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Abstract

Diagrammatic reasoning via languages such as ZX Calculus is a powerful tool in theoretical
quantum computing. However, physical quantum computers do not understand diagrams
and require explicit quantum circuits as inputs. Finding a circuit equivalent to the given
diagram is known as circuit extraction. Such problems in graphical calculi form a limitation
preventing the wider adoption of diagrammatic reasoning.

Computational complexity theory formalises the difficulty of problems. For ZX di-
agrams, the circuit extraction problem is #P-hard and unlikely to have an efficient algo-
rithm. Therefore, partial solutions are critical. Currently, efficient circuit extraction is
only possible for diagrams containing a structure of so-called Pauli flow. This structure
is necessary and sufficient for robust determinism in measurement-based quantum com-
putation (MBQC) — a model of quantum computation, an alternative to circuits, where
adaptive single-qubit measurements drive computation. Thus, Pauli flow links MBQC,
ZX Calculus, and the circuit model. It is known how to find flow structures in polynomial
time when they exist; nevertheless, their lengthy and complex definitions often hinder
working with them.

In this thesis, I present contributions to two connected topics: the hardness of problems
in graphical calculi and Pauli flow as a method for overcoming circuit extraction. First,
I show that circuit extraction can be #P-hard for phase-free ZH diagrams, extending
the previous result for ZX diagrams. I also establish a relation between phase-free ZH
and NP*P class. This involves weakening the oracle, crafting a complete problem, and
encoding the problem into phase-free ZH.

My next contribution concerns Pauli flow. I simplify the Pauli flow definition by
providing a new algebraic interpretation. This involves defining two matrices arising
from the adjacency matrix of the underlying graph. Then, Pauli flow corresponds to
the existence of a right-inverse of the first matrix, which, when multiplied by the second
matrix, results in a matrix of a directed acyclic graph. Based on the newly defined algebraic
interpretation, I obtain O (n?) algorithms for finding Pauli flow, improving on the previous
O(n*) bounds. I also introduce a lower bound for Pauli flow-finding, by linking it to linear
algebra problems over F;. Finally, when given an unlabelled open graph, I show how to

find measurement labelling resulting in Pauli flow.
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Chapter 1
Introduction

Quantum computing offers capabilities beyond those of classical computers. Some prob-
lems are best suited for quantum computers (e.g. [83, 152]), and protocols that are impos-
sible on classical machines exist (e.g. [21]). From a practical point of view, some results
suggest we are crawling into the quantum supremacy era [141, 92]. Nonetheless, quantum
computation is extremely difficult to realise in practice and is an ongoing topic of multi-
disciplinary research spanning physics, mathematics, computer science, and engineering.
Quantum physics is notorious for being unintuitive due to the seeming randomness of
processes on the particle scale. Understanding these processes was and remains a critical
challenge encountered by physicists.

For a long time, quantum physics and computer science were disjoint fields. Only in
the 80s did people consider whether quantum phenomena could be applied for computa-
tional purposes [19, 20]. Nowadays, Quantum computing is rapidly developing. However,
its relatively young age means that jargon and notation constantly evolve. Sometimes,
quantum computation borrows directly from physics, for example, adopting Dirac’s no-
tation. To perform quantum computation in practice, one must consider the model of
quantum computation implemented by physical quantum computers. Usually, this is a
quantum circuit model, see for example [71, 97]. For that reason, quantum circuits form
the standard presentation of quantum computation in computer science. While circuits
can work great for machines, they do not create a language ideal for humans. Recently,
alternative representations of quantum computing are becoming more and more popular.
In this thesis, I work with graphical calculi for quantum computation that arise from cat-
egorical quantum mechanics [88]. The most essential among these is the ZX Calculus
[45, 171], which has applications in nearly all areas of theoretical quantum computing.

In graphical calculi, quantum processes are represented with string diagrams. Trans-
formations between processes can be derived via simple rewrite rules. Graphical repre-

sentation of quantum computation simplifies many of the issues with quantum circuits.



Firstly, they are often more efficient. For instance, consider Greenberger-Horne-Zeilinger
state |GHZ) [81] preparation in circuit model and the representation of the same state in
ZX Calculus:

The quantum processes are also significantly simplified. For instance, suppose that the
first qubit of the |G HZ) state is measured in the computational basis and the outcome (0|
is observed. This brings the remaining qubits into state |00). Graphically, in ZX Calculus,

ignoring the scalars, this fact can be expressed as follows:

= o
o

ZX Calculus is universal, sound, and complete (for an overview, see [171]). This means
that any quantum process can be represented in ZX Calculus, rewrite rules correspond
to equalities between quantum processes, and a sequence of rewrite rules can realise any
transformation between processes. Similar results hold for other graphical calculi. For
these reasons, graphical calculi offer no disadvantage from the theoretical perspective over
circuit representation. More importantly, however, graphical reasoning transforms com-
putation in unachievable or extremely tedious ways when attempted purely with circuits.
For example, quantum circuits are suboptimal for reasoning about non-unitaries. This
is especially evident when considering state preparation via circuits or the measurement
effects. Diagrammatic reasoning does not face such obstacles. This is a double-edged
sword, though, as sometimes graphical reasoning can result in a diagram that is hard to
bring into language understood by a quantum computer, i.e. into a circuit. The problem
of transforming a diagram to a circuit is called circuit extraction. While circuit extraction
can be solved algorithmically, it can be costly from a computational perspective [62] and
challenges the broader adoption of graphical calculi for quantum computation.

The study of resources necessary to solve a computational task is computational
complexity theory. This subfield of computer science makes it possible to formalise the
difficulty of the tasks, classify the problems based on the resources needed to solve them,
and study the relations between problems. In the case of circuit extraction in the previous
paragraph, it was shown that the problem is #P-hard [62]. While the exact meaning of
this result will be clarified later on, the problem is likely impossible to solve efficiently
with a classical (or even quantum) computer [4]. Similarly, other problems in graphical

calculi can be shown to be computationally challenging. For instance, while completeness



guarantees that any equality between quantum processes can be proven with graphical
rewrite rules, we do not have an efficient algorithm verifying that two diagrams represent
the same process. Most completeness proofs must go through normal forms that are
exponential in the size of the initial diagrams, for example, see [98, 99]. Consequently,
exponentially many applications of rewrite rules may be necessary to rewrite one diagram
into another.

Due to circuit extraction’s criticality, researchers have looked for efficient algorithms
that can extract a circuit in at least some cases. While we cannot expect a general and
efficient solution, partial solutions exist [64, 15, 153]. The broadest class of ZX diagrams
for which such algorithms exist are the diagrams containing a structure of the so-called
Pauli flow [29].

While the circuit model is the most common realisation of quantum computation,
other models have been successfully defined. Measurement-based Quantum Computation
(MBQC) is an example of an alternative that is at least as powerful as the circuit model
[143, 144, 145]. In this model, quantum computation is driven forward entirely by
adaptive single-qubit measurements of a highly entangled resource state. Due to the
non-deterministic nature of quantum measurements, the central question in MBQC is
whether the intended computation can be performed deterministically, see for example
[52,29, 125, 128]. The answer is yes if and only if a description of the desired state, given
by what we call a labelled open graph, contains Pauli flow [29, 128]. This way, Pauli
flow links MBQC, ZX Calculus, and extraction to the circuit model. It is known how to
find Pauli flow and similar structures in deterministic polynomial time, when they exist
[55, 56, 126, 15, 153].

While Pauli flow allows one to overcome the problem of circuit extraction from ZX
Calculus, it comes with its issues. Firstly, the standard definition of Pauli flow is very long
and complex. It hinders Pauli flow usability: some previous publications encountering
circuit extraction problems looked for solutions involving inferior flow structures, such as
generalised flow (gflow) or causal flow, for example [157]. Secondly, existing algorithms

involving Pauli flow, while more general than those for other flow variants, are slow.

1.1 Contributions

In this thesis, I research graphical calculi for quantum computation from a computational
complexity perspective. I formally state the limitations of graphical calculi by deriving the
complexity hardness results of various problems appearing in graphical calculi [131]. I
also contribute to methods for overcoming these limitations by improving the presentation

of the Pauli flow structure [133] and developing new fastest algorithms for finding it



[132, 133].

The family of ZX-like graphical calculi for quantum computation is constantly growing.
One of the simplest of them that is still (approximately) universal for quantum computation
is the phase-free ZH Calculus [14]. This way, phase-free ZH provides an excellent case
study for computational complexity approaches: Hardness results for phase-free ZH often
extend to other graphical calculi, like ZX, (full) ZH, or ZW. I show that specific problems
arising in phase-free ZH are NP*F-hard. These problems connect to the problem of
comparing diagrams, i.e. checking whether linear processes represented by two diagrams
match. While comparing diagrams asks for a universal property of matrix representations
of diagrams matching in all positions, my results consider problems where the universal
property is changed to an existential property. To prove NP*P-hardness, I craft one
of the first examples of complete problems for this complexity class. Further, I extend
the previously known #P-hardness of circuit extraction in ZX Calculus [62] to work for
phase-free ZH.

I simplify the presentation of Pauli flow conditions by constructing an algebraic inter-
pretation of flow. The new algebraic interpretation simplifies the flow condition to simple
matrix operations, like finding the inverse and multiplication. This streamlines the process
of verifying flow. Since Pauli flow is a generalisation of other flow structures, all of my
results also apply to those weaker flow variants, like gflow. In the case of gflow, a previous
algebraic interpretation existed, but it was limited only to a special case where all qubits
are measured in the same plane of the Bloch sphere [125]. T also prove various properties
of flow. Notably, this includes showing when and how flow can be reversed.

Finally, building on the new algebraic interpretation of flow, I created new algorithms
for the Pauli flow-finding problem. In particular, I reduced the problem complexity to
match the complexity of Gaussian elimination. My algorithms not only provide a speed-up
over previous algorithms, but I also argue that further improvements must lead to, or more
likely come from, new developments in algorithmics for linear algebra. Finally, I show
that given a resource state, in the form of a graph state, for MBQC, it is always possible
to determine the existence of a measurement choice that results in Pauli flow and, thus,

robustly deterministic computation.

1.2 Structure

The rest of the thesis is structured as follows.
In Chapter 2, I provide computational background material and an overview of relevant
literature. In terms of length, it is the longest chapter because it combines introductions

to both computational complexity theory and quantum computation. From the quantum



side, I focus mainly on MBQC and flow structures in this model.

Next, in Chapter 3, I discuss graphical calculi for quantum computation. This includes
a general explanation of string diagrams and a more detailed look at ZX and ZH calculi.
Together with the previous chapter, these chapters lay the ground for my novel results in
the next three chapters.

The topics of Chapter 4 are the limitations of graphical calculi from a computational
complexity perspective. Here, I show hardness results for various problems in graphical
calculi. I adapt the Cook-Levin approach to construct a complete problem for the obscure
complexity class NP#P. Next, I explain how this problem can be encoded in phase-free
ZH Calculus, and hence in most universal ZX-like graphical calculi. I also extended the
previous result of circuit extraction to work for phase-free ZH.

After that, I switched to the analysis of flow structures in MBQC. In Chapter 5, I derive
a new algebraic interpretation of Pauli flow, simplifying the previous definitions. I also
prove various properties of flow implied by the new algebraic interpretation.

The last main-body part of my thesis is in Chapter 6. Here, I work out new flow algo-
rithms, providing examples, pseudocode, and detailed analysis of their complexity. These
include two algorithms for Pauli flow-finding, and an algorithm for finding measurement
labelling resulting in Pauli flow.

Finally, I close this work in Chapter 7, by providing a summary, conclusions, and

directions for further work. Afterwards, the bibliography follows.

1.3 Authorship

This thesis documents my results as a PhD student and is mainly constructed based on
my three articles [131, 132, 133]. I am the first author of all of these papers, and the
single author of the first two of them. The last one was co-written with my supervisor
Miriam Backens. In particular, I found all the main proofs and wrote the initial version
of the paper. Miriam wrote most of the paper’s introduction, simplified the proof of flow

reversibility, and improved the presentation of the results overall.



Chapter 2
Computational Background

In this chapter, we provide a background of the computational theory. By computation we
mean any well-defined form of calculation. For us, the formal description of computation
is via algorithms, i.e. we are interested in whether a problem can be solved in a rigorous way
by following a sequence of instructions. Or, in other words, we are studying processes that
can be achieved on Turing machines. We start with an example of a problem. Suppose that
given a natural number we want to know whether the number is prime. We can formalise

the task by defining the following problem:

PrimeTest
Input: a natural number n € N.

Output: True when n is prime and False otherwise.

One could solve this problem algorithmically in the following way: first, if n = 1,
output False since 1 is not prime. Next, check whether n is divisible by any of the
numbers in the range from 2 to n — 1. If so, then n is not prime. Otherwise, n is prime.
Such a method shows that the problem PrimeTest is decidable. However, this method
lacks efficiency: it is possible to solve the problem in a faster manner. For example, we
can stop on the first found divisor and only have to test divisors up to y/n. We can also use
number theory results to test whether the number is prime in an even faster manner, for
example, by utilising the AKS test [5], or the probabilistic Rabin-Miller test [142].

We consider computational complexity theory, an area of computer science that groups
problems into classes and studies relations between them. Thus, computational complexity
provides a framework formalising the meaning of terms such as ‘faster’, ‘more efficient’
etc. Many of the classes we look at are defined with Turing machines which capture the
power of computation that can be performed in algorithmically rigorous way. Sometimes
an algorithm for solving a problem requires an algorithm for another underlying problem:

in the PrimeTest above, we assumed one can check whether n is divisible by another



number. The approach of using a method for one problem to solve another problem can
be formalised by oracle machines, a special subtype of Turing machines.

As this thesis is about quantum computation, we also provide an overview of the
most essential topics in quantum computation. From the quantum side, we focus mainly
on a general description of the circuit model and provide a more detailed dive into
measurement-based quantum computation.

The main purposes of this chapter are to disambiguate between various equivalent yet
slightly different definitions appearing in the literature and to provide general motivation

for researching topics covered in the later chapters.

Structure: In Section 2.1, we introduce basic definitions from computational complex-
ity. Next, in Section 2.2 we define Turing machines. We formalise and study the relation
of various complexity classes in Section 2.3. After that, we switch to the quantum side of
computation. We will consider two computational models arising from the mathematical
model of quantum mechanics: the circuit model in Section 2.4 and the measurement-based
quantum computation model in Section 2.5. We end the chapter by looking at the so-called

flow structures arising in the measurement-based model in Section 2.6.

2.1 Computational Complexity

Computational complexity is an area of science that studies the resources necessary to
solve a given problem, grouping problems that require similar resources into classes, and
studies relations between classes.

We provide only a minimal description of basic definitions. A reader looking for a
comprehensive introduction to the subject should consult any computational complexity
textbook, for example [9].

The problems are defined as subsets of words over a given alphabet:

Definition 2.1.1. An alphabet ¥ is any finite set with at least two elements. The set
of finite words over alphabet X is denoted X*.

Definition 2.1.2. A language or decision problem Q over alphabet X is a subset of
X*. An input i to problem Q is an element of X*, i.e. any finite word over X. To

answer the problem for a given input i, it is to determine whether i € Q.

While the above definition formalises the meaning of a problem, it is hard to work
with. Typically, we do not think of problems as sets, but as questions with a ‘yes’ or ‘no’

ansSwer:



Definition 2.1.3. Informally, a decision problem Q consists of a set of inputs I and

accepted inputs A where given input i a problem is to determine whether i € A.

The translations from informal descriptions to set-based definitions is possible and
follows approach of defining suitable encoder and decoder functions. For instance, we

return to the problem PrimeTest:

Example 2.1.4. It is possible to present PrimeTest as a language over X = {0, 1}.
We can define a binary encoding function f: N — X* as follows: given n € N, let
f(n) be n written in binary. Then define PrimeTest as a language over £ = {0, 1}
given by a subset {w € X* | In € N.f(n) = w A nis prime}. To interpret such
language back as a ‘yes’ or ‘no’ question, one must define a decoder d: N — X*
such that d o f = Id, which is possible as f is clearly injective.

In the above example, we used binary representation of number n. This is a common
practice which we will assume whenever a problem is given an integer in the input.

It should be clear that, in general, we want to avoid such low level encodings as much
as possible. As a rule of thumb, all problems we look at can always be translated to
languages. It requires the sets of inputs to always be countable and it must possible to
formalise encoder and decoder functions. However, sometimes set definitions are more

convenient, for instance when formalising the complement problem:

Definition 2.1.5. Given a problem Q over X, its complement coQ is defined as

>\ Q.
We also define function problems:

Definition 2.1.6. A function problem R over alphabet ¥ is a relation over £*. An
input i to problem R is an element of X7, i.e. any finite word over 2. To answer the

problem for a given input i is to determine any j € X* such that (i, j) € R.

This definition is even harder to work with than that of decision problem. Instead,
we think of function problems as a search problem: given an input, find an output that

satisfies a required property. An example of function problem is as follows:

FindDivisor
Input: a natural number n € N.
Output: a natural number k such that k | nand 2 < k < n — 1, or a message

that no such number exists.



Again, it is possible to present the above problem as a relation, but this time, we would
need an encoder for both inputs (natural numbers) and possible answers (natural numbers
and a message that no required number exists). We skip the details.

We can now define complexity classes:

Definition 2.1.7. A class of decision problems is a set of decision problems, and a

class of function problems is a set of function problems.

Notation. We use bold font to denote problems and bold italic font to denote
complexity classes.

For decision problems, we also define the complement class:

Definition 2.1.8. For a class of decision problems C, we define its complement coC
as the set of all decision problems Q such that coQ € C.

The complement of the complexity class is not the same as the set of all problems not
in the complexity class:

Example 2.1.9. The class NO NE consists of no problems. The class A L L consists
of all problems. For any problem Q, we have coQ € ALL and coQ ¢ NONE,
as coQ is a problem so it must be in ALL and cannot be in NONE. In fact the
following holds:

coNONE = NONE +# coALL = ALL.

To define actually meaningful classes, we need the quintessential tool in computational

complexity: Turing machines.

2.2 Turing machines

We assume familiarity with basic Turing machines. The primary purpose of this section
is to disambiguate between various definitions of Turing machines (TMs) encountered in
the literature. A reader acquainted with TMs can skip this section. The exact details will
only be necessary when proving the completeness of problems from the TM definition for
obscure complexity classes.

TMs form a mathematical formalism of algorithmic computation [42, 167]: Any
computation that can be performed algorithmically can be accomplished on some Turing
machine.



The machines can be defined in many different ways. Sometimes, their heads must
move, and other times, they must remain immobile when overwriting a cell. Some
machines operate on multiple tapes, while at other times the tape is one-sided. The
working alphabet can vary. Sometimes, TMs must leave the answer on the tape in a
specific way. For most purposes, all these variations are equivalent. To avoid ambiguity,

we provide a definition (adapted version of the one in [9]).

Definition 2.2.1. A k-tape non-deterministic Turing machine (NDTM) M over
alphabet X is a tuple (I', Q, 6) where:

 I'is the working alphabet of M such that I" = X U {0} where O ¢ X. We call
O the blank symbol of M,

* Q is a finite set of states containing gsrarr, guaLr: the starting and halting

states respectively,

¢ 5: O xThk = PO xTK 1 x{=1,0,+1}%) \ {0} is the transition function
describing the operation of the Turing machine. For any o,...,0% € T, it

satisfies:

6(quarr, (o1,...,0%)) ={(quarr, (02, ...,0%),(0,...,0))}.

We are defining non-deterministic Turing machines first and we also upfront allow
the machine to be multi-tape. These choices are made to avoid repeating very similar
definitions later on. We disallow () in the image of ¢ so that a machine can always take a
step. A ‘dead end’ allowed in many definitions of TMs can still be simulated.

We also define a deterministic Turing machine (DTM):

Definition 2.2.2. A deterministic Turing machine is a tuple (I', Q, §) where I" and Q
are as in a non-deterministic Turing machine and 6 : QxI'* — OxI'*"1x{-1,0, 1}¥

is the transition function, again satisfying for any o, ...,0% € I':

0(quaLT, (01, ...,0%)) = (qHALT, (02, . .., 0%), (0, ...,0)).

All further definitions are written for NDTMs, but extend to DTMs by observing that
a DTM corresponds to a NDTM in which the image of the transition function contains

singletons only.

Next, we define configuration of a Turing machine M:
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Definition 2.2.3. At any time, the configuration of a Turing machine M is a tuple
(q,(Ty,...,Ty), (Hy,...,Hy)) where g is the current state, 71, . . ., T are contents
of the tapes and Hy, . . ., Hy are the positions of the heads.

The meaning of the transition function is captured by the definition of a step:

Definition 2.2.4. If M is in configuration (¢, (T}, ...,Ty), (Hy, ..., Hy)), witho; =
T,(Hy) for i € [1.K], and 6(g, (01, ..., 0%)) 3 (¢ (0. rs ), (drs . osdi)),
then M can move to configuration (¢’, (T}, ..., T;), (Hy+d,...,Hy+dy)) where
T{ = T, and for i > 2, T/ differ from 7; possibly only in H; position, where

T!(H;) = 0. The act of changing the configuration in a valid way is called a step.
A path is an infinite sequence of steps.

A DTM can always take precisely one step from any configuration.

We can now formalise the run a Turing machine on a given input:

Definition 2.2.5. The input to the machine M is any word w € X*. The initial

configuration of M is (gsrarr, (T1, T2, ..., Tk), (0, ...,0)) where T} contains w on
positions from O to |w| — 1 and O otherwise, while T3, . . ., Ty all contain O symbols
only.

Definition 2.2.6. If a path p from starting configuration eventually reaches config-
uration ¢ with state g4 1 after r steps, we say that p is a halting path with terminal
configuration ¢ and length r. We say that memory usage of path p is the sum of
maximal absolute values of head positions across all tapes.

If all paths from starting configuration are halting, we say that M halts on input w.
Otherwise, we say that M hangs on input w.

If M halts on all inputs, we call it halting.

In particular, a DTM has precisely one path for a fixed input.

Finally, we define the output, runtime and memory usage of Turing machine as follows:

Definition 2.2.7. If M halts on input w then:

* the output of M on w is the fragment of 7 on positions from 0 to H; on any
terminal configuration (ggar7, (T1, ..., Tx), (Hy, ..., Hy)),

* the runtime of M on w is the maximal runtime across all paths,

* the memory usage of M on w is the maximal memory usage across all paths.

11



The first tape of the machine never changes. Defining a machine this way allows one
to easily define classes that operate on sub-linear memory. However, we will only be
interested in polynomial bounds.

We also define a decision variant of a Turing machine that only outputs Boolean values:

Definition 2.2.8. A decision Turing machine is a Turing machine whose all possible
outputs are 0 and 1. A path producing output O is called rejecting and a path
producing output 1 is called accepting. A deterministic decision Turing machine
accepts w if it halts and its unique path on w is accepting and it rejects w if it
halts and its unique path on w is rejecting. Sometimes, instead of having a machine
produce output when it reaches g 417, we say that the machine enters g4cc or grey,
i.e. accepting or rejecting state at which the machine halts. The two formulations

are equivalent.

When working with deterministic Turing machines, it is useful to formalise the outputs

as a function:

Definition 2.2.9. Let M be a deterministic halting Turing machine. For each input
w, we define fy,(w) as an output produced by M when run on w. We say, that M
computes [ and that fa( is computed by M. When a function f equals fy, for

some deterministic halting Turing machine, we say that f is computable.
To eliminate the need of repeats in the next section, we define one more property:

Definition 2.2.10. A polynomial-time Turing machine M is a halting Turing ma-
chine for which there exists polynomial p such that for all inputs w, the runtime of
M on w is bounded above by p(|w]).

We say that a function f is polynomial-time computable is there exists a polynomial-

time deterministic Turing machine that computes f.

2.3 Complexity classes

Finally, we can define various complexity classes. We provide some known relations
between them at the end of this section. In the greater part, this section is constructed
using the Complexity Zoo, a great compendium displaying various species of complexity

classes [2].
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2.3.1 Standard classes

Definition 2.3.1. The polynomial-time (also known as deterministic polynomial-
time) complexity class P is the complexity class of all decision problems Q solvable
by a polynomial-time DTM.

A problem Q is solvable by a polynomial-time DTM when there exists a polynomial-
time decision DTM machine M such that for all w € £*: w € Q if and only if M
accepts w.

As an example, PrimeTest is in P, as given number # it is possible to check whether

n is prime in time polynomial in log n, which is the size of the input of PrimeTest:

Theorem 2.3.2 (Agrawal-Kayal-Saxena Primality Test [5]). PrimeTest € P.

Definition 2.3.3. The non-deterministic polynomial-time complexity class NP is
the complexity class of all decision problems Q solvable by a polynomial-time
NDTM.

A problem Q is solvable by a polynomial-time NDTM when there exists a
polynomial-time decision NDTM machine M such that for all w € £*: w € Q if
and only if there exists an accepting path of M on w.

Definition 2.3.4. The function polynomial-time complexity class FP is the com-
plexity class of all function problems Q such that there exists a polynomial-time

computable function f such that for all inputs w we have (w, f(w)) € Q.

Definition 2.3.5. The polynomial-space complexity class PSPACE is the com-
plexity class of all decision problems Q for which there exists a polynomial p and
a deterministic decision Turing machine M such that for all w € £*: the memory
usage of M on w is bounded above by p(|w|) and w € Q if and only if M accepts

w.

When studying computational complexity, it is natural to ask what the ‘hardest’ prob-
lem is for a given class. Solving such a problem should be sufficient to solve all problems
in the given class. To compare the hardness of problems, we use reductions. Generally,
there are various types of reductions that depend on the underlying type of Turing machine.

The polynomial-time reduction is the only type of reduction we use:
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Definition 2.3.6. A problem Qg is polynomial-time reducible to a problem Q3,
denoted by Q1 <, Qg, if there exists a polynomial-time computable function f
such that for all words w we have w € Qg if and only if w € Q;.

Now, we are able to define hardness for the class NP:

Definition 2.3.7. A problem Q is NP-hard if for all problems R € NP we have
R <, Q. A problem is NP-complete if it is NP-hard and in NP.

A natural question is whether there are NP-complete problems. The answer is yes.
The example of NP-complete problem and many future problems will be defined on

Boolean formulae.

Definition 2.3.8. Boolean formulae on variables xp, xo, .. ., x, are inductively de-

fined as follows:
e literals True and False are boolean formulae,
* all propositional variables xp, x2, . . ., x,, are boolean formulae,
* if ¢ is a boolean formula, then so is —¢,

¢ if ¢ and ¢ are boolean formulae, then soare p Ay, pV iy, ¢ — ¥, and ¢ < .

We will sometimes denote boolean formula ¢ on variables xy, ..., x, as ¢(xy, ..., Xy).
SAT
Input: a boolean formula ¢(xq,...,x,).

Output: True when ¢ is satisfiable and False otherwise.

The connectives —, A, V, —, and < are the standard connectives from propositional
logic. We say that a boolean formula ¢ (xy, . .., x,) is satisfiable if there exists a valuation
Vi,...,Vy such that ¢(vy,...,v,) = True. We sometimes refer to a formula whose only
connective is — as a literal.

To simplify certain constructions, we allow a formula on xy, . . ., x, to not contain all
(or even any) of the variables xi,...,x,. A formula could be always extended with, for
instance, A(x; V - -+ V x, V —x1) to ensure it contains all variables without altering truth
value on any valuation. The input to SAT can be any Boolean formula. In particular, we

do not require the formula to be in CNF form.
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Notation. We use T and F as shorthand for True and False literals when working

with boolean formulae.

Example 2.3.9. A boolean formula ¢ = (x; A x2) A (x] A —x3) is satisfied by a
substitution of (x1, xp,x3) with (T, T, F):

ST, T,F)=(TAT)AN(TA-F)=TAN(TAT)=TAT=T

Thus, ¢ is satisfiable and SAT (¢ (x1,x2,x3)) = True.

Theorem 2.3.10 (Cook-Levin Theorem [49]). SAT is NP-complete.

The proof of the Cook-Levin theorem reduces an arbitrary problem Q in NP to SAT
by encoding a run of a polynomial-time NDTM M corresponding to Q on a given input
w as a boolean formula ¢ 4, ., such that ¢ x4, ,, is satisfiable if an only if there exists an
accepting path when running Mg on w, i.e. when w € Q. Importantly, this approach
can be made parsimonious (see for instance [9]), that is ¢, has precisely the same
number of satisfying assignment as there are accepting paths when running Mg on w.
Notably, parsimony only applies to the accepting paths, i.e. the number of unsatisfying
assignments may greatly surpass the number of rejecting paths. The number of accepting

paths is particularly relevant for some complexity classes we consider next.

2.3.2 Counting-based classes

Next, we define some more obscure classes used later on. For that, we must explicitly
consider the number of accepting and rejecting paths that a non-deterministic Turing

machine takes:

Definition 2.3.11. Let M be a polynomial-time non-deterministic Turing machine

and w be any input. When running M on w, we use the following notation:
e ALLPaTHS( M, w) for the total number of paths,
* AccPatus(M, w) for the number of accepting paths,

* ResPaTHS (M, w) for the number of rejecting paths.

The following class was defined in [170].
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Definition 2.3.12. The counting polynomial-time complexity class #P (read as
sharp-P, counting-P, or number-P) is complexity class of all function problems of
the form ‘given a non-deterministic polynomial-time Turing machine M and an

input w, compute AccPatas(M, w)’.

Just like SAT is canonical for class N P, the counting version #SAT of SAT is canonical

for #P:

#SAT
Input: a boolean formula ¢(x, ..., x,).

Output: the number of satisfying assignments of ¢.

Example 2.3.13. Consider the boolean formula ¢ = (x; A x2) A (x; A =x3) from
Example 2.3.9. The satisfying valuation (7, T, F) of (xy,x7,x3) is the only sat-
isfying assignment of ¢. Thus, ¢ has exactly one satisfying assignment and
#SAT (p(x1,x2,x3)) = 1.

Similarly, #SAT (¢ (x1,x2,x3,Xx4)) = 2, as it is satisfied only by (7,7, F, F) and
(T, T, F,T) valuations of (x1,x7, x3,X4).

In the above example, adding variable x4 changes the answer to #SAT, even though the

variable does not appear in the given boolean formula. Thus, the chosen list of variables
is vital for the #SAT answer.

Theorem 2.3.14 ([170]). #SAT is #P-complete.
We also consider one decision class about counting accepting paths:

Definition 2.3.15. The exact-counting polynomial-time class C=P is the complexity
class that consists of all problems Q for which there exists a non-deterministic

polynomial-time Turing machine M such that for all inputs w the following holds:

w € Q & AccPatas(M, w) = ResPatas(M, w)

We provide an example of a complete problem for this class in Chapter 4.

Other classes directly concerning the number of accepting paths of a non-deterministic

Turing machine are the probabilistic classes.
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2.3.3 Probabilistic classes

The deterministic approach is not the limit of what we can achieve with classical com-
puters. Sometimes, we consider classes with a sprinkle of randomness, for instance, by
constructing an algorithm with access to a random number generator. We will be interested
in polynomial-time algorithms with access to randomness as captured by complexity class

R P and its derivates, initially considered in [80].

Definition 2.3.16. The randomised polynomial-time class RP is the complexity
class that consists of all problems Q for which there exists a non-deterministic

polynomial-time Turing machine M such that for all inputs w the following holds:

1
w € Q — AccPatus(M, w) > EALLPATHS(M, w)

and
w & Q — AccPatas(M,w) = 0.

The relation to a classical computer is as follows: a classical algorithm can be viewed
as simulating a non-deterministic Turing machine, where at each point where multiple
transitions are possible, a random transition is picked. Then, the conditions state that if
the desired answer is True (i.e. when w € Q), then the algorithm will output 7True with
probability at least % When the desired answer is False (i.e. when w ¢ Q), then the
algorithm will always output False. In other words, the algorithm is allowed to make
errors, but the error probability must be bounded by % and may happen only on ‘yes’
instances. The exact value of the bound is not important: any fixed bound in the open
interval (0, 1) leads to an equal class.

The error allowed only for ‘no’ instances with an otherwise analogous definition leads
to class coRP.

Finally, we can allow error in both directions [80]:

Definition 2.3.17. The bounded-error probabilistic polynomial-time class BPP
is the complexity class of problems Q for which there exists a non-deterministic

polynomial-time Turing machine M such that for all inputs w the following holds:
2
w € Q — AccPatus(M,w) > gALLPATHS(M, w)

and
2
w ¢ Q — RePatas(M, w) > §ALLPATHS(M, w)
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A classical computer can simulate a run of M again choosing transitions at random.
In this case, we only require that the correct answer happens with probability at least
%. By running the algorithm polynomially many times the error probability can be made
exponentially small. For this reason, the class BPP is often considered the limit of efficient
(as in possible in polynomial-time) computation on classical computers.

Again, the value % is not essential: any value in the interval (%, 1) would work.

However, the value % leads to a different class [80]:

Definition 2.3.18. The probabilistic polynomial-time class PP is the complexity
class of problems Q for which there exists a non-deterministic polynomial-time
Turing machine M such that for all inputs w the following holds:

1
w € Q — AccPatus(M,w) > EALLPATHS(M, w)

and
1
w ¢ Q — REIPATHS(M, w) > EALLPATHS(M, w)

Such problems can still be run on classical computers. Once again, it is more likely
for the computer to produce a correct answer than an incorrect answer, just like in the
case of class BPP. However, the error probability could be arbitrarily close to % and in
particular, it could depend on |w|. Hence, polynomially many runs may be insufficient to

ensure that the probability becomes exponentially small.

2.3.4 Oracle machines

Sometimes we want to use an algorithm for one problem to solve another problem.
Such an approach can lead to a reduction. For instance, one can show that a method
for checking whether a graph is 3-colourable can efficiently solve SAT by proving that
SAT <, 3 — Colouring [76, Theorem 2.1]. Suppose that we have a magical black box (or
an oracle) that can answer instances of SAT. What problems could we solve then? What
if we had an oracle for a likely harder problem #SAT? We can formalise the idea of using

oracles with oracle machines.

Definition 2.3.19. An oracle Turing machine M with access to problem Q oracle
is a Turing machine with two special states g4sx and gays and two special tapes
called Tasg and T4ys. Whenever M enters state g 4sx, the content £45x of the Tasx
tape is sent as a query to the oracle for Q. Next, the answer Q(z45x) is written on

the T4 s tape. Finally, the M transitions to state g4ns. The entire use of the oracle
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counts as a single computational step.

The details, such as how exactly the content 745k is defined, how the answer is written,
and where the heads are positioned, are unimportant here. In the later part of the thesis,
we will need to be explicit when partially encoding the run of an NDTM with an oracle as
a boolean formula.

What problems can we solve with polynomial-time DTM with SAT oracle? For

instance, we can solve the following problem [175]:

LexMaxSAT
Input: a boolean formula ¢(x,...,x,).
Output: True if the lexicographically last satisfying assignment of ¢

ends with True.

Lemma 2.3.20. LexMaxSAT can be solved by a polynomial-time DTM with SAT

oracle.

Proof. We ask the oracle whether ¢ A x; is satisfiable. If yes, necessarily x; = T
in last satisfying assignment: We set ¢'(x2,...,x,) = ¢(T,x2,...,x,) and solve
the problem for ¢’ (which has one less variable). If no, x; = F in last satisfiable
assignment (if any exists): We set ¢’ (xz, . ..,x,) = ¢(F,x2, ..., x,) and again solve
the problem for ¢’. Eventually, we learn the necessary value of the last variable
in the lexicographically last satisfying assignment. More precisely, the formula
eventually collapses to a single literal 7 or F. If it is F, the initial formula was
not satisfiable, so we output F. Otherwise, we output the assignment found for the
last variable. Thus, we get the answer in at most n queries with polynomial-time

computations between oracle calls. Thus, the total runtime is polynomial. m|

We can define the classes resulting from the inclusion of an oracle:

Definition 2.3.21. The class PQ consists of problems solvable by a polynomial-time
DTM with Q oracle.

