) and kinematic
boundary condition (5.2.8) require that ¢ = O (6'/7) and n = O (6*/7) as § — 0 in the
outer asymptotic region. A definition sketch of the outer asymptotic region is shown in
Figure 5.5.

We now introduce the outer region asymptotic expansions in the form,

o (T,y,7)=—6""cosa ¢ (z,y,7)+ O (52/7) : (5.2.15)

n(@,7) =675 7,7)+0 (6%, (5.2.16)

as d — 0 in the outer asymptotic region, with the factor — cosa in (5.2.15) included for
algebraic convenience at a later stage. Substituting expansions (5.2.15) and (5.2.16) into

[IBV P]" (with the exception of condition (5.2.10) since the application point (Z,y) =
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(ZTp (1) ,yp (7)) lies outside the outer asymptotic region), we obtain the leading order

problem in the outer asymptotic region for g/b\, namely

V2 =0, (T,y)eD(0), T >0:; (5.2.17)
Vq/g-fl:T, y=—-Ttana, 0 <T < cota, 7> 0; (5.2.18)
0y =0, y=-1,7>0, 7>0; (5.2.19)

¢, =0, y=0,T>0, 7>0; (5.2.20)

‘ch — 0 as T — oo, uniformly for —1 <y <0, 7> 0; (5.2.21)

6 (T,y,0)=0, (T,y)eD(0). (5.2.22)

with 7 given, via (5.2.8), (5.2.14), and (5.2.16), by

1 —~
- (Z,7) = —5cosa oy (T, 7), >0, 7>0; (5.2.23)
1n(z,0)=0, >0 (5.2.24)

Notice that the problem (5.2.17) - (5.2.24) is the same as (5.1.16) - (5.1.23) when u = 0,
which was studied in Section 5.1.1. Following Section 5.1.1, we introduce ¢ (%,y) and

77 (T) by writing

g/g(f, y,7) =710 (T,y), (5.2.25)

7z, 7) =77 (T). (5.2.26)

The resulting problem for ¢ and 7, obtained after substituting (5.2.25) and (5.2.26) into
(5.2.17) - (5.2.22) is the same as [OBV P], which was solved and discussed in Chap-

ter 2. We thus have that ¢ and 7 are given, for some real constants A,, B, and C,
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G(r0) = "S00 S A3 sin <<n + %) z0) , (5.2.27)

for 0 < r < cosec a, —a < 0 < 0, where T = rcosf and y = rsin #, whilst

5 (p.) = LY LS B o ( n ) , (5.2.28)

sin « T —
n=0

for 0 <p<1,0< ¢ <7m—a, where T — cota = pcost), and y + 1 = psine, and finally
_ > 1)~ 1
o (T,y) = Z Coe~(2)77 i <(n + 5) ﬂy) : (5.2.29)
n=0
for T > cota, —1 < y < 0, after which
11 - 1 "
ﬁ(f) = —5 — 5 COSOJZ (n + 5) gAnf(n+§)Eil, (5230)
n=0
for 0 < T < cosec «a, and
— = 1 - 1 —(n+3)nz
n(T) = —5 cosozz n+ 5 mCpe 2T (5.2.31)
n=0

for T > cosec a. It follows from (5.2.27) and (5.2.30) that, as (Z,y) — (0,0), we have

e i 9 s 9 3T
o (r,0) = rem + Ap (o) r2e sinﬂ—+0<r§7>,
Ccos v 200
as r— 0", with —a <6 <0; (5.2.32)
1 us s
7(7) = 5~ Ap (a) 41 cosa T2 1+ O (T%A) : as T —0F; (5.2.33)
o

where r and 6 are polar coordinates given by T = rcosf, y = rsinf, and Ay () as given

in (2.0.15) and displayed in Figure 2.3.
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As before, (5.2.33) reveals a weak singularity in 7 () as T — 0". This singular
behaviour as T — 0% is compounded in higher-order terms in the outer region asymptotic
expansion for 7 in (5.2.16), and also, as r — 0, in the outer region asymptotic expansion
for ¢ in (5.2.15), and so the regularity conditions (1.2.30) and (1.2.31) fail to be satisfied
by the outer region asymptotic expansions (5.2.15) and (5.2.16) in a neighbourhood of
the initial point of intersection of the plate and free surface, where (Z,y) = o (1) as d — 0.
Therefore, in order to capture the full regularity in the neighbourhood of the intersection
point of the plate and the free surface, we introduce an inner asymptotic region, in which
(Z,y) = 0(1) as 6 — 0. The structure of the inner asymptotic region is now considered

in detail in the next section.

5.2.2 Inner Asymptotic Region

In this section we introduce the inner asymptotic region associated with [IBV P]” when
(T,y) = o(1) as & — 0. Specifically, following Section 5.2.1 we write (Z,y) = O (7 (0))
with 7 () = o(1) as 6 — 0. It then follows from (5.2.16), (5.2.26) and (5.2.33) that
n=0 (52/ 7) as 0 — 0 in the inner asymptotic region, and so, to capture the free surface
in the inner asymptotic region, we must take 7 (4) = O ((52/7) as 0 — 0; therefore,
without loss of generality, we set 7 (§) = 6*7. An examination of (5.2.15), (5.2.25) and
(5.2.32) then requires that ¢ = O (53/7) as 0 — 0 in the inner asymptotic region. Finally,
the intersection point of the free surface and the plate must be captured in the inner
asymptotic region, and so, 7, (1) = O (52/7) as 0 — 0. A sketch of the location of the
inner asymptotic region is illustrated in Figure 5.6.

Formally we introduce scaled inner region coordinates (X,Y") by
T=06X, y=46"Y, (5.2.34)

with (X,Y) = 0O (1) as § — 0 in the inner asymptotic region. The location of the plate in
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Inner Region

(@p (1), 9p (1))

Outer Region

Figure 5.6: A sketch of the location of the inner asymptotic region for the case
(a ) € (3, 4m) x G (0)

the inner asymptotic region is given by Y = —X tan «, whilst the plate and free surface

intersection point is denoted by (X,Y) = (X, (7),Y, (7)), with,

Z, (1) = 52/7Xp (1), yp (1) = 52/7Y;3 (1), (5.2.35)

and (X, (7),Y, (7)) = O (1) as 6 — 0 in the inner asymptotic region. We now write the

free surface and velocity potential in the inner asymptotic region as

n(X,7) =" (X,7), X=X,(r), 7=0; (5.2.36)
o (X,Y,T) :53/7(;51()(,}/,7), X>2X,(r), —Xtana <Y <n(X,7), 7>0;

(5.2.37)

with n7 (X, 7),¢0; (X,Y,7) = O (1) as § — 0. The inner region asymptotic expansions are
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then introduced as,

