CARDINALITY OPTIMIZATION PROBLEMS

by

MOHAMMAD JAVAD ABDI

A thesis submitted to
The University of Birmingham
for the degree of
DocCTOR OF PHILOSOPHY

School of Mathematics
The University of Birmingham
May 2013



ABSTRACT

In this thesis, we discuss the cardinality minimization problem(CMP) and the cardinal-
ity constraint problem, which have attracted plenty of recent attention across various
disciplines. These problems have a wide range of applications in such areas like signal
processing, control theory, finance, economics, statistics and principal component analysis.
Due to the NP-hardness of these problems, we discuss Lagrangian and SDP relaxations,
reweighted [;-techniques, smoothing, linearization, and d.c. programming techniques for
finding an approximate solution to these problems. We also discuss the /;-minimization
as one of the most efficient methods for solving CMPs, and we demonstrate that the
[;-minimization uses a kind of weighted ls-minimization. Through theoretical, geomet-
rical and numerical methods, we show that the reweighted [;-minimization (j > 1) is
very effective to locate a sparse solution to a linear system. Next, we show how to intro-
duce different merit functions for sparsity, and how proper weights may reduce the gap
between the performances of these functions for finding a sparse solution to an undeter-
mined linear system. Furthermore, we introduce some effective computational approaches
to locate a sparse solution for an underdetermined linear system. These approaches are
based on reweighted /;-minimization (j > 1) algorithms. As a special case of reweighted
approaches, we focus on the reweighted /;-minimization. We introduce several new con-
cave approximations to the [p-norm function. These approximations can be employed to

define new weights for reweighted /;-minimization algorithms. We show how the change



of parameters in reweighted algorithms may affect the performance of the algorithms for
finding the solution of the cardinality minimization problem. In our experiments, the
problem data were generated according to different statistical distributions, and we test
the algorithms on different sparsity level of the solution of the problem. As a special case
of cardinality constrained problems, we also discuss compressed sensing and restricted
isometry property(RIP). We illustrate how the problem of finding the restricted isometry
constant(RIC) is related to an optimization problem with cardinality constraints, and we

discuss some techniques for an approximate solution to these problems.
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CHAPTER 1

INTRODUCTION

We study the following optimization problems:

Minimize Card(x)
(1.1) ‘
s.t. v € F,

and

Minimize f(z)

xT

(1.2) s.t. Card(x) <71

x e F,

where f(x) is the objective function, x is a vector, 7 is a constant, and F is the feasible

set. We may suppose that F is a linear or nonlinear convex set or even a nonlinear and

non-convex set.

We refer to the problem (1.1) as the cardinality minimization problem(CMP), and we

refer to (1.2) as the cardinality constrained problem(CCP). These problems are known

as NP-hard problems [62, 135, 31, 103, 51}, i.e., they are computationally intractable in

general.



Cardinality minimization problems(CMPs), and cardinality constrained problems(CCPs)
have many applications in finance [97, 35, 126], where the cardinality constrained defines
some bounds on the number of the assets, or sets the portfolio proportion. CMPs and
CCPs have also lots of applications in signal and image processing [22], and compressed
sensing [11, 50]. Compressed sensing tries to recover the vector (signal) x € R™ using
an observed vector (signal) b € R™ by solving A,z = b (m < n). CMPs and CCPs
have found many applications in statistics and principal component analysis(PCA) as well
[47, 154]. PCA is often used to reduce the dimension of a model, or in other words, PCA
tries to compress the data without losing much information. Usually PCA is reformulated
as an optimization problem on eigenvalues. We will discuss some special cases of PCAs
in chapter 6.

In general, cardinality minimization problem(CMP) (1.1) is looking for the sparsest
solution (i.e, a vector with the maximum number of zeros) to a mathematical program.
A special case of the CMP is the problem of finding the sparsest solution to an under-
determined linear system of equations, which have found so many applications across
various disciplines, including signal recovery and image processing. Excellent surveys
about compressed sensing can be found in [50, 33, 22].

As normally used in the literature, we use ||z||o or card(x) or lp-norm to denote the
cardinality of the vector x. Clearly, the sparsest solution of Az = b is the solution to the

following problem:

Minimize ||x]|o
(1.3) ’
s.t. Ax =0,

where A € R™" (m < n) and b € R™. Obviously, in this case, Az = b defines an

underdetermined linear system of equations, which has infinitely many solutions.



The old methods for solving the above problem are mostly based on least squares, or
structured total least norm [85, 68, 134, 118]. The least square problem can be written

as follows:
(1.4) Minimize ||Az —b||2 s.t. x € R™

This problem is an unconstrained convex problem, and its optimal solution minimizes the
residuals, r = Ax — b. The most common application of the least square method is in
data fitting and linear and non-linear regression problems [98, 139].

The most well known heuristic approach for solving the problem (1.3) is to replace

|z]lo by ||z||1, and solve the following convex problem:

Minimize ||z||;
(1.5) ‘
s.t. Ax = b,

which is called the basis pursuit problem. This problem has lots of applications, espe-
cially in signal processing [41, 58, 30, 22, 123, 26]. Except for solving the problem (1.5),
sometimes greedy methods are also used in the literature. These methods include the or-
thogonal matching pursuit(OMP) [132, 55]. OMP algorithm starts with a sparse solution
and then searches for a sparser solution iteratively. This procedure finds an approximate
solution to the problem by linear combination of some selected columns of matrix A.
To find a sparser solution, at each iteration some new column is added to the existing
columns to build a possibly sparser solution. OMP is a relatively strong algorithm to solve
CMPs, however the [;-minimization is more successful than OMP algorithms in finding
a sparse solution, in many situations [51, 131]. Therefore, we discuss the /;-minimization

with more details in chapter 4.



It is worth mentioning that the combination of the problem (1.4) with /;-norm con-
straints has been considered by Tibshirani in 1995 [129]. This problem is called LASSO-

type problem, which can be cast as

Minimize ||Az — b]|2
(1.6) ’
st ||z < 7

This problem has found many applications in regression selections [137, 145]. The uncon-

strained version of the LASSO-type problem can be written as follows:
(1.7) Minimize || Az — b2 + Al|z||1, = € R,

where X > 0 is a penalty parameter.

As mentioned, the [;-minimization is considered as one of the most successful methods
to locate a sparse solution to a system of linear equations. So, seeking for even more effec-
tive algorithms than the [;-minimization is one of the developing and ongoing researches
in this area. Numerical experiments show that the reweighted /;-minimization outperform
the /;-minimization in many situations [152, 82, 34, 140, 37, 43].

Candes, Wakin, and Boyd [34] proposed the following reweighted /;-algorithm (CWB-

algorithm):
2! = argmin Z %\:M
(1.8) = |l e
s.t. Az = b,

where [ is the number of the iteration, and z! is the " component of the solution from



the I iteration. The term can be interpreted as the penalty, which encourages the

1
|t |+e
small component to tend to zero quickly if possible. We will discuss the CWB-algorithm
with more details in the chapters 4 and 5. It is shown in [61] that after enough number

of iterations, the problem (1.8) may solve the following problem:

Minimize Z log(|z;| + €)
(1.9) i

s.t. Ax =b.

In [140], it is demonstrated that if € is set to be zero in the problem (1.9), then the iterative
reweighted [o-method for solving this problem can be interpreted as the FOCal Under-
determined System Solver algorithm (FOCUSS algorithm). The FOCUSS algorithm was
first introduced by Gorodnitsky, Rao et al [115, 71, 70].

Here we should mention that the cardinality minimization problem over polyhedral
sets was considered by Mangasarian in 1995 [96]. He approximated the cardinality func-
tion (||z|lo) with a smooth concave exponential approximation, and used a finite linear-
programming-based iterative method (successive linearization algorithm) to solve the
problem [21, 94]. Also, he proved that this algorithm converges to a stationary point
(vertex point) of the approximation problem after a finite number of iterations.

Recently, Zhao and Li [152] also used concave approximations to the cardinality func-
tion and proposed a unified framework to construct reweighted [;-algorithms. They illus-
trated how to define merit functions for sparsity. These merit functions are some proper
concave approximations to the function ||z||o, and minimizing such functions may lead us
to a sparse solution of the problem. Also, they defined range space property(RSP) for the
matrix A, under which their algorithm may converge to a sparse solution. In chapter 5,

we will focus on the method proposed by Zhao and Li [152], and we will construct more



new concave approximations to the function ||z||o and we will explain how to define more
new reweighted [;-algorithms along the line in [152].

The reweighted [;-minimization is a new topic in the field of optimization and ap-
plied mathematics, but reweighted least squares methods(RLS) have been introduced by

Lawson in 1960s [84]. The RLS problem can be written as follows:
(1.10) 2" = argmin wa(A:z:l —b)?,
i=1

where (Az' — b); is the i"* component of the residual at the iteration [, and w} € R”
is the weight. Reweighted least square problems have been extended to [,-minimization
(0 < p < 1), which is non-convex problem [42, 43]. RLS has many applications in
maximum likelihood estimates problems [5], and robust regression [111]. Note that RLS
can also be considered as the reweighted ly-algorithm [70, 38, 63], which will be discussed
in chapter 4. We show that the [;-minimization itself is a kind of weighted [,-minimization,
which is hidden inside the [;-norm function. We also give some theoretical, geometrical,
and numerical explanations for promoting weighted approaches. Hence, we will consider

the following general form of weighted /;-minimization problems:

2" = argmin ||[W'z||;

(1.11)
s.t. Ax = b,

where j > 1, and W' is a diagonal matrix at the iteration [, with the weights on its
diagonal. Note that in this thesis, the iterative weighted problems are called reweighted
problems, i,e. weights are updated in each iteration. In chapter 4, we mainly focuss on

the case when j > 2, and we will focuss on reweighted /;-minimization in the chapter 5.



1.1 Outline of the thesis

In chapter 2, we review some basic concepts of convex optimization problems, duality
and semidefinite programming. Besides, we discuss rank minimization problems(RMPs)
briefly, as these problems are closely related to the cardinality minimization problem.

In chapter 3, we start with the optimization problems with cardinality constraints.
Different SDP relaxations are provided based on Shor’s lemma for these problems. Next,
we proceed with the cardinality minimization problem(CMP) under non-convex quadratic
constraints. We apply reformulation techniques combined with Lagrange duality methods,
and Shor’s lemma to relax the CMP to an SDP form. Furthermore, we show how the CMP
can be cast as a bilevel optimization problem. Also, we discuss the /;-minimization and
reweighted [;-methods for finding an approximate solution to the CMP. We introduce a
continuous approximation to the ||z||o-function, and we explain how to apply linearization
methods combined with the reweighted [;-minimization method to get an approximate
solution to the CMP. We continue to develop the reweighted minimization approaches
in chapters 4 and 5. Finally, in chapter 3, we review branch and bound algorithms
and subgradient methods. We also provide some numerical experiments based on these
methods.

In chapter 4, we discuss the /;-minimization and reweighted /;-minimizations (j > 1)
in details. To motivate the weighted approaches, we first show that a certain weighted
l[o-minimization is hidden inside the /;-minimization, and through theoretical, geometrical
and numerical studies, we prove that weighted approaches are very effective to locate a
sparse solution to a linear system. Also, we illustrate that choosing proper weights may
reduce the gap between different merit functions for sparsity. In addition, we demonstrate
how to construct different new merit functions for sparsity, and how to introduce new

effective weights to reweighted algorithms by applying different merit functions. In this



chapter, the choice of the parameter € in the weights will be also discussed, and the
performances of different algorithms will be compared through the numerical experiments.

In chapter 5, we focuss on reweighted [;-algorithms. We introduce different new con-
cave approximations to the ||z||o-function, and we show how to generate more approxi-
mations to the ||z[|o-function, and how to introduce new reweighted l;-algorithms based
on these approximation functions. Besides, we show how the change of parameters in
reweighted algorithms may affect the performances of the algorithms to find the sparsest
solution of the cardinality minimization problem. In our experiments, the problem data
will be generated according to different statistical distributions (as in the literatures usu-
ally normally distributed matrices are discussed), and we test the algorithms on different
sparsity levels of the solution of the problem.

In chapter 6, we discuss some topics on compressed sensing and restricted isometry
property(RIP). Following that, we explain how the problem of finding the restricted isom-
etry constant(RIC) is related to a sparse eigenvalue problem, which itself is a cardinality
constrained problem. Next, to find an approximate solution to RIC as a special case of
the cardinality constrained problem, we study such methods as relaxation, smoothing,
and d.c. programming techniques.

Finally, in chapter 7, we summarize the main results of this thesis.



CHAPTER 2

PRELIMINARIES

In this chapter, we review some basic definitions and concepts of conic and semidefinite
programming, [12, 20, 110, 75]. Also, we discuss rank minimization problems briefly, as

these problems are closely related to the cardinality minimization problem.

2.1 General optimization problems, duality, and KKT

conditions

An optimization problem in standard form is defined as follows:

Minimize fy(x)
(2.1) st fi(z) <0, i=1,...p,
hl<.’IJ> = O, 1= 1, . q,
where x € R" is the optimization variable. f;: R™ — R is the objective function, and the

functions f; : R® — R and h; : R® — R are called inequality constraint functions, and

equality constraint functions, respectively.



The Lagrangian L : R™ x R? x R? — R associated with the problem above is

Lz, A\ v) = folz) + Z Aifi(z) + Z vihi(z),

where the vector A = (A, ..., \,) and v = (v, ..., 1,) are the dual variables or Lagrange
multiplier vectors associated with the problem (2.1).

The Lagrangian dual function, g : R? x R? — R, is defined as the minimum value of
the Lagrangian over z, i.e., for A € RP and v € RY, we have

g(Av) = inf L(z, A, v),

where L(x,\,v) is the Lagrangian defined above, and

F = (ﬂ dom(fﬁ) N (ﬂ dom(hi)) .

=0

For each pair (A, v), where A > 0, the Lagrangian dual function provides a lower bound
for the optimal value of the problem (2.1). Hence, looking for the best lower bound leads

us to the following optimization problem:

Maximize g(A,v)
(2.2) A
s.t. A>0.

The above problem is called the dual problem associated with the primal problem
(2.1).

Assume that f;, Vo = 0,...,p, and h;, Vi = 1,...,q are differentiable in the primal
problem, and let z* and (\*,v*) be any primal dual optimal points with zero duality

gaps, i.e, there is no gap between the optimal solutions of the primal problem and the
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dual problem. Since z* minimizes L(z, \*, v*) with respect to z, then at z* we have
p q
i=1 i=1

Therefore, (z*, \*, v*) satisfies

(2.3) \F >0,

The above conditions are called Karush-Kuhn-Tucker(KKT) conditions. For any op-
timization problem with differentiable objective functions and constraint functions for
which the constraint qualification holds, the optimal points must satisfy the KKT con-
ditions. So, KKT conditions are necessary for the point (z*, \*,*) to be optimal. If
the primal problem is convex, then KKT conditions are also sufficient conditions for the
points to be optimal.

In the next section, we simply review convex optimization problems. More discussions

about duality theory can be found in the conic optimization section.

2.2 Convex optimization

Definition 2.1. (Convex set)

A subset C in R" is convex if

(2.4) ar+(1—a)yeC, Ve,yeC, 0<a<l.
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The set {az + (1 — a)y : a € [0,1]} represents the closed line segment between z and

We call a point of the form Zle a;z;, where Zle aj=1,and a; >0, Vi =1,....k
a convex combination of the points xy,...,x;. Clearly, a set is convex if and only if it

contains all convex combinations of its points.
Example 2.1.

o An empty set, a singleton and the whole space R™ are the simple examples of convex

sets.

o Affine subspaces of R" are convex. In particular, a polyhedral is a conver set, since

it 1s the solution set of a finite system defined as Az < b.

e Fuclidean balls and ellipsoids are conver. An FEuclidean ball centered at a with a
radius r 1is

{z:|lz —alls <7},

where || - ||2 is the standard Euclidean norm, ||x|lo = VaTxz. An ellipsoids centered

at a, with a given matriz () € R™*"™ is
{r e R":||Qx —a)ll3 < 1}.

Definition 2.2. (Convex hull)
Let K C R™ be a nonempty arbitrary set. The intersection of all convex sets containing
K, is the convex hull of K. In other words the convex hull of K, denoted by Conv(K), is

the smallest convex set containing K.

The convex hull of m + 1 affinely independent points zg, x1, ...z, € R™, (i.e., x1 —

X, -y Ty, — Xo are affinely independent) is called a m-dimensional simplex, defined as

12



follows,
Conv(xg, ..., Ty) = {Z ;T Zai =1,q; > 0} )
i=0 i=0

Definition 2.3. (Convex function)

f:R" = R is a convex function, if dom(f) is a convex set, and
FO@+ (1= Ay) < Mf(@)+ (1= Nf(), Yo,y € dom(f), 0<A< 1.

Example 2.2. If |- || : R* — R is a norm, and 0 < o < 1, then from the triangle

inequality and homogeneity of the norm we have
o + (1 = a)yl| < flazx| + (1 = a)yll = aflz]l + (1 = a)llyl],

so, the norm is a convex function.

Here we review the first and second order convexity conditions. First order convexity
condition for a differentiable function f is as follows:

f is convex, if and only if dom(f) is convex, and

fy) > fx)+ V) (y—x) Vo,y e dom(f).

If f is twice differentiable, the second order convexity condition is as follows:

f is convex, if and only if dom(f) is convex, and
V2f(x) = 0 Va € dom(f).

Example 2.3. The function

f:R" =R

13



1
flz) = ixTB:U +a'z +c,
where B € 8", a € R, c € R, is convex if and only if B = 0, since V*f(x) = B.

Definition 2.4. (Quasiconvex functions)
f: R" — R is quasiconver if the domain of f and its sublevel sets {x € dom f :

f(z) < B}, for B € R are convex.

Quasiconvex functions can also be defined by the following expressions:

A function f is quasiconvex if and only if its domain is convex, and

flax + (1 = a)y) <max{f(x), f(y)}, Va,y€dom(f), 0<a<1,

and f is quasiconcave if

flaz + (1 —a)y) > min{f(z), f(y)}, Vz,y € dom(f), 0 <a <L

Example 2.4. Cardinality function on R’} , and rank function on S, are quasiconcave.

In fact,

Card(xz +y) > min{Card(z),Card(y)}, x,y >0,
Rank(X +Y) > min{Rank(X), Rank(Y)}, X, Y € S,
where S denotes the cone of the positive semidefinite matrices.

In general, a convex optimization problem is of the form

Minimize f(x)

T

st. g(x) <0,
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where f, g are convex functions. Roughly speaking, minimizing a convex function over a
convex set is called convex programming.

If one can reformulate a problem as a differentiable convex optimization problem, then
it can be solved efficiently, in general. However, reformulating a problem as a convex opti-
mization can be challenging. Heuristics based on convex optimization have an important
role for solving non-convex problems. As we will see in chapter 3, one of the goals of
this thesis is to study the convex optimization problems based on heuristic methods for
cardinality minimization and cardinality constrained problems. For example, one of the
methods for solving the CMP problem is to apply /;-norm heuristics.

Next, we are going to introduce conic optimization. Before doing so, we need some

basic definition and facts.

2.3 Conic optimization and duality

Definition 2.5. (Cone)

A cone K C R"™ is a proper cone, if it satisfies

1. K is nonempty and closed under addition, i.e.,
a,be K=a+be K,
and K 1s a conic set, i.e.,
ac€ K,v>0=vae K,

(if these two conditions hold then K is conver),
2. x € K, and —x € K = x =0, which means K 1is pointed,

3. K has nonempty interior, int(K) # ¢,
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4. K s closed.

If 1,2 above hold then K is a pointed convex cone.

The partial ordering using a pointed convex cone K, denoted by >k or >, can be
defined as:

a=bea—-b>-0<a—-be K.
Example 2.5. (Some examples of cones)
o The nonnegative orthant RT = {x = (21, ...,x,) € R™ 1 2; > 0,9 =1,...,m} in R".

e Lorentz or second order cone or ice cream, defined as,

mo.__ _ m.
L™:=¢ z= (21,22, e, Tm_1,Tm) € R™; 2, >

e The semidefinite cone ST, equipped with Frobenius inner product, and defined in the

space of m x m symmetric matrices.

For more explanation about the last example above, we need to introduce Frobenius
norm, which is based on the concept of inner product. Frobenius norm is used in semidef-

inite optimization.

Definition 2.6. (Inner product)

Define the linear vector inner product as follows,

(z,y) = 2"y.

where the x,y are the vectors with the same dimension. Matrixz inner product can be

computed using vectorization of the matrices. For an arbitrary m x n matrix Y =
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( Yis oo Un > , where y;’s denote the columns of Y, we may define,

vecY =

Yn

Then the inner product of two matrices X and Y with the appropriate dimensions will

be defined as follows:
(Y, X) = tr(YTX) = (vecY)TveeX = 17(Y o X)1,

where 1 1s a vector with all its components equal to 1, and o represents the Hadamard

Product of the matrices, [69].

