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Abstract

In this thesis we will discuss the effects of Weak Localisation, Aharonov-Bohm
oscillations and sample-to-sample fluctuations in the context of Mesoscopic sys-
tems and also introduce an interesting concept indicating the possibility of local
regions of negative superfluid densities. These normal state phenomena will be rig-
orously calculated using Green’s functions and Diagrammatic techniques to help
understand their underlying properties. The AC sample-to-sample fluctuations
will be evaluated using an original diagrammatic calculation and will be used to
show that there are an interesting set of cancellations when taking the DC limit,
known as the wrong-sign cancellations.

The second half of this thesis will deal with these mesoscopic effects in the
superconducting limit. This will help to understand and develop the useful dia-
grammatic techniques needed in the superconducting limit. In the final section we
will derive the superconducting mesoscopic fluctuations in an original calculation
which will help to understand whether or not there is the possibility of regions of

local negative superfluid density as suggested in 1991 by Spivak and Kivelson [3].
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Chapter 1

INTRODUCTION

This Thesis is based upon the properties of Mesoscopic systems and, more im-
portantly, the effects on such systems around the Superconductor to Insulator
Transition (SIT). The main characteristics of a Mesoscopic system, with respect
to Macroscopic and Microscopic systems, will be explained in the next section
before a motivation of this thesis is explained together with a general overview of

what is contained.

1.1 Introduction to Mesoscopic Physics

The phenomenology of solid state physics is often considered through the nearly-
free electron theory of metals in which the electrons interact weakly with an or-
dered crystalline lattice potential. And in a non-ideal lattice, with lattice defects
and doped impurities, the electrons experience an irregular lattice potential. For
systems larger than the coherence length, Ly, the transport properties can be un-
derstood by Kinetic or Boltzmann theory but at length scales smaller than Ly
the dynamics of the system is greatly influenced by quantum phase coherence. At

this Mesoscopic scale, that lies between microscopic and macroscopic, the influ-



1.1. INTRODUCTION TO MESOSCOPIC PHYSICS

ence of quantum phase coherence effects cause many observed phenomena such
as conductance fluctuations and weak localisation. Contrary to intuition, these
observable properties are often quite substantial and will be evaluated in further
chapters within this Thesis.

Measurable physical properties for systems smaller than L, depend upon the
specific realisation of the disorder. However, for systems greater than Ly the
phase coherence is lost and the system is observed to be independent upon the
realisations of the disorder. FExamples such as superconductivity, superfluidity,
free electron gas at zero temperature are systems which maintain phase coherence
up to the macroscopic scale.

The phase coherence length, L4, can be thought of more physically as the
length scale with which the phase coherence is lost due to irreversible processes.
Such suppression can be linked to phonon interactions, interactions with other
electrons. In metals, Ly will increase with temperature and is of the order of a
few micrometers for temperatures less than one Kelvin. It must be noted that
the phase coherence length is essentially independent upon static disorder such as
static impurities or vacancies as these do not destroy the phase coherence of the
system. However, the processes which do destroy coherence may depend upon the
disorder. The length scale that includes such static disorder is the elastic mean
free length [., which is the average length between two scattering events with no
energy change.

The phase coherence length, Ly, and the elastic mean free length, [., are fun-
damentally different which implies that the loss of coherence is not due to random
potentials. At low temperatures, [, may differ by a number of magnitudes from

L.



1.2. MOTIVATION OF THESIS

The interest in such mesoscopic systems has increased due to the development
of modern fabrication methods and have resulted in many publications. This has

lead to the motivation of this Thesis.

1.2 Motivation of Thesis

To understand the physical properties of any system the first step is to understand
the system in the context of the free-electron gas. This approximation ignores such
effects as electron interactions and the effects of the lattice and does not reproduce
many of the interesting phenomena observed in most sample. In the case of a
non-periodic lattice the next step is to introduce the effects of the lattice which
introduces a scattering time, 7, which represents the average time taken for an
electron to interact and scatter off a lattice point. This classical model is known

as the Drude conductivity and is given as

(1.2.1)

which is the basis of calculating the conductance in a given sample, and is derived
in chapter 3.3.

Now that the lattice has been included in the calculation the next problem is to
consider disordered systems which will also affect the conductance. The disorder
will reduce the conductivity by a small amount, comparable to the background
noise of the sample but distinctive by its tendency to vanish as a magnetic field
is induced. This is known as Weak Localisation and was was interpreted as being
the self-crossing of an electrons trajectory, and is discussed in chapter 2.1 and

derived in chapter 3.4. It must also be noted that increasing the disorder can

3



1.2. MOTIVATION OF THESIS

induce an insulator transition known as Strong Localisation. To understand the
effects of disorder the scaling theory of localisation, as shown in chapter 2.2, is used
which describes a system as being constructed of 2¢ cubes which are combined via
perturbation theory. The change in the conductance of the sample, 5, as more
cubes are combined is only dependent upon the conductance, g, of the sample.
This scaling theory determines the effect of localisation for a sample of any size,
L, by scaling up from any size, [.

The effects of weak localisation is a mesoscopic property but can also be ob-
served in macroscopic systems. which can be seen via the effects in small Au
rings and metallic cylinders. Small mesoscopic Au rings with a flux, ¢, through
the centre shows an observable Aharonov-Bohm oscillation of h/e as described in
chapter 2.3. A purely mesoscopic effect will vanish in the macroscopic regime, but
when the mesoscopic rings are added together to construct a macroscopic cylinder
the weak localisation effects are still present. However, in these metallic cylinders
the weak localisation effect causes a new Aharonov-Bohm oscillation of h/2e. This
will be discussed in chapter 2.3 and 2.4.

The next effect to conductivity is described via the sample to sample fluctu-
ations which are purely mesoscopic. This means that the specific conductance
of a sample cannot be sufficiently described by the average but is instead depen-
dent upon the exact configuration of that specific sample. This effect is known
as Mesoscopic conductance fluctuations or Universal conductance fluctuations and
emphasises that there is a variance in observable properties for Mesoscopic sam-
ples with different realisations, see figure (1.1). These sample specific fluctuations
are described in chapter 2.6 and derived in chapter 5.1.

All these effects on the conductivity are well known and described in chapter
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Figure 1.1 — A plot to show that the properties of a macroscopic system
is well defined by its average properties. However, the properties of a meso-
scopic system has a large variance and cannot simply be descibed by its
average but instead must include the specific realisation.

2 and calculated in the normal state regime in chapter 3. Chapter 4 will intro-
duce the ideas of superconductivity and will calculate the properties of Drude
conductivity and Weak localisation in the superconducting state.

In 1991 Spivak and Kivelson produced a paper [3] describing the idea of a
local negative superfluid density and many papers have been published on the
Supeconductor-Insulator transition in thin films. A given system is believed to
split up into regions, or islands, of differing physical properties (for example is-
lands of higher conductivity). To try and understand this transition more and
to answer the original question of Spivak and Kivelson the fluctuations in the
superconducting regime will be calculated to see if these islands may have a lo-
cal negative superfluid density. As the superfluid density can be related to the
Josephson current, a negative superfluid density will cause a Glass state where
the phase looks disordered but will have an underlining order. To find if the su-
perfluid density becomes negative it is necessary to compare whether the variance

exceeds the average, see figure 1.2. This will then be calculated by deriving the

5



1.2. MOTIVATION OF THESIS

Mesoscopic Conductance Fluctuations in the superconducting regime, which will
be investigated in chapter 6. This will then be evaluated to see if it can exceed the
average conductance which will result in a possibility of a local negative superfluid

density.

Prob y

‘<ng> Ne

Figure 1.2 — A plot to show that when the variance, o, exceeds the average,
(ns), then the superfluid density will become negative.



Chapter 2

INTRODUCTION TO PHENOMENA

As described in the main introduction, the transport properties of mesoscopic
samples display some interesting phenomena. The classical regime is described by
the Drude conductivity but in the quantum regime there are interference effects
due to self-crossings of propagating paths. This is described by Weak Localisation
and causes a decrease in the correction to conductivity compared to the Drude
conductivity. As the disorder is increased the system may enter a insulator tran-
sition described by Strong Localisation which can be evaluated using the Scaling
theory. This chapter will discuss the ideas of Weak Localisation and the Scaling
argument and how disorder can affect the state of a system. The Aharonov-Bohm
(AB) oscillations will also be discussed in Au rings, first experimented by Webb
et. al. [31], and also in metallic cylinders, first experimented by Sharvin and
Sharvin [10], and will be used to understand the underlying property in the Meso-
scopic fluctuations. Each of these systems will give a different order of oscillation
although the metallic cylinders were originally believed to be an ensemble average
which would destroy these AB oscillations.

The SIT is then discussed and the idea of local negative superfluid densities at
this transition is investigated. Before any calculations can be made, the sample

7



2.1. WEAK-LOCALISATION

specific fluctuations must be understood as these fluctuations must be shown to
exceed the average superfluid density to show that there exists regions of negative

superfluid densities (or alternatively disprove this theory).

2.1 Weak-Localisation

The conductivity in dirty metals can be evaluated by the product of two complex
amplitudes, A; related to the probability of quantum diffusion. This describes the

probability of a particle scattering from r to v’ and is given by
P(r,r') oc Y A7 A, (2.1.1)
1]

where A; denotes the amplitude of a propagating trajectory from r to r’ following
a path described by ¢ [37]. This indicates that the probability is dependent upon a
pair of separate trajectories ¢« and j each with an amplitude and phase. With this
in mind, the probability can now be split into two parts. The first is when the pair
of trajectories take the same path (i = j) which is described by the classical Drude
conductivity, and the second term is when the two trajectories are independent

(1 # 7) and describes the quantum term. This gives the probability the form [11]

P(rr)oc Y JAP 4+ > A4, (2.1.2)
i i#]
Classical Drude Quantum correction
The second term is non-zero when considering interference effects where the two

trajectories follow the same scatterings but cross paths [1]. The case where the

paths cross once is known as weak localisation as is shown in figure 2.1.



2.1. WEAK-LOCALISATION

Figure 2.1 — The quantum correction to the classical Drude conductivity.
The dashed circle emphasises the crossing of trajectories 7 and j and can be
calculated by the weak localisation correction.

In a d-dimensional system this will give a correction to conductivity as

2 2
So=—"[Ly—1] for d=1
2 2
50:—iln (L> for d=2
m L¢
2¢% 1 1
0o=—— |- — — fi d= 2.1.
o - [l LJ or 3 (2.1.3)

which will be derived in a later chapter using diagrammatic techniques. The
correction for all dimension is negative which indicates that taking these self-
crossing loops into account will reduce the overall conductance [37] - this is the
main property of weak localisation. Furthermore, if the system is time reversal
invariant then the two opposing paths will have the same amplitude, A, which will
imply that their product is equal to that of two trajectories in the same direction.
This suggests that a breaking of time reversal symmetry will cause the effects of
weak localisation to vanish. Weak localisation is not the only interference effect
correction which reduces the conductivity, there is also Anderson localisation which

will be described in the next section using a scaling argument.



2.2. SCALING THEORY OF LOCALISATION

2.2 Scaling Theory of Localisation

When the mean free path, L4 is short and comparable to the Fermi wavelength,
Ar, multiple scattering becomes important and the electron wavefunction becomes
spatially localised. In the localised states, the wavefunction decays exponentially

away from a localised centre as

b(r) ~ exp (%‘) (2.2.1)

where £ is the localisation length and r is the distance from the localised cen-
tre. These localised states cause a metal-insulator transition dependent upon the
degree of disorder in the given system which is known as Anderson Localisation.
This effect causes different properties for systems of different dimensions, d, as the
system size increases. This dependence upon the dimensionality of the system can
be derived via the scaling argument, originally proposed by Edwards and Thouless
[24]. Consider a d-dimensional system of size L. The wavefunction and electronic
properties of a system of size 2 can be derived by combining 2¢ cubes via per-
turbation theory. Combining 2 cubes will cause a mixing of energy levels where
the closest energy levels will couple to each other. This mixing will be governed
by the ratio of the overlap integral between states in different blocks, ¢, to the
average level spacing, W. This will give the mixing parameter as ¢t/W and this
parameter at one length scale will determine the same parameter at a different
length scale. The dimensionless conductance, g (= G/(e*/h)) can be determined
from t/W and thus g(L) is the appropriate measure of disorder and is the only
measure of disorder at length scale L [37]. If the system size is increased from L

to L + L and we define the relevant change in conductance, 5(g(L), L), which

10



2.2. SCALING THEORY OF LOCALISATION

must only depend upon ¢(L) as

L dg(L) dlng(L)
g(L) dL — dInL

plg(L), L) = (2.2.2)

The function 5(g(L), L) needs to be evaluated in the limits of a good and poor
conductor which implies that we need to understand the values of g in these limits.
It must be realised that the dimensionless conductance, g, is a measure of the
number of channels available for electron flow. Thus a good conductor will have
many channels which will be described as g >> 1 and a poor conductor will have
a small number of available channels ¢ << 1. In the limit of a good conductor ¢

will be described by the usual Ohmic formula

G oL42

9= o= (2.2.3)

By substituting this into (2.2.2) we can see that in the limit g >> 1 then §(g) =
d — 2. In the limit of the poor conductor the states will be localised and the
only way for an electron to move across the sample is to hop between states. As
described at the start of this section, this will lead to an exponential dependence

of conductance with respect to the localisation length £ as

g(L) = exp(—L/E) (2.2.4)

which will lead to 5(g) = In(g) [37]. Also note that in the weak disorder regime,
weak localisation will add a correction to 3(g) of —a/g. This correction together
with the values of #(g) in both limiting cases, and connecting them with a smooth

monotonic curve, will give the final form of $(g) as shown in figure 2.2. The

11



2.2. SCALING THEORY OF LOCALISATION

plot shows that 8(g) increases with g and has no singularities. In summary we

Figure 2.2 — A plot of the relevant change in conductance, 3(g), versus the
log of the dimensionless conductance, In g, for d = 1,2,3. This plot shows
that when d = 1,2 then g decreases as the system size, L, increases and will
always be in the localised regime.

start with a sample of size | with dimensionless conductance gy = ¢() and use
the form f(g), given in equation(2.2.2), to scale up to size L. The plot therefore
shows that g < 0 for systems of dimensions less than or equal to 2 irrespective
of the initial value of go. This means that 1D and 2D systems will always be
in the localised regime as it can be seen that g(L) decreases as L increases. For
systems of dimensions greater than 2 (d > 2) there is an unstable fixed point at a
critical value g.. This means that if the system begins with gy > g. then 5(g) is
positive which means that as L increases we will scale into the conducting regime.
However, if the system begins with gy < g. then (g) will be negative which means
that as L increases we will scale into the localised regime. This shows that for

12



2.3. AHARONOV-BOHM OSCILLATIONS IN AU RINGS

d > 2 there is a conductor-to-insulator transition at the critical level of disorder

given by g(1) = ge.

2.3 Aharonov-Bohm oscillations in Au Rings

In 1985, Webb et al studied the Aharonov-Bohm (AB) effect in small metallic Au
rings of the order of a micrometer [31].

Figure 2.3 shows the original results published by Webb et al which shows that
the rings have an AB oscillation of % which will be derived using the amplitudes

of the two paths with which the electron can propagate.

i 10 x &,
G054k -

¥ 100 200 00
1F4H [ 14T )

Figure 2.3 — (a) The magnetoresistance of a gold ring with an inside diam-
eter ~ 4004 and width ~ 4004 at T = 0.01K (b) Fourier spectrum showing
peaks at h/e and h/2e.

For the trajectories within the ring, the corresponding amplitudes for each path

1 and 2 will be

13



2.3. AHARONOV-BOHM OSCILLATIONS IN AU RINGS

Figure 2.4 — An Aharonov-Bohm interferometer with trajectories 1 and 2
and a flux ¢.

a1 = |a1,2| exXp 2.5172 (231)

where the electron propagator within a magnetic field, B =V x A, will pick up

an additional Quantum mechanical phase and is given by

61:6(1)—%/A-d1
1

8y = 00 — %/A .dl (2.3.2)
2

The corresponding integrals are line integrals of the vector potential A along the
two trajectories and 47, are the phases with zero magnetic flux [6]. Therefore,
the conductance in the presence of the magnetic flux can be represented as a

combination of the two amplitudes, given as
G(¢) = |ay + az* = |a1|* + |ag|® + 2|ayas| cos(dy + 6;) (2.3.3)

When the trajectories split above and below the enclosing flux, the phase difference

between the upper and lower paths will become e¢/h and is now modulated by

14



2.3. AHARONOV-BOHM OSCILLATIONS IN AU RINGS

the magnetic flux as
AS() = 6, — 6, = 8° — 69+ % ]{ A -dl (2.3.4)
This shows that the total conductance of the ring is a periodic function of the flux
G(¢) = Go + 6G cos(6° + 2m¢ /o) (2.3.5)

where ¢g = h/e is the quantum of the magnetic flux, this is the Aharonov-Bohm
effect. On increasing the temperature or the diameter of the ring then this effect
disappears due to decoherence effects as L, decreases [2]. The system size at which
the AB effect disappears signifies the temperature dependent coherence length, L.

Before this experiment it was believed that coherence effects were only observ-
able within the single scattering regime, where the level of disorder is low. A high
level of disorder would, intuitively, be equivalent to a system of N thin, single
scattering films, with each film corresponding to a different and independent real-
isation. The resulting conductance would be an average over all these thin films
and would cause the AB effect to vanish. However, the Webb et al experiment
showed that the multiple scattering regime did not correspond to an ensemble
average and that the coherence effect did remain. This proved that the classi-
cal approach is invalid in such mesoscopic systems and this is why the coherence
effects of such systems have increased in interest since the 1980s.

This shows that the effect of weak localisation in mesoscopic samples is an
oscillation of % however, weak localisation effects are also present in macroscopic

cylinders and will be described in the next section.

15



2.4. AHARONOV-BOHM OSCILLATIONS IN METALLIC CYLINDERS

2.4 Aharonov-Bohm oscillations in Metallic Cylin-

ders

H
3
dmt R
T (=B
Ly Yy z
Ly
1]

Figure 2.5 — This shows the cylindrical magnesium film with a flux threaded
through the centre, as used by Sharvin and Sharvin.

The original motivation for the research of Webb et al was due to the experi-
mental results obtained by Sharvin and Sharvin 4 years earlier, in 1981 [10]. They
observed a conductance oscillation of order h/2e = ¢/2 in cylindrical magnesium
films, see figure (2.5). As soon as the publication of Sharvin and Sharvin many
theoretical papers were written to discuss the possible oscillations in metallic rings
and discussed the possibility of difference oscillations in such systems. The exper-
iment by Webb et al was the first to observe the oscillations in metallic rings and
36].

Intuitively, it would seem sensible to believe that a cylinder with a length
larger than the phase coherence length, L4, would be equivalent to N(= L/Ly)
independent metallic rings. This would suggest that a metallic cylinder would

be a ensemble average and that the coherent effects would disappear and destroy

16



2.5. LOCAL NEGATIVE SUPERFLUID DENSITY

the oscillations. This is untrue and, although the ¢, oscillations disappear as the
length of the ring becomes larger than Ly, the ¢¢/2 conductance oscillations exist
both in the metallic rings (L < L,) and in metallic cylinders (L > L,). The
existence of these oscillations is due to the self-crossing paths of electrons which
causes a larger backscattering amplitude, known as weak localisation. Because the
wavefunction is periodic then the electron path must go around a full circle for
a contribution and if the electron path only followed a half circle then they will
cancel due to the scatterings in the cylinder.

These two research papers show that although weak localisation is a meso-
scopic effect it is also present in macroscopic samples. The mesoscopic rings,
experimented by Webb, show that this effect can be observed by an AB oscillation
of % whereas in macroscopic cylinders, experimented by Sharvin and Sharvin, the
observable property is an oscillation of 2% This shows that although weak locali-
sation is described as a mesoscopic effect it is also observable on the macroscopic
level.

These AB oscillations will be observed when investigating the mesoscopic con-
ductance fluctuations and will result in an underlying oscillation in the fluctu-
ations. Also the AB oscillations may be a method to investigate the existence
of regions of negative superfluid densities, which will be discussed in the next

section.

2.5 Local Negative Superfluid Density

There has been long extensive research into the superconductor-insulator transi-
tion through the years [23] [5] [30]. In 1991 the question of negative superfluid

density arose due to research by Spivak and Kivelson [3] [33]. The idea was that
17



2.5. LOCAL NEGATIVE SUPERFLUID DENSITY

when approaching the superconductor-insulator transition in a disordered super-
conductor the value of the average superfluid density, (n,), (where (...) denotes
the impurity average) will become smaller than the fluctuations in the local super-
fluid density, dn [7]. If this is true then it will be possible for the local superfluid
density to become negative [3] [33].

