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ABSTRACT

The main result of this thesis concerns the classification of 3-generated M-axial algebras
A such that every 2-generated subalgebra of A is a Sakuma algebra of type N X, where
N € {2,3,4} and X € {A, B,C}. This goal requires the classification of all groups G
which are quotients of the groups TC152%3) = (z,y, z | 22,12, 2%, (xy)*', (v2)2, (y2)*) for
S1, 82,83 € {3,4} and the set of all conjugates of x, y and z satisfies the 4-transposition
condition. We show that those groups are quotients of eight groups. We show which
of these eight groups can be generated by Miyamoto involutions. This can be done by
classifying all possible M-axial algebras for them. In addition, we discuss the embedding

of Fisher spaces into a vector space over GF(2) in Chapter 3.
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CHAPTER 1

INTRODUCTION

The Monster group, denoted by M, is a finite simple group which has the highest order
among the sporadic simple groups. It was constructed by Robert Griess [12] as the group
of automorphisms of a commutative non-associative real algebra V' of dimension 196,884,
called the Griess algebra (aka the Monster algebra). The algebra V is equipped with an
inner product (,) satisfying (u - v,w) = (u,v - w) for all u,v,w € V. The group M is a
6-transposition group. This means that M is generated by an invariant set of involutions
(called 2A-involutions in [3]) and the order of the product of any pair of these involutions
a and b is less than or equal to 6 [2]. More precisely, the conjugacy class of ab is one of

the eight classes 24, 2B, 3A, 3C, 4A, 4B, 5A, and 6A [2, 3].

In the Griess algebra, every 2A-involution a determines a unique idempotent e,, called
the axis of a, and for a second 2A-involution b, the conjugacy class of ab determines the
value of the inner product of e, and e, [3]. From the viewpoint of the vertex operator
algebras (VOASs), the Monster group can be viewed as the group of automorphisms of the
Moonshine VOA V# = @22,V This VOA has been constructed in [10, 28].

In [30], for a VOA V = &2 |V}, over the real numbers R, satisfying the extra assumption

n=0



that Vo = R1 and V; = 0, special vectors in V5, called Ising vectors, were defined and
it was shown that every Ising vector u leads to an automorphism 7, of V', called the
Miyamoto involution [27]. When V = V* Vj, coincides with the Griess algebra and the
Ising vectors are multiples of the 2A-axes while the corresponding Miyamoto involutions
are the 2A-involutions of M [10]. The main result of [30] is that the 6-transposition
property of M holds for Miyamoto involutions of an arbitrary VOA. To prove this he
completely classified subalgebras in V5 generated by two Ising vectors. The structure of

such a subalgebra is determined uniquely by the inner product of the two Ising vectors.

Starting from Sakuma’s proof, Ivanov [19] extracted the relevant properties of V5 and
he made them the axioms of a new class of algebras, Majorana algebras. Every Majo-
rana algebra has a finite group of automorphisms (generated by Miyamoto involutions)
associated with it. Sakuma’s theorem [30] is equivalent to a classification of all Majorana
algebras for the dihedral groups. He showed that there are exactly eight such algebras and
they are all subalgebras of the Monster algebra. This allow to label the eight 2-generated
algebras with the classes 2A, 2B, 3A, 3C, 4A, 4B, 5A, and 6A as above. For a gen-
eral 6-transposition group G, a corresponding Majorana algebra may or may not exists.
However, if G is a subgroup of M and G is generated by 2A-involutions, then the algebra

exists. Such an algebra of G is said to be based on an embedding of G in the Monster.

All previous work on Majorana algebras (see [20, 21, 22, 23, 24, 31]) has been done under
the additional assumption, the so-called (2A4)-condition. It states that if T' is the set of
Miyamoto involutions in G, tg and t; are in T, and product ty - t1 is also contained in
T, then the corresponding idempotents ag and ay generate a subalgebra of type 2A and

a, = ag + a; — 8ag - ay is an Ising vector corresponding to to - t;.

For instance, we take the symmetric group S; of degree 4 and try to classify all Majo-

rana algebras of it without (2A)-condition. The group S; has two conjugacy classes of
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involutions, the six transpositions and the three double transpositions. Since S; must be
generated by the Miyamoto involutions, we always take the six transpositions. The three

double transpositions may or may not be chosen to be Miyamoto involutions.

At this point, we need to discuss the so-called shapes. First of all, Ising vectors correspond
to Miyamoto involutions. Hence pairs of Ising vectors correspond to pairs of involutions.
According to Sakuma [30], two Ising vectors generate one of the eight particular algebras,
and the order of the product of the involutions corresponding to the Ising vectors limits
the type of the 2-generated algebra. For example, if the order of the product of Miyamoto
involutions is 3 then the two corresponding Ising vectors generate a subalgebra of type
3A or 3C; and so on. If two pairs of Ising vectors are conjugate then they generate a
subalgebras of the same type. So, for each orbit of pairs, the shape prescribes the type of

the algebras those pairs generate.

For the group Sy, there are two classes of involutions. Hence we have two cases. The
first one is the case where we just take the six transpositions. Then we have only two
orbits on pairs and the order of the product of any two involutions is either 2 or 3.
Therefore, the corresponding Ising vectors generate a subalgebra either of type 2X or 3Y,
where X € {A, B} and Y € {A,C}. Therefore, we have four possible shapes (2.X,3Y).
Otherwise, we have all nine involutions and five orbits on pairs with order of the product
in the orbits being 2, 2, 2, 3, or 4. So, we have the shape (2.X,2Y,27,3W,4U). The fifth
entry in the shape, 4U, corresponding to the orbit of pair of involutions whose product
has order 4, determine the type of the subalgebras 2X and 2Y because both of them are
subalgebras in 4U, and then X and Y must be the same. Altogether, in the two cases for
S, we obtain twelve possible shapes (see Table 1.2). In each case, the shape may or may

not lead to an algebra.

For a number of groups, the corresponding Majorana algebras have been determined for
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all or almost all shapes. The paper [22] deals with the symmetric group Sy of degree 4
and only four shapes are covered in. The Master of Research thesis [25] determined the
remaining cases of the group S;. The Majorana algebras of the groups As [23], Ag and
Az [21, 20], and Ls(2) [24] were classified. Akos Seress [31] computed Majorana algebras
for a list of groups, such as Ss, Sg, 3.A¢, 3.56, (S4 X S3) N A7, 3.A7, 57,3.57, Lo(11), L3(3)
and M, by using computer algebra system GAP [11]. Table 2.5 gives the shapes and

dimensions of the known Majorana algebras for the groups mentioned above.

As a generalisation of Majorana algebras as well as commutative associative algebras,
axial algebras have been defined in [18]. They are not necessarily associative commutative
algebras generated by primitive axes, that is, semisimple idempotents in which every axis

spans its own 1l-eigenspace.

In this thesis, 3-generated M-axial algebras A such that every 2-generated subalgebra of
A is a Sakuma algebra of type NX, where N € {2,3,4} and X € {A, B,C} has been
studied. To achieve this, we require the classification of all groups GG which are quotients
of the group TC1v52:5) = (x y, 2 | 22,92, 22, (xy)*, (22)%2, (y2)*) for sy, 59,53 € {3,4} and

the set of all conjugates of x, y and z is 4-transposition.

This thesis consists of five main chapters. In Chapter 2, the necessary background of
axial algebras has been given. At the end of the chapter, we define the concept of axial
representations in order to find the axial algebras for the groups that are determined in

Chapter 4.

In Chapter 3, we study a typical type of M-axial algebras involving only subalgebras of
type 2A and 2B. In this case, the corresponding involutions to axes are g-involutions and
a group generated by the set of such o-involutions is a 3-transposition group. For each

3-transposition group there is a Fischer space on a set of o-involutions associated with it.



In the last section of the chapter, we calculate the dimension of the embedding of such

Fischer space into a GF(2) vector space.

Chapter 4 of this thesis is purely group theoretical. All groups G generated by three
Miyamoto involutions has been classified. This requires the classification of all groups

satisfy the following property:
Property (A). A group G satisfies property (A) if and only if the following hold:
1. G is generated by three involutions a,b and c.

2. The order of the product of any two distinct elements in T := a® U b® U & is at

most 4.

The main result in Chapter 4 is the following theorem. Note that in the second column
of the Table 1.1, B(2,4) refers to the Burnside group of rank 2 and exponent 4.
Theorem 1.0.1. A group satisfies property (A) if it is a quotient of at least one of the

groups in Table 1.1.

Groups Isomorphism Type (s1,S2,53) | Group Order
T (4 x 22) : 2 (4,4,4) 32
T 32. S, (3,3,3) 54
Ty 42 S, (3,3,3) 96
T, 2 x Ly(2) (3,3,4) 336
Ts ((2x Dg):2):3).2):2 (3,4,4) 384
— (2(((24:3) :2)
T, (S x S4) &2 (3,4,4) 1152
T [ ((Bx((3%):3)):3): Qs) =2 | (4,4,4) 3888
Ty B(2,4) : 2 (4, 4,4) 8192

Table 1.1: Largest 3-generated 4-transposition groups




In Chapter 5, we describe many of the M-axial algebras for the groups in Chapter 4. In
Chapter 6, we revisit the main results of this thesis and we discuss some possible future

work in this direction.

2B,3A4) | (2B,2B,2B,3A,4A) | (2A,2A,2B,3A,4B

2B,3C) | (2B,2B,2B,3C,4A) | (24,2A,2B,3C, 4B

( )| ( ) | ( )
( )| ( )| ( )
(24,3A) | (2B,2B,2A4,3A,4A) | (2A,2A,24,3A,4B)
( )| ( ) | ( )

24,30) | (2B,2B,24,3C,4A) | (24,2A,2A,3C, 4B

Table 1.2: S4-Shapes



CHAPTER 2

AXIAL ALGEBRAS

Most of the contents of this chapter can be found in [22, 18] and [17].

The notion of an axial algebra first was introduced in [18]. In order to present this

definition, we need first to review some related concepts.

2.1 Fusion rules, axes and axial algebras

Definition 2.1.1. A fusion table over a field k is a finite set § of elements of k and a

map * : F x § — 25.

Note that elements of a fusion table defined above can be arranged in a square symmetric
table. Each entry in a fusion table can be viewed as a rule. So sometimes we refer to

fusion tables as fusion rules.

We give two examples of fusion tables. These are in fact the fusion rules that will feature
prominently in this thesis. First, take J, = {1,0,a} with 0 # « # 1, and let the fusion

rules be given by the table below.



00100 «

al alall

Table 2.1: Fusion rules J,

The second example is where M = {1, 0, %1, % and the fusion rules are given by the table
below.
1

L1101 | %

0110]0 411 %

11| 1 1

|11 ]10) 5

SN S U A IS 1

52 |32 |3 | m |10

Table 2.2: Fusion rules M

Assume that A is a not necessarily associative commutative algebra over a field k. The
adjoint of a € A, denoted by ad(a)€ End(A), is the mapping b — ab. The eigenvector of

ad(a) with respect to an eigenvalue A € k is a vector b € A such that ad(a)b = ab = \b.

By the A-eigenspace of ad(a) we mean the set of all eigenvectors of ad(a) corresponding
to the eigenvalue A. We denote the A-eigenspace by A$, that is, A = {b € A | ab = \b}.

We write A = 0 if A € § is not an eigenvalue of ad(a).
Let § be the set of eigenvalues of a. We say that a is semisimple if A decomposes into a
direct sum of the eigenspaces of ad(a), that is, A = P, 5 A5.

If a is an idempotent, that is, a®> = a, then we have that 1 € §F and a € A¢. Indeed, this

is true since aa = a = la.



When A is associative, if a € A is an idempotent, then one can deduce that A = A & A,
hence {1} C § = {1,0} (it can be that § = {1}). The more interesting case is where the

algebra is not associative, which means that § can be arbitrary, containing 1.

Definition 2.1.2. Let a be an element of the algebra A. Then a is said to be an §-axis
if the following hold:

(A1) a is an idempotent;
(A2) a is semisimple;

(A3) the fusion rules § are satisfied, that is, AYAy C AS,, for A\, i € § under the algebra

product.
Definition 2.1.3. For an §-azis a of an algebra A, if A = {(a) then a is called primitive.

Definition 2.1.4. A nonassociative commutative algebra A is an §-axial algebra if it is

generated by a set of primitive §-axes.

Sometimes there is an extra structure on an §-axial algebra, a bilinear form, which is an
important feature of the algebra.

Definition 2.1.5. An §-azial algebra A is called Frobenius if there is a nonzero bilinear
form () : A x A — k such that for all a,b,c € A, (a,bc) = (ab,c). Additionally, for any

§-axis a, we require that {a,a) # 0.

Lemma 2.1.6. The form (,) is symmetric.

Proof. The algebra A is generated by §-axes. Furthermore, A is spanned by monomials,
each of §-axis is a product of two other elements. Let x,y be arbitrary monomial products
of axes. Then x = zyzy and (z,y) = (x129,y) = (z1,22y) = (1Y, x2) = (Y, T122) =

{y, ). 0



Lemma 2.1.7. For any §-azis a in the Frobenius algebra A, the eigenspaces A5 and Aj

are perpendicular whenever \ # L.

Proof. Let v € A§ and w € Af. Then A (v, w) = (M, w) = (av,w) = (v,aw) = (v, pw) =

p(v,w). This implies (A — p)(v,w) = 0. Since A # p, we have (v, w) = 0. O

The following two lemmas are the useful tools used to calculate all or almost all unknown

algebra products in Chapter 5 of this thesis.

Lemma 2.1.8. FEvery §-axis associates with each element of its 0-eigenspace.

Proof. Let a be any axis. Since the eigenvectors of a generate A, it is enough to show
that the equality hold for any v in the eigenspaces of a. Assume that v € A and b € Aj.
There are two cases, the first case is, if A = 1, then v = sa for some s € R, which implies
that a(vb) = a(sab) = a(s0) = 0. On the other hand (av)b = (a(sa))b = s(aa)b = s(ab) =
s0 = 0. Therefore a(vb) = (av)b. For the second case, that is if A # 1, then by fusion

rules, vb € Af,, = A% and hence a(vb) = A(vb) = (Av)b = (av)b, the claim yields. O

The following lemma, called the resurrection principle lemma, is the second useful tool
used in Chapter 5 where § = M = {1,0, %, % .

Lemma 2.1.9. Let «, [ be 0-eigenvectors and v is i—ez’genvector of the axis ag. Then

t=a- B is a 0-eigenvector of ag, s=a -7y is a }l—eigem}ector of ag and 4day(s —t) = s.

Proof. From the fusion rules, it can be seen that t and s are 0- and }l—eigenvectors of ay,

respectively . It means that ag-t =0 and ag - s = % - 5. Therefore 4ag(s —t) = s. ]

Now we turn to automorphisms of an §-axial algebra A. By an automorphism we mean an

invertible linear transformation of A that preserves the algebra product. For Frobenius

10



algebras we also require the automorphism to preserve the form. Next, we give the

following definition.

Definition 2.1.10. For an abelian group G, we say that the fusion table § is G-graded
if § can be partitioned into parts {F,}sec such that for every g,h € G, if v € §, and

Y € Sh, then x %y C Sgn

For example, if we take G = Z /27, = {4+, —}, then the partition consists of two subsets
$+ and §_ and the fusion table should satisfy the following: if we take a,b € §, and
c,d e F_ ,thenaxbeFy,axec e F_ and cxd € F,. To be more precise, we review
the Tables 2.1 and 2.2. The double lines in the tables separated the plus and minus parts

in such way that the column on the right and under the double lines refers to the minus

part.
110 «
11110 | «
000 «

The Z/2Z-grading is: J,+ = {1,0} and J,_ = {a}.

10| ; =
LI1]o] 3| %
001]0] 3 =
ilil1|0) =
el I A I B

Here the Z/2Z-grading is: My = {1,0,1} and M_ = {3}

32
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Remark 2.1.11. If a is an §-awis of the algebra A, then A% = @,.y A3 for a subset
XC3.

For an abelian group G, a linear character x of G is a homomorphism y : G — k>, where

k* is the multiplicative group of the field k.

Proposition 2.1.12. Let x be a linear character of the abelian group G and § be G-
graded. Suppose that a is an §-axis of the algebra A. Then the linear transformation
T =Ty (a) of A defined by

7'|A§g = X(Q)IdAgg
for all g € G, is an automorphism. Furthermore, if A is Frobenius, then T also preserves

the form.

Proof. From the fusion rules, we have that Ay Ag, C Az, for any g,h € G. That is, for
any two eigenvectors x and y of ad(a), we have 7y = (x(9)x)(x(h)y) = x(9)x(h)zy =
X(gh)xy = (xy)”. Since A is spanned by eigenvectors, then 7 preserves the algebra
product. Thus, 7 is an automorphism of the algebra A. If A is Frobenius, then by

Lemma 2.1.7 we have that 7 preserves the form. O

Example 2.1.13.

If we consider Z/27Z-graded fusion rules §, then § = F_ UF.. So the automorphism 7 in

Proposition 2.1.12 is as follows
id on Ag ,
—id on A§ ,

and has order at most 2.

The automorphisms 7 of order two as in Example 2.1.13 are called the Miyamoto involu-

12



tions.

2.2 Monster and Majorana algebras

The largest sporadic simple group, denoted by M, was first constructed by Robert Griess
[12] as the group of automorphisms of a commutative non-associative real algebra Vj; of
dimension 196,884. M and V), are known as the Monster group and the Griess algebra

(sometimes called the Monster algebra), respectively.

In [2] J. H. Conway defined a particular idempotent in the Monster algebra V), called
2A-axis associating to the so called 2A-involution in the Monster group M. S. Norton
[29] classified all subalgebras of V), generated by any two 2A-axes, called Norton-Sakuma
algebras. He proved that any subalgebra U of V), generated by the 2A-axes as and a;
corresponding to the 2A-involutions s and t, respectively, is determined completely by the
conjugacy class of the product st in M. Furthermore, the conjugacy class of st is one of

the nine classes 14,2A4,3A,4A,5A,6A,2B,4B and 3C.

A Vertex Operator Algebra (VOA) V* was constructed by Frenkel, Lepowsky and Meur-
man [10], called the Moonshine module. From this point of view, M is the automorphism

group of V&,

Consider a real VOA V = @22 V,, such that V, = R1 and V; = 0. Then the weight 2
subspace V5 of V', called Griess algebra, coincides with V), and has a structure of a com-
mutative nonassociative algebra. In [27] M. Miyamoto showed that the automorphisms
7, of V' corresponding to the generators a € V5, called Ising vectors, are involutions. Note
that the Ising vectors are multiples of the 2A-axes while the corresponding Miyamoto
involutions are the 2A-involutions. It is remarked by S. Sakuma [30] that the order of
the product of any two such involutions does not exceed six and he also noticed that

any subalgebra of V5 generated by two Ising vectors is isomorphic to a Norton-Sakuma
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algebra.

In 2009, A. A. Ivanov introduced the concept of Majorana algebras (see [19] and a refined
version in [22]) as a Frobenius axial algebras A over the field R of real numbers such that
the generators have length one, the bilinear form on A is positive definite and the Norton
inequality is satisfied, that is, (a-a,b-b) > (a-b,a-b) for any a,b € A. From now on by

M-axial algebras we mean Majorana algebras generated by a set of M-axes.

The definition of Majorana algebras was derived from the properties used in the Sakuma
theorem, which classifies the subalgebras generated by two M-axes. All such subalgebras
are based on the embedding into the Monster algebra. In [22] Ivanov et al proved that

Sakuma’s theorem also hold for Majorana algebras.