Definition 2.3.22. The class NPQ consists of problems solvable by a polynomial-
time NDTM with Q oracle.

The oracle can also be changed from a problem into complexity class in the following

Sense:
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Definition 2.3.23. The class PC consists of all problems solvable by a polynomial-
time DTM with Q oracle for some Q € C.

Definition 2.3.24. The class NPC consists of all problems solvable by a polynomial-
time NDTM with Q oracle for some Q € C.

Since SAT is N P-complete, it turns out that PNP = PSAT and NPNP = NPSAT | Thus,
Lemma 2.3.20 proves that LexMaxSAT € PN?. In fact, LexMaxSAT is PVP-complete
[175, 111].

It is not known whether PN? = NP. In fact, PN? is one of the ‘blocks’ used to define

the polynomial hierarchy [158] called PH.

Definition 2.3.25. The polynomial hierarchy PH is the complexity class defined
as follows. Start with AgP = XoP = IIyP := P, and then define for n € N,.:

AP := PP
¥,P := Np¥-F
IL,P = coNP*>'?

Finally, PH is the union of all above for all n € N.

For example, NP = NPP = 3P and PN? = PXP = A,P. There exists a formal
way of creating a canonical complete problem for each of these classes by considering

quantified formula problems:

QBF

Input: a quantified expression consisting of a sequence of expressions
Vx; or dx; fori = 1, ..., n, followed by a boolean formula ¢(x1, . . ., x,).
Output: True when the quantified expression from the input holds and

False otherwise.

A special case of QBF where all quantifiers are 3 is equivalent to SAT. Similarly,
restricting the number of alternations of quantifiers in the initial part of QBF input to &,
leads to canonical complete problems for X; and I, where for 2 the first quantifier must
be 3 and for I1j the first quantifier must be V [180].

Thus, PH contains all problems arising from QBF by bounding the allowed number
of alternations of quantifiers in the input. However, the problem QBF itself, i.e. the

‘unbounded’ version, is PH-hard.
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It is not known whether PH collapses to P but a common belief is that it does not
collapse.

To conclude this section, we look at other known relations between complexity classes.

2.3.5 Relations between complexity classes

Computational complexity theory is not only about defining complexity classes but also
about showing relations between them.

Deterministic Turing machines correspond to the special case of non-deterministic
Turing machines where the image of the transition function contains singletons only; thus,
classes defined on NDTMs contain analogous classes defined for DTMs. For example:
P C NP and PN ¢ NPNP,

Granting a TM access to the oracle makes it more powerful; if the TM can represent
inputs for the oracle, then such ‘equipment’ allows the TM to solve the problems solvable
by the oracle (and potentially other, more complex problems). For example: NP € PNP.
Based on the definition of PH, we also know that NPNP ¢ PH.

The PH-hard problem QBF is known to be in PSPACE [124], which together with

the above statements leads to:
P C NP c PP c PH c PSPACE

Just as adding an oracle or changing DTM to NDTM allows more problems to be
solved, allowing errors in the answers leads to containments between probabilistic classes.

For instance, it is known that (all follow from [80]):
P C RP C BPP C PP C PSPACE

Relations of the first group of problems, like classes NP and PH, and probabilistic
classes are less obvious. We know that BPP C PH [116]. Toda’s theorem [165] states
that:

PH c P

Using similar approaches, one can also show that:
pPP _ ptP
which motivates the statement that #P is the function class equivalent of the decision class

PP.
At the same time, computational complexity is notorious for a lack of separation
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results between most standard classes, i.e. proving that two classes are different. The
best-known open problem is the question of whether P = NP. While it is widely
expected that the classes are different, we don’t know for sure, and the question is on the
Millennium Problems List. It is known that a resolution would need to utilise sophisticated
techniques beyond so-called natural proofs [147]. In fact, we do not even know whether
P = PSPACE, and hence we should not expect to find a surprising separation between
the above-defined classes if one is already known to be a subset of the other.

Later on, we will study class NP*F and its relation to graphical languages for quantum
computation. It could be the case that P = PH, but PH # P*P: therefore, having #SAT
oracle is likely greatly more powerful that having SAT oracle.

This marks the end of the computational background from a classical perspective —

now we move to the quantum side.

2.4 Quantum circuit model

We assume familiarity with basic quantum computation and circuit model as it is presented
in the textbook by Nielsen & Chaung [137]. This section includes only a minimal overview
of the topic and is based on the textbook mentioned above and another textbook by Coecke
& Kissinger [46].

Quantum computation harnesses the power of quantum mechanics at the fundamental
level of physics. However, just as we do not study the implementation of electric circuits in
classical computers, we also avoid purely physical interpretations of quantum computation.
Instead, we work on a formalised mathematical model encapsulating what can be achieved
in the quantum world.

The mathematical model arises from von Neumann’s postulates:

1. Quantum systems are represented by Hilbert spaces. The state of a system corre-
sponds to an equivalence class of normalised vectors equal up to a global phase.
The composite systems are represented by the tensor product of the Hilbert spaces

representing the subsystems.

2. Deterministic, reversible quantum processes are represented by unitaries on the

Hilbert space.

3. Quantum measurements are represented by self-adjoint linear maps on the Hilbert
space. When a measurement takes place, the state collapses according to the action
of one of the projectors, with the probability of each projector given by the Born

rule.

22



We exclusively work with systems constructed on qubits, meaning that the dimensions
of the underlying Hilbert spaces are powers of two (though we might mention some results

on qudits).

2.4.1 Components of the circuit model

In the circuit model, the quantum part of the computation consists of several steps:
1. Preparation of the qubits in simple single qubit states such as |0) or |+),
2. Application of the unitary gates to the qubits,
3. Measurements of the qubit in the computational basis.

The computation may also feature classical pre- and post-processing, and the steps
can interweave; for instance, further parts of the computation may depend on earlier
measurement outcomes. The measurements do not necessarily need to be performed in
the computational basis. In principle, measurements along any computable axis are valid.

The proper part of the computation is the second step, i.e. application of quantum gates
with standard gates presented in Figure 2.1. In particular, we define rotational gates so
that the angles match the presentation in graphical calculi established in the next chapter.
For example, the T gate is (up to a global phase that we ignore) a Z rotation gate with

parameter 7 rather than g, which is the case in some literature.

Notation. We write subscripts to indicate to which qubit the gate is applied. For
example, on a system with qubits 1, 2, 3, writing 7, stands for the process Id®T®Id,
i.e. the T gate is applied to the second qubit and an identity to the other qubits. For

controlled gates, we first list the control and then the target qubits.

Example 2.4.1. An example of a quantum circuit:
(T'SWAP,3)(CZ12)(CNOT 3) (H2Z3) (T152X3)

and its graphical representation:

The Hadamard gate, both rotational single-qubit gates (for any choice of parameter

in [0,27)), and any two-qubit entangling gate like CNOT are sufficient for universal
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Figure 2.1: Quantum gates
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quantum computation, meaning that any quantum process can be constructed with these
gates. Usually, we restrict ourselves to finite generator sets. For instance, we refer to
a system given by Hadamard, S, and CNOT as the Clifford fragment of the quantum
computation. The Clifford+T fragment extends the Clifford fragment by allowing the
T gate to be used as a generator, leading to an approximately universal gate set. The

Hadamard and Toffoli gates generate another important approximately universal gate set

[6].

2.4.2 Power of quantum computers

Quantum computers are physical machines that can implement quantum computations
given by quantum circuits. Quantum computers are more efficient than classical comput-
ers for particular problems, though it may depend on the chosen generator set of gates
used to construct the circuits. Quantum circuits constructed with infinite generator sets
are impossible to achieve in practice, and their computational power goes beyond the
regime of computational complexity (for instance, due to Euler decomposition, any single
qubit quantum process can be performed with arbitrary rotational gates in a circuit of
constant depth). On the other hand, classical computers can efficiently simulate Clifford
circuits; thus, Clifford computation offers no quantum advantage. However, approximately
universal quantum circuits may lead to a quantum advantage.

Formally, the class of problems solvable by quantum computers in polynomial-time is
called BQP[22].

Definition 2.4.2. The bounded-error quantum polynomial-time class BQP is the
complexity class of problems Q for which there exists a quantum Turing machine

M such that for all inputs w the following holds:
2
w € Q — Prob(M(w) = True) > 3

and "
w ¢ Q — Prob(M(w) =True) < 3

This initial formulation of the power of quantum computers uses quantum Turing
machines (whose definition we skip here). Nowadays, the standard way to formalise BQ P
is via uniform circuits [39, 4], based on which we can conclude that polynomial-size
circuits constructed with Clifford+T and H+Toffoli generator sets can precisely solve the
problems in BOP.

It is known that BPP C BQP C PP [22, 4]. As is often the case in computational
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complexity, we do not know whether BOP 2 P (or whether BOQP 2 BPP), and thus,
it could be the case that BQP = P. However, some candidate problems are known to
be in BQP and believed to not be in P. For instance, Shor’s algorithm [152] can solve
FindDivisor and thus this problem is in BQP'. At the same time, such problems are
notorious for being difficult to solve with a classical computer and are the focal point of
many cryptography protocols such as RSA [148].

The non-deterministic nature of measurements in the quantum world is essential when
formalising problems in BQP. If we were able to select which measurement outcome
should happen (provided that the selection we make could happen with non-zero probabil-
ity), then the polynomial-sized quantum circuits could solve problems in PostBQP, i.e.
BQ P with post-selection on measurement outcomes [1]. Itis known that PostBQP = PP
[1]. On the other hand, there are no known relations between problems solvable in poly-
nomial time by quantum Turing machines and non-deterministic Turing machines: It is
believed that NP and BQ P are different, and neither is a subset of the other.

Quantum computers are not only expected to efficiently solve problems outside of P;
there are also problems in P which could be sped up with quantum computers, such as the

search problem via Grover’s algorithm [83].

2.5 Measurement-based Quantum Computation

While the standard model for quantum computation is the circuit model, other models
have also been formalised. One of such models is the one-way quantum computation, or
measurement-based quantum computation (MBQC). It is a quantum computation model
alternative and equally powerful to the circuit model [143, 144, 145].

The computation consists of two steps: preparation of highly entangled resource state,
and adaptive single qubit measurements on this resource state. Sometimes the two steps
are intertwined: it is possible to re-use the same physical systems as different qubits over
the course of a single computation, but for simplicity we will consider state preparation
and measurement phase separately here.

In this section, we examine formal definitions in the MBQC model and explore the

fundamental problem of determinism.

2.5.1 Basic definitions

Most resource states used in MBQC are graph states, arising from simple graphs. We use

the following notations:

"More precisely, the decision variant is in BQP; that is the problem that asks whether input number 7
has a divisor in some interval (a, b) which is also given in the input.
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Notation. Unless specified otherwise, all graphs are assumed to be simple graphs
(undirected graphs in which all edges are distinct and connect two distinct vertices).
Given graph G, we always refer to its vertices with V and edges with E. Vertices are
always written with small letters, avoiding letter ¢ to eliminate confusion with cor-
rection functions. An edge is written by listing two vertices next to each other, e.g.
uv € E means that there is an edge connecting u and v. N,, denotes neighbourhood

of u, i.e. set of vertices connected to u.

We also define less standard notions of odd neighbourhood and closed odd neighbour-
hood:

Definition 2.5.1. Let G = (V, E) be a simple graph and A C V be any subset
of vertices. The odd neighbourhood of A is the set of vertices v € V which are

adjacent to an odd number of elements of A, i.e.:
Odd(A) :={veV:|[{ueA|vueE} isodd}.

The closed odd neighbourhood of A is defined as follows, where A stands for the
symmetric difference of sets,i.e. DA D' = (DU D)\ (DND):

OddfA]) := Odd(A) A A.
We are now ready to define graph states:

Definition 2.5.2. Given a simple graph G = (V, E), we define a corresponding
graph state |®¢) as follows:

1. For each vertex v € V, prepare a corresponding qubit in state |+),

2. For each edge uv € E, apply a CZ gate between qubits corresponding to

vertices u and v.

Since CZ gates commute, the order in which CZ gates are applied does not matter.

This means a graph state is well-defined and unique for a given graph:

Remark 2.5.3. Given graph G = (V, E), the corresponding graph state |®s) can

[1¢Zuw @)1+,

uvekE vev

be written as:
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Example 2.5.4. Consider the following graph:

The corresponding graph state is:
CZedCZdeZbeCZad |+ + ++>abcd

We often work with a related structure of open graphs, which explicitly specify the

input and output qubits:

Definition 2.5.5. An open graph is a triple (G, I, O), where G = (V, E) is a simple
graph, and I, O C V are the input and output sets respectively.

We denote the set of non-inputs with I := V \ I and the set of non-outputs with
0:=V\O.

Notation. When drawing open graphs, inputs are denoted with a box around the

vertex, and outputs are denoted with empty circles rather than filled ones.

Example 2.5.6. An open graph:

b e
with one input: / = {i} and one output O = {o0}.

The correspondence to a quantum state is as follows: instead of preparing qubits in
state |+) for all vertices, we only prepare them for v € V' \ I. For v € I, we instead assume
they are given as input of the computation. Finally, instead of measuring all qubits, we only
measure qubits corresponding to v € V' \ O. Qubits corresponding to v € O are treated as

outputs of the computation: Such output qubits could be used for further computation or
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measured afterwards to finish the computation.

In the MBQC model, progressive, adaptive measurements drive the computation for-
ward. We allow three types of planar measurements corresponding to the three planes of
the Bloch sphere:

Definition 2.5.7. The operators corresponding to XY, YZ, and XZ planar mea-

surements are defined as follows for any « € [0, 27]:

(rxral = % (Ol + 7 (1) (=x.] = % (0l = e (1))
(+y74] = % (H+e =) (-rzal= % (¢+] - e (=)
(+x7.0] = % (Gl + e (l) (—xzal = % (¢H] — 717 ()
where:
(il = —= (0] - (1)) (=il 1= —= (O] +i 1)

V2 V2

We have defined operators by stating bras, i.e. conjugate transposes of more standard
kets; hence, all e/* terms had to change to e~¢.

The measurement in plane A at an angle @ can result in two outcomes: desired outcome
<+A,Q| and undesired outcome (— A,a|. Note that these two outcomes indeed extend to
measurements, as the two bras form an orthonormal basis, and hence the corresponding

projectors satisfy:
a0 (+10] + |~ 1) (~1a] = 1d.

When « is a multiple of 7, the planar measurements collapse to Pauli X, Y, and Z
measurements.

MBQC on graph states can be shown to be universal for quantum computing with just
one type of planar measurements; see [145, 119] for XY, [127] for XZ, and [156] for YZ
(with additional local rotation gates required in the last case). However, having access to
all types of computation gives more flexibility, possibly leading to smaller requirements
on the number of measured qubits. The necessity of having some planar measurements
cannot be relaxed if we wish to maintain universality, as graph states with only Pauli
measurements fall into the Clifford fragment. While we restrict ourselves to graph states,
we note that Pauli measurements suffice for universality if the resource state is transformed
from a graph state to a more complex structure. For instance, Pauli X and Z measurements
are sufficient for universality in hypergraph MBQC [135, 163, 181], thatis MBQC in which
resource states are hypergraph states [149]. Similarly, these measurements also suffice for
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states where entangling is changed from the CZ gate to (up to local unitaries) the VCZ
gate [105].

Given an open graph, we can describe the desired computation in the MBQC model
by specifying the desired outcome for each non-output, i.e., choosing the measurement

plane and measurement angle.

Definition 2.5.8. Given an open graph (G, 1,0) where G = (V,E), we define
measurement labelling as any function 1: V\ O — {X,XY,Y,YZ,Z,ZX} such
that A(v) € {X, XY,Y} forallv eI\ O.

We refer to the set of planar measured vertices as Apjanqr, and to the set of Pauli

measured vertices as Apg,;:

Apianar = {v € O | A(v) € {XY,YZ,XZ}}
Apauii = {V € 0_ | /l(V) € {X’ YaZ}} .

Definition 2.5.9. A labelled open graph is a quadruple (G, 1,0, 1) such that

(G, 1,0) is an open graph, and A is a corresponding measurement labelling.

Notation. When drawing labelled open graphs, the measurement labels for each

non-output are specified near vertex names.

Example 2.5.10. A labelled open graph:

with the underlying open graph from Example 2.5.6.

To fully specify the intended outcome of each measurement, one would also need to

choose the measurement angle:

Definition 2.5.11. Given a labelled open graph (G, I, O, 1), we define the mea-
surement choice as any function @: V \ O — [0,2x] such that Vv € V \ 0.4(v) €
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{X,Y,Z} - a(v) € {0, n}.

The last condition on the allowed angles ensures that the vertices measured with Pauli
measurements have a compatible angle. We can now add measurement choices to labelled
open graphs to obtain what we call MBQC schemes (to my best knowledge, this structure

lacks a standardised name):

Definition 2.5.12. An MBQC scheme is a quintuple (G,I,0, A, @) such that

(G,1,0,2) is a labelled open graph and « is a compatible measurement choice.

While an MBQC scheme fully describes the quantum process desired for the compu-
tation, we will primarily work with labelled open graphs later on. The exact angle will be

meaningless for the structures for deterministic computation that we define later.

2.5.2 Corrections

Since quantum measurements are inherently non-deterministic, undesired outcomes must
be accounted for by defining a suitable correction procedure for each.
For each measurement, only one outcome is desired. The undesired outcomes differ

from the desired outcomes by a Pauli gate, for instance:

(~xv.a| = (+xv.0| Z

for any angle a. Thus, obtaining an undesired outcome for planar XY measurement results
in a Pauli Z byproduct. Similarly, all other undesired outcomes can be viewed as Pauli
byproducts. Correcting such byproducts by complementing them to stabilisers of the
underlying graph state is standard. Stabilisers of graph states are well understood [86],
making it possible to detect stabilisers that can be used for correction purposes. Such an
approach is also sufficient for universal quantum computation. Finally, the MBQC model
is supposed to function as an alternative to the circuit model; hence, we do not want the
corrections to involve complicated quantum processes.

The theorem below follows from [86, Subsection I1.B].

Theorem 2.5.13. The stabilizers of a graph state |®g) form a group with the
following generator set:
{ZN(u)Xv | S V}

where N (u) stands for neighbourhood of v.

From these generators, we can construct all stabilisers. This requires choosing a set of

31



applied generators, i.e. each stabiliser is uniquely induced by set A of vertices to which
X gate is applied. The vertices to which Z is applied form precisely Odd(A). See the

example:

Example 2.5.14. Consider the graph state |¢¢) from Example 2.5.4. The generator

stabilisers of |¢) are:
X, Z4 XpZoZa ZpXoZa ZaZpZeXy.
The stabiliser induced by the set of vertices {b, d} is:

(XpZeZa)(ZaZpZeXa) = Zo(XpZp)(ZeZe)(ZaXa) = Za(iYp) 1 (—Ya) = ZyYpYq.

2.5.3 Determinism

An MBQC scheme that can be performed independently of the observed measurement
outcomes is called deterministic. In other words, deterministic schemes are those for which
it is possible to correct all undesired outcomes. The formal definition of determinism

requires first defining measurement patterns arising from measurement calculus.

Measurement calculus

The measurement calculus [53, 54] formalises transformations of computations in MBQC
by defining measurement patterns: the structure describing the procedure necessary to
perform the intended computation. This structure consists of an MBQC scheme, along
with the order in which measurements should be applied and the correction procedure for

undesired outcomes. The next two definitions are adapted from [153]:

Definition 2.5.15. A measurement pattern consists of n qubit register V, with
distinguished sets /, O C V of input and output qubits and a sequence of commands

consisting of the following operators:
* Preparations N, of qubit v € V \ [ in state |+),
» Entangling operators E,,, applying CZ gate between qubits v and w,

* Destructive measurements MVA **, projecting qubit v € V'\ O onto either <+ A,a|

with outcome O or <— ﬂ,a| with outcome 1,

* Corrections [X,]" or [Z,]" conditionally applying an X or Z gate respectively
to qubit u € V if the outcome of the measurement for qubit v is 1.
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We also define runnable patterns to exclude patterns with measurements of non-existing
qubits, applications of gates to previously measured qubits and similar contradictory

operations:

Definition 2.5.16. A measurement pattern 8 on register V with inputs and outputs

1, O 1s runnable if:

* All non-input qubits are prepared exactly once, i.e.  contains N; for all
ieV\L

* A non-input qubit is not acted on by any other command before its preparation,

i.e. the first command on any v € V '\ I is N,,.

* All non-output qubits are measured exactly once, i.e. for all v € V' \ O, there

. 2
is a command M;® for some A and «.

* A non-output qubit is not affected by any other command after its measure-
ment, i.e. the last command affecting v € V \ O is M;l’“ for some A and

.

* No correction depends on an outcome not yet measured, i.e. commands [ X,,]”

and [Z,]” can appear in  only after the command M.

Notions of determinism

When a computation given by an MBQC scheme can be performed in a way in which all
undesired outcomes are corrected, we call it deterministic. However, there are multiple
slightly different notions of determinism that people consider. To explore these notions,
we first must define a branch of computation in the MBQC model. The following definition
is adapted from [15] and [128]:

Definition 2.5.17. Let B be a measurement pattern with n measurement commands.
A branch of the pattern is a length-n binary sequence p together with a linear map
[%B]», where each measurement is replaced with an outcome corresponding to the

entries in p.

Definition 2.5.18. Let 3 be a measurement pattern with » measurement commands
and let k < n. An intermediate pattern (), is a measurement pattern obtained as
a truncation of B that excludes all measurements and all corrections dependent on

such measurements except for the first X measurements.
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We are now able to formally define determinism notions [52, Section II]:

Definition 2.5.19. A runnable measurement pattern 8 with n» measurement com-

mands is:

* deterministic if for any branches p and ¢ we have [B], = c[*B], for some

c €C,

* strongly deterministic if for any branches p and g we have [B], = ¢[B], for
some ¢ € S! (element of the unit circle in the complex plane),

o stepwise deterministic if for any k < n, the intermediate pattern (P); is

deterministic,

* uniformly deterministic if it is deterministic for any choice of angles « ap-

pearing in the measurement commands in B3,

* robustly deterministic if it is strongly, stepwise, and uniformly deterministic.

Some other notions of determinism, which we do not work with in this thesis, include
uniform equiprobability and constant probability [125].

The notion of robust determinism is of most significant use for a few reasons.
Firstly, strongly deterministic measurement patterns implement unitary embeddings [52,
Lemma 1] and, thus, valid quantum processes. Secondly, stepwise deterministic measure-
ment patterns can be performed single qubit at a time and the pattern can be implemented
in parts by partitioning computation into smaller, still deterministic fragments. Thirdly,
uniformly deterministic measurement patterns allow performance of different computa-
tions with the same underlying labelled open graph. We will restrict ourselves to only
looking for robustly deterministic patterns. We will say that computation in MBQC is

deterministic to signal that the implied measurement pattern is robustly deterministic.

2.5.4 Applications

We briefly outline most important applications of MBQC. The split of computation into
two parts (resource state preparation and adaptive single qubit measurements) is partic-
ularly well suited to a client-server split: e.g. blind quantum computing scheme allows
computations to be securely delegated to quantum server while requiring no or minimal
quantum capabilities from the client [27, 73, 102, 100]. MBQC also links with quantum
secret-sharing protocols [101] and forms the basis of approaches for verifying quantum

computations [79, 100]. Scalable implementations of photonic quantum computation are

34



expected to be based on the one-way model [162, 182, 69]. Finally, fault-tolerant quantum
computation using surface codes lattice surgery is closely related to the one-way model
[146, 59]. The one-way model is also of theoretical significance: the more flexible struc-
ture of graph states (as compared to quantum circuits) means it is often easier to optimise
computations expressed in the one-way model, whether that is to trade ancillas against

circuit depth [28], reducing the number of T gates [64], or other metrics [157].

2.6 Flow structures

Given the MBQC scheme, can the computation be performed deterministically? This
question can be answered by examining the so-called flow structures that capture suf-
ficient (and sometimes necessary) conditions for the robust determinism of the implied
measurement patterns.

Since robust determinism is a special case of uniform determinism, the exact measure-
ment angles need not be considered in the MBQC scheme. Therefore, we can consider
labelled open graphs as the notion of the intended quantum process. For this reason, the
flow structures are defined on labelled open graphs, as opposed to MBQC schemes.

The general idea behind flow structures is to provide an algebraic set of conditions on
a labelled open graph that, when satisfied, implies the existence of a robustly deterministic
measurement pattern.

In the later chapters, we discuss Pauli flow. However, as our results apply to Pauli flow,
they also apply to more restricted flow structures such as causal flow and gflow. For this

reason, we provide a detailed overview of all of these flow types.

2.6.1 Causal flow

The oldest and simplest of the flow structures is the causal flow that works only for planar

XY measurements. It was defined in [52, Definition 2] (were it was called simply flow):

Definition 2.6.1. Consider a labelled open graph (G, I, O, 1) with A(v) = XY for
allv € O. A causal flow is a pair (f, <) where f: O — I is a correction function

and < is a strict partial order on V such that for all v € O:
*vf(v) €E,
* v < f(v), and

*VweN(f(v)) w=vVv<w.

The vertex f(v) is called the corrector for v.
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If an undesired outcome is observed when measuring qubit v € O, then the Pauli
byproduct on v is complemented to a stabiliser by applying X gate to f(v) and Z gate to
neighbours of f(v) other than v. The flow conditions ensure that such application of gates
is causal, meaning that the gates can indeed be applied.

A causal flow is a sufficient condition for robust determinism, as implied by the

following theorem [52, Theorem 1]:

Theorem 2.6.2. Let (G, I, 0, A) be a labelled open graph with A(v) = XY for all
v € O and (f, <) be a causal flow on it. Then, there exists a robustly deterministic

measurement pattern 8 implementing (G, I, O, A, @) for any «.
We illustrate causal flow with an example:

Example 2.6.3. Consider the following labelled open graph from [29, Figure 3]:

i1, XY 0y
iz, XY 02
iz, XY 03

It does have causal flow:

f(ik) =oy fork € {1,2,3}

i1 <ip<i3<01,072,03

Therefore, there exists a robustly deterministic pattern implementing the given

computation:

[X03]i3Ml§Y’a(i3) [Z,'3]i2 [X02]i2Mi)2(Y’a(i2) [Zl,z]fl [Xol]ilM,')l(Y’a(il)

Ei303Ei302Ei202Ei201 Ei101 Ni3Ni2Ni1

The above example captures a rather small graph, yet the measurement pattern is
already quite lengthy; in this case, it contains sixteen commands. We refrain from writing
full measurement patterns for future examples: the important part is that they can always
be achieved.

We know that causal flow is sufficient for robust determinism. However, is it necessary?

Consider the following example without causal flow:
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Example 2.6.4. Consider the following labelled open graph (G, I, O, 1) from [29,
Figure 2]:

i1, XY

o1
iz, X 02
i3, XY 03

Suppose it had causal flow (¢, <). Let iy be the last input in <. Since iy f (ix) € E,
necessarily f(ix) € O. However, all outputs have at least two neighbours. Thus,
there is iy # iy such that iy € N(f(ix)). However, then we would need iy < iy,
which contradicts the assumption that i is last in <.

The proof above can be adapted for any labelled open graph where 6(G) > 2: instead
of considering the last input in the order, consider the last non-output in the order. On the
other hand, the labelled open graph above can be implemented in a robustly deterministic
way, and thus, causal flow is not necessary for robust determinism. The necessary (and
sufficient) condition that covers XY planar measurements (as well as YZ and XZ planar

measurements) is the generalised flow, which we explore in the next subsection.

2.6.2 Generalised flow

The correction mechanism defined in causal flow is limited. When an undesired outcome
is observed, the corresponding Pauli byproduct is completed to some generator stabiliser.
Therefore, causal flow does not utilise the entire stabiliser group of the resource state in the
correction procedure. Further, causal flow only works where all measurements are planar
XY measurements. These restrictions are relieved in generalised flow, initially defined in
[29, Definition 3]:

Definition 2.6.5. Consider a labelled open graph (G,I,0,1) with A(v) €
{XY,YZ,XZ} for all v € O, ie. Apyyi = O and Aplanar = 0. A generalised
flow (shortened to gflow) is a pair (c, <) where ¢c: O — P(I) is a correction

function and < is a strict partial order on O such that for all v € O:
cVwec(w)vEw—ov=<w,
e VweOdd(c(v))v#w > v <w,

e A(W)=XY -5 véc(v) AveOdd(c(v)),
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e A(v) =YZ - vec(v)Av ¢ 0Odd(c(v)),
e A(v) =XZ - vec(v) AveOdd(c(v)).

The set ¢(v) is called the correction set for v, and its elements are called correctors

for v.

The gflow is called generalised as it is a strict generalisation of causal flow:

Observation 2.6.6. Let (f, <) be a causal flow on some labelled open graph. Then
(¢, =) is a gflow on the same labelled open graph where c(v) := {f(v)} for all
veO.

In gflow, the correction function specifies not just the stabiliser generator but a set of
vertices inducing a stabiliser to which potential byproduct is complemented. This way,
gflow allows more sophisticated correction mechanisms and can be used for all three

measurement planes.

Example 2.6.7. Consider the labelled open graph from Example 2.6.4. It does have
gflow:

c(i1) = {02, 03}
c(ip) = {01, 02,03}
c(iz) = {03}

i3 <1i1,ip < 01,02,03

Since the XY plane suffices for universality, the literature most commonly considers
labelled open graphs with only planar XY measurements. This leads to a naming conflict,
where sometimes gflow refers to cases with XY planar measurement only, and instead,
the variant compatible with all three planes is referred to as extended gflow. However, the
word extended also has other meanings in MBQC theory. We will avoid the term extended
gflow and assume that gflow covers all three planes. We will use term XY -only gflow to

refer to gflow variant when all vertices are measured in XY plane.
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Example 2.6.8. Consider the following labelled open graph:

v, fZ

i, XY 02
It does have gflow:
c(i) = {o}
c(v) ={v,0}
i<v<o

Like causal flow, gflow is also a sufficient condition for robustly deterministic com-
putation. Unlike causal flow, gflow is also a necessary condition, and thus gflow may be

viewed as equivalent to robust determinism [29, Theorems 2 and 3]:

Theorem 2.6.9. Let (G, I, O, 1) be alabelled open graph with planar measurements

only. The following statements are equivalent:

* There exists a robustly deterministic measurement pattern implementing
(G,1,0, 4, a) for any a,

* The labelled open graph (G, I, O, 1) has gflow.

Example 2.6.10. The labelled open graphs from Examples 2.6.4 and 2.6.8 have
gflow. Therefore, there exist robustly deterministic measurement patterns imple-

menting the given computations.

Based on Theorem 2.6.9, for labelled open graphs without gflow, we can conclude

there is no corresponding robustly deterministic measurement pattern:
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Example 2.6.11. Consider the following labelled open graph from [29, Figure 7]:

IrY!

[®] ° o
i1, XY vi, XY vy, XY vy, XY o1
V2, XY Vs, XY

0 XY XY g, XY O
iZa XY V3, V6, Vs, 02

It can be shown that it does not have gflow. Therefore, there is no robustly deter-

ministic measurement pattern implementing it.

A full proof that the labelled open graph in Example 2.6.11 has no gflow is quite tedious:
one must verify that no pair (¢, <) of correction function and partial order satisfies all
conditions of gflow. The procedure can be somewhat simplified by considering a focused
gflow instead. Initially defined in [125, Definition 5] for XY only case. Later adapted to
all three planes in [15, Subsection 3.3] together with procedure transforming gflow into

focused gflow:

Definition 2.6.12. A gflow (¢, <) on a labelled open graph (G, 1,0, 1) is called
focused if for all v € O:

s VweONnckv).A(v) # XY - w=vand

e VweO0NOdd(c(v).A(v) = XY - w =v.

Theorem 2.6.13. If a labelled open graph has gflow, it also has a focused gflow.

The conditions of a focused gflow can be interpreted as follows: Pauli X corrections
can only be applied to XY measured vertices and Pauli Z corrections can only be applied
to YZ or XZ measured vertices. Focussing conditions streamline the correction procedure
by allowing only one type of correction to be applied to each vertex, which could be
beneficial when constructing real-world architecture for MBQC. A particularly nice result
about focused flow is known when || = |O| ([125, Subsection 3.1] for XY only case,

extention to all planes follows from Pauli flow version stated in Theorem 2.6.24):

Theorem 2.6.14. If a labelled open graph has gflow and |/| = |O]|, then it has a
unique (up to a weakening of the partial order) focused gflow.

Due to the above theorem, focused flow can be considered canonical or normal form
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flow whenever |I| = |O|. While this restriction on inputs and outputs may seem very
strong, the cases with |/| = |O] are, in fact, the most common, as then the corresponding
robustly deterministic measurement patterns correspond to unitaries rather than just unitary
embeddings.

We can now prove that the labelled open graph from Example 2.6.11 has no gflow:

Example 2.6.15. Consider labelled open graph from Example 2.6.11. Suppose it
has gflow. Then, by Theorem 2.6.13, it has a focused gflow (¢, <). Suppose that
v ¢ c(vs). Necessarily, we must have vs € Odd(c(vs)), necessarily v4 € c(vs) or
ve € c(vs). Since iy,ip, vy ¢ c(vs), necessarily v or v3 must be in Odd(c(vs)),
contradiction with focussing condition. Thus, v, € ¢(vs). Now, if vi € ¢(v2), then
i1 € Odd(c(v2)), contradicting focussing conditions, so v; ¢ c(v;). Analogously,
v3 ¢ c(vy) and thus necessarily vs € c¢(v2). However then vs € c(v;) and v, €
¢(vs), which implies vo < vs and vs < v, contradicting < being a strict partial
order. Therefore the above labelled open graph does not have a focused gflow, and

hence no gflow at all.

By considering a focused gflow instead of any gflow, we were able to construct a
proof that a particular labelled open graph does not have gflow and therefore cannot be
implemented in a robustly deterministic way. However, to provide the exact proof we
had to consider multiple different cases, which is nonideal. This is a common problem
when working with standard definitions of flows: proving even a simple statement often
requires detailed consideration of which of the condition breaks. Similarly, verification
that a pair is a flow is also tedious and likewise requires checking every single condition.
These processes can be automated and in fact the linearity of the flow conditions allows
construction of polynomial-time algorithms for finding gflow. We will study and improve

such algorithms in great detail in later chapters.

2.6.3 Pauli flow

The generalised flow provides necessary and sufficient condition for robust determinism
when all vertices are measured in the planes of Bloch sphere. Yet, a more general variant
has been defined: Pauli flow. To motivate Pauli flow, we return to the Example 2.6.11. The
labelled open graph presented there cannot be implemented in a robustly deterministic
way as there is no causaly sound way to correct vertices v, and vs. However, if we
choose the angle at which vertex vs is measured to be O or &, then vertex vs is measured
in Pauli X basis and the causality issue vanishes: we could measure first vertex vs, and

later still correct v, utilising the vs as a corrector. The reason this approach works is
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because application of the Pauli X gate to an X measured vertex does not affect the
measurement outcome probabilities, and thus we can ‘allow’ application of the X gate
to an already measured vertex. In other words, Pauli measurements are more flexible for
corrections. The structure which allows full utilisation of this flexibility is the Pauli flow
[29, Definition 5]:

Definition 2.6.16 (Pauli flow). A Pauli flow for a labelled open graph (G, I, O, A)
is a pair (¢, <), where ¢ is a correction function for (G, 1,0, 1) and < is a strict

partial order on O, such that for all u € O:

(P1) Vv e cu)u#vAAv) ¢ {X,¥Y} = u~<v

(P2) Vv € Odd(c(u))u # v AA(Y) € {Y,Z} = u < v
(P3) Vv € O.~(u < v) Au#v AA(V) =Y = v ¢ Oddfc(u))
(P4) A(u) = XY = u ¢ c(u) A u € Odd(c(u))

(P5) A(u) = XZ = u € c(u) A u € Odd(c(u))

(P6) A(u) =YZ = u € c(u) Au ¢ Odd(c(u))

(P7) A(u) = X = u € Odd(c(u))

(P8) A(u) =Z = u € c(u)

(P9) A(u) =Y = u € Oddfc(u)).