Definition 2.7. (Frobenius norm)
Assume that X € R™*™ is a mormal matriz, i.e., it has a complete normal set of

eigenvectors [146]. Then Frobenius norm is defined using vector inner product as follows:
1X|[F = [lveeX][5 = (X, X) = tr(X"X) = > o(X)],

where 0(X); is the ith singular value of X .

Now, we are ready to represent the general conic optimization problem. Denote E
as an Euclidean space with finite dimension, equipped with both inner product (.,.) and
partial ordering (= or >k), and let K be a proper cone in E. ¢ € R" is the objective,
b € E, and *+ — Az is a linear mapping defined with a A,,., matrix. Then the conic

optimization problem(CP) is in the form of

(2.5) min{c’z : Az = b}.
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Obviously, the linear programming(LP),
(2.6) min{c’z; Ax > b},

is a special case of (2.5), in which E and K are replaced with the whole real space and
its nonnegative orthant respectively.

One of the important systematic ways for finding a lower bound for the optimal value
of a linear program is to use LP duality [15]. The main idea in LP duality is to add
a weighted sum of the constraint functions to the objective function to achieve the La-
grangian, then the minimum value of the Lagrangian over x is called the Lagrange dual
function. Applying the above method to the linear programming (2.6) and denoting the

weighted vectors with w > 0, we have

wl Az > wa,

Tz. Hence, to achieve the best

Obviously, if ATw = ¢, then w?b is a lower bound for ¢
lower bound one should solve

max b w.
ATw=c,w>0

One can use the same methodology to build a dual for a conic problem (2.5). Note

that the weight vectors, in this case, should be chosen from the dual cone, which is defined

as follows:
(2.7) K'={weE: (wk)>0VkeK}.

Note that in the LP dual problem the weight vectors have been chosen from the

nonnegative orthant, which is a convex set.
Proposition 2.1. Dual cone is always convex even if the cone itself is not convex.
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Proof. As we have seen, the dual cone is defined as

(2.8) K*={wecE:w'k>0,VkcK}.

Assume that w, z € K*, then for any k£ € K, and 0 < o < 1, we have

(aw+ (1 —a)2)Tk = aw’k + (1 —a)z"k >0,

so aw + (1 — o)z € K*. Hence, K* is convex.

O

As an example, note that nonnegative orthant is self dual, i.e., R? = (R7)*, so
is the cone of semidefinite positive matrices, which is a nice property for semidefinite
programming. To derive a dual problem for the conic problem (2.5), the weight vectors

should be chosen from K* and repeat the same procedure as for LP dual to get:

(2.9) max{(b,w) : ATw = c,w € K*}.

Recall that, w € K*, means w >k 0.

The following theorem illustrates the importance of Lagrange duality.

Theorem 2.1. (Conic duality theorem) [12]

For the conic problem (2.5) and its dual (2.9) the following statements hold.

o The duality is symmetric.
o cl'x — (b,w) >0 for all feasible points.

o [f the primal conic problem(CP) is bounded below and Slater’s condition holds (i.e.,
the problem is strictly feasible), then the dual is solvable and the optimal values are

equal.
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o [f the dual problem is bounded above and Slater’s condition holds (i.e., the dual
problem is strictly feasible), then the primal conic problem is solvable and the optimal

values are equal.
e [f one of the problems (primal or dual) is bounded and strictly feasible, then the pair
(z,w) is the optimal solution to the primal and dual respectively, if and only if

cx — (byw) =0,

which means the duality gap is zero, and

if and only if
(w, Az — b) =0,

which means that the complementary slackness holds.

Before we proceed to semidefinite optimization, let us discuss a bit of conic quadratic

representable sets.

Definition 2.8. (Conic quadratic representable sets)
We say a set X C R" is Conic Quadratic representable(CQr), or it can be represented

using conic quadratic inequalities, if there exists a finite system S with the form of

A, —b; >pm; 0,

where x € R™ and additional variable u, such that X is the projection of the solution set

of S onto the x-space.
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Or in a shorter form one can write,
x .
reX & du: A —b; >pm; 0, j=1,...,N.

Every such a system S is called a Conic Quadratic Representation(CQR) of the set
X. If a function f is Conic Quadratic(CQ) representable, then so all of its level sets,
and every Conic Quadratic(CQ) representable (of the epigraph of f) explicitly induces

CQ-representation of the level sets. Recall that the epigraph of a function f is defined as
Epi(f) ={(z,t) e R" xR : f(z) < t}.

Suppose that we have a CQr of the epigraph of f. Then

f(x) <t e Ju: ||z, tu)| < lz,tu), j=1,.., N,

where §; is a vector valued affine function, and ¢ is a scalar valued affine function. The
inequality on the right hand side above has been achieved directly from the definition of
the second order cone.

In the next section, we review semidefinite optimization concepts, which is a special

case of conic optimization.

2.4 Semidefinite optimization

Definition 2.9. (Positive semidefinite matrices)
The matriz A € 8" is positive semidefinite if 7 Ax > 0 for all x € R™,where S" is the

space of symmetric matrices.

Replacing > with > above leads to the definition of a positive definite matrix.

It is not hard to see that if A € S™, then the following statements are equivalent.
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e A0,
e \(A) >0 Vi=1,..., Rank(A),

A = CCT for certain rectangular matrix C, for such C, Rank(C) = Rank(A),

o A= LLT for certain lower triangular L, Rank(L) = Rank(A),
e (A,B)>0,VB e S".

Semidefinite programming is a special case of conic programming, which can be defined
as optimizing a linear objective over the cone of positive semidefinite matrices with linear
matrix inequalities(LMIs) [109]. Replacing K with the cone of positive semidefinite m xm
matrices S in (2.5) and defining a linear mapping A : R" — S™ yields the following

generic semidefinite optimization problem:

(2.10) min{c’z : Az — B = 0},
T

where 7 =7 means ” >g 7 and

Axr = Z%‘Ai, A;eS"i=1,..,n.

1=1

As we have seen, a semidefinite program for a variable x € R™ can be also cast as

Minimize ¢’z

(2.11) g
s.t. A(z) = 0,

where A(z) can be defined as follows:

(2.12) Ar) = Ao+ ) miA;,
=1
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with ¢ € R™, and m + 1 symmetric matrices Ay, Ay, ..., A,, € R™*™,

The inequality A(x) > 0 is called linear matrix inequality(LMI). Note that the optimal
solution z* of the problem (2.11) is on the boundary of the feasible region, so, A(z*) is
singular.

Semidefinite programming(SDP) can be considered as an extension of linear program-

ming(LP). The following example illustrates this.

Example 2.6. As a special example of an SDP consider the following linear program(LP):

Minimize ¢ x
(2.13) v

s.t. Dx+b>0,

where, > is componentwise. Since the both sides of the inequality are vectors, obviously

the following holds,
Dx+b>0< A(x) = diag(Dx +b) = 0,
i.e., in (2.12) we have
Ap = diag(b), A; =diag(d;), i=1,...,m,

and D = [dy, ..., dy,] € R"™™. So, one can reformulate the problem (2.13) as the following
SDP:

Minimize ¢’ x
(2.14) v

s.t. A(z) = diag(Dx +b) > 0.
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The above example illustrates that SDP can be considered as an extension of LP,
with replacing the componentwise inequalities with matrix inequalities. In other words,
replacing the first orthant in LP, with the cone of semidefinite positive matrices, can be
resulted in SDP problem. Another point about the relationship between SDP and LP is
that the matrix inequality A(z) *= 0 means y" A(z)y > 0 Vy € R". So, SDPs can be
interpreted as a semi-infinite LPs. It is not strange that the approaches to solve SDPs are
closely related to LPs, while many methods and algorithm which are used to deal with
LPs can be generalized for SDPs. However, there are some important differences between
them. For example, one can not use the practical simplex method for LPs to solve SDPs.

Also, the duality results for SDPs are weaker than those of LPs.

Remark 2.1. Based on the definition of CQr sets in the previous section, one can also
define semidefinite representable sets(SDr) as follows:

A set X C R"™ is SDr if the following holds,
x
reX&du: A - B>0.

In other words, X is SDr if there exists Linear Matriz Inequalities (LMIs), in a way
that

where u is the additional variable, such that X is the projection of the solution set of the
LMI onto the x-space. An LMI with this property is called the Semidefinite Representation
(SDR) of the set X [12].
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2.5 Rank minimization

In this section, we discuss rank minimization problem, and we review some facts about

this problem, as we use them later in this thesis.

Definition 2.10. (Range and Kernel of a Linear Transformation)
The range (or image) of a linear transformation A : R" — R™, R(A) (or Im(A)) is
defined by
R(A) ={u e R™:u= Av for some v € R"}.

If the columns of A are written as [ay, ..., ay], then

R(A) = Span{ay, ..., a,}.

So, directly from the definition we have R(A) C R™.
The null space (or kernel) of A : R™ — R™, denoted by N'(A) (or Ker(A)), is defined

by
N(A) ={veR": Av =0}.

Clearly, we have N'(A) C R™

Definition 2.11. (Rank, and Nullity)
Let A :R" — R™. Then the column rank of A is rank(A) = dimR(A), i.e., rank(A)
s the mazximum number of independent columns. In the same way the row rank of A is

dimR(AT). Also dimN(A) is the nullity of A.
For more illustration, see the following theorem:

Theorem 2.2.

Rank(A) = dimR(A) = dimN (A)*" = dimR(A") = Rank(AT).
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Definition 2.12. (Moore-Penrose Pseudoinverse)
Let A : © — T be a linear transformation, where ©,1 are finite dimensional vector

spaces. Define a transformation B : N'(A)* — R(A) in the following sense

Br = Ar, Yz & N(A)*.

Then as it was proved in Theorem 2.2, B is both one to one and onto. Now the

Moore-Penorse Pseudoinverse of A, denoted by A is defined as follows

AT -0, Ay = Bly,

wherey = y1+1y2, y1 € R(A), y2 € R(A)™.

Theorem 2.3. (Singular Value Decomposition) Let Ay, sy, be a matriz with rank(A) = r.

Then there exists orthogonal matrices U € R™*™ and V € R™", such that

A=UxVT,

where

Y= ,  o=diag(oy,....,0,) ER™" 01 >09>..>0,>0.

o;’s are called singular values of the matrix A.
The above theorem also can be cast as
With

U, € Rmxr’ U, € IRmX(m—r)7 V, € Rnxr’ Vy € ]Rnx(n—’/‘)7
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Orxr 0 VlT T
(2.15) A= ( U, U, ) =UoV; .
0 0 154

Proof. Obviously the eigenvalues of the matrix AT A are nonnegative, since ATA = 0.

Define these eigenvalues as follows:
{aiz :1=1,..,n}, such that oy > 09> ... >0, >0, 0,41 =040 =...0, =0,

and define the related orthonormal eigenvectors as {v; : i = 1,...,n}.
And let

Vi=[v1,.,v], Vo=[vs1,...,0), o=diag(oy,...0.).

Then we have
ATAV, = Vio? = VAT AV, = VIVio? = 6%, since VIV, =1

= o 'VIAT AVie™! = I
\q’—/‘\/—/
ur U1

By the definition of Uy, U] above, we have U] U; = I.

Also,
ATAV, =V30 =0 = V,JATAV, =0 = AV, = 0.

Now, construct a matrix Uy € R™* (=) such that [U; Us] is orthogonal, i.e, UJ U; = 0.
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Hence, one can write

UTAV, UT AV
~~

o 0
UTAV = ° | =
UFAV, UL Av, 0 0
~~
0
The proof is complete. O

Singular values of a matrix A can be interpreted as the eigenvalues of the matrix

V(AAT) ie,

ai(A) = M ((AAT)?).

The singular value decomposition theorem for A € R™*" (m < n) can also be repre-

sented as
m

A= Z ai(A)uiviT,

i=1
where {u;} and {v;} are orthonormal sequences in R”™ and R", respectively.

Clearly, if we know rank(A) = r < min{m,n}, then

A= Z oi(A)uvy .
i=1

Note that the singular value decomposition is a general case for the eigenvalue decom-

position of a symmetric matrix A,,xm, = AL which can be written as follows

mxXm)

where {u;}", is the orthonormal eigenbasis of the matrix A.

Theorem 2.4. Let ULVT be the singular value decomposition of matriz Ay, as in
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Theorem 2.3. Then

At =VvEiUT,
where
o1 0
= € R™"
0 0

One can rewrite the above expression as

AT = Z —U;U;.

i=1 ¢

For more detailed discussions and examples about SVD, see [124, 138|.

As a corollary of the above notes, if A = UXV7T is a SVD of the matrix A, then clearly
Rank(A) = Rank(X).

The matrix X is a diagonal matrix with its diagonal components equal to the singular
values of the matrix A, i.e,

Y =diag(oq, ..., 00).

Therefore, we have

Rank(X) = Rank diag(oy, ..., 04).

By setting o = (04, ...,0,)7, the rank of the matrix A is reduced to the cardinality of

the vector of singular values, i.e,
Rank(A) = Card(o).

Obviously, rank(A) is equal to the number of non-zero singular values. So, by us-
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ing SVD theorem, one can reduce a rank minimization problem(RMP) to a cardinality
minimization problem(CMP).
In [60], it was proved that ||X||. is the convex envelop of rank(X), i.e, the convex

relaxation of the RMP

Minimize Rank(X)
(2.16) X
s.t. X e C,

(where C' is a convex set) is

Minimize || X||.
(2.17) X
st. X el

Nuclear norm of a matrix X,,«, is defined as the summation over the singular values of

the matrix, i.e,
min{m,n}

IX[h= > ou(X).

i=1

Note that the problem (2.17) can be reformulated as follows:
Minimize 13
£,X
st || X« <t

X el
Based on [12, 135], one can say || X||« < r is SDr. The following proposition is the
general case for this.

Proposition 2.2. [12] The sum of the 8 largest singular values of a matriz X, xn, m <n
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denoted with Xg is SDr. Specially the operator norm of a matriz is SDr, i.e,

rl, —XT
I X| <r<& = 0.
-X rl,

Note that the operator norm for a linear map X : V' — W is defined as follows:

X
|X|:sup{M:v€V,v7é0}

[v]]

In the next chapter, we start discussing general cardinality constrained problems and
cardinality minimization problems under non-convex quadratic constraints and linear con-

straints.
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CHAPTER 3
CARDINALITY MINIMIZATION

PrOBLEM(CMP)!

The general cardinality minimization problem(CMP) over a convex set C, and cardi-

nality constrained problem can be cast respectively as:

(3.1) Minimize {Card(x): x € C},
and
(3.2) Minimize {f(z): Card(z) <7, x € C}.

In this thesis, we also consider CMPs over nonconvex sets. CMP is to maximize the num-
ber of zero components or equivalently to minimize the number of non-zero components
of a vector satisfying certain constraints. In other words, CMP is looking for the sparsest
vector in a given feasible set or looking for the simplest model for describing or fitting a

certain phenomena. The card function, card(z), can be expressed as lp-norm. While [ is

Most parts of this chapter can be found in [3]
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not a norm, we can still call it /p-'norm’, due to the following fact:

p

Jello = tim ;= Fim (Z w) - Card(a).

The [p-norm is a non-convex, non-smooth and integer valued function, and the opti-
mization problems with ‘card’ objective or constraints are known as NP-hard problems
[87, 135], and thus CMPs are not computationally tractable in general.

These kinds of problems have many applications in such areas as finance [97, 35, 126],
signal processing and control [133, 72, 93], statistics and principal component analysis
[47, 141, 154, 101] , compressive sensing [11, 50, 23], etc. Due to the NP-hardness of
CMP, the aim of this chapter is to introduce different SDP relaxations/approximations
of CMPs.

This chapter is organized as follows. In section 3.1, we consider cardinality constrained
problems, and discuss SDP relaxation methods for these problems based on Shor’s lemma
and duality methods. Also, we show how this problem can be cast as a bilevel optimization
problem. In section 3.2, we review various existing methods for solving CMPs under linear
constraints, and as an example of reweighted [;-techniques, we introduce a continuous
approximation of the cardinality function and then apply linearization methods to solve
the problem iteratively (we focus on reweighted [;-algorithms (j > 1) in the chapters 4
and 5). In section 3.3, we study CMPs under nonlinear non-convex constraints, and show
how to find an approximate solution to these problems using reformulation techniques
and Lagrangian duality methods. We also explain how the dual problem can be reduced
to a semidefinite problem. In section 3.4, we discuss CMP under 0-1 vectors, and explain
how to reformulate these problems by adding certain penalty instead of dropping the rank
constraint. In section 3.5, we discuss the subgradient method to solve the /;-minimization

problem, and in section 3.6, through numerical experiments, we show the performance of
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this method. In section 3.7, we explain the branch and bound algorithm to solve CMPs
and in section 3.8, we demonstrate the performance of this method through the numerical

experiments.

3.1 Cardinality constrained problems

Let us first start with a general cardinality constrained problem. A general cardinality
constrained problem is of the form (3.2) where f(z) and C are convex. Card(x) < 7 is
not a convex constraint, so we try to relax this constraint using semidefinite relaxation.
Before doing so, we first note that norms are equivalent in finite dimensional spaces in the
following sense: Suppose || - ||, || - |l are norms on R™. Then there exist scalars a,b > 0,

such that al|z||, < ||z|l, <b||z|,, Yz € R". For example, we have

2]z <zl < Vallzl2.

To be more precise note that in general case for a polytope norm defined by max |a! z|, i =

1,...,n, we have

1
WVQ:TA:U < max lalz| < \/B\/$TAQS, VA =0, z € R",

where [ is a constant.

Proposition 3.1. [47] A convex relazation of the nonconvex cardinality constraint, Card(z) <

T, can be expressed via the following convex constraints
T X . .
11X |1 < 7tr(X), =0, for some symmetric matrices X,

where | X| denotes the element-wise absolute value of the matriz X .
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T
Proof. For any given vector x = ( r1 ... Tp ) = 0, obviously we have

and hence
Z 24 < Card(z)
IR VE a3
ie.,
(33) Zi:l ‘xl| H Hl < C’ard( )

Vit a2 |zl

Note that the cardinality of the vector x = (zy,...,x,) is equal to that of the vector
|z| = (Jz1|, ..., |za]). So by the fact that Card(|z|) = Card(z) < 7, we define the vector
W = (11, ...¢,), where for every i, ¢; = 1 if x; # 0; otherwise ¢); = 0. By Cauchy-Schwartz

inequality, i.e, [{|z|,¥)|* < {|z|, |x]).(¢, ), and noting that Card(x) < 7, we have

||z1] + ... + |l’n||2 < 7(|x1|2 + ..+ |:1:n|2)

Therefore we have

(3.4) Iz ]1F < 7|13

In what follows, we use semidefinite relaxation methods [62] to represent the above
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statement as a convex inequality. Consider the matrix, X = xz? i.e.,

2 Tmy ... TT,
2
Lol Ty R Y
X =
2
Tnl1 Tpdy ... Xy,

Clearly, the left hand side of the inequality (3.4) is the summation of all of the components
of the matrix X, and ||z||3 is the trace of the matrix X. So (3.4) can be written as the

following convex inequality (see e.g. [47])

171X |1 < 7tr(X),

where | X| denotes the element-wise absolute value of the matrix X. While the constraint
X = za2” is not convex, by applying Shor’s lemma, it can be written as X > a7,
Rank(X) = 1. Rank(X) = 1 is a nonconvex constraint, so by dropping the rank con-

straint, one may achieve the following convex relaxation for the constraint X = x27,

and this completes the proof. Il

In [149], Zhao proved that under certain conditions, matrix rank minimization can be

formulated as a linear bilevel optimization problem. This motivates the following result.

Proposition 3.2. If the set C' is bounded and defined by linear constraints, the cardinality

constrained problem (3.2) can be written as a bilevel optimization problem.
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Proof. From the proof of Proposition 3.1, one can rewrite the problem (3.2) as of the

form:

melg(nze f(z)
(3.5) s.t. rel
17 X1 < 7tr(X)

X =zl

Now by applying Shor’s lemma, we can write the above problem as the following form:

Minimize f(x)

z, X
s.t. rel
(3.6) 171X 1 < 7tr(X)
X =z
=0
2T 1
Rank(X) = 1.