The possibility of a negative ng will cause an array of many observable phe-
nomena [15] [14]. It will result in slow relaxation times in resistances and other
properties, a half natural period of the Aharonov-Bohm effect (which will be ob-
served to be a period of h/4e) and a negative magnetoresistance at weak fields
in the normal state near to the superconducting transition [13] [9]. The model
will correspond to a system of superconducting grains, labelled by the index j,
each with an order parameter and a fluctuating phase 6;. Such a system will be

described by the Hamiltonian

_ Ay
H = —2e2izjni(0 Ynj + ;,anj - ,ijij cos (01- —0; + <I>]

) (2.5.1)

0

where n; is the number of Cooper pairs, C;; is the capacitance matrix, 1, is the
chemical potential, J;; is the Josephson Coupling between grains 7 and j, ®¢ is the
superconductor flux quantum (h/2e) and A;; is the vector potential from grain
i to j [3]. Ji; can be considered as the lattice version of the superfluid density,
ns. The phase of the grain, 6, is canonically conjugate to n;. This means that
the transformations n; — S5 and exp(+if; — Sji) can be used to transform the
Hamiltonian into the quantum Heisenberg-Ising model
2

v

H=-2¢"Y " SH(C_1)8; + Y piS;i—> & (SfS; +578)  (25.2)
ij J
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2.5. LOCAL NEGATIVE SUPERFLUID DENSITY

Ji; will act like the XY part of the exchange interaction, (C'~1);; is Ising part and p;
will be a random magnetic field term introduced to the Hamiltonian [33]. Therefore
a negative superfluid density is equivalent to a negative J;; which implies that it
has the same universality class as a spin-glass [18]. This shows that a negative
superfluid density will cause shifts in the phase with a complicated ordering.

The idea of a local negative superfluid density has been debated through the
years and to be thorough one must also consider the arguments against this phe-
nomena. In the next subsection I will outline a research paper which disagrees with
the idea of a negative superfluid density before disgussing the physical properties

which would be observable if this phenomena did exist.

2.5.1 Counter Arguments

In 2001 Titov et. al. investigated the idea of a negative superfluid density by
calculating the Josephson coupling energy, U;, and showing that U; cannot have
a maximum for zero phase difference [34], ¢, of the superconductor parameter -
indicating that a negative superfluid density cannot exist. This paper investigated
the relative magnitude of mesoscopic fluctuations of the supercurrent in a disor-
dered SNS junction. The SNS contacts have N propagating modes at the Fermi
Energy so that the 2NV x 2N scattering matrix, S(¢), can be determined via the

Josephson Coupling energy as [30]

U, = —Qk;BTiln det [1 — Sa(iw,)Sy (iwy)] (2.5.3)

n=0

where w, = (2n + 1)wkgT is the Matsubara frequency.

By using the identity Indet ... = Trln ... the first and second derivatives can be
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2.5. LOCAL NEGATIVE SUPERFLUID DENSITY

calculated as

%‘ = 2kpT Y TmTr [hy (wn) — haa(wy)] (2.5.4)
n=0
and
a*U; C
d¢2j = 4k‘BTZ ReTr [fia(wn) fa1 * (W) — hag * (wn)ho1(wy)] (2.5.5)
n=0
where
hi1 h
R B e A fofe Z(1+2*Z)""  (2.5.6)
h21 h22 f21 f22
where

Z(wn) = (\/1 WA - w/A) e=iM126(j0)) (2.5.7)

At ¢ = 0 the symmetry of S implies F' = FT and H = H” so that fo; = f12 and
ho1 = hj,. This implies that every term in the sum of the second derivative is
positive and the first derivative is equal to the supercurrent and vanishes at ¢ = 0.
Therefore,

@ = and d* Uj
do le=0 de? le=0

>0 (2.5.8)

This indicates that mesoscopic fluctuations cannot invert the stability of the SNS
junction at zero phase.

The next step is to investigate the physical interpretation of Negative super-
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2.5. LOCAL NEGATIVE SUPERFLUID DENSITY

fuid densities and whether experimentally this phenomena could be proved or

disproved.

2.5.2 A physical interpretation

Grain | [nsulator Grain 2

Figure 2.6 — A diagram of the two grain model considered by Spivak and
Kivelson with Josephson coupling J;; between the grains.

Spivak and Kivelson theoretically considered the model of two grains with a
Josephson coupling, J;;, between them. With only direct single-electron tunneling
the Josephson coupling term will be positive in the absence of spin-orbit coupling.
If an intermediate state is introduced between grains and we assume that the
tunneling can occur indirectly through this localised state then the model becomes

more interesting. Consider the Hamiltonian of the form

H = Hy+ H, (2.5.9)

where

HO = H1 + H2 + gong + U?’Lo(TLO — ].) + V1m1n0 -+ V2m2n0 (2510)
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2.5. LOCAL NEGATIVE SUPERFLUID DENSITY

and

2

H, = Z trq(cl, Cogs + hoC) + Z ZTjk(C;r'ksCOs + h.c) (2.5.11)

k,q,s j=1 ks

H,; is the contribution due to tunneling, the grains are labelled by the index 7 =
1,2, ¢jis annihilates an electron with spin s on grain j, cos annihilates an electron
in the localised state and ng denotes the number of electrons in the localised state.
The energy to put a single electron into the localised state is given by ¢y and the
energy to put two electrons into the insulating state is g + U.

The explanation for the negative sign in the superfluid density is due to the
permutations of the electrons once they have indirectly tunneled through the lo-
calised state. To understand this one must consider the BCS wave function for

one of the grains

‘w]> = H(uq + eiejvqc;r‘q'rc;[‘_q“o> (2.5.12)

q

A phase convention must be arbitrarily introduced but must be maintained through-
out all the calculations. The order will be that the spin-up electrons will always be
to the left of the spin-down electrons. This canonical ordering is what will intro-
duce the negative value of n, as direct tunneling between each grain will maintain
this order but indirect tunneling does not. For example consider the following

case, shown in figure 2.7.

22



2.5. LOCAL NEGATIVE SUPERFLUID DENSITY

t r
ti t
t ' 1
f 14
Commutation
t e

Grain 1 Insulator Grain 2
Figure 2.7 — A diagram showing how indirect tunneling can cause a negative
ng due to canonical ordering.
2.5.3 Mathematical interpretation

The research of Spivak and Kivelson [3] in 1991 was motivated by the work of

Spivak and Zyuzin in 1988 [7] which deduced that

Ong 2 G\ Ipr -2
— R — R 0)— 2.5.13
<<n>> <(<G>)> (c0) 2519
where n; is the superfluid density, G is the conductance of normal metal cube ¢(0)
in size, pp is the Fermi momentum and §G = G — (G). This was not an exact

calculation as it assumes the relations of G' and n,. Spivak and Kivelson used this

result to show that

<(5TZS)2> o h(‘g>2 {1 o (k%l)] (2.5.14)
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2.5. LOCAL NEGATIVE SUPERFLUID DENSITY

and explained that as a function of increasing disorder, when kgl gets to become
of order 1, this equation breaks down and the fluctuations of n, become compa-
rable in magnitude to the mean. In this case it was argued that there could be
a substantial probability of a negative n,. Although this has not been shown in
the BCS superconductor, it has been shown in the previous subsection that for
Josephson-coupled superconducting grains, spin-exchange scattering of the tunnel-
ing electron by a localised spin can produce J;; < 0 [20]. One result of a negative

ns will be observed via the altering of the Arahonov-Bohm oscillations [34].

2.5.4 Arahonov-Bohm oscillations

As stated the previous subsection, local negative superfluid densities will cause an
AB oscillation of ﬁ which will now be explained in this subsection. Consider a
dirty superconductor with an array of holes which we pass a flux, ¢. The properties
of such a system will be controlled by the configuration average of a single hole. To
calculate the Aharonov-Bohm period one must evaluate the configuration average

of the free energy

(F) = —kT(In[Tr{exp(—H/kT)}]) (2.5.15)

which can be expanded in the limit 7" > T,

(Tr{H?} — Tr{H}?])
2kT

(F) = (Tr{H}) + (2.5.16)

where the trace and the configuration average, (...), is taken over all quantum
states. The contributions will come from the shortest closed paths which, in
Aharonov-Bohm geometry, correspond to the shortest path enclosing the flux, ¢
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2.6. MEsoscopric CONDUCTANCE FLUCTUATIONS

[26]. Intuitively, the shortest path will come from the closed trajectory which
encloses the flux once. But on taking the configuration average, (F), this will give
a zero contribution due to the random sign of J;; [25]. This means that the leading
term in the expansion will come from the paths which enclose the flux twice. This
will lead to an Aharonov-Bohm period of h/4e and all thermodynamic properties
will be observed to have oscillations with such a period.

The last subsection showed that the possibility of a local negative superfluid
density is based on an assumption and to prove (or disprove) this theory it is
essential to produce an exact result for dns/n,. An exact solution for dn, will
be derived for a 2 dimensional thin film in chapter 6 of this thesis. The method
of calculating this term will be via Green’s functions and, for completeness, the

results in the normal state will be derived.

2.6 Mesoscopic Conductance Fluctuations

2.6.1 Universal Conductance Fluctuations

Quantum interference effects can be observed in the transport of solids through the
universal conductance fluctuations, which were discovered in 1985 [29]. Altshuler
[4], Lee and Stone [29] predicted that small metallic wires at low temperatures
revealed ‘random-like’ conductance fluctuations as a function of magnetic field
[12]. At a similar time Webb experimented on 3 samples (a) 0.8 ym gold ring,
(b) quasi-1D silicon MOSFET, figure 2.8 is a plot of the fluctuations in 3 samples.
It was also noted that the fluctuations remain order unity whilst the background
conductance varied.

Although these fluctuations seemed random, they showed a remarkable repro-
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Figure 2.8 — A plot of the conductance fluctuations as a function of mag-
netic field for (a) 0.8 pm gold ring, (b) quasi-1D silicon MOSFET and (c)
Numerical calculation for Anderson model.

ducibility at a given temperature, and were experimentally observed as having a
97% cross-correlation in superconducting Aug7Ing3 cylinders [16]. Literature in
this area often call these fluctuations Magnetic Fingerprints due to the individu-
ality of these fluctuations, although one must note that these fluctuations do have
a universal amplitude of order % at zero temperature [16]. These size indepen-

dent fluctuations were unexpected from the usual Ohms conductance, g = o L%2

(where o is the conductivity) as the fluctuation of the conductance is given as

09 = /(9 —{(9))*) (2.6.1)

This implies that dg%/ (g)* ~ O(L~?) which will give the fluctuations in the con-
ductance as 6¢g?> = L%*. However, with quantum effects the fluctuations in a

d-dimensional system is given by

dg> = 0.733ford =1
= 0.867 for d =2

= 0.953 ford =3 (2.6.2)
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2.6. MEsoscopric CONDUCTANCE FLUCTUATIONS

and will be derived in chapter 5. This shows that quantum interference has dra-
matic effects on observable transport properties of solids and that the amplitude
of the conductance fluctuations are size independent, hence ‘Universal’.

A physical interpretation of these fluctuations is in the energy level statistics
of a metal. For a normal metal the conductance is dependent upon the number of
single electron levels, N, inside an energy band of width E7 centered at the Fermi

surface, where Er is the Thouless energy [24]. The conductance is calculated as

G=-=—N (2.6.3)

and although N is dependent upon the dimensionality of the system, the fluctua-
tions in the number of single electron levels within this band is universally of order
unity.

These random-like fluctuations are fully reproducible for a given sample but
are different when the impurity configuration of a sample is changed. This shows a
physical breakdown of Transport theory, which states that any observables can be
expressed in terms of the average properties of the sample. In experiments, large
changes in the Fermi energy or magnetic field will be used to simulate a change in
the impurity configuration in a given sample.

A temperature of 0.27K was found to destroy the fluctuations in supercon-
ducting AugrIng3 cylinders and a small increase in magnetic field was also found
to have the same effect (with a critical field Hx), shown in figure 2.9.

The conductance fluctuations are also found experimentally in metallic rings
[31] where a periodic structure of % is superimposed over these magnetic finger-

prints due to Aharonov-Bohm oscillations.
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Figure 2.9 — A plot on a superconducting Aug7Ing.3 cylinder to show that
a critical field H* will destroy the fluctuations
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Chapter 3

THEORY OF THE NORMAL STATE

To investigate the phenomena described in chapter 2 one must construct a mathe-
matical means to calculate the mesoscopic properties. The most useful method is
to use Green’s Functions and Diagrammatic techniques which are essential tools
in representing long and complicated equations in a more simplified form.

To construct the Green’s Function one must first introduce the Schrodinger
(and Heisenberg) representation where the operators are independent (dependent)
upon time and the wavefunctions are dependent (independent) upon time. This
will help to construct the Interaction representation which is the fundamental
starting point for deriving the Green’s functions. The Hamiltonian for this repre-

sentation is split into two parts
H=Hy+V (3.0.1)

where Hj is the Hamiltonian which can be solved exactly and V is the remaining
part. The wavefunctions and operators in the interaction representation are both

dependent upon time with respect to the full Hamiltonian, H, and the exactly
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solvable part, Hy, and is given as
Oznt(t) — eiHotOe—iHot’ and ¢znt(t) — BiHOte_th¢<O) (302)

It will also be shown that the matrix elements in any of these 3 representations
are consistent and will give the same answer. To investigate the properties of an
interacting system one must construct an operator which evolves the wavefunction

from time ¢’ to t given by

Vint(t) = St ) Pine () (3.0.3)

where S(t,t') is known as the scattering matrix. Calculating this S-matrix will
give an insight into the system and it will be constructed of many creation and
annihilation operators ¢; and c,i. These operators can be grouped together to give

a Green’s function which is represented mathematically as [17]
Gkt —t) = —i{cp(t)ck () if t>1 (3.0.4)

This corresponds to an excitation being created at time ¢’ and then being destroyed
at the later time ¢. During the interval ¢ — ¢’ the excitation can be scattered and
changed. The measurement at time ¢ can then give an insight into the system [22].

Equivalently

Gk, t —t") = +ilch(ter(t)) if t<t (3.0.5)

where the change in the sign is due to the anti-commutation of one fermionic
operator with the other. This corresponds to an electron being destroyed at time
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3.1. S-MATRIX EXPANSIONS

t and then being recreated at a later time ¢. When the electron is destroyed it
produces a hole which interacts in the interval ¢ — t’. This will give information
about the hole excitation [22].

When constructing the S-matrix it can be observed that there will be many cre-
ation and annihilation operators which can be grouped in several ways to construct
different Green’s functions, this grouping is known as Wick’s theorem [22]. This
is where the diagrammatic techniques become useful as each diagram represents a
single Green’s function as a solid line and each point is a given time.

The following chapter will first describe these different representations before
deriving the Green’s functions and S-matrix before calculating the results of Drude

conductivity and Weak Localisation which were stated in the previous chapter.

3.1 S-Matrix expansions

3.1.1 Introduction to the Interaction Representation

To proceed with any calculations we must define the interaction representation

where the Hamiltonian is split into two parts
H=Hy+V (3.1.1)

where Hj is the Hamiltonian which can be solved exactly and V' denotes the re-
maining parts. Hy and V' are chosen in such a way that V is small and that
the system with only Hj is described and V' is introduced to see how the system
changes. In this brief introduction, 3 representations of the wavefunctions and

operators must be introduced and the annotations must be shown as to not incur
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3.1. S-MATRIX EXPANSIONS

any confusion. It must be noted that each of the three representation will give ex-
actly the same results but will use different methods, as will be shown in equations
(3.1.4), (3.1.6) and (3.1.10).

The first is the Schrodinger representation where the wavefunction, ¢ and

operator H are denoted as

0

zaw(t) = H(t) (3.1.2)
and

Y(t) = e ) (0) (3.1.3)

The main property of the Schrodinger representation is that the wavefunction is
dependent upon time whereas the operators are independent upon time. Evaluat-
ing the matrix elements of the operator O between 2 states in this representation

will be give by

(1()O0)ea (1)) = (¥1(0)eO(0)e™ 45 (0)) (3.1.4)

This result will be compared with the other representations to shown that they
all give the same result.

The second is the Heisenberg representation where the operators O are time
dependent and the wavefunctions are independent upon time. The operator in

this representation is given by
O(t) = e'0(0)eH? (3.1.5)
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Initially this looks like the time dependences of the Schrodinger and Heisenberg
representations will give different results when used, but the following argument
shows that they do give the same results. Using the Heisenberg representation the

matrix element will be evaluated as

(W1(0)0(t)12(0)) = (W] (0)e™O(0)e*45(0)) (3.1.6)

This gives the exact same result as in the Schrodinger representation (3.1.4).
The final representation is the interaction representation where the operators

and wavefunctions will be labeled as O;,;(f) and 1,,(t) to distinguish from the

previous 2 representations. Operators in the interaction representation are defined

as

Oint (1) = eHotQe~Hot (3.1.7)

and the wave functions

Ving (1) = eHote™ ) (0) = U (t)1(0) (3.1.8)

where it is conventient to define U(t) as

U(t) = 'ttt (3.1.9)

As in the previous representations the matrix element must be evaluated to show

that this representation gives the same result. This is evaluated as

(WIOWa(t)) = (W](0)e e Mt (0)e It eote ity (0))
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= (®](0)e™O(0)e*1py(0)) (3.1.10)

which is exactly the same result as the Schrodinger representation (3.1.4) and the

Heisenberg representation (3.1.6) which shows that they are all equivalent.

3.1.2 Introduction to the S-Matrix

If we define the S-Matrix as the operator S(¢,¢) which scatters the wave function

from (') to i (t) and is written as

Vint (1) = S(t, 8 )ine () (3.1.11)

Now that the terms have been defined, the next step is to derive a more suitable
form of the S-Matrix which can be used to create the diagrammatic expansions.

Using the relation (3.1.8)

bim(t) = U(1)(0) = S(t, 1)U (t")1(0) (3.1.12)

and given that U(t)UT(t) = 1 this gives

S(t,t") = U)UN(t) (3.1.13)

Finally, the S-Matrix can be constructed into a more suitable form by showing

that
0 0
-~ / - Iy
atS(t,t) 8tU(t)U ()
O mgr—ime| gty
= [8256 e U'(t")
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= i(Hy — HYU)U'(t)

= —iViu(t)S(t,t) (3.1.14)
This equation can be solved by integrating both sides with respect to time as
t
S(t,t") — S(0,t") = —i/ dty Vi (t1)S(t1, 1) (3.1.15)
0
Which, rearranged, gives
t
S(t, t/) - 1 - Z/ dtl‘/;nt(tl)S(tl, t,) (3116)
0
Repeating this integration will give the full solution as

tl
S(t,t,> - 1—2/ V;nt(tl)dtl
t

4 t1
+(—i)2/ dtl/ dtyVins (1) Vipe (t2) + ... (3.1.17)
t t

In this derivation of the S-matrix it has never been enforced that the times are
ordered in any way and t' < t; < ty < ... < t is not necessarily true. To resolve

this problem we can rewrite the third term in (3.1.17) as

t/ t/ 1 "
/ dtl/ dtoVins (1) Vi (t2) = 5/ dt1/ dtaVint (t1) Vint (t2)
t t ¢ !
1 tl t2
= / dt / it Vit (2) Vit (11)
t t

where the second term is just a change of indices. This can be rewritten using the
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Heaviside function © to give

1 t t/
3 [ dtn [ (Ot — Vi) Van(t) + Ot — t)Vie(t2) Vi)
t t

(3.1.18)
This will now be denoted as the time-ordering operator defined as

T[Vint(t1) Vine(t2)] = O(t1 — t2) Vipe (1) Vine (t2) + O(ta — 1) Vine(t2) Vine (11)

(3.1.19)

which acts upon a group of time-dependent operators and arranges them so that

the earliest time is to the right

T[Vint (61) Vit (t2) Vint (t3)] = Vine(62) Vit (t3) Vine (t1) - i o > 83 > 1

(3.1.20)

The same method can be used to rewrite

/ dtl/ dt2/ dtS int tl znt(t2)‘/7,nt(t3)

5 "t / dts / QT Vit (61 Vina (£2) Vit (£5)]

(3.1.21)

Therefore the S-Matrix can be written in an abbreviated form as

/ dtl/ dt2 int tl lnt(t2> + .