(X, 7) = o (X, 7) + 0G5, (X, 7) + o (5(%—2)”) , (5.2.38)

o1 (X,Y,7) = ¢o (X,Y,7) + 65214, (X, Y, 7) + o (5(5—2%) , (5.2.39)

as 0 — 0 with (X,Y) = O (1) in the inner asymptotic region. Finally, it follows from
(5.2.34), (5.2.35), (5.2.36) and (5.2.38) that we expand X, (7) in the form

X, (1) = X (1) + 62X, (1) + 0 (6(5*2)/7) , (5.2.40)

as 6 — 0, with

Y, (1) = =X, (7) tan a. (5.2.41)

The free surface in the inner asymptotic region is located at
Y=nX71), X>X,(r), 720, (5.2.42)
whilst the spatio-temporal domain in the inner asymptotic region is
Di(r)={(X,Y): X > X, (1), -Xtana <Y <n; (X,7)}, (5.2.43)

for 7 > 0, with closure D; (7). A sketch of the inner asymptotic region geometry is given
in Figure 5.7.
We now write [IBV P]” in terms of the inner asymptotic region coordinates (X,Y),

and 7, and the inner asymptotic region variables ¢r, 17, and X, to obtain,

V2 =0, (X,Y)eDi(r), 7>0; (5.2.44)

Vér-h=—Tcosa+v (0) i cos a, X>X,(r), Y=—Xtana, 7>0; (5.2.45)
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(Xp (7)

Figure 5.7: The inner asymptotic region geometry as § — 0 for the case («, ) € (l7r, %

G (5) !

) X

Nrr + [¢I,X + 7 cot CY] nrx — ¢[7y — I/(5) Ticot o nr x = 0,
X>X,(r), Y =n(X,7), 7>0; (5.2.46)

11~ 2
brr 70O brx+ 5 ‘W)I +n—v()TReota drx =0,

X>X,(r), Y=mn(X,7), 7>0; (5.247)

nr (Xp (1), 7) = =X, (7) tan o, T>0; (5.2.48)
¢r (X,Y,0) =0, (X,Y)eD;(0); (5.2.49)
nr (X,0) = 6", (6*771X), X > X,(0); (5.2.50)

with V = (8/8X,0/8Y). On substituting from (5.2.38) - (5.2.40) into (5.2.44) - (5.2.50)
we obtain, at leading order, the following nonlinear harmonic evolution free boundary

problem for ¢ (X,Y,7), 10 (X, 7), and X, (7), namely

V2o = 0, X >Xo(r), —Xtana <Y <1 (X,7), 7> 0; (5.2.51)

@gbo ‘N = —Tcosq, X >Xo(r), Y =—Xtana, 7> 0; (5.2.52)
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To,r + [&o,x + 7 cot oz} To,x — éo,y =0, X>Xo(r), Y=m(X,7), 7>0; (5.2.53)

_ - 1~ -~ |2
¢o.r + Tcot o ¢07X+§‘V¢0’ +7170=0, X>Xo(1),Y=m(X,7), 7>0; (5.2.54)

¢o (X,Y,0) =0, X >0, —Xtana <Y <0; (5.2.55)
o (X, 0) =0, X >0; (5.2.56)
flo (Xo (), 7) = —Xo (1) tana, 7>0. (5.2.57)

The problem (5.2.51) - (5.2.57) must be completed by asymptotic matching conditions
between the inner asymptotic region and outer asymptotic region. Following Van Dyke’s

Matching Principle (see, for example, [28]), we obtain

¢o(R,0,7) ~ —TRsinf as R— o0, —a<0<0, >0 (5.2.58)

o (X, 7) ~ —=7 as X — o0, 7> 0; (5.2.59)

where R and 6 are polar coordinates given by X = Rcosf, Y = Rsinf. Although
the problem (5.2.51) - (5.2.57) is nonlinear, the simple nature of the matching conditions

mean that it is readily established that the exact solution to the leading order problem is

given by
. 1,
o (X, 7) = —57 X > Xo(r), 720, (5.2.60)
~ 1 1
oo (X,Y, 1) =—7Y — 67'3, X > Xo(r), —Xtana <Y < —57'2, 720, (5.2.61)

1
Xo (1) = 572 cota, T=0. (5.2.62)

This is represented in the inner asymptotic region in Figure 5.8a. We now formulate

the problem at O <51’27a>, where it is convenient to introduce the coordinates (7, 7),
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(a) Solution of [IBV P]" at leading order in the inner asymptotic

region
Y
X
(X,Y) = (%7'2 cot a, —%7’2)
(X.Y) = (0,0)

(b) (Y, 7) coordinate system in the inner asymptotic region

Figure 5.8: Sketches in the inner asymptotic region for 7 > 0, as 6 — 0, for the case
() € (3, 1m) x G (0)
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according to

1 - 1 _
X = 572 cota+ X, Y = —572 +Y, (5.2.63)

as shown in Figure 5.8b. We obtain the following linear, harmonic evolution problem for

o1 (7, Y, 7), N (Y, 7') and X (7), namely,

Vg =0, X>0, —Xtana<¥Y <0, 7>0; (52.64)
Vo, -n=0, X >0 Y=—-Xtana, 7>0; (5.2.65)
e — ¢y =0, X>0,Y=07>0  (5266)
b1 =0, X>0,Y=0,7>0 (5267

o (R,0,7) =TA (o) cosa R cos % (0+a)+o <§%>
as R—o00, —a<0<0,7>0; (52.68)
i (X,7) = —1°4 (@) 41 cosa X ' 4o (Y%_l> as X — oo, 7>0; (5.2.69)
o

¢ (X,Y,0) =0, X>0, —Xtana<Y <0; (5.2.70)

il
=
—~
I
(e}
N—
Il
\_O
>

>0. (5.2.71)

Here V = (0/0X,0/9Y), (5.2.68) and (5.2.69) are the matching conditions with the outer
asymptotic region, and we have introduced polar coordinates (}_%, (9), given by X = Rcos b,

Y = Rsin#. Finally we have

X (1) =—m1(0,7) cot o, T > 0. (5.2.72)

It is straightforward to show that, in this degenerate case, the solution to the problem

(5.2.64) - (5.2.71) with least singular behaviour at (X,Y) = (0,0) is simply given by the
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far-field forms, that is

b1 (R,0,7) =TA (o) cosa R* cos 21 0+ a),

«

R>0, —a<0<0, 7>0; (5.2.73)

i (X,7) =14 (@) 41 cosa X X >0, 7>0. (5.2.74)
a

We see from (5.2.73) and (5.2.74) that a weak nonuniformity in derivatives (1, x, Vér)
persists close to the contact point and, in particular, when X, Y = O (5ﬁ_1). This
requires the introduction of an inner-inner asymptotic region, in which X, Y = O ((5 %’1)
as 0 — 0. The structure of the inner-inner asymptotic region is now considered in detail

in the next section.