The nonconvex constraint Rank(X) = 1 motivates to look for the low rank matrices X.
So, instead of dropping the rank constraint, in our optimization problem, one should also
minimizes the rank of the matrix X. Since X is a symmetric matrix, rank(X) may be
replaced by its convex envelop tr(X). Hence, the problem (3.6) will be equivalent to the

following bilevel optimization form (see [149]):
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Minimize f(x)

z, X, X
s.t. rel
(3.7) 171 X1 < 7tr(X)
. X =z
X = arg min < tr(X) : =0
Xes" 2T 1
The proof is complete. Il

The constraint Rank(X) = 1 is not convex. In order to get a reasonable approxi-
mation/relaxization of (3.2), a simple idea is to drop this constraint. This leads to the

following problem:

Minimize f(x)

z, X
s.t. zel
(3.8) 17 X1 < 7tr(X)
X =z
=0,
xf 1

which can be solved more efficiently than the original problem. Dropping the rank con-
straint, however, may result in a large gap between the optimal values of the relaxed
problem (3.8) and the original problem. In [60], it is proved that the convex envelop of
Rank(X) is the nuclear norm function (||X||.), which is defined as the summation over
all of the singular values of the matrix X. Therefore to achieve a convex problem, we can

use the penalty method instead of dropping the rank constraint to obtain better approx-
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imation of the original problem. This yields the following convex problem (semidefinite

problem):
Minimize f(x) +&X].
s.t. rel
(3.9) 171X 1 < 1tr(X)
X x
=0
2T 1

where £ > 0 is the penalty parameter which is chosen to be sufficiently large.

A special case of the problem (3.2) can be cast as

1
Minimize f(z) = §xTP:U +q"z

(3.10) s.t. Az <b
Card(x) <1

ngigsi, izl,...,n,

where P is an n X n symmetric matrix, ¢ € R", A € R™" b € R™, and 7 € N. This
problem was studied by Zheng, Sun and Li [153].

As we have seen above, a common way to solve the optimization problems with a
cardinality function as an objective or constraint is to relax the cardinality function. We
take the specific example above to demonstrate this approach further. First, the problem

(3.10) can be reformulated as the following mixed integer quadratic problem:
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1
Minimize f(z) = §.CCTP£L‘ +q"z
s.t. Ax <b,
(3.11) 17w <7, ue{0,1}",

0<ux; <su;, 1=1,..n,

where 1 still denotes the vector of ones. Note that the constraint u; € {0,1} can be
written as u? —u; = 0. Assuming P = 0, the convex relaxation of the problem above can
be achieved by replacing u; € {0,1} by u; € [0, 1]. So, it leads to the following problem
(see [153]):

Minimize f(2) = ~2’ Pr +¢'
(3.12) s.t. Az <D
1Tu <7, uel0,1)"

0 S Z; < SiUys, 1= 1, o, n.

Note that the constraint u; € [0,1] can be written as u? — u; < 0. Obviously, the optimal
value of the problem (3.12) is a lower bound for the problem (3.10). An SDP relaxation
for the problem (3.10) can be obtained as follows: Let X = xz”, and U = wu’, which

can be relaxed to X = z2” and U = uu”. This yields the following relaxed problem:
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1
I TP T
IV[il’ull,lll}ZG ] (.’17) = —2IE x + q T

s.t. Ax <b
(3.13) 1Tu<ru?—u; <0, i=1,...,n

0 < T < SiUy;, 1= 1,...,77,

X =z U u

=0 = 0.

b —

r 1 ul 1

T

Relationship between (3.12) and (3.13) was characterized by the following result.

Proposition 3.3. [153] Suppose that the feasible set of the problem (3.12) has an inte-
rior point (or a relative interior point, if Az < b includes equality constraint). If P > 0,

then the optimal value of the problems (3.13) and (3.12) are equal.

In the next section, we explain cardinality minimization problem under linear con-
straints briefly, and we will discuss these problem with full details, in chapters 4 and

d.

3.2 CMP under linear constraints

The Cardinality minimization problem(CMP) with linear constraints, i.e.,
(3.14) Minimize {Card(z) : Az = b},

where A € R™*™ is a matrix with m < n, has been widely discussed in the field of

compressive sensing [33, 92, 130], which deals with the signal processing/recovery together
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with applications in such areas as image processing [91].
The most popular approach for solving (3.14) (which is NP hard in general) is to
replace the function card(x) by its convex envelop the ||z||;-function, we will give a proof

of this fact in chapter 4. Hence a relaxation of (3.14) is as follows:
(3.15) Minimize {||z|; : Az = b},

which will be discussed in chapter 4 with more details.

Another effective method for solving the problem (3.14) is to apply reweighted ;-
techniques (see e.g. [34]). The reweighted [,-minimization (p > 1) will be discussed in
chapter 4 and 5, where we introduce new weights and functions for sparsity. For now, as

an example let us define the following continuous approximation of card(x):

(3.16) Card(z) = ||z|lo = ll_r%zlsm (atan <|"1;z|)> :

Hence for a given small € > 0, an approximation counterpart of (3.14) is given as follows:

(3.17) Minimize Z sin (atan (’xl‘ ))
’ i=1 ¢

(3.18) S.t. Ax =
Note that
st | atan |xl| < sin | atan |y2| + 1 cos | atan M (|$Z| - |yz|)
€ - € y? + €2 €

. |yl 1
< sin (atan ( ; + W(MJ —|uil), V9.

Using linearization techniques(majorization minimization), one obtain the following iter-

42



ative scheme:

n

(3.19) o = arg min {Z l|x—2] D Ax = b} :

i=1 (%)2 + €2

1
(1) +e2

forces the nonzero component to be zero if possible. The initial point 2° can be chosen

where [ is the number of the iteration, and can be interpreted as the weight which
as the optimal solution of the /;-minimization (chapter 5).

Before closing this section, it is worth mentioning that sometimes we are interested in
finding a solution with a prescribed cardinality ¢. Such problems can be written as the

following feasibility problem:

Find =z
(3.20) st. Ax=0
card(z) < t.

which can be reformulated as a d.c. programming. In fact, for x € R", the problem above
is equivalent to the minimization of (n — ) smallest components of z.
Now suppose Sy(x) is defined as the summation over the ¢ largest components of the

vector |z| (assume that |z1]| > |zo| > ... > |xy])

t
Sile) = il
=1

which clearly is a convex function. Hence the problem (3.20) can be reformulated as

(3.21) Minimize{||z||y — Si(z) : Az = b},
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which is a d.c. programming problem, since both of the functions ||z||; and S;(z) are
convex. This problem can be solved by the cutting plane method, which is a usual
approach for solving d.c. problems. However, linearization method can be still used to
obtain an approximate solution to the problem. The linearized version of the problem

can be written as

Minimize {V(||z||; — Si(x)) 2 : Az = b}.

This is equivalent to

Minimize (sign(z) —g)'z

@,g,u
s.t. Ax = b,
(3.22) g = Maximize u”
s.t. u € [0,1]
1Ty =1t¢,

which can be viewed as a special linear bilevel programming problem.

3.3 CMP with nonlinear non-convex constraints

In this section, we discuss the CMP with quadratic constraints, i.e., C' in (3.1) is of the

form

C={x:bx? —ax;—c; <0}, i=1,..,n.

We assume that the constraint functions are not necessarily convex, i.e., b; is not nec-
essarily positive. In this section, we discuss some approaches for the relaxation and/or
reformulation of such problems.

By adding a boolean valued slack variable v = (vy, ...,v,)T to the problem, the CMP
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(3.1), with non-convex quadratic constraints, can be reformulated as:

Maximize Z v =17
o i=1
(3.23) s.t. vix; =0
v; €{0,1}, i =1,2,...,n

bix? —ax; —c¢; <0, i=1,2,...,n,
A similar reformulation can be found in [41]. We now give a dual formulation of this
problem.

Proposition 3.4. The dual SDP form of the problem above can be written as the fol-

lowing SDP problem

T
—— (A, B) + b\, 1, B) - 0).

¥, 0,8 b()\’ 1, ﬂ) A()\, M, B)

where A\, i, 8), c¢(\, 1, B), b(A\, i, 5) are defined in (3.25), (3.26).

Proof. We make some small changes to the objective of (3.23) and rewrite the problem

as follows:
T
1 v
Maximize
v,T 0 x
(3.24) s.t. vix; =0

v €{0,1}, i=1,2,....n

bliﬂlz — Q;T; — C; S O, 1= 1,2, N,
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where 1 € R" is a column vector with all of its components are equal to one, and 0 € R"”
is a column vector with all of its components are equal to zero. The condition v; € {0, 1}
can be relaxed with v? — v; < 0, which is a convex constraint. Now we may produce the

following relaxed problem:

T
. . . 1 U
Minimize —
T,v
0 T
s.t. V;X; = 0

v —1;<0,i=1,2,..n

2 .
biz; —ax; —c¢; <0, 1=1,2...,n,

where

v

T
= 1 = 1...1
(Ul> » Un, 21, axn) 3 ( 70) R , ) ,O O,

n—times n—times

T

Applying Lagrange duality and adding some weight vectors u, A, 8 yields

Lv,x(l’% Avﬂ) -
T
1 v n n n
inf - i —v; AV i(bir — i — ¢
Note that
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Lv,z(,ua )‘7 B)

T

(%1

Un

X1

Ln

—1—n

Setting
(3.25)

A\ 1, B) =

o o o O

e}

0 0 N
0 0

0 w, O

0 0 pib
0 0

0 X, O

0 0

0 0

—1—p, O

0 Biax

0 0

0 0

0 N 0

0 0

tn 0 0

0 fibr O

0 0

A 0 0

0 0
0
0 A
0 0
0
0 Bnbn
0 0
0 0
0 0
0 0
0
0 Buan
0
0
An
0
0
Bnbn
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“1— 0 0 0 0 0
0 0 0 0 0
1 0 0 —1—pu, 0 0 0
(3.26) b\ ) = 5 ,
0 0 0 Blal 0 0
0 0 0 o . 0
0 0 0 0 0 Bnan

and introducing a new variable y for (v, x), the function L, ,(u, A, §) can be written as

Ly(A 1, B) = y" AN, B)y + 2b(A, 1, )7y + (A, 1, B).

Assume that A\, u, 5 and 6 are chosen such that

L,(\p,B)—0>0, VyeR™

Then 6 is an upper bound for the optimal value of (3.23). Also from chapter 3 of [12], we

have

gy) =y Ay + 20"y +c—0 >0 Gy, t) =y Ay +2bt"y + (c — 0)t* > 0.

So,

G(y,t) >0 & = 0.

Then looking for the best upper bound for the main problem above becomes
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max < 6 : =0
Pl b A
Setting § = —~ yields a relaxation for the original problem
c+v b
min ¢ 7y : =0,
'Yv)‘ﬂj/wB b A
which is an SDP and can be solved efficiently. m

3.4 CMP with 0-1 variables

In some situations, we are interested in minimizing the cardinality of a boolean vector
x € R" iex; €{0,1}, i =1,...,n. So, we may consider the CMP with 0-1 variables and

quadratic constraints:

Minimize Card(x)

(3.27) s.t. tT'Bix — Ax —b;<0,i=1,...m

xz e {0,1},

where B; = 0, A; is a vector with appropriate dimension, b; is a constant. This problem
is also discussed in [61] in which the feasible set is defined by a linear system.

Define a new variable z = 2z — 1. Hence the problem above can be reformulated as:
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Minimize Card(z + 1)

z

(3.28) subject to  0.25(z+ 1)'Bi(z+1) —0.5(A(z +1)) —=b; <0, i=1,....m

ze{-1,1}.

Now let Z = zz'. By shor’s lemma, Z = 227 is equivalent to Z = 227 and rank(Z) = 1.
Also note that ¢tr(Z) = n, since all the elements on the main diagonal of the matrix Z are

equal to one. Hence the problem (3.28) is equivalent to the following problem:

Minimize 17z
s.t. 0.25(z + 1) Bi(z+1) —0.5(A;(z+1)) —b; <0, i =1,....m
(3.29) Z =220 7 =0

Tr(Z) =n, Rank(Z) = 1.

Since z € {—1, 1}, we can remove the constraint tr(Z) = n and replace it by diag(Z) = 1.
To relax the constraint Rank(Z) = 1, one can replace the rank function by the nuclear

norm which is certain convex relaxation of the rank function. So, we get the following

SDP:
Minirgize 172
(3.30) s.t. 0.25(z + )" Bi(z+1) —0.5(Ai(z+ 1)) —b; <0, i =1,...m

thzT, Z =0

Diag(2) =1, | Z]|. <,
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where v is a constant depends on the bound of || Z]|..
As we mentioned in the previous sections, another simple approach to construct an
approximation of the problem (3.29) is using penalty function as proposed by Zhao [149].

So, we obtain the following approximation counterpart of (3.29):

Minimize 172+ ¢ 2|,
(3.31) s.t. 0.25(z+ 1) Bi(z+1) = 0.5(A;(2+ 1)) = b; <0, i =1,...m

Z = 22", Z =0, Diag(Z) =1,

where £ > 0 is the penalty parameter.
In the next sections, we discuss subgradient method and branch and bound method,

and we test these methods through some numerical experiments.

3.5 Subgradient method

More detailed discussion about subgradient method can be found in [121, 120, 100]. As
we discuss the [;-norm methods in chapter 4 and 5, it is worth mentioning some of the old
methods to solve [;-minimization problems. [;-norm is a convex and non-smooth function,
so here we give some explanation about subgradient method to solve [;-minimization

problems.

Definition 3.1. (Subgradient)

Subgradient of a convex function f : R* — R, at a point ™, is every vector £*) =

(§§k), gk), ...,g,&’“))T, which satisfies the following inequality,

(3.32) f(x) > f@®) 4B (@ - 2®).
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Definition 3.2. (Subdifferential) Subdifferential of a function f, at a point ), is the

set of all subgradients of f at 2¥), denoted by O f(x™).

Theorem 3.1. Let f be a convex function with dom(f) # ¢ and f(x) > —oco, Vz €

dom(f). Then x* is a minimizer of f if and only if 0 € Of (x*).

Proof.

0€df(z") < f(x) > f(2") +0(x — 2*) (Vo € R") & 2* minimizes f.

]

Subgradient methods are used for non-differentiable optimization problems. A usual
method, which is used to minimize a convex(or even concave) function f is approximating
the function f by tangential linearization and then improving the approximation itera-
tively. This method is so called generalized linear programming(GLP), however for the
problems with large number of variables, it might be better to use subgradient algorithm
[100]. For a differentiable function, we know the subgradient at an arbitrary point is
exactly the gradient at that point, in this case, the subgradient method reduces to the
gradient method.

For the unconstrained case, the subgradient method uses the following iterative scheme

to minimize a convex non-smooth objective f.

(3.33) 2D — g0 _ g e

where [, is the step size.
Subgradient method is not a descent method, since the negative subgradient direction,
—B®) is not necessary a descent direction. So, the iterations above do not necessarily

decrease the objective at each step. Hence, in this method we should store the best point
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which has been found so far, in other words in (3.33) at every iteration k, we have

(3:34) f = min{ fE0, f@®)} = min f(z0),
K

=1,...,

where f, denotes the smallest value of the objective which has been found so far.

For constrained optimization of the form

Minimize  f(x)

st. xe(,

one could rewrite the iteration (3.33) as follows
(3.35) 2D = P (x(k) _ ﬁkﬁ(k)) 7

where [ is the step size. Po(z) = argmingec (|lz — y||3) is the standard projection
operator on C. The above method is called the subgradient projection algorithm(see
Algorithm 3.1). Now based on [105, 20], we prove the convergence of the subgradient
projection algorithm as follows.

First, observe that from (3.32) we have

(3.36) Fa®) = far) > —¢®T (@ = 2®).

23



In (3.35) let u* D) = (2® — B.¢*)). Then

™D =23 = [|l2® — g™ — 273
* T *
= o™ =23 + BIEWZ — 268:™ (2 — 27)

< 2™ = a3 + BRIEMNE - 28e (f(a™) = f(27),

where the last inequality follows from (3.36). Now by the definition of projection mapping

we have
[Po(uth) — 2*ly < lu®tD — 27|,
Note that
[ * D — 2*[ly = || Po(u®tD) — 27,
Therefore,

25 = s < [luD — 27,

which results in the following inequality,
2@ — 213 < (2™ — a3 + BRIEWE — 265 (f(z™) = f(a™)) -
If we apply the inequality above for ||z — 2*||2, we have
2% — 21 < o) 23 + S lE VIR — 286 (FD) - £()).

Repeating this procedure yields

k k
0 < ||z — 2|3 < [l =25+ > BIEDNE -2 8 (f(a¥) = f(a)) .
j=1 Jj=1

Now assume that the Euclidean distance of the starting point (M) of the algorithm to
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the optimal set, C*, is known, and denoted by d(z™), C*). We have
d@M, P+ > BIEDVNE =2 8 (fa) = f(a)) .
=1 =1

In addition, from (3.34), we see that
k ‘ k
2> B (f@D = f(a*)) > 2 (Z 5]-) (f& = f@),
j=1 j=1

which implies that

d@, C*) + 35, BIEV I3

() _ f(pr
(3.37) (f = fa") < > 5,

So, the convergence of the subgradient algorithm depends essentially on the way how
the step sizes S, at each step k, are chosen.
The simplest case is to choose 3, = constant, or in the case of known or estimated

optimal value f* one can choose the step size as [113],

fa®) - g

P = " iew:

Another option, for example, is to choose the step size using the divergent series rules,

(3.38) B = 0(k = 00), S22 B = .

As proved in [112, 59], if the step size is chosen as above then the sequence generated
by the constrained subgardient algorithm satisfies
lim inf 4o f(2®)) = f(a*) = min f(z).
Te
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As an example about the convergency analysis using the inequality (3.37), see the

following example and its proof.

Example 3.1. If we choose the step size by divergent series rule, assuming |€V)||3 is

bounded with & > 0, we have
: (k) _ *

Proof. Notice that

Br — 0(k — oc0) = Ve > 0,dM; € Ns.t. Vb > My, B <

e

Since -, fr — 00, we have

M2 Ml
1
My €Nst. > B> (d(:c(”,c**)2 +6) B%) :
€
k=1 k=1

Now for M > max{M;, Ms}, we have

(@D, C*) + 3L, BlIEW3 < d(zW, C* )2 + ¢35L, B
2 Zk:l B B 2 224:1 B

@D CPHEVIL B E i
a 2Zk=15k 25 0 B+ 25 M1 Pk

PRGN ST VOT. SOV TN
2 (d@ C*)? "’ka 1 k) 22k:Ml+1 B

€

For other step sizes the convergency proof is quite the same.
Now we are going to apply subgradient method to the convex envelop of CMP under

some convex sets.
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Recall the following CMP,

Minimize Card(x)
st. x e C.
As we have seen, CMP can be relaxed by replacing the card function with its convex

envelop, the [;-norm function to minimize the summation of absolute values of the vector

components. So, CMP can be relaxed as

Minimize ||z||1 = |z1| + ... + |Z4]
xX
s.t. x e C.
Obviously, the [;-norm function is a convex and non-smooth function, besides we as-
sume that C'is a convex, closed and bounded set, so by Weierstrass theorem the existence

of the optimal solution is guaranteed.

It is not hard to see that, the problem above is equivalent to

Minimize f(z) = max{a’z;q; € {~1,1}}

st. xeC.

Because of the non differentiability of objective function, we use the subgradient di-
rection to decrease the objective in the feasible set. Using the following algorithm one

can generate a sequence {x(’“)}zozo which converges to the optimal solution.
Algorithm 3.1. 1. At step 0, choose an starting point x° for the algorithm.

2. At step k, compute subgradient £*) of the objective at ), if €*¥) =0, then ) is
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optimal, (as a result of the Theorem 3.1, if &*) #£ 0 then compute

g* ) = Py (:U(k) - 5k—£(k) )
JISiva

where Po(x) = x, if and only if, x € C.
3. If the stopping criteria is satisfied, the optimum is achieved.

To compute the subgradients of the [;-norm function, the following lemma from chapter

4 of [14] is applied.

Lemma 3.1. Let g(z) = max;—1 2, ,(g:(x)), where g;’s are convex and subdifferentiable,

and let j € {i;1 =1,2,...,n}, such that g;j(x) = g(x). If £ € Ogj(x) then £ € dg(x).

By using the above lemma, assume there exists o € {—1,1}" , such that o’z = f(z),

hence, subgradients of the function are £ = (&1, &y, ..., &,) such that

1, x; >0
& = -1, z;, <0
-1,1], x;=0.

Now, one can apply the subgradient method described above. Suppose that in the
above CMP the constraints set C'is the set of convex inequity constraints f;(z) <0, i =
1,...,n. We take the subgradients £(*) as defined above, if 2(¥) is a feasible point. If (¥
does not satisfy one (or more than one) of the constraints, (for example, if f;(z®) £ 0),
then we use the subgradient of the violated constraint. If all of the z(*) are infeasible,
then the objective function will go to infinity.

In the next section, we present our numerical experiments to solve an [;-norm mini-

mization problem by applying subgradient method.
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3.6 Numerical experiments

Consider the following problem:

Minimize ||z
xT

s.t. Ax <b,

where A € R™*"(m < n). Obviously, one of the subgradients of the ||x||;-function at z°

is sign(z?). Also, the projection operator is
Pe(y) =y — AT(AAT) " (Ay —b).
So, the subgradient iteration for the problem (3.39) will be
g * D) = 2 g (T — AT(AAT) 7' A sign(z™).