— Tet i Vinelin)dn (3.1.22)

t/
Stt) = 1—4T / Vi (1)
t
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3.1.3 Introduction to the Green’s Function

The problem with the interaction representation is that the groundstate wave
function, which is the basis for the calculation, is unknown for the whole Hamilto-
nian. In the previous subsection the Hamiltonian in the interaction representation
was defined as H = Hy + V where the eigenvalues and eigenstates are known for
the Hy term. Therefore it maybe possible to determine the unknown groundstate
wavefunction, ¥ (0), in terms of the known wavefunction, ¢o. In 1951 Gell-Mann

and Low found the relation between these two wavefunctions as

¥(0) = 5(0, —00) o (3.1.23)
and also recall the relation

Yine(0) = S(0,8)(t) (3.1.24)
The main assumption is that at time t = —oo the wavefunction does not contain

any terms from the interaction, V', so that 1;,,(—o0) is equal to the known wave-
function ¢y. The system is brought adiabatically to the present time, ¢ = 0, where
the wavefunction now contains the interaction term via the operator S(0, —o0).
By symmetry, it should be deduced that at ¢ = +o0o the wavefunction must also
be related to ¢y and is in fact only different via an additional phase factor. To

show this, we must manipulate the unknown wavefunction at ¢t = oo as

Yine(00) = S(00,0)1(0) = S(00,0)S(0, —00)do

= S(o0, —00)epy (3.1.25)
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This shows that the additional phase factor is S(0co, —00). At zero temperature

the Green’s function is represented as
Gk, t —t') = —i{|Tep(t)ck(t)]) (3.1.26)

where |) is the groundstate of the Hamiltonian, H. This can be derived in the

interaction representation by using
c(t) = eHflemHote, (t)eole ™t = S(0, 1) i (t)S(2, 0) (3.1.27)

and the relation |) = S(0, —00)|)o where |)o is the groundstate of Hy. Combining

and simplifying will give the interaction representation of the Green’s function as

cimt (1) . 0
Glk,t —t') = —20[)(1';(&)_’;2;)& (3.1.28)

where [)g is the groundstate of the Hamiltonian Hy, previously defined as ¢y.

3.1.4 Diagrammatic Expansion
Recall that the S-matrix is represented as

/

S(t’t/) = Tefiftt V(t1)dt1

t’ (—i)z t’ t’
_ 1—z'T/ Vt)dt + T/ dtl/ AtV (8)V (t) + ...
t . t t

Consider a two particle interaction defined by the operator

V() = Y Ugch(t)eh (t1)cwq(tr)exqtr) (3.1.29)
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where the interaction is illustrated in figure 3.1. Substituting the interaction

k, k,*q

Figure 3.1 — A typical 2 particle interaction where 2 particles with mo-
mentum kj and kg interact and exchange a momenta ¢ at a time ¢; which
is represented by (3.1.29).

Hamiltonian into the expansion will give

tl
S(t,t")=1—1T / dty > Ugeh(tr)eh (t)ewq(t)cng(tr) + ..
t

k.k'\q

Wick’s theorem can now be used to group each creation and annihilation operator
together in every possible combination. Then each term can be related to the
fundamental Green’s function and used to construct a diagrammatic expansion

to a given order. Wick’s theorem is the method used to evaluate such terms in

k,

q=0

Figure 3.2 — A first order contribution to the Green’s function with a 2
particle interaction. This contribution gives an interaction with no exchange
of momentum, ¢ = 0.
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the S-matrix expansion by grouping certain creation and annihilation operators.
A term (]...|), where (] denotes the groundstate, will only be non-zero when each
creation operator matches with an annihilation operator so that we return to the

groundstate. For example the term
(Tea(t)ch(t)) (3.1.30)
is only non-zero if a = 5. Likewise, the term
(Tea(t)eh(tr)ey (t2)ch(t)) (3.1.31)

is only non-zero if « = f and vy =6 or « = § and v = . Given Wick’s theorem
states then the term in the integral can be grouped in 6 ways, of which only 4 are

distinct diagrams. One of the contributions will be of the form

(ep(t)ek(t)) (el (tr)cwrq (1)) (g (t)eh() =

(—i)35p7kG0(p7 tl - t>6q:0G0(kJ7 tl - tl)ék—Q7pG0(p7 t, - tl)

which is diagrammatically represented in figure 3.2.

The next distinct diagram comes from the grouping

(ep()e (b)) el (t)er—qg (t)) erg (L) (1)) =

(=)0, xGo(p,t1 — )0k g Go(K' sty — 1) 04 g pGo(p, ¥ — 1)

This term must contain a finite value of ¢ which causes this diagram to be different

from the previous one; this diagram is represented in figure 3.3. All 4 distinct
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t p p“i p >t

Figure 3.3 — This is a contribution to the S-matrix with a 2 particle inter-
action. This diagram will be used in a later chapter to derive the supercon-
ducting contribution.

diagrams are shown in figure 3.4. Diagram 3.4(a) corresponds to an interaction

(@)

(D )

(c) (d)

Figure 3.4 — The diagrammatic expansion for a 2 particle interaction. (a)
corresponds to an interaction with no momenta ¢ = 0. (c) and (d) are
disconnected and (b) can be calculated to construct the superconducting
Green’s functions.

with no momentum ¢ = 0 which implies that its contribution can be ignored.

Diagrams 3.4(c) and 3.4(d) are disconnected diagrams which will only contribute

a constant to the final solution and can also be ignored. This cancellation is

because one has to divide by (|S(oc0, —00)]|) in the Green’s function. The only first

order contribution to the S-matrix of the 2-particle interaction is given by diagram

3.4(b); which will be used later in this report in the Nambu-Gorkov calculation of
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3.1. S-MATRIX EXPANSIONS

superconductivity.

3.1.5 Matsubara Green’s Function

One can calculate diagrams with zero temperature Green’s functions, and one
would expect that this would be a simpler task than solving them for finite-
temperature; this is untrue. Zero temperature Green’s functions cause difficulties
in constructing the contour integrals and, in general, are more difficult to solve
than the finite-temperature Green’s functions. This is due to the introduction of
an imaginary-time evolution and the simplification of the Matsubara Summation,
which will be discussed in the next subsection.

The Green’s function is defined as
Gk, t —t') = —i(Tep(t))el (1)) (3.1.32)

where T is the time ordering operator and in the finite-temperature Green’s func-
tion (...) denotes a quantum and thermodynamic averaging. The thermodynamic

average is defined by

. >on e PEnin|Apyln)  Tr{e PHA;,}
(A) = S ot = Tr{o 7} (3.1.33)

Recalling the time-evolution operator U(t) = exp{—iHt}, one can rewrite the

thermodynamic averaging as

(Aint) = 22 U(=18) (| Agne 1) _ Tr{e " Aint}
>, U(=iB) Tr{e 7}

(3.1.34)

and the introduction of U(—if) is like evolving in imaginary time. The Green’s
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3.1. S-MATRIX EXPANSIONS

function can now be written in imaginary time, 7 as
Gk, 7,7) = —(Trer(T)ck (7)) (3.1.35)

where

cx(T) = ool and ch(r) = eTHcLe_TH (3.1.36)

One must note that the operators c(7) and ¢l () are no longer hermitian conju-
gates of each other.

Using the formula above together with the definition of the thermodynamic

averaging, recalling that the partition function is represented as Z = e PBn

one can write the Green’s function as

Gk77) = 2 [—O(r — ) Tr{e e e e Helem ™My

+O(r" — T)Tr{e_ﬂﬁeT/ﬁcLe_T/HeTHcke_“q}} (3.1.37)

The properties of a trace is that any cyclic permutation leaves the trace invariant
Tr{ABC} = Tr{CAB} = Tr{BCA}. This property can be used to cyclically
permute the operators into the form
1 ] Ay 2 Ay 2
Gk, 7,7 = Z [—O(r — ) Trfe el e e (T H Y
+O(r" — T)Tr{e_ﬁﬁe”/_T)ﬁcze_(T/_T)ﬁck}] (3.1.38)

This reveals that the Green’s function is only a function of the difference between

the two imaginary times 7 — 7/, with —f < 7 < § and —f < 7 < . Denoting

43



3.1. S-MATRIX EXPANSIONS

7 = 7 — 7/ and by shifting by £ in imaginary time one can write

-1 N . )
Gk, 7+5) = — Tefe T ee M

—1 N N N
= ?Tr{e’ﬁHcLeTHckefTH}

= —G(]f,T) (3139)

Note that this result holds for fermions only; bosons will give G(k, 7+ ) = G(k, 7)

due to commutation rules. Taking the Fourier transformation one can write

8
G(k,iw,) = / drG(k,)e'™n (3.1.40)
0
where
W = w (3.1.41)

This differs for bosons due to the anticommutation relations and we will define

the bosonic representation as

Q, =" (3.1.42)

3.1.6 Free-particle Green’s function

The Matsubara frequency have been represented in the previous subsection but
here the free-particle Green’s function will be derived with respect to these mo-

menta. As in the previous subsection, the Green’s function can be represented
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3.1. S-MATRIX EXPANSIONS

as
Gk, 1) = %Tr{e_ﬁﬁeTHcke_TﬁCL (3.1.43)
where
cr(T) = e ¢y and ¢l (7) = el (3.1.44)

with the energy being &, = ¢, — p.

So the free-particle Green’s function can be written as

Golk,7) = —(er(r)c(0))

_BH,. i
_ e e ag) (3.1.45)
Tr{e1}

By commuting the operators, using the Fermionic commutation rules, one can
rewrite the terms in the fraction as 1 — ng(&), where np(&) is the distribution

function. Fourier transforming this into momenta space one is given

B .
Go(k,%d) = —[1—TLF(€]€)]/ e_g’“TeM”TdT
0

e(iwn_gk)ﬁ —1

Z.Wn - §k
Recalling w,, = (2n + 1)7/F one is left with the free-particle Green’s function as

Golk,iwy) = —— (3.1.47)

Wy — ék

This is the finite-temperature Green’s function that will be used throughout this
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3.2. IMPURITY GREENS FUNCTION

thesis.

3.2 Impurity Greens Function

The Greens function for a particle scattered off an impurity can be written dia-

grammatically as figure 3.5.

Gy Gy p Gy Gy = Gy p Go

Figure 3.5 — Diagrammatic representation of Dyson’s equation

Dyson’s equation is represented as

Gl=G,'-% (3.2.1)

If one only considers a potential scattering where there is no change in the overall

state of the system then the only effect is to inflict a scattering time given by

Fermi’s Golden Rule

7t =27 N(ep)n;|ul? (3.2.2)

which, when rearranged, gives

niul® = 2N (ep)7] ™! (3.2.3)
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3.3. DRUDE CONDUCTIVITY

The impurity Greens function therefore becomes

1 1
O = NG Xk: r— (3:2.4)

Once again, the summation substitution can be performed Y, — N(ep) [ d§ and

by multiplying the numerator and denominator by iw + & gives

1 *iw + & w T
G- _ e 3.2.5
2T /_Oo w2 +&2 27T |w| ( )
This means that the self energy becomes
(A
Y = —signw (3.2.6)

2T

Therefore the rule for changing from a clean to dirty sample is by merely changing
the Matsubara frequencies
w — %Signw

(3.2.7)
Clean Dirty

3.3 Drude conductivity

This Thesis is mainly concerned with mesoscopic conductance fluctuations and so
the natural starting point is to reproduce the Drude conductivity. The simplest
contribution to conductivity is the particle-hole propagator, given by the diagram
shown in figure 3.6, which can be found in the second order contribution of the

phonon-propagated S-matrix expansion.
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3.3. DRUDE CONDUCTIVITY

K,iw

K,iw+i2

Figure 3.6 — The second order contribution of the phonon-propagated S-
matrix expansion which represents the diagrammatic interpretation of the
Drude conductivity

The electromagnetic response function then becomes

Kop(iQ) = Tzzek ekﬁek L iw) G (k, iw + i) (3.3.1)

B — = m moiw— &+ Esign(w) iw + i€ — & + F=sign(w)

The major contribution to the k-sum is due to the electrons near the Fermi sur-
face. Therefore, one can substitute Y, — N(0) [d¢ with an additional factor
contributing to the angular integral in d-dimensions. This factor can be calcu-

lated by writing

> kaks = Ckidap (3.3.2)
k

where C' is a constant that needs to be calculated. Contracting on o and g and
realising that the number of diagonal components of the §-function is represented

by the dimension of the system d, one can write

CdK35a5 = Cdky, (3.3.3)
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3.3. DRUDE CONDUCTIVITY

Therefore, C' = d~! which means that the angular integral contribution to the

k-summation will give, in d-dimensions,

Zk ks = Faag (3.3.4)

Using this relation, the response function now becomes

e’k N 1 1
Ko5(iQ)) = T—
s(1) dm? Z zw — & + =sign(w) iw +iQ — & + sign(w)

The only contribution to this integral is when either w > 0 and w+Q < 0orw <0
and w + > 0 otherwise the two poles will be in the same half-plane and so the

contour integral can be performed on the other half-plane to give zero. Arbitrarily

choose w < 0 and w + £ > 0. The pole is & = iw — % and by using Cauchy’s

Residue theorem,

o 1 1 27
d . = : 3.3.5
/_OO gzw — & + =sign(w) iw +1Q — & + =sign(w) Q4L ( )

Substituting the limits w < 0 and w + 2 > 0 as Heaviside functions then the

electromagnetic response function becomes,

2me’k2 TN (0
Kop(iQ 2me kpTN(0) — Q 3.
500 = G s am) | 2 OO+ ) (3:2)
The sum can be calculated as 5= which will give the final answer as
e’ kTN (0)Q
Kop(iQ) = ST 3.3.7
) = G+ 0r) (33.7)
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3.4. WEAK-LOCALISATION

Using the substitution N(0) = 22 together with o (iw) = @ this gives,

4wF

o(iw) = (3.3.8)

melr 1
W) = 3.3.9
oliw) == Ty (3:3.9)
In the limit € = 0 this will give
(i) = 1T (3.3.10)
o(iw) = 3.
m

which is the Drude conductivity term stated in the introduction. The next step is

to derive the weak localisation correction will be shown in the next section.

3.4 Weak-localisation

Different experimental phenomena was found in dirty metals which must now be
investigated to determine the change in the system’s conductivity. The main con-
tribution is due to the intersection of various paths that the electron can propagate
along. If one considers the probability of propagating from point A to point B

being the modulus squared of the amplitudes as
P=|Y A=) AP +) A4 (3.4.1)
i i i#j

If two paths, one the time-reversed path of the other, is scattered off the same im-

purity then, as long as the system is time-reversal symmetric, the phases of these
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3.4. WEAK-LOCALISATION

two paths will cancel. This will result in a contribution only from a set of closed
loops. Intuitively, this will cause the conductivity to decrease due to the electrons
decreased probability of propagating from points A to B and instead propagating
through these closed loops. It is well known that the introduction of a magnetic
field would destroy time-reversal symmetry and will therefore destroy these inter-
ference effects. Therefore an applied magnetic field will cause the conductivity to

increase and is known as negative magnetoresistance.

(@) (b)

Figure 3.7 — (a)The diagrammatics of the effect of weak localisation due
to the self-intersecting paths. This diagram can be 'uncoiled’ to give the
diagrammatic representation shown in (b).

To calculate such interference effects diagrammatically one must include these
self-intersecting paths into the Drude conductivity diagram. The initial diagram
is shown in figure 3.7(a) but the loop can be represented using a more convenient
diagram shown in figure 3.7(b). The latter is described as the particle-particle
ladder or the Cooperon, denoted hereafter as C. There is a similar diagram, known
as the Diffuson, which corresponds to a corelator in the particle-hole channel but
is not needed here. The propagating ladder will be calculated before the Normal-

State Weak-localistion diagram is solved.
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ke

QkietiQ

Figure 3.8 — This is the Cooperon together with the term-by-term expan-
sion needed to calculate it.

3.4.1 Normal-State ladder calculation

To evaluate the Cooperon one must first make the expansion given diagrammati-

cally in figure 3.8 which corresponds to to the following

C =T+ o1 + roormre + ... (3.4.2)
where
I’ = (27rN(0)7)"! (3.4.3)
=Y Gk iw)G(Q - k,iw + i) (3.4.4)
k

with 'Y denoting the impurity scattering which enforces a scattering time given by
Fermi’s Golden Rule. As stated in the previous section, the Matsubara frequencies
change from w — w =+ isign(w)/27 when going from the clean—dirty limit. The
integral, that proceeds, will be a contour integral in the upper or lower half-plane
(UHP/LHP). The + in the Matsubara frequencies will result in four seperate
solutions. Two of these solutions will result in both poles either in the LHP or
UHP which will give zero contribution as one can close the contour on the half-

plane with no poles. The other two solutions will cause the same result so the
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3.4. WEAK-LOCALISATION

following is the only contribution

Il = Z 1 (3.4.5)

— W +Z/QT£Q iw—1iQ —1i/2T

where &g = (Q—k)?/2m. In the presence of a magnetic field one must use minimal
coupling ) — @ —pA; k — k —pA. These minimal coupling terms will cancel and
cause no change to the result. Expanding out £ in the small @-limit and using

the angle-representation for the scalar product one is left with

I = Z ! (3.4.6)

—iw + 2/27'5 Qupcost — iw — i) — /27

Transforming the summation into integral form and closing the contour in the

UHP one must solve

N(0)2ri
Qupcostd +1Q +i/T

II = N(0)2riRes(f,&) = (3.4.7)

One must now take the angular average by rearranging into a geometric summation

form
I — < N(0)2mi >
~ \Qupcos +iQ +i/T/,
= 27N(0)7 < 1 > (3.4.9)
0

14+ Qr —itQup cosd

(3.4.8)

and by using the geometric series formula one can expand the brackets to become

1 iTQ Q
II = 27N(0)r L T + (f:_ ;Z)i)Q (cos @) + % (cos®0) + . }
1 (TQur)?

(3.4.10)

- sz(o)TL+QT 3(Q+1)°
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Taking the diffusion limit 27 << 1 and by introducing the Diffusion coefficient

D = v%7/3 one can now obtain the final equation as
II =27N(0) [1 — (DQ* + Q)7] (3.4.11)
By using figure 3.8 together with the equations for IT and I'° one can calculate the

Cooperon as

1

I =
2nNT + <27TN7'

) 2rN(0)7 [1 — (DQ* + 7] + ... (3.4.12)

This is simply a geometric series with an extra factor of 1/27N7. Using the

geometric summation equation one has

1 1
r = . 3.4.13
2rNT 1 — 5= 2nN7[l — (DQ? + Q)7] ( )
1 1
= . 3.4.14
2rNT 1 -1+ (DQ?*+ Q)1 ( )
1 1
= . 3.4.15
2Nt (DQ?* + Q)T ( )
1 1
_ (3.4.16)

2rNT2 DQ? + |Q

This solution is incomplete and must also include the heaviside function, ©, due

to the contour integral that was taken. Therefore the full solution is given by

1 1

= : o
27NT2 DQ? + |9

(—e(e+ Q) (3.4.17)
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3.4.2 Normal-State Weak-localisation calculation

One must now use the value of I' to construct and solve the response function to
find what the correction to the conductivity becomes.

The response function is given as

Kop(0,iQ) =T Y " kakpG(k, iw)G(k, iw+iQ) G(Q—k, iw)G(Q—Fk, iw+iQ)T(Q, iw, i)
w k,Q

(3.4.18)

The main contribution comes from () — 0 so that one now has two 'double’ Green’s
functions. Also the angular integral sets k ks — k% /d. Using the two statements
above together with the fact that the two poles must be on seperate half-planes,

as in previous calculations, one must now solve

1
ZG b, )" G(k, i) / K& i1 i/ E —iw — i —ij2r)?

(3.4.19)

Closing the contour in the UHP the integral now becomes

—2
G(k, G(k, ) = 2miN(0
Z iw) Gk, iw +i02)7 TN O i — i r i)

47N (0)73
= 3.4.20
1+ Qr)? (3-4.20)

Substituting this into the response function gives
—k% 47N(0 1 1

K=T 3.4.21
ZZ 1—|—QT327TNT2 DQ@? + (9| ( )
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The only consideration here will be the limit Q7 << 1 and ) _ — Q/27 which

finnaly leads us to

2De?Q) 1
K=— 4.22
m % D@? + || 3 )

This will give us the correction to the conductivity due to quantum interference

effects as

2De?

1
oo = T §DQ2+|Q|

(3.4.23)

K
o

The @-summation can now be performed to find the correction to the conductivity
in d-dimensions. The upper limit of the @) integral is 1/I which is the elastic mean
free path . The lower limit of the () integral is 1/L,, which is the length with which
the electron is still phase coherent. Therefore, the correction to the conductivity

can be found by evaluating

—2De? YV 1
S0 = d4Q 3.4.24
T 1/Lg D@? ( )

In one-dimension this can be calculated as

2¢?