5.2.3 Inner-Inner Asymptotic Region

In this section we introduce the inner-inner asymptotic region associated with [/ BV P]”
when (7, 7) =o0(1)aséd — 0, with o € (}177, %7?) Specifically, following Section 5.2.2, we
write (X,Y) = O (A (6)) with A (§) = 0(1) as § — 0 in the inner-inner asymptotic region.
It then follows from (5.2.38), together with (5.2.60) and (5.2.74) that Y; = 372 + 1 =
O <(5<§_2)/ TA (5)%70 as 0 — 0 in the inner-inner asymptotic region. The free-surface

must be captured in the inner-inner asymptotic region. This requires
A(0) =0 (6271, (5.2.75)

as 0 — 0. A sketch of the location of the inner-inner asymptotic region is illustrated in
Figure 5.9.

Formally, we introduce scaled inner-inner asymptotic region coordinates (Z,7) by
X =01z Y =daly, (5.2.76)
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Inner-Inner Region =~ Mesmsmaeaaa: Y

Figure 5.9: A sketch of the location of the inner-inner asymptotic region for the case
() € (m, 3m) x G (9

with (Z,9) = O (1) as 6 — 0 in the inner-inner asymptotic region. The location of the
plate in the inner-inner asymptotic region is given by § = — tan «, whilst the intersection

point of the plate and the fluid free surface is denoted by (Z,9) = (%, (1), 9, (7)), with,
X, (r)=0%""%,(r),  Y,(r)=06%""3,(r), (5.2.77)

for 7 > 0, with (Z,(7),9, (7)) = O(1) as § — 0 in the inner-inner asymptotic region.
An examination of (5.2.38) and (5.2.39), together with (5.2.60), (5.2.61), (5.2.73), and

(5.2.74) reveals that n; = =372 4+ O (02« ') and ¢; = 37° —§2a 75+ O (627%) as 6 — 0

in the inner-inner asymptotic region. We now write the free surface and velocity potential

in the inner-inner asymptotic region as

1 .
ny (Z,7) = —572 + 02y (2, 7), T>2,(1), 720; (5.2.78)

1 s s
¢ (2,9,7) = 573 — 62+ 6o (7,7, 7), (Z,9) € Dir (1), 7= 0; (5.2.79)
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with ny (2,7), o171 (Z,9,7) = O (1) as § — 0. The inner-inner region asymptotic expan-

sions are then introduced as,

nir (T,7) =0 (,7) +o(1), (5.2.80)

11 (Z,5,7) = o (%,5,7) +0(1), (5.2.81)

as 0 — 0, with (Z,9) = O (1) in the inner-inner asymptotic region. Finally it follows from

(5.2.77) - (5.2.78), and (5.2.80) that we expand Z, (7) in the form
Tp (1) =20 (1) +0(1), (5.2.82)

as 6 — 0, with

Jp (1) = =T, () tan . (5.2.83)

The free surface in the inner-inner asymptotic region is located at
g=mn(z,7), T>3,(1), 720, (5.2.84)
whilst the spatio-temporal domain in the inner-inner asymptotic region is
Dir(1)={(2,9): 2 >2,(r), —Ttana < g <n (Z,7)}, (5.2.85)

for 7 > 0, with closure D;; (7). A sketch of the inner-inner asymptotic region geometry
is given in Figure 5.10.

An examination of the plate boundary condition (5.2.6) along with (5.2.76) and
(5.2.79) then requires that v (§) = O (62« ") (from which it follows that G (v) = O (62a71)),
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Figure 5.10: The inner-inner asymptotic region geometry as § — 0 for the case

(o, p) € (37, 37m) x G (6)

and so, without loss of generality, we choose

v(8) =21, (5.2.86)

We are now able to write [/BV P]” in terms of the inner-inner asymptotic region coor-

dinates (Z,7), and 7, and the inner-inner asymptotic region variables ¢, n;r and 7, to

obtain,
V211 =0, (#,9) € Dry (1), 7> 0; (5.2.87)
Vi -i = THicos a, T>7,(r), y=—ITtana, 7 > 0; (5.2.88)

Nirr + Grraning — TReota Nz — ¢rrg =0, T > T, (1), §=mn11(Z,7), 7> 0; (5.2.89)
1|~ 2 B 5 5 5
Grrr — THCOb @ Prrz + 3 ‘Vqﬁn‘ =0, T>3,(1), gy=mni(z,7), 7> 0; (5.2.90)

i (T (1) ,7) = =, (1) tan a, 7> 0; (5.2.91)
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¢r1 (7,9,0) =0, (Z,9) € Dir (0); (5.2.92)

nrr (%,0) =no (T), i>i,(0); (5.2.93)

with V = (8/0%,0/87). On substituting from (5.2.80) - (5.2.82) into (5.2.87) - (5.2.93)

we obtain, at leading order, the following nonlinear harmonic evolution free boundary

~

problem for ¢ (&,7,7), flo (&, 7) and &, (), namely

V2o = 0, P> 7 (1), —Ftana < § <7 (Z,7), 7>0; (5.2.94)
6550 ‘N = T COS T>T0(1), y=—Ttana, 7> 0; (5.2.95)

Mo+ Gosos — THCOt a Moz — Pog =0, T>To(7), y=mno(z,7), 7>0; (5.2.96)

cgo,f — T cot o 50,50 + % 650‘2 =0, T>2o(7), g=1(2,7), 7>0; (5.2.97)
Mo (Zo (1), 7) = =% (1) tan a, T>0; (5.2.98)
oo (2,7,0) = 0, &> (0), —Ftana < § <7 (£,0);  (5.2.99)
Mo (2,0) = no (), 7> T (0). (5.2.100)

The problem (5.2.94) - (5.2.100) must be completed by asymptotic matching conditions
between the inner-inner asymptotic region and the inner asymptotic region. Following

Van Dyke’s Matching Principle (see, for example, [28]), we obtain,

50 (7,0,7) = TAg (@) cos a 73a Coszi (0+a)+o (7”27;)
a
as T — o0, —a<60<0, 7>0; (52.101)

o (Z,7) = =72 Ap () 41 cosa F2a ' 4o (72 1) as T — o0, 7>0; (5.2.102)
a
where 7 and 6 are polar coordinates given by & = 7 cos#, y = 7sinf. Finally we have

To (1) = =10 (To (1), T)cota, 7> 0. (5.2.103)
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It is now convenient to introduce the variables ¢ and &, according to

~ o L 1
00 (2,9,7) = (2,9,7) + Ty — ST, (5.2.104)

. ) 1
flo (%,7) = £ (%,7) + 77, (5.2.105)

with the forms of (5.2.104) and (5.2.105) chosen for algebraic convenience at a later stage.