As an example, we consider the problem (3.39), with a randomly generated matrix of
A1o0x2000 from the normal distribution with mean zero and variance one, i.e, N(0,1). Let
g®) be the optimal value of the problem (3.39), at each iteration. Choose the step size
By = 071. Note that this step size satisfies the divergent series rules. The graph below
shows how the subgradient method works for this choice of step size. We used Matlab

programming, and the procedure took 25 minutes for 4000 iterations on a laptop with

dual core CPU-2GHz.
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Figure 3.1: The figure shows the value of ¢'*) at each iteration. The value achieved after
4000 iterations is equal to 4.4095.

The optimal value of the problem (3.39) for our defined matrix A is equal to ¢* =

4.3679. For more illustration, we present the error graph of ¢®*) — ¢* at each iteration.
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Figure 3.2: The figure shows the error, (¢*) — g*), at each iteration.

3.7 Branch and bound method

One may refer to [25, 13] for full discussion about the branch and bound method. Branch
and bound(BB) algorithm is one of the global optimization methods for solving NP-hard
combinatorial problems. BB algorithm searches the whole space of the feasible solutions
set, and find an optimal solution to the problem. Therefore it usually needs lots of

computational efforts, and the convergence of the algorithm can be very slow.
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To introduce the method, suppose that we want to solve the following problem by

applying BB method,

f* = Minimize f(z)

st. x e S.

Branch and bound method has three steps: Branch, Bound, and Prune. Branch
procedure splits the feasible set S into 2 or more subsets S1,55,...,5,, and minimize f(x)
over those sets one by one. Therefore the main problem can be cast as the set of the
following optimization problems

v; = Minimize f(z)

s.t. x €5,

where 1 =1, ..., n.

Then clearly f* = min{y; : i = 1,...,n}. This algorithm can be represented as a tree
graph with its root node as the original feasible set S, and the other nodes as the sets
which result from branching procedure. Next step is bounding. This procedure uses two

functions, f;, and f,, in the following sense,

fi and f, should be defined in a way that the bounds in the inequality above become
tighter. When S; gets smaller, specially when the size of the set S;,( Size(S;)) goes to
a singleton, f,(S;) — fi(S;) converges to zero. This implies that for enough small a;, if
Size(S;) < a, we have

fu(Si) — fi(Si) <€, Ve>0.
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The efficiency of BB algorithm is strongly related to the splitting procedure, and also
to the upper and lower bound defined functions. The main idea in BB algorithm is that
if the lower bound for some S; C S, (one of the tree nodes) is greater than the upper
bound for some others S, C S, (some of the other tree nodes) then S; can be removed
from the search, since every point in that subset is worse than the current upper bound
on f*. This step is so called prune step. Removing these kinds of subsets does not affect
the algorithm, since they will never be chosen later to split. For more illustrations, we
review the algorithm.

Suppose we have already estimated f; and f, satisfying the above conditions. For
a given sufficiently small €, if f,(S) — fi(S) < ¢, then we are done and the algorithm
terminates. Otherwise, we split S into two subsets S; and S5, without intersection. Then

computing the lower and upper bounds on these sets yields

min{ f;(51), fi(52)} < minf(S) < min{fu(51), fu(S2)}-

Again if the difference between the achieved bounds is less than €, then the algorithm
terminates. Otherwise we split the S;, which satisfies f;(.S;) = min{f;(S1), fi(S2)} into
two subsets, and we repeat the procedure above for the three subsets achieved so far.
Clearly, after k iterations, we have k subsets of S, in a way that UF_,;S; = S. As we
mentioned, this procedure can be represented as a binary tree (since we split S; into two
subsets at each iteration).

Hence, after k iterations, we have

‘min fi(S;) < ff=min f(z) < min f,(S;).

i=1,..., =1,...,

We again check the termination criteria. If it is not satisfied, we proceed to the

k + 1 iteration. At each iteration, one could prune the useless subsets to reduce the
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storage(memory) requirement.

As for more illustration, we apply the method above to the following CMP:

Minimize Card(z)
(3.39) g
s.t. Ax < D.

A simple reformulation of the problem above is as follows [19]:

v* = Minimize 17v

V,T

s.t. L{U,L' S ZT; S Uﬂ]i
(3.40)

where 1 = (1...1)7

This is a special case of mixed integer linear programming(MILP)[65], called mixed
0-1 linear programming [48], (as we have seen in the previous sections), which can be
solved for each of 2" linear (convex) programs for different values of v;. So, this method
is not practical for large problems.

Obviously, the problem (3.40) can be relaxed by replacing v; € {0,1} with v; € [0, 1],

so, the relaxed problem is
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£ = Minimize 17
v,T
s.t. Lﬂ)i S ZT; S Ui’l)i

(3.41)
Ax <b

Ogvlgl izl,...,n,

U; and L; can be easily computed by minimizing and maximizing the variable z; on
the feasible set Ax <b. Let L; < 0 and U; > 0 (otherwise the solution is trivial). The
problem (3.41) is a convex problem, which can be solved easily. The optimal value of
this problem f; is a lower bound for (3.40), consequently [f;] is a better lower bound for
(3.39), since Card(z) is an integer. One can also achieve an upper bound, denoted by «;,
for the problem (3.40), using the /;-norm relaxation. Or by decoding the relaxed problem
(3.41). Now using the branch and bound algorithm described above, we are going ro
provide an upper and lower bound for the problem (3.40).

If a; — 1 < ¢, then the algorithm terminates. Otherwise in (3.41), one can fix the

variable v;, which is equal to 0 or 1 alternatively, and solve the following relaxed problems:

Minimize 17

v,T
s.t. Lﬂ)i S i S Uivi

(3.42) Az <D

and
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Minimize 17
v,

Subject to Lv; < x; < Uv;

(3.43) Az < b

Solving the convex problem (3.42), and (3.43), results in achieving lower and upper

bounds for the following (MILP) branched problems:

Minimize 17 v
v,x

Subject to Lyv; < x; < Uy,

(3.44) Az <b

and
Minimize 17v
Subject to L;v; < x; < Uv;
(3.45) Az =b
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By using the relaxed problems, suppose ', 5" are the lower bounds and o’ , o’ are

the upper bounds for the problems (3.44), and (3.45) respectively. Clearly we have
B < Ba =min{f’, "} <v* < ay = min{a, 0"} < o,

where v* is the optimal value for problem (3.40). Note that since cardinality is an integer
valued function one could replace [y with [B2] to get a better(tighter) lower bound.
Now we can choose one of the problems (3.44), or (3.45). Its lower bound is equal to
min{f’, "}, to branch again by fixing another v, = 0, or 1, v # j, and continue the same

procedure explained above, to get new bounds for v* satisfying
i < Br< By <v<ag<ar <.

By continuing this procedure, the algorithm will be terminated after k iterations if
ap — PBr < €. At the iteration k, we have an upper bound aj. Now to prune the search
area, if any of the achieved lower bounds for the branched problem is more than ay, then
one could remove the the related area to reduce the search efforts.

The worst case scenario for the BB algorithm is fixing all of the variables v;, i = 1,...,n,

and solving 2" relaxed problems to get an equal upper and lower bound for each problem.

3.8 Numerical experiments

Here we represents a graph for the CMP, with a randomly generated matrix of A from the
normal distribution with mean 0 and variance 1, i.e, N(0,1). x € R and we have 110

constraints. The graph shows the lower and upper bound on card(z) for each iteration.
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Figure 3.3: = € R. The solid line represents the lower bound and the dashed line
represents the upper bound on card(z) at each iteration.
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CHAPTER 4

THE [{-METHOD AND REWEIGHTED

ALGORITHMS!

In this chapter, we discuss cardinality minimization problem(CMP) under some linear

constraints denoted by
C={z;Ax=0b}, Ac R™" bheR™,

where m < n, which means we have more variables than equations. Clearly, these systems
have infinitely many solutions. The CMP in this case, can be interpreted as finding the
sparsest solution to a linear system of equations. In this chapter, we first start with the
[;-minimization method, which is one of the common methods for solving CMPs. Then
to motivate the reweighted algorithms, we show that the [;-minimization uses a kind of
weighted [o-minimization, which is hidden inside the [;-norm function. In this thesis, a
reweighted algorithm in general refers to an iterative weighted algorithm, i.e, the weights
are updated in each iteration. Next, we discuss other different convex norm-functions to

locate a sparse solution to a linear system, and then we proceed to different reweighted

1Special thanks to my supervisor, Dr. Yun-bin Zhao, for his stimulating suggestions for the section
4.2 and 4.4 of this chapter.
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l;-algorithms (j > 1). The main idea of the reweighted [;-minimization (V5 > 1) is to
define the weights based on the current solution of each iteration x'. The weights should
be defined in a way that penalize the small components, and force them to tend to zero.
These weights may improve the sparsity measurement property of a merit function. Also,
we introduce different merit functions for sparsity, and we show how minimizing such
functions may lead us to a sparse solution to a linear system. In addition, we illustrate
that different weights, if chosen properly, may reduce the gap between different merit
functions. For example, we define some special weights for the reweighted ls-algorithm
and the reweighted [3-algorithm, and through the numerical experiments, we show how
these weights may reduce the gap between the performances of these algorithms and the

ly-minimization algorithm to find a sparse solution to a linear system.

4.1 The [;-minimization

The [;-minimization has lots of applications in basis pursuit problems [41, 39, 40], noise
deconvolution [128], sparse signal recovery [41, 54], sparse model selection [144, 9]. Some
more applications of the /;-minimization can be found in [150, 67, 127, 136, 8]. Also, a
short survey of the /;-minimization can be found in [34]. The [;-minimization has been
generalized to the nuclear-norm minimization, which is used in matrix rank minimization
(60, 61] and low-rank matrix recovery [28, 32].

A usual approach to solve cardinality minimization problems is to relax the problem
by the l;-norm, and to solve the relaxed problem efficiently [20]. The /;-norm is known
as the convex envelop of the function card(zx), over {z : ||z|/s < 1}.

Here we give a proof of this fact. Before proving this, let’s first define the conjugate

function, and review some of the important properties of the conjugate functions.

Definition 4.1. (Conjugate function)
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The conjugate of a function f : R™ — R, denoted by f* : R™ — R, is defined as follows

[y = sup {y'z— f(a)}

zedom(f)
Proposition 4.1. f* is always a convex function, [20)].

Proof. The proof is straight forward, since the conjugate function is the pointwise supre-

mum of a family of affine functions of y. O

The conjugate of conjugate or the biconjugate of the function f, denoted by f**, is

the convex envelop of the function f.

Proof. The conjugate of card(z) on the set ||z]|s < 1, is defined by

f*(y) = sup {y"z — Card(x)},

llz]loo <1

where y = (y1, ..., yn)T € R™
If x =0, then f*(y) =0. If Card(x) =m, 1<m <n, then

y'z — Card(z) < Z lyil|zi| — m < Z lyi| —m, over {z: || <1},
i=1 i=1

SO,
f*(y) = Sup {07 |y1| - 17 72 |y%| =My .y Z |yl| - n} )
i=1 =1

and hence if ||y <1, then 37 || — 7 <0, Vj = 1,...,n, which means f*(y) = 0.
Now if ||y]|oo > 1, without loss of generality suppose that |y;| > 1 for i = 1,...,m, and

ly;| <1fori=m,m+1,...,n. Then f*(y) = > ", |y;| — m, and therefore

0, [Ylloo < 1,

Syl =my Jul > 1L Vi=1,...om, |y <L Vi=m+1,..n
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Now we compute the conjugate of f*, i.e

S (u) = Slip{uTy — ()}

(4.1) 7 (u) ZSLip{uTy— (Zlyil —m)}-

If [ul|loo > 1, there exists at least one ¢ such that |u;| > 1, so, one can increase that
|u;| in a way that f*(u) goes to infinity. If ||ullo < 1, and ||y|lcc < 1, then f*(y) = 0,

and
n
u) =Y |uil = [Jul.
i=1

Now if ||ul|oc <1 and ||y||oc > 1, then

uly — (320 [yl — Zlquyz (Zlyil—mHZIuil—Zluil
— ‘ :

(lyil = Dl = 1) + Z (lyil = 1) |u2|+2|uz

1 z m+1

J/

I
Ms

(.
I

a'g

—
<0 <0

n
<D luil =l
i=1

hence,

f7 () = Sgp{uTy — W)} = llull-

Note that for z € R", the convex envelop of card(z) on {z : ||z < 7} is X[z
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Hence the following CMP:

Minimize ||z|lo = Card(z)
(4.2) *
s.t. Az = b,

is relaxed by replacing card(x) with the l;-norm. The relaxed problem is as follows:

Minimize ||z|; = Z |4
(4.3) ’ =

s.t. Ax =b.

The [;-minimization problem can be written as

(4.4) Minimize {s: ||z|1 <s, Az = b}.

Clearly, (4.3) and (4.4) are linear programming problems. For instance, (4.4) can be

written as the following linear program:

Minimize 17s
S, X

(4.5) s.t. —s<z<s

Az =b.

The [1-norm is the most well known merit function for sparsity. Note that in this chapter,

a function is said to be a merit function for sparsity if it promotes sparsity, i.e, minimizing
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such a function can drive the variable to be sparse.
In the next section, we show that weighted [o-minimization is hidden inside the [;-

minimization. This gives a motivation to focuss on reweighted algorithms.

4.2 Weighted [;-minimization is hidden inside the [;-
minimization
In this section, using the Huber function, we prove that weighted lo-minimization is hidden

inside the [;-minimization. This motivates to focuss on reweighted algorithms.

Proposition 4.2. lims_,o Y\, ¢s(z;) = ||z||1, where ¢s : R — R, is the Huber function.

This shows a kind of weighted lo-minimization is already used by ly-minimization.

Proof. Suppose z € R", and let § € (0,1), and ¢s : R — R, be the Huber function, i.e.,

t|—% it >4
¢s(t) =

£, if [t] <6

Consider the function Fy: R®™ — R, which is given by

B =Y o= ¥ 5+ > (i-3).

i=1 2:6(—5,8) |2:|>5

7 d
)~ lelhl = | (55 - hal) + 2 (Gl 5) - 1o
|zi|<é |z:|>6
) 2 2z )
R
on
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where I' = {7 : |2;] < 0}, and A = {3 : |z;| > §}. Notice that

lim Fi(z) = (151_%;%(%) = [z

Because of the above fact, when ¢ is sufficient small, minimizing the [;-norm over a feasible
set is almost identical to minimizing the Huber function over the same feasible set. Notice

that the first term of Fs(x) can be written as

2

3 % = |Wz|2 for —6<z<3,

|(E1|€5

where is W = diag(w), and w = (wy, ...,w,), w; =55, Vi €. O

So, the [;-minimization already uses weighted minimization. As seen, when z; is small
enough i.e, |z;| < 6, then a large weight (55) is assigned to the component. This weight
acts like a large penalty and forces the component to tend to zero. The [;-minimization
ignores the difference between the large components of x i.e, |z;| > §, by simply allocating
them the same weight. This fact motivates that the performance of the /;-minimization
might be improved. For example, a natural way to improve the performance of the
[;-minimization is to define an iterative algorithm and to allocate the weights to the
components according to the value of them at each iteration. In the next section, we give

some natural and geometrical explanation for promoting weighted approaches.
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4.3 How weights may perform to find the sparsest
solution of an underdetermined linear system of

equations

In this section, we demonstrate several graphical examples of different norm-functions
and weighted norm-functions for finding the sparsest solution to a simple linear system.
The aim of these examples is to illustrate how these different methods work, and how the
weighted functions may perform to find the sparsest solution to a linear system.

Suppose in the problem (4.2) the matrix A, and the vector b are as follows:

(1) (1)

Then the cardinality minimization problem (4.2) can be written as

Minimize ||x]|o
xT

(4.7) ;
s.t. §m1 + x99 = 5

Clearly, the above problem has two optimal (sparse) solutions, which are:
3
x1 =0, x2:§, and z; =3, 1o =0.

As mentioned before, one of the usual approaches to find the sparsest solution of the
problem (4.7) is to replace ||z||p with ||z]|1, and then to solve the following /;-minimization

problem:
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Minimize ||z,
T

(4.8) 3
s.t. §x1 + X9 = 5

Figure 4.1 shows how the /;-minimization may find the sparsest solution of this linear

system, i.e. x1 =0, 2o = %

Figure 4.1: This figure shows how the [;-minimization may locate the sparsest solution of
a linear system.

Another approach to solve the problem (4.7) is to replace ||z||o with ||z||2, and then

to solve the following lo-minimization problem:

Minimize ||z||2
(4.9) :

s.t. 51]1 —+ 19 = 5

Figure 4.2 shows even for a very simple linear system, the lo-minimization may fail to
locate the sparsest solution. The optimal solution found by the ls-minimization is x; =

%, To = g, which obviously is not the sparsest solution.
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Figure 4.2: This figure shows how the ly-minimization may fail to locate the sparsest
solution of a simple linear system.

Also replacing ||z||o with ||z |« results the following optimization problem:

Minimize ||z
T

(4.10) ;

s.t. —x1 + = —.
gt T2 =g

Figure 4.3 shows how the [,-minimization may fail to locate the sparsest solution of a
simple linear system. The optimal solution found by [,-minimization is z; = 1, x5 = 1,

which clearly is not the sparsest solution.

Figure 4.3: This figure shows how the [,-minimization may fail to locate the sparsest
solution of a simple linear system.
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Now lets consider the reweighted /;-minimization. First, we allocate a large penalty like
A > 0 to the first component of the vector x. Hence the related weighted /;-minimization

problem can be written as follows:

Minimize A|z1| + |x2]
(4.11) ’

1
g = = —.
S 2x1+x2 5

Figure 4.4 shows how the weighted [;-minimization may locate the sparsest solutions of

the linear system. In this case, the optimal solution is 1 = 0, x5 = %

Figure 4.4: This figure shows how the weighted [;-minimization may locate the sparsest
solution of a linear system.

Note that if we use the reweighted [i-algorithm starting from the solution of the
[1-minimization, then we find the same optimal solution as well. We will discuss the
reweighted /;-minimization in the next chapter.

Now we put the penalty (A > 0) on the second component of the vector x. Hence the

related weighted [;-minimization problem can be written as follows:
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Minimize |z1] + A|x2|
T

(4.12) ;

s.t. —x1 + = —.
gt T2 =g

Figure 4.5 shows how the weighted [;-minimization may locate the sparsest solutions of
the linear system. Notice that the change of the weights may enable us to find the second
sparsest solution of the problem, i.e. 1 = 3, x5 = 0. One of the open questions in this
area is how to jump from one sparse solution to another one. Note that in lots of cases

the problem may have many sparse solutions.

Figure 4.5: This figure shows how the weighted [;-minimization may locate the sparsest
solution of a linear system.

Now we consider the reweighted ls-minimization, which can be written as follows:

Minimize Az] + 73
(4.13) ’

1
t = = —
S 2x1+a:2 5

where A\ > 0 is a large penalty for 2. The optimal solution of the above problem is

r1 =0, 29 = %, which is one of the sparsest solutions. This is shown in Figure 4.6.

79



Figure 4.6: This figure shows how the weighted lo-minimization may locate the sparsest
solution of a linear system.

Another form of the weighted /;-minimization can be written as follows:

Minimize z7 + \v3
(4.14) g ;

St. —x1 + 29 = —,
D)

where A > 0 is a large penalty for #3. The optimal solution of the above problem is

r1 = 3, 19 = 0, which is one of the sparsest solutions. This is shown in Figure 4.7.

Figure 4.7: This figure shows how the weighted l5-minimization locates the sparsest solu-
tion of a linear system.
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The weighted [,-minimization problems can be written as the follows:

Minimize max{\|z;], |z2|}
X

4.15
(4.15) R 3
st. —x; + 29 = =
2 1 2 27

and

Minimize max{|z1|, \|z2|}

(4.16) : 3
S.t. §$1 + 29 = §a

where A > 0 is a large penalty. Note that in this case, we should choose a larger

penalty than what used in the weighted /;-minimization and the weighted lo-minimization.

If a proper weight is not found, then the weighted [.-minimization may fail to find the

sparsest solution. This is shown in Figures 4.8 and 4.9. But a very big penalty makes
3

the weighted [.-minimization successful to find the the solutions z; = 0, 22 = 3 and

x1 = 3, x9 = 0 for the problems (4.15) and (4.16), respectively.

Figure 4.8: This figure shows how the weighted [,.-minimization may locate the sparsest
solution of a linear system.
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Figure 4.9: This figure shows how the weighted [,,-minimization may locate the sparsest
solution of a linear system.

Now we explain another example in higher dimension.

Example 4.1. Suppose the matriz A, and the vector b are as follows:

3 -2 4 0 -11 0
5 -2 -3 5 0 6 5
A - , b —=

1 2 -1 =5 —6 7 -5

2 -3 0 4 -6 0 4
We would like to solve the following CMP:

Minimize ||z||o
(4.17) g
s.t. Ax =b.

The optimal solution (the sparsest solution) of the above problem is & = (0,0, 0,1,0,0)7,
clearly, ||z]|o = 1. The [;-minimization finds * = (0,0, —1.0078, 0.8532, —0.0978, —0.3327)7,
which is not the sparsest solution.

