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ι. ιraoi)ucτι≡

In making an investigation into the distribution of prime 
numbers, it is natural to seek as a starting point some trans­
formation between an expression in which the prime numbers
explicitly occur, and one in which they do not.

Such a transformation was first given by Baler in 1737 
(0ommentatIones Acad. Sci. Imp.Petropolitone IX p.!6C-188) 
who proved that

in which pη denotes the n prime number and where both the 
series and product converge if 5 (supposed real in Biller’s 
work) has real part greater than unity.

Riemann, in his investigations on the distribution of 
primes (Uber die Ansahl dor Primsahlon untor oiner gogebonen 
Grosse. Berliner L⅛natsber, 1889) took this transformation 
as the basis of his work, and was naturally led to a discussion 
of the function, ⅞s) ; of the complex variable 9≡ <γ≠l^ , 
^ I” being real, defined when <r>∣ by the series in 1.1

In order to define C(S) for all values of cr Riemann 
obtained the Integral form

where <r>∣ , and then proved that the right hand side of this 
expression is merely a particular case of the contour Integral,

1∙21 ^πi e*-ι
whoro the path of integration starts from ’infinity* on the real 
axis, encircles the origin in the positive direction without 
enclosing any of tho points ≡ * ± jsταt jv’ ∣, z√ - ■ ∙ ■ ) .

which are poles of the integral, and returns to the starting point, 

∏ow the above contour integral is a one-valued analytic

function of s for all values of s, hence the only possible
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s insularities of the expression 1∙21 ore at the points ^ ∙z 2, 3 - - 

which are the simple poles of Γ^-s), but for s≡ 2z ^ 4, - ∙ ■ 
this oppression reduces to 1∙2 which is certainly finite at these 
points, so that the only singularity of 1.21 is at S= L

Hence we obtain the representation

ι∙≡ w -t!) i'-4≤1*
^πu c c -1

which continues ?t«) over the entire s -plane, except at the 
point s - 1 where it possesses a simple pole.

Working from this expression, Riemann proved, firstly, 
that ∣f-∣)⅝s) and ^) - ^ are Integral transcendental 
functions, and secondly, that the function Γ^<)3γ^5^) 

remains unchanged when s is replaced by l-J,
This last remark gives the classical functional equation

which affords a series representation of V6) when <r^o , and 
from which it is evident that;in order to study the behaviour of the 
Zeta function, it is onl∕ necessary to consider <r^'^.

Since the product IT l∣~p's) converges when <r> I it 
follows from 1∙1 that ζs) has no zeros in the half-plane <r^ I 
and consequently, by 1∙4, no zeros in the half-plane <r<o excepting 
the obviously trivial ones at 5=-2,-+,-*>z-- - . Hence all the non­
trivial zeros lie in that strip of the s -plane,defined by β<<r⅞∣ ; 
it is tħ⅛6 region which is called the ’CRITICAL STRIP’, whilst the line 
(r∙∕z may be conveniently called the ’CRITICAL 1≡E,.

It is at this stage in Riemann’s memoir that his analysis 
loses rigour, and he asserts without proof that :-
(1) If we put S’yxt ct f t being regarded as a complex variable,

and S®^ T , - 'k5 , A Γ— (Λ∕ ~ λ yr sts~'∕ 'L∕z,∣ j(s) ■ 

so that the functional equation is expressed by ^ct)~ ~,(~t), 

then ^^) considered as a function of t* is, in modern

language, an Integral function of genus zero.
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(II) iho number of zeros of Γ6) in the region defined by 
o ⅛ <r⅛∣ T? t > o is approximately equal to

iπ o 2Jr χτr
(ill) It is probable that all the non-trivial zeros of ζs) 

lie on the critical line, or, what is the same thing, all 
the zeros of ^^t) are real.

Of these assertions, the first to be proved was (I), the proof 
being incidental in a theory of integral functions discussed by 
Hadamar! in 1893 (f3tude sur les proprletes des fonctlons entieres 
et en particulier d,une fonction conslderee par Eie≡mn, J∙de 
Bath, (4) 9. 1893)

Hence if ^,,^,^,--- are the zeros of ∑,^ with 
positive real part, then

the product converging absolutely for all values of t∙
Using this result von ⅛ngoldt investigated the second 

assertion, and in his first memoir on this subject (Crolles J.114 
1895) proved that the number of seros of ⅞s) in the region 
defined in (II) is of the form

where R (T) is of the same order of magnitude as kg* I, 

In his second memoir (l⅛th. ..nn. 60 1905) von Hangoldt
reduced the error term to the magnitude of b⅛ T which still 
remains the best form.

Although Hadamard (Bull, de la Soc. Hath, de France 
24. 1896) and Be la Vallee Poussin (Ann, de la Soc.3c⅜de 
Bruxelles 20 (2) 1896) independently proved that no zeros of ^s} 
lie on the line <r=l (and therefore on the line <r≈o ) the third 
assertion of Riemann, now known simply as ’Riemann’s Hypothesis’, 
is still unproved.

ether contributions of an important nature were made by 

Jenson, Lerch, Stieltjes, Mellin end landau, and the behaviour 

of ⅞s) outside the critical strip was well explored by the time



Landau’s important treatise ,Handhuoh der Lo⅛e von dor Vorteilmif; 
der Primzahlon* (Vol. 1 & 2 Leipzig 1909) ms published.

Bio analysis of b) inside the critical strip has since 
proved to bo one of the greatest problems of modem mathematics, 

and although steady progress has been made, yet the real nature of 
Γ s) inside th® region remains undisclosed.

‰s analysis forms the subject of this thesis, and an account 
of all the important results contributed since 1909 is given; this 
period being selected since it aliens us to take landau’s treatise as 
a reference work (we will, in fact, refer to it as H. ) and complete 
those parts concerning the Zeta-function.

Hie notation to be employed will closely follow landau. 
Bins the symbols 0 and o will be as defined in H p∙59, with 
one important addition. If we meet with an inequality of the type 
ιRt) ∣ c ⅛c) 4,W and write F∖t) = 0 {φWj then the constant
implied by the 0 would be a function of c whilst if we write
P(t) =. 0 ^W<f(t∣) then we should infer that the above inequality 

is satisfied for some choice of [(¢).
As usual, ^,(s) and ^(s) denote the real and imaginary 

parts of s respectively.

be make one important alteration in the notation of landau.
In order to avoid the tedious introduction of a set of constants 

cl c», ti ' '' ⅛ into an analysis involving a considerable amount of 
Inequality work (see e.g. H. p∙171 et seq. ) we shall follow Borel 

usiħ9
ln + one constant c throughout the analysis In which it first occurs.
4 constant of this type - i∙e∙ a constant which may roughly be 
described as an ’absorbing constant’ - will, in order to prevent
any ambiguity, be referred to as a Borel constant.



2∙ 2≡θ212L^L⅛2I≡⅛!i^^^

The use of iophantine methods in the study of the Zeta-function 
first occurs in a memoir by Bohr and landau in 1910 (Uber das 
XθEhS21iθZLΣ∞LJiiJ≡S^-Jχl^l--i∑L^^

Each 1910 ) ι∏ which a theorem originally due to Dirichlet
(Berliner Sitzungsber 1842) is used to prove the unboundedness
of Γ(⅛] in the neighbourhood of the line cr= I. This theorem 
asserts that, given H real numbers % , %....... % , and a positive
integer ^ , it is possible to f ind H integers χ,t xυ-∙ ,∖, and a 

N
t in the range I ⅛ t < ty so that

∣⅛ - ⅛∣ < | (>∙∙, v∙ n)
It will be useful to give the first application of this theorem.

Let 3 be a positive number then :- ~
∣V^*>I i I £ n—s-^∣ - I £ 0-^1 > ∣ £^^ - ∑ "

> £ CoS -t⅝n}∏l^ - 22 ∏'~

Now by Dirichlet’s theorem, we can find ζ in the range l⅛ζ⅛e ,

so that ∣-ζ⅝a - 1¾"∙∣ « ⅛J ^∣,2,-- Λ)

“■“• co5-t⅛) ? ⅞t (Wv∙c^ ∣⅛ςs^)
Consequently ⅛,Jtiξ)∣ > iJn< £ n"J > ⅛ ∫V⅛ - j i"S 

∣ V+ι ∙ ⅛

∣^<s^l > ⅛C^ t«) 6*t.<O
Take N= [^J where W will always mean the integer nearest x;

then ∣U-ς'^[ ^ 7 6*t.^)
Since 5 can be made arbitrarily small, it follows that ^(s) is

unbounded in the ne labour hood of <r~ I

Farther, since ζ 4 ^ we have
⅝⅝ tβ < ^⅝6 ≠ γ⅝G * ∙≤∙ 

which gives the result :-
THcJORSLl 1* It is possible to find a constant |£ such that 

∣ ∣ > K bj bg t
for r ? ∣ and t * e ,
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Dlrichlet’s theorem is essentially contained ina result 
given by Kronecker in 1884 (lW⅛e1 Vol 3, p∙49 ) which, will be 

taken as the foundation of the work in this section and may be 
stated as follows.

K⅛OgBO^^ Suppose Af/ λ^l∙∙ - λw are N linearly independ­
ent real numbers (i∙e∙ no relation of the type α-Λ''^<¾ ∖4' ^1 ∖f « a^t 

where α,A,∙ ^, are integers, not all zero, holds between

^∣^l" ^ )∙ Ij®$ %, %........ %, ^θ ® arbitrarily chosen, real
numbers and e is positive and arbitrarily small. Then N 
integers ∖,∖t- K and a real number t exist such that 

lt^- ^"kl < e n-*',V K 
Geometrically speaking, the theorem assorts that the set 

of points obtained from the sot (r∖t∖...............t⅛) to
H- dimensional space by reduction of co-ordinates modulo I lie 
everywhere dense to the E- dimensional unit-cube.

For the proof o< this theorem we refer to the Proc.bond. 
I¾⅛h. Soo. 1922 whore two particularly elegant proofs by Lotton- 
meyer and Bohr, bused to geometric and analytic ideas respectively, 

will be found.
Before proceeding with our discussion of the Zeta-function, 

it will be advantageous to deduce the following COROLLARY TO 
KRCEECEER’S THEOREM.

Let λι, K λκ, denote, as before, a set of II linearly 
independent real numbers. Let th ore be given in the N- dimensional 
unit-cube £: 0 $ φ^< ι ^τ√y....... ^∙) a cube JL oriented 
parallel to the axes of the ∣7,,¾- - --7n space ; rjn^ v^^^~ with 
side of length d<∣. Let M - M JL,T) denote the set of
all values of t in the interval o ⅛ t> T for which the point ζ 
obtained from the point (A, Hi√ - ⅛) by redaction of its 
co-ordinates modulo I belongs to the cube JL . Then far every 
T>O tin set M consists of a finite number of intervals, and,if 

∏∣(T) denotes the sum of the lengths of these intervals, then



-7-

We will only prove for the too-at≡cional case; the

general case will he obvious.

τ
extension to the

such that:
a 

networks are

The statement; that for Tro M consists
of a finite number of intervals is evident
The unit square Q is covered in two differed
ways with a network of equal sized squares 
of side 5 (ultimately to be made mall)
oriented parallel to the axes Those two

For first type : Centres of subsquares must all lie in £ and have
no common point. Let be the number of these subsquares lying 
wholly in Q and λ the number lying wholly in JL
For second typo: Bach point of 0 lies inside at least one subsquare.
Let L be the number of these subsquares which contain at least one 
point of Q and A the number containing at least one point of 
By Kronecker’s theorem the points in 0 lie everywhere dense, hence 

' the length of side of both types of subsquares, can be chosen so
that for a given positive ¢,

.I λ A
8 .i d-ie * τ s 7

let nT<(Γ) Smote ⅛e αu≡ of
which the pt. obtained from the

lengths of Intervals of t In O≤t^T for 
pt, ^,l⅛ι-∙∙ ¾ by reduction of its

co-ordinates modulo 1 lies in a subsquare of first type. Similarly 
define ∣η" with respect to subsquares of second type.

Then evidently

∑ ∖Cr) * ^U ∑⅛r) : ∑ √(τ) * T * Σ m"{τ)
so that, by division, we have

Let tσ a∏i t¾ be two subsquares of first type with centres at Γ and P 
and suppose corresponding values of ∣q are rq and tn .

The point reduced from t∖j U1J falls in ισ 
if, and only If, the point [(t-flt tjλι (^t-11+f1)Λij 
lies In wx ∙ t being sufficiently large.
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Hθdoθ I m' M - m' Ml < C rhere C is a constant ∣ ω1 1 /1 )
evidently L∣m mζ J) s *, , so that

2 .≡ Lm ⅛M = I

Λn analogous result Mil, of course, hold for the second type of
subsquare. liquations 2.1 to 2.3 shew that it is possible to find
T > Tβ ι Te depending on e , so that

whence
d2- e <

which proves the corollary.

d -t-

≡hls corollary naturally leads to the
following theorem.