™

o = [Ly— 1] (3.4.25)

In two-dimensions this will give

2
S0 — 2“1 (L> (3.4.26)
m L¢
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and in three-dimensions this gives

b0 = — 25 [1 - i} (3.4.27)

o7



Chapter 4

THEORY OF THE SUPERCONDUCTING

STATE

Superconductivity was first discovered in 1911 by Kamerlingh Onnes [28] and
later experiments by Quinn and Ittner [8] sufficiently showed that at a transition
temperature, T,, the resistance of certain systems can diminish to zero [27]. This

transition temperature is given by
T. = 1.14wp exp [-1/N(0)V] (4.0.1)

and will be derived in section (4.1) using the previoulsy derived Green’s functions.
It will be shown that there exists a divergence in the electron-electron propagator
at this critical temperature due to correlation between electrons which have not
been taken into account [32]. This correlation was first proposed by Fréhlich in
1950 [19] and was later understood by Cooper in 1956, which was the signature
idea behind the BCS theory of superconductivity [21]. This was named as the
Cooper pairing of electrons and to reduce the energy to a minimum then the paired

electrons must have opposite spin and momenta (k+, —k}) [27]. This correlation
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4.1. THE COOPER INSTABILITY

leads to a correction the Green’s functions in the superconducting regime 7' <
T. [22]. The superconducting Green’s functions will be derived via the Nambu-
Gorkov approach in section (4.2) by introducting the term (¢41);) and its complex
conjugate, both denoted as A. This will result in a matrix representation of the
superconducting Green'’s functions, which will be derived in section (4.3), given
by

G = ! (4.0.2)

iWTo — 51@7_3 — ATl

where 79, 71, T2 and 73 are the Pauli matrices, w is the Matsubara frequency
and & is the energy of the particle. Using the superconducting Green’s function
the Drude conductivity and Weak Localisation results will be calculated in the
superconducting regime together with the superconducting ladder propagator in
sections (4.4)-(4.6). The superconducting ladder propagator will be a fundamental

tool in calculating the superconducting mesoscopic fluctuations in chapter 6.

4.1 The Cooper Instability

Consider an electron gas with an attractive interaction, Vj» = —V, within the
energy range twp about the Fermi surface. To investigate the effects of this inter-
action, the electron-electron propagator, shown in figure 4.1, must be evaluated.
This propagator is a simple geometric series with the self-interaction term I1(Q), i€2)

and is given as

-V

HQ ) = 17 VIL(Q, iQ)

(4.1.1)
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k iw k1w’

-k, ife-im QR iR-in’
t{Q,182) = -V + VII{Q,i£2)V + VII{Q i WIT{Q i)V + .

Figure 4.1 — The diagrammatic representation of the electron-electron
propagator to investigate the effects of an attractive interaction between
particles. The geometric series of this diagram is given below and is with
repect to the self-interaction II.

where

(Q,i) = TZszw (Q — k,iQ2 — iw)

(4.1.2)

Transforming Y, = [d¢ f_ll dr/2 and making the substitution &g ~ & —

Qur cosf then

1
Q) =T 4.1.3
! Z/ 2w — {k 10 —iw — Qupx ( )

must be evaluated. To proceed with the ¢ integral we must constrain the poles
to be either side of the real axis. This can be achieved by the inequalities w >
0,—w<0and w<0,Q2—w >0 and by performing the integrals, with {2 > 0,

will give

1
dx -1 1
T o 414
Z/1 2 2T i 0 = Quopt e T 20— = Qg o L)
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4.1. THE COOPER INSTABILITY

By making the transformation w — 2 — w in the second term it can be seen
that the two terms are the same, with only a sign difference with the x term that
can be ignored since the z integral will only keep the even terms. Extending the

summation and also evalauting the integral with 2 < 0 will give

27
0)=T 4.1.
M@.i) Z/ 2 2Jw| + Q| + iQupx (4.1.5)

In the limit Q — 0 and €2 — 0 this can be expanded out as

1 1 0 2,2 .2
| L L 9 Qe (4.1.6)
2w| + |92 +iQupxr  2lw|  4|w|? 8|wl?
The integral over x can now be taken to give
. 1L 19 Q%
i) =T — 4.1.7
Qi) zw: 2] T AP T 24[0p? (4.1.7)

Each summation can be taken individually, recalling that w = 27T (2n+1) together

with the Riemann Zeta function

) =S~ (4.1.8)

Therefore

oo

1 2 1 ) 1 1
zw: |w]? - (7T)? z% (2n 4 1)2 - (nT)? {Q(Q) - ZC(Q)} =T (4.1.9)

n=

and

1 2 & 1 2 1 7
S = G S iy~ [0 50 = e

n—
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The summation over 1/|w| diverges and so must be cut off at the upper energy,

given by the Debye frequency wp as

1 1
—_— = — 4.1.10
;2|w| 27T Z 2n+1 ( )

The digamma function must now be introduced as

(1 1
=— H,  ,=- - — 4.1.11
o) =+ =+ 3 (- ) (4111
where H,, is the usual Harmonic numbers and 7 is the Euler-Mascheroni constant.

The digamma function will be used to transform the summation into a more

manageable form

w2y 1S 1 o0 1
_1 N - 4.1.12
] ST Seor e IEE

and by adding and subtracting a factor of > (" 1/n this will become

wp /27T (9) 0
1 iy 1 1 1 1
nzg m+1 5; {7+n+1/2} _Enzl {5_ n+wD/27rT}
1 wWp 1
- 510G (5)] R

This will give the full summation as

1) O TQ () (4.1.14)

1(Q, i%2) = N(0) [w (5) v (5 T ign
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Using the substitution ¢(1/2) = —y — 2log2, ¥(z) ~ log(x) for large = and

2¢7/m = 1.14 the self-interaction can be rewritten as

(4.1.15)

, 1.14wp 7| TQ*i((3)
11 Q)= N(0) |1 — —
Qi) = N(0) flog (1122 - 271 T
Now that the self-interaction has been calculated, the electron-electron propagator
can be constructed and any properties can be extracted. In the limit @), 2 = 0 the

propagator can be written as

. 1
Q) = T N 0V Toa(1 1dwp /T (4.1.16)

This contains a pole at

NV = log(1.14wp/T) (4.1.17)

This gives rise to a divergence in the electron-electron propagator at a critical

temperature given by
T. = 1.14wp exp[—1/N(0)V] (4.1.18)

and the electron-electron propagator is given as

1
719 7Q202.((3
N(O) [log <Tlc> - % - 487r§Tg )]

HQ, iw) = (4.1.19)

This divergence suggests that at temperatures 7' < T, there is a correlation be-
tween electrons that have not been taken into account. The limit () = 0 shows that

the correlation exists between electrons with opposite momenta and the lowest en-
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ergy for an s-wave potential will be from a spin-singlet state where the electrons
have opposite spins. This correlation is more commonly denoted as Cooper pairing
and is the signature of superconductivity.

As this Thesis is mainly concerned with dirty systems with impurities it seems
inadequate to just consider the clean regime. Due to Anderson’s theorem, it should
be suggested that the introduction of impurities will not affect 7. but this will now
be shown implicitly.

In the dirty limit the diagrams to calculate will be of the same form but with

impurity scattering ladders as shown in figure 4.2.

kiw k', iw’

II = + o

-k, 152-1w -k 1821w’
Figure 4.2 — The electron-electron propagator with an attractive interaction

in the dirty limit.

The self interaction term is the impurity ladder which was calculated in chapter

3.4 which gives

(Q, i) = 2rN(0)T ) | FoTen |12w —a O(—w(Q —w)) (4.1.20)

Imposing the constraints on w and 2 this is given as

1
(Q, i) = 2rN(0)T ) TS TS (4.1.21)

By substituting the matsubara frequency and by adding and subtracting a value
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of Y 1/n + 1/2 this can be written as

o

I1(Q,€?) = N(0) LZ;nJrl/? _;n-i- 1/2 +7;n+ 1/2+(DQ* + Q) /4xT

o0 o0

As with the clean limit, the digamma function will be introduced and the following

substitution will be used

3 1 LYoy (! 1, DQ*+ 19
;(”H/H(DQ?HQU/MT_n+1/2)—¢(§)—¢<§+T>

The remaining summation is divergent so the limits w = 0 — wp /27T will be

imposed again. This will give the same contribution as the lowest order term in

the clean case, and was derived above. This will give

[(Q, i) = N(0) {log (1'1;“13) 4y (%) —y (% 4 %)} (4.1.22)

and the digamma functions can be simplified as

o(z)-o(3+4) = Ll-ravm Ll el

n=0

M8

n=0

W

{n +11/2 n+x+1/2} (4.1.23)

Il
=)

n

In the limit A < n this can be given as

Y (%) —¢ (% +A) ~ f% (nfw = 3((3)A = ”27”5 (4.1.24)
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4.2. SUPERCONDUCTING GREEN’S F'UNCTIONS

Thus, the final result for the self interaction is

T 2(DQ?*+Q
11(Q, Q) = N(0) {bg (T) Mt Q2 l D] (4.1.25)
which gives the electron-electron propagator as
. 1
HQ,iw) = (4.1.26)

o o ) + 255

As expected within the limits (), w = 0 there is a divergence in the electron-electron
propagator and this divergence is present at the same critical temperature as in
the clean limit. The only difference in the clean to dirty limit is the coefficient of

the Q? factor.

4.2 Superconducting Green’s Functions

Superconductivity is described by an instability at the Fermi surface due to the
creation of Cooper pairs which overcome the Coulomb repulsion [32]. Due to
the Hamiltonian containing such terms as cLTcL , and ¢gpepy one has to consider
the off-diagonal terms (¢41,) and Wlwb in the Green’s function - producing the

Nambu-Gorkov function [1] as

T T
ol >: (W) (e 4) o

G = (¥
< R A Wivl) (i)

The diagonal components are the usual Green’s function and it’s complex con-

jugate and the off-diagonal components are defined by the symbol A - which is
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4.2. SUPERCONDUCTING GREEN’S F'UNCTIONS

assumed to be real and the same for both off-diagonal components

LA
iw—CEk :
G = if T < T. (4.2.2)
1
A w+Ek
L0
= [ if T < T, (4.2.3)
0 _1
w—+Ek

where € corresponds to the Matsubara frequencies and £ is the energy of the system

(%) [22]. Dyson’s equation can be represented as

G = Go+ GG (4.2.4)

G! = Gyt-% (4.2.5)

where G is the 'dressed’ Green’s function and Gy is the bare Green’s function -

diagrammatically given in figure 4.3. Note that the matrices 7y, 71, 73 correspond

~
oM

R
> + —-

G Gy Gy

i
>
T3 T3 G

1Y

Figure 4.3 — This is the diagrammatic representation of the superconduct-
ing Green’s function

to the 2x2 Pauli matrices

T0 = ™ = T3 = (426)
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4.2. SUPERCONDUCTING GREEN’S F'UNCTIONS

and can be used to construct the 2 by 2 Green’s function. Using Dyson’s equation

and X = A7 then:
Gil = inO - ékTg - ATl (427)

Diagrammatically one must determine the interaction vertex terms before pro-
ceeding any further. The interaction operator can be grouped as in two seperate

ways

1 0\ (v
Bl + ey, = (0,9, ! (4.2.8)
0 -1/ \v!

This means that each interaction vertex should be represented with the annotation

of the pauli matrix 73. This and the diagrammatic rules determine that

o= VT > Gk, iw)Ts (4.2.9)

iw+§k73—A71.
= vy} R (4.2.10)
w k

note the change of signs due to the anti-commutation of the Pauli matricies. Using
the usual substitution Y, — N(wp) [ d§ and by realising that the odd terms in

w and & will give a zero contribution one can write

o ATl
TAT]

(4.2.12)
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4.2. SUPERCONDUCTING GREEN’S F'UNCTIONS

This proves that the ansatz 3 = A7, was justified and can now be used to find the
order parameter A. By equating the formula above with the ansatz and cancelling

the A7 terms one is left with

1

_— 4.2.13
NN (4.2.13)

1=VTrN(wp) ) |

As usual one can write the summation as an integration at 7' = 0 with the Debye
frequency as the limits of integration. Since the function is even then one can
collapse the limits to 0 — wp and cancelling the factor of 1/2 and by using simple

trigonometry this integral can be performed to give
1 = N(0)V sinh ™ (%D) (4.2.14)

Rearranging and by realising that experimentally 1/N(0)V << 1 one can equate

the order parameter as

A(T = 0) ~ 2wp exp <N(_01>V) (4.2.15)

This correspond to the energy gap due to the superconducting transition. The
Nambu-Gorkov operators have reproduced the same gap equation as that calcu-
lated via the BCS Hamiltonian. As in the Normal-State diagrams, the next step is
to construct the superconducting Green’s functions with impurities which induce
a scattering time 7. This will be constructed in the next subsection before any

diagrammatic calculations will be made.
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4.3. DIAGRAMS WITH IMPURITIES

4.3 Diagrams with impurities

To consider the Green’s function for a superconductor with impurities one must
use the same method as in the previous section but with an impurity scattering in
addition to a phonon mediated interaction. To calculate such a Green’s function
one must use Dyson’s equation with the diagrammatics shown in figure 4.4. The
scattering potential V' is assumed to be short ranged and gaussian. This means
that (V) = 0 and that the only contribution comes from pairs of scattering events

with equal but oppsoite phase shifts. Using Pauli matrices one can deduce

'S

e
3
My

-
>
G K

Figure 4.4 — Diagrammatic representation for the impurity scattered
Green’s function

Gyl =iwmy — €3 — Any (4.3.1)

First one must make an ansatz for the self-energy > and check that it is consistent

before calculating each term explicitly. The ansatz will be

Y=ilw—w)1—(A—A)n (4.3.2)

By using Dyson’s equation G~' = G — ¥ and cancelling each term one is left

with

Gil == iLTJTO - 57'3 — ATl (433)
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4.3. DIAGRAMS WITH IMPURITIES

If one ignores any scattering that alters the state of the system, spin-flip scattering

for example, then the only effect will be to inflict a scattering time 7 given by

1

W Where

Fermi’s golden rule. Using this rule one can deduce that n;|ul* =

u denotes the interaction potential. This causes the self-enegry term to become

1

X = W ngG(kJ,Z(A})Tg (434)
. 1 ’L.(I}Tg—f—ng—ATl
T K o (4.3.5)

recalling that the 73 terms correspond to the interaction verticies. The second line
is obtained by substituting in the dressed Green’s function, multiplying by the
denominator and commuting 73 - a similar calculation was performed rigorously
in the previous section. The &-term in the numerator will give zero contribution
due to the function being odd. The remaining terms can be solved using a tanh
substitution. The integral can now be solved to give

?:(1)7'0 — A’Tl

Z R —
27V w? + A?

(4.3.6)

Substituting the ansatz for > one can compare the clean and dirty gap equation

and Matsubara frequencies

1
< 21V w? + AZ)

(1 _ ﬁ\/ﬁ) (4.3.8)

(4.3.7)

>
Il
>
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4.4. DRUDE CALCULATION

This gives a very important result that

(4.3.9)

1| €
RS

This implies that the critical temperature, T,, and the gap equation, A, are the
same for a dirty superconductor as a clean one - note that this is only true for
impurities which do not effect the state of the system. This is known as Anderson’s
Theorem.

Now that the main properties of superconductivity have been reproduced using
diagrammatics the next step is to construct the Drude conductivity and Weak
localisation in the superconducting case. This will help to calculate the more
complicated superconducting UCF diagrams and all the results will be used to

construct a new, and more convenient, method to reproducing these calculations.

4.4 Drude Calculation

For full consistency, the electromagnetic response function for the Drude conduc-

tivity with impurities will be calculated. The current vertex is written as

1 o) (v
kil i — kool v =k (% z/,m) - w:T (4.4.1)
—kl

so that each current vertex will contribute a matrix element 75. Perfoming the

usual manipulations, the Drude conductivity diagram in the dirty limit becomes
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4.4. DRUDE CALCULATION

K@Q = 0,1 = M/Tr[(i@+573+A71)(¢@+¢Q+§T3+ATI)

am? @+ )&+ )
(4.4.2)

where W~ = A? + &2 and Wi = A? + (@ + Q)*perfoming the integral will give

e2N(0)kFT[w(WW+ + A% — (@ + Q)

K(Q = 0,iQ) = o
(@=0.1) =30 WW (W + W)

(4.4.3)

Using the identities relating w, A — ©, A we can see that (W +W,) = 1/7 which

gives the final form of the response function as

7T62N(0)k2FTT L+ A? —w(w+ Q)

K(Q:O,ZQ): m2 \/A2+w2\/A2—|—(w+Q)2

(4.4.4)

The superconducting number density, ng, can be calculated by taking the limit

Q=0

nse?  2mne’r A?
K(@Q=0,00=—— == TZA2—|—CL)2 (4.4.5)

The summation over w can be performed by transforming the contour as shown

in figure 4.5. This will give

AZ? A2 dz
P e / A2l Glog (4.4.6)

The only contribution will come from the two poles either side of the imaginary

axis, which can be calculated as

A? dz A
[ ol = 5 [F(-2/20) = f(8/21)

73



4.5. SUPERCONDUCTING LADDER CALCULATION

Figure 4.5 — A plot of the contour needed to calculate the superconducting
Drude calculation. The poles are at A and the Matsubara poles up the
imaginary axis.

A
=3 tanh (A/2T) (4.4.7)
This can now be used to calculate the n, correction as

ns = nrA7 tanh (A/27) (4.4.8)

4.5 Superconducting Ladder calculation

The superconducting ladder propagator is constructed as a direct product of two

2x2-matricies to give the 4x4-matrix I',3,5. Using this together with figure 4.6 one
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4.5. SUPERCONDUCTING LADDER CALCULATION

a B o B a pocf

v ) v ) Yy Vv T 90

Figure 4.6 — The diagrammatic expansion of the superconducting ladder
needed to calculate the correction due to weak localisation in the supercon-
ducting state.

can construct the superconducting Cooperon as

Lagys = F(ojz,é"yé + Loy povrLoprs (4.5.1)
where
Togys = ;(73)01,3(73%5 (4.5.2)
2rN(0)T
and
Wuovr = Y Go(k,i@)Gyr(Q — ki + i) (4.5.3)
k

(4.5.4)

N(O)/(@T0+§kT3+A7l>2® (@T0+i(%;k73+AT1)
(& +W)E , + W)

Note that ® denotes the direct product given by

AllBll A11B12 A12B11 A12BIQ
All A12 Bll BlZ AllBQl AllBQZ AlQB21 A12B22
A21 A22 B21 B22 A2lBll A21B12 AQQBH A22B12

A21321 A2IBZ2 A2QB21 A22B22
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4.5. SUPERCONDUCTING LADDER CALCULATION

Using the usual expansion {g_x = & + Qupxr = & + ¢, together with the intro-
duction of W = VA? + &2 and W = VA2 + 2. The odd terms in & will give

zero contribution when making the usual transformation >, — N(0) [ d& giving

(&(&k + @) @ T3 + (iw + A1) @ (i + Alry)
2+ W), + W)

N(O)/dfk (4.5.5)
as the only contribution. The integral can be performed by constructing the
contour around two single order poles. The next step is to take the angular average
by first performing partial fractions and then expanding to O(¢?), recalling that

(q) = Qug{cosf) = 0 and (¢?) = Q*v%/2. This gives the final solution as

My, = 20N (O)1 | 7y 60 7 — U F AT & (01 A7) (4.5.6)
WW
where
2,2
S P (4.5.7)
2r(W + W) 3(W+ W2

Now that the self-energy has been calculated we must use this to construct the

full superconducting ladder, given by
[ =T°4+ 710 4+ r°arnre + ... (4.5.8)
The first term is simply given by

o T3 ® T3 (4.5.9)

- 27N (0)7
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4.5. SUPERCONDUCTING LADDER CALCULATION

The second term is calculated as

oqpe — L[ o [l + A in] © [n](i + A'7)[r)
P = %W@F}ﬂﬂﬂ®[ﬂﬂﬂ T
B ; _7_ o (i — Am) ® (i0' — A'ry)
= 27N ()7 _ 3 & T3 WW/ (4.5.10)

where the final step is constructed by commuting 73 and the minus sign is due to
the anticommutation of 7, and 75. The next term in the expansion is I'°TIT°IIT

and by using the result for T°TITY can be constructed as

—[2 T3T3T3 & T3T3T: ——(iw_ATl)TT ®—(i@/_A/T1)TT
27N (0)r 37373 & T3T37T3 77 3 T3 — T3
o+ A o+ N
_Tg(zw i T1)73®73(M i 7'1)7_3
0 — A P~ A o — A o+ A
N (iw — 1) (w)+_ 71)7_3 - (10 — ) (iw i/ 7‘1)7_3
W W W W

Commuting and simplifying will give

212 0 — A o — A
FOHFOHPO _ - 7—3 ® ,7_3 . (Zw 7_1) ® (Z/w 7'1)
2N (0)7 W

(4.5.11)

The contribution from each term is the same except for the coefficient, which
forms a geometric series. Due to the additional I in the expansion of I' the

T3 ® 13 coefficients become

I 1-1

1+1+27+4%... =1 =
tlAalt +1—21 1—21

(4.5.12)
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4.5. SUPERCONDUCTING LADDER CALCULATION

and the coefficients of the term (iw — Ar) ® (i@’ — A’r;) becomes

I+217+43.... =

4.5.1
1-21 (45.13)

These geometric series terms must be simplified in order to progress and to do so
we must look back at the equations for @ and A in the dirty limit, and by squaring

and adding them we have

— 1 1
WAW =V A+ V2 F A2 4 = =W+ W'+ = (4.5.14)
T T

Substituting this into the value for I and expanding to O(Q?7) gives

I=-11—(DQ*+ Vuw? + A2 + Vw2 + A?)r (4.5.15)

N | —

To first order this will give

[— % (4.5.16)
and also
1—2 = (DQ*+ Vw? + A2 + Vw? + A?)7 (4.5.17)
Combining these two equations will give
! L-1 ! (4.5.18)

1—21 1-21 2(DQ®+ Vo + A2 1 v/ + A%)7
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4.6. WEAK LOCALISATION CALCULATION

Gathering all terms together and simplifying will give the final superconducting
ladder as
1 1 (iwty — A1) @ (iw'Tg — 6'71)

r - -
N DR W WL PO e

(4.5.19)

4.6 Weak Localisation calculation

We derived the 4 x 4-matrix superconducting ladder, I',g+5, in a previous chapter
and found that the infinite summation simplified down to a basic geometric series.
This helped to construct the full superconducting ladder as

1 1 (iJJTg - ATI) & (Z((I) + Q)Tg - AT1>

I = _
WNO) D W W, PO WW,

(4.6.1)

This can be used to calulate the superconducting number density, n,, correction to
weak localisation, shown in figure 4.7. Once again, the main contribution outside

of the superconducting ladder comes from ¢ — 0.