The following theorem is a version of Sakuma’s theorem in terms of M-axial algebras as
in [22].

Theorem 2.2.1. There are exactly nine M -axial algebras generated by two M -azes.

The above theorem is also true in a more general case, that is, the theorem is hold for

any Frobenius algebras. This has been proved in [18].

The structure of the nine M-axial algebras mentioned in Theorem 2.2.1 and their dimen-

sions are given in the following theorem in the language of M-axial algebras.

Theorem 2.2.2 (Sakuma). Let V' be an M-azial algebra and U be a subalgebra of V
generated by two M-azxes ay and a;. Then U is isomorphic to one the subalgebras as

described in Table 2.3. Moreover, dim(U )< 8.
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Type Basis Products and angles
24 aop, a1, a, ao-al—%(ao+a1 ap), a0~ap:2%(ao+ap—a1)
(ag,a1) = <a0,ap> = <alaap> = 2%
2B ao, a1 ap-a; =0, {(ag,a1) =0
3A | a_1,ap,a1, ao - a1 = 55(2a0 + 2a1 +a—1) — 32115up
up ao-up—%(an—al—a 1)+2%up
Up - Up = Up
(ag,a1) = ;ga <a0,up> = zlp <up>up> = %
3C a—i,ap, aj ap-a; = 2%(&() +a1—a_q), {(ag,a1) = 2%
4A a_1,ap,at, ag-a) = 2%(3(10 +3a1 + az +a—1 — 3vp)
az, v, ag - vy = %(5a0—2a1—a2—2a 1+ 3vp)
Uy Vp = Vp, ag - a2 =0
(a0, a1) = 55, (ao, az2) = 0, {ao,vp) = 55, (Up,v,) =2
4B | a_1,ap,a, ao- a1 = 35(ap+ a1 —a_1 —az +a,2)
az, a2 ao - az = 55(ao + az — a,2)
(a0, a1) = 55, (a0, az) = (ao, ap) = 55
5A | a_s,a_1,ag, ao-alz%(3a0+3a1—ag—a 1—a—2)+
ai,az,w, ao-ag:%(3ag+3a2—a1—a 1—a_9) —
ap - w, = 2%(a1+a_1—ag—a_2)+215
Wy - Wy = %(a_g +a_1+ap+ai+ag)
(ao,a1) = %7 (ap, wp) = 0, (wp, w,) = 52?%97
6A | a-2,a 1,a0, | ap-a1 = 55(a0+a1—az2—a_1—ax—az+a 3)4—322%15%
ai, az, as, ag - az = 35(2a0 + 202 + a_) — 3231'15%2
3, Uy2 ap - Uy = 33 L (2a0 — az — a_s) + %upz
ag - a3 = %( tag—ay),am uyp =0
(a0, a1) = 5%, (a0, a2) = 2, (a0, a3) = g5, (as,u,2) =0

Table 2.3: Norton-Sakuma algebras
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In the following table, we present the A-eigenvectors of the M-axis ag, where A € {0

1 1

140320
1 1
1
2A a + a, — 5zaq ay —a,
2B ai
2-5 25 23
3A Up — 3300 + 3—3((11 + (l_l) Up 32540 32 5((11 + (l_l) apy —a—1
1
3C a +a_1 — 2—5a0 a; —a_q
1 1 2
4A v, — 500 + 2(a1 +a_y1) + az, as v, — 300 — (a1 +a_1) —za | ay —a_y
1 1
4B ay +a_1 — a9 — 5 (a — az), as — @y a; — a_q
1
ao + ap2 - Q—QCLO
5A | w,+ ghap — (a1 +a_1) — 5 (a2 + a_y) (e +ay—ay—ay) | ag —
p T 3500 — 5701 T G-1 or\d2 T a-2), | Wy T 3701 T A1 — G2 —A-2) | A1 — A1,
3 1 35
U)p — 2—96L0 + 7(@1 + a_l) + 2—7(CL2 + CL_Q) Ao — A_9
6A 2 28 23 25
U2 + 55500 — 555 (a1 + a_1)— Uy — 55500 — 555 (02 + a_o+ | a1 — a_y,
25
32.5(a2 +a_g+az— (lp3), as — a’p3)a
1 2.5 25
as + Ap3 — 2—2a0, Up2 — 3—3a0 + 3—3<Cl2 + G,Q) asz — ap3 ag — A_9

Table 2.4: Eigenvectors of ag

By an M-axial algebra A of a finite group G generated by a normal set T" of involutions

is a map that sends each t € T' to an M-axis a; such that A = ({a; | t € T)) and G acts

on the indices of the axes a; by conjugation.

The shape of an M-axial algebra A of a finite group G is a rule which prescribes the

type of Norton-Sakuma algebras generate by any two M-axes and respect the inclusion

between the algebras.

For the groups S47S5,56,S7,3.56,3.57,145,146714773.146,3.147,LQ(l].),L?,(Q),Lg(S),(54 X

S3) N A7 and M, the M-axial algebras have been determined for all or almost all shapes

(see Table 2.5). The computer algebra system GAP [11] had been used for this purpose.

16




Note that in Table 2.5, the shapes with the removed line in between for the group S; lead

to the same algebra.
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Group |T| Shape Dimension | Reference(s)
Sy 6 (2B,3A) 13 [22]
Sy 6 (2B,30) 6 [22]
Sy 6 (24,3A4) 13 [25]

643 | (24,24,2A,3A,4B) [22]
Sy 6 (24,30) 9 [31, 25]

643 | (24,24,2A,3C,4B) [22]
Sy 643 | (2B,2B,2B,3C,4A) 12 31, 25]
S4 6+3 | (2B,2B,2B,3A,4A) 25 [25]
Sa 6+3 | (24,24,2B,3C,4B) 12 [25]
Sa 6+3 | (24,24,2B,3A,4B) 16 [25]
S4 6+3 | (2B,2B,2A,3A4,4A) 0 [25]
Sy 643 | (2B,2B,2A,3C,4A) 0 [25]

L3(2) 21 (24, 3C, 4B) 21 [24]

L3(2) 21 (24,3A,4B) 49 [24]

L3(3) 117 (24,3AC, 4B) 144 31]

M 165 (2A,3A,4B) 286 31]

L2(11) 55 (24, 3A) 101 [6, 31]
As 15 (24,30) 20 23]
As 15 (24, 34) 26 23]
As 15 (2B,30) 21 31]
Ss 15+10 (24,3A,4B) 36 [31]
Se 45+15 (2AB,3A,4B) 91 31]
Ag 45 (2A,3A,4B) 76 [21, 31]
Ag 45 (24,3C, 4B) 70 [20, 31]

3.A¢ 45 (24,3A,4B) 76 31]
3.A¢ 45 (24,3C,4B) 70 31]
3.Ag 45 (2A,3AC, 4B) 105 [31]
3.56 45+15 (24,3AC, 4B) 136 [31]
Az 105 (24,3A,4B) 196 21, 31]
Sy 105+21 (2AB,3A,4B) 217 [31]
3.A7 105 (24,3A,4B) 196 [31]
3.A7 105 (24,3AC, 4B) 211 31]
3.97 105421 (2AB, 3AC, 4B) 254 [31]
(5S4 x S3)N Az 1843 (2A,3A,4B) 30 [31]

Table 2.5: Known M-axial algebras
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2.3 Axial algebras of Jordan type

Let A be an J-axial algebra, where J = {1,0,a} with 0 # « # 1, with the fusion rules
as described in Table 2.1. This kind of algebra known as a primitive azial algebra of
Jordan type o and it has been studied in [17]. For a special value of a, namely o = %,
it is called a Jordan algebra. The most interesting feature of axial algebras A of Jordan
type a # % over a field I of characteristic not equal to two is that the set of Miyamoto
involutions corresponding to the axes form a normal set of 3-transpositions in the group
they generate. As a consequence of this, if the algebra A is finitely generated, then it is

finite dimensional.

Also in [17], the automorphism groups of axial algebras of Jordan type « that are generated
by Miyamoto involutions have been discussed in order to examine the type of the dihedral

subgroups generated by two Miyamoto involutions. The following is the main result.

Proposition 2.3.1. Let a,b be two axes in the azxial algebra A of Jordan type o.. Suppose
({a,b)) be the subalgebra of type NX, where N € {1,2,3}, X € {A, B,C}, with 7, and 7,

the corresponding Miyamoto involutions to a and b, respectively. Then
1 |tam| =1 if NX = 1A4;
2. |tam| =2 if NX =2B;

3. |mam| =3 if NX = 3C.
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2.4 Automorphisms of M-axial algebras

In this section we consider the fusion rules M. We try to understand the automorphism
groups of M-axial algebras generated by Miyamoto involutions. More precisely, we de-

scribe the dihedral subgroups generated by two Miyamoto involutions.

In the more general situation of M-axial algebras, the order of the product of any two

Miyamoto involutions still does not exceed six. There is detail in the next theorem.

Theorem 2.4.1. Suppose A is an M-azxial algebra and a and b are axes in A. If B :=
({a,b)) is the Sakuma algebra of type NX, then the order of the element 1,7, in Aut(A)
is either N or N/2.

Proof. Suppose that D is a subgroup of Aut(A) generated by 7, and 7,. Then D acts on
B. 1If one of the 7, and 7, is trivial, say 7,, then |7,7,| = |7| which is at most 2. If 7,
and 7, are different and commute, then |7,7,| = 2, and D is an abelian dihedral subgroup.
We next assume that 7, and 7, are different nontrivial involutions such that 7,7, # 7,7,.

Consider the homomorphism ¢ : D — Aut({{a,b))).

Let x € Keryp. Then x fixes a and b and hence it centralizes 7, and 7,. Therefore

x € Z(D). Then Keryp lies in the center of D, so it has size at most 2.

Here we have two cases to consider. If N is odd, then D acts transitively on the axes in
B. Hence 7, and 7, are conjugate in D, which means that |Keryp| = 1, so |7,7| = N.
Thus D is the dihedral group of order 2N. If N is even, then |7,7| = N/2 and D is the
dihedral group of order N . O]

We denote the automorphism group of the algebras of type NX by Gyx. With the

information in the above theorem we have the following.
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Corollary 2.4.2. The group Gnx is one of the following:
1. Goy =0y forY € {A, B},
2. G3z =2 S3 for Z € {A,C},
3. Guw = Cy x Cy for W € {A, B},
4. Gsa = Dho,

5. Gea = Ss.

2.5 §-Axial representations

In this section we introduce the notion of axial representations for a finite group G which
aims to describe §-axial algebras A invariant under G. One of the mysteries behind it is
the classification of subalgebras of A invariant under subgroups of G, which helps us to

perform calculations more precisely on subgroups rather than the whole of G.

Definition 2.5.1. Let G be a finite group generated by an invariant set T' of involutions
which is the union of some conjugacy classes of G. Let A be an §-axial algebra generated
by a set X of §-azxes in which G acts on. Then (A, X ) is called an axial representation
of (G, T) if there is a linear representation ¢ : G — GL(A) and a map 7 : X — T such

that 7(x9) = (7(2))?9) for all v € X and g € G.

Note that the map 7 is not required to be injective.

2.6 Some Well Known Results of Group Theory

In order to find the group structure of some groups discussed in Chapter 4, we make use
of two well known theorems of group theory, which are Burnside’s p® - ¢* Theorem and

Schur-Zassenhaus Theorem. The main reference of this section is [1].
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Theorem 2.6.1 (Burnside’s p® - ¢° Theorem).

Let p, q be two distinct primes and a,b € N. Any group of order p® - ¢° is solvable.

Theorem 2.6.2 (Schur-Zassenhaus Theorem).

Let G be a finite group, let H < G and assume
(1) (1H],|G/H]) =1, and
(2) either H or G/H is solvable.

Then
(1) G splits over H, and

(2) G is transitive on the complements to H in G.
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CHAPTER 3

ON ABELIAN SUBGROUPS OF 6-

TRANSPOSITION (GROUPS

3.1 (General setup

Recall that a pair (G, D) is called a 6-transposition group if G is a finite group and D is
a normal generating set of involutions in G such that for any d,e € D the order of de is

at most 6.

Suppose that A is an M-axial algebra corresponding to (G, D). We start with a subgroup
E of G which is an elementary abelian 2-group, such that £ = (E'N D), and we denote

the corresponding subalgebra by B := Ag.

Assume that there is a bijection between R := EN D = {ry,...,r,} and the set I of
M-axes generating B. Since the elements of R commute, then by Sakuma’s theorem any

two of these M-axes generate a subalgebra of type 2A or 2B.

From this point on we assume the (2A4)-condition which states that: For distinct com-
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muting involutions ty,t; € D, the subalgebra generated by the corresponding M -axes ag
and ay s of type 2B if tot1 ¢ D, and it is of type 2A otherwise. Furthermore, in the latter
case, the vector, ag, corresponding to to = toty lies in the subalgebra generated by ay and

ag.

3.2 M-Axial Algebras for F

Let Ig = {b1,...,b,} be the set of M-axes corresponding to R = {ry,...,7,}. Then the
subalgebra B is spanned by Iz. From Sakuma’s theorem and the (2A)-condition we can

find the product b; - b; and the value of (b;, b;), which are

b, if i=,

bibj =40 +b;—by) ifri; =r, €R,

0 otherwise.
\
and
4
1 if i=j,
(b, bj) = % if rir; € R,
0 otherwise.

\

Here we can see that for any M-axis b in Ip, the eigenspace BY% is equal to zero. This
32
means that the corresponding involution r to b acts trivially on B. Therefore, we get

o-involutions, where
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id on B @ B,
Op —

—id on BY,
4
rather than 7-involutions, and o}, only acts on B and it does not extend to act on the

algebra A.

In [27], Miyamoto showed that the set of such ¢ involutions generates a 3-transposition
group. So, we get the group (H, R) of 3-transpositions, where R is the set of all o —
involutions and H = (R).

A

3.3 Fischer Space on R

For the group (H, ]A%), we have the Fischer space II on the set R associated with it. In
I, two involutions o3, and o3, are collinear if they do not commute and the line through

h . h o O'bj o Ubi
them is {oy,, 0v;, 0v, }, where oy, = 0,7 =0}, "

Also, in the Fischer space if two lines intersect in a point, then they lie in a plane and the

planes are either affine planes of order 3 or dual affine planes of order 2.

Now corresponding to the group (H, ]%), there is a free algebra B with the basis {ET}TG P

such that B is the quotient of B if B has an ideal, otherwise they will be isomorphic.

We define the product and the form on B as follows

by,

1 if i=j,
b, = %(b;i + b;j — b;k) if {0y, 0, 0%} is a line,

0 otherwise.

\

and
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1 if i=j,

(boir bo,) =

if o; and o; are collinear,

ool

0 otherwise.

Now we have the following theorem

Theorem 3.3.1. B is an M-azial algebra of shape only involving 2A and 2B. Further-

more, B is a factor algebra of B.

From (2A)-condition we can see that the map ¢ : R — E which send oy, to r; defines an

embedding of II into E, viewed as a vector space over GF(2).

Before we find the embedding of II into E, we require to give the definition of the em-

bedding of the Fischer space into the vector space over GF'(2) as introduced in [13].

Definition 3.3.2. Suppose the Fischer space 11 = (D, L(D)), the embedding of 11 into a
vector space E over GF(2) is the map ¢ : D — E such that ¢ maps D injectively into
E — {0} and p(a) + ¢(b) + ¢(c) = 0 whenever {a,b,c} is a line in L(D).

From now we denote the affine plane of order 3 by ¥ and the dual affine plane of order 2
by A.

The following lemma gives the description of the Fischer spaces that have an embedding
in E. Note that in the proof of Lemma 3.3.3, the notation a b means the line through a

and b.
Lemma 3.3.3. The affine plane of order 3, 32, does not have an embedding.

Proof. Suppose by contradiction that ¥ has an embedding ¢ into T'. Recall that any two
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points of ¥ are collinear. Select distinct points a,b,¢ € ¥ such that ¢ ¢ a e b. Then
the lines a @ b and a e ¢ are distinct. Let x be the third point on a e b and, similarly,
y be the third point on a e c. We define the subspace Ty := (¢(a), ¢(b), ¢(c)). There
are two cases to consider. First, if Ty = T, then in Ty, we have ¢(a) + ¢(b) + ¢(x) = 0
and p(a) + ¢(c) + ¢(y) = 0. Since ¥ has nine points and Tj has seven points, then by
pigeonhole principle, ¢(t) = ¢(s) for distinct points ¢ and s. Let z be the third point on

tes. Then p(z) = p(t) + ¢(s) = 0; a contradiction.

The second case is where Ty < T'. Ty is spanned by the image two intersecting lines. The
dimension of the intersection of these two lines can not be 2 because b and ¢ are distinct
and so it is 1-dimensional. Thus, Tj is 3-dimensional. Since T is a subspace over GF(2),

then it has seven points.

To show that each point of T} is the image. Let d be a point such that d ¢ a e b and
d ¢ aec. Through d, we have one line a e d, one line parallel to a @b, and one line parallel
to a e c. Since altogether there are four lines through d, we conclude that there is a line
through d that does not contain a, meets with aeb, and meets with aec. Suppose this line
meets with a e b in the point s, and it meets a ¢ in the point ¢. Since p(a) + ¢(b) = ¢(s)
and ¢(a) + ¢(c) = ¢(t), then Tj contains the image of s and ¢ and so also contains the
image of d. By the same argument for each line, we conclude that every element in T} is

the image.

Take another line through a, say aee, distinct from aeb, aec and aed . Let the subspace
Ty = (p(a),o(b), p(e)). By the same argument for T, T also has seven points. Since
Ty and T; share in a line, then the number of points of Ty and 77 in T'is 7T+ 7 —3 =11
and each of them is the image of a point in 3 which has nine points, this contradicts the

injectivety of . O]

The direct result from above lemma is the following.
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Corollary 3.3.4. Every plane of 11 is a dual affine plane of order 2.
Such Fischer spaces and 3-transposition groups are said to be of symplectic type. Examples

are S, for n > 3, OF (2) for n > 4, 05, (2) for n > 3 and Sp,,(2) for n > 3 [26].

Suppose that (G, D) is a 3-transposition group. For any d € D, denote D; = {e €
D |ed=de,e #d}, Ag={e € D |ed+#de}, dre if and only if A; = A., dfe if and only
it Dy = D., 7(G) = [02(G), G|, 0(G) = [03(G), G] (see [9]) and p(G) = 7(G)§(G). The
3-transposition group (G, D) is called irreducible if p(G) = 7(G) = 0(G) =1 [5].

It has been shown in [5] that any finite irreducible 3-transposition group of symplectic
type is isomorphic to one of the following: Of,(2) for e = + and n > but (n,€) # (2, +),

Spon(2) for n > 3, or S,, for n > 5.

Hall in [13] described the full embedding of these spaces into G F'(2)-vector space V.

Our remaining results describe the embedding of the reducible symplectic spaces.

3.4 Embedding of reducible symplectic spaces into a
G F(2)-vector spaces

In this section, we find the embedding of the reducible symplectic spaces into a GF'(2)-
vector spaces. First, we list some examples of 3-transposition groups of symplectic type

and the dimension of their embeddings in the following table.
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G |D| | Dimension
: n(n-1) n—1
24 S5 20 5
20: 5, 42 7
26 Sy 56 8
28 : Sg 72 9
28 1 Sho 90 10
O; (2) 36 6
07,(2) 496 10
26: 05 (2) 72 7
28:04(2) | 272 9
28:07(2) | 240 9
Spe(2) 63 7
Sps(2) 255 9
Sp1o(2) 1023 11
26 : Spe(2) | 126 8
28 : Sps(2) | 510 10

In [13], Hall proved that if ¢ is the embedding of the Fischer space A = (D, L(D)), then
A has irreducible subspace A* = (D* L(D)*) and V has a subspace W intersecting the

span of p(D*) trivially such that ¢(A) can be constructed from W and A*. W called the

radical part of ¢. This will help us to prove Theorem 3.4.2.