We now write the problem (5.2.94) - (5.2.102) in terms of ¢ and £ as

1

V2 =0, T>T9(1), —Ttana <y < &(T,7) + §E7'2, 7> 0; (5.2.106)
Vi -f=0, P> (1), j=—Ftana, 7> 0; (5.2.107)
&+ sl —THeota & — Yy =0, & >To(7), §=E(T,7)+ %ﬁTQ, 7> 0; (5.2.108)
Wby — TTicot o s + % ’%zﬁ’z —0,  F>F(r), G=E(F )+ %m?, 7> 0; (5.2.10)
€ (Fo (1), 7) = —io (7) tan o — %W, 7> 0: (52.110)
¥ (%,75,0) =0, P> (0), —itana < § < £(7,0); (5.2.111)
£(2,0) =mo (2), 7> T (0); (5.2.112)

P (7,0,7) = TAy (@) cos ficosg(e—ka)jto(f%)
a

as T — o0, —a<0<0, 7>0; (52113)

£(7,7) = =124 (a) 41 cosa #2a 4o (:Eﬁfl) as T — oo, 7> 0. (5.2.114)
«
Finally we introduce the coordinates (&, ¢), according to

ar?. (5.2.115)

1
i:i:+§ﬁ7'200toc, y=19—

We obtain the following nonlinear harmonic evolution free boundary problem for ¢ (&, g, 7),
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¢(z,7) and Zo (7), namely

V2 =0, &> (1), —dtana << &(E,7), T>0;  (5.2.116)
Vi -h =0, &>d0(7), § = —dtana, 7>0; (5.2.117)
&+ e8s — by =0, T>20(r), y=&(&,7), 7>0; (5.2.118)
¢T+%‘W‘2+ﬁ5:0, B> d0(r), §=E(&,7), T>0;  (5.2.119)
& (&g (1), 7) = =i (7) tana, T>0; (5.2120)
¥ (&,9,0) =0, &> (0), —Ztana < § < £(2,0);  (5.2.121)
§(2,0) = o (2), > 20(0);  (5.2.122)

Y (7,0,7) = TAg (@) cos a 72 cos % (0+a)+o (f%)

as T —o0, —a<6<0, 7>0; (52.123)

™ ™

AT

£(2,7) = —7%4 (a) 1, cosa R (:i"%_l) as T — o0, 7>0; (5.2.124)
a

where 7, and 6 are polar coordinates given by # = 7cosf and § = 7sinf, and vV =
(0/0%, 0/04)?, with

1
Zo (1) = To (7) + §ﬂ72 cot a. (5.2.125)

The initial boundary value evolution problem (5.2.116) - (5.2.124), henceforth referred
to as [EBV P], can now be solved numerically using a boundary integral method, which
follows the approach discussed in Chapter 4, with implicit time-stepping to evolve the
solution in time.

In solving [ BV P] numerically we must specify the initial free surface profile. For the

2Notation not to be confused with that used in Chapter 3.
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following results we have chosen £ (z,0) to be given by

R ) 0.02(1 —cos2nmz), 0<z<1,
§(2,0) =no (%) = (5.2.126)

0, T > 1.

Numerical solutions of [EBV P] are plotted in Figures 5.11 - 5.14. In Figure 5.11 we
present the comparison between the free surface € (z,7) calculated with zero initial data
(shown in each plot as a dotted red line) and the free surface & (#,7) calculated with the
initial free surface profile given in (5.2.126) (shown in each plot as a solid blue line) for
the case a = 1.4, with z = 1. It is clear to see, as predicted by the theory presented in
Section 5.1.2, that, when initially perturbed, the free surface £ (z, 7) collapses to the self-
similar solution, indicating that the problem [E BV P] is well-posed and stable in this case.
This behaviour is typical of all pairs («,7) tested in the range (o, 71) € (iﬂ', %7‘(‘) x RT,
and of all initial free surface profiles ng (Z) tested. As we decrease i and choose values
with 7 < 0 we are unable to obtain numerically any converged solutions to [EBV P|.
This indicates that the problem [EBV P] is ill-posed, which is in agreement with the the
theory presented in Section 5.1.2. In Figure 5.12 we present the comparison between the
free surface £ (z,7) calculated with zero initial data (shown in each plot as a dotted red
line) and the free surface £ (z,7) calculated with the initial free surface profile given in
(5.2.126) (shown in each plot as a solid blue line) for the case v = 1.4, with 7 = 0. Here
we see that the continuation of the numerical solution when 7z = 0 indicates that the
case 11 = 0 separates the regions where the problem [EBV P] is well-posed ( > 0) and
ill-posed (@ < 0). Finally, Figures (5.13) and (5.14) demonstrate the good agreement of

the numerical solution with the far-field asymptotic form in [EBV P] (5.2.124).
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Figure 5.11: Graph of the evolution of £ (#,7) against & for the numerical solution of
[EBV P], for increasing values of 7 with @ = 1 and o = 1.4. In each plot a black line
shows the location of the plate, a dotted red line shows the solution for the case of zero
initial data, and a blue line shows the solution when the initial data is as given in (5.2.126)
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Figure 5.12: Graph of the evolution of £ (#,7) against & for the numerical solution of
[EBV P], for increasing values of 7 with @ = 0 and o = 1.4. In each plot a black line
shows the location of the plate, a dotted red line shows the solution for the case of zero
initial data, and a blue line shows the solution when the initial data is as given in (5.2.126)
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Figure 5.13: Graph of the evolution of £ (Z,7) against &, showing agreement with the
far-field asymptotic form (5.2.124) for the numerical solution of [EBV P|, with 7 = 1,
a = 1.4, and increasing values of 7 as given in Figure 5.11. In each plot a black line shows

the location of the plate, and blue lines show the solution when the initial data is as given
in (5.2.126)
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Figure 5.14: Graph of the evolution of £ (Z,7) against &, showing agreement with the
far-field asymptotic form (5.2.124) for the numerical solution of [EBV P|, with 7 = 0,
a = 1.4, and increasing values of 7 as given in Figure 5.12. In each plot a black line shows
the location of the plate, and blue lines show the solution when the initial data is as given
in (5.2.126)
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5.3 Discussion

We have now completed the analysis of the well-posedness and stability of the problem
[I BV P| with respect to perturbations in initial data in the innermost asymptotic region
as t — 0, for each pair (a,pu) € (O, %ﬂ') x R, where u = 1 + otana. We introduced a

perturbation to the trivial initial data in [/ BV P] of the form

¢ (Z,y,0) =0, >0, —Ttana <y < n(z,0), (5.3.1)

X

n(z,0) = dno (5:) . T>0, (5.3.2)

with 0 < 0 < 1 and
Mo (A) = (5.3.3)

where 7, (1), 7, (1) = 0 and 7j, continuous with continuous derivatives. We have not as
yet included the effects of surface tension in our model. We believe that, for those cases
where [I BV P] is ill-posed with respect to perturbations in initial data in the innermost
asymptotic region, the inclusion of weak surface tension terms in our model will result
in the governing initial boundary value problem becoming well-posed and unstable with
respect to perturbations in initial data in the innermost asymptotic region.