Figure 4.7 — The diagrammatic representation of weak localisation in the
superconducting state together with the tensor form of the propagating lad-
der.
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4.6. WEAK LOCALISATION CALCULATION

The electromagnetic response kernel is then written as

21.2
3m?

K(0,12) = T Z Z(Gk)ua(Gk)BV(G;)w(G%)MFaMJ (4.6.2)

0,Q k

where G, = G(k,iw + i) and G}, = G(k,iw). Substituting in the expression for

I', making sure to operate the ladder verticies corectly, one is left to calculate

K(0,iQ) = —ck ! ! (4.6.3)
BT T3 N0 DQE - W W v
X % ; |:TT{GkT3Gk ;TgG;C} — W—Il/V_’_ TT’{Gk(’l(D — ATl)GkG;C((D - ATl) ;ﬁ}

One must now perform the k-sums seperately
> Tr{GimsGrGmsGl} (4.6.4)
k

This summation contains the two terms Gy m3G), and G).73G), for which 75 needs to
commute. The Pauli commutation rule state that 7,73 = i€,p,7, suggesting that
if two 738 were present in each term in the summation, then the commutation will
give back the same Pauli matrix (with only a possible minus sign difference). This
will simplify the calculations and will cause the summation to remain the same,
to a possible prefactor of —1. One can now commute 73 through each term in this

summation

10+ &y + AT i+ &g + ATy
G2+ A2 gttt A
. (i + &3 — Aﬁ)(z'@2+ &3 + ATy)
(&G +W)?
(—w? + &2 — A?) + 2iw& T3 + 2iA8,T
(& +W)?
80
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4.6. WEAK LOCALISATION CALCULATION

(62 — W2> + ZZAEkTQ + 27;&]5167'3
(G +W)

and

(52 — le) -+ QiAlfkTg -+ 2iw/€k7'3
(& +W")

! !/
k‘TgGk = T3

The original summation is a product of these two terms, and by commuting the

73 term through, can be written as

(€2 =) + 2iA&T + 2iwéss (€2 — W) + 2N &y + 20w &7

! (& T ! @+ Wy
(8 =) = 2iA& s + 2iwkyrs (€ = W) + ANG T + 2i/&rs (465)
&+ W) (& + W) h

The trace will be taken and the usual substitution >, — 2N (0) [ d¢ will be taken.

The only contribution will come from terms even in & which gives

2

(& -w)(& ) A (AA" — )
(52 + X2>2(§2 + X/2) (52 + W2)2(§2 + W/Q)2
262 (2AN — 2! + W+ W)

> Tr{Gims GGGy} = 2N(0) / dé

1
0>/d5<£2+x2><£2+.><'2) T @)

where W = V@2 + A2, W = V@2 + A2. The two integrals will now be taken
separately. The second term can be simplified by differentiating under the integral
sign, which will reduce the integral into a sum of two single order poles as oppose

to two second order poles. The simplification is
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4.6. WEAK LOCALISATION CALCULATION

/ L2GCAN — 2w + WO AW 9 9 / C2EAN — 20w + T+ T

(&2 +W2)2(§2+W’2)2 T OX2OX?2

This can be solved using the residue theorem with the poles at £ = ilW and & = W

which will give

T(2AN — 20w’ + W' + W)
W4+ W

(4.6.7)

The second term will become,

9 0 w2e2(2AN — 2w + W + W)
X2 X2 W

10 0 mRAN — 200 + W+ W
AWW' oW’ oW W+ W

 m2EAN — 20 + W + W)
SWW' (W +W')

The first term will now be evaluated using partial fractions

1 1 1
! =4 - 4.6.8
/ f(ég +W2)(§2 +W/2) / §(W2 o W/2) 52 +W/2 52 N Wg] ( )

which can be solved in the UHP as

™

T = (469)
WW' (W + W)
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4.6. WEAK LOCALISATION CALCULATION

Next we must calculate the term
Y Tr{G(iw — An)GG'(iw' — A'r)G'} (4.6.10)
k

The aim is to commute the (i — A7) terms passed the Green’s functions so that
we can eliminate then from the summation, since they are independent on k. To
do this we note that we must commute through the numerator of the Green’s

function. The first step is to recognise that 737 = —773 which gives

(i + A +€m) (i — A1) = (i0 + An)(iw — Amy + £73)

= (i + Ar)13(iw + A7y + €3)73 (4.6.11)
which implies that
G(io — A1) = (i0 + A1) 3G (4.6.12)
Similarly
(i’ — A1) G = 1G'r3(i + Alry) (4.6.13)
Hence ), G(iw — A1 )GG'(iw — A'm)G' now becomes

(i@ + A7'1> [Z GkTgGkG;ngG;C} (i@/ + A’Tl)
k

-2
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And so
/ —4r — NN
ZTT{G iv — An)GG(io — Am)G') = —(WW +ow — AA)
(W+W')3
(4.6.14)
Therefore the full electromagnetic response function becomes,
) —e’k% 1 1
K(0.30) = =75 [47TN(0)72 DQ>+ W + W’]
47N (0 —_ S 1 —4xN(0 o

NP PE— ) [ WW’+(@@’—AA')} __L  —ArN() ( WW +o@' AA’)

Y WW' (W +W')3 W (W+Ww)3

(4.6.15)

These two terms give the same contribution, and setting W + W =1 /T we get

—e?k? 1 1
K(0,iQ) = Er
(0,i2) 3m? WZC; |:47TN(0)7'2 DQ>+ W + W/]

X (__,87T_N(O)_, (—WW' +ow' — A&))
WW (W + W')3

—2e2ki 3 1 AN — @i
- T ! |
TS sl S

Using the diffusion constant D = F T > and @' = @ + ) gives the final solution as

1 A? — o(w + Q)
K(0,iQ) = —2De*T 1 4.6.16
(0,292) ¢ %DQQ—I—W—?—W’( + W > ( )

€l
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Chapter 5

NORMAL-STATE UCF

5.1 AC UCF calculation

In this section we will derive the first ,second and third order contributions to
the conductance fluctuation calculations; which corresponds to the presence of
two, three and four propagating ladders respectively. Before proceeding with any
calculations, one must construct the leading diagrams corresponding to these con-
ductance fluctuations together with any multiplicity factors. The variance is the

physical property concerned here and is defined by
Var(G) = (G — (G))? (5.1.1)

where G is the conductance which, diagrammatically, corresponds a single conduc-
tion bubble with the non-averaged impurity scatterings, shown in figure 5.1. The
diagram to calculate the variance will consist of the combination of two conduction
bubbles shown in figure 5.2 The only non-zero contribution to the variance will be
when the impurity averaging causes the impurity lines to connect both conduc-

tion bubbles (due to the subtraction of the square of the average conductance).
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X
X X X X

Figure 5.1 — The non impurity averaged Drude conductivity bubble in the
dirty regime.

X X

Figure 5.2 — An example of the term which is present in calculating the
variance.
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Recalling that the overall contribution will reduce by a factor of at least (kpl)™!
if the impurity lines cross which means that they can can be ignored. The dia-
grams together with their Hikami representation and multiplicity [29] are shown
in figure 5.3 The first two diagrams have only a small contribution and do not
need to be evaluated. The remaining diagrams will be calculated individually in
the following subsections to find both the Normal-state and Superconducting-state

contributions to the mesoscopic conductance fluctuations.

5.1.1 2 ladder calculation

The electomagnetic response function for two propagating ladders will be of the

form

k= (i)4 TY N kakslGH(R)G (k=Q)P[GT (K)G (K +Q)1°T (w'+, )T (w+9, o)

2m
ww' kK Q

(5.1.2)
where the propagating ladders are defined as

1 1
= 27N (0) 7 D+ |0 O(—w(w + Q)) (5.1.3)

The next step is to calculate the contribution from the momentum summations,
k, together with the coefficients from the diffusion terms. For ease, the two dif-
fusion diagrams can be re-written in Hikami representation, shown in figure 5.4.
Assuming the largest contribution comes when ) — 0 outside of the propagating

ladders then the electromagnetic response function will be of the form
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2 ladder- Type |

-
x4
e —>
- R
2 ladder- Type II
o~ — x8
3 ladder- Type I ;
. — x8

3 ladder- Type II

-\

4 ladder- Type | X8

4 ladder- Type II

Flgure 5.3



5.1. AC UCF CALCULATION

Figure 5.4 — The Hikami box representation of the 2 ladder UCF calcula-
tion.

LT () () (2) ()

kk'

x G2 (k,w + Q)G (k,w)GL(K o + Q)G (K, "D, w+ QT (W + ', w)
Contracting on the current indicies and integrating out the Green’s function as

m+n—2
N(0) / GG = aevoyr [T (—ir)m )™ (5.1.4)

m—1
which is proved in Appendix (A) this takes the form

4,4
K = 4<edZF> Sary G35 (4T N (0 ZTZTZFw W+ QW + @, w)

(5.1.5)

The heaviside functions in each of the ladder propagators causes a set of four

different inequalities for the Fermion and Boson frequencies given by

w>0 w+02>0 W <0 J+Q<0 (5.1.6)

w>0 w+02<0 >0 J+Q9 <0 (5.1.7)
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w<0 w+02>0 W <0 J+Q9 >0 (5.1.8)

w<0 w+0Q<0 >0 J+Q9 >0 (5.1.9)

Equation (5.1.7), in this case, can be ignored as it corresponds to negative Boson
frequencys €2 and 2" which means that the inequalities (5.1.6),(5.1.8) and (5.1.9)

need only be considered. Given the inequality (5.1.6) this will give

1 1
DQ?+w+Q—wDRQ*4+w—uw —

[, w+Q)T(W'+Q, w) o TZT Z

w>0  w<—

(5.1.10)

For consistency the limits on the summations should be transformed using the

substitution v’ — —(w’' 4+ ') to give the final solution as

1 1
+w+w DQ?+w+ QY +w +

DWWt QP+ w) T T Y o

w>0 Ww'>0

(5.1.11)

The inequality (5.1.9) will give the same contribution as (5.1.6) but the contribu-

tion from inequality (5.1.8) is more complicated and will be shown rigorously.

1 1
WH+Q—wDQ? —w+w +

[, w+Q)(W'+Q w) x T Z T Z DOE T

0>w>0  0>w'>Q

1 1
T T
x Z Z DQ2—W+Q+CU,DQ2+W—W/+Q/

I<w<  O<w' <V

Using partial fractions this can be written as

1 1 1
TSN T [
2DQ? + Q + Y Z Z DQ2—w+Q+w'+DQ2+w—w’+Q’

O<w<2  O<w'<Q
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5.1. AC UCF CALCULATION

Making the substitution 2 — w — w and ' — W’ — &’ and equating will give

2 1
T T —_—
2DQ? + Q + Y Z Z DQ? +w+uw

O<w< O<w/<

(5.1.12)

For consistency the limits of the summation need to be transformed which will

generate

2 1 1
TS T [ -
2DQ? + Q + Z Z DQ?+w+w DQ?+w+Q+uw

w>0  w'>0

1 1
_DQ2+w+w/—|—Q’+DQ2—|—w+Q—|—w’+Q’

] (5.1.13)

To construct the full 2 ladder type-I contribution then we also need to be consider

the inequalities

w,w+N>0 W -0 <0 (5.1.14)

ww+2<0 W -0 >0 (5.1.15)

which will give the same result as

1 1
T T 5.1.16
Z ZDQ2+w+Q+w’DQ2+w+w’+Q’ ( )

w>0  Ww'>0

Therefore the full 2 ladder Type-I contribution will be of the form

2 1
T T [—
2DQ? + Q + ; wz>0 DQ? +w+ o'

1 1 1
_DQ2+w+Q+w’_DQ2+w+w’+Q’+DQ2+w+Q+w’+Q’]

K = 16¢*D*00,0p5 »
Q
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5.1. AC UCF CALCULATION

2 1
16€* D050 TY T
+oloe 02 T ZDQ2+w+w’DQ2+w—I—Q+w’+Q’

Q w>0 w'>0

1 1
16€*D?6,50 TSN T
166 D%uslsn DT ZDQ2+w+Q+w’DQ2+w+w’—I—Q’

Q w>0 Ww'>0

(5.1.17)

5.1.2 2 ladder-Type 11

The next diagram to calculate is once again shown in figure (5.3) and frequency

inequalities will be

w<0 w+2>0 >0 J+Q >0 (5.1.18)
w<0 w+2<0 >0 J+Q>0 (5.1.19)
w>0 w+N2>0 W' <0 J+9<0 (5.1.20)
w>0 w+N2>0 <0 J+9 >0 (5.1.21)

Each of the two Hikami boxes will contribute a factor of 2r N (0)73 but the correct
prefactor must be evaluated for each frequency combination. This is due to the fact
that adding an extra impurity line at certain positions will contribute to leading
order; the extra Hikami box will contribute an extra factor of 27N (0)7 which will
cancel with the impurity line contribution of 1/27N(0)7. To emphasise this point
the contribution from the first inequality will be rigorously calculated, and the
results for the remaining factors will be stated in sequential order. Integrating out

the Green’s functions and contracting on the current verticies will give the general
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5.1. AC UCF CALCULATION

contribution of

4,.4
Kzs(edZF) Sag05(27N (0 ZTZTZFw W, w) (5.1.22)

The inequality (5.1.18) has leading order contributions with Hikami representation

shown in figure 5.5 The overall factor will need to be calculated for each of the

L‘w - + L‘w - - +
+ + - + + + - +
- T S TS
Top Loop Bottom Loop Top Loop Bottom Loop
(a) (b)

Figure 5.5 — (a) The Hikami representation of the 2 ladder Type-II con-
tribution. (b) includes an additional non-crossing impurity scatterer which
will give a diagram of the same order as (a)

two leading order representations using the formula

m+4+n—2
N(o)/dg[G—]m[Gﬂ”zsz(o)T " 1 (i)™ 6™t (5.1.23)

The top loop from figure 5.5(a) will give a factor of

27N (0)7 . (—iT)(iT) = 2 x [2rN(0)77] (5.1.24)
1
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5.1. AC UCF CALCULATION

and the bottom loop will give a factor of

2T N(0)7 . (—iT)°(iT)? = —1 x [27N(0)7] (5.1.25)
0

The top loop from figure 5.5(b) is slightly different due to there being two ’seper-
ate’ components either side of the single impurity line. Including the factor of

1/27N(0)7 from the single impurity line, this will give a factor of

(2rN(0)7)% [ 1 1

2rN(0)7 | 4 . (—im) T (i7)" = =1 x 20N (0)77] (5.1.26)

and the bottom loop is the same as for figure 5.5(a). Therefore the overall factor

will be
(2 —1) x (=1)[2rN(0)7%]? (5.1.27)
which is
— (27 N(0)7%)? (5.1.28)

With the substitution w — —w the contribution can be evaluated as

312 1 1
— (27N (0)7°) TZZ [(DQQ—FW-FW')Q - (DQ2+w+Q+w) (5.1.29)

w>0 w'>0

However, the inequality (5.1.19) will give a different contribution from taking the
k-summation. The diagram cannot have a single impurity line which means that

the Hikami box can only be represented as shown in figure 5.5(a). The overall

94



5.1. AC UCF CALCULATION

factor will therefore be given as
+(27N(0)73)? (5.1.30)

and will be the same overall factor as for inequality (5.1.20).
The full 2 ladder Type-II contribution, including the contributions from the

additional impurity line, is given by

1 1
_ 412 _
K = 86D5a5576§TZTZ[(DQ2+w+w’)2 (DQ? +w+ Q + w')?

w>0 Ww'>0

1 1
"D ot TR (DQ2+w+Q+w’+Q')2]

—1 1
4D?6550 Ty T
+ 8e 575% Z Z[(DQ2+w+w’)2+(DQ2+w+Q+w’)2

w>0  Ww'>0
1 3 ]

+(DQ2+w+w’+Q’)2 * (DQ*+w+Q+w + )2

(5.1.31)

5.1.3 3 ladder calculation

The 3 ladder Type-I contributions will consist of the diagram in figure (5.3). The

electromagnetic response function for this diagram will be of the form

K- (%)%; k; > (b+Ql (G (R+ QPG (H)

HIGH(E" + )G (K" + Q)PK3H, [GH(F) G (k)

[M(w, w)T(w + Q, "D (w, 0" + Q) (5.1.32)
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5.1. AC UCF CALCULATION

The k-summation can be transformed and solved as

Skt QLCT QPG () = Yk, (ﬂ) G (k)G (k)

k k

and the k&’ and k”-summations can be solved with a similar method to give

_4A)2
K= 4edD Oar0p5(4TN(0) ZTZTZDCf w,wlM(w+ Q)T (w,w + Q)

Due to the Heaviside functions in the ladder functions I' there are only 2 possible

inequalities to evaluate which are given by

w>0 w+0>0 W' <0 +0 <0

w<0 w+02<0 Ww'>0 " +2>0 (5.1.34)

The inequality (5.1.34) will give the form of I'(w,w")I'(w + Q, " )I'(w,w" + Q) as
proportional to

1 1 1
T T
Z Z DQ?+w+Q—wDQ*+w—wDQ*+w—uw —

w>0 w<—Q

(5.1.35)

and by making the transformation w’ — —(w’ + ) this will give

1 1 1
T T 1.
Z ZDQ2+w+w/DQ2+W+W,+Q,DQ2+W+CU,+Q+Q/(5 36)

w>0  w'>0
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5.1. AC UCF CALCULATION

The remaining inequality (5.1.34) will give I'(w,w)['(w + Q, " )[(w,w’ + Q) as

proportional to

1 1
T T 1.
Z Z DQ? —w—-—Q+wWDQ?—w+w DQ?—w+uw + (5.1.37)

w<—0  Ww'>0

and by making the transformation w — —(w + §2) this will give

1 1 1
T T 5.1.38
Z ZDQ2+w—|—w’DQ2+w+w’+QDQ2+w+w’+Q+Q’( )

w>0 w'>0

The remaining contributions will be the 3 diagrams which are 'rotations’ of this
one and 4 diagrams corresponding to the inequalities corresponding to w' —
which can be calculated using a very similar technique. This will give the overall
3-ladder Type-I contribution as

DQ?
w,w)(A(w,w") + Q) (A(w,w') + Q2+ )

DQ?
Alw,w)(A(w,w') + Q) (A(w, ') + Q2 + Q')

_|_

—1286 D 6QV5552TZT Z

w>0 w'>0

DQ?
Alw, w")(A(w,w') + Q) (A(w, w’) + ')

+

—1286 D aééﬁ’szZTz

w>0 w'>0

DQ?
A, ) + ) (Afwr o) + ) (Alw, ) + 92+ 2)
(5.1.39)

where

Alw, ') = DQ* +w+w' (5.1.40)
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5.1. AC UCF CALCULATION

The 3-ladder Type-II contribution is shown in figure (5.3) and will also consist
of 8 diagrams which correspond to 2 rotations each with 4 combinations of w 4 2

and w £ Q to give

_64etD? DQ?
T 2T LT ) G e P ) )

w>0 w’'>0
DQ?
Al ) - D2 Alw, ) £ O+ )
DO?
A ) O+ )P (A, ) + )
DQ?
T AW w) + O2(Aw, o) + O+ )

(5.1.41)

5.1.4 4 ladder calculation

The 4 ladder contribution is shown in figure (5.3) and consists of 4 seperate dia-
grams corresponding to 2 rotations. The contributions will give the electromag-
netic response function as

etD?