Hall in [14] and [15] showed that an indecomposable 3-transposition group with trivial
center of symplectic type is isomorphic to the extension of one of the groups 05,,(2) for

e =4 and n > but (n,€) # (2,+), Span(2) for n > 3, and S, for n > 3 by the direct sum

of copies of the natural module.
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In this situation, the natural module is isomorphic to 22". For the group S, we exclude

the case n = 4 because Sy = 2% : Ss.

For all of these cases, p(G) # 1. Then one of 7(G) and #(G) is not 1 [16]. The next

lemma will show the case that 6(G) = 1.
Lemma 3.4.1. 0(G) = 1.

Proof. By contradiction, suppose that 6(G) # 1. Then there exist a,b € D such that
D, = Dy. Since a ¢ D, and b ¢ D,, then |ab| = 3. Thus, there is a line a ® b through
a and b with ¢ € a e b. Since D, = D, = D,, then c is also #-equivalent. Assume that
there is another line through a, say a e d. So D, = D;. Then d has to be collinear with
both b and ¢ because Dy = D, = D, = D.. Thus any two distinct points are collinear.

Therefore, we have an affine plane of order 3, which contradicts the Lemma 3.3.3. O

The consequence for the above lemma is, for a reducible cases we have p(G) = 7(G).

We need to keep in mind the following isomorphic groups: OF (2) & Z,, O, (2) = Spo(2) =
537 04_(2) = 55, OZ(2) = 53 X S3, Sﬁ = Sp4(2) and 03_(2) = Sg.

Theorem 3.4.2. Assume that G = E : 05,(2), where E is a direct sum of k copies
of the 2n-dimensional natural module over GF(2) for O5,(2), € = £, and n > 2 but

(n,e) # (2,+) or (3,+) . Then A has an embedding of dimension 2n + k.

Proof. By induction on k. Suppose that k = 1, then G = 22" : 05, (2) = (D), where D
is the set of 3-transpositions. Let A be the associated Fisher space to G and ¢ be the
embedding of A in a GF(2)-space V. Here 7(G) = 2**, and then G = G/7(G) = 05, (2).
Assume that A is the associated Fischer space to G. Then A has an embedding ¢ of
dimension 2n [13]. Let G = (D) and define the natural homomorphism f : G — G. Let

a € D. Then [22" : Cy2n(a)] = 2, that is, the fiber of a is of size 2in D. Let f~*(a) = {r, s}.
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Then r and s are T-equivalent. It means that all 7-classes have size 2. Thus, the size of
D is precisely twice as D. Let W = {r +s | r7s;r,s € D}. Then W is a subspace of V by
Lemma 1.3 in [13]. Thus, the point set D of A'is {p+w | p € D,w € W} and the line set
L(D) is {{a,b,c}, {a+w,b+w,c},{a+w,b,c+w} {a,b+w,c+w}|we W, {a,b,c} €
L(D)} In the Fischer space A, x7y if and only if x € y + W and all 7-classes have size
2. Then A/ is isomorphic to A by the natural projection of 7-classes. This means that
by adding only one point we obtain the full embedding of A. Therefore, the dimension of
the embedding ¢ is 2n + 1.

Suppose that the theorem is true for £ — 1, that is, if £_; is the direct sum of k — 1 copies
of 2n-dimensional natural model for O5,(2), then A has an embedding of dimension
2n+k—1. Let H = E_y : 05,(2). Then by the hypothesis, the corresponding Fischer
space of H has an embedding of dimension 2n + k — 1. Suppose that G is the extension
of H by a natural module 22", that is G = 2** : H. By part 1 of the proof we obtain
that one extension of H implies one extra dimension of the embedding in GF(2)-space.

Therefore A has an embedding of dimension 2n + k in GF(2)-space V. O

By the same argument, the following can be proved.
Theorem 3.4.3. Assume that G = E : Spo,(2), where E is a direct sum of k copies of
the 2n-dimensional natural module over GF(2) for Spen(2) for n > 2. Then A has two

embeddings of dimension 2n + k and the other of dimension 2n + 1+ k for Og,,1(2).

Theorem 3.4.4. Assume that G = E : S,,,, where E is a direct sum of k copies of the 2n-
dimensional natural module over GF(2) for Sy, form >3 and m =2n+1 orm = 2n+2.

Then A has an embedding of dimension m — 1+ k.
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CHAPTER 4

THE 3-GENERATED 4-TRANSPOSITION

(FROUPS

4.1 Motivation

As we mentioned in the introduction that the main aim of this thesis is to classify all
3-generated M-axial algebras A such that every 2-generated subalgebra of A is a Sakuma
algebra of type NX, where N € {2,3,4} and X € {A, B,C}.

The algebras A are invariant under the group G generated by three Miyamoto involutions
corresponding to the generators of the algebra A. By Theorem 2.4.1 the order of the prod-
uct of any pair of these Miyamoto involutions does not exceed 4. Hence, to accomplish the
main goal of the thesis, which is the classification of all 3-generated M -axial algebras not
including the Sakuma subalgebras 5A and 6A, we require to classify all groups satisfying

the following property.
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Property (A):
1. G is generated by three involutions a, b and c.

2. The order of the product of any two distinct elements in 7' := a® U b% U c% is at

most 4.

Remark 4.1.1. We do not assume that the three generators a,b and c of the group G in

the above definition are distinct.

4.2 Main result

In this section, we present the main result of the chapter which is the classification of all
groups satisfying (A). We notice from condition 2 of (A) that the order of the product
of any two of generators of G be either 1, 2, 3 or 4. The group G is a factor group of the
group T(152:%) given by the presentation (a,b,c | a?,b%, ¢, (ab)*, (ac)®2, (bc)®), where
s; € {2,3,4} for all i. If one of the s;’s is equal to 1, then we are in a situation which

Sakuma considered, which is hence not of interest to us, and so we skip this case.

In principle, the value s; = 2, for all 7, also can be skipped because this subcase is covered
by the case s; = 4. However, we keep it in this chapter because they lead to groups which

appears as subgroups of bigger groups, so we get an idea about what the bigger groups

look like.

It is well known which of the groups 715253 are finite. In Section 4.3, we summarise all
the finite groups T(1*23) and show that they all satisfy property (A). Which means also
that all their quotients are of interest of us. For the infinite cases, we introduce further

four relations R;" = 1 for i = 1,2, 3,4, where

Rii=a-bRy:=a-c" R;:=0b-c* and Ry := a°- a’.
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They came from the generators of G and their conjugates. In view of (A), we must have
that r; € {1,2,3,4} for all 7. In Sections 4.4 and 4.5, we find the list of finite groups
which are quotients of infinite groups T¢1:*2%3) by some or all of the four relations R]* =

and we determine which of them satisfy property (A). In some of the cases we have to
introduce further relations to make the group finite. The main result of this chapter is

Theorem 4.2.1 and it will be proved in Sections 4.4, 4.5 and 4.6.

Recall that the notion B(2,4) in Table 4.1 refers to the Burnside group of rank 2 and

exponent 4.

Theorem 4.2.1. A group satisfies property (A) if and only if it is a quotient of at least

one of the groups in Table 4.1.

Groups Isomorphism Type (s1,82,83) | (11,79, 73,74;75,76) | Group Order
T (4% 22):2 (4,4,4) (4,4,4,4;3,4) 32
T, 3122 (3,3,3) | (3,—, —,—;—,—) 54
T 42 8, (3,3,3) | (4,— — —— —) 96
T, 2 % Ly(2) (3,3,4) | (4,—, — —— —) 336
Ty (2x Dg):2):3)2):2 | (3,4,4) | (3,4,— ——, —) 384
—2(29:3):2)
Ty (Sux Sy):2 (3,4,4) | (4,4,—,—3,-) 1152
T (3% ((32):3):3):Qs):2| (44,4) | (4,4,4,3;3, —) 3888
Ty B(2,4):2 (4, 4,4) (4,4,4,4; 4,4) 8192

Table 4.1: Largest 3-generated 4-transposition groups

Let us give a brief explanation of how to read Table 4.1. The group T} is a quotient of

T334 by the relation RY = (a-b°)* = 1. It has order 336 and is isomorphic to 2 x L3(2).
1
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4.3 The finite 4-transposition groups T(s1,52,53)

Our groups T(1:5253) helong to the class of triangle groups, which in turn are a subclass of
Coxeter groups. In particular, 7(*1:52%3) can be realized as a group generated by reflections

. There are three classes of triangle group,

in the sides of the triangle with angles -, -, =

Euclidean, Spherical and Hyperbolic, depending on whether i + é + i is equal to,
greater than, or less than 1, respectively. Since the presentation for 7(5152:%3) is symmetric
in a, b and ¢, the isomorphism type of T152%3) does not change for any permutation of

{s1, 82, $3}. Thus, we further assume s; < s9 < s3.

The standard criterion for the group T(1:*2%3) to be finite is given in Theorem 4.3.1. The

orders of some of the finite groups 71*2%3) can be found in [4] and [8].

Theorem 4.3.1. The group T*1°2%3) is finite if and only if it is of spherical type, that

. 1 1
18 _+5+§>1-

751

As 2 < s1, 59,83 < 4, only the triples in the set I' := {(2,2,2), (2,2,3), (2,2,4), (2,3,3),
(2,3,4)} lead to finite groups T(51:52:53)

Proposition 4.3.2. The orders and isomorphism types of the groups T152:3) for (51, 59, 83) €

I’ are as described in Table 4.2.

(81, 82,83) | Group Order | Isomorphism Type | |cc|
(2,2,2) 8 23 1+1+1
(2,2,3) 12 Dis 143
(2,2,4) 16 2 x Dg 14242
(2,3,3) 24 S, 6
(2,3,4) 48 2 x S 6-+3

Table 4.2: The finite 4-transposition groups 7°(51:52:53)
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Let us give a brief explanation of how to read Table 4.2. For example, the group 722

is isomorphic to the elementary abelian group 23. The fourth column in the table, titled
|cc|, represents the sizes of the conjugacy classes {aT" ™™} U {pT02" U {(TO0 29,
If the order of the product of two generators is odd, then they are conjugate and hence
belong to the same conjugacy class. Because of this reason, sometimes we see only one

number or two numbers in the fourth column.

Proof. The proof is based on Tietze transformations, we derive a relation from the existing
relations to get an isomorphic presentation. We then use the information in Table 1 of
[8] to get the orders and isomorphism types of the presentations.

We prove each case separately.

Case (81, S2, 83) = (2, 2, 2)

Since (ab)? = (ac)? = (bc)? = 1, then a, b and ¢ are commute. Hence T(*22) = 23,
Case (s1, s2,53) = (2,2,3)

The group 73?3 has order 12. Clearly a commutes with b and ¢ and hence T(>23) =

{(a) x (b,c) =22 x Dg = Dys.

Case (s1, s2,53) = (2,2,4)

Similar to the case (2,2,3), T*%% = (a) x (b, c) =22 x Dg.
Case (s1, S2,53) = (2,3,3)

It is clear from the structure of the presentation that 73%3%) is the Weyl group of the root

system of type Az, which is Sj.
Case (81, S2, 83) = (2, 3, 4)

The group T334 is isomorphic to the group G40 = (r st | r? 5%, 12, (rs)?, (rt)?,
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(ts)*, (rst)®) = 2x S, as in Table 1 in [8] via the isomorphism a — t(rt)2, b — s((st)*)D*,

¢+ t. This was checked by GAP. O
Proposition 4.3.3. The groups in Table 4.2 are all satisfy property (A).

Proof. 1t can be seen from the structure of the groups that the order of the product of
any two involutions does not exceed 4 except for the group Dis. In Dys, there are pairs of
involutions their products have order 6. Let {a,b,c} be the generating set of involutions

2.23) " Since a commutes with b and ¢, then the product of

in a presentation as that of T'¢
a with b and ¢ or any conjugates to b and ¢ has order 2. As the product bc has order
three, then b and c¢ are conjugate. So the product of b or any conjugate of b with ¢ or any

conjugate of ¢ has order 3. Therefore, the group D;s satisfy (A). O

4.4 The 4-transposition quotients of the infinite groups
T (51,52,53)

In this section we try to find the largest finite quotients of the infinite groups 7'(*1-%2:53)
that satisfy (A) for (s, s9,83) ¢ I'. Recall that 2 < 57 < s9 < s3 < 4. Then the groups

T(s152:53) are infinite if (s1, s2,53) € A= {(2,4,4),(3,3,3),(3,3,4), (3,4,4), (4,4,4)}. We

(2,4,4) 4,4,4)

can exclude (2,4,4) because T is a factor group of T . To achieve our goal, we
need to introduce some extra relations on the generators of 715253 to reduce it to a finite

group. First, let us recall the relation R}* = 1, where Ry = a - b° and r € {1,2,3,4}.

Denote the group given by the presentation (a, b, c | a® b?, %, (ab)*', (ac)®2, (bc)**, Ri') by

Ts1s283m1) - Qo T(51:52,53m1) s the quotient of T(*1:2:%3) by the normal closure of Rj'.

In the next section we consider some quotients of 7¢1°2:531) hy some additional relations

because some of the groups 7(152:53"1) remain infinite. We set the following words:
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Ry:=a- Ry:=b-c* Ry :=a-ad,

and we denote the quotient of 7(1*2:55i1) by the normal closure of Ry, R5* and R}* by

T(81’S2’83;T17T27T37T4) = <aa ba c | CL2, b27 Cza (a’b)517 (ac)827 (bc)s;;’ (a ’ bc)rl’ (a ’ Cb)rza (b ’ Ca)rg’ (ac :

a®)™+), where rq, 73,74 € {1,2, 3,4} to avoid contradicting (A).

Note that we use the dashes — in tables to indicate that the relation is not applicable to

that group. In this section, we use T(152:531) for T(51:52:5371,===) for simplicity.

Each triple (s, s2,83) € A will be treated in a separate proposition and we show which
groups T152:5371) are finite for r; € {1,2,3,4}. We present the information in tables.
In each table, the first column gives the value of r; in the relation R}* = 1, the second
column gives the order of the group T¢1#2371) computed with GAP, the third column
gives the isomorphism type of the group. The fourth column gives the sum of the sizes
of conjugacy classes of the generators of the group and the last column tells whether the

group satisfies property (A) or not.

Before we start to prove our results in this chapter we give the following easy but important

lemma which comes from the symmetry in {b, b°} of the presentation for T(s1:52:53r1),

Lemma 4.4.1. The permutation (b, b°) swaps s, andr, and gives the isomorphism T (51:52:5371)

T(r1,52,83;81)

Proof. The permutation (b, b°) permutes ab with ab®. Suppose that G is a group generated
by a,b® and c¢. By a simple calculation in GG, we can compute the following: o(ab®) =

r1,0(ac) = s9,0(b%) = o(be) = s3 and o(a (b)) = o(ab) = s. O
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Proposition 4.4.2. The groups T®33™) are all finite for ri € {1,2,3,4}. Orders and

the isomorphism types are as described in the following table :

r1 | Group Order | Isomorphism Type | |cc| | (A)
1 6 Ss 3 Y
2 24 Sy 6 Y
3 54 3472 9 | Y
4 96 42 : Sy 12 1Y

Proof. We discuss each case separately.

For 1 = 1 the group 7331 is of order 6. Since Ry = ab® = 1, we have that a = b°. By

substituting this in the other relations, we obtain the presentation (b, ¢ | b2, ¢2, (bc)®) = Ss.

Let T = T332 The group T has order 24. Note that T' = {(a, b, c) = (a, ¢, b°) by Lemma
4.4.1. Since o(ac) = 3, 0(ab®) = 2 and o(cb®) = o(bc) = 3, we have that T is a factor group

of T233) By Proposition 4.3.2, 7?33 = G, Therefore, T332 = g,

For 1 = 3, the group G := T®333) has order 54 = 2 - 33. Hence, G is solvable by
Burnside’s p® - ¢° Theorem. We find in GAP that N = {(ab, ac) is of order 3> and hence it
is a Sylow 3-subgroup. Since N has index 2 in GG, we have N <G. Then the hypotheses of
the Schur-Zassenhaus Theorem are satisfied, so G = N x K, where |K| = 2 and we can

take K be any subgroup of G of order 2, say K = (a).

Since G is generated by involutions, G has no factor group of order 3. So 2 acts by
inversion on 3% and fixes Z(G). If G has a factor group of order 3%, then 2 acts on Z(G)
and one of 3% by inversion, in this case G will not be generated by involutions. Thus,

N = 3#*2, an extraspecial group of exponent 3 “+ "type, and G = 3?2 2 2.

For r; = 4, the group G := T®33%4% has order 96. First, define N to be the normal closure
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of the element z := ab® in G. Then N = (ab®, cb®) = 4% as checked in GAP. The group
G has trivial center. Take the element ac of order three so that it acts fixed point freely

on N.
Let H := (a,c) = S3. One can see that G = NH and N N H = 1. Hence the group G is

isomorphic to 42 : Ss. O]

Proposition 4.4.3. The groups T>3%™) are all finite for r, € {1,2,3,4} and the orders

and the isomorphism types for them are as described in the following table:

r1 | Group Order | Isomorphism type | |cc| | (A)
1 2 2 1 Y
2 2 2 1 Y
3 96 42 : Sy 12 |'Y
4 336 2 x Ly(2) 21 | Y

Proof. Similar to the previous cases, we prove each case separately.

If r; = 1, then a = b°. We have (ab)?® = 1 and b and b commute, then (ab)® = (b°)?(bD) =
(b°) = 1 so that b = b = a. Also (ac)® = 1 so that 1 = (b°)* = (cb)® = bc and then
b = c. Therefore, the presentation for TG*4Y is equivalent to (a | a?) = 2.

For ry = 2, the group G := T33%2) is of order 2. It is a quotient of the group TG3%4).

If r, = 3, then by Lemma 4.4.1 TG:343) = 42 . G,

For r, = 4, the group G := TG3%% has order 336. GAP was used for calculating
the orders of elements of (G. The element abc has order 14. Consider the presentation
F = {a,b,c|a? V? c (ab)?, (ac)?, (bc)*, (a-b), (abc)™), so that F is a factor group of G.
By [7], F is isomorphic to L3(2). Suppose that N be the normal closure of the involution

n = (abe)” = a(bac)?acbab’ in G. Since G/N has order 168, then N must has size two.
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Thus G = SLy(7) or 2 x Ly(7). The group G contains at least 21 involutions whereas the

group SLy(7) contains only one involution. Thus G = 2 x Ly(7), our claim. O

Proposition 4.4.4. The groups T®*%™) are all finite for ry € {1,2}. The orders and

the isomorphism types for them are as described in the following table:

r1 | Group Order | Isomorphism type | |cc| | (A)

1 4 22 1+1 | Y

2 72 (S3x S3):2 | 6+46| Y

Proof. 1f r; = 1, then a = b°. Thus, ab = (bc)? so that (ab)?> =1 = (ab)® and hence a = b.