We have drawn the following conclusions regarding the well-posedness and stability of

the problem [/ BV P] with respect to perturbations in initial data in the innermost region:

(a) (a,p) € (0,47) x RF

Here, the initial boundary value problem [IBV P]| is well-posed and stable with re-
spect to perturbations in initial data in the inner asymptotic region as ¢ — 0*. We

anticipate that the inclusion in our model of the effect of weak surface tension will
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not qualitatively change the structure of the solution in this case.

(a,p) € (0,37) x R™

Here, the initial boundary value problem [I BV P] is ill-posed with respect to perturba-
tions in initial data in the inner asymptotic region as t — 0*. We anticipate that the
inclusion of weak surface tension in our model will result in the governing initial value
problem [I BV P] becoming well-posed but unstable with respect to perturbations in

initial data in the inner asymptotic region.

(a, ) € (0, 7] x {0}

Here, the initial boundary value problem [IBV P]| is well-posed and stable with re-
spect to perturbations in initial data in the inner asymptotic region as ¢ — 0*. We
anticipate that the inclusion in our model of the effect of weak surface tension will

not qualitatively change the structure of the solution in this case.

(o, ) € (;1171', %7?) x (G (6) NRT)

Here, the initial boundary value problem [/ BV P] is well-posed and stable with respect
to perturbations in initial data in the inner-inner asymptotic region as t — 0*. We
anticipate that the inclusion in our model of the effect of weak surface tension will

not qualitatively change the structure of the solution in this case.

(v, ) € (;117r, %71’) X (G(6)NR7)

Here, the initial boundary value problem [I BV P] is ill-posed with respect to pertur-
bations in initial data in the inner-inner asymptotic region as ¢ — 0*. We anticipate
that the inclusion of weak surface tension in our model will result in the govern-
ing initial value problem [/ BV P] becoming well-posed but unstable with respect to

perturbations in initial data in the inner-inner asymptotic region.
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CHAPTER 6

CONCLUSIONS

In this thesis we have studied the problem of a rigid plate, inclined at an angle a €
(0, %71’) to the horizontal, accelerating uniformly from rest, into or away from a semi-
infinite expanse of inviscid, incompressible fluid, via the method of matched asymptotic
expansions.

We began in an outer asymptotic region in which (Z,y) = O (1) as t — 0. Here, we
have established that the leading order terms in the outer region asymptotic expansions
for the velocity potential ¢ (2.0.1), and the free surface elevation n (2.0.2), satisfy the
required regularity (1.2.30) and (1.2.31), except in a neighbourhood of the initial location
of the intersection point of the free surface and the plate, at (Z,y) = (0,0). This motivated
the introduction of an inner asymptotic region, in which (z,y) = o (1) as t — 0%, in order
to capture the full regularity in this neighbourhood.

The results for the solution of the governing initial boundary value problem ([/BV P)),

as t — 0" in the inner asymptotic region, fall into four distinct cases depending upon «

and pr =1+ otana (with o being the dimensionless acceleration of the inclined plate).

1. (a,p) € (0,37) x (0,00)

Here, we have solved [PBV P|™ numerically for each o € (0, %71’) We establish that,

when p > 1, the free surface in the inner asymptotic region is monotone decreasing.
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For 0 < p < 1, the free surface in the inner asymptotic region is monotone increasing.

c(a,p) € {(0,3m)\{ap :n=1,2,...}} x (—00,0)
Here, we have solved [PBV P]~ numerically for each a € (0,47) \ {os :n =1,2,...}.

Pairs of near resonances occur in a small neighbourhood of o = o (n=1,2,...).
Away from the near resonance pairs, for those o € (of{, %7‘(’), the free surface has one
turning point and is initially decreasing. For angles o € (o, af) the free surface
has two turning points and is initially increasing. For angles a € (a3, o] the free
surface is monotone increasing. For angles (a3,.,,03,) (n =1,2,...), the free sur-
face has (2n — 1) turning points and is initially decreasing. For angles (oz;n, oz;n_l)

(n=2,3,...), the free surface has (2n — 2) turning points and is initially increasing.

(ayp)ef{al in=1,2,...} x (—00,0)

Here, [PBV P]~ has a stationary point at the intersection point of the free surface
and the inclined plate. Each angle o = o (n=1,2,...) separates the two near

resonances in each near resonance pair.

- (a,pn) € (0,1m) x {0}

In this degenerate case, the solution to the boundary value problem (3.1.29) -

(3.1.34) in the inner asymptotic region is simply given by the far-field forms (3.2.19)
and (3.2.22), which remain uniform up to the intersection point of the free surface

and the inclined accelerating plate.

- (a,p) € (37, 3m) x {0}

In this degenerate case, the solution to the boundary value problem (3.1.29) -

(3.1.34) in the inner asymptotic region which has least singular behaviour at the con-
tact point is simply given by the far-field forms (3.2.19) and (3.2.22). This required

the introduction of an inner-inner asymptotic region, in which (7, 7) =0 (tF ), with

-2 . . .
I' = 2%;‘ 7,)) as t — 07, in order to capture the full regularity at the contact point.
“ia
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Here,we have solved [RBV P] numerically for each a € (3, 7). We establish that
the free surface in the inner-inner asymptotic region is monotone increasing, and

meets the plate with a constant angle of %ﬂ' for all a € (iw, %ﬂ')

We have also analysed the well-posedness and stability of the problem [I BV P] with
respect to perturbations in initial data in the innermost asymptotic region. We have

drawn the following conclusions:

L (a,p) € (0,47) x RT

Here, the initial boundary value problem [IBV P] is well-posed and stable with
respect to perturbations in initial data in the inner asymptotic region as t — 0.
We anticipate that the inclusion in our model of the effect of weak surface tension

will not qualitatively change the structure of the solution in this case.

2. (a,p) € (0,3m) x R™

Here, the initial boundary value problem [/ BV P] is ill-posed with respect to per-
turbations in initial data in the inner asymptotic region as t — 0*. We anticipate
that the inclusion of weak surface tension in our model will result in the govern-
ing initial value problem [/ BV P] becoming well-posed but unstable with respect to

perturbations in initial data in the inner asymptotic region.

3. (e, p) € (0,17] x {0}

Here, the initial boundary value problem [/BV P] is well-posed and stable with
respect to perturbations in initial data in the inner asymptotic region as t — 07.
We anticipate that the inclusion in our model of the effect of weak surface tension

will not qualitatively change the structure of the solution in this case.
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4. (a,p) € (3m,im) x (G (6) NRT)

Here, the initial boundary value problem [IBV P] is well-posed and stable with
respect to perturbations in initial data in the inner-inner asymptotic region as ¢t —
0. We anticipate that the inclusion in our model of the effect of weak surface

tension will not qualitatively change the structure of the solution in this case.