The l-minimization finds z* = (0.0813, —0.4678, —0.9394, 0.5778, —0.0205, —0.3313)7,
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and the [,,-minimization finds z* = (—0.8459, —0.8459, —0.8459, 0.8234, 0.0233,0.1355)7.
None of the solutions above are the optimal solution to the problem (4.17). So, for this
example, the [, [5, [, fail to find the sparsest solution. However, weighted algorithms have
more capability to locate the optimal solution of the problem. As we see in the numerical
experiments section, most of the reweighted [;-minimizations, where j = 1,2,...15, 00,
(if the weights are chosen properly), are more successful to find the optimal solution of
the problem, i.e. & = (0,0,0,1,0,0). Without using weights, the different norms may
yield totally different solutions, which may be far from a sparse solution of the system.
However, once we introduce the weights, such differences are significantly reduced. Even
by applying suitable weights, it may be observed that the performance the algorithms can
be comparable.

In the following section, we explain how to define different merit functions for sparsity,
i.e. how to construct new concave approximations for ||z||. Also, we show that even
for some functions which are not approximating ||z|lp, we may improve their sparsity

measurement by adding suitable weights.

4.4 Weights may improve sparsity enhancing prop-

erty of merit functions

As mentioned before, the merit functions should have strong sparsity measurement prop-
erty. Obviously, if a function approximates the ||x||o-function, then it has a strong sparsity
measurement, or in other words, it has strong sparsity enhancing property. Under certain
conditions, minimizing such functions may hopefully lead us to a sparse solution to the
linear system. Notice that adding suitable weights to a merit function may enhance its
sparsity measurement property. We will discuss this in this section, and we will explain
more about merit functions and their properties in the next chapter. However, in this

chapter, let’s define the general merit function for sparsity, F'(z), as the function which
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leads us to a sparse solution to the system, i.e., minimizing such function may result
in finding a sparse solution to the system. Additionally, some other properties will be

defined for the function F(z) as follows:

F() =3 willai.

where ¢; : Ry — R, i =1,....,n are twice continuously differentiable and nondecreasing,
functions.

Thus, a general cardinality minimization problem can be written as follows:

Minimize »  ;(|a;])
(4.18) R

s.t. Az =b.

To avoid the division by zero and the non-differentiability (in some cases) of these
functions, we may perturb the function by introducing a parameter ¢ > 0. In different
cases depending on the merit function, there are different ways to perturb these function.

We perturb these function as follows; Replace |z;| by the functions \/x? + € or |z;| + €.

Tim 4 (y/a? + €) = (i),

Tim ¢i(ja] + ) = vi(lail),

Notice that

Usually, we use the first perturbation to avoid the non-differentiability, and the second
one to avoid the division by zero when we differentiate these functions. So, the cardinality

minimization problem can be approximated by the following problem:
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Minimize F.(z)
(4.19) g
s.t. Ax = b,

where

(4.20) F.(z) = Z@Z)Z(\/xf +¢€), or

(4.21) F(r) = Z¢z(|$z| +e).

As we will see in the next chapter, F,(x) should be concave to ensure that the function
is an approximation to ||z||o.

It can be guaranteed that F, is concave if we choose all ;s to be concave. In this
thesis, it is assumed that all of the functions ;s are concave. Note that we always seek
for concave merit functions for sparsity, because of the nature of the ||z||o-function. Since
the cardinality minimization problem is NP-hard, it seems that there is no possibilities
to approximate ||z||o to any level of accuracy by a convex function. But there are many
concave functions, which can approximate ||z||o to any level of accuracy. More explanation
can be found in the next chapter.

For more illustration, here we present some examples about different choices of 1;s.
Example 4.2. Suppose all Vs are identical mappings, i.e, ;(1) =7, i =1,...,n.

We apply ¢;(7) = 7, then we have

F(z) = Zw@-ﬂxm = lail = |z

i=1
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Note that
F(x )—hmF —hmz |z;| + €) —11_1)%2\/

Therefore, the problem (4.18) reduces to the l;-minimization problem, and a smooth

approximation of the problem (4.18) can be written as follows:

n
Minimize E \/2? + €
x
i=1

s.t. Ax =b.

(4.22)

Example 4.3. Let ¢;(1) = log(7), i =1, ...,n.

First define J = {i € N; z; # 0}. If we apply ¢;(7) = log(7), then

= Z@/JU%D = Zlog|xi|.
J J
Hence

F(x )—lg%F —hleog |x;| + €) —hleogw

Therefore, the approximations of the problem (4.18) can be cast as

Minimize Z log \/x? + ¢

(4.23) i=1
s.t. Ax =0,

and
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Minimize Z (|zi| +€)
(4.24) ’ i=1

s.t. Ax =b.

Example 4.4. Suppose ¥;(7) =71P, i =1,...,n.

If we replace ¢;(7) = 7P, then
F(x) =) illml) =D lil” = ||=[l5.
i=1 i=1
So,

n n D
F(z) = lli%Fe(x) = 15%2_; (|| +€) llg%z_; (\/% + e) :

Thus, in this case, the problem (4.18) reduces to the well-known /,-minimization (0 <

p < 1), so an approximations of the problem can be cast as

n p
Minimize Z ( z? + e)

(4.25) i=1
s.t. Ax = b,

Example 4.5. Set ¢;(1) = log(1 +7), i =1,...,n.

Flo) =3 tog(1 + o) = liy > log(1 + (] + ) =i > tog (14 /a2 4.
=1 =1

=1

The same as the above examples, these functions can be also used to define new approx-

imations for the cardinality minimization problem.
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There are infinitely many functions, which can be used to define new merit functions
F'. For instance, we may also use some proper mixture of the functions ;s to construct
some more complicated merit functions for sparsity.

Let ¥ be the cone generated by univariate twice differentiable, nondecreasing concave
functions. Then any function in ¥ can be used to construct a new sparsity merit function.
Notice that any constant function, ;(7) = constant, is in the cone. So, we may also
generate a new merit function from this fact. Here we give another example to illustrate

how to construct new merit functions for sparsity.
Example 4.6. Set ¢;(1) = —% eV, i=1,..n.

This yields the merit function

1
=il +9 =3 e

i=1

Now, the combination of the constant function, i.e, ¢;(7) = 1 € ¥ and ¢); yields the

following function:

€i=¢i(7)+€¢i(7):1—;~

Clearly, & € W, so, we can construct the following merit function:

= Z§¢(|xi| +e) = Z(l B |xz-|€+ 6)'

This function is an approximation to the ||z||o-function, since

|z
li 1— = = :
P _1( ‘xZ’—i—e e%OZ‘x’_FE [llo
For more explanation about the above formulation, note that
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||

lim =0 ifz; =0, 2=1,....n,
e—0 |xl| + €

and
i % g e, 40 i=1,n
e—0 |:pz| + €

In the next chapter, we introduce new merit functions, which lead us to new reweighted
l1-algorithms.

Here we explain how we can apply weights to improve the sparsity measurement of a
function. Suitable weights may improve the approximation level to the ||z ||o-function, i.e,
adding good weights to some merit functions may lead us to a good approximation to the
|| z||o-function. If we add weights to the problem (4.18), the achieved weighted problem

can be written as follows:

Minimize »  wjty(|z])
(4.26) T
s.t. Ax =0,

and its approximation can be cast as follows:

Minimize Z w;Y; (\/x? + e)
i=1

s.t. Az =b.

(4.27)

There are many different options to define weights. In most of the cases, weights
depend on the parameter ¢, or they depend on the both parameters € and z. Note that
If we use a mixture of the log funtion and the [,-norm (0 < p < 1) to construct a merit

function, then the weights may also rely on the parameters ¢, x, and p (see chapter 5).
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In the following example, we show that by choosing proper weights, the objective

function of the problem (4.27) can approximate the ||z||o-function to any level of accuracy.
Example 4.7. The weights depend on both the current point x and €.

Let ¢; =log(1+7),i=1,....,n, and let

1,...,n,

1 :
w; = , 1=
log(1 4 /27 + €?)

where 0 < p < 1 is any fixed constant (e.g., p = %, %, ...), then

Similarly, we may choose

1
- log(1+ || +er)’

w;

such that the above limitation remains valid.

As we see in the numerical experiment section, the choice of the initial point for the
reweighted algorithm plays a vital rule. This means, by choosing a proper starting point,
most of the weighted [;-minimizations (j > 1) are successful in locating the sparsest
solution, Tables 4.1, 4.2 and 4.4 .

In the next section, we continue discussing the weights, and we show that choosing
proper weights may reduce the gap between the performances of different merit functions

to locate a sparse solution to a linear system.
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4.5 Weights may reduce the gap between some merit

functions

In this section, we show that suitable weights may significantly reduce the gap between
some of the merit functions. We suppose that the initial points in the wl;-algorithms
(j > 2) are set to be the solution of the lj-minimization. Also, we explain how to
define different kinds of weights for weighted norm-functions in order to have a function
with high sparsity measurement property. Besides, we discuss which choices of weights
may reduce the gap between different merit functions. For example, in what follows we
illustrate what choices of weights may reduce the gap between the performances of the
|Wz||-minimization and the ||z||;-minimization to locate a sparse solution of a linear
system.

One approach to find such weights is to define the weights in a way that each w?z?

becomes equivalent to |z;|, i = 1,...,n. Suppose that W = diag(wy, ws, ..., w,), then

Now let’s choose

1
(22 +€)i

If we replace the above weights to the weighted lo-norm, then

- 1
Wally = | Y ———a?.

i=1 (Izz + 6)%
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Note that y/z7 + € & |x;|, when € is small enough. This yields:

[Wlls ~

n
> lzil = Vlizlh,
i=1

and therefore,

Wz ~ ]

In general, choosing proper weights in ||V z||;-minimization (j > 2) can make it equiv-

alent to the ||z|[;-minimization. Set
. 1-j
(4.29) w; = (Jzl! +¢€) 2.
Clearly, this choice of the weight will result in the following:
IWaj = ||z

It is worth mentioning that the weighted ls-norm function can also be an approximation
to the ||z||o-function. This can be proved as follows:

Set the weights as
(4.30) W= ——=—, 1 =1,...,m,

and let W = diag(wy, ws, ..., w,). Therefore

— )2 —
Wl = [ 3 Stwiag? = |3 7
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Now taking the limit when € — 0, yields: For z; # 0, we have

lim ——— =1,
e—0 ;] + €
and for x; = 0, we have
2
lim ——— =0
=0 3 + €
Hence
n
. x?
lim = [|z]lo-

e—0 Py x? + €
This motivates us to test another reweighted ls-algorithm with the weights defined in
(4.30), see the numerical experiment section.

In general, for weighted /;-norms (j > 2), if the weights are chosen as

w"“

w; = (! +€) 2, i=1,..,n,
then we can conclude that

lim [W|[3 = [z lo,

where W = diag(wy, ..., wy,).

4.6 General reweighted [; (j > 1) algorithms

In chapter 5, we will discuss the reweighted /; algorithms in details, however in this section

we explain a general reweighted [; (j > 1) algorithm.

First, we should choose a starting point 2!, and an initial weight w! = (w;, ..., w}) for

the algorithm. Usually the weights at the iteration [ + 1 are chosen using the solution

l l

vector, x!, from the iteration [. Note that at each iteration [ the vector w! = (w!, ...,w!) is

the penalty vector, where w;s can be interpreted as penalties that discourage the existence

93



of nonzero elements of the vector x € R™. Also a parameter € is used in our penalty vector,
W', to avoid the division by zero. Sometimes we may use some updating rule for e as well,

e.g. set €1 = 0.5¢'. Hence, a general reweighted [; algorithm can be defined as follows:

Algorithm 4.1. Setl as an index which counts the iterations, and choose a small enough

67
Step 0: Choose a starting(initial) point x* for the algorithm,
Step 1: Set | =1 and w' = (wy, ..., wp),
Step 2: The iterative scheme; Solve
(4.31) 2 = argmin{||diag(w)z|; : Az = b}, where j > 1,

Step 3: Update the weights; update the penalty vector w'*!

using the optimal solution,
2!, achieved in the last step,

Step 4: If some stopping criteria holds, stop. Otherwise, go to step 2.

We may use the weights introduced in (4.28) and (4.30) to define the following

reweighted lo-minimization problems:

n
2" = argmin Z ((z) +¢) 0 7
i=1

(4.32)
s.t. Ax = b,
and
2! = argmin Z ((z]) +¢) 00
(4.33) i=1



where [ is the number of the iteration.

In our numerical experiments, we compared the performances of the above reweighted
lo-minimization problems with the [;-minimization, see Figures 4.10 and 4.11. The numer-
ical experiments show that the choice of € is very important to improve the performances
of the algorithms. In addition, by using the above discussion, we introduced some weights
for the reweighted [3-algorithm, and we also compared the performances of the reweighted
[3-minimization with the [;-minimization, via different choices of €, see Figures 4.12 and
4.13.

Note that after adding the weights, the resulting function may lose its simplicity or
convexity. The procedure of adding weights normally generates a concave function with a
strong sparsity measurement. If the function is a good continuous approximation to the
|| z||o-function, then it means the function is concave. One of the common approaches to
solve concave optimization problems is the linearization method, which will be explained
in the next chapter.

In the next section, we demonstrate some numerical examples to see how weights may

reduce the gap between merit functions for sparsity.

4.7 Numerical experiments

In this section, we report some results from our numerical experiments to support the
points made in this chapter. These experiments show that weights (if chosen properly)
may significantly reduce the gap between merit functions in finding a sparse solution to
a linear system.

We start with the simple Example 4.1. As seen, the optimal solution of the problem
is # = (0,0,0,1,0,0)T, and ||Z||o = 1. In this example, numerical tests show that the
l[;-minimization finds the solution with cardinality 4, and all the /;-minimizations for

J = 2,...,00 find the solutions with cardinality 6. However, reweighted [;-minimizations
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(j > 1) are much better in general. In the Table 4.1, we use the weight w! = \xl\%ez in

the reweighted /;-minimization with j =1,...,5,15,00. And in the Table 4.2, we use the

weight w! = = in the reweighted /;-minimization with j = 1,...,5,15,00. Also, the

1
(lzfl+e)

updating rule for € is ¢; = 0.25¢;, with ¢g = 0.0001. The number of the iterations for
all of the reweighted algorithms is equal to 4, i.e, [ = 4, and we run the algorithms from

10 different initial points. After presenting these numerical experiments in the following

tables, we continue to improve the results by changing the number of iterations.

Table 4.1: Comparison of different reweighted /;-minimizations with w! = m The

number of iterations is [ = 4. The numbers in the columns show the cardinality of the
solution.

Initial Point xY wly | wly | wls | wly | wls | wlis | wls
(0,0,0,0,0,0)" 1 1 6 6 6 6 6
(1,1,1,1,1 nT 1 1 6 6 6 6 6
0,1,1,1,1,1)T 1 1 5 5 6 6 6
(0,0,1,1,1,1)T 1 1 1 1 1 5 6
(0,1,1,1,0,0)" 1 1 1 1 1 6 6
(0,1,0,1,0,1)T 1 1 1 1 1 6 6
(1,1,1,0,0,0)T 4 6 6 6 6 6 6
(0,100, 100, 100, 100, 100)" | 1 1 5 5 6 6 6
(0,0,100, 100, 100, 100)* 1 1 1 1 1 5 5
(0,0,0,100,100,100)" 1 1 1 1 1 5 6
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Table 4.2: Comparison of different reweighted /;-minimizations with w! = m The

number of iterations is [ = 4. The numbers in the columns show the cardinality of the
solution.

Initial Point 2Y wly | wly | wlz | wly | wls | wlis | wls
(0,0,0,0,0,0)" 1 1 1 5 5 5 6
(1,1,1,1,1 1)7 1 |1 |1 |5 |5 |6 |6
(0,1,1,1,1,1)T 1 |1 |1 |1 |1 |5 |5
(0,0,1,1,1,1)T 1 1 1 1 1 1 1
(0,1,1,1,0,0)T 1|1 |1 |1 |1 |1 6
(0,1,0,1,0,1)T 1|1 |1 |1 |1 |1 6
(1,1,1,0,0,0)" 1 1 5 5 5 6 6
(0,100, 100, 100, 100, 100)" | 1 1 1 1 1 5 5
(0, 0,100,100, 100, 100) 1 1 1 1 6 6 1
(0,0,0,100, 100, 100)" 1 1 1 1 6 6 6

Now, we generate randomly distributed matrices A and the sparse vectors x. The
matrices A are normally distributed with mean zero and variance 1, i.e, N(0,1). We
generate 500 such matrices A, and sparse vectors x, and compare the frequency of
success of the [;-minimization and the reweighted [;-minimization (j = 1,2,3,00) in
finding 5-sparse, 7-sparse, 9-sparse, 11-sparse and 12-sparse solutions of the linear sys-
tem. We use the weights w! = (|z}| + q)_l for the reweighted [;-minimization and the
reweighted lo-minimization, and w! = (|xi| + el)_1'5 for the reweighted /3-minimization
and the reweighted [,-minimization. The initial point for all of the algorithm are set to
be 2° =1 € R'?°, where 1 is a vector with all entries are equal to 1. Also ¢, = 0.01, and
the updating rule for ¢ is €1 = 0.5¢;. The results are presented in Table 4.3. As seen,
the [;-minimization is efficient in finding the sparsest solution of a linear system. The [,
I3 and [.-minimization fail to locate any sparse solution when ||z||; < 12. However, the
gap between them was significantly reduced when we add the weights to the functions.
As shown, the reweighted [;-minimization and the reweighted ly-minimization perform

similarly in many cases. Also, note that the frequencies of success in the reweighted
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[3-minimization and the reweighted [,.-minimization are significantly improved.

Table 4.3: Comparison of [;-minimizations and reweighted [;-minimizations for j =
1,2,3,00. The numbers in the columns show the frequencies of success in finding the
sparse solutions.

Sparsity I lo |13 |l | wh wly wls Wl
2o <5 [98.6% | 0% | 0% | 0% | 99.2% | 92% | 70.2% | 0.6%
zllo <7 |98.6% | 0% | 0% | 0% | 99.2% | 93% | 74.8% | 0.8%
zllo <9 |98.6% | 0% | 0% | 0% | 99.2% | 93.8% | 76.8% | 1%
|zllo <11 ] 98.6% | 0% | 0% | 0% | 99.2% | 94.2% | 78% | 1%
lzllo <12 | 98.6% | 0% | 0% | 0% | 99.2% | 94.6% | 79.6% | 1%

Now, we test different reweighted [;-minimizations with a much higher number of
iteration for finding the sparsest solution of the Example 4.1. The numerical experiments
show that for the reweighted [;-minimization usually 4 iterations are enough to find the
optimal solution. However, for the reweighted /;-minimization (j > 2), we should increase
the number of iterations to locate the solutions with higher sparsity. We set the weights
as w! = m, and iterate the algorithm 40 times, i.e, [ = 40. Based on our experiments,
after 40 iterations there will not be any improvements to the optimal solution of the

problem. This means one may stop the algorithm at the iteration k if 2% = 2%~ = 2#=2.
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Table 4.4: Comparison of different reweighted [;-minimizations with w! =

1

‘$§|+€l :

The

number of iterations is [ = 40. The numbers in the columns show the cardinality of the

solution.
Initial Point 2 wly | wly | wls | wly | wls | wlis | wlsg | wilago | Wlss
(0,0,0,0,0,0)" 1 1 1 1 1 1 5 6 6
(1,1,1,1,1 T 1 1 1 1 1 1 5 6 6
(0,1,1,1,1,1)T 1 1 1 1 1 1 1 6 6
(0,0,1,1,1,1)T 1 1 1 1 1 1 1 2 6
(0,1,1,1,0,0) 1 1 1 1 1 1 1 5 6
(0,1,0,1,0,1)T 1 1 1 1 1 1 1 1 6
(1,1,1,0,0,0)" 4 4 4 4 4 5 5 6 6
(0,100, 100, 100, 100, 100)" | 1 1 1 1 1 1 1 5 6
(0,0, 100, 100, 100, 100)” 1 1 1 1 1 1 1 1 5
(0,0,0, 100,100, 100)" 1 1 1 1 1 1 1 1 5

We continue our numerical experiments by focusing on the following reweighted [,-

minimization and reweighted [3-minimization problems:

(4.34)

(4.35)

(4.36)

xl+1 — argmin Z ((I’?)l—i— ) 0.25 12
=1
s.t. Ax =0,

2" = argmin Z ((z2) +¢) 002
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n

2! = argmin Z ((23) +¢€) °af
(4.37) i=1

As mentioned, a suitable weight may vanish the gap between the reweighted ;-
minimization (j > 2), and the /;-minimization. We compared the performance of the
4 algorithms above with the [j-minimization. 100 randomly generated matrices have
been tested. The matrices A are normally distributed with mean zero and variance 1, i.e,
N(0, 1), and we run the algorithms for different sparsity levels of the solution vector z, (i.e,
|lz]lo = 1,...16). Figure 4.10 shows the performance of the first reweighted lo-minimization
(4.34) for finding the sparsest solution to the linear system Ax = b. Different choices of e

have been tested.