Therefore, the presentation for TG4%Y) is (b, ¢ | b2, ¢, (be)?) = 22,

For r; = 2, the group G := T®442) is of order 72. Let the subgroups H, = (a,b) and
Hy = (a%b°) of G. It is clear from the structure of the presentation that the elements

aa®, ab® and bb® have order 2. The element ba® is the conjugate of ab®, so it has also order

2. The involution ¢ swaps H; and Hs. Therefore, G = (S5 x S3) : 2. O

To prove Proposition 4.4.6, we require the following lemma.

(2,4,4;1)

Lemma 4.4.5. The group T 15 isomorphic to the group Dsg.

Proof. Since r, = 1 then a = 0°. By substituting it in the other relations we see
that ab = b°b = (cb)? and ac = b°c = cb so that the group T>*%V has presentation

(b,c | b?, %, (be)*), which is isomorphic to Ds. O

Proposition 4.4.6. The groups T“4%™) are all finite for ry € {1,2} and the orders and

the isomorphism types for them are as described in the following table:
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r1 | Group Order | Isomorphism type |ec] (A)

1 8 Dy 2+2

2 128 (Ds x Ds):2 | 4+448 | Y

Proof. For r; = 1 the group T*4%Y has order 8. We have (ab)* = (aa®)? = 1. Now
aa® = abab = bbb = (b°b)?> = 1 because (bc)* = 1. Then a and b commute so that ab
has order 2. Therefore T**%Y is isomorphic to T>*%1) which is isomorphic to Dg by

Lemma 4.4.5.

If r; = 2 then the group G := T™**%?) is of order 128. Similar to the case of (3,4, 4;2),
we prove by construction that G is isomorphic to (Dg x Dg) : 2. Let Hy := (a,b), Hy :=
(a® b°) be two subgroups of G. It clear that the element ¢ interchanging H; and Ho.
Since [a,a¢] = [a,b] = [b,b] = 1 and we have [a,b] = 1 then [a®,b] = 1. So that
G = (Hy x Hs) : {c). O

4.5 Further cases

In the last section we were not able to compute the order of some groups with GAP which
probably means that these groups are infinite. To resolve those cases, we introduce three
extra relations R}* = 1, where Ry = a-c®, R3 = b-c®, Ry = a®-a” and ro, 73,74 € {1,2, 3,4},

and we recall that T(s1:5253i71.m2,73.74) ig the group with the presentation

T(SLS%S?’;TLW’TB’M) = <a7 b, c ’ a27 b27 C27 (ab>517 (ac)827 (bC)S3’ (a ' bc)rl, (CL : Cb)ma (b : Ca)T37 (ac '

ab)r4>7

Note that we use the dashes — in tables in this section to indicate that the relation is

omitted in that group.
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Proposition 4.5.1. The groups TG*%372:=7) qre all finite for ro € {1,2,3,4} and the

orders and the isomorphism types for them are as described in the following table:

ro | Group Order Isomorphism type lec| | (A)

1 2 2 1 Y

2 48 2 % Sy 3+6 Y

3 2 2 1 Y

4 384 (2% Dg):2):3)2):2=|12+12| Y
2.(21):3)2)

Proof. 1f o = 1, then a = ¢® so that ab® = c’b¢ = (bc)® = cb. Since ab® has order 3, then

so is cb. But 1 = (cb)® = be, then b = ¢ and hence a = b = ¢. Therefore TG4431=7) = 9,

For ry = 2 the group G := T344327=7) has order 48. Let H be the subgroup (a, c®, b). We

2,3,4

notice that H is a quotient of 7?34 which from Proposition 4.3.2 is a group isomorphic

to 2 X 54.

If r5 = 4, then the group G := TG4%3477) has order 384. Let N be the normal closure
of @ in G. Then N = (a,b,a% 0% = (((2 x Dg) : 2) : 3) : 2 is of order 192, as checked in
GAP. Let the subgroup H := (c) so that NN H = 1 and c interchanges the generators of

N. Then G=N: H. O

Proposition 4.5.2. The groups TG4%4m2=7) qre all finite for ro € {1,2,3,4} and the

orders and the isomorphism types for them are as described in the following table:

43



ro | Group Order Isomorphism type lec| | (A)
1 2 2 1 Y
2 4 22 1+1 Y
3 336 2 x L3(2) 21 Y
4 2304 ((2x Dg):2):3):3):4):2| 24424 | N

Proof. If 1y = 3 then the group G := TG4%43.=-) has order 336. Take the subgroup
H := (a,b,c") of G. We see that o(ab) = 3,0(ac®) = 3,0(bc®) = o(bc) = 4 and o(a (b)) =
o(a(b¥®)) = o(a(bcbeb)) = o(abb’h) = o(ab®) = 4. Thus H is a quotient of TG3%%)  which

from Proposition 4.4.3 is a group of order 336 isomorphic to 2 x L3(2).

For ry = 4, the group T := TG4444=7) has order 2304 = 2%-32. GAP gives the structure
of T', which is (((((2 x Dg) : 2) : 3) : 3) : 4) : 2. The group T does not satisfy (A) because
there exists pairs of involutions whose product has order greater than 4, for example the

product ¢ - ¢® has order 6. O
Lemma 4.5.3. The groups T34%47277) gnd TA44372-7) gre isomorphic.

Proof. The group T®*%472:77) is the quotient of the group T3*%% by the normal closure

of Ry?. From Lemma 4.4.1, we have that 73444 = 7(4443) "and so the result follows. [

Proposition 4.5.4. The groups TW444m2==) qare all finite for vy € {1,2,3} and the

orders and the isomorphism types for them are as described in the following table:

r9 | Group Order Isomorphism type lec] | (A)
1 8 Dy 242 Y
2 128 (Ds x Ds) : 2 4+48+4

3 2304 ((((2x Dg):2):3):3):4):2| 24424 | N
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Proof. For 1y = 1 the group G := TW444L=7) has order 8. Let H := (a,c’,b) be the
subgroup of G. We notice that o(ac’) = 1,0(ab) = 4,0(c’b) = o(bc) = 4 and o(a(c?)?) =
o(ac) = 4. Thus H is a quotient of T(:*4% By Lemma 4.4.1, 70444 = 7441 - By

Proposition 4.4.6, T**%1 is isomorphic to Ds.
For ro = 2, the proof is very similar to the case when r, = 1.

If 7o = 3, then the group G := T*4%%3=7) has order 2304. Let H be the subgroup of
G as above. Since o(ab’®) = o(abcbeb) = o(abb’d) = o(ab®) = 4, hence H is a quotient of
TEA4%44-7) By Proposition 4.5.2, it is isomorphic to (((((2 x Dg) :2) : 3) : 3) : 4) : 2 of

order 2304. O

Proposition 4.5.5. The groups TW44444m4) gre qll finite for ry € {1,2,3,4} and the

orders and the isomorphism types for them are as described in the following table:

ry | Group Order Isomorphism type |ec| (A)
1 32 (4x22):2 24+4+4 | Y
2 1024 ((2x ((4%x2%):4)):2):2):2 | 8+16+16 | Y
3 7776 (3% ((3%):3)):3): (4x22):2) | 18436436 | N
3 32768 ? 324+64+64 | N

4,4;4.4,4,ry

Proof. Only in this proof we write G, for T* ) for simplicity.

The group G has order 7776 = 2° - 3°. (3 is solvable by Burnside’ p® - ¢® Theorem. We

find by inspection the Sylow 3-subgroup N := (a®a, a¢a’, a*a, ba**ab, b°acbac) of order 3°.

b b

Relabelling the generators aa, a®a’, a®a, ba*ab, b°acbac of N by vy, vs, Vs, v, v5 and using
the relations R} = 1 and Rj = 1, we notice that v = v;!, v§ = vy, v§ = v3', V] = vy, V¢ =

b _ b _ b _ b _ b _ ,ab ,c _ c _ ,—1 ¢ _ , -1 c _ ,ac ,c _
U5,U1 — UQ,Uz — U17U3 — U4,U4 — U37U5 — U5 ’Ul — U5,U2 — U3 ,U3 — U2 ,U4 — U4 ,U5 —

vi. Thus N < G. The group (5 satisfies the hypotheses of Schur-Zassenhaus Theorem
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so that G3 & N x H, where |H| = 2°. Also by inspection we find a Sylow 2-subgroup
H := (a% *, b*") which is not elementary abelian because a® and ¢ are not commute.
The group G5 does not satisfy (A) as there exists pairs of involution with product of order

greater than 4, for instance the element b - b*® has order 6.

For the group G4, GAP gives |G4| = 32768 = 2'5. By inspection, we find that G4 has

elements of order 8 such as b- 5% and ¢ - ¢®, so that G4 does not satisfy (A). O

4.6 Quotients of T(*1525371.727374) satisfying (A)

As we saw earlier that generally T(s152:53i71.727374) does not satisfy (A). In this sec-
tion we find the largest quotient of groups T(s1s2:5371.r273m4) gatisfying (A). Here we fix
(81,89, 83;71,72,73,74) to be one of (3,4,4;4,4,—, —), (4,4,4;4,4,4,3) or (4,4,4;4,4,4,4).

We will discuss each case separately in a subsection.

4.6.1 The largest 4-transposition quotients of the group 734444 --)

Let Ty := TG4%44=-) In this subsection we will prove the following.
Theorem 4.6.1. The unique largest 4-transposition quotient of Ty is H := Ty /{(c- c¢®)?)

which is isomorphic to (Sy x Sy) : 2.

In Proposition 4.5.2, we showed that the group 7} does not satisfy (A) as it contains the
product c - ¢® of order 6. We start by quotienting Ty by the relation (c - ¢®)® = 1 and

resulting in a group isomorphic to (S; X Sy) : 2 satisfying (A).
We denote the group given by the presentation
(a,b.c | a2, 52,2, (ab)?, (ac)’, (be)", (a- B9)%, (a- cb)2, =, =, (c - cab)rs) by TOAttd=)

Proposition 4.6.2. Let T := TG4444==75) yhere ry € {1,2,3,4}. Then
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(i) if rs € {1,2,4} then T = Dy,

(i) of r5 € {3} then T' = (Sy x Sy) : 2.

Proof. (i) If r5 = 1 the ¢ = ¢® so that ¢* = ®. By the same argument as in proof
of Proposition 4.5.4 we can see that T has a subgroup H where H := (c,c¢* b). By a
straightforward computation we see that o(c - ¢*) = 2,0(c-b) = 4,0(c* - b) = o(c’ - b) =
o(bc) = 4 and o(c - (¢*)®) = o(c-c®) = 1. Thus H is a quotient of 7441 which is

isomorphic to Dg by Lemma 4.4.5.

(i) If 74 = 3 then |T| = 1152 = 27 - 3%, Similar to the proof of the case (4,4,4;2)
we let the subgroups H; := (a,b,b¢) and Hy := (a® b ) of T. It is clear that
o(ab) = 3,0(ab®*) = o(acacbcac) = o(acab’cacaca) = o(acacbacaca) = o((ba)***) = 3
and o(bb°*) = o(bcacbcac) = o((ba®)?) = o(((ab®)®)?) = 2. Then H; is a quotient of
T332 By Proposition 4.3.2, H; is isomorphic to Sy. The element ¢ swaps H; with H,

so that the group T is isomorphic to (Hy X Hs) : {c). O

4.6.2 The largest 4-transposition quotients of the group 7(*+*4444.3)

Let Ty := T*4%44443) " The main result in this subsection is the following theorem.
Theorem 4.6.3. There are two largest 4-transposition quotients of Ty which are Hy :=
Ty/{(c-c®)3) and Hy := Ty /{(c- c™®)*) such that Hy = (((3 x ((3%):3)) :3) : Qg) : 2 and
Hy 2 (4 x 22) : 2.

In Proposition 4.5.5, we showed that the group 75 does not satisfy (A) as it contains the
product ¢ - ¢® of order 6. We start by quotienting T, by the relation (¢ - ¢®)? = 1 and

resulting in a group isomorphic to (((3 x ((32) : 3)) : 3) : Qg) : 2 satisfying (A).
We denote the group given by the presentation
<CI,, ba (& | a27 b2a 027 (ab)47 (CI,C)4, (bC)4, (a'bc)47 (a'cb)47 (b'ca)47 (ac‘ab)&}’ (C_cab)r5> by T(474’4;47474’3;T5)
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Proposition 4.6.4. Let T := T444444375) where ry € {1,2,3,4}. Then

(i) ifrs € {1} then T = (4 x 2) : 2,

(ii) ifrs € {2,4} then T = (4 x 22) : 2,

(iii) if r5 € {3} then T =2 (((3 x ((3%) :3)) : 3) : Qg) : 2.
Proof. (iii) For r5 = 3 the group T := T444444.33) s of order 3888 = 21-3°. The proof is
quite similar to the proof in the case of T'\®*%%%% ). The group T is solvable by Burnside’s
p® - ¢° Theorem. We take a Sylow 3-subgroup N := (bb*®, a®a, ’c?, cc®®). Tt was checked
by GAP that N is normal in 7. Then the hypotheses of Schur-Zassenhaus Theorem are

satisfied so that "= N x H, where |H| = 2*. By inspection we find the Sylow 2-subgroup

H = (g, hoes o0y = (4 % 2) : 2. 0

4.6.3 The largest 4-transposition quotients of the group 7(+*44444)

4,4,4;4,4,4,4

In this subsection we aim to find the largest quotient of the group 7' ) satisfying

(A). We notice from Proposition 4.5.5 that the element ¢ - ¢® has order 8. First we
quotient the group 7444444, ) by the relation (c-c®)* =1 and we denote the following

presentation
(a,b,c|a®,b?,c% (ab)!, (ac)!, (be)*, (a:b%), (a-c”)?, (b-c")*, (a®a®)*, (c:c™)*) by T AHAALLTS),

The following lemma is obtained with GAP.

Lemma 4.6.5. Let K := TWA44444475) yhere po € {1,2,3,4}. Then
(i) If rs € {1,3} then K = (4 x 22) : 2,
(i) If rs € {2} then K = ((2 x ((4 x2%):4)):4):2,

(iii) If rs € {4} then |K| = 16384.
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Proof. (iii) For r5 = 4, the group K has order 16384 and does not satisfy (A) as there

exists a pair of involutions, for example b and b*“; with their product of order 8. O

Again we quotient the group 7*4444444) by the relation (b-b2)* = 1 and we denote by

TA44448476) the eroup given with the presentation
TA%IA484) . (g b ¢ | a®, 12, 2, (ab)?, (ac)®, (be), (a-b0)%, (a- )%, (b- )4, (a°-ab)?, (c-
YL (b - peaYyro),
Proposition 4.6.6. Let T := T4A444444476) ywhere rg € {1,2,3,4}. Then

(i) if re € {1,3} then T = (4 x 2%): 2,

(ii) if r6 € {2} then T = ((2 x ((4 x 22) : 4)) 1 4) : 2,

(ili) if re € {4} then T = B(2,4) : 2.
Proof. (iii) If r¢ = 4 then |T| = 2. Let H := (x,y), where z = ab,y = ac, be the

subgroup of 7. We noticed that H is the Burnside group B(2,4) of order 2'2. The

involution a acts by inversion on both x and y so that T'= B(2,4) : 2. O
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CHAPTER 5

M-AXIAL ALGEBRAS FOR THE

4-TRANSPOSITION (GROUPS

In this chapter, we study 3-generated M-axial algebras A such that every 2-generated sub-
algebra of A is a Sakuma algebra of type NX, where N € {2,3,4} and X € {A, B,C}.
For this aim, we classified all 3-generated 4-transposition groups in Chapter 4. By study-
ing their M-axial representations we can achieve our goal. Since our list of 4-transposition
groups is too big, we only focus on some cases where it is possible to do a proof ”by hand”.
All others can be found in the appendix part of the thesis. They were done by computer.
We need to keep in mind that we do not assume that there is a bijection between the

selected set of involutions and the set of M-axes and the (2A4)-condition is not considered.

The group (S5 X S3) : 2 appears as a subgroup of the groups (((3 x ((3%):3)) : 3) : Qg) : 2
and (Sy x Sy) : 2. Also, the group Djs, the dihedral group of order 12, appears as a
subgroup of the group (53 x S3) : 2. So it is desirable to start with Di5 to find its M-axial

algebras. Throughout this chapter, the symbol ((S)) refers to the subalgebra generated
by S C A.
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5.1 M-Axial algebras for the group D

In the current section, the group G := Djs is considered. Let G = (a,b,c), where
a=(i,7), b= (j,k) and ¢ = (I,m). It is clear that the group G satisfies the presentation
{a, b, c | a®> = b* = ¢ = (ab)® = (ac)® = (bc)* = 1), which is the same as the group
TG22) = T7(223) given in Proposition 4.3.2. Since the product of a and b has order 3,
they belong to the same conjugacy class. Thus, the sizes of the conjugacy classes with
representatives a and ¢ are 3 and 1, respectively. Thus, a® = {(j,k), (4,7), (i, k)} and
c“ = {(I,m)}. Tt is well known that the group Di, has three classes of involutions with
sizes 1, 3 and 3. Here we only take the cases where the sizes are 1 and 3 because they
only appear in the classes of the group (S3 x S3) : 2. So, the cases 1, 3, 3 and 3, 3 are not

of our interest.

Relabeling the involutions in T := a® U ¢® by s,t,v and r. It can be seen that there are

two orbits on pairs of elements in 7" with representatives {¢, s} and {t,r}.

Let as, as, a, and a, be the corresponding M-axes to the involutions s, t,v and r, respec-

tively. So G has the following possible shapes

94,34

24A,3C

( )
( )
(2B,34)
(2B,3C)

Table 5.1: Dis-shapes

We treat each case in a separate subsection.
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5.1.1 The shape (24,3A4)

In this case, we consider the generating set of the algebra A consisting of eight elements.
Which are four axes denoted by as, as, a, and a,, three vectors denoted by b, ,b,; and
b,, which are vectors in the subalgebras ((a,,as)), ({a,,a:)) and ((a,,a,)) of type 2A,
respectively, and the vector u; in the subalgebra ({as, a;)) of type 3A. The following are

the known products of the vectors in the spanning set according to the Table 2.3.

Qs Qs = Qg; Qp * Qr = Gy,

1
s "Wy = Z\Us r_brs;
as - a 8(a +a s)
1
s bys = §(a5 +b.s —ay);

1
Qp - br,s - g(ar + br,s - as)‘

35

211 Uy,

1
Qg - Qp = 2—5(2aS + 2a; + a,) —

1
Qg - U] = §(2as — ay — Gv) + —u.

25

By Table 2.4, we present the known eigenvectors of the axes a; and a, in the following

tables.
. 1 1 .
Type 0-eigenvectors 7-eigenvectors 35-€lgenvectors
1
2A ar + br,s - Zas ar — br,s
10 32 8 32
3A | ur — gas + 55 (ar +ay) | ur — gzas — F(a + ay) Ay — Qy

Table 5.2: Eigenvectors of as
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Type | 0-eigenvectors }l—eigenvectors

)

2A as + br,s - zllar as — b’rs

1
as + bpy — ga, a; — byy

1
Ay + br,v - Zar Ay — brv

)

Table 5.3: Eigenvectors of a,

Our main aim in this section is to show that the M-axial algebra A of the shape (24,3A)

is of dimension 8.

Lemma 5.1.1.

byy — by 15 -ezgenvector of as.

Proof. By fusion rules, the product wy := (a, + b, s — }las)(at — ay) is %-eigenvector of as.
Then w; = %(amtat—bm)—%(ar—l—av—br,v)—i—atbrﬂs—avbm—i(é(as—i—at—av—as—av—l—at)) =
s — Aubys + o500 — 19500 — bt + £bro.