≡OI≡ 2. let Jl be a region in the B-dimensi onal unit-cube ¢, 
measurable in the sense of Jordan. Let its content be P.
Let M= M⅛T) be the set of values of t lying between 0 and T 
for which the point ζ reduced, from the point (t∖λ t∖) falls in dl^ 
and demote by rn,lτ) and mj] the outer and inner measure of the 
set H.

Tako the case ^=2. . Since JL is measurable, β can be covered
with a network of subsquares of side ^ oriented parallel to sides

of £ , such that, if N( 
in JL ; and K the numbe: 
then N Sx > P → , 

positive ‰c 
Since ∏tcτ) ^ £- m. /7)

*∙ IV, * ,

corollary L∣m m√τ) _

is the number of 
which contain at 

and Nχ 8^ ≤ P+ e7

FαkT) ≤ £ m ∕T) 
5v the tħeor

subsquares lying wholly 
least one point of JLf

S depending on the

and by the previous 
nr easily follows.

We now enter into a discussion of the set of values which ⅛Cs) takes 
when s describes a vertical line <r≈ ς Ln as* the complex plane.

Prom Soler's product form 1.1, we have For or m
⅛ ¾rtt) = - £ pj ) ≡ -£ ⅛ (∣⅛ pn^,f 

n-1 n^ ∣

where γ ÷ 1⅛ ρ .
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Let H(σj) be the set of values which the more general form 

¾,‰'''V'J - ' f∙l^<^^^) f¾∣∙W 

ta⅛s when q> φι ∙ φn independently run through all real
values or, what comes to the sane thing, all real values in the 
range o ⅛ φ < 2x.

Using Kronecker’s theorem, it Is possible to show that the set of 

values of log ^β^-it) ^<t≤0o' is included in tho set ^(^>)l 50 
that wo are led to a discussion of t↑tf.
Then ¾ varies from 0 (inclusive) to 2ττ (exclusive), the number

∣ ^ pn 6 " describes a cdr ole, so that the point log j τ ∕>n e, n] 
describes a convex curve in the complex plane. Consequently, a 
determination of the set M(⅞) necessitates the ’addition’ of an 
infinite number of convex curves. Bohr (*0m Addition af uendelig 
range konvekse Ehrver’ Qversigt over Danske Vidensk*selsk.Forhand 
1913) has studied this problem in detail, end has obtained results, 
vhich, from some points of view, have quite a definite character. 
For example, he has found that if <r√l then the set H(σj) 
of points in the complex plane form a finite region, D, bounded 
either by a convex curve, or by two convex curves, one being interior 
to the other. From this it follows that the set of values of 
⅛ ¾*-lt) ^<f0m7-acxt^oo). is always dense in D. 
(Bohr. *Coπptes kendust 154. 1912, p.U80)

It would appear that this method, depending as it does on 
Baler’s product, is limited to <r^∣ . However, Bohr and Courant 
(Crelle J∙114 1914) have generalised the method so that it is 
applicable for ⅞ * ^ . , ∏e proceed with their investigation.

Let us write

, fa) ∙ e.m ∏ 6- ⅛') 
» n ∙ i<v N
so that R t,) - ∏ (,. p;f x ¾π f,.pJ ∙ 

first discuss Rμ(s).

Consider the function
V ■ ivhwj)- ∑⅝. 

n » / π
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Since the series ^)c1'2 ? ∙ 1-2^3-- converges for <r? a it

is easy to see that b = 0 ror a< p* Γw∏
and. by known theorems (H∙ pβ778)

and. I lrnt ' I ^ Z ^r n ? ρ

where r >'∣z and. cc >o

E⅛om a previous remark relative to value of ∣ (rH L a<ρ anol a? b n- ‰ ∕H∣ I
it is obvious that for a fixed, <τ in the interval ½ < ς ⅛ ∣

we have
• 6 L∣M o^ ≡ 0

W -, ∙c

If 'i ^ 07 ⅛∣ then on the line 07 , ∣l- 2 j∣ ^ C?o f hence
.τ

∣R ^⅛)-ιptlt < ^T using 2.5 ,
-T ’

lβ^ ∕uCr) = swm g^ lengths of intervals of T between ’T anl * ;
for which ∣ ^n∙C7* i*)~∣∣ ?£, Λθre £ is arbitrarily small and positive.
then this inequality gives

possible to choose Nβ = M($, ez<5) 
small and positive

so that, by 2.6, it is 
such that, for J given arbitrarily

∣ulT) < 3T O? ⅛∕ τ>t)

Ch the line <ς = I we have the zeros of ∣- 2 (at the points
t= ½2±f ^.- 11 12 ∙ ) to contend, with. Enclose each of these zeros in

an interval of length ^ « ⅛∑) , ∑ being so chosen so that sum
of lengths of these intervals between "T a∏A*T is smaller than ∕1∏l

T>o and. sufficiently large
On the set of intervals remaining, which we denote by I (J∕) ne 

certainly have ∣ι- 2's∖>c^0 where c is a constant, independent of

T and also τ



vhere the dash denotes that Integration is through the range X 77^) 

l^^^)-'∣2^ <

the length of sub-intervals of I^τ∑) in which ∣RN^ + it)-t| ^. e iβ 
therefore scalier than £^J

Choose N so that for N^Nc, <j⅛ < ^ S’

Bien ^> T) < ∫i $ Γ +^ ST = ST 

vhieh completes the proof of the following theorem.

THEOREM 5. Let ς be a fixed number in the interval '∕i< <r6 £ ∖ and 
let 6 And £ be arbitrary small positive numbers. 2ιen it is 
possible to find No = N, <r ς ^ such that the sum ^T) of the 
lengths of the intervals of the real variable t between -T andj for 
vhicħ l^(5÷d)-∕∣ ^e is smaller than ST , ∖l being >Nβ and T^T^j .

⅛ now investigate the value of

or, what comes to the same thing,

Σ⅝6- pΓ)∙
Let us consider the more general expression ^^..7J = Sl^gj-r^t

where H is a positive- Integer d<ς<ι ^∣,v⅛ an^ % % are B real
variable** Let / denote tho set of points &(%%•■• fy) °® the
complex plane z=∙ ^ obtained when yt yr ρ Independently take all 
values in the Interval 0 $ n <∣ . It is easy to see that when the 

p’s run through these values, the point L^ j-r ^^: describes a 

convex curve Γn so that z ' is the set of points formed by the 
’addition’ of the B convex curves Γ Γ - Γ let B denote a 
rectahgle drawn in the £. plane with centre at 2 and oriented

parallel to axes 5 =ll+lιr and so defining a set of points u.*u.<uυvv<r. 
Let B be fixed and Λ= Jlw be the set of points 

in the IT-dimensional unit-cube Q ^ ^ 9λ <') in
space, such that the point

ξ^ ηi. . . ^ lies in the rectangle B∙ She

following four theorems will be fundamental:-



(I) Sho sot JIis me astir able. Its measure (in Jordan’s

sense) will bo denoted, by P a) and. egresses the probability 

that the point ⅞ lies in R∙
(II) VJhen the rectangle R moves continuously with same dimensions 

and orientation, then f [e) is a continuous function of 
the centre ?.

(#) 4/ ⅛<tsΛ <nιX

(≡> ξ w >0 when, and only when, 4 point of 2^ lies in R∙ 
For all other values of 2 P (z) = 0

(IV) For every positive e there exists a positive 5 such that, 
for all values of ≡, P (z) ≤e only when the area.,
of R is less than > £

We sketch a proof of these theorems using induction.
For the case N=ι the set ⅞ coincides with the single convex

She curve ∣7 is divided into a finite number of 
intervals by the rectangle R, each of which defines 
a corresponding interval in the set JL of values 
of i;( . Since these intervals change continuously

as R moves continuously, (D and (II) are evidently true.
‘‰ third assertion is evident and (IV) follows without difficulty.
It is now only necessary to show that if the theorems are true for 
case H, then they are true for case hM,
Let R be a fixed rectangle with centre ⅞. Let ^w41 be a
fixed value in the interval o<^<∣ and denote by ^ (%t,' the 
set of points in the N-dlmenslonal unit-cube 0 s ^<∣ (V 1,2,- w) such 
that ⅞^Λ,∙*∙ ∙ ‰) falls in R.

anoβ ⅞m(%v ⅝Λ∙J = ⅛∙ u ♦ ⅛c→∕,χ')
we see that ^⅛t,) is the set of points (P,-∙∙‰) for which ⅛∣vλ) 
lies in the rectangle R with centre at z.-I^^i-r^t^1^,

Hence, by hypothesis, ^¾. is measurable and has measure fjζ~Ly(ι-r ^^ 
W now shew that the set lzΛ is measurable,

and that its measure Pr (z6) agrees with the integral;-

r ∙ [ τ∕,j⅞-^1^1.^)^,



v⅛lι⅛ has a sense, since

If- A and A are the outer and
is, by hypothesis, continuous.

inner measures of JZ we have to N+ '
shew that for every positive e, A < T+e and A > P-e ( then 
since A ^ A it follows that A = A = 3"

® i, ° L

Let ^ι and R2 be two rectangles drawn with sane 
centre as the rectangle R, and defined relative
to R, as shewn in the diagram.
By (IV) we can make Rl and. R2 so near to R, that

’ ζ ? γr ^^ l 1"i ζ ' P ,Se
Divide the integration range o 5 ^ c ∣ into sub-intertals of length 

$ so that

s∙9 ∣T' ^p'h-^K^i’^
and for each point ^ in the sub-interval ‰ f , 7n + s} the 
corresponding rectangle R with centre 2p-L5c∣- r^ι ej'i'7*,tι) Iios
entirely in the rectangle R associated wilt 9 and entirely outside the

Vrl
rectangle R( associated with ^ ,
Hence the inner and outer measure of those parts of SL for which v+ι

•7 belongs to the Interval (» « J) are at least equal to S P or
at most, equal to S P respectively, where R a∏i R, are associated 
with

⅛nββ A « S∑Fw A > sfpw

so that, Using 2*8,

Therefore using 2.9, A<Ttt

nt A ^ ∑∑P‰ 
ς s r

and A ? Γ^e so that

By definition of J it follows that ζ (2) is continuous (II); and 
if Tr * [e)≤e for all z so is ^1°^^ , (IV). The remain­

ing theorem (III) is deducible by evident arguments using 2.10.

Having now obtained the fundamental properties of 7 we prove
R

the following theorem.
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®^®4* let the sequence o < r11 rs - ∙ ∙ rn.........  , <. ∣ be such

that £ ς diverges, whilst 2V converges. Let F, be a fixed

rectangle in the 2~ plane with centre at ⅞ and oriented parallel to 
axes. 3hen a positive number ⅛- k (Λ, 4) exists such that 

rκ ⅞) > k for $ sufficiently large.

W ⅞m(‰Λm"' ⅞j, ¼tl-r∙^ Lh’N), a®« let ζ¾

be the measure of the set of points in ‰ - - 7 space lying in the 
unit-cube 0 ? ^ < ∣ ^≡ Nr∣l m, - - ∙m) for which 5^ ^ '. . . ^ J lies in 
R of centre 2

(*,M
It is evident that T (2) will have the properties (I) to (IV) 
attributed to F j⅛).

> Since

it follows that

j* Π√'-'IJVwulV V ΣΓ <A;
"∣Vfl *<l * ,^∣ ∣

zJ⅛noe ∑rι^ converges. A, being a constant dependent only on the rs. 
divide the 2 -plane into a network of congruent ,axes-parallel ’ 

rectangles R, and let

Γ = t^ F where the dash denotes summation over all the 
rectangle R, possessing at least one point common to the circle 

,  _w _.'l
∣≡l £ J∑A and Γ = X P lhθ summation being carried

over fell the remaining rectangles and, of course, is the measure 
of the set JL of points ∙ 9λi) lying in the unit-cube Q 

^tn<↑ n≈^∕' m) for which £ lies in any rectangle R having no point 
in common with the above circle*
We have

A ^ f I S ∣ ∙ ∙∙ ⅛ ^ [ ∣S I , ⅜ ^ <2AI «1« . ≡ 2 A F
£ Λ'' Λ"

2∙11 Hence P < )^ so that F>Λ- , -— since Γ*> F is ⅛e

contents of unit-cube. How let l^ - k(⅛,z,) ⅛e so chosen that

the set 7 lies insido the circle ∣≡∣⅞Jza +- B z there A is defined



above and. B is the greatest distance of a point on the edge of the 

rectangle Γ (centre ≡β ) from the origin . Let ^^No - 

Represent on throe planes the complex variables

-ivldG the x,Wm planes into a network of congruent squares of side ^ 
where £ is any fixed number less than one third of the scaliest side
of ⅛ . It is clear that to each square Y in the y- plane
then corresponds at least one square X in the x-plane, such that.
if ^ he arbitrarily chosen in Y and x arbitrarily chosen in X
then 2 =**^ lies in ζ.