5. (a,p) € (3m,im) x (G(O)NR™)

Here, the initial boundary value problem [/ BV P] is ill-posed with respect to pertur-
bations in initial data in the inner-inner asymptotic region as t — 0*. We anticipate
that the inclusion of weak surface tension in our model will result in the govern-
ing initial value problem [I BV P]| becoming well-posed but unstable with respect to

perturbations in initial data in the inner-inner asymptotic region.

The asymptotic solution to [IBV P| as t — 07 for those pairs («, u) € (O, %’N) x R is

now complete.

6.1 Future Work

The work presented in this thesis has posed a number of questions which remain unan-
swered. Regarding the physical problem, that [/ BV P] is ill-posed with respect to per-
turbations in initial data in the innermost asymptotic region for the case p < 0 suggests
that we should include the effects of surface tension in our model. We anticipate that
the introduction of surface tension should result in a well-posed problem in the innermost
asymptotic region, but that [/ BV P] will be unstable with respect to perturbations in
initial data.

In terms of the plate inclination angle a;, we have not yet considered the cases a = %ﬂ'

(the extension of the work done by King and Needham [14]), or a € (3, 7) (the extension

of the work done by Needham et al [24]). These remain to be investigated.
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We believe that an interesting topic of future work concerns the case of an inclined
vibrating plate accelerating uniformly from rest away from a semi-infinite expanse of in-
viscid incompressible fluid. With the vibration of the plate chosen such that we see several
periods of oscillation in the inner asymptotic region, we believe that some interesting re-
sults could be achieved. Here, the inclusion of surface tension terms will be essential in
ensuring the existence of structure in the solution of the free surface. This problem more
closely models that of a ship accelerating from rest in a body of water, with vibrations in

the hull generated by its engine.
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APPENDICES

A.1 Derivation of Problems in the Inner Asymptotic

Region

This appendix details the derivation of problems in the inner asymptotic region. We have

introduced in Section 3.1 the scaled coordinates
7 =t’X, y = Y,
along with the scaled variables
N (X, 1) = (X,t), X >X,(t), t>0

o (X,Y,t) =t (X,Y,t), (X,Y)eED;(t), t >
T, (1) =t2X, (t), t=0;

I

and the asymptotic expansions
e (X, 1) =m0 (X) + 277 (X) + o (t272),

(bl (X7 Y7 t) = ¢0 (X7 Y) + t§725 (X7 Y) +o (tgiz) )
X, (t) = Xo+ta2X; +o(ta?),

as t — 0T in the inner asymptotic region. To begin we substitute (A.1.1) -

the Laplace equation (1.2.17), to give

O(1): Vigo=0, X>Xo—Xtana <Y <1 (X);

us

O (t=~2) - Vo=0, X>Xo—Xtana<Y <ny(X).
where V = (ix i). Similarly, along the plate we obtain,

osina, X > Xy, Y =—Xtana;
n=0, X >X,Y=—-Xtana.

Q
-
Q|
|
N
4’ =
< |
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(A.L1)

(A.1.2)
(A.1.3)
(A.1.4)

(A.1.5)
(A.1.6)
(A.1.7)

(A.1.7) into

(A.18)
(A.1.9)

(A.1.10)
(A.1.11)



On substitution of (A.1.1) - (A.1.7) into the kinematic boundary condition (1.2.20) we
arrive at

2t (no +ta 7)) + <g — 2) ta =1 — 2Xt (nox + o *7y)

+1 (¢0X +ta? (¢0XYﬁ + 5}() - U) (?70X + tg_ZﬁX)

—t (doy + =72 (oyyT + dy)) + o (t="") =0,
onY =ny(X), X > Xy, t>0. (A.1.12)

Collecting terms in (A.1.12) we arrive at,
O@t): 2no— (22X +0 —¢ox)Mox —doy =0 on Y =n(X), X > X,. (A.1.13)

s 7T
O (t="") <a + Nox Poxy — ¢0YY) 7+ (pox — 2X)7x
Froxdx —by =0 on Y =1 (X), X > X, (A.1.14)

Next, substitution of (A.1.1) - (A.1.4) into the dynamic boundary condition (1.2.21) gives,
3¢r + P or — 2° X grx — 2800101y — ot’drx + %tQ (¢7x + ¢%y) + 201 = 0,
on Y=n(X,t), X>X,(t), t>0. (A.1.15)
Now we substitute from (A.1.5) - (A.1.7) into (A.1.15) to obtain
312 (6o + 52 (boyT + 9) ) + (g . 2) 5%
=28 (X4 30 ) (dux +1572 (GueT + 5x)
—2t% (o + tg&ﬁ) (doy + ta? (GoyyT + dy))

1 x — . _
51 (@ + 20572 (GoxyT] + dx) + By + 257 (dovyT + Gy )
+ 82 (ot ) +o(tR) =0 on Y =n(X), X >Xp, t>0. (A.1.16)

Collecting terms in (A.1.16) gives,

1 1,—=
O(t*):  3¢o—2 (X+§U) ¢OX_2770¢0Y+§|V¢0|2+770:07

on Y =mn(X), X>X. (A.1.17)
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O (t=) : (1+g>$+(6250)(—2(X—I—%U))ax+(¢0Y_2770)aY

1
+ (%Y -2 (X + §U> doxy — 2M0doyy + dox Poxy

+¢0Y¢0YY+1>ﬁ:0 on Y=n(X), X>Xp. (A.1.18)

Finally, we substitute from (A.1.1), (A.1.2), (A.1.4), (A.1.5) and (A.1.7) into the contact
point boundary condition (1.2.22). We arrive at,

Mo+ 272 (ox X1 +7) + tana (Xo + 572X, + 0 (t27%) = 0,

when X = X, t > 0. (A.1.19)

Collecting terms in (A.1.19) gives,
O(1): o+ Xotana =0 at X = Xj. (A.1.20)
O (ﬁ—?) : 7+ (nox +tana) X; =0 at X = X,. (A.1.21)

Collecting together (A.1.8), (A.1.10), (A.1.13), (A.1.17) and (A.1.20) we arrive at the
harmonic free boundary problem (3.1.16) - (3.1.20) for ¢ and 7. Similarly collecting
together (A.1.9), (A.1.11), (A.1.14), (A.1.18) and (A.1.21), and using (3.1.23) - (3.1.25)
for 1o, ¢o and Xy, together with the scaling (3.1.27) and (3.1.28) we arrive at the linear
harmonic boundary value problem (3.1.29) - (3.1.32) and (3.1.35) for ¢, /) and Xj.