128

3—12—eigenvector of as and so wy = a,b, s — aib, s + %(ar +

Also, wy = (a, — by 5)(a; — ay) is
ar — byy) — %(ar + ay — bry) = aybys — aiby s + lat — lav — 1br,t + lbm. It is clear that
wy +we = %(at —ay) + i(bm —by¢) is ——elgenvector of as. From Table 5.2, we have also

that a; — a, is = elgenvector of as and so b, — b is —elgenvector of a,. O

By using the action of GG, we have the following.
Corollary 5.1.2.

by —brs and by — b, 5 are -ezgenvectors of a; and a,, respectively.

Before we find all remaining products, we give the following definition, which can be found
in [31].
Definition 5.1.3. Let A be an §-azial algebra and X C A. Then we say that the subalge-

bra ((X)) is k-closed if it is the linear span of the k-long products {zy-xo- ... - xi|x; € X}.
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At this point, the algebra A is 3-closed, we find all possible products involving terms of a

product of three vectors.

— 1 1 1 — 1 5
Lemma 5.1.4. a, - (a,uq) = 108as + 5760t + 57600 + 570rs 216() 25 bry + 52U +
8 4 4 1 1
2_7asbr,t - ﬁatbr,s - 2_7avbr,s + garul - §br,su1-

Proof. From Table 5.2 and Lemma 2.1.8, we see that the axis a, associates with u; — é—gas—i-
2 (ai+ay) in the sense that (a,-2)- (uy — 20,4 2 (a,+ay)) = a-(z-(ug — 3205+ 2 (a;+a,)))

forall z € A. Inparticular, (a,-a,)-(u— 3205+ 32 (ai+ay)) = as(a,- (w1 — 32 as+32 (arta,))).

27 27

1 1 N, 4 5 _dp 1y _4,p 4 1, 1 _
Thus, 57a: + 5700 + 33500 + 7330rs = 5700 — 570r0 — 370brs — 57000y + g0 U1 — gbysur =

1 1 L, 11 8
T8 T 730t + 7500 + 5350 — 432b7”8 + 216b 216b - 256“ 27sbrt + as - (a,u1) and
the result follows. O
S U U I A 135

Lemma 5.1.5. a, - (a:b,s) = — 13505 — 5550 + 570rs — 1o50rt 256b7"” + Te3ert1 t 5 asbrt +

1 1 _ 135 _ 135
Eatbr,s + @avb’r,s 2048 5048 Ar'U1 2048 b'r‘ sUu1-

Proof. By Lemma 2.1.8, we have that the axis a4 associates with the 0-eigenvector a, +

1 _
brs — 705 and so (as - a;) - (ay + by s — as) = as - (a - (ar + by s — 7a5)). Thus, 4096as +
3 1 135 135 135 _
8192at+ 8192 (y + 335 r — o5 brt 25667’”"" a6 U1t 16“’567’5"’_ 32avb7"5 3648 Arl1 — 555 0r,sU1 =
41 1 135 1
1096 % 5703 8192 a1+ 545 8192 av+6 10— 510r s — 5mea U1 — g A5y g (aiby ) and the result follows. [

A direct consequence of Lemmas 5.1.4 and 5.1.5 is the following corollary.

Corollary 5.1.6. (i) as- (aubrs) = — 1oty — 5020y + by — Tosbrs — 32bro + Toirruy +

1 1 1 135 135
gasbr,t + 3_2atb7",s + l_ﬁavbr,s - 2048arul - 2048b7" sU1,

" — _lg—Llqg 17 135 135 -
(il) a¢-(asbri) = — 1501 — 350 1024b7’5+1024b 256b7’v+16384u1+16a5b7“t 2048 4rti1
135 1 1
2048b7' tU1 + gatbr,s + @avbT,Lw
_ 3 135 135
(iil) a¢ - (avbrs) = —g55a0 — 51267“8 + 512b - 256b + T3t + 32a5brt ~ 204801 —

135 5 1
2048 br U + @atbr,s + 1_6avbr,sy
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. _ 3. 5 _ 5 135 135 _
(iv) av - (asbrt) = —35500 — 5130rs — To3z0rt + 1024b7"v + Teasa U1 + 16a5b7‘t 2048 Art1
135 1 5
2048b UL+ 3_2atb7",s + @avbr,w
_ _ 3. _ 53 _ 5 135 135 B
(V) av - (ats) = — 35600 — F130rs — Topalrt T 1024b"‘v + Teasat1 + 32a8b” 2048 4rt1

135 1 5
2048 br 2U1 + 1_6atbr,s + ﬁavbr,s-

_ 7 1 1 1 1
Lemma 5.1.7. a, - (bysu1) = 1550s — 570t — 5700 — 350r — 570rs + 271),,,5 + 36bw — 256

8 1 9 1 1
ﬁasbr,t + ﬁarul + ﬁbr,sul + ﬁatbr,s + ﬁavbr,s

Proof. By the same argument as in the previous lemmas, the axis a4 associates with the

O-eigenvector uy — 32as + 52(a; + a,) and then (ay - by) - (u1 — pas + Z(a, + a,)) =

as - (brs - (ug — 27a5 + 27(at +a,))). So

1 1 11 _ 7
_5_4at_5_4a 432 432b7‘8+ 54brt+ 54b7“v aru1+ b?“ Su1+27atbrs+ 27a’ubrs - 108a8+
1 11 1 5 8 5 5 1 1
432 4326 ﬁbr,t 108 br 'u+2_56u1+2_7asb7",t_3_2aru1_3_Qbr,su1+§atbr,s+§avbr,s+as'(br,su1>
and the result follows. O
: g4 T dg 1, 3l 31 1,
Corollary 5.1.8. (i) a;-(bryu1) = — 5705+ 1550t — 5700 — 350r + 5670r,s — 564 0rt T 3600

5 1 1 9 8 1
25 U1 + 570sbr s + 55a,ur + 550 un — Smabrs + 5-A0by s,

3 - _ 1 1 7 1g 31 23 5 _ 5 1
(i) ap-(brour) = — 5305 — 570+ 10500 — 350r + 5550rs + 565 0rt — Tz brw — 336U T 37 Asbr +

1 9 1 8
3_2arul + @br,vul + 2_7atbr,s - ﬁavbr,s

From now we try to find all possible products between a, and the other vectors, we start

with the following lemma.

_ 135
Lemma 5.1.9. a,-(asb.;) = 256 128()7«3 + 1zsbrt+ 256() — TossiU1 T3 asb”+ 2048aru1

1 1
gbr,sbr,t - §atbr,s-

Proof. From Table 5.3 and Lemma 2.1.8, the axis a, associates with the 0-eigenvector

at + by — }Lar in the sense that (a, - as) - (a; + by — %a,«) = a, - (as - (ag + by — }Lar)).

3

1 135 1 1 1
Thus 5a0rs — Teasg U1 + a sbrt — bmbr’t — 30tbrs = 155t + 55500 — 5250

1 1
s Tos M T 25600 1+ 1og0rs — Tg3sa
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1 135 _
Tor bt 25ab — 5618 0rU1 + ay - (asbr,). Therefore, a, - (asbr;) = 256 128st + 128th +
1 135
256b - 16384“1 + asbrt + 2048a7”u1 b’l‘ Sth atbrs O
. 3 135 1
Corollary 5.1.10. (i) a,-(a:b.s) = 5550 128bm + 128th+ 256() — o357 U1 — g @sbrs +
135 1
2048 5048 ArU1 — br,sbr,t + gatbr,s;
‘s _ 3 1 1 135 1 135 1 _
(i) ar-(avbrs) = 52500 + 1350rs + 1350rt + 35500 — T3e71 — 5@sbrt + 5pparts + gavbys

1
] br,sbr,v .

In the following lemma we find the product between a, and b, s, .

1 1 5 1
Lemma 5.1.11. a, - (b, sb,+) = — 55 0s — Tog @t — 256% + 5250r — Tog0rs — 1281) 2561)M +

135 135
102Ul — 2005 4rU1 t g ibr,shr -

Proof. From fusion rules and Table 5.3, we see that the product u := (a,+by.s — 1a,)(a; +

1 1 1 1 1 135 . .
byt — Za?") = 360s T 760t T 3500 — 160 — 545Ut + Asbr g + br by ¢ + azby s is O-eigenvector of a.

)

Since a, -u = 0 and by applying Lemma 5.1.9 and Corollary 5.1.10, the result follows. [J

Corollary 5.1.12. a,- (b, sb,,) = —ﬁas—ﬁa 256%4—2?6 égb 128() 2566,,1,—1—

135 135 1 1
8192u1 2048aru1 + br sbrt + atbrs - gavbr,s + gbr,sbr,v-

In the following lemma we try to find the products b, s - b, and b,.; - b, by using Lemma

2.1.9.

Lemma 5.1.13. (i) b5 b, = —3%@,5 + 3%(11) — %br,t + %bw + by by + aihy s — ayby s,
(H) br,t ' br,v = _%as + 312 brt + 3_12br,v + asbr,t + br,sbr,t - avbr,s-

Proof. We apply Lemma 2.1.9 to find the product b,; - b, ,. From Table 5.3 and fusion

rules, the vectors u := (b,; + a; — }lar)(bm, + a, — }lar) and w = (b, +a; — %ar)(bm, — ay)

are 0- and Z—i—eigenvectors of a,, respectively. So, w = b, ;- b, — %a % 1 350rt 3—12br,v+

135 1 1
315U + aiby s — aybr ;. We see that w —u = (b +a; — —ar)( 2a, + 7 a4) —10s — g0t —
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%av + %ar + %br’s - Tlabnt T br ,+ 235 —2a,b, 5. By Corollary 5.1.10 and the fact that

1024 Y
w = 4a,(w—u), then 4a, (w—u) = —1—6 32 b —35 brv+21oi58u1+asbrt ayby 540y sby
and so
1 1
br,t : br,v = _3_2@3 + Eat + asbr,t - atbr,s + br,sbr,v- (1>

The action of 7,, on equation (1) gives

1 1 1 1
br,t : br,v = —3—26L5 + @av - @br,t + ﬁbr,v + asbr,t - avbr,s + br,sbr,t (2>

and so part (ii) is proved. By Subtracting equation (2) from equation (1), we get that

1 1 1 1
brs : brv = T 5a - _br _b'rv b'rsbr brs - vbrs
o o = Tt gp e T 3ot g P Onabry @b = by, )

and then part (i) is also proved. O

In the following lemma, we will find the products a;b, s and a,b, s in terms of a’s, b’s and

asbr,t.
3 _ 1 1 1
Lemma 5.1.14. (i) a;b, s = 32aS + 3501 + 35005 — 350r0 + asbry,
ii b.s = 1 Lb Lb b
(11) Qy r,s 320'8 + @av + 39Yr,s T 39Ynt + Qg Tyt

Proof. By fusion rules and Table 5.3, the vector vy := (as —bys)(ay, — br0) = 116a$ + 3%@” —

21015811 — asbyy + by sbry + aiby s — 2a,b, 5 lies in {1, 0}-eigenspace of the axis a,, that is, the

product a, - v; must equal to the scalar multiple of a,, say Aa,., for a real number \. By

Lemmas 5.1.9 and 5.1.11 and Corollary 5.1.10, this implies that

- R 1,1 1, 185
A U= g M g T g T 32" T 3" T 6 T 4006

135

1 1
Earul + ibr,sbr,t + §atbr,s - iavbr,s - >\(1,7« (4>
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By applying 7,,, we get another equation, which is

1 L 1 L 1 1 b 1 b 1 + 135
— = Qs ——Qy ——Qr — =0t — 20 s — —=0ry —U1—
64 ° 64 " 64 " 327" 3277 647" 4096
135 1 1 1
marul + §br,tbr,s + iasbr,t - §avbr,t = )\ar- <5>
By subtracting equation (4) from equation (5), we get the following
1 1 1 1
- 6_4as + 6_4at + E(asbr,t - atbr,s) - §av(br,t - br,s) - 0. (6)
By Corollary 5.1.2, equation (6) becomes
1 1 1 1
- 6_4as + aat + 5 (asbr,t - atbr,s) - a (br,t - br,s) = 0.

and so a;b, s = —%as + %at + 3—12b,~,s — %br,t + asb, ;. Thus, part (i) is proved. Also by

applying 7,, on part (i) and making use of Lemma 5.1.1, we get part (ii). O

Corollary 5.1.15. (i) a;b,, = —3%@5 + %at — %bm + %bm + asby+,

.. o 1 1
(ii) avbrs = —35as + 3500 + asbry.

In the following lemma, we rewrite the products in Lemmas 5.1.4 and 5.1.7.

. 1 1 1 5 1 1
Lemma 5.1.16. (i) a, - (a,u1) = 55brs — 5500 — =50p0 + 555u1 + garuy — gy s,
s 1 5 5 1 5 5 1 5 2
(ii) as- (brsur) = T60s — 3350t — 3350 — 360r — 1470rs T 72 0rt T 360r0 — 521 — §Asbry +

1 9
350U + 550p U1

Proof. The results come after substituting the products in Lemma 5.1.14 in the products

of Lemmas 5.1.4 and 5.1.7. ]

2 1 1
Lemma 5.1.17. bmul = §br,s — §b7“,t — §br,v -+ %ul — Q,pU7T.
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Proof. By Lemma 5.1.16, it is easy to check that the vector b, ; — %bn — %bm + g—iul —

)

5_

garul — %brvsul is g5-eigenvector of the axis a,. Since our algebra A only decomposes into

a direct sum of 1-, 0-, i— and %—eigenspaces, then any other eigenspace must vanish, and

so the result follows. O

Corollary 5.1.18. (i) b.4u; = —%br,s + %br,t — %bm + 35—2u1 — a,uq,

s _ 1 1 2 5
(H) br,vul - _§br,s - §br,t + §br,v + ﬁul — QyUy.

In the next lemma we will find the product a - (asby.;).

__ 15 7 7 1
Lemma 5.1.19. Qg * (asbm) = mas — MbT,t + mbr,v -+ Zasbm.

Proof. By fusion rules, the product u := (a, + b.s — Z—ias)(ul — ;—gas + ‘3—3(@1: +a,)) =

1 5 5 8 8 1 7 5 64 : :
—ECLS + ﬁat + 2—7av + ﬁ(l,,« + 2—7b7~’5 - §b"’7t - ﬁb’fﬂ} + @Ul + 2—7asb7~7t 1S a O—elgenvector of Ag.

- 5 7 7 16 64
Since a, - u = 0, we have that —y7as + g570r — g570r0 — 520sbre + 5z05(ashy) = 0. O

By the same argument as in Lemma 5.1.14, we obtain the following.

1, 1., 1 1. 1 1 _ 1 1, _ 64

Lemma 5.1.20. a,-uy = 505 — 32044 — 350y + 350 — 35brs+ 5000 — 35000+ 55u1 — 2 asbry.
: o 8 32 _ 2

Proof. By fusion rules, the product wy := (a, — bys)(u1 — j50s — (@ + ay)) = — 5505 —

1 1 2 2 7 1 5 64 ‘s .
50— 7500 — 50r — 150rs T 35brs + sbry — 33U + Easby; + 2a,uy is in {1, 0}-eigenspace

of as. The product a, - wy must equal to a multiple of ag, say Aag, for a real number .

o 1 1 1. _ 1 1 _ 1 1 _ 1 32 1 1
That is, —gas + 5500 + 5500 = g50r + 550rs = gg0rt + gg0re = g7U1 + Fasbrs + 50ru1 =

Aag, and so

1 1 1 1 1 1 1 1 32 1
— LA Ws A AWy T W _brs__br _brv__ - sbr  Wr :O 7
90% T 90% T 0% ~ 90 T gl T goPt T gl ~ gt t g5 tebre t gt =0 (7)

'In this case, the value of \ # —%. Here we choose A = —%0

and then our computations lead to an algebra of dimension 8.

and this matches our computer program,
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and then

1 1 1 +1 1b—i—1b 1b+1 64b (8)
Ar * Ul = ——0s — -0 — ——Qy —Qr — ——0p “=Urt — 7 0ro 25U — ——AsOry.
T 45" 45 45 45 7T 45 0t 45t T 32 45
O]
Lemma 5.1.21. b, - b,y = %as — %at — lg—sav + %ar + 137867’75 + %bm — ﬁbm —
%ul - %asbr,t-
Proof. By computation, the vector vy := a;, — a; — a, + a, + %br,s + %bm — %bm — 3%u1 —

64ab,+ — %bm by 18 —%—eigenvector of a,. This can be checked by multiplying a, and
v1. The algebra A only decomposes to 1-, 0, %1— and S—B—eigenspaces, any other eigenspace

should vanish and then v; = 0 so that the product b, ; - b,; can be obtained. O

The remaining products in this subsection are the products of asb,; with u;, b’s and itself.

We start with the following lemma.

N 1 A1 1 1 1 1
Lemma 5.1.22. (asb,;) - u1 = 75505 + 1550 + 15500 — 1559 + 550rs T 7a50rt T 1550r0 +

19 16
S48 U1 T 35 Qsbrt-

Proof. By Lemma 2.1.8, the axis a4 associates with its O-eigenvector u; — ;—(7)a1 + g—?(aﬁ—av)

in the sense that (as-x)- (u; — %al + %(at +a,)) =as- (x-(ug — %al + %(at +a,))) for

all z € A. In particular, put x = b, then (asb, ;) - u; — 132‘%4(18 — Tésat — ﬁav — ﬁar +

7 173 7 25
_asbr,t =

_ 5 1159 1 7 11 11 B
5610rs — Tr6180rt T 57638 Orv — Toma U1 54 br.s

~69120% ~ 7204 ~ Taz0% ~ T0s0% T Tos0

673 byt + 673 by + ﬁul + %asbr,t. Thus, the required product can be obtained. [

138240 138240

_ 2. 5 5 19 35 17 25
Lemma 5.1.23. (asbrt) brs = 5530s = 5730~ 515% T 3050 ~ 3015 0r.s T 3003 0rt — 3005 Or0
135, 5
si02U1 — §@sbrs-
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Proof. The same procedure can be taken as in the previous lemma that the axis a, as-

ta, in which (ag - b.y) - (ap + bps — ias) =

sociates with its O-eigenvector a, + b, s — ;

as - (bt (ar +bpgs — ias)). This implies that

13 1 7 17 11 21 315
(@sbre)-br.s — 7056 % — 055 % T 2045 %0 + 3055 — 2048 7048 0r.s + 51030t T 510200 — B3 U1 T 35 35 sbre =

29 21 13 9 79 765 15
1096% ~ 208 — 2045 T 5120 ~ 513 s130rs + ST Or.t 8192 sio30ro Go3c L — 330sbry and the
result follows. O]

By the action of the group G on the algebra A, we can find the products (asb, ;) - b,; and

(asbr,t) : br,v-

To find the product of ab,; with itself, we require to have the following lemma.