The set of points 7l- 
{i lies in the square βjf X Is measurable; let its measure be
ζ . The set of points l^ι∙ - -^) in the unit-cube c⅛^⅛∣ (^Nh,∙ m) 

for which £ lies in the square z is measurable; let its 
measure be ^-1^ .,. The set of points 1¾ ^ ∙ ¾) in the unit-cube
osp <l ∕rt = ∣ - - ∙∙ nJ for which S ani $ simultaneously lie in X and Y 
respectively, is measurable and has measure ζ ' ∣ γ
Hence

> 7 pλ∙ pim^ ^- A Y

where the summation is taken over all the squares (and of course,
the corresponding set of squares X ).
Since P>o this inequality persists if the sum is taken over all
the squares Y which have at least one point in common with the circle 

I ⅛∣ * JjA . For such squares Y t the corresponding squares X 
must lie inside the fixed circle lχ∣ ⅜ JIa ¼ β (since ⅛ ≈=x*^- lies 
inside ^, )∙ Owing to our choice of ∕Ve there will be a finite 
number of squares X lying In the circle ∣χ∣ ⅛ J≡a + β each possessing i 
one point of 5 Inside it∙ Hence by (III) page 12. each of 
the corresponding probabilities ζ is positive, so that a 
positive k exists, independent of H, but dependent on Nil i<©,., Gn.

i∙e∙ on fand fl such that for all the squares’/of this type



so that from 2.12 n^ vr ^λ > zk λ r .
whore tho summation is taken over all squares Y which contain at
least one point common to the circle ∣v∣^ JIa, But by 2.11, this
≡*∙ >⅛ hon« P‰k ∣mW∙MH<ti≡⅛

■ to are now in a position to prove the following theorem relative to 
the Zeta-function.

i≡JU⅛Σ⅛ 5. Let ⅞ bo a number ⅛n⅞e interval ⅛ -∙⅞⅛ ∣ . ⅞cm the
values of ¾on the line r-- ^ lie everywhere dense in 
gomple∑ -plane.
That is to say, for a given complex number a^o and a positive *, 
arbitrarily chosen, it is possible to find ζ such that

Choose a positive ς ≈ς(ε,^ so that, from the inequalities ∣^-α∕<^z 
∣y-l∣≤6l follows ∣x⅛-Λ∣<t, Sow determine ft>o so that the lnequali

ty ∣Uj, x- ^Φti 1® consistent with ∣χ-α∣≤el.
Associate ]f 0“ P∏*) snd ^[s) for * and ^respectively, and 
we see that our theorem will be true if we can determine N and t

13

so that
a4o

Write f^r°--rn and λ=-⅛frl^, so that
0 Γ 1 ~dβ 1 2-Ill-t,∖v

. .To prove the first of 2.13 is equivalent to proving that N and ζ 
can be determined so that

∣^lβJ+ ⅛) +t^ Λ∣ <t1 α≠c)

Let ^ be a fixed rectangle in the z~plane, oriented parallel to 
the axes, and lying wholly in the circle ∣⅞ t ⅛α∣ < ^, 

Since £«^ «| and r ≈ p'* the series ∑rπ diverges and ∑ζ,x 
converges. Let 5 ^. -- ?^ —- £.^p-rner'7J then Sbenrem 4 
indicates the existence of a positive number ⅛= kjζ,r,,∙∙z- J =k[α,⅛,^)

and an integer No ≡ Λ⅛e^) σuch that for all ^≥^ ⅛β



2.14

-Im­

probability, Γ
is greater than R

that the point ⅝- - ∙ %) liβs to ⅛

r√*)P > k O' ’ m
She necessary and. sufficient condition that the point 3fl^^ belongs
to the rectangle ∣ζ is that the point obtained, from the point
(ΛV - - - tr^ by reduction
the set JL , vho□e measure

the set

and we may use Sħβorem 2∙

of its co-ordinates to Lod∙l, belongs to 
is the above r .

Ar- ∙ λ^ are linearly independent

let M - N(τ) = f√ τ) be the set of values of t between o and T

for which the point ^λl∙ ∙ * MJ by reduction of its co-ordinates

to mod∙l belongs to (SL. Then h(T) is equally the set of
values of t between 0 and T for which the point ^(ς+ii) falls in 

lζ so that, N(T) consists of a finite number of intervals, is 
measurable, and its measure ^T) ≡ ∣t (T∕ is the sum of the

lengths of these intervals. Consequently by Theorem 2

so that, associating ^^,-U-) with ^^- ∙ - - ^j and using 2.14

Bow consider ^,^^)- Applying Theorem 3 with e=≤, and ^- ∕Λ 
we have, the sum of the lengths fijl, of the finite number of 
intervals U<τ) of values of t between-TamL+ J for which 

∣^∣ς1-^-ι∣ ?e, Is smaller than ^kT for Γ sufficiently large. 
.’• The content ∣u' jj of the subset L* (T) °f points in

L(τ) for which t>o is certainly smaller than ^^7^
⅛oose 17 Tv so that rn^p- ? ^ which is possible 
by 2.15. ?or these values of T and No determined, we have 
simultane ously

n∕∖τ) ^7xl^ β°a ∕W* ^kτ

Hence, there is at least on value of t, say ζ in the interval ∣ςτ)



belonging to the set M (τ) and ∙∩ot to the set L'(τ) so that

and j ¾ (βξ * ^^ + ⅛α∣ ≤ e2 by definition of

the rectangle B∙
Consequently it is possible to find ζ such that

I ^t it.) - α∣ * 6 a-^O.

Oils theorem is valid for values of on the fixed line <r≈ ∙
if we could prove that the sane theorem holds in the neighbourhood
of the line <r= σj then we should obtain immediately, the following 

re salt given by Bohr (‘i⅛Hdi2jlJ^ 158. 1914) :-

5ħo function Γ(s) take every value, except 
soro, infinitely often in the strip ,∣x^<r<l.

This theorem had already been established by Bohr and Landau in
1913 (,I⅛th2jnn, 74, 1913) assuming the truth of Riemann’s hypothesis 
using analytic methods based on an extension of the Picard theorem 
concerning Integral functions.
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≡ ORDER OF « ¾ αj a

If It is possible to determine a finite number f'≈ f(<r)
such that for c positive and arbitrarily email, and <r=σ-,

^*^* o^∣t∣rt(
then ^<r-^i^ is said to be of finite order for <r = <ς.
It is onjy necessary to consider the discussion of convergβncy of 
Dirichlet series end the contour integration of functions Involving 
such series, to realise that the determination of the order function
associated with a given Dirichlet series is a problem of the 
greatest importance*

properties of this order function, ^<r-) , and problems of 
an allied nature were first Investigated by Lindolof and Pħragmen 
(,Acta ⅛th,, 31* 19CB) and the following beautiful theorem is 

of fundamental importance.
≡EJ≡iΛGI^^ (S∙ P∙θ49)

If ^) is regular and of finite order for <g⅛σ-^σg , 
[∣ς)=O^tΓ) for <r* <r and 0 lt∣f) for <r=<r^ then ∕W≈ oθ∣'r9 

uniformly for eg * σ- s eg , ^) being the linear function which
assumes the values* and * for cr=<r a∩i <r-<g, In particular, if 
^s) is of finite order for <rl ⅛σ~⅛ σg and bounded 0# the lines 
σ-=07 <^- 05. then it is bounded in the whole strip between then.
In the ease of the Zeta-function, it is trivial that

fj^ ~ O ∕β* r ? ∣

and equally trivial, using the functional equation, that

so that, by the ≡wagmen-Xindelδf theorem

8.1 ^<r) ⅛ /^) - £- ^ fcγ 0 ½ <r * I.

Rollin in 1900, and landau in 1906 had successively given fj^)^ '^σ" 

and ^(<r) s v^^, so that the above result duo to Iindelδf 
(’ ⅛⅛Ll⅛^ ’ (2) 32 I 19 03) is certainly a big Improvement,
although It is doubtless very crude - in fact, the actual determina­

tion of the order function associated with a given Dirichlet series



Is a problem of the greatest difficulty.
Another theorem which will be of use in the sequel concerns 

the maximum value of the modulus of an analytic function. Let ^⅛) 

be regular for ∣s^^ , and let ^(r) denote the maximum value of ∣(Mj 
on the circle s∏r< f , then it is known that H(r) is a steadily 
increasing function of r and is also a convex function of logr. 

Sils last result - which was given independently by Blumenthal 

('i⅛⅛-θ≤^^ 7∙16∙ p∙97), Faber (*Ha‰AM⅛∙, 63, p∙549) and
Hadamard (1Bull.de la Soc.Math.de France* 34 (1896) - usually known 
as HADAMARD’S THREE-CIRCLE THEOREM-may be written:-

⅛ C¼) ^9 (r*∕r<)

if c < η s r $ rx < f .

It is apparent that of particular interest is the study of the order 
of Γ(S) on this line <r ≈ ι ; we proceed to discuss this case first.

Working from the trivial result f6) - * Mellin (1900) first 
gave Γlιt⅛)≡ O^trJ - we need only consider positive values of t 
- and this result was sharpened by Hardy & Littlewood* in 1912, 
who obtained

^ι ÷ U;^ ≈ o ^L>y t) .

We are thus led to sock for a finer result, i∙e∙ to seek for a 
function which increases slower than log t tut which approximates 
to the growth of Γp≠ ttj. We will prove:- 

»™ 6 , ^,.^)^, a,¼Ls.t).

Consider the function

where ^ is a positive constant, defined in ⅛e region bζ≈∕ι ιs∙σ-^2. 
Assume theorem to be false so that )^(s) ∣≤ c ⅛⅛Γ ( where
c Is to be a Borel constant)on the line σ~= ι t>ζ)r giving, since 

∣sI <- ∣ * + r) an^ ∣ ⅛ ⅛ s∣ > bgl^ t

ull.de
Soc.Math.de


It is trivial that

∣K'>I <c for <r÷ 2, t > ζ

In the region in which ∣^ is defined., ⅛) - °M ħθnoe

^'0t⅛H'°w p*^zzt,⅛}
These three results, using the τhragnon-lindel6f Theoremt∣that ∖^
is hounded in the region in which it is defined* Hence

I T(S) ∣ « c ∣τr∣l¼hsl ∣ l*<r*az b?f.) 

which, in virtue of the obvious fact L∣m 11^^1/^1^ = ∙ gives

t",0θ

for ι*<r*z, Γ > ζ .

This result directly contradicts Theorem 1, so that we must have

5j÷U7) ^ kU∣l^r , κ being the constant of Th. 1
i∙e∙ ^∣ t Lt^ is sometimes of order as great as lσzjL∏j t,

Littlewood (⅛oc>lon⅛⅛th>Soc., 1921) has recently consider­

ably refined this result, giving, but without proof
J~ J⅞∖< 

l^loιlt 
whilst, if Riemann’s hypothesis is true

where y is Baler’s constant β

It is seen from this work that the amplitude of the oscilla­
tory function i^(∣^^)∣ tends to infinity with extreme slowness as t 
increases indefinitely. From numerical results obtained by a
method to be explained later (see 7.0 p∙58) it appears that the ampli­
tude of the function ∣⅜j*-^∕∕u‰t fairly quickly becomes definite 
and then converges slowly to a definite value certainly in the neigh­
bourhood of 2. For example, a crest of the curve )7(j+^)∣ occurs at

the point ^sJΓF at which point ∣^Ui^∣l * I <∩ and the ratio ^*7 gHΓ,

It seems highly probable that the truth is expressed by

7 ⅛rg∣ J



Another rosu.lt of a de op character has recently been obtained by 
Hehl ( l⅛.⅛⅛tg, , X 1921) viz. ,

but wo omit tho proof, which is long and intricate and does not

appear to contain any new method which nay bo of use in further 
developments of the subject.

We now obtain results by application of Hadamard’s theorem 
a step first taken by littlewood in 1912 (’Comptos M¾s1154).

TH ⅛0H≡ 7 If Riemann’s hypothesis is true, then 
^lttt) = O^l^t. ¼¼⅛t)

and k√^Lr∣L∣t 1-^1^1^.^^

If Riemann’s hypothesis is true, then log ?^s) Is analytic In the

is applicable to the

whore U b
Choose t>ζ

except at the point J- > , so

denotes

function

tho
so that

that Hadamard’s theorem

⅛ logarithm of t^.
than i ? r ? //

It is trivial that

3.31 M(<) = 0^t).

If (Γ>∣ then k^ ∏s) * ⅛[, +f∣ ^5*sJ ≤ ^z⅛ + , 
Choose σ~ ≡ I ÷ % r than

3.32 M(rJ * ^ ζ(, , * ½J' ' ⅛J + '

It is evident that

c being a Borel constant.