K = 8m(5a5575 + 50‘7665 + 6&6567)(47TN<0)7—3>4

ST TS (DQ*)T(w,w)I'(w+Q,w)l(w,w + QT(w + Q,w' + Q)
o a5

(5.1.42)

In the limit w > 0,w+ 2 > 0,w’ < 0,w + Q" < 0 the ladder functions will become

1 1 1
T T
Z Z DQ?+w+Q—w (DQ?+w—w)?DQ*+w—w —

w>0 w<—
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5.2. UCF CALCULATIONS IN THE DC LIMIT

and by making the transformation w’ — —(w’ 4 ') this will give the final result

as

1 1 1
T T
Z ZDQ2+W+W,(DQ2+W+W,+Q,)2DQ2+W+WI+Q+Q/

w>0  w'>0

The other 4 ladder diagrams can be calculated using a very similar method to give

the final 4 ladder contribution as

128¢D? (DQ?)?
d(d+ 2) Des%a + 0ars + 0aslsn) ZQ: g ;0 T%:O Aw, 0 )2(Aw, o) + Q) (Aw,w') + )
N (D@
(Alw,w) + Q@+ ) (Alw,w') + Q) (A(w,w’) + )
(DQ*)?
Alw,w)(A(w,w") + Q)?(Alw,w') + Q2+ Q)
N (D@
Alw, w)(A(w,w') + )2 (A(w,w') + Q + Q)
N (D2
Alw, w)(A(w, ') + Q) (A(w, ') + V) (A(w,w’) + Q + Q)
(5.1.43)

_|_

5.2 UCF calculations in the DC limit

The n4 correction to the conductivity due to mesoscopic fluctuations only requires
the DC-limit of the UCF calculation. This section will begin with the calculation
of the normal state DC fluctuations where it will be shown that a large number of
diagrams will cancel. To simplify matters, these diagrams will be denoted as Right
and Wrong-sign terms and the cancellations will be explained more thoroughly in

the the second subsection of this chapter.
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5.2. UCF CALCULATIONS IN THE DC LIMIT

5.2.1 DC calculations

The DC-limit can be calculated by taking the O(Q€) contribution of the AC
calculation - noting that the O(1), O(Q2) and O(€’) will give zero contribution in
the normal state as this will imply the presence of a superfluid state. To O(2Y)

the full 2-ladder contribution can be calculated as

. 1 18
16¢*D ZTZTZ PO T oo PP Ta T (5.2.1)

w>0  w'>0

where the first term comes only from the 2-ladder Type-I diagrams and the second
term comes from a combination of the 2-ladder Type-I and Type-II diagrams.
The first term in the square brackets will be evaluated last and the second term

can be split up as

3 15
(DQ? +w+w')* * (DQ? +w+ w')*

(5.2.2)

the reason for this will become clearer, and will be explained in detail after the
integrals of each of the terms in the 3 and 4 ladder will be calculated. The d-

dimensional integral identity

(l.2)a o 2 dioa_osl (@ +d/2)T(B —a—d/2)
/ e R VP 7 Y (5:2:3)

where ['(z) is the usual gamma function

[(z) = /000 t"te~tdt (5.2.4)
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5.2. UCF CALCULATIONS IN THE DC LIMIT

The second term in (5.2.2) can now be written as

df2—4
40 a2 (Wt ['4—4d/2)
240e” DT E T g T (—D — (5.2.5)

w>0  Ww'>0

where the substitution I'(4) = 3!.

To O(Q€Y) the full 3-ladder contribution can be calculated as

—128¢*D? 24D()?
T%TZTZ(DQ2+M+MI)5 (5.2.6)

w>0 w'>0

Using identity (5.2.3) this can be rewritten as

—3072¢*D? o (wH W\ T+ d/2)0(4 — d)2)
—g 2Ty (T) T(d/2)T(5) (5:2.7)

w>0 w'>0

This looks familiar to the 2-ladder term calculated previously except for I'(14d/2)

term in the numerator which can be simplified using integration by parts

t=00

—td/2

[(1+4d/2) = / tY2e~tdt =

. + gr(d/Q) (5.2.8)

t=0

It is obvious that the limits involving the first term in this expression will be zero
as the term in the denominator grows exponentially larger that of the numerator
when ¢ — co. This will give the 3-ladder contribution as

—3072¢* D? Nt dr4 - d/2

TIRED o 2 (M) dl(4-d/2) (5.2.9)

d D 2 4!

w>0 w'>0
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5.2. UCF CALCULATIONS IN THE DC LIMIT

To O(Q€Y) the full 4-ladder contribution can be calculated as

128¢*D? 30(DQ?)?
d(d+2) ZTZTZ (DQ2 + w + w')S (5.2.10)

w’'>0

Using identity ( 5.2.3 this can be rewritten as

3840¢ D? s (WA W\ T2+ d/2)0(4 — d)2)
d(d +2) FES R P I <T) T'(d/2)T(6) (5:2.11)

w>0 w'>0

which also looks similar to the 2-ladder and 3-ladder contributions. As before,

I'(2 + d/2) can be simplified using the integration by parts method as

_t1+d/2]°°
+(1+d/2)I'(1+d/2)

et

F<2 + d/2) — /OO t1+d/26—tdt _ |:
= (1+d/2)(d/2)I(d/2) (5.2.12)

where the final line uses the substitution of I'(1+ d/2) derived previously together
with the use of L’Hopital’s rule to evaluate the e™t term as zero. This will give
the final 4-ladder contribution as
384064D2TZT E o\ (4 d/2)(d/2)r(4 —d/2) (5.2.13)
d " D 51 -

w>0  Ww'>0

Combining all of these terms will give

AD2rd? [y 4\ Y 240 3072 11520
ST e 2 g (5.2.14
T4 —d)2) ( D ) 2T [ 3 2@ 4 (5:2.14)

w>0 w'>0

which is valid in all dimensions. This shows that the only contribution in the DC
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5.2. UCF CALCULATIONS IN THE DC LIMIT

limit comes from the contributions in the 2-ladder calculation

1 3

DQ?(DQ? + w + w')3 + (DO T o+ W) (5.2.15)

16e'D*> T T

Q w>0 w'>0

The first term can be solved using integration by parts as

h 1 in_ [ 2 .
/oo DQZ(DQ2+w+w')3d @= /Oo (DQ2+W+W,>4d Q  (5.2.16)

This gives the full contribution as

1 [ 1
16e*D*TSN T —/ d 2.1
1Ty [ pmrarapte 6210

w>0  Ww'>0

where V' is the volume of the system. Using the identity given in ( 5.2.3) this can

be calculated as

167924 DT (4 — d/2) w+ W\
SV (2 T Ty ( 5 ) (5.2.18)

w>0 w'>0

and the volume of the system will be given by V = (L/L4)¢ where Ly, = v/ Dr.

The summations can be solved in integral form which give

4
8g° 0'52276 for d=1
4
x 0'772226 for d=2
4
~ 0'97236 for d=3 (5.2.19)

which proves that the fluctuations /d¢? is of order % at zero temperature.
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5.2. UCF CALCULATIONS IN THE DC LIMIT

5.2.2 Right and Wrong-sign contributions

In calculating the full AC calculation there were 4 inequalities in the frequencies

to take into account and these will be labelled as follows

w>0 w+02>0 ' <0 4+ <0
”Wrong-Sign” (5.2.20)

w<0 w+0<0 >0 J+9 >0

w>0 w+0<0 >0 J+U <0
" Right-Sign” (5.2.21)

w<0 w+02>0 W <0 "+ >0
By using this grouping it can be seen that the terms cancelling each other in
( 5.2.14) all come from the wrong-sign contributions. This is why the second
term in ( 5.2.1) was split up into 2 contributions which represented the Right and
Wrong-sign terms. This is an important result as many research papers state that
the AC results can be derived from that of the DC case. This is untrue due to the
Wrong-sign cancellations which means that a lot of the AC information is "lost’

when transforming into the DC limit.
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Chapter 6

SUPERCONDUCTING UCF

The aim of this calculation is to find the n, correction due to mesoscopic fluctua-
tions. This requires the UCF diagrams to be calculated with the superconducting
Green’s functions together with the superconducting ladder , with all its possible
combinations. The motivation of this calculation means that the only contribution
to be evaluated will be in the limit @), €2 = 0. The diagrams to be calculated are
diagrammatically the same as in the normal case, shown previously in figure 5.3.
The set of diagrams have been separated into two types; Type-I and Type-II which
are labelled correspondingly in figure 5.3. A given diagram will then be split up
into the corresponding terms representing the different vertex contributions from
the superconducting ladder. In the main text, the Type-1: 2 ladder calculation will
be shown rigorously but the further calculations will only show the main results.

Note that the full results will be shown in the appendix.
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6.1. 2 LADDER CALCULATION

6.1 2 ladder calculation

6.1.1 2 Ladder calculation - Type-1

The diagram to be calculated is the third diagram shown in figure 5.3 but, due to

the superconducting ladder, will have 4 seperate terms corresponding to
3QT, T3RW, wRT and WRW (6.1.1)

where the notation @ = (i@ — A7)/W. The labeling will start from the upper-
most vertex and will sequentially run clockwise. The superconducting ladder was
calculated in a previous section but is rewritten for the readers convenience as

]_ ]_ (i@TO—ATl)®(i(@+Q)TO—ATl)

T3 & T3 — 7

F p—t
ArN(0)72 DQ? + W + W’ W

S

(6.1.2)

Note that the factors of 47TN}0 > will be initially omitted from the cal-

1
)72 DQ2+W+W
culations including the factors of 2 that will arise from taking each trace, but will

be included in the final result.

o 73X T3 term

The full contributon will be a product of the individual traces of the inner and
outer loop and so will be calculated independently before the full contribution is
constructed.

The outer loop contribution from the the diagram in figure 6.1 can be written
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6.1. 2 LADDER CALCULATION

Figure 6.1 — The 2 ladder 7 ® 7 contribution to the superconducting UCF
calculation.

G(k,0)G(K,0)G(K,0)mG(k, @) (6.1.3)

Using the superconducting Green’s function, and making sure to multiply through
by the conjugate of the denominator as to remove the matrix contribution in the
denominator this leaves

W+ Ers+ AT W+ T+ Aniw+E+An i+ Es+ An
— T = — T _
W2+ E2 A2 P 221 A2 2424 A2 0 2 4 €2+ A2

(6.1.4)

Next we must commute 73 through until it acts upon the other 73 to give the

identity. This will give us

7:(:)+§7'3+A7'17:(D+§/T3—ATli@+§/Tg—ATli@+§Tg+ATl
@2+§2+A2 @2+§/2+AQ w2+512+A2 @2+€2+AQ

(6.1.5)

Multiplying out the numerators and by making the substitution W = v/ A2 + @2
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and W' = VA2 1 72

(leg' = W) —idma( + &) +iom(§ +€) ) ([66' = W] +idma(€ +€) + iom(§ + &)
(& + e + W)
(68 — W) + (A% — @2)(€ + )2 + 2i0Am (& + &) + 2itomy(§ + §) (66 =)
(& +W2E + )2

(6.1.6)

This will lead us to the solution of the outer loop, which we will define as I; for

later convenience

(68 = W2 4 (A2 — @2)(€ + &)2 + 2imA7 (€ + €)2 + 2iwrs (& + &) (€6 = W)
(E2+W (e + W)

11:

(6.1.7)

Now we must take the trace of the inner and outer loop seperately which will give

the overall outer loop contribution of

€8 — WP + (A2 — &) (€ + &)
(€2 4+ WH2(E + W2

(6.1.8)

The next step is to calculate the contribution from the outer loop which can be

written as
Gk, "Gk, &G (k,&" 3G (K, &) (6.1.9)

Once again, this can be given as

i(ﬂ' + 5/7'3 + A_/Tl zo;’ + 57’3 -+ A_/Tl Z(.:)/ + 57'3 + A_lTl ZCJI + 5”7’3 + A_lTl
2 2 N 3 2 2 N =2 2 N 3 2 2 N
W2+ A W HE2HAT W HE2+A W2+ A
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In a similar way to the outer loop, this can be evaluated to give

I =

(56/ _ W’2>2 + (A/2 _ @/2>(£ + €/>2 + 22'@/&/7_1(5 + 5/)2 + 22'@/7_3(5 + 5,)(55, _ W’Q)

(€2 4+ W"™)2(e2 4 W")2

which has been denoted as I5 for later convenience. Taking the trace this will give

the overall inner loop solution of

€8 — W2 + (A2 — &) (€ + ¢)?
(€2 + W™)2(e2 + W")2

(6.1.11)

Now we must calculate the total contribution from the inner and outer loop con-
tribution. It must be noted that we will be integrating with respect to & and &
which means that only the even terms will give a non-zero integral, but this will
be implemented later. The full 73 ® 73 contribution will be from the product of

the inner and outer loop contributions which will give

(66— W) + (82— a?)(e +§)?) (6 — W7 + (A% — &™) (g €7
(€ + T)2(E + PR + TW2(gn 4 T2

(6.1.12)

o 73® (iw— Ar) term
The next diagram to calculate is shown in figure 6.2 and, once again, we will
be calculating the inner and outer loop seperately before combining the result.

The outer loop contribution is given by

G(k;,@)TgG(k’,@)G(k’,w)%G(k, o) (6.1.13)
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Figure 6.2 — The 2 ladder 7 ® @ contribution to the superconducting UCF
calculation.

Substituting the full Green’s functions one is given

0+ Ems+ A 10+ &' + Ay iw + '3+ Ay (i0 — Amy) i + €73+ ATy
— T — — —
W2+ €2+ A2 P 2+ €2+ A2 2 4 €2 4 A2 W @2 + €2 + A2
(6.1.14)

In a previous section we proved that (iw — A1 )G = 73G13(iw + A7y). This result
can be used to commute (iw — A7) to passed the Green’s function (to the right)
which will give

0+ €+ AT 0+ AT IO+ E+ AT i+ Ems+ A (o + An)
= T = = T: = T: —
W2+ E2H A2 P22 A2 2R A2 0 24 €24 A2 ° W

(6.1.15)
This can now be related back to the function I; as
(Z(IJ + ATl)
O ( )
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Expanding out term by term and taking the trace will give

[—20%(€ + &) (¢ — W) /W

@1 W2)2(§’2 N W2)2 (6.1.17)
The inner loop contribution will now be calculated as
s A/
Gk, &G (k, &) G(k, w’)(MW—,ﬁ)G(k’,w’) (6.1.18)
Once again, this can be reduced down to the form
=/ A/
Im(w)%—,ﬁ) (6.1.19)
The trace can be taken which will give
B S, N —
(& + Wo)(en + W02 -
Combining the inner and outer loop contribution, we are left with
4*@(€ + &)2(Ee — W) (e¢' = W) /WW]
—72 (6.1.21)

(€2 + W PR(e + WP(e2 + W2(e2 + W72
e (iv— A7) ® T3 term

The next calulation is the contribution from the (i — A7) ® 73 term in the

superconducting ladder, which will give the diagram shown in figure 6.3.
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6.1. 2 LADDER CALCULATION

Figure 6.3 — The 2 ladder © ® 7 contribution to the superconducting UCF
calculation.

The outer loop contribution will be

G(k,@)W_TWM)G(k', DGk, @) Gk, ©) (6.1.22)

As for the previous calculation, this can be commuted to give the result
TTgll (6.1.23)

Due to the trace being invariant under cyclic permutations and that I; does not
contain any 75 components; this contribution is equal to the outer loop of the

73 ® (iw — Ar) term, given as

[—20%(€ + &) (¢’ — W) /W
(€ + (e + T2

(6.1.24)

112



6.1. 2 LADDER CALCULATION

Now, the inner loop must be considered, and is written as

i(.:)l - A/Tl)

G(K, & ( Gk, "G (k,&"3G(K &) (6.1.25)

-/
Commuting through, this can be related back to the expression I as
7'3]2 (6126)

This will also given the same result as that of the inner loop from the 3® (iw—Am)
term. Therefore, the full contribution will become

?w(€ 4 €)2(6 — W) (e — W) /W]

6.1.27
(€2 + TR + R (2 + T 2(62 T2 o

o (iw—An)® (iw— Ar) term

Figure 6.4 — The 2 ladder @ ® @ contribution to the superconducting UCF
calculation.

The final contribution can be evaluated using the diagram in figure 6.4 which
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6.1. 2 LADDER CALCULATION

will give

Gk, w)w_?WAmG(k’,w)G(k’,w)(TG(k, o) (6.1.28)

Using the commutation rules this can be simplified as

(@t an) , (w+A4n) (6.1.29)
W W

Cyclically permuting terms and also commuting 73 will give

o= Am) (i — An) (6.1.30)
W w

which will equate to

(A2 = &%) (6 — W) + (A% = G)(€ + € + 40P D35 + § ) /W

— — (6.1.31)
(€@ +T)Ren + )2
The next step is the inner loop contribution which can be expressed as
= A/ c—1 A/
.o =2 i e ) B AT G o) (6.1.32)
W w

Once again, this can be expressed in terms of I, as

=/ A/ s =/ N =1 A/ =l A/

(1w i/A 7'1)T3[2T3 (1w —:/A 1) 1 (1w —/A 1) (1w _/A 1) (6.1.33)

W w w W

which equates to

12

(A/Z - @/2)(§§/ . W’2)2 + (A/Z - @/2)2(§ + 5/)2 + 4(1}/25/2(5 + 5/)2] /W
(& +TWoP(e + W)
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6.1. 2 LADDER CALCULATION

(6.1.34)

The full contribution will become

2

(B2 = 2%)( =) + (B2 = @2(§ +€)? + 4* B¢ + )| /W
(€ +W )2+ W)
(A% — o) (68 — WP 4 (A% — 2P +€)? + 4P A%(E + ) /W
(E2+W )22 + W)

X

e Reversed inner loop direction

Due to the fact that each of the inner loop contributions are symmetric in £ and
& means that the overall contribution with the reversed inner loop is identical to
that of the calculations done previously. Therefore this will merely add an overall
coefficient of 2 to the final solution, which will be added in later together with the
factors of 2 from taking each individual trace.

e Overall contribution

Expanding out the numerator from each term and simplifying will give

(AZAQ + @2@/2)]

— —n [2
(g6 =) (e — W) [ 25—y

) JR— 2(52&/2_@2(2/2)
Her ey - [

nas oy w2 [2(AZA? — 207)
UG E =
, P A v
~(E+ (e e~ TP s
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6.1. 2 LADDER CALCULATION

HEFE)2(APA” + @%0?) (6.1.35)

Now we must evaluate the integrals with respect to & and &’'. Note that since the
limits of our integrals are 00 then the only contributions will come from terms
even in ¢ and &. This will reduce the problem to only 4 integrals denoted as A,
where n =1, ...,4 given in the appendix. Recall that the main contribution comes
from electrons near the Fermi surface which causes Y, — N(0) [ d&;. Taking the

integrals will give

2(N(0))2A2A2(W + W)

e ——— (6.1.36)
W W W+ W)

Including the factors from the superconducting ladders, the factor of 2 for each of
the traces taken, a factor of (EkF ) dap and a factor of 2 from the reversed inner

loop will give a final soulution of

ekp A?M 1 1
6.1.37
(WW) ﬁ%; WW (W + W2 (DQ? + W+ W)? (0157

6.1.2 Type-II diagrams

The next diagram to calculate is the 2 ladder Type-II contribution which is shown
in figure 6.5. The inner and outer loop contribution for each configuration is given
in the table below. Note that a new annotation of even-w (and odd-w) will be
included which corresponds to an even (odd) number of & terms on the ladders.
This annotation will prove to be very useful as the separate traces in the even
(or odd) contributions will simplify amongst themselves, as will be shown in the

further calculations.
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6.1. 2 LADDER CALCULATION

w,A

Figure 6.5 — The 2 ladder Type-II UCF diagram. The numbers on the
superconducting ladders indicate the order for which the labels process

Configuration | Outer Loop | Inner Loop

T3T3 and (f)(f] AO AI

./407_3 (iLTJ-LATﬂ AI’7—3 (iLTJ/-‘rAlTl)

7'352 and 037'3 W W

where AO = G(l{fl,@)G(lﬁ, )T3G(l€2, )T3G(k1, )
and A = G(ky, 0" )G (ko &' )13G (ky, @) 13G (Ko, @) The odd-iw will be calculated by

solving

T{G (ky, )G (ky, 9)73C (k. )7 (ky )y LT AT

}
=/ A/
X Tr{G kg, @")G kg, @") 3G (k1,0 )TSG(k’zaW,)T?)W%—/Tl)}

and the even-io will be calculated by solving

Tr{G(k1,w0)G(k1,0)13G (ke,w) 3G (k1, @)}

X TI‘{G(]CQ,(D,)G(]{;Z, )7—3G(k17 )T3G(k27 )}
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6.1. 2 LADDER CALCULATION

Taking the traces and integrating with respect to & and & will give the final result

as

QAQAIQ
W'W W +W')?