The sets c(v) for v € O are called the correction sets.

We can now verify that a tranformed variant of a labelled open graph in Example 2.6.11

does have Pauli flow:

Example 2.6.17. Consider the following labelled open graph:

IrY!

[®] ° o

i1, XY v, XY v, XY vy, XY o1
V2, XY Vs, X

(e} XY XY g, XY O

iy, XY V3, Vs, Vs, 03

It does have Pauli flow with the correction function and relevant odd neighbourhood
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given in a table:

c(v) Odd(c(v))
i Vi, Vs, V8 i1,02
i V3, Vs, V7 i2,0]
V1 V2, Ve, 02 Vi
V2 V5, V7, V8 V2,01, 02
V3 V2,V4, 01 V3
Va V7 V4, 0]
V5 | V2,V4,V6,01, 02 Vs
V6 Vg V6, 02
1% 01 1%
Vg 02 Vs

and the partial order is, for instance:
Vs, 01,02 < V1, V3 < V2,V4,V6 < V7,V8 < 01,02
and another example, featuring all measurement labels:

Example 2.6.18. Consider the labelled open graph from Example 2.5.10. It does

have Pauli flow with the correction function and relevant odd neighbourhood given

in a table:
c(v) | 0Odd(c(v))
i b,o i,a
ala,b,e,o a, o
b e b,o
e 0 e
d| b,d,o a, f
f f d

and the partial order is, for instance:

i,de <a<b,f <o
Just like gflow generalises causal flow, Pauli flow generalised gflow:
Observation 2.6.19. A gflow is also a Pauli flow.

Furthermore, Pauli flow is once again a sufficient [29, Theorem 4] and necessary [128,
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Theorem 3] condition for robust determinism on resource states given as labelled open
graphs:

Theorem 2.6.20. Let (G, I, O, 1) be alabelled open graph. The following statement

are equivalent:

* There exists a robustly deterministnic measurement pattern implementing
(G,1,0, 4, a) for any a,

* The labelled open graph (G, I, O, 1) has Pauli flow.

The above statement is true when considering existence of any robustly deterministic
measurement pattern. However, if the order in which vertices should be measured is fixed,
then Pauli flow is no longer necessary, and instead equivalence is captured by shadow
Pauli flow which we do not explore in this chapter [128, Theorem 1].

Example 2.6.21. The labelled open graph from Example 2.6.17 has Pauli flow.
Therefore, there exists robustly deterministic measurement pattern implementing

the given computation.

The notion of focussing can also be extended to Pauli flow [153, part of Definition 4.3]

(throughout that paper, ‘focused’ is spelled ‘focussed’ instead):

Definition 2.6.22 (Focused Pauli flow). The Pauli flow (c, <) is focused when for
all v € O the following hold:

(F1) Vw € (O \ {v}) nec(v).A(w) € {XY,X,Y}
(F2) Yw € (O \ {v}) N0dd(c(v)).A(w) € {XZ,YZ,Y,Z}

(F3) Yw € (O \ {v}).A(w) =Y = w ¢ Oddfc(v)), where w ¢ Oddfc(v)) is
equivalenttow € c(v) © w € Odd(c(v)).

Focused Pauli flow has similar properties as focused gflow: existence is stated in [153,

Lemma 4.6], while uniqueness follows from [153, consequence of Theorem 5.4]:

Theorem 2.6.23. For any open labelled graph, if a Pauli flow exists, then there also

exists a focused Pauli flow.

Theorem 2.6.24. If a labelled open graph has Pauli flow and |I| = |O|, then it has

a unique (up to a weakening of the partial order) focused Pauli flow.
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Example 2.6.25. The Pauli flow in Example 2.6.17 is focused.

While the presented gflow definition is already difficult to work with due to the necessity
of checking multiple conditions, the Pauli flow definition is borderline impossible to use
in the outlined form. Developing a more intuitive, human-friendly algebraic interpretation

of flow is the subject of my work in Chapter 5.

2.6.4 Other flows

While Pauli flow is equivalent to robust determinism on labelled open graphs with all six
types of labels, a number of other flow structures are defined for other variants of quantum
computation. As mentioned earlier, in [128], a shadow Pauli flow is defined, equivalent
to robust determinism when the labelled open graph comes with a forced partial order.
Two more flow variants have been constructed in MBQC settings other than labelled open
graphs on qubits. In [173], a gflow equivalent to hypergraph states was defined. Finally,
in [24], a Zd flow was introduced, which relates to determinism on qudit graph states. Yet
another structure related to MBQC flows was defined in [59], the so-called Pauli fusion
flow, which guarantees determinism in Pauli fusion quantum computation, an abstract
model related to ZX Calculus.

2.6.5 Finding flows

We argued that robust determinism is a desirable property which guarantees that the
computation can be performed in the MBQC model independently of the observed mea-
surement outcomes. Robust determinism corresponds to flow structures, and thus, asking
whether computation can be performed in a robustly deterministic way is equivalent to
asking whether the underlying labelled open graph has Pauli flow. Thus, flow-finding al-
gorithms are critical and have been researched extensively. Causal flow was the first flow
for which a polynomial-time algorithm was found [55, 56]. The algorithm was improved
to O(m) in [126], where m is the number of edges. Also in [126], an O(n*) method for
finding XY-only gflow was found, where n is the number of vertices. This result was
corrected and extended to all three planes in [15]. These gflow finding algorithms always
return a focused gflow. For Pauli flow, an O (n°) was found in [153]. While the algorithm is
not guaranteed to find focused flow, a focussing algorithm transforms arbitrary Pauli flow
into focused one in O(n?) time. Later, Simmons improved his result of finding Pauli flow
to O(n*) in a pull request to the quantum compiler t |ket) [154] and the improved algorithm
is included in his (yet unpublished) PhD thesis. All gflow and Pauli flow algorithms utilise

a layer-by-layer approach: the algorithm loops through vertices, detecting which vertices
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can be corrected without imposing order restrictions between two non-yet-solved vertices.
Correctable vertices are detected by solving a linear system, which requires O (n?) steps by
utilising Gaussian elimination. The process must be repeated at most O (n) times, leading
to overall complexity of O(n*). T improve on gflow and Pauli flow finding methods in
Chapter 6. Other flow algorithms for their corresponding flow structures are included in
[59, 24, 128].

2.6.6 Applications

Due to the flow correspondence to robust determinism, most of the MBQC applications
discussed in Subsection 2.5.4 are also flow applications. Flow is also used in programming
tools for MBQC, for example, see [160]. Flow structures can also be used for the
optimisation of robustly deterministic MBQC schemes [15, 172] by transforming schemes
only in ways that preserve flow. While translating a circuit to the MBQC model is
straightforward, the opposite direction is far more challenging. Flow structures guarantee
that efficient circuit extraction is possible [64, 15, 153, 157, 172]. The circuit extraction
itself runs in time O(n>) when using gflow-based methods [64, 15], which is faster than
corresponding algorithm for finding flow: in this cases, circuit extraction method requires
flow to exist, but it does not need to be known to perform circuit extraction. On the other
hand, the Pauli flow-based method of circuit extraction in [153] relies on knowing the
flow: i.e. the first part of the circuit extraction method is to find Pauli, and the remaining
part runs in O(n?) steps. The circuit extraction application is essential for ZX Calculus,
and we discuss it in Subsection 3.3.2. Flow has also been considered for strategies of
circuit extraction that go beyond robust determinism, for instance, by computing how far

a given MBQC scheme (or ZX diagram) is from having flow [67].
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Chapter 3
Graphical Calculi

In this chapter, we motivate the use of string diagrams and rewrite rules to alleviate
some issues encountered in other representations of quantum computation. We focus on
phase-free ZH Calculus and other related calculi, such as ZX Calculus.

In the previous chapter, we examined the mathematical model of quantum computation
and two models for its realisation: the circuit model and MBQC. Representing computation
via a circuit comes with many issues. Circuits often become very large (and hence less
readable) even when representing a simple quantum process. Another problem with
circuits is that they are challenging to transform — while rewriting rules for circuits exist,
they tend to become very complex, for example, [43]. Finally, circuits are best suited to
reason about unitaries which is problematic when studying arbitrary linear processes.

Similar issues arise when representing MBQC in the usual way: the graph repre-
sentation of computation is again challenging to modify, while the expressions in the
measurement calculus do not offer visualisation of the computation.

Although the circuit model and standard MBQC presentations function well as machine
languages, humans need different representations to reason effectively about quantum

computation. One solution is to use graphical calculi built with string diagrams.

Structure: In Section 3.1, we discuss string diagrams in general and briefly consider
their categorical background. Next, in Section 3.2, we define ZH Calculus and study some
of its properties and applications. After that, in Section 3.3, we explore a more well-known
ZX Calculus and its relation to flow-structures and MBQC. Lastly, in Section 3.4, we look

at other graphical calculi for quantum computation, ending this chapter.
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3.1 String diagrams

We start with a brief introduction to string diagrams. String diagrams form a graphical
language with applications in many areas of science, including quantum computation.
The diagrams consist of boxes representing maps and wires connecting boxes representing
identities.

A string diagram is a graphical representation of a morphism in a monoidal category,
i.e. a category equipped with a tensor product. All diagrams are read from left to right.
The wires represent identity morphisms on particular systems, i.e. objects of the category.
Combining two diagrams horizontally (plugging one diagram into another) corresponds
to composition, while combining two diagrams vertically (stacking one diagram on top of
another) corresponds to tensor product.

On the premises, boxes are rectangles, but modifying them to have non-rectangular
shapes is often more convenient. For instance, states and effects are commonly denoted
with triangles, while some maps are represented with circles.

The structure of a monoidal category makes it possible to formalise intuitive transfor-

mations of string diagrams:

Example 3.1.1. Consider the following diagrammatic equation:

In this example, a snake is expanded, and next W and U are both pushed through a

crossing.

In this work, we use string diagrams to represent quantum computation. The objects of
the category are Hilbert spaces, while the boxes represent linear maps. From the category
theory perspective, we work with dagger symmetric monoidal category FdHilb of finite-
dimensional Hilbert spaces. Since the carriers of quantum information throughout this
thesis are qubits (and specifically not qudits), we are restricted to Hilbert spaces with
powers of two degrees. The fact that the monoidal category is symmetric means that it is

a braided monoidal category and the underlying braided structure is symmetric:

Proposition 3.1.2. Wires can be crossed, and when crossing two wires, there is no
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distinction between the top and bottom wires.

X X

The dagger in dagger symmetric monoidal category [151] means that each process has
a dual process: Each diagram can be mirrored, with boxes being mapped to their adjoints.
For quantum computations, the dagger corresponds to the adjoint of a map with respect

to an inner product structure, typically simplifying to the conjugate transpose operation.

Example 3.1.3. An example of the dagger operator:
il

v |

The categorical structure also motivates some rewrite rules: The boxes can be moved,
and wires can be stretched and crossed arbitrarily as long as the connections between
boxes and dangling wires are preserved. The edges of a box are also not ordered; however,
the order of the open ends of the edges does matter. In particular, the generator boxes of
the calculi we work with satisfy the property of flexsymmetry [32], meaning that we do

not even have to distinguish between input and output wires of individual boxes (example

taken from [32]):

Hence, even though technically each edge is either an input or output edge, we can

Example 3.1.4.

draw them as if they were starting in an arbitrary part of the box.
Collectively, the transformations of the diagrams arising from the categorical structure
and flexsymmetry are known as only topology matters” (OTM). For example, OTM allows

us to derive the following equality between diagrams:

%In literature, it is also known as only connectivity matters.
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Example 3.1.5. Suppose that D and E are flexsymmetric. Then:

I do not study the category theory background of string diagrams in this thesis. Instead,
string diagrams are applied to represent quantum systems via graphical calculi for quantum
computation. Thus, I will not mention category theory later on. Readers interested in this

topic should consult one of the following:

[88] for a detailed categorical background;

[45] for a detailed categorical background concerning ZX Calculus;

[46] or [107] for a more general categorical overview concerning ZX Calculus; and

[171] for a shorter overview of ZX Calculus linking it to other subfields of quantum

computation.

3.2 ZH Calculus

ZH Calculus [13] and its phase-free variant [ 14] are graphical calculi representing quantum
computation and were designed to efficiently reason about Toffoli+H universal gate set.

While ZH Calculus is less well-known than ZX Calculus which we discuss in Sec-
tion 3.3, ZH and particularly phase-free ZH offers a strong toolkit to reason about counting
complexity which will be essential in Chapter 4. Furthermore, phase-free ZH Calculus is
in some sense ‘minimal’ among Z-like graphical calculi and thus complexity results about
phase-free ZH typically extend to other Z-like calculi, while the reverse is not necessarily
the case.

Firstly, we define generators of ZH Calculus in Subsection 3.2.1. We argue these
generators suffice for universal quantum computation in Subsection 3.2.2. Next, in Sub-
section 3.2.3, we show how the diagrams can be transformed with rewrite rules and
explain the concept of completeness. Finally, we look at applications of ZH Calculus in
Subsection 3.2.4.

3.2.1 Generators

We start by formally defining ZH diagrams.
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Notation. We use double brackets [D] for the algebraic interpretation of a diagram
D.

Definition 3.2.1. ZH diagrams are string diagrams constructed with two generators:
white Z spiders (0) and H-boxes (0):

n X m — |0>®m <0|®n + |1>®m <1|®n
n }é{ m = git-tmitdn |, condm) 1o Jnl
I i] ..... im,jl ..... jn€{0,1}
The exponent iy ... i,/ ... j, in the H-box’s algebraic interpretation equals O unless

all variables are equal 1, in which case the exponent itself also equals 1. Hence, the matrix
representation of an H-box contains 1 in all entries except for the bottom right corner,

where we have a instead.

Notation. When the number inside an H-box satisfies a = —1, we do not write it:

O = H

An H-box with —1 that has precisely one left and one right leg is a rescaled Hadamard.
Thus, the H-box can be viewed as a generalisation of the Hadamard gate.
We will mainly focus on the phase-free variant of ZH, in which we only allow a = -1

as a generator:

Definition 3.2.2. Phase-free ZH diagrams are string diagrams constructed with

three generators: white Z spiders, H-boxes with number —1, and a star generator:

[*]=>

2

Even though we only include H-boxes with —1 as generators, H-boxes with arbitrary
dyadic rational numbers can still be derived within phase-free ZH [14]. The star generator
has no legs and represents a number. It is added to ensure proper scaling of the diagrams.

We also define three derived generators in phase-free ZH:
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Definition 3.2.3. dark Z spider, (0), white Z not (), and dark X not () are three

derived generators of phase-free ZH Calculus and are defined as follows:

X)

(NOT)

2)

Spiders can have any number of legs, including zero. For some numbers of legs

additional names are used:

Definition 3.2.4. We call spiders with precisely zero legs scalars. We also refer to

diagrams without any dangling edges as scalars.

3.2.2 Universality

ZH Calculus is universal for quantum computation, meaning every linear process of a
quantum system on qubits can be represented in ZH Calculus.

Further, the phase-free ZH is universal for quantum computation corresponding to the
Toffoli+H universal gate set. We present encodings of some basic states and gates within
phase-free ZH in Figure 3.1.

In ZH, for any complex number k, it is always possible to construct a scalar diagram
with algebraic interpretation equal k; it is a scalar H-box generator (i.e. an H-box with
zero legs) with number & inside. However, in phase-free ZH, this is not always possible.
In phase-free ZH, we can only construct diagrams whose matrix interpretations contain
dyadic rationals: We only have integers in matrix interpretations of spider and H-box
generators, and an extra % scalar from the star.

For the above reason saying phase-free ZH corresponds to Toffoli+H can be a bit

1

misleading: It corresponds to Toffoli+H up to scaling. For example, 7 required for exact

representation of the Hadamard gate is impossible to obtain in phase-free ZH. There are
ways around this issue, for instance, one could redefine the star generator as % instead of
%. However, we will keep using the standard % definition so that matrix representations of
all phase-free diagrams contain dyadic rationals only.

In Figure 3.1, the ZH representations of the CZ gate and CCZ gate are very similar:

They both contain wires with white spiders connected to an H-box. As it turns out, an
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i
b b

5l

[O—1=10)+1) = V2|+)
[G—T1=10)—|1) = V2|-)

[6—T=10)
[@—1=1D

Figure 3.1: Basic states and gates in ZH Calculus.

bt H b b
SRSERER

H-box connecting more wires also corresponds to a generalised controlled Z gate:

Example 3.2.5. For all m € N:

m{ : }m s Cclm-z

where by C"""1DZ we mean a generalised controlled Z gate on m qubits out of
which m — 1 are control. In particular, when m = 2, we obtain the representation of
CZ gate, i.e. the first correspondence in the right column of Figure 3.1; whenm =3
we get CCZ gate, i.e. the second correspondence in the right column of Figure 3.1.
When m = 1, we get just Z gate (cf. with the definition of a white NoT). Finally, this
notation makes sense in ZH even for m = 0, where the presented diagram becomes

just an H-box with no legs, i.e. a global phase —1.

Such a simple representation of generalised controlled Z gates is convenient when
working with hypergraph states [113, 38, 173].

ZH is also a valuable tool for reasoning about classical logic circuits [13, 14, 61, 114,
115]:

Example 3.2.6. We treat |1) as True and |0) as False. From these we can easily
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construct basic logic operations on these values as phase-free ZH diagrams:

{xor}- -

:

True

T oo T

AND =

True and|
- False .

Notation. To avoid confusion with an H-box, we represent derived constructions

with purple boxes with plain text inside.

It may matter which wires are input and output in the derived constructions. For

instance:

Example 3.2.7. The derived AND gate is not flexsymmetric:

E

Using constructions from Example 3.2.6, we can represent arbitrary boolean formulae:

Example 3.2.8. Recall the formula (x; A x3) A (x1 A =x3) from Example 2.3.9. Its

ZH representation is as follows:
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When translated directly into generators of phase-free ZH, we obtain:

X1

*
X2
X3 O -

The efficient representation of Boolean formulae in ZH is a powerful tool for reasoning
about Boolean circuits: The dangling edges corresponding to the variables can be closed
with the superposition of all possible valuations, leading to efficient representation of
#SAT instances:

Lemma 3.2.9. Let ¢ be a boolean formula on variables X = x1,...,x, and D4 be
the phase-free ZH encoding of ¢. The diagram obtained by attaching white spiders
to the dangling edges corresponding to the variables has matrix representation
#SAT (¢, X) |1) + (2" — #SAT (¢, X)) |0).

Proof. We have:

[Ds] V2195 = Y [Dg] i va)

Vi,...,vn€{0,1}
IR O)
Vi,...,¥n€{0,1}

= #SAT(4, X) |1) + (2" — #SAT(¢, X)) |0)

where v stands for the valuation of X mapping x; to True when v; = 1 and to False

when v; = 0. i

Example 3.2.10. Recall the Boolean formula from Examples 2.3.9 and 3.2.8. We

can evaluate it simultaneously on all valuations:

4

=700y +1]1)
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Figure 3.2: A complete set of rewrite rules for phase-free ZH Calculus [14, Figure 1].

The resulting diagram representation implied by Lemma 3.2.9 follows from Exam-
ple 2.3.13.

ZH encodings of boolean formulae will be essential when we discuss the hardness of

specific problems arising in graphical calculi, i.e. the main subject of Chapter 4.

3.2.3 Rewrite rules and completeness

Next, we look at the rewrite rules of ZH Calculus; see Figure 3.2. These rules are exact,
i.e. all necessary scalar diagrams are included. While the star generator does not explicitly
appear in any rules, it is a part of the dark spider and the dark not definitions. We also
present some derived rules in Figure 3.3: these rules will be used in Chapter 4.

Going by columns, the rules are commonly referred to as spider and H-box fusions (sf
and hf), identity rules (id and Hc), and bialgebra rules (bal and ba2). The last two rules
are called multiplication (m) and ortho (0).

All phase-free ZH rewrite rules can be motivated by transformations between logical
circuits [14]. As such, the rewrite rules are also sound, meaning that if one diagram can
be rewritten to another, then the two diagrams represent the same linear map.

Furthermore, phase-free ZH is also complete [14], which means that if two diagrams
represent the same linear map, one can be rewritten to another by a series of rewrite rules.
The same result holds for the ‘full’ ZH with appropriate rewrite rules. The completeness
proof follows the idea of ‘normal form’: given a diagram, a canonical normal form is
defined based on the algebraic interpretation of the given diagram. Then, one shows that a

diagram can be rewritten to corresponding normal form. Thus, if two diagrams represent
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Figure 3.3: Some derived rewrites of phase-free ZH Calculus. The numbers above the
equalities specify the corresponding Lemmata from [14]. The RHS of equation (3.9)
contains an empty diagram.

the same map, they can be rewritten into the same normal form, and hence each other.
Normal form approach gives rise to a simple method for testing whether two diagrams
are equal: simply compare their normal forms. This method fails for anything (approxi-
mately) universal in quantum computation: the normal forms are exponential in the size of
initial diagrams, making such an approach for comparing diagrams extremely inefficient:
not only exponentially many steps would be requires, one would also need exponential
memory to store the diagrams. As we will explain later, exponential memory is likely not
necessary to compare diagrams. Though our explanation does not conjure alternative to
normal form reasoning for completeness results, it could motivate looking for alternatives

that do not require exponential in size normal forms.

3.2.4 Applications

ZH Calculus is of theoretical significance as it complements algebraic structure of more
popular ZX Calculus (which we consider in the next section) in a non-trivial way [34].
Due to its design, it also suits considerations of quantum computation that feature a high
number of multi-controlled gates [168]. This paper does not use pure ZH Calculus but
ZX Calculus with the addition of a ZH H-box. A similar approach can often simplify
complex mathematical proofs that require multi-qubit entanglement; for example in [172].
Another instance with many multi-controlled gates is the hypergraph MBQC. ZH offers
a clean presentation of measurement byproduct mitigation in universal hypergraph states
[113, 38]. Finally, ZH was used to find the first extension of MBQC flows to hypergraph
settings [173].

Besides MBQC, ZH has also been applied when reasoning about counting problems.
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In [61], the authors showed how to efficiently represent counting problems in ZH and how
rewrite rules allow fast solving of diagrams corresponding to tractable problems. Building
on these ideas, in [115], ZH is used to rediscover the hardness of various problems from
computational complexity, for example, showing that #2SAT is #P-complete, reducing the
length of the classical proof to a few diagrams. In[114], ZH was used to develop a graphical
#SAT algorithm for a particular subclass of Boolean formulae. These results show that
ZH can have applications not only in quantum computation but also in computational
complexity. We will follow a similar path in Chapter 4, where we show how encoding
#SAT instances in ZH can lead to the complexity results for various problems arising in

graphical calculi.

3.3 ZX Calculus

While in the later parts of the thesis we use phase-free ZH Calculus, a more well-known
ZX Calculus [45, 171] forms important motivation for studying flow structures outside of
purely MBQC settings. ZX was originally formulated in 2007 [44] and is the oldest and
most commonly used calculus from the family of Z-like calculi.

The essence of ZX Calculus is captured by the following sentence from ZX Calculus
website [130]:

The idea behind ZX is to ‘split the atom’ of well-known quantum logic gates

to reveal the compositional structure inside.

In this section, we restrict to the definition of ZX diagrams and motivations for the
later chapters: the problem of circuit extraction and heuristic solutions involving flow
structures from MBQC.

3.3.1 Generators

We again start by formally defining ZX diagrams.

Definition 3.3.1. ZX diagrams are string diagrams constructed with two generator
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spiders: green Z spiders (0) and red X spiders (©):

n }{ m = |0>®m <0|®n +eiaf |1>®m <1|®n

m = |+>®m <+|®n + eia |_>®m <_|®n

The number « inside a spider is called its phase and satisfies & € R.

Notation. When the phase inside a spider satisfies @ = 0, we do not write it:

DG~

and similar for the red spiders.

We consider phases modulo 27 as spiders with phases differing by multiple of 27 have
identical interpretations.
When using ZX Calculus, we often present a diagram up fo a scalar, as motivated by

the following definition:

Definition 3.3.2. For a diagram D, we say it equals to a linear map M up to a scalar
if there exists a number k € C\ {0} such that [D] = kM. We write [D] ~ M.

For a pair of diagrams D and D, we say they are equal up to a scalar if there exists
anumber k € C\ {0} such that [D] = k [D;]. We write D ~ D,.

In both cases, we refer to the number k as the scalar.

We have just defined five different meanings for the word scalar: generator with zero
legs, diagram with zero legs, two meanings of up to a scalar, and as number from up to
a scalar definition. It should be clear from context what we mean by a scalar, though at
times we will specify exactly which scalar we mean.

Like in ZH, any complex number can be represented via a scalar ZX diagram, but the
construction is more involved then in the ZH case [171, Subsection 3.4].

There is also one derived generator in ZX Calculus: a yellow box which corresponds

to the Hadamard gate.

59



Definition 3.3.3. A yellow box (O) is a derived generator defined as follows:

—3— = (G003

11
[—5—=1=Z, .

We sometimes represented Hadamard wire with a dashed blue line:

Observation 3.3.4.

Definition 3.3.5. A blue dashed edge in a diagram is defined as a wire with a
Hadamard:

We will only use blue dashed wires when connecting two generators (i.e. not dangling
wires).

Just like ZH, ZX is also universal [171, Subsection 3.7]. When equipped with appro-
priate rewrite rules, it is also complete. The completeness of Clifford fragment where
all phases are multiples of 5 was derived in [11]. Clifford+T fragment where all phases
are multiples of % is universal based on [98] with partial results in [10, 47]. ZX with-
out restrictions on phases is also complete [136, 99]. Unlike phase-free ZH which only
requires a few simple rewrite rules, the completeness of ZX Calculus outside Clifford
fragment usually requires complex rewrite rules. For example, in [98], a rewrite rule
involving twenty-one generators with only four dangling edges was necessary, while re-
sults for universality of the entire ZX feature Euler decompositions where phases undergo
discontinuous transformation. Some of these results follow ZH strategy of ‘normal forms’,
while other achieve completeness by translating to other graphical calculus (usually ZW
Calculus) and arguing that the other calculus is complete.

Phase-free ZH can be translated to Clifford+T ZX by adopting construction of three-
legged H-box in ZX [112], and noticing that interpretations of phase-free ZH spiders
and ZX spiders with phases being multiples of 7 only differ by (derivable) scalars. Yet,
translation from Clifford+T to phase-free ZH is impossible; again phase-free ZH diagrams
have interpretations restricted to real-valued matrices. This makes phase-free ZH strictly
‘smaller’ than Clifford+T ZX Calculus, yet still approximately universal. At the same
time, it is possible to translate between universal ZX and ZH calculi. Yet, since ZX and
ZH have been designed with slightly different goals in mind, they are considered distinct

calculi.
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3.3.2 Circuit optimisation in ZX Calculus

One of the main applications of ZX is circuit optimisation. Given a quantum circuit, can
we find a more efficient one? A more efficient circuit may refer to a circuit with fewer
T-gates, 2-qubit gates, or other metrics. While standard circuit diagrams are difficult to
modify and optimise via existing rewrite rules for circuit, ZX overcomes this problems by
instead operating on ZX diagrams whose transformations go beyond circuit diagrams.

A detailed review of circuit optimisation techniques utilising ZX Calculus is the subject

of [72]. Circuit optimisation strategy based on ZX Calculus can be summarised as follows:

* Given an unoptimised circuit, translate it to ZX Calculus.

Rewrite the resulting diagram to a graph-like form.

Optimise the graph-like diagram by applying ZX rewrite rules.

Extract the optimised quantum circuit from the final ZX diagram.

The first step follows from encodings of quantum gates in ZX Calculus, which for
the most part is similar to ZH encodings from Figure 3.3. The exact presentation of
ZX encodings can be found for instance in [171]. ZX is particularly well suited towards
Clifford+T gate set:

Example 3.3.6. A circuit from Example 2.4.1 corresponds up to scalar to the

following ZX diagram:

—T] - —® @—
.jT “
—xHzl-®

Omitting the next two steps from circuit optimisation strategy for the moment, let’s

focus on the last step: transforming optimised diagram back into a circuit, i.e. circuit
extraction. In general, circuit extraction is #P-hard [62] (we will provide a formal de-
scription of the problem in Chapter 4). For that reason, ZX-based circuit optimisation is
doomed to fail unless we can ensure that circuit optimisation is possible.

Given any ZX diagram, it can be brought to a so-called graph-like form [64]. Such
diagrams are effectively encodings of MBQC schemes from Definition 2.5.12: initial
formulation encoded schemes with XY planar measurements only, but a natural extension
to all three standard planes was considered in [15, 121, 122, 16]. If the labelled open
graph underlying a diagram in graph-like form has Pauli flow, then circuit extraction is

possible in deterministic polynomial time [64, 15, 153].
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Example 3.3.7. Consider the labelled open graph from Example 2.5.10. Consider

the measurement angle o given in the following table:

v: [|i|a | b |e|ld]|f
o) [5[-2[-Foo]s

The ZX representation of the corresponding MBQC scheme is:

12
&

i

0 O—
7/
I 7/

-—- a
N s
N | ’
\ I E /
N 4 s
N
@ --—-
b e

We only indicate the desired outcomes in the diagram. If the undesired outcome is
observed, the corresponding process can be visualised in ZX by closing the dangling

wire with effect with phase altered by 7.

As of now, diagrams corresponding to labelled open graphs with Pauli flow are the
largest subclass of diagrams for which circuit extraction is tractable. As explained in
Subsection 2.6.6, the extraction method based on Pauli flow is dominated by finding
Pauli flow. On the other hand, the gflow-based approach runs in O(n?) time where n
is the number of vertices in the corresponding labelled open graph. The slower circuit
extraction method for labelled open graphs with Pauli flow rather than gflow was an obstacle
preventing wider application of Pauli flow in circuit optimisation methods. As mentioned,
in Chapter 6, I improve flow finding algorithms: this way, the gap between gflow-based
and Pauli flow-based circuit extraction complexity is resolved, opening potential for a
wider application of Pauli flow-based circuit extraction.

Returning to the circuit optimisation overview, due to the limitation of cases in which
circuit extraction is possible, existing methods must ensure that the final diagram, right
before circuit extraction, has Pauli flow. The first two steps of the optimisation strategy
result not in any graph-like diagram but, in fact, one with gflow. Thus, the challenge of
the third step of the optimisation is to ensure that the final diagram has Pauli flow, given
that the initial one does.

Theoretically, any technique ending with the underlying labelled open graph with
Pauli flow could be incorporated into the optimisation process. Yet, if a diagram loses

flow at some point, it can be challenging to regain it later without undoing the progress.
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Therefore, existing optimisation results that follow this strategy preserve the flow on the
way: all diagrams obtained during the third step correspond to a labelled open graph with
flow.

The number of known rewrite rules that preserve flow is limited, but it suffices for
powerful optimisation strategies. In [64], the authors used the local complementation
rule (and its derivative: pivot) to maximally simplify Clifford circuits and to detect and
optimise Clifford fragments of larger circuits. The method has since been refined, leading
to T-count reduction methods [106]°, or two-qubit gate reduction [157].

These applications make the flow-preserving rewrites of extraordinary interest, and
they have been a subject of multiple works [121, 122, 16]. Optimisation based on causal
flow preservation has also been considered [89].

The optimisation techniques using flow and ZX Calculus were especially successful
when considering the computation in the one-way model. In [15], measurement patterns
were optimised, reducing the number of qubits in a flow-preserving manner. These results
were later found to in fact produce an optimal number of qubits when nothing is assumed
about the angles, i.e. when all measurement angles are treated as independent parameters
[172].

The T-count reductions methods that do not directly invoke flow, but still arise from
related concepts in MBQC we considered in [58, 57]. Some other circuit optimisation
results used Pauli fusion flow [59, 69]. This structure is similar to MBQC flows in many
ways, but a full connection has yet to be established. The techniques based on Pauli-fusion

flow were used for optimisation results, for example, in [174].

3.3.3 Applications

Apart from circuit optimisation via MBQC techniques discussed in Subsections 3.3.2,
ZX Calculus has found applications in many other subfields of quantum computation. A
very detailed overview can be found in [171]. The ZX-calculus website [130] contains a
maintained list of publications utilising ZX and similar graphical calculi.

Multiple software tools apply ZX Calculus, with PyZX [108] being the most prominent
example. This tool implements some of the circuit optimisation methods that we discussed
earlier. PyZX, and thus ZX, is also used in state-of-the-art compilers, like t |ket) [155].
Some older graphical tools utilising ZX Calculus include Quantomatic [109].

ZX Calculus has found many applications in Quantum Error Correction codes, ranging
from explicit correspondence between variants of ZX and correction codes [104, 48, 103],
through graphical analysis and design of new codes [94, 51, 74], to code verification [37].

Some older verification results utilised ZX in Quantomatic [65, 77].

3In this case, flow was not essential, but the optimisation techniques were based on the MBQC model.
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Decomposition methods for ZX diagrams led to state-of-the-art results in quantum
simulation; for example in [161].

ZX Calculus has also been adapted to present quantum computation for teaching
purposes. There are now two big textbooks [46, 107] about ZX Calculus and quantum
computation and another one describing categorical background [88]. Multiple universi-
ties now use these textbooks; however, the diagrammatic reasoning in simpler terms has
been tested even on high school level students [66].

Finally, the transformations between diagrams also reach outside of Quantum Com-
putation — for instance, diagrammatic reasoning based on ZX Calculus has been used in
Natural Language Processing [123].

The most important takeaway for us, is that when utilising ZX in a way that eventually
needs translation to language of quantum computers, i.e. quantum circuit, then flow-based
techniques are necessary to ensure existence of efficient circuit extraction procedure.

Otherwise, we would run into #P-hard problem.

3.4 Other graphical calculi

There are other Z-like graphical calculi for quantum computation. For example, ZW is
a graphical Calculus that contains Z and W spiders as generators. The W spider (®) is

defined as follows:

i1+t +j1++j=1

This spider is the sum of |if .. .i;) (Ji ... | where the Hamming weight of variables
equals 1.

Similar to the ZH H-box defined to efficiently reason about Toffoli circuits, the W
spider is motivated by the need to capture three qubits entanglement that otherwise does
not have a simple presentation in ZX or ZH, in this case: the |W) state. Since a three-legged
Z spider can represent |GHZ), the ZW Calculus can efficiently represent all entanglement
classes on three qubits [3].

ZW 1is universal and can be made complete by adding appropriate rewrite rules.
The first completeness result for the entire ZX Calculus in [136] works by adapting the
completeness result for ZW.

Aside from aiding in achieving complete results for other calculi, ZW Calculus has
other applications. For instance, ZW combined with ZX can be used in machine learning

[110]. Similar to ZH, ZW Calculus is also interesting from the perspective of counting
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problems [35].

There exists some limit [34] based on which new Z-like languages will eventually
repeat the algebraic structure of other calculi. However, new graphical languages are still
considered for more tailored applications. For example, SZX, scalable ZX Calculus, was
defined for compact representation of multi-qubit processes with applications in formal
verification and error correction [33], or ZQ, where Q stands for Quaternions, is defined
for efficiently considering hardware-specific rotations [129]. Finally, there are extensions
of ZX, ZH, and ZW to higher dimensions [176, 140, 60] or mixed dimensions [177]. The
languages can also be combined by mixing generators from different calculi.