A.2 Scaling of the Boundary Value Problem (3.1.29)
- (3.1.35) to Obtain [BV P]*

This appendix contains the derivation of scalings (3.1.36), which reduce the boundary
value problem (3.1.29) - (3.1.35) to [BV P]*. When p # 0 we write

éo=|u"v, R=|p"R X=X,
V=u"Y, i=u¢ (A2.1)

where ;1 = 1+ o tana and [, m,n are to be chosen. The Laplace equation (3.1.29) and the
plate boundary condition (3.1.30) are invariant under the scaling (A.2.1). The kinematic
boundary condition (3.1.31) remains invariant under the scaling (A.2.1) provided we take

l+m—n=0. (A.2.2)
To remove p from the dynamic boundary condition (3.1.32), we must take

l—n=-1 (A.2.3)
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Finally, the far-field conditions (3.1.33) and (3.1.34) remain invariant under the scaling
(A.2.1) provided we take

v

—m—n= A24
sy —n=0, (A.2.4)
v

We have four linear algebraic equations (A.2.2), (A.2.3), (A.2.4) and (A.2.5) which must
be satisfied by [, m and n. In echelon form, the system of linear algebraic equations
becomes,

1 1 -1 I 0
01 0 1
00 1 7;/: =z (A.2.6)
0 0 O 0
which has the unique solution,
=2 -1, m=1 n=— (A.2.7)

 2a T %

With the above choices for I, m and n, the scaling (A.2.1) reduces the boundary value
problem (3.1.29) - (3.1.35) to [BV P]*.

A.3 The Near-Field Boundary Condition for the
Numerical Solution of [PBV P|*

This appendix contains the formulation of a suitable regularity condition representing
(3.2.1), required for numerical solution of [PBV P]*. We numerically implement the
regularity condition (3.2.1) on [PBV P]* as R — 0 by requiring, via (3.2.11), that,

o + Rtan (0 + ) =0 <§2> , (A.3.1)

as R — 0, uniformly for —a < # < 0. Numerical implementation of (A.3.1) is achieved
by requiring R
Yy + Rtan (6 + o)z = 0, (A.3.2)

at R = g, —a < 0 <0, with € > 0 chosen to be sufficiently small. Thereafter the near-field
constant ag for [PBV P]*, respectively, can be approximated using the finite difference
scheme discussed in §3.3.

A.4 Finite Difference Approximations

This appendix details the discretisation of [PBV P]*, and thus the formulation of the
decoupled large sparse system of linear algebraic equations outlined in §3.3.
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A.4.1 The Laplace Equation

Using (3.3.5) we discretise the Laplace equation and apply associated discretised condi-
tions at the boundaries. In the wedge we discretise Laplace’s equation to give

2 (¢i+1,j - 77Z1i,j N QyDi,j _ ¢i—1,j) + i <¢i+17j B %—14)

d Aﬁl Aﬁk R; 0
+§L? (%,jl - 2Aw923 + wm’ﬂ) —0, (A.4.1)
which rearranges to
Ci o1+ i A i+ o F i =0, (A4.2)

fori=1,2,.... NNN+1;5=1,2,...,J,J+1 where ¢}, ¢}, c,c, ¢ are the coefficients of
the five-point stencil given by

¥ = R2§* ( 2 _ é) , (A.4.3)
0AR, OR;
- ope [ L 1L (A.4.4)
LT \aeRre o) h
~ 2 1
C? = R?CS* ( — + —/\) s (A45)
0AR, OR;
n S __ 5*
Ci - Ci - AeQ? (A46>

with 0% = AﬁkAﬁl. We note that at the boundaries, wheret =1, N+1, j =1,J+1, we
must discretise and apply the boundary conditions (3.2.5), (3.2.6), (3.2.25) and (A.3.2).

A.4.2 Plate Boundary Condition

For discretised points on the plate we apply the Neumann boundary condition (3.1.38) to
generate an equation for v; jio in terms of interior points, given by

%’,Ju = wi,Jv 1=1,2,..., N+ 1, (A47>
which reduces (A.4.2), when j = J + 1, to
i1, w1 F i g1+ b g + (6 F¢) by =0, (A.4.8)

fori=2,3,...,N —1.
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A.4.3 Free Surface Boundary Condition
Discretisation of (3.2.4) gives

g (1 4 z> Yin + 2]% (1 _ 22) (wiJrl,l gwil,l) n

RZQ (wl—l-l 1 1/}2',1 o 2[}i,l _}\bi—l,l) 4 i (%0 wZQ) — O, (A49>
5 AR, AR, R, \ 240

which rearranges to,

(c + ! )wz 11+<c + ! >wz1

+ (c + cle; ) Yiv11+ (6§ 4+ )i =0, (A.4.10)
fori=2,3,..., N — 1, with
~ [ 8§2 ~ 1 T
v — T9R.Af L 9R = (1-—2- A411
C :F 1 -5ARk 7,5 ( a) Y ( )
| 2 2
o = FaR,A0 | = (1 + Z) Y (A.4.12)
[ a/ 0 \AR, AR,
~ 8R2 ~ 1 s
fe — ToR.AO “(1-22)]1. A4l
el = 2R, _MRZ 2fi ( a) (A.4.13)

A.4.4 Far-field Boundary Condition
At R = R, we apply the far-field boundary condition (3.2.25), giving

12 o
YNy, = —RZ cos 2— 0;+a)F @Ro@ ' cos (% — 1> 0; + )
32a—7) 4 T
+ 20—aR ¢ “cos <% — 2) (‘9] + Oé), (A414)
which rearranges to
CNUN-1; T RN + NN -1+ NN+ = —Cy N (A.4.15)

for j = 2,3,...,J. At the intersection (7,j) = (N,1) we combine (A.4.2), (A.4.10) and
(A.4.15) to give

<cN—|—chN ) Yn_1,1 + (cN—l—chN) YN

+ (C?V + CR{) wN,2 = (CN + CNCN> 2/1N+1 1- (A416)
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Similarly, at the intersection point (i,5) = (N,J + 1) we combine (A.4.2), (A.4.8) and
(A.4.15), giving

CNYN—1, 741 F QYN g1+ (Cy + ) YN = =Nttt (A.4.17)

A.4.5 Near-Field Boundary Condition
We apply condition (A.3.2), in discretised form, to (A.4.2), which gives

4]
A+ (c] +cf) Y, + | cf + = el | v -
g (6 ) vy (1 2A0R; tan (6, + «) 1) b
J
+ | ] — — | Y101 =0, A4.18
(1 2A0R, tan (0; + a) 1) w (AA15)

for j = 2,3,...,J. Combining (A.4.2), (A.4.8) and (A.4.18) we get, at the intersection
point (4, 7) = (1, + 1),

r g+ (] + ) o + (e + 7)Yy =0, (A.4.19)

and, at the intersection point (7, 7) = (1, 1), we combine (A.4.2), (A.4.10) and (A.4.18) to
obtain,

1 0
A+ ] 5 T of ] Y11
o 2A6]§1 tanacl
e w 1 fe w
(1 N 2A0R,; tanocc1 >
+ [ + ] 10 = 0. (A.4.20)

Thus, via (A.4.2), (A.4.8), (A.4.10), (A.4.15), (A.4.16), (A.4.17), (A.4.18), (A.4.19) and
(A.4.20), we arrive at the large, sparse linear algebraic system (3.3.8).