Probability of Success

Figure 4.10: The performance of the reweighted l,-minimization with w; = (22 + e) "%

for different choices of e.

Figure 4.11 shows the performance of the second reweighted lo-minimization (4.35) for
finding the sparsest solution of the linear system Ax = b for different choices of €. See
that if a suitable € is chosen, then the performance of the algorithms will be quite similar

to the [;-minimization.
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Figure 4.11: The performance of the reweighted l,-minimization with w; = (2? + e)_0'5

for different choices of e.

Figure 4.12 shows the performance of the first reweighted l3-minimization (4.36) for
finding the sparsest solution of a linear system. Clearly, if a proper € is chosen, then

the gap between the reweighted [3-minimization and the [;-minimization will be reduced
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Figure 4.12: The performance of the reweighted I3-minimization with w; = (23 + €)™ 2 for
different choices of e.

Figure 4.13 shows the performance of the second reweighted l3-minimization (4.37) for
finding the sparsest solution of linear system. See that if a suitable € is chosen, then the

gap between the reweighted /3-minimization and the /;-minimization will be reduced.
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Figure 4.13: The performance of the reweighted /3-minimization with w;

different choices of e.
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In the next section, we discuss the reweighted [;-minimization, which is one of the

most successful approaches to find a sparse solution of a linear system.
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CHAPTER 5

REWEIGHTED [{-ALGORITHMS!

We discussed different reweighted algorithms and the /;-minimization method in the last
chapter. Because of the effectiveness of [;-minimization, it is natural to ask if there are
other methods which can be comparable or outperforms the /;-minimization. Numerical
experiments show that proper reweighted [;-minimizations outperform the /;-minimization
in many situations [34, 37, 43]. This means reweighted minimization methods may find
the sparsest solution when the /;-minimization fails. The reweighted /;-minimization can

be written as

Minimize ||Wz||;
(5.1) ’
s.t. Ax = b,

where W is a diagonal matrix W = diag(w) with w = (wy,ws, ..., w,) € R. The main
idea of the reweighted [i-minimization is to define the weights based on the current iter-

!, These weights can be interpreted as large penalties for small component of the

ate x
vector x. This means the weights force the small components to be zero in every itera-

tion. Reweighted [;-minimization is a new topic in the field of optimization and applied

Most parts of this chapter can be found in [2].
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mathematics, however reweighted least square (RLS) method has a relatively long his-
tory. RLS was proposed by Lawson [84] in 1960s, who introduced the weighted [/,-norm
for solving a class of uniform approximation problems. This method has been extended
to l,-minimization (0 < p < 1) later. RLS is used in many areas such as robust statistical
estimation [142, 78, 111] and FOCUSS algorithms [72]. The recent interest is now focused
on reweighted [;-minimizations which have shown powerfulness in finding the sparsest
solution to an underdetermined linear system of equations.

A unified framework of reweighted [;-algorithms has been recently proposed by Zhao
and Li [152], where they illustrated how to define different merit functions for sparsity.
These functions are certain concave approximations to the [yj-norm function. In this
chapter, we continue to introduce more new merit functions, which can be employed to
propose new weights for the reweighted [i-algorithms. Especially, we focus on the nu-
merical comparison between some new and existing reweighted [;-algorithms. We show
how the change of parameters in reweighted algorithms may affect the performance of
the algorithms for finding the solution of the cardinality minimization problem. In our
experiments, the problem data were generated according to different statistical distribu-
tions, and we test the algorithms on different sparsity level of the solution of the problem.
Our numerical results demonstrate that these reweighted [;-methods are very efficient for

locating the solution of the cardinality minimization problem.

In the next section, we discuss some of the existing weighted [;-algorithms, and the
majorization-minimization(MM) method. Also, we apply the MM-method to the function
which we defined in chapter 3 (3.16) to define a reweighted [;-algorithm, and we continue

to develop more approximations to the function ||z|y in the other sections.
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5.1 Weighted [;-algorithms

Weighted [;-minimization problem can be written as

Minimize w”|z| = (w, |z|)
(5.2) v
s.t. Ax =0,

where the vector |z| is the componentwise absolute value of the vector z, and w is the
weight vector. The weight vector should be chosen in a way that they encourage the small
entries of the vector x to be zero, so this method is sometimes called [; penalty method.

Most of weighted /;-minimization techniques are based on majorization-minimization
methods, so we introduce this method and we discuss about its applications to achieve
different weights to our reweighted [;-minimization problems.

The majorization-minimization(MM) method is one of the well-known optimization
techniques which has lots of applications in different optimization problems [66, 64]. MM-
method is an iterative technique using a majorization function, which is easier to work
with, for minimizing a given function f(x). Here we introduce majorization function, and

then we apply the MM-method to our cardinality problem.

Definition 5.1. (Majorization function)
Consider the function f : R — R, and suppose in the i-th iterations one can find a
function g;(x) with the following properties,

e g;(z") = f(a"). Note that the parameter vector at the iteration i + 1 is obtained as

1 = argmin, g;(z).

follows: '
e gi(z) = f(x),

e The minimization of g;(x) is easier than minimization of f(x).

105



This g;(x) is called a majorization function for f(x).

The common feature of MM-algorithm, like expectation-maximization(EM) [99], and
cyclic-minimization [125], is that it monotonically decreases the function’s value at each
iteration. Based on the definition of g;(z) above, to verify this feature for MM-method,

let’s see that

To apply MM-algorithm to CMP, first one should reformulate the cardinality function
to a differentiable one, and then relax the concave problem with replacing its linear

majorized function. To see how this procedure works, we consider the following CMP:

Minimize Card(x)
(5.3) ’
s.t. Az = 0.

An approximation of card(z) can be written as [122]

n

. log(1 + )

i=1

with € > 0 and z = (21, ...,7,,)7. Without loss of generality we can assume that z > 0,
since if not one can write x = ' —z~ with ™, 2~ > 0, and card(x) = card(x™)+card(xz™).

Now one could reformulate the problem (5.3) as follows [34]:

Minimize E log (1 + &>
x ‘ €
(5.5) i=1

st. Av =10, x> 0.

Note that log(1 + %) is not equivalent to the lp-norm function, but it encourages the
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x;8 to be set to zero. As we will see on this chapter later, we call these kinds of functions
as merit functions.

The objective function of the problem (5.5) is concave, so one can use the linear
majorization of the function as a new objective which is convex. For a a given concave

function f we know

f@) < fly)+ (@ —y)"Vily), Yo,y e dom(f).

The right hand side of the inequality above is a linear function with respect to .
Linearization is a famous method to minimize a concave function over convex sets [77].
The convergence of these kinds of algorithms can be shown using the global convergence
theorem [90].

One could reformulate the problem (5.5) by its linearized majorization function. To
do so, we write the first order approximation of the objective function, at the point 2!, as

follows

(5.6) anz (1+%) Zn:l 1o +Zn:x"_xé
. o — | = (0] —
1=1 g € i=1 g € i=1 €+xi

Then one could solve the achieved following convex problem:

]
(5.7) py €+ x;
s.t. Ax =10, z > 0.

By setting ﬁ = w;, we have the following weighted [;-minimization problem:
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Minimize Zwixi
(5.8) ! i=1
s.t. Ax =10, z > 0.

In [34], a simple iterative algorithm is proposed to solve reweighted [;-minimization
problems. In what follows, we briefly introduce this algorithm.
Define a vector w = (wy, ...,w,), where w;s can be interpreted as penalties that dis-

courage the existence of nonzero elements of the vector x.

Algorithm 5.1. Setl as an index which counts the iterations, and choose a small enough
€.

Step 0: Choose a starting(initial) point 2° for the algorithm, solving the convex opti-
mization problem (4.3).

Step 1: Set | =0 and w' = (wy, ..., wy) = 17.

Step 2: Solve
(5.9) 2t = argmin{(w",|z|) : Az = b}.

Step 3:
1
f“z 7 , 1=1,...,n.
25| + €

Step 4: If some stopping criteria holds, stop. Otherwise (I+ 1+ 1), and go to step 2.

There are different stopping criteria for this algorithm. For example, one may stop the
algorithm when there is no improvements in the optimal solution of the algorithm. Hence
the algorithm may be terminated at iteration k if 2% = 2%~! = 2¥=2. Or one may define

some updating rules for the parameter ¢, e.g. €' = 0.5¢/, and terminates the algorithm

when € is small enough.
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The above algorithm is sometimes called reweighted [;-heuristic.
One of the most recommended choices for the starting point, 2%, is the optimal solution
of the relaxed [;-minimization problem.

Another more general reformulations of the CMP (5.3) are as follows [34]:

n
Minimize g R;
z,R

1=

(5.10) st. Ar =10
|zi| < Ry,
or
Mm;,r}{nze Z; log(R; +¢€)
(5.11) st. Av =10
|zi| < R;,

which is equivalent to

Minimize Z log(|xi| + ¢€)
(5.12) ¢ i=1

s.t. Ax =0,

The problem (5.12) and (5.11) are equivalent in the following sense.
If 2* is a solution to (5.12) then (x*,|z*|) is a solution to (5.11), and if (z*, R*) is a

solution to (5.11), then z* is a solution to (5.12).
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Based on the above technique, the problem (5.11) can be solved by using its linearized

relaxation function.

(5.13)

which is equivalent to

(514) i=1

Then the Algorithm 5.1 can be applied to the above problem, by setting

1
B EA RS

Here, we use the following reformulation for the cardinality function (as seen in chapter

3),

(5.15) Card(z) = ||z|lo = li_r)r(l)Zsin (atan (‘xj)) :

=1

If we repeat the previous MM-procedure for the above function, the following weights

can be obtained:
1

Wi =—5——.
z? + €2

Now, one can easily apply the Algorithm 5.1. It seems, in this case, the algorithm
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should converge faster since the above weights propose larger penalties for small x;8. See

Figures 5.1 and 5.2.

15

N
051 N Iy
N

I I I I
0.2 0.4 0.6 0.8 1

Figure 5.1: The solid graph represents card(z), the dash graph represents ||z||;, as the
l=|

convex envelop of card(z). The dot graph represents the function sin <atan for

e = 0.1, and the dash-dot graph represents sin <atcm (@)) for e = 0.01.

For more illustration, here we present Figure 5.2, based on the /;-minimization and

the reweighted [;-minimization for the following cardinality problem:

Minimize Card(z)
(5.16) *
s.t. Ax = b,

where A € R100x200,

A, b are randomly generated from the normal distribution with mean of 0 and variance
of 1, N(0,1).

The dot line is presenting card(z) achieved by the [;-minimization. The solid line is
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presenting card(z) achieved from the reweighted [;-minimization at each iteration. The
weights, in this case, are obtained by applying the linearization method to the following

approximation of card(x), denoted by 1,

n

. log(1 + )
(5.17) Card(x) = 11_1}1(1)2 m = Q1.

1=

And the dashed line is presenting card(z) achieved from the reweighted [;-minimization
method at each iteration, the weights in this cased are achieved by applying linearization

method based on our approximation of card(x), denoted by s,

(5.18) Card(z) = ||z|lo = EE%ZSm (atan (%’)) = .
i=1

L L L L L L L L
2 3 4 5 6 7 8 9 10
Iterations

Figure 5.2: The [;-minimization and the reweighted /;-minimization with a matrix A €
R100x200 " The dots line represents card(x) based on the /;-minimization. The solid line
represents card(x) achieved by the reweighted /;-minimization based on ¢; approximation,
at each iteration. And the dashed line represents card(x) achieved by the reweighted ;-
minimization based on ¢y approximation, at each iteration.

In the next section, we focus on some new concave merit approximations to the function

||]|o, which lead us to new reweighted [;-algorithms.
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5.2 Concave approximations to ||z||o and reweighted

[{-minimization
As we have seen, there are some alternatives to improve the [;-minimization, called
reweighted [-minimization techniques. In this section, we continue to develop the reweighted
[{-minimization algorithms.
Remind that the problem of finding the sparsest solution to the linear system, can be

stated as follows:

Minimize ||x]|o
(5.19) .
s.t. Ax = b,

where Az = b is an undetermined linear system of equations.

The lp-norm function is discontinuous, so the main idea for solving the problem (5.19)
is to approximate the lo-norm function by some other continuous functions which are easier
to deal with. For example, the [,-norm function(0 < p < 1) is one of the approximations
to the lp-norm function. The [,-minimization (0 < p < 1) has been studied in [119, 42, 43].
Figure 5.3 represents the graph of """ | |z;]?, for p = 1, p = 0.6, and p = 0.2. Note that

as p goes to zero, > . |z;|? approaches to the [p-norm function.
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Figure 5.4: The graph of Y7, log(|z;|+€)+>_ i, (|;|+€)? for different values of 0 < p < 1.

As seen in Figure 5.3, the closest convex approximation to the ||z||o-function is the
well known /;-norm function. So it is unavoidable to use non-convex functions, especially
concave functions, in order to have a better approximation to the ||z ||o-function. As we will
see in this chapter, these approximations will lead us to construct different reweighted [y
algorithms through the linearization method. These reweighted algorithms perform much
better than the original /;-minimization (j > 1) techniques to find a sparse solution to a
system of linear equations. In [152] Zhao and Li introduced the following function which

is a combination of the /,-norm (0 < p < 1) and the log function to approximate the
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||||o-function, z € R™, (see Figure 5.4):

n

F.(x) = Zlog(]:cil +€) + Z(\wzl +ef, 0<p<l1.
=1

i=1

We will discuss these kinds of functions later. Finite successive linear approximation
algorithms have also been used and are still used to get an approximate solution of the
concave approximation problems [96, 117, 21, 94].

[1-minimization methods have been used to solve the problem (5.19). This is motivated
by the main idea of replacing the ||z||o-function with its convex envelop, the /;-norm
function, and then solve the resulting linear program [31, 52, 27]. Under certain conditions
the [;-minimization method is able to obtain the exact solution of the problem (5.19) for
very sparse solutions of the system Az = b. In the literature, several conditions have been
introduced and discussed for the equivalence between the [;-minimization and the [y-
minimization. The outstanding ones are spark [52], mutual coherence [53, 29], restricted
isometry property(RIP)[31, 25, 16], and null space property(NSP) [28, 11]. For large
optimization problems, the unconstrained version of the problem has been investigated in
the literature, that may be referred as Lasso-type problems [137].

Numerical experiments show that weighted approaches are very affective in locating
an exact solution of the problem (5.19), and it can outperform other methods, in many

situations [152, 82, 34, 140, 37, 43].

Candes, Wakin, and Boyd [34] proposed a reweighted [;-algorithm as follows:

Minimize sz|$z|
(5.20) ’ i=1
s.t. Ax =0b.
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By introducing a diagonal matrix W = diag(wy,ws, ...,w,), the problem above can be

written as

Minimize |Wz||;
(5.21) g
s.t. Az =0.

The weight can be interpreted as penalties for the components of the vector x. Larger

penalties, (w;)s, apply to smaller component of the vector x, for example one may choose

the weights as =, i = 1,...,n. However to avoid having infinity penalties, one may add

|z4]?

a parameter like € > 0 to define the following weight [34]

1

- |z;| + €

w; 1=1,..,n.

Choosing the proper € to have a more efficient algorithm is one of the challenges. Very
small or very large € might lead to improper weights which may cause the failure of the
algorithms. Since very small € might result in infinity penalties for small component of
x, and with very big e the penalty might not recognize the difference between the small
components of x and the large ones. We discuss the choice of € for our algorithms in the

numerical experiment later.

In an iterative reweighted [;-algorithm, weights can be defined from the iteration in
the previous step. Suppose the solution at the step [ is 2!, then the weight at the next

step [ + 1, can be given as w!'*! This was introduced by Candes, Wakin, and

_ 1
T et

Boyd, and we refer to their algorithm as CWB, in this chapter.

In [152], Zhao and Li introduced a unified framework of reweighted {;-minimization.
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The main idea is to define a merit function which is a certain concave approximation of the
cardinality function, and to construct different types of weights through the linearization
techniques. Based on the class of merit functions defined by Zhao and Li [152], we identify
several new specific merit functions, which are used to define the weights of the reweighted
l1-algorithms. The main purpose of this chapter is to study these merit functions, and
to test the success probability of the reweighted algorithms associated with these merit
functions for locating the sparsest solution to linear systems, where the matrices, A, are
generated based on different statistical distributions. Note that most of the previous
experiments in the literature use normally distributed matrices. Also, we demonstrate
how the parameters used in the algorithms may affect the performance of these methods.
Furthermore, we evaluate what choice of € may make our algorithms work better. In
section 5.3, we discuss different types of merit functions and the associated reweighted
[1-algorithms. In section 5.4, we present and discuss our numerical results, and provide

comparison between these algorithms.

5.3 Merit functions and reweighted algorithms

Merit functions have been used frequently in the field of optimization. Recently Zhao
and Li [152] have used merit functions to approximate the lp-norm function. The merit

function is defined as follows.

Definition 5.2. (Merit Function)

For any € > 0, a merit function F.(x) : R™ — R is separable and coercive of the
form F.(xz) = >0 Wi(|lz;] + €) for approzimating the ly-norm, where the functions
are strictly concave, strictly increasing and twice differentiable. Also the function F.(x)

should satisfy the following properties:

1. lim., 1;‘((5) = |lz]lo + C, g(€) > 0 is a function of €, C is a constant,
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2. F(z) = F.(|z|), Yz eR",
3. lim(xi,e)*)(()’()) [VF€<.T>]1 = 00, Vo > 0, Ve > 0,
4. im. o [VF.(2)]; = ¢;;, VYx; >0, where each ¢; is a positive constant.

After replacing the ||z||o by a merit function the problem (5.19) can be written as

Minimize F.(z)
(5.22) g
s.t. Az = 0.

Note that F.(z) is a concave function. One of the usual methods to solve concave
optimization problems is to apply the linearization method, which in this case is a spe-
cial type of Majorization-Minimization(MM) method. For more illustration see that by

applying the Taylor expansion of F,(x) around a point u, we conclude

Fo(z) < Fo(u) +(VE(u), z —u).

The right hand side of the inequality above is a linear function. Hence the problem (5.22)

would be reduced to the following linear program:

Minimize (VF,(u), z)
(5.23) .
s.t. Az =b.

So in our iterative reweighted algorithm, the iteration [ should solve the following opti-

mization problem:
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Minimize (VF,(z'), z)
(5.24) g
s.t. Ax = b,

where 2! is the solution of the previous iteration, and VF,(z!) are the weights. The

reweighted [;-algorithm can be defined as follows:

Algorithm 5.2. e Setl as an index which counts the iterations, and choose a small

enough € > 0.

e Step 0: Choose a starting point z*. This can be obtained by solving the l,-minimization

problem.

o Step l: Set w' = VF.(2'), and Solve

(5.25) 2 = argmin{(W', ) : Az = b}.

e Step I+ 1: If some termination criteria holds, stop. Otherwise (I <14 1), and go

to step .

An additional step can be added to the above algorithm concerning the choice of e.
In this chapter, our updating rule is ¢,; = 0.5¢;. In CWB algorithm, € is updated as

€111 = max{|z!|(;,),0.001}, where iy = and |z|;, is the biggest ig elements of x.

[Tloe (2]

It is quit challenging to prove that under a mild condition, the reweighted [;-algorithm
converges to the sparsest solution of problem (5.19). This is still an open questions in this
field. However some progress have been made in this area [152, 95, 43, 140]. Mangasarian
[95] introduced a successive linearization algorithm(SLA) to find the solution of general

complementarity problems, and proved that SLA algorithm terminates in finite number of
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iterations, and creates decreasing objective function values at each iteration. Furthermore
he proved these values converge to a stationary point. Chen and Zhou in [43] proved
that the sequence generated by reweighted [;-algorithm converges to a stationary point
of a kind of truncated [,-minimization problem (0 < p < 1). Similar results can also
be found in [82]. Recently, Zhao and Li [152] defined a range space property(RSP) for
matrices, under which he proved that the reweighted [;-algorithm converges to certain
sparse solution of the problem.

Following the framework of the reweighted /;-algorithm in [152], we discuss some new

merit functions. Before we go ahead, let’s consider the following merit function

(5.26) F.(z) = Zlog(m] +€) + Z(W +e)P,

where 0 < p < 1, which is mentioned in [152], based on which we will construct new merit
functions. To verify that the above function is a merit function, one should check all the
defined properties are satisfied. First, let’s verify that this function is an approximation

of lp-norm function.