Substituting 3.31, 3.32 and 3.33 into Hadamard’s theorem, we obtain

rosu.lt
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Hθnoe, taking ∣τ-il , c _ c.
n0 < ∕^-r⅛∙ ι⅛.,t ’ 4..511) ’ e%t(⅛jι-+∖.∕ ∙J

< Kt,-lV’90 ÷ ⅞^J.
Final 3y, taking m»3 and t sufficiently large 

M(r) < ^t γ Leτl^t∙ t- e
/. Since Ul ∣τj÷^)∣ = ∖tfLL^∖^)∖* ⅛ < MH we have

- b^t -^t -^ * ^ ∣ξ(∣*α)∣ < U¾3 L^ 4 Lη t + e.

giving the theorem in question*
Hadamard and de la Tallee Poussin independently proved that no zeros 
lie on the line <r≈∣ (see H∙ p∙321) so that, since the circle ri 
may he drawn arbitrarily near to the line ∣r-ι , this theorem really 
assumes much less than the truth of Riemann’s hypothesis.

We now proceed with a discussion of ζ(s) for values of s 
lying in the critical strip. For values of s lying outside the 
critical strip, we have the re pro en tat ions

⅞s) = ∑, ** ^>∣) ^) = Xp∏) ∕(~ ^sn ∣Y<-5)J2 π <r*o ∖
n≡∣ ‘

and it seems natural to enquire whether it is possible to obtain any 
compromise between these two results which will persist throughout
the critical strip.

Riemann’s method of obtaining the classical functional equation 
was to Integrate the function — around the contour shewn In 
the diagram, and then make <K → ^ - The integral around Γ vanishes 

whilst the integral along the straight lines γ tends
• to the value given by the integral in 1.3 ∙ Inside

( ⅜-¾—=- the contour we have simple poles at 2= mi jι- t >z *2 ∙ - )

∖x ∙ / and the residues at these poles contribute the sum
‘ Σ^∙,. If now we give tR a fixed value, say

sufficient to Introduce x terms of the series ^^ ' and take the 
contour as shewn In second diagram, it would seem possible to obtain 
/—÷^∖∕' a representation of the farm

y R<) ≈ ≡ n'j ≈ x Σ ∏,', *

V∕ ;\ Y va≡θ ^≡ χc*√'‰ 7^ fγ∣→)

× and R represents an order term arising from the



integral taken around ∏ and the lines A.
Hie form of this result suggest that it may be possible to

take, say, the first terms of the series 2 a ' and absorb the 
remainder in the order term R, choosing ^ suitably (e.g∙ depending 
on >c) so that the error term is of the best possible form.

In order to effect this no could write

^2⅛2'-g)

ez -ι
s^, 51 - n,t

ns ^
and integrate the first term along the path γΛΓ and the second 
along > i > which, of com-so, is possible and evidently preferable 

The first of these steps would give

in which occurs the Integral Ja , which does not converge in the 
ordinary sense if <r⅞o, This last difficulty is easily overcome
by the introduction of Hadamard’s notion of a ’generalised integral’ 
(*AθtaJa^.∙ 31∙ 1908 p.339)

The second step will involve no special difficulty if we
make suitable choice of ^- , taking in fact 

2jΓ*y = ∣t∣ w
and a simple contribution to the error term is obtained.

Working in this way, we coo that it is possible to arrive at 
a result of the desired nature, and which has bean called by Hardy 
and Littlewood, the APPROXIMATE E≡CH(HAL EQUATION.

Investigations of this nature have bean made by these mathe­

matic iansjin two recent papers (’Math. Zelts.1 X; ,Proc.Load.Ha th. Soo* ’ 
21. 1922) and we content ourselves with the full statement of their 
most polished result.

THEOREM 8 Suppose that H and K are twt positive constants, and that
f*<r+it with ∣ σ-1 ⅛ H ∙

Let ^ = 2. ^jt)'"iXk ∕i5χr Q∣-s) and zjt×y ^ lt∕
Then

⅛) = E ^1 ÷ x∑ √" ÷ κ
Where

(I) R = O(χ'^ ÷ ^(V^'M^) if K ^ k , p K.



(II) R = u∣---- :------- if x? k, ⅛>K and **^

(III) R≈ u I — i - if x > k !∣>K and ^2 *

there t)(t) denotes the absolute value of the difference between £ 
and the Integer nearest 2 f and the constants implied by the Os 

depend only on H and K.
‰ the first of the previously mentioned memoirs, the investiga­

tions were of a rather clumsy nature, being based τψσn the equality

⅞s) s Σ ^ξ ' "^“ +■ -2- l2j,) ZL h-' ' ^ C^ u^ cUl

niκ 15 λ', iΛn,κ

-valid when <r^oj s≠ι, Λ∏ctx>o which, if- integral, necessitates the 
replacement of the last term in the first sum ty ' x S — and

a discussion of j l∑s ^rru- d^v for different values of rχ .
⅛n,x

She result obtained was a crude form of theorem 8 (I), being valid
only for a fixed <r lying between 0 and I and, further, containing 
an unnecessary factor log ∣t∣ in the two order terms of R.

Hie second memoir contrasts remarkably with the first - at least 
as far as the approximate functional equation Is concerned - and 
theorem 7 is deduced by extremely rigorous analysis from the obvious 
equality, f c s ,^

⅞s)=∙ ∑, n, <- ~J (^ffi-L^^i -— ^Jli-L^i di - _JL— 

where £ Is not an integer,and L and Lv are the straight lines drawn 
from the point r on the real axis, end at angles ^,π and -½jγ to
direction of real axis. Although this genesis of ⅛eorcm 8 is apparently
different from that sketched above, the analysis is of exactly the same
nature.

Suppose 0 & σ-⅛ H and always regard t as being positive
them by Stirling’s theorem, 

so that, since

O^'L --) -- d∣^h √ - O6-)
theorem 3 gives:-



≡≡θ

where

If χπχyβ^ χ and ^ both positive, then
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uniformly for o t σ- ^ H z t>c

Batting x= m ? 1X and using
j Viσr

it is easy to find
3∙+ SlV^) ’ °Ct'4)

H < K
0 ^

v let us nor/ consider the order of ⅜j) on a vertical line lying 
in the c±itical strip. Idndelof’s result, 3∙1, remains the best in 
existence, although Wohl’s result 3.2 may be used to effect a minor 

improv αnent in the theorem

R?) =. 01 t lojtj uniformly for o^σ-≤i

given in H § 24® .
≡aθi≡ 10 If Riemann’s hypothesis is true, then

L^ ζ^+lt) ≡ O{6⅛t)^' I
uniformly for ∕x+ J ⅛ cr ⅛ ι ; t and S^ being two arbitrarily small, 
positive and independent numbers.

Choose S and take r( = ^-(∙+∕is), ^=^-^^^^) ( r=<ς-σ- 
j[s)≡ L^(s) (which is analytic inside these circles if Riemann’s 

hypothesis is true and t sufficiently large) in Hadamard’s theorem. 
Shorn theorems give M[rl) = ^6) , f^CrJ = O(U^) 
Choosing <^-^r , so that the pole ς≈∣ Is avoided,

1 rT ~ zC'~^ hence L" nadamard,
7r∣ ’ j

_ . χΛ-<r) ÷t)

^ri = O[ity^ j
and the theorem follows as in ⅞oorom 4

fflS⅞≡ 11. If Riemann’s hypothesis is true, then a constant a. exists 
such that λ .1 αh,*cr' ι

L?j T^o-+ ^) A≈ C £ [^yt ) J (^<cr<’)

We use the following corollary to Hadamard’s theorem - using same
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notation. lot ⅛* ⅛rl 
ana ∏ 5 ^r) we have

M 5
then for each value ft 21

For, since ft ≥ t∖rl) we have from Hεδarιard*s theorem

Since r <χ , V∏ ≤ ι 
n

cons equal tly

∏* ⅛ M(r,ζ

so that corollary is true if M < ft(r^.

Consider the function X^

Krom theorem 1, it is an obvious deduction that a constant e, exists
such that

3.51 ^ Cl1^1^ ^ for <γm ft *to

The f uncti on ^ possesses a pole of the first order at ς=j
it is possible to find a c onstant c1 such that

inhere s^^ + cb ft is centre of these three circles, ^>»)

Take ft ≡x^∕ie,½^ft

For t sufficiently large we have
(I) o^ r < r< rz < ar and 

suitably, sαy≈^r, the pole at s=r
H >, j (II) Choosing <r 

is avoided and, assuming truth of
Riemann’s hypothesis, ? — 
(III) in, and on the inner 

and consequently by 3.52

Is analytic inside the three circles;
circle each point has abscissae ^ ι ≠-

^) ≡ v. ι≠∕ = fι^'
(IV) every point on the circle ∣s-sjrr has abscissae ? t hence



⅛r J.51
M^r) > ^^^^ = 2h* > ∏*

'These four arguments justify the application of 3.6, which gives.

since M z > 7^ ιci /

M(l∙1) > i ^ '^ , (u5t)
Hence for ∕x < tr *∙'

iy Cauchy’s theorem

we have
4ψ -τ)

> (‰∕) t-’t.

⅛>)∣ t ^_IM«I
5*ι r

λ- ∣s-⅛∣ - r

hence, by taking r sufficiently small, we have using 5.53 
∣^τt<)∣ > »• (4^-^

which, of course, proves theorem in question.

If we define a function p(<r) for ^ <<r-< ι so that
⅛ p*) = o 1 wΓ,r'i , ⅛ ¾ * O[^r'',} 

where e is positive and arbitrarily small, then, if Riemann’s 
hypothesis is true, Theorems 10 and 11 give

ol^-^1 ⅛ v(σ~) a 2.()-a~) (jl ^-^ * ')

Using Haδamard,s theorem it Is poo si hie to shew that ><^^ is a 
convex fu.nction.,

A more precise fern of Theorem 10 may be obtained by 
arguments of almost the same nature as those used In the proof of 
Theorem 7, and was given by Littlewood In 1912.
A proof may be constructed on the lines given In the proof of 
Theorem 7.

⅛0M 12 If Riemann’s hypothesis is true, then

uniformly for ∕x + .- . ^ * σ-- ∣ ^ being any -positive number
If wθ put t = 5 into Theorem 10, a trivial reduction gives



and consequently, by the *HMft' functional equation.

3∙61 ⅛) = C⅛ ^^ ' for ∣r<yχ

a fact which had been conjectured by I∣indelof in 1908.
It follows from continuity that

3.62 ^½^) = CL^

and moreover, It can easily be shewn, by use of the Phragmen-Llndelof 
theorem (see β.g. G.H.Hardy - M.Hiesz, Cambridge l⅛tħ∙Treot So.18, 
1918, Theorem 15), that 3.62 implies 3.6. Hence lObBLOI”S HYPOTHESIS 
is most simply expressed by t e assertion

¾+ut) ’ Q tfc4)
“ for every positive e.

We have seen from Theorem 10 that :-

⅞0i¾ 13 If Biemann’s hypothesis is true, so is Idndelof’s; 
hence any deduction from the latter is, a Portion, valid as a 
deduction from the former.
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4. M⅛AJMM^^

We have already remarked, that the hypothesis of Lindel<of, which
is most simply oppressed hy the assertion that

4.11 ∣ηv^l - o(∣r0
For every positive e , is a consequence of the more drastic assertion
of Riemann.

If 4.11 is true, then it is trivial that

4.12 71 ∣Tft÷^∣ ^' ’ 0(5 )

for every positive integer k , hut it is not evident that the converse
holds. If 4.12 Is true, then

∕T ιite fa∙
4.13 [ 1^1^^^^1 d^ ^ cυ^

τ
where a. depends on I? and b; , and all b's which follow are 
absolute constants
If 4.11 is false, then a set of number ζ can be found such that t
tends to infinity with ∏, and

4.14 l¾^ ⅛)∣ > ⅛C

* ∣∙M-ΓV⅛)∣*

Hence, using 4.14

< l∣χ ∣r~ tj tι using a known theorem 

and n sufficiently large.