A.5 Classification of the Spectrum of [SP (k)]

This appendix details the classification of the spectrum of [SP (k)]. In Section 5.1.2 we
define the spectral problem [SP (k)] to be given by

VQE =0, X >0, —Xtana <Y <0; (A5.1)

Vi -h=0, X >0, Y=—Xtana; (A.5.2)

Yy —kp =0, X>0,Y=0; (A.5.3)
1, V1 bounded as R — oo, uniformly for —a < 6 < 0; (A.5.4)
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with & = —A2/p (for i1 # 0), and we require that solutions to [SP (k)], 1 : Goo — C, have
regularity given by (5.1.89). We define the spectrum of [SP (k)] to be given by

S ={k € C:[SP (k)] has a non-trivial solution} . (A.5.5)
The set of eigenvalues of [SP (k)] is S¢, where
= {k € C: 3 a non-trivial solution to [SP (k)] with ¢ — 0 as R — oo}, (A.5.6)
and the continuous spectrum of [SP (k)] is S¢, where

S¢ = {k € C: 3 a non-trivial solution to [SP (k)] with ¢ - 0as R — oo}, (A.5.7)

with the limits as R — oo considered as uniform for —a < 0 < 0. Finally, we observe
that
S =S°us” (A.5.8)

We now determine S;. Following Needham [25], we obtain the following results.

Theorem 1

SC{keC:Re(k)>0}U{0} =R,. (A.5.9)
Proof. The proof requires that, for each k € C\R,, we establish that [SP (k)| has only
the trivial solution. Let k € C\R,, and let ¢ : Go, — C be a solution to [SP (k)]. Green’s
theorem (see, for example, [12]), along with the regularity (5.1.89), and (A.5.1), gives that
/ {v@* : v@} RdR 4 = / {E* (V4 - i) } ds, (A.5.10)
Gre bg
where G- = G50\ (R*,00) x [, 0], and G = {(R,0) : 0 < R< R*, § =0}

U{(R,0) : R=R", —a<f< o}u{(R 0) :0< R< R, 0= —a} It follows from (A.5.10)
and (A.5.2) that
0 R*

J (o Jmaman= [ (12) s | (755,
0

?R* -«

(A.5.11)

which becomes, using (A.5.3),

i <|wR| + |37

G R

R* 0

)Rdee k/(\w} )9_ F:/ Ry ¢R o, (A512)
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for each R* > 0. We now introduce u and v, where
«(R,0) =Re[¢ (R.0)], v(B.6) =Im[¥ (R 0)]. (A.5.13)

after which we obtain from (A.5.12)

R*
— 2 1-— 2 — = —2 —
// (\sz[ +‘§¢9 )RdeQ—k/(M ), dR
. 0
L 0 0
:§R*dR* /(W‘;ZR* d9> —i—iR*/(qu—uRv)R:R* dg. (A.5.14)

Taking the real part of (A.5.14) gives

/] (\%h g

GR*

R*

2) R dR df — Re (k)/ (\W)H dR

_ %R*dz* {/ (|@\%:R*> de}, (A.5.15)

—Q

for each R* > 0. Using (5.1.93) we can now write the right-hand side of (A.5.15), in the
limit R* — oo, as

0

oo 8 [ (Pl 00)

—

0
_ 1 * d 9 1 9 T 1

s 5 1 1
- —+0 | ——, A5.1
4 ax] R*a <R*a+1> (A5.16)

which is bounded as R* — oo. Since Re (k) < 0, is then follows from (A.5.15) that

0
// (w |57 ) R0 < 3 {/ (17l ) } o e

G p* —a

and so the left-hand side of (A.5.17) is bounded and non-decreasing as R* — oo, and thus
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has a finite non-negative limit as R* — oo, so that

i ff (o +

GRr*

2
) RdAR df = 3, (A.5.18)

for some > 0. However, it now follows from (A.5.17), (A.5.18) and (A.5.16) that § < 0,
and so we conclude that § = 0. We then have from (A.5.18) that

e ] (s

GRr*

2
) RdARd) =0, (A.5.19)

for all R* > 0. The condition (A.5.19) (along with regularity (5.1.89)) then requires
that ¢ (E, «9) = (C for all (E, «9) € [0,00) x [—a,0], for some constant C' € C. However,
since k # 0, we have from (A.5.3) that C' = 0, so that @(E, 9) = 0 for all (E, 9) €
[0,00) x [—a, 0], which is the trivial solution, and the proof is complete. [ |

Theorem 2

S c R* U {0}. (A.5.20)

Proof. Let k € R\ (RTU{0}),and ¢ : Gox — C be a solution to [SP (k)]. We must show
that ¢ is the trivial solution. We have from (5.1.93) that

0 (B.0) = ap—

T 1
= co8 5~ 0+a)+0 <7,—+1) , (A.5.21)

E%

as R — oo, uniformly for —a < 6 < 0. We also have from (A.5.14), that

R* 0
Y / OW)Q:O e / (W — URV)p_p. 40 =0, (A.5.22)
2 R*
// (WRP + ‘%@9 ) RARdH — Re (k;)/ <|$|2>6:0 7

[T

0
1 ,d —12
- SR /(M ). . dog. (A523)
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Now, via (A.5.21) we have that,

0
lim R* / (uvg — UR0)g_p- A0 = 0. (A.5.24)

R*—o00
—a

It then follows from (A.5.22), since Im (k) # 0, that,

.
: —2 =
Jm [ ([97) dR=0, (A.5.25)
0
and so,
.
/ (o), _ ar=o, (A.5.26)

0

for all R* > 0. Next, considering (A.5.23), (A.5.26), and (A.5.16), we have that

s f (o + 3

GR*

2
) RdRdf = 0. (A.5.27)

It then immediately follows that 1) (}_%, 9) = 0, for all (ﬁ, Q) € [0,00) x [—a, 0], which is
the trivial solution, and the proof is complete. [ |

In fact S = RT U {0}. Clearly, 0 € S, since when k = 0, E(E, 9) = 1 for all
(R.0) € [0,00) x [—a,0], solves [SP (0)]. Moreover John [11] has established that k € S
for all k € RT, and in addition that, S¢ = R* U (0) whilst S = &.
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