(6.1.38)

6.1.3 Type-1I with additional impurity

w,A

Figure 6.6 — The 2 ladder Type-II diagram with the additional impurity
line, which gives the same order contribution as the ordinary 2 ladder Type-
II diagram, for the superconducting UCF calculation.

The next 2 ladder diagram will be that shown in figure 6.6 as the additional
impurity line does not cross any external lines. The inner and outer loop contri-

butions corresponding to each configuration is shown in the table below.

Configuration | Outer Loop | Inner Loop

7973 and W@ .7-"20 ]:2[

~ ~ 10— A i’ — A/
30 and Wty | FIT3 (szn) .FQITg(ZwW—,ﬁ)

where ./—‘.20 = G(kg, @)G(k)g, (D)TgG(kﬁl, @)TgG(k’g, (I))TgG(k?l, (D)TgG(k’Q, @) and ,/—"21 =
G(li]g, @,)G(kg, (D,)TgG(kl, (D,)TgG(kg, (D)
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6.1. 2 LADDER CALCULATION

e Odd-w terms

The odd-w will be calculated by solving

A7'1>

Tr{.FQOT;:,( —(zw —A'n)

YT {Fims } (6.1.39)

The first trace term will become

W+ W)+ &) by — W) =W (& + W (& + &) (& — W)
— 2026 (6165 — W) (Er6s — W) + 20" W 6 (&1 + &) (&1 + &3)

+ 202 W (61 + &) (€163 — W) + 20°W (€1 + &)(6162 — W)
and the second trace becomes
— WP (G + W) (& + &) — 202666 — W) + 20"W(& + &) (6.1.40)
Integrating with respect to §; (where i = 1,2, 3) gives
[~ A2A2(W" + 4WW' + 3W") + 4A%0°W |78 6.1.41)
AW W + W) o
e Even-w terms
The Even-w will be calculated by solving
Te{FYT{F}} (6.1.42)
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6.1. 2 LADDER CALCULATION

The first trace term will become

&+ W) (66 = W) (@& =) =W (& + W) + &) (6 + &)
— 2 (G4 — W) + 207 W (&1 + &)(&1 + &)

— 206,(61 + &) (6165 — W) — 20°6:(6 + &) (616 — W)

and the second trace becomes

(& + WH(GE — W) — 20268 — W) — 20266 + &) (6.1.43)

Integrating with respect to §; (where i = 1,2, 3) gives

[~ A2A2(W + AWW' + 3W") + 48202 W] 78
AW W (W + W)

(6.1.44)

The contributions from the even and odd-iw terms are the same, however, the odd-
& terms will have an extra minus sign due to the minus sign in the superconducting

ladder. This means that the overall contribution will be zero.

6.1.4 The full 2-ladder contribution

The full 2 ladder contribution will come from the Type-I and Type-II diagrams as

6]{?F A2A/2 1 1
(0% — 6145
<ﬂm7) 5%:§WW G D@ s w e )
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6.2. 3 LADDER CALCULATION

6.2 3 ladder calculation

6.2.1 Type-I diagrams

The 3 ladder Type-I diagram is represented in figure 6.7 and will have 8 seperate
contributions due to the different vertex combinations of the superconducting lad-
der. As in the previous section, the even and odd-&w contributions will be taken

seperately.

Figure 6.7

Before the constructing the inner and outer loop contributions it must be
realised that the Green’s functions G(k3+Q, @) and G(k;+@Q, ") must be expanded

to second order. This will give
_ kVi _ N A
G(kg + Q, W) — W G(k?g,W)TgG(kg,, w) = G(]C3, (,U) (621)

and the same form for G(k; + Q,&’). Each of the 4 diagrams for the odd-w

contribution can be calculated and simplified to give

— A0 ~ ~
C;;i TI'{ILQTgG(kg, (D)Tg}TI'{[éyg)TgG(kl, @/)7'3} (622)
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6.2. 3 LADDER CALCULATION

where I » has been calculated in a previous section. The full even-w contribution
can be simplified to give
iTning

—TI'{ILQTgé(kg,CD)(Z.LD - ATl)}TI'{Inggé(kl,a)/)(ia}/ - A/Tl)} (623)

52512

W W

Integrating the odd and even-w terms with respect to & (where i = 1,2,3) will

give

(_1)(kV})2 128020" +»<kV%)2 128020

—2=—2 = ) o — p— (6 . 24)
m ) WWAW+w)y \m ) WWAW+ W)

where the (%)2 coefficient comes from the expansion of G(k;+ @, @) Both terms

cancel to give the full 3 ladder Type-I contribution as zero.

6.2.2 Type-II diagrams

Figure 6.8

The 4 odd-& terms can be factorised to give

ting i+ A
et Trace{.FgngmTﬁ} x Trace{Firs} (6.2.5)

—/
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6.2. 3 LADDER CALCULATION

and the 4 even-@ terms can be simplified to give
—40’ O T/ —1 -
?Trace{]:3 }Trace{ F; (0" — iAm)} (6.2.6)

where FO = mG(ky,@)G (k1, @)G(ky, @) 713G ke, @)73G (ks, @) and

Fi = Gk, 0" )13G ke, 0" )G ke, &' )13G (k1,0 )G (k3, @'). As in the 3 ladder Type-I
calculation, the even and odd-@ terms give the same result after integrating with
respect to &1 23, with a minus sign difference.

This gives the full 3 ladder Type-II as having zero contribution.

6.2.3 Type-II with additional impurity line

Figure 6.9

The 4 odd-w diagrams can be simplified to give

—2i’

=

Trace{ F$m3(iw + Ar )} Trace{ Fi.r3} (6.2.7)

where .Fg = TgG(k‘Q,(D)G(kg,u_))G(k‘Q,@)7’3G(l€1,@)7’3é<k3,@)Tgé(k4,@)7’3G(/€1,@)
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6.3. 4 LADDER CALCULATION

and FL = G(k3, & )73G (ky, @' )G (ky, @) 13G (k1,0 )13G (k3,&'). This gives a zero

contribution when the integral with respect to ;23 is taken. and the 4 even-w

diagrams can be factorised to give
—2i’ O T~/ - X
?Trace{ng}Trace{F&(w —iAm)} (6.2.8)
which also gives a zero contribution after taking the integral.

6.2.4 The full 3-ladder contribution

The full 3 ladder contribution is zero.

6.3 4 ladder calculation

6.3.1 Type-I diagrams

Figure 6.10
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6.3. 4 LADDER CALCULATION

The 8 even-& terms can be cancelled and simplified into the form

—40.)2 2 B
—o—n [Trace{G(kg, )7'3]1 37'3G(k4, )(Z(D - ATl):|
WO
X [Trace{é(kg, &)1y Loams Gy, &) (i’ — A’m} (6.3.1)

and the 8 odd-& terms can be written as

_4**/ -
WW TI'&CG{G(I{IQ, )Tg[lngG(l{I4, )Tg}TI'&CG{G(kg,, )7'3]2747'3G(]€1,(D,)T3}

(6.3.2)
Taking the integrals with respect to &1 234 will give the final 4 ladder contri-
bution as

—512020" 5120%0" !
+
WW(W+W)2 WW(W+W)12

(6.3.3)

which both cancel to give zero.

6.3.2 Type-II diagrams

Figure 6.11
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The even-t terms can be simplified to give

—A4A0w _
f— we Trace{]1 27'3G(k33, )TgG(l{?4, )(Z(D - ATl)}
w”

XTrace{Ig 47'3G(k’1, )TgG(k’Q, )(Z(I) — ATl)}
and the odd-i terms can be simplified to give

— 400" - -
we TI'&CQ{TgIlQTgG(k’g, )TgG(/@L, )}TraCe{7'3[3747'3G(]{?1,@/)TgG(k‘g,

Integrating both components will give

5127’(’4 2 2 5127T4 2 12
+
WW W +WH2  WWHW + W)

Which both cancel to give zero.

6.3.3 The full 4-ladder contribution

The full 4 ladder contribution is zero.

(6.3.4)

@")6.3.5)

(6.3.6)

6.4 Full Superconducting UCF contribution

The previous sections have shown that the only contribution to the full super-

conducting fluctuations will come from the 2-ladder Type-I and 2-ladder Type-II

calculations. Recall that the only contribution in the normal-state DC limit is also

the 2-ladder Type-I and II diagrams (right sign contributions). This possesses the

question whether the results of the normal-state diagrams can give any insight

into the superconducting contributions, which will briefly be discussed in chapter
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7.2

The full superconducting contribution is given as

€k’F A2A/2 1 1
: 4.1
(mJ BZE:WW”W+WQ@@+W+WW (6.4.1)

The next step is to transform @, A — w, A so that the integrals can be eval-
uated. In chapter 4.3 it was shown that A/& = A/w and that in the limit
W +W ~1/7 and 1/W ~ 1/7 and 1/W = 1/7. Transforming and taking these

limits the response function can be written as

€]€F AQAQ 1
<7Tm7') Z Z W2Wn2 (DQ? + W + W')?2 (6.4.2)

The @ integral can be taken in d-dimensions using the identity ( 5.2.3) to give

1 02— d/2 .
2 (DQZ+ W + W2 - (Dd/z P oy (6.4.3)
Q

This will give the response function as

(%) (st o=t

A2Al2 1
X % (A% 4+ w?)(A”? + w'?) (\/A2 T w2+ VA2 T w2)2-d/2
(6.4.4)

In 2-dimensions one can make the substitution w = Az and w’ = A’y and this can
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then be simplified to solving the equation

//OO L AL dzd (6.4.5)
X A
oo (D) AV F T4+ A2+ 1 Y

By using the substitutions # = tanf and y = tan ¢ can be simplified to

/2 AA’ ™2 A cos b cos ¢
dfdo = dod 6.4.6
//0 Asech + A’sec ¢ ¢ //0 cos@—k%cosgb ¢ ( )

Solving the # integral first and for ease of annotation will denote a = AA cos ¢ to

give

w/2 A A w/2 2
/ al'cosh,  Tha —/ ;) (6.4.7)
o cosf+a 2 o cosf+a

The second term above can be simplified by using the substitution ¢ = tan6/2

1—¢2

and by using the identity cosf = 175 to give
mA'a ! 2a?
— A/ dt 6.4.8
2 /0 (a+1)+ (a—1)t2 ( )

Separating into partial fractions, integrating each term and simplifying will give

nde __&a? ) (TF ﬁvi ] (6.4.9)
— n 4.
2 _ a+1
2 -1 |1-75
The next step is to complete the ¢ integral which will be of the form
) 1 + \/1—&-% cos ¢
™2 1A cos ¢ %cos%ﬁ -2 cos
— In = do (6.4.10)
0 2 1—%COS2¢ 1_ \/1+§COSZ
lfy cos
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By making the substitution % cos ¢ = cosm then this becomes

w/2 w/2 2 14t m
/ 7rAcos¢d¢_/ A cos*m In { + tan % } . (6.4.11)
0 0

2 sinm 1— tan%

The first term will give /2 and the second term can be manipulated into the form

/2 2 : 2 /2 2 :
/ A cos"m (cos(m/2) + s%n(m/Q)) dm = / A cos™m 1+ sinm |
0 2sinm (cos(m/2) — sin(m/2))? 0 2sinm 1 —sinm

(6.4.12)

and expanded out to give

/2 i 2 i a4 7. T
/ cos?m |1+ =y PR M dm=To+ 2+ 2 4. (6.4.13)
; 3 5 375

where
/2
I, = / cos® m sin®" mdm (6.4.14)
0

By using integration by parts this will give the solution as

s 1+ 1 n 1x3 N 1x3x%x5 n (6.4.15)
22 2x3x4 2x4x5x6 2x4x6xT7Tx8 o
The infinite series can be evaluated by using the expansion
1 1 1x3
Y R LRk v (6.4.16)

V1—x2 2 2 x4
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and

1, 1 4 1x3 6 1 x3x5

1
//\/1—3:2 B {ﬁx +2><3><4:E +2><4><5><6x +2><4><6><7><8x

84+ ..

= zsintz+V1— 22 (6.4.17)
Evaluating between x = 0 and x = 1 will give the this integral as

g (g - 1) (6.4.18)

This will give the full solution in 2-dimensions as

% _ % (247 =A (W _ %) (6.4.19)

which gives the final result in 2 dimensions as

<€ZF)4 (47TN1(0)T2>2 VO <7T ) 75) 0420

which, when simplified, will give

(6.4.21)

m

2\ 2 474 2
o (€ _ ,€kpT A
(6n?) (£) = a2

where A = (1 — 7/4)/4w. However, it must be realised that a factor of Volume™!

has not been included in the Q-integral. In previous calculations this was not
needed as the factor V cancels throughout the calculation, but in the UCF calcu-

lation it must be included as there is no cancellation [4]. This can be explained
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by using the argument that

/ 9 — Q¥ — L (6.4.22)
(DQ?)?

which would imply that (60)? ~ L*~? and therefore (6g)* ~ L¢. We know that
(6g)? should be O(1) which implies that the result should be divided by a factor
of the volume, V. This will give V = L? where L is the size of the system, and in
2-dimensions this will give

sn? — kxt®> R
s m2 ¢(0)2L2

(6.4.23)

where ((0) = y/Dh/A and is the length scale at which the fluctuations of ong will

become independent.

6.4.1 Superfluid density calculation

In the superconducting case the contribution from the Drude conductivity will

give the electromagnetic function as

nse>  mne’r A?

Transforming the summation into an integral and evaluating will give

(ng) = TAnT (6.4.25)
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which is the average superfluid density of the system. By using the substitution

_ 2rmky kg
(2m)? 2n

for d=2 (6.4.26)

this can be written as

B Ak%ﬂ'
4

(6.4.27)

s

The fluctuations were calculated in the previous subsection and evaluating will

give

4 .2 2
e, D (6.4.28)

o= A qorE T Aop

A negative superfluid density may be plausible when the fluctuations in n, become
comparable to the average value, which can be evaluated by the fluctuations dn

divided by the average (ns), given as

(ons)?\  4AD? 1 Ce'p? 1 ]
< (ns)? > A2 C(0)2L2kE T A (G)2¢(0)2L2ph, (6.4.29)

where (G) is the conductance of a normal metal.
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Chapter 7

CONCLUSION

7.1 Conclusion

The results of chapter 5 show that there are significant cancellations in calculating
the DC limit from the AC results of the normal state UCF diagrams. This shows
that one cannot simply derive the AC results from the DC diagrams.

The results in chapter 6 were calculated using exact methods of superconduct-
ing Green’s function on all diagrammatic UCF diagrams. This has reproduced
the assumptions of Spivak and Zyuzin which were quoted in their 1988 research
paper [7]. The agreement between the results show that the fluctuations in ng
can become comparable to the mean value which gives rise to the possibility of
regions of negative superfluid densities. This implies that at the SIT transition
there may exist islands of a local negative superfluid density which will result in
Aharonov-Bohm oscillations of h/4e and a reversal of the Josephson current.

It must also be noted that the contributing diagrams in the wrong sign cancel-
lations also cancel one another in the superconducting UCF calculations. Many
research papers have questioned the idea of deriving any superconducting diagrams
purely from the AC normal state results. However, this thesis shows that there
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may exist a link between the DC normal state diagrams and the superconducting
contributions. Although this may just be a coincidence in the calculations of this
thesis it is a possibility of further study; and in the next subsection the relation
between the AC normal state and the superconducting diagrams will be shown for

possible further study for the reader.

7.2 Further Study

A method known as the Exact Eigenstates Method was originally proposed in 1989
by Ramakrishnan [35] which uses a mathematical model to construct the results of
the superconducting diagrams from the normal state AC diagrams. This method
has not be used in this thesis as the derivation from the AC UCF diagrams will
be more complex than evaluating the results deriving them from basic principles.
However, throughout this thesis it has been shown that the only diagrams which
contribute in the normal state DC diagrams are also the only diagrams which
contribute in the superconducting regime. This may imply that the supercon-
ducting diagrammatic contributions can be derived directly from the normal state
DC diagrams. This is a possible area for further study. As finalization, the cal-
culation of the reduction formula, which relates the normal state AC rsults to the

superconducting results, will be derived for the Drude conductivity bubble.

7.2.1 Calculating the reduction formula using Kubo Dia-

grammatics

The Ezact Eigenstates Method (EEM) is a mathematical formula which relates the

superconducting-state electromagnetic response function in terms of the normal-
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state electromagnetic response function. This can then be related to the correction
in the superconducting number density. From previous sections, we have ruthlessly
calculated the superconducting response function for weak localisation and found
it to be a very long and rigorous calculation. The EEM will give the reader a
much easier way to calculate such a diagram - as, essentially, all that is calculated
is the normal-state diagram and the superconducting representation is given for
'free’. The equation relating the superconducting representation to the normal-
state representation will be denoted as the Reduction Formula

This method has a major assumption that the order parameter, A, is position

independent.

Normal-state

The easiest way to derive the Reduction Formula will be to use the full Green’s
function on the simplest model - in this case the conductivity bubble.
Before proceeding one must realise that the Green’s function is now the full,

non-averaged Green’s function which takes the form

G(r,v'siw) =Y % (7.2.1)

m
m

where ¢,,(r) corresponds to the eigenstates of the system.

Substituting the full Green’s function into the Kubo formula will give

oy [ € 2 1 1 ,
Kop(r,1'i0) = (%> TS T T g PP (r) (7:2.2)

w m,n
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where

Pana(8) = 0 (8) 5= (x) = G ) 2~ () (7.2

e} e}

are the current matrix elements. Fistly, change variables to &, = ¢ and &, =

¢ + ¢ and then approximate the energy levels by a continuous spectrum, » =
0) [ d¢ to give
Kasteot's i) = 050 557 fae— : (6) s ()
ag\t, 1, - 2m2 L i — g _ 5, W+ iQ — é\pnmoz Prnmp
(7.2.4)

The integral contains two poles, £ = ic — ¢ and £ = ie +1§2. The only contribution
will be when there is a pole either side of the real axis which implies that ¢ and
€ 4+ 2 must have opposite sign. This condition will be satisfied by introducing the
heaviside function, ©, which will be added at the end of the calculation. Using

the residue theorem and closing the contour in the UHP

(€& —iw —192)
(=€~ O (€~ — 0]

B [ —271 ]
W =& =& inria

Res(f,i€ +iQ) = 2mi

2mi
= 7.2.5
Q)+ & ( )
The full electromagnetic response will become
Kog(r,1;iQ) = 7”N T§ :2 : 2t D)O(w + )Prma (1) Prms (')
ap\t, 1, ZQ + é., Prma\Y pnmﬁ
(7.2.6)
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We know that Y O(—w)O(w + Q) = & and o(iQ2) = K (iQ)/Q we get

1

/. - ‘N 0 2 /
oap(r, 1’ i) = ¢ 257126 Z o 5npnm(I-)pnmﬁ(r) (7.2.7)

m

This gives us the normal-state conductivity for the conduction bubble using the full
Green’s function. The next step is to calculate the superconducting representation

and then try to relate it to the normal conductivity that has just been derived.

Superconducting-state

In the superconducting case one must introduce the Pauli Matricies, 7 2 3, together

with the identity, 79, to obtain

e \2 1 1

K, ) /; ) =-—) T T : . - nmo nm, !

p(r,15190) (2m> zw:; rLw—ﬁng—Aﬁzw—i—zQ—fnTg—Aﬁ Prme(¥)Pnms (1)

(7.2.
This can be simplified using the identity 7,75 = iwap,7y (i€ €123 = 1, €913 = —1
etc) to give
1 1 - —w(w+ Q)+ (E+ )€+ A?

iw—EnTs — ATw +iQ — &3 — A [+ )2+ A2+ w?)[€2 4+ A2 + (w + Q)?]

(7.2.9)

Using the usual substitution >~ = 2N(0) [ d¢ then the electromagnetic response

becomes

€ ) —w(w Q) + (€ +E)E+ A7 :
<%) 2N(O)T;;/d€[(§+£/)2+A2+w2][£2+A2+(w_i_Q)g]pnma(r)anﬁ(r)

137



7.2. FURTHER STUDY

The integral can now be solved using the residue theorem as

/ it —w(w+ Q) + (£ + )¢+ A?
(E+ & —iW)(E+E& +iW)(E+iW')(E —iW’)

where W = VA2 +w? and W' = /A2 + (w+ Q)2 Closing the contour in the

UHP will enclose the poles £ = iW’ and & = iW — & giving the residues as

N (W+W)
ZRQS (18 =5 WW’ {(AJFWW)(S'? + (W+W’)2)}

where A = A% — w(w + Q).