M’^l (!f-,-l *
3⅛⅛ ^= % t"- s0 that ∙ h- being sufficiently large, the Interval 
∣^-t^ t £lr) llβs in G 2^r)∙ thθn 

tv ; κ- t t--⅛-

/ l¾V^I ^^ (^^),^ = λ^M tk

Which contradicts 4∙13∙ Therefore:-

gLaOREM 14 A necessary and sufficient condition for the truth of
lindolδf,s hypothesis is that



for evary positive integer k , e being positive and arbitrarily small, 
other deductions from Lindelof’s hypothesis have been given by Hardy 
and Littlewood in Proc∙Roy. Soo∙Lond∙ June 1923.
A general mean value theorem due to Schnee and Landau (H∙p.826) 
gives, as a particular case,

I ∣T(<rt^)t d£ ^ zT(2<r)T for <Γ ?/2

and consequently, using the functional equation γ∙ 2.-2<r
∣^r<⅛)∣l<it a^(2J1) ⅛'x*r^2⅛7 f0* σ~ ^^x'

To complete this result and, incidentally, to discuss a particular 

case of 4.13, it is necessary to evaluate

f I τ⅛ - ^)∣1 <w∙
This evaluation has been performed in two distinct ways by Hardy and 
Littlewood, the first depended on very intricate analysis of an 
Indirect character (, ActaJE⅛tħ∙! 41. 1918) and the second was a 
direct discussion based on the approximate functional equation theoreι 
‰ result is, that

)^(⅛. + *^)l c^ ^ iτi^τ
and 4.12 is evidently true for k= I.
In a later paper (1 Broc .London L⅛tħ⅜3ocl21 1921 p∙39) Hardy and 
Littlewood have discussed the value of

[τ IR- i∣l ^
and in particular,have arrived at the theorem:- 

’ τ
M≡ 15 j ∣¾.x)∣⅛ = 0}τlM)

'T

Wo give the analysis resulting in this theorem; the proof of the

∖ pivtt)∣ ^ can tθ
it is easy to find

previously mentioned result concerning 
similarly made up.
Taking x. = y < JX∙ fc τ in theorem 9, 

p(V^Γ* a∣∑^^^∖ a|x£

in which A is a Borel constant.
It follows without difficulty that X-C[∙) so that it Is sufficient
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for the truth of the above theorem, to prove that

V ⅛l^ = o⅛ψ}ι
- V ∩∑^∙‰ - ^t1m7∙
⅜ proceed, to discuss I ; Ij nay be similarly investigated.
invert the order of integration and summation* remembering that ^
is a function of t∙ Terms in (l,m,n,p) will occur, if v is
larger than c, m, n and p . Hence if 4 = J⅛ and T ≡ T ^,~* pj 
= jπ fUχ. v/e have

. 0lτ∑ι→H <- θ(Σ-⅛- .
Let, as usual, <^p) represent the number of divisors of ^ , then
the number of positive integral solutions of ^-^ =ρ is not greater 
than {<W}1'∙ ħrence

21^^1=) < yl ⅛≤^ _ by partial summation

Similarly

where ζ contains terms for which ∣ζ-<∣i7x, and Σ. the remainder 
in ∑i ∣ ∣^J I ? A hence

2^ ≡ J^£ ⅛θ ≡ Qp^T)4”] , ^7 partial summation and use of

Dirichlet’s theorem 2Jx^*'aL^>v, (H∙ p∙665)

1 r*^ °<1'}^ lt∖^r)}l'∖∖^(l+^ ^t^AT <,<lr∣<> F lr∣ J

= Of Σ ⅛∑m^">] = O∣M∣∑ι⅛')Γ∙∑M'
L o*∣r∣<Λr ^AΓ j , '

= 0^ 4 ^ ^^ I d-Cn-)]l^ ,
Hence collecting results we have

4,4 1∣ ' c*14τSlMlj + 0{τ∣⅛rΓ,
and it remains to discuss



-33-

A general theorem due to I Ramanujan (’Messenger of Hath* ,45. 1916 )

gives us a corollary

whlgh may easily be verified by use of Euler’s product*
A slight modification of ∏ιeorem 46, p∙825 ∏, shews that, if α, αv-
be an infinite sequence of numbers, such that ∣λλ∣ c 0 ^ 
and Γ^) = dn n." then

∣∑Λ - ±Γ÷τ⅛H« ⅛O< - U*
0<> ∖ ur ^o and K is a constant independent of χ and ω

viιere S’ and 6 are arbitrarily chosen positive Quantities.
Taking the contour shewn, we have

Hie residue at s≈∣ is coefficient of in expansion
H⅜

=- _* ) 2 , S
d*i?ΓφIf ¾i

j≤-,-IjmL
,*Φ ^it21) ∣- Jf-v⅛--

° ⅜⅛*7+¼ JH÷mv*≠-√
Hence residue is 0^1^,i)
It is easy to see that the contributions from the integrals taken
around B, C and D are much less important than this term, so we find

4*6 2. <iW
* KX

• ∙ Etom 4*4, we have

= 0 (jcL^x-)

o[W)M ^Wτj
’ oιw)+h

which proves the theorem*

Using this theorem it is possible to considerably refine the result 

4*6 (B.M*Wilson -frac ⅛.⅛⅜L Soo* 21* 1921) Bhtuming to 4*5 and 

evaluating ths integral along the line <r= y% using this theorem 15, 

we obtain a contribution of the same order of magnitude as the integrate
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taken along B and B., i.e∙ 0(x^ t) ’..here e is arbitrarily 

snail and positive. Evaluating the residue at f = / more precisely 

we find
£ [^)∣1 ~ κ∣ 7^4^- ll^J - ħ⅛∖U)0 + Clyc + J>j + Q√i ? 

where is Eul∙r,B constant, and C and D are absolute constants* 

te f/W - ⅛
M iχ

¾∙is result leads us to suspect that 4.

L, ra^’i ^-
but this result does not follow by the methods of Theorem 15*

A verification of this result has been obtained by Ingham,
(,Broc.I∣ond.⅞iatħ⅜ Soc* ’April 1923 ) who states that his proof is based 
upon an "appropriate functional equation" for the square of ζ(s) due 
to Hardy and littlewood, but as yot unpublished.

Another mean value theorem* hut of a slightly different

nature, may bo conveniently given here,

4.71 ∑l
n- >>

Further

κ-' -s

let us write

4.7 10
BOW

≡U≡ 16 If then

h ’X ° i x<*⅛λ, n ,) Λ^>v

rι√v5 = f r-Zff lt'.oi>'l = ^")∑-z. o<r) , ->c 
n t-χ, »x sλ ∕v <λ ∩-ijc

From the approximate functional equation, Theorem 9 (III), we
obtain, if 
disappears,

Hence

f < i2i where c^c so that y ^ ∣ and the X term

Σ- ^ ^ O^ ) ≡ ⅛(j∖

e- 2"s) ¾ * Q<)

n.~i ~$so that
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For the first of those sums, we have

,k^ 'l^ ’ ⅛∣ ' $1 M ’

Similarly for the third sun.
In the second sun write n = vυr k
than this sun is

Collecting these results and returning to 4.73, we have

and the theorem is proved.

We conclude this section with a mean value theorem of a more general 
nature, which will be of great use in the sequel, let ∣[s) be 
defined by the series ∣. x -$k) = <k * I
where ^ct- ∙ςλ- ∙ is a sequence of numbers, each of which is of 
absolute value less than one, and such that their sum converges. 
3ιυ⅛ if we write e ,

⅛en ^ is bounded, so that

< 5 where . is a positive number.

She series defining ∕s∣ evidently converges far r7« .
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31SOM 17 Let o<h⅛'1 and (T? ' +t Tz? » 
'4— '

Then, if ^ = O far

we have

h $ fV where ∏ is an integer ^ 3 .

From the identity

where ζ is the conjugate of cλ , it is obvious that

It is not difficult to shew that both of these series converge

uniformly if <r >'∣‰

““ f∣M⅛ .⅛⅞ ∙^∑⅞f⅛⅛"
Consider the value, with yZm*ι and integral, of

Since ¾ = 2^ we have , by partial summation.

By partial integration, we easily find 
Lς‰)c⅛),t^l s ⅛≤Ll3J

so that, if T>2σ-^ι ι ^^r∏^ wehavθ

This last integral is certainly less than

4.81
We now discuss the third term in 4.8, introducing the conditions

c ^ ∣v ⅛ ∕i 7 o- ^ y^ ^X

SUPPOSE ^ ÷∙
^ -⅛- I fH ‰— tr+pt

For u > [sτj put ⅛χM4 (

. ∑ ⅞ km - Σ ≠ Σ ÷ £
, * IH<ζsrJ H,s[srj m->csτj

in 4∙81 and we find.



Sierefore
4 .88 j; <^ST Σ ⅛- < ^£ ⅛ς

m?£sT3 tκ n<>[jτ] ⅛

^β*f Γlsτ]∕ P^t ^z⅛r3-> I In 4*81 and we find
4,83 M < Λ<j (s√'k u (sr)

Henco combining 4.82, 4*83 and 4*84,

<Λ∕sτ)⅛5Γiksr ¼ ^sτJA⅛L+⅛rl '÷^rf5τ
⅛isrfk 4^τ)2k' ¼^5τ)1κ J

the last step being obtained by partial integration and introduction
of h’s into denominators*

.θ5 U. 1 ^ ⅛ M∣< ⅛∙[(*Λ √"∕[^÷⅛}< ^(sr)'%’Sr.

and the above result is easily seen to hold.

How introduce the condition that ς=0 for αiV ^3) into equation 4.8
She first term is ~ ∣ _ ~2-k

s ar Σ ■= - —
and the second term is, by 4.85, less than

⅛ OTf2l75$rj’
so that the theorem is justified.
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5 . THE ZEROS OP ⅝ - ∙(THE RI⅞≡-≡gQLDT PO≡)
An analysis of the distribution of the seres of an analytic

function is considerably helped, by a fundamental theorem due to 
Jensen (,Acta feth« 't XXII 1899) of which we give a statement, 
and certain deductions.

JEH3ΞH,S THEOREM. Let ^ be analytic inside the circle ∣z∣ ⅛r 
and suppose it to posses? zeros at αl⅛,--- art,-- of which the first γl 

lie inside the previously defined circle. Then

^jr J on the circle j a a. - ■

where 2~t√f* on the circle, and where each zero is counted as many
times as is indicated by its multiplicity.

If Γ((d is the maximum value of β(≡)∣ on the circle H≈r, then 

evidently ^ ^ ∣ JH_£^

COROLLARY. The above inequality persists for all values of γl

i∙e∙ including zeros lying outside the circle ∣⅛Lr, 
Let 4, 4i- ∙ - - αm be the first in zeros. Then

(I) If m ^∏-z o < r√ ∣ αrκ ∣ , and

(II) If κ<κ then

∖Qt- - - a<^ ∖ <‰∣‰ *r ' ∙ ^ I

(III) If M^h- the inequalfcies are the same

Let ^<p) be a continuous function defined in the interval (o^zx) 
then, since the geometric mean is less than, or at most equal to, 
the arithmetic mean, we have

Take ¢(9)- ^ ∣ ^z^Γ where ½ ~ r^ $ f then 

s-n ^sτ
<⅛p ⅛ I ⅛ lll^^ « ⅛7 ∕l(*>Γ*f
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analytic for l⅛∣ ⅛r and. ⅛'⅛olet

σθ

∣⅛∣ r so that preceding equality gives 
o

⅛∣∖^ ^- ⅛r¼φι^Γ^ ∙
the number of zeros, α,. ^-, of ((z) lying in

the circle ∣^6f then by the above corollary

giving Petrovitahle theorem (Landau - ,Bull.de la Soc>liath. de Prance,
33∙ 1905)

Without loss of generality take *2fβ J then
zβ

(r^ζ)Q ⊂ ¢-^1£ * 0) -I ^ -^
Λ5
E KΓ

0
AC 

2n÷⅛

?-0 ? ∖*"f
k∣V√) P ? ^n^ £ <U2 ⅛ — 

mere u-t m ≈ z
We hare thus obtained the theorem:-

ffljj(M 16 Let ∣(≡)= Z ‰ 2. be analytic for J≡J *r.
Suppose «c^o and o4(<^ and let Q be the number of zeros of ^≡) 
in the region ∣½∣ s p. Shen

⅛∣sr

We are now in a position to investigate felrly thoroughly the 

distribution of the zeros of the Zeta-funfition, and in this section we 

will consider only the development of the EISBU]®-MOGOIΦT form 1»6

ull.de
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⅛t ^τ) denote the number of zeros Or the ^eta-function, 

whose Imaginary parts lie between 0 and T » and ^T^ the number 

which, in addition, have real parts greater than τ.
As stated in the introduction, Riemann proved that U(∖iτ]^O and 
made the hypothesis ^('∕j.l,Tj «-0 , further, without proof he gave the 
asymptotic formula, 1.6, for ∣V(T),

The method used by von Langoldt in proving Riemann’s form for N't' 
depended on Hadamardfs product form,and consequently involved a
discussion of the series r∏ l M

p 
where is a complex zero of

Considerable improvements in the details of von Langoldt’s analysis
were made by Landau in 1909, and the opposition given in the ,Handbuch,

£ 91, remains the most refined proof based on the product form.
Backlund in 1914 (’Ogmptot^^ 158) succeeded, by a very 

simple application of Jensen’s theorem, in avoiding a discussion of 
the above series, and it seems difficult to realise that the method 
was not previously used.

