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ABSTRACT

We survey the progress made on the restriction problem since it was first conjectured in
the 1960s by E. M. Stein, in particular the oscillatory-integral approach which culminated
in the Tomas-Stein theorem of 1975. We also examine the connections between the
restriction and Kakeya problems, the latter evolving from a problem posed by S. Kakeya
in 1917. In particular we devise a correspondence between the restriction and Kakeya
set conjectures which is able to compare progress on the two problems in a quantitative
way. Finally we discuss the latest developments which rely on bilinear, and their natural
extension, multilinear, estimates and which have been found to provide the best known

results for their linear counterparts (i.e. on the original problems).
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CHAPTER 1

INTRODUCTION

The restriction conjecture originated in the 1960s with an observation of Elias Stein [22].
He noted that for certain zero-measure sets S, which possess sufficent curvature, the
Fourier transform of LP functions can be ‘restricted’ for certain 1 < p < 2.

By ‘restricted” we mean restricting the Fourier transform

fie) = [t

R

to a subset S of R”. The resulting function we will denote by ﬂ S-

By the Riemann-Lebesgue lemma, if f € L'(R™) then ]? is a continuous, bounded
function on R™ which vanishes at infinity. This means that we can meaningfully restrict
this function to any S C R" (in particular, to the sets that we are interested in, namely
those of measure zero) in that fA\ s will have finite L? norm for any 1 < ¢ < co. In other
words, we have ||f||Lq(S’) < C|| fllLr(mny for all 1 < g < oo, where C is a constant.

~

However, if f € L?(R") then, by Plancherel’s theorem f(£) € L*(R") also, so there is
no meaningful way to restrict ]/”\(5) to a set of measure zero. This means that we do not
have | f|| ra(s) < O f|lr2@ny for any ¢. In fact this inequality does not even make sense,

let alone hold, because the left side is not defined.



Of course, we could restrict the Fourier transform to a set of non-zero measure, for

instance the unit ball B(0,1). From the Hausdorff-Young inequality we have

1fllaB0,1)) < Cllfllzr@n)

for all ¢ < p’ and 1 < p < 2. What Stein noticed, however, was that the situation is
more interesting when fis restricted to a set of zero measure, but not for any set of zero
measure: given a hyperplane a function can be found which lies in L? for every p > 1 but
which has infinite Fourier transform on every point of the hyperplane. For instance, the

function

W(xg, ..., xy,)

f(x): 1—|—’£C1|

where 1) is a bump function, is such a function whose Fourier transform is infinite on the
hyperplane {£ € R" : & = 0}. So we can not meaningfully restrict the Fourier transform
to a hyperplane or even to a compact subset of a hyperplane.

It is when a zero measure set has some curvature that we are able to find some non-

trivial ‘restriction estimates’ of the form

| fllzacsy < O fllr@n)-

There are, of course, infinitely many such sets but the ones which have been investigated

the most are the hypersurfaces
Ssphere = {§ eR": |§| = 1}7

1
Sparabola = {§ eR™: gn - §|§|2}a



and

Scone = {6 e R": gn = |§|}

In this investigation we will mostly be concerned with the first of these, henceforth denoted
by S"!, primarily because it is the simplest compact, co-dimension 1 submanifold with
non-vanishing Gaussian curvature. It is believed that the conjectured range of exponents
for which the Fourier transform can be meaningfully restricted for S™~! is the same as for
any compact hypersurface whose Gaussian curvature is always non-vanishing.

The question which then naturally arises is: what happens for 1 < p < 27 This is the

restriction problem, and the conjectured answer is that we have

[fllzacsn-1) < Cllflle@n)

for

n-+1 d - 2n
an .
g p n—+1

/
>
p/n—l

This has been shown for n = 2 [32] and [16] but is still an open problem for n > 3. In
this thesis we will be investigating the origin of the conjectured bounds and some of the
partial progress achieved in proving them. To describe all of the work that has been done
on this problem would be too ambitious an aim for this MPhil thesis so we restrict our
attention to the oscillatory-integral methods culminating in the Tomas-Stein theorem of

the 1970s [28]. This establishes the bounds

n+1
n+3

q=2, I<p<?2

More recent work has involved wave-packet decomposition and has achieved [26]

ﬂ>n+1% ﬂ>2m+2)
n—1 n




We will also investigate the geometric-combinatorial methods employed in the more recent
work of Wolff, Bourgain, Tao (see, for instance [27], [11] and [29]) and others which has
been motivated by the, at first sight surprising, connection between the restriction problem

and this problem posed in 1917 by Kakeya [5]:

“In the class of figures in which a segment of length 1 can be turned around

360°, remaining always within the figure, which one has the smallest area?”

In 1920 Besicovitch solved this problem [5] by showing that one can have such a
figure, called a Besicovitch set, with a line segment in every direction, with arbitrarily
small measure. Further, he showed this for all dimensions n > 2. However, the Kakeya

set conjecture:
“Let E C R"™ be a Besicovitch set. Then dim(E) =n.”

(where dim(F) is the Minkowski dimension, d, defined by <1si—1>r(l) logs | E's| = n — d, where Ej
is the d-neighbourhood of E), remains an open problem for n > 3.

There is an intermediate conjecture, called the Kakeya maximal operator conjecture,
which is implied by the restriction conjecture and which, in turn, implies the Kakeya set
conjecture [24], and, as such, both Kakeya conjectures have been shown for n = 2. The
Kakeya maximal operator conjecture is concerned with the control of the overlap of a
family of tubes of equal size but whose directions form a d-net of the unit sphere S}
(where ¢ is a small parameter). Since the tubes belong to R™ but their directions to S™*
we have an indication that this problem might be connected to the restriction problem.

There has been significant progress in the last 20 years on the Kakeya maximal oper-
ator conjecture, and hence the set conjecture. The most significant breakthroughs have
been due to Bourgain’s ‘bush’ [6] and Wolff’s ‘hairbrush’ [30] arguments, the latter being
a refinement of the former. The ‘bush’ argument relies on the fact that a collection of

tubes of differing orientations but containing a common point have diminishing overlap

4



away from that point, and results in dim(E) > ”T“ The ‘hairbrush’, meanwhile, utilises
the disjointness properties of such a collection of tubes which pass through a common
line, and results in dim(E) > 2.

We will reproduce both of these arguments (the ‘hairbrush’ being postponed until we
have introduced bilinear estimates) and then examine the correspondence between the
respective partial progress made on the restriction and Kakeya set conjectures. Since the
former implies the latter this will provide us with a way to compare what information is
provided about the set conjecture from the ‘direct’ geometrical methods with that implied
by known restriction estimates.

In chapter 4 we discuss the bilinear approach to the restriction and Kakeya conjectures.
Here the concept of transversality (as defined in section 4.1), as well as curvature, is
of central importance (see [25] or [3]). This manifests in the restriction problem by
considering restricting the Fourier transform of functions on two caps contained in S™1,
whose normal vectors are sufficiently separated in direction, simultaneously, and in the
Kakeya problem by considering two families of tubes, the members of each of which
have orientations which are sufficiently close to a pair of fixed, linearly independent basis
vectors of S"~1. There exist bilinear, and, indeed, arbitrarily high-dimensional multilinear,
analogues of the conjectures discussed above and these are responsible for the most recent

progress on the linear versions of the conjectures. In chapter 5 we finish by discussing

some of the latest developments in the field.



CHAPTER 2

THE RESTRICTION CONJECTURE

In this chapter we will be looking at the justification of the bounds in the restriction
conjecture. In other words, the best exponents p and ¢ that there can possibly be. We
will then go on to discuss the culmination of the oscillatory-integral approach to the
problem in the 1970s, which was the Tomas-Stein theorem. The ideas expressed in this

chapter are based on those found in [24].