Lemma 5.1.24. Suppose that oy := asb,; — 1(1)24 9 et 64brv’ Qg i= agbyy — 21—556a
21556() — b 64()M and (8 := asby + & 5 (a; + ay) — ﬁbr,t + ébr,v — %ul. Then oy and
as are 0-eigenvectors and 3 is i-ez’genvector of ag, respectively.
Proof. The proof is a straightforward computation by applying a,. O]
We use Lemma 2.1.9 to find the product (asb,) - (asbrt).
1527 1407 1351 1435 1407

Lemma 5.1.25. (asbr;) - (asbr;) = 362144 %s ~ o212 ~ o141 %0 T Ze21aa r 262144b7’75 +

1527 1351 65205 1383

5621420rt ~ 362144 0rv T S3ss608 U1 doop Lslrt-

Proof. We make use of Lemma 2.1.9 and vectors in Lemma 5.1.24. Let u := a7 - ap and

w = aq - B, where ay, ay and § are the same as defined in Lemma 5.1.24. Then v and w

1 - . _ 135
are 0- and -eigenvectors of a,, respectively. So w = (asb,;) - (asbys) — 2621 44a3 + Trom @t +

107 259 231 381 203 1755 B
B1072% ~ 362141 T 36214200 — 1073 0rt T Bio7alre — Toassre it + 2048“ byt Now, w —u =
35 1189 1189 11 103 o711 5 10273 131625 281
562174 %s ~ 521258 M ~ 521288 % T T096 O ~ Toasa Pr.s — 5a4ass Ot — Sadass Urv T Tor77ar6 Ul 5193 Asbrt-
_ N 21 1137 . 1137 147 147
On the other hand, w = 4a,(w — u) = gi570s = 5R1E% — TE% + TEY — Faretrs T
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705 P, 4 — 500 b, 4 5LL05 g T b, o Therefore, (asb,s): (asby) = 5oty — soata, —

262144 T 262144 8388608 4096 262144 262144
1351 1435 1407 1527 1351 65205 1383
262144 ay + 262144 ar 262144 br,s + 262144 b T 262144 bT’ vt 8388608 8388608 U1 4096 10964 br t N

At this point, we can rewrite all products in terms of a’s, b’s, vy and as - b, ;. In the next

lemma, we try to find the product as - b,; in terms of a’s, b’s and u.

-1, _ 1. _ 1 L 1 _ 1
Lemma 5.1.26. a, - b,; = 610s — 51 — 51 T 574 brs + 64b""7t o 510r0 t 5018 2048

Proof. 1t is easy to check that u := a, — %bm + %bm — %ul — Z%asbm is a 0-eigenvector
of a,. By Lemmas 5.1.9, 5.1.20, 5.1.21, 5.1.22, 5.1.23 and 5.1.25, we can compute that

_ 183 1183 1183 887 239 703 1183 31955, ~__ 15088
U U= 20 — 3670 — 3670y + 35 56 0rs T 550t — 357 0r0 T "o U1 — g asbrg. By

fusion rules, u - u is O-eigenvector of a,, that is a, - (u-u) = 0. However, 0 = a, - (u-u) =

203 203 203 203 203 203 203 1015 6496

T s — To — 50 + 50 — T5brs + 50r — T50r0 + g U1 — Z5asbr;. Therefore,
1 1 1, 1 1

as - bry = G705 — 570t — 64av + 510 b?“s + 51brt — ibro + 3058 2048 o

The summary of the products in this subsection are as follows:

Qs+ Qs = Qg; Ay * Ap = Ay,
br,s : br,s = br,s;
1
ag - Ay = g(as +a, — br,s);

1
Qg * br,s = g(as + br,s - ar);

Uy - U = Uy,

1 135
ag - Ay = 3—2(20,8 + 2(1t + a,,) — Wul,
1
Qg+ U] = §(2a5 —a; — ay) + 3—2u1;
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1 135
br,s : br,t _<2br,s + 2br,t + br,’u) -

" s
1 )
by - = ~(2bp5 — bpy — byy 55 U1
ot = g @ne = bne = bea) gt
a, - up = 0;
1 1 1 1 1 1 1 45

Ag — —=Qy — —0y + ——Qr — _b'rs + _b'rt - _br,v +

64 64 64 64 7 64 7 64

Qg - br,t - 15

64 2048 "

Before we conclude this subsection, the author suggests the reader to save the appendices
B, C, D, E and F in a G files under the names "D12-2a3a.g”, " D12-2b3a.g”, "D12-2b3c.g”,

"algebraaxioms.g” and ”"fusionrules.g”, respectively.

We conclude this subsection with the following proposition.

Proposition 5.1.27. The M-azxial algebra of the shape (2A,3A) for the group Dia has

dimension 8.

Proof. The proof can be done with GAP as follows:
gap> Read(”D12-2a3a.g”);

gap> Read(”algebraaxioms.g”);

gap> Read(”fusionrules.g”);

if nothing appeared, then the shape (24,3A) leads to an algebra. O

5.1.2 The shape (24,3C)

In this subsection, we assume that the algebra A is generated by a set of four axes denoted
by as, at, a, and a, and the three vectors denoted by b, s, b,; and b, , which are vectors in
the subalgebras ({(a,, as)), ((a,,a;)) and ({a,,a,)) of type 2A, respectively. By Table 2.3,

the following products are known.
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Qs - Qs = Qg; Qp * Qp = Gp;
br,s : br,s = br,s;
1
Qg+ Ay = 6—4(@S + a; — ay);
s - @, = g(as +a, = bys);

1
ag * br,s = g(as + br,s - ar>;

1
Qy - br,s = g(ar + br,s - as)~

The main aim in this subsection is to prove the following proposition.

Proposition 5.1.28. The M-azial algebra of the shape (2A,3C) is trivial.

We will prove Proposition 5.1.28 in several lemmas. First, we give all known eigenvectors

of the axes a, and a, in the following tables.

. 1 . 1 .
Type | O-eigenvectors | ;-eigenvectors | so-eigenvectors

2A ar + br,s - %0,3 Ay — br,s

1
3C | as +a, — 350, Ay — Gy

Table 5.4: Eigenvectors of a,

Type | 0-eigenvectors }l—eigenvectors

2A as + br,s - %CLT as — b’r,s

1
as + bpy — za, a; — byy

1
Qy + br,v - Zar Ay — br,v

Table 5.5: Eigenvectors of a,
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Lemma 5.1.29.

by — bry and aib, s — a,b, s are 3—12-eigenvect0rs of as.

Proof. By fusion rules, the product wy := (a, + b, s — ias)(at —a,) is %—eigenvector of as.
Then w; = %(ar—i—at—br,t)—%(ar+av—br,v)—|—atbm—avbr,s—i(ﬁﬁ(as%—at—av—as—av—i—at)) =

15 15 1 1
atbr,s — avbns + mat — mav - gbr,t + gbrﬂ;-

Also, ws = (a, — by)(a; — a,) is s5-eigenvector of a; and so wy = a,bys — atb,s + L(a, +
ar — b)) — %(ar + ay — bry) = aybys — aby s + %at — %av — %b,ﬁ,t + %bm. It is clear that
wy + wy = %(at —a,) + };(br,v — byy) and wy — wy = 2(asb s — ayby ) — ﬁ(at — a,) are

%—eigenvectors of as. From Table 5.4, we have also that a; — a, is S—E—eigenvector of a,

1

and so b, , — b,y and a;b,. s — a,b, s are g5-eigenvectors of a,. O

By using the action of GG, we have the following.
Corollary 5.1.30.

by —brs and by — b, s are %—eigenvectors of a; and a,, respectively.

From now, we try to find all possible unknown products in the algebra A.

Lemma 5.1.31. (i) as- (a;-b.5) = —S—IQas — 6i4ar + G%br,s — %br,t + 5—}2197«71, + %asbm +

1 1
aatbr,s - aavbr,s;

B _ 7 1 1 1 1 1 1 1
(11) Qs - (av : br,s) - _mas - 6_4ar + abr,s - mbr,t + mbr,v + gasbr,t - @atbr,s + @avbr,s-

Proof. From fusion rules and Table 5.4, the product u := (a, + b, s — }las)(at +a, — 3—12a5)
is O-eigenvector of ag and so u = —ﬁas + %at + éav + }lar — %bm — %bm + aby s + aybys.

Since a, - u = 0, we have

7 1 1 1 1
Qs * (atbr,s) +as - (avbr,s) =———0s— -=0r + —bys — _br,t + %

1
256 32 32 "® 256 br,v + —asbr,t. (9)

4
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By Lemma 5.1.29, we have that

1
Qg - (atbr,s) — Qg - (avbr,s> = 3_2<atbr,s - avbr,s)- (1())
By solving equations (9) and (10) the result follows. O
Lemma 5.1.32. Qy - (asbmg) = 29 CLT + 29 brs + 29 bT’t b?“,’u + %asbr,t — %atbﬁs — 2i3b7'75b7"7t'

Proof. From Table 5.5, u := a; + b,; — ar is O-eigenvector of a, and by Lemma 2.1.8, a,
associates with u in the sense that (a4 -v) - u = a4 - (v-u) for all v € A. Choose u = as,

1 1 1 1 1 1 1
then _(as +a, — br,s)(at + br,t - Zar) = Q- (_6_4a5 + 6_4at - aav - 3_2ar + 3_Qbr,s + asbr,t)a

1 1 1 1 1
which implies that — 512 as + 5150t — 530 + 15 b,nS + gasbre — 3abrs — 5bp by = 512as +
a, — 2sa, — 2a Boby s — 55bpt + 5r5bry + @y - (aghyy), so the result follows O
5129t~ 512 520 t 513 5120rt T 51200 T Gr - (AsOrt), .

Since the group G acts on the algebra A, we can have the following.

Corollary 5.1.33. (i) a,-(a:b.s) = 51152 51217”—}— 512(7 51217 asbrt-l- atb, s —
%br,sbr,t;
(ii) a, - (ayb,s) = 51152 5121)” + 5121) 512() — astt + avbm — %brﬁsbm.

In the next lemma we try to find the product between a, and b, sb, ;.

1 1 1 1 1
Lemma 5.1.34. Qy (b'r,sb'r,t) = —mas — mat + mav + =5 512 512b 512b7~t + 512b'r’11 +

1
Zbr,sbr,t .

Proof. By Lemma 2.1.8, the 0-eigenvector u := as+b, s— a,, of a, associates with a,. Thus,

(ar-brt)-u=a,(b;-u) and so — 512as + %at + % 1;8 b+ last,t — latbr,s + %bmbm =
a, - (3%05,5 — 312 — brt + asb, s + by 5b-1). By Lemma 5.1.32, 512 s + %at + 5—12%

ésbrt + %asbr»t atbrs + br sbre = 128 5% 5}2b - 512b 512bm + %asbﬁt -
%atbm — %bnsbm + a, - (brsbrt), and the result follows. O

66



The following corollary is a direct consequence of the above lemma.

Corollary 5.1.35. a,- (b, sb,,) = 5}2a5+5—}2a 5}2av+5}2 512br5+512b 512bm+

1b, b

The following lemma gives a useful relation which help us to show that most of the axes

are vanish.

Lemma 5.1.36. b, b, , = —%at + %av — %bm + %bm + atby s — aybr s + by by

Proof. 1t is easy to check that the vector —3—12at + 3—12% — S%br,t + ébr,v + aiby s — a,by s +
by sbrt — by by, 1s %—eigenvector of the axis a,. Since our algebra A is only decomposes

into a direct sum of 1-, 0-, +- and ——elgenspaces then any other eigenspace should vanish,

so the result follows. O

In the next lemma, we try to find the product between a, and a;b, ;.

— _Tg—1g 31 1 1op
Lemma 5.1.37. a (asbm) = 512 64 2048b7‘5+ 2048b7’t+ 512b’r’u+ 64a5b7‘7t+ Batbm
1
aavbr,s
Proof. From Table 5.4 and Lemma 2.1.8, the 0O-eigenvector u := a, + b4 — iat of a;
associates with a; and so (a;-as)-u = a;(-as-w). Thus A2y — 5=by s — o=yt +
t t° s t ) 8192 T 8192 2048 2048 75t
1 1 1 _ i lg,—L1p, 1 .
5130r0 + 510sbre — 57000 s = 8192a5 T 50— 8192“@ + 510r — gibrt = gWbrs + a¢ - (asbry).
_ 7 1 3 31 1 1
Therefore, a; - (asbrt) = —550: — 570r — 550rs T 50550mt T 5126m + 570sbr + gabrs —
1
a(lvbns. ]
Corollary 5.1.38. a, - (asb.;) = — 250, — 5220y — 50=by g + 520=bpy + 5ozbyy + 2asby; —
s 90 Mo s¥rt 512770 2567 T 204877y T 20487t T 256 T v T g4 WsUTE

1 5

64atbr,s + 32 avb'r,s‘

L 5.1.39. (i) abrs = —§as + gar + §brs — gobrs + g5bro + asb
emma o.1.a99. 1) Gt0ps = —30s T g0t T g0rs — 560rt T 50r0 T AsOry,

i _ 1 1 1 1 5
(11) avbr,s - _gas + §av + gbr,s - Ebr,t - Ebr,v + asbr,t-
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Proof. From Table 5.4 and Lemma 2.1.8 we have

1 1
(as : br,t) : (at +a, — 3_2as> = (as : (br,t : (at +a, — 3_2as>)~ (11>

By Lemma 5.1.37 and Corollary 5.1.38, left-hand side of equation (11) is equal to

7 9 7 1 9 7

AL PSR .y _
5% T 512% T a56™ " ame T at Tt T
L bt by + - agbs — = (asbry) - as, (12)
—= Q30 —— Q40 5 —~—Qy0p s — ==\ As0p + Qg,
32 0T g T T g4 32 &

and from Corollary 5.1.30 and Lemma 5.1.31, right-hand side of equation (11) is equal to

L + ! ! 7 + 7 b 1 by + ! b, ,+
325 T 512" T 512" T 256" T 256 512t T 512
9 1 1 1
3_2asbr,t — 6_4atbr,s + aavbr,s — 3_2as : (asbr,t)- (1?))

The equality of (12) and (13) gives the following

1 1 1 1 5 3 1 1 1
9aWs T L4 - aa v__brs _br _brv__ sbr o brs o vbrszo- 14
320 T 5™ T ea™ T 3 T ang T apg e T gl T gtns T gMOn (14)
The action of 7,, on equation (14) gives another equation, which is
1 1 1 1 3 7 1 1 1
— o Ws T o a0 Yu _brs _br __brv ’s sbr s brs__ vbrs:O- 15
64" T2 T3 T Ha e T aget T ang e T gl T gMlne T gl (15)
From equations (14) and (15), we get the following
1 1 1 13 1
brs = T 5Us S _b'rs - _br _brv sbr . 16
ab,. 3% +8at+8 *~ 06 ’t+96 N (16)
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Substituting equation (16) in equation (15) we obtain

1 1 1 1 5
vbrs = —5Us 5 W _brs - _br - _brv sbr . 17
ulrs = Tglts T gl T g0ne T gInt T ggPne T 4D (17)

O
We can rewrite Lemma 5.1.37 and Corollary 5.1.38 as the following.
Lemma 5.1.40. (i) a; - (asb.;) = 5I2a5 + 5%at — 5—}2% — 6i4ar + %bm — 2048th +
1024brv+ asbrt;
. _ 9 1 1 3 31 29 5
(i) ay - (ashry) = =250 — 51301 + 51500 — 5050 + 50150rs + 7650t — Toggbrw + 25 @sbry-

From now we try to find relations in order to show that the spanning set of the algebra

A contains only zero.

Lemma 5.1.41. b, ; = b,y = b, ,.

Proof. From information in Table 5.4, the vectors u := (a, + b,y — iat)(as +ay — 35 La,) =
— 350t + 10y + 10y — 35005 + 550t — 15brw 4 2a5b and w = (a, — byy) (a5 + ay — 5304) =
128 Yt v r TS 96 Tt 18Yrw sUrt . T r,t s v 30 Yt
%as + 13218 7 350rs — 33 4b ﬁbw — 2a4b, 4 are 0- and }L—eigenvectors of a;, respectively.

Since a; -u =0 and a; - w — }lw = 0, we have that

1 1 1 11 1 1
—aoWs T oS r__brs br - brv__ sbr :0 18
768" 768" 1024 ™ T 1608 T 9216 96! (18)
and
1 1 1 25 71 1
— S5 Us r brs br - brv — sbr - 07 19
768" T 768" T 1024 T 1608 T 9216 T 96! (19)
respectively. From equations (18) and (19), we see that 735b.; — 7350r,0 = 0, which implies
b, = b,, and by the action of the group G on A, we get that b, , = b, = b, ,. O

Lemma 5.1.42. All azes vanish.
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Proof. From Table 5.5 and Lemma 5.1.41, we can see that (a5+b,«,s—%laT)—(at—i-br,t—iar) =

as—a; and (as—b, 5)—(a;—b,t) = as—a; are 0- and i-eigenvectors of a,, respectively. Since

the only vector can be an eigenvector for two distinct eigenvalues is zero, then as—a; = 0,
63

that is, a; = a; and hence ay = a; = a,. Back to Table 5.4, a; + a, — 3—12as = 350, s 0-

eigenvetor of a,, that is, as - as = 0, but a, - as = ag, then ay, = 0 and so as = a; = a, = 0.

1

10 is O-eigenvector of a,, then a, - v = —ia, + %bm = 0.

Also the vector v := b, — 8

Thus, a, = b, s and by the same argument as before a, = 0. Therefore, the algebra A is

trivial. O

The Proposition 5.1.28 is now proved.

5.1.3 The shape (2B,3A)

In this case, we assume that the algebra A is generated by five elements, which are the
four axes denoted by as, at, a, and a, and the vector u; in the subalgebra ({(as, a;)) of type
3A. According to the Table 2.3, The following are the known products of the vectors in
the generating set of A.

Qs Qs = Qg; Ay * Ap = Ay,

as - a, = 0;
1 3.5
Qg * Ay = 2—5<26Ls + 26Lt +CLU) — ?Ul,
1 )
Qg+ U] = §(2a3 —ay—ay,) + 55t

The only unknown product in this case is a, - u;, which can be done in the following

lemma.

Lemma 5.1.43. a, -u; = 0.
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Proof. Since the vectors as and a; are 0-eigenvectors of a,, by fusion rules, we have that
. . 3, :
u = a, - a; is also 0-eigenvector of a,. So u = as - a; = 2%(2% + 2a; + a,) — 32Tl5u1. Since

a,-u=0and a,-as, =a, a = a,-a, =0, then the result follows. O
Proposition 5.1.44. The M -azial algebra of the shape (2B,3A) is of dimension 5.

Proof. The proof can be done with GAP as follows:
gap> Read(”D12-2b3a.g”);

gap> Read(”algebraaxioms.g”);

gap> Read(”fusionrules.g”);

if nothing appeared, then the shape (2B,3A) leads to an algebra. O]

5.1.4 The shape (2B,3C)

In this case, we consider the algebra A is generated by the set of four M-axes denoted
by as, a, a, and a, such that the subalgebras ({(a,, as)), ({a,,a;)) and ({a,,a,)) are all of
type 2B and the subalgebra ((as,a;)) is of type 3C. The algebra A is 1-closed, that is,

all products between M-axes are known from Table 2.3 as below

Qs Qs = Qg; Ap * Ap = Ay,
as - a, = 0;

1
as - a; = —(as + a; — a,).

64

So, we can only have the following proposition.

Proposition 5.1.45. The M-azial algebra of the shape (2B,3C') is of dimension /.

Proof. The proof can be done with GAP as follows:
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gap> Read(”D12-2b3c.g”);
gap> Read(”algebraaxioms.g”);
gap> Read(”fusionrules.g”);

if nothing appeared, then the shape (2B,3C') leads to an algebra.
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5.2 M-Axial algebras for the group (53 x S3) : 2

In this section we consider the group G :=(S3 x S3) : 2. Let G = ((x,s) x (y,t)) : (u),
where z = (1,2,3),s = (2,3),y = (4,5,6),t = (5,6) and v = (1,4)(2,5)(3,6). It is clear

1

that 3 =P =’ ==’ =1, 2= Ly =y Lat =2,y =y, 2" =y and s* =¢.