We will first prove a general theorem and then devote ourselves 
to a discussion of the error term which appears.

≡SOR≡ 19
nit) ‘ y 4 ⅞ - £ r Rfr)

where

Rj) ' 7f t ^ι^)+ ^ar8 ^c⅛

where <JargΓ(s) is the variation in arg¾) obtained by continuous 
variation along the lines <r=z fc f= 2+ LT and ι÷J b r= ∕l≠tT

Consider the function s^/ - 4 scs'9 
whose zeros are the complex zeros of Γfs)∙ The number of the

zeros of i^ inside the rectangular contour 
ABDS?, defined in diagram, is given by

3Jri 5(9
BVEF

which, in virtue of the functional equation



Ifs) = Tρ-j) . is equivalent to
2 f X^i ds - Δ ^-r⅞. f^) 

where , . arg fls) denotes tie variation, of arg ¾) viiθ2∣ □ 

describes the contour ABC in the positive sense.
Since J(HΓ(,V) and $£-0$7» are finite at s=o and ^s∣ 

respectively, it follows that all the zeroes of ^(s) inside A B D E J? 
are zeros of ⅞⅛) and consequently - U the funtional equation - 
there are 2 V(τ) of them ,

• ∙ = J arg ⅞j>

How, from the definition of ⅜s) , we have

J arg ¾ ⅛ J args + J arg r-∕ + Δ argπ + J arg Γ^)÷ Zlarg¾ 
It is evident that, ^1 arg s' + Z) arg s-∣ « J* 
since arg z = log 2 we have

Z∣ arg π = S 1°S ^- = "- log K
tot 2

Since argΓ⅛) = o at ^-zj Δ arg fl^s) ^ a*8∏⅛4⅛Λr) and,
using Stiiling’s formula,

which reduces to the theorem required.

Suppose that

vanishes * times on the line B C in the diagram on previous page, 
then, since it does not vanish on the line AB, we have

Δ arg Γ⅛)∣
He

tho logarithm being defined by continuous variation.



⅛aw a circle of radius r-^i with centre at βΞ2√ιT,and let
there be n zeros of the function

inside this circle. Since Lett w∙ hate

∣ HL α,^^∣ < ^)^
⅛r known. theorems

⅛H(r)s ⅛ πα>∣Uz*V '∣ ^i^21) ≈ ^(⅛7

‰ value of ∖̂  at centre of circle is JLT(iti∙T^ > A? where A is
a constant.

¾r Jensen’s the or era
^< AUjΠ(r) = <∖⅛τ)

consequently ZJ arg ⅞s) = O^T] aad wβ obtain i⅛∞goiat's result

τπaoκ≡ 20
R(τ) = OC^9τ)

If linddof *s hypothesis is correct, then we may replace the 0
by 0 - a replacement first given by Bohr (Bohr, landau and
Littlewood, ,Bull,Acad.Belg, l15 1913) under the more restricted
condition that Riemann’s hypothesis is true.

Since Linden.of,s hypothesis is assumed true, then

and by the functional equation^

¾- O^ for cr ½ 71~ .

As in proof of von I⅛ngold,s formulae, we find an upper bound for n 
inside a circle of radius r= ^ j ≠ <9 end centre at f= 2 β n being 
the number of zeros of
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By J an sen’s theorem, taking e<⅛ and T>ζ+2 

rvlη^^t)<-L Uy ∣ ∣μ+ r^)∣ ^φ — tη | [(1)∖

• ∙ rt ≤ ---------- - L∏(∣l∣br⅛ / df ≠ 3
∙j∙π⅛L'÷fe) ζ ^ £

On the ere AC® of the circle using lindelof*s hypothesis, 

^ j ^l+^e^¢;J < l*3 τ+*) = ^ Lj(Ttι]

On the arc ADC of tho circle

[^ ∣∣^+∣,Λ∣* ⅛M ≤ fr(^t* e) ⅛ CpzJ
Sho lengths of arcs ADC and BOA are respectively less than KJ? end ⅛

Hence

^" * ∕4 ^K∣Γt∙ &^/l*"£) + Jj, £,"j ^i l^"+z) ^^ /2 ^ ^^ absolute)

< kJe ⅛T , if is sufficiently large .

Therefore n, = ¢(1^^ and we obtain:-

≡EOM 21 If Ilndelof’s hypothesis is true, then

kuO = λC⅛t)

EHSOHEM 22 If Riemann’s hypothesis is true, it is possible to find 
• an absolute positive constant c such that

KO? ^ 0 { t⅛r>7 
or, more precisely,

L™. I»f .^-=-00 = + 00.

We know that R(τ) = -^ a^ ^^ C^ IT) +- O(*) vhere 5"CV<-T) is 
obtained by continuous variation along tho line UΓ from <r=z L <r= /,_.

Suppose the theorem is false, then it will be possible 
to choose a positive number c, so that 

T +---- -4------------

, 1 f¾τ)<∙√hη or - SOT < H^l/

v⅛.ere K is a positive Borel constant, and T sufficiency 
large ,

∙∙ arg ^ft * ∏J≤ K(lηT)^ and - arg ¾ + Uj < k Lq T)C



τ∣ Suppose we find. arg Γ '√lT) by variation along a vertical

A line <r-^ , then the above inequality will persist if we
define arg ‰nT0) - L∣m jarg ^ i^ + arg ζ^÷ √I-e)H 

fe^>O J
Where 2 + lTo is a zero of ^s).
Hence for Γ>o we have

∞β ⅛÷tT)<ql4j5^i)jt ι -arg ¾≠V1) <<tt^^-2^ 

⅜oose an absolute constant ∣ smiler than ordinate of the 
first zero, and lying in the Interval ^z∑).
Around each zero on the line <r^⅛ j b^^ draw half circles 

lying to the riφt of the line, and of radius smiler than 
1/6, and sufficiently mall to avoid cutting each other.

Suppose V^rtT. is a zero, and let s" and s’ be the two points in
which the half circle around s„ touches the line σ- = ∕tl

Ulen arg⅜) ≤ arg $/)+1 or argΓ(s)≤ arg ,̂)'^∙
on each half circle.
let £ denote the region shaded in the diagram and in which, since 
Riemann’s hypothesis is supposed true, bj 5⅛) is analytic.
On the left hand border - including half circles - we have

arg¾5) <M⅛ Lt+it^)f αr

i∙β∙ J⅛‰> < 4^t^+z^0r

- arg ¾ < K ∣ Uj (/

Qn the right hand and bottom borders of G, it is known that

I 5 ⅛ ⅜sj I < K

• ∙ Along tho entire contour of G,

5,1 Jh¾)<4⅛M w '3^ λ̂^ κ{⅛^-M
For <r ½ '∕z we know that, if t is not the ordinate of a zero 

z5 Lrη ^Cs) — O^b)gt)
• ∙ Assuming Riemann’s hypothesis

δ∙2 Lq T⅛) = G(‰^t) Uniformly in G

Write 1

⅛≡) = ^ ol 5^ - e
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½en δn the contour of G, using 4.1

and inside G, using 5.2

^s) ‘

On and inside G, we have uniformly

t^ ? = ¼t t∙ o(.) √. ^∣∖ ^)i e G{(im^Γ]
and so

^∣⅛^lvκ > cΛ-l^^ ^ijh^1)!*^

u⅛±tθ ^

than on contour of G,

IM <

⅛(s)
-2K[U,s) 
e

and inside G, ∣⅜)∣ ^ ^ K ^^ κ^^)^^^ O^

Hence by the Ehragmen-Iindejδf theorem, H(s) is bounded inside G

i.e. ∣Hcs)∣ -=: K in G.

∣9^∣ ^ Ke ' ln G‘

• , ^-^- ^) < ^ ^ (Λ+λ) inside G.

• . In particular, for % ≤σ-⅛4 , t^

We now make use of C&RAEHBQDQBY’S THS ORSK :- (H∙ P∙ 111∣

If P(s) is analytic in≡lie ana on the clnle ∣s-sj<r, 

0≤f<r, A = ma2d≡m value of^⅛on ∣s~sepr . 
then

Pfs) oh p-¾∣ = f ≤ — ∣⅛)∣ ≠ -2^ _L



¾ = ^)Toks

• . in the half plane <r y ^2- we have
∣l^Γ^)∣ < κ[Uyt}t

which directly contradicts TKEORSH 11, and therefore our theorem
must be true.

Theorem 21 was proved by making use of Xlndelof*s assertion 
concerning the order of Γl^ in the critical strip, but we have in 
Theorem 12, a fer deeper result which we should expect to give a 
better form of Theorem 21, but under the assumption that Riemann’s 
hypothesis is true* Cramer in fact, has performed this analysis 

(*≡⅛∙3L⅛∙, 2∙ 1918) ≡l f∞≡≡a that, if Riemann’s hypothesis is
true, then

but he felled to realise that a much better result could be obtained
by using Bohr's method of proving Theorem 21, assuming Riemann’s 
hypothesis, being apparently misguided by the simplicity of his
deduction of this latter theorem Theorem 12 states that
Riemann’s hypothesis is true, then

t^⅛≈O^⅛⅛^l^yLγtj uniformly In <r , for ∕χ

to a circle of radius

hence, with reference to a well known theorem, wo have for

5.31

Ar-lylng Cauchy’s Inequality

⅛^"lu∣V r(yyy ÷ ι^



5.3

we have, for ∕ι+ι h⅛⅛t∕
t

^^^ . Lr^lβy^ tβ^lts^Ly∕^

It is known (H. p.316) that

{ ^ M>∕ /
where f is a complex zero of 3£) ι and ∣r is an absolute constant

• For ½H¼f∕½⅛' ” hwβ

Writing (√i + 7

= O(y∣
Hiemann*s hypothesis being true, we find

of⅛t)
The number cf terms in this series is each of which

Is greater than

(ι'÷'‰tΛ (ιb,⅛⅛.) + kj^^t"
Hence

o∣v⅛⅛
let 5 be different from the ordinate of any zero, and ^^ ^lo^^ "> ¢) 

Divide the Interval Γ∣< r^T*r symmetrically about the point T into 
sub-intervals, each of length £= S(J)- ^^^^^^(^^ . From the

last equation we see that the number of 
intervals is C^^^ , therefore, if ∑c 
T~l < Γ^ T+1 we haw

In each of these sub-
denotes suranation for f with

⅛^*T2

Hence
5.4

X s = 0p½7 ⅛τj

since

From 5.3, we have (H. p.316), uniformly for

zS - -

/

0
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and we obtain Landau’s theorem: -
TBjQR≡ 25 If Riemann’s hypothesis is true, then 

s(1) = 0 {ι√r I⅛½h∑Γ

The mean value of R(τ) has been investigated by Cramer (⅛a⅜h* 
Zei⅜sh4∣ 1919) and Littlewood (’Proc.bond.Lath. Soo. ’ 1921) 

For example, Cramer gives a proof that 
f∖θ) ar = μ ÷ 0^7

where * is any positive number, regardless of Riemann’s hypothesis 
the results given by Littlewood are of a finer nature, but, 

unfortunately, are not accompanied with proofs.
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6« ≡ii ZEROS OF ¾, II DIS TRIBUTE PIT OF E^ ZEROS*

In default of producing a direct proof of Riemann’s hypothesis 
we naturally endeavour to reduce ^ςT] for <r ? ,∕‰ to an order as 
small as possible and raise Nj τj —— which we will use to denote
the number of zeros on the critical line, with ordinates t in the 
range o<t<T^ <≈=*∙ to an order which approximates as near as possible 
to the Riemann-Mangoldt form*

The most elegant theorem we posses relative to the order of 
^ητ) was given by Carlson In 1920 (*Arkiv for Mat*, Astr*Och*Fys, 

>o∙15) and depends on two theorems already noted - Theorems 17 and 18*
In order to produce a function to which Theorem 17 is applicable

we consider

J~ i'^1)[⅛)∑ ^),v 'li = Γ⅛λ ,
where <r?i , ∏ is an integer greater than 3, and ^^ is Mobius’ 
function . (H. p∙567) The coefficient e will, of course, also
depend on B*

we have

con-vergeot for r^o

(H∙ p∙576), we have

ι - Σ- r^ ιv s 22 t,ln) n- 
I N+ι

from which It is evident that
Per n. ≤ N

Krom 6*1, for n >2
kn∣ ‘ I ^ Σ ∣ c Ni

*⅞ t h- 4

where C depends on and is greater than 1 (and will be taken as a
Borel constant) and e is positive and arbitrarily small,
For x > fJ

z
H # K IX

2 ^
J Sm^Sx. ∣>r t ^'1 

l*n
theorem 17, taking :-

S £ I $ N

We now apply the mean value
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such thatwhere 5 is a positive small number, independent of e , 

o « e ^. 5“ x,4 , Since k<^ , we have, for r^ /,.^^-^^7^ « /^-7^ r> ?