Doing partial fractions will give

o A+ 1 B 1
;Res(f’“ T aww {(§’+¢(W+W')) (5’—2’(W+W’))}

Notice that the final two terms will give the same result when summed over all £

and so this finally reduces down to

Kop(r,r';iQ)) =

ERODIEESEE
1
W+ iAW+ &, — €, e

(r)pnmﬁ(r/) (7.2.10)

This formula can be compared to the normal-state EEM formula and the reduction

formula will be given as

- Q
K(0,4Q) _WTZ{ “’W‘jf W oow 4w (7.2.11)

where K(0,i€2) is the electromagnetic response function in the superconducting
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regime and o is the conductivity in the normal state AC regime. Therefore, this

shows that by replacing 2 with iWW + ¢/’ in the normal state regime and by
. A2—w(w+Q) . . . .

adding a prefactor of |1 + =—3777— | then this will give the full superconducting

electromagnetic response function.



Appendix A

MULTIPLY GREEN’S FUNCTION

INTEGRAL

A.1 Green’s functions identity

Throughout the normal state UCF calculation the assumption has been used that

m-+n—2
N(0) / delG e = 2Ny | (—ir)™ ()" (A1)

m—1
This result will be rigorously proved using Cauchy’s Residue theorem together
with complex contour integration in this section.

Recalling the form of the retarded and advanced Green’s function, we can write

/dg[G‘]m[Gﬂn _ /df(zw — L - ! (A.1.2)

§— )" (iw — &+ 5)"

This integral can be performed as the sum of residues in the upper and lower-half

il



A.1. GREEN’S FUNCTIONS IDENTITY

plane as

o : { : ]
i 4 v
dgnt | (iw — € — 57) E—viwti/2T

tomi 4 [ ! ]
T - -
dgm=t (iw— &+ 5) E—iw+i/2T
(A.1.3)

Taking the differential and substituting the poles will give

2mi(—1)" (=)™ Hm(m + 1) (m + 2)...(m +n — 1)]

+2mi(=1)" i)™ nn + D)(n +2)...(m +n—1)]  (A.1.4)

By factorising out a factor of i7 and then substituting (i7)™*t"~2 = (47)™ (i) !

one can write this as
2r7(—iT)™ )" m(m 4+ D(m +2)...(m +n—1) —n(n — 1)(n —2)...(m +n — 1)]
which can finally be simplified into the form

m+mn— 2
2T (i)™ (ir)™ ! (A.1.5)

m—1

This proves the result given at the beginning of this section which is used in

chapters 3 and 5.
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Appendix B

SUPERCONDUCTING UCF

B.1 2 ladder superconducting UCF calculation

B.1.1 Type-II

The odd-w will be calculated by solving

TqGMmwﬂ%h¢waGMmwﬁ%ﬂh#ﬁ@gﬂ%%ﬁﬁ}
% TI'{G(kQ, @I>G<k2, @/)TgG(kh (D’)TgG(kQ, @’)Tg%}

which will give the numerator

= WAE W6+ &) + 2P + &) - 2% (616 — W)

<[ = WG+ W6 + &)+ 20" W (6 + &) - 267666 — W)
The even-iw will be calculated by solving

TI'{G(I{Jl, (Z))G(kh (I))TgG(ICQ, @)T;;G(k?l, (D)}TI‘{G(]{?Q, @/)G(kg, @,)TgG(k’l, (D,)TgG(k’Q, (Z),)}
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B.1. 2 LADDER SUPERCONDUCTING UCF CALCULATION

(B.1.1)

which will give the numerator

(& + W& — W) - 203616 — W) — 2% (6 + &)

X (@ + W& — W) - 266 — W) - 2676(6 + &)

ww’

with both even and odd contributions having a denominator

(& + W2 + W™)(& + W?)(& + W™)? (B.1.2)

B.1.2 Type-1I additional impurity line
Odd-& contribution

The odd-@ term is given by

(i@ — AT1>
w

(i&' — A'r)

Tr{F7 7

YTe{F'ry } (B.1.3)

the first trace term can be calculated to give

— W&+ W?) (& + &) (&&s — W?) = WP (& + W) (&1 + &) (626 — W)
— 20°65(626 — W?)(&4€3 — W?) 4+ 20° W26 (6 + &) (& + &)

+ 207 W2 (&1 + &) (&€ — W) + 20° W2 (& + &3)(&1& — WP)

and the second trace term can be calculated to give



B.1. 2 LADDER SUPERCONDUCTING UCF CALCULATION

— W& + W?) (& + &) — 207%E3(665 — W) + 20°W™(6 + &) (B.1.4)
Multiplying both of the trace terms together and integrating with respect to &;
(where i = 1,2,3) gives the final odd-@w as

1) [ = A2AZ(W?2 + AWW' + 3W") + 4N*0PW 2] 78
AWAWA(W + W)

(B.1.5)

The (—1) coefficient is due to the minus sign in the superconducting ladder.

Even-u contribution

The Even-& will be calculated by solving

Tr{FOYTr{F"} (B.1.6)

The first trace term will become

(Lo + W?)(&& — W) (618 — W?) = W& + W) (& + &) (& + &)
— 207 (&1& — W?) + 20°W2 (&1 + &) (&1 + &)

— 206 (& + &) (&&s — W?) — 20%6, (& + &) (&6 — W?)

and the second trace becomes

(& + W) (&& — WP — 207%(6& — WP — 20766 + &) (B.LT)
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B.1. 2 LADDER SUPERCONDUCTING UCF CALCULATION

Integrating with respect to &; (where i = 1,2, 3) gives

[_ AQA/Z(W2 + AWW' + 3wl2) + 4A2@/2wl2] 7.(_3
AWIVAW + W)

(B.1.8)

The contributions from the even and odd-i terms are the same, however, the odd-
& terms will have an extra minus sign due to the minus sign in the superconducting

ladder. This means that the overall contribution will be zero.
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B.2. 3 LADDER SUPERCONDUCTING UCF CALCULATION

B.2 3 ladder Superconducting UCF calculation

B.2.1 Type-1

0Odd-o terms

The inner and outer loop contributions, after commuting into an appropriate form,

are given here below.

Configuration | Outer Loop Inner Loop
~ ~ _ s — 1 A ~ _ =/ A/

T3T3WwW Il,QTgG(k’g, (,L))T?,% 12’37—3G(k:17 w )7’3 W ;VA, T

= AL\ it A 51— i A
T3WT3 [1’27'3G(]€3, W)Tg zw—‘;v Il [2737'30(/{?1,60 )Tg W W T
~ ~ _ — A ~ _ 1 A/
WT3T3 [172’7'3G(k’3, W)Tg% 127373G(k1,w’)73%#
==~ .y é ka & iw—AT .y é ki iw' —A'Ty
www 1,273G( 3, W) T3 W 2,373 (K1, )T3T

These different contributions can be factorised and simplified to give the full

odd-w solution as

—4od’

W TI'{Il,QTg,G(k?g, @)TgG(k‘g, (D)Tg}TI‘{IZngG(k?l, @/)TgG(k‘l, @/)7’3} (BQ].)

The full contribution becomes

1602w [53(5152 —W?)2 —W2(& + &) 4 (65 — W2) (& + &) (& — Wz)}
W @+ WPE + W@+ WP

y [51(5253 — W&)Q - W’2§1(§2 + 53)2 + (f% - W,Q)(fz + &3) (&85 — W'Q)}
&+ WER(@ + W& + WP

Taking the integral with respect to &, & and &3, and recalling that a factor of

EVE should be included from the expansion of each G(k + Q) term together with

viil



B.2. 3 LADDER SUPERCONDUCTING UCF CALCULATION

a minus sign due to the odd number of & terms, will give the final solution as

2 212
_ kVg 128w“w (B.2.2)
m ) W2W2(W +W’)°

Even-u terms

The inner and outer loop contribution, after commuting into an appropriate form,

is given as
Configuration | Outer Loop Inner Loop
T3T3T3 [1,27'3@(]{3,@) 12737'36(]61,@/)
Tg(j)(f) —]1 27’3@([433,@) ]2737'3@(]{?1,@,)2@/%/5,/71 i@’;VA/’n
(T3l 973G (k, @) EAn =B | 1) oG (ky, &)
WwT3 1 573G (k3, @) @20 WATl L_an WAT1 I 373G (b, &) & WA,/Tl L WA//Tl

Combining and factorising will give the full 3 ladder even-w contribution as

?/‘L/UQTT{Il 273G (K3, @)} + 2;;ATT{11273G(k3, )i}
fﬁ‘f; Te{Dys7Cilkr, &)} + 2@/5%{5 Gk, &)}
which can be simplified into the form
A (L Gilhs, @) (i — Ar))Te{Lyym Gk, &) — A'm)} (B.2.3)
W2W/2

Integrating through by &3, & and &3 will give the final solution as

2 212
EVi 12800%w (B.2.4)
m ) W2W2(W + W)

1X



B.2. 3 LADDER SUPERCONDUCTING UCF CALCULATION

B.2.2 Type-II

Odd-& terms
Configuration | Outer Loop | Inner Loop
7'37'3(5 AOTg —ithATl AI7'3 —iwl;VA,lTl
7_35)7_3 AO7-3 in;VAn AIT?) iw';VA/'n
OT3T3 A9y —W{/VA” Al —i‘:’/J‘ZVA,/Tl
S5 —AO7-3 mJ;VAn _AI7_3 ia;’;VA/’n

where AO = TgG(kl,(z))G(kl,w>G(k1, )T3G(l{72, )TgG(k’g, )
and AT = G(ks, @' )73G (ko, @' )G (ky, &' )13G (k1,0 )G(k3,&"). The inner and outer
loop contributions can be factorised to give
42 i+ An

TgT} x Trace{ A’rs} (B.2.5)

The numerator can be calculated and taking the trace will give

—4ww’

L W26 (&1 + &) (616 — W?) (&l — W?) = W26 (& + &3)(G1&0 — WP) (6165 — W)

FWAE(& + &) (& + &) (& + &) — W (& + &) (618 — W) (& — W)

—W2(A? = &%) (&1 + &) (&1 + &) (&8s — W?) = WA — &%) (& + &) (& + &) (G16 — W?)
—W2(A? = ) (&1 + &) (& + &3) (€162 — W?) + (A% — %) (616 — W?)(&1&5 — W?)(&x6s —

x [&,(& +&)(G6 — W)~ WR(E + &) (6 + &)
H(&1& — W) (&l — W) + &(& + &) (816 — W) }
(B.



B.2. 3 LADDER SUPERCONDUCTING UCF CALCULATION

Even-u terms

Configuration | Outer Loop | Inner Loop

T3T7T3T3 AO AI
5)7_35) — A© Al W;VA/ITI W;VA'ITI
WTs —A© —Af
7_35)5) —AO AI i@/%/A//T]_ iu‘)’a/ﬁlln
This can be simplified to
—40’ O I/—1 Ay
e Trace{ A" } Trace{ A" (&' — iAT)} (B.2.7)

This can be calculated as

20’

W/2
— W261(& + &)(&1 + &) (&8s — W?) — W26 (& + &) (&2 + &) (L6 — W)

—WA? —0*) (& +&) (G +&) (G +E&) + (A2 =) (& +&) (& — W) (L& — W)

HA?=0%) (& 46) (L&) (L&~ W2)+(A%—0%) (&+&) (L&~ ) (5153—W2)]

— W2 (614 &) (L +8)(G1& — W) + & (SL& — W) (&8 — W) (&8 — W?)

— WW?E(&1 + &) (& + &) + W& (68 — W) (&b — W)

+ W W (& + &) (Ebs — W) + @' W(& + &) (8162 — le)}

B.2.3 Type-1I additional impurity line

Odd-& terms
Configuration Outer Loop | Inner Loop
7373w and WTyTs BOTg—iw—;VATI Bl —W;“VA,/TI
7'35)7'3 and (f](f)(j) BOTg—i@—;[/ATl BITg—iw/a/A,/Tl
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B.2. 3 LADDER SUPERCONDUCTING UCF CALCULATION

This can be simplified to

—2iw’

TR Trace{ B9 (iw + Ar )} Trace{ B’ 73} (B.2.8)

and calculated as

Trace{ BOr3(iw + A} = iw[& (616 — W?)? (&8s — W?)?
= 2W26 (&1 + &) (& + &) (Ga6e — W2) (&8s — W2) + WG (& + &) (& + &)
+2W2 (6 + &) (&6 — WP)(Ea&a — W?)? = 2WH (& + &) (& + &) (Ea&a — W)
+2W2(& + &) (66 — WP)* (E&a — W?) = 2WH (& + &) (& + &0)* (L& — W)
HO(A?=2%) (646) (L& —W?) (&6~ W?) —40(A?—&*) W2 (€1+62)* (§+E4) (§16— W)

F40(A*=0%) (&3+E4) (§1&—W?)? (&6 —W?) — 4w (A’ —0*)W? (&4E) (E3+E0) (16— W)

Trace{B'73} = i’ [(&56 — W)? — W?(& + &u)?

+261(& + &) (E&a — W) (B.2.9)

Integrating with respect to & (where i = 1,2,3,4) we are left with a zero contri-

bution.

Even-w terms

Configuration Outer Loop | Inner Loop
737373 and wrsw | BC B!

~ ~ ~ ~ i —A/ io’ — A/
3w and wwry | —BY ple—gmic_omn
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B.2. 3 LADDER SUPERCONDUCTING UCF CALCULATION

This can be simplified to

—2iw’

7 Trace{ B®}Trace{ B (&' — iAr)} (B.2.10)

This can be calculated as

Trace{B°} = & (€16 — W?)(E6a — W2)? + W6(&1 + &) (& + &)
— W26 (&1 + &) (E€a — W2)? = 4V26(& + &) (& + £0) (Ga&o — WP)(E36a — W)
— W26(& + €0)*(Ga& — W)
+2(@0% = A)(€ + &) (€364 — W?)? = 2(0% = A YW2(&) + &) (& + &) (€364 — W)

+2(0* =A%) (E3464) (G6—W?) (L6 —W?) —2(0* =A%) W2 (£1+&) (&+E4) (L& —W?)

and

Trace{ B (&' — iA'm)} = —W" (&8 — W22 — W (& + &,)?

+ 20 W (&5 + &4) — 20261 (&5 + &) (€380 — W)

Combining the two terms and integrating with respect to & (where i = 1,2, 3,4)

we are left with a zero contribution.
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B.3 4 ladder Superconducting UCF calculation

B.3.1 Type-1

Odd-o terms
Config. | Outer Loop Inner Loop
7373730 | Gke, @)71311 573G (ky, @) 73(i0 + Amy) G(ks, @) 1315473G (ky, @) 13(i + A1)
7507373 | G ke, @)1311 375G (ky,@)73(i0 — ATy) | Glks, & )73l 473G (ky, @) 75(i@ — Al'my)
o733 | Gky, @) 731 573G (ky, @)73(i0 + A1) | G(ks, @) 75I473G (ky, @) 73(i0 — ATy)
WT3T3T3 é’(kg, w)13ly 37’3@(1{74, ©0)73(i0 — ATy) é(kg,, (D')Tg[gATgé(kl, &3 (ico + ATy)
3000 | —G(ky, @) 731y 573G (ky, @) 13(i0 — ATy) | —G(ks, @) 1315 473G (ky, @) 73(ic + A'my)
Gamsi | —Glky,@)73l1 573G (ky, @)73(i0 + ATy) | —G(ks, @ )T315473G (ky, @) 73(ic0" — Alry)
Geoms | —Glky,@)sl1 573G (ky, @)73(i0 + ATy) | —G(ks, @ )T3I5473G (K1, @) 73(ic + ATy)
O1308 | —Gky, )31, 573G (ky, @)73(i0 — ATy) | —G(ks, & )1315,473G (K1, &) 73(i0" — Ay)

By factorising and simplifying we are left with

—4oa’
ww’

160%™
Ww'

Trace{é’(k:g, @)7311737'3@(]{54, (D)Tg}TI‘aCG{é(k‘?,, @/)7'3]2747'3@(]{1, @/)7'3}

(B.3.1)

(& + €0) (6 — W) (@60 — W?) = W2(E + &)2(6& + &) (Ga6a — W)

+ (6 + E)(E& — W)k — W) = W26 + &) + )66 — W)
X [(52 + &) (E16s — W) (E28a — W) = W (&1 + &3)° (&2 + &a) (260 — W)

+ (& + &) (&& — W) (&& — W) = W& + &) (& + &) (&8 — W'Q)}

Integrating with respect to & 234, and including the minus sign due to it being

X1v



B.3. 4 LADDER SUPERCONDUCTING UCF CALCULATION

and odd contribution, will give the full odd-& contribution as

452572
Even-& terms
Configuration | Outer Loop Inner Loop
TaTaTsTs, W00 | G(ky,@)7sI; 373G (ky, @) G(ks, @) 1315,47m3G (K1, &)
TyTs08, GesTs | —G kg, @) 7311 573G (ky, @) G(ks, @) 73l 473G (ky, &) 2 WA,/Tl 2 WA,/
o730, OTslTs | G(ky, @) 731 573G (ks @ )%% G(ks, @) 13l5,473G (ky, @) WA,/TI & WA/,
OT3T300, T3y 7’3[1737'3G(l€4, )G(k’g, )’“’A“ % —G(k’g,@/)T3[2747'3G(l€1,@,)

By factorising and simplifying we can write the overall contribution as

_45)2@/2
W2W/2
X [Trace{é(k3, & )13 15 473Gk, @) (i — A’ﬁ)} (B.3.3)

[Trace{Ghs, @731 373G (hs, @)(i — Ar)|

Calculating the traces will give
— 420"
W2

—4EW (& + &)(E — W@ — W) + (€ — W)(& — W) (61&s — W)?
— W26 + &)2(8 — WH(E — W) — 4iaW 6 + &)(& — W66 — W)
x [ — LI W5 (£2E0 — W2 + 4i' W€ 1E5(Es + £1)°
— 41 W61 (€2 + €) (6 — W) (€0 = W)+ (6 — W2)(62 — W) (s — W)

WG 60 E - W) (E - W)~ i WG {60+ ) (6 W) (G~ )]

[ — LEW €y (165 — W2)? + LW Ay (6 + &)°

Taking the integral with respect to &34 will give the final 4 ladder Even-w
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B.3. 4 LADDER SUPERCONDUCTING UCF CALCULATION

contribution as

124 2~ /2 4
P12 (B.3.4)
W2W2(W + W2
B.3.2 Type-11
Even-u terms
Configuration Outer Loop Inner Loop
T3T3T3T3, 7'35)7'303 IlngG(k’g, )TgG(k4, ) 1374T3é(l€1,@/)7'3@(k?2,@/)
TsTs00, T3wors | —L2mG ks, 0)73G ke, @) I 473G (@) 75 g, ') 2T 184
D707y, QOO0 | 1a7sC ks, @)73Gl(ka, @) E5RT BRI | [y 473G (I, & )Gy, @) R 20
Ty, WoTsTs | 11973 G (K, @) 3G (K, @ )lw‘?ﬂ% —I3473G (ky, @) 73G ko, &)

Simplifying will give

—4ai

WQWIQ Tl"{]l 2T3G(]€3, )TgG(k‘4 LU) (Z(A) - ATI)}TI'{]g 47’3G<l€1, )Tgé(l{fg, (I},) (Z(I) - ATl)}

(B.3.5)

and the outer loop expansion

TI'{Il 27'3G(k337 )TgG(k’4, )(Z(D — ATl)}
=i | (& — W) (&6 — W22 = W2(& + &)% (& — W22 = W2(& + &) (L& — WP)?
FWAE + &) (& + &) — AW (& + &) (3 + &4) (262 — W) (&84 — WP) (B.3.6)

Integrating the product of the inner and outer loops will give the final result as

5127 0%0"”

W2W’2(W + W’)12 (B'3'7)
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B.3. 4 LADDER SUPERCONDUCTING UCF CALCULATION

0Odd-o terms

Configuration

Outer Loop

Inner Loop

7'37'37'3(2) and 7'3@7'37’3

WTeT3T3 and WWT3W

7_37_35)7_3 and T3WWW

wr3ww and WwwTs

The entire odd-& contribution cancels down to

— 4w
WwWw’

Expanding out the outer loop contribution will give

Trace{73[1’2T3é<k3, @)Tgé(k4, CI))}

TI‘ELCG{Tg]LQTgé(k’g, @)T3é(k4, (I))}Trace{Tg_ngTgé(kl, (D,)T3é(k’2, (Z),)}

(B.3.8)

= 2i0| (& + &) (E26 — W2)2(E38y — W) + (& + &) (&6 — W) (&8s — W?P)?
— W2(& + &)% (& + &) (&8 — WP) = W2 (& + &) (& + &) (L& — W)

Integrating the product of the inner and outer loop and recalling that the Odd-i

terms will give an additional minus sign will give the final result as

—512740?w"?
W2W/2 (W ‘l‘ W/) 12

X Vil

(B.3.9)
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