2.1 The Origin of the Bounds in the Restriction Con-

jecture

n+1
n—1

The restriction conjecture states that ||]?||Lq(5n71) < O/ f|lzr@ny only when p' > q

2n
and p < ——, where S"! is the unit sphere.
n+1

2.1.1 The p > “¢ bound

n—1
Let S be a surface: S = {(z,®(x)):z € R" !, |z| < 1} where ® : R"' — R is a smooth

function such that ®(0) = V&(0) = 0.

Proposition 2.1 Suppose ® vanishes to order k at 0 for some k > 2, so that ®(x) =

~ k—1
O(|z|*). Then ||fllras) < CNflleerny only when p' > H:;Tq. In particular p' >

1
nt T4 is necessary for any S.




Proof. Let 1 be a Schwartz function such that 12 ~ 1 near the origin. Let f(z1,...,Zn_1,2Tp) =
-1

y (:1:_}7”" T 1’ xn) for some A > 1. Observe that || f||zr ~ >\
% AE A
is a Gaussian then

. (For instance if v

o1 \° [wg \? 2 ’
_ () () —orl3)
| f1l o e
Rn
~ (AEAEAE N = AR )
n-1 terms

The Fourier transform of this is

(n+k 1) ~

FEr, 61, 6) = DAFEL . AFE 1, AGy).

By the hypothesised conditions on S we see that S contains a 'cap’ of radius ~ A% and

surface measure A\~ "% . If we restrict fto S we see that J/C\ v on this cap. So we

have

1 llzaesy = A5 A5

So H]?HLQ ) S| fllzegny is only possible if

ntk—1 n—1 (nt+k—1)

AR SATe

(Where we have used the notation A < B to represent A < C'B where C' is an unspecified

constant.) Letting A — oo we obtain



Since k > 2 we have

2.1.2 The p < =5 bound

Extension Theorems

To see where the p < 2” bound comes from we first need to introduce the idea of an

extension theorem: suppose that there exists values of p and ¢ such that

| fllagsn—1y < Ol fll Lo @n)

holds. In particular we have

sup || f||za(sn-1) S 1. (2.2)
IFllLp=1

If we define [ 7 as the bounded linear functional on L4 given by

lfQZl/gﬂ

we have that /7 is the dual space of f and that 1 Allop = 1 fllLe. Now

9
il = sup o S% = sup gl = sup | [ o]
gere 19lle g, =1 loll =1

8



SO

1Flee = sup | / of)

lgll =1

and (2.2) becomes
sup s | [ T 1

IFlze=1lgll o (gn—1,=1
where dw is the surface measure of the unit sphere.
We can now reverse the order in which we take the two supremums and apply Parseval’s

theorem:

s sup | [ f)gdot)n S 1

gl o7 (g, I Flo=1

We can also reverse the above step where we utilised duality:

sup  lgdwll . S 1,

Hg”Lq’(snfl)

and therefore

lgdewll o < Mgl or-

This is known as an extension theorem. At this point it is convenient to introduce some

notation. Let us denote by Rg(p — ¢) the restriction estimate

1 fllzacsiaw) S 11l r@ny

and similiarly, by R&(¢" — p') the extension estimate

1wl ot ey S 11 e (5200

If we choose g = 1, we have ||ac\u\| v S 1. We then use a decay estimate for dw, derived

from the method of stationary phase (which we will prove in the next subsection):



Proposition 2.3 If dw is the surface measure of the unit sphere, then for |x| > 1 we

have

27|z 6727ri|z| "
n—1 +C n—1 +O(‘I|_§)
|z = || 2

e

dw(z) = C
So for dw to be in L,y we need lz|7'"%" to decay faster than |z|™ i.e.

,n—1
2

p > n,

, 2n
p >

n—1

2.1.3 The Method of Stationary Phase

To prove Proposition 2.3 we will first need two lemmas, both dealing with the behaviour

of integrals of the form

I\ = / @y (2)da

(namely oscillatory integrals of the first kind) where A takes large, positive values, ¢ is
a real-valued, smooth function (the phase) and 1 is complex-valued, and smooth. The
proofs we provide are based on those found in [23].

First we need the following proposition concerning integrals in one dimension, for

a<z<b

Proposition 2.4 Let ¢ and 1 be smooth functions so that 1 has compact support in
(a,b), and ¢’ # 0 for all x € [a,b]. then

IN) =00™) as\— oo

for all N > 0.

10



Proof. Let D denote the differential operator

Df(x) = (/@) -

and let D* denote the adjoint operator to D so that (Df, g) = (f, D*g).

Now

(Df,g) = / ZAgbl’(;p) f(z)g(x)dx,

and so, by integration by parts, we have

SO

Since DN (e¢(®)) = @) for every integer N, and <DNf g> = <f (D*)N >, if we put

f(z) =@ and g(z) = ¢ (x) we have

0= [ DN = [0 s

and

b
IA)|</ i@ (D ]dx—/ (D z))|dz = AyA™V,

for some constant Ay, for every N, and the lemma is proved. O

Lemma 2.5 Principle of non-stationary phase
Suppose ¢ and 1 are defined as above but with 1 having compact support in R™ and

¢ having no critical points in the support of 1 where x, is said to be a critical point if

11



(Vo)(x,) =0. Then
() = / MWy (2) = O(N)

as X — 0o, for every N > 0.

Proof. By hypothesis, at every point x, in the support of ¢ there exists a unit vector n

and a small ball B(x,) centered at z, such that
n-(Vo)(x) = c>0

for all € B(z,).We can rewrite I()) as the finite sum

Z / M@ (),

where the 1); are smooth and have compact support in one of these B(z,). We have
then reduced the problem to proving the result for each of these integrals. If we choose a

co-ordinate system z1, ... , such that z; lies along n we have

/ez‘ww)%(x)dx = / (/ eim(flv---x")%(ml, e xn)dxl) dzy - - - dz,.

Then by proposition 2.4 we see that the integral is O(A™") and so the result follows. [

Definition 2.6 A critical point xo of ¢ is said to be non-degenerate if the symmetric

n X n matrix
8%

8@-8@- o

1s invertible.

Lemma 2.7 Principle of stationary phase for non-degenerate stationary points.

12



Let x, be a point in R"™. Suppose ¢ is a smooth real function on a neighbourhood of x,

which has a non-degenerate stationary point at x,, but

det(9i;6(x,)) # 0,

where 0;0;¢(x,) is the Hessian matriz of ¢ at x,. Then, if ¢ is a bump function supported

on a sufficiently small neighbourhood of x,, we have

—(n+1)

/ M@ (x)dar = Ch(,)e??TINZ  O(A "2 )

as A\ — +oo, where C' is a constant depending on ¢.

For the proof of this lemma see [23].

We are now in a position to prove Propn.2.3:

Proof. Propn.2.3
Utilising the radial symmetry of the unit sphere we can put x = Ae,, for some A > 1,
where e, is a unit vector in arbitrary direction. The Fourier transform of the surface

measure

@(a}) — / e—27rix-wdw
Sn—l

then becomes

do(he,) = / e~2miNen . (2.8)
Snfl

w, is just the size of the projection of the vector w onto e, and so takes values in the
range [-1,1], is stationary when w = +e,, and non-stationary otherwise. We thus rewrite

the right of (2.8) as

/ e_%“wnm(w)dw%—/ e_Q”MW"w_(w)dw%—/ e T (1—ypy —1p_ ) (w)dw, (2.9)
gn—1 gn—1

Sn—1

13



where ¢, and v¢_ are cutoff functions supported on a smalll neighbourhood of e, and
—en, respectively.

Let us rewrite w,, in terms of w = (w1, ...w,_1), as

wn = (1 = w2,

and call this function ®(w). Clearly, ®(w) has a non-degenerate stationary point at w = 0.

Then by Lemma 2.7 the contribution of the first term of (2.9) is

—(n—-1)
2

Ce ™ *ONTT7 + O(A7),

and since ®(0) = 1 this is equal to

—(n—1)

Cef2m')\/\72 —I—O()\%n)

Similarly, the second term of (2.9) contributes

—(n—1) —

Ce™ A\~ T~ + O\ T).

By Lemma 2.5 the contribution of the third term in (2.9) is O(A™") for any N.

Combining these contributions we arrive at Propn.2.3 0

2.2 The Tomas-Stein Restriction Theorem

Theorem 2.10 If

n+1
1 <2
Ps n+3
then
1 fllz2esn-1y S N f |z @ny.- (2.11)

14



This is known as the Tomas-Stein restriction theorem and is a significant positive

result in the history of progress on the full Restriction Conjecture.

2.2.1 The TT* Method

An operator T is bounded from LP to L? if and only if its square TT* is bounded from
L¥ to LP:
square (2.11),
[ 1F©Pawte) S 171

(F.Jaw) S IF1s,
(Fr@) 71

Since the Fourier transform is a unitary operator

— ——\ V
<f,f *dw> - <f, <f *dw) > = (S, 1+ dw) S If1Es.
From Holder’s inequality

1f - o dwlle < I llee L+ dell L

so it suffices to prove

I1f* dwll g S (11| ze-

2.2.2 Proof of the Tomas-Stein Restriction Theorem using Com-
plex Interpolation

We can very nearly prove the Tomas-Stein restriction theorem using real interpolation,
2(n+1)

. Due to the limitations on what can
n+3

we will only be missing the endpoint p =

15



be included in a thesis of this scope we refer the reader to [24] for the proof with complex
interpolation which achieves the endpoint. This subsection also follows [24].

The fundamental idea that Tomas had in [28] was to break-up dw dyadically: if we
define ¢(x) to be a radially symmetric bump function equal to 1 at x = 0 with compact

support and then
vi(z) = ¢(27"x) — (2 *a)

so that each v (x) has size 1 and is supported on the annulus |z| ~ 2%, we have

and, by the triangle inequality

1 Al o < I1F 5 (6dw) [l + DI * (de)

k>0

So it will suffice to bound the right side of this inequality by || f]|z».

Now, since dw is finite with compact support dw is a smooth function and so ¢@ will
also be a smooth function with compact support. So we have the necessary control via
Young’s inequality:

If * p(dw)|| o < |l pde]| e || £ 2o

where

16



Now consider the terms in the summation. The strategy employed for these is to find
(L', L>) and (L?, L*) estimates and then interpolate between them.

From Proposition 2.3 we have
T _n—=1
jdw| S [,
and since each 1)y, is supported on the annulus |z| ~ 2% we have

(n—=1)k

|Vrdw||pe S27 2,

and so by a trivial application of Young’s inequality we have

- _(n=D)k
1 * (hrdw) oo S 272 (1 f ]l

Which is the (L', L*) estimate.

The (L?, L?) estimate we will show is

1 % (rdw)l|ze < 25| £l e- (2.12)

To show this we start with a simple property of convolution kernels, K:
1 K2 = ||f = Kl = |/ Kl 22 < K[z [ fll2 = [[ K[z f ] 22,

where we have used Plancherel’s theorem in the first and final steps. So showing (2.12)

is equivalent to showing

—

[ebpde]| oo S 2F,

g * dw]| e < 2%,

17



(by elementary properties of the inverse Fourier transform and convolution), or
[t % deo(a)] < 2*

for all .

From the definition of the v, we have
Yi(w) = vo(2742),
and so we have (again by elementary properties of the Fourier transform)
b = 2%, (24 2).

Since 1, is a Schwartz function, 1), is also, and so we must have

2nk

[V (7)] S 05 )™

for all positive integers N. So we are reduced to showing

an .
nk
The kernel m acts to ‘blur’ the surface measure to a thickness ~ 2¥. So this
T

convolution will still have L' norm approximately 1 but since it is now supported on an
annulus with thickness 27% it must have size ~ 2% (see [24]).
We now use Riesz-Thorin interpolation which states [18] that for a linear operator 7T,

if we have

IT(F)zse < Mo| fllzoo,

18



and

[Tz < Myl fllzen,

then we have

1T lze < My~ MY f | v,

for all 0 < € < 1, where

In our case, then, we have

(n—1)k

Qo:OOapo:17@1:27P1:2>Mo:27 2 and M1:2k

Therefore,

Also,
(n—1)<§—1>
2

)

o

MI=OMP = 2" g0k — o <

Since we are dealing with the infinte sum

> My MY £l

k>0

to ensure the control by || f||, that we want we require the exponent of 2 to be < 0. In

other words

n—1)(2 -1
R
2 o

19



which simplifies to

<o,
Y 2n+2

or
2n + 2
< .
n+3

20



CHAPTER 3

THE KAKEYA CONJECTURES

The ideas expressed in this and the following sections are based on those found in [21]
and [31]. As mentioned in the introduction, Kakeya’s original problem was to do with
finding the minimum area required to rotate a unit line segment by 360°. Through
Besicovitch’s work this led to the Kakeya set conjecture which is concerned with the
dimension of a set with a line segment in every direction. We will introduce another
conjecture, the Kakeya maximal operator conjecture, which implies the set conjecture,
and through which the best progress on the latter has been made. We will then examine
the link between the restriction conjecture and the Kakeya maximal operator conjecture,
and show that the former implies the latter. Finally, we will look at the progress made on
the Kakeya maximal operator conjecture in the 1990s and compare this with that which

is implied by the earlier progress made on the restriction conjecture.

3.1 The Kakeya Maximal Operator Conjecture

This conjecture has two (equivalent) forms:

Conjecture 3.1 (Kakeya Maximal Operator) For § >0, w € S" ! and a € R" let T (a)
denote the tube in R™, centred at a, oriented in the w direction, of length 1 in that direction

and cross-sectional radius 0.

21



Let f € L (R"), then the Kakeya mazximal operator is defined as

loc

fiw) = swp— [ £

a€R” ‘T(?J (a)] T¢ (a)

and it 1s conjectured that

1 f5 1l oesn—1y S 0N fllze@ny, (3.2)

for all e > 0 and forn < p < o©.

We also have the trivial inequality:

15 e <8V flla,

and interpolating between this and the Kakeya maximal operator conjecture gives us the
family of conjectures

1fillze S 670707 £ (3.3)

<1- %1 (which also means p’ < -2=).

for ¢ > n and o

1
P
Definition 3.4 The set of orientations {w} where w € S"! is said to be d-separated if

lw —w'| > 3§ for all w,w € {w}.
The dual form of the conjecture is

Conjecture 3.5 (Kakeya Mazimal Operator (Dual Form)) Let T be any collection of
tubes of length 1 and cross-sectional radius § (and henceforth referring to such tubes as

d-tubes) whose orientations are 0-separated. Then

S8 U (#T),

Lp

ZXT




for

3.1.1 The n =2 case

The conjecture has been proved in the case n = 2 by Cérdoba [24]. Noting that

#T= ST

TeT

we can rewrite the Kakeya maximal operator conjecture as

1

ZXT So° <Z|T\> :
Ln711 TeT

TeT

and we have

Theorem 3.6 (Kakeya Mazimal Operator Conjecture with n = 2)

ZXT

TeT

1/2
< (log1/6)'/? (ZITI> :

TeT

L2
Proof. Squaring the left hand side:
2

= / <ZXT(SU)> 2 dz,

TeT

ZXT

TeT

L2

- [ X u@hr ()

TeTT’eT
= § § TNT|.
TeTT’eT

It suffices to prove

S ITAT| S (log1/8)|T]

T'eT

23



Now suppose the tubes T and 7" have orientations whose angles differ by ~ 2% for some

§ < 27% < 1. Elementary geometry then yields
T NT| < 250|T).

It now suffices to show that

logl/é

> > 2k < log(1/6).
k=0 T'eT,Z(T,T")~2"k

However, for each k there are only O(§7'127%) tubes T" whose orientations are within

O(27%) of that of the tube T. Hence the result follows. O

3.1.2 The Origin of the Bound in the Kakeya Maximal Operator

Conjecture

n+1
n—1
bound in the restriction conjecture there is a simple example which demonstrates the

In an analogous way to that by which the Knapp example demonstrated the p’ >

n
D> — bound in the Kakeya maximal operator conjecture:

Let T be a maximal §-separated set of d-tubes all centred at the origin. Consider a
point zy € R"™. Clearly if |xo| < 6/2 then zy is in every tube. Now consider only tubes in

a particular plane through the origin. For 6/2 < |zo| < 1/2 the angle subtended between

the line from the origin to xy and the centre line of a tube on whose edge z lies is %.

The angle between adjacent tubes is §/2 so the number of tubes in which x, lies is 1/|xo|.
Then considering the whole family of tubes we can see that the number of tubes z( is in

is W In other words

6=l if [z < 2

ZXT(l’) ~

TeT 2|~ i  Ca] <

|
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Now

ISP —c / 2| DY < log(1/5),
Z Lm»=T(R") 5/2<|z|<1/2 ( )

TeT

and

[ el ~ (1wl =),

TeT TeT

so we can not have

(n—1) 1
D xrlleeny S6 7 (#T)7

TeT

n
-1

for any p <
n

3.2 The Kakeya Set Conjecture

We first need to introduce some definitions:

Definition 3.7 (Besicovitch Set) A besicovitch set is defined to be a subset of R™ which

has a unit line segment in every direction

Definition 3.8 (Minkowski Dimension) A set E in R" has Minkowski dimension d if

(lsir% logs |Es| = n — d, where Ejs is the -neighbourhood of E.
—
Then

Conjecture 3.9 (Kakeya Set) All Besicovitch sets have Minkowski dimension n.

3.2.1 The Kakeya Maximal Operator Conjecture Implies the
Kakeya set Conjecture
Starting with
15 o (sn-1y < Ced™%[| f| Lo ny
consider a zero measure Kakeya set E. Let Ejs be the d-neighbourhood of E and let
[ = X&;-
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Then f;(w) =1 for all w € S*~'. So that || f5|1e(sn-1) ~ 1, and || f|| Lrrn) = |E5\% SO
|E6|p > 155

So all Besicovitch sets have Minkowski dimension n.

3.3 The Restriction Conjecture Implies the Kakeya

Maximal Operator Conjecture

This exposition follows that found in [24]. Let us assume that the restriction conjecture
holds, in other words
1fdwll o @y S W fllzar sm-r)

n+1
L4 So we can say

for all p’ > n 0 and p’ >

Ifdw] 2. S 2

Ln i

for all € > 0. If we localise f/dTu to a large ball B(0, R) we have

| Fdwll o p0,my) S BY I Fdwllze S BY flls S B [I£1], 2

Ln 17
or
IFTN, ey S B I -
So by Holder’s inequality we have (see [9])
ooy S I (3.10)

Let us return to the Knapp example: put f, to be the characteristic function of a \/Lﬁ—cap
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on the sphere, centred at a point ¢ in S"~!. This has Fourier transform

m(x) = / e ie0qp.

1
|0—0’|<ﬁ

We now want to identify those points which are contained within a tube which is in the
direction of 0. We do this by breaking up x into the component (z - o)o parallel to o and

the component (z — z - 0)o perpendicular to sigma. We then define the tube T? to be

those points where the parallel component has magnitude < %

component has magnitude < ‘I/TE.

and the perpendicular

If z € T? then
|z - (6 = o)| = [0 — o] cos ¢,

) 1
cosé VR
< VR
100

< oS ¢,

Y

2

Where ¢ is (90° - the angle subtended by = and o), and x5 is the component of = perpen-

dicular to 0. So since |z - (6 — o)] is small we can rewrite

/ e27rim~a'd6
|0

Cole L
7I<TR

Fodio(a)| ~

and since the integrand does not depend on # the integral will equal the measure of the
n—1
n—1
domain (up to a constant) which is <—) =R 7.
( ) VR
The Kakeya maximal operator conjecture only refers to the orientations of a collection

of tubes, not their positions. So if a collection of such tubes T? is to meet the requirements

of that conjecture they will need to be able to be translated arbitrarily. We can satisfy
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this by multiplying f, by a phase in order to translate ﬁu arbitrarily. This means that
for any translate T, of T? we can find a function fr, having size 1 on the arbitrary \/LR
cap, center o such that ﬁu has size R~"7 on T,.

If we now define Q = {&} to be a collection of such caps (i.e. a 1/v/R-separated subset
of S"~1) we can also define T to be the collection of v/R x R tubes which have direction
o for all o € Q. For each T' € T let fr be the characteristic function of a cap multiplied

n-1

by the necessary phase such that @ has size R~z on T.

If we substitute the function

Fo= S oo,

TeT

where the e are random =+1s, into Khinchin’s inequality

/

N P N 4

1

E kagk ~ (Z|9k|2)2
k=1 Ly k=1 Ly

we get

- on - 1 n2:L1

E H dwl| ™S, ~ dw!?)2
< T e 0, (_|FrdoP) o

TeT L7~T(B(0,R))

With the above estimate on f?cfu this becomes

2n

n—1

Y

(e

2n_
) > |R~"5 2)3
Lr?uB(o,R))) ~ (T;FXT) n

LA-T

and on substituting into (3.10) (noting that f = 1 on a #T of caps of size R~ so

n—1

n
2n

11 2ng ~ (R‘nT_l#T> ) we have

2n

n—1

< RPR™"7 #T, (3.11)

2n
La—T

RT3 ox)

TeT
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n

n—1
S RRTTHT,

_n_
Ln—1

R—TL

ZXT

TeT

ZXT

TeT

_n_
n—1
n+1

< RER"T #T,

LA=T
(Note that each tube has volume |T'| ~ <\/§n_1) R=R"T),

n

n—1

SR T,

L 7L7l1 TeT

ZXT

TeT

n—1

s (xm)
Ln%f TeT

If we set the tubes T to have length 1 and thickness & we have

ZXT

TeT

5 575(5n71#r]r)"7*1’

n
L n—1

ZXT

TeT

and so arrive at the end-point of the Kakeya maximal operator conjecture

(n=1)% _

<6 (#T) (3.12)

~Y

n
Ln—T1

ZXT

TeT

3.4 Progress on the Kakeya Maximal Operator Con-

jecture

We can show [24] via what is known as factorisation theory and which utilises the rota-

tional symmetry of the sphere, that (3.12) is equivalent to

I xrll e S6°°

TeT
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Also, since the tubes are d-separated in direction there can only be §'=" of them and so
this value is the maximum number of tubes there can be overlapping at any point, in

other words

1D xrllpe S 6

TeT

Interpolating between these two yields the family of conjectures

1> xrllee S 070707 (3.13)

TeT

The goal of work on the Kakeya conjectures is to prove this for as low a p as possible and,

n
n—

ultimately, for p =

—

Since the restriction conjecture implies the Kakeya maximal operator conjecture it is
reasonable to assume that the partial results obtained for the former will yield informa-
tion on the latter and hence the Kakeya set conjecture. We will ascertain just how much
information in the next subsection. In the 1990s Bourgain in [6] and Wolff in [30] found
ways to attack the Kakeya conjectures directly. These involved the geometric considera-
tions of a collection of, possibly overlapping, d-tubes. Bourgain was able to show that we
have (3.13) for p = Z—f} and Wolff for p = ”T*Q We give Bourgain’s argument below but

we postpone Wolff’s until we have discussed bilinear estimates in the next chapter.

3.4.1 Bourgain’s Bush Argument

This subsection is motivated by [1]. Let

B, =A{z: ZXT(x) > fi}.

TeT
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Observe that

i Bl
4T

| Sovate) > ulBl & ST OB > plE, 5>

Eu per TeT TeT

Now let us discard those tubes which contain less than a certain amount of F,: define

™ 1 By
T={TeT:|TNE .

Now we can observe that

[ Sw=Srngl=Srngl- S0 5l (SrtulEd) 2 w5

E TeT TeT TeT TETT

So

|E|/E ZXTE,M

" 1e
This means that, on the average over E,, there are at least 2 1 tubes overlapping so we

can identify a point, x,, in £, which must be contained in at least 2 p tubes. If we let
T, ={T €T:z, €T},

we know #'ﬁ‘% 2 . ﬁ‘xo is the ‘bush’ after which this argument is named.

We are looking to bound |E,| from below by saying that there must be at least that
much £, which is contained in a set of tubes whose regions containing the £, are disjoint.
ﬁ‘mo is a d-separated set of tubes so to ensure the disjointness that we require we must

take a subset of T,,. Let us define T,, to be a &/ (p|E,|)-separated subset of T,,, having

cardinality > p(u|E,|)" . If we now choose an r such that, for a ball B(z,,r),

M‘Eu’

70 Bl )| S
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for all T € T,,, then for such an r we have

If we now restrict our attention to 'ﬁ'xo we see that the sets on the

for all T' € ﬁ‘xo
left of this inequality are disjoint. Each of these sets has measure > £ l#qf‘ | and we have

> u(p|E, )" of them, so we can say

P E,| n—
|Eu|Z #{ N(NlEuD !

or, putting #T = §~ (1
‘Eﬂ‘ z Hn-l—l'Eu’nén—l’

n+1

0 2 pun=t|Eyl.

Define new, dyadic, sets Eu:

Note that |Eu| < |E,|. Now

/ (Zw)) de g uE,

TeT



Where A é B means A < C.67¢B for every € > 0. So we have

n+1

/ (me) Carse

TeT

or

n—1
D x| ST

TeT

n+1
L n—1

ie. (3.13) for p = 241

3.5 The Correspondence between partial restriction

and partial Kakeya Estimates

Following a similar argument to that found in section (3.3) but without assigning values
to the exponents p/, ¢’ enables us to analyse the correspondence between the respective
progress made on the restriction and Kakeya set conjectures.

Let T be a collection of tubes satisfying the assumptions of the Kakeya maximal
operator conjecture (i.e. T is an arbitrary collection of d-tubes whose orientations are
§-separated). For T € T let T = 62T. So T = (T) is a collection of 6! x §~2 tubes.

As in section (3.3), for each T € T there exists a function f7 on S such that ‘]?CB" ~
6"t on T. After applying Khinchin’s inequality and utilising || f|| o ~ (6" '#T)Y¢ we

arrive at the analogue of (3.11)
PR TG S
TE% Ly’

Now

/ 13 w2 = / 3 () 2da,
R~ o Rn
TET

TeT
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and

reT & 8z eT

so if we let y = 5%z we have

[ Eeapose= | (S i

TeT TeT TeT
So we have )
p'/2
§n=1p'=2n ZXT (#T)p /q
TeT Lp’/2
—1)—_24&n (n—1) /
52(71 1) i/ ZXT 7 (#T)Z/q’
TeT Lr'/2
Soxe| S EHTVG T (3.14
TeT 1o /2

Now, let E be a Besicovitch set and Es be the d-neighbourhood of E. Then there exists
a maximal J-separated family T of d-tubes with T" C FEj for all T € T. In particular

U € Es;. We then observe, by Holder’s inequality,
TeT

1~ 3T = [ S = [ < I vl Esf
E

TeT TeT . TeT TeT

Where the first inequality follows since |T| = §"~! and T = §~ ™Y and the volume of any
overlap of two tubes will be O(6™). If we now substitute (3.14) (noting that the conjugate

exponent of p’'/2 is (p' — 2)/p/, and that #T = 6~~1) we obtain

n 2(n 1)
1< (52(n—1)(q D+~ ‘Eg‘l’

|Es| 72 > gD
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and, after some algebra,

/
|E5| > 62" v,

If we express this in the form

2 /
|Bs| > 0" =)

we can see that the Minkowski dimension of E' is given by dim(E) = 7% —n.
We can use this relationship to deduce what known restriction estimates tell us about
the dimension of Besicovitch sets and also to calculate what restriction estimates we would

require to recover known bounds on the dimension of such sets.

2(n+1)

If we substitute the Stein-Tomas exponent p’ = ==+ we have
2 e 4(n +1) A(n +1)
p—1 2("_:1)_2 2(n+1)—2(n—1) 4

In other words, the Minkowski dimension of a Besicovitch set is at least 1, so the Stein-
Tomas restriction estimate tells us nothing about the Kakeya Set conjecture.
Bourgain’s ‘bush’ argument tell us that dim(E) > ”TH To recover this bound from a

restriction theorem would require a p’ exponent such that

n+1 2p'
= —’n)
2 p —2
, 2(3n+1)
3(n—1)"

Similarly for Wolff’s ‘hairbrush’ argument dim(FE) > "T”, which would require a p/

exponent such that

n-+2 2p'
= —’n)
2 p —2
, 2(3n+2)
3n—2
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Since both of these values of p" are less than the best known bound in the restriction

2(”—:2)) for all n > 3 we see that Bourgain’s and Wolff’s ‘direct’

conjecture (namely p’ >
geometrical methods have made more progress in attacking the set conjecture than is

implied by known restriction estimates.
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CHAPTER 4

BILINEAR ESTIMATES

The concept of using bilinear estimates in the restriction problem dates back to the 1970s
but the modern approach is based on the work of Bourgain in the 1990s in [6], [7], [8], [9]
and [10]. Until very recently (the 2010 paper of Bourgain and Guth [12]) it was via
bilinear estimates that the best linear estimates were obtained. Our approach is based
largely on [27]: we first consider the bilinear analogue to the restriction conjecture and
justify its best possible exponents; we then use the approach from [12], as interpreted
in [3] to show that the bilinear conjecture implies the linear conjecture. Finally we look
at bilinear analogue of the Kakeya maximal operator conjecture, which is the best way

to introduce the best known Kakeya estimate derived from Wolft’s ‘hairbrush’ argument.

4.1 Bilinear Restriction Estimates

The material in this section is based on [24]. The origins of the study of bilinear restriction
estimates were ‘LY’ or bi-orthogonality theory investigated in such places as [13], [15],
and [17]. The basic idea is to rewrite, by an application of Plancherel’s theorem, an

expression such as Hf/d?uH L4 as
[fdwllzs = [Ifdwfdwl|F. = [[fdw  fdw]|F,.

37



This enables us to rewrite the extension estimate

1Fdollzs S 11l sy
as
1
| fdw * fdwlZs S 11l (s

Notice that there is no Fourier transform in this estimate, rendering the determination of
its truth accessible to more direct methods than those used thus far. This elimination of
the Fourier transform is only possible when we are dealing with an even integer exponent

p in Hf/d\wH », but this approach can be applied, to a lesser extent, for all values of p:

1fdwllpor S Al pe 500

is equivalent to

||fdwfdw||m’/2 S ||f||Lq’(S;dw)Hf”Lq’(S;dw)’

which is a special case of the bilinear estimate

| frdw fodwl| o2 S 1 fill 1o (5300 12l 2o (85000)

which is itself a special case of

Hfldwf2deLl"/2 S Hfl ”qu(Sl;dw) ”fQHL’I/(SQ;dw)? (41>

i.e. an extension estimate which is true for arbitrary pairs of smooth, compact hypersur-
faces 51,52 and all smooth fi, fo supported on Sp, Ss, respectively. Let us denote (4.1)
by

RS, 5,4 x ¢ —p'/2).
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So we can see that linear estimates are just special cases of bilinear ones. For every linear
estimate R5(q" — p') there is a corresponding bilinear estimate Rgg(q" x ¢' — p'/2) but

the converse is not true. The following example, found in [24] illustrates this.
Example

First let us define the concept of transversality:

Definition 4.2 We say that the k-tuple Sy, ..., Sk is transversal if there exists a constant
¢ > 0 such that

lvg X -+ X vg| = ¢,
for all choices of unit normal vectors vy, ...,v; to Si,..., Sk respectively.

Let S; = {(£&,0):& € R} and Sy = {(0,&) : & € R} denote the = and y axes

respectively in R?. Then we have m(m‘, y) = J?l(m) and m(x, y) = J?Q(y) and so we

—

only have R% (¢ — p') and R, (¢ — p') if p’ = oo, since fidw; does not decay in the
y-direction and m does not decay in the x-direction.

However, since

Frdwr fodws (2, y) = Fi(2) faly),

and

1F1(2) o ()|l 22y = 11 (@) 22 || o (W) || 22 ),

by the 1-dimensional Plancherel theorem we have
1f1(@) | 222y [ o (W) | 22y S I f1llzagsyll follp2css),

and so we do have the bilinear extension estimate R, g,(2 X 2 — 2).
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Note that we do not have R ¢ (2 x 2 — 2) or R, 5,(2x 2 — 2). So the bilinear
extension estimate relies on the transversality of S and Ss.
Note also that we do not have the linear estimate R§(2 — 4) since we must have

p' > g 50 in this case we need p’ > 3¢ but p’ = 4 and g = 2.

n—1
4.1.1 Knapp Example in the Bilinear Setting

The reason why a larger range of exponents p, ¢ is permissable in the bilinear setting can
be seen by applying the Knapp example in the bilinear setting as was done in the linear
case. If we try to directly replicate the Knapp example in the linear case, i.e. by putting
f1 and f5 equal to the respective characteristic functions of spherical caps S, Sy of area
A== then @ and m both have size ~ A=Y on tubes T, Ts of volume ~ \"*1.

However, since S; and S; are transversal the intersection of 77 and T will be ~ A"™. So

[ frdw fodwl| o2 gny S Fill 2o 50 [ F2ll 2o 52

becomes

n—1
7

()\—(n—l)p’+n)2/p’ S )\—2 ;

and on letting A — oo we have

which, after some algebra, gives

However, by modifying the Knapp example (as detailed in theorem 4.7) we can obtain
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Conjecture 4.3 (Bilinear Restriction) If Si,Ss are transversal and have non-vanishing

Gaussian curvature,

2n
P (4.4)
n+2 n
2 -2
P S <n1 (46)
p q

then R o,(¢' x ¢ — %/) holds.
Theorem 4.7 The above exponents are the best possible.

Proof. 1f we take f; to be the characteristic function of S; and f, to be the characteristic
function of Sy but multiplied by some phase (which we will ascertain). The ideas that
resulted in proposition 2.3 can be extended to all hypersurfaces, S, of non-zero Gaussian

curvature (see [23]). In particular we have
()| 5 [~

where ¢ € C§°(R"™) whose support intersects S in a compact subset of S. So for any

n—1

A > 1 we can find a cube C such that |m| ~ A7z on C. We can also choose the

n—1

phase which we multiply f; by to ensure ]@] ~ A7z on C also. If we substitute these

estimates into (4.1) we obtain
AT Ol S L

Now if we substitute |C| ~ A™ and let A — oo we have

41



from which (4.4) follows.

To prove (4.5) we use the ‘squashed caps’ example from [27]: if we now take as our caps
tubes of dimensions 1/R x 1/R x 1/v/R x --- x 1/v/R (i.e. the usual 1/v/R cap but with
one dimension ‘squashed’ down to 1/R) with their long sides parallel and, as usual, f; and
f2 to be the characteristic functions of these caps, then we have |m| ~ |f/2(§)| ~ R™/?
ona R xRx+VRx-x+vR box in R”. Again substituting these estimates into (4.1)

yields

which, on taking R — oo gives us (4.5).
For (4.6) we use the ‘stretched caps’ example, also found in [27]: if we now take f

and fy to be the characteristic functions (possibly multiplied by a phase) of

1
SN (R?* x B,_5(0, —)), i=1,2,
( 2(0, =)

respectively, where B, (0, \/LR) is the ball in R"2, centre 0, radius 1/v/R, then, by

stationary phase estimates again, we have
e _n=2 _1
fidw~ R 2 |z| 2

on a large portion of the slab

R? x B, _5(0, %ﬁ),

for some constant C (similarly for fj(fu) So by choosing a phase to translate f/lau and

m sufficiently we have

Fodo ~ Tl ~ R R = RF,
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on

BQ(O, g) X Bn_g(o, ?)

Substituting these estimates into (4.1) we get

TR (R7T)Y <R =R =,

which is (4.6). O

4.1.2 The Bilinear Restriction Conjecture Implies the Linear
Restriction Conjecture

Definition 4.8 We define ® : Q — R, where Q is the cube [—1,1]""!, to be an elliptic
phase function, if, for fired n > 2 and A > 0,||0°®||~ < A for all 0 < |o| < N, where N
is a large constant, ®(0) = V®(0) = 0, and, for all x € Q the eigenvalues of the Hessian
matriz of ® at x,0;0;(x), are contained in the interval [1 — 9,1 + &¢], for a constant
0<egyx 1.

Any smooth, compact, convex surface of non-vanishing curvature (in particular the
unit sphere) can be comprised of finitely many graphs of elliptic phase functions (after an

affine transformation) [27].

The implication of the linear conjecture by the bilinear one involves a technical com-
plication that requires a version of the bilinear conjecture that behaves well under scaling

of the surfaces over which the Fourier transform is taken (see [27] and [2] for details).
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Hence we also define the operator R* : L'(Q) — L®(R") by

R fla,) = [ o) pg),
Q

in other words, an extension operator associated with the surface {(y, ®(y) : y € Q)}.
Since the conditions for R g, (¢' x ¢ — %/) to hold are weaker than those for RE(p' —
q') to hold we can not expect the former to unconditionally imply the latter. However,
the following theorem does enable us to infer linear estimates from bilinear ones. The
proof we give is based on that found in [3], which is an interpretation of the method found

in [12].

Theorem 4.9 (Tao-Vargas-Vega 1998)

Suppose that S is as in definition 4.8 and that Sy and Sy are transversal subsets of S.

Ifp <

n n -+ . - . .
1 and p' > —1q and the conjectured bilinear inequality
n n—

||R*f1R*f2||L§’/2(Rn) S Hfl’|L;’(51)||f2|le}7(52)7

holds for all (];’, (;’) in a neigbourhood of (p',q'), then the conjectured linear inequality

||R*f||LP’(Rn) N Hf”Lq’(dw)’

holds for (p',q’).
To prove this theorem we need the following proposition of Bourgain and Guth:

Proposition 4.10 Let {S,} be a partition of S by caps of diameter approzimately 1/K

(where K is a large parameter), so F =Y F, where F,, = F - xs,. Then

Fdw(©)P S K2 3 R, dw(€) Py dw(€)]F + 3| Fadw(©)]”

dist(Saq ,Saq)21/ K
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Proof. (Motivated by [3]). For a given & € R™ either

(1) there exist oy, ag with dist(Sa,, Sa,) 2 1/K such that
Qo (§)], | Fap(©)] > K~ Vmax| Fodw (€)1,

or

(2) there exists ag such that whenever dist(Se,, Sq¢) 2 1/K
|Fadw(€)] < K~ Vmax| F,dw(é)|.

If (1) then
Fdw()] < Y |Fadw(€)] S K" 'max|Fodw(€)],

< KN F 0 dw(€) V2 Foy ey dw(€)]Y2,

1

P/

e S |Fndw(€) P dw(©)|®
diSt(Sal ,Sag)zl/K
If (2) then

Fdw(e)] < Y |Fadw(@)],

«

< Y RWE@+ Y R

a:dist(Sa,Saq)S1/ K a:dist(Sa,Sqq)21/ K

< max|Fydw(€)] + K"K~ Ymax| F,dw(€)],

- 1/p
< (Z\Fadww’) .

So we can conclude that

Fdo(©)F S KX 3 | Fpda(€) Fandw(©)]5 + 3 Fadw(©) 7,

dist(Say sSaq)21/K

O

45



We are now in a position to prove theorem 4.9. We prove it for p’ = ¢ > % which

implies the linear restriction conjecture for the full range of conjectured exponents.

Proof. (theorem 4.9) Integrating the inequality from Proposition 4.10 in £ € R™ we have

HFdeip/ < F2(n—1)p Z HFaldwFQdeHEPJ + ZHFadeip,. (4.11)
dist(Say ,Sap)21/K Lz o

Let C' = C(R) denote the best constant in the inequality
[ Fdwl| 1o (50,r)) < CIE || 1o (qw)

for all R > 1 and all F € L7 (dw). The purpose of using R here is to ensure the finiteness
of C'. Our aim is to show that C' < oo uniformly in R.

This inequality scales as ( [4] and [12])
* 2 —(n-1)
IR Fa”LP/(B(O,R)) S CK» ||F0éHLP'(dw)'

Note that we are now utilising the properties of the operator R*, introduced at the start of
this subsection, which are important in overcoming some technical difficulties associated
with this scaling (see [2], [4] and [12]).

With this inequality and F' = ) F, we can rewrite (4.11) (now in terms of R*F):

* / n— / —_ 12 2 277}_ n—1 ,
IR*F|?, < cK*"1r > | Foy dwFopdw|[), + cCK 7~V F|IP,.
dist(Say ,Saq)21/K

Note that the power of K in the second term on the right, i—? — (n — 1) is negative. So

we can set K to make the second term equal to an arbitrarily small constant, a. Now by
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the hypothesis of theorem 4.9 it follows that

n— / —_— /9 /
Fe2n—Dp 3 | Foy dwFopdw[2, < Allgl,
dist(Say ,Say) 21/ K
for some constant A = A(K). So, by the definition of C' we have C' < ¢A+ Ca and hence

C < oo uniformly in R as required. O

4.2 Bilinear Kakeya Estimates

This exposition is based on the material found in [4,27]. Suppose Ty, Ty are families of
d-tubes (as defined in conjecture 3.5) in R™. We allow the tubes within a single family to
be parallel. However, we assume that for j = 1,2 the tubes in T; have long sides pointing
in directions belonging to some sufficiently small fized neighbourhood of two, different,
standard basis vectors in S"!. We say such families of tubes are transversal.

Denote by K(q x ¢ — p/2) the bilinear Kakeya estimate

(=) (2v)

As for the restriction conjecture there is a bilinear analogue of the Kakeya maximal

2n _ 2(n—1) 1 1
Sor (T ) (#T2)u.

Lr/2(R™)

operator conjecture:

Conjecture 4.12 (Bilinear Kakeya) ]f% <=1 and "T_2+ <n—1then K(¢gxq — p/2)

2
p

holds.
Theorem 4.13 The above exponents are the best posssible

Proof. The first bound is obtained in a directly analogous way to that for the linear case
in subsection 3.1.2.
To show the necessity of the other bound we adapt the ‘stretched caps’ example used

to show (4.6). If we restrict our attention to the tube R x B,,_ then we will just be
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considering, at most, (#T)6" 2 = 676" 2 = ¢! tubes from each family and we will

have, also for each family, > x7 ~ 1 on a region of volume ~ §"~2.
TET

Inserting these estimates into K (g X ¢ — p/2) yields

2(n—2) 2n _2(n—1) _—2

(5pr q’ a

2n 2(n—1) 22(n—2)

]_551) qa’ q p

taking 6 — 0 we obtain

4.2.1 Wolff’s "Hairbrush’ Argument

We progress as in [27]. In this subsection we will use the notation A < B to denote the

estimate A < C.0 °B.

Theorem 4.14 For all n > 2 we have

n+2 n-+2 n-+ 2
K X — .
n+1 n+1 2n

Proof. We have to show that

2(n—1) n+l

S OnRT R (HT#T,) R,

A
(o)
s
|
4
e
3
S
et
&

2
L% (Rn)

n27n+l

< 0% (AT #To) 2. (4.15)
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It will suffice to show the weak-type bound

() ()=

n+42 n n+1

0" (HT I HT) 5 (4.16)

since (4.15) can be recovered by integrating this over all a of polynomial size. (4.16) will

follow from the estimate

n+2 n n+1

Bl S (oqag)™ 206

where FE is defined as

Z XTI > anq, Z XTz > 052}

T1€Tq To€eTy

since

{:v: <ZXT($)> (Zm(w)) > a} c U {x: D oxr(r) 22,) xrle

TeT, TeT, 1§2k1 55*("*” TeT, TeT,

(ie. ap = 2M and ay = 27" ), and so

() ()]

S Y oETEEHTAT,) S

150415(57("7”

DY

lﬁalfﬁ_(n_l)

{ZXTNah ZXTN_}'

TeT TeT,

n+2 n n+1
< o 2n 5

(#T#T) e

Let

- 1040y 0| E
T,={TeTi: ¥ AT E| > 2l El

|3
Tj GTj #T]
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fori=1,j=2andi=2,5 =1.

We observe that [1]

ozloz2|E\ 1 a1a2]E|
E E 2 & NLNE| | 22—
/E n 2 wn 2 grm g 2 | L MNBNE 2 gr

T ETI T2€To T2€To T16f1

Now we can say

/ > xn Y xn 2 aaslEl,
E

T €Ty TyeTs
and this implies

> /ZXTl 2 cias|El.

TQGﬁQ »NE Th Eﬁ‘l

Hence there exists a tube 79 € T, (the ‘handle’ of the brush) such that

TONE T1€Ty #T2
a1a2|E|
Z X1, Z
< #T2
TQO T€Ty

By affine invariance we can take the handle as the vertical tube through the origin.
Now let

T‘?:{TIEﬁH:TlﬂTS#@},

(these are the ’bristles’ of the brush). Then we can observe that

Ty N E| > A\o™ 1, (4.18)
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for all T} € 'ﬁ'(l); and that

#T9 > 6 o\, (4.19)
where
o | B
Aj = Ln‘_l
#T;0

for j = 1,2. Let  range dyadically between \; < 8 < 1 and for each such beta let I's be

the cylindrical region

Iy = {(yym) : |yl ~ B}

Thus we can rewrite (4.18):

> INENTs 2 A"

ASBS

for all T, € TY.

Now, we have 1 < ay, ag < 0~V since 1 < #Ty, #Ty < 6~V s0

(041042)7%12 nlontl > 5(n—1)(”—2)_M

If |E| < 0™°, then

_n277z+1 n+2 n27n+1

1B] < 6@ D052) "5 < (anan) 500"

and there would be nothing to prove, so without loss of generality we can assume |E| >
51’L10

We can therefore say that, since #T;6" ! < 1,

O./1|E| 10
A = > 5
1 4T, on1

o1



and so there are O(log(1/)\1)) such dyadic s, and therefore there exists a 5 such that

/\lén—l
T"NENIg 2 ——
HOENEIR gy

which is the same as

Ty NENTg 2 N6 (4.20)

Further, we can refine T9 so that (4.20) holds for all T} in the refined T¢; henceforth this
B is considered fixed.

The tubes in ’i‘? are d-separated in direction. It will suit our purposes to work with
a set of directions of greater separation: we define 'ﬁ‘? to be any d//-separated subset of

ﬁ‘?. Note that we have the estimates
#T0 2 74T (4.21)
and
B2 A (4.22)

Let © be a §/8-net of the unit sphere S"~2 in R"~!. For each T € iI\‘[l), we can isolate

an element § = 07 of © by imposing the condition

10— S 6/8 (4.23)

@l

where w is the angular separation of T' from the basis vector to which the directions of
the family T; belong to a neighbourhood of. Recall that |w| ~ 1 for all T € T¢. From

simple geometrical considerations and since each 7' € ’]Af‘(l) intersects Ty we see that, for
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each T € ’i‘?, T'N I3 is contained in the slab II, given by

s

Iy = {(g7yn : ‘Q’ ~ ﬁ7||y|

— 01 < 9/8}-
Define ’T?’e as
T ={TcT):0r =6}

We consider the quantity

Q:/ ZXT-

ENt, TET),

We will estimate ) in two different ways: firstly, from the fact that, for each T" € ’i‘?,

T N I is contained in the slab Iy and (4.20) we have
Ty N ENTly| > A6t
for all Ty € 'ﬂl:'(l)ﬁ. If we sum this over the tubes T?ﬁ we have
Q 2 #T9 6" (4.24)

We can also estimate ) using the Cauchy-Schwarz inequality:

2\ 1/2

asipnm?| [ | X w

Ently| \TETY,

If we now square both sides and rewrite the integrand as the sum of the diagonal and
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off-diagonal term we have

Q? /
— < TNT NENI. 4.25
|E NI ™ Do |+ D 0l (4.25)

~ ~ ’
Bnlly| T€T), TeT), T#T

We observe that the first term on the right is just Q. By some elementery geometry [20]
we have

571
TNnT|<—m——

where w and ' are the directions of 7" and 7". Thus (4.25) becomes

Q0
|ENTI,| s

TO T#T'

Now, we can place an upper bound on the number of tubes from one indexing set, 7",
that have angular separation less than a given parameter from a member of the other
indexing set 7". This comes from our condition (4.23): for each T, the number of 7" such
that |w — w'| ~ 277 is at most 1/(276/f3) for any j. If we let 2/ range over §/8 < 27 <1
we can rewrite the above estimate, involving a double summation, as one involving just

one:
QQ 1 5"
Frm 0T 2 #T 10955/325"

§/B8<2i<1

and since the number of such j is logarithmic, this is simply

1 < l n #ﬁ?,eﬁ(sn_l
[ENT ~ Q Q?

Combining this with (4.24) we have

L #T | #TI,p
Bl ™ | BT, of|B2(TY,)?

Y

o4



1 on|E[#T + #Tipom
|E Nyl ~ of | B|2#TY,,

Using the hypothesis (4.22) we obtain

ENTl| > 04%|E|2#T(1),9

)\%#T?,eén_l

ENT,| >
| | 5

Since the 1y are essentially disjoint we have

N# T

Bl >
E|l 2 5

From (4.21) and (4.22) we have
|B| 2 BN T8,

|E| 2 #TO\6" 1,

or

~ (an|E\" )
E| > TO (al, ) 57(n71) )
‘ | ~ # 1 #Tl

Combining with (4.19) this yields

2
O{gz—i—loéz|Ev|n+1(&)‘f(n71) —-n

(#T1)"#T,

ElZ

By a completely symmetrical argument we arrive at

2
ag+1a1|E’n+15—(n—1) —-n

B2 =y,
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If we take the geometric mean of the last two estimates and rearrange we, finally, have

ntl nt2 n2_nal

|E] S (#T1#T2) 2 (anag) 200 = .
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CHAPTER b
THE LATEST DEVELOPMENTS IN THE

FiELD

As stated in the introduction, the role of curvature in the restriction problem has been
central since Stein’s observations in the 1960s. The bilinear approach of the 1990s sought
to exploit this role in a more geometric way than had been attempted previously by
incorporating the concept of transversality. Indeed, for n = 2, only transversality is
required for the bilinear restriction problem: curvature is no longer required (see [3]).
However, for n > 3, the roles of curvature and transversality are ‘intertwined’ and we
can no longer dispense with the curvature hypothesis. This naturally leads, see [4], to a
multi-linear approach, i.e. k-linear, where 2 < k < n.

For the case k = n, i.e. the n-linear case we have the following analogue of the bilinear

restriction conjecture:
Conjecture 5.1 (Multilinear restriction) If S, ...,S, are transversal then for % < =

and £ < 2=1L we have
q n p

[frdw - fudoll g gy S WFillzecsyy - [ fullresn)-

Note that curvature does not feature in this conjecture.
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The following ‘weak’ version of this conjecture was proved in [4]

Theorem 5.2 (Near optimal multilinear restriction) With the same hypotheses as Con-

jecture 5.1, for each € > 0 we have

Ifideo-- fndWH so.ry ~ WAl - [ falles.,
)

forall R > 1

A slight refinement of this theorem is, see [3],

Theorem 5.3 (Refinement of theorem 5.2) With the same hypotheses as theorem 5.2

there exists a constant k < oo such that

1o Tl oy S (108 R illiogsy -~ I fullzns.

forall R > 1

Similarly there is a multilinear analogue of the Kakeya maximal operator conjecture:

Theorem 5.4 (Multilinear Kakeya) If "~ < p < oo then, for transversal families of

tubes Ty, ..., T, we have

n d
1| 2 < [1er#t)).

j=1 \TeT, LBany 971
This was proved up to the end-point in [4] and for the end-point in [19] and [14]. As was
shown in subsection 3.3 the linear restriction conjecture implies the linear Kakeya maximal
operator conjecture. It is not known if the reverse implication holds but, interestingly,

it was shown in [4] that at the n-linear level theorems 5.3 and 5.4 are equivalent. The
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same Rademacher-function argument can be applied to show that the n-linear restriction
conjecture implies the n-linear Kakeya maximal operator conjecture.

Until 2010 the best linear restriction estimates were obtained via bilinear ones. In [12]
Bourgain and Guth devised a mechanism for which linear estimates can be obtained from
multilinear ones and which is able to use input from progress on the Kakeya problem
(i.e. Wolff’s best Kakeya estimate). For instance, following a similar argument to that in
the proof of theorem 4.9 they were able, using the trilinear restriction conjecture in three

dimensions, to show that, for C the best constant in

| fdwllzeBo.r) < CllfllLedw),

we have

C < s KM% 4 Cz(K/)powerK%_%Kg_2C + (H(KI)S_QC,

where c1, ¢co and ¢3 are constants and K, K’ are sizes of caps. Taking K’ and K sufficiently
large gives C < oo uniformly in R > 1 for p > ¢ and ¢ > 3.3. This, to date, is the best

linear estimate in 3 dimensions.
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