Let a = s = (2,3),0 = sz = (1,2) and ¢ = v¥" = (1,6)(2,5)(3,4). Then the group G
satisfies the presentation (a, b, ¢ | a* = b* = ¢ = (ab)® = (ac)* = (bc)* = (ab®)? = 1),
which is the same as the group T®*%?) given in Proposition 4.4.4. Since the product ab
has order 3, the elements a and b belong to the same conjugacy class, say a“, and also a
and ¢ are conjugate, then ¢t and its conjugates belong to a®. From here we can say that the
sizes of the conjugacy classes with representatives a and ¢ are 6 and 6, respectively. Thus,
a® ={(5,6), (4,5), (4,6), (2,3), (1,2), (1,3)} and ¥ = {(1,4)(2,5)(3,6), (1,5)(2,6)(3,4),
(1,6)(2,4)(3,5), (1,4)(2,6)(3,5), (1,5)(2,4)(3,6), (1,6)(2,5)(3,4)}.

Relabeling the involutions in T := CLG U CG by bl, bQ, bg, b4, b5, bﬁ, b7, bg, bg, b107 bn and b12
and determining the number of orbits on pairs of elements in 7" and the type of the Sakuma

subalgebras generated by any pair of idempotents correspond to a pair of involutions in

T (see Figure 5.1).
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Figure 5.1: Orbits on pairs for the group (S5 x S3) : 2



In Figure 5.1, the lines correspond to orbits on pairs of involutions from 7" and the letters
nN, where n € {2,3,4}, N € {V,W,X,Y, Z}, correspond to the type of the Sakuma
subalgebras generated by a pair of axes. The subalgebras 2X and 2Y corresponding to
the orbit of pair of involutions whose product has order 2, determine the type of the
subalgebra 4W because both of them are subalgebras of it, and then X and Y must be
equal. The subalgebras 3V and 3Z are independent. So all possible shapes for the group

G are listed in the following table.

(3V,3Z,4W)

3A, 34,44

30,34, 44

3C,30,4A

3A4,3A,4B

30,3A,4B

( )
( )
( )
( )
( )
( )

30,30, 4B

Table 5.6: G-shapes
Each case will be treated separately in a subsection.

5.2.1 The shape (3C,3C,4A)

In this case, the generating set of the algebra A consists of twelve M-axes, denoted by
ai,...,a12 and nine vectors, denoted by wq,...,v9 which are vectors in the subalgebras
((a;,a;)), for i = 1,...,6 and j = 7,...,12, of type 4A. The following are the known

products in algebra by the information in Table 2.3.

ai - ap = ap; ar - a7 = ar,
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aj-ay =0; a7 -ayp=0;

ay - ag = ﬁ((h +as —az); ay-ag = ﬁ(m + ag — ag);

1
ay - a7y = %(3611 + 3@7 + a4 + ajp — 31}5);

1
ay - vy = ?(5@ — 2a7 — ag — 2a10 + 3vs);

1
Vs - Us = Vs, Q7+ V5 = ?(5CL7 - 2@1 — aip — 2&4 + 3’05);

Our aim in this subsection is to prove the following proposition, which can be done in

several lemmas.

Proposition 5.2.1. The M-axial algebra of the shape (3C,3C,4A) is trivial.

Here we start by the following lemma.
Lemma 5.2.2.

Vg — V1 1S %—ez’gem}ector of the M-axis as.

Proof. First, we list some of the known eigenvectors of the axis a5 in Table 5.7.

Type 0-eigenvectors J-elgenvectors 35-€lgenvectors
2B ay, g, g
1
3C ays + ag — 5@5 as — Qg
1 1 2 1
V3 — 5@5 + 2((17 + all) V3 — §a5 — §(CL7 + all) — §a2 ar — aql
4A | vg — a5+ 2(ag + a) | vs — tas — 2(ag + ar) — + ag — a
8 — 505 ag — G10) | Vg — 305 — 3\A9 T A10 3a3 9 10
1 1 2 1
vg — 505 + 2(ag + ai2) | vo — 3a5 — 3(ag + az) — a1 ag — a1

Table 5.7: Eigenvectors of as

From Table 5.7 and fusion rules, we see that the vector v := as(ag — ay9) = 6i4a4 — 6—14a6 —

1 3, _ 3 € _ 3 3508 L ei
6108 T 5109 — 110 T 57012 — V1 + 702 18 33 eigenvector of as. We can compute that
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-1 1 1 3 3 _1 _ 3 3 ; — 1
a5V = 357504 — 355 %6 — 750898 T 3555 49 — 358 410 T 3555 012 — g5 45V1 + 5 a5V2. Since asv = 350,

we have that

CL5<U2 — 'Ul) = 3—2(?)2 — Ul).
m
By the action of the group G on the algebra A, we have the following
(15— 1) = 55 (v — va) (20)
a5 Vg V) = 32 Vg Vyq).
and
1
as(v; — vs) = 3—2(07 — vs). (21)

Corollary 5.2.3.

. 1 .
The vector as(ve — v4) is z5-eigenvector of as

Lemma 5.2.4.

1, _ 13 1. 1 13 1 3 1. 3, _ 1
a5V1 = 9501 — 79502 T 9543 — 9504 t 19305 — 5506 t 57U + §1V2 — gzUs — V9 T A2Us.

Proof. Again from Table 5.7 and fusion rules, the vectors u := as(vs — 2as + 2(ag + a1o))

and w := ag(vg — %CL{, — %(ag +ayo) — %(13) are 0- and %L—eigenvectors of as, respectively. So

— 1, - 3 1 1. 1 1 - 1_ 1 _ 1 1
W = azUs + 15501 — 15502 — 15503 — 5504 — 5506 — ggds — 3309 — 33010 — gg12 + 33 (V1 + v2)

-y =t 4 1 1 1 1_ 1 1 _ 1 1
and w — u = 15301 — {5302 — 75303 — 3704 — 5;06 — 5708 — 509 — g0 — 57012 T 5(U1 + v2).

1 13 1

643 — 19295 ~ gg

On the other hand, w = 4as(w — u) = %(ag)'l}g + azvy) — o501 — T ag —

L
192

1 _ 1 _ 1 3 1
32a9 32a10 966L12 + 64’08 + 641)9. Then
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1( +as0n) 1 +13 1 +1 13 +1
AoV — —(ArV asv = ——Q —a9 — —Q — Q4 — —Q —ag—
278 T g\ T T AT 96 " 192 % 96 ° 96t 192°° o6 ¢

1 1 3 |
P ST 1)
5t T gt gt (2

From Lemma 5.2.2 and equation (22), we get the following

1,1 Lo 13,1
D08 = 796" T 192 T 96" T 96™ T 1027 T 96"

3 Lt s+ L + (23)
640 T 622 T ea B T gg o T s

Rewrite the equation (23) as the following

1 13 .1 Lo 13 Lo
asv1 —= —a1 — —Qa —a3 — —Q —a5 — —Q
T 7096 19272706 % 96 19277 96 0

3 1 3 1

— ) + —Uy — —Vg — — Vg + agvs. (24)

64 64 64 64

Since the group G acts on the algebra A, the products of all a;’s with all v;’s, fori =1, ..,6
and j =1,..,9, can be computed except nine of them, namely ajvy, a1vs, avs, asvy, asvg,
asvg, azvy, asvy and agvs. For simplicity, we let t1 = aqvy, to = aqv9, t3 = aqv3, t4 = aovy,
t5 = a2V, tG = a9gUsg, t7 = asvy, tg — agv2 and tg = asgVs.

Lemma 5.2.5.

S ¢ R 1 o1 1 3 1 _ 1 _ 3 3
a5 t3 = — 100701 ~ 192192 T 102193 — 5134 — 51396 — 51597 — 51399 ~ 515010 ~ 53311t 53U +
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3 3 3 3
51205 T 513V7 — 5138 T 16t3-

Proof. By fusion rules and information in Table 5.7, the vector u := a;(vs — %a5 +2(a7 +

. . _ 3 1 1 3 1 1 3
ai1)) is a O-eigenvector of as. So u = t3+ {501 + 5504 + 3506 + 5507 + 3500 + 35010 + 55011 —

3

S5Us — %w. By Lemma 5.2.4 and the fact that a5 - u = 0, we have that

13 1 1 1 1 3 1 1
.t — _— — - — _  gi—
@3t 1000 T 10242 T 1024 T 512 T 512 T 512V T ® T e T 5o
3 v 3 ) 3 U7 + 3 v 3 t3 =0
512 % 512 ° 512 7 512 ° 16 °
0
Lemma 5.2.6.
_ 27 15 37 5 1 5 1 1 1
a5 ts = — 755601 + 300592 — 300693 — 20454 t 35595 — 305396 — 102398 — 102399 — Toz3 @10 —

1 1 1 17 9 7 9 7 3 1
1024912 — 2048V1 ~ 2045Y2 ~ 3048Y3 T 2048V4 1 3005Y5 T 2045V6 T 2045Y7 — 10228 — 0asV9 T

7 1 1 1 9
@t?’ + @t4 — @t5 — @t6 + atg.

Proof. From Table 5.7, we see that u := (a4 + ag — 3%&5)(1}3 — %ag, + 2(a7 + an)) =
1 _ 13 1 47 T A7 3 1 1 1 3 1
1201 ~ 9502 T 1303 + 79304 — 79305 T 79306 T 7607 + 3308 + 3309 + 35010 + 75011 + 55012 +

1 1 B 90 T 9., T i _ej ]
61V T gV2 T 55U3 — £1V4 — §3Us — g1V — ;U7 + ta + t5 is a O-eigenvector of as. Since

as - u = 0, we have that

a5~t4+a5-t5:

2 15 37 5] 5 1 1 1 1
2048 1 2048 2048 1024™ T 128" T 10247 512" 512" 51210 5122
1 1 17 9 7 9 7 3 1

102470 T 1022 " 1022 T 102a™ T 10225 T 1024 T 1024 T 512 T 1024
7 1 9
L ety (2
3273~ 3376 T 3510 (25)

Vg+
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But in Corollary 5.2.3, we have
1
a5-t5—a5~t4: ﬁ(tg,—u;), (26)

then by solving equations (25) and (26), the result follows. O

Lemma 5.2.7.

Ug-UgIO.

Proof. Back to Table 5.7 and by fusion rules, w = a;(vs — %ag, — %(ag + ay) — %ag) =

13 1 1 1 1 1 3 3 1 3 3 3 3
3601 — 5502+ 5503+ 55a4 + 5506 + 5547 + 559 + 55010 + 55011 + 55U3 — 55U5 — 55U7 — 55U — 33

is %‘—eigenvector of as. By Lemma 5.2.5, aj - t3 is know, then a5 - w = %al — 2%&2 + Q%ag +

1 1 1 3 3 1 3 3 3 : 1
5744 + 5706 + 3747 + 5709 + 57010 + 37A11 — T55Us — 37U7 — 3. Since az - w — qw =0, we

have that —2—37113 + 23—7118 =0. O

From Lemma 5.2.7, we can compute that asvg = asvs = %6(5@ — 2a7 — as — 2a1;1 + 3v3)
and arvg = ayv3 = %6(5(17 — 2as — aj; — 2a5 + 3v3). For now, the product of all a;’s with

v;’s can be written in terms of a;’s and v;’s, for i = 1,...,12 and j =1, ..., 9.
Lemma 5.2.8.

a5:0.

Proof. Let u := vg — %ag) + 2(ag + a19). By fusion rules, oy := a; - u and ay := ay - u are

0-eigenvectors of as. Then

1 +1 1 +1 +1 1 +3 +3 +1 1
o] = =a1 + 504 — —a5 + =0 + s=a7 — =ag + —=ag + —za a1 — Q12—
LT oM T gofd g™ T g6 T gof7 7 g8 T 39T T g9 M0 T g5 @Il 7 g2
3 3 3

32 32 16
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and

1 +1 1 +1 1 +1 +3 +3 1 +1
Qg = —Qo + —=a4 — —a5 + == — =a7 + —=ag + —=ag + —=ajp — =a —ajo—
S R Y B T T R ST B ALY LY R S D S
3 3

SoUL — 5oV + s

32 32 16

Since a5 - a1 = 0 and a5 - ap = 0, we have that

S 63 1 L3 3 ] 1
256 10242 1024 1024 T 512 128 T 512 W T 5120 T 512 M1 T 10812
3 9 3
_ - — 2
024" " Toza™ Tagg =0 (27)
and
1 Lo 63 LR IR IO N I
1024™ 7256 1024 T 1024 T 1287 T 512 T 5120 T 512710 128 T 12 M2
3 9 3
3 _ —0. (2
256" " To2a™ " 1o = (28
respectively. The vector az := a7 — ag — a9 + aq; is 0-eigenvector of as, then
1 Lol 1 Lo 3, o (9
@ @3 = 3502 7 5@ T 9597 7 769 T 110 T g™ T 32 T gt T Y
From equations (27) and (28), we get
L+ 2 7 20 + 2ay + 2 + 0 (30)
— —a —a3 — Tas — —a —a —a;g — =a vy — vg =
3 2 3 3 5 3 7 3 9 3 10 3 11 3 8
and from equations (29) and (30), we see that a5 = 0. O

By the action of the group G, we get that a; = 0, for ¢ = 1,...,6. By symmetry, we can

see that all a;’s are equal to zero, for ¢ = 1,..., 12 . Thus, the algebra A is trivial and then
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the Proposition 5.2.1 is proved.

Corollary 5.2.9. The M-axial algebra of the shape (3C,3A,4A) is trivial.

5.2.2 The shapes (3C,3C,4B) and (3C,3A,4B)

The two cases are considered in this subsection, which are (3C,3C,4B) and (3C,3A,4B),
as they contains the same subalgebra of the shape (2A4,3C) for the subgroup Dis of the
group G. By Proposition 5.1.28, the subalgebra of the shape (2A4,3C) for the subgroup
D5 is trivial, then the algebras for the both cases (3C,3C,4B) and (3C,3A,4B) are

trivial and we can state the following proposition.

Proposition 5.2.10. The M-axial algebras of the shapes (3C,3C,4B) and (3C,3A,4B)

are trivial.

5.2.3 The shapes (34,3A4,4A) and (3A,3A,4B)

These two cases, (3A4,34,4A) and (34,3A,4B), seem too big and the computer was not
able to calculate them. So, the author of this thesis was not able to verify their algebras
at the moment. It is his future work to find a good methodology to find algebras for any

different shape of any arbitrary group.

At this point, we can say that most of the M-axial algebras of the groups (((3 x ((3?) :
3)) :3):Qs):2and (Sy x Sy) : 2 are trivial except those marked dashes — in the fifth
column of the table in Appendix A, which seems too big and computer was not able to

compute them.
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CHAPTER 6

CONCLUSION

In this thesis, we concentrated on the study of 3-generated M-axial algebras A such that
every 2-generated subalgebra of A is a Sakuma algebra of type NX, where N € {2,3,4}
and X € {A, B,C}. For this purpose, we found all 3-generated 4-transposition groups
such that the order of the product of any pair of generators does not exceed four. This

has been done in Chapter 4. So the main result in Chapter 4 is the following

Theorem 6.0.11. A group satisfies property (A) if it is a quotient of at least one of the

groups in Table 4.1.

For a particular case, in Chapter 3, we studied the M-axial algebras only involving 2A
and 2B subalgebras without restriction to the number of generators. We noticed that the
group of automorphisms of M-axial algebras is a 3-transposition group. Hence, we have
a Fischer space associated with it. In the last section, we found the dimension of the

embedding of such Fischer spaces into a GF'(2) vector space.

In Chapter 5, we classified M-axial algebras for many of the groups found in Chapter 4.
This has been done by calculating subalgebras for subgroups of groups in above theorem.

We saw that most of them lead to the trivial algebra. However, some cases were not
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computed because they are too big and the computer was not able to calculate them. We

left those cases open and we might be able to find them in our future work.
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APPENDIX A

M-AXIAL ALGEBRAS AND THEIR
DIMENSIONS

Note the following:
1. GF(p) refers to a finite field with p elements.

2. Groups in the following table which do not appear in Chapter 4 are factor groups
of the group B(2,4) : 2.

3. The dashes — in the following table indicate that the M-axial algebra has not been
determined yet.

G = (a,b,c) |G| | |a® UbY N Y Shape Dimension
93 8 14141 (2A,2B?) 4
(2B%) 3
(2A%2B) 6
(209) :
Ds 8 2+2 (242, 4B) 5
(282, 44) 5
Dy 8 24+2+1 (24,2B% 4A) 10
(2B*,4A) 6
(242,282, 4A) 14
(243,28, 4B) 8
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(242,282 4B) 6

(2A%,4B) 5

D1y 12 1+3 (2B, 34) 5
(2B,3C) 4

(24, 34) 8

(24,30) 0

2 x Dy 16 24142 (24,283, 4A) 10
(2B*,4A) 6

(242,282 4A) 14

(243,2B,4B) 8

(242,282 4B) 6

(244 4B) 5

2 x Dy 16 2+2+2 (24,284, 4A?) 0
(2B°,4A4?) 9

(244, 2B,4B?) 8

(243,282, 4B?) 7

(242,283, 44?) -

(245,4B2) 11

(4x2):2 16 24242 (243, 4B3) 7
(2B3,443) -

24 : 2 32 2+2+4 (24,2B%,4A?) 0
(2B7,4A2) 13

(243,2B* 4A,4B) 12

(242,285 4A,4B) 0

(242,285, 44?) 0
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(24,285, 44?)
(2A% 2B3 44, 4B)
(243, 2B 44, 4B)

(245, 2B2, 4B?)

(244, 2B3,4B?)

(2A% 2B, 4B?)

(245, 2B2, 4B?)

(243,2B4, 1A?)