Indeed, it is easy to check that

™ . n . D
hm <TL . 21:1 Og(|xl| + 6) + Zz:1<|xl| + 6) ) — ||£L'||0
log €

e—0

Note that

lim F(x) = oo,

T—00

which means the function is coercive. It is clear that F.(x) = F.(|z|), and the function is

120



increasing. In R, we have

L+ @+ 1+ (20 +0p)\”
x14+e 77 z, +€ '

VE,(z) = (

Also, for every i = 1,...,n, we have

1 i P .
lim [VF.(|z])li= lm = (fl )" =00, i =1,...,n,
(2i,6)—(0,0) (zi,6)—(0,0) |z;| + €

and VF,(z) is bounded when ¢ — 0. Since 0 < p < 1 and z; > 0, we have

(i + )P > p*(zi+ e, i=1,..,n,

S0
—1+ (x; + €)Pp? — (x; + €)Pp
T; + €

<0,1=1,...,n,
and hence

—1+ (z; + €)Pp* — (z; + €)Pp
T; + €

V2F,(r) = diag ( ) <0,1=1,...,n.

As seen, in R} the Hessian of the above merit function is negative definite, so the function
F.(z) is strictly concave. From the above discussion one can define the following weights

for the reweighted [;-algorithm:

1 ‘ p
M=Wﬂmm=‘ﬂﬁfﬂpJ:Lwn
xX; €

Note that the item (2) of the definition of a merit function implies that [V F,(z!)]; — oo
as (2%, €) — (0,0), which means larger penalties(weights) for the smaller elements of x, at

each iteration.
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5.3.1 New Merit Functions

Now, we start to define a new merit function as follows

(5.27) F.(z) = Zlog(log(]wi\ + e+ (|| + €)P)).
i=1
We verify this function is a merit function. Clearly, this function is an approximation of

lp-norm function. Because

log(log(z; + € + (z; + €)P))

I — 0, for ;
T Toglon(e) b
and
. . p
lim log(log(z; + € + (z; + €)P)) ~ 1 forz, =0,
o log(log (<))

we conclude that

o X Tog(log(la] + < + (il + )
20 log(log(e))

=n — |[z]lo,
In R, the gradient of Fi(z) is given by

14+ (xi+€)Pp

VEE = G e ot 9 logar e (@ % 7))

and since lim,, o x; log(z;) = 0, we have

lim [VF./(x)]; = oo.

(z4,6)—(0,0)
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Note that for every z; > 0,

1+ pa?!
(z; + 7)) log(; + 7))

=c¢, t=1,...,n,

lim(V F, (2)]; =

where ¢; is positive and bounded for every ¢ = 1,...,n. Also in R, V2F,. () is a diagonal

matrix with the following entries on its diagonal,

(zi+e)Pp?  (zite)Pp
(x;+¢€)? (wi+e)?

(x; + €+ (z; + e)P) log(z; + € + (x; + €)P)

[V2F ()]s =

2
(14 )

(it e+ (2 + )P) P log(as + € + (zi + €)P)

b\ 2
(1 (x;;:i)ep>
,1=1,...,n.

(it e+ (@it ) log (w4 € + (wi + )’

Since, for every i = 1,...,n, [V*F.(x)]; < 0, we have
V2F.(z) < 0.

So the function (5.26) is strictly concave, and it is a merit function.

Based on (5.26), the reweighted [;-algorithm choose the following weights:

1 Qe
W; = - ) L= 17
(lzi| + € + (Jzi] + €)P) (log(|z:| + € + (Jzi] + €)?))

ey M

In this chapter, we refer to W, as the reweighted algorithm with the above weights.
Figure 5.17 shows the probability of success of W; algorithm via different choices of e.
This figure demonstrates that e = 0.01 works very good to locate the exact solution of
the problem (5.19), when the sparsity is 15. Clearly the above weights are related to the

parameter p, so we tested the performance of W; algorithm for different sparsity of the
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solution, i.e, k = 5,10, 15,20, via different choices of p. Thirteen different values of p
have been tested (matrix A has been normally distributed), and the result is summarized
in Figure 5.16. Obviously the probability of success is higher when the sparsity of the

solution is lower. This can be seen in Figure 5.16.

Another new merit function can be defined as follows
1 n
(5.28) F.(z) = 5 Z (log(|zi| + € + (Jzi| + €)1))",

=1

where 0 < p,q < 1, which is an approximation of ||z||o. In fact

n — lim = ||z]lo-

e—0

i (ogeal + e+ (jal + 7))
le (log(e + €9))”

In R, the gradient of Fi(x) is given by

log (z; + € + (x; + €)9)” <1 + %)

VL)) = (i + e+ (2 + €)9) log (z; + € + (zi + €)9)

Note that lim, 0,0 [VFe(r)]; = oo, and lim.,[VF,(x)]; is bounded, for every fixed
x> 0. In R?, the Hessian is a diagonal matrix with the following diagonal elements

log (z; + € + (z; + €)P)*

Vb)) = o e Gt ) o (i e + (o + o))

2
(zite)lq
(p — 1) <1 + W)
(x; + e+ (z; + €)?)log (z; + € + (x; + €)9)

2
(zite)?
(7 + €)1¢* — (z; + €)%q (1 + m—+eq)
(I‘i + 6)2 T+ €+ (331 + E)q

,1=1,...,n.
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where 0 < p,q < 1. Clearly, V?F,(x) < 0, which implies the function is strictly concave.
Thus, the function (5.28) is a merit function, so we may choose the following weights in

our algorithm:

log (Jai] + € + (fa| + 1) (1 + Ukt )

(i + € + (Jzi| + €)9) log (|zi| + € + (|i] + €)9)’

w; = 1=1,...,n.

We refer to W5 as the reweighted algorithm with the weights above. Figures 5.13,
5.14, 5.15 show the performance of W5 algorithm for finding the exact solution of the
problem (5.19) for different choices of the weights parameters, p and ¢, and for different

fixed sparsity of the solution, i.e., k = 5,10, 15, 20.

Remark 5.1. We see from above that the log function plays a vital rule in constructing
a merit function. As pointed in [152, 151], the log function can enhance the concavity
of a given function without affecting its coercivity and monotonicity. For the conver-
gency analysis of the reweighted li-algorithms based on the class of merit functions that
defined at the beginning of this chapter, one may refer to the Theorems (3.9) and (3.11)
in [152], where it has been shown that under the so-called RSP condition, the algorithm

may converge to a solution of problem (5.19) with certain level of sparsity.

5.4 Numerical experiments

In this section, we compare the performance of the [;-minimization and the above reweighted
algorithms for finding the exact solution of the problem (5.19) through the numerical tests.
We compare the following problems/algorithms in our numerical experiments.

{;-min:
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Minimize ||z
(5.29) v
s.t. Ax = b,

CWB(Candes, Wakin, Boyd):

I+1
' = argmin
(530) Zl l| _|_€l
s.t. Ax = b,
Wli
(|=|+€H)Pp

2= argmin Z ] l 7 ] wﬂll I 7 ] |z

(5.31) — (|z;| + € + (Jz3] + €)P)(log(|zi| + € + (|zi| + €)7))
s.t. Ax = b,
WQI
I+1 & log (|mﬁ| + e+ (| + ez)q)P (1 T %)

7 = argmin . x;
- B 2 Tl e+ (] + ) Tog (Jet] + e + (] + )
( ) =1

s.t. Arx = b,

where [ is the {*" iteration, 0 < p,qg < 1, A € R?*20  c R and x € R?%.

In our numerical works, we randomly generated the matrix A € R3*209 and for a fixed

sparsity, we randomly generated the solution vector z € R*®. We tested 100 randomly
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generated matrices, A, for different level of k-sparsity of the solution, i.e., k = 1,2, ..., 26.
The matrix A (the problem data) was randomly generated based on different statistical
distributions. Most of the previous numerical experiments in the literature usually use

normally distributed matrices.

The distributions that we considered were Normal, (N(u,0)) with the parameters
w=0and o =1, Poisson, (Pois(\)) with the parameter A = 2, Exponential, (Exp(u))
with the parameter p = 5, F-distribution, (F(«,3)) with the parameters « = 1 and
f = 6, Gamma distribution, (Gam(a, b)) with parameters a = 5 and b = 10, and Uniform
distribution, (U(N)) with the parameter N = 10. The probability of success of the 4
algorithms mentioned above, i.e, [;-min, CW B, Wy, W5 have been compared via different
sparsity of the solution, and through all the above differently distributed matrices A. On
a laptop with a Core 2 Duo CPU (2.00 GHz, 2.00GHz) and 4.00 GB of RAM memory,
each comparing figure took approximately 14-hours time (in average).

The updating rule ¢*! = %el was used, at each iteration [. The choice of € is crucial
for reweighted [;-algorithms. Hence, we have also tested the algorithms by applying Can-
des, Wakin, Boyd(CWB) updating rule for €, and also a fixed ¢ = 0.01. These figures

demonstrate how these choices of € may affect the performance of the algorithms.

As seen, the weights in W and W5 vary for different values of p and p,q. Therefore,
we have tried different choices of p and ¢ to find out how they may affect the success

probability for Wi and W5 algorithms.

In the Figure 5.5, the matrix A has been generated from Ezp(u), with p = 5. We

set p = 0.05 in Wy, and p = ¢ = 0.05 in W5. As shown, all of the algorithms are very
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successful when ||z[jo < 7. When 7 < ||z||p < 11, CWB, W, and W, almost perform the
same as each other, but when ||z||o > 11, W; and W, outperform the CWB algorithm.

All of the algorithms fail when the cardinality of the solution is above 25, i.e, ||z||o > 25.

In Figure 5.6, the matrix A has been generated from Exp(u), with 1 = 5, as in Figure
5.5. However, in this case we used different values for p and q. We chose p = ¢ = 0.4,
which is much larger than 0.05. As expected, both Wi and W; perform significantly worse
than the case of p = ¢ = 0.05. Even for lower sparsity, both algorithms fail to locate the

exact sparse solution with a high probability.

In Figure 5.7, the matrix A has been generated from F'(«, ), with o = 1 and = 6,
and we set p = ¢ = 0.05. As shown, all of the algorithms start failing when the cardinality
of the solution is higher than 4, i.e, ||z]|o > 4. W} and W5 perform better than CW B for

higher cardinality of the solution, and W5 is slightly better than W; in general.

In Figure 5.8, the matrix A has been generated from Gam(a,b), with a = 5 and b = 10,
and we set p = ¢ = 0.05. For lower cardinality of the solution, CW B and W; perform
slightly better than Wy when ||z]o < 8. Also CWB, Wi, and [;-min are completely
successful for locating the exact solution, when ||z||p < 8. But for 8 < ||z||p < 10, only
CW B and W are successful. [;-min, CW B, Wy and W, fail when ||z|o > 17, ||z|o > 21,
|lx]lo > 24, ||z]|o > 26, respectively. Therefore W and W5 perform significantly better for

higher cardinality of the solution.

In Figure 5.9, the matrix A has been generated from N(u, o), with =0 and o = 1,
and we set p = ¢ = 0.05. As shown, [;-min, CW B, and W are very successful for finding

the sparsest solution of the system when ||z|o < 8. W) and W, perform better than the
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other two algorithms for higher cardinality of the solution.

In Figure 5.10 , the matrix A has been generated from N(u, o), with g =0and o = 1
as in Figure 5.9. However, we chose bigger values for p and ¢, i.e, p = ¢ = 0.4. For
large values of p and ¢, W, starts failing for ||x||¢ > 4, and performs much worst than W7,
CW B, and [;-min. Also, for higher cardinality of the solution CW B performs better than
Wi and W,. Hence, from this figure and Figure 5.6, one may conclude that smaller values
for p and ¢ should be chosen in order to achieve better results. Note that for large values of

p and ¢ the merit functions in W; and W5 are not good concave approximations of lg-norm.

In Figure 5.11, the matrix A has been generated form U(N), with N = 10, and we
set p = ¢ = 0.05. All of the algorithms except Wy are successful for finding the sparsest
solution of the system when ||z||p < 9. For 9 < ||z||o < 12, CW B performs slightly better
than W7 and W5. But for higher cardinality of the solution, W; and W5 outperform /;-min
and CW B.

In Figure 5.12, the matrix A has been generated from Pois()), with A = 5, and we
set p = ¢ = 0.05. All of the algorithms except W5 are successful for finding the sparsest
solution of the system when ||z]|o < 9. For higher cardinality of the solution, W, and W,

outperform the other algorithms.

Clearly, for small values of p, the best algorithm is W; in general, i.e. for different
cardinality of the solution and for different tested distributions. For all of the different
tested distributions, both W; and W (for small choices of p and ¢) outperform CW B

when the cardinality of the solution is higher.
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In Figures 5.13, 5.14, 5.15, we focused on the performance of W5 algorithms for dif-
ferent values of p and ¢ via different fixed cardinality of the solution. In Figure 5.13, we
fixed p = 0.08 and set different values of q. We examined the probability of success of W5
for different fixed sparsity of 5,10,15,20. As expected, when cardinality of the solution is
lower the success probability of W5 is higher. As seen, the probability of success for fixed
sparsity of 5 is the highest, and the probability of success for fixed sparsity of 20 is the low-

est. Figures 5.14 and 5.15 show the same results for fixed p = 0.4 and p = 0.8, respectively.

In Figure 5.16, the performance of W, has been tested using different choices of p and
different fixed sparsity of the solution. As seen, in Figure 5.16, when p increases from
0.04 to 1, the probability of success of the algorithm becomes lower(except some jumps).
As shown, for different fixed sparsity of 5,10,15,20 the highest probability of success was
achieved when p = 0.04. Looking back to the merit function defined for the W; algorithm,
one may see that for smaller values of p the function is a better concave approximation

of {p-norm.

As we have discussed before, the choice of € for the reweighted [;-algorithm is impor-
tant. Either very small or very big € may result in improper weights, which may cause
the failure of the algorithms. In Figure 5.17, we fixed the sparsity of the solution (k = 15)
and set p = 0.05. Different choices of € have been tested to suggest what ¢ might be the
good one for which W; performs better. The matrix A has been generated from N (0, 1).
As shown, when € tends to zero (e.g. € ~ 0.0001), or when ¢ is big (e.g. € ~ 0.1), the
probability of success decreases. Our numerical experiments, in Figure 5.17, show that

e = 0.01 is a good choice for the weights in W; algorithm.

In Figure 5.18, we fixed ¢ = 0.01(with no updating rule) and compared the perfor-
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mance of [{-min, CW B, Wy, W,. Like Figure 5.9, the matrix has been generated from
N(0,1), and we set p = ¢ = 0.05. Our numerical experiment show that W; and W sig-
nificantly outperform C'W B especially for higher cardinality of the solution. Comparing
Figure 5.18 and Figure 5.9, one may conclude that even for a fixed ¢, if chosen correctly,

both W; and W5 algorithms may perform very well to find a sparse solution.

Again to show that how important the choice of € is, we compare the performance of
ly-min, CW B, Wy, W5 based on the Candes updating rule. As seen, CW B outperforms
both W, and W, for lower cardinality of the solution, i.e, when ||z||¢ < 12, in our numer-

ical experiments.
In the next chapter, we discuss different methods for finding the restricted isome-

try constant(RIC). Since the problem of finding the RIC is a problem with cardinality

constraints, we will use different approximation techniques to solve the problem.
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CHAPTER 6
RIP CONSTANT VIA CARDINALITY

CONSTRAINED PROBLEMS

6.1 An introduction to compressed sensing

The main focus of compressed sensing is on signal and image processing.The related
background for compressed sensing(CS) can be found in [33, 92, 130]. When a signal
is transmitted, some information should be neglected in order to compress the signal
efficiently. One of the main problems handled by compressed sensing is how to recover an
unknown signal from much fewer of measurements. In other words, it tries to recover a
vector with a sparser vector using an observed vector. More specifically, the sparse vector
x can be recovered by solving A, = b (m < n), where b € R™ is an observed vector,
and A,,x, 1S & measurement matrix.

To guarantee recovering a k sparse vector x, which satisfies the system Ax = b, some
restrictions are applied on the matrix A, like Spark [56, 86|, Mutual Coherence [57, 114],
Restricted Isometry Property(RIP) [25, 10, 36], Null Space Property(NSP) [44, 81, 46],
Restricted Orthogonality Constant(ROC) [102], and Range Space Property(RSP), which

recently was introduced by Zhao and Li [152].
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In this section, we explain Spark, Mutual Coherence and Restricted Isometry Prop-
erty(RIP). Especially, we focus on RIP and the computation of Restricted Isometry Con-
stant(RIC) [24, 17], as a problem with cardinality constraints.

We consider the case that the solution to the following cardinality problem is unique,

Minimize Card(x)
(6.1) ‘
s.t. Az = 0.

We know a convex relaxation of the problem above is

Minimize ||z,
(6.2) ‘
s.t. Az = 0.

One of the questions concerned in compressed sensing is finding some conditions on
A, such that (6.1), and (6.2) have the same solution. Before answering this question, we

review some basic concepts.

Definition 6.1. (Spark(A))
For an arbitrary matriz A with nonzero columns, Spark(A) is the smallest number n

such that there exists a set of n columns of A which are linearly dependent, or alternatively
Spark(A) = min {||z|o : Az = 0,2 # 0}.

The following theorem illustrates that spark(A) provides an upper bound for the

cardinality minimization problem.

Theorem 6.1. [53] Vector x is the unique solution of the cardinality problem (6.1) if

141



Ax =0, and
Spark(A)

Jzllo < 222

Proof. Assume that there exist a vector z, such that Az = b, and satisfies ||z||o < Sp%k(m

9

and suppose y is another solution to the system Ay = b, such that ||y|lo < ||x]|o. Clearly,

we have A(z —y) =0, so (x — y) € null(A), which implies that
(6.3) |z — yllo > Spark(A).
But from the assumption ||y|lo < [|x]|o, we have
2||zllo = lzllo + llyllo-
Since ||z|lo + |yllo = ||z — yllo, and 2||z||o < Spark(A), we have
Spark(A) > ||z — yl|o,
which contradicts the inequality (6.3), so z is the only (sparsest) solution to the equation

Ax = b. O

Note that S”#IC(A) can be considered as an upper bound for the cardinality problem(6.1).
However, Spark(A) is hard to compute. Instead one could calculate an upper bound for

||]|o, using the incoherence of a matrix that is easy to compute.

Definition 6.2. (Incoherence of a matrix)
Suppose A = [ay, ..., a,], where a; € R™ for i =1,...,n, are the column vectors of the

matriz A, and ||a;||2 = 1. Then The incoherence of the matriz A is defined as follows

M(A) = max |[(a;,a;)|

i#5,1<i,j<n
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So, for a matrix with normalized columns we always have 0 < M(A) < 1. Obviously,
M(A) = 0 if and only if the columns of A are orthogonal, and M(A) = 1 if and only if
there exists 4, j, (i # j) such that a;, = aa; for some |a| = 1. Now, we start reviewing

some theorems and their proofs, since they are needed to understand the RIP.

Theorem 6.2. [53] If A = [ay,...,a,)] is a matriz with normalized columns, then

1

Spark(A) > (A

+ 1.

Proof. Suppose z* = (27, ..., ;) = argmin{||z||o : Az =0, ||z|| = 1}, hence, Spark(A) =

T
|z*|lo- On the other hand, we have, AT Az* =0, i.e., Z?Zl(a@-, aj)x; =0,i=1,...,n.

Now, assume that max{|z;| : i =1, ...,n} = 2}, = ||2*||. Therefore, we have

which implies that

n

L= el =2zl < D Naa ap)llzjl < M(A) Y |as] = M(A)(|la*]l - 1).
J=lj#a j=1,j#a
As a result, we obtain

2"l = +1

M(A)

|2*||l0 = Spark(A) >

M(A) + 1, since ||z*]|o > ||2*]|1.

Theorem 6.3. [53] If x* is a vector that satisfies Ax = b, and

lelo < 2 (14— ),
2 \" T M(A)
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then x* is the unique solution to the problem (6.1).

Proof. This follows form the Theorem 6.1, and the fact that S”%km) > % <1 + m> .

In the numerical experiment in section 6.4, we showed that [;-minimization may re-
cover the exact solution for much higher sparsity level than that indicated by mutual
coherence.

The following theorem provides a sufficient condition for sparse recovery.
Theorem 6.4. [116] Suppose Q2 = supp(x*), and the matriz Aq is defined as Aq = [a;]icq-
Also suppose x* is the unique solution to the problem (6.1). If

lAh Aqells < 1,

then x* is also a unique solution to the problem (6.2).

Note that the support of a vector z is defined as: supp(z) = {i;z; # 0}. Recall that

for a matrix A,,xn,

1<j<n 4 (E4IR 1<i<n

. | Az]]
|All1 := max Z ai;| = {max Lig 4 O} = max [|a;|1.
i=1

Proof. Assume

do = (xg,asgc)T s.t. b= Ax = Agxq + Aqexqe.

So,

TrQ = A}zb — A;[ZAQcZEQc

= 2q = (ALAQ) ALY — (AL Ag) " AL Agemqe.
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Since Aqzy = b, we have
= Abb = (AfAg) T AdD,
and
15 — 1o = (AL AQ) TALD — (AL AQ)TTALD + (AL AQ) T AL Agexge = (AL AQ) T AL Agexge.
Applying the assumption in the theorem, i.e., HA;rzAgcﬂl < 1, we have
lzg, = zalli = [(AgAe) " AgAac |1 [zl < [lzge]s.