Critically, all universal graphical calculi contain linear processes that are representable
in phase-free ZH. Based on that, we can argue that our complexity results about problem

hardness for phase-free ZH extend to all other universal Z-like graphical calculi.
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Chapter 4

Complexity Problems arising in

Graphical Calculi

In the previous chapter, we explored a graphical language for quantum computation
reasoning: ZH Calculus. The phase-free variant offers a simple set of generators that
guarantee universality. The calculus is effective in MBQC and analysis of quantum circuits
constructed with the universal gate set Toffoli+H. While circuits naturally translate to ZH
diagrams, finding an ancilla-free circuit equivalent to a given diagram is hard. Here, we
show that circuit extraction for phase-free ZH Calculus is #P-hard, extending the existing
result for ZX Calculus. Another problem believed to be hard is comparing whether two
diagrams represent the same process. We show that two closely related problems are
NP*P_complete. The first problem is: given two processes represented as diagrams,
determine the existence of a computational basis state on which they equalize. The second
problem is checking whether the matrix representation of a given diagram contains an
entry equal to a given number. The proof adapts the proof of Cook-Levin theorem to a

reduction from a non-deterministic Turing Machine with access to #P oracle.

Corresponding paper. Most of the novel results in this chapter have appeared in

my paper [131] (single author).

4.1 Introduction

The central problem to ask about any model of computation is whether two given compu-

tations are equivalent. For graphical calculi, this problem is comparing diagrams:
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CompareDiagrams
Input: two phase-free ZH diagrams D and D;.
Output: True if and only if [D] = [D2].

One of the ways to check whether two diagrams represent the same quantum process
is to attempt rewriting one to the other. For graphical languages complete for quantum
computation, the proof goes through exponential in size normal forms. This means
that, concerning current knowledge, the number of rewrites transforming one diagram to
another may be exponential, and the diagrams on the way can be exponential in size as
well. The best-known upper bound for comparing diagrams is co NP*F [62].

The goal of the research is to establish a tight bound for comparing diagrams. The
main motivations come from [62], where an upper bound for comparing diagrams is used

. . . . P
to bound circuit extraction from above with NPNP*

. Further, the hardness of comparing
diagrams would extend to the comparison of circuits with measurement post-selection
and thus, it would connect to Post BQ P (Bounded-error Quantum Polynomial-time with
Post-selection [1]) and PP (Probabilistic Polynomial-time [80]) computation schemes.
Another motivation was exploring the encoding of #P-hard problems as ZH diagrams,
and to look for interesting completeness results.

In this chapter, we make progress towards the above goal. We prove two closely related
problems arising in phase-free ZH Calculus are NP*F-complete. These are some of the
first examples of NP*P-complete problems (other examples that do not directly relate to
quantum can be found in [166, 134]). Comparing diagrams asks that a certain property
holds for all entries in the matrix representation of two diagrams: they are equal if and
only if they agree on all entries. The presented problems check whether there exists an
entry satisfying the property. In other words, comparing diagrams concerns universal
property, while the presented problems concern existential properties.

The first of the problems:

StateEq

Input: a pair of phase-free ZH diagrams D, D, with matching number
of dangling edges.

Output: True if and only if there exists a computational basis state |v)
such that [D] |v) = [D2] [v).

By interpreting a diagram with dangling edges as a quantum state, this problem can
be viewed as checking whether there exists a choice of measurement outcomes (on the
computational basis) that appears with the same probability for both quantum states given

as diagrams. Another way to understand this problem is by checking whether matrix
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interpretations of given diagrams are equal in some positions.

The second problem is as follows, for k € Z[%] (dyadic rationals):

ContainsEntry

Input: a phase-free ZH diagram D.

Output: True if and only if k appears in the matrix interpretation of
D.

In particular, when k = 0, the problem can be interpreted as: given a diagram
representing a quantum state, does there exist a measurement choice (on the computational
basis) that happens with probability 0? Our result also works when the number £ is part of
the input, rather than a fixed number on which the problem depends. Our main contribution

is proving the following:
Theorem 4.1.1. StateEq and ContainsEntry are both NP*P-complete.

We also give a construction showing #P-hardness of circuit extraction from phase-free
ZH - the original paper [62] showing #P-hardness of circuit extraction did not work for
the phase-free variant — the construction used in the proof required 7 phase spider, which

does not exist in phase-free ZH.

CircuitExtraction

Input: a phase-free ZH diagram D proportional to a unitary and a
(finitely presented) set of quantum gates G.

Output: a polynomial in size of D quantum circuit constructed with
gates from G representing a process proportional to [D] or a message

that no such circuit exists.

Theorem 4.1.2. CircuitExtraction is #P-hard.

The trouble of proving NP*F-hardness of StateEq and ContainsEntry comes from
the lack of a simple NP*P-complete problem that can be used in reductions. Crafting such
a problem is the most challenging part; we will dedicate multiple sections to it.

Our proofs work for phase-free ZH Calculus. These results are also generalised to other
graphical calculi, like ZX, ZH, and ZW. This is because the phase-free ZH diagrams can
always be represented in those other graphical calculi, and the translation from phase-free

ZH to other calculi is polynomial in size.
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Structure: The rest of this chapter is dedicated to proofs of the outlined results and
discussion of their limitations. The main proof is split into multiple sections. In Sec-
tion 4.2, we give upper bounds for the seen problems. The hardness proof has three
parts. Firstly, in Section 4.3, we show that NP*F = NPC=Pl1l| 50 we only need to prove
NPC=P_hardness (see below for notation explanation). Secondly, in Section 4.4, we
craft an NP*P -complete problem for reduction. Thirdly and finally, in Section 4.5, we
encode the problem in phase-free ZH, obtaining the reductions proving NP*F-hardness.
After the main proof, in Section 4.6, we provide outlined results for the circuit extraction
hardness. Lastly, in Section 4.7, we discuss limitations of the work in this chapter: in
particular, we explain why the results do not extend to the hardness of the comparing

diagrams problem.

Notation. We write [ 1] next to the oracle to indicate that the oracle is used precisely
once, and the answer to the oracle query is returned as the output of the entire

computation.

4.2 Upper bounds for problems in graphical calculi

Firstly, we provide upper bounds for various problems arising in graphical calculi. The

oracle bounds are based on [62] and the utilisation of the following problem:

ScalarDiagram

Input: aphase-free ZH diagram D with no dangling edges (i.e. a scalar
diagram).

Output: the number [D].

It is known that this problem is in FP*P [115]. A version that works for some tensor
networks other than only phase-free ZH follows from the Holant framework [31, page
212] and [12, Lemma 54]. Yet another explanation was given in [62], where authors used
the method introduced in [4] to obtain a similar bound for circuits rather than a diagram,
though, as the authors point out, the method works for diagrams as well. By pushing
the deterministic polynomial time operations to instead be performed by the NDTM:
NPFP™ ¢ NP*P_ Hence, for the containment of StateEq and ContainsEntry in NP*F,

it suffices to show containment in [N PScalarDiagram

Theorem 4.2.1. The problem StateEq is in NP*?.
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Proof. We construct a polytime NDTM M with ScalarDiagram oracle that takes
input (D1, D;) and non-deterministically chooses a computation basis state |v).
Next, using the oracle, M computes both [D{] |v) and [D5]|v). Finally, M
accepts if the two values are equal. O

For the second problem, we proceed similarly:

Theorem 4.2.2. The problem ContainsEntry is in NP*?.

Proof. We construct a polytime NDTM M with ScalarDiagram oracle that takes
input D and non-deterministically chooses a computational basis state |v). Next,
using the oracle, M computes [D] |v). Finally, M accepts if the obtained value
equals k. O

From [62], we know that the decision variant of CircuitExtraction is in NPN? .
decide the existence of a required circuit without returning it as an output. The overview
is as follows: non-deterministically choose a candidate circuit C and, using N P*P oracle,
verify that the input diagram and C are proportional. If they are, return C; otherwise,
return that no circuit exists. Using such approach for (functional) CircuitExtraction
problem leads to upper bound of NPM VNP " where NPMV (NP with Multiple Value)
is the class from [23].

Finally, for the problem CompareDiagrams, a similar approaches lead to bound
coNP*F: non-deterministically choose state |v) and verify that two scalar diagrams
obtained by closing input diagrams with |v) represent the same scalar. Since the property
needs to hold universally for answer True, the bound has co NP class rather NP in the

base.

4.3 Oracle change in NP**

The main trick used to prove NP*F-hardness of StateEq and ContainsEntry is captured
by the following theorem:

Theorem 4.3.1. NP*P = NpC=Pl1]

We dedicate the rest of this section to the proof of the above theorem. The idea is
that instead of calling #P oracle, an NDTM can non-deterministically choose the answer.
Then, at the end of the computation, it can verify all answer choices with a single call to

the C=P oracle. The same idea was used, for instance, in [134], though for a different
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class.

For C=P oracle, we use the following problem:

Compare#SAT

Input: Two boolean formulae defined on n variables each:

* ¢ on variables X := xy,..., Xy,

* Yy on variables Y := yq,..., V.

Output: True if and only if #SAT (¢, X) = #SAT(¢,Y).

This problem is C=P-complete. While the proof follows immediately from the defini-
tions of C=P and #P, we present it below, as we could not find any publications with the

proof (or this problem definition).

Theorem 4.3.2. Compare#SAT is C=P-complete.

Proof. Containment:

Define an NDTM M that given an input (¢, ), where the formulae are on n
variables each, runs 2! paths. M uses 2" paths to evaluate all possible assignments
of ¢ and returns True precisely for satisfying assignments of ¢. Similarly, on the
other 2" paths, M evaluates and returns 7 rue precisely for unsatisfying assignments
of . Thus, in total M accepts input on #SAT(¢p) + #SAT (=) = #SAT(¢) + 2" —
#SAT (¢ ) paths and rejects on 2" — #SAT(¢) + #SAT (y) paths. The two numbers
equal precisely when #SAT(¢) = #SAT (), as required.

Hardness:

Given a problem A € C=P, let M be the corresponding NDTM. For any instance w
for A, we use the Cook-Levin method [49] to construct a Boolean formula ¢ corre-
sponding to running M on w. This construction is parsimonious (or at least it can be
made parsimonious based on [9]), thus #SAT(¢) = AccPatas(M, w). Similarly,
we construct a Boolean formula ¢ corresponding to running M’ on w, where M’
is M with flipped answer (i.e. returning O in place of 1 and 1 in place of 0). Then,
again by parsimony of the Cook-Levin method, #SAT (/) = ReEsPaTHS(M, w). We
extend both formulae to ¢’, ¥’ that operate on the same number of variables, with-
out changing the number of satisfying assignments (for instance, by appending a
clause (z; Az A --- A z¢) where 7, ..., z¢ are newly introduced variables). Fi-
nally, the instance w of A is equivalent to (¢, ¢’) instance of Compare#SAT, as
#SAT(¢") = #SAT(y’) & AccPatus(M, w) = ResPatas(M, w). O
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We need a few additional lemmata to prove Theorem 4.3.1.

Lemma 4.3.3 (Concat formulae). Given two boolean formulae ¢ and i, itis possible

to deterministically construct a boolean formula p, such that:
* p can be constructed in time polynomial in the sizes of ¢ and ¥,

* #SAT(p) written in binary is a concatenation of #SAT(¢) and #SAT (y)

written in binary, possibly with some additional leading zeros.

Proof. Let xi,...,x, be variables of ¢ and y;,...,y, be variables of . By
substituting variables in one formula with new ones, we can assume that x; # y; for

all i, j. We define p as a boolean formula on xy,...,X,, y1,..., Ym,Z2, 2 as follows:

P=(A)V(XIA-Axg APy A-ZAZ)

Let:
X=X1,...,X,
Y=y1,....9m
Z=2z7
A=X,Y,Z

Then, we have:

#SAT(p, A) = #SAT (¢ A 2, A) + #SAT(X| A - Axp Ay A=z AZ, A)
= #SAT(¢, X) - 2™ + #SAT (¢, Y)

The first equality holds as p is a conjunction of two formulae that cannot be
simultaneously satisfied due to the requirement of different valuations of z. The
second equality follows as ¢ A z is independent of valuations of Y, z’. Thus, the last
m + 1 digits of #SAT(p, A) in binary represent #SAT (¢, Y) possibly with leading
zeros, and the other first digits of #SAT (p, A) represent #SAT (¢, X). O

Lemma 4.3.4 (Concat Compare#SAT instances). Let (¢,y) and (£,€) be two
instances for problem Compare#SAT. They can be combined to a single instance
for which the answer is True if and only if the answers are True for the two given

instances.
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Proof. Let p be a formula constructed from ¢ and ¢ in Lemma 4.3.3 and 7 be a
formula constructed from ¢ and &. Then the instance (p,7) can be constructed
in polytime and by construction: #SAT(p) = #SAT(¢) - 2! + #SAT(¢) and
#SAT(7) = #SAT(¥) - 2! + #SAT(¢), where m is the number of variables of £
(and, thus, also of ¢). Since #SAT () and #SAT (&) are both bounded above by 2™,

we have:
#SAT (p) = #SAT (1) © (#SAT (&) = #SAT(L)) A (#SAT(¢) = #SAT (v))

as required. O

Another necessary construction is creating a Boolean formula with a given number of

satisfying assignments.

Lemma4.3.5. Letxy,...,x, be variables and k anumber in [0..2"]. Then, itis pos-
sible to construct a boolean formula ¢ on x1, . .., x, with #SAT (¢, (x1,...,x,)) =
k.

Proof. Let ay, . ..,a, be the digits of k written in binary, possibly with leading

zeros. Thus, we have k = X;c0.4] 2" . a; = (ap...a,),. Now, consider the
following formula on xq, x1, . . ., Xj:
LTCI() ..... Aan (XO, 000 ’xn) = (XO < f(ao)) V ((-XO = f(a())) /\ LTCl] ,,,,, an (X1, 000 ’xn))

with the base case LT (x,)4, = (x, < €(a,)); where £(0) = False and {(1) = True.

If we treat variables as digits O or 1, then LT}, . 4,(X0,...,X,) encodes the predi-

cate (xo...x,), < (aop...ay),. Therefore, we get #SAT(LT,,. 4, (X0,...,Xn)) =
mz = k. The connectives < and = are realised in predicate logic via — and
< respectively. Thus, the above formula almost works, except that it is defined on
n + 1 variables rather than n variables.

We can alleviate the need for the x( variable as follows. Consider the following

boolean formula:

w(xla---’xn) = f(a())\/LTal ..... xn(xla---’xn)

forn > 1 and ¥ := €(ap) for n = 0. When n = 0, clearly #SAT(¢¥) = ag = k.
Thus, assume n > 1 from now. When ag = 1, then £ > 2", and since k£ € [0..2"],

necessarily £k = 2". At the same time, when ag = 1, ¥ simplifies to True, and
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as a formula on x, ..., x,, it has 2" satisfying assignments, as required. Finally,
when a9 = 0, then ¢ simplifies to LT, ., (x1,...,x,) and has (aj...a,), =

(apai . ..a,), = k satisfying assignments, as required. O
Finally, we can prove Theorem 4.3.1.

Proof of Theorem 4.3.1. We start by proving the right containment NP*F ¢C
NPC=Pl1]

#SAT is complete for class #P, thus NP*F = NP*AT  Tet A be a problem in
NP#SAT Tt suffices to show that A € NP¢=PIl Let M be a polytime NDTM with
access to the #SAT oracle that recognizes A. Define NDTM M’ as follows. M’
contains one extra tape over M and for all inputs w, the transition function of M’
matches that of M (ignoring the extra tape of M) for all configurations except for
the three states: the oracle ask g4sk, the accepting state g4cc and the rejecting
state gggy. Further, M’ has access Compare#SAT oracle rather than #SAT oracle.
When M enters the oracle query state g4sx and sends ¢, (x1, ..., X,) to the #SAT
oracle, then M’ instead non-deterministically chooses an answer k € [0..2"] to
the oracle query. Next, it creates a Boolean formula ¢ on xi,...,x, such that
#SAT(y) = k by using Lemma 4.3.5. Then, M’ writes the Compare#SAT instance
(¢, ) on its extra tape. Finally, M moves to the configuration that M would be in
if it received the answer k from the oracle (except for the extra tape).

When M enters the accepting state g 4cc, then M’ instead constructs two boolean
formulae (W, ®) such that #SAT (V) = #SAT(®) if and only if #SAT(¢) =
#SAT () for all pairs (¢, ) stored in the extra tape of M’. Finally, M’ sends
(®, W) to its oracle and returns the oracle’s answer. The construction of (®, W) is
always possible via a series of concatenations presented in Lemma 4.3.4.

When M enters the rejecting state ggrgy, M’ calls its oracle with a False instance
and returns its answer.

The NDTM M’ runs in a polytime since M does, and all extra operations of M’
can be performed in time polynomial in the input size. Further, M recognizes the
same language. To see this, consider w € A = L(M). Then, M accepts w in one of
its non-deterministic paths p. Then, in one of its non-deterministic paths, M’ picks
the correct answer to the first oracle query that M asks for on the path p. In that
path, M’ can further non-deterministically choose a path that also picks the correct
answer to the second oracle query M asks for on the path p, then the third, etc.
In the end, M enters gacc, so M’ constructs a single instance of Compare#SAT

that is used to verify that all non-deterministically chosen answers to the M oracle
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queries were correct, so, in the end, M’ accepts w. When M does not accept w,
then on all its paths, M eventually enters the rejecting state. Thus M’ either ends
with an unsatisfiable instance for the query (when M’ enters equivalent of grg;
state of M), or it had to choose an incorrect answer for at least one of the queries,
which is captured in the end with the Compare#SAT oracle.

The left containment NP** > NPCPUl is immediate. Instead of sending
Compare#SAT query (¢, ), a Turing Machine can ask for #SAT(¢) and #SAT (),
and then compare the answers to effectively simulate Compare#SAT oracle with
two calls to the #SAT oracle. O

We could not find a shorter proof of the above fact. However, it is worth mentioning
how a shorter proof could proceed. By corollary of Toda’s theorem [165]: P*F = pPP
and hence NP*? = NPPP_ Then it may be possible to adjust Tordn’s work [166, Corollary
3.13 and Theorem 4.1] to obtain NPPP = NPC=P_ Finally, NP¢-P = NP¢=Pl1] by some
clever adjustment of Lemma 4.3.4. We would skip the Turing Machines here. However,
they are necessary in the remaining parts of the proof anyway.

By the above theorem, we can show N P*P-hardness instead of NP¢=Fl!_hardness.

4.4 Crafting NP*’-complete problem

We want to show N P#*P-hardness. By Theorem 4.3.1, it is equivalent to showing NPC=Pl11-
hardness. We craft an artificial NPC=Pl!l_complete problem 3Compare#SAT to use in a

reduction.

JCompare#SAT

Input: Natural numbers n, m and two boolean formulae:

* Y, definedon xq,...,Xu, Vis.--» Vi,
* p,definedon x1,...,X,,21,...,2m
Output: True if and only if there exists a valuationv: {xy,...,x,} —

{True, False} such that:

#SAT(v(Y), yi,...,ym) = #SAT(v(p), 21, .+ Zm)

In the problem definition, v(y) and v(p) are formulae on variables yy,...,y, and
21, - - -, Zm respectively.

While the definition of the problem is lengthy, this problem is, in some sense, the
most natural problem for NP¢=PI!l: It combines SAT and Compare#SAT, the natural
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problems for NP and C-P.

The other existing complete problems for NP*P [166, 134] are based on checking
which answer to two #SAT instances is greater or how to maximize an answer rather
than asking for exact equality. Unlike for 3Compare#SAT, we have not found a way of

translating those problems to ZH Calculus directly.
Example 4.4.1. Letn = 1,m =2 and:
sy =x1VyiVoys,
* p="(z1 A (22 V).

Then, under valuation v mapping x; to False, we have:

v(Y) = False V y1 V =y, = y1 V 2y,

v(p) = (21 A (22 V False)) = =(z1 Az2) = —z1 V 722
Since:
#SAT (v(y)) = #SAT(y; V —yy) =3 = #SAT(-z; V —z2) = #SAT (v(p))

the answer to such an instance of 3Compare#SAT is True. For valuation v’ mapping

x1 to True, the two values do not equalise:

V() = True V y1 V =y, = True

Vi(p) = =(z1 A (22 V True)) = =(z1 A True) = =74

and:

#SAT(V'(P), y1,y2) = #SAT (True, y1, y;) = 4
# 2 = #SAT((—z1), 21, 22) = #SAT(V'(p), 21, 22).

The rest of this section shows the NP=Plll_completeness of the above problem. The
proof involves typical yet tedious transformations of Turing machines.

We put a plethora of constraints on TMs for problems in NP¢=PI1l. One of these
constraints describes how a TM should represent a Boolean formula used in the query.
We want TMs to work solely with 0 and 1 symbols and pad any possible formula that it
could reach as an oracle query to a formula with a fixed length in its binary representation.
This fixed length is supposed to depend on the size of the TM’s input, but not on the exact
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content of the input. The precise representation of the Boolean formula in binary that we

introduce here is used only to facilitate such padding.

Definition 4.4.2 (CNF). A boolean formula on xy, ..., x, is in conjunctive normal
form (CNF) if it is a conjunction of clauses, where each clause is a disjunction of

some of the literals xi, =xq, ..., X, —x,.

Definition 4.4.3 (0 — 1 encoding of CNFs). Let ¢ = c; Acy A--- A c;, be aboolean
formula in CNF on variables xi, ..., x,. We define 0 — 1 encoding of ¢ as a word

ey, defined as follows, where k = max(m, n):
* Change the set of allowed variables by adding k — n variables x,41, . . . , Xg,
* Add k — n clauses: xp41, . . .,Xk, €ach with a single literal,
* Extend ¢ with 2k — (m + n) clauses containing literals x; and —x,

* Translate each clause c; of ¢ to 2k symbols from {0, 1}, where symbols at

the positions 2i — 1 and 2i correspond to variable x; for i € [1..k] as follows:

— The first symbol is O when c; does not contain literal x; and 1 otherwise,

— The second symbol is 0 when c; does not contain literal —x; and 1

otherwise.

Example 4.4.4. Consider the CNF formula x; A (x3 V —x3) with m = 2 clauses
and n = 3 variables. Let £k = max(m,n) = 3. Following construction from
Definition 4.4.3, the formula is extended to a formula with 2k = 6 clauses and k = 3

variables:
X1 A (x2 vV ox3) A (xgp Vooxg) A (e Vo) A (g Vo) A (xg Vo)

Then, the word ey, (x,v-x;) 18 constructed by translating the extended formula

(spaces are added for visibility only):
100000 001001 110000 110000 110000 11 0000

with blocks of six symbols corresponding to each of the six clauses.
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Definition 4.4.5. Let w be any word over {0, 1} with 4k symbols for some k. We

define formula FormuLA (w) as follows:
* FormurLa(w) has 2k clauses and is defined on k variables xi, ..., xg,

* Each clause corresponds to a block of 2k symbols, where the next 2 symbols
correspond to literals describing variable x;, same as in the definition of 0 — 1

encoding:

— If the first symbol is 1, add literal x;, otherwise add literal False,

— If the second symbol is 1, add literal —x;, otherwise add literal False.

Example 4.4.6. Consider the previous word:
100000 001001 110000 110000 110000 1100 00

It corresponds to the formula below, where O is used as shorthand for False:

(x1VOVOVOVOVO)A(xovOVOVOVOV=x3)A(x;V-x;VOVOVOVO)

Ax1V=x1VOVOVOVO)A(x; V=x; VOVOVOVO)A(x; V-x1VOVOVOVO)
By removing False literals from clauses, we get:
Xy A (x2 vV ox3) A (xp Vooxg) A (g Vo) A (g Vo) A (xp Vo)

By removing the last four clauses, which are satisfied by any assignment, we get the
original formula:

X1 A (x2 V —x3)

Theorem 4.4.7. Let ® be a boolean formula in CNF with m clauses, and let

X1,...,X, be variables on which it is considered. Then:

#SAT(D, (x1,...,x,)) = #SAT (FormuLA(ew), (X1, - . . , Xmax(n,m)))

Proof. Let k = max(m,n). Consider steps in the construction of eg in Defini-
tion 4.4.3:

* Extension of @ by the clauses containing literals x| and —x; does not change
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satisfiable assignments — any assignment satisfies such clauses,

» Extension of set of variables to xp,...,x; while adding clauses containing
each of these new variables as only literal does not change number of satis-
fiable assignments — the only satisfiable assignments after the extension are
those with x,,11, ..., x; setto True and x1, . . . , x,, set to satisfiable assignment

of the original ®.

Let ¥ be the formula @ after these steps, therefore:
#SAT (D, (x1,...,x,)) = #SAT(Y, (x1,...,x1))

The encoding of literals preserves the satisfiable assignments when the number
of clauses is twice the number of variables. Therefore: Formura(ey) = V. By

construction ey = e¢¢ and thus the thesis follows:

#SAT (FormuLA (€g), (X1, . .., X)) = #SAT(ForMULA (ey), (X1, . . ., Xk))
= #SAT(Y, (x1,...,x%))
= #SAT(D, (x1,...,x,))

We can now constrain TMs for problems in NP¢=PI11,

Theorem 4.4.8. Let A € NPC=PUl| Then, there exists a polytime NDTM M
with access to Compare#SAT oracle, that recognized A and satisfies the following

conditions:

1. M calls the oracle A precisely once, at the very end of the computation, and

M returns the oracle answer,
2. The boolean formulae that M sends to the oracle are all in CNF,

3. M has two dedicated tapes used for communication with the oracle. When M
enters its g sk state to ask an Compare#SAT query (£, ¢), then on the first
tape it contains a representation of the first boolean formula  as a sequence
of zeros and ones e, and on the second tape it contains a representation eg
of £,

4. There exists a polynomial p such that for any input w, when M calls the
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oracle with (®, ¥) query then |eg| = |ey| = p(|w|). In other words, the size

of the query depends only on the size of the input, not on the input itself.

5. There exist a polynomial g such that for any input w, M runs in precisely

q(|w]) steps.

Proof. By Theorem 4.3.1, there exists polytime NDTM M, with access to
Compare#SAT oracle satisfying the first condition.

Since every Boolean formula can be transformed into CNF in polynomial time, we
can assume that M satisfies the second condition.

The third condition formally describes how the machine should communicate with
the oracle. By Theorem 4.4.7, the encoding of the formula does not alter the number
of satisfying assignments, and thus, we can assume that M further satisfies the
third condition.

The fourth condition is more involved. Let p 5, be the polynomial bounding number
of steps of My, i.e. for input w, My terminates in at most p o, (|w]) steps. Define
M as a TM that follows M, however, when M enters g4sx state, M; instead
changes the contents of oracle tapes: the boolean formulae are transformed to have
encoding sizes 4p a4, (|w |)? each — via the same procedure as in the construction of
the encoding in Definition 4.4.3, we add clauses and variables to have p ¢, (|w|) of
variables and 2p 54, (|w|) clauses.

Therefore, M; satisfies the first three conditions, as My does, and it satisfies the
fourth condition with p = 4pfwo. Further, M, is polytime, as M is, and extra steps
of M take at most O(p) steps. Let p, be the polynomial bounding number of
steps of M, i.e. for input w, M; terminates in at most p 5, (|w|) steps.

Finally, we define M as a TM that follows M. However, if M, enters g4sx state,
then M stalls for some number of steps so that it always calls the oracle in the
q(|w|) step, where g is some polynomial. This can be achieved, for example, by
equipping M with an extra ‘counter’ tape on which it initially fills p o, (|w]) cells
with 1. Then, M starts computation, following M; and removing 1 cell from the
counter during each step. When the oracle should be called, M first continues
to clear the counter and only then calls the oracle. The value paq, (|w]) can be
computed based on the input size but not the input itself. Thus, the creation and
clearance of the counter requires several steps, depending on the length of w, but
not on the contents of w. Therefore, the total number of steps on input w is indeed
given by some g(|w|). O
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We can now prove that the crafted problem is NP¢=PI!l_complete.

Theorem 4.4.9. 3Compare#SAT is NPC=F!_complete.

Proof.
Containment: given an instance (n, m,y, p) of 3Compare#SAT, a NDTM with
Compare#SAT oracle can do the following:

* Non-deterministically choose a valuation of x, ..., x,,

* Call the oracle on (v(y), v(p)) and returns its answer.

Hardness: Let A € NPPll. We must show that problem A can be reduced
to 3Compare#SAT. Let w be any instance of A. Let M, p,q be a TM and
polynomials guaranteed to exist by Theorem 4.4.8.

Let @, be a Boolean formula constructed by Cook-Levin reduction that describes
whether M reaches g 45k, and let X := x1, x2, . . ., X, be the variables from the Cook-
Levin construction. These include variables of the form y,; s« corresponding to

statement “on k™ step of the computation the i™ cell of 7™

tape contains symbol s
and similar variables describing the state of TM in the given step of computation
and the positions of heads.

Let o1 and 02 be the two oracle tapes used to communicate with the oracle, i.e. o1
stores the first Boolean formula as a sequence, and 02 stores the second Boolean
formula, both as sequences of zeros and ones. By construction, w € A if and only
if the answer to the final (and only) oracle call is True. This oracle call is entirely
encoded on the two tapes and can thus be expressed using the same variables as
Dy

Let v be a valuation of the variables X satisfying ® 4 ,,, so a description of the path
taken to reach gasx. Let V: X — {0,1} with ¥(x;) = 1 when v(x;) = True and

v(x;) = 0 when v(x;) = False. The first stored Boolean formula is:

EMw,y = FORMULA (P (Y01,1,1,9(jw)-1)V (Vo1,2,1,4(w)-1) - - - P(Yol,p(w]),Lg(jw])~1))

By theorem 4.4.8, only the above variables matter — the oracle call is always precisely
on positions 1 to p(|w|) of o1 tape in the g(|w|) — 1% step of computation (as the
TM in total has g(|w|) steps where the last step is the oracle call). By theorem
4.4.7, the only two possible symbols are 0 and 1, and ¥(x,1,;,1,4(jw))~1) is 1 when the
corresponding symbol is 1, and 0 when the corresponding symbol is 0. We have

p(|w|) = 4k? for some k € Z, as the (0 — 1) representation of CNF formulae must
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be of such length. Let uy, ..., u; be the variables of {a,,,. Let y; be a shorthand
for y,1,1,1,4(w))-1- By construction of FormuLA, the value ﬁ(yIZk(i—l)+(2j—l)) for
i € [1..2k] and j € [1..k] describes whether in the i clause we put literal u j
or False. Thus, such literal is equal to the expression u; A ), (i=1)+(2j-1) under
the valuation v. Similarly, the value ﬁ(y,Zk(i—l)+2j) describes whether in the i
clause we put literal —u; or False. Thus, such literal is equal to the expression

’ M .
“Uj A Yorim1)42) under the valuation v. Now, define Wy, as follows:

Watw :=¥1 A--- Aok, where:

Wi = ((ug A y,Zk(i—1)+1) V (mup A yék(i_1)+2) Vo Vo(ug A y,Zki—l) V (ug A y,Zki))

Then, v(i);) is equal to the i clause of Iy, and hence v(Wpq ) is equal {aq .-

Similarly, the second stored formula is:

Emow,y = FORMULA (P (X02,1,1,4(1w))-1)V (X02,2,1,4(w)=1) - - - V(Xo2,p(w]).1,q(Iw])-1))

Let u’] e, u;( be the variables of it. Via a similar procedure, we can produce P ,,
such that v(Pa(w) = Epmy-

By construction, w € A if and only if there exists a valuation v, such that ®,, is
satisfied and #SAT({ a1 .v) = #SAT(Epw.v). Equivalently, v(®py,,) = True and
#SAT (v(Ypr0)) = #SAT(v(Ppa(w))-

We can now define an equivalent instance of 3Compare#SAT:

* Numbers n, k + 1, where n is the number of variables of ®y,, and k is the
number of variables of v(®xy,,) and v(Ppy,,,),

* Boolean formula ¥ defined as @ o,y A(Wprw Vy) ONX1, .oy X, UL, .o, UK, Y,

* Boolean formula P defined as Py, V y" onxy,...,x,, u’1 e, u}(, y.

Then #SAT (v(W¥W)) = #SAT(v(P)) under valuation v of xy, ..., x, happens if and

’

only if the following hold, where U = uy,...,u; and U’ = Ui, .

.. ,u}(:
#SAT(V(DPptw A (P V). U,y) = #SAT(v(Pp, VY'), U, Y)

Since v(D ) is either True or False, the number #SAT (v(®x4,,,), 0) equals O or

1. y appears in the formula once, used in disjunction with Wy, ,,. Hence, we get
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the following:

#SAT(V(Ppry A (Ppr V), U, Y)
= #SAT (V(Ppq10), 0) - #SAT(v(P a1 V ¥), U, y)
#SAT(v(Pp), 0) - (HSAT(v(P ), U) +25)

0, when @, ,, 1s not satisfied under v

#SAT(v(P a1, U)) +2%,  when @y, is satisfied under v
Similarly:
#SAT(v(P ., V y')) = #SAT(v(Ppr . U)) + 2

Since 2% > 0, the two expressions equalize precisely when @y, ,, is satisfied under v
and #SAT (v(WYp.w, U)) = #SAT(v(Ppqw, U)). By the above, this is equivalent to
M accepting w. The above 3Compare#SAT instance is constructible in polytime

in |w|, which ends the reduction and the entire proof. O

Now that we have crafted the NP¢=FI!l_complete problem, which is also NP#F-

complete, we finally have a problem to reduce from to finish the main proof.

4.5 ZH encoding

The goal is to show that StateEq and ContainsEntry are both NP¢=Fl1l_hard. It suffices
to reduce from FCompare#SAT. We already know how to represent both a boolean
formula and the number of satisfying assignments of a boolean formula in phase-free ZH.

Hence, the ZH representation is almost immediate.

Theorem 4.5.1. StateEq is NP¢=Pl!l_hard.

Proof. We perform a reduction from ICompare#SAT. Let (m,n, ¥, p) be any
JCompare#SAT instance, where the common variables are xp,...,x, and extra

variables are yy,...,y,, for ¢ and zy,..., z, for p. Now, define diagrams D, D,
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as follows:

Xn
D1 := [True and yi Dy
False
. y
True and/
False

Xn
D3 := [True and 2 D,
false
: b4
True and/
False

where Dy, and D, are phase-free ZH encodings of formulae ¢ and p respectively.
The variables are not part of the diagram and are written only to help indicate the
logical expressions corresponding to the wires.

Let [v) = |vi...v,) be any state from the n qubits computational basis. Then, v
gives a valuation of xy, . . ., x,, by taking v(x;) = False whenv; = O and v(x;) = True

whenv; =1. LetY = y,...,y,. We get:

[D:]1v) = (1 [Dy] (v) ® (V2 |+)®™))
= >, Dyl e (v

v Y—{0,1}

A (v)))

v Y—{0,1}
(1| #SAT(v(y), Y) 1) + (2" - #SAT(v(¥), Y)) |0))
— #SAT(v (), Y)

where V') = [v/(y1) ...V (ym)). The first equality comes from the definition of
‘Is True?’ block as (1|, the second equality from expanding |+ - --+) as the sum
of computational basis states, the third equality from combining valuations v of
X1,...,Xx, and v of y, ..., y, to a single valuation of xy,...,x,, ¥1,..., ym, and
the fourth equality follows from Lemma 3.2.9.

Similarly, [D;] |v) = #SAT(v(p), z1, - - - » Zm)- Thus, the diagrams equalize on state
|v) precisely when #SAT(v(¥), y1, ..., ym) = #SAT(v(p), 21, - - - » Zm), Which ends
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the reduction and the entire proof. O

Example 4.5.2. Consider 3Compare#SAT instance from Example 4.4.1. The two
diagrams D and D, constructed in the proof of Theorem 4.5.1 are presented below.
All blocks are translated to the ZH generators. The orange lines are not part of the

diagram and only indicate logical expressions corresponding to the wires.