(242,285, 4A?)
(245, 2B2 4A,4B)

15

0

0
0 Over GF(p)
0 Over GF(p)

(24%, 283,44, 4B) 0
(247, 4B%) 0
(245,2B,4B2) -
T 32 44244 (24,285, 4A%) 0
(2B7,4A4%) 0
(242,285, 4A%) 0
(243,2B% 442, 4B 0
(242,285, 4A%, 4B? 0
(24% 283, 4A% 4B> 0
(244 283,442 4B 0
(243,284 4A% 4B 0
(245,2B% 4A% 4B 13
(245,28, 4B%) 8
(245,282, 4B%) 12
(247, 4B%) 6
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(4x4):2 32 A4-4+4 (24,288 4A%) 0
(2B°, 4A4°) 0
(242,287, 4A°) 0
(243,285, 4A* 4B?) 0
(242,287, 4A* 4B?) 0
(244 2B5, 4A* 4B?) 0
(243,285, 44°) 0
(244,285, 44* 4B?) 0
(243,28 4A* 4B?) 0
(245,2B% 4A* 4B?) 0
(245,2B% 4A%, 4B 0
(244 2B° 4A% 4B%) 0
(246,283, 442, 4B%) 0
(245,2B*% 4A%, 4B%) 0
(2A7,2B% 4A% 4B%) 0
(246,283, 442, 4B%) 0
(247,282, 4B%) 0
(248,283 4B 15
(248,28, 4B°) 0
(249, 4B°) 0

2 x 5, 48 6+3 (283,34, 4A) 25
(2B%,3C, 44) 12
(24,2B2,3A,4A) 0
(24,2B2,3C, 44) 0
(242,2B,3A,4B) 16

88




(242,2B,3C, 4B) 12
(243,34, 4B) 13
(243,3C,4B) 9

T, 54 9 (34,3C3) 12
(30 9
(342,302) .
(343,30) .
(34%) -

(22 x Dg) : 2 64 A+4+4 (24,288 4A%) 0
(2B°, 4A4°) -
(242,287, 44°) 0
(243,285, 44* 4B?) 0
(242,287, 4A* 4B?) 0
(244 2B°, 4A* 4B?) -
(243,285, 44°) 0
(244,285, 4A* 4B?) 0
(243,285 4A* 4B?) 0
(245,2B% 4A* 4B?) 0
(245,2B% 4A%, 4B%) 0
(244 2B°, 4A% 4B%) 0
(245,283,442, 4B%) 0
(245,2B% 4A%, 4B%) 0
(247, 2B% 4A% 4B%) 0
(245,283,442, 4B%) -
(247,282, 4B%) 11
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(245,283, 4BY) 15
(248,28, 4B°) 8
(249, 4B°) -
((4x2):2):2):2| 64 A44+4 (24,2B7,4A3) -
(288, 443) 0
(243,285 4A% 4B) 0
(242,285 4A% 4B) -
(242,285, 443) -
(24,2B7,4A3) 0
(24% 2B* 4A% 4B) 0
(243,285, 4A% 4B) -
(245,283, 44, 4B?) -
(24% 2B* 4A,4B?) 0
(245,282 4A,4B?) -
(245,283, 44, 4B?) 0
(243,285, 4A% 4B) 0
(242,285, 4A% 4B) 0
(245,283, 44, 4B?) 0
(24% 2B* 4A,4B?) 0
(24% 2B* 4A% 4B) 0
(243,285, 4A% 4B) 0
(245,28 4A,4B?) 0
(245,283, 44, 4B?) 0
(247,2B,4B3) 0
(245,282 4B3) 0
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(248,4B3) 0

(2A47,2B,4B3) 0

(S5 x S3) 1 2 72 646 (2B%,34,3C, 4A) 0
(2B2,3C2, 44) 0

(282,342, 4A) -

(242,3A,3C, 4B) 0

(242,3C2,4B) 0

(242,342, 4B) -

Ty 96 12 (24,3C, 4B) 15
(2B,3C, 44) 15

(24,34,4B) 0

(2B, 3A, 44) -

(Ds x Dg) : 2 128 A+4+8 (24,2B7,4A3 4B) 0
(288, 4A4%) 0

(243,285, 4A% 4B?) 0

(242,285, 443, 4B) 0

(242,285 443, 4B) 0

(24,2B7,4A%) 0

(244 2B* 442, 4B?) 0

(243,285, 443, 4B) 0

(245,283, 4A,4B3) 0

(244 2B* 442, 4B?) 0

(245,282 44, 4B%) 0

(245,283, 4A% 4B?) 0

(243,285, 4A%, 4B?) 0
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(2A2,2B5 443 4B)

(245,283 4A,4B3) 0
(244 2B* 4A% 4B?) -
(244 2B* 442 4B?) 0
(243,285 443 4B) 0
(245,282 4A,4B3) 0
(245,283,442, 4B?) 0
(247,2B,4B%) 0
(245,282 4A,4B3) -
(248,4B%) 0
(247,2B,4A,4B%) 0

Ty 336 21 (282,34, 4A) -
(2B2,3C, 44) 57
(242,34, 4B) 49
(2A2,3C,4B) 21

Ts 384 12+12 (24,2B%,3C, 443, 4B) 0
(2B7,3C, 4A%) 0
(243,2B* 3C, 4A?, AB?) 0
(242,2B°,3C, 4A3,4B) 60
(245,282 3C, 4A, 4B?) 0
(244 2B3,3C, 4A?, AB?) 0
(24,2B%,3A, 443, 4B) 0
(2B7,34,4A%) 0
(243,2B* 3A,4A2 AB?) 0
(242,285 34,443 4B) 0




(245,282 3A,4A,4B?)
(2A4%,2B3 3A,4A2 AB?)
(2A7,3C, 4B%)
(2A%,2B,3C, 44, 4B%)
(2A7,3A,4B%)
(2A 2B, 3A,4A,4B%)

0
0

42 Over GF(11)
0

59 Over GF(11)

1152

24412
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(24,283,302, 4A2)
(2B4,3C2, 4A?)
(24,2B3,34,3C, 44%)
(2B%,3A,3C,4A4?)
(242,2B2,3C? 44, 4B)
(24,2B3,3C?,4A, 4B)
(242, 2B2% 34,3C,4A,4B)
(2A,2B3,34,3C, 44, 4B)
(243,2B,3C?,4A,4B)
(2A2,2B2 3C2, 44, 4B)
(243,2B,3A4,3C, 44, 4B)
(242,2B2,3A,3C, 44, 4B)
(2A%,3C?,4B?)
(243,2B,3C2, 4B?)
(244 3A,3C,4B?)
(243,2B,3A,3C, 4B?)
(2A,2B3,34,3C, 44?)
(2B*,34,3C, 44?)
(2A,2B3,3A% 4A?)

0
0
0




(2B*,3A2,4A?) 0
(2A%,2B% 3A,3C,4A,4B) 0
(2A,2B3,3A,3C,4A,4B) 0

(2A%,2B% 3A% 4A,4B) 0
(2A,2B3%,3A% 4A,4B) 0
(2A3,2B,3A,3C,4A,4B) 0
(2A%,2B2 3A,3C,4A,4B) 0
(2A°,2B,3A2 4A,4B) -
(2A%,2B% 3A% 4A,4B) 0
(2A4%,3A,3C,4B?) 0
(24%,2B,3A,3C,4B?) 0
(2A*,3A% 4B?) 0
(2A%,2B,3A2 4B?) 0

T: 3888 | 18418418 (2B3,3A,3C%,4A%) 0
(2B3,3C%,44%) 0

2B3 3A2,3C* 4A3 0
283, 3A% 30* 447 0
283,343 3083 443 0
2B3,3A%, 304,443 0

94

( )
( )
( )
( )
(2B3,3A%, 302, 443)
(2B3,3A3,3C3, 443)
(2B3,3A% 302, 443)
(2B3,3A%, 302, 443)
(2B3,3A3,3C3, 443)
(283,345, 3C, 443)

0 Over GF(11)
0
0
0 Over GF(11)
0 Over GF(11)
0 Over GF(11)




(283,345, 4A3)
(243,34,3C5,4B3)
(2A3,3C6, 4B3)
243,342 304, 4B3
2A3 3A2 304 4B3
243,343,303, 4B3
243,342 304, 4B3

( )
( )
( )
( )
(243,3A%,3C2,4B%)
(243,343,303, 4B3)
(243,344,302, 4B3)
(2A43,34%,3C2, 4B3)
(243,343,303, 4B3)
(243,345, 3C, 4B3)
(243,34 4B3)

95




APPENDIX B

M-AXIAL ALGEBRA OF THE SHAPE
(2A,3A) FOR THE GROUP Dq9

g:=Group((1,2),(2,3),(4,5));

cc2:=Concatenation(Elements(ConjugacyClass(g, (1,2))),
Elements(ConjugacyClass(g, (4,5))));

n2:=Length(cc2);

cc22:=Elements(ConjugacyClass(g, (1,2)(4,5)));
n22:=Length(cc22);

cc3:=[(1,2,3)];
n3:=Length(cc3);

n:=n2+n22+n3;

D12Action:=function(p,e)
local z;
if p<=n2 then
return Position(cc2,cc2([p]”e);
elif p<=n2+n22 then
z:=cc22[p-n2]"e;
return Position(cc22,z)+n2;
else
z:=cc3[p-n2-n22] “e;
if z in cc3 then
return Position(cc3,z)+n2+n22;
else
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return Position(cc3,z"-1)+n2+n22;

fi;
fi;

end;

:=Basis (V) ;

for j in [1.

phi:=ActionHomomorphism(g, [1..n],D12Action);

V:=Rationals"n;

Mult:=List([1..n],i->[1);

for i in [1..n2] do

.n2] do

x:=cc2[il*cc2[j];

if Order(x)
Mult[i] [j]

=1 then

i=e[i];

elif Order(x)=2 then
k:=Position(cc22,x)+n2;

Mult[i] [j]
Mult [j][i]
Mult [i] [k]
Mult [k] [i]
Mult [j] [k]
Mult [k] [j]
Mult [k] [k]
else

:=(e[il+e[jl-el[k])/8;
:=(e[i]l+e[jl-e[k])/8;
:=(e[i]l+e[k]-e[j1)/8;
:=(el[i]+e[k]-e[j])/8;
:=(e[jl+elk]-e[1])/8;
:=(e[jl+e[k]-e[1])/8;
:=e[k];

k:=Position(cc2,x*cc2[i]);
if x in cc3 then
s:=Position(cc3,x)+n2+n22;

else

s:=Position(cc3,x"-1)+n2+n22;

fi;
Mult[i] [j]
Mult[j][i]
Mult [i] [s]
Mult [s] [i]
Mult [j] [s]
Mult [s] [j]
Mult [s] [s]
fi;

od;

od;

:=(2xe[i]+2xe[jl+e[k])/32-(373%x5/2"11)*e[s];;
:=(2xe[i]+2xe[jl+e[k])/32-(373%x5/2"11)*e[s];;
:=(2xe[i]l-e[jl-el[k])/372+(5/2"5)*e[s];;
:=(2xe[i]l-el[jl-e[k])/372+(5/2"6)*els];;
:=(-el[i]+2*e[jl-e[k])/372+(56/27B)*els];;
:=(-el[i]+2*e[jl-e[k])/372+(6/2"B)*els];;
i=e[s];;
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Times:=function(u,v)
local p,i,];
p:=ShallowCopy(Zero(V));
for i in [1..n] do
for j in [1..n] do
p:=p+ulil*v[j1*Mult [i] [j];
od;
od;
return p;
end;

gg:=Image(phi);
# products between a’s and b’s

orbl:=0rbit(gg, [1,6], OnPairs);
for p in orbl do
x:=RepresentativeAction(gg, [1,6],p,0nPairs);
Mult([p[2]] [p[1]]:=
Permuted([ 1/64, -1/64, -1/64, 1/64, -1/64, 1/64, -1/64, 45/2048 ] ,x);
Mult [p[1]][p[2]]:=
Permuted([ 1/64, -1/64, -1/64, 1/64, -1/64, 1/64, -1/64, 45/2048 ],x);
od;

# product between a_r and u_l

orb2:=0rbit(gg, [4,8], OnPairs);
for p in orb2 do

Mult [p[1]1] [p[2]]:=Zero(V);
Mult [p[2]] [p[1]]:=Zero(V);

od;

# products between b’s and u_1

orb3:=0rbit(gg, [5,8], OnPairs);
for p in orb3 do
x:=RepresentativeAction(gg, [5,8],p,0nPairs) ;
Mult[p[2]] [p[1]]:=Permuted([ O, O, O, O, 2/9, -1/9, -1/9, 5/32 1,x);
Mult [p[1]] [p[2]] :=Permuted([ 0, 0, 0, 0, 2/9, -1/9, -1/9, 5/32 1,%);
od;

# products among b’s
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orb4:=0rbit(gg, [56,6], OnPairs);
for p in orb4 do
x:=RepresentativeAction(gg, [5,6],p,0nPairs);
Mult [p[2]] [p[1]]:=Permuted([ O, 0, O, O, 1/16, 1/16, 1/32, -135/2048 1,x);
Mult [p[1]] [p[2]]:=Permuted([ O, O, O, O, 1/16, 1/16, 1/32, -135/2048 ],x);
od;
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APPENDIX C

M-AXIAL ALGEBRA OF THE SHAPE
(2B,3A) FOR THE GROUP D1y

g:=Group((1,2),(2,3),(4,5));

cc2:=Concatenation(Elements(ConjugacyClass(g, (1,2))),
Elements(ConjugacyClass(g, (4,5))));

n2:=Length(cc2);

cc3:=[(1,2,3)];
n3:=Length(cc3);

n:=n2+n3;

D12Action:=function(p,e)
local z;
if p<=n2 then
return Position(cc2,cc2[p]”e);
else
z:=cc3[p-n2] "e;
if z in cc3 then
return Position(cc3,z)+n2;
else
return Position(cc3,z"-1)+n2;
fi;
fi;
end;

phi:=ActionHomomorphism(g, [1..n],D12Action);
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V:=Rationals™n;
e:=Basis(V);

Mult:=List([1..n],i->[1);

for i in [1..n2] do
for j in [1..n2] do
x:=cc2[il*cc2[j];
if Order(x)=1 then
Mult[i] [j]:=elil;
elif Order(x)=2 then
Mult[i] [j]:=Zero(V);
Mult[j] [i] :=Zero(V);
else
k:=Position(cc2,x*cc2[i]);
if x in cc3 then
s:=Position(cc3,x)+n2;
else
s:=Position(cc3,x"-1)+n2;
fi;
Mult [i] [j]:=(2*%e[i]+2*e[jl+e[k])/32-(373%5/2"11)*e[s];;
Mult [j] [i]:=(2%e[i]+2xe[jl+e[k])/32-(373%5/2"11)*e[s];;
Mult[i] [s]:=(2*e[i]l-e[j]l-e[k])/3"2+(5/2"5)*e[s];;
Mult[s][i]:=(2%e[il-e[jl-e[k])/3"2+(5/2"5)*e[s];;
Mult [j] [s]:=(-el[i]+2*e[jl-e[k])/372+(5/2"5)*e[s];;
Mult [s] [j]:=(-el[i]l+2*e[jl-e[k])/372+(5/275)*e[s];;
Mult[s] [s]:=els];;
fi;
od;
od;

Times:=function(u,v)
local p,i,];
p:=ShallowCopy(Zero(V));
for i in [1..n] do
for j in [1..n] do
p:=p+ulil*v[jl*Mult [i] [j];
od;
od;
return p;
end;
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gg:=Image(phi);
# product between a_r and u_1l

orbl:=0rbit(gg, [4,5], OnPairs);
for p in orbl do

Mult [p[1]] [p[2]]:=Zero(V);
Mult [p[2]] [p[1]]:=Zero(V);

od;
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APPENDIX D

M-AXIAL ALGEBRA OF THE SHAPE
(2B,3C) FOR THE GROUP Di9

g:=Group((1,2),(2,3),(4,5));

cc2:=Concatenation(Elements(ConjugacyClass(g, (1,2))),
Elements(ConjugacyClass(g, (4,5))));

n2:=Length(cc2);
n:=n2;

D12Action:=function(p,e)
local z;
if p<=n2 then
return Position(cc2,cc2([p]”e);
fi;
end;

phi:=ActionHomomorphism(g, [1..n],D12Action);

V:=Rationals™n;
e:=Basis(V);

Mult:=List([1..n],i->[]);
for i in [1..n2] do
for j in [1..n2] do

x:=cc2[i]l*cc2[j];
if Order(x)=1 then
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Mult[i] [j]:=el[i];
elif Order(x)=2 then
Mult[i] [j]:=Zero(V);
Mult[j] [i] :=Zero(V);
else
k:=Position(cc2,x*cc2[i]);
Mult[i] [j]:=(elil+el[jl-elk])/64;
Mult[j][i]:=(e[i]+e[jl-e[k])/64;
fi;

od;

od;

Times:=function(u,Vv)
local p,i,];
p:=ShallowCopy(Zero(V));
for i in [1..n] do
for j in [1..n] do
p:=p+ulil*v[j1*Mult [i] [j];
od;
od;
return p;
end;

gg:=Image(phi) ;
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APPENDIX E

M-AXIAL ALGEBRA AXIOMS CODE

# e is the basis of V

# Times is the product function

# n2 is the number of M-axes

# Mult[i] is the adjoint matrix of i’s axis

#Checking Condition 1
for i in [1..n2] do
a:=eli];
if Times(a,a)<>a then
Print("Fail Condition 1",a,i,"\n");
fi;
od;

#Checking Condition 2
for i in [1..n2] do
a:=Mult[i];
Eigen:=Eigenvalues(Rationals,a);
if Eigen=[1,1/4,1/32,0] then
Es:=Eigenspaces(Rationals,a);
x:=0;
for j in [1..4] do
x:=x+Dimension(Es[j]);
od;
if Dimension(V)<>x then
Print("Fail Condition 2",i,"\n");
fi;
elif Eigen=[1,1/32,0] then
Es:=Eigenspaces(Rationals,a);
x:=0;
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for j in [1..3] do
x:=x+Dimension(Es[j]);
od;
if Dimension(V)<>x then
Print("Fail Condition 2",i,"\n");
fi;
elif Eigen=[1,1/4,0] then
Es:=Eigenspaces(Rationals,a);
x:=0;
for j in [1..3] do
x:=x+Dimension(Es[j]);
od;
if Dimension(V)<>x then
Print("Fail Condition 2",i,"\n");
fi;
else
# Eigen=[1,0];
Es:=Eigenspaces(Rationals,a);
x:=0;
for j in [1..2] do
x:=x+Dimension(Es[j]);
od;
if Dimension(V)<>x then
Print("Fail Condition 2",i,"\n");
fi;
fi;
if (Dimension(Es[1]) <> 1) or not (el[i] in Es[1]) then
Print("Fail in primitivity",i,"\n");
fi;
od;
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APPENDIX F

FusioN RULES CODE

# This code checking condition 3 of the definition of axial algebras.
# e is the basis of V

# Times is the product function

# n2 is the number of M-axes

# Mult[i] is the adjoint matrix of i’s axis

for i in [1..n2] do
A:=Mult[i];

Eigen:=Eigenvectors(Rationals, A);
zz:=Filtered(Eigen,u->Times(e[i] ,u)=Zero(V));
Vz:=Subspace(V,zz) ;
qq:=Filtered(Eigen,u->Times(e[i],u)=u/4);
Vq:=Subspace(V,qq) ;
th:=Filtered(Eigen,u->Times(e[i],u)=u/32);
Vth:=Subspace(V,th);

for u in [e[i]] do
for v in [e[i]] do
if not Times(u,v) in Subspace(V,[e[i]]) then
Print("Fail in One","\n");
fi;
od;
od;
for u in [e[i]] do

for v in zz do

if not Times(u,v) in Vz then
Print("Fail in One and Zero","\n");
fi;

od;

od;
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for u in [e[i]] do
for v in qq do
if not Times(u,v) in Vq then
Print("Fail in One and Quarter","\n");
fi;
od;
od;
for u in [e[i]] do
for v in th do
if not Times(u,v) in Vth then
Print("Fail in One and Thirty Two","\n");
fi;
od;
od;
for u in zz do
for v in zz do
if not Times(u,v) in Vz then
Print("Fail in Zero","\n");
fi;
od;
od;
for u in zz do
for v in qq do
if not Times(u,v) in Vq then
Print("Fail in Zero and Quarter","\n");
fi;
od;
od;
for u in zz do
for v in th do
if not Times(u,v) in Vth then
Print("Fail in Zero and Thirty Two","\n");
fi;
od;
od;
for u in qq do
for v in qq do
if not Times(u,v) in Subspace(V,Concatenation([e[i]],zz)) then
Print("Fail in Quarter and Quarter","\n");
fi;
od;
od;
for u in qq do
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for v in th do
if not Times(u,v) in Vth then
Print("Fail in Quarter and Thirty Two","\n");
fi;
od;
od;
for u in th do
for v in th do
if not Times(u,v) in
Subspace(V,Concatenation([e[i]l],zz,qq)) then
Print("Fail in One, Zero and Quarter","\n");
fi;
od;
od;
od;
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