6∙3 ∣∙2,1 ∣⅛iγf -∣i^<^ + ±⅛τ) l^(&r)j < c jτ∣∖l ^ (Λr) j (M) '

it is to be observed that C has now become dependent on z as well 
as o∏- €, but remains a Borel constant as far as T and II are concerned.

We discuss the integral appearing in 6.3, by means of Theorem 18.

is

(^', M∙ ) 
r

Choose λ = > Jty∣ so that r* r(J⅛) ∙ s'- (JL* & ~k*) is 
integral end greater then (^ (^,fc) = ∣e" ∑**^+ K∖,l^ 

Take .s0≡ r ^ L τ>⅛j as centre αf two circles of radii 
r and ( respectively, so that the circle of radius

( will pass through -the points ∣vt^τi and ^ + ^÷(τ≠Jt∙ 
By Theorem 18 and trivial reasoning, we find “that 
the number of zeros of ^<) in the shaded, region

isHence the number of zeros in the region, <rz ∕l ∙*-^> , r+ ∙ *t $ T f

Bow (ι - z,^s' has zeros on the line <r^ ι f with ordinates t =

Enclose these zeros with circles of radius ' £ 
let the region of the above lnte⅛ration be called 
H(T) and let D(T) denote the region H(T) less the 
circles, and portions of circles, vhlch enclose 
those zeros of ( * - ≈ ) which lie in, or cut H∙
Cutside the circles ∣ι- ^’ ,∣ ^^ = ⅛(ξt)∙ Hence for 

Ty r+ ι, we have '.—
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6.5 ■ I l¾ Σ ^h’-J^^ < -^NT) jf^f lTN)' ^/ < C^τ) ^T√Σ (T^j ,

⅛side the circles H"⅞∣≈^e ∙ where ^ is a zero of 0-z s} , the 

function Rs) Z p∣∏) n ~ I is regular, and we easily see that

in order to sum for all circles which may possibly intersect H(T)
it is necessary take all values of λ in the range

6.6

aquations 6.4, 6∙5 and 6.6 give

N⅛ + Sj T) < c i^-ij I TN + (MT)

Choose N a LJλ ] 1 then for T >

N(W) * cτ τ <

^R⅛e) we have
1-4£1¼£€ 1-4$ ¼7⅛

Hence, by a Elicit change in notation, we obtain Carlson’s result: -
THEOREM 84 For a fixed <r>⅛ , and T? ξ t,S) we have

N(sτ) = ⅛τ'T≤

vhere & is arbitrarily small and positive.

By comparison with Mangoldt,s form for H(T)∙ we infer that the majority
of the soros of the Zeta-function lie in the neighbourhood of the
critical line.

The germ of the method employed in the above proof is to be 
found in a memoir by Bohr and landau, (’Palermo Rendiconti * 37. 1914) 
in which ^σ;T)- 0(j) fcr r>,∕z ; was deduced by use of a theorem less 
refined than theorem 18, namely:-

e ' H M2‰dv , using the same notation.

In a subsequent memoir (*Comptes Rendus* 158. 1914) Bohr and landau 
refined their metho⅛ and obtained N(rT^<,(τ) , but although the theorem 

relative to 0 was improved so as to include the double integral of



thC essential point - the vanishing of the initial terns of J(≡)-l 
when expanded in the form 2Ar^ if j⅛ is suitably chosen - was missed.

It now remains to consider the number of zeros of Γ^) which 
actually lie on the critical line, i∙e∙ a discussion of Nβ(Tj ,

That some zeros lie on the critical line, was first established by
Gram in 1895 who, by numerical methods, detected the presence of thred 
zeros of form ∕χ + it , with positive values of t∙

Gram continued his numerical investigations of ^ (∕x * ^7 ) 
(using the jJuler-Maclaurin sum formula) in a memoir of 1903 (lΛcta ⅛⅜h.1 
27) and gave the ordinates of the first fifteen zeros lying on the
critical line.

Backlund has continued the numerical determination of the zeros; 
his latest result (,Comptes Rendus* 158. 1914) gives fho first 
seventy-nine zeros of ^5] all of which he finds lie on the critical 
line with ordinates in the range o< t < λoo , It is, of course, only 
necessary to consider the zeros with positive imaginary part.

That an infinite number of zeros lie on the critical line was
first proved by Hardy in 1914 (*Comptes Rendus1 158) in a memoir which 
marks, as far as the zeros of Γ(s) are concerned, the greatest step 
forward since the appearance of Riemann’s memoir. Working from the
Mellin integral

fe + lΛ)

t-K®

taking ⅛= πe ^-^jt <« < ⅛m) and setting

Hardy deduced that

and th&n, by making <*→ J1λ , so that ∣->-l following a tangent to 
radius ^jγ , and using the transformation Jj^∕r) ≈ '^ ∖(ς>ι^) t 

where τt,= -ι , the last term vanishes and we obtain
0»

6.6
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From this. Hardy proves that,by taking n large, there is no number 

t such that ~Jr) is of fixed, sign when t>ζ , and. thence 
Γs) has an infinity of zero on the line <r~'∣i,.

landau (,MathsAnn∙76∙ 1915 ,) considerably improved the
method of proof by shewing that the analysis from 6∙5J to 6.6 inclusive

could be replaced by using the elementary fact that 
further, he deduced that Γ(r) has at least one zero 
joining yχtτL (exclusive) to 2ttb (inclusive )^ from

on the line
which can be

obtained

Hardy and Littlewood considerably improved this result in 1918 by 
giving ⅛τ} > KT but the best results we posses^wore given by
these writers in 1921 ( ⅝th. Zgitg1 10) in what is possibly the
deepest contribution yet made to the theory of the ∑eta-function.

L1≡A 1.
if ⅛ ? -k * ^)< >-te ; -k <⅛)<∣∙ »2; ^) ^ 0

-2«
and y has its principal value, then

where v^a-b- , H is Hankel’s cylinder function, and

Since

<γl⅛) being the sum of the r powers of the division of n∙

flθ

where 4 = — α*lr
= ^

the integrand is ⅛∣⅛^^2⅛∣τs ( 

to show that ∣ρ+uo
P(**-^) ∏[4>^ ^) ^

6-wo

or, what is the same thing.

so that it is only necessary

a+lr ⅛υιri 0)
= t JΓ (⅛) 6 H^

.2⅛
⅛ (is

α+lr ^Ot 
≡ ^ y e H P⅛) ∙



^he integrand has polos at j≡ -tv - n, o ∣ λ.∙ ∙ " )

Suppose that a and b are pure imaglnaries, e∙g∙ let

⅛ 7».

6.7 t cl - La । ∣r - i 4 with «45 and o * « ^ H,
Deform the contour as shewn in the diagram - the 

1 justification is simple. This introduces two poles, 
k σ^ at f = ⅛- ∣r , the sun of tħoir residues being 

^Mv^a)^1^'^)^ ■+ ∏⅛+^-H ¢1^-^4-^ f ~ C∏{n)

^rite /4 t-ωo

The second of these integrals is
Since l -'/4-⅛ "/t-M 

∣P^⅛* i∙(t**vj < Ajt*M∣ <∙ <

evidently

A ∣t+n∣ ε
o{^

"∣t"l (a 1. a Borel cons tan-

and ∣¾t∙a^<∙"θ)∣ <Aptj r∣j (Bee 3∙5), and similarly for the factors 
involving 4 , and, further, j <j^lsj < P∖ ^t<, Ac'i'''∣t∣ ■■*

^ i C^~ e)6.8 if we take ^ ^ jτe ^- ^ c ( e to be made eventually zero)^

6.9

We find that the first of the above integrals is

∣M
Hence, these results give, 

⅛*LO

Kfl≡, 2 With Same notation and definitions 6∙7 and 6.8, we have
00 ^jrl0^"^∖ 00 _iJrnX
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It is known, that

-^ -^jri,^y≠∣) 

e
v / l)ruy

Bessel Functions,p≡19fl ), 
6∣ 

⅛ (?H =

t » (‰H∙Watson, ,A treatise on
hence with notation of the lemma,

⅛j5^-∕3)
-4n-JΓ6

It is easy to justly tħo replacing of
e

⅜-t*) e
For, if αe∙ « A then, e
and. for tι^~> A -iUlt ¼ O(rveS

— JΓzvε

Hence

Since

00

Σ'>

h∑iκ ^ 

.6∣, ⅛,J ∣ol∙Λ)

nt Λ A 
©o -ΛJIn>

it is
hence

easily seen that the last two terms in the above 
the lemma follows.

are 0(∣) j

LOU 3
* .μ
/ <λ ** V

then

we have
⅛ H . H ?

so that

>Ljtj *o

write

, & J%

∑κ is defined by o < kχ * ⅛ *χ z 
®®A ∑^ is defined, by ^ < y ^ kχ ∕cy s»»v

, we have

To evaluate divide its terms into
÷ C^t) ,

two groups
when m →> c*>.

thus:- To every
point (*, y) associate a square 0 of which too opposite comers are
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are (m) and lχ-l7 *r.) , then the MES≡ CLASS , yf , will contain all terms 
for which the associated square does not cross the line y ≈tx^ and the 
SECOHD CLASS 7 ^ , will contain terms whose associated square does cross 
this line* If χ,y) belongs to η then.

where the region of integration is defined by o⅛^<kiy 5 s** ,Tψ-,)**'- f 
and, a fortiori* defined by o⅛^⅛t57 S7j2m.

Transforming to polar co-ordinates, we find

2 - 2 h-v -------- -  ——,

Ji ^ι^∣ψt'∣t^w} 0 t^ (^^)
0

Evidently J? ≡ 0 l h∖∣*, since the number of terms in y^ is less 
than A χ length of line joining origin to the point
Hence, collecting results, we have

^-^ ^ ^^^^^j ^ U∣H ^] ^ ^f U^j

Take kt∣~H and we obtain

There exists a constant K >0 and a ξ such thatTHEOREM. 25

hl j)∙λ KT f® T?;.

Let us write <∙ v r

ιww . -'^ = ^SS’^XV,

suppose t>o then, psing Stirling’s theorem,
so that X(d Is real for real values of t∙

then on the line ? e ^ t ^ we have ,
Γ6^)Γ^rz√ = A g-Γ÷ ^πtt~ζ∕ctτ⅛^

- A ^^‘^’x^^lk^ ,
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an d similar^ for Q$ + bj Γ^ r + U) .
A1SO .2$ -,∕ι"2^ -74∕JT-2ψ ^Λ-2fe)t

so that 6.9, lemma l,may be written
A -'^ -^Λ^t⅜) L(^r

α+∣^ 
^,j

∫
βθ „ V -2*t
t λ(it÷ lβiy∣Λ^2^e j

. βθ (,)
Vnt ri H z . r

It is easily soon that
25

€ so that tho error tern in the above integral

con⅛ ibutes

Modiφ the right hand side of ths above equation by using Lαnna 2, 

and l jγ & y = A l ττ € y I + ∙
Some single redaction gives 

oθ^ -2fet
j ΓX(U<∙2<)X^as)e Ot = A∑^^ ÷Oj∣(μ)'J 

Integrate with respect to * and J from o to H , and we hare, 
writing M[tzH) ^ ∫ X(j√ cU- end using lemma 3,

∫ t t {Ilιt,ll∣] ⅛ = L⅛j

Hence

) Consequently
6.91

f ,2it i f-tt 71 Λ -tr‰ _ . ι f 1 √i -^ 
e Iir-j^∙t,tcl^≡It & duL- = £

Now let I " lfc h> = f'ι‰l ^,
then if ∑t∣I∣ there is no zero of X(u) in the interval ^tr∏) 
lf Ki} ≡ J-x^5‰) ≡ 1+ £ ∙⅛, end s>X*tt then

1 >θ-7τ -I4Q-cε∣ε χ^ ^AHT.

6.92

∣x^∣ > β∣∣⅛∣ > β ∣7φ∣ 7 so that

Z > β H + ψ , say .
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Let 4 denote the interval tTy2T) ana ^l the subset of 

in which I ≤ ^βH , β being the constant of 6.92 
Shen in ZM we crust have

1+1 ph ∙

How in notation of Theorem }6, it is evident that

Y’ 0 <∣Xιi∙tt,'')HXι1rtt)∣jι
and it follows from this Theorem that

∫ j≠fdt < cτ .

Let mil' denote the measure of VL then, ^Λ H ι^ <cT .

6.93 2ħ∙refore mvt < e Tj where c ^ o φo H -^ ^*

Henoe I > /, 8H if Γ lies in 4 and E is sufficiently large, 
except perhaps in a subset ZL of ^ whoso measure is less than dΓ

But from 6.91

Henoe if ∣I∣ >βH

AHT .

of ^ of measure h1Γ we have

6.94 J ∙
Comparing these results we see that ∣I∣ < I through all 4- 
except a subset * of measure less than rj∙
Divide J into [ ⅛ ] pairs of abutting intervals yj;rk( each 

except the last γ of length H^and each y2 lying immediately to 
the right of the corresponding yl , Then either ^^ contains a 
zero of ψ) , unless η consists entirely of points of ^X* 

If the second case occurs far ∏- rs we have rtH < eT

Hence there are in 2f at least CV*)— > ^^ zeros cf ^Lt) , 

(H being sufficiently large) and consequently, since the zeros of 
Γ⅛^) have ordinates given by zeros of Mt) , the theorem is
prove d.

An oven deeper theorem given by Hardy and Littlewood in the same

memoir, and deduced by analogous methods, but using the approximate

functional equation,is:-
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⅜¾⅜l.', Lot IT * T ⅛orβ cl?/2 ∙ Qigd. K~^(a)^o exists

such that

Y-

Extremely interest lug results are disclosed wben numerical 
determinations of f(⅛,*^) are made. The most convenient means for 

performing these calculations is to utilise the Euler-Maclaurin sum 
Formulae, which gives, without much difficulty (See Lind el of, ,Sur une
formule sommatoire i^n¾rale ’∙ 'Aota Math* t¾7∙ 19OS)

7∙° ¾≈ ⅜*s-7>^ ⅛ - ∑L tΛ

v⅛βre γr eΛ'⅛ ≤^J11__ (s^→∣ √s+,'1'" 
2n ∙ ^ln~∣y.

being the a Bernoulliaa numbor

ana l⅛l ^ ∣S^K<-J 1^^( ' 4M ! I ‰J ∙
Further help, both from a theoretical and numerical point of view,
can be obtained from the following analysis due to Gram (,Act Math., 27
190S)∙ let the real and imaginary parts of ^∖÷U^) be denoted by

A(t) and B(t) respectively, so that we may write
¾+<*) = ⅛∣ ÷tβ^∣ =≈ ∏2*^

Using the functional equation, we find

, „ ι ⅛⅛21≤f, , ι Γ(4^)
-2if^ - -tl^iπ * 4 ‰lv-j∕^ + ∕1 ∏ r⅛⅛

hence

Reduction of ⅛is equality eventually gives

or; more approximately

let ^ denote a aero of ^^'∕l^} i∙e∙ a aero αf l¾, and consequently
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a value of t which makes Aft) and B(t) simultaneously vanish.
Let λ end 5 respectively denote the remaining zeros of Λ(jfc) and
B(t), which are evidently given by On φ(t)ro i.∙. i^t)=ji^√j and

3

∙* Φ(⅛ - oι i.e. ^π = -γ(^ so that, approximately 
‰^'') = p⅛≈-l .0t,.,.

It is evident that all the zeros « and β are real, and it is simple
to obtain the following approximate values for the first few

“,^ 1 %- 33.6 V 3.5 ∕¾= 31.8
^ = 14.7 %≈ 37.3 Λ≈ 9.6 ft-- 35.6
*s = 20.7 * - 40.6 ∣V 17.8 ^ 39.0
*τ≡ 25.5 ^ = 44.0 V 23∙2 4≡ 42.4
⅛- 29.7 -V 47.1 ∕V 27.7 /^ 45.6

In order to obtain the zeros of S('∕ιt^) it is necessary to
separate the real and imaginary parts, %) and B^t) using 7.0, then 
calculate these functions for, say, t∙∣zιj .... and select 
those values of t vhich appear to be in the neighbourhood of the values 
required. The zeros may then be obtained by interpolation, and if 
the ordinate obtained does not coincide with a value of <κ and 3 
previously determined, we may be certain of hazing obtained a true 
zero of [(⅛^. 2hθ actual process is simple, but the
calculations involved are extremely laborious ,

Working i-n. this way Gram has obtained the position of the first

fifteen zeros as follows:-

r 14.1347 30.4249 f≈ 40.9187 c√ 49.7738 c√ 59.4

e 21. C220 e.’ 32.9350 f = 43.3271 f c√ 52.8 V 61.0

o 25.0108 V 37.5862 ( . 48.0051 56.4 r√ 65.0

but the first ten are given correct to six decimal places.
The graph of Γ(⅛.^l for t ranging from 10 to 5 0 which is append­

ed, has been constructed by making use of Gram’s figures above, the
values of * and /3 previously given, some ordinates given by Lindelbf

in his memoir already cited, and other ordinates determined by using
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7∙0 with N^ιo and κt∣ ■ neglecting the remainder^which is 

sufficiently accurate for the purpose required.
A first glance at this graph reveals the striking foot that

C^37∖<-^ 1® seldom negative.
fact that ^^ ,∕zhjΛ) is essentially
where H can he taken small when t is

Oils, no doubt, is due to the

in the range of our graph, and,
in this case , the initial term, ÷ I , exerts a prepondering influence
over the remaining* It is not clear whether this influence adjusts

itself as t increases - in feet, if Riemann’s hypothesis is true, it 
seems probable that it does not.

A more careful analysis of the graph shews that the zeros of Γ(⅛∕vt) 
are se arated by tho zeros of B(t) , but not therzeros of A(t)∙ 
'⅛is is extremely important since it can be easily seen from 7.3 
that the number of zeros of B(t) lying between ∣o and T is 
approximately ^ lη~ -? r , which agrees with von Liangoldt’s 

form, so that a great step forward would be to prove that this inter­

lacing of the zeros of Γ('∕1*i-t) and J l̂t + ιij persists for all ^.
Doubtless in attempting any analysis towards this end, we shall 

encounter exactly the sane difficulties as have already baffled all 
efforts, bat it would be interesting to continue the numerical work 
up to T* 2σo , all the zeros of Tf^rAΛ) in this range being known.

From 7.1 we have
A^t)f c B(t) ≡ t ^ { ^(^) “^ ^Wj

By differentiating with respect to t, and successively putting t≈ * 
(so that A-o Ho, and β = -ι ) and t>3 (so that A⅜o B-o and e = + ∣ ) 
we obtain

A∖4- -φ^)B^) , and l⅛) - √(β) A(∕j) ,

Bow for t>2π ; φjt) is always negative, so that we have 
Z)⅛ has always the same sign as ^(c*) 
β'^) has always the opposite sign to A (/5)

Let ^ and ?^ denote two consecutive zeros of B(t); then, if A ⅛) 
and A^J have sane sign, so do B^) and ^'(^fl). But since 

∣HM = ^‰) - c lt “^^ happen that B(t) vanishes at least once
in this interval.



For th© zeros of B(t) in the interval 10 to 5 0, we see from the 
graph 1hat AQ ) is always positive, hence the interlacing of the zeros 
previously mentioned, persists if A(t) is positive for all values of
t given by B(t) ≡ 0. This remark allow us to assert that the nun-

her of zeros of in the range id * t *T is appro finitely

equal to J^⅛^∙J +^, » provided that ^. TC⅛+ Lt^

for all values of t given by < ¾ ^ = 0 ,
Upon glancing through the ordinates of the zeros of

is positive

we at once note their extreme irregularity, and Gram remarked that it
is very probable that these roots are intimately connected with the 
prime numbers* This connection could almost be inferred from 
Riemann’s formula, βp
⅜ * *ω *L^∣Sh 4^)-- = ⅛- ^lk^ li* c)} ♦ j ι̂^ -⅛^, 

where Jrι><) denotes the number of primes ⅛κ, li^l denotes the 
logarithmic integral , and ( denotes a complex zero of ⅜)∕
the summation running through all values of f with positive 
imaginary part - but this formula may only be an ’accidental’ property 
of the zeros of £$) in the same way as the area of a circle, λtv , may 
be called an ’accidental’ property of the number JΓ.

A much more convincing result is obtained then we consider the

function deflnod as follows.
Let (<^*if bo a zero of the Zeta-function ^*^Mj∣r∣x‰) and 

2e‰^-lγ ^>o) then define a function Yfa) thus:-

vhere the summation involves all zeros with positive ordinates*
The series evidently converge absolutely*

This function has bean very thoroughly analysed by Cramer (’Studien 
uber die ΠuHstellen der Riemann j schen Zeta-fun⅛tion* mtħ*Zeitschr*4
1919∙ 'Some theorems concerning prime numbers’ Arklv f*I⅛t*,Astr*och
S^s∙15 1920, Ho∙5), and we proceed with his discussion .
a let Γ represent the indented contour shewn in the

diagram, then it is not difficult to rigorously
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Integrate by parts, and the Integrated part 

(Λlr∕ ■ H.p.327) and we have
hi⅛) - '2p ⅛z¾ ^f∙

In order to define the malty valued function 
from ssI to s-'oo bo that in any closed region

vanlsħes (using lη^nt∣ =

(^ ¾ f cut the s-plane

of the plane, each branch
of UT^) is one-valued.

series X —⅛ forby the
mp

Select that branch which is defined 
70 , p being a prim number.

It is easy to see that h¾ has imaginary part -λl above.
and *t below, the cut from D to c.

^153^ ⅛∏Wz ≡∫-»[-2[. <Vw^. 
e6A CD tEF

where the contours are described in a direction agreeing with the
sequence of letters defining -them.

Using the functional equation ,

At the point C, Ly7('s) has imaginary pert -H f and the corresponding 
point j-s) lies below the cut, so that, at the same point Cy J,∣η⅞∙ψjfi,
All the ter#s in the integrand on the right are real for ^= « except
the last, so that the preceding form must be corrected to give

£8 A CM

t^/f^) t L^ Tp*^) - ΛJli- j (Ls.

el the radius of the indentations, tend, to zero, we find
14- ⅛ L«> 

»

74

2

- Z

10“

where, in addition to the convention regarding Lrz∣ , we must 
have l^Γ(∣'s) real for s≡o7 sod (since l^k⅛rf is real at 0, and 

consequently has imaginary part ^ at B) lrpltv l∕χsτr has fixed imaginary 
part ^λl along the line AB.
The fir st term of 7∙4 is

7.5
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the change in order of integration and summation being mad; by 
Dini’s theorem.

Loo

7.6 2

in exponentials and simple reduction, weflnd

where C is Euler’s constant, and ∣" 
of the Gemma function.

the logarithmic derivative

7

Using Legendre’s Integral for ⅛-^ (Whittaker & Watson ,Modern
. Aml∑≡ls, P∙26 0∙ ΞK⅛16) we find

i

t»
, $2

£.

β

2 _ Ju
- € l∣Γ(s) < As ≡ c

Z 2

00

—£— . —— if- ⅛∕= X ^O,
0 2-1 b + 2

Substituting 7.5 tend 7.7
2

into 7.4, gives

8 4JΓi w∣5∖≡'^*)
2 , 
2^i

ξ

≡ 2
'* S2

⅛ √>⅛Γ) 

00

She last
does not

CO

Γ t

ijr‘
Integral converges
contain the origin

LX 
αθ e

ΛJ∣iZ
6

£ -I t+Z

in any closed region of the z-plane dhich
or any ne gat l⅜e real number, hence

where k * JI <

£-ι c*a J4 -∣ c** '
The laφt Integral has the vector arg ≡ ≈ σr + ot 
taking =* arbitrarily near to ^λ , we see, 
if the z -plane Is cut along the negative part

as singular line and, 
referring to 7.8, that
of the imaginary axis

then V∣2) is meromorphio and has singularities at 2- ~ L*∖ f - vhorβ

is any prime number - vhlch are simple poles.
≡⅛on this it follows that the series ∑

>* 
L , where ≡ is a

complex quantity with positive real and imaginary parts,and summet 
u⅛ft ^n'>huC ∕1^^∣κ∙6^ ∕M^fΓ

runs through all the zeros Of ^ /i» diverges at all of the points

It appears from this that the connoction between the distribu­
tion. of the soros of ⅛) and the distribution, of primes must be of an
extremely subtle nature

If we assume the truth of Fienenn∙s hypothesis a very per 
piexing result may be obtained from 7.8

Take substitute into 7.8, and extract the real



Uhls gives without difficulty

j→o r>0
It is not difficult to find 

j J τ⅛) = 

so that simple reduction gives

If κ≤6 some of the preceding arguments may easily he modified to give

‰ls result, which is remarkable since the prime numbers do not 
explicitly occur, was given by Cramer in the already mentioned, memoir, 
but had previously been obtained - although In a less acute farm - by 

Hellin (’Ann*∆cad∙⅛itFenn∙, A∙1Q* 1911, Πo∙U) .
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