X1 X1

O - X1 APy1Ay2
X1
—
D = OJ’IO J1 @Jﬁ 0 @ @
Y2

X1 Vy1V-y;

X1 X1 o
Lo~ H—11+—@) sV

(21 A (x1 V 22))
D, = OO 21 0—0—0C—0

Z1 A (x1V 22)

The matrix representations of the diagrams correspond to the values found for

different assignments of x; in Example 4.4.1:

[D1] = (3 4) , [D,] = (3 2)
and they indeed agree on the first entry.

The above constructions require only the blocks representing True and False simul-
taneously, COPY, NOT, AND gates, and Is True? check, i.e. most of the constructions in
Example 3.2.6. It means, that StateEq problem is NP*P-hard not only over phase-free
ZH but also over any language in which these blocks can be represented like ZX, ZW,
etc. In particular, the version of StateEq problem where the input consists of two tensors

constructed from the mentioned blocks is also NP*F-complete.

Corollary 4.5.3. The problem ContainsEntry is NP*F-hard for all generator sets
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in which the following tensors can be achieved:

,((1) (1)),((1) (1) (1) ?),and (() 1).

All entries in these matrices are 0 or 1, so any tensor constructed from these has a

- O O O

matrix representation with all entries being natural numbers. This is even stricter than

phase-free ZH diagrams, where entries can be dyadic rationals.

Theorem 4.5.4. ContainsEntry is NP¢=Pl1l_hard.

Proof. We reduce from 3Compare#SAT. First, we focus on the cases k € {0, 1}.
Let (m,n,¥, p) be any instance. The goal is to construct a diagram that when
evaluated on a state corresponding to valuation v of xy, . . ., x,, results in the number
#SAT(v(p), Y1, --->Ym) — #SAT(v(¥), 21, ..., 2Zm) + k. Le. the resulting number
equals k precisely when v is a witness for the initial 3Compare#SAT instance.

In the previous proof, we showed how to get the numbers #SAT(v(p)) and
#SAT (v(y)) in phase-free ZH. The difference can be achieved by utilizing white
and dark NOTs. The addition of k can be achieved by modifying the pair of initial

boolean formulae. Consider the following diagram:

X1
Dy
True and| z4 Dy
False :
True and| z,,.1
False
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Where ¢’ and p” are defined as follows:

W = A Yms1)

(P A =Zm+1)s when k =0

4 —_—

(P A=Zms1)) V(ZIA - AZiw A Zms1), Whenk =1

Again, let |v) = |vy...v,) be any state from the n qubits computational basis.
Then, v gives a valuation of xi,...,x,, by taking v(x;) = False when v; = 0 and
v(x;) =Truewhenv;, = 1. LetY = yi,...,Vm, Yms1 and Z" = 21, ..., Zims T+ 1-

By considering requirements on variables y,,+1 and z,,+1, we obtain:

#SAT(v(Y'), y1,- - » Yme1) = #SAT(V (), Y1, ..., Ym)
#SAT(v(p), 21 - - > Zm)> when k =0
#SAT(v(p),z1,.--s2m)+1, whenk =1
=#SAT(v(p),21,...,2m) + k

#SAT(v(0), 215 - -+ Zm1) =

Hence:

#SAT(v(P'), 215+ - - s Zma1) —HSAT(V(Y'), Y1y - ooy Yinsl)
= #SAT(V(p)’ 21y e ,Zm) - #SAT(V(w)a Yi,. .. a)’m) +k

The rightmost part of the diagram D (the two nots on a cap) has matrix representation
(01] — (10]. It is the only part of the proof where white not is used.

Similarly to the previous proof, we get:

[PTvy = 2,,11 (011 = (10) ([Dy] ® [P () © V2" 1)+
= 257 (01 = (10 a1 1) + a0 10)) @ (b1 1)+ bo [0)
where:

ar = (#SAT(v(¢'),Y’)
ap = (2™ —#SAT(v(¢'),Y"))
by = (#SAT(v(p),Z")
bo = (2™ —#SAT(v(p"), Z)).
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Therefore:

[D] vy = %(Qobl — ayby)
(@™ - anb - @ =)
= 2m—1+1(2m+1b] —aiby -2""ay +a1by)
=b; —a;

= (#SAT(v(p"), Z) — (#SAT(v(¢'),Y")
=#SAT(v(p), z1,...»2m) —#SAT(V(W), V1, ..., ym) + k

The last number equals k precisely when #SAT(v(¥),y1,...,Ym) =
#SAT(v(p), z1,...,2m). Therefore instance of ContainsEntry consisting of dia-
gram D is equivalent to the initial instance (m, n, ¥, p) of 3Compare#SAT.

This ends the proof for k € {0, 1}. For any other dyadic rational k = 55, we can
modify diagram D for k = 1 to also contain a scalar representing the new k in
phase-free ZH, effectively rescaling the diagram by a factor of k. For instance, this
scalar can be obtained by adding d star generators and evaluating the formula with ¢
satisfying assignments on all of its assignments. Such a formula can be constructed
by Lemma 4.3.5. Hence, the problem ContainsEntry is NP*-hard for all dyadic

rationals k. O

When £ is not a dyadic rational, then k cannot appear in the matrix representation of
any phase-free ZH diagram. Then, ContainsEntry problem is trivial — any instance can
be immediately answered with False.

In the above proof, we had to obtain a difference of two numbers in phase-free ZH
and rescale such difference by a negative power of two. We used white not and star

generators. It extends the necessary tensors over those for StateEq by tensors with matrix

1 0 d 1
and —.
0 -1 2

The second of these is not necessary when k = 0. Thus, the problem ContainsEntry is

representation:

NP*P_hard even for tensors with matrix representations containing only integers.

Combining everything, we obtain the proof of the main result from this chapter:

Theorem 4.1.1 (Repeated). StateEq and ContainsEntry are both N P*F-complete.
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Proof. Completeness of StateEq follows from Theorems 4.2.1,4.5.1,and 4.3.1; and
completeness of ContainsEntry follows from Theorems 4.2.2,4.5.4,and 4.3.1. O

4.6 Circuit extraction

As an additional result, we present how to adapt proof form [62] for phase-free ZH, i.e.
we show that circuit extraction remains #P-hard for phase-free ZH diagrams. The original

proof required a 7 phase spider that cannot be constructed in phase-free ZH.

Theorem 4.1.2 (Repeated). CircuitExtraction is #P-hard.

Proof. We reduce from #SAT. Let ¢ be any boolean formula and xy, . . ., x,, be the

variables on which it is considered. Consider the following diagram:

Dy

N4 \./

By Lemma 3.2.9, [Dy] V2" |4)®" = ag |0) + a; [1), where:

a; = #SAT(¢)
apg =2" —#SAT(¢)

The construction to the right of Dy works as follows: if in place of Dy, we put
|0), then the diagram simplifies to a Z gate. The rewrites are labelled by rules and
lemmata from [14]:
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(3.10) (3.15)

(3;3) E E (3;2) (%) O (NgT) 'O

(He) (2)
@10 X) (39

L E@to = *9 = —0O—

On the other hand, if we put |1), then the diagram simplifies to an X gate:

(3.15)

(3.12) (3.14)
(sf)

(3.13) f % f (3.10)
3.9

iy *O
*0
4@_87 —Q—0—

Thus, we obtain the following:

O_
f Dy

=d +a
o Té%@ ’ 1

—ap ——O— @ —O———

By considering the matrix representation of the remaining part of the diagram, we
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find:

ap a
[D] = 0 ai ] -y
ayr —ag
which is proportional to a unitary:
2, 2
MM < ag+a; 0
0 a% + a%

The finish of the proof is the same as in [62]: Given a polynomial-size ancilla-free
circuit equivalent to the presented diagram, we can compute the matrix representa-
tion of the circuit in polynomial time. The obtained matrix representation is propor-
tional to the matrix M above. Hence, it is possible to deduce #SAT (¢). Therefore
#SAT e F pCircuitExtraction “which means precisely that CircuitExtraction is #P-
hard. O

Our construction is a bit more complex than the one from the proof for ZX Calculus —
rather than applying the controlled iX gate, we apply the variant of the controlled 1Y gate
that can be achieved in phase-free ZH. It has the advantage of working in every graphical
calculus in which one can represent [D,], Hadamard gate, and equivalents of 7 phase
spiders from ZX. Similarly to [62], the hardness of different variants of circuit extraction

follows from the same construction as above.

4.7 Limitations

We showed NP*F-completeness of StateEq and ContainsEntry. The next question is
whether similar results can be obtained for other problems. CircuitExtraction was shown

to be #P-hard and the decision variant is in NPNP*"

, leaving a lot of room for improvement.
This section briefly outlines why the results cannot be easily extended to problems such

as CompareDiagrams, or improve the hardness of CircuitExtraction.

4.7.1 Complexity of comparing diagrams

As I alluded to at page 66, CompareDiagrams asks for a universal property of matching
matrix interpretations, while StateEq asks for the existential property of matching matrix
interpretations. Now, consider the following problem, a modification of 3Compare#SAT,

where the existential property is switched to a universal one:
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VCompare#SAT

Input: Natural numbers n, m and two boolean formulae:

o Y, defined on Xy, ..., X0 Vi,-- s Vms

* p,definedon xy,...,X;,21,--.,2m

Output: True if and only if for all valuations v: {xi,...,x,} —
{True, False}:

#SAT(V(Y), Y1, ym) = #SAT(V(0), 21+ -+ »Zm)

By V in the problem name, we mean correspondence to the tautology problem, i.e.
checking whether a given formula is satisfied by all assignments. The construction as in

the proof of Theorem 4.5.1 exhibits reduction of YCompare#SAT to CompareDiagrams:
Observation 4.7.1. VCompare#SAT reduces to CompareDiagrams.

The required construction does not just resemble that from proof of Theorem 4.5.1: It
is exactly the same construction.

Earlier on, we mentioned that CompareDiagrams € coNP*F. To obtain complete-
ness, we would need YCompare#SAT to be co NP*P-hard. I did not manage to prove this
fact, and I expect doing so to be quite difficult.

At first, it might look as VCompare#SAT is the dual of 3Compare#SAT. How-
ever, it is not the case. The problem dual to FCompare#SAT takes the same input
as JCompare#SAT and YCompare#SAT, but instead asks whether for all valuations

v:{x1,...,x,} — {True, False}:
#SAT(v(Y), Yi,...,ym) # #SAT(v(0), 215+ -»Zm)

It is important to point the inequality sign instead of equality. This variant with in-
equality could be shown to be coNP*F-complete. However, it does not reduce to
CompareDiagrams via a simple construction.

Thus, the question is how hard is YCompare#SAT, and CompareDiagrams by
consequence. Again, I do not have the answer. When n = 0, then the problem
VCompare#SAT collapses to C=P, so CompareDiagrams is at least C=P-hard. In
the proof of ACompare#SAT hardness (Theorem 4.4.9), I adapted Cook-Levin method.
This approach does not lead to anything in case of VCompare#SAT. The key part of
Cook-Levin construction for NP machines is that while it can be made parsimonious, the

number of unsatisfying assignments of the formula may vastly outnumber rejecting paths
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of the corresponding Turing machine. This is not an issue when adapting construction to
NP with an oracle. However, the approach fails for co NP with an oracle.

I expect that CompareDiagrams is co NP*F-complete, and thus it could be strictly
harder than comparing circuits: determining whether circuit is almost equivalent to identity
is QM A-complete [96] (Quantum Merlin-Arthur [178]), while an exact non-identity check
is NQ P-complete [164] (Non-deterministic Quantum Polynomial-time [4]). Both these
classes are within PP, and thus within P*P. This way, graphical calculi like phase-free

ZH can be understood as more expressive than quantum circuits.

4.7.2 Improving circuit extraction bounds

Improving the hardness of circuit extraction faces the same challenges as explained in
[62]. In the hardness proof, we only used single-qubit circuits arising from diagrams with
one input and output edge. Following [62], circuits on logarithmically many qubits (in
the size of diagrams) would also work. Given circuit of such form we can recover answer
to encoded #SAT instance by finding (or approximating) explicit matrix representation of
the circuit. In circuits with a higher number of qubits, this approach no longer works, as
the matrix representation becomes exponential in the size of the input diagram. Thus, it
is no longer possible to recover the answer to the encoded problem in polynomial time.
At the same time, circuit extraction for diagrams with one input and one output edge is in
FP*P: by closing the dangling edges with each element of the computational basis and
using #P oracle, we could find exact matrix representation of given diagram, and then
construct equivalent circuit (if one exists) by following methods showcasing approximate
universality of various gate sets. For that reason, improving the result of #P-hardness of
CircuitExtraction can again be challenging.

The current upper bound of CircuitExtraction uses CompareDiagrams under the
hood: given a diagram, non-deterministically choose a circuit, encode the circuit as a
diagram and verify with (multiple calls to) CompareDiagrams oracle that the input
diagram and the diagram representing the chosen circuit represent proportional linear
processes (see [62] for details). Therefore, any better bound of CompareDiagrams would
also imply a better CircuitExtraction bound.

As a final connection, the problems CompareDiagrams and CircuitExtraction are
related to the minimal circuit size problem MCSP. Classically, given a boolean function,
the problem asks for the smallest circuit implementing it. It is known that classical version
of the problem is in NP, but it remains open whether the problem is N P-complete and it
forms a good candidate for an N P-intermediate problem, i.e. a problem beyond P but not
NP-complete. The quantum variants of such problem has also been studied [41, 40]. The

problem relates to circuit optimisation, where if we know that one circuit implements input
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function, then the problem is to find minimal equivalent circuit. Graphical calculi provide
a framework for circuit optimisation and thus the study of MCSP. A description of a
function (or unitary which is a more natural input for quantum versions of MCSP) can be
interpreted as a diagram D and then the quest is to find a smallest other diagram D, which
agrees with given one (i.e. forming satisfying input (D, D) of CompareDiagrams) such
that the diagram corresponds to circuit (meaning that CircuitExtraction on such D is
a trivial). In some cases, circuit optimisation via graphical reasoning is optimal [172],
suggesting that Z-like graphical calculi are ideal for heuristic approach to cases of quantum
MCSP. On the other hand, some bounds from [41, 40] fall into QCM A C QM A and thus
showcase that induced circuit optimisation is of similar hardness as comparing circuits.
Therefore it is interesting to investigate whether tighter bounds to CircuitExtraction and
CompareDiagrams can be obtained by considering results for quantum MCSP when
adapted to ask about minimal diagram instead of minimal circuit.

In the following chapters, I work on flow structures. As explained in Subsection 3.3.2,
these structures aid in solving the CircuitExtraction problem for practical purposes. In
light of the hardness results in this chapter, techniques for circuit extraction such as in

[153] are the best we can hope for.
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Chapter 5
Algebraic Interpretation of Flow

In the previous chapters, we saw that CircuitExtraction is a crucial obstacle when working
with graphical calculi for quantum computation. We saw that this problem is #P-hard
for any language of tensor networks which allows representation of #SAT instances. For
instance, this problem is #P-hard for phase-free ZH diagrams, which form far more
restrictive calculus than ZX Calculus.

On the other hand, circuit extraction can be performed in deterministic polynomial
time when the diagram corresponds to a labelled open graph with Pauli flow. However,
Pauli flow is difficult to work with due to exceptionally dense definitions that hinder flow
applications.

This chapter simplifies these definitions by providing a new algebraic interpretation of
Pauli flow. This involves defining two matrices arising from the adjacency matrix of the
underlying graph: the flow-demand matrix M and the order-demand matrix N. We show
that Pauli flow exists if and only if there is a right inverse C of M such that the product
NC forms the adjacency matrix of a directed acyclic graph.

Since our results work for Pauli flow, they also apply to gflow and XY-only gflow.
Furthermore, we show multiple examples of how proofs can be carried out with the
new interpretation, extending previous results about flow reversibility and understanding
focused set structure. Finally, this interpretation provides groundwork for algorithms for
Pauli flow, which will be the focus of Chapter 6.

Corresponding papers. The novel results in this chapter have appeared in my
papers: [132] (single author) and [133] (first author; co-written with my supervisor

Miriam Backens).

Structure: In Section 5.1, we provide preliminary notions regarding flow, expanding on

what we saw in Section 2.6. Next, in Section 5.2, we define matrices appearing in algebraic
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interpretation and state the corresponding theorem. The proof of the theorem and most
essential properties of the defined matrices follow in Section 5.3. Later, in Section 5.4,
we look at the flow reversibility result. Next, in Section 5.5, we explore the structure of
focused sets. Finally, in Section 5.6, we provide one final non-algorithmic result arising
from algebraic interpretation about modifications to the number of inputs and outputs in

the labelled open graph.

5.1 Preliminary notions

We start by slightly extending the standard definitions of Pauli flow to suit our needs. We
use the following running examples to aid the explanation here and throughout the chapter.
The labelled open graph is based on [153, Example D.18], with the measurement of vertex
b changed from XY to Y.

Example 5.1.1. An open graph with one input {i} and two outputs {01, 02}:

The neighbourhoods and measurement labelling are also presented in the table:

v | A(v) | Neighbourhood of v
i | XY b

a | XZ d, o

b Y i,e,d, o

e | XY b,d,o1,0,

d Z a,b,c,on

01 e

02 a,b,e,d

Example 5.1.2. The following labelled open graph with underlying open graph
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from Example 5.1.1:

has Pauli flow (c, <), where c is given in the following table:

A c(v) Odd(c(v))

i | XY | b,e o0 i,b,01

a|XZ|a,e,o1,00| a,d,oq
b|Y e b,d,o1, 07
e | XY 01 e

d| Z d, o d,on

and the partial order is given as a directed acyclic graph:

e, XY
a, X7

i, XY b, Y d,Z

i.e. the orderis: a,i, b < e. This flow is focused.

Firstly, we redefine the correction function to any function of the required type, not

just a part of Pauli flow:

Definition 5.1.3 (Correction function). Let (G, I, O, 1) be a labelled open graph.
A correction function for (G, 1,0, ) is a function ¢: O — P(I).

The focusing conditions, as defined in Definition 2.6.22, only refer to the function part

of the flow, thus, it makes sense to define focused correction function:
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Definition 5.1.4 (Focused correction function). Let (G, I, O, ) be a labelled open

graph and c a correction function. We say that c is focused when it satisfies (F1),
(F2), and (F3).

For the partial order, we introduce minimal order as the coarsest relation that can

appear in a flow:

Definition 5.1.5 (Minimal order). Let I' = (G, I, O, ) be a labelled open graph
and let (¢, <) be a Pauli flow on I". We call < minimal when no proper subset of <

forms a Pauli flow with c.

Next, we define extensive correction function as a correction function that appears in

some Pauli flow:

Definition 5.1.6 (Extensive correction function). LetI" = (G, I, O, 1) be a labelled
open graph and let ¢ be a correction function on I'. We call ¢ extensive when there
exists < such that (¢, <) is a Pauli flow on I'. We call ¢ focused extensive when

there exists < such that (¢, <) is a focused Pauli flow on I".

I am unaware of the above definitions for Pauli flow appearing in the literature (outside
my joint work with Miriam Backens [133]). However, an analogous version for the case
of XY-only gflow was considered in [125].

The point of these definitions is to motivate the canonical relation induced by the

correction function:

Definition 5.1.7 (Induced relation). Let I" = (G, I, O, 1) be a labelled open graph
and let ¢ be a correction function on I'. The induced relation <. is the minimal
relation on O implied by (P1), (P2), (P3) from Definition 2.6.16. That is, u <. v if
and only if at least one of the following holds:

cevec(u)Au#vAAv)¢{X,Y} (corresponding to (P1)),
e veOdd(c(u)) Au#vAA(v) ¢{Y,Z} (corresponding to (P2)),
e v e Oddfc(u)) Au #v AA(v) =Y (corresponding to (P3)).

We denote the transitive closure of <. as <.

In the following, we prove some useful properties of <.: Firstly, the transitive closure
<. of the relation <, induced by the correction function ¢ is minimal. Further, if ¢ forms

Pauli flow with any partial order, it also does so with <.
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Lemma 5.1.8 (Minimal order containment). LetI" = (G, I, O, 1) be a labelled open
graph and let (¢, <) be a Pauli flow. Then <. C <.

Proof. By construction, <. is the minimal relation implied by (P1), (P2), (P3). Thus,
any relation satisfying these conditions must contain <., thus <. C<. Further, < is
a strict partial order, and hence it is transitive. Thus, it also contains the transitive

closure of <, i.e. <., ending the proof. O

Theorem 5.1.9 (Extending a correction function to a Pauli flow). Let I’ =
(G,1,0,1) be a labelled open graph and let ¢ be a correction function on T.
Then c is (focused) extensive if and only if (c, <.) is a minimal (focused) Pauli

flow.

Proof. (=): Suppose that c is (focused) extensive. Then there exists < on O such
that (c, <) is a (focused) Pauli flow. Thus, (c, <.) satisfies all of (P4)-(P9) from
Definition 2.6.16 (and (F1)-(F3)), as those conditions only ask about c. Further, <,
contains <., and so (c, <) satisfies (P1)-(P3). Finally, < is a strict partial order;
hence <. is also a strict partial order, as it is a transitive subset of < by 5.1.8.
Therefore (c, <) is a (focused) Pauli flow. It is minimal by Lemma 5.1.8.

(<): Immediate from the definitions. O

The above theorem tells us that, to verify whether a correction function c is extensive,
we only need to test one order induced by c. In other words, we only need to search for an
extensive correction function rather than searching for a correction function and a partial
order forming a flow together. The induced order is particularly well-behaved in the case
of the focused correction function. Then, all Pauli-measured vertices are initial in the

partial order, as explained in the following lemma.

Lemma 5.1.10 (All Paulis are initial). Let (G, I, O, A) be a labelled open graph and
¢ be a focused correction function. Then VYu € Apyy;.Vv € O.—v <, u.

Proof. Implied by [153, Lemma B.11]. O

5.2 Matrix construction

As may be seen from the previous section, Pauli flow can be hard to work with, as the

relevant definitions are long and complicated. For instance, to check if a given pair
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(¢, <) forms a focused Pauli flow, one needs to verify the twelve conditions (P1)-(P9) and
(F1)-(F3) for each vertex, which is a tedious procedure.

We now provide an alternative interpretation of Pauli flow: Given a labelled open
graph I', we define two matrices constructed from the adjacency matrix — a ‘flow-demand
matrix’ Mr (formally defined in Definition 5.2.7) and an ‘order-demand matrix’ Np
(formally defined in Definition 5.2.9). We prove that I" has Pauli flow if and only if there
exists a matrix C (encoding the correction function) such that MrC is the identity matrix
and NrC forms a DAG:

Theorem 5.2.1. Let I" = (G, I, 0, ) be a labelled open graph, ¢ be a correction
function, Mr be the flow-demand matrix of I', and Nr be the order-demand matrix
of I'. Then c is focused extensive if and only if the following two facts hold for the

corresponding correction matrix C:
O MFC =/l d(j,

* NrC is the adjacency matrix of a DAG.

This section defines various matrices ending with the flow-demand and order-demand
matrices from the above theorem. The proof of the theorem follows in the subsequent

section.

Notation. All matrices are over the field F,. We drop the subscripts specifying the
((labelled) open) graph when it is clear from context.

It will sometimes be helpful to refer to individual rows or columns of a matrix,
we will use the notation M, . to denote the v-th row of M and the notation C, , to

denote the u-th column of C.

We start with the standard definition of the adjacency matrix.

Definition 5.2.2 (Adjacency matrix). Let G = (V,E) be a simple graph. Its
adjacency matrix is the n X n matrix Adj; with rows and columns corresponding to

elements of v, where:

(Adje) 1 ifuvekE
JG ) uy =
’ 0 otherwise

A particularly important submatrix of the adjacency matrix of an open graph is the

so-called ‘reduced adjacency matrix’.
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Definition 5.2.3 (Reduced adjacency matrix [ 125, Definition 6] and [132, Definition
3.11]). Let (G, 1,0) be an open graph. Its reduced adjacency matrix is the (n —
np) X (n — ny) submatrix Adj; |g of the adjacency matrix Adj;, keeping only the
rows corresponding to the non-outputs O and the columns corresponding to the

non-inputs /.

The above matrix was previously used in characterising focused gflow on labelled open
graphs with only XY planar measurements [125].
Instead of considering the correction function as a function, we can transform it into a

matrix.

Definition 5.2.4 (Correction matrix). LetI" = (G, I, O, 1) be a labelled open graph
and let ¢ be a correction function on I'. We define the correction matrix C encoding
the function ¢ as the (n — n;) X (n — np) matrix with rows corresponding to non-
inputs I and columns corresponding to non-outputs O, where C,, = 1 if and only
ifu € c(v).

Observation 5.2.5. Given a correction matrix C encoding an unknown correction

function c, the correction function can be recovered as c(v) = {u € I | C,,, = 1}.

In other words, the v column in C encodes the characteristic function of set ¢(v). That
is Cyy = ]lg ) and supp (C.,) = ¢(v). Here, ]lg stands for the indicator function of the
subset A of D (as well as for the corresponding vector over F,), and supp stands for the

support. See the following example:

Example 5.2.6. Consider the labelled open graph and it Pauli flow from Exam-
ple 5.1.2. The correction matrix corresponding to the stated correction function

is:

Cli a b e d
a0 1 000
b1 0 00O
e|1 1 1 00
d|0 0 0 0 1
or/1 1 01 0
0/0 1 0 0 1

Based on Observation 5.2.5, the correction sets can be read from columns: for
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example, c¢(a) = {a, e, 01,07} as a column has 1 precisely at intersections with a,

e, 01, and 0, rows.

In [125], it was shown that a labelled open graph with all-XY measurements has Pauli
flow if and only if its reduced adjacency matrix is right-invertible, and one of the right
inverses is the adjacency matrix of a DAG. In that case, the right inverse corresponds
precisely to the correction matrix. I included generalisation of this algebraic result to also
allow Pauli-X measurements in [132] (with part of the proof appearing in [133]).

In [132], I have used algebraic interpretation to deal with Pauli X and Z measurements
by showing that a particular matrix called ‘flow matrix’ must be right-invertible [132]. I
combined and indeed improved on those results in [133] (co-written with my supervisor
Miriam Backens) by defining what we now call a ‘flow-demand matrix’, which works for

all six measurement types.

Definition 5.2.7 (Flow-demand matrix). Let I' = (G, I, O, A1) be a labelled open
graph. We define the flow-demand matrix Mr as the (n —np) X (n — ny) matrix with
rows corresponding to non-outputs O and columns corresponding to non-inputs 1,
where the row M, . corresponding to the vertex v € O satisfies the following for

anyw €1\ {v}:

e if A(v) € {X, XY}, then M, , = 0 and M,,, = Adj,,, i.e. the v row encodes
the neighbourhood of v,

e ifA(v) e {Z,YZ,XZ}, then M,,, = 1 and M, ,, = 0, i.e. the v row contains a
1 at the intersection with the v column and is identically O otherwise, and

e if A(v) € {Y}, then M, , = 1 (provided that v column exists) and M, ,, =
Adj, ,,, i.e. the v row encodes the neighbourhood of v and also has a 1 at the

intersection with the v column.

Example 5.2.8. The flow-demand matrix of labelled open graph in Example 5.1.2
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is:

Ml|la b e d o o0
i {01 00 0 O
all 000 0 O
b0 1 1 1 0 1
e 01 01 1 1
d|{0o0o 01 0 O

The correction matrix from Example 5.2.6 is the right inverse of this flow demand
matrix, which verifies the condition from Theorem 5.2.1 for this particular labelled

open graph.

As we will soon prove, the right invertibility of the flow-demand matrix relates to most,
but not all, of the conditions of the focused Pauli flow. For the remaining conditions, we

need the following construction, which we call the ‘order-demand matrix’.

Definition 5.2.9 (Order-demand matrix). Let I' = (G, I, 0, ) be a labelled open
graph. We define the order-demand matrix N as the (n—np) X (n—ny) matrix with
rows corresponding to non-outputs O and columns corresponding to non-inputs 1,
where the row N, . corresponding to the vertex v € O satisfies the following for any

wel:

if A(v) € {X,Y,Z}, then N, . = 0, i.e. the v row is identically 0,

e if A(v) = YZ, then N,, = 0 and N,,,, = Adj,,,, i.e. the v row encodes the

neighbourhood of v,

e if A(v) = XZ, then N,, = 1 and N,,, = Adj,,,, i.. the v row encodes the
neighbourhood of v and also has a 1 at the intersection with the v column,

and

* if A(v) = XY, then N, , = 1 (provided that the v column exists) and N, ,, = 0,
i.e. the v row contains a 1 at the intersection with the v column and is

identically O otherwise.

In order-demand matrices, the rows of XY measured vertices are encoded as rows
of Z measured vertices would be in the flow-demand matrix. Similar correspondence
holds between YZ and X measurements and between XZ and Y measurements. In the
definitions, when setting the intersection of v row and v column to 1, we must exclude

v € 1, as for such v, there exists a row but not a column. The rows of Pauli measurements
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and XY measured inputs are identically O in the order-demand matrix.

Example 5.2.10. The order-demand matrix of the labelled open graph from Exam-
ple 5.1.2 is:

Nla b e d o1 o0;
i0 0 O0O0 0 O
all 001 0 1
b0 000 0 O
el/0 01 0 0 O
dlfo 000 0 O

The product of this order-demand matrix with the correction matrix from Exam-
ple 5.2.6 is:

NC|i a b e d
i (00 0 0 O
a |00 0O0O
b |00 00O
e [1 1 1 00
d |00 00O

which corresponds precisely to the directed acyclic graph from Example 5.1.2,
verifying the second condition from Theorem 5.2.1 for this particular labelled open

graph.

5.3 Properties of the flow-related matrices

In this section, we prove useful properties of the newly defined flow-demand and order-
demand matrices, culminating in the proof of Theorem 5.2.1. Some of these properties
require us to split the conditions (P4), (P5), and (P6) of the Pauli flow definition: They

effectively have two parts each, and it will be easier to consider each part on its own.

Observation 5.3.1. Let (G, I, O, 1) be alabelled open graph and let ¢ be a correction
function. For all u € O, define the following conditions:

(P4a) A(u) = XY = u € Odd(c(u))
(P4b) A(u) = XY = u ¢ c(u)

(P5a) A(u) =XZ = u € c(u)
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(P5b) A(u) =XZ = u ¢ Oddfc(u))
(P6a) A(u)=YZ = u € c(u)
(P6b) A(u) =YZ = u ¢ Odd(c(u)).

Then, (P4) is equivalent to the conjunction of (P4a) and (P4b); (P5) is equivalent
to the conjunction of (P5a) and (P5b); and (P6) is equivalent to the conjunction of
(P6a) and (P6b).

In particular, when c satisfies (P5), then u € c(u) and u € Odd(c(u)), so that
u ¢ c(u) AOdd(c(u)) = Oddfu}) and thus (P5a) and (P5b) follow. When c satisfies
(P5a) and (P5b), then u € c(u) and u ¢ Oddfc(u)) = c¢(u) A Odd(c(u)) and hence
u € 0Odd(c(u)), i.e. (P5) follows.

Now, we prove different facts regarding matrix products involving flow-demand or
order-demand matrices. First, we look at the product of the flow-demand matrix and a

column vector.

Lemma 5.3.2. Let (G, 1,0, 1) be a labelled open graph. Let A C I. Letu € O.
Then the product of the u-th row of M with the indicator vector of A satisfies
M, 17, = (M]I;[) = 1 if and only if:

u

A(u) € {X,XY} and wu € Odd(A),or
Au) e {XZ,YZ,Z} and ue€ A,or
Au) =Y and wu € OddfA].

Proof. The fact Mu,*IL; = (M ]l;) follows immediately from the definition of

u
matrix multiplication. Now, we consider different cases depending on A(u). Here,

w € I is any non-input.
1. Suppose A(u) € {X, XY}. Then M, . encodes Adj(u) and thus:

1 fuwe EAweA

0 otherwise
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Recall that the matrices and computations are over F,. Then, we have:

(M%) =3 Mus (15) =l{weT:uw e EAwe A} mod2
wel

=|{w e A :uw € E}| mod 2
1 ifu € Odd(A)

0 otherwise

2. Suppose A(u) € {XZ,YZ,Z}. Then M, . equals O except for M,,,, = 1 and
thus:

I 1 fu=wAweA
My (]1 ﬂ) - .
Y 0 otherwise

We have u € [ because inputs cannot be measured in XZ,YZ, Z (cf. Defini-
tion 2.5.8). Therefore:

1 ifueA

(m;) =S M, (]1;) = M., (]1@,) -
i Z L i 0 otherwise

3. Suppose A(u) =Y. Then M, . encodes Adj(u) except for M, , = 1 and thus:

1 fuwe EAweA
Mu,w(ﬂg) =31 fu=wAweA
w

0 otherwise

The first two options are disjoint as the graph G is simple, so it does not

contain the edge uu. Therefore, the expression for (M 1 %) is the sum of the
u

expressions obtained in the previous two cases. Hence there are the following
cases for (M]l{ﬂ)u = Dwel Muw (]llﬂ)w:

* Whenu € Odd(A) and u € A, we get (M]l;) =1+ 1 = 0 (recall that

u
we work over [Fp),

* When u ¢ Odd(A) and u € A, we get (M]l;) =0+1=1,

u

* When u € Odd(A) and u ¢ A, we get (M]l;) =1+0=1,

u
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« When u ¢ Odd(A) and u ¢ A, we get (m;) —0+0=0.
u

Combining the conditions, we obtain:

. 1 ifu € OddfA
o 0 otherwise

which ends the proof. O

Using the above lemma, we can provide an interpretation of the product of the flow-

demand matrix and the correction matrix.

Lemma 5.3.3. Let (G, I, 0, 1) be a labelled open graph and let ¢ be a correction
function. Let u,v € O. Then, (MC),, = 1 if and only if:

A(u) € {X,XY} and u € Odd(c(v)),or
Au) € {XZ,YZ,Z} and u € c(v),or
Au)=Y and u € Oddfc(v)].

Further, (NC),, = 1 if and only if:

Au)=YZ and wu € Odd(c(v)),or
A(u) =XY and u € c(v),or
Au) =XZ and u € Oddfc(v)].

Proof. We start with (MC),, = M, .C.,. Columns of C encode c(v), i.e. C., =

]lg W Hence, from Lemma 5.3.2, we have that M, ..C.., equals 1 if and only if:

A(v) € {X,XY} and v e Odd(c(v)),or
AWv) €e{XZ,YZ,Z} and v € c(v),or
A(w)=Y and v e Oddfc(v)).

The proof for (NC),,, is analogous, taking into account the construction of each

row of N as given in Definition 5.2.9. O

We can now relate several of the Pauli flow conditions from Definition 2.6.16 and

Observation 5.3.1, as well as the focusing conditions from Definition 2.6.22, to the matrix
product MC.
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Theorem 5.34. Let I' = (G,1,0,4) be a labelled open graph and let ¢ be a

correction function on I'. The following two statements are equivalent:

* MC = Idp, where C is the correction matrix encoding ¢ according to Defi-

nition 5.2.4 and M is the flow-demand matrix of I,

* ¢ satisfies (P4a), (P5a), (P6a), (P7), (P8), (P9), (F1), (F2), and (F3).

Proof. (<): We must show that:

1 ifu=v
(Mc)u,v =
0 otherwise

We consider three cases depending on A(u).
1. A(u) € {X, XY}. By Lemma 5.3.3:
1 ifu € Odd(c(v))

(Mc)u,v =
0 otherwise

Now, we have u € Odd(c(u)) by (P4a) for A(u) = XY and by (P7) for
A(u) = X. Furthermore, u ¢ Odd(c(v)) for u # v by (F2) for either label.
Thus, (MC),, = 1ifand only if u = v.

2. A(u) e {XZ,YZ,Z}. By Lemma 5.3.3:

1 ifuc€c()
(Mc)u,v =
0 otherwise

Now, we have u € c(u) by (P5a) for A(u) = XZ, by (P6a) for A(u) = YZ,
and by (P8) for A(u) = X. Furthermore, u ¢ c(v) for u # v by (F1). Thus,
(MC),,, =1if and only if u = v.

3. A(u) =Y. By Lemma 5.3.3:

1 ifu e Oddfc(v)]
(Mc)u,v = .
0 otherwise

Now, we have u € Oddfc(u«)) by (P9). Finally, u ¢ Oddfc(v)] for v # u by
(F3). Thus, again, (MC),, = 1 if and only if u = v.
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Hence, indeed we have

1 ifu=v
(Mc)u,v =
0 otherwise

for any u,v € O, which ends the proof.

(=): This direction is very similar. By assumption, MC = Id,3, so:

1 ifu=v
(Mc)u,v =
0 otherwise

Again, we consider three cases depending on A(u).

1. A(u) € {X, XY}. By Lemma 5.3.3, we get:

(5.1)

1 ifu € Odd(c(v))
(Mc)u,v =
0 otherwise

Combining it with Equation (5.1), we get u € Odd(c(u)) for any u measured
in X, XY and thus (P4a), (P7) hold. Further, we get that u ¢ Odd(c(v)) when
u # v for any u measured in X, XY and thus Odd(c(v)) may only contain v
and vertices measured in {XZ,YZ,Y,Z}, i.e. (F2) holds.

. A(u) € {XZ,YZ,Z}. By Lemma 5.3.3, we get:

1 ifuec(y)
(Mc)u,v = .
0 otherwise

Combining it with Equation (5.1), we get u € c(u) for any u measured in
XZ,YZ,Z and thus (P5a), (P6a), (P8) hold. Further, we get that u ¢ c(v)
when u # v for any u measured in XZ,YZ, Z and thus ¢(v) may only contain
v and vertices measured in {X, XY, Y}, i.e. (F1) holds.

. A(u) =Y. By Lemma 5.3.3, we get:

1 ifu € Oddfc(v)])
(Mc)u,v = .
0 otherwise

Combining it with Equation (5.1), we get u € Oddfc(u)) for all u measured
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in Y and thus (P9) holds. Further, we get that u ¢ Oddfc(v)) when u # v for
all u measured in Y, i.e. (F3) holds. O

Similarly, the product NC can be related to the remaining conditions from the flow
definition. First, we show that NC without its main diagonal encodes precisely the induced

relation <.

Lemma 5.3.5. LetI" = (G, I, O, 1) be a labelled open graph and let ¢ be a focused
correction function on I'. Then, for any u,v € O such that u # v, we have
(NC),,, = 1if and only if v <. u. In other words, the off-diagonal part of the matrix

NC encodes the relation <.

Proof. Let u,v € O such that u # v. By Lemma 5.1.10, if v <. u then A(u) €
{XY,YZ,XZ}. Now, we consider three cases on A(u).

1. A(u) = XY. Then, by Lemma 5.3.3:

1 ifuec)
(NC)u,v =

0 otherwise

Since u # v and A(u) ¢ {X,Y}, by (P1) we get v <. u if and only if u € c(v),
as desired.

2. A(u) =YZ. Then, by Lemma 5.3.3:

(NC)ys = 1 ifu e Odd(c(v))

0 otherwise

Since u # v and A(u) ¢ {Y,Z}, by (P2) we get v <. u if and only if u €
Odd(c(v)), as desired.

3. A(u) = XZ. Then, by Lemma 5.3.3:

(NC),, = 1 ifu € Oddfc(v)]

0 otherwise

Since u # v and A(u) ¢ {Y,Z}, by (P2) we get v <. u if and only if u €
Odd(c(v)). As c is focused, it satisfies (F1) and thus u ¢ c(v). Hence
u € Oddfc(v)] © u € Odd(c(v)). Combining with the above, we again get
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the desired equivalence. O
Now, we can relate the matrix product NC to the Pauli flow conditions.

Theorem 5.3.6. LetI” = (G, I, O, 1) be alabelled open graph and let ¢ be a focused

correction function on I'. The following two statements are equivalent:

* NC is the adjacency matrix of a DAG, where C is the correction matrix
encoding ¢ according to Definition 5.2.4 and N is the order-demand matrix
of I,

* <. isapartial order on O and the tuple (c, <.) satisfies (P1), (P2), (P3), (P4b),
(P5b), and (P6b).

Proof. (=): By Lemma 5.3.5, <. is encoded entirely within NC. Since NC is
a DAG, <, is an acyclic relation and thus its transitive closure is a partial order.
Hence, <, satisfies (P1), (P2), (P3) and is a partial order. What remains is to prove
(P4b), (P5b), (P6b). Let u € O be any planar measured vertex. Since NC is a DAG,

it cannot contain a one-cycle (i.e. a loop) for any vertex u, and thus:
(NC)uu =0 (5.2)

We consider three cases depending on A(u).

1. A(u) = XY. By Lemma 5.3.3:

1 ifuec(u)
(Nc)u,u =
0 otherwise

Combining this with (5.2), we find u ¢ c(u) for any u measured in XY, i.e.
(P4b) holds.

2. A(u) = XZ. By Lemma 5.3.3:

1 ifu e Oddfc(u
(NC)uu = Ke(u)}
0 otherwise

Combining this with (5.2), we find u ¢ Oddfc(u)) for any u measured in X Z,
i.e. (P5b) holds.

111



3. A(u) =YZ. By Lemma 5.3.3:

1 ifu e Odd(c(u
(NC)u = (c(u))
0 otherwise

Combining this with (5.2), we find u ¢ Odd(c(u)) for any u measured in Y Z,
i.e. (P6b) holds.

(<): Similarly to the other direction, from (P4b), (P5b), and (P6b), we get
(NC)y, = 0 for all planar measured u. Further, the off-diagonal entries of NC
encode <. by Lemma 5.3.5. Hence, as <, is a partial order, <. is acyclic and thus
the off-diagonal part of NC is acyclic. Combining the two facts, we indeed find
that NC is the adjacency matrix of a DAG. O

Combining the previous theorems, we obtain the desired algebraic interpretation of

Pauli flow: the main result of this chapter.

Theorem 5.2.1 (Repeated). Let I' = (G, 1,0, 1) be a labelled open graph, ¢ be
a correction function, Mr be the flow-demand matrix of I', and Nt be the order-
demand matrix of I'. Then c is focused extensive if and only if the following two

facts hold for the corresponding correction matrix C:
> MFC =1 dO_’

* NrC is the adjacency matrix of a DAG.

Proof. (=): Let ¢ be focused extensive. By Theorem 5.1.9, this means (c, <.) is
a minimal focused Pauli flow. Then by Theorem 5.3.4, MC = Id;. Moreover, by
Theorem 5.3.6, NC is the adjacency matrix of a DAG.

(<): This follows immediately from Theorems 5.3.4 and 5.3.6, as well as Obser-

vation 5.3.1. O

For labelled open graph from Example 5.1.2, in Examples 5.2.8 and 5.2.10, we have
verified Theorem 5.2.1.

When the numbers of inputs and outputs are equal, i.e. n; = np, the flow-demand
matrix is square. Thus, it has a unique right inverse (if any), which is the inverse. Thus,
Theorem 5.2.1 provides an alternative proof of Theorem 2.6.24. Also by Theorem 5.2.1,
to verify the existence of flow, we only need to check that such an inverse exists and that

the product of the order-demand matrix and the inverse of the flow-demand matrix forms
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a DAG. For an example of this n; = ng case, see the following:

Example 5.3.7. Condiser the following labelled open graph:

a,YZ

VAN

i, X 0

Its flow-demand matrix M and order-demand matrix N are:

‘M‘a 0‘ ‘N‘a 0‘
i |11 i 0 O
al|l O a |0 1

The flow-demand M is square, and hence, it can have precisely one right-inverse
(which is just the inverse). Thus, the only correction matrix C that can satisfy
condition MC = Id from Theorem 5.2.1 is:

c|i 4]
a|0 1
o|l 1

However, the product NC contains a loop at a and it is therefore not a DAG, so the
labelled open graph has no flow:

INC i a
i |0 O
a |1 1

The case of equal numbers of inputs and outputs has another interesting aspect — it is
possible to switch the sets of inputs and outputs, obtaining another labelled open graph
which may have Pauli flow (if, on the other hand, the numbers of inputs and outputs are
different, then it is immediate that at most one of the pair of labelled open graphs could
have flow). Indeed, this reversal transformation preserves Pauli flow, as shown in the next

section.
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5.4 Reversibility of Pauli flow

For labelled open graphs where the number of inputs is equal to the number of outputs
and all measurements are of XY type, the previous algebraic interpretation was used to
show two properties of focused gflow: it is unique, and it is reversible [125, Theorem 4].
Here, reversing a labelled open graph means swapping the roles of inputs and outputs.
Reversibility of the flow then means that the reverse labelled open graph has gflow if and
only if the original labelled open graph has gflow. Moreover, the correction matrix of the
gflow on the reverse labelled open graph was shown to be CT, where C is the correction
matrix of the original gflow.

Using the new algebraic interpretation for all measurement types, it has been straight-
forward to show the uniqueness of focused Pauli flow on labelled open graphs with equal
numbers of inputs and outputs. We now prove that under these conditions, focused Pauli
flow can also be reversed, although the relationship between the reversed and the original

flow is less straightforward if there are measurements of type XZ,YZ, or Z.

Lemma 5.4.1. Let (G, 1,0, ) be a labelled open graph. Then (G, I, 0, 1) has
Pauli flow if and only if (G’,1\ O, 0 \ I, A1) does, where G’ is G with vertices in
I N O removed.

Proof. Suppose v € I N O. A correction function ¢ in Pauli flow has codomain
P (I_) and v € I so v cannot be used in any correction set. Further, asv € O, v is
not measured and so ¢(v) is undefined and the partial order does not operate on v.

Therefore v does not impact any of the nine flow conditions in any way. O

As an alternative, we could observe that if v € I N O, then there is no v row or column
in either of the flow-demand, order-demand, and correction matrices.

We will assume throughout this section that all labelled open graphs satisfy /N O = 0.
This is without loss of generality regarding the existence of Pauli flow, as shown by the
above lemma. The lemma is an if and only if statement, so vertices that are simultaneously

inputs and outputs can always be reintroduced without affecting the existence of flow.

Definition5.4.2. LetI" = (G, 1, O, 1) be alabelled open graph. Define the following

subsets of vertices:
« B:=V\ (U O0), the set of internal vertices,

e X ={veB|Av) € {XY,X,Y}}, the set of ‘X-like’ measured internal

vertices,
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e Z:={veB|Av) e {XZYZ,Z}}, the set of ‘Z-like’ measured internal

vertices,

e P:={veB|Av) e {X,Y,Z}} the set of Pauli measured internal vertices,

and

e L:={veB|Av) € {XY,XZ,YZ}} the set of planar measured internal

vertices.

Definition 5.4.3. Let I' = (G, 1,0, 1) be a labelled open graph which satisfies
|I| = |O]. Then its reverse labelled open graph is I = (G, O, I, 1’) where the role

of inputs and outputs is swapped, and

Alv) ifveB
XY ifveoO.

A(v) =

Definition 5.4.4. LetI" = (G, I, O, 1) be alabelled open graph. Define the extended

adjacency matrix A of I as

F 1 if{v,wte EV(v=wAlly)e{Y,XZ})
e 0 otherwise.

We will need four disjoint submatrices of the extended adjacency matrix (which do

not quite cover the full matrix):

* Let Agp be the submatrix of A whose rows are given by / U X and whose

columns are given by X U O.

* Let Ap; be the submatrix of A whose rows are given by / U X and whose

columns are given by Z.

* Let Ajg be the submatrix of A whose rows are given by Z and whose columns

are given by X U O.

* Let Ay be the submatrix of A whose rows and columns are both given by Z.
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In summary, where * indicates unnamed blocks of the extended adjacency matrix:

I Xuo Z

*

AOO A01 TUX
A=|[x = * |0 (5.3)
A Anjz

*

Observation 5.4.5. Let I" = (G, I, 0, 1) be a labelled open graph which satisfies
|I| = |0], and let I'"” be its reverse. Then the flow demand matrices M of I" and M’
of ['” are given by

Xuo Z 1UX i
T
Ao Aor |Iux . [(Ao)T (Ap)T\xuwo  [Agy O
= and M = =
0 1ld |z 0 Id |z A Id

Observation 5.4.6. Let I' = (G, I, 0O, 1) be a labelled open graph which satisfies
|I| = 0], and letI"” be its reverse. The flow demand matrix N of I is a matrix whose
rows are labelled by non-outputs, whose columns are labelled by non-inputs, and
where the rows corresponding to inputs or Pauli-measured vertices are identically 0.
We can thus write N = PS, where P is a diagonal matrix whose rows and columns

are both labelled by non-outputs, such that:

Xuo Z
Oy 1fveL J 0 \rux
Py = and S =
0 otherwise, Al Anjz

with J,,, = d,,,. While J is square and takes values in {0, 1}, it is not an identity
matrix because the set of row labels is not the same as the set of column labels.
Similarly, N’ = P’S’, where P’ is a diagonal matrix whose rows and columns are

both labelled by non-inputs, such that:

Xz
. T
, Opyw IfveL , Jr 0 \xuo J Ay
P, = and S’ = 7 =
0  otherwise, (Ao1)" Anlz 0 A

because Aj; is symmetric.

The decomposition of the order-demand matrix in the above Observation highlights
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the symmetry between flow-demand and order-demand matrix for the same labelled open
graph: In each case, one row of the block form is taken directly from the extended
adjacency matrix, while the other row has an identity-like block on the diagonal and an
all-zero block on the off-diagonal. The big difference is that some of the rows in the
order-demand matrix are then set to zero via multiplication by the diagonal matrix P.

By comparing with the extended adjacency matrix A in (5.3) and recalling that A
is symmetric by construction, we note furthermore that the matrices M and S encode
almost all the information of the extended adjacency matrix: the only parts missing are
edges among inputs and edges among outputs (which can straightforwardly be seen to be

irrelevant to the existence of flow).

Theorem 5.4.7. Let I' = (G,1,0,1) be a labelled open graph which satisfies
|I| = |O|. Let I'"” be the reverse of I'. Then I" has Pauli flow if and only if " has

Pauli flow.

Proof. Without loss of generality, assume / N O = 0.

(=): First, suppose I" has Pauli flow. By Theorem 5.2.1, the inverse C of its flow
demand matrix M exists and the product NC with the order-demand matrix N forms
a DAG.

Now by Observation 5.4.5, the flow demand matrix for I" is

Xuo Z
M= A()o A01 IUX
0 Id]z

Break its inverse C = M~! into analogous blocks, i.e. let

TuX v
C= C()o C01 XU0
Cio Culz
such that
TUX Z
ApoCoo + A01C10 AooCor + Ap1Cr1 \1ux
1d = MC = 00C00 01C10 AooCot 01C11 |1
Cio Cu Z

Then we have Cjo = 0 and Cy; = Id by inspection. Thus the top left block implies
Id = AyoCoo, 1.€. Cop = (A()())_l. The top right block becomes 0 = AgyCo; + Ag;.-
Hence AgoCo1 = Ao (as we are working over Fy) and finally Co; = (Agy) "' Agr =
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CooAp;. To summarise,

1UX z
_ [Coo CooAor |xuo
1o d |z

Again by Observation 5.4.5, the flow demand matrix for I/ is

T
A()() 0
Ay Id

4 —_—

As Aq is invertible (we found Coy = (Agp) ') and because of its block structure,
M’ is also invertible. By an argument analogous to the above, we find that
Co O0)
CI = (MI)—I = 00
AoCoo 1d

with Cyp the same matrix as above.
It remains to show that N'C” is a DAG, knowing that NC is a DAG. First, by
Observation 5.4.6:

J 0

Al An

Coo  CooAot
0 Id

NC=PSC=P

_p JCoo JCooAo1
A10Coo  A10Co0Ao01 + A1y

and similarly,

T T
J A C 0
N/c/ = P/S/CI = Pl 01 00
A \A1Coo Id
T
| Co O} [J Ao
- A10Coo 1d]\0 Ay
T
_ CooJ CooAo1
A10Cood  A10CooAo1 + A1y

We have (NC),,, = 0 whenever v € I U #: inputs and Pauli measured vertices are
always initial in the partial order. This implies that the values in the rows labelled
by / U P are irrelevant to determining whether NC is a DAG: it suffices to consider
only the submatrix of NC whose rows and columns are both labelled by L. The
same holds for N'C’.

Now, the three matrices P, P’, and J are simply the identity matrix when restricted

to rows and columns that are labelled as L. Thus the £ times £ submatrices of the
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two products satisfy:

L
(N'C)E = CooJ CooAo1
= A10Co0J A10Co0Ao1 + A1
L T
Coo CooAo1 r
= = ((NC)f)
A10Coo  A10Co0Ao01 + A P

since taking submatrices commutes with taking the transpose. By assumption of
flow existence for I', NC is a DAG. Hence N’C’ is a DAG and by Theorem 5.2.1,
I’ has Pauli flow, ending the proof.

(<): Different measurement labels of the inputs do not change the flow-demand
and order-demand matrices of I", and hence by Theorem 5.2.1 they do not change the
existence of flow. Thus without loss of generality, we can assume that A(v) = XY
for all v € 1. Using the previous part of the proof, if ['" has Pauli flow, then so does
I'”. However, IV = " (up to a potential and irrelevant difference in measurement

labels of inputs), so I" has Pauli flow, ending the proof. m]

Corollary 54.8. Let I' = (G,1,0, 1) be a labelled open graph which satisfies
|I| = |0O|. Suppose I" has focused Pauli flow (c, <.) and its reverse I'” has focused

Pauli flow (¢, <), then:
e Forallue ITuXandw € X UO,wehave w € c(u) © u € c’(w).

e Forallu,w € L, wehaveu <, w © w < u.

The complexity of finding a reverse flow requires matrix multiplication, so it is not
fundamentally easier than finding a flow from scratch (as we will see in Chapter 6). Yet if
a labelled open graph with equal numbers of inputs and outputs is dominated by vertices
in X, then it will be more efficient to find the flow of the reverse graph by taking the matrix
Coo (which describes the flow on the X-like part of the original labelled open graph) and
multiplying it with the (smaller) submatrices of the extended adjacency matrix.

When the number of inputs is smaller than the number of outputs, the flow cannot
be reversed — the flow-demand matrix of the reverse labelled open graph must have more
rows than columns and thus cannot be right-reversible. For example, the flow from
Example 5.1.2 cannot be reversed. Similarly, the flow in such a case does not need to be
unique as the flow-demand matrix may have many different right inverses. In the future

algorithm, we parametrise all such right inverses by relating them via focused sets, which
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we study next.

5.5 Focused sets

The flow-demand matrix has another connection to Pauli flow that we explore in this
section, this time not via its inverse but via its kernel. First, we define focused sets: sets

with trivial net effect when used for corrections.

Definition 5.5.1 (Focused set [ 153, part of Definition 4.3]). Given the labelled open
graph I = (G, 1,0, 1), aset A C I is focused over S C O if:

(Fs1) Yw e SN A.A(w) e {XY,X,Y}
(Fs2) Yw € SN Odd(A).A(w) e {XZ,YZ,Y,Z}

(Fs3) Vw € S.A(w) =Y = w ¢ OddfA]), where w ¢ OddfA] is equivalent to
weAoweOdd(A).

A set is simply called focused if it is focused over O. The set of all focused sets for
I' is denoted .

The focusing conditions for the Pauli flow (cf. Definition 2.6.22) equivalently say that
the correction set ¢(v) is focused over O \ {v} for all v € O. The above definition was
introduced by Simmons, who also proved that the focused sets for a given labelled open
graph form a group [153, Lemma B.8]. Here, we provide an alternative interpretation
for the collection of focused sets, by providing an isomorphism with the kernel of the
flow-demand matrix, so that the focused sets form a vector space. First, we show that
given some set A C I one can find a maximal set over which A is focused by considering
the product M ]l;.

Lemma 5.5.2. Let I = (G, 1,0, ) be a labelled open graph and A C I be any
subset of non-inputs. Then, A is focused over supp (]lg +M ]1;) and A is not
focused over any larger subset of the non-outputs.

Proof. Before beginning the proof, we will explain the notation supp (]lg: + M1 ;) ,
which can be unpacked as follows: M ]l;[ is the result of multiplying the flow-
demand matrix by the vector corresponding to the set A. This vector is in the space

FZO . Next, we add to it ]lg, 1.e. the vector of all-1s in Fg. Hence, we are flipping
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all values in M ]l;. Next, we take the support of this vector: these are the vertices
v such that the flipped vector has a 1 for its v-th entry. This means, M ]l’ﬂ has a 0
for its v-th entry. Thus, the lemma claims that A is focused over the set of vertices
corresponding to the 0-valued entries of M ]l;. Considering a vector as a linear
map via the inner product, these entries correspond to the kernel of M1 i”‘l' We are
now ready to proceed to the proof itself.

Let Fgq = supp (]lg +M ]l;). By inspecting conditions (Fs1)-(Fs3), for any sets
S,S8” € O, A is simultaneously focused over S and focused over S’ if and only if it
is focused over S U §’. Therefore, it is sufficient to show that forall v € O: v € F4
if and only if A is focused over {v}.

(=): Letv € Fg. Then 1 = (]lg +MIL;)V =1+ (M]l;) . Hence, 0 = (M]l;() .

v 1%

Therefore Mv,*]léI =0 and by Lemma 5.3.2, we get:

A(v) € {X,XY} and v ¢ Odd(A),or
AWv) e {XZ,YZ,Z} and v ¢& A, or
A(wv)=Y and v ¢ OddfA}J.

Hence A satisfies all three conditions (Fs1), (Fs2), and (Fs3) over the set {v}, as
required.
(&): Let A be focused over {v}. Then, by (Fs2):

v ¢ Odd(A) when A(v) € {X,XY}.
Similarly, by (Fs1):
veg A when A(v)e{XZ,YZ Z},
and by (Fs3):
v ¢ OddfA)] when A(v)=Y.

Hence, again using Lemma 5.3.2, we get Mv,*]léq =0 and thus v € F4. O

Using the above lemma, we find an isomorphism between the kernel of the flow-demand

matrix and the collection of focused sets.

Theorem 5.5.3. Let I' = (G, 1,0, 1) be a labelled open graph and let M be its

flow-demand matrix. Then §r = ker Mr.
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Proof. Suppose A € §. By Lemma 5.5.2, any set A is focused over
supp (]lg + M]l;). Combining these, we find supp (]lg + Mﬂ;{) = 0, which
implies (M]l;)v =0 for all v € O. In other words, ]l; € ker M.

Now suppose w € ker M. Again by Lemma 5.5.2, this implies that supp (w) is
focused over O, i.e. supp (w) is a focused set.

Therefore, an isomorphism between § and ker M is given by the indicator function

]1{ and its inverse is given by the support supp (e). O

For example, the kernel of the flow-demand matrix from Example 5.2.8 consists of
two vectors:

T T
(oooooo)and(001o11)

corresponding to focused sets @ and {e, 01, 02}, respectively.

5.6 Number of inputs and outputs

Throughout the thesis, many statements required |/| = |O|. Most importantly, the unique-
ness of focused flow works only when |I| = |O|; otherwise, focused sets arise, potentially
leading to an exponential number of focused flows. In the next chapter, we will also see
that finding flow is significantly easier when |/| = |O|. This assumption naturally occurs
when using flow within circuit optimisation, as circuits are unitary. Hence, labelled open
graphs obtained from translation to MBQC must have an equal number of inputs and out-
puts. Similarly, strong deterministic measurement patterns correspond to unitaries when
|I| = |O|, making cases satisfying this condition most important. Finally, in [125], it is
shown that in the case of planar XY measurements only, the existence of gflow corresponds
to not only robust determinism but also another notion called equiprobability. However,
when |I| # |O|, gflow no longer guarantees equiprobability.

Thus, a question arises: if the sizes of the input and output sets do not match, can
we modify the labelled open graph to one with |/| = |O|? In this section, we show that
given a labelled open graph with Pauli flow, it is always possible to reduce the number
of outputs to match the number of inputs while preserving the existence of Pauli flow for

some measurement labelling:

Theorem 5.6.1. Suppose (G, I, 0, A1) has Pauli flow and |O| > |I|. Then there
exists a subset O’ C O such that |O’| = |I| and a labelling A’ such that (G, I,0’, ")

has Pauli flow.

Initially, I included these results in [132]. I slightly modified them to take into account
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improved algebraic interpretation. Before moving to the proof of this theorem, we note
this theorem says nothing about measurement labelling A’ other than its existence. In
particular, A" can significantly differ from A. In fact, 2’ will always consist of Pauli

measurements only, as motivated by the following theorem:

Theorem 5.6.2. Suppose that a labelled open graph (G, I, O, 1) has Pauli flow.
Then, there exists ’: O — {X,Y, Z} such that (G, I, O, 2’) has Pauli flow.

Proof. We start by fixing a Pauli flow (¢, <) on (G, 1,0, 1). The conditions for a
planar measurement XY combine the requirements for the two Pauli measurements
X and Y. Hence, swapping XY measurements to X preserves (c, <) as the Pauli
flow. Similarly, we can swap XZ and Y Z mesaurements to Z. O

Based on the above, in the proof of Theorem 5.6.1, we can restrict ourselves to all
Pauli measurement labels. The procedure above does not change the flow-demand matrix,
as the X and XY measurements are encoded similarly. Analogous property holds for Z,
YZ, and XZ measurements. However, the order-demand matrix becomes identically zero,

as the following observation points out:

Observation 5.6.3. Let (G, I, O, 1) be alabelled open graph with A(v) € {X,Y, Z}
for all v € O, i.e. Apayi = O. Then the order-demand matrix of (G, 1,0, 1) is

identically zero.

Out of the three Pauli measurements, Z measured vertices have additional useful

properties: they can be removed or introduced without affecting flow existence.

Lemma 5.6.4 (Introduction of Z measured vertex [121, Proposition 4.1]). Let
(G, 1,0, Q) have Pauli flow. Then, a new Z measured vertex v ¢ V can be added
to G, with any edges from v, without affecting flow existence. In other words, any
labelled open graph (G’, I, O, A’) has Pauli flow, where:

V(G) =V U {v}

G'[V] =G
Ao =1
A(v)="Z.

We are almost ready to prove Theorem 5.6.1. The proof will be based on the following

simple fact:
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Lemma 5.6.5. Let I = (G, I, 0, ) be a labelled open graph satisfying |O| > |I|
with A(v) € {X,Y,Z} forall v € O, i.e. Apuyi = O. Further, assume that I" has
Pauli flow. Then there exists v € V that can be changed to be Z measured while

preserving Pauli flow, where initially either:
* yisanoutput,ie. v € O,

e or v is not measured in Z basis, i.e. 1(v) € {X,Y}.

Proof. Let ¢ be a focused extensive correction function for I'. Let M be the
flow-demand matrix of I" and C the correction matrix of function c.

By Theorem 5.2.1, MC = Id and therefore rank M = O. Hence, there exists
invertible |O| x |O| submatrix M’ of M. Since |O| > |I|, there are more columns
than rows in M.

Thus, v € I exists such that the v column M, , is not included in M’. Suppose v € O
and A(v) = Z, then the v row M, . exists in M and is identically zero except for
its intersection with the column M., ,,. Thus, the v column must be included in M’;
otherwise, the v row of M’ would be identically zero, contradicting the invertability
of M’. Therefore v € O or A(v) = {X, Y} satisfying last part of the lemma.

It remains to show that v can be changed to be Z measured. Let M, be the matrix
M with the column v removed, and I',, be the labelled open graph I" with vertex
v removed. We know that M is right-invertible, and since the column of v is
not included in M’, M, is also right-invertible, as it still contains the invertible
submatrix M’. Then M,, is the flow-demand matrix for the labelled open graph I',.
By Observation 5.6.3, I" with vertex v has an order-demand matrix N, equal to
identically zero, and by the above, its flow-demand matrix M, is right-invertible.
Hence, by Theorem 5.2.1, I';, has Pauli flow (since N,C’ = 0 for any C”). Therefore,
by Theorem 5.6.4, v can be reintroduced to I', with same connections as v has in

I, while making A(v) = Z, ending the proof. O
With the above Lemma, the proof of Theorem 5.6.1 becomes very simple:

Proof of Theorem 5.6.1. Let (G, 1,0, A) be a labelled open graph with Pauli flow.
By Theorem 5.6.2, there is A" such that (G, 1,0, A’) has Pauli flow and A’(v) €
{X,Y, Z}. Application of Lemma 5.6.5to (G, I, O, ') strictly increases the number
of Z measured vertices and is possible whenever |O| > |I|. Since the number of

Z measured vertices cannot go beyond |V|, repeated application of Lemma 5.6.5 to
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(G, 1,0, ) eventually results in some labelled open graph (G, I, 0’, 2”) with an
equal number of inputs and outputs that has Pauli flow and in which O’ C O, as

required. o

Example 5.6.6. Consider the labelled open graph from Example 5.1.2. It has more
outputs than inputs and has Pauli flow so Theorem 5.6.1 applies. Firstly, according

to Theorem 5.6.2, the labelled open graph is transformed into the following:

01

Its flow-demand matrix M is equal to that of the original labelled open graph, i.e.
it is the matrix from Example 5.2.8. We have M., = M., + M. ,, meaning the
column of o is linearly dependant with other columns. Hence, it is possible to
remove o1 (equivalently: change it to be Z measured). The output 0; cannot be
removed in a flow-preserving way in the initial labelled open graph, i.e. the one from
Example 5.1.2 — skipping the details: while the only change to the flow-demand
matrix is column removal, the inverse changes in a more complex way than just
removing one row. In this case, removal of o0, results in a correction matrix such
that the product with the order-demand matrix is no longer a DAG, and thus, by

Theorem 5.2.1, removal of 0, also removes flow.

We also point out that Theorem 5.6.1 does not always instantly remove outputs for
labelled open graphs with only Pauli measurements. Sometimes, it may be necessary to
first change some of the measurements to Z measurements, and only afterwards may some
outputs become possible to remove while preserving flow. In other words, the second

possibility from Lemma 5.6.5 may be necessary to apply in the process:
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Example 5.6.7. Consider the following open graph:

With all non-outputs measured in X, it does have Pauli flow. However, it is
impossible to remove any of the outputs outright. It becomes possible to remove

output 0, (or 03) after changing the measurement label of b to Z.

The step in Lemma 5.6.5 can be viewed as basis finding: in each step, we take the
basis of the column space of the flow-demand matrix and remove a vertex whose column
does not appear in the flow-demand matrix. Such a basis finding approach has other
applications. In the case of X labelling only, suppose we are given O but not /. We can
then find 7 with |I| = |O] resulting in flow, or determine that no flow exists for any set of

inputs.

Lemma 5.6.8. Let G be a graph and O C V. Let A: O — {X}. Then either
(G, 1,0, 1) does not have Pauli flow for any /, or (G, I, O, A) has Pauli flow for
some I with |I| = |0]|.

Proof. Consider (G, 0, O, A). Suppose that it does not have Pauli flow. Since A(v) =
X for all v € O, the flow-demand matrix M is equal to reduced adjacency matrix
A = Adj; |g and the order-demand matrix is a zero matrix. By Theorem 5.2.1,
lack of flow translates to A not being right-invertible. Changing inputs to a different
set than @ corresponds to the removal of columns but not rows from the reduced
adjacency matrix A —it cannot make the matrix right-invertible. Hence, there is no /
for which (G, I, O, 2) has Pauli flow. Conversely, if (G, 0, O, 1) has Pauli flow, then
we can choose |O| X |O| submatrix from the reduced adjacency matrix A. The not
chosen columns can be removed without breaking the flow, i.e. the corresponding
vertices can be changed to be inputs. We note that some output could be changed to
be an input. This process always turns |V| — |O| = |O] vertices into inputs, which

ends the proof. O

Finally, again in the case of X labelling only, suppose we are given inputs. Can we
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find a minimal (smallest) set of outputs resulting in Pauli flow? The answer is yes.

Lemma 5.6.9. Let G be a graph and / C V. Let A(v) = X for v € V. Then a
minimal O resulting in (G, I, O, A |5) having Pauli flow can be efficiently found.

Proof. Consider the reduced adjacency matrix Adj; |g) of (G,1,0,1). Let D be
a set of rows forming the basis of the space given by all rows. Let R be the set
of vertices whose rows are not in D. Then O := R is the required minimal set:
(G, 1,0, 1 |3) has Pauli flow —in its reduced adjacency matrix Adjg |2 the rows are
linearly independent, so the matrix is right-invertible which suffices for flow by the
same argument as in the proof of Lemma 5.6.8. Also, O is minimal — any smaller
set O’ of outputs cannot result in a right-invertible reduced adjacency matrix, as
such a matrix would have more rows than Adj; |i , and all of its rows would be
from Adj; | 5. But Adj; |g has the maximal number of linearly independent rows,
as those rows form a basis of the space spanned by the rows of Adj; |5. We note

that some inputs could be changed to be outputs. O

While the above methods can help equalise the number of inputs and outputs, they
have a critical limitation: they only concern flow-demand matrices and not order-demand
matrices. That is not a problem in the case of Pauli measurements, as the partial order is
trivial in the focused flow. However, planar measurements impose non-trivial order, and

the above methods may break. To illustrate this restriction, see the following example.

Example 5.6.10. Consider the following labelled open graph with one output and

no inputs:

a, ggZ ]

It does have Pauli flow with ¢(a) = {a, o}. However, it is impossible to turn vertex
a into an input or remove the output o in a way that preserves Pauli flow. Any

transformations must change the measurement basis of a.
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Chapter 6
Flow Algorithms

While the algebraic interpretation from Chapter 5 can aid various proofs extending the
understanding of Pauli flow, the most important application is in the algorithms for finding
Pauli flow. As explained in Subsection 2.6.5, the problem of finding flow is fundamental
and was extensively researched.

In this chapter, we present new algorithms, improving the complexity of the previously
known methods. Furthermore, we establish the first lower bounds for the problem of
finding Pauli flow. Whenever considering a graph-based problem, we use n to denote the
number of vertices.

Firstly, let’s formally define the flow finding problem:

FlowFinding
Input: A labelled open graph I' = (G, I, O, ).
Output: Pauli flow (¢, <) for I', or a message that no such Pauli flow

exists.

As explained earlier, this problem was already known to be in FP, yet existing al-
gorithms were rather slow. Using our algebraic interpretation, we provide a new O (nz)
method. We treat the special case |I| = |O| separately. While it would be sufficient in
principle to consider only the general case, it is nevertheless worth distinguishing this spe-
cial case due to the remarkably simple algorithm. Furthermore, we also explain potential
further speed-up for this special case where |I| = |O].

Finally, we also explore the problem of finding flow in a slightly different setting:
looking for flow on open graphs (we specifically mean unlabelled open graphs). Given an
open graph, we show that it is possible to decide the existence of measurement labelling

that results in a labelled open graph with Pauli flow.
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Corresponding papers. The novel results in this chapter have appeared in my
papers: [132] (single author) and [133] (first author; co-written with my supervisor

Miriam Backens).

Structure: In Section 6.1, we slightly adapt main results from Chapter 5, provide a
lower bound for the flow-finding problem, and state explicit constructions of the relevant
matrices. In Section 6.2, we focus on algorithm for the case |/| = |O|. The general case
follows in Section 6.3. In Section 6.4, we explore flow on unlabelled open graphs. Lastly,

the commentary on efficiency of presented algorithms is included in Section 6.5.

6.1 Preliminary constructions

Theorem 5.2.1 is the backbone of our algorithms. However, we will use a slightly restated

version:

Corollary 6.1.1. Let I' = (G, 1,0, 1) be a labelled open graph. Let M be the
flow-demand matrix of I" and let N be the order-demand matrix of I". Then I" has

Pauli flow if and only if there exists a correction matrix C such that:

* C has shape (n — n;) x (n — np) with rows corresponding to I and columns

corresponding to O,
* MC =1dp, and
* NC is the adjacency matrix of some directed acyclic graph.

Furthermore, for any such matrix C, the corresponding minimal focused Pauli flow

(c, <.) is given as follows, where v, w € O:
e c(v)i={uel] Cuy =1},
*vaw& (NC)y, =1,and

e <. 1is the transitive closure of <.

Proof. By inspection, it follows from the theorems in Chapter 5. O

Based on this corollary, we can immediately obtain the lower bound for FindFlow:
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Theorem 6.1.2. The problem of finding Pauli flow is at least as computationally

expensive as the problem of finding the inverse of a matrix over F,.

Proof. Let M be an arbitrary n X n matrix over F». Let I" = (G, I, O, 2) be defined

as follows:

I={i,...,in}

O =A{o1,...,0,}

V=IUO

E ={(ix,0¢) | My =1fork,l € {1,...,n}}
G=(V,E)

i) =X (Vke{l,...,n})

Then, the flow-demand matrix Mr equals M and the order-demand matrix Nt is
identically 0. Hence, by Theorem 6.1.1, I' has Pauli flow if and only if M is

invertible and the correction function is encoded by the inverse of M. O

For the moment, no better lower bound for finding the inverse of a matrix than Q(n?) is
known®. Therefore, finding Pauli flow must take at least Q(n?) operations. In particular,
it can be no better than the best-known method for finding causal flow from [126] with a
runtime of O(m) where m is the number of edges.

Before we move to the algorithms’ main part, we examine the explicit construction
of flow-demand and order-demand matrices for the input labelled open graph. This

pseudocode relates to Definitions 5.2.7 and 5.2.9.

Algorithm 1 Construction of flow and order-demand matrices

Returns the flow-demand matrix of a given labelled open graph

—

: procedure FLow-DEMaNDMATRIX(G, I, O, 1)

2: M = Adj; |ié > Construction of reduced adjacency matrix
3: forveO > For all measured vertices
4: if A(v) e{Z,YZ,XZ}

5: M, . =0 > Multiply rows of Z,YZ, XZ measurements by (O
6: if A(v) e{Y,Z,YZ, XZ}Av ¢l

40ver real or complex numbers, there exists a bound Q (n2 log, n), but it does not apply to finite fields
(see [50, Section 28.2]).
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7 L L M, , = 1> Set intersections of rows and columns forY,Z,YZ,XZ
measurements to 1
8: return M

Returns the order-demand matrix of a given labelled open graph

9: procedure OrRDER-DEMANDMATRIX(G, I, O, 1)

10: N =Adj; |I_O_ > Construction of reduced adjacency matrix

11: forveO

12: if A(v) e {X,Y,Z, XY}

13: t Ny, x=0 > Multiply rows of XY and Pauli measurements by 0

14: if A(v) e{XY,XZ}Av ¢l

15: L N, = 1 Set intersections of rows and columns for XY, XZ mea-
L surements to 1

16: | return N

Of course, given a labelled open graph, these matrices take only O (n?) time to produce.

6.2 Equal number of inputs and outputs

Suppose, that we are given labelled open graph I' = (G, 1,0,1) with n; = ng, i.e.
|I| = |O|. Then, the flow-demand matrix is square, and Corollary 6.1.1 gives rise to a

simple and efficient algorithm for Pauli flow detection.

Theorem 6.2.1. LetI" = (G, I, O, 1) be a labelled open graph with n; = np. Then,
there exists an O(n?) algorithm which either finds a Pauli flow or determines that
no Pauli flow exists.
Proof. Proceed as follows:

1. Construct the flow-demand matrix M according to Definition 5.2.7.

2. Construct the order-demand matrix N according to Definition 5.2.9.

3. Check if M is invertible.

¢ If not, return that there is no flow.

4. Otherwise, compute the unique inverse C of M.
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5. Compute the matrix product NC.
6. Check if NC is a DAG.
e If not, return that there is no flow.

7. Otherwise, return the tuple (C, NC): these form the matrix encodings of
the focused extensive correction function ¢ and the corresponding induced

relation <.

The above procedure correctly finds flow: by Corollary 6.1.1, any focused extensive
correction matrix C must be a right inverse of M. However, since M is square, any
right inverse is a unique two-sided inverse. Then, the only other condition that must
be checked is whether NC forms a DAG, as in the procedure above.

To see that the complexity of the above procedure is O (n?), consider:

* Steps 1-2 can be implemented in O(n?), i.e. in time linear in the size of the

constructed matrices.

» Steps 3—4 can be achieved by performing Gaussian elimination, which runs
in O(n?) time.

» Step 5 requires matrix multiplication, with a naive implementation again
taking O (n?) time.

* Checking if a graph is a DAG can be done in O(n?) by running depth-first

search algorithm or similar (see [50, Section 20.4]).

Thus, the total runtime is dominated by Gaussian elimination and matrix multipli-
cation running in O(n?), with the remaining steps running in O(n?). If one requires
the full partial order <, rather than only <., the transitive closure of <. must be
computed. This again can be done in O(n?) time, so it does not affect the overall

complexity. O

We provide pseudocode that corresponds to this theorem:

Algorithm 2 Finding flow when n; = ng
Checks if a labelled open graph I = (G, I, O, 1) with n; = np has Pauli flow

and, if it exists, returns the focused extensive correction function ¢ (in the form

of a matrix) and the corresponding <. (also in the form of a matrix)

1: procedure FinoFLowSmmMpPLE(G, I, O, A)
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2: M = FLow-DEmMaNDMATRIX(G, I, O, A)
3: N = OrDER-DEMANDMATRIX(G, I, O, 1)
4: C = INVERSE(M)
5: if C is None
6 return ‘NO FLOW EXISTS’
7 R=NC
8: if R is not a DAG
9: _ return ‘NO FLOW EXISTS’
10: return (C, R)

The above theorem already gives us a faster method for finding extended gflow and
Pauli flow than previously known procedures: O(n*) from [15] for extended gflow and
O(n®) from [153] for Pauli flow. Yet, it may still be possible to further speed up our

algorithm. We discuss it further in Section 6.5.

6.3 Different number of inputs and outputs

If np < ny, then the flow-demand matrix has more rows than columns and hence it
never has a right inverse, so there is no flow. Thus, we only need to consider the case
ny < no, where the situation is more complex. The lower bound proved in Theorem 6.1.2
applies. We also still obtain a O(#n?) algorithm for flow detection and finding. However,
the algorithm is no longer as simple as computing the inverse and verifying whether one
matrix product is a DAG.

While the focused correction matrix must be a right inverse of the flow-demand matrix,
this right inverse is not unique. We modify the flow-finding algorithm from the previous
section to identify a right inverse that yields a DAG when multiplied by the order-demand
matrix or conclude that no such right inverse exists. Firstly, we perform a change of basis
that gives a more convenient parametrisation of the right inverses. Secondly, we use an
approach similar to the one from [126], which was subsequently extended in [15, 153] —
we define the correction function in layers of the partial order, starting with the last layer
and moving towards the first vertices in the order. In the first step, we define correction
sets for all vertices that are final in the order, i.e. vertices v such that for all vertices u we
have —v < u. Next, we find correction sets for vertices that can only be succeeded by
vertices from the first layer et cetera. If, at any point, we cannot correct any vertices, there
is no flow. The methods used in [126, 15] required Gaussian elimination for each layer
of vertices, while in [153] up to O(n) Gaussian eliminations per layer were necessary.

Since the number of layers could be O(n), it leads to upper bounds of, at best, O(n*). We
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improve on this approach by reducing the number of operations performed at each layer to
O(n*s) where s is the number of vertices in the layer. This leads to a total cost of O(n?)

operations.

6.3.1 Algorithm and correctness proof

The following theorem and its proof describe the Pauli flow-finding algorithm in prose
and explain its functioning as well as its complexity. A pseudocode presentation of the

same algorithm may be found in Subsetion 6.3.2.

Theorem 6.3.1. Let I' = (G, 1,0, 1) be a labelled open graph with n; < ngp, i.e.
|I] < |O|. Then, there exists an O(n?) algorithm which either finds a Pauli flow or

determines that no Pauli flow exists.

Proof. The proof consists of providing an algorithm, showing its correctness, and
verifying the complexity bound. We interleave the three parts: for each step of
the algorithm, we first provide the procedure and then explain it and analyse its

complexity.

1. Construct the flow-demand matrix M according to Definition 5.2.7. Recall

this matrix has size (n — np) X (n — ny).
2. Construct the order-demand matrix N according to Definition 5.2.9.
3. Check whether M is right-invertible, i.e. whether rank M = n — ngp.
 If M is not right-invertible, return that there is no flow.

Explanation of the step: By Corollary 6.1.1, flow existence necessarily means
that M is right-invertible. M is right-invertible if all of its rows are linearly
independent, i.e. if rank M equals the number of rows of M, that is n — ng.
The check for right invertibility can be achieved by performing Gaussian

elimination, which runs in time O (n?).

4. Find any right inverse of M and call it Cy.

Explanation of the step: By the previous step, a right inverse exists. It can be
found for instance by Gaussian elimination and backtracking, again in O (n°)

and has size (n —ny) X (n —np).

Even if there is a Pauli flow, the matrix Cyp will not necessarily be such that
NCj is a DAG. Yet by combining it with information about the kernel of M,
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we will be able to parametrise all the right inverses of M: Any right inverse of
M must necessarily be of the form Co+F’ where F” is a matrix whose columns
are vectors in ker M. Such matrices work as then M (Co+F’) = Idz+0 = Id3.
They are also necessary, as if MC = Id 5, then F’ = C — Cp must satisfy both
C=Co+F and0=MC-MCy=M(C-Cy) =MF'.

In the next three steps, we will first find the kernel of M and then use it to
perform a change of basis, that gives a simpler form to the possible right
inverses. This simplifies the search for a right inverse that satisfies all the

Pauli flow conditions.

. Find a matrix F whose columns form a basis of ker M.

Explanation of the step: This can again be found with Gaussian elimination.
By the rank-nullity theorem, the dimension of ker M is np — ny, hence F has

size (n —ny) X (np — ny).

. Let C’' = [Cy | F].

Explanation of the step: C’ is a square matrix of size (n —njy) X (n —ny). We
know MCy = Id, so the columns of Cy form a basis of supp (M). Similarly,
the columns of F form a basis of ker M. Thus, the union of the columns of
both forms a basis of F"~", i.e. the columns of C” are linearly independent.
Therefore, rank C’ = n — n; and C’ is invertible. From now on, we will
use diagrams to illustrate the sizes of the matrices we work with. When the
rows or columns correspond to sets of vertices, we also indicate them on the

diagrams.

O "o —n

O "o —np

. Compute Ng = NC'.

Explanation of the step: As explained in Step 4, the right inverse Cy is not
necessarily unique. However, we know the form of all possible right inverses,

which can be parametrised in terms of Cy and the columns of F.
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The problem is to find some right inverse C such that NC is a DAG. Brute
force checking all possible right inverses cannot be performed, as the number
of right inverses grows exponentially in np — n;. Instead, we simplify the

form of right inverses by the basis change just performed.

To see this, we note that the equivalent basis change on M yields Mg =
MC' = [MCy | MF] = [IdO- | 0], since Cy is the right inverse of M and F
is the basis of ker M. This makes all right inverses of Mg very simple: their
first n — no rows form /d; and the remaining rows can contain any values.
In the following picture, the part of the matrix that can have any values is
denoted P.

_ 0
O "o —nj
lds |10
Mg = Ids | 0 |10 C8 =
P o —nj

6.1
Now, suppose that we find CZ such that MgC? = Id; and NgC3 is a
DAG. Then, we can find the desired correction matrix C encoding a focused

extensive correction function ¢ by computing C’C%, since:

MgC? = (MC")C® = M(C'C?)
NgC® = (NC)C® = N(C'C?)

and so M(C’'C®) = Id5 and N(C'C?) is a DAG.

This approach also captures any possible solution as given a working C one
can find a working C® by computing (C’)™! C. This is to say, that instead of
solving the problem given M and N, we can solve the problem given Mg and
Ng.

8. Define Ny and Ny as the submatrices of Ng given by first n — np columns
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and the remaining np — n; columns:

O "o —n|

Ng =| N |Nr|{O

Explanation of the step: From the condition MgC?® = I d s, we already know
the first n — np rows of CZ. This means, that we are able to express the
product NgC? as follows:

NgC® = Ny Ids + NgxP = N + NgP

Thus, the problem becomes to find a (np —ny) X (n — np) matrix P such that
Ny + NrP is a DAG:

To find P, we will use a layer-by-layer approach, as in many existing flow-
finding algorithms. This means we first identify vertices that are maximal in
the partial order, and then work ‘down the order’ from there. A naive version

of the layer-by-layer approach would be as follows.

» Take the system of linear equations [Nz | N], where Ng are the
coefficients and N; are the attached vectors, i.e. the desired values.
Recall the columns of N are labelled by non-output vertices, as are the

columns of P.

This means we can alternatively consider [Ng | Nr] as a collection
of n — np independent linear systems, one for each v € O, where
each system has the same coefficients for the unknowns but generally
different constants (and thus different solutions). Each of these systems
consists of n — np equations in np — n; unknowns. For most interesting
computations, we expect the labelled open graph to be dominated by
internal vertices, i.e. V \ (I U O) is larger than / U O. In that case, the
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linear systems are generally overdetermined.

Indeed, if all linear systems are solvable, then Ny + NP is the all-zero
matrix: a trivial DAG. Yet, if a flow exists, there must be vertices that
are maximal in the associated partial order. The columns corresponding
to those vertices in the adjacency matrix of the DAG are all-Os: thus

these vertices must be associated with solvable linear systems.

* Perform Gaussian elimination to find the set L of vertices whose associ-
ated system of linear equations is solvable. (If none exist, there can be no
flow.) These are the vertices that are not followed by any not-yet-solved
vertices in the partial order represented by the DAG NC = NgC%.

* For each vertex v € L, remove the linear system associated with v from
future consideration, i.e. ignore the column labelled v in Ny and in
P. Recall that the rows of Ny and Ny are also labelled by non-output
vertices. Knowing that v is maximal in the partial order among the
remaining vertices, we can now remove the row v from consideration in
each linear system, eliminating one equation given by Ng coefficients.
The removal of the equation means that it is now possible to get a
different number than initially required for the equation corresponding
to the removed vertex. In other words, it is now possible to add to the
partial order a constraint expressing that a vertex solved later precedes

some vertex that was solved in earlier steps.

If there remain systems of linear equations that have not been solved
yet, go back to the previous step to look for a new set of vertices whose

associated linear systems have become solvable.

This approach is somewhat similar to the ones in [126, 15, 153] (except that,
there, larger matrices must be considered in each step). Since we only have
to Gaussian eliminate with respect to the columns of Nk (of which there are
no — ny), we get an upper bound for the naive approach of O(n?(np — ny)).
However, we can do better by noticing that the matrices constructed for
subsequent layers are very similar, and thus we can ‘reuse’ previous Gaussian

elimination steps.

We thus continue with the more involved version of the layer-by-layer algo-

rithm.
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0.

10.

11.

12.

Construct two independent” copies Ky s, K; s of the following matrix.

no —nj 0] 0]

Explanation of the step: The first block of the system forms the coefficients
of the system of linear equations. The second block consists of the attached
vectors, i.e. the desired values for which we want to solve the system. Finally,
the third block starts as the identity and will be used to keep track of Gaussian

elimination steps throughout the process.

K| s stands for ‘linear system’ and K;; s for ‘initial linear system’.

Perform Gaussian elimination on K;g (with respect to the first (ng — ny)

columns).

Explanation of the step: The idea of the third block, i.e. initially the identity
matrix, is to know which rows from the initial system K;; s are used in each
of the rows of Ky, i.e. the performed row operations can be ‘recovered’ by
reading the third block. The complexity of Gaussian elimination in this step
is O (n*(no — ny)), as we effectively have to perform Gaussian elimination of
an (n —ngp) X (np — ny) matrix (all rows, but only the first np — n; columns),
yet the cost of each row operation is (ng — ny) + (n — ng) + (n — np) =

2n —ngp —n; € O(n), as this is the actual size of each row.

Define the (initially empty) set of already solved vertices S = () and initialize
the matrix of the solutions P as an (initially empty) (np — ny) X (n — ng)

matrix with columns corresponding to non-outputs O.

Repeat the following loop of substeps until S = O, i.e. all vertices are solved.

We will refer to this loop as the ‘while loop’.

Explanation of the step: Each run of the while loop corresponds to solving a
single layer of vertices. The loop invariant is that the first (np — ny) columns
of K;s are in row echelon form (but not necessarily row-reduced echelon

form). The loop invariant holds at the beginning by Step 10.
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(a)

(b)

()

Identify a set L of vertices v € O \ S whose associated system of linear

equations can be solved at this step.
e If the set L turns out to be empty, return that there is no flow.

Explanation of the step: This can be done in O(n?), as K is in row

echelon form:

* The system of linear equations associated with a vertex v can be
solved if it has not been solved yet and if its column in the second
block (which determines the constants in each equation) has only
zeros where it intersects rows for which all the coefficients in the
first block are Os:

Row echelon

—_——

1 k% k%

0] x%x*
0001 *
00001

0

Here, * denotes matrix entries of arbitrary value.

third
block

O % % ¥ x| <

* This means, the submatrix marked in grey must be checked for
all-0 columns. Checking this submatrix takes O(n?) as its size is

bounded above by n X n.

If there remain vertices under consideration but we cannot solve any of

the associated systems of linear equations, then Pauli flow cannot exist.

Solve the linear systems associated with all vertices v € L.

Explanation of the step: Since the matrix is in row echelon form, finding
a solution for the linear system associated with v is fast and is done by
backtracking over the coefficient matrix (i.e. the first block) and the

column of the solved vertex.

For each v € L, place the solution to the system of linear equations
associated with v in the v column of P.

Explanation of the step: Solving the system of linear equations asso-
ciated with one vertex takes at most O (n(np — ny)) steps due to row
echelon form, as there are only np —n; columns of the coeflicient block.

Hence the cost per layer (i.e. per round of the loop) of this step is
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(d)

O (ns(np —ny)), where s is the number of vertices in the layer, i.e.
s =|L]|.

Bring the linear system Kyg to the row echelon form that would be
achieved by Gaussian elimination if the row and column vectors corre-

sponding to vertices in L where not included in the starting matrix.

Explanation of the step: This is the step where we remove certain
rows and columns from future consideration. In the case of columns,
these are simply columns of constants: we ignore those systems of
linear equations that have already been solved. In the case of rows, this
involves setting an entire row of coefficients to 0 in a specific way. This

step may therefore break row echelon form.

To remove the rows and columns, we iterate over all vertices in L; we
will refer to this inner loop as the ‘for loop’. Each vertex appears in L
during at most one round of the outer while loop. This means that we
can spend O(n?) operations per vertex on modifying the set of systems

of linear equations, while staying within the overall limit of O(n?).

If one layer (i.e. one round of the while loop) contains a substantial part
of O, then working out this layer in the while loop may take a number
of operations which is not in O(n?). However, this does not increase the
overall complexity to O(n*), as the cost for each vertex is still O(n?)

and each vertex appears only once.

The process of modifying the systems of linear equations is performed

as follows.

i. Let v € L be the vertex currently considered in the for loop. Add
v to the set S.
Explanation of the step: The addition to set S ensures that a vertex
will not be solved for a second time. Next, we must remove the v

row from all the systems of linear equations.

ii. Find all the rows of the linear system which contain a 1 in the v
column of the third block, denote them by ry, 7y, ..., rg.
Explanation of the step: These are the rows that depend on the
original v-labelled row. They can be identified by iterating over the
v column in the third block, which gives a complexity of O(n).

iii. Add row r; torows ry,r2, ..., Fk—1.-

Explanation of the step: This removes the dependence on the orig-
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1v.

Vi.

inal v-labelled row from ry,r;,...,rx-;, meaning only r; now
depends on the original v row.

By the loop invariant, the system is in row echelon form initially.
Adding a later row to earlier rows preserves row echelon form.
The additions take O (nk) steps, as there are at most O(n) columns
in the system, and kK — 1 € O(k) row operations are performed.
Since k is bounded by the number of rows, we get O(nk) € O(n?).
At the end, the matrix is in row echelon form, and only row r; uses

the original row of vertex v anywhere.

Take the v-labelled row from Kj; g, the initial linear system, and
add this row to rg.

Explanation of the step: In this way, we remove the dependency of
r on the initial row of v.

This operation can break row echelon form. Crucially, however,
only r; can break the row echelon form. We can correct this one

row in the following step.

Add other rows of the current linear system K g to row r to simplify
the latter as much as possible.

Explanation of the step: In particular, the row r is added to r; when
ri has a 1 in the column corresponding to the leading 1 of row” r.
These are the same operations that one would perform in Gaussian
elimination, except that we do not use ry itself to cancel 1s in other
rows, we only use other rows to cancel 1s in r¢. This is because
we only need the coeflicient block to be in row echelon form (not
row-reduced echelon form).

Hence, we need to perform at most np — n; row operations, as this
is the maximum possible number of rows that would need to be

added to row r. Hence, this step is bounded by O (n(ng — ny)).

Swap the rows as necessary to place what used to be the row ry in
the correct spot to get a row echelon form for the coefficient block.
Explanation of the step: There are at most np — n; non-zero rows
in the coefficient block of the matrix. This is due to row-echelon
form and the rank of the coefficient submatrix being bounded by its
number of columns. Moreover, at most one swap will involve a row
whose coeflicient part is identically O: if r; is not identially O but

it is initially in the block of all-0 rows, then a single swap suffices
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to place it adjacent to the block of non-trivial rows. Whether ry is
identically O or not, all subsequent swaps are done only between
non-trivial rows and row r;. Hence, at most O (n(np — ny)) oper-
ations are required. After that, the K is in the row echelon form
that would be achieved if there was no v row in the initial system
(or, more precisely, if the v row of the initial system was identically
0).

Combining the steps above and assuming a layer of size s, the total
run time of the process for modifying the system of linear equations is

O(n?s), as desired.

Since each vertex appears in at most one layer (i.e. one iteration of the while
loop), and each substep has a complexity at most O(n?s), the entire while

loop runs in total time O (n?).

13. Construct C? by stacking I dp over P.

Explanation of the step: Once the while loop has been completed, we know
that all vertices have been solved. Thus, a matrix P such that N; + NgP is a
DAG has been found, and we get C B - [MTO] , cf. the illustration in (6.1).

14. Return the tuple C’'CE, NC’'C?® as the Pauli flow.

Explanation of the step: We return the correction function ¢ in matrix form
and the relation <., also in matrix form, cf. Step 7 for why the matrices
above are the correct ones. Computing and outputting the matrix products
takes at most O(n®) operations, assuming the standard matrix multiplication

algorithm is used.

As previously, if one requires the partial order <., then the transitive closure of <,
must be computed, which can be done in O(n?) steps. All steps together give the
desired bound of O(n?). O

“By independent, we mean that changes to one do not affect the other.
b1t suffices to only reduce 4 until a 1 that cannot be eliminated appears in ry, or until ; becomes
identically 0, whichever is first.

We provide pseudocode for this algorithm in Subsection 6.3.2. A worked example
of running the algorithm on the labelled open graph from Example 5.1.2 is given in
Subsection 6.3.3.

With the above procedure, we proved that Pauli flow on a labelled open graph can be
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found in O(n?) time, where n is the number of vertices in the underlying graph. However,
extra care in bounding the complexity of individual steps could result in a slightly better
overall bound: The only situation in which a round of the inner for loop (cf. Step 12d)
may actually require O (n?) operations, rather than O (n(no —ny)) operations, occurs when
there are many rows which depend on a vertex that has just been solved, i.e. when the
value k in Step 12(d)ii is large. Therefore, it is possible that with extra care one could
show only O (n?(no — ns)) operations are needed for the entire while loop of Step 12.
Then, if there are methods faster than O(n?) for finding the right inverse, kernel, and
product of O(n) x O(n) matrices, a better bound than O(n?) could be obtained for the
entire algorithm even in the case of n; < ng.

Another possible optimisation is to notice that the order-demand matrix N has many
rows which are identically 0. After the basis change to Ng, these rows are still identically
0. Therefore, removing them from the matrix at the start is beneficial: then, the algorithm
has to consider a matrix with fewer rows. The rows that are always identically 0 in
the order-demand matrix are those of planar-measured vertices and XY-measured inputs.
Hence, the number of rows of N can be reduced from n — ng to |Aplanar \ 1 |

Finally, we point out that finding the solutions for the individual systems of linear
equations associated with the vertices in L and the removal of the rows corresponding to
these vertices does not have to be split into two separate loops. However, without breaking
these steps into two loops, an insufficiently careful method of finding the solution could

impose an order relation v < u on two vertices from the same layer”.

6.3.2 Pseudocode for case of different numbers of inputs and outputs

This algorithm relates to Theorem 6.3.1. We list the corresponding steps from Theo-
rem 6.3.1 in the comments. GE indicates that the step can be performed using Gaussian

elimination.

Algorithm 3 Finding flow in the general case
Checks if a labelled open graph I = (G, I, O, 1) has Pauli flow and, if it exists,

returns the focused extensive correction function ¢ (in the form of a matrix)

and the corresponding <. (also in the form of a matrix)
1: procedure FINDFLOWGENERAL(G, I, O, A1)
2: M = FLow-DEmMaNDMATRIX(G, I, O, A) > Step 1
3: N = OrDER-DEMANDMATRIX(G, I, O, 1) > Step 2

>In other words: while the flow returned by our algorithm is guaranteed to have the useful property of
being ‘maximally delayed’ [126, 15, 153], such a change could break that guarantee.
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10:
11:
12:

13:
14:
15:

16:
17:

18:

19:
20:
21:
22:

23:
24:
25:

26:
27:
28:
29:
30:

P R F QLD x

if rank M #n —nop > GE; Step 3
" return ‘NO FLOW EXISTS’

Co = any right inverse of M > GE and backtracking; Step 4
F = matrix with columns forming basis of ker M > GE; Step 5
C'=[Cy| F] > Step 6
Ng =NC’ > Step 7
Ny = first n — np columns of Ng > Step 8

Npg =last np — ny columns of Ng
Kirs,Krs = [NR | N | Ido-] > Two independent copies of the same linear
system; Step 9
> From now, we refer to the three parts of Kirs and Ky s as the first block,
the second block, and the third block
bring first block of K; g into row echelon form > GE; Step 10
S=0 > Step 11
initialize (np — ny) X (n — np) matrix P > Columns of P correspond to non-
outputs O
while S # O : > Step 12
find the first row r, in K7 ¢ whose first np — nj entries equal 0

> Step 12a
L =set of those v € O \ S that column v in the first K; ¢ block has all

entries from row r, on equal to 0

ifL=20

_ return ‘NO FLOW EXISTS’

forvelL: > Steps 12b and 12¢
P.., = SoLvELINEARSYsTEM(first block of K} g, v column in second
block of K )

for v € L : > Step 12d; we need two loops, see text after Theorem 6.3.1
S=SuU{v} > Step 12(d)i

R = [r | r is arow whose intersection with the v column in the third
block of Kysis 1] > R is an ordered list that corresponds to
ri,72,...,rg in Step 12(d)ii

r1as: = last element of R > corresponds to ry,
for r € R[: —1] > Iterate over all but last element; Step 12(d)iii
t add rj,5; of Kpgtorow rin Ky g

add row v of K;; g to row ry,5 in K g > Step 12(d)iv

for r e rows of K5 except riq5: > covers Step 12(d)v; go from top
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31: if row r of K g has first np — n; entries 0

32: L Break

33: y = column of the leading 1 in row r of K g

34: if intersection of r;,5 and column y in K7 g contains 1

35: B t add row r to rjus in K g

36: swap 745 With other rows to bring first block of K g back into row
N echelon form > Step 12(d)vi

37: C3 = ldg > Step 13

P
38:  return (C'CE,NC'C?) > Step 14

6.3.3 Worked example of the Pauli-flow finding algorithm

This subsection contains a worked example of the complicated parts of the algorithm in
Theorem 6.3.1, using the running example from the main body of the paper®.

Consider the labelled open graph I' from Example 5.1.2. The flow-demand matrix M
and order-demand matrix N are presented in Examples 5.2.8 and 5.2.10. Suppose we do
not yet know the correction function of Example 5.1.2 or the matrix C from Example 5.2.6.
Instead, suppose we have found some right inverse Cy of M as well as a matrix F whose
columns form a basis of ker M. At Step 6 of the algorithm, these are composed into the

matrix C’ = [Cp | F] shown below:

i a b e d| Fi
alo 10000
b1 0000]O0
C=[ColFl=l¢|1 010 1|1
41000010
o1l1 001 11
0,10 0 0001

In general, F' will have np — n; columns. Here, this number is one. In the following,

we use F as the label for the single column of the matrix F.

®Due to its length, T have opted not to enclose this example in an environment.
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Then, for Step 7, the matrices Mg = MC’ and Ng = NC'’ are as follows’:

Mg|i a b e d F; Ng|i a b e d F
i |1 00 0 0 O i (00 0 0 0 O
a |01 000 O a |01 001 1
b |00 1 00 O b |00 0 O0O0 O
e |00 010 O e |1 01 01 1
d |00 0O0T1 O d |00 0O0O0 O

In Steps 8 and 9, we break Ng into N and Ng, and obtain the following linear systems
Kis, Kirs. We give columns from the third block primed labels, to distinguish them from
the columns in the second block:

Fili a b e d|i" a b e d

i]0j0 0 O0O0O0O|L O 0 0 O
Kis=Ks=|4 1101 00 1{0 1 0 0 O
b|0O[O0OOOOO[O O 1 0 O

el1 (1 01 0 1|/0 0 0 1 O

d{0|0 0 O0O0O0|0 0O 0 0 1

In Step 10, we apply Gaussian elimination to the first np — n; columns, i.e. in this
case to the first column only. This means adding the second row to the fourth and then
swapping the first two rows. We drop previous row labels, as they no longer make sense
after performing row operations. (Nevertheless, the relationship to the original vertex-
labelled rows continues to be encoded in the third block.) We obtain the following updated

K| s linear system:

Fili a b e d|i" a b e d
I1/1/01 00 1|{0 1 0 0 O
2,00 0 00 O0[1 0 O 0 O (6.2)
3/]0/0 000 0[O0 O 1 0O
41011 1 1 00/O0 1 O 1 O
500 0 00 O[O0 O O 0 1

Importantly, K;7s remains unchanged. Next, in Step 11, we initialize the matrix of

"The matrix Mg is not required for the algorithm, we provide it here for completeness.
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solutions P and the set of solved vertices S:

_‘ ‘iabed‘

‘F]‘* X% % *‘

Recall the coefficient block of the system (i.e. just the first column) is in row echelon
form as a result of Step 10. We now go into the while loop of Step 12.

In the first loop run, we can identify e and d as the vertices whose corresponding linear
systems can be solved (Step 12a). This is because the coefficient block is O from the second
row onwards and e, d are the only vertices whose columns are also 0 from the second row
onwards. It means that L = {e, d}. We find the solutions of the associated linear systems
(Step 12b): for e we must set the variable corresponding to the F; column to 0 and for d

it must necessarily be 1. Thus the updated matrix P looks as follows (Step 12c¢):

“iabed‘

‘Fl‘* * % 0 1‘

Now, we must transform the system of linear equations to the form it would have if e
and d had never been included (Step 12d).

Consider e first. In Step 12(d)ii, we find which rows of the linear system in (6.2) use
the original row e from the ¢’ column — in this case, it is only the fourth row. Thus the
fourth row is also the last row using the original e row. (If other rows were using e, we
would add the fourth row to all other rows using e to remove their dependency on the
original e row in Step 12(d)iii.) Next, in Step 12(d)iv, we add the e row of K;; s to the
fourth row of (6.2), obtaining the following system (importantly, this addition breaks the

row echelon form in the coefficient block):

Fili a b e d|i" a b e d
I1f1{01 00 1/]0 1 O O O
2/0/0 00O O|]1 O O O O (6.3)
3/0/{0 0 0 O O0O|]O0O O 1 0 O
4/ 1/01 00 10 1 0 0 O
50/0 00O O[O O O 0 1

After that, in Step 12(d)v, we bring the coefficient block back into row echelon form:

we cancel as much in the coefficient block of the fourth row as possible: here, we add the
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first row of (6.3) to the fourth row, obtaining the following linear system:

Fili a b e d|i" a b e d
1/1/01 00 1/0 1 0 0 O
2/0/0 0 00 O[1 0 0 0 O (6.4)
3/]0/0 0 00 O[O0 O 1 0 O
4100 0 0OOOIO O O O O
5/0/0 000 O[O0 O 0 O0 1

The coeflicient block of the matrix is in row echelon form, so we do not have to perform
any other operations. In particular, we do not need to swap any rows in Step 12(d)vi, though
it might be necessary in general.

Next, we move to vertex d. Here the situation is even simpler. From column d’ of
(6.4), we read that only the fifth row uses the original d row. After adding the d row from
Kirs to the fifth row (Step 12(d)iv), we get the following system, where the coefficient

block immediately is in row echelon form:

Fili a b e d|i" a b e d
1/1/01 00 1|/0 1 0 0 O
2/0/0 0 00 O[1 0 0 0 O (6.5)
3/]0/0 0 00 O[O O 1 0 O
4100 0 0OOOIO O O O O
5/0/0 000 O[O O O O O

While dealing with e and d, in Step 12(d)i, we also add them to the set of solved
vertices S, i.e. S = {e, d}. This ends the first loop run.

In Step 12a of the second loop run, we observe that i, a, and b can all be solved. For i
and b the value corresponding to variable F| must be 0, and for a it must necessarily be 1
(Step 12b). It leads to the following matrix P (Step 12¢):

“iabed‘

Fi|0100 1]

While this is no longer necessary to find a solution, we nevertheless also show how the
linear systems associated with these vertices would be removed from consideration here as
this is what the algorithm will do. First, we ‘remove’ the row of i in Steps 12(d)ii—12(d)vi.

From the " column of (6.5), we know that only the second row uses the i row from Kj .
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Adding the i row from Kj g to the second row of the linear system in (6.5), we obtain:

Fili a b e d|i" a b e d
1/1/01 00 1/0 1 0 0 O
2/0/0 0 00 O[O O O 0 O (6.6)
3/]0/0 0 00 O[O0 O 1 0 O
4100 0 0OOOIO O O O O
5/0/0 000 O[O O O O O

The coefficient block is in row echelon form. We move to vertex a. From the a’
column, we read that only the first row uses the a row from K;; 5. We thus add the a row

from Kj g to the first row in (6.6), obtaining:

Fili a b e d|i" a b e d
1/0/0 0O O0OO0O|O0O O O O O
2/0/0 0 00 O[O O O 0 O (6.7)
3/]0/0 0 00 0[O0 O 1 0 O
4100 0 0OOOIO O O O O
5/0/0 000 O[O O O 0 O

The coefficient block is in row echelon form, so we move to b. Again, we find that
only one row of (6.7) — the third row — uses the original b row. After adding the b row

from Kj s to the third row of the linear system in (6.7), we get:

Fili a b e d|i" a b e d
1{0|0 O O0OOO|0O O O 0 O
2/0/0 0 000|0O O O 0 O
31]0/{00 0O0O0|0 O O O O
4/,0(0 00000 O O O O
5/0/0 0 00O0O0O|0 O O 0 O

In the process, at Step 12(d)i, vertices i, a, b are added tosetS. Hence, S = {i,a, b, e, d}

and the loop ends here.
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Finally, in Step 13, we construct the matrix C% = MTO_ ,l.e.

i a b e d

i {10 000

a0 1 000

C®=b[00 10 0

e |00 010

d|{0 0 001

Fr{01 001

We finish the computation with Step 14 by computing the correction matrix C = C’C%
encoding the correction function, and the product NC = NC’C?® encoding the induced

relation. The two matrices are the same as those shown in Examples 5.2.6 and 5.2.10.

6.4 Flow and unlabelled open graphs

This section provides one additional algorithm arising from the algebraic interpretation.
We show that given an open graph, it is possible to decide (in polynomial time) the
existence of measurement labelling, resulting in a labelled open graph with Pauli flow.
Furthermore, we show that one can efficiently find such measurement labelling when it
exists. These results contribute to the understanding of the necessary properties the graph
must satisfy to contain flow. Such properties have also been considered, not from an
algorithmic perspective, for instance in [125, 120, 153]. The presented algorithm also
complements the Pauli flow finding algorithm by considering the flow on an input without

explicit measurement labelling.

6.4.1 Problem statement

We consider the following problem:

MeasurementSearch

Input: An unlabelled open graph (G, I, O).

Output: True if there exists a measurement labelling A such that the
labelled open graph (G, I, O, 1) has Pauli flow, and False otherwise.

By unlabelled open graph, we mean an open graph. The word unlabelled is added to

avoid confusion about the input structure. The flows are defined over labelled open graph.
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Example 6.4.1. Consider the following open graph:

The answer to MeasurementSearch on this open graph is True, as the measurement

labelling from Example 5.1.2 results in a labelled open graph with Pauli flow.

Example 6.4.2. Consider the following open graph:

It cannot have flow under any measurement labelling. By Theorem 5.6.2, it is
sufficient to consider Pauli measurements. Informally, observe that a, b, and e form
a complete bipartite graph with outputs. Thus, it would be impossible to choose
suitable corrections for those vertices unless at least two of them are measured in Z

basis, in which case the inputs i; and i, cannot be corrected. We skip the details.

6.4.2 Variable flow-demand matrix

While we skipped proof details in Example 6.4.2, the essential part was the use of The-
orem 5.6.2: if there was some measurement labelling resulting in Pauli flow, then there

would be one with just Pauli measurements. Hence, we can restrict the search to Pauli-only

labels instead of looking for any measurement label.

By Observation 5.6.3, the order-demand matrix is identically zero when all mea-

surements are Pauli. Combining this fact with Theorem 5.2.1, we find that Pauli-only

measurement labelling results in Pauli flow if and only if the corresponding flow-demand

matrix is right invertible.

As it turns out, it is possible to construct a matrix with variables that, after different

valuations, corresponds to all possible flow-demand matrices:
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Definition 6.4.3. Let (G, I, O) be an open graph. We define variable flow-demand

matrix Wg ;1 0 as follows:

* Start with the reduced adjacency matrix of (G,I,0), i.e. set Wg 10 =
- ]
Ad]G |0‘-

* For each v € O, multiply v row of Wg 1.0 by x,.
* For each v € O, set the intersection of v row and v column in We.1.0 10 zy.

Consider the following example:

Example 6.4.4. Let (G, I, O) be the open graph from Example 6.4.2. The corre-

sponding reduced adjacency matrix is:

Adjg |i0_ a b e o1 0
i 1 1.0 0 O
i 1 01 0 O
a 000 1 1
b 000 1 1
e 000 1 1

and the corresponding variable flow-demand matrix is:

Wab€0102

it |x;, x;, 0 0 O
i |xp, 0 x5, 0 0
alzga 0 0 x, x4
b |0 z 0 xp xp

e | 0 0 z. x. x.

The importance of the variable flow-demand matrix is captured by the following

theorem:

Theorem 6.4.5. Let (G, 1,0) be an open graph. Then there exists measurement
labelling A such that (G, I, O, 1) has Pauli flow if and only the variable flow-demand

matrix W of (G, I, O) is right-invertible under some F; valuation of its variables.
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Proof. (=): letAbesuchthat (G, I, O, A) has Pauli flow. By the explanation above,
we may assume that A assigns Pauli measurements only and the flow-demand matrix
M of (G, 1,0, Q) is right-invertible. Now, consider the following valuation o of

the variables in W, for each v € O:
e if A(v) = X, seto(x,) =1and o (z,) =0,
e if A(v) =Y,seto(x,) =1ando(z,) =1,
e if A(v) =Z,seto(x,) =0and o (z,) = 1.

Let (W) be W under valuation C. By the constructions of order-demand matrix
(cf. Definition 6.4.3) and flow-demand matrix (cf. Definition 5.2.7), M = oo (W). As
explained above, M is right-invertible and thus W is right-invertible under valuation
o.

(&): Let o be such that o (W) is right-invertible. Suppose that o(x,) = 0(z,) =0
for some v € O. Then v row of (W) equals identically zero, contradicting right
invertability of o-(W). Hence, (o (x,), 0 (z,)) € {(1,0),(0,1), (1,1)} forallv € O.
Now, let 4 be the measurement labelling, reversing the approach from the proof in

the other direction:
* if (0(xy),0(2y)) = (1,0), set A(v) = X,
* if (0 (xy), 0(20)) = (1, 1), set A(v) =Y,
¢ if (0(xy),0(2y)) = (0, 1), set A(v) = Z.

Again by construction, the flow-demand matrix M of (G, I, O, 1) equals o (W) and
hence M is right-invertible. By the explanation above, this means that (G, I, O, 1)

has Pauli flow. O

Therefore, we have reduced the problem MeasurementSearch, to deciding whether
variable flow-demand matrix W of the input open graph is right-invertible under some

valuation:

Corollary 6.4.6. The answer to MeasurementSearch instance (G, I, O) is True if
and only if the variable flow-demand matrix W of (G, I, O) is right-invertible under

some valuation.

Equipped with the above corollary, we may return to the previous example:
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Example 6.4.7. Consider the open graph (G, ,O) from Example 6.4.2 and its
variable flow-demand matrix W from Example 6.4.4. The matrix W is square
and hence it is right-invertible under some valuation if and only if it is invertible
under some valuation. However, o; and 0, columns of W are identical under all
valuations. Hence, W is never invertible and by Corollary 6.4.6, the answer to

MeasurementSearch instance (G, I, O) is False.

6.4.3 Known problems from linear algebra

The problem described in Corollary 6.4.6 is in fact an instance of a well-known problem:
MaxRank. The following definition is based on [30] (in contrast, we do not require the

input matrix to be square).

MaxRank

Fixed: A commutative ring R, and subsets E,S C R of entries and
solutions.

Input: Natural numbers m, n, ¢, r and m X n matrix M with entries from
EU{x,...,x}.

Output: True if rank M(ay,...,a,) > r for some a;...a, € S, and

False otherwise.

M(ay,...,a;) stands for the matrix with substituted variables x| — ay,...,x; — a;.
We skip the specification of m, n, ¢, as these numbers are explicit from the input matrix.
Thus, we will write instances of MaxRank as pairs (M, r) of the matrix and the desired

minimal rank under some valuation.

Example 6.4.8. Consider the following matrix over F,:

X1 0 1 0
M= 0 X2X3 0 O
I 0 x O
X1 X2 X3 0

Setting x; = 0 and x,x3 = 1 results in M having rank 3. However, there is no
valuation resulting in the matrix having rank 4, as the fourth column contains Os
only. Hence, the answer to instances (M, 1), (M, 2), (M, 3) of MaxRank is True,
but the answer to (M, 4) is False.

In [30], it is shown that when R is a finite field and each variable occurs at most once,
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the problem is in RP. We extend their approach to show that the problem is in RP also
when each variable appears in at most one row or one column. For that, we need the notion
of multi-affine polynomials (adapted from [30]). In general, the MaxRank problem with
R being a finite field is NP-complete [30].

Definition 6.4.9. A multivariable polynomial is multi-affine when each variable has

a degree at most one.

By extending the proof [30, Theorem 28], we get the following version. Here, the en-
tries of the matrix are allowed to be given by multi-affine expressions over EU{xy,...,x;},

not just elements of the set.

Theorem 6.4.10. The following version of MaxRank is in RP:

e R=F =§ =F, is a finite field,

* each variable appears in at most one row or at most one column,

* the entries are given by (polynomially long) multi-affine expressions over
EU{x,...,x}.

By saying that a variable appears in at most one row or at most one column we mean
that if a variable appears in entries at positions (ay, by), (az, b2), (az, b3), ..., then either
ay=ay=az=...orb; =by, =b3=.... Some of the variables may appear only in one
row, and some may appear in only one column.

In order to prove theorem 6.4.10, we need the following lemma.

Lemma 6.4.11. A multi-affine polynomial is O over a finite field F; if and only if it

is 0 over Fy« for any k € Z,.

Proof. This follows from [30, Lemma 25 and Corollary 26]. m]

Because of the above, instead of testing whether a multi-affine polynomial is O over F,
we can test whether it is O over some large field extension. In particular, the extension can
be taken sufficiently large to ensure that the Schwartz-Zippel lemma [139, 150, 63, 183]
applies (adapted to F« only):

Theorem 6.4.12. Let P € Fy[xy, .. .,x,] be a non-zero polynomial of total degree

doverFu. Letay,...,a, € Fx be chosen at random uniformly. Then:

Pr[P(ai,...,a,) =0] < ik
s
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We can now prove Theorem 6.4.10.

Proof of Theorem 6.4.10. Let M, r be a matrix and an integer forming an input to
MaxRank satisfying the conditions from the theorem statement. If » > min(m, n)
or r < 0, the answer is False and can be returned immediately, so assume 0 < r <
min(m, n). Consider any r X r minor M’ of M. We show det M’ is multi-affine:
consider any variable x in M’. Then, x appears in at most one row or one column
of M’. By performing Laplace expansion on M’ in such row (column), we find
that det M’ is a sum of determinants of (r — 1) X (» — 1) minors of M’ that do not
contain x multiplied by elements of the row (column) used for the expansion that
itself may contain x only in degree 1 due to multi-affinity assumption about matrix
entries. Therefore, x appears in degree at most 1 in det M” and the same for all other
variables of det M’, so the determinant is multi-affine. Therefore, the method from
[30, Theorem 28] applies. We present a modified version for clarity.

Consider the following procedure. Let p < % be the desired error probability. It
is sufficient to consider p = % but we present also how to achieve arbitrarily small

error probability. Given M, r, p, let k be such that F has at least é elements, i.e.

k= [logs 1%-‘ Letay,...,a; be arandomly chosen valuation of xy, . . ., x; from F.
Let r, = rank M(ay, ..., a;), which can be found by Gaussian elimination i.e. in
polynomial time. The computations over finite field are possible in time polynomial
inlog, s and k [78]. Return True if and only if r, > r. We show, that the following
procedure shows RP containment.

Suppose, that the actual answer to the instance is True. Then, under some valuation,
M has rank at least . Under such valuation, M must have r X r reversible minor.
Let M’ be such minor. By the previous part, det M’ is multi-affine. Let d be the
total degree of det M’. Then, d < t again by multi-affinity. By lemma 6.4.11,
M’ is 0 over Fy if and only if it is O over Fx. Combining everything with the
Schwartz-Zippel theorem 6.4.12, we get that:

d t t
Pr[detM'(ay,...,a;)) =, 0] £ — < — < — =
[ ( 1 l‘) IFsk ] Sk Sk t/p p
The same holds for all » X » minors of M that are invertible under some valuation.
Hence, with error probability at most p, a random valuation from F« results in a
non-root of some r X r minor’s determinant of M in which case rank of the minor
under such valuation is r and so rank M is at least r, i.e. the procedure above would

find r, > r and return True. Hence, the procedure described above returns the

1

correct answer with probability at least 1 — p > 5.
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Now suppose, that the answer to the instance is False. Then, all r X r minors of M
must have determinants equal O over Fy. By multi-affinity, they are also equal O over
F«. Hence, arandom valuationay, . . ., a; alwaysresultsinrank M (ay, ..., a;) < k.
Hence, the procedure described above returns False with probability 1, ending the

proof of containment in RP. O

The requirement that each variable appears in at most one row or column is essential:
When each variable can appear at most twice in the matrix, but not necessarily in one row
or one column, the problem already becomes NP-complete [85].

Some closely related problems also defined in [30] include MinRank, Sing, and
NonSing. MinRank takes the same inputs as MaxRank and asks whether a rank < r can
be achieved. Sing and NonSing take a square matrix and ask whether the matrix can be
made singular and non-singular respectively.

In general, these problems are hard or sometimes unsolvable. For instance, MinRank
is undecidable when R = Z, E = § = {0, 1} [30]. The problems are very natural and often
appear when working on any linear algebra problems. Sing is useful in cryptography due
to its hardness (for example, see [17]). It is also interesting from a complexity perspective
(for example, see [118]).

In our case, the instances of MaxRank are sufficiently simple to obtain the following

result:
Theorem 6.4.13. MeasurementSearch € RP.
Proof. By Corollary 6.4.6, MeasurementSearch reduces to instances of MaxRank

over [F, with each variable appearing in at most one row. By Theorem 6.4.10, such

instances are solvable by arandom polynomial-time algorithm, ending the proof. O

The algorithm implied by the above theorem follows in the next subsection.

An analogous procedure can also determine whether a partial labelling 1: O <
{X,Y,Z} can be extended to a full labelling with flow. To do so, rather than using
MaxRank on Wg ; 0, we can consider it on W 1 o with some variables evaluated to 1 or
0 depending on A. It means that the problem of finding A such that (G, I, O, 1) has Pauli
flow is also solvable in random polynomial time, as captured by the following corollary
with initial 4 = 0.

Corollary 6.4.14. Given an open graph (G, 1,0) and a partial measurement la-
belling A with codomain {X, Y, Z}, it is in RP to check if A can be extended to a
full labelling A’ such that (G, I, O, A”) has Pauli flow.
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6.4.4 Pseudocode

This algorithm relates to the construction of a variable flow-demand matrix from Defini-

tion 6.4.3, reduction from Corollary 6.4.6, and R P algorithm implied by Theorem 6.4.10.

Algorithm 4 Algorithms for unlabelled open graphs
Checks if a partial X, Y, Z labelling can be extended so that (G, 1,0, Q)
has Pauli flow. The error probability must be bounded above by p.
1: procedure MEASUREMENTLABELLINGAUX(G, I, O, 4, p)
2: W = Ag |? > Construction of reduced adjacency matrix
3: B=0nI > Name for set of measured non-inputs
4: Vars = 0 > Initialise set of variables
5: forveB > Detecting unlabelled vertices
6: if A(v) is defined
7: if A(v) == > Updating the row of Z labelled
8: W, x=0 veres
9: if A(v) e {Y,Z} > Updating the intersection of row
and column of Z orY labelled ver-
10: - W,tol “
11: else
12: B t Vars U {x,, z,}
13: k = [logz @-‘ > Minimal k such that F,« has at least
W(—‘)”‘ elements and the error proba-
bility is below p.
14: Randomly sample o : Vars — Fy«
15: forveB > Construction of Wg .10 under valua-
tion o, computations are done in Fyx
16: W, .« x= o (x,)
17: Wiy =0 (zy)
18:  Gaussian eliminate W return (rowrank W == |0|)
Main algorithm, returns True if (G, I, O, A1) has Pauli flow for some A. The
error probability must be bounded above by p.
19: procedure MEASUREMENTLABELLING(G, I, O, p)
20: t return MEASUREMENTLABELLINGAUX(G, I, O, 0, p)
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Finds A such that (G, I, O, 2) has Pauli flow. Initially, checks whether any such
A exists, up to error probability p.

21: procedure FINDLABELLING(G, I, O, p)

22: if not MEASUREMENTLABELLING(G, I, O, p)

23: _ return “NO 1 EXISTS”

24: A=0 > Initialization of A

25: forvel

26: t Av) =X > Inputs must be X labelled

27: forveB

28: confirm, = False

29: current, = X > Initially attempt X label

30: while not confirm, > Alternate X, Z, and Y labels until one works

31: A(v) = current,

32: if FLowSEARCHAUX(G, I, O, A, p) > The error probability could be
increased at the cost of possi-
bly more tries being required.

33: confirm, = True

34: else

35: if current, == X

36: ‘ current, = Z

37: else if current, ==

38: ‘ current, =Y

39: else

40: L L t current, = X

41: | return A

In [132], I proved that we can work in an even greater restriction of only X and Z
measurements, i.e. without Y measurements. However, I decided to omit it here, as the

point remains the same: The algorithm still only looks for Pauli measurements.

6.4.5 Complexity of the algorithms on unlabelled open graphs

The most memory-expensive part of the algorithms is the creation of W ;o under some
valuation from F,« where k depends on the desired error probability p and the size of the
input graph. Since k = [logz |V‘;—rs|-‘ and |Vars| <2 - |B|, we get that k € O (10g2 |pﬂ) The
elements of such fields can be represented using O (k) long vectors over F, with the time
complexity of basic arithmetic operations on such a field bounded above by O(k?) [78].

Therefore, the memory requirement can be bounded above by O (|O_| x |1] x log, |pﬂ) €
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o (n2 log, %) where n = |V|. The most time-consuming part of the algorithm is Gaussian
elimination. Each Gaussian elimination requires O (n3) basic operations in F,«. Thus, a

(not very efficient) upper bound for the time complexity is O (n3 logg [ﬂ)) for the decision

variant and expected O (n4 log% 1%) for the actual finding of the labelling resulting in a
Pauli flow.

As a final word on the problem of finding measurement labelling that results in Pauli
flow, we mention that it is possible to obtain a deterministic polynomial-time algorithm
rather than a random polynomial-time algorithm. In [95], authors showed that when a
variable can appear in at most one row or one column but an unlimited number of times
than corresponding variant of MaxRank problem is in P. This result is not stronger than
Theorem 6.4.10, as the entries of the matrix there can only include expressions constructed
using addition and subtraction, but not products of variables. On the other hand, this result
is in fact sufficient to argue that MeasurementSearch € P: Using this result, we could
obtain a deterministic polynomial-time algorithm. However, such an algorithm would be
less desirable for practical approaches, as it would require multiple Gaussian elimination

steps to construct bases of various subspaces, see [95] for details.

6.5 Algorithms efficiency

While we provided bounds for the complexity of our algorithms, these are often worst-case
bounds that do not necessarily apply to practical situations. Furthermore, the algorithms
work in the general case for their respective problems, i.e. we did not assume anything about
the structure of the underlying graphs on which the algorithms could be run. Here, we
provide an extended commentary on the efficiency of the presented algorithms, taking into
account current state-of-the-art algorithms for underlying problems, the parametrisation

of the underlying graphs, and existing implementations of flow-finding procedures.

6.5.1 Subroutines for linear algebra problems

The flow-finding algorithm, in the case of an equal number of inputs and outputs, as
described in Section 6.2, relies on matrix multiplication and matrix inversion. The naive
subroutines suffice for an overall O (n3 ) bound, yet faster methods for matrix inversion and
multiplication exist, for instance, by the utilisation of Strassen’s algorithm [159]. Using
such methods reduces the complexity to O (n'°€27) ~ O (n*8%7). Recent breakthroughs
suggest further improvements by decomposing matrices into different-sized block matri-
ces, see for example [68]. Even faster algorithms for matrix multiplication and inversion

exist [179], but they are galactic, meaning they are impractical due to their requirements
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on the size of n.

In Section 6.3, we also used the matrix multiplication subroutine in the general case
algorithm for flow-finding. However, in that case, the matrices are no longer square. The
above theoretical results still apply, provided that the input matrices are first padded to
minimal-size square matrices. Solutions tailored specifically to non-square matrices are
also known, for example [75], however, such approaches are both galactic and only provide
benefit over padding to square matrices when matrix dimensions differ significantly.

Even if the theoretically best algorithms are impractical, the Strassen algorithm can
still offer speed-ups for sufficiently big matrices, i.e. n must be on the order of hundreds
or thousands to notice any difference [93]. Currently, algorithms based on even more
advanced matrix decompositions are unlikely to be beneficial for flow-finding due to the
constant factors involved. Still, recent breakthroughs in the area of fast matrix multipli-
cation have been obtained and are already being utilised in the training of Google’s large
language model [138], and can likely be applied to even smaller instances in the future.

Similar to the reliance on matrix multiplication and inversion, algorithms from Sec-
tions 6.3 and 6.4 employ Gaussian elimination as a crucial step in solving the underlying
linear systems. While the worst case of Gaussian elimination for O(n) X O(n) matrix is
O(n?), there exists an asymptotically faster method that applies to our scenario of finite
field matrices [8]. In more practical terms, for the case of FF, matrices relevant to general
flow-finding, efficient implementations exist [7], achieving similar asymptotic results to
those from [8].

Lastly, the algorithm in Section 6.4 requires efficient computation in finite fields. Many
programming languages offer relevant packages for this exact purpose. For instance, in
Python, one can use the Galois package [90] which works very well for F,« with k such
that the precomputed Conway polynomial [117] is known, for example, all 1 < k < 91.
Such values of k are sufficient for all reasonable computations, as the error can be dropped
below zlﬁ At that point, it is more likely for a random cosmic beam to corrupt the

computation than for an error to occur due to the probabilistic nature of the algorithms.

6.5.2 Graph parametrisation

In the presented algorithms, we did not distinguish between expected complexities depend-
ing on the underlying graph structure, except for splitting the flow-finding into two cases
based on whether the number of inputs equals the number of outputs. While in the general
case, we established a lower bound (Thereom 6.1.2) for flow finding by connecting it to the
problem of matrix inversion and multiplication, specific parametrisations of the graph can
effectuate faster solutions than general methods for these linear algebra questions, or skip

the cases we used to obtain the lower bound completely. Suppose that I" = (G, I, 0, 1) is
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a labelled open graph, n = |V|, m = |E|, n; = |I|, and np = |O| are the number of vertices,
edges, inputs, and outputs respectively; and d is the degree of the graph (the maximum
degree of any vertex in the graph).

When G is sparse (for example, with m € O(n)), then so is its adjacency matrix and
thus also the flow-demand and order-demand matrices of I'. Finding the inverse of a sparse
matrix can be solved even faster than matrix multiplication [25, 36]. Similar approaches
apply to cases of bounded degree d, where complexity reduces from O (n?) for standard
approaches to O(n’d) instead. Sparsity might seem very restrictive and thus uncommon
practically, yet it is actually expected for most practical applications, at least in part of the
labelled open graph. The reason behind this fact is that labelled open graphs are typically
not random. Instead, they arise via flow-preserving transformations [121, 122, 16] of
labelled open graphs corresponding to circuits [15], which have a bounded degree; for
Clifford+T circuits, this bound is three. Another class of practical instances are labelled
open graphs implementable on universal resource states, such as cluster states [26, 145].
These have a maximal degree of four or six, depending on the dimension of the used cluster
state. When input I" for flow-finding arises from such cases up to some transformations, it
is reasonable to expect at least part of the vertices in the graph to inherit bounded degree.

When the ‘width’ of the graph (ratio %) is small, we can expect a smaller depth of the
computation, which in the flow-based regime translates to a smaller number of layers in
the layer-by-layer approach used in flow-finding procedures. In extreme cases, the number
of layers can be equal to just one: that is, all measured vertices can be measured at the
same time. This includes the class of labelled open graphs we used to find a lower bound
in Theorem 6.1.2. Such cases are less practical, as they would correspond to circuits of
lower depth [91], which, while interesting, are less likely to capture the full potential of
quantum computing. Thus, practical cases are more likely to have high width and therefore
not contain instances used to obtain the lower bound.

In the case of causal flow, there exists an explicit bound on the number of edges linking
nand ng, whichis m < (n—1)no - ("¢) € O(nnp) [126]. When no is constant, this puts
us in the sparse graph territory. Similar bounds are not currently known for gflow, and
they do not apply to Pauli flow: In particular, for np = 0 all Z-measured cliques and all
X-measured even-sized cliques have Pauli flow. A very high number of edges indicates
that the graph is highly entangled. Generally, highly entangled resource states are not
universal for MBQC [82]; a similar result applies to some classes of graph states [84],
suggesting highly entangled graph states are also less applicable as instances for running
flow-finding. If the O(nno) bound or similar could be applied to gflow, or adapted to Pauli
flow (for instance, by treating Pauli measured vertices as outputs), then one could expect

faster flow-finding for practical cases, as in those with large width: Large width means
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that n; is small, and many practical cases have n; = np, as explained in Section 5.6, and
thus small np.

We consider one more class of ‘practical’ resource states on which Pauli flow can
be used to reason about determinism, which arises in fusion-based quantum computing
(FBQC) [18]. FBQC is one of the most promising models for photonic quantum computers.
In FBQC, resource states are created by supplying small resource states and then combining
them by application of fusions — multi-qubit entangling measurements. Generally, the flow
regime does not apply to such settings. However, in [69], it was shown that for specific
instances of fusions, namely X and Y fusions, it is possible to derive so-called XY flow
for fusion networks. Contrary to what the name suggests, this is not an XY-only gflow,
but rather a Pauli flow with certain restrictions on how X- and Y-measured vertices can
be used in the correction mechanism [69, Definition 4.13]. Although not explicitly stated,
these restrictions result in a rediscovery of focused Pauli flow, which can be identified
through our flow-finding method. This means that our flow-finding procedure also applies
to FBQC, provided fusions are restricted to X and Y. Such practical implementations of
MBQC via FBQC again fall into cases of bounded degree: small resource states created
before fusions have constant size and therefore bounded degree, and at most one fusion
appears at each vertex. This means that, once again, a faster method for flow-finding could

be derived by utilising linear algebra methods for sparse matrices.

6.5.3 Existing implementations of flow algorithms

Flow-finding algorithms are included in PyZX [108], t |ket) [ 155], and Graphix [160]. Very
recently, my flow-finding algorithms were implemented in Graphix [169]. Based on my
discussion with the Graphix team, the observed average runtime for test instances is close
to O (n*9) for flow-finding, which also matches the observed average-case performance of
flow-based circuit extraction in PyZX. These implementations provide empirical evidence
that the theoretical worst-case bound of O(n?) is not a reasonable estimate of average-case
performance. Implementations taking into account topics from this commentary, such as
faster methods for matrix inversion or considerations of graph sparsity, do not exist as of
now and are a natural next step to take in search of the optimal flow-finding method for

practical purposes.
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Chapter 7
Summary and Conclusions

In the closing chapter of my thesis, I provide a final summary of the presented work and

directions for potential further work.

7.1 Summary

In this thesis, I have worked on connections between graphical calculi for quantum compu-
tation and computational complexity. My results provide both graphical calculi limitations
and expand on methods for overcoming these limitations. On one side, I proved that spe-
cific problems about string diagrams can be too complex to solve efficiently. On the other
hand, I have looked at the structures that imply efficient algorithms for circuit extraction,
the most important of the problems mentioned. Since my work sits at the intersection
of different subfields of computer science, two chapters have been fully dedicated to

explaining the background material and the works of others.

7.1.1 Limitations of diagrammatic reasoning

In Chapter 4, I have shown that problems in graphical calculi can be too challenging
to expect efficient solutions, even under generous assumptions about open problems in
computational complexity theory. In particular, even if P = NP, the translation between
different presentations of quantum computation may still be beyond our reach: most likely
we will never be able to transform a diagram to a circuit, i.e. a valid input for quantum
computers. This way, my work provides additional motivation to find partial solutions to
such problems. My results in the case of circuit extraction suggest that methods conditional
on the properties of the diagrams are the best we can hope for.

Formally, I extended the previous #P-hardness result [62] for CircuitExtraction to
phase-free ZH diagrams. Furthermore, I showed that two problems arising in graphical
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calculi can be NP*P-complete. In the process, I proved various properties of this obscure
complexity class. Most importantly, I found a complete problem FCompare#SAT that
could catalyse further complexity results about graphical calculi for quantum computa-
tion. My results extend to any graphical calculi for quantum computation with efficient

constructions of #SAT instances and a few other tensors.

7.1.2 Algebraic interpretation of flow structure

In Chapter 5, I have looked at the structures that imply efficient algorithms for the cir-
cuit extraction. Flow properties are a glue between the Measurement-based Quantum
Computation, circuits, and string diagrams. Originally arising as a guarantee of robust
determinism in the Measurement-based Quantum Computation model, flows are now the
critical foundation for the broader application of graphical calculi. Yet, the previously
known presentation of flow conditions was very complicated, which hindered working
with flow.

I simplified complicated definitions of flow structures to basic matrix operations in
linear algebra. Given a labelled open graph I', 1 introduced the notions of a ‘flow-
demand matrix’ M and an ‘order-demand matrix” N. I proved that the Pauli flow on I
corresponds to the existence of a right inverse C of M, such that NC forms the adjacency
matrix of a directed acyclic graph. This provides a new algebraic interpretation of Pauli
flow, extending previously known algebraic interpretations [125]. Furthermore, I used
this algebraic presentation to carry out multiple proofs. I showed that the flow can be
reversed if the number of inputs and outputs matches. When there are more outputs than
inputs, I showed that the kernel of M characterises focused sets, in a way alternative to
that from [153]. Finally, I proposed a mechanism to equalise the number of inputs and
outputs, though it is restricted to the possibility of having to relabel some qubits. The
new algorithms, discussed in the next subsection, are by far the most important immediate
application of the new algebraic interpretation. The algebraic interpretation contributes

to further theoretical understanding of Pauli flow.

7.1.3 Flows algorithmically

In Chapter 6, I designed a new Pauli flow algorithm, building on the algebraic interpretation
from Chapter 5. Finding flow is of great interest due to its correspondence to robustly
deterministic computation in MBQC and as a necessity for efficient circuit extraction from
measurement patterns. By extension, flows are also essential for circuit extraction from
ZX diagrams. Previous solutions to the problem of finding flow were unsatisfying because

they required multiple Gaussian eliminations, which made them slow. The widely applied

166



gflow-based circuit extraction runs in O(n?). It is faster than the best O(n*) method for
finding gflow, the existence of which was necessary for circuit extraction to terminate. The
high time complexity of O(n*) prevented Pauli flow-based circuit extraction from being
applied as much as a gflow-based method.

Using our new algebraic interpretation, I developed O(n?) algorithms for finding flow.
The algorithm for the general case works for any number of inputs and outputs and is an
improvement of the layer-by-layer approach used in [126, 15, 153]. In the special case of
equal numbers of inputs and outputs, the algebraic interpretation gives a new and simpler
proof that a focused Pauli flow (if it exists) must be unique. As a consequence, there is a
simpler flow-finding algorithm, which differs from other existing flow-finding algorithms.
Further, I reduced the problem of finding flow on labelled open graphs with equal numbers
of inputs and outputs to, and from, the problem of finding the inverse of a matrix and
performing matrix multiplication. Thus, I argue that further improvements to flow-finding
algorithms must necessarily lead to or come from new methods for these standard linear

algebra problems.

7.2 Further work

There are many interesting possibilities for further work.

7.2.1 Other notions of MBQC

Pauli flow corresponds to robust determinism, i.e. strong uniform stepwise determinism,
the standard notion of determinism for the one-way model. However, other relevant notions
of determinism exist [125]. It may be interesting to check if algebraic interpretations can
be established for those notions of determinism as well.

Similarly, other types of flow are defined for different quantum computation fragments,
which I briefly discussed in Subsection 2.6.4. As of now, neither of Zd flow, hypergraph
gflow, and shadow Pauli flow has a clean algebraic presentation. The algorithms for Zd
flow and shadow Pauli flow exist, but run in O (n*) and possibly could be improved like I
did for Pauli flow. In the case of hypergraph gflow, there is no polynomial-time algorithm.
I plan to find a suitable algorithm and extend the notion to hypergraph Pauli flow.

Currently, almost all flow notions are restricted to instances where the underlying
resource state does not change during the course of the computation. Here, the exception
is the hypergraph flow, where multi-qubit controlled gates may appear in the correction
mechanism. This is a change in the philosophy of deterministic MBQC with multi-qubit

byproducts, where previous approaches overcame multi-qubit byproducts by switching
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measurement bases of future measurements, rather than explicitly altering the underlying
graph structure [105, 163]. It is interesting to research if allowing more complex correc-
tions, such as multi-qubit corrections, as opposed to only X and Z corrections, can lead
to flow for more complex settings like measurements beyond standard planes of the Bloch
sphere.

Finally, flow could be adapted to other settings than graph states. Sometimes com-
putation in MBQC can be suboptimal when presented as measurements of graph states.
Therefore, flow could be developed when the resource state is presented differently. For
instance, in [87], a toric code is used to specify the resource state. One could adapt
flow mechanisms to dynamically generated resource states. One possibility is to extend
flow results for fusion-based quantum computation, building on the initial flow results
presented in [69].

It is important to point that while our algorithms are restricted to robust determinism
via the notion of Pauli flow, sometimes MBQC reaches outside of robustly deterministic
measurement patterns. For example, robustly deterministic computation can be extended
by further components without flow, or in the process of circuit optimisation, flow could
be lost. Then, our algorithms do not apply; however, this does not mean that flow structure
is useless in such cases. Since flow is the best tool we have for circuit extraction, it
is interesting to consider how far the computation is from having flow. In [67], such a
distance from gflow was considered by looking for a set of vertices that, when turned into
outputs, would result in gflow. This approach could be extended to Pauli flow and other

metrics, like the number of edges that would need to be altered to reach flow.

7.2.2 Circuit optimisation and extraction

In Subsection 3.3.2, I discussed circuit optimisation via ZX Calculus where flow plays a
critical part. During the optimisation, the flow must be preserved. Proving that a rewrite
rule preserves flow used to be very challenging, as all flow conditions had to be verified one
by one [121, 122]. The new algebraic interpretation simplifies verification, for instance,
see [16]. The new algebraic interpretation is also ‘computer-friendly’, which opens the
possibility of searching for new flow-preserving rules with a computer. I believe the new
algebraic interpretation may lead to the discovery of new flow-preserving rewrite rules.
My algorithm speeds up the procedure from [153]: A better Pauli flow-finding algo-
rithm implies a faster Pauli-flow-based circuit extraction from ZX diagrams and measure-
ment patterns. The existing method is split into two parts: first, a flow is found, and then
so-called extraction strings are defined based on which one produces an equivalent circuit.
The current method may introduce 2-qubit gates in the final step, which goes against some

optimisation goals [157]. It could be interesting to research whether the second part can
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be incorporated into flow finding. While that would not lead to a faster circuit extraction

overall, it could give better control over the produced circuit.

7.2.3 Counting classes and graphical calculi

Many of the problems encountered in graphical calculi remain mysterious. As mentioned
in Subsection 4.7, the approach of reduction via Turing machines has its limits when
trying to work out coNP*P-hardness. However, there is a possibility of achieving the
desired hardness results of problems encountered in graphical calculi via a different path.
For instance, instead of considering C=P oracle, one can switch to coC=P, which equals
NQP [70], 1.e. the class that has an approximate quantum circuit comparison as a complete
problem. Similarly, the #P oracle could be switched to PP and thus to PostBQP. This
way, one can study relations of phase-free ZH diagrams to Toffoli+H circuits with post-
selection.

Besides theoretical results about the hardness of problems in graphical calculi, there
is also a possibility of extending the graphical #SAT algorithm from [114] to achieve
algorithms for other related classes, such as NP*P.

7.2.4 Unlabelled open graphs

My method for finding measurement labelling resulting in Pauli flow only considers
Pauli measurements. This way, a final labelled open graph corresponds to some Clifford
computation. Thus, the inclusion of planar measurements is the natural next step. The
problem of finding measurement labellings resulting in Pauli flow can also be adapted
to settings involving other types of flow or other notions of determinism. It can also be

generalised to the question of how to utilise open graphs for quantum computation.
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