Therefore,

[zl = llzoll < )

6.2 Restricted isometry property(RIP)

As we mentioned in the previous section, with a given matrix A, and a vector b, compressed

sensing methods try to recover a k-sparse optimal vector x, which is a solution to

Minimize ||z||o
(6.4) v
s.t. Az = 0.
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It is not hard to see that the problem above is closely related to

Minimize ||Az — b]|2
(6.5) ’

st ||lz]lo < K,

where k is a constant, see Figure 6.1. The problem (6.5) is called regressor selection

problem [6, 147, 89].

0 I I I I I

6
llax-bll

Figure 6.1: Trade-off graph between ||Az — b||2, and card(z), A € R100%200,

The above reformulation is a motivation to proceed with Restricted Isometry Prop-

erty(RIP).

Definition 6.3. (Restricted Isometry Constant) The restricted isometry constant(RIC)

Ok of a matriz A is the smallest nonnegative number such that [143],

(6.6) (1= dn)llzllz < Az]3 < (1 + ) llzll3, Vo € X,

where ¥, := {x € R" : ||z||¢ = [supp(z)| < k}.
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If the inequity above holds, we say that the matrix A satisfies the restricted isometry
property(RIP). As in [16], for a given matrix A,,«,, * € R" and an observed vector

b € R™, one may rewrite the RIP inequity in the form of
R(k,m, n) :=min g subject to (1 —d)llz[l; < [|Az[l3 < (1 +0) ][5,

Ve € R" s.t. ||z|lo < k.

In the following section, we show how the problem of finding the RIC is closely related
to the problems with cardinality constraints. Furthermore, we provide different methods

to solve these problems.

6.3 Computing RIC

The following lemma illustrates how to calculate an RIC, for a given matrix.

Lemma 6.1. d;, in the inequality (6.6) is the mazimum of |\ — 1| over all A\, eigenvalues

of AjAg, |B| <k, where Ag := [a]icp, and a; is the i column of the matriz A [16].

Proof. For any [, such that || < k we have
(1= bp)ahrs < wf AL Aswg < (14 6)ahwp,

which implies that
x L AT Agx
(1—6) < 2220 < (1 4.6,).

Applying variational characterization of eigenvalues [12], we have

(1 - 5k> < )\mm(AgAﬂ> < )\ma:p(AgAB) < (1 + 614)7
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equivalently,

which implies that

BB=Ik| zp [z

= AT A, — 1.
ﬁﬁﬂ( sAg —1I)

]

Problem of finding RIC, i.e., §; above, can be solved by applying principal component
analysis(PCA) techniques [7, 1]. Principal Component Analysis(PCA) has a wide range
of applications in data analysis and dimensionality reduction. It is a way for identifying
pattern in data and expressing data such that one can highlight their similarities and
differences. In other words, it compresses the data by reducing the dimensions of data,
without loss of much information. As we know, PCA is an optimization problem on
eigenvalues. The general optimization problem to find a maximum eigenvalue for a matrix

1 can be cast as

Amaz(¥) = Maximize z7 (¢)z
(6.7) ‘
s.t. [|z]l2 = 1.

A special case of the problem above is the sparse eigenvalue problem as follows:

(14 6,%) = Maxi;nize a' (AfAg)x
(6.8) s.t. card(z) < B

zfla = 1.
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One can recognize that the problem above is directly related to the problem of finding
RIC. This problem is NP hard, since it has a cardinality constraint. Due to the NP-
hardness of the problem above, one of the main challenges in compressed sensing is to
find RIC constant.

Sparse eigenvalue problem (6.8) is used frequently in Principle Component Analy-
sis(PCA) [80]. There are lots of free software which can be used to solve a sparse eigen-
value problem [74]. Here we give more details to solve the problem (6.8). The first
approach is to relax the problem, and the second one is to apply smoothing techniques,

and the third is to apply d.c. programming methods.

6.3.1 Relaxation techniques

In fact, (6.8) is a PCA problem in the following sense.

Given a covariance matrix AgAg = B € S", PCA is the problem of finding a sparse
factor which describes the maximum amount of the data variance.

We apply Shor’s complement for the problem (6.8) by replacing X = za”. Also with
B = A% Ag, the problem (6.8) will be [47]:

Maxgnize tr(BX)

st tr(X) =1
(6.9) Card(X) < 82
X0
Rank(X) = 1.

The objective tr(BX) is an affine function, which is convex. The non-convex constraint
||z||]2 = 1 was relaxed by replacing tr(X) = 1, which is linear and so a convex constraint.

The problem above is still an NP-hard problem because of the non-convex constraints
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card(X) < % and Rank(X) = 1.
Card(z) < 8% can be relaxed by a weaker but convex constraint, 17| X|1 < Btr(X).

Now, if we drop the rank constraint, the problem will be a convex one, as follows:

Maxi)gnize tr(BX)
st tr(X) =1
(6.10)
17 X1 < Btr(X)

X = 0.

Dropping the rank constraint may result in a large gap between the optimal solution
of (6.8) and (6.10). As we have seen before, the convex envelop of rank(X) on the set
{X e Rm™*" . || X|| < M} is || X||s, for large M enough. Hence one can relax the rank

constraint by replacing it by its convex envelop, to get the following SDP:

Maxi)gnize tr(BX)
st tr(X) =1
(6.11) 17| X1 < Btr(X)
X1 < M

X = 0.

The above problem is a semidefinite program (linear objective with LMI constraints)
which can be solved efficiently using interior point methods with the solvers such as CVX,
which has two packages in it, Sedumi, and SDPT3 [73].

The optimal value of the semidefinite program (6.10) is an upper bound for the problem

of sparse eigenvalue (6.9) and (6.8). Similarly we can get a lower bound on sparse minimum
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eigenvectors. A lower bound on d; can be computed using approximate sparse eigenvectors
(block squares). Next, we discuss a smoothing technique to solve the problem (6.8).
6.3.2 Smoothing techniques

As we have seen, finding the RIP constant (d;) is reduced to a PCA problem, for which
provided the semidefinite relaxation (6.10). Note that the problem (6.10) can also be cast

as follows [148]:

Maxi}gnize tr(BX)

st tr(X) =1
(6.12)
171X[1 <8
X =0.

Using penalty methods, the above problem can be written as

Maxi;nize tr(BX) — k17X |1
(6.13) st tr(X) =1

X =0,

where x > 0 is the penalty parameter.

The dual of the above problem is equal to the following maximum eigenvalue problem:

Minimize A0(B +Y)
(6.14) Y

st. Y| <ki,j=1,...n,
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where Y € S" is the dual variable. To obtain the dual problem above, we note that the

problem (6.13) can be cast as

Max Min tr(X(B+Y))

st tr(X) =1
(6.15)
X =0

Yii| <k i,5=1,..,n.

For the min-max structure one can use prox function algorithms in [107, 104]. We
briefly explain this special problem.
If the problem has min-max model, the problem can be solved with two main steps as

follows:

e Regularization: Add strongly convex penalty inside the min-max representation
to produce an e-approximation of the objective function with Lipschitz continuous

gradient. It can be considered as generalized Moreau-Yosida regularization step [88].

e Optimal first order minimization: Using optimal first order scheme for Lipschitz

continuous functions as in [106], to solve the regularized problem.

Note that the KKT conditions for the problems above are as follows [45]:

Y oX = —r|X|,
(6.16) tr(X) =1,
X =0,
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If Mpaz(B +Y) has the multiplicity equal to one, then X is a rank one matrix. If
Amaz(B +Y') has the multiplicity greater than one then one can truncate the matrix X
to get a dominant eigenvector as an approximate solution. For more details about this
procedure one can refer to [87, 4].

To solve problem (6.14), note that A4, is a non-smooth function. So it can be solved
using interior point methods or by general methods of convex optimization, (see chapter
7 of [110]).

In [108] the author considered a smoothing technique which is similar to the method
has been used in [107]. Here we give an outline to solve the problem (6.14) using smoothing
techniques.

Put

fY) = Anaa(Y + B),

and replace f(Y') with its smooth approximation as in [108],

£, (Y) = AE(=(Y + B), >0,

Y
where
E(X)=In Z M),
i=1
So,
DL By
(YY) =~in (Ze 2 ) .
i=1
Note that
f'y(Y) 2 )\maz(B + Y)u
and

Sy (Y) < Ao (Y + B) +~in(n).
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Combining these inequalities gives
Amaz(Y + B) < (V) < Mpae (Y + B) +vin(n).
Since (B +Y') € S", the eigenvalue decomposition of (B +Y) is
B+Y = Udiag(\)U", with A € R", and UU" = I.
The gradients of the smooth approximate function f,(Y) is

710~ (S (M) (S (ME )

(B4Y)
Y

where u;’s are the components of the eigenvector U. Since exp(\; ( ) decreases very
fast, the gradient above depends on the few largest eigenvalues.

So, the problem (6.14) will be reduced to the following problem:

Minimize f,(Y")
(6.17) Y
st. Y e@Q={Y e€S":|Y;| <k}

Now, referring to [106], choose

€

2In(n)’

")/:

This choice of v gives an e-approximate solution to problem (6.14), i.e., with this -,
f+(Y) becomes a uniform e approximation of A,q,(B +Y'), with a Lipschitz continuous

gradient with the constant 21"(”).
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Note that we are looking for Y* such that
Amaz(B+Y") —min A0 (B+Y) <e
YeQ

Now, one should find a % e-approximate solution to the smooth problem. To see this,
note that

H(Y?) = min £, (Y) <

€ = Mnaz(B+Y") —min A\ (B+Y)
YeQ YeQ

N | —

< £ = min £,(Y) + yin(n) < e

Y

For more details about the complexity of the procedure one can refer to [108].
The algorithm to find an approximate solution to our problem using the smoothing
technique above has four steps [148] as follows.

Given a matrix B € R”, ¢, and a parameter which controls sparsity, .

Algorithm 6.1. For j =1,....N:

o Compute V f.(Y;). This step is the most expensive step.

e FEuclidean projection steps. Both are the projections on Q = {Y € 8" : |Yi; < k}:
Find
: 1 2
Vi = argmindV £,(Y;), V) + 5 LIY; = VIl

where L is the Lipcshitz constant.

This problem can be cast as

arg min ||V — W||p,
Vo<1

with W =Y — L7V f,(Y) being given.
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Find

Lz 2 N . 1
Z; = argrzneig {% + ; 142- (S, (Vi) +(Vf,(Yi), Z — Uz))} :

2, it
j+377 437

Yji =
o When the duality gap is less than €, the algorithm terminates, i.e., when

Mmaz(B +Y;) —trBX; + 17| X1 < e.

6.3.3 D.C programming approaches

For full detailed discussion about d.c. function, and d.c. programming one may refer to
chapters 3 and 5 of [76].

Consider the problem (6.8) which, by setting AgAB = B, can be cast as

Maximize 2! Bz
X

(6.18) st. 2TCzr <1

zllo < B,

where C' = diag(1,...,1).

By adding the ||z||o-function to the objective, the problem above can be written as

Maximize 2”7 Bx — \||z|o
(6.19) ’
st. 2T Cx < 1,
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where A > 0 is the penalty parameter.

Now, we may use the following merit function to replace the ||z||o-function,

F.(x) =) log(log(|zi| + € + (|| + €)")).

i=1

Referring to [76, 122], we apply a d.c. programming approach to solve the following

problem:

Maximize z7 Bx — A Z log(log(|xi| + € + (|z;| + €)F))
(6.20) ; i=1

st. 21Cx < 1.

Here, we introduce a d.c. function.

Definition 6.4. (d.c function)

Let € be a convex set in R™. We say that a function is d.c. on € if it can be expressed
as the difference of two convex functions on Q, i.e., if f(x) = fi(x) — fa(x), where f1, fs
are convex on §2.

For solving a d.c. optimization problem, cutting plane method [79], or branch and
bound method can be applied.

Now, in the problem (6.20) suppose that B is indefinite, i.e., it has negative eigenvalues.
Assume there exists a scalar v € R, such that v > —\,,;;,(B). So, the matrix B + I, is

positive semidefinite. Hence, we have

v'Br = 2"Bx+ 'yl — 2T ylx

= 2" (B + L)z — v|z|3.

Note that v||z||3, and 2T (B + ~I,)x are convex. The problem (6.20) can be written
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as follows:

Maximize 7 (B + yL)x — 1z} ~ 3> log(log(|zi| + ¢ + (] + o))

(6.21) i=1
st. zTCx <1,

or

Minimize 7||z(|3 — 2" (B + 1)z + > log(log(|a:| + € + (Jz:| + €)7))
(6.22) ’ =1

st. 2T Cx < 1,

which is equivalent to the d.c. optimization problem

Minimize 3 - <$T(B +vln)z =AY log(log(|yil + €+ (Juil + 6)”)))

=1

6.23
( ) st. 210z <1

—y<xz<y.

See that the function a® (B + vI,)x — A Y ;" log(log(|y:| + € + (Jyi| + €)P)) is jointly

convex in x and y. The problem above can be solved using augmented lagrangian method

or reduced gradient method [49, 18].

The problem above can also be solved using the linear majorization technique as in

the weighted [;-minimization section. In this case, we may use the following reformulation

for the ||z||o-function as follows

(6.24) Card(x) = ||z||o = 11_{[(1);8271 (atan ( ; .
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Note that, we may apply other merit functions introduced in chapters 4 and 5 to approx-
imate the ||z||o-function:

from the above reformulation, we have

lim sin (atan <M>> = sin(0)=0, x;,=0,
e—0 €

lim sin <atan <|a:z|>> = sin <E> =1, x;#0,
e—0 € 2

i . i 1 i
sin (atan (|i |)> < sin (atan (|y_€|>) + yiz n 62603 (atan (|y_€|)) (|xz| — |yz|>

. ’yzl 1
< sin (atan (? + WUIJ —uil), V9.

Also, we have
el = 2" (B +yL)e <Allzll = y" (B + 1)y — 2z =) (B +1)y, ¥,y

So, the following similar iteration to the reweighted [;-norm can be achieved.

o = argmin{ya]} - 227 (B + y1)a' + A ()|x—'+ Gz <1},
i=1 \ T3 €

where [ is the number of iterations. For convergency proof of the algorithm above one

can refer to [83, 122].

6.4 Numerical experiments

Here we present our numerical experiments about sparsity recovery by using the ;-
minimization. We tested 100 randomly generated matrices A € R9*2% from a normal

distribution of mean zero and variance 1.
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For each matrix, the cardinality of 1 to 100 was tested.(The process takes 85 minutes
on a laptop with 2GHz dual core CPUs).

The expected value of the mutual coherence of our randomly generated matrices is
approximately equal to 0.292, i.e., E(M(A)) = 0.292. According to Theorem 6.3, only for
the ||z|lo < 3(1 + 5955) &~ 2.21, the [; norm guaranteed to succeed.

However, according to our experiment the cardinality of the solution achieved from
the [;-minimization problem is almost exact (99 successful solutions has been found) when

the cardinality of the solution is less than 20, i.e, for ||z||o < 20.

110
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40—

30
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20
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30 40, 50 60 .70 80 %0 100
Cardinality of the solution

Figure 6.2: The figure shows the probability of success for the [y recovery using the [;-
minimization. The graph shows that the /;-minimization is almost exact for the solutions
with cardinality less than 20, i.e, 99 successful solutions has been found.
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CHAPTER 7

CONCLUSIONS

We studied cardinality minimization problems(CMPs) and cardinality constrained prob-
lems(CCPs). Both of these problems are known as NP-hard in general, hence, we first dis-
cussed different relaxations and heuristic methods to solve these problems approximately.
Different relaxation techniques were applied to reformulate the problems in different forms
of semidefinite programming problems. For a general cardinality minimization problem
under non-convex quadratic constraints, we relaxed the problem by applying the La-
grangian duality combined with some SDP relaxation techniques. Also, by reformulation
techniques, we transformed the problem to the so-called bilevel optimization problem.
We continued our studies by focusing on a special case of the cardinality minimization
problem with underdetermined linear system of equations, which is called the problem
of finding the sparsest solution to a linear system. We demonstrated that reweighted
l;-algorithms (j > 1) are very efficient to find a sparse solution of such systems. We
showed that the [;-minimization already uses a hidden weighted [lo-minimization, and
we presented some theoretical, geometrical and numerical results, which indicate that
reweighted /;-minimizations (j > 1) are quite successful to locate a sparse solution of the
problem. Furthermore, we demonstrated that the weights may reduce the gap between

different merit functions for sparsity. This means the performances of different weighted
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algorithms are quite similar if the weights are chosen properly.

We introduced several new concave approximations to the ||z||o-function, and showed
how to construct more approximations to the |z|o-function. We also demonstrated
how these approximations can be employed to introduce new weights to reweighted [;-
algorithms. Through numerical experiments, we presented the performances of our new
reweighted [;-algorithms, and we explained how these algorithms may perform even better
by changing different weights parameters. Also, we compared the new reweighted algo-
rithms and some of the existing reweighted algorithms via different statistical distributed
matrices, A, and with respect to different sparsity levels of the solution. Besides, we
showed when these algorithms outperform each other in different situations. In addition,
through the numerical experiments, we showed that different choices of ¢ may seriously
affect the performance of the algorithms.

As a special case of cardinality constrained problems, we studied the problem of com-
puting restricted isometry constant(RIC). We reviewed and explained how the problem
of finding the restricted isometry constant(RIC) is related to a sparse eigenvalue problem,
which again is a cardinality constrained problem. We studied some additional methods

to solve the problem of finding the RIC approximately.
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Some specific Sets
R

R™

Rmxn

R,

gn

'

L™

Vectors and matrices
1

1

XT (27)

X1

diag(x)

/\min<X)v )‘maz (X)

NOTATION

Set of real matrices.

Set of real m-vectors.

Set of real m X n matrices.

Nonnegative real numbers.

Symmetric n X n matrices.

Symmetric positive semidefinite n X n matrices.

Second order cone or ice cream.

Vector with all components 1.

Identity matrix.

Transpose of a matrix X (vector x).

Moore-Penrose or pseudo-inverse of matrix X.
Diagonal matrix with diagonal entries x1, ..., x,.

Trace of matrix X.

The i-th largest eigenvalue of symmetric matrix X.
The i-th largest singular value of matrix X.

Minimum, maximum eigenvalue of symmetric matrix X.

163



Norms and distances
ol

llz||o or ly — norm

]|

1|2

[E418

Xl

X1l

d(A, B)

Generalized inequalities

Ty
X =0
X >0
T =2kY

T =K+ Y

Vectors x and y are orthogonal.
Orthogonal complement of subspace U.
Rank of a matrix z.

Range of matrix A.

Nullspace of matrix A.

Incoherence of matrix A.

Inner products of vectors x,y.

Inner product of matrices X, Y.

Hadamard product of matrices X, Y.

A norm.

Cardinality of vector x.

l1-norm of vector z.

lo-norm or Euclidean norm of vector x.
l-norm of vector z.

Frobenius norm of matrix X.

Nuclear norm of matrix X.

Distance between sets(or points) A and B.

Components wise inequalities between vectors x and y.
X is positive semidefinite.

X is positive definite.

Generalized inequality induced by proper cone K.

Dual generalized inequality induced by proper cone K.
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Topology and convex analysis
Card(x)

Conv C

K*

*

£

Probability and Statistics

Function and derivatives
f:A—B

dom(f)

epi(f)

Vf

Vi f

Peo(z)

of(x)

Cardinality of a vector .
Convex hull of set C'.

Dual cone associated with K.
Conjugate function of f.

Convex envelop of function f.

Expected value of a random vector X.

Normal distribution with mean p and variance o.
Poisson distribution with the parameter \.
Exponential distribution with the parameter pu.
F-distribution with the parameters o and f.
Gamma distribution with the parameters a and b.

Uniform distribution with the parameter N.

f is a function on the set dom(f) into the set B.
Domain of function f.

Epigraph of function f.

Gradient of function f.

Hessian of function f.

Standard projection operator on C.

Subdifferential of f at x.
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Acronyms
CMP
CCP
RMP
CS
PSD
SDP
MILP
LMI
PCA
LP
GLP
RIP
NSP
RIC
ROC
RSP
SVD
KKT
SDr
MM
BB
RLS

Cardinality minimization problem.
Cardinality constrained problem.
Rank minimization problem.
Compressed sensing.

Positive semidefinite cone.
Semidefinite programming.

Mixed integer linear programming.
Linear matrix inequity.

Principal component analysis.
Linear Programming.

Generalized linear programming.
Restricted isometry property.
Null space property.

Restricted Isometry constant.
Restricted orthogonality constant.
Range Space Property.

Singular value decomposition.
Karush-Kuhn-Tucker.
Semidefinite representable.
Majorization minimization.
Branch and bound.

Reweighted Least